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Chapter Six

Section 6.1

3.

The function  is 0 >a b continuous.

4.

The function  has a  at .0 > > œ "a b jump discontinuity

7.  Integration is a linear operation.  It follows that

( ( (
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! ! !
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=> ,> => ,> =>

! !

E E
,= >  ,= >

-9=2 ,> † / .> œ / † / .>  / † / .>
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# #
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!

E
=>
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# =  , # =  ,

a b a b

Taking a , as ,limit Ep_
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!

_
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# #

-9=2 ,> † / .> œ 
" " " "

# =  , # =  ,

œ Þ
=

=  ,

Note that the above is valid for .=  ,k k
8.  Proceeding as in Prob. ,(

( – — – —
!

E
=>

,= E  ,= E

=382 ,> † / .> œ  Þ
" "  / " "  /

# =  , # =  ,

a b a b

Taking a , as ,limit Ep_
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!

_
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# #
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" " " "

# =  , # =  ,

œ Þ
,

=  ,

The limit exists as long as .=  ,k k
10.  Observe that   It follows that/ =382 ,> œ /  / Î# Þ+> Ð+,Ñ> Ð+,Ñ>ˆ ‰

( – — – —
!

E
+> =>

+,= E  ,+= E

/ =382 ,> † / .> œ  Þ
" "  / " "  /

# =  +  , # =  ,  +

a b a b

Taking a , as ,limit Ep_
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a b

!

_
+> =>

# #

/ =382 ,> † / .> œ 
" " " "

# =  +  , # =  ,  +

œ Þ
,

=  +  ,

The limit exists as long as .=  +  ,k k
11.  Using the  of the Laplace transform,linearity

_ _ _c d  ‘  ‘=38 ,> œ /  / Þ
" "

#3 #3
3,> 3,>

Since

(
!

_
+3, > =>/ / .> œ

"

=  +  3,
a b  ,

we have
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(
!

_
„ 3,> =>/ / .> œ

"

=… 3,
.

Therefore

_c d ” •=38 ,> œ 
" " "

#3 =  3, =  3,

œ
,

=  ,# #
.

12.  Using the  of the Laplace transform,linearity

_ _ _c d  ‘  ‘-9= ,> œ /  / Þ
" "

# #
3,> 3,>

From Prob. , we have""

(
!

_
„ 3,> =>/ / .> œ

"

=… 3,
.

Therefore

_c d ” •-9= ,> œ 
" " "

# =  3, =  3,

œ
=

=  ,# #
.

14.  Using the  of the Laplace transform,linearity

_ _ _ ‘  ‘  ‘/ -9= ,> œ /  / Þ
" "

# #
+> +3, > +3, >a b a b

Based on the integration in Prob. ,""

(
!

_
+„ 3, > =>/ / .> œ Þ

"

=  +… 3,
a b  

Therefore

_ ‘ ” •
a b

/ -9= ,> œ 
" " "

# =  +  3, =  +  3,

œ
=  +

=  +  ,

+>

# #
.

The above is valid for .=  +

15.  Integrating ,by parts
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( (º
a b
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a b a b
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Taking a , as ,limit Ep_

( a b!

_
+> =>

#
>/ † / .> œ Þ

"

=  +

Note that the limit exists as long as .=  +

17.  Observe that   For any value of ,> -9=2 +> œ > /  > / Î# Þ -a b+> +>

( (º
a b

a b
! !
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!
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a b a b
a b a b

Taking a , as ,limit Ep_

( a b!

_
-> =>

#
>/ † / .> œ Þ

"

=  -

Note that the limit exists as long as .  Therefore,=  -k k
( – —a b a b

a b a b
!

_
=>

# #

# #

# #

> -9=2 +> † / .> œ 
" " "

# =  + =  +

œ
=  +

=  + =  +
.

18.  Integrating ,by parts

( (º
(

! !

E E
8 +> => 8" += >

8 += > E

!
8  =+ E

!

E
8" += >

> / † / .> œ   > / .>
> / 8

=  + =  +

œ   > / .> Þ
E / 8

=  + =  +

a b a b
a b a b

Continuing to integrate by parts, it follows that
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( a b
a b a b a b

ˆ ‰!

E
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8 += E 8" += E

#
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8xE/

8  # x =  + =  +

8x /  "

a b a b
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That is,

( a b a b!

E
8 +> => += E

8 8"
> / † / .> œ : E † / 

8x

=  +
a b ,

in which  is a  of degree .  For any  polynomial,: 88a b0 polynomial given

lim
EÄ_

8
 =+ E: E † / œ !a b a b ,

as long as .  Therefore,=  +

( a b!

_
8 +> =>

8"
> / † / .> œ

8x

=  +
.

20.  Observe that   Using the result in Prob. ,> =382 +> œ > /  > / Î# Þ ")# # +> # +>a b
( – —a b a b

a b
a b

!

_
# =>

$ $

# #

# # $

> =382 +> † / .> œ 
" #x #x

# =  + =  +

œ
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The above is valid for .=  +k k
22.  Integrating ,by parts

( (º
! !

E E
> > >

E

!
E E

> / .> œ  > /  / .>

œ "  /  E/ Þ

Taking a , as ,limit Ep_

(
!

_
> E> / .> œ "  / Þ

Hence the integral .converges

23.  Based on a series expansion, note that for ,>  !

/  "  >  > Î#  > Î#> # # .



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 259

It follows that for ,>  !

> / 
"

#
# > .

Hence for any finite ,E  "

(
"

E
# >> / .> 

E  "

#
.

It is evident that the limit as  does not exist.Ep_

24.  Using the fact that , and the fact thatk k-9= > Ÿ "

(
!

_
>/ .> œ " ,

it follows that the given integral .converges

25 .  Let .  Integrating ,a b+ :  ! by parts
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a b a b. ,.  Using the result in Part ,
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Section 6.2

1.  Write the function as

$ $ #

=  % # =  %
œ

# #
.

Hence ._" $
#c da b] = œ =38 #>

3.  Using partial fractions,

# # " "

=  $=  % & =  " =  %
œ 

# ” •.

Hence ._" > %>#
&c da b ˆ ‰] = œ /  /

5.  Note that the denominator  is =  #=  &# irreducible over the reals.  Completing the
square, =  #=  & œ =  "  %# #a b .  Now convert the function to a rational function
of the variable  .  That is,0 œ =  "

#=  # # =  "

=  #=  &
œ

#

a b
a b=  "  %# .

We know that

_
0

0
"

#” •#

 %
œ # -9= #> .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” •#=  #

=  #=  &#
œ #/ -9= #> .

6.  Using partial fractions,

#=  $ " " (

=  % % =  # =  #
œ 

# ” •.

Hence .  Note that we can also write_" #> #>"
%c d a ba b] = œ /  (/

#=  $ = $ #

=  % =  % # =  %
œ # 

# # #
.

8.  ,Using partial fractions

)=  %=  "# " = #

= =  % = =  % =  %
œ $  &  #

#

# # #a b .
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Hence ._"c da b] = œ $  & -9= #>  # =38 #>

9.  The denominator  is =  %=  &# irreducible over the reals.  Completing the square,
=  %=  & œ =  #  "# #a b .  Now convert the function to a rational function of the
variable  .  That is,0 œ =  #

"  #= &  # =  #

=  %=  &
œ

#

a b
a b=  #  "#

.

We find that

_
0 0

0"
# #” •& #

 "  "
 œ & =38 >  # -9= > .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" #>” • a b"  #=

=  %=  &#
œ / & =38 >  # -9= > .

10.   over the reals.  CompletingNote that the denominator  is =  #=  "!# irreducible
the square, =  #=  "! œ =  "  *# #a b .  Now convert the function to a rational
function of the variable  .  That is,0 œ =  "

#=  $ # =  "  &

=  #=  "!
œ

#

a b
a b=  "  *# .

We find that

_
0

0 0
"

# #” •# & &

 *  * $
 œ # -9= $>  =38 $> .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” • Œ #=  $

=  #=  "!#
œ / # -9= $>  =38 $>

&

$
.

12.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  $= ] =  #] =  =  $ œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

=  $

=  $=  #
a b

#
.
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Using partial fractions,

=  $

=  $=  ##
œ 

# "

=  " =  #
.

Hence .C > œ ] = œ # /  /a b c da b_" > #>

13.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  " œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

"

=  #=  #
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
That is,

"

=  #=  ##
œ

"

=  "  "a b# .

First note that

_
0

"
#” •"

 "
œ =38 > .

Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" >” •"

=  #=  ##
œ / =38 > .

Hence .C > œ / =38 >a b >

15.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  #=  % œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

#=  %

=  #=  #
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
Completing the square,
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#=  %

=  #=  ##
œ

# =  "  #

=  "  $

a b
a b# .

First note that

_
0

0 0
"

# #” • È ÈÈ# # #

 $  $
 œ # -9=2 $ >  =382 $ >

$
.

Using the fact that , the solution of the IVP is_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

C > œa b _" >” •  È ÈÈ#=  %

=  #=  ##
œ / # -9=2 $ >  =382 $ >

#

$
.

16.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  &] = œ !# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  &] =  #=  $ œ !# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œ

#=  $

=  #=  &
a b

#
.

Since the denominator is , write the transform as a function of .irreducible 0 œ =  "
That is,

#=  $

=  #=  &#
œ

# =  "  "

=  "  %

a b
a b# .

We know that

_
0

0 0
"

# #” •# " "

 %  % #
 œ # -9= #>  =38 #> .

Using the fact that , the solution of the IVP is_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

C > œa b _" >” • Œ #=  $

=  #=  &#
œ / # -9= #>  =38 #>

"

#
.

17.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  % = ] =  = C !  = C !  C ! 

 ' = ] =  = C !  C !  % = ] =  C !  ] = œ !

% $ # w ww www $ # w ww

# w

a b a b a b a b a b a b a b a b a b ‘
 ‘a b a b a b c d a ba b a b

Applying the ,initial conditions
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= ] =  %= ] =  '= ] =  %= ] =  ] =  =  %=  ( œ !% $ # #a b a b a b a b a b .

Solving for the transform of the solution,

] = œ œ
=  %=  ( =  %=  (

=  %=  '=  %=  " =  "
a b a b

# #

% $ # %
.

Using partial fractions,

=  %=  ( % # "

=  " =  "
œ  

=  " =  "

#

% % $ #a b a b a b a b .

Note that  and .  Hence the solution_ _ _c d a b c d c da b a b> œ 8x Î= / 0 > œ 0 >8 8" +>
=p=+

of the IVP is

C > œ
=  %=  (

=  "
a b a b_" $ > # > >– —#

%
œ > /  > /  > /

#

$
.

18.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  ] = œ ! Þ% $ # w ww wwwa b a b a b a b a b a b  

Applying the ,initial conditions

= ] =  ] =  =  = œ !% $a b a b .

Solving for the transform of the solution,

] = œ
=

=  "
a b

#
.

By inspection, it follows that C > œa b _" ‘=
= "# œ -9=2 > Þ

19.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  %] = œ ! Þ% $ # w ww wwwa b a b a b a b a b a b  

Applying the ,initial conditions

= ] =  %] =  =  #= œ !% $a b a b .

Solving for the transform of the solution,

] = œ
=

=  #
a b

#
.

It follows that C > œa b _" ‘ È=
= ## œ -9= # > Þ

20.  Taking the Laplace transform of both sides of the ODE, we obtain
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= ] =  = C !  C !  ] = œ
=

=  %
# w #

#
a b a b a b a b= .

Applying the ,initial conditions

= ] =  ] =  = œ
=

=  %
# #

#
a b a b= .

Solving for , the transform of the solution is] =a b
] = œa b = =

=  =  % = 
a ba b# # # # #= =

.

Using partial fractions on the first term,

= " = =

=  =  % %  =  =  %
œ a ba b ” •# # # # # # #= = =

.

First note that

_ = _
=

" "
# # #” • ” •= =

=  =  %
œ -9= > œ -9= #>    and   .

Hence the solution of the IVP is

C > œ -9= >  -9= #>  -9= >
" "

%  % 

œ -9= >  -9= #>
&  "

%  % 

a b
= =

= =

=

= =
=

# #

#

# #
.

21.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ
=

=  "
# w

#
a b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  #] =  =  # œ
=

=  "
#

#
a b a b a b .

Solving for , the transform of the solution is] =a b
] = œa b = =  #

=  #=  # =  " =  #=  #
a ba b# # #

.

Using partial fractions on the first term,

= " =  # =  %

=  #=  # =  " & =  " =  #=  #
œ a ba b ” •# # # #

.

Thus we can write
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] = œ
"

&
a b = # " # #=  $

=  " & =  " & =  #=  #
 

# # #
.

For the , we note that .  So thatlast term =  #=  # œ =  "  "# #a b
#=  $ # =  "  "

=  #=  #
œ

=  "  "# #

a b
a b .

We know that

_
0

0 0
"

# #” •# "

 "  "
 œ # -9= >  =38 > .

Based on the  of the Laplace transform,translation property

_" >” • a b#=  $

=  #=  ##
œ / # -9= >  =38 > .

Combining the above, the solution of the IVP is

C > œ -9= >  =38 > 
" # #

& & &
a b / # -9= >  =38 > Þ>a b

23.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  ] = œ
%

=  "
# wa b a b a b c d a ba b a b .

Applying the ,initial conditions

= ] =  #= ] =  ] =  #=  $ œ
%

=  "
# a b a b a b .

Solving for , the transform of the solution is] =a b
] = œa b % #=  $

=  " =  "
a b a b$ # .

First write

#=  $ # =  "  " # "

=  " =  " =  "
œ œ  Þ

=  "a b a b a b
a b

# # #

We note that

_
0 0 0

" #
$ #” •% # "
  œ # >  #  > .

So based on the  of the Laplace transform, the solution of the IVP istranslation property



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 268

C > œa b # > /  > /  # / Þ# > > >

25.  Let  be the  on the right-hand-side.  Taking the Laplace0 >a b forcing function
transform
of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ 0 ># wa b a b a b a b c da b_ .

Applying the ,initial conditions

= ] =  ] = œ 0 ># a b a b c da b_ .

Based on the definition of the Laplace transform,

_c d a ba b (
(

0 > œ 0 > / .>

œ > / .>

œ  
" / /

= = =

!

_
=>

!

"
=>

# #

= =

.

Solving for the transform,

] = œ  / Þ
" =  "

= =  " = =  "
a b a b a b# # # #

=

Using partial fractions,

" " "

= =  " = =  "
œ 

# # # #a b
and

= " =

= =  " = =  "
œ  Þ

# # #a b
We find, by inspection, that

_"” •"

= =  "# #a b œ >  =38 > .

Referring to  , in Table ,Line "$ 'Þ#Þ"

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

Let

_c da b a b1 > œ œ
=  "

= =  "# #

" " = "

= = =  " =  "
  

# # #
.
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Then .  It follows, therefore, that1 > œ "  >  -9= >  =38 >a b
_" =

"” • a bc d/ † œ ? >
=  "

= =  "# #a b "  >  "  -9= >  "  =38 >  "a b a b a b .

Combining the above, the solution of the IVP is

C > œ "  >  "  -9= >  "  =38 >  "a b a b a b a b>  =38 >  ? >"a bc d .

26.  Let  be the  on the right-hand-side.  Taking the Laplace0 >a b forcing function
transform
of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 0 ># wa b a b a b a b c da b_ .

Applying the ,initial conditions

= ] =  %] = œ 0 ># a b a b c da b_ .

Based on the definition of the Laplace transform,

_c d a ba b (
( (

0 > œ 0 > / .>

œ > / .>  / .>

œ 
" /

= =

!

_
=>

! "

" _
=> =>

# #

=

.

Solving for the transform,

] = œ  / Þ
" "

= =  % = =  %
a b a b a b# # # #

=

Using partial fractions,

" " " "

= =  % % = =  %
œ  Þ

# # # #a b ” •
We find that

_"
# #” •a b" " "

= =  % % )
œ >  =38 > .

Referring to  , in Table ,Line "$ 'Þ#Þ"

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

It follows that
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_" =
# # "” • ” •a b a b a b a b/ † œ ? > >  "  =38 >  "

" " "

= =  % % )
.

Combining the above, the solution of the IVP is

C > œ >  =38 >  ? > >  "  =38 >  "
" " " "

% ) % )
a b a b a b a b” •" .

28 .  Assuming that the conditions of Theorem  are satisfied,a b+ 'Þ#Þ"

J = œ / 0 > .>
.

.=

œ / 0 > .>
`

`=

œ  > / 0 > .>

œ /  >0 > .> Þ

w =>

!

_

!

_
=>

!

_
=>

!

_
=>

a b a b(
(  ‘a b
(  ‘a b
( c da b

a b, 5   ".  Using , suppose that for some ,mathematical induction

J = œ /  > 0 > .>a b5 =>

!

_
5a b a b a b( ’ “ .

Differentiating both sides,

J = œ /  > 0 > .>
.

.=

œ /  > 0 > .>
`

`=

œ  > /  > 0 > .>

œ /  > 0 > .>

a b5" =>

!

_
5

!

_
=> 5

!

_
=> 5

!

_
=> 5"

a b a b a b( ’ “
( ’ “a b a b
( ’ “a b a b
( ’ “a b a b .

29.  We know that

_ ‘/ œ
"

=  +
+> .

Based on Prob. ,#)

_ ‘ ” • > / œ
. "

.= =  +
+> .
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Therefore,

_ ‘ a b> / œ
"

=  +
+>

#
.

31.  Based on Prob. ,#)

_ _c d c da b
” •

 > œ "
.

.=

œ Þ
. "

.= =

8
8

8

8

8

Therefore,

_c d a b a b
> œ  "

 " 8x

=

œ Þ
8x

=

8 8
8

8"

8"

33.  Using the  of the Laplace transform,translation property

_ ‘ a b/ =38 ,> œ Þ
,

=  +  ,
+>

# #

Therefore,

_ ‘ – —a ba b
a b

> / =38 ,> œ 
. ,

.= =  +  ,

œ
#, =  +

=  #+=  +  ,

+>
# #

# # # #
.

34.  Using the  of the Laplace transform,translation property

_ ‘ a b/ -9= ,> œ Þ
=  +

=  +  ,
+>

# #

Therefore,

_ ‘ – —a b
a b

a b

> / -9= ,> œ 
. =  +

.= =  +  ,

œ
=  +  ,

=  #+=  +  ,

+>
# #

# #

# # # # .

35 .  Taking the Laplace transform of the given ,a b+ Bessel equation
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_ _ _c d c d c d> C  C  > C œ !ww w .

Using the  of the transform,differentiation property

 C  C  C œ !
. .

.= .=
_ _ _c d c d c dww w .

That is,

 = ] =  = C !  C !  =] =  C !  ] = œ !
. .

.= .=
 ‘a b a b a b a b a b a b# w .

It follows that

ˆ ‰ a b a b"  = ] =  =] = œ !# w .

a b a b, ] =.  We obtain a  ODE in :first-order linear

] =  ] = œ !
=

=  "
w

#
a b a b ,

with integrating factor

.a b Œ ( È= œ /B: .= œ =  "
=

=  "#
# .

The first-order ODE can be written as

.

.=
=  " † ] = œ !’ “È a b# ,

with solution

] = œ
-

=  "
a b È #

.

a b- =.  In order to obtain  powers of , first writenegative

" " "

=  "
œ "  Þ

= =È ” •
# #

"Î#

Expanding in a ,Š ‹"  "
=#

"Î#

binomial series

" " " † $ " † $ † &

"  "Î=
œ "  =  =  = â

# # † % # † % † 'È a b# # % ' ,

valid for .  Hence, we can formally express   as=  " ] =# a b
] = œ -    â Þ

" " " " † $ " " † $ † & "

= # = # † % = # † % † ' =
a b ” •$ & (
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Assuming that  inversion is valid,term-by-term

C > œ - "    â
" > " † $ > " † $ † & >

# #x # † % %x # † % † ' 'x

œ - "    â Þ
#x > %x > 'x >

# #x # † % %x # † % † ' 'x

a b ” •
” •

# % '

# # # # # #

# % '

It follows that

C > œ - "  >  >  > â
" " "

# # † % # † % † '

œ - > Þ
 "

# 8x

a b ” •
" a b

a b
# # # # # #

# % '

8œ!

_ 8

#8 #
#8

The series is evidently the expansion, about , of B œ ! N > Þ!a b
36 .  Taking the Laplace transform of the given ,a b, Legendre equation

_ _ _ ! ! _c d c d a b c d ‘C  > C  # > C   " C œ !ww # ww w .

Using the  of the transform,differentiation property

_ _ _ ! ! _c d c d c d a b c dC  C  # C   " C œ !
. .

.= .=
ww ww w

#

#
.

That is,

 ‘  ‘a b a b a b a b a b a b
c d a b a ba b a b

= ] =  = C !  C !  = ] =  = C !  C ! 
.

.=

 # = ] =  C !   " ] = œ ! Þ
.

.=

# w # w
#

#

! !

Invoking the , we haveinitial conditions

= ] =  "  = ] =  "  # =] =   " ] = œ ! Þ
. .

.= .=
# #

#

#
a b a b c d a b a b ‘ a b ! !

After carrying out the differentiation, the equation simplifies to

. .

.= .=
= ] =  # = ] =  =   " ] = œ  " Þ

#

#
# # ‘  ‘a b c d a b a ba b ! !

That is,

= ] =  #= ] =  =   " ] = œ  "
. .

.= .=
# #

#

#
a b a b a b a b ‘! ! .

37.  By definition of the Laplace transform, given the appropriate conditions,
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_ 7 7

7 7

c d a ba b ( (” •
( ( a b

1 > œ / 0 . .>

œ / 0 . .> Þ

! !

_ >
=>

! !

_ >
=>

Assuming that the order of integration can be exchanged,

_ 7 7

7 7

c d a ba b ( (” •
( a b” •

1 > œ 0 / .> .

œ 0 . Þ
/

=

!

_ _
=>

!

_ =
7

7

c da b a bNote the  of integration is the area between the lines  and region 7 7> œ > > œ ! Þ
Hence

_ 7 7

_

c d a ba b (
c da b

1 > œ 0 / .
"

=

œ 0 > Þ
"

=

!

_
=7



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 275

Section 6.3

1.

3.

5.



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 276

6.

7.  Using the Heaviside function, we can write

0 > œ >  # ? >a b a b a b#
# .

The Laplace transform has the property that

_ _c d c da b a b a b? > 0 >  - œ / 0 >-
-= .

Hence

_ ‘a b a b>  # ? >#
# œ

# /

=

 =

#

2
.

9.  The function can be expressed as

0 > œ >  ? >  ? > Þa b a bc da b a b1 1 1#

Before invoking the ><+8=6+>398 :<9:/<>C of the transform, write the function as

0 > œ >  ? >  >  # ? >  ? > Þa b a b a b a b a b a b1 1 11 1 1# #

It follows that

_
1c da b0 > œ  

/ / /

= = =

 = # = # =

# #

1 1 1

.

10.  It follows directly from the ><+8=6+>398 :<9:/<>C of the transform that

_c da b0 > œ  #  '
/ / /

= = =

= $= %=

.

11.  Before invoking the ><+8=6+>398 :<9:/<>C of the transform, write the function as

0 > œ >  # ? >  ? >  >  $ ? >  ? > Þa b a b a b a b a b a b a b# # $ $
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It follows that

_c da b0 > œ   
/ / / /

= = = =

#= #= $= $=

# #
.

12.  It follows directly from the ><+8=6+>398 :<9:/<>C of the transform that

_c da b0 > œ 
" /

= =# #

=

.

13.  Using the fact that ,_ _c d c da b a b/ 0 > œ 0 >+>
=p=+

_" $ #>
%– —a b

$x

=  #
œ > / .

15.  First consider the function

K = œ Þ
# =  "

=  #=  #
a b a b

#

Completing the square in the denominator,

K = œ Þ
# =  "

=  "  "
a b a b

a b#
It follows that

_" >c da bK = œ # / -9= > Þ

Hence

_" #= >#
# ‘a b a b a b/ K = œ # / -9= >  # ? > Þa b

16.  The  of the function  is    Using inverse transform #Î =  % 0 > œ =382 #> Þa b a b# the
><+8=6+>398 :<9:/<>C of the transform,

_"
#=

# #” • a b a b# /

=  %
œ =382 # >  # † ? > Þ

17.  First consider the function

K = œ Þ
=  #

=  %=  $
a b a b

#

Completing the square in the denominator,
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K = œ Þ
=  #

=  #  "
a b a b

a b#
It follows that

_" #>c da bK = œ / -9=2 > Þ

Hence

_" # >"
=

# "” •a b a b a b=  # /

=  %=  $
œ / -9=2 >  " ? > Þa b

18.  Write the function as

J = œ    Þ
/ / / /

= = = =
a b = #= $= %=

It follows from the ><+8=6+>398 :<9:/<>C of the transform, that

_"
= #= $= %=

" # $ %” • a b a b a b a b/  /  /  /

=
œ ? >  ? >  ? >  ? > Þ

19 .  By definition of the Laplace transform,a b+
_c d a ba b (0 -> œ / 0 -> .> Þ

!

_
=>

Making a change of variable, , we have7 œ ->

_ 7 7

7 7

c d a ba b (
( a b

0 -> œ / 0 .
"

-

œ / 0 . Þ
"

-

!

_
= Î-

!

_
 =Î-

a b
a b
7

7

Hence , where ._c da b ˆ ‰0 -> œ J =Î-  +" =
- -

a b a b, +.  Using the result in Part ,

_” •Œ  a b0 œ 5 J 5= Þ
>

5

Hence

_"c da b Œ J 5= œ 0 Þ
" >

5 5
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a b a b- ,.  From Part ,

_"c da b Œ J += œ 0 Þ
" >

+ +

Note that .  Using the fact that ,+=  , œ + =  ,Î+ / 0 > œ 0 >a b c d c da b a b_ _->
=p=-

_" ,>Î+c dJ +=  , 0
" >

+ +
a b Œ œ / .

20.  First write

J = œ
8xa b ˆ ‰=

#

8" .

Let   Based on the results in Prob. ,K = œ 8xÎ= Þ "*a b 8"

" =

# #
K œ 1 #>_"’ “Š ‹ a b,

in which .  Hence1 > œ >a b 8

_" 8" 88c d a ba bJ = œ # #> œ # > Þ

23.  First write

J = œ Þ
/

# =  "Î#
a b a b

% ="Î#a b

Now consider

K = œ
/

=
a b #=

.

Using the result in Prob. ,"* ,a b
_"c da b Œ K #= œ 1

" >

# #
,

in which .  Hence    .  It follows that1 > œ ? > K #= œ ? >Î# œ ? >a b a b c d a b a ba b# # %
" " "

# #_

_" >Î#
%c d a ba bJ = œ / ? >

"

#
.

24.  By definition of the Laplace transform,
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_c d a ba b (0 > œ / ? > .> Þ
!

_
=>

"

That is,

_c da b (0 > œ / .>

œ Þ
"  /

=

!

"
=>

=

25.  First write the function as  .  It follows that0 > œ ? >  ? >  ? >  ? >a b a b a b a b a b! " # $

_c da b ( (0 > œ / .>  / .> Þ
! #

" $
=> =>

That is,

_c da b0 > œ 
"  / /  /

= =

œ Þ
"  /  /  /

=

= #= $=

= #= $=

26.  The transform may be computed directly.  On the other hand, using the ><+8=6+>398
:<9:/<>C of the transform,

_c d a ba b "
– —"a b

a b

0 > œ   "
" /

= =

œ  /
"

=

œ
" "   /

= "  /

5œ"

#8"
5

5=

5 œ!

#8"
= 5

= #8#

=
.

That is,

_c da b a ba b0 > œ
"  /

= "  /

#= 8"

=
.

29.  The given function is , with .  Using the result of Prob. ,periodic X œ # #)

_c d a ba b ( (0 > œ / 0 > .> œ / .>
" "

"  / "  /#= #=
! !

# "
=> => .

That is,
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_c da b a b
a b

0 > œ
"  /

= "  /

œ
"

= "  /

=

#=

=
.

31. , with .  Using the result of Prob. ,  The function is periodic X œ " #)

_c da b (0 > œ > / .> Þ
"

"  /=
!

"
=>

It follows that

_c da b a ba b0 > œ Þ
"  / "  =

= "  /

=

# =

32.  , with .  Using the result of Prob. ,The function is periodic X œ #)1

_c da b (0 > œ =38 > † / .> Þ
"

"  / =
!

=>
1

1

We first calculate

(
!

=>
 =

#

1 1

=38 > † / .> œ Þ
"  /

"  =

Hence

_c da b a ba b0 > œ Þ
"  /

"  / "  =

 =

 = #

1

1

33 .a b+

_ _ _c d c d c da b a b0 > œ "  ? >

œ 
" /

= =

"
=

.
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a b, .

Let .  ThenJ = œ "  ? >a b c da b_ "

_ 7 7” •( c d a ba b
!

>

"

=

#
"  ? . œ J = œ Þ

" "  /

= =

a b- .

Let .  ThenK = œ 1 >a b c da b_

_c d a b a ba b

a b

2 > œ K =  / K =

œ  /
"  / "  /

= =

œ
"  /

=

=

= =

# #
=

= #

#
.
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34 .a b+

a b, X œ # #).  , with .  Using the result of Prob. ,The given function is periodic

_c d a ba b (0 > œ / : > .> Þ
"

"  /#=
!

#
=>

Based on the piecewise definition of ,: >a b
( ( (a b a b

a b
! ! "

# " #
=> => =>

#
= #

/ : > .> œ > / .>  #  > / .>

œ "  / Þ
"

=

Hence

_c da b a ba b: > œ Þ
"  /

= "  /

=

# =

a b a b- : > 'Þ#Þ".  Since  satisfies the hypotheses of Theorem ,

_ _c d c d a ba b a b: > œ = : >  : !w .

Using the result of Prob. ,$!

_c da b a ba b: > œ
"  /

= "  /
w

=

=
.

We note the , hence: ! œ !a b
_c da b ” •a ba b: > œ

" "  /

= = "  /

=

=
.



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 284

Section 6.4

2.  Let  be the  on the right-hand-side.  Taking the Laplace transform2 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  # = ] =  C !  #] = œ 2 ># wa b a b a b c d a b c da b a b a b_ .

Applying the initial conditions,

= ] =  #= ] =  #] =  " œ 2 ># a b a b a b c da b_ .

The forcing function can be written as   Its transform is2 > œ ? >  ? > Þa b a b a b1 1#

_c da b2 > œ
/  /

=

 = # =1 1

.

Solving for , the transform of the solution is] =a b
] = œ 

"

=  #=  # = =  #=  #
a b a b# #

/  / = # =1 1

.

First note that

"

=  #=  ##
œ

"

=  "  "a b# .

Using partial fractions,

" " " "

= =  #=  # # = #
œ a b#

a b
a b
=  "  "

=  "  "
Þ#

Taking the inverse transform, term-by-term,

_ _” • – —"

=  #=  #
œ / =38 >

#
>œ

"

=  "  "a b# .

Now let

K = œa b "

= =  #=  #a b#
.

Then

_"c da bK = œ 
" " "

# # #
/ -9= >  / =38 >> > .

Using Theorem ,'Þ$Þ"

_" -=
- -c d a b a ba b/ K = œ ? >  ? >

" "

# #
/ -9= >  -  =38 >  - >-a bc da b a b .

Hence the solution of the IVP is
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C > œ ? >  ? > 
" "

# #

 ? >  ? >
" "

# #

a b a b a b
a b a b

/ =38 >  / -9= >   =38 > 

/ -9= >  #  =38 >  #

>  >

 >#

1 1

1 1

a b
a b

1

1

c da b a b
c da b a b

1 1

1 1# # .

That is,

C > œ ? >  ? >  ? > 
" "

# #

 ? >
"

#

a b c d a ba b a b
a b

/ =38 >  / -9= >  =38 >

/ -9= >  =38 >

>  >

 >#

1 1 1

1

#

#

a b
a b

1

1

c d
c d .

The solution starts out as free oscillation, due to the initial conditions.  The amplitude
increases, as long as the forcing is present.  Thereafter, the solution rapidly decays.

4.  Let  be the  on the right-hand-side.  Taking the Laplace transform2 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 2 ># wa b a b a b a b c da b_ .

Applying the initial conditions,
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= ] =  %] = œ 2 ># a b a b c da b_ .

The transform of the forcing function is

_c da b2 > œ 
" /

=  " =  "# #

 =1

.

Solving for , the transform of the solution is] =a b
] = œ 

"

=  % =  " =  % =  "
a b a ba b a ba b# # # #

/ =1

.

Using partial fractions,

" " " "

=  % =  " $ =  " =  %
œ a ba b ” •# # # #

.

It follows that

_"” • ” •"

=  % =  "a ba b# #
œ =38 >  =38 #>

" "

$ #
.

Based on Theorem ,'Þ$Þ"

_ 1 1"” • ” •a b a b a b/

=  % =  "

 =

# #

1

a ba b œ =38 >   =38 #>  # ? >
" "

$ #
1 .

Hence the solution of the IVP is

C > œ =38 >  =38 #>  =38 >  =38 #> ? >
" " " "

$ # $ #
a b a b” • ” • 1 .
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Since there is no , the solution follows the forcing function, after whichdamping term
the response is a steady oscillation about .C œ !

5.  Let  be the  on the right-hand-side.  Taking the Laplace transform0 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ 0 ># wa b a b a b c d a b c da b a b a b_ .

Applying the initial conditions,

= ] =  $= ] =  #] = œ 0 ># a b a b a b c da b_ .

The transform of the forcing function is

_c da b0 > œ 
" /

= =

"!=

.

Solving for the transform,

] = œ 
" /

= =  $=  # = =  $=  #
a b a b a b# #

"!=

.

Using partial fractions,

" " " " #

= =  $=  # # = =  # =  "
œ   Þa b ” •#

Hence

_" >
#

#>” •a b" " /

= =  $=  # # #
œ   / .

Based on Theorem ,'Þ$Þ"

_" # >"!  >"!
# "!” •a b  ‘ a b/"!=

= =  $=  # #
œ "  /  #/ ? >

" a b a b .

Hence the solution of the IVP is



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 288

C > œ "  ? >   /  /  #/ ? >
" / "

# # #
a b c d a ba b  ‘"! "!

#>
>  #>#!  >"!a b a b .

The solution increases to a  steady value of .  After the forcing ceases,temporary C œ "Î#
the response decays exponentially to .C œ !

6.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  $ = ] =  C !  #] = œ
/

=
# w

#=a b a b a b c d a ba b a b .

Applying the initial conditions,

= ] =  $= ] =  #] =  " œ
/

=
#

#=a b a b a b .

Solving for the transform,

] = œ 
" /

=  $=  # = =  $=  #
a b a b# #

#=

.

Using partial fractions,
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" " "

=  $=  # =  " =  #
œ 

#

and

" " " " #

= =  $=  # # = =  # =  "
œ   Þa b ” •#

Taking the inverse transform. term-by-term, the solution of the IVP is

C > œ /  /   /  / ? > Þ
" "

# #
a b a b” •> #>  ># # >#

#
a b a b

Due to the initial conditions, the response has a transient , followed by anovershoot
exponential convergence to a steady value of .C œ "Î#=

7.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ
/

=
# w

$ =a b a b a b a b 1

.

Applying the initial conditions,
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= ] =  ] =  = œ
/

=
#

$ =a b a b 1

.

Solving for the transform,

] = œ 
= /

=  " = =  "
a b a b# #

$ =1

.

Using partial fractions,

" " =

= =  " = =  "
œ a b# #

.

Hence

] = œ  / 
= " =

=  " = =  "
a b ” •# #

$ =1 .

Taking the inverse transform, the solution of the IVP is

C > œ -9= >  "  -9= >  $ ? >

œ -9= >  "  -9= > ? > Þ

a b c d a ba bc d a b1 $

$

1

1

Due to initial conditions, the solution temporarily oscillates about .  After theC œ !
forcing is applied, the response is a steady oscillation about .C œ "7
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9.  Let  be the  on the right-hand-side.  Taking the Laplace transform1 >a b forcing function
of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ 1 ># wa b a b a b a b c da b_ .

Applying the initial conditions,

= ] =  ] =  " œ 1 ># a b a b c da b_ .

The forcing function can be written as

1 > œ "  ? >  $? >
>

#

œ  >  ' ? >
> "

# #

a b c d a ba b
a b a b
' '

'

with Laplace transform

_c da b1 > œ 
" /

#= #=# #

'=

.

Solving for the transform,

] = œ  
" " /

=  " #= =  " #= =  "
a b a b a b# # # # #

'=

.

Using partial fractions,

" " " "

#= =  " # = =  "
œ  Þ

# # # #a b ” •
Taking the inverse transform, and using Theorem , the solution of the IVP is'Þ$Þ"

C > œ =38 >  >  =38 >  >  '  =38 >  ' ? >
" "

# #

œ >  =38 >  >  '  =38 >  ' ? > Þ
" "

# #

a b c d c d a ba b a b
c d c d a ba b a b

'

'
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The solution increases, in response to the , and thereafter oscillates about aramp input
mean value of .C œ $7

11.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ 
/ /

= =
# w

 = $ =a b a b a b a b 1 1

.

Applying the initial conditions,

= ] =  %] = œ 
/ /

= =
#

 = $ =a b a b 1 1

.

Solving for the transform,

] = œ 
/ /

= =  % = =  %
a b a b a b

 = $ =

# #

1 1

.

Using partial fractions,

" " " =

= =  % % = =  %
œ  Þa b ” •# #

Taking the inverse transform, and applying Theorem ,'Þ$Þ"

C > œ "  -9= #>  # ? >  "  -9= #>  ' ? >
" "

% %

œ ? >  ? >  -9= #> † ? >  ? >
" "

% %

a b c d a b c d a ba b a b
c d c da b a b a b a b

1 11 1

1 1 1 1

$

$ $ .
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Since there is no damping term, the solution responds immediately to the forcing input.
There is a temporary oscillation about C œ "Î% Þ

12.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C !  ] = œ  Þ
/ /

= =
% $ # w ww www

= #=a b a b a b a b a b a b
Applying the ,initial conditions

= ] =  ] = œ 
/ /

= =
%

= #=a b a b .

Solving for the transform of the solution,

] = œ 
/ /

= =  " = =  "
a b a b a b

= #=

% %
.

Using partial fractions,

" " % " " #=

= =  " % = =  " =  " =  "
œ     Þa b ” •% #

It follows that
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_" > >
%” •a b  ‘" "

= =  " %
œ  %  /  /  # -9= > Þ

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ  ? >  ? >  /  /  # -9= >  " ? > 
"

%

 /  /  # -9= >  # ? >
"

%

a b c d a b a ba b a b  ‘
 ‘a b a b

" # "
 >" >"

 ># >#
#

a b a b
a b a b .

The solution increases without bound, exponentially.

13.  Taking the Laplace transform of the ODE, we obtain

= ] =  = C !  = C !  = C !  C ! 

 & = ] =  = C !  C !  %] = œ  Þ
" /

= =

% $ # w ww www

# w
 =

a b a b a b a b a b
 ‘a b a b a b a b 1

Applying the ,initial conditions

= ] =  &= ] =  %] = œ 
" /

= =
% #

 =a b a b a b 1

.

Solving for the transform of the solution,
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] = œ 
" /

= =  &=  % = =  &=  %
a b a b a b% # % #

 =1

.

Using partial fractions,

" " $ = %=

= =  &=  % "# = =  % =  "
œ   Þa b ” •% # # #

It follows that

_"
% #” •a b c d" "

= =  &=  % "#
œ $  -9= #>  % -9= > Þ

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ "  ? >  -9= #>  % -9= > 
" "

% "#

 -9= # >   % -9= >  ? >
"

"#

a b c d c da b
c d a ba b a b

1

11 1 .

That is,

C > œ "  ? >  -9= #>  % -9= > 
" "

% "#

 -9= #>  % -9= > ? >
"

"#

a b c d c da b
c d a b

1

1 .
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After an initial transient, the solution oscillates about .C œ !7

14.  The specified function is defined by

0 > œ

!ß ! Ÿ >  >

>  > ß > Ÿ >  >  5

2ß >   >  5

a b
Ú
ÛÜ a b !

! ! !

!

2
5

which can conveniently be expressed as

0 > œ >  > ? >  >  >  5 ? > Þ
2 2

5 5
a b a b a b a b a b! !> > 5! !

15.  The function is defined by

1 > œ

!ß ! Ÿ >  >

>  > ß > Ÿ >  >  5

 >  >  #5 ß >  5 Ÿ >  >  #5

!ß >   >  #5

a b
ÚÝÝÛÝÝÜ

a ba b
!

! ! !

! ! !

!

2
5

2
5

which can also be written as

1 > œ >  > ? >  >  >  5 ? >  >  >  #5 ? > Þ
2 #2 2

5 5 5
a b a b a b a b a b a b a b! ! !> > 5 > #5! ! !

16 .  From Part , the solution isa b a b. -

? > œ %5 ? > 2 >   %5 ? > 2 > 
$ &

# #
a b a b a bŒ  Œ $Î# &Î# ,

where

2 > œ  / =38  / -9= Þ
" ( $ ( > " $ ( >

% )% ) % )
a b È È È   >Î) >Î)

Due to the , the solution will decay to .  The maximum will occurdamping term zero
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shortly after the forcing ceases.  By plotting the various solutions, it appears that the
solution will reach a value of , as long as .C œ # 5  #Þ&"

a b/ Þ

Based on the graph, and numerical calculation,  for .k ka b? >  !Þ" >  #&Þ'(($

17.  We consider the initial value problem

C  %C œ >  & ? >  >  &  5 ? >
"

5
ww c da b a b a b a b& &5 ,

with .C ! œ C ! œ !a b a bw

a b+ .  The specified function is defined by

0 > œ >  & ß & Ÿ >  &  5

!ß ! Ÿ >  &

"ß >   &  5

a b a b
Ú
ÛÜ

"
5

a b, Þ  Taking the Laplace transform of both sides of the ODE, we obtain



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 298

= ] =  = C !  C !  %] = œ 
/ /

5= 5=
# w

&=  &5 =

# #
a b a b a b a b a b

.

Applying the initial conditions,

= ] =  %] = œ 
/ /

5= 5=
#

&=  &5 =

# #
a b a b a b

.

Solving for the transform,

] = œ 
/ /

5= =  % 5= =  %
a b a b a b

&=  &5 =

# # # #

a b
.

Using partial fractions,

" " " "

= =  % % = =  %
œ  Þ

# # # #a b ” •
It follows that

_"
# #” •a b" " "

= =  % % )
œ >  =38 #> .

Using Theorem , the solution of the IVP is'Þ$Þ"

C > œ 2 >  & ? >  2 >  &  5 ? >
"

5
a b c da b a b a b a b& &5 ,

in which .2 > œ >  =38 #>a b " "
% )

a b- >  &  5.  Note that for , the solution is given by

C > œ  =38 #>  "!  =38 #>  "!  #5
" " "

% )5 )5

œ  -9= #>  "!  5 Þ
" =38 5

% %5

a b a b a b
a b

So for , the solution oscillates about , with an amplitude of>  &  5 C œ "Î%7

E œ
=38 5

%5

k ka b
.
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18 .a b+

a b, .  The forcing function can be expressed as

0 > œ ? >  ? > Þ
"

#5
5 %5 %5a b c da b a b

Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  =] =  C !  %] = œ 
" / /

$ #5= #5=
# w

 %5 =  %5 =a b a b a b c d a ba b a b a b a b
.

Applying the initial conditions,

= ] =  =] =  %] = œ 
" / /

$ #5= #5=
#

 %5 =  %5 =a b a b a b a b a b
.

Solving for the transform,

] = œ 
$ / $ /

#5= $=  =  "# #5= $=  =  "#
a b a b a b

 %5 =  %5 =

# #

a b a b
.

Using partial fractions,

" " " "  $=

= $=  =  "# "# = $=  =  "#
œ 

œ  Þ
" " "

"# = '

"  ' = 

=  

a b ” •
– —ˆ ‰

ˆ ‰
# #

"
'

" "%$
' $'

#

Let

L = œ   Þ
" "

)5 = =   =  

= a b – —ˆ ‰ ˆ ‰
" "
' '

" "%$ " "%$
' $' ' $'

# #

It follows that
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2 > œ L = œ  =38  -9= Þ
" / " "%$ > "%$ >

)5 )5 ' '"%$
a b c da b – —È    È È

_"
>Î'

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ 2 >  %  5 ? >  2 >  %  5 ? > Þa b a b a b a b a b%5 %5

a b- .

As the parameter  decreases, the solution remains  for a longer period of time.5 null
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Since the  of the impulsive force , the initial  of themagnitude increases overshoot
response also increases.  The  of the impulse decreases.  All solutions eventuallyduration
decay to C œ ! Þ

19 .a b+

a b a b- Þ ,  From Part ,

? > œ "  -9= >  #  " "  -9= >  5 ? > Þa b a b c d a b" a b
5 œ"

8
5 1 51
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21 .a b+

a b, .  Taking the Laplace transform of both sides of the ODE, we obtain

= Y =  =? !  ? !  Y = œ 
"  " /

= =
# w

5 œ"

8 5 5 =a b a b a b a b "a b 1

.

Applying the initial conditions,

= Y =  Y = œ 
"  " /

= =
#

5 œ"

8 5 5 =a b a b "a b 1

.

Solving for the transform,

Y = œ 
"  " /

= =  " = =  "
a b a b a b"a b

# #
5 œ"

8 5 5 =1

.

Using partial fractions,

" " =

= =  " = =  "
œ a b# #

.

Let
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2 > œ œ "  -9= >
"

= =  "
a b ” •a b_"

#
.

Applying Theorem , term-by-term, the solution of the IVP is'Þ$Þ"

? > œ 2 >   " 2 >  5 ? >a b a b a b a b a b"
5 œ"

8
5 1 51 .

Note that

2 >  5 œ ? >  5  -9= >  5

œ ? >   " -9= > Þ

a b a b a b
a b a b

1 1 1!

51
5

Hence

? > œ "  -9= >   " ? >  -9= > ? > Þa b a b a b a b a b" "
5 œ" 5 œ"

8 8
5

5 51 1

a b- .

The ODE has no .  Each interval of forcing adds to the energy of thedamping term
system.
Hence the amplitude will increase.  For ,  when .  Therefore the8 œ "& 1 > œ ! >  "&a b 1
oscillation will eventually become , with an amplitude depending on the values ofsteady
? "& ? "&a b a b1 1 and .w

a b. 8.  As  increases, the interval of forcing also increases.  Hence the amplitude of the
transient will increase with .  Eventually, the forcing function will be .  In fact,8 constant
for  values of ,large >

1 > œ
" ß 8
! ß 8

a b œ  even
 odd

Further, for ,>  81
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? > œ "  -9= >  8 -9= >  Þ
"   "

#
a b a b8

Hence the steady state solution will oscillate about  or  , depending on , with an! " 8
amplitude of .E œ 8  "

In the limit, as , the forcing function will be a periodic function, with period .8p_ #1
From Prob. , in Section ,#( 'Þ$

_c da b a b1 > œ
"

= "  /=
.

As  increases, the duration and magnitude of the transient will increase without bound.8

22 .  Taking the initial conditions into consideration, the transform of the ODE isa b+
= Y =  !Þ" =Y =  Y = œ 

"  " /

= =
#

5 œ"

8 5 5 =a b a b a b "a b 1

.

Solving for the transform,

Y = œ 
"  " /

= =  !Þ"=  " = =  !Þ"=  "
a b a b a b" a b

# #
5 œ"

8 5 5 =1

.

Using partial fractions,

" " =  !Þ"

= =  !Þ"=  " = =  !Þ"=  "
œ  Þa b# #

Since the denominator in the second term is irreducible, write

=  !Þ" =  !Þ!&  !Þ!&

=  !Þ"=  "
œ Þ

=  !Þ!&  Ð$**Î%!!Ñ# #

a b
a b

Let

2 > œ  
" =  !Þ!& !Þ!&

= =  !Þ!&  Ð$**Î%!!Ñ =  !Þ!&  Ð$**Î%!!Ñ

œ "  / -9= >  =38 > Þ
$** " $**

#! #!$**

a b – —a b
a b a b
– —   È È

È

_"
# #

>Î#!

Applying Theorem , term-by-term, the solution of the IVP is'Þ$Þ"

? > œ 2 >   " 2 >  5 ? >a b a b a b a b a b"
5 œ"

8
5 1 51 .
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For  values of , the solution approaches .odd 8 C œ !

For  values of , the solution approaches .even 8 C œ "

a b È, œ $** Î#! ¸ ".  The solution is a sum of , each of frequency .damped sinusoids =
Each term has an 'initial' amplitude of approximately   For any given , the solution" Þ 8
contains  such terms.  Although the amplitude will  with , the amplitude8  " 8increase
will also be bounded by .8  "

a b a b- 1 > œ =38 >.  Suppose that the forcing function is replaced by .  Based on the
methods
in Chapter , the general solution of the differential equation is$

? > œ / - -9= >  - =38 >  ? > Þ
$** $**

#! #!
a b a b– —   È È

>Î#!
:" #

Note that .  Using the method of ,? > œ E -9= >  F =38 >:a b undetermined coefficients
E œ  "! F œ ! Þ and   Based on the initial conditions, the solution of the IVP is
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? > œ "! / -9= >  =38 >  "! -9= > Þ
$** " $**

#! #!$**
a b – —   È È

È>Î#!

Observe that both solutions have the same frequency, .= œ $**Î#! ¸ "È

23 .  Taking the initial conditions into consideration, the transform of the ODE isa b+
= Y =  Y = œ  #

"  " /

= =
#

5 œ"

8 5  ""5Î% =a b a b "a b a b
.

Solving for the transform,

Y = œ  #
"  " /

= =  " = =  "
a b a b a b"a b

# #
5 œ"

8 5  ""5Î% =a b
.

Using partial fractions,

" " =

= =  " = =  "
œ a b# #

.

Let

2 > œ œ "  -9= >
"

= =  "
a b ” •a b_"

#
.

Applying Theorem , term-by-term, the solution of the IVP is'Þ$Þ"

? > œ 2 >  #  " 2 >  ? >
""5

%
a b a b a b a b" Œ 

5 œ"

8
5

""5Î% .

That is,
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? > œ "  -9= >  #  " "  -9= >  ? >
""5

%
a b a b a b" ” •Œ 

5 œ"

8
5

""5Î% .

a b, .

a b- )).  Based on the plot, the ' ' appears to be .  The ' ' appears toslow period fast period
be about .  These values correspond to a ' ' of  and a '' œ !Þ!("%slow frequency fast==

frequency'  .=0 œ "Þ!%(#

a b. œ " Þ.  The natural frequency of the system is   The forcing function is initially=!

periodic, with period .  Hence the corresponding forcing frequency isX œ ""Î# œ &Þ&
A œ "Þ"%#% $Þ*.  Using the results in Section , the ' ' is given byslow frequency

=
= =

= œ œ !Þ!("#


#

k k!
and the ' '  is given byfast frequency

=
= =

0
!

œ œ "Þ!("#


#

k k
.

Based on theses values, the ' '  is predicted as   and the ' ' isslow period fast period))Þ#%(
given as .&Þ)'&'
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Section 6.5

2.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ /  /# w  = # =a b a b a b a b 1 1 .

Applying the initial conditions,

= ] =  %] = œ /  /#  = # =a b a b 1 1 .

Solving for the transform,

] = œ œ 
/  / / /

=  % =  % =  %
a b  = # =  = # =

# # #

1 1 1 1

.

Applying Theorem , the solution of the IVP is'Þ$Þ"

C > œ =38 #>  # ? >  =38 #>  % ? >
" "

# #

œ =38 #> ? >  ? > Þ
"

#

a b a b a b a b a b
a bc da b a b

1 11 1

1 1

#

#

4.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  ] = œ  #! /# w $=a b a b a b a b .

Applying the initial conditions,

= ] =  ] =  = œ  #! /# $=a b a b .

Solving for the transform,

] = œ 
= #! /

=  " =  "
a b

# #

$=

.

Using a , and Theorem , the solution of the IVP istable of transforms 'Þ$Þ"

C > œ -9=2 >  #! =382 >  $ ? >a b a b a b$ .
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6.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  %] =  =Î# œ /# % =a b a b 1 .

Solving for the transform,

] = œ 
=Î# /

=  % =  %
a b

# #

% =1

.

Using a , and Theorem , the solution of the IVP istable of transforms 'Þ$Þ"

C > œ -9= #>  =38 #>  ) ? >
" "

# #

œ -9= #>  =38 #> ? > Þ
" "

# #

a b a b a b
a b a b

1 %

%

1

1

8.  Taking the Laplace transform of both sides of the ODE, we obtain

= ] =  = C !  C !  %] = œ # /# w  Î% =a b a b a b a b a b1 .

Applying the initial conditions,

= ] =  %] = œ # /#  Î% =a b a b a b1 .

Solving for the transform,
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] = œ
# /

=  %
a b  Î% =

#

a b1

.

Applying Theorem , the solution of the IVP is'Þ$Þ"

C > œ =38 #>  ? > œ  -9= #> ? > Þ
#

a b a b a b a bŠ ‹1 1 1Î% Î%

9.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  ] = œ  $ / 
/ /

= =
#  $ Î# =

 Î# = # =a b a b a b a b1 1
1 .

Solving for the transform,

] = œ  
/ $ / /

= =  " =  " = =  "
a b a b a b

 Î# =  $ Î# = # =

# # #

a b a b1 1 1

.

Using partial fractions,

" " =

= =  " = =  "
œ  Þa b# #

Hence

] = œa b / = / $ / / = /

= =  " =  " = =  "
    Þ

 Î# =  Î# =  $ Î# = # = # =

# # #

a b a b a b1 1 1 1 1

Based on Theorem , the solution of the IVP is'Þ$Þ"

C > œ ? >  -9= >  ? >  $ =38 >  ? > 
# #

$

 ? >  -9= >  # ? >

a b a b a b a bŠ ‹ Œ 
a b a b a b

1 1 1

1 1

Î# Î# $ Î#

# #

1 1

1 .

That is,

C > œ "  =38 > ? >  $ -9= > ? >  "  -9= > ? >a b c d a b a b a b c d a ba b a b1 1 1Î# $ Î# # .
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10.  Taking the transform of both sides of the ODE,

#= ] =  =] =  %] = œ / >  =38 > .>
'

œ / Þ
"

#

# =>

!

_

 Î' =

a b a b a b ( Š ‹$
1

a b1

Solving for the transform,

] = œ
/

# #=  =  %
a b a b

 Î' =

#

a b1

.

First write

"

# #=  =  %
œ

=  a b ˆ ‰#

"
%

" $"
% "'

# .

It follows that

C > œ ] = œ / † =38 >  ? > Þ
" $"

$" % '
a b c d a ba b È

È Š ‹_
1"  > Î' Î%a b1

1Î'
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11.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  #= ] =  #] = œ  /
=

=  "
#  Î# =

#
a b a b a b a b1 .

Solving for the transform,

] = œ 
= /

=  " =  #=  # =  #=  #
a b a ba b# # #

 Î# =a b1

.

Using partial fractions,

= " = # =  %

=  " =  #=  # & =  " =  " =  #=  #
œ   Þa ba b ” •# # # # #

We can also write

=  % =  "  $

=  #=  #
œ Þ

=  "  "# #

a b
a b

Let

] = œ Þ
=

=  " =  #=  #
" # #
a b a ba b

Then

_" >
"c d c da b] = œ -9= >  =38 >  / -9= >  $ =38 > Þ

" # "

& & &

Applying Theorem ,'Þ$Þ"

_
1"  >

 Î# =

#– — Š ‹ a b/

=  #=  # #
œ / =38 >  ? > Þ

a b ˆ ‰1
1
#

1Î#

Hence the solution of the IVP is

C > œ -9= >  =38 >  / -9= >  $ =38 > 
" # "

& & &

 / -9= > ? > Þ

a b c d
a b a b

>

 >ˆ ‰1
#

1Î#
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12.  Taking the initial conditions into consideration, the transform of the ODE is

= ] =  ] = œ /% =a b a b .

Solving for the transform,

] = œ
/

=  "
a b =

%
.

Using partial fractions,

" " " "

=  " # =  " =  "
œ  Þ

% # #” •
It follows that

_"
%” •" " "

=  " # #
œ =382 >  =38 > Þ

Applying Theorem , the solution of the IVP is'Þ$Þ"

C > œ =382 >  "  =38 >  " ? > Þ
"

#
a b c d a ba b a b "
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14 .  The Laplace transform of the ODE isa b+
= ] =  =] =  ] = œ /

"

#
# =a b a b a b .

Solving for the transform of the solution,

] = œ
/

=  =Î#  "
a b =

#
.

First write

" "

=  =Î#  "
œ Þ

=  
# " "&

% "'

#ˆ ‰
Taking the inverse transform and applying both ,shifting theorems

C > œ / =38 >  " ? >
% "&

"& %
a b a b a bÈ

È
 >" Î%a b

" .

a b, >  #.  As shown on the graph, the maximum is attained at some .  Note that for"

>  #,

C > œ / =38 >  " Þ
% "&

"& %
a b a bÈ

È
 >" Î%a b

Setting , we find that .  The maximum value is calculated asC > œ ! > ¸ #Þ$'"$wa b "

C #Þ$'"$ ¸ !Þ(""&$ Þa b
a b- œ "Î%.  Setting , the transform of the solution is#

] = œ
/

=  =Î%  "
a b =

#
.

Following the same steps, it follows that
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C > œ / =38 >  " ? >
) $ (

$ ( )
a b a b a bÈ

È
 >" Î)a b

" .

Once again, the maximum is attained at some .  Setting , we find that>  # C > œ !"
wa b

> ¸ #Þ%&'* C > ¸ !Þ)$$& Þ" ", with a b
a b. !   ".  Now suppose that .  Then the transform of the solution is#

] = œ
/

=  =  "
a b =

# #
.

First write

" "

=  =  "
œ Þ

=  Î#  "  Î%# # ## # #a b a b
It follows that

2 > œ œ / =38 "  Î% † > Þ
" #

=  =  " % 
a b ” • È Š ‹È_ #

# #

"  >Î#
# #

##

Hence the solution is

C > œ 2 >  " ? >a b a b a b" .

The solution is nonzero only if , in which case   Setting >  " C > œ 2 >  " Þ C > œ !a b a b a bw

,
we obtain

>+8 "  Î% † >  " œ % 
"’ “È a b È# #
#

# # ,

that is,

>+8 "  Î% † >  "

"  Î%
œ

# ‘È a bÈ #

# #

#

#
.
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As , we obtain the  equation .  Hence .  Setting#p! >+8 >  " œ _ > p" formal a b "
1
#

> œ Î# 2 > p ! C p" Þ1 # in , and letting , we find that   These conclusions agree witha b "

the case , for which it is easy to show that the solution is# œ !

C > œ =38 >  " ? >a b a b a b" .

15 .  See Prob. .  It follows that the solution of the IVP isa b+ "%

C > œ / =38 >  " ? >
%5 "&

"& %
a b a b a bÈ

È
 >" Î%a b

" .

This function is a  of the answer in Prob. .  Hence the peak value occurs atmultiple "% +a b
> ¸ #Þ$'"$ C #Þ$'"$ ¸ !Þ(""&$ 5 Þ" .  The maximum value is calculated as   We finda b
that the appropriate value of  is .5 5 œ #Î!Þ(""&$ ¸ #Þ)"!)"

a b a b, "% -.  Based on Prob. , the solution is

C > œ / =38 >  " ? >
) 5 $ (

$ ( )
a b a b a bÈ

È
 >" Î)a b

" .

Since this function is a  of the solution in Prob. , we have ,multiple "% - > ¸ #Þ%&'*a b "

with   The solution attains a value of , for ,C > ¸ !Þ)$$& 5 Þ C œ # 5 œ #Î!Þ)$$&a b" "

that is, .5 ¸ #Þ$**&"

a b a b- "% . !   ".  Similar to Prob. , for , the solution is#

C > œ 2 >  " ? >a b a b a b" ,

in which

2 > œ / =38 "  Î% † > Þ
# 5

% 
a b È Š ‹È

#
#

#

 >Î# ##

It follows that .  Setting  in , and letting , we find that>  "p Î# > œ Î# 2 > p !" 1 1 #a b
C p5 Þ C œ # 5"   Requiring that the  remains at , the limiting value of  ispeak value
5 œ # œ !" .  These conclusions agree with the case , for which it is easy to show#
that the solution is

C > œ 5 =38 >  " ? >a b a b a b" .

16 .  Taking the initial conditions into consideration, the transformation of the ODE isa b+
= ] =  ] = œ 

" / /

#5 = =
#

 %5 =  %5 =a b a b – —a b a b
.

Solving for the transform of the solution,
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] = œ  Þ
" / /

#5 = =  " = =  "
a b – —a b a b

 %5 =  %5 =

# #

a b a b

Using partial fractions,

" " =

= =  " = =  "
œ  Þa b# #

Now let

2 > œ œ "  -9= > Þ
"

= =  "
a b ” •a b_"

#

Applying Theorem , the solution is'Þ$Þ"

9a b c da b a b a b a b> ß 5 œ 2 >  %  5 ? >  2 >  %  5 ? > Þ
"

#5
%5 %5

That is,

9a b c da b a b
c da b a b a b a b

> ß 5 œ ? >  ? > 
"

#5

 -9= >  %  5 ? >  -9= >  %  5 ? > Þ
"

#5

%5 %5

%5 %5

a b a b, > >  % > ß 5 œ !.  Consider various values of .  For any fixed , , as long as9
%  5  >Þ >   % %  5  >  If , then for ,

9a b c da b a b> ß 5 œ  -9= >  %  5  -9= >  %  5 Þ
"

#5

It follows that

lim lim
5Ä! 5Ä!

9a b a b a b
a b

> ß 5 œ 
-9= >  %  5  -9= >  %  5

#5
œ =38 >  % Þ

Hence

lim
5Ä!

9a b a b a b> ß 5 œ =38 >  % ? >% .

a b- .  The Laplace transform of the differential equation

C  C œ >  %ww $a b,
with , isC ! œ C ! œ !a b a bw

= ] =  ] = œ /# %=a b a b .

Solving for the transform of the solution,
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] = œ Þ
/

=  "
a b %=

#

It follows that the solution is

9! %a b a b a b> œ =38 >  % ? > .

a b. .

18 .  The transform of the ODE given the specified initial conditions  isa b a b,

= ] =  ] = œ  " /# 5 =

5 œ"

#!
5"a b a b a b" 1 .

Solving for the transform of the solution,

] = œ  " /
"

=  "
a b a b"

#
5 œ"

#!
5" 5 =1 .

Applying Theorem , term-by-term,'Þ$Þ"

C > œ  " =38 >  5 ? >

œ  =38 > † ? > Þ

a b a b a b a b"
a b a b"

5 œ"

#!
5"

5 œ"

#!

1 5

5

1

1
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a b- .

19 .  Taking the initial conditions into consideration, the transform of the ODE  isa b,
= ] =  ] = œ /#  5 Î# =

5 œ"

#!a b a b " a b1 .

Solving for the transform of the solution,

] = œ /
"

=  "
a b "

#
5 œ"

#!
 5 Î# =a b1 .

Applying Theorem , term-by-term,'Þ$Þ"

C > œ =38 >  ? > Þ
5

#
a b a b" Œ 

5 œ"

#! 1
5 Î#1

a b- .
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20 .  The transform of the ODE given the specified initial conditions  isa b a b,

= ] =  ] = œ  " /#  5 Î# =

5 œ"

#!
5a b a b a b" +1 a b1 .

Solving for the transform of the solution,

] = œ  "
/

=  "
a b a b"

5 œ"

#!
5

 5 Î# =

#
+1

a b1

.

Applying Theorem , term-by-term,'Þ$Þ"

C > œ  " =38 >  ? > Þ
5

#
a b a b a b" Œ 

5 œ"

#!
5" 1

5 Î#1

a b- .

22 . Taking the initial conditions into consideration, the transform of the ODE  isa b,
= ] =  ] = œ  " /#  ""5Î% =

5 œ"

%!
5"a b a b a b" a b .

Solving for the transform of the solution,

] = œ  "
/

=  "
a b a b"

5 œ"

%!
5"

 ""5Î% =

#

a b
.

Applying Theorem , term-by-term,'Þ$Þ"
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C > œ  " =38 >  ? > Þ
""5

%
a b a b a b" Œ 

5 œ"

%!
5"

""5Î%

a b- .

23   The transform of the ODE given the specified initial conditions  isa b a b, Þ

= ] =  !Þ"= ] =  ] = œ  " /# 5 =

5 œ"

#!
5"a b a b a b a b" 1 .

Solving for the transform of the solution,

] = œ
/

=  !Þ"=  "
a b "

5 œ"

#! 5 =

#

1

.

First write

" "

=  !Þ"=  "
œ

=  
# " $**

#! %!!

#ˆ ‰ .

It follows that

_" >Î#!
#” • È  È" #! $**

=  !Þ"=  " #!
œ / =38 > Þ

$**

Applying Theorem , term-by-term,'Þ$Þ"
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C > œ  " 2 >  5 ? >a b a b a b a b"
5 œ"

#!
5" 1 51 ,

in which

2 > œ / =38 > Þ
#! $**

$** #!
a b È  È

>Î#!

a b- .

24   Taking the initial conditions into consideration, the transform of the ODE  isa b, Þ

= ] =  !Þ"= ] =  ] = œ /#  #5" =

5 œ"

"&a b a b a b " a b1 .

Solving for the transform of the solution,

] = œ
/

=  !Þ"=  "
a b "

5 œ"

"&  #5" =

#

a b1
.

As shown in Prob. ,#$

_" >Î#!
#” • È  È" #! $**

=  !Þ"=  " #!
œ / =38 > Þ

$**

Applying Theorem , term-by-term,'Þ$Þ"

C > œ 2 >  #5  " ? >a b c d a b" a b
5 œ"

"&

1 a b#5" 1 ,

in which
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2 > œ / =38 > Þ
#! $**

$** #!
a b È  È

>Î#!

a b- .

25 .  A fundamental set of solutions is  and .a b a b a b+ C > œ / -9= > C > œ / =38 >" #
> >

Based on Prob. , in Section , a particular solution is given by## $Þ(

C > œ 0 = .=
C = C >  C > C =

[ C ß C =
:

" # " #

" #

a b a b( a b a b a b a ba ba b!

>

.

In the given problem,

C > œ 0 = .=
/ -9= = =38 >  =38 = -9= >

/B:  #=

œ / =38 >  = 0 = .=

:a b a b( c da b a b a b a ba b
( a b a b
!

> =>

!

>
 >=a b .

.

Given the specified initial conditions,

C > œ / =38 >  = 0 = .=a b a b a b(
!

>
 >=a b .

a b a b a b a b, Þ 0 > œ >  >  C > œ ! >   Let .  It is easy to see that if , .  If ,$ 1 1 1

( a b a b a b
!

>
 >=  >/ =38 >  = =  .= œ / =38 > a b a b$ 1 11 .

Setting , and letting , we find that .  Hence> œ  p! C œ !1 & & 1a b
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C > œ / =38 >  ? > Þa b a b a b >a b1
11

a b- .  The Laplace transform of the solution is

] = œ
/

=  #=  #

œ Þ
/

=  "  "

a b
a b

 =

#

 =

#

1

1

Hence the solutions agree.
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Section 6.6

1 .  The a b+ convolution integral is defined as

0 ‡ 1 > œ 0 >  1 . Þa b a b a b(
!

>

7 7 7

Consider the change of variable .  It follows that? œ >  7

( (a b a b a b a ba b
( a b a b

a b

! >

> !

!

>

0 >  1 . œ 0 ? 1 >  ?  .?

œ 1 >  ? 0 ? .?

œ 1 ‡ 0 > Þ

7 7 7

a b, .  Based on the distributive property of the , the convolution is alsoreal numbers
distributive.

a b- .  By definition,

0 ‡ 1 ‡ 2 > œ 0 >  1 ‡ 2 .

œ 0 >  1  2 . .

œ 0 >  1  2 . . Þ

a ba b a bc d( a b
( (a b a b a b” •
( ( a b a b a b

!

>

! !

>

! !

>

7 7 7

7 7 ( ( ( 7

7 7 ( ( ( 7

7

7

The region of integration, in the double integral is the area between the straight lines
( ( 7 7œ ! œ œ > Þ,  and   Interchanging the order of integration,

( ( ( (a b a b a b a b a b a b
( (” •a b a b a b

! ! !

> > >

!

> >

7

(

(

0 >  1  2 . . œ 0 >  1  2 . .

œ 0 >  1  . 2 . Þ

7 7 ( ( ( 7 7 7 ( ( 7 (

7 7 ( 7 ( (

Now let .  Then7 ( œ ?

( (a b a b a b a b
a b(

(> >

!

0 >  1  . œ 0 >   ? 1 ? .?

œ 0 ‡ 1 > 

7 7 ( 7 (

( .

Hence

( (a bc d c d a ba b a b
! !

> >

0 >  1 ‡ 2 . œ 0 ‡ 1 >  2 . Þ7 7 7 7 7 7
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2.  Let .  Then0 > œ /a b >

0 ‡ " > œ / † " .

œ / / .

œ /  "

a b (
(
!

>
>

> 

!

>

>

7

7

7

7

.

3.  It follows directly that

0 ‡ 0 > œ =38 >  =38 .

œ -9= >  #  -9= > .
"

#

œ =38 >  > -9= >
"

#

a b a b a b(
( c da b a b
c da b a b

!

>

!

>

7 7 7

7 7

.

The  of the resulting function is  range ‘ Þ

5.  We have  and   Based on Theorem ,_ _c d a b c d/ œ "Î =  " =38 > œ "Î Þ 'Þ'Þ"> a b=  "#

_ 7 7” •( a b
a ba b

!

>
 >

#

#

/ =38 . œ †
" "

=  " =  "

œ Þ
"

=  " =  "

a b7

6.  Let  and .  Then .  Applying Theorem ,1 > œ > 2 > œ / 0 > œ 1 ‡ 2 > 'Þ'Þ"a b a b a b a b>

_ 7 7 7” •( a b a b
a b

!

>

#

#

1 >  2 . œ †
" "

= =  "

œ Þ
"

= =  "

7.  We have , in which  and .  The transform0 > œ 1 ‡ 2 > 1 > œ =38 > 2 > œ -9= >a b a b a b a b
of the convolution integral is

_ 7 7 7” •( a b a b
a b

!

>

# #

# #

1 >  2 . œ †
" =

=  " =  "

œ Þ
=

=  "

9.  It is easy to see that
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_ _" > "
#” • ” •" =

=  " =  %
œ / œ -9= #>    and    .

Applying Theorem ,'Þ'Þ"

_ 7 7"  >
#

!

>” •a ba b (=

=  " =  %
œ / -9= # . Þa b7

10.  We first note that

_ _" > "
# #– —a b ” •" " "

=  "
œ > / œ =38 #>

=  % #
    and    .

Based on the ,convolution theorem

_ 7 7 7

7 7 7

"  >
# #

!

>

!

>


– —a b a b ( a b
( a b

" "

=  " =  %
œ >  / =38 # .

#

œ / =38 #>  # . Þ
"

#

a b7

7

11.  Let .  Since , the inverse transform of1 > œ K = "Î œ =38 >a b c d c da b_ _" " a b=  "#

the product is

_ 7 7 7

7 7 7

"
#

!

>

!

>

” •a b ( a b
( a b a b

K =

=  "
œ 1 >  =38 .

œ =38 >  1 . Þ

12.  Taking the initial conditions into consideration, the transform of the ODE  is

= ] =  "  ] = œ K =# #a b a b a b= .

Solving for the transform of the solution,

] = œ 
" K =

=  = 
a b a b

# # # #= =
.

As shown in a related situation, Prob. ,""

_ = 7 7 7
= =

"
# #

!

>” •a b ( a b a bK = "

= 
œ =38 >  1 . Þ

Hence the solution of the IVP is
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C > œ =38 >  =38 >  1 . Þ
" "a b a b a b(
= =

= = 7 7 7
!

>

14.  The transform of the ODE given the specified initial conditions  isa b
%= ] =  %= ] =  "(] = œ K =# a b a b a b a b.

Solving for the transform of the solution,

] = œ
K =

%=  %=  "(
a b a b

#
.

First write

"

%=  %=  "(
œ Þ

=   %
#

"
%

"
#

#ˆ ‰
Based on the elementary properties of the Laplace transform,

_" >Î#
#” •" "

%=  %=  "( )
œ / =38 #> Þ

Applying the , the solution of the IVP isconvolution theorem

C > œ / =38 # >  1 . Þ
"

)
a b a b a b(

!

>
 > Î#a b7 7 7 7

16.  Taking the initial conditions into consideration, the transform of the ODE  is

= ] =  #=  $  % =] =  #  %] = œ K =# a b c d a b a ba b .

Solving for the transform of the solution,

] = œ 
#=  & K =

=  # =  #
a b a b a b

a b
# # .

We can write

#=  & # "

=  # =  #
œ  Þ

=  #a b a b# #

It follows that

_ _" #> " #>
#” • – —a b

# "

=  #
œ #/ œ > /

=  #
    and    .

Based on the , the solution of the IVP isconvolution theorem
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C > œ #/  > /  >  / 1 . Þa b a b a b(#> #> # >

!

>

7 7 7a b7

18.  The transform of the ODE given the specified initial conditions  isa b
= ] =  ] = œ K =% a b a b a b.

Solving for the transform of the solution,

] = œ
K =

=  "
a b a b

%
.

First write

" " " "

=  " # =  " =  "
œ  Þ

% # #” •
It follows that

_"” • c d" "

=  " #
œ =382 >  =38 > Þ4

Based on the , the solution of the IVP isconvolution theorem

C > œ =382 >   =38 >  1 . Þ
"

#
a b c d a b( a b a b

!

>

7 7 7 7

19.  Taking the initial conditions into consideration, the transform of the ODE  is

= ] =  =  &= ] =  &=  %] = œ K =% $ #a b a b a b a b.
Solving for the transform of the solution,

] = œ 
=  &= K =

=  " =  % =  " =  %
a b a ba b a ba ba b$

# # # #
.

Using partial fractions, we find that

=  &= " %= =

=  " =  % $ =  " =  %
œ 

$

# # # #a ba b ” •,

and

" " " "

=  " =  % $ =  " =  %
œ  Þa ba b ” •# # # #

It follows that



—————————————————————————— ——CHAPTER 6. 

________________________________________________________________________
            page 331

_"
#

# #” •a ba ba b= =  & % "

=  " =  % $ $
œ -9= >  -9= #>,

and

_"
# #” •a ba b" " "

=  " =  % $ '
œ =38 >  =38 #> Þ

Based on the , the solution of the IVP isconvolution theorem

C > œ -9= >  -9= #>  # =38 >   =38 # >  1 . Þ
% " "

$ $ '
a b c d a b( a b a b

!

>

7 7 7 7

21 .  Let .  Substitution into the  results ina b a b a b+ > œ ? >9 ww integral equation

? >  >  ? . œ =38 #> Þww ww

!

>a b a b a b( 0 0 0

Integrating by parts,

( (a b a b a b a b a bº
a b a b a b! !

> >
ww w w

œ!

œ>

w

>  ? . œ >  ?  ? .

œ  >? !  ? >  ? ! Þ

0 0 0 0 0 0 0
0

0

Hence

? >  ? >  > ? !  ? ! œ =38 #> Þww wa b a b a b a b
a b a b, ? >.  Substituting the given  for the function ,initial conditions

? >  ? > œ =38 #> Þwwa b a b
Hence the solution of the IVP is equivalent to solving the integral equation in Part .a b+
a b a b c da b- = œ >.  Taking the Laplace transform of the integral equation, with ,F _ 9

F Fa b a b=  † = œ Þ
" #

= =  %# #

Note that the  was applied.  Solving for the transform  ,convolution theorem Fa b=
Fa b a ba b= œ Þ

#=

=  " =  %

#

# #

Using partial fractions, we can write
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#= # % "

=  " =  % $ =  % =  "
œ  Þ

#

# # # #a ba b ” •
Therefore the solution of the  isintegral equation

9a b> œ =38 #>  =38 >
% #

$ $
.

a b a b c da b. Y = œ ? >.  Taking the Laplace transform of the ODE, with ,_

= Y =  Y = œ Þ
#

=  %
#

#
a b a b

Solving for the transform of the solution,

Y = œ Þ
#

=  " =  %
a b a ba b# #

Using partial fractions, we can write

# " # #

=  " =  % $ =  " =  %
œ  Þa ba b ” •# # # #

It follows that the solution of the IVP is

? > œ =38 >  =38 #> Þ
# "

$ $
a b

We find that ? > œ  =38 >  =38 #> Þww # %
$ $a b

22 .  First note thata b+
( a bÈ  È a b
!

, 0 C "

,  C
.C œ ‡ 0 , Þ

C

Take the Laplace transformation of both sides of the equation.  Using the convolution
theorem, with ,J = œ 0 Ca b c da b_

X " "

= C
œ J = † Þ

#1

! È a b – —È_

It was shown in Prob. , Section , that#( - 'Þ"a b
_

1– —È Ê"

C =
œ Þ

Hence
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X "

= =
œ J = †

#1

! È a b Ê1
,

with

J = œ † Þ
#1 X

=
a b Ê È1

!

Taking the inverse transform, we obtain

0 C œ Þ
X #1

C
a b Ë!

1

a b a b a b, 3 3@.  Combining equations  and ,

#1 X .B

C .C
œ "  Þ!

#

#

#

1
Œ 

Solving for the derivative ,.BÎ.C

.B #  C

.C C
œ Ë !

,

in which ! 1œ 1X Î Þ!
# #

a b a b- C œ # =38 Î# Þ.  Consider the    Using the chain rule,change of variable ! )#

.C .

.B .B
œ # =38 Î# -9= Î# †! ) )

)a b a b
and

.B " .B

.C # =38 Î# -9= Î# .
œ †

! ) ) )a b a b .

It follows that

.B -9= Î#

. =38 Î#
œ # =38 Î# -9= Î#

œ # -9= Î#

œ  -9=

) )
! ) )

)

! )

! ! )

a b a bË a ba b
a b

#

#

#

.

Direct integration results in

B œ  =38  Ga b) ! ) ! ) .

Since the curve passes through the , we require   Hence ,origin C ! œ B ! œ ! Þ G œ !a b a b
and .  We also haveB œ  =38a b) ! ) ! )
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C œ # =38 Î#

œ  -9= Þ

a b a b) ! )

! ! )

#


