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Chapter Three

Section 3.1

1.  Let , so that  and .  Direct substitution into the differentialC œ / C œ < / C œ < /<> w <> ww <>

equation yields .  Canceling the exponential, the characteristica b<  #<  $ / œ !# <>

equation is   The roots of the equation are , .  Hence the<  #<  $ œ ! Þ < œ  $ "#

general solution is .C œ - /  - /" #
> $>

2.  Let .  Substitution of the assumed solution results in the characteristic equationC œ /<>

<  $<  # œ ! Þ < œ  #  "#   The roots of the equation are , .  Hence the general
solution is .C œ - /  - /" #

> #>

4.  Substitution of the assumed solution  results in the characteristic equationC œ /<>

#<  $<  " œ ! Þ < œ "Î# "#   The roots of the equation are , .  Hence the general
solution is .C œ - /  - /" #

>Î# >

6.  The characteristic equation is , with roots .  Therefore the%<  * œ ! < œ „$Î##

general solution is .C œ - /  - /" #
$>Î# $>Î#

8.  The characteristic equation is , with roots .  Hence the<  #<  # œ ! < œ "„ $# È
general solution is .C œ - /B: "  $ >  - /B: "  $ >" #Š ‹ Š ‹È È
9.  Substitution of the assumed solution  results in the characteristic equationC œ /<>

<  <  # œ ! Þ < œ  # "#   The roots of the equation are , .  Hence the general
solution is .  Its derivative is .  Based on theC œ - /  - / C œ  #- /  - /" # " #

#> > w #> >

first condition, , we require that .  In order to satisfy ,C ! œ " -  - œ " C ! œ "a b a b" #
w

we find that .  Solving for the constants,  and .  Hence the #-  - œ " - œ ! - œ "" # " #

specific solution is .C > œ /a b >

11.  Substitution of the assumed solution  results in the characteristic equationC œ /<>

'<  &<  " œ ! Þ < œ "Î$ "Î##   The roots of the equation are , .  Hence the general
solution is .  Its derivative is .  BasedC œ - /  - / C œ - / Î$  - / Î#" # " #

>Î$ >Î# w >Î$ >Î#

on the first condition, , we require that .  In order to satisfy theC ! œ " -  - œ %a b " #

condition , we find that .  Solving for the constants, C ! œ " - Î$  - Î# œ ! - œ "#wa b " # "

and .  Hence the specific solution is .- œ  ) C > œ "# /  ) /# a b >Î$ >Î#

12.  The characteristic equation is , with roots , .  Therefore the<  $< œ ! < œ  $ !#

general solution is , with derivative .  In order toC œ -  - / C œ  $ - /" # #
$> w $>

satisfy the initial conditions, we find that , and .  Hence the-  - œ  #  $ - œ $" # #

specific solution is .C > œ  "  /a b $>

13.  The characteristic equation is , with roots<  &<  $ œ !#
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< œ  „
& "$

# #
"ß#

È
.

The general solution is , withC œ - /B:  &  "$ >Î#  - /B:  &  "$ >Î#" #Š ‹ Š ‹È È
derivative

C œ - /B:  &  "$ >Î#  - /B:  &  "$ >Î#
 &  "$  &  "$

# #
w

È ÈŠ ‹ Š ‹È È
" # .

In order to satisfy the initial conditions, we require that , and-  - œ "" #

& "$ & "$
# #

È È
-  - œ ! - œ "  &Î "$ Î#" # ".  Solving for the coefficients,  andŠ ‹È

- œ "  &Î "$ Î# Þ# Š ‹È

14.  The characteristic equation is , with roots#<  <  % œ !#

< œ  „
" $$

% %
"ß#

È
.

The general solution is , withC œ - /B:  "  $$ >Î%  - /B:  "  $$ >Î%" #Š ‹ Š ‹È È
derivative

C œ - /B:  "  $$ >Î%  - /B:  "  $$ >Î%
 "  $$  "  $$

% %
w

È ÈŠ ‹ Š ‹È È
" # .

In order to satisfy the initial conditions, we require that , and-  - œ !" #

" $$ " $$
% %

È È
-  - œ " - œ  #Î $$" # ".  Solving for the coefficients,  andÈ

- œ #Î $$ Þ#
È   The specific solution is

C > œ  # /B:  "  $$ >Î%  /B:  "  $$ >Î% Î $$a b ’ “Š ‹ Š ‹È È È .
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16.  The characteristic equation is , with roots .  Therefore the%<  " œ ! < œ „"Î##

general solution is .  Since the initial conditions are specified atC œ - /  - /" #
>Î# >Î#

> œ  # C œ . /  . / Þ, is more convenient to write   The derivative" #
 ># Î# ># Î#a b a b

is given by .  In order to satisfy the initialC œ  . / Î#  . / Î#w  ># Î# ># Î# ‘  ‘" #
a b a b

conditions, we find that , and .  Solving for the.  . œ "  . Î#  . Î# œ  "" # " #

coefficients, , and .  The specific solution is. œ $Î# . œ  "Î#" #

C > œ /  /
$ "

# #

œ /  / Þ
$ /

#/ #

a b  ># Î# ># Î#

>Î# >Î#

a b a b

18.  An algebraic equation with roots  and  is .  This is the #  "Î# #<  &<  # œ !#

characteristic equation for the ODE .#C  &C  # C œ !ww w

20.  The characteristic equation is , with roots , .  Therefore#<  $<  " œ ! < œ "Î# "#

the general solution is , with derivative  .  InC œ - /  - / C œ - / Î#  - /" # " #
>Î# > w >Î# >

order to satisfy the initial conditions, we require  and .-  - œ # - Î#  - œ "Î#" # " #

Solving for the coefficients, , and .  The specific solution is- œ $ - œ  "" #

C > œ $/  / Þ C œ $/ Î#  / œ !a b >Î# > w >Î# >  To find the , set .  There isstationary point
a unique solution, with .  The maximum value is then To find> œ 68 *Î% C œ *Î%Þ" "a b a b>
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the   The solution is readily found to bex-intercept, solve the equation $/  / œ ! Þ>Î# >

> œ 68* ¸ #Þ"*(## .

22.  The characteristic equation is , with roots .  Hence the%<  " œ ! < œ „"Î##

general solution is , with derivative  .C œ - /  - / C œ  -  -" # " #
>Î# >Î#>Î# >Î# w / Î# / Î#

Invoking the initial conditions, we require that  and .-  - œ #  -  - œ" # " # "

The specific solution is C > œ " a b a b" /  "  / Þ>Î# >Î#a b"   Based on the form of the
solution, it is evident that as ,  as long as .> p_ C > p! œ  "a b "

23.  The characteristic equation is .  Examining the<  #  " <   " œ !# a b a b! ! !
coefficients, the roots are  , .  Hence the general solution of the differential< œ  "! !

equation is   Assuming , all solutions will tend to C > œ - /  - / Þ −a b " #
! !> " >a b ! ‘ zero

as long as .  On the other hand, all solutions will become unbounded as long as!  !
! ! "  !  ", that is, .

25.  .C > œ # / Î&  $ / Î&a b >Î# #>

The minimum occurs at , .a b a b> C œ !Þ("'( ß !Þ("&&! !

26 .  The characteristic roots are , .  The solution of the initial valuea b+ < œ  $  #
problem is .C > œ '  /  %  /a b a b a b" "#> $>

a b ’ “, > œ 68 C œ.  The maximum point has coordinates , .! !
$ % % '
# ' #( %

a b a ba b a b" "
" "

$

#

a b È- C œ   %   '  ' $.  , as long as .!
% '

#( %

a ba b""
$

# "

a b. > œ 68 C œ _.  .    .lim lim
" "Ä_ Ä_

$
#! !

29.  Set  and .  Substitution into the ODE results in the first order equation@ œ C @ œ Cw w ww

> @  @ œ " > @ œ "w w.  The equation is , and can be written as .  Hence the generallinear a b
solution is .  Hence , and .@ œ "  - Î> C œ "  - Î> C œ >  - 68 >  -" " " #

w

31.  Setting  and , the transformed equation is .  This@ œ C @ œ C #> @  @ œ #> @w w ww # w $



—————————————————————————— ——CHAPTER 3. 

________________________________________________________________________
            page 87

is a equation, with .  Let .  Substitution of the new dependentBernoulli 8 œ $ A œ @#

variable yields , or .  Integrating, we find that > A  " œ #>A > A  #>A œ œ "# w # w

A œ >  - Î> @ œ „>Î >  - C œ „>Î >  -a b È È
" " "

# w.  Hence , that is, .  Integrating one
more time results in    Note that  is also aC > œ „ >  #- >  -  - Þ Ð @ œ !a b a bÈ#

$ " " #

solution of the transformed equation .Ñ

32.  Setting  and , the transformed equation is .  This ODE@ œ C @ œ C @  @ œ /w w ww w >

is , with integrating factor .  Hence .  Integrating,linear .a b a b> œ / @ œ C œ >  - /> w >
"

we obtain C > œ  >  - /  - Þa b a b" #
>

33.  Set  and .  The resulting equation is .  This equation is@ œ C @ œ C > @ œ @w w ww # w #

separable, with solution   Integrating, the general solution is@ œ C œ >Î "  - > Þw a b"

C > œ >Î-  - 68 "  - >  -a b k k" " #"
# ,

as long as   For , the solution is .  Note that  is- Á ! Þ - œ ! C > œ > Î#  - @ œ !" " #a b #

also a solution of the transformed equation.

35.  Let  and .  Then  is the transformed equationC œ @ C œ @ .@Î.C @ .@Î.C  C œ !w ww

for .  This equation is , with   The solution is given by@ œ @ C @ .@ œ  C .CÞa b separable
@ œ  C  - @ C œ „ -  C Þ# # w #

" ".  Substituting for , we find that   This equation isÈ
also
separable, with solution , or .+<-=38 CÎ - œ „ >  - C > œ . =38 >  .ˆ ‰È a b a b" # " #

36.  Let  and .  It follows that  is the differentialC œ @ C œ @ .@Î.C @.@Î.C  C@ œ !w ww $

equation for .  This equation is , with   The solution@ œ @ C @ .@ œ  C .CÞa b separable #

is given by .  Substituting for , we find that .  This@ œ C Î#  - @ C œ C Î#  -c d c d# w #
" "

" "

equation is separable, with .  The solution is defined also implicitlya bC Î#  - .C œ .>#
"

by .C Î'  - C  - œ >$
" #

38.  Setting  and , the transformed equation is .C œ @ C œ @.@Î.C C @.@Î.C  @ œ !w ww $

This equation is , with   The solution is separable @ .@ œ .CÎC Þ @ C œ -  68 C Þ#
"

"a b c dk k
Substituting for , we obtain a  equation, .  The solution is@ -  68 C .C œ .B separable a bk k"

given  by .implicitly - C  C 68 C  - œ ># $k k
39.  Let  and .  It follows that  is the equationC œ @ C œ @.@Î.C @.@Î.C  @ œ #/w ww # C

for .  Inspection of the left hand side suggests a substitution .  The@ œ @ C A œ @a b #

resulting
equation is .  This equation is , with integrating factor.AÎ.C  #A œ %/C linear
. œ / Þ#C

We obtain , which upon integration yields . / A Î.C œ % / A C œ % /  - / Þa b a b#C C C #C
"

Converting back to the original dependent variable,    SeparatingC œ „/ % /  - Þw C CÈ
"

variables, .  Integration yields ./ % /  - .C œ „.> % /  - œ „#>  -C C Ca b È
" "

"Î#
#

41.  Setting  and , the transformed equation is .C œ @ C œ @.@Î.C @.@Î.C  $C œ !w ww #
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This equation is , with   The solution is separable @.@ œ $C .C Þ C œ @ œ #C  - Þ# w $È
"

The  root is chosen based on the initial conditions.  Furthermore, when ,positive > œ !
C œ # C œ @ œ % - œ !, and .  The initial conditions require that .  It follows thatw

"

C œ #C Þ "Î C œ  >Î #  -w $È È È  Separating variables and integrating, .  Hence#

the solution is C > œ #Î "  > Þa b a b#
42.  Setting  and , the transformed equation is @ œ C @ œ C "  > @  #> @ œw w ww # wa b
œ  $> Þ @  #> @Î "  > œ  $> Î "  > Þ# #  Rewrite the equation as   Thisw # #a b a b

equation is , with integrating factor .  Hence we havelinear . œ "  >#

 ‘ˆ ‰"  > @ œ  $> Þ# w #

Integrating both sides, .  Invoking the initial condition@ œ $> Î "  >  - Î "  >"
"a b a b# #

@ " œ  " - œ  & C œ $  &> Î >  >a b a b a b, we require that .  Hence .  Integrating,"
w $

we obtain .  Based on the initial conditionC > œ 68 > Î "  >  & +<->+8 >  -a b c d a ba b$
#

# #
#

C " œ # - œ 68 #   #a b , we find that .#
$ &
# %1
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Section 3.2

1.

[ / ß / œ œ  / Þ
/ /

#/  /

(

#
ˆ ‰ º º#> $>Î# >Î#

#> $>Î#

#> $>Î#$
#

3.

[ / ß > / œ œ /
/ >/

 #/ "  #> /
ˆ ‰ º ºa b#> #> %>

#> #>

#> #> .

5.

[ / =38 > ß / -9= > œ œ  /
/ =38 > / -9= >

/ =38 >  -9= > / -9= >  =38 >
ˆ ‰ º ºa b a b> > #>

> >

> > .

6.

[ -9= ß "  -9= # œ œ !
-9= "  -9= #

 #=38 -9=  # =38 #
ˆ ‰ º º#

#

) )
) )
) ) )

.

7.  Write the equation as .   is continuous for all .C  $Î> C œ " : > œ $Î> >  !ww wa b a b
Since , the IVP has a unique solution for all .>  ! >  !!

9.  Write the equation as .  The coefficients are notC  C  C œww w$ % #
>% > >% > >%a b a b

continuous at  and .  Since , the largest interval is .> œ ! > œ % > − ! ß % !  >  %! a b
10.  The coefficient  is discontinuous at .  Since , the largest interval$68 > > œ ! >  !k k !

of existence is .!  >  _

11.  Write the equation as .  The coefficients are discontinuousC  C  C œ !ww wB
B$ B$

68 Bk k
at  and .  Since , the largest interval is .B œ ! B œ $ B − ! ß $ !  B  $! a b
13.  .  We see that .  , with .C œ # > #  # > œ ! C œ # > > C  # C œ !ww # # ww $ # ww

" # # #a b a b a b a b
Let ,  then  .  It  is evident that  is also a solution.C œ - >  - > C œ #-  #- > C$ " # " # $$

# " ww $

16.  No.  Substituting  into the differential equation,C œ =38 >a b#
 %> =38 >  #-9= >  #> -9= > : >  =38 > ; > œ !# # # # #ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b .

For the equation to be valid, we must have , which is : > œ  "Î>a b not continuous, or
even defined, at .> œ !
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17.    Dividing both sides by , we find[ / ß 1 > œ / 1 >  #/ 1 > œ $/ Þ /a b a b a ba b#> #> w #> %> #>

that  must satisfy the ODE   Hence 1 1  #1 œ $/ Þ 1 > œ $> /  - / Þw #> #> #>a b
19.  .  Also, .  Upon evaluation,[ 0 ß 1 œ 01  0 1 [ ? ß @ œ [ #0  1 ß 0  #1a b a b a bw w

[ ? ß @ œ &01  &0 1 œ &[ 0 ß 1a b a bw w .

20.  , and  .[ 0 ß 1 œ 01  0 1 œ > -9= >  =38 > [ ? ß @ œ  %01  %0 1a b a bw w w w

Hence .[ ? ß @ œ  %> -9= >  %=38 >a b
22.  The general solution is C œ - /  - / [ / ß / œ #/" #

$> > $> > %>.  , and hencea b
the exponentials form a fundamental set fundamental of solutions.  On the other hand, the 
solutions must also satisfy the conditions , ; , C " œ " C " œ ! C " œ ! C " œ " Þ" #" #a b a b a b a bw w

For , the initial conditions require C" -  - œ /  $-  - œ !" # " #, .  The coefficients are
- œ  / Î# - œ $/Î# -  - œ !" # " #

$ , .  For the solution, , the initial conditions require C#

, .  The coefficients are , .  Hence the fundamental $-  - œ / - œ  / Î# - œ /Î#" # " #
$

solutions are ˜ ™C œ C œ" # /  / ß  /  / Þ" $ " "
# # # #

$ >"  >" $ >"  >"a b a b a b a b

23.  Yes.  ;  .  C œ  % -9= #> C œ  % =38 #> [ -9= #> ß =38 #> œ # Þww ww
" # a b

24.  Clearly,  is a solution.  ,   Substitution into theC œ / C œ "  > / C œ #  > / Þ" # #
> w > ww >a b a b

ODE results in .  Furthermore, a b a b a b#  > /  # "  > /  > / œ ! [ / ß >/ œ / Þ> > > > > #>

Hence the solutions form a fundamental set of solutions.

26.  Clearly,  is a solution.  ,   Substitution into theC œ B C œ -9= B C œ  =38B Þ" # #
w ww

ODE results in .  ,a ba b a b a b"  B -9> B  =38 B  B -9= B  =38 B œ ! [ C C œ B -9=" #

B  =38 B,
which is   Hence  is a fundamental set of solutions.nonzero for .!  B  1 e fB ß =38 B

28.  , , .  We have .  The equation is T œ " U œ B V œ " T U V œ !ww w exact.  Note
that .  Hence .  This equation is , with integratinga b a bC  BC œ ! C  BC œ -w ww w

" linear
factor   Therefore the general solution is. œ / ÞB Î##

C B œ - /B:  B Î# /B: ? Î# .?  - /B:  B Î# Þa b ˆ ‰ ˆ ‰ ˆ ‰(" #
# # #

B

B

!

29.  T œ " U œ $B V œ B T U V œ  &B, , .  Note that , and therefore the# ww w

differential equation is not exact.

31.  .T œ B U œ B V œ  " T U V œ !# ww w, , .  We have .  The equation is exact
Write the equation as .  Integrating, we find that .a b a bB C  BC œ ! B C  BC œ -# w # ww w

Divide both sides of the ODE by .  The resulting equation is , with integratingB# linear
factor .  Hence .  The solution is .. œ "ÎB CÎB œ - B C > œ - B  - Ba b a bw $ "

" #
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33.  T œ B U œ B V œ B  #T U œ $B# # # w, , .  Hence the coefficients are  and/
T U V œ B " ww w # #/ .  The adjoint of the original differential equation is given
by B  $B  œ !# ww w. . .a bB " # #/ .

35.  , , .  Hence the coefficients are given by  andT œ " U œ ! V œ  B #T U œ !w

T  U V œ  Bww w .  Therefore the .adjoint of the original equation is . .ww  B œ !
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Section 3.3

1.  Suppose that , that is,  on some! " ! "0 >  1 > œ ! >  &>  >  &> œ !a b a b a b a b# #

interval .  Then , .  Since a quadratic .has at mostM  >  &  > œ ! a > − Ma b a b! " ! "#

two
roots, we must have  solution is .! " ! " œ !  œ ! and .  The only ! "œ œ !
Hence the two functions are linearly . independent

3.  Suppose that , for some , on an interval .  Since the/ -9= > œ E/ =38 > E Á ! M- -> >. .
function  on some  , we conclude that  on .=38 > Á ! M § M >+8 > œ E M. .subinterval ! !

This is clearly a contradiction, hence the functions are linearly . independent

4.  Obviously,  for all real numbers .  Hence the functions are linearly0 B œ / 1 B Ba b a b
dependent.

5.  Here  for all real numbers.  Hence the functions are linearly .0 B œ $1 Ba b a b  dependent

)Þ 0 B œ 1 B B − Ò ! ß_Ñ 0 B œ  1 B B − Ð _ ß ! Ó  Note that  for , and  for .  Ita b a b a b a b
follows that the functions are linearly  on  and .  Nevertheless, they aredependent ‘ ‘ 

linearly  on  open interval containing .independent any zero

9.  Since  has only  zeros,  cannot identically vanish on any[ > œ > =38 > [ >a b a b# isolated
open interval.  Hence the functions are linearly .independent

10.  Same argument as in Prob. 9.

11.  By linearity of the differential operator,  and  are also solutions.- C - C" " # #

Calculating
the Wronskian, .[ - C ß - C œ - C - C  - C - C œ - - [ C ß Ca b a ba b a b a b a b" " # # " " # # " " # # " # " #

w w

Since  is not  , neither is .[ C ß C [ - C ß - Ca b a b" # " " # #identically zero

13.  Direct calculation results in

[ + C  + C ß , C  , C œ + , [ C ß C  , + [ C ß C

œ + ,  + , [ C ß C Þ

a b a b a ba b a b" " # # " " # # " # " # " # " #

" # # " " #

Hence the combinations are also linearly independent as long as .+ ,  + , Á !" # # "

14.  Let .  Then  and .  The only! " ! " ! "a b a bi j i j i j   œ !  !  œ !  œ !
solution is .  Hence the given vectors are linearly independent.  Furthermore,! "œ œ !
any vector .+  + œ    " #i j i j i jˆ ‰ ˆ ‰a b a b+ + + +

# # # #
" # " # 

16.  Writing the equation in standard form, we find that .  Hence theT > œ =38 >Î-9= >a b
Wronskian is  , in which  is[ > œ , /B:  .> œ , /B: 68 -9= > œ , -9= > ,a b a bˆ ‰' k k=38 >

-9= >

some constant.
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17.  After writing the equation in standard form, we have .  The WronskianT B œ "ÎBa b
is , in which  is some constant.[ > œ - /B:  .B œ - /B:  68 B œ -Î B -a b a b k kˆ ‰' k k"

B

18.  Writing the equation in standard form, we find that .  TheT B œ  #BÎ "  Ba b a b#
Wronskian is  ,[ > œ - /B:  .B œ - /B:  68 "  B œ - "  Ba b a b k kˆ ‰' k k#B

"B
# #

#

"

in which  is some constant.-

19.  Rewrite the equation as   After writing the equation: > C  : > C  ; > C œ ! Þa b a b a bww w w

in standard form, we have .  Hence the Wronskian isT > œ : > Î: >a b a b a bw

[ > œ - /B:  .> œ - /B:  68 : > œ -Î: >
: >

: >
a b a b a bŒ ( a ba b a bw

.

21.  The Wronskian associated with the solutions of the differential equation is given by
[ > œ - /B:  .> œ - /B:  #Î> [ # œ $a b a b a bˆ ‰' #

># .  Since , it follows that for the
hypothesized set of solutions, .  Hence .- œ $ / [ % œ $ /a b È
22.  For the given differential equation, the Wronskian satisfies the first order differential
equation .  Given that  is , it is necessary that .[  : > [ œ ! [ : > ´ !w a b a bconstant

23.  Direct calculation shows that

[ 0 1 ß 0 2 œ 01 02  01 02

œ 01 0 2  02  0 1  01 02

œ 0 [ 1 ß 2 Þ

a b a ba b a b a ba ba b a ba ba b
w w

w w w w

#

25.  Since  and  are solutions, they are differentiable.  The hypothesis can thus beC C" #

restated as  at some point  in the interval of definition.  ThisC > œ C > œ ! >" #! ! !
w wa b a b

implies that .  But , which[ C ß C > œ ! [ C ß C > œ - /B:  : > .>a ba b a ba b a bˆ ‰'
" # ! " # !

cannot be equal to zero, unless  .  Hence , which is ruled out for- œ ! [ C ß C ´ !a b" #

a fundamental set of solutions.
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Section 3.4

2.  ./B: #  $3 œ / / œ / -9= $  3 =38 $a b a b# $3 #

3.  ./ œ -9=  3 =38 œ  "31 1 1

4.  ./B: #  3 œ / -9=  3 =38 œ  / 3ˆ ‰ ˆ ‰1 1 1
# # #

# #

6.  1 1 1 1 1"#3 "œ /B:  "  #3 68 œ /B:  68 /B: # 68 3 œ /B: # 68 3 œc d a b a b a ba b
1

œ -9= # 68  3 =38 # 68 Þ"
1
c da b a b1 1

8.  The characteristic equation is , with roots .  Hence the<  #<  ' œ ! < œ "„ 3 &# È
general solution is .C œ - / -9= & >  - / =38 & >" #

> >È È
9.  The characteristic equation is , with roots .  The roots<  #<  ) œ ! < œ  % ß ##

are ence the general solution is .real and different, h C œ - /  - /" #
%> #>

10.  The characteristic equation is , with roots .  Hence the<  #<  # œ ! < œ  "„ 3#

general solution is .C œ - / -9= >  - / =38 >" #
> >

12.  The characteristic equation is , with roots .  Hence the%<  * œ ! < œ „ 3# $
#

general solution is .C œ - -9= >  - =38 >" #
$ $
# #

13.  The characteristic equation is , with roots .  Hence<  #<  "Þ#& œ ! < œ  "„ 3# "
#

the general solution is .C œ - / -9= >  - / =38 >" #
> >" "

# #

15.  The characteristic equation is , with roots .  Hence<  <  "Þ#& œ ! < œ  „ 3# "
#

the general solution is .C œ - / -9= >  - / =38 >" #
Î# Î#> >

16.  The characteristic equation is , with roots .  Hence<  %<  'Þ#& œ ! < œ  #„ 3# $
#

the general solution is .C œ - / -9= >  - / =38 >" #
#> #>$ $

# #

17.  The characteristic equation is , with roots .  Hence the general<  % œ ! < œ „#3#

solution is .  Its derivative is .C œ - -9= #>  - =38 #> C œ  #- =38 #>  #- -9= #>" # " #
w

Based on the first condition, , we require that .  In order to satisfy theC ! œ ! - œ !a b "

condition , we find that .  The constants are  and .C ! œ " #- œ " - œ ! - œ "Î#wa b # " #

Hence the specific solution is .C > œ =38 #>a b "
#

19.  The characteristic equation is , with roots .  Hence the<  #<  & œ ! < œ "„#3#

general solution is .  Based on the condition, ,C œ - / -9= #>  - / =38 #> C Î# œ !" #
> > a b1

we require that .  It follows that , and so the first derivative is- œ ! C œ - / =38 #>" #
>

C œ - / =38 #>  #- / -9= #> C Î# œ #w > > w
# # .  In order to satisfy the condition , we finda b1

that .  Hence we have .  Therefore the specific solution is #/ - œ # - œ  /1 1Î# Î#
# #



C > œ  / =38 #>a b >1Î# .
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20.  The characteristic equation is , with roots .  Hence the general<  " œ ! < œ „ 3#

solution is .  Its derivative is .  BasedC œ - -9= >  - =38 > C œ  - =38 >  - -9= >" # " #
w

on the first condition, , we require that .  In order to satisfyC Î$ œ # -  $ - œ %a b È1 " #

the condition , we find that .  Solving these forC Î$ œ  %  $ -  - œ  )wa b È1 " #

the constants,  and   Hence the specific solution is a steady- œ - œ" #"  # $ $  #È È .
oscillation, given by .C > œ -9= >  =38 >a b Š ‹ Š ‹È È"  # $ $  #

21.  From Prob. 15, the general solution is .  InvokingC œ - / -9= >  - / =38 >" #
Î# Î#> >

the first initial condition, , which implies that .  Substituting, it followsC ! œ $ - œ $a b "

that , and so the first derivative isC œ $/ -9= >  - / =38 >> >Î# Î#
#

C œ  / -9= >  $/ =38 >  - / -9= >  / =38 >
$ -

# #
w > > > >Î# Î# Î# Î#

#
# .

Invoking the initial condition, , we find that , and so .C ! œ "   - œ " - œw $ &
# #a b # #

Hence the specific solution is C > œ $/ -9= >  / =38 > Þa b > >&
$

Î# Î#

24 .  The characteristic equation is , with roots .a b+ &<  #<  ( œ ! < œ  „ 3# "
& &

$%È
The solution is .  Invoking the given initial? œ - / -9= >  - / =38 >" #

Î& Î&> >$% $%
& &

È È
conditions, we obtain the equations for the coefficients : , .- œ #  #  $% - œ &" #

È
That is, , .  Hence the specific solution is- œ # - œ (Î $%" #

È
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? > œ #/ -9= >  / =38 >
$% $%

& &
a b È È

> >Î& Î&(

$%È .

a b a b, ? > X "%  >  "'.  Based on the graph of ,  is in the interval .  A numerical solution
on that interval yields .X ¸ "%Þ&""&

26 .  The characteristic equation is , with roots a b+ <  #+ <  œ ! < œ  +„ 3 Þ# a b+  "#

Hence the general solution is .  Based on the initialC > œ - / -9= >  - / =38 >a b " #
+> +>

conditions, we find that  and   Therefore the specific solution is given by- œ " - œ + Þ" #

C > œ / -9= >  + / =38 >

œ "  + / -9= > 

a b È a b
+> +>

# +> 9 ,

in which 9 œ >+8 + Þ"a b
a b k ka b È, C > Ÿ "  + /.  For estimation, note that .  Now consider the inequality# +>

È È’ “"  + / Ÿ "Î"! >   68 "! "  + Þ# #+> "
+.  The inequality holds for   Therefore

X Ÿ 68 "! "  + + œ " X ¸ "Þ)('$"
+

#’ “È .  Setting , numerical analysis gives .

a b- X ¸ (Þ%#)% X ¸ %Þ$!!$ X ¸ "Þ&""' X ¸ "Þ"%*'.  Similarly, , , , ."Î% "Î# # $

a b. .
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Note that the estimates  approach the graph of  as  gets large.X 68 "! "  + ++
"
+

#’ “È
27.  Direct calculation gives the result.  On the other hand, it was shown in Prob. 3.3.23
that [ 0 1 ß 0 2 œ 0 [ 1 ß 2 Þa b a b#   Hence

[ / -9= > ß / =38 > œ / [ -9= > ß =38 >

œ / -9= > =38 >  -9= > =38 >

œ / Þ

ˆ ‰ a b ‘a b a b
- - -

-

-

> > # >

# > w w

# >

. . . .

. . . .

.

28 .  Clearly,  and  are solutions.  Also, a b a b+ C C [ -9= >ß =38 > œ -9= >  =38 > œ "Þ" #
# #

a b, C œ 3 / C œ 3 / œ  / Þ C C œ - C  - C.  ,   Evidently,  is a solution and so .w 3> ww # 3> 3>
" " # #

a b- > œ ! " œ - -9= !  - =38 ! - œ ! 3 / œ - -9= >.  Setting , , and .  Differentiating, ." # " #
3>

Setting ,  and hence .  Therefore .> œ ! 3 œ - -9= ! - œ 3 / œ -9= >  3 =38 ># #
3>

29.   is .  It follows that .Euler's formula / œ -9= >  3 =38 > / œ -9= >  3 =38 >3> 3>

Adding these equation, .  Subtracting the two equations results in/  / œ # -9= >3> 3>

/  / œ #3 =38 >3> 3> .

30.  Let , and .  Then< œ  3 < œ  3" " " # # #- . - .

/B: <  < > œ /B:  >  3  >

œ / -9=  >  3 =38  >

œ / -9= >  3=38 > -9= >  3=38 >

œ / -9= >

a b c da b a bc da b a bc da ba ba b

" # " # " #

" # " #

" " # #

"

- - . .

. . . .

. . . .

.

a b
a b
- -

- -

-

" #

" #

"

 >

 >

>  3=38 > † / -9= >  3=38 >. . ." " "
-#>a b

Hence  / œ / / Þa b< < > < > < >" # " #

32.  If  is a solution, then9a b a b a b> œ ? >  3 @ >

a b a ba b a ba b?  3@  : > ?  3@  ; > ?  3@ œ !ww w ,

and .  After expanding the equation anda b a ba b a ba b?  3@  : > ?  3@  ; > ?  3@ œ !  ww ww w w

separating the  and  parts,real imaginary

?  : > ?  ; > ? œ !

@  : > @  ; > @ œ !

ww w

ww w

a b a ba b a b
Hence both  and  are solutions.? > @ >a b a b
34 .  By the ,   In general, .  Setting ,a b a b+ C B œ B Þ œ D œchain rule w .C .C

.B .> .B .> .>
w .D .D .B

we have   However,. C .C . C .C
.> .B .> .B .B .> .> .B .> .> .B .B .> .>

.D .B . .B .B .B .B . .B .B# #

# #œ œ œ  Þ ‘  ‘’ “
. .B .B . B .> .B . B .B . B
.B .> .> .> .B .> .> .> .B .> .B .>

. C . C .C ‘  ‘’ “œ † œ œ 
# # #

# # # # #

# #

.  Hence .#
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a b a b a b a b, + C  : > C  ; > C œ !.  Substituting the results in Part  into the general ODE, ,ww w

`we find that

. C .B .C . B .C .B

.B .> .B .> .B .>
  : >  ; > C œ !

# #

# #” • a b a b#

.

Collecting the terms,

” • ” •a b a b.B . C . B .B .C

.> .B .> .> .B
  : >  ; > C œ ! Þ

# # #

# #

a b a b a b a b ‘ È- œ 5 ; > ; >  ! œ 5 ; >.  Assuming , and , we find that , which can.B .B
.> .>

#

be integrated.  That is, .B œ > œ 5 ; > .>0a b a b' È
a b a b a b a b È. 5 œ "  : > œ  : > > œ  : ; Þ.  Let .  It follows that   Hence. B .B

.> .> .> # ;
. ;#

#

w0 0 È

” • ” •a b a b a b a bc da b. B .B .B ; >  #: > ; >

.> .> .>
 : > œ

# ; >

# w

#
Î

#

$Î#
.

As long as , the differential equation can be expressed as.BÎ.> Á !

. C ; >  #: > ; > .C

.B .B
  C œ ! Þ

# ; >

# w

# ” •a b a b a bc da b $Î#

* For the case , write , and set .; >  ! ; > œ   ; > œ  ; >a b a b c d a ba b  ‘.B
.>

#

36.   and .  We have .  Furthermore,: > œ $> ; > œ > B œ > .> œ > Î#a b a b '# #

; >  #: > ; >

# ; >
œ "  $> Î>

w
# #a b a b a bc da b ˆ ‰

$Î#
.

The ratio is  constant, and therefore the equation cannot be transformed.not

37.   and .  We have .  Furthermore,: > œ >  "Î> ; > œ > B œ > .> œ > Î#a b a b '# #

; >  #: > ; >

# ; >
œ "

wa b a b a bc da b $Î#
.

The ratio is constant, and therefore the equation can be transformed.  From Prob. 35,
the transformed equation is

. C .C

.B .B
  C œ ! Þ

#

#

Based on the methods in this section, the characteristic equation is <  <  " œ !# , with
roots < œ  „ 3"

# #
$È .  The general solution is
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C B œa b - / -9= $ BÎ#  - / =38 $ BÎ#" #
 Î#  Î#B BÈ È .

Since , the solution in the original variable  isB œ > Î# >#

C > œa b ’ “/ - -9= $ > Î%  - =38 $ > Î%> Î% # ##

" #Š ‹ Š ‹È È .

40.   and .  We have .  Furthermore,: > œ %Î> ; > œ #Î> B œ > .> œ 68 >a b a b '# È È# #"

; >  #: > ; > $

# ; >
œ

#

wa b a b a bc da b È$Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C $ .C

.B .B
  C œ ! Þ

#

#

# È
Based on the methods in this section, the characteristic equation is È#  <  $<  # œ !# È ,
with roots , < œ  #  "Î #È È .  The general solution is

C B œa b - /  - /" #
 #  Î #È ÈB B .

Since , the solution in the original variable  isB œ # 68 > >È
C > œa b - /  - /

œ - >  - > Þ
" #

# 

" #
# "

68 > 68 >

41.   and .  We have .: > œ $Î> ; > œ "Þ#&Î> B œ > .> œ 68 >a b a b '# È È"Þ#& "Þ#&"

Checking the feasibility of the transformation,

; >  #: > ; > %

# ; >
œ

&

wa b a b a bc da b È$Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C % .C

.B .B
  C œ ! Þ

&

#

# È
Based on the methods in this section, the characteristic equation isÈ& <  %<  & œ ! < œ  „3# # "

& &
È , with roots È È .  The general solution is

C B œa b - / -9= B  - / =38 B" #
# Î & # Î &B BÈ È

Î & Î &È È .

Since , the solution in the original variable  is#BÎ & œ 68 > >È
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C > œa b - / -9= 68 >  - / =38 68 >

œ > - -9= 68 >  - =38 68 >

" #
 

"
" #

68 > 68 >Š ‹ Š ‹È È
’ “Š ‹ Š ‹È È .

42.   and .  Set .: > œ  %Î> ; > œ  'Î> B œ ' > .> œ ' 68 >a b a b '# È È"

Checking the feasibility of the transformation ,a b‡see Prob. 34 d , with ;  !

 ; >  #: > ; >  &

#  ; >
œ

'

wa b a b a bc da b È$Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C  & .C

.B .B
  C œ ! Þ

'

#

# È
Based on the methods in this section, the characteristic equation is È' <  &#

<  ' œ !È ,
with roots , < œ '  "Î 'È È .  The general solution is

C B œa b - /  - /" #
'  Î 'È ÈB B .

Since , the solution in the original variable  isB œ ' 68 > >È
C > œa b - /  - /

œ - >  - > Þ

" #


" #
"

'68 > 68 >

'
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Section 3.5

2.  The characteristic equation is , with the  root *<  '<  " œ ! < œ  "Î$ Þ# double
Based on the discussion in this section, the general solution is .C > œ - /  - > /a b " #

 Î$  Î$> >

3.  The characteristic equation is , with roots ,   The%<  %<  $ œ ! < œ  "Î# $Î# Þ#

general solution is .C > œ - /  - /a b " #
 Î# $ Î#> >

4.  The characteristic equation is , with the  root %<  "#<  * œ ! < œ  $Î# Þ# double
Based on the discussion in this section, the general solution is .C > œ -  - > /a b a b" #

$ Î#>

5.  The characteristic equation is , with complex roots <  #<  "! œ ! < œ "„$3Þ#

The general solution is .C > œ - / -9= $>  - / =38 $>a b " #
> >

6.  The characteristic equation is , with the  root   The<  '<  * œ ! < œ $ Þ# double
general solution is .C > œ - /  - > /a b " #

$ $> >

7.  The characteristic equation is , with roots , %<  "(<  % œ ! < œ  "Î%  % Þ#

The general solution is .C > œ - /  - /a b " #
 Î% > %>

8.  The characteristic equation is , with the  root "'<  #%<  * œ ! < œ  $Î% Þ# double
The general solution is .C > œ - /  - > /a b " #

$ $>Î% >Î%

10.  The characteristic equation is , with complex roots #<  #<  " œ ! < œ  „ 3Þ# " "
# #

The general solution is .C > œ - / -9= >Î#  - / =38 >Î#a b " #
 >Î# >Î#

11.  The characteristic equation is , with the  root *<  "#<  % œ ! < œ #Î$ Þ# double
The general solution is .  Invoking the first initial condition, itC > œ - /  - > /a b " #

# Î$ # Î$> >

follows that   Now .  Invoking the second- œ # Þ C > œ %Î$  - /  #- > / Î$" # #
# Î$ # Î$w > >a b a b

initial condition,  , or  .  Hence .%Î$  - œ  " - œ  (Î$ C > œ #/  > /# #
# Î$ # Î$a b > >(

$

Since the second term dominates for large ,  .> C > p _a b
13.  The characteristic equation is , with complex roots *<  '<  )# œ ! < œ  „$ 3Þ# "

$

The general solution is .  Based on the first initialC > œ - / -9= $>  - / =38 $>a b " #
 >Î$ >Î$

condition,   Invoking the second initial condition,  , or  .- œ  " Þ "Î$  $- œ # - œ" # #
&
*

Hence .C > œ  / -9= $>  / =38 $>a b  >Î$ >Î$&
*
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15 .  The characteristic equation is , with the  root a b+ %<  "#<  * œ ! < œ  Þ# $
#double

The general solution is .  Invoking the first initial condition,C > œ - /  - > /a b " #
$ Î# $ Î#> >

it follows that   Now .  The second- œ " Þ C > œ  $Î#  - /  - > /" # #
# Î$ # Î$w > >$

#a b a b
initial condition requires that , or  .  Hence the specific $Î#  - œ  % - œ  &Î## #

solution is .C > œ /  > /a b $ Î# $ Î#> >&
#

a b, .  The solution crosses the x-axis at .> œ !Þ%

a b- .  The solution has a minimum at the point .a b"'Î"& ß  &/ Î$)Î&

a b a b. C ! œ ,.  Given that , we have w  $Î#  - œ , - œ ,  $Î## #, or  .  Hence the
solution is .  Since the C > œ /  ,  > /a b ˆ ‰$ Î# $ Î#> >$

# second long- term dominates, the 
term sign solution depends on the  of the coefficient .  The critical value is ,  , œ  Þ$ $

# #

16.  The characteristic roots are .  Hence the general solution is given by< œ < œ "Î#" #

C > œ - /  - > / - œ #a b " # "
Î# Î#> > .  Invoking the initial conditions, we require that , and that

"  - œ , C > œ #/  ,  " > /#
Î# Î#.  The specific solution is .  Since the a b a b> > second term

dominates, the  solution depends on the  of the coefficient .  Thelong-term sign ,  "

critical value is , œ "Þ
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18 .  The characteristic roots are .  Therefore the general solution isa b+ < œ < œ  #Î$" #

given by .  Invoking the initial conditions, we require thatC > œ - /  - > /a b " #
# Î$ #>Î$>

- œ +  #+Î$  - œ  "" #, and that .  After solving for the coefficients, the specific
solution is .C > œ +/   " > /a b ˆ ‰# Î$ #>Î$> #+

$

a b, .  Since the second long-term sign term dominates, the  solution depends on the  of the
coefficient .  The critical value is #+

$  " + œ $Î# Þ

20 .  The characteristic equation is , with  root a b+ <  #+<  + œ ! < œ +Þ# # double 

Hence one solution is .C > œ - /" "a b +>

a b, [  #+[ œ !.  Recall that the Wronskian satisfies the differential equation .  Thew

solution of this equation is .[ > œ - /a b #+>

a b- [ œ C C  C C - / C  +- / C œ - /.  By definition, .  Hence ." # " " ## " #
w w +> w +> #+>

That is, .  This equation is first order C  + C œ - /# # #
w +> linear, with general solution

C > œ - >/  - / - œ " - œ ! C > œ >/ Þ# # $ # $ #a b a b+> +> +>.  Setting  and , we obtain 

22 .  Write .  It follows that  and a b ˆ ‰+ +<  ,<  - œ + <  <  œ  #< œ < Þ# # #, - , -
+ + + +" "

Hence   We+<  ,<  - œ +<  #+< <  +< œ + <  #< <  < œ + <  < Þ# # # # # #
" " "" "a b a b

find that   Setting , .P / œ +<  ,<  - / œ + <  < / Þ < œ < P / œ !c d a b a b c d<> # <> <> < >#
" "

"

a b a b, 3 <.  Differentiating Eq.  with respect to ,

`

`<
P / œ +>/ <  <  #+/ <  < ‘ a b a b<> <> <>#

" " .

Now observe that

` ` ` `

`< `< `> `>
P / œ + /  , / - /

œ + /  , / - /
` ` ` ` `

`> `< `> `< `<

œ + >/  , >/ - >/
` `

`> `>

 ‘ ˆ ‰ ˆ ‰ ˆ ‰” •
” •Œ  Œ  Œ 

ˆ ‰ ˆ ‰ ˆ ‰

<> <> <> <>
#

#

#

#
<> <> <>

#

#
<> <> <> .

Hence .  Setting , .P >/ œ +>/ <  <  #+/ <  < < œ < P >/ œ !c d a b a b c d<> <> <> < >#
" " "

"

23.  Set .  Substitution into the ODE results inC > œ > @ >#a b a b#

> > @  %>@  #@  %> > @  #>@  '> @ œ !# # ww w # w #ˆ ‰ ˆ ‰ .

After collecting terms, we end up with .  Hence , and thus> @ œ ! @ > œ -  - >% ww a b " #

C > œ - >  - > - œ ! - œ " C > œ > Þ# " # " # #a b a b# $ $.  Setting  and , we obtain 

24.  Set .  Substitution into the ODE results inC > œ > @ >#a b a b
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> >@  #@  #> >@  @  #>@ œ !# ww w wa b a b .

After collecting terms, we end up with .  This equation is > @  %> @ œ !$ ww # w linear in
the variable A œ @ @ > œ - > @ > œ - >  -w w.  It follows that , and .  Thusa b a b% $

" #

C > œ - >  - > - œ " - œ ! C > œ > Þ# " # " # #
# #a b a b.  Setting  and , we obtain 

26.  Set .  Substitution into the ODE results in .  This ODEC > œ > @ > @  @ œ !#a b a b ww w

is .  It follows that , and .linear in the variable A œ @ @ > œ - / @ > œ - /  -w w > >a b a b" " #

Thus .  Setting  and , we obtain C > œ - >/  - > - œ " - œ ! C > œ >/ Þ# " # " # #a b a b> >

28.  Set .  Substitution into the ODE results inC B œ / @ B#a b a bB

@  @ œ !
B  #

B  "
ww w .

This ODE is .  An integrating factor islinear in the variable A œ @ w

. œ /B: .B

œ Þ
/

B  "

Œ ( B  #

B  "
B

Rewrite the equation as , from which it follows that . ‘ a b a b/ @
B"

w w BB w

œ ! @ B œ - B  " /

Hence  and .  Setting  and , we@ B œ - B/  - C B œ - B  - / - œ " - œ !a b a b" # # " # " #
B B

obtain C B œ BÞ#a b
29.  Set , in which .  It can be verified thatC B œ C B @ B C B œ B /B: # B#

"Î%a b a b a b a b ˆ ‰È1 1

C B C  B  !Þ")(& C œ !1 is a solution of the ODE, that is, .  Substitution of the# ww
" "a b

given form of   results in the differential equationC#

#B @  %B  B @ œ !*Î% (Î% &Î%ww wˆ ‰ .

This ODE is .  An integrating factor islinear in the variable A œ @ w

. œ /B: #B  .B
"

#B

œ B /B: % B Þ

Œ ( ” •
È Èˆ ‰

"Î#

Rewrite the equation as  , from which it follows that ‘È ˆ ‰ÈB /B: % B @ œ !w w

@ B œ - /B:  % B Î Bwa b ˆ ‰È È .

Integrating,  and as a result,@ B œ - /B:  % B  -a b ˆ ‰È" #

C B œ - B /B:  # B  - B /B: # B# " #
"Î% "Î%a b ˆ ‰ ˆ ‰È È .

Setting  and , we obtain - œ " - œ ! C B œ B /B:  # B Þ" # #
"Î%a b ˆ ‰È



—————————————————————————— ——CHAPTER 3. 

________________________________________________________________________
            page 105

32.  Direct substitution verifies that  is a solution of the ODE.C > œ /B:  B Î#"a b a b$ #

Now set .  Substitution of  into the ODE results inC B œ C B @ B C# #a b a b a b1

@  B@ œ !ww w$ .

This ODE is .  An integrating factor is .linear in the variable A œ @ œ /B:w . a b B Î#$ #

Rewrite the equation as  , from which it follows thatc d/B: @ œ !a b B Î#$ # w w

@ B œ - /B: B Î#w #a b ˆ ‰" $ .

Integrating, we obtain

@ B œ - /B: ? Î# .?  @ Ba b a b( ˆ ‰" !

B

B
#

!

$ .

Hence

C B œ - /B:  B Î# /B: ? Î# .?  - /B:  B Î## " #a b ˆ ‰ ˆ ‰ ˆ ‰($ $ $# # #

B

B

!

.

Setting , we obtain a second independent solution.- œ !#

34.  After writing the ODE in standard form, we have .  Based on : > œ $Î>a b Abel's
identity,   As shown in Prob. 33, two solutions[ C ß C œ - /B:  .> œ - > Þa b ˆ ‰'

" # " "
$
>

$

of a second order linear equation satisfy

a b a bC ÎC œ [ C ß C ÎC# " " # "
#w .

In the given problem, .  Hence   Integrating both sides of theC > œ > > C œ - > Þ" # "a b a b" "w

equation, C > œ - > 68 >  - > Þ# " #
"a b "

36.  After writing the ODE in standard form, we have .  Based on: B œ  BÎ B  "a b a b
Abel's identity,   Two solutions of a[ C ß C œ - /B: .B œ - / B  " Þa b a bˆ ‰'

" #
B

B"
B

 
second order linear equation satisfy

a b a bC ÎC œ [ C ß C ÎC# " " # "
#w .

In the given problem, .  Hence   Integrating bothC B œ / / C œ - / B  " Þ" #a b a b a bB B Bw

sides of the equation,   C B œ - B  - / Þ# " #a b B Setting  and , we obtain- œ " - œ !" #

C B œ B Þ#a b
37.  W ,rite the ODE in standard form to find .  Based on : B œ "ÎBa b Abel's identity
[ C ß C œ - /B: .B œ - B Þa b ˆ ‰'

" #  "
B

"   Two solutions of a second order linear ODE
satisfy .  In the given problem, .  Hencea b a b a bC ÎC œ [ C ß C ÎC C B œ B =38 B# " " # ""

# "Î#w

 ÈB

=38 B =38 B
C œ - Þ

"
#

w

#
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Integrating both sides of the equation,   C B œ - B -9= B  - B =38 BÞ# " #
"Î# "Î#a b Setting

- œ " - œ ! C B œ Þ" # # and , we obtain a b B -9= B"Î#

39 .  The characteristic equation is .  If , , then the roots area b+ +<  - œ ! + -  !#

< œ „ 3 -Î+"ß#
È .  The general solution is

C > œ - -9= >  - =38 >
- -

+ +
a b Ê Ê" # ,

which is bounded.

a b, Þ +<  ,< œ ! < œ !  ,Î+  The characteristic equation is .  The roots are , ,#
"ß#

and hence the general solution is   Clearly, .C > œ -  - /B:  ,>Î+ Þ C > p -a b a b a b" # "

40.  Note that .  So that .  If-9= > =38 > œ =38 #> "  5 -9= > =38 > œ "  =38 #>" 5
# #

!  5  # =38 #>  =38 #>  =38 #>   =38 #>, then  and .  Hence5 5
# #k k k k

"  5 -9= > =38 > œ "  =38 #>
5

#
 "  =38 #>

  ! Þ

k k

41.  : > œ  $Î> ; > œ %Î> B œ # > .> œ # 68 > > œ / Þa b a b ' and .  We have , and # BÎ#"

Furthermore,

; >  #: > ; >

# ; >
œ  #

wa b a b a bc da b $Î#
.

The ratio is constant, and therefore the equation can be transformed.  In fact, we obtain

. C .C

.B .B
 #  C œ ! Þ

#

#

The general solution of this ODE is .  In terms of the originalC B œ - /  - B/a b " #
B B

independent variable, .C > œ - >  - > 68 >a b " #
# #
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Section 3.6

2.  The characteristic equation for the homogeneous problem is , with<  #<  & œ !#

complex roots .  Hence .  Since the< œ  "„#3 C > œ - / -9= #>  - / =38 #>- " #
 a b > >

function  is not proportional to the solutions of the homogeneous equation,1 > œ $ =38 #>a b
set .  Substitution into the given ODE, and comparing the] œ E-9= #>  F =38 #>
coefficients, results in the system of equations  and .  HenceF  %E œ $ E  %F œ !
] œ  -9= #>  =38 #> C > œ C >  ] Þ"# $

"( "( .  The general solution is a b a b-

3.  The characteristic equation for the homogeneous problem is , with<  #<  $ œ !#

roots , .  Hence .  Note that the assignment < œ  " $ C > œ - /  - / ] œ E>/- " #
 $a b > > >

is  .  Substitution intonot sufficient to match the coefficients.  Try ] œ E>/  F> /> # >

the differential equation, and comparing the coefficients, results in the system of
equations  and .  Hence .  The %E  #F œ !  )F œ  $ ] œ >/  > /$ $

"' )
> # >

general
solution is C > œ C >  ] Þa b a b-

5.  The characteristic equation for the homogeneous problem is , with<  * œ !#

complex roots .  Hence .  To simplify the analysis,< œ „$3 C > œ - -9= $>  - =38 $>- " #a b
set  and .  By inspection, we have .  Based on the form1 > œ ' 1 > œ > / ] œ #Î$" # "a b a b # $>

of , set .  Substitution into the differential equation, and1 ] œ E/  F>/  G> /# #
$> $> # $>

comparing the coefficients, results in the system of equations ,")E  'F  #G œ !
")F  "#G œ ! ")G œ ", and .  Hence

] œ /  >/  > /
" " "

"'# #( ")
#

$> $> # $>.

The general solution is C > œ C >  ]  ] Þa b a b- " #

7.  The characteristic equation for the homogeneous problem is , with#<  $<  " œ !#

roots , .  Hence .  To simplify the analysis,< œ  "  "Î# C > œ - /  - /- " #a b > >Î#

set  and .  Based on the form of , set 1 > œ > 1 > œ $ =38 > 1 ] œ E F>  G> Þ" # " "a b a b# #

Substitution into the differential equation, and comparing the coefficients, results in the
system of equations , , and .  Hence we obtainE $F  %G œ ! F  'G œ ! G œ "
] œ "%  '>  > Þ ] œ H -9= >  I =38 >" #

#   On the other hand, set .  After substitution
into the ODE, we find that  and .  The general solution isH œ  *Î"! I œ  $Î"!
C > œ C >  ]  ] Þa b a b- " #

9.  The characteristic equation for the homogeneous problem is , with<  œ !# #=!

complex roots .  Hence .  Since ,< œ „ 3 C > œ - -9= >  - =38 > Á= = = = =! - " ! # ! !a b
set .  Substitution into the ODE and comparing the coefficients] œ E-9= >  F =38 >= =
results in the system of equations and .  Hencea b a b= = = =! !

# # # # E œ "  F œ !

] œ -9= > Þ
"

= =
=

!
# #

The general solution is .C > œ C >  ]a b a b-
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10.  From Prob. 9, .  Since  is a solution of the homogeneous problem,C > œ - -9= >- !a b =
set .  Substitution into the given ODE and comparing the] œ E> -9= >  F> =38 >= =! !

coefficients results in and   Hence the general solution isE œ ! F œ Þ"
#=!

C > œ - -9= >  - =38 >  =38 >a b " ! # ! != = =>
#=!

.

12.  The characteristic equation for the homogeneous problem is , with<  <  # œ !#

roots , .  Hence .  Based on the form of the right hand< œ  " # C > œ - /  - /- " #a b > #>

side, that is, , set  .  Substitution into the-9=2Ð#>Ñ œ Î# ] œ E> /  F/a b/  /#> #> #> #>

given ODE and comparing the coefficients results in and   Hence theE œ "Î' F œ "Î) Þ
general solution is .C > œ - /  - /  > / Î'  / Î)a b " #

> #> #> #>

14.  The characteristic equation for the homogeneous problem is , with roots<  % œ !#

< œ „#3 C > œ - -9= #>  - =38 #> ] œ E F>  G> Þ.  Hence .  Set   Comparing- " # "a b #

the coefficients of the respective terms, we find that , , .E œ  "Î) F œ ! G œ "Î%
Now set , and obtain .  Hence the general solution is] œ H/ H œ $Î&#

>

C > œ - -9= #>  - =38 #>  "Î)  > Î%  $ / Î&a b " #
# > .

Invoking the initial conditions, we require that  and ."*Î%!  - œ ! $Î&  #- œ #" #

Hence  and .- œ  "*Î%! - œ (Î"!" #

15.  The characteristic equation for the homogeneous problem is , with<  #<  " œ !#

a double root .  Hence .  Consider .  Note that< œ " C > œ - /  - > / 1 > œ > /- " # "a b a b> > >

1 ] œ E> /  F> / Ð" " is a solution of the homogeneous problem.  Set  the  term is# > $ > first
not sufficient for a match .  Upon substitution, we obtain .  By inspection,Ñ ] œ > / Î'"

$ >

] œ % C > œ - /  - > /  > / Î'  %# " #.  Hence the general solution is .  Invoking thea b > > $ >

initial conditions, we require that  and .  Hence  and-  % œ " -  - œ " - œ  $" " # "

- œ %# .

17.  The characteristic equation for the homogeneous problem is , with roots<  % œ !#

< œ „#3 C > œ - -9= #>  - =38 #> =38 #>.  Hence .  Since the function  is a solution of- " #a b
the homogeneous problem, set .  Upon substitution, we obtain] œ E> -9= #>  F> =38 #>
] œ  > -9= #> C > œ - -9= #>  - =38 #>  > -9= #>$ "

% %.  Hence the general solution is .a b " #

Invoking the initial conditions, we require that  and .  Hence- œ # #-  œ  "" #
$
%

- œ # - œ  "Î)" # and .

18.  The characteristic equation for the homogeneous problem is , with<  #<  & œ !#

complex roots .  Hence .  Based on the< œ  "„#3 C > œ - / -9= #>  - / =38 #>- " #
 a b > >

form of , set .  After comparing coefficients, we1 > ] œ E> / -9= #>  F> / =38 #>a b  > >

obtain .  Hence the general solution is] œ > / =38 #>>

C > œ - / -9= #>  - / =38 #>  > / =38 #>a b " #
  > > > .

Invoking the initial conditions, we require that  and .  Hence- œ "  -  #- œ !" " #

- œ " - œ "Î#" # and .
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20.  The characteristic equation for the homogeneous problem is , with<  " œ !#

complex roots  .  Hence .  Let  and< œ „ 3 C > œ - -9= >  - =38 > 1 > œ > =38 >- " # "a b a b
1 > œ > ] > œ " 1 ># # "a b a b a b.  By inspection, it is easy to see that .  Based on the form of ,
set   Substitution into the equation] > œ E> -9= >  F> =38 >  G> -9= >  H> =38 > Þ"a b # #

and comparing the coefficients results in , , , and E œ ! F œ "Î% G œ  "Î% H œ ! Þ
Hence .] > œ "  > =38 >  > -9= >a b " "

% %
#

21.  The characteristic equation for the homogeneous problem is , with<  &<  ' œ !#

roots , .  Hence .  Consider , and< œ # $ C > œ - /  - / 1 > œ / $>  % =38 >- " # "a b a b a b#> $> #>

1 > œ / -9= #>#a b > .  Based on the form of these functions on the right hand side of the
ODE,
set , .] > œ / -9= #>  =38 #> ] > œ  > / =38 >   > / -9= ># "" # " # " #a b a b a b a b a b> #> #>E E F F G G

Substitution into the equation and comparing the coefficients results in

] > œ  / -9= #>  $/ =38 #>  >/ -9= >  =38 >  / -9= >  &=38 >
" $

#! #
a b a bˆ ‰ Š ‹> > #> #> "

#
.

23.  The characteristic roots are , .  Hence .  Consider the< œ # # C > œ - /  - >/- " #a b #> #>

functions , , and .  The corresponding forms of1 > œ #> 1 > œ %>/ 1 > œ > =38 #>" # $a b a b a b# #>

the respective parts of the particular solution are , ] > œ E E >  E > ] > œ" #a b a b! " #
#

œ / F >  F > ] > œ > G -9= #>  G =38 #>  H -9=#>  H =38#>#> # $
# $ " # " #a b a b a b a b, and .$

Substitution into the equation and comparing the coefficients results in

] > œ $  %>  #>  > /  > -9= #>  -9= #>  =38 #>
" # " "

% $ ) "'
a b a bˆ ‰# $ #> .

24.  The homogeneous solution is .  Since  and C > œ - -9= #>  - =38 #> -9= #> =38 #>- " #a b
are both solutions of the homogeneous equation, set

] > œ > E  E >  E > -9= #>  > F  F >  F > =38 #>a b ˆ ‰ ˆ ‰! " # ! " #
# # .

Substitution into the equation and comparing the coefficients results in

] > œ >  > -9= #>  #)>  "$> =38 #>
"$ " "

$# "# "'
a b Œ  ˆ ‰$ # .

25.  The homogeneous solution is .  None of the functions on theC > œ - /  - >/- " #a b > #>

right hand side are solutions of the homogenous equation.  In order to include all possible
combinations of the derivatives, consider ] > œ / E  E >  E > -9= #> a b a b> #

! " #

 / F  F >  F > =38 #>  / G -9= >  G =38 >  H/> # > >
! " # #a b a b" .  Substitution into the

differential equation and comparing the coefficients results in

] > œ / E  E >  E > -9= #>   / F  F >  F > =38 #> 

 /  -9= >  =38 >  #/ Î$

a b ˆ ‰ ˆ ‰
Š ‹

> # > #
! " # ! " #

> ># #

$ $
,
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in which E œ  %"!&Î$&"&# ß E œ ($Î'(' ß E œ  &Î&# ßF œ  "#$$Î$&"&# ß! " # !

F œ "!Î"'* ßF œ "Î&# Þ" #

26.  The homogeneous solution is .  None of the termsC > œ - / -9= #>  - / =38 #>- " #a b > >

on the right hand side are solutions of the homogenous equation.  In order to include the
appropriate combinations of derivatives, consider ] > œ / E >  E > -9= #> a b a b> #

" #

 / F >  F > =38 #>  / G  G > -9= #>  / H H > =38 #>> # #> #>
" # ! " ! "a b a b a b .

Substitution into the differential equation and comparing the coefficients results in

] > œ >/ -9= #>  > / =38 #>  / (  "!> -9= #> 

 / "  &> =38 #>

a b a b
a b

$ $ "

"' ) #&
"

#&

> # > #>

#> .

27.  The homogeneous solution is .  Since the differentialC > œ - -9= >  - =38 >- " #a b - -
operator does not contain a first derivative a band , we can set- 1Á 7

] > œ G =387 >a b "
7œ"

R

7 1 .

Substitution into the ODE yields

 7 G =387 >  G =387 > œ + =387 >" " "
7œ" 7œ" 7œ"

R R R
# # #1 1 - 1 17 7 7 .

Equating coefficients of the individual terms, we obtain

G œ 7 œ "ß #âR
+

7
7

7

- 1# # #
,  .

29.  The homogeneous solution is .  The input functionC > œ - / -9= #>  - / =38 #>- " #a b > >

is independent of the homogeneous solutions, on any interval.  Since the right hand side
is
piecewise constant, it follows by inspection that

] > œ Þ
"Î& ! Ÿ > Ÿ Î#
! >  Î#

a b œ ,
     ,

1
1

For , the general solution is ! Ÿ > Ÿ Î# C > œ1 a b - / -9= #>  - / =38 #>  "Î&" #
> > .

Invoking the initial conditions , we require that , and thatC ! œ C ! œ ! - œ  "Î&a b a bw
"

- œ  "Î"!# .  Hence

C > œ  #/ -9= #>  / =38 #>
" "

& "!
a b ˆ ‰> >

on the interval ! Ÿ > Ÿ Î# C Î# œ "  / Î&1 1.  We now have the values , anda b ˆ ‰ Î#1

C Î# œ ! >  Î# C > œ .wa b a b1 1.  For , the general solution is " #/ -9= #>  . / =38 #>> > .
It follows that C Î# œ  / . C Î# œ / .  #/ .a b a b1 1 Î# w  Î#  Î#1 1 1

" " # and .  Since the
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solution is continuously differentiable, we  require that

 / . œ "  / Î&

/ .  #/ . œ !

 Î#  Î#

 Î#  Î#

1 1

1 1

"

" #

ˆ ‰
.

Solving for the coefficients, .. œ #. œ  /  " Î&" # ˆ ‰1Î#

31.  Since , the roots of the characteristic equation has real parts.+ ß ,ß -  ! negative 
That is, , where .  Hence the homogeneous solution is< œ „ 3  !! " !

C > œ-a b - / -9= >  - / =38 >" #
! !> >" " .

If , then the general solution is1 > œ .a b
C > œ .Î- a b - / -9= >  - / =38 >" #

! !> >" " .

Since ,  as .  If , then that characteristic roots are and!  ! C > p.Î- >p_ - œ ! < œ !a b
< œ  ,Î+ +C  ,C œ ..  The ODE becomes .  Integrating both sides, we find thatww w

+C  ,C œ . >  -w
".  The general solution can be expressed as

C > œ . >Î,  -  - / Þa b " #
,>Î+

In this case, the solution grows without bound.  If , , then the differential, œ ! also
equation
can be written as , which has general solution .C œ .Î+ C > œ . > Î#+  -  -ww #a b " #

Hence the assertion is true only if the coefficients are .positive

32 .  Since  is a linear operator,a b+ H

H C  ,HC  -C œ H C  <  < HC  < < C

œ H C  < HC  < HC  < < C

œ H HC  < C  < HC  < C

œ H  < H  < C

# #

#

a b
a b a ba ba b

" # " #

# " " #

# " #

" # .

a b a b a b a b a b, ? œ H  < C 3 H  < ? œ 1 >.  Let .  Then the ODE  can be written as , that is,# "
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?  < ? œ 1 > ?w
" a b.  The latter is a linear  equation in .  Its general solution isfirst order

? > œ / / 1 .  - /a b a b(< > < < >

>

>
" " "

!

7 7 7 " .

From above, we have .  This equation is also a first order ODE.  HenceC  < C œ ? >w
# a b

the general solution of the original second order equation is

C > œ / / ? .  - /a b a b(< > < < >

>

>
# # #

!

7 7 7 # .

Note that the solution  contains  arbitrary constants.C >a b two

34.  Note that .  Let , and solvea b a ba b a b#H  $H  " C œ #H  " H  " C ? œ H  " C#

the ODE   This equation is a linear first order ODE, with solution#?  ? œ >  $=38 > Þw #

? > œ / / Î#  =38 .  - /

œ >  %>  )  -9= >  =38 >  - / Þ
' $

& &

a b ( ’ “>Î# # >Î#

>

>

# >Î#

!

7Î# 7 7 7
$

#

Now consider the ODE .  The general solution of this first order ODE isC  C œ ? >w a b
C > œ / / ? .  - /a b a b(> >

>

>

!

7 7 7 # ,

in which  is given above.  Substituting for  and performing the integration,? > ? >a b a b
C > œ >  '>  "%  -9= >  =38 >  - /  - / Þ

* $

"! "!
a b # >Î# >

" #

35.  We have .  Let , and considera b a ba b a bH  #H  " C œ H  " H  " C ? œ H  " C#

the ODE   The general solution is   We therefore?  ? œ #/ Þ ? > œ #> /  - / Þw > > >a b
have the first order equation   The general solution of the latter?  ? œ #> /  - / Þw > >

"

differential equation is

C > œ / #  - .  - /

œ / >  - >  - Þ

a b c d(
ˆ ‰

> >

>

>

> #
!

7 7" #

" #

36.  We have .  Let , and consider the equationa b a b a bH  #H C œ H H  # C ? œ H  # C#

? œ $  %=38 #> Þ ? > œ $>  #-9= #>  - Þw   Direct integration results in   The problema b
is reduced to solving the ODE   The general solution of thisC  #C œ $>  #-9= #>  - Þw

first order differential equation is
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C > œ / / $  #-9= #  - .  - /

œ >  -9= #>  =38 #>  -  - / Þ
$ "

# #

a b c d(
a b

#> #>

>

>

#>

!

#
#

" #

7 7 7 7
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Section 3.7

1.  The solution of the homogeneous equation is .  The functionsC > œ - /  - /- " #a b #> $>

C > œ / C > œ /" #a b a b#> $> and  form a fundamental set of solutions.  The Wronskian of
these functions is .  Using the method of [ C ß C œ /a b" #

&> variation of parameters, the
particular solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
/ #/

[ >

œ #/

"a b ( a ba b
$> >

>

? > œ .>
/ #/

[ >

œ  /

#a b ( a ba b
#> >

#>

Hence the particular solution is .] > œ #/  / œ /a b > > >

3.  The solution of the homogeneous equation is .  The functionsC > œ - /  - >/- " #a b > >

C > œ / C > œ >/" #a b a b> > and  form a fundamental set of solutions.  The Wronskian of
these functions is .  Using the method of [ C ß C œ /a b" #

#> variation of parameters, the
particular solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
>/ $/

[ >

œ  $> Î#

"a b ( a ba b
> >

#

? > œ .>
/ $/

[ >

œ $>

#a b ( a ba b
> >

Hence the particular solution is .] > œ  $> / Î#  $> / œ $> / Î#a b # > # > # >

4.  The functions  and  form a fundamental set of solutions.C > œ / C > œ >/" #a b a b>Î# >Î#

The Wronskian of these functions is .  First write the equation in standard[ C ß C œ /a b" #
>

form, so that .  Using the method of 1 > œ %/a b >Î# variation of parameters, the particular
solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
>/ %/

[ >

œ  #>

"a b ( ˆ ‰
a b

>Î# >Î#

#
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? > œ .>
/ %/

[ >

œ %>

#a b ( ˆ ‰
a b

>Î# >Î#

Hence the particular solution is .] > œ  #> /  %> / œ #> /a b # >Î# # >Î# # >Î#

6.  The solution of the homogeneous equation is .  The twoC > œ - -9= $>  - =38 $>- " #a b
functions  and form a fundamental set of solutions, withC > œ -9= $> C > œ =38 $>" #a b a b
[ C ß C œ $ C > C >a b a b a b" # " #.  The particular solution is given by , in] > œ ? >  ? >a b a b a b" #

which

? > œ  .>
* =/- $>

[ >

œ  -=- $>

"a b ( a ba b=38 $> #

? > œ .>
-9= $> * =/- $>

[ >

œ 68 =/- $>  >+8 $>

#a b ( a ba bk k
#

Hence the particular solution is .  The general] > œ  "  =38 $> 68 =/- $>  >+8 $>a b a b k k
solution is given by .C > œ =38 $> 68 =/- $>  >+8 $>  "a b a b k k- -9= $>  - =38 $> " #

7.  The functions  and  form a fundamental set of solutions.C > œ / C > œ >/" #a b a b#> #>

The Wronskian of these functions is .  T[ C ß C œ /a b" #
%> he particular solution is given

by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b
? > œ  .>

> /

[ >

œ  68 >

"a b ( a ba b>/#> # #>

? > œ .>
/ > /

[ >

œ  "Î>

#a b ( a ba b
#> # #>

Hence the particular solution is .  Since the  is a] > œ  / 68 >  /a b #> #> second term
solution of the homogeneous equation, the general solution is given by C > œa b - / "

#>

 - >/#
#>  / 68 >#> .

8.  The solution of the homogeneous equation is .  The twoC > œ - -9= #>  - =38 #>- " #a b
functions  and form a fundamental set of solutions, withC > œ -9= #> C > œ =38 #>" #a b a b
[ C ß C œ # C > C >a b a b a b" # " #.  The particular solution is given by , in] > œ ? >  ? >a b a b a b" #

which
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? > œ  .>
$ -=- #>

[ >

œ  $>Î#

"a b ( a ba b=38 #>

? > œ .>
-9= #> $ -=- #>

[ >

œ 68 =38 #>

#a b ( a ba b
k k$

%

Hence the particular solution is .  The general] > œ  >-9= #>  =38 $> 68 =38 #>a b a b k k$ $
# %

solution is given by .C > œ  >-9= #>  =38 $> 68 =38 #>a b a b k k- -9= #>  - =38 #>" #
$ $
# %

9.  The functions  and  form a fundamental set ofC > œ -9= >Î# C > œ =38 >Î#" #a b a b a b a b
solutions.  The Wronskian of these functions is .  First write the ODE[ C ß C œ "Î#a b" #

in standard form, so that .  T1 > œ =/- >Î# Î#a b a b he particular solution is given by
] > œ ? >  ? >a b a b a b" #C > C >" #a b a b, in which

? > œ  .>
=/- >Î#

#[ >

œ # 68

"a b ( a ba bc d
-9= >Î#

-9= >Î#

a bc d
a b

? > œ .>
=/- >Î#

#[ >

œ >

#a b ( a ba b=38 >Î#a bc d

The particular solution is .  The general] > œ #-9 68 >a b c d= >Î# -9= >Î#  =38 >Î#a b a b a b
solution is given by

C > œ # -9 68 >a b c d- -9= >Î#  - =38 >Î#  = >Î# -9= >Î#  =38 >Î#" #a b a b a b a b a b.
10.  The solution of the homogeneous equation is .  The functionsC > œ - /  - >/- " #a b > >

C > œ / C > œ >/ [ C ß C œ /" # " #a b a b a b> > #> and form a fundamental set of solutions, with .
The particular solution is given by , in which] > œ ? >  ? >a b a b a b" #C > C >" #a b a b

? > œ  .>
>/ /

[ > "  >

œ  68 "  >
"

#

"a b ( a ba ba b
ˆ ‰

> >

#

#

? > œ .>
/ /

[ > "  >

œ +<->+8 >

#a b ( a ba ba b
> >

#

The particular solution is .  Hence the general] > œ  / 68 >/ +<->+8a b "
#

> >a b"  >#  >a b
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solution is given by .C > œ - /  - >/  >a b a b" #
#> >  / 68 >/ +<->+8"

#
> >a b"  >

12.  The functions  and form a fundamental set ofC > œ -9= #> C > œ =38 #>" #a b a b
solutions, with .  T[ C ß C œ #a b" # he particular solution is given by ] > œ ? >a b a b"

C > C >" #a b a b ? >#a b ,
in which

? > œ  1 = .=
"

#
"a b a b( >

=38 #=

? > œ 1 = -9= #= .=
"

#
#a b a b( >

Hence the particular solution is

] > œ  -9= #> 1 = .=  =38 #> 1 = -9= #= .=
" "

# #
a b a b a b( (> >

=38 #= .

Note that  .  It follows that=38 #> -9= #=  -9= #> =38 #= œ =38 #>  #=a b
] > œ 1 = =38 #>  #= .=

"

#
a b a b a b( >

.

The general solution of the differential equation is given by

C > œ 1 = =38 #>  #= .=
"

#
a b a b a b(- -9= #>  - =38 #> " #

>

.

13.  Note first that ,  and .  The functions: > œ ! ; > œ  #Î> 1 > œ $>  " Î>a b a b a b a b# # #

C > C >" #a b a b and  are solutions of the homogeneous equation, verified by substitution.  The
Wronskian of these two functions is , .  Using the method of [ C C œ  $a b" # variation of
parameters, the particular solution is , in which] > œ ? > C >  ? > C >a b a b a b a b a b" " # #

? > œ  .>
> $>  "

> [ >

œ > Î'  68 >

"a b ( a ba b
" #

#

#

? > œ .>
> $>  "

> [ >

œ  > Î$  >Î$

#a b ( a ba b
# #

#

$

Therefore   Hence the general solution is] > œ "Î'  > 68 >  > Î$  "Î$ Þa b # #

C > œ - >  - >  > 68 >  "Î#a b " #
# " # .
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15.  Observe that .  The functions  and  are a fundamental set of1 > œ > / C > C >a b a b a b#>
" #

solutions.  The Wronskian of these two functions is , .  Using the method[ C C œ > /a b" #
>

of variation of parameters, the particular solution is ,] > œ ? > C >  ? > C >a b a b a b a b a b" " # #

in which

? > œ  .>
/ > /

[ >

œ  / Î#

"a b ( a ba b
> #>

#>

? > œ .>
"  > > /

[ >

œ > /

#a b ( a ba ba b
#>

>

Therefore ] > œ  "  > / Î#  > / œ  / Î#  > / Î# Þa b a b #> #> #> #>

16.  Observe that .  Direct substitution of  and 1 > œ # "  > / C > œ / C > œ >a b a b a b a b> >
" #

verifies that they are solutions of the homogeneous equation.  The Wronskian of the two
solutions is , .  Using the method of , the[ C C œ "  > /a b a b" #

> variation of parameters
particular solution is , in which] > œ ? > C >  ? > C >a b a b a b a b a b" " # #

? > œ  .>
#> "  > /

[ >

œ >/  / Î#

"a b ( a ba b
>

#> #>

? > œ .>
# "  >

[ >

œ  # /

#a b ( a ba b
>

Therefore ] > œ >/  / Î#  #> / œ  >/  / Î# Þa b > > > > >

17.  Note that .  The functions  and  are solutions1 B œ 68B C B œ B C B œ B 68Ba b a b a b" #
# #

of the homogeneous equation, as verified by substitution.  The Wronskian of the solutions
is , .  Using the , the particular solution is[ C C œ Ba b" #

$ method of variation of parameters

] B œ ? B C B  ? B C Ba b a b a b a b a b" " # # ,

in which

? B œ  .B
B 68 B 68 B

[ B

œ  68B Î$

"a b ( a ba ba b
#

$
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? B œ .B
B 68 B

[ B

œ 68B Î#

#a b ( a ba ba b
#

#

Therefore ] B œ  B 68B Î$  B 68 B Î# œ B 68 B Î' Þa b a b a b a b# # #$ $ $

19.  First write the equation in standard form.  Note that the forcing function becomes
1 B Îa b a b"  B .  The functions  and  are a fundamental set ofC B œ / C B œ B" #a b a bB

solutions,
as verified by substitution.  The Wronskian of the solutions is , .[ C C œ "  B /a b a b" #

B

Using the , the particular solution ismethod of variation of parameters

] B œ ? B C B  ? B C Ba b a b a b a b a b" " # # ,

in which

? B œ  .
1

"  [
"a b ( a ba ba b a b

B 7 7

7 7
7

? B œ .
/ 1

"  [
#a b ( a ba ba b a b

B 7 7

7 7
7

Therefore

] B œ  / .  B .
1 / 1

"  [ "  [

œ . Þ
B/  / 1

"  /

a b ( (a b a ba b a ba b a b a b a b
( a b a b

a b

B
B B

B B

#

7 7 7

7 7 7 7
7 7

7 7

7
7

7

7

7

20.  First write the equation in standard form.  The forcing function becomes .1 B ÎBa b #

The functions  and  are a fundamental set ofC B œ B =38 B C B œ B -9= B" #
"Î# "Î#a b a b

solutions.  The Wronskian of the solutions is , .  Using the [ C C œ  "ÎBa b" # method
of variation of parameters, the particular solution is

] B œ ? B C B  ? B C Ba b a b a b a b a b" " # # ,

in which

? B œ .
-9= 1

"a b ( a ba bÈ
B 7 7

7 7
7

? B œ  .
=38 1

#a b ( a ba bÈ
B 7 7

7 7
7

Therefore
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] B œ .>  .
=38 B -9= 1 -9= B =38 1

B B

œ . Þ
" =38 B  1

B

a b È È È È( (a b a ba b a b

È È( a b a b
B B

B

7 7 7 7

7 7 7 7
7

7 7

7 7
7

21.  Let  and  be a fundamental set of solutions, and  be theC > C > [ > œ [ C ß C" # " #a b a b a b a b
corresponding Wronskian.  Any solution, , of the homogeneous equation is a linear? >a b
combination .  Invoking the initial conditions, we require that? > œ C >  C >a b a b a b! !" " # #

C œ C >  C >

C œ C >  C >
! " " ! # # !

! " #" ! # !

! !

! !

a b a ba b a bw w w

Note that this system of equations has a unique solution, since .  Now consider[ > Á !a b!
the nonhomogeneous homogeneous problem, ,with  initial conditions.  UsingP @ œ 1 >c d a b
the method of variation of parameters, the particular solution is given by

] > œ  Þa b C > .=  C > .=
C = 1 = C = 1 =

[ = [ =
" #

# "a b a b( (a b a b a b a ba b a b> >

> >

! !

The general solution of the IVP  isa b333

@ > œ C >  C > 

œ C >  C >  C > ? >  C > ? >

a b a b a ba b a b a b a b a b a b" "

" "
" " # #

" " # # " " # #

] >a b
in which  and  are defined above.  Invoking the initial conditions, we require that? ?" #

! œ C >  C >  >

! œ C >  C >  >

" "

" "
" " ! # # ! !

" ! # ! !" #

a b a ba b a b ]

]

a ba bw w w

Based on the definition of  and , .  Furthermore, since ,? ? ] > œ ! C ?  C ? œ !" #
w wa b! " #" #

it follows that .  Hence the only solution of the above system of equations is] > œ !wa b!
the .  Therefore .  Now consider the function .  Thentrivial solution @ > œ ] > C œ ?@a b a b
P C œ P ?  @ œ P ?  P @ œ 1 > C >c d c d c d c d a b a b.  That is,  is a solution of the
nonhomogeneous
problem.  Further, , and similarly, .  By theC > œ ? >  @ > œ C C > œ Ca b a b a b a b! ! ! ! !

w w
!

uniqueness theorems,  is the unique solution of the initial value problem.C >a b
23.  A fundamental set of solutions is  and .  The WronskianC > œ -9= > C > œ =38 >" #a b a b
[ > œ C C  C C œ " ##a b " ## "

w w .  By the result in Prob. ,

] > œ 1 = .=
-9= = =38 >  -9= > =38 =

[ =

œ -9= = =38 >  -9= > =38 = 1 = .= Þ

a b a b( a b a b a b a ba b
( c d a ba b a b a b a b
>

>

>

>
!

!

Finally, we have -9= = =38 >  -9= > =38 =a b a b a b a b œ =38 >  =a b.
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24.  A fundamental set of solutions is  and .  The WronskianC > œ / C > œ /" #a b a b+> ,>

[ > œ C C  C C œ ,  + /B: +  , > ##a b a b c da b" ## "
w w .  By the result in Prob. ,

] > œ 1 = .=
/ /  / /

[ =

œ 1 = .= Þ
" / /  / /

,  + /B: +  , =

a b a b( a b
( c da b a b

>

> += ,> +> ,=

>

> += ,> +> ,=
!

!

Hence the particular solution is

] > œ /  / 1 = .= Þ
"

,  +
a b a b(  ‘

>

>
, >= + >=

!

a b a b

26.  A fundamental set of solutions is  and .  The WronskianC > œ / C > œ >/" #a b a b+> +>

[ > œ C C  C C œ / ##a b " ## "
w w #+>.  By the result in Prob. ,

] > œ 1 = .=
/ /  / /

[ =

œ 1 = .= Þ
" / /  / /

,  + /B: +  , =

a b a b( a b
( c da b a b

>

> += ,> +> ,=

>

> += ,> +> ,=
!

!

Hence the particular solution is

] > œ /  / 1 = .= Þ
"

,  +
a b a b(  ‘

>

>
, >= + >=

!

a b a b

26.  A fundamental set of solutions is  and .  The WronskianC > œ / C > œ >/" #a b a b+> +>

[ > œ C C  C C œ / ##a b " ## "
w w #+>.  By the result in Prob. ,

] > œ 1 = .=
>/  = /

[ =

œ 1 = .= Þ
>  = /

/

a b a b( a b
( a b a b
>

> +=+> +>+=

>

> +=+>

#+=

!

!

Hence the particular solution is

] > œ >  = / 1 = .= Þa b a b a b(
>

>
+ >=

!

a b

27.  Depending on the values of ,  and , the operator  can have + , - +H  ,H  -# three
types of fundamental solutions.

a b3 < œ Á    The characteristic roots , ;  .   "ß# ! " ! " C > œ / C > œ /" #a b a b! "> > and .
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O > œ /  / Þ
"


a b  ‘

" !
" !> >

a b33 < œ œ   The characteristic roots , ;  .   "ß# ! " ! " C > œ / C > œ >/" #a b a b! !> > and .

O > œ > / Þa b !>

a b333 < œ „ 3 The characteristic roots  .  "ß# - . C > œ / -9= > C > œ / =38 >" #a b a b- -> >. . and .

O > œ / =38 > Þ
"a b
.

.->

28.  Let , in which  is a solution of the .C > œ @ > C > C >a b a b a b a b" " homogeneous equation
Substitution into the given ODE results in

@ C  #@ C  @C  : > @ C  @C  ; > @C œ 1 >ww w w ww w w
" " "" " "a bc d a b a b .

By assumption, , hence  must be a solution of the ODEC  : > C  ; > C œ ! @ >" " "
ww a b a b a b

@ C  #C  : > C @ œ 1 >ww w w
" ""c d a ba b .

Setting , we also have .A œ @ A C  #C  : > C A œ 1 >w w w
" ""c d a ba b

30.  First write the equation as .  As shown in Prob. , theC  (> C  &> C œ > #)ww " "#

function  is a solution of the given ODE as long as  is a solution ofC > œ > @ > @a b a b"

> @   #>  (> @ œ >" # # "ww wc d ,

that is, .  This ODE is  in .  The integrating@  &> @ œ " @ww w w" linear and first order
factor is .  The solution is .  Direct integration now results in. œ > @ œ >Î'  - >& w &

@ > œ > Î"#  - >Î"#  -a b #
" # " #

% & ">  - C > œ >  - >.  Hence .a b
31.  Write the equation as .  As shown in Prob. , theC  > "  > C  > C œ > / #)ww #>" "a b
function  is a solution of the given ODE as long as  is a solution ofC > œ "  > @ > @a b a b a b

a b a b ‘"  > @  #  > "  > @ œ > /ww w #>#" ,

that is, .  This equation is first order linear in , with integrating@  @ œ / @ww w #> w"> >
> >" >"

#a b
factor .  The solution is .  Integrating,. œ > "  > / @ œ > /  - >/ Î "  >"

"a b a b a b# #> w # #> >

we obtain   Hence the solution of the@ > œ / Î#  / Î >  "  - / Î >  "  - Þa b a b a b#> #> >
" #

original ODE is .C > œ >  " / Î#  - /  - >  "a b a b a b#> >
" #

32.  rite the equation as .  The functionW C  > "  > C  "  > C œ # "  > /ww >a b a b a b" "

C > œ / @ > @a b a b>  is a solution to the given ODE as long as  is a solution of
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/ @  #/  > "  > / @ œ # "  > /> ww > > w > ‘a b a b" ,

that is, .  This equation is first order linear in@  #  > Î "  > @ œ # "  > /ww w #>c d a ba b a b
@ œ / Î >  "w >, with integrating factor .  The solution is. a b

@ œ >  " #/  - /w #> >a bˆ ‰" .

Integrating, we obtain   Hence the solution of the@ > œ "Î#  > /  - >/  - Þa b a b #> >
" #

original ODE is .C > œ "Î#  > /  - >  - /a b a b > >
" #

Section 3.8

1.   and  and   HenceV-9= œ $ V=38 œ % Ê V œ #& œ & œ +<->+8Ð%Î$ÑÞ$ $ $È
? œ & -9= #>  !Þ*#($ Þa b

3.   and  and V-9= œ % V=38 œ  # Ê V œ #! œ # & œ  +<->+8Ð"Î#ÑÞ$ $ $È È
Hence

? œ # & -9= $>  !Þ%'$' ÞÈ a b
4.   and  and .V-9= œ  # V=38 œ  $ Ê V œ "$ œ  +<->+8Ð$Î#Ñ$ $ $ 1È
Hence

? œ "$ -9= >  %Þ"#%% ÞÈ a b1

5.  The spring constant is  5 œ #Î "Î# œ %a b lb/ft lb-s /ft.  Mass  .7 œ #Î$# œ "Î"' #

Since there is no damping, the equation of motion is

"

"'
?  %? œ !ww ,

that is, .  The initial conditions are  ,  .  The?  '%? œ ! ? ! œ "Î% ? ! œ !ww wa b a bft fps
general solution is .  Invoking the initial conditions, we have? > œ E -9= )>  F =38 )>a b
? > œ -9= )> V œ $ œ ! œ ) X œ Î%a b "

% .   ,  ,   , and  .inches rad rad/s sec$ = 1!

7.  The spring constant is  5 œ $Î "Î% œ "#a b lb/ft lb-s /ft.  Mass  . Since7 œ $Î$# #

there is no damping, the equation of motion is

$

$#
?  "#? œ !ww ,

that is, .  The initial conditions are  ,  .?  "#)? œ ! ? ! œ  "Î"# ? ! œ #ww wa b a bft fps
The general solution is .  Invoking the initial? > œ E -9= ) # >  F =38 ) # >a b È È
conditions, we have
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? > œ  -9= ) # >  =38 ) # >
" "

"# % #
a b È ÈÈ .

V œ ""Î"# œ  +>+8 œ ) # X œ ÎÈ È ,  ,  , and  .ft rad rad/s sec$ 1 = 1Š ‹ Š ‹È È$Î # % #!

10.  The spring constant is  5 œ "'Î "Î% œ '%a b lb/ft lb-s /ft.  Mass  .  The7 œ "Î# #

damping coefficient is  .  Hence the equation of motion is# œ # lb-sec/ft

"

#
?  #?  '%? œ !ww w ,

that is, .  The initial conditions are  , .?  %?  "#)? œ ! ? ! œ ! ? ! œ "Î%ww w wa b a bft fps
The general solution is .  Invoking the initial? > œ E -9= # $" >  F =38 # $" >a b È È
conditions, we have

? > œ / =38 # $" >
"

) $"
a b È È#> .

Solving , on the interval , , we obtain  .? > œ ! !Þ# !Þ% > œ Î# $" œ !Þ#)#"a b c d È1 sec
Based on the graph, and the solution of , we have  for? > œ !Þ!" ? > Ÿ !Þ!"a b k ka b
>   œ !Þ#"%&7 .

11.  .  The damping coefficient is given asThe spring constant is  5 œ $Î Þ" œ $!a b N/m
# œ $Î& .  Hence the equation of motion isN-sec/m

#?  ?  $!? œ !
$

&
ww w ,

that is, .  The initial conditions are   and?  !Þ$?  "&? œ ! ? ! œ !Þ!&ww w a b 7
? ! œ !Þ!" ? > œ E -9= >  F =38 >wa b a b7Î= .  The general solution is , in which. .
. œ $Þ)(!!) .  Invoking the initial conditions, we haverad/s

? > œ / !Þ!&-9= >  !Þ!!%&#=38 >a b a b >0.15 . . .

Also, .. =Î œ $Þ)(!!)Î "& ¸ !Þ***#&!
È
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13.  The frequency of the  motion is .  The quasi frequency of theundamped =! œ "
damped
motion is   Setting , we obtain . # . = #œ %  Þ œ œ & Þ" # #

# $ $
#È È

!

14.  The spring constant is .  The equation of motion for an undamped system5 œ 71ÎP
is

7?  ? œ !
71

P
ww .

Hence the natural frequency of the system is  .  The period is .= 1 =! !œ X œ # ÎÉ 1
P

15.  The general solution of the system is .? > œ E -9= >  >  F =38 >  >a b a b a b# #! !

Invoking the initial conditions, we have .? > œ ? -9= >  >  ? Î =38 >  >a b a b a b a b! ! !!# # #w

Clearly, the functions  and  satisfy the given@ œ ? -9= >  > A œ ? Î =38 >  >! ! !!# # #a b a b a bw

criteria.

16.  Note that .  Comparing the given< =38 >  œ < =38 > -9=  < -9= > =38a b= ) = ) = )! ! !

expressions, we have  and .  That is, ,E œ  < =38 F œ < -9= < œ V œ E F) ) È # #

and .  The latter relation is also .>+8 œ  EÎF œ  "Î>+8 >+8  -9> œ ") $ ) $

18.  The system is , when   Here  .critically damped ohmsV œ # PÎG Þ V œ "!!!È
21 .  Let .  Then attains a  when .a b a b+ ? œ V/ -9= >  >  œ #5 >Î#7# . $ . $ 1maximum 5

Hence .X œ >  > œ # Î. 5" 5 1 .

a b a b a b c d, ? > Î? > œ /B: Î/B: œ /B: Î#7 Þ.  5 5" 5 5" 5" 5a b a b a b > Î#7  > Î#7 >  ># # # #

Hence ? > Î? > œ /B: # Î Î#7 œ /B: X Î#7 Þa b a b c d a ba b5 5" # 1 . # .

a b c d a ba b a b- œ 68 ? > Î? > œ # Î Î#7 œ Î 7.  .? # 1 . 1# .5 5"

22.  .  Mass  .  TheThe spring constant is  5 œ "'Î "Î% œ '%a b lb/ft lb-s /ft7 œ "Î# #

damping coefficient is  .  The quasi frequency is  .# .œ # œ # $"lb-sec/ft rad/sÈ
Hence ? œ ¸ "Þ"#)& Þ#

$"
1È

25 .  The solution of the IVP is .a b a b Š ‹È È+ ? > œ / # -9= ( >  !Þ#&#=38 ( >>Î) $ $
) )
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Using the plot, and numerical analysis, .7 ¸ %"Þ("&

a b, œ !Þ& ¸ #!Þ%!# à œ "Þ! ¸ *Þ"') à œ "Þ& ¸ (Þ")%.   For ,  for ,  for , .# 7 # 7 # 7

a b- Þ

a b. œ "Þ' ¸ (Þ#") à œ "Þ( ¸ 'Þ('( à œ "Þ) ¸ &Þ%($ à.  For ,  for ,  for , # 7 # 7 # 7
for , .   steadily decreases to about , corresponding to# 7 7 7œ "Þ* ¸ 'Þ%'! ¸ %Þ)($738

the critical value .#! ¸ "Þ($

a b a b a b È/ ? > œ -9= >  œ % .  We have , in which , and%/ "
% #

#
 >Î#

#

#È #
. $ . #

$ œ >+8 ? > Ÿ" #

# #È È% %
%/

# #

 >Î#.  Hence .k ka b #

26 .  The characteristic equation is .  Since , the rootsa b+ 7<  <  5 œ !  %57# ## #

are .  The general solution is< œ  „3"ß#
# #

#7 #7
%75È #

? > œ / E -9= >  F =38 > Þ
%75  %75 

#7 #7
a b – —È È

 >Î#7
# #

# # #

Invoking the initial conditions,  andE œ ?!

F œ
#7@  ?

%75 

a bÈ ! !#

##
.
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a b a b a b, ? > œ V / -9= > .  We can write , in which >Î#7# . $

V œ ? 
#7@  ?

%75 
Ë a b

!

! !#
#

#

#

#
,

and

$
#

#
œ +<->+8 Þ

#7@  ?

? %75 – —a bÈ ! !

!
#

a b ÉÉ É- V œ ?  œ # œ.   .!
# #7@  ? 7 5?  ? @ 7@

%75 %75 %75
+,a b a b! ! ! !! !# #

# # #
#

#

# # #

# #

It is evident that  increases  without bound as .V p # 75a b Š ‹Èmonotonically #


28 .  The general solution is .  Invoking the initiala b a b È È+ ? > œ E-9= # >  F=38 # >

conditions, we have  .? > œ # =38 # >a b È È
a b, .

a b- Þ

The condition  implies that   increases.  Hence the phase point? ! œ # ? >wa b a b initially
travels .clockwise
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29.  .? > œ / =38 >a b "'

"#(
>Î) "#(

)È È

31.  Based on , with the positive direction to the right,Newton's second law

"J œ 7?ww

where

"J œ  5?  ?# w.

Hence the equation of motion is .  The only difference in this7?  ?  5? œ !ww w#
problem is that the equilibrium position is located at the  configuration ofunstretched
the spring.

32 .  The  force exerted by the spring is   The a b a b+ J œ  5?  ? Þrestoring opposing=
$&

viscous force is .  Based on , with the positive directionJ œ  ?.
w# Newton's second law

to the right,

J  J œ 7?= .
ww.

Hence the equation of motion is .7?  ?  5?  ? œ !ww w $# &

a b, ?  ? œ !.  With the specified parameter values, the equation of motion is .  Theww

general solution of this ODE is .  Invoking the initial? > œ E -9= >  F =38 >a b
conditions,
the specific solution is .  Clearly, the amplitude is , and the period of? > œ =38 > V œ "a b
the motion is .X œ #1

a b- œ !Þ" ?  ?  !Þ" ? œ !.  Given , the equation of motion is .  A solution of the& ww $
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IVP can be generated numerically:

a b. .

        

a b/ Þ  The amplitude and period both seem to .decrease

a b0 .
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Section 3.9

2.  We have .  Subtracting the two identities, we=38 „ œ =38 -9= „ -9= =38a b! " ! " ! "
obtain .  Setting  and ,=38   =38  œ # -9= =38  œ (>  œ '>a b a b! " ! " ! " ! " ! "
! "œ 'Þ&> œ !Þ&> =38 (>  =38 '> œ # =38 -9= and .  Hence .> "$>

# #

3.  Consider the trigonometric identity .  Adding-9= „ œ -9= -9= … =38 =38a b! " ! " ! "
the two identities, we obtain .  Comparing the-9=   -9=  œ # -9= -9=a b a b! " ! " ! "
expressions, set  and .  Hence  and .  Upon! " 1 ! " 1 ! 1 " 1 œ # >  œ > œ $ >Î# œ >Î#
substitution, we have .-9= >  -9= # > œ # -9= $ >Î# -9= >Î#a b a b a b a b1 1 1 1

4.  Adding the two identities , it follows that=38 „ œ =38 -9= „ -9= =38a b! " ! " ! "
=38   =38  œ #=38 -9=  œ %>  œ $>a b a b! " ! " ! " ! " ! ".  Setting  and , we
have  and .  Hence .! "œ (>Î# œ >Î# =38 $>  =38 %> œ # =38 (>Î# -9= >Î#a b a b
6.  Using  units, the spring constant is  , and the dampingmks N/m5 œ & *Þ) Î!Þ" œ %*!a b
coefficient is  .  The equation of motion is# œ #Î!Þ!% œ &! N-sec/m

&?  &!?  %*!? œ "! =38 >Î#ww w a b .

The initial conditions are   and  .? ! œ ! ? ! œ !Þ!$a b a bm m/sw

8 .  The homogeneous solution is   Baseda b a b È È+ ? > œ E/ -9= ($ >  F/ =38 ($ > Þ-
&> &>

on the method of , the particular solution isundetermined coefficients

Y > œ  "'! -9= >Î#  $"#) =38 >Î# Þ
"

"&$#)"
a b c da b a b

Hence the general solution of the ODE is .  Invoking the initial? > œ ? >  Y >a b a b a b-

conditions, we find that  and   HenceE œ "'!Î"&$#)" F œ $)$%%$ ($ Î""")*&"$!! ÞÈ
the response is

? > œ "'! / -9= ($ >  / =38 ($ >  Y >
" $)$%%$ ($

"&$#)" ($!!
a b a b– —È ÈÈ

&> &> .

a b a b a b, ? > Y >.   is the transient part and  is the steady state part of the response.-
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a b- .

a b a b a b. * "!.  Based on Eqs.  and , the amplitude of the forced response is given by
V œ #Î?, in which

? = =œ #& *)   #&!! ÞÉ a b# ##

The maximum amplitude is attained when  is a .  Hence the amplitude is? minimum
maximum at   .= œ % $È rad/s

9.  The spring constant is   and hence the equation of motion is5 œ "# lb/ft

'

$#
?  "#? œ % -9= (>ww ,

that is, .  The initial conditions are  ,  .?  '%? œ -9= (> ? ! œ ! ? ! œ !ww w'%
$ a b a bft fps

The general solution is    Invoking the initial? > œ E-9= )>  F=38 )>  -9= (> Þa b '%
%&

conditions, we have ? > œ  -9= )>  -9= (> œ =38 >Î# =38 "&>Î# Þa b a b a b'% '% "#)
%& %& %&

12.  The equation of motion is

#?  ?  $? œ $-9= $>  #=38 $>ww w .

Since the system is , the steady state response is equal to the particular solution.damped
Using the method of , we obtainundetermined coefficients
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? > œ =38 $>  -9= $>
"

'
==a b a b.

Further, we find that  and .  Hence we can writeV œ #Î' œ +<->+8  " œ $ Î%È a b$ 1

? > œ -9= $>  $ Î%==a b a bÈ#
' 1 .

13.  The amplitude of the steady-state response is given by

V œ
J!

É a b7  # # # ## #
= = # =!

.

Since  is constant, the amplitude is  when the denominator of  is .J V! maximum minimum
Let , and consider the function D œ 0 D œ=# a b 7  D  D 0 D# # ##a b a b= #! .  Note that  is
a quadratic, with  at .  Hence the amplitude  attains aminimum D œ  Î#7 V= #!

# # #

maximum at .  Furthermore, since , and therefore= = # =7+B ! !
# # # # #œ  Î#7 œ 5Î7

= =
#

7+B !
# #

#

œ " 
#57

” •.

Substituting into the expression for the amplitude,= =# #œ 7+B

V œ
Î%7   Î#7

œ
 Î%7

œ
"  Î%75

J

J

J
Þ

!

!

!

!

È a b
È

È

# # = #

= # #

#

% # # # ##

# # % #

#

!

!

#=

14 .  The forced response is   The constants are obtain bya b a b+ ? > œ E-9= >  F=38 > Þ== = =
the method of .  That is, comparing the coefficients of undetermined coefficients -9= >=
and , we find that=38 >=

7 E F  5E œ J 7 F  E 5F œ != #= = #=# #
! , and .

Solving this system results in

E œ 7  Î F œ Îˆ ‰= = ? #= ?!
# #    and    ,

in which   It follows that? = = # =œ 7   ÞÉ a b# # # ## #
!

>+8 œ FÎE œ
7 

$
#=

= =a b!
# #

.

a b a b, 7 œ " œ !Þ"#& œ " >+8 œ !Þ"#& Î "  Þ.  Here , , .  Hence # = $ = =!
#
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17 .  Here , , , .  Hence ,a b a b a b+ 7 œ " œ !Þ#& œ # J œ # ? > œ -9= > # = = $! ! ==
# #

?

where  , and ? = = = = $œ #   Î"' œ '%  '$  "' >+8 œ ÞÉa b È# # # %# "
% % #

=
=a b#

a b, Þ  The amplitude is

V œ
)

'%  '$  "'È = =# %
.

a b- .

a b. V.  .  The amplitude is maximum when the denominator of  is minimum.See Prob. 13
That is, when .  Hence .= = = =œ œ $ "% Î) ¸ "Þ%!$" V œ œ '%Î "#(7+B 7+B

È a b È

18 .  The homogeneous solution is   Based on the method ofa b a b+ ? > œ E-9= >  F=38 > Þ-

undetermined coefficients, the particular solution is

Y > œ -9= > Þ
$

" 
a b

=
=

#

Hence the general solution of the ODE is .  Invoking the initial? > œ ? >  Y >a b a b a b-

conditions, we find that  and   Hence the response isE œ $Î F œ ! Þa b=#  "
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? > œ -9= >  -9= >
$

" 
a b c d

=
=

#
.

a b, .
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Note that

? > œ =38 =38
' "  >  " >

"  # #
a b ” • ” •a b a b

=

= =
#

.

19 .  The homogeneous solution is   Based on the method ofa b a b+ ? > œ E-9= >  F=38 > Þ-

undetermined coefficients, the particular solution is

Y > œ -9= > Þ
$

" 
a b

=
=

#

Hence the general solution is .  Invoking the initial conditions, we? > œ ? >  Y >a b a b a b-

find that  and   Hence the response isE œ Î F œ " Þa b a b= =# # #  "

? > œ $ -9= >   # -9= >  =38 >
"

" 
a b  ‘ˆ ‰

=
= =

#
# .

a b,.
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Note that

? > œ =38 =38  -9= >  =38 >
' "  >  " >

"  # #
a b ” • ” •a b a b

=

= =
#

.

20.
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21.  The general solution is , in which? > œ ? >  Y >a b a b a b-

? > œ /  -9= >  =38 >
#&& #&&

"' "'
-a b – —È È

>Î"' "("$&) #&((&)

"$#(#" "$#(#" #&&È
and

Y > œ %$')!! -9= Þ$>  ")!!! =38 Þ$> Þ
"

"$#(#"
a b c da b a b
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a b+ .

a b, .

23.  The general solution is , in which? > œ ? >  Y >a b a b a b-

? > œ / -9= >  =38 >
#&& #&&

"' "'
-a b – —È È

>Î"' *(%' "#&)

%"!& )#" #&&È
and

Y > œ  "&$' -9= $>  (# =38 $> Þ
"

%"!&
a b c da b a b
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a b+ .

a b, .

24.

25 .a b+
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a b, .

a b- .  The amplitude for a similar system with a  spring is given bylinear

V œ
&

#&  %*  #&È = =# %
.
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