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How to use this book

Chapters
Chapters 1-3 each focus on one of the key concepts:
Form, Relationships and Logic.

Chapters 4-15 each focus on one of the twelve related concepts
for Mathematics:

Representation, Simplification, Quantity, Measurement, Patterns, Space,
Change, Equivalence, Generalization, Justification, Models, and Systems

Creating your own units

The suggested unit structure opposite shows just one way of grouping all the
topics from different chapters, from both Standard and Extended, to create
units. These units have been created following the official guidelines from the
IB Building Quality Curriculum. Each unit is driven by a meaningful statement
of inquiry and is set within a relevant global context.

e Each chapter focuses on one of the IB’s twelve related concepts for
Mathematics, and each topic focuses on one of the three key concepts.
Hence, these units, combining topics from different chapters, connect the
key and related concepts to help students both understand and remember
them.

e Stand-alone topics in each chapter teach mathematical skills and how
to apply them, through inquiry into factual, conceptual, and debatable
questions related to a global context. This extends students’ understanding
and ability to apply mathematics in a range of situations.

e You can group topics as you choose, to create units driven by a
contextualized statement of inquiry.

e This book covers the MYP Extended skills framework.
MYP Mathematics 4 & 5 Standard covers the Standard skills.

Using MYP Mathematics 4 & 5 Extended with an
existing scheme of work

If your school has already established units, statements of inquiry and global
contexts, you can easily integrate the concept-based topics in this book into
your current scheme of work. The table of contents on page vii clearly shows
the topics covered in each concept-based chapter. Your scheme’s units may
assign a different concept to a given topic than we have. In this case, you can
simply add the concept from this book to your unit plan. Most topics include
a Review in context, which may differ from the global context chosen in your
scheme of work. In this case, you may wish to write some of your own review
questions for your global context, and use the questions in the book for
practice in applying mathematics in different scenarios.




Suggested plan

The units here have been put together by the
authors as just one possible way to progress
through the content.

Units 1,5,6,9 and 10 are made up of topics solely
from the MYP Mathematics 4 & 5 Standard book.

UNIT 2

000

Topics: Scatter graphs and linear regression,
drawing reasonable conclusions, data inferences

Global context: Identities and relationships
Key concept: Relationships

Topics: Equivalence transformations, inequalities,
non-linear inequalities

Global context: Identities and relationships
Key concept: Form

UNIT 4

OO0

Topics: Rational and irrational numbers, direct
and indirect proportion, fractional exponents

Global context: Globalization and sustainabil ity
Key concept: Form

UNIT 7

COoe

Topics: Finding patterns in sequences, making
generalizations from a given pattern, arithmetic
and geometric sequences

Global context: Scientific and technical innovation
Key concept: Form

UNIT 8

Q0D

Topics: Simple probability, probability systems,
conditional probability

Global context: Identities and relationships
Key concept: Logic

Access your support website for more
suggested plans for structuring units:

www.oxfordsecondary.com/myp-mathematics

UNIT 11

@

Topics: Circle segments and sectors, volumes
of 3D shapes, 3D orientation

Global context: Personal and cultural expression
Key concept: Relationships

UNIT 12

Topics: Using circle theorems, intersecting chords,
problems involving triangles

Global context: Personal and cultural expression
Key concept : Logic

UNIT 13

20 S

Topics: Algebraic fractions, equivalent methods,
rational functions

Global context: Scientific and technical innovation
Key concept: Form

UNIT 14

QDS

Topics: Evaluating logarithms, transforming
logarithmic functions, laws of logarithms

Global context: Orientation in space and time
Key concept: Relationships

UNIT 15

Topics: The unit circle and trigonometric functions,
sine and cosine rules, simple trigonometric
identities

Global context: Orientation in space and time

Key concept: Relationships
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Learning features

Each topic has three sections, exploring:

| el //—'_ Howe e thegoperics o
® conceptual How cam i

® debatable inquiry questions

Problem solving - where the method of L
solution is not immediately obvious, these are
highlighted in the Practices.

Explorations are inquiry-based learning
__—| activities for students working inidvidually,

0 in pairs or in small groups to discover
 Exploration 4 mathematical facts and concepts.

Uising dynamic geometry software, phit the points A(10, Gand 52, §).

Fin ’ M, the midpoint of AR,

3 Compere the mondinates of 775 i
Describe snything you netice,

4 Creste oaher pairs of paims and find the midpoint of esch pair,
Investigate the relsionship hetween the i o the endpai
and the eaordinaes of the midpoint, (Hlint: comtruct a tshie of

i o —{ ATL highlights an opportunity to develop the
5 Ui oo s b g 43 et e conlanon o, i ATL skill identified on the topic opening page.

of points €(7, 11} and D{19, 15}
& Verify your answer using the software.
7 Points Pand Qhave coondinass Pla, B)and O, d).
Suggest a formuls for the coondinawes ofthe midpoint of FQ,
8 Verify that your formuls gives the correct coordinates for 3 and ¥ r

of points A =nd &,

Reflect and discuss 3 4— Reflect and discuss — opportunities for small

Goterall log el kw2 esi K et i b e e group or whole class reflection and discussion
it s on their learning and the inquiry questions.

= Whyis it imporant to verify a generalization?

The midpoint of {a, B and{c, &) is [‘%% }.

Worked examples show a clear solution and
i :
Findthe midpoint of A(3, 6) 2nd 5{9, 18], expla-ln {he meihOd-

Let M be the midpoint of A,

B |-|‘

Mo (22 840 Lsethe midpint formada A= 225222 )
6,12
Practice 3 ¢ Practice questions written using [B command
1 Find the midpoint of A{14,6)and &{18, 2. . .
3 Ficd e midpion f €5, - s D0, terms, to practice the skills taught and how to
3 a Pltthe pains A2, 7), B3, 10}, C(6, 11), and D(5, 8. S
b Fid she midpits of ACan 5D apply them to unfamiliar problems.

& Comment on your answers & pant b, Explain what this shaws about
quadrilstersl ARCD.

~___— Objective boxes highlight an IB Assessment
Objective and explain to students how to satisfy
the objective in an Exploration or Practice.

Technology icon

Using technology allows students to discover new ideas through examining a wider | i
range of examples, or to access complex ideas without having to do lots of painstaking
work by hand.

This icon shows where students could use Graphical Display Calculators (GDC),
Dynamic Geometry Software (DGS) or Computer Algebra Systems (CAS). Places where
students should not use technology are indicated with a crossed-out icon.

The notation used throughout this book is largely that required in the DP IB programs.




Each topic ends with:

- .

Summary
The standard deviation is a measure of Using £ notation, the mean of a set of discrete
dispersion that gives an idea of how close the
orginal data values are to the mean, and so
how representative the mean is of the data. of all the xfvalues divided by the total frequency.
A small standard deviation shows that the
data values are dose to the mean. The units of
standard deviation are the same as the units

E
data values in a frequency table is Erfi, the sum

A formula to calculate the standard deviation for
discrete data presented in a frequency table is:

ofthe original data. oo [Erle= wp
X xmeans the sum of all the x values. If

Using this notation, the mean of a set of values The normal distribution is a symmetric
distribution, with most values close to the mean
and tailing off evenly in either direction. Its
number of values. frequency graph is a bell-shaped curve.

| A formula to paleuar thesta—gd 4oy e~ N SAASNANA

is 2% the sum of all the values divided by the
"

Mixed practice

> = = Number of stmwberries on cach plant fed with
In qucstlum_ 1 and 2 the data provided is for special strawberry plant food:
the population.

[1a]1s 1z |17 [1o]rs [rz2]ra [1s]is |

-

Find the mean and the standard deviation of

cach data set: Analyze the data to find whether there is an

effect of using the special strawberry plant food.

[™]

Bemie recorded the weight of food in grams his
b 21 kg, 21 kg, 24 kg, 25 kg, 27 kg, 29 kg hamster ate each day. Here are his results:

< Day 1|2)3|als]|e|7]s]|e

Food (g) | 55 | 64 |45 | 54 |60 | 50 | 59| 61 |49

a Find the mean and standard deviation of
the weight of food the hamster ate over the
9 days.

W e |w =
ta | w | ra |

Interval Frequency b Bernie assumes that his hamster’s food
consumption is normally distibuted.

A A A AL AN AN A
|

The ancient art of origami has roots in Japanese The resulting creases are illustrated in this diagram.
culture and involves folding flat sheets of paper
to create models. Some models are designed to
resemble animals, flowers or buildings; others
just celebrate the beauty of geometric design.

v

The artist thinks lengths FH and DY are equal.
b Explain why EX= 1 EG.

Reflect and discuss

How have you explored the statement of inquiry? Give specific examples.

Summary of the
key points

Mixed practice —
summative
assessment of the
facts and skills
learned,including
problem-solving
questions, and
questions in a
range of contexts.

Review in context —
summative
assessment questions
within the global
context for the topic.

Reflection on the
statement of

inquiry
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Global context: Scientific and technical innovation

Understanding the concept of a number
system

Counting in different bases

Converting numbers from one base to
another

Using operations in different bases

Communication

Use intercultural understanding to interpret communication)

How have numbers been written in
history?

What is a number base?

How can you write numbers in other
bases?

How are mathematical operations in
other bases similar to and different from
operations in base 10?

Would you be better off counting in
base 2?

How does form influence function?




You should already know how to:

e use the operations of addition, 1 Calculate these by hand:
subtraction and long multiplication| a 10442 + 762 b 10887 — 7891
in base 10, without a calculator c 27 x 43 d 14078 x 71
e understand place value 2 Write down the value of the 5 in:
a 351 b 511002
c 15 d15

How have numbers been written in history?
What is a number base?
How can you write numbers in other bases?

Humans have used many different ways to
record numbers. How would you write down the
number of green bugs in this diagram?

You might have written a symbol 5, or the word
“five”. You could have used a word in a different
language, or maybe even a tally: #t. Each of
these represents the number in a different way,
but they all represent the same quantity.

Different cultures use different forms of notation
to represent number. The ancient Egyptian
hieroglyphic number system was an additive
system. Each symbol has a different value and
you find the total value of the number by adding
the values of all the symbols together.

Egyptian numerals use these symbols:

Green shield bugs
are sometimes
stroke heelbone coiled rope Called preen Stnk
bugs, as they
! 10 100 produce a pungent
odor if handled or
; disturbed.
= :": ! 2 g |
2 _ &
lotus flower pointed finger tadpole scribe
1000 10000 100000 1000000

The number 11 is written | M, and 36 is written [HITITINNN,



Reflect and discuss 1

e Write each number in Egyptian numerals:

5 32 126 24 100

10240

e Write these numbers as ordinary (decimal) numbers:

- llegennni

e What are the advantages of the Egyptian number system?

e What are the disadvantages?

Qur number system, often called Arabic numerals, is a place value system.
The position of a digit tells you its value.

The two numbers below have the same four digits, but digits do not always
represent the same amount.

5642 and 4623

T T

3 units

3 thousands

A digit in the furthest right column represents individual objects: units.

Moving left, the second column represents collections of ten units: the tens column.
The third column represents collections of ten tens: the hundreds column.

The pattern continues: each column is worth 10 times more than the column to its right.

The number 364 actually represents a collection of that many objects:

hundreds tens units

3 6 4

00000000OGO®
(I X XXRXERN)
(I XXX XXEX X}
o000 0OGOGS
o0000OCOGOOD®
o000 OGOOOGO®
000000COOGOO
2000000000
000000 OOOG®
(I XX XEXER X

( XXX EX X R XX
([ EX XXX X R X )

L
[ N N N J
oe0

200
oo 00
e o

(R X XA XX X R X ¥ )
(E X XXX 2R X Q)
(R X XA X2 2 X X JJ
o0000QOOGOOO
200000OGPOOGO
(XXX R X XXX N
000000 OGOGO
eco00OOOEGS

LN N
oo 0@
ooe@

(N N
e® oo
[ N N




Reflect and discuss 2

e Does the symbol 0 have different values in the numbers 205 and 20517
Does it represent something different?

e The Roman numerals do not have a symbol to represent zero, so why
does the place value system need a symbol for zero?

Our number system is known as decimal (also as base ten, or denary)
because the value of each place value column is ten times the value of the
column to its right.

x 10 x 10 x 10 x 10
thousands  hundreds tens units *  tenths
103 102 10! 10° T 10!
decimal point

You can make a place value system with any natural number base.
In binary (base two) each column is worth twice the column to its right.

sixteens eights  fours twos units
zt 23 7 2t 29

The binary number 10 111, represents a set containing:

sixteens eights fours twos units

1 0 1 1 1

258 2T TN SN
Y Y Y ARSIsIsIsAN Y Y Y M Y o
eTelore
278 2N 8T Pt
'Y Y Y M Esiststs
eletere

The subscript 2 means that the number 10111, is written in base 2. Ti p

Base 3 - ternary, or
trinary

Computer logical systems use base 2. This is why you see powers of 2 in Rased - guaiernary

lots of contexts relating to computers. For example, SD cards which store

8 GB (gigabytes), 16 GB, 32 GB, 64 GB and 50 on, rather than 10 GB, Base 8 - octal

20 GB, etc. Also, whereas the prefix kilo usually means 1000 (e.g. there are Base 12 - duodecimal
1000 meters in a kilometer), in computing, the term kilo means 1024 (210), Base 16 - hexadecimal
so there are 1024 bytes in a kilobyte. (widely used in

computing)



The base of a number system tells you how many unique symbols the
number system has. Base 10 has ten unique number symbols, 0 through 9.
Base 2 has two unique symbols, 0 and 1.

Example 1

Find the value of 12011, in base 10.

3133323 3
81 | 27| 9 3 1
1 2 0 1 1

Write the powers of 3 above the digits,
starting with 3% = 1 at the right-hand side.

81+2x27+3+1=139 Add up the parts that make up the number.

120115 =139, Use subscripts to show the base.

Practice 1

1 Find the value of each binary number in base 10.

a 10111, b 11001, ¢ 1101101,
2 Convert each number to base 10.

a 21002, b 22101, c 412

d 332, e 64, f 77,

:Problem solving

3 Write these numbers in ascending order:
1010, 100011, 1011, TI1L,

:4 The number 1101011000, = 856,,.
. a Describe the relationship between 1101011 000,and 110101 100,.
b Find the value of 1101011,

Exploration 1

1 Use this table to explore questions a to g.

34 ¢ ¥ 3 a2 3* 3! P
2187 | 729 | 243 | 81 27 ) 3 1

a Explain how the value of 37 tells you that the number 1038, , will
have 7 digits in base 3.

b 1038,,=729,,+ 309,

Explain how this sum tells you that the first digit of 1038,,in base 3
will be 1.

Continued on next page

Music is the pleasure
the human mind
experiences from
counting, without
being aware that it

is counting.

— Gottfried Leibniz



¢ 309,,=243, + 66,

NUMBER

Explain how this sum tells you that the second digit of 1038,
in base 3 will alsobe 1.

d 66,,<81,,.

Explain how this inequality tells you that the third digit of 1038,
in base 3 will be 0.

e 66,=2x27,,+12.

Explain how this sum tells you that the fourth digit of 1038,
in base 3 will be 2.

f Continue the process to find the value of 1038, in base 3.

g Check your solution by converting it back into base 10.

2 Use the method in step 1 to convert:
a 1000,,to base 2

b 513,,to base 3

¢ 673,,to base 4.

3 The following algorithm produces the digits of a number # in base b,
starting with the units digit and then working to the left.

e Start with the number, . Divide n by # and find the quotient ¢, and
the remainder r.

e Write down the value of r.

e Ifg> 0, replace » with the value of ¢; otherwise stop.

e Repeat from the beginning with the new value of #, and record
new remainders to the left of any you have already written down.

4 Here the algorithm is used to convert 1038, ,into base 3.

n+b

n q r
1038 346 0 A
346 115 1
115 38 1
38 12 2
12 4 0

4 1 1

1 0 1

Read the number
in base b upwards

from here
1102110

Use the algorithm to convert:
a 1000, to base 2

b 513, to base 3

1038 + 3 =346 r 0. The units digit is 0. Change n to 346.
346 +3=115r 1. The 3s digitis 1. Change nto 115.
115+3 =38r1.The 32 digitis 1. Change n to 38.

38 +3=12r2. The 3 digitis 2.

12 +3=4r0.The 3*digitis 0.

4+3=1r1.The 3° digitis 1.

1+3=0r3.The 3¢ digit is 0. Stop because g=0.

¢ 673,,tobase 4.



..

Practice 2

1 Convert 999, , to:

Use the method you
a base2 b base 3 ¢ base4 d base 5 prefer to convert
2 a Find the value of 472 in base 10. numbers to different

bases.

b Hence find the value of 472 in base 5.

3 By first converting to base 10, find the value of these numbers in the

given base.

a 223;in base 7 b 431, in base 2 ¢ 214, in base 2

d 1011, in base 6 e 110111, in base 8 f 110213, in base 9
g 8868, in base 3 h 101101, in base 4 i 2468, inbase 8

:Problem solving

-4 Four students write the same number in different bases:

Alberto: 1331 Benito: 2061, Claudio: 3213, Donatello: 1000,

a Determine which of the four students used the largest base. Explain how
you know.

b Use your answer to part a, and any other information you can gain from
the students’ numbers, to list the numbers a, b, ¢ and d in ascending order.

¢ Determine the minimum possible value for b.
d Find values of a, b, cand d such that 1331 = 2061, = 3213, = 1000,.
e Use your answer to d to find the value of the number in base 10.

Exploration 2
A bottle factory packs 12 bottles to a box. There are 12 boxes in a crate.
A shipping container will hold 12 crates.

1 Determine the number of bottles in each crate.
Determine the number of bottles in each shipping container.

2 A customer orders 600 bottles. Find the number of crates and boxes to
fulfil this order.

3 A customer orders 81 bottles. Determine the number of complete boxes
and single bottles for this order.

4 The table on page 9 shows four different orders, with some information
missing. Calculate appropriate values for the shaded cells.
The basic price per bottle is €1.40.

» Continued on next page ("%




NUMBER

Cuswgimen | Torl Notes | Containers | Crates | Boxes | Singles Iokl
name ordered cost
i a n/a 0 5 0 0 b

Antinoro

10%
discount
Mr
; 6000 on [4 d e f g
Drouhin
complete
containers
i
(%
Herr discount
Miller = on the # 4 J 0 €8400
whole
order)
Mrs 1500 n/a j k 1 m n
Symington

5 An employee suggests that since all orders are made of a number of
containers, crates, boxes and singles, the company does not need to
repeat the headings every time, so an order of 3 crates, 7 boxes and
0 singles could be written as 370.

a Write Mr Antinoro’s, Mr Drouhin’s and Herr Miiller’s orders using
this convention.

b Explain how notating the orders in this way relates to writing numbers
in non-denary number bases.

¢ Describe the problem in writing Mrs Symington’s order in this way.

Reflect and discuss 3
e Why do you think people most commonly use base 10 to count?

e When is the number 12 commonly used as a base? What makes the
number 12 a convenient number to use?

Base 10 (decimal) uses ten different symbols to describe the whole numbers:
0,1,2,3,4,5,6,7, 8and9. Similarly, base 2 uses two symbols: 0 and 1.

Base 12 (duodecimal) requires twelve symbols, but you cannot use ‘10’ or ‘11’
because these both involve two digits.

When you write numbers in bases greater than 10, letters are used for the Sometimes

extra symbols needed. lowercase letters

In base 12, the symbols are 0, 1, 2, 3,4, 5,6, 7, 8,9, A and B. a and b are used
instead of uppercase

A and B.



Example 2

Find the value ofASBlZ in base 10.

122 | 127 | 120
144 | 12 1
A 3 B

A3B,=(10x144 +3x 12+ 11 x 1),

Example 3
Find the value of 500 in base 16.
n+b
n q r
500 31 4
31 1 F
1 0 1

500,, = 1F4,,

Practice 3

1 Convert to base 10:

a 21

2 Find the value in base 16:

012

a 190,

d 48879,

:Problem solving

b 301,

b 2766,
e 51966,

The letter A represents 10, and B represents 11.

500+ 16 =31 r 4. The units digit is 4. Change nto 31.
31+16=1r15. The symbol for 15is F. Change nto 1.

1:16=0r1.The 162 digitis 1. Stop because g =0.

¢ BAA, d GOy

c 47806,
f 64206,

3 Hexadecimal (base 16) codes are often used as passwords for home Wi-Fi

hubs and other digital services.

a Explain why there are 256, , possible 2-character passwords in hexadecimal.

b Find the number of possible 10-character hexadecimal passcodes.
Give your answer to a suitable degree of accuracy.



Counting in 20s
US President Abraham Lincoln’s “Gettysburg Address” began:

“Four score and seven years ago our fathers brought forth on this continent
a new nation, conceived in liberty, and dedicated to the proposition that all
men are created equal.”

A ‘score’ means a group or set of 20, so ‘four score and seven’ is 87.

In the French number system, 80 is ‘quatre-vingt’ or ‘four twenties’ and 90
1s ‘quatre-vingt-dix’ or ‘four twenties and ten’.

Objective C: Communicating
iii. move between different forms of mathematical representation

Different number bases and symbols are different forms of representation. In this
Exploration, show that you can move between different symbols and number bases.

Exploration 3
The Mayans had a base 20 number system, but only three symbols:
0 1 5
@ [ ] I
They used the symbols s and ® in combination to create numbers

up to 19. For example:

° [ ]
eoe =3 - = 0 ==11

=&

1 Write the numbers 4, 10, 14 and 19 in Mayan numerals.

The numbers from 0-19 fulfil the same purpose in Mayan numerals as the
numbers from 0-9 do in base 10. Effectively, they are the Mayan digits.
For place value, they wrote digits vertically in ascending order. It was
important to leave enough space between the digits so that they could

tell the difference between, say, a 10 (two horizontal bars) and 105 (two
horizontal bars with one in the units place and one in the twenties place).

20%s place ° 1 20%s place  m— 5
20s place ® 1 20s place @ 0
(X X )
1s place L) 1 1s place — 13
=
(1x20%)+ (1 x20)+1=421 (5% 20?2 +(0x20)+13=2013

Continued on next page



2 Find the value of these Mayan numerals:

CAl
6 6 Il
6 Il

(X N N |
[i==un=—=|
——
o000
e
3 Write these numbers in Mayan:
a 806 b 2005 c 10145 d 16125
e 43487 f 562677 g 100000 h 2 million

4 Find the value of this sum, showing all your steps:

The Mayan people
kept stingless bees for
honey. Technically,
stingless bees do
have stingers but

they are so small that
5 Explain why the Mayan system is part additive and part place value. a sting from one is

6 Compare our base 10 number system with the Mayan system and write only about 43 pa!.inful
down any advantages or disadvantages that one has over the other. as a mosquito bite.

[ ll: -
I 6

Express your answer in Mayan notation as well as in base 10.

How are mathematical operations in other bases similar to and
different from operations in base 10?

In a calculation like this:
892
+347

you add the units, then the tens, then the hundreds. When the addition gives
you a number greater than or equal to 10 (the base) you write down the units
digit and ‘carry’ the 10 to the next column.



You can add numbers in other bases in the same way as decimal numbers,
‘carrying’ when a number is greater than or equal to the base number.

Example 4

Find the value of 465, + 326,.

465
L3 Units column: 5+ 6 = 11,,.In base 7 this is 1 seven and 4 units, or 14.,.
Write 4 in the units column and carry a 1 into the sevens column.

14

465
+326 Sevens column: 6 +2 +1=9,
124

=

0 F

465
+326 72column:4+3+1:8m:‘l1?.
1124

So, 465, + 326, = 1124,

Reflect and discuss 4

You could work out 465, + 326, by adding, as in Example 4, or by:
® converting 465, and 326, into base 10
e adding
e converting the result back to base 7.

Which method would you prefer? Explain.

For subtraction, you can ‘borrow’ the base number, in the same way that
you ‘borrow’ a 10 in base 10.

Example 5

Calculate 783, — 267,

7 > 3, so you cannot subtract 7 from 3.

783 Rewrite 78 3 as 7 7 '3, because
-267 3 units, 8 nines and 7 eighty-ones is the
same as 13 units, 7 nines and 7 eighty-ones.

178
—267 Find 13, — 7, by writing it in base 10:
5 139-74=12,,-7,,=5,4=34

Continued on next page



7713

7—-6=1inbase 9 and in base 10.

=267
L 5

7713
—-26 7
515

So, 783, — 267,=515,

Practice 4
1 Calculate:
a 124, + 321 b 77, +261g € 563; + 241, + 757,
2 Calculate:
a 453,-231, b 341, - 153, ¢ 1231,-402,
3 Calculate:
a 115,-23,+45, b 2231,-125,-216, ¢ 8463,+728,— 541 + 18,
4 Calculate:
a 92A1 ,+4436,, b 10000,,-123,

:Problem solving

15 Vorbelar the alien does not count in base 10, but in order to make things

¢ easy for us to understand, she uses our base 10 symbols in the usual order.
She calculates 216 + 165 and obtains the answer 403.
Find the value of 216 — 165, giving your answer using Vorbelar’s base.

Reflect and discuss 5

When performing a calculation, is it important that the two numbers being
added or subtracted are in the same base? Why or why not?

Exploration 4
There are many ways of setting out the calculation 742, x 36,

Here is one approach.

7 4 2 | First multiply the top row by 6, one column at a time, starting
% 36 with the 2 in the units column.

L2

6 x 2 =12, so write 2 in the units column and 1 in the tens
column.

Continued on next page

If you think dogs
can’t count, try
putting three dog
biscuits in your
pocket and then
giving Fido only
two of them.

— Phil Pastoret



742 | 6 x4tens=24tens, so add 4 to the 1 in the tens column and
% 16 write 2 in the hundreds column.

80

74 2 | 6 x 7 hundreds =42 hundreds, so add 2 to the 2 in the
% 36 hundreds column and write 4 in the thousands column.

4452

This completes 742 x 6.

74 2 | Now calculate 742 x 3 tens.

% 36 | 3tens x 2 =6tens, so write 6 in the tens column.

4452 | 3tens x4tens=12 hundreds, so write 2 in the hundreds
1260 column and 1 in the thousands.

742 | 3tens x7 hundreds =21 thousands, so add 1 to the 1 in the

% 36 thousands column and write 2 in the ten thousands column.

4452
22260 | Thiscompletes 742 x 3 tens.

74 2 | Add together the two parts already found.

X 36
4452
+22260
26712

1 Use the method above to calculate 727, x 736,,. Explain how you have
used times tables.

2 Try to use the same method to calculate 727, x 736,. Describe any difficulties.

3 Here is a multiplication table in base 9.
Use the table to help you calculate 727, x 736,.

X 1 2 3 4 5 6 7 8 10
1 1 2 £ 4 5 6 7 8 10
2 2 4 6 8 11 13 15 17 20
3 3 6 10 2] 16 20 23 26 30
4 4 8 13 117 22 26 31 35 40
5 5 11 16 22 27 33 38 44 50
6 6 13 20 26 33 40 46 53 60
7 7 15 23 31 38 46 54 62 70
8 8 17 26 35 44 53 62 71 80
10 10 20 30 40 50 60 70 80 100

4 Explain why you need this table for long multiplication in base 9.



Practice 5

1 Here is a multiplication table in base 5:

X 1 2 3 4 10
1 1 2 3 4 10
2 2 4 11 13 20
3 3 11 14 22 30
4 4 13 22 31 40
10 10 | 20 30 | 40 | 100

Use it to complete these multiplications:

a 123, x 24, b 401, x 133, c 213, x 1310

2 Copy and complete this multiplication table for base 6.

x 1 2 3 4 5 10

1 1 2 4 5 10

2 2 4 12 20

3

4 4 12 40

5 5

10 | 10 | 20 40

Hence complete these multiplications:

a 155,23, b 212, x 315,

:Problem solving
:3 Find two numbers (both greater than 1) whose product is 1215.

Because long multiplication relies on knowing multiplication table facts,
multiplication in different bases is quite tricky. You can write out a
multiplication table for the base you need, but in most cases it is easier
to convert the numbers to base 10, perform the multiplication, and then
convert the numbers back to the required base.

Division also relies on knowing multiplication table facts, so it is usually
easiest to convert numbers to base 10 and then divide them.

Would you be better off counting in base 2?7

How does form influence function?
Computers use base 2 (binary) for most of their operations. One reason for this
is that the electrical signals that pass through the computer chips are either ‘on’

or ‘off’. As the computer’s memory exists in two states (on or off) it uses just
two symbols for its counting system: 0 and 1.




NUMBER

Reflect and discuss 6

® Create a multiplication table in binary. Can you ‘learn your times
tables’ in the new base?

e Tryusing it to perform some multiplications in base 2.

e Can you work out 1011100110 x 110110 100 in base 2?

You may find multiplication slow in base 2 because there are a lot of digits,
and long multiplication involves a lot of steps. There are fewer symbols in
numbers with small bases, and thus numbers have more digits. In numbers
with larger bases, there are more symbols, and so numbers have fewer digits.

Hexadecimal is used in computers because each symbol in hexadecimal
represents a string of 4 bits, or 4 binary digits. For example, 3F in
hexadecimal converts to 00111111 in binary. That is why built-in
passwords (in modems and routers for example) often use digits 0-9 and

letters A-F.

Exploration 5

These hand diagrams show a way of counting in binary using your fingers.
An extended finger/thumb represents 1 and a curled one represents 0.

This diagram represents zero. This diagram represents one.

1 Find the number in base 10 represented by the diagrams below. It may
help you to find the number in binary first.

.-'r { 0

/A ' \

r

2 Draw finger diagrams to show each of these base 10 numbers in binary:

a 32,, b 68, < 1015, d 250,,



Reflect and discuss 7

e s counting in base 2 on your fingers a more efficient way of counting?

e How is counting in base 2 on your fingers more difficult than counting

in base 10?7

e When might it be useful to try to count in base 2 on your fingers?

QOur number system, often called Arabic numerals,
is a place value system. The position of a digit
tells you its value.

Our number system is also known as decimal,
or base ten, or denary, because the value of each
place value column is 10 times the value of the
column to its right.

x 10 x 10 x 10 x 10

thousands  hundreds tens  units
10° 102 101 100

decimal point

You can make a place value system with any
natural number base. In binary, or base two, each
column is worth twice the column to its right.

x 2 x 2 x 2 x2

¥ N¥ ¥ O\

eights fours twos  units
g 2’ 92 2t gt

1 Find the value in base 10 of:

a 1101, b 110110,
¢ 1000101, d 1221,
e 12000, f 4523,
g 34337, h 18A9,
i 4EAS8,,

2 Find the value in the base specified of’
a 100,,1n base 2 b 100,,inbase 3
¢ 100,,in base 4 d 255, inbase 2
e 1008, in base 3 f 8162,,1in base 5
g 271,,inbase 12 h 456,,inbase 12

i 1689,,in base 12
k 1049101nbase 16

2785, in base 12
15342, in base 16

—

The subscript 2 means that the number 10111, is
written in base 2.

The base of a number system tells you how many
unique symbols the number system uses. Base 10
has ten unique number symbols: 0 through 9.
Base 2 has two unique symbols: 0 and 1.

‘When you write numbers in bases greater than 10,
letters are used for the extra symbols needed.

In base 12 the symbols are 0, 1, 2, 3,4, 5,6,7,8, 9,
A and B (or sometimes lowercase letters a and b).

You can add numbers in other bases in the
same way as decimal numbers, ‘carrying’ when
a number is greater than or equal to the base
number.

For division and multiplication in a different base,
it is usually most efficient to convert the numbers
to base 10, do the calculations, then convert the
answer back to the base in question.

3 You can measure angles in degrees, minutes and
seconds. One degree = 60 minutes or 60’, and
one minute = 60 seconds or 60". 45° 15" 30" =
45 degrees, 15 minutes and 30 seconds.

Convert these angle measures:

42 .8° into degrees, minutes and seconds

o w

90.15° into degrees, minutes and seconds

2.52° into degrees, minutes and seconds

c
d 25°15 into base 10 (including a decimal)

e 62°30" 30" into base 10 (including a decimal)
f 58912’ 20" into base 10 (including a decimal)

4 Calculate, giving your answers in the base used
in the question:

a 1101, +1001, b 11101, + 101101,
¢ 1011, +10111, + 1101101,



d 122,+2101, e 2122,+20012,
f 3012, +10332,

g 33010, +312212, + 101,

h 565, +718,, i 1A91, +3302,,
j ABO,+10BS,, k 6E,, +AC,,

I FOOD,,+FACE,,

Calculate, giving your answers in the base used
in the question:

a 11011, - 101, b 111011, - 11101,
¢ 10110, - 111, d 2210, - 102,

e 3011, -231, f 44125, - 5150,
g 50112, - 1045, h B791,, - 89A0,,

i FEED,,-BEEF,,

If the current time was 10:45, use addition and
subtraction to find the time that is:

a 35 minutes from now
b 2% hours from now

¢ 3 hours and 40 minutes from now
d 1 hour and 19 minutes ago
e 6 hours and 50 minutes ago

Calculate, giving your answers in the base used
in the question.

Either create multiplication tables like the
ones in Practice 5, or convert the numbers
to base 10 and then convert back.

a 110,x10, b 1011,x11, ¢ 1101,x 101,
d 2101,x21, e 14,x23,  f 24,x 131,

A set of weights contains weights in grams that
are powers of 4. There are three of each size
weight in the set. The lightest weight is 1 g, and
the heaviest is 16384 g.

a Find the total weight of these six weights: two
of the smallest weights, three of the next size
and one of the size above that.

b Write down the weights you would use to
create a total weight of 26 g. Remember that
there are only three of each type of weight.

¢ Find the value of 2313, in base 10.
Explain why this would be relevant if you
wanted to find the total weight of three 1 g
weights, one of the next size, three of the next
size and two of the size after that.

NUMBER

:Problem solving

d Ronnie has 331213, grams in weights.
Donnie has 231232, grams in weights.
Connie wishes to weigh out the same amount
as Ronnie and Donnie combined, using the
weights from her sets. Remembering that
she has only three of each type of weight,
determine the weights Connie should use.

e Ted weighs out 1330, grams. Ed weighs out
twice that amount. Ned weighs out twice as
much as Ed and Ted combined. Remembering
that he has only three of each type of weight,
determine the weights Ned should use.

9 A congressional committee decides to streamline
the US monetary system. All coins will be phased
out except for 1 cent, 5 cents and 25 cents. All
existing bills (bank notes) will be phased out
and replaced with bills valued $1, $5, $25, $125
and $625.

a A mathematician suggests that the dollar
should be revalued to be worth 125 cents,
not 100 cents as it is currently.

i Suggest reasons why the mathematician
thinks this might be a good idea.

ii Suggest reasons why it might not be a
good idea.

b Find 540, in base 5.
Hence find the smallest number of notes that
you would need to give somebody $540 under
the new system.

¢ Find 732, in base 5 and 246, in base 5.

d Rania owes $732 to her credit card company.
She makes a payment of $246.
Find the total amount outstanding (still
owed), and the least number of notes she
would need to repay the amount.

e In real life, monetary systems do not use
regular bases, but have combinations of notes
that follow irregular patterns. For example, in
the UK, there are £1 and £2 coins, then notes
valued £5, £10, £20 and £50.

Suggest reasons why it would not be
convenient to use a perfectly regular base as
suggested above.



In the 1960s and 1970s, NASA's Pioneer and
Voyager missions launched spacecraft to travel
beyond the solar system. Each contained messages
in case the craft was intercepted by extra-terrestrial
life forms. Scientists tried to choose things that
they hoped could be universally communicated,

or which could be measured by aliens.

1 If an alien culture has a number system, there is
a good chance that they will have some sort of
place value system. They will probably have an
idea of whole numbers, and maybe an awareness
of prime numbers. One suggestion for a message
to include might be to communicate the first
prime numbers in binary. The first five numbers
in binary are: 10, 11, 101, 111 and 1011.

a Write down the values of these numbers in
denary (decimal).

b List the next ten prime numbers in denary.

¢ Hencelist the first 15 prime numbers in binary.

:Problem solving

:2 For the messages, the scientists did not use

: 1s and Os; these symbols are known only to
humans. Tnstead, they used horizontal and
vertical lines: — and |.
Here are some sequences given in binary using
the symbols — and |.
Determine whether — or | represents 1. Justify
your answer.
Describe each sequence and predict, using —
and |, the next three terms.

a |, [=—=— |——l ———— | ==l
b 1 L= LL =k l=——] l—=hl—}—l]

€ | 1L I——k L=k —=l———]

3 The scientists also encoded some information
about our solar system. They used information
about quantities that can be counted, rather than
measured, because measurements require units
whereas counting does not. One quantity that
can be counted is the number of ‘days’ in each
planet’s year. Earth has (roughly) 365 Earth
days per year because that is how many times
it rotates around its own axis while orbiting the
sun. The table gives some information about the
planets in our solar system:

Planet Year length Day length
Mercury | 87.96 Earth days | 1408 Earth hours
Venus | 224.68 Earth days | 5832 Earth hours
Earth 365.26 Earth days | 24 Earth hours
Mars 686.98 Earth days | 25 Earth hours
Jupiter | 11.862 Earth years | 10 Earth hours
Saturn | 29.456 Earth years | 11 Earth hours
Uranus | 84.07 Earth years 17 Earth hours
Neptune | 164.81 Earth years | 16 Earth hours

a Calculate the number of Earth hours in a
Mars year. Give your answer in denary.

b Hence find the number of Mars days in a
Mars year. Give your answer in denary.

¢ Find (to the nearest whole number) the
number of Mars days in a Mars year in binary.

d Find, in binary, the number of days in a year
for each of the other outer planets (Jupiter to
Neptune).

e Describe any problems you would encounter
when trying to perform a similar calculation
for Venus.




Global context: Scientific and technical innovation

Performing operations with functions, including
function composition

Using function composition to solve real-world
problems

Decomposing functions

Draw reasonable conclusions and generalizations ]

How do you add and subtract functions?
‘What is function composition?

How can you use function composition
to model real-world situations?

Does a composite function have a unique
decomposition?

b
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You should already know how to:

e draw mapping diagrams for
functions

1 Draw a mapping diagram to
represent the function shown on
the graph.

(7]

e find the natural domain and
range of a function

2 Iff:R = R, find the natural
domain and range of:

af(x)=2x+3 b f(x)=Vx
c f(x):% d f(x):é
e f(x)=m

e evaluate functions 3 f(x)=2x-3. Find:
a f(4) b f(-1) c f(3x)

How do you add and subtract functions?

‘What is function composition?

The function (f + g)(x) is equivalent to f(x)+ g(x).
The function (f — g)(x) is equivalent to f(x)— g(x).

Example 1

f(x)=2x+4 and g(x)=4x-1.
Write the function given by:
a (f+e)x)

a (f+g)x)=f(x)+g(x)
=Q2x+4)+(4x-1)
=6x+3

b (f-g)x)=f(x)-gx)
=(2x+4)-(4x-1)

=—2x4+5

b (f-2)x)

Substitute f(x) and g(x) and simplify.




ALGEBRA

Exploration 1
f(x)=+x has domain {x: x> 0}.

g(x)=x+2 has domain x € R,

h(x)=1-x? has domain x e R.

k(x):% has domain {x: x=1}.
=

1 Write each function and state its domain.

a (f+g)x) b (f-g)x) ¢ (h=f)x) d (g+k)(x)

2 Find a rule for the domain of a function formed by adding or subtracting
two functions. Justify your rule with a mathematical explanation or a
mapping diagram.

Example 2

f(x)=2x2+1, g(x)=ﬁ, and A(x)=+1-3x.
a State the domains of f; g and 4.
b Write the function k(x) = (g— f)(x) and state its domain.

a fhasdomainx e R.

Forg,3x-2=0,

2 .
s03x#2=x=% 5 Exclude values of x that make the denominator zero.

g has domain {x L %}

1
Forh,1-3x>0,s0123x= 32X Exclude values of x that make the radicand negative.

h has domain {x: x E%}

b k(x)=(g—f)x)

1

T3i_2 (2% +1) Write with a common denominator.

_1-2x2+D(3x-2)
3x-2

1—(6x3 —4x2 +3x-2)
Ix-2

—6x% +4x2 —3x+3
3x-2

k has domain {x: X :&%}



For two functions f(x) and g(x), the domain of ( f + g)(x) and the domain of
( f— 9)(x) is the intersection of the domains of f(x) and g(x).

Practice 1

1 h(a)=2a?+1and k(a)=—(a+3).
State the domains of # and k.
Find (h+ k)(a) and state its domain.

2 h(x)=x>-5x?andg(x)=5-x. Find (g - k)(x) and state its domain.

3 h(x)=2x2—x and k(x)=~3x+1.
State the domains of £ and k.
Find (h+ &)(x) and state its domain.

4 h(c)=2c¢-5 and k(c)=+/2-3c.
Find (k—#)(c) and state its domain.

5 g(x)=6x-8 h(x)= ;—x and k(x)=+/x+4. Find (g+ h— k)(x) and

(k—h— g)(x), and state their domains.

6 f(x)=" andg(x)=—.

a State the domain of fand the domain of g.

b Write down the domain of f+ g

:Problem solving
7 a Write a function f with domain {x: x # 3}.
b Write a function g with domain {x : x = 0}.

¢ Write a function with domain {x: x 2 0 and x = 3}.

Function composition is a way of combining functions.
The mapping diagram shows three sets 4, B and C and two functions fand g.

fmaps the elements of 4 onto B, and g maps the elements of B onto C:

Domain of f= {1, 2, 3} Range of f={1, 4,9} Range of g = {3,-3, =13}
= Domain of g

From the diagram, f maps 2 onto 4, and then g maps 4 onto -3.
So f(2)=4and g(4)=-3

f()=1land g(1)=3

f(3)=9and g(9)=-13

B is the range of f.
Cis the range of g.



ALGEBRA

Applying fto the elements of A and then applying g to the elements of B
gives a mapping from A4 to C. The function that maps A4 to C is called the
composite function of fand g. A composite function is a combination of
two functions.

The composite function of fand g is the function f followed by function g.
You write this as ge f(x) and say ‘g of fofx’. You can also write g( f(x)).

From the diagram, go f(1)=3
o f(2) =g(f(2))
gof(2)=-3 Sl
go f(3)=-13 =
The domain of ge f is the domain of f: {1, 2, 3}.

The range of go f is the range of g: {3, -3, —13}.

go f(x)=g(f(x)) means f followed by g.
fog(x) =f(g(x)) means g followed by f.

Example 3

gis a function from A4 to B and f is a function from B to C.
e()=2, gB3)=4, g(5)=6and f(4)=5, f(2)=3, f(6)=T.
a Draw a mapping diagram for the composite function fog.
b List the elements of 4, Band C.

Find fog(l), fog(3) and fog(5).

(2]

d State the domain and range of f o g(x).

a A p B ¢ c
1 > 2 7
3 ) ( 4 »5
5

\’j/ f =g means g followed by f.
> 6 3

b A={1,3,5},B=1{2,4,6}, C={3,5, 7}
Sfog)=3, fog(3)=5, fog(B)=7
d Domain of fog(x)is {1, 3, 5}.

Range of fog(x)is {3, 5, 7}.

n



Reflect and discuss 1
e Explain why it makes sense to write ‘function f followed by ¢’ as: go f.

e For the function go f(x), explain why f(x), the image of x, must
belong to the domain of g.

e If the range of fis the entire domain of g, what is the domain of go f?

OROR®
Practice 2

1 fisa function from A to B and g is a function from B to C.
fM=5, £(2)=9, f(3)=13, g(5)=-2, g(9) =2, g(13) = 6.
a Draw a mapping diagram for the composite function go f.
b List the elements of 4, Band C.
¢ Find go f(1), go f(2) and go f(3).
d State the domain and range of go f(x).

2 For each composite function, draw a mapping diagram,
then state the domain and range.

a hog, where g(-5)=1, g(-2)=4, g(0)=2, h(2)=—1, h(4) =-3, h(1) =5.
b foh, where i(1)=2, h(3)=5, h(4) =7, f(2) =3, f(5)=4, f(7)=6.
¢ gof,where f(a)=b, f(b)=c, f(c)=d, g(d)=x, g(c)=y, g(b)=z

3 The mapping diagram here represents two

functions f'and 4.

6
a Find ko £(6), ho f(8) and (ko £)(10). . |
b State the domain and range of ho f(x). 0 /

:Problem solving
14 f(x)=2x+3and g(x)=x—5. The domain of fis {0, 1,3, 5}.
. a Drawa mapping diagram to represent go f(x).
b State the range of go f(x).

5 For two functions fand g:
. e the domain of fis 4 = {1, 2, 3}

e the range of fand domain of gis B= {4, 5, 6}

® the range of gis C= {7, 8, 9}

Determine the number of different composite functions go f.



ALGEBRA

The functions f(x) = 2x and g(x) = x> —1 both have domain and range x € R, the
set of real numbers. Applying function fand then function g to input value 3 gives:

X fx) = 2x gixp=x-1
3*>| 2x3 }—»sa{ 6°-1 |—>35
f(3)=6and g(6) =35 or g2 f(3)=35 or 2(f(3)=35
Applying function fand then function g to input value x gives the composite
function ge f(x):
f(x) glx) gefx)

2o f(x)=(2x)-1=4x2-1

Reflect and discuss 2
e For the functions f(x)=2x and g(x)=x%-1, find fog(x).
® Is fogequalto go 7 Explain.

Example 4

f(x)=5-3x and g(x) =x2+4. Find:
a g(f() b fog(2) ¢ f(gx) d gof(x)
a f()=5-3x1=2 Start with the inside function f.
9(2)=22+4=8
= g(f(1)=38
b 2(2)=22+4=38 Start with the inside function g.
f(8)=5-3x8=-19
= fog(2)=-19
¢ f(g(x)=5-3(g(x) g(x) goes in here,
=5-3(x%+4)
=5-3x2-12
=-3x2-7
d gof(x)=g(5-3x) f(x) goes in here.
=(5-3x)2+4
=25-30x+9x%2+4
=9x2-30x+29



Practice 3
1 f(x)=3x,g(x)=x+1 andA(x)= x2+ 2. Find:

a f(g03) b g(h(-2)) ¢ foh(2) d /og(-0.5)
e g(f(0) f F(f(-4) g hoh(0) h A(f(-1)
i foh(x) j e(f(x) k gog(x) I A(g(x)

:Problem solving
2 A composite function f(g(x))=2(x?-5)+1and f(x)=2x+1. Find:
. a a suitable function a2(x)

b the composite function g( f(x)).

3 A composite function g( f(x))= ﬁ, x#tland g(x)= ﬁ, x#1. Find:
a a suitable function f and state its domain and range

: b the composite function fog(x).

4 f(x)=7x—-2 and g(f(x))=23x2-70. Find g(33).

In 4, first find x.
f g

5 The graphs show the functions fand g. Both have domain {x: 0 <x < 6}.

by YA
6 6
5 - 5
4 - - 4 -
A |
3 3
) w| |/ ) D)
4 —F— 4 |
14 | J 14
0 4y 2 3 4 5 6% 0 1 2 3 4 5 6~
Using the graphs of fand g, evaluate:
a fog(0) b fof(2) ¢ g°f(3) d gog(4)

e fog() f gof(5) g f(g(f(4))

6 Emily works 30 hours per week at a travel agency. She is paid a weekly
*  salary of $500, plus a 2% commission on sales over $5000. One week she
sells enough to get the commission,

a Explain what x and the functions f(x) = 0.02x and g(x) =x — 5000
represent in this context.

b Determine whether f o g(x) or g o f(x) represents her commission.

{9 g(x)=4x+4 and f(x)=x?—64. Find xsuch that fog(x)=0.



How can you use function composition to model real-world situations?

Objective D: Applying mathematics in real-life contexts
i. identify relevant elements of authentic real-life situations

In Exploration 2, you will need to identify the meaning of the given functions in light
of the problem.

Exploration 2

As a diver descends deeper into the ocean, the mass of water above the diver
increases and so the pressure on the diver’s body increases.

This table shows the diver’s depth at different times.

Time t(seconds) | Depth d (meters)
0 0
20 15
40 32
60 44
80 65
100 80
120 90

The next table, below, shows the pressure exerted on a diver at different
depths. The pressure is measured in atmospheres (atm), where 1 atm is the
atmospheric pressure at sea level.

Depth d (meters) 0 |10]20)]30]|40|50]|60| 70| 80| 90
Pressure p (atm) 1 2 314 5 6 | 7 819110

1 Let f{(r) be the function connecting time r and depth d.
f(0) =0 and f(20) = 15. Find f(60). Explain what f(60) means.
2 Let g be the function connecting the depth d and pressure p.
Explain what g(60) = 7 means.
3 Use the tables to find g  f (120). Explain what g o f(120) means.

4 Explain how to find the time before the diver is at a pressure of 9 atm.

ALGEBRA




Practice 4

:Problem solving

:1 The price p of an orange, in cents, is a function fof its weight w, in grams.

Weightw | 144 | 125 | 150 | 200 | 250 | 300 | 350 | 400
(grams)
Price p 12|15 20| 26 |33] 36| 45| 50
(cents)

The weight w of an orange, in grams, is a function g of its radius #, in cm.

Radius r 38| 42143 | 48|51 |53
(cm)
Weightw [ 150 | 210 | 215 | 240 | 250 | 265

b Find g(4.2) and g(5.3).
¢ Evaluate f 0 g(5.1) and explain what this means.

d Determine the function composition that describes the relationship
between the radius of an orange and its price in cents.

:2 A particular computer screen saver simulates an expanding circle. The circle
:  starts as a dot in the middle of the screen and expands outward so its radius

increases at a constant rate.

20 cm

t=0 t=4

The screen is a rectangle with a height of 20 cm. The circle takes 4 seconds

to expand to touch the top and bottom of the screen.

a Copy and complete this table for the radius of the circle at time ¢ seconds:

Time t (seconds) 0 il 2 3 4
Radius r(cm) 0 25 10

b The radius ris given by the function f(f). Use the values in your table to

find the function f(r).

¢ The area A of the circle is a function g(r) of the radius ». Write the
function g(#).

d Hence express the area 4 of the circle as a function of time .

(grams) l
a Find f(125) and f(350). |

Oranges are
domesticated so

you are unlikely to
find them growing
naturally in the wild.




3 A cylindrical container has a radius of 50 cm and a capacity of 500 cm3.
It is being filled with water at a constant rate of 10 cm? per second.

a Write down a function for the volume »(f) of water in the container after
t seconds.

b Write down a formula for the height # of water in the container in terms of v.
¢ Find A ov(t) and explain what it means.

d Determine how long it takes for the height of the water in the container
to reach 50 cm.

:4 A pebble is thrown into still water and creates a circular ripple. The radius »
of the water ripple increases at the rate of 2 cm per second.

a Write down the radius » in terms of time ¢ after the pebble was thrown.

b A(r) = nr? is the area of the water ripple in terms of its radius. Explain
the meaning of 4o r(z).

¢ Find the area 4 of the water ripple after 60 seconds.
5 For each pair of functions fand g in the table below:
a write down the meaningof go f

b describe a possible real life use for the composite function.

f

g

i Fuel consuption is a function of
vehicle velocity.

Fuel cost is a function of fuel
consumption.

ii Height of waterin atankisa
function of time.

Volume of the tank is a function
of height.

iii Radius of a circleis a function
of time.

Volume is a function of the radius
of a circle.

iv Sum of the angles of a regular
polygon is a function of the

number of sides of the polygon.

Size of each angle of a regular
polygon is a function of the sum
of the angles of the polygon.

v Banksavingsis a function of
time.

Interest earned is a function of
amount of savings.
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You can graph composite functions on any GDC or graphics software. For
example, for functions f{(x) = x2+2x+1 and f,(x) = 3x + 5, the two composite

functions f;(x)=f,(f,(x)) and are shown in the graphs below.
o[1.1] ‘_L%J T w
fl(x}_XQ+2)f+l Sy_n Syjl
6
4 4
2_ o
| 360 = (3x+ B)* +2(3x+ 5) + 1
S| | TR e

Does a composite function have a unique decomposition?

Exploration 3

1 Find two functions fand g such that their composition is:
gof(x)=(x+2)*-3.

2 Expand and simplify go f(x) and explain how you might find the
functions when the composite function is simplified.

3 Find two functions /4 and & such that their composition is:
koh(x)=(x+2)2+(x+2)-3.

4 Simplify ko h(x), and find functions 4 and k. Are the functions the same
as you found in step 3?7 Explain.

5 Determine whether or not it is better to simplify a function before finding
its decomposition. Explain.

Reflect and discuss 3

Does every composite function have a unique decomposition?

Practice 5

:Problem solving

: For each question, find two functions fand g whose composition is the
: function A(x) = fog(x).

11 ()= Qx—1) 2 h(#)=243 -1 3 h(x)=6x—5
'8 Wx)=6vE~5 5 h(x)=32z-1 6 hix)=23-2

The word composition
has meanings in
photography, art,
literature, music,
chemistry, cooking,
flower arranging,
design, metallurgy,
printing, and of
course mathematics.




Reflect and discuss 4
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e Compare your answers to Practice 5 with others in your class.

Did you all find the same functions g and f?

o Write down a non-linear function that models a real life situation,
and decompose the function. Explain what the decomposition of the

function means in the context of the problem.

The function (f + g)(x) is the same as
Sfx)+g(x).

The function (f — g)(x) is the same as

f(x)- g(x).

For two functions f(x) and g(x), the domain of

(f+ 2)(x) and the domain of (f— g)(x) is the
intersection of the domains of f(x) and g(x).

1 fx)=2-5x, g(x)=x2—4x, h(x)= %2 and
2

k{x):—;, x#0.

Write down these functions in simplest form:
a (f+g)x) b (g-/)x) € (f+h)x)
d (g-nx) e (htkx) f(k-h)x)
g (f+R)x)

2 State the domains of functions fand g below.

Find fog(x)and go f(x), and state their
domains.

a f(x):x+1,g(x):m
b f(x)=x% g(x)=+/x—1
¢ f(x)=x2+x, g(x)=2-3x

3 Given the functions p(t)=4t+1, g(t) = > -4
and r(f)= %, t #0, find these functions and state
their domains:
a p@®) b q(r()

¢ pr(®)) d r(g@)

4 Given the functions f(x):l, g2(x)=2x+4
x

and h(x) = x* =2, find in terms of £, g and # the
functions:

a 244 b 4x2+16x+14
e
5 Given that f(x)=xT_2 and g(x) =2x +1, find:

a g(f(a)) b f(g(-0)

The composite function of fand g is the function
f followed by the function g.

You can write go f(x) or g( f(x)), and say
‘gof fofx.’

go f(x)=g(f(x)) means f followed by g.
fog(x)=f(g(x)) means g followed by f

:Problem solving

E W

10

If f(x)=3x+%k and g(x)= X;“  find the value

of k such that the composite functions feog
and go f are equal.

If f(x)=2x-3 and g(x) =22, find:
a f(g(x-1) b g(f(-3x))
If f(x)=x—1and g(x)=4x+3, find
g(f(3x2-1)).

The notation [x] means the greatest integer
not exceeding the value of x. If f(x)=[x],

g(x)=15x, and h(x)z%, find:
a f(g(3)) b reesy

The number of bacteria B in food refrigerated
at a certain temperature can be modelled by
the function B(7)=20T2% -807 + 500, where
1<T <15, and T'is in degrees Celsius. When
the food is taken out of the refrigerator, the
food temperature 7' can be modelled by the
function T'(¢t) =4t + 2, 0 <t <4, where ¢ is the
time in hours.

¢ h(f(m))

a Find the composite function BoT (¢) and
explain what it means in the context of the
problem.

b Determine how long it takes for the bacteria
count to be 5000.



11

12

A store owner adds 50% to the wholesale price
to decide the selling price of items in the store.
If items do not sell in 4 weeks, he sells them at
a 20% discount.

a Write down a function that represents the
selling price s of an item in terms of its
wholesale price w.

b Write down a function that represents the
discounted price d of an item in terms of the
selling price.

¢ Write down a composite function to
represent the discounted price in terms of
the wholesale price.

d Find the discount price of an item whose
wholesale price was $72.

From an online shopping store you receive a

$5 discount coupon. You go online to spend it,
and see that your favorite shoe store is having a
25% sale.

a If xrepresents the original cost of a pair
of shoes:

i write down a function f(x) that
represents the cost effect of using your
discount coupon

An oil spill is modelled as a circle of radius »
meters. At time £ =0 the radius is 70 m. The
radius increases at a rate of 0.8 meters per minute.

a Express the radius r as a function of time.

b Find the composite function 4 o () where
A(r) 1s the area of a circle of radius 7.
Explain what it means,

¢ Determine how long it takes for the area of
the oil spill to exceed 100000 m?.

The formula K(C) = C + 273 converts Celsius
temperature into Kelvin temperature. The

formula C(F)= g[F—SZ) converts Fahrenheit
temperature into Celsius temperature.

a Write down a composite function to
convert Fahrenheit temperature into Kelvin
temperature.

b The boiling and freezing temperatures in
Fahrenheit are 212° and 32° respectively.
Find the boiling and freezing temperatures
in Kelvin.

ii write down a function g(x) that
represents the cost effect of a 25% sale

iii writedown a composite function that
represents how much you would pay
for the shoes if you first use the discount
coupon and then apply the 25% sale

iv write down a composite function
that represents how much you would
pay for the shoes if you first apply the
25% sale and then use the discount
coupon.

b You find a pair of shoes you like for $50.
Evaluate the price of the shoes using the
two composite functions you found in
aiii and iv, and state the difference in price
between them.

For each question, find two functions f
and g whose composition is the function
h(x)= fog(x).

a hx)=—(x+1)*+7 b h(x)=34-3x

¢ h(x)=—5x2-8 d h(x)=ﬁ

e h(x)=10"*

The speed of a car, v(in km/h) at a time ¢
hours, can be modelled using the function
v(£) =40 + 3¢+ 2. The rate of fuel consumption,
r (in liters/km) at a speed of v km/h can be
2
modelled by the function #(v)= (ﬁ— &1) +0.2.
a Write down the function (v(¢)), the rate of
fuel consumption as a function of time.

b Find the rate of fuel consumption for a trip
that lasts 4 hours.

Composite functions can also be used to create
and/or explain number puzzles. Ask a friend
to think of any number, then:

e multiply the number by 4 and then add 6
e divide the result by 2 and then add 3.

a Write down the steps as functions, and the
composite function that shows the order in
which the steps are executed.

b Simplify the function, and explain how to
find your friend’s number.

Make up your own number puzzles which you
can solve using composite functions.



Global context: Scientific and technical innovation

Understanding onto and one-to-one functions
Finding the inverse of a function algebraically
Finding the inverse of a function graphically

Restricting the domain of a function, if
necessary, so that its inverse is also a function

Justifying that two functions are inverses of
each other

Justifying that a function is self-inverse

Test generalizations and conclusions

‘What are onto and one-to-one functions?
How do you find the inverse of a
function?

How do you know when two functions
are mmverses of each other?

Is the inverse of a function always a
function?

Are there functions that are self-inverses?
Can everything be undone?




You should already know how to:

e decide whether a mapping
diagram or a set of ordered
pairs represents a function

1 Decide which diagram represents a
function. If it does not represent a
function, state the reason why.

a A f B

2 M=1{1, 2,3, 4}. Determine whether or not
each relation is a function from M to M.
If it is not a function, state the reason why.

a R ={(2,3),(1,4),(21),3 2), (4 4)}
b R,=1{(2,1),(3,4),(1,4), (4 4)}

e use the vertical line test
to decide if a relation is a
function

3 Use the vertical line test to determine if
each relation here is a function.

a b YA

{ierajesey

\\// * =T

o form the composition of
two functions

4 For the functions f(x)=2x + 1 and
g(x)=x2+1,find:

a fog(x) b gof(x)




‘What are onto and one-to-one functions?

How do you find the inverse of a function?
For a relation between two sets to be a function, each element from the domain
must map to one and only one element in the range.

For a function f: A — B:
e FHach element in the domain 4 must have an image in the range B.

e Each element in 4 can have only one image in B. So if a function
contains two ordered pairs (g, b,) and (a, b,), then b, = b,.

Onto functions

This mapping diagram shows a function f: 4 — B.
A f B

ey
=
.

Each element in the domain 4 maps to one, and only one, element in B.
The element s in B, however, is not the image of any element in 4. Therefore,
f: A— Bisnot an onto function.

A function f: A — Bis onto if every element in B is an image of an
element in 4.

In this graph of y = 21(9:— 1), if you draw horizontal lines through every possible

y-value then these lines will all intersect the graph line, because every element
in the range (y-values) is the image of an element in the domain (x-values).

The horizontal line test for onto functions: a function f is onto, if and
only if its graph intersects any horizontal line drawn on it at least once.

Reflect and discuss 1
® Do all graphs of straight lines represent onto functions? Explain.

® Draw three different graphs that represent onto functions, and specify
the domain and range of the functions.

ALGEBRA

The element s in B
is not the image of
any element in 4.

1
Ya Y=5k=-1)
21L 2
1
/
-1 0" 31 5x
1 [




numbers, hence this function is not onto.

If, however, we define f(x)= x?such that f: R — R* u{0},
then f(x) is an onto function, and the graph for these y-values

fix),
Top right is the graph of the function f(x): x2, f: R— R.
As x can assume any value, the domain of the function is
the set of real numbers. The range is the set of non-negative real
fx),
passes the horizontal line test. E

One-to-one functions

This mapping diagram shows the
function /- X > ¥, X={1, 2, 3, 4}
and Y= {4, B, C D}.

f1s a one-to-one function.

A function f: A — B is a one-to-one function if every element in the range
is the image of exactly one element in the domain. In other words, a

function f is one-to-one if f (a,) = f (a,) implies that ¢, = a,.

Looking again at the graph of y= %(xfl), every y-value is the image of
exactly one x-value, so y is a one-to-one function. If you draw a horizontal
line through every possible y-value, these lines will all intersect the graph line
once only.

The horizontal line test for one-to-one functions: a function fis one-to-one,
if and only if its graph intersects any horizontal line drawn on it at exactly
one point.

Reflect and discuss 2

e How does the horizontal line test for onto functions differ from the
horizontal line test for one-to-one functions?

e s every straight line a one-to-one function? Explain.

e Is a quadratic function one-to-one? Explain.

e Draw three different graphs that represent one-to-one functions.
e How can a function be onto but not one-to-one?

e How can a function be one-to-one but not onto?

e (Can a function be neither onto nor one-to-one? Explain.

B

A y=%(}:—1)
2- =]
t e
e o Y
0L-1 2 3 2 5«
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Example 1

Determine which of these functions are onto, one-to-one, both, or neither,

a YA b YA C YA
™\ s *
0 x
0 X
fRoR RS R fFFRR-U0}
a woo
T / .
/ \\O /'f % Use the horizontal line tests.
/ 7

Horizontal lines intersect the graph in at least one point, so the function
is onto. Some horizontal lines intersect at more than one point, so the
function is not one-to-one.

/

0 X

b

Some horizontal lines do not intersect the graph, so the function is not
onto. Horizontal lines do not intersect the graph in more than one point,
so the function is one-to-one.

C Y

AV RN

¥

The range is the set of non-positive real numbers, hence it is onto. It is
not one-to-one since horizontal lines intersect at more than one point,



Practice 1

1 Determine which of these functions are onto, one-to-one, neither or both.

a fR—-R
A
5
4
TN s \
\\') \'\
2 «
s4824°% 1234 !\ﬁ?

€ fifx:—2<x<8} > {y:-1<y<1}

A

T,

o
_—
|1
""'l..__“

—
=Y

A

e ffFRHR

>

— Mo w -9 ol

|
[4]
]
|
(8]
|
(]
|
=
=]
= ol
"
=¥

OO
=

F )

-3 <y<4}

&~

o

Tl

= R W

3

=5

=¥

b fiAd—>B;A={x:-5<x<5},B={y:
A
4 *—o0
-5 4 ‘3‘210; 45"
d fRHR
4
N »
5 404l 4 o
f FFRo{y . y=2-3}



g [{R->R h f:{x:xeR,-3<x<5}->R

Ya

[44]

- J
-‘-"-\-‘-__‘_-‘-‘

|
%]
|
Ll
=
—_
r—
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:Problem solving
2 Create your own functions that are:

a onto, but not one-to-one b one-to-one, but not onto

¢ neither onto nor one-to-one d both onto and one-to-one.

If you change the elements of the ordered pairs in a relation R by reversing
them, you obtain the inverse relation R™! = {(b,a): b€ B and a € A}. Since
a relation is a set of ordered pairs, every relation has an inverse which is
also a relation.

Exploration 1

1 A friend gives you these instructions to get to her house:
e From your home, go north on route B21 for 3 km.
e Tum right on Kanuga Drive.
e At the 4th traffic light, turn left on Georgia Avenue.
e My house is the 5th one on the right.

Write down the directions to get back home from your friend’s house.
Explain how you worked them out.

2 a Write down a function fthat models the steps in the algorithm below.
State its largest possible domain and range.

e Start with a real number x.
e Addd4.

e Divide the result by 3.

e Subtract 5 from this result.
e The final answer is y.

Continued on next page
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b Write down the inverse algorithm that starts with ¥ and leads to x.
Write down a function g that models the steps in this inverse
algorithm. Look at your functions fand g. Explain how you can get
from fto g algebraically.

¢ Rewrite g, interchanging the x and y, so that g: x — y. Justify that g is
a function, and state its largest possible domain and range.

d State whether fand g are:

i one-to-one functions ii onto functions. Simplify the
e Draw the graphs of f(x) and g(x) on the same set of axes. Write down functions before
the equation of the line of symmetry. graphing them.

Step 2 of Exploration 1 goes through the algebraic process of finding the
inverse of a function: reverse the process by making x the subject, then
interchange the x and y variables.

The notation for the inverse of a function fis /.

Inverse functions:

1 The inverse of a function f: 4 — B is the relation formed when the
domain and range of the function are interchanged.

2 The graph of the inverse of a function is the reflection of the graph of
the original function in the line y = x.

3 Ifthe inverse relation is also a function, then it is the inverse function of
the original function, /~!: B— A. We say that the function is invertible.

Example 2

Find the inverse of the function f(x)= %(69{ —-5).

= é(ﬁl’— 5) Write the function using y instead of f(x).
Sy=6x-5 Make x the subject.
6x=5y+5=5(y+1)

=2
x==(y+1)
y=g(x+1) Interchange x and y.
. 5
Soit)= g(x +1) Write in inverse notation.

You can also interchange the x and y variables first and then isolate y.
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Reflect and discuss 3
e Are all linear relations also linear functions? Explain.

e Is the inverse of any linear function also a function? Explain.

Example 3

a Find the inverse of the function y = ﬁ+ 3, x#2, algebraically.
b Confirm your answer to a graphically.

¢ Determine if the inverse is also a function.

I+3

a M=

| =
i |
b3

P

(y-3)x-2)=1

28]

x—Z:L
Ty

x:%+2, y#3 State the excluded value.
=

y=%+2,x¢3 Interchange x and y.

e
b Ya

“‘uﬁ____ . — 42 Graph the function and its inverse.
=—¥-§_:\ 2 = o Add in the graph of the line y =x
y=- 12 3 -__&:_____\\ ' to check that one graph is a

reflection of the otherin y=x.

f(x) =%+2 is the inverse of f(x)= Lz+3 because it is a reflection in
= R
the line y = x.

c f(x) :%+ 2, x#3 1s a function because it passes the vertical line test.
=

Practice 2

1 Write down the inverse of each function, and state whether or not the
inverse is also a function.

a f(x)={G, D, (1,1, (31,1, D}
b g(x)=1{(2,4),(-5, 3), (-2,-3), (1, 1), (-4, 4), (-1, -2), (3, -1}}
C h(x) H {(0: 0)! (72!4): (71! 4)! (2! 2): (73! 73)! (4! 4)! (]-! 71)}



:Problem solving

:2 Copy each graph and draw the inverse on the same set of axes.

:  Determine if the graph of the inverse of each function also represents Use the vertical

:  afunction. line test,
: a N b 4 c 7
: 3 8| 4
: 2 6 S~
1 — 4 — 2+
4 = fone
T T —1 T T ’X 2+ // T 1
B 2 11 2 4 5 <
v =T ] $ 0 T T T |'§ | | ?/ "0 | X
R 2% 2 4 6 8 10 g T iR
/
! 19 |
-3 -4 /
: / 3
: /
: | Lg
E d y/ e /\ f A
5 1 bl
: 4 s
: ol 1 s =
: 31— 1) 12 s+ 56 o
: 24 ! /
H ' e . 2 f .
: ] | 3 T jli >
| B — = a2 1o I3 O X
s5aB8o0% 123 4" -4 T E2q, $
g L. o
: I T 4 i
‘ A3 & II l._3_
\;]
I

:3 Find the inverse of each function algebraically. Determine if the inverse of
:  the function is also a function.

a y=—4x+1 b y=4f%x c y=_x3_5
é _ 1 _ 1 | _
f d y——l—;,x#l} e y—m,xi 5 f y—x2+1
g y=x° h y=3x+2,x>-2 i y:x+;,x¢2
o

How do you know when two functions are inverses of each othet?
Is the inverse of a function always a function?

Exploration 2

1 Draw the graph of the quadratic function y = x2. State the largest possible
domain and the corresponding range of the function y = x2.

2 Find the inverse of the function algebraically.

Continued on next page
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3 Draw the inverse on the same graph. Draw the line y = x and confirm
that your graph shows the inverse of the function.

4 Determine if the inverse of the function is also a function.

5 Determine how you can restrict the domain of y = x? so that its inverse is
also a function.

6 State the domain and range of your new function and the domain and
range of its inverse function.

Reflect and discuss 4

e Isthere more than one way of restricting the domain of the function
y = x? so that its inverse is also a function?

e Is the function y = x? one-to-one and onto?

e When you restrict the domain of y = x? so that its inverse is also a
function, does it become one-to-one and onto?

If the inverse of a function is not a function, you may be able to restrict the
domain of the function so that its inverse is a function.

Th The proof of this
erem theorem is beyond
The inverse of a function f'is also a function, if and only if fis both an onto the level of this
and a one-to-one function. course.
Example 4
: a Find the inverse of y = x% — 1 algebraically, and confirm graphically.
b If the inverse 1s not a function, restrict the domain of the function so that
its inverse is also a function, and confirm graphically.
a yp=x22-1 Find the inverse.
x2=y+1 _ Y/
=+ I - I— i f”
x=%Jy+1 — 1t e
y:i-\fx+]_ I"v.l‘ L %/_\J VAT
o Graph both functions
y =1Jx +1 is the reflection of y = x% — 1 \/|.”l/ R andpconﬁrm b pnels
in the line y = x. ,\,{ A [ [* a reflection of the other
y=ix" K‘\\ in the line y =x.
,// f3(.?\‘ =—\x 41

Continued on next page



b A
& ]
[ .~ B e
5 / L Try dividing the original
[ 4] A | function into pieces that are
2 T i both one-to-one and onto.
[ | i} |
a ,"‘; f” —
k/_, jf ftr =+
Sl
L LA T 1 5 g* Define the restricted
% t ol 1 k=10 domain for each section.
A 0|=22]= 1. Je= ¢
Restricted domainx =0
A
° |
~
y=x |~
i 5 = |
\ ’
\ | 4 4
\ = X t’
" ’
Wk =1
HA—t-2— e Write the inverse using
[N P I | function notation.
\\\ /” -
T T T T
B H Y 12 3 45 6F
o h0 = —[Vx+ 1
I.l/ 9 \"‘\_______ 3
al 2 \‘|

Restricted domain x < 0

Therefore, for the domain x > 0 of f, f~1(x)=Jx+1.

For the domain x <0 of f, /~1(x)=—x +1.

a Find the inverse of f(x) = x> — 6x + 2 algebraically, and confirm graphically.

b Restrict the domain of fso that its inverse is also a function, and state its
domain and range.

¢ State the domain and range of /.

d Confirm graphically that the inverse function is indeed a function.

3
a F= = 0p k2 You cannot immediately isolate x.
x2-6x=y-2
x2-6x+9=y-2+9 Complete the square to solve for x.
a2 (You could also use the quadratic
(=3 =y+7 formula to solve for x.)
x—3=%fy+7
x=3%Jy+7 Interchange x and y.

y=3tvx+7

Continued on next page



ALGEBRA

Since one graph is the reflection of the other in the line y = x,
they are inverses of each other.

B/

_ - S
y43=ix+f e
4 II” /
1 L
& 21— / | Draw the graphs
| \""'I““-- — | 1 ¢ and the line y =x.
8 6 -4 2,6/\ 2 4 x
| ,,'.’_2_ ! ! |
/”Y =X /
] \/y=xz_sg+z
b The vertex is (3, 7). Therefore for Identify the domain that would make the function onto
the iiverse to be a fufiction. the and one-to-one by finding the vertex of the parabola
domain of fis either x > 3 or x < 3. either graphically, or using the formula x =,g, y= f(—%].
¢ The domain of fis x > 3.
Then the domain of f 1 is x > 7.
=i i :
and the range of f~ is y > 3. Select a domain such that the inverse
N is a function, and graph it.
— 8- -
d y43+ {0+ 7 e
/”‘"} ’/”
// . —f
1 N ’1’
e _é -4 _:i /6 I2 ! é é 4
’ | o | Check that the graphs are
B A symmetrical about the line y=x.
’t,} =X |
St o Ay=d-8X+2,x=3

o

The graphs are reflections of each otherin y =x.

Practice 3
For each function in questions 1 to 8;

a Find its inverse algebraically, and confirm graphically.

b Ifthe inverse is not a function, restrict the domain of the original function
so that its inverse is also a function and write the inverse function with its
restricted domain.

1 f(x)=5x-2 2 f(x)=7f%x 3 f(x)=x%-3
4 f(x)=1-x2 5 f)=2*L x20 6 f(x)=(x—2)?

7 fx)=x2+2x-4 8 f(x)=2x2-4x+5



iProblem solving

9 Below left is the graph of the absolute value function f(x) = |x|. The domain
: is the set of real numbers. The range is the set of positive real numbers la|=afora>0.
and zero. Reflecting the graph of f(x) =|x| in the line y = x gives this graph |la| = —a for a < 0.
of the inverse, below right.

A A

s
=

.
2 /] 2 o

/ /
1 | E P A

59 1 3 37 B e hNg 2 3*
._2_ l 1 | ._2_
| -3 =3

Explain how you could restrict the domain of fso that its inverse is a function.
Write the inverse function for fwith your restricted domain.

Objective D: Applying mathematics in real-life contexts
iii. apply the selected mathematical strategies successfully to reach a solution

Apply what you have learned about inverse functions in solving question 10.

1 0 In sports like bowling or golf, players often have a ‘handicap’ (4).

: A handicap is a number added to a player’s score to allow comparisons
with players of very different levels. For example, if you bowl a 150 and
your handicap is 30, while Davinia bowls a 170 and her handicap is 5,
then you would win, 180 to 175. Handicaps are usually calculated based
on a bowler’s average score (s).

In one bowling league, handicaps are calculated using:
h(s)=0.9(220-3s)

a Write down the domain of /(s). Explain why it needs to be restricted.

In bowling, a
handicap is never
less than zero.

b Find the inverse of k(s) and confirm your result graphically. Use your
graph to determine if the inverse also a function.

¢ Find the average score for an opponent whose handicap is 15.

rA ‘perfect’ game in ten-pin bowling is achieved by
a score of 300. This can be done only by getting
12 strikes in a row, where a strike is knocking down
all ten pins with one ball. However, when you bowl
an optimal strike, the ball itself hits just four pins,
The rest of the pins are knocked down by other pins,
rather than the ball, and any pin will fall if it tilts just
9 degrees from upright. A right-handed bowler’s ball
will connect with the number 1, 3, 5 and 9 pins, and a
left-handed bowler’s ball will connect with just the 1,
2, 5 and 8 pins. So, a perfect game can be the result of

the ball connecting with just 48 pins. -
\_

v




This mapping diagram shows a function and its inverse.

f maps x onto f(x) and then £ ~! maps f(x) to x.
So the composite function f~!o f(x)= x. Similarly fo f~1(x)=x.

ALGEBRA

If two functions fand f ! are inverses of each other, then fo f1(x)=x
and flo f(x)=x.

Example 6

Confirm algebraically that the given functions are inverses:

a f(x)=2x+3 andf—l(x)=x7_3'

b f(x)=—+3,x#2and f\(x)=

2x-5
X2 x#3
x—3

a fofl (x)=2(17‘3j+3
=x-3+3=x

f,l Of(x)=2x+23—3=%=x

fof Y (x)=xand f'o f(x)=x, so fand f ! are inverse functions.

b fef(x)=

= 1 1
fafl(x)=2x_5 2+3= —+3

x-3 x-3
=x-3+3=x

Since flo f(x)=x= fo f!(x), the functions are mutual inverses.

Find f o f~1(x) and simplify.

Find f 1o f(x) and simplify.

Check that both composite
functions are equal to x.

Find f~1o f(x) and simplify.

Find f o f~'(x) and simplify.

Check that both composite
functions are equal to x.



Practice 4

In questions 1 to 8, determine algebraically whether or not the pairs of
functions are inverses of each other.

1 f(x)=x-3;g(x)=x+3 2f(x):4x+8;g(x):—ix—2
3 f(x)=—2x-2;8(x)=-5-2x

4 f(x)=vx+2-2,x2-2:g(x)=(x—-2)2-2

5 /(=220 120, g()=(x+ 2P 222
_ _ _5+2x
6 f(;v.f)—}ri2 2,x12,g(x)—2+x,x¢ 2

1- 1-
7 f(x):i:xi_l;g(x):i:xi_l

:Problem solving

8 f(0)=-222-2; g(r)= 2

Exploration 3

In Practice 4, question 8, many students think that fand g are mutual
inverses when, in fact, they are not.

1 Graph the functions and state why this is the case.
2 State, therefore, the difference between fog and go f in this example.

3 State what additional information must be given when determining
whether or not two functions are mutual inverses.

Exploration 4
1 For the functions f(x)=3x— 1 and g(x) =2x+ 3, find:
a f(x)and g7'(x) b fog(x) ¢ [fog(x)]!
d flog(x) e glof1(x)
2 Repeat step 1 for these functions:
a f(x)=2x+5;g(x)= 3x2_1 b f(x)=x?+x-1;g(x)=x+1
3 Make a conjecture about the relationship between (fog) ! and g7lo f71.

Reflect and discuss 6 You should have
. . . discovered this in

Which is easier, finding (fog)™! or g7lo f717 Eorioratond The

proof of this result

. is beyond the level
For any two functions fand g, fo g '(x)= g lo f1(x). of this course.




ALGEBRA

Are there functions that are self-inverses?
Can everything be undone?

The inverse of the function f(x) =2 — xis f “(x) =2 — x, s0 f is its own inverse.
You can say that fis self-inverse.

A function f'is self-inverse if f~1(x) = f(x).

Exploration 5

1 Determine algebraically and graphically whether or not any linear
function of the form f(x) = k—x, k c R, is self-inverse.

2 Determineif f(x) =£, k € R, is self-inverse. Are there values of k for
x

which the function is not self-inverse?

3 Determine if f(x) =LI, x# 1, 18 self-inverse. Are there values for &
—

other than 1 for which f(x) is not self-inverse?

4 Determineif f(x)= %f, x# 1 1s self-inverse. Are there values of & for

which f(x) is not self-inverse?

For a function f: A — B,

o each element in the domain 4 must have an
image in the range B.

® each element in the domain 4 can have only
one image in the range B.

A function /. A — Bis onto if every element in B
is an image of an element in A.

A function /. A — Bis a one-to-one function if
every element in the range is the image of exactly
one element in the domain.

The horizontal line tests:

A function fis onto, if and only if its graph
intersects any horizontal line drawn on it at
least once,

A function fis one-to-one, if and only if its
graph intersects any horizontal line drawn on it
at exactly one point.

If the inverse of a function is not a function, you
may be able to restrict the domain of the function
so that its inverse is also a function.

1 The inverse of a function f: A — Bis the
relation formed when the domain and range of
the function are interchanged.

2 The graph of the inverse of a function is the
reflection of the graph of the original function
in the line y = x.

3 Ifthe inverse relation is also a function, then it
is the inverse function of the original function,
f~1: B—> A. We say the function is invertible.

Theorem

The inverse of a function f'is also a function
if and only if fis both an onto and a one-to-one
function.

If two functions f and f ! are inverses of each
other, then fo f1(x) and f'o f(x) =x.

For any two functions fand g,

(fog) ' (x)=g"o f(x).

A function f is self-inverse if f~1(x) = f(x).



1 i Determine if these relations are functions. 3 Justify which of these functions have inverses

ii Find the inverse of the relation. that are also functions.
iii Determine if the inverse is a function. a f:RSR

a R=1{(1,2),(2,3),(3,4),4,5)} 3/

b S={-2,0,G, 1,5, 1),(®,7),(0,0)} i’

c T={0,-1),(3, 1), (-4,-1), (-3, 6), (3, -1)} f\;

2 Determine whether each function is one-to-one, { & S
onto, neither, or both. 2
a f:Ro>R 1'\ }
__5_’3‘_ — B N2 *

5442 4° 1 ...\;'3.4 5 %
I, | |
b f Ro>R
Y
B
L4
:3-_.-‘_;_)_....-
AL
7 |
1-6-§4-3-3-19 1 &
i S,
c fRSR
A
. 4] 3
\3 M E
P - d f{Ro[y:y2-1}

(M \\ T
[l 4
N

5




4 a For each function below, find its inverse
algebraically, and confirm graphically.

b If its inverse 18 not a function, restrict the
domain of the original function so that its
mverse 1s also a function, and write down the
mnverse function with its restricted domain.

i f(x)=-3x+8 i f(x):%x—l

i f(x)=4-x2 iv f(x)=3x2-2
1

e o
v f(x):—Zx—I’ xii

5 Find the inverse of each function algebraically.
Determine whether or not the inverse of the
function 1s also a function. If the inverse relation
18 not a function, restrict the domain of the
function so that its inverse 1s also a function,

a f(x)=>5x b f(x)=6x+2
c f(x):%x% d g(x)=x;2+l
e h(x)=x2-3 f p(x)=%+2,xi0

99(0)=""2,x%3  hsx)=Vx+3,x>-3

6 Justify algebraically that these pairs of functions
are inverses of each other.

4

a f(x)=-Tx+4 ;g(x)=f%x+?

b f(x)=x_—_21+3,x¢1 : g(x)=i—:§,x¢3

. T 3
¢ flx)= 3+2@,x20;g(x)=7(2x;3)

1 Aryabhata, a 6th century Hindu mathematician,
came up with this puzzle:

e 5isadded to a certain number,

® The result is divided by 2.

e That result is multiplied by 6.

® Then 8 is subtracted from that result.

® The answer is 34.

e Find the number.
Starting with 34, write down the steps, in order,
necessary to arrive at the original number.

2 Choose a number, add 6, multiply the result
by 2, subtract 12, and finally divide by 2.

a Justify the result you obtain.
b Invert the process and justify the result.

3
Nadx+13
2

2
d F)=2+ B d,r2d o) = =ed

e f(x)=x2+3x—l,x£_%;g(x)=_ —3

7 The weight w in kg of a certain type of fish is

related to its length /in cm, and can be modelled
by the function w = (9.4 x 1076) x /3,

By obtaining the inverse of the model, determine
the length of a fish that weighs 0.58 kg.

Objective D: Applying mathematics in real-life
contexts

iii. apply the selected mathematical strategies
successfully to reach a solution

To correctly answer the questions, you will have to decide
which function is best to use, the original or the inverse.

8 A computer company uses the formula

d(f) = 700 — 12¢ to find the depreciated value in
d dollars of computers r months after they are
put on sale.

a Calculate ¢(24) and state what this means.

b Find rsuch that d(r) = 50, and explain what
this value means.

¢ Write a formula for 4 ~!(¢), and explain what
the formula means in this context.

d Find after how many months a computer will
be worth $500.

e Find such that d-1(¢) = 100, and explain
what this means.

Ask a classmate to think of a positive integer.
Then perform the following operations in order
on the given number:

Square the number.
Multiply the result by 2.
Add 3 to the result.
Ask for the final result.

Write the process above in the form of a
function, then write its inverse so that you can
identify the number that your classmate started
out with. Find the original number. State for
which numbers this puzzle would have no
solution.

Make up your own puzzle whose result is the
same as the number you start with.



LOGIC

How can we get there?

Global context: Scientific and technical innovation

Objectives

¢ Describing translations using vectors

¢ Adding and subtracting vectors

* Multiplying a vector by a scalar

» Finding the magnitude of a vector

o Finding the dot product of two vectors

¢ Using the dot product to find the angle
between two vectors

» Solving geometric problems using vectors

Inquiry questions

Q:

‘What is a vector?
How do you find the magnitude of a
vector?

How do you perform mathematical
operations on vectors?

How can vectors be used to solve
geometric problems?

Can logic solve everyday problems?

PATL Critical-thinking

Consider ideas from multiple perspectives ]




GEODOMETRY AND TRIGONOMETRY B

You should already know how to:

e find the distance between 1 Find the distance between each pair
two points of points:
a (4,7)and (11, 5)

b (-3,-2)and(1,1)

e solve linear simultaneous 2 Solve the simultaneous equations:
equations 3x+5y=5
2x+y=1
® use the cosine rule 3 Find the size of angle A.

What is a vector?
How do you find the magnitude of a vector?
The map shows part of Salt Lake City, USA, which has a grid layout.

You can give directions in this area of Salt Lake City by giving the number of
blocks to travel in an east-west direction, and in the north-south direction.

= 9th Ave 9th Ave .
g A block is the
§ distance between
I.f_& 8th Ave 8th Ave two adj acent
& & % & & & & & 3 & intersections.
=T [=5] [&] o [Te] [T [} I s -
Tth Ave Tth Ave
6th Ave 6th Ave
City creek
canyon
5th Ave 5th Ave
4th Ave 4th Ave
3rd Ave 3rd Ave
2nd Ave 2nd Ave
& & & & & & & & & &
=T [=5] [&] o [Te] [T [} I [l -
1st Ave 1st Ave

E South Temple E South Temple



Exploration 1
1 Using the map of Salt Lake City, write down instructions to get from:

a the intersection of A Street and 1st Avenue to the intersection of
H Street and 3rd Avenue

b the intersection of D Street and 2nd Avenue to the intersection of
G Street and 7th Avenue

c the intersection of F Street and 3rd Avenue to the intersection of
A Street and 6th Avenue.

2 You can use a column vector to represent a translation from one point
to another.

3 i .
The column vector( ] means 3 units right and 4 units up.

4

Describe these translations in words:
1 8 2 4
) () <) ()

:4] means 3 units left and 4 units down.

3 The column vector (
Using the map, write down the column vector for the journey from:

a the intersection of A Street and 3rd Avenue to the intersection of
C Street and 8th Avenue

b the intersection of J Street and 4th Avenue to the intersection of
B Street and 8th Avenue

¢ the intersection of C Street and 8th Avenue to the intersection of
G Street and 3rd Avenue,

4 For each vector below, start at the intersection of F Street and
5th Avenue. Write down your final position after a translation of:

JARC R AR R

You will usually use column vectors to describe translations on a coordinate grid.

A column vector describes a translation.

A column vector has an x component and a y component: (x}
¥

The x component tells you how far to move in the x-direction.

The y component tells you how far to move in the y-direction.

Continued on next page



GEDMETRY AND TRIGONOMETRY

—
AB is the vector representing the translation from 4 to B.

On this grid, 4B = (f] A

The position vector of a point is the vector from 4
the origin O to the point. 3 b

—_ 1
On this grid, DA = (2]

o
o

N
w4
~

o -
o

0) . . "
(3] is the zero vector. It is the position vector

of the origin.

Example 1
A 1s the point (4, 9) and B is the point (6, 4).
Find 4B.

—> (6 4 2
4 =(4 ,9J = (,5J From A to B you move 2 units right and 5 units down.

Reflect and discuss 1

e How does the vector AB= ( ’ ] relate to the coordinates of points
-5
A and B? -

e What operation would you perform to find the vector 4B if you knew
the coordinates of 4 and B?

e How could you find the vector BA from the coordinates of 4 and B?

Practice 1

1 a Write down the column vectors for these translations Y
on the grid. &1 s
s .. = T — H4 *
i AB ii AC iii AF .
. == e = v
iv GF v OD vi OC . P
b Write down the column vectors for: | — 24—
. - | —> e . A
i ADandDA ii EG and GE = .
¢ Conjecture the relationship between vectors 543219 1 23 125 6
— — ! 1 p—1 i I
of the form PQ and QP. F] e
d Write down the position vector of: ] 3
i 4 i B i C v 0O N S S
e Write down the point with position vector: =5

i (:3 i (’33] ii (_24]



2 On this grid, find two points so that the translation from one to the other is:

el <l 4l

/Y

¥

1

oo
1
b P~
1

=]
=
.
w
—~—

-7 -8 § -4

3 On aclean grid, start at the point with coordinates (3, 4). Write down the
coordinates of the point after each translation:

2 -3 -3 11
o) e (D) <) <y
4 Write down the vector that translates:

a M(-2,4)to N(1, 6) b P4, 6)toQ(l1,3)
¢ R(11,-2)to 8(7,5) d T(-5,1)to U(-6,-3)

:Problem solving

: = =2 : —»

:5 CD= ( i ] ‘Write down the column vector DC.

: ‘ . 4 —> (2 — (3
:6 Point 4 has position vector (2] AB:(—&] and BC=( x ]

a Show points 4, B and C on suitable axes.
b Write down the position vector of point C.
:7 Write down three pairs of points, where one transforms to the other

by the translation (_;]

: 2 5 .
A journey of (2] 1s shown on this section Shae A

of the Salt Lake city map.
The length of the journey is 4 blocks.

4th Ave
The larger map, on the next page,

shows different journeys of length 4 blocks.
Each is labelled with a vector: a, b, ¢, etc.

CS
D St

3rd Ave




GEDMETRY AND TRIGONOMETRY

- Y Tth Ave
6th Ave
_— hBth Ave
A 4th Ave Tip
e Single letter vectors
are printed in bold.
3rd Ave When writing
vectors by hand, in
some countries the
\ convention is to
2nd Ave underline them, e.g.

a, b, and in others
they are written
with an arrow
above, e.g. d, b.

A St
B St
CSt
D St
F St

o
b [ S e——

15t Ave

Reflect and discuss 2

e Are any of the journeys shown on the larger map the same as the one
on the smaller map?

e What does it mean for two journeys to be the same as each other?

Vectors are equal if their components are equal. This means that they are equal
if they represent journeys that have exactly the same instructions. Two vectors
are not equal if they point in different directions, even if the length of the
journey is the same.

The starting position of the vector doesn’t matter. Walking two blocks east and

2
two blocks south has vector ( 2], no matter where you start from.

Two vectors are equal if their components are equal.

valz(?l]and vzz(z]then v, =v, ifand only if ¥, = x, and y, = y,.




Exploration 2

1 A hiker walks 3 miles due east and then 4 miles due north.
a Sketch her walk.
b Write down the total distance she walks.

¢ Find the shortest distance between her starting position and
ending position.

2 4=[> \
() |
. — SN
The diagram represents the vector AB. AB \
Find the shortest distance from A to B, \
3 D= m B
y
a Sketch a diagram to represent this vector.

b Find the shortest distance from Cto D in terms of x and y.

The length of a vector, or the (shortest) distance from one end of the vector to
the other, 1s called the magnitude of the vector. The magnitude of vector v is
written |v|.

The components of a vector represent perpendicular distances, so you can use
Pythagoras’ theorem to find the vector’s magnitude.

|v|, the magnitude of v =(;], is given by |v| = /%2 + ¥2

Example 2

A=(4,11)and B=(-3, 7). Find Hﬁl Give your answer correct to 3 s.f.

— -7
AB:(_4]
4Bl = J7)7 + (—4)?
=65

=8.06(3s.f))

v|=yx* +y?



GEDOMETRY AND TRIGONOMETRY

Vectors a and b both have the same magnitude:

la| = /52 +52 =+/50 and |b| =\/7’~’+(—1)2 =50 =

But a and b are not equal because they have ——
different components:

)

Even though their lengths are the same, they point in different directions.

When two vectors a and b are parallel but point in opposite directions, a=-b

A vector has both magnitude and direction. A scalar quantity does not
have a direction. For two vectors to be equal, they must have the same
magnitude and direction.

Practice 2
1 Find the magnitude of each vector:

4t > ) < (4

2 Find the magnitude of each vector. Give your answers in exact form.
-3 1 2
* (3] b (3 < (i
() ° () r (5]
5 12 5

3 Find the magnitude of each vector. Give your answers correct to 3 s.f.

* (s b (3 « [3
 [2) “ (4 e

4 For each vectorﬁ find |Z§|

— 0 —= (10 =
3 AB:(_EJ b AB=(24] ¢ AB:{_?]
— 0.28 — 8 — —4
d AB:(_UA%J e AB:(_é] f AB=(3]

5 For each pair of points 4 and B, find |Zl§| correct to 3 s.f.
a A(1,5)and B(2,-4) b A(4, 6)and B(3, 3)
¢ A(-1,-6)and B(2,7) d A(3,5)and B(5.8,11.2)
e A(11,4)and B(4.5, 23.8) f A(8.7,5.3)and B(2.1, -14.6)

Numbers are scalar
quantities. Speed is
a scalar quantity,
but velocity
(defined as speed in
a given direction) is
a vector quantity.
Force is also a
vector quantity.
The force you
experience due

to gravity has a

size or magnitude
(your weight) and a
direction (down).



:Problem solving

56 Four points, A(1, 7), B(6, 2), C(3, -3) and D(2, 4) lie in a plane.
. Show that (4Bl = [cb|

7 Points 4 and B lie in a plane, and 4 has coordinates (6, —2).

Find four possible positions for B such that | 45| = J13.
8 The vectors u =(2;] and v=(7;__iﬂ] are equal.
Determine the values of x and y.
9 The vectors u =(;3 and v=(;_jzﬁj are equal.

Determine the value of x.

G Operations with vectors

¢ How do you perform mathematical operations on vectors?
The diagram shows two journeys in Salt Lake City:

Tth Ave A
6th Ave
Journey 2
5th Ave
A
4th Ave
Journey 1
3rd Ave
2nd Ave
& & tn & &
=T (=] (&) [=] L
1st Ave

F St



GEDMETRY AND TRIGONOMETRY

Journey 1 then Joumey 2 = Whole journey
3 -2 1
AL HEH

Reflect and discuss 3
‘What do you notice about:

e the relationship between the x components of the LHS and RHS?
e the relationship between the y components of the LHS and RHS?

A translation from 4 to B followed by a translation from B to Cis the same
as the translation from A to C: AB + BC = AC

— — —
AC is sometimes called the resultant of AB and BC.

To add vectors you simply add their components.

The vector addition law:

1fZ§={’1J andEE:[sz e

i Y2
TR =5 (2)[22)
N W Ity

You can also draw diagrams to add vectors using a graphical method. Draw
the two vectors so that the second vector begins where the first vector ends.
The resultant is the vector that joins the starting point to the tip of the second

vector:
v
u+v
u
This shows the result of performing both translations. A
Using the vector addition law: O4 + AB = OB. - =
0A_

. —_ = —»
You can rearrange this to AB = OB — OA.

You can also see this on the diagram. Another route
from A4 to Bis:

Ato O,then Oto B
—» —» —» —» - —»
or AO + OB =-04 + 0B =0B — 04

8y



: =g e
For any two points 4 and B, AB = OB — OA.

Reflect and discuss 4

. —  —»
Explain why AB + BA must be equal to the zero vector.
Hence explain why AB =—BA.

Example 3
A is the point (2, 11) and B is the point (-3, 6). Find 4B.
52:(121] 5§=(_ﬁ3] Write downa and?&i

#=05-0=() (i) (3

Example 4

A has coordinates (a, 3a), B has coordinates (b, b — 6), and E =[_48].
Find the values of ¢ and .

(1) B2

3a, b—6
et b—a 4
AB=OB—OA=(b7673a]=($]
b—a=4 —
The components of AB are equal to the
gogn S
b—6-3a=-8 components of AB given in the question.
b—3a=-2
2a=6 Solve the simultaneous equations.
a=3,b=7
Practice 3
—
1 Find AC for each pair of vectors:
a Zﬁz[SJandEE=(_2J b Zﬁz{_zJ andEE:(mJ
-1 6 4 -5
— (0 —» (-5 —» (9 — 9
C AB:[&] andBCz(“] d AB:(IZJ andBCz(_Iz]

e E:(j] andEE:(i]
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2 Find the vectors AB and BA for each pair of coordinates:
a A(0,7)and B(-1,0) b A(-1, 3) and B(4, 2)
¢ A(5,-2) and B(-6, 8) d A(3,-9)and B(12,-9)
e A(-2,0)and B(-11,-7)

-3
3 Z‘éz(_?J and point 4 is (—12, 3). Find the coordinates of point B,

:Problem solving

-3

§4 AB =( J Find the values of a and & for these coordinate pairs:

a A(Qa,a—1)and B(3b,b-17)
b A(-3a+1,a+4)and B(b-3, D)
¢ AQRa+4,3a-5)and B2b+1,-2b+3)

Exploration 3

1 On squared paper, draw the vectors a = (Z] ,b= (Is;]] and c = (186].
State what the vectors have in common.
Draw a fourth vector, d, that has the same property.

2 Explain why for any non-zero vector v, v + v must be parallel to v.

3 a Determine which of these vectors are parallel to each other:
4 2 26 ( 3 ] —4 -16
B R S
13 8 -6 -5 30
I e D P
b Hence find which vector is not parallel to any of the others.

k
4 For any vector v =(x], kv =( x].
y ky

Explain why kv and v are parallel to each other.

Scalar multiplication of a vector:

For any vector v = (x] and any scalar value k, kv = {ix].
y y

For any vectors u and v, if u= kv then u and v are parallel.




Example 5

Two points have coordinates 4(—1, 4) and B(2b, b + 2).
AB is parallel to v = (i] Find the value of 4.

— (]} —» 256 . e

0A :( ] OB = ( ] Write the position vectors.
4 b+2

— — —

AB=0OB—- 04

Zﬁ:(ibj;] Find the vector Zﬁ

2b+1 3
(.b—z ] = (4] Parallel vectors are multiples of each other.

26+1=3k
h_D—4k Write the system of simultaneous equations and solve for b.

b=-2
Example 6

Four points, A(4, 6), B(-2, 16), C(-5, 12) and D(-2, 7) lie in a plane.
Show that ABCD forms a trapezoid.

- 4 —» (3
AB:(m] BC:L_J
Find the vectors for each side of

—» — —» ==
— 3 — (6 the trapezoid: AB, BC, CD and DA.
B Pl
—> (6 3 —
AB= (m] — —2(_5J= (-2)xCD Look for parallel vectors.

—» —»
AB and CD are parallel. None of the other sides are parallel.
ABCD has one pair of parallel sides so it s a trapezoid.

Practice 4 In some parts of the world (and in

this book) a trapezoid is defined as
a quadrilateral with exactly one pair
of opposite sides parallel. In other
parts of the world this is called a
trapezium, The confusion dates
back to 1795, to a reference in a

:Problem solving

: -2
:1 The vectors u:(‘I } and vz( ¢ ] are parallel.
: a+l 3a+3

Determine the value of a.

§2 Two points have coordinates A(2, 5) and B(b— 2, 1 - b). mathematical dictionary published
. 4B is parallel to v :( 13]. Find the value of &. e Uss tha:r Atten ity reverRd the
- accepted meanings of the day.



Two points have coordinates P(2a, a — 4) and Q36+ 1, 2a — 3b).
= (-7
PQ =( < } Find the position vector of the midpoint of the line segment PQ.

Four points have coordinates 4 (3, 7), B(2, 11), C(15, 3) and D(17, -5).
a Use vectors to show that the lines 4B and CD are parallel.
b Determine if the line segments 4B and CD are equal in length.

Four points have coordinates 4 (4, 6), B(-1, 9), C(1, 1) and D(11, -5).
—> —
Show that AB and DC are parallel.

Four points have position vectors:

— —> — —>

OA=9u+9v,0B =19u +14v,0C = 25u+5v and OD =15u.
. ot _bv .

a Find AB and DC in terms of w and v.

b Hence show that ABCD is a parallelogram.

¢ Given that u= (f] and v= (_11], show that ABCD is a rhombus.
From the five points 4 (-3, 1), B(1, 3), C(4, 3), D(5, 1) and E(-1, -2),
find two sets of four points, each of which forms a trapezoid.

Use vectors to show that the three points P(5, —4), Q(10, 0) and R(25, 12)
lie on a straight line.

Reflect and discuss 5

Why does showing that the vectors formed by three points are parallel also
show that the three points lie on a straight line?

Exploration 4
1 On suitable axes, draw the points A(2, 4) and B(6, 1).
— — —p
Label the vectors O4, OB and AB on your diagram.

— —
2 The angle between OA and OB is £ AOB.

Describe how you could use the cosine rule to find the size of £ AOB.

. _b _} .
3 Find |04|and | OB|. Hence find the size of £ AOB, correct to the
nearest degree.

4 Use the method in steps 1 to 3 to find the angle between the vectors
3 6
(o) (3

Continued on next page
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The position vector
of a point is the
vector from the
origin O to the point.

Three points P, Q
and R are on a
straight line if the

— i
vectors PQ and QR
are parallel.



5 The diagram shows vectors u and v. N o

Write down an expression for v —u in terms of

Uy By, voand v,

6 Write down expressions for |u| and |v|.

SO ez e o— -
Show that |v —u|= ful +uj +vi+vi -2uyv -2uyv .
: _ a2 L33
7 Use the cosine rule to showthat—Zuxvx—Zuyvy_—2 Uy +u vx+vyc056
v _+u v
and hence that cos8= W
u| v

Another name for
the dot product is
the scalar product,
because the result
From the equation you have formed above, you can see that is a scalar quantity.
uyv, tuy = lu| |v| cosé.

U v
For any two vectors u:[ xJ and vz{v"J, the quantity u, v, +u v,
y

U
¥y
is called the dot product. It is written u - v.

Thereforeu-v=u v _+ uy,= lu| |v| cosB.

Example 7

1 -2
Find the angle between the vectors ( 4] and ( . ]

la|=+12+42 = 17 Find |u| and |v|.
VI=y(-2) +5% =429

u-v=|ul|v|cosé

1 -2
5 = 17429 cos 6 Substitute in the vectors and their magnitudes.
4 5 g

I1x-2+4x5=+17+29 cos@
" ) 729 Use the definition of the dot product.

18
cosf=—F—7—
VJ17+/29
Give your answer to a suitable degree of accuracy.
6=35.9°
Example 8

4 2x—2
Vectors a = (?] and b :( ZI J are perpendicular. Find the value of x.
—x
The angle between

a-b=|a||b| cos 90° =0 aand b is 90°, and

c0s90°=0.
4y (2x-2
()-(322) e
Bx—8)+(14-7x)=0

—=x=-6 Evaluate the scalar product.

Substitutein aand b.
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If two vectors a and b are perpendicular then a-b = 0.

0

Equally, ifa « b =0 then either a = (D

J, b= (g] or a and b are perpendicular.

Practice 5

1 Find the angle between each pair of vectors, to the nearest degree.
4 2 26 3
+ (o) o (%)a( 3
c (_4] and(_m] d (13] and(SJ
-2 -20 -2 4
4 2 ;
2 Show that (—8] and (1] are perpendicular.

:Problem solving

: . ‘ .. (20
:3 Two speedboats are travelling with velocities ( ] ms~!

-15

7 ‘ . .
and ( 3 4] ms~! respectively, on an east-north coordinate grid.

a Show that both boats have the same speed.
b Find the angle between their directions of travel.

4 Triangle ABC has vertices 4 (6, 3), B(2, 1) and C(4, 5).
Use the dot product to find ZABC.

5 Vectors u and v are perpendicular:
(—2 (3m+3]
u= , V=
5 2m—2

Find the value of m.

a b 5
6 Vectors (ﬁz] and (2_&] are perpendicular.

Write an equation involving a and b.

b Explain why you need more information to determine
the values of ¢ and &.

¢ Given that b =1 — a, determine the values of ¢ and &.

:Problem solving
7 Find three different vectors perpendicular to the vector (_82].

58 Parallelogram OABC has vertices O(0, 0), 4(4, 9) and B(6, 6).
. a Find the position vector of C.

b Find the size of ZOAC.



d —» —»
:9 A rhombus O4ABChas O4 =aand OC =c. ZAOC=120° and |a| = 4.
Find the value of a - c.

: 3

: 10 For the vectors az(sj, b:(_zz] and c:(?], verify that
: a-(b+c)=a-b+a-c

: b

:11 Consider the vectors a:[jx], b:[bx] and c:[jx].

y y »,

Prove thata-(b+c)=a-b+a-c forany 2D vectors a, b and c.

How can vectors be used to solve geometric problems?
Can logic solve everyday problems?

You can use vectors in geometric problems even when you do not know their
components. Remember that you can add vectors pictorially.

Exploration 5

1 The diagram shows a pair of vectors a and b. Val

Copy the diagram and draw the vectors: 7 Start with a new

a 3a b 2b A copy for each
0 diagram.
¢ a+ b (the resultant vector of a and then b)
d a-b e-a+b f a-b
2 In this diagram, M is the midpoint of 4B and B
N is the midpoint of AC. iy
a Given that AM =aand AN =b, explain i
e 7
why AB = 2b and write down a similar 29
expression for AC. e .
. = N HH“*--._‘_ I"\I TI p
b Explain why MN =b — a. .
Form a similar expression for BC. c Remember that

—_— — —
¢ Hence show that MNCB is a trapezoid. MN =MA + AN.

Continued on next page
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3 Four points 4, B, C and D have position vectorsa +b,a —b, —-a—b, and
—a + b respectively, where a and b are non-parallel non-zero vectors.

a This sketch shows one possible pair of vectors a and b.
Copy the sketch and draw points 4, B, C and D on the diagram.

A
/
/
/
'
A
L5

b This sketch shows another possible pair of vectors a and b.
Copy the sketch and draw points 4, B, C and D on the diagram.

0
//‘\
b a
o .
& = X

— —>
¢ Find expressions for 4B and DC.

d Hence show that ABCD is a parallelogram.

4 This diagram shows points 4, B, C and D. A
—> a+h /_/"'/\‘
AD=a+b & \
. 5 \
BD=2a—a D‘<-=.,____H db-a \
— \\ 7--_-'““3---,,__7 \\
BC=3a \ ~—~;

i \ /
a Find 4B. \
By \ 'éa
b Find DC. \
ot s \
¢ Hence show that AB and DC are parallel. \
c

The word ‘vector’ was originally a Latin word, meaning ‘to carry’. You can
think of a vector in mathematics as something that carries you from one
place to another. We also use the word in other contexts: mosquitos and
some other insects are referred to as vectors because they transmit disease
from one organism to another. In sociology, a vector is a person that passes
folklore on from one generation to the next. And in aeronautics, a vector is
a set of appropriate headings to guide an aircraft in flight.

Reflect and discuss 6

e How does your answer to Exploration 5, step 3¢ show you that ABCD
is a parallelogram regardless of the direction of vectors a and b?

e Why was it necessary in step 3 to state that a and b were non-zero?

e Why was it necessary to state that a and b were not parallel?



Practice 6

1

2

Using the diagram, express the vectors below it in terms of u, v and w:

A u
= B
T TN
g P
vy P \\
Y H““-m\\
P > g
w
e g — —
a BD b CA ¢ BC

:Problem solving

The diagram shows a regular hexagon ABCDEF.

Find in terms of a and b:

-

. e et e
a AB b OC ¢ FO d AC e DB

Points P, Q and R form a straight line and have position vectors

— —
p, q, and r respectively. |QR| =4 |PQ |.
a Expressrinterms of p and q.

b Hence show that q = % (4p +1).

Points S, T'and U form a straight line and have position vectors s, t and u
Q —_— —>
respectively, where | SU| =3 | TU.

Express s in terms of t and u.

—> —>
In this diagram, M is the midpoint of AB. O4 = 3a and OB =2b.
a Find o_’M
— — —
b The point N has position vector ON where ON =20M.
Show that AN =2b.

¢ Given that |a| = |b| and a- b =0, fully describe the quadrilateral OANB.




A column vector describes a translation.

A column vector has an x component and a
x

¥y component: ( ]
¥

The x component tells you how far to move in the
x-direction. The y component tells you how far to
move in the y-direction.

—
AB is the vector representing the translation from
AtoB.

The position vector of a point is the vector from
the origin O to the point.

0.
(ﬂ] is the zero vector.

Two vectors are equal if their components are
equal.

If v, =(?] and v, =C2 ] then v, = v, if and only if
1 2

x,=x,and y, =y,.
The magnitude of a vector is its length.

|v|, the magnitude of v :(j}, is given by

V] =2 + y2.
A vector has both magnitude and direction.

A scalar quantity does not have a direction.

For two vectors to be equal, they must have the
same magnitude and direction.

1 Write down column vectors that represent:
a a translation of 5 right and 4 up
b a translation of 2 left and 3 up

a translation from (4, 5) to (7, 9)

d a translation from (9, 14) to (-2, —5).

(2]

2 Find the vectors AB and BA given the points:
a A(1,3)and B(-2,0)
b A(4,2)and B(-3, 5)
¢ A(-7,1)and B(-4, —4)
d A(-2,7)and B(11, -7)

GEDOMETRY AND TRIGONOMETRY B

A translation from A4 to B followed by a translation
from B to Cis the same as the translation from

— — —
AtoC: AB + BC = AC
ZE is sometimes called the resultant of E andEE.

The vector addition law:

! *2

—> —»>
IfAB={ J and BC=( ]then

» Y2

— — = x Xy X +x,
AC =A4B + BC = + =
¥y Ya Mt
—> —> —»
For any two points 4 and B, AB = OB — OA4 and
— —
AB =—BA.

Scalar multiplication of a vector:

For any vector, v = (x] and any scalar value &:
kx

T (»‘w]

If u = kv then u and v are parallel.

i v
For any two vectors u :[;] and v=[px} the
¥ ¥

quantity u v _+ uyv, is called the dot product.
u-v=uyv +uyv, =uf|v|cosé

If two vectors a and b are perpendicular then
a-b=0.

Equally, if a - b =0 then cither a = (g],

b= (3] or a and b are perpendicular.

—
3 Find AC given:
-2

—> —
a AB={4JandBC=



4 Given that ZE = (i}, find the values of a
and & given the coordinates:
a A(a—3,3a+2)and B(-b,2b-1)
b A(2a,—4+a)and B(-2b, b)
¢ A(a—6,-2a+10)and B(2b+9, b+ 3)
d A(-3a,a—2)and B(11+5,2b+1)

5 Find the magnitude of each of these vectors,
giving your answer in exact form.

o (o) o (5) <3 o)

2 3 15 —16
6 M(-3,2)and N2, 5).

— — —

Find a ON b MN ¢ NM

7 Find, correct to the nearest degree, the angle

between:
b (I] and( ]
1 5

é (i] and[_lz]
C [32] and (i]
:Problem solving

:8 From the list of nine vectors below, select pairs
:  of vectors which are parallel to each other.
Determine which vector is not parallel to any

of the others.
36 9
(45] (—30}

(=) () (5]
& E G 5

9 Show that the vectors (i] and (72] are

perpendicular to each other.

Objective D: Applying mathematics in
real-life contexts

ii. select appropriate mathematical strategies
when solving authentic real-life situations

Think about how magnitude, direction, the dot
product, efc. relate to the questions being asked.

:Problem solving

a—4 8—2a

: S5a+2
510Thevect0rsu=( “ }andv:[ &ty ]are

parallel.

Determine the possible values of a.

11 For the points with coordinates 4(-3, 2) and

B@2b+1,b— 4)
— -2
AB is parallel to v :(_gj. Find the value of 5.

12 The diagram shows five points O, 4, B, C and X.

—> —
OX=XB =aand 8B
—_— —» R |
CX=XA=b // b x.~"a /

. ¥ a/"\ :'J
Show that O4BCisa S b/
parallelogram. 0~ ~

:Problem solving
51 3 The diagram shows a quadrilateral OABC.

—> —> —> > >
AB=a,0C =2a and O4 =b. Lines OB and AC

intersect at X. B
a /)'}' -_""---_‘______

a Explain why O4BCis Ar"'—--/"" e i ‘/‘_/'-'/’C

a trapezoid. | B e

—_— b N J ///28
b ShowthatOB=a+b. |/ -~
— e
Find 4AC. 0

e ; «>
d Use the fact that X lies on OB to explain
why OX =k(a+ b) for some constant k.

. . — —
e By considering O4 + AX, show that
6}? =b + m(2a —b) for some constant m.

f Hence find 5):’ aﬂdetermine the ratio in
which X divides AC.

In these questions, a floor cleaning robot has been
placed on the floor of a large room. It measures
its progress across the floor in 10 cm units, so the

1 ‘
vector(ﬂ} represents a movement of 10 cm in the

x-direction.
1 Show that if the robot travels on a vector of

3 . 5
(4], it covers a distance of 50 cm.



2 Find, correct to the nearest centimeter, the distance
travelled by the robot as it moves on each vector.

3 2 6
* (3 (&) <
9 -15 40
¢ (3 Bs) (S
3 Ina rectangular room, the robot is positioned
so that the x-and y-directions are the edges of

the room.
The robot starts in one corner at (0, 0), travels

25 .
on ( B ] until it reaches another corner and
0 . .
then on (&J until it reaches a third corner.

Find the area of the room in m2

Write down the vector which would return
the robot to its starting point.

¢ The robot travels along two sides of the
room and then straight back to the start.
Find the total distance travelled.

4 The robot is put in the L-shaped room below,
ABCDEF. It starts at O, which is somewhere
inside the room. Its x-direction is parallel to 4F,
BCand DE and its y-direction is parallel to 4B,
CD and FE.

In its mapping process, the robot determines
- (14 —> -2 .= 22
that OA = (_30], oC = ( [5_] and OF = (25].

Find vector ATE’ and the distance from A4 to E.

b Find the position vector EF’
Hence find the distance from Cto F.

Determine which is longer, AC or CE.

d Calculate the perimeter and area of the room.

5 The robot is placed in another room, PQRS, but
its axes are not lined up with the sides.

GEDMETRY AND TRIGONOMETRY |

R
\\
58
P
/ ”L b
Q\\ 0 x//
N
P/

The robot finds the location of the room’s
corners to be as follows:

(L)
@

o e
Find PQ and PS.

Show that walls PQ and PS are perpendicular.
Find SK .

Determine whether SR and PQ are parallel.
Hence determine whether the room is
rectangular. Justify your answer.

6 The robot is placed at O, somewhere in a
four-sided room. It finds the four corners of
the room, U, V, Wand X.

You are given the following vector information:

—> 15 —> (40
OWz{_ZSJ ov:(n]
—» (32 -—> (-50
w3z

—_— —
Find UV and XW.
Hence show that the room is a trapezoid.

Show that I'I¥ is perpendicular to both
-~ +—>
UV and XW.

Find the area of the room.

Find the size of ZVUX.



RELATIONSHIPS

How to stand out from
the crowd

Global context: Identities and relationships

Objectives

® Making inferences about data, given the mean
and standard deviation

e Using different forms of the standard deviation
formula

e Understanding the normal distribution
e Making inferences about normal distributions
® Using the standard deviation and the mean

® Using unbiased estimators of the population
mean and standard deviation

Inquiry questions

How do you calculate the standard
deviation of a data set?

What is the normal distribution?
How is the meaning of ‘standard
deviation’ represented in its different
formulas?

Can samples give reliable results?
Do we want to be like everybody else?

ATL Communication

Make inferences and draw conclusions

Statement of Inquiry:

Generalizing and representing relationships
can help to clarify trends among individuals.

~




STATISTICS AND PROBABILITY

You should already know how to:

e findthemeanfrom | 1 a Thistable gives the exam grades for

frequency tables 200 students. Calculate the mean grade.
of discrete and
grouped data Grade 1 2 3 4 5

Frequency 8 129133 ]|35]| 9

b This table gives the weight in grams of
80 packets of chia seeds. Calculate an
estimate for the mean weight.

Weight,w(g) | Frequency
70w <75 10
755w <80 22
80<w<85 38
85w <90 10
e understand the 2 Define these terms:

difference between
a population and a
sample b sample

a population

The ultimate measure of dispersion

¢ How do you calculate the standard deviation of a data set?
® What is the normal distribution?

Exploration 1

The temperature on the first day of the first five months of the year was
recorded in La Crieux, France and Betzdorf, Luxembourg,

Temperature (°C)
La Crieux, Betzdorf,
France Luxembourg

January 10 18
February 16 10

March 14 13.5
Apiril 12 14

May 18 14.5

P Continued on next page
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1 For this data, calculate the range and the three measures of central
tendency (mean, mode and median). What do you notice?

When two sets of data in an experiment have the same mean and range,
there is another statistical measure that you can use to help discover
differences between the data sets. You will now explore this measure,
called the standard deviation.

2 Copy and complete this table for the La Crieux data. Calculate the mean

of the differences, and the mean of the squares of the differences. A tardigrade is a
tiny animal that

lives in a variety

Difference between

o Square of the of environments,
Temperature (°C) recorded temperature ?iifference fth e s &
and mean temperature :
the polar regions.
10 -4 16 Also known as
‘Water Bears, these
16 tiny creatures
14 can withstand
temperatures
12 ranging from
18 —273°C to 150 °C.

Mean of differences =

Mean of squares
of differences =

Square root of the
mean of squares
of differences =

3 Determine the units for the mean of squares and for the square root of
the mean of squares. Hence, explain why you need to take the square
root of the mean of the squares of differences.

4 Decide, with reasons, whether the mean of the differences or the mean
of the squares of the differences best represents the difference (deviation)
from the mean of the original temperature values.

5 Generalize this algorithm using mathematical notation and vocabulary.

Reflect and discuss 1
e Why do we square the differences between the data and the mean?

e Squaring large numbers makes them even larger. How does that impact
the mean? Why is that important?

ﬂ E4 Representation




STATISTICS AND PROBABILITY

In Exploration 1, squaring the differences from the mean gives positive values
to represent the deviation from the mean. It also gives more weighting to the
larger deviations, which is important because the data further away from the
mean may be more significant. The square root of the mean of these squared
deviations is a measure of dispersion called the standard deviation.

The standard deviation is a measure of dispersion that gives an idea of
how close the original data values are to the mean.

A small standard deviation shows that the data values are close to the
mean. The units of standard deviation are the same as the units of the
original data.

The standard deviation shows how representative the mean is of the data.

The notation used for the standard deviation depends on whether it is
calculated for a whole population or for a sample. The convention is:

Use Greek letters for populations Use Roman letters for samples
® u =mean of the population ® x = mean of the sample
e ¢ =standard deviation e s =standard deviation
of the population of the sample

Standard deviation formulae also use the Greek symbol X (upper case sigma)
to mean ‘the sum of”.

¥ x means the sum of all the x values.

Using this notation (called sigma notation), the mean of a set of values is
i _ XX the sum of all the values divided by the number of values.
b8

In Exploration 1 you found the standard deviation by calculating:

(x— ) the differences between the data values, x, and the mean, u
(x—u)? the squares of the differences Ti
ip

Z(x—p)? .

= the mean of the squares of the differences il Can o loulat
T standard deviation
e the square root of the mean of the squares with your GDC.

Most GDCs use

o for the sample

—3 standard deviation,
A formula to calculate the standard deviation of a population is: o = ,ﬂi{x—n"-{)— instead of ¥.
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Example 1

At a summer camival, a small crowd of people are trying to guess the
weight of a small goat. The first nine people to guess give the following
weights, in kilograms.

18.3,21.6,22.2,24.0,204, 17.4, 14.9, 26.7, 23.1
a Find the mean weight,
b Find the standard deviation of the weights.

¢ Write down what the standard deviation means in this context.

a Mean u= Sl 20.96 (2d.p.) —— The nine weights are the population, so use Greek letters.

" 9

= Make a table to organize your calculations.

X u (x—u) (x—u)?
18.3 20.96 266 7.07
216 20.96 0.64 0.4096
222 20.96 1.24 1.5376
240 20.96 3.04 9.2419
204 20.96 -0.56 03136
17.4 20.96 -3.56 12.674
14.9 20.96 —-6.06 36.724
26.7 20.96 5.74 32,948
23.1 20.96 2.14 45696

Z(x—u)? = 1055024

n=9
2
- =Jz(";‘“) = [ 34238 =342 kg (35 £)

¢ This implies that the mean weight estimate is 20.96 kilograms, but with a
spread of up to 3.42 kilograms heavier or lighter than the mean weight.

No, you're not looking at a photo that’s been retouched and
you're not seeing things either. This is an Argania tree, almost
exclusive to Morocco, and the goats who climb them do so
because of their love for the nuts that grow on its thory,
twisted branches. When the nuts are ripe, the Argania trees
are often seen with a dozen or more goats in them at a time.
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Practice 1

1 For each set of data, first find the mean and the standard deviation by hand,
then with a calculator. Explain what the standard deviation represents
in each context,

a [ b 7
2 2 4 4 4 131 204 174 165
5 6 6 8 9 21.0 148 126
\_ \_
C [ d /7
15ecm  17cm 14 cm 443kg 415kg 36.5kg
12cm l4cm 18 cm 410kg 33.6kg 41.8kg
l4cm 13cm 18 cm 512kg 392kg 37.9kg
\_ \

2 The duration, in minutes, for a train journey is recorded on 15 consecutive days:

21 24 30 21 25
27 24 27 25 29
23 22 26 28 29

a Find the mean and standard deviation of the times for this train journey.
ATL b State the inferences that you can draw from the data.

3 Beatriz has a choice of routes to school. She timed her journeys along each
route on five occasions. The times, recorded to the nearest minute, were:

Motorway 15116 [ 20 | 28 | 21

Countryroads | 19 | 21 | 20 | 22 | 18

a Calculate the mean and standard deviation for each route.
ATL b State the route you would recommend and explain with reasons.
4 Find the mean and standard deviation of the set of integers 1, 2, 3, 4, ..., 15.
5 The heights (in meters), of a squad of 12 basketball players are:

165 162 175 180 175 1.72

1.81 172 179 163 169 1.75

a Find the mean and standard deviation of the heights of the players.

b A new player whose height is 1.98 m joins the squad. Find the new mean
and standard deviation of the heights of the squad.
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:Problem solving

6 a Calculate the mean and the standard deviation of this set of data:

(367910)

Each number in the data set is then increased by 4.

b Predict what will happen to the mean and standard deviation.
¢ Calculate the new mean and standard deviation.
d Comment on your answers.

One of the numbers in the original data set has changed, so the data set is
now: 3, 6, 7, 9, x. The new mean, y, is unknown but the standard deviation
is known to be /34.

e Calculate the two possible values of the unknown values x and y.

Using X notation, the mean of a set of discrete data values in a frequency
table is %{i This is the sum of all the xf values divided by the total

frequency.

A formula to calculate the standard deviation for discrete data presented
in a frequency table is:

_[Erx—n)?
==
Reflect and discuss 2

How is the formula for the standard deviation of discrete data in a
frequency table similar to the formula for the standard deviation of a
population? How is it different?

Example 2

The scores for 25 players in a golf tournament are " P

given in this frequency table. Find the mean and

the standard deviation. 66 2
67 3
68 4
69 5
70 4
71 4
72 3

P Continued on next page
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X f xf

66 2 132

67 3 201

68 4 272

69 5 345

70 4 280

71 4 284

72 3 216

Ef-25 T xf=1730
==692
X f (x—p) (x=pu)? f(x— p)?
66 2 -32 10.24 20.48
67 3 -22 4.84 14.53
68 4 —12 144 5.76
69 5 -0.2 0.04 0.2
70 4 0.8 0.64 2.56
71 4 1.8 3.24 123.96
72 3 2.8 7.84 23.52
=f=25 Zf(x—pu)? =80

_ ’Ef(x—ﬂ)z _ 80 _
o= ?—Jz—:—l:"gg

The mean score is 69.2 and the standard deviation is 1.79 (3 s.f.)

Example 3

The table gives the frequency
distribution of total penalty minutes
in a season for all 20 players on a
hockey team. Find the mean and

the standard deviation.

Use ,u:%' to find the mean.

To find the standard deviation, use the formula.

Total penalty Number of
minutes (t) players
0<t<10 3
10=t<20 9
20<t<30 6
30<t<40 2

P Continued on next page
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Total penalty
minutes (t)

Mid-value (t)

tf

0<t<10

5

15

10<t<20

15

135

O | WO | W

20<t<30 25 150

30<t<40 35 2 70
2f=20 2tf =370

X xf
370 it
= 27“ 185 Use u — to calculate
an estimate for the mean.

Total Mid-

penalty f
minutes (t) value ()

0<t<10 2)
10<t<20 3
20=st<30 25
30<t<40 35

t—u (t—u)? f(t—pu)?

546.75

110.25

253.5

544.5
Ef(t— ) =1455

—13.5 182.25
-35 12.25
6.5 42.25
16.5 272.25

NIy O W

2f=20

Use the standard deviation formula.

o= [H=nP _ 55 _g 5p
\ =7 \ 20

The mean number of penalties is 18.5 and the standard deviation is 8.53 (3 s.f)

Practice 2

1 Find the mean and the standard deviation for each set of data.

a
X 1 2 3 4 5

f 3 4 4 5 2

b [ Interval | 1-4 | 5-8 | 9-12 | 13-16 | 17-20 | 21-24 | 25-28
f 2 0 3 3 4 2 1
¢ Interval 0<x<5 | 5€x<10 | 10<x<15 | 15<x<20
Frequency 10 12 15 12
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2 The weights of 90 cyclists in a bicycle race were recorded:

STATISTICS AND PROBABILITY

. Number of ’m,,
Weight (kg) cyclists
40<w<50 8 (WP Ak
P v
50<w<60 27 A
60 <w< 70 30 '
70<w< 80 25

a Calculate an estimate for
i the mean weight ii the standard deviation.

b A cyclist must wear a weight belt if his or her weight is 1 standard
deviation or more below the mean. Find the minimum weight to
compete without a weight belt.

:Problem solving

3 Copy and complete this table:

YHF Tfx Tf(x —p)? u (o)
10 50 J2
20 6.15 2.06
197 80.34 5.05
43 223 5.186
39.56 5 172

:4 Copy the table below and fill in the missing values, then calculate the mean
:  and standard deviation for the data.

Length (cm) vamiadzx) f xf X—u fx—u)?
0<x<5 25 3 7.5 -11.4 389.88
5<x<10 7.5 4 30 —-6.4 163.84
10<x<15 125 6 75 -1.4
15<x<20 17.5 7% 1225 90.72
20<x<25 22.5 8.6 369.8
Sf= |=f=3475 Tf(x—pP=
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Exploration 2

32 students’ test scores were recorded:

Test score 1 2 3 4 5 6 7 8 9

Frequency 1 2 3 6 9 6 3 2 1

1 The data is shown in this histogram. The curve joins the midpoints of
the bars. Describe the shape of the curve.

Y
10

Frequency
w
1
—~
|

f: TZA \S_‘

0 1 2 3 4 5 6 7 8 9 10 X
Test score

2 Calculate the mean and standard deviation for the data, to 1 d.p.
3 Determine where the mean lies on the curve.
4 From the original data:

a State how many data items are more than 1 standard deviation from
the mean.

b State how many data items are within 1 standard deviation of the
mean.

¢ Find the percentage of the data items that are within 1 standard
deviation of the mean.

The data in Exploration 2 has a normal distribution.

The normal distribution is a symmetric distribution, with most values
close to the mean and tailing off evenly in either direction. Its frequency
graph is a bell-shaped curve.
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Data on natural attributes, such as height, weight, and age generally follow a
normal distribution. The normal frequency distribution curve looks like this:

99.7% are of the data are within 3 standard deviations of the mean

95% are within 2 standard deviations

A
Y

68% are within
1 standard deviation

_.———'-'-'/ ! !

u-30 u-20 H-o “ u+a H+ 20 u+ 30

If you know that the frequency distribution follows a normal distribution then
you can infer that:

e (8% of the data values lie within +1 standard deviation of the mean.
e 95% lie within +2 standard deviations of the mean.
e 99.7% lie within +3 standard deviations of the mean.

This is extremely useful for making inferences about sets of data.

Reflect and discuss 3

Employees at La Salsa del Erizo have a mean starting salary of €45000
with a standard deviation of €5000. Employees at rival company La Salsa
del Zorro have a mean starting salary of €41 000 with a standard deviation
of €8000. Which company would you rather work for?

G Different representations of a formula
for different purposes

® How is the meaning of ‘standard deviation’ represented in its
different formulas? Tip

Sometimes you may not be given the whole set of data, but just some summary Most GECs have
statistics taken from the raw data. Usually this includes Zx (the sum of all the

summary statistics
data values) and X & (the sum of the squares of all the data values).

page, which gives
Y xand X x? when
you input a set of
data.
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Exploration 3

Here are the data values for two populations:
Population 1 Population 2
2,4.4.5 7 4,6,9, 10,11, 14

Find y;, the mean of Population 1.
Find the mean of the squared values of Population 1.
Find u,, the mean of Population 2.
Find the mean of the squared values of Population 2.

i & W N =

Generalize your findings using sigma notation:
If p= =%, then p? =
H

6 Find u, _,, the mean of the combined populations
(Population 1 + Population 2).

7 Generalize your findings using sigma notation:
o = S

‘When you can manipulate this mathematical notation (called sigma
notation), you can analyze the standard deviation formula and represent it
in a variety of ways.

{8 Exploration 4

7
1 Start with the formula for the population standard deviation: o= Zhr-nf

n

2 Expand the numerator: ¢ =

3 Distribute the sigma notation: ¢ = ’M
"

4 Distribute the n: o= £+ED+E
H

1 1

Z(xz—Eh-D)

2
5 Substitute ==% and 24" = 2,
n n
6 Collect like terms.
7 Substitute 1= =% again.

s

8 Write your new formula: o=

Reflect and discuss 4

What does your new formula for standard deviation mean?
‘What information do you need to use to calculate standard deviation?
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A formula to calculate standard deviation from the summary statistics

2 2
Yxand Txlis:o= }:_x___(_z_x]
by s

i

Example 4

The length of time ¢, in minutes, for a skier to travel down a mountain
follows a normal distribution and is recorded on 15 runs. The summary
statistics are: Tx =129 and Zx? =118,

a Find the mean and standard deviation of the times taken for this ski run.
b Make a generalization about the times for the ski run.

Zx_129

a Mean= =8.6 min
M
2 2 2
Standard deviation o = |=* —(EJ SEE _(86) (3] =u?
n 1 15 n
=2.18 min
Calculate the values 1
b 8.6-2.18=6.42 standard deviation on either
86+218=10.78 side of the mean. 68% of the

data values lie between these.
68% of the runs will take between 6.42 min and 10.78 min.

Example 5

The summary statistics for a class of 15 students’ test marks are X x =930
and Zx? =59146.

a Calculate the mean and standard deviation of the marks for this class.

b A second class of 25 students had a mean of 63.5 and standard deviation
of 12.5 marks for the same test. Calculate x?2 for the second class.

¢ Calculate the mean mark of all the students in the two classes.
d Compare the performance of the two classes on this test.

(Assume test marks follow the normal distribution.)

a u= 939 _ 62 marks

The mean is =%,
n

—(62)" =9.95 marks

n

_ [Ex? 7(2_;;] 59146
H

P Continued on next page
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g=

Za? _(&]2 Substitute known values into the
# # formula for o and solve for £x2.

- =x2 2
12.5=,/22—(63.5)

2
156.25 :‘%—4032.25

_Ex2
4188.5—¥

104 712.5 = Ex?

Ex+ZLx, =
n +n, i
XX, EX
930+(63.5%25) _ 63.5=,u?=722=2_52
15+25 2 SOXx,=63.5%25
Therefore, pt, , =62.9 (3 5.f)
The mean and standard deviation were both slightly lower for the class
of 15 than for the class of 25.
Assuming the test marks are normally distributed, 68% of the students’
marks in the first class would be between 52.05 and 71.95. For the second
class, 68% of the students’ marks would be between 51 and 76.
'\ Practice 3
In these questions, assume that all the data follow normal distributions.
1 The mute swan is the national bird of Denmark and has been a protected
species since 1926. In a breeding farm in Copenhagen, data on the weights
of 50 fully grown mute swans was collected:
Zx=550kg Ix?=6162.5kg
Find the mean and standard deviation for the data collected and make a
generalization about the weights of mute swans.
2 The mean and standard deviation of the heights of a squad of 15 football
players are 1.80 m and 0.0432 m respectively.
a Find Zxand Zx2.
b A new player whose height is 1.98 m joins the squad. Find the new mean
and standard deviation of the heights of the squad.
¢ Provided this data is normally distributed, make generalizations from
this data.
3 In Houston, Texas, the mean annual rainfall is 1264 mm with standard )
deviation of 155 mm. Exceptional results
. ) . . are more than 1
a One year the rainfall was 1100 mm. Assuming that the rainfall in Sandard deviation

Houston follows a normal distribution, determine whether or not this
was an exceptional year.

from the mean.

b The next year saw a total of 1400 mm of rain. Determine whether or not
this was an exceptional year.
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4 In ayear group, 45 students each recorded the number of minutes, x, they
spent on their homework one night. The total was Zx = 2230.

a Find the mean number of minutes spent on homework.

b Three new students joined the year group and reported that they spent
42 minutes, 25 minutes and 30 minutes respectively on their homework.
Calculate the new mean including these three students.

¢ State what extra information you would need to find the standard deviation.

:Problem solving

5 Twenty five students were asked about the amount of monthly pocket
:  money they received. The summary values were calculated to be
Tx =$2237 and Zx? = $228 361.

Two additional students added their monthly pocket money: $85 and $125.
Find the mean and standard deviation for all this data.

0 Sample versus population
e Can samples give reliable results?
e Do we want to be like everybody else?

A key purpose of statistics is to make inferences about a population by using
data from a sample of the population. For a sample, you can calculate the
sample mean ¥ and the sample standard deviation s .

If, for example, you want to make inferences about a whole population of
Elstar apples you can use the mean as an estimator for the average weight of
all Elstar apples. But to make predictions about the standard deviation of the
whole population you need to take into account that the population is much
larger than the sample and, therefore, there is more likely to be a larger spread.

The weights (in grams) of a sample of 25 Elstar apples sclected at random are:

132 122 132 125 134
129 130 131 133 129
126 132 133 133 131
133 138 135 135 134
142 140 136 132 135

The sample mean is ¥=2%=132.48 g
M

)
The sample standard deviation is s, = ‘/@ =428¢g

In statistics, you want the sample values (mean, standard deviation, etc.) to be
good estimates of the same values for the entire population. When they are,
these values are called ‘unbiased estimators’. For example, the sample mean is
an unbiased estimator of the population mean. The notation { shows that the
value is an unbiased estimator for the mean. For the apples, fi=132.48 g.
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When you calculate a population standard deviation, you divide the sum of
squared deviations from the mean by the number of items in the population #.

‘When you calculate an estimate of the population standard deviation from

a sample, you divide the sum of squared deviations from the mean by the
number of items in the sample less one, #— 1. This gives an unbiased estimator
of the population’s standard deviation.

For a sample of # items:

e an unbiased estimate of the mean for the whole population is g,
the sample mean

e an unbiased estimate of the standard deviation for the whole
population is:

2(x— %)

n—1

1=

As a result, the estimate of the standard deviation for the population is slightly

higher than if you used the population standard deviation formula. This gives a Dividing by 7 — 1
better, and unbiased, estimate of the population’s standard deviation by taking compensates for
into account that the sample may not exactly represent the whole range of the the fact that you
population. are working only
with a sample
rather than with the
The alternative formula for calculating an unbiased estimate of the whole population.

population standard deviation from summary statistics is:

= Tx2 n (Zx)?
H-1= = —
n—-1 n-1\n

Reflect and discuss 5

e Would you trust inferences made from a sample? Explain.

e Are there times when sampling would be absolutely necessary?
Give specific examples.

Example 6

A machine produces 1000 ball bearings each day with a mean diameter of
1 ecm. A sample of 8 ball bearings is taken from the production line and the
diameters measured. The results in centimeters are:

1.0 1.1 1.0 0.8 14 1.3 0.9 il

Determine the standard deviation of the diameters of the ball bearings
produced by the machine that day.

ﬂ E4 Representation
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1.0+1.1+1.0+0.8+1.4+1.3+0.9+1.1

is 8
=1.075

X (x=X) (x—X)? Calculate X and Z(x—X)2.
1.0 (1.0 - 1.075) 0.005625

1.1 (1.1-1.075) 0.000625

1.0 (1.0-1.075) 0.005625

0.8 (0.8 —1.075) 0.075625

1.4 (1.4-1.075) 0.105625

l:3 (1.3 -1.075) 0.050625

0.9 (0.9 -1.075) 0.030625

1.1 (1.1-1.075) 0.000625 To estimate the standard

T(x—X%)2 =0.275 deviation of the population (day's

production) from a sample use:

— _ [Ex-72
sﬂ_1=1/%= 9275 - 0.1982 cm (4 d.p.) =

Objective D: Applying mathematics in real-life contexts
iii. apply the selected mathematical strategies successfully to reach a solution

You must decide whether you need the standard deviation of the data set or an
estimate for the population standard deviation, and then correctly apply the
appropriate formula.

"1 Practice 4

1 Each day for 10 days, Auberon recorded how many minutes late his bus
had arrived. The times in minutes are shown here:

10 12 5 0 14 2 5 8 9 6

Find an estimate for the standard deviation of how many minutes late buses
arrive in the whole town.

2 On afarm, 25 baby rabbits are born one week. Their weights in grams are: ~.
450 453 452 480 501 \Q
462 475 460 470 430 A2 A
485 435 425 465 456 £
475 435 466 482 455 ’
462 435 462 478 455
From this information, make a prediction about the mean and standard . 8. 4.

deviations of the weights for the whole year,
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3 The summary statistics for a sample
of the life length of batteries are
given in the table. Calculate the Tx
mean and standard deviation of the ¥ 52
batteries in the factory.

n 25
38750
60 100000

:Problem solving

4 Katie recorded the number of passengers in a carriage on her train each day

for 50 days. The results are shown here:

1 i 6 7 7 6 7
8 2 10 6 10 10 5
6 8 10 8 9 3 7
8 6 7 o} 9 11 12
7 8 9 7 9 11 7

Construct a tally chart to represent the data.

6 7 8
12 5 8
12 9 5

4 9 6
13 14 15

a
b Comment on the shape of the distribution of the representation.

¢ Estimate the mean and standard deviation of the whole train.

d Make some inferences for Katie to report on her findings.

Summary

The standard deviation is a measure of
dispersion that gives an idea of how close the
original data values are to the mean, and thus
how representative the mean is of the data.

A small standard deviation shows that the
data values are close to the mean. The units of
standard deviation are the same as the units
of the original data.

¥ x means the sum of all the x values.

Using this notation, the mean of a set of values
is ==, the sum of all the values divided by the
number of values.

A formula to calculate the standard deviation
of a population is:

_ [E(x-p)?

n E4 Representation

Using X notation, the mean of a set of discrete
i

data values in a frequency table is %, the sum

of all the xfvalues divided by the total frequency.

A formula to calculate the standard deviation for
discrete data presented in a frequency table is:

_ [Ef(x—p)
o= T

The normal distribution is a symmetric
distribution, with most values close to the
mean and tailing off evenly in either direction.
Its frequency graph is a bell-shaped curve.

A formula to calculate standard deviation
from the summary statistics £x and X x? is:

Tx2 (Zx]z
o= il

] o




For a sample of n items:

e an unbiased estimate of the mean for the
whole population is fi, the sample mean, ¥.

e an unbiased estimate of the standard
deviation for the whole population is:

(x-%)
n-—1

Sp-17

Mixed practice

In questions 1 and 2 the data provided is for
the population,

1 Find the mean and the standard deviation of
each data set:

a 2,3,344,556,66
b 21kg, 21 kg, 24 kg, 25 kg, 27 kg, 29 kg

‘ X 3 4 5
2 3 2
d Interval Frequency
1-5 2
6—-10 4
11-15 4
16-20 5
21-25 2

2 Charlotte buys 20 strawberry plants for her
garden. She feeds half each day with water and
the other half with a special strawberry plant
food. After one month she records the amount of
strawberries on each plant.

Number of strawberries on
each plant fed with water

15113 |12 |15 (17 |16 |12 10 |11 |15

Number of strawberries on each plant
fed with special strawberry plant food

14 |15 |17 |17 {19 |19 |12 |14 |15 |15

Analyze the data to find whether there is an
effect of using the special strawberry plant food.

STATISTICS AND PROBABILITY

The alternative formula for calculating an
unbiased estimate of the population standard
deviation from summary statistics is:

x? n ( Ex ]2
S — i —

b (PR

3 Bernie recorded the weight of food in grams his
hamster ate each day. Here are his results:

Day 1123|4567 ]8]9

49

Food (g) [ 55|64 45|54 |60|50]59]|61

a Find the mean and standard deviation of the
weight of food the hamster ate over the 9 days.

b Bernie assumes that his hamster’s food
consumption is normally distributed.
Write down the inferences he can make.

¢ One day the hamster eats 25g of food.
Should Bemie be worried?

4 The summary statistics for the weights of 100
lambs on a farm were:

Tx=425kg Zx?=2031.25kg
a Showthat u=425ando=1.5.

b The farmer wanted to produce guidelines
for his staff to see if any lambs needed
special attention. He decided that any
lamb born weighing between 2 and 6.5 kg
was fine. Calculate how many standard
deviations away from the mean these
values are.
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For a particular data set, the summary statistics ‘Problem solwv ing
are: £f =20, % fx =563, and X fx? =16143.
Find the values of the mean and the standard
deviation.

7 Samples of water were taken from a river near a
chemical plant to see if there were raised levels

. oflead. Ten samples were collected, shown in

6 In a biscuit factory a sample of 10 packets of :  the table below. The units are ug per liter.
biscuits were weighed. ]

: 63 | 96 | 122|123 | 103
196[197]199|200{200{200{202|203(203|205|: [ 121 | 103 | 84 | 92 | 43

Mass
(9)

a Calculate the mean and standard deviation.

a Use this data to predict the mean and

: standard deviation for the amount of lead in
b To make predictions about the mean and : the river.

standard deviations of all the packets of
biscuits in the factory, which values of the
mean and standard deviation would you use?

b Over 10 ug per liter of lead in water is
dangerous. Comment on whether the lead
levels should be investigated further.

Review in context

1 Dr Roussianos asked his cardiology patients This table shows the treatments recommended
to measure their systolic blood pressure each for different values of the yearly mean and
Saturday moming for ten weeks. standard deviation.

Systolic pressure is the pressure in the arteries Mezn Sta'_‘d?rd Tieatchent
between the beats of the heart, while the heart deviation
muscle is resting and refilling with blood. low blood pressure
<75 <10
treatment
Here is the data for three patients.
75-85 <10 no treatment
Patient 1
high blood
95 95 87 92 | 100 =85 <10 pressure treatment
84 | 87 | 90 | 87 | 96 any value >10 more tests needed
Patient 2

Calculate the mean and use the sample data
to estimate the yearly statistics and therefore
help to determine the treatment for each patient.

78 76 75 80 76

75 81 80 82 80

Patient 3

65 | 100 | 76 | 98 | 58 A \'\
> \

75 | 76 | 98 | 66 | 75 Y
7

v
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2 80 people were asked to measure their pulse rate 4 In one town, 300 mothers were asked their age
as soon as they woke up in the morning. at the birth of their first child. The results are

iven in the table.
They were asked to repeat the measurements EVEn

after a 5 km run, and just before going to bed. Age at birth of Niriber of
The summary statistics are: Lx = 6000 and first child mothers
x2 =452 450. 18-20 15
From this information, find the mean and the 21-23 20
standard deviation of each data set. State the
inferences that can be drawn from the data. 24-26 30
3 Birth weight follows a normal distribution. The 27-29 42
summary statistics for the weights of 50 babies 30-32 53
in a hospital were £x =160 kg and £x? =524 kg. 3335 =
a From this data, state the inferences that can
be drawn from the data. 36-38 43
39-41 25

b If a baby’s weight is less than 2.5 times the
standard deviation below the mean, the baby is 4244 12
at risk. Find a value x, so that babies who weigh
less than x kg are considered to be at risk.

45-47 8

a Predict a mean and standard deviation for
a mother’s age at the birth of her first child,
for this town.

b The summary statistics for 30 years ago,
for a different sample of 300 women were
Yx =7500 and £x2 =190000. State the
inferences that can be drawn from the data.

Reflect and discuss

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Generalizing and representing relationships can help to clarify trends
among individuals.

E4.1 How to stand out from the crowd n




Super powers

Objectives Inquiry questions
e Evaluating numerical expressions with a o e How do you evaluate a number with
positive or negative fractional exponent a fractional exponent?
® Writing numerical expressions with fractional e How do you use the rules of indices
exponents as radicals to simplify expressions with fractional
E e Using the rules of indices to simplify exponents?
< expressions that contain radicals and/or e How are the rules of indices and the
8 fractional exponents G rules of radicals related?

® How do the rules of indices help
simplify radical expressions?

e (Can expressions with decimal
exponents be simplified?
e Issimpler always better?

ATL Critical-thinking

Analyse complex concepts and projects into their constituent
parts and synthesize them to create new understanding

- b\

Conceptual understanding:

Forms can be changed through simplification.

98




NUMBER |

You should already know how to:

e use the multiplicative rule for
exponents

1 Simplify:

a (2 b 2% ¢ (2x?)?

e use the rules of radicals to
simplify expressions

2 Simplify completely:

a /45 b% ¢ J/60x/3

® evaluate expressions with
unit fraction exponents

3 Evaluate:
1 1: 1
a 42 b 83 c 32°
1 1 1
d 642 e 643 f (0.001)3

e evaluate expressions with
negative exponents

4 Evaluate, leaving your answer as a
fraction where necessary:

a 4! b 672 ¢ 23

a3 () e

Fractional exponents

® How do you evaluate a number with a fractional exponent?

e How do you use the rules of indices to simplify expressions with

fractional exponents?

For any positive real number x, and integer #, where n# 0, x" = ¥x.

1

Using the multiplicative rule for exponents,
1

(x%)b = xab:[%]_% =[(%]—1J§=8%

Here, the denominator has been rationalized.

E5.1 Super powers A




2 Simplify and leave your final answer as a power of x.
Assume that x #0

1. 1 =L =i,
a (4x)2 b (27x°)3 c (8x% 3 d (ﬁ] 2 for all expressions.
100
i 11 g pu
e x 2xx? f ox3+x2 g x*xx 2 h (9x%) 2x9x?

:Problem solving

13 Write each of these using exponents instead of the radicals.

: a % b ix C %
4 Solve:
: 1

[P ()es

Using the multiplicative rule for exponents (x%) = x?:

1 3
(x2)? = 22
1 4
(xh)3 = 3

2 4

What do expressions with fractional exponents like x* or x* mean?

Exploration 1

1 Copy and complete this table:

Using integer and unit | Using a radical Using fractional A unit fraction
fraction exponents exponents has numerator 1.
1 3
(x?)? (Vx)? x?
1
(Xi)s

o
w
e
]
w

2
5

(x%)2 X

=
-

1 1 1 1
2 Simplify (x*)? and (x?)3. Are (x*)? and (x?)° equivalent?
1

Generalize your result for (x”)" where m and # are integers and n # 0.

3 Copy and complete, using your result from step 2:
i, m
(DJ;)D = (xﬂ)D e — (xm)lj =D’x|:|

m ES Simplification




NUMBER |

Reflect and discuss 1

e Did everyone in the class get the same results for the last two rows

in the table in Exploration 17 3 .

e s there more than one way of writing x? and x* in the other two
columns?

For any positive real number x, and integers m and #n, where n# 0,

xig = ({'/;)'"={‘/x_’"

Example 2

3
Simplify 164 without using a calculator.

3 i
164 =(164)° Split the exponent into a unit fraction and an integer.
3 1
=(2) 16% =416 =2
=8
Reflect and discuss 2

3 3 L
You could also simplify 164 like this: 164 = (16°)4. Complete the
calculation and verify that this gives the same answer as Example 2.

Which was easier — this method, or the one in Example 2? Explain why.

Write a hint to help you simplify expressions with fractional exponents.

[y, Practice 2

1 Simplify these expressions without using a calculator.
2 4 3 2 2 2
a 8 b 273 & o5t d 64° e 125°  f 3433

:Problem solving
2 Write each of these using exponents instead of the radicals.
adx? b #xyp o (x)P  d 5

3 Simplify. Where applicable, leave your final answer as a power of x.
t 2 1 1 2 22

12 1 22
Zxx3 d 392 e (%) f (329

E5.1 Super powers m

a x3)2 b xIxx* ¢ x

w2




ATL

Example 3

Gl (5

2 Using the multiplicative rule for
3 exponents, (x9)0=x, gives:

2z

2

20
3 m 1
= i XF = (XE)m
g
Reflect and discuss 3 If necessary, add

The method in Example 3 dealt with the negative sign in the exponent
first, by taking the reciprocal. Confirm that taking the cube root first, or
squaring first, all give the same final answer. Which method is easier?

Practice 3

1 Find the value of each expression. Leave your answer as a simplified fraction.

p _3
¢ (&)°

Vs 36 ‘% 81 ‘%
d (&) ° e (3) f (5)

2 Simplify these expressions completely.

3
b 16 ¢

1 1 1 1 3 1

a 1254 x12512 b 16° x1612 c 492 x 3433
31 2 o1
d 84+812 e 272+273 f 452+152

:Problem solving

:3 Write down an equivalent expression that contains fractional exponents.

1 2
;o a 2 b 5 c 3 d 3
: 4 Simplify:
: 13 1 1 T
a 32x92 b 44 x2? c 32 x272 d 163 +23

Rules of indices and radicals

e How are the rules of indices and the rules of radicals related?

e How do the rules of indices help simplify radical expressions?
Writing a radical as an exponent can help you simplify some expressions.

A E5 Simplification

to the hint you
wrote in Reflect
and discuss 2, to
help you simplify
expressions with
fractional exponents.

In question 4, first
write both numbers
as powers of the
same base.

For example:
32x92=32x(3%)2



Example 4

NUMBER

Write 3242 as a power of 2.

1
3242 =25x 22 Write each number as a power of 2, then simplify.

11
=93

Exploration 2

Use the rules of radicals to simplify:

B
a Jf8x2 b =
Here are the expressions from step 1 written using exponents. Simplify

them by writing 8 as a power of 2, and using the rules of exponents:

1 1
a 82x22 b 8

B =
b [ =

+2

3 Justify why the two methods for simplifying expressions with square
roots are equivalent. L —
4 Use the rules of exponents to show that for ¢,b 20, m = Q/E X Q/E g for the nth root of ab.
Generalize your findings.
5 Use the rules of exponents to show that for a>0 and 6 >0, ﬁ@ = %Fi Why can b not
Generalize your findings. s equal 0?7
6 Use the rules of exponents to show that Yar = a, where a, n 2 0.
Fora, b>0:%ab =%ax¥b; fora=0,b6>0: %zg_%.
Practice 4
1 Write as a single power of 2:
3 ae Lz
a 82 b 432 <5 d -,
:Problem solving
2 Write as powers of prime numbers: )
: K3 247 In part b, first write
a Y7TxI7 b V9 x o G d Wrel 9 as a power of 3.
3 Worite as products of powers of prime numbers:
a J6 b 14 c {162 d 100

e 450 f 472

E5.1 Super powers m




Objective C: Communicating
iii. move between different forms of mathematical representation

In Q4, write radical expressions as exponents to simplify them.

4 Write these expressions as powers of prime numbers. Use the rules of
exponents to simplify. Give your answers as powers of prime numbers.

a J2 x32 b 39 x 49 c Y7x9Y7 d_,’ﬁ
5 6 In parts g and h,
ﬁ @ " E assume ¢ is prime.
e % f - % g Yaxa h P
Reflect and discuss 4
Use the rules of exponents to justify why these expressions cannot be
simplified:
13 x & vt e s 45t
Y4 x 3 144 x 125 s =
Write a general rule for when you can simplify products and quotients
of radicals.

‘When radicals have the same radicand but different indices, write them
with fractional exponents to simplify them. For example:

l 'L nt+m -
o Yaxa=a"xam=q™ g o

The radicand is the
number under the
square root sign.

x|

A | H—=m

=aﬂ m:a nm

S5

&=

a

Example 5
Simplify %

_§7
S

Write the radicands as exponents with the same base.

ba | lah\
= L
Jj‘

I
b2
A | s
ra =

Il
(%]
Sl | =

Give the answer as a radical, with prime number radicand.

‘When radicals have different radicands, but one is a power of the other,
write them as exponents with the same base to simplity them.

“ E5 Simplification




NUMBER |

Example 6 @

Write 10+/5 x 33/75 as a simplified radical, by expressing the radicands as
powers of prime numbers.

103/5 %3375 = 10x 35 x3x 325% 3

Write the radicands as

=10x3x35x Y52 x33 multiples of primes.
12 1
=30x53 x53 x33 Write radicands using exponents.
al
= 3055 x5’
=15033
Practice 5
1 Simplify these completely, leaving your answer as a simplified radical.
32§ 332 43x 12 ¥ LTl 37
a 2x32x2 b\/:5_><3><ﬁ ‘%{g dJﬁeJ’x‘_
4 3 T o 4 . 243 43
2 Write as simplified radicals, with prime number radicands.
3 3
a gy b ¥IxfA < VDx¥E 4 e L
Y25 46 s¥125 P B g
f 9 h = iy /49 x Y343

:Problem solving

3 Solve these equations, where the unknown is always a power of 3.

£

V27 .. A P _6
a T —'\/3 b 3 = Q@ C P —\/5
0 Other exponents et
e (an expressions with decimal exponents be simplified? has the word ‘ratio’
e Issimpler always better? in it, and a ratio
A rational number is a number that can be written as a fraction. can be expressed as
a fraction.
Exploration 3
1 Convert these decimals into fractions:
a 0.1 b 0375 ¢ 1.6 d 03

2 Write the decimal exponents as fractions, and hence write these
expressions as radicals:

a 5075 b 50! ¢ 5037 d 516 @ 503 § 508

3 Use your answers to step 2 to justify why any number with a finite

decimal exponent can be written as a radical.
E5.1 Super powers a




37 34: 3rr+4

7" )2 = 72:1'

Reflect and discuss 5

You cannot evaluate an expression like 37 or 52 without a calculator, because
the exponents are irrational numbers. However, you can simplify expressions
like 37 x 34 or (77)?, using the rules for exponents. Examples:

An irrational
number cannot be
written as a fraction.
How could you get
an approximation

for 5¥22

The definition of a radical is this: %/a = x means that a= x".

Suggest why it is difficult to evaluate ¥/a.

Practice 6

[,

31 Wriite these expressions as radicals of powers of prime numbers:
a 902 b 16!% c 100'3

d (39°3 e 415 f 10000075

:Problem solving
:2 Evaluate 3202 Explain your method.
3 Copy and complete:

a 492x4=2" b 27°7x81%'=3" ¢ 3204 x16% x64°! =2"

4 Solve x"1 =2,

5 Simplify:
2704 6% % 206
= 9x 4038
Summary

For any positive real number x, and integer #,
where n# 0, xi =x.

For any positive real number x, and integers m
and n, where n # 0, x% =x)" =y

Fora, b=0: Yab =%a x b

it
Fora20,5>0.qg_%

The radicand is the number under
the square root sign.

“ E5 Simplification

When radicals have the same radicand but
different indices, write them with fractional

exponents to simplify them.
ik Al n+m
For example: Yax%a=anxam=q "

==

1 1 n-m

Ya _a

e =g MmM=g nm
o

3~

a

‘When radicals have different radicands, but one
is a power of the other, write them as exponents
with the same base to simplify them.

‘When radicals have different radicands, but one
is not a power of the other, then they can not be
simplified into one radical.



k4 Mixed practice

1 Work out the value of:
1 1

D(BF () et a(y):
1 "} 1
o Flml* o(s]°
2 Simplify:
1 1
a (49x6)% b (64x%) 3 ¢ (dx%) 2x3x

3 Work out the value of:

3 2 -2 -
a 10000 b 10003 ¢ 273 d9

4 Find the value of each of these expressions.
Leave your answers as rational numbers.

JORIC RGO

9 64
5 Simplify these expressions completely. Leave your
answers as rational powers of prime numbers.

([

5 4
1 1 11 12 =

a 643 x6412 b 814x98 ¢ IT d ﬁ

_ ‘ 166 63
6 Simplify: 13 B !
a 252x57 b 162x4°? c 7 2 x343?

7 Simplify these expressions completely.
Leave your answers as simplified radicals.

:10 Solve these equations:

NUMBER

:Problem solving

:8 Write down an equivalent expression that

contains fractional exponents.

1 3
a4 b 3 C Z d E
9 Write as simplified radicals with prime number
radicands.

3 4 42 5
a 2316 b 24x%36 c@ dm

:Problem solving

2

o 1 z Ny 9
X =_ 5 = — -
a8 - b 325=4 c(64] v

11 Simplify, leaving your answers as simplified

radicals of prime numbers:

a 2504x5 b 12503x501
509
1250.3

c 904 x 8102 x 304

123.90.2
304

12 The quotation below has been encoded using
simplified surds and fractional exponents.

Without using a calculator, simplify the following
expressions completely. Use your results and the
key to decode a quote by Stefan Banach.

4
a YT6x¥B b YIxYB® ¢ % 1
3%.’@ 4 %f_ ;\;/_ '\/_ y— Q/_ Key:ZJg:L,E:I,z:A,Sﬁ:O,
d - 4 4 2 f 8 8 8
i ¢ VAXNEX Ve x A=M 8=D, 8 =51=1
, {2 ®
2 27 ‘Mathematics
1 L 1 1 1
(IJE 1|2 152 % 202 Ji810 102 )2
32 1 543 JaJis 2
273
_ _ _ —-
2 11 1 1 1y72
i 683 x¥E 3ixes 81% 642 1443 x 63
I3 J2\Ji8 T 4756 2
24 6x23
Reflect and discuss

How have you explored the statement of conceptual understanding? Give specific examples.

Conceptual understanding:

Forms can be changed through simplification.

E5.1 Super powers m




Ideal work for lumberjacks

Global context: Orientation in space and time

Objectives Inquiry questions
e Evaluating logarithms with and without a o e What does log b mean?
calculator e How can you find logarithms using a
e Writing an exponential statement as a calculator?
logarithmic statement e How do logarithms make problems
.g-i ® Solving exponential equations ssgiat o solvar
— e Writing and solving exponential equations L .
= e from teal-life situations e How can anything in mathematics be
E =y e considered natural?
: e Using natural lo ms
) e et e [s change measurable and predictable?
<
[5F]
(+'s

ATL  Critical-thinking

Consider ideas from multiple perspectives

i Y

A S
A : B
| Generalizing changes in quantity helps establish relationships
| that can model duration, frequency and variability.

. T g

=

>
)
¥ A




You should already know how to:

e useindexlaws 1 Simplify x? x x°.

2 Evaluate: 1
a5 b2' ¢162

® rewrite surds and roots as 3 Write with an exponent:
guantities with exponents ave b3 s

e model a real-life problem with 4 |n 2007, the Zika virus was growing
an exponential equation at a rate of 18% per week onYap

Island. Two people were infected
initially. Use an exponential model
to determine the number of people
infected after 52 weeks.

o Introduction to logarithms

® What does log, b mean?
e How can you find logarithms using a calculator?

An exponential equation is in the form a*= b.
e gisthebase

e xis the exponent or power

Exploration 1

Write each statement as an exponential equation, and solve to find x.
The first one 1s done for you.

1 Find the exponent of 10 that gives the answer:

100 10¥ =100 x=2

1000
10 000
0.1
0.0001

2 Find the exponent of 2 that gives the answer:

4
8
16
128

TN

P Continued on next page

E6.1 |deal work for lumberjacks




Find the exponent of 6 that gives the answer:

36

216

.
216

4

What patterns do you notice?
Determine what would happen to the answer if you add 1 to the exponent.

Determine what would happen to the answer if you subtract 1 from the
exponent.

In steps 1 to 3 the exponents are all integers. When you can’t spot
the answer, you can use trial and improvement.

5 Tosolve 10%= 150, estimate the value of x and try it. Improve your
estimate to find x correct to 2 decimal places.

6 Solve 2*=45. Give your answer to 2 decimal places.

7 Solve 5% =77. Give your answer to 2 significant figures.

8 You can also use graphing software to oy |
solve exponential equations graphically. [’

For example, to solve 10* = 60, draw
the graph of the exponential function

y =10~ and the graph of y = 60. ;i JELIE0
Read the value of x at the intersection _
to 2 decimal places. =1 . »

a Solve 2*= 6 graphically. Give your
answer to 2 decimal places.

b Solve 7*= 14 graphically. Give your answer to 2 significant figures.

The three methods for solving exponential equations in Exploration 1 are:
e the inspection method
e trial and improvement

e graphical

Reflect and discuss 1

e Would you use the trial and improvement method or the graphical
method to solve the equation 9% = 857 Explain your choice.

e What are the advantages and disadvantages of the three methods?




The trial and improvement method and the graphing method give two different
perspectives on solving exponential equations.

Here is another method. In the exponential equation 10* = 500, the quantity x
is defined as ‘the logarithm to base 10 of 500".

You can write log, , 500 = x. Ll 'F

it (500) %
Using a calculator: log,,500 = 2.69897... * 10 ok
x=2.70(2 d.p.)

You can use the equivalent statements
10# =500 and log,, 500 = x to find the
unknown exponent.

Rewriting exponential statements as
logarithmic statements changes the unknown
variable from an exponent to a regular variable. Whenever you see an
exponential or logarithmic statement you can use the equivalence concept to
consider it from another perspective,

For any two positive numbers @ and b, there exists a third number ¢ so that
you can write:

the exponential statement a® = b
or the equivalent logarithmic statementlog b=c; a,b>0.

We say that ¢ is ‘the logarithm to base a of &', or ‘the exponent of a that
gives the answer 4’. In the logarithmic statement log b =c, a is called the
base of the logarithm and b is called the argument of the logarithm,

When solving equations involving exponents or logarithms, it can be helpful to
rewrite the equation using the other form. This allows you to see the equation
from a new perspective.

Example 1

Solve log; x =2.

TP=x
x=49

Logarithms with base 10 are often called ‘common’ logs and written log x,
without a base.

When you see ‘log’ written without a base, you can assume the base is 10.

On most calculators you can choose the base of the logarithm. If your calculator
does not allow this, you will need to use the change of base formula.

E6.1 |deal work for lumberjacks A

Tip

The log button on
your calculator is
for ‘log,,’. You do
not need to enter
the number 10.

Before calculators,
logarithms of
different values
were published in
log tables. Modern
calculators calculate
logarithms at the
touch of a button.

Rewrite as an exponential statement.
log,b=c meansa=b.




The change of base

Change of base formula: log, b= Fateila i derived

log. b .
Og" where c is any new base.

?
log, a

inE12.1,
Example 2
Solve 2*= 50 using a calculator and the change of base formula.
2*=50 Rewrite as a logarithmic statement.
log, 50=x
_log;y50 Use the change of base
fog, o= log)(2 formula with c=10.
= 5.64385619
Work out 12920 o your calculator.
=5.64(3s.f) log2
Example 3
log.,’fkﬁ = x. Find the value of x.
1
log,(7x7%)=x Wirite surds as exponents.
El
log,(72)=x
3
= Rewrite as an exponential statement.
x= % The bases are equal, so the exponents are equal.

Practice 1
1 Write down the equivalent logarithmic statement for:
a 10* =500 b 10 =150 ¢ 10* =60 d 2*=45 e 27=6

Hence, using your calculator, find the value of x in each case. Give your
answers to 3 s.f.

2 Write down an equivalent exponential statement for:
a log,64=2 b 1og84=§ ¢ log0.1=-1
d log,x=5 e log,b=4 f log, y=0

3 Write down an equivalent logarithmic statement for:
_2 1
a 32=9 b 4 3=0125 ¢ 10003 =10




Use this table to help you answer questions 4 — 6.

Powers of 2 Powers of 3 Powers of 4 Powers of 5
23| 0125 33| 0037 | 43 0.15625 | 573 0.008
22| 025 | 32| o] 42 0625 52 0.04
27| o5 | 37| o3 4 025 51 0.2
2 1 3° 1 4° 1 59 1
2! 2 3! 3 4 4 51 5
9= 4 32 9 42 16 5 25
23 8 3 | 27 43 64 G 125
2¢ | 16 34 81 44 256 5+ | 625
25 | 32 35 | 243 4 | 1024 55 | 3125

4 Without using a calculator, find the value of x.
b log;243=x ¢ log,0625=x d log, 1024=x
e log0.00001=x f log,0.125=x g log;1=x h log.0.04=x

a log,625=x

5 Without using a calculator, find the value of x.

a logS\/g:x b log33\/§=x c log,v256=x d log,~/256=x
Find the value of x to the nearest hundredth.
a log,17=x b log,121=x c log;3l=x d log,5=x
7 Solve, using a calculator:
a 3*=40 b 5%=100 c 47=85 d 2¥=00

Logarithms are used in astronomy to measure the apparent magnitude

of stars; in geology to measure the intensity of earthquakes; in music, to
measure semitones; and perhaps most beautifully, in nature, as seen in the
inside of nautilus shells whose chambers form a logarithmic spiral.

:Problem solving
58 Solve these exponential equations.

a 2x+1 - 42x b 3x+2 - 92x—2

d (l]x+2=32x—2 & (l]x+2:92x—2

E6.1 |deal work for lumberjacks A

Learn these
results to help you
solve logarithmic
and exponential
equations without
a calculator.

In 8, write them
with the same base
and use the laws of
exponents.




G Using logarithms to solve equations

® How do logarithms make problems easier to solve?

You can use logarithms to solve complex exponential equations. Rewriting
an exponential statement as an equivalent logarithmic statement changes the
equation into one you can solve.

Example 4

Solve 62**! =20, accurate to 2 decimal places.

log 20 =2x+1 Rewrite as a logarithmic statement.
1.67195.. =2x+ 1 Use a calculator to find Iog620=bg1—°20.
log46
x=0.33567=0.34 (2 d.p.) Solve for x.
Practice 2
Solve each equation, giving your answer to the degree of accuracy stated.
1 2*=52d.p) 2 28¢1=503dp)
3 5 1=3(2sf) 4 Frl=5(3cf)
5 4x2*=6(2d.p) 6 2x2*'=6(2d.p)
2% 92x-3
7 ?:6 (2s.f) 8 =16 (2s.f))

You can also use logarithms to solve equations that result from real-life growth
and decay problems.

Objective D: Applying mathematics in real-life contexts
ii.. select appropriate mathematical strategies when solving authentic
real-life situations

In Exploration 2, you will write an equation fo describe a real-life situation and then
use an appropriate strategy to solve it.




Exploration 2

An amoeba is a single-celled organism that reproduces by cell division.

A certain amoeba splits into two separate amoebas every hour. There is
one amoeba on a microscope slide at the beginning of an experiment.
Determine how long it will take for there to be 1000 amoebas on the slide.

1 The number of amoebas depends on time ¢. Copy and complete the table:

Time (hours) t=0 =il =2 t=3 t=4
Number of amoebas | A(0)= | A(1)= | A@)= | AB)= | A¥)=

2 Write the number of amoebas as powers of 2.
3 Write A(r) as an exponential function.
4 Write and solve an exponential equation to find ¢ when A(¢) = 100.

Reflect and discuss 2
e How do you know when to use logarithms to solve an equation?

e How could you verify that your answer makes sense?

Example 5
The number of drosophila (fruit flies) in a laboratory at the beginning of an
experiment is 200. The population increases by 8.5% each day.
a Find the population at the end of the first and second days.
b Write an exponential function for the number of drosophila after x days.
¢ Find the number of days until the population reached 100 000 drosophila.

2 Number of days (x) | Number of drosophila (D)
0 200
1 200%1.085 Growth factorb=1+r=1+0.085=1.085
2 200%1.085

Exponential growth is modelled by

R e y=al(1 +ry where xis the number of days.

D =200x1.085"

c 100000 = 200 x1.085* Rearrange to isolate the termin x.

100 000 _ 1.085%
200

500 =1.085* Rewrite as a logarithmic statement.

log, 435500 = x
x=176.18
After 77 days there would be more than 100000 drosophila.

E6.1 |deal work for lumberjacks a
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Practice 3

At the end of the year 2000 the population of a city was 300000.
The population then increased by 1.3% per year.

a Find the population at the end of 2001 and 2002,
b Write an exponential function for P(z), the population after r years.
¢ Predict the year in which the population should exceed 350 000.

A group of 15 snow foxes are introduced into a nature reserve. The number
of snow foxes N can be modelled by the exponential equation N =15 x 304
where ¢ is the number of years since their introduction.

Find how many years after their introduction when there should be at least
100 snow foxes.

The half-life of caffeine in the human body is approximately 5 hours.

Copy and complete the table for a student who consumes 120 mg of caffeine
at 08:00 one morning.

Time Time period Amount of
(t hours) caffeine (C mg)

08:00 t=0 120

13:00 t=1 60

18:00 t=2

23:00

Find the common ratio for the geometric sequence.

o

Find the exponential equation for the half-life of caffeine in terms of z.

¢ Calculate the amount of caffeine in the student’s body after 35 hours.

o

The effect of caffeine is negligible below 0.02 mg. Determine the number
of hours after which there is only a negligible effect from the caffeine.

:Problem solving

4

Coco is training for a race and records her 10 km times each week.
Before she starts training, she can run 10 km in 72 minutes.
Week (w) | Time (t, min) to run 10 km
1 70.56
2 69.149
3 67.766
4 66.411
5 65.082

Assuming her time continues to decrease at the same rate, calculate how
many weeks it will be before Coco can run 10 km in less than one hour.

Each time period
represents 5 hours.

The times form

a geometric
sequence. Use
w=0and w=1
to find the rate of
decrease.



:5 A large lake has a population of 100000 perch. The number of perch is
: decreasing at a rate of 10% per year due to pollution.

a Make a table to show the number of perch Pafter 1, 2 and 3 years.
b Write an exponential model for the number of perch P after ¢ years.

¢ When the population of perch falls below 25000 it is at a ‘critical level'.
Calculate how long it will take for this lake to be at a critical level.

0 Natural logarithms

® How can anything in mathematics be considered natural?
e [s change measurable and predictable?

Exploration 6 of MYP Standard 14.1 explored how $1 invested in a bank for
exactly one year would grow with the interest compounded at different intervals:

1
annually (1 + _j =2

2
semi-annually (1 + %J =225
4
quarterly (1 - H =244140625
12
monthly (1 + %J ~ 261303529022...
52
weekly (1 + 5_‘2j ~2.69259695444. ..
365
daily (1 £ L] ~2.71456748202. ..
365 .
1 8760 1
hourly (1 +%] ~271812669063... \ "
525600
every minute (1 £ ] =2.7182792154...
525600

~ Infinity is a floorless room
without walls or ceiling.

every second =2.71828247254...

( 1 ]31 536000

+ —
31536000 — Author unknown

The number of times the interest is compounded is n. As n approaches infinity,
the total investment approaches $2.71828...

The number 2.71828... is called e and it is the base rate for growth/decay of all
continually growing processes.

In general, all populations that grow continually are modelled by the
population growth equation P = Fye™, where:

Pis the final population

B, is the original population when =0
r is the growth rate

¢ is the time period.
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Reflect and discuss 3

How could the formula P = Fje”* be used for problems involving
exponential decay?

To calculate the growth rate or the time you can use logarithms with base e.

If y = e* then the equivalent logarithmic statement is log_ y = x, y > 0.

The natural logarithm log, y is written as: Iny.

Your calculator should have an In button, and an e*button.

The first mention of e, the natural logarithm, was noted in 1618 as an
appendix to Napier’s work on logarithms, but it wasn’t officially named ‘e’
until Euler completed his work in 1748.

The spiral galaxy on the cover of this book is a naturally occurring
logarithmic spiral, where the shape does not alter but the size increases.

Example 6

A skydiver jumps off a cliff. Sensibly, the skydiver has remembered to wear
a parachute. As he falls, his speed of descent is modelled by the equation

v(£) = 50(1—e~ %2), where his speed, v(¢), is in m/s and time ¢ is in seconds.
Find:

a his initial speed

b the time it takes for him to reach a speed of 40 m/s.

a v(0)=50(1-¢02x9 Initial speed occurs when t=0.
=50(1-1)=0
Initial speed is 0 m/s.
b  40=50(1-e %%) Substitute 40 for the speed and solve for t.
O _1- 02
50
—02=—0% Write the equivalent logarithmic statement.
0.2 = e02t
In0.2 =-0.2¢

t=8.05 seconds (2d.p.)




Example 7

In 2000, an island in the Caribbean had a population of 2600 people.

Assuming that the population was continually increasing at a rate of 1.68%
per year, calculate:

a the predicted population in 2020
b the time taken for the population to double

¢ the time taken for the population in part b to return to 2600 if it began to
decrease at a rate of 2% per year.

a P=Fe" Standard population equation.
P= 260080'0168 x 20

=3638.3 Use your calculator.
The population in 2020 will be 3638 people.

b P=Fe" Double the population is 5200.

5200 = 2600e%0168
2 — o0.0168¢ Rewrite as a logarithmic statement.

In2 =0.0168¢

—_n2 —41258...
0.0168

The population will double in 42 years.

< P = Re" For exponential decay, the rate is negative.
2600= 5200e0-02

0.5=e00% Rewrite as a logarithmic statement.

In0.5=-0.02¢

t =34.657......

The population will return to 2600 people in 35 years.

Practice 4

1 Carbon-14 dating is a common method used to determine the age of fossils
and bones.

One formula used to calculate the age ¢ (in years) of an item is P= e 00001211

where P is the percentage of carbon-14 left in the item (written as a decimal).

A femur bone found in an Australian aboriginal burial site contains 11% of
the carbon-14 found in a normal femur. Determine the femur’s age.
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Radioactive substances decay over time and are often described by their
half-life (the time taken for half of the substance to decay/disappear).

The formula used to describe this decay is A = 4,e®’, where 4 is the amount
left after time 1, 4, is the original amount of the radioactive substance,

and b is the decay constant.

lodine-131 has a half-life of 8 days. It is a common substance used in
diagnosing issues with the thyroid gland.

a Find the decay constant 4 for iodine-131 if you begin with 3 grams.
b Hence write down the formula for the exponential decay of iodine-131.

¢ Find how many grams of iodine-131 will be present after 28 days if you
start with 3 grams.

A biologist monitoring a fire ant infestation notices that the area infected by
the ants can be modelled by 4=1000e?7", where 4 is the area in hectares,
and # is the number of weeks after the initial observation.

a Find the initial population size.
b Find the population after one week.
¢ Calculate how long it will take the population to cover 50000 hectares.

A group of 20 rabbits is introduced to a rabbit farm. After ¢ years the
number of rabbits N is modelled by the exponential equation N = 20e"¢.

a Predict the number of rabbits after 3 years.
b Determine how long it will take for the number of rabbits to reach 400.
Give your answers to an appropriate degree of accuracy.

The model for the population P of wombats in a nature reserve is P = 50e%%,
where ¢ is measured in years.

a Write down how many wombats were introduced to the reserve.

b Calculate how long it will take for the original population to quadruple.

Problem solving

The population of a small Dutch town was obtained for two consecutive years:
Year 2010 201
Population 5101 5204

Assume that the population is modelled by the standard equation, and that
t=01n 2010.

a Calculate the rate of growth, r,
b Calculate the predicted population in 2020.
¢ Calculate the number of years until the population exceeds 10000.




Reflect and discuss 4

e What do you think are the limitations of continuous growth and decay

models?

e Why do you think In is called a ‘natural’ logarithm?

Summary

An exponential equation has the form a*= b:
® gisthe base
e xisthe exponent or power

For any two positive numbers a and b, there
exists a third number ¢ so that you can write
the exponential statement a¢ = b
or the equivalent logarithmic statement
log, b =c;a,b>0.
We say that cis ‘the logarithm to base a of »’,
or ‘the exponent of a that gives the answer 4’.
In the logarithmic statement log b = ¢, a is called
the base of the logarithm and b is called the
argument of the logarithm.
log b

Change of base formula: log, b= —2¢
log,a

Mixed practice

1 Write down the equivalent logarithmic
statement for:

a 7*=23 b 10 =95
c 8=6 d 44=47
e 12*=1200

2 Write down an equivalent exponential
statement for:

a log 125=3
¢ logl000=3

e log, m=n

b log, (15] =-2
d log,2401=4

3 Find the value of x without a calculator:

a log,16=x b log,9=x
13 -

c log?(gj_x dlog 1=x

e log;3=x f logSJ§=x

g 10g66\/6=x

Generally, all populations that grow
continually are modelled by the population
growth equation P = Fe’’, where:

Pis the final population

F, is the original population when =0
ris the growth rate

1 is the time period.

If ¥ = €* then the equivalent logarithmic statement
islny=x,y>0.

The natural logarithm log, y is written as Iny.

The common logarithm log,, y is written as logy.

4 Find the value of x to the nearest

hundredth.
a log,7=x b log,12=x
€ log;312=x d log,21=x
e log650=x f nS5=x

5 Find the value of xto 2 d.p.
a 3*=20 b 5r =20
c =20 d 3x3*=15

e 2x3**l=45 f 3xeX*l=30

6 Find the value of x without using a
calculator.

243{ -1 = 823[

a b 5x+4:1253x—1

c 32x+3:(l]2x_1
9.
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The table below shows the average movie ticket
price in Canada from 1990 to 1994.

Vi Price of a
movie ticket ()

1990 4,00

1991 422

1992 445

1993 469

1994 495

a Find the exponential model for the average
movie ticket price as a function of ¢, the
number of years since 1990.

Review in context

Charles Francis Richter was an American
seismologist and physicist who created the
Richter magnitude scale, which quantifies
the size of earthquakes by measuring their
intensity. It is a logarithmic scale, and since
1935 it has been the standard measure of
earthquake intensity.

One formula for modelling the magnitude of an
earthquake using the Richter scale is:

I
M =logo -~

where M is the magnitude, /_ is the intensity of
the ‘movement’ of the earth from the earthquake,
and [, is the intensity of the ‘movement’ of the
earth on a normal day-to-day basis.

a The intensity of the movement on a normal
day in Oklahoma is 100 microns. Last
December, the intensity of the movement of
the earth from the earthquake was recorded
as 250000 microns. Determine the size of
this earthquake on the Richter scale.

b Calculate the average price of a movie ticket
in the year 2016.

¢ Find when the average price will reach $20.

8 A kettle of water is heated and then allowed

to cool. The temperature can be modelled by
the exponential equation 7' =100e 9%, where
T is the temperature (in °C) and ¢ is the time in
minutes.

a Find the initial temperature.
b Determine the temperature after 3 minutes.

¢ Elizabeth can drink the water when the
temperature is 40 °C. Find how long she must
leave it to cool.

b Find the measurement of each earthquake on
the Richter scale:

Earthquake 7 I

i Southeast Indian

; 3767829647 150
ridge

ii Near coast of

Northern Chile 25896531 140

iii Admiralty Island,

Papua New Guinea 45487563 160

iv Chiapas, Mexico 123568544 140

v Cuba region 86532658 110

¢ An earthquake in northern Peru was recorded
as 4.8 on the Richter Scale.

Usual movement in that area is 1450 microns.
Using this information, calculate the
intensity of the movement of the earth from
the earthquake.

d An earthquake in Bermuda was recorded
as 2.7 on the Richter Scale. The movement
of the earth from the earthquake was
calculated to be 2 145 000 microns. Using this
information, calculate the usual movement.



2 To calculate the pH of a liquid you need to
know the concentration of hydrogen ions (H*)
in moles per liter of the liquid.

The pH is then calculated using the logarithmic
formula: pH = —log,, (H").

a HClis astrong acid with a hydrogen ion
concentration of 0.0015 moles per liter.
Find the pH of the HCI solution.

b Find the hydrogen ion concentration of a
liquid which has a pH of 9.24.,

¢ A solution is said to be neutral (neither acid
nor base) if its pH is 7. Find the concentration
of hydrogen ions which would make a solution
to be considered neutral.

3 The pOH of an aqueous solution measures the
number of hydroxide ions (OH™) in a solution,
using the formula: pOH = -log,,(OH").

a Find the pOH of an aqueous solution
that has a hydroxide ion concentration of
6.1 x107 moles per liter.

b Find the hydroxide ion concentration in an
aqueous solution that has a pOH of 2.3.

Reflect and discuss

How have you explored the statement of inquiry?
Give specific examples.

Statement of Inquiry:

Generalizing changes in quantity helps establish
relationships that can model duration, frequency
and variability.

4 The decibel scale measures the intensity of
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sound D using the equation D =10 log T,
where I is the intensity ratio of a sound.
On the decibel scale, the purr of a cat measures
D=101log 330 =25.2 (3 s.f.) decibels.

Sound intensity is measured on a traffic light
system:

Green: no ear protection needed. 1-75 DB

Orange: ear protection recommended. 80—120 DB

Red: ear protection necessary. 120 + DB

Calculate the sound intensity of these noises
and determine whether or not ear protection
equipment is recommended or necessary.

a A chainsaw has an intensity ratio of
1.04 x 1011,

b A flowing river has an intensity ratio of
3100000.

¢ A rocket launching has an intensity ratio of
8.2 1016,




Global context: Orientation in space and time

Drawing and using the unit circle to find sines, What is a radian?

cosines and tangents of angles What is the unit circle?

Converting angles between degrees and radians How are the trigonometric functions
Using the radian formula for the length of an arc related to the unit circle?

Solving problems involving angular and linear

Which parameter affects the horizontal
displacement

translation of a sinusoidal function?
Drawing graphs of sin 6 and cos 0, where 0 is in What is the difference between phase
radians shift and horizontal shift?

Describing transformed trigonometric functions

of the Bt %) = aetti(be o) +d Does the order matter when you perform

transformations on sinusoidal functions?
How do we define ‘where’ and ‘when’?

Gather and organize relevant information to formulate an argument ]

Statement of Inquiry: |

Generalizing and applying relationships between measurements
in space can help define ‘where’ and ‘when’.
—
_
P

_—

,;j/

>



GEOMETRY AND TRIGONOMETRY £

You should already know how to:

e find exact values of trigonometric | 1 Find the exact value of:

ratios of 30°, 60° and 45° a sin30° b cos45° ¢ tan60°
e draw the graphs of sine and 2 Sketch the graph of these functions
cosine functions for values of x between 0° and 360°.
a sinx b cosx
® describe transformations on 3 a Find the amplitude and
sinusoidal functions frequency of the graph of
y=2sin2x.

b Describe the transformations on
the graph of y = cos x to get the
graph of y=3 cosx+ 1.

e find thelength of an arc 4 a Find the circumference of this
circle.
b Find the length of arc AB.

What is a radian?

What is the unit circle?

How are the trigonometric functions related to the unit circle?
Until now, you have measured angles in degrees. Like distances, which can be

measured in units as varied as kilometers, miles and light years, angles can also be
measured in different units. Exploration 1 investigates radian measure for angles.

Another unit of measurement for angle is the gradian, also known as You do not need to
the grad. One grad is equal to ﬁ of one revolution. The French term 1;[:?}?“ ;;;:azj&work
centigrade means one-hundredth of a grad, but the term was also used as

the name of the temperature scale. Hence, the term Celsius was adopted to

replace Centigrade, in honour of Swedish astronomer Anders Celsius who

proposed the scale.

Objective B: Investigating patterns
ii. describe patterns as general rules consistent with findings

In Exploration 1, look for patterns in the central angle and length of the arc, and
write a general rule to describe the pattern.




Exploration 1

1 A unit circle has a radius of 1 unit. Find the circumference of a unit
circle in terms of .

2 Copy and complete this table with the lengths of the arcs of the unit
circle with different sized angles, in terms of 7.

Central angle in . . Length of
Fraction of circle :
degrees corresponding arc

360°
(circumference)

1 2r

180°

o | =

90°

B =
»|8
[SERE]

60°
45°
30°

The lengths of the arcs are the radian measures of the angles in the
first column. So 360° = 27, 180° = &, and so on.

3 Suggest a formula to convert an angle of ¢° to radians.

4 Consider a circle with radius r, as shown to the right. Copy and complete

this table with the lengths of the arc s of this circle in terms of r and : s
Central angle in Central angle Length of /6
degrees in radians corresponding arc s
360° (circumference) 2 2mr

180°
° &

90 >

60°

45°

30°

5 Suggest a formula for the arc length s of a circle with radius » when
the angle @ is in radians.

6 By considering your formula in step 5, explain why radians are a
measure without units.

7 Determine the central angle, in radians, of an arc equal in length to
the radius of the circle.

8 Suggest a definition for the radian measure of an angle.
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A radian is a unit for measuring angles.

1 radian is the angle at the center of an arc with

length equal to the radius of the circle. 5

6=and s=r6 /6) A
¥

360° = 2w radians

1°=_"_ radians
180°

Angle in radians = Angle in degrees x =

Practice 1

1 Convert these angles to radians.

a 10° b 15° c 18° d 36° e 40°
f 72° g 126° h 150° i 225° j 300°
2 Convert these angles to degrees.
T 2T 3r 3 n
ay b5 <4 d~5 ey
8r Sr 47 . Sm . ST
f5 95 by i3 Iz

:Problem solving
: 2
:3 The area of a sector of a circle is given by 4 = % where the angle 8 is

measured in degrees. Rewrite the formula for an angle 8 measured in radians.

You can use radians to work out the distance a wheel has moved in a number ;
of rotations. The formula s = #8 links the linear displacement s (distance travelled)
and angular displacement 8 (angle of rotation) for a wheel of radius .

An angular displacement greater than 27 means that the wheel rotates more
than one full turn of 360° = 2x. For example, an angle of 107 is equivalent to
5 complete revolutions (turns).

Example 1

The second hand on a clock is 20 cm long. Find the linear displacement of
the tip of the second hand (the distance the second hand travels) in 6 seconds.

Angular displacement for 1 second is: Find the angular displacement each second (in radians).
1 x2r=2L
60 30
0= 6><% =g Find the angular displacement for 6 seconds.

Continued on next page



r=20cm
s=r0@
=i T
—5><20
=4r cm

=12.6 cm (3 s.f)

Practice 2
1 The hour hand on a clock is 15 cm long.
a Find the linear displacement of the tip of the hour hand in 4 hours, to 3 s.f.

b Find the linear displacement of the tip of the hour hand in 9 hours, to 3 s.f.

:Problem solving

¢ The linear displacement of the hour hand is 157 c¢cm. Find how many
hours have passed.

2 A bicycle odometer measures the linear distance travelled as the wheels
rotate. The wheel of a road bike has diameter 62 cm.

a Find how many meters the odometer measures when the wheel makes
20 rotations. Give your answer accurate to 3 s.f.

b Find how many kilometers the odometer measures after 150 rotations.
Give your answer accurate to 3 s.f.

¢ The Tour de France is a 3500 km bike race. The rules specify that the
diameter of the bike wheels used in the race must be between 55 cm and
70 cm. Find the minimum number of rotations a Tour de France bike
wheel makes in the entire completed race, to the nearest hundred.
:Problem solving

3 A wind turbine blade rotates through 90° in 3 seconds. During that time, the
tip of the blade travels 18.85 m. Find the length of the blade, accurate to 2 d.p.

:4 A horse-drawn carriage has a wheel of diameter 3 m.

a Determine the angular displacement of the wheel in 15.25 rotations.
Give your answer in radians.

b Find the linear displacement of the wheel, to the nearest tenth of a meter.

o s . . . : 90°
The unit circle is a circle of radius 1 unit nd y 1k
with its center at the origin of the graph. quadrant quadrant
The axes divide the circle into four quadrants.
The section at the top of page 129 shows the {58 B e i
part of the unit circle in the first quadrant. OP
is a radius of the circle, and thus has length 1.
3rd 4th
guadrant guadrant

270°




In the right-angled triangle OPQ: o

smG—OP 5 PQ, so PQ=sinf

cosf@ = e 00,s0 OQ=cos@
Q

tang=22=2
oQ «x

GEOMETRY AND TRIGONOMETRY

P (cos#, sind)

Since P has coordinates (x, ¥), the length 0
of PQ is y and the length of OQ is .

Therefore:
sin@=y cosf=x tanf=2
X

The coordinates of the point P(x, ¥) in the 1st quadrant
of the unit circle are therefore (cos8, sinf).

Reflect and discuss 1
This diagram shows the full unit circle.
Point P, is in the 1st quadrant.

Point P, in the 2nd quadrant is
the reflection of P, in the y-axis.

Point P; in the 3rd quadrant is
the reflection of ) in the x-axis.

Point P, in the 4th quadrant is
the reflection of P, in the x-axis.

e What are the coordinates of points

£, E5 and Bl

270°

e What conclusions can you make about the signs of the sine and cosine

ratios in the different quadrants?

Exploration 2

On graph paper, draw a quarter circle with radius 10 cm. Use your
protractor to draw angles of 0°, 15°, 30°, 45°, 60°, 75° and 90° as shown.

Ya
~190F T 780
L lsns
R D,
i / 45
.:E: T 30°
T a
\ 4]
AT T
IAAA L]
e na n°

¥

Continued on next page



1 For each angle, read the values of cos 8 and sin € from the graph.
2 Copy and complete this table of values.

Oindegrees | Oinradiansusing s | sin6 | cosé
0 0 0 1
I
15 12
30
90

3 Compare your values with the calculator values for sin0°, sin15°,
sin30°, etc. Explain why they may be different.

4 Predict the values of sine and cosine for angles in the 2nd quadrant:
6 =105°,120°, 135°, 150°, 165° and 180°. Check with your calculator.

5 Repeat step 4 for the 3rd quadrant: 6 =195°, 210°, ..., 270° and the
4th quadrant: 8 = 285°, 300°, ..., 360°.

Reflect and discuss 2

e Use this unit circle to explain why:

sinZ = sin 2%
6 6
sin’% = —sin® n
6 6
 1lx T
sin— =—sin —
[ 6

e Do your results confirm the conclusions
you made in Exploration 27 Explain.

The trig functions secant, cosecant and R u
cotangent can also be found on the unit circle. 0
Pick a point P in the first quadrant and extend
the line segment OP up and to the right, far 5
enough for it to intersect the line y = 1 which
is labelled RU here. Then draw the tangent
line x =1 from point §, upward to meet the
line segment OU and label this point T.

~\

0 Q

Then OT represents sec8, OU 1s csc8 and RU is cot#.
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Example 2

Write down these values without using a calculator.
27 e
a cos— b sin = c tanw

Convert the radian measure to

a Z=120° L
3 degrees so you can draw it easily.

E

(48

1 Draw the angle in the correct quadrant.
"'% Make a right-angled triangle with the
x-axis and label the lengths of the sides.
'j 500 %

L
2

[~

¥

adjacent
hypotenuse
or the x-coordinate.

2 1 COSA =
cos ?}T =cos120°= —~

b gz 90°
Convert the radian measure to degrees.
(0, 1)

Y4
Draw the angle on the unit circle.
90°
] » A point on the unit circle has coordinates (cos 6, sin ).
kj So the value of sin 8is the y-coordinate on the unit circle.

e .
sin = = sin90° =1

c m=180° Convert the radian measure to degrees.

h

A
( )K—Ij » Draw the angle on the unit circle.

tanr= Y =0 On the unit circle, tan 6= %




Reflect and discuss 3

e When you draw angles in the unit circle, why is the hypotenuse value
always positive?

e If you drew a circle with radius = 2 for Example 2 part a, what would
the other sides of the triangle be? What would the x-coordinate be?
How does that compare to the value calculated in Example 2 part a?

To find trigonometric ratios of angles in the four quadrants, you can use:

® the special triangles and SOHCAHTOA

e similar special triangles where the hypotenuse is equal to one unit,
This corresponds to the unit circle.

1145\
V2
] 45° /N
1
V2

(Y Practice 3

i3 1 Write down these values.

a sin® b cos™ ¢ tan’® d cos>”® e cos
3 4 3 6 2
5. 11 R 3
f tan2rw g smT)T h cos% i tanTjrr

:Problem solving

2 Find two angles that have the given trigonometric ratio, 0 < A < 2.
: If the domain is

1 ) - ; :
a tand=-1 b cosd= 5 c sind= _£ given in radians,
2 give the answer in
d cosd=0 e sind-= % radians.
:3 i Write down the coordinate values for each point.
a (cosf, sinf] b (cosz—ﬁ, sinz—H]
6 6 3 3
St . S5m Iz . llx
¢ |cos—,sin— d |cos—,sin—
4 4 6 6

ii The unit circle has equation x? + y? = 1. Show that these four points are
on the unit circle.
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Reflect and discuss 4
e (Canan angle measure more than 27?7 Can an angle measure less than 0?

o How can you find the sine and cosine values of angles that measure less
than 0 or more than 277

To answer the questions in Example 3, you could also use the results from
the unit circle you drew in Practice 3, question 3.

Example 3

Write down these values without using a calculator.

a cos(gj b sin(g] c tan(—5—’r]
4 2 6
a cos(l%] = c0s495° Convert the radian measure to degrees.

One rotation is 360°, so 495° is one rotation plus 135° more.

Draw an angle of 135°. Make a right-angled triangle with
the x-axis and label the angles. Label the lengths of the
sides in the special triangle with angles 90°, 45°, 45°.

T
P
s 5
A
e
s
S
<
>
o
K ;
o
o
¥

cos

1r)_ 1 V2 cos A= _2dcent_
T] = c0s495° = -5 {01' —7] hypotenuse

¥ g

b sm(“_’f] = 5in 990°

Two complete rotations is 720°. So 990°

270° is 270° more. Draw an angle of 270°.

¥

The value of sin@ is the y-coordinate on the unit circle.

Can.
N

(0,-1)

sin(HTJT ] =sin990° = -1

Continued on next page



C tan(—:%r] =tan(-150°)

YA

Negative angles start at zero degrees and rotate clockwise.
Draw 150° clockwise from zero. Make a right-angled
triangle with the x-axis. This is one of the special triangles.

2 150°

5 o -1 Jg
1 —— =1 —1 e
an( 5 ] an(—150°) ==
5/ Practice 4
-= 1 Write down these values.
a sin[g—’r] b cos(g—”] C tan(?—”]
3 2 6
d cos(—'irj e tan(-37) f sin(—ﬁ]
4 6
g tan(u—x] h sin(—T—IJ i cos(—£]
4 4 3
2 Write down a negative angle (in radians) that has the given trigonometric ratio.
a tand=1 b cosA=—% ¢ sind=-1
d cos4=0 e sinA:—?

Which parameter affects the horizontal translation of a sinusoidal
function?

What is the difference between phase shift and horizontal shift?

Exploration 3
1 Graph the functions f(x) =sin(x) and g(x)= cos(x—gj on the same set

of axes and write down the relationship between these two functions.

2 Describe the transformation on the graph of f that gives the graph of g.
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Fig

The graph of y = cos(x—;] is a horizontal translation of the graph y = cos x
by % units in the positive x-direction.

/N )/

¥ =sinx

¥y =[sinx

N ] '/1/'3(\ /

ARWAAR (1N |

» T »”

-2 3 - r pr’ PR YTEREYY
EAVIENG BV EIV,
i s | R L2
y =|cos . .'a'—COIS(f--E)

The graphs of y= a cosbx and y = a sin bx have amplitude q and frequency b.

So the graph of y= cos(x—g] has amplitude 1, frequency = 1, and is translated

horizontally by g units in the positive x-direction. For sinusoidal functions,
when the parameter b= 1, the horizontal translation is called the phase shift.

The four parameters of a sinusoidal function ¥ =asin(bx—c)+d or
y=acos(bx —c)+d are interpreted graphically as:

Exploration 4

1 Plot the graphs of f(x) =sin 2x and g(x) = sin(Zx—g]. Write down the

horizontal translation on the graph of f(x) that gives the graph of g(x).

Rewrite g in the form g(x) = sin2(x — ).

2 Plot the graphs of f(x) =cos % and g(x) = cos(%—gj. Write down the
horizontal translation on the graph of f(x) that gives the graph of g(x).
Rewrite g in the form g(x)= cos%(x+ 0).

3 Using your results from steps 1 and 2:

a convert y = a sin(bx — ¢) + d into an equivalent function of the form
y=asinb(x—0)+d.
b convert y = a cos(bx — ¢) + d into an equivalent function of the form

y=acosb(x-0)+d.



The values of b and ¢ both influence the horizontal translation of graphs of
sinusoidal functions.

For sinusoidal functions y=a sin(bx—¢) + dand y=a cos(bx—c) + d:
e When b= 1, the parameter cis called the phase shift.
When ¢ > 0, the shift is in the positive x-direction, to the right.
When ¢ < 0, the shift is in the negative x-direction, to the left.
e The horizontal shift is the actual horizontal translation of the graph,
equal to g.
When % > 0, the shift is in the positive x-direction, to the right.

c

‘When =< 0, the shift is in the negative x-direction, to the left.

Example 4

s State the amplitude, frequency, period, horizontal shift and vertical
translation of y = —2 sin(2x — m) — 4. Draw the graph of the function using a
window from 0 to 2.

In y =asin(bx—c)+d:
|a| is the amplitude

7y amplitude is |a| =2
2 ‘ bis the frequency
| | » frequencyisbh=2
_2n x F | 3 | 2¢" e 2 ,
f 2 periodis Z£=L—g =% is the period.
= ] ! / b 2 b
-6 ! |
. y=-2sin(2xr-m)-4 horizontal shift is g: £

= % is the horizontal shift.
vertical translationis d=—-4

d is the vertical translation.

Without using a GDC, draw the graph of the function y = sinx, from 0 to 2.
On the same set of axes, use transformations to draw the graph of
y=15sin(2x-m)-2.

Find the amplitude, frequency, horizontal

amplaude=1. shift and vertical translation.

frequency = 2
horizontal shift =

vertical translatio

(ST

=-2

=1

Continued on next page
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Rearrange so that x is ‘on its own’.

y=1.5sinQ2x—m)-2=1.5 sinz(x—g]_z

Work outward from x.
Step 1: Compare y = sinx with y= s‘m(x - gJ
7
2
y = sinx y=sin(w—£) : ). .
1 2 2 The graph of y:sm(x—E] is a horizontal
- gl L B 2;;( translation ofg units in the positive
=1 =
; £ = x-direction of the original function y = sinx.
Step 2: Compare y = sin(x—fj with y= sinz(x—ﬂj:
o
- Sm(x_ g) The graph of v~ <in(2x 7 isahorizontal

dilation ofyzsin(x—%], scale factor %

0 : = »
¢ n N/ X
-1 % ~ 5 - Nx The frequency tells you the number of
= complete sine curve cycles in the period 2.

Step 3: Compare y = sin2(x—g] with y=1.5 sinZ(x—%]:

)/
2 y=15sin(2x - 7)

0 s Redraw with amplitude 1.5.
AiE T 2z
4 :{\./‘2 ,\/%
=9 )

Step 4: Compare y=1.5 sinz(x—gj with y=1.5 sinz(x—%]— 2
1/

y= 1.5 sin(2x - 1)

Redraw, translated 2 units down.

Practice 5

1 State the amplitude, frequency, period, phase or horizontal shift, and
vertical translation of:

a y=23cosdx b y=sin(3x-m)+2
C y=0.551n(2x—%]+7 d y=6cos(3x+m)-3

T

e y:—sin3(x—3]+2



2 Without using a GDC, draw the graph of each function:
a y=cos(x—%]+3, from 0 to 27
b y=cos(4x-2m)-1,from0tor

¢ y=3sin(0.5x)-2, from 0 to 67
d y=0.5sin(2x—-m)-2,from0to 27

:Problem solving
3 The function y=asin(bx—c)+d has amplitude = 2, period = , horizontal
shift = E to the right, and vertical shift = —1. Write the equation of the function.

4 For each graph, find the equation of the sinusoidal functions in two
equivalent forms: i as a transformation of f(x) = sin x, and ii as a transformation
of f(x) = cosx. Verify that your two answers are equivalent using technology.

=
5

1
(4]
=5 7
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1
=]
o
‘E-Q_
A
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Reflect and discuss 5

e In Practice 5 question 4, for which graphs was it easier to find the
functions in terms of sine, and in which in terms of cosine? Explain.

Some periodic natural phenomena, such as tides, can be modelled using
sinusoidal functions.

Example 6

8] In a seaside town, the depth J (in meters) of the water over the course of a day
can be modelled by the sinusoidal function d(¢) = 1.6sin(0.5¢ + 0.47) +1.93,
where ¢ is the number of hours after midnight.

a Draw the graph of the sinusoidal function.
b State the values of the amplitude, period, horizontal shift and vertical shift.

¢ Explain what the values you found in b represent.

a 4
G d(t) = 1.6sin{0.5¢ + 0.47) + 1.93
4_
5 Draw the graph for 24 hours,
/ for values of t from 0 to 24.
24
1_
0 4 8 12 16 20 24t
b amplitude=1.6 Find the values from the function.

: 2n
eriod="—-=4
P o5

horizontal shift = %: 0.94
vertical shift=1.93
Explain what these values mean

¢ The amplitude is the maximum rise and fall in : .
in the context of the tides.

depth over 24 hours.

The period is 47, or about 24 hours, and is the time taken for a
full cycle of high and low tide.

The vertical shift is the mean depth over the 24 hours.

The horizontal shift means at midnight the water depth was already
above the mean value.



Practice 6

1

A buoy bobs up and down in the water with the waves. The height % of
the buoy in meters at time # (in seconds) can be modelled by the function

W)=1.5 sin(%ﬁg].

a Draw the graph of the function.

b State the values of the amplitude, period, horizontal shift and vertical
shift. Explain what these represent in the context of the problem.

¢ Use the model to find the height of the buoy after:
i 2seconds
ii 5 seconds.

:Problem solving

12

5

The gravitational force of the sun and moon cause changes in the heights of
tides which can be modelled by the function A(t)=1.3 sin(%(t +3)) +0.67,

where ¢ is the number of hours since midnight and 4 is the height in meters.
a Draw a graph of the function.

b State the amplitude, period, vertical and horizontal shifts, and interpret
their values in this context.

¢ Find the height of the tide at midnight.

d Explain why predicting when high and low tides will occur is so important.
The height / in meters of a particular car on a giant Ferris wheel ¢ minutes after
the ride begins can be modelled by the function A(r) = 86 sin@—g(t - ?.5)] +94,
The diameter of the Ferris wheel is 172 m.

a Draw the graph of the function.

b State the amplitude, period, vertical and horizontal shifts, and interpret
their values in this context.

¢ Find the height of the car after 10 minutes.

Another amusement park ride can also be modelled using a sinusoidal
function. The ride starts 7 m above the ground. A car travels horizontally
for 10 seconds, and then climbs and descends along a track. The entire ride
lasts 32 seconds. The height % of the car in meters after £ seconds can be

modelled by the function A(f)=3cos (EI—SKJ+ 7.

a Draw a graph of this function for ¢ from 10 to 32 seconds.
b Interpret the meaning of each parameter in the function in this context.

The table shows the average monthly temperatures in Fahrenheit for a US city.

Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec

32° | 35° | 44° | 53° [ 63° | 73° | 77° | 76° | 69° | 57° | 47° | 37°




GEOMETRY AND TRIGONOMETRY £

a Draw a graph of this data, using 1 to 12 on the x-axis to represent the
months, and the temperatures on the y-axis.

b Use the data to find the amplitude, period, vertical and horizontal shifts,
and interpret their meaning in this context.

¢ Write the sinusoidal function that models this problem.

Does the order matter when you perform transformations on
sinusoidal functions?

How do we define ‘where’ and ‘when’?

Reflect and discuss 6

e Write down the transformations used, in order, to draw the graph of
f(x)=1.5sin(2x —7)- 2 in Example 5.

® Now draw the graph of f(x)=1.5sin(2x —7)—2 by changing the
order in which the transformations are used. Try a few different
orders of transformations. Do you always get the same graph as in
Example 5? Explain.

Exploration 5
1 a Describe the transformations on the graph of y = cosx that give the
= 7
graph of f(x)=4 cos(x+ 4J .
b Describe the transformations on the graph of y = sin x that give the
graph of f(x)=sin(x-nx) - 3.
¢ Describe the transformations on the graph of y = cosx that give the
graph of f(x)= cos(3x 751.
2
2 a Graph each function in step 1 by applying the two transformations
in a different order.
b State whether or not there is a difference in your two graphs.

3 Repeat steps 1 and 2 for these functions:
= x = el - il
f(x)_—4cos(x+z] f(x)_4cos( x+4] f(x)_—4cos( x+4]

4 Summarize your findings by indicating the order in which
transformations need to be performed on the graph of y =sinx
to give the graph of f(x)=a sin(bx—¢) + d.



On the unit circle, the coordinates of a point
P(x, y) on the terminal side of angle 8 are
(cosB,sin Q).

tanf=2
X
A radian is a unit for measuring angles.

1 radian is the angle at the center of an arc with
length equal to the radius
of the circle.

0=ands=r0

For sinusoidal functions y = a sin(bx —¢) +d
and y=acos(bx —c)+d:

, ya

360° = 2rrradians

19=—=

= radians
180°

. . . T
Angle in radians = Angle in degrees x—
180°

1 Convert these angles from degrees to radians,
in terms of 7.

al2° b 240° ¢ 288° d 480° e 125°
f —225° g 810° h 336° i -80° j -700°
2 Convert these angles from radians to degrees.
a & b s C 3n d 8x e _s
12 5 2 15 12
fr JHE poE g2 L
5 20 4 3 1 760

3 Without using a calculator, write down:

osil) boaf3) eoill) d 5]

i 13m . (3w i
e cos(?] f tan(T] g sm(T] h COS(T]

i tan(4m) j sin(—%}

:Problem solving

:4 One car on a Ferris wheel rotates through an

: angle of 120° in 11 seconds. During that time,
the car travels a distance of 10.47 m. Find the
radius of the Ferris wheel to the nearest cm.

When b= 1, the parameter c is called the
phase shift.

‘When ¢> 0, the shift is in the positive x-direction,
to the right.

When ¢ < 0, the shift is in the negative x-direction,
to the left.

The horizontal shift is the actual horizontal
translation of the graph, equal to %.

When §> 0, the shift is in the positive x-direction,
to the right.

When % < 0, the shift is in the negative x-direction,
to the left.

State the amplitude (a), frequency (f), period (p),
phase shift or horizontal shift (hs), and vertical
shift (vs) of :

a y=2sin(nx) b y=5cos(4x+2rm)
= ~ x). = Ky 28
c y=02 51n6(x+3] 1 dy= 3005(23: 2]+8
e y=-sin(6x—12)-1
Without using a GDC, draw the graphs of:
a y=3cos(2x)-3, from0to2r

b y= sin(xfg]f& from 0 to 27

C y:2005(0.5x+%}—3, from 0 to 2

:Problem solving

7 Find the equation that defines each function.

a B

NGl

|2
&
A

| 31z
>0 )
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8 The diameter of a car tire is given in inches.

a BExplain why you need to know the diameter
of the tire to calculate the distance a car wheel
travels.

b Find the distance travelled, in whole meters,
in 1050 revolutions by a:

i 16" tire i 177 tire iii 20" tire

Convert inches to cm to obtain
metric distances. 1 inch=2.54 cm.

¢ Find the radian measure of 0.6 revolutions
of the tire.

d Hence, find the distance travelled, in meters,
in 0.6 revolutions by a:

i 157 tire i 18" tire iii 227 tire

1 For science class, a sundial with a diameter
of 12 m is going to be made on a school
playground. A surveyor’s wheel with radius
20 cm is used to measure the length of arcs
around the edge of the circle of the sundial.
Find the central angle (in radians) of the arc
when the surveyor’s wheel makes:

a 2 rotations b 5 rotations
¢ 3.5 rotations d 6.25 rotations

2 The Romans were the first to use catapults as

a means of increasing the distance from which
they could effectively neutralize enemies.
A catapult launches a stone into the air whose
trajectory (until it lands on the ground) can be
modelled by the function: £(x) = a sin(bx—c),
where c=0.

GEOMETRY AND TRIGONOMETRY £

e Find the exact distance travelled, in meters,
in 2147.3 revolutions by a:

i 147 tire ii 15" tire iii 207 tire
f Explain how the radian measure of the

number of revolutions helps you find the
distance travelled.

:Problem solving

:9 The seal population on an iceberg increases

¢ and decreases annually. The population can
be modelled using a trigonometric function.
In early January, the population is 3000 seals.
In early July, after all the baby seals are born,
there are 5000 seals. The population reduces to
3000 seals again by the following January.

a Draw a graph of the trigonometric function to
represent the population of seals at any time
of the year.

b Write down the trigonometric equation that
represents this function.

¢ Find the seal population at the end of May.

d Find the seal population at the beginning of
November.

e Find in which month(s) there are 4500 seals.

a i Write down the simplified function ¢(x).
ii State what the variable x represents.

iii State what the parameter a represents.
Suggest how the catapult could influence
its value.

iv State what the parameter b represents.
Explain how it determines the stone’s point
of impact.

v The stone starts travelling when it is
launched and stops as soon as it hits the
ground. State the domain and range of
{(x) in terms of ¢ and 5.

b State what the parameter ¢ represents.
Suggest what this says about the catapult’s
position.



¢ Keeping in mind the trajectory of the stone as i State the domain and range of the stone’s
explained in part a iv, state the domain and trajectory.

range of #(x) in terms of ¢, b and c. ii Using your GDC or otherwise, find the

d Suggest why the vertical displacement of values of @, b and ¢ and write down the
the catapult’s position is ignored in this question. equation of this stone’s trajectory.

- f A second stone’s trajectory is modelled by the
Does the sine curve accurately model function f(x)=>5sin(0.5x—1).
a trajectory if the starting point of the

stone is 10 m above the ground? i State the coordinates of the starting position

of the stone at the moment it is launched.

e A first stone is launched, and its trajectory is ii State the coordinates of the position where

shown in this graph: it lands on the ground.
TTTTITTITTT ' iii State the stone’s maximum height, and

8 I l //' “\\ where it reaches this height.
11 / T 17 \ I iv Hence, state the domain and range of this

7 | P . stone’s actual trajectory.
L1V | |

0 A o 3 ar 51 67

Astronomers can increase both resolution and
sensitivity of new telescopes by either building
very large individual telescopes or by combining
the signals from an array of ever-greater
numbers of smaller telescopes spread over long
distances. This is called an interferometer.

The Square Kilometre Array (SKA) is the next-
generation interferometer for radio astronomy,
due to start operating in the early 2020s. It will
consist of hundreds of radio telescopes spread
over hundreds of kilometers in southern Africa
and Australia. With an instrument of this size,
astronomers will have access to a radio telescope
on a scale that is orders of magnitude better
than any current facility, allowing them to
revolutionize our understanding of the universe.

Reflect and discuss

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Generalizing and applying relationships between measurements in space
can help define ‘where’ and ‘when’.




Making it all add up

Global context: Scientific and technical innovation

Objectives Inquiry questions
¢ Finding the sum of an arithmetic series o o What is a series?
¢ Finding the sum of a finite geometric series ® How can rewriting a series make it
e Finding the sum of an infinite geometric series, easier to sum?
where appropriate e e What are the similarities and differences
between real-life patterns that require

arithmetic and geometric series?
e Can you evaluate a series that goes on
forever?

e What are the risks of making
generalizations?

FORM

ATL Communication

o W Using different forms to generalize and justify patterns |oussem s .. 2
can help improve products, processes and solutions.

~——iy




You should already know how to:

work with arithmetic sequences 1 Find the nthterm and the
20th term of each arithmetic
sequence.

a5913,17,...

b 25,225,20,175, ...

c 427,439,451, ...

e work with geometric sequences 2 Find the next two terms and
the nth term of these geometric
sequences.

a 15,30, 60, 120, 240, ...

b 100, 25,6.25, ...

c 162,-54,18,-2,...

e generate the triangular numbers | 3 Write down:

a thefirst 5 triangular numbers

b the general formula for the
triangular numbers.

® generate a sequence from an 4 Generate the first five terms of
explicit formula each sequence:

au,=3n-1,neZ", nz1

bu=3x2"neZ,n21

Series
® Whatis a series?
» How can rewriting a series make it easier to sum?

A sequence is an ordered list of numbers. A series is the sum of the terms of a

sequence. The sequence and the series below have a finite number of terms. In MYP

: ; o Mathematics
1,7,4, 11, 2, -4 is a sequence, even though there is no pattern in it. Standard 8.1 you
1+7+4+ 11+ 2+ —41is aseries, because it is the sum of the terms of a saw that sequences
sequence. In this case, the sum is 21. do not have to

follow a pattern.

An arithmetic series is the sum of the terms of an arithmetic sequence.
A geometric series is the sum of the terms of a geometric sequence.

Exploration 1
1 Find the value of each series.
a 14+43+5+7+4+9+11
b 7+7+7+7+7
c 1+44+9+16+25+36
d 7+14+28+56+112+224

P Continued on next page




2 Look at the patterns in the series in step 1.
a Which are arithmetic series? Which are geometric series?

b One is neither geometric nor arithmetic. Suggest a suitable
description of it.

3 The terms of a series are given by the formula # = 4n — 2.
Find the value of the series u; + u, +u; + t, + ts.

4 The terms of a series are given by the formula u, =3 x 4".
Find the value of the series u, + u, + u;+u,.

S, means the sum of the first n terms of a series.

For example, S, = u, + 1, + u; + u,.

5 Given that u, = 2 — 2n, find the value of S, the sum of the first 6 terms
of the series.

Some types of series have special formulae that help you find the sum easily.
In Practice 6 of MYP Standard 8.1 you saw that the general formula for the
triangular numbers is:

n(n+1)

s, ="

The nth triangular number is the number of dots needed to make a triangular
pattern with # rows:

=1 =3 T;=6 T,=10
® L] ® ®
e L X [ X

00 LA X ]

L NN

Since each triangle is made of rows which get longer by one every time, the
number of dots in the sth triangle can be found by adding 1 + 2+ 3+4+ ... + n,
so the sth triangular number is the same as the sum of the first # integers.

5(5+1)  5x6
2 2

Using the formula, the sum of the first five positive integers is S; =
which you can easily check by adding 1 +2 + 3+ 4 +5.

Example 1

L1188 Find the total of the series 47 + 48 +49 + ... + 82.

47+48+49 + ... + 82
Sum the series 1 + 2 + ... + 82, and from it subtract the

=S5~ Sas sum of the series 1+ 2 + ... + 46:
_82x83_46x47 _ 5359 S5p=1+2+3+4+....+46+47 +48+49+...+82
2 2 —S=1+2+3+4+....+46
L A7+ A8+ + ., ok 8D

E8.1 Making itall add up n




The sum § of the first # consecutive positive integers is S, = ”(”2“).

You canuse §, = f-[-"zﬁ)- to find the total of any series of consecutive integers.

You can also use S, = ”(”;I)

to find the sum of any series of integers with a
common factor, as shown in Example 2.

Example 2

Find the value of the series 5+ 10+ 15 + ... + 725.

S5+10+15+...+725 The common factor is 5.
=5(1+2+3+ ... +145)

145x146
2

=352 925

e

Practice 1

1 Find the total of the series 1+ 2 + 3+ 4+ ... + 30.

2 Findthe value of 25+ 26 + 27 + ... + 53.

3 Find the value of 4+ 8+ 12+ 16+ ... + 128. In 3 and 4, take out
a common factor.

4 Find the value of 180 + 182 + 184 + 186 + 188 + 190 + ... + 324,

:Problem solving
ES a Find the value of the series2 + 4+ 6+ 8 + ... + 60.
b Hence find the value of theseries 1 +3+5+ 7+ 9+ ... + 59
'6 a Find the valueof 1 +3+5+7+9+ ...+ 10L.
! b Find the value of =2 +—4 + —6 + 8 + ... +—100.
¢ Hence find the valueof 1 -2+ 3 -4+ ... -100+ 101.

7 The terms of a series are given by the formula u, = 3n+7.
Find the value of S;.

8 The sum of the first n squared numbers 1 +4+ 9+ ... + #? :H(”—HLM.
a Use this formula to confirm your answerto 1 +4+ 9 + 16 + 25 + 36 in
Exploration 1 step 1c.
b Find the valueof 1 +4+ 9+ 16 + ... + 100.
¢ Find the valueof 1 +4 + 9+ _._ + 400.
d Hence find the value of 121 + 144 + 169 + ... + 400.




:Problem solving
59 Find the value of 1 -4 +9-16 + ... + 361.

Exploration 2
1 a Copy and complete the calculations to find the value of:
40+44 +48 + 52+ 56 + 60 + 64 + 68 + 72

S= 40+44+48+52+56+60+64+68+72
+5= 72+68+ + + + + + +40

28=112+ "+ L E
b Hence find the value of 2.
¢ Deduce the value of S.
2 Use a similar method to find the value of:
a 57+63+69+75+81+87+93+99+105+111
b 17+29+41+53+65+7.7+89+10.1
c 30 +21 17 + 364+ —15+-24

Check your answers using a calculator.

Reflect and discuss 1
e Do you need to write out all the numbers in the series twice to find 257

e Without writing out all the terms, explain how you could find 2§ and
then § for this series with seven terms: 5+ 9+ ... +29

This method is sometimes called Gauss’s method, as it is the method that
8-year-old Karl Gauss is said to have used when his teacher asked him

to calculate the sum of all the numbers from 1 to 100. Gauss was not the
first to discover it, and his teacher probably already knew it — it wouldn’t
have made sense for him to set the task if he had to work out the total
himself slowly.

Practice 2
1 Find the value of these arithmetic series:
a 23+30+37+44+51+58+65+72+79
b 30+28+26+24+22+20+18+16+14
¢ 24+284+328+37.2+41.6+46+50.4+54.8+59.2+63.6

E8.1 Making itall add up n

The terms in the
sum in the second
line are just the
reverse of the order
in the first line.




2 An arithmetic series begins 6 + 19 + ... and has 40 terms.
a Find the 40th term.
b Hence find the sum of the series.
3 Consider the arithmetic series S=15+ 19 + ... + 199,
a Write down the value of the first term and the common difference.
b Hence find the number of terms in the series.

¢ Find the sum of the series.

:Problem solving
§4 Find the sum of the arithmetic series 41 + 48 + ... + 104.

:5 An arithmetic series begins 29 + 25 + 21 + ...
Find the maximum value that the series could have.

.8 Exploration 3

1 Use the method from Exploration 2 to find the sum of the arithmetic
series u; +uy +... +u,
S= u + ) e A

+8,= u + u

n n—1

oot W o+

28 =(u+u )+ +u, )+ .. +(u,_ +u)+(u,+u)

a Explain clearly why (#, + u,) and (4, +u,_,) are equal in value.

You might find it
useful to use the
¢ Write down a formula for §, in terms of #, #, and u,,. general formula
for the nth term:
u =a+(n-1).

b Hence explain why 2§, = n(u; + u,).

2 Use the formula for the nth term u, = a + (n— 1)d to write down a formula
for § for an arithmetic series with # terms, first term @ and common
difference d. Give your formula in terms of @, d and # only.

Reflect and discuss 2

How have you used the concept of generalization when moving from
Exploration 2 to Exploration 3?

For an arithmetic series with first term %, = a and common difference 4,
the formula for the sum of the first # terms is given by:

S,=(u,+u,), where u, is the nth term, or 8, =~(2a+(n~1)d)

Learn both of these two formulas. Examples 3 and 4 show they are both
useful for different types of problems.




ALGEBRA

Example 3

Find the value of the arithmetic series with 11 terms that begins 15 + 17 + ...

a=15d=2andn=11

i
3 = 5(253 +(n— 1)d) Use this formula when you know g, d and n.

11
5= (30+10x2)

=275

Example 4

Find the value of the arithmetic series with 9 terms: first term 22, last term 78.

u=22,u,=78,n=9

i
S, = ;(lﬁ + ﬂﬂ) Use this formula when you know the first and last terms, and n.

9
S, =;(22+78)

=450

Practice 3
1 Find the total of these arithmetic series.
a 5+8+11+14+17+20+23+26+29+ 32
b 14+2+26+32+38+44+5+56+62+68+7.4+8
¢ 15+29+43+ ...+141
d 57+52+47+...+-3
2 Find the sum of:
a an arithmetic series with 15 terms, first term 20 and common difference 5
b an arithmetic series with 18 terms, first term 6 and last term 43
¢ an arithmetic series with 11 terms, first term 9 and second term 15
d an arithmetic series with 32 terms, second term 16 and fourth term 22

e an arithmetic series with common difference 12, first term 39 and last
term 291.

3 Find the value of the arithmetic series with 12 terms, where the first term is
18 and the last term is 102.

4 Find the value of the arithmetic series that begins 17, 19.2, 21.4, ... and
which has 11 terms.
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:Problem solving

55 Find the sum of the arithmetic series with 15 terms, where the eighth term is
42 and the eleventh term is 57.

:6 An arithmetic sequence has terms X+x, x4+ x=T726.

Find the value of T

Exploration 4

You have seen that you can sum an arithmetic series by first writing
it backwards to find 25. What happens when you try to use the same
approach to find the sum of a geometric sequence?

1 Try to use Gauss's method to find the value of the series:
S=1+3+9+27+81+243+729 + 2187 + 6561
Describe the problems with the method.

2 Copy and complete the values of 35:

S=1+3+9+27+81+243+ 729+ 2187 + 6561
J5= 3+49+27+ + - + - + 19683

3 Copy and complete the subtraction:

35= 3+49+27+ + + + + + 19683
— S=1+3+9+27+81+243+729+ 2187 +6561

25=-1+0+0+...
4 Hence find the value of 25, and deduce the value of S.

5 Explain why it was useful to multiply by 3. Suggest what you should
multiply this series by, and check that your suggestion works:

S§=2+8+32+128+ 512+ 2048 + 8192

6 Explain why the pattern behind geometric sequences means that this
approach will always work when trying to sum a geometric sequence.

Practice 4
1 Use the method from Exploration 4 to find the value of these geometric series.
a 14+42+126+378+1134 + 3402+ 10206 + 30618 + 91854 + 275562
b 2.5+ 15+ 90+ 540 + 3240 + 19440
¢ 1+1.3+1.69+2.197+2.8561 + 3.71293 + 4.826809 + 6.2748517
d 625-500 + 400 — 320 + 256 — 204.8 + 163.84
2 Find the value of these geometric series.
a 6+48+ 384+ 3072424576+ 196608 + 1572864
b 2500 + 1500 + 900 + 540 + 324 + 194.4 + 116.64
¢ 160 +240 + 360 + 540 + 810 + 1215 + 1822.5




3 A geometric series begins 2 +6 + 18 + 54 + ...
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a Write down an expression for the nth term of the series.

b Hence find the value of S, the sum of the first 8 terms of the series.

Exploration 5

A geometric series has first term ¢ and common ratio .

Write down expressions in terms of a and r for u,, u,, u, and u, (the first,
second, third and nth terms).

Let S, be the sum of the first # terms.
Apply the method in Exploration 4 to show that (r— 1)S, = a(r" — 1).

3 Hence write down a formula for §, in terms of @, » and .

Use your formula to find the sums of:
a a geometric series with first term 3, common ratio 7 and eight terms
b a geometric series with nine terms, first term 12 and second term 18

¢ a geometric series with seven terms, second term 168 and third
term 504.

For the geometric series:
1000+ 800 + 640 + 512 + 409.6 + 327.68 + 262.144
a write down the value of the first term and the common ratio

b show that the sum formula gives: S, = IOOO(MJ

0.2
¢ explain where the negative numbers have come from.
Show clearly that the sum formula can be rearranged to give:
5= a{ = ]
State when the fraction in this formula will have a positive numerator
and a positive denominator.

Use either formula above to find the value of:

a a geometric series with first term 16, seven terms in total, and a
common ratio of 0.4

b ageometric series with ten terms whose first term is 20 and whose
second term is —10

¢ a geometric series with twenty terms whose fourth term is 7 and
seventh term is 56.
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You saw in MYP Standard Mathematics 12.2 that geometric sequences behave
very differently depending on whether or not—1 < r< 1. The same is true for
geometric series, and you will explore this in the debatable section. For now,

. . . o . 1
the biggest difference is that it is easier to use S, = a{ : d ] when -1 <r< 1.
it 3

For a geometric series with first term ¢ and common ratio #:

e
r—1 1-r

The first version is easier to use when r> 1 orr<—1.

The second version is easier to use when —1 <r< 1.

Reflect and discuss 3

e What happens if you use the formula for a geometric series with
common ratio 1?7

e How would you find the sum of a geometric series for which the
common ratio is 1?

Example 5
Find the sum of the first 13 terms of the geometric series which begins
10+5+25+...
a=10, r=>=0.5and n=13
10
Sﬂzc{l”"] “1<r<1
1-r
e
Sis —m(m]
=19.9975585938
=20.0(3s.f) Round to a sensible degree of accuracy.
Practice 5

1 Choose the most suitable formula to find the value of:
a a geometric series with first term 16, seven terms and common ratio (.4
b a geometric series with ten terms, first term 20 and second term —10

¢ a geometric series with twenty terms, fourth term 7 and seventh term 56,




2 Find the total of each geometric series.
a 5+25+125+625+ 3125 +15625
b 72+74+75+76+77+78+79+ 710
¢ 96+ 144 +216 + 324 + 486 + 729

3 Find the value of the geometric series with ten terms, first term 24 and
second term 96.

4 Find the value of the geometric series that begins 18 + 24 + ... and has
eight terms.

5 Find the value of the geometric series with first term 10, common ratio 9
and last term 430 467 210.

6 A geometric series has first term 14 and third term 56.
a Show that there are two possible values for the common ratio.
b Hence find two possible sums of the first seven terms of the series.
7 A geometric series has first term 15 and second term —10. Find the sum
of the first eight terms.
:Problem solving

8 A geometric series is formed by summing the integer powers of 2:
S, =1+2+4+..
Determine the least number of terms so that S, > 1 000000 000.
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0 Series in real-life

® What are the similarities and differences between real-life patterns
that require arithmetic and geometric series?

There are many real-life situations where problems can be solved using
arithmetic or geometric series. In each worked example, consider why it is
appropriate to use an arithmetic or geometric sequence.

Example 6

A company launches a new music streaming service. Customers pay $4 per
month to subscribe. In the first month, 1200 customers sign up. For the rest
of the year, another 500 customers join every month.

a Explain why the monthly income forms an arithmetic sequence.
b Find the income in the first month.

¢ Assuming no customers leave the service, find the total income from the
service in the first year.

a The monthly income grows by a constant amount,
so this forms an arithmetic series.

b 1200 x 4 = $4800

P Continued on next page
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Tip

In 8, if you know
how to use
logarithms (E7.3),
they might help
you to find the
number of terms in
this series. If not,
you can find the
number of terms

using trial and error
and your GDC.

Arithmetic

and geometric
sequences in real-
life contexts are
explored in MYP
Mathematics
Standard 12.2.

Each month the income increases
by 500 x $4 =$2000.




¢ a=4800, d=$2000and n=12

S, = E(Za +(n— l)a‘) Use this formula when the last term is unknown.

S13= (2 X 4800 + 11 X 2000)

=$189600 Remember to write the units.

Example 7

A social networking site gains new members very quickly. Each month,
the number of new members is 1.5 times the number in the previous month.

In the first month of 2016 the site gains 15000 new members.

a Explain why the number of new members per month forms a geometric
sequence.

b Find the number of new members in the 2nd and 3rd months of 2016.

¢ Find the total number of new members that will be gained in 2016 if this
growth continues.

d Explain why the growth cannot continue in this way indefinitely.

a The number of new members forms a geometric sequence o
because it is increasing by a constant scale factor. The commonratiois 1.5.

b r=1.5,a=15000

Number of new members in 2nd month = 15000 x 1.5 = 22 500.
Number of new members in 3rd month =22500x 1.5 =33 750.

< S za[r"—lj Use this formula because r> 1.
% =1

15121
Sz =15000( T ]

=3862390.137...
=3860000 (3 s.f.)

d If growth continued in this way, after 36 months
there would be 22 billion new members, which is
much greater than the current world population
(7 billion).

Give an example to justify your explanation.

Examples 6 and 7 asked you to find the value of a series, given some
information about a scenario — the first term and the common ratio or
common difference.

The next example shows you how to form an equation and work backwards
when you know the value of a series.




Example 8

Your aunt gives you 10 AUD on your first birthday, 20 AUD on your
second birthday and so on, increasing by the same amount every year.

a Find the total amount given for your first 13 birthdays.
b On which birthday will you have been given 1530 AUD in total?

a §, = g(ul + uﬂ) The series increases by a common difference, so it is arithmetic.
13
Si5= ;(10 +130) =910 AUD
b a=10,d=10, §,=1530
S, = §(2a+(n— 1)d)
1530 = ~(20+10(n~1)
3060=n(10n+10)

10522 +101—3060 = 0 Rgarrange and sol}fe, by factorizing,
using the quadratic formula or your GDC.

n2+n-306=0
(n+18)(n—17)=0
=n=17 orn=-18

Interpret your solution in

Since n is a number of years, n=—18 does not make sense.
the context of the problem.

On your 17th birthday, the total amount given is 1530 AUD.

There are over 20 officially recognized Dollar currencies. The Australian
Dollar— AUD, just written using the dollar sign (§) in Australia — replaced
the Australian Pound in 1966.

Practice 6
:Problem solving
A pyramid scheme
1 A pyramid scheme has three Level 1 investors. Each person recruits four 15 5 Peavidulent
Level 2 investors. Each Level 2 investor recruits four Level 3 investors, vestrent’
and so on. scheme. Some
a Show that there are 48 Level 3 investors. members may make
large profits but
b Write down a formula for the number of Level # investors. most will lose their
¢ Find the number of investors needed to fill eight levels. money. Pyramid

schemes are illegal
in many countries.

E8.1 Making itall add up ﬂ

d Show that over 1 000000000 investors would be needed to fill 15 levels.




:2 Competitors in a beanbag race run on a straight track. Beanbags are placed

at various distances from the starting line: 20 m, 24 m, 28 m and so on.
The final beanbag is placed 40 m from the starting line.

=
& € 8 @ --—---- C
T T —______ f
T T T
0 20 24 28 40
meters

Competitors run to the first beanbag, pick it up and then return it to the
starting line. They repeat this until all the beanbags have been returned
to the starting line.

a Find the number of beanbags that each competitor must collect.

b Find the total distance that each competitor runs.

A ball is kicked into the air from the ground. It reaches a height of 6 m
before it falls and hits the ground. Tt then bounces up again, several times.

Each bounce is % the height of the previous bounce.

Height (m)

6m

Time (s)

a In the first bounce, the ball travels 12 m (6 m up and 6 m down).
Write down the total distance it travels in the second bounce.

b Find the total distance it has travelled as it returns to the ground for the
sixth time.

European standard paper sizes are AQ, A1, A2 and so on.

The area of Al paper is half the area of A0 paper.

The area of A2 paper is half the area of Al paper.

This relationship continues to the smallest official size, A10, which has
dimensions 26 by 37 mm.

a Find the area of a sheet of A10 paper.
b Find the total area covered by one sheet of each size from A0 to A10.

A set of building blocks contains blocks of 9 different lengths.
The first block is 50.8 mm long (2 inches), the second is 76.2 mm long

(3 inches), and so on, up to the last block, which is 254 mm long (10 inches).

Find the total length of all the blocks combined, giving your answer in mm.,

In each problem,
consider whether
your answer makes
sense in the given
context. Give your
answers to an
appropriate degree
of accuracy.



ATL

:6 In a fitness program, Pedro does 20 sit-ups on the first day, and increases
. this by 2 sit-ups every day.

a Show that he does 30 sit-ups on the sixth day.
b Find the day that he first does 50 sit-ups.
¢ Determine the day when the total number of sit-ups is 1100.

:7 Hannah runs 5 km in 30 minutes. Her goal is to decrease her time by 3%
every time she runs. Find the total amount of time she would run for in the
first 20 runs.
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Reflect and discuss 4

How can you tell when a real-life situation generates either an arithmetic
or geometric series?

0 Series and fractions

e Canyou evaluate a series that goes on forever?
e What are the risks of making generalizations?

In the arithmetic sequence u, = 8n — 2, for n > 1, there is no limit to the size
that # could take. No matter how large a value of # you choose, someone

else can always name a larger value of #, and hence find a larger value for u,.
To describe this situation mathematically, you say: ‘as # tends to infinity

(gets larger and larger, without limit), #, also tends to infinity (also gets larger
and larger, without limit).’

Reflect and discuss 5

e Explain why this sequence could go on forever: 4, 6, 8, 10, 12, 14, ...

e Explain what happens if you try to find the value of this series:
4+6+8+10+12+14+ ...

Exploration 6

1 In all these sequences # > 1. For each, determine what happens to the Tip

terms of the sequence as # tends to infini ecomes infinitely large).
q Lk 7 algr) You could use

a,=3n—2 b, =9-0.5n c,=3n2—Tn d, =~2n-1 your GDC ora
spreadsheet.
e, =6x4"1  f=5x02" g =3x10" p =—"2

(1 +n)"

2 For each geometric sequence in step 1, find the value of the common
ratio, #. Describe how the value of »affects the behavior of the sequence.

P Continued on next page

E8.1 Making itall add up ﬂ




and rectangles in this diagram
form a geometric sequence with
first term 1.

b Explain why the area of the whole

diagram represents the sum of a
geometric series.

¢ Use the diagram to determine the
1

sumoftheseﬁes1+%+z+—+....

8

4 Explain how you could use the
diagram below to illustrate
g

3
that 3+4+16+‘54 +.=4.

[

Exploration 6 shows that you can find the sum of an infinite decreasing

3 a Show that the areas of the squares

geometric series. It is an interesting notion that you can add up an infinite In a decreasing

number of terms even in a finite amount of time!

Example 9

Find the value of the geometric series:
§=10+8+64+512+ ...

Common ratio = % =0.8

S=10+8+64+512+ ...

—0.85= 8+64+512+ ..
025=10
- 10 _
S= i 50

geometric series,
each term is
smaller than the
previous one.

Multiply by the common ratio and subtract.

You may have used a similar method to convert a recurring decimal into a

fraction. Example 10 shows how to do this.



Example 10

Express 0.27 as a fraction.

Let = 027

Then 100x = 27.27 Multiply by 100 so the repeating part
will cancel out when you subtract.

100x=27.27272727...
- x= 0.27272727...
99x=27

270
y=2l_

9911
Practice 7
1 Find the value of each geometric series.
a S=1000+500+250+125+...
b $=10+9+8.1+7.29+ ...
¢ S=20+12+72+432+...

2 An infinite geometric series has first term 36 and second term 12.
Find the sum of the series.

3 An infinite geometric series has second term 25 and third term 5.
Find the sum of the series.

4 By considering each as a geometric series, express as a fraction:

a 02222, b 0.37 ¢ 0.207 d 0.148+ 0.4

:Problem solving
5 Express x= 0.55 as a fraction by writing it as x = 0.55 + 0.0055 + 0.000055 + ...

R R M M M M M M M M M M M M M M M M M M M M M W M M M W M

Examining the formula for the sum of the terms of a geometric series shows
why it is sometimes possible to find the sum of an infinite geometric series.

S, =a[rn_11 ] when r>1orr<-1.
P
If r>1 or r<—1 then as n gets very large, " gets very large. Therefore, the

-1
r

numerator of the fraction [j] gets very large, hence S, gets very large.
1-77

Sn=ﬂ( i

If -1 <7< 1 then as n gets very large, r” gets closer and closer to 0, so the

then—l <r<l.
==

_ g
numerator of the fraction (Il—r] gets closer and closer to 1. Hence, S, gets
—r

E8.1 Making itall add up n

closer to ——.
1-»




You can find the value of an infinite geometric series with first term a and
common ratio r when -1 <r< 1.

The sum to inﬁnityisS.,,:li for |r| <1.
=

Example 11

A geometric series has third term 6, fourth term 4, Find its sum to infinity.
iz
6 3
|| <1, so the series has a finite sum.,

r=u, U, =

First show that |r| < 1.

2

Uy = ar

sog=u,+r:=13.5 Find a.
S,,,=%=i—'z=405

3

Practice 8
1 Determine whether or not each series has a finite sum.

a 10+7+49+343+ ... b 10+7+4+1+...

c 2+4+8+16+...+16384 d 2+4+6+8+...+16384

e 1+0.1+0.01+0.001+0.0001+ ... f 1-02+0.04-0.008+ ...

g 3+6+9+12+ ... h 3+6+12+...

2 A geometric series has first term 4 and common ratio %
lam incapable of conceiving infinity,
and yet | do not accept finity.

— Simone de Beauvoir

a Write down the first three terms.

i e

b Find the sum of the first five terms.

¢ Find its sum to infinity. L_,_\’A_,_,—d

3 Aninfinite geometric series has first term 18 and second term 15.
Show that it has a finite sum, and find the sum of the series.

4 An infinite geometric series has second term 24 and fourth term 1.5.
a Show that there are two possible values for the common ratio.

b Show that one value of the common ratio gives the series a sum of 128,
then find the other possible value of the sum to infinity.




:Problem solving

§5 A geometric series has first term 6 and a sum to infinity of 60.
Find its common ratio.

16 A geometric series has first term x and second term x — 3.
¢ Its sum to infinity is 75. Find the value of x.

:7 A geometric series has first term x and second term x + 4.
Its sum to infinity is —2.25. Find the value of x.

e S S e ——

Activity

The Koch Snowflake is a geometric pattern called a fractal. It is formed by
starting with an equilateral triangle (Stage 1) and then replacing each line

with four smaller lines, like this:
4/\_

Objective B: Investigating patterns
ii. describe patterns as general rules consistent with findings

Make a mathematical observation about the patterns; for example, a rule linking
the Stage number to the perimeter, or some conclusion about the eventual area of
the shape.

Investigate the geometric properties of the Koch Snowflake by answering
some or all of these questions:

Explore how the Stage number relates to:
e the number of line segments in the diagram
e the length of each of the line segments
e the total perimeter
e the number of triangles in the diagram
e the area of each triangle in the diagram

e the total area

You could investigate other fractals, such as the Gosper Island or
Sierpinski Triangle, which you can search for online.
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Stage 1

Stage 2
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Summary

An arithmetic series is the sum of the terms of an
arithmetic sequence.

A geometric series is the sum of the terms of a
geometric sequence.

§ means the sum of the first n terms of a series.
The sum of the first # consecutive positive

: n(n+1)
mntegers = ——.

For an arithmetic series with first term #, = a and
common difference d, the sum of the first # terms,

n .
S = ;(“1 - un), where u_is the nth term, or

5, =~ (2a+(n=1)d)

Mixed practice
1 Find the sum of each series:
a l+3+5+...+197
b 34+31+28+25+...+-2
¢ 1+4+16+...+1024
d 50000+ 10000 + 2000 + ... + 0.64

2 An arithmetic series begins 15+ 19+ 23 + ...
and has 32 terms. Find its value.

3 Find the value of the arithmetic series that
begins 18 +17.2+16.4+ ... + 2.

4 A geometric series begins 10 + 8 + ... and has
15 terms. Find the sum of the series.

5 A geometric series begins 8§ + 12 + ... and has
eight terms. Find the total of the series.

6 An arithmetic series has first term 5 and
common difference 11. Find the sum of the
first 14 terms.

:Problem solving

7 A geometric series has first term 8 and

: common ratio 1.25. Find the sum of the first
eight terms.

58 A geometric series has third term 96 and
:  fourth term 128. Find the sum of the first
seven terms,

For a geometric series with first term a and
common ratio 7:

r—1
S,=a : when r>1orr<-1

1-r"

Sﬂza[—] when |r| <1
1-r

You can find the sum of an infinite geometric
series with first term @ and common ratio r
when -1 <r< 1.

The sum to infinity is S‘”:Ii for |r] <1
—r

* 9 An arithmetic series has eighth term 48.

The sum of the first ten terms is 405.
Find the common difference.

510 Find a fraction equivalent to:

a 02 b 0.18 c 0.123

‘11 An arithmetic series has second term 9 and

fifth term 30. Find the sum of the first 104
terms.

212 An arithmetic series has first term 11, and the

sum of the first fifteen terms is 585. Find the
common difference.

513 An arithmetic series has fourth term 40, and the

sum of the first 10 terms is 520.
Find the first term and common difference.

114 A geometric series has common ratio 1.5, and

the sum of the first six terms is 1995. Find the
value of its first term.

115 An infinite geometric series has first term 10,

and a sum to infinity of 15. Find the value of
the common ratio.

116 An arithmetic series has first term ¢ and

common difference d. The first five terms have
sum 240 and the first ten terms have sum 630.
Find the values of ¢ and 4.



117 An arithmetic series has first term 2x+ 1 and
: common difference x. The sum of the first
seven terms is 182. Find x.

18 A geometric series has first term x and second

term x— 3. The sum to infinity is %

Find the value of x.

119 Ireceive $10 from my uncle on my 10th

:  Dbirthday, $11 on my 11th birthday, $12 on my
12th birthday and so on. Find the total amount
given to me by my uncle from my 10th to 20th
birthdays (inclusive).

20 In January I received 11 emails. In February

21

I received 15 emails. In March I received =
19 emails. 1 predict that this will continue

as an arithmetic sequence. Find the total

number of emails that 1 would receive in the

whole year.

Ad paper has an area of 625 cm?,

A5 paper has half the area of A4 paper,

A6 paper has half the area of A5 paper
and this pattern continues on to A10 paper.
I have one sheet each of A4, A5, A6, ...,
A10 paper. Find the total area.
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Review in context

1 A small business repairs mobile phones. The
managers predict 10 phones will be repaired in
the first week, 12 phones in the second week,
14 in the third week and so on, increasing
capacity by two phones every week as the
business grows by word of mouth.

a Write down an expression for the number of
phones repaired in the nth week.
Explain why the number of phones repaired
each week forms an arithmetic sequence.

b Find the number of phones repaired in the
10th week.

¢ Find the total number of phones repaired in
the first 10 weeks.

2 A movie producer expects that 1000000 people
will see her new film in its first week in the
cinemas. Past experience tells her that in each
subsequent week, the number of people who
see the film will be 80% of the week before.

Use her modelling assumptions to estimate
the number of people who will see the film in
the first eight weeks. Give your answer to an
appropriate degree of accuracy.

Explain why your answer is only an estimate.

3 An internet company prints and sells T-shirts.
In their first month they sell 100 shirts. In the
second month they sell 120, and in the third
month they sell 144,

a Show that these numbers form a geometric
sequence.

b The owners assume that the sales will
continue to follow a geometric sequence.
Determine the number of shirts they will
sell in total in their first 12 months if this
assumption is correct.

A network of computers includes a server
and a large number of terminals which can
communicate directly with each other.

A network engineer wants to test all the
possible connections on the network.

If the network had only one terminal, there
would just be one connection to test: Server-T,.
Adding a second terminal adds two more
connections: Server-T, and T,-T,.

Adding a third terminal adds three more:
Server-T;, T,-T; and T,-T,.

a Explain why adding the nth terminal to the
network will add another # connections.

b Hence explain why the number of
connections added when the nth terminal is
added forms an arithmetic sequence.

¢ Find the total number of possible
connections in the network when there are
50 terminals.

d Determine the number of terminals that
would lead to 2080 possible connections
to test.
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5 Abloggains 150000 followers in its first

month, 120000 in its second month, and 96 000
in its third month.

a Show that the number of new followers
per month in the first three months forms a
geometric sequence.,

b Assuming that this pattern continues, find
the number of followers that the blog would
gain in its first six months.

¢ Assuming that the number of new followers
per month continues to fall in the same way,
find the maximum number of followers the
website should expect to have in total.

A new subscription music streaming service
gains 1000 subscribers in its first month, 2500
in its second month, 4000 in its third month,
and so on for the whole first year, increasing by
a constant amount each month.

a Find the total number of subscribers it
would gain in its first year.

b Write down the number of new subscribers
that it would gain in its 13th month if it
continues to follow this model.

After the 13th month, the number of new
subscribers starts to decrease on a monthly
basis, with each month attracting only 75%
of the number of new subscriptions as the
month before.

¢ Assuming that members do not leave the
service, find the overall maximum number
of subscribers that the service can expect if
this trend continues.

7 A parcel delivery service starts with warehouses

in two UK cities: Aberdeen and Birmingham.
They connect the warehouses with a daily
service to transport packages.

They subsequently open a third warehouse, in
Cambridge, and start running two new services:
Aberdeen—Cambridge and Birmingham-
Cambridge.

a Write down the number of additional routes
that would be required if they were to open
a fourth warehouse in Doncaster, and then
connect it to all previous depots.

b They open additional depots in Edinburgh
and Falmouth, as well as the one in
Doncaster. Find the total number of
connections needed for their entire network
if each warehouse is to be connected directly
to each other warehouse.

¢ Determine how many depots could be built
before the number of connections needed
would exceed 200.

Reflect and discuss

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Using different forms to generalize and justify patterns
can help improve products, processes and solutions.




Another dimension

Global context: Personal and cultural expression

Objectives Inquiry questions

e Understanding and using coordinates in o e How can you describe space in three
three dimensions dimensions?

e Using the distance, section and midpoint e How can you find distances and angles
formulae in three dimensions in 3D solids?

* Using Pythagoras and trigonometry in G ® How does your understanding of 2D
three dimensions space extend to 3D space?

¢ Finding the angle between a line and a plane o How can you divide a line segment in

a given ratio?

0 e Can a 4th dimension exist?
e Is human activity random or calculated?

ATL Critical-thinking

Analyse complex concepts and projects into their constituent
parts and synthesize them to create new understanding

Statement of Inquiry;

Generalizing relationships between measurements enables
the construction and analysis of activities for ritual and play.
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You should already know how to:

e find the distance between two 1 Find the distance between the
points in two dimensions two points:

a (4,5 and (7,9

b (5 6)and (-2, 30)

e find the midpoint of two points | 2 Find the midpoint of the points:
in two dimensions a (3,7)and (7,9)
b (2,6)and (-2,9)

® use Pythagoras'theorem in 3 Find the length of side x, giving your
right-angled triangles answer in exact (surd) form.

8

e use trigonometry to find angles | 4 Find angle y, to the nearest degree.
in right-angled triangles

4.5¢cm

o Describing space

e How can you describe space in three dimensions?
e How can you find distances and angles in 3D solids?

You can describe space in two dimensions using coordinates, but the real
world has three dimensions. Two dimensions are very useful for describing

flat surfaces — for example, in a computer program to display something on a
computer screen. But they are not useful for giving instructions in 3D space,
say when creating a model of a new building or using a 3D printer.

Reflect and discuss 1

e To describe a cuboid, or an object shaped like a cuboid, such as a
cereal box, what measurements would you give?




GEOMETRY AND TRIGDNOMETRY.

To fully describe objects such as cuboids in three dimensions, you use
three perpendicular measurements: width, depth and height.

You can describe positions in 3D space using x, y and z coordinates. Tip
The x-axis, y-axis and z-axis are perpendicular to each other.,
The convention is
z y to draw the x- and
i y-axes as if on the
T AN horizontal base
of a cuboid, and
s the z-axis pointing
0 > X upward.

A flat surface in 3D space is called a plane. The plane containing the x- and
y-axes is the x-y plane, and the planes including the other pairs of axes are
named similarly.

The cuboid below is drawn on a 3D coordinate grid.

From the origin O to point 4 is 0 units in the x-direction, 0 units in the

y-direction, and 1 unit in the z-direction. The coordinates of 4 are (0, 0, 1). Tip
To find the point with coordinates (3, 4, 1) start at the origin and move: Some GDCs and
3 units in the positive x-direction to point E dynamic graphing
software can draw
4 units in the positive y-direction to point F 3D graphs. Practise
1 unit in the positive zdirection, to point C. plotting some points.
Example 1

Two points have coordinates C(3, 4, 7) and D(3, 4, —18).
Calculate the distance CD.

Chas the same x and y coordinates as D,

so it is vertically above D.

7-(~18)=25 The distance between C and D is the
difference between their z coordinates.

CD= 25 units

Objective C: Communicating
iii. move between different forms of mathematical representation

With some questions in Practice 1 you will need to translate written coordinates into
a diagram. Sometimes it might help to draw a diagram, even if the question does not

spectfically mention it.
ES.1 Another dimension m




Practice 1
1 Write the (x, ¥, 2) coordinates for each lettered vertex in these cuboids.

a Y.

(-5,0,-2) 0

2 Find the distance between these pairs of points.
a (I,1,49)and(1,1,11)
b (3,2,0)and (9,2,0)
¢ (-4,-2,11)and (-4, 11, 11)

The space diagonal of a cuboid is the H 6
straight line joining one vertex to
the opposite vertex, passing through E F
the center of the cuboid.

A face diagonal is a straight line joining 4 B
one vertex to another, passing through AG is the space diagonal
one of the faces of the shape. BG is the face diagonal

Exploration 1

This box measures 2 cm by 3 cm by 6 cm.

1 Sketch the triangle BCA. Use Pythagoras’ G
theorem to find the length of CA. Give
your answer in exact (surd) form. H

2 Sketch the triangle GCA. o 2cm
Label the lengths of GC and CA. e D
What is the size of £ ACG? 2 em
Explain how you know. A

3 Use Pythagoras’ theorem to find the length of G4 to 1 decimal place.

4 Find the length BH. What do you notice about G4 and BH?

5 Another box is 1 cm deep, 4 cm wide and 8 cm long.
Using the same method as you did to find G4, find the length of this
box's space diagonal.

6 A cuboid measures x cm by y cm by z cm.
Find, in terms of x and y, the length of one of its face diagonals.

P Continued on next page
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Hence show that the space diagonal has length +/ x?+y?+ 22,

In a cuboid with dimensions x, y and z, the space diagonal has length The space diagonal

(xz +y2+22, is also called the

volume diagonal.

Reflect and discuss 2
e How many different face diagonals does a cuboid have?
e How many space diagonals does a cuboid have? Are they all equal?

e In the first box shown in Exploration 1, explain why the space diagonal
GA is the shortest distance between G and A.

Practice 2

1 Find the length of the space diagonal of these cuboids:
a a cereal box measuring 9 cm by 12 cm by 20 cm
b a room with floor measuring 4 m by 7 m, which is 4 m tall
¢ apencil box that is 2 cm by 7 cm by 26 cm.

2 Find the length of the space diagonal of each cuboid, giving your answer
to a suitable degree of accuracy:

a a cardboard box measuring 50 cm by 15 cm by 22 cm
b a smartphone whose dimensions are 123.8 mm by 58.6 mm by 7.6 mm

¢ a storage box measuring 13 inches by 13 inches by 18 inches.

3 Find the length of the space diagonal of a cube whose sides are 5 cm.
Give your answer in an exact form.

:Problem solving

§4 A pencil just fits diagonally into a cuboid shaped box with dimensions
16 cm by 4 cm by 2 cm. Find the length of the pencil correct to 3 s.f.

Sets of three integers which can form the sides of a right-angled triangle are
known as Pythagorean triples. Examples include {3, 4, 5} and {5, 12, 13},
because 32+ 42 =5%and 5> + 122 =132

If a cuboid has three integer sides and also an integer space diagonal,
the four numbers are called a Pythagorean quadruple. Examples of these
include {1, 2, 2, 3} and {2, 14, 23, 27}, because 12 + 22 + 22 = 32

and 22 + 142 + 232 =272,
E9.1 Another dimension A



Exploration 2

1 Points C(4, 7, 11) and D(19, 17, 17)
D(19, 17, 17) are two vertices !
of a cuboid of width w, height h
h, and depth d as shown.

a Write down the values of d
w, hand d. Ci4,7,11) w

b Hence find the distance CD.

2 Points P\(x,, y,, z,) and Ganvaa)
P,(x,, 5, z,) are two vertices of a '
cuboid of width w, height 4, and h
depth d.

a w=x,—x. Write similar d
expressions for #and d. (x1,¥1, 1) W

b Hence show that the distance

between P, and P, is \/(xz = )2 +(y2 - ¥ )2 +(Zz — )2.

The distance formula

The distance between two points P,(x,, ¥,, z,) and P,(x,, y,, 2,) is:

\/(xz *xl)z"'(yz —y1)2 +(z2 ‘21)2-

Reflect and discuss 3

e In two dimensions, the distance between (x,, y,) and (x,, v,) is given by

\/(xz_xl)z +(7 _3’1)2 -

How does this relate to the distance formula in three dimensions?

Example 2

Find the distance between points (5, 7, —3) and (-4, 8§, -2).
Give your answer correct to 3 significant figures.

dz\/(xz _xl)z"'(yz _y1)2+(22 _zl)2

_ ‘/(_4 = sPa(s—ris (-2- (_3))2 Substitute the values into the formula.
Be careful with the negative numbers.

=81+1+1=+/33
=9.11 (3s.£)




GEOMETRY AND TRIGONOMETRY.

Practice 3

1 Find the distance between each pair of points, giving your answer in exact form.

a (0,0,0)and (2, 3,6) b (5,6, 8)and (6, 8, 10)
¢ (23,11, 18)and (17,17, 11) d (—4,3,-2)and (0, 7, -9)
e (-3,11,-16)and (33, 3, -19) f (5.5,11,-4)and (-4.5,1,13.5)

2 a Find the distance 04, where O is the origin and A is the point (4, 6, 12).
b Use a similar method to find the distance from the origin to B(3, 14, 18).

:Problem solving

53 Three points have coordinates O(0, 0, 0), A(3, 6, 6) and B(4, 4, 7).
Show that OAB forms an isosceles triangle.

:4 Three points have coordinates P(0, 9, 1), Q(1, 5, 9) and R(5, 1, 2).
. Show that PQR forms an isosceles triangle. Find the area of triangle POR.

In this cuboid, ABCD is in a horizontal

F
plane. The angle between the diagonal G
CE and the plane ABCD is labelled 8. £
. 9 c
A

Example 3 5

Find the angle between the diagonal CE and the plane ABCD in this cuboid.
Give your answer to the nearest degree.

AC=3+4>=75 Find the length AC.
= AC=5cm
E
2 em b‘ Sketch the triangle ACE.
4 5 cm ¢
2
tan 6= - Use the tan ratio.

E9.1 Another dimension n
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Practice 4

Find the angle between the diagonal FD and the plane ABCD in this cuboid.
Give your answer to the nearest degree.

F G
E H 4cm
8 c
f
A % 5 cm
12 ¢m D

a In cuboid PQRSTUVW, show that the
length of PR is /149 cm.

b Find the angle between VP and the plane
PQRS correct to the nearest degree.

a In cuboid ABCDEFGH, find the angle between
the diagonal BH and the plane ABCD to 1 d.p.

b Hence find the angle between BH and the plane EFHG.

8 cm

In this triangular prism, BCE and AFD are
right-angled triangles. The other faces are
rectangles.

a Find the length BC, correctto 3 s.f.
b Find the length DB, correct to 3 s.f.

¢ Find the angle that DB makes with the plane
CDETF, correct to the nearest degree.

d Find angle BCE, the angle between D
planes ABCD and CDEF, correct to
the nearest degree.

5cm c

ABCDE is a square-based right pyramid, with AB = 8 cm.
The point E is 8 cm directly above the point M,
which is the midpoint of the base.

a Find BD.
b Hence find BM.
¢ Find EB.

d Find the angle between £B and the base ABCD.
Give your answer to the nearest degree.
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:Problem solving

6 The volume of a cuboid is 440 cm®. The base measures 5 cm by § cm.
To the nearest decimal place, what is the length of the cuboid’s
longest face diagonal?

:7 Micol holds the string of a kite 1 m above ground level. He stands 6 m due
. eastand 4 m due north of Rachel, who is holding the kite flat on the ground.
As soon as Rachel lets go of the kite it rises 11 m vertically upward.

Calculate the length of the kite string, assuming that it makes a straight line
from Micol to the kite.

Dividing space
e How does your understanding of 2D space extend to 3D space?
® How can you divide a line segment in a given ratio?

Exploration 3

1 The midpoint of the line segment joining (x,, y,) and (x,, y,) is given by

I1 +x 3y yl S 2
2y ’

Conjecture a similar formula for the midpoint between P,(x,, y,, z,)

and PZ(IZ, y2$ 22)‘

2 Use your formula to find M, the midpoint between 4(7, 11, 14) and
B (19, 19, 38).

P Continued on next page
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Use the distance formula to verify that AM = BM.

4 Explain why knowing that AM = BM is not enough to show that M is
the midpoint of 4B.

5 Find the distance 4B.
6 Hence explain how you can be certain that M is the midpoint of 4B.

7 Prove that your formula from step 1 gives the midpoint of segment P, P,.

Example 4

Find M, the midpoint of 4(3, -2, 9) and B(1, 8, -3).

341 248 9+(-3
Al e )J Find the mean of the x, y and z coordinate valuesin A and B.

M:(—' +
2 2 2

={2,3,9)

The midpoint M of the line segment joining P,(x,, y,, z,) and P(x,, ¥,, z,)

. . X o+ Sl
ISglvenbyM=( > z,ylzyz, ~ 2}

Example 5

P, Q and R have coordinates (p, 3, 8), (1.5, g, 9), and (7, =2, 7) respectively.
Q is the midpoint of PR. Find p, gand r.

XX, W+, z,+z 7 3+(=2) 8+r
[1.5,'?,9]=( 12 e 12 2 12 2] =(%. +; 5 ;rj Use the midpoint formula.
Therefore:
p_+?=1_5:>p=4 Form gquationsusing the x,y and z
2 coordinate values. Solve for p, g and r.
g=2=4g=05
9=2L=r=10
Practice 5

1 Find the midpoint of each pair of points:
A(0, 0, 0) and B(4, 8, 16)

C(1,1, 1) and D(25, 11, 7)
E(-2,-6,-1) and F(-4, 4, 23)

G(1, 0, 8) and H(8, 10, 8)

I(-11, 32, 12) and J(—4, -7, 5)

K(1.7,-0.4, 11.8)and L(2.3,4.1, -12.1)

= o o n T o
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2 Two points have coordinates A (1, -1, 3) and M(11, 3, 0.5).
M is the midpoint of AB. Find the coordinates of B.

3 Three points have coordinates P(a—2, b, 2¢), Q(a+ 2, b+ 3, 3b)
and R (4a + 3, 3b, —3¢). Q is the midpoint of PR. Find a, b and c.

:Problem solving

54 Points 4, B, C and D have coordinates A(1, 3, 11), B(-2, 11, -1), C(7, 11, 7)
1 and D(10, 3, 19). Show that the midpoint of AC and midpoint of BD are the
same. Describe the quadrilateral ABCD.

:5 Points P, Q and R have coordinates P(a, b, ), Q(d, ¢, /) and R(g, A, i).

. Qis the midpoint of PR. The letters a to i represent the integers from 1 to 9
inclusive, and each integer is used exactly once.
Find a possible assignment of integers 1 to 9 to the variables a to 7 such that
both of these mathematical statements are satisfied:

a<c<g<e

b<h

The midpoint formula finds the point that divides a line segment into two
equal parts, thus in the ratio 1 : 1. How would you find a point that divided a
line segment into different proportions, for example the ratio 1: 2 or the ratio
2 : 37 Generalizing, how would you find the point that divided a line segment
into the ratio m : n?

Exploration 4 Tip
1 Two points in the x-y plane have coordinates P,(x,, y,) and Py(x,, ¥,). When you write
P, lies on P P, and divides it in the ratio m : n. that P, divides P, P,
y in the ratio m : #,
I P2 0. y2), the order matters —
3 so the m section is
n 7 closer to P, and the
o e 1 section is closer
3 ® to.P
m,*
Py ():11 ) A B
X

a Explain why triangles AP P;, BP,P,, and CP,P, are all similar.
b Find the scale factor that transforms BP, P, to AP, P,.

¢ Hence show that P4 = %(xz —x,) and derive a similar expression
for AP,. e

d Use your expressions for P4 and AP, to show that the coordinates of

P; are given by [’“1 Tmry B *myZJ. This is called the section formula.

m+n m+n

P Continued on next page
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Points 4 and Chave coordinates 4 (4, —2) and C (10, 16).

a Use the section formula to find B, which divides AC in the ratio 2 : 1,

b Verify that AB=2 BC.

3 Verify that when m = n = 1, the section formula in two dimensions
matches the midpoint formula.

4 Two points have coordinates P,(x,, y,, z;) and Py(x,, ¥,, z,) in three

dimensions. Suggest a suitable formula for the coordinates of the

point P,, which lies on P, P, and divides it in the ratio m : n.

5 Use your formula to find the coordinates of T, the point that divides
UV in the ratio 3 : 2 where U and V have coordinates (1, -5, —8)
and (16, 30, —3) respectively. Use the distance formula to verify that
2UT=3VT.

The section formula

If P\(x,, ¥, z;) and P(x,, y,, z,) where P; divides P, P, in the ratio m : n, then

P, has coordinates ("x1+mx2 itz S i ]

m+n  m4n  m+n

Example 6

Point 7' divides the line segment SU in the ratio | : 4. The coordinates of §
and U are (4, -3, —8) and (24, —18, 21) respectively. Find the coordinates of 7.

T nx +mx, ny +my, nz +mz,
m+n ' m+n ' m4n

_[4x4+1x 24 4x(-3)+1x-18 4x(—8)+1x21]

T T vd / Tid Substitute the values into the formula.

=(8,-6,-2.2)

Practice 6

1 Use the section formula to divide each line segment in the given ratio.
a Divide A(5, 11) and B(25,27) in the ratio 1 : 3.
b Divide C(—4, 6) and D(5, 0) in the ratio 1 : 2.
¢ Divide E(11, 4) and F(1, 24) in the ratio 2 : 3.

2 Use the section formula to divide each line segment in the given ratio.
a Divide 4A(1, 3, -5) and B(25,-9, 4) in theratio 1 : 2.
b Divide C(3, -2, 6) and D(15, 6, 0) in the ratio 3 : 1.
¢ Divide E(-2, -8, 3) and F(12, -1, 24) in the ratio 4 : 3.

3 Find the coordinates of a point three fifths of the way from the
point (4, 6, 7) to the point (24, —4, 42).




GEOMETRY AND TRIGDNOMETRY.

:Problem solving

§4 Three points have coordinates A(a, 11, b+ 1), B(11, 36, 3b+ 1) and
P(2,21, 2b). Pdivides AB in the ratio m : n. Find the ratio m : n in its
simplest form and hence find the values of a and b.

o Higher dimensional space

e (Can a 4th dimension exist?
e Is human activity random or calculated?

2 2
In two dimensions, the distance formula is J( X, = xl) +(y2 - yl) ,and in

three dimensions it is \/( Xy — X )2 +(y2 - )2 +(z2 -z )2.

, and in

. . . . . . . + *
Similarly, in two dimensions the midpoint formula is (ﬁu]

. . L. [ BthE Nty 5tz 2 s
three dimensions it is 2 3 5 | Thereis aclear link between the

formulae in two and three dimensions.

‘What if you extended these formulas to contain another letter, w?

118 Exploration 5

Imagine you could draw points in four dimensions, with coordinates
of the form (w, x, ¥, 2).

1 Use your knowledge of the distance formula in two and three
dimensions to conjecture a formula for the distance between

(% ¥, 7 and (ws, &, 95, 20,
2 Use your formula to find the distance between each pair of points:
a (0,0,0,0)and (1, 4, 4, 4)
b (2,-4,3,8)and(7,0,-5,0)
c (1,3,0,2)and (7,-1, 12, 15)

3 Use your knowledge of the midpoint formula in two and three
dimensions to conjecture a formula for the midpoint between

(wl, xl, yl, zl) aﬂd (Wz, xz) yz, Zz).

4 Use your formula to find M, the midpoint between 4 (7, 4, 1,-3)
and B(-3,-2, 3, -1).

5 Use your distance formula to find the distances AM, BM and AB.

6 Explain how your answers to step 5 support the claim that M is the
midpoint of 4 and B.

What could it mean to consider geometry in more than three dimensions?

In his book Flatland: A Romance of Many Dimensions, Edwin Abbott explores
life in a world whose inhabitants believe they occupy a 2D space, but then
one day discover that they are actually part of a 3D universe. Similarly, could
we have misunderstood the space we live in? Could there be other geometric

dimensions which we cannot perceive?
E9.1 Another dimension m



Some problems in theoretical physics have been better understood by imagining

that we inhabit a space with more than three dimensions — sometimes using
as many as 12 to solve a problem. For the time being, we can’t know whether
this makes sense, but maybe as time goes on scientists will develop a greater

understanding of the idea.

Reflect and discuss 4

e TIsit possible to find and describe familiar geometric shapes in 4D?

e Explain what is meant by the term isosceles triangle.

e Show that the three points 7°(1, 6, 5, 8), U(5, 2, 4, 4) and V(1, 1,0, 0)

form an isosceles triangle.

e How could you identify a square in four dimensions? Is it sufficient

simply to have four equal sides?

One test that you can apply is that for the points 4, B, C and D to form a
square, all four sides must be equal in length, diagonals 4C and BD must
have equal midpoints, and AC and BD must also be equal in length.

e Show that the points A(0, 0, 0, 0), B(6, 4, 2, 13), C(2, 10, 15, 11) and

D(-4, 6, 13, -2) form a square.

e Do you think it is possible that we could be living in a world with

dimensions we can'’t see?

Summary

® In a cuboid with dimensions x, ¥ and z, the

space diagonal has length \/x? + y% +z2.

e A flat surface in 3D space is called a plane.
The plane containing the x- and y-axes is the
x-y plane, and the planes including the other
pairs of axes are named similarly.

¢ The distance formula
The distance between P,(x,, y,, z;) and

P . 2) iS\/(xz —xl)z"'(yz —J’l)z"'(zz _zl)2

Mixed practice

1 Find the length of the space diagonal of a shoebox
measuring 50 cm by 15 cm by 22 cm. Give your
answer to a reasonable degree of accuracy.

:Problem solving

2 A cuboid shaped storage box measures 13 inches
by 13 inches by 18 inches. Determine whether a
20 inch drumstick would fit into the box.

The midpoint M of the line segment joining
P(x,, y,,2,) and Py(x,, y,, z,) is given by

(x1+x2 N+ zl+z2]

TR

The section formula
If P(x,, ¥, 2,) and P,(x,, y,, z,) where P,
divides PP, in the ratio m : , then P; has

= HX, + My HY, + nz + mz
coordmates( ) 2 PaTrDy 25 ZJ
m+n m+n m+n

Find the midpoint of, and distance between,
these pairs of points:

a (1,1,3)and (3,-2,9)
b (5,5 -2)and (6, 1,-10)
¢ (13,-2, 11) and (9, 2, 4)



4 A straight path runs directly from points with
coordinates B(0, 3, 2) and C(15, 6, 8), where the
axes are measured in meters.

a Find the length of the path and the
coordinates of its midpoint.

b Find the difference in height between the two
ends of the path.

5 A single strand of a spider web runs in a straight
line from one corner of a room at the floor to
the opposite corner at the ceiling. The room is
shaped like a cuboid 4 meters wide by 6 meters
long and 3 meters tall.

a Find the length of the strand of web.

b Find the angle between the strand of web and
the floor.

6 Square-based pyramids in Egypt were built
as tombs for queens and pharaohs. The most
famous are the three pyramids at Giza.

a Each of the sides of the base of the Great
Pyramid of Giza measures 230.4 m, and the
height measures 145.5 m. Find the angle
between the base of the pyramid and any of
the sloping sides. Give your answer accurate
to two decimal places.

Review in context

1 Laser tag can be played indoors or outdoors,
with players trying to ‘tag’ each other with
lasers. One of the largest arenas is in Arizona,
USA. To plan it, the designers used a 3D
coordinate system to simulate the space,
with one unit representing one foot. With the
origin O as one corner of the rectangular prism,
the furthest comer from the origin was at
C(150, 120, 20).

a Inthe arena, a refuge tower is located so that
its top is % of the way along the line joining

Oand C. Find the coordinates of the top of
the tower.

b The company that makes the lasers says that
lasers will reliably hit targets up to 175 feet
away. Determine whether the lasers are
appropriate for use within this arena.

¢ Find the longest distance your laser could
travel within the structure if you stood in the
middle of the arena floor.

GEOMETRY AND TRIGONOMETRY

b The middle pyramid at Giza has base sides
of 216 m and a height of 143 m. Find the
angle between the base of the pyramid and
any of the sloping sides. Give your answer
accurate to two decimal places.

¢ Determine if these two pyramids are
mathematically similar. Justify your answer.

7 Two points have coordinates A(13, -2, 7) and

B(34, 19, 42). Find the point that divides AB in
the ratio 2 : 5.

:Problem solving
8 Two points have coordinates U(-5, 11, 17) and

V(7,-1,-7). A divides UV in the ratio 1 : 2.
Bdivides UV 'in the ratio 1 : 3. Determine which
of A or Bis closer to the origin.

9 Two points have coordinates 4 (3, 5, 8) and

B(-3, -1, z). Find all possible values for z
given that 4 and B are 11 units apart.

110 Show that the points A(~13, 2, 4), B(11, 6, ~12)

and C(5, —4, 3) form an isosceles triangle. Find
its area.

2 When creating video games, programmers

use 3D space to create the game and

transformational geometry to move objects

and characters. In one game, a programmer

is creating two tunnels. Tunnel EF has end

coordinates E(22, 17, 16) and F(215, 28, 18),

while tunnel GH runs from end coordinate

G(28, 19, 17) to H(213, 30, 19).

a Find the difference between the lengths of the
two tunnels.

b There is a sign at the midpoint of the tunnel
entrances F and H. Find the coordinates of
the sign.

¢ An access corridor runs from the midpoint
of one tunnel to the midpoint of the other
tunnel. Find the length of this corridor.
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A new roller coaster ride is designed to have a long
straight tunnel that passes through a natural hill.
The roller coaster gains speed as it passes through
the tunnel before turning sharply as it emerges. The
ride control center is situated at (0, 0, 0), and on a
scale of 1 unit to 1 m, the tunnel enters the hill at
A(15, 25, 26) and leaves the hill at B(75, 50, —14).
a Find the total change in height from one end
of this tunnel to the other.

b Find the total length of this tunnel in meters.

:Problem solving

¢ If the tunnel is created by boring a cylindrical
hole with a cross-sectional area of 9 m?,
estimate the volume of earth to be excavated.
Explain why your answer is an estimate.

d A refuge point is to be built in the tunnel,
two thirds of the way from 4 to B. Find the
coordinates of this refuge point.

4 A skier travels down a straight ski slope. With
units measured in meters, her starting coordinates
relative to the skilift are (4, 7, —2). The coordinates
of the point where she finishes are (—208, 355, —78).

Reflect and discuss

a Find the shortest distance between her
starting and finishing points.

b Suggest reasons why the distance she travels
will be greater than this.

¢ Given that her average speed is 20 ms~!, find
the minimum time needed for her to ski down
the slope.

¥ &

Another skier travels the same route down the
slope, heading in a straight line from the starting
point to the finish. Three-quarters of the way
down the slope, he loses control and drops one
of his ski poles.

d Find the coordinates of the point where he
drops the ski pole.

The male skier leaves his skis at a café at point
(240, 370, —75) and then walks back up to the
slope to find his ski pole.

e Find the distance from the café to his ski pole.

f Find the angle of elevation of his ski pole
from the café.

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Generalizing relationships between measurements enables the construction ]

and analysis of activities for ritual and play.




Mapping the world

Global context: Orientation in space and time

Objectives

Finding the area of a non-right-angled triangle
Using the sine rule

Using the cosine rule

Finding the area of a segment of a circle

Using the sine and cosine rules to solve problems
involving bearings

Inquiry questions

o.

Go

0.

How can you find the area of a non-right-
angled triangle?

How does the area formula help you find
the area of other shapes?

How is the sine rule related to the area of
a triangle?

How is the cosine rule related to the
Pythagorean theorem?

‘Which is more useful, the sine rule or

the cosine rule?

How do we define ‘where’ and ‘when’?

Statement of Inquiry: | t

Apply skills and knowledge in unfamiliar situations ]

in space can help define ‘where’ and ‘when’.

il

= Generalizing and applying relationships between measurements :

BB ivn
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You should already know how to:

e find thearea of a triangle | 1 Find the area of each triangle.

given two perpendicular a b
- h
I
7cm

measurements
14 cm—»

® usetrigonometry in
right-angled triangles

2 Find xin each triangle.

a b
7cm
Sen &
5cm
A
X

o find the area of a sector | 3 Find the area of this sector.

of a circle

0

6 cm

e useradians 4 Find x in each sector.

a Area=xcm? D

14 ¢cm

5 om 8cm

o Area of a triangle

e How can you find the area of a non-right-angled triangle?

e How does the area formula help you find the area of other shapes?
When working with triangles, the convention is to A
label vertices and the interior angle at each vertex

with a capital letter, and the side opposite that b
vertex with the same letter in lower case, like this:

Practice 1 ¢ a B

1 Here are triangles ABC, DEF, LMN and UVW. Copy each triangle and label
the remaining vertices and sides.

P
o\
/ \\\ 7,F
c // N o
s N " y
y ~ Jd
P A a /
A e E
b
L
,'/\\
J'J' -\\
/ ‘\\ -
u_~
£ A U
y: b i
N N

A convention is a
practice which,
although usually
not essential, makes
things easier if
everybody follows
it. For example,
in algebra, the
convention is to
write variables in
alphabetical order.



GEOMETRY AND TRIGONOMETRY

Reflect and discuss 1

Here is Paco’s calculation of the area

of this triangle: B
1 . 1
Avrea = X base X height =5 X 5X 10 =25 em?
e What mistake has he made? 10.m

e Will the true answer be greater or less than 25 cm?? How do you know?

e What other information might help you to calculate the true area?

It would be better if Paco had remembered the area formula as
Area =% x base x perpendicular height.

In mathematics, ‘height’ means ‘perpendicular height’.

Exploration 1
1 A triangle has sides 13 cm and 15 cm.

a Use trigonometry to work out the
length of the dashed line, which meets
the 15 cm side at right angles.

b Hence find the area of the triangle.

2 Triangle ABC has sides BC = 7 cm,
AC=22 cm and L ACB=42°, 15

a Sketch triangle ABC.

b Hence find the area of the triangle in cm?.

3 A triangle has sides @, b and c: A

By considering the length of the line through A
perpendicular to BC, find a formula for the area
of the triangle in terms of the lengths a and b
and the size of angle C. c B

4 Use your formula from step 3 to show that
when BC=10 cm, AC=5 cm and £ ACB = 30°, the area of triangle
ABCis 12.5 cm?.

In Exploration 1 you found the area of a triangle by drawing an altitude and Tlp
finding its length and then deriving a formula. It is usually easier to use the An altitude is a
formula to solve problems than to draw in extra lines. line perpendicular
to one side of
a triangle that
Area of a triangle =lahenC passes through the
= opposite vertex.
The height of a

triangle is one of
its three altitudes.

ES.2 Mapping the world ﬂ



Reflect and discuss 2

e What measures do you need to use this new area formula?

e Where is the angle in relation to the sides?

e How would you change the formula for a triangle that is not labelled ABC?

Practice 2
1 Use the formula to find the area of each triangle. Give your answers to 3 s.f.
a B b C K
36m
D F
34°
8 cm \A\m/ 58.5 km
E
60°
A c A
1om VY T

2 Find the area of each triangle to the nearest square centimeter.

a A b E 126 cm
& D
56cm
F
8

48 cm

3 In triangle PQR, PQ= 34 cm, PR =67 cm and ZRPQ = 120°.
Sketch the triangle and hence find its area correct to 3 s.f.

4 Here is a triangular tile.

a Find the area of the tile.
b A tiler divides 10 m? by the area of one tile and rounds up
to the nearest whole number.

i Explain what this calculation represents.
ii Explain why it is likely to be an underestimate.

Problem solving

5 Intriangle DEF, d=12cm,e=18 cm, ZE=49° and £ D= 30°,
:  Sketch the triangle and hence find its area correct to 3 s.f.

6 A large regular tetrahedron has four faces, each of which is an equilateral

. triangle of side 8 m. Maria is going to paint all four faces of the tetrahedron.
The paint thickness on each surface will be 1 mm. Paint is sold in 1.5 liter tins.
Determine how many tins of paint Maria should buy.




ATL

GEOMETRY AND TRIGONOMETRY

Reflect and discuss 3

Triangle 2 Triangle 1

12 cm 12 cm

e Find the area of Triangle 1.
e Explain why Triangle 2 has the same area as Triangle 1.
e How does this relate to the trigonometry of the unit circle?

Exploration 2

In this Exploration, use the formula Area =% ab sin C to help you find the
areas of some other shapes. Give answers correct to 3 significant figures.

1 A parallelogram has sides 20 cm and 45 cm. Its acute angle is 75°.
g c

20 cm

A
45 cm D

a Copy the diagram and draw the line segment BD.
b Explain why triangles 4BD and BCD are identical.
¢ Find the area of triangle 4BD.
d Hence find the area of the parallelogram.

2 An equilateral triangle has side length a.
a Write down the exact value of sin 60°.

b Hence find a formula for the area of an equilateral triangle with side
length a. Use your formula to find the area of an equilateral triangle
with side length 4 cm.

3 Explain how a regular hexagon can be divided into identical equilateral
triangles. Hence show that the area of a regular hexagon with side
length s is given by %52_

4 A company logo is a sector OAB of a circle with .
radius 4 cm and center O, a portion of which is
shaded.

a Find the area of the sector OAB.
b Explain why AOAB is equilateral. '
¢ Hence find the area of AOAB. °
d Find the area of the shaded segment.

ES.2 Mapping the world




The area formula for a triangle can be used with other results to find the areas of
familiar shapes. The key results are given below, but it is more important to learn
how to divide shapes into simple parts than to memorize these formulae.

Area of a parallelogram Area of an equilateral triangle
ZN
£
b 3
Area =absin O Area = ?32
Area of a segment \
720 1,
Degrees: Area = i sin @ r
. b 1 . -
Radians: Area = 5:‘29-?‘2 sm9=5r2(6-smﬂ) ’

Practice 3

Give answers correct to 3 significant figures unless otherwise directed.
1 Find the shaded areas. The central angle is given in degrees.

2 [y

2 Find the shaded areas. The central angle is given in radians.

a / b C
7ecm 0.2 9 cm
13 cm

:Problem solving

In 1b, there are
two parts to the
total area involved.

P’
¥
o
E]

3 Find the area of each shape.

a b C :
7cm O
287 9 cm
5 N 4 4 m7
cm
: : 1Y/ B
5m

8 cm

188 E9 Space
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14 A segment of a circle has radius 7 cm and area 2 cm?,

Find, correct to two decimal places, the central angle
of the segment in radians.

The sine and cosine rules
®» How is the sine rule related to the area of a triangle?
® How is the cosine rule related to the Pythagorean theorem?

A
/\
( = B

You have already shown that this triangle has area =~;-ab sin C.

Exploration 3

1 Explain why the triangle’s area can also be found using %ac sin B.

2 Hence show that -2 =€
sinB  sinC

a _ b

3 Show similarly that — oy
sind sinB

4 Use your formula from step 3 to show that @ = 10.6 cm in the triangle below.

c
/\
Jpat: 24 4

5 Show that sin 4 - sin B zsinC
a b c

6 Hence find the size of the acute angle at Bin this triangle:

A
12 ]
47°
(s B

The sine rule
For a triangle ABC': A
sind _sinB _ sinC

a b 7 b o
and

‘a :,L: ‘C C E
sind sinB sinC a

ES.2 Mapping the world




Example 1

Find the value of a, giving your answer
correct to 3 significant figures.

b=11cm a

40° 60°

a b

Label the triangle.

sin A - sin B

a _ 11

sin40°  sin 60°
11sin 40°

=>a=— = 8.16 cm
sin 60°

Example 2

Find the size of ZB correct to the

nearest degree.

b=7cm

4

a=13cm

To find a missing side, use the
sine rule with sides ‘on top’.

Tcm
13 em

Q

B

sind _sinB

a b
sin 65° _ sin B
13 7

7sin65° _
3 - 0488...
B=arcsin (0.488...)

sin B=

= 29° (to the nearest degree)

Label the triangle.

To find a missing angle, use the sine rule with angles ‘on top’'.



GEOMETRY AND TRIGONOMETRY

Practice 4

1 Find the length of the sides marked with letters, correct to 3 s.f.

a A b B A c
[ a0
63" 110°
14 cm 11 cm
337 " B
c e B
#

2 For each triangle, find the size of the unknown angle, to the nearest degree.

a B b 20 cm B C B
c Lt om A ' 17 cm
80° c
10 cm ' 15 cm
20 cm '

¢ 68°

' A
A

3 Find the value of x for each triangle. Give each answer correct to 1 d.p.

a 5 cm b 7 C
58 cm
7cm ' 12 em ' xcm
11 em
81° 420
S D =

4 Intriangle XYZ, x=16 cm, £ ¥=44° and £ Z =72°. Find the length of side y.

:Problem solving

5 A yacht crosses the starting line of a race at C and sails on a bearing of 026°.
¢ Aftersailing 2.6 km, it rounds a buoy B and sails on a bearing of 335° until it
reaches another buoy 4 which is due north of C.

a Sketch a diagram to show the path followed by the yacht.
b Calculate the size of ZCBA and find the size of ZCAB.
¢ Calculate the total distance sailed by the yacht correct to 3 s.f.

6 From point X, a ship sights a lighthouse L on a bearing of 350°. The ship is
- moving on a bearing of 020° at 10 km/h. Thirty minutes later it is at point ¥
and sights the lighthouse again, this time on a bearing of 325°.

a Sketch a triangle to illustrate this information.
b Determine the size of all three angles in the triangle.

¢ Calculate the distance from point ¥'to the lighthouse. Give your answer
in km, accurate to 3 significant figures.

ES.2 Mapping the world a



Reflect and discuss 4
Explain why you cannot use the sine rule to find length x in this triangle.

X

10 cm

’ 8cm

Exploration 4

1 a Copy triangle ABC, with the altitude through C meeting 4B at right
angles at point P.

o 1
=]

A
Label the sides a, band c.
b Labellength AP as x. Hence label length PB in terms of ¢ and x.

¢ Use Pythagoras’ theorem to write two expressions for CP.
Hence show that 52 — x? = g% — (c—x)°.

Expand the brackets and simplify this equation as far as possible,
d Use trigonometry to express x in terms of A and b.
e Hence show that a? = 52 + ¢2 — 2bccos A.

2 Explain why it is possible to rewrite the formula from step 1e so that it
uses angle B as b? = a? +¢? —2accos B.

Rewrite the formula so that it uses angle C.

The cosine rule A
For a triangle ABC':

a?=b2+c2 - 2bccos A

Reflect and discuss 5

e How does the information required to use the cosine rule compare to

the information required to use the formula: Area = %absin C?

e How would you modify the formula if the triangle is labelled MNP and
you wanted to use the cosine rule to find the measure of side p?

e How is the cosine rule related to the Pythagorean theorem? Explain.




GEOMETRY AND TRIGONOMETRY

Example 3

Find the length of side a correct >
to 3 significant figures. 80°

b=6cm B

Label sides and vertices.

C

2 p2. .3 .
a’=b?+c¢?—2bccos A Use the cosinerule.

=62+42-2x6x4 xcos80°
=43.665...

=a=6.61cm(3s.f) Check that your answer seems sensible.

Example 4

Find the value of x correct to

the nearest degree.
132 cm

65 cm

98 cm

a=132cm

Label sides and vertices.
c=65cm

A b =98 cm ¢

a?=p2+c2-2bccos A Use the cosine rule.

1322 =987+ 657 —2 x 98 X 65 x c0s x
17424 = 9604 + 4225 — 12740 cos x Rearrange.

12740 cos x=—-3595
cos x=-0.28218...
x=arccos (—0.28218...)

= 106° (to the nearest degree)

ES.2 Mapping the world a



Reflect and discuss 6

e Show that the cosine rule a? = b2 + ¢2 —2bc cos 4 can be rearranged to
b2 +¢c2 — g2

2bc
e Which version do you think is easier to use to find an unknown side?

cosA=

e Which version do you think is easier to use to find an unknown angle?

e Does it matter which version you use?

Practice 5
1 Use the cosine rule to find the lengths of the marked sides correct to 1 d.p.
a b B C
¢ /[
[ >
- 3 14 12

2 Use the cosine rule to find the size of the marked angles correct to the
nearest degree.

a A gt b B c D

14 27

18
3 Find these side lengths and angles, accurate to 3 s.f.
a APQOR,p=14,g=11, R=98° Findside r.
b ADEF, d=6,¢=12, f=9. Find angle E.
€ AXYZ x=72, z=54, Y=121° Find side y.
d ABCD, b=25, c= 31, d=34. Find angle D.

4 Two boats leave the same harbor. One travels on a bearing of 060°
for 13 km, the other on a bearing of 135° for 8§ km,

a Draw a diagram illustrating their positions.
b Find the angle between their courses.
¢ Find the distance between the two boats.

:Problem solving

5 A triangle has sides of length 4 cm, 6 cm and 7 cm.
©  a Find the size of the largest angle in the triangle.

b Find the size of the smallest angle in the triangle.




GEOMETRY AND TRIGONOMETRY

0 Applying the sine and cosine rules
® Which is more useful, the sine rule or the cosine rule?
o How do we define ‘where’ and ‘when’?

You can use the sine and cosine rules to find missing lengths and angles in
triangles. To decide which rule to use, look at the information you have and
the information you are trying to find.

Reflect and discuss 7
Referring to the triangle here: 5 9
e Which measurements can you calculate? 380

What rule will you use? Explain your selection.
e What information needs to be given in order to be able to use the sine rule?

e What information leads you to use the cosine rule?

By examining the sine rule and cosine rule carefully, you can work out when
you should use each one. For the sine rule, you only ever use two of the three
parts, so only two are shown here.

Cosine rule: a? = b2 + ¢ — 2bc cosA Sine rule: —2_=_2
smA sinB
21
17 .
7 19 Tip
30 ‘ If an angle and the
£\ side opposite are
. . . . . . known, then the
The cosine rule involves three sides The sine rule involves two sides .
and oncangle d sine rule can be
' and two angles. used. If not, then
This triangle problem involves three This triangle problem involves two use the cosine rule.
sides and one angle (the unknown), sides and two angles (one is the
so use the cosine rule. unknown), so use the sine rule.
Example 5
Find the size of the angle at 4.
A
10 QA
5
B ‘
(0
sinB _ sinC - . e
= The problem involves two sides and two angles, so use the sine rule.
sin26° _ sinC
5 10
C = arcsin(2 sin 26°) Rearrange to make C the subject.
=61.25
= A4 =180°— 26° — 61.25° The angles in a triangle add up to 180°.
=92.7° (3 s£)

ES.2 Mapping the world a



1

Practice 6

In each triangle, determine whether the cosine rule or sine rule should be
used to find the value of x. Explain how you have made your decision.

a X C 19
21
10 ‘ ‘
f 15
3 a7° D>
45°

In each triangle, find the value of x, giving your answer correct to 3 s.f.

-

\V

a S b 62 cm

7cm

11 cm X

30°

Use the sine rule or cosine rule to find the marked sides and angles.
Give answers correct to 3 significant figures.

a b b C 5cm
4 om
‘ 6cm 12 cm 10 cm
d 8 cm 30cm f
<
9 cm 19 cm
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:Problem solving
4 Find the area of this triangle.

The circles meet at points 4 and C, and Z40C =0.8 rad.

a Find the length of the straight line segment joining A4 to C.
b Hence find ZABC in radians.

¢ Hence find the shaded area.

One handy and beneficial use of trigonometry is to help you calculate
measurements in space that you can’t measure directly.

Objective D: Applying mathematics in real-life contexts
iv. justify the degree of accuracy of a solution

In the Activity, comment on the accuracy of the oviginal measurements and the effect
that inaccuracy in the original measurements would have on your calculations.

Activity

1 Telephone cables from a house are connected to a telegraph pole C at the
roadside, but C'is not yet connected to the network.

P Continued on next page
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On the other side of the road, two other telegraph poles 4 and B are

30 meters apat. A theodolite is a
) . tool used to measure
An engineer uses a theodolite to measure £ CAB=27° and £ ABC = 68°. angles when making
a Copy and complete this aerial view of the street, adding the size of maps or surveying
angle B and the length AB. c construction sites.
b Find the size of angle C.
¢ Hence calculate the lengths of BC and AC. 570
Explain why the telegraph pole at C should & B
be connected to pole B.

d The engineer discovers an error in the measurements. The angle at 4
is actually 23°.

i Calculate the true length of BC. Justify your degree of accuracy.
ii Find the percentage error in your original calculated value of BC.

iil Suggest three reasons why the engineer should bring more cable
than the calculated value to connect B to C.

Practice 7

1 From point P, a ship sails 5.5 km to point Q on a bearing of 039°.
It then sails 4.1 km to point R on a bearing of 072°.

a Show this information on a diagram.
b Calculate the size of angle POR.
¢ Find the distance from R to P.

2 Two boats leave a harbor: one travels on a bearing of 050° for 14 km,
the other on a bearing of 145° for 18 km.

a Draw a diagram illustrating their positions.
b Find the angle between their courses.

¢ Find the distance between the two boats.

:Problem solving

3 Peter, Alex and Mary are sea-kayaking. Peter is 430 m from Alexona
:  bearing of 113°. Mary is on a bearing of 210° and a distance of 310 m from Alex.
Find the distance between Peter and Mary.

:4 Tam standing at point O, near a major road. Along the road
. there are markers every 100 m. I can see three consecutive markers:
P, Qand R. T am 20 m away from marker P. The bearing of P from
my current position is 340° and the bearing of Q from my current
position is 030°.
a Find the angle POQ.
b Find the bearing of Q from P.
¢ Find my distance from Q.

d Find my distance from R.




Summary

When working with a triangle ABC, side a is
opposite vertex 4 and so on,

Area of triangle = %ab sinC

Mixed practice

1 Find the shaded areas correct to 3 s.f.

a b
4 Cm g°
‘ 7 cm ‘

15 em
C d
a
20 : 11cm
B 1 120°
5 cm
[l
5¢em
e ! f i
6 cm " 9 cm T i
TR
8 cm

a ‘ b
6 cm
' ‘ 18 cm

GEOMETRY AND TRIGONOMETRY

The sine rule

sind _sinB _ sinC

a b [4
and
a b c

The cosine rule
@ =b2+ct—2bccos A

2 Find the areas of these segments, whose central
angles are given in radians. Give your answers

correct to 3 s.f.

NN

7 cm 11¢cm

\

4 Find the labelled side correct to 3 s.f.




6 Find the labelled angle in radians, correct to 3 s.f. 8 Two friends start walking from the same spot.

— One walks 50 meters due north. The other walks
35 meters on a bearing of 057°.
11 cm
19 cm

11cm 14
£ ?i =
2.1
15¢cm 18

7 Find, in degrees, the size of the smallest angle in
a triangle with sides 4 cm, 9 cm and 11 cm.

Find the distance between their final positions,
correct to 3 s.f.

: Problem solving

9 Find the perimeter of this triangle, correct to
: 3s.f, given that 0 <x<90°.

'''8l Review in context

Many maps are created by triangulation; this is when a network of points are joined across a landscape.
Surveyors measure distances and bearings to a high degree of accuracy and use them to form the skeleton
that underpins the map, as illustrated here in this triangulation of the Hawaiian island of Oahu.

| LS » ‘ "
PRIMARY TRIAXGULATION OF

;.;_::" = "‘I,-' :
:“_."‘1' OAHU
I:'.\ Nomle suinss

i .

| )

|
1L msiinate  Statioee
Use the map on the next page to help you answer b Find and label the size of angles £ RST,

these questions. Give your answers correct to a
sensible degree of accuracy.

Z STR and £ TRS.

¢ Hence find the distances from Rolle to Saint-

1

It is 9.5 km from Rolle to Saint-Prex on a
bearing of 076°. Thonon-les-Bains lies on a
bearing of 130° from Rolle, and on a bearing
of 170° from Saint-Prex.

a Using the letters R, S and T to denote the
three towns, sketch triangle RST to show
their positions relative to each other.

Prex and from Rolle to Thonon-les-Bains.

d When standing in Saint-Prex, there is an angle of

100° between Lausanne and Thonon-les-Bains.
Lausanne lies on a bearing of 038° from Thonon-
les-Bains. Add this information to your diagram.

e Hence find the distance from Lausanne to

Saint-Prex and Thonon-les-Bains.



The map below shows some key towns on the banks of Lac Leman, which lies on the French-Swiss
border and is known as Lake Geneva in most English-speaking countries. Because of the presence of the
lake itself, and the mountains that surround it, finding point-to-point distance measurements between
places on the shores of the lake is difficult.

GEOMETRY AND TRIGONOMETRY

Geneva

:Problem solving

: 2 The distance from Evian-les-Bains to Saint-

:  Gingolph is measured to be 16.9 kilometers.
Viewed from Lausanne, there is an angle of 54°
between Evian-les-Bains and Saint-Gingolph.
Viewed from Evian-les-Bains, there is an angle
of 66° between Lausanne and Saint-Gingolph.
Evian-les-Bains lies on a bearing of 200° from
Lausanne.

a Find the bearing of Saint-Gingolph from
Lausanne.

b Find the distance from Lausanne to Evian-
les-Bains.

Reflect and discuss

Evian-les-Bains

Lausanne

» Montreux

()=
Saint-Gingolph

:3 The distance from Vevey to Montreux is 6.5 km.

The distance from Montreux to Saint-Gingolph
is 9.6 km. The distance from Vevey to Saint-
Gingolph is 8.6 km on a bearing of 200°.

a Find the angle between Montreux and
Saint-Gingolph as viewed from Vevey.

b Hence find the bearing of Montreux from
Vevey.

¢ Find the bearing of Saint-Gingolph from
Montreux.

Nyon is 7.0 km from Chens-sur-Leman. Coppet
is 6.1 km from Chens-sur-Leman. As viewed
from Chens-sur-Leman, there is an angle of 84°
between Nyon and Coppet.

Find the distance from Nyon to Coppet.

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Generalizing and applying relationships between measurements ]

in space can help define ‘where’ and ‘when’.
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Time for a change

Global context: Orientation in space and time

Objectives Inquiry questions

e Drawing graphs of logarithmic functions o e What does a logarithmic function

® Finding the inverse of an exponential function look like?

® Justifying algebraically and graphically that * How are logarithmic functions related
a logarithmic function and the corresponding to exponential functions?

What are the properties of logarithmic

exponential function are mutual inverses -
functions?

e Identifying and applying function
transformations on graphs of logarithmic

‘ ¢ How are the properties of logarithmic
functions

functions related to those of exponential
functions?

® How do you transform logarithmic
functions?

RELATIONSHIPS

e Ts change measurable and predictable?

ATL  Critical-thinking

.~ Statement of Inquiry:

Generalizing changes in quantity helps establish
relationships that can model duration, frequency
| and variability.




NUMBER *

You should already know how to:

® rewrite exponential statementsas | 1 Write y=5* as a logarithmic

logarithmic statements and vice statement.
versa 2 Write y = log, x as an exponential
statement.
e find theinverse of a function 3 Find the inverse of the functions:
a f(x)=3x+2
b g(x)=x*-1
e describe transformations on 4 Describe the transformations on
exponential functions the graph of y = 3* that give the
graphof y=2x3* -1
e justify algebraically and 5 Justify algebraically and
graphically that two functions graphically that the function

: 5. . i
are mutual inverses f(x) = 2 is its own inverse,
X

o From exponential to logarithmic functions
e What does a logarithmic function look like?
e How are logarithmic functions related to exponential functions?

Objective B: Investigating patterns
ii. describe patterns as general rules consistent with findings

In Exploration 1, you will need to find the correct rules for the patterns you generate
in order to solve the given problem.

Exploration 1

1 Fold an A4 size piece of paper in half. You now have two layers.
Assume the thickness of the paper is 0.05 mm. The total thickness
of the folded paperis 0.1 mm.

/—\ Ad size paperis part |

| of the international
'[ standard used in most
! countries around the
! world. In the USA
thickness = 0.05 mm and Canada, ‘Letter’
LT gﬁ.lmm size is the standard,
' one I?yer . two layers mﬂasm_mg 8.5 by
2 Fold the paper in half again, and write down the number of layers and 11.0 inches.
the total thickness of the folded paper. Repeat once more.

3 Find a function f for the number of layers of the folded paper in terms of
the number of folds x.

4 Write down a function g for the total thickness of the folded paper in
terms of the number of folds x.

P Continued on next page
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5 Use function g to find the total thickness of the folded paper after:
a 10 folds b 20 folds ¢ 30 folds

6 Use function f to determine how many folds give:
a 10 layers b 20 layers c¢ 30 layers

7 Use function g to determine how many folds give a total thickness of:
a 10cm b Im ¢ 10m d 1km

8 The average distance from Earth to the Moon is 384 400 km. Determine
the number of folds needed to give a total thickness of 384 400 km.

Reflect and discuss 1

e The world record for folding an A4 sheet of paper in half is seven times.
It is mathematically impossible to fold a sheet of A4 paper more than
seven times. Why do you think this is? Think about the relationship of
the area of the paper to the number of folds of the paper.

e Do you think it is possible to fold a larger piece of paper more than
seven times? Explain. /

® In 2002, a 16-year-old American student, Britney Gallivan,
demonstrated that a roll of paper 1200 m long could be folded in half

12 times. She developed the formula I = %(2"+4)(2“ —2), where Lis
the length of the paper, ¢ is its thickness, and # is the number of folds.
Use her formula to find the thickness of the paper she used.

e Britney Gallivan held the world record for paper folding until a group 5 4
of students at a school in Massachusetts showed that paper can be —n
folded 13 times. This paper was 0.058 mm thick. Use the formula to
find the length of the paper that was folded 13 times.

e For paper 0.058 mm thick, how long would a sheet of paper need to be
in order to fold it 14 times?

Exploration 1 shows that the inverse of an exponential
function is a logarithmic function. For example, for y = 2%,
the equivalent logarithmic statement is log, y = x.

Interchanging the x and y in the logarithmic expression y = 2¥
gives the inverse function y = log, x.

Graphing y = 2* and y = log, x together verifies that they are
mutual inverses, since their graphs are reflections of each other
in the line y = x.

To find the inverse of an exponential function y = a*, use the
equivalent logarithmic statement log _ y = x, then interchange the
x and y to obtain y =log_x. The domain of the exponential
function y = ¢* is R, and its range is R*. So the domain of its inverse =l
y =log x is R*, but the range is R — {0}, since log x #0.
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The inverse of an exponential function is the corresponding logarithmic
function. The inverse of f(x)=a"is f '(x) = log,x and vice versa.

Practice 1

1 State the inverse function of f(x).
a f(x)=4* b f(x)=logx ¢ f(x)=Inx
d f(x)=3logsx e fr)=2 f f)=2017)

:Problem solving

2 The population of seagulls Pin a coastal village can be modelled by the
! exponential equation P(x)=15x1.15", where x is in months.

a Draw the graph of P (on your GDC) and state P, the initial seagull
population.

b State the inverse function.

¢ Draw the graph of the inverse function on the same axes.

d Using the graphs, find how long it would take for the population to
reach 20 seagulls.

G Properties of logarithmic functions
e What are the properties of logarithmic functions?

e How are the properties of logarithmic functions related to those
of exponential functions?

Exploration 2

1 Graph the function y =log_x and add a slider for the parameter a.
Experiment with different values of a> 1.

/Y
4]

34 -
2 >

T Fix) = logx

T 1 1 1T
AMA232567189 10"
2

=2 [ -
34 N
_4]

£l

2 a State what happens to the value of y as g increases.
b State the domain and range of the function.
¢ State any asymptotes of the function.

d State whether the function is concave up or concave down.

P Continued on next page
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e Does the xintercept remain the same for all values of a? Explain.

f Determine if the function has a y-intercept. Explain.

g Explain why x cannot be less than or equal to 0.

3 Graph the function y = log, x for different values of a, where 0 <a <1.

i K]

1 o) = logg sx

=

a State what happens to the value of y as a increases in the interval (0, 1).
b Repeat steps 2 b-g for this graph.

4 Explain how graphs of logarithmic functions with different bases are
alike, and how they are different.

5 Summarize your results in a table like this: y=a* y=log *

domain

range

equation of asymptote

intercept(s)

Properties of graphs of logarithmic functions

i/ /Y
= x ; whe \ = |0g, 1en | 1
'/./’ \
> \
.// L. \ L.
> 1% v
0 /f'i X 0 1.\ X
I.lf ~
[

® A logarithmic function is of the form y =log,x, wherea e R™, a # 1.
Its domain is R" and its range is R —{0}.

e All graphs of logarithmic functions of the form y = log_x have
xintercept (1, 0) and vertical asymptote x= 0.

P Continued on next page
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® The shape of the graph is determined by the base a. Fora > 1, the
graph is concave down and increasing. For 0 < a < 1, the graph is
concave up and decreasing.

® The value of ¢ controls how rapidly the graph is increasing or decreasing.

Example 1

Find the inverse of f(x)=2*"3 and verify your result graphically. State the
domain and range of the function and its inverse.

y=2""3 Interchange the x and y variables.
x=27"3
log,x=y-3 Rewrite as a logarithmic statement.

y=log,x+3

f1(x)=1log,x+3.
Graph fand f =" and confirm that fand

hically:
Sl f=1are reflections of each other in y =x.

Since f and f ! are reflections of each other i)
in the line y = x, they are mutual inverses. '

Domain of f= R, range of f= R,
Domain of f ! =R*; range of /! =R.

Reflections and their physical properties are well known for just about
every type of wave you can think of. Geologists study seismic waves;
echoes and sonic effects are studied in acoustics; and of course, reflections
are observed with many types of electromagnetic wave, including visible
light, which often produces beautiful and interesting images. Perhaps not
coincidentally, reflection can also mean the act of peaceful meditation.

Objective C: Communicating
iii. move between different forms of mathematical representation

In Exploration 3 you will move between graphs, tables and equations, and different

Jforms of logarithmic functions.
E10.1 Time for a change ﬂ




Exploration 3

1 Here is the graph of a logarithmic function y =log_x, with its table of
values. Explain how you can find a using the table of values.

Emg i
= 0.
YA _—

0.63093

1.
1.26186
1.46497
1.63093
1.77124
1.89279

2.
-2- 10. 2.0959

L |

] e Ml Mt Ml Bl 5 el W e

2 Copy the graph from step 1. Explain how you can draw the inverse of
the function. Draw the graph of its inverse function.

3 Identify the coordinates on the graph of the function and its inverse that
allow you to find ¢ in both,

4 Use what you learned in steps 1-3 to find a in this graph of y = log_x.
Tor

0.
A
-1

_rﬁ

. -1.58496
-2.
. -2.32193

. —2.58496
. -2.80735
-3.

© ® N @ o s N

—4-

—
=]

. -3.16993

5 Approximate the value of a from this graph and table of values for
y = log  x. State what you think the exact value of @ might be. Explain.

L1} _
R 0.
Ya
- 2. 0.693147
4 3. 1.09861
] 4. 1.38629
21 5] 1s09as
6. 1.79176
l—liO
2-14/1 23456 78 910%|]7 194591
-2 8. 2.07944
7 9. 2.19722
4 |10. 230259
I |

6 Explain an easy way to determine the unknown base of a logarithmic
function y =log_x from its graph or table of values.
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The graph of y =log_x passes through the point (g, 1).

Practice 2
1 Match each graph to its function.
a f(x)=log,x b f(x)=logsx ¢ f(x)=logy,x
: 4-}}. ‘ : 4}il ; 4}’J
3 3 3
oYM | =] = 2
1 1 e 14 e
EELECSCEERL TELVEERENL 2-1%/12 34 5 6
Lo 2 o |
3 -l 3
4 —4- 4
2 The table shows the height in meters of a silver maple tree, measured at the
end of each year. The height data can be approximately modelled by the
function y = log x.
Ageoftree | , | 5 3| 4 |s|e| 7|8 ]9 10
X (years)
Helght 001|356 |75 9 |10]105]|115]12]125
y (meters)
a Plot these values on a graph and estimate the value of a.
b Find the inverse of this function, and state its domain and range.
¢ Confirm graphically that the function in b is the inverse of the function
you found in a.
3 Each graph below represents a function of the form f(x) =log x.
For each graph:
i state the natural domain and the range of the function
ii state the base of the logarithmic function.
a W b N C N
’ - i — 2 2
2 19 A 5'5"3: 2190 N2 3 4 5% -t-U/i 2 3 4 57X
I 4L i 3 1 1
24 r S - S N T S 2
3 | 34 1 1 — o]
-4 4 4
—5 5 5
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4 For each function below:

i state the natural domain and range of the function

ii find the inverse of the function, and state any domain restrictions on the
function in order for the inverse to be a function

iii confirm graphically that the function you found is the inverse of the
original function.

a flx)y=ex*? b f(x)=3log(x+2) ¢ f(x)=4log(l+2x)
d f(x)=2-log(3x-2) e f(x)=In(2x)-4

iProblem solving

5 Explain how the change of base property of logarithms ensures that every
logarithmic function of the form y =log_x can be expressed in the form
y=blnx.

For each description below, write down a function with the given
characteristics.

a A logarithmic function, passing through (1, 0) and (4, 2), domain = R*.
b An exponential function whose inverse is f ~!(x) = 2logsx + 7.

¢ A logarithmic function, passing through (5, -1), (1, 0) and(zs, ]

0 Transformations of logarithmic functions

e How do you transform logarithmic functions?
e Is change measurable and predictable?

Exploration 4
1 State the effect of each transformation on the graph of f{(x).
a f(=x) b —f(x) ¢ af(x) d f(ax)

e f(x—h) f f(x)+k g f(x—h)+k

2 Using a graphing tool, verify that the transformations in step 1 have
the same effect on the graph of y = log,x. Draw a graph of f(x) and
the transformed graph to demonstrate what you have discovered.
Summarize your results in a table.

3 Confirm your results with another function of the form y =log_x.

4 For each of the transformations in step 1, indicate which property it
affects (domain, range, x-intercept, asymptote) and how.
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Transformations of exponential functions

Reflection:
For the logarithmic function f(x)=1log_x:
e the graph of y =— f(x) is the reflection of y= f(x) in the x-axis.
e the graph of y= f(—x) is the reflection of y = f(x) in the y-axis.
Translation:
For the logarithmic function f(x)=log_x:
e y= f(x)+Fk translates y = f(x) by kunits in the y-direction.
When k& > 0, the graph moves in the positive y-direction (up).
When k& < 0, the graph moves in the negative y-direction (down).
e y= f(x—h)translates y = f(x) by & units in the x-direction.
When 4 > 0, the graph moves in the positive x-direction (to the right).
When % < 0, the graph moves in the negative x-direction (to the left).
Dilation:
For the logarithmic function f(x)=log, x:
® = gf(x) is a vertical dilation of f(x), scale factor g, parallel to the
y-axis.

® y= f(ax) is a horizontal dilation of f(x), scale factor é, parallel to the

X-axis,
af (x) Sax)
¥ h b/ h
fix) = 4logx
— fix) = log(3x)
0/ % o ’x
2 r i 5 H A 1

vertical dilation scale factor 4 horizontal dilation scale factor -

3/y &/

f fix) = T log x
[ '
vertical dilation scale factor % horizontal dilation scale factor 3
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Example 2
Describe the transformations on f(x) = log, x to get g(x) =3log,(x+4).

f(x)=log;x to f,(x)=1log,(x+4)is a translation of 4 units
in the negative x-direction.

Work outward from the variable.

fi(x)=log;(x+4) to g(x) =3log;(x +4) is a vertical dilation,
scale factor 3.

Practice 3
1 Describe the transformations applied to f(x) to get g(x).
a f(x)=log,x; g(x)=1og,(x-7)+1
b f(x)=loggx; g(x)=2loggx—3
c f(x)=log,x; g(x)=log,(6x)—4
d f(x)=log,x,; g(x)=—4logs(x+2)+8
e f(x)=2log;(x+1)-5; g(x)=6log;(x—4)+2

:Problem solving
Cf fx)=log,x ; g(x)= §10g7(3x+12)—10

2 Describe the transformations applied to f(x)=Inx to give:

a g(x)=In(x-3)+2 b A(x)=0.5Inx-1

¢ j(x)=InQ2x)-1 d k&(x)=2Inx+1

e m(x)=-31In(x+1) f n(x)=In(0.5x)+2
g p(r)=-2In(5x)-3 h q(x):%ln(Zx—6)+4

3 Each graph shows an original function f(x), labelled 4, and transformed function, labelled B.
For each one, describe the transformation(s). Hence write down the equation of the transformed
function in terms of /.

)/ )/ ¥
a . s - b s C A
1

E3

| f T 0 .
0 i . 246 8 10

=05 T i
Lo |
/. | _.1_/ | | | - | B|
la i |
1.5 25

:Problem solving

/

¥

b
\
\

o
¥

ln]
N K

o

4 Draw the graphs of f(x)=Inx and g(x)= ln[z(x—%ﬂ on the same set of axes.

Describe the transformations on the graph of f that give the graph of g.

5 Draw the graphs of f(x)=logsx and /(x) = —logs[5(x + 2)] on the same set
:  of axes. Describe the transformations on the graph of fthat give the graph of 4.
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Summary
A logarithmic function is of the form y =log_x, e the graph of y= f(~x) is the reflection of
where a e RY, a #1. Its domain is R* and its y = f(x) in the y-axis.

range is R— {0}, since x cannot take the value 0. Translation:

The inverse of the inverse of an exponential s : _ .
function is the corresponding logarithmic function. Borthie lngatitntuc incaan fla)ssiog, &
e y= f(x)+k translates y = f(x) by k units in

The inverse of f(x)=a*is f~!(x)=1log x and ihe ~dtietiion

vice versa.
Graphs of logarithmic functions W}%en k.> 0 \0C gaph moves i the positive
y-direction (up).
e All graphs of logarithmic functions of the form
v =log_x have x-intercept (1, 0) and vertical
asymptote x= 0.

When k< 0, the graph moves in the negative
y-direction (down).

e y= f(x—h) translates y = f(x) by kunits in

e The shape of the graph is determined by the the v-direction.

base a. For a> 1, the graph is concave down

and increasing. For 0 < a < 1, the graph is When /> 0, the graph moves in the positive
concave up and decreasing. x-direction (to the right).
e The value of a controls how rapidly the graph When % < 0, the graph moves in the negative
is increasing or decreasing. x-direction (to the left).
e The graph of y =log_x passes through the Dilation:
potmt(a, 1) For the logarithmic functionf(x) = log  x:
Transformations of logarithmic functions o y=b(x)is a vertical dilation of f(x), scale
Reflection: factor b, parallel to the y-axis.
For the logarithmic function f(x)= log,x: e y= f(bx) is a horizontal dilation of f(x),
1 ;
e the graph of y = — f(x) is the reflection of scale factor , parallel to the x-axis.

y= f(x) in the x-axis.

Mixed practice
1 Match the function with its graph:

a y=logx b y=log,(-x) c y=log, x
b/ 3/ N
_ig ~ of 1~ > 0 g
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2 While training for a race, Joseph tracks his

average speed for a 10 km run. The data,
shown in the table below, can be approximately
modelled by the function s=log w+14,

where s = speed and w = week of training.

Week | Speed (km/h)
14
14.88
15.39
15.76
16.04
16.27
16.47
16.64
16.79
16.92

Slel|e|w]|alv]s|w]|rn|=

a Explain why a logarithmic model is a good fit
for this kind of data.

b Plot these values on a graph and estimate the
value of a.

¢ Find the inverse of this function. State the
relationship that the inverse function represents,

For each function in parts a to e:

i state the natural domain and range of the
function

i find the inverse of the given function, and state
any domain restrictions on the original function
in order for the inverse to be a function

iii confirm graphically that the function you
found is the inverse of the original function.
a y=In(x-3)

b y=5(702)+2

n

y=7log,(4x-8)-5

_ logy(x+1)
d y= log,3
e y=41-¢

4 Describe the transformation(s) necessary to

change the graph of f(x)=log_x into the graph
of the given function, assuming the base remains
the same. Where more than one transformation
is needed, make sure you write them in the
correct order.

a y=log,x+2 b y=log,(x+2)
¢ y=In(x-2)-3 d y=In(—x)+2
e y=log(ﬂ f y=In(2-x)

g y=-2log,(-x) h y=2logg(x-2)-1

i y=-2In(1-x)+2

:Problem solving
55 Sketch the graphs of f(x)=Inx and

2(x)=-7In (3x—12)+1 on the same set of axes.
Describe the transformations on the graph of

[ to give the graph of g.

Sketch the graphs of f(x)=logx and

g(x) =% log(2—x) on the same set of axes.
Describe the transformations on the graph of f to
give the graph of g.

The data in the table here follow an exponential
model of the form y =a*+ k.

1 3
X 0 > 1 >

y| 4| 5 | 7 |n

a Find the inverse of this exponential function.

b Describe the different ways you can find this
inverse function.



Review in context

In E6.1 you explored the logarithmic models

of some natural phenomena. The questions
here explore the graphs of these phenomena by
considering the transformations on their graphs.

1 pH is calculated using the logarithmic formula
pH = —log,,(H™).

Using transformations of functions, describe
the difference in graphs of this model and the
standard logarithmic model y = log «.

2 The formula for modelling the magnitude
M of an earthquake using the Richter scale is

M =logl0 i—c, where I _ is the intensity of the

‘movement’ of the earth from the earthquake
and I, is the the intensity of the ‘movement’
of the earth on a normal day-to-day basis.

a A series of earthquakes were recorded in
Russia, which followed the standard model.
A series of earthquakes were recorded in
Mexico which were 4 times this intensity.

Describe the graph of these earthquakes using
transformations of functions.

b In Australia, the magnitude of the quakes
is known to be double the magnitude of the
Russian quakes. Describe how the graph of
this model would differ from the standard
model using transformations of functions.

NUMBER '

3 The amount of energy released during an

earthquake can be modelled by the function
r=0.67log E —7.6, where r is the number on the
Richter scale, and E is the energy released by

the earthquake in ergs.

a By comparing this model to the standard
logarithmic function f(x)=1logx, describe,
using transformations of functions:

i the effect of the scale factor 0.67 on

the graph of f(x), and the name of this
transformation

ii the effect of the parameter —7.6, and the
name of this transformation.

b The range for this model is the number on the
Richter scale, 0 <r < 10.

Determine the domain of this model.

¢ Explain why the graph of this model has no
y-intercept. State the kind of transformation
on the graph that would give a y-intercept.

Height above sea level and atmospheric air
pressure can be modelled by the function

h = —26400 ln(ﬁj

where /1 is measured in feet, and p in pounds
per square foot. Describe this model as a
transformation of the graph of y=1Inx.

TSRO RGN kLo . midshas BT

i

kb
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Reflect and discuss

How have you explored the statement of inquiry?
Give specific examples.

Statement of Inquiry:

Generalizing changes in quantity helps establish
relationships that can model duration, frequency
and variability.

E10.1 Time for a change ﬂ



FORM

Meet the transformers

Global context: Scientific and technical innovation

Objectives
e Graphing rational functions of the form
a
e Finding asymptotes of graphs of rational
functions

e Transforming rational functions using
translations, reflections and dilations

e Identifying transformations of graphs
¢ Finding the inverse of a rational function

Inquiry questions
o e What is a rational function?
e How are asymptotes linked to domain
and range?

¢ How can understanding transformations
of rational functions help you graph
them?

o e C(Can a function be its own inverse?

e Does science solve problems or create
them?

ATL Critical-thinking




You should already know how to:

e find the domain and range of a 1 State the domain and range of
function these functions.
a f(x)=2x+5 b f(x)=x2
c f(x)= 2
1-x
e write statements of 2 Write the statement of

proportionality

proportionality for:
a yis proportional to x
b yisinversely proportional to x.

® transform functions 3

State the combination of
transformations applied to f(x) to

get g(x):
f(x)=x2, g(x)=-2(x+3)?+5

e find an inverse function 4
algebraically

Find the inverse relation of each
function algebraically, and state
whether or not the inverse relation
is also a function.

a f(x)=%x+2 b f(x)=(x-2)?

o Introducing rational

e What is a rational function?

functions

® How are asymptotes linked to domain and range?

A rational function is any function which can be expressed as a quotient
S2) where f(x) and g(x) are functions of x, and g(x) # 0.

8(x)

The function f(x)= l, x # 0, called the reciprocal function, is one type of
X

rational function. Its domain is the set of real numbers excluding zero, and

its range is the set of real numbers excluding zero.

ALGEBRA 7":.__

One practical application of a reciprocal
function is the design and layout of the
cables used on a suspension bridge.

The cables help keep the bridge stable,
and this is achieved by engineers who
design the bridge so that the opposing
forces of tension and compression work
together. This is a photo of the Clifton
Suspension Bridge, which spans the
Avon Gorge and the River Avon, in
Bristol, England.
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Exploration 1
1 Complete the table of values for the function y=
x

1

2 Use the table in step 1 to help you draw the graph of y= L for values
of x from -8 to 8. 4

3 a

Explain what happens as x gets closer to 0. Think about what
happens for both positive and negative values of x that approach 0.

Describe the behavior of y as x gets closer and closer to 0 on the
graph. Think about positive and negative values for x.

In a different color, draw a vertical line on your graph that the curve
never touches.

Explain why x can never be equal to 0. Hence, state the domain of
the function y =1
X

Find the values of x for which y gets closer to 0. Think about positive
and negative values for x.

Explain why y can never be equal to 0. How is this represented on
the graph?

In a different color, draw a horizontal line on your graph that the
curve never touches.

State the range of the function y g
X

For a reciprocal function:

e The horizontal asymptote is the horizontal line that the graph of f(x)
approaches as x approaches positive or negative infinity.

e The vertical asymptote is the vertical line that the graph of f(x)
approaches as x approaches 0. (The denominator can never equal zero.)

Reflect and discuss 1

e Find the equation of the horizontal asymptote and the vertical

asymptote for the graph of y =1

x

e How are the domain and range of this function related to the equations
of the asymptotes?
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Exploration 2

1 a Copy and complete this table of values for y =-1
x

1

1 11 1 |1
ol Bl i Bl i el et P

o
2

b Draw the graph of y :—é for values of x between —8 and 8.

¢ State the domain and range of this function.

d State the equation of the horizontal and vertical asymptotes. How do
they relate to the domain and range?

e Look back at your graph of y =1 from Exploration 1. Explain why
X
that graph is only in quadrants 1 and 3.

f Explain why the graph of y= f% is only in quadrants 2 and 4.
g Write down a conjecture for which quadrants the graph of y =2 will
X
be in for a > 0, and for a < 0. Test your conjecture with a GDC.

Reflect and discuss 2
o If f(x):% and g(x)= —%, is g(x) =—f(x) oris g(x) = f(~x)? How do
the effects of the two transformations —f(x) and f(—x) compare when

fx)==1

x

1=  Exploration 3
1 Graph the function y=2 and insert a slider for the parameter a for
x
values from —10 to +10.

2 Move the slider to explore what happens to the graph for different
values of a (positive, negative, fraction, zero).

3 Generalize the effect of the parameter a on the graph of y=2%,a#0.
Worite conclusions for when a > 0, and for a < 0. *

4 Explain why the case when a= 0 is ignored in step 3.

The graph of a reciprocal function y=2, %
A \

a# 0 is a special case of a curve called a E :
hyperbola. Tt has a horizontal asymptote —
at y =0 and a vertical asymptote at ' E 4
x= 0. Because the asymptotes are R T e L1
perpendicular, it is also known as a :
rectangular hyperbola.
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Reflect and discuss 3

e Compare the effect of parameter g on the graph of y=2 with
X

its effect on:
a linear function (y = ax)

a quadratic function (y = ax?)
e For the rational function f(x) =l, is y =2i the same as y = %f(x) or
X X

¥ =f(2x)? What does this mean about the effects of these transformations
on the graphs of rational functions?

(54 Example1

=5 For each function below:

e state the domain and range
e write down the equations of the asymptotes
e draw the graph of the function.

a /W= b fx)=-2

8
a fx)=- X y
Domain: xe R, x#0; range: ye R, y #0
) Lol t —4 —0.75
Horizontal asymptote: y =0
Vertical asymptote: x = 0 = —1.5
11|}’T _1 _3
] e
6y \ i Make a table of values.
CH A ) Draw the graph by
6 k _ 4 plotting several points
AN 1 from the table of values.
! 3 12
Loy De |
1 —
W T N SR e e S 1
—-;zb—hwgr\ ,,G-E 2 I ™% Y 6
-
‘ \ H 1 3
i
i 2 | 15
liga
i
E 4 0.75
141

e

P Continued on next page
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2
b flx)=— X y
Domain: x € R, x#0; range: ye R, y#0 = 0.5
Horizontal asymptote: y =0 2 !
: -1 2
Vertical asymptote: x =0
1
— 4
}’T 2
10
g 1 8
]: 4 .
J ?1. T|p
i 1
[ o -8 When a >0,
i

y=2%1s always in
X

o, ] S e e B e P e 1
# e -1 _20_5 /1'—/,/»;!*—'_%_: 5 4 quadrants 1 and 3.
' ‘When a <0, the
- [ L = graph is reflected
-B'E [ 2 -1 in the x-axis, and is
-:T — = 4 05 therefore always in
I

quadrants 2 and 4.

For the function y = %z
) it v =f (ax) is a horizontal dilation
=af(x) is a vertic ation of f(x), 1
:caleji‘gcgora parallel to the yax{;( ) of f(x), scale factor 2, paralicl to
the x-axis,
af(x) flax)
/Y Ya
f3(x) = X
0 1 X
fy(x) = v
1
vertical dilation scale factor 5 horizontal dilation scale factor 5

P Continued on next page
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/Y /Y

= L
hix) = =«—
2(%) 5%

3}

j >

vertical dilation scale factor % horizontal dilation scale factor 5

Reflect and discuss 4

Exa

Explain why it makes sense that the vertical asymptote of y =2 is x =0.
X

Based on your answer above, what do you think the vertical asymptote
will be for the function y= %?

X
When does a rational function have two vertical asymptotes? Give an
example of such a function.

mple 2

It takes 20 students 14 days to eat all the snacks in a vending machine.

Model this situation with a rational function and sketch its graph.

Determine how many days it would take 8 students to eat all the snacks.

Let x = number of students

Let y =number of days

yDC

‘When x= 20, y = 14, so:
14:% = k=280

1

Rational functions
with more than one
vertical asymptote
are beyond the
level of this course.

Define variables. Decide which
variable is dependent on the other.

k
I y== T ;
x x | Identify inverse proportion — as the number of
students increases, the number of days decreases.

2 Use the initial condition to calculate
e 280 the constant of proportionality k.
X
/
240- e
200 \ [ | When x = 8 (8 students),
160 y=@=35_Therefore, .
o8 x cannot take negative values, so the
120 it would take 35 days graph is in the first quadrant only.
80- L for 8 students to eat the
40 N | same number of snacks.
\__‘_‘_-_“____

:
X

T
4 8 12 16 20
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Reflect and discuss 5

e In Example 2, what kind of values can x take? Is it possible to have any
number of students, including fractions? Does your graph represent this?
If not, describe how to change your graph to reflect this limitation.

e In Example 2, do x and y have maximum or minimum values? If so,
state them. Explain your reasoning. Would it make sense for either x
or y to have a value of 0?

Practice 1
1 For each function:
e state the domain and range
e draw a graph of the function
e draw and label the asymptotes.
4 8
a y =— b y -

X x

1 2

2 The length of time it takes to build a community shelter is inversely

proportional to the number of people working on the project. It takes A 2016 Design of the
600 hours for 4 people to build a shelter. Year was awarded
. , . ) . to a flat-pack shelter
a Model this situation with a rational function and sketch its graph. kit which ichided
b Determine how long it would take 12 people to build a shelter. all the tools required
. . . N for assembling, and
3 Below is the graph of the resistance in an electric circuit (R) versus the could be put together
current (I) flowing through it for a constant voltage. by four people in just
X four hours.
50
45 \
40
35 \
£ 301
g 25
2
£ 20 \
15— \
O \\
5

g T T T T T T L
05 1 15 2 25 3 35 4 45 5 X
Current (1)
a Describe the relationship between current and resistance.
b Find the constant of proportionality using points from the graph.

¢ Hence write down the function relating current (I) and resistance (R).

E10.2 Meet the transformers ﬂ




4 The graph models the number of hours () it takes for aid workers (x) to
build a shelter for refugees.

Y
504

40
304

204

Number of hours

10

g SEPR

| g
O 5 1 15 20 25 30 35 *
Number of workers

From this graph, determine the rational function and hence explain how
long it would take:

a 1 person to build the shelter
b 5 people to build the shelter
¢ 10 people to build the shelter.

:Problem solving

:5 Newton'’s second law of motion, F'= ma, states the relationship between
force, mass and acceleration,

a Describe the proportional relationship between:
i force and acceleration
ii acceleration and mass.

b Hence sketch graphs of:
i force versus acceleration
ii acceleration versus mass.

e Transforming rational functions

e How can understanding transformations of rational functions help
you graph them?

Reflect and discuss 6

e For the function y= f(x — h) + k, describe the effects of the parameters
h and k on the graph of y = f(x). Use appropriate mathematical terms
and demonstrate what you mean with an example.

e Predict what happens to the graph of y= 1 after it is transformed using
X

y= % +3. What will be the equations of its asymptotes? Explain
=
your reasoning,
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Objective B: Investigating patterns
i. select and apply mathematical problem-solving techniques to discover
complex patterns

In Exploration 4 you will use graphing and exploration skills to make new findings
and draw new conclusions. Explain your findings clearly with labelled sketches and
state your conclusions clearly.

Exploration 4

1 Use your GDC to graph the function y= %}ﬁk and insert sliders for
the parameters @, hand k. i

2 Set the values 2= 0 and k= 0. Move the slider to explore what happens
to the graph for different values of a (e.g. positive, negative, fraction).

3 Describe the effect of @ on the graph of y =< Include positive, negative
X

and fractional values of a. State the asymptotes, domain and range.

4 Set the value a = 1. Move the sliders one at a time to explore what
happens for different values of 4 and k (positive, negative, fraction).

5 Sketch several graphs to demonstrate the effect of # on the graph of
= ﬁ+ k. Include positive, negative and fractional values of 4.
Label the asymptotes and state the domain and range.

6 Sketch several graphs to demonstrate the effect of £ on the graph of
y= ﬁ+ k. Include positive, negative and fractional values of k.
Label the asymptotes and state the domain and range.

7 Generalize the effects of the parameters # and kin y= x—a_h +k on the
graph of y= % -

8 Determine the horizontal and vertical asymptotes of a rational function,
y= ﬁ + &, just by looking at the function.

a
x—h

9 Determine the domain and range of y=
function.

+ k just by looking at the

Reflect and discuss 7

e In Reflect and discuss 6, you were asked to predict how the graph of

y= LZ+ 3 might look. How good was your prediction? If you weren't
=

completely correct, what should you have predicted?

E10.2 Meet the transformers ﬂ




The function f(x)= x“j +k, where a+ 0, is a transformation of f(x)= %
(the parent function).
The domain of the rational function f(x)=ik+k isxeR,x#h.
-
The range of the rational function f(x)= ﬁ +kisyeR,y#k.

The equation of the horizontal asymptote is y = k£ and the equation of the
vertical asymptote is x = 4.

Example 3

Sketch the graph of y =i+3.

Horizontal asymptote: y=3

. Find the asymptotes.
Vertical asymptote: x=1

/Y
gl i ) Sketch the asymptotes on the
: I [ | graph using dashed lines.
=3 1 ==l |
.___}:-f____g___.:.__ ] SR e e
__ﬁ____hmk?} :
N
"EEEER! 3 4 5 6
T T ! ' Sketch the function.
24—k
Tip

To check where a graph is located, you can substitute into its equation a
value of x to the right of the vertical axis, and a value to the left.

For the graph in Example 3: whenx=0, y=2; whenx=2, y=4.

You can then sketch the curves through these points.

[, Practice 2

1 For each of the functions below:

e find the value of /2 and &
e write down the equations of the asymptotes

e write down the domain and range.

a f@=—5-T b fW=—5 ¢ f()=—5+8
d f(x)=§—11 e f(x)=i+?r
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2 For each function below:

e draw and label the asymptotes
e sketch the function on a graph

e state the domain and range.

4 o1 =1
a y=- 4 b y — cy x+3
1 1 1
e @ y=rat? Fy==t1

3 Each of these functions has an equation of the form y= %+ k.
Find the equation of each graph.

a Y b N
2 2
x=D: s X|=2 -~
86 -4-20 2 4 6 8" 8 6-4-20 4 4 8§ 8x
21 217
45\ 4 i\
Y Iy a 6 I\
\' N il O W, e N
g: g 1 y=i=T
1 1
0~ 104
t /Y d W
6 10
N ol 141 | |
I : |
24 6 3 il
-lo 1 g 1
"I'--r-_i-----n---ﬁ'-'l'-“_’ 4 :
-10 -8 -6 -4 -2 ~ 4 6 X y=12 fihs - |
——___hh\: ) e
\ 6 6429 204 6 8 10*

:Problem solving

4 Find the equation of a curve y:ﬁ+k with asymptotes:
a y=4andx=3 b y=2and the y-axis
c y=-landx=2 d y“—amdx——z

5 Describe the individual transformations on f(x)=~ to obtain f(x)= _.& +k
for each set of values for 4 and &.

ai h>0 bi k>0
ii h<0 il k<0

E10.2 Meet the transformers ﬁ



Example 4

For each function below:

list the individual transformations on f(x)= s
x

find the equations of the asymptotes

hence sketch the graph of the function.

a f()=-"5+2

b =4 4
A= e
Use the values g, h and k from the
_ 10 g
a f(x)= P +2 rational function f(x):ihhk.
& 7 i X —
k=3 = horizontal translation of 3 units
in the positive x-direction Ya

a=10 = vertical dilation scale factor 10

k=2 = vertical translation of 2 units

i
in the positive y-direction vl i ~]_|
Horizontal asymptote: y = 2 e T ClE 5
: . 5 | o} | 8 o | x  Drawthe asymptotes
s et [ ] \ E (i as dashed lines before
=5 \ 0 sketching the graph.
b f(x)=——+3
3—2x
=;3+3 Rearrange the equation to look like f(x) =ﬁ+ k by
—Z(x— EJ factorizing out the coefficient of x in the denominator.
= —2 +3
3
o
2

h=2 = horizontal translation 1.5 units in the positive x-direction
% A negative value of a gives

a=-2 = vertical stretch of factor 2 and horizontal reflection 4 reflactian inthe xeaxs,

k=3 = vertical translation 3 units 8/
in the positive y-direction ' ::. ' 1 x=L5
Horizontal asymptote: y=3 4 E _
Vertical asymptote: x=1.5 =3l -2--"1:--'?:-:-’7;;?
§ 4 30 i T ¢ X
L




The order for performing multiple transformations on functions is:

1
2
3

Horizontal translation (4)
Reflection in the x-axis (if a < 0)

Vertical dilation (a)

4 Vertical translation (k)

For a rational function f(x)=—"—+k:

x—h
h determines the horizontal translation; the vertical asymptote is x = /.

kdetermines the vertical translation; the horizontal asymptote is y = &.
a determines

o either the horizontal dilation of factor i or the vertical dilation of
factor a #

o the reflection in the x-axis (if @ < 0)

Practice 3

1 Perform these transformations on the rational function f(x) :l, then write
down the function obtained as a single algebraic fraction. *

Vertical dilation by scale factor %, vertical translation of 1 unit in the

negative y-direction, horizontal translation of 4 units in the positive
x-direction.

Horizontal dilation by scale factor 3, horizontal translation of 3 units,
vertical translation of —2 units.

Vertical dilation by scale factor i, reflection in the x-axis, vertical
translation of 8 units.

Vertical dilation by scale factor %, reflection in the y-axis, vertical

translation of 4 units, horizontal translation of —2 units.

2 For each rational function below:

W

list the transformations applied to f(x)= 4
x

find the equations of the asymptotes
hence sketch the graph of the rational function.

f=—2=5 b f()=—"+3 ¢ f(0)=

9
3x+1

f@W=42 e flr)=—3--8 f fn=-2-11

ALGEBRA '\
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0 The inverse of a rational function

® (Can a function be its own inverse?
e Does science solve problems or create them?

Exploration 5

1 Using your GDC, draw the graph of y= L and the line y=x. Reflect the
x

graph of y :% in the line y = x. Describe what you notice.

2 Repeat step 1 for the graphs of:

0.5 0.1
y=22 d y=2=

X X

2 5
BV~ b r- C

3 Explain what your results tell you about the inverse relation of a rational
function y=2, @ # 0. Justify why this inverse relation is a function.
x

4 a Find the inverse function f ~!(x) of the function f(x)=2, a#0
algebraically. "
b Determine the domain and range of f ~1(x).

¢ Summarize your findings about the inverse function of y=<,a#0.
X

Reflect and discuss 8

You could say that in the reciprocal function y= L , ¥ 1s the inverse of x,
because y represents the multiplicative inverse (orxreciprocal) of x, except
when x = (. This means that yx = 1. However, the reciprocal function y= %
is not the inverse function of y = x.

e How are the multiplicative inverse (reciprocals) and inverse functions
different?

e What is meant by ‘inverse function’?
® What is the inverse function of y =x7?

e What is the inverse function of y= )
X

Example 5

Find the inverse of f(x)=—2=—10.
x+8

y:i_l[}

x+8

—2
X—m—lo

el =r
y+8

y+8=—2

x+10
_ 2
y

T 10

fix)=

-2
x+10

8

Interchange the x and the y.

Isolate the variable y.
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Practice 4

1 On your GDC, graph each function and its inverse on the same grid.

a y_x b Y x i x+4
_3_ =343 st
d y== 1 e y_3+E f v I—x+1

2 Find the inverse of each of each function:

-5 7 1
& o= B =GR &Y=
= 8 _ w A1 = 2%
d y_S—x 3 ey x+3 ' Y x—4
Summary

A rational function is any function which can be For a rational function f(x)= Lk +k:
=
expressed as a quotient £ () where f(x) and g(x)

g(x)
are functions of x, and g(x) # (. e [ determines the vertical translation

e /i determines the horizontal translation

The function f (x)=i, x# 0, 1s arational function e gdetermines
x

called the reciprocal function. Tts domain is the set o either the horizontal dilation of factor * or

of real numbers excluding zero and its range is the the vertical dilation of factor a ?

set of real numbers excluding zero. o the heiantal relleetion

For a reciprocal function, the horizontal
asymptote is the horizontal line that the graph
approaches as x approaches positive or negative
infinity. The domain of the rational function

f(x):%ﬂ@ is x € R,x # h. The range of the
g

o whether the graph is reflected in the x-axis
(a < 0) or not (a> 0).

For a reciprocal function, the vertical asymptote
is the vertical line that f( x) approaches as the rational function f(x)=—"+kis yeR,y#k.
denominator approaches 0. (The denominator i

canmever equal D) The horizontal asymptote is at y = k and the

vertical asymptote is at x= /.
For the function f(x)= Lh+k, the vertical
=

asymptote is x= h and the horizontal asymptote
isy=~k.

Mixed practice

1 For each function below: 2 Perform these transformations on the
. . 1 .
e state the largest possible domain and range rational function f(x)= =W obtain g(x).
Write down g(x) obtained as a single algebraic

e write down the equations of the asymptotes ;
fraction.

*: shatchheigraph. a The function f(x) =§ is vertically dilated by

scale factor 3, translated vertically 5 units in
the negative y-direction and horizontally by
€ y= %—8 d y= —2 4D 5 units in the positive x-direction.

i

x+3
E10.2 Meet the transformers ﬂ
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3

b The function f(x)=
scale factor 1 3 translated 1 unit vertically in the

1s vertically dilated by

positive y-direction and reflected in the y-axis.

¢ The function f(x)= 1s reflected in the x-axis,

translated vertically by 2 units in the negative
y-direction and horizontally by 3 units in the

positive x-direction.
d The function f(x)— is dilated horizontally

by scale factor 12, reﬂected in the x-axis,
translated 1 unit vertically in the negative
y-direction and 4 units horizontally in the
positive x-direction.

For each rational function:
e list the individual transformations applied
to f(x)= 1 to obtain the given function
X

o find the equations of the asymptotes

® sketch the graph of the rational function

® find its inverse.

a g(x):-x_i2+9 b h(x)=ﬁ—3
10

¢ k()= d m(x)=——+1
5 1

e n(x)zm'fé f p(x)zm

:Problem solving
4 Young's dosage calculates drug dosages for

children. For a certain pharmaceutical drug the
adult dose is 50 mg.

Young’s dosage says that the children’s dose is
C=50(—%

a Calculate the dosage of the medicine for a
10-year-old child.

b Rewrite the function in the form C =ih+ E.

J where x is the age of the child.

¢ Explain the series of transformations.

Review in context

1

Catherine is travelling from New York to Tokyo
and then to Sydney.

She starts with 1000 USD and converts this

to Yen. She spends 40 000 Yen in Tokyo, and
converts her remaining money into AUD when
she reaches Sydney. Using your knowledge of
reciprocal functions and the currency conversion
rates below, explain how much money
Catherine now has in AUD.

1USD =113.4 YEN =1.32 AUD

Two oil pipelines run between Abuja and Lagos
in Nigeria. One pipeline can fill an oil tanker
three times faster than a second pipeline. If both
pipelines are operational, an oil reservoir can be
filled in 14 hours.

Reflect and discuss

Tip

r =% where ris the rate, ¥ is the work

required (in this case fill 1 reservoir), ¢ is
the time taken.

a Let the hours needed to fill one reservoir from
the fast pipe be p. The rate of filling is the

i ) L~ .
reciprocal function # = p Find the reciprocal

function for the rate of filling by the slow pipe.

b Hence find an expression for the two pipes
working together.

¢ Asittakes 14 hours to fill the reservoir with
both pipelines, find p. Hence find the time taken
to fill the reservoir with just the slow pipe.

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Representing change and equivalence in a variety of forms has ]

helped humans apply our understanding of scientific principles.




Unmistaken identities

Global context: Orientation in space and time

Objectives

Using trigonometric identities to simplify
expressions and solve equations

Solving equations involving trigonometric
functions

Inquiry questions

Pre

How do you solve trigonometric
equations?

How many solutions does a
trigonometric equation have?

How do you prove trigonometric
identities?

How can you use trigonometric identities
to solve trigonometric equations?

Can two different solutions both be
correct?

How do we define ‘where’ and ‘when’?

ATL Creative-thinking

Make unexpected or unusual connections between objects and/or ideas ]

Statement of Inquiry:

Generalizing and applying relationships between measurements in space

can help define ‘where’ and ‘when’.

233



You should already know how to:

e convert angles from degrees to
radians and vice versa

1 Convert:

a 120° toradians
b 135° to radians

C %to degrees

d 5; to degrees

e find the value of the sine, cosine
or tangent of any angle, including
special angles

2 Find the value of:
a sin45°

b cos (2?::)

¢ tan47°

e find a missing angle when given
the sine, cosine or tangent value

3 Find xwhen:

a cosx=0.321
b sinx=0.5

e transform trigonometric functions

4 Describe the transformations on

the graph of f(x)=sinx to give the
graph of g(x)=3sin (2x)+5.

o solve quadratic equations

5 Solve 15+ 7x—2x% =0.

e use the sinerule to find a missing
side or angle in a triangle.

sinA _ sinB _ sinC

6 a Find ZBin this triangle.
B

6 cm

3 cm

b Find the length of side x, to 3 s.f.

X

30° 40°

o Trigonometric equations

e How do you solve trigonometric equations?

e How many solutions does a trigonometric equation have?

In problems with right-angled triangles, you solve trigonometric equations

to get a single solution, such as solving sinx = Lo getx=30" org radians.

In Exploration 1 you will investigate how many solutions a trigonometric

equation can have.

A E11 Equivalence
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GEOMETRY AND TRIGONOMETRY

Exploration 1

1 Draw the graph of the sine function f(6)= sin@, for -4r <6 <4r.

2 Draw the line y :% on the same graph.

3 Use your graph to determine the value of each angle that satisfies the
equation sinf= % :

4 State how many angles satisfy this equation within the domain 0 <6 < 2.

5 Generalize your findings: if sin @ = &, state which other angle within
0 <6 <2r also has a sine value of &.

6 State how many angles satisfy this equation
a within the domain —27 <6 <27
b within the domain 47 <0 <4n

7 State how many angles satisfy this equation when the domain is the set
of real numbers. Explain how you know.

8 Generalize your findings: if sin® = b, state how to find all angles that
satisfy this equation if the domain is the set of real numbers.

9 Repeat steps 1 to 8 for the graph of f(8)=cos 8, for -4n <0 <4r.

Reflect and discuss 1

e Would you find the same number of solutions to sin x= é and cosx = %
in the domain 0 <6 < 27 using the unit circle?

e In your generalization in Exploration 1, does it matter if b is positive or
negative? Explain.

e Why is it important to specify a domain for the values of & when
solving trigonometric equations?

In a given domain, there may be multiple solutions to a trigonometric equation.

Trigonometric identities:
sin @ =sin (7 —0)
cos6 = cos (2w —6)
tanf = tan(7+0)

An identity is true for all values of the variable.

E11.1 Unmistaken identities ﬂ




Example 1

Solve these equations algebraically for 0 <6 < 2z, Verify your solutions
graphically using a GDC or dynamic geometry software.

a 25inf=+3 b 9tan29-1=0
. g Rearrange to isolate sin 6. The domain is
a smo=—- given in radians, so give angles in radians.
i
3
Find one value of 8.
= i

Use the identity sin@ =sin (T —8).

g @
3
w(5%) (2.8
14 A \3 2
» 1\.\ .\,"E
05{ / R
/ \
/ \
_ Graph the LHS and the RHS of the
r T T T T
0 x m  3g 2 equation and find the x-coordinates
o 2 \ 2 where they intersect.
-0.54 sinx \ /
\ ff"r
\ I
N \_/
-]

b 9tan2d-1=0
9tanZ6 =1

i 1
tan26:§:>tan6:i§

Solve each equation separately.
0= arctan(é] =6 =0.322

0,=mr+0.322=3.46

Use the identity tan 8 = tan( +6).

Bzamtan(—%] = 63 =-0.322

L Answer is outside the given domain.
0, =n+(-0.322)=2.82

05 =+2.82=5.96

m =

Y - Use the same identity again, as long
o as the solution is within the given
\ . domain.

Use the identity tan 6 = tan(m +8).

24 | | ||'!
J032,00 | _ (596,0), | . . .
ol 282.0)/ 646.0 ——% Set your window to the given domain.

=14 S

-2

-4

A E11 Equivalence




GEOMETRY AND TRIGONOMETRY

Practice 1

1 Solve each equation for 0 < 8 < 360°. Give exact answers where possible;
if not possible, round to the nearest degree. Check your answers graphically.

a sinBz% b 4cosf= -1 ¢ tanf=1

d J2sinf=-1 e tanB:—% f 2c0s0=—-/3

2 Solve each equation for 0 <6 < 2. Give exact answers where possible;
if not possible, round to 0.01. Check your answers graphically.

a 2cosf=-1 b 2cosf =42 ¢ 2sin@=—3

d 6cosB=-5 e 7cosf=1 f —%sin@:l

g tanf=-1 h 3tang=+/3 i sin?0=1 parts j to q, factorize
‘ ) 1 the quadratic first.

j sin?0+2sin60+1=0 k 4cos?60-1=0 I tan?-ﬁ'::1

m 2cos?26+cos@=1 n 6cos20—cosf-1=0 0 2sinfcosf+sinf =0

p 2tan20—tanf-6=0 q 2sin260+(2—+/2)sin@-/2=0

:Problem solving
3 a Find the set of values in the domain 0 <6 < 2 such that sin 8 = cos6.

b Find the set of values in the domain 0 <8 <27 that satisfy the equation:
sin?x + sin x cos x = 0.

54 a Show that6sin xcosx+3cosx+4sinx+2=(2sinx + 1)(3cosx + 2).

b Hence solve 6sin xcosx +3cosx +4sinx +2 =0 in the domain 0 <x < 27.

Example 2
Find all solutions within the given domain,
a sin20)=2 0<x<n b cos(3)=% 0<x<2n

a Letu=2x Substitute a variable for 2x. If the domain of x is

0<x<m=0<u<2n 0< x<rmthenthe domainofu=2xis0<u<r.

3

. g
SMmu=—= U=—
2 5] |

Solve for u.

Substitute 2x for u and solve for x.

P Continued on next page
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b Letu:%x If the domain of xis 0 < x < 27 then

the domain of u=Lxis 0<x<m.
0=x22r=0<5u<nr 2

N2 = g E_Ix
cosu—7=>u—z or u=2nm e _I_ .
x & Rejectu:T since it lies outside the domain0 <u <.
2 4
T
::’IZE
Practice 2
1 Solve the equations within the given domain. Check your solutions graphically.
a sin(26)=1,0<0<x b cos(3)=—3,0<0<2n
. (9\_f3
c Sm{gjzj,ﬂiein d cos(38)=1,0<0<2x
e 3sin(560)-1=0,0<0<n f V2cos(26)=1,0<0<2rn
g 2sin(3x)=1,0<x<rm h sin 2x) V2 =—sin(2x), 0 < x <271

i sin2(39)—sin(39):0,0£6£2—ﬂ' j 3C052(E]+COS(E]=O,OSGEE
3 2 2
Lo, X . P £
k 2sin (3x) 351n(3x)— 1,0£x£3

I 3cos?(2x) — 5cos (2x), 0<x<2m

Trigonometric identities
e How do you prove trigonometric identities?

e How can you use trigonometric identities to solve trigonometric
equations?

Exploration 2

Identity 1

1 For this right-angled triangle, write down
the trigonometric ratios:

a tanf= y

b sinf=

¢ cosf= 5

P Continued on next page
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2 Rearrange your equation for sin 0 to make y the subject. Rearrange
your equation for cos 0 to make x the subject. Hence write tan 0 in
terms of sin 6 and cos 6.

3 Explain how this relates to how you calculate tan 8 using the unit circle.

Identity 2

4 For the unit circle where r= 1, write \
expressions for:

a sinf b cosf ¢ sin?H+cos?@

5 Using the right-angled triangle, write an
expression for » in terms of x and y. [ 4

v

6 Rewrite your expression for sin® 0 + cos”0
using your result from step 4.

7 Test that your result is true for different
values of 6. Make sure you test some
obtuse angles and negative angles.

Reflect and discuss 2
e Why do you think Identity 1 is called the Ratio identity?
e Why do you think Identity 2 is called the Pythagorean identity?

sin@
cosé

Ratio identity: tanf=
Pythagorean identity: sin 6+ cos?0 =1
Rearranging the Pythagorean identity gives two equivalent identities:

sin2@ =1-cos20 and cos?0 =1-sin20

Once you have proven an identity, you can use it to simplify and solve
trigonometric equations.

Example 3

Solve 2cos?@—sin@—1=0, for 0 < x < 7, and check graphically.

2 : -
Zeossi/=smiS1=0 Use the Pythagorean identity cos26 =1- sin6

2(1-sin?8)—sinf-1=0 to write the equation in sin 6.
1-2sin?0—sin0 =0
25in20+sinf—1=0 Multiply by —1 to avoid negative coefficients.

(2sinf —1)(sinB8+1)=0

Factorize and solve the quadratic equation.

P Continued on next page
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2sinf@-1=0 or sin@+1=0

sin@= or sinf@=-1

T 5m

sinf= =>61=% or O,=n—=-=—

b= o=

sinf=—1= 6, =3?E

= 6,=2(=0.524);6,- 2 (=2.62)

L1 w
yl
14 i T e oo
\ (0.524,0) (2.62,01/ -
\ 1 2 / 3%
\ /
=14 \\\ .f;:
-2 \\_ o
Practice 3

1 Solve these trigonometric equations for 0 < 6 < 27. Leave your answer in
exact form (in radians) if possible, otherwise write your answer to 3 s.f.

b 2sin28—cosf=1

d 3tan?@ cos? B =2+cos2@

a cosl@—sinZ20=1
¢ cos’0+cos=sin’6
e 3cos?@ —6¢cosB =sin26-3

2 Solve these trigonometric equations for 0 < 8 < 360°. Write your answer

to 3 s.f. where appropriate.
a 2sin?28—cos?26+1=0 b 2cos28+sinf=1
¢ 4sin@=tanf d 4sin26—cosf=1

e 4tan?6cos?@ —sin? @ =cos? @

:Problem solving

3 Determine whether 1+ ;9 =—

is an identity. Justify your answer.
tan sin“ @

M M M M W M M M N MM M M M M WS M M MW M M M W M M M S e

You can use the trigonometric identities you have previously proved to prove

other identities. To prove an identity, work on one side until your result is the

same as the other side.

“ E11 Equivalence

6 6 Findtheall thevalues of @ in the given domain.

Reject 6, =37”" as it is outside the domain.

In Japan, students
use the memory
aid shown below
for remembering
the sides involved
in the formulas for
sine, cosine and
tangent. The letter
superimposed on
the triangle is drawn
to include the two
sides involved in
each case.
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Example 4

Prove that tan 8 sin 8+ cosf=——.
cosf)
LHS:
Start on one side, Tip: Start on the

tan 6 sin 6 + cos@ -
side that seems more complex.

_ sinf

= sin@+cos@
cosfB

_sin?@ +00s0 Use the Ratio identity.
cos#

i ¥s
sin“ @ + cos- 6 . ’ . ¥
= Write the expression with common denominator cos 6.

cosf

S
S Use the Pythagorean identity.
=RHS

Example 5

sinx+4sinx+3 _ 3+sinx

Prove that

cos’x " 1-sinx’

LHS:

sinx+ 4sin x + 3

coslx

Factorize the quadratic expression in the numerator.

= (sinx +3)(sinx +1)

1-sin?x

Use the Pythagorean identity, then factorize the denominator.

(sinx +3) finx+1)
= Cancel common factors.

~ (1-sinx) (T+sinx)

sinx +3

" l-sinx

=RHS

Objective B: Investigating patterns
iii. prove, or verify and justify, general rules

To prove other identities, make sure that you only use results that have been proven to
be true. If you are unsure about a statement, you can justify it by graphing both sides:
if the graphs are the same, the statement is probably an identity.

Practice 4
1 Prove these identities:
i
1—sin gECOSQ b CDS?MHEEI
sin@
¢ cos?B(tan?@+1)=1 d sin29(1+ 12 .];1
tan- @
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1

cos? 8

e sin%éd+ cos?@sin28 =sin20 f sin20+tan20+cos26=

; +tanf
1-sinf _ cosf h cos6 _ 1+2sin6+sin’ 6

csf  1+sin®

—tan@ C(JS2 6

cosé

:Problem solving

3 2 Use your GDC or graphing software to graph these expressions.
Based on the graph, conjecture an identity and justify your answer.

a {Lnanx}(l—sinx) b (MJ(cosx)

cosx —cosx—1

Reflect and discuss 3
e Explain how veritying an identity is similar to solving an equation.

e Explain how verifying an identity is different to solving an equation.

The ambiguous case
e (Can two different solutions both be correct?
e How do we define ‘where’ and ‘when’?

Exploration 3

1 Find two angles where sin B = %, 0<B<180°.
2 In the diagram below, find angle Bto 3 s.f.
B
10
30°
A c

1043
3 Hence, find the third angle of the triangle (angle C).

4 Based on your answer to step 1, there should have been two solutions in

step 2. Write down the other possible solution for angle B.

5 Canyou construct a triangle with angle 4 and this second value for
angle B ? If so, write down the third angle of the triangle.

P Continued on next page
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In part g, multiply

the RHS by 1217

Tip

‘When both sides of an
identity are complex,
as in part h, you can
work independently
on both sides until
you reach an
equivalent expression.
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6 Based on the diagram below, find the value of angle Nin this diagram
(give an exact value).

N
n="5/2
45°
P ner D M

7 Using the sine rule, find the other possible value of V. Can a triangle be
formed with the given angle and each of these answers? Explain.

8 Write down the only possible angles for this triangle.

‘When using the sine rule to find a missing angle in a triangle, sometimes there
are two possible solutions. Your calculator will give you one solution as 6; the
other solution ig 180° — 6. This is called the ambiguous case for the sine rule.

Reflect and discuss 4

e When solving problems with triangles, you are normally given three
pieces of information: either sides (S) or angles (A) or a combination
of both. For each of the following scenarios, state whether or not you
would use the sine rule or cosine rule to find a missing side/angle.
Explain why there is no ambiguous case for any of these:

i SSS ii ASA iii SAS
e Explain why SSA produces the ambiguous case.

The word ‘sine’ is the result of an error in translating a trigonometry book
written by the famous Arab mathematician Al-Khwarizmi. In Arabic the
word for sine is fiba, and it was misread as jaib, which means ‘fold’. And
the Latin word for fold is sinus, hence the word sine,

Example 6

In triangle ABC, £B=40°, BC=14 cm and AC = 10 cm. Find the other sides

and angles.

B

A\
14 em
Sketch the triangle.
c
A 10 em

P Continued on next page
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sinAd _ sind0°

14 10
sin A= 14sin 40
10
. [ 14sin40° ;
ZA= arcsm[ 5;” J =64.1

or ZA=180-64.1=115.9

If ZA=64.1°, then LC=75.9"
4 = ¢
sin64.1°  sin75.9°
= =154

Find both possible values of £ A.

Find # C and side length c for the first possible value of ZA.

If ZA=1159°, then ZC=24.1° —— Find £Cand side length c for the second possible value of £ A.

14 c
sinl115.9° sin24.1°
= ¢=6.36 cm

Reflect and discuss 5

e How are the lengths of the sides in a triangle related to the sizes of the

angles opposite them? Why does this make sense?

e Does this also hold true for triangles produced by the ambiguous case?

Sketch the triangle.

Example 7
In triangle XYZ, 2 X =65°, x=23 cm and y= 18 cm. Find the other sides
and angles.
X
65°
18 cm
< 23 cm Y

sin65° _ sin¥

Find both possible values of £Y.

23 18
SinY=185in65°

23

. [18sin65° .
4Y=arcsm[—sm ]=45.2

or /Y =180-45.2"=134.8"

If £Y=452 then £ 7Z=69.8°

23 z
sin65°  sin69.8°
z=23.8cm

If £ Y=134.8", then LX + ZZ is already more than 180",

Therefore, the only solution is the one already found.

A E11 Equivalence

Find £ Z and length of side z for the two
values of £Y. Verify that a triangle can be
constructed with each of these possibilities.
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Reflect and discuss 6

Although it is sufficient for this course to check both solutions of the
ambiguous case, could you find a general rule to determine whether or not
there are two solutions, without checking them both?

Practice 5

1 In triangle ABC, find all possible values for the measure of angle C.
Give answers to 3 s.f.

a A=38,a=14,¢c=22 b A=71,a=10,c=7
¢ A=62,a=12,c=3 d 4=53,a=11,¢=13

2 Find the missing sides and angles in triangle POR. Give all values to the
nearest 0.1. Make sure you find all possible solutions.

a r=5cm,¢=8 cm, ZR=30" b =26 cm, g=22 cm, ZR =55
¢ r=20m,g=30m, /R=22" d r=7km, g=13 km, ZR=18"
3 In triangle ABC, find all possible values for angle B to the nearest 0.1.
C
15 7
A e B

4 InADEF,e=7m, f=6m, and £E =19°. Find all possible solutions for ZF
to the nearest 0.1.

5 InARST, r=25m,s=30m, and ZR =40". Find all possible values of ¢
to the nearest meter.

6 Determine how many unique triangles are possible for each scenario.
a APQR with ZP=50°, p=10m,g=6m
b APQR with ZP=90", p=3cm, ¢g=2cm
¢ APQRwith ZP=115",p=9m,g=3m
d APQR with ZP=62", p=2.8km, g=3.0 km

:Problem solving

7 Alighthouse at point 4 is 10 km from a ship at point Cand 8 km from a
- sailboat at point B. Seen from the ship, the angle between the lighthouse
and the sailboat is 48°.

a Sketch all possible diagrams for this situation.

b Determine the possible distances from the ship to the sailboat, to the
nearest tenth of a kilometer.

8 A triangular plot of land is enclosed by a fence. Two sides of the fence are
10.8 m and 7.6 m long, respectively. The other side forms an angle of 41°
with the 10.8 m side.

a Determine how many lengths are possible for the third side.

b Calculate all possible lengths to the nearest 0.1 m.
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Summary

An identity is true for all values of the variable.
Trigonometric identities:

sin 6 = sin (1 —6)

cos 0= cos(2m-0)

tan@ = tan (7 +6)

Ratio identity: tan =19

cosé

Pythagorean identity: sin’8 +cos’6 =1

Mixed practice

1 Solve each equation for 0 <8 < 360°. Give exact
answers where possible; if not possible, round to
2 d.p. Check your answers graphically.

a cosf=0 b 3tan6=-1
¢ Stanf=-2 d sinB:%
= .

e /3cos6=2 f sinf= 5
Without using a calculator, find these angles in
radians, for 0 <6 < 2. Give exact answers.
a sinezﬁ b cosB:—%
¢ tanf=43 d sinf=-1
e cosf=1 f tan@zﬁ

2 3

3 Solve each equation for 0 <8< 2r. Give
exact answers in radians when possible,
otherwise give answers in degrees to the

nearest 0.1°.
a 2sinf=-/3 b 5cos6=3

c 2sin(260)=1 d 2cos(30)=-1

“ E11 Equivalence

Rearranging the Pythagorean identity gives two
equivalent identities:

sin26 =1—cos?6 and cos?8 =1—sin? 8@

When using the sine rule to find a missing angle
in a triangle, sometimes there are two possible
solutions. Your calculator will give you one
solution as ; the other is 180° — 8. This is called
the ambiguous case for the sine rule.

4 a Find 0 ifs‘me:_%, for 0 < 6 < 360°
b If cos@ >0, in which quadrants is ?

:Problem solving

¢ Find tan @ if cos@ < 0.

* 5 Find tan@ if cos 8=—% and sin6> 0.

6 Prove the identity: sin x cosx tanx = 1—cos’x
7 Prove the identity: sin x —sin x cos’x =sin’x

8 Prove the identity:
Ifﬁn9+1—mm9=sm9+cm3—l
cos# sinf

sin @ cos@

9 Prove the identity: ! L = !

sin2@  cos?@ sin?@-—sint@

10 Solve these trigonometric equations for
0 =8 <360°. Write your answer to 3 s.f.
where appropriate.

a sin2@+sinf =cos?H
b 2sin’@=cosf+2
¢ 2smn?6+3cos?f0=3

d 3sin26—4cos@—-4=0



11 Solve these trigonometric equations for
0<6<2r.Leave your answer in exact form in
radians if possible, otherwise accurate to 3 s.f.

2c0s26 = /3 cos@

b

_I =2sin6
[

sin

tan@sin’0=2tan 0

n

d 2cos20+3sinf=3
3cos?0—5sin6-4=0

(JE—z)ame—zJign29=1—2J§

-

:Problem solving

—1=tan?0 isan

112 Determine whether
. cos“ @

identity. Justify your answer.

Review in context

1 Anouk and Timur are standing 30 m apart along
a shoreline, looking at an island out to sea. Anouk
measures a 40° angle between where Timur is
standing and the island. Kelly is on the island,

20 m away from Timur.

a Find the two possible angles (to the
nearest 0.1°) that Kelly could measure
between Timur and Anouk.

b Find the two possible angles (to the
nearest 0.1°) that Timur could measure
between Anouk and Kelly.

2 A canoe leaves the dock and travels toward a
buoy 5 km away. Upon reaching the buoy,
it changes course and travels another 3 km.
From the dock, the angle between the buoy
and the canoe’s position is 12°. Determine
the distance of the canoe from the dock, and
explain whether or not there is more than one
possible answer.

:Problem solving

:3 Lucas is lost while on an orienteering course.
:  He knows that the finish line is due east
from his current position, O. He follows
a path, but after 400 meters he realizes he
is walking at a bearing of 125 instead of
walking east. In the diagram, he is now at
point A. Lucas’s GPS says he is only 250 m
away from the finish line. Lucas walks to
point B but the finish line isn’t there.

GEOMETRY AND TRIGONOMETRY

13 Find both solutions for £ B for each triangle,
and sketch each solution. Write your answer
accurate to 1 d.p.

a B
5¢m
30°
A 6 cm ¢
b B
4 cm
44°
A 5cm ¢
N
0 B
35°
400 230

You will have to use the sine rule more
than once.

a Find how far east Lucas is from point O.

b Explain how the finish line could be 250 m
away from point A4, but not be located at B.

¢ Determine how far Lucas is from the actual
finish line.
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4 Both Earth (E) and Venus (V) orbit around the
sun (S) in paths that are nearly circular. The
distance from Earth to the sun is approximately
149 million kilometers, while the distance

from Venus to the sun is roughly 108 million
kilometers.

Reflect and discuss

a Sketch a diagram of this part of the solar
system, showing the orbits of the two planets.
(Draw the planets and the sun so that they
form a triangle.)

b An astronomer measures the angle SEV to be
20°. Determine how far Venus could be from
Earth at that point.

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

space can help define ‘where’ and ‘when’.

Generalizing and applying relationships between measurements in]

At the turn of the 20th century, Albert Einstein
put forward his special theory of relativity
which provided a new framework for the

laws of physics but was at odds with the law
of gravity. Some years later, Einstein unified
the concepts of gravity and the special theory,
resulting in the general theory of relativity.

Einstein realized that there was no difference
between the forces acting on a person standing
on the Earth due to gravity and a person
travelling in a rocket accelerating at 9.81 ms—2.
This is a simplified description of Einstein’s
Equivalence Principle which was inspired by
studying the effect of objects in free fall.

It is a common mistake to use the term ‘zero
gravity’ for describing free fall. Astronauts
aboard the International Space Station (ISS),
for example, are in constant free fall, but the
gravitational force acting upon them is as
high as 90% of that on the Earth’s surface.
The weightlessness experienced 1s because the
free fall towards the earth is balanced by the
tangential velocity of the ISS which allows it
to remain in orbital motion.
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Go ahead and log in

Global context: Orientation in space and time

Objectives Inquiry questions
e Developing the laws of logarithms o e What are the laws of logarithms?
e Using the laws of logarithms to simplify
expressions and solve equations G e How can you prove generalizations?
e Proving the laws of logarithms o )
e Proving the change of base formula 0 e How do you solve logarithmic equations?
e Is change measurable and predictable?

ATL Critical-thinking

Draw reasonable conclusions and generalizations J

§ Statement of Inquiry: 4

Generalizing changes in quantity helps establish relationships
| that can model duration, frequency and variability.




You should already know how to:

e evaluate logarithms using a 1 Evaluate:
calculator a log5 b In3 c log, 6
e solve equations involving 2 Solve the equation 3*=20.
exponents

® solve equations involving logs 3 Solve the equation log, G]zx.

e confirm algebraically and 4 Show algebraically and graphically
graphically that two functions are that f(x) = 3x—4and g(x)= Xt s
inverses of each other inverses of each other. 3

e find theinverse of a logarithmic 5 Find the inverse of the function
function y=2log, (x+3)-

o Creating generalizations

e What are the laws of logarithms?

m Exploration 1

1 Choose any positive value of g for the base, and use your calculator to
evaluate each logarithm in this table to 3 decimal places.

log,2 +log,3 log, 6

log,8 +log,4 log, 32

log,10+log,100 | log,1000

Ioga( ] +log,81 | log,9

Examine the patterns and write down a generalized rule:
The product rule: log xy =

2 Do the same for the expressions in this table.

log,3 -log,2 Ioga(gj

log,8—log 4 log,2

log,100 - log,10 | log, 10

log, 81— Ioga(%] log,243

Examine the patterns and write down a generalized rule:
The quotient rule: loga(ﬂ o

P Continued on next page
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3 Compare the values in each column to discover a pattern.

log, 3* log, 3

2
log,7 log,7

1
log, 752 | log,75

1 Scottish
log, 813 log, 81 mathematician
and astronomer
Examine the patterns and write down a generalized rule: John Napier

(1550 - 1617),

The power rule: log_(x") = most famous for

4 Evaluate log 1 for different values of a. discovering
: . logarithms, is also
Write down a generalized rule: ereditad for
The zero rule: log 1= introducing the
. decimal notation
5 Evaluate log a for different values of a. for fractions.

Write down a generalized rule:
The unitary rule: log a=

6 Rewrite b'°%* = y as a logarithmic statement.
Hence solve for y in terms of x.

Write this as a generalized rule.

Reflect and discuss 1

e How are the rules you discovered similar to the laws of exponents?
Give two specific examples.

e Explain why the zero rule and the unitary rule are true.

e How can you simplify e™*?

Laws of logarithms

For all logarithm rules: x, y, a € R*

The product rule: log xy =log x+log_y
The quotient rule: log [f) =log, x—log ¥
y

The power rule: log (x")=nlog x
The zero rule: log 1=0
The unitary rule: log_a=1

alclga m_
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Example 1

Rewrite 6 Inx— 3 In 3 + 2 Inx as a single logarithm.

6lnx—3In3+2Inx=Inx6-1n3*+1nx?

=ln(x6 xx2)—ln33 =

=lnx*-In33
=in(27)

Example 2

Express]n( : ]interms of xand y, where x = Ing and y = In 5.

Jab
m(%j:mym@

The power rule:log, x" =nlog , x

The product rule: log  xy = log, x + log,y

The quotient rule: "
log, x—log,y =log, (—)
y

=lnl—%ln(ab)

The quotient rule.

= 0—%111(;25)

The power rule.

The zero rule:log,1=0.

=—% (Ina +1nb)

=—%&+y)

Practice 1

1 Rewrite each expression as a single logarithm:

a logd+log3
¢ 2log5+3log2+logl

e SInx—3In2+4Inx

2 Express in terms of In a and In b

a Inab b ln(g]
d1 In[L
X ()
a3] (aSJ

g ln(; h In =

:Problem solving

b log5—log2 +log6
d 310gx—logy+%logz
f logy+4logx—(Slog2y+log3x)

¢ In(a’b)

f In(avVb)

i ln\[E
b

3 Write each expression in terms of x and y, where log 3 =x and log 6 = y.

a log 18 b log 2
d log 9 e log 36
g log 162

ﬂ E12 Generalization

¢ log 0.5
f log 27

The product rule.



14 Express in terms of x and y, where and x = loga and y=log®.

5
a log(1004°%%) b log{mfw1 J

3/ 6,8 1
¢ logv/1000a”b d IOg(maJE]

Example 3

Find the inverse of the function g(x) = Inx— In (x — 3) and confirm it
algebraically using the laws of logarithms. State the domain and range

of the function and its inverse.

NUMBER =0

Use the quotient rule.

y=Inx—In(x-3)= ln(ﬁ]

Interchange x and y.

len(L]
y =3
ex:L
y—3 1
(y=3)er=y
yef—3ef=y
ye* —y=3e*
_ 3e*
Y e* -1
W Je*
glx)==
et —1

1 = St o 3e* g
g(g (%) ln[eLlJ ln{exil SJ

Since g(g " 1(x)) = x= g 1(g(x)), they are inverses.
Domain of g is x> 3; range of g is y > 0.

Domain of g 7! is x> 0; range of g 'is y > 3.

Solve for y, and simplify.

Show that g(g~'(x)) = x = g (g(x)).
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Exploration 2

1 Describe the transformations on the graph of f(x) = log,x that give the
graph of g(x) = log,;(9x).

2 Describe the transformations on the graph of f(x) = log,x that give the
graph of #(x) =2 + log, x.

3 Graph the functions f, g and 4 on the same coordinate axes, and write
down what you notice. Explain, using laws of logarithms.

4 a Describe the horizontal dilations that transform the graph of f into
the graph of:

i y=10g3(§] i y=log,(27%)

b By using the laws of logarithms, describe the horizontal translations
that transform the graph of finto the graph of:

i y=log, (gj i y=1log,(27x)

5 Summarize what you have learned in this Exploration about the
transformations of dilations and translations with logarithmic functions.

Practice 2

1 Find the inverse of each function and prove that it is an inverse, both
graphically and algebraically. State the domain and range of the function
and its inverse.

a flx)=2+3 b g(x)=4In(2x)
¢ A(x)=4log(1+2x) d j(x)=In(x+2)-In(x-1)

2 Use the laws of logarithms to explain why the graph of g(x) =logx"isa
vertical dilation of the graph of f(x) = logx for any positive #.

3 Given f(x)zlog;,,(%], use properties of logs to find an equivalent function.

Describe the transformations on the graph of y = log, x that give the graph
of the equivalent function.

:Problem solving
4 a Use properties of logs to find an equivalent expression for each function:
i g(x) =1og2(§] i h(x)=log, (x +3)2
X

b Then describe the sequence of transformations on the graph of y = log, x
that give the graphs of g and 4.
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G Proving the generalizations

e How can you prove generalizations?

If a and b are positive real numbers, then the exponential statement a®= b is
equivalent to log_ b= c. Does this mean that the exponent rules are also related
to the logarithm rules?

Exploration 3

1 Proving the product rule
Letlog x=pandlog, y=gq.
a Write both these expressions as exponential statements.

b Multiply the two expressions together to obtain an expression for xy.
: ' N e Internet search
¢ Write this expression in logarithmic form. engines rank

d Substitute p =log, x and g=1log_y. every website

to determine

an approximate

2 Proving the quotient rule measure of how
important the site
is. Ranking is a

a Write both these expressions as exponential statements, logarithmic scale,
so a site with a rank
of 5 is 100 times

You should have the product rule.
Letlog,x=pandlog,y=gq.

3 . . . X
b Divide to obtain an expression for ™

¢ Write this expression in logarithmic form.
d Substitute p =log, x and ¢ =log , y.

You should have the quotient rule.

Proving the power rule

Letlog x=p.

1 Write this expression as an exponential statement.

2 Raise this expression to the power n.
3 Write this expression in logarithmic form.
4 Substitute p=log _ x.

You should have the power rule.

more popular than
a site with a rank of
3. The difference of
5 — 3 =2 signifies
two orders of
magnitude on the
logarithmic scale,
where an order

of magnitude is a
power of 10,

Reflect and discuss 2

e How could you use a graphing tool with a slider to demonstrate the
power rule for f(x) = log (x?)?

e What transformation takes the graph of f(x) = log x to the graph of
f(x)=log(x%)? Explain.

E12.1 Go ahead and log in ﬂ




Example 4

Express 3Inx+21In(2x +1) as a single logarithm.

3lnx+2mIn(2x+1)=Inx® +In(2x +1)°

The power rule.

=In [x3 (2x+ 1)2]

The product rule.

=1In[x3(4x2 +4x+1)]

=1In (4x% + 4x* + x3)

Practice 3
1 Express as a single logarithm:
a 4log p+2logq b nlogp-3logg
c 31n(x—2)—%lnx d Inx—2In(x-2)
e l-Inx f 4lnx+2In(x-1)
2 Leta=Inx, b=In(x- 1) and c=1n3. Express in terms of @, b and c:
x 2.
a m(mj b In(x2—x)
c In(3x?) N
X

e Inv3x2+6x+3

:Problem solving

3 Express as a sum and/or difference of linear logarithms:

a In(x2-9) b In(x2+5x+6) ¢ 111(:3]
2 4_ 3.3 2
d ln( ;;+1 ] . h{x —25x—é] P h{x 323 _10x ]
xt—4 xe—4 5x—-20 _

You can use a calculator to find the logarithms of any number with any base.
Until quite recently, calculators could not do this. Books of log tables gave
logarithms to base 10, and mathematicians used the change of base formula to
calculate logs to other bases.

Any positive value can be the base of a logarithm, but the two bases that
are the most useful for practical applications are the ‘common’ logarithm
(base 10) and the ‘natural’ logarithm (base €).

Logarithms date back to 1614, when John Napier took an interest in
simplifying astronomical calculations which often involved multiplying
very large numbers together.

ﬂ E12 Generalization

Expand.

You may have used
the change of base
formula in E6.1.
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IE8 Exploration 4

How to calculate log, 5 using logs to base 10

To find log b when you know log_& and log_a:

Letlog b=x,log b=y,andlog a=2z.

Write all three expressions in exponential form.

Equate the two expressions for 4 to get an identity involving a, ¢, x and y.
Substitute for a to get an identity involving z, ¢, x and y.

In step 3, use the
Equate the exponents to find an identity linking x, y and 2. exponential form of

Rearrange to make x the subject. statement log_a = z.

O V1 kW N -

Substitute the logarithmic expressions for x, y and z You should have
the change of base formula.

7 Use values from the log table below to find the value of log, 5.

Change of base formula:
T h= log, b X log, ,x
log.a 1 0
2 0301029996
. 3 0477121255
Practice 4 4| 0602059991
1 Use the log table to find each value to 3 s.f. 5 0.698970004
6 0.77815125
a log,7 b log. 8
& Bs 7 | 084509804
c log,10 d logy5 8 | 0903089987
e log,2 f log,>5 9 0.954242509
Verify your results with a calculator. 10 L
Example 5
Given thatlna=4:
a express log (x?) as a simple natural logarithm
b express In(x?)+5 log_ x as a single logarithm.
a log (x?)=2log, x The power rule.
lo;
=2 loi:z Change of base.
_,lnx .
_zhm Ina=4is given.
=20% 1y
T4 2

P Continued on next page
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b In(x2)+5log x =ln(x2)+58*
= log.a

o 2 Inx
=In(x2)+51%

:hl(x2)+§lnx

=In(x2)+In(x!%) =In (x2 x x1-25) = In (x325)

Practice 5
1 Given that Ina =5, express as a simple natural logarithm:
a log, (x% b log, (x?)
1 x
£ 3 log, x d log, (EJ
2 Given thatlna =1, express as a single logarithm:
a In(x*)+2log, x b 2Inx-3log, x
1 x 3
c 310gax+510gax d Zlng—glogax

0 Solving equations
e How do you solve logarithmic equations?
e [s change measurable and predictable?

A useful technique for solving equations involving exponents is to take

logarithms of both sides.
Example 6
- Solve 4* = 25 by taking logarithms of both sides.

log 4* = log 25

x log 4= log25

_log25

The power rule.

" log4

x=232(3s.f)

Reflect and discuss 3

Use a calculator to evaluate.

Show that you can obtain the same result in Example 6 by first rewriting
the original equation as a logarithmic statement. Which method do you

prefer? Explain.
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Example 7

A mathematician has determined that the number of people P in a city
who have been exposed to a news story after ¢ days is given by the function
P = Fy(1-e00%), where F, is the city population. A lawyer knows that it is
very difficult to appoint an unbiased jury to determine guilt in a crime after
25% of the population has read the news.

Find the maximum number of days available to select a jury.

P=Pp(1-e00) 25% of the population implies ;:0.25
0
0.25=1-¢ 9%
e 00 =1-0.25
etBr =075 Take natural logs of both sides.

lne %9 =1n0.75

—0.03¢=1n0.75

;= In0.75
© —0.03

t=9.56

There is a maximum of 9 days available to select a jury.

To solve equations that contain logarithms, you often need to use the laws of Each logarithm has
logarithms first. three parts: the base,

the argument and
Exam ple 8 the answer.

Find the value of x in each equation.
a log,x+log,3 =log,9

b log,(x+ 1) +log,(x-2)=1

a log,x+log,3 =1log,9

log, (3x) =log, 9 The product rule.
3x=9 —|
x=3

b log,(x+1)+log,(x-2)=1

The arguments of the logarithms must be equal to each other.

log, [(x + 1)(x—2)] =1 The product rule.
Z-x-2=4
?-x-6=0
(x=3)(x+2)=0
x=3or-2

x #—2 since the logarithm log, (-2 — 2) = log, (—4) doesn’t exist.

E12.1 Go ahead and log in ﬂ

Therefore, x=3

NUMBER ===



Practice 6
1 Solve these equations by taking logs of both sides:

a 3*=25 b 7* =41 c 127=25
2 Solve:
a 3*=45 b 42*=9 ¢ F*H =60
3 Solve these equations for x:
a 3x4?* =9 b 7x42x+1=89 ¢ S5x33#-1=52
4 Solve these exponential equations: .
Look for quadratic
a 2¥_7x2*+6=0 b 42*=10x4*+24=0 equations.

5 Find the value of x in each equation:

a logsx+log,10=1log 12

b log,(3x) +log,;12 = log,(2x + 5)
¢ log;(x+ 1) —log,(x + 4) =-2

d log,(x— 1) +log,(x+6)=3

e log,,x=1-log,,(x—1)

Objective A: Knowing and understanding
iii. solve problems correctly in a variety of contexts

You can use the rules you have found to solve these context problems involving
exponential equations.

6 A state surveys school traffic. At the end of 2010, there were 25000 cars per
day taking children to school.

After tyears the number of cars C was modelled by the exponential
equation C = 25000 x e007,

a Show that by the end of 2015, there were 35477 cars per day taking
children to school.

b By taking logs of both sides, calculate the time until the number of cars
taking children to school reaches 50 000,

7 The time taken for an online video to go viral can be modelled by an
exponential function, H =15e%3*, where H is the number of times the video is
watched and  is the number of hours since the first people shared the video.

a Describe what the value 15 represents in this model.

b By taking logs of both sides, calculate the number of hours before the
video is watched 500000 times.

¢ By rewriting the exponential statement as a logarithmic statement,
calculate the number of hours before the video is watched 1000000 times.

d Determine which method (b or ¢) is most efficient.

m E12 Generalization
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:Problem solving Wé
: Rearrange to get all
8 Sebve; the x terms on one

a Prd=pE b 3#*1l=4* side, then factorize

c Jx+l _42r d 37+2_9g2x-2 to isolate x.

9 Iflog, x=p, show that rewriting it as a logarithmic statement and solving
the resulting equation proves the power rule for logarithms.

Summary
Laws of logarithms The zero rule:log 1=0
For all logarithm rules: x, y, a € R* The unitary rule:log ,a=1
The product rule: log , xy =log x+log, y @'%a™ =y
The quotient rule: log, [fJ =log_x—log, y Changelgfbbase LT
Y log, b= 10?
The power rule: log (x")=nlog, x ‘
Mixed practice
1 Rewrite in terms of loga, logh and logc: 4 Express in terms of x and y, given that x = log a
and y=logb.
a log(abc) b log(fj ol
b a log(a’h)
¢ log(a’h*c?) d log(avp) b log (10¥ab3)
e log(a\/z,_] ¢ log(0.01a%*)?
IS
d l 504’
2 Express as a single logarithm; b
a 2log5+log4-logd 5 Find the inverse of each function and state
b 3In5-1n4+1In8 the domain and range of both the function
¢ 3log. 5—2l0g.5+los 8 and its inverse. Prove they are inverses both
&4 B4 84 graphically and algebraically.
d 2logﬂ[ )+log 4- loga[ J a f(x)=6(5")

b T
e 6lnx—2In(x+1)—3InQ2x+6) g(x) ={[logx

2
f log,2+3log,3 4 h(x):—;ln(Sx—l)

g élogﬂﬁ%logqxdlogqy d k(x)=log,(7x)~log,(x+5)
6 Use properties of logarithms to find an
3 Given thatlog,3 =xand log 4 = y, write down equivalent expression for each function. Then

each expression in terms of xand y. describe the sequence of transformations on
a log 0.25 b log 48 the g:raph of y=log, x that give the graphs of

# E the equivalent expressions for fand g.
¢ log (ij d log 144

a\ 12 a a f(x)=log,(27x)

4

o 10&;(%] b g(x)=log,(x-9)

E12.1 Go ahead and log in ﬂ




7 Leta=Inx, b=In(x+2)and c=In4.

Express in terms of g, b and ¢:

4 2
m(m] b In(4x2 +8x)
[d ln{le d In 7x2+4x+4
16 4x

e Invxt+2x3

:Problem solving

8 Express as a sum and/or difference of

logarithms:
a In(x2-25) b In(x2-3x-28)
x+1 ¥2-4x-5
¢ ln(mj d ln{x2+6x+8J
- x2—10x—24
¥ —dy

9 Solve these exponential equations:

a 3?2¥*+143=10x3*
b 22*_3x2%¥-4=0

10 Solve these logarithmic equations:
a log, x+log,4-log, 5=1log 12
b log, x—log,7=2
¢ log, x+1ogy(x?)+log,(x®) +log,(x*)=5
d 1-log(x+3)=logx
e log(x—5)—log(x+4)=-1

11 log 2 =xand log 5= y. Find, in terms of x
and y, expressions for:

a log,2 b log, 40
¢ log, 400 d log, 2.5
e log 04

12 Solve by taking logs of both sides:
a 197 =2 b () =25
¢ 22%-2=30 d 36 =111

ﬂ E12 Generalization

13

14

15

217

Let log 3=xand log 7= y. Find expressions,
in terms of x and y, for:

a log,7 b log,3 ¢ log,49

Given that Ina=8:

a express log, (x %) as a simple natural
logarithm

b express 3log_ x—In(a?) as a single
logarithm.

Reproduction in a colony of sea urchins can
be modelled by the equation N = 100e003x
where N is the number of sea urchins and x is
the number of days since the original 100 were
introduced to the reef.

a Find the number of days it takes for the
population to double.

b Find how many sea urchins were born on
day 19.

:Problem solving

16 A mathematician calculated that the number

of people infected after the first case of a
disease was identified followed the model

P = P,(1-e%%1t) where Pis the number of
infected people, F, is the population of the city,
and ¢ is the number of days after the first case
was identified.

a Calculate how long it would take for 5% of
the population to be infected.

b In a city, 58 187 people are infected after
21 days. Calculate the population of
the city.

A game park in Swaziland recorded 15
rhinoceros in 2000, and 26 rhinoceros in 2011,
Assuming the number of rhinoceros in the
game park follows an exponential function,
find the function.



Review in context

In E6.1 and E10.1 you used this formula for
modelling the magnitude M of an earthquake using
the Richter scale:

I

where /_is the intensity of the ‘movement’ of the
earth from the earthquake, and I is the intensity of
the ‘movement’ on a normal day-to-day basis.

You can also write this as:
M =log,, I

where I is the intensity ratio i_f
n

1 a The San Francisco earthquake of 1906
measured magnitude 8.3 on the Richter scale.
Shortly afterward, an earthquake in South
America had an intensity ratio four times
greater than the San Francisco earthquake.
Find the magnitude on the Richter scale of the

earthquake in South America.

b A recent earthquake in Afghanistan measured
7.5 on the Richter scale. Find how many times
more intense the San Francisco earthquake
was.

¢ Find how much larger an earthquake’s
magnitude is, if it is 20 times as intense on the
Richter scale as another earthquake.

d Determine how much more intense is an
earthquake whose magnitude is 7.8 on the
Richter scale than an earthquake whose
magnitude is 6.2.

e Compare the intensities of two earthquakes:
Nevada in 2008 with magnitude 6.0 and
Eastern Sichuan in 2008 with magnitude 7.6.

Reflect and discuss

NUMBER p-

2 The pH value of a solution is used to determine
whether a solution is basic (alkaline) or acidic. A pH
value of 7 is neutral, less than 7 is acidic, and more
than 7 is basic. To calculate the pH of a liquid you
need to know the concentration of hydrogen ions
(H*) in moles per liter (mol/1) of the liquid.

The pH is then calculated using the logarithmic
formula:

pH=-log;,(H")

a Milk has H* = 1.58 x 10”7 mol/l. Determine
whether milk is acidic or basic.

b Find the pH of vinegar with concentration:
H*=1.58 %103 mol/I.

¢ A sample of pool water has concentration:
H*=6.3x10"7 mol/l. Determine the pH of the
sample of pool water.

d Some chemicals are added to the water because
the answer in ¢ indicates that the pH level of
the water is not optimal. A sample of water
is taken after adding the chemicals, and now the
concentration is H* = 7.94 x 10~ mol/L.

Determine if the water is now within optimum
levels: 7.0 <pH < 7 .4.

e Find the values for H* that give a pH in the
range 7.0 <pH < 7.4.

3 The volume of sound D is measured in decibels
(db) and 71is the intensity of the sound measured
in Watts/m?, using the formula D =10log,, I.

a An anti-theft car alarm has an intensity of
5.8x10'* W/m?, Find the volume of the alarm
in decibels.

b Jill's scream measured 56 db, and Jack’s was
48 db. Find how much more intense Jill’s
scream was than Jack’s.

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Generalizing changes in quantity helps establish relationships ]

that can model duration, frequency and variability.

E12.1 Go ahead and log in m




Global context: Personal and cultural expression

Objectives Inquiry questions

« Identifying congruent triangles based on o +  What conditions are necessary to
standard criteria establish congruence?

« Using congruent and similar triangles to ¢ Why is ‘Side-Side-Angle’ nor a
prove other geometric results condition for congruence?

How can congruence be used to prove
other results?

LOGIC

Which is more useful: establishing
similarity or establishing congruence?

A'll Communication

Understand and use mathematical notation J




You should already know how to:

GEOMETRY AND TRIGONOMETRY ¥

® use Dynamic Geometry Software | 1 a Use DGS to construct a triangle
(DGS) to draw basic shapes of side lengths 4,6 and 7 cm.
b Use DGS to construct triangle
ABC with ZABC =40°,
ZACB=80°and BC=5cm.

® recognize reflections, rotations 2 Describe the single transformation
and translations that takes:

a AtoB b AtoC c CtoD

d DtoE e BtoD f EtoB

Yy

A
N i N C

N1

I
-
1
o
|
[Le
=]
k:
o
N

(o]

e find angles in parallel lines 3 Find the size 110°/
of the angles 7
marked a /

and b. aééb
>

f

e find lengths in similar triangles 4 Triangles ABC and DEF are similar.
Find lengths ACand ED.

B
A '\II

\
9cm / \\?.5 em A

\ \

What conditions are necessary to establish congruence?
Why is ‘Side-Side-Angle’ not a condition for congruence?

Exploration 1

1 Use dynamic geometry software to construct:
a triangle A with sides 5 cm, 6 cm and 7 cm
b triangle B with a side of 8 cm and all angles 60°
¢ trnangle C with angles 45°, 60° and 75°
d triangle D with angles 40°, 60° and 80° and a side of 5 cm

Continued on next page

If you do not have
access to dynamic
geometry software,
construct these
triangles accurately
using pencil,
compasses and
protractor.



e triangle E with sides 6 cm and 8 cm, and an angle of 50°

f triangle F with one side 4 cm, and with angles of 30° and 45° at each
end of the 4 cm side

g G, aright-angled triangle with one side 4 cm and hypotenuse 5 cm.

2 Compare your triangles with others. Identify which triangles everyone
drew exactly the same. Discuss which of the descriptions a to g lead to
more than one possible triangle.

Two shapes are congruent if they have the same side lengths and the same
size angles.

Reflect and discuss 1
e Are the triangles in each pair congruent?

a b 35
25, 2,/ N\25 '
j 3.5 / =
3.5

2
35

d
60°
hk 2 ;
40° 40°
50 T{}OJ 450 700 3 3

e T ook at the diagrams you drew in Exploration 1. Which descriptions
create triangles which are always congruent, and which descriptions
create triangles which might not be congruent?

C

4

e What do you call triangles that have the same angles, but are not the
same size?

Two shapes are congruent if one can be transformed into the other by a
reflection, rotation or translation, or a combination of these.

When working with congruent triangles you need to identify the
corresponding sides and angles:

The word congruence
comes from the
Latin Congruo,
meaning ‘T agree’ or
‘T come together’.
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ADEF is the reflection of AABC in the line, so the two triangles are congruent.
D is the image of 4, so D and A are corresponding vertices. e

DE is the reflection of AB, so DE and AB are corresponding sides.
/ DEF1s the reflection of Z ABC, so Z DEF and ~ ABC are corresponding angles.

The = symbol represents congruence. In the convention for congruent triangle
notation the order of the letters is important.

The statement AABC = A DEF means ‘triangle 4ABC is congruent to triangle
DEF, s0 A corresponds to D, B corresponds to E, and C corresponds to F”.
Using this notation helps you show your working clearly.

To identify corresponding vertices, you can identify the transformation that
takes the first shape into the second, using rotation, reflection or translation,
and then find the images of the vertices. You can also match pairs of shortest/
longest sides, or largest/smallest angles.

Example 1

APQR and A LMN are congruent. Identify the N
corresponding sides. 0

APQOR is a rotation of ALMN.

LN corresponds to PR. The shortest side of each triangle.
/L corresponds to / P. The obtuse angle in each triangle.
MN corresponds to QR. The side opposite the obtuse angle in each triangle.
LM corresponds to PQ. The last pair of sides.

Practice 1
In questions 1 to 4, identify the corresponding sides in each pair of triangles.

1 5 E 2



5 Identify the pairs of congruent triangles in this diagram. Use congruence
symbol notation, with the corresponding vertices in the correct order.

It
’W nK L N
v | '
> t L 3
P x J0
DO T M L] lU 'E
B c
i
S . S—
| F |
R T ﬁ
g : 32
). |
A
. |
G

To show that two triangles are congruent, you need to show that they satisfy
one of the conditions for congruence.

Exploration 2

The aim of this exploration is to discover what information guarantees that
two triangles will be congruent,

1

Choose any three side lengths that could make a triangle.
Construct a triangle with these side lengths.
Now try to construct another triangle that is not congruent to the
original. Discuss whether or not it is possible.

Record the results from step 1 in a table like this:

3 elements

Sketch of the two triangles
(indicate the 3 elements)

Always congruent?
YES or NO

3 sides

3 angles

2 sides and the
angle between them

2 sides and an angle
not between them

2 angles and the
side between them

2 angles and a side
not between them

3 Now look at the other rows of the table. In the same way as in step 1,
decide on measurements for the elements and try to construct different
triangles. Record whether or not it is possible in the right-hand column.

Continued on next page
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4 Based on your results, discuss the necessary conditions for two triangles
to be congruent.

5 Compare your results here to your results from Exploration 1.

Conditions for congruence

e Side-Side-Side congruence (SSS):
If the three sides of triangle A are the same lengths as the three sides of
triangle B, the two triangles are congruent.

e Side-Angle-Side congruence (SAS):
If two sides of triangle 4 are the same lengths as two corresponding
sides of triangle B, and the angle between those pairs of sides is the
same in both triangles, the two triangles are congruent.

e Angle-Side-Angle congruence (ASA or AAS):
If two angles in triangle 4 are the same size as two corresponding
angles in triangle B, and there is a corresponding side whose length is
the same in both triangles, the two triangles are congruent.

e Right Angle-Hypotenuse-Side congruence (RHS):
If two right-angled triangles have equal hypotenuses, and one of the
remaining two sides is the same length in both triangles, the two
triangles are congruent.

Reflect and discuss 2

Explain how the Right Angle-Hypotenuse-Side congruence condition can
be derived using each of the other congruence conditions.

Exploration 3
1 Draw:
a aline segment AB of length 6 cm
b acircle of radius 7 cm centered on B
¢ aline from A that makes an angle of 40° with AB.

2 In AABC, AB=6 cm, BC =7 cm and £ CAB = 40°.
Determine the position of point C on your diagram.

3 Draw:
a aline segment DE of length 6 cm
b a circle of radius 4 cm centered on E
¢ aline from D that makes an angle of 40° with DE.

4 In ADEF, DE=6 cm, EF =4 cm and / FDE = 40°,
Explain why it is not possible to determine the position of point F on
your diagram.

5 Explain why Side-Side-Angle (SSA) is not a condition for congruence.



Example 2

Prove that in this diagram, AABC = A DEC.

Given: AB and ED are parallel
AB=ED
Prove: AABC = ADEC

Proof

ZBAC = ZEDC (alternate angles)
ZABC = ZDEC (alternate angles)
AB = DE (given)

Therefore AABC = ADEC (ASA)

Example 3
Prove that in a rectangle ABCD, AABC = ACDA.
A . B
"‘m\.‘ I
1 \\.\\\ L))
h \“'\
: o
D ‘ c

Given: ABCDis a rectangle.
Prove: AABC=ACDA

Proof

ZABC= ZCDA =90° because all angles in a rectangle

are right angles.

Separate the question into the part you
are given, and the part you need to prove.

Give a reason for each statement.

Both the equals

sign (=) and the
congruence sign (=)
are used to indicate
that lengths or angles
are equal. Both are
acceptable in general
use, though some
examinations or
schools might expect
you to use one
instead of the other.

Draw a diagram.

Separate the question into the part you
are given, and the part you need to prove.

Give a reason for each statement.

AABC and A CDA are right-angled triangles with equal hypotenuses

because both have hypotenuse AC.

AB = CD because the opposite sides of rectangle are equal.

You could also prove this result by showing all the sides

AABC =A CDA (RHS)

are equal (SSS) or by using the two congruent pairs of

opposite sides and the right angle in between them (SAS).
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Objective C: Communicating
v. Organize information using a logical structure

.Q—A

In Practice 2, question 4, organize your answers systematically to help make sure that
you include all possible triangles.

Practice 2

1 Determine whether the triangles in each pair are congruent. If they are, state
the conditions for congruence.

a o~ A :._,-‘"‘ b

2 a Provethat A PQR is congruent to ASTR.

b Prove that AGHK = AJHK. G
H K
J
c In triangle ABC, CD1s the perpendicular bisector G

of AB. Prove that AADCis congruent to ABDC .

A D B

3 A regular pentagon has vertices ABCDE. Explain why A ABC is congruent In 3, draw and
to ACDE. label a diagram to
help you.

:Problem solving

4 A regular hexagon has vertices ABCDEF. List all the triangles that are
! congruent to A ADE. State the condition used to establish congruence.



Example 4

Circles C, and C, have centers O, and O, Co X G,
respectively, and intersect at points X and Y. ‘ 2
0. e o 0
Prove that A0, X0, is congruent to A O, YO,. ! / :
X
Given: circles C, and C, with centers O, and O, . .
respectively intersect at points X and Y. Separate into ‘'given’ and ‘prove’,

Prove: A OIXO2 =~ A O1 YO?_.

Cl
Draw the triangles AO,XO, = AQ, YO, on the diagram.
Proof Give a reason for each statement.
0,X=0,Y (both radii of C,)
0,X=0,Y (both radii of C))
0,0,=0,0, (same line segment)

AOX0,=A0,YO,  (SSS)

Practice 3
A
1 Triangle ABC is isosceles with AB = AC. /
M is the midpoint of BC.
Prove that A ABM and A ACM are congruent. ,
/ A
C M B
2 Points 4, B, C and D lie on a circle with center O. A
The chords 4B and CD are equal in length. : '
Prove that A ABO and A CDO are congruent. 0 \¢
B " |

3 PQR is an isosceles triangle with PQ= QR. A line from Q meets PR at X,
at an angle of 90°, Prove that AQPX = AQRX.

4 Points A, B and Clie on a circle with center 0. ZABC = £ ACB.
Prove that A AOB and A AOC are congruent.

5 Circle C, has center 4, and circle C,has

center B which lies on the circumference C_{ 4 /’*D G
of C,. Points D and E are the intersections / /-/ \\.'.

of C, and C,. . A(\" }s
Prove that A4BD and A ABE are congruent. \\"\._\ /



6 HIJK is a square. H and Jlie on a circle with center F.
Prove that A FKH and A FKJ are congruent.

7 Prove that if lines PQ and RS are parallel, and X is the 0 /'/
midpoint of PS, then A PXQ and A SXR are congruent. 7
/

How can congruence be used to prove other results?

All mathematical systems start by establishing some agreed facts. These are
known as axioms. There are many different systems of axioms which can be
used to describe geometry; the most famous is Euclidean geometry, which was

formalized by the Greek mathematician Euclid around 300 Bck.

The rest of the geometry in this topic takes the congruence conditions to be ™
axioms. In other words, it assumes them to be true, and then uses them to Euclid’s most
prove other results, famous achievement
is his publication of
. The Elements — 13
ExPIoratlon 4 books containing
1 In the diagram, PS and 7Q maﬂl?maﬁcal
bisect each other at U. Prove definitions,
that A STU = A PQU. theorems and
. . proofs. Many of the
2 Find the length of ST. Justify results were already
YOUE LCAsOTng. T known, but Euclid’s
3 Identify the congruent angles in gathering of them in
ASTUand APQU. Justify your a single place earned
reasoning, \ him the modem
4 Ifyou can prove two triangles are e
congruent using SSS, SAS, ASA/AAS or RHS, explain what you can athecof geomenyt, >

deduce about the other corresponding angles and sides in the triangles.

Corresponding parts of congruent triangles are congruent. When using
this as part of a proof, you can write CPCTC for short.




Reflect and discuss 3

Read and discuss this proof to make sure you understand it.
Isosceles triangle theorem

If A ABC is isosceles with AB = AC, then £ ABC= / ACB.
Proof

AB=AC (given)

Z BAC= 2 CAB (the same angle)

AC=AB (given)

AABC=~AACB (SAS)
ZABC= / ACB (CPCTC)

Practice 4

1 Copy this proof and add the reasons.

Theorem

-

The isosceles

triangle theorem

was known as the
pons asinorum, or
‘bridge of asses’,
because students
in medieval times
who could not
understand the
proof, or why a
proof was needed,
were thought to
be ignorant. This
proofis by Pappus

L of Alexandria.

If ABCD is a thombus then ~ DAC = ~ BCA.
Proof

AB=CD, BC= DA because /7
AC= CA because /o A
AABC = ACDA because /
£ DAC = Z BCA because

2 AACE is an isosceles right-angled triangle with the right angle at C.
Blies on AC and Dlies on CE such that BE = DA.

Copy and complete the proof that £ CEB = £/ CAD.
Theorem

Proof
BE = DA because

.

N
/BCE=/DCA=90°because _________ N
CE = CA because

Moo
N
ABCE = A DCA because

\\.‘--""‘--
Z CEB = / CAD because
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:Problem solving
3 Copy and complete this skeleton proof.

Theorem

If A ABC is isosceles with AB = AC then the angle bisector of £ BAC'is
perpendicular to BC.

Proof

Let X be the point where the angle bisector of £ BAC meets BC. Draw a diagram, showing X.

Show that AABX =~ AACX: Give reasons to prove congruence.
AB = AC because
LBAX=/____ because

1S common.
Therefore AABX = AACX (). Give the condition for congruence.
Hence 7/ =/AXC (). Explain the reason for this.
Z___+ /7  =180°because

= Y A dAXC - 1807
=

Therefore the angle bisector is perpendicular to BC.

4 Copy and complete this skeleton proof. Include a suitable diagram.

Theorem

If ABis a chord to a circle C with center O, and M is the midpoint of 4B,
OM is perpendicular to AB.

Proof
OA = OB because
AM = BM because

1S common.

Therefore AOAM=AOBM (__).
Hehice SN =7 SN

= + /£ = because

— 2 % —

=

Therefore OM is perpendicular to AB.




5 Circle C has center O. L, is a tangent to Cat X. L, is a tangent to Cat Y.
L and L, meet at Z.

a Sketch L, L,and C. Mark points O, X, Yand Z on your diagram.
b Prove that triangles A OXZ and A OYZ are congruent.
¢ Hence show that XZ=YZ.

6 A parallelogram is defined as having two pairs of parallel sides. Tlp
Prove that opposite sides are equal in length. In 6, divide the
parallelogram into

two congruent
8 Prove that the diagonals of a parallelogram bisect each other. triangles.

9 Square TUVW is intersected by the straight line ABXCD.
X is the midpoint of 4D and also the midpoint of UW.

7 Prove that the diagonals of a kite are perpendicular.

w T

Prove that ZAWB =/ DUC.

:Problem solving
10 The Pentagon, the headquarters of the US military, is among the world’s

largest buildings. It takes the shape of a regular pentagon, contains over Tip

28 km of corridors, and has an internal courtyard about the size of three ‘

American football fields. Remember that ‘P
is equidistant from

A statue (K) is placed directly in front of one face of the building, so that it A and B’ means

1s equidistant from the two nearest corners of the building (D and E). that AP = BP.

Prove that it is also equidistant from the next two corners of the building

(A and C).

Which is more useful: establishing similarity or establishing
congruence?

You have seen how establishing congruence can lead to the proof of other
geometric results. Sometimes, simply establishing similarity is enough to lead
to important mathematical results.



Exploration 5

1 Copy and complete this proof to discover the relationship between

segments created by intersecting chords.

Theorem: If 4, B, Cand D are points on the circumference
of a circle such that the chord 4B meets the chord CD at
point X interior to the circle, then AX x BX =CX x DX.

GEOMETRY AND TRIGONOMETRY S5

c
A
B
D
LAXC= 2/ because
£ CAB= / CDB because
LA = 7 because

Since all three angles are equal, we
know that AAXC is similar to ADXB.

AX

Rearranging gives: AX x BX =CX x DX .

Reflect and discuss 4

Reproduce the diagram showing AAXC and A DXB.

Show that corresponding angles are equal.

Corresponding sides of similar triangles are proportional.

This the ‘intersecting chords theorem’.

® Are all similar triangles congruent? Are all congruent triangles similar?

Justify your reasoning.

e Which is more useful: establishing similarity or establishing congruence?

Two shapes are congruent if they have the same
side lengths and same size angles.

Two shapes are congruent if one can be
transformed into the other by a reflection, rotation
or translation, or a combination of these.

Conditions for congruence

e Side-Side-Side congruence (SSS):
If the three sides of triangle A4 are the same
lengths as the three sides of triangle B, the two
triangles are congruent.

e Side-Angle-Side congruence (SAS):
If two sides of triangle 4 are the same lengths as
two corresponding sides of triangle B, and the
angle between those pairs of sides is the same in
both triangles, the two triangles are congruent.

e Angle-Side-Angle congruence (ASA or AAS):
If two angles in triangle A are the same size as
two corresponding angles in triangle B, and there
is a corresponding side whose length is the same
in both triangles, the two triangles are congruent,

e Right Angle-Hypotenuse-Side congruence
(RHS): If two right-angled triangles have equal
hypotenuses, and one of the remaining two
sides is the same length in both triangles, the
two triangles are congruent.

Corresponding parts of congruent triangles are
congruent. You can write CPCTC for short.



1 Are the two triangles in each diagram congruent?

4 ABCDE s a regular pentagon. X is the midpoint
If so, give the conditions for congruence used to of CD. Prove that AX is the perpendicular
prove it. bisector of BE,
A
a ¥ b B
4 A q_/"/./ T Rk“«._
X =y w = c g 5
z
c R T d e
/ \ |
,"I\ 5 / \".‘ 'r‘.l\\ D X c
f AN '\
I,-“J / \ j \ £ To prove AX is the perpendicular bisector of
;7/ \\; R G BE, show that AX is perpendicular to BE and
v Y b that X is the midpoint of BE.
Sl
\ 5 Part of an origami construction consists of a
H parallelogram and three fold lines: one diagonal
2 a In the diagram, given that 4D = BC and joining the two most distant corners of the
ZDAC=/ ACB, prove that Z ADC= / ACB. parallclogram, and two short parallel lines
joining the other corners to the diagonal, as
A B .
A 7 illustrated.
f_\ / "
/ \\__-—-/! 2 o j oA
D ‘/ \jc 4\/-\—‘_‘: _.:\.-- //
“M,_;_L\V //
b In the diagram, given that EFbisects /G, and EI Prove that the short parallel lines are equal in
is parallel to IGH, prove that £/ FEI = / GFH. length.
E
*‘ s 6 6 The diagram shows points 4, B, C and D.
| =59y f Prove that triangles ABD and ACD are
—~ congruent.
A
¢ Inthe diagram, given that /J= /L and that N
MK bisects £ JML, prove that AJMK = ALMK. N
J ./ \’\
! e D
mé —> K
b
L

7 In the diagram, AR is parallel to DE and AB= AC,
3 ABCDEFGH is a regular octagon. By considering and CAB = 60°. Prove that CDE'is an isosceles
AAEF and AADE, prove that AADF1s an

triangle.
isosceles triangle. A B >
/ 7
F E P :\ ; N
S 3 | / \‘\
G D ~ \Y L
// C e
ol ) -

H c D



8 A small radio mast is formed by joining three

large triangular frames together. One of the three
frames, illustrated below, is made from four
lengths of metal: AC, AD, BD and CE. It stands
on level ground.

SO

Given that AD and AC are equal in length,
and BD and CE are equal in length, prove
that lengths ABand AE are equal.

A King Post Truss Bridge has a simple structure
and is suitable for short spans.

The king post PQ is a single piece of wood
or metal that helps prevent the tie beam
AB from sagging.

A B
S 0

Prove that if Q is the midpoint of AB, the
king post PQ is vertical, and AB is horizontal
then AP and BP must be equal in length and
ZPAQ = ZPBQ.

The three blades of a wind turbine are all of
equal length and have the same angle between
each pair. Prove that the tips of the blades form
an equilateral triangle.

GEOMETRY AND TRIGONOMETRY &

11 Railway tracks are set in parallel lines at a

fixed distance, called the gauge. Different
countries have different national gauges.
The Republic of Ireland uses Irish Gauge,
where the two rails are 1600 mm apart.

The photograph shows a railway junction

in Limerick, Ireland. The diagram below it
represents an overhead view of the layout of
the lines.

£ \/{ /
P i
/ / ; /

/

// A >\ '

/
4
/ E& el

LB

B
e

N,

Assuming the tracks to be straight and parallel,
and all of Irish Gauge:

a prove that A ABD is congruent to ACDB
b prove that ABAC=ABCA
¢ hence show that ABCD is a rhombus

d prove that A ABC = AEFG given that the
two sets of tracks are parallel.

:Problem solving
12 The horizontal bars on a stepladder make it

more stable. Use the ideas of congruence to
explain clearly how positioning the horizontal
bars at the same height on both sides of the
ladder ensures that both sides of the ladder
open out to the same angle.



13 Similar triangles can be used to develop the : Proof:
Angle Bisector Theorem. Copy and complete Draw PT parallel to SR.

this proof. :
: P
Theorem: An angle bisector of an angle of : )
a triangle divides the opposite side in two / Ea
segments that are proportional to the other : ;’ Mo
two sides of the triangle. : / >ﬂ)
. / ’/ \
f _// \
f\ ;{.f ’ /' <
My Pat S
/ gk i =3 .
/ \_}’/0 2
I P \\\ : ZSQR = ZPQT because
’/ // " :
/ ; // L 3
f;’%’{\ : ZRSQ=2 because
S 8 R :
Given: SQ is the bisector of angle S. oF — /TPQbecause
SR _OR :
Brove: SP QF : Since all three angles are equal,
: we know that g
SR ___
QP

ZPST = ZQSR because
Hence ZPST= Z/PTS because
Therefore, PS = PT because

Hence, SR _ Q ]
'SP QP



The ancient art of origami has roots in Japanese
culture and involves folding flat sheets of paper
to create models. Some models are designed to
resemble animals, flowers or buildings; others
just celebrate the beauty of geometric design.

-

1 An origami artist takes a square sheet of paper,
and folds it in half, as shown.

Fold

7N

a Explain why folding the sheet in half
produces two congruent rectangles.

The artist then unfolds the sheet, takes one corner
and folds it up to meet the center line, not quite

to the top edge, as illustrated. The fold created
runs straight from one corner to the opposite side.
Finally, he folds a crease parallel to the top edge of
the sheet at the height of the folded corner.

[
)
I
1

-------------- -

A

The artist thinks lengths FH and DY are equal.

b

Explain why EX = 1 EG.

¢ Hence use trigonometry to find £ EGX.

o

> o =™

Explain why A GED = A GZD.
Hence find £ EGD and /£ DGZ.

Find Z YED.
Show that GF = EY.
Show that ~ GFH= Z EYD,

Hence show that the artist’s claim — that lengths

FH and DY are equal — is correct.

Reflect and discuss

How have you explored the statement of inquiry?
Give specific examples.

Statement of Inquiry:

Logic can justify generalizations that increase
our appreciation of the aesthetic.

|




FORM

A world of difference

Global context: Identities and relationships

Objectives

e Solving quadratic and rational inequalities
both algebraically and graphically

e Solving other non-linear inequalities
graphically

e Using mathematical models containing

non-linear inequalities to solve real-life
problems

Inquiry questions

o e What is a non-linear inequality?

® How do you solve non-linear
inequalities graphically?

G e How does a model lead to a solution?

e Which is more efficient: a graphical
solution or an algebraic one?

e Can good decisions be calculated?

ATL Critical-thinking

Use models and simulations to explore complex systems and issues J

Statement of Inquiry:

Modelling with equivalent forms of
representation can improve decision making.




ALGEBRA

VAT

You should already know how to:

e solvelinear inequalities 1 Solve —3x—2<5-—4x.

e sketch graphs of linear, quadratic, | 2 Sketch the graphs of:
rational, radical, exponential and a y=x’+3x-4 b y=2e"-3
logarithmic functions =2

¢ y=4log2x d y=—y

4
e y=2x_3 f y=vx-5

3x+6

e solve quadratic equations by 3 Solvex2+6x+3=0.
completing the square

Non-linear inequalities in one variable

e What is a non-linear inequality?
e How do you solve non-linear inequalities graphically?

Objective D: Applying mathematics in real-life contexts
iii. apply the selected mathematical strategies successfully to reach a solution

In Exploration 1, when you have selected your solution to the quadratic inequality, determine
graphically if the range of the hip angle guarantees a lift area of at least 0.5 m?.

Exploration 1

In ski jumping, athletes descend a take-off ramp, jump off the end of it and
ATL ‘fly’ as far as possible. The angle of the skier’s hip o determines the ‘lift
area’ 4 (in m?) which determines how far the skier jumps. The relationship
between hip angle and lift area can be modelled by the function:

Afer) == (0-140)° +0.8
1 Use this function to write a mathematical model (inequality) of the
range of the hip angle that would ensure a lift area of at least 0.5 m?.
2 Use a GDC to graph both sides of this inequality and find:
a the point where both graphs intersect
b the region of the graph that models the set of points where 4 (o) >0.5
c the region of the graph that models the set of points where 4 (&) <0.5.
3 From your graph, write down:
a the range of the skier’s hip angle to ensure a lift area of 0.5 m? or more
b the range of the skier’s hip angle that gives a lift area less than 0.5 m2.

4 Explain how you can test whether or not you have selected the correct
ranges in step 2.

5 Rearrange the inequality in step 1 to the form A(e) = 0.
6 Graph A(¢), and explain how you would use the nequality to answer step 2.

7 Explain how you could use this graph to check your answer.

E14.1 Aworld of difference ﬂ




Reflect and discuss 1

e How do you know whether or not to include x-values where the two
graphs intersect (or the x-intercepts, as in step 6) in your solution set?

e Which method did you prefer: the one where you graph each side of
the original inequality and compare, or the one where you rewrite the

inequality? Explain.

or f(x) < 0 and graph.

of the function.
To check your solution algebraically:

To solve a quadratic inequality graphically:
e Graph both sides of the inequality, or rearrange into the form f(x) >0

® Determine the points of intersection of both functions, or find the zeros

e Choose a point in the region you think satisfies the inequality, and
test this point in the inequality. If it satisfies the inequality, then the
x-values in this region satisfy the inequality. If your test point does not
satisfy the inequality, then test the x-values in the other region(s).

Example 1

Method 1
11 g_g‘]

fox) = 16 + 12x —

i |

Test a point with x-value between 1 and 12:

When x=2:28-2=26
164+12%x2-22=36
26<36v

The solutionis 1< x <12.

D

Solve the inequality 28 — x <16+ 12x — x% . Check your solution algebraically.

Graph both sides of the inequality and

determine the points of intersection.

The x-values of points on the line (LHS) are lower
than those on the quadratic (RHS) for 1< x < 12.

Select an x-value in the solution interval, and
check that it satisfies the inequality. Because the
original inequality was “less than or equal to”, the
endpoints (x=1 and x=12) are included.

P Continued on next page



ALGEBRA

Method 2

28— x<16+12x—x2 Rearrange to f(x)=0.
=(0<-12+13x—x?

T o

Ya
35 A

Graph the quadratic function.

30 - N o
25 4 / \

\'\
*1 /0
10 4 / \\

\(12,0)
T T T b ] T Ll
6 8 10 12 14 X

5

./‘.1’ 0
2 4

2l
Sl The zeros of the quadraticare x=1and x=12.
<x<
Hacootinen L= 2S f(x) = 0 for the x-values between these zeros.
Check: When x=2: =12+13x2-22 =10 >0. Select an x-value in the solution interval,

and check that the inequality is satisfied.

Example 2
Solve the inequality —2x2 +4x < x? — x— 6. Check your solution algebraically.
Method 1
[Li] [
—

Graph both sides of the inequality and determine
the points of intersection of the graphs.

x<—0.808 orx>2.47 The blue curve, for —2x2 + 4 x lies below the
i red curve in the regions x <—0.808, x> 2.47.
eck:

When x=-1: LHS =—-6, RHS =-4

-6<—4
When x=3: LHS=-6, RHS=0

—6<0

P Continued on next page
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Method 2

2x2+4x<x?-x-6

=3x2-5x-6>0

Rearrange to f(x) > 0.

"D'B,l’ﬂ,"-.___,_,_{(_z,ﬂ;_n,) Graph the quadratic function.
2 -1\% 1 23 4~

)

-4\ /

T

-gd

x<—0.808 or x> 247

"1t Practice 1

Solve each inequality graphically, and check your answers algebraically.
a x2-2x-9>2x+3 b 2x?2-5<x+1 ¢ 5x2-10=23x
d x243xr-8<4-2x-x2 e 2x2-7x+7>8x2-2x+1

For astronaut training, weightlessness is simulated in a reduced gravity
aircraft that flies in a parabolic arc. The function k(t) = -3t +191¢ + 6950
models the relationship between the flight time ¢ in seconds, and the height A
of the aircraft in meters. The astronauts experience weightlessness when the
aircraft’s height is above 9600 m.

a Write an inequality that describes this situation.

b Determine how long the astronauts experience weightlessness when the
aircraft flies in a parabolic arc.

A rectangle is 6 cm longer than it is wide. Its area is greater than 216 cm?,
Write and solve an inequality to find its possible dimensions.

A gardener has 24 meters of fencing to build a rectangular enclosure.
The enclosure’s area should be less than 24 m?. Write and solve an
inequality to find possible lengths of the enclosure.

For drivers aged between 16 and 70, the reaction time y (in milliseconds)
to a visual stimulus (such as a traffic light) can be modelled by the function
y=0.005x2 —0.23x + 22, where x is the driver’s age in years. Write an
inequality to determine the ages for which a driver’s reaction time is more
than 25 milliseconds, and solve.

: Problem solving

6

A baseball is thrown from a height of 1.5 m. The relationship between the
time ¢ (in seconds) and the height / (in meters) of the baseball while in the
air is modelled by the function /(¢) = —4.9¢2 +17¢ +1.5.

a Write an inequality that describes how long the baseball is in the air.

b Determine how long the baseball is in the air.

A -

The quadratic is greater than 0 above the x-axis.

Use whichever
method you prefer.
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7 In aright-angled triangle, one of the perpendicular sides is 2 cm longer than
. the other. The hypotenuse is more than twice the length of the shortest side.
Determine the possible lengths for the shortest side.

8 A 2 cm square is cut from each corner of a square piece of card, and
the sides are then folded up to form an open box. Pia needs a box with
maximum volume 40 cm®. Find the smallest possible dimensions of the box.

Example 3
Find the set of values such that L > /¥ in the domain R* and check your The solutions to
answer g Examples 3 and 4
: can also be found
- | using the same
) Method 2 approach

as described in
Examples 1 and 2.

Graph both sides of the inequality,
and find the point of intersection.

Select an x-value in the solution
interval and test it in the inequality.

i)JE in the interval 0 < x< 1.
x

Check: When x = 0.5, BI_S=2 and 0.5 = 0.707 < 2

Example 4
Solve 2 _57 <3, x#5, and check your answer.
=
] E_:I
¥ '
107 :\
81 x=Si a2t
6 N T el
4 Hw=3 i \_ ©3) Locate where the LHS function
. — (blue) = RHS function (red).
—24 @5.0) =
Ol 2 216 8 10 12 14 16X
2 \ !
-4 \
e !
=l

x=>8o0rx<5

P Continued on next page
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Check:
Select an x-value in each region,

_apn Za=T 13 13
Whenz= 10, == —ane o5 and check in the original inequality.

- 7
Whenx=0, 2=7=7 and £ <3.
£=5 5 ]

Practice 2
1 Find the set of values that satisfy each non-linear inequality:

a l-x<0 bl-4>0
X x
6
€ 2mg d Inx<log,(x-2)
x+1
4 1
N =
e x°>~2x+3 F—=<50
11 R
g %3 b "

:Problem solving

:2 When two resistors, R, and R, are connected as shown, the total resistance

R is modelled by the equation Ly N
R Ry Ry

l
R, Ry

|

a R,=2 ohms and R must be at least 1 ohm. Find R,.

b R;=22 ohms and R must be at least 1.7 ohms. Find R

G Non-linear inequalities in two variables

e How does a model lead to a solution?

When you solve an inequality in one variable, the solution is a set of x-values.
When you solve an inequality in two variables, the solution is a set of points.

For this graph of y =x2? —2x—3, the blue shaded area represents the set of
points that satisfy y < x —2x—3. You can test that you have the correct
region by substituting the coordinates of a point in this region into the original
inequality. For example, for the point (0, —4): x? —2x—3 = -3>-4, so the
correct region is shaded.

/Y
B—

e '
1
1

=X Ix— 1

y=x x 3|‘4 I
‘12“ [
\

A
L} T T T T T T
-10 -8 -6 -4 -22‘9 2/4 6 8 10%
=< i ‘

-4 -7
254
-8 -

288 E14 Models
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The unshaded region of the graph on the previous page represents the set of
points that satisfy the inequality y > x?> —2x—3. The quadratic graph is drawn
with a dashed line, to show that values on the line are not included in the
solution set.

To solve non-linear inequalities in two variables:
e Graph the region defined by the equality.

e Select a point that is not on the curve and substitute the values into the
original inequality. If the inequality is true, shade the region where the
point is (e.g. inside the curve). If the inequality is not true, shade the
region where the point is not (e.g. outside the curve).

Example 5

By sketching a suitable graph, solve the inequality y <—x2+ 7x—10.
Shade the region containing the possible solutions on your graph.

—x24+7x=10=(-x+2)(x-5) Factorize to find the roots of f(x)=0.
(—x+2)=0=x=2
(x—5)=0=>x=5

-b
O B Tt :__7:3.5 Use the formula X_Z to find the

- coordinates of the vertex.
Vertex=(3.5,2.25)
A
3
(3.5,2.25)
.
o P
1 N Draw the parabola with a dashed
dBo, line, as it represents a true inequality.
I A E
=1 i ‘
| y<-2+Tx-10
=5 '
Check:
. 2 —
For (3,‘0)- = +7ff_ 10=2>0, hence Test a point in the original inequality,
the region shaded is correct. then shade the correct region.
Practice 3 In the case of a

strict inequality,

1 Sketch a suitable graph and shade the region on the graph that shows the S
the line is dotted as

solution of the inequality.

in the graph above.

a y>a?+3x-1 b y<-x?+3x-2 ¢ y24-3x-2x" In the case of > or
d y>In(x-2)+3 e y<el*)_3 £ ot < theg@phofthe
x=3 quadratic would be

a solid line.
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:Problem solving

3 For each graph:

i find the quadratic function for the parabola
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E14 Models

b

ii write an inequality that describes the shaded region.

b

2 Write an inequality to describe the shaded region in each graph.
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ALGEBRA

*4 A parabolic dam is built across a river, as shown in the graph.
:  The maximum height of the dam above the water level is 3 m,
and the length of the dam across the river is 90 m.

n

4 -

3 1 1 s i
N

2

>
T ;

! 1 T >
0" 10 20 30 40 50 60 70 80 90 *

a Write a quadratic function that models the parabolic arch of the dam.
b State the domain and range of the quadratic function.

¢ Write an inequality that defines the region between the dam and the river.

W N N N W W RN WM N M N M S R RN M N W S N N RN RN R W R R NN NN N W S N Ew

0 Algebraic solutions to non-linear
inequalities
e Which is more efficient: a graphical solution or an algebraic one?
e Can good decisions be calculated?

Exploration 2

1 Factorize the quadratic function in the inequality x> —3x —4 <0 into
two linear factors such that (x+a) (x+5) <0.

2 For the product of two factors to be less than zero, one factor must be
positive and one negative. You need to solve the two cases separately.

Case 1: (x+a)>0and (x+5)<0
Case 2! (x+a)<0 and (x+5)>0
3 Create the two cases for the inequality in step 1 and solve each one.

4 Determine which case is the solution to the original inequality.
Check your answer graphically.

You can also solve a quadratic inequality algebraically by first finding the zeros
of the quadratic function.

The quadratic function in Exploration 2 factorizes into (x—4)(x+1),

hence the zeros of the function are x=4 and x=—1. The x-axis is divided into
intervals by the roots of the equation. Choose an x-value in each interval, test it
in the inequality to determine if it satisfies the inequality.

x<-1 lex<d x=4

-

3-2-10 12 3 4 5 6 X
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Interval x< -1 -1<x<4 x>4

Test point -2 0 7
Substitutionin | ()2 3% 3 4=6| 02-3x0-4=—4 |72-3x7-4=24
x2-3x-4 6>0 _4.20 24>0

Is x* —3x—4<07 No Yes No

The values satisfying the quadratic inequality x> —3x—4 <(Qare -1 <x<4.
Written in set notation, the solution set is {x: -1 <x < 4}.

Reflect and discuss 2

e How would you solve the inequality in Exploration 2 graphically?

e Do you prefer the algebraic or the graphical approach for this question?

e Which two cases would you need to consider to solve x> ~3x—4>0
algebraically? What is the solution set of this inequality?

e Repeat for all intervals.
To check your solution algebraically:

To solve a quadratic inequality algebraically:
e Rearrange the inequality so that either f(x) < 0 or f(x) > 0.
e TFactorize the quadratic and find its zeros.
e Place these two x-values on a number line, dividing it into intervals.

® Select an x-value in one of the intervals and substitute it into the
original inequality. If the inequality is true, then that interval is part of
the solution. If the inequality is false, then it is not.

e Choose a point in the region you think satisfies the inequality, and
test this point in the inequality. If it satisfies the inequality, then the
x-values in this region satisfy the inequality.

Example 6

Solve the quadratic inequality x? — x >12 and check your answer graphically.

x2—x>12
x¥2—x-12>0
(x—4)(x+3)>0

B

P Continued on next page




Method 1

Case 1: x—4<0and x+3<0

ALGEBRA

For a product to be positive, the

= x<4and x<-3,

= x<-3

Case 2: x—4>0and x+3>0
= x>4 and x > -3,

=x>4

Check your solutions by sketching a graph.

/'
\ 110 JI.r
\ : 2| /
\ J
A /
\ /
T 1] T T 1~
-5 -4 -3-2-10 1 2 3 )4 5 6~
\‘\\ f/
L= i
.\\ | /J.-’
\J
210 y
Sy o
-15 -

The solutionis x< -3 or x> 4.

Method 2

The zeros of x> —x—12 are x= -3 and x= 4.

factors must have the same signs.

Because the value of x needs to be
both less than 4 and less than -3,
using x < —3 covers all possibilities.

As before, using x >4 covers both
of the inequalities, x > 4 and x > 3.

From the graph, you can see that both cases
solve the original inequality since x* —x—12>0
when x < -3 or when x >4,

Interval x<—3 —3<x<4 X>4
Test point —4 0 5
Substitution in (_4)2 _(_4)_-'2 =8 02 —0-=-12=-12]152—-5-12=8
x2—x-12
8>0 -12<0 8>0
Isx2—x-12>07 Yes No Yes
From the table, the solution is x <—3 or x> 4.
Hence, f(x)>0forx<-3 orx>4.
Reflect and discuss 3
Which algebraic method for solving quadratic inequalities is more efficient?
Explain your reasons.
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Practice 4
1 Solve these quadratic inequalities algebraically and confirm graphically.

a ¥x2-2x-3<0 b x2-10x+16>0
c 12+x-x220 d x2+6x<40
e 2x2+5x<3 f 3x2-1>2x

9 6x2+4x+1<5x+3

2 One of the perpendicular sides of a right-angled triangle is 3 cm longer than
the other. Determine the possible lengths of the shorter side that give a
triangle with area less than 4cm?.

:Problem solving

3 Each inequality is the solution set of a quadratic inequality. Find a possible
quadratic inequality.

a -l<x<l b x<-lorx>2
c x<2orx210 d x<%0rx>—§
e ££x£6

3
Exploration 3

1 By using the quadratic formula or the method of ‘completing the
square’, solve the equation x> +3x -7 =0,

2 From the roots of the equation in step 1, explain how you would obtain
the solution to the inequality a x?+3x—7>0and b x* +3x -7 <0.

3 Confirm your solutions graphically.
4 Write out the steps to solve a non-factorizable quadratic inequality.
5 Check that your steps work when solving:

a x’+x-4<0

b 2x*+4x-1>0

Practice 5

Solve each inequality algebraically, accurate to 3 s.f.

1ax?-5+1>0 b x?2+6x-2<0
€ 2x2+3x-3<0 d 3x2-7x+2>0
e x2-x+520 f 2x2+4x+2<0
g 5x2-2x-1<0 h x2+10x>-8

i 3x2-2x+1<x?4+x-1 x2-5x<-1

D

S




ALGEBRA

i e

:Problem solving

2 Solve each inequality. Explain your result by considering the discriminant A
of the quadratic function.

a x2+2x+1<0 b x2—-4x+4>0
€ x?+2x+4>0 d —(x-1)2-3<0 A=h —4ac
Reflect and discuss 4

How can the discriminant help you solve quadratic inequalities?

Example 7

2—x
x 1

Solve

<1, x#-1, and confirm your answer graphically.

21(]
x+1

Rearrange and simplify.

ZF _joq
x+1

2—x—(x+1) <0
x+1

<0 A fraction is negative when the numerator
x+1 and denominator have opposite signs.

Method 1
Case1:1-2x<0and x+1>0

Then x>% and x>—1, hence x>%.
Case 2: 1-2x>0and x+1<0

1
Then x<s and x <—1, hence x <-1.
Solution x>% orx<-1.

Method 2

Find the x-intercept by setting the numerator equal to 0,
and the asymptote by setting the denominator equal to 0.

o=
1-2x=0; x=2

2+1=0; x=-1

1 . Consider the intervals
Interval x<—1 “1<x< 3 x> 5 —————— tothe left, right, and
Tast Doint 5 " 1 between these values.
est poin —

Substitution into 2=* | 2220 = _4 20 5 cil

x+1 -2 +1 0+1 1+1 2

2—x 2

Is —<17 Yes No Yes

x+1

Solution: x< -1 or x> %

P Continued on next page

E14.1 Aworld of difference ﬂ




; From the graph, f,(x) is below f,(x) for
6 ) x-values greater than 0.5 or less than —1.
4 \
Hix) =1 2i 705, 1)
r T T :r \l“--\—._\_l "
6 -4 210 2 4 B "
| flX} = R
M
B
|
Reflect and discuss 5

Decide which algebraic method for solving rational inequalities you feel
is more efficient, and explain your reasons why.

Does the type of inequality (quadratic, rational, etc.) affect your choice
of which algebraic method to use?

Practice 6
1 Solve each inequality algebraically and check your solution graphically.
a o0 xx1 b 2659 yz-1
I-x x+
¢ **lo0 x24 d 8%<5 x22
x—4 x—2
e ¥l 4140, x20 £ X852 x25
X =D

:Problem solving

: 2 Determine the numbers that can be added to the numerator and
. denominator of the fraction % so that the resulting algebraic fraction 1s
always less than %

:3 Gretchen would like to improve her free throw average in basketball. She

. currently scores about 9 free throws in 20 trials. Determine how many more
consecutive free throws she would need to successfully make in order to
bring her average up to 70%.

A -



Summary
To solve a quadratic inequality graphically:

e Graph both sides of the inequality, or rearrange
into the form f(x) > 0 or f(x) < 0 and graph.

® Determine the points of intersection of both
functions, or find the zeros of the function.

Remember to check your solution algebraically:

e Choose a point in the region you think satisfies
the inequality, and test this point in the
inequality. If it satisfies the inequality, then the
x-values in this region satisfy the inequality.

To solve non-linear inequalities in two variables:
e Graph the region defined by the equality.

e Select a point that is not on the curve
and substitute the values into the original
inequality. If the inequality is true, shade the
region where the point is (e.g. inside the curve).
If the inequality is not true, shade the region
where the point is not (e.g. outside the curve).

Mixed practice

1 Solve each inequality graphically, giving exact
answers or accurate to 3 s.f.

a (x+2)2>1 b x2-3x-1=-11x+4
¢ 2x2+15<3x d 2x2-3x+1<3x2+1
e 2-354,x20 f 222 | x#5

x e

2 Shade the region representing the graph of each
inequality. Check you have shaded the correct

region using a test point.
a y>x?-4x+2 b y>-2x?+6x

¢ y<2x?2-8x-3 d y<log(x+1)

> el#-2) 2
e y=e +5 f ¥
3 Solve algebraically and confirm graphically.
a x2+5x-6<0 b x> -10x-24>0
c 2x+x2<35 d (x+3) <25
e 2x2-4x<Tx f 5x2-13x>-6
g E>0,x¢—5 h 3x_5>4,x¢1
x+35 x-1

ALGEBRA

VAT

To solve a quadratic inequality algebraically:

Rearrange the inequality so that either f(x) <0
or f(x)>0.

Factor the quadratic and find its zeros.

Place these two x-values on a number line,
dividing it into several intervals.

Select an x-value in one of the intervals and
substitute it into the original inequality. If the
inequality is true, then that interval is part of
the solution. If the inequality is false, then it
is not.

Repeat for all intervals.

To check your solution algebraically:

Choose a point in the region you think satisfies
the inequality, and test this point in the
inequality. If it satisfies the inequality, then the
x-values in this region satisfy the inequality.

A rectangular playing field with a perimeter
of 100 m is to have an area of no more than
500 m?. Determine the maximum possible
length of the playing field.

A tourist agency’s profits P (in dollars)

can be modelled by the function
P(x)=-25x?+1000x —3000, where x is the
number of tourists. Determine how many
tourists are needed for the agency’s profit to be
at least $5000.

gProblem solving

6 Orange juice is to be sold in 2-liter cylindrical

cans. To keep costs down, the surface area of
a can must be less than 1000 cm?. Determine
possible values for the radius and height of the
cans, accurate to 1 d.p.

A packing company designs boxes with a volume
of at least 600 cubic inches. Squares are cut from
the corners of a 20 inch by 25 inch rectangle of
cardboard, and the flaps are folded up to make an
open box. Determine the size of the squares that
should be cut from the cardboard, accurate to 3 s.f.
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Review in context

1 A small satellite dish has a parabolic cross-section.
Its diameter is 30 cm and it is 15 cm deep.

2 A parabolic microphone uses a parabolic
reflector to collect and then focus sound waves
onto a receiver. Its cross-section has a maximum
width of 50 cm and a maximum depth of 20 cm.

ATL

a Sketch the parabola on the coordinate axes.

b When designing the satellite dish, engineers
decide where to place a receiver so that it
receives a maximum number of signals.

a Draw a graph to represent this information.

b The microphone needs to be placed in the

Determine the inequality that represents
the region inside the cross section, which
is where the signals are likely to be the
strongest. State its domain.

interior of the parabola’s cross-section.
Determine the mathematical model
(inequality) that describes this region and
state its domain.

¢ On your graph from a, shade the regionin b,
and check your solution.

Reflect and discuss

How have you explored the statement of inquiry? Give specific examples.

Statement of Inquiry:

Modelling with equivalent forms of representation can improve decision making. J

A -




Branching out

Global context: Identities and relationships

Objectives Inquiry questions

e Drawing tree diagrams to represent conditional o e What is conditional probability?
probabilities e How can you represent conditional

e (Calculating conditional probabilities from tree probability on a tree diagram?

diagrams, Venn diagrams and two-way tables e In which ways can conditional
® Determining whether two events are independent e

probability be represented?
0 e What affects the decisions we make?

ATL Communication

il L " .t.}

J ‘ Statement of Inquiry: | ‘

Understanding health and making healthier chcuces
result from using logical representahons and systems.
i
| ¥

299

LOGIC



You should already know how to:

e draw tree diagrams

1 Caesar’s new playlist contains ten songs from

the 1980s and eight songs from the 1990s.
He selects two songs at random, without
choosing the same song twice.

a Draw a tree diagram to represent this
situation.

b Find the probability that the two songs are
both from the 1980s.

® use the addition and
multiplication rules

You have a standard deck of 52 playing cards.

a You take one card. What is the probability
that you take either a red card or a face
card?

b You take one card, replace it, and then take
another. What is the probability that you
take a 5 followed by a face card?

¢ Youtake one card and then take another,
without replacement. What is the
probability that you take a 5 followed by a
face card?

e calculate probabilities
of mutually exclusive
events

A box contains 12 soft-center chocolates and
15 hard-center chocolates. One chocolate is
picked at random from the box.

Let A be the event’pick a hard center’ and let
B be the event ‘pick a soft center..

a Find P(A).
b Find P(A UB).

e use Venn diagrams and
set notation

There are 33 students taking Art and

28 students taking Biology. There are

7 students taking both subjects. Represent
this with a Venn diagram.

Make a copy of the Venn diagram below for
each part of this question.

Rt g i P
/ -/\.\

Shade the part of the Venn diagram that
represents:

asB b B ¢ AnB
d AUB’ e (ANnB)

B -




Conditional probability
e What is conditional probability?

STATISTICS AND PROBABILITY

o How can you represent conditional probability on a tree diagram?

Exploration 1

The probability that it will rain tomorrow is 0.25. If it rains tomorrow,
the probability that Amanda plays tennis is 0.1. If it doesn’t rain tomorrow,

the probability that she plays tennis is 0.9.

Let 4 be the event ‘rains tomorrow’ and B be the event ‘plays tennis’.

1 Copy and complete this tree diagram for the events 4 and B.

01 B PANB)
A <
925 B PANB)
0 B PWNB
A <
B PANB)

2 State whether 4 and B are independent events.
3 Find the probability that:

a Amanda plays tennis tomorrow, given that it is raining
b Amanda does not play tennis tomorrow, given that it is raining
¢ Amanda plays tennis tomorrow, given that it is not raining

d Amanda does not play tennis tomorrow, given that it is not raining.

If the outcome

of an event in one
experiment does not
affect the probability
of the outcomes

of the event in the
second experiment,
then the events are
independent.

In step 3 of Exploration 1 you should have found that the probability of
Amanda playing tennis is conditional on whether or not it is raining.

In mathematical notation, P(B| A) is ‘the probability of B occurring given
that the condition 4 has occurred’, or ‘the probability of B given A’.

Labelling the conditional probabilities on the tree diagram looks like this:

P(Bl4) B
A =
e
Bl eI~ o
>
o
‘\ ' _B
DT~ P(B|A )~
Ty Af <
PE 14T~

P(A N B)

P(AAN B

P(A' N B)

P(A' N B')

E15.1 Branching out n




Multiplying along the branches for 4 and B gives: P(4 N B) =P (4) x P(B| 4).
; ) _P(AN B)
This rearranges to: P(B|4)=

P(4)

The conditional probability axiom:

P(BIA)ZP{AmB)

P(4)

You can use this formula to calculate conditional probabilities.
From MYP Mathematics Standard, recall:

Theorem 1 The addition rule is:
For any events 4 and B, P(4U B)=P(A)+ P(B)-P(An B).

Theorem 2 The multiplication rule is:
For independent events 4 and B, P(An B)=P(4)x P(B).

You can use Theorem 2 as a test for independent events.
If 4 and B are independent events, then P(4 N B)=P(A4)xP(B).

A and B are independent events if the outcome of one does not affect the
outcome of the other. Writing this using probability notation gives another
theorem in the probability axiomatic system.

Theorem 3

If 4 and B are independent events then P(B|A4) = P(B|A") = P(B).

Example 1

The probability that a particular train is late is i-. If the train is late, the
probability that Minnie misses her dentist appointment is % If the train is
not late, the probability that she misses her dentist appointment is %

Let A be the probability that the train is late and let B be the probability
that Minnie misses her dentist appointment.

Draw a tree diagram to represent this situation.

Find P(4 N B).

Find P(B).

Show that the train being late and Minnie missing her dentist

appointment are not independent events using i Theorem 2 and
ii Theorem 3.

a n T o

P Continued on next page
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STATISTICS AND PROBABILITY

a 2 B P@ANB)
=
1 = .
o /’ \
L 2> p
/"/ 5 B (missing the appointment) is
— . , conditional on A (train being late).
\3\\\ : B P@ANB)
E — Af/
T
5 B
1 3 3
= o P dB)=P B).
b P(4nB) S (Aand B)=P(ANB)
¢ P(UNB)= 3 P(4’ N B) = 2L B occurs either by P(An B) or P(A" " B).
1 -
A T 5 A = These twao events are mutually exclusive,
3 3 6 L
s so add the probabilities.
B{h) = 2020 20 P
d i P(4)xP(B)= ix% Use Theorem 2.
=
80
53
80 20
So P(4A)xP(B)+#P(4An B) and events 4 and B are not independent.
. 3
dii P(B|4)= = Use Theorem 3.
P(B|A) = %
_5
P(B) = 20
P(B|A)# P(B|A") # P(B) and therefore events 4 and B are not
independent.

In Example 1 the probability of B differs depending on whether or not A has
happened. So the outcome of 4 affects the outcome of B and thus the events
A and B are not independent.

Reflect and discuss 1

e Describe another type of problem in probability where events are not
independent. Explain how you know they are not independent.

e How is the tree diagram for the probability problem you thought of
different from the one in Example 17

E15.1 Branching out ﬂ




Practice 1

For questions 1-4, draw a tree diagram and determine whether or not events
A and B are independent by using either Theorem 2 or Theorem 3.

1 One coin 1s flipped and two dice are thrown. Let 4 be the event ‘coin lands
tails side up’ and let B be the event ‘throwing two sixes’.

2 Jar X contains 3 brown shoelaces and 2 black shoelaces, Jar Y contains
5 brown shoelaces and 4 black shoelaces. Norina takes a shoelace from Jar X
and a shoelace from Jar Y. Let 4 be the event ‘taking a brown shoelace from
Jar X’ and let B be the event ‘taking a brown shoelace from jar Y.

3 There are 10 doughnuts in a bag: 5 toasted coconut and 5 Boston creme. - ‘\
Floris takes one doughnut and eats it, then he takes a second doughnut. R
Let A be the event ‘the first doughnut is toasted coconut’ and let B be the As you ramble on through
event ‘the second doughnut is toasted coconut’. is, roy end)

Whatever be your goal,

4 The probability that Mickey plays an online room escape game given thatit | Keepyoureye upon the

. . S doughnut

0, 0, r
is Saturday is 60%. On any other day of the week, the probability is 50%. £ oonihenle
Let B be the event ‘playing a room escape game’ and let 4 be the event ‘the — The madified Optimist’s

day is Saturday’. Creed

In questions 5-8, determine whether or not the two events are independent.
Justify your answer.

5 There are 10 students in your class: 6 girls and 4 boys. Your teacher selects
two students at random after putting everyone’s name in a hat. When
the first person’s name is selected, it is not put back in the hat. Let 4 be
the event that the first person selected is a girl. Let B be the event that the
second person selected is a girl.

6 Tokens numbered 1 to 12 are placed in a box and two are drawn at random.
After the first token is drawn, it is not put back in the box, and a second
token is selected. Let 4 be the event that the first token drawn 1s number 4.
Let B be the event that the second number selected is an even number,

7 According to statistics, 60% of boys eat a healthy breakfast. If a boy eats
a healthy breakfast, the likelihood that he will exercise that day is 90%.
If he doesn’t eat a healthy breakfast, the likelihood that he exercises falls
to 65%. Let A be the event ‘a boy eats a healthy breakfast’. Let B be the
event ‘exercises’.
:Problem solving

-8 Blood is classified in a variety of ways. It may or may not contain
:  Bantibodies.

Its rhesus status can be positive (Rh+) or negative (Rh-).

The likelihood of someone having B antibodies is 85%.

The likelihood of being Rh+ is 80%.

The likelihood of being B+ (having B antibodies and being Rh+) is 68%.
Let X be the event ‘having B antibodies’. Let ¥ be the event ‘being Rh+'.

AR -




STATISTICS AND PROBABILITY

G Representing conditional probabilities

¢ In which ways can conditional probability be represented?
The Venn diagram represents two events, 4 and B. Find the probability P(B| A4).

In this scenario, it is taken that 4 has already occurred.
The sample space is reduced to the elements of A. ya B
This is represented in the Venn diagram at the right
by the shading on event A.

The region of B that is also in 4, or AN B, ————— T
represents ‘B given A’. Here, the darker shading A g x B
represents this region. s

P(B|4) = number of elementsin AN B _ n(AnB) _3
number of elements in A n(A) 7

In a Venn diagram you can calculate conditional probability by reducing the
sample space to the given condition.

Example 2

In a group of 30 girls, 12 girls like milk chocolate, 15 like dark
chocolate, 6 do not like chocolate. One girl is selected at random.

a Draw a Venn diagram to find the probability the girl likes chocolate.

b Given that she likes chocolate, find the probability she likes milk
chocolate.

¢ Find the probability that she likes dark chocolate, given that she likes
milk chocolate.

d Test whether liking milk and dark chocolate are independent events by
using i Theorem 2, and ii Theorem 3.

Let x be girls who like both milk and dark chocolate.

P(AU B)=P(4)+P(B)-P(4 B) Draw a Venn diagram.

Use Theorem 1 to find (A B).

24=12+15-x
24=27—x
=1

=0 / -

D is the event ‘likes dark chocolate’.
M is the event ‘likes milk chocolate’.

P Continued on next page
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a P (likes chocolate) = %

" Reduce the sample space to only the
b P (M]likes chocolate) = =5 given condition (likes chocolate). Ignore

the 6 people who do not like chocolate.

M/ -;P\ D

/ / \‘. \'.

([ 9 (3)12 )

"'\_ \ / ;’;

\\ o Y B > 6

c P(DIM)= % Reduce the sample space to M.

M 3 : n:\ \\ D

( o9 (3)12 |
.. s

d i Mand D are independent events if and only if:

Using Theorem 2.
P(M)xP(D)=P(M n D)
=2 =5 =
P(M)=, P(D)=32, P(M N D)=
P(M)xP(D)#P(M n D), therefore they are not independent events.
ii M and D are independent events if and only if: Using Theorem 3.

P(D|M)=P(D|M’)=P(D)
_3 No12 ppy1S
P(DIM)= =, P(DIM) =32, P(D)=5
P(D|M)# P(D| M) # P(D), therefore they are not independent events.

"\ Practice 2

JFT TR OWNE

/ F \

1 From the Venn diagram at the right, find: | sl
a P(B|4) b P(4|B) e koo

2 On afield trip, 50 students choose to do
kayaking, caving, neither activity, or both.

32 students chose kayaking, 26 students chose
caving, and 4 students chose neither activity.

a Represent this information on a Venn diagram.
b Find the probability that a student picked at random:
i chose kayaking

ii chose caving, given that they chose kayaking

iii chose caving

iv chose kayaking, given that they chose caving.

R -




STATISTICS AND PROBABILITY

3 In agroup of 30 students, 12 students study Art, 15 study Drama,
and 8 study neither subject.

a Represent this information on a Venn diagram.

b Find the probability that a student picked at random:
i studies Art
ii studies Drama, given that the student studies Art
iii studies either Drama or Art

iv studies both Drama and Art, given the student studies either
Drama or Art.

4 A group of 25 students are in a show. Of these, 10 of the students sing,
6 sing and dance, 5 students do not sing or dance. A student is selected
at random. Determine the probability that, in the show, the student:

a does not sing
b does not dance

¢ sings, given that the student does not dance.

:Problem solving

5 The Venn diagram shows 35 students’ homework subjects. At ) Biology (B)
a Find the probability that a student selected at random had:

i Arthomework

ii Biology homework AVA
7

iii Chemistry homework. .

b Find: Chemistry (C)
i P(4]B) i P(B|C) iii P(C|4)

¢ Determine the probability that a student picked at random had
homework in all three subjects, given that the student had homework.

Exploration 2

In the first semi-final of a European Cup tournament, Italy play Spain.
42 students were asked to predict the winner.

e 10 males predicted Italy
e 6 males predicted Spain
e 15 females predicted Italy
e 11 females predicted Spain
1 Represent this information in a two-way table.

2 A student was selected at random. Find the probability that this student
was male.

P Continued on next page

E15.1 Branching out n



By altering the sample space as you did in the Venn diagrams, find the
probability the student predicted Italy, given that the student was male.

4 Find the probability that the student was female given that the student

predicted Spain.

5 Find:
a P(M) b P(F) ¢ P(5) —_——
d P() e P(F|S) f P(S|F) F= Female
g P(M|S) h P(S|M) i P(F|]) Tt
i PUIF) k P(M|1I) 1 P(I| M) 5= grain

6 In the other semi-final, England play Germany. The two-way table
shows how 42 students predicted the winner.

England (E) | Germany (G) Total

Male (M) 6 8 14
Female (F) 12 16 28
Total 18 24 42

a Find the probability that a student selected at random is male,
b Find: i P(M|E) ii P(M|G)

Reflect and discuss 2

Compare the probabilities for the two semi-finals in Exploration 2. Hence
make a statement about which events, if any, are dependent and which are
independent.

Practice 3

1 There are 28 participants in a golf competition. Of these, 5 are professional
male players and 12 are professional female players. There are a total of
18 females playing.

a Use this information to complete the two-way table.

Male (M) Female (F) Total

Professional (P)

Amateur(A)

Total

b Use the table to calculate the following probabilities:
i P(M|P) ii P(M|A) iii P(M)

¢ Hence, using a theorem, determine whether being male and being a
professional are independent events.

& -




STATISTICS AND PROBABILITY | ;
2 100 students were asked whether they were left- or right-handed,
and whether or not they were on the school soccer team.

Use the results below to complete a two-way table and decide whether or
not the events are independent.

e P(left-handed) = %

e P (left-handed and not on the soccer team) = %
e P (right-handed and not on the soccer team) = %

:Problem solving

3 From the table, determine if being a science teacher is independent
of gender (male or female) in the school where this data came from.
Justify your answer.

Science teacher Other teacher
Male 8 25
Female 16 50

(®) Making decisions with probability

e What affects the decisions we make?

Objective D: Communication
iii. move between different forms of mathematical representation

You will need use the table and also a tree diagram in order to solve the problem in
Exploration 3.

Exploration 3

A new test can quickly detect kidney disease. Dr Julia Statham performs
the test on 140 patients. She knows that 65 of them have kidney disease
and 75 of them do not.

A positive test result indicates kidney disease.
A negative test result indicates no kidney disease.

Here are Dr Statham'’s results:

Positive test result | Negative testresult | Total

Has kidney disease 30 35 65
Does not have

kidney disease L £ il
Total 45 95 140

P Continued on next page
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Let T be the event ‘patient test result is positive’.
Let D be the event ‘patient has kidney disease’.
1 A patient is selected at random. Calculate:
a P(T) b P(7) ¢ P(D) d P(D)

The test is successful if it gives a positive result for people with
kidney disease and a negative result for people who do not have
kidney disease. Dr Statham will use the test if it is 90% accurate.

2 Use the information in the table and your knowledge of
conditional probability to decide whether or not the doctor
should use the test.

3 Construct a tree diagram that represents the same information as
the table.

4 Use the information in your tree diagram to confirm whether
or not the doctor should use the test.

5 For this problem, which representation do you prefer: the table
or the tree diagram? Explain.

Practice 4

1 After having an operation for an eye condition, a patient lost his sight
and claimed that this was caused by the operation. The table shows the
hospital’s data on treatment for this eye condition.

Lost sight | Did notlose sight

Patient had the eye operation 25 225

Patient did not have the eye operation 75 675

a Using the information in the table, determine whether the patient’s claim
is valid. Justify your answer.

b Represent this information in a tree diagram and use it to determine if the
patient’s claim is justified.

¢ Determine which representation (the table or the tree diagram) best
illustrates the validity of the patient’s claim. Give evidence for your decision.

2 The Venn diagram represents 65 members of a sports club.
T'is the event ‘plays tennis’ and G is the event ‘plays golf’.

55 If you are using a

30 (10 15 - tree diagram, put T
k. " and 7’ on the first

pair of branches.

a Represent this information in a two-way table.

b Use all three representations to determine if playing tennis and playing
golf are independent events.

¢ Explain, with reasons, which representation was the easiest to work with.

&




:Problem solving
3 The tree diagram shows information about 100 students at a university.

L is the event ‘studies Law’ and E is the event ‘studies Economics’.

0.8 -
£ S

04— s
o 02, p
= -

06 04 -

s - :/
0.6~

a Use the tree diagram to help you find the following probabilities.
i P(E) ii P(L|E) iii P(L|E") iv P(ENnL)
v P(ENL) vi P(E'nL) vii P(E'n L") viii P(L)

b Determine whether studying Law or studying Economics are
independent events.

Reflect and discuss 3
® (Can you use any probability diagram to represent any situation?

® How do you decide which diagram is most useful for a given situation?

Practice 5

1 The cafeteria sells apples and waffles at morning break. There were
51 students in the cafeteria one morning. Of these, 33 students had apples (4),
18 had waffles (1), and 10 students had neither.

a From the information, and using Theorem 1, draw a Venn diagram.
b Hence, calculate:
i P(4) ii P(W) i P(4|W) iv P(W|A4) v P(W|4)
¢ Make a two-way table to represent the information.
d Verify that the results are the same for each form of representation.

e Using Theorem 2 and Theorem 3, test whether having waffles and having
apples are independent events.

In questions 2—4, use the most appropriate representation to solve the problem,

2 70 students who worked in the holidays, 30 of whom are boys, were
surveyed about their work. 12 boys and 28 girls worked full-time.
The rest worked part-time.

a Given that a student worked part-time, what is the probability she is female?

b What is the probability that a person chosen at random is male and
worked full-time?

¢ Usinga theorem as a justification, determine whether ‘being male’ and

‘working part-time’ are independent events.
E15.1 Branching out A



3 The probability of Gregoire arriving at school on time is 60% if there is fog,
and 95% if it is clear. The probability of fog is 20%.

a Calculate the probability of Gregoire arriving at school on time.
b Calculate the probability that it is clear, given that Gregoire arrives late.

¢ Determine whether the events ‘getting to school on time’ and ‘a clear
morning’ are independent. Justify your answer.

4 QOut of 150 students, 30 are left-handed (L) and 80 are male (M ).
There are 14 left-handed students who are female (F).

a Find P(F|L).
b Find P(L|F).

¢ Determine whether the events ‘being male’ and ‘being left-handed’ are
independent. Justify your answer.

Summary
In mathematical notation, P (B| 4) is ‘the If A and B are independent events, then
probability of B occurring given that the P(An B)=P (4)xP(B),
c?r;drgon i,has geaizid, or e probablity A and B are independent events if the outcome of
o Zgtven 4. one does not affect the outcome of the other.
The conditional probability axiom: N
_P(ANB) .
P(B|4) _Tg) If A and B are independent events then:

P(B|A)=P(B|A") =P(B)
You can use this formula to calculate conditional
probabilities,

You can use Theorem 2 (the multiplication rule)
as a test for independent events.

Mixed practice

1 A lab has 100 blood samples that need to be 2 From the Venn diagram below, find:
tested. Of these, 45 are type O, 40 are type A

and 15 are type B. Two samples are to be drawn u P) b B(4r5)
at random to check for contamination. ¢ P(4]B) d P(B|4)
a Draw a tree diagram to represent this. e P(B) f P(4]1B)
b Find the probability that the first two samples g P(B|4)
have the same blood group. -
¢ Find the probability that the second sample is Ay ’ B
type A, given that the first one was type B. | - . ” \ 0 I"'I

d Find the probability that the second sample is y,
not type O, given that the first one was. S e

&




STATISTICS AND PROBABILITY | ;

3 The probability that it will be sunny tomorrow
is %. If it is sunny, the probability that the

6 In anetball match there are 14 players on the
court: 8 have brown hair and 6 have blue eyes.
There are 4 students who have neither brown
hair nor blue eyes. Let H be the event ‘has

cafeteria will sell ice creams is % If it is not
brown hair’ and B be the event ‘has blue eyes’.

sunny, the probability that the cafeteria will sell

ice creams is L. a Draw a Venn diagram to represent this.
3

b Determine these probabilities using correct

a Represent this information in a tree diagram.
mathematical notation:

b Find the probability that it will be sunny and

the cafeteria will sell ice creams. i P(H) ii P(B)
¢ Determine if the sun shining and the selling iii P(HuB) iv P(HnB)
of ice creams are independent events. v P(H) vi P(B)
4 Sis the’ e'vent‘ ‘Tim is wearing shorts’ and R is the vii P(HU B) viii P(HAB)
event ‘it is raining’.
ix P(HuUB)

It is known that P(R) =0.5, P(S|R) = 0.2, and
P(S|R)=0.8. ¢ Hence state all the conditional probabilities,

o ) using the correct mathematical notation.
a Represent this situation in a tree diagram.

7 A survey was carried out regarding the school

b Use both Theorem 2 and Theorem 3 to verify dress code. The two-way table shows the results:

that events S and T are not independent.

Sahar is trying to determine if being tall (here Should Should not | Total
defined as being 180 cm or more) is somehow havedress [ have dress
related to liking basketball. She surveyed code code
70 students, 30 of which were over 180 cm. :

) Middle
48 students surveyed like basketball, 29 of hsa) 30 45
which were under 180 cm.
a Draw a two-way table to represent this. High 40

school

& Rlegt. Bl Total 55 110

¢ Find P(not tall | likes basketball).

d Are the events ‘being tall’ and ‘liking
basketball’ independent? Justify your b
answer.

a Copy and complete the table.

Use Theorems 2 and 3 to determine whether
type of school and wanting a dress code are
independent events.

Review in context

1 The table shows the occurrence of diabetes in a From the table find:
200 people. i P(D) i P(N)
Diabetes No diabetes iii P(D|N) iv P(D|N")
Not overweight 10 90 b Determine whether having diabetes and not
Overweight 35 65 being overweight are independent events.

Let Dbe the event ‘has diabetes’.

Let Nbe the event ‘not overweight’.

E15.1 Branching out A



2 The probability that a randomly selected person
has a bone disorder is 0.01. The probability that
a test for this condition is positive is 0.98 if the
condition is there, and 0.05 if the condition is
not there (a false positive).

Let B be the event ‘has the bone disorder’ and T
be the event ‘test is positive’.

a Draw a tree diagram to represent these
probabilities.

b Calculate the probability of success for the
test. Note the test is successful if it tests
positive for people with the disorder and
negative for people without the disorder.

3 Michele is making drinks to sell at the school
play. She makes a ‘Super green smoothie’
with baby spinach, cucumber, apple, kiwi and
grapes with a calorific content of 140 kcals, and
a ‘Triple chocolate milkshake’ with chocolate
milk, chocolate syrup and chocolate ice-cream
with a calorific content of 370 kcal per cup.

She records the number of MYP and DP
students buying each product. MYP students
purchase 26 super green smoothies and 48 triple
chocolate milk shakes. DP students purchase

13 super green smoothies and 24 triple chocolate
milk shakes.

Determine, using both theorem 2 and theorem 3,
whether the age of the student (MYP vs DP) is
independent to their choice of drink. Use a
two-way table to answer this question,

Reflect and discuss

How have you explored the statement of inquiry?
Give specific examples.

Statement of Inquiry:

Understanding health and making healthier choices
result from using logical representations and systems.

L

4 A survey of 200000 people looked at the

relationship between cigarette smoking and
cancer. Of the 125000 non-smokers in the
survey, 981 had cancer at some point in their
lifetime. Of the smokers in the survey, there
were 1763 people who battled cancer.

a Find the probability that an individual
selected from the study who battled cancer
was a smoker.

b Find the probability that someone who had
cancer never smoked.

¢ Let Bbe the event ‘having cancer’ and 4 be
the event ‘being a smoker’ (includes being
a former smoker). Demonstrate whether
or not these two events are independent.
Justify your answer mathematically.

d Does your answer in € encourage or discourage
people from choosing to smoke? Explain.

The following information was extracted from a
skin cancer website.

Statement 1: About 69% of skin cancers are
associated with exposure to indoor tanning
machines.

Statement 2: In the United States, 3.3 million
people a year are treated for skin cancer out of
a total population of 330 million.

Statement 3: 10 million US adults use indoor
tanning machines.

Let 4 be the event ‘developing skin cancer’.
Let B be the event ‘exposure to indoor tanning’.

a Write down statements 1, 2 and 3 in
probability notation,

b Determine whether developing skin
cancer and exposure to indoor tanning are
independent events.



Answers
E1.1
You should already know how to:
1all204 b 2996
¢ 1161 d 999538
2 a Fifty b Five hundred thousand
¢ Five d Five tenths
Practice 1
1a23 b 25 c 109
2a 191 b 226 c 107
d 92 e 52 £ 70

3 10113=31,0, 100011, = 35,0, 10104=68;0, 11115= 1569

4 a Every digit has moved one place to the right, and the final
zero has been lost. 5o the number has halved.
b 107,y

Practice 2

1a 1111100111,
¢ 33213,

b 11010004
d 12444

b 472¢=22245
b 431g=281,,= 100011001,

¢ 2144=282,5= 1010010, d 1011,=11;5=154
e 1101115, =55,3=67g f 1102134=1319;9= 17259
g 88683=6542,,=22222022; h 101101,=45,3=231,

4 a Donatello used the largest base, because his number was

the smallest when written out.

bocbad
¢ bis at least 7, because the number contains a 6.
da=8b=7 c=6andd=9

Practice 3

Practice 5

1a 41124 b 1143335 ¢ 3400305

2| x 1 2 3 4 5 10
1 1 2 3 4 5 10
2 2 4 10 | 12 | 14 | 20
3 3 10 | 13| 2 | 23| 30
4 4 12 | 20 | 24 | 32 | 40
5 5 14 | 23 | 32 | a1 | 50
10 | 10 | 20 | 30 | 40 | 50 | 100

a 4533, b 112024,

3 12155 =299 = 1319 23,0 = 214X 35

Mixed practice

1al3 b 54 €69
d 52 e 135 f 2387
g 14559 h 2418 i 20136
2a 1100100, b 102013 ¢ 1210, d 11111111,
e 1101100;  f 2301225 g 1A7;, h 320,
i B89, j 17414, k 419, 1 3BEE,4
3 a 42°48 b 90°9 B
d 2525° e 62.5083° f 58205°
42 10110, b 1001010, ¢ 100011115 d 100003
e 222114 f 20010, g 1011323, h 1081,
i 2193, j 1IBAS;,  k 11A4
| IEADB 4
5a 10110, b 11110, c 1111,
d 2101, e 2120, f 34535,
g 34535, h 29B1,, i 3FFE;¢
6a 11:20 b 13:15 ¢ 14:25
d 09:26 e 03:55
7 a 1100, b 100001, ¢ 1000001,
d 1211214 e 432 f 4244,
8a3lg

¢ BAA,,= 1714,

¢ 47806,y = BABE

d G0, =320,

d 48879, = BEEF ¢

3 a The possible codes run from 004 to FF g, or 05 to 255,

so there are 256 codes.

b 1610= 1099511627 766 (Roughly 1.1 trillion)

Practice 4

1 a 445 b 3604 ¢ 20034
2 a 222 b 144, ¢ 425,
3 a 137 b 1554, ¢ 8670y
4a 11717, b BA99,,

5 Since 216g + 165g = 403, 2164 — 1655 =314

bl6gdg dg 1g 1g.
€ 2313, =183,
Because the weight system is equivalent to counting in base 4.
d 331213, +231232,=1223111,
lg dg 16g,3x64g 2x256¢g 2% 1024g, 1 x 4096 g
e 1330, x 12, =23220,
2x4g 2x16g 3x64g, 2x256¢

9 a It might be thought a good idea so that the dollar was worth
five times the largest coin, but redefining the relationship
between the cent and the dollar could be highly confusing.

b 540,,= 41305
Hence eight notes.
€ 732, = 104124
246, = 14415
104125 — 14415 = 34215
So ten notes.
d Tt would require a lot of notes to pay amounts that were
close to the next bill, such as $990.

Answers




Review in context

1a23,5,711
b 13,17, 19,23, 29, 31, 37, 41, 43, 47
¢ 10, 11,101, 111, 1011, 1101, 10001, 10011, 10111,
11101, 11111, 100101, 101001, 101011, 101111

2 “|" represents 1; no number starts with a leading zero.
a 1,4, 9, 16, 25; the square numbers;

b=|—-|——49=||— [, 64=|
b 1,1,2,3, 4,8, 13, 21; the Fibonacci numbers;
M=|——|—5=[1—I,89=|—||——]
c 1,3,9, 27, 81; the powers of 3; 243 =| | | | —— |,
29 =|—||—||—|, 2187 = | ——— | ———[—|
3 a 16487.5... hours
b 659.5... days

¢ 1010010100 days
d Jupiter: 10100010011 111
Saturn: 101 101110110010
Uranus: 1010100101011000
Neptune: 10110000010 111010
e A day on Venus is longer than its year, so the number of
days per year is less than 1.

E2.1

You should already know how to:

2 a Domain and Range are both I
b Domainis x> 0, Range is y= 0.
¢ Domain is x # 0; Range is y # 0.
d Domain is x# 2; Range is y # 0.
e Domain is —2 < x <2; Range is y = 0.

3afd)= 6x—3

Practice 1

b f(-1)=- < f(3x)=

1 Domain of s is B, domain of kis E;
(h+ k)a) = 2a° — a— 2; domain of h+ kis R.

2 Domain of #is R, domain of kis E;
(g— h)(x)=—x> + 5x2 — x+ 5; domain of (g— &) is .

3 Domain of 4 is B; domain of k is xz—%;
(k+k(x)=2x27x+M'dominof(}z+k)isx2—§
& (E— X0 =~Z =3¢ —2¢+5; domain of (k— C)].SC<§

5 {g+h—k)(x):6x—8+——\fx+4;domain isx=—4 x#0;
(k—h—g)x)= \lfx+4———6x+8 domainis x> 4, x#0.
2x

6 a Domain of fis x# (; domain of gis x # 2.
b Domainof f+gisx#0, x# 2.

7 Students’ own answers

Answers

Practice 2

Domain of foh is {2, 5, 7}; range of foh is {3, 4,6}.

Domain of go fis {b, ¢, d}; range of go fis {x, y, z}.

3 a45,8, 125
b Domain is {6, 8, 10}; range is {4.5, 8, 12.5}.

0 3 > -2
1 5 > 0
3 9 4
5 13 8
b Rangeof go f is —2, 0,4, 8}.
509
Practice 3
1al2 b 7 c 18 d 2.25
el f -36 g6 h 11
i 3x2+6 j x4+l k x+2 | x2+2x+3
2ax2-5
b 2r+1)2-5+1=(de?+4x+1)-5=4x2+4x-14
3 a f(x) =x2, Domain is E, range is x= 0
L2
b feog(x) ( IJ yx#l
45
5a35 b2 c0 do
e 2 fo g 3.5

6 a xrepresents the amount of sales in the week; f(x) is the
commission paid, and g represents the commission she
earns 2% on.

b fog(x)

7 x=1,-3



Practice 4

1 a 15 cents; 45 cents
b 210g;265g
¢ 33 cents. An orange of radius 5.1 cm weights 250 g,
and costs 33 cents.

d f(g(x)

2a
Time t (seconds) 0 1 2 3 4

Radius r (cm) 0 25 5 75 10

b f() =25t
¢ g()=mr?
d A=g(f(0) =m?=n(2.502 =6.25m2
3av()=10¢
v

b v=)’rr2h,h=—2
Ty

c hov(t)= %
nr
The height of the water in the cylinder as a function of
time r.
d r=57=15.8 seconds
4 ar=2r
b Area as a function of the radius as a function of time.
€ 45289 ecm?

5 a i Fuel costis a function of vehicle velocity.
ii  Volume ofa tank is a function of time.
iii Volume ofa circle is a function of time.
iv Size of each angle of a regular polygon is a function
of the number of sides of a polygon.
v Interest earned is a function of time.
b Students’ own answers

Practice 5

1 f(x)=x3% g(x)=2¢—1
2 f(x)=2x—1;g(x)=x2>
3 f(x)=+x;g(x)=6x-5
4 f(x)=6x-5; g(x)=x
5 f(x)=x g(x)=2x-1
6 f(x)=2%; g(x)=3x-2

Mixed practice

1a(f+gx)=x2-9x+2 b (g- Nx)=x2+x-2

oA 2o [T
¢ (f+;;)(x)=M d (g_;,)(x)zw
¥2-2x-8
e (h+k)(x)=— x#0
dx
—x24+2x-8
f(b—h)x)=— " x20
4x
5l s
g (f_'_k)(x):M; x;&ﬂ

2 & Domain of fis R; domain of g is #2 %;

fog(x)=+2x—-1+1,domainof fogis x> %;
. : 1
go f(x)=+2x+1, domain :JfguflstE.

b Domain of fis ; domain of gisx= 1; feg(x)=x-1;
domain of fogis R; go f(x)=+/x2 —1; domain of g » fis

xzlorxs-1.
¢ Domain of fis B; domain of gis B; fo g(x)= 9x2 —15x+6;
g0 f(x)=—3x2 —3x+ 2; Both domains are .
3a p(q(r))=4r2—15; domainis R. b g(r(r)):iz—él;ri[l
I

4 1
N)=—+1; t#0 d 1)) = e t2
< p(r(®) T r{q(r)) 7 P

4 a g(f(x) b i(g(x))

-2 —2bh-1
5a g(f(a)):z(“TjH b fle(-b)=—2
6 k=4

7 a f(g(x—1)=4(x-12-3=4x2 —8x+1
b g(f(-3x)) =2(-6x —3)?

8 g(f(3x2-1)=4(3x2-2)+3
8
9a7 b -2 € =
3
10 a B(T(£))=20(4s +2) —80(4s +2) + 500; Bacteria as
a function of the amount of time food is outside the

refrigerator.
b 3.8 hrs.
11 a s=1.5w b d=0.8s
¢ d=0.8(1.5w)=12w d $86.40
12ai f(x)=x-5 ii g(x)=0.75¢

i gof(x)=0.75(x—5) v fog(x)=0.75x—5
b From iii, the price is $33.75. From iv the price is $32.50.
The difference 1s $1.25.

13 For example:
a fx)=—x*+Tg(x)=x+1 b f(x)=Yr;g(x)=4-3x
3
d f(x)=";g(x)=x-4

4 f(x):—Sx—S;g(x):x2 s
x
e f(x)=10%g(x)=+x

Note: Other answers to Q13 are possible.

Review in context

1ar()=08+70
b Aor(r)= (0.8t +70)2

; ; 1
¢ 135.5 minutes or approximately ZZ hours

2a K(C{F)):g{F—32)+2?3
b 373, 273
40+ 3¢ +12
500
b 0.202 liters per km

4a f(x]=4r+6;g(x)=§+3

2
3a r(v(r]):{ —UAI] +0.2

2(f () = 4"2*6

b Set the above expression equal to the friend’s result and
mentally solve the equation.

+3=2x+3+3=2x+6

5 Students’ own answers

Answers




E2.2

You should already know how to:

1 a Not a function, since b € A does not have an image in B.
b Not a function, since ¢ € 4 has two images in B, p and ».
¢ Itis a function.

2 a Nota function, since 2 is mapped to 1 and 3.
b It is a function.

3 a Itisa function.
b It is not a function.

4a fog(x)=2x2+3
b gof(x)=4x2 +4x+2

Practice 1

1 a Neither
¢ Onto, not one-to-one
e Onto, not one-to-one
g Both

2 Students’ own functions

b Neither

d Neither

f Onto, not one-to-on
h One-to-one, not onto

Practice 2

1a (0= {(1,3), (1, -1),(1,-3),(1, 1)}; nota function
b g7!(x)={(4,2), (3,-5), (-3,-2), (1, 1), (4, -4, (-2, -1),
(-1, 3)}; is a function.
¢ i) = {0, 0), (4,-2), (-4, 1), (2, 2), (-3,-3), (4,-4),
(-1, 1)}; not a function.

2 a The inverse is also a function.
b The inverse is also a function.
¢ The inverse is also a function.
d The inverse is also a function.
e The inverse is also a function.
f The inverse is not a function.
b y=-—

; function

1- . 2(x—4
3a y=—x;fu.ncr_10n 2y =4
4 3

1 .
d y=——— x# -1, function
X

¢ y=-5-3x; function i
T

e y:l_sx;xiﬂ,function f y=+yx-1; not a function
g y=3x; function h y=x3—2; function

3+2 ;
i y:—x;xrl,ﬁmctmn

Practice 3

1a fl(x)= xrji The inverse is a function.
fand its inverse are symmetrical about the line y = x.
2 a f1(x)=2(7-x). The inverse is a function.
fand its inverse are symmetrical about the line y = x.
3a f"l{x)= +x+3
fand its inverse are symmetrical about the line y = x.
b Domain of fis x>0, f~!(x)= +x+3, x> -3 or domain of
fisx< [l,f’l(:()= —Jx+3;x2-3

4a y=tJl-x

fand its inverse are symmetrical about the line y = x.
b Domain of fis x= 0, f’l(x) =+/l—x; x=1, ordomain of
Ffisx<0, fl(x)=—T—x;x 21

Answers

1 . ; : 5 s
5a f’l(x)=—1; the inverse is a function with domain x # 1.
Pl

fand its inverse are symmetrical about the line y = x.
b Domainof fisx# 1.

6a y=+Jr+2
fand its inverse are symmetrical about the line y = x.
b Domain offisxzz,f_l(x)= 2+J;,x2 0, or domain of
Fisx<2, flx)=2-x,x20.
7a fl)=Jre5-1

fand its inverse are symmetrical about the line y = x.
b Domain of fis x=—1 for f_l(x) =+ x+5—-1; or domain of
fisx< -1 forf_l(x)=f\;‘x+5 =1
+2(x-3)+2
8 a y= #

fand its inverse are symmetrical about the line y = x.

b Domain offisx2 1 for f’l(x)=7‘2(x;3)+2,x2 3, or

domain of fis x < I,ﬁl(x)=;‘w,x23
9 Either f(x) =xforx2 0, or f(x)=xfor x<0.
For f(x)=x,x20, /" }(x)=x for f(x)=x, x<0, /Y(x) =x.

10 a 5= 0, since /(s) can never be less than (.

198—5
b hl(s)=
=335
The inverse is also a function.

c 203
Practice 4
1 Yes 2 No
3 Yes 4 No
5 Yes 6 Yes
7 Yes 8 No, f(g(x))=xand g( f(x))=lx|

Mixed practice

Tai Yes i R71={2,1),(32),4,3),(,4)} iii Yes
bi Yes ii §71= 10, =2), (1, 3), (1,-5), (7, 6), (0, 0)}
iii No
ci No iiT1= {(=1,0),(1, 3), (-1, 4, (6, -3), (-1, 3)}
ili No
2 a Neither b Both
¢ Both

3 a No. fis not into.
¢ No. fisnot into (nor onto)

b Yes. fis into and onto.
d No. fis not into.

4i a f_l(x)=8;—x

fand its inverse are symmetrical about the line y = x.
b function
4(x+1)

i a f-l(x)=T

fand its inverse are symmetrical about the line y = x.
b function

i a flix)=+Jd—x
fand its inverse are symmetrical about the line y = x.
b For domain f(x)20 f Nx)=Jd—x,x<4



x+2

3
fand its inverse are symmetrical about the line y = x.

b For domain f(x)> 0 f~!(x)= x;Z' 5.5

e (x)=2xx—1

fand its inverse are symmetrical about the line y = x.

iva flix)==%

b x :tl
2
5a f’l(r)=§; function
b f_l(x)=xi%2; function

3 1
=lrpy =2 il i
cf (x)—z(x+2), function

d g !(x) = 5x—3: function
e h_l(x)=\,‘x+3;x2—3ifthe domain of fis x= 0.
lix)=

(x)=—+/x+3,if the domain of fis x< 0.

f p_l(x)=L;x:&2
x—2

3x+2
x#l

9 (x)=

x-1
h s l)=x2-3x20
6 For each pair of functions fand g, f(g(x)) = g( f(x)) =x.
7 Length=39.5cm

8 a 412; After 24 months, a computer has depreciated from
$700 to $412.
b 54.2 months; it takes 54.2 months for a computer’s value
to depreciate from $700 to $50.

cd )= w; d~1(7) is the number of months for a

computer to depreciate to d (7).

d 16.7

e =-500, which means that after 100 months the computer
is worthless.

Review in context

1 Add 8 to 34, multiply this result by 2, divide then by 6,
subtract 5, to get the answer 9.
2(x+6)—12
AR e
2
b Choose a number, multiply by 2, add 12, divide the result
by 2, and then subtract 6. The result is the number.

2 a The result is the original number, since

3 f(x)= 24243 f_l(x) = %,x = 3; The puzzle would not
work for real numbers less than 3.

4 Students’ own answers

E3.1

You should already know how to:

1a+/53=7.283s.f) bs
2x=0,p=1
3 94.1°

Practice 1

G
e

()

=5
Gl

i EG=
6

¢ The components have the same size, but opposite sign.

¢i(s w3 vl

ei F i G iii D
2aCtod b EtoC cAtoD d Hto B
3a(59 b (1,8 c (0,3 d (14,-5)
—» (3 — T
4a m:( } b PQ:( ]
2 -3
&7 a0~
S (-4
=l
5 DC=
4

7 E.g (0, 0)and (=5, 3); (3, 1) and (=2, 4); (6, 11) and (1, 14)
Practice 2

1a25
2as
3 a 640
4a6
5 a 9.06

b s
b VIO
b 8.25
b 26

b 3.16

c 10
<245
c 4.47
c 25
c 13.3

d 5\2
d 13.2
d1

d 6.80

el3
e 8.94
e 10
e 20.8

f 281
125
f5

f 21.0

7 Any four from (8, 1), (8,-5),(9,0), (9, -4), (4, 1), (4,-5),

(3,0),(3,-9)
8 x=2,y=1 9 x=2

Practice 3

% B =]
* A=l =7
R 5 —» (-5
bAB:( 1] BA= 1]

<AF= 10 ~10
— g — (-0
d AB:( ] BA= ]
0 0
—» -9 —» (9
e AB= Bd=
) -;

Answers




3 (-15,-4)
4aa=0b=-1 ba=1,b=-2 ca=3b=3

Practice 4

—» (10.5
1a=-1 2 b=8 SOM=(55]

— — -
4 b |4Bj=+/17 and |CD|=2+/17. They are different lengths.

- —p
6 a AB=DC=10u+5v
7 ABCD or ABDE

Practice 5

1a 127° b 67° c 25° d 35°

3b 111°

4 37°

5m=4

6aab+(a+2)(2-b)=0,s0a-b=-2
b It is an equation in two unknowns.

Cca= _l' b= i
2 2
1
7 Any non-zero multiple Df(4]

2
8 a OC:(—F:] b 14.5°

9 -8
10 LHS=RHS =16

Practice 6

1a u+v b-—v-w ¢ -u+v+w

2ab-a bb-a cb-a db-2a e a+b

3ar=5q—-4p
4s5=3t-2u

5a b+§a
2

¢ A rectangle with sides in the ratio 2 : 3

{4

Mixed practice

a (0]

-3 9 3 -2
I lg B s %15 4115
4aa=0b=1 ba=2b=-3
ca=5b=-4 da=-2,b=4
5a /29 b5 c3Wal  d 57

Answers

(2]

eaf7) o) <(3)

7 a 87" b 84° c 97°

() wi ) () (s
e (6] () a5

5
(8] is the odd one out.

10a=-1ora=4
11 b=-3
—> —> >
13 a 4B is parallel to OC because OC =2A4B.
> > —»
b OB=0A+ AB=b+a=a+b
> > >
¢ AC= A0+ 0C=2a-b
d Since Xlies on OB, OX is parallel to OB,
—>
hence OX = kOB = ka +b).
e Since X lies on AC, AX is parallel to AC,
e —
hence AX =mAC.
—3 > —>»
S00X =0B + AX =b+m(2a —b)
f k(@a+b)=b+ m(2a—b)
1

m=—,k=£, soratiois 1:2
3 3

Review in context

2a76cm b 45cm ¢ 67 cm

d 95cm e 292 cm f 447 cm
3al15m?
-25
(o)

€ 250 + 600+ 650 = 1500 = 15 m
—» (36
4a AE= , 657 cm
55
bor=| 2 cF=[ ) cr=s10
Slom M Ly T TNER

v

B 1
¢ AC :{45], |AC| = 2169 =3+/241

—

24Y
CE =(2B]’ |CE| =+/676

AC s longer
d Perimeter 18.2 m, area 18.6 m?

—-» (=25
¢ SR= , hence not parallel to IQ. Not rectangular,

30
opposite sides not parallel.



3 % 18 E_VI' 22\ —» 47
a —22,50 —_22,WX— _47

_’- + _b . .
b UV is parallel to WX so UFWX is a trapezium.

— (=25} —» —» — —>
c VW= 25,?W-UV=D,VW-XW=D

—_— — —
d VW] =252, |UV| = 2242, | XW| = 472

Area=17.25 m?
e 45°

E4.1

You should already know how to:

1a39 b 80.5
2 a A population is the whole of all outcomes in question.
b A sample is any subset of the population.

Practice 1

1 a p=50=2.19. Mean is 5, but on average the spread of the

data is £2.19 on each side.

b p=16.54,6 =3.07.
This implies that the mean is 16.54, but on average the
spread of the data is +3.07 on each side.

¢ pu=15cm,6 =2.05cm.
This implies that the mean is 15 cm, but on average the
spread of the data is +2.05 ¢cm on each side.

d 1=408kg o =475kg.
This implies that the mean is 40.8 kg, but on average the
spread of the data is 4.75 kg on each side.

2 a y=254min,o =2.82 min.
b This implies that the mean length of journey is 25.4 min,
but on average the spread length of journey +2.82 mins.

3 a motorway: g =19.8 min, 6 =4.57 min
country lanes: g =20 min, 6= 1.41 min
b i the country lanes, because the two means are equal but
in the country lanes there is less deviation
ii the motorway, because the mean time is faster
iii the motorway, as it has a lower minimum value
iv the country roads, as the maximum is lower

4 n=8,0=432
5anu=1720=0.0618
6apu=70=245

b Student’s own answer

cu=11,0=2.45

d The mean is affected but the standard deviation is not.

e x=—7.50r20

y=350r9

b p=1.74, 6 =0.0906

Practice 2

1aupu=2940=127
b 1=1503,06=6.67
c u=1046,0=>534
2ai63kg ii 9.45kg
b 53.55 kg

3| XF| Bfx | Zfe—pw?2 | p o
10| 50| 20 5 V2
20 | 123 41.2 6.15 | 206
39 | 197 80.34 5.05 | /206
43 [ 223 | 10234 |5.186 |+/2.38
23| 115 | 3956 5 1.72

4 | Length (cm) [ mid-value (x) | £ | xf | x—p | fix—p?
0<x<5 25 3| 75 |-114| 389.88
5<x<10 7.5 4| 30 | -64 | 163.84
10<x<15 125 6| 75 | -14 11.76
15<x<20 175 7 |1225]| 36 90.72
20<x<25 22,5 511125| 86 369.8

The mean is 13.9 and the standard deviation is 6.41.

Practice 3

1 p=11kg, o =15, kg. Fully grown mute swans will on
average weigh between 9.5 and 12.5kg.

2 a Yx=27m, Yx?=48.628
b y=1811m, 0=0.067 m
¢ There is not a dramatic change in the mean, however the
standard deviation has changed.
68% of the team should lie within 6.7 cm of the mean.

3 You would expect the rainfall to be within the range of
1109-1420 mm, so:
a 1100 mm is exceptional
b 1400 mm is not exceptional

4 a 49.55 min b 48.48 min
¢ Either the raw actual data or sz

5 1=90.63, 0 =33.02

Practice 4

15, =436 2 x=460.165, ;=18.72
3 x= 1550 hours, s, _ | =39.53 hours

4 b The data is symmetrically distributed about the mean and
appears to follow a normal distribution.
¢ x=7.84people,s, =285
d Katie could assume that 68% of carriages would have
between 5 and 11 people in them.

Mixed practice

1apu=44,0=1236 b =245 06=293
cu=40=0.76 d p=133,0=6.06

2 With water: p=13.6, 6=2.2
With food: g =15.7, 0=2.15
On average the strawberries given food gave a better yield,
the mean was greater and the standard deviation was lower.

Answers




3a u=>5520=596
b On an average day the hamster will eat about 55.2 g of
food. About 68% of the time, the hamster will eat between
49.2 and 61.2 g of food.
¢ This is 5 standard deviations less than normal, so it is an
abnormal result, and he should be worried.

4b 425-x(1.25)=2,x=1.5
425+ x(1.25)=6.5,x=15

5 u=28.15 g=3.84

6 a x=200.5,5,=2.655 b x=200.5,5, ;=2.80

7 x=9.5,5,=2.49
x=9.5, Sy 1= 2.62
Yes, because mean is close to 10 and assuming a normal
distribution, 34% of the values will be between 9.5 and 12.12,
so many will be over 10.

Review in context

1 Patient 1:
x=91.3,5, = 5.12 high blood pressure treatment
Patient 2:
x=78.3, 5, 1= 2.62 no treatment
Patient 3:
x=78.7, Sy 1= 15 more tests needed

2x=75,5,_1=553,5,_,=56
Provided the data is normally distributed you can assume
68% lie between 70 and 80.

3ax=32y5=049s ;=05
b x=195kg

4a x=3179,5=648,5,_ =782

b Provided the data is normally distributed you can assume
that now 68% of the ages of first time mothers lie between
25 and 39, however 30 years ago 68% of the ages of first

time mothers were between 22 and 28 years old.

E5.1
You should already know how to:
1a s b 28 c 8x0
2a 35 b4 ¢ 645
3a?2 b 2 c?2
d 8 ed f 0.1
aal b .
"% 36 €3
3 25
d2 25 4
Practice 1
1al b 2 cl d35
2 2
3 3 2 3
1 10
2a?2 b 3 € — d —
J; * 252 2
1 1
el fx© gx? h 3x
_1 1 L
3ax ? b 3 cx 4

4ax=8 b y=100

Answers

Practice 2

1a4 b 81
d 16 e 25
2 3
2ax3 b x?
4 13
3ax3 b x?
4
e x® f 16
Practice 3
1a L b 1
125 8
e 125 8
216 27
2a5 b 2
e 81 f 3
3 Student’s own answers.
aa b 4
9
Practice 4
7 7
1a22 b 23
8 3
2a 718 b 32
1 1 1 1
3a22x32 p23x73
11 11
e 24x52 § 22433
5 7
4a 26 b 36
4 (l_L
e 215 §f oin m
td)_ (%)
g a n m =g

Practice 5

la?z2 b 3
fg/_?a_s gISQ[Z_S
2ay¥ b%{?x@c%{?xwd%

)

X

c 125
f 49
3 5
c x? d x2
7
c x9 d32=9
oot d 256
27
c 2401 d4
c9 d?2
1 s
c 22 d23
1 1
c 24 d 24
1 1 1
c3x24 d 22«52
3 11
<710 d 2636

=

=

6 ——
e Ay
h 10437 i 285

£14° g4y h 55 Fal
3ax=3 b y:%@ cz=43 *
Practice 6
1ad25 b3 ¢ 1000

d¥P e £ 1000

1 1

23292 =325 = (2°)5 =2
3a24 b1 ¢ 46
4x=1024 5a3 b 2




Mixed practice Practice 2

1al b3 el d3 1.2:32 2 0.661 317 4 0232
3 5 5 0.58 6 2.58 7 42 8 43
e 2 f2 3 "
1 95 Practice 3
2273  b— - 1 a 303900 and 307850.7 ~ 307851
4x 2x . b P(?)= 300000 x 1.013¢
3a 1000 b 100 i L W < 350000 = 300000 x 1.013%, year= 2012
9
fox " 27 ne " 25 2 431 =5 years
2 8 ¢ 16 27 3|1 Time Time period Amount of
5 5 7 t (hours) caffeine (C mg)
5a 22 b 34 c2 d 63 08:00 t=0 120
6 a 25 p L <7 13.00 t=1 60
2 18:00 t=2 30
7a32” b2/ c2 d33 23:00 t=3 15
1 1 ar=05
®4 8 95 LT b C()=120% 0.5

¢ C(7)=120x%0.57 =0.9375

8 Student’s own answers
d 0.02=120x 0.5, 13 hours (12.55)

12
357 R 5
S L pRY d 45 4 T=72x0.98", 60=72x0.98", w=9.02, thus after 10 weeks
1\‘.Zlax=l b x=2 ¢ x=27 5'a
3 year population
11a3° b5 <¢9 d1 e 20x33=1728 0 100000
12 Mathematics is as old as man. 1 90000
2 81000
3 72900
E6.1
b P(r)= 100000 x 0.9¢
You should already know how to: € 25000 = 100000 x 0.9%, = 13.15, thus after 14 years
7 -
L 1 Practice 4
2al25 b~ c4
2 1 18242 years
1 2 3
2 3 3 = _ 4 o—0.866¢
4.a B2 b 33 c 52 2ab=-086 b Ad=Ag ¢ 0.265

3 a 1000 b 2013 ¢ 5.58 or approximately 6 weeks
4 a 121 rabbits b 5years

4 21,182 =10937 (to the nearest whole number)

Practice 1 5 a 5 wombats b 1.73 years or approximately 21 months
1 alog500=x=2.70 b log 150 = x=2.18 6 a r=0.0199 b 6224 ¢ 34 years
¢ log 60 =x=1.77 d log, 45=x=5.49
e logy6=x=2.58 , Mixed practice
3
2a8-64 b8 =4 c1071=0.1 1alog;23=x b log95=x ¢ logg6=x
d 55=« e =p fx0=y dlog,47=x e log;,1200=x
2 1 3 2 1 3
3alogy9=2  blogg0.125=—3 ¢ logppp10=7 2a53=125 hies ¢ 103 =1000
4a4 b5 ) ds d 74=2401 e d’=m
€5 €2 99 b2 3a4 b 2 c-1  do
St b3 2 d4 1 3
2 2 el f— g =
6 a 4.09 b 2.68 c 3.13 d 0.77 2 2
4 a 2.81 b 1.79 ¢ 3.57
7 a x=3.36(3s.f) b x=2.86(3sf) d 1.39 e 2.81 f 161
c ;;:3.20 (3s.f) de=6.49 (3s.f) , sk wEs 5 L8R & a0
885 b 2 c—g do0 eg d 1.46 e 0.91 f 0.65

Answers




1
6a2 b

7 a C(r)=4x1.055
b C(26)=4 x 1.05526 = 16.09
¢ 30 years, or in the year 2020

8 a 100°C b 54.8°C

oo |~
—

¢ 5 minutes

Review in context

1a 34
bi74 ii 5.27 iii 5.5 iv 5.9 v 59
¢ 91488 815 microns
d 4280 microns
2a28 b 3.98x 10710 c 1077
3a42 b 0.005
4 a 110dB, recommended b 65db ¢ 169 dB, necessary

E7.1

You should already know how to:
1a % b % c 3

2 a, b Suitable graphs of sinxand cosx
3 a Amplitude: 2, frequency: 2
b Vertical dilation of scale factor 3, vertical translation
of 1 unit in the positive y direction
4 a Circumference =24x=754 cm
b AB=4r=12.6 cm

Practice 1

T T T T
1a — b — < — —
18 12 10 5
e 21 e g Iz h 3%
9 5 10 6
, o . Sm
L g 173
2 a 30° b 120° ¢ 135° d 108°
e 157.5° f 160° g 75° h 240°
i 300° j 225°
3 4-1,29
2
Practice 2
1a 3l4cm b 70.7 cm ¢ 6 hours
2a390m b 0.292 km ¢ 1591500 rotations
31200 m
4a % b 143.7m
Practice 3
J3 V2
1 ?‘J_ b P L —\J@
3
d = el fo
7z B
g —? h 2 i-1
5t i
2a 3,—'Trandjlr—:|rr b£and5—x ¢ —and —
4 3 3 4
3 2
d il and L e g and i

(V31 133
3a|(?,5] b|(2v2]
VI A2
A28 ai(Ey
Practice 4
1a ﬁ b0 cﬁ
2 3
J2 1
d_T e f—E
gl h g i %

2

2 a For example—g b For cxample—?

¢ For cxample—g d For cxample—%r

e For example —g

Practice 5

1 a Amplitude = 3; frequency = 4; period = E; horizontal

shift = 0; vertical translation = 0

b Amplitude = 1; frequency = 3; period = 2??[; horizontal
shift = %; vertical translation =2

¢ Amplitude = 0.5; frequency = 2; period = m;, horizontal
shift = %; vertical translation =7

d Amplitude = 6; frequency = 3; period = 2?.1?; horizontal
shift= —g; vertical translation = —3

e Amplitude = 1; frequency = 3; period = 2%; horizontal

shift = g; vertical translation =2

Ya
5
44 .
= ~
NECH )
24 | | e "1 |
1 Fr=rost o —
0 oz T ar 27 X
2 2
b Ya
1_.
0 T T T T >
I ZNENZE
-1 3 2 7
-2 : 1 i ¥
3 = COS | 1



< % b Amplitude = 1.3 m, period = 12 hours,

2q———T—TTTT —TT horizontal shift = 3, vertical shift = 0.67.

14 | The amplitude is the maximum rise and fall in the

0 /\ V| - heights of tides. The period is the time taken for a full

/ i '\23 I 47:/! 5r \ gz X cycle of high and low tide. The vertical shift is the mean
-1 [ \ i 1 1 depth over time, and the horizontal shift is the mean
-2 — . . depth over time.
3 | \ : 1] € 1.97m
4 |\l : | d Important for people whose livelihood is from the sea, e.g.
i [ ) /| ¥ F 33in(d.5x] - 2 fishermen, navigation, coastal engineering, etc.
-5 :
(37 -5 3a .
-6 - By ht) =86 5)) + 94
250 -
d y,
1 . — 200 ] 14.7.180)
y|= 0.Bsin{2x - 7)o 2
0 4 il E Y 150 41—/ -
T T 3 2rX | I
A F 100 +—1-~ I
ot TINL : 50 +— {30.8)
. =y ) '/. ] R
i 5 10 15 20 25 30 351

3 y=25i112(x—§] =
b Amplitude = 86 m (the radius of the wheel); period =

dig T e 4sin£(x+f] I y=4cost(x—m) 30 minutes (the time to mal;e one complete revolution;
3V 2, 3 horizontal shift = 7.5 min (- of the period); vertical

. ; Fid - 3
biy=3sn (r—z]% i y= 3c05(r—TJ+6 shift = 94 m, the maximum height above the ground.

¢ 137m
. ¢ b3 i 3
ci y=651n4[x——]+3 ii y:écos4(r——]+3 4 a L _
% 8 By h(t)=3cos|-t-3x)+7
20 +— ~2 '
diy= 55in3(x75—xj 10 i oy= 5cos3(x7£J ~10
6 3 16

12, 10) (20,10) | (28,10 |
Pt

Practice 6 12
1a . e BT s : -\ /
by W)= L5sin|=t+ | 4

21 —T T \,/(154)'\%24,4 \f‘
T N /ﬂ“‘\ 49_.{1 || 17t

§ 12 16 20 24 28 32
0 | I — ™
L \g | 2,17/ 3 tlgrI
= el

o

b Amplitude =3 m (The range of the height of the car
from the platform is 6 m). Period = 8 s, the time it
takes to complete one complete cycle on the track;

b Amplitude = 1.5 m; period = 10 s; horizontal shift=2.5s; horizontal shift = 12 s (it takes 12 s to reach the
vertical translation = 0. maximum height); vertical shift = 7 m (the height of
The amplitude is the maximum rise and fall in depth of the platform).
the buoy. The period is the time taken for one rise and fall ) _ _ _
cycle of the buoy. The horizontal shift means thatat Osthe > P Amplitude =22.5; period = 12; horizontal shift = 0;
height of the buoy was above its mean height. The vertical vertical Sh_lﬁ = 5_4‘5‘ . .
translation is the mean height over the 10 s. The amplitude is halfthe difference of the maximum

é LidsEi i —15m and minimum temperatures in one year. The period is

12 months, the time taken for a full cycle of temperature
2a g, highs and lows. The vertical shift is the mean temperature

3 T - over the 12 months.
Rty 1.3sinf —{t H 3+ N6/ |
BT T (24]1.97) ¢ (Answers from GDCs will vary): y=—225(c05£x]+54‘5
2 410, 197) (12197 6
] Mixed practice
| | 1a £ b an c 8—” d t
\ 1 I 1 i I AN 5 3 = 3
0 I R 257 5 9r 28x
NV AR o | 24 | 28t e = f == 9— h ——
IRCECERRCET NN 36 4 : 15
= B 6 o i . SN NN . o S : 4 . 35
9 17

Answers




b 72° c 270° d 96°
f 252° g —99° h —45
j -51°
1 NP -1
3al b — —_ d =
a 2 2 3
—3 3
e _‘[_ f £ = | h Q
2 3 2
1
i0 j ——
) 2
4 500 m
5aa=2f=mp=2,hs=0;vs=0
b a=5;f=4;p=£;hs=—£;vs=ﬂ
2 2
c a=DA2;f=6;p=£;hs=—£;vs=—l
3 3
d a=3;f=%;p=4;hs=3;vs=8
T
e a=1;f=6;p=g;hs=2;vs=—l
6a /Y =3cos(2x)- 3
2
0 T *+ T T >
\ ks /J'I'\\ 3r 2 ¥
=N ) 77
-4 \ 3 val
—6 \-u/- \w/ 1
g
b %
1
0 >
é I T ' 3:;3: 2r X
14 2 7
=2 T L
-3 =
-4 / -
—5 =] - |
-6
€ n
| [ —
0 I T ;'r I 37 I QIJT};‘
o} == =2 |
P & “
_2_\ -
el y

. 3r . T
=2sin| x—— |+1 b =sm[2x——)—3
y=2sin{ 5% y :

revolution of the tire.

f The radian measure of the number of revolutions
multiplied by the radius of the tire gives the total distance
travelled by the tire.

9 b y=-1000 cos (EXJ +4000
6

c 4866 d 3500

e End of April/beginning of May, and end of August/

beginning of September

Review in context

2z
Ta b2 3 i =
15 3 30 12
2ai #(x)=asin(bx)

il xrepresents the time after launch that the stone is in the air.

iil a represents the maximum height of the stone during
its flight. This is influenced by the catapult’s size and
power.

iv b represents the frequency, or number of cycles per 27
The more cycles there are, the closer the point of
impact. The smaller the number of cycles, the further
away the point of impact.

v Domain: x is from 0 to %, range of #(x) is from 0 to a.

T

crepresents the horizontal shift, which is the position of
the catapult from the origin. The catapult can be moved

toward the target to hit it, for example.
T+c

Domain: x from % to ,range: 1(x) from 0 to a

(stays the same).

Instead of moving the catapult up, it can simply be moved
backwards if the target is too close, for example. By
moving the catapult up, the sine curve does not model

the trajectory of the stone once the stone goes below the
catapult’s height — it would keep going down whereas the
sine curve makes it advance forward.

e i Domain: x from 27 to 67, range: £{x) from 0to 8
ii f(x)=8 sin(&zs x —gj In<x< 6
fi (n0) i (4z, 0)

iii Max height 5, at the point (37, 5)
iv Domain xis from 27 to 4, range ¢(x) from 0 to 5.

ES8.1

You should already know how to:

1ad4n+1,81
b -2.52+27.5,-22.5
c 1.2n+41.5,65.5

2 a 480, 960; 15 x 27~ 1
b 1.5625, g or 0.390625; 100 x (0.25)7 ~ 1

y

4a25811,14

2 2

€ —,—= 162x 1
3 9

3
1
3al, 361015 b n(n—1)

b 6,12, 18, 36,72

The circumference of the tire depends on the diameter.
The circumference is the distance travelled in one

Practice 1

bil3lm ii 1424 m iil 1676 m 1465 2 1151 3 2112 4183%
clln 5a 930 b 900
ei23989m il 25702 m iii 3426.9m

Answers




7 80

8 a 91, socorrect. b 385 ¢ 2870  d 2485

9 190

Practice 2

1a 459 b 198 c 438

2 a 513 b 10380

3aa=15d=4 b 47 ¢ 5029

4 725 5120

Practice 3

1a 185 b 56.4 < 780 d 351

2 a 825 b 441 c 924 d 1904 e 3630
3 720 4 308 5 630 6 13.2
Practice 4

1 a 413336 b 233275 ¢ 23.8576907 d 420.04
2 a 1797558 b 6075.04 ¢ 51475
3ax,=2x3"""! b 6560

Practice 5

1 a 26.622976 b 39.921875 ¢ 917503.125

2 a 19530 b 329554400 ¢ 1266

3 8388600 4 485 (3s£) 5 484275610
6ar=+2 b 1778 or 602

7 8.65(3s.f) 8 n=30

Practice 6

1bu,=3x47"1

¢ 65535 d 5,5=1073741823
2all b 660
3a38 b 32.8
4a92mm? b 1969214 mm? ~1.97 m?

5 1371.6 mm (54 inches)
6 a ug=20+5x2=30
b u,=20+2(n-1)=50
n=16; the 16th day
¢ Day 25

7 456 minutes (7 hours 36 minutes)

Practice 7

122000 b 100 < %ﬂ
2 54 3 156.25
)
4 a E E c 2 d E 5 —
9 99 111 27 9
Practice 8
1a Yes b No c Yes d Yes
e Yes f Yes g No h No
22422 b5%@sf)c6
39
3r =1—5=§A Since —1 <r <1, the sum is finite.

4 a r2=E s;or:il
24 4

b a=196

E

Ifa=96,5.. = =128

=
Ifa=-96,5,_=-76.8
5r=09 6 x=15 7 x=-3

AN

Mixed practice

1 a 9801 b 208 c 1365 d 6249984
2 2464 3 210 4 48.2 (3sf) 5 394.0625
6 1071 7 159(3sf) 8 238 = 1050 (3 s.f))
9 d=3 10 a 2 b & [4 L
9 11 333
11 37700 12 4 13 a=-56,d=24
14 96 15 r=% 16 a=36,d=6
17 x=35 18 x=10 19 165
20 396 21 1240 em? (3 s.f)

Review in context

1a8+2n
Since each week capacity increases by a constant amount
(the common difference).
b 28 c 180

2 4.16 million. It is only an estimate because she has estimated
the rate at which attendance will fall, and other factors, such

as reviews, might influence attendance.

3a 12 = L = 1.2. There is a common ratio.
100 120

b 3960 (3 s.f.)
4 a Because each new machine connects to the server and n— 1
other machines.

b Adding the connections together gives 1+ 2+ 3 + ... +n.
¢ 1275 d 64

120000 96000
2 150000 ~ 120000

=0.8. The sequence has a common ratio.

b 553 392 (to the nearest whole number of followers)
¢ 750000

6 a 111000 b 19000 ¢ 111000+ 76000 = 187000
7a3l b 15 ¢ 20 depots

E9.1

You should already know how to:

1a5 b 25

2a (58 b (0, 7.5)

357 4 53°

Practice 1
1a A(0,0,1),B(4,9,0),C@,00),D(,9,1)

b E(-5,7,0), F(-5,0,0), G(,7,0), H(S5,7,-2)
2a7 b 6 c 13

Answers




Practice 2

1a 25¢m b 9m ¢ 27cm

2 a 56.648... =57 cm b 137.2 mm
¢ 25.729 = 26 inches

353 4 16.6cm

Practice 3

1a7 b 3 cll
do9 e 37 225

2al4d b 23

3 0A=9, OB=9. So 0A4B is isosceles because it has two sides
of equal length.

4 Area=36.3(3s.f)

Practice 4

117° 2 b 14°

3 a 54.7° b 54.7°

4 a 10.2cm b 11.4cm c 10° d 11°

5a 82 b 442 c 46 d 55°

6a liom b 4.8° 7 123m

Practice 5

1a (2,48 b (13,6, 4) ¢ (=3,-1,11)
d (45,5,8) e (-7.5,12.5,8.5) f (2, 1.85,—0.15)

2 (21,7,-2) 3 a=1,b=3c=-18

4 ABCDis a parallelogram.
5 F(1,7,2),0(,8,4), R(5,9, 6)

Practice 6

1 a (10, 15) b (-1,4) ¢ (7,12)
2a (9 -1,-2) b (12,4, 1.5) ¢ (6, -4, 15)
3 (16, 2, 28)
4 m:n=10:15s0letm:nbel:3.

a=-4,b=35

Mixed practice

1 57 ¢m (to the nearest centimeter)

2 Yes. The space diagonal is around 25.7 inches long, and
drumsticks are usually quite thin.

3a (2,-05,6:7 b (553 -6):9

4 a /270 = 16.4 m; Midpoint = (7.5, 4.5, 5)
b Tt gains 6 meters in height.

c (11,0,7.5);9

5a61=78m b 22.6°
6 a 41.77° b 43.11°
¢ No, since the angles are not the same.
7 (19,4,17)
8 0A=+/131 and OB=/189. 4 is closer to O.
9:=1,15

10 Area = 2/7897 = 178

Answers

Review in context

1a (1125, 90, 15)

b The greatest distance possible in the room is the space
diagonal, which has length 193 feet. This is greater than
the maximum range, so it is possible that some people
might not hit targets.

¢ Assume firing from ground level, 98.1 feet. If the laser
were to be held at around 4 feet above the ground, 97 feet
is a more realistic maximum range.

2a EF=19332m
GH=687Tm
7.98 m = 8 m difference
b (214, 29, 18.5)
¢ M(118.5, 22,5, 17); M(120.5, 24.5, 18)
MN=3m
3a40m b 76 m ¢ Volume = 687 m3.
This is an estimate because numbers will only have been given
to a degree of accuracy; the tunnel will not be a perfect cylinder.
d (99, 29.8,24.4)

4 a 415m

b She will probably ski left and right, not in a straight line;
the slope will have steeper and shallower parts,
c 20.7s
d (=155, 268, —59)
e 134m
f 687°
E9.2
You should already know how to:
1a 10.5 cm? b 42 cm?
2a3.76cm b 45.6°
3 36.1 cm?2
4 a 21.25 cm? b 1.75 radians

Practice 1

1 AABC B’ ADEF _F
A 4
. p= £
/c \\] . < /// A
y Ao SR TR
ALMN L AUVIV v
B U\ w
V"/’/ \\-\M W ‘//// \\:_\- A
W 5”4\ i v

Practice 2

1 a 41.6 cm? b 181 m? ¢ 968 km?
2allld4dcm? b 3402 cm?
30 R
34 @ 67
P

Area = 986 cm?



4 a 130 cm?
b i It estimates the number of tiles needed to tile 10 m2.
i Itisanunderestimate, as the tiles will probably not
cover the space exactly, and will have to be cut leaving
oddly shaped sections so extras will be needed.

o 49°
D 30 E

b L=25°X=30°, ¥=125°
¢ 5.92km

Area 106 cm?

Practice 5

1aa=63cm b b=60cm ¢c=61l.1cm

2 a91° b 103° c 42°

3ar=190 b E=104° cy=11.0 d D=73.9°

4anN b 75° ¢ 13.4km
Area of one face = 27.7 m? 13

Thickness of paint is 1 mm, so volume =
111x 0.001=0.111 m3 =111 liters.
74 cans needed.

Total surface area = 111 m? @ l

8

Practice 3 5a864° b 34.8°
1 a Area=0.0572 cm? Practice 6
b Area=271 cm?2
¢ Area=4.01 cm2 1 a, b, e: the cosine rule; three sides and an angle are involved
5 5 5 in the problem.
2 a 2.86 cmr b 0.112 cm € 49.7cm ¢, d, f: the sine rule; each problem involves two sides and
3 a29.1cm? b 90.0 cm?2 ¢ 17.7cm? two angles.
42=Lx490-sin0) 2all7am b 95.0 cm ¢ 132°
2 d 74.6° e 112cm f 26.8°
0=0.802d.p) 3aa=213cm bb=827cm ¢ c=241°
. d d=70.6° e ¢=104° f f=10.1cm
Practice 4
4 Area= IS\E~6 50 units?
1aa=229cm b b=16.1cm ¢ c=6.14cm AT i
2
2a A=44°,B=56° b A=82°,B=280 c B=57D’C=550 5a 7.79cm b 1.413 rad ¢ 11.8 cm
3 ax=595° b x=33.5° ¢ x=393cm Practice 7
4 y=124cm

1a

b #CBA=129°, 2 CAB =25°

¢ ¢=2.7km, distance = 5.3 km b 147° ¢ 9.21km

Answers




2 a 146° b 18.1km
14 3a776° b 122° c 241°
50°
4 8.8 km

e E10.1

18 You should already know how to:

1logs y=x
2 x=7

b 95° ¢ 23.7 km 3a y=x_;2 b y=+Jx+1

4 Vertical dilation scale factor 2 and a vertical translation of
one unit in the negative direction.

. 5
5 Algebraically: fo f(x)=5+—=x
x

Graphically: f(x) is a reflection of itself in the line y = x.

Practice 1

1a fl(x)=log,x b flx)=6%
x
iq L -1 23
¢ fT(x)=e d f (x)=5
b 97° € 560 m "
= Ix
4 a 50° b 039° c112m d2ilm e flx)=e3 f fl(x)=10gll(?J
Mixed practice 2a g i
1a 10.7cm?2 b 63.4 cm?2 € 34.6 cm? W
d 47.6 cm? e 37.6cm? f 36.3 cm? 25 _
2 f(x) = 15 x 1.15"
g 24.7cm 20 A 1
2 a 2.8l cm? b 178 cm? (0, 15)
3 a 0.109cm? b 74.8 cm? 5
4g=58cm, b=676cm, c=141cm,d=112cm, 7
e=10.5cm, f=147cm 5
5 2=43.6°, b=38.6°,c=54.8 d=101°
6 a=1.71,b=0.547, c=0.356, d = 0.364 —~ T T
7 20.0° 8 426m 5| 5 10 15 20 25
9 x=62.7°, perimeter = 66.1 cm &l

i i P =15 seagulls
Review in context 0

1 b £RST=85°, ZSTR =40°, ZTRS=55° b /-L(x)=log (1]
¢ RT=14.7km, ST=12.0 km Lk 15
d ¢ [y ﬂ
25}3\ f100) =15 x-1.15" P
mig
20

’

,I
=x

/, y

15 K
d
P

P

x\|
| /, 2(xj—|0g1_15(ﬁ)

; |
i / &

I T T T T
5,9 5 /1-(}/15 20 25X

L)

e L§5=168km,LT=222km

Answers




X

3
d [@F | b i Domainisx>-2;rangeis® i /7 }(x)=10" -2

il The graphs are reflections in the line y = x.
Y fix) =15 x 1.15
ol 206,200 = )
2048 ~
/ 5 x

[y
w
1 1
~
-~
~
A

L
2.06 or approximately 2 months.

. Ry
Practice 2 folx) = 103-2

1aB bC cA
2aa=12
b f~!(x)=1.2¥ Domain is &, range is E*.

il
¢ The two functions are reflections of each other in x
theliney =x. A 104 i
¢ i Domain is x> —0.5; range is .. i f (x)= —
2
iii The graphs are reflections in the line y = x.
Cmny C T
——— — ,-;X: fo(x) =4 *logg(1 + 2)
-10-8 -6 4 24 [2 4 6 8 10
s
f=x," ~H
-8 i
,/ _gl 10
i ~104d
=l 10% - 1)
3 a Domain=Rt;range=R — {0};a=3
b Domain=R*;range=R — {0};a=05
¢ Domain=R*;range=R — {0};a=5
|
4 a i Domainis B;range isB* i f~!(x)=lnx-2 P
iii. The graphs are reflections in the line y = x. 10777 +2

d i Domainis x> %; range is R i flx)=

3

1]

ili The graphs are reflections in the line y = x.

a1 e

Answers




X t4

e i Domain is x> 0; range is BY, i N0 = 2 x>0
iii The graphs are reflections in the line y= x.
41 1]z
‘Fg(x) o
-10-8 -6 -4 —2,_" |
’
’o‘
"’
5 plopie—tot Fe o fewer=pine
=Ry “Ina’  Ina - ’
x—7
- =5 2 =
6a y=log,x b y=5 ¢ =log,,x

Practice 3

1 a Horizontal translation of 7 units in the positive x-direction,
and vertical translation] unit in the positive y-direction.
b Vertical dilation, scale factor 2 and vertical translation of
3 units in the negative y-direction.

- g 1 = .
¢ Horizontal dilation scale factor 7 and vertical translation

4 units in the negative y-direction.

d Horizontal translation 2 units in the negative x-direction,
vertical dilation scale factor 4, reflection in the x-axis,
vertical translation 8 units in the positive y-direction.

e Horizontal translation 5 units in the positive x-direction,
vertical dilation scale factor 3, vertical translation 7 units
in the positive y-direction.

f Horizontal dilation scale factor %, horizontal translation

4 units in the negative x-direction, vertical dilation scale
2 ) . - .
factor FY vertical translation 10 units in the negative

y-direction.

2 a Horizontal translation 3 units in the positive x-direction,
and vertical translation 2 units in the positive y-direction.
b Vertical dilation scale factor of 0.5, and vertical translation
1 unit in the negative y-direction.

¢ Horizontal dilation scale factor of %, and vertical

translation 1 unit in the negative y-direction,
d Vertical dilation scale factor 2, and vertical translation
1 unit in the positive y-direction.
e Horizontal translation 1 unit in the negative x-direction,
vertical dilation scale factor 3, and reflection in the x-axis.
f Horizontal dilation scale factor 2 and a vertical translation
2 units in the positive y-direction.

Answers

; G 1 ; W
g Horizontal dilation scale factor 3 vertical dilation scale
factor 2, reflection in the x-axis, vertical translation 3 units
in the negative y-direction.
h Horizontal dilation scale factor —, horizontal translation
3 units in the positive x-direction, vertical dilation scale

1 ; . g -
factor = vertical translation 4 units in the positive
y-direction.

3 a Horizontal translation of 5 units in the negative direction;
flx+35).

b Reflect the original in the y-axis, and then translate
horizontally two units in the positive x-direction; f(—x + 2)
or f(~(x~2)).

¢ Reflect in the x-axis and translate vertically 2 units in the
negative y-direction; —f(x — 2).

4 [y @

.F!I-\_I = In(x)
T 0 2 T T T 'x
—1_1_ /ﬁ 2 3 4

zl

Translate f(x) horizontally % unit in the positive x-direction,

and dilate horizontally by scale factor %

5 [ E_!.;I

14X} = logg (X)
-18,0f [®O —

~10 -8 -6 -4 -é\zg. 2 4 6
(0, -1.43)

—

8 10X

—6d folx) = —logs (5 = (x + 2))

-10-

i

Translate f(x) horizontally 2 units in the negative x-direction,
dilate horizontally by a scale factor of %, and then reflect in

the x-axis.

Mixed practice

1acC b A cB

2b a=22
¢ w=f"1(s)=2.25"14 tells what week you should be in for
the speed you have achieved.



3ai Domainisx>3;rangeisR  iif (x)=e¥+3 d i Domainisx>—1;rangeis B iif l(x)=3%—1

iii The graphs are reflections in the line y = x. iii The graphs are reflections in the line y = x.
Y
101 wal
e LA ’
8 4 8 S
& / ol d
(x| - e+ 3 7 a0 =x o) = 3 - 1 / Lo | fal) =x
4 g 4
” ”
= #31 2 / il
iy — =
’ .
108 6 -4-29 2/4 6 8 10¥ 0= =6=1=27| 2 4 6 8 10"
& 4
," fL(x)= Infx - ) e
# 4 L g Toghix +11)
b ’ f{(x) o B
2 & 7 ¢ fest3
r £
. i 7 : G
o #
l n ! 10
Ea +
b | Domainis R; range is y>2. e i DomanisE;rangeis R .
- 1 x=2 ii ﬁl(x):1—10g4x;x>0
s (x)=510g7( 5 ];x>2 ili The graphs are reflections in the line y = x.
ili The graphs are reflections in the line y = x. Ya
103
N "\ f)[= 1 logy ()|~
10 8
/ ’/' ’4' fafx) =X
2 [~
= # e F
e ol = 7
/ o fa() = x k o
4 ‘ 2R
”’ £t A—X
_"'/ o) g k X S s s
Vo gl 703, o = ’ ) e
s IO 4 T ErE . EEEE) 14
= » 2
b ” ~ X #
-1p 4 -6 -4 20 2 48 8 10 H
# /
P =4 / 4 a Translate the graph 2 units vertically in the positive
s & ydirection.
," o {f () =5+ logy (= 2 b Translate the graph 2 units horizontally in the negative
e - T | 5 xdirection.
4 |
10 ] ¢ Translate the graph 2 units horizontally in the positive
xdirection, then translate 3 units vertically in the negative
. . 1 22x+5) g y-direction
¢ i Domainisx>2;rangeis R. ii /7 (x)=——— : . . .
4 d Reflect the graph in the y-axis and translate 2 units
iii The graphs are reflections in the line y = x. vertically in the positive y-direction.
e Dilate the graph horizontally by scale factor 4.
A f Reflect the graph in the y-axis and translate 2 units
Heuls ] g I - P horizontally in the positive x-direction.
+ -,
()= 7 , 8 I g Reflect the graph in the y-axis, dilate vertically by scale
6 'f 0 factor 2, and reflect in the x axis.
2" Fafx) =x
// 4 i 2 h Translate the graph 2 units horizontally in the positive
- e xdirection, dilate vertically by scale factor 2 and translate
o 1 unit vertically in the negative y-direction.
a - . . - + +
108 6 4 20 3 4 & 8 107 i Reflect in the y-axis, translate 1 unit horizontally in the
z 2 s — negative x-direction, dilate vertically by scale factor 2,
2] o —T | reflect in the x-axis, then translate 2 units in the positive
, . y-d.LI’ECtLDﬂ‘
1
7 © F (Y= = « log-(lx — 8) — 5
J " fi(4) o " [ogalfx 8)-5
I' i
: 10

Answers




Ya E10.2

16+

12 You should already know how to:

1 a Domain is R, range is B. b Domain is B, range is B*.

o

1 V(x) = Inx - -
! [ ¢ Domain is BT, x# |, range isB.

A I
(4,0 R S ——— 1 k
— t —T » 2a yoex,s0y=kx byoc;'soy=;
4 2% 24l 6 & 10 12 1a 16
T ; ) 47 -;[n (?:x 12y +)1 3 Horizontal translation 3 units in the negative x-direction,
8 1 \8 | reflection in x-axis, vertical dilation scale factor 2, vertical
i translation 5 units in the positive y-direction.
12— - |- :
16— : \ | | 4ay= 4{x—2)’ which is a function
416- : \ ! 3
g ! : i o )
B | [ b f (x)=2iq';, which is not a function
1
¥
Dilate f(x) horizontally by scale factor %; translate Practice 1
horizontally 4 units in the positive x-direction; dilate 1 a Domain: x #0, x € R, range: y #0,yc R

vertically by scale factor 7; reflect in the x-axis; translate
vertically 1 unitin the positive y-direction.

6 37}
T 1'-' T T T 1 T
80) =7+ 1080 (2 -X)

0.5 | | | 54
| (0, 0.075) (1,0) e

=Y

G T I —1 T
02 0406 0/8 1 12 14 16 1B~

o
B

an

a2

b --// Fot=—togmr
TI=TNRT0
15 ||
)

- {

Reflect f(x) in the y-axis; translate horizontally 2 units in the b Domain: x #0, xe E, range: y#0,yc R

Lo}

positive x-direction; dilate vertically by scale factor % N

7 a y=log,(x—3)
b Students’ own answers

Review in context

1 The standard model is reflected in the x-axis.
2 a The standard model is vertically dilated by scale factor 4. 0!
b The standard model would be vertically dilated by scale :
factor 2. !
3 a i The graph of fis dilated vertically by scale factor 0.67. -
il The graph of fis translated 7.6 units in the negative :
y-direction
b Domain: 2.20 x 101! < £ < 1.86 x 1020
¢ There is no solution for rwhen E= 0. For the model to
have y-intercepts, it would have to include a horizontal 8/
translation in the negative x-direction. 1
4 Horizontal dilation by scale factor 2120; vertical dilation by 1
scale factor 26400; reflection in the x-axis. f3(x) = x

¢ Domain: x#0, x e, range: y#0,yeR

-

¥

Answers




d Domain: x#0, x € R, range: y#0,yecR b Asymptotes: x=4 and y =0, Domain: x #4,xc R,
Range: y#0,yeR.

Y

2 b y=200hours

3 a The resistance is inversely proportional to the current.
b k=20

[ R(I):E or R(x):E

I X

¢ Asymptotes: x=0and y=3, Domain: x #0,x e R,
Range: y#3, yeR.

4 a 50 hours b 10 hours ¢ 5 hours

5 a i Force and acceleration are directly proportional.
i Acceleration and mass are inversely proportional.

___________ -
b i Force ii Acceleration[ \
: |

Acceleration Mass

Practice 2 _
d Asymptotes: x=2 and y=0, Domain: x #2, xR,
1 a h=-3, k=-7, asymptotes: x =3, y=—7. Range: y#0,yeR.

Domain: x #-3, x€ R, Range: y#-7,yeR . ¥,
3

b h=-2, k=0, asymptotes: x=-2, y=0.

Domain: x #-2, x e, Range: y#0, yeR. 1
¢ h=5, k=8, asymptotes: x =5, y=8. W =33
Domain: x#5,xe R, Range: y#8,yeR.

d #=0, k=-11, asymptotes: x=0, y=-11.

Domain: x # 0,x e R, Range: y=-11, ye R. ——-—_-ui]_---r----y--ﬁ---"-l;c
! -
e h=1k=m asymptotes: x=1, y=1. :
Domain: x# 1, xeR, Range: y#7, ye R. !
i
J

2 a Asymptotes: x=0and y =—4.
Domain: x #0, x e R, Range: y#—4,yeR.

)/ e Asymptotes: x=—2 and y=15, Domain: x# -2, yel,
Range: y#5, yeR.

8/

e

X

Answers




f Asymptotes: x=3 and y=1, Domain: x #3,x € R,
Range: y#1,ye R,

/Y

fy(x) = o +1
1
3ay=—-5 b y= -7
x x—2
Cy= ! d =L+2
x+4 x—3
4 a y=L+4 b y=i+2
x=3 XI P
1 i
cy= -1 drY=_ 313
i ey X+Z 3

5 a i h>0 horizontal translation in the positive x-direction
ii 7 <0 horizontal translation in the negative x-direction

b i &> 0 vertical translation in the positive y-direction

ii k< 0 vertical translation in the negative y-direction

Practice 3

1 1
laf@=g—p 1= %
1 3
b f(x)= o .
R e
3
- {
¢ f)=—218=——18
x 4x
3 3
__ 2 -
df(x)_f(x+2)+4_2x+4+4

2 a Horizontal translation of 6 units in the negative
x-direction, vertical dilation of scale factor 3 (or horizontal

dilation of scale factor %), vertical translation of 5 units in

the negative y-direction. Asymptotes: y =35, x=—6
b Horizontal translation of 2 units in the positive x-direction,
vertical dilation of scale factor 5 (or horizontal dilation of

1 . . - -
scale factor g), vertical translation of 3 units in the positive

y-direction. Asymptotes: y=3, x=2
e . 1 .. ;
¢ Horizontal translation of 2 units in the negative

x-direction, vertical dilation of scale factor 3 (or horizontal

i 1
dilation of scale factor %)A Asymptotes: y=0, x = -3

d Horizontal translation of 4 units in the positive x-direction,

reflection in the y-axis (or in the x-axis), vertical dilation of

scale factor % (or horizontal dilation of scale factor %),

vertical translation of 2 units in the positive y-direction.

Answers

Asymptotes: y=2, x=4
e Horizontal translation of — unit in the positive xdirection,
2
reflection in the y-axis (or in the x-axis), vertical dilation of

i o T 2
scale factor g (or horizontal dilation of scale factor g),

vertical translation of 8 units in the negative y-direction.
Asymptotes: y=-8,x = %
f Reflection in the y-axis (or in the x-axis), vertical dilation
. - 1
of scale factor 13 (or horizontal dilation of scale factor E)'

vertical translation of 11 units in the negative y-direction.
Asymptotes: y=~-11,x=0

Practice 4
1a b
'y
s,
y X
— B >
c
1
y_x+4
—%%
|
e f
/N /)
coa. @ /
o gy 1
3 T
—_— % 1—x+
L —
0 x 0 X
{0 il o 1
¥ 3 x=3 # % Xx=1
7
2a y=—=—— b y=——+9
¥ 1 Y 6
1 6
¢ y=——+12 dy=——+5
7 x+8 ? x+3
.y 10 =3x+1 PR 8 . 4x
x—3 3—x x+2 x+2



Mixed practice 22 g(n)=—"5-5 b g(x)z_zl_xﬂ
1 a Domain: x#0, x e R, range: y#0, ye R, 3_1 12
asymptotes: x =0, y = 0. (4 3{x)=ﬁ—2 d g(x)=——4—1
_ e

3 a Horizontal translation of 2 units in the positive x-direction,
reflection in the y-axis (or in the x-axis), vertical translation
of 9 units in the positive y-direction.

Asymptotes: x= 2 and y=9.

Ya

b Domain: x#0, xe R, range: y#1, ye R, )
asymptotes: x=10, y= 1.

2x-19

T x-9

b Horizontal translation of 1 unit in the negative x-direction,
vertical dilation of scale factor 3 (or horizontal dilation

Inverse: g‘l (x)

of scale factor %), vertical translation of 3 units in the

> negative y-direction.
X Asymptotes: x=—1 and y=-3.
/
. hix) 5 - -3
¢ Domain: x# 2, xe R, range: y# -8, ye R, X+1
asymptotes: x =2, y =—8. =
0 X
Y
0 x
3
Inverse: h~! (x)=—-1
x+3
y=-8 ¢ Horizontal translation of 5 units in the positive x-direction,
ey reflection in the y-axis (or in the x-axis), vertical dilation of

scale factor 10 (or horizontal dilation of scale factor %)
Asymptotes: x=5 and y= 0.
/

d Domain: x# -3, x e R, range: y#2, yeR,
asymptotes: x=—-3, y =2.

W

10

Kix)

Inverse: k! (x)= —E+ 5
X

I

: .
l 0 x
I

__________ L i s

Lo

1 0 X

1

ot &
- =— 42
' | = +3’

I

I

I

I

Answers




d Horizontal translation of 1 unit in the positive x-direction,
reflection in the y-axis (or in the x-axis), vertical dilation
of scale factor 4 and horizontal dilation of scale factor 3,
vertical translation of 1 unit in the positive y-direction.
OR
Horizontal translation of 1 unit in the positive x-direction,
reflection in the y-axis (or in the x-axis), vertical dilation

4 ; = 5 3
of scale factor 3 (or horizontal dilation of scale factor E),
vertical translation of 1 unit in the positive x-direction.

2
Asymptotes: x= = and y=1.

Ia

Inverse: o (x) =_—4 2

3x—3 3

e Horizontal translation of 2 units in the positive x-direction,

reflection in the y-axis (or in the x-axis), vertical dilation
of scale factor 5 and horizontal dilation of scale factor 4,
vertical translation of 6 units in the positive y-direction.
OR
Horizontal translation of 2 units in the positive x-direction,
reflection in the y-axis (or in the x-axis), vertical dilation

of scale factor 2 (or horizontal dilation of scale factor %),
4
vertical translation 6 units in the positive y-direction.

Asymptotes: x=2 and y = 6.
/Y

=
=Y

-5
4x—24

. . 5 . .
horizontal translation of Z units, vertical

Inverse: n_l(x) = +2

f —
px) 4x -5

dilation of scale factor 1 (or horizontal dilation of scale
factor 4). 5
Asymptotes: x= 0y and y=0

a

"

-1 1.5
. X)=—+4—
Inverse: P (%) R}

Answers

600
x+12
¢ Horizontal translation of 12 units in the negative x-direction,

reflection in the x-axis vertical dilation of scale factor 600,
vertical translation of 50 units in the positive y-direction.

4 a 22.7mg(3s.f) b C=- +50

Review in context

1 854.91 AUD
1 1 1
2 a slow pipe = — b —+—
3p p 3p
1.3 1
¢ —+—=—, p=10.5 hours.
p 3p 14
Time to fill with slow pipe = 31.5 hours.
E11.1
You should already know how to:
in
1a 5 b 'y ¢ 30° d 300°
1
2a ﬁm % b 3 c 1.07(3s.f)
3 a 71.3° (3s.£) b 30°

4 Horizontal dilation of scale factor %, vertical dilation of

scale factor 3, vertical translation of 5 units in the positive

y direction.
5 r:—% orx=2>5 6 a LB=25.7°(3s.f) b 4.26
Practice 1
1 a 30° 150° b 104°, 256° (3 5.f)
€ 4572257 d 225°, 315°
e 143° 323° f 150°, 210°
2T Arx T 3r 4x Sr
2a 2220 = = —, =
3'3 4 4 33
d 2.56,3.73 e 143,48  f 3.79,5.64
3% Tx & in g 2
93 6 6 2" 2
. 3 x 21 4 Sm
L =5 k P BN S e
2 R s R |
| 0.464,2.68, 3.61,5.82
m %?n’ n 1.05, 1.91,4.37, 5.24
2 4x T 3x Im
o0 — =, 1.11, 2.16,4.25, 5.30 _——,—
Bv3rﬂ-v3'2'ﬁ p ? 1 ? q4r4r2
3a E,S—I b 0,3—E, T, T—E,Z;rr
4 4 4 4
4b2 3;[},’j'—ﬂ-,EL‘B‘E'i,E
6 6
Practice 2
1a 9=3_}r b S=43—jrr cB=nm
2z 4m

d 6=0,—,—,27
33

e 0=0.068, 0.56,1.32, 1.82, 2.58, 3.07



@ 5z 3n lim

fﬂ=_v_v_v_ 9 XK=y T T
§ &8 8 8 18 18 18 18
pySEImBrln o oxom
8 8 6 3 3
jo=n gl S
6 181

I x=0.955,2.19, 4.10, 5.33

Practice 3

g S T 5r
1a0,m2n b E'K'? c Eu’f.?
T 2r 4m 5S¢ T 5t
yarsrs g

2 a0,180°360° b 90° 210°, 330°
c 0°,75.57, 180°, 284", 360°
d 41.4°, 180° 319° e 30°, 150°, 2107, 330°

3 It is not an identity, since it is true only when sinx = cosx,
and thus not true for all values of x.

Practice 4
2a (L-H:anx] (1 —sinx)=cosx
osx

Sin x + tan x )
cosx—1 J(cosx)=—sinx

Practice 5

1a £C=75.3"or £C= 104.6°
b £C=41.4°(£C=139° isn't possible)
¢ £C=12.8° (£C= 167" isn't possible)
d £C=70.7° or £C=109°

2 a ZQ=53.1" £P=96.9"; p=9.93 cm or Q= 1277,
ZP=231%p=393cm
b £0=43.9°, Z/P=81.1°, p=314 cm
€ £/0=34.2° /P=124° p=44.4 mor Q= 146°,
ZP=13.2°, p=11.3m
d £Q=35.0°, ZP=127°, p=18.1 km or ZQ = 145°,
ZP=17.0°,p=6.63 km

3 70.0° or 110.1° 4 16.2°

539mor7m

6 a 1 triangle b 1 triangle
¢ 0 triangles d 2 triangles

7a

b 9.7 kmor 3.7 km
8a?2 b 109mor54m

Mixed practice

1 a 90°, 270° b 150°, 330° c 158°, 338°
d 16.6°, 163.4° e No solution f 225°, 315°
4
2 a £'2_JT b 3_?['5_}? c E,—ﬂ-
3’3 44 373
d 3n & E'S_‘T f E'T_E
2 33 6" 6
3a 4—”,5—“ b 53.1° or 306.9°
3’3
£ 5% g 17n . 2% 4x Bz 10m l4r 16z
12'12°12 " 12 9'9’'979 79" 9

4 a 225°, 315° b Quadrants [ and IV
¢ Ifsin@8>0,tanB8 < 0. Ifsinf8=0, tan8= 0. Ifsin@ <0,
tan@> 0.
5 —/3 (0=120°)

10 a 30°, 150°, 270°
¢ 07, 180°, 360°

b 90°, 120°, 240°, 270°
d 1097, 180°, 251°

MaZANA 3T omdn 5z Tn oo
62 6 2 4 4 4 4
d?r:5.ﬂ.'ﬂ' o 5054 f;r21r dn Ir
662 Pl 43 3%4

12 It is an identity because it is true for all values of 6.
13 a B=36.9°0orB=143.1° b B=60.3°or B=119.7°

Review in context

1 al=74.6" or 105.4° b T =65.4° or 34.6°
2 7.70km or 2.08 km

3 a228mor427m
b Because with the given information, there are two possible
solutions for the position of B (because there are two
possible solutions for the angle B).
¢ 199m

4 a

b Either 235.2 million km or 44.8 million km.

E12.1

You should already know how to:

1 a 0.699 b 1.10 c 2.58
2 x=273 3 x=-1
4 y=3x-4 vl

Inverse function; ¥ = =

Answers




—r=g

10 19’_?
’I

S Jigd

The functions are reflections in the line y=x.

(x+ll]
5yl=s\. 2 /3

Practice 1

1alogl2 b log 15 ¢ log 200
1
2.3 9 3
d logz id eln® f log 1
¥ 8 96y
2alna+Ind blna—Inbd c2lna+lnb
1 1
d —lna e 2lna flna+—=Inb
2 i 2
g 3lna—Ind h3ma—2Ind iE(lna—lnb)
3ax+ty b y—x cx—y d 2x
e 2y f 3x g v+ 3x
4a 2x+3y+2 b 5x—4y-2
1 1
¢ —(bx+8y+3 d —x—=y-—1
3( Y +3) 77

Practice 2

1a flx)= log,x +3; Domain of fis R; range of fis R*.
Domain of /! is R*; range of /! is B.

1] §E§

n
15

10- Pl

f(x)

54

-10 -5,0] 5
1’_5-

’
’

P (9

2

b gil[x) =ET' x>0; Domain of g is x> %; range of g is BF.

Domain of g~ is BT Range of g1 is y > 0.

] |
i
et -
104 f’r Y=X
Ed
5 1" B(x)
r T T T 1 >
-10 -5, 8 10 15*%
»=5+
o
’l
. _10~
) |

Answers

X

p 0=
ch (x)=
(9="2%

Domain of his x> 7%; range of kis R. Domain of rlisB;

range of i~ lis y >—%‘

L]

e

d ;7 1(x) I;Domain of jis x> 1; range ofjis R,

Domain of j 1 is B; range of j~

=

e’ —

Tisy> 1.

e b= I vacl
-15=10=5,-0
+254

nd ]

L7 -104

. -154

2 g(x)=logx"=nlogx. g(x)=nlogx is a vertical dilation of
f(x) scale factor n.

3 f(x)=—logyx+2. Reflect the graph of y =log;x in the
x-axis and translate it vertically 2 units in the positive
y direction.

8
d4ailo —|=log,8-log,x=3-log, x.
gz(x] 6307108 2
ii log,(x+3)%=2log,(x+3).

b i Reflect y =lr:|g2 x in the x-axis then translate 3 units
vertically in the positive y-direction.

i Translate 3 units horizontally in the negative x-direction,
and dilate vertically by scale factor 2.

Practice 3

2" (x—2)
1 a logptg? b log ¢ In——+—
P Jx
x e 4 5
d ]n(x—2)2 e ln(;] f In(x*(x—1)")
2aa-b ba+b ¢ 2a+c
1
d-(b-a)  elcsn
2 2

3 aln(x—3)+In(x+3)
b In(x+ 2)+ In(x+3)
¢ In(x—3)-In(x+4)



d In(x+ D —In(x+2)—In(x—2) 3

o
e In(x—6)+In(x+ 1)—In(x+2)—In(x—2) Bl = e 2 +1
f 2Inx+ In(x+2) + In(x— 5) — In(5x — 20) © H
Practice 4 Domain of k is x> %; range of i is .
1a 281 b 1.29 c 2.10 Domain of 5! is B; range of h™lis y> %
d 0.732 el f 1.16

5-4% . i n
Practice 5 d k‘u::):m; Domain of kis EY; range of k is B.

In7
i = & n/s, o T
1a %]nx b%lnx c%]nx d%ﬂnx—]n?n) Domain of & LSR,xIln4,rangcofk isR™.
; 6 a y=3+logs(x); Translate the graph of y =logs x by 3 units
7 2 vertically in the positive y-direction.
x
2alne b —Inx ¢ Inx2 d In ) b y=4logy(x—9); Dilate y =log,x vertically by scale
factor 4 and translate horizontally 9 units in the positive
Practice 6 x direction.
12ax-293 bx=191 cx=130 il & b‘{”’” € 3a=2¢
2ax=0693 bx=079 cx=055 d-(@b-(a+o) e {3+
3 a x=0.397 b x=0417 ¢ x=1.044 8 a In(x—5)+In(x+5)
4 ax=0o0rx=258 b In(x—7)+In(x+ 4)
b x=1orx=129 ¢ In(x+1) - In(x—8)
5 5 d In(x—5)+In(x+ 1) —In(x+ 4) —In(x+ 2)
5ax=12 b =gy ca=—g e In(x— 12) + In(x+ 2) —In x— In(x + 2) — In(x — 2);

. X In(x— 12— Inx—In(x—2)
d x=2orx=-7. x=-7 is not possible, hence x =2

e x=—4 or x=5. x=—41s not possible, hence x=35 9ax=tl b x=2
8 biiliyeass 10 a x=15 b x=112 ¢ x=3
\ e : dx=2 e x=6
7 a 15 is the initial number of video sharers. &
b 21 hours 1 a = b 3x+y C 4x+2y
¢ 23 hours Y
d Students’ own answers dy—x e x—y
8 a r=0.746 b x=1.35 12 a x=024 b x=-464 cx=166 dx=205
c x=0.333 dx=2
% % 13aZ b £ 4 224
Mixed practice * 7 *
3 3
1alogat+logh+loge b logaHIogc—logb 14 a glnx b g].nx—lé
[4 310ga-;210gb+410gc d 10ga+510gb 15 a 24 b5
e log a+ —logb—logc 16 a 52days b 2.8million 17 y=15¢0.05x
2 a log 12.5 b In 250 < log, 40 L
6 Review in context
d log, 4 eln|—— | flog,54
! (x=1)"(2x+6) 1 a 8.90
443 b Scale factor of 6.31 times bigger
g 10g7y—2 ¢ Add 1.3
d 40 times bigger
3a-—y b x+2y c —{x+y) e Eastern Sichuan was 40 times bigger.
L i 2 a 6.8 acidic b 2.8 €62
LR b Ly gleedn) d Yes e 1x107-3.98x10-8
¢ 23x+4y-2) d 1+?x—(%jy 3 a 137dB b 6.3 times bigger
5a /Y )—M ; Domain of fis ; range of fis B+
T I 2R - E13.1

Domain of f-1is R¥;range of f—is E.
g 4 You should already know how to:
b g 1(x)=100*2Y. Domain of gis R*; range of g is E;

. . . 1 Student di in DGS
Domain of g~ is B; range of g1 is R*. SRnALaprIE

2 a Reflectionin x=-1
b Rotation 90° anticlockwise, center (3, 2)

Answers




-2
¢ Translation 2 units left and 6 units down, or (—6]

d Reflection in x = 0 or the y-axis
e Reflection in the line y = x +1
f Rotation 90° anticlockwise, center (0,1)

3 a=110°b=70° 4 AC=45cm, DE=6 cm

Practice 1
1 A-F, B-E, C-D
3 M-R, N-Q, O-P

5 AABC = ANOM
ADEF =APRQ
AGHI=AWXV
AJKL = ATSU

2 IK, G-L, H-J
4 S-V, X, U-W

Practice 2

1a No b No
d Yes (AAS or ASA)

2 a AC=CD (given)

ZBAC = ZDEC (given)
ZBCA = ZECD (vertically opposite angles)
Hence they are congruent. (ASA)

b AT= ET (given)
AD = ED (given)
DTis common.
Hence they are congruent. (S55)

¢ AD= BD (definition of bisector)
ZADC = £BDC = 90° (definition of perpendicular)
DC is common.
Hence they are congruent. (SAS)

¢ Yes (555)

3 By rotating the pentagon by 144°, ACDE will line up with
AARBC.

4 AABD, ABFE, ACDF, ADEA, AFAC, AEFC, ABAE, ACBF,
ADCA, AEDB, ABCE, AAFD,

Practice 3

1 AB= AC (given)
BM = MC (definition of midpoint)
AM = AM (reflexive property)

Hence, the triangles AABM and AACM are congruent. (SSS)

2 AB= CD (given)
BO = DO (definition of circle)
AQ = OC (definition of circle)
Hence, the triangles are congruent. (SSS)
3 PQ= QR (given)
QX = QX (reflexive)
ZQXR = ZQXP=90° (definition of altitude)
Hence, the triangles are congruent. (RHS)
4 S ABC = £ ACB (given) implies AABC isosceles
AB = AC (AABC isosceles)
AQ = 04 (reflexive property)
OB = OC (definition of circle)
Hence the triangles are congruent. (SSS)
5 AB = AB (reflexive property)
AD = AE (definition of circle)
BE = BD (definition of circle)
Hence the triangles are congruent. (SSS)

Answers

1 a No (only SA given)

6 HK = JK (definition of square)

HF = JF (definition of circle)
FK = FK (reflexive property)
Hence the triangles are congruent. (SSS)

7 ZPQX = ZSRX (alternate angles)

ZPXQ= ZSXR (vertically opposite angles)
PX = XS (definition of midpoint)
Hence the triangles are congruent. (AAS)

Practice 4
1 AB=CD, BC= DA from the definition of a rhombus.

AC = CA because it is a symmetric property.
AABC = ACDA because of SSS congruence.
£ZDAC = #BCA because of CPCTC.

2 BE = DA because it is given

ZBCE = ZDCA = 90° because it is given.

CE = CA because of the definition of an isosceles triangle.
ABCE = ADCA because of RHS congruency.

ZCEB = Z/CADbecause of CPCTC.

3 AB= AC because the triangle is isosceles.

ZBAX = £CAX because AX is the angle bisector.
Therefore AABX = AACX (SAS).

Hence ZAXB = ZAXC(CPCTC).

ZAXB+ £AXC = 180° because they lie on a straight line.
=2 x LAXC= 1807

= LAXC =907

0A = OB because they are both radii.

AM= BM because M is the midpoint of 4B.

OM is common.

Therefore AOAM = AOBM (SSS).

Hence ZAMO = ZBMO.

ZAMO+ ZBMO = 180° because they lie on a straight line.
A2 x LAMO = 180°

LAMO = 90°.
5a Ly
X
l: Z
¥
I-2

b 1 OX = OY (they are both radii)
2 L0XZ=/0YZ=90° (the tangent to a circle in
perpendicular to the radius)
3 (0Ziscommon
4 Hence AOXZ = AOYZ (RHS)
¢ Hence XZ= YZ (CPCTC)

10 ABCDE has a line of symmetry perpendicular to DE through

B (properties of a regular pentagon). Since K is equidistant
to ED, it lies on the line of symmetry, and hence KCis a
reflection of K4, they are equal length.

Mixed Practice

b No (only SSA given)

¢ Yes (AAS) d No (only SSA given)



Review in context < IT |

1 a Since folding is equivalent to reflection, one 3/

rectangle is a mirror image of the other and hence
they are congruent.

b EG is the full width of the page. EX is half the width of
the page.

c 30°

d Since GDZ is the empty space previously occupied by the
triangle GDE, the two triangles are congruent.
ZEGD = £DGZ = 30°

e 30°
f Since GFis half the width of the paper (the edge GE) d =
and EYis half the width of the paper, they are the - %
same length. i i
g GF=EY (byf, above) | e
ZFGH= £YED =30° (by d and e, above) | x=4
ZGFH = 90° (since ABFG is a rectangle) (0,0.5)
ZEYD = 90° (since the fold is parallel to 4BC) =T F rg o %
Hence ZEYD = ZAGFH 7
Hence ZGFH = ZEYD (ASA) .
h FH = DY (CPCTC) 1
-4}
E14.1
e [qy e
You should already know how to: 7 =
A
1x<7 i -3
2a ! 1 7 " 3x+6
L i 1150
Y, ———t r——rr,
1
1
1
1
i
1
(-4, 0) (1,0) -
r T T 0 T T T "} oA}
e B i f [ !H
¥
(~1.5, -6.25)
| =
b @. w O T T - T T T T T T ‘;
y [ o 4
fl
2
3 x=-3+.6
——r— [0ADS0) Practice 1
fo, -1) *
2 i lax<2orx>6 b -1.5<x<2
2 i c x<—04dorx=5 d 4<x<15
y=2e"'-3 3 2
4 e ——<x<—
2 3
- i 2 a h()>9600 m

b About 23 seconds
3 x(x+6)=216;x>12cm;(x+6)>18cm
4 x(l12-<24;0m<x<2 54 mor94em<x<12m
5 y=0.00552 — 0.23x + 22 > 25; x> 56 vears

Answers




6a hin=0
7 x>2.73¢cm

b 3.56 seconds

8 447cmx447 cmx2cm

Practice 2

Tax>lor-l<x<0

c-l<x<4d
e -15<x<
g 3<x<0

2
2a R 5

T24R
b R,>7.48

Practice 3

—lorx>157

b [I<Jt.f£l
4

d x>5.09

2
e 5 >Ry »2
2+ Ry

1a /Y
. 81 4
1] ]
! B4
1 1]
1 ()
r A 1y s 43x-1
o244
(-3.3,0)" /(0.303, 0)
6 420 2 4 6~
v =27 (0, -1)
\.I
(~1.5, -3.25)
A
-8 -
b /Y
1.0
0.5 (15,0.25)
(1,0) —*~.(2,0)
I T T T LI
2 3.0%
-3.0 4
c /Y

3x— 242
(0.851,0) _
0 2.0%

Answers

f-l5<x<-lorx<-5
h d<x<-2orl<x<éb

d y

54
4 4
34
2
1

3¢
il
2

=
Je
o
=)
42

e
~
L
fhe

T
0 4

(78]
F-Y
o

P ey i El e ety

b y=0.5x2+2x—1

c p<el¥tl_y d y>xi2
3ai flx)=x2-4 i y>Flx)
b i f{x):—%(x—l)z +3 i y>f(x)
ci flx)=x2—6x+5 i y<f(x)
L3 g 4w
4a [(x)=-g5=(x- 457 +3

b Domain {x|0 < x< 90}, range {y|0 <y <3}

c 0<y< f(x)

Practice 4

1a-1<x<3
c —3<x<4
e—3<x<i
2
1 2
Gemmant
9 73°%%3
20<x<1.70cm

3 Student’s own answers

b x<2orx>38
d -10<x<4

f J(:<—l orx>1
3



Practice 5 2 A
4
1a x<0.209; x>4.79 (-0,345 0) 1(4.35,0)
b —6.32<x<0.317 36420 5 4 g g~
¢ —2.19<x<0.687 2-
d r<03330rx>2 4
e -2.79<x<1.79 ] Hede k3
f x<—04140rx>241 o -
g 0290 <x<0.690 8 :
h -912<xorx>=-0.877 o AN
i x<-1.18 orx>0.425 e
j 0.209<x<4.79 “12-(2,-11
2 a A=0, hence only one root, x= —1. Since the graph lies d
entirely above the x-axis except for this one value, there is . Ex"
. | 49
only solution, f(x) =0 for x=-1. ° |
b A=0, hence only one root, x= 2. Since the graph lies Lo ) [
entirely above or on the x-axis, the solution is xe R. b5 < 1080 ¥ #'1' =
¢ Since A <0, the quadratic has no roots. Since a> 0, its graph 0,0 - 7l
is always above the x-axis for all values of x. Hence xe R. Sl | <10 )~ L0 20 3 o’x
d Since A <0, the quadratic has no roots. Since a< 0, its graph <05
is always below the x-axis for all values of x. Hence xe R. L
T I =-10.U
Practice 6 L 5
1ax<-lorx>1l b -1<x<4
¢ x<-lorx>4 d x=30rx<2 £ A
1 2 s
e {}<Jg<Z f x>50rx£—-3—' 8
2 3<x<-1 &
3 About 17 : 4 (0,5.14
- - J B‘ [ :
Mixed practice 2
1 ax<3orx>—1 b x<-8.58 or x> 0.583 r 0 1 0
¢ x<-35%90rx>2.09 d x>0orx<-3 Apfcpafop ] BB F §oup
e 0<x<0.286 f 0333<x<5
f y
2a W . 8
8 e !
i 1 4 e
6 —| ' E
S LY 32 —Ax+2 J 4
4+ —— = =
! ll' | _ - L] V= T
2 f Xx=-4 | == _"
0.586, 0)|' (341, 0) s >
( T {}) L\ : ;:' >x -12-10 -8 -6 -4 _),’00' 4 5 8 X
-6 -4 -2 9\2/4 ¢ I T T2 [o+FD
=32 '
| @2 | T
)
5 L A =6-—
3a-f<x<l b x<-2andx>12
b Ya ¢ T=<x<5 d B8<x<2
e [ B
- (12 e 0<x<355 fxs%orx22
i Vst =242 + By
2 / i g x>3orx<-5 h -l<x<l1
(0,0 \(5: 9 4 36.2 meters
- L X
g 14 6 5 Between 11 and 30 tourists
_4} \ 6 4.6 cm < radius < 9.7 cm; 6.8 cm < height < 29.8 cm
\ 7 166in<x<6.16in

1
a

Review in context

1,2 Student's own answers.

Answers




E15.1

You should already know how to:

1a 9 Song 2
7 1980
Song 1
l_g 1980
8 1990
17
10
- 1090 = 1980
18
x 1990
17
b >
17
32 3 4
2a— b — c —
52 169 221
15
3a P(4d)=-2 b P(4U B)=1
27
4 5 e U
A /// B

| 6|7

B,

(D

./ ‘\l?
D

' Qﬂ\
N 4 ,/)

Answers

d
T
5 \
/I
4

Practice 1
1

M| =

P(B| A)=P(B|A)=P(B)
. independent events

2 5

9

3

5 A
4
9
&
9

2 f

5 A <
4
9

P(B| 4) =P(B| 4) = P(B)
. independent events

5 A

10 A

P(B| A)#P(B| A’) # P(B)

4
<

5 ~p

9

5
<

4

9

B
1 P(B|A)=—L
3 —B 36
PBIA) =L
: 36
35 B’ 1 1 1
P(B)=—+—=—
38 B =073
1
% B
a5 ,
T B
5
B PBIA=
P(B[A’):%
B' P(BY=P(4d B)+P(4 ~B)
_3,2.5
B 9 9 9
Bi
4
B P(B|lA)==
(BlA) 5
5
P(B|A) =2
(B A") 3
13{3)=3+i=i
9 18 2

The events are not independent.



10 B
1 A 6
7 P(B|4)=—
Al { 10
10
1
; g "
7 A mi L
P(B|A) ==
(B|A) 2
1 '
7 B
The events are not independent.
)
5 P(B|4A)==
(Bl4) 5
P(B|A) = g, therefore not independent events,
6 P(B|A)= 5
11

P(B|A)= IEI' therefore not independent events.
7 P(B|A)=90%

P(B|A") = 65%, therefore not independent events.
8 P(Y|X)=08

P(Y|X) =038

~ P(Y|X)=P(Y|X) =P(Y)
-. independent events

Practice 2

1a i b H
2 32
2 a B B
/"' == e 2
Kf/ ,"/ \\.I\C
| 20(12)14 |
\ i £
AY /
v S
— — 4
32 12
b P(K)=— ii P(C|K)=—
i P(K) 50 i P(C|K) D
12
i P(C)==— iv P(K|C)=—
() (X1C) %
3 a
S e Y d e "
A/ 7\ W)
/ [ \ \
|; 7(5) 10 J'|
\ \)/ P
e R
" " 8
12 5
biP(4)=-— i P(D|A)=—
(A4) o (D] 4) 1
i PO U 4)=22 v P(OAA|DUA) =
30 22
4 a E b 2 [4 i
25 25 9

17 19 .
5ai 35 i 35 jii 3
bi 2 i = jii 3z
19 17 18
7
t —_—
28
Practice 3
1a
Male (M) | Female (F) | Total
Professional (P) 5 12 17
Amateur(A) 5 6 11
Total 10 18 28
biP(M|P) ) il P(M|A) 3 iii P(M) Y
i == i == iii ==
( 17 11 28

¢ No they are not independent events

2
soccer | Nosoccer | Total
Left 10 30 40
Right 15 45 60
Total 25 75 100
10
P(L|S)=—
( 25
P(L|NS)=2
75
2
P(L)y==
( 5

They are independent events.
3 Yes, because P(Fand §)=P(F) x P(S5)

Practice 4
1
1 a P(LS|operation) = P(LS | No operation) = P(LS) = 3

The results are independent events the claim is not valid.

b 1
3 Ls
1 0
1
8 Ls'
9
L LS
3 9
q 0]
8 L
9

It is evident from the tree diagram (LS | operation) =
P(LS | No operation)
¢ Student's own answer with justification.

Answers




T T | Total

G 10 | 15 25

(e 30 | 10 40

Total 40 | 25 65

b The events are not independent.
¢ Student’s own answer.
3ai P(E)=04 ii P(LIE)=038
iii P(L|E)=04 iv P(ENL)=032
v P(EnL)=0.08 vi P(EEnL)=0.24
vii P(E' n L) = 0.36 viii P(L)=0.56
b No, because the conditional probabilities are different.

Practice 5

1a = = —
g T~ =%
Voo Y
| 23(10) 8 :
\\ / |
% \ /
\ /
\“\h,_ e ’//
— s 10
: 33 v 18
bi PA)== ii P(W)=2=
) = (W) =
10 1
i P(4|W)=— ivP(W | A)=—
A W) 18 (W | 4) 3
v P(W|A)= 3
18
c A A
w 10 8 18
w 23 10 33
33 18 51
12 12
2a 3—0 b 70

¢ P(M) does not equal P(M| FT') does not equal P(M | FT7),
therefore not independent.

4
0, Y
3 a 88% b T
¢ No, from the tree diagram the second branches are not
the same.
14 14
¢ Yes they are independent as
16 64
P(M|L)=—=PM|L)=—
(M|L) 30 (ML) 130

Answers

Mixed practice

1a 44
@ 0
40
5 0 A
100 15 e
99
45
40 99 44
100 A 99
15
g_g B
45
15 a9 0
100 a0
B 99
14
=t B
99
p N _25 a0 5
9900 66 99 99
1
2a i b E < 3 d -
13 13 ~) 3
e - f - :
13 2 9 4
3a

I

o | = | e
%) )
“\/\u'“ w|/\|~

L4.2 8
5 3 15

¢ P(I|8)#P(I|5)
-. not independent

4a 0.2 S

0.8 g
08 S
g .

b Th2: P(RN §)=0.1

P(R) =05 P(R A §)# P(R) x P(S)
P(S) =01+04
=0.5 - Not independent
Th3:P(S|R) =02
P(S|R) =0.8 - Not independent



P T Review in context
45 9 1
B 19 29 48 1a i P(D)=—=— il P(N)=—
) 200 40 ) 2
B 11 11 22 1 ) 35 F
iiil P(D|N)=—= iv P(D|NN=—=—
30 40 70 10 100 20
55 b They are not independent from Theorem 3.
30 ;
7 [ 8 d Not independent, by Th 3 2 a i T
6 a e % B
= e L —
T o ; B 0.01 0.0~ 1
I‘-’j ;/ \\
| 4 (4)2 |
X \ /
\ g ¥ ”
A A / 0.05
L T M 0.99
— — e 4 Bi
b i 8 i . iii i 0.95
14 14 14 i T
4 6 8 b 0.0098 + 0.9405 =0.9503
v 14 v 14 vi 14 3 The events are independent.
o ) . o4 4 Smoker (A) | Non-smoker (4"
vii — vili ix 7
14 4 4 Cancer (B) 1763 981 2744
¢ P(H|B)== P(H|B)==
6 8 (8) 73237 124019 197 256
PBIH)=2 P(B|H') . 75000 125000 200000
8 6
7 a 1763
Should have | Should not have | Total a P(B|A)= 000
dress code dresscode 7
I b P(B|A)=
Middle school 15 30 45 BlA)= 010
High school 40 80 120 ¢ They are not independent from Theorem 2
Total 55 110 165 d Students’ own answer
5 a P(B|A)=0.69 b P(A)=0.01 c l:"(B):E
b Theorem 2 5 Th il 4 330
P(MS and Dress code ) = P(MS) x P(dress code) € events are not ndependent.
15 _45 55
165 165 165
Theorem 3
P(MS | DC) =P (MS | DC")
15_30
55 110
Therefore they both work.

Answers




Index

A

Ad paper 2034

additive systems 3

ambiguous case for the sine rule 243-5
amplitude of a sinusoidal function 135-7

Angle-Side-Angle Congruence (ASA/AAS) 269, 277

angular displacement 127
areas 1834
area of a parallelogram 188
area of a segment 188
area of atriangle 184-9
area of atriangle formula 185,199
area of an equilateral triangle 188
sine and cosine rules 189-94, 199
sine and cosine rules, applying 195-9
argument of a logarithm 111
arithmetic series 146, 151, 164
asymptotes 218, 226, 229, 231

B

base of a logarithm 111
bases, number 3-17
bell curve 86

binary numbers 16-18

G

change of base formula 111
circles 124-5
area of a segment 188
radian measure and the unit
circle 125-34, 142
column vectors 56-7, 73
common ratio, r 1534
components, of vectors 59
composition of functions 29-32
compounded interest 117
conditional probabilities 299-300
conditional probability axiom 302, 312
making decisions with probability 309-12
mathematical notation 301, 312
representing conditional probabilities 305-9
Theorem 1 302
Theorem 2 302, 312
Theorem 3 302, 312
what is conditional probability? 301-4
congruence 264-5, 277
conditions for congruence 269, 277
CPCIC 273, 277
establishing congruent triangles 265-73
shapes 266
sign 270
using congruence to prove other
results 273-6
using similarity to prove other results 2767

Index

cosine rule 183-4, 189-94
application 195-9
formula 192,199

CPCTC 273

cuboids 168-176

D

data 76-7
dispersion 77-87
mean 82
normal distribution 86-7, 94
decay problems, growth and 114-116
decimal exponents 98, 105-6
decimal number system 5, 9-10
decomposing functions 32
diagonals 170, 171, 180
dilation 211, 213, 221-2, 229
logarithmic functions 211, 213
rational functions 221-2, 229
dimensions 167-8
describing space 168-75
distance formula 172, 180
dividing space 175-9
face diagonals 170
finding the midpoint 176, 180
higher dimensional space 179-80
planes 169, 180
section formula 178, 180
space diagonals 170-1, 180
dispersion 77-87
distance formula 172, 180
dot product 68, 73

E

Euclid 273
exponential equations 109, 121
exponential functions 202, 203
from exponential to logarithmic functions 203-5
inverses 205
exponents
decimal exponents 98, 105-6
fractional exponents 97-8, 98-102, 106

F

face diagonals 170

four dimensions 179-80

fractals 163

fractional exponents 97-102, 106

frequency of a sinusoidal

function 135-7

function operations 22

functions 21-2, 35-6
decomposing functions 32-3
doing and undoing 50-1



exponential functions 202-5

function operations 22-9

inverse functions 42, 44-50, 51
logarithmic functions 202-12, 213
modelling using compositions of functions 29-32
one-to-one functions 38-44, 51

onto functions 37-8, 51

rational functions 216-31

reversible and irreversible changes 44-50
sinusoidal functions 134-41, 142

types of 37-43

G

Gallivan, Britney 204
Gauss's method 149
generalizations 2504
proving generalizations 255-8
geometric series 146, 154, 164
infinite geometric
series 162, 164
grad/gradian 125
graphs of logarithmic
functions 206-7, 209, 213
graphs of sinusoidal
functions 134-41
growth and decay problems 114-116

H

hexadecimal 17
hieroglyphic number
system, 3-14

horizontal asymptote 218, 231

equation 226, 229
horizontal dilations 254
horizontal line test 37, 51
horizontal shift 136, 142
horizontal translation of a sinusoidal function 135-7
horizontal translations 254
hyperbolas 219

indices 97-8, 102-5, 106
infinite geometric series 162, 164
internet search ranking 255
inverse functions 42, 44-50, 51
exponential functions 205
inverse of a rational function 230-1
1sosceles triangle theorem 274

K
Koch snowflake 163

L

Leibniz, Gottfried 6
line of symmetry 42

logarithmic functions 202-3, 213
dilation 211, 213
from exponential to logarithmic functions 203-5
graphs of logarithmic functions 206-7, 209, 213
properties of logarithmic functions 205-10
reflection 211, 213
transformations of logarithmic

functions 210-12, 213

translation 211, 213

logarithms 108-9, 109-14
argument 111, 121
base 111, 121
change of base formula 111, 121, 257, 261
creating generalizations 2504
laws of logarithms 249-54, 261
natural logarithms 117-21, 121
power rule 251, 261
product rule 251, 261
proving generalizations 255-8
quotient rule 251, 261
unitary rule 251, 261
using logarithms to solve equations 114-17, 258-61
zero rule 251, 261

M

magnitude, vectors 60-61
mapping diagram 49
Mayan number system 11-12
mean 82
midpoint, finding 176, 180
modelling
compositions of
functions 29-32
multiple transformations,
order of 229
multiplication tables, different bases 16

N

Napier, John 118, 251, 256

non-linear inequalities 282-3, 297
algebraic solutions to non-linear inequalities 291-6
non-linear inequalities in one variable 283-8
non-linear inequalities in two variables 288-91
solving a quadratic inequality algebraically 292, 297
solving a quadratic inequality graphically 284, 297
solving non-linear equalities in two variables

graphically 289, 297

normal distribution 86-7, 94

number systems 2-3
binary numbers 16-18
numbers in different bases 3-12
performing operations 12-16

0

one-to-one functions 38-44, 51
onto functions 37-8, 51
ordered pairs 41

Index




P

paper folding formula 204
parallelograms, area of 188
perpendicular height 185
perpendicular vectors 69, 73
phase shift 135, 136, 142
place value system 4
planes 169, 180
populations 79-80

population growth

equation 117, 121

sample versus population 914
position vectors 57, 73
positive numbers 111, 121
positive real numbers 99, 101, 106
power rule of logarithms 250-1

proving 255
product rule of logarithms 250-1

proving 255
properties of graphs of logarithmic functions 206
pyramid scheme 157
Pythagoras’ theorem 170, 192
Pythagorean identity 239
Pythagorean triples 171
Pythagorean quadruples 171

Q

quadrants 128-9
quotient rule of logarithms 250-1
proving 255

R

radians 125-34, 142
angles 127
radian measures 126
radicals 97-8, 102-5, 106
radicands 104, 106
Ratio identity 239
rational functions 216-24, 231
dilation 221-2, 229
inverse of a rational
function 230-1
parent function, domain and range 226
transforming rational functions 224-9
translation 229
reciprocal functions 217, 219
rectangular hyperbola 219
reflection
logarithmic functions 211, 213
reversible and irreversible changes 44
Right Angle-Hypotenuse-Side Congruence
(RHS) 269, 277

S

samples 79
sample versus population 91-4

Index

scalars 61, 73
scalar multiplication of a vector 65, 73
section formula 177-8
sequences 146
series 145-55, 164
arithmetic series 146, 151, 164
geometric series 146, 154, 164
infinite geometric series 162, 164
series and fractions 159-63
series in real-life 155-9
Side-Angle-Side Congruence (SAS) 269, 277
Side-Side-Side Congruence (SSS) 269, 277
Sierpinski Triangle 163
sine rule 1834, 189-94
application 195-9
formula 189, 199
sinusoidal functions 134-41, 142
horizontal shift 136, 142
order of transformations 141, 142
phase shift 135, 136, 142
SOHCAHTOA 132
space 167-8
describing space 168-75
distance formula 172, 180
face diagonals 170
finding the midpoint 176, 180
higher dimensional space 179-80
planes 169, 180
section formula 178, 180
space diagonals 170, 171, 180
special triangles 132
standard deviation 76-7, 94-5
calculating from summary statistics 89-90
different formulae for different purposes 87-91
sample versus population 91-4
ultimate measure of dispersion 77-87
sum of a sequence 147

-

theodolite 198
transformation
exponential functions 211-12
logarithmic functions 210-13
rational functions 224-9
sinusoidal functions 141, 142
translation
logarithmic functions 211, 213
rational functions 229
vectors 63, 73
tree diagrams 301-11
trial and improvement 110-111
triangles 183-4
area 184-9
area of a triangle formula 185, 199
area of an equilateral
triangle 188
CPCTC 273, 277
establishing congruent triangles 265-73



triangular numbers 147
trigonometry 233-4
ambiguous case 2426
cosine rule 1834, 189-99
Pythagorean identity 239, 246
ratio identity 239, 246
sine rule 1834, 189-99
trigonometric equations 234-8
trigonometric identities 235, 23842, 246

U

unbiased estimate 92
unit circle 126-133
unitary rule of logarithms 250-1

\'

vectors 54-60
column vectors 56-7, 73
dot product 68, 73
equal components 59, 73
magnitude 60-2, 73

operations with vectors 62-70
perpendicular vectors 69, 73
position vectors 57, 73
resultants 63, 73
scalar multiplication of a vector 65, 73
translations 63, 73
vector addition law 63-64
vector geometry 70-2
zero vectors 57, 73

Venn diagrams 305-310

vertical asymptote 218, 231
equation 226, 229

volume diagonal 171

X
x-y plane 169

Z

zero rule of logarithms 250-1
zero vectors 57,73

Index




OXFORD

UNIVERSITY PRESS
Great Clarendon Street, Oxford, OX2 6DP, United Kingdom

Oxford University Press is a department of the University of Oxford.
It furthers the University's objective of excellence in research,
scholarship, and education by publishing worldwide. Oxford is a
registered trade mark of Oxford University Press in the UK and in
certain other countries.

© Oxford University Press 2017
The moral rights of the authors have been asserted.

First published in 2017

All rights reserved. No part of this publication may be reproduced,
stored in a retrieval system, or fransmitted, in any form or by

any means, without the prior permission in writing of Oxford
University Press, or as expressly permitted by law, by licence or
under terms agreed with the appropriate reprographics rights
organization. Enquiries concerning rep roduction cutside the scope
of the above should be sent to the Rights Department, Oxford
University Press, at the address above.

You must not circulate this work in any other form and you must
impaose this same condition on any acquirer.

British Library Cataloguing in Publication Data
Data available

978-0-19-835619-6
13579108642

Paper used in the production of this book is a natural, recyclable
product made from wood grown in sustainable forests. The
manufacturing process conforms to the environmental regulations
of the country of origin.

Printed in Great Britain by Bell and Bain Ltd. Glasgow.

Acknowledgements
The publishers would like to thank the following for permissions to
use their photographs/illustrations:

Cover image: NASA; p2: MarcelClemens | Shutterstock; p3:

Eric Isselee [ Shutterstock; p6: wanchai [ Shutterstock; p8: Jon
Mackay; p11: Everett Historical [ Shutterstock; p12: Wollertz |
Shutterstock; p14: Richard Peterson | Shutterstock; p16: asharkyu

| Shutterstock; p17: Jon Mackay; p20: dedek [ Shutterstock; p21:
RTimages [ Shutterstock; p29: Sergey Dubrov [ Shutterstock; p30:
George Dolgikh [ Shutterstock; p32: jeff Metzger | Shutterstock;
p35: BortN66 [ Shutterstock; p48: Andresr [ Shutterstock; p54:
Scott David Patterson [ Shutterstock; p71: perspectivestock [
Shurterstock; p76: PEPPERSMINT | Shutterstock; p80: sisqopote

| Shutterstock; p85: Jacek Chabraszewski | Shutterstock; p91:
Dionisvera [ Shutterstock; p92: Boris Sosnovyy [ Shutterstock;

P93: Eric Isselee [ Shutterstock; p94: Monkey Business Images |
Shutterstock; p95: Jonathan Lenz | Shutterstock; p96: LeventeGyori
| Shutterstock; p98: Stephen Finn [ Shutterstock; p108: Ales Liska [
Shutterstock; p113: Eugene Sim [ Shutterstock; p116: visceralimage
| Shutterstock; p117: wanchai [ Shutterstock; p119: Seaphotoart

| Shutterstock; p120: injun | Shutterstock; p120: Marco Tomasini

| Shutterstock; p123: Christian Delbert | Shutterstock; p124:
bunnyphoto [ Shutterstock; p127: ILYA AKINSHIN [ Shutterstock;
p127: photka [ Shutterstock; p128: AVS-Images [ Shutterstock;
p140: EpicStockMedia [ Shutterstock; p144: SKA Organisation;
p145: Pinosub | Shutterstock; p157: Jonathan Noden-Wilkinson |
Shutterstock; p162: greenland [ Shutterstock; p166: Andrey Pavlov |
Shutterstock; p167: edobric [ Shutterstock; p168: Jon Mackay; p171:
SmileStudio [ Shutterstock; p175:

Jon Mackay; p182: IM_photo | Shutterstock; p183: Gail Johnson

| Shutterstock; p197: Jon Mackay; p198: Dmitry Kalinovsky [
Shutterstock; p200: Antiqua Print Gallery | Alamy Stock Photo;
p202: photopixel [ Shutterstock; p203: Paul André Belle-Isle

| Shutterstock; p204: nuttakit [ Shutterstock; p205: hironai
Shutterstock; p207: Konstantin Yolshin | Shutterstock;

p215: photopixel [ Shutterstock; p216: szefei | Shutterstock; p217:
Amra Pasic [ Shutterstoclk; p233: Teresa Levite [ Shutterstock; p248:
3Dsculptor [ Shutterstock; p249: Dmitry Pichugin [ Shutterstock;
p264: Podfoto [ Shutterstock; p279: @ The Carlisle Kid; p279:

Tyler Olson [ Shutterstock; p281: mama_mia [ Shutterstock; p281:
Joel_420 | Shutterstock; p282: noolwlee [ Shutterstock; p286:

Maks Narodenko [ Shutterstock; p296: Monkey Business Images |
Shutterstock; p299: Daxiao Productions | Shutterstock p306: Tina
Renceijf123rf.

Although we have made every effort to trace and contact all
copyright holders before publication this has not been possible
in all cases. If notified, the publisher will rectify any errors or
omissions at the earliest opportunity.

Links to third party websites are provided by Oxford in good faith
and for information only. Oxford disclaims any responsibility for
the materials contained in any third party website referenced in
this work.






MYP Mathematics

A concept-based approach

4&5

Extended

Fully integrated with the MYP curriculum, this comprehensive book empowers
students to develop a deep and engaged understanding of mathematics.

An inquiry-based approach combined with links to Global contexts equips
learners to acquire and practice the essential knowledge and skills while
exploring the wider applications of mathematics.

This text will SR PR Nt Ay
Enable learners to confidently step into IB Diploma Mathematics,
with extensive practice
Explore the wider meanings of mathematical topics through
inquiry-based activities

Fully support the MYP curriculum with mathematical content
that is clearly integrated with Statements of Inquiry, Global contexts,
Key and Related concepts and ATL

Effectively prepare learners for assessment with guidance
mapped to the latest MYP assessment objectives

Combine the MYP approach with essential
mathematical principles and practice.

Example 2
Pl e of she s $ » 11« E o T2

Also available:
978 0 19 8356189

UNIVERSITY PRESS email schools.enquiries.uk@oup.com
tel  +44 (0)1536 452620
fax  +44 (0)1865 313472

O )( ] 1O[{D How to get in contact: ISBN 978-0-19-835619-6
web  www.oxfordsecondary.comfib “‘ ‘“




