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Chapter Two

Section 2.1

1a b+ Þ

a b, Þ  Based on the direction field, all solutions seem to converge to a specific increasing
function.

a b a b a b- Þ > œ / C > œ >Î$  "Î*  /  - / Þ  The integrating factor is , and hence . $> #> $>

It follows that all solutions converge to the function C > œ >Î$  "Î* Þ"a b
2a b+ Þ

a b, .  All slopes eventually become positive, hence all solutions will increase without
bound.

a b a b a b- Þ > œ / C > œ > / Î$  - / Þ  The integrating factor is , and hence   It is. #> $ #> #>

evident that all solutions increase at an exponential rate.

3a b+
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a b a b, C > œ " Þ.  All solutions seem to converge to the function !

a b a b a b- Þ > œ / C > œ > / Î#  "  - / Þ  The integrating factor is , and hence   It is. #> # > >

clear that all solutions converge to the specific solution .C > œ "!a b
4 .a b+

a b, .  Based on the direction field, the solutions eventually become oscillatory.

a b a b- Þ > œ >  The integrating factor is , and hence the general solution is.

C > œ  =38 #> 
$-9= #> $ -

%> # >
a b a ba b

in which  is an arbitrary constant.  As  becomes large, all solutions converge to the- >
function C > œ $=38 #> Î# Þ"a b a b
5 .a b+
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a b, .  All slopes eventually become positive, hence all solutions will increase without
bound.

a b a b a b'- Þ > œ /B:  #.> œ / Þ  The integrating factor is   The differential equation. #>

can
be written as , that is,   Integration of both/ C  #/ C œ $/ / C œ $/ Þ#> w #> > #> >wa b
sides of the equation results in the general solution   It follows thatC > œ  $/  - / Þa b > #>

all solutions will increase exponentially.

6a b+

a b a b, Þ C > œ ! Þ  All solutions seem to converge to the function !

a b a b- Þ > œ >  The integrating factor is , and hence the general solution is. #

C > œ   
-9= > =38 #> -

> > >
a b a b a b

# #

in which  is an arbitrary constant.  As  becomes large, all solutions converge to the- >
function C > œ ! Þ!a b
7 .a b+
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a b a b, Þ C > œ ! Þ  All solutions seem to converge to the function !

a b a b a b a b- Þ > œ /B: > C > œ > /  - / Þ  The integrating factor is , and hence   It is. # # > ># #

clear that all solutions converge to the function .C > œ !!a b
8a b+

a b a b, Þ C > œ ! Þ  All solutions seem to converge to the function !

a b a b a b c da b- Þ > œ C > œ >+8 >  G Î Þ  Since , the general solution is . a b a b"  > "  ># ## #"

It follows that all solutions converge to the function .C > œ !!a b
9a b+ Þ
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a b, .  All slopes eventually become positive, hence all solutions will increase without
bound.

a b a b ˆ ‰'- Þ > œ /B: .> œ /  The integrating factor is .  The differential equation can. "
#

>Î#

be written as , that is,   Integration/ C  / CÎ# œ $> / Î# œ $> / Î#Þ>Î# w >Î# >Î# >Î#ˆ ‰/ CÎ#>Î# w

of both sides of the equation results in the general solution   AllC > œ $>  '  - / Þa b >Î#

solutions approach the specific solution C > œ $>  ' Þ!a b
10 .a b+

a b, C  !.  For , the slopes are all positive, and hence the corresponding solutions
increase
without bound.  For , almost all solutions have negative slopes, and hence solutionsC  !
tend to decrease without bound.

a b- Þ >  First divide both sides of the equation by .  From the resulting , thestandard form
integrating factor is .  The differential equation can be.a b ˆ ‰'> œ /B: .> œ "Î> "

>

written as , that is,   Integration leads to the generalC Î>  CÎ> œ > / CÎ> œ > / Þw # > >wa b
solution   For , solutions C > œ  >/  - > Þ - Á !a b > diverge, as implied by the direction
field.  For the case ,  the specific solution is - œ ! C > œ  >/a b >, which evidently
approaches  as .zero > p_

11 .a b+

a b, Þ  The solutions appear to be oscillatory.
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a b a b a b a b a b- Þ > œ / C > œ =38 #>  # -9= #>  - / Þ  The integrating factor is , and hence . > >

It is evident that all solutions converge to the specific solution C > œ =38 #>  #!a b a b
-9= #>a b .

12a b+ Þ

a b, .  All solutions eventually have positive slopes, and hence increase without bound.

a b a b- Þ > œ /  The integrating factor is .  The differential equation can be. #>

written as , that is,   Integration of both/ C  / CÎ# œ $> Î# / CÎ# œ $> Î#Þ>Î# w >Î# # >Î# #wˆ ‰
sides of the equation results in the general solution   ItC > œ $>  "#>  #%  - / Þa b # >Î#

follows that all solutions converge to the specific solution .C > œ $>  "#>  #%!a b #

14.  The integrating factor is .  After multiplying both sides by , the. .a b a b> œ / >#>

equation can be written as   Integrating both sides of the equation resultsˆ ‰/ C œ > Þ2> w

in the general solution   Invoking the specified condition, weC > œ > / Î#  - / Þa b # #> #>

require that .  Hence , and the solution to the initial value/ Î#  - / œ ! - œ  "Î## #

problem is C > œ >  " / Î# Þa b a b# #>

16.  The integrating factor is .  Multiplying both sides by ,. .a b a bˆ ‰'> œ /B: .> œ > >#
>

#

the equation can be written as   Integrating both sides of the equationa b a b> C œ -9= > Þ# w

results in the general solution   Substituting  and settingC > œ =38 > Î>  - > Þ > œa b a b # # 1
the value equal to zero gives .  Hence the specific solution is - œ ! C >a b œ =38 > Î> Þa b #

17.  The integrating factor is , and the differential equation can be written as.a b> œ /#>

   Integrating, we obtain   Invoking the specified initialˆ ‰ a b/ C œ " Þ / C > œ >  - Þ 2 2> >w

condition results in the solution C > œ >  # / Þa b a b #>

19.  After writing the equation in standard orm0 , we find that the integrating factor is
. .a b a bˆ ‰'> œ /B: .> œ > >%

>
% .  Multiplying both sides by , the equation can be written asˆ ‰ a b a b> C œ > / Þ > C > œ  >  " /  - Þ% > % >w   Integrating both sides results in   Letting

> œ  " and setting the value equal to zero gives   Hence the specific solution of- œ ! Þ
the initial value problem is C > œ  >  > / Þa b ˆ ‰$ % >

21 .a b+
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The solutions appear to diverge from an apparent oscillatory solution.  From the
direction
field, the critical value of the initial condition seems to be .  For , the+ œ  " +   "!

solutions increase without bound.  For , solutions decrease without bound.+   "

a b, Þ  The integrating factor is .  The general solution of the differential.a b> œ / Î#>

equation is .  The solution is sinusoidal as longC > œ )=38 >  %-9= > Î&  - /a b a ba b a b >Î#

as .  The - œ ! initial value of this sinusoidal solution is
+ œ! a ba b a b)=38 !  %-9= ! Î& œ  %Î& Þ

a b a b- Þ ,  See part .

22a b+ Þ

All solutions appear to eventually initially increase without bound.  The solutions 
increase
or decrease, depending on the initial value .  The critical value seems to be + + œ  " Þ!

a b, Þ  The integrating factor is , and the general solution of the differential.a b> œ / Î#>

equation is   Invoking the initial condition , theC > œ  $/  - / Þ C ! œ +a b a b>Î$ >Î#

solution
may also be expressed as   Differentiating, follows thatC > œ  $/  +  $ / Þa b a b>Î$ >Î#

C ! œ  "  +  $ Î# œ +  " Î# Þwa b a b a b   The critical value is evidently + œ  " Þ!
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a b- + œ  ".  For , the solution is ! C > œ  $/  # / >a b a b>Î$ >Î#, which for large  is
dominated by the term containing / Þ>Î#

is .C > œ )=38 >  %-9= > Î&  - /a b a ba b a b >Î#

23a b+ Þ

As , solutions increase without bound if , and solutions decrease> p ! C " œ +  Þ%a b
without bound if C " œ +  Þ% Þa b
a b a b ˆ ‰', > œ /B: .> œ > / Þ.  The integrating factor is   The general solution of the. >"

>
>

differential equation is .  Invoking the specified value ,C > œ > /  - / Î> C " œ +a b a b> >

we have .  That is, .  Hence the solution can also be expressed as"  - œ + / - œ + /  "
C > œ > /  + /  " / Î>a b a b> > .  For small values of , the second term is dominant.>
Setting , critical value of the parameter is + /  " œ ! + œ "Î/ Þ!

a b- +  "Î/ +  "Î/.  For , solutions increase without bound.  For , solutions decrease
without bound.  When , the solution is + œ "Î/ C > œ > / ! >p !a b >, which approaches as 
.

24 .a b+

As , solutions increase without bound if , and solutions decrease> p ! C " œ +  Þ%a b
without bound if C " œ +  Þ% Þa b
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a b a b a b a b, C œ + C > œ +  -9= > Î>.  Given the initial condition, , the solution is  Î# Î%1 1#

Þ
Since , solutions increase without bound if , and solutionslim

>Ä

#

!
-9= > œ " +  %Î1

decrease without bound if   Hence the critical value is+  %Î Þ1#

+ œ %Î œ !Þ%&#)%(ÞÞÞ! 1# .

a b a b a b a b- Þ + œ %Î C > œ "  -9= > Î> C > œ "Î#  For , the solution is , and .  Hence the1#

>Ä
lim

!

solution is bounded.

25.  The integrating factor is   Therefore general solution is.a b ˆ ‰'> œ /B: .> œ / Þ"
#

>Î#

C > œ %-9= >  )=38 > Î&  - / Þa b c da b a b  Î#>   Invoking the initial condition, the specific
solution is .  Differentiating, it follows thatC > œ %-9= >  )=38 >  * / Î&a b c da b a b >Î#

C > œ  %=38 >  )-9= >  %Þ& / Î&

C > œ  %-9= >  )=38 >  #Þ#& / Î&

w >

ww >

a b a b a b ‘
a b a b a b ‘

 Î#

 Î#

Setting , the first solution is , which gives the location of the C > œ ! > œ "Þ$'%$wa b " first
stationary point.  Since .  TheC >  !wwa b" , the first stationary point in a local maximum
coordinates of the point are .a b"Þ$'%$ ß Þ)#!!)

26.  The integrating factor is , and the differential equation.a b ˆ ‰'> œ /B: .> œ /#
$

># Î$

can
be written as   The general solution is a b a b/ C œ /  > / Î# Þ C > œ# Î$ # Î$ # Î$> > >w

Ð#"  '>ÑÎ) 

 Ð#"  '>ÑÎ)   #"Î)- / C > œ C /# Î$ # Î$
!

> >.  Imposing the initial condition, we have .a b a b
Since the solution is smooth, the desired intersection will be a point of tangency.  Taking
the derivative,   Setting , the solutionC > œ  $Î%  #C  #"Î% / Î$ Þ C > œ !w > wa b a b a b!

# Î$

is   Substituting into the solution, the respective  at the> œ 68 #"  )C Î* Þ" !
$
# c da b value

stationary point is .  Setting this result equal to C > œ  68 $  68 #"  )Ca b a b" !
$ * *
# % ) zero,

we obtain the required initial value C œ #"  * / Î) œ  "Þ'%$ Þ!
%Î$a b

27.  The integrating factor is , and the differential equation can be written as.a b> œ />Î4

a b a b/ C œ $ /  # / -9= #> Þ> > >wÎ Î Î4 4 4   The general solution is

C > œ "#  )-9= #>  '%=38 #> Î'&  - / Þa b c da b a b  Î> 4

Invoking the initial condition, , the specific solution isC ! œ !a b
C > œ "#  )-9= #>  '%=38 #>  ()) / Î'& Þa b a b a b ‘ Î> 4

As , the exponential term will decay, and the solution will oscillate about an> p_
average
value amplitude of , with an  of  "# )Î '& ÞÈ
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29.  The integrating factor is , and the differential equation can be written.a b> œ /$ Î#>

as    The general solution is a b a b/ C œ $> /  # / Þ C > œ  #>  %Î$  % / $ Î# $ Î#  Î#> > > >w

 - / Þ C > œ  #>  %Î$  % /  C  "'Î$ / Þ$ Î# $ Î#
!

> > >  Imposing the initial condition, a b a b
As , the term containing  will  the solution.  Its > p_ /$ Î#> dominate sign will determine
the divergence properties.  Hence the critical value of the initial condition is
C œ Þ!  "'Î$

The corresponding solution, , will also decrease withoutC > œ  #>  %Î$  % /a b >

bound.

Note on Problems 31-34 :

Let  be , and consider the function , in which 1 > C > œ C >  1 > C > p_a b a b a b a b a bgiven " "

as .  Differentiating,  .  Letting  be a > p_ C > œ C >  1 > +w w wa b a b a b" constant, it follows
that C >  +C > œ C >  +C >  1 >  +1 > Þw w wa b a b a b a b a b a b" "   Note that the hypothesis on the
function  will be satisfied, if  .  That is,   HenceC > C >  +C > œ ! C > œ - / Þ" " ""a b a b a b a bw +>

C > œ - /  1 > C  +C œ 1 >  +1 > Þa b a b a b a b+> w w, which is a solution of the equation 
For convenience, choose .+ œ "

31.  Here , and we consider the linear equation    The integrating1 > œ $ C  C œ $ Þa b w

factor is , and the differential equation can be written as   The.a b a b> œ / / C œ $/ Þ> > >w

general solution is C > œ $  - / Þa b >

33.    Consider the linear equation  The integrating1 > œ $  > Þ C  C œ  "  $  > Þa b w

factor is , and the differential equation can be written as .a b a b a b> œ / / C œ #  > / Þ> > >w

The general solution is C > œ $  >  - / Þa b >

34.    Consider the linear equation  The integrating1 > œ %  > Þ C  C œ %  #>  > Þa b # w #

factor is , and the equation can be written as .a b a b a b> œ / / C œ %  #>  > / Þ> > # >w

The general solution is C > œ %  >  - / Þa b # >
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Section 2.2

2.  For , the differential equation may be written as B Á  " C .C œ .B Þc da bB Î "  B# $

Integrating both sides, with respect to the appropriate variables, we obtain the relation
C Î# œ 68  - Þ C B œ „ 68  - Þ# " #

$ $k k k k"  B "  B$ $  That is, a b É
3.  The differential equation may be written as   Integrating bothC .C œ  =38B .B Þ#

sides of the equation, with respect to the appropriate variables, we obtain the relation
 C œ -9= B  - Þ G  -9= B C œ " G"   That is, , in which  is an arbitrary constant.a b
Solving for the dependent variable, explicitly,  .C B œ "Î G  -9= Ba b a b
5.  Write the differential equation as , or -9= #C .C œ -9= B .B =/- #C .C œ -9= B .BÞ# # # #

Integrating both sides of the equation, with respect to the appropriate variables, we obtain
the relation >+8 #C œ =38 B -9= B  B  - Þ

7.  The differential equation may be written as   Integratinga b a bC  / .C œ B  / .B ÞC B

both sides of the equation, with respect to the appropriate variables, we obtain the
relation
C  # / œ B  # /  - Þ# C # B

8.  Write the differential equation as   Integrating both sides of thea b"  C# .C œ B .B Þ#

equation, we obtain the relation , that is, C  C Î$ œ B Î$  - $C  C œ B  GÞ$ $ $ $

9 .  The differential equation is separable, with   Integrationa b a b+ C .C œ "  #B .B Þ#

yields   Substituting  and , we find that  C œ B  B  - Þ B œ ! C œ  "Î' - œ ' Þ" #

Hence the specific solution is .  The  isC œ B  B  '" # explicit form
C B œ "Î Þa b a bB  B  '#

a b,

a b a ba b- B  B  ' œ B  # B  $.  Note that .  Hence the solution becomes # singular at
B œ  # B œ $ Þ and 

10   a b a b È+ Þ C B œ  #B  #B  % Þ#
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10a b, Þ

11   Rewrite the differential equation as   Integrating both sidesa b+ Þ B / .B œ  C .C ÞB

of the equation results in   Invoking the initial condition, weB /  / œ  C Î#  - ÞB B #

obtain   Hence   - œ  "Î# Þ C œ #/  #B /  "Þ# B B The  of the solution isexplicit form
C B œ Þa b È#/  #B /  " C ! œ "ÞB B   The positive sign is chosen, since a b
a b, Þ

a b- Þ B œ  "Þ( B œ !Þ(' Þ  The function under the radical becomes  near  and negative

11   Write the differential equation as   Integrating both sides of thea b+ Þ < .< œ . Þ# ") )
equation results in the relation   Imposing the condition , we < œ 68  - Þ < " œ #" ) a b
obtain .  - œ  "Î# The  of the solution is explicit form < œ #Î "  # 68 Þa b a b) )
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a b, Þ

a b- Þ  ! Þ  Clearly, the solution makes sense only if   Furthermore, the solution becomes)
singular when , that is, 68 œ "Î# œ / Þ) ) È
13   a b a b a bÈ+ Þ C B œ  # 68 "  B  % Þ#

a b, Þ

14 .  Write the differential equation as   Integrating botha b a b+ C .C œ B "  B .B Þ$ "Î##

sides of the equation, with respect to the appropriate variables, we obtain the relation
 C Î# œ "  B  - Þ - œ  $Î# Þ# È #   Imposing the initial condition, we obtain 
Hence the specific solution can be expressed as   The C œ $  # "  B Þ# È # explicit

form positive of the solution is   The C B œ "Î $  # "  B Þa b É È #  sign is chosen to
satisfy the initial condition.



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 31

a b, Þ

a b- Þ  The solution becomes singular when # "  B œ $ B œ „ &Î# ÞÈ È# .  That is, at 

15   a b a b È+ Þ C B œ  "Î#  B  "&Î% Þ#

a b, Þ

16 .  a b+ Rewrite the differential equation as   Integrating both%C .C œ B B  " .B Þ$ #a b
sides
of the equation results in   Imposing the initial condition, we obtainC œ Î%  - Þ% a bB  "# #

- œ ! Þ  %C œ ! Þ  Hence the solution may be expressed as   The  forma bB  "# # % explicit
of the solution is   The  is chosen based on C B œ  Þ C ! œ Þa b a bÈa b ÈB  " Î#  "Î ## sign
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a b, Þ

a b- Þ B −  The solution is valid for all .‘

17   a b a b È+ Þ C B œ  &Î#  B  /  "$Î% Þ$ B

a b, Þ

a b- B   "Þ%& Þ.  The solution is valid for   This value is found by estimating the root of
%B  %/  "$ œ ! Þ$ B

18 .  Write the differential equation as   Integrating botha b a b a b+ $  %C .C œ /  / .B ÞB B

sides of the equation, with respect to the appropriate variables, we obtain the relation
$C  #C œ  /  /  - Þ C ! œ "# B Ba b a b  Imposing the initial condition, , we obtain
- œ (Þ $C  #C œ  /  /  (Þ  Thus, the solution can be expressed as   Now by# B Ba b
completing the square on the left hand side, # C  $Î% œa b#  /  /  '&Î)a bB B .
Hence the explicit form of the solution is C B œ  $Î%  '&Î"'  -9=2 B Þa b È
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a b, Þ

a b k k- '&  "' -9=2 B   ! B  #Þ" Þ.  Note the , as long as   Hence the solution is valid on
the interval . #Þ"  B  #Þ"

19   a b+ Þ C B œ  Î$  =38 $ -9= B Þa b a b1 "
$

" #

a b, Þ

20   a b+ Þ Rewrite the differential equation as   IntegratingC .C œ +<-=38 BÎ "  B .B Þ# #È
both sides of the equation results in   Imposing the conditionC Î$ œ +<-=38 B Î#  - Þ$ a b#
C ! œ ! - œ !Þa b , we obtain   formThe  of the solution is explicit C B œ Þa b a bÉ$ $

# +<-=38 B
#Î$
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a b, .

a b-  " Ÿ B Ÿ " Þ.  Evidently, the solution is defined for 

22.  The differential equation can be written as   Integrating botha b$C  % .C œ $B .B Þ# #

sides, we obtain   Imposing the initial condition, the specific solutionC  %C œ B  - Þ$ $

is   Referring back to the differential equation, we find that  asC  %C œ B  " Þ C p_$ $ w

C p„#Î $ Þ B œ  "Þ#(' "Þ&*) ÞÈ   The respective values of the abscissas are , 

Hence the solution is valid for  "Þ#('  B  "Þ&*) Þ

24.  Write the differential equation as   Integrating both sides,a b a b$  #C .C œ #  / .B ÞB

we obtain   Based on the specified initial condition, the solution$C  C œ #B  /  - Þ# B

can be written as   , it follows that$C  C œ #B  /  " Þ# B Completing the square
C B œ  $Î#  #B  /  "$Î% Þ #B  /  "$Î%   !a b È B B  The solution is defined if  ,
that is,  .  In that interval, , for   It can "Þ& Ÿ B Ÿ # C œ ! B œ 68 # Þa bapproximately w

be verified that .  In fact,  on the interval of definition.  HenceC 68 #  ! C B  !ww wwa b a b
the solution attains a global maximum at B œ 68 # Þ

26.  The differential equation can be written as   Integratinga b"  C#
".C œ # "  B .B Þa b

both sides of the equation, we obtain   Imposing the given+<->+8C œ #B  B  - Þ#

initial
condition, the specific solution is   Therefore,+<->+8C œ #B  B Þ C B œ >+8 Þ# a b a b#B  B#

Observe that the solution is defined as long as   It is easy to Î#  #B  B  Î# Þ1 1#

see that   Furthermore,  for  and   Hence#B  B    "Þ #B  B œ Î# B œ  #Þ' !Þ' Þ# # 1
the solution is valid on the interval   Referring back to the differential #Þ'  B  !Þ' Þ
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equation, the solution is  at   Since  on the entire intervalstationary B œ  "Þ C B  !wwa b
of
definition, the solution attains a global minimum at B œ  " Þ

28 .  Write the differential equation as   Integratinga b a b a b+ C %  C .C œ > "  > .> Þ" " "

both sides of the equation, we obtain   Taking68 C  68 C  % œ %>  %68 "  >  - Þk k k k k k
the  of both sides, it follows that   It followsexponential k k a ba bCÎ C  % œ G / Î "  > Þ%> %

that as , .  That is, > p_ CÎ C  % œ "  %Î C  % p_ C > p % Þk k k k a ba b a b
a b a b, Þ C ! œ # G œ "  Setting , we obtain that .  Based on the initial condition, the solution
may be expressed as   Note that , for allCÎ C  % œ  / Î "  > Þ CÎ C  %  !a b a b a b%> %

>   !Þ C  % >   !Þ  Hence  for all   Referring back to the differential equation, it follows
that is always .  This means that the solution is .  We findC w positive monotone increasing
that the root of the equation   is near / Î "  > œ $** > œ #Þ)%% Þ%> a b%
a b a b- Þ C > œ %  Note the  is an equilibrium solution.  Examining the local direction field,

we see that if , then the corresponding solutions converge to .  ReferringC !  ! C œ %a b
back to part , we have , for   Settinga b a b c d a ba b+ CÎ C  % œ C Î C  % / Î "  > C Á % Þ! ! !

%%>

> œ # C Î C  % œ $Î/ C # Î C #  % Þ, we obtain   Now since the function! !a b a b a b a ba b# %

0 C œ CÎ C  % C  % C  %a b a b  is  for  and , we need only solve the equationsmonotone
C Î C  % œ C Î C  % œ Þ! ! ! !

# #% %a b a b $** $Î/ %!" $Î/a b a band   The respective solutions
are  and C œ $Þ''## C œ %Þ%!%# Þ! !

30a b0 Þ
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31a b-

32 .  Observe that   Hence the differential equationa b a b ˆ ‰+ B  $C Î#BC œ  Þ# # " $
# B # B

C C"

is .homogeneous

a b a b, C œ B @ @  B@ œ B  $B @ Î#B @.  The substitution  results in .  Thew # # # #

transformed equation is   This equation is , with general@ œ "  @ Î#B@ Þw #a b separable
solution   In terms of the original dependent variable, the solution is@  " œ - B Þ#

B  C œ - B Þ# # $

a b- Þ

33a b- Þ
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34   Observe that   Hence thea b a b  ‘+ Þ %B  $C ÎÐ#B  CÑ œ  #  #  Þ
C C
B B

"

differential equation is .homogeneous

a b a b, C œ B @ @  B@ œ  #  @Î #  @.  The substitution  results in .  The transformedw

equation is   This equation is , with general@ œ  @  &@  % ÎÐ#  @ÑB Þw #a b separable
solution   In terms of the original dependent variable, the solutiona b k k@% @" œ GÎB Þ# $

is  a b k k%B  C BC œ GÞ#

a b- Þ

35 .a b-

36   Divide by  to see that the equation is homogeneous.  Substituting , wea b+ Þ B C œ B@#

obtain   The resulting differential equation is separable.B @ œ "  @ Þw #a b
a b a b, Þ "  @ .@ œ B .B Þ  Write the equation as   Integrating both sides of the equation, "#

we obtain the general solution   In terms of the original "Î "  @ œ 68 B  - Þa b k k
dependent variable, the solution is  C œ B G  68 B  B Þc dk k "
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a b- Þ

37   The differential equation can be expressed as .  Hence thea b ˆ ‰+ Þ C œ w " $
# B # B

C C"

equation is homogeneous.  The substitution  results in .C œ B@ B @ œ "  &@ Î#@w #a b
Separating variables, we have #@ "

"&@ B# .@ œ .B Þ

a b, Þ   Integrating both sides of the transformed equation yields "
&

68 œ 68 B  -k k"  &@# k k ,
that is,   In terms of the original dependent variable, the general"  &@ œ GÎ B Þ# &k k
solution is &C œ B  GÎ B Þ# # $k k
a b- Þ

38   The differential equation can be expressed as .  Hence thea b ˆ ‰+ Þ C œ w $ "
# B # B
C C "

equation is homogeneous.  The substitution  results in , thatC œ B@ B @ œ @  " Î#@w #a b
is, #@ "

@ " B# .@ œ .B Þ

a b k k, Þ 68 œ 68 B  -  Integrating both sides of the transformed equation yields ,k k@  "#

that is,   In terms of the original dependent variable, the general solution@  " œ G B Þ# k k
is C œ G B B  B Þ# # #k k
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a b- Þ
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Section 2.3

5 .  Let  be the amount of salt in the tank.  Salt enters the tank of water at a rate ofa b+ U
# "  =38 > œ  =38 > Þ #UÎ"!! Þ" " " "

% # # %
ˆ ‰     It leaves the tank at a rate of   9DÎ738 9DÎ738

Hence the differential equation governing the amount of salt at any time is

.U " "

.> # %
œ  =38 >  UÎ&! Þ

The initial amount of salt is    The governing ODE is U œ &! 9D Þ! linear, with integrating
factor   Write the equation as   The.a b ˆ ‰ ˆ ‰> œ / Þ / U œ / Þ>Î&! >Î&! >Î&!w " "

# % =38 >

specific solution is  U > œ #&  "#Þ&=38 >  '#&-9= >  '$"&! / Î#&!" 9D Þa b  ‘>Î&!

a b, Þ

a b- Þ  The amount of salt approaches a , which is an oscillation of amplitudesteady state
"Î% #& 9D Þ about a level of  

6 .  The equation governing the value of the investment is .  The value ofa b+ .WÎ.> œ < W
the investment, at any time, is given by   Setting , the requiredW > œ W / Þ W X œ #Wa b a b! !

<>

time is X œ 68 # Î< Þa b
a b, Þ < œ ( œ Þ!( X ¸ *Þ* C<= Þ  For the case ,  %

a b a b a b- Þ + < œ 68 # ÎX X œ )  Referring to Part , .  Setting , the required interest rate is to
be approximately < œ )Þ'' Þ%

8 .  Based on the solution in , with , the value of the investments a b a b+ "' W œ !Eq. with!

contributions is given by   After  years, person A hasW > œ #&ß !!! /  " Þa b a b<> ten
W œ #&ß !!! "Þ##' œ $!ß '%! Þ $&E $ $a b   Beginning at age , the investments can now be
analyzed using the equations  and  W œ $!ß '%! / W œ #&ß !!! /  " ÞE F

Þ!)> Þ!)>a b
After  years, the balances are  and thirty $ $W œ $$(ß ($% W œ #&!ß &(*ÞE F

a b, Þ < W œ $!ß '%! /  For an  rate , the balances after  years are  andunspecified thirty E
$!<

W œ #&ß !!! /  " ÞF a b$!<
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a b- .

a b. Þ  The two balances can  be equal.never

11 .  Let  be the value of the mortgage.  The debt accumulates at a rate of , ina b+ W <W
which is the  interest rate.  Monthly payments of   are equivalent to< œ Þ!* )!!annual $
$ per year    The differential equation governing the value of the mortgage is*ß '!! Þ
.WÎ.> œ Þ!* W  *ß '!! Þ W  Given that  is the original amount borrowed, the debt is!

W > œ W /  "!'ß ''( /  " Þ W $! œ !a b a b a b!
Þ!*> Þ!*>   Setting , it follows that

W œ **ß &!!! $ .

a b, Þ $! #))ß !!!  The  payment, over  years, becomes .  The interest paid on thistotal $
purchase is .$ "))ß &!!

13 .  The balance  at a rate of  , and  at a constant rate of a b+ < W 5increases $/yr decreases
$ per year .  Hence the balance is modeled by the differential equation ..WÎ.> œ <W  5
The balance at any time is given by W > œ W /  /  " Þa b a b!

<> <>5
<

a b a b, W > œ ÐW  Ñ/  Þ.  The solution may also be expressed as   Note that if the!
5 5
< <

<>

withdrawal rate is , the balance will remain at a constant level 5 œ < W W Þ! ! !

a b a b ’ “- 5  5 W X œ ! X œ 68 Þ.  Assuming that ,  for ! ! !
" 5
< 55!

a b. < œ Þ!) 5 œ #5 X œ )Þ''.  If  and , then  ! ! years .

a b a b a b/ W > œ ! / , / œ Þ > œ X.  Setting  and solving for  in Part ,   Now setting <> <> 5
5<W!

results in  5 œ <W / Î /  " Þ!
X X< <a b

a b a b0 Þ / 5 œ "#ß !!! < œ Þ!) X œ #!  In part , let , , and .  The required investment
becomes .W œ ""*ß ("&! $

14   Let   The general solution is   Based on thea b a b+ Þ U œ  <U Þ U > œ U / Þw <>
!

definition of , consider the equation   It follows thathalf-life U Î# œ U / Þ! !
&($! <
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 &($! < œ 68Ð"Î#Ñ < œ "Þ#!*( ‚ "!, that is, % per year.

a b a b, U > œ U / Þ.  Hence the amount of carbon-14 is given by !
"Þ#!*(‚"! >%

a b a b- Þ U X œ U Î& "Î& œ / Þ  Given that , we have the equation   Solving for!
"Þ#!*(‚"! X%

the , the apparent age of the remains is approximately  decay time years .X œ "$ß $!%Þ'&

15.  Let  be the population of mosquitoes at any time .  The rate of  of theT > >a b increase
mosquito population is   The population  by  .  Hence the<T Þ #!ß !!!decreases per day
equation that models the population is given by .  Note that the.TÎ.> œ <T  #!ß !!!

variable  represents .  The solution is   In the> T > œ T /  /  " Þdays a b a b!
<> <>#!ß!!!

<

absence of predators, the governing equation is  , with solution.T Î.> œ <T" "

T > œ T / Þ T ( œ #T #T œ T / Þ" ! " ! ! !a b a b<> (<  Based on the data, set , that is,   The growth
rate is determined as    Therefore the population,< œ 68 # Î( œ Þ!**!# Þa b per day
including the  by birds, is predation T > œ # ‚ "! /  #!"ß **( /  " œa b a b& Þ!**> Þ!**>

œ #!"ß **(Þ$  "*((Þ$ / ÞÞ!**>

16 .    The  is a b a b c d+ C > œ /B: #Î"!  >Î"!  #-9=Ð>ÑÎ"! Þ ¸ #Þ*'$# Þdoubling-time 7

a b a b a b, Þ .CÎ.> œ CÎ"! C > œ C ! / Þ  The differential equation is , with solution   The>Î"!

doubling-time is given by 7 œ "!68 # ¸ 'Þ*$"& Þa b
a b a b- .CÎ.> œ !Þ&  =38Ð# >Ñ CÎ& Þ.  Consider the differential equation   The equation is1
separable, with   Integrating both sides, with respect to the" "

C &.C œ !Þ"  =38Ð# >Ñ .> Þˆ ‰1

appropriate variable, we obtain   Invoking the initial68 C œ >  -9=Ð# >Ñ Î"!  - Þa b1 1 1
condition, the solution is   The  isC > œ /B: "  >  -9=Ð# >Ñ Î"! Þa b c da b1 1 1 doubling-time
7 ¸ 'Þ$)!% Þ ,  The  approaches the value found in part .doubling-time a b
a b. .

17 .  The differential equation  is , with integrating factora b a b+ .CÎ.> œ < > C  5 linear
. . .a b a b a b a b ‘'> œ /B: < > .> Þ C œ  5 > Þ   Write the equation as   Integration of bothw
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sides yields the general solution .  In this problem,C œ  5 .  C ! Î > ‘' a b a b a b. 7 7 . .!

the
integrating factor is .a b c da b> œ /B: -9= >  > Î& Þ

a b a b, Þ C > œ ! > œ >  The population becomes , if , for some .  Referring toextinct ‡ ‡

part ,a b+
we find that C > œ ! Êa b‡

( c da b
!

>
"Î&

-

‡

/B: -9=  Î& . œ & / C Þ7 7 7

It can be shown that the integral on the left hand side increases , from monotonically zero
to a limiting value of approximately .  Hence extinction can happen &Þ!)*$ only if
& / C  &Þ!)*$ C  !Þ)$$$ Þ"Î&

- -, that is, 

a b a b a b- , C > œ ! Ê.  Repeating the argument in part , it follows that ‡

( c da b
!

>
"Î&

-

‡

/B: -9=  Î& . œ / C Þ
"

5
7 7 7

Hence extinction can happen  , that is, only if / C Î5  &Þ!)*$ C  %Þ"''( 5 Þ"Î&
- -

a b. C 5.  Evidently,  is a  function of the parameter .- linear

19 .  Let  be the  of carbon monoxide in the room.  The rate of  ofa b a b+ U > volume increase
CO CO leaves the room is    The amount of   at a rate ofa ba bÞ!% !Þ" œ !Þ!!% 0> Î738 Þ$

a b a b a b!Þ" U > Î"#!! œ U > Î"#!!! 0> Î738 Þ   Hence the total rate of change is given by$

the differential equation   This equation is  and.UÎ.> œ !Þ!!%  U > Î"#!!! Þa b linear
separable, with solution    Note that  U > œ %)  %) /B:  >Î"#!!! U œ !a b a b 0> Þ 0> Þ$ $

!

Hence the  at any time is given by  .concentration %B > œ U > Î"#!! œ U > Î"#a b a b a b
a b a b a b, B > œ %  %/B:  >Î"#!!!.  The  of  in the room is    A levelconcentration CO %Þ
of  corresponds to  .  Setting , the solution of the equation!Þ!!!"# !Þ!"# B œ !Þ!"#% a b7
%  %/B:  >Î"#!!! œ !Þ!"# ¸ $'a b  is  .7 minutes
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20   The concentration is   It is easy to seea b a b a b+ Þ - > œ 5  TÎ<  -  5  TÎ< / Þ!
<>ÎZ

that - >p_ œ 5  TÎ< Þa b
a b a b, Þ - > œ - / X œ 68Ð#ÑZ Î< X œ 68Ð"!ÑZ Î<Þ  .  The  are  and ! &! "!

<>ÎZ reduction times

a b a ba b- Þ X œ 68 "! '&Þ# Î"#ß #!! œ %$!Þ)&  The , in , are reduction times years W

      X œ 68 "! "&) Î%ß *!! œ ("Þ% à X œ 68 "! "(& Î%'! œ 'Þ!&Q Ia ba b a ba b
 X œ 68 "! #!* Î"'ß !!! œ "(Þ'$ ÞS a ba b
21a b- Þ

     

22 .  The differential equation for the motion is   Given thea b+ 7.@Î.> œ  @Î$! 71 Þ
initial condition   , the solution is .@ ! œ #! @ > œ  %%Þ"  '%Þ" /B:  >Î%Þ&a b a b a bm/s
Setting , the ball reaches the maximum height at  .  Integrating@ > œ ! > œ "Þ')$a b" " sec
@ > B > œ $")Þ%&  %%Þ" >  #))Þ%& /B:  >Î%Þ& Þa b a b a b, the position is given by   Hence
the  is  .maximum height mB > œ %&Þ()a b"
a b a b, Þ B > œ ! > œ &Þ"#)  Setting , the ball hits the ground at  .# # sec

a b- Þ

      

23   The differential equation for the  motion is ,a b+ Þ 7.@Î.> œ  @ 71upward . #

in which .  This equation is , with   Integrating. œ "Î"$#& .@ œ  .> Þseparable 7
@ 71. #
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both sides and invoking the initial condition,   Setting@ > œ %%Þ"$$ >+8 Þ%#&  Þ### > Þa b a b
@ > œ ! > œ "Þ*"' @ >a b a b" ", the ball reaches the maximum height at  .  Integrating , thesec
position is given by   Therefore theB > œ "*)Þ(& 68 -9= !Þ### >  !Þ%#&  %)Þ&( Þa b c da b
maximum height m is  .B > œ %)Þ&'a b"
a b, Þ 7.@Î.> œ  @ 71 Þ  The differential equation for the  motion is downward . #

This equation is also separable, with   For convenience, set  at7
71 @. # .@ œ  .> Þ > œ !

the  of the trajectory.  The new initial condition becomes .  Integrating bothtop @ ! œ !a b
sides and invoking the initial condition, we obtain 68 %%Þ"$  @ Î %%Þ"$  @ œ >Î#Þ#&c da b a b
Þ
Solving for the velocity,   Integrating , the@ > œ %%Þ"$ "  / Î "  / Þ @ >a b a b a b a b> >Î#Þ#& Î#Þ#&

position is given by   To estimate theB > œ **Þ#* 68 / Î "  /  ")'Þ# Þa b a b’ “> > #Î#Þ#& Î#Þ#&

duration sec of the downward motion, set , resulting in  .  Hence theB > œ ! > œ $Þ#('a b# #

total time sec that the ball remains in the air is  .>  > œ &Þ"*#1 #

a b- Þ

        

24   Measure the positive direction of motion .  Based on Newton's a b+ Þ #downward nd
law,
the equation of motion is given by

7 œ Þ
.@

.>

 !Þ(& @ 71 !  >  "!
 "# @ 71 >  "!œ   ,  

      ,  

Note that gravity acts in the  direction, and the drag force is .  During thepositive resistive
first ten seconds of fall, the initial value problem is  , with initial.@Î.> œ  @Î(Þ&  $#
velocity    This differential equation is separable and linear, with solution@ ! œ ! Þa b fps
@ > œ #%! "  / @ "! œ "('Þ( Þa b a b a b>Î(Þ& .  Hence  fps

a b a b, B > œ !.  Integrating the velocity, with ,  the distance fallen is given by

B > œ #%! >  ")!! /  ")!!a b >Î(Þ& .

Hence  .B "! œ "!(%Þ&a b ft
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a b- Þ > œ !  For computational purposes, reset time to .  For the remainder of the motion,
the initial value problem is , with specified initial velocity.@Î.> œ  $#@Î"&  $#
@ ! œ "('Þ( Þ @ > œ "&  "'"Þ( / Þ > p_a b a b   The solution is given by   As ,fps $# >Î"&

@ > p @ œ "& Þ B ! œ "!(%Þ&a b a bP    Integrating the velocity, with ,  the distance fallenfps
after the parachute is open is given by   To find theB > œ "& >  (&Þ) /  ""&!Þ$ Þa b $# >Î"&

duration of the second part of the motion, estimate the root of the transcendental equation
"& X  (&Þ) /  ""&!Þ$ œ &!!! Þ X œ #&'Þ' Þ$# XÎ"&   The result is  sec

a b. Þ

     

25 .  Measure the positive direction of motion .  The equation of motion isa b+ upward
given by .  The initial value problem is ,7.@Î.> œ  5 @ 71 .@Î.> œ  5@Î7  1
with .  The solution is   Setting@ ! œ @ @ > œ 71Î5  @ 71Î5 / Þa b a b a b! !

5>Î7

@ > œ ! > œ 7Î5 68 71  5 @ Î71 Þa b a b c da b7 7, the maximum height is reached at time !

Integrating the velocity, the position of the body is

B > œ 71 >Î5  1  Ð"  / ÑÞ
7 7@

5 5
a b ” •Š ‹#

5>Î7!

Hence the maximum height reached is

B œ B > œ  1 68 Þ
7@ 7 71  5 @

5 5 71
7 7

! !a b Š ‹ ” •#

a b a b, Þ ¥ " 68 "  œ    á  Recall that for  , $ $ $ $ $ $" " "
# $ %

# $ %

26 .    a b a b, œ  5 @ 71 / œ  1> Þlim lim
5Ä! 5Ä!

71 5 @ 71 /
5 7

> 5>Î7a b!
5>Î7

!

a b  ‘ˆ ‰- Þ   @ / œ ! / œ ! Þ     , since    lim lim
7Ä! 7Ä!

71 71
5 5

5>Î7 5>Î7
!

28 .  In terms of displacement, the differential equation is a b+ 7@ .@Î.B œ  5 @ 71 Þ
This follows from the :  .  The differential equation ischain rule .@ .@ .B .@

.> .B .> .>œ œ @

separable, with
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B @ œ   68 Þ
7@ 7 1 71  5 @

5 5 71
a b º º#

#

The inverse , since both  and  are monotone increasing.  In terms of the givenexists B @
parameters, B @ œ  "Þ#& @  "&Þ$" 68 !Þ!)"' @  " Þa b k k

a b a b, Þ B "! œ "$Þ%& 5 œ !Þ#%   .  The required value is .meters

a b a b- Þ + @ œ "! B œ "!  In part , set   and  .m/s meters

29   Let  represent the height above the earth's surface.  The equation of motion isa b+ Þ B
given by , in which  is the universal gravitational constant.  The7 œ K K.@ Q7

.> VBa b#
symbols  and  are the  and  of the earth, respectively.  By the chain rule,Q V mass radius

7@ œ K
.@ Q7

.B V  Ba b# .

This equation is separable, with   Integrating both sides,@ .@ œ KQ V  B .B Þa b#

and
invoking the initial condition , the solution is @ ! œ #1V @ œ #KQ V  B a b a bÈ # "

 #1V  #KQÎV Þ 1 œ KQÎV  From elementary physics, it follows that .  Therefore#

@ B œ #1 VÎ V  B Þa b a bÈ ’ “È     Note that  mi/hr .1 œ ()ß &%& #

a b È ’ “È, Þ .BÎ.> œ #1 VÎ V  B  We now consider .  This equation is also separable,

with   By definition of the variable , the initial condition isÈ ÈV  B.B œ #1 V .> Þ B

B ! œ !Þ B > œ #1 V >  V V Þa b a b  ‘ˆ ‰È  Integrating both sides, we obtain $ #
# $

$Î# #Î$

Setting the distance , and solving for , the duration of such aB X  V œ #%!ß !!! Xa b
flight would be  X ¸ %* hours .

32   Both equations are linear and separable.  The initial conditions are a b a b+ Þ @ ! œ ? -9=
E
and .  The two solutions are  and A ! œ ?=38E @ > œ ? -9=E / A > œ  1Î< a b a b a b<>

 ? =38E  1Î< / Þa b <>
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a b a b, Þ +  Integrating the solutions in part , and invoking the initial conditions, the
coordinates are  andB > œ -9=E "  /a b a b?

<
<>

C > œ  1>Î<  1  ?< =38E  2< Î<  =38E  1Î< / Þ
?

<
a b ˆ ‰ Š ‹# # # <>

a b- Þ

a b. Þ X $&!  Let  be the time that it takes the ball to go   horizontally.  Then from above,ft
/ œ ? -9=E  (! Î? -9=E ÞXÎ& a b   At the same time, the height of the ball is given by
C X œ  "'!X  #'(  "#&?=38E  Ð)!!  &? =38EÑ ? -9=E  (! Î? -9=E Þa b c da b
Hence  and  must satisfy the inequalityE ?

)!!68  #'(  "#&?=38E  Ð)!!  &? =38EÑ ? -9=E  (! Î? -9=E   "! Þ
? -9=E  (!

? -9=E
” • c da b

33   Solving equation ,  .  The  answer isa b a b a b c da b+ Þ 3 C B œ 5  C ÎCw # "Î# positive
chosen, since  is an  function of .C Bincreasing

a b, C œ 5 =38 > .C œ #5 =38 > -9= > .> Þ.  Let .  Then   Substituting into the equation in# # #

part , we find thata b+
#5 =38 > -9= > .> -9= >

.B =38 >
œ Þ

#

Hence #5 =38 > .> œ .B Þ# #

a b- Þ œ #> 5 =38 . œ .B Þ  Letting , we further obtain    Integrating both sides of the) )# #
#
)

equation and noting that   corresponds to the , we obtain the solutions> œ œ !) origin
B œ 5  =38 Î# , C œ 5 "  -9= Î# Þa b a b c d a b a ba b) ) ) ) )# # and from part  

a b a b a b. CÎB œ "  -9= Î  =38 Þ B œ " C œ #.  Note that   Setting , , the solution of) ) )
the equation  is .  Substitution into either of thea b a b"  -9= Î  =38 œ # ¸ "Þ%!") ) ) )
expressions yields 5 ¸ #Þ"*$ Þ
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Section 2.4

2.  Considering the roots of the coefficient of the leading term, the ODE has unique
solutions on intervals not containing  or .  Since , the initial value problem! % # − ! ß %a b
has a unique solution on the interval  a b! ß % Þ

3.  The function  is discontinuous at  of .  Since , the>+8 >  odd multiples 1 1 1
# # #

$1

initial value problem has a unique solution on the interval ˆ ‰1 1
# #

$ß Þ

5.  and .  These functions are discontinuous at: > œ #>Î 1 > œ $> Îa b a ba b a b%  > %  ># ##

B œ „#  # ß # Þ.  The initial value problem has a unique solution on the interval a b
6.  The function  is defined and continuous on the interval .  Therefore the68 > ! ß_a b
initial value problem has a unique solution on the interval .a b! ß_

7.  The function  is continuous everywhere on the plane,  along the straight0 > ß Ca b except
line   The partial derivative  has the C œ  #>Î& Þ `0Î`C œ  (>Î #>  &Ca b# same
region of continuity.

9.  The function  is discontinuous along the coordinate axes, and on the hyperbola0 > ß Ca b
>  C œ "# # .  Furthermore,

`0 „" C 68 >C

`C C "  >  C
œ  #

"  >  Ca b k k
a b# # # # #

has the  points of discontinuity.same

10.   is continuous everywhere on the plane.  The partial derivative  is also0 > ß C `0Î`Ca b
continuous everywhere.

12.  The function  is discontinuous along the lines  and .  The0 > ß C > œ „5 C œ  "a b 1
partial derivative  has the region of continuity.`0Î`C œ -9> > Î "  Ca b a b# same 

14.  The equation is separable, with   Integrating both sides, the solution.CÎC œ #> .> Þ#

is given by   For , solutions exist as long as .C > œ C ÎÐ"  C > ÑÞ C  ! >  "ÎCa b ! ! ! !
# #

For , solutions are defined for  .C Ÿ ! >! all

15.  The equation is separable, with   Integrating both sides and invoking.CÎC œ  .> Þ$

the initial condition,   Solutions exist as long as ,C > œ C Î #C >  " Þ #C >  "  !a b È
! ! !

that is, .  If , solutions exist for .  If , then the#C >   " C  ! >   "Î#C C œ !! ! ! !

solution  exists for all .  If , solutions exist for .C > œ ! > C  ! >   "Î#Ca b ! !

16.  The function  is discontinuous along the straight lines  and .0 > ß C > œ  " C œ !a b
The partial derivative  is discontinuous along the same lines.  The equation is`0Î`C
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separable, with   Integrating and invoking the initial condition, theC .C œ > .>Î Þ# a b"  >$

solution is   Solutions exist as long asC > œ 68 "  >  C Þa b k k ‘#
$

$ #
!

"Î#

#

$
68 "  >  C   !¸ ¸$ #

! ,

that is,   For all  it can be verified that  yields a validC    68 "  > Þ C Ð C œ !! ! !
# $#

$ k k
solution, even though Theorem  does not guarantee one , solutions exists as long as#Þ%Þ# Ñk k a b"  >   /B:  $C Î# Þ >   "$ #

!   From above, we must have .  Hence the inequality
may be written as   It follows that the solutions are valid for>   /B:  $C Î#  " Þ$ #a b!c da b/B:  $C Î#  "  >  _!

"Î$# .

17.

18.

Based on the direction field, and the differential equation, for , the slopesC  !!

eventually  become negative, and hence solutions tend to .  For , solutions_ C  !!

increase without bound if   Otherwise, the slopes  become negative, and>  ! Þ! eventually
solutions tend to .  Furthermore,  is an .  Note that slopeszero equilibrium solutionC œ !!

are  along the curves  and .zero C œ ! >C œ $

19.
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For initial conditions  satisfying , the respective solutions all tend to .a b> ß C >C  $! ! zero
Solutions with initial conditions  the hyperbola  eventually tend toabove or below >C œ $
„_ C œ !.  Also,  is an .! equilibrium solution

20.

Solutions with  all tend to .  Solutions with initial conditions  to the>  ! _ > ß C! ! !a b
right of the parabola  asymptotically approach the parabola as .  Integral> œ "  C >p_#

curves with initial conditions  the parabola and  also approach the curve.above a bC  !!

The slopes for solutions with initial conditions  the parabola and  are allbelow a bC  !!

negative.  These solutions tend to _Þ

21.  Define , in which  is the Heaviside step function.C > œ >  - ? >  - ? >-
$Î#a b a b a b a b#

$

Note that  and C - œ C ! œ ! C -  $Î# œ "Þ- - -
#Î$a b a b a bˆ ‰

a b a b+ Þ - œ "  $Î# Þ  Let #Î$

a b a b, Þ - œ #  $Î# Þ  Let #Î$

a b a b a b a b a b a b- Þ C # œ # C >  # !  -  # C # œ !  Observe that ,  for , and that  for! - -
$Î# $Î## #

$ $

-   #Þ -   ! „C # −  #ß # Þ  So for any , -a b c d
26   Recalling Eq.  in Section ,a b a b+ Þ $& #Þ"
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C œ = 1 = .=  Þ
" -

> >. .
.a b a b( a b a b

It is evident that  and .C > œ C > œ = 1 = .=" #a b a b a b a b'" "
> >. .a b a b .

a b a b a b a bˆ ‰', œ /B:  : > .> C œ  : > œ  : > C Þ.  By definition, .  Hence  " "
> >

w
. .a b a b" "

That is, C  : > C œ !Þ" "
w a b

a b a b a b a b a b a b a b a bŠ ‹ Š ‹'- Þ C œ  : > = 1 = .=  > 1 > œ  : > C  1 > Þ    # ! #
w " "

> >

>

. .a b a b. .

That is, C  : > C œ 1 > Þ# #
w a b a b

30.  Since , set .  It follows that  and 8 œ $ @ œ C œ  #C œ  Þ# $.@ .@
.> .> .> # .>

.C .C C$

Substitution into the differential equation yields , which further  C œ  CC
# .>

.@$

& 5 $

results in   The latter differential equation is linear, and can be written as@  # @ œ # Þw & 5a b a b/ œ # Þ @ > œ # > /  -/ Þ# > # > # >w& & &5 5  The solution is given by   Converting back to
the original dependent variable, C œ „@ Þ"Î#

31.  Since , set .  It follows that  and 8 œ $ @ œ C œ  #C œ  Þ# $.@ .@
.> .> .> # .>

.C .C C$

The differential equation is written as , which upon  -9= >  X C œ CC
# .>

.@$ a b> 5 $

further substitution is   This ODE is linear, with integrating@  # -9= >  X @ œ #Þw a b>
factor   The solution is. > >a b a b a bˆ ‰'> œ /B: # -9= >  X .> œ /B:  # =38 >  #X > Þ

@ > œ #/B: # =38 >  #X > /B:  # =38  #X .  - /B:  # =38 >  #X > Þa b a b a b a b(> > 7 7 7 >
!

>

Converting back to the original dependent variable, C œ „@ Þ"Î#

33.  The solution of the initial value problem ,  is C  #C œ ! C ! œ " C > œ / Þ" " " "
w #>a b a b

Therefore y   On the interval  the differential equation isa b a b a b" œ C " œ / Þ "ß_ ß
"

#

C  C œ ! C > œ -/ Þ C " œ C " œ -/ Þ# # # #
w > ", with   Therefore   Equating the limitsa b a b a b

C " œ C " - œ / Þa b a b  , we require that   Hence the global solution of the initial value"

problem is

C > œ Þ
/ ! Ÿ > Ÿ "

/ >  "
a b œ #>

">

,
,

Note the discontinuity of the derivative

C > œ Þ
 #/ !  >  "

 / >  "
a b œ #>

">

,
,



—————————————————————————— ——CHAPTER 2. 

________________________________________________________________________
            page 53

Section 2.5

1.

For , the only equilibrium point is .  , hence the equilibriumC   ! C œ ! 0 ! œ +  !!
‡ wa b

solution  is .9a b> œ ! unstable

2.

The equilibrium points are  and .  , therefore theC œ  +Î, C œ ! 0  +Î,  !‡ ‡ wa b
equilibrium solution  is .9a b> œ  +Î, asymptotically stable

3.
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4.

The only equilibrium point is .  , hence the equilibrium solutionC œ ! 0 !  !‡ wa b
9a b> œ !
is .unstable

5.

The only equilibrium point is .  , hence the equilibrium solutionC œ ! 0 !  !‡ wa b
9a b> œ !
is .+=C7:>9>3-+66C stable

6.
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7 .a b,

8.

The only equilibrium point is .  Note that , and that  for .C œ " 0 " œ ! C  ! C Á "‡ w wa b
As long as , the corresponding solution is .  Hence theC Á "! monotone decreasing
equilibrium solution  is .9a b> œ " semistable

9.
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10.

The equilibrium points are , .  .  The equilibrium solutionC œ ! „" 0 C œ "  $C‡ w #a b
9a b> œ ! is , and the remaining two are .unstable asymptotically stable

11.

12.

The equilibrium points are , .  .  The equilibrium solutionsC œ ! „# 0 C œ )C  %C‡ w $a b
9 9a b a b> œ  # > œ  # and  are  and , respectively.  Theunstable asymptotically stable
equilibrium solution  is .9a b> œ ! semistable
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13.

The equilibrium points are and .  .  Both equilibriumC œ ! " 0 C œ #C  'C  %C‡ w # $a b
solutions are .semistable

15 .  Inverting the Solution , Eq.  shows  as a function of the population a b a b a b+ "" "$ > C
and
the carrying capacity .  With ,O C œ OÎ$!

> œ  68 Þ
" "Î$ "  CÎO

< CÎO "  "Î$
º ºa bc da ba bc da b

Setting ,C œ #C!

7 œ  68 Þ
" "Î$ "  #Î$

< #Î$ "  "Î$
º ºa bc da ba bc da b

That is,   If  ,  .7 7œ 68 % Þ < œ !Þ!#& œ &&Þ%&"
< per year years

a b a b, Þ "$ C ÎO œ CÎO œ  In Eq. , set  and .  As a result, we obtain! ! "

X œ  68 Þ
" " 

< " 
º ºc dc d! "

" !

Given ,  and  ,  .! " 7œ !Þ" œ !Þ* < œ !Þ!#& œ "(&Þ()per year years

16 .a b+
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17.  Consider the change of variable   Differentiating both sides with? œ 68 CÎO Þa b
respect
to ,   Substitution into the Gompertz equation yields , with> ? œ C ÎCÞ ? œ  <?w w w

solution   It follows that   That is,? œ ? / Þ 68 CÎO œ 68 C ÎO / Þ! !
<> <>a b a b

C

O
œ /B: 68 C ÎO / Þ ‘a b!

<>

a b a b+ O œ )!Þ& ‚ "! C ÎO œ !Þ#& < œ !Þ(" C # œ &(Þ&) ‚ "!.  Given ,  and  , .' '
! per year

a b, Þ >  Solving for ,

> œ  68 Þ
" 68 CÎO

< 68 C ÎO
” •a ba b!

Setting , the corresponding time is  .C œ !Þ(&O œ #Þ#"a b7 7 years

19 .  The rate of  of the volume is given by rate of rate of .a b+ increase flow in  flow out
That is,   Since the cross section is , .Z Î.> œ 5  + #12 Þ .Z Î.> œ E.2Î.>Þ! È constant
Hence the governing equation is .2Î.> œ 5  + #12 ÎEÞˆ ‰È!

a b ˆ ‰, Þ .2Î.> œ ! 2 œ Þ  Setting , the equilibrium height is   Furthermore, since/
" 5
#1 +

#

!

0 2  !wa b/ , it follows that the equilibrium height is .asymptotically stable

a b a b- , 2.  Based on the answer in part , the water level will intrinsically tend to approach ./
Therefore the height of the tank must be  than ; that is, .greater 2 2  Z ÎE/ /

22 .  The equilibrium points are at  and .  Since , thea b a b+ C œ ! C œ " 0 C œ  # C‡ ‡ w ! !
equilibrium solution  is  and the equilibrium solution  is9 9œ ! œ "unstable
asymptotically stable.

a b c da b, C "  C .C œ .>.  The ODE is separable, with .  Integrating both sides and" !
invoking the initial condition, the solution is

C > œ Þ
C /

"  C  C /
a b !

! !

!

!

>

>

It is evident that independent of      and    .a b a b a bC C > œ ! C > œ "!
_ _

lim lim
>Ä >Ä

23 .  a b a b+ C > œ C / Þ!
 >"

a b a b, + .BÎ.> œ B C / Þ .BÎB œ C / .> Þ.  From part ,   Separating variables, ! !! !
 >  >" "

Integrating both sides, the solution is B > œ B /B: C Î "  / Þa b  ‘ˆ ‰! !! "  >"

a b a b a b a b- >p_ C > p! B > pB /B: C Î Þ.  As ,   and   Over a  period of time, the! !! " long
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proportion of carriers .  Therefore the proportion of the population that escapesvanishes
the epidemic is the proportion of  left at that time, susceptibles B /B: C Î Þ! !a b! "

25 .  Note that , and .  So ifa b a b c d a b a ba b+ 0 B œ B V V  +B 0 B œ V V  $+B- -
# w #

a b a bV V  ! B œ ! 0 !  !- , the only equilibrium point is .  , and hence the solution‡ w

9a b> œ !  is .asymptotically stable

a b a b a bÈ, V  V  ! B œ ! „ V V Î+ Þ.  If , there are  equilibrium points ,- -three ‡

Now , and .  Hence the solution  is ,0 !  ! 0 „ V V Î+  ! œ !w wa b a bˆ ‰È
- 9 unstable

and the solutions  are .9 œ „ V V Î+Èa b- asymptotically stable

a b- .
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Section 2.6

1.   and .  Since , the equation isQ Bß C œ #B  $ R Bß C œ #C  # Q œ R œ !a b a b C B

exact.  Integrating  with respect to , while holding  constant, yields Q B C <a bBß C œ
œ B  $B  2 C œ 2 C R# wa b a b.  Now , and equating with  results in the possible<C

function  .  Hence , and the solution is2 C œ C  #C Bß C œ B  $B  C  #Ca b a b# # #<
defined .implicitly as B  $B  C  #C œ -# #

2.   and .  Note that , and hence theQ Bß C œ #B  %C R Bß C œ #B  #C Q Á Ra b a b C B

differential equation is not exact.

4.  First divide both sides by   We now have a b#BC  # Þ Q Bß C œ C R Bß C œ Ba b a b and .
Since , the resulting equation is Q œ R œ !C B exact.  Integrating  with respect to ,Q B
while holding  constant, results in C <a b a bBß C œ BC  2 C .  Differentiating with respect
to , .  , we find that , and hence C œ B  2 C œ R 2 C œ ! 2 C œ !< <C C

w wa b a b a bSetting 
is acceptable.  Therefore the solution is defined .  Note that ifimplicitly as BC œ -
BC  " œ ! , the equation is trivially satisfied.

6.  Write the given equation as .  Now a b a b a b+B  ,C .B  ,B  -C .C Q Bß C œ +B  ,C
and .  Since , the differential equation is R Bß C œ ,B  -C Q Á Ra b C B not exact.

8.   and .  Note that , andQ Bß C œ / =38 C  $C R Bß C œ  $B  / =38 C Q Á Ra b a bB B
C B

hence the differential equation is not exact.

10.   and .  Since , the givenQ Bß C œ CÎB  'B R Bß C œ 68B  # Q œ R œ "ÎBa b a b C B

equation is exact.  Integrating  with respect to , while holding  constant, results inR C B
<a b a b a bBß C œ C 68 B  #C  2 B Þ B œ CÎB  2 B  Differentiating with respect to , .<B

w

Setting , we find that , and hence .  Therefore the<B œ Q 2 B œ 'B 2 B œ $Bw #a b a b
solution
is defined .implicitly as $B # C 68 B  #C œ -

11.   and .  Note that , and henceQ Bß C œ B 68 C  BC R Bß C œ C 68 B  BC Q Á Ra b a b C B

the differential equation is not exact.

13.  Q Bß C œ #B  C R Bß C œ #C  B Q œ R œ  "a b a b and .  Since , the equation isC B

exact.  Integrating  with respect to , while holding  constant, yields Q B C <a bBß C œ
œ B  BC  2 C œ  B  2 C R 2 C œ #C# w wa b a b a b.  Now .  Equating  with  results in ,< <C C

and hence . Thus , and the solution is given 2 C œ C Bß C œ B  BC  Ca b a b# # #< implicitly
as B  BC  C œ - C " œ $# # .  Invoking the initial condition , the specific solution isa b
B  BC  C œ (# # .  The explicit form of the solution is C B œ B  #)  $B Þa b ’ “È"

#
#

Hence the solution is valid as long as $B Ÿ #) Þ#

16.  Q Bß C œ C /  B R Bß C œ ,B / Q œ /  #BC /a b a b#BC #BC #BC #BC and .  Note that ,C

and   The given equation is R œ , /  #,BC / ÞB
#BC #BC exact, as long as .  Integrating, œ "
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R C B with respect to , while holding  constant, results in <a b a bBß C œ / Î#  2 B Þ#BC   Now
differentiating with respect to , .  Setting , we find thatB œ C /  2 B œ Q< <B B

#BC wa b
2 B œ B 2 B œ B Î# Bß C œ / Î#  B Î#w # #BC #a b a b a b, and hence .  Conclude that .  Hence<
the solution is given .implicitly as /  B œ -#BC #

17.  Integrating , while holding  constant, yields<C œ R B
<a b a b a b'Bß C œ R Bß C .C  2 B Þ

Taking the partial derivative with respect to ,    NowB œ R Bß C .C  2 B Þ<B
' a b a b`

`B
w

set  and therefore .  Based on the fact<B œ Q Bß C 2 B œ Q Bß C  R Bß C .Ca b a b a b a b'w `
`B

that , it follows that .  Hence the expression for  can beQ œ R 2 B œ ! 2 BC B
`
`C

w wc d a ba b
integrated to obtain

2 B œ Q Bß C .B  R Bß C .C .B
`

`B
a b a b a b( ( (” • .

18.  Observe that ` `
`C `Bc d c da b a bQ B œ R C œ ! Þ

20.   and .  MultiplyingQ œ C -9= C  C =38 C R œ  # / -9= B  =38 B ÎCC B
" # Ba b

both sides by the integrating factor , the given equation can be written as.a bBß C œ C /Ba b a b/ =38 C  #C =38 B .B  / -9= C  #-9= B .C œ ! Q œ Q R œ RB B .  Let  and .. .

Observe that , and hence the latter ODE is Q œ R RC B exact.  Integrating  with respect
to , while holding  constant, results in C B <a b a bBß C œ / =38 C  #C -9= B  2 B ÞB   Now
differentiating with respect to , .  Setting ,B œ / =38 C  #C =38 B  2 B œ Q< <B B

B wa b
we find that , and hence  is feasible.  Hence the solution of the given2 B œ ! 2 B œ !wa b a b
equation is defined .implicitly by / =38 C  #C -9= B œB "

21.   and .  Multiply both sides by the integrating factor  toQ œ " R œ # Bß C œ CC B .a b
obtain .  Let  and .  It is easy to see thatC .B  #BC  C / .C œ ! Q œ CQ R œ CR# # Ca b
Q œ R QC B , and hence the latter ODE is exact.  Integrating  with respect to  yieldsB

<a b a b a bBß C œ BC  2 C R 2 C œ  C /# w # C.  Equating  with  results in , and hence<C

2 C œ  / C  #C  # Bß C œ BC  / C  #C  #a b a b a b a bC # # C #. Thus ,  and the solution<
is defined .implicitly by BC# C # / C  #C  # œ -a b
24.  The equation  has an integrating factor if , that is,. . . .Q  RC œ ! Q œ Rw a b a bC B

. . . .C B B C B CQ  R œ R  Q R Q œ V BQ  CR V.  Suppose that , in which  isa b
some function depending  on the quantity .  It follows that the modified formonly D œ BC
of the equation is .  Thisexact, if . . . . .C BQ  R œ V BQ  CR œ V BQ  CRa b a b
relation is satisfied if  and .  Now consider   Then. . . . . .C Bœ B V œ C V œ BC Þa b a b a b
the partial derivatives are  and .  Note that .  Thus  must. . . . . . .B Cœ C œ B œ . Î.Dw w w

satisfy   The latter equation is .wa b a bD œ V D Þ separable, with , and. œ V D .D. a b
. . .a b a b a b a b'D œ V D .D Þ V œ V BC œ BC  Therefore, given , it is possible to determine 
which becomes an integrating factor of the differential equation.
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28.  The equation is not exact, since R Q œ #C  " R Q ÎQ œB C B C.  However, a b
œ #C  " ÎC C œ Ca b a b is a function of  alone.  Hence there exists , which is a solution. .

of the differential equation .  The latter equation is . .w œ #  "ÎCa b separable, with
. Î œ #  "ÎC C œ /B: #C  68 C œ / ÎC. . ..  One solution is .  Now rewrite thea b a b #C

given ODE as .  This equation is , and it is easy to/ .B  #B /  "ÎC .C œ !#C #Ca b exact
see that <a bBß C œ B /  68 C#C .  Therefore the solution of the given equation is defined
implicitly by .B /  68 C œ -#C

30.  .  But note thatThe given equation is not exact, since R Q œ )B ÎC  'ÎCB C
$ $ #

a bR Q ÎQ œB C #ÎC C is a function of  alone, and hence there is an integrating factor
. . . . .œ C œ #ÎC C œ C Þa b a b a b.  Solving the equation , an integrating factor is   Noww #

rewrite the differential equation as .  By inspection,a b a b%B  $C .B  $B  %C .C œ !$ $

<a bBß C œ B  $BC  C% %, and the solution of the given equation is defined implicitly by
B  $BC  C œ -% % .

32.  Multiplying both sides of the ODE by , the given equation is. œ BC #B  Cc da b "

equivalent to   Rewritec d c da b a b a b a b$B  C Î #B  BC .B  B  C Î #BC  C .C œ ! Þ# #

the differential equation as

” • ” •# # " "

B #B  C C #B  C
 .B   .C œ ! .

It is easy to see that   Q œ R ÞC B Integrating  with respect to , while keeping Q B C
constant, results in <a b k k k k a bBß C œ #68 B  68 #B  C  2 C .  Now taking the partial
derivative with respect to , .  , we find thatC œ #B  C  2 C œ R< <C C

"a b a bw Setting 
2 C œ "ÎC 2 C œ 68 Cwa b a b k k, and hence .  Therefore

<a b k k k k k kBß C œ #68 B  68 #B  C  68 C ,

and the solution of the given equation is defined implicitly by .#B C  B C œ -$ # #
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Section 2.7

2 .  The Euler formula is .a b a b a b+ C œ C  2 #C  " œ "  #2 C  28" 8 8 8

a b. Þ  The differential equation is linear, with solution C > œ "  / Î# Þa b a b#>

4 .  a b+ The Euler formula is .C œ "  #2 C  $2 -9= >8" 8 8a b
a b a b a b. C > œ '-9= >  $=38 >  ' / Î&.  The exact solution is .#>

5.

All solutions seem to converge to .9a b> œ #&Î*

6.

Solutions with positive initial conditions seem to converge to a specific function.  On the
other hand, solutions with  coefficients decrease without bound.   is annegative 9a b> œ !
equilibrium solution.

7.
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All solutions seem to converge to a specific function.

8.

Solutions with initial conditions to the  of the curve seem to diverge.  On'left' > œ !Þ"C#

the other hand, solutions to the  of the curve seem to converge to .  Also, 'right' zero 9a b>
is an equilibrium solution.

9.

All solutions seem to diverge.

10.
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Solutions with  initial conditions increase without bound.  Solutions withpositive
negative
initial conditions decrease without bound.  Note that  is an equilibrium solution.9a b> œ !

11.  The Euler formula is .  The initial value is .C œ C  $2 C  &2 C œ #8" 8 8 !È
12.  The iteration formula is C œ "  $2 C  2 > C > ß C œ ! ß !Þ& Þ8" 8 8 ! !8a b a b a b# .  

14.    The iteration formula is C œ "  2 > C  2 C Î"! Þ > ß C œ ! ß " Þ8" 8 8 ! !8a b a b a b$

17.  The Euler formula is

C œ C 
2 C  #> C

$  >
8" 8

8 8 8

8
#

a b#

.

The initial point is a b a b> ß C œ " ß # Þ! !

18 .  See Problem 8.a b+
19a b+ Þ

a b, C œ C  2 C  2 >.  .  The critical value of  appearsThe iteration formula is 8" 8 8 8
# # !

to be near .  For , the iterations diverge.! !! ! !¸ !Þ')"& C 
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20 .  The ODE is a b+ linear, with general solution .  Invoking the specifiedC > œ >  - /a b >

initial condition, , we have   Hence   ThusC > œ C C œ >  - / Þ - œ C  > / Þa b a b! ! ! ! ! !
> >! !

the solution is given by .9a b a b> œ C  > /  >! !
> >!

a b, .  The Euler formula is C œ "  2 C  2  2 > 5 œ 8  "8" 8 8a b .  Now set .

a b a b a b a b- C œ "  2 C  2  2 > œ "  2 C  >  >  2 >.  We have .  Rearranging" ! ! ! " ! !

the terms, .  Now suppose that ,C œ "  2 C  >  > C œ "  2 C  >  >" ! ! " 5 ! ! 5
5a ba b a b a b

for some .  Then .  Substituting for , we  find that5   " C œ "  2 C  2  2 > C5" 5 5 5a b
C œ "  2 C  >  "  2 >  2  2 > œ "  2 C  >  >  25" ! ! 5 5 ! ! 5

5" 5"a b a b a b a b a b .
Noting that , the result is verified.> œ >  55" 5

a b a b. 2 œ >  > Î8 > œ >.  Substituting , with ,! 8

C œ "  C  >  >
>  >

8
8 ! !

!
8Œ  a b .

Taking the limit of both sides, as , and using the fact that   ,8p_ "  +Î8 œ /lim
8Ä_

8 +a b
pointwise convergence is proved.

21.  The exact solution is .  The Euler formula is 9a b> œ /> C œ "  2 C8" 8a b .  It is easy
to see that   Given , set .  Taking the limit,C œ "  2 C œ "  2 Þ >  ! 2 œ >Î88 !

8 8a b a b
we find that     lim lim

8Ä_ 8Ä_

8 >C œ "  >Î8 œ / Þ8 a b
23.  The exact solution is .  The Euler formula is 9a b> œ >Î#  /#> C œ "  #2 C 8" 8a b
 2Î#  2 > C œ " C œ "  #2  2Î# œ "  #2  > Î# Þ8 ! " ".  Since ,   It is easy toa b a b
show by mathematical induction, that .  For , set C œ "  #2  > Î# >  ! 2 œ >Î88 8

8a b
and thus .  Taking the limit, we find that     > œ > C œ "  #>Î8  >Î# œ8 8

8lim lim
8Ä_ 8Ä_

c da b
œ /  >Î##> .  Hence pointwise convergence is proved.
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Section 2.8

2.  Let  and .  It follows that .D œ C  $ œ >  " .DÎ. œ .DÎ.> .>Î. œ .DÎ.>7 7 7a ba b
Furthermore, .  Hence .  The new initial.DÎ.> œ .CÎ.> œ "  C .DÎ. œ "  D  $$ $7 a b
condition is D œ ! œ ! Þa b7

3.  The approximating functions are defined recursively by .9 98" 8!

>a b c d' a b> œ # =  " .=

Setting , .  Continuing, , ,9 9 9 9! " # $a b a b a b a b> œ ! > œ #> > œ #>  #> > œ >  #>  #># $ #%
$

9%a b> œ >  >  #>  #> â# %
$ $

% $ # , .  Given convergence, set

9 9 9 9a b a b c d" a b a b
"

> œ >  >  >

œ #>  >
+

5 x

" 5" 5

5

5œ"

_

5œ#

_
5 .

Comparing coefficients, , , .  It follows that ,+ Î$x œ %Î$ + Î%x œ #Î$ â + œ )$ % $

+ œ "'% ,
and so on.  We find that in general, that .  Hence+ œ #5

5

9a b "> œ >
5 x

œ /  "

5œ"

_
5

#>

#5

.

   

5.  The approximating functions are defined recursively by

9 98" 8

!

>a b c d( a b> œ  = Î#  = .= .

Setting , .  Continuing, ,9 9 9 9! " # $a b a b a b a b> œ ! > œ > Î# > œ > Î#  > Î"# > œ > Î# # # $ #

 > Î"#  > Î*' > œ > Î#  > Î"#  > Î*'  > Î*'! â$ % # $ % &, , .  Given convergence, set9%a b
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9 9 9 9a b a b c d" a b a b
"

> œ >  >  >

œ > Î#  >
+

5 x

" 5" 5

5

5œ"

_

# 5

5œ$

_

.

Comparing coefficients, , , , .  We+ Î$x œ  "Î"# + Î%x œ "Î*' + Î&x œ  "Î*'! â$ % &

find that , , ,   In general, .  Hence+ œ  "Î# + œ "Î% + œ  "Î) â Þ + œ #$ % & 5
5"

9a b a b"> œ  >
#

5 x

œ % /  #>  %

5œ#

_
5

>

5#

 Î# .

      

6.  The approximating functions are defined recursively by

9 98" 8

!

>a b c d( a b> œ =  "  = .= .

Setting , , , , 9 9 9 9 9! " $ %a b a b a b a b a b> œ ! > œ >  > Î# > œ >  > Î' > œ >  > Î#% > œ# $ %
2

œ >  > Î"#! â& , .  Given convergence, set

9 9 9 9a b a b c d" a b a b
 ‘  ‘

> œ >  >  >

œ >  > Î#  > Î#  > Î'  > Î'  > Î#% â

œ >  !  ! â

" 5" 5

5œ"

_

# # $ $ %

 .

Note that the terms can be rearranged, as long as the series converges uniformly.
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8 .  a b+ The approximating functions are defined recursively by

9 98" 8

!

>a b a b(  ‘> œ = =  = .=# .

Set .  The iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ  > Î# > œ  > Î#  > Î"!# # &
2

9 9$ %a b a b> œ  > Î#  > Î"!  > Î)! > œ  > Î#  > Î"!  > Î)!  > Î))! â# & ) # & ) "", , .
Upon inspection, it becomes apparent that

98

$ 8"

$ 5"

a b ” •c d
" c d

> œ  >   â
" > >

# # † & # † & † ) # † & † )â #  $

œ  > Þ
# † & † )â #  $

#
$ '

#

5œ"

8

a b
a b

a b
a b

>

8  "

>

5  "

a b, .

The iterates appear to be converging.

9 .  The approximating functions are defined recursively bya b+
9 98"

!

>

8a b a b(  ‘> œ =  = .=# # .

Set .  The first three iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ > Î$ > œ > Î$  > Î'$$ $ (
2

9$a b> œ > Î$  > Î'$  #> Î#!(*  > Î&*&$&$ ( "" "& .
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a b, .

The iterates appear to be converging.

10 .  The approximating functions are defined recursively bya b+
9 98"

!

>

8a b a b(  ‘> œ "  = .=$ .

Set .  The first three iterates are given by , ,9 9 9! "a b a b a b> œ ! > œ > > œ >  > Î%2
%

9$a b> œ >  > Î%  $> Î#)  $> Î"'!  > Î)$$% ( "! "$ .

a b, .

The approximations appear to be diverging.

12 .  The approximating functions are defined recursively bya b+
9

9
8"

!

>

8

a b ( ” •a ba b> œ .=
$=  %=  #

# =  "

#

.

Note that  .  For computational purposes, replace the"Î #C  # œ  C  Sa b !"
#

5œ!

'
5 ˆ ‰C(

above iteration formula by
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9 98"

!

>

8a b a b( – —ˆ ‰"> œ  $=  %=  # = .=
"

#
# 5

5œ!

'

.

Set .  The first four approximations are given by ,9 9! "a b a b> œ ! > œ  >  >  > Î## $

92a b> œ  >  > Î#  > Î'  > Î%  > Î&  > Î#% â# $ % & ' ,
9$a b> œ  >  > Î#  > Î"#  $> Î#!  %> Î%& â# % & ' ,
9%a b> œ  >  > Î#  > Î)  (> Î'!  > Î"& â# % & '

a b, .

The approximations appear to be converging to the exact solution,

9a b È> œ "  "  #>  #>  > Þ# $

13.  Note that  and ,  .  Let .  Then .9 9 98 8 8a b a b a b a b! œ ! " œ " a 8   " + − ! ß " + œ +8

Clearly,   .  Hence the assertion is true.lim
8Ä_

+ œ !8

14 .  ,  .  Let .  Then a b a b a b+ ! œ ! a 8   " + − Ð! ß "Ó + œ #8+ / œ #8+Î/ Þ9 98 8
8+ 8+# #

Using l'Hospital's rule,   .  Hence   lim lim lim
DÄ_ DÄ_ 8Ä_

+D +D#+DÎ/ œ "ÎD/ œ ! + œ ! Þ
# #

98a b
a b ' ¸, #8B / .B œ  / œ "  / Þ.    Therefore,

!

"

!

"8B 8B 8# #

lim lim
8Ä_ 8Ä_! !

" "( (a b a b9 98 8B .B Á B .B .

15.  Let  be fixed, such that .  Without loss of generality, assume that> > ß C ß > ß C − Ha b a b" #

C  C 0 C" # .  Since  is differentiable with respect to , the mean value theorem asserts that
b − C ß C 0 > ß C  0 > ß C œ 0 > ß C  C Þ  such that   Taking the absolute0 0a b a b a b a ba b" # " # " #C

value of both sides,   Since, by assumption,k k k k k ka b a b a b0 > ß C  0 > ß C œ 0 > ß C  C Þ" # " #C 0

`0Î`C H 0 is continuous in ,  attains a C maximum on any closed and bounded subset of H
.
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Hence k k k ka b a b0 > ß C  0 > ß C Ÿ O C  C Þ" # " #

16.  For a  interval of ,  , .  Since  satisfies asufficiently small > > > − H 09 98" 8a b a b
Lipschitz condition,   Herek k k ka b a b a b a ba b a b0 > ß >  0 > ß > Ÿ O >  > Þ9 9 9 98 8" 8 8"

O œ 7+B 0k kC .

17   .  Hence , ina b a b a b k k k k k k' ' 'a b a b+ Þ > œ 0 = ß ! .= > Ÿ 0 = ß ! .= Ÿ Q.= œ Q >9 9" "! ! !

> k k k k> >

which  is the maximum value of  on .Q 0 > ß C Hk ka b
a b a b a b c d' a b a ba b, >  > œ 0 = ß =  0 = ß ! .=.  By definition, .  Taking the absolute9 9 9# " "!

>

value of both sides,  .  Based on thek k k ka b a b c d' a b a ba b9 9 9# " "!

>
>  > Ÿ 0 = ß =  0 = ß ! .=

k k
results in Problems 16 and 17, .k k k k k ka b a b a b' '9 9 9# " "! !

> >
>  > Ÿ O =  ! .= Ÿ OQ = .=

k k k k
Evaluating the last integral, we obtain .k k k ka b a b9 9# ">  > Ÿ QO > Î##

a b- .  Suppose that

k ka b a b k k
9 93 3"

"

>  > Ÿ
QO >

3 x

3 3

for some .  By definition, .3   " >  > œ 0 > ß =  0 = ß = .=9 9 9 93" 3 3 3"!

>a b a b c d' a b a ba b a b
It follows that

k k k ka b a b a b a b( a b a b
( k ka b a b
( k k

k ka b a b

9 9 9 9

9 9

3" 3 3 3"

!

!

3 3"

!

"

" "

>  > Ÿ 0 = ß =  0 = ß = .=

Ÿ O =  = .=

Ÿ O .=
QO =

3 x

œ Ÿ Þ
QO > QO 2

3  " x 3  " x

k k

k k

k k

>

>

> 3 3

3 3 33

Hence, by mathematical induction, the assertion is true.

18 .  Use the triangle inequality, .a b k k k k k k+ +  , Ÿ +  ,

a b k k k k k k a ba b a b a b, > Ÿ 2 > Ÿ Q2 >  > Ÿ QO 2 Î 8 x.  For , , and .  Hence9 9 9" 8 8"
8" 8

k ka b "
"a b

98

"

> Ÿ Q
O 2

3 x

œ Þ
Q O2

O 3 x

3œ"

8 3 3

3œ"

8 3
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a b a b ˆ ‰- , /  " Þ.  The sequence of partial sums in  converges to   By the Q
O

O2 comparison
test bounded, the sums in  also converge.  Furthermore, the sequence , anda b+ k ka b98 >  is 
hence has a convergent subsequence.  Finally, since individual terms of the series must
tend to zero, it follows that the sequence k k k ka b a b a b9 9 98 8" 8>  > p ! >, and  is convergent.

19 .  Let  and   Then by  ofa b a b a b a b a b' 'a b a b+ > œ 0 = ß = .= > œ 0 = ß = .= Þ9 9 < <
! !

> > linearity
the integral, 9 < 9 <a b a b c d' a b a ba b a b>  > œ 0 = ß =  0 = ß = .= Þ

!

>

a b k k k ka b a b a b a b' a b a b, >  > Ÿ 0 = ß =  0 = ß = .= Þ.  It follows that 9 < 9 <
!

>

a b- .  We know that  satisfies a Lipschitz condition,0

k k k ka b a b0 > ß C  0 > ß C Ÿ O C  C" # " # ,

based on  in .  Therefore,k k`0Î`C Ÿ O H

k k k ka b a b a b a b( a b a b
( k ka b a b

9 < 9 <

9 <

>  > Ÿ 0 = ß =  0 = ß = .=

Ÿ O =  = .=

!

>

!

>

.
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Section 2.9

1.  Writing the equation for each , , , 8   ! C œ  !Þ* C C œ  !Þ* C C œ  !Þ* C" ! # " $ #

and so on, it is apparent that .  The terms constitute an C œ  !Þ* C8 !
8a b alternating

series zero, which converge to , regardless of .C!

3.  Write the equation for each , , , , .8   ! C œ $ C C œ %Î# C C œ &Î$ C â" ! # " $ #
È È È

Upon substitution, we find that , ,  C œ % † $ Î# C C œ & † % † $ Î $ † # C â Þ# " $ !
È Èa b a b a b

It can be proved by mathematical induction, that

C œ C
" 8  # x

# 8x

œ 8  " 8  # C
"

#

8 È Êa b

È Èa ba b
!

! .

This sequence is divergent, except for .C œ !!

4.  Writing the equation for each , , , , ,8   ! C œ  C C œ C C œ  C C œ C" ! # " $ # % $

and so on, it can be shown that

C œ
C 8 œ %5 8 œ %5  "

 C 8 œ %5  # 8 œ %5  $8
!

!
œ      ,  for  or 

,  for  or 

The sequence is convergent .only for C œ !!

6.  Writing the equation for each ,8   !

 C œ !Þ& C  '" !

 C œ !Þ& C  ' œ !Þ& !Þ& C  '  ' œ !Þ& C  '  !Þ& '# " ! !a b a b a b#

 C œ !Þ& C  ' œ !Þ& !Þ& C  '  ' œ !Þ& C  ' "  !Þ&  Ð!Þ&Ñ$ # " !a b a b c da b$ #

       ã
  C œ !Þ& C  "# "  !Þ&8 !

8 8a b c da b
which can be verified by mathematical induction.  The sequence is convergent for all ,C!

and in fact .C p"#8

7.  Let  be the balance at the end of the .  TheC 8 C œ "  <Î$&' C8 8" 8-th day.  Then a b
solution of this difference equation is , in which  is the initialC œ "  <Î$'& C C8 ! !

8a b
balance.  At the end of .  Given thatone year, the balance is C œ "  <Î$'& C$'& !

$'&a b
< œ Þ!( C œ "  <Î$'& C œ "Þ!(#& C, .  Hence the effective annual yield is$'& ! !

$'&a ba b"Þ!(#& C  C ÎC œ (Þ#&! ! ! % .

8.   month.  Then Let  be the balance at the end of the .C 8 C œ "  <Î"# C  #&8 8" 8-th a b
As in the previous solutions, we have
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C œ C  
#& #&

"  " 
8 !3

3 3
8” • ,

in which .  Here  is the annual interest rate, given as Therefore3 œ "  <Î"# < )a b % .  
C œ "Þ!!'' "!!!   œ #ß #)$Þ'$$'

$'a b ’ “a b a b"# #& "# #&
< <  dollars.

9.   month.  The appropriate differenceLet  be the balance due at the end of the C 88 -th
equation is C œ "  <Î"# C  T < T8" 8a b .  Here  is the annual interest rate and  is the
monthly payment.  The solution, in terms of the amount borrowed, is given by

C œ C  
T T

"  " 
8 !3

3 3
8” • ,

in which  and   To figure out the monthly payment, , we3 œ "  <Î"# C œ )ß !!! Þ Ta b !

require that   That is,C œ !Þ$'

3
3 3

36” •C  œ
T T

"  " 
! .

After the specified amounts are substituted, we find the T œ $ #&)Þ"% .

11.  Let  be the balance due at the end of the C 88 -th month.  The appropriate difference
equation is C œ "  <Î"# C  T < œ Þ!* T8" 8a b , in which  and  is the monthly payment.
The initial value of the mortgage is  balance due at theC œ "!!ß !!!! dollars.  Then the 
end of the 8-th month is

C œ C   Þ
T T

"  " 
8 !3

3 3
8” •

where .  3 œ "  <Î"#a b In terms of the specified values,

C œ !Þ!!(& "!  
"#T "#T

< <
8 a b ” •8 & .

Setting , and , we find that  For the8 œ $! "# œ $'! C œ ! T œ )!%Þ'#a b $'! dollars   Þ
monthly payment corresponding to a  year mortgage, set  and .#! 8 œ #%! C œ !#%!

12.   month, with  the initial value of theLet  be the balance due at the end of the C 88 -th C!

mortgage.  The appropriate difference equation is C œ "  <Î"# C  T8" 8a b , in which
< œ !Þ" T œ *!! and   is the  monthly payment.  Given that the life ofdollars maximum
the mortgage is  balance due at the end of the #! 8years -, we require that .  The C œ !#%!

th month is

C œ C   Þ
T T

"  " 
8 !3

3 3
8” •

In terms of the specified values for the parameters, the solution of
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a bÞ!!)$$ #%!” •a b a b
C  œ 

"# "!!! "# "!!!

!Þ" !Þ"
!

is .C œ "!$ß '#%Þ'#!  dollars

15.

      

       

16.   For example,  take  and :3 œ $Þ& ? œ "Þ"!
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19 .  .a b a b a b a b a b+ œ  Î  œ $Þ%%*  $ Î $Þ&%%  $Þ%%* œ %Þ(#'$$ 3 3 3 3# # " $ #

a b, œ ‚ "!! œ ‚ "!! ¸ "Þ##.    % diff % k k k k$ $
$
 %Þ''*#%Þ($'$

%Þ''*#
# Þ

a b- .  Assuming , a b a b3 3 3 3 $ 3$ # % $ % Î  œ ¸ $Þ&'%$

a b. "' ¸ $Þ&'&.  A period  solutions appears near .3

a b a b a b/  œ  Þ œ.  Note that   With the assumption that , we have3 3 $ 3 3 $ $8" 8 8 8" 88
"

a b a b3 3 $ 3 3 !8" 8 8 8" 8" 8
" œ  C œ C 8   $, which is of the form , .  It follows thata b a b3 3 $ 3 35 5" $ #
$5 œ  5   % for .  Then

3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 $ $ $

3 3 3 3 3
$

$

8 " # " $ # % $ 8 8"

" # " $ #
" # $8

" # " $ #

%8

"

œ       â 

œ     "   â

œ     Þ
" 

" 

a b a b a b a ba b a bc d
a b a b” •

Hence     Substitution of the appropriate values yieldslim
8Ä_ "3 3 3 38 # $ #œ   Þa b ‘$

$

lim
8Ä_

38 œ $Þ&'**
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Miscellaneous Problems

1.  Linear   Ò C œ -ÎB  B Î& ÓÞ# $

2.  Homogeneous  .Ò+<->+8 CÎB  68 B  C œ - Óa b È # #

3.  Exact   .Ò B  BC  $C  C œ ! Ó# $

4.  Linear in    .B C Ò B œ - /  C / Óa b C C

5.  Exact   .Ò B C  BC  B œ - Ó# #

6.  Linear  .Ò C œ B "  / Ó" "Ba b
7.  Let    .? œ B Ò B  C  " œ - / Ó# # # C#

8.  Linear  .Ò C œ %  -9= #  -9= B ÎB Óa b #

9.  Exact  .Ò B C  B  C œ - Ó# #

10.     .. .œ B Ò C ÎB  CÎB œ - Óa b # $ #

11.  Exact  .Ò B Î$  BC  / œ - Ó$ C

12.  Linear  .Ò C œ - /  / 68 "  / ÓB B Ba b
13.  Homogeneous  .Ò # CÎB  68 B œ - ÓÈ k k
14.  Exact/Homogeneous  .Ò B  #BC  #C œ $% Ó# #

15.  Separable   .Ò C œ -Î-9=2 BÎ# Ó#a b
16.  Homogeneous  .Ò #Î $ +<->+8 Ð#C  BÑÎ $ B  68 B œ - ÓŠ ‹ ’ “È È k k
17.  Linear  .Ò C œ - /  / Ó$B #B

18.  Linear/Homogeneous  .Ò C œ - B  B Ó#

19.     .. .œ B Ò $C  #BC  "!B œ ! Óa b $

20.  Separable   .Ò /  / œ - ÓB C

21.  Homogeneous  .Ò /  68 B œ - ÓCÎB k k
22.  Separable   .Ò C  $C  B  $B œ # Ó$ $

23.  Bernoulli   .Ò "ÎC œ  B B / .B  -B Ó' # #B

24.  Separable   .Ò =38 B =38 C œ - Ó#

25.  Exact  .Ò B ÎC  +<->+8 CÎB œ - Ó# a b
26.     .. .œ B Ò B  #B C  C œ - Óa b # # #

27.     .. .œ B Ò =38 B -9= #C  =38 B œ - Óa b "
#

#

28.  Exact  .Ò #BC  BC  B œ - Ó$ $

29.  Homogeneous  .Ò +<-=38 CÎB  68 B œ - Óa b k k
30.  Linear in   .B C Ò BC  68 C œ ! Óa b k k#

31.  Separable   .Ò B  68 B  B  C  # 68 C œ - Ók k k k"

32.     .. .œ C Ò B C  BC œ  % Óa b $ # $


