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The Discrete Laplace (“Z”) Transform

Transform Definition; Properties Linear recursion equations, some-

times called difference equations, take the form
Akym + P1Oktm—1 + D20fim—2 + -+ + P = bka k = 071727"'7

where the p, K = 1,2, ..., m are known coefficients and { g ) k=20,1,2--- }
is a known sequence. In most cases we will take these to be real but that
is not an essential restriction. Just as the Laplace transform facilitates the
solution of linear ordinary differential equations with constant coefficients, a
discrete version of the transform, frequently called the “Z” transform, assists
in solving these linear recursion equations as well as some other equations
in discrete convolution form. Many of the formulas and relationships will be
similar to those applying to the Laplace transform but there are significant
differences; in particular the necessity to deal with discrete indices leads to
some minor complications. There are various ways in which the transform

can be defined; we will use the following.

Definition 1 Let {ak ) k=0, 1,2,---} be a sequence of real or complex
numbers satisfying a condition |ay| < M~*, k = 0,1,2,---, where M and
are positive real numbers. The discrete Laplace transform (after this we will
bow to convention and call it the Z transform) of the sequence {ay} is the

function a(z) = (Z{ax})(z) of the complex variable z defined by the series

(E{ad) () = 3 as O,
k=0

Remarks The growth condition on the sequence guarantees, applying

the ratio test for series convergence, that the series converges for all z with



|z| > =, uniformly and absolutely for |z| > ~; if 94 > ~. This convergence
property implies that a(z) is an analytic or holomorphic function of z for
|z| > ~; in particular, derivatives of a(z) to any order can be computed by

differentiating the series term by term.

The inverse transform, (Z7'(a(z)) (k), is obtained simply by expanding
the function a(z), analytic in some region |z| > =, in powers of % and then

forming the sequence of coefficients of power of ]; thus obtained.

Let us list some sample transforms. For a real or complex number r the

sequence {ay} with a; = r* has the transform

. ok 1 &k 1 1 1
G/(Z):];)—Zk+] :;;Z—:;l_g :Z_T, ‘Z‘>7"

This formula is valid for both real and complex r, a fact we will make use of
shortly. We should note in particular that, in contrast to the (continuous)
Laplace transform, the Z-transform of the sequence with a;, = 1 for all k is
le while the transform of the sequence having ay = 1, ax = 0, £ > 0 has

the transform ];

For the study of oscillatory sequences it is important to have the trans-
forms (Z {ak cos bk}) (z) and (Z {ak sin bk:}) (2) for real numbers a and b.

We have, of course

]/.

a® cos bk = % ((aeib)k + (aeib)k>.

Using our earlier formula for the cases r = ae® and r = ae”

(Z{ak coS bk:}) (2) = %( 1 + 1 _ib) _ : z—a cosb

- 2 . :
z—ae®  z—ae z —a cosb)” + a?sin?b

b we see that




A similar computation shows that

a sinb

(z — a cosb)® + a2sin®b’

(Z {ak sin bk}) (2) =

We conclude with two simple examples; first we note that if a = k for

all k£ then

i) = (26 = X 5 = 3 (X 5)

k=1 k=1

d (&1 d 1 1
= (withy=k—-1), = —— 4 = —— = .
(with j ) dz (Z 23“) dz (z— 1) (z —1)2

j=0
Secondly, suppose ap = %, k =0,1,2,.... Then we have
> 1 1 27k e~
Q = —_— = — _— = —, > 0.
a(z) kz::o Elzktt o =kl z 12

Now we will list some of the general properties of the transform and give

brief verifications of those properties.

Property I: Z-transform of {rk“ ak} , r#0. Here we have

(2 (" a) = S a (g)kﬂ — (Z{a) (;) . a(§>

k=0

Property II: The Z-transform of {ax,,}. Here we have

(Z {aHn}) (Z) _ Z . S—(kt1) _ o Z Wn o~ (ktnt)
k=0 k=0

e n—1 n—1
=23 ap ) = o (d(z) = z_(k+1)) =2"a(z) = > ay 2D,

k=n k=0



Property II1: Z-transform of {k(k —1)--- (k —n + 1) ax}, n (integer) > 0.

have

(Z{k(k—=1)--(k=n+1)a})( Zk:k: 1) (k—n+1) ag 2~ *) =
o0 d n 00
Skh—1) - (k—n+1)az* = <——> <Z %Z(kﬂn))
k=n dz P n!

= (o (X o) - EL L 2 o)

|
k—o v

Then using Property II we obtain

(Z{k(k=1)--(k—n+1)a}) ()

Remarks In particular, then

(Z2{k(k=1)---(k—n+1)r*}) (2) = ﬂ% (=" (2 {"}) (z))

n!

G A SR D" d" (& ke kn |,
- @ZZZW - dzn ZT'Z +kz: k—Hn)

n! k=0 n! k=0
—1" Jdr o0 k—n —1" J» o0 k
_ (5D A S r _ (5D A 3 L
nl  dzn \[= 201 nl dzn \f= ZFH!
L (=D dr ( 1 ) "
= r = .
n! dz" \z—r (z —r)ntl
As an important corollary, we see that the inverse transform of W is the

sequence {#k(k—l)---(k—n%—l) } = {k(k— 1)---(k—n—|—1) }
For n = 1 we see that the transform of {k: rk_l} is ey T) This agrees with

our earlier example {a,} = {k} forr = 1.

4

We



This result also allows us to compute

(Z{k" ar}) (2) =

2 {eal) () — (= 1) (k= 0+ 1) = K)aid) ().

The right hand side involves only powers £”, m < n so we can proceed

inductively. Using the formula repeatedly, when the right hand side even-
tually involves only k° = 1, everything has been expressed in terms of
a(z) = (Z{ax}) (2). Thus, for example,

(2 (ha)) (2) = — - (za(z) — @) = — = (4(2)).

With this in hand we can proceed to compute

(2{Ra}) () = § g (256) — a0z — @) = (Z{(( =8 ~#)ac}) )

For a positive integer n we define the (right) n-shift of the sequence {ay}

to be the sequence {a,4 1}, where

a {O, 0 <k <n,
T apen, k> n.

Property 1V: Z-transform of the n-Shift.  We compute

o (2) = (2l () = 3 aucn 2”04

=2 a2 = (withj = k—n) = 27 Y a; 27U = 27 a(2).
k=n 7=0



Definition 2 Let{ak)k =0,1,2,--}, {bk)k; = 0,1,2,- } be two se-
quences, indexed as indicated. The convolution product of these sequences is
the sequence { Ck ’ k=012, }, written {c,} = {ar} * {b}, where

k
C — Z a; bk,j.
=0

Property V: Z-transform of a Convolution Product On the basis
of the corresponding Laplace transform result we should expect some

sort of ordinary product of Z-transforms here, and we are not disappointed.

(2 {{ar} * {bx}}) ( Z (Z a; by g> ey

k=0

e k (o0} (o0}
=z> (Z a; bk_j) (k=i 1)=G+1) _ S a by 2~ (D) =G+
k=0 \j=0

£=0 j=0

=z (Z a; z(j+1)) (Z be z(ul)) = za(z)b(2),
=0 =0

where we have taken ¢ = k — j. It should be noted that the sequence {0y}
defined by 69 = 1, 6 = 0, k > 0, for which we have seen earlier that
(Z{0k}) (z) = L, is the identity for this convolution product, confirmed by

(2 {0k} + {ar}}) (2) =
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