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Chapter 11

EVALUATION OF DEFINITE INTEGRALS

11.1. Introduction

The calculus of residues often provides an efficient method for evaluating certain real and complex
integrals. This is particularly important when it is not possible to find indefinite integrals explicitly.
Even in cases when ordinary methods of calculus can be applied, the use of residues often proves to be
a labour saving device.

Naturally, the calculus of residues gives rise to complex integrals, and this suggests that we may
be at a disadvantage if we want to evaluate real integrals. In practice, this is seldom the case, since a
complex integral is equivalent to two real integrals.

However, there are limitations to this approach. The integrand must be closely associated with some
analytic function. We usually want to integrate some elementary functions, and these can be extended
to the complex domain. Also, the techniques of complex integration applies to closed curves while a real
integral is over an interval. It follows that we need a device to reduce our problem to one which concerns
integration over closed curves. There are a number of ways to achieve this, depending on circumstances.
The technique is best learned by studying typical examples, and complete mastery does not guarantee
success.

11.2. Rational Functions over the Unit Circle

We shall be concerned mainly with integrals of the type

27
f(cosb,sin ) do,
0
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where f(z,y) is a real valued rational function in the real variables x and y.

If we use the substitution

z=¢e% = cosh +isinb and dz = ie'? do,
then
1
— =cosf —isinf and d9:—i%.
z z

We can therefore write

0059:1(2—5—1) and sinﬁzl,(z—l),
2 z 2i z

. . 1 1 1 1 dz
f(cosH,smH)dH——l/cf(E <Z+;),Z(z—;>> —

where C' is the unit circle {z : |z| = 1}, followed in the positive (anticlockwise) direction.

so that

2m

0

ExaMpPLE 11.2.1. Suppose that the real number a > 1 is fixed. Consider the integral
/” o 1 /2” do
o atcosf® 2 ), a+cos
= cosf + isinf, we have

/2” o _ . / dz _ / 2dz
o a-+cosf czlat+3(z+1) c 22 4+2az+1’

where C'is the unit circle {z : |z| = 1}, followed in the positive (anticlockwise) direction. It follows that

/’T d __i/ dz
o a+tcosf c22+2az+1"

If we factorize the denominator z? + 2az + 1, we obtain roots

a=—a++Va? -1 and B=—-a—+\a%-1.

Using the substitution z = e’

Clearly |5] > 1. Since af = 1, it follows that || < 1. Hence the function

1
224 2az+1
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is analytic in some simply connected domain containing the unit circle C, except for a simple pole at

z = « inside C, with residue

1

1 . 1 . 1 1
res | ——,a ) = lim(z — ) lim =
224+ 2az+1

It follows from Cauchy’s residue theorem that

/ dz 9 1 2mi
—— = 2rires al =
o 22 +2az+1 22 4+2az+1’ 2v/aZ -1’

/7T a0 7
o a+cos® aZ_1
EXAMPLE 11.2.2. Now let w € C\ [—1, 1], and consider the integral

T de
F(w) = —t
(w) /0 w + cos 6

and so

2o 22+2z+1 z—az—f a-p

2

a2 —1

Note that we have excluded the closed interval [—1,1] to ensure that the denominator of the integrand
does not vanish. One can show that F’(w) exists in the domain C\ [—1,1], so that F(w) is analytic

there. We know from Example 11.2.1 that

™

@ Pl = a1y

on the real axis to the right of the point w = 1. Tt follows from Theorem 7H that (1) holds for every
w € C\ [~1,1]. Note, however, that the branch of the square root must be chosen so that it is positive

for w > 1.

11.3. Rational Functions over the Real Line

We shall be concerned mainly with integrals of the type

2) / O:Of(w) ar,

where f(z) is a real valued rational function in the real variable x. Here we shall assume that the degree
of the denominator of f exceeds the degree of the numerator of f by at least 2, and that f has no poles

on the real line, so that the integral (2) is convergent.

Consider first of all the integral

/ z /() dz,

where R > 0. We then extend the definition of the rational function f to the complex domain, and

consider also the integral

/C J@)a
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where Cg is the semicircular arc given by z = Re'’, where t € [0, 7]. Consider now the Jordan contour
C= [—R,R] U CRg,

where [—R, R] denotes the line segment from —R to R.

Cr

-R R

By Cauchy’s residue theorem, we have
R
/ f(z)dx + f(z)dz = 2mi Z res(f, zi),
-R Cr z; inside C

where the summation is taken over all the poles of f inside the Jordan contour C. It is easily shown
that

f(z)dz—0
Cr

as R — oo, so that

/_Oo f(z)dx = 27 Z res(f, zi),

Jmz; >0

where the summation is taken over all the poles of f in the upper half plane.

ExAMPLE 11.3.1. Suppose that the real number a > 0 is fixed. Consider the integral

[ee] .’E2
/,oo @ 1 a2y

To evaluate this integral, note that the rational function

2

f(Z)Zm

has poles of order 3 at z = +ia. Consider now the Jordan contour
C =[-R, R|UCRg,

where R > a.

Cr

.

-ia ¢
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By Cauchy’s residue theorem, we have

R
/ f(z)dx + f(z)dz = 2wires(f,ia).
—R Cr

Since

es(f,ia) 1 . d? :—ia)® 22 1 i 2 122 N 1222
r ia) == lim — | (z —ia)’———== | = = lim -
’ 2 z=ia dz? (22 + a2)3 2 z—ia \ (2 +1a)® (z+1ia)* (2 +1a)®

2 B 12ia 7 1242 i
(2ia)3  (2ia)* (2i@)®)  16a3’

| =

it follows that

8a3

R T
/ f(z)dz + f(z)dz = —.
-R Cr

Note now that

2

f(z)dz

Cr

< 37TR—>0

as R — oo. Hence
oo $2 [ee] T
[m —(:132—1—&2)3 dx:[mf(x)dx: s

ExampLE 11.3.2. Consider the integral

/°° 22 +3
———dux.
oo T D22+ 4

To evaluate this integral, note that the rational function

2243 _ 2243
244522 4+4  (224+1)(22+4)

f(z) =
has simple poles at z = +i and z = +2i. Consider now the Jordan contour
C =[-R,R|UCR,

where R > 2.

Cr

.

By Cauchy’s residue theorem, we have

R
/ f(z)dz + f(z)dz = 2mi(res(f,1) + res(f, 21)).
-R Cr
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By Problem 2 in Chapter 10, we have

2213 1 22 +3 1
) = lim — 5 _ 1 %) = lim — > =
res(fi) =lm s 0, =5 res(f2) = i e T T

It follows that

R
/ flx)dx + f(z)dz:?.
—R Cr

Note now that

< R2+3
~ RY—5R? 4

/°° 22+ 3 / fa
x4+5x2+4

TR — 0

as R — o0o. Hence

11.4. Rational and Trigonometric Functions over the Real Line

We shall be concerned mainly with integrals of the type

3) / Z fw)e dz,

where f(x) is a real valued rational function in the real variable x. Here we shall assume that the degree
of the denominator of f exceeds the degree of the numerator of f by at least 2, and that f has no poles
on the real line, so that the integral (3) is convergent. Note that the real and imaginary parts of the
integral (3) are respectively

/00 f(x)cosx dx and /00 f(z)sinzdz.

Consider first of all the integral

R
/ f(x)e de,
—R

where R > 0. We consider also the integral

f(2)e* dz,

Cr

where Cg is the semicircular arc given by z = Re'’, where t € [0, 7].
Cr

| -
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Consider now the Jordan contour
C =[-R,R|UCRp,

where [—R, R] denotes the line segment from —R to R. By Cauchy’s residue theorem, we have

R . . .
(4) /_Rf(x)e“” dzx + . f(z)e” dz = 2mi Z res(f(2)e'?, z;),

z; inside C

where the summation is taken over all the poles of f(z)e* inside the Jordan contour C.
To study the second integral in (4), we prove the following estimate.

THEOREM 11A. (JORDAN’S LEMMA) Suppose that R > 0. Suppose further that Cg is the
semicircular arc given by z = Re'', where t € [0,7]. Then

(5) / 6% d2| < .
Cr

ProOOF. Note that
(6) / ‘eiszZ| :/ |eiRCitHiReit‘dt — R/ |eiR(cost+isint)|dt
CR 0 0
T X /2 )
= R/ e*Rsmt dt = 2R/ efRsmtdt.
0 0

Since
. 2 T
sint > —t whenever 0 <t < 5
T

it follows that

w/2 /2
7 7Rsintdt </ 72Rt/7rdt: m 1_ —R s )
(™) /0 ¢ =), € s ) <3

The inequality (5) follows on combining (6) and (7). O

It follows easily from Theorem 11A that

f(z)e*dz — 0
Cr
as R — oo, so that

/jo f(z)el® dz = 2ri Z res(f(2)e?, z;),

Jmz; >0
where the summation is taken over all the poles of f(z)e'* in the upper half plane.

REMARK. In view of Jordan’s lemma, we may consider integrals of the form (3) where the degree of
the denominator of the rational function f exceeds the degree of the numerator of f by only 1. Note,
however, that the argument in this case only establishes the existence of the integral (3) as

R—o0

R
lim / f(z)el® dz.
-R
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EXAMPLE 11.4.1. Suppose that the real number a > 0 is fixed. Consider the integral

> cosz
ok
s XFFa

To evaluate this integral, note that the function

iz

e

F = -
()=

has simple poles at z = +ia. Consider now the Jordan contour
C =[-R, R|UCRg,

where R > a.

Cr

-ia ¢

By Cauchy’s residue theorem, we have

/R F(z)dx Jr/ F(z)dz = 2wires(F,ia).

—R Cr

Since

eiz eiz e~ @
res(F,ia) = lim { (2 —ia) 53— | = lim — = —,
z—ia z4+a z—ia 2 +1a 2ia

it follows that

Note now that

as R — oo. Hence

so that

—a

/ ﬂdx:me/ F(z)de = ¢

2 2
0o Lt a a

ExXAMPLE 11.4.2. Suppose that the real numbers a > 0 and b > 0 are fixed and different. Consider
the integral

/°° 23 sinz d
z.
—oo (2% +a?)(2? + b?)
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To evaluate this integral, note that the function

23612

P& = mrae e

has simple poles at z = +ia and z = £ib. Consider now the Jordan contour
C= [—R, R] U CRg,

where R > max{a, b}.

Cr
ia D
ib ¢

R -ib ¢ B
-1a ¢

By Cauchy’s residue theorem, we have

R
/ F(x)dx + / F(2)dz = 2ri(res(F,ia) + res(F, ib)).
—R Cr

Since

res(F,ia) = lim ( (2 — ia) 2e” = lim 2e” = _2°
Y e (22 +a2)(22 +02) ) z—ia (2 +1ia)(22 +02)  2(a2 — b2)

2.,—a

and

res(F,ib) = lim ((z - ib)(

z—ib

Z3eiz i ZBQiz B b2e—b
224a2) (22 +02) ) z—ib (22 +a?)(z+ib)  2(b2 —a?)’

it follows that

R 2.—a 2.—b
. [ a“e bee
/_RF(x)dx—i— CRF(z)dz:m<a2_bz+b2_a2>.
Note now that

/ |eiz||dz| < ’ 0
—
(R2 - a2)(R2 - b2) Cr (R2 - ClQ)(R2 - b2)

/CR F(z)dz

as R — oo. Hence

so that

° r3sinx e m(a?e™® — b2e™?)
/m($2+a2)(m2+b2)dxjm/mF(I)dz e .
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ExAMPLE 11.4.3. Consider the integral

etz — 1

which has a removable singularity at z = 0. Consider now the Jordan contour
C= [—R,R] U CRg,

where R > 0.

Cr

-R R

By Cauchy’s integral theorem, we have

R
/ G(z)dx + G(z)dz =0,
-R Cr

so that
B )
d 1z
/ G(z)dm:/ —Zf/ S
-R Cr z Cr z
Note that
d iz 1 .
/ i and / S < = le*®||dz] <
Crn ? Ccn % R Jo,
Hence
R
T
Gx)dxr — 7| < —=.
|/R (z)dx — 7i 7
Since

R _: R
/ Smxdxzjm/ G(z)dz,

_R X _R

it follows that

R .
sin x
de — 7
—R X

™

R
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so that letting R — oo, we obtain

0o .
sin x
/ dx = .
oo X

Note that the previous two examples do not fit the discussion at the beginning of this section, since
the degrees of the denominators of the rational functions in question do not exceed the degrees of the
numerators by at least 2. In fact, we have a non-trivial convergence problem for the integral

We shall return to this example later.

/_ o; (@) sinz dz.

The argument formally establishes the existence of this integral as

R
lim / f(z)sinz de,
-R

R—oo

and not as

X
lim f(x)sinzdz.
Xq1—00 -X
Xo—00
However, it turns out that this does not cause any difficulties, since the functions f(z)sinz in question
turn out to be even functions of x, so that for X, Xs > 0, we have

X2 X1 X2
f(@)sinzdz = f(x)sinzdz + f(x)sinz dz.
X 0 0

Let us examine the problem more carefully. Consider the integral
o .
/ f(x)e” de,
—00

where f(z) is a real valued rational function in the real variable x. Suppose now that the degree of the
denominator of f exceeds the degree of the numerator of f by exactly 1, and that f has no poles on the
real line. To establish the existence of the integral, we need to study the integral
X2
(z)el® dz,
-X,

where —X; < 0 < Xo, and consider the limit as X; — oo and Xy — oo. Clearly we cannot use the
semicircular arc. We shall use instead a rectangular contour

C = [-X1, X3] U [X2, Xo +1Y] U [Xy +1Y, - X +iY]U [ X; +1Y, —X4],

where Y > 0. Here [Z1, Zs], where Z1, Zy € C, denotes the line segment from Z; to Zs.

—X1+iY XQ-‘riY

y 3
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By Cauchy’s residue theorem, we have

X2

(8) (z)e'” dx + / f(z)e*dz + / f(z)e*dz + / f(2)e* dz
—X1 [X27X2+iY] [XngiY,*Xl‘FiY] [7X1+1Y,7X1]
= 27i Z res(f(2)e?, z;),

z; inside C

where the summation is taken over all the poles of f(z)el* inside the rectangular contour C. When
X1, X5 and Y are large, then all the poles of the function f(z)e'* in the upper half plane are inside the
contour C'.

Under our hypotheses, the function zf(z) is bounded. Suppose that |zf(z)| < M for every z € C.

Note first of all that

Y
/ f(z)e*dz =i / F(X +iy)e X2 v) gy,
[X2,X24iY] 0

Since
M M
Xo+iy)| < ————< —,
|f( 2 y)|7 ‘X2+1y| )(2
we have
(9) / f(2)ed <M/Y”d Ma—emy <X
z z| < — y=—(1- —.
[X2,Xa+iY] X2 Jo Xo Xo
Similarly,
: M
(10) / f(z)e?dz| < —.
[— X1 +iY,— X1] X1
Next, note that
. X2 . .
/ f(z)e*dz = — [z +iY)e!®HY) dg.
[Xo+HiY,— X1 +iY] -X
Since
M M
i) < < =
fle+V)ls oo = 3
we have

(11)

X Me=Y
g—/ e Vdr= ; (X1 + Xo).

/[Xz+iY,X1+iY]

Combining (8)—(11), we conclude that for sufficiently large X1, X5 and Y, we have

X ' .
(12) /4( f(z)e' dax — 27 Z res(f(z)e'®, z;)

Jmz; >0

Note that the left hand side of (12) is independent of Y. For fixed X; and X5, we have

Me™Y

(Xl +X2) —>0
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as Y — oo. It follows that

‘/Xz f(z)el® dz — 2ni Z res(f(2)e®, z;)| < — + —.
—X;

Jmz; >0

Letting X7 — oo and X5 — oo, we conclude that

/OO f(z)el® dz = 2ri Z res(f(2)e'®, z;).

- Jmz; >0

11.5. Bending Round a Singularity
We shall first indicate the ideas by two examples.

ExaMpPLE 11.5.1. Recall Example 11.4.3, and consider again the integral

o .
sinx
/ dx.
oo T

If we use the function

to evaluate this integral, then the Jordan contour C = [—R, R]UCF discussed earlier is unsuitable, since
the singular point z = 0 is on the contour. Let us consider instead the Jordan contour

C =[-R,—6]UK(8)U[5,R]UCh,

where R > § > 0, and where K (§) denotes the semicircular arc z = delt, where ¢ € [, 27].

-R —6\4./6 R

By Cauchy’s residue theorem, we have

/: F()dr + /K(é) F(z)dz + /:” F(x)dz + /CR F(z)dz = 2mires(F,0).

Note that the function F(z) in analytic in C apart from a simple pole at z = 0 with residue 1, so that
res(F,0) = 1. It follows that

F(z)= % + G(2),
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where G(z) is entire. Furthermore, it is easy to show that

/ dz .
— =i.
K(5) *

Hence

/5F(x) du + /JR Fz)dz +

. G(z)dz + / F(z)dz = mi.

K(8) Cr

Since G(z) is entire, there exists M > 0 such that |G(z)| < M whenever |z| < 1, so that for every § < 1,
we have

< M.

/K(S) G(z)dz

On the other hand, a simple application of Jordan’s lemma gives

/CRF(Z)dz

<
R

It follows that if 6 < 1, then

<M7r5+£.

/_6F(x)dx+/6RF(x)dx—7ri 7

—R

Letting § — 0 and R — oo, we obtain

/m F(z)dz = 7.

—00

/ sinx dr — .
o
EXAMPLE 11.5.2. Suppose that the real number a > 0 is fixed. Consider the integral

> cosz
ﬁdx.
Ceo 02—

To evaluate this integral, note that the function

Taking imaginary parts gives

F(z) = prR
has simple poles at z = +a. Consider now the Jordan contour
C= [7R, —a — 51] U J1(51) U [*a + 51,(1 — 52] U J2(52) U [a + 52, R] U Chg,

where R > 2a and 0 < 401,62 < a.
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Here —J;(81) denotes the semicircular arc z = —a + §1e'’, where t € [0,7], and —J(d2) denotes the
semicircular arc z = a + dze'*, where t € [0, 7]. By Cauchy’s integral theorem, we have

—(L—51 (L—52
/ F(z)dx — / F(z)dz + / F(z)dx
—R —Jl(él) —a+61

R
—/ F(z)dz—l—/ F(x)dx—i—/ F(z)dz =0.
—J2(d2) a+3d2 Cr

Note that the function F(z) in analytic in C apart from simple pole at z = +a with residues

—ia ia
(§]

res(F,—a) = lim (z+a)F(z) = and res(F,a) = lim(z — a)F(z) = -2
z——a 2a z—a 2a
It follows that
—ia eia
F = - -
(2) 2a(z + a) +Gz) 2a(z — a) +Ga(2),

where G1(z) is analytic in {z : |z + a| < a} and G2(z) is analytic in {z : |z — a|] < a}. Furthermore, it is
easy to show that

/ e 1@ q ﬂ-ie*ia and / eia d 7.l.ieia
—F 4z = 11 —dz = .
—J1(61) 2(1(2 + (l) 2a —J2(82) 2@(2’ — a) 2a

Hence

/ T et / Y pwdr s [ P

—R —a+6, a+d2
— / Gi(z)dz — / Ga(z)dz + F(z)dz
—J1(61) —J2(02) Cr
I O s 7ri( —ia _ glay
- 2a 2 2a‘ e

Since G1(z) is analytic in {z : |z + a| < a}, there exists M; > 0 such that |Gi(z)| < M; whenever
|z + a| < a, so that for every §; < a, we have

/ Gi(z)dz
—J1(61)

Since Ga(z) is analytic in {z : |z — a| < a}, there exists Ms > 0 such that |Ga2(z)| < Mz whenever
|z — a| < a, so that for every 2 < a, we have

7J2(52)

On the other hand, a simple application of Jordan’s lemma gives

/CRF(Z)dz

It follows that if 0 < 1,2 < a and R > 2a, then

|/Ra51 Flaydo+ [ " Pyde JRC AT

F F
a+d1 a+062 20’

S M17r61.

S M27T62.

™

<

™
< M171'(51 + M27T52 + m
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Letting 61,02 — 0 and R — oo, we obtain

/Oo F(x)de = 7T—i(e*ia —elo),

P 2a

Taking real parts gives

*®  coszw msina
dx = .

oo @2 — 2 a
REMARK. Note that in Example 11.5.1, we have bent round the singularity in question by using a con-
tour with the singularity in the interior, whereas in Example 11.5.2, we have bent round the singularities
in question by using a contour with the singularities in the exterior.

We have used the following general result.

THEOREM 11B. Suppose that a function F(z) is analytic in an e-neighbourhood of zy, apart from
a simple pole at zy with residue a_1. Suppose further that 0 < t1 < ty < 2mw. For every positive § < €,
let J(8) denote a circular arc of the form z = z + delt, where t € [t1,ts].

Then

lim F(z)dz =ia_1(ta — t1).
6—0 J(8)

PROOF. We can write

F(z) = =1 4 G(2),

Z— 20

where G(z) is analytic in the closed disc {z : |z — 29| < ¢}. Then

It is easy to check that

/ a-1 dz = ia,_l(tg — tl).
J

©) Z— 20

On the other hand, since G(z) is analytic in the closed disc {z : |z — 20| < ¢}, it is bounded in this disc,
and so there exists M > 0 such that |G(z)| < M whenever |z — zg| < §, whence

G(z)dz
J(5)

SM/ |[dz| <27 M6 — 0
J(5)

as 0 — 0. The result follows. O
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11.6. Integrands with Branch Points

Consider an integral of the type

(13) /0 (@) da,

where f(x) is a real valued rational function in the real variable x. Here we shall assume that the degree
of the denominator of f exceeds the degree of the numerator of f by at least 2, and that f has no poles
on the positive real axis and at most a simple pole at the origin. We shall also assume that 0 < a < 1.

The problem here is that the function z®f(z) is not single valued. However, this is precisely the
circumstance that makes it possible to find the integral. The simplest technique is to first of all make
the substitution z = u2, and note that

(14) / z%f(x)de = 2/ w2t £ (u?) du.
0 0
We now consider the function
F(z) = 22T f(2%).

For the function z2*, by choosing the branch so that the argument of z2* lies between —7a and 37a, it
is easy to see that this is well defined and analytic in the region obtained from C by deleting the origin
and the negative imaginary axis. It follows that as long as a Jordan contour avoids this cut, then we
can use Cauchy’s residue theorem on F(z).

We shall consider the Jordan contour
C =[-R,—6]UJ(6)U][s, R]UCR,

where R > § > 0, —J(6) denotes the semicircular arc of the form z = del’, where t € [0,7], and Cr
denotes the semicircular arc of the form 2z = Re', where ¢ € [0, 7).

Cr

J(3)

By Cauchy’s residue theorem, we have

-6 R .
/_R F<Z)d2+/](§)F(Z)dZ+/§ F(z)dz + F(z)dz = 2w Z res(F, z;),

Cr z; inside C

where the summation is taken over all the poles of F' inside the Jordan contour C. It is easily shown
that

/ F(z)dz—0 and / F(z)dz—0
J(8) Cr

as § — 0 and R — oo respectively, so that

/oo F(z)dz = 2mi Z res(F, z;),

Jmz; >0
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where the summation is taken over all the poles of F' in the upper half plane. On the other hand, note
that (—z)%* = e?™22% and so

/oo 22a+1f(22) dz = /oo (Z2a+1 T (_Z)2a+1)f(22) dz = (1 _ e27ria) /oo u2a+1f(u2) du.
— o —c0 0

Since e?™ £ 1, this gives us a way of calculating the integral on the right hand side of (14).

ExXAMPLE 11.6.1. Suppose that the real number « € (0,1) is fixed. Consider the integral

o] l,afl
/ dz.
o l+=x
The substitution z = u? gives

oo a—1 00 2041
(15) / T de= 2/ - du
o 14z 0o u*+u

To evalaute this integral, note that the function

Z2a+1

F(z)=

22+ 24
has a singularity at z = 0 and simple poles at z = +i. Consider now the Jordan contour
C =[-R,-6]UJ()U][d, R]UCR,

where R > 1> 6 > 0.

Cr

|-

By Cauchy’s residue theorem, we have

/_: F(z)dz + /J(g) F(z)dz + /(SR F(z)dz + /CR F(z)dz = 2mires(F,i).

Since

1 .
res(F,i) = lim(z —1)F(z2) = —iem“,

z—1

it follows that

-6 R
/ F(z)dz+ F(z)dz + / F(z)dz + / F(2)dz = —mie™,
-R J(8) s Cr

Note now that
20+1
— 70 — 0 and

/ F(z)dz| < 0
J(5)

R2a+1

< —R47R27TR_)0

F(z)dz
Cr

=52 _54
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as 0 — 0 and R — oo respectively. Hence

. o) u2a+1 0 22a+1 .
(1- ezma) T du = =T 1 dz = —mie™?,
0 uct+u 00 25+ 2

so that

du = =

u? + ut 1 — e27ia e~ma _ema  9¢inga’

/°° ylotl riemier i T
0

It now follows from (15) that

[ee] xafl T
dz = — .
0o 142 sin Tov

In fact, the integral (13) can be studied without the substitution # = u?. However, the contour that
we use will not be a Jordan contour. We shall consider the function

F(z) = 2°f(2),
and choose a branch of z% so that the argument lies between 0 and 27a.
We now consider the contour
C =[5, RJUS(R)U[R,0)U L(9),

where R > § > 0, S(R) denotes the circle of the form z = Re'’, where ¢ € [0, 27], and —L(§) denotes the
circle of the form z = de'’, where t € [0, 27].

S(R)
L(é)/(\
\ s R

Clearly C is not a Jordan contour. However, there clearly exists ¢y € (0,27) such that the line segment
joining de'’o and Re'®® does not pass through any singularities of f(2) in {z : |2| < R}. Now let

Cy = [6, R U S1(R) U [Rel™, selto] U Ly (6),

where S1(R) denotes the circular arc of the form z = Re'’, where t € [0,t0], and —L;(J) denotes the
circular arc of the form z = de'’, where t € [0,to]. Also let

Cy = [R, 8] U Ly(8) U [de'™, Re'™] U Sy(R),

where So(R) denotes the circular arc of the form z = Re'*, where t € [to, 27|, and —Lo(8) denotes the
circular arc of the form 2 = dei*, where t € [to, 27].
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It is easy to see that

(16) /CF(z)dz: [ F(z)dz—l—/ F(2) dz.

Ca

Clearly there exists ¢y > 0 such that C] is a Jordan contour in the simply connected domain
Dy ={2#0:—eg<argz <tyg+e}
and Cjy is a Jordan contour in the simply connected domain

Dy={z2#0:ty —eg <argz < 2m + €o}.

Ch

Applying Cauchy’s residue theorem, we obtain

/ F(z)dz = 2ri Z res(F, z;) and / F(z)dz = 2mi Z res(F, z;),
Cl C2

z; inside Cy z; inside Cs

so that
(17) / F(z)dz = 2w Z res(F, z;).
c z; inside C
Note that
(18) F(z)dz = F(z)dz+ / F(z)dz+ / F(z)dz+ / F(z)dz,
Cq [6,R] S1(R) [Reito,deito] L1(6)
and

(19) / F(z)dz = / F(z) dz+/ F(z) dz+/ F(z) dz+/ F(z)d=.
Co (R,d] L (6) [§eit0, Reito] $(R)

When we evaluate the integrals in (18), we need 0 < argz < to. Hence

R
(20) /[&R]F(z)dz: /5 F(z)da.

When we evaluate the integrals in (19), we need ¢y < argz < 27. Hence

R R
— oY _ a 27ia _ _ p2mia
(21) - F(z)dz = /[R,5] 2%f(2)dz = /5 x%e ™ f(z) dx e /5 F(x)dex.
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Also
(22) / F(z)dz + / F(z)dz =0.
[Reito Seito] [Seito, Reito]
It follows from (16), (18)—(22) that
(23) /F(z)dz:/ F(z)der/ F(z)der/ F(z)dz+/ F(z)dz
c [6,R] [R,9] S1(R) S2(R)

+/ F(z)dz+/ F(z)dz
L1 () L2 ()

— (1 — i) /(;R F(z)dz + /S(R) F(z2)dz +/ F(z)d=.

L(5)

It is easily shown that

/ F(z)dz—0 and / F(z)dz—0
L(6) S(R)

as 0 — 0 and R — oo respectively, so it follows from (17) and (23) that

(1 — e*™io) /00 F(z)dx = QWines(f, zi),

0

where the summation is taken over all the poles of F'in C\ {0}.
EXAMPLE 11.6.2. Suppose that the real number « € (0,1) is fixed. Consider again the integral
oo a—1
/ x dx.
0 1 +x

To evaluate this integral, note that the function

zafl P
F = =
() 1+2z  2(1+42)’
has a simple pole at z = —1, with residue
res(F,—1) = liml(z +1)F(2) lim1 2ot = grilaml) — _gmia

Consider now the contour

C = [6,R]US(R) U R, 38 UL(S),

where R >1> 6 > 0.

S(R)
L(é)f,\
N R
-1

11-21
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By Cauchy’s residue theorem and our earlier observation, we have

(24) /CF(Z) dz = (1 — *™i@) /(;R F(z)dx + /S(R) F(z)dz + / F(z)dz = —2mie™,

L(5)

Note now that

a—1 a—1
/ F(z)dz| < 276 — 0 and F(z)dz| < 2rR — 0
L() 1-46 S(R) R—-1
as § — 0 and R — oo respectively, so it follows from (24) that
/°° zo1 2rie™ ™
dr = — — = — .
o l+z 1—e?me  ginma
We next turn our attention to integrals of the types
(25) / f(z)logzdx and / f(z)log? z du,
0 0

where f(x) is a real valued rational function in the real variable x. Here we shall assume that the degree
of the denominator of f exceeds the degree of the numerator of f by at least 2, and that f has no poles
on the non-negative real axis, so that the integrals (25) are convergent. We shall also assume that f is
an even function; in other words, f(—z) = f(z) for every z € R\ {0}.
We shall consider the function
F(z) = f(2)log® 2
and the Jordan contour

C =[5 RIUCRU[-R,—0] U J(3),

where R > § > 0. Here Cg denotes the semicircular arc z = Re'’, where ¢ € [0, 7], and —J(J) denotes
the semicircular arc z = de't, where t € [0, 7.

J(9)

By Cauchy’s residue theorem, we have

F(z)dz +/

[_R7_5]

F(z)dz +/

F(2) dz—l—/ F(z)dz = 2ri Z res(F, z;).
Cr J(9)

z; inside C

(3, R]

If we impose the restriction —7/2 < argz < 3mw/2, then

R
F(z)dz = / f(z)log? z du,
[6,R)] 5
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and
R R
/ F(z)dz = / (logx + im)%f(—z)dx = / (log x + im)% f(x) dx
[_Rv_é] g é

R R R
z/ f(z) logzxdx—l—Zwi/ f(z) logxdx—WQ/ f(x)dx.
5 5 5
It is easily shown that

/ F(z)dz—0 and F(z)dz—0
J(8) Cr

as 0 — 0 and R — oo respectively. It follows that

(26) 2/000 f(x) 1og2xdx—|—27ri/ooo f(z)logzdx — m* /000 f(x)da = 27 Z res(F, z;),

Jmz; >0

where the summation is taken over all the poles of F in the upper half plane. The integrals (25) can
then be found on equating real and imaginary parts.

ExAMPLE 11.6.3. Consider the integrals

S| ] 2
/ 8T iy and / %% % dz.
0 1 + 1'2 0 1 + 1'2

To evaluate these integrals, note that the function

1og2 z
F =
) =172
has simple poles at z = +i. In particular,
log? = w2
F.i) =1 —i)F(2) =1 =——.
res(R) = lim(z —DF(e) = i 2y = -

Consider now the Jordan contour
C=[5R|UCRU[-R,—0]U J(3),

where R > 1> 6 > 0.

Cr

| .

By Cauchy’s residue theorem, we have

3

/ F(z)dz + F(z)dz—|—/ F(z)dz+/ F(z)dz:Qﬂires(F,i):—ﬂ-—.
(6, Cn (R3] J(6) 4
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On J(8), we have z = de', so that

log? = |log § + it|? <10g25+7r2
1+22|- 1-62 — 1-62
Hence
2 2
<1og o+m 50

/J N F(2)dz

as § — 0. On Cg, we have z = Re'?, so that

- 162

log? z

|log R + it|? < log? R + 72
1+ 22 '

RZ—-1 — R2-1

Hence

log® R + n2
F(2)dz| < =———
/CR (2) z‘ =1 TR — 0

as R — oo. It follows from (26) that
0 1 2 ] > 4 3
2/ ngdx+27ri/ ek dx—wz/ = -
o 1+ a? o 1+az2 o 1+a? 4

It is well known that
/°° dz 7
0 1 + 33‘2 o 2 '

001 2 [e%s} 1 3
2/ ngdx+27ri/ B dw="1
0 1—|—Jj2 0 1+x2 4

Hence

Equating real and imaginary parts, we obtain

oo 2 3 ol |
/ o Izdarzﬁ— and / 98 4z —0.
0 1+$ 8 0 1"‘.’1;2

We conclude this chapter by considering an example which does not easily fall into any general
discussion. Some of the calculation is unpleasant, and we shall omit some details.

ExaMPLE 11.6.4. We wish to evaluate the integral

/ log sin x dx.
0

To do this, consider the function
(27) 1 —e% =e#(e7 — ) = —2ie!* sin 2.
Note that if z = x + iy, where x,y € R, then

1 _e2iz — 1 _ e—2y(cos 2x + isin 2x),
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so that the function is real and non-positive if and only if x = n7 and y < 0, where n € Z. Consider the
simply connected domain D obtained from C by deleting all half lines of the form {z = n7 +iy : y < 0},
where n € Z.

In this domain, the principal branch of log(1 — e%#), with imaginary part between —m and =, is single
valued and analytic. Consider the Jordan contour

C=[§r—-90UTi(6)U[r+id,7 +iY]U [r +1iY,iY] U [iY;id] U T5(4),

where § > 0 is small and Y > 0 is large. Here —7}(d) denotes the circular arc z = 7 + del*, where
t € [r/2,7], and —T(5) denotes the circular arc z = de'’, where t € [0, 7/2].

nHY

4

iy

i0 '\‘\

By Cauchy’s integral theorem, we have

/ lOg(l — 6212) dz =+ / ]og(l _ eQiz) dz + / log(l _ eQiz) dz
(8,734 Ty (3) [7+i6,m+iY]

+ / log(1 — e*#)dz + / log(1 —e**)dz + / log(1 — e*#)dz = 0.
[r+iY,iY] [iY,id] To(6)

Using the periodicity of the integrand, we have

/ log(1 — e**)dz + / log(1 — e**)dz = 0.
[m+id,m+iY] [iv;i6]

Furthermore, it can be shown that
/ log(1 — e*#)dz — 0 and / log(1 — e*#)dz — 0
T1(5) T>(9)
as 0 — 0, and that

/ log(1 — e*#)dz — 0
[m+iY,iY]

as Y — oo. It follows that

(28) / log(1 — **)dx = 0.
0
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Next, consider the function log(—2ie'” sinz). If we choose logel” = iz, then the imaginary part lies
between 0 and 7. To obtain the principal branch of the logarithm with imaginary part between —m and
m, we must choose log(—i) = —im/2. Hence

log(—2ie'” sinx) = log 2 — % + iz + logsin z,
so that
im?2

™ 2 T
(29) / log(—2ie'” sinz) dz = wlog2 — - + % + / logsinz dx.
0 0

Combining (27)—(29), we conclude that

/ logsinx dxr = —mlog 2.
0

PROBLEMS FOR CHAPTER 11

1. Show each of the following:

a) /02”%2_\/7% b) /()2”1_2a21()989+a21iﬂa27wherea€(€and|a|<1
f) /_Z%dfﬂ:g g) /_Z%dfﬂ:ge_a7wherea€Randa>0
0 [ e e (- ) e a e Randa s >0

2. Suppose that a € R and 0 < a < 1. By integrating the function

e(lZ

e +1

around a rectangle with vertices at =R and +R + 2, show that

e T
" dor = — .
feo €T+ 1 sinTa

3. Show each of the following:

oo 1 _ o0 :
a) / 702081; de=m7 b) / ST dr=x
x o xz(1—22)

— 00

00 2 oo 2
c)/ log x d __71'\/5 d)/ log x qe o
0 0

A1 T 16



