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Chapter 5

CAUCHY’S INTEGRAL THEOREM

5.1. A Restricted Case

Cauchy’s integral theorem states that in a simply connected domain, the integral of an analytic function
over a closed contour is zero. The proof of this general result is rather involved. Here we first study a
special case of the theorem in order to develop the basic properties of analytic functions.

THEOREM 5A. Suppose that a function f is analytic in a domain D. Suppose further that the

closed triangular region T lies in D, and that C' denotes the boundary of T in the positive (anticlockwise)
direction.

Then
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We shall give two proofs of this result, usually known as Cauchy’s integral theorem for a triangular
path. The first of these proofs, given next, is based on an additional assumption that the derivative
f'(2) is continuous in D.

PROOF OF THEOREM H5A. Write f(z) = u(z,y) + iv(z,y), where u and v are real valued. Since f’
exists and is continuous, the Cauchy-Riemann equations

ou Ov ou ov
= — and — =

ox y dy Oz

hold, and the four partial derivatives are continuous. On the other hand, we can write

/Cf(z)dz:/c(u%-iv)(dx—&—idy):/C(udx—vdy)—ki/c(vdx—i—udy).

Suppose that C = C; U Cy U (3, a union of the three straight directed edges.

0,

G
Cy

Consider the integral

/udx.

c

/udx:/ udx—|—/ udx—|—/ udx.
C Cl CQ C3

For each of the three integrals on the right hand side, y can be represented as a linear function of z,
unless the edge is vertical, in which case the integral vanishes. Suppose that the projection of the triangle
T on the z-axis is the line segment X; < x < X,. Suppose also that the vertical line with abscissa x
intersects the triangle in hj(z) and ho(z), where hy(x) < ho(z) (in the diagram, hq(x) describes C; and
Cy, while hy(z) describes C5). Then

We can write

/Cud:c = /X2 u(x, hy(z))dz + /X1 u(z, ho(x))de = — /X2 (u(z, ho(x)) —u(x, hy(z))) dz

X1 Xo X1

Xz h2(2) gy ou
= — —(z,y)d dx:—/—d:z:d.
/x1 </hl(:r) By( v) y) roy

Note that the third equality above follows from the continuity of du/0y. Similarly

/vdy:/@dxdy.
C T@x
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Hence

ou Ov
dr—vdy) = — | (22 4+ %) dady = 0.
/C(ux vdy) /T<8y+8x>my0
We can also show that

/vdx:—/@dxdy and /udy:/@dxdy,
c T 9y e} T Ox

Oou  Ov
/C(vdx+udy)—L<%—a—y) dxdy = 0.

so that

The result follows. O

5.2. Analytic Functions in a Star Domain

In this section, we shall use Theorem 5A to establish the existence of an indefinite integral and the
Cauchy integral theorem for analytic functions in a certain class of domains.

DEFINITION. A domain D C C is called a star domain if there exists a point zg € D such that for every
point z € D, the line segment joining z and zg also lies in D. In this case, the point zq is called a star
centre of the domain D.

EXAMPLE 5.2.1. The disc {2 : |z| < 1} is a star domain. Every point in this domain is a star centre.

EXAMPLE 5.2.2. The complex plane C is a star domain. Again, every point in this domain is a star
centre.

EXAMPLE 5.2.3. The complex plane C with the non-negative real axis {x + iy : © > 0,y = 0} deleted
is a star domain. Every point on the remaining part of the real axis is a star centre.

EXAMPLE 5.2.4. The set {z +1iy : |zy| < 1} is a star domain. The point 0 is the only star centre.

EXAMPLE 5.2.5. The interior of the set shown below is a star domain, with a star centre zy as shown.

20

THEOREM 5B. Suppose that a function f is analytic in a star domain D. Then there exists a
function F, analytic in D and such that F'(z) = f(z) for every z € D.
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PROOF. Suppose that zy € D is a star centre. For every z € D, define
1) Fe= [ r0a
20,7

where, for every 21,29 € D, [21, 22] denotes the directed line segment from z; to z9. Since z € D, there
exists an e-neighbourhood of z which is contained in D. Furthermore, for every h € C satisfying |h| < e,
the point z+ & lies in this e-neighbourhood of z. It follows that the closed triangular region with vertices
zo, z and z + h lies in D.

2e—12+h

20

By Theorem 5A, we have

d d d¢ = 0.
/{M £(0)d¢ + /Wh] £(0)d¢ + / £ ¢

[z+h,z0]

In other words,

/ FOd— [ fodc= £(0)dc.
[z0,2+h] [20,2]

[z,2+h]

It follows from (1) that
FG+h)-Fe) = [ fOd
[z,2+h]

If h # 0, then

o) PErh =L gy /[zm](f(c) ~ f()d¢.

Since the function f is continuous at z, it follows that given any e > 0, there exists § > 0 such that
|f(¢) — f(2)] < € whenever | — z| < 0. This means that if |h| < 0, then | f(¢) — f(2)| < € holds for every
¢ € [z, 2+ h]. Theorem 4B now gives

3)

< ¢e|hl.

/ (F(O) — F(2) ¢
[z,2+h]

Combining (2) and (3), we have
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This gives

lim F(z+h)— F(2) ~ f2),

h—0 h

and completes the proof of the theorem. ()

If we examine our proof carefully, then it is not difficult to see that we have in fact established the
following result.

THEOREM 5C. Suppose that a function f is continuous in a star domain D. Suppose further that

/Cf(z)dz =0

for every closed triangular contour C lying in D. Then there exists a function F, analytic in D and
such that F'(z) = f(z) for every z € D.

We can also deduce the Cauchy integral theorem for a star domain.

THEOREM 5D. Suppose that a function f is analytic in a star domain D. Suppose further that C
is a closed contour lying in D. Then

/Cf(z)dz =0.

PrOOF. By Theorem 5B, there exists a function F', analytic in D and such that F'(z) = f(z) for every
z € D. The result now follows from Remark (1) immediately after Theorem 4A. O

ExaMPLE 5.2.6. Consider the contour integral

/ e +sinz
27dz,
|z|=3 z? — 16

where the contour of integration is the circle centred at 0 and with radius 3, followed in the positive
(anticlockwise) direction. Note that the function in question is analytic in the disc D = {z : |z| < 4},
clearly a star domain. It follows from Theorem 5D that the integral is 0.

EXAMPLE 5.2.7. Suppose that 0 < r < R. Consider the contour integral

R+ =z
_TE g
/z|—r (R - Z)Z

where the contour of integration is the circle centred at 0 and with radius r, followed in the positive
(anticlockwise) direction. For every z € C, note that using partial fractions, we have

R+ =z 1 2

(R—z)zingR—z'

R+z 1 2
——dz = —-d dz.
/z|_r (R_Z)Z ‘ /z|_r z Z+/|z|_r R—=z :

Next, note that the function

It follows that
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is analytic in the star domain D = {z : |z| < R}. It follows from Theorem 5D that the last integral is 0,
so that

R4z 1
(4) / —dz=/ ~dz = 2ni,
|z|=r (R - Z)Z |z|=r

in view of Example 4.4.2. On the other hand, the contour can be described by z = re?, where 6 € [0, 27].
This formal substitution leads to the expression dz = ire'? d§ = iz df and

dz =

/ R"’Z 2m R+releid0
2|=r (R —2)2 o R—rel?

Next, note that

R+re?  (R+re)(R—re ) R?—r2+42iRrsing

R—re?  (R—re)(R—re %) R2—2Rrcosf +r2’

so that

R—2)z T 0 R2—2Rr6059+7‘21d9'

5) / R+z 2™ R?2 — y2 £ 2iRrsinb.
|z|=r (

Combining (4) and (5) and equating imaginary parts, we obtain

1 [ R? — 2

il dod=1
2 Jo R?—2Rrcosf +r?

5.3. Nested Triangles
In this section, we shall give a second proof of Theorem 5A, without the additional assumption that
the derivative f’(z) is continuous in D. This proof is based on the following well-known result in real
analysis: Suppose that

a1 <ags<asz<... and by >by>b3>....
Suppose further that ay < by for every k € N, and that by — ap — 0 as k — oo. Then there exists a
unique number ¢ € R such that ap — ¢ and by — £ as k — oo. This is a special case of the Cantor
intersection theorem. In other words, if the intervals

[a1,b1] D [az,b2] 2 [as,b3] 2 ...

are nested, so that each contains all subsequent ones, and if their lengths decrease to 0, then the intervals
collapse to a unique point.

We shall now prove Theorem 5A by the method of bisection.

Suppose that a function f is analytic in a domain D. Suppose further that the closed triangular
region T lies in D, and that C' denotes the boundary of T in the positive (anticlockwise) direction. Write

I(T):/Cf(z)dz.
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We now divide T into four triangular regions by joining the midpoints of the three sides of T' as shown
in the diagram.

Suppose that the four triangular regions so obtained are denoted by T7), where j = 1,2,3,4, with
boundaries CU) in the positive (anticlockwise) direction. Then since integrals over the common sides
cancel each other, we have

where for j =1,2,3,4,
HWM:/ f(2)dz.
c@)

Since the maximum is never less than the average, at least one of these four triangular regions 7) must
satisfy

. 1
(6) 1(TD)| = 21T
We denote this triangular region by 77, with the convention that if more than one of the four triangular
regions T) satisfies (6), then we choose one under some fixed rule. This process can now be repeated
indefinitely, so that we obtain a sequence of nested triangles

T=Ty2T1 2T, 2T32...2Tp D...

with the property
1

1T = 11T,

so that
—k

(7) [(Ty)| = 47" I(T)].
Note now that the sequence of nested triangular regions must collapse to a point z* € D. Suppose now
that € > 0 is chosen. Since D is open and the function f is analytic at z*, there exists a é-neighbourhood

{z: |z — 2*| < d} of z*, contained in D and such that

f(z) = £(z")

z—z*

(8) — 'z <e

whenever |z — z*| < §. Furthermore, we can choose k so large that

(9) T, C{z:]z—2"| < d}.
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Note that since

dz = and / zdz =0,
Ck Ck

we have
I(Ty,) = f(Z)dZ=/ (f(2) = f(z") = (z = 2")f'(z")) d.
C Ck
In view of (8) and (9), we have
F(2) = F(27) = (5 = ) (2] < el — 27| < edy,
where d;, denotes the diameter of T},. It follows from Theorem 4B that
(10) [[(Tx)| < edyLy,
where L denotes the perimeter of T. Observe now that
(11) dp =27%d and  L,=2"%L,

where d and L denote respectively the diameter and perimeter of 7. Combining (7), (10) and (11), we
obtain

\I(T)| < edL.

Since € > 0 is arbitrary, we must have I(T) = 0. This completes the proof of Theorem 5A.

5.4. Further Examples

EXAMPLE 5.4.1. Suppose that C' is any contour. For any z € C not lying on C', consider the integral

1(z) :/Ccdfz.

We shall show that the function I(z) is continuous at z. Since z ¢ C, there exists € > 0 such that the
e-neighbourhood of z does not meet C. Suppose that h € C satisfies |h| < ¢/2.

sl o
Z ‘Z—Fh

Then

e -160= [ (- e55) 4= [ =iy
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Note next that for any ¢ € C, we have
I — 2| > ¢ and |C—z—h|>§,

and so it follows from Theorem 4B that

2L|h
1+ ) - 1) < 24,

where L is the length of C. This clearly tends to 0 as h — 0.
The final example in this chapter exhibits the possibility of defining a continuous logarithm.

EXAMPLE 5.4.2. Consider the domain obtained by deleting from C the origin 0 and a half-line starting
from 0. This is a star domain in which the function 1/z has a continuous derivative. Suppose that C is
a closed contour that does not meet this half-line.

——

(D
S

Then

Furthermore, the integral

S
w0 €

is independent of the path joining zy to z in this domain, and can therefore be used to define a continuous
logarithm.

PROBLEMS FOR CHAPTER 5
1. Give an example to show that the conclusion of Theorem 5D may not hold if D is not a star domain.

2. Suppose that R > 0 is fixed. By integrating the function (R — 2)~! over the circle C = {z : |z| = r},
where 0 < r < R, and referring to Example 5.2.7, show that

1 m Rcosf 40 — r
21 Jo R2—2Rrcosf+r2  R2 7?2
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3. a) Suppose that C is the rectangle with vertices at +b and £b + ia, where a,b > 0. Explain why

/ e % dz=0.
C

b) Let C = C; UCy U C3 U Cy, where C1,Cy, Cs, Cy represent the four edges of C' followed in the
positive (anticlockwise) direction, with initial point z = —b. Show that

a
2 2 2 2
/ e * dz / e % dz| <e® / eV dy.
Ca Cy 0

c¢) Explain why

a
< e*b2/ ey2 dy and
0

b b
/ e~ (@+ia)? gy _ / e dg — 0 as b — oo.
—b —b

Deduce that the integral

is independent of the choice of a > 0.

4. Suppose that a function f(z) is analytic in {z : |z| < R} and continuous in {z : |z| < R}, where
R > 0 is fixed. Suppose further that C' denotes the circle {z : |z| = R}.
a) Suppose that r < R. Explain why

27 2m
/ f(z)dz = f(Re)Rel?1d — f(rei?)rel?ide.
c 0 0

b) The function f(z)z is continuous in {z : |z| < R}, and so uniformly continuous in {z : |z| < R}.
This implies that given any e > 0, there exists § > 0 such that |f(Rel?)Rel® — f(rei?)rel?| <
whenever R — 9§ < r < R. Use this to show that

/Cf(z) dz

< 2me.

¢) Explain why it follows that

/Cf(z)dz =0.

d) Explain also why this result does not follow directly from Theorem 5D.
5. Suppose that a function f(z) is continuous on a closed contour C. Suppose further that f(z) can be

uniformly approximated with arbitrary precision by a polynomial; in other words, given any € > 0,
there exists a polynomial P(z) such that |f(z) — P(z)| < € for every z € C. Prove that

/Cf(z) dz = 0.

6. Suppose that a function f(z) is analytic in {z : |2] < 1}. By considering a suitable integral over the
unit circle {z : |z| = 1}, show that

> 1.

max
|z|=1

L
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7. Suppose that C' is a closed contour, and that D is a domain not containing any point of C. By

10.

noting Examples 4.4.2 and 5.4.1, show that the integral

n(C, z) = L/ dz
c

2mi zZ— 2

is independent of the choice of zy € D.
[REMARK: The value n(C, zp) is called the winding number of the contour C round the point zo,
and measures the number of times the contour winds round the point zp.]

Suppose that C is a contour z = r(6)el? for § € [0, 27], where r(#) > 0 for every 6 € [0,27]. Suppose
further that r(0) = r(27), so that C is a closed contour. Let D be the domain containing the origin
z = 0 and with boundary C'
a) Show that D is a star domain with the origin z = 0 as a star centre.
b) Suppose that zp € DUC. Explain why the half line L = {A\zp : A € [1,00)} satisfies LNC = ().
Show also that C\ L is a star domain with star centre z = 0.
¢) Explain why

i dz _ 0 ifZOQDUC,
o2mi Jo 2z —2 |1 ifz € D.

[HINT: For the case zg € D, refer to Problem 7 if necessary.]
d) Suppose that P(z) is a polynomial with no roots on the contour C. By referring to Problem 1
in Chapter 3 if necessary, show that the number of roots of P(z) in D is given by

1 [ P(2)

2mi C P(Z)

Suppose that P(z) is a polynomial of degree k and with distinct roots z1, ..., 2. Suppose further
that C' is a closed contour which does not contain any of these roots. By referring to Problem 7 if
necessary, show that

1P
27 Jo P(2)

dz=n(C,z1) + ...+ n(C, z).

Suppose that two star domains D¢ and Dy both have the point zg as star centre. Show that Dy N Dy
and Dq U Dy are both star domains with star centre zj.



