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CHAPTER 1

Complex Numbers and Functions

A complex number is an expression of the form a + bi (or a + ib) where
a,b € R and i is a symbol satisfying the relation i2 = —1. The set of all complex
numbers will be denoted by C and we also let C* = C — {0}. Notice that R C C
(by letting b = 0) and the function ¢ : C — R? given by ¢(a + bi) = (a,b) is clearly
a bijection. We usually use this bijection to identify C with R? (i.e., a+bi = (a, b))
while R can be viewed as the X-axis of R?. In this note, we will regard a + bi as
the standard form and (a,b) as the vector form of a complex number.

Some Notations : For a complex number z = a + bi,

the real part of z is Re(z) = a,

the imaginary part of z is Im(z) = b,

the conjugate of z is Z = a — bi,

the modulus of z is |z| = Va? + b2,

an argument of z # 0 is an angle between the vectors (0,1) and (a,b)
(viewing in R?) measured in the counter-clockwise direction. Notice that
arg(z) is multivalued. We usually call the argument that lies in the interval
(—m, 7] the principal argument of z and denote it by Arg(z).

Other Forms of Complex Numbers:_ For a complex number z = a + bi,
let r = |z| and 6 = arg(z). [Euler formula : €¥ = cos@ + isin6.]
e The polar form of z is z = r(cos € + isin6).
e The exponential form of z is z = re®.
Notice that both polar form and exponential form of a complex number z is not
unique and we always have |cos@ 4 isin | = [e?| = 1.
Complex Algebra : For two complex numbers z = a + bi and w = ¢ + di,
we define

z+w=(a+c)+ (b+d)
and
z-w = (ac — bd) + (ad + be)i.

It is straightforward to verify that (C,+,-) is a field with 0 as the additive
identity, 1 as the multiplicative identity, —a — bi as the additive inverse of a + bi
and #_‘;bz — fibzi as the multiplicative inverse of a + bi # 0. As usual, we will
denote the additive inverse and the multiplicative inverse (if exists) of z by —z and
271 (or 1) respectively.

In terms of polar and exponential forms, if z; = r1(cosf; + isinf;) = rie
and zy = ro(cos By + isinfy) = r2e'%2, one can show that

64

2122 = r1ra(cos(01 + 02) 4+ isin(0; + 02)) = ryroei™(@1102)
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6 Functions of A Complex Variable (2301308)

and, when zo # 0,

S Ll(cos(01 —02) +isin(f; — 6s)) = 1 gin(01-0)
22 T2 T9

EXERCISE 1.1. Let z = r(cosf + isin@) = re?’ and n € N. Prove that
(1) 2™ = 7"(cos(nf) + isin(nd)) = re?.
(2) There are exactly n solutions of the equation w™ = z which are

0+2kr . 0+2kn

- 0+2km
w = {/r(cos +isin T
n

)= e

fork=0,1,...,n—1.

EXERCISE 1.2. Let z,w € C. Prove that

(1) z==
(2) |2 = |2 = 3
(3) Re(z) = 2.
(4) Im(z) = 22,
(5) 2z = |2]2.
6) cxtw=z+w
(7) zw = zw.
(8) () = Z whenever w # 0.
(9) |z 4+ w| < |z| + |w|. (triangle inequality).
(10) [[2| = fwl]] < |z = w| <z[ + |w].
(11) |zw| = |2||w].
(12) |£| = % whenever w # 0.
Complex Function : A complex function is simply a function f : Q — C,

)
i:C* — C defined by i(z) = L.

z
a complex polynomial function which is a complex function of the

form
Pz)=co+crz+cz® +---Fcp2" = Zcizi,
i=0

for some n € NU {0} and ¢, cq,...,¢, € C.

Using various forms of a complex number, we may represent a complex function

f as follows :
[l +iy) = u(z,y) +iv(z,y)
or
F(re0) = p(r, )
where u, v, p, ¢ are real-valued functions of two real variables.



CHAPTER 2

Topology of C : A Fast Glimpse

DEFINITION 2.1. For each zp € C and 7 > 0, we define the open ball centered
at zg of radius 7 to be the set
B(zp,7) ={2€C: |z — 2| <71}
We also let B*(zg,7) = B(z0,7) — {20}-

DEFINITION 2.2. Let 2 C C. We say that Q is
e open if for each z € Q, there is r > 0 such that B(z,7) C Q.
closed if C — (2 is open.
bounded if Q@ C B(0, R) for some R > 0.
compact if it is closed and bounded.

ExAMPLE 2.3. () and C are both open and closed at the same time. All open
balls are clearly open as well as the following sets : {z : Re(z) > 0}, {z : Re(z) < 0},
{z :Im(z) > 0}, {z : Im(2) < 0} and C*.

EXERCISE 2.4. For zp € C and 0 < r < R, we define

e an open annulus to be A(zy,m,R) ={z € C:r < |z — 2| < R}.
e a closed annulus to be Alzg,7, R ={2 € C:r <|z— 2| < R}.
e a closed ball to be Blzg, 7] ={2€ C: |z — 2| <r}.

Prove that an open annulus is always open while a closed ball and a closed annulus
are always closed (in fact, compact).

ExaMPLE 2.5. C, C* and B(0,1) are not compact.

DEFINITION 2.6. A neighborhood of a point zy € C is simply an open subset
of C containing zq.

DEFINITION 2.7. Let Q C C.
e The interior of 2, denoted by 2°, is the largest open subset of C contained
in Q.
e The closure of Q, denoted by €, is the smallest closed subset of C con-
taining .
e The boundary of Q is defined to be 02 =QNC — Q.
DEFINITION 2.8. A point z € C is a limit point of Q C C if for each r > 0,
B*(z,71) N Q # 0.

The set of all limit points of €2 is called the derived set of ) and it is usually
denoted by '; that is

V' ={2€C:Vr>0,B"(2,r)NQ#D}.
ExAMPLE 2.9. From the definitions above, we clearly have the followings.

7



8 Functions of A Complex Variable (2301308)

(1) B(0,1)° = B(0,1),B(0,1) = B[0,1] and B(0,1) = {e¥ : § € R}.
(2) B[0,1]° = B(0,1), B[0,1] = [0 1] and 9B[0,1] = {e% : 6 € R}.
(3) A(0,0,1)° = A(0,0,1),A(0,0,1) = A[0,0,1] and 9A(0,0,1) = {0} U

THEOREM 2.10. For any Q C C, we have
Q=00°U00=QU,

and hence Q = {z € C: ¥r > 0, B(z,7) N Q # 0}.

DEFINITION 2.11. Let f: Q — C, z9g € Q' and L € C. We say that the limit
of f(z) as z approaches z( is L, written as lim f(z) = L, if for each € > 0, there

zZ—20

is 0 > 0 such that for any z € Q with 0 < |z — 2| < 0, we must have |f(z) — L| < e
[or equivalently, f(B*(zo,0) N Q) C B(L,¢)].

REMARK 2.12. If lim f(z) = L, then f(z) approaches L as z approaches zy

zZ—20

in any direction. In other words, if we can find one direction in which the limit
does not exist, or at least two directions in which the limits exist but not equal,
then we can conclude that lim f(z) does not exist.

220
THEOREM 2.13 (Limit Theorem). Let f,g: Q — C and zp € Q. If lim f(z)
and ZILIIZI g(z) exist, we have o
(1) Jim (/) +9(z)) = m f()+ im g(:).
(2) Tim f(:)g() = im f(2) im g(z).
flz) zh—>nzlo f(;) 0
(3) zh—>r20 02) ~ Tm 9(2) provided that le)rrzlog( z) #0.
2520
PRrROOF. Exercise. (]

EXAMPLE 2.14. It is easy to see that lim z = lim z = hn%)(z—l—z) = hr%(zz) =0.

z—0 z—0
However, hn% — does not exist because the limit along the real axis is 1 while the
Zz— z
limit along the imaginary axis is -1.
THEOREM 2.15. Let f,g: Q — C with zg € Q. Suppose further that
(1) f is bounded on B(zo,r) for some r >0 and
(2) lim g(z) =0.
zZ—2z0

Then lim f(z)g(z) =0.

EXERCISE 2.16. Find the following limits (if exist).
(1) lim Re(z)‘
P
Re(z?)
W RE
(3) lim zRe(z)'

2T
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DEFINITION 2.17 (Limit at Infinity). Let f: C — C and L € C. We will write
lim f(z) = L, or simply lim f(z) = L, if for each ¢ > 0, there exists M € R

|z| =00

such that |f(z) — L| < € whenever |z| > M.
REMARK 2.18. The limit theorem above also holds for the case zy = oo.

DEFINITION 2.19 (Infinite Limit). Let f : C — C and zp € CU {o0}. We will
write lim f(z) = oo if lim |f(2)| = oo.
z2—20

zZ—20

DEFINITION 2.20. Let f: Q — C and 2y € Q. We say that f is continuous at
20, if for each € > 0, there is § > 0 such that for any z € Q with 0 < |z — zo| < 0,
we must have |f(z) — f(20)| < € [or equivalently, f(B(z0,d)NQ) C B(f(20),€)]. We
simply say that f is continuous if it is continuous at each point of €.

ExampLE 2.21. The function f : C — C defined by

z : 0
f(z){g e

is not continuous at 0. However, its restriction f|c~ is clearly continuous.

EXERCISE 2.22. Let f : Q — C and zy € Q. Prove that f is continuous at zq if
and only if lim |f(z) — f(z0)| = 0.
zZ—2(

THEOREM 2.23. Let f,g: Q@ — C and h : A — C be complex functions with
g(Q) C A, and z € Q.
(1) If both f and g are continuous at zg, then so are f £ g and fg.
(2) If both f and g are continuous at zy and g(z9) # 0, then so is g.
(3) If g is continuous at zg and h is continuous at g(zo), then go h is contin-
uous at zgp.

PRrOOF. Exercise. O

EXAMPLE 2.24. A complex polynomial function is always continuous as well
as the function i : C* — C defined by i(z) = +

EXERCISE 2.25. Prove or disprove : if f : Q — C is a continuous complex
function and A is an open [closed] subset of Q, then f(A) is open [closed] in C.

THEOREM 2.26. Let f : Q — C be a continuous complex function and A C Q.

(1) If A is compact [path-connected], then so is f(A).
(2) If A is compact, then |f| : A — R attains its minimum and mazimum.

DEFINITION 2.27. A path in C is simply a continuous function = : [a,b] — C.
The image of a path «y is called a curve represented by ~. Two paths are said
to be equivalent if they represents the same curve in the same direction.

EXERCISE 2.28. Draw the curve represented by each one of the following paths
in C.

(1) mt)=t+it; 0<t<1.

(2) y(t)=t2+it? 0<t < 1.

(3) ya(t)=t+it% 0<t<1.

(4) ya(t) = cost +isint = e'; 0 <t < 2.
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t+it;0<t<1
14+it;1<t<2

(6) 7s5(t) = {

DEFINITION 2.29. A curve C represented by 7 : [a,b] — C is said to be
e a closed curve if y(a) = y(b).
e a simple closed curve if it is closed and ~ is 1-1 on (a, b).
e a smooth curve if 7 is continuously differentiable on [a,b] (i.e., v is
smooth).
e a piecewise smooth curve or a contour if v can be decomposed into
finitely many smooth curves.

DEFINITION 2.30. Let 2 C C. We say that ) is

e path-connected if each pair of points in §2 can be joined by a path in 2.
e a domain if it is nonempty, open and path-connected.

THEOREM 2.31. If Q) is a domain, then each pair of points in Q0 can be joined
by a polygonal path (= a path consisting of straight lines) in Q.

DEFINITION 2.32. A sequence of complex numbers is a function f : N — C.
We will usually denote a sequence by (z,) where z, = f(n). We will call (z,)
Cauchy if for any € > 0, there is N € N such that |z, — z,| <, for all m,n > N.

DEFINITION 2.33. A sequence (z,) of complex numbers is said to converge to
z9 € C, written as (z,) — 29 or lim z, = zo, if for any € > 0, there is N € N such
n—oo

that z, € B(zg,¢) for all n > N, and we will call zy the limit of (z,).

EXERCISE 2.34. Let (z,) be a sequence of complex numbers and zy € C. Use
the above definition to prove the following statements :

(1)

(2)

3)
THEOREM 2.35. Let (z,,) and (wy,) be sequences of complex numbers. If (z,) —

20 and (w,) — wp, then

(1) (zn £wp) — 20 & wp.

(2) (znwp) — zowp.

(3) (2=) — 2% provided that w, # 0 for allm =0,1,2,...

(20) — 20.
(zn) — 2o if and only if (Z,) — Zo.
(zn) — 0 if and only if (|zn]) — 0.

n lim 1
EXAMPLE 2.36. lim - = lim - = i - =1.
noee bl nmee I liml-l—liml
n—oo n—oo M
THEOREM 2.37. Let f : Q — C be a complex function and zy € Q. Then f is
continuous at zo if and only if, for any sequence (z,) converging to zg, the sequence

f(zn) converges to f(zp).

EXAMPLE 2.38. Since the complex sine function and the complex conjugation

are continuous on C, we have lim sin(i) = sin( lim 1) =sin(0) = 0.
n—oo n

n—oo n

THEOREM 2.39 (Completeness of C). Let (zy,) be a sequence of complex num-
bers. Then (z) converges if and only if (zy) is Cauchy.
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THEOREM 2.40 (Sequence Lemma and its converse). Let  C C and 2o € C.
Then zg € Q if and only if there exists a sequence (z,) in Q such that (z,) — zo.

DEFINITION 2.41. For a sequence (z,,) of complex numbers, we call the sequence
(8n), where s, = Y | z,,, a series of complex numbers and denote it by > z,, or
o i Zn Or 21+ 22+ 23 ...

The convergence of Y z, is simply the convergence of the sequence (s, ). When
the series Y z,, converges, we will also denote its limit by > 7 z,.

The series > z, is said to converge absolutely if the series ¥|z,| of real
numbers converges.

THEOREM 2.42. Let Y z,, be a series of complex numbers.

(1) If 3" z, converges absolutely, then > z, converges.
(2) If >z, converges, then lim z, = 0.

REMARK 2.43. The converse of (2) above is not true as we can take z, = +

THEOREM 2.44 (Convergence Tests). Let Y z, be a sequence of complex num-
bers and > a, a sequence of real numbers. Then the series Y z, converges aboso-
lutely if one of the following statements hold :

(1) Comparison Test : There exists N € N such that |z,| < ay, for allm > N,
and > a, converges.

(2) Ratio Test : For eachn € N z, # 0, and lim

n—oo

Zn+1
Zn

(3) Root Test : lim |z,|*/™ < 1.

ein

1
on S on for

EXAMPLE 2.45. The series » % converges absolutely because

all n € N, and ) 5= converges.

EXAMPLE 2.46. The series ) (1:7?)" converges absolutely because (1:7?)” #0
(1+44)ntt n! 1+
n

m+1)!  (1+i)n =0=<1

for all n € N, and lim

n—oo

i
n—oo
EXAMPLE 2.47. The series ) ﬁ converges absolutely for any z € C because

(Z _’_,L)2n 1/n

(z4+9)™ .|z +i)? _
(n+1)"

= 0<1.

for each z € C, we have lim

n—oo







CHAPTER 3

Differentiability and Analyticity

Let © be a domain, f : 2 — C be a complex function and z, € C.
DEFINITION 3.1. We say that f is differentiable at zg if the limit
i £ = ()
Z—20 Z— 20

exists. In this case, we will call such a limit the derivative of f at zo and denote
it by f’(z9) or %(zo). We simply call f differentiable if it is differentiable at each
point of 2.

THEOREM 3.2. If f,g are differentiable at zy, then we have
(1) (f £9)"(20) = f'(20) £ 9'(20)-
(2) (f9)'(20) = f(20)g'(20) + ['(20)g(20)-

3) (5)’(20) = f/(zo)g(fgog;){](;o)gl(ZO) provided that g(zy) # 0.

DEFINITION 3.3. We will say that f is analytic at zg if f is differentiable on
some neighborhood of zp, and simply call f analytic if it is analytic at each point
of Q.

In general, analyticity is stronger than differentiability. However, since we are
assuming (2 is open, both terms are equivalent.

DEFINITION 3.4. A function f is said to be entire if it is analytic on C.
THEOREM 3.5. If f is differentiable at zg, it is continuous at 2.

ProOOF. Since f is differentiable at zy, we have

lim | f(2) = f(z0)| = Jm |L§ZO)

z—20

| lim |z — 29| = 0.
z— z—20

O
THEOREM 3.6. If f(2) = f(z,y) = u(zx,y) + iv(z,y) is differentiable at zg =

(@0, Y0), then ug, uy, vy, vy exist and satisfy the so-called Cauchy-Riemann equations
at zo :

Uy = Vy and Uy = —Vg.
Moreover, we have
f(20) = ua (20, y0) + 102 (0, y0) = vy (%0, Yo) — iy (0, Yo)-

PrROOF. Since f(z) = f(z,y) = u(z,y) + iv(x,y) is differentiable at zp =
(0,Y0), the limits in following directions must exist and are equal to f'(zo.

13



14 Functions of A Complex Variable (2301308)

(1) Along the set S; = {z € Q:Im(z) = yo}, we have
lim f(z) = f(z0) _ lim (u(z,y0) — u(zo,¥0)) + i(v(x, yo) — v(20, Yo))
S1 Z— 20 T—To T — Xo

(2) Along the set Sy = {z € Q: Re(z) = xo}, we have
lim f(z) = f(z0) _ lim —i(u(wo,y) — u(zo,y0)) + (v(z0,y) — v(T0,Y0))
Sa zZ— 20 Y—Yo Y—Yo

= 'U/w(an y0)+iv;ﬂ(£07 yO)

= —iuy(xo,y0)+vy($o,yo)~

Therefore, we have
g (2o, Yo) = vy(Zo, Yo),
Ux(woayo) = —Uy($0,y0),
and
f'(20) = ux (20, y0) + v (0, o) = vy (T0,Yo) — ity (0, Yo)-
O

THEOREM 3.7. If Uy, Uy, Vs, vy exist in a neighborhood of zy, continuous at zg
and satisfy the Cauchy-Riemann equations at zg, then f is differentiable at zy.

EXAMPLE 3.8. The function f(z) = Z is not differentiable at any point in C.
Let z = (x,y) € C. By Cauchy-Riemann equations at z, we have
ou ov
1#-1=
@) =17 -1= 2wy,

Hence, f is not differentiable at z.

EXERCISE 3.9. Prove that f(z) = |z| is continuous, but not differentiable at
any point in C.

EXERCISE 3.10. Prove that the function f(z) =z is differentiable only at 0.

ExXaMPLE 3.11. Let f = u + iv be an analytic function on . Suppose u is
constant on 2. Then, by Cauchy-Riemann equations, we have g—; =0= —% on
Q2 which clearly imples that v is also constant on € (since 2 is path-connected).

Hence, f is constant on ).

EXAMPLE 3.12. Let f = u + v be an analytic function on 2. Suppose fis
analytic on . Then, by Cauchy-Riemann equations of f and f, we have

ou_ov ou_ v ou_ v ou_ov o
or Oy oy Oz’ ox Oy oy Oz '

It follows that g—; = %Z = % = %Z = 0 on ) which implies that u,v and f are

constant on € (since 2 is path-connected).

EXERCISE 3.13. Let f = u+ v be an analytic function on Q. Prove that :

(1) If v is constant on Q, so if f.

(2) If |f] is constant on Q, so if f.

(3) If |f] are analytic on 2, then f is constant on §.
(4) If Re(f) =Im(f) on Q, then f is constant on Q.



CHAPTER 4

Elementary Functions

DEFINITION 4.1. The complex exponential function is exp : C — C* de-
fined by
exp(z) = e”(cosy + isiny),
where z = x + iy.

The complex exponential function is clearly an extension of the real exponential
function. Moreover, for z,w € C and 6 € R, we have
o exp(z + w) = exp(z) exp(w),
e exp(—2) = i,
|exp(z)| = e* >0,
exp(if) = cos B + isin .

We usually write e® instead of exp(z).
Using the complex exponential function defined above, we can define the com-
plex sine and cosine functions as follows.

DEFINITION 4.2. The complex sine function sin : C — C and the complex

cosine function cos : C — C are defined by
eiz _ e—iz eiz + e—iz
sinz=————and cosz2= ———,
24 2

for any z € C.

It is clear that the complex sine and cosine functions are extensions of the real
sine and cosine functions, respectively. Moreover, for z,w € C, we have

e sin(—z) = —sinz,

cos(—z) = cos z,
sin(z + w) = sin z cos w % cos z sin w,
cos(z + w) = cos z cosw F sin z sinw,
sin? z 4+ cos? z = 1.

EXERCISE 4.3. Let z = x + iy. Prove that
sin z = sinx cosh y + ¢ cos x sinh y,

cos z = cos x cosh y — i sin x sinh y,

and use the results to conclude that sin z and cos z are not bounded as functions of
z.

THEOREM 4.4. The functions exp,sin and cos are entire with

de® _ _z
dz — €
dsin z
dz
dcosz
dz

[ ]
° = cos 2,

° = —sinz.

15
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PROOF. Since e* = u + v with u = e cosy and v = e”siny, and all partial
derivatives of u and v exist and continuous on C, it follows that e* is differentable
on C and % = Uy + iuy = e cosy + ie’siny = e*. The other two formulas can
be shown similarly. O

EXAMPLE 4.5. sini = £(e — 1) and cosi = 1(e+ ).

DEFINITION 4.6. For each o € [0,27) and z € C — {0}, we define
log(,)(2) =In(r) +i(0 +2n7) ; n € Z

where z = ¢, r > 0 and a < 6 < o + 27. That is log(,) is multi-valued. By
letting n = 0 in the above formula, we obtain the principal value of log, :

Log ) (2) = In(r) + if.
Now, Log(,) : C* — C now becomes a function, but unfortunately, it is not
continuous at each point of R, = {z : z = re'® r > 0}. Therefore, we can avoid

this problem by restricting the domain of Log(,) to C — R,.
THEOREM 4.7. For each v € [0, 2), the function Log,y : C— Ry — C defined

by
Log(a)(2) = In(r) + i0

where z = re’? o < 0 < o+ 27 is analytic and
1
Log'(a)(z) =

DEFINITION 4.8. For each a € [0, 27), the analytic function Log,, defined as
above is called a branch of the complex logarithm function. We will call Log(_m
the principal logarithm function and simply denote it by Log; i.e.,

Log(2) = In(|2]) + i Arg(2),
for all z € C such that z # 0 and Arg(z) # —.

EXAMPLE 4.9. For each a € R, Log(a) = In(a). Also, Log(i) = 5i and
Log(1 + i) = In(v2) + Zi.

REMARK 4.10. Notice that exp maps C onto C* while Log,) maps C — R,
onto the strip S, := {z + iy : a <y < a + 27}. Moreover, expo Log,) = idc-r,
and (Log(a) oexp)ls, =idg, .



CHAPTER 5

Line Integrals

Let © denote a domain throughout.

DEFINITION 5.1. For a path ~ : [a,b] — C, we define

/ Bt = /Re dt+z/blm(7(t))dt.

From the definition above, we have the followings :
<1> Re(ffw(t)dt) = [/ Re(y(®))dt and Im( [ y(t)dt) = [ Tm(y(t))dt
2) [u (Bt =) - v(a)~
|f y(t dt| = e_“gf y(t)dt = Re(e™% fby f: Re(e ™ #~(t))dt <
f le= O~ (t)|dt = f |y(t |dt where 6 = arg( f y(t)dt).

THEOREM 5.2. If C be a smooth curve represented by a smooth path ~y : [a, b] —
C, then the length of C is f |y ()| dt.

THEOREM 5.3. Let f : Q — C be a continuous function. If v : [a,b] — Q and
w: [e,d] — Q are equivalent smooth paths, then

b d
/ F(a(8)2 (1)t = / Flw(t)w (bt

DEFINITION 5.4. For a continuous function f : 2 — C and a smooth curve C

in €, we define
b
/ f(z)dz:/ Fz(t)2'(t)dt
C a

where z : [a,b] — Q is a smooth path representing C. Note that this definition is
independent of a path representing C' by the previous theorem.
If C is a contour, says C' = Cy UCy U --- U C,, where each C; is smooth, we

simply let
J =3 [ s

When C' is ClObed contour in the counterclockwise direction, we usually write
the integral as ¢, f(z)dz.

THEOREM b5.5. If —C is the contour in the opposite direction of C, we have

/_C f(z)dz = —/Cf(z)dz
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EXAMPLE 5.6. Let C be a curve represented by v(t) = ¢ +it; 0 <t < 1. Then

/Cszz=/Ol(t+z‘t)2(1+i)dt=(1+i)3/01t2dt (1+414)° [t;}o %

and hence, [ 2%dz = —%.

EXERCISE 5.7. Let C = {e'' : 0 <t < 2w}. Show that
1
—dz = 2mi.
o4
THEOREM 5.8. For a continuous function f : Q — C and a contour C in €,

we have
/ f(z)dz
c

where let L is the length of C and M = max{|f(z)|: z € C}.

Proor. WLOG, we may assume that C' is smooth. Let z : [a,b] — C be a
smooth path representing C. Note that
M =max{|f(z)|: z € C} = max{|f(2(¢))| : t € [a,b]}
exists since |f o z| : [a,b] — R is continuous and [a,b] is compact. We also have
L= f |2/ (t)|dt and hence

/Cf(z)dz /a f(z(t)2' (t)dt

DEFINITION 5.9. Let f : Q@ — C be a complex function. We say that F':  — C
is an antiderivative of f on Q if F'(z) = f(z) for all z € Q. Note that F' must be
analytic on €.

THEOREM 5.10. Let f : Q — C be a continuous function. TFAE :

(1) For any contour C in €, fc z)dz depends only on the endpoints of C.
(2) For any closed contour C' in (2, fc z)dz = 0.
(3) f has an antiderivative on (.

<ML,

/|f |dt<M/ |2/ (t)|dt = ML.

O

Moreover, if F is an antidervative of f on Q and C C Q is a contour from z;

to zo, we have
fi F(2)dz = F(z5) — F(21).

PRrROOF. (1) & (2) : Easy.

(3) = (1) : Assume (3) and let F be an antiderivative of f on Q; i.e., F'(z) =
f(2). Let C be a contour in 2. WLOG, assume that C' is smooth and represented
by z : [a,b] — Q. Tt follows that

b , b d
Aﬂ@MZAf@@Vwﬁ:AEﬁV@W=FMW—FM®)

This also proves the last statement of the theorem.
(1) = (3) : Assume (1), fix z9p € Q and define F': Q — C by

:Eﬂwm
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along any polygonal path in Q from 2y to z. This is certainly well-defined by (1).
Now, we will show that for each z € ),
. F(z+Az)—F(2)
1z) = Al,lzrgo Az '

Let z € © and € > 0. By the continuity of f, there exists § > 0 such that
|f(&) — f(2)] < € whenenver |§ — z| < J. Since Q2 is open, we may assume that J is
small enough so that B(z,0) C Q. Let Az € C be such that |[Az| < §. Therefore
there is a straight line C' C Q joining z and z + Az. Hence, along C', we clearly
have

M = max{|f(w) — f(z)| :w e C} <e, Lc=|Az|,
and

z2+Az
o[ 0w - e < oMo <

Az

It follows that

F(z+ Az) — F(z)

o) - |3

z4+Az
i rwde— e

Therefore, f(z) = Alimo F(z+ AAZ) — F(2)
z— 2

= F'(2). O

ExXAMPLE 5.11. From the above theorem, we clearly have fC 2%2dz = 0 for any

closed contour C C C because f(z) = 2 is an antidervative of f(z) = 22 on C.

3
Hence, if C' is any contour from 0 to 1 4 4, we immediately have fc 22dz = %
EXAMPLE 5.12. Let Q = C* and consider f(z) = 1 for all z € Q. Clearly, f is
continuous on ). For each r > 0, let C,. be the closed curve in {2 represented by
z(t) = re' where t € [0,27]. It is also easy to verify that §, f(z)dz = 2mi # 0.
Hence, by the above theorem, f does not have an antiderivative on C* which is
possible since a branch of the complex logarithm function cannot be defined on C*.
However, if C' is any contour in C — R, we immediately have fCT f(z)dz =0.






CHAPTER 6

Cauchy Integral Theorem and Applications

THEOREM 6.1 (Green’s Theorem). Let C' be a simple closed curve in R? and
R the closed region inside and on C. If P(x,y) and Q(x,y) are two real-valued
functions whose all their first-ordered partial derivatives exist and are continuous
on R, then we have

j{)Pdm + Qdy = //R(Qw — P,)dxzdy.

THEOREM 6.2 (Cauchy Integral Theorem). Let C' be a simple closed contour
in C and R the closed region inside and on C. If f is analytic on R and f' is

continuous, then
j{ f(z)dz = 0.
c

Proor. WLOG, assume that C is smooth. Write f(z) = f(z,y) = u(z,y) +
w(z,y) and let z(t) = z(t) + iy(t);a < t < b be a smooth path representing C.
Then, by Cauchy-Riemann equations, we have u, = v, and u, = —v, on R, and
hence

b
R ORI

b

— [ a0+ i®) @) + iy ()i
b

~ [ o) + oG ) + i)
b

= / [(uz’ — vy') + i(ve’ + uy')]dt

= ]{j(ud:r —wvdy) +1i ?é(vd:c + udy)
— //R(vx + uy )dzdy +i//R(um — vy )dxdy
=0.

O

REMARK 6.3. From the theorem above, we can replace the simple closed con-
tour by any closed countour and drop the continuity of f’ (See [1] for details) to
obtain a more general theorem.

21
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THEOREM 6.4 (Cauchy-Goursat Theorem). Let C' be a closed contour in C and
R the closed region inside and on C. If f is analytic on R, then

fc F(x)dz = 0.

COROLLARY 6.5. If f is analytic on a simply connected domain 2 and C' is a
simple closed contour in €2, then

?if(z)dz =0.

COROLLARY 6.6. Let C' be a simple closed contour and let Cy,Cs,...,C), be
simple closed contours in the region interior to C such that the regions interior to
each C; have no points in common. Let R be the closed region inside and on C
except for points interior to each C;. If f is analytic on R, then

jéf(z)dz =X, ji f(z)dz.

PROOF. See [1] Section 36. O

THEOREM 6.7 (Cauchy Integral Formula). Let C' be a simple closed contour in
C and R the closed region inside and on C. If f is analytic on R, then for any
w € Int(R), then for each n =0,1,2,..., we have

f(”)(w) — L‘ 7{0 (f(z)dz.

2mi z—w)ntl
In particular,

) = = ¢ L g

2mi Jo 2 —w

and

oy f(2)
f(w)_27m%g(z—w)2dz

PRrROOF. We will prove only the case n = 0. Let € > 0. Since w € Int(R) and f
is continuous at w, there exists r > 0 such that B(w,r) C R and |f(w)— f(2)| < 5=

for all z € B(w, ) (can you see why?).
Let C' = 0B(w,r) be represented by z(t) = w + re’,0 < ¢t < 27. Then we
have

1 2 1 .
) ) 4 — f(w) Y{C —da= () /O (w) ireitdt = 2mif(w),
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and hence
Mdz - 2m’f(w)‘ = Mdz — 2m‘f(w)‘ (by the previous corollary)
crR—Ww cr R — W
|f 2 f 100,
crZ—w cr 2 —w

| (et
[ (s
0 re’t

</ 1w+ ety — flw))ilde

€ 27

< — dt = e.
2w ¢

1&gy = 2mif(w). O

zZ—w

Since € is arbitrary, we must have §,

REMARK 6.8. From the previous theorem, we observe that if f is analytic on
a domain 2, then f € C®(Q).
EXAMPLE 6.9. By letting f(z) =1 for all z € C, w =0 and C = 9B(0,1) in

the above theorem, we immediately obtain §, 1dz = 2mi and §, Ldz = 0 for all
n > 1.

EXERCISE 6.10. Show, by example, that Cauchy Integral Formula is not gener-
ally true for any closed contour.

EXERCISE 6.11. Let C be a simple closed curve such that 0 is inside C and 1
is outside C. Compute the following integrals.

fC zz
fc /228(1;l Z1) dz

272 +32+1
»(fC T 2222241 dz.

COROLLARY 6.12 (Mean Value Theorem). If f is analytic on the closed disk
B(zg,r), we have

27

f(z0) = Py f(zo +rett)dt.

PROOF. Let C = 0B(zg,r) be represented by z(t) = 29 + re'’; 0 < t < 2.
Then, by the above theorem, we have
1 1 27 it ) 1 27
F(z0) = 1) g, et rel),

it it
— dt = — + dt.
271 Jo 2z — 2o 2i rett re 27 Jo f(z0 +re)

O

COROLLARY 6.13 (Cauchy Estimate). Let f : Q — C be an analytic function,
z € Q and r > 0 be such that B(z,r) C Q. If f is bounded by M on 0B(z,r), then
foranyn =20,1,2,..., we have
n!M

rn

117 ()] <

In particular, |f'(2)] < 4.

T
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PROOF. Let C = 0B(z,r) C Q. Then by CIF, we have
) ZE%L I (P U niM
SN omi £ = oy ® -
([

< %Tn_"_l (27'('7") =
ExaMPLE 6.14. If f : B(0,1) — B(0,1) is analytic, then f is bounded by

M =1, B(0,3) € B(0,1) and hence |f'(0)] < {755 <2.

EXERCISE 6.15. If f : B(0,1) — B(0,1) is analytic, prove that |f'(3)| < 4.

27t Jo rntl

COROLLARY 6.16 (Liouville’s Theorem). A bounded entire function must be
constant.

PrOOF. Suppose f is bounded by M on = C. Then for any r > 0, the
Cauchy estimate implies that

els

for any z € C. Since r can be arbitrarily large, we must f' = 0 on C; i.e., f is
constant. O

EXAMPLE 6.17. sin, cos and exp are all unbounded.

EXAMPLE 6.18. Is the function f(z) = 2?sinz bounded on C? Justify your
answer.

COROLLARY 6.19 (Fundamental Theorem of Algebra). FEwvery non-constant
complez polynomial P(z) must have a root in C.

PROOF. Suppose P(z) is a non-constant complex polynomial that has no root
in C. Then f(2) = ﬁ is entire. Moreover, it is easy to see that f is bounded

on C because | llim f(z) = 0. It follows from Liouville’s Theorem that f must be
Z|—00

constant and so is P. This is a contradiction. O
COROLLARY 6.20 (Maximum Modulus Principle). Let f be an analytic function

on a domain Q. If f attains the maximum modulus at some point in ), then f must
be constant on 2.

Fact : If an analytic function is not constant on a domain €2, then it is not
constant on any open disk in . [See [1] Section 103 Corollary 2]

PROOF. Let f be an analytic function on a domain €. Suppose |f]| attains its
maximum at zg € §2. From the above fact, it suffices to find » > 0 so that f is
constant on B(zg,r). Since Q is open, there is r > 0 such that B(zp,r) C Q.

Now, for 0 < p < r, from f(zy) = 5 0277 f(z0 + pe't)dt, we have

2m 2
Gl < 5= [ I Go+ ol < o [ 1)l = 17l

and hence

T om

2T
F(z0)] = = / (20 + petdt.
0
It follows that .
/0 (£ (0)] = 1 (20 + pei®) )t = 0.
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Since | f(zp)| is maximum, the integrand is nonnegative and we must have

[/ (20)l = |/ (20 + pe™)|
for all 0 < t < 27. Therefore, |f(2)| = |f(20)| for all z € B(zp,r). Finally,
the analyticity of f implies that f(z) is the constant f(zg) for all z € B(zg,r) as
desired. 0

COROLLARY 6.21. Let K be a compact subset of C. If f : K — C is a non-
constant analytic function, then f attains the mazimum modulus on OK.

PROOF. Since |f]| is continuous on a compact set K, it attains a maximum.
However, since f is non-constant and analytic on K°, the maximum cannot occur
in (any path component of) K° and hence it must be on the boundary of K. O

COROLLARY 6.22 (Minimum Modulus Principle). Let f be an analytic function
on a domain Q. Suppose further that f(z) # 0 for all z € Q. If f attains the
minimum modulus at some point in ), then [ must be constant on Q.

PROOF. Apply the maximum modulus principle to % (I

COROLLARY 6.23. Let K be a compact subset of C. If f : K — C is a non-
constant analytic function with f(z) # 0 for all z € K°, then [ attains the minimum
modulus on 0K.

EXAMPLE 6.24. Consider f : A[0,1,2] — C defined by f(2) = <. Then f
attains its maximum and minimum modulus (can you see why?) on 9A[0, 1, 1].

Let z € 0A[0,3,1] = {re’ : (r =1 or 2) and 0 < ¢ < 27}, then

rcosf

e'r(cos 0+isin0) e

[f(2)] = |f(re)| =

where (r = 1 or 2) and 0 < § < 2. Clearly, |f(2)| attains its maximum when 6 = 0

)

ret? r

(z =1 or 2) and its minimum when §# = —1 (2 = —1 or -2). Since
H(-2) = 5 < 1SCD = 2 <If DI = e < @I = &
- 2e2 e - 27
then |f| has the maximum value at z = 2 and the minimum value at z = —2.
EXAMPLE 6.25. Find the maximum and minimum moduli of f(z) = % on

Alo, 3,1].






CHAPTER 7

Sequences and Series of Complex Functions

In this chapter, we extend the notions of sequences and series to complex func-
tions. However, for convenience, we will start our sequence from 0-th term.

DEFINITION 7.1. A sequence of complex functions is a function from Ny =
NU {0} to the set of all complex functions. As usual, a sequence will be written as

Jos f1, fa, ... or (fn).

DEFINITION 7.2. A sequence (f,) of complex functions converges (point-
wise) to a complex function f on A C C, written as (f,) — f, if (fn(2)) — f(2)
for all z € A. Also, we say that (f,) converges uniformly to f on A if for any
e > 0, there is N € Ny such that |f(z) — fn(2)] < € for any n > N and z € A.

EXAMPLE 7.3. For each n € Ny and z € C, let f,(z) = ;%37 and f(z) = 0.
Then the sequence (f,,) clearly converges pointwise to f. However, the convergence

is not uniform on C because, for example when ¢ = 1, | f,(n + 1)| > € each n € N.

EXERCISE 7.4. With (f,) and f as above, prove that (f,) converges uniformly
to f on B[0,1].
THEOREM 7.5. Suppose (f) is a sequence of continuous complex functions

converging uniformly to f on A C C. Then f is also continuous on A.

PrROOF. Let z € A and € > 0. By uniform convergence, there is N € Ny such
that | f,,(w)—f(w)| < § foranyn > N and w € A. In particular, |fx(w)—f(w)| < §
for any w € A. Now, since fV is continuous at z, there exists § > 0 such that
|fN¥(z) = fN(w)] < § whenever [z — w| < §. Hence, for any w € A such that
|z — w| < §, we have

€

[f(2) = F)] < (@) = Y I+ (2) = Y ()| + Y (w) = f(w)] < 5

Therefore, f is continuous at z. O

€
+5+5 =€

Wl m

EXAMPLE 7.6. For each n € Ny and z € [0,1], let fo(z) = 1, fu(z) = 2™ for
n>1 and

FE=91 -1

Then (f,,) clearly converges to f on [0, 1]. However, the convergence is not uniform
since f is not continuous.

{0 if0<z<1,

THEOREM 7.7. Let C be contour in C and suppose (fy) is a sequence of con-
tinuous complex functions converging uniformly to f on C. Then

lim Cfn(z)dZ:/Cvnlingofn(z)dz:/cvf(z)dz.

n—oo

27
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PRrROOF. Let L > 0 be the length of C' and € > 0. By uniform convergence,

there exists N € Ny such that |f(z) — fu(2)] < § for all n > N and z € C; i,
M = max{|f(z) — fu(2)| : z € C} < £ whenever n > N. Thus, for each n > N, we

’/Cf(z)dz—/cfn(z)dz /C(f(z)—fn(z))dz < ML <e
Therefore, ([, fn(2)dz) — [ f(z)dz as desired. O

THEOREM 7.8. Suppose (fn) be a sequence of analytic functions converging
uniformly to f on any compact subset of a domain Q). Then f is analytic on Q and

M) = lim fP(2),
for each k>0 and z € Q.

PROOF. Let zg € Q. Since Q is open, there is r > 0 such that B(zp,7) C Q. Let
C be any closed contour in B(zg, ). Since C is compact, (f,) converges uniformly
to f on C by assumption. Now for each n, since f, is analytic on (2, we also have
fc fn(z)dz = 0 by CIF. Hence, it follows from the previous theorem that

]{ f(z)dz = lim fn(2)dz = 0.
C C

n—oo
Since C is arbitrary, f has an antiderivative on B(zq, ), says F, by Theorem 5.10.
Therefore, f must be analytic at zp.
Now, for each k > 0, it is not difficult to verify that the sequence (fi(z))

(z—z0)k+1

converges uniformly to % on the simple closed curve 0B(zo, ), and hence
by CIF and the previous theorem, we have
: kL fn(2) f(z)
lim f,(f) zp) = — lim ———dz :j{ Tz = fF) (2
neo (z0) 2mi n—=20 Jop(z,2) (z = zo)"*! dB(20,%) (z — 20)"H! (7o)

as desired. 0

DEFINITION 7.9. For a sequence (g,,) of complex functions, we call the sequence
(85), where s, = > gn, a series of complex functions and denote it by > g, or
Zf;o gn OT go + g1 + g2 + . ... The convergence of >_ g, is simply the convergence
of the sequence (s,).

THEOREM 7.10. Let (g,) be a sequence of continuous complex functions on a
domain €.

(1) If the series g, converges uniformly to a complex function g on a contour
C CQ, then g is continuous on C and

ni; | an@riz= [ gty

(2) If each gy, is analytic and the series Xg,, converges uniformly to a complex
function g on each compact subset of S, then g is analytic and

Y9z =M (z)
n=0

for any z € Q and k € N.
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PRrROOF. Follows directly from the previous theorems. O

THEOREM 7.11 (Weierstrass M-test). Let (g,) be a sequence of complex func-
tions on A. If there is a sequence (M) of nonnegative real numbers such that

(1) |gn(2)| < M, for allz € A and n € N and

(2) the series > M,, converges,
then > g, converges uniformly on A. Moreover, for each z € A, the series Y gn(z)
converges absolutely.

PROOF. Let € > 0. Since XM, converges, it is Cauchy and there is N € N
such that for any n > m > N,

i=m-+1

> u

1=m-+1

= < €.

TSR
i=0 i=0

Then for any z € A and n > m > N, we clearly have

Z 9i(2) — Z 9i(2)
i=0 i=0

It follows that (3 gn(z)) is Cauchy and hence converges, says to g(z). With e
and N as above, by letting m — oo in (*), we also have

3 gi(2) — 9(2)
=0

for all z € A and n > N. Therefore, the convergence is uniform. Moreover, for each
z € A, Y gn(z) converges absolutely by both conditions above and the comparison
test. (I

n

Z 9i(2)

i=m-+1

n

<Y el Y Mi<e ()

i=m-+1 i=m-+1

<€

DEFINITION 7.12 (Power Series). A power series is a series of the form

(o]
Zan(z —20)" =ap +a1(z — 20) +az(z — 20)% + ...
n=0
where zg,ag,a1,a92,--- € C. We will call zp the center and ag,ai,as,... the
coefficients of the series.

Clearly ZZOZO an(z—29)™ converges at z = zg. In fact, two obvious possibilities
for the convergence of the power series are

(1) the series converges only at z = zp, or
(2) the series converges for all z € C.

LEMMA 7.13. Let Y~ jan(z — 20)™ be a power series.

(1) If the series converges at z1, it also converges at each z € B(zg, |21 — 20]).
(2) If the series diverges at zo, it also diverges at each z ¢ B|zo, |22 — 20l]-

ProOF. For (1), suppose the series converges at z1. Let z € B(zo, |21 —20|) and

Z—Z0

- —2| < 1. Since oo gan(z1 — 20)" converges, we have (|an(z1 — 20)"|) — 0

T =

and hence is bounded, says by M. Then,

n
zZ— 20

< Mr™

lan(z = 20)"| = lan(z1 = 20)"|

21— 20
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for all n. Since Y Mr™ converges, the series > - a,(z — zp)™ converges by com-
parison test.

For (2), suppose the series diverges at z5. If the series converges at some
w ¢ Blzo, |22 — 2o|], then by (1), the series > 7 jan(z — z9)™ converges for all
z € B(zp, |w — z0|). This clearly implies the convergence of the series at zo which
is a contradiction. O

THEOREM 7.14. For a power series Y .- an(z—20)", if it does not satisfy any
of the above possibilities of convergence, then there exists R > 0 such that the series
converges for each z € B(zg, R) and diverges for each z ¢ Blzo, R).

PROOF. By assumption, there exist z; € C — {29} and 25 € C such that the
series converges at z; and diverges at zo. Then, by the previous lemma, the series
also converges at each z € B(zp, |21 — 20|) and diverges at each z ¢ Bz, |22 — 20]].

Now, the set

o0
S ={s: Z an(z — 2z9)™ converges for all z € B(zp,s)} C Ry

n=0
is a nonempty (since |21 — zo| € S). It is also easy to see that S is bounded above
(since s ¢ S for all s > |23 — 29|). Let R = supS. It is easy to verify that
Yoo gan(z — 29)™ converges for all z € B(zy, R). Moreover, for z ¢ Bz, R], we
must have Y07 an(z—20)" diverges because otherwise Y~ an (£ —2p)" converges
for all £ € B(zo, |z — 20|) and hence |z — 29| € S. This is certainly a contradiction
since |z — 29| > R. O
DEFINITION 7.15. The real number R in the above theorem is called the radius

of convergence of the power series. We can extend the definition of R to include
the other 2 possibilities of convergence as well by letting

e R = 0 if the series converges only at z = 2, and

e R = oo if the series converges for all z € C.

EXAMPLE 7.16. The radius of convergence of the power series > - 27 s 0.

n=0 n!

EXERCISE 7.17. Prove that the radius of convergence of the power series y -, 2"

is 1 and
T 1—2z
n=0

for all z € B(0,1).

THEOREM 7.18. Let ZZO:O an(z—20)"™ be a power series converging to a function
f on some open ball B(zg,r). Then for each 0 < 1’ < r, the series converges
uniformly to f on Blzg,r'].

PROOF. Pick z; € B(zg,r) such that |21 — 29| > /. Since Y7 jan(z1 — 20)"
converges, the sequence (an(21 — z0)") is bounded and hence there exist M € R™
and N € Ny such that |a,(z1 — 20)"| < M whenever n > N. Let p = ’ — | < 1.

zZ1—Z20

’

Now, for each z € Blzg,7’], we clearly have
(1) fan(z—20)"| = lan(z1—20)"|
(2) S0 Mp™ converges.

Then, by Weierstrass M-test, the series converges uniformly on B[z, r']. |

'
Z1—Z0

Y

Z—Z0
Z1—Z20

= Mp™foralln > N,
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EXERCISE 7.19. Let ZZOZO an(z2—20)" be a power series converging to a function
f on some open ball B(zg,r). Prove that f also is analytic on B(zg,r) and for each
k € Ny and z € B(zo,7), we have

oo

fB )= nn—1)...(n—k+ Dan(z — 2)" "

COROLLARY 7.20. Let Y 07 jan(z — z9)" be a power series converging to a
function f on some open ball B(zg,r). Then, for each n € Ny, we have

f(n) (20) .

[ 1
n:

PROOF. By the previous exercise, for each k € Ny, we have

o0

(k) (20) Z (n—=1)...(n—k~+ Dan(z0 — 20)"~ k= Klay.

Hence, a,, = % for all n € Ny as desired. O

COROLLARY 7.21 (Uniqueness). If the power series > . - an(z — 20)™ and
>0 obnl(z — 20)™ converge to the same function f some open ball B(zo,r), then
the two series must be the same; i.e., a, = b, for all n € Ny.

(
PROOF. By the previous corollary, we immediately have a,, = £ "7)1!(20) = b, for

all n € Ng. ([l

EXERCISE 7.22. Let zg,z,& € C be such that |z — zo| < |€ — 20|. Then we have

1 _Oo (z — z0)"™
5—2_2(5—20)"“.

n=0

THEOREM 7.23 (Taylor Theorem). If f is an analytic function on some open
ball B(zg,r), then f can be uniquely represented by the power series (so-called the
Taylor series of f around zp)

on B(zg,T).

PROOF. Suppose f is an analytic function on some open ball B(zp,7). Let
z € B(zp,7) and ' > 0 such that z € Blzg,7’] C B(zo,r). Then, by using the pre-

vious exercise, it is not difficult to verify that the series Z o M converges
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uniformly to % for &€ € OB(zg,r"). Hence, by CIF and Theorem 7.10(1), we have

f(2) = = @ds

2m 6B(z0 r’) g

Zo)n
27” Z %63(20 r! - Zo)n+1 dg

1 L&) z—zp)"
(271’2 éB(zo,W) (5 — Zo)n-‘rl df) ( 0)

_ Z fn("ZO) (Z _ Zo)n.
n=0

n!

I
M

O

REMARK 7.24. If f(z) = Y. ;a;2" is a complex polynomail, then Y 7 ja;z’
itself is the Taylor series of f(z) on any open ball around 0.

EXERCISE 7.25. Find the Taylor series around 1 of f(z) = z.

EXAMPLE 7.26. Some well-known Taylor series around zg = 0 :

(l)ezzsz()n,—1+z+2,+3,+ :z€eC.
o n,2n+1
()sz—zn—o%*z—y+g—...;ZG(C.
e} 1 n .
(3) Log(s+1) = 30 S am+t 4 2] < 1.
(4) =02 =1+z+22 428+ 5z <L

EXAMPLE 7.27. Find the Taylor series of f(z) = % around 1.
First, notice that f(z) = % is analytic on B(1,1) and hence it be represented

22
by a unique Taylor series on that ball.
Since
ey =Yy
z_l—(l—z)_nzo _n:O
for all z € B(1,1), then by differentiation, we obtain
1 d 1, o
- — _1 n—1 _ 1 n—1
10 ==~z () = LU G-y

for all z € B(1,1), which is certainly the desired Taylor series of f(z) around 1.

EXAMPLE 7.28. Find the Taylor series of f(2) = z—~—; around 1.

First, notice that f(z) = ==%— = Zlﬁ + 2/3 is analytic on B(1,1) and hence

it be represented by a unique Taylor series on that ball.

Since
1 1 1 1 11— 1S
= = — - — — n _ — __\n _1n
z+1 2—(1-2) 2(1_(12)> 27;)( 9 ) 27;::0( 2) (z—-1)
for all z € B(1,2), and
1 1 o)
= = -— —1
z—2 —1—(1—2) I—(z—1) ;::OZ
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for all z € B(1,1), then we have

z =[1 1
= — = N==\— = — 1 n
=g = (@3-
for all z € B(1,1), which is certainly the desired Taylor series of f(z) around 1.

EXERCISE 7.29. Find the Taylor series of the following functions :
(1) f(2) =e€* around 1.
(2) f(z2) =sinz around i.
(3) f(z) = % around 0.
(4) f(z) = 1% sinz around 0.

DEFINITION 7.30. A Laurent series is a series of the form

[eS) ) a )
2 anlzmw)" =D e+ D enle )"
n=-—oo n=1 n=0

oo a—

The above series converges if both ) | =

and >°7° ( an(z — 20)™ converges.

THEOREM 7.31 (Laurent Theorem). If f is an analytic function on some open
annulus A(zp,71,72), then f can be uniquely represented by a Laurent series

@)=Y an(z—2)"
on A(zg,7r1,72), where
1 [

2w Jo (€ — z)n Tt &
and C' is any simple closed contour (positively oriented) around zy in A(zo,71,72).
Moreover, the convergence is uniform on any closed annulus Alzg,r},75] where
r1 <71} <rh <re. Hence, on A(zg,r1,72), differentiation and contour integration
of the Laurent series of f can be done term by term.

PROOF. See [1]. O

EXAMPLE 7.32. The Laurent series of f(z) on A :
(1) f(z) =% on A= A(1,0,00).

z—1

Notice that

z z—1+4+1 1
= = =1
1) z—1 z—1 + z—1
for all z € A(0,0,00). Then 1+ —15 is the Laurent series of f(z) on
A(1,0,00).
(2) f(z) =e* on A= A(0,0,00) = C*.
Since
z - Zn
-3
n=0
for all z € C, then
P |
= ;::0 nlzn

is the Laurent series of f(z) on A(0,0, 00).
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(3) f(2) = 1=
Notice that

1 1 1 1 1o 1 = -1
R e L (e B DR L e

whenever ’%‘ < 1. Then > > =! is the Laurent series of f(z) on

(0,1, 00).

n=1
A(0,1, 00).
(4) f(z) = @ 1Z)2 on A= A(0,1,00).
By differentiating the Laurent series of = from the previous exam-

ple, we have

1 d, 1 = —n = n
O R e A e R D e D

n=1 n=1

on A(0, 1, 00).

EXAMPLE 7.33. Find the Laurent series of f(z) = m = ﬁ + 5= on
each of the following annuli : A(0,0,1), A(0,1,2) and A(0,2, c0).
First, notice that

(1) On B(0,1) : 1Z = 1_(1_2) = ZZO o(=1)m2".

(2) On A(0,1,00) : 1; =1 () = L oo(- b = o, G
(3) On B0.2): 51 =3 (5) = § T3 = T3
() 00 402 ER (z) = 1o =T 55
Hence,
(1) On A(0,0,1) C B(0,1) :
o0 o) 1
f(Z) Z "4 Z n+1zn _ Z[(_l)n + (i)n-&-l}zn
n=0 n=0

(2) On A(0,1,2) :

f(Z) — Z(_l)nzniil + Z 1 n+1 oM = Z Z(%)n—&-lzn.
n=0 n=0 n=1 n=0
(3) On A(0,2,00) :
> (—1)" . _9n ®© (_1)n—1 _9gn-1
f(Z) — Z;) (Zn+)1 + Z;) pos) — Zl ()Z—n

EXERCISE 7.34. Find the Laurent series of the following functions :

(1) f(2) = £ on A(0,0.50).

(2) f(z) = Log(1—|— 1) on A(0,1, 00).
(3) f(z) = m on A(0,0,3).
4) f(z) = m on A(0,3,4).
(5) f(z) = m on A(0,4,00).



CHAPTER 8
Singularity

DEFINITION 8.1. Let 25 € C and f a complex function. We say that 2 is a
singularity of f if f is not defined or not differentiable at zy5. A singularity zp is
said to be isolated if f is analytic on an annulus A(zg,0,r) for some r > 0.

DEFINITION 8.2. Let zy be an isolated singularity of f. Suppose the Laurent
series f(z) on some annulus A(zg,0,7) around 2z is > oo an(z — 29)". We say
that zg is

e a removable singularity if a,, = 0 for all n <0,
e a pole of order N e Nifa_x # 0 and a,, =0 for all n < —N,
e an essential singularity if for any n < 0, there is m < n such that
am # 0.
A pole of order 1 is always called a simple pole.

ExampPLE 8.3. Each of the following functions has only one isolated singularity

at 0, however
(1) f(2) = 2= has a removable singularity at 0,
(2) f(2) = L has a pole of order 1 at 0,
(3) f(2) = e* has an essential singularity at 0.

LEMMA 8.4. If f has a removable singularity at zg, then f can be extended to
an analytic function on some open ball around zy.

PRrROOF. Suppose f has a removable singularity at zg. Then, we have
f(z) =" an(z = 20)"
n=0
on some annulus A(zp,0,7). By defining g : B(0,7) — C by

9(2) = 3 anlz - 20",

n=0

it is clear that g is the desired analytic extension of f on B(0,r). g

THEOREM 8.5. Let zg be an isolated singularity of f. TFAE :

(1) 2o is a removable singularity of f.
(2) f is bounded on some annulus A(zo,0,r).
(3) lm f(z) exists.

z2—20

DEFINITION 8.6. Suppose f is analytic at zg and f(z9) = 0. We say that
zo is a zero of order N of f if the Taylor series of f around zy is of the form

oot an(z — 20)™ with ay # 0.

35
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EXAMPLE 8.7. 0 is a zero of order 2 of f(z) = sin? z because

f(z):(zf—+—+...)(sz+f+...):Z — =27+ ...
for all z € C.

THEOREM 8.8. Let zg be an isolated singularity of f. TFAFE :
(1) zo is a pole of order N >0 of f.
(2) f(z) = (ZQ(ZZ))N where g is analytic at zo and g(zp) # 0.

)
(3) lim f(z) =00 and lim (zfzo)Nf(z) # 0.
4)

zZ—20
z

EXAMPLE 8.9. Let f(z) = G=D2G—3 Then 2is a pole of order 2 while 3 is a

zo 1S a zero of order N of 7

pole of order 4 of f. Also note that f(z) = (zg_(zl))z where g(z) = ﬁ is analytic
at 1 and g(1) # 0.

EXAMPLE 8.10 Since 0 is a zero of order 2 of sin? z, then by the previous
theorem, f(z) = has a pole of order 2 at 0.

st

THEOREM 8.11. Let zy be an isolated singularity of f. If zy is an essential
singularity of f, then for any w € C, there exists a sequence (z,) — 2o such that

lim f(z,) =w.
n—oo
DEFINITION 8.12. Let zg be an isolated singularity of f, says f is analytic

on some annulus A(zp,0,7). Suppose the Laurent series of f on A(z,0,r) is
>0 g an(z — 20)™. We define the residue of f at zp by

Res(f,z0) = a—.
THEOREM 8.13. If zy is a pole of order N of f, then

1 ) del N
Res(f,20) = oy . owmille = 20) V()L

In particular, if zy is a simple pole of f, we have
Res(f,z0) = lim (z — 20) f(2).
z—20

PROOF. Suppose f(z) = > "y an(z — 20)" where any # 0 on some annulus
A(20,0,7). Then, it is easy to verify that
N-1
ZILHQO W[(z —20)Nf(2)] = (N = Dlay
and hence
1 ) dN—l N

Res(f,z0) = a1 =
O

EXAMPLE 8.14. Let f(z) =
and 1, respectively, of f. Hence,

d L
Res(£,0) = limy [/ ()] = lim

(QT Clearly, 0,7 and —i are poles of order 2,1

e* = 1 (22 + 1)e* — 2ze*

211 =50 (22 +1)2

4

2—0 dz - 1’
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z

1 3 - . (& e

Res(f,1) = l:rrll[(z —0)f(2)] = £1—>m1 m =
and ) 3
Res(f. =) = lim [(+ /(=) = lim, "y = 50

EXERCISE 8.15. Show that f(z) = Siﬁzz has poles of order 2 at 0, +m, £2m, ...
and Res(f,m) =e”.

Suppose f has an isolated singularity at zg. Then Laurent theorem guarantees
that f has the Laurent series, says > - a,(z—zp)"™, on some annulus A(zo,0,7)
where f is analytic. Then, for any (positively oriented) simple closed contour
C C A(z0,0,r) around zp, we clearly have

% f(2)dz = 2mia_1 = 2miRes(f, zo).
c
In fact, we have a more general theorem whose proof is straightforward.

THEOREM 8.16 (Residue Theorem). Let C' be a (positively oriented) simple
closed contour in the domain of f and R the region inside and on C. Suppose f
has singularities at z1, z2, . .., zn, € Int(R) and f is analytic on R—{z1,29,...,2n}.
Then we have

% f(z)dz = 2mi Z Res(f, z1).
c k=1
ProoOF. By assumption, we can write

;40 f(2)dz = Zj REE

where Cj is a (positively oriented) simple closed contour in Int(R) such that zj is
the only singularity of f inside C%. Then, by the previous observation, we have

$c, f(2)dz = 2miRes(f,z;;) and hence the theorem follows. O
ExaMPLE 8.17. Let C' = 0B(w,1) (positively oriented). Since 7 is the only
singularity of f(z) = ﬁ in B(m, 1), we have

74 f(z)dz = 2miRes(f,0) = 2mie”.
c

EXERCISE 8.18. Find the following integrals :
dz.

dz.

(1) faB(O,lO) sirc;2 z

z

(2) faB(o,z) (zlekw
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