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Chapter 9
9.1

1. z(t) = 7¢%, by Fact 9.1.1.
2. z(t) = —e- e 0T = 170718 'hy Fact 9.1.1.
3. P(t) = 7e%% by Fact 9.1.1.

4. This is just an antiderivative problem: y(t) = 0.8% +C =0.4t>+C, and C = —0.8, so
that y(¢) = 0.4¢> — 0.8.

5. y(t) = —0.8¢%8¢ by Fact 9.1.1.
6. zdr =dt

%zt—&—Cﬂ and%zO—&—C’&othat%zt—&—%

2 =2t+1
2(t) =2t +1
7. 27 2dx =dt
—rl=t+C
_%:t+C, and —1 =0+ C, so that
—1=¢t-1

x(t) = ﬁ; note that lim z(t) = oco.

z—1-
8. x 12 dy = dt
2012 =t + C, and 24 = 0+ C, so that 2z'/2 =t + 4.
z(t) = (4 —|—2)2 for t > —4.
9. 7% dx = dt
ﬁxl’k =t+C, and ﬁ = C, so that

1
-k

P =(1-k)t+1
z(t) = (1 — k)t + 1)1k,

1-k _ 1
T —t—i——l_k
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10.

11.

12.

13.

14.

15.

16.
17.
18.
19.

20.

cosxdr =dt

sine =t+ C, and C = 0.
x(t) = arcsin(¢) for |t| < 1.
Ty =dt

arctan(z) =t + C and C = 0.
x(t) = tan(t) for [t| < 7.

We want ekt = 3t or ef =3 or k =1In(3) : 4 = In(3)z.

a. The debt in millions is 0.45(1.06)%!2 ~ 104,245, or about 100 billion dollars.
b. The debt in millions is 0.45e°:%6-212 x~ 150, 466, or about 150 billion dollars.
a. z(t) = e~ by Fact 9.1.1

If T is the half-life, then e~ 57 = L or —lo =In (

~ %970 ) OI'T:—82701H(

% %) ~ 5732.
The half-life is about 5732 years.

b. We want to find ¢ such that e"=m = 1 — 0.47 = 0.53 or — g5 = In(0.53) or t =
—82701n(0.53) &~ 5250. The Iceman died about 5000 years before A.D. 1991, or about
3000 B.C. The Austrian expert was wrong.

If P(t) = Pyeo’, then the doubling time T satisfies the equation P(T) = Pyetn? = 2P,
or e0? =2 or AT =In(2) or T = 221n(2) ~ 92 since In(2) ~ 0.69.

See Figure 9.1.
See Figure 9.2.
See Figure 9.3.
See Figure 9.4.

- 0 -1 1| | —22 .
AZ = [1 O] [@] = [ 331} See Figure 9.5.

It appears that the trajectories will be circles. If we start at [1

0
cos(t) ] '

sin(t)

] we will trace out the

unit circle Z(t) = [
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Figure 9.1: for Problem 9.1.16.

Figure 9.2: for Problem 9.1.17.

Figure 9.3: for Problem 9.1.18.

. di _ | —sin(?) 0 —1]_, |—sin(?) .
We can verify that % = [ cos(t)] equals [1 0 Z(t) = cos(t) , as claimed.
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Figure 9.4: for Problem 9.1.19.

Figure 9.5: for Problem 9.1.20.

21. AZ = [0 1] {xl} = [%2] (see Figure 9.6).

— o —0—0—0—
X

——————

Figure 9.6: for Problem 9.1.21.
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22.

23.

24.

25.

26.

27.

28.

29.

The trajectories will be horizontal lines. If we start at B ] , then the horizontal velocity

will be ¢, so that Z(t) = B;Eg] = [p—;qt]. We can verify that z—f = [g} equals
0 1., |a .

[0 0} Z(t) = {0], as claimed.

We are ﬂtold that 4& = A7) and %22 = Af,. Let &(t) = #1(t) + Z2(t). Then £ =

9 4 4 = AF) + ATy = A(F) + s) = AT, as claimed.

We are told that 2t = AF. Let &(t) = k%1 (t). Then % = 4 (ki) = k91 = (AZ =

A(kZ,) = AZ, as claimed.

We are told that % = AZ. Let &(t) = e#(t). Then % = & (k7)) = (Lekt) 7+ Mt T =

keF'Z + M AZ = (A + kI,)(eM %) = (A + kI,,)¢, as claimed.

We are told that ‘;—f = AZ. Let ¢(t) = Z(kt). Using the chain rule we find that le—f =
4 (#(kt)) = k% |,, = kA(Z(kt)) = kAE(t), as claimed.

To get the vector field kAC we scale the vectors of the field AZ by k.

-2

3] ,c1 = 5,co = —1, so that Z(t) = 5e* [1} -

1

Use Fact 9.1.3.

—4

The eigenvalues of A = 9

_g] are Ay = —6 and Ao = —1, with associated eigenvec-

tors U7 = [_g} and Up = [” The coordinates of Z(0) = [H with respect to ¥; and

Uy are 1 = —1 and ¢ = 2.

By Fact 9.1.3 the solution is Z(t) = —te~% {_3} + Ze7t {1]
_ P e I I I O St _5 oy 12t | 3
A =2, X =10; 7] = , Uy = ;1 = —g3, c2 = g, so that I(t) = —ge +

1
510
ge t|:2:|

A1 =0, =511 = {_2},1722 {2];012—2, =1,
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30.

31.

32.

- -2 5 1 - -2 2
)\1:O’A2:571)1:|: 1:|’1]2:|:2:|;Cl:—1702:O,SOthat1'(t):—|: 1:|:|:_1:|
1
)\121,>\2:67 /\320; 171: —2|. Since 5(0)2171 we need not ﬁndﬁg andﬁg.
1
1
c1 =1,c3 = c3 =0, so that F(t) = et | -2
1

In Exercises 32 to 35, find the eigenvalues and eigenspaces. Then determine the direction
of the flow along the eigenspaces (outward if A > 0 and inward if A\ < 0). Use Figure 11
of Section 9.1 as a guide to sketch the other trajectories.

See Exercise 26 and Figure 9.7.

\//

Ey

33.
34.
35.

36.

//\

E,

Figure 9.7: for Problem 9.1.32.

See Exercise 27 and Figure 9.8.
See Exercise 28 and Figure 9.9.
See Exercise 29 and Figure 9.10.

In Exercises 36 to 39, find the eigenvalues and eigenspaces (the eigenvalues will always
be positive). Then determine the direction of the flow along the eigenspaces (outward if
A > 1 and inward if 1 > X > 0). Use Figure 11 of Section 7.1 as a guide to sketch the
other trajectories.

See Figure 9.11.

439



Chapter 9

ISM: Linear Algebra

i
=

37. See Figure 9.12.
38. See Figure 9.13.

39. See Figure 9.14.

Figure 9.8: for Problem 9.1.33.

Figure 9.9: for Problem 9.1.34.

Figure 9.10: for Problem 9.1.35.
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Figure 9.11: for Problem 9.1.36.

Figure 9.12: for Problem 9.1.37.

Figure 9.13: for Problem 9.1.38.

2 3
Sy 2t 3t
40. Z(t) =e |:3:|+€ [4}
We want a 2 x 2 matrix A with eigenvalues A\; = 2 and Ay = 3 and associated eigenvectors
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\El

E

1.4
Figure 9.14: for Problem 9.1.39.

-1
L |2 S 3. . 2 31 14 9 {4 9|2 3 _
U = 3] anduz—[4]7thatlsA[3 4 _[6 12} 01m4—[6 12} [3 4] =

4 9|4 3| |11 -6
6 12 3 —2| |12 -6

41. The trajectories are of the form Z(t) = cie
9.15.

MEG 4 coe?2tiy = 1T + ey, See Figure

span (v,)

span (V)

Figure 9.15: for Problem 9.1.41.

42. a. The term 0.8z in the second equation indicates that species y is helped by x, while
species « is hindered by y (consider the term —1.2y in the first equation). Thus y
preys on x.

b. See Figure 9.16.

c. If % < 2 then both species will prosper, and tlim % =1

If % > 2 then both species will die out.
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y
E, =span !
1=5Sp 2
Elzspan[3:|
1
f/ x

Figure 9.16: for Problem 9.1.42b.

43. a. These two species are competing as each is hindered by the other (consider the terms
—y and —2x).

y
P E; =span !
¢‘ 3 P 2

.

*
*
s
*

*
*
U
g
Q
g *
U
U
U
g
0

Figure 9.17: for Problem 9.1.43b.

b. Although only the first quadrant is relevant for our model, it is useful to consider the
phase portrait in the other quadrants as well. See Figure 9.17.

c. If % > 2 then species y wins (z will die out); if % < 2 then z wins. If % =2

then both will prosper and % = 2 for all ¢.

44. a. The two species are in symbiosis: Each is helped by the other (consider the terms 4y
and 2x).

b. See Figure 9.18.

c. Both populations will prosper and tlim &g = %, regardless of the initial populations.

I
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2
. N w E3=span [l]

‘.\’ /

CRA
E_3 =span [_11]

Figure 9.18: for Problem 9.1.44b.

.

45. a. Species y has the more vicious fighters, since they kill members of species x at a rate
of 4 per time unit, while the fighters of species z only kill at a rate of 1.

b. See Figure 9.19.

Figure 9.19: for Problem 9.1.45b.

c. If % < % then x wins; if % > % then y wins; if uO) _ 1
battle.

(o) — 3 nobody will survive the

46. Look at the phase portrait in Figure 9.20.

47. a. The two species are in symbiosis: Each is helped by the other (consider the positive
terms kx and ky).
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Figure 9.20: for Problem 9.1.46.

—5+/9+4k2
b. )\1,2 — %

Both eigenvalues are negative if /9 +4k2 < 5 or 9 4+ 4k? < 25 or 4k2 < 16 or k < 2
(recall that k is positive).

If kK = 2 then the eigenvalues are —5 and 0.

If k£ > 2 then there is a positive and a negative eigenvalue.

c. See Figure 9.21.

both species die out both species prosper system approaches 5151
equilibrium state

Figure 9.21: for Problem 9.1.47c.

48. a. Symbiosis
b. )\1,2 — 75i\2/9+4k
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Both eigenvalues are negative if /9 + 4k < 5 or 9 4+ 4k < 25 or 4k < 16 or k < 4.
If kK = 4 then the eigenvalues are —5 and 0.
If £ > 4 then there is a positive and a negative eigenvalue.

c. k =1: See corresponding figure in Exercise 47 and Figure 9.22.

k=4 k=10
*s,
. *
". E ‘e “ay
s 0 e, ——_
.
* e
* ..
—‘.\1 h]
_.-"‘ S * “,.-"' '... ﬂ‘
*, ® ‘. ans® ‘e .
>, %, * Teu, o
% %, A
-
* A ., E
*s -6
E—S
system approaches system approaches
an equilibrium state an equilibrium state

Figure 9.22: for Problem 9.1.48c.

9(0) | _ -1 1 _ —
[h(O)}_IB[ 3 + 45 1 , so that ¢; = 15, co = 45.
gt) | _ . n —0ar |1 —ost| 1| .
[h(t)} = 15e 3 + 45e L so that
g(t) — —15670'415 + 45670'815
h(t) = 45e=0-4 — 45¢70-8¢ " See Figure 9.23.

50. We want both eigenvalues A\; and A2 to be negative, so that tr(A) = Ay + A2 < 0 and
det(A) = A1 Aa > 0. Conversely, if tr(4) < 0 and det(A4) > 0, then the two eigenvalues

A _ tr(A)++/(trA)2—4det(A)
1,2 — 2

are both negative.

s

Answer: tr(A) < 0 and det(A) > 0.
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ol.

52.

A>0

Figure 9.23: for Problem 9.1.49.

ith component of 4 (SZ) = < (s;121(t) + sipza(t) + -+ + SinZn(t))
= 81‘1% + 81‘2% +eee Smd,f—{‘

= ith component of S fl—f

0 1 Z are of the form |P at , where Z(0) = P by Exer-
00 q q
01

0 0

The solutions of ‘é—f =

cise 21. Since [3 /1\] =+ [ ] , the solutions of the given system are of the form

Z(t) = eM p —; a , by Exercise 24. The zero state is a stable equilibrium solution if and

only if A < 0. The case A = 0 is discussed in Exercise 21. See Figure 9.24.

Figure 9.24: for Problem 9.1.52.
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Chapter 9
1 ) ag _ |0 =1, e ooy | cos(t)
53. For the initial value [0}, the system 7 = L O} Z has the solution Z(t) = [sin(t) ,
. 7 0 — Lo cos(qt)
© 90- - dz _ q . — q .
by Exercise 20; the system % {q O} has the solution Z(t) {sin(qt) , by Ex
ercise 25; and the system 4Z — P79 & has the solution TF(t) = ePt cgs(qt) ,
a p sin(qt)

. . p —q 0 —q .
Exercise 24 rite =ply + . See Figure 9.25.
> (W LJ p] pe {q OD &

p>0

Figure 9.25: for Problem 9.1.53.

54. A = [ 0 1} A =1, =-2;7; = [_” and U5 = [_ﬂ See Figure 9.26.

»
AN A \
0.‘
s
0

trajectory 1

door slams — -l
R \ trajectory 2
trajectory 3 E,

Figure 9.26: for Problem 9.1.54.

In the case of trajectory 3 the door will slam: Initially the door is opened just a little (6
is small) and given a strong push to close it (w is large negative). More generally, the
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door will slam if the point [ (( ))} representing the initial state is located below the line

E_5 =span {_;} that is, if ((0) —2.

55. A= [_2 _CII] Al = % ( qgEt\/q®— ); note that both eigenvalues are negative.

1 1
Ey, —bpan[)\l} and E), = [)\2}

R

trajectory 1
EM
door slams — \ trajectory 2
trajectory 3 Exz

See Figure 9.27. In the case of trajectory 3 the door will slam: Initially the door is opened
just a little (@ is small) and given a strong push to close it (w is large negative). More

Figure 9.27: for Problem 9.1.55.

w(0)

0(0) < Aa.

generally, the door will slam if the point [0(0) } representing the initial state is located

below the line Ey, = span [ ! ] that is, if %

A2

9.2

1. By Euler’s formula (Fact 9.2.2), e2™ = cos(2n) + i sin(27) = 1.
2. By Euler’s formula (Fact 9.2.2), e2™ = cos (%) +isin (%) =i.
3. r= \/m =2

6 = 37 so that z = v2e1™. See Figure 9.28.

4. €3 = cos(3t) + i sin(3t)
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Figure 9.28: for Problem 9.2.3.

Figure 9.29: for Problem 9.2.4.

. . _ _ 271— .
Period T' given by 3T = 27 or T'= =*. See Figure 9.29.

5. e 01721t — o=0.1t=2it — ¢=0.1¢(c05(2¢) — i sin(2t)) spirals inward, in clockwise direction.
See Figure 9.30.

Figure 9.30: for Problem 9.2.5.

e 3—1 —2 - 341 o 3—1
6. )q)g—:l:l,Ez—ker{ 5 _B_i}—span[ 5 }andEl—span[ 5 }
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10.

11.

General solution:
- i |3+ _a 13—
gc(t):clet[ 5Z]+026 t{ 52]

Tf ey = ¢p — 1 then &(t) = (cos(t) +isin(t)) [3:,)“] + (cos(t) — isin(t)) {3;2} -

[ " Cosl(g)c;s?tjin(t) } '

det(A) = —2, so that the zero state is not stable, by Fact 9.2.5.

Recall that all eigenvalues of a symmetric matrix are real. The zero state is stable if (and
only if) all eigenvalues are negative (by Fact 9.2.4); this is the case if (and only if) the
matrix is negative definite (by Fact 8.2.2).

The eigenvalues are conjugate complex, Ao = p £ig, and tr(A) = 2p < 0, so that p is
negative. By Fact 9.2.4, the zero state is stable.

If A= Z IZ] then q(x1,72) = ax?+2bxiws +cx3, and the system takes the form
% =2ax1+2bxy
%:211331—1—263:2 .
. . 2a  2b . . dz =
a. The matrix of the system is 9 2| which is 24, so that $F = grad(q) = 2A%.

b. By Fact 8.2.7, the level curves are ellipses. From multivariable calculus we know that
grad (g) is perpendicular to the level curve, pointing inwards, so that all trajectories
will approach the origin: The zero state is stable. See Figure 9.31.

c. By Fact 8.2.7, the level curves are hyperbolas, as shown in Figure 9.32.
A1 >0> A9

d. The zero state is a stable equilibrium solution of the system z—f = grad(q) = 2A%

if (and only if) the eigenvalues of 2A (and A) are negative. This means that the
quadratic form ¢(Z) = ¥ - A% is negative definite.

a. q(%) = 2a;17;71 + 2052772 + - + a5 T2 + -+ + 20Ty + terms not involving x;, so
that % = 2a;171 + 2a;0T9 + - - - + 2a4x; + -+ 2ai,T, and ‘é—f = grad(q) = 2AZ.

The matrix of the system is B = 2A.
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Figure 9.31: for Problem 9.2.10b.

Figure 9.32: for Problem 9.2.10c.

d. The zero state is a stable equilibrium solution of the system d—f = grad(q) = 2A% if

(and only if) all the eigenvalues of 2A are negative. This means that the quadratic
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form ¢(Z) = & - AZ is negative definite.

12. We will show that the real parts of all the eigenvalues are negative, so that the zero
state is a stable equilibrium solution. Now the characteristic polynomial of A is f4(\) =
—A3 —2X2 — X\ — 1. It is convenient to get rid of all these minus signs: The eigenvalues
are the solutions of the equation g(A) = A3 +2X2 + A+ 1 = 0. Since g(—1) = 1 and
g(—2) = —1, there will be an eigenvalue A; between -2 and -1. Using calculus (or a
graphing calculator), we see that the equation g(A) = 0 has no other real solutions. Thus
there must be two complex conjugate eigenvalues p +iq. Now the sum of the eigenvalues
isA\+2p=tr(A) =-2,and p = %‘Al will be negative , as claimed. The graph of g()\)
is shown in Figure 9.33.

LD

/’\" ©. 1)

g =AM +20 2+ A+ 1

M

(=2.-D

Figure 9.33: for Problem 9.2.12.

13. Recall that the zero state is stable if (and only if) the real parts of all eigenvalues are
negative. Now the eigenvalues of A~! are the reciprocals of those of A; the real parts

have the same sign (if A =p+iq, then + = L = -1

14. a.

C.

p+iq p?+q2 )"

For i > 1, ¥ = —J;2; + 2;_;. This means that in the absence of quantity x;_1(t),
the quantity z;(t) will decay exponentially, but the presence of z;_1 helps z; to grow.

For ¢ = 1, the beginning of the loop, % = —kyx1 — bz, so that the presence of x,,

contributes to the decrease of x.

TR Gith tr(A) = ki — ks < 0
1 ks

and det(A) = ki1ka + b > 0, so that the zero state is stable, by Fact 9.2.5.

If n = 2 then the matrix of the system is A = [

No; consider the case k1 = ko = ks = 1 for simplicity; then the matrix of the system is
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-1 0 b
A=1{ 1 =1 0} and fa(\) = (A\+1)3 —b. If b exceeds 1, then the matrix A will
0 1 -1

have a positive eigenvalue, so that the zero state is not stable.

15. The eigenvalues are A; = tr(A) > 0 and Ay = 0. See Figure 9.34.

Figure 9.34: for Problem 9.2.15.

16. If A = {2 ll)] then tr(A) = b and det(A) = —a. By Fact 9.2.5, the zero state is stable

if @ and b are both negative.

17 If A= {_llg _]f then tr(A) = —2 and det(A) = 1 — k2. By Fact 9.2.5, the zero state

is stable if det(A) =1 — k? > 0, that is, if |k] < 1.

18. If A1, A2, A3 are real and negative, then tr(A) = A1 +X2+A3 < 0 and det(A) = A1 A2A3 < 0.
If A1 is real and negative and Az 3 = p £ iq, where p is negative, then tr(A) = A1 +2p < 0
and det(A) = A1 (p? + ¢*) < 0. Either way, both trace and determinant are negative.

10 0
19. False, consider A= |0 2 0
0 0 —4

20. Use Fact 9.2.6, with p=0,¢q=m;a =1,b = 0.

o 1= o |cos(mt) —sin(mt) | [1] S S .
Z(t)=[d 7] [sin(wt) cos(rt) ] {0] = (cos(mt))wW + (sin(wt))v. See Figure 9.35.
. ‘% = 0.05b+ 5| ond [b(O)] _ {1,000}
= 0.07s s(0) 1,000
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—_
Il
<

[S1]

X0)=x2)=w

#(1) = -

Figure 9.35: for Problem 9.2.20.

1

b. Ap = 0.07, Ap = 0.05; 7 = [50] Ty = {0

. ] :Z(0) = 1,000, — 49, 000%; so that

b(t) = 50,0007 — 49,000’ %" and s(t) = 1,000e%°.

22. A\1 = 3,3 = 0.5; E5 = span [_ﬂ , Eo.5 = span [ﬂ
System is discrete so choose VII.
23. Mg = —% 44,7 > 1, so that trajectory spirals outwards. Choose II.
1 0
24. )\123,A2:O.5,E3: 1 ,E0_5: 11

System is continuous, so choose I.

25. Ao = —% =+1; real part is negative so that trajectories spiral inwards in the counterclock-
wise direction (if T = Ll)] then % = [_§5]> Choose IV.

26. A1 = 1,\y = —2; By = span m ,E_3 = span [_”

System is continuous so choose V.

27. Mo = £3i, Es; :span<[(l)} +1 [_ﬂ), sothat p=0,¢q=3, W= [_2], U= [H
Now use Fact 9.2.6:

ao=e [ 03] [sm) ] [5] - [Lantid ] (2]
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28. Ai2 = %61, Fg; = span <{g] +1 [g]), so that

81

o=[3 8w e ][ ][]

sin(4t) cos(4t)

29. Mo =2=%4i,Ey4; =span ({(1)] +1 [ﬂ), so that
] cos(4t) —sin(4t) | | b |

0 1} [cos(4t) — sin(4t) {a} _ [sin(4t) cos(4t)} [a]

S0y 2t
Z(t)=e L 0
. 5 .10
30. A2 =—-2%3i,E 5,3 =span 3 + 1 1) so that
(

() = e {0 5} [cos(3t) —sin 3t)] {a} _ [COS( 5 sin(3t) 5 cos(3t) } [a]

1 3| |sin(3t) cos(3t) | | b 3t) + 3sin(3t) —sin(3t) +3cos(3t) | | b

31. Mo =—-1+£2¢,E_149; =span (B] +1 {_?]), so that p=—1,¢q=2,7W = [_(1)] ,

. so that a =1 and b = 1.

S
Il
| — |
o
_ 1
Z,
Q
=
| — |
|
—
_ 1
Il
8
—
=)
=
Il
g
_|_
<L

e I s i Y el v B

Figure 9.36: for Problem 9.2.31.

32. A2 = 24, Ey; = span <Ll)] +1 [g]) ,Z(0)=0 [(2)} +1 [(1)], so that a = 0 and b = 1.
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Section 9.2

N B |
X x(O)—x(n)—[O]

33.

34.

35.

Z(t)

=[5 o] [t

)
)
A :i@Ei:span(H e FBD

a=1,b=0, so that Z(t) = [(1) ﬂ {CPS@)

[ cos(2t)

9 sin(2t)} . See Figure 9.37.

B Egzgg } {(1)] - [sin(;ir—lk(tc)os(t) ]

= cos(t) [(1)] + sin(?) [” . See Figure 9.38.

)\1’2 =1 i2i7 E1+2i = Span (l:_;)] +14 l:é:|)

PR oo |1 3| [cos(2t)
a=1,b=0,sothat Z(t) = e [0 —o| | sin(2t)
See Figure 9.39.

— sin(2t)

cos(2t) | |0 —2sin(2t)

If 2z = f+ig and w = p + iqg then zw (fp — gq) + i(fqg + gp), so that (zw)’
(f'p+ o —9'a—9d)+if'a+ fd +9'p+ gp').

Also 2'w = (f" +ig')(p +iq) = (f'p — g'q) +i(f'q+ ¢'p) and 2w’ = (f +ig)(p' +iq)
(fo' —gq') +i(gp’ + fq'). We can see that (zw)’ = 2'w + zw’, as claimed.
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x(O):x(Zn):[?] o

SIE

o
=]

Figure 9.38: for Problem 9.2.33.

~

Figure 9.39: for Problem 9.2.34.

0
36. A= {_b

1} and fa(\) = A + e\ + b, with eigenvalues Ay o = =E/"=1b,
—c
a. If c=0 then A1 o = +iv/b. The trajectories are ellipses. See Figure 9.40.

The block oscillates harmonically, with period \2/—’%. The zero state fails to be asymp-
totically stable.

et — .2
b. )\1,2 — cj:z\2/4b c
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v

@)
N

Figure 9.40: for Problem 9.2.36a.

The trajectories spiral inwards, since Re(A1) = Re(A2) = —§ < 0. This is the case of
a damped oscillation. The zero state is asymptotically stable. See Figure 9.41.

37.

38.

D)
"/

Figure 9.41: for Problem 9.2.36b.

. This case is discussed in Exercise 9.1.55. The zero state is stable here.

. ﬁ is differentiable when z(t) # 0, since both the real and the imaginary parts are

differentiable (if z=p-+iqthen 1 = p’;jrigg ) To find (%)/, apply the product rule to
the equation z (%) =1: 2 (%) + z (%)/ =0, so that (%)/ = —j—;.

’

. (3)/:(zl)/:z/%_i_z(l)/:%/_zué :M

w w w?

! ’ ’
— — t
. (Z—l) = Zazm=zmely _ Anzmdazm () g0 that 248 = k. a constant.

Z2 22 25 z2(t)

Now z1(t) = kza(t); substituting ¢t = 0 gives 1 = 21(0) = k22(0) = k, so that z(t) =
29(t), as claimed.
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b. Let 29(t) = eP*(cos(qt)+isin(qt)) be the solution constructed in the text (se Page 409).
Since z3(t) # 0 for all ¢, this is the only solution, by part a.

A1 0 . 010
39. Let A= |0 XA 1|. We first solve the system % = (A— A3)¢= |0 0 1|¢ or
0 0 A 0 0 0
% = Cg(t), % = C3(t), % =0.

cs3(t) = ks, a constant, so that % = ks and co(t) = kst + ko. Likewise ¢;1(t) = %tg +
kot + k1.

Applying Exercise 9.1.24, with k = —\, we find that &(t) = e M#(t) or Z(t) = eMe(?)
k1 + kot + k—;’tg
= e ko + kst where k1, ko, k3 are arbitrary constants. The zero state is stable

k3
if (and only if) the real part of A is negative.

40. a. B(t) = 1000(1 + 0.057)* = 1000(r(cos @ + isinf))* = 10007 (cos(At) + i sin(Ot)), where
r=1+/140.052 > 1 and 6 = arctan(0.05) = 0.05. See Figure 9.42.

b. B(t) = 1000%°% = 1000(cos(0.05¢) + i sin(0.05¢)). See Figure 9.42.

1000

CIN
NN

trajectory to part a trajectory to part b
slowly spiral outwards circle
. 2 _
period = 005 126 (years)

Figure 9.42: for Problem 9.2.40.
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c¢. We would choose an account with annual compounding, since the modulus of the
balance grows in this case. In the case of continuous compounding the modulus of the
balance remains unchanged.

9.3

1. The characteristic polynomial of this differential equation is A — 5, so that Ay = 5. By
Fact 9.3.8 the general solution is f(t) = Ce®, where C is an arbitrary constant.

2. The solutions of ‘é—f + 3z = 0 are of the form x(t) = Ce3!, where C is an arbitrary

constant, and the differential equation ‘é—f + 3z = 7 has the particular solution x,(t) = %,
so that the general solution is z(t) = Ce ™3t + % (where C is a constant). Alternatively,
we could use Fact 9.3.13.

3. Use Fact 9.3.13, where a = —2 and g(t) = e3":

1 1
flit)y= e_Qt/thegt dt = e_Qt/e5t dt = e 2 <ge5t + C’) = gegt + Ce 2" where C' is a
constant.

4. We can look for a sinusoidal solution z,(t) = P cos(3t)+@Q sin(3t), as in Example 7. P and

@ need to be chosen in such a way that —3 P sin(3t)+3Q cos(3t) —2P cos(3t) —2Q sin(3t) =
2P +3Q=1
3P -2Q =0
solution of 92 — 2z = 0 is z(t) = Ce?, the general solution of %2 — 22 = cos(3t) is

x(t) = Ce* — & cos(3t) + 13 sin(3t), where C is an arbitrary constant.

cos(3t) or with solution P = —2& and Q = 2. Since the general

13°

5. Using Fact 9.3.13, f(t) = e /e_tt dt =e'(—te™" —e "+ C)=Ce' —t—1, where C is

an arbitrary constant.

6. Using Fact 9.3.13, f(t) = * / e et dt = 2t / dt = e*(t + C)), where C is an arbitrary
constant.

7. By Definition 9.3.6, pr(A) = A2 + A — 12 = (A +4)(A — 3).

Since pr(A) has distinct roots A7 = —4 and Ay = 3, the solutions of the differential
equation are of the form f(t) = cie %" + coe3!, where ¢; and ¢y are arbitrary constants
(by Fact 9.3.8).

8. pr(A\) =N +3A—-10=A+5)(A—2)=0

x(t) = c1e75 + c2e?t, where c1, c2 are arbitrary constants.
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9.

10.

11.

12.

13.

14.
15.
16.

17.

pr(A) =22 —-9=(A-3)(A+3)=0
f(t) = c1e3 + coe™3t, where c1, c2 are arbitrary constants.

pr(X\) = A2 +1 =0 has roots A\; 2 = +i. By Fact 9.3.9, f(t) = ¢1 cos(t) + ca sin(t), where
c1,co are arbitrary constants.

pr(A) = A2=2X+2 = 0 has roots A\ 2 = 1&i. By Fact 9.3.9, z(t) = e’(cy cos(t)+ca sin(t)),
where c¢1, co are arbitrary constants.

pr(A) = A2 —4X + 13 = 0 has roots A\ o = 2 + 3i.
By Fact 9.3.9, f(t) = e (c1 cos(3t) + cosin(3t)), where ¢y, co are arbitrary constants.

pr(\) = A2+ 2\ +1 = (A +1)2 = 0 has the double root A = —1. Following the strategy
on page 429, we find f(t) = e t(c1t + c2), where 1, co are arbitrary constants.

pr(A) = A2 +3X = A\ +3) = 0 has roots A\; =0, Ay = —3.
By integrating twice we find f(t) = ¢1 + cat, where c1, ¢ are arbitrary constants.

By Fact 9.3.10, the differential equation has a particular solution of the form f,(t) =
P cos(t) + Qsin(¢). Plugging f, into the equation we find

(=P cos(t) — Qsin(t)) + 4(—Psin(t) + Q cos(t)) + 13(P cos(t) + @ sin(t)) = cos(t) or

12P +4Q =1

—4P+12Q =0

P=2
Q=1

Therefore, f,(t) = 2 cos(t) + 45 sin(t).

Next we find a basis of the solution space of f”(t) +4f'(t) + 13f(t) = 0. pr(\) = A% +

4\ +13 = 0 has roots —2 £ 3i. By Fact 9.3.9, f1(t) = e 2! cos(3t) and fa(t) = e~ 2! sin(3t)
is a basis of the solution space.

By Fact 9.3.4, the solutions of the original differential equation are of the form f(t) =
1 f1(t)+cafa(t)+ fp(t) = cre™" cos(3t) + coe ™2 sin(3t) + 55 cos(t) + 75 sin(t), where ¢1, ¢z
are arbitrary constants.

By Fact 9.3.10, the differential equation has a particular solution of the form f,(t) =
Pcos(t) + @sin(t). Plugging f, into the equation we find (—Pcos(t) — @sin(t)) +
1

2(—Psin(t) + Q cos(t)) + Pcos(t) + @ sin(t) = sin(t) or _gg : (1) g z (;5

, SO
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18.

19.

20.

21.

22.

23.

Therefore, f,(t) = —3 cos(t).

Next we find a basis of the solution space of f”(¢) + 2f'(t) + f(t) = 0. In Exercise 13 we
see that f1(t) = e™!, fo(t) = te” " is such a basis.

By Fact 9.3.4, the solutions of the original differential equation are of the form f(¢) =
e fi(t) + cafa(t) + fp(t) = cre™" + cate™" — L cos(t), where c1, ¢y are arbitrary constants.

We follow the approach outlined in Exercises 16 and 17.

e Particular solution f, = £ cos(t) + 2 sin(t)
e Solutions of f”(t) +3f'(t) + 2f(t) = 0 are f1(t) = e~ ! and fo(t) = e~ 2.

e The solutions of the original differential equation are of the form f(t) = cie™t +
coe 2t 4+ L cos(t) + < sin(t), where ¢1 and ¢, are arbitrary constants.

10
We follow the approach outlined in Exercise 17.

e Particular solution z,(t) = cos(t)
e Solutions of % + 22 = 0 are x1(t) = cos(v/2t) and x5(t) = sin(v/2t).

e The solutions of the original differential equation are of the form z(t) = ¢ cos(v/2t) +
co sin(v/2t) 4 cos(t), where ¢; and ¢y are arbitrary constants.

pr(\) = A3 —3X2 42X = A(A — 1)(A — 2) = 0 has roots A} = 0, Ay = 1, \3 = 2.

By Fact 9.3.8, the general solution is f(t) = c; + coef +c3e?t, where ¢, 2, c3 are arbitrary
constants.

pr(N) =X +2X2 - A—=2=(A—=1)(A+1)(A+2) =0hasroots \; = 1,0 = —1, A3 = —2.

By Fact 9.3.8, the general solution is f(t) = ciel + coe™t + c3e?t, where c1,co, c3 are
arbitrary constants.

pr(N) =X =22 —4X+4=(A—-1)(A—2)(A+2) =0 has roots \; = 1, Ao = 2, A3 = —2.

By Fact 9.3.8, the general solution is f(t) = cie’ + c2e?’ + c3e™%, where c1, ¢, c3 are
arbitrary constants.

General solution f(t) = Ce5t

Plug in: 3 = f(0) = Ce® = C, so that f(t) = 3e°.
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24.

25.

26.

27.

28.

29.

30.

31.

General solution z(t) = Ce 3! + % (see Exercise 2).

Plug in: 0 =z(0) = C + %, so that C = — and 2(t) = —Ze 3" + L.

General solution f(t) = Ce=2t

Plug in: 1 = f(1) = Ce™2, so that C = €2 and f(t) = e?e 2! = 272,

General solution f(t) = c1e3! + coe ™3t (see Exercise 9), with f/(t) = 3c1e3! — 3cpe 3

Plug in: 0 = f(0) = ¢1 + ¢c2 and 1 = f/(0) = 3¢; — 3¢a, so that ¢; = %,02 = —%, and
ft) = %e3t — %6*3‘5.

General solution f(t) = ¢ cos(3t) + c2sin(3t) (Fact 9.3.9)

Plug in: 0 = f(0) = ¢1 and 1 = f (%) = —c2, so that ¢; = 0,co = —1, and f(t) =
— sin(3t).

General solution f(t) = cre™* + c2€3!, with f/(t) = —4cie™* + 3cge™
Plug in: 0 = f(0) = ¢1 +c2 and 0 = f'(0) = —4¢q + 3¢o, so that ¢; = co = 0 and f(¢) = 0.

General solution f(t) = c1cos(2t) + casin(2t) + £ sin(t), so that f/(t) = —2c sin(2t) +
2¢; cos(2t) 4 £ cos(t) (use the approach outlined in Exercise 17)

Plug in: 0 = f(0) = ¢; and 0 = f/(0) = 2¢o + %, so that ¢ = 0, o = —%, and
f(t) = —§sin(2t) + 1 sin(t).

a. k is a positive constant that depends on the rate of cooling of the coffee (it varies with
the material of the cup, for example).

A is the room temperature.

b. T'(t) + kT(t) = kA

Constant particular solution: Tp(t) = A

General solution of T"(t) + kT'(t) = 0 is T(t) = Ce™*.

General solution of the original differential equation: T'(t) = Ce~** + A

Plug in: Ty = T(0) = C + A, so that C =Ty — A and T(t) = (Tp — A)e ** + A.
Wt mv=9

constant particular solution: v, = 52
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General solution of 2 + £y =0 is v(t) = Ce .

m

General solution of the original differential equation: v(t) = Ce m' + e
Plug in: 0 = v(0) = C + ™2, so that C = — 72 and v(t) = 24 (1 - e—%t)

lim v(t) = %2 (the “terminal velocity”). See Figure 9.43.

t—o0

v(?)

Figure 9.43: for Problem 9.3.31.

32. %:kB—ror%—sz—r
T

interest withdrawals
constant particular solution B, =
General solution of 2 — kB =0 is B(t) = Ce
General solution of the original differential equation: B(t) = Ce*® 4 %
Plug in: By = B(0) = C + £, so that C = By — § and B(t) = (By — £) e" + ¢
if Bo > ¢ then interest will exceed withdrawals and balance will grow.

if By < £ then withdrawals will exceed interest and account will eventually be depleted.

if Bo = ¢ then the balance will remain the same.
The graphs in Figure 9.44 show the three possible scenarios.

33. By Fact 9.3.9, z(t) = ¢ cos (y/£t) + casin (/£t), with period P = 2L = 27¥L. Tt is

ok

required that 2 = P = 27‘(% or L = % ~0.994 (meters).

34. a. We will take downward forces as positive.

Let g = acceleration due to gravity,
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B(1)

=_

El

Figure 9.44: for Problem 9.3.32.

p = density of block

a = length of edge of block
T113en (weight of block) = (mass of block) - g = (density of block)(volume of block) g =
ptc)lugyancy = (weight of displaced water) = (mass of displaced water) - g =
(density of water) (volume of displaced water) g = la?x(t)g = a®gx(t)
b. Newton’s Second Law of Motion tells us that

m%z = F = weight — buoyancy = pa®g — a®gx(t), where m = pa® is the mass of the

2
pa’GF = pa’y — a’gu(t)

2
P g La(t)
d*z

az 9 0 —
dt2 +pax_g

constant solution z, = pa

general solution (use Fact 9.3.9): z(t) = ¢1 cos ( p%t) + co sin (, /%t) + pa
Now ¢y = 0 since block is at rest at ¢t = 0.

Plug in: a = x(0) = ¢1 + pa, so that ¢; = a — pa and

z(t) = (a — pa) cos ( ;%t) + pa = 2 cos(11t) + 8 (measured in centimeters)
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c. The periodis P = \;’TI = Qﬂ\‘//gﬁ. Thus the period increases as p or a increases (denser
pa
wood or larger block), or as g decreases (on the moon). The period is independent of

the initial state.

35. a. pr(A) = A2+ 32 +2 = (A +1)(A+2) = 0 with roots \; = —1 and Ay = —2, so
2(t) = cre™t 4 cpe ™2t

b. 2/(t) = —cret — 2c0e™ %

Plug in: 1 = 2(0) = ¢; + ¢3 and 0 = 2/(0) = —¢1 — 2¢2, so that ¢; = 2,¢co = —1 and
z(t) = 2e~t — e~ 2!, See Figure 9.45.

x(1)

Figure 9.45: for Problem 9.3.35b.

c. Plugin: 1 =2(0) =¢; + ¢ and —3 = 2/(0) = —c1 — 2¢9, s0 that ¢; = —1,¢o = 2, and
z(t) = —e~ '+ 2e7 2. See Figure 9.46.

x(t)
1

Figure 9.46: for Problem 9.3.35c.

d. The oscillator in part (b) never reaches the equilibrium, while the oscillator in part
(c) goes through the equilibrium once, at ¢t = In(2). Take another look at Figures 9.45
and 9.46.

36. fr(\) = A% +2X + 101 = 0 has roots A\; o = —1 = 20i.
By Fact 9.3.9, z(t) = e *(c1 cos(20t) + c2 sin(20t)).
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Any nonzero solution goes through the equilibrium infinitely many times. See Figure
9.47.

2 4

oy
TRYAY

24

Figure 9.47: for Problem 9.3.36.

37. fr(A\) =22+ 61+ 9= (\+3)? has roots A\; 2 = —3.

Following the method of Example 10, we find the general solution z(t) = e ~>!(cy + cat)
with 2/(t) = e 3 (ca — 3¢1 — 3eat).

Plug in: 0 = 2(0) = ¢1, and 1 = 2/(0) = ¢3 — 3¢y, so that ¢; = 0,¢2 = 1, and x(t) = te 3t
See Figure 9.48.

x(1)

Figure 9.48: for Problem 9.3.37.

The oscillator does not go through the equilibrium at ¢ > 0.

38. a. (D= N(p(e) = [pt)eM) = Ap(t)eX = p/ (e + Ap(H)e — Ap(t)eM = p/ (e, as
claimed.

b. Applying the result from part (a) m times we find (D — \)™(p(t)e) = p(™ (t)er = 0,
since p(m)(t) = 0 for a polynomial of degree less than m.

c. By Fact 9.3.3, we are looking for m linearly independent functions. By part (b), the
functions e, ter, t2e M, ... "~ LeM do the job.
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39.

40.

41.

42.

d. Note that the kernel of (D— ;)™ is contained in the kernel of (D—A1)™ - - (D—A\;.)™,
for any 1 < ¢ < r. Therefore, we have the following basis:

eAﬂ:’ teAlt, L ,tml_le)\lt,
er2t teret | gma—lelet
et et L g leAnt,

fr(AN) =X+ 332 +3\+ 1= (\+1)3 =0 has roots A1 23 = —1. In other words, we can
write the differential equation as (D + 1)3f = 0.

By Exercise 38, part (c), the general solution is f(t) = e !(c1 + cot + c3t?).
JrA) =X+ 2 =XA—1=A+1)?A—1)=0hasroots A2 =—1, A\3 = 1.
In other words, we can write the differential equation as (D + 1)3(D — 1) = 0.
By Exercise 38, part (d), the general solution is z:(t) = e~ *(c1 + cat) + cze’.

We are looking for functions z such that T'(z) = Az, or T'(x) — Az = 0. Now T'(z) — Az is
an nth-order linear differential operator, so that its kernel is n-dimensional, by Fact 9.3.3.
Thus A is indeed an eigenvalue of T, with an n-dimensional eigenspace.

a. We need to solve the second-order differential equation Tz = D%z = ‘575 = Az. This
differential equation has a two-dimensional solution space E) for any A, so that all A
are eigenvalues of T.

if A > 0 then E) = span (eﬁt, e*ﬁt)

if A =0 then E) = span(1,t)
if A < 0 then E) = span (sin (\/—)\t) , COS (\/—)\t))

b. Among the eigenfunctions of 7' we found in part (a), we seek those of period 1. In the
case A < 0 the shortest period is P = 2. Now 1 is a period if P = \/2% = 1 for

some positive integer k, or, A = —472k%. Then E) = span(cos(27kt), (sin(27kt)).

In the case A > 0 there are no periodic solutions. In the case A = 0 we have the
constant solutions, so that A = 0 is an eigenvalue with Ey = span(1).

Summary:
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43.

44.

45.

46.

A = —47%k? is an eigenvalue, for k = 1,2,3, ..., with E) = span(cos(2rkt), (sin(2kt)).
A =0 is an eigenvalue, with Ey = span(1).

a. Using the approach of Exercise 17, we find x(t) = cie ™2 + coe 3! + % cost + % sint.

1

b. For large ¢, z(t) = 15

cost + 15 sint.

a. Using the approach of Exercises 16 and 17 we find x(t) = e 2!(ci cost + casint) —
& cos(3t) + 2 sin(3t).

b. For large t,x(t) ~ — 5 cos(3t) + 2 sin(3t).

. %:$1+2$2 xl(O)Zl
We can write the system as | .
= T2 z2(0) = -1
The solution of the second equation, with the given initial value, is z5(t) = —e.
Now the first equation takes the form %L — g = —2¢".

Using Example 9 (with a = 1 and ¢ = —2) we find z1(¢) = e (-2t + O).

plug in: 1 =121(0) = C, so that z1(t) = e'(1 — 2t) and Z(t) = €' [1 :1215}
= 22y + 3ao + 33 z1(0) = 2

We can write the system as % = o+ 2zx3| x2(0) = 1.
drs __
o= T3l 23(0) =—1

We solve for x5 and x3 as in Exercise 45:

xo(t) = et(1 — 2t)

x3(t) = —et

Now the first equation takes the form %L — 2z, = 3e?(1 —2t) —e! = €*(2— 6t), 21 (0) = 2.

We use Fact 9.3.13 to solve this differential equation:
x1(t) = % / e el (2 — 6t)dt = /(Ze_t —6te ") dt = e*'[-2e "+ 6te " 4+ 6e " + O]

plug in: 2 = 21(0) = (=2 + 6 + ¢), so that ¢ = —2 and z1(t) = €?(4de™ ! + 6te™ ! — 2) =
4et + 6tet — 2¢2t.
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47.

48.

4et + 6tet — 2e%
Z(t) = et — 2tet

—et

a. We start with a preliminary remark that will be useful below: If f(t) = p(t)e*, where
p(t) is a polynomial, then f(¢) has an antiderivative of the form q(t)e**, where q(t) is
another polynomial. We leave this remark as a calculus exercise.

The function z,,(t) satisfies the differential equation dj—t" = Uy Ty, SO that z,, = Cetnrt

which is of the desired form.

Now we will show that xj, is of the desired form, assuming that zg41,...,x, have this
form. xj satisfies the differential equation df—t’“ = gk + Ak k+12k+1 + - - - + Qpp &y OF
dzk

gi — OkkTk = Ok k+1Tk+1 + 0+ QknTn.

Note that, by assumption, the function on the right-hand side has the form p (¢)e*t?
o pm(t)e Mt If we set agy = a for simplicity, we can write 92 — qz), = py (t)eM?

Tdt
P (B,
By Fact 9.3.13, the solution is

wx(t) = e / e (p1(H)eM! + - 4 pp (H)et) dt

+
+

=t [ g (e dt

= e qu(t)eN TV 4 g (ePm T 4 C) = qu(t)eM - (et + Ce as
claimed (note that a is one of the \;). The constant C'is determined by x(0). Note that
we used the preliminary remark in the second to last step.

b. It is shown in introductory calculus classes that tlim (t™er) = 0 if and only if X is
— 00

negative (here m is a fixed positive integer). In light of part (a), this proves the claim.

There is an invertible S such that S~'AS = B is upper triangular. Then the system i—f

AF = SBS™ZF can be written as 4 (S7'%) = B(S™'%) or % = B, where @ = ST!7.

Note that B has the m distinct diagonal entries A1, ..., Ap.

a. By Exercise 47, the system fl—ﬂ = B has a unique solution #(t). Then the system
z—f = AZ has the unique solution Z(t) = Su(t).

b. Tt suffices to note that lim Z(t) = 0 if and only if lim @(t) = 0, where @ = S~

t—o0 t—oo
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