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Chapter Four

Section 4.1

1.  The differential equation is in standard form.  Its coefficients, as well as the function
1 > œ >a b , are continuous everywhere.  Hence solutions are valid on the entire real line.

3.  Writing the equation in standard form, the coefficients are  functions withrational
singularities at  and .  Hence the solutions are valid on the intervals , ,> œ ! > œ " _ !a ba b a b! " " _, , and , .

4.  The coefficients are continuous everywhere, but the function  is defined1 > œ 68 >a b
and
continuous only on the interval , .  Hence solutions are defined for positive reals.a b! _

5.  Writing the equation in standard form, the coefficients are  functions with arational
singularity at .  Furthermore,  is , and hence notB œ " : B œ >+8BÎ B  "! %a b a b undefined
continuous, at ,   Hence solutions are defined on anyB œ „ #5  " Î# 5 œ !ß "ß #ßâ Þ5 a b1
interval does not that  contain  or .B B! 5

6.  Writing the equation in standard form, the coefficients are  functions withrational
singularities at .  Hence the solutions are valid on the intervals , ,B œ „# _  #a ba b a b # # # _, , and , .

7.  Evaluating the Wronskian of the three functions, .  Hence the[ 0 ß 0 ß 0 œ  "%a b" # $

functions are linearly .independent

9.  Evaluating the Wronskian of the four functions, .  Hence the[ 0 ß 0 ß 0 ß 0 œ !a b" # $ %

functions are linearly .  To find a linear relation among the functions, we needdependent
to find constants , not all zero, such that- ß - ß - ß -" # $ %

- 0 >  - 0 >  - 0 >  - 0 > œ !" " # # $ $ % %a b a b a b a b .

Collecting the common terms, we obtain

a b a b a b-  #-  - >  #-  -  - >   $-  -  - œ !# $ % " $ % " # %
# ,

which results in  equations in  unknowns.  Arbitrarily setting , we canthree four - œ  "%

solve the equations , , , to find that ,-  #- œ " #-  - œ "  $-  - œ " - œ #Î(# $ " $ " # "

- œ "$Î( - œ  $Î(# $, .  Hence

#0 >  "$0 >  $0 >  (0 > œ !" # $ %a b a b a b a b .

10.  Evaluating the Wronskian of the three functions, .  Hence the[ 0 ß 0 ß 0 œ "&'a b" # $

functions are linearly .independent
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11.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have
[ "ß -9= >ß =38 > œ "a b .

12.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ "ß >ß -9= >ß =38 > œ "a b
14.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ "ß >ß / ß > / œ /a b> > #>

15.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ "ß Bß B œ 'Ba b$
16.  Substitution verifies that the functions are solutions of the ODE.  Furthermore, we
have .[ Bß B ß "ÎB œ 'ÎBa b#

18.  The operation of taking a derivative is linear, and hence

a b- C  - C œ - C  - C" " # # " #" #
a b a b a b5 5 5 .

It follows that

P - C  - C œ - C  - C  : - C  - C â : - C  - C Þc d c d ‘" " # # " # " " # 8 " " # #" # " #
8 8 8" 8"a b a b a b a b

Rearranging the terms, we obtain   Since and P - C  - C œ - P C  - P C Þ C Cc d c d c d" " # # " " # # " #

are solutions, .  The rest follows by induction.P - C  - C œ !c d" " # #

19 .  Note that , for .a b a b a b a b+ . > Î.> œ 8 8  " â 8 5  " > 5 œ "ß #ßâß 85 8 5 85

Hence

P > œ + 8x  + 8 8  " â# > â+ 8 >  + > Þc d c da b8 8" 8
! " 8" 8

a b a b, . / Î.> œ < / 5 œ !ß "ß #ßâ.  We have , for .  Hence5 <> 5 5 <>

P / œ + < /  + < / â+ < /  + /

œ + <  + < â+ <  + / Þ

 ‘  ‘
<> 8 <> 8" <> <> <>

8 8" <>
! " 8" 8

! " 8" 8

a b- C œ / <  &<  % œ !.  Set , and substitute into the ODE.  It follows that , with<> % #

< œ „"ß„ # [ / ß / ß / ß / œ (#.  Furthermore, .a b> > #> #>

20 .  Let  and  be arbitrary functions.  Then .  Hencea b a b a b a b+ 0 > 1 > [ 0ß 1 œ 01  0 1w w

[ 0ß 1 œ 0 1  01  0 1  0 1 œ 01  0 1w w w ww ww w w ww wwa b .  That is,

[ 0ß 1 œ Þ
0 1
0 1

w
ww wwa b º º

Now expand the determinant as$ $-by-  
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[ C ß C ß C œ C  C  C Þ
C C C C C C
C C C C C C

a b º º º º º º" # $ " # $
# $ " $ " #

# $ " $ " #

w w w w w w

ww ww ww ww ww ww

Differentiating, we obtain

[ C ß C ß C œ C  C  C 
C C C C C C
C C C C C C

 C  C  C
C C C C C C
C C C C C

w w w w
w w w w w w

ww ww ww ww ww ww

w w w w w w

www www www www

a b º º º º º º
º º º º º º

" # $ " # $
# $ " $ " #

# $ " $ " #

" # $
# $ " $ " #

# $ " $ "
www wwwC

Þ
#

The  line follows from the observation above.  Now we find thatsecond

[ C ß C ß C œ  Þ
C C C C C C
C C C C C C
C C C C C C

w

w w w

w w w w w w

ww ww ww www www www
a b

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $

" # $

" # $ " # $

" # " #

" # $

3 3

Hence the assertion is true, since the first determinant is equal to .zero

a b, .  Based on the properties of determinants,

: > : > [ œ
: C : C : C
: C : C : C
C C C

# $

$ " $ # $ $

# # #" # $

" #

a b a b
â ââ ââ ââ ââ ââ â

w w w w

www www www
3

Adding the  rows to the  row does not change the value of the determinant.first two third
Since the functions are assumed to be solutions of the given ODE, addition of the rows
results in

: > : > [ œ Þ
: C : C : C
: C : C : C

 : C  : C  : C
# $

$ " $ # $ $

# # #" # $

" " "" #

a b a b
â ââ ââ ââ ââ ââ â

w w w w

ww ww ww
3

It follows that .  As long as the coefficients are not: > : > [ œ  : > : > : > [# $ " # $a b a b a b a b a bw

zero, we obtain .[ œ  : > [w
"a b

a b a b a b- [ œ  : > [ > œ.  The first order equation  is linear, with integrating factor  w
" .

œ /B: : > .> [ > œ - /B:  : > .> [ >ˆ ‰ ˆ ‰' 'a b a b a b a b" ".  Hence .  Furthermore,  is zero
only if .- œ !

a b. .  It can be shown, by mathematical induction, that

[ C ß C ßâß C œ Þ

C C â C C
C C â C C
ã ã

C C â C C

C C â C C

w

w w w w

a b
â ââ ââ ââ ââ ââ ââ ââ ââ ââ â

" # 8

" # 8" 8

" # 8" 8

" # 8"
8 8 8

8
8

" # 8"
8 8 8

8
8

a b a b a b a b
a b a b a b a b

2 2 2 2
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Based on the reasoning in Part , it follows thata b,
: > : > â: > [ œ  : > : > : > â: > [# $ 8 " # $ 8a b a b a b a b a b a b a bw ,

and hence .[ œ  : > [w
"a b

22.  Inspection of the coefficients reveals that .  Based on Prob. , we find: > œ ! #!"a b
that , and hence .[ œ ! [ œ -w

23.  After writing the equation in standard form, observe that .  Based on the: > œ #Î>"a b
results in Prob. , we find that , and hence .#! [ œ  #Î> [ [ œ -Î>w #a b
24.  Writing the equation in standard form, we find that .  Using : > œ "Î>"a b Abel's
formula, the Wronskian has the form .[ > œ - /B:  .> œ -Î>a b ˆ ‰' "

>

25 .  Assuming that , then taking the first a b a b a b a b+ - C >  - C > â - C > œ ! 8  "" " # # 8 8

derivatives of this equation results in

- C >  - C > â - C > œ !" # 8" # 8

a b a b a b5 5 5a b a b a b
for .  Setting , we obtain a system of  algebraic equations with5 œ !ß "ßâß 8  " > œ > 8!

unknowns .  The Wronskian, , is the determinant of the- ß - ßâß - [ C ß C ßâß C >" # 8 " # 8 !a ba b
coefficient matrix.  Since system of equations is homogeneous, [ C ß C ßâß C > Á !a ba b" # 8 !

implies that the only solution is the  solution, .trivial - œ - œ â œ - œ !" # 8

a b a ba b, [ C ß C ßâß C > œ ! >.  Suppose that  for some .  Consider the system of" # 8 ! !

algebraic
equations

- C >  - C > â - C > œ !" ! # ! 8 !" # 8

a b a b a b5 5 5a b a b a b ,

5 œ !ß "ßâß 8  " - ß - ßâß -, with unknowns .  Vanishing of the Wronskian, which is" # 8

the determinant of the coefficient matrix, implies that there is a  solution of thenontrivial
system of homogeneous equations.  That is, there exist constants , not all- ß - ßâß -" # 8

zero, which satisfy the above equations.  Now let

C > œ - C >  - C > â - C >a b a b a b a b" " # # 8 8 .

Since the ODE is linear,  is also a  solution.  Based on the system of algebraicC >a b nonzero
equations above, .  This contradicts the uniquenessC > œ C > œ â œ C > œ !a b a b a b! ! !

8"w a b
of the solution.identically zero 

26.  Let .  Then ,  , andC > œ C > @ > C œ C @  C @ C œ C @  #C @  C @a b a b a b" " "" " "
w w w ww ww w w ww

C œ C @  $C @  $C @  C @ Þwww www ww w w ww www
" " " "   Substitution into the ODE results in

C @  $C @  $C @  C @  : C @  #C @  C @  : C @  C @  : C @ œ !" " " " " "
www ww w w ww www ww w w ww w w

" " " # " $ "c d c d .

Since  is assumed to be a solution, all terms containing the factor  vanish.  HenceC @ >" a b
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C @  : C  $C @  $C  #: C  : C @ œ !1 1 1 2 11 1 1
www w ww ww w wc d c d" ,

which is a  ODE in the variable .second order ? œ @ w

28.  First write the equation in standard form:

C  $ C  ' C  C œ !
>  # >  " '

> >  $ > >  $ > >  $
www ww w

# #a b a b a b .

Let   Substitution into the given ODE results inC > œ > @ > Þa b a b#

> @  $ @ œ !
> >  %

>  $
# www wwa b

.

Set .  Then  is a solution of the first order differential equationA œ @ Aww

A  $ A œ ! Þ
>  %

> >  $
w a b

This equation is , with integrating factor .  The general solutionlinear .a b a b> œ > Î >  $%

is .  Integrating twice, it follows that A œ - >  $ Î> @ > œ - >  - >  - >  - Þa b a b% " #
" " # $

Hence   Finally, since  and are givenC > œ - >  -  - >  - > Þ C > œ > C > œ >a b a b a b" " # $ " #
$ # # $

solutions, the  independent solution is third C > œ - >  - Þ$ " "a b
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Section 4.2

1.  The magnitude polar angle of  is  and the  is .  Hence the polar"  3 V œ # Î%È 1

form is given by "  3 œ # / ÞÈ 3 Î%1

3.  The  of  is  and the  is   Hence magnitude polar angle $ V œ $ Þ  $ œ $ / Þ1 31

4.  The  of  is  and the  is   Hence magnitude polar angle 3 V œ " $ Î# Þ  3 œ / Þ1 $ 3Î#1

5.   of  is  and the  is .  HenceThe magnitude polar angleÈ$  3 V œ #  Î' œ "" Î'1 1

the polar form is given by È$  3 œ # / Þ"" 3Î'1

6.   of  is  and the  is .  Hence the polarThe magnitude polar angle "  3 V œ # & Î%È 1

form is given by  "  3 œ # / ÞÈ & 3Î%1

7.  Writing the complex number in polar form, , where  may be any integer." œ / 7#7 31

Thus   Setting  successively, we obtain the three roots as" œ / Þ 7 œ !ß "ß #"Î$ #7 3Î$1

" œ " " œ / " œ /"Î$ "Î$ "Î$, , .  Equivalently, the roots can also be written as# 3Î$ % 3Î$1 1

" -9=  3 =38 œ -9=  3=38 œ, , .a b a b a b a b# Î$ # Î$  "  $ % Î$ % Î$  "  $1 1 1 1" "
# #Š ‹ Š ‹È È

9.  Writing the complex number in polar form, , where  may be any integer." œ / 7#7 31

Thus   Setting  successively, we obtain the three roots as" œ / Þ 7 œ !ß "ß #ß $"Î% #7 3Î%1

" œ " " œ / " œ / " œ /"Î% "Î% "Î% "Î%, , , .  Equivalently, the roots can also be1 1 13Î# 3 $ 3Î#

written as , , , " -9= Î#  3 =38 Î# œ 3 -9=  3=38 œ  " -9= $ Î# a b a b a b a b a b1 1 1 1 1
 3=38 $ Î# œ  3a b1 .

10.  In polar form, , in which  is any integer.# -9= Î$  3 =38 Î$ œ # / 7a b1 1 3 Î$#71 1

Thus .  With , one square root isc da b# -9= Î$  3 =38 Î$ œ # / 7 œ !1 1 "Î# "Î# 3 Î'71 1

given by .  With , the other root is given by# / œ $  3 Î # 7 œ ""Î# 3 Î'1 Š ‹È È
# / œ  $  3 Î #"Î# 3( Î'1 Š ‹È È .

11.  The characteristic equation is   The roots are .<  <  <  " œ !Þ < œ  "ß "ß "$ #

One root is , hence the general solution is repeated C œ - /  - /  - >/ Þ" # $
> > >

13.  The characteristic equation is , with roots   The<  #<  <  # œ ! < œ  "ß "ß # Þ$ #

roots are real and , hence the general solution is distinct C œ - /  - /  - / Þ" # $
> > #>

14.  The characteristic equation can be written as   The roots are< <  %<  % œ ! Þ# #a b
< œ !ß !ß #ß # .  There are two repeated roots, and hence the general solution is given by
C œ -  - >  - /  - >/ Þ" # $ %

#> #>

15.  The characteristic equation is .  The roots are given by ,<  " œ ! < œ  "' a b"Î'
that is, the six  of .  They are , .  Explicitly,sixth roots  " / 7 œ !ß "ßâß & 3Î'7 3Î$1 1
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< œ $  3 Î# $  3 Î# 3  3  $  3 Î#  $  3 Î#Š ‹ Š ‹ Š ‹ Š ‹È È È È, , , , , .  Hence

the general solution is given by C œ / - -9= >Î#  - =38 >Î#  - -9= > 
È$ >Î#c da b a b" # $

- =38 >  / - -9= >Î#  - =38 >Î# Þ% & '
 $ >Î#È c da b a b

16.  The characteristic equation can be written as  .  The rootsa ba b<  " <  % œ !# #

are given by .  The roots are real and , hence the general solution is< œ „"ß„ # distinct
C œ - /  - /  - /  - / Þ" # $ %

> > #> #>

17.  The characteristic equation can be written as .  The roots are given bya b<  " œ !# $

< œ „" , each with .  Hence the general solution ismultiplicity three

C œ - /  - >/  - > /  - /  - >/  - > / Þ" # $ % & '
> > # > > > # >

18.  The characteristic equation can be written as  .  The roots are given< <  " œ !# %ˆ ‰
by .  The general solution is < œ !ß !ß„ "ß„ 3 C œ -  - >  - /  - /  - -9= > " # $ % &

> >

 - =38 >' .

19.  The characteristic equation can be written as .< <  $<  $<  $<  # œ !ˆ ‰% $ #

Examining the coefficients, it follows that <  $<  $<  $<  # œ <  " <  # ‚% $ # a ba ba b<  " Þ < œ !ß "ß #ß„ 3#   Hence the roots are .  The general solution of the ODE is given
by .C œ -  - /  - /  - -9= >  - =38 >" # $ % &

> #>

20.  The characteristic equation can be written as  , with roots  ,< <  ) œ ! < œ !a b$

# / 7 œ !ß "ß # < œ !ß #ß  "„ 3 $#7 3Î$1 , .  That is, .  Hence the general solution isÈ
C œ -  - /  / - -9= $ >  - =38 $ > Þ" # $ %

#> >’ “È È
21.  The characteristic equation can be written as  .  The roots of theˆ ‰<  % œ !% #

equation  are , .  Each of these roots has <  % œ ! < œ "„ 3  "„ 3 Þ% 7?6>3:63-3>C >A9
The general solution is C œ / - -9= >  - =38 >  >/ - -9= >  - =38 > > >c d c d" # $ %

 / - -9= >  - =38 >  >/ - -9= >  - =38 >> >c d c d& ' ( ) .

22.  The characteristic equation can be written as  .  The roots are givena b<  " œ !# #

by , each with   The general solution is < œ „ 3 Þ C œ - -9= >  - =387?6>3:63-3>C >A9 " #

> 
 > - -9= >  - =38 > Þc d$ %

24.  The characteristic equation is   Examining the coefficients,<  &<  '<  # œ !Þ$ #

we find that .  Hence the roots are deduced as<  &<  '<  # œ <  " <  %<  #$ # #a ba b
< œ  "  #„ # C œ - /  - /  - / Þ, .  The general solution is È

" # $
# # # #> > >Š ‹ Š ‹È È

25.  The characteristic equation is   By examining the first")<  #"<  "%<  % œ !Þ$ #

and last coefficients, we find that .")<  #"<  "%<  % œ #<  " *<  '<  %$ # #a ba b
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Hence the roots are , .  The general solution of the ODE is< œ  "Î#  "„ $ Î$Š ‹È
given by C œ - /  / - -9= >Î $  - =38 >Î $ Þ" # $

>Î# >Î$’ “Š ‹ Š ‹È È
26.  The characteristic equation is   By examining the<  (<  '<  $!<  $' œ !Þ% $ #

first and last coefficients, we find that

<  (<  '<  $!<  $' œ <  $ <  # <  '<  '% $ # #a ba bˆ ‰.

The roots are .  The general solution is< œ  #ß $ß $„ $È
C œ - /  - /  - /  - / Þ" # $ %

$ $ $ $#> $> > >Š ‹ Š ‹È È

28.  The characteristic equation is   It can be shown<  '<  "(<  ##<  "% œ !Þ% $ #

that .  Hence the roots are<  '<  "(<  ##<  "% œ <  #<  # <  %<  (% $ # # #a ba b
< œ  "„ 3  #„ 3 $, .  The general solution isÈ

C œ / - -9= >  - =38 >  / - -9= $ >  - =38 $ > Þ> #>c d ’ “È È
" # $ %

30.  .C > œ / =38 >Î #  / =38 >Î #a b Š ‹ Š ‹È È" "
# #

>Î # >Î #È È

32.  The characteristic equation is , with roots , .  Hence<  <  <  " œ ! < œ " „ 3$ #

the general solution is .  Invoking the initial conditions,C > œ - /  - -9= >  - =38 >a b " # $
>

we obtain the system of equations

-  - œ #

-  - œ  "

-  - œ  #

" #

" $

" #

with solution , , .  Therefore the solution of the initial value- œ ! - œ # - œ  "" # $

problem is .C > œ #-9= >  =38 >a b
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33.  The characteristic equation is , with roots ,#<  <  *<  %<  % œ ! < œ  "Î#% $ #

" „ # C > œ - /  - /  - /  - /, .  Hence the general solution is .  Applyinga b " # $ %
>Î# > #> #>

the initial conditions, we obtain the system of equations

- -  -  - œ  #

 - -  #-  #- œ !
"

#
"

%
- -  %-  %- œ  #

 - -  )-  )- œ !
"

)

" # $ %

" # $ %

" # $ %

" # $ %









with solution , , , .  Therefore the- œ  "'Î"& - œ  #Î$ - œ  "Î' - œ  "Î"!" # $ %

solution of the initial value problem is .C > œ  /  /  /  /a b "' # " "
"& $ ' "!

>Î# > #> #>

The solution decreases without bound.

34.  .C > œ /  / -9= >  =38 >a b  ‘# #% $
"$ "$ "$

> >Î#
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The solution is an oscillation with  amplitude.increasing

35.  The characteristic equation is , with roots , , .' <  &<  < œ ! < œ !  "Î$  "Î#$ #

The general solution is   Invoking the initial conditions,C > œ -  - /  - / Þa b " # $
>Î$ >Î#

we require that

-  -  - œ  #

 -  - œ #
" "

$ #
" "

* %
-  - œ !

" # $

# $

# $

with solution , , .  Therefore the solution of the initial value- œ ) - œ  ") - œ )" # $

problem is .C > œ )  ")/  )/a b >Î$ >Î#

36.  The general solution is derived in Prob.  asa b#)

C > œ / - -9= >  - =38 >  / - -9= $ >  - =38 $ > Þa b c d ’ “È È> #>
" # $ %

Invoking the initial conditions, we obtain the system of equations
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-  - œ "

 - -  #-  $ - œ  #

 #-  -  % $ - œ !

#- -  "!-  * $ - œ $

" $

" # $ %

# $ %

" # $ %



 #

È
È
È

with solution , , , .- œ #"Î"$ - œ  $)Î"$ - œ  )Î"$ - œ "( $ Î$*" # $ %
È

The solution is a rapidly-decaying oscillation.

38.

[ / ß / ß -9= >ß =38 > œ  )

[ -9=2 >ß =382 >ß -9= >ß =38 > œ %

ˆ ‰
a b

> >

40.  Suppose that , and each of the  are real and- /  - / â - / œ ! <" # 8 5
< > < > < >" # 8

different.  Multiplying this equation by , ./ -  - / â - / œ !< > < < > < < >" # " 8 "
" # 8

a b a b
Differentiation results in

- <  < / â - <  < / œ !# # " 8 "8a b a ba b a b< < > < < ># " 8 " .

Now multiplying the latter equation by , and differentiating, we obtain/ < < >a b# "

- <  < <  < / â - <  < <  < / œ !$ $ # $ " 8 8 # "8a ba b a ba ba b a b< < > < < >$ # 8 # .

Following the above steps in a similar manner, it follows that

- <  < â <  < / œ !8 8 8" "8a b a b a b< < >8 8" .

Since these equations hold for all , and all the  are different, we have .  Hence> < - œ !5 8

- /  - / â - / œ ! _  >  _" # 8"
< > < > < >" # 8"  ,  .

The same procedure can now be repeated, successively, to show that

- œ - œ â œ - œ !" # 8 .
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Section 4.3

2.  The general solution of the homogeneous equation is C œ- - /  - /  - -9= > " # $
> >

 - =38 > 1 > œ $> 1 > œ -9= > ] > œ  $>% " # ".  Let  and .  By inspection, we find that .a b a b a b
Since  is a solution of the homogeneous equation, set 1 > ] > œ > E-9= >  F=38 > Þ# #a b a b a b
Substitution into the given ODE and comparing the coefficients of similar term results in
E œ ! F œ  "Î% and .  Hence the general solution of the nonhomogeneous problem is

C > œa b C >  $>  =38 >
>

%
-a b .

3.  The characteristic equation corresponding to the homogeneous problem can be written
as .  Ta ba b<  " <  " œ ! - / # >he solution of the homogeneous equation is C œ- "

 - -9= >  - =38 > 1 > œ / 1 > œ %> 1 ># $ " #.  Let  and .  Since  is a solution of thea b a b a b>
1

homogeneous equation, set   Substitution into the ODE results in .] > œ E>/ Þ E œ1a b > "Î#

Now let .  We find that .  Hence the general solution of] > œ F>  G F œ  G œ %#a b
the nonhomogeneous problem is C > œa b C >  >/ Î#  % >  "-a b a b> .

4.  The characteristic equation corresponding to the homogeneous problem can be written
as .  T< <  " <  " œ ! -  - / a ba b he solution of the homogeneous equation is C œ- " #

>

 - / 1 > œ # =38 >$
>.  Since  is not a solution of the homogeneous problem, we can seta b

] > œ E -9= >  F =38 > E œ " F œ !a b .  Substitution into the ODE results in  and .
Thus
the general solution is .C > œa b -  - /  - /  -9= >" $#

> >

6.  The characteristic equation corresponding to the homogeneous problem can be written
as .  It follows that   Sincea b<  "# #

- " # $ %œ ! C œ - -9= >  - =38 >  > - -9= >  - =38 > Þa b
1 > ] > œ E F-9= #>  G=38 #>a b a b is not a solution of the homogeneous problem, set .
Substitution into the ODE results in , , .  Thus the general solutionE œ $ F œ "Î* G œ !
is .C > œ C >  $ a b a b-

"
* -9= #>

7.  The characteristic equation corresponding to the homogeneous problem can be written
as .  Thus the homogeneous solution is< <  " œ !$ $a b

C œ -  - >  - >  - /  / - -9= $ >Î# - =38 $ >Î# Þ- " # $ % & &
# > >Î#’ “Š ‹ Š ‹È È

Note the  is a solution of the homogenous problem.  Consider a particular1 > œ >a b
solution
of the form   ] > œ > E>  F Þa b a b$ Substitution into the ODE results in  andE œ "Î#%

F œ !.  Thus the general solution is .C > œ C >  > Î#%a b a b-
%

8.  The characteristic equation corresponding to the homogeneous problem can be written
as .  Hence the homogeneous solution is .< <  " œ ! C œ -  - >  - >  - /$ # >a b - " # $ %

Since  is  a solution of the homogeneous problem, set .1 > ] > œ E-9= #>  F=38 #>a b a bnot
Substitution into the ODE results in  and .  Thus the general solutionE œ "Î%! F œ "Î#!
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is .C > œ C >  Î%!a b a b a b- -9= #>  #=38 #>

10.  From Prob.  in Section , the homogeneous solution is## %Þ#

C œ - -9= >  - =38 >   > - -9= >  - =38 > Þ- " # $ %c d
Since  is  a solution of the homogeneous problem, substitute  into1 > ] > œ E>  Fa b a bnot
the ODE to obtain  and .  Thus the general solution is .E œ $ F œ % C > œ C >  $>  %a b a b-

Invoking the initial conditions, we find that , , , .- œ  % - œ  % - œ " - œ  $Î#" # $ %

Therefore the solution of the initial value problem is

C > œ >  % -9= >  $>Î#  % =38 >  $>  %a b a b a b .

11.  The characteristic equation can be written as .  Hence the< <  $<  # œ !a b#

homogeneous solution is .  Let  and .  NoteC œ -  - /  - / 1 > œ / 1 > œ >-
> #> >

" # $ " #a b a b
that  is a solution of the homogeneous problem.  Set .  Substitution into1 ] > œ E>/" "a b >

the ODE results in .  Now let .  Substitution into the ODEE œ  " ] > œ F>  G>#a b #

results in  and .  Therefore the general solution isF œ "Î% G œ $Î%

C > œ -  - /  - /  >/  >  $> Î%a b ˆ ‰" # $
> #> > # .

Invoking the initial conditions, we find that , .  The solution of the- œ " - œ - œ !" # $

initial value problem is .C > œ "  >/  >  $> Î%a b a b> #
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12.  The characteristic equation can be written as .  Hencea ba ba b<  " <  $ <  % œ !#

the homogeneous solution is .  None of theC œ - /  - /  - -9= #>  - =38 #>-
> $>

" # $ %

terms in  is a solution of the homogeneous problem.  Therefore we can assume a form1 >a b
] > œ E/  F-9= >  G=38 > Þ E œ "Î#!a b >   Substitution into the ODE results in ,
F œ  #Î& G œ  %Î&, .  Hence the general solution is

C > œ - /  - /  - -9= #>  - =38 #>  / Î#!  #-9= >  %=38 > Î&a b a b" # $ %
> $> > .

Invoking the initial conditions, we find that , , ,- œ )"Î%! - œ ($Î&#! - œ ((Î'&" # $

- œ  %*Î"$!% .

14.  From Prob. , t .  Consider the% -  - /  - /he homogeneous solution is C œ- " $#
> >

terms  and .  Note that since  is a  root of the1 > œ >/ 1 > œ #-9= > < œ  "" #a b a b> simple
characteristic equation, Table  suggests that we set   The%Þ$Þ" ] > œ > E>  F / Þ"a b a b >

function  is  a solution of the homogeneous equation.  We can simply choose#-9= > not
] > œ G-9= >  H=38 >#a b .  Hence the particular solution has the form

] > œ > E>  F /  G-9= >  H=38 >a b a b > .

15.  The characteristic equation can be written as .  The roots are givena b<  " œ !# #
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as , each with .  Hence the solution of the homogeneous problem< œ „" multiplicity two
is .  Let  and .  The functionC œ - /  - >/  - /  - >/ 1 > œ / 1 > œ =38 >-

> > > > >
" # $ % " #a b a b

/ < œ "> is a solution of the homogeneous problem.  Since  has multiplicity , we set>A9
] > œ E> / =38 >"a b # >.  The function  is  a solution of the homogeneous equation.  Wenot
can set .  Hence the particular solution has the form] > œ F-9= >  G=38 >#a b

] > œ E> /  F-9= >  G=38 >a b # > .

16.  The characteristic equation can be written as , with roots , < <  % œ ! < œ ! „#3Þ# #a b
The root  has multiplicity , hence the homogeneous solution is < œ ! C œ -  - > >A9 - " #

 - -9= #>  - =38 #> 1 > œ =38 #> 1 > œ %$ % " #.  The functions  and  are solutions of thea b a b
homogenous equation.  The complex roots have multiplicity , therefore we need to setone
] > œ E> -9= #>  F> =38 #> 1 > œ % < œ !Þ" #a b a b.  Now  is associated with the  root double
Based on Table , set .  Finally,  and its derivatives  is%Þ$Þ" ] > œ G> 1 > œ >/# $a b a b a b# >

independent of the homogeneous solution.  Therefore set .  Conclude] > œ H>  I /$a b a b >

that the particular solution has the form

] > œ E> -9= #>  F> =38 #>  G>  H>  I / Þa b a b# >

18.  The characteristic equation can be written as , with roots ,< <  #<  # œ ! < œ !# #a b
with multiplicity , and .  The homogeneous solution is two < œ  "„ 3 C œ -  - > - " #

 - / -9= >  - / =38 > 1 > œ $/  #>/$ % "
> > > >.  The function , and all of its derivatives,a b

is independent of the homogeneous solution.  Therefore set ] > œ E/  F>  G / Þ"a b a b> >

Now  is a solution of the homogeneous equation, associated with the1 > œ / =38 >#a b >

complex roots.  We need to set   It follows that the] > œ > H / -9= >  I / =38 > Þ#a b a b> >

particular solution has the form

] > œ E/  F>  G /  > H / -9= >  I / =38 > Þa b a b ˆ ‰> > > >

19.  Differentiating , successively, we haveC œ ? > @ >a b a b
C œ ? @  ?@

C œ ? @  #? @  ?@

ã

C œ ? @
8

4

w w w

ww ww w w ww

8 84 4

4œ!

8a b a b a b"Œ 
Setting , .  So  for any ,@ > œ / @ œ / : œ "ß #ßâß 8a b ! !> 4 4 >a b !

C œ / ?
:

4
a b a b: > 4 :4

4œ!

:
! "Œ ! .

It follows that
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P / ? œ / + ? ‡ Þ
:

4
 ‘ " "– —Œ  a b! !> > 4 :4

:œ! 4œ!

8

8:

:

! a b       

It is evident that the right hand side of Eq.  is of the forma b‡
/ 5 ?  5 ? â 5 ?  5 ? Þ!> 8 8" w

8" 8 ‘! "
a b a b

Hence operator equation  can beP / ? œ / , >  , > â , >  ,c d a b! !> > 7 7"
7! " 7"

written as

5 ?  5 ? â 5 ?  5 ? œ! "
a b a b8 8" w

8" 8

œ , >  , > â , >  , Þ! " 7"
7 7"

7

The coefficients ,  can be determined by collecting the like terms in5 3 œ !ß "ßâß 83

the double summation in Eq. .  For example,  is the coefficient of .  The a b‡ 5 ?!
a b8 only

term that contains  is when  and .  Hence .  On the other hand,? : œ 8 4 œ ! 5 œ +a b8
! !

5 ? > ‡ ?8 is the coefficient of .  The inner summation in  contains terms with , given bya b a b
!:? 4 œ : : œ !ß "ßâß 8a bwhen , for each .  Hence

5 œ +8 8:

:œ!

8
:" ! .

21 .  Clearly,  is a solution of , and  is a solution of the differentiala b+ / C  #C œ ! >/#> w >

equation .  The latter ODE has characteristic equation .C  #C  C œ ! <  " œ !ww w #a b
Hence  and .  Furthermore,a bc d a bc d a b c dH  # $/ œ $ H  # / œ ! H  " >/ œ !#> #> >#

we have , and a ba b c d a bc d a ba b c dH  # H  " >/ œ H  # ! œ ! H  # H  " $/ œ# #> #>

œ H  " H  # $/ œ H  " ! œ !a b a bc d a b c d# ##> .

a b a b, +.  Based on Part ,

a ba b a b a b a ba b ‘  ‘H  # H  " H  # H  " ] œ H  # H  " $/  >/

œ !

# $ # #> >

,

since the operators are linear.  The implied operations are associative and commutative.
Hence

a b a bH  # H  " ] œ ! Þ% $

The operator equation corresponds to the solution of a linear homogeneous ODE with
characteristic equation .  The roots are , with multiplicity a b a b<  # <  " œ ! < œ # %% $

and , with multiplicity .  It follows that the given homogeneous solution is< œ  " $

] > œ - /  - >/  - > /  - > /  - /  - >/  - > /a b " # $ % & ' (
#> #> # #> $ #> > > # >,

which is a linear combination of seven independent solutions.
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22 .  Observe that  and .  Hence the operatora b a bc d a bc d"& H  " / œ ! H  " =38 > œ !> #

L H œ H  " H  " /  =38 >a b a ba b# > is an annihilator of .  The operator corresponding
to the left hand side of the given ODE  is   It follows thata bH  " Þ# #

a b a b ˆ ‰H  " H  " H  " ] œ !# $ # .

The resulting ODE is homogeneous, with solution

] > œ - /  - >/  - /  - >/  - > /  - -9= >  - =38 >a b " # $ % & ' (
> > > > $ > .

After examining the homogeneous solution of Prob. , and eliminating duplicate terms,"&
we have

] > œ - > /  - -9= >  - =38 >a b & ' (
$ > .

22 .  We find that , , and .a b c d a b c d a bc d"' H % œ ! H  " >/ œ ! H  % =38 #> œ !# > #

The operator is an annihilator of .  TheL H œ H H  " H  % >  >/  =38 #>a b a b a b# # # >

operator corresponding to the left hand side of the ODE  is   It follows thatH H  % Þ# #a b
H H  " H  % ] œ !$ ## #a b ˆ ‰ .

The resulting ODE is homogeneous, with solution

] > œ -  - >  - >  - /  - >/  - -9= #>  - =38 #>  - >-9= #>  - >=38 #>a b " # $ % & ' ( ) *
# > > .

After examining the homogeneous solution of Prob. , and eliminating duplicate terms,"'
we have

] > œ - >  - /  - >/  - >-9= #>  - >=38 #>a b $ % & ) *
# > > .

22 .  Observe that ,   The function  isa b a bc d a b c d") H  " / œ ! H  " >/ œ ! Þ / =38 >> > >#

a solution of a second order ODE with characteristic roots .  It follows that< œ  "„ 3a bc dH  #H  # / =38 > œ !# > .  Therefore the operator

L H œ H  " H  " H  #H  #a b a ba b ˆ ‰# #

is an annihilator of .  The operator corresponding to the left hand$/  #>/  / =38 >> > >

side of the given ODE  is   It follows thatH H  #H  # Þ# #a b
H H  " H  " H  #H  # ] œ !# ## #a ba b ˆ ‰ .

The resulting ODE is homogeneous, with solution

] > œ -  - >  - /  - /  - >/ 

 / - -9= >  - =38 >  >/ - -9= >  - =38 > Þ

a b a b a b" # $ % &

' ( ) *

> > >

> >

After examining the homogeneous solution of Prob. , and eliminating duplicate terms,")
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we have

] > œ - /  - /  - >/  >/ - -9= >  - =38 >a b a b$ % & ) *
> > > > .
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Section 4.4

2.  The characteristic equation is .  Hence the homogeneous solution is< <  " œ !a b#

C > œ -  - /  - / [ "ß / ß / œ #- " # $a b a b> > > >.  The Wronskian is evaluated as .  Now
compute the three determinants

[ > œ œ  #
! / /

! /  /

" / /
"a b

â ââ ââ ââ ââ ââ â
> >

> >

> >

[ > œ œ /
" ! /

! !  /

! " /
#a b

â ââ ââ ââ ââ ââ â
>

>

>

>

[ > œ œ /
" / !

! / !

! / "
$a b

â ââ ââ ââ ââ ââ â
>

>

>

>

The solution of the system of equations  isa b"!

? > œ œ  >
>[ >

[ >"

"wa b a ba b
? > œ œ >/ Î#

>[ >

[ >#

#w >a b a ba b
? > œ œ >/ Î#

>[ >

[ >$

$w >a b a ba b
Hence , ,   The particular? > œ  > Î# ? > œ  / >  " Î# ? > œ / >  " Î# Þ" $a b a b a b a b a b# > >

2

solution becomes .  The constant] > œ  > Î#  >  " Î#  >  " Î# œ  > Î#  "a b a b a b# #

is a solution of the homogeneous equation, therefore the general solution is

C > œ -  - /  - /  > Î#a b " # $
> > # .

3.  From Prob.  in Section , "$ %Þ# C > œ - /  - /  - / Þ- " # $a b > > #>   The Wronskian is
evaluated as [ / ß / ß / œ ' /a b> > #> #>.  Now compute the three determinants

[ > œ œ /
! / /

! / #/

" / %/
"a b

â ââ ââ ââ ââ ââ â
> #>

> #>

> #>

$>
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[ > œ œ  $/
/ ! /

 / ! #/

/ " %/
#a b

â ââ ââ ââ ââ ââ â
> #>

> #>

> #>

>

[ > œ œ #
/ / !

 / / !

/ / "
$a b

â ââ ââ ââ ââ ââ â
> >

> >

> >

Hence , , .  Therefore the particular solution? > œ / Î' ? > œ  / Î# ? > œ / Î$" # $
w &> w $> w #>a b a b a b

can be expressed as

] > œ / / Î$!  / / Î'  / / Î'

œ / Î$! Þ

a b  ‘  ‘  ‘> &> > $> #> #>

%>

6.  From Prob.  in Section , ## %Þ# C > œ - -9= >  - =38 >  > - -9= >  - =38 > Þ- " # $ %a b c d   The
Wronskian is evaluated as [ -9= >ß =38 >ß > -9= >ß > =38 > œ %a b .  Now compute the four
auxiliary determinants

[ > œ œ  #=38 >

! =38 > > -9= > > =38 >
! -9= > -9= >  > =38 > =38 >  > -9= >
!  =38 >  #=38 >  > -9= > #-9= >  > =38 >
"  -9= >  $-9= >  > =38 >  $=38 >  > -9= >

"a b
â ââ ââ ââ ââ ââ ââ ââ â

 #> -9= >

[ > œ œ #> =38 >

-9= > ! > -9= > > =38 >
 =38 > ! -9= >  > =38 > =38 >  > -9= >
 -9= > !  #=38 >  > -9= > #-9= >  > =38 >
=38 > "  $-9= >  > =38 >  $=38 >  > -9= >

#a b
â ââ ââ ââ ââ ââ ââ ââ â

 #-9= >

[ > œ œ  #-9= >

-9= > =38 > ! > =38 >
 =38 > -9= > ! =38 >  > -9= >
 -9= >  =38 > ! #-9= >  > =38 >
=38 >  -9= > "  $=38 >  > -9= >

$a b
â ââ ââ ââ ââ ââ ââ ââ â

[ > œ œ  #=38 >

-9= > =38 > > -9= > !
 =38 > -9= > -9= >  > =38 > !
 -9= >  =38 >  #=38 >  > -9= > !
=38 >  -9= >  $-9= >  > =38 > "

%a b
â ââ ââ ââ ââ ââ ââ ââ â

It follows that , ,? > œ  =38 >  > =38 > -9= > Î# ? > œ >=38 >  =38 > -9= > Î#" #
w # w #a b c d a b c d

? > œ  =38 > -9= >Î# ? > œ  =38 >Î#$ %
w w #a b a b, .  Hence

? > œ $=38 > -9= >  #> -9= >  > Î)"a b  ‘#
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? > œ =38 >  #-9= >  #> =38 > -9= >  > Î)#a b  ‘# # #

? > œ  =38 >Î%$a b #

? > œ -9= > =38 >  > Î%%a b c d
Therefore the particular solution can be expressed as

] > œ -9= > ? >  =38 > ? >  > -9= > ? >  > =38 > ? >

œ =38 >  $> -9= >  > =38 > Î) Þ

a b c d c d c d c da b a b a b a b ‘" # $ %

#

Note that only the  is last term not a solution of the homogeneous equation.  Hence the
general solution is

C > œ - -9= >  - =38 >  > - -9= >  - =38 > a b c d" # $ % > =38 > Î) Þ#

8.  Based on the results in Prob. , # C > œ -  - /  - /- " # $a b > >.  It was also shown that
[ "ß / ß / œ # [ > œ  # [ > œ / [ > œ /a b a b a b a b> > > >, with , , .  Therefore we have" # $

? > œ  -=- > ? > œ / -=- > Î# ? > œ / -=- > Î#" # $
w w > w >a b a b a b, , .  The particular solution can

be expressed as   More specifically,] > œ ? >  / ? >  / ? > Þa b c d c d c da b a b a b" # $
> >

] > œ 68 -=- >  -9> >  / -=- = .=  / -=- = .=
/ /

# #

œ 68 -=- >  -9> >  -9=2 >  = -=- = .=

a b k k a b a ba b a b ( (
k k a b a ba b a b (

> >

> >

> >
= =

>

>
! !

!

.

9.  Based on Prob. , , , .  The particular% ? > œ =/- > ? > œ  " ? > œ  >+8 >" # $
w w wa b a b a b

solution can be expressed as   That is,] > œ ? >  -9= > ? >  =38 > ? > Þa b c d c d c da b a b a b" # $

] > œ 68 =/- >  >+8 >  > -9= >  =38 > 68 -9= >a b k k k ka b a b a b .

Hence the general solution of the initial value problem is

C > œ -  68 =/- >  >+8 >  > -9= >  =38 > 68 -9= > Þa b k k k ka b a b a b" - -9= >  - =38 > # $

Invoking the initial conditions, we require that , , .-  - œ # - œ "  - œ  #" # $ #

Therefore

C > œ # 68 =/- >  >+8 >  > -9= >  =38 > 68 -9= >a b k k k ka b a b a b-9= >  =38 > 
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10.  From Prob. ,   In' > =38 > Î) ÞC > œ - -9= >  - =38 >  - > -9= >  - > =38 > a b " # $ %
#

order to satisfy the initial conditions, we require that , ,- œ # -  - œ !" # $

 -  #- œ  "  $Î%  -  $- œ " Þ" % # $,   Therefore

C > œ # > =38 > Î) Þa b -9= >  (=38 >  (> -9= >  %> =38 >  ‘#

12.  From Prob.  , the general solution of the initial value problem is)

C > œ -  - /  - /  68 -=- >  -9> > a b k ka b a b" # $

> >

> >

> >
= => > / /

# #
/ -=- = .=  / -=- = .=( (a b a b

! !

.

In this case, .  Observe that , , and> œ Î# C Î# œ C Î# C Î# œ C Î#! - -1 1 1 1 1a b a b a b a bw w

C Î# œ C Î#ww wwa b a b1 1- .  Therefore we obtain the system of equations

-  - /  - / œ #

- /  - / œ "

- /  - / œ  "

" # $

# $

# $

1 1

1 1

1 1

Î#  Î#

Î#  Î#

Î#  Î#

Hence the solution of the initial value problem is
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C > œ $  /  68 -=- >  -9> >  -9=2 >  = -=- = .= Þa b k k a b a ba b a b (> Î#

>

>
1

!

13.  First write the equation as   TC  B C  #B C  #B C œ #B Þwww ww w" # $ he Wronskian
is evaluated as [ Bß B ß "ÎB œ 'ÎBa b# .  Now compute the three determinants

[ B œ œ  $
! B "ÎB
! #B  "ÎB
" # #ÎB

"
#

$

a b
â ââ ââ ââ ââ ââ â

#

[ B œ œ #ÎB
B ! "ÎB
" !  "ÎB
! " #ÎB

#
#

$

a b
â ââ ââ ââ ââ ââ â

[ B œ œ B
B B !
" #B !
! # "

$a b
â ââ ââ ââ ââ ââ â

#

#

Hence , , .  Therefore the particular solution? B œ  B ? B œ #BÎ$ ? B œ B Î$" # $
w # w w %a b a b a b

can be expressed as

] B œ B  B Î$  B B Î$  B Î"&
"

B
œ B Î"& Þ

a b  ‘  ‘  ‘$ # # &

%

15.  The homogeneous solution is TC > œ - -9= >  - =38 >  - -9=2 >  - =382 > Þ- " # $ %a b   he
Wronskian is evaluated as [ -9= >ß =38 >ß -9=2 >ß =382 > œ %a b .  Now the four additional
determinants are given by , , ,[ > œ # =38 > [ > œ  # -9= > [ > œ  # =382 >" # $a b a b a b
[ > œ # -9=2 > ? > œ 1 > =38 > Î# ? > œ  1 > -9= > Î#% " #a b a b a b a b a b a b a b.  If follows that , ,w w

? > œ  1 > =382 > Î# ? > œ 1 > -9=2 > Î#$ %
w wa b a b a b a b a b a b, .  Therefore the particular solution
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can be expressed as

] > œ 1 = =38 = .=  1 = -9= = .= 
-9= > =38 >

# #

 1 = =382 = .=  1 = -9=2 = .= Þ
-9=2 > =382 >

# #

a b a b a b a b a ba b a b( (
a b a b( (a b a b a b a b

> >

> >

> >

> >
! !

! !

Using the appropriate identities, the integrals can be combined to obtain

] > œ 1 = =382 >  = .=  1 = =38 >  = .= Þ
" "

# #
a b a b a b a b a b( (

> >

> >

! !

17.  First write the equation as   It canC  $B C  'B C  'B C œ 1 B ÎB Þwww ww w $" # $ a b
be shown that C B œ - B  - B  - B- " # $a b # $ is a solution of the homogeneous equation.
The Wronskian of this fundamental set of solutions is   T[ Bß B ß B œ #B Þa b# $ $ he three
additional determinants are given by , , [ B œ B [ B œ  #B [ B œ B Þ" # $a b a b a b% $ #

Hence , , .  Therefore the? B œ 1 B Î#B ? B œ  1 B ÎB ? B œ 1 B Î#B" # $
w # w $ w %a b a b a b a b a b a b

particular solution can be expressed as

] B œ B .>  B .>  B .>
1 > 1 > 1 >

#> > #>

œ   1 > .> Þ
" B # B B

# > > >

a b ( ( (a b a b a b
( ” • a b
B B B

B B B

# $ %
# $

B

B

# $ %

# $
! ! !

!


