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Section 8.1

2. The Euler formula for this problem is

Ynt+1 = Yn +h(5tn -3 Yn )7

in which ¢, = t, +nh. Since t, = 0, we can also write

Wlth yo - 2.

(a). Euler method with h = 0.05 :

Chapter Eight

Yn+l = Yn T 5nh2 - 3h\/ Yn »

n=2 n=4 n==~6 n=2~8
t, | 0.1 0.2 0.3 0.4
yn | 1.59980 | 1.29288 | 1.07242 | 0.930175
(b). Euler method with h = 0.025 :
n=4 n=2~8 n=12 | n=16
t, | 0.1 0.2 0.3 0.4
yn | 1.61124 | 1.31361 | 1.10012 | 0.962552

The backward Euler formula is
Yn+l = Yn + h(5 b1 — 34/ Yn+i ):
in which t¢,, = t, +nh. Since t, = 0, we can also write

Yn+1 = Un + 5(” + 1)h2 - Bh\/ Yn+1 5

with y, = 2. Solving for y,1, and choosing the positive root, we find that

2

3. 1
Yni = | = 5h+ §\/(20n +29)h2 + 4y,
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(c¢). Backward Euler method with h = 0.05 :

n=2 n=4 n==~6 n==~8
t, | 0.1 0.2 0.3 0.4
yn | 1.64337 | 1.37164 | 1.17763 | 1.05334
(d). Backward Euler method with h = 0.025 :
n =4 n =3, n=12 | n=16
t, | 0.1 0.2 0.3 0.4
yn | 1.63301 | 1.35295 | 1.15267 | 1.02407
3. The Euler formula for this problem is
Yn+1 = Un + h(2 Yn — Stn );
in which ¢, = ¢, +nh. Sincet, =0,
Ynt1 = Yn + 2hy, — 3nh? 5
Wlth yo - 1.
(a). Euler method with h = 0.05 :
n=2 |n=414 n==~6 n==~8
t, | 0.1 0.2 0.3 0.4
yn | 1.2025 | 1.41603 | 1.64289 | 1.88590
(b). Euler method with h = 0.025 :
n=4 n=2_§ n=12 | n=16
t, | 0.1 0.2 0.3 0.4
Yn | 1.20388 | 1.41936 | 1.64896 | 1.89572

The backward Euler formula is

Yntl = Yn + h(2 Yn+1 — 3tn+1 )a

in which ¢, = t, +nh. Since t, = 0, we can also write

Yn+1 = YUn + 2h Yn+1 — 3(” + 1)h2 5
with y, = 1. Solving for y,, 1, we find that

Yp — 3(n + 1)h?
1—-2h

Yn+1 =
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(c). Backward Euler method with h = 0.05 :

n =2 n=4 n==6 n==3y
t, | 0.1 0.2 0.3 0.4
yn | 1.20864 | 1.43104 | 1.67042 | 1.93076
(d). Backward Euler method with h = 0.025 :
n =4 n =3, n=12 | n=16
t, | 0.1 0.2 0.3 0.4
Yn | 1.20693 | 1.42683 | 1.66265 | 1.91802

4. The Euler formula is

Since ¢, = t, + nh and t, = 0, we can also write

Wlth yo - 1.

(a). Euler method with h = 0.05 :

Ynt+l = Yn + h[z tn + €$P( — 1ty yn)]

Ynil = Yn + onh®+ h exp( —nhy,),

n =2 n =4 n=~06 n =3y
t, | 0.1 0.2 0.3 0.4
Yn | 1.10244 | 1.21426 | 1.33484 | 1.46399
(b). Euler method with h = 0.025 :
n=4 n=2_§ n=12 | n=16
t, | 0.1 0.2 0.3 0.4
Yyn | 1.10365 | 1.21656 | 1.33817 | 1.46832

The backward Euler formula is

Yntl = Yn + h[2 tn+1 + GZEp( - tn+1 ynJrl)]'

CHAPTER 8. ——

Since t, = 0 and t,,11 = (n + 1)h, we can also write
Yni1 = Yn + 2h*(n 4+ 1) + hexp] — (n + Dhy,1],

with y, = 1. This equation cannot be solved explicitly for y, 1. At each step, given
the current value of ¥, the equation must be solved numerically for 1, 1.
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(c¢). Backward Euler method with h = 0.05 :

CHAPTER 8. ——

6. The Euler formula for this problem is

n=2 n=4 n==~6 n==~8
t, | 0.1 0.2 0.3 0.4
yn | 1.10720 | 1.22333 | 1.34797 | 1.48110

(d). Backward Euler method with h = 0.025 :

n=4 n=3~8 n=12 | n=16
t, | 0.1 0.2 0.3 0.4
Yn | 1.10603 | 1.22110 | 1.34473 | 1.47688

Yn+l = Yn + h(ti — yi)sz’nyn.

Here t, = 0 and ¢t,, = nh. So that

Wlth y(): _1.

Ynt+l = Yn + h(n2h2 - yTQL)SZn Yn »

(a). Euler method with h = 0.05 :

n=2

n=4

n=~06

n=2~8

tn

0.1

0.2

0.3

0.4

Yn

—0.920498

— 0.857538

— 0.808030

—0.770038

(b). Euler method with h = 0.025 :

n=4

n==~8

n =12

n =16

tn

0.1

0.2

0.3

0.4

y7 3

—0.922575

— 0.860923

—0.82300

— 0.774965
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The backward Euler formula is

Ynt+l = Yn + h(tiJrl - y72t+1 )sm Yn+1-

Since t, = 0 and t,,11 = (n + 1)h, we can also write

with y, = — 1. Note that this equation cannot be solved explicitly for y,,+;. Given y,,,

Yn+1 = Yn + h [(n + 1)2h2 - y’IQH-l] SUM Yn+1 5

the transcendental equation

Yn+1 + h yZ—FlSin Yn+1 = Un + h(n + 1)2h2

must be solved numerically for y,,.1.

(c). Backward Euler method with h = 0.05 :

n=2

n=4

n==~6

n==~8

tn

0.1

0.2

0.3

0.4

Yn

—0.928059

— 0.870054

— 0.824021

— 0.788686

(d). Backward Euler method with h = 0.025 :

n=4

n=2~8

n =12

n =16

tn

0.1

0.2

0.3

0.4

Yn

—0.926341

— 0.867163

— 0.820279

— 0.784275

&. The Euler formula

Yn+1 = yn+h(5tn —3\/Yn )7

in which ¢, = t, + nh . Since t, = 0, we can also write

Yn+l = Yn + 5nh2 - 3h\/ Yn »

with y, = 2.

(a). Euler method with h = 0.025 :

CHAPTER 8. ——

n =20

n = 40

n = 60

n = 80

tTL

0.5

1.0

1.5

2.0

Yn

0.891830

1.25225

2.37818

4.07257
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(b). Euler method with h = 0.0125 :

n = 40 n=80 | n=120 | n = 160
t, | 0.5 1.0 1.5 2.0
Yn | 0.908902 | 1.26872 | 2.39336 | 4.08799

The backward Euler formula is

Yn+l = Yn + h(5 b1 — 34/ Yn+1 ):

in which ¢, = t, +nh. Since t, = 0, we can also write

Yn+1 = Un + 5(” + 1)h2 - Bh\/ Yn+1 5

with y, = 2. Solving for y,,1, and choosing the positive root, we find that

1
Yni1 = | — §h + §\/(20n +29)h? + 4y,

(¢). Backward Euler method with A = 0.025 :

3

2

n = 20 n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 0.958565 | 1.31786 | 2.43924 | 4.13474
(d). Backward Euler method with h = 0.0125 :
n = 40 n=2380 | n=120 | n =160
t, | 0.5 1.0 1.5 2.0
Yn | 0.942261 | 1.30153 | 2.24389 | 4.11908

9. The Euler formula for this problem is

Yn+1 = Yn +h \V ty, + Yn -

Here t, = 0 and ¢,, = nh. So that

yn+1:yn+h\/nh+yn 5
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10. The Euler formula is

Yn+1 = Yn + h[2t, +exp( —tnya)l.
Since t, = t, + nh and t, = 0, we can also write

Ynt1 = Yn + 2nh* + hexp( — nhy,),
with y, = 1.

(a). Euler method with h = 0.025 :

n=20 |n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
yn | 1.60729 | 2.46830 | 3.72167 | 5.45963
(b). Euler method with h = 0.0125 :
n=40 |n=80 | n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yn | 1.60996 | 2.47460 | 3.73356 | 5.47774

The backward Euler formula is

Yn+1 = Un + h[z thrl + eacp( - thrl ynJrl)]'

Since t, = 0 and t,,,1 = (n + 1)h, we can also write

Yni1 = Yn + 203 (n + 1) + hexp] — (n 4+ 1)h ypi1),

with y, = 1. This equation cannot be solved explicitly for y, 1. At each step, given
the current value of v, the equation must be solved numerically for y,, 1.

(c). Backward Euler method with h = 0.025 :

n=20 |n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
yn | 1.61792 | 2.49356 | 3.76940 | 5.53223
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(d). Backward Euler method with A = 0.0125 :

n=40 |n=80 | n=120| n =160
t, | 0.5 1.0 1.5 2.0
yn | 1.61528 | 2.48723 | 3.75742 | 5.51404

11. The Euler formula is

Yn+l = Yn T h(4 —1n yn)/(l + yi)

Since t, = t, + nh and t, = 0, we can also write

Yn+1 = Un + (4h - nh2 yn)/(l + y?l)’

(a). Euler method with h = 0.025 :

n = 20 n = 40 n=60 | n=280
t, | 0.5 1.0 1.5 2.0
yn | — 1.45865 | — 0.217545 | 1.05715 | 1.41487
(b). Euler method with h = 0.0125 :
n = 40 n = 80 n =120 | n = 160
t, | 0.5 1.0 1.5 2.0
yn | — 1.45322 | — 0.180813 | 1.05903 | 1.41244

CHAPTER 8. ——

The backward Euler formula is
tnt1 yn+1)/(1 + yiﬂ)'
Since t, = 0 and t,,11 = (n + 1)h, we can also write

Y1 (L+vi1) = v (L +viy1) + [4h — (0 + D2 yoi],

Yn+1 = Un + h<4 -

with y, = — 2. This equation cannot be solved explicitly for y,,.1. At each step, given
the current value of v, the equation must be solved numerically for y,, 1.
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(c). Backward Euler method with h = 0.025 :

n = 20 n = 40 n=60 |n=280
t, | 0.5 1.0 1.5 2.0
yn | —1.43600 | —0.0681657 | 1.06489 | 1.40575

(d). Backward Euler method with h = 0.0125 :

n = 40 n = 80 n =120 | n = 160
t, | 0.5 1.0 1.5 2.0
yn | — 1.44190 | — 0.105737 | 1.06290 | 1.40789

12. The Euler formula is
Ynr1 = Yo + h(ye +2t,90) /(3 +12).
Since ¢, = t, + nh and t, = 0, we can also write
Yni1 = yn + (hyp + 20k y,)/ (3 +n’h?),

with y, = 0.5.

(a). Euler method with h = 0.025 :

n = 20 n = 40 n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 0.587987 | 0.791589 | 1.14743 | 1.70973

(b). Euler method with h = 0.0125 :

n = 40 n = 80 n =120 | n =160
t, | 0.5 1.0 1.5 2.0
Yn | 0.589440 | 0.795758 | 1.15693 | 1.72955

The backward Euler formula is
Yni1 = Yn +h (Va1 + 2tns1 Yn1) /(B + 0 11)-
Since t, = 0 and t,,,1 = (n + 1)h, we can also write
Yns1 [3+ (n+ 1)°R%] = ho2 ) = ya[3+ (0 +1)°A2] 4+ 2(n + 1D)A? yup,

with y, = 0.5. Note that although this equation can be solved explicitly for y,, 41, it is
also possible to use a numerical equation solver. At each time step, given the current

page 446



CHAPTER 8. ——

value of y,,, the equation may be solved numerically for y,, 1.

(¢). Backward Euler method with A = 0.025 :

n = 20 n = 40 n =60 | n=80
t, | 0.5 1.0 1.5 2.0
Yn | 0.593901 | 0.808716 | 1.18687 | 1.79291
(d). Backward Euler method with h = 0.0125 :
n = 40 n = 80 n =120 | n =160
t, | 0.5 1.0 1.5 2.0
yn | 0.592396 | 0.804319 | 1.17664 | 1.77111
13. The Euler formula for this problem is
Yn+1 = YUn + h(l - tn + 4yn )7

in which ¢, = t, +nh. Since t, = 0, we can also write
Yni1 = Yo +h —nh® +4hy,,
with y, = 1. With A = 0.01, a total number of 200 iterations is needed to reach t = 2.
With h = 0.001, a total of 2000 iterations are necessary.
14. The backward Euler formula is
Ynt1 = Yn + h(1 = tos1 +4Yns1 ).

Since the equation is linear, we can solve for y,, . in terms of y,, :

yn+h_htn+l
1—4h

Herety = 0 and y, = 1. With h = 0.01, a total number of 200 iterations is needed to
reacht = 2. With h = 0.001, a total of 2000 iterations are necessary.

Yn+1 =

18. Let ¢(t) be a solution of the initial value problem. The local truncation error for the
Euler method, on the interval ¢, <t < t,.1, is given by

En+l =

1 "¢z 2
— th)h
50" (tn)

where ¢, < I, < t,41. Since ¢'(t) = 2 + [¢(t)]%, it follows that

¢"(t) =2t +2¢(t)¢'(t)
= 2t + 2624 (t) +

2[6 (1)),
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Hence
’6n+1| S [tn-H + tghLan-H + M3+1]h29

in which M, 1 = maz{¢(t)|t, <t <t,41}.

20. Given that ¢ () is a solution of the initial value problem, the /ocal truncation error
for the Euler method, on the interval ¢, <t <t,.q,1s

1 _
En+1 = Qd),/( tn)hQa

where t, < t, < t,.1. Based onthe ODE, ¢'(t) = /t + ¢(¢), and hence

w1+ o'(t)
o7 = 2/t + 6(1)

1 1
2/t +o(t) 2

Therefore

1 1
€n < |1+ hZ.
el < tn+¢(tn)]

21. Let ¢(t) be a solution of the initial value problem. The /ocal truncation error for the
Euler method, on the interval ¢, <t <¢,.4, is given by

1 _
En+1 = 5@5//( tn)hQa

where ¢, < t, < t,+1. Since ¢'(t) = 2t + exp[ — t ¢(t)], it follows that

¢"(t) =2—2[¢(t) +t¢'(t)] - exp[ — t §(t)]
=2—{o(t) + 2> + texp| — t 4(t)]} - exp[ — t ¢(1)).

Hence

2

en = 17 = 5 {(8) + 28 + Taeapl — g (B)] } - eaml — Fug(B)]

22(a). Direct integration yields ¢(t) = --sin 5t + 1.
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0.2

0.4

06

0.8

n =

n =

n =

n =

0.0

0.2

0.4

0.6

Yn

1.0

1.2

1.0

1.2

1.21
1.18
1.164
1.144
1.12

1.1
1.084
1.064
1.04
1.021

01

02

03

0.4

05

06

n =

n =

n =

n =

0.0

0.2

0.4

0.6

Yn

1.0

1.1

1.0

1.1
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0 0.1 0z 03 0.4 0.5 0.6

(d). Since ¢"(t) = — 5w sin 5wt , the local truncation error for the Euler method, on
the interval ¢, <t <t,,1, 1s given by

5th? _

entl = — sindmt, .
In order to satisfy
7h?
lent1] < 5 < 0.05,

it is necessary that

1

h < ~ 0.08.
v/ 507

25(a). The Euler formula is
Yn+1 = YUn + h(l - tn + 4yn )

n=2|n=4|n=6|n==§
t, | 0.1 0.2 0.3 0.4
yo | 1.55 | 234 | 3.46 | 5.07

(b). The Euler formula for this problem is
Yn+1 = YUn + h(3 +tn - yn)-

n=2|n=4|n=6|n=3~§
t, | 0.1 0.2 0.3 0.4
yo | 1.20 | 1.39 | 1.57 | 1.74

(c). The Euler formula is
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Yn+1 = YUn + h(2 Yn — 3tn>-

n=2|n=4|n=6|n=3~§
t, | 0.1 0.2 0.3 0.4
yn | 1.20 | 1.42 1.65 1.90

26(a).
1000 - ‘(238 é% ‘ =1000-(0) =0.
(D).
1000 - ‘ 28(1) é%g‘ = 1000(0.06) = 60 .
(c).
1000 - ‘ 38(1)2 é8083 ‘ = 1000( — 0.09216) = — 92.16.

27. Rounding to three digits, a(b — ¢) ~ 0.224. Likewise, to three digits, ab ~ 0.702
and ac ~ 0.477. It follows that ab — ac ~ 0.225.
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Section 8.2

1. The improved Euler formula for this problem is

1 1 h?
Yn+1 = YUn + hi{3 + §tn + §tn+1 —Yn | — 7(3 + tn - yn)~

Since t, = t, + nh and t, = 0, we can also write

h? nh?
Yn+1 = Yn + h’(3 - yn) + ?(yn -2+ 2’Tl) - T »
(a). h=0.05:
n =2 n =4 n=~06 n =3y
t, | 0.1 0.2 0.3 0.4
yn | 1.19512 | 1.38120 | 1.55909 | 1.72956
(b). h =0.025 :
n =4 n==_§ n=12 | n=16
t, | 0.1 0.2 0.3 0.4
yn | 1.19515 | 1.38125 | 1.55916 | 1.72965
(c). h=0.0125 :
n==~§ n=16 |n=24 | n=32
t, | 0.1 0.2 0.3 0.4
yn | 1.19516 | 1.38126 | 1.55918 | 1.72967

2. The improved Euler formula is

h h
Yn+1 :yn+§(5tn_3\/y_n) +§(5tn+1_3\/ K, )7

in which K, =y, + h(5tn —3\/Yn ) Since t,, = t, + nh and t, = 0, we can also
write

h h
Yot = v+ 5 (57 =3/ ) + 5[5 (n+ Dh = 3V/E, |,
with y, = 2.

(a). h=0.05:
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(b). h =0.025 :

(c). h =0.0125 :

n=2 n=4 n==~6 n==~8

t, | 0.1 0.2 0.3 0.4

yn | 1.62283 | 1.33460 | 1.12820 | 0.995445
n=4 n=2~8 n=12 | n=16

t, | 0.1 0.2 0.3 0.4

yn | 1.62243 | 1.33386 | 1.12718 | 0.994215
n ==, n=16 |n=24 | n=32

t, | 0.1 0.2 0.3 0.4

yn | 1.62234 | 1.33368 | 1.12693 | 0.993921

3. The improved Euler formula for this problem is

h
Yntl = Yn T 5(4.%1 — 3ty — 3tn+1) + h2(2yn - 3tn)-

Since t, = t, + nh and t, = 0, we can also write

with 4o = 1.

(a). h=0.05 :

(b). h =0.025 :

(¢). h=0.0125 :

2

h
mH1=yn+2hyn+~§{4%,—3—6n)—3nh3,

n =2 n =4 n==6 n==3y
t, | 0.1 0.2 0.3 0.4
Yn | 1.20526 | 1.42273 | 1.65511 | 1.90570
n=4 n=2~8 n=12 [n=16
t, | 0.1 0.2 0.3 0.4
yn | 1.20533 | 1.42290 | 1.65542 | 1.90621
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n =3y n=16 | n=24 | n=32
t, | 0.1 0.2 0.3 0.4
Yn | 1.20534 | 1.42294 | 1.65550 | 1.90634
5. The improved Euler formula is
+2tn Yn K72;,+2tn+1Kn

y2
— h n

28 +1t2,,)
in which

+hy§+2tnyn

Kn =Yn 3+ t%

Since ¢, = t, + nh and t, = 0, we can also write

Y2 + 2nhy, K2 +2(n+1)hK,
Ynt1 = Yn +h ooy 2797 °
2(3 + n%h?) 2[3+ (n+1)°h?]
(a). h=10.05 :
n=2 n=4 n==~6 n=3~8
t, | 0.1 0.2 0.3 0.4
yn | 0.510164 | 0.524126 | 0.54083 | 0.564251
(b). h=0.025 :
n=4 n =38 n =12 n =16
t, | 0.1 0.2 0.3 0.4
Yn | 0.510168 | 0.524135 | 0.542100 | 0.564277
(c). h=0.0125 :
n=-3~ n =16 n=24 n =32
t, | 0.1 0.2 0.3 0.4
yn | 0.51069 | 0.524137 | 0.542104 | 0.564284
6. The improved Euler formula for this problem is
h( o 2\ o h o 2\ o
Yn+1 = Yn + 5 (tn - yn) SN Yn + 5 (tn—i-l - Kn) Sin Kn’

page 454




CHAPTER 8. ——

in which
K,=y,+h (ti — yi) SIN Yy, -

Since t, = t, + nh and t, = 0, we can also write

Yni1l = Yn + ﬁ (n2h2 — yi) siny, + ﬁ [(n + 1)2h2 — K,ﬂ sin K,,,

2 2
(a). h=0.05:
n =2 n =4 n=~06 n =3,
t, | 0.1 0.2 0.3 0.4
Yn | —0.924650 | — 0.864338 | — 0.816642 | — 0.780008
(b). h =0.025
n=4 n=2~8 n=12 n =16
t, | 0.1 0.2 0.3 0.4
Yn | —0.924550 | —0.864177 | —0.816442 | — 0.779781
(c). h=0.0125 :
n=2~8 n =16 n =24 n =32
t, | 0.1 0.2 0.3 0.4
Yn | —0.924525 | —0.864138 | — 0.816393 | — 0.779725

7. The improved Euler formula for this problem is

h
Ynt1 = Yn + 5(4% —ty =ty + 1) + A2y, — t, + 0.5).

Since t, = t, + nh and t, = 0, we can also write

Ynt+l = Yn + h(2 Yn + 05) + h2(2 Yn — TL) — nh? s

with y, = 1.
(a). h =0.025 :
n=20 |n=40 |n=60 | n=80
t, | 0.5 1.0 1.5 2.0
Yn | 2.96719 | 7.88313 | 20.8114 | 55.5106
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(b). h =0.0125 :
n=40 |n=80 | n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yn | 2.96800 | 7.88755 | 20.8294 | 55.5758

8. The improved Euler formula is

h h
Yn+1 = Yn + 5(5 tn - 3\/y7) + 5 (5 tn—i—l -3 V Kn )7

in which K, =y, + h(5 tn — 3\/Yn ) Since ¢, = t, + nh and ¢, = 0, we can also

write
Ynt+1 = yn+ ﬁ(577]”0_3\/yn ) + ﬁ|:5<n+ 1)h_?’\/ Kn}
2 2 ’
with y, = 2.
(a). h =0.025 :
n =20 n=40 |n=60 |n =280
t, | 0.5 1.0 1.5 2.0
Yn | 0.926139 | 1.28558 | 2.40898 | 4.10386
(b). h=0.0125 :
n =40 n=80 |n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yn | 0.925815 | 1.28525 | 2.40869 | 4.10359
9. The improved Euler formula for this problem is
h h
yn+1:yvz+§ tn+yn +§\/ tn—i—l"‘Kns

in which K, = y, + h

t, + yn . Since t, =ty + nh and t, = 0, we can also write

h h
Yn+1 :y7),+§\/ nh"‘yn +§\/(n+1)h+Kn,

(a). h =0.025 :
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(b). h=0.0125 :

n=20 |n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 3.96217 | 5.10887 | 6.43134 | 7.92332
n=40 |n=80 | n=120 | n = 160
t, | 0.5 1.0 1.5 2.0
Yn | 3.96218 | 5.10889 | 6.43138 | 7.92337

10. The improved Euler formula is

in which K,, =y, + h[2t, + exp( — t, yn)]. Since t,, = t, + nh and t, = 0, we can

also write

h h
Ynt+1 = Yn + 5[2 nh + 6:17])( —nh yn)] + 5{2(% + 1)h’ + e:z:p[ - (TL + 1)h’Kn]}:

with 4y, = 1.
(a). h =0.025 :
n=20 |n=40 |n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 1.61263 | 2.48097 | 3.74556 | 5.49595
(b). h=0.0125 :
n=40 |n=80 | n=120| n =160
t, | 0.5 1.0 1.5 2.0
Yo | 1.61263 | 2.48092 | 3.74550 | 5.49589
12. The improved Euler formula is
+hy721+2tnyn K721+2tn+1Kn
Yn+1 = YUn
i 23 +13) 2(3+12,1)
in which
2 2t71 n
Kn,:yn,_"hiyn—i_ y

h
Yn+1 = Yn + 5

[2 t, + exp( —ty yn)] +

2

h
[2 tn—i—l + exp( - tn—i—lKn)]a

3+t

b
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Since ¢, = t, + nh and t, = 0, we can also write

y2 +2nhy, . K24 2(n+1)hK,
Yntl = Yn TN 5o 557 557
2(3 + n?h?) 2[3+ (n+1)°h?]
(a). h =0.025 :
n = 20 n =40 n=60 | n=280
t, | 0.5 1.0 1.5 2.0
Yn | 0.590897 | 0.799950 | 1.16653 | 1.74969
(b). h=0.0125 :
n = 40 n = 80 n =120 | n =160
t, | 0.5 1.0 1.5 2.0
Yn | 0.590906 | 0.799988 | 1.16663 | 1.74992

16. The exact solution of the initial value problem is ¢(t) = % + %e%. Based on the
result in Prob. 14(c¢), the local truncation error for a /inear differential equation is

1 _
Cn+1 = 6@5/”( tn)h?’a

4 e%, the local truncation error is

2 _
€nil = gexp(Z t)he.

where ¢, < t, < t,41. Since ¢"'(t) =

Furthermore, with 0 <¢, <1,

2
lent1] < 3 e?h3.

It also follows that for h = 0.1,

2
< 2a92001)% = 0.2
el < 57007 = 1555 ¢
Using the improved Euler method, with A = 0.1, we have y; ~ 1.11000. The exact

value is given by ¢(0.1) = 1.1107014 .

17. The exact solution of the initial value problem is given by ¢(t) = %t + e%. Using

the modified Euler method, the local truncation error for a /inear differential equation is

1 _
En+l = 6¢m< tn>h3a
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where t, < t, < t,;1. Since ¢"(t) = 8%, the local truncation error is

4 _
Enil = gea:p(2 tn)h?’.

Furthermore, with 0 < ¢, < 1, the local error is bounded by
4
lent1] < gezh?’.
It also follows that for h = 0.1,

4 1
< 202(01)3 = 1 02
lerf < 5 €7(0.0)7 = g

Using the improved Euler method, with h = 0.1, we have y; ~ 1.27000. The exact
value is given by ¢(0.1) = 1.271403.
18. Using the Euler method,

y =1+0.105—-0+2-1)
—=1.25.

Using the improved Euler method,

yr =140.05(0.5—0-+2-1)+0.05(0.5 — 0.1 +2-1.25)
= 1.27.

The estimated error is e; ~ 1.27 — 1.25 = 0.02. The step size should be adjusted by
a factor of 1/0.0025/0.02 ~ 0.354. Hence the required step size is estimated as

h ~ (0.1)(0.36) = 0.036.
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20. Using the Euler method,

y =3+0.1/0+3

= 3.173205.

Using the improved Euler method,

Y, =34 0.051/0+ 3 +0.05,/0.1 + 3.173205
= 3.177063 .

The estimated error is e; ~ 3.177063 — 3.173205 = 0.003858 . The step size should
be adjusted by a factor of \/ 0.0025/0.003858 = 0.805. Hence the required step size
is estimated as

h ~ (0.1)(0.805) = 0.0805 .

21. Using the Euler method,

(0.5)* 40

— 05401
yl + 310

= 0.508334
Using the improved Euler method,

(0.5)*+0 . 0.05 (0.508334)° + 2(0.1)(0.508334)
3+0 ' 34 (0.1)°

= 0.510148.

The estimated error is e; ~ 0.510148 — 0.508334 = 0.0018 . The local truncation error
is less than the given tolerance. The step size can be adjusted by a factor of
1/0.0025/0.0018 ~ 1.1785. Hence it is possible to use a step size of

h ~ (0.1)(1.1785) ~ 0.117.

22. Assuming that the solution has continuous derivatives at least to the third order,

¢" (tn) " (t,)
STRIRET

P(tni1) = d(ta) + &' (ta)h + h?,

where t, < t, < t,.1. Suppose that y, = ¢(t,).

(a). The local truncation error is given by
En+l = ¢<tn+1) — Yn+1-

The modified Euler formula is defined as
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1 1
Yn+1 = YUn + h f |:tn + ih y Yn + ih f(tm yn):| .

Observe that ¢'(t,) = f(t,,d(t,)) = f(tn,ys). It follows that
ent1 = P(tnt1) — Ynt1

=h f(tn,yn) + d)HQ(!t”)hz + ¢/;(!t")

1 1
_hf|:tn+§hayn+§hf(tn>yn):|'

B3 —

(b). As shown in Prob. 14(b),
¢"(tn) = fi(tu s yn) + fy(tn , yn) f(tn , yn) -

Furthermore,
1 1 h
f t, + ih’y” + §h f(tnvyn)] - f(tn 5 yn) + ft(tn >yn)§ + fy(tn 7yn) k+

1 [h? 5
2t 4 t=£,y=n

in which k = 1h f(t,,yn) and ¢, < & <ty +h/2, yo <1 <y, + k. Therefore
qb///(gn) h [hQ

_ 3 2
nt+l = 30 h o1 2 fuu +hE fr, +k fyy} ey

Note that each term in the brackets has a factor of k2. Hence the local truncation error
is proportional to h?.

(c). If f(t,y) is linear, then fy = f;, = f,, =0, and
d)/l/(%n)

_ 3
€nt+1 = 3' h°.

23. The modified Euler formula for this problem is

1 1
Yn+1 = Un + h{3 + tn + §h - |:y’n, + §h(3 + tn - yn):| }

2

h
:yn+h(3+tn_yn)+7(yn_tn_2)'

Since t, = t, + nh and t, = 0, we can also write

2

Yn+1 :yn+h<3+nh_yn)+E(yn_nh_Q) >

with yo = 1. Setting h = 0.1, we obtain the following values :
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n=1 n=2 n=3 n =4
t, | 0.1 0.2 0.3 0.4
Yn | 1.19500 | 1.38098 | 1.55878 | 1.72920

25. The modified Euler formula is

3
Ynil = Yn + h |2y, — 3t, — ih + h(2y, — 3t,)

2

Since t, = t, + nh and t, = 0, we can also write

2

h
Yn + h(2y, — 3t,) + 7(4% — 6t, — 3).

h
Ynt1 = Yn + h(2y, — 3nh) + 3(4% —6nh —3),

with yo = 1. Setting h = 0.1, we obtain :

n=1 n=2 n=3 n =4
t, | 0.1 0.2 0.3 0.4
Yn | 1.20500 | 1.42210 | 1.65396 | 1.90383

26. The modified Euler formula for this problem is

h
Yn+l = Yn + h{2tn +h+ exp[— (tn + §)Kn:| }a

in which K, =y, + %[Qtn + exp( — toyn)]. Now t, = t, + nh, with ¢, = 0 and

yo = 1. Setting h = 0.1, we obtain the following values :

n=1 n=2 n=3 n=4
t, | 0.1 0.2 0.3 0.4
yn | 1.104885 | 1.21892 | 1.34157 | 1.472724
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27. Let f(t,y) be linear in both variables. The improved Euler formula is

1
Yn+1 = Un + ih[f(t’n,; yn) + f(tn + h, Yn + hf(tm yn))]
=y () + hF (b 9) + g, B )]
= 1f () + 50 ST S s )

The modified Euler formula is

1 1
Yn+1 = Un + hf |:tn + §h7 Yn + ihf(tm yn):|

= )+ 1 1 5 )

Since f(t,y) is linear in both variables,
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Section 8.3

1. The ODE is linear, with f(¢,y) = 3 + t — y. The Runge-Kutta algorithm requires

the evaluations

knl = f(tnvyn)

kn2:f<
kn3:f<

1

1
tn + _hayn + _hk nl)

2

1
tn+_hayn+

2

2
1

§hk n2>

kn4:f(tn+h,yn+hkn3>-

The next estimate is given as the weighted average

h
Yn+1 :yn+_(knl+2kn2+2kn3+kn4)

6
(a). For h=10.1:
n=1 n=2 n=3 n=4
t, | 0.1 0.2 0.3 0.4
Yn | 1.19516 | 1.38127 | 1.55918 | 1.72968
(b). For h =0.05:
n =2 n =4 n=~06 n =3y
t, | 0.1 0.2 0.3 0.4
Yn | 1.19516 | 1.38127 | 1.55918 | 1.72968

The exact solution of the IVP is y(t) =2+t — e ".

2. In this problem, f(t,y) = 5t — 3\/5 . At each time step, the Runge-Kutta algorithm

requires the evaluations

knl - f(tnyyn)
1 1
knz - f(tn + _h;yn + —hk nl)

2 2
1 1
kn3—f<tn+§hayn+§hkn2>

kn4 - f(tn + h y Yn + hk 77,3)-

The next estimate is given as the weighted average

h
Yn+1 :yn+E(kn1+2kn2+2kn3+kn4)
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(a). For h=0.1:

n=1 n =2 n=3 n=4
t, 0.1 0.2 0.3 0.4
yn | 1.62231 | 1.33362 | 1.12686 | 0.993839
(b). For h =0.05:
n=2 n=4 n==~06 n=3~§
t, 0.1 0.2 0.3 0.4
yn | 1.62230 | 1.33362 | 1.12685 | 0.993826
The exact solution of the IVP is given implicitly as
1 V2

3. The ODE is linear, with f(¢,y) = 2y — 3t. The Runge-Kutta algorithm requires

the evaluations

@y +5t) (= y)® 512

knl = f(tnvyn)
1
kn? - f(tn+ §hayn+ —hkm)

1
kn3:f<tn+§hayn+
kn4:f(t7z+h,yn+hkn3>-

1
2
1

The next estimate is given as the weighted average

§hk n2>

h
Yn+1 :yn+_(knl+2kn2+2kn3+kn4)

(a). For h=10.1:

n=1 n =2 n=3 n=4
t, | 0.1 0.2 0.3 0.4
yn | 1.20535 | 1.42295 | 1.65553 | 1.90638
(b). For h =0.05:
n =2 n =4 n=~06 n =3y
t, | 0.1 0.2 0.3 0.4
Yn | 1.20535 | 1.42296 | 1.65553 | 1.90638
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The exact solution of the IVP is y(t) = e* /4 + 3t/2 + 3 /4.

5. In this problem, f(t,y) = (v* + 2ty)/(3 + t?) . The Runge-Kutta algorithm
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requires the evaluations

k= f(tmyn)

1 1
km—f<tn+§hayn+§hkm>

1 1
k n3 — tn =h s Yn —hk n
3 f?< + 9 Y ‘+‘2 2)

kn4:f(tn+h7yn+hkn3)-

The next estimate is given as the weighted average
h
Yn+1 = yn+ g(knl +2kn2 +2kn3 +kn4)

(a). For h=0.1:

n=1 n=2 n=3 n=4
t, | 0.1 0.2 0.3 0.4
Yn | 0.510170 | 0.524138 | 0.542105 | 0.564286

(b). For h =0.05:

n =2 n=4 n==6 n==3y
t, | 0.1 0.2 0.3 0.4
Yn | 0.520169 | 0.524138 | 0.542105 | 0.564286

The exact solution of the IVP is y(t) = (3 +t2)/(6 —t).

6. In this problem, f(t,y) = (* — y*)siny. At each time step, the Runge-Kutta
algorithm requires the evaluations

knl == f(tnyyn)
1 1
knz - f(tn + _h;yn + —hk nl)

2 2
1 1
kn3—f<tn+§hayn+§hkn2>

kn4 - f(tn + h y Yn + hk 77,3)-

The next estimate is given as the weighted average

h
Yn+1 :yn+E(kn1+2kn2+2kn3+kn4)
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(a). For h=0.1:

n=1 n=2 n=3 n=4
t, | 0.1 0.2 0.3 0.4
Yn | —0.924517 | — 0.864125 | — 0.816377 | — 0.779706
(b). For h =0.05:
n =2 n=4 n==6 n==3y
t, | 0.1 0.2 0.3 0.4
Yyn | —0.924517 | — 0.864125 | — 0.816377 | — 0.779706
7. (a). For h=0.1:
n=>5 n=10 |n=15 | n=20
t, | 0.5 1.0 1.5 2.0
Yn | 2.96825 | 7.88889 | 20.8349 | 55.5957
(b). For h =0.05 :
n=10 [n=20 |n=30 | n=140
t, | 0.5 1.0 1.5 2.0
Yn | 2.96828 | 7.88904 | 20.8355 | 55.5980
The exact solution of the IVP is y(t) = e* + /2.
8. See Prob. 2. for the exact solution.
(a). For h =0.1:
n=2>5 n=10 |n=15 |n=20
t, | 0.5 1.0 1.5 2.0
Yn | 0.925725 | 1.28516 | 2.40860 | 4.10350
(b). For h =0.05 :
n =10 n=20 |n=30 | n=40
t, | 0.5 1.0 1.5 2.0
yn | 0.925711 | 1.28515 | 2.40860 | 4.10350
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9(a). For h =0.1

(b). For h =0.05:

n=>5 n=10 |n=15 | n=20
t, | 0.5 1.0 1.5 2.0
Yn | 3.96219 | 5.10890 | 6.43139 | 7.92338
n=10 |n=20 |n=30 | n=40
t, | 0.5 1.0 1.5 2.0
Yn | 3.96219 | 5.10890 | 6.43139 | 7.92338

The exact solution is given implicitly as

ln{L]ﬁ-Q\/tﬁ- —2a7’ctcmh\/t+y=t+2\/_—2arctcmh\/3_.

y+t—1

10. See Prob. 4.

(a). For h=10.1:

(b). For h =0.05:

12. See Prob. 5. for the exact solution.

(a). For h =0.1:

(b). For h =0.05 :

n=>5 n=10 |n=15 | n=20
t, | 0.5 1.0 1.5 2.0
Yn | 1.61262 | 2.48091 | 3.74548 | 5.49587
n=10 |n=20 | n=30 | n=40
t, | 0.5 1.0 1.5 2.0
Yn | 1.61262 | 2.48091 | 3.74548 | 5.49587
n=>5 n =10 n =15 n = 20
t, | 0.5 1.0 1.5 2.0
Yn | 0.590909 | 0.800000 | 1.166667 | 1.75000
n = 10 n = 20 n = 30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 0.590909 | 0.800000 | 1.166667 | 1.75000

13. The ODE is linear, with f(¢,y) = 1 — t + 4y. The Runge-Kutta algorithm requires
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the evaluations

k= f(tmyn)

1 1
km—f<tn+§hayn+§hknl>

1 1
kn.‘} - f(tn + ih;yn + ihk n2>
kn4 = f(tn+h7yn+hkn3)-

The next estimate is given as the weighted average
h
Yn+1 = yn+ g(knl +2kn2 +2kn3 +kn4)
. . _ 19 4t 1 3
The exact solution of the IVP is y(t) = jie* + 3t — 1.

16

(a). For h=10.1:

n=>5 n =10 n =15 n = 20
t, | 0.5 1.0 1.5 2.0
Yn | 8.7093175 | 64.858107 | 478.81928 | 3535.8667

(b). For h =0.05:

n =10 n = 20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 8.7118060 | 64.894875 | 479.22674 | 3539.8804

15(a).
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(b). For the integral curve starting at (0, 0), the slope becomes infinite near t,; =~ 1.5.
Note that the exact solution of the IVP is defined implicitly as

Y —dy =17,

0.2 \

2

¥ 0.6

-0.81

1

|

Using the classic Runge-Kutta algorithm, with h = 0.01, we obtain the values

n ="70 n = 80 n =90 n =95
t, | 0.7 0.8 0.9 0.95
Yo | —0.08591 | —0.12853 | — 0.18380 | — 0.21689

(c). Based on the direction field, the solution should decrease monotonically to the

limiting value y = — 2/ \/§ . In the following table, the value of ¢, corresponds to
the approximate time in the iteration process that the calculated values begin to increase.

h tar
0.1 1.9
0.05 | 1.65
0.025 | 1.55
0.01 | 1.455

(d). Numerical values will continue to be generated, although they will not be associated
with the integral curve starting at (0,0). These values are approximations to nearby
integral curves.

(e). We consider the solution associated with the initial condition y(0) = 1. The exact
solution is given by

P —dy=1t3—-3.
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D.ai T
0.6

0.4
0.21

02 04 0F 08

t

112

-0.24
-0.44
-0.6
0.8

For the integral curve starting at (0, 1), the slope becomes infinite near t,; ~ 2.0. In

the following table, the values of ¢,, corresponds to the approximate time in the iteration

process that the calculated values begin to increase.

h 2]
0.1 1.85
0.05 1.85
0.025 | 1.86
0.01 1.835
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Section 8.4

1(a). Using the notation f, = f(t,,yn) , the predictor formula is

h
Ynt1 = Yn + ﬂ(55fn - 59fn71 + 37fn72 - 9fnf3)-

With f,11 = f(tni1, Yns1), the corrector formula is

h
Ynt1 = Yn + ﬂ(gfmrl + 19fn - 5fnfl + fan) .

We use the starting values generated by the Runge-Kutta method :

n=0|n=1 n =2 n=3
t, 0.0 0.1 0.2 0.3
y, | 1.0 1.19516 | 1.38127 | 1.55918

n =4(pre) | n =4(cor) | n=5(pre) | n = 5(cor)
t, | 04 0.4 0.5 0.5
Yn | 1.72967690 | 1.72986801 | 1.89346436 | 1.89346973

(b). With f, 1 = f(tns1,Yns1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬁ(g fn-i—l +19 fn -5 fn—l + fn—2) .

In this problem, f,.; = 3 + t;,11 — Yny1 - Since the ODE is /inear, we can solve for

yn-i-l - m[24 yn + 27h + 9h tn—H + h(lg fn - 5 fn—l + fn—z)] .
n=4 n=>5
t, | 0.4 0.5

Yn | 1.7296800 | 1.8934695

(c). The fourth order backward differentiation formula is
1
Yn+1 = %[48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn—3 + 12hfn+1]-
In this problem, f,,, = 3 + t,41 — Y11 - Since the ODE is /inear, we can solve for

1
Ynt1 = mBG h+12ht, 1 + 48y, — 36 Y1 + 16 Yy — 3Yn—s) .
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n=4 n=>5
t, | 0.4 0.5
yn | 1.7296805 | 1.8934711

The exact solution of the IVP is y(t) =2+t — e ".

2(a). Using the notation f,,

yn-l—l - yn 24

With f,11 = f(tni1, Ynsi1), the corrector formula is

f(t, ,yn) , the predictor formula is

(55 fn, - 59 fn—l + 37 fn—2 - 9 fn—.‘})-

h
Yn+1 = Yn + ﬂ(gfnJrl + 19fn - 5fn71 + fﬂ*?) .

We use the starting values generated by the Runge-Kutta method :

CHAPTER 8. ——

n=0|n=1 n =2 n=3
t, 0.0 0.1 0.2 0.3
Yn | 2.0 1.62231 | 1.33362 | 1.12686
n = 4(pre) | n =4(cor) | n=>5(pre) | n = 5(cor)
t, | 04 0.4 0.5 0.5
Yn | 0.993751 0.993852 0.925469 0.925764

(b). With f,11 = f(tn+1,Ynt1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬁ(gfn—l-l + 19fn - 5fn—1 + fn—?) .

In this problem, f,,+, = 5t,,11 — 3\/Yn+1 - Since the ODE is nonlinear, an equation
solver is needed to approximate the solution of

[45t71,+1 - 27\/ Yn+1 + 19 fn - 5 fn—l + fn—2}

yn-l—l - yn 24

at each time step. We obtain the approximate values:

n=4 n=>5
t, | 0.4 0.5
Yn | 0.993847 | 0.925746

(c). The fourth order backward differentiation formula is
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1
= _[48 Yn — 36 Yn—1 T 16 Yn—2 — 3yn—3 + 12hfn+1]-

yn—H 2 5

Since the ODE is nonlinear, an equation solver is used to approximate the solution of

1
= o2 [48yn — 36 Y1 + 169> — 3yn—s + 121 (5tss — 31/yns1 )]

Yn+1 25

at each time step.

n=4 n=>5
t, | 0.4 0.5
Yn | 0.993869 | 0.925837

The exact solution of the IVP is given implicitly by

1 V2
2y +5t)°(t—/y)" 512

3(a). The predictor formula is

h
Yn+1 = Un + ﬂ(55 fn, — 59 fn—l + 37 fn—2 -9 fn—.‘})-

With f,11 = f(tni1, Ynii1), the corrector formula is

h
Yn+1 = Un + ﬂ(gfnJrl + 19fn - 5fn71 + fﬂ*?) .

Using the starting values generated by the Runge-Kutta method :

n=0|n=1 n =2 n=3
t, | 0.0 0.1 0.2 0.3
yn | 1.0 1.205350 | 1.422954 | 1.655527
n = 4(pre) | n =4(cor) | n=>5(pre) | n = 5(cor)
t, | 04 0.4 0.5 0.5
Yn | 1.906340 1.906382 2.179455 2.179567

(b). With f, 11 = f(tn+1,Ynt1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬁ(gfn—l-l + 19fn - 5fn—1 + fn—?) .

In this problem, f,,+, = 2y, — 3t,+1 . Since the ODE is linear, we can solve for
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T 24_18h
n=4 n=>5
104 0.5
yn | 1.906385 | 2.179576

[24 yn — 27h tn+1 + h(lg fn — 5 fn—l + fn_g)] .

(c). The fourth order backward differentiation formula is

1
Yn+1 = %[48 Yn — 36 Yp—1 + 16y — 3yp—3 + 12hfn+1]-

In this problem, f,, 1, = 2y, — 3t,+1 . Since the ODE is linear, we can solve for

Yn+1 = m[48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn73 — 36h tn+1] .

n=4 n=>5
t, | 0.4 0.5
Yn | 1.906395 | 2.179611

The exact solution of the IVP is y(t) = e* /4 + 3t/2 + 3 /4.

5(a). The predictor formula is

h
Ynt1 = Yn + ﬂ(55fn - 59fn71 + 37fn72 - 9fnf3)-

With f,11 = f(tni1, Ynsi1), the corrector formula is

h
Ynt1 = Yn + ﬂ(gfnﬂ + 19fn - 5fnfl + fan) .
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Using the starting values generated by the Runge-Kutta method :

n=0

n=1

n =2

n=3

t, |1 0.0

0.1

0.2

0.3

Yn | 0.5

0.51016950

0.52413795

0.54210529

n = 4(pre)

n = 4(cor)

n = 5(pre)

n = 5(cor)

0.4

0.4

0.5

0.5

Yn

0.56428532

0.56428577

0.59090816

0.59090918

(b). With f,11 = f(tn+1,Ynt1), the fourth order Adams-Moulton formula is

In this problem,

Since the ODE is nonlinear, an equation solver is needed to approximate the solution of

Yn+1

at each time step.

h
Yn+1 = Un + ﬁ(gfn—l-l + 19fn - 5fn—1 + fn—?) .

fn+1 =

y721+1 + 2041 Ynsa

3+th

Rl v+ 2t Ynn
24 3+t2,,
n=4 n=2=u
tn | 0.4 0.5
Yn | 0.56428578 | 0.59090920

(c). The fourth order backward differentiation formula is

Yn+1 =

Since the ODE is nonlinear, an equation solver is needed to approximate the solution of

Yn+1

25

1
= % 48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn73 +12h

at each time step. We obtain the approximate values:

+ 19fn - 5fn71 + fnf2

1
_[48 yn - 36 yn—l + 16 yn—2 - 3yn—3 + 12hfn+1]-

y72L+1 + 201 Yna

n =4 n=>5
t, | 0.4 0.5
Yn | 0.56428588 | 0.59090952

3+ th
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The exact solution of the IVP is y(t) = (3 +12)/(6 — t).

6(a). The predictor formula is

h
Yn+1 = Un + ﬂ(55fn - 59fn71 + 37fn72 - 9fnf3)-

With f,11 = f(tni1, Yns1), the corrector formula is

h
Ynt1 = Yn + ﬂ(gfmrl + 19fn - 5fnfl + fan) .

We use the starting values generated by the Runge-Kutta method :

n=>0

n=1

n=2

n=3

tn

0.0 0.1

0.2

0.3

y7 3

- 1.0

—0.924517

— 0.864125

— 0.816377

n = 4(pre)

n = 4(cor)

n = 5(pre)

n = 5(cor)

0.4

0.4

0.5

0.5

— 0.779832

— 0.779693

—0.753311

—0.753135

(b). With f,11 = f(tni1,Yns1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬁ(g fn-i—l +19 fn -5 fn—l + fn—2) .
In this problem, f,+, = (2., — 42,,)sin Yn+1 . Since the ODE is nonlinear, we obtain
the implicit equation

h
yn—i-l - yn ‘I' P |:9(t721+1 - y721+1)37:n yn—i-l + 19 fn - 5 fn—l + fn—z] .

24

n=4

n=>5

0.4

0.5

Yn

—0.779700

—0.753144
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(c). The fourth order backward differentiation formula is

1
Yn+1 = %[48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn—3 + 12hfn+1]-

Since the ODE is nonlinear, we obtain the implicit equation

1 .
Yn+1 = 2% [48 Yn — 36yp—1 +16yp—o — 3yn—3 + 120 (tiﬂ - yiﬂ)szn yn+1]-

n=4 n=>5
t, | 0.4 0.5
Yo | —0.779680 | — 0.753089

8(a). The predictor formula is

h
Yn+1 = Un + ﬂ(55 fn, — 59 fn—l + 37 fn—2 -9 fn—.‘})-

With f,11 = f(tni1, Ynsi1), the corrector formula is

h
Yn+1 = Un + ﬂ(gfnJrl + 19fn - 5fn71 + fﬂ*?) .

We use the starting values generated by the Runge-Kutta method :

n=0|n=1 n=2 n=3
t, | 0.0 0.05 0.1 0.15
Yn | 2.0 1.7996296 | 1.6223042 | 1.4672503

n =10 n = 20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
yn | 0.9257133 | 1.285148 | 2.408595 | 4.103495

(b). Since the ODE is nonlinear, an equation solver is needed to approximate the

solution of

h
yn-i-l - yn + ﬂ [45t71,+1 - 27\/ yn—H + 19 fn - 5 fn—l + fn—2}

at each time step. We obtain the approximate values:

n =10 n = 20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 0.9257125 | 1.285148 | 2.408595 | 4.103495
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(c). The fourth order backward differentiation formula is

Yn+1 =

Since the ODE is nonlinear, an equation solver is needed to approximate the solution of

3v/yn )]

Yn+1 = 25

at each time step.

25

[48 y,, —

36 yn—l + 16 yn—2 - 3 yn—3 + 12hfn+1]'

[48 yn - 36 yn—l + 16 yn—2 - 3 yn—3 + 12h (Stn—i-l -

n =10

n = 20

n = 30

n = 40

tn

0.5

1.0

1.5

2.0

Yn

0.9257248

1.285158

2.408594

4.103493

The exact solution of the IVP is given implicitly by

1

V2

2y +50) (t—fy)? 512

9(a). The predictor formula is

Wlth fn_;'_l —

24

f(tnt1, Ynt1), the corrector formula is

h
Yntr1 = Yn T _(55fn - 59fn71 + 37fn72 - 9fn73)-

h
Yn+1 = Un + ﬁ(gfn+l + 19fn - 5fn—1 + fn—?) .

Using the starting values generated by the Runge-Kutta method :

n=>0

n=1

n=2

n=3

tn

0.0

0.05

0.1

0.15

Yn

3.0

3.087586

3.177127

3.268609

n =10

n =20

n = 30

n = 40

tn

0.5

1.0

1.5

2.0

Yn

3.962186

5.108903

6.431390

7.923385

(b). With f,11 = f(tns1,Yns1), the fourth order Adams-Moulton formula is

h
Yn+1 = Yn + ﬂ(gfnJrl + 19fn - 5fn71 + fﬂ*?) .
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In this problem, f,, 1, = \/ts+1 + yn+1 - Since the ODE is nonlinear, an equation
solver must be implemented in order to approximate the solution of

h
Ynt1 = Yn + 21 [9\/ bt + Ynsr £19 fn =5 fra + fn—?]

at each time step.

n =10 n =20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 3.962186 | 5.108903 | 6.431390 | 7.923385

(c). The fourth order backward differentiation formula is

1
Yn+1 = %[48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn—3 + 12hfn+1]-

Since the ODE is nonlinear, an equation solver is needed to approximate the solution of

1
Yni1 = 52 [48 Y, — 36 Y1 + 16 Y — 3yn—y + 12h\/tpis + Yot |

at each time step.

n = 10 n =20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 3.962186 | 5.108903 | 6.431390 | 7.923385

The exact solution is given implicitly by

2 +2\/t+y—2a7“ctanh\/t+y=t+2\f—2arctanh\/37.

"lyre—1)
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10(a). The predictor formula is

h
Yntr1 = Yn + _(55fn - 59fn71 + 37fn72 - 9fn73)-

24

With f,+1 = f(tnt1, Yni1), the corrector formula is

h
Yn+1 = Un + ﬁ(gfn+l + 19fn - 5fn—1 + fn—?) .

We use the starting values generated by the Runge-Kutta method :

n=3
0.15
1.160740

n=2
0.1
1.104843

n=1
0.05
1.051230

n=>0
0.0
1.0

tn
Yn

n = 40
2.0
5.495872

n =10
0.5
1.612622

n =20
1.0
2.480909

n =30
1.5
3.7451479

tn
Yn

(b). With f, 11 = f(tns1,Yns1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬂ(gfnJrl + 19fn - 5fn71 + fﬂ*?) .

In this problem, f,, 1, = 2¢,41 + exp( — t,11yus1) - Since the ODE is nonlinear, an
equation solver must be implemented in order to approximate the solution of

h
Yn+1 = YUn + —{9[2 tn—H + eﬂfp( - t71,+1 yn—&-l)] + 19 fn -5 fn—l + fn—z}

24

at each time step.

n =10 n =20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 1.612622 | 2.480909 | 3.7451479 | 5.495872

(c). The fourth order backward differentiation formula is

Yn+1 =

25

1
[48 yn - 36 yn—l + 16 yn—2 - 3 yn—3 + 12hfn+1]-

Since the ODE is nonlinear, we obtain the implicit equation

1
Yn+1 = g{48 Yn — 36 Yn—1 + 16 Yn—2 — 3 Yn—3 + 12h[2 toy1 +exp( — tog yn+1)]}'

page 481




CHAPTER 8. ——

n =10 n =20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
yn | 1.612623 | 2.480905 | 3.7451473 | 5.495869

11(a). The predictor formula is

h
Yntr1 = Yn + ﬂ(55fn - 59fn71 + 37fn72 - 9fn73)-

With f, 11 = f(tnt1, Yni1), the corrector formula is

h
Yn+1 = Un + ﬁ(gfn+l + 19fn - 5fn—1 + fn—?) .

Using the starting values generated by the Runge-Kutta method :

n=0|n=1 n=2 n=3
t, | 0.0 0.05 0.1 0.15
Yo | —2.0 ] —1.958833 | —1.915221 | — 1.868975

n =10 n = 20 n = 30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | — 1447639 | — 0.1436281 | 1.060946 | 1.410122

(b). With f,11 = f(tns1,Yns1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬂ(gfnJrl + 19fn - 5fn71 + fﬂ*?) .

In this problem,

4 —tpt1 Yns

f +1 =
" 1+ yr%-s-l

Since the differential equation is nonlinear, an equation solver is used to approximate
the solution of

h 4 —tny1 Y
n+1 — Yn =9 19 fn =5 fu- n—
Yn+1 y+24 T+ 02, +19 f, Jn + o
at each time step.
n =10 n = 20 n =30 n =40
t, | 0.5 1.0 1.5 2.0
Yn | — 1447638 | — 0.1436767 | 1.060913 | 1.410103

page 482



CHAPTER 8. ——

(c). The fourth order backward differentiation formula is

1
Yn+1 = %[48 Yn — 36 Yn—1 + 16 Yn—2 — 3ynf3 + 12hfn+1]

Since the ODE is nonlinear, an equation solver must be implemented in order to
approximate the solution of

1 4=ty Ynn
1 = — |48y, — 36y, + 16 y,,—o — 3yp_s + 12h—————
Yn+1 25 Y Yn—1 + 10 Yn— Yn—3 + T+ 02,
at each time step.
n =10 n =20 n =30 n = 40

t, | 0.5 1.0 1.5 2.0
yn | — 1.447621 | —0.1447619 | 1.060717 | 1.410027

12(a). The predictor formula is

h
Ynt1 = Yn + ﬂ(55fn - 59fn71 + 37fn72 - 9fnf3)-

With f,11 = f(tni1, Ynsi1), the corrector formula is

h
Ynt1 = Yn + ﬂ(gfmrl + 19fn - 5fnfl + fan) .

We use the starting values generated by the Runge-Kutta method :

n=0|n=1 n =2 n=3
t, 0.0 0.05 0.1 0.15
Yn | 0.5 0.5046218 | 0.5101695 | 0.5166666

n = 10 n =20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
Yn | 0.5909091 | 0.8000000 | 1.166667 | 1.750000

(b). With f, 1 = f(tns1,Yns1), the fourth order Adams-Moulton formula is

h
Yn+1 = Un + ﬁ(g fn-i—l +19 fn -5 fn—l + fn—2) .

In this problem,
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f _ yiﬂ + 28041 Ynta
n+1 3+t%+1 .

Since the ODE is nonlinear, an equation solver is needed to approximate the solution of

h 9 y?ﬁ-l +2 tn—i—l Yn+1

n+1 — Yn a0 19 n — 5 n— n—
Yn+1 y+24 3+t%+1 +19 f S+ foa
at each time step.
n =10 n = 20 n =30 n =40
t, | 0.5 1.0 1.5 2.0
Yn | 0.5909091 | 0.8000000 | 1.166667 | 1.750000

(c). The fourth order backward differentiation formula is

1
Yn+1 = %[48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn—3 + 12hfn+1]-

Since the ODE is nonlinear, we obtain the implicit equation

1
Ynt+1 = % 48 Yn — 36 Yn—1 + 16 Yn—2 — 3yn—3 + 12h

yiﬂ + 2 tnt1 Ynt1

3+
n =10 n =20 n =30 n = 40
t, | 0.5 1.0 1.5 2.0
yn | 0.5909092 | 0.8000002 | 1.166667 | 1.750001

The exact solution of the IVP is y(t) = (3 +2)/(6 —t).

13. Both Adams methods entail the approximation of f(¢,y), on the interval [¢,, , t,,1],
by a polynomial. Approximating ¢'(t) = P,(t) = A, which is a constant polynomial,
we have
tnt1
¢(tn+1) - ¢(tn) = / Adt
tn
Setting A =\ f, + (1 — \) f,,_1, where 0 < X\ < 1, we obtain the approximation
Yn+1 = Un + h[)\ fn + (1 - )\)f71,—1]~
An appropriate choice of A yields the familiar Euler formula. Similarly, setting

A:)‘fn_‘_(l_)‘)fn—i-la

where 0 < A < 1, we obtain the approximation
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Yn+1 = Yn + h[)\ fn + (1 - )\)fn-‘rl]'

14. For a third order Adams-Bashforth formula, we approximate f(¢,y), on the interval
[tn , tni1], DY @ quadratic polynomial using the points (¢,—o, Yn—2) , (tn—1,Yn—1) and
(tn,yn). Let Py(t) = At*> + Bt + C'. We obtain the system of equations
Ati_Q + Bt 5 + C= fnf2
At%_l + Btn—l + C = fn—l
At2 + Bt, +C = f,.

For computational purposes, assume that ¢, = 0, and ¢, = nh . It follows that

A= fn - anfl + fn72

2 h?
B B=2n)fp+U@n—4)fr1+ (1 —2n)fr
2h
> —3n+2 2 —
C = %fn + (2/)’L — /)’LQ)fn_l + n 2 nfn_Q-
We then have
tn+l
Ynt1— Yn = / [At* + Bt + C]dt
tn
3( .2 1 2 1
= Ah’(n +n+§ + Bh n+§ + Ch,
which yields

h
Yn+1 — Yn = E(ngn - 16fn71 + 5fn72) .

15. For a third order Adams-Moulton formula, we approximate f(¢,y), on the interval
[tn s tni1], bY @ quadratic polynomial using the points (¢, ,Yn—1) » (tn , yn) and
(tni1,Yns1). Let Py(t) = at? 4+ Bt + ~. This time we obtain the system of algebraic
equations

ati_1 + ﬁtn—l + Y= fn—l
@t%‘i‘ﬁtn‘*"}’:fn
O‘tiﬂ + Bt +7 = for-

For computational purposes, again assume that t, = 0, and ¢,, = nh . It follows that
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o = fn,—l - 2fn + f’n,—&-l

2 h?
—@2n+ 1) fo+4nf, + (1 —2n) fun
ﬁ =
2h
nz—%71 n®—n
Y= fn71+(1_n2)fn+7fn+l'

2 2

We then have
tn+1 9
Ynt1 = Yn =/ [ot® + Bt + ] dt
t?l

1 1
:ah3(n2+n+§> +6h2<n+ 5) +~h,

which results in

h
Yn+1 — Yn = E<5fn+1 + an - fn—l) .
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Section 8.5

1(a). The general solution of the ODE is y(t) = ce’ + 2 — t. Imposing the initial
condition, y(0) = 2, the solution of the IVP is ¢,(t) =2 —t.

(b). If instead, the initial condition y(0) = 2.001 is given, the solution of the IVP is
&y(t) = 0.001 e’ +2 —t. We then have ¢,(t) — ¢, (¢) = 0.001 ¢’ .

3. The solution of the initial value problem is ¢(t) = e 100% +¢.

(a,b). Based on the exact solution, the local truncation error for both of the Euler
methods is

10* .
‘eloc| S TeflootnhZ.

Hence |e,,| < 5000 h?, forall 0 < £, < 1. Furthermore, the local truncation error is
greatest near t = 0. Therefore |e;| < 5000 k% < 0.0005 for h < 0.0003. Now the
truncation error accumulates at each time step. Therefore the actual time step should be
much smaller than h ~ 0.0003. For example, with A = 0.00025, we obtain the data

Euler B.Euler | ¢(t)
t=0.05| 0.056323 | 0.057165 | 0.056738
t=0.1 | 0.100040 | 0.100051 | 0.100045

Note that the total number of time steps needed to reach ¢t = 0.1 1s N = 400.

(c). Using the Runge-Kutta method, comparisons are made for several values of h :

h=0.1:
d)(t) Yn Yn — d)(tn)
t =0.05 | 0.056738 | 0.057416 | 0.000678
t=0.1 0.100045 | 0.100055 | 0.000010
h = 0.005 :
¢(t) Yn Yn — ¢(tn)
t =0.05 | 0.056738 | 0.056766 | 0.000027
t=0.1 0.100045 | 0.100046 | 0.0000004

6(a). Using the method of undetermined coefficients, it is easy to show that the general
solution of the ODE is y(t) = c e + t2. Imposing the initial condition, it follows that
¢ = 0 and hence the solution of the IVP is ¢(t) = ¢2.

(b). Using the Runge-Kutta method, with ~ = 0.01, numerical solutions are generated
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for various values of \ :

A=1:

A=10:
A=20:
A=250:

CHAPTER 8. ——

P(t) Yn [y — o (tn)|
t=0.25 | 0.0625 | 0.0624999.. | 2 x 107
t=0.5 | 0.25 0.25 0
t=20.751] 0.5625 | 0.5625 0
t=10 | 1.0 1.0 0
P(t) Yn [y — o (tn)|
t=0.25 ] 0.0625 | 0.0624998.. | 2.215 x 107"
t=0.5 |0.25 0.249997 2.920 x 10°°
t=20.751] 0.5625 | 0.562464 3.579 x 107°
t=10 | 1.0 0.999564 4.362 x 10~*
o(t) Yn Y — (L)
t=0.25 | 0.0625 | 0.062889.. | 1.10 x 10~°
t=0.5 |0.25 0.248342 1.658 x 1073
t=10.751] 0.5625 | 0.316458 0.246042
t=10 | 1.0 —35.5139 | 36.5139
P(t) Yn [y — o (tn)|
t=0.251 0.0625 | — 0.044803.. 0.107303
t=0.5 |0.25 — 28669.55 28669.804
t=0.75 | 0.5625 | —7.66014 x 10° | 7.66014 x 10°
t=10 | 1.0 — 2.04668 x 10" | 2.04668 x 10

The following table shows the calculated value, y, , at the first time step :

y1(>‘ =1)

y1(>\ = 10)

y1(>‘ = 20)

yl(>\ = 50)

o[t
0

—4

9.99999 x 1077

9.99979 x 1077

9.99833 x 1077

9.97396 x 1077

(¢). Referring back to the exact solution given in Part(a), if a nonzero initial condition,
say y(0) = €, is specified, the solution of the IVP becomes

G- (t) = eeM + %

We then have |¢(t) — ¢-(t)| = || . Itis evident that for any ¢ > 0,
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1im [6() — 6.(1)] = oo.

This implies that virtually any error introduced early in the calculations will be magnified
as A— oo . The initial value problem is inherently unstable.
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Section 8.6

1. In vector notation, the initial value problem can be written as

d

dt

(

Y

(a). The Euler formula is

That is,

(

T

LTn+1

)=

Yn+1

(

‘T'IL

y7 3

rt+y+t
dx — 2y

)
)+

x(0)

(

Tn+ Yn +tn
4~T’n, - 22/7),

Lp+l = T + h(xn + Yn + tn)
Yn+1 = Yn + h(4xn - 2yn>-

With h = 0.1, we obtain the values

1
0

)
)

n=2[n=4 |n==~6 n==3, n =10
t, | 0.2 0.4 0.6 0.8 1.0
z, | 1.26 1.7714 | 2.58991 | 3.82374 | 5.64246
Yn | 0.76 1.4824 | 2.3703 | 3.60413 | 5.38885

(b). The Runge-Kutta method uses the following intermediate calculations:

knl = (In + Yn + tn 745671 - 2yn)T

h

kn2 = |:xn + §k1111 + UYn +
h 1

an = |z, + §kn2 + Yn +

h
57%31 +t

h
§k,§2 +t

h
n+_74

h
n+_74

2

2

( h
Ty +
(ot

§k1111

— !

Koy = [T, + hk)y + yn + Wkl + t + B 4(z, + hEL,) —

With h = 0.2, we obtain the values:

2

)
h h
2 ’I”LQ) - 2 (yTL +

(yn + hk72L3)]T'

n=1 n=2 n=3 n=4 n=>5
t, | 0.2 0.4 0.6 0.8 1.0
z, | 1.32493 | 1.93679 | 2.93414 | 4.48318 | 6.84236
Yn | 0.758933 | 1.57919 | 2.66099 | 4.22639 | 6.56452

(c). With h = 0.1, we obtain
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n=2 n=4 n==~06 n==~§ n =10

t, | 0.2 0.4 0.6 0.8 1.0

z, | 1.32489 | 1.9369 | 2.93459 | 4.48422 | 6.8444

yn | 0.759516 | 1.57999 | 2.66201 | 4.22784 | 6.56684

The exact solution of the IVP is

2 1 2
t) = 2t —_3t——t—_
o(t) ="+ ge 379

8 2 1
N2t St _ 2y L

3(a). The Euler formula is
n n _tn n - n_l
o) =G )
Yn+1 Yn L

Tn+1 :xn+h( _tnxn —Yn — 1)
Yn+1 = Un + h(xn)-

That is,

With h = 0.1, we obtain the values

n=2|n=4 n==~6 n=2~8 n =10
t, | 0.2 0.4 0.6 0.8 1.0
z, | 0.582 | 0.117969 | — 0.336912 | — 0.730007 | — 1.02134
yn | 1.18 1.27344 | 1.27382 1.18572 1.02371

(b). The Runge-Kutta method uses the following intermediate calculations:

k, = (_tnxn_yn_laxn)T

h h h h T
h h h ho 1"
K,; = |:— (tn + 5) (xn + §k'r1L2> - (yn + 51{37212) —1,z,+ 514771&]

Koy = [ = (tn +h)(z, + hk}zg) — (Y + hkfm) -1,z + hk}w]T'
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With h = 0.2, we obtain the values:

n=1 n=2 n=3 n=4 n=2>5
t, | 0.2 0.4 0.6 0.8 1.0
z, | 0.568451 | 0.109776 | — 0.32208 | — 0.681296 | — 0.937852
yn | 115775 | 1.22556 | 1.20347 1.10162 0.937852
(c). With h = 0.1, we obtain
n =2 n=4 n==~6 n==~8 n =10
t, | 0.2 0.4 0.6 0.8 1.0
z, | 0.56845 | 0.109773 | — 0.322081 | — 0.681291 | — 0.937841
yn | 1.15775 | 1.22557 | 1.20347 1.10161 0.93784
4(a). The Euler formula gives
Tpil = Ty + h(xn — UYn + Ty yn)
Yn+1 = YUn + h(3$n - 2yn — Ty yn)-
With h = 0.1, we obtain the values
n =2 n=4 n==6 n=3~8 n =10
t, | 0.2 0.4 0.6 0.8 1.0
z, | —0.198 | —0.378796 | — 0.51932 —0.594324 | — 0.588278
Yn | 0.618 0.28329 —0.0321025 | —0.326801 | — 0.57545
(b). Given

ft,z,y) =z —y+axy
g(t,x,y) :31’—2?/—1'?4,

the Runge-Kutta method uses the following intermediate calculations:

Ky =

=[f

-l

[f(

h
PX

xn + 2 krlﬂa

(tn, wm Un), g(tn, T, yn)]

xn+2 nlayn+2 nl)ag(t +

h
yn+ 2k7212 g ty

:Tn‘i‘ 9 nl;

h
+ 9 k71127

h
2’
h
an-i-

h
h

)i
)

Ynt 5

Ynt 5

= [f(tn + hyzy + hk}g, yo + hk2s), g(tn + by 2y + B, yn + hkng)] .

page 492




CHAPTER 8. ——

With h = 0.2, we obtain the values:

n=1 n =2 n=3 n=4 n=>5
t, | 0.2 0.4 0.6 0.8 1.0
xn, | —0.196904 | —0.372643 | — 0.501302 —0.561270 | — 0.547053
Yn | 0.630936 0.298888 —0.0111429 | —0.288943 | — 0.508303
(c¢). With h = 0.1, we obtain
n=2 n=4 n==~6 n=3~8 n =10
t, | 0.2 0.4 0.6 0.8 1.0
xn, | —0.196935 | — 0.372687 | — 0.501345 —0.561292 | —0.547031
Yn | 0.630939 0.298866 —0.0112184 | — 0.28907 — 0.508427
5(a). The Euler formula gives
Tpi1 = xp + hlz,(1 =05z, —0.5y,)]
Ynt+1 = Yn + hlyn( — 0.25 + 0.5 x,)].
With h = 0.1, we obtain the values
n =2 n =4 n==6 n==3y n =10
t, | 0.2 0.4 0.6 0.8 1.0
x, | 2.96225 | 2.34119 | 1.90236 | 1.56602 | 1.29768
yn | 1.34538 | 1.67121 | 1.97158 | 2.23895 | 2.46732
(b). Given
flt,z,y) =2(1—0.52—0.5y)
g(t,z,y) =y(—0.25+0.52),
the Runge-Kutta method uses the following intermediate calculations:
knl - [ tnaxnmyn) g(tnaxnayn)]
Loyt B g
TL2_ 1'714—2 nl?yn+2 nl »9 +2 xn+2 nlayn+2 nl
b h h h h g
|:f< 2 xn+ 2]%‘,112,3/11-1- 2k7212 » g t +2 $n+ 2k71127yn+ 2k7212>:|

= [f(tn + hyzy + hk}g, yo + hk2s), g(tn + by 2y + B, yn + hkng)] .
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With h = 0.2, we obtain the values:

n=1

n=2

n=3

n=4

n==>5

tn

0.2

0.4

0.6

0.8

1.0

xn

3.06339

2.44497

1.9911

1.63818

1.3555

Yn

1.34858

1.68638

2.00036

2.27981

2.5175

(c¢). With h = 0.1, we obtain

n=2

n=4

n=~06

n=2~8

n =10

tn

0.2

0.4

0.6

0.8

1.0

T

3.06314

2.44465

1.99075

1.63781

1.35514

yTL

1.34899

1.68699

2.00107

2.28057

2.51827

6(a). The Euler formula gives

Tp+l = Tn + h[e:z:p( — T, + yn> -
Ynt1 = Yn + hlsin(z, —

With h = 0.1, we obtain the values

3yn)]'

COS Ty

n=2

n=4

n==~6

n==~8

n =10

tn

0.2

0.4

0.6

0.8

1.0

Ln

1.42386

1.82234

2.21728

2.61118

2.9955

Yn

2.18957

2.36791

2.53329

2.68763

2.83354

(b). The Runge-Kutta method uses the following intermediate calculations:

Kot = [f(tn, Tn, Yn), g(tn,xn,yn

CHAPTER 8. ——

h h oy \1"
K= |f tn+2 mn+2 7117y77+2 nl »9 tn+2 xn+2 nlayn+ anl

[ ( o ’;%)r
[/

(tn + hy @ + By Yo + BEZ), g (tn + 1y @ + By + BEZ)]

h h h
2k71127yn+ 2k22 %Y tn+ 57xn+ rilﬂayn"‘
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With h = 0.2, we obtain the values:

(c¢). With h = 0.1, we obtain

n=1 n=2 n=3 n=4 n=2>5
t, | 0.2 0.4 0.6 0.8 1.0
z, | 1.41513 | 1.81208 | 2.20635 | 2.59826 | 2.97806
Yn | 2.18699 | 2.36233 | 2.5258 | 2.6794 | 2.82487
n=2 n=4 n==~6 n=2~8 n =10
t, | 0.2 0.4 0.6 0.8 1.0
T, | 1.41513 | 1.81209 | 2.20635 | 2.59826 | 2.97806
Yn | 2.18699 | 2.36233 | 2.52581 | 2.67941 | 2.82488

7. The Runge-Kutta method uses the following intermediate calculations:

]T

knl - [xn —4 Yn, — Tn + Yn

h h h hoo 1"
kn2 - |:-1'n + §k,lL1 - 4<yn + §k31)7 - (xn + 514;11&) + Yn + §k31:|

h h h hoo 1"
an - |:-1'n + §k,lL2 - 4<yn + §k32)7 - (xn + 514;11@2) + Yn + §k32:|

Kns = [0 + hkly — 4(yn + hEZ), — (w0 + kL) + yn + B2

Using h = 0.04, we obtain the following values:

n=>5 n =10 n =15 n =20 n =25
t, | 0.2 0.4 0.6 0.8 1.0
z, | 1.3204 1.9952 3.2992 5.7362 10.227
yn | —0.25085 | —0.66245 | — 1.3752 | — 2.6435 | —4.9294
The exact solution is given by
et 4 3t et _ et
t — ’ t - )
ot) = - bl =
and the associated tabulated values:
n=>5 n =10 n=15 n = 20 n =25
t, 0.2 0.4 0.6 0.8 1.0
o(t,) | 1.3204 1.9952 3.2992 5.7362 10.227
W(t,) | —0.25085 | —0.66245 | — 1.3752 | —2.6435 | — 4.9294

8. Let y = x’. The second order ODE can be transformed into the first order system
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with initial conditions z(0) =1, y(0) = 2. Given

the Runge-Kutta method uses the following intermediate calculations:

g yn, —3 ton:|T
h h h T
[y”+ 3l (t” 52 @+ 5 kanyn + ko )]
h h h 4
|:y n27 (tn+ 2 xn—i_ 2kn27yn+ Zk ):|

T

n4 — [ n + hkn?,; (tn + h y LT + hkn?ﬂ Yn + hknB)]

With h = 0.1, we obtain the following values:

n=>5 n =10
t, | 0.5 1.0

T, | 1.543 0.07075
yn | 1.14743 | — 1.3885

9. The predictor formulas are

£(55 fn —99 fn—1 + 37fn—2 - 9fn—3>

Tpi1 = Ty +

24
h
Yn+1 = Un + — 24 (55 gn — 99 In—1 + 37 gn—2 — 9gn—3>-
With f,.1 =201 —4yn and g1 = — Ty + Yoo, the corrector formulas are

h
Tpy1 = Ty + ﬂ(Q o1 19 fo =5 faor + fro2)

h
+ A 9gn+1 + 19 gn — 5gn71 + gn,72)~

Yn+1 = Yn 24(
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We use the starting values from the exact solution :

n=0|n=1 n =2 n=3
t, | 0 0.1 0.2 0.3
xy | 1.0 1.12883 1.32042 1.60021
Yn | 0.0 —0.11057 | —0.250847 | — 0.429696

One time step using the predictor-corrector method results in the approximate values:

n=4(pre) | n = 4(cor)
t, |04 0.4
Tn | 1.99445 1.99521
Yn | — 0.662064 | — 0.662442
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