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Numerical Methods in Physics with Python

Bringing together idiomatic Python programming, foundational numerical methods, and
physics applications, this is an ideal standalone textbook for courses on computational
physics. All the frequently used numerical methods in physics are explained, including
foundational techniques and hidden gems on topics such as linear algebra, differential
equations, root-finding, interpolation, and integration. Accompanying the mathematical
derivations are full implementations of dozens of numerical methods in Python, as well as
more than 250 end-of-chapter problems. Numerical methods and physics examples are
clearly separated, allowing this introductory book to be later used as a reference; the
penultimate section in each chapter is an in-depth project, tackling physics problems that
cannot be solved without the use of a computer. Written primarily for students studying
computational physics, this textbook brings the non-specialist quickly up to speed with
Python before looking in detail at the numerical methods often used in the subject.

Alex Gezerlis is Associate Professor of Physics at the University of Guelph. Before moving
to Canada, he worked in Germany, the United States, and Greece. He has received several
research awards, grants, and allocations on supercomputing facilities and is active in
teaching at both undergraduate and graduate levels.



“I enthusiastically recommend Numerical Methods in Physics with Python by Professor
Gezerlis to any advanced undergraduate or graduate student who would like to acquire
a solid understanding of the basic numerical methods used in physics. The methods are
demonstrated with Python, a relatively compact, accessible computer language, allowing
the reader to focus on understanding how the methods work rather than on how to program
them. Each chapter offers a self-contained, clear, and engaging presentation of the relevant
numerical methods, and captivates the reader with well-motivated physics examples and
interesting physics projects. Written by a leading expert in computational physics, this
outstanding textbook is unique in that it focuses on teaching basic numerical methods while
also including a number of modern numerical techniques that are usually not covered in
computational physics textbooks.”

Yoram Alhassid, Yale University

“In Numerical Methods in Physics with Python by Gezerlis, one finds a resource that has
been sorely missing! As the usage of Python has become widespread, it is too often the
case that students take libraries, functions, and codes and apply them without a solid
understanding of what is truly being done “under the hood’ and why. Gezerlis’ book fills
this gap with clarity and rigor by covering a broad number of topics relevant for physics,
describing the underlying techniques and implementing them in detail. It should be an
important resource for anyone applying numerical techniques to study physics.”

Luis Lehner, Perimeter Institute

“Gezerlis’ text takes a venerable subject — numerical techniques in physics — and brings it
up to date and makes it accessible to modern undergraduate curricula through a popular,
open-source programming language. Although the focus remains squarely on numerical
techniques, each new lesson is motivated by topics commonly encountered in physics and
concludes with a practical hands-on project to help cement the students’ understanding.
The net result is a textbook which fills an important and unique niche in pedagogy and
scope, as well as a valuable reference for advanced students and practicing scientists.”
Brian Metzger, Columbia University
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For Marcos

A human is a shadow’s dream.
But when radiance from the heavens comes,
a glowing splendor upon mankind, and serene life.

Pindar
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Preface

What we have loved,
Others will love, and we will teach them how.
William Wordsworth

This is a textbook for advanced undergraduate (or beginning graduate) courses on subjects
such as Computational Physics, Computational Methods in Physics and Astrophysics, and
so on. This could mean a number of things, so I start by going over what this book is not.

First, this is not a text that focuses mainly on physics applications and basic program-
ming, only bringing up numerical methods as the need arises. It’s true that such an ap-
proach would have the benefit of giving rise to beautiful visualizations and helping students
gain confidence in using computers to study science. The disadvantage of this approach is
that it tends to rely on external libraries, i.e., “black boxes”. To make an analogy with
non-computational physics, we teach students calculus before seeing how it helps us do
physics. In other words, an instructor would not claim that derivatives are important but al-
ready well-studied, so we’ll just employ a package that takes care of them. That being said,
a physics-applications-first approach may be appropriate for a more introductory course
(the type with a textbook that has the answers in the back) or perhaps as a computational
addendum to an existing text on mechanics, electromagnetism, and so on.

Second, this is not a simulation-oriented textbook, revolving around the technology used
in modern computational methods (e.g., molecular dynamics or Monte Carlo). This would
have had the advantage of being intimately connected to actual research, but the disad-
vantage that it would assume students have picked up the necessary foundational material
from elsewhere. To return to the analogy with non-computational physics, an introductory
course on electromagnetism would never skip over things like basic electrostatics to get
directly to, say, the Yang—Mills Lagrangian (assuming students will learn any necessary
background material on their own) just because non-abelian gauge theory is more “cur-
rent”. Even so, an approach that focuses on modern computational technology is relevant
to a more advanced course: once students have mastered the foundations, they can turn to
state-of-the-art methods that tackle research problems.

The present text attempts to strike a happy medium: elementary numerical methods are
studied in detail and then applied to questions from undergraduate physics, via idiomatic
implementations in the Python programming language. When selecting and discussing top-
ics, I have tried to prioritize pedagogy over novelty; this is reflected in the chapter titles,
which are pretty standard. Of course, my views on what is pedagogically superior are mine
alone, so the end result also happens to be original in certain aspects. Below, I touch upon
some of the main features of this book, with a view to orienting the reader.

xiii



Xiv Preface

e Idiomatic Python: the book employs Python 3, which is a popular, open-source pro-
gramming language. A pedagogical choice I have made is to start out with standard
Python, use it for a few chapters, and only then turn to the NumPy library; I have
found that this helps students who are new to programming in Python effectively dis-
tinguish between lists and NumPy arrays. The first chapter includes a discussion of
modern programming idioms, which allow me to write shorter codes in the following
chapters, thereby emphasizing the numerical method over programming details. This
is somewhat counterintuitive: teaching more “advanced” programming than is usual in
computational-physics books, allows the programming to recede into the background.
In other words, not having to fight with the programming language every step of the
way makes it easier to focus on the physics (or the math).

e Modern numerical analysis techniques: I devote an entire chapter to questions of nu-
merical precision and roundoff error; I hope that the lessons learned there will pay off
when studying the following chapters, which typically focus more on approximation-
error themes. While this is not a volume on numerical analysis, it does contain a
bit more on applied math than is typical: in addition to standard topics, this also in-
cludes modern techniques that haven’t made it to computational-physics books before
(e.g., compensated summation, automatic differentiation, or interpolation at Cheby-
shev points). Similarly, the section on errors in linear algebra glances toward mono-
graphs on matrix perturbation theory. To paraphrase Forman Acton [2], the idea here
is to ensure that the next generation does not think that an obligatory decimal point is
slightly demeaning.

e Methods “from scratch’: chapters typically start with a pedagogical discussion of a
crude algorithm and then advance to more complex methods, in several cases also cov-
ering state-of-the-art techniques (when they do not require elaborate bookkeeping).
Considerable effort is expended toward motivating and explaining each technique as
it is being introduced. Similarly, the chapters are ordered in such a way that the pre-
sentation is cumulative. Thus, the book attempts to discuss things “from scratch”, i.e.,
without referring to specialized background or more advanced references; physicists
do not expect theorems and lemmas, but do expect to be convinced.! Throughout the
text, the phrases “it can be shown”? and “stated without proof” are actively avoided,
so this book may also be used in a flipped classroom, perhaps even for self-study. As
part of this approach, I frequently cover things like convergence properties, operation
counts, and the error scaling of different numerical methods. When space constraints
imposed a choice between not explaining a method well or omitting it entirely, I opted
in favor of omission. This is intended as a “first book” on the subject, which should
enable students to confidently move on to more advanced expositions.

e Methods implemented: while the equations and figures help explain why a method
should work, the insight that can be gleaned by examining (and modifying) an ex-
isting implementation of a given algorithm is crucial. I have worked hard to ensure
that these code listings are embedded in the main discussion, not tossed aside at the

U Nullius in verba, the motto of the Royal Society, comes to mind. The idea, though not the wording, can clearly

be traced to Heraclitus’s Fragment 50: “Listen, not to me, but to reason”.
2 An instance of proof by omission, but still better than “it can be easily shown” (proof by intimidation).



Preface

end of the chapter or in an online supplement. Even so, each implementation is typ-
ically given its own subsection, in order to help instructors who are pressed for time
in their selection of material. Since I wanted to keep the example programs easy to
talk about, they are quite short, never longer than a page. In an attempt to avoid the
use of black boxes, I list and discuss implementations of methods that are sometimes
considered advanced (e.g., the QR eigenvalue method or the fast Fourier transform).
While high-quality libraries like NumPy and SciPy contain implementations of such
methods, the point of a book like this one is precisely to teach students how and why
a given method works. The programs provided can function as templates for further
code development on the student’s part, e.g., when solving the end-of-chapter prob-
lems. Speaking of the problems, these usually probe conceptual issues, edge cases,
alternative implementations, or other numerical methods; instructors can get access
to the solutions of more than 170 problems.

e Clear separation between numerical method and physics problem: each chapter fo-
cuses on a given numerical theme. The first section always discusses physics scenarios
that touch upon the relevant tools; these “motivational” topics are part of the standard
undergrad physics curriculum, ranging from classical mechanics, through electromag-
netism and statistical mechanics, to quantum mechanics. The bulk of the chapter then
focuses on several numerical methods and their implementation, typically without
bringing up physics examples. The penultimate section in each chapter is a Project:
in addition to involving topics that were introduced in earlier sections (or chapters),
these physics projects allow students to carry out (classical or quantum) calculations
that they wouldn’t attempt without the help of a computer. These projects also pro-
vide a first taste of “programming-in-the-large”. As a result of this design choice, the
book may also be useful to beginning physics students or even students in other areas
of science and engineering (with a more limited physics background). Even the pri-
mary audience may benefit from the structure of the text in the future, when tackling
different physics problems.

Conscious efforts have been made to ensure this volume is reasonably priced: all figures
are in grayscale, the page-count has been reduced by moving most of the introductory
Python material to www . numphyspy . org, and a (relatively) inexpensive paperback version
is also being published. In keeping with Wordsworth’s verses, this book is dear to my heart;
I hope the reader gets to share some of my excitement for the subject.

On the Epigraphs

I have translated 12 of the quotes appearing as epigraphs myself. In two more instances the
original was in English and in the remaining case the translator is explicitly listed. All 15
quotes are not protected by copyright. The sources are as follows:

e Dedication: Pindar, Pythian 8, Lines 95-97 (446 BCE)
e Preface: William Wordsworth, The Prelude, Book Fourteenth (1850 CE)

XV
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e Chapter 1: Johann Wolfgang von Goethe, Faust, Part I, Lines 681-682 (1808 CE)

e Chapter 2: Aristotle, Nicomachean Ethics, Book I, Chapter III, 1094b (~330 BCE)

e Chapter 3: William Shakespeare, King Lear, Act I, Scene IV (~1605 CE)

e Chapter 4: Hesiod, Works and Days, Line 643 (~700 BCE)

e Chapter 5: Heraclitus, Fragment 84 (~500 BCE)

e Chapter 6: Vergil, Aeneid, Book 7, Lines 310-311 (~19 BCE, translated 1697 CE)

o Chapter 7: Sophocles, Ajax, Lines 485-486 (~441 BCE)

o Chapter 8: Sophocles, Oedipus Tyrannus, Lines 120-121 (~429 BCE)

e P.S.: Diogenes Laértius, Lives and Opinions of Eminent Philosophers, Book 6 (~220
CE)

e Appendix A: Plato, The Republic, Book 5, 453d (~380 BCE)

e Appendix B: Immanuel Kant, Groundwork for the Metaphysics of Morals, 2nd Section
(1785 CE)

e Appendix C: Friedrich Nietzsche, The Gay Science, 381 (1877 CE)

e Bibliography: Plato, Phaedrus, 235d (~370 BCE)
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That which you inherit from your forefathers,
you must make your own in order to truly possess it.
Johann Wolfgang von Goethe

This chapter is not intended as an introduction to programming in general or to program-
ming with Python. A tutorial on the Python programming language can be found in the
online supplement to this book; if you’re still learning what variables, loops, and functions
are, we recommend you go to our tutorial (see Appendix A) before proceeding with the
rest of this chapter. You might also want to have a look at the (official) Python Tutorial at
www . python.org. Another introduction to Python, with nice material on visualization, is
Ref. [41]. Programming, like most other activities, is something you learn by doing. Thus,
you should always try out programming-related material as you read it: there is no royal
road to programming. Even if you have solid programming skills but no familiarity with
Python, we recommend you work your way through one of the above resources, to famil-
iarize yourself with the basic syntax. In what follows, we will take it for granted that you
have worked through our tutorial and have modified the different examples to carry out
further tasks. This includes solving many of the programming problems we pose there.

What this chapter does provide is a quick summary of Python features, with an emphasis
on those which the reader is more likely not to have encountered in the past. In other words,
even if you are already familiar with the Python programming language, you will most
likely still benefit from reading this short chapter. Observe that the title at the top of this
page is Idiomatic Python: this refers to coding in a Pythonic manner. The motive is not to
proselytize but, rather, to let the reader work with the language (i.e., not against it); we aim
to show how to write Python code that feels “natural”. If this book was using, say, Go or
Julia instead of Python, we would still be making the same point: one should try to do the
best job possible with the tools at one’s disposal. As noted in the Preface, the use of idioms
allows us to write shorter codes in the rest of the book, thereby emphasizing the numerical
method over programming details; this is not merely an aesthetic concern but a question of
cognitive consonance.

At a more mundane level, this chapter contains all the Python-related reference material
we will need in this volume: reserved words, library functions, tables, and figures. Keep-
ing the present chapter short is intended to help you when you’re working through the
following chapters and need to quickly look something up.
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1.1 Why Python?

Since computational physics is a fun subject, it is only appropriate that the programming
involved should also be as pleasant as possible. In this book, we use Python 3, a popular,
open-source programming language that has been described as “pseudocode that executes”.
Python is especially nice in that it doesn’t require lots of boilerplate code, making it easy to
write new programs; this is great from a pedagogical perspective, since it allows a begin-
ner to start using the language without having to first study lengthy volumes. Importantly,
Python’s syntax is reasonably simple and leads to very readable code. Even so, Python is
very expressive, allowing you to do more in a single line than is possible in many other
languages. Furthermore, Python is cross-platform, providing a similar experience on Win-
dows and Unix-like systems. Finally, Python comes with “batteries included”: its standard
library allows you to do a lot of useful work, without having to implement basic things
(e.g., sorting a list of numbers) yourself.

In addition to the functionality contained in core Python and in the standard library,
Python is associated with a wider ecosystem, which includes libraries like Matplotlib, used
to visualize data. Another member of the Python ecosystem, especially relevant to us, is
the NumPy library (NumPy stands for “Numerical Python”); containing numerical arrays
and several related functions, NumPy is one of the main reasons Python is so attractive for
computational work. Another fundamental library is SciPy (“Scientific Python™), which
provides many routines that carry out tasks like numerical integration and optimization in
an efficient manner. A pedagogical choice we have made in this book is to start out with
standard Python, use it for a few chapters, and only then turn to the numpy library; this
is done in order to help students who are new to Python (or to programming in general)
effectively distinguish between Python lists and numpy arrays. The latter are then used in
the context of linear algebra (chapter 4), where they are indispensable, both in terms of
expressiveness and in terms of efficiency.

Speaking of which, it’s worth noting at the outset that, since our programs are intended
to be easy to read, in some cases we have to sacrifice efficiency.! Our implementations are
intended to be pedagogical, i.e., they are meant to teach you how and why a given numer-
ical method works; thus, we almost never employ NumPy or SciPy functionality (other
than numpy arrays), but produce our own functions, instead. We make some comments on
alternative implementations here and there, but the general assumption is that you will be
able to write your own codes using different approaches (or programming languages) once
you’ve understood the underlying numerical method. If all you are interested in is a quick
calculation, then Python along with its ecosystem is likely going to be your one-stop shop.
As your work becomes more computationally challenging, you may need to switch to a
compiled language; most work on supercomputers is carried out using languages like For-
tran or C++ (or sometimes even C). Of course, even if you need to produce a hyper-efficient
code for your research, the insight you may gain from building a prototype in Python could
be invaluable; similarly, you could write most of your code in Python and re-express a few

! Thus, we do not talk about things like Python’s Global Interpreter Lock, cache misses, page faults, and so on.
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performance-critical components using a compiled language. We hope that the lessons you
pick up here (both on the numerical methods and on programming in general) will serve
you well if you need to employ another environment in the future.

The decision to focus on Python (and NumPy) idioms is coupled to the aforementioned
points on Python’s expressiveness and readability: idiomatic code makes it easier to con-
quer the complexity that arises when developing software. (Of course, it does require you
to first become comfortable with the idioms.) That being said, our presentation will be se-
lective; Python has many other features that we will not go into. Most notably, we don’t
discuss how to define classes of your own or how to handle exceptions; the list of omit-
ted features is actually very long.? While many features we leave out are very important,
discussing them would interfere with the learning process for students who are still mas-
tering the basics of programming. Even so, we do introduce topics that haven’t often made
it into computational-science texts (e.g., list comprehensions, dictionaries, for-else, array
manipulation via slicing and @) and use them repeatedly in the rest of the book.

When deemed necessary, we point to further functionality in Python. For more, have a
look at the bibliography and at The Python Language Reference (as well as The Python
Standard Library Reference). Once you have mastered the basics of core Python, you may
find books like Ref. [75] and Ref. [84] a worthwhile investment. On the wider theme of de-
veloping good programming skills, volumes like Ref. [65] can be enriching, as is also true
of any book written by Brian Kernighan. Here we provide only the briefest of summaries.

1.2 Code Quality

We will not be too strict in this book about coding guidelines. Issues like code layout can
be important, but most of the programs we will write are so short that this won’t matter too
much. If you’d like to learn more about this topic, your first point of reference should be
PEP 8 — Style Guide for Python Code. Often more important than issues of code layout?
are questions about how you write and check your programs. Here is some general advice:

e Code readability matters Make sure to target your program to humans, not the com-
puter. This means that you should avoid using “clever” tricks. Thus, you should use
good variable names and write comments that add value (instead of repeating the
code). The human code reader that will benefit from this is first and foremost your-
self, when you come back to your programs some months later.

e Be careful, not swift, when coding Debugging is typically more difficult than coding
itself. Instead of spending two minutes writing a program that doesn’t work and then
requires you to spend two hours fixing it up, try to spend 10 minutes on designing the
code and then carefully converting your ideas into program lines. It doesn’t hurt to
also use Python interactively (while building the program file) to test out components
of the code one-by-one or to fuse different parts together.

2 For example: decorators, coroutines, or type hints.
3 You should look up the term “bikeshedding”.
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e Untested code is wrong code Make sure your program is working correctly. If you
have an example where you already know the answer, make sure your code gives that
answer. Manually step through a number of cases (i.e., mentally, or on paper, do the
calculations the program is supposed to carry out). This, combined with judiciously
placed print-outs of intermediate variables, can go a long way toward ensuring that
everything is as it should be. When modifying your program, ensure it still gives the
original answer when you specialize the problem to the one you started with.

e Write functions that do one thing well Instead of carrying out a bunch of unrelated
operations in sequence, you should structure your code so that it makes use of well-
named (and well-thought-out) functions that do one thing and do it well. You should
break down the tasks to be carried out and logically separate those into distinct func-
tions. If you design these well, in the future you will be able to modify your programs
to carry out much more challenging tasks, by only adding a few lines of new code
(instead of having to change dozens of lines in an existing “spaghetti” code).

e Use trusted libraries In most of this book we are “reinventing the wheel”, because we
want to understand how things work (or don’t work). Later in life, you should not have
to always use “hand-made” versions of standard algorithms. As mentioned, there exist
good (widely employed and tested) libraries like numpy that you should learn to make
use of. The same thing holds, obviously, for the standard Python library: you should
generally employ its features instead of “rolling your own”.

One could add (much) more advice along these lines. Since our scope here is much more
limited, we conclude by pointing out that in the Python ecosystem (or around it) there’s
extensive infrastructure [82] to carry out version control (e.g., git), testing (e.g., doctest
and unittest), as well as debugging (e.g., pdb), program profiling and optimization,
among other things. You should also have a look at the pylint tool.

1.3 Summary of Python Features
|

1.3.1 Basics

Python can be used interactively: this is when you see the Python prompt >>>, also known
as a chevron. You don’t need to use Python interactively: like other programming lan-
guages, the most common way of writing and running programs is to store the code in
a file. Linear combinations of these two ways of using Python are also available, fusing
interactive sessions and program files. In any case, your program is always executed by the
Python interpreter. Appendix A points you in the direction of tools you could employ.
Like other languages (e.g., C or Fortran), Python employs variables, which can be inte-
gers, complex numbers, etc. Unlike those languages, Python is a dynamically typed lan-
guage, so variables get their type from their value, e.g., x = 0.5 creates a floating-point
variable (a “float”). It may help you to think of Python values as being produced first
and labels being attached to them after that. Numbers like 8.5 or strings like "Hello",
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are known as literals. If you wish to print the value of a variable, you use the print()
built-in function, i.e., print (x). Further functionality is available in the form of standard-
library modules, e.g., you can import the sqrt function that is to be found in the math
module. Users can define their own modules: we will do so repeatedly. You can carry out
arithmetic with variables, e.g., x**y raises x to the y-th power or x//y does “floor divi-
sion”. It’s usually a good idea to group related operations using parentheses. Python also
supports augmented assignment, e.g., X += 1 or even multiple assignment, e.g., X, y =
0.5, "Hello". This gives rise to a nifty way to swap two variables: x, y = y, x.

Comments are an important feature of programming languages: they are text that is ig-
nored by the computer but can be very helpful to humans reading the code. That human
may be yourself in a few months, at which point you may have forgotten the purpose or de-
tails of the code you’re inspecting. Python allows you to write both single-line comments,
via #, or docstrings (short for “documentation strings”), via the use of triple quotation
marks. Crucially, we don’t include explanatory comments in our code examples, since this
is a book which explicitly discusses programming features in the main text. That being
said, in your own codes (which are not embedded in a book discussing them) you should
always include comments.

1.3.2 Control Flow

Control flow refers to programming constructs where not every line of code gets executed
in order. A classic example is conditional execution via the if statement:

>>> if x!1=0:
print("x is non-zero")

Indentation is important in Python: the line after if is indented, reflecting the fact that it
belongs to the corresponding scenario. Similarly, the colon, :, at the end of the line contain-
ing the if is also syntactically important. If you wanted to take care of other possibilities,
you could use another indented block starting with else: or elif x==0:. In the case of
boolean variables, a common idiom is to write: if flag: instead of if flag==True:.

Another concept in control flow is the loop, i.e., the repetition of a code block. You can
do this via while, which is typically used when you don’t know ahead of time how many
iterations you are going to need, e.g., while x>0:. Like conditional expressions, a while
loop tests a condition; it then keeps repeating the body of the loop until the condition is
no longer true, in which case the body of the block is jumped over and execution resumes
from the following (non-indented) line. We sometimes like to be able to break out of a
loop: if a condition in the middle of the loop body is met, then: a) if we use break we
will proceed to the first statement after the loop, or b) if we use continue we skip not the
entire loop, but the rest of the loop body for the present iteration.

A third control-flow construct is a for loop: this arises when you need to repeat a certain
action a fixed number of times. For example, by saying for i in range(3): you will
repeat whatever follows (and is indented) three times. Like C, Python uses 0-indexing,
meaning that the indices go as 0, 1, 2 in this case. In general, range (n) gives the integers
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from 0 to n-1 and, similarly, range(m, n, i) gives the integers from m to n-1 in steps of
i. Above, we mentioned how to use print () to produce output; this can be placed inside a
loop to print out many numbers, each on a separate line; if you want to place all the output
on the same line you do:

>>> for i in range(1,15,2):
print(0.01*i, end=" ")

that is, we’ve said end= after passing in the argument we wish to print. As we’ll discuss

in the following section, Python’s for loop is incredibly versatile.

1.3.3 Data Structures

Python supports container entities, called data structures; we will mainly be using lists.

Lists A list is a container of elements; it can can grow when you need it to. Elements can
have different types. You use square brackets and comma-separated elements when creating
alist, e.g., zs = [5, 1+2j, -2.0]. You also use square brackets when indexing into a
list, e.g., zs[0] is the first element and zs[-1] the last one. Lists are mutable sequences,
meaning we can change their elements, e.g., zs[1] = 9, or introduce new elements, via
append (). The combination of for loops and range () provides us with a powerful way
to populate a list. For example:

>>> xs = []
>>> for i in range(20):
xs.append(0®.1%i)

where we started with an empty list. In the following section, we’ll see a more idiomatic
way of accomplishing the same task. You can concatenate two lists via the addition oper-
ator, e.g., zs = Xs + ys; the logical consequence of this is the idiom whereby a list can
be populated with several (identical) elements using a one-liner, xs = 10*[0]. There are
several built-in functions (applicable to lists) that often come in handy, most notably sum()
and len().

Python supports a feature called slicing, which allows us to take a slice out of an existing
list. Slicing, like indexing, uses square brackets: the difference is that slicing uses two
integers, with a colon in between, e.g., ws[2:5] gives you the elements ws[2] up to (but
not including) the element ws[5]. Slicing obeys convenient defaults, in that we can omit
one of the integers in ws[m:n] without adverse consequences. Omitting the first index is
interpreted as using a first index of 0, and omitting the second index is interpreted as using
a second index equal to the number of elements. You can also include a third index: in
ws[m:n:i] we go in steps of i. Note that list slicing uses colons, whereas the arguments
of range () are comma separated. Except for that, the pattern of start, end, stride is
the same.

We are now in a position to discuss how copying works. In Python a new list, which is
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1, 2, 3]' — 17, 2, 3]

Labelling and modifying a mutable object (in this case, a list)

assigned to be equal to an old list, is simply the old list by another name. This is illustrated
in Fig. 1.1, which corresponds to the three steps xs = [1,2,3], followed by ys = xs,
and then ys[0] = 7. In other words, in Python we’re not really dealing with variables,
but with labels attached to values, since xs and ys are just different names for the same
entity. When we type ys[0] = 7 we are not creating a new value, simply modifying the
underlying entity that both the xs and ys labels are attached to. Incidentally, things are
different for simpler variables, e.g., x=1; y=x; y=7; print(x) prints 1 since 7 is a new
value, not a modification of the value x is attached to. This is illustrated in Fig. 1.2, where
we see that, while initially both variable names were labelling the same value, when we
type y=7 we create a new value (since the number 7 is a new entity, not a modification of
the number 1) and then attach the y label to it.

Crucially, when you slice you get a new list, meaning that if you give a new name to
a slice of a list and then modify that, then the original list is unaffected. For example,
xs = [1,2,3], followed by ys = xs[1:], and then ys[0®] = 7 does not affect xs. This
fact (namely, that slices don’t provide views on the original list but can be manipulated
separately) can be combined with another nice feature (namely, that when slicing one can
actually omit both indices) to create a copy of the entire list, e.g., ys = xs[:]. Thisis a
shallow copy, so if you need a deep copy, you should use the function deepcopy () from
the standard module copy; the difference is immaterial here.

Tuples Tuples can be (somewhat unfairly) described as immutable lists. They are se-
quences that can neither change nor grow. They are defined using parentheses instead of
square brackets, e.g.,xs = (1,2,3), but you can even omit the parentheses, xs = 1,2,3.
Tuple elements are accessed the same way that list elements are, namely with square brack-
ets, e.g., xs[2].

Strings Strings can also be viewed as sequences, e.g., if name = "Mary" then name[-1]

is the character ‘y’. Note that you can use either single or double quotation marks. Like
tuples, strings are immutable. As with tuples, we can use + to concatenate two strings. A

) 1 1)

Labelling immutable objects (in this case, integers)
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useful function that acts on strings is format(): it uses positional arguments, numbered
starting from 0, within curly braces. For example:

>>> X, y = 31, -2.5
>>> "{0} {1}".format(x, y)
‘3.1 -2.5’

The overall structure is string-dot-format-arguments. This can lead to powerful ways of
formatting strings, e.g.,

>>> "{0:1.15f} {1}".format(x, y)
£3.100000000000000 -2.5’

Here we also introduced a colon, this time followed by 1.15f, where 1 gives the number
of digits before the decimal point, 15 gives the number of digits after the decimal point,
and f£ is a type specifier (that leads to the result shown for floats).

Dictionaries Python also supports dictionaries, which are called associative arrays in com-
puter science (they’re called maps in C++). You can think of dictionaries as being similar
to lists or tuples, but instead of being limited to integer indices, with a dictionary you can
use strings or floats as keys. In other words, dictionaries contain key and value pairs. The
syntax for creating them involves curly braces (compare with square brackets for lists and
parentheses for tuples), with the key-value pair being separated by a colon. For example,
htow = {1.41: 31.3, 1.45: 36.7, 1.48: 42.4}is adictionary associating heights
to weights. In this case both the keys and the values are floats. We access a dictionary
value (for a specific key) by using the name of the dictionary, square brackets, and the key
we’re interested in: this returns the value associated with that key, e.g., htow[1.45]. In
other words, indexing uses square brackets for lists, tuples, strings, and dictionaries. If the
specific key is not present, then we get an error. Note, however, that accessing a key that
is not present and then assigning actually works: this is a standard way key:value pairs are
introduced into a dictionary, e.g., htow[1.43] = 32.9.

1.3.4 User-Defined Functions

If our programs simply carried out a bunch of operations in sequence, inside several loops,
their logic would soon become unwieldy. Instead, we are able to group together logically
related operations and create what are called user-defined functions: just as in our earlier
section on control flow, this refers to lines of code that are not necessarily executed in the
order in which they appear inside the program file. For example, while the math module
contains a function called exp(), we could create our own function called, say, nexp(),
which, e.g., uses a different algorithm to get to the answer. The way we introduce our own
functions is via the def keyword, along with a function name and a colon at the end of the
line, as well as (the by now expected) indentation of the code block that follows. Here’s a
function that computes the sum from 1 up to some integer:
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>>> def sumofints(nmax):
val = sum(range(l,nmax+1))
return val

We are taking in the integer up to which we’re summing as a parameter. We then ensure
that range () goes up to (but not including) nmax+1 (i.e., it includes nmax). We split the
body of the function into two lines: first we define a new variable and then we return it,
though we could have simply used a single line, return sum(range(1l,nmax+1)). This
function can be called (in the rest of the program) by saying x = sumofints(42).

The function we just defined took in one parameter and returned one value. It could
have, instead, taken in no parameters, e.g., summing the integers up to some constant; we
would then call it by x = sumofints(). Similarly, it could have printed out the result,
inside the function body, instead of returning it to the external world; in that case, where
no return statement was used, the x in x = sumofints(42) would have the value None.
Analogously, we could be dealing with several input parameters, or several return values,
expressed by def sumofints(nmin,nmax):,orreturn vall, val2,respectively. The
latter case is implicitly making use of a tuple.

We say that a variable that’s either a parameter of a function or is defined inside the func-
tion is local to that function. If you’re familiar with the terminology other languages use
(pass-by-value or pass-by-reference), then note that Python employs pass-by-assignment,
which for immutable objects behaves like pass-by-value (you can’t change what’s outside)
and for mutable objects behaves like pass-by-reference (you can change what’s outside),
if you’re not re-assigning. It’s often a bad idea to change the external world from inside
a function: it’s best simply to return a value that contains what you need to communicate
to the external world. This can become wasteful, but here we opt for conceptual clarity,
always returning values without changing the external world. This is a style inspired by
functional programming, which aims at avoiding side effects, i.e., changes that are not vis-
ible in the return value. (Unless you're a purist, input/output is fine.) Python also supports
nested functions and closures: though we won’t use these, it’s good to know they exist. On
a related note, Python contains the keywords global and nonlocal as well as function
one-liners via lambda, but we won’t be using them.

A related feature of Python is the ability to provide default parameter values:

>>> def cosder(x, h=0.01):
return (cos(x+h) - cos(x))/h

You can call this function with either cosder (0.) or cosder(®., 0.001);in the former
case, h has the value 0.01. Basically, the second argument here is optional. As a matter of
good practice, you should make sure to always use immutable default parameter values.
Finally, note that in Python one has the ability to define a function that deals with an
indefinite number of positional or keyword arguments. The syntax for this is *args and
**kwargs, but a detailed discussion would take us too far afield.

A pleasant feature of Python is that functions are first-class objects. As a result, we
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can pass them in as arguments to other functions; for example, instead of hard-coding the
cosine as in our previous function, we could say:

>>> def der(f, x, h=0.01):
return (f(x+h) - f(x))/h

which is called by passing in as the first argument the function of your choice, e.g.,
der(sin, 0., 0.05). Note how f is a regular parameter, but is used inside the func-
tion the same way we use functions (by passing arguments to them inside parentheses). We
passed in the name of the function, sin, as the first argument and the x as the second argu-
ment.* As a rule of thumb, you should pass a function in as an argument if you foresee that
you might be passing in another function in its place in the future. If you basically expect
to always keep carrying out the same task, there’s no need to add yet another parameter to
your function definition. Incidentally, we really meant it when we said that in Python func-
tions are first-class objects. You could even have a list whose elements are functions, e.g.,
funcs = [sumofints, cos]. Similarly, a problem explores a dictionary that contains
functions as values (or keys).

1.4 Core-Python Idioms

We are now in a position to discuss Pythonic idioms: these are syntactic features that allow
us to perform tasks more straightforwardly than would have been possible with the syn-
tax introduced above. Using such alternative syntax to make the code more concise and
expressive helps write new programs, but also makes the lives of future readers easier. Of
course, you do have to exercise your judgement.’

1.4.1 List Comprehensions

At the start of section 1.3.3, we saw how to populate a list: start with an empty one and
use append() inside a for loop to add the elements you need. List comprehensions (often
shortened to listcomps) provide us with another way of setting up lists. The earlier example
can be replaced by xs = [0.1*i for i in range(20)]. This is much more compact
(one line vs three). Note that when using a list comprehension the loop that steps through
the elements of some other sequence (in this case, the result of stepping through range())
is placed inside the list we are creating! This particular syntax is at first sight a bit unusual,
but very convenient and strongly recommended.

It’s a worthwhile exercise to replace hand-rolled versions of code using listcomps. For
example, if you need a new list whose elements are two times the value of each element in
xs, you should not say ys = 2*xs: as mentioned earlier, this concatenates the two lists,
which is not what we are after. Instead, what does work is ys = [2*x for x in xs].

4 This means that we did not pass in sin() or sin(x), as those wouldn’t work.
5 As Emerson put it in his 1841 essay on Self-Reliance, “A foolish consistency is the hobgoblin of little minds”.
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More generally, if you need to apply a function to every element of a list, you could simply
dosoonthefly:ws = [£(x) for x in xs]. Another powerful feature lets you “prune”
a list as you’re creating it, e.g., zs = [2*x for x in xs if x>0.3]; this doubles an
element only if that element is greater than 0.3 (otherwise it doesn’t even introduce it).

1.4.2 Iterating Idiomatically

Our earlier example, ys = [2*x for x in xs], is an instance of a significant syntactic
feature: a for loop is not limited to iterating through a collection of integers in fixed steps
(as in our earlier for i in range(20)) but can iterate through the list elements them-
selves directly.® This is a general aspect of iterating in Python, a topic we now turn to; the
following advice applies to all loops (i.e., not only to listcomps).

One list Assuming the list xs already exists, you may be tempted to iterate through its ele-
ments via something like for i in range(len(xs)) : then in the loop body you would
get a specific element by indexing, i.e., xs[i]. The Pythonic alternative is to step through
the elements themselves, i.e., for x in xs: and then simply use x in the loop body. In-
stead of iterating through an index, which is what the error-prone syntax range (len(xs))
is doing, this uses Python’s in to iterate directly through the list elements.

Sometimes, you need to iterate through the elements of a list xs in reverse: the old-school
(C-influenced) way to do this is for i in range(len(xs)-1, -1, -1):, followed by
indexing, i.e., xs[i]. This does the right thing, but all those -1’s don’t make for light
reading. You can achieve the same goal via Python’s built-in reversed () function, saying
for x in reversed(xs): and then using x directly. A final use case: you often need
access to both the index showing an element’s place in the list, and the element itself. The
“traditional” solution would involve for i in range(len(xs)): followed by using i
and xs[1i] in the loop body. The Pythonic alternative is to use the built-in enumerate ()
function, for i, x in enumerate(xs): and then use i and x directly. This solution is
more readable and less error-prone.

Two lists We sometimes want to iterate through two lists, xs and ys, in parallel. You should
be getting the hang of things by now; the unPythonic way to achieve our goal would be
for i in range(len(xs)):, followed by using xs[i] and ys[i] in the loop body. The
Pythonic solution is to say for x, y in zip(xs,ys): and then use x and y directly.
The zip() built-in function creates an iterable entity consisting of tuples, fusing the Oth
element in xs with the Oth element in ys, the 1st element in xs with the 1st element’ in ys,
and so on.

Dictionaries We can use for to iterate Pythonically through more than just lists; in the
tutorial you have learned that it also works for lines in a file. Similarly, we can iterate
through the keys of a dictionary; for our earlier height-to-weight dictionary, you could say
for h in htow: and then use h and htow[h] in the loop body. An even more Pythonic

6 In other words, Python’s for is similar to the foreach that some other languages have.
7 In English we say “first”, “second”, etc. We’ll use numbers, e.g., Oth, when using the 0-indexing convention.

11
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forelse.py

def look(target,names):
for name in names:
if name==target:
val = name
break

else:
val = None
return val

names = ["Alice", "Bob", "Eve"]
print (look("Eve", names))
print(look("Jack", names))

way of doing the same thing uses the items () method of dictionaries to produce all the
key-value pairs, i.e., for h,w in htow.items(): allows you to use h and w inside the
loop body.

For-else In this section we’ve spent some time discussing the line where for appears. We
now turn to a way of using for loops that is different altogether: similarly to if statements,
you can follow a for loop by an else (!). This is somewhat counterintuitive, but can be
very helpful. The way this works is that the for loop is run as usual: if no break is
encountered during execution of the for block, then control proceeds to the else block. If
a break is encountered during execution of the for block, then the else block is not run.
(Try re-reading the last two sentences after you study Code 1.1).

The else in a for loop is nice when we are looking for an item within a sequence and
we need to do one thing if we find it and a different thing if we don’t. An example is given in
Code 1.1, the first full program in the book. We list such codes in boxes with the filename at
the top; we strongly recommend you download these Python codes and use them in parallel
to reading the main text; you would run this by typing python forelse.py or something
along those lines; note that, unlike other languages you may have used in the past, there
is no compilation stage. This specific code uses several of the Python features mentioned
in this chapter: it starts with defining a function, look (), which we will discuss in more
detail below. The main program uses a listcomp to produce a list of strings and then calls
the 1look () function twice, passing in a different first argument each time; we don’t even
need a variable to hold the first argument(s), using string literal(s) directly. Since we are no
longer using Python interactively, we employ print () to ensure that the output is printed
on the screen (instead of being evaluated and then thrown away).

Turning to the look () function itself, it takes in two parameters: one is (supposed to
be) a target string and the other one is a list of strings. The latter could be very long,
e.g., the first names listed in a phone book. Note that there are three levels of indentation
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involved here: the function body gets indented, the for loop body gets indented, and then
the conditional expression body also gets indented. Incidentally, our for loop is iterating
through the list elements directly, as per our earlier admonition, instead of using error-
prone indices. You should spend some time ensuring that you understand what’s going on.
Crucially, the else is indented at the level of the for, not at the level of the if. We also
took the opportunity to employ another idiom mentioned above: None is used to denote the
absence of a value. The two possibilities that are at play (target in sequence or target not
in sequence) are probed by the two function calls in the main program. When the target
is found, a break is executed, so the else is not run. When the target is not found, the
else is run. It might help you to think of this else as being equivalent to nobreak: the
code in that block is only executed when no break is encountered in the main part of the
for loop. (Of course, this is only a mnemonic, since nobreak is not a reserved word in
Python.) We will use the for-else idiom repeatedly in this volume (especially in chapter 5),
whenever we are faced with an iterative task which may plausibly fail, in which case we
wish to communicate that fact to the rest of the program.

1.5 Basic Plotting with matplotlib

The Python ecosystem gives us the option of visualizing relationships between numbers
via matplotlib, a plotting library (i.e., not part of core Python) which can produce
quality figures: all the plots in this book were created using matplotlib. Inside the
matplotlib package is the matplotlib.pyplot module, which is used to produce fig-
ures in a MATLAB-like environment.

A simple example is given in Code 1.2. This starts by importing matplotlib.pyplot
in the (standard) way which allows us to use it below without repeated typing of unnec-
essary characters. We then define a function, plotex(), that takes care of the plotting,
whereas the main program simply introduces four list comprehensions and then calls our
function. The listcomps also employ idiomatic iteration, in the spirit of applying what you
learned in the previous section. If you’re still a beginner, you may be wondering why we
defined a Python function in this code. An important design principle in computer science
goes by the name of separation of concerns (or sometimes information hiding or encapsu-
lation): each aspect of the program should be handled separately. In our case, this means
that each component of our task should be handled in a separate function.

Let’s discuss this function in more detail. Its parameters are (meant to be) four lists,
namely two pairs of x; and y; values. The function body starts by using xlabel () and
ylabel () to provide labels for the x and y axes. It then creates individual curves/sets of
points by using matplotlib’s function plot (), passing in the x-axis values as the first
argument and the y-axis values as the second argument. The third positional argument to
plot () is the format string: this corresponds to the color and point/line type. In the first
case, we used r for red and - for a solid line. Of course, figures in this book are printed
in black and white, but you can produce the color version using the corresponding Python
code. In order to help you interpret this and other format strings, we list allowed colors and
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Code 1.2 plotex.py

import matplotlib.pyplot as plt

def plotex(cxs,cys,dxs,dys):

plt
plt.
plt
plt
plt.
plt.
cxs = [0.
cys = [x*
dxs = [i
dys = [x*
plotex(cx

.plot(cxs, cys,
.plot(dxs, dys, ‘b--"’, label=‘other function’)

.xlabel(‘x’, fontsize=20)

ylabel (‘£(x)’, fontsize=20)
¢ , label=‘quadratic’)

r-

legend ()
show ()

1*i for i in range(60)]
*2 for x in cxs]

for i in range(7)]

*1.8 - 0.5 for x in dxs]

s, cys, dxs, dys)

some of the most important line styles/markers in Table 1.1. The fourth argument to plot ()
is a keyword argument containing the label corresponding to the curve. In the second call
to plot() we pass in a different format string and label (and, obviously, different lists);
observe that we used two style options in the format string: -- to denote a dashed line and ~
to denote the points with a triangle marker. The function concludes by calling legend ),
which is responsible for making the legend appear, and show(), which makes the plot
actually appear on our screen.

Table 1.1 Color, line styles, and markers in matplotlib

Character Color Character ~ Description

‘b’ blue -’ solid line style

‘9’ green -’ dashed line style
‘r’ red T dash-dot line style
‘c’ cyan . dotted line style
‘m’ magenta ‘o’ circle marker

‘y’ yellow ‘s’ square marker

‘k’ black ‘D’ diamond marker
‘w’ white £ triangle-up marker
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35 35
— quadratic
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— quadratic
#-® with errors
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Examples of figures produced using matplotlib

The result of running this program is in the left panel of Fig. 1.3. A scenario that pops
up very often in practice involves plotting points with error bars:

dyerrs = [0.1*y for y in dys]
plt.errorbar(dxs, dys, dyerrs, fmt=‘b:D’, label=‘with errors’)

where we have called errorbar () to plot the points with error bars: the three positional
arguments here are the x values, the y values, and the errors in the y values. After that,
we pass in the format string using the keyword argument fmt and the label as usual. We
thereby produce the right panel of Fig. 1.3.

We could fine-tune almost all aspects of our plots, including basic things like line width,
font size, and so on. For example, we could get TeX-like equations by putting dollar signs
inside our string, e.g., ‘$x_i$’ appears as x;. We could control which values are displayed
via x1im(Q) and ylim(), we could employ a log-scale for one or both of the axes (using
xscale() or yscale()), and much more. The online documentation can help you go
beyond these basic features. Finally, we note that instead of providing matplotlib with
Python lists as input, you could be using NumPy arrays; this is the topic we now turn to.

1.6 NumPy Idioms

NumPy arrays are not used in chapters 2 and 3 so, if you are still new to Python, you should
focus on mastering Python lists: how to grow them, modify them, etc. Thus, you should
skip this section and the corresponding NumPy tutorial for now and come back when you
are about to start reading chapter 4. If you’re feeling brave you can keep reading, but know
that it is important to distinguish between Python lists and NumPy arrays.

In our list-based codes, we typically carry out the same operation over and over again,
a fixed number of times, e.g., contribs = [w*f(x) for w,x in zip(ws,xs)]; this
list comprehension uses the zip () built-in to step through two lists in parallel. Similarly,
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Table 1.2 Commonly used numpy data types

Type Variants

Integer int8, intl16, int32, int64

Float floatl6, float32, float64, longdouble
Complex complex64, complex128, complex256

our Python lists are almost always “homogeneous”, in the sense that they contain elements
of only one type. This raises the natural question: wouldn’t it make more sense to carry
out such tasks using a homogeneous, fixed-length container? This is precisely what the
Numerical Python (NumPy) array object does: as a result, it is fast and space-efficient. It
also allows us to avoid, for the most part, having to write loops: even in our listcomps,
which are more concise than standard loops, there is a need to explicitly step through each
element one by one. Numerical Python arrays often obviate such syntax, letting us carry
out mathematical operations on entire blocks of data in one step.® The standard convention
is to import numpy with a shortened name: import numpy as np.

One-dimensional arrays One-dimensional arrays are direct replacements for lists. The
easiest way to make an array is via the array () function, which takes in a sequence and
returns an array containing the data that was passed in, e.g., ys = np.array(contribs);
the array () function is part of numpy, so we had to say np.array () to access it. There is
both an array () function and an array object involved here: the former created the latter.
Printing out an array, the commas are stripped, so you can focus on the numbers. If you
want to see how many elements are in the array ys, use the size attribute, via ys.size.
Remember: NumPy arrays are fixed-length, so the total number of elements cannot change.
Another very useful attribute arrays have is dtype, namely the data type of the elements;
Table 1.2 collects several important data types. When creating an array, the data type can
also be explicitly provided, e.g., zs = np.array([5, 8], dtype=np.float32).

NumPy contains several handy functions that help you produce pre-populated arrays,
e.g., np.zeros(5), np.ones(4), or np.arange(5). The latter also works with float
arguments, however, as we will learn in the following chapter, this invites trouble. For
example, np.arange(1.5,1.75,0.05) and np.arange(1.5,1.8,0.05) behave quite
differently. Instead, use the linspace() function, which returns a specified number of
evenly spaced elements over a specified interval, e.g., np.linspace(1.5,1.75,6) or
np.linspace(1.5,1.8,7). There also exists a function called 1logspace (), which pro-
duces a logarithmically spaced grid of points.

Indexing for arrays works as for lists, namely with square brackets, e.g., zs[2]. Slicing
appears, at first sight, to also be identical to how slicing of lists works. However, there is
a crucial difference, namely that array slices are views on the original array; let’s revisit
our earlier example. For arrays, xs = np.array([1,2,3]), followed by ys = xs[1:],

8 From here onward, we will not keep referring to these new containers as numpy arrays: they’ll simply be called
arrays, the same way the core-Python lists are simply called lists.
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and then ys[0] = 7 does affect xs. NumPy arrays are efficient, eliminating the need to
copy data: of course, one should always be mindful that different slices all refer to the
same underlying array. For the few cases where you do need a true copy, you can use
np.copy(Q), e.g., ys = np.copy(xs[1:]) followed by ys[0] = 7 does not affect xs.
We could, just as well, copy the entire array over, without impacting the original. In what
follows, we frequently make copies of arrays inside functions, in the spirit of impacting
the external world only through the return value of a function.

Another difference between lists and arrays has to with broadcasting. Qualitatively, this
means that NumPy often knows how to handle entities whose dimensionalities don’t quite
match. For example, xs = np.zeros(5) followed by xs[:] = 7, leads to an array of
five sevens. Remember, since array slices are views on the original array, xs[:] cannot
be used to create a copy of the array, but it can be used to broadcast one number onto
many slots; this syntax is known as an “everything slice”. Without it, xs = 7 leads to xs
becoming an integer (number) variable, not an array, which isn’t what we want.

The real strength of arrays is that they let you carry out operations such as xs + ys: if
these were lists, you would be concatenating them, but for arrays addition is interpreted as
an elementwise operation (i.e., each pair of elements is added together).” If you wanted to
do the same thing with lists you would need a listcomp and zip (). This ability to carry
out such batch operations on all the elements of an array (or two) at once is often called
vectorization. You could also use other operations, e.g., to sum the results of pairwise mul-
tiplication you simply say np.sum(xs*ys). This is simply evaluating the scalar product
of two vectors, in one short expression. Equally interesting is the ability NumPy has to
also combine an array with a scalar: this follows from the aforementioned broadcasting,
whereby NumPy knows how to interpret entities with different (but compatible) shapes.
For example, 2*xs doubles each array element; this is very different from what we saw in
the case of lists. You can think of what’s happening here as the value 2 being “stretched”
into an array with the same size as xs and then an elementwise multiplication taking place.
Needless to say, you could carry out several other operations with scalars, e.g., 1/xs. Such
combinations of broadcasting (whereby you can carry out operations between scalars and
arrays) and vectorization (whereby you write one expression but the calculation is carried
out for all elements) can be hard to grasp at first, but are very powerful (both expressive
and efficient) once you get used to them.

Another very useful function, np .where (), helps you find specific indices where a con-
dition is met, e.g., np.where(2 == xs) returns a tuple of arrays, so we would be in-
terested in its Oth element. NumPy also contains several functions that look similar to
corresponding math functions, e.g., np.sqrt(); these are are designed to take in entire
arrays so they are almost always faster. NumPy also has functions that take in an array and
return a scalar, like the np.sum() we encountered above. Another very helpful function is
np.argmax (), which returns the index of the maximum value. You can also use NumPy’s
functionality to create your own functions that can handle arrays. For example, our ear-
lier contribs = [w*f(x) for w,x in zip(ws,xs)] can be condensed into the much

9 Conversely, if you wish to concatenate two arrays you cannot use addition; use np.concatenate().
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Table 1.3 Important attributes of numpy arrays

Attribute Description

dtype Data type of array elements

ndim Number of dimensions of array

shape Tuple with number of elements for each dimension
size Total number of elements in array

cleaner contribs = ws*fa(xs), where fa() is designed to take in arrays (so, e.g., it
uses np.sqrt () instead of math.sqrt()).

Two-dimensional arrays In core Python, matrices can be represented by lists of lists
which are, however, quite clunky (as you’ll further experience in the following section).
In Python a list-of-lists is introduced by, e.g., LL = [[11,12], [13,14], [15,16]].
Just like for one-dimensional arrays, we can say A = np.array(LL) to produce a two-
dimensional array that contains the elements in LL. If you type print (A) the Python in-
terpreter knows how to strip the commas and split the output over three rows, making it
easy to see that it’s a two-dimensional entity, similar to a mathematical matrix.

Much of what we saw on creating one-dimensional arrays carries over to the two-
dimensional case. For example, A. size is 6: this is the total number of elements, including
both rows and columns. Another attribute is ndim, which tells us the dimensionality of the
array: A.ndim is 2 for our example. The number of dimensions can be thought of as the
number of distinct “axes” according to which we are listing elements. Incidentally, our ter-
minology may be confusing to those coming from a linear-algebra background. In linear
algebra, we say that a matrix A with m rows and n columns has “dimensions” m and n,
or sometimes that it has dimensions m X n. In contradistinction to this, the NumPy con-
vention is to refer to an array like A as having “dimension 2”, since it’s made up of rows
and columns (i.e., how many elements are in each row and in each column doesn’t mat-
ter). There exists yet another attribute, shape, which returns a tuple containing the number
of elements in each dimension, e.g., A.shape is (3, 2). Table 1.3 collects the attributes
we’ll need. You can also create two-dimensional arrays by passing a tuple with the desired
shape to the appropriate function, e.g., np.zeros((3,2)) or np.ones((4,6)). Another
function helps you make a square identity matrix via, e.g., np.identity(4). All of these
functions produce floats, by default.

If you want to produce an array starting from a hand-rolled list, but wish to avoid the
Python list-of-lists syntax (with double square brackets, as well as several commas), you
can start from a one-dimensional list, which is then converted into a one-dimensional ar-
ray, which in its turn is re-shaped into a two-dimensional array via the reshape() func-
tion, e.g., A = np.array([11,12,13,14,15,16]) .reshape(3,2). Here’s another ex-
ample: A = np.arange(11,23).reshape(3,4). Observe how conveniently we’ve ob-
viated the multitude of square brackets and commas of LL.
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All,:] Al:,2] A[:2,:]
11 12 13 14 11 1213 14 11 12 13 14
15 16 17 18 15 1617 18 15 16 17 18
19 20 21 22 19 2021 22 19 20 21 22

Al:,1:] A[:2,1:] A[:2,1:-1]
11 12 13 14 11 12 13 14 1112 13 14
15 16 17 18 1516 17 18 1516 17 18
1920 21 22 19 20 21 22 19 20 21 22

Al::2,:] A[::2,:2] Al::2,::2]
11 12 13 14 1112 13 14 11 12 13 14
15 16 17 18 15 16 17 18 15 16 17 18
19 20 21 22 19 20 21 22 19 20 21 22

Examples of slicing a 3 x 4 two-dimensional array

It is now time to see one of the nicer features of two-dimensional arrays in NumPy:
the intuitive way to access elements. To access a specific element of LL, you have to say,
e.g., LL[2][1]. Recall that we are using Python 0-indexing, so the rows are numbered
Oth, 1st, 2nd, and analogously for the columns. This double pair of brackets, separating the
numbers from each other, is quite cumbersome and also different from how matrix notation
is usually done, i.e., A;; or A; ;. Thus, it comes as a relief to see that NumPy array elements
can be indexed simply by using only one pair of square brackets and a comma separated
pair of numbers, e.g., A[2, 1].

Slicing is equally intuitive, e.g., A[1, :] picks a specific row and uses an everything-
slice for the columns, and therefore leads to that entire row. Figure 1.4 shows a few other
examples: the highlighting shows the elements that are chosen by the slice shown at the
top of each matrix. The most interesting of these is probably A[:2,1:-1], which employs
the Python convention of using -1 to denote the last element, in order to slice the “mid-
dle” columns: 1:-1 avoids the first/Oth column and the last column. We also show a few
examples that employ a stride when slicing. To summarize, when we use two numbers
to index (such as A[2,1]), we go from a two-dimensional array to a number. When we
use one number to index/slice (such as A[:,2]), we go from a two-dimensional array to
a one-dimensional array. When we use slices (such as A[::2,:]), we get collections of
rows, columns, individual elements, etc. We can combine what we just learned about slic-
ing two-dimensional arrays with what we already know about NumPy broadcasting. For
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example, A[:,:] = 7 overwrites the entire matrix and you could do something analogous
for selected rows, columns, etc.

Similarly to the one-dimensional case, vectorized operations for two-dimensional arrays
allow us to, say, add together (elementwise) two square matrices, A + B. On the other
hand, a simple multiplication is also carried out elementwise, i.e., each element in A is
multiplied by the corresponding element in B when saying A*B. This may be unexpected
behavior, if you were looking for a matrix multiplication. To repeat, array operations are
always carried out elementwise, so when you multiply two two-dimensional arrays you get
the Hadamard product, (A © B);; = A;;B;;. The matrix multiplication that you know from
linear algebra follows from a different formula, namely (AB);; = > ; AiBy;, see Eq. (C.10).
From Python 3.5 and onward'® you can multiply two matrices using the @ infix operator,
i.e., A@B. In older versions you had to say np.dot(A,B), which was not as intuitive as
one would have liked. There are many other operations one could carry out, e.g., we can
multiply together a two-dimensional and a one-dimensional matrix, A@xs or xs@A. It’s easy
to come up with more convoluted examples; here’s another one: xs@A@ys is much easier to
write (and read) than np.dot(xs,np.dot(A,ys)). A problem studies the dot product of
two one-dimensional arrays in detail: the main takeaway is that we compute it via xs@ys.!!
In a math course, to take the dot product of two vectors you had to first take the transpose
of the first vector (to have the dimensions match); conveniently, NumPy takes care of all of
that for us, allowing us to simply say xs@ys.'? Finally, broadcasting with two-dimensional
arrays works just as you’d expect, e.g., A/2 halves all the matrix elements.

NumPy contains several other important functions, with self-explanatory names. Since
we just mentioned the (potential) need to take the transpose, you may not be surprised to
hear that NumPy has a function called transpose(); we prefer to access the transpose
as an array attribute, i.e., A.T. You may recall our singing the praises of the for loop
in Python; well, another handy idiom involves iterating over rows via for row in A: or
over columns via for column in A.T:; marvel at how expressive both these options are.
Iterating over columns will come in very handy in section 4.4.4 when we will be handling
eigenvectors of a matrix.

You may recall that in linear algebra the product of an n X 1 column vector and a 1 X n
row vector produces an n X n matrix. If you try to do this “naively” in NumPy, you will
be disappointed: both xs@ys and xs@(ys.T) give a number (the same one). Inspect the
shape attribute of ys and of ys.T to see what’s going on. What you really need is the
function np . outer (), which computes the outer product, e.g., np.outer(xs, ys).

All the NumPy functions we mentioned earlier, such as np.sqrt(), also work on two-
dimensional arrays, and the same holds for subtraction, powers, etc. Intriguingly, functions
like np.sum(), np.amin(), and np.amax () also take in an (optional) argument axis: if
you set axis = O you operate along rows and axis = 1 operates along columns. Sim-
ilarly, we can create our own user-defined functions that know how to handle an entire
two-dimensional array/matrix at once. There are also several handy functions that are in-
tuitively easier to grasp for the case of two-dimensional arrays, e.g., np.diag() to get the

10" Python 3.5 was already 5 years old when the present textbook came out.
" Make sure not to get confused by the fact that A@B produces a matrix but xs@ys produces a number.
12" Similarly, when multiplying a vector with a matrix, Xxs@A is just as simple to write as A@xs.
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diagonal elements, or np.tril() to get the lower triangle of an array and np.triu() to
get the upper triangle. In chapter 8 we will also need to use np.meshgrid(), which takes
in two coordinate vectors and returns coordinate matrices. Another very helpful function
isnp.fill diagonal () which allows you to efficiently update the diagonal of a matrix
you’ve already created. Finally, np.trace() often comes in handy.

The default storage-format for a NumPy array in memory is row major: as a beginner,
you shouldn’t worry about this too much, but it means that rows are stored in order, one
after the other. This is the same format used by the C programming language. If you wish
to use, instead, Fortran’s column-major format, presumably in order to interoperate with
code in that language, you simply pass in an appropriate keyword argument when creating
the array. If you structure your code in the “natural” way, i.e., first looping through rows
and then through columns, all should be well, so you can ignore this paragraph.

1.7 Project: Visualizing Electric Fields
|

Each chapter concludes with a physical application of techniques introduced up to that
point. Since this is only the first chapter, we haven’t covered any numerical methods yet.
Even so, we can already start to look at some physics that is not so accessible without
a computer by using matplotlib for more than just basic plotting. We will visualize a
vector field, i.e., draw field lines for the electric field produced by several point charges.

1.7.1 Electric Field of a Distribution of Point Charges

Very briefly, let us recall Coulomb’s law: the force on a test charge Q located at point P (at

the position r), coming from a single point charge ¢, located at ry is given by:
q0Q r-To

Fo=k 1.1
0= K —roRir—r (4.

where Coulomb’s constant is k = 1/(4rm€p) in SI units (and ¢ is the permittivity of free
space). The force is proportional to the product of the two charges, inversely proportional
to the square of the distance between the two charges, and points along the line from charge
qo to charge Q. The electric field is then the ratio of the force F, with the test charge Q in
the limit where the magnitude of the test charge goes to zero. In practice, this gives us:
Eo(r) = kaop— o

(1.2)

where we cancelled out the Q and also took the opportunity to combine the two denomi-
nators. This is the electric field at the location r due to the point charge gy at r.

If we were faced with more than one point charge, we could apply the principle of
superposition: the total force on Q is made up of the vector sum of the individual forces
acting on Q. As a result, if we were dealing with the n point charges ¢, g1, - - . , g,—1 located
at ro,ry,...,r,_ (respectively) then the situation would be that shown in Fig. 1.5. Our
figure is in two dimensions for ease of viewing, but the formalism applies equally well to
three dimensions. The total electric field at the location r is:
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namely, a sum of the individual electric field contributions, E;(r). Note that you can con-
sider this total electric field at any point in space, r. Note, also, that the electric field is a
vector quantity: at any point in space this E has a magnitude and a direction. One way of
visualizing vector fields consists of drawing field lines, namely imaginary curves that help
us keep track of the direction of the field. More specifically, the tangent of a field line at a
given point gives us the direction of the electric field at that point. Field lines do not cross;
they start at positive charges (“sources”) and end at negative charges (“sinks”).

1.7.2 Plotting Field Lines

We will plot the electric field lines in Python; while more sophisticated ways of visual-
izing a vector field exist (e.g., line integral convolution), what we describe below should
be enough to give you a qualitative feel for things. While plotting functions (or even li-
braries) tend to change much faster than other aspects of the programming infrastructure,
the principles discussed apply no matter what the specific implementation looks like.

We are faced with two tasks: first, we need to produce the electric field (vector) at several
points near the charges as per Eq. (1.3) and, second, we need to plot the field lines in such a
way that we can physically interpret what is happening. As in the previous code, we make
a Python function for each task. For simplicity, we start from a problem with only two
point charges (of equal magnitude and opposite sign). Also, we restrict ourselves to two
dimensions (the Cartesian x and y).

Code 1.3 is a Python implementation, where Coulomb’s constant is divided out for sim-
plicity. We start by importing numpy and matplotlib, since the heavy lifting will be done
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vectorfield.py

import numpy as np

import matplotlib.pyplot as plt
from math import sqrt

from copy import deepcopy

def makefield(xs, ys):
qtopos = {1: (-1,0), -1: (1,0)}
n = len(xs)
Exs [[0. for k in range(n)] for j in range(n)]
Eys = deepcopy(Exs)
for j,x in enumerate(xs):
for k,y in enumerate(ys):
for q,pos in qtopos.items():
pOSX, poOsSy = pos
R = sqrt((x - posx)**2 + (y - posy)**2)
Exs[k][j] += q*(x - posx)/R**3
Eys[k][j] += q*(y - posy)/R**3
return Exs, Eys

def plotfield(boxl,n):
xs = [-boxl + i*2*boxl/(n-1) for i in range(n)]
ys = xs[:]
Exs, Eys = makefield(xs, ys)
xs=np.array(xs); ys=np.array(ys)
Exs=np.array(Exs); Eys=np.array(Eys)
plt.streamplot(xs, ys, Exs, Eys, density=1.5, color=‘m’)
plt.xlabel(‘$x$’)
plt.ylabel(‘$y$’)
plt.show()

plotfield(2.,20)

by the function streamplot (), which expects NumPy arrays as input. We also import the
square root and the deepcopy () function, which can create a distinct list-of-lists.

The function makefield() takes in two lists, xs and ys, corresponding to the coordi-
nates at which we wish to evaluate the electric field (x and y together make up r). We also
need some way of storing the r; at which the point charges are located. We have opted to
store these in a dictionary, which maps from charge ¢; to position r;. For each position r
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we need to evaluate E(r): in two dimensions, this is made up of E,(r) and E\(r), namely
the two Cartesian components of the total electric field. Focusing on only one of these for
the moment, say E,(r), we realize that we need to store its value for any possible r, i.e., for
any possible x and y values. We decide to use a list-of-lists, produced by a nested list com-
prehension. We then create another list-of-lists, for E,(r). We need to map out (i.e., store)
the value of the x and y components of the total electric field, at all the desired values of the
vector r, namely, on a two-dimensional grid made up of xs and ys. This entails computing
the electric field (contribution from a given point charge ¢;) at all possible y’s for a given
x, and then iterating over all possible x’s. We also need to iterate over our point charges g;
and their locations r; (i.e., the different terms in the sum of Eq. (1.3)); we do this by saying
for q, pos in gtopos.items() : at which point we unpack pos into posx and posy.

We thus end up with three nested loops: one over possible x values, one over possible y
values, and one over i. All three of these are written idiomatically, employing items () and
enumerate (). The latter was used to ensure that we won’t only have access to the x and
the y values, which are needed for the right-hand side of Eq. (1.3), but also to two indices
(j and k) that will help us store the electric-field components in the appropriate list-of-lists
entry, e.g., Exs[k] [j] 13 This storing is carried out after defining a helper variable to keep
track of the vector magnitude that appears in the denominator in Eq. (1.3). You should
think about the += a little bit: since the left-hand side is for given j and &, the summation
is carried out only when we iterate over the g; (and r;). Incidentally, our idiomatic iteration
over the point charges means that we don’t even need an explicit i index.

Our second function, plotfield(), is where we build our two-dimensional grid for
the xs and ys.'* We take in as parameters the length L and the number of points n we
wish to use in each dimension and create our xs using a list comprehension; all we’re
doing is picking x’s from —L to L. We then create a copy of xs and name it ys. After this,
we call our very own makefield() to produce the two lists-of-lists containing E,(r) and
E,(r) for many different choices of r. The core of the present function consists of a call
to matplotlib’s function streamplot(); this expects NumPy arrays instead of Python
lists, so we convert everything over. If you skipped section 1.6, as you were instructed
to do, you should relax: this call to np.array() is all you need to know for now (and
until chapter 4). We also pass in to streamplot() two (optional) arguments, to ensure
that we have a larger density of field lines and to choose the color. Most importantly,
streamplot() knows how to take in Exs and Eys and output a plot containing curves
with arrows, exactly like what we are trying to do. We also introduce x and y labels, using
dollar signs to make the symbols look nicer.

The result of running this code is shown in the left panel of Fig. 1.6. Despite the fact that
the charges are not represented by a symbol in this plot, you can easily tell that you are
dealing with a positive charge on the left and a negative charge on the right. At this point,
we realize that a proper graphic representation of field lines also has another feature: the
density of field lines should correspond to the strength of the field (i.e., its magnitude). Our

13 The order of the indices is a bit confusing, but we are merely following streamplot ()’s documentation.
14 This would all be much easier with two-dimensional arrays, but you skipped that section.
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figure has discarded that information: the density argument we passed in had a constant
value. This is a limitation of the streamplot () function.

However, there is a way to represent both the direction (as we already did) and the
strength of the field using streamplot(): this involves using the optional linewidth
parameter. The argument passed in to 1inewidth can be a two-dimensional NumPy array,
which keeps track of the strength at each point on the grid; it’s probably better to pass
in, instead, the logarithm of the magnitude at each point (possibly also using an offset).
We show the result of extending our code to also include line width in the right panel of
Fig. 1.6, where a stronger field is shown using a thicker line. This clearly shows that the
field strength is larger near the charges (and in between them) than it is as you go far away
from them. To make things interesting, this shows a different situation than the previous
plot did: we are now dealing with four charges (two positive and two negative, all of equal
magnitude). We also took the opportunity to employ symbols representing the position of
the point charges themselves.

1.8 Problems

1. Study the following program, meant to evaluate the factorial of a positive integer:

def fact(n):
if n==0:
val
else:
val = n*fact(n-1)
return val
print(fact(10))

1l
-
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This uses recursion: essentially, we are writing the solution to our problem in terms of
the solution of a smaller version of the same problem. The function then calls itself re-
peatedly. At some point we reach the base case, where the answer can be directly given.
Recursion is really helpful when the problem you are solving is amenable to a “divide-
and-conquer” approach, as we will see in chapter 6. For the example above, recursion
is quite unnecessary: write a Python function that evaluates the factorial iteratively.

. Solve this problem without a computer. This program suffers from at least one error:

from math import *
one = (logl®, sin, log, exp)
other = {}
for o in one[1:]:

other[o.] = o(l.)
print (other)

Explain what this code is doing and what will get printed out after you fix it up.

. Produce a function, descr (), which describes properties of the function and argument

value that are passed in to it. Define it using def descr(f, x):.

(a) Write the function body; this should separately print out £, x, and £(x). Now call
it repeatedly, for a number of user-defined and Python standard library functions.
Notice that when you print out f the output is not human friendly.

(b) Pass in as the first argument not the function but a string containing the function
name. You now need a mechanism that converts the string you passed in to a func-
tion (since you still need to print out £(x)). Knowing the list of possibilities, create
a dictionary that uses strings as keys and functions as values.

(c) Modify the previous program so that the first argument that is passed in to descr ()
is a function, not a string. In order to produce the same output, you must also modify
the body of the function since your dictionary will now be different.

. ITterate through a list xs in reverse, printing out both the index (which will be decreasing)

and each element itself. Try to come up with both Pythonic and unPythonic solutions.

. Investigate the relative efficiency of multiplying two one-dimensional NumPy arrays,

as and bs; these should be large and with non-constant content. Do this in four distinct
ways: (a) sum(as*bs), (b) np.sum(as*bs), (c) np.dot(as,bs), and (d) as@bs. You
may wish to use the default_timer () function from the timeit module. To produce
meaningful timing results, repeat such calculations thousands of times (at least).

. Take two matrices, A and B, which are n X m’ and m’ X m, respectively. Implement

matrix multiplication, without relying on numpy’s @ or dot () as applied to matrices.

(a) Write the most obvious implementation you can think of, which takes in A and B
and returns a new C. Use three loops.

(b) Write a function without the third loop by applying @ to vectors.

(c) Write a third function that takes in A and B and returns C, but this time these are
lists-of-lists, instead of arrays.
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(d) Test the above three functions by employing specific examples for A and B, say
3 x4 and 4 x 2, respectively.

Write your own functions that implement functionality similar to:

(a) np.argmax()
(b) np.where()

where the input will be a one-dimensional NumPy array. Note that np.where() is
equivalent to np.nonzero() for this case.
Rewrite Code 5.7, i.e., action.py, such that:

(a) The two lines involving arr[1:-1] now use an explicit loop and index.
(b) The calls tonp.fill _diagonal () are replaced by explicit loop(s) and indices.

Compare the expressiveness (and total line-count) in your code vs that in action.py.
We now help you produce the right panel of Fig. 1.6:

(a) First try to produce the curves themselves. You’ll need to appropriately place two
positive and two negative charges and plot the resulting field lines. (Remember that
dictionaries don’t let you use duplicate keys, for good reason.)

(b) Introduce line width, by producing a list of lists containing the logarithm of the
square root of the sum of the squares of the components of the electric field at that
point, i.e., log [ VE(r)? + (Ey(r))z] ateachr.

(c) Figure out how to add circles/dots (of color corresponding to the charge sign).

(d) Re-do this plot for the case of four positive (and equal) charges.

The previous problem was made somewhat easier by the fact that you knew what the
answer had to look like. You will now need to produce a plot for the field lines (including
line width) for the case of four alternating charges on a line. Place all four charges on
the x axis, and give their x; positions the values —1, —0.5, 0.5, and 1. The leftmost
charge should be positive and the next one negative, and so on (they are all of equal
magnitude).
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An educated mind expects only the precision which a given subject admits.
Aristotle

2.1 Motivation

28

We don’t really have to provide a motivation regarding the importance of numbers in
physics: both experimental measurements and theoretical calculations produce specific
numbers. Preferably, one also estimates the experimental or theoretical uncertainty associ-
ated with these values.

We have, semi-arbitrarily, chosen to discuss a staple of undergrad physics education, the
photoelectric effect. This arises when a metal surface is illuminated with electromagnetic
radiation of a given frequency v and electrons come out. In 1905 Einstein posited that
quantization is a feature of the radiation itself. Thus, a light quantum (a photon) gives up
its energy (hv, where h is now known as Planck’s constant) to an electron, which has to
break free of the material, coming out with a kinetic energy of:

E=h-W @2.1)

where W is the work function that relates to the specific material. The maximum kinetic
energy E of the photoelectrons could be extracted from the potential energy of the electric
field needed to stop them, via E = eV, where V| is the stopping potential and e is the
charge of the electron. Together, these two relations give us:

eVi=hv—-W (2.2)

Thus, if one produces data relating V; with v, the slope would give us //e.

In 1916, R. A. Millikan published a paper [67] titled “A direct photoelectric determi-
nation of Planck’s &, where he did precisely that. Millikan’s device included a remotely
controlled knife that would shave a thin surface off the metal; this led to considerably en-
hanced photocurrents. It’s easy to see why Millikan described his entire experimental setup
as a “machine shop in vacuo”. Results from this paper are shown in Fig. 2.1. Having ex-
tracted the slope /e, the author then proceeded to compute i by “inserting my value of
¢”.! The value Millikan extracted for Planck’s constant was:

h=6.56x10"erg s (2.3)

1 If you are surprised by this turn of phrase, you should recall that Millikan had measured e very accurately with
his oil-drop experiment in 1913.
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Millikan’s data on the photoelectric effect. Reprinted figure with permission from R. A.  [ERGERPEID
Millikan, Phys. Rev. 7, 355 (1916), Copyright 1916 by the American Physical Society.

In his discussion of Fig. 2.1, Millikan stated that “it is a conservative estimate to place
the maximum uncertainty in the slope at about 1 in 200 or 0.5 per cent”.? Translating this
to the above units, we find an uncertainty estimate of 0.03 x 10~*’erg s. It’s worth noting
that Richardson and Compton’s earlier experimental results [78] had a slope uncertainty
that was larger than 60 percent. The above extraction is to be compared with the mod-
ern determination of 4 = 6.626070040(81) x 10‘27erg s. Overall, Millikan’s result was a
huge improvement on earlier works and turned out to be important in the acceptance of
Einstein’s work and of light quanta.’

For the sake of completeness, we note that the aforementioned error estimate follows
from assuming a linear relationship. It would have probably been best to start from Mil-
likan’s earlier comment that “the maximum possible error in locating any of the intercepts
is say two hundredths of a volt” and then do a least-squares fit, as explained in chapter 6.
This isolated example already serves to highlight that even individual experimental mea-
surements have associated uncertainties; nowadays, experimental data points are always
given along with a corresponding error bar. Instead of multiplying the examples where
experiment and theory interact fruitfully, we now turn to the main theme of this chapter,
which is the presence of errors when storing and computing numbers.

2.2 Errors

In this text we use the word accuracy to describe the match of a value with the (possibly
unknown) true value. On the other hand, we use the word precision to denote how many

2 Reprinted excerpts with permission from R. A. Millikan, Phys. Rev. 7, 355 (1916), Copyright 1916 by the
American Physical Society.

3 Intriguingly, Millikan himself was far from being convinced that quantum theory was relevant here, speaking
of “the bold, not to say the reckless, hypothesis of an electro-magnetic light corpuscle”.
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digits we can use in a mathematical operation, whether these digits are correct or not. An
inaccurate result arises when we have an error. This can happen for a variety of reasons,
only one of which is limited precision. Excluding “human error” and measurement un-
certainty in the input data, there are typically two types of errors we have to deal with in
numerical computing: approximation error and rounding error. In more detail:

e Approximation errors Here’s an example. You are trying to approximate the exponen-
tial, e*, using its Taylor series:
Mnax
xn

v= ZO = (24)

Obviously, we are limiting the sum to the terms up to 7, (i.e., we are including the
terms labelled O, 1, ..., n,,,, and dropping the terms from 7,,,, + 1 to o). As a result,
it’s fairly obvious that the value of y for a given x may depend on 7,,,,. In principle,
at the mere cost of running one’s calculation longer, one can get a better answer.*

e Roundoff errors These are also known as rounding errors. This type of error appears
every time a calculation is carried out using floating-point numbers: since these don’t
have infinite precision, some information is lost. Here’s an example: using real num-
bers, it is easy to see that (V2)? — 2 = 0. However, when carrying out the same
operation in Python we get a non-zero answer:

>>> (sqrt(2))**2 - 2
4.440892098500626e-16

This is because V2 cannot be evaluated with infinitely many digits on the computer.
Thus, the (slightly inaccurate) result for sqrt (2) is then used to carry out a second
calculation, namely the squaring. Finally, the subtraction is yet another mathematical
operation that can lead to rounding error.’> Often, roundoff errors do not go away even
if you run the calculation longer.

In the present chapter we will talk quite a bit about roundoff errors. In the next chapter
we talk about the combined effect of approximation and roundoff errors. The chapters after
that typically focus only on approximation errors, i.e., on estimating how well a specific
method performs in principle. Before we get that far, however, let us first try to introduce
some basic concepts, without limiting ourselves to any one kind of error.

2.2.1 Absolute and Relative Error

Assume we are studying a quantity whose exact value is x. If ¥ is an approximate value for
it, then we can define the absolute error as follows:®

4 But keep reading, since roundoff error becomes important here, too.
5 Again, this is discussed much more thoroughly in the rest of the chapter.
6 Other authors employ a different definition of the absolute error, which differs by an overall minus sign.
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Ax=X-x 2.5)

We don’t specify at this point the source of this absolute error: it could be uncertainties in
the input data, an inaccuracy introduced by our imperfect earlier calculation, or the result
of roundoff error (possibly accumulated over several computations). For example:

xo = 1.000, %o = 0.999 2.6)

corresponds to an absolute error of Axy = —1073. This also allows us to see that the absolute
error, as defined, can be either positive or negative. If you need it to be positive (say, in
order to take its logarithm), simply take the absolute value.

We are usually interested in defining an error bound of the form:

|Ax| < € 2.7)

or, equivalently:
IX—xl<e (2.8)

where we hope that € is “small”. Having access to such an error bound means that we can
state something very specific regarding the (unknown) exact value x:

X—e<x<X+e€ (2.9)

This means that, even though we don’t know the exact value x, we do know that it could
be at most ¥ + € and at the least ¥ — €. Keep in mind that if you know the actual absolute
error, as in our Axg = —1073 example above, then, from Eq. (2.5), you know that:

x=F—Ax (2.10)

and there’s no need for inequalities. The inequalities come into the picture when you don’t
know the actual value of the absolute error and only know a bound for the magnitude of
the error. The error bound notation |Ax| < € is sometimes rewritten in the form x = ¥ + ¢,
though you should be careful: this employs our definition of maximal error (i.e., the worst-
case scenario) as above, not the usual standard error (i.e., the statistical concept you may
have encountered in a lab course).

Of course, even at this early stage, one should think about exactly what we mean by
“small”. Our earlier case of Axg = —1073 probably fits the bill. But what about:

x; = 1000000 000.0, X1 =999999999.0 (2.11)
which corresponds to an absolute error of Ax; = —1? Obviously, this absolute error is
larger (in magnitude) than Axy = —1073. On the other hand, it’s not too far-fetched to

say that there’s something wrong with this comparison: x; is much larger (in magnitude)
than x(, so even though our approximate value X, is off by a unit, it “feels” closer to the
corresponding exact value than %, was.
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This is resolved by introducing a new definition. As before, we are interested in a quan-
tity whose exact value is x and an approximate value for it is X. Assuming x # 0, we can
define the relative error as follows:

2.12)

Obviously, this is simply the absolute error Ax divided by the exact value x. As before, we
are not specifying the source of this relative error (input-data uncertainties, roundoff, etc.).
Another way to express the relative error is:

X =x(1+0dx) (2.13)

You should convince yourself that this directly follows from Eq. (2.12). We will use this
formulation repeatedly in what follows.”
Let’s apply our definition of the relative error to the earlier examples:

0.999 - 1.000 3 999999 999.0 — 1 000 000 000.0 9
=" 10 ou= 1000000 000.0 =10
(2.14)
The definition of the relative error is consistent with our intuition: X; is, indeed, a much
better estimate of x; than %, is of xy. Quite frequently, the relative error is given as a
percentage: x is a relative error of —0.1% whereas dx; is a relative error of —1077%.

In physics the values of an observable can vary by several orders of magnitude (ac-
cording to density, temperature, and so on), so it is wise to employ the scale-independent
concept of the relative error, when possible:.8 Just like for the case of the absolute error, we
can also introduce a bound for the relative error:

A
16x] = ‘—x‘ <e (2.15)
X

where now the phrase “e is small” is unambiguous (since it doesn’t depend on whether or
not x is large). Finally, we note that the definiton of the relative error in Eq. (2.12) involves
x in the denominator. If we have access to the exact value (as in our examples with xy and
x1 above), all is well. However, if we don’t actually know the exact value, it is sometimes
more convenient to use, instead, the approximate value ¥ in the denominator. A problem
discusses this alternative definition and its connection with what we discussed above.

2.2.2 Error Propagation

So far, we have examined the concepts of the absolute error and of the relative error (as
well as the corresponding error bounds). These were discussed in general, without any

7 You can also expand the parentheses and identify xdx = Ax, to see that this leads to X = x + Ax.
8 Once again, if you need the relative error to be positive, simply take the absolute value.
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details provided regarding the mathematical operations carried out using these numbers.
We now proceed to discuss the elementary operations (addition, subtraction, multiplica-
tion, division), which will hopefully give you some insights into combining approximate
values together. One of our goals is to see what happens when we put together the error
bounds for two numbers a and b to produce an error bound for a third number, x. In other
words, we will study error propagation. Near the end of the section, we will study more
general scenarios, in which one is faced with more complicated mathematical operations
(and possibly more than two numbers being operated on). In what follows, it’s important to
keep in mind that these are maximal errors, so our results will be different (and likely more
pessimistic) than what you may have encountered in a standard course on experimental
measurements.

Addition or Subtraction
We are faced with two real numbers a and b, and wish to take their difference:
x=a-b (2.16)

As usual, we don’t know the exact values, but only the approximate values @ and b, so what
we form instead is the difference of these:

x=a-b (2.17)

Let us now apply Eq. (2.10) twice:
a=a+Aaq, b=b+Ab (2.18)
Plugging the last four equations into the definition of the absolute error, Eq. (2.5), we have:
Ax=%-x=(a+Aa)—(b+Ab)—(a—b)=Aa—-Ab (2.19)

In the third equality we cancelled what we could.
We now recall that we are interested in finding relations between error bounds. Thus, we
take the absolute value and then use the triangle inequality to find:

|AX| < |Aal + |AD| (2.20)

You should convince yourself that a fully analogous derivation leads to exactly the same
result for the case of addition of the two numbers a and 4. Thus, our main conclusion so
far is that in addition and subtraction adding together the bounds for the absolute errors
in the two numbers gives us the bound for the absolute error in the result.

Let’s look at an example. Assume that we have:

14.56 — a < 0.14, [1.23 — b/ < 0.03 2.21)

(If you are in any way confused by this notation, look up Eq. (2.7) or Eq. (2.8).) Our finding
in Eq. (2.20) implies that the following relation will hold, when x = a — b:

13.33 — x| <0.17 (2.22)
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It’s easy to see that this error bound, simply the sum of the two error bounds we started
with, is larger than either of them. If we didn’t have access to Eq. (2.20), we could have
arrived at the same result the long way: (a) when a has the greatest possible value (4.70)
and b has the smallest possible value (1.20), we get the greatest possible value for a — b,
namely 3.50, and (b) when a has the smallest possible value (4.42) and b has the greatest
possible value (1.26), we get the smallest possible value for a — b, namely 3.16.

As the form of our main result in Eq. (2.20), applied just now in a specific example,
shows, we simply add up the absolute error bounds. As mentioned earlier, this is different
from what you do when you are faced with “standard errrors” (namely, standard deviations
of the sampling distribution): in that case, the absolute errors add “in quadrature”. We
repeat that our result is more pessimistic (i.e., tries to account for the worst-case scenario).
We won’t keep repeating this warning below.

Catastrophic Cancellation

Let us examine the most interesting special case: a = b (for which case x = a — b is small).
Dividing our result in Eq. (2.20) with x gives us the relative error (bound) in x:
Ax - |Aa| + |Ab|

~ a2l

Now, express Aa and Ab in terms of the corresponding relative error: Aa = ada and Ab =
béb. Since a ~ b, you can factor |a| out:

[ox] =

(2.23)

|al

|6x] < (I6al + |6b])
la — bl

(2.24)

It’s easy to see that if a = b then |a — b| will be much smaller than |a| so, since the fraction
will be large, the relative errors da and 5b will be magnified.’
Let’s look at an example. Assume that we have:

[1.25 —al < 0.03, [1.20 - b| < 0.03 (2.25)

that is, a relative error (bound) da =~ 0.03/1.25 = 0.024 or roughly 2.4% (this is approx-
imate, because we divided with @, not with the, unknown, @). Similarly, the other relative
error (bound) is b ~ 0.03/1.20 = 0.025 or roughly 2.5%. From Eq. (2.24) we see that the
relative error for the difference will obey:

1.25
[ox] < (0.024 + O.OZS)W =1.225 (2.26)

where the right-hand side is an approximation (using @ and ). This shows us that two
numbers with roughly 2.5% relative errors were subtracted and the result has a relative
error which is more than one hundred percent! This is sometimes known as subtractive
or catastrophic cancellation. For the purists, we note that catastrophic cancellation refers
to the case where the two numbers we are subtracting are themselves subject to errors, as

9 This specific issue doesn’t arise in the case of addition, since there the denominator doesn’t have to be tiny.
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above. There also exists the scenario of benign cancellation which shows up when you sub-
tract quantities that are exactly known (though that is rarely the case in practice) or when
the result of the subtraction does not need to be too accurate for what follows. The dis-
tinction between catastrophic and benign cancellation is further explained in the problems
(including the classic example of a simple quadratic equation) and in section 2.4 below.

Multiplication or Division
We are faced with two real numbers a and b, and wish to take their product:
x=ab (2.27)

As usual, we don’t know the exact values, but only the approximate values @ and b, so what
we form instead is the product of these:

¥=ab (2.28)

With some foresight, we will now apply Eq. (2.13) twice:
a=a(l + éa), b = b(1 + 6b) (2.29)
Plugging the last four equations into the definition of the relative error, Eq. (2.12), we have:

6x_)“c—x_&B—ab_a(l+6a)b(1+6b)—ab
T x  ab ab

=1+ 08a+ 6b+ 6adb —1 = ba + 6b
(2.30)

In the fourth equality we cancelled the ab. In the fifth equality we cancelled the unit and
we dropped dadb since this is a higher-order term (it is the product of two small terms).

We now recall that we are interested in finding relations between error bounds. Thus, we
take the absolute value and then use the triangle inequality to find:

6] < |0al + |6b] 2.31)

In one of the problems you will carry out the analogous derivation for the case of division of
the two numbers a and b, finding exactly the same result. Thus, our new conclusion is that
in multiplication and division adding together the bounds for the relative errors in the two
numbers gives us the bound for the relative error in the result. Observe that for addition
or subtraction we were summing absolute error bounds, whereas here we are summing
relative error bounds. This distinction between the two is the source of the conclusion that
typically multiplication and division don’t cause too much trouble, whereas addition and
(especially) subtraction can cause headaches.

Let’s look at an example. Assume that we have the same numbers as in the section on
catastrophic cancellation:

11.25 — | < 0.03, 11.20 — b| < 0.03 (2.32)
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that is, a relative error da =~ 0.03/1.25 = 0.024 of roughly 2.4% and a relative error
0b = 0.03/1.20 = 0.025 of roughly 2.5%. Our finding in Eq. (2.31) implies that:

[1.5 — x|
|x]

<0.049 (2.33)

namely a relative error bound of roughly 4.9%. It’s easy to see that this error bound, while
larger than either of the relative error bounds we started with, is nowhere near as dramatic
as what we found when we subtracted the same two numbers.

General Error Propagation: Functions of One Variable

We have studied (maximal) error propagation for a couple of simple cases of combining
two numbers (subtraction and multiplication). But what about the error when you do some-
thing more complicated to a single number, e.g., take its square root or its logarithm?

Let us go over some notation. The absolute error in a variable x is defined as per
Eq. (2.5):

Ax=X-x (2.34)

We are now interested in a more involved quantity, namely y = f(x). We start from the
absolute error. We wish to calculate:

Ay=3-y=fX)-f® (2.35)
What we’ll do is to Taylor expand f(X) around x. This gives us:
Ay = f(x+Ax) = f(x)

df(x) . 1d*f(x),_
=0+ SgE )+ g T )
R (2.36)
dx

In the third line we cancelled the f(x) and disregarded the (¥ — x)? term and higher-order
contributions: assuming ¥ — x is small, this is legitimate. We now identify the term in
parentheses from Eq. (2.34), leading to:

L@,

A
Y dx

(2.37)

In words, we see that d f(x)/dx determines how strongly the absolute error in x will affect
the absolute error in y. To be specific, if you were faced with, say, y = x>, then you could
estimate the absolute error in y simply by taking a derivative: Ay ~ 3x?Ax. Obviously,
when x is large the absolute error Ax gets amplified due to the presence of 3x? in front.

It is straightforward to use Eq. (2.37) to get an estimate for the relative error in y:

Ay 1 df(x)
“r — 7 Ax
y S dx

If we now multiply by and divide with x (assuming, of course, that x # 0) we find:

Sy = (2.38)
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L x A,
70 dx

(2.39)

which is our desired relation connecting 6y with dx. Analogously to what we saw for the
case of the absolute error, our finding here shows us that the coefficient in front of dx de-
termines how strongly the relative error in x will affect the relative error in y. For example,
if you were faced with y = x*, then you could estimate the relative error in y as follows:

Sy ~ %4x36x = 46x (2.40)

that is, the relative error in y is worse than the relative error in x, but not dramatically s0.10

General Error Propagation: Functions of Many Variables

For future reference, we oberve that it is reasonably straightforward to generalize our ap-
proach above to the case of a function of many variables, i.e., y = f(xg, x1,...,X,—1): the
total error Ay would then have contributions from each Ax; and each partial derivative:

-1
f
L Ax; (2.41)
Z o

This is a general formula, which can be applied to functions of varying complexity. As a
trivial check, we consider the case:

Y =Xy — X; (2.42)

which a moment’s consideration will convince you is nothing other than the subtraction of
two numbers, as per Eq. (2.16). Applying our new general result to this simple case:

Ay = Axg — Ax; (2.43)

which is precisely the result we found in Eq. (2.19).
Equation (2.41) can now be used to produce a relationship for the relative error:

: ﬁf
Sy ~ —0x; 2.44
4 iz(;f(xo,xl"- s Xn—1) OX; = s )

You should be able to see that this formula can be applied to almost all possible scenarios.'!
An elementary test would be to take:

Y = XoXx (2.45)

10 You will apply both Eq. (2.37) and Eq. (2.39) to other functions when you solve the relevant problem.
1 Of course, in deriving our last result we assumed that y # 0 and that x; # 0.



38

Numbers

which is simply the multiplication of two numbers, as per Eq. (2.27). Applying our new
general result for the relative error to this simple case, we find:

oy ~ &xléxo + onéxl =0xp + Ox; (2.46)
X0X1 XoX1

which is precisely the result in Eq. (2.30).

You will benefit from trying out more complicated cases, e.g.,y = +/Xo + x? —log(x;). In
your resulting expression for dy, the coefficient in front of each dx; tells you by how much
(or if) the corresponding relative error is amplified.

2.3 Representing Real Numbers
|

Our discussion so far has been general: the source of the error, leading to an absolute or
relative error or error bound, has not been specified. At this point, we will turn our attention
to roundoff errors. In order to do that, we first go over the representation of real numbers on
the computer and then discuss simple examples of mathematical operations. For the rest of
the chapter, we will work on roundoft error alone: this will result from the representation
of a number (i.e., storing that number) or the representation of an operation (e.g., carrying
out a subtraction).

2.3.1 Basics

Computers use electrical circuits, which communicate using signals. The simplest such
signals are on and off. These two possibilities are encoded in what is known as a binary
digit or bit: bits can take on only two possible values, by convention 0 or 1.'2 All types of
numbers are stored in binary form, i.e., as collections of Os and 1s.

Python integers actually have unlimited precision, so we won’t have to worry about them
too much. In this book, we mainly deal with real numbers, so let’s briefly see how those are
represented on the computer. Most commonly, real numbers are stored using floating-point
representation. This has the general form:

+ mantissa x ]Q=xPonent (2.47)

For example, the speed of light in scientific notation is +2.997 924 58 x 103 m/s.
Computers only store a finite number of bits, so cannot store exactly all possible real
numbers. In other words, there are “only” finitely many exact representations/machine
numbers.'®> These come in two varieties: normal and subnormal numbers. There are three
ways of losing precision, as shown qualitatively in Fig. 2.2: underflow for very small num-
bers, overflow for very large numbers, and rounding for decimal numbers whose value falls

12 You can contrast this to decimal digits, which can take on 10 different values, from O to 9.
13 That is, finitely many decimal numbers that can be stored exactly using a floating-point representation.
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underflow rounding
overflow overflow
normal subnormal normal

lllustration of exactly representable floating-point numbers

between two exactly representable numbers. For more on these topics, you should look at
Appendix B; here we limit ourselves to simply quoting some results.

Python employs what are known as double-precision floating point numbers, also called
doubles; their storage uses 64 bits in total. Doubles can represent:

+49x 103" o +1.8 x 10398 (2.48)

This refers to the ability to store very large or very small numbers. Most of this ability
is found in the term corresponding to the exponent. For doubles, if we try to represent a
number that’s larger than 1.8 x 10°® we get overflow. Similarly, if we try to represent a
number that’s smaller than 4.9 x 10732* we get underflow. Keep in mind that being able to
represent 4.9 x 10732* does not mean that we are able to store 324 significant figures in a
double. The number of significant figures (and the related concept of precision) is found
in the coefficient in front (e.g., 1.8 or 1.234567). For doubles, the precision is 1 part in
252 ~ 2.2 x 107'®, which amounts to 15 or 16 decimal digits.

2.3.2 Overflow

We can explore the above results programmatically. We will start from an appropriately
large value, in order to shorten the number of output lines:

>>> large = 2.%*1021
for i in range(3):

large *= 2
e print(i, large)
0 4.49423283715579e+307
1 8.98846567431158e+307
2 inf

This is what we expected: from 2'°%* ~ 1.7976 x 10°*® and onward we are no longer able
to store the result in a double. You can check this by saying:
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>>> 8.98846567431158e+307%1.999999999999999
1.797693134862315e+308

Multiplying by 2 would have led to inf, as above. Explicitly seeing when we get underflow
is left as a problem.

2.3.3 Machine Precision

We already mentioned that the precision for doubles is limited to ~2.2 x 107'®. The pre-
cision is related to the distance between two vertical lines in the figure above for a given
region of interest: as we noted, anything between the two lines gets rounded, either to the
left or to the right. We now turn to the question of carrying out arithmetic operations us-
ing such numbers: this gives rise to the all-important question of rounding. This question
arises every time we are trying to combine two floating-point numbers but the answer is
not an exactly representable floating-point number. For example, 1 and 10 can be exactly
represented as doubles, but 1/10 cannot.

We first address an even simpler problem: five-digit decimal arithmetic. Let’s assume we
want to add together the two numbers 0.12345 and 1.2345. One could notice that 1.2345 =
0.12345 x 10" while 0.12345 = 0.12345 x 10°, i.e., in an (imagined) system that used five-
digit decimal arithmetic these two numbers would have the same mantissa and different
exponents. However, that doesn’t help us when adding: to add two mantissas we have to
be sure they correspond to the same exponent (since that’s how addition works). Adding
them as real numbers (i.e., not five-digit decimal numbers) we get:

0.12345 + 1.2345 = 1.35795 (2.49)

But our answer now contains six decimal digits, 1.35795. Since we’re limited to five-digit
decimal numbers, this leaves us with the option of chopping the result down to 1.3579 or
rounding it up to 1.3580. Problems like this one also appear in other arithmetic operations
and for other representational systems (like binary).

Turning back to the question of the machine representation of doubles, we try to make
the concept of “precision” more specific. We define the machine precision e, as follows:
it is the gap between the number 1.0, on the one hand, and the smallest possible number
X that is larger than 1.0 (¥ > 1.0), on the other hand. If you have read Appendix B, you
should know that (given the form of the mantissa for normal doubles) the smallest number
we can represent obeying ¥ > 1.0 is 1 + 2752, The gap between this number and 1 is
272 ~ 2.2 x 107'%. In other words:

€ ~22x1071° (2.50)

We will make use of this repeatedly in what follows.
Instead of delving into a study of binary arithmetic (analogous to what we did above for
five-digit decimal arithmetic), let us investigate the definition of machine precision using
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Python. We start with a small number and keep halving it, after which operation we add it
on to 1.0: at some point, this is going to give us back 1.0: we then call the gap between
1.0 and the last number > 1 the machine precision. Explicitly:

>>> small = 1/2%*50
>>> for i in range(3):

small /= 2
.. print(i, 1 + small, small)
0 1.0000000000000004 4.440892098500626e-16
1 1.0000000000000002 2.220446049250313e-16
2 1.0 1.1102230246251565e-16

As you can see, we started small at an appropriately small value, in order to shorten the
number of output lines. We can further explore this topic interactively. At first sight, the
results below might be confusing:

>>> 1. + 2.3e-16
1.0000000000000002
>>> 1. + 1.6e-16
1.0000000000000002
>>> 1. + 1.12e-16
1.0000000000000002
>>> 1. + 1.1le-16
1.0

We found that there exist numbers smaller than 2.2e-16 that when added to 1 lead to a
result that is larger than 1. If you pay close attention, you will notice that 1. + 1.6e-16
orl. + 1.12e-16 are rounded to the same number that 1. + 2.22e-16 corresponds to
(namely, 1.0000000000000002). However, below a certain point, we start rounding down
to 1. In other words, for some values of small below the machine precision, we have a
computed value of 1.+small that is not 1, but corresponds to 1 + €.t

Take a moment to appreciate that you can use a double to store a tiny number like 1073%,
but this doesn’t mean that you can store 1 + 1073%: to do so, you would need 301 digits of
precision (and all you have is 16).

2.3.4 Revisiting Subtraction

We discussed in an earlier section how bad catastrophic cancellation can be. At the time,
we were investigating general errors, which could have come from several sources. Let
us try to specifically investigate what happens in the case of subtraction when the only
errors involved are those due to roundoff, i.e., let us assume that the relative error dx is a
consequence of the fact that, generally speaking, x cannot be represented exactly on the

14 Some authors call the smallest value of small for which 1.+small doesn’t round down to 1 the unit roundoff
u: it is easy to see that this is related to the machine precision by ¢, = 2u.
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computer (i.e., it is typically not a machine number). Thus, when replacing x by its nearest
double-precision floating-point number, we make a roundoff error: without getting into
more detail, we will estimate the error’s magnitude using the machine precision, which as
we saw earlier is €, ~ 2.2 x 10710.15 Obviously, this is only an estimate: for example, the
error made when rounding to a subnormal number may be smaller (since subnormals are
more closely spaced). Another example: if x is a machine number, then it can be exactly
represented by X, so the relative error is actually 0. Our point in using €, is simply that one
should typically not trust floating-point numbers for more than 15-16 (relative) decimal
digits of precision.'® If you think of ¢, as an error bound, then the fact that sometimes the
error is smaller is OK.

Since we will estimate the relative error dx using €, we see that the absolute error can
be considerably larger: from Eq. (2.12) we know that Ax = xdx, so if x is very large then
since we are taking €, ~ 2.2 x 107!° as being fixed at that value, it’s obvious that Ax can
become quite large. Let’s take a specific example: given a relative error ~107'°, a specific
double of magnitude ~10?? will have an absolute error in its last digit, of order 10°.

Given that we use ¢, to find a general relative error in representing a real number via the
use of a floating-point number, we can re-express our result for catastrophic cancellation
from Eq. (2.24) as:

lal

ox| <
[ox| @D

2€, (2.51)

Thus, due to the presence of |a|/|a — bl, the relative error when subtracting two nearly equal
numbers can be much larger than ¢,,.

It might be worth making a distinction at this point between: (a) the loss of significant
figures when subtracting two nearly equal numbers, and (b) the loss of even more digits
when carrying out the subtraction using floating-point numbers (which have finite preci-
sion). Let’s start from the first case. Subtract two nearly equal numbers, each of which has
20 significant figures:

1.2345678912345678912-1.2345678900000000000 = 0.0000000012345678912 (2.52)

Note that here we subtracted real numbers (not floating-point representations) and wrote
out the answer explicitly. It’s easy to see that we started with 20 significant figures and
ended up with 11 significant figures, even though we’re dealing with real numbers/infinite
precision. We now turn to the second case, which is the carrying out of this subtraction
using floating-point numbers. We can use Python (doubles) to be explicit. We have:

>>> 1.2345678912345678912 - 1.2345678900000000000
1.234568003383174e-09

Comparing to the answer we had above (for real numbers), we see that we only match the
first 6 (out of 11) significant figures. This is partly a result of the fact that each of our initial

15 Note, however, that €, was defined in a related but slighty different context.
16 Tncidentally, though we loosely use the term significant figures here and elsewhere, it’s better to keep in mind
the relative error, instead, which is a more precise and base-independent measure.
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numbers is not represented on the computer using the full 20 significant figures, but only
at most 16 digits. Explicitly:

>>> 1.2345678912345678912
1.234567891234568

>>> 1.2345678900000000000
1.23456789

>>> 1.234567891234568 - 1.23456789
1.234568003383174e-09

This shows that we lose precision in the first number, which then has to lead to loss of
precision in the result for the subtraction.

It’s easy to see that things are even worse than that, though: using real numbers, the
subtraction 1.234567891234568 —1.23456789 would give us 0.000000001234568. Instead
of that, we get 1.234568003383174e-09. This is not hard to understand: a number like
1.234567891234568 typically has an absolute error in the last digit, i.e., of the order of
10713, so the result of the subtraction generally cannot be trusted beyond that absolute
order (1.234568003383174e-09 can be rewritten as 1234568.003383174e-15). This
is a result of the fact that in addition or subtraction the absolute error in the result comes
from adding the absolute errors in the two numbers.

Just in case the conclusion is still not “clicking”, let us try to discuss what’s going on
using relative errors. Here the exact number is x = 0.0000000012345678912 while the
approximate value is ¥ = 0.000000001234568003383174. Since this is one of those situ-
ations where we can actually evaluate the error, let us do so. The definition in Eq. (2.12)
gives us 5x ~ 9.08684 x 1078, Again, observe that we started with two numbers with rel-
ative errors of order 107!, but subtracting them led to a relative error of order roughly
1077, Another way to look at this result is to say that we have explicitly evaluated the left-
hand side of Eq. (2.51), 6x. Now, let us evaluate the right-hand side of that equation. Here
a = 1.2345678912345678912 and a — b = 0.0000000012345678912. The right-hand side
comes out to be |a| 2¢,,/|a — b| ~ 2.2 x 107", Thus, we find that the inequality is obeyed (of
course), but the actual relative error is a factor of a few smaller than what the error bound
would lead us to believe. This isn’t too hard to explain: most obviously, the right-hand side
of Eq. (2.51) contains a 2, stemming from the assumption that both & and b have a relative
error of €,, but in our case b didn’t change when we typed it into the Python interpreter.

You should repeat the above exercise (or something like it) for the cases of addition,
multiplication, or division. It’s easy to come up with examples where you add two num-
bers, one of which is poorly constrained, and then you get a large absolute error in the
result (but still not as dramatic as in catastrophic cancellation). On the other hand, since in
multiplication and division only the relative errors add up, you can convince yourself that
since your starting numbers each have a relative error bound of roughly 107!, the error
bound for the result is at worst twice that, which is typically not that bad.
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2.3.5 Comparing Floats

Since only machine numbers can be represented exactly (other numbers are rounded to the
nearest machine number), we have to be careful when comparing floating-point numbers.
We won’t go into the question of how operations with floating-point numbers are actually
implemented, but some examples may help explain the core issues.

Specifically, you should (almost) never compare two floating point variables ¥ and y for
equality: you might have an analytical expectation that the corresponding two real numbers
x and y should be the same, but if the values of ¥ and y are arrived at via different routes,
their floating-point representations may well be different. A famous example:

>>> xt = 0.1 + 0.2
>>> yt = 0.3

>>> xt == yt

False

>>> xt
0.30000000000000004
>>> yt

0.3

The solution is to (almost) never compare two floating-point variables for equality: instead,
take the absolute value of their difference, and check if that is smaller than some acceptable
threshold, e.g., 1079 or 107!2. To apply this to our example above:

>>> abs(xt-yt)
5.551115123125783e-17
>>> abs(xt-yt) < l.e-12
True

which behaves as one would expect.!”
The above recipe (called an absolute epsilon) is fine when comparing natural-sized num-
bers. However, there are situations where it can lead us astray. For example:

>>> xt 12345678912.345
>>> yt 12345678912.346
>>> abs(xt-yt)
0.0010013580322265625
>>> abs(xt-yt) < l.e-12
False

This makes it look like these two numbers are really different from each other, though

17 Well, almost: if you were carrying out the subtraction between 0.30000000000000004 and 0.3 using real
numbers, you would expect their difference to be 0.00000000000000004. Instead, since they are floats, the
answer turns out to be 5.551115123125783e-17.
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it’s plain to see that they aren’t. The solution is to employ a relative epsilon: instead of
comparing the two numbers to check whether they match up to a given small number, take
into account the magnitude of the numbers themselves, thereby making the comparison
relative. To do so, we first introduce a helper function:

>>> def findmax(x,y):
return max(abs(x),abs(y))

This picks the largest magnitude, which we then use to carry out our comparison:

>>> xt = 12345678912.345

>>> yt = 12345678912.346

>>> abs(xt-yt)/findmax(xt,yt) < 1l.e-12
True

Finally, note that there are situations where it’s perfectly fine to compare two floats for
equality, e.g., while 1.+small != 1.:. This specific comparison works: 1.0 is exactly
representable in double-precision, so the only scenario where 1.+small is equal to 1.0 is
when the result gets rounded to 1.0. Of course, this codicil to our rule (you can’t compare
two floats for equality, except when you can) in practice appears most often when compar-
ing a variable to a literal: there’s nothing wrong with saying if xt == 10.0: since 10.0
is a machine number and xt can plausibly round up or down to that value.

2.4 Rounding Errors in the Wild

Most of what we’ve had to say about roundoft error up to this point has focused on a single
elementary mathematical operation (e.g., one subtraction or one addition). Of course, in
actual applications one is faced with many more calculations (e.g., taking the square root,
exponentiating), often carried out in sequence. It is often said that rounding error for the
case where many iterations are involved leads to roundoff error buildup. This is not incor-
rect, but more often than not we are faced with one or two iterations that cause a problem,
which can typically not be undone after that point. Thus, in the present section we turn to
a study of more involved cases of rounding error.

2.4.1 Are Roundoff Errors Random?

At this point, many texts on computational science discuss a standard problem, that of
roundoft error propagation when trying to evaluate the sum of n numbers xy, xi, ..., X,—.
One way to go about this is by applying our discussion from section 2.2.2. If each number
has the same error bound e, it’s easy to convince yourself that since the absolute errors
will add up, you will be left with a total error bound that is ne. This is most likely too
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pessimistic: it’s hard to believe that the errors for n numbers would never cancel, i.e., they
would all have the same sign and maximal magnitude.

What’s frequently done, instead, is to assume that the errors in the different terms are
independent, use the theory of random variables, and derive a result for the scaling with n
of the absolute or relative error for the sum 7:—01 x;. We will address essentially the same
problem when we introduce Monte Carlo integration in chapter 7. There we will find that,
if € is the standard deviation for one number, then the standard error for the sum turns out
to be +/ne. For large n, it’s clear that /n grows much more slowly than n. Of course, this
is comparing apples (maximal errors) with oranges (standard errors).

One has to pause, for a minute, however, to think about the assumption that the errors of
these xo, xi, ..., X,—1 are stochastically independent in general. As it so happens, many of
the examples we will discuss in the rest of this chapter would have been impossible if the
errors were independent. To take one case, the next contribution in a Taylor expansion is
clearly correlated to the previous contribution. Rounding errors are not random, are often
correlated, and usually look like discrete (i.e., not continuous) variables. These are points
that, while known to experts (see, e.g., N. Higham’s book [39]), are too often obscured
in introductory textbooks. The confusion may arise from the fact that the roundoff error
in the finite-precision representation of a real number may be modelled using a simple
distribution; this is wholly different from the roundoff error in a computation involving
floating-point numbers, which is most certainly not random.

Perhaps it’s best to consider a specific example. Let’s look at the rational function:

) = 4x* —59x% +324x% — 751x + 622
T XA - 143+ T72x2 = 151x+ 112

(2.53)

In the problem set you will learn to code up polynomials using an efficient and accurate
approach known as Horner’s rule. In the following problem, you will apply what you’ve
learned to this specific rational function. You will find what’s shown in Fig. 2.3: this is
clear evidence that our method of evaluating the function is sensitive to roundoff error: the
typical error is ~107'3. What’s more, the roundoff error follows striking patterns: the left
panel shows that the error is not uniformly random.'® To highlight the fact that the pattern
on the left panel is not simply a fluke, the right panel picks a different region and finds a
different pattern (again, a mostly non-random one). In the aforementioned problem, you
will not only reproduce these results, but also see how one could do better.

Where does this leave us? Since assuming totally independent standard errors is not war-
ranted and assuming maximal errors is too pessimistic, how do we proceed? The answer is
that one has to approach each problem separately, so there is no general result for the scal-
ing with n (beyond the formal relation in Eq. (2.44)). As noted, often only a few rounding
errors are the dominant contributions to the final error, so the question of finding a scaling
with n is moot. We hope that by seeing several cases of things going wrong (and how to fix
them), the reader will learn to identify the main classes of potential problems.

18 In which case we would be seeing “noise” instead of straight lines.
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2.4.2 Compensated Summation

We now turn to a crucial issue regarding operations with floats; in short, due to roundoff
errors, when you’re dealing with floating-point numbers the associative law of algebra does
not necessarily hold. You know that 0.1 added to 0.2 does not give 0.3, but things are
even worse than that: the result of operations involving floating-point numbers may depend
on the order in which these operations are carried out. Here’s a simple example:

>>> (0.7 + 0.1) + 0.3
1.0999999999999999
>> 0.7 + (0.1 + 0.3)
1.1

It’s pretty clear from the above example that, once again, operations that “should” give the
same answers (i.e., that do give the same answer when dealing with real numbers) may not.
This behavior is more than just a curiosity: it can have real-world consequences. In fact,
here’s an even more dramatic example:

>>> xt = 1.e20; yt = -1.e20; zt = 1.
>>> (xt + yt) + zt

1.0

>>> xt + (yt + zt)

0.0

In the first case, the two large numbers, xt and yt, cancel each other and we are left with the
unit as the answer. In the second case, we face a situation similar to that in subsection 2.3.3:
adding 1 to the (negative) large number yt simply rounds to yt; this is analogous to the 1.
+ small we encountered earlier, only this time we’re faced with big + 1. and it is the
unit that is dropped. Then, xt and yt cancel each other out (as before). If you’re finding
these examples a bit disconcerting, you are in good company.

Once you think about the problem more carefully, you might reach the conclusion that
the issue that arose here is not too problematic: you were summing up numbers of wildly
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kahansum.py

def kahansum(xs):
s =0.; e =0.
for x in xs:

temp = s
y=X+ e
s = temp + y
e = (temp - s) +y
return s
if _name__ == ‘_main__’:

xs = [0.7, 0.1, 0.3]
print (sum(xs), kahansum(xs))

varying magnitudes, so you cannot trust the final answer too much. Unfortunately, as we’ll
see in section 2.4.4, sometimes you may not even be aware of the fact that the interme-
diate values in a calculation are large and of opposite signs (leading to cancellations), in
which case you might not even know how much you should trust the final answer. A lesson
that keeps recurring in this chapter is that you should get used to reasoning about your
calculation, in contradistinction to blindly trusting whatever the computer produces.

We don’t want to sound too pessimistic, so we will now see how to sum up numbers
very accurately. Our task is simply to sum up the elements of a list. In the problem set, we
will see that often one can simply sort the numbers and then add them up starting with the
smallest one. There are, however, scenarios where sorting the numbers to be summed is
not only costly but goes against the task you need to carry out. Most notably, when solving
initial-value problems in the study of ordinary differential equations (see chapter 8), the
terms have to be added in the same order as that in which they are produced.

Here we will employ a nice trick, called compensated summation or Kahan summation.
Qualitatively, what this does is to estimate the rounding error in each addition and then
compensate for it with a correction term. More specifically, if you are adding together two
numbers (a and b) and § is your best floating-point representation for the sum, then if:

e=(a-3+b (2.54)

we can compute € to get an estimate of the error (a+b)—§, namely the information that was
lost when we evaluated §. While this doesn’t help us when all we’re doing is summing two
numbers'® it can really help when we are summing many numbers: add in this correction
to the next term in your series, before adding that term to the partial sum.

Typically, compensated summation is more accurate when you are adding a large num-
ber of terms, but it can also be applied to the case we encountered at the start of the present

19" 5+ & doesn’t get you anywhere, since § was already the best we could do!
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section. Code 2.1 provides a Python implementation. This does what we described around
Eq. (2.54): it estimates the error in the previous addition and then compensates for it. Note
how our new function does not need any “length” arguments, since it simply steps through
the elements of the list. We then encounter a major new syntactic feature of Python: the line
if _name__ == ‘_main__’": checks to see if we’re running the present file as the main
program (which we are). In this case, including this extra check is actually unnecessary:
we could have just defined our function and then called it. We will see the importance of
this further check later, when we wish to call kahansum() without running the rest of the
code. The output is:

1.0999999999999999 1.1

Thus, this simple function turns out to cure the problem we encountered earlier on. We
don’t want to spend too much time on the topic, but you should play around with compen-
sated summation, trying to find cases where the direct sum does a poor job (here’s another
example: xs = [123456789 + 0.01*i for i in range(10)]).

Even our progress has its limitations: if you take xs = [1.e20, 1., -1.e20], which
is (a modified version of) the second example from the start of this section, you will see
that compensated summation doesn’t lead to improved accuracy. In general, if:

2=
i

i
then compensated summation is not guaranteed to give a small relative error. On a different
note, Kahan summation requires more computations than regular summation: this perfor-
mance penalty won’t matter to us in this book, but it may matter in real-world applications.

(2.55)

2.4.3 Naive vs Manipulated Expressions

We now go over a simple example showing how easy it is to lose accuracy if one is not
careful; at the same time, we will see how straightforward it is to carry out an analytical
manipulation that avoids the problem. The task at hand is to evaluate the function:

1
Jx) = —— (2.56)
Va2 +1-x
for large values of x. A Python implementation using list comprehensions is given in
Code 2.2. The output of running this code is:

10000 19999.99977764674
100000 200000.22333140278
1000000 1999984.77112922
10000000 19884107.85185185

The answer appears to be getting increasingly worse as the x is increased. Well, maybe:
this all depends on what we expect the correct answer to be. On the other hand, the
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from math import sqrt

def naiveval(x):
return 1/(sqrt(x**2 + 1) - x)

XS [10**i for i in range(4,8)]

ys [naiveval(x) for x in xs]

for x, y in zip(xs, ys):
print(x, y)

code/expression we are using is certainly not robust, as you can easily see by running
the test case of x = 108, In Python this leads to a ZeroDivisionError since the terms in
the denominator are evaluated as being equal. This is happening because for large values
of x, we know that x? + 1 ~ x>. We need to evaluate the square root very accurately if we
want to be able to subtract a nearly equal number from it.

An easy way to avoid this problem consists of rewriting the starting expression:

1 X2+1l+x X2+ 14+x

Vi2+l-x (V@+l-n(V@+1+x *F+1-2

X2 +1+x

fx) =
(2.57)

In the second equality we multiplied numerator and denominator with the same expression.
In the third equality we used a well-known identity in the denominator. In the fourth equal-
ity we cancelled terms in the denominator. Notice that this expression no longer requires a
subtraction. If you implement the new expression, you will get the output:

10000 20000.000050000002

100000 200000.00000499998

1000000 2000000.0000005001

10000000 20000000.000000052

The errors now behave much better: for x > 1 we have x> + 1 ~ x%, so we are essen-
tially printing out 2x. There are several other cases where a simple rewriting of the initial
expression can avoid bad numerical accuracy issues (often by avoiding a subtraction).

2.4.4 Computing the Exponential Function

We now turn to an example where several calculations are carried out in sequence. Thus, if
something goes wrong we must carefully sift through intermediate results to see what went
wrong (and when). We focus on the task of computing the exponential function (assuming
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we have no access to a math library), by using the Taylor/Maclaurin series:

. Pl
e =1+x+2—!+§+~-~ (2.58)

We’re clearly not going to sum infinitely many terms, so we approximate this expansion
by keeping only the terms up to 7.,

e~ Z - (2.59)

A naive implementation of this algorithm would divide x raised to increasingly large pow-
ers with increasingly large factorials, summing the result of such divisions up to a specified
point. This approach suffers from (at least) two problems: (a) calculating the power and the
factorial is costly,”® and (b) both x" and n! can become very large numbers (potentially
overflowing) even though their ratio can be quite small.

Instead of calculating the power and factorial (only to divide them away), we take ad-
vantage of the fact that the n-th term in the expansion can be related to the (n — 1)-th term:

n X xn—l

X

nl " on(n-1)! (2:60)
Thus, we can get a new term by multiplying the old term by x/n. This leads to a straightfor-
ward implementation that obviates the calculation of powers and factorials. Incidentally, it
is easy to see that the magnitude of the terms grows, if x > n holds; we will later examine
the consequences of this fact.

Before turning to an implementation in Python, let us think about when to terminate our
summation loop. There are generally two possibilities: (a) either we test for when the new
term is “small”, or (b) we test for when the running total has reached a desirable value. At
first sight, it is difficult to implement (b), since we don’t know the correct answer for the
sum, so we turn to (a): this in its turn can be accomplished in (at least) two ways. First,
we could terminate when the n-th term is a small fraction of the running total (say, less
than 107%). This, however, seems needlessly restrictive, bringing us to: second, we could
simply terminate when the n-th term underflows to zero. A moment’s reflection, however,
brings us back to point (b): at the end of the calculation, we’re not really interested in the
n-th term, but in the total sum. Thus, a better approach is to terminate the loop when it is
determined that adding the n-th term to the running total doesn’t change the sum.?!

The above ideas are straightforwardly implemented in Python in Code 2.3. Clearly, the
test of terminating the loop when the latest term doesn’t change the answer takes the form
while newsum != oldsum: and the production of the latest term using Eq. (2.60) is
given by term *= x/n. We also print a counter, the running sum, and the latest term; you
can comment this line out later on. The loop in the main program calls our function for
three different values of x, which we now discuss one at a time. The output for x = 0.1 is:

20 Not to mention that the latter would have to be coded up separately, if we’re not using a math library.
21" Take some time to understand this: we care about whether the latest term changes the answer or not, regardless
of whether or not the last term on its own underflows to zero.
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compexp . py

from math import exp

def compexp(x):
n=20
oldsum, newsum, term = 0., 1., 1.
while newsum != oldsum:
oldsum = newsum
n+=1
term *= x/n
newsum += term
print(n, newsum, term)
return newsum

for x in (0.1, 20., -20.):
print("x, library exp(x):", x, exp(x))
val = compexp(x)

x, library exp(x): 0.1 1.1051709180756477
11.10.1

2 1.105 0.005000000000000001

3 1.1051666666666666 0.0001666666666666667

8 1.1051709180756446 2.480158730158731e-13
9 1.1051709180756473 2.75573192239859e-15
10 1.1051709180756473 2.75573192239859%e-17

where we suppressed part of the output (as we will continue to do below). Note that if we
limit ourselves to n,,,, = 2 then the answer we getis 1. 105. Using the language introduced
around Eq. (2.4), this result suffers only from approximation error, not from roundoff error
(and obviously not from any roundoff error buildup): even if we were using real numbers
(of infinite precision) to do the calculation for n,,,, = 2, we would have found 1.105.

In this case, since x is small, we observe that the value of term is decreasing with each
new iteration. As advertised, the loop terminates when the value of term is small enough
that it doesn’t change the value of newsum. Comparing our final answer for *! with that
provided by the math module’s exp() function, we find agreement in 16 decimal digits,
which is all one can hope for when dealing with double-precision floating-point numbers.
We note, finally, that the convergence was achieved after only 10 steps.

We next turn to the output for x = 20:
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x, library exp(x): 20.0 485165195.4097903
121.0 20.0

2 221.0 200.0

3 1554.3333333333335 1333.3333333333335

18 185052654.63711208 40944813.9157307
19 228152458.75893387 43099804.12182178
20 271252262.88075566 43099804.12182178
21 312299695.3777288 41047432.49697313

66 485165195.4097904 1.3555187344975148e-07
67 485165195.40979046 4.046324580589596e-08
68 485165195.40979046 1.1900954648792928e-08

We immediately observe that this case required considerably more iterations to reach con-
vergence: here the final value of the sum is ~5 x 10® and the smallest term is ~1 x 1078 .22
In both cases, there are 16 or 17 orders of magnitude separating the final answer for the
sum from the smallest term. Observe that the magnitude of term here first increases until
a maximum, at which point it starts decreasing. We know from our discussion of Eq. (2.60)
that the terms grow as long as x > n; since x = 20 here, we see that n = 20 is the turning
point after which the terms start decreasing in magnitude.

Comparing our final answer for ?® with that provided by the math module’s exp()
function, we find agreement in 15 decimal digits. This is certainly not disappointing, given
that we are dealing with doubles. We observe, for now, that the error in the final answer
stems from the last digit in the 20th term; we will further elucidate this statement below.

Up to this point, we’ve seen very good agreement between the library function and our
numerical sum of the Taylor expansion, for both small and large values of x. We now turn
to the case of negative x. The output for x = —20 is:

x, library exp(x): -20.0 2.061153622438558e-09
1-19.0 -20.0

2 181.0 200.0

3 -1152.3333333333335 -1333.3333333333335

18 21277210.34254431 40944813.9157307
19 -21822593.779277474 -43099804.12182178
20 21277210.34254431 43099804.12182178
21 -19770222.154428817 -41047432.49697313

93 6.147561828914624e-09 -8.56133790667976e-24
94 6.147561828914626e-09 1.8215612567403748e-24

2 Compare with the case of x = 0.1, where the sum was of order 1 and the smallest term was ~2 X 10717,
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95 6.147561828914626e-09 -3.8348658036639467e-25

In this case, too, we observe that the code required considerably more iterations to reach
convergence (even more than what was needed for x = 20). The final answer for the sum
here is much smaller than before (=6 x 10™), so we need to wait until term becomes
roughly 16 orders of magnitude smaller than that (x4 x 1072). Again, observe that the
magnitude of term here first increases until a maximum, at which point it starts decreasing.
Just like in the previous case, the magnitude of term stops increasing after n = 20. As a
matter of fact, the absolute value of every single term here is the same as it was for x = 20,
as can be seen here by comparing the output for lines 1-3 and 18-21 to our earlier output.

Comparing our final answer for e~ with that provided by the math module’s exp()
function, we find (the right order of magnitude, but) absolutely no decimal digits agreeing!
In other words, for x = —20 our sum of the Taylor series is totally wrong.

Let us try to figure out what went wrong. We observe that the magnitude of newsum in
the first several iterations is clearly smaller than the magnitude of term: this means that in
addition to the absolute value of term growing, it’s growing faster than the absolute value
of newsum. This difference in the speed of growth becomes more dramatic in the 20th
iteration, where term is more than two times bigger than the absolute value of newsum.
What is the difference between the present case and that of x = 20?7 Clearly, it’s related to
the fact that the sign of term here oscillates from iteration to iteration. This is a result of
the fact that (-20)" = —20" for n odd (take Eq. (2.59) and set x = —20). Since the terms
have alternating signs, they cancel each other and at some point newsum (which itself also
oscillated in sign for a while) starts to get smaller and smaller.

We’ve now seen why the negative x case is different: there is cancellation between num-
bers of comparable magnitude. We can do even better than this handwaving explanation,
though. Each term is accurate to at most 16 decimal digits (since it’s a double-precision
floating-point number). Thus, the largest-magnitude term has an absolute error in its last
digit, of order 1073, (Another way to say this is that every double has a relative error of
roughly 107'® and since this specific double has magnitude 10® it has an absolute error of
roughly 1078.) Note that we are not here talking about the smallest term (adding which
leaves newsum unchanged) but about the largest term (which has the largest error of all
terms): as we keep adding more terms to newsum, this largest error is not reduced but is
actually propagated over! Actually, things are even worse than that: the final answer for
newsum has magnitude ~6 x 10~ and is therefore even smaller than the error of ~1078 that
we’ve been carrying along. Thus, the final answer has no correct significant digits! In the
case of positive x (namely the x = 20 we studied above), the largest term also had an error
of ~1078, but since in that case there were no cancellations, the final value of the sum was
~5 x 10%, leading to no error for the first 15 decimal digits.

We thus see that our algorithm for calculating e* for negative x (via the Taylor expansion)
is unstable because it introduces cancellation. As a matter of fact, in this specific case the
cancellation was needless: we could have just as easily taken advantage of e* = 1/e™*
then carried out the sum for a positive value of x (which would not have suffered from
cancellation issues) and then proceeded to invert the answer at the end. In our example, we
can estimate e2° by summing the Taylor series for ¢*° and then inverting the answer:

and
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>>> 1/485165195.40979046
2.061153622438557e-09

We have 15 digits of agreement! This shouldn’t come as a surprise: the Taylor expansion
for positive x doesn’t contain any cancellations and leads to 15—16 correct significant digits.
After that, dividing 1 with a large number with 15-16 correct significant digits leads to an
answer with 15-16 correct significant digits. Of course, it’s obvious that this quick fix does
not necessarily apply to all Taylor expansions: some of them have the alternating signs
built-in.?* Those cases, too, however, can typically benefit from analytical manipulations
that make the problem better-behaved numerically.

You should keep in mind that there are situations where the result blows up in unexpected
ways, despite the fact that we weren’t carrying out any subtractions. We revisit this in the
problems at the end of the chapter.

2.4.5 An Even Worse Case: Recursion

In the previous subsection we examined a case where adding together several correlated
numbers leads to an error (in the largest one) being propagated unchanged to the final
answer, thereby making it inaccurate. In this subsection, we will examine the problem
of recursion, where even a tiny error in the starting expression can be multiplied by the
factorial of a large number, thereby causing major headaches.

Our task is to evaluate integrals of the form:

1
f(n)=f X'e *dx (2.61)
0

for different (integer) values of n, i.e., for n = 0,1,2,.... To see how this becomes a
recursive problem, we analytically evaluate the indefinite integral for the first few values

of n:
fe‘xdx =—e ", fxe_xdx =—"(x+1),

(2.62)
fxze_xdx = —e ¥ (? +2x+2), fx3e_xdx = —¢ (X +3x% + 6x +6)

where we used integration by parts. This leads us to a way of relating the indefinite integral
for the n-th power to the indefinite integral for the (n — 1)-th power:

fx”e_xdx =n fx"_le_xdx —x'e™" (2.63)

It is now trivial to use this result in order to arrive at a recursive expression for the definite
integral f(n) in Eq. (2.61):

f(n)=nf(n-1)—¢! (2.64)
This works forn = 1,2, 3,... and we already have the result f(0) = 1 — el

23 For example, that for sin x or cos x, which you will encounter in a problem.
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from math import exp

def forward(nmax=22):
oldint = 1 - exp(-1)
for n in range(l,nmax):
print(n-1, oldint)
newint = n*oldint - exp(-1)
oldint = newint

print("n = 20 answer is 0.0183504676972562")
print("n, f[n]")
forward()

We code this up in the most straightforward way possible in Code 2.4.2* This clearly
shows that we only need to keep track of two numbers at any point in time: the previous
one and the current one. We start at the known result £(0) = 1 — e~! and then simply step
through Eq. (2.64); note that our function is simply printing things out, not returning a final
value. We start at n = 0 and the last value we print out is for n = 20; we’re also providing
the correct answer, arrived at via other means. We immediately notice the difference be-
tween the algorithm coded up in the previous subsection (where we were simply adding in
an extra number) and what’s going on here: even if we ignore any possible subtractive can-
cellation, Eq. (2.64) contains nf(n — 1) which means that any error in determining f(n — 1)
is multiplied by n when producing the next number. If n is large, that can be a big problem.
Since the expression we’re dealing with is recursive, even if we start with a tiny error, this
is compounded by being multiplied by n every time through the loop. We get:

n = 20 answer is 0.0183504676972562
n, f[n]

0 0.6321205588285577

1 0.26424111765711533

2 0.16060279414278833

16 0.022201910404060943
17 0.009553035697593693
18 -0.19592479861475587
19 -4.090450614851804
20 -82.17689173820752

24 Note that we chose not to employ a recursive Python function to implement Eq. (2.64).
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recback.py

from math import exp

def backward(nmax=31):
oldint = 0.01
for n in reversed(range(20,nmax)):
print(n, oldint)
newint = (oldint + exp(-1))/n
oldint = newint

print("n = 20 answer is 0.0183504676972562")
print("n, £f[n]")
backward()

Clearly, that escalated fast. Even though for the first 15 or so terms we see a gradual decline
in magnitude, after that the pace picks up pretty fast. We are dealing with a numerical
instability, which ends up giving us garbage for f(20). It’s not hard to see why: since f(0)
is stored as a double-precision floating-point number, it has an absolute error in its last
digit, of order 10~'®. Focusing only on the nf(n — 1) term in Eq. (2.64), we see that by
the time we get up to n = 20, our 10~'® error will have been multiplied by 20!: given that
20! x 10716 ~ 243, this completely overwhelms our expected answer of ~0.018.

The process we followed in the code above, starting at n = 0 and building up to a finite
n, is called forward recursion. We will eliminate our headaches by a simple trick, namely
the use of backward recursion: solve Eq. (2.64) for f(n — 1) in terms of f(n):

f) +e!

fn-1=1"2"2 (2.65)
n

The way to implement this new equation is to start at some large value of n, say n = 30,
and then step down one integer at a time. We immediately realize that we don’t actually
know the value of f(30). However, the algorithm implied by Eq. (2.65) is much better
behaved than what we were dealing with before: even if we start with a bad estimate of
f(30), say with an error of 0.01, the error will be reduced with each iteration, since we are
now dividing with n. Thus, by the time we get down to n = 20, the error will have turned
into 0.01/(30 X 29 x 28 x -+~ x 22 x 21) ~ 9 x 1077 =~ 107'®, which happens to be quite
good. Code 2.5 shows an implementation of backward recursion; running this, we get:

n = 20 answer is 0.0183504676972562
n, f[n]

30 0.01

29 0.012595981372381411

28 0.013119842156683579
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22 0.016688929189184395
21 0.01748038047093758
20 0.018350467697256186

We have agreement in the first 14 significant figures, which means that the fifteenth signif-

icant figure is off. This is a result of the aforementioned absolute error of ~107'°; notice
how the first significant figure is of order 1072,

2.4.6 When Rounding Errors Cancel

We now turn to a slightly more complicated example, which shows how function evalua-
tions can be rather counterintuitive. The moral to be drawn from our discussion is that there
is no substitute for thinking. As a matter of fact, this is a case where an approximation that
seems to be bad at first sight ends up performing much better than we had expected.

Our goal is to examine the behavior of the function f(x) = (e*—1)/x at small (or perhaps
intermediate) x. We start from coding this up in Python in the obvious (naive) way, see the
function £() in Code 2.6. The output of running this code is:

le-14 0.9992007221626409 1.000000000000005
le-15 1.1102230246251565 1.0000000000000004
le-16 0.0 1.0

-le-15 0.9992007221626408 0.9999999999999994
-le-16 1.1102230246251565 1.0

-le-17 -0.0 1.0

Ignore the function g() and the last number in each row, for now. We see that for small
x (whether negative or positive) the naive function gives not-very-accurate results, until at
some point for even smaller x the answer is absolutely wrong.? It’s obvious that our code
is plagued by catastrophic cancellation.

One way to go about improving the solution would be to use the Maclaurin series for e*:

X
R R R (2.66)

The problem with this is that to get a desired accuracy we need to keep many terms (and the
number of terms depends on the desired accuracy). The trick in the function g(), instead,
nicely makes use of standard rounding properties: it compares a float to a float-literal for
equality. This is perfectly fine, as the relevant lines of code are there precisely to catch
the cases where w is rounded to 1 or to 0. In the former case (e* rounding to 1), it returns
the analytical answer by construction. In the latter case (e* rounding to 0, when x is large
and negative), it plugs in the value for the rest of the expression. That leaves us with the
crucial expression (w-1)/log(w), which is equivalent to (exp(x)-1)/log(exp(x)),
for all other cases.

25 1n the limit x — 0 we know the answer must be 1, from L’Hopital’s rule.
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from math import exp, log

def f(x):
return (exp(x) - 1)/x

def g(x):
w = exp(x)
if w==0.:
val = -1/x
elif w==1.:
val = 1.
else:
val = (w-1)/log(w)
return val

xs = [10**(-i) for i in (14, 15, 16)]

xs += [-10**(-i) for i in (15, 16, 17)]

fvals = [£f(x) for x in xs]

gvals = [g(x) for x in xs]

for x, fval, gval in zip(xs, fvals, gvals):
print(x, fval, gval)

Let us now look at the last number printed on each row, which corresponds to g (). It’s
obvious that the revised version is much better than the naive one. The reason this new
function works so well is because it makes the exponential appear in both the numerator
and the denominator: (exp(x)-1)/log(exp(x)). As a result, the roundoff error in the
evaluation of the exponential exp (x) in the numerator is cancelled by the presence of the
same roundoff error in the exponential exp (x) in the denominator.

This result is sufficiently striking that it should be repeated: our updated function works
better because it plays off the error in exp(x) in the numerator, against the same error in
exp(x) in the denominator. Let’s study the case of x = 9 X 10710 in detail. The algorithm
in £() does the following calculation:

e*—1 8.881784197001252e — 16
X 9e — 16

= 0.9868649107779169 (2.67)
where we are also showing the intermediate results that Python produces. Similarly, the
algorithm in g () does the following calculation:

e* -1  8.881784197001252e — 16
log(e*) 8.881784197001248e — 16

= 1.0000000000000004 (2.68)
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Given the earlier outputs, you should not be suprised that the final answer is more accurate.
But look at the same calculation as that in g((), this time carried out using real numbers:

e* =1 9.000000000000004050. .. X 10°16
log(e¥)  9.000000000000000000. .. x 10-16

= 1.000000000000000450... (2.69)

The algorithm in g(), when employing floating-point numbers, produces an inaccurate
numerator (e* — 1) and an inaccurate denominator (1og(e*)) that are divided to produce an
accurate ratio. There is a lesson to learn here: we usually only look at intermediate results
when something goes wrong. In the case under study, we found that the intermediate results
are actually bad, but end up leading to desired behavior in the end.

The reasonably simple example we’ve been discussing here provides us with the oppor-
tunity to note a general lesson regarding numerical accuracy: it is quite common that math-
ematically elegant expressions, like £(), are numerically unreliable. On the other hand, nu-
merically more accurate approaches, like g(), are often messier, containing several (ugly)
cases. There’s often no way around that.

2.5 Project: the Multipole Expansion in

Electromagnetism
I —

Our physics project involves a configuration of several point charges and the resulting
electrostatic potential; we will then introduce what is known as the multipole expansion,
whereby the complications in a problem are abstracted away and a handful of numbers are
sufficient to give a good approximation to physical properties. We will be applying this to
the Coulomb potential but, unsurprisingly, the same approach has also been very fruitful in
the context of the Newton potential, i.e., the gravitational field of planets and stars.

Since this chapter has focused on numerics, so will our project: we will encounter se-
ries convergence as well as recurrence relations. We use as our starting point the electric-
field-visualization machinery that we introduced in section 1.7. In our discussion of the
multipole expansion we will introduce what are known as Legendre polynomials. In addi-
tion to helping us simplify the study of electrostatics in what follows, these will also make
appearances in later chapters.

2.5.1 Potential of a Distribution of Point Charges

General Case

In the project at the end of the previous chapter we focused on the electric field, which is a
vector quantity. In most of the present section, we will, instead, be studying the electrostatic
potential. As you may recall from a course on electromagnetism, since the curl of the
electric field E is zero, there exists a scalar function whose gradient is the electric field:

E(r) = —Vé(r) (2.70)
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where ¢(r) is called the electrostatic potential. In general there would also be a second
term on the right-hand side, involving the vector potential A, but here we are focusing only
on the problem of static point charges.

The electrostatic potential at point P (located at r) due to the point charge gy (which is
located at rg) is simply:

q0
Ir — rol

po(r) = k (2.71)

where, as before, Coulomb’s constant is k = 1/(4n¢)) in SI units (and ¢ is the permittivity
of free space). As you can verify by direct differentiation, this leads to the electric field in
Eq. (1.2).%6 If we were faced with more than one point charge, we could apply the principle
of superposition also to the electrostatic potential, similarly to what we did for the electric-
field vector in Eq. (1.3). As a result, when dealing with the n point charges g, g1, - - -, gu-1
located at ro,ry,...,r,_ (respectively), namely the configuration shown in Fig. 1.5, the
total electrostatic potential at the location r is:

n—1 n—1
o) = 4ir) = y kL 2.72)
i=0

r—r;

i.e., a sum of the individual potential contributions. Obviously, this ¢(r) is a scalar quantity.
It contains |r — r;| in the denominator: this is the celebrated Coulomb potential.

Example: Array of 36 Charges

For the sake of concreteness, throughout this project we will study an arbitrarily chosen
specific configuration: 36 charges placed in a square from —0.5 to 0.5 in both x and y direc-
tions. To keep things interesting, we will pick the g; charges to have varying magnitudes
and alternating signs. Using our code vectorfield.py from the previous chapter we are
led to Fig. 2.4 for this case, where this time we are using a color map (in grayscale) in-
stead of line width to denote the field strength.”’ This array of charges, distributed across
six rows and six columns, is here accompanied by the electric field, similarly to what we
saw in Fig. 1.6. In the present section we are interested in the electrostatic potential, not
directly in the electric field, but you should be able to go from the former to the latter using
Eq. (2.70). Our new figure shows many interesting features: looking at the left panel, the
direction and magnitude of the electric field are quite complicated; the field appears to be
strongest in between the charges. As we move farther away from the charge array, however,
as shown in the right panel, we start noticing the big picture: the field is strongest inside
the array, then we notice some intermediate-scale features at negative y, and then as we get
farther from the configuration of charges the electric field appears reasonably simple. We
recall that positive charges act as “sources”: since at large distances all the arrows point
outward, we see that, abstracting away all the details, “effectively” the charge array acts

26 We could have included an arbitrary offset here, but we haven’t.
27 Here and below x and y are measured in meters.

61



62 Numbers

— W72l XXXW72

=
o

=
o

o.sﬂ;\ eoce®eO0 e [ = 4
/‘/}\/Qoooooo 25 ? ]
f —
///;foooooo :
> 0.0( <
/~oooooo
v 2
/ k",,,ooooo.
—0_5/ l/v.OO0.0 /

—1.0}F

al
&

i =
N=/INTF -

=15 -1.0 -0.5 0.0 0.5 1.0 15 -8

i

N
N

like an overall positive charge (though there may be more complicated residual effects not
captured by this simple analogy).

@R Array of 36 charges of alternating sign and varying magnitudes

As advertised, our main concern here is the electrostatic potential. The question then
arises of how to visualize the potential: in principle, one could draw equipotential surfaces
(curves), which would be orthogonal to the electric field lines of Fig. 2.4. Instead, with
a view to what we will be studying in the following sections, here we opt for something
simpler: we pick a specific direction on the x—y plane and study the potential along it. Since
the right panel in Fig. 2.4 exhibits interesting behavior at negative y that is not present for
positive y, we decide to study the y axis itself (i.e., set x = 0) for both positive and negative
y. The result of evaluating ¢(r) along the y axis as per Eq. (2.72) (for the given configuration
of charges) is shown in Fig. 2.5, using a symmetrical-log scale.?® The overall features are
easy to grasp: we observe rapid oscillations at short distances, which is where the ¢; charges
are physically located, and then simpler behavior at larger distances. As we expected based
on our electric-field visualization, the potential exhibits more structure (even changing
sign) at intermediate distances along the negative y axis than it does along the positive
y axis. Speaking of the sign, let’s do a quick consistency check: at large distances along
the positive y axis we see that the potential gets smaller as we increase y; since E(r) =
—V¢(r) we expect a positive electric field (pointing up). Similarly, along the negative y
axis the potential gets larger as we increase the y magnitude at intermediate distances,
so we expect the electric field, again, to be positive (i.e., point up). As hinted at in the
leftmost part of our curve, as you keep increasing the y magnitude along the negative y
axis the situation will actually change: at some point for y < —3 you will “curve down”,
implying a negative electric field (pointing down). All these findings are consistent with
what is shown in Fig. 2.4: take a minute to inspect that figure more closely.

28 Note that we’ve divided out &, so our values are given in units of C/m.
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Electrostatic potential for the 36-charge array, along the y axis

Implementation

At this point, it’s probably best to get a bit more specific: the results in these two figures
correspond to a given choice (not only of charge placement and sign but also) of the mag-
nitudes of the charges involved. Thinking about how to code up our 36-charge array, we
could go about this task in several different ways, e.g., using distinct lists for charges, x co-
ordinates, and y coordinates. However, since we already employed a Python dictionary in
vectorfield.py in order to associate charges with their positions, it stands to reason that
we should now generalize this approach: instead of filling in the keys and values by hand,
we should do so programmatically. Code 2.7 provides a Python implementation. Overall,
we see that this code produces the point-charge distribution, introduces a helper function,
calculates ¢(r) as per Eq. (2.72), and prints out the potential value at two points along the
y axis. It should be easy to see that using these functions you can produce Fig. 2.5. Let’s
go over each aspect of this program in more detail.

The function chargearray () produces the dictionary gtopos. You may recall that this
was accomplished in one line in the code implementing the project of the previous chapter:
there, we were faced with only two (or at most four) charges, so we “hard-coded” the keys
and values. To do things in a more systematic way, we first remember how to populate
dictionaries: in section 1.3.3 we saw that the syntax is htow[key] = value. Producing
a grid of 36 elements (6 X 6) is not too difficult: we could simply pick some values (as
in vals) and iterate over x and y, adding in a new key/value pair each time (with the
keys being the ¢; and the values being the r;). Trying to be idiomatic, we make use of
enumerate () so we can have access both to the value of the coordinate and to its index.?’

Our task is complicated somewhat by the requirement that the charges be alternating: if
on a given row the first charge is negative, the one to its right should be positive, then the

29 We even kept things general and did not hard-code the value 6, instead passing it in as an argument.
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chargearray.py

from kahansum import kahansum
from math import sqrt

def chargearray(nvals):
vals = [-0.5 + i/(nvals-1) for i in range(nvals)]
qtopos = {}
for i,posx in enumerate(vals):
for j,posy in enumerate(vals):
count = j + nvals*i + 1
key = 1.02%count if (i+j)%2==0 else -count

gtopos[key] = posx, posy
return gtopos

def vecmag(rs):
sq = [r**2 for r in rs]
return sqrt(kahansum(sq))

def fullpot(qtopos,rs):
potvals = []
for q,pos in qtopos.items():
diffs = [r - po for r,po in zip(rs,pos)]
R = vecmag(diffs)
potvals.append(qg/R)
return kahansum(potvals)

if _name == ‘_main_’:
gtopos = chargearray(6)
for y in 1,-1:
rs = [0.,y]
potval = fullpot(gtopos,rs)
print(rs, potval)

next one negative and so on. This isn’t too hard to implement, either: you could simply have
an index and check whether or not that is even or odd. Unfortunately, in our case we want
this to go on as you move to the next row: the last charge on the first row is positive, but the
one immediately under it should be negative. In other words, we need to traverse our grid
from left to right, then from right to left, and so on, just like in ancient Greek inscriptions.3°

30" This pattern is called boustrophedon, namely as an ox turns with the plough at the end of the furrow.
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This is accomplished in our test if (i+j)%2==0. To keep things interesting, we picked
each ¢; according to when we encountered it, via count = j + nvals*i + 1.3 When
constructing key, we artificially inflated the positive charge values: as you will discover
when you play around with this code, the total charge (adding together all ¢;) would have
been zero had we not taken this step.

We then introduce an auxiliary function, which evaluates the magnitude of a vector using
a list comprehension: observe how convenient Python’s for is here, since we don’t need to
specify how many dimensions our vector has. We also employ our very own kahansum()
from earlier in this chapter: while this is probably overkill for summing just a few num-
bers, it’s a nice opportunity to employ functionality we’ve already developed. We are,
finally, also in a position to see why we had included the line saying if _name__ ==
‘_main__’: all the way back in kahansum.py: since we’re now not running that file as
the main program, the lines that followed the if check are not executed this time. If we
hadn’t taken care of this check, the older file’s output would be confusingly printed out
every time we ran the present chargearray .py file.

The final function of this program implements Eq. (2.72): we sum the ¢;(r) contributions
one by one. Using the items() method of dictionaries really pays off: once again, we
don’t have to specify ahead of time how many charges we are faced with or how many
dimensions our vectors have. We simply have access to one ¢; and one r; at a time. We first
form the components of r — r; using a list comprehension as well as Python’s zip(). We
then store each ¢;(r) contribution and at the end use kahansum() to sum them all together.
The main program simply picks two arbitrary points on the y axis and prints out the value
of the potential ¢(r) at those points; you can use these values as benchmarks later in this
section, after we’ve developed the multipole expansion. Both the values and the signs are
consistent (nay, identical) with what we saw in Fig. 2.5.

2.5.2 Expansion for One Point Charge

We now turn to our stated aim, which is to approximate a complicated electrostatic po-
tential using only a few (or several) terms. To keep things manageable, we start from the
simple case of a single point charge. This allows us to introduce Legendre polynomials
without getting lost in a sea of indices; in the following subsection, we will apply what
we’ve learned to the general case of a distribution of point charges.

First Few Terms

For one point charge g (located at ry), the electrostatic potential at point P (at position r)
is given by Eq. (2.71):

q0
Ir — rol

do(r) = k (2.73)

Roughly speaking, what we’ll do is to massage the denominator such that it ends up con-
taining only r (or r() but not the difference between the two vectors.

31 We add in a unit to make sure we don’t include a charge of zero magnitude.
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With this in mind, let us examine the square of the denominator:

1+ (,_0)2 - Z(V—:)cos 90] =2[l+a] (274

(r— ro)2 =+ rg —2rrpcos by = P
-

You may think of the first equality as the so-called law of cosines, or as simply expanding
the square and expressing the dot product of the two vectors in terms of the angle 6, be-
tween them. In the second equality, we pulled out a factor of 2. In the third equality we
noticed the overall structure of the expression, by defining:

a= (@)(%0 —2cos 90) (2.75)

r

We can now use the binomial theorem, a standard Taylor-expansion result:

1 :l_mx+m(m+l)xz_m(m+1)(m+2)x3+”.

I+ 2! 31 (2.76)

We are in a position to expand the Coulomb potential from Eq. (2.73) as follows:

1 11 1 1
(_a+32 55,35 4 )

r-r rd+a2 r\ 2978% T16% T128Y T
1 1 3 2 2
= _[1__(r_0>(r_0_200500)+_(@) (@—200500)
r 2\r/\r 8\r r
o () (7 —2eosa) T (7) (7 -2eoman] |
——|—) |— —2cosH — =] [——-2cosby) —---
16(r r costo) =+ 128 \ r r costh
1 ro ro 21 D) ro 31 3
= ;[1+<7)coseo+(7) 5(3005 90—1)+(7) E(Scos 60—3c0s00)
41
+(r—0) g(3500s400—3000s290+3)+'--] 2.77)
r

In the first equality we took one over the square root of Eq. (2.74). In the second equality
we used the binomial theorem of Eq. (2.76), asssuming that r > ry. In the third equality
we plugged in our definition of @ from Eq. (2.75). In the fourth equality we expanded out
the parentheses and grouped terms according to the power of ry/r. We then notice that
the terms inside the square brackets are given by a power of ry/r times a polynomial of
cos 6. As it so happens, this identification of the coefficients is precisely the way Legendre
introduced in 1782 what are now known as Legendre polynomials.>> In short, we have
arrived at the following remarkable result:

00

! L Z (r—:)n P,,(cos 6) (2.78)

e —rxo| r&d

32 Legendre was studying the Newton potential, three years before Coulomb published his law.
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where the P, are the Legendre polynomials. Specifically, putting the last two equations
together we find the first few Legendre polynomials:

PW=1 P@=x P =362,
| | (2.79)
Ps(x) = E(5x3 - 3x), Pa(x) = g(35x4 —30x% +3)

For n odd the polynomial is an odd function of x and, similarly, for n even the polynomial is
an even function of x. Higher-order polynomials can be derived analogously, by employing
the binomial theorem, expanding the parentheses, and grouping terms.

Since this is a chapter on numerics, it’s worth noticing that what we’ve accomplished
with Eq. (2.78) is to trade a subtraction (which sometimes leads to catastrophic cancella-
tion) on the left-hand side, for a sum of contributions on the right-hand side. Even if the
signs oscillate, we are organizing our terms hierarchically.

A further point: in the derivation that led to our main result we assumed r > ry. If we
had been faced with a situation where r < ry, we would have carried out an expansion in
powers of r/ry, instead, and the right-hand side would look similar to Eq. (2.78) but with
the r and r(y changing roles. In our specific example, we will be studying positions r away
from the 36-charge array, so we will always be dealing with r > ry.

Legendre Polynomials: from the Generating Function to
Recurrence Relations

While you could, in principle, generalize the power-expansion approach above to higher
orders (or even a general n-th order), it’s fair to say that the manipulations become unwieldy
after a while. In this subsection, we will take a different approach, one that also happens to
be easier to implement programmatically. Let’s take our main result of Eq. (2.78) and plug
in the second equality of Eq. (2.74). We find:

! - i (r7°) P, (cos o) (2.80)

J1-2(2)costy + () =0

If we now define u = ry/r and x = cos 6, our equation becomes:

u'P 2.81
\/1—2xu+u2 Z 5 ( )

This is merely a reformulation of our earlier result. In short, it says that the function on
the left-hand side, when expanded in powers of u, has coefficients that are the Legendre
polynomials. As a result, the function on the left-hand side is known as the generating
Sfunction of Legendre polynomials.

At this point we haven’t actually gained anything from our re-definitions in terms of x
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and u. To see the benefit, we differentiate Eq. (2.81) with respect to « and find:

00

xX—u B nel
If we now identify the 1/ V1 — 2xu + u? from Eq. (2.81) and move the remaining factor of
1/(1 = 2xu + u?) to the numerator, we get:

(1 = 2xu + u?) Z nP, (" + (u — x) Z P,(x)u" =0 (2.83)
n=0 n=0

where we also moved everything to the same side. We now expand the parentheses and end
up with five separate summations:

0

Z nPy ()"~ — i 2nxP,(x)u" + i nP,(xu"™" + i P(x)u"! — Z xP,(x)u" =0
n=0 n=0

n=0 n=0 n=0
(2.84)
We are faced with a power series in « (actually a sum of five power series in ) being equal
to zero, regardless of the value of u. This implies that the coefficient of each power of u
(separately) is equal to zero. Thus, if we take a given power to be j (e.g., j = 17) our five
summations above give for the coefficient of u/ the following:

00

(J+DPji(x)=2jxPj(x) + (j— DPj_1(x) + Pj_1(x) = xPj(x) =0 (2.85)

which, after some trivial re-arrangements, gives us:

(2j + DxPj(x) — jPj-1(x)
j+1

Pjni(x) = (2.86)

To step through this process, we start with the known first two polynomials, Py(x) = 1 and
Pi(x) = x, and calculate P,(x) by taking:

j=12....n—-1 (2.87)

This is known as Bonnet’s recurrence relation. It’s similar in spirit to Eq. (2.64), but here

we won’t face as many headaches. We will implement our new relation in Python in the

following section. For now, we carry out, instead, the simpler task of picking up where

Eq. (2.79) had left off: we plug j = 4 into Eq. (2.86) to find:

OxPa(x) — 4P () _ l(63x5 —70x + 15x) (2.88)
5 8

In principle, this approach can be followed even for large n values.

At this point, we could turn to deriving a relation for the first derivative of Legendre
polynomials. It’s pretty easy to derive a recurrence relation that does this: as you will find
out in a guided problem at the end of the chapter, instead of differentiating Eq. (2.81) with
respect to u (as we did above), we could now differentiate that equation with respect to
x. What this gives us is a recurrence relation for P}(x). As the problem shows, we can do

Ps(x) =
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even better, deriving a formula that doesn’t necessitate a separate recurrence process for
the derivatives. This is:

nP,_1(x) — nxP,(x)
1—x2

P(x) = (2.89)

This equation only needs access to the last two Legendre polynomials, P,(x) and P,_;(x),
which we produced when we were stepping through Bonnet’s formula. We are now ready
to implement both Eq. (2.86) and Eq. (2.89) in Python.

Implementation

Code 2.8 is an implementation of our two main relations for the Legendre polynomials and
their derivatives. The function 1legendre () basically implements Eq. (2.86). We observe,
however, that the first polynomial that that equation produces is P»(x): to evaluate Pj.i(x)
you need P;(x) and P;_;(x). Thus, we have hard-coded two special cases that simply spit
out Py(x) and Pi(x) (as well as P{(x) and P{(x)) if the input parameter n is very small.
All other values of n are captured by the else, which contains a loop stepping through
the values of j given in Eq. (2.87). Note a common idiom we’ve employed here: we don’t
refer to P;_;(x), P;(x), and P;,(x) but to val®, vall, and val2. There’s no need to store
the earlier values of the polynomial, so we don’t.> Note that each time through the loop
we have to change the interpretation of val@, vall, and val2: we do this via an idiomatic
swap of two variables. Once we’re done iterating, we turn to the derivative. As discussed
around Eq. (2.89), this is not a recurrence relation: it simply takes in the last two polyno-
mials and outputs the value of the derivative of the last Legendre polynomial. Our function
returns a tuple of values: for a given n and a given x, we output P,,(x) and P/ (x).>*

For most of this project, we provide the Python code that could be used to produce the
figures we show, but we don’t actually show the matplotlib calls explicitly. This is partly
because it’s straightforward to do so and partly because it would needlessly lengthen the
size of this book. However, in the present case we’ve made an exception: as mentioned
in the previous chapter, we follow the principle of “separation of concerns” and place all
the plotting-related infrastructure in one function. The function plotlegendre() is used
to plot five Legendre polynomials and their derivatives. These are 10 functions in total: as
you can imagine, plotting so many different entities can become confusing if one is not
careful. We have therefore taken the opportunity to show that Python dictionaries can also
be helpful in tackling such mundane tasks as plotting. The first dictionary we employ deter-
mines the y-axis label: since we will be producing one plot for the Legendre polynomials
and another plot for the Legendre-polynomial derivatives, we want these to have different

33 Of course, we do calculate those, only to throw them away: another option would have been to also return all
the P;(x)’s to the user, since we get them “for free”.

34 You might need the derivative of Legendre polynomials if you wish to evaluate more involved electrostatic
properties. We won’t actually be doing that in what follows, but we will make use of the derivatives in chapter 7,
when we discuss Gauss—Legendre integration.
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legendre.py

import matplotlib.pyplot as plt

def legendre(n,x):

if n==0:
val2 = 1.
dval2 = 0.
elif n==1:
val2 = x
dval2 = 1.
else:

val® = 1.; vall = x
for j in range(l,n):
val2 = ((2*j+1)*x*vall - j*val®)/(j+1)
val®, vall = vall, val2
dval2 = n*(val®-x*vall)/(1l.-x**2)
return val2, dval2

def plotlegendre(der,nsteps):
plt.xlabel(‘$x$’, fontsize=20)

dertostr = {0: "$Pn(x)$", 1: "$Pn’ (x)$"}
plt.ylabel(dertostr[der], fontsize=20)

ntomarker = {1: ‘k-’, 2: ‘r--’, 3: ‘b-.’, 4: ‘g:’, 5: ‘c"’}
xs = [i/nsteps for i in range (-nsteps+1,nsteps)]
for n,marker in ntomarker.items():

ys = [legendre(n,x)[der] for x in xs]

labstr = ‘n={0}’.format(n)

plt.plot(xs, ys, marker, label=labstr, linewidth=3)

plt.ylim(-3*der-1, 3*der+1)
plt.legend(loc=4)

plt.show()
if _name__ == ‘_main__’:
nsteps = 200

plotlegendre(®,nsteps)
plotlegendre(1,nsteps)
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labels.> We then use a second dictionary, to encapsulate the correspondence from n value
to line or marker style: since we’re plotting five different functions (each time), we need to
be able to distinguish them from each other. Once again, a moment’s thought would show
that the alternative is to explicitly build the ys and then call plot() for each function
separately.®® In contradistinction to this, we employ a loop over the dictionary items, and
use fancy-string formatting to ensure that each curve label employs the correct number.
Also, we use the parameter der (which helped us pick the right y-axis label) to select the
appropriate element from the tuple returned by legendre(). Finally, we use ylim() to
ensure that both plots look good. The result of running this code is shown in Fig. 2.6. Note
that, due to their simplicity, we are not showing Py(x) = 1 and P((x) = 0.

2.5.3 Expansion for Many Point Charges

We are now ready to fuse the results of the previous two subsections: this means employing
the multipole expansion for the case of our charge array. Before we do that, though, let’s
first write out the relevant equations explicitly.

Generalization

Earlier, we were faced with the potential coming from a single charge qo, Eq. (2.73); we
expanded the denominator and arrived at an equation in terms of Legendre polynomials,
namely Eq. (2.78). In the present case, we would like to study the more general potential
coming from n charges, as per Eq. (2.72):

n—1 n—1

o) = Y ¢y = » kL (2.90)
i=0

pary Ir —rl

35 Take a moment to think of other possible solutions to this task: the one that probably comes to mind first is to
copy and paste. Most of the time, this is a bad idea.
36 But what happens if you want to add a couple more functions to the plot?
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If we carry out an expansion like that in Eq. (2.78) for each of these denominators, we get:

n—1 o0 0 n—1
1 ri\" 1 "
é(r) = '20 - 50 kq; (7) P,(cos6;) =k 50 pree) EO qir! Pp(cos 6;)

n—1

n—1 n-l
= ];Zqi + r—kzZqiricosﬁi + %Zqir?% (3 cos’ §; — 1) 4o (2.91)
i=0 i=0 i=0

where 6; is the angle between the vectors r and r;. In the second equality we interchanged
the order of the summations and pulled out the denominators. In the third equality we
wrote out the first few terms of the n summation and also plugged in the relevant P,(x)
from Eq. (2.79).

At this point, we can spell out what was only implicit before: our approximation for the
total potential at point r is given as a sum of terms of the form 1/r, 1/r%, 1/r*, and so on:

k k k
¢r)=-01+ 50+ 503+ (2.92)
r I I

with the coefficients Q; being a (possibly complicated) combination of the g;, 7;, and 6;.
Even if you haven’t encountered this specific problem in a course on electromagnetism,
the general principle should be familiar to you: the terms we are now dealing with have
names such as monopole, dipole, quadrupole, etc. In general, what we’re carrying out is
known as the multipole expansion. The monopole coefficient Q; is simply a sum over all
the charges; the corresponding contribution to the potential goes as 1/, just like in the
case of a single point charge. The dipole coefficient O, is a sum over (g; times) r; cos 6;,
which can be re-expressed as f - r;. Employing exactly the same argument, we see that
the quadrupole coefficient Q3 is a sum over g; times [3(# - r;)* — riz] /2. Note that these
coeflicients may depend on the direction of r, but not on its magnitude: all the dependence
on the magnitude of r has been pulled out and is in the denominator.?’

It’s worth pausing for a moment to appreciate what we’ve accomplished in Eq. (2.92):
by expanding in r;/r (assuming, for now, that r > r;) and interchanging the sums over n and
i, we’ve expressed the full potential ¢(r) (which we know from Eq. (2.72) is generally a
complicated function of r) as an expansion in powers of 1/r, where the coefficients depend
on the point charges, as well as the angles between r and r;. It goes without saying that
increasingly large powers of 1/r have less and less of a role to play; of course, this also
depends on the precise value of the coefficients. Thus, there are situations where the oc-
tupole, hexadecapole, and higher-order terms may need to be explicitly taken into account.
Even so, what we’ve managed to do is to take a (possibly very complicated) distribution
of point charges and encapsulate its effects on the total potential (along a given direction)
into a few numbers, the Q;.

Let’s try to see the above insights applied to a specific case, that of our 36-charge array:

37 Incidentally, moving the origin of the coordinates may change the precise values of Qj, but the overall inter-
pretation remains the same.
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Coefficient
Coefficient

0 2 10 0 2 10

4 6 8 4 6 8
Order of multipole Order of multipole

Multipole coefficients along the positive (left) and negative (right) y axis

Fig. 2.7 shows the coefficients along the y axis.*® As already mentioned, the coefficients Q;
don’t depend on the precise point on the y axis, only on whether r is pointing up or down.
Focusing on the positive y axis for the moment (left panel), we find that for this specific
scenario the coefficients exhibit interesting structure: the monopole coefficient has a large
magnitude, but the dipole coefficient is even larger.® After that, the even n coefficients
seem to be pretty small, but the n = 3,5,7,9 coefficients are sizable (and of both signs).

Still on the subject of our 36-charge array, let’s now examine how the different coeffi-
cients are combined together. As you can see from Eq. (2.92), Q;’s of oscillating sign and
large magnitude end up giving positive and negative contributions: however, as noted in
our discussion near Eq. (2.78), these contributions are not of comparable magnitude, since
they are multiplying powers of 1/r. Thus, assuming r is reasonably large, the higher-order
terms don’t contribute too much. To reverse this argument, as you make r comparable to r;
you will need to keep track of an increasing number of terms in your multipole expansion.
This is precisely what we find in the left panel of Fig. 2.8 (using a symmetrical-log scale):
when you’re close to the point charges the contributions mimic the size of the coefficients,
but as you make r larger you need considerably fewer terms in the multipole expansion.*

The right panel of Fig. 2.7 shows the coefficients along the negative y axis: we notice that
even-n multipole coefficients are unchanged, whereas odd-n multipole coefficients have a
sign flipped. Taking the most prominent example, the electric dipole term is the largest in
magnitude for both cases, but is positive in the left panel and negative in the right panel (this
is easy to understand: - r; changes sign when you flip the direction of ). The contributions
in the right panel of Fig. 2.8 behave as we would expect.

38 We picked the y axis for our r’s in order to be consistent with what we showed in Fig. 2.5.
39 Coefficients at different orders have different units.
40" All contributions have the same units, C/m.
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Implementation

In order to produce Fig. 2.7 on the coefficients and Fig. 2.8 on the different contributions
in the multipole expansion, we needed to make use of a code implementing the formalism
we’ve introduced thus far. Code 2.9 is a Python implementation, in which we have sepa-
rated out the different aspects of the functionality: (a) decomposition into magnitudes and
angles, (b) the coefficients, and (c) combining the coefficients together with the value of
r to produce an approximation to the full potential. This is the first major project in this
book. While the program doesn’t look too long, you notice that it starts by importing
functionality from our earlier codes: kahansum() to carry out the compensated summa-
tion, chargearray () to produce our 36-charge array, vecmag() as a helper function, as
well as 1egendre () to compute the Legendre polynomials that we need.

Our first new function, decomp (), takes in two vectors (r and r;, given as lists containing
their Cartesian components), and evaluates their magnitudes as well as the cosine of the
angle between them. As is common with our programs, there are several edge cases that
this function does not cover: there will be a division failing if either of r and r; is placed at
the origin.*! Another issue with this function is that it is wasteful: it evaluates rmag each
time it is called (i.e., 36 times in our case), even though the input rs hasn’t changed: as
usual, this is because we’ve opted in favor of code simplicity.

Our next function, multicoes(), is a straightforward implementation of Eq. (2.92)
or, if you prefer, of the second equality in Eq. (2.91). It takes in as parameters gqtopos
(containing the distribution of point charges), rs (this being the position r at which we

41 While we're taking r > r;, it’s possible that our charge array could contain a charge at the coordinate origin.
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multipole.py

from kahansum import kahansum
from chargearray import chargearray, vecmag
from legendre import legendre

def decomp(rs,ris):
rmag = vecmag(rs); rimag = vecmag(ris)
prs = [r*ri for r,ri in zip(rs,ris)]
vecdot = kahansum(prs)
costheta = vecdot/(rmag*rimag)
return rmag, rimag, costheta

def multicoes(rs,qtopos,nmax=60) :
coes = [0. for n in range(nmax+1)]
for n in range(nmax+1):
for q,pos in qtopos.items():

rmag, rimag, costheta = decomp(rs,pos)
val = g*(rimag**n)*legendre(n,costheta) [0]
coes[n] += val

return coes

def multifullpot(rs,qtopos):
coes = multicoes(rs,qtopos)
rmag = vecmag(rs)
contribs = [coe/rmag**(n+1) for n,coe in enumerate(coes)]
return kahansum(contribs)

if _name__ == ‘_main__’:
qtopos = chargearray(6)
for y in 1,-1:
rs = [0.,y]
potval = multifullpot(rs,qgtopos)
print(rs, potval)

are interested in evaluating/approximating the potential), and nmax (which is a parameter
controlling how many terms we should keep in the multipole expansion). We provide a
default parameter value for nmax which is presumably large enough that we won’t have to
worry about the quality of our approximation. A problem asks you to investigate this in
detail, for obvious reasons: why use a large number of terms in the multipole expansion
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if only a handful are enough for your purposes? The structure of our function closely
follows that of Eq. (2.91): the loop over n is outside and that over i inside (though, as
earlier, there’s no need to carry around an explicit i index). We use the items() method
of Python dictionaries (which you should have gotten used to by now) to step through all
the ¢;’s in our distribution. The only subtlety is that our call to legendre() ends with
[0]: this results from the fact that legendre () returns a tuple of two numbers. While
multicoes() is a pretty function, note that it (and the rest of the code) assumes that r > r;
is true: a problem asks you to remove this assumption, rewriting the code appropriately.

Our last function, multifullpot(), is essentially a test: it computes the multipole-
expansion approximation of Eq. (2.92) for the total potential ¢(r), which can be compared
to the complete calculation of it in Eq. (2.72). Note that the philosophy here is to sum
the contribution from each multipole (with the coefficient for each multipole term coming
from all the g; charges), whereas the philosophy of fullpot() in our earlier code was to
simply sum together the full contributions from each ¢;, as per Eq. (2.72). This function is,
as usual, idiomatic (employing a list comprehension, as well as enumerate()). At the end,
it sums together (using kahansum()) all the contributions: this is different from Fig. 2.8,
which shows each contribution separately.

The main program again picks two arbitrary points on the y axis and prints out the
multipole-expansion approximation to the value of the potential ¢(r) at those points. Com-
paring those numbers to the output of our earlier code chargearray.py, we see that they
are in pretty good agreement with the full potential values. This isn’t too surprising, since
we picked nmax=60 as our default parameter value.*? The results may feel somewhat un-
derwhelming: this impression can be altered if you recall that this code can (be modified
in order to) produce Fig. 2.7 on the coefficients and Fig. 2.8 on the different contributions
in the multipole expansion. These figures can help you build insight about the specific
geometry involved in our 36-charge array and on the role of the different multipole terms.

2.6 Problems

1. Using the notation we employed in the main text, the absolute value of the relative error
is |0x| = |(X — x)/x|. In practice, it is sometimes convenient to provide a bound for a
distinct quantity, 16x] = |(X = x)/X. Using these two definitions, try to find an inequality
relating |6x| and |6x]| (i.e., A < [6x] < B, where A and B contain |5x]).

2. Study the propagation of the relative error, for the case of division, x = a/b, by analogy
to what was done in the main text for the case of multiplication.

3. This problem studies error propagation for cases that are more involved than what we
encountered in the main text. Specifically, find the:

(a) Absolute erroriny = In x.
(b) Relative erroriny = /x.

42 Given that our points are pretty close to the charge array, this was probably a safe choice.
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4. This problem studies overflow in Python in more detail.

(a) Modity the code in section 2.3.2 to investigate underflow for floating-point numbers
in Python. In order to make your output manageable, make sure you start from a
number that is sufficiently small.

(b) Now investigate whether or not overflow occurs for integers in Python. Do yourself
a favor and start not from 1, but from a very large positive number and increment
from there. You should use sys.maxsize to get the ballpark of near where you
should start checking things. You should use type() to see if the type changes
below sys.maxsize and above it.

. Run the following code and see what happens:

from math import sqrt

def f(x,nmax=100):
for i in range(nmax):
X = sqrt(x)
for i in range(nmax):
X = x**2
return x

for xin in (5., 0.5):
xout = f(xin)
print(xin, xout)

Without rounding error, we would expect the output to be f(x) = x (we take the square
root a number of times and then take the square the same number of times, so nothing
happens). Note that this code does not involve any subtractions whatsoever, so the “fear”
of catastrophic cancellation plays no role here. Dig deeper, to determine why you get
the output you get. Once you’ve uncovered the issue, you’ll understand why, at the start
of section 2.4 we mentioned one or two iterations being the culprits.

. We now examine a case where plotting a function on the computer can seriously mislead
us. The function we wish to plot is: f(x) = X +0.1 log(]1 + 3(1 — x)|). Use 100 points
from x = 0.5 to 1.5 to plot this function in matplotlib. Do you see a dip? Consider
the function itself and reason about what you should be seeing. Then use a much finer
grid and ensure that you capture the analytically expected behavior.

. Take the standard quadratic equation:
ax* +bx+c=0 (2.93)

The formula for the solutions of this equation is very well known:

b+ VP24
X = W (2.94)
a
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10.

43

Take b > 0 for concreteness. It is easy to see that when b? > ac we don’t get a catas-
trophic cancellation when evaluating b> —4ac (we may still get a “benign” cancellation).
Furthermore, Vb2 —4ac ~ b. However, this means that x, will involve catastrophic
cancellation in the numerator.

We will employ an analytical trick in order to help us preserve significant figures. Ob-
serve that the product of the two roots obeys the relation:

=S (2.95)
a

The answer now presents itself: use Eq. (2.94) to calculate x_, for which no catastrophic
cancellation takes place. Then, use Eq. (2.95) to calculate x,. Notice that you ended
up calculating x, via division only (i.e., without a catastrophic cancellation). Write a
Python code that evaluates and prints out: (a) x_, (b) x, using the “bad” formula, and
(c) x; using the “good” formula. Take a = 1,c = 1,b = 108. Discuss the answers.*?
We promised to return to the distinction between catastrophic and benign cancellation.
Take % and y to be: ¥ = 1234567891234567.0 and ¥ = 1234567891234566.0. Now,
if we try to evaluate ¥> — 5> we will experience catastrophic cancellation: each of the
squaring operations leads to a rounding error and then the subtraction exacerbates that
dramatically. Write a Python code that does the following:

(a) Carries out the calculation 1234567891234567% — 1234567891234566 using inte-
gers, i.e., exactly.

(b) Carries out the subtraction 1234567891234567.0% — 1234567891234566.0% using
floats, i.e., exhibiting catastrophic cancellation.

(c) Now, we will employ a trick: x> —y? can be re-expressed as (x —y)(x +y). Try using
this trick for the floats and see what happens. Does your answer match the integer
answer or the catastrophic-cancellation answer? Why?

We will study the following function:

flg = 5 (296)
(a) Start by plotting the function, using a grid of the form x = 0.1xifori = 1,2, ..., 100.
This should give you some idea of the values you should expect for f(x) at small x.
(b) Verify your previous hunch by taking the limit x — 0 and using L’Hopital’s rule.
(c) Now, see what value you find for f(x) when x = 1.2 x 1078, Does this make sense,
even qualitatively?
(d) Use a trigonometric identity that enables you to avoid the cancellation. Evaluate the
new function at x = 1.2 x 10~® and compare with your analytical answer for x — 0.

This problem focuses on analytical manipulations introduced in order to avoid a can-
cellation. Rewrite the following expressions in order to evaluate them for large x:

(@ Vx+T-x

Keep in mind that if b ~ ac, then b*> — 4ac would involve a catastrophic cancellation. Unfortunately, there is
no analytical trick to help us get out of this problem.
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11.

12.

1 2 1
®) x1+1_)_c+x—1
© —&—-

Vo ox+1

Feel free to test the “before” and “after” formulas with Python.
We’ll spend more time on statistical concepts in chapters 6 and 7 but, for now, let’s
focus on numerical-error aspects. Assume you have n values x;. First, evaluate the mean:

1
u=- X; 2.97)
n 4

2 _ 1 N2
o= Z(x, m) (2.98)

This is called a two-pass algorithm because you need to evaluate the mean first, so you
have to loop through the x; once to get the mean and a second time time to get the
variance. Many people prefer the following one-pass algorithm:

2 5S 2 2

o —[;;}:xi]—y (2.99)
You should be able to see that this formula allows you to keep running sums of the x;
and the xi2 values in parallel and then perform only one subtraction at the end.
Naively, you might think that the two-pass algorithm will suffer from more roundoff
error problems, since it involves n subtractions. On the other hand, if you solved the
earlier problem on %> — %, you might be more wary of subtracting the squares of two
nearly equal numbers (which is what the one-pass algorithm does). Write two Python
functions, one for each algorithm, and test them on the two cases below:

x; =0,0.01,0.02,...,0.09

2.100
x; = 123456789.0, 123456789.01, 123456789.02, . .., 123456789.09 ( )

This problem discusses error buildup when trying to evaluate polynomials without and
with the use of Horner’s rule. Take a polynomial of degree n — 1:

P(X) = po + p1x+ pax’ + p3x® + -+ + ppo X7 (2.101)

Write a function that takes in a list containing the p;’s, say coeffs, and the point x and
evaluates the value of P(x) in the naive way, i.e., from left to right.
Notice that this way of coding up the polynomial contains several (needless) multipli-
cations. This is so because x' is evaluated as x X x X --- X x (where there are i — 1
multiplications). Thus, this way of approaching the problem corresponds to:
n-1n-2)

2

multiplications, from x? all the way up to x"~!. If we rewrite the polynomial:

1+2+-+n-2= (2.102)

P(x)=po+x(p1+x(p2+x(p3+-+x(Pp2+Xpp-1)--+)) (2.103)
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then we can get away with only n — 1 multiplications (i.e., no powers are evaluated).
This is obviously more efficient, but equally important is the fact that this way we can
substantially limit the accumulation of rounding error (especially for polynomials of
large degree). Write a function that takes in a list containing the p;’s, say coeffs, and
the point x and evaluates the value of P(x) in the new way, i.e., from right to left.
Apply the previous two functions to the (admittedly artificial) case of:
coeffs = [(-11)**1 for i in reversed(range(8))]
and x = 11.01. Observe any discrepancy and discuss its origin.

13. This problem studies the rational function introduced in the main text, Eq. (2.53).

(a) Apply Horner’s rule twice (once for the numerator and once for the denominator)
to produce two plots, one for x = 1.606 + 2752 and one for x = 2.400 + 272i. Your
results should look like Fig. 2.3.

(b) Create a new Python function that codes up the following expression:

3(x = 2)[(x = 5)% + 4]

S =4 = T I =57 1 3]

(2.104)

which is a rewritten version of our rational function. Apply this new function to the
case of the previous two plots and compare the rounding error pattern, size, etc.

(c) Now introduce two more sets of results, this time for the starting expression for
r(x) produced using (not Horner’s rule but) the naive implementation, using powers
(i.e., the way you would have coded this up before doing the previous problem).
Interpret your findings.

14. This problem studies a new rational function:

x* = 10157 + 540x% — 1204x + 958
X =143 +72x% = 151x + 112

7
H(x) = (2.105)
Notice that the denominator is the same as in the previous problem.

(a) Plot t(x), evaluated via Horner’s rule, along with the following (equivalent) contin-
ued fraction, from x = 0 to x = 4:

3
u(x)=17- ; (2.106)
X=s- x=T7+—10 >
¥=2-15
You may wish to know that:
u(l) =10, u(2) =7, u3) = 4.6, u(4) =5.5 (2.107)

(b) Evaluate each of these functions for x = 1077 (make sure to use floats in your code).
Do you understand what is happening? Are you starting to prefer one formulation
over the other? (What happens if you use integers instead of floats?)

(c) Plot the two Python functions (#(x) and u(x)) for x = 2.400 + 272}, where i goes
from 0 to 800. Was your intuition (about which formulation is better) correct?
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15.

16.

17.

In the main text we investigated the Taylor series for e* at x = 0.1 and x = 20. Do the
same for f(x) = sinx at x = 0.1 and x = 20. Just like we did, you will first need to find
a simple relation between the n-th term and the (n — 1)-th term in the series. Then, use
a trigonometric identity to study a smaller x instead of 20.

Here we study the Basel problem, namely the sum of the reciprocals of the squares
of the positive integers. This also happens to be a specific value of the Riemann zeta
function, £(2). The value can be calculated in a variety of ways and turns out to be:

2

= 1
Z 7= % = 1.644 934 066 8482264 . .. (2.108)
k=1

Here we will use Python to approximate the sum numerically.

(a) Code this up in the obvious way, namely by adding all the contributions from k =
1,2, up to some large integer. You can break out of the loop when the value of the
sum stops changing. What is the value of the sum when this happens?

(b) Make sure to understand why the sum stopped changing when it did. Is there some
meaning behind the value of the maximum integer (inverse squared) when this hap-
pens? Call this nmaxd for future reference.

(c) If you’re disappointed in the number of matching significant digits we get this way,

do not despair: we are summing the contributions from largest to smallest, so by
the time we get to the really tiny contributions they stop mattering. The obvious
fix here is to reverse the order in which we are carrying out the sum. This has the
advantage of dealing with the tiniest contributions first (you may have encountered
the term “‘subnormal numbers” in Appendix B). The disadvantage is that our previ-
ous strategy regarding termination (break out when the sum stops changing) doesn’t
apply here: when summing in reverse the last few contributions are the largest in
magnitude.
What we do, instead, is simply pick a large maximum integer nmaxr from the start.
Be warned that this part of the problem will start to take a long time, depending
on the CPU you are using. Do a few runs for nmaxr a multiple of nmaxd (4, 8,
16, 32). You should see the answer get (slowly) better. The beauty here is that the
larger nmaxr, the better we can do. (Try increasing nmaxd for the direct method and
observe that it makes no difference.)

(d) Employ compensated summation to carry out the sum. Test the Kahan sum function
out to see how well it does, despite the fact that it carries out the sum in direct order,
i.e., by starting from the largest contribution. Notice that we don’t have a nifty
termination/breaking out criterion. On the other hand, by increasing the number of
terms, we can still make a difference.

In section 2.4.5 we saw a case where backward recursion avoids the problems of for-
ward recursion. Another example is provided by spherical Bessel functions (of the first
kind):

2 1
st () + a1 () = T () (2.109)
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18.

19.

20.

21.

which is analogous to Bonnet’s recurrence relation, Eq. (2.86). Evaluate j;(0.5) in the
“naive way”’, starting from the known functions:

. sin x . sinx cosx
jo =22 i) = -
X X

(2.110)
X

and see what goes wrong. Then, use backward recursion starting from n = 15. Since
your two starting guesses are arbitrary, you should normalize by computing:

i 0(0.5
4(05) = 72(0.5)2009) @2.111)

J0(0.5)

at the end, where jo(O.S) and j4(0.5) are the values you computed and j,(0.5) is the
correctly normalized value from Eq. (2.110).

In this problem we will study the Fourier series of a periodic square wave. As you may
already know, this gives rise to what is known as the Gibbs phenomenon, which is a
“ringing” effect that appears at discontinuities. Specifically, from —7 to 7 we have:

%, O<x<m
Jfx) =9 7 20 (2.112)
73 - 7T X
The Fourier series of this function is:
> .
S == sin) (2.113)
T 135 n

(a) Create two Python functions, one for the square wave and another for its Fourier
expansion. The latter should take in as an argument the maximum » up to which
you wish the sum to go.

(b) Plot the square wave and the Fourier-expansion results for n,,,, = 1,3,5,7,9 (six
curves in total). Where are the oscillation amplitudes largest?

(c) Note that this issue arises not from roundoff error, but from the nature of the Fourier
series itself. To convince yourself that this is, indeed, the case, take the maximum n
value to be 21, 51, 101, and so on. What do you find?

Using vectorfield.py and chargearray.py, produce panels analogous to those in
Fig. 2.4, made up of 36 charges (along six rows and six columns). In this problem, in
addition to changing the magnitude of the charges (to either +1 or —1) you should also
change their placement (i.e., they no longer need to be alternating as in our figure).
Separately investigate the cases where the field at large distances behaves like: (a) a
dipole, and (b) a quadrupole.

An alternative recurrence relation for Legendre polynomials is:

XPy1(x) = Ppoa(x)

Py(x) = 2xPy1(x) = Ppo(x) — " 2.114)

Compare with the output of legendre.py.
This problem guides you toward deriving our result for the first derivative of Legendre
polynomials, Eq. (2.89).
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(a) Differentiate Eq. (2.81) with respect to x. Then, split the resulting equation into four
separate sums, noticing that our power series in u is equal to zero, regardless of the
value of u. Thus, the coefficient of each power of u (separately) is equal to zero.
This will be a recurrence relation for P}(x) (since we already know the Legendre
polynomials P ;(x)).

(b) Differentiate Eq. (2.86) with respect to x.

(c) Multiply the result of part (b) by 2 and add to that part (a) times 2j + 1.

(d) Produce two equations, one being the sum of the results of part (a) and part (c)
(divided by 2) and the other being the difference of the results of part (a) and part
(c) (divided by 2). Call these two equations S and D, respectively.

(e) Take j — j+ 1 in S and subtract x times D. The result should be equivalent to
Eq. (2.89).

22. This problem studies the evaluation of Bernoulli numbers and polynomials.

(a) In section 2.5.2 we saw how to go from a generating function to a recurrence rela-
tion for Legendre polynomials. We will now do something analogous for what are
known as Bernoulli numbers. Specifically, start from:

* Bl
e« 2.115)

o1 4!

and show that:
n—1
2n
n—1:;B2j (Zj) (2.116)

You should use the Taylor series of the exponential and the Cauchy product.

(b) Compute the first 15 even Bernoulli numbers from the recurrence relation.

(c) Slightly generalizing the above generating function, we get to a corresponding re-
lation for Bernoulli polynomials:

ue = w
o= > B~ (2.117)
=

eu —
Use this equation to derive the following properties:
d : -
B;(0) = B, d—tBj(f) = jBj-1(®), Bj(1) = (=1)/B;(0) (2.118)

(d) We will now use the previous three properties to derive the celebrated Euler—Maclaurin
summation formula. Since By(t) = By = 1, we can write:

1 1
f g(dr = f g(t)By(t)dt (2.119)
0 0

You can now use the second property and replace Bo(?) with B/ (¢). Integrate by parts
and keep repeating the entire exercise until you find:

1 m
_ 8O g Ny L g rein(gy L gD
fo st =57+ 572 @ Bl -0
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23.

24.

25.

1
f g () Bau(t)dt (2.120)
0

+ —_—
2m)!

Crucially, only even Bernoulli numbers appear here.

(e) To make the integral and derivatives easier, take g(r) = ¢'. Print out the value of the
left-hand side in Eq. (2.120) as well as the value of the right-hand side as you take
m=1,2,3,...,10 (always dropping the remainder term).

This problem studies the evaluation of Chebyshev polynomials and their extrema, known
as Chebyshev points. First, implement the following recurrence relation:

Ty1(x) = 2xT5(x) = Ty (%) (2.121)

starting from the known functions 7y(x) = 1 and 7';(x) = x. Plot the first few Chebyshev
polynomials from x = —1 to x = +1. Second, use trigonometric identities to show
(analytically) that the representation:

T,(x) = cos (n cos™! x) (2.122)

is equivalent to that in Eq. (2.121). Finally, use Eq. (2.122) to show that the n extrema
of T,,_(x) are:

sz_cos(il), j=01,....n—1 (2.123)
—

This result will play an important role in chapter 6.

For the 36-charge array of section 2.5 determine, as a function of position along the
y axis, the minimum number of terms you need to keep in the multipole expansion in
order to ensure your relative error in the total potential is less than 107.

Generalize our code in multipole.py so that it works regardless of whether or not
r > r;. This necessitates changes to all three functions in that program.



Derivatives

I’1l teach you differences.
William Shakespeare

3.1 Motivation

In this chapter and in all the following ones we start out with a section titled “Motivation”,
which has a dual purpose: (a) to provide examples of the chapter’s theme drawn from the
study of physics, and (b) to give a mathematical statement of the problem(s) that will be
tackled in later sections.

3.1.1 Examples from Physics

Here are three examples of the use of derivatives in physics:

1. In classical mechanics, the definition of the velocity of a single particle is:
_dr
Cdt

where r is the position of the particle in a given reference frame. This definition tells us
that the velocity is the time derivative of the position.

v 3.1

2. In classical electromagnetism, the equation connecting the electric field E with the vec-
tor potential A and scalar potential ¢ is:

E=-vp- (32)

The right-hand side contains both spatial derivatives and a time derivative.
3. The Lagrangian density for the vibrations of a continuous rod can be expressed as:

o L1 (2 2 (0p)

22\ o ox
Here c is the velocity of longitudinal elastic waves. The dynamical variable is ¢(x, £).
As you can see, the spatial and temporal derivatives of this quantity together make up

the Lagrangian density. Something very similar to this expression appears in state-of-
the-art lattice field theory computations.

(3.3)
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3.1.2 The Problem to Be Solved

More generally, our task is to evaluate the derivative of f(x) at a specific point, f’(x). If we
have an analytical expression for the x-dependence of the function f(x), then this problem
is in principle trivial , even though humans are error-prone when dealing with complicated
expressions. However, in many cases we, instead, have a set of n discrete data points (i.e.,
a table) of the form (x;, f(x;)) for i = 0,1,...,n — 1.! This often happens when we are
dealing with a computationally demanding task: while we could produce more-and-more
sets of points, in practice, we are limited by the time it takes to produce those.

One could approach this problem in a number of ways. First, we can use interpolation
or data fitting (see chapter 6) to produce a new function that approximates the data rea-
sonably well, and then apply analytical differentiation to that function. This is especially
helpful when we are dealing with noisy data. On the other hand, just because a function
approximates a set of data points quite well, doesn’t mean that it also captures information
on the derivative (or even higher-order derivatives) of the function. In other words, inter-
polating/fitting and then taking the derivative doesn’t provide much guidance regarding the
error involved when we’re interested in the derivative (do we know we’re using the right
analytical form?). The second class of approach is helpful in systematizing our ignorance:
it is called the finite-difference approach, also known simply as numerical differentiation.
In a nutshell, it makes use of the Taylor series expansion of the function we are interested
in differentiating, around the specific point where we wish to evaluate the derivative. The
third class of approach is known as automatic differentiation: this is as accurate as analyti-
cal differentiation, but it deals with numbers instead of mathematical expressions.

3.2 Analytical Differentiation

Derivatives like those discussed in the previous section are defined in the usual way:

dfe) _ . Ot )= ()

34
dx h—0 h ( )

This gives us the derivative of a function f at the point x in terms of a limit. In practice,
we typically don’t apply this definition, but use, instead, standard differentiation rules for
powers, quotients, products, as well as the well-known expressions for the derivative of
several special functions. As you learned a long time ago, the application of these rules can
help you differentiate any function you wish to, e.g.:

d . .
— ™" = 2 cos(2x) Y (3.5)
dx

You could similarly evaluate the second derivative, the third derivative, and so on.

! Note that when labelling our 1 points we start at 0 and end at n— 1: this is consistent with Python’s 0-indexing.
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In most of this book, we are interested in “computing”’, namely plugging actual numbers
into mathematical expressions. Even so, there are times when carrying out a numerical
evaluation might obscure underlying simplicities. Other times, carrying analytical calcula-
tions out by hand can get quite tedious. The solution for these scenarios is to use a com-
puter algebra package. Such packages allow one to carry out symbolic manipulations on
the computer. Sage is a mathematical software system with a “Python-like” syntax that was
intended to be an alternative to solutions like Maple, Mathematica, or Matlab. In one of
the problems, we focus on a much more lightweight solution, namely SymPy (actually in-
cluded as part of Sage): this is a Python module (that can be used like any other Python
module) to carry out symbolic manipulations using Python idioms whenever possible.

3.3 Finite Differences
]

Let us return to the definition of the derivative given in Eq. (3.4):

df)| _ o fEED) = )

3.6
dx i h=0 h ( )

where we are slightly changing our notation to show that this definition allows us to evalu-
ate the derivative of f(x) at the point ¥.? The obvious thing that comes to mind is to try to
use this formula but, instead of taking the limit 2 — 0, simply take & to be “small”. There
are many questions that immediately emerge with this ad hoc approach: (a) do we have
any understanding of the errors involved?, (b) do we know what “small” means?, (c) do
we realize that, typically, the smaller 4 becomes, the smaller the numerator becomes? Fo-
cusing on the last point: as we’re making 4 smaller and smaller, we’re producing a smaller
and smaller numerator f(X + h) — f(X), since we’re evaluating the function f at two points
that are just next to each other: as if that wasn’t enough, then we’re simply dividing with
that tiny number / (since it’s in the denominator), magnifying any mistakes we made in
the evaluation of the numerator.

In the rest of this section, we will try to remedy the problems of this ad hoc approach, in
order to be more systematic. As mentioned above, we will make repeated use of the Taylor
series expansion of the function we are interested in differentiating.

3.3.1 Noncentral-Difference Approximations

Forward Difference

With the aforementioned disclaimer that we don’t distinguish between x and %, let us start
from the all-important Taylor expansion of f(x + k) around x, see Eq. (C.1):

h? n ht
fath) = f@+hf )+ 5@+ =W+ @D+ G

2 Informally, this distinction between a general point x and a specific point # is often passed over.
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I i+h F-tF a4l

T x
@B First approximation of a first derivative: forward (left), central (right)

This can be trivially re-arranged to give:

h) — h
(%) = M - zf"(x) + .- (3.8)

This naturally leads to an approximation for the value of the derivative of f(x) at x:

f)=

w +O(h) (3.9)

known as the (first) forward-difference approximation. To be clear, this approximation con-
sists in using only the fraction on the right-hand side to evaluate the derivative: as the sec-
ond term on the right-hand side shows, this suffers from an error O(h): this is possibly not
too bad when 7% is small. This recipe is called a forward difference because it starts at x and
then moves in the forward/positive direction to x + /. Graphically, this is represented in the
left panel of Fig. 3.1. Clearly, the forward difference is nothing other than the slope of the
line segment connecting f(x) and f(x + k). This is not always a great approximation: for
the example chosen, we would expect the slope of f(x) to be positive.

Note that the formula we arrived at for the forward difference happens to be identical
to the formula that we qualitatively discussed after Eq. (3.6): the difference here is that,
due to the derivation starting from the Taylor series, we have a handle on the error this
approximation corresponds to. It may still suffer from the issues mentioned above (tiny
numerator, tiny denominator), but at least now we have some guidance on how well we’re
doing: if the / is not too small (so that we’re still away from major roundoff issues), halving
the i should double the quality of the approximation (in absolute terms).

Incidentally, we used in Eq. (3.9) the O symbol, which you may have not encountered
before. This is known as big-O notation. For our purposes, it is simply a concise way of
encapsulating only the dependence on the most crucial parameter, without having to worry
about constants, prefactors, etc. Thus, O(h) means that the leading error is of order 4. Since
h will always be taken to be “small”, we see that an error O(h) is much larger/worse than,
say, an error O(h®). Though there could, in principle, also be prefactors that complicate
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such a comparison, the essential feature is captured by the power-law (or other) dependence
attached to the O symbol.?

Backward Difference

At this point, we observe that we started our derivation in Eq. (3.7) with f(x + &) and then
ended up with the prescription Eq. (3.9) for the forward difference. Obviously, we could
just as well have started with the Taylor expansion of f(x — h):

n? n? [/
Jx=h)=f(x)—hf'(x) + ff”(x) - gf’"(x) + ﬁf( () + -+ (3.10)
Again, this can be trivially re-arranged to give:

o f@-fa=h) h
f(x) = ; +3

This naturally leads to an approximation for the value of the derivative of f(x) at x:

VAMCIEREE (G.11)

J&) - fx—h
h

f'(x) = +O(h) (3.12)

known as the (first) backward-difference approximation. This is called a backward differ-
ence because it starts at x and then moves in the negative direction to x — A. It is nothing
other than the slope of the line segment connecting f(x — h) and f(x). The forward and
backward differences are very similar, so we focus on the former, for the sake of concrete-
ness. These are collectively known as noncentral differences, as used in the title of this
section. “Noncentral” is employed in contradistinction to “central”, which we discuss in
the following section. Before we do that, though, we will spend some time discussing the
errors of the forward-difference approximation in more detail.

Error Analysis for the Forward Difference

We’ve already seen above that we want the /4 to be small* but, on the other hand, we don’t
want to make the & too small, as that will give rise to roundoff errors. Clearly, the best-
possible choice of & will be somewhere in the middle.

We’re here dealing with the combination of an approximation error &,,,, coming from
the truncation of the Taylor series, and a roundoff error &,,, coming from the subtraction
and division involved in the definition of the forward difference. In chapter 2 we defined the
absolute error as “approximate minus exact”, see Eq. (2.5); here we’re using a new symbol,
&, to denote the magnitude of the absolute error. The magnitude of the approximation error

3 Also, note that here we are interested in small A, in which case O(h?) is “better” than O(h). In later chapters,
we will be examining the dependence of various quantities on the required number of function evaluations n;
in that case O(n?) will be “worse” than O(n).

4 So that the term O(h) we're chopping off doesn’t matter very much.
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is immediately obvious, given Eq. (3.8):

h
Sapp = §|f”(X)| (3.13)

Actually this result is not totally trivial: from what we know about the Lagrange remainder
in a Taylor series, this expression should involve |f”(£)|, where £ is a point between x and
x + h. However, since & is small, it is a reasonable approximation to take |f” (&) = | f”'(x)];
we will make a similar approximation (more than once) below.

Turning to &,,, we remember that we are interested in evaluating (f(x+h)— f(x))/h. We
focus on the numerator: this is subtracting two numbers that are very close to each other,
bringing to mind the discussion in section 2.2.2. As per Eq. (2.20), to find the absolute
error of the subtraction f(x + h) — f(x) we add together the absolute errors in f(x + h)
and in f(x). As per Eq. (2.51), we see that the absolute error in f(x + h) — f(x) is f(x)2¢€,,
where we assumed f(x+#h) ~ f(x) and that the relative error for each function evaluation is
approximated by the machine error. If we now ignore the error incurred by the division by &
(which we know is a reasonable thing to do), we see that the absolute error in evaluating the
forward difference, (f(x + h) — f(x))/h, will simply be the absolute error in the numerator
divided by h:

_ 2AfWlen

&= = (3.14)

We can now explicitly see that for the case under study the approximation error de-
creases as h gets smaller, whereas the roundoff error increases as / gets smaller. Adding
the approximation error together with the roundoff error gives us:

ko 2|f(x)l€m
E=8Eupp +Epp = Elf ()| + fT (3.15)
To minimize this total error, we set the derivative with respect to / equal to 0:
Lo, 2| f(x0)l€n
—|f (x)|_—f2 =0 (3.16)
2 hopt

where we called the 4 value that minimizes the total absolute error 4,,,. For future refer-
ence, we note that Eq. (3.16) can be manipulated to give:

Popt 2f(X)len
—\f"(x)| = ———— 3.17
5 1)l o (3.17)
Our equation in Eq. (3.16) can be solved for the optimal value of / giving us:
J(x)
hopt = 7 [4€n |——— (3.18)
" [

These results can be plugged into Eq. (3.15) to give the smallest possible error in the
forward difference. We do this in two steps. First, we use Eq. (3.17) to find:

Eopt = hopl f7 ()] (3.19)
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Second, we plug Eq. (3.18) into our latest result to find:

Eopr = VA€ [f(X) [ (x)] (3.20)

For concreteness, assume that f(x) and f”(x) are of order 1. Our result in Eq. (3.18) then
tells us that we should pick A, = Ve, ~ 3 x 1078, In that case, the (optimal/minimum)
absolute error is also &,,, = Ve, ~ 3 x 1078, These numbers might, of course, look
quite different if the value of the function (or its second derivative) is much greater than or
less than 1. Note that an error of 1078 is not that impressive: in section 3.2 on analytical
differentiation we had no differentiation error: the only error involved was the function
evaluation, which is typically a significantly less important problem.

Keep in mind that statements like “the error in this approach is O(h)” (referring to the
approximation error) are only true for reasonably well-behaved functions. If the corre-
sponding derivative is infinite or doesn’t exist, then you cannot rely on the straightforward
results on scaling we discuss here.

3.3.2 Central-Difference Approximation

We will now try to find a way to approximate the derivative using a finite difference, but
more accurately than with the forward/backward difference. As before, we start from the
Taylor expansion of our function around x, but this time we choose to make a step of size
h/2 (as opposed to the & in the previous section):

e+ 8) = o+ B+ B B o+ 25 o 4 (3.21)
2] 2 8 48 384 '
We can also write down a similar Taylor expansion for a move in the negative direction:
h h n? " K
_ 2= _ o _ % e ) . 22
f(x 2) JQ) =5 )+ 270 = 2 f7 @) + 2 ) (3.22)

Comparing the last two equations, we immediately see that adding them or subtracting
them can lead to useful patterns: the sum contains only even derivatives whereas the dif-
ference contains only odd derivatives. In the present case, we subtract the second equation
from the first: all even derivatives along with the f(x) term cancel. We can now re-arrange
the result, solving for f’(x):

fle+3)=f(x=3)

2
S = ; —ﬂf (xX)+--- (3.23)

This naturally leads to an approximation for the value of the derivative of f(x) at x:

e )=r(:-1)

f(x) = +O0(h?) (3.24)

known as the (first) central difference approximation. As the second term on the right-hand
side shows, this suffers from an error O(h?): since h is generally small, K% is even smaller.
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Just like for the forward-difference approximation in Eq. (3.9), computing the central dif-
ference requires only two function evaluations. This is called the central difference because
these two evaluations are at x — /2 and at x + h/2, i.e., they are centered at x: just like for
the forward difference, these two points are & apart. Graphically, this is represented in the
right panel of Fig. 3.1. Clearly, the central difference is nothing other than the slope of the
line segment connecting f(x — h/2) and f(x + h/2). As the figure shows, for the example
chosen this is a much better approximation than the forward difference in the left panel. We
will discuss this approximation’s error budget below: for now, note that if the / is not too
small (so that we’re still away from major roundoff issues), halving the & should quadruple
the quality of the approximation (in absolute terms).

There exists one (very common in practice) situation where a central-difference approx-
imation is simply not usable: if we have a set of n discrete data points (i.e., a table) of
the form (x;, f(x;)) fori = 0,1,...,n — 1 we will not be able to use a central difference
to approximate the derivative at x, or at x,_;: for any of the “middle” points we could al-
ways use two evaluations (one on the left, one on the right), but for the two endpoints we
simply don’t have points available “on the other side”, so a forward/backward difference is
necessary there.

Error Analysis for the Central Difference

We wish the % to be small,” but we should be cautious about not making the /4 too small,
lest that give rise to roundoff errors. Once again, the best-possible choice of /# will be some-
where in the middle. As you’ll show in a problem, for this case adding the approximation
error together with the roundoff error gives us:

R 2fOlen
&= Eupp +Er0 = SN+ == (3.25)
You will also show that minimizing this total error leads to:
f(x) v 9 2 2 g1 13
h() =|24 m 5 & =13 3.26
Pt ( & fru(x) opt Sem[f(x)] |f ()C)| ( )

For concreteness, assume that f(x) and f"”(x) are of order 1. Our result in Eq. (3.26) then
tells us that we should pick £, = (24€,)'3 ~ 2x107°. In that case, the (optimal/minimum)
absolute error is &,,, = (9€2/8)'/3 ~ 4x 107!, These numbers might, of course, look quite
different if the value of the function (or its third derivative) is much greater than or less than
1. This time our error of 10~!! is much better than that for the forward difference, though
it’s still likely worse than what we got in section 3.2 using analytical differentiation.

We just observed that the error for the central difference (107!") is considerably smaller
than that for the forward difference (107%). Intriguingly, the optimal step size for the central
difference (107°) is orders of magnitude larger than the optimal step size for the forward

difference (107%): the better algorithm allows us to “get away with” a larger h.

3 As before, so that the term O(h%) we’re chopping off doesn’t matter very much.
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3.3.3 Implementation

We now turn to an example: we will employ the same function, f(x) = ¢*"?¥ that we ana-
lytically differentiated in section 3.2. For concreteness, we study the derivative at a fixed x,
namely x = 0.5. We will examine the absolute errors in approximating the derivative using
forward and central differences in Code 3.1. We first define one Python function, £(), cor-
responding to the mathematical function whose derivative we’re interested in calculating,
and then another Python function, fprime (), corresponding to the derivative itself: this
will be used as an analytical benchmark, with which to compare the difference formula re-
sults. We then define functions giving the forward and central difference results, which take
in as an argument the function we wish to differentiate (which could be changed later). We
then re-encounter the if _name__ == ‘_main__’: idiom. This will come in handy in a
later section, when we will employ the functions defined in this program without running
the rest of the code.

We use a few list comprehensions to store the step sizes and the difference-formula
results corresponding to them. In order to make the output more legible than it would be
by default, we employ a format string as discussed in chapter 1. The only new feature here
is that we store the format string into the variable rowf, in order to make the line containing
the print () itself easier to understand. We print things out this way because we will be
faced with a cascade of zeros. The output of running this code is:

h abs. error in fd abs. error in cd

le-01 0.3077044583376249 0.0134656094697689
le-02 0.0260359156901186 0.0001350472492652
le-03 0.0025550421497806 0.0000013505116288
le-04 0.0002550180941236 0.0000000135077878
1le-05 0.0000254969542519 0.0000000001051754
1le-06 0.0000025492660578 0.0000000002500959
1le-07 0.0000002564334673 0.0000000011382744
1e-08 0.0000000255070782 0.0000000189018428
1e-09 0.0000000699159992 0.0000000699159992
le-10 0.0000021505300500 0.0000021505300500
le-11 0.0000332367747395 0.0000111721462455

Let’s first look at the forward-difference results: we see that as 4 gets smaller by an order
of magnitude, the absolute error also gets smaller by an order of magnitude: recall that for
this approach the approximation error is O(h). The minimum absolute error turns out to be
~ 2.5% 1078, which appears for the step size 4 = 108, This is qualitatively consistent with
what we saw in the section on the error analysis above; this time around we don’t have
guarantees that the function (or derivative) values are actually 1. Actually, the absolute
error we found here is slightly smaller than expected, due to a cancellation of errors that we
couldn’t generally assume was going to be present (e.g., for another value of x). Beyond
this point, as we keep reducing h, we see that the absolute error starts increasing: the
roundoft error is now dominating, leading to increasingly poor results.
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finitediff.py

from math import exp, sin, cos

def f(x):
return exp(sin(2*x))

def fprime(x):
return 2*exp(sin(2*x))*cos(2%x)

def calc_fd(f,x,h):
fd = (£f(x+h) - £(x))/h
return fd

def calc_cd(f,x,h):
cd = (£(x+h/2) - f£(x-h/2))/h
return cd

if _name__ == ‘_main__’:
x = 0.5
an = fprime(x)

hs = [10%*(-i) for i in range(l,12)]
fds = [abs(calc_fd(f,x,h) - an) for h in hs]
cds = [abs(calc_cd(f,x,h) - an) for h in hs]

rowf = "{0:1.0e} {1:1.16f} {2:1.16f}"
print("h abs. error in fd abs. error in cd")
for h,fd,cd in zip(hs, fds,cds):

print (rowf. format(h, fd,cd))

The results for the central-difference formula are completely analogous: we see that as
h gets smaller by an order of magnitude, the absolute error also gets smaller by two orders
of magnitude: recall that for this approach the approximation error is O(h*). This process
reaches a minimum at & = 10~: the absolute error there is ~ 10719, similarly to what was
seen in our earlier discussion of the error budget. As before, reducing the % further gives
disappointing results, since the roundoft error dominates beyond that point.

After you solve the corresponding problem, you will produce Fig. 3.2. The step size
h gets smaller as we go to the left, whereas the absolute value of the absolute error gets
smaller as we go to the bottom of the plot. The behavior encountered in this plot (for a
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specific function at a specific point) is pretty generic. On the right part of the plot we are
dominated by the truncation/approximation error: there, the central difference is clearly
superior, as the absolute error is consistently smaller. In this region, we can easily see our
earlier statements in action: as & changes by an order of magnitude, the error of the forward
difference changes by an order of magnitude, whereas the error of the central difference
changes by two orders of magnitude. As we keep moving to the left, beyond a certain point
roundoff error starts dominating and the forward difference is as good (or as bad) as the
central difference. We stop plotting when the error is so large that we are completely failing
at evaluating the derivative.

It’s worth pointing out that the source of all the roundoff problems that a// finite-difference
formulas suffer from is that in each case the sum of all the function evaluation coefficients
is zero! This is pretty obvious at this point, since we’ve only seen two finite-difference
formulas (Eq. (3.9) which contained +f(x + h) — f(x) and Eq. (3.24) which contained
+f(x + h/2) — f(x — h/2)), but you should keep it in mind as you proceed. Having terms
that nearly cancel each other invites trouble.

3.3.4 More Accurate Finite Differences

Up to this point, we’ve seen noncentral and central finite differences; the forward difference
had an error O(h) and the central difference an error O(h?). It’s important to note that both
the forward difference, Eq. (3.9), and the central difference, Eq. (3.24), require two function
evaluations to calculate a finite-difference ratio.

As you will show in the problem set, one can produce the following approximation for
the value of the derivative of f(x) at x:
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Af(x+4) - fx+B) = 3f(x) p2

f')= W + Ef"'(X) +ooe (3.27)

known as the second forward-difference approximation. It has this name because: (a) it
also requires evaluations of the function at x and other points to the right (so it is a forward
difference), and (b) while being a forward difference, it suffers from an error O(h?), i.e.,
it is more accurate than the forward-difference approximation in Eq. (3.9), which has an
error of O(h) (so Eq. (3.27) is the second forward-difference approximation). While this
new approximation seems to be as good as the central difference in Eq. (3.24) which also
has an error O(h?), it accomplishes this at the cost of requiring three function evaluations:
f(x), f(x+ h/2),and f(x + h).

In the problem set you will also produce yet another approximation for the value of the
derivative of f(x) at x:

27f(x+§)+f(x—%h)—27f(x—§)—f(x+%h)+ih4f(5)(x)+...

fx= 24h 640
(3.28)

known as the second central-difference approximation, for obvious reasons. This approx-
imation has an error O(h*), making it the most accurate finite-difference formula (for the
first derivative) that we’ve encountered. However, it accomplishes this at the cost of requir-
ing four function evaluations: f(x + 3h/2), f(x + h/2), f(x — h/2), and f(x — 3h/2). It’s
worth emphasizing what we noted above: the sum of all the function evaluation coefficients
is zero for this formula, too 27+ 1-27-1=0.)

It should be clear by now that one can keep including more points, taking Taylor ex-
pansions, multiplying and adding/subtracting those together, to arrive at formulas (whether
central or noncentral) that are of even higher order in accuracy. As we’ve already noted, the
problem with that approach is that one needs increasingly many function evaluations: in
practice, evaluating f(x) at different points is a costly task, so it turns out that more accurate
expressions like those we’ve seen in this section are not too commonly encountered “in the
wild”. (You should also try to come up with a O(h*) method by using f(x+h/2)— f(x—h/2)
together with f(x + h) — f(x — h).)

3.3.5 Second Derivative

In practice, we also need higher-order derivatives: the second derivative is incredibly im-
portant in all areas of physics. It should come as no surprise that one can set up forward,
backward, and central difference expressions (of increasing sophistication) that approxi-
mate the second derivative. It is common to derive the simplest possible finite-difference
formula for the second derivative by saying that the second derivative is the first derivative
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of the first derivative, which symbolically translates to:

fres)-r (-3
h

This is nothing other than the central-difference formula, Eq. (3.24), applied once. Apply-

ing it twice more (on the right-hand side) would give us an explicit approximation formula

for the second derivative in terms of function evaluations only.

Instead of pursuing that avenue, however, we will here follow the spirit of the previ-
ous sections, where we repeatedly used Taylor expansions, manipulating them to eliminate
terms of our choosing. Specifically, we look, once again, at Eq. (3.21) and Eq. (3.22). At
this point, we note that subtracting one of these equations from the other leads to odd
derivatives alone. It is just as easy to see that summing these two Taylor expansions to-
gether:

')~ (3.29)

2 4
f(x + g) + f(x - g) =2f(x)+ %f”(x) + lhg—zf“)(x) +oe (3.30)

leads to even derivatives alone. Since we’re interested in approximating the second deriva-
tive, we realize we’re on the right track. Our result can be trivially re-arranged to give:

f(x+’§’)+f(x—’—2’)—2f(x) K2
2 b TIANORE (3.31)

This leads to an approximation for the value of the second derivative of f(x) at x:

[0 =4

Fl+)+f(x=4)-2fx

7 +O(h®) (3.32)

[ =4

known as the (first) central-difference approximation to the second derivative.

While it’s not too common in physics to need derivatives beyond the second derivative, it
should be straightforward to see how one would go about calculating higher-order deriva-
tives. We’ve seen that sums of Taylor series give us even derivatives and differences of the
Taylor series give us odd derivatives: we simply need to combine sufficiently many sums or
differences, to cancel all unwanted terms. For example, ) (x) can be approximated using
f(x+h/2) + f(x — h/2) together with f(x + k) + f(x — h).

3.3.6 Points on a Grid

So far, we’ve been quite cavalier in our use of different step sizes A and the placement of
different points at x, x + /2, x+ h, and so on. In other words, we were taking it for granted
that f was at our disposal, meaning that we could evaluate the function at any point of
our choosing. This does happen sometimes in practice: for example, in section 3.5 we will
evaluate a kinetic energy by numerically taking the second derivative of a wave function,
with an £ that is up to us. However, as we noted in the first section of the present chapter,
sometimes we don’t control the function and the points at which it is evaluated but, instead,
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Xo X, X, X, X, X, Xy X, X X, X5 X,

@EEEERT lllustration of points and subintervals/panels

have access only to a set of n discrete data points (i.e., a table) of the form (x;, f(x;)) for
i=0,1,...,n— 1. In this case, the function is known only at fixed points, x;, not of our
choosing.

Avoiding Error Creep

A very common use case is when the points x; are on an equally spaced grid (also known
as a mesh), from a to b. The n points are then given by the following relation:

X; =a+ih (3.33)
where, as usual, i = 0, 1,...,n — 1. The A is clearly given by:
b—
p=2_2 (3.34)
n—1

Thus, even if this 4 is small (i.e., we have many points n), it is not of our choosing.

Since we will make heavy use of the last two formulas in what follows, let us take
some time to interpret them. First, note that if you use all x;’s, then you are dealing with
a closed approach: x; ranges from a (for i = 0) to b (for i = n — 1). In other words, in
that case the endpoints of our interval would be included in our set of points. Second, we
are using notation that will easily translate to Python’s (or any other C-based language’s)
0-indexing: we start counting at O and stop counting at n — 1. To be explicit: we have n
points in total (two of which are the endpoints). Third, we observe that the formula for
the A, Eq. (3.34), simply takes the interval from a to b and splits it up into smaller pieces.
When we are dealing with n points in total, we are faced with n — 1 subintervals from a
to b. In what follows, we will be using the terms subinterval and panel interchangeably.®
This is illustrated in Fig. 3.3; note that the overall interval (from a to b) always stays the
same.

Observe that Eq. (3.33) always starts at x = a and then automatically transports you
to your desired x;, e.g., if i = 17 it brings you up to x;7 = a + 17h. You can store all
of these x; into a Python list by saying xs = [a+i*h for i in range(n)]. Note how
range automatically ensures that i goes from 0 to n-1. While this may appear to be rather

© You might choose to introduce a new variable containing the number of panels, N = n — 1, in which case
h = (b —a)/N. In that case, the i in x; would go from 0 to N, since we have N + 1 = n points in total. This is
perfectly legitimate, but does introduce the cognitive load of having to keep track of two different variables, n
and N. We'll stick to n alone in most of what follows.
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unremarkable, it’s worth observing that there are those’ who would rather use an alternative
formula, namely:

Xip1=Xxi+h (335)

You may now be able to see where this is going: instead of storing all the x;’s so as to use
them only once, you might be tempted to simply use a “running” x variable, which you
can keep updating inside a loop by saying x += h. Unfortunately, this would be a mistake:
h is almost certainly bound to be evaluated with limited precision. That means that each
time we are adding % to the previous result we are committing another addition error. If
you are dealing with thousands of points (or more) it’s easy to see how an initial error of
€, in evaluating x can be exacerbated. Since we’re using these points on a grid in order to
evaluate a finite difference, we are setting ourselves up for failure: our x’s are becoming
progressively worse, therefore the ordinates (i.e., the £(x)) will also be wrong; this is a
case of “systematic creep”. It’s easy to see that our starting expression in Eq. (3.33) is much
better: it only involves one multiplication and one addition, and is therefore always to be
preferred. If you read and understood chapter 2, this point should be quite straightforward.
Of course, you may choose to avoid both the systematic creep (via the use of x; = a + ih)
and the storing of all the x;’s, simply by reapplying x; = a + ih each time through the loop.

Finite-Difference Formulas

Now, let us assume our task is to calculate the first derivative of f(x) at the same points x;.
To be fully explicit, let’s assume we have 101 points from O to 5. This leads to a step size of
h = 0.05: these points are 0,0.05,0.1,0.15,0.2,0.25,0.3,...,4.9,4.95,5.0. For example,
we are interested in f”(3.7) but the neighboring values at our disposal are only f(3.65),
f(@3.7), and f(3.75). The forward-difference formula in Eq. (3.9):

o = Lt D=1
shows that if we take x = 3.7 we can estimate f’(3.7) using f(3.7) and f(3.75) with
h = 0.05. However, things are not so simple for the case of the central-difference formula
in Eq. (3.24):

+0(h) (3.36)

=

o L=
Fo = -
Taking x = 3.7 and & = 0.05, this formula requires the function evaluations f(3.675) and
f(3.725). But, as we already noted, we have access to f(3.65), f(3.7), and f(3.75), not to
f(3.675) and f(3.725). What we can do, is take the 4 in the central-difference formula to
be twice as large, i.e., take & = 0.1 (this, obviously, has nothing to do with the 4 that was
used to produce the grid of points in Eq. (3.33)). For & = 0.1, the central-difference formula
requires f(3.65) and f(3.75) in order to approximate f’(3.7) (and is therefore still distinct
from the forward-difference formula).

Slightly generalizing our result above, the central-difference formula in Eq. (3.37) as-
sumes that we have knowledge of f(x + //2) and f(x — h/2): if all we have access to is a

+O(h?) (3.37)

7 Especially programmers who are averse to storing quantities that they won’t make much use of later on.
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grid of points like that in Eq. (3.33), then we will not be able to use the central-difference
formula in this form. We will be able to use it if we double the step size, taking & — 2h:

Jx+h) - fx—h)

2
o +O(h) (3.38)

f)=

In other words, by doubling the step size i — 2h used to define the equation giving us the
central difference, we are able to plug in the same value of 4 in the formula Eq. (3.38) as
that used in the forward-difference Eq. (3.36), e.g., 1 = 0.05. This happens to be a general
result: all the expressions we gave above that require a function evaluation at a midpoint
could be recast in a form that can use function evaluations on a grid if we simply take
h — 2h. For example, our equation for the central-difference approximation to the second
derivative from Eq. (3.32) becomes:

S+ h)+ f(x—h) - 2f(x)
h2

f(x) = +O(h?) (3.39)

which is probably easier to memorize, anyway.

Let’s return to our problem of evaluating the first derivative at points on a grid x; when
all we have are the function values f(x;). We’ve seen that we can approximate f’(x;) using:
(a) Eq. (3.36) which corresponds to the forward-difference formula with step size &, and
(b) Eq. (3.38) which corresponds to the central-difference formula with step size 2h. The
more accurate method (central differrence) here uses a larger step size 2k and we know that
a larger step size leads to less accuracy. Now, the question naturally arises: could it be that
the inaccuracy stemming from the larger step size overpowers the accuracy coming from
the fact that cental difference is a higher-order method?

In order to answer this question, we go back to our error analyses. For the forward
difference, we already know that the total error is given by Eq. (3.15):

2| f(x)l€n
h

We will now find the corresponding expression for the new central difference. This will not
be identical to Eq. (3.25), since we’re now dealing with a step size of 24, since the formula
we’re analyzing is Eq. (3.38). One can analyze the new approximation from scratch, or
simply replace 7 — 2h in Eq. (3.25) to get:

h
E=8upp +Ero = Elf”(X)l + (3.40)

lf (x0)l€m
h
The trend exhibited by Eq. (3.41) appears to still be generally better than that of Eq. (3.40):
the approximation term is still quadratic, whereas the roundoff term is now half as big.
One could always concoct artificial scenarios where |f"”(x)| is dramatically larger than

h2
E=8Epp +Epp = g|f’"(x)| + 341

8 And with a 6 in the denominator compared to the forward difference’s 2 in the denominator.
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|f”(x)|, but for most purposes it’s safe to say that the central-difference formula (even with
twice the step size) is better than the forward-difference one.

As an aside, we note that if we had been less strict in our requirements for the derivative
of f(x), e.g., if we were OK with the possibility of getting the derivative at points other
than the x;, then we would have been able to use the unmodified central-difference formula
of Eq. (3.37). To be explicit, taking x = 3.725 and & = 0.05, this formula requires the
function evaluations f(3.7) and f(3.75) which we do have access to! The price to be paid,
of course, is that this way we calculate f”(3.725), not f"(3.7).

3.3.7 Richardson Extrapolation

‘We now turn to a nice technique, called Richardson extrapolation, which can be used to im-
pove the accuracy of a numerical algorithm. Here we apply it to finite-difference formulas,
but its applicability is much wider, so we will return to this tool when we study integrals in
chapter 7 and differential equations in chapter 8.

General Formulation

Assume your task is to evaluate the quantity G, i.e., G is the exact answer of the calculation
that you are currently trying to carry out approximately. Your approximate answer g(h)
depends on a parameter /4, which is typically an increment, or step size. We write:

G = g(h) + Egpp(h) (3.42)

where we explicitly noted that the approximation error also depends on /. The procedure
we are about to introduce works only on reducing the approximation error (so we didn’t
also include a roundoff term &,,).

We will now make the (pretty widely applicable) assumption that the error term can be
written as a sum of powers of A:

G = g(h) + ARP + BRP*9 + ChP*20 4 ... (3.43)

where A, B, C are constants, p denotes the order of the leading error term and ¢ is the incre-
ment in the order for the error terms after that. The idea behind Richardson extrapolation
is to apply Eq. (3.43) twice, once for a step size h and once for a step size h/2:

G = g(h) + AhP + O(h"*4)

n\’ (3.44)
G=gh/2)+A (E) + O(hP*9)
Equating the two right-hand-sides gives us:
h p
gh)+ AhP = g(h/2) + A (5) + O(hP*?) (3.45)

This equation can now be solved for Ah?:

2P
AW = S [g(h/2) = g()] + Oh™) (3.46)
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This result, in turn, can be plugged back into the first relation in Eq. (3.44) to give:

G = 2'8h/2) - g()

ptq
T + O(hP™9) (3.47)

This is sometimes called an extrapolated value. This is a good time to lay all your possible
worries to rest: Eq. (3.47) contains a subtraction on the right-hand-side (so it’s possible
some roundoff error may creep in) but, despite the fact that g(k) and g(h/2) presumably
have similar values, no catastrophic cancellation is present, because of the 27 coefficient.

To summarize, we started in Eq. (3.43) from a formula that has a leading error of O(h”);
by using two calculations (one for a step size h and one for a step size h/2), we managed
to eliminate the error O(h”) and are left with a formula that has error O(h?*7). It’s easy to
see how this process could be repeated: by starting with two calculations each of which
has error O(h?*9), we can arrive at an answer with error O(h”*24), and so on.

Finite Differences

We now apply our general result in Eq. (3.47) to finite-difference formulas. In order to bring
out the connections with other approaches touched upon in this chapter, we will carry out
this task twice, once for the forward difference and once for the central difference.

Forward Difference

We will use our first forward-difference formula, Eq. (3.9):

f&+h) - fx)
h
where we also took the opportunity to employ new notation. Clearly, the leading error term
in Eq. (3.48) is O(h) (as we explicitly derived in section 3.3), meaning that the exponent in
h? is p = 1 for this case. Richardson extrapolation will eliminate this leading error term,
leaving us with the next contribution, which is O(h?), as we know from Eq. (3.7).
Applying Eq. (3.47) with the present notation for p = 1 gives us:

Dya(h) = (3.48)

F+5) =10 e - £

Rya = 2Dya(h/2) = Dya(h) + O(h?) = 2——— 7 -

+Oh?)

Af (x+4) = flx+ ) = 3f()

B h
In the second equality we plugged in our definition from Eq. (3.48) twice. In the third
equality we grouped terms together. Our result is identical to the second forward-difference
formula from Eq. (3.27): while there we had to explicitly derive things in terms of Taylor
series, here we simply carried out one step of a Richardson extrapolation process.” To

+ O (3.49)

9 We could now carry out two calculations with errors O(h?), set p =2 1in Eq. (3.47) and we would get a result
with error O(h®).
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summarize, we employed a two-point formula (Eq. (3.48)) twice and ended up with a
three-point formula (Eq. (3.49)) which is more accurate.

Central Difference

This time we will use our first central-difference formula, Eq. (3.24):

fle+3)-f(x-14)
h
where we used the notation D.4(h) notation on the left-hand side. The leading error term
in Eq. (3.50) is O(h?) (as we explicitly derived in section 3.3), meaning that the exponent
in h” is p = 2 for this case. Richardson extrapolation will eliminate this leading error term,
leaving us with the next contribution, which is O(h*), as we know from Eq. (3.28).
Applying Eq. (3.47) with the present notation for p = 2 gives us:

Dey(h) = (3.50)

Rt = gDcdm/z) ~ 3Dailh) + OC)

4l )-rlm) () -s(x-d)
"3 h/2 73 h
8f(x+4)+ f(x=1)-f(x+2)-87(x-1)

_ 4
= 7 +O(h") (3.51)

In the second line we plugged in our definition from Eq. (3.50) twice. In the third line we
grouped terms together. Our result is identical to the second central-difference formula that
you were asked to derive after Eq. (3.28): while there we had to explicitly derive things in
terms of Taylor series, here we simply carried out one step of a Richardson extrapolation
process. If you’re not seeing that the two results are identical, take 7 — 2k in the present
result. To summarize, we employed a two-point formula (Eq. (3.50)) twice and ended up
with a four-point formula (Eq. (3.51)) which is more accurate.'”

+ O™

Implementation

Code 3.2 is an implementation of Richardson extrapolation: crucially, this works by com-
bining the outputs of our earlier forward- and central-difference functions. The main new
feature in this code is that we have opted against copying and pasting functions from an
earlier file: that would be needlessly error-prone. Instead, what we’ve done here is to import
specific functions from finitediff.py which take care of the function itself, its analyti-
cal derivative, the forward difference, and the central difference. In addition to making the
present code shorter, this has the added advantage that if we ever update those functions,
we only need to change them in one location, namely in the file where they are defined.'!
The output of running this code is:

10" Again, we could now carry out two calculations with errors O(h*), set p = 4 in Eq. (3.47) and we would get a
result with error O(h).
T As long as we don’t break the interface, i.e., if we keep the same input and output conventions.
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richardsondiff.py

from finitediff import f, fprime, calc_fd, calc_cd

x = 0.5
an = fprime(x)

hs = [10**(-i) for i in range(l,7)]

rowf = "{0:1.0e} {1:1.16f} {2:1.16f}"
print("h abs. err. rich fd abs.
for h in hs:

fdrich = 2*calc_fd(£f,x,h/2) - calc_fd(f,x,h)

fd = abs(fdrich-an)

cdrich = (4*calc_cd(f,x,h/2) - calc_cd(f,x,h))/3

cd = abs(cdrich-an)

print (rowf. formatCh,fd,cd))

err. rich cd")

h abs. err. rich fd abs. err. rich cd

le-01
le-02
le-03
le-04
le-05
le-06

0.0259686059827384
0.0002695720500450
0.0000027005434182
0.0000000270109117
0.0000000003389138
0.0000000006941852

0.0000098728371007
0.0000000009897567
0.0000000000009619
0.0000000000043667
0.0000000000132485
0.0000000002500959

Starting from the forward-difference Richardson-extrapolated results: every time we re-
duce the & by an order of magnitude, the absolute error is reduced by two orders of mag-
nitude, consistent with a method that has an approximation error of O(h?), see Eq. (3.49).
This process reaches a minimum at 27 = 1073: the absolute error there is ~ 3 x 10717,
Note that this behaviour is very similar to the output of finitediff.py for the central-
difference column, which also resulted from a method with an error of O(h?). The last
line in the present output merely serves to show that roundoff has started dominating the
forward-difference case, so we can no longer rely on the Richardson extrapolation process.
The central-difference Richardson-extrapolated results are analogous. The first time we
reduce & by an order of magnitude we reduce the absolute error by a whopping four or-
ders of magnitude, consistent with a method that has an approximation error of O(h*), see
Eq. (3.51). This cannot continue indefinitely: in the next step we improve by three orders
of magnitude, reaching a minimum at 1 = 1073: the absolute error there is ~ 107!2, the
best we’ve seen so far using a finite-difference(-related) scheme. As the £ is further reduced
roundoft error starts dominating, so the extrapolation process is no longer reliable.
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3.4 Automatic Differentiation
]

Up to this point in this chapter, we have seen that there are two ways of taking derivatives
on a computer: first, analytically using a symbolic algebra package or library and, second,
using finite-difference formulas of varying sophistication. While this is OK for pedagogical
clarity, it’s not quite true. There exists a third option, known as automatic differentiation
or, sometimes, algorithmic differentiation.

Qualitatively, automatic differentiation is equivalent to analytical differentiation of ele-
mentary functions along with propagation using the chain rule. Crucially, this is not ac-
complished via the manipulation of expressions (as is done in symbolic differentiation,
which is quite inefficient in practice) but using specific numbers. Thus, we never have ac-
cess to an analytical expression providing the derivative of a function, but do get a result
with nearly machine precision for the derivative at any one point. Thus, automatic differ-
entiation is considerably more accurate than finite differences: it’s as accurate as symbolic
differentiation, but it doesn’t need to produce a general expression (which is, anyway, only
going to be used at specific points).

Using Python, one has access to several implementations of automatic differentiation,
e.g., JAX: the details are strongly time dependent so we will, instead, focus on the main
idea. (One problem asks you to experiment with jax, whereas another problem guides
you toward building a bare-bones automatic differentiator yourself.) In the past, computa-
tional physics books did not mention automatic differentiation but, given its benefits and
conceptual simplicity, it deserves a wider audience.

3.4.1 Dual Numbers

Extend any number a by also adding a second component:
a=a+dd (3.52)

These are called dual numbers. This d is simply a placeholder telling us what the second
component, a’, is. This is analogous to complex numbers, where we go from x to x + yi
via the use of the imaginary unit, i = V-1. Here, we take d? = 0 (compare with 2 =-1).
If you’re uncomfortable with the possibility of a number being non-zero but giving zero
when squared, look up the term Grassmann variable.

It is easy to see how arithmetic works for dual numbers. For example, for addition:

a+b=(a+dd)+b+bd)y=a+b+ ([ +b)d (3.53)
Similarly, for multiplication we have:
axb=(a+dd)x(b+bd) =ab+abd+adbd+dbd =ab+ b +db)d (3.54)

To go to the third equality we made use of the fact that @> = 0. You can see how subtraction
and division will turn out. What is emerging here is an arithmetic where the first component
behaves as real numbers do, whereas the second component follows well-known rules of
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differentiation (for the sum, the product, etc.). At this point, we can drop the use of d
entirely, by rewriting dual numbers using ordered pairs of real numbers:

a=(a,d) (3.55)

As was implicit above, a gives us the value of a function at a specific point and a’ the value
of the derivative of that function at the same point. This definition using an ordered pair is
completely analogous to complex numbers, which are also given as z = (x,y). We can now
re-express (and augment) the basic arithmetic rules as follows:

a+b=(a+b,a +b)

a-b=(a-b,d -b")
axb = (ab,ab’ +a’'b) (3.56)
a ab-ab
~b=|-,—
=3 555
Thus, dual numbers give us a way to differentiate elementary mathematical operations. In

actual calculations, we’ll need to also know how to treat constants, A, and independent
variables, x. Simply define:

A= (A,0)

) (3.57)

Both of these are plausible, since the derivative of a constant is 0 and the derivative of x
with respect to x is 1. In practice, we’ll be faced with a function f(x) for which we would
like to produce the derivative. To accomplish this, we replace all occurences of x with x, all
occurences of constants A with A, and also employ the basic arithmetic rules in Eq. (3.56).
Thus, we arrive at a new function f(x): evaluating this at the specific point (xy, 1) we get
the ordered pair (f(x), f’(x0)), thereby achieving what we set out to do.

3.4.2 An Example

Let’s apply all of the above rules to a specific example. Take:
= =263

We are interested in computing f(6) and f’(6). We can immediately see (by plugging
in) that f(6) = 6. However, the value of f’(6) is not as obvious. In order to find it, we
employ the above prescription, promoting all numbers to dual numbers and interpreting
the arithmetic operations appropriately. We have:

(3.58)

f(x)=x-2)x(x-3)+(x—-4)
=[x, D)= @2,0Ix[(x,1) = (3,01 +[(x,1) = (4,0)] (3.59)
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Now, here’s the beauty of it all. Without needing to find an expression for f’, we will
calculate the derivative at the specific point x = (6, 1) by plugging in and using the rules:

£((6,1) =[(6,1) - (2,00] x[(6,1) = (3,0)] = [(6,1) — (4,0)]
1
=4, DxGE,H+2,H)=012,7)+(2,1) = (6, 5) (3.60)
In the second equality we simply did all the subtractions. In the third equality we did the
multiplication. In the fourth equality we carried out the division. This gives us f(6) = 6
(which we had already figured out) and f’(6) = 1/2 (which we hadn’t). As advertised,

we have arrived at the derivative of our function at a specific point simply by plugging in
values and following the rules above, without having to produce an expression for f”.

3.4.3 Special Functions

With a view to extending this formalism, let’s start with a polynomial:

3

p(a) = co+cra+ crd® + c3a® + -+ cpya™! (3.61)

We now wish to promote a to a: we’ll need to know how to handle powers of a. These are
easy to calculate via repeated use of the multiplication rule from Eq. (3.56):

a’ =axa = (% 2aa’) (3.62)

Similarly:

a’ =a’xa=(d’,3d%d) (3.63)

and so on. Thus, promoting the a to (a,a’) and the constants ¢; to (c;, 0) gives us:

p(a) = (co,0) + (c1,0) X a + (c2,0) X a* + (c3,0) X @ + -+ + (¢,_1,0) x a""!
= (c0,0) + (c1a, ¢18") + (20°, c22ad) + - -+ + (¢cp1d" ™ Cuoi(n = Da"d)
=(co+cra+crd® + -+ co1d" N e1d +c2ad + -+ cpoy(n — Da"2d)
= (p(a),d'p'(a)) (3.64)
In the second line we carried out all the multiplications. In the third line we did the summa-
tions. In the fourth line we identified in the second component the presence of p’, namely
the derivative of the polynomial. This result, which we explicitly proved for polynomials,

leads us to think about other functions, since we will also need to know how to take, say,
the cosine of a dual number. We define the relevant (chain) rule as:

g@) = g((a,a) = (8(a).d'g'(a)) (3.65)

which looks completely analogous to our result for polynomials in Eq. (3.64) above. Note
that the ” on the right-hand side of this equation has two distinct (though related) meanings:
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a’ is the second component of a, whereas g’ refers to the derivative of the function g , which
is arrived at through some other means. A few examples:

sin(a) = sin ((a,a’)) = (sina, a’ cos a)
cos(a) = cos ((a,a’)) = (cosa, —a’ sina)
e? = e(a,a’) — (eu’a/ea)

, (3.66)
In(a) = In ((a, @) = (ln a, %)

’ a,
sqrt(a) = sqrt ((a,d’)) = (\/E, 5 \/E)
We are using new symbols on the left-hand sides, in the spirit in which above we promoted
the function f to f (or the function g to g). These can either be seen as results of Eq. (3.65)
or could be explicitly derived via the relevant Taylor expansion each time.

A software system that implements automatic differentiation knows how to apply all
these formulas, even if it needs to apply more than one to the same expression. To make
this crystal clear, we now turn to our usual example, f(x) = ¢"®? at x = 0.5. Following
the rules of promotion, as above, we have:

f(X) — esin((2,())><(x,1)) (367)
We now plug in x = 0.5 to find:
f((OS, 1)) — esin((2,0)><(0.5,])) — esin((1,2)) — e(sin(l),2cos(l)) — (esin(l)’ 2008(1)(35“‘(])) (368)

In the second equality we carried out the multiplication as per Eq. (3.56). In the third equal-
ity we used the chain rule in Eq. (3.66) for the sine. In the fourth equality we used the chain
rule in Eq. (3.66) for the exponential. Thus, we have arrived at the output £(0.5) = " ~
2.319776 824715853 and £7(0.5) = 2 cos(1)es™ ~ 2.506 761 534 986 894. These results
agree (to within machine precision) with the answer we get by analytically evaluating the
derivative and then plugging in x = 0.5.

It’s important to understand that the procedure we followed was not actually that of
taking a derivative. We were merely dealing with numbers, to which we applied the pro-
motions to ordered pairs as per Eq. (3.57), the basic arithmetic rules in Eq. (3.56), and the
chain rule in Eq. (3.65): the result turns out to be a derivative, even though the elementary
operations involved simply the additions, divisions, etc. of real numbers.

Before concluding, it’s worth underlining that the procedure we followed for automatic
differentiation doesn’t exactly address one of our main tasks, namely the case where we
have access only to a table of points (x;, f(x;)) fori =0,1,...,n— 1.'2 Instead, automatic
differentiation can be applied to the piece of code producing a function evaluation at one
point: it then promotes all numbers to ordered pairs and follows simple rules to evaluate
the function’s derivative at the same point, without any major overhead.

12 For that matter, symbolic differentiation, as discussed in section 3.2 doesn’t either, except if one has first
interpolated and then analytically differentiates the interpolating function.
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We will now see how taking derivatives is an essential part of evaluating the kinetic energy
in quantum mechanics (in the position basis). If you haven’t studied quantum mechanics,
you can skim through most of section 3.5.1. Even if you don’t know what a wave function
is, there are some lessons to be learned implementation-wise: we will show how one Python
function can handle different physical scenarios, as long as we are careful to respect some
general conventions about function-interface design.

Physics-wise, our coverage will revolve around one non-relativistic particle; we will
study two different interaction terms (harmonic oscillator and free particle). To refresh
your memory, the time-independent Schridinger equation involves the Hamiltonian H, the
wave function ¥, and the energy E:

Hy = Ey (3.69)

This is an eigenvalue problem, about which we’ll have a lot more to say in the rest of this
volume, especially in chapter 4 (where we discuss linear algebra) and chapter 8 (where we
study differential equations). In general, the Hamiltonian operator is made up of the kinetic
energy operator and the potential energy operator: H = T + V.

3.5.1 Single-Particle Wave Functions in One Dimension

We now go over some standard results, assuming that you’ve encountered this material
before, so we will not repeat the explicit derivations.

Quantum Harmonic Oscillator

An important problem in one-dimensional single-particle quantum mechanics is the har-
monic oscillator; for this case, the time-independent Schrodinger equation takes the form:

W d*y(x) 1
T a2
where 7 is Planck’s constant (divided by 27r) and the particle’s mass is m. The left-hand side
is made up of the kinetic energy (involving a second derivative) and the potential energy
(involving a term quadratic in x). The w is the (classical) angular frequency.
Every quantum mechanics textbook discusses how to solve this problem. This means
how to determine the energy eigenvalues:

mw?*x*y(x) = Eg(x) (3.70)

E, = (n + —)hw (3.71)

and the (normalized) eigenfunctions:
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Note that both the eigenvalues and the eigenfunctions are labelled by a discrete index n
(a non-negative integer): this goes to the heart of quantization. Notoriously, the ground
state of the harmonic oscillator is n = 0, which is characterized by a finite energy as per
Eq. (3.71); this is known as zero-point motion.

For a given n, the harmonic-oscillator eigenfunction is equal to (some prefactors times) a
Gaussian term and another term involving an Hermite polynomial, H,(x). Hermite polyno-
mials can be evaluated via a process similar to that introduced in section 2.5 for Legendre
polynomials. They obey the recurrence relation:

Hjo(x) = 2xH(x) = 2jH, 1 (%) (3.73)

To step through this process, one starts with the known first two polynomials, Hy(x) = 1
and H;(x) = 2x, and calculates H,(x) by taking:

j:1’2’---7n_1 (374)

The first few Hermite polynomials are shown in the left panel of Fig. 3.4, which is analo-
gous to the left panel of Fig. 2.6. Similarly, for the derivative one can use the relation:

H)(x) =2nH,_{(x) (3.75)

though we don’t need to evaluate these derivatives here (we will later on). To summarize,
for a specified n the wave function is given by Eq. (3.72), which you can immediately
compute if you know how to evaluate Hermite polynomials numerically.
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Correspondence Principle

Let us recall the harmonic oscillator in classical mechanics. If the amplitude of the oscil-
lation is xp, then the total energy E, which is a constant of the motion, is:

1
E = Emwzx(z) (3.76)

This describes the extreme case where the kinetic energy is zero; there are two such turning
points, £xo. As you may recall, the particle oscillates between them, —xp < x < xo. The
regions x> > xé are classically forbidden, since they correspond to negative kinetic energy.
(Things are different in quantum mechanics, since there the wave function may “leak”
into the classically forbidden region.) A problem guides you toward deriving the following
equation for the classical probability density for the oscillator problem:

Pux) = —— 3.77)
2

| x5 — X*
This is the probability that we will find the particle in an interval dx around the position x;
it is larger near the turning points: that’s where the speed of the particle is smallest.

A fascinating question arises regarding how we go from quantum to classical mechanics;
this is described by what is known as the correspondence principle: as the quantum number
n goes to infinity, we should recover classical behavior. In order to see this, the right panel
of Fig. 3.4 plots results for the quantum harmonic oscillator for the case of n = 100,
which is reasonably large. The solid curve, exhibiting many wiggles, is the probability
density for the quantum case; as per the Born rule, this is the square of the modulus of the
wave function, i.e., P(x) = |(x)*. To compare apples to apples, we also study a classical
problem (dashed curve) with an amplitude of:

Xo = ‘[%(Zn +1) (3.78)

which we found by equating Eq. (3.76) with Eq. (3.71). As the figure clearly shows, if
we take a local average of the quantum probability density in a small interval around x
(essentially smearing out the wiggles), we get something that is very similar to the classical
probability density. This is the correspondence principle in action.

Particle in a Periodic Box

Another standard example covered in introductory quantum-mechanics courses is that of
a “particle in a box”; what is usually meant by this is a particle that is confined inside an
infinite potential well, i.e., one for which the wave function must go to zero at the edges.
Here, we study a different scenario, i.e., a periodic box, which is usually important in the
study of extended (i.e., non-confined) matter. Our box goes from —L/2 to L/2 (i.e., has a
length of L); inside it, the time-independent Schrodinger equation is simply:

_® Py
2m  dx?

= Ey(x) (3.79)
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since we’re assuming there is no external potential inside the box. The eigenfunctions are
simply plane waves, i.e., complex exponentials:

1 ikx
Yi(x) \/Ze (3.80)
The prefactor is such that our eigenfunction is normalized. We have labelled our eigen-
functions with the wave number k; it is related to the momentum via the relation p = 7ik.
In order to find out more about this wave number/momentum, let us investigate the
boundary conditions. We mentioned above that we are dealing with a periodic box; mathe-
matically, this is expressed by saying y(x) = Y (x + L), which is precisely the relation that
allowed us to stay inside a single box in the first place (—L/2 < x < L/2): the wave func-
tion simply repeats itself beyond that point. If we now combine this periodicity condition
with our plane waves of Eq. (3.80), we find:
2r
k= " (3.81)
where n is an integer which could be positive, negative, or zero. This is already different
from the case of the harmonic oscillator above. If we know the value of this quantum
number n, i.e., we know the value of the wave number for a given state, then we are also
able to calculate the energy corresponding to that state; to see this, plug the eigenfunction
Eq. (3.80) into the eigenvalue equation Eq. (3.79) to find:

272 2 2
_re _h (2_") 2 (3.82)

E = -
2m 2m\ L

In the second equality we used our result in Eq. (3.81). As expected for this problem (for
which there is no attraction and therefore no bound state), the energy cannot be negative.

Implementation

Let us see how to implement our two possibilities for the wave function. The task at hand is
pretty mundane; in order to make it a bit interesting, we have decided to write two functions
with the same interface; that means that the external world will treat wave function code
the same way, without caring about details of the implementation.

Both of our functions will take in two parameters: first, the position of the particle and,
second, a dictionary bundling together any wave-function-specific parameters. This is not
idle programming (“code golf”): as you will discover in the following section, a common
interface makes a world of difference when you need to pass these two functions into a
third function. We implement a general solution, similar to Python’s **kwargs, to help
students who are still becoming comfortable with dictionaries in Python.

Code 3.3 starts with import statements, as usual. We will need an exponential that han-
dles real numbers (for the harmonic oscillator) and another one that can handle complex
numbers (for the plane wave of the box problem). To avoid a name clash, we import exp
explicitly and then import the cmath module, from which we intend to use the complex
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from math import sqrt, pi, factorial, exp
import cmath

def hermite(n,x):
val® = 1.; vall = 2*x
for j in range(l,n):
val2 = 2*x*vall - 2*j*val®
val®, vall = vall, val2
dval2 = 2*n*val®
return val2, dval2

def psigho(x,nametoval):
n = nametoval["n"]
momohbar = nametoval["momohbar"]
al = nametoval["al"]
psival = momohbar**0.25*exp(-0.5*al*momohbar * x**2)
psival *= hermite(n,sqrt(momohbar)*x) [0]
psival /= sqrt(2**n * factorial(n) * sqrt(pi))
return psival

def psibox(x,nametoval):
n = nametoval["n"]
boxl = nametoval["boxl"]

CRONCORNON

return cmath.exp(2*pi*n*x*1j/boxl)

if _name _ == ‘_main_’:
x = 1.
nametoval = {"n": 100, "momohbar": 1., "al": 1.}
psiA = psigho(x, nametoval)
nametoval = {"n": -2, "boxl": 2*pi}

psiB = psibox(x, nametoval)
print(psiA, psiB)

exponential cmath.exp(). Our code then defines a function that evaluates Hermite poly-
nomial values and derivatives. This is very similar to our earlier legendre(), only this
time we don’t cater to the possibiities n = 0 or n = 1, in order to shorten the code.

Our first wave function, psigho (), takes in a float and a dictionary, as advertised. This
implements Eq. (3.72): in addition to the position of the particle, we also need to pass in
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the quantum number n, as well as the value of mw/h. To spice things up, we also allow
for the possibility of including an extra variational parameter, @, in the exponent of the
Gaussian. That brings the total of extra parameters needed up to three. The dictionary
nametoval is aptly named: it maps from a string (the name) to a value; thus, by passing
in the appropriately initialized (in the external world) dictionary, we manage to bundle
together all the necessary extra parameters, while still keeping our interface clean. The rest
of the function is pretty straightforward.

Our second wave function, psibox (), also takes in a float and a dictionary. As be-
fore, the float is for the position of the particle and the dictionary for any other parameters
needed to evaluate the wave function for this case. To implement Eq. (3.80), we need to
pass in, first, the quantum number and, second, the length of the box side, L. Note how
different the requirements of our two wave functions are: psigho () takes in a position and
then three more numbers, whereas psibox () accepts a position and then two more num-
bers; despite having different parameter needs, the two functions have the same interface,
due to our decision to bundle the “extra” parameters into a dictionary. Of course, inside
psibox() we immediately “unpack” this dictionary to get the values we need. We then
use cmath.exp().

The main program explicitly defines a nametoval dictionary that bundles the extra pa-
rameters for the oscillator problem, before passing it to psigho(). The test code calling
psibox () is analogous: a nametoval dictionary is defined; note that, while, the two dic-
tionaries look quite different, the parts of the code calling psigho() and psibox() are
identical. The output of this code is not very important here; the main point is the common
interface, which will help us below.

3.5.2 Second Derivative

You may have realized that the code we just discussed evaluates the wave functions only,
i.e., it has nothing to do with energies. We will now see how to use that code to eval-
uate the kinetic energy, by implementing the second derivative. This will emphasize the
aforementioned point on interface design, but will also be of wider applicability.

Before we discuss how to code things up, we first see why someone might want to eval-
uate the kinetic energy. Didn’t we already solve this problem by finding the eigenenergies
in Eq. (3.71) and Eq. (3.82)? Notice that here we’re not trying to find the fotal energy, only
the kinetic energy; note, further, that we’re not trying to evaluate the expectation value of
the kinetic energy but, instead, only the value of the kinetic energy for a given position.
Motivated by Eq. (3.69), Hy = Ey, we define the following quantity, known as the local
kinetic energy:

T, = (3.83)

<|&

In general, the value of 7, will depend on x. The normalization of the wave function
doesn’t matter: it appears in both numerator and denominator, and cancels out.
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Of course, for the simple cases studied here we’ve actually solved the problem of eval-
uating 77, too: first, for the periodic box, there is no potential energy term, so the kinetic
energy is the total energy; also, as per Eq. (3.82), for this specific case the energy does not
depend on the position of the particle. Second, for the one-dimensional harmonic oscillator
problem, given that 7y + Vi = Ey, and the eigenenergy is given by Eq. (3.71), we find:

W 2

In other words, you can analytically determine 7, once you know all the quantities on the
right-hand side. Obviously, we can find a local kinetic energy that is negative: just pick
x to be large enough in magnitude; this is a situation that was not allowed in classical
mechanics.

Even though the problem here is already solved ahead of time, the tools we will de-
velop will be much more general, and therefore applicable also to situations where the
wave function ¥ is, say, not analytically known. Similarly, in the examples above we were
studying eigenfunctions, for which the corresponding eigenvalues were also known; the
approach that implements the local kinetic energy (i.e., basically, the second derivative) is
general enough not to care whether or not your ¢ is an eigenfunction. Finally, as we’ll see
in the Project of chapter 7, the local kinetic energy also arises in quantum Monte Carlo
calculations for many-particle systems, so what we discuss here is part of the scaffolding
for that, more involved, problem.

Looking at the Schrodinger equations for our problems, Eq. (3.70) and Eq. (3.79), we
see that they involve the second derivative (times —1%/(2m)). We now turn to the main
theme of this chapter, namely the evaluation of derivatives via finite differences:

d*Y(x) Y+ h) +p(x—h) = 2f(x)

ek = (3.85)

T 1 1
T, = —lp = (n + E)hw — —mw’x? (3.84)

as per Eq. (3.39).

Implementation

Code 3.4 is an implementation of the local kinetic energy. We start by importing the two
wave functions from Code 3.3. The core of the new program is the function kinetic (). Its
parameters are a wave function, a position, the infamous dictionary for extra parameters,
and then an optional step size & for the finite differencing. This kinetic function interop-
erates with any wave function that respects our common interface (described above). We
start by setting #2/m = 1 for simplicity. We then proceed to carry out the three function
evaluations shown in Eq. (3.85). Note that we are not changing the value of x, but are
employing “shifted” positions directly, wherever we need them. If you, instead, say some-
thing like x += h, you may be in for a surprise: as we learned in chapter 2, steps like x + &
followed by x — 2k followed by x + h don’t always give back x, as there may be roundoft
error accumulation. The rest of the function is quite straightforward.

Next, we define a test function: this contains the type of code you may have been putting
in the main program so far (as did we, say, in Code 3.3). This is an example of standard
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from psis import psigho, psibox
from math import pi

def kinetic(psi,x,nametoval,h=0.005):
hom = 1.
psiold = psi(x,nametoval)
psip = psi(x+h,nametoval)
psim = psi(x-h,nametoval)

lapl = (psip + psim - 2.*psiold)/h**2
kin = -0.5*hom*1lapl/psiold
return kin

def test _kinetic():

x = 1.

hs = [10**(-i) for i in range(l,6)]

nametoval = {"n": 100, "momohbar": 1., "al": 1.}
ghos = [kinetic(psigho,x,nametoval,h) for h in hs]
nametoval = {"n": -2, "boxl": 2*pi}

boxs = [kinetic(psibox,x,nametoval,h) for h in hs]

rowf = "{0:1.0e} {1:1.16f} {2:1.16f}"

print("h gho box")

for h,qgho,box in zip(hs,ghos,boxs):
print (rowf. format Ch,gho,box))

if _name__ == ‘_main__’:
test_kinetic()

programming practice: by encapsulating your test code here, you are free to later define
other test functions that probe different features. The body of the function itself is not
too exciting: we define a list of #’s for which we wish to evaluate the (finite-difference
approximation to the) second derivative, and then we call kinetic (). Each time, we define
the appropriate extra-parameter dictionary, and then pass in the appropriate wave function
to kinetic(). This is followed by a nicely formatted print-out of the values we computed.
The main program then does nothing other than call our one test function (which in its turn
calls kinetic(), which goes on to call the wave functions repeatedly).
The output of running this code is:
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h gho box

le-01 83.7347487381334759 1.9933422158758425+0.0000000000000063 j
le-02 99.8252144561287480 1.9999333342231158+0.0000000000004308j
le-03 99.9982508976935520 1.9999993333621850-0.0000000001525828j
le-04 99.9999829515395646 1.9999999988482300-0.0000000002804216j
le-05 99.9997983578354876 1.9999999227612262+0.0000011797609070j

In order to interpret this output, we first note that, for our chosen input parameters, we
analytically expect the oscillator answer (see Eq. (3.84)) to be 100, while the box answer
should be 2 (see Eq. (3.82)). As the step size gets smaller, we get an increasingly good
approximation to the second derivative of the wave function; of course, as we keep reducing
h at some point roundoff error catches up to us, so further decreases are no longer helpful.
For the oscillator, from the right panel of Fig. 3.4 we immediately see that if we wish to
have any hope of capturing the behavior of the wave function for n = 100, then we had
better ensure that the step size is much smaller than the wiggles. Next, we notice that the
box answer comes with an imaginary part, which Eq. (3.82) tells us should be zero: as the
real part becomes better, the imaginary part becomes larger, so one would have to balance
these two properties (and drop the imaginary part).

3.6 Problems

1. We will study a simple quadratic polynomial:
f(x)=ax* +bx+c (3.86)

Apply the forward-difference formula, Eq. (3.9), and the central-difference approxima-
tion, Eq. (3.24), and compare with the analytically known derivative:

f'(x)=2ax+b (3.87)

You should do this by hand, i.e., without any programming. Explain your findings using
the Taylor-series arguments that we encountered in the main text.

2. For this problem you will need to make sure SymPy is installed on your system. Use
SymPy to analytically differentiate the function f(x) = ¢""®¥_ Then, evaluate the deriva-
tive at a few points from x = 0 to x = 0.5. Compare the latter values to the fprime ()
we encountered in the main text.

3. Justify Eq. (3.25) and then use it to show Eq. (3.26).

4. Create a function that takes in three lists and produces the output in Fig. 3.2. Feel free
to use the xscale() and yscale() functions.

5. Modify finitediff.py to also plot the second forward-difference and the second-
central difference results. Comment on whether the plot agrees with the analytical ex-
pectation coming from the approximation-error dependence on .
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6.

10.

Show Eq. (3.27) by combining the Taylor series for f(x+#h) and f(x+ h/2). Then, show
Eq. (3.28) by subtracting two pairs of Taylor series (pairwise): f(x+h/2) and f(x—h/2),
on the one hand, f(x + 3A/2) and f(x — 3h/2), on the other.

This problem deals with the error behaviour of the first central-difference approximation
to the second derivative.

(a) Start with the error analysis, including both approximation and roundoff error. De-
rive expressions for the /,,; and the &,,,. Then, produce numerical estimates for
hop: and the &,,;. Compare these results to those for the first derivative.

(b) Now code this problem up in Python (for the function f(x) = ¢*"?® at x = 0.5) to
produce both a table of numbers and a plot for the absolute error, with % taking on
the values 10~!, 1072, 1073, ..., 10710,

This problem studies the second derivative of the following function:

— COS X

1
f) = (3.88)

x2

which you encountered in one of the problems in chapter 2. We take x = 0.004.

(a) Start by analytically evaluating the second derivative, and plugging in x = 0.004.

(b) Let & take on the values 107,1072, ..., 107 and produce a log-log plot of the
absolute error in the first central-difference approximation to the second derivative.

(c) Introduce a new set of points to the previous plot, this time evaluating the first
central-difference approximation to the second derivative not of f(x), but of the
analytically rewritten version you arrived at in the previous chapter (recall: you had
used a trigonometric identity which enabled you to avoid the cancellation).

Similarly to what we did in the main text for the second derivative, derive the first
central-difference formula for the third derivative.

In section 2.5 we introduced Legendre polynomials via Eq. (2.81), the generating func-
tion which led to a recurrence relation, Eq. (2.86). Here we discuss another representa-
tion of Legendre polynomials, that produced by Rodrigues’ formula:

a 2 n
Po(x) = [ =1y (3.89)
(a) Analytically derive the leading coefficient of the Legendre polynomial:
2!
a, = TIENE (3.90)

This a, is the coefficient multiplying x* when you expand P,(x) out.

(b) For h = 0.01 employ Eq. (3.24) and Rodrigues’ formula to compute P;(x). Then,
compute the central-difference approximation to the second derivative (as the cen-
tral difference of the central difference) to compute P;(x). Keep calling the earlier
central-difference function(s) and go up to Pg(x). Each time, you should plot your
function against the output of legendre.py.

(c) What happens if you change & to 10737
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1.

12.

13.

14.

15.

16.

17.

18.

19.

This problem deals with our analytical expectations for the total error, & = &, + &,
for Eq. (3.40) and Eq. (3.41). Let h take on the values 10~!,1072, 1073, 10™* and plot
the total error for the two cases. Assume f(x) = 1, f”(x) = 0.1, and f"”(x) = 100. Do
you understand these results?

Produce a table of x; and ¢*">*) values, where x; goes from 0 to 1.6 in steps of 0.08.

(a) Plot the forward-difference and central-difference results (for the first derivative)
given these values. (Hint: if you cannot produce a result for a specific x, don’t.)
Then, introduce a curve for the analytical derivative.

(b) Use Richardson extrapolation for the forward difference for points on a grid and
add an extra set of points to the plot. You can use:

Ry = 2D 4(h) — Dya(2h) + O(h) (3.91)

In the main text we used Richardson extrapolation in order to re-derive a second forward-
difference formula for the first derivative, see Eq. (3.49). Do the same (i.e., don’t use
Taylor series) for the third forward difference for the first derivative.

In the main text we derived a second central-difference formula for the first derivative in
two distinct ways, using Taylor series and using Richardson extrapolation. Correspond-
ingly derive a second central-difference formula for the second derivative.

Explicitly show how automatic differentiation works on the following function:

Fl) = (x =5)(x - 6) Vx
x=7

to evaluate f(4) and f'(4).

For this problem you will need to make sure JAX is installed on your system. Use the

grad() function to automatically differentiate f(x) = 29 at x = 0.5, comparing to

the answer mentioned in the main text. Be sure to enable double precision.

Write a basic automatic differentiator in Python, implementing the operations discussed

in section 3.4.1. Test your code on example functions like that in Eq. (3.58).

Probably the easiest way you can accomplish this task is via object orientation: define

anew class called dual; you should implement the special methods __add__, __sub__,

and so on, according to the rules given in Eq. (3.56). If you don’t want each of these to

+ In(8x) (3.92)

start with a test using isinstance(), you should have your __init__ convert constants
as per Eq. (3.57).
This problem studies the classical and quantum harmonic oscillators.

(a) First, we study the classical oscillator. Take the solution x = x(sin(w?), which
assumes that the particle is at x = 0 at r = 0. Calculate P.(x) by determining what
fraction of the total time the particle will spend in an interval dx around x. In other
words, use the relation P.(x)dx = dt/T, where T is the period of oscillation.

(b) Plot the quantum harmonic oscillator eigenfunctions (squared) for n = 3, 10, 20, 150
and compare with the classical solution(s).

Implement the three-dimensional harmonic oscillator, allowing different  in each Carte-
sian component. Test your new function by using kinetic() and psigho() (i.e., the
three-dimensional energy should be the sum of three one-dimensional energies).
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20.

21.

22.

Rewrite psibox () such that it applies to the three-dimensional particle in a box. Your
wave vector should take the form k = 2n(n,,ny,n;)/L. In practice, you may wish to
only input the “cardinal number” labelling the eigenstate. To do so, order the triples
ny, Ny, n; according to the magnitude of the sum of their squares. Rewrite psibox()
such that it takes in only the cardinal number (and the box size L) and evaluates the
correct wave function. (You will probably want to first create another function which
produces a dictionary mapping cardinal numbers to triples ny, ny, n;.)

Rewrite kinetic () to use the second central-difference formula for the second deriva-
tive (from an earlier problem). Compare your answers to what you get in kinetic.py
for both the harmonic-oscillator and the periodic-boundary cases.

This problem applies our function kinetic() to a physical setting that is different
from what we encountered in our Project. Specifically, we wish to study a particle in
one dimension, impinging on a simple-step barrier, i.e., our potential is:

0, x<0
V(x) = (3.93)
Vo, x>0

and we take the energy of the particle to be E < V. As you may have seen in a course
on quantum mechanics, the wave function for this problem takes the form:

o) Ae* + B x <0 (k= V2mE/h) (3.94)
X) = .
Ce™, x>0 (k= 2m(Vy—E)/h)
and continuity of the wave function and its derivative gives us:
C 2 B 1-ix/k
c__ 2z  B_l-i (3.95)
A 1+ik/k A 1+ik/k

Take k = 2 and x = 4 and determine (both analytically and using Python) what the
kinetic energy should be if the particle is located at x < O (or at x > 0).
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Praise small ships, but put your freight in a large one.
Hesiod

4.1 Motivation
.}

Linear algebra pops up almost everywhere in physics, so the matrix-related techniques
developed below will be used repeatedly in later chapters. As a result, the present chapter
is the longest one in the book and in some ways constitutes its backbone. With this in mind,
we will take the time to introduce several numerical techniques in detail. As in previous
chapters, our concluding section addresses a physics setting where the numerical tools we
have developed become necessary.

4.1.1 Examples from Physics

In contradistinction to this, in the current subsection we will discuss some elementary
examples from undergrad physics, which don’t involve heavy-duty computation, but do
involve the same concepts.

1. Rotations in two dimensions
Consider a two-dimensional Cartesian coordinate system. A point r = (x y)” can be
rotated counter-clockwise through an angle 6 about the origin, producing a new point
r’ = (x' y")T. The two points’ coordinates are related as follows:

cos@ —sinf||x x
= 4.1
sind cosf ||y y

The 2x2 matrix appearing here is an example of a rotation matrix in Euclidean space. If
you know r’ and wish to calculate r, you need to solve this system of two linear equa-
tions. Observe that our rotation matrix is not symmetric (the two off-diagonal matrix
elements are not equal). While symmetric matrices are omnipresent in physics, there
are several scenarios where the matrix involved is not symmetric. Thus, we will study
general matrices in most of what follows.
2. Electrostatic potentials

Assume you have n electric charges ¢; (which are unknown) held at the positions R;
(which are known). Further assume that you have measured the electric potential ¢(r;)
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at the n known positions r;. From the definition of the potential (as well as the fact that
the potential obeys the principle of superposition), we see that:

n—1
k
D) = — g, 4.2
o(r) Z(Iri—RJ-I)q’ (42)
J=0
wherei =0, 1,...,n— L. If you assume you have four charges, the above relation turns

into the following 4 X 4 linear system of equations:

k/lro —Rol  k/Irg =Ryl k/lro = Ra|  k/Iro — Rsl|[qo| [#(ro)
k/ley = Rol - k/Iry =Ryl k/ler =Rl k/Iry =Rl f]q1|  [o(r1)
k/lt2 —Rol  k/Ir2 =Ryl k/lts = Rol  k/le2 = Rsl|[q2|  [o(r2)
k/lrs = Rol  k/Irs =Ryl k/Ir3 —Rao|  k/Irs —Rs|J\g3)  (¢(r3)

4.3)

which needs to be solved for the 4 unknowns qo, q1, g2, and g3. (As an aside, note that
in this case, too, the matrix involved is not symmetric.)

. Principal moments of inertia

Let’s look at coordinate systems again. Specifically, in the study of the rotation of a
rigid body about an arbitrary axis in three dimensions you may have encountered the
moment of inertia tensor:

Los = f p(r) (6apr” = xoxp) d’r (4.4)

where p(r) is the mass density, @ and 8 denote Cartesian components, and d,z is a
Kronecker delta. The moment of inertia tensor is represented by a 3 X 3 matrix:

I, I, I
I=(L Ly I 4.5)
IZX I zy IZZ

The diagonal elements are moments of inertia and the off-diagonal elements are known
as products of inertia. Given their definition, this matrix is symmetric (e.g., Iy, = I;).
It is possible to employ a coordinate system for which the products of inertia vanish.
The axes of this coordinate system are known as the principal axes for the body at the
point O. In this case, the moment of inertia tensor is represented by an especially simple
(diagonal) matrix:

Iy 0 O
Ir=10 1, O (4.6)
0 0 b

where Iy, 1, and I, are known as the principal moments of the rigid body at the point
0. In short, finding the principal axes is equivalent to diagonalizing a 3 X 3 matrix: this
is an instance of the “eigenvalue problem”, about which we’ll hear much more below.
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4.1.2 The Problems to Be Solved

Appendix C summarizes some of the linear-algebra material you should already be familiar
with. As far as the notation is concerned, you need to keep in mind that we employ indices
that go from O to n— 1, in order to be consistent with the rest of the book (and with Python).
Also, we use upper-case bold symbols to denote matrices (e.g., A) and lower-case symbols
to denote vectors (e.g., X). In this chapter, after we do some preliminary error analysis in
section 4.2, we will be solving two large classes of problems. Both are very easy to write
down, but advanced monographs have been written on the techniques employed to solve
them in practice.

First, we look at the problem where we have n unknowns x;, along with nxn coefficients
A;j and n constants b;:

Ago Aot ... Agu X0 by
Ajp A oo A || b
) . . =1 4.7)
An—l,O An—l,l ce An—l,n—l Xn-1 bn—l

where we used a comma to separate two indices (e.g., Aj ,—1) when this was necessary to
avoid confusion. These are n equations linear in » unknowns. In compact matrix form, this
problem is written:

Ax=b (4.8)

where A is sometimes called the coefficient matrix. (We will see below how to actually
solve this problem, but for now we limit ourselves to saying that |A| # 0, i.e., the matrix
is non-singular, so it’s made up of linearly independent rows.) Even though it looks very
simple, this is a problem that we will spend considerable time solving in the present chap-
ter. We will be doing this mainly by using the augmented coefficient matrix which places
together the elements of A and b, i.e.:

Ao Ao Ap -t by
Aq Ayr o A by
(Alb) =] | . . ) ) 4.9)
Ancio Ancin oo Ausipor | bao

Note that this way we don’t have to explicitly write out the elements of x.

In a course on linear algebra you will have seen examples of legitimate operations one
can carry out while solving the system of linear equations. Such operations change the
elements of A and b, but leave the solution vector x unchanged. More generally, we are
allowed to carry the following elementary row operations:
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e Scaling: each row/equation may be multiplied by a constant (multiplies |A| by the same
constant).

e Pivoting: two rows/equations may be interchanged (changes sign of |A]).

e Elimination: arow/equation may be replaced by a linear combination of that row/equation
with any other row/equation (doesn’t change |A|).

In addition to providing the name and an explanation, we also mention parenthetically the
effect of each operation on the determinant of the matrix A. Keep in mind that these are
operations that are carried out on the augmented coefficient matrix (A|b) so, for example,
when you interchange two rows of A you should, obviously, also interchange the corre-
sponding two elements of b.

Second, we wish to tackle the standard form of the matrix eigenvalue problem:

Av = Av (4.10)

Once again, in this form the problem seems quite simple, but a tremendous amount of work
has gone toward solving this equation. Explicitly, our problem is equivalent to:

Ago Aot ... Aou-l Vo Vo
Ajp Ayp oo A Vi Vi
. ) ) =1 . (4.11)
Ao Ancin o A1) \va Vn-1

A crucial difference from the system we encountered in Eq. (4.8) is that here both the
scalar/number A and the column vector v are unknown. This A is called an eigenvalue and
v is called an eigenvector.

Let’s sketch one possible approach to solving this problem. If we move everything to the
left-hand side, Eq. (4.10) becomes:

(A-Al)yv=0 (4.12)

where 7 is the n X n identity matrix and 0 is an n X 1 column vector made up of Os. It
is easy to see that we are faced with a system of n linear equations: the coefficient matrix
here is A — A7 and the constant vector on the right-hand side is all Os. Since we have n + 1
unknowns in total (4, vg, vy, ..., V,—1), it is clear that we will not be able to find unique
solutions for all the unknowns.

A trivial solution is v = 0. In order for a non-trivial solution to exist, we must be dealing
with a coefficient matrix whose determinant vanishes, namely:

IA-A7]=0 (4.13)

where the right-hand side contains the number zero. In other words, we are dealing with a
non-trivial situation only when the matrix A—A7 is singular. Expanding out the determinant
gives us a polynomial equation which is known as the characteristic equation:

(=12 + o "t iAo =0 (4.14)



4.2 Error Analysis

Thus, an n X n matrix has at most n distinct eigenvalues, which are the roots of the char-
acteristic polynomial. When a root occurs, say, twice, we say that that root has multiplicity
2 (more properly, algebraic multiplicity 2). If a root occurs only once, in other words if it
has multiplicity 1, we are dealing with a simple eigenvalue.'

Having calculated the eigenvalues, one way to evaluate the eigenvectors is simply by
using Eq. (4.10) again. Specifically, for a given/known eigenvalue, 4;, one tries to solve the
system of linear equations (A — A;7)v; = 0 for v;. For each value 4;, we will not be able to
determine unique values of v;, so we will limit ourselves to computing the relative values
of the components of v;. (You may recall that things are even worse when you are dealing
with repeated eigenvalues.) Incidentally, it’s important to keep the notation straight: for
example, vy is a column vector, therefore made up of n elements. Using our notation above,
the elements of v are vy and vy, therefore the elements of vy have to be called something
like (vo)o, (Vo)1, and so on (the first index tells us which eigenvector we’re dealing with,
the second index which component of that eigenvector).

4.2 Error Analysis

We now turn to a discussion of practical error estimation in work with matrices. In the
spirit of chapter 2, this will entail us finding worst-case (pessimistic) error bounds. Note
that this will not amount to a detailed error analysis of specific methods, say, for the solu-
tion of linear systems of equations. Instead, we will provide some general derivations and
examples of when a problem is “well-conditioned”, typically by using matrix perturbation
theory (i.e., by checking what happens if there are uncertainties in the input data). An ex-
plicit analysis of specific methods (like the pioneering work by Wilkinson in the 1960s on
Gaussian elimination) ends up showing that rounding errors are equivalent to perturbations
of the input data, so in essence this is precisely what we will be probing.

Thus, in what follows, after some preliminary comments, examples, and definitions, we
will investigate quantitatively how linear systems, eigenvalues, and eigenvectors depend
on the input data. We will be examining in each case the simplest scenario but, hopefully,
this will be enough to help you grasp the big picture. The present section will introduce
a large number of examples and discuss their properties: to streamline the presentation,
we don’t show the analytical manipulations or Python code that is used to produce spe-
cific numbers. Once you are comfortable with the concepts at play, you can use Python
programs like those introduced in the following sections (or the functionality contained in
numpy . 1linalg) to verify our numerical results.

! You will show in a problem that the product of the eigenvalues is equal to the determinant of the matrix.
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4.2.1 From a posteriori to a priori Estimates

Let’s study a specific 2 x 2 linear system, namely Ax = b for the case where:

02161 0.1441
(4.15)
1.2969 0.8648

Alb) =
Ak [ 0.8642

0. 1440}

This problem was introduced by W. Kahan [48] (who was also responsible for many of
the examples we studied in chapter 2). We are stating from the outset that this example is
contrived. That being said, the misbehavior we are about to witness is not a phenomenon
that happens only to experts who are looking for it. It is merely a more pronounced case of
problematic behavior that does appear in the real world.

Simply put, there are two options on how to analyze errors: (a) an a priori analysis, in
which case we try to see how easy/hard the problem is to solve before we begin solving
it, and (b) an a posteriori analysis, where we have produced a solution, and attempt to see
how good it is. Let’s start with the latter option, namely an a posteriori approach.

Say you are provided with the following approximate solution to the problem in Eq. (4.15):

%" =(0.9911 -0.4870) (4.16)

We are showing the transpose to save space on the page; we will keep doing this below.
One way of testing how good a solution this is, is to evaluate the residual vector:

r=b-A% 4.17)

Qualitatively, you can immediately grasp this vector’s meaning: since the “true” solution
x satisfies Ax = b, an approximate solution X should “almost” satisfy the same equation.
Plugging in the matrices gives us for this case:

' =(-10% 10°%) (4.18)

which might naturally lead you to the conclusion that our approximate solution X is pretty
good, i.e., it may suffer from minor rounding-error issues (say, in the last digit or some-
thing) but other than that it’s a done deal. Here’s the thing, though: the exact solution to
our problem is actually:

xX'=(2 -2) (4.19)

as you can easily see by substituting in the starting equation, Ax = b (in other words, we
get a zero residual vector for the exact solution). Thus, far from being only slightly off, our
approximate “solution” X doesn’t contain even a single correct significant figure.

With the disclaimer that there’s much more that could be said at the a posteriori level,
we now drop this line of attack and turn to an a priori analysis: could we have realized that
solving the problem in Eq. (4.15) was difficult? How could we know that there’s something
pathological about it?
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4.2.2 Magnitude of Determinant?

Example 1
In an attempt to see what is wrong with our example:
0.2161 0.1441 | 0.1440
(Alb) = (4.20)
1.2969 0.8648 | 0.8642

we start to make small perturbations to the input data. Imagine we didn’t know the values
of, say, the coefficients in A all that precisely. Would anything change then? Take:

AA = 4.21)

0.0001 0
0 0

This is employing notation that is analogous to that in chapter 2: an absolute perturbation
is AA. To be explicit, what we are now studying is the effect of a perturbation in A on our
solution. In other words, we are now solving the linear system:

(A+AA)x+Ax)=Db (4.22)
where the constant vector b is kept fixed/unperturbed. For the specific case studied here:
(x+Ax)" = (—2.3129409051813273 x107™*  9.996530588644692 x 10*1) (4.23)

By any reasonable definition of the word, this is not a “small” effect. Our perturbation
from Eq. (4.21) amounted to changing only one element of A by less than 0.1% and had a
dramatic impact on the solution to our problem.

Example 2

You might be thinking that this is all a result of our example in Eq. (4.20) being contrived.
OK, let’s look at another linear system of equations:

(Alb) = b ’ (4.24)
{1 1001 | 2001 '
The exact solution to this problem is:
xX'=(1 1) (4.25)

as you can easily see by substituting in the starting equation, Ax = b.

We will now make a small perturbation to our coefficient matrix and see what happens.
In other words, we will again solve Eq. (4.22). As before, we make a small change to
the coefficient matrix, again of less than 0.1% in only one element (adding 0.001 to the
bottom-right element of A this time). If you solve the new set of equations, you will find:

x+Ax)" ~ (15 05) (4.26)

In this case, too, a change of a single element in the coefficient matrix by less than 0.1%
led to a large effect (as much as 50%) on the solution vector.
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We can, similarly, also perturb the constant vector b. In other words, we can try to solve:
A(x + Ax) =b + Ab (4.27)

where A is left untouched. As usual, let’s take a specific case, adding in 0.001 to the bottom
element. This leads to a solution which is 100% different from the unperturbed one:

x+ax)" =(0 2) (4.28)

Example 3

Perturbations like AA or Ab above may result from rounding error: in physics applications,

the matrices A and b are often themselves the result of earlier calculations, i.e., not set in

stone. They may also result from uncertainty in the input data. If you are thinking that

small perturbations will always lead to dramatic consequences in the solution, know that

this is not true: it’s just a result of studying the specific cases of Eq. (4.20) and Eq. (4.24).
To see that this is, indeed, the case, let’s look at a third example:

2 1

Alb) =
(Alb) 1 2

2 (4.29)
; .

The exact solution to this problem is:
x'=(-1 4) (4.30)

To probe the sensitivity of this problem to perturbations, we will make a slightly larger
change to the coefficient matrix, this time of 1% in one element (adding 0.01 to the bottom-
left one). If you solve the new set of equations, you will find:

(x + Ax)" = (~1.003344481605351  4.006688963210702) (4.31)

Finally, here’s a case where a small perturbation (1% change) in the coefficient matrix has a
small eftect (less than 0.5%) in the solution vector. Perhaps not all linear-system problems
behave as strangely as the first two we studied in this section.

We, similarly, can perturb the constant vector b, by adding 0.01 to the top element, a
change of less than 0.5%. This leads to:

(x+Ax)" = (—0.9933333333333334 3.9966666666666666) (4.32)

which is a bit more than 0.5% different from our unperturbed solution. In this case, too, we
see that our problem from Eq. (4.29) is much better behaved than the earlier ones.

What is making some problems behave poorly (i.e., be very sensitive to tiny pertur-
bations) and others to behave better? One criterion that is sometimes mentioned in this
context is: since (as we see in Appendix C.2) a non-invertible/singular matrix has determi-
nant 0, it is plausible that matrices that have determinants that are “close to 0” are close
to being singular. Let’s look at this potential criterion in more detail. For Example 1 we
find |A| ~ —1073, for Example 2 we find |A| = 0.001, and for Example 3 we find |A| = 3.
Thus, at first sight, our criterion regarding the “smallness of the determinant” appears to
be borne out by the facts: the examples that had small determinants were very sensitive to
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tiny perturbations, whereas the example with a larger determinant was not sensitive. (Don’t
stop reading here, though.)

4.2.3 Norms for Matrices and Vectors

Example 4

Consider the following question: what does “small determinant” mean? If the definition is
“much less than 17, then one might counter-argue: what about the following matrix:

02 0.1
A= (4.33)
0.1 02

As you may have noticed, this is simply our matrix from Eq. (4.29), with each element
multiplied by 0.1. Our new matrix has |A| = 0.03, which is certainly smaller than 1. But
here’s the thing: if you also multiply each element in b with 0.1, you will find the same
solution as in Eq. (4.30). (You shouldn’t be surprised: this is simply the result of multi-
plying two equations with a constant.) What’s more, the linear system of equations will
be equally insensitive to perturbations in A or b. Obviously, our tentative definition that
“small determinant means much less than 1"’ leaves a lot to be desired, since a determinant
can be made as large/small as we wish by multiplying each element with a given number.

Intuitively, it makes sense to think of a “small determinant” as having something to
do with the magnitude of the relevant matrix elements: in the case we just studied, the
determinant was small, but so were the matrix elements involved. In contradistinction to
this, our Example 2 above had matrix elements of order 1 but |A| = 0.001, so it stands to
reason that that determinant was “truly” small.

Definitions and Properties for Matrices

Let us provide our intuitions with quantitative backing. We will introduce the matrix norm,
which measures the magnitude of A. There are several possible definitions of a norm, but
we will employ one of two possibilities. First, we have the Euclidean norm:

(4.34)

which is sometimes also called the Frobenius norm. Note that double vertical lines are
used to denote the norm. This is different from single vertical lines, used to denote the
determinant of a matrix or the absolute value of a real number or the modulus of a complex
number. Another popular definition is that of the infinity norm:
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n—1
IAllo = max > [A;] (435)
S5 £

which is also known as the maximum row-sum norm. As you can see, both of these defini-
tions try to measure the magnitude of the various matrix elements. Other definitions choose
different ways to accomplish this (e.g., maximum column sum).

Regardless of the specific definition employed, all matrix norms for square matrices
obey the following properties:

Al = 0

IAll = 0 if and only if all A;; = 0

IKAIl = [k] [IA]| (4.36)
A + BJ| < [|A]l + [[B]

IAB|| < [|A]l B

Notice that a matrix norm is a number, not a matrix.2 The fourth of these relations is known
as the triangle inequality and should be familiar to you from other contexts.

We can now return to the question of when the determinant is “small”. A reasonable
definition would be |det(A)| < ||A||, where we took the absolute value on the left-hand side
and used the det notation to avoid any confusion. This new criterion has the advantage that
it takes into account the magnitude of the matrix elements. Let’s test it out for the cases
discussed above (employing the Euclidean norm, for the sake of concreteness):

Example 1: |det(A)| = 1078 and ||A]|g = 1.58, so |det(A)| < ||A]|z holds.

Example 2: [det(A)| = 0.001 and [|A||z = 2.0, so |det(A)| < ||A||g holds.

Example 3: [det(A)| = 3 and [|A||g =~ 3.16, so |det(A)| < ||Al|g does not hold.
Example 4: [det(A)| = 0.03 and ||A]|g = 0.32, so |det(A)| < ||A||g does not really hold.

These results seem to be consistent with what we had seen above: Examples 1 and 2
are near-singular, while Example 3 is not singular. For Example 4, this criterion claims
that our matrix is not quite singular (though it’s getting there). Our introduction of the
concept of the matrix norm seems to have served its purpose: a small determinant needs to
be compared to the matrix norm, so Example 4 (despite having a small determinant) is not
singular, given that its matrix elements are small, too.

Definitions for Vectors

In what follows, we’ll also make use of norms of column vectors, so we briefly go over
two such definitions:

n—1

DUl Xl = max xi (4.37)
= 0<i<n-1

lIxlle =

2 This is analogous to a matrix determinant, which quantifies an entire matrix, but is not a matrix itself.
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These are the Euclidean norm and the infinity norm, respectively. The latter is also known
as the maximum-magnitude norm.

4.2.4 Condition Number for Linear Systems

Example 5

Unfortunately, our criterion |det(A)| < ||A|| is flawed (its appearance in textbooks notwith-
standing).> We’ll look at only two examples of how it can lead us astray. The first one is
already implicit in what we saw above: take Example 3 and multiply the matrix elements
with a small number. We have:

(4.38)

2x 10710 1x 10710
1x10710 2x 10710

As advertised, this is simply our matrix from Eq. (4.29), with each element multiplied by
1071°, Let’s summarize where things stand for this case:

e Example 5: |[det(A)] = 3 x 1072% and ||A]|z =~ 3.16 x 107, s0 |det(A)] < ||A|z holds.

But isn’t this strange? Simply multiplying a set of equations with a small number cannot
be enough to make the problem near-singular. Our intuition is borne out by a more detailed
investigation: just like for Example 3, a 1% change in one element of A will have an effect
of less than 0.5% on the solution-vector elements. Thus, for Example 5 the linear system
of equations will be equally insensitive to perturbations in A or b as Example 3 was.

Example 6

We just saw a case where the determinant is much smaller than the norm, yet the problem
is not sensitive to perturbations/near-singular. Now, let’s turn to our next counter-example.
We will find the reverse: a determinant that is much larger than the norm for a problem that
is near-singular. Let’s look at the following 8 x 8 problem:

2 -2 -2 ... =2
0 2 -2 ... =2

A=l0 0 2 ... =2 (4.39)
0 0 0 2

The corresponding results are:

e Example 6: |[det(A)| = 256 and ||A||z = 12, so in this case |det(A)| > ||A||r holds (with a
>, not a ).
3 As Jonathan Swift put it in his 1731 Verses on the Death of Dr. Swift:

“Yet malice never was his aim;
He lash’d the vice, but spar’d the name.”
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OK, so the criterion is clearly not satisfied. Is this reason for concern? Well, try pairing this
matrix with the following constant vector:

b’ =(+1 -1 +1 -1 +1 -1 +1 -1 (4.40)
You should (analytically or not) find the following solution vector:
xX'=(-21 -11 -5 -3 -1 -1 0 -1/2) (4.41)

Let us now introduce a small perturbation (inspired by Ref. [86]) of —0.01 in the bottom-
left element of A. We find the following perturbed solution vector:

x+Ax)" ~(-30.88 1594 -747 -424 -1.62 -131 -0.15 -0.65) (4.42)

where we rounded for ease of viewing. Thus, we carried out a tiny change in 1 out of 64
matrix elements (with a magnitude that is 0.5% of a matrix element value) and ended up
with a solution vector whose matrix elements are different by as much as 60%. In other
words, this matrix is very sensitive to perturbations in the initial data.

To summarize, for Example 5 the criterion is satisfied but the matrix is not near-singular,
whereas for Example 6 the criterion is not satisfied but the matrix is near-singular. These
two examples should be enough to convince you that, when doing an a priori investiga-
tion into a linear system of equations, you should not bother with testing whether or not
|det(A)| << ||A]| holds.

Derivation

So where does this leave us? Just because we had a faulty criterion does not mean that
a good one cannot be arrived at. In the present subsection, we will carry out an informal
derivation that will point us toward a quantitative measure of ill-conditioning. (Spoiler
alert: it does not involve the determinant.) This measure of the sensitivity of our problem
to small changes in its elements will be called the condition number.

Let us start with the unperturbed problem:

Ax=b (4.43)

and combine that with the case where A is slightly changed (as above), with b being held
constant. Obviously, this will also impact the solution vector, as we saw above. The relevant
equation is:

(A + AA)(x + AX) = b (4.44)

Of course, you could have chosen to also perturb the elements of the constant vector b
(either at the same time or separately). This scenario will be explored in a problem.
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Expanding out the parentheses in Eq. (4.44) and plugging in Eq. (4.43), we find:
AAX = —AA(X + AX) (4.45)
Assuming A is non-singular (so you can invert it), you get:
Ax = ~A7'AA(x + Ax) (4.46)
Taking the norm on both sides we find:
A = AT AAGx + Ax)|| < A7 IAA] fIx + Ax]| (4.47)

In the first step all we did was to take the absolute value of —1 (third property in Eq. (4.36))
and in the second step we simply applied the fifth property in Eq. (4.36), twice. Using the
non-negativity of norms (first property in Eq. (4.36)), we get:

lAX| -
—— <A AA 4.48
i+ Axl| - AT [AA]] (4.48)

Multiplying and dividing with a constant on the right-hand side gives us:

[|AX]| _1y IAA]l
—— < AIAT] == (4.49)
lIx + Ax|| Al

In other words, if you know an error bound on [|AA||/||A]| then that translates to an error
bound on ||Ax]|/||x]|.* The coefficient in front of ||AA||/||A]] determines if a small perturba-
tion gets magnified when solving for x or not.

This derivation naturally leads us to the introduction of the following condition number:

K(A) = [[AIl 1A~ (4.50)

A large condition number leads to an amplification of a small perturbation: we say we are
dealing with an ill-conditioned problem. If the condition number is of order unity, then a
small perturbation is not amplified, so we are dealing with a well-conditioned problem (the
condition number is bounded below by unity). Qualitatively, this condition number tells us
both how well- or ill-conditioned the solution of the linear problem Ax = b is, as well as
how well- or ill-conditioned the inversion of matrix A is. This dual role is not surprising:
conceptually (though not in practice) solving a linear system is equivalent to inverting the
matrix on the left-hand side. Obviously, the precise value of the condition number depends
on which norm you are using (but we’ll employ only the Euclidean norm here).

Examples

To get a feeling for the relevant magnitudes, let’s evaluate the condition number for the six
examples encountered above:

e Example 1: x(A) = 249729267.388, so the problem is (terribly) ill-conditioned.
e Example 2: x(A) = 4002.001, so the problem is ill-conditioned.

4 Well, almost: our denominator is slightly different, but for small Ax this shouldn’t matter.
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Example 3: x(A) ~ 3.33, so the problem is well-conditioned.
Example 4: x(A) ~ 3.33, so the problem is well-conditioned.
Example 5: «(A) = 3.33, so the problem is well-conditioned.
Example 6: «(A) =~ 512.18, so the problem is ill-conditioned.

We notice that Examples 3, 4, and 5 (which had quite different determinants) all have the
same condition number: this makes perfect sense, since they are the same problem, just
scaled with an overall factor. Our results for all six problems are consistent with what
we discovered above by “experimentally” perturbing some elements in A: those matrices
with a large condition number lead to a larger relative change being propagated onto the
solution vector. What “large” actually means may depend on the specifics of your problem,
but typically anything above 100 is large.

Thus, the condition number manages to quantify the sensitivity to perturbations ahead
of time: you can tell that you will be sensitive to small perturbations even before you start
solving the linear system of equations. Specifically, you might appreciate knowing the
following rule of thumb: for a matrix with condition number 10%, if you perturb the matrix
elements in their #-th digits, then you will be perturbing the matrix elements of the inverse
in their (¢ — k)-th digits; as noted earlier, these perturbations might not be some arbitrary
change you are carrying out by hand, but the inevitable result of the solution method you
are employing. As a matter of fact, the condition number also encapsulates how close we
are to being singular: for an ill-conditioned matrix you can construct a small perturbation
that will render the matrix singular. (Obviously, for a well-conditioned matrix you need a
large perturbation to make the matrix singular.)

Example 7

Let’s keep hammering away at the irrelevance of the determinant in connection with how
well- or ill-conditioned a problem is. Look at the following 8 X 8 matrix:

01 01 01 ... 0.1
0 01 01 ... 0.1

A=|0 0 01 ... 01 4.51)
0 0 0 .. 01

If you are thinking in terms of determinants, you might confuse yourself into believing that
having many similar elements leads to ill-conditioning (since determinants combine many
+ and — in sequence). This matrix should convince you that this conclusion is untrue:

e Example 7: k(A) ~ 23.24, so the problem is well-conditioned, despite the fact that
|det(A)| = 1073 and ||A]|z = 0.6.

As it so happens, in this case (of a triangular matrix with all the elements being identical),
the +’s and —’s never show up in evaluating the determinant, since for a triangular matrix
the determinant is simply the product of the elements on the diagonal.
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Final Remarks

Both the k(A) we introduced and the judiciously chosen perturbations we showed for spe-
cific examples are probing the worst-case situation, i.e., they can be too pessimistic. This
is not too troubling given our limited goals: we are merely providing some quantitative
insight for when you should be careful. This does not mean that every single time you get
a large «(A) you will be extremely sensitive to minor perturbations. As a matter of fact,
in actual physical applications rounding or other errors typically accumulate not on an in-
dividual matrix element (as in the cases we explicitly tried out above), but in entire rows,
entire columns, or the entire matrix itself. In other words, what we’ve been exploring has to
some degree been a worst-case “artificial ill-conditioning” scenario, in order to teach you
what to look out for. Depending on your needs, you might have to study other condition
numbers.

Another qualitative point: to evaluate the condition number x(A) from Eq. (4.50) we
need to first compute the matrix inverse A~!. This raises two issues: (a) wouldn’t the com-
putation of the inverse necessitate use of the same methods (such as those discussed in
section 4.3 below) whose appropriateness we are trying to establish in the first place?, and
(b) computing the inverse requires O(n®) operations (as we will discuss below) where the
coefficient in front is actually more costly than the task we were faced with (solving a
system of equations). But then it hardly seems reasonable to spend so much effort only
to determine ahead of time how well you may end up doing at solving your problem. We
won’t go into details here, but both of these concerns are addressed by established prac-
tice: use an alternative method to estimate the condition number (within a factor of 10
or so) using only O(n?) operations. Thus, you can quickly get a rough estimate of how
ill-conditioned your problem is going to be, before you start out on a detailed study.

4.2.5 Condition Number for Simple Eigenvalues

Having studied the sensitivity of a linear system to small perturbations, the natural place to
go from there is to carry out an analogous study for the eigenvalue problem. As you might
have expected, we begin with a few examples of matrices and some explicit perturbations
added in “by hand”. In this case, however, we are interested in solving not the linear system
of equations Ax = b from Eq. (4.8), but the eigenvalue problem Av = Av from Eq. (4.10).
For now, let us focus on the effect of the perturbations on the evaluation of the eigenvalues,
A. We will study two examples that were proposed by J. H. Wilkinson [99].

Example 8
Take:
4 3 2 1
33 2 1
A= (4.52)
02 2 1
00 1 1
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You can evaluate its eigenvalues using the characteristic polynomial (as per section 4.1.2)
or a more robust method from section 4.4 below. You will find:

Ao = 7.31274, A; = 2.06663, A, ~ 0.483879, A3 =~ 0.136748 (4.53)

where we ordered the eigenvalues by decreasing magnitude.
If you now introduce a small change to one out of 16 matrix elements (adding 0.01 to
the top right element) and recalculate the eigenvalues, you will find:

Ao+ Adp = 731298, A + Ay = 2.06287, Ay + Ady = 0.499374, A3 + Adz = 0.124777
(4.54)
It’s easy to see that (for this example) the smaller the eigenvalue, the bigger the impact of
our small perturbation. For A3 we go from 0.136748 to 0.124777, a change (in absolute
terms) that is a bit larger than the perturbation in our matrix element.

At this point, having read the previous subsection, you may be thinking that this specific
matrix may have a large condition number «(A), which would explain (or so you think) the
sensitivity to small perturbations when computing eigenvalues. It turns out that this matrix
has k(A) ~ 126.744, so indeed it is ill-conditioned (according to our somewhat arbitrary
demarcation point of taking condition numbers above 100 as “large”).

Example 9

Well, it’s time to (once again) shoot down our tentative criterion. The following matrix:

4 4 0 0
0 3 40
A = (4.55)
0 0 2 4
0 0 01
has the eigenvalues:
=4 4=3 1L=2 =1 (4.56)

This is a triangular matrix, so its eigenvalues are conveniently placed in its diagonal.

As per our previous tentative exploration, we note that this new matrix has a condition
number x(A) = 40.13, so we expect it to be well-conditioned, or at least better-conditioned
than the previous Example (don’t take our word for it: solve the system that arises when
you pick a “typical” constant vector b). But when we introduce a tiny change to one out of
16 matrix elements (adding 0.005 to the bottom left one) and recalculate the eigenvalues
(using the same approach), we find:

Ao+ Adp = 4.04884, A + Al = 2.81794, A + Al = 2.18206, A3 + Ads = 0.951158
(4.57)
Looking only at 1, we notice that it has changed from 2 to 2.18206, a change (in absolute
terms) larger than 30 times the perturbation in our matrix element. Despite the fact that
Example 9 has a smaller «(A) than Example 8 did, it appears to be more sensitive to small
perturbations in its elements, as far as the computation of its eigenvalues is concerned.
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Back to Example 3

It’s starting to look like a matrix’s eigenvalues can be sensitive to small perturbations,
regardless of whether or not x(A) is large. Even so, you shouldn’t walk away from this
discussion with the impression that for any matrix you pick the eigenvalues will be highly
sensitive to small perturbations in the matrix elements. To show this in action, let’s return
to our middle-of-the-road case, Example 3, Eq. (4.29). Its eigenvalues are:

=34 =1 (4.58)

Making the small change of adding 0.01 to the bottom left element of the coefficient matrix,
and then recalculating its eigenvalues we find them to be:

Ao + Ady = 3.005, 1; + A1, = 0.995 (4.59)

namely an impact that is (in absolute terms) half the size of the perturbation. It’s nice to
see that a matrix can have eigenvalues that don’t immediately start dramatically changing
when you perturb individual matrix elements.

Back to Example 1

To (temporarily) complicate things even further, we now return to the matrix A in Exam-
ple 1, Eq. (4.20); as you may recall, this was extremely ill-conditioned when solving a
linear system of equations. Calculating its eigenvalues, we find:

o ~ 1.0809, A; ~ —9.25155 x 107 (4.60)

Making the small change of adding 0.0001 to the top left element of the coefficient matrix
and recalculating its eigenvalues, we find them to be:

o+ Ady ~ 1.08092, Ay + Ad; ~ 7.99967 x 1075 4.61)

We see that for Ay the change is five times smaller than the perturbation. As far A; is
concerned, while this eigenvalue changes quite a bit, it’s worth observing that the change
(in absolute terms) is still smaller than the perturbation. It looks like the worst-behaved
matrix we’ve encountered so far is not too sensitive when it comes to the sensitivity (in
absolute terms) of its eigenvalues to small changes in the input matrix elements.

Derivation

So where does this leave us? We saw that some matrices have eigenvalues that are sen-
sitive to small perturbations, whereas others do not. We tried to use the same condition
number as for the linear system problem, Ax = b, but were disappointed. In the present
subsection, we will carry out an informal derivation that will point us toward a quantita-
tive measure of conditioning eigenvalues. (Spoiler alert: it is not x(A).) This quantitative
measure of the sensitivity of our problem to small changes in the input matrix elements
will be called the condition number for simple eigenvalues; “simple” means we don’t have
repeated eigenvalues (this is done to streamline the presentation).
Let us start with the unperturbed problem:
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AV,' = /liVi (462)

This is Eq. (4.10) but with explicit indices, so we can keep track of the different eigenvalues
and the corresponding eigenvectors. By complete analogy to what we did in our derivation
for the linear system in Eq. (4.44) above, the relevant perturbed equation now is:

(A ar AA)(V, arF AV,’) = (/l, ar A/l,')(V,‘ arF AV,') (463)

Here we are carrying out an (absolute) perturbation of the matrix A and checking to see its
impact on 4; and on v;.

So far (and for most of this chapter) we are keeping things general, i.e., we have not made
an assumption that A is symmetric (which would have simplified things considerably).
This is as it should be, since our Examples 8 and 9 above were clearly not symmetric and
we’re trying to derive a condition number that will help us understand a priori why they
behave the way they do. We now realize that we’ve been calling the column vectors v; that
appear in Eq. (4.62) “eigenvectors” though, properly speaking, they should be called right
eigenvectors. If we have access to “right eigenvectors”, then it stands to reason that we can
also introduce the left eigenvectors u; as follows:

u/A = qu! (4.64)

where more generally we should have been taking the Hermitian conjugate/conjugate-
transpose, T, but this distinction won’t matter to us, since in all our applications everything
will be real-valued. Notice how this works: A is an n X n matrix whereas v; and u; are n X 1
column vectors (so u! is a 1 x n row vector). Notice also a very simple way of evaluating
left-eigenvectors if you already have a method to produce right eigenvectors: simply take
the transpose of Eq. (4.64) to find:

ATy, = L (4.65)

Thus, the right eigenvectors of the transpose of a matrix give you the left eigenvectors
of the matrix itself (remarkably, corresponding to the same eigenvalues, as you will show
in a problem). Since we are not assuming that we’re dealing with a symmetric matrix, in
general A # AT, so the left eigenvectors u; are different from the right eigenvectors v;.

We will now use the last three boxed equations to derive an error bound on the magnitude
of the change of an eigenvalue, AA;. Start with Eq. (4.63) and expand the parentheses out.
If you also take second-order changes (of the form A X A) as being negligible, you find:

AAV,‘ + AAVi = /liAVi + A/liVi (466)

5 Actually, right now we are only interested in the impact on A;, so we’ll try to eliminate Av; here: we return to
the sensitivity of eigenvectors in the following subsection.
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where we also made use of Eq. (4.62) in order to cancel two terms. Note that dropping
higher-order terms is legitimate under the assumption we are dealing with small perturba-
tions and changes, and simply determines the validity of our results (i.e., they are valid “to
first order”’). Multiplying the last equation with uiT on the left, we get:

u! AAV; +u] AAv; = u] Av; + Al v; (4.67)
But two of these terms cancel, as per our definition in Eq. (4.64), so we are left with:
u/ AAv; = Aduly; (4.68)

Taking the absolute value of both sides and solving for |A4;|, we have:

|lliTAAV,'|
[AA] = 7 (4.69)
[u; vl
We realize that we can apply the Cauchy—Schwarz inequality to the numerator:
uf AAV;| < [[uil| [IAA]] || (4.70)

This is very similar to the fifth property in Eq. (4.36), but here we’re faced with an absolute
value of a number on the left-hand side, not the norm of a matrix. We can now take the
eigenvectors to be normalized such that |[u;]| = ||v;|| = 1 (as is commonly done in standard
libraries and we will also do in section 4.4 below).

This means that we have managed to produce an error bound on |A4;|, as desired:

[AA;] < [[AA]| 4.71)

Tvil
But this is fully analogous to what we had found for the perturbations in the case of the
linear system of equations. The coefficient in front of ||AA|| determines whether or not a
small perturbation gets amplified in a specific case. Thus, we are led to introduce a new

condition number for simple eigenvalues, as promised:

Ki(A) = ! (4.72)

where the subscript is there to remind us that this is a condition number for a specific
problem: for the evaluation of eigenvalues. The superscript keeps track of which specific
eigenvalue’s sensitivity we are referring to. To calculate the condition number for a given
eigenvalue you first have to calculate the product of the corresponding left- and right-
eigenvectors. We examine below the expected magnitude of this new condition number.

Observe that we chose to study an absolute error bound, that is, a bound on |AA;| instead
of one on |A4;|/|4;]: this is reasonable, since an eigenvalue is zero if you're dealing with
non-invertible matrices.® Perhaps you can now see why when discussing the examples of
this section we focused on absolute changes in the eigenvalues.

% You can see this for yourself: the determinant of a matrix is equal to the product of its eigenvalues; when one
of these is 0, the determinant is 0, so the matrix is non-invertible.
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Examples

We saw above, while discussing Examples 8 and 9, that the linear-system condition number
k(A) was not able to tell us how sensitive a specific eigenvalue is to small perturbations in
the elements of matrix A. We now turn to a discussion of the same examples, this time
employing K% (A), which was designed to quantify the sensitivity in the problem at hand.
In order to keep things manageable, we will only focus on one eigenvalue for each example:

Example 8: Kﬁa (A) ~2.82
Example 9: 2(A) ~ 37.11
Example 3: K’;& A)=1

e Example 1: KU(A) ~ 1.46

Examples 8 and 9 are similar and can therefore be discussed together: we find that the
eigenvalue condition number is larger than 1, whether by a few times (Example 8) or by
many times (Example 9).” As Eq. (4.71) clearly shows, Kj;(A) tells us what to multiply
the perturbation |[AA|| with in order to produce the absolute change in the eigenvalue. Of
course, Eq. (4.71) only gives us an upper bound, so it is possible that in specific cases
the actual error is much smaller. For the cases of Examples 8 and 9, specifically, our trial-
and-error approach above gave answers that are pretty similar to those we now find using
the eigenvalue condition number Kjé(A). Crucially, the latter is an a priori estimate which
doesn’t necessitate actual experimentation.

Turning now to Example 3: we find that the eigenvalue condition number is 1, namely
that a small perturbation is not amplified for this case. We now realize that this result is
a specific instance of a more general pattern: the matrix in Example 3 is symmetric. For
symmetric matrices, as you can see from Eq. (4.65), the right eigenvectors are identical
to the left eigenvectors. Thus, for normalized eigenvectors, such that |ju]| = ||v;|| = 1, we
find that k%(A) = 1 always. This means that for real symmetric matrices the eigenvalue
problem is always well-conditioned.®

Finally, our result for Example 1 shows us that a matrix for which the solution to the
linear equation problem may be tremendously ill-conditioned, does not have to be ill-
conditioned when it comes to the evaluation of eigenvalues. In other words, we need differ-
ent condition numbers for different problems. As it so happens, for this specific example the
condition number for the other eigenvalue also has the same value: Kﬁ‘v’ (A) ~ 1.46, showing
that this eigenvalue is not more ill-conditioned than the other one: this is consistent with
our experimental finding.

To summarize, an eigenvalue condition number that is close to 1 corresponds to an eigen-
value that is well-conditioned and an eigenvalue condition number that is much larger than
1 is ill-conditioned; as usual, the demarcation between the two cases is somewhat arbitrary.

7 For Example 9 the denominator, IuiTV,-I, was very small, implying that the corresponding left and right eigen-
vectors are almost orthogonal.
8 Incidentally, we now see that this condition number, too, is bounded below by unity.
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4.2.6 Sensitivity of Eigenvectors

Having studied the sensitivity of a linear system solution and of eigenvalue evaluations to
small perturbations, the obvious next step is to do the same for the eigenvectors. You might
be forgiven for thinking that this problem has already been solved (didn’t we just produce
a new condition number for eigenvalues in the previous section?), but things are not that
simple. To reiterate, we are interested in probing the sensitivity of the eigenvalue problem:

AV,' = /liV,' (473)

to small perturbations. This time, we focus on the effect of the perturbations on the evalu-
ation of the (right) eigenvectors, v;. We begin with a few examples of matrices and some
explicit perturbations added in “by hand” and only then turn to a semi-formal derivation.

The pattern should be clear by now: we start with a mistaken assumption of how to
quantify the sensitivity, then we find counter-examples, after this we proceed to provide a
correct expression determining the sensitivity dependence, and at the end verify that our
new concept applies to the earlier examples.

Back to Example 3

We first return to our middle-of-the-road case, Example 3, Eq. (4.29). We saw above that
if we add 0.01 to the bottom left element then we get an impact on the eigenvalues that
is (in absolute terms) half the size of the perturbation. We also saw that the eigenvalue
condition number k!'(A) = 1, this being consistent with our experimental finding that the
eigenvalues for this problem are not sensitive to small perturbations.

We now explicitly check the sensitivity of an eigenvector. Before the perturbation:

v =(-0.70710678 0.70710678) (4.74)
After the perturbation is applied, the corresponding eigenvector becomes:
(v + Av)" = (~0.70534562  0.70886357) (4.75)

The eigenvector components have changed in the third digit after the decimal point: this is
a change that is smaller than the perturbation itself. Nothing unexpected going on here: the
present example is well-conditioned as far as any linear algebra problem is concerned.

Back to Example 9

We turn to the matrix in Eq. (4.55), which had an eigenvalue 1, = 2 which changed to
Ay + Adp = 2.18206 after we added 0.005 to the bottom left element. This was consistent
with the magnitude of the eigenvalue condition number, k2(A) ~ 37.11.

Let’s look at the corresponding eigenvector. Before the perturbation, we have:

Vi = (0.88888889 —-0.44444444  0.11111111 0) (4.76)
After the perturbation is applied, the corresponding eigenvector becomes:

(2 + Avy)T = (0.90713923 -0.41228175 0.0843057 0.00383712) 4.77)
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The change in the eigenvector components seems to be a few times larger than the pertur-
bation we applied. It appears that, in this case, the eigenvectors are not as sensitive to small
perturbations as the eigenvalues were.

Example 10

Our finding on Example 9 is already starting to cast doubts on the appropriateness of using
the eigenvalue condition number KA (A) to quantify the sensitivity of eigenvectors to small
perturbations. We will now examine a new example which will leave no doubt:

1.01 0.01
A = (4.78)
0 099

Its eigenvalues can be read off the diagonal:
Ao =1.01, 3, =0.99 (4.79)
We now apply a not-so-small perturbation of adding 0.005 to the top right element:
Ao+ Ady = 1.01, A3 + Ad; =0.99 (4.80)

In other words, both eigenvalues remain unchanged. This is consistent with the eigenvalue

condition number k%(A) which comes out to be approximately 1.11803 for both eigenval-

ues. As far as the eigenvalues are concerned, this problem is perfectly well-conditioned.
We now examine one of the eigenvectors explicitly. Before the perturbation we have:

vi = (04472136 0.89442719) (4.81)

After the perturbation is applied, the corresponding eigenvector becomes:
vi+Av)" = (06 0.8) (4.82)

We notice a dramatic impact on the eigenvector components, of more than an order of
magnitude larger than the perturbation we applied (in absolute terms). In other words, the
eigenvector problem is ill-conditioned, despite the fact that the corresponding eigenvalue
problem was well-conditioned. It is obvious that something new is at play here, which is
not captured by our earlier condition number. We will explain what’s going on below, after
we derive a formula on the perturbed eigenvector.

Example 11

It’s starting to look like the eigenvalue problem condition number is not a good measure of
the sensitivity of eigenvectors to small perturbations. We will now see an example where
the same conclusion holds, but is arrived at in the opposite direction: the eigenvalue condi-
tion number is huge, but the eigenvectors are not too sensitive. In some ways (but not all),
this situation is similar to what we encountered when discussing Example 9 above.
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Take the following 3 X 3 matrix:

1 2 3
A=|0 4 5 (4.83)
0 0 4.001

Its eigenvalues can, again, be read off the diagonal:
Ao =4.001, 1, =4, 1, =1 (4.84)
If we now add 0.005 to the bottom left element, then the new eigenvalues are:
Ao + Adg = 4.12933336, A + Ad; ~ 3.87111014, A, + Ad, = 1.0005565 (4.85)

The first and second eigenvalues are considerably impacted by our perturbation. This is
consistent with the eigenvalue condition numbers for our matrix:

kM (A) =~ 6009.19059687, «'1(A) ~ 6009.25224596, k2(A) ~ 1.2069722023  (4.86)

We see that we could have predicted a priori that the first and second eigenvalues are
sensitive to perturbations, since the corresponding condition numbers are huge. Even so,
it’s worth noting that the change in these eigenvalues is less than 30 times larger than the
perturbation itself: this is to be compared with Example 9, where the eigenvalue condition
number was not even 40 but the eigenvalue changed by more than 30 times the magnitude
of the perturbation.

We now examine one of the eigenvectors explicitly. Before the perturbation we have:

vo =(0.554687392  0.832058814 0.000166412) (4.87)

After the perturbation is applied, the corresponding eigenvector becomes:

(Vo + Avp)" =(0.552982  0.832915  0.0215447) (4.88)

The eigenvector seems to be largely oblivious to the perturbation: despite the large eigen-
value condition number and the sensitivity of the corresponding eigenvalue, the change in
the eigenvector components is at most a few times larger than the perturbation we applied.
As advertised, we have found another case where the eigenvectors are not as sensitive to
small perturbations as the eigenvalues were. As we will see below, this is a somewhat
special case, which will serve as a reminder of how simple arguments can lead us astray.

Derivation

We’ve seen that some matrices have eigenvectors that are sensitive to small perturbations,
whereas others do not. We tried to use the same condition number as for the evaluation of
the eigenvalues but were disappointed. We will now carry out an informal derivation that
will point us toward a quantitative measure of conditioning eigenvectors. (Spoiler alert: it
is not x2(A).) This quantitative measure of the sensitivity of our problem to small changes
in the input matrix elements will provide guidance regarding how to approach problems a
priori.
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To refresh your memory, we note that the problem we are solving is:
AVI' = /l,'Vi (489)

For simplicity, we are assuming we are dealing with distinct eigenvalues/linearly indepen-
dent eigenvectors. Perturbing leads to Eq. (4.63):

(A + AA)(V; + Av)) = (4; + AL)(v; + Avy) (4.90)
As you may recall, after a few manipulations we arrived at Eq. (4.66):
AAV,‘ + AAV,' = /l,‘AV,‘ + A/liVi (491)

We now expand the perturbation in the eigenvector in terms of the other eigenvectors:

Av; = Z 1jiV; 4.92)

J#I

where the coeflicients ¢; are to be determined. We are employing here the linear inde-
pendence of the eigenvectors. Note that this sum does not include a j = i term: you can
assume that if there existed a ¢;; it could have been absorbed into our definition of what a
perturbation for this eigenvector is.’

If we plug the last equation into the penultimate equation, we find:

Z(/l = AV + AAY; = A, (4.93)
i
The A; arose because we also used our defining relation Eq. (4.89). We will now multiply
our equation with the left eigenvector u,{, keeping in mind that left and right eigenvectors
for distinct eigenvalues are orthogonal to each other, u,{v,- =0 for k # i. We find:

(A = A)tu] v + ul AAv; = 0 (4.94)

We can solve this relation for #;; and then plug the result into Eq. (4.92), thereby getting:

ul AAy;
Avi=y —L—y, (4.95)
(/1,' - /lj)llfvj‘

J#i

This is our main result. Let’s unpack it a little bit. First, we notice that (unlike our earlier
results in condition-number derivations), the right-hand side contains a sum: the pertur-
bation in one eigenvector contains contributions that are proportional to each of the other
eigenvectors. Second, we observe that the numerator contains the perturbation in the input
matrix, AA.'? Third, and most significant, we see that our denominator contains two dis-
tinct contributions: (a) a uJTV ;j term, which is the same thing that appeared in our definition

9 v; becomes v; + Av;, so any term in Av; that is proportional to v; simply adjusts the coefficient in front of v;.
10" If we wanted to take the norm, the ujT and v; in the numerator would disappear, since [[u;|| = ||v|| = 1.
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of the condition number for a simple eigenvalue in Eq. (4.72), and (b) a A; — 4, term, which
encapsulates the separation between the eigenvalue A; and all other eigenvalues.

Thus, we have found that a perturbation in the input matrix will get amplified if, first,
lle.V ;j is small or, second, if any two eigenvalues are close! In other words, the problem
of evaluating eigenvectors may be ill-conditioned either because the eigenvalue problem
for any of the eigenvalues is ill-conditioned, or because two (or more) eigenvalues are
closely spaced. Intuitively, we already know that if two eigenvalues coincide then we can-
not uniquely determine the eigenvectors, so our result can be thought of as a generalization

of this to the case where two eigenvalues are close to each other.

Examples

We will now go over our earlier examples once again, this time armed with our main
result in Eq. (4.95). Since this equation was derived specifically to quantify the effect of a
perturbation on an eigenvector, we expect it to do much better than the eigenvalue condition
number KﬁL(A). Let’s examine Examples 3, 9, 10, and 11 in turn.

Example 3 is the easiest to discuss: we recall that the matrix was symmetric, implying
that the eigenvalue evaluation was well-conditioned. That removes one possible source of
eigenvector-evaluation issues. Since the eigenvalues were, in this case, also well removed
from one another, there is no reason to expect any conditioning problems here, a conclusion
that is consistent with our earlier experimental investigation.

Example 9, on the other hand, did exhibit sensitivity to perturbations. This, obviously,
did not result from the eigenvalues being close to each other (as, in this case, they are
well separated). We see that the sensitivity came from the ill-conditioning of some of its
eigenvalues, in other words from the uJTV j in the denominator. From our earlier discussion
we know that the left and right eigenvectors (corresponding to the same eigenvalue) can be
near-orthogonal, thereby making the eigenvalue evaluation sensitive to small perturbations.
Of course, Eq. (4.95) involves more than just one denominator, so in this case the overall
effect is less dramatic than it was for the evaluation of the corresponding eigenvalue.

Example 10 exhibits precisely the opposite behavior: while the eigenvalues are well-
conditioned, they happen to be very closely spaced. This is a quite extreme illustration of
the impact closely spaced eigenvalues can have on the evaluation of the eigenvectors.'!
This is a smoking-gun case where the previous condition numbers (x(A) and KﬁL(A)) do not
raise any red flags, yet the eigenvector problem is extremely sensitive to minor variations
in the input matrix.

Example 11 is trickier than all preceding examples and serves as a warning not to rush
to judgement. Observe that two of the eigenvalues are quite ill-conditioned and the same
two eigenvalues also happen to be very close to each other in value. Thus, naively apply-
ing our earlier rule of thumb (ill-conditioned eigenvalues or closely spaced eigenvalues
can complicate the evaluation of an eigenvector) we would have expected this example to
be a worst-case scenario, since both conditions are satisfied. However, our experimental
investigation showed limited sensitivity of our eigenvector to external perturbations.

T Observe that before Example 10 all our examples were chosen to have well-separated eigenvalues.
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Let’s make matters even more confusing (for the moment) by examining the eigenvector
v, for the same matrix (Example 11): as you can see from Eq. (4.95), for this eigenvector
we would get contributions from both the ug Vo and ulTVI denominators which are known to
be very small. The relevant eigenvalue separations would be A, — Ay and A, — A;, which are
nearly identical. We would thus expect a very large impact on v, from a minor perturbation
on the input matrix. Let’s see what happens in practice. Before the perturbation we have:

vi=(1 0 0 (4.96)
After the perturbation is applied, the corresponding eigenvector becomes:
(V2 +Avp) = (0.999 99475 0.00277787 —0.001666 41) (4.97)

This is a small effect which, at first sight, is inconsistent with the result we derived. What’s
going on? Remember that when we used our new trick in Eq. (4.92) we were employing the
linear independence of the eigenvectors: this is OK when they are orthogonal. However, in
the present case two of our eigenvectors are almost linearly dependent (stop reading and go
check that vy and v are nearly identical). Thus, Av, is made up of a large number times v,
plus a large number times v;: since the coefficients are nearly identical in magnitude and
of opposite sign, the result is a small perturbation vector, which implies insensitivity to an
external perturbation.'?

4.3 Solving Systems of Linear Equations
|

In the previous section we studied in detail the conditioning of linear-algebra problems. We
didn’t explain how we produced the different answers for, e.g., the norm, the eigenvectors,
etc. In practice, we used functions like the ones we will be introducing in the present and
following sections. There is no cart-before-the-horse here, though: given that the problems
were small, it would have been straightforward to carry out such calculations “by hand”.
Similarly, we won’t spend more time talking about whether or not a problem is well- or
ill-conditioned in what follows. We will take it for granted that that’s an a priori analysis
you can carry out on your own.
It’s now time to discuss how to solve simultaneous linear equations on the computer:

Ax=b (4.98)

We will structure our discussion in an algorithm-friendly way, i.e., we will write the equa-
tions in such a way as to enable a step-by-step implementation in Python later on.

In the spirit of this book, we always start with a more inefficient method, which is eas-
ier to explain. In the case of linear algebra, the more inefficient method turns out to be

12 If you understand our argument on Av, you should be able to produce an analogous argument for the case of
Avyp, as you are asked to do in a problem, thereby explaining our earlier experimental finding.
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more general than other, specialized, methods which have been tailored to study problems
with specific symmetries. Note that we will be focusing mainly on direct methods, namely
approaches that transform the original problem into a form that is more easily solved. Indi-
rect methods, briefly discussed in section 4.3.5, start with a guess for the solution and then
refine it until convergence is reached. They are mainly useful when you have to deal with
sparse problems, where many of the matrix elements are zero.

4.3.1 Triangular Matrices

We start with the simplest case possible, that of triangular matrices (for which all elements
either above or below the diagonal are zero). This is not simply a toy problem: many of the
fancier methods for the solution of simultaneous equations, like those we discuss below,
manipulate the starting problem so that it ends up containing one or two triangular matrices
at the end. Thus, we are here also providing the scaffolding for other methods.

We immediately note that in the real world one rarely stores a triangular matrix in its
entirety, as that would be wasteful: it would entail storing a large number of Os, which don’t
add any new information; if we know that a matrix is triangular, the Os above or below the
diagonal are implied. In state-of-the-art libraries, it is common to use a single matrix to
store together an upper-triangular and a lower-triangular matrix (with some convention
about the diagonal, since each of those triangular matrices also generally has non-zero
elements there). Here, since our goal is pedagogical clarity, we will opt for coding up
each algorithm “naively”, namely by carrying around several Os for triangular matrices.
Once you get the hang of things, you will be able to modify our codes to make them more
efficient (as one of the problems asks you to do).

Forward Substitution
Start with a lower-triangular matrix L. The problem we are interested in solving is:
Lx=Db (4.99)

This trivial point might get obscured later, so we immediately point out that by b we simply
mean the constant vector on the right-hand side (which we could have also named ¢, d, and
so on. Similarly, x is merely the solution vector, which we could have also called, e.g., y.
Our task is to find the solution vector. For concreteness, let us study a 3 X 3 problem:

Loo 0  0)fxo bo
Ly L O]x1|=1]b (4.100)
Ly Lo Ln)\x) \b2
This can be expanded into equation form:
Looxo = by
Ligxo + Li1x; = by (4.101)

Lyoxo + Loy xy + Looxy = by
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The way to find the solution-vector components should be fairly obvious: start with the first
equation and solve it for x(. Then, plug in that answer to the second equation and solve for
x1. Finally, plug xy and x; into the third equation and solve for x,. We have:

by _ by — Lipxo

B by — Lyoxo — Lo1xy
= N ‘xl =
Loo Ly

Ly

X0 , X2 (4.102)

This process is known as forward substitution, since we solve for the unknowns by starting
with the first equation and moving forward from there. It’s easy to see how to generalize
this approach to the n X n case:

i—1
1
)C,'Z[b,'— E L,»jxj]z, i=0,1,...,n—1 (4103)
=0 ii

with the understanding that, on the right-hand side, the sum corresponds to zero terms if
i=0,onetermifi =1, and so on.

Back Substitution
You can also start with an upper-triangular matrix U:
Ux=b (4.104)
As above, for concreteness, we first study a 3 X 3 problem:

Uw Uon Up|(xo bo
0 U11 U12 X11= b] (4105)
0 0 U22 X2 b2

This can be expanded into equation form:

Uooxo + Uprx1 + Uppxz = by
Unxi + Uppxa = by (4.106)

Unxy = by

For this case, too, the way to find the solution-vector components should be fairly obvious:
start with the last equation and solve it for x,. Then, plug in that answer to the second
equation and solve for x;. Finally, plug x, and x; into the first equation and solve for xy:

by _ by = Uppxs

_bo—Upix; — Upxz
.X] > -
Un

Uno

(4.107)

X2 = > X0
Uz

This process is known as back substitution, since we solve for the unknowns by starting

with the last equation and moving backward from there. It’s easy to see how to generalize

this approach to the n X n case:
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1

U i=n-1,n-2,...,1,0 (4.108)

n—1
Xi = {b, - Z U,‘ij

Jj=i+l

with the understanding that, on the right-hand side, the sum corresponds to zero terms if
i=n-1,onetermifi =n— 2, and so on.

Implementation

Given the form in which we have expressed forward substitution, Eq. (4.103), and back
substitution, Eq. (4.108), the Python implementation of Code 4.1 essentially writes itself.
A few observations are in order.

We used NumPy functionality throughout this code, though we could have employed
Python lists, instead. However, as already mentioned, in this chapter we will be using
NumPy arrays in order to help you become comfortable with them. (If you haven’t learned
how to use arrays, now is the time to do so.) Being familiar with NumPy arrays will also
help you employ a wealth of other Python libraries after you are done reading this book:
arrays are omnipresent in numerical computing, so this is a good opportunity to see them
used in action to implement major linear-algebra algorithms.

In addition to extracting the size of the problem from the constant vector, our code has
the following feature: the numpy array by the name of xs (to be returned by the function)
is first created to contain zeros. (We could have employed numpy . empty () instead.) Then,
each element of xs is evaluated and stored in turn. (In other words, we are not creating an
empty list and then appending elements one at a time.) Also, keep in mind that we are stor-
ing the solution vector x (which mathematically is a column vector) in a one-dimensional
NumPy array: this will be very convenient when we print it out (since it will all show up
as one row of text).

Crucially, the lines of code that implement the aforementioned equations are a joy to read
and write, given NumPy’s syntax: the code looks essentially identical to the equation. Note
how expressive something like L[1i, :i] is: there’s no need for double square brackets,
while the slicing takes only the elements that should be used. More importantly, there’s no
need for a loop within a loop (the first loop going over i’s and the second loop going over
j’s): numpy knows how to take the dot product of two vectors correctly when you use @.'3
It’s nice to see that Python/NumPy also handles the cases of i = 0 (no products) and i = 1
(only one product) correctly. Note finally that backsub () uses Python’s reversed(), as
per our discussion in chapter 1.

We then encounter the testcreate() function, which essentially pulls a test matrix out
of a hat: the crucial point here is that (in the spirit of the separation of concerns principle)
we create the matrix A inside a function (which can then be re-used in code we write in the
future). As we’ll see below, our choice is not totally arbitrary; for now, merely note that this
matrix is not symmetric. The code that creates the constant vector b is arbitrary, basically

13 As discussed in chapter 1, we could have used numpy .dot (as,bs) or numpy .sum(as*bs), instead.
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import numpy as np

def forsub(L,bs):
n = bs.size
Xs = np.zeros(n)
for i in range(n):
xs[i] = (bs[i] - L[i,:iJ@xs[:i])/L[i,i]
return xs

def backsub(U,bs):
n = bs.size
XS = np.zeros(n)
for i in reversed(range(n)):
xs[i] = (bs[i] - U[i,i+1:]J@xs[i+1:]1)/U[i,i]
return xs

def testcreate(n,val):
A = np.arange(val,val+n*n).reshape(n,n)
A = np.sqrt(A)
bs = (A[0,:])**2.1
return A, bs

def testsolve(f,A,bs):

xs = f(A,bs); print(xs)
xs = np.linalg.solve(A,bs); print(xs)
if _name__ == ‘_main__’:

A, bs = testcreate(4,21)
L = np.tril(A)
testsolve(forsub,L,bs)
print(" ")

U = np.triuCd)
testsolve(backsub,U,bs)

showcasing some of NumPy’s functionality, as described in section 1.6. Analogously, we
have created a function that runs the substitution functions and compares with the output of
numpy.linalg.solve(), the standard numpy choice for solving linear coupled equations.
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In the spirit of all our codes so far, we pass in as an argument, £, our hand-rolled function
which solves the problem (in what follows we will keep using this test run function).

In the main program, after creating A and b, we use numpy.tril() to create a lower-
triangular matrix starting from A (and numpy . triu() to create an upper-triangular matrix).
This is only done in the spirit of pedagogy: the substitution function calls work just as
well (giving the same answers) even if you don’t first take the lower- or upper-triangular
elements. Running this code, you see that there is no visible difference between the output
of our substitution functions and that of numpy.linalg.solve(). Given the simplicity
of the problem(s) we are solving here, this comes as no surprise.

Digression: Operation Counts

We will now engage in an activity which is very common in linear algebra: we will count
how many floating-point operations it takes to carry out a specific calculation (these are
also called “flops”). If a given computation scales poorly (e.g., exponentially) with the size
of the problem, then it will be hard to increase the size much more than what is currently
possible. If the scaling is not “too bad” (e.g., polynomial with a small power), then one can
keep solving bigger problems without needing to employ dramatically new hardware.

In such studies, you will frequently encounter the O symbol which, as you may recall
from chapter 3 is known as big-O notation. Thus, a method that scales as O(n®) is better
than another method that scales as O(n*) (for the same problem), since the power domi-
nates over any prefactor when 7 is large. Note that when one explicitly counts the number
of additions/subtractions and multiplications/divisions, one is sometimes interested in the
prefactor, e.g., 2n° is better than 4n°, since the former requires only half as many oper-
ations. On the other hand, lower powers don’t impact the scaling seriously so you may
sometimes encounter expressions such as 2n® — 7n? + 5n written as ~2n*, simply dropping
the lower-degree terms.

Let’s study the case of matrix-vector multiplication explicitly, see Eq. (C.9):

n—1
Y=AX = ) Agx (4.109)
=0

We see that for a given y; we need, on the right-hand side, n multiplications and n — 1
additions. Thus, since we have n terms for the y;’s in total, we are faced with n X n multi-
plications and n X (n — 1) additions in total. If we add both of these results up, we find that
matrix-vector multiplication requires precisely 2n* —n floating-point operations. As above,
you will frequently see this re-expressed as ~2n? or even as O(n?).

In the problems, you are asked to calculate the operation counts for vector—vector mul-
tiplication and matrix—matrix multiplication. These turn out to be O(n) and O(n?), respec-
tively, but you will also need to evaluate the exact prefactors (and lower-order terms).
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Operation Count for Forward Substitution

For concreteness, we will examine only forward substitution (but the answer turns out to
be the same for back substitution). We copy here Eq. (4.103) for your convenience:

i-1
1
xi:{bi—ZLinj]E, i=0,1,...,n—1 (4’110)
=0 il

It is easy to see that each of the x; requires one division, so n divisions in total. It’s equally
easy to see that for a given x;, we need to carry out i multiplications and i subtractions
(check this for a few values of i if it’s not immediately obvious). Thus, we can group the
required operations into two categories. First, we require:

n—1 2

-1 -
Ziz(" o _m—n 4.111)
Z 2 2

additions/subtractions. Second, we require:

-1 2
n+Zi=n+Q=# (4.112)
i=0

multiplications/divisions. If we add both of these results up, we find that forward substi-
tution requires precisely n> floating-point operations. This could be expressed as O(n?),
but the latter form is less informative: in our explicit calculation we have found that the
prefactor is exactly 1.

4.3.2 Gaussian Elimination

We now turn to the problem of solving linear simultaneous equations for the general case,
i.e., when we are not dealing with a triangular matrix. We will solve:

Ax=Db 4.113)

for a general matrix A. We start with the method known as Gaussian elimination (though
it was used in China two thousand years earlier and by Newton more than a century before
Gauss). In essence, this method employs the third elementary row operation we intro-
duced in section 4.1.2: a row/equation may be replaced by a linear combination of that
row/equation with any other row/equation. After doing this repeatedly (in what is known
as the elimination phase), we end up with an upper-triangular matrix, at which point we
are at the back substitution phase which, as we just saw, is easy to carry out.
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Example

Before we discuss the general algorithm and its implementation, it may be helpful to first
show how to solve a specific example “by hand”. Let us study the following 3 x 3 problem:

2x0+x1 +x =8 2 1 1) xo0 8
Xo+ X1 —2x =-2 1 1 2|x|=]-2 (4114)
Xo+2x1+x =2 1 2 1)\xo 2

given in two equivalent forms. Again, we’ve seen that one way to compactly write down
the crucial elements at play is to use the augmented matrix:

2 1 1 8
I 1 -2|-=2 (4.115)
12 1| 2

This combines the coefficient matrix A with the constant vector b, with the solution vector
x being implied. You should spend some time looking at this augmented matrix, since that’s
what we are going to use below (i.e., the equations themselves will be implicitly given).
Note that in this specific example the coefficient matrix A is not symmetric.

As already mentioned, Gaussian elimination employs the third elementary row opera-
tion, i.e., we will replace a row with that same row plus another row (times a coefficient).
Specifically, we first pick a specific row, called the pivot row, which we multiply with a
number and then subtract from the row we are transforming. Let’s use j as the index that
keeps track of the pivot row and i for the index corresponding to the row we are currently
transforming (as usual, for a 3 x 3 problem our indices can have the values 0, 1, or 2). The
operation we are carrying out is:

New row i = row i — coefficient X row j (4.116)

The coeficient is selected such that after the transformation the leading number in row i is
a 0. Perhaps this will become more clear once you see the algorithm in action.

We begin with j = 0, taking the first equation as the pivot row. We then take i = 1 (the
second row) as the row to be transformed: our goal is to eliminate the element in the first
column (i.e., the term corresponding to xp). To do this, we will replace the second row with
the second row minus the first row times 0.5 (since 1 — 0.5 X2 = 0). Obviously, we have to
carry out this calculation for the entire row, giving us:

2 1 1] 8
0 05 -25|-6 4.117)
1 2 1| 2

Next, for the same pivot row (j = 0), we will transform the third row (i = 2), again by
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multiplying the pivot row with 0.5 and subtracting. We get:

2 1 1| 8
0 05 -25|-6 (4.118)
0 15 05]|-2

We now see that our work with j = 0 as our pivot row is done: all the rows below it have
been transformed such that the Oth (first) column contains a zero.

We now take j = 1, i.e., use the second equation as our pivot row. (We always use
the latest version of the matrix, so our j = 1 pivot row will be the result of our earlier
transformation.) The rows to be transformed always lie below the pivot row, so in this case
there’s only one row to change, i = 2 (the third row). We multiply the pivot row with 3 and
subtract from the third row, in order to eliminate the element in the second column (i.e.,
the term corresponding to x;), since 1.5 — 3 X 0.5 = 0. This gives us:

2 1 1| 8
0 05 -25]|-6 (4.119)
0 O 8| 16

Our coeflicient matrix is now in triangular form, so the elimination phase is done.
We now use Eq. (4.108) from the back substitution section:

16
X = ? =2

—6—(-25)Xx, —-6-(-25x2

= = =-2 4.120

A 05 0.5 (4.120)

8—1xx—1Xx 8-1X(-2)-1x2
X0 = = :4

2 2

Thus, we have accomplished our task: we have solved our three simultaneous equations
for the three unknowns, through a combination of elimination and back substitution.

General Case

Having gone through an explicit case step by step, it should be relatively straightforward
to generalize this to the n X n problem. First, we repeat the augmented matrix of Eq. (4.9):

Aoo Aot ... Aop-n bo
Ajg Ay oo A b
(Alb) =] | . . ) ) (4.121)
Ancio Ancin oo Ausipor | bao

As we saw in the previous section, Gaussian elimination modifies the coefficient matrix
and the constant vector until the former becomes triangular. It is standard to do this by
modifying the matrix elements of A and b (so, if you need the original values, you need to
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make sure you’ve made a copy of them ahead of time). In other words, at some intermediate
point in time the augmented matrix will look like this:

Ao Aot Apx ... Agja Ao Agji1 oo Agua by
0 An Ap ... A Ay Ay .. A | b
0 0 Ay ... Azyj_] Azj Az’j+1 . Az,n—l by
0 0 0 Aj—l,j—l Aj—l,j Aj—l,j+1 Aj—l,n—l bj—l
0 0 Ajj Ajivi . A b; (4.122)
0 0 0 . 0 Aj_,.],j Aj+|’j+] . Aj_,.]’n_] bj_,_]
0 0 0 ... 0 Ay A .. A | b
o o o0 .. 0 Antj At oo Ausiast | bao

The snapshot we are showing corresponds to the case where j just became the pivot row,
meaning that all the rows up to it have already been transformed, whereas all the rows
below still have to be transformed. As already noted, the values of the A and b matrix
elements shown here are the current ones, i.e., have already been transformed (so far) from
the original values. (The first row is always left unchanged.)

You should convince yourself that j can take on the values:

j=0,1,2,....,n-2 (4.123)

The first possibility for the pivot row is the first row, meaning all other rows have to be
transformed. The last row to be transformed is the last one, so the final pivot row is the
penultimate row. Using the same notation as above, we call i the index corresponding to
the row that is being transformed. Obviously, i has to be greater than j. Given what we just
discussed, i takes on the values:

i=j+1,j+2,...n—1 (4.124)

As we saw in Eq. (4.116) and in the 3 X 3 case, Gaussian elimination works by multiplying
the pivot row j with a coefficient and subtracting the result from row i which is currently
being transformed (and storing the result back in row 7). The coefficient is chosen such
that (after the transformation) row i starts with a 0. Thus, looking at the snapshot in our
augmented matrix, where the leading non-zero element of row i is A;; and the leading
non-zero element of row jis A;;, we see that the coefficient has to be A;;/A;; (given that
Aij— (Ajj/AjpDA;; = 0). In equation form:
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. Aj;
coefficient = — (4.125)
Ji

Incidentally, A ;; is sometimes called the pivot element since it is used (divided out) in order
to eliminate the leading elements in the following rows. Obviously, the other elements in
row i will end up having some new values (most likely non-zero ones).

At the end of this process, the matrix A contained in our augmented matrix will be upper
triangular, so it will be straightforward to then apply Eq. (4.108) from the back substitution
section to solve for all the unknowns.

Implementation

We have structured Eq. (4.122) and the surrounding discussion in such a way as to simplify
producing a Python code that implements Gaussian elimination. We will structure our code
in a modular way, such that it can apply to any input matrices A and b, impacting the
external world only via its return value. Code 4.2 is a straightforward implementation of
the afore-discussed algorithm.

We start out by importing some of the routines we created in our earlier code on trian-
gular matrices. As already mentioned, we make copies of the input matrices, so we may
update them at will, without impacting the rest of the program in an unexpected way (this
is inefficient, but pedagogically superior).

The core of our gauelim() function consists of two loops: one over j which keeps track
of the current pivot row and one over i which keeps track of which row we are currently
updating, see Eq. (4.123) and Eq. (4.124). Thus, our choice in this chapter of modifying
linear-algebra notation so that all indices start from O is starting to pay off.

In the inner loop, we always start from evaluating the coeflicient A;;/A;; which will be
used to subtract out the leading element in the row currently being updated. This elim-
ination is carried out in the line A[i,j:] -= coeff*A[j,j:], which employs NumPy
functionality to carry out this modification for each column in row i. Notice how nice this
is: we did not need to keep track of a third index (and therefore did not need to introduce a
third loop). This reduces the cognitive load needed to keep track of what’s going on: all the
desired elements on one row are updated in one line. Actually, if we wanted to update the
whole row, we would have said A[i,:] -= coeff*A[j, :]. This, too, employs NumPy
functionality to our advantage, processing the entire row at one go. The earlier choice we
made, however, to index using A[i,j:] instead of A[i, :] is better: not only is it not
wasteful, processing only the non-zero elements, but it is also more transparent, since it
clearly corresponds to Eq. (4.122). Actually, we are being slightly wasteful: the leading
element in row i will end up being zero but we are carrying out the subtraction procedure
for that column as well, instead of just assuming that it will vanish. (You might wish to
implement this code with a third loop to appreciate our comments.) The code then makes
the corresponding update to the b row element currently being processed.

A further point: if we were interested in saving some operations, we might introduce an
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gauelim.py

from triang import backsub, testcreate, testsolve
import numpy as np

def gauelim(inA,inbs):
A = np.copy(inA)
bs = np.copy(inbs)
n = bs.size

for j in range(n-1):
for i in range(j+1,n):
coeff = A[i,jl1/A[],]]
Ali,j:] -= coeff*A[j,j:]
bs[i] -= coeff*bs[j]

xs = backsub(A,bs)
return xs

if _name__ == ‘_main__’:
A, bs = testcreate(4,21)
testsolve(gauelim,A,bs)

if clause in the inner loop checking whether or not A[i, j] is already 0, before we divide
it with the coefficient. But then you would be needlessly testing all the time for a condition
which is rarely met.'*

After we have used all possible pivot rows, our matrix will have been updated to be
upper triangular. At this point, we simply call our earlier backsub () function. This seems
to be a neat example of code re-usability. We allow ourselves to call functions inside our
codes even if we haven’t passed them in explicitly, as long as it’s clear what’s happening
and how one would proceed to further update the code.

The main body of the code is quite straightforward: it creates our test matrix and calls
the function that compares our new routine to the standard NumPy output. Observe how
useful these earlier two functions turned out to be. We will employ them again several times
in what follows. Running the code, we see that our simple Gaussian elimination code is
already doing a good job matching the output of numpy.linalg.solve(). Note that you
haven’t seen this output vector before: in the earlier code we created a lower or upper-
triangular matrix starting from A, whereas now we are using the entire matrix. We always
get at least seven digits of agreement between the two solution vectors. This is good, but at

14 If your matrix is sparse or banded and efficiency is a major concern, you should be using a different method.
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this point it is a bit unclear why we’re not doing a better job. We will return to this question
in a later section.

Operation Count

Turning to a study of the operation count for Gaussian elimination, we keep in mind that
we are interested in total floating-point operations. Thus, while it may help us to think of
additions, multiplications, etc. separately, in the end we will add all of them up. It may
be helpful to look at Eq. (4.122), which shows a snapshot of the Gaussian elimination
algorithm at an intermediate time slice. We can separate the operations into two categories:
(a) the conversion of A into an upper-triangular matrix together with the corresponding
changes to b and (b) the back substitution of the resulting triangular problem. We already
know from an earlier section that the back substitution phase requires n> floating-point
operations, so we only have to address the first category.
From Eq. (4.116) we know that what we keep doing is the following operation:

New row i = row i — coefficient X row j (4.126)
We recall from Eq. (4.123) that the steps involved are organized by pivot row:
j=0,1,2,...,n-2 (4.127)
and are applied to the rows:
i=j+1,j+2,...,n—1 (4.128)

in turn, as per Eq. (4.124).

In the first step, we have to modify the n — 1 rows below the pivot row j = 0. To evaluate
the coeflicients for each of the n — 1 rows we need n — 1 divisions of the form A;;/A ;. For
each of the n — 1 distinct i’s we will need to carry out n multiplications and n subtractions
(one for each column in A) and one multiplication and one subtraction for b. Since there are
going to be n— 1 values that i takes on, we are led to a result of (n+ 1)(n— 1) multiplications
and (n + 1)(n — 1) subtractions. Putting these results together with the divisions, in this first
step we are carrying out (n — 1) + 2(n + 1)(n — 1) floating-point operations.

Still on the subject of the conversion of A, we turn to the second step, namely using
the pivot row j = 1. We have to modify the n — 2 rows below that pivot row. That leads
to n — 2 divisions for the coefficients. Then, for each of the i’s, we will need to carry
out n — 1 multiplications and n — 1 subtractions (one for each remaining column in A)
and 1 multiplication and 1 subtraction for b. Putting these results together, we are led to
(n —2) + 2n(n — 2) floating-point operations in total for this step.

It’s easy to see that the third step would lead to (n — 3) + 2(n — 1)(n — 3) floating-point
operations. A pattern now emerges: for a given pivot row j, we have:

m=1-)+2m+1-Hn-1-j) (4.129)
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floating-point operations. Thus, for all possible values of the pivot row j we will need:

n-2 n-1 n-1
Neowns = Y [n=1=j+20n+1 = n=1=j] = > [k+2(k + 2kl = > (2K + 5k)
=0 k=1 k=1
_n(n—-1)(2n-1) (n-n 25 3, 13 2 4
=2 5 +5 5 = 3n +2n 611 3n (4.130)

floating-point operations. In the second step we used a new dummy variable, noticing that
n—1—jgoes fromn— 1 down to 1. In the fourth step we used the two standard results for
Sisokand Y k213

Since we already know that the back substitution stage has a cost of n?, we see that
the elimination stage is much slower and therefore dominates the cost of the calculation:
symbolically, we have 2n°/3 + n> ~ 2n3/3.

4.3.3 LU Method

While the Gaussian elimination method discussed in the previous section is a reasonably
robust approach (see below), it does suffer from the following obvious problem: if you
want to solve Ax = b for the same matrix A but a different right-hand-side vector b, you
would have to waste all the calculations you have already carried out and call a function
like gauelim() again, performing the Gaussian elimination on A from scratch. You may
wonder if this situation actually arises in practice. The answer is: yes, it does. We will see
an example in section 4.4 below, when we discuss methods that evaluate eigenvalues.

Thus, we are effectively motivating a new method (the LU method) by stressing the
need to somehow “store” the result of the Gaussian elimination process for future use. As
a matter of fact, several flavors of the LU method exist, but we are going to be discussing
the simplest one, which is a short step away from what we’ve already seen so far.

LU Decomposition

Let us assume we are dealing with a non-singular matrix A which can be expressed as the
product of a lower-triangular matrix L. and an upper-triangular matrix U:

A=LU (4.131)

For obvious reasons, this is known as the LU decomposition (or sometimes as the LU
Sactorization) of matrix A. We will see in the following section (when we discuss pivoting)
that the story is a bit more complicated than this, but for now simply assume that you can
carry out such a decomposition.

The LU decomposition as described above is not unique. Here and in what follows, we
will make an extra assumption, namely that the matrix L is unit lower triangular, namely

15 If you have not seen the latter result before, it is worth solving the relevant problem: while this has little to do
with linear algebra, it’s always gratifying when a series telescopes.
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that it is a lower-triangular matrix with 1s on the main diagonal, i.e., L; = 1 for i =
0,1,...,n— 1. This is known as the Doolittle decozmr)osition.'6

It may be easiest to get a feel for how one goes about constructing this (Doolittle) LU
decomposition via an example. As above, we will start from the simple 3 x 3 case. Instead
of studying a specific matrix, as we did earlier, let us look at the general 3 X 3 problem and
assume that we are dealing with:

I 0 0 Uow Un Un
L= L10 1 0 5 U= 0 U11 U12 (4132)
L20 L21 1 0 0 U22

By assumption, we can simply multiply them together (as per A = LU) to get the original
(undecomposed) matrix A:

Uno Un Uoa
A =|UwLiy UpiLio+ U UpLip+ U (4.133)
UooLoy ULy + ULy Uyl + UiaLlpy + Unp

What we’ll now do is to apply Gaussian elimination to the matrix A only (notice there’s
no b anywhere in sight). This is in keeping with our declared intention to find a way of
“storing” the results of the Gaussian elimination process for future use.

As we did in our earlier 3 X 3 example, we will apply Eq. (4.116) repeatedly. We start
from the pivot row j = 0. We first take i = 1: the coeflicient will be such that the leading
column in row i becomes a 0, i.e., Lg. Thus:

Newrow 1 = row 1 — Ljp X row 0 (4.134)
This gives:
Uno Un Uo2
A=|0 Uy Up, (4.135)

UowLao UoiLao + ULyt ULz + UrnLyy + Uz
Similarly, still for the pivot row j = 0, we now take i = 2:
New row 2 = row 2 — Ly X row 0 (4.136)
gives us:
Uw Un Uo2
A=|0 Un U (4.137)
0 Unly Uply +Un

Remember, we always use the latest/updated version of the matrix A. We will now take the
pivot row to be j = 1 and the row to be updated as i = 2:

New row 2 = row 2 — L; X row 1 (4.138)

16 The Doolittle decomposition is to be contrasted with other algorithms, like the Crout decomposition and the
Cholesky decomposition, which we will not address here.
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gives us:
Uy Uy Up
A=|0 U, Up (4.139)
0 0 Ux

We have reached a very interesting situation. Inverting this line of reasoning leads us to
conclude that to LU decompose a matrix you simply carry out the process of Gaussian
elimination: the final version of the matrix A will be U. Similarly, the off-diagonal matrix
elements of the matrix L. will simply be the coefficients used in the Gaussian elimination
process (Lo, Lyo, and Ly; above).

For the purposes of illustration, we assumed that we could write down the LU decom-
position and drew our conclusions about how that came about in the first place. If this is
still not ringing a bell, you might want to see the reverse being done: starting with A, we
wish to calculate the matrix elements of L and U. For concreteness, let us study the matrix
given in Eq. (4.115):

21 1
11 -2 (4.140)
12 1

where we took the liberty of dropping the elements of the constant vector b. As just stated,
U will be the end result of the Gaussian elimination process, namely Eq. (4.119), and,
similarly, L. will collect the coefficients we used in order to bring our matrix A to upper-
triangular form:

2 1 1 1 00
U=|0 05 =-25{, L=|05 1 0 (4.141)
0 0 8 05 3 1

All these matrix elements made their appearance as part of the Gaussian elimination pro-
cess in the previous section. What we’ve done here is to collect them. See how effortless
this all was. (If you’re still not convinced, try multiplying L and U together.)

Notice that storing two matrices (one upper triangular and one lower triangular) is quite
wasteful, especially given that we already know that the diagonal elements of L are always
1. It is very common in practice to store both L and U in a single matrix (with the diagonal
elements of L being implied). A problem asks you to implement this solution, but in the
main text we opt for pedagogical clarity and use separate matrices.

In contradistinction to what we did in our earlier section on Gaussian elimination, here
we do not proceed to discuss the general n X n case. The reason why should be trans-
parent at this point: the (Doolittle) LU decomposition process is identical to the Gaussian
elimination process. We simply have to store the end result and the intermediately used
coeflicients.
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Solving a System Using LU Decomposition

It is now time to see how the above decomposition can help in solving the standard problem
we’ve been addressing, namely the solution of:

Ax=b (4.142)

for a general matrix A. Since we assume that we’ve been able to carry out the LU decom-
position, we know that A = LU, so our problem is recast as:

LUx=b (4.143)

It should become crystal clear how to solve this problem once we rewrite this equation as:

LUx)=b (4.144)
Thus:
Ly=b
J (4.145)
Ux =y

We can solve the first of these equations by forward substitution (since we’re dealing with
a lower-triangular problem). The result can then be used to pose and solve the second
equation by back substitution (since it involves an upper-triangular matrix).

Implementation

Before showing any code, let us summarize our accomplishments: we have been able to
LU decompose a given matrix, which can then be combined with a constant vector and
solve the corresponding system of linear equations. Code 4.3 accomplishes both tasks.

The main workhorse of this code is the straightforward function ludec(); this is iden-
tical to our earlier gauelim(), but:

e we don’t have to worry about the constant vector b, since at this stage all we’re doing is
LU-decomposing a given matrix A.

e we are calling the array variable that keeps getting updated U, instead of A.

e we store all the coefficients we calculated in L (while placing 1s in its diagonal — this
could have been done at the end, instead of starting from an identity matrix).

We then create a function that solves Ax = b as per Eq. (4.145), namely by first forward
substituting and then back substituting. Our previously advertised strive for modularity has
paid off: the main body of lusolve() consists of three calls to other functions.

The main body of the program is also very simple, calling functions to create the relevant
matrices and evaluate the solution to the system of equations. Running this code, we find at
least seven digits of agreement for the solution vectors. You may or may not be intrigued to
see that the LU-method solution vector turns out to be identical to the Gaussian elimination
vector we saw above.
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ludec.py

from triang import forsub, backsub, testcreate, testsolve
import numpy as np

def ludec(A):

n = A.shape[0]
U = np.copy(A)
L = np.identity(n)

for j in range(n-1):
for i in range(j+1,n):
coeff = U[i,j1/UL[],]]
Uli,j:] -= coeff*U[j,j:]
L[i,j] = coeff
return L, U

def lusolve(A,bs):
L, U = ludec(A)

ys = forsub(L,bs)
xs = backsub(U,ys)
return xs

if _name__ == ‘_main__’:

A, bs = testcreate(4,21)
testsolve(lusolve,A,bs)

Operation Count

You are asked to carry out a detailed study of the operation count for LU decomposition in
one of the problems. Here, we focus on qualitative features. The calculation in Eq. (4.130)
contained several components: divisions, multiplications, and subtractions. These last two
were added up for the elements of both A and b which were being updated. Obviously,
while carrying out the LU decomposition, we do not have to modify b. This changes the
operation count slightly, but the dominant term in this case, too, is ~2n3/3. One should
also take into account that for Gaussian elimination (after counting the multiplications
and subtractions for the elements of b) we only needed a back substitution at the end. As
Eq. (4.145) clearly shows, at the end of the LU method we will have to carry out both a
forward and a back substitution.

You should observe that in this operation-count estimate (as in all others) we are only
interested in the floating-point operations. Keep in mind that this only tells part of the story:
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one should, in principle, also keep track of storage requirements. For example, in the way
we chose to implement LU decomposition, it requires two nXn matrices, whereas Gaussian
elimination needed only one.

Matrix Inverse

Note that we chose not to implement a function that inverts a given matrix A, since one can
generally avoid matrix inversion in practice. Even so, as mentioned earlier, you may wish
to produce a matrix-inversion Python function in order to calculate the condition number
for the problem Ax = b.

We know from Eq. (C.17) that the matrix inverse A~! satisfies:

AA' =T (4.146)

This motivates the following trick: think of the identity Z as a matrix composed of n column
vectors, e;. (Each of these vectors contains only one non-zero element, whose placement
depends on i.) Thus, instead of tackling the full relation AA~! = T head on, we break the
problem up into n problems, one for each column of the identity matrix:

Ax; = e; (4.147)

where the x; are the columns of the inverse matrix A~'. Explicitly:
A_l = (XO ). ST Xn—l) s I = (e() e ... e,,_l) (4148)

Keep in mind that bold-lower-case entities are column vectors.
We now see our first example of using the LU decomposition to solve linear systems for
different constant vectors b: Ax; = e; can be combined with A = LU:

L(Ux;) =e; (4.149)

Then, for each x; (or each e;) we use the same LU decomposition and carry out first a
forward substitution and then a back substitution (just like in Eq. (4.145) above). As you
may recall, each forward/back substitution has a cost of n> which is much less costly than
the O(n*) needed for LU decomposition. Thus, since we need to solve for n columns of the
inverse, the total cost of this approach is (n*> + n*) X n = 2n?, in addition to the cost of the
LU decomposition (which is of the same order of magnitude).

If we wanted to use Gaussian elimination to evaluate the inverse, we would incur a
cost of O(n?) for each column of the inverse, leading to an overall cost of O(n*), which is
generally more than we are willing to tolerate.
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Determinant

Recall from Eq. (C.16) that the determinant of a triangular matrix is simply the product of
the diagonal elements. Given that A = LU:

n—1

1_[ Ui

i=0

n—1
det(A) = det(L) x det(U) = {]_[ 1] X

i=0

n—1
= ]—[ Ui (4.150)
i=0

In the first equality we used a result from elementary linear algebra, namely that the deter-
minant of a product of two matrices is equal to the product of the two matrix determinants.
In the second equality we expressed the determinant of each triangular matrix as the prod-
uct of the diagonal elements and used the fact that the diagonal elements of L are all 1.
That led us, in the third equality, to the conclusion that the determinant of the matrix A can
be evaluated by multiplying together the diagonal elements of the matrix U.!”

4.3.4 Pivoting

Even though this wasn’t explicitly stated, so far we’ve limited ourselves to Gaussian elimi-
nation (and its cousin, Doolittle’s LU method) for straightforward cases. In this section, we
find out that things often get sticky. We go over a standard way to address the most glaring
deficiencies and also provide some pointers to more complicated remedies.

Instability without lll-Conditioning

We spent quite a bit of time in an earlier section doing an a priori analysis of linear-algebra
problems. For example, we saw that we can quantify the ill-conditioning of the problem
Ax = b using a reasonably straightforward prescription. Ill-conditioning is a property that
refers to the problem we are solving. However, as we now address, there are situations
where one tries to solve a perfectly well-conditioned problem but the method of choice
fails to give a satisfactory answer. Obviously, the fault in this case lies with the method,
not with the problem. We will explore this by considering three examples.
First, we look at the following (very simple) 2 X 2 problem:

0 -1
1 1

This is a perfectly well-conditioned problem, with an easy-to-evaluate analytical solution
of:

2

y
(4.151)

xX'=(3 -1 (4.152)

Consider how you would go about implementing Gaussian elimination in this case. You
would start (and stop) with the pivot row j = 0 which would be used to update the row
i = 1. The coeflicient multiplying the pivot row is, as usual, A;;/A;;. This is already a
major breakdown of our methodology: here A;; = 0 so we cannot divide with it to eval-
uate the coeflicient. If you try to use our gauelim() function, your output vector will be

17" Observe that our result tells us that A is non-singular if and only if all the diagonal elements of U are non-zero.
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[ nan nan ], where nan stands for “not a number” (as explained in Appendix B). It is
disheartening to see such a nice method fail at solving such a simple problem.

Second, in case you were thinking that this is not such a big deal, given that you could
immediately identify the 0 in the first slot of the first row of the previous example, we now
turn to a case where the problem is “hidden”. Examine the following augmented matrix:

21 1] 8
2 1 -4|-2 (4.153)
12 1| 2

This is basically the example from Eq. (4.115) where we’ve modified a couple of elements,
while making sure that the solution vector is the same as in the original example:

xX'=(4 -2 2 (4.154)

as you can verify by substitution or via an analytical solution. Note that this matrix, too, is
perfectly well-conditioned. Here’s the thing: if you wish to apply Gaussian elimination to
this problem, you would (once again) start with the pivot row j = 0 and update the rows
i =1andi = 2in turn. After you update both rows you would be faced with:

2 1 1 8
0 0 -5|-10 (4.155)
0 15 05| -2

We wish to turn to the pivot row j = 1 but notice that the pivot element A;; = 0 so (as
in the first example) we are not able to bring this matrix to an upper-triangular form. In
other words, if we use our gauelim() function for this problem our output vector will be
[ nan nan nan ]. As advertised, this problem was not (totally) obvious at first sight:
some steps of the Gaussian elimination process had to be applied first.

Third, it turns out that Gaussian elimination has trouble providing good solutions not
only when zeros appear as pivot elements in the starting (or updated) matrix, but even
when the pivot element is very small. This is a general fact: when an algorithm cannot be
applied in a given situation, it most likely canot be applied successfully in situations that
are similar to it. Take our first example from this section, but instead of a O in the first
element of the first row, assume you are dealing with a small number:

10720 —1 |1
(4.156)
1 1|2
This is still a perfectly well-conditioned problem, with an analytical solution:
_ -20
xTz( 3 1+ 10 ) (4.157)
1+10720  1+10°2

Knowing that Python employs double-precision floating-point numbers (and that 1072 is
smaller than the machine precision), you would be tempted to expect that the numerical
solution to this system would be: [ 3 -1 ], namely the same solution as in our first
example above. (As it so happens, numpy.linalg.solve() does give us this, correct,
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answer.) Now, let us think of how to apply Gaussian elimination here. As in the first ex-
ample, we only have one pivot row (j = 0) and we’re updating only one row (i = 1).
Here the pivot element, A;; = 10729, is small but non-zero, so we can apply the Gaussian
elimination prescription. After we do so, our augmented matrix will be:

[10-20 -1

0 1+10% | 2-10%

! ] (4.158)

This situation is similar to what we encountered in chapter 2, when in big + 1. the unit
was dropped. (Here we are faced with a 10?° because we have divided with the pivot
element.) Despite the roundoff errors that emerge, nowhere are we dividing with zero, so
the back substitution can proceed normally, but for the approximate matrix:

10720 -1
0 10%°

1
_1020] (4.159)

Unfortunately, this leadsto [ ® -1 ], which is very different from the correct solution.

Partial Pivoting

We now introduce a straightforward technique to handle problems like those discussed in
the previous subsection. One way to remedy the situation is to eliminate the problem from
the start. For example, in the case of our first matrix above, Eq. (4.151), if we were solving
the fully equivalent problem:

1 1

0 -1

instead, no breakdown would have ever emerged. This matrix is already in upper triangu-
lar form, so we can proceed with back substitution. Of course, such an ad hoc approach
(interchanging rows in the starting matrix because they look like they will misbehave) can
only take you so far. What we are looking for is a general prescription.

Observe that the issue in all three of our earlier examples resulted from using a small
number (which was, perhaps, even zero) as the pivot element.'® This leads us to a general
presciption that aims to avoid using small numbers as pivot elements, when there is a better
alternative. To explain what we mean, let’s look at the Gaussian-elimination intermediate

1

)
(4.160)

time slice from Eq. (4.122) again. This snapshot describes the moment when we are about
to use A;; as the pivot element (so it could also be referring to our original matrix, if
Jj = 0). As you may recall, in our process the coefficient (used to eliminate the leading
element in the following rows) is A;;/A;;: if Aj; is very small, then that coefficient will
be very large. This helps guide our strategy of what to do: instead of blindly using Aj; as
the pivot element (since it might have a very small magnitude) look at all the elements
in the same column as Aj; in the rows below it for the largest possible matrix-element
magnitude. This would be located, say, in row k: then, simply interchange rows j and k.
Now you have a larger-magnitude pivot element and the coefficient used in the elimination

18 In the second example, this occurred at an intermediate stage.
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process is never greater than 1 in absolute value. You can then proceed with the elimination
process as usual. Symbolically, we search for the smallest-integer k that satisfies:

Ay = max |Au (4.161)

j<m<n-1

followed by the interchange of rows j and k. You should make sure to mentally distinguish
the second index from the first index in this equation: we are always searching in the j
column (which is why Ay; and A,,; have the same second index) for the element with the
largest magnitude. This means we search all the rows below row ;.

This prescription employs the second elementary row operation we introduced in sec-
tion 4.1.2, namely pivoting: two rows/equations may be interchanged, as long as you re-
member to interchange the A and b elements appropriately.'® More properly speaking, this
is known as partial pivoting, in the sense that we are only interchanging rows (we could
have been interchanging columns). By the way, there is some terminology overloading at
play here: we use the word “pivot” to describe the pivot row or the pivot element, but we
also say that “pivoting” is the interchange of two rows. While these two meanings are re-
lated (we interchange two rows if necessary before we use a pivot row/element to eliminate
the leading element in the next rows) they are distinct and should not be confused. It might
help you to think of “partial pivoting” as synonymous with “row interchanging”.

Implementation

The above description should be enough for you to see how one goes about implementing
partial pivoting in practice; the result is Code 4.4. Note that this code is identical to that in
gauelim(), the only change being that we’ve added four lines. Let’s discuss them.

We employ numpy . argmax () to find the index of the element with the maximum value.?
This search for k starts at row j and goes up to the bottom row, namely row n-1. We’ve
employed NumPy’s slicing to write this compactly: A[j:,j] contains all the elements
in column j from row j until row n-1. Note however that, as a result of this slicing,
numpy . argmax () will return an index that is “shifted down”: its output will be 0 if the
largest element is Aj;, 1 if the largest element is A, ;, and so on. This is why when evalu-
ating k we offset numpy . argmax ()’s output by adding in j: now k’s possible values start
at j and end at n-1.

After we’ve determined k, we check to see if it is different from j: we don’t want to
interchange a row with itself (since that doesn’t accomplish anything). If k is different
from j, then we interchange the corresponding rows of A and b. We do this using the
standard swap idiom in Python, which employs multiple assignment (and does not require a
temporary throwaway variable). The swapping of bs elements should be totally transparent
to you. The swapping of the A rows is a little more complicated: as you may recall, NumPy

19" Incidentally, we note that this operation changes the sign of det(A).
20" Conveniently, if the maximum value appears more than once, this function returns the first occurrence.
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gauelim pivot.py

from triang import backsub, testcreate, testsolve
import numpy as np

def gauelim pivot(inA,inbs):
A = np.copy(inA)
bs = np.copy(inbs)
n = bs.size

for j in range(n-1):
k = np.argmax(np.abs(A[j:,j1)) + j
if k I= j:
A[j,:1, Alk,:] = Afk,:]1, A[j,:].copyQ
bs[j], bs[k] = bs[k], bs[j]

for i in range(j+1,n):
coeff = A[i,j]/AL[]j,]]
A[i,j:] -= coeff*A[j,j:]
bs[i] -= coeff*bs[j]

xs = backsub(A,bs)
return xs

if _name__ == ‘_main__’:
A, bs = testcreate(4,21)
testsolve(gauelim_pivot,A,bs)

slicing rules imply that array slices are views on the original array. As a result, if you don’t
say A[j, :].copy() you will overwrite your elements instead of swapping rows.?!

Running this code, we find that the results of our Gaussian elimination with partial pivot-
ing function are closer to those of numpy.linalg.solve() than the results of our earlier
gauelim() function. This should not come as a surprise, since numpy.linalg.solve()
also uses (a LAPACK routine which employs) partial pivoting. Note that partial pivoting
helps reduce roundoff error issues, even when these are not very dramatic (as here).

You might want to test our new function on our earlier three examples to see that it
solves the problems we were facing before. In the problem set, you are asked to apply our
partial pivoting prescription also to the LU-decomposition method: the only difference is
that LU decomposition only updates the A matrix, so you should keep track of which rows

21 This is unrelated to whether or not you choose to swap using a temporary intermediate variable.
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you interchanged and later use that information to interchange the corresponding rows in
b.

As a final implementation-related point, note that in our code we chose to actually swap
the rows each time. One can envision an alternative strategy, whereby the rows are left in
their initial order, so that the elements that end up being eliminated are not always below
the pivot row. The end result of this process is still a triangular matrix, but this time in
“hidden” form, since it will be a scrambled triangular matrix. You could then perform
back substitution if you had kept track of the order in which rows were chosen as pivot
rows. Obviously, this requires more bookkeeping but may end up being more efficient than
actually swapping the rows.

Beyond Partial Pivoting

We have now seen that the Gaussian elimination method (which can be unstable without
partial pivoting, even for well-conditioned problems) can be stabilized by picking as the
pivot element always the largest possible value (leading to coefficients that are never larger
than 1 in absolute value). Unfortunately, even Gaussian elimination with partial pivoting
can turn out to be unstable. To see this, take the third example from our earlier subsection
and scale the second row by multiplying with 10720:

10720 1

10—2() 10—2() 2 x 10—2() (. 162)

This is in reality the same set of equations, so one should expect the same answer. Of
course, that’s not what happens in practice. Since now the first elements in the first and
second rows have the same magnitude, no interchanges take place under partial pivoting.
Thus, the same problem that we faced without partial pivoting will still be present now: as
a result, both gauelim pivot () and numpy.linalg.solve() give the wrong answer.

This new issue can be handled by changing our prescription from using the largest-
possible pivot element to using as the pivot element the one that has the largest relative
magnitude (i.e., in relation to other elements in its row). This is known as scaled partial
pivoting. Symbolically, we first define for each row i a size/scale factor:

5i= max |A;j] (4.163)

Thus, s; contains the (absolute value of) the largest element in row i. Then, instead of
determining k as corresponding to the largest matrix element in column j (at or below
Ajj), we determine k by finding the matrix element with the largest relative magnitude,
i.e., the largest one in comparison to the other elements in its row. Thus, we search for the
smallest-integer k that satisfies:

|Axs| |Am|
— = max ——

Sk j<msn-1 S,

(4.164)
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and then we interchange rows j and k and proceed as usual. You are asked to implement
this prescription in one of the problems.

Unfortunately, even scaled partial pivoting does not fully eradicate the potential for in-
stability. An approach that does guarantee stability is complete pivoting, whereby both
rows and columns are interchanged before proceeding with Gaussian elimination. That be-
ing said, it is extremely rare for (scaled) partial pivoting to fail in practice, so most libraries
do not implement the (more costly) strategy of complete pivoting.

Since this subsection is called “beyond partial pivoting”, it’s worth observing that there
exist situations where Gaussian elimination can proceed without pivoting. This happens for
matrices that are positive definite?> and symmetric. It also happens for diagonally dominant
matrices (you might want to brush up on our definitions from Appendix C.2). For example:

2 1 1] 8
12 1] 2 (4.165)
I 1 2|2

This matrix is diagonally dominant and no pivoting would (or would need to) take place.?
We will re-encounter diagonal dominance as a criterion in the following section.

You might be wondering why we would be interested in avoiding pivoting. The first
(and most obvious) reason is that it entails a computational overhead: evaluating k and
swapping rows can become costly. Second, if the original coefficient matrix is symmetric
and banded then pivoting would remove nice structural properties like these; if you were
using a method that depended on (or was optimized for) that structure (unlike what we’ve
been doing above) you would be in trouble.

4.3.5 Jacobi lterative Method

We now briefly talk about iterative methods, also known as relaxation methods. As you
may recall, direct methods (such as Gaussian elimination) construct a solution by carrying
out a fixed number of operations: first you take a pivot row, then you eliminate the leading
elements in the rows below it, etc. In contradistinction to this, iterative methods start with
a guess for the solution x and then refine it until it stops changing; the number of iterations
required is typically not known in advance. The number of iterations can depend on the
structure of the matrix, which method is employed, which initial solution vector we guess,
and which convergence criterion we use.

Actually, for a given set of equations an iterative method might not even converge at
all. Putting all these factors together, it probably comes as no surprise to hear that iterative
methods are typically slower than direct methods. On the other hand, these drawbacks are
counterbalanced by the fact that iterative methods are generally more efficient when we are
dealing with extremely sparse matrices, which may or may not be banded. In other words,

22 A matrix A is positive definite if x” Ax > 0 for all x # 0. This definition is most commonly applied to Hermitian
matrices, in which case we also know that the eigenvalues are all positive. For nonsymmetric matrices, the real
part of the eigenvalue is always positive.

23 This happens to be our example from Eq. (4.115) with the second and third rows interchanged.
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when most matrix elements are 0, such approaches really save computational time.?* Not
coincidentally, such iterative approaches are often used in the solution of boundary-value
problems for partial-differential equations; it is therefore perhaps beneficial to encounter
them at the more fundamental level of linear algebra.

Here we only discuss and implement the simplest possible iterative approach, namely
Jacobi’s method. We leave as problems the study of the convergence for the Jacobi method
as well as an extension to the Gauss—Seidel method. Our goal here is not to cover such
approaches thoroughly. Rather, it is to give you a flavor of iterating to get the answer; we
will re-encounter this strategy when we solve the eigenvalue problem below (section 4.4)
and when we discuss root-finding for nonlinear algebraic equations (chapter 5).

Algorithm
Let’s write out the system of linear algebraic equations, Ax = b, using index notation:
D Ayx; = b (4.166)
j=0
where, as usual, i = 0, 1,2,...,n — 1. The Jacobi method is motivated by taking this equa-

tion and solving for the component x; which corresponds to the diagonal element A;;:

n—1

ZA,,x, ZA,,x, L i=01,....n-1 (4.167)
Jj=i+1
Observe that the form of this equation is similar to what we had in Eq. (4.103) for forward
substitution and in Eq. (4.108) for back substitution. Of course, the situation here is quite
different: there we could solve for each of the x; in turn using the other x;’s which we’d
already evaluated. Here, however, we don’t know any of the solution-vector components.
The Jacobi method starts by choosing an initial solution vector x?': the superscript in
parentheses tells us the iteration number (in this case we are starting, so it’s the Oth iter-
ation). The method proceeds by plugging in x©’ to the right-hand side of Eq. (4.167), to
produce an improved solution vector, x'V:

x;“:( ZA,,x“” ZA,] 5‘”] -, i=0.1....n—1 (4.168)
Jj=i+1

This process is repeated: the components of x!) are plugged in to the right-hand side of
Eq. (4.167), thereby producing a further improved solution vector, x?. For the general k-th
iteration step, we now have our prescription for the Jacobi iteration method:

X0 = [ ZAUx(k = ZA,, 2t “] , i=0,1,...,n—1 (4.169)

Jj=i+1

24 Another feature is that iterative methods are self-correcting, i.e., an iteration is independent of the roundoff
error in the previous cycle.
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If all is going well, the solution vector will asymptotically approach the exact solution. A
natural question is when to end this process. The answer depends on our desired accuracy,
giving rise to what is known as a convergence criterion.

Let us be a little careful here. We know from chapter 2 that the absolute error in eval-
uating a quantity is defined as “approximate value minus exact value”. Of course, in an
iterative method like the Jacobi algorithm, we don’t know the exact value, but we can es-
timate how far along we are by seeing how much a given component changes from one
iteration to the next, x(k) Ek_l) (more on this in the problem on the convergence of this
method). Of course, we are dealing with a solution vector, so we have to come up with
a way of combining all the solution-vector component contributions into one estimate of
how much/little the entire answer is changing. As we’ve done repeatedly in earlier chap-
® 51 with ). Specifically,
for a given tolerance €, we will use the following termination criterion:

ters, we will opt for a relative error criterion (comparing x;

(k) _ (k D

nlx

(k) € (4.170)

i=0

Several other choices can be made, e.g., adding the contributions xﬁk) - xfk_l) in quadrature

before taking the square root, or using the maximum x(k) f,k_l) difference.

For the sake of completeness, we point out that we could have been (a lot) more sys-
tematic in our choice of an error criterion. First, recall the residual vector from Eq. (4.17),
r = b — AX. Employing this, a more robust stopping criterion could be:

b — Ax©1l < € (A1l + o] (.171)

This has the advantage of checking directly against the expected behavior (Ax = b) as well
as the relative magnitudes involved. In other words, it measures relative size but, unlike
our ad hoc prescription in Eq. (4.170), here we use norms to combine all the components
together in a consistent way.

A question that still remains open is how to pick the initial guess x”’. As you can imag-
ine, if you start with a guess that is orders of magnitude different from the exact solution
vector, it may take a while for your iterative process to converge. In practice, one often
takes x® = 0. This is one reason why we chose to divide in our relative error criterion with
xgk) (instead of xgk_l)). In any case, xgk) happens to be our best estimate so far, so it makes
sense to use it in the denominator for our relative error.

Note that even if you pick a “good” initial guess, the Jacobi method is not always guar-
anteed to converge! As you will show in a problem, a sufficient condition for convergence
of the Jacobi iterative method is that we are dealing with diagonally dominant matrices,
regardless of the initial guess.>> Keep in mind that a system of equations might not be di-
agonally dominant, but can become so if one re-arrranges the equations. Observe, finally,
that even systems that are not (and cannot become) diagonally dominant can be solved with
Jacobi’s method for some choices of initial solution vectors.

25 Diagonal dominance also appeared in the previous section on pivoting in Gaussian elimination.
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jacobi.py

from triang import testcreate, testsolve
import numpy as np

def termcrit(xolds,zxnews):

errs = np.abs((xnews - xolds)/xnews)
return np.sum(errs)

def jacobi(A,bs,kmax=50,tol=1.e-6):
n = bs.size
Xnews = np.zeros(n)

for k in range(1l,kmax):
XS = np.copy(xnews)

for i in range(n):
slt = A[i,:i]J@xs[:i]
sgt = A[i,i+1:]@xs[i+1:]
xnews[i] = (bs[i] - slt - sgt)/A[i,i]

err = termcrit(xs, xnews)
print(k, xnews, err)
if err < tol:
break
else:
xnews = None

return xnews

if _name == ‘_main ’:
n =4; val = 21
A, bs = testcreate(n,val)
A += val*np.identity(n)
testsolve(jacobi,A,bs)

Implementation

Code 4.5 is a Python implementation of the Jacobi algorithm described above. We first
define a short function termcrit () to encapsulate our termination criterion, Eq. (4.170).
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We use numpy functionality to conveniently form and sum the ratios [xf,k) - xfk_l)] / xgk), this
time employing numpy . sum(). We then turn to the function jacobi (), which contains
two loops, one to keep track of which Jacobi iteration we’re currently at and one to go over
the x; in turn. Observe how convenient numpy’s functionality is: we are carrying out the
sums for j indices that are larger than or smaller than 7, without having to employ a third
loop (or even a third index: j is not needed in the code); we don’t even have to employ
numpy . sum(), since @ takes care of everything for us.

Our program employs the for-else idiom that we introduced in chapter 1: as you
may recall, the else is only executed if the main body of the for runs out of iterations
without ever executing a break (which for us would mean that the error we calculated
never became smaller than the pre-set error tolerance).

Observe that we have been careful to create a new copy of our vector each time through
the outside loop, via xs = np.copy(xnews). This is very important: if you try to use sim-
ple assignment (or even slicing) you will get in trouble, since you will only be making xs
a synonym for xnews: this would imply that convergence is always (erroneously) reached
the first time through the loop.

In the main program, we first create our test matrix A: in this case, we also modify it
after the fact, to ensure “by hand” that it is diagonally dominant. Had we not, Jacobi’s
method would flail and return None. Observe that our definition of jacobi () uses default
parameter values; this allows us to employ testsolve(), which assumes our system-
solver only takes in two arguments, just like before. Running this code, we find that we
converge in roughly three dozen iterations.”® Of course, how fast we will converge will
also depend on our initial guess for the solution vector (though we always take x© = 0
for simplicity). In a problem, you are asked to modify this code, turning it into the Gauss—
Seidel method: a tiny change in the algorithm makes it converge considerably faster.

4.4 Eigenproblems

We turn to the “second half” of linear algebra, namely the matrix eigenvalue problem:
AVi = /l,'Vi (4172)

The main trick we employed in the previous section is no longer applicable: subtracting a
multiple of a row from another row (i.e., the elimination procedure) changes the eigenval-
ues of the matrix, so it’s not an operation we’ll be carrying out in what follows.

As usual, we will be selective and study the special case where our n X n matrix A has n
eigenvalues A; that are all distinct. This simplifies things considerably, since it means that
the n eigenvectors v; are linearly independent. In this case, it is easy to show (as you will
discover when you solve the relevant problem) that the following relation holds:

26 You should comment out the call to print () once you are ready to use the code for other purposes.
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VAV = A (4.173)

where A is the diagonal “eigenvalue matrix”” made up of the eigenvalues A;:

A 0 ... 0
o A4 ... O

A= . ) (4.174)
0 0 ... A1

and V is the “eigenvector matrix”’, whose columns are the right eigenvectors v;:
V=(vo vi ... Vi) (4.175)

Equation (4.173) shows how we can diagonalize a matrix, A. As aresult, solving the eigen-
problem (i.e., computing the eigenvalues and eigenvectors) is often called diagonalizing a
matrix.

While we will be studying only diagonalizable matrices, these are not toy problems. As
a matter of fact, our approach will be quite general, meaning that we won’t assume that our
matrices are sparse or even symmetric; while many problems in physics lead to symmetric
matrices, not all do.?” That being said, the eigenvalue problem for nonsymmetric matrices
is messy, since the eigenvalues do not need to be real; in what follows, we will study only
nonsymmetric matrices that have real (and distinct) eigenvalues.

In section 4.1.2 we saw that writing out det(A — A7) = 0 leads to a characteristic equation
(namely a polynomial set to 0). As you will learn in chapter 5, finding the roots of poly-
nomials is very often an ill-conditioned problem, even when the corresponding eigenvalue
problem is perfectly well-conditioned. Thus, it’s wiser, instead, to transform the matrix
into a form where it’s easy to read the eigenvalues off, while ensuring that the eigenvalues
of the starting and final matrix are the same.

The methods we do employ to computationally solve the eigenvalue problem are itera-
tive; this is different from the system-solving in the previous section, where some methods
were direct and some were iterative. Your first encounter with such an iterative method (the
Jacobi method) may have felt underwhelming: if the matrix involved was not diagonally
dominant, that approach could not guarantee a solution. In contradistinction to this, here
we will introduce the state-of-the-art QR method, currently the gold standard for the case
where one requires all eigenvalues. Before we get to it, though, we will discuss the power
and inverse-power methods: these help pedagogically, but will also turn out to be con-
ceptually similar to the full-blown QR approach. By the end of this section, we will have
produced a complete eigenproblem-solver (all eigenvalues and all eigenvectors); splitting
the discussion into several constituent methods will allow us to introduce and test the nec-
essary scaffolding, so that the final solver does not appear too forbidding.

Even though we will create from scratch a stable eigenproblem solver, we will not in-
clude all bells and whistles. Thus, we won’t be discussing things like the Aitken accelera-

27 The literature on the eigenvalue problem is overwhelmingly focused on the case of symmetric matrices.
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tion, the Householder transformation, the concept of deflation, and so on. In the real world,
one often first carries out some “preprocessing”, in order to perform the subsequent calcu-
lations more efficiently. In the spirit of the rest of the book, we are here more interested in
grasping the essential concepts than in producing a hyper-efficient library.?®

4.4.1 Power Method

As already mentioned, we will start with the simplest possible method, which turns out
to be intellectually related to more robust methods. The general problem we are trying
to solve is Av; = A;v;: A; are the true eigenvalues and v; are the true eigenvectors (all of
which are currently unknown). Since we’re making the assumption that all n eigenvalues
are distinct, we are free to sort them such that:

|/l()| > |/l]| > |/12| >0 > |/ln_1| (4176)

The power method (in its simplest form) will give us access to only one eigenvalue and
eigenvector pair. Specifically, it will allow us to evaluate the largest eigenvalue Ay (also
known as the dominant eigenvalue) and the corresponding eigenvector vo.>

Algorithm: First Attempt

Let us immediately start with the power-method prescription and try to elucidate it after
the fact. In short, we start from an ad hoc guess and then see how we can improve it, as is
standard in iterative approaches. The method tells us to start from a vector z® and simply
multiply it with the matrix A to get the next vector in the sequence:

20 = AZ%D k=1,2,... 4.177)

Note that, just like in section 4.3.5 on the Jacobi method, we are using superscripts in
parentheses, (k), to denote the iteration count. Obviously, we have 7V = Az© then z® =
Az = A2z and so on, leading to:

2P =A2O0 k=12 ... (4.178)

This is the source of the name “power method”: iterating through the steps of the algorithm,
we see the powers of the original matrix A making their appearance.

To see what any of this has to do with calculating eigenvalues, we express our starting
vector ¥ as a linear combination of the (unknown) eigenvectors:

n—1

70 = Z Civi (4.179)

i=0

where the coefficients ¢; are also unknown. Note that the i subscript here refers to which

28 Even so, the problems discuss some of the more advanced aspects we left out.
29 This time we are not starting from the most general method, but from the most specific method.
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eigenvector v; we are dealing with (so the m-th component of the i-th eigenvector would
be denoted by (v;),,). Now, putting the last two equations together, we have:

n—1 n—1 n—1 1 k
Z(k) = AkZ(O) = Z C,'AkV,' = Z C,'/li»(Vl' = C()/l](()V() + /115 Z Ci (/l_l) A\ k= 1,2, Ce
n : : 0
i=0 i=0 i=1

(4.180)

In the second equality we pulled the A* inside the sum. In the third equality we used
our defining equation, Av; = A;v;, repeatedly. In the fourth equality we separated out the
first term in the sum and also took the opportunity to multiply and divide with /16 in the
second term. Looking at our result, we recall Eq. (4.176) telling us that A is the largest
eigenvalue: this implies that in the second term, (Ai/0)F = 0 as k — oo. To invert this
reasoning, the rate of convergence of this approach is determined by the ratio |1; /Ag|: since
we’ve already sorted the eigenvalues, we know that A; is the eigenvalue with the second
largest magnitude, so the |1; /1| ratio will be the largest contribution in the sum. Thus, if
we further assume that ¢y # 0, i.e., that zZ©® has a component in the direction of vy, then we
have reached the conclusion that as we progress with our iteration we tend toward a z¥ in
the direction of v( (which is the eigenvector corresponding to the largest eigenvalue, Ap).
We see from Eq. (4.180) that our z® will tend to co/lgvo. Of course, we don’t actually
know any of these terms (cy, Ao, or vg). Even so, our conclusion is enough to allow us to
evaluate the eigenvalue. To do so, introduce the Rayleigh quotient of a vector x as follows:

(4.181)

If x is an eigenvector, u(x) obviously gives the eigenvalue; if x is not an eigenvector, ((X)
is the nearest substitute to an eigenvalue.>® Thus, since Eq. (4.180) tells us that z® will
tend to be proportional to v, we see that ,u(z(")) will tend to Ay (since everything else will
cancel out). We have therefore been able to calculate the dominant eigenvalue, 4. In other
words, for k finite, 1(z®) is our best estimate for Aj.

Algorithm: Normalizing

At this point, we could also discuss how to get the dominant eigenvector, vy, from z®,
Instead of doing that, however, we observe that we have ignored a problem in our earlier
derivation: in Eq. (4.180) the /115 will become unbounded (if |[1g] > 1) or tend to O (if
|29| < 1). In order to remedy this, we decide to scale the sequence z¥' between steps.

The simplest way to accomplish such a scaling is to introduce a new sequence q* which
has the convenient property that ||q¥'|| = 1. In all that follows we are employing a Euclidian
norm implicitly.?! To do this, simply scale the z¥ with its norm:

k
W _ )
[lz0]]

q (4.182)

30 In the least-squares sense, introduced in chapter 6.
31 Our choice to use these specific symbols, q and z, will pay off in coming sections.
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As you can see by taking the norm on both sides, we have IIq(k)II = 1, as desired. It’s also
easy to see that the Rayleigh quotient for our new vector q© will be:

u(q@®) = [q©1"Aq® (4.183)

since the denominator will give us 1.
Thus, our new normalized power-method algorithm can be summarized as the following
sequence of steps fork = 1,2,...:

2® = AqD

7

Xl
1@ = [q”1"Aq"

q® = (4.184)

We get this process going by starting from a unit-norm initial vector q. Similarly to what
we had before, for this to work q* should have a component in the direction of vy.

You should spend some time thinking about Eq. (4.184), mentally or manually going
through the steps of Eq. (4.180). For the unscaled method we know that z®¥ is equal to
A*zO | from Eq. (4.178). In the present, scaled, case, q©' is not equal to but proportional
to Aq®: the multiplication with A keeps happening at every step, but now we are also
rescaling the result of the multiplication so we end up with a unit norm each time.

Finally, observe that as part of our algorithm we have already produced not only our
best estimate for the dominant eigenvalue, u(q®), but also the corresponding eigenvector,
which is nothing other than q*), conveniently having unit norm. As before, the z will
tend to be proportional to the dominant eigenvector vy; this time the scaling that leads to
q® simply removes all prefactors and we’re left with v.

Implementation

Code 4.6 is an implementation of Eq. (4.184) in Python. We create a function to eval-
uate the norm of vectors, as per Eq. (4.37), since we’ll need it to do the rescaling af-
ter each matrix-vector multiplication; the square is produced by saying np.sum(xs*xs),
even though for these purposes we could have, instead, said xs@xs. The function power ()
takes in a matrix and an optional parameter of how many times to iterate. We start out with
q?, a unit-norm vector that’s pulled out of a hat. We then multiply A with our unit-norm
vector, to produce a non-unit-norm vector, z¥'. We proceed to normalize z*¥ to get q¥.
This is then done again and again. Evaluating the Rayleigh quotient at each step would
have been wasteful so what we do instead is to wait until we’re done iterating and then
evaluate [q¥]"Aq® only once.3> We also wrote a function that tests one eigenvalue and
eigenvector pair by comparing against numpy.linalg.eig(). This is simply a wrapper

32 NumPy knows how to interpret qs@A@qs, without us having to say np.transpose (qs)@A@gs.
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from triang import testcreate
import numpy as np

def mag(xs):

return np.sqrt(np.sum(xs*xs))

def power(A,kmax=6):
zs = np.ones(A.shape[0])
gs = zs/mag(zs)
for k in range(l,kmax):
zs = A@gs
qs = zs/mag(zs)
print(k,qgs)

lam = gqs@A@gs
return lam, qgs

def testeigone(f,A,indx=0):
eigval, eigvec = f(A)
print(" "); print(eigval); print(eigvec)
npeigvals, npeigvecs = np.linalg.eig(A)
print(" ")

print(npeigvals[indx]); print(npeigvecs[:,indx])

if _name__ == ‘_main__’:
A, bs = testcreate(4,21)
testeigone (power,A)

to state-of-the-art LAPACK functionality. The main program uses our old testcreate()
function to produce a test matrix A. The final lines of the output are:

21.3166626635
[ 0.44439562 0.48218122 0.51720906 0.55000781]

21.3166626635
[ 0.44439562 0.48218122 0.51720906 0.55000781]

Check to see that the eigenvector stops changing after a few iterations. In the code we just
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discussed, we arbitrarily pick a given number of total iterations; it is in principle better to
introduce a self-terminating criterion. Since our algorithm works by generating new vectors
q®, the most obvious choice in this regard is Eq. (4.170):

k k—1
g -4

(k)
qj

Jj=0

<e (4.185)

which is expressed in terms of the relative difference in the components. A problem asks
you to implement the power method with this criterion.

Operation Count

For iterative methods, the total operation count depends on the actual number of iterations
required, which we generally cannot predict ahead of time (since it depends on the starting
point, the error tolerance, the stopping criterion, etc.). For example, our 4 X 4 test matrix
took four iterations, whereas if you use testcreate() for the 20 x 20 case you will need
six total iterations. Thus, any operation count we encounter will also have to be multiplied
by m, where m is the number of actual iterations needed. The value of m required is related
to the separation between the eigenvalue we are after and the next closest one.

The bulk of the work of the power method is carried out by z¥ = Aq*~D: this is a
matrix-vector multiplication. As we discussed in section 4.3.1, this costs ~2n? operations.
The power method also requires the evaluation of the norm of z¥. You will show in a prob-
lem that vector—vector multiplication costs ~2n. Thus, so far the cost is ~2mn?. Finally, we
also need the Rayleigh quotient, which is made up of a single matrix-vector multiplica-
tion, ~2n2, and a single vector—vector multiplication, ~2n. In total, we have found that the
operation count for the power method is ~2(m + 1)n?.

4.4.2 Inverse-Power Method with Shifting

We will now discuss a variation of the power method, which will also allow us to evalu-
ate one eigenvalue and eigenvector pair. This time, it will be for the eigenvalue with the
smallest magnitude (in absolute value).

Algorithm

Let’s start with our defining equation, Av; = A;v;. Multiplying on the left with A~ we find
v; = ;A" !v;. Dividing both sides of this equation with A;, we get:

Aly; = Ay, (4.186)
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where 4™ is an eigenvalue of the inverse matrix and we just showed that 4™ = 1/2;.% We
have proven that the eigenvectors of A~! are the same as the eigenvectors of A. Similarly,
we’ve shown that the eigenvalues of A~ are the reciprocals of the eigenvalues of A.

The basic idea is to apply the power method, Eq. (4.184), to the inverse matrix, A~

2V = A"'¢* D (4.187)

If you now combine the fact that the power method determines the largest-magnitude eigen-
value with the result /lgnv = 1/4;, our new approach will allow us to evaluate the eigenvalue
of the original matrix A with the smallest absolute value, namely A,,_;, as per Eq. (4.176).
Similarly, our scaled vector q* will tend toward the corresponding eigenvector, v,_;. In
addition to normalizing at every step, as in Eq. (4.184), we would also have to evaluate the
Rayleigh quotient for the inverse matrix at the end: [q¥]" A~!q®. Of course, since we re-
cently showed that A and A~! have the same eigenvectors, we could just as easily evaluate
the Rayleigh quotient for the original matrix A:

u(q®) = [q©1"Aq® (4.188)

to evaluate A,,—;. The results of using the two different Rayleigh quotients will not be the
same, but related to each other (the first one will give 1/4,; and the second one 4,,_;).

While conceptually this is all the “inverse power” method amounts to, in practice one
can avoid the (costly) evaluation of the inverse matrix; multiply Eq. (4.187) with A from
the left, to find:

Az® = ¢V (4.189)
This is a linear system of the form Ax = b which can be solved to give us z¥. Every
step of the way we will be solving a system for the same matrix A but different right-hand

sides: by saying LUx = b we are then able to solve this system by forward and then back

substitution, as per Eq. (4.145):
Ly=>b
Y (4.190)
Ux =y

for different choices of b. Thus, we LU-decompose once (this being the most costly step),
and then we can step through Eq. (4.189) with a minimum of effort. To summarize, the
inverse-power method consists of the following sequence of steps fork = 1,2,.. .:

Azb = g+
o 2
1z

u@®) = [q”1"Aq"

(4.191)

q

As should be expected, we get this process going by starting from a unit-norm initial vector

33 The special case A; = 0 is easy to handle: since the determinant of a matrix is equal to 0 when an eigenvalue
is 0, such a matrix is not invertible, so we wouldn’t be able to multiply with A" in the first place.
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q©. Similarly to what we had before, for this to work q* should have a component in the
direction of v,_;. Observe how our procedure in Eq. (4.191) is almost identical to that of
the power method in Eq. (4.184): the only (crucial) difference is that here we have A on
the left-hand side so, instead of needing to carry out a matrix-vector multiplication at each
step, we need to solve a linear system of equations at each step. Thus, the crucial part of
this process is Az¥ = q*~1, which is made easy by employing LU decomposition.

Eigenvalue Shifting

We could proceed at this point to implement the inverse-power method. Instead of doing
that, however, we will first further refine it. As usual, let’s start with our defining equation,
Av; = A;v;. Subtract from both sides of this equation sv; where s is some scalar, known as
the shift, for reasons that will soon become clear. The resulting equation is:

(A= sD)v; = (A; — s)V; (4.192)
which can be written as:
A*Vi = /l?V,‘
A"=A-sT (4.193)
/lj = /l,' -8

In words, if you can solve the eigenproblem for the matrix A* you will have evaluated
eigenvectors v; which are identical to those of A. Furthermore, you will have evaluated the
eigenvalues A7, which are equal to the eigenvalues A; of matrix A shifted by s.

Consider applying the inverse-power method of the previous subsection to solve the first
equation in Eq. (4.193). Conceptually, what we are suggesting to do is to apply the direct
power method for the matrix (A — sZ)~! or, equivalently, the inverse-power method for the
matrix A — s7.* To be explicit, we are choosing to follow this sequence of steps:

A*z® = g*D

w_ 2
q :||z(k)|| (4.194)

(@) =[q®1"A"q®

*

This will allow you to evaluate the smallest eigenvalue, A7, of the matrix A*. But, since
A7 = A; — s, finding the smallest A7 is equivalent to having evaluated that eigenvalue A;
of the original matrix A which is closest to s. This explains why we were interested in
combining the inverse-power method with eigenvalue shifting: the “inverse-power” part

34 We will sometimes mention the direct power method, to distinguish it from the inverse-power method.
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allows us to find the smallest eigenvalue and the “shifting” part controls what “smallest”
means (i.e., the one that minimizes A; — s).

As a matter of fact, given that ¢ will be converging to v; (which is an eigenvector
of A" and of A) when evaluating the Rayleigh quotient we could use, instead, the same
formula as before, namely u(q®) = [q®]7 Aq¥: this would automatically give us 4;.* In
Eq. (4.194) we used A* in the Rayleigh quotient for pedagogical clarity, but once you’ve
understood what’s going on there’s no need to take that extra step.

Now, when carrying out the shift for the matrix A*, we can pick several different values
for s and (one can imagine) evaluate all the eigenvalue and eigenvector pairs for matrix
A.3° What we’ll do, instead, in coming sections is to assume we have access to an estimate
for a given eigenvalue: in that case, the inverse-power method with shifting allows you to
refine that estimate. Significantly, our new method is also quite useful when you already
know an eigenvalue (even very accurately) but don’t know the corresponding eigenvector:
by having s be (close to) the true eigenvalue 1;, a few iterations will lead to q* converging
to v;. (This will come in very handy in section 4.4.4 below.)

Before turning to Python code, let us examine a final application of eigenvalue shifting.
Recall that the power method’s convergence is determined by the ratio |1, /4y|, where 4, is
the eigenvalue with the second largest magnitude. Similarly, since the (unshifted) inverse-
power method converges toward the smallest eigenvalue 4,1, the rate of convergence will
depend on the ratio |4,—; /A,->|: if A4,—> is much larger than 4,,—; then we’ll converge rapidly
(and if it’s not much larger, then we’ll have trouble converging). One can envision, then,
employing a shift s that makes the ratio [4;_, /4> ,| as small as possible. As a matter of fact,
taking s to be very close to 4,1 should be enough to enforce this (since 4_; = 4,1 — ).
We won’t be following this route in what follows, but it’s worth knowing that eigenvalue
shifting is frequently used to accelerate convergence.

Implementation

Code 4.7 is a Python implementation of the inverse-power method. Comparing our new
function to power (), we notice three main differences. First, at the start we shift our orig-
inal matrix to produce A* = A — s7. We then apply our method to this, shifted, matrix.
At the end of the process, if successful, we evaluate the Rayleigh quotient for the original
matrix, which allows us to evaluate the eigenvalue A; of the original matrix that is closest
to the hand-picked shift s.

Second, we implement a self-stopping criterion, since later we intend to fuse our inverse-
power shifted function with another method, and we don’t want to be wasteful (e.g., car-
rying out hundreds of iterations when one or two will do). Thus, we have been careful to
create a new copy of our vector each time through the loop, via gs = np.copy(gnews).
This code employs the for-else idiom, just like jacobi () did: now that we know what

35 1f we used u*(q®) = [qP1T A*qP, instead, we would get A7 and would still have to add s back in, in order to
get A;, given that 4] = 4; — s.

36 Actually, if you have no prior input this is an inefficient way of finding all eigenvalues, since we don’t know
how to pick s, e.g., should we use a grid?
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invpowershift.py

from triang import forsub, backsub, testcreate
from ludec import ludec

from jacobi import termcrit

from power import mag, testeigone

import numpy as np

def invpowershift(A,shift=20,kmax=200,tol=1.e-8):
n = A.shape[0]
Zhews np.ones(n)
gnews = znews/mag(znews)
Astar = A - np.identity(n)*shift
L, U = ludec(Astar)

for k in range(l,kmax):
gs = np.copy(gnews)
ys = forsub(L,qgs)
znews = backsub(U,ys)
gnews = znews/mag(znews)

if gs@gnews<0:
gnews = -gnews

err = termcrit(qs, gnews)
print(k, gnews, err)

if err < tol:
lam = gnews@A@gnews
break

else:
lam = gnews = None

return lam, gnews
if _name__ == ‘_main__’:

A, bs = testcreate(4,21)
testeigone(invpowershift,A)
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we are testing against in order to succeed, we can also account for the possibility of failing
to converge in the given number of iterations. Importantly, we also check to see if we need
to flip the sign of our vector: when the eigenvalue is negative, left on its own the sign of
q® would change from iteration to iteration.’” Our new function would always think it’s
failing to converge, since a vector is very different from its opposite; we take care of this
by checking for sign flips and adjusting accordingly.

Third, power () is implementing the (direct) power method so the bulk of its work is
carried out using @. Here, we have to solve a linear system of equations: to do that, we first
LU-decompose the shifted matrix A*. This is done only once, outside the loop: then, inside
the loop we only use the forward and back substitution functions, which are considerably
less costly.

Running this code, the final lines of the output are:

21.3166626635
[ 0.44439562 0.48218122 0.51720906 0.55000781]

21.3166626635
[ 0.44439562 0.48218122 0.51720906 0.55000781]

Crucially, we did not need to carry out kmax iterations. We have picked s = 20, precisely
because we wanted to find the eigenvalue that is the same as that given by the direct power
method (i.e., the largest one). We encourage you to play around with shift and find all
the eigenvalue and eigenvector pairs for this simple 4 x 4 example.

Operation Count

Just like in the case of the power method above, when estimating the operation count for
the inverse-power method we don’t really know ahead of time how fast it will converge.
Thus, any operation count we encounter will also have to be multiplied by m, where m is
the number of actual iterations required.

The bulk of the work of the inverse-power method is carried out by A*z®) = q*=V: this is
a linear system of equations that has to be solved again and again. As we discussed earlier,
we carry out a single LU decomposition for A*. We recall that an LU decomposition costs
~2n3/3 operations. (You might be wondering why we didn’t bother counting how many
operations were required to build up the matrix A*. The reason is that since the shift only
affects the diagonal, this would be O(n) so it doesn’t matter.)

The inverse-power method also requires a forward substitution (n?) and a back sub-
stitution (n?), as well as a vector-norm evaluation (~2n), each time through the loop. In
total, these three contributions add up to ~2mn?. Similarly, the Rayleigh quotient evalu-
ation costs ~2n2. In total, we have found that the operation count for the inverse-power
method is ~2(m + 1)n +2n3 /3. Thus, we see that while the power method cost involves n?,
the inverse-power method cost involves n*. This change in order of magnitude costs arose

37 The function power () doesn’t worry about this, since it blindly keeps iterating regardless of the sign: the
easiest way to test this is to say A = -A in the main program after creating the test matrix.
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solely due to the LU decomposition; said another way, if you have pre-LU-decomposed
your matrix, then the inverse-power method costs as much as the direct power method.
(Said yet another way: typically m ~ n, in which case both the direct and the inverse-
power method scale as on?).)

4.4.3 QR Method

The (direct or inverse) power method that we’ve discussed so far gives us only one eigen-
value at a time (either the largest or the smallest). As we saw, you could combine the
latter method with eigenvalue shifting and then try to step through all the eigenvalues of
your matrix. In the present section, we will discuss a robust and scalable method used to
evaluate all the eigenvalues of a matrix at one go. We will be introducing the QR method:
this approach, developed by J. Francis in the early 1960s, takes its name from the QR de-
composition (also known as the QR factorization) and then adds a clever trick that allows
one to simply read off all the eigenvalues of our matrix. In order to better grasp this trick,
we will also make a slight detour into similarity transformations and the related approach
known as “simultaneous iteration”. We’ll try to keep the terminology straight: we use the
QR decomposition in order to express a matrix as the product of two other matrices, while
we use the QR method in order to evaluate all eigenvalues of a matrix.

QR Decomposition

We start from the concept of the QR decomposition, which turns out to be very significant:
according to the authors of Ref. [95], this is the most important idea in numerical linear
algebra. As usual, we will not cover all variations of the approach, nor will we see all
possible applications. That being said, we will derive things explicitly and implement them
in Python for a quite general case.

It’s worth keeping in mind that (as mentioned above) all methods that compute eigen-
values are iterative, but the QR decomposition is a direct method: just like the LU decom-
position we discussed in an earlier section, it goes through a fixed number of steps, until it
has decomposed the starting matrix in the desired form.3®

Let’s be explicit. The QR decomposition starts with a matrix A and decomposes it into
the product of an orthogonal matrix Q and an upper-triangular matrix R. (This upper-
triangular matrix is called R and not U, as we did above, for historical reasons.) Symboli-
cally, we say that any real square matrix can be factorized as:

A=QR (4.195)

Recall from Appendix C.2 that a matrix is called orthogonal if the transpose is equal to the
inverse, Q! = Q. We can recast this definition as Q" Q = 7, showing that an orthogonal

38 There’s no contradiction here: QR decomposition may be direct, but the QR method, which actually calculates
the eigenvalues, is iterative.
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matrix has orthonormal columns (i.e., columns that are orthogonal unit vectors — you can
see that a better name would have been “orthonormal matrix”).

Now, a bit on strategy: we will provide what is known as a “constructive” proof. That
means that we will explicitly show how to construct the orthogonal matrix Q starting from
our original matrix A. When we are done with that process, we will show that it is easy
to find (as a matter of fact, we will have already found) an upper-triangular matrix R that,
when multiplied with Q on the right, allows us to reconstruct the original matrix A.

Evaluating Q: We start by constructing the orthogonal matrix Q. We will employ an old
method which you may have encountered in a course on linear algebra: Gram—Schmidt
orthogonalization. Let us write our starting matrix A in terms of its columns a;:

A=(ag ar ... a,.) (4.196)

Our task now is to start from assuming that the column vectors a; are linearly independent
and try to produce an orthonormal set of column vectors q;. When we’ve accomplished
that task, we will have already produced our orthogonal matrix Q:

Q=(q0 @ .. qu1) (4.197)

since Q will be made up of the orthonormal column vectors q; we just constructed.

To ensure that everything is transparent, we will build these orthonormal q; column
vectors one at a time. The first vector, qo, is very easy to produce: simply pick it to be in
the direction of ay and scale it by the norm of ag (to ensure that qq is a unit vector):

qo = Ao (4.198)
llaol|
Unfortunately, this trivial prescription (simply divide by the norm) is not enough to produce
the next orthonormal vector, q;; this is because we need the q; to be orthogonal to each
other and we have no guarantee that a; is orthogonal to ay (actually, these two almost
certainly are not orthogonal to each other).
Here’s the Gram—Schmidt prescription: in order to find a vector that is orthogonal to qq,
take the second vector, a;, and subtract out its component in the direction of qo:

a) =a; - (q}a)qo (4.199)

This is the part of a; that does not point in the direction of ay (or of qg). You should
explicitly check that a} is perpendicular to qo. The only thing that’s left in order to produce
our second orthonormal vector q; is to normalize af:

’

I

qi (4.200)
which gives us a unit vector.

You are probably starting to discern the pattern, but let’s do one more step explicitly.
We’ve already determined q( and q;. To determine q, we, again, start with a,; this time we
want to subtract any component in the plane of qg and q;. Thus, we take a, and subtract
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its component in the direction of qg as well as its component in the direction of q:

a) = a, - (qja2)qo — (qf a2)q (4.201)
Having made a orthogonal to both qo and q; (check this!), all that’s left is to scale a:

’

a,

Q=— (4.202)
[l |l
Clearly, the general pattern is, for j =0,1,...,n—1:
j-1
aj=a; - Z(‘L‘Ta]‘)ql'
, i=0 (4.203)
4
q9; ==
]

where we’ve assumed that you can also extend this definition naturally to j = O (for this
case, there are no terms in the sum, so aj = ap and we agree with Eq. (4.198)). We have
therefore succeeded in constructing the orthonormal set of q; vectors. In other words, we
have produced the orthogonal matrix Q, as desired.

Evaluating R: We now turn to the matrix R. Let us, momentarily, assume that A = QR
holds, and try to see if there is an easy way to determine R. Using the notation employing
column vectors, A = QR can be rewritten as:

Ryw Roi Ry ... Rop

0 Rin R ... Ry

(ao a a ... an—1)=((I0 qaqQ 9 ... qn—l) 0 0 Ryp ... Ryp
0 0 0 ... R
(4.204)

Let’s explicitly carry out the matrix multiplication and identify matrix elements (which
themselves are column vectors) on the left-hand and the right-hand side. We find:

ap = Rooqo
a; = Roiqo + Ri1qu
a = Rpqo + Ri2q;1 + Rnq

(4.205)
a; = Rojqo + Rijq1 +--- + Rj;q;

.1 = Rop1qQo + Ripm1q1 + - + Ry m1Q0-1
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where we also showed an intermediate case, a;. These equations can be solved for q;:

q() = ﬂ’ q] = al _R01q09 q2 = az _Roqu_Rlqu, ceey
Roo Ry Ry 4206)
. . ]
q; = aj B Z{:O Rijqi q _ -1 — Z,’:o2 Ri,n—lqi
i= 5 > ey n-1 =
! Rjj Rn—l,n—l

Comparing this general result for q; with what we found in Eq. (4.203), we see that it is
appropriate to identify the matrix elements of R as follows:

Rj=qla;, j=0,1,....n—1, i=0,1,...,j-1

/ j-l . (4.207)
Rjj =&l = laj = ) Riqil, j=0,1,....n—1
i=0

where, implicitly, R;; = 0 for i > j. Note a somewhat subtle point: we have chosen the
diagonal elements of R to be positive, R;; > 0, in order to match our earlier definitions.
This wasn’t necessary; however, if you do make the assumption R;; > 0, then the QR
decomposition is uniquely determined.

Crucially, both R;; = qiTa jand Rj; = ||af].|| are quantities that we have already evaluated
in the process of constructing the matrix Q. That means that we can carry out those compu-
tations in parallel, building up the matrices Q and R together. This will become clearer in
the following subsection, when we provide Python code that implements this prescription.

To summarize, we have been able to produce an orthogonal matrix Q starting from the
matrix A, as well as an upper-triangular matrix R which, when multiplied together, give
us the original matrix: A = QR. We have therefore accomplished the task we set out to
accomplish. There are other ways of producing a QR decomposition, but for our purposes
the above constructive proof will suffice.

Backing up for a second, we realize that what Gram—Schmidt helped us accomplish
was to go from a set of n linearly independent vectors (the columns of A) to a set of n
orthonormal vectors (the columns of Q). These ideas can be generalized to the infinite-
dimensional case: this is the Hilbert space, which you may have encountered in a course
on quantum mechanics. Without getting into more detail, we note that it is possible to
also extend the concept of a vector such that it becomes continuous, namely a function! If
we also appropriately extend the definition of the inner product (to be the integral of the
product of two functions), then all these ideas about orthonormalization start to become
applicable to functions. As a matter of fact (as you’ll see in a problem), if you start from
the monomials 1, x, x?, ... and apply the Gram—Schmidt orthogonalization procedure, you
will end up with the Legendre polynomials which are, indeed, orthogonal to each other.
This is neither our first nor our last encounter with these polynomials.
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grdec.py

from triang import testcreate

from power import mag
import numpy as np

def grdec(A):
n = A.shape[0]
Ap = np.copy(A)
Q = np.zeros((n,n))
R = np.zeros((n,n))
for j in range(n):
for i in range(j):
R[i,j] = Q[:,i]@A[:,]]
Ap[:,j] -= R[i,j1*Q[:,1]

R[j,]]
Q[:,]]

return Q, R

mag(Ap[:,j1)
Ap[:,j1/R[],]]

def testgrdec(A):
n = A.shape[0]
Q, R = grdec(A)
diffa = A - Q@R
diffg = np.transpose(Q)@Q - np.identity(n)
print(n, mag(diffa), mag(diffq))

if _name == ‘_main_’:
for n in range(4,10,2):
A, bs = testcreate(n,21)
testqrdec(A)

QR Decomposition: Implementation

When thinking about how to implement the QR decomposition procedure, we direct our
attention to Eq. (4.203), which tells us how to construct the matrix Q, and Eq. (4.207),
which tells us how to construct the matrix R. The obvious way to test any routine we
produce is to see if the product QR really is equal to the original matrix A. Thus, what we
can do is inspect the norm [|A — QR|| to see how well we decomposed our matrix (this may
bring to mind the residual vector r = b — AX from section 4.2).

Another concern emerges at this point: we saw that the Gram—Schmidt procedure guar-



192

Matrices

antees the orthogonality of the matrix Q. In other words, mathematically, we know by
construction that Q”Q = 7 should hold. However, since we are carrying out these cal-
culations for floating-point numbers (i.e., in the presence of roundoff errors), it’s worth
explicitly investigating how well this orthogonality holds. To do that, we will also evaluate
the norm [|Q7Q — || explicitly. Deviations of this quantity from zero will measure how
poorly we are actually doing in practice.

Code 4.8 is a Python implementation of QR decomposition, together with the afore-
mentioned tests. We immediately see that this is not an iterative method: we don’t have a
kmax or something along those lines controlling how many times we’ll repeat the entire
process. Put differently, it is n, namely the size of the problem, that directly controls how
many iterations we’ll need to carry out. The function qrdec() is a mostly straightforward
implementation of the equations we developed above. Note how R;; is evaluated by mul-
tiplying two one-dimensional NumPy arrays together (so there was no need to take the
transpose). The code then proceeds to use the already-evaluated R;; in order to build up a}:
note that we use columns of n X n matrices throughout, so we’ve also created Ap, which
corresponds to a collection of the columns a} into a matrix A”.>° The values over which
i and j range are those given in Eq. (4.207). When j = 0, no iteration over i takes place.
Once we’re done with the inner loop, we evaluate the diagonal elements R; and use them
to normalize the columns of A’ thereby producing the matrix Q.

We’ve also created a function that computes the norms ||A — QR|| and [|Q” Q — 7]|. These
are easy to implement; note, however, that in this case the transposition in Q7 has to be
explicitly carried out in our code. Another thing that might raise a red flag is our use of
mag() from power.py. As you may recall, that function had been developed in order to
compute the magnitude of vectors, not the norm of matrices. However, due to the pleasant
nature of Python and NumPy, it works just as well when you pass in a matrix. This happens
to be the reason we had opted to say np.sum(xs*xs) instead of xs@xs: if you pass in a
matrix in the place of xs, xs@xs carries out a matrix multiplication, and that’s not how the
matrix norm is defined in Eq. (4.34).

In the main body of the code, we print out the test norms for a few problem dimension-
alities. For the 4 X 4 problem both the reconstruction of A using Q and R, on the one hand,
as well as the orthogonality of Q, on the other hand, perform reasonably well, even in the
presence of roundoff errors. As a matter of fact, ||A — QR|| is tiny, close to machine preci-
sion. We notice that something analogous holds for the 6 X 6 and 8 x 8 problems as well:
the product QR is a great representation of the matrix A. Unfortunately, the same cannot
be said for the degree of orthogonality of the matrix Q: clearly this gets quite bad even for
moderate system sizes.

Actually, the orthogonality (or lack thereof) is troubling even for the 4 X 4 case. One of
the problems asks you to use QR decomposition to solve Ax = b; you’ll see that even for
the 4 x 4 problem the solution is disappointing. Of course, this is a section on eigenvalue
evaluation, not on linear-system solving: we are building QR decomposition as a step in
our QR method (and it will turn out that this lack of orthogonality is not as troubling for

39 A’ starts out as a copy of A, because that’s always the first step in the Gram—Schmidt prescription for a;.: start
from a; and subtract out what you need to.
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our purposes). That being said, it’s worth knowing that Gram—Schmidt orthogonalization,
which we just discussed, is poorly behaved in the presence of roundoff errors. This is why
the algorithm presented above is known as classical Gram—Schmidt, in contradistinction
to what is known as modified Gram—Schmidt. This, as you’ll find out when you solve the
relevant problem, has better orthogonality properties.*’

Similarity Transformations

We now make a quick detour, before picking up the main thread of connecting the QR
decomposition with the general QR method. First, recall from Eq. (4.173) that when we
diagonalize a matrix A we manage to find the matrices V and A such that:

VAV = A (4.208)

where A contains the eigenvalues of A and V is made up of the eigenvectors of A.
Assume there exists another (non-singular) matrix, S, such that:

A’ =S7'AS (4.209)

It is obvious why we assumed that S is non-singular: we need to use its inverse. Crucially,
we are not assuming here that A’ is diagonal or that S is made up of the eigenvectors. We
are simply carrying out a specific transformation (multiply the matrix A with S! on the left
and with S on the right) for a given matrix S. This is known as a similarity transformation
(and we say that the matrices A and A’ are similar).

You may ask yourself: since S does not (necessarily) manage to diagonalize our starting
matrix A, then why are we bothering with this similarity transformation? To grasp the
answer, let us start with the matrix eigenvalue problem from Eq. (4.172), Av; = A;v;. Now,
plug in the expression for A in terms of A’ that results from Eq. (4.209):

SA’S'v; = Av; (4.210)

If you multiply on the left with §~! you get:

A'S7'v; = AS7ly; 4.211)
At this point, you can define:
v, =Sy, (4.212)
thereby getting:
A’V = 4] (4.213)

This is a quite remarkable result: we have found that our two similar matrices have the
same eigenvalues! This correspondence does not hold for the eigenvectors, though: as
Eq. (4.212) shows us, v} = S~!v;: the eigenvectors of A and A’ are related to each other but
not identical. A problem asks you to show that A and A’ also have the same determinant.

40 Another problem introduces a distinct approach, which employs a sequence of Householder transformations.
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One more definition: if the matrix S is unitary, then we say that the matrices A and A’
are unitarily similar. Since in this chapter we are focusing on real matrices, for this case
the requirement is that S be orthogonal. In keeping with our earlier convention, let’s call
such an orthogonal matrix Q. Since for an orthogonal matrix we know that Q! = QT, we
immediately see that our latest similarity transformation takes the form:

A’ =QTAQ (4.214)

Such a transformation is especially attractive, since it is trivial to come up with the inverse
of an orthogonal matrix (i.e., one doesn’t have to solve a linear system of equations n times
in order to compute the inverse).

It’s now time to see how this all ties in to the theme of this section: we have introduced
similarity transformations (including the just-mentioned orthogonal similarity transforma-
tion) as a way of transforming a matrix (without necessarily diagonalizing it) while still
preserving the same eigenvalues. This is worth doing because, if we pick Q in such a way
as to make A’ triangular, then we can simply read off the eigenvalues of A’ (which are
also the eigenvalues of A) from the diagonal. This greatly simplifies the task of evaluating
eigenvalues for our starting matrix A. Of course, at this stage we haven’t explained how to
find this matrix Q; we have simply claimed that it is possible to do so.

At this point, we may imagine an attentive reader asking: since a similarity transforma-
tion is nothing other than a determinant (and eigenvalue) preserving transformation, why
don’t we simply use the LU decomposition instead of going through all this trouble with
orthogonal matrices? After all, as we saw in Eq. (4.150), an LU decomposition allows us
to straightforwardly evaluate the determinant of a matrix. Hadn’t we said that triangular
matrices have their eigenvalues on their diagonal (which is consistent with the fact that the
product of the diagonal elements of U gives the determinant)? Unfortunately, this argu-
ment doesn’t work. While we can, indeed, read off the eigenvalues of U from the diagonal,
these are not the same as the eigenvalues of A: the LU decomposition is constructed by
saying A = LU and this is not a similarity transformation (which would have preserved
the eigenvalues).

Simultaneous Iteration: First Attempt

Very simply put, the method of simultaneous iteration is a generalization of the power
method to more than one eigenvectors. This new approach prima facie doesn’t have too
much to do with similarity transformations. Near the end of this section, however, we
will use some of the entities introduced earlier to carry out precisely such a similarity
transformation.

As usual, we assume that our eigenvalues are distinct (so we can also take it for granted
that they’ve been sorted). You may recall from section 4.4.1 that the power method starts
from an ad hoc guess and then improves it. More specifically, in Eq. (4.177) we started
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from a vector z*) and then multiplied with the matrix A repeatedly, leading to:
® = A0, k=1,2,... (4.215)

which was the justification for the name “power method”. We then proceeded to show the
connection with calculating eigenvalues, by expressing our starting vector z® as a linear
combination of the (unknown) eigenvectors:

n—1
70 = Z Civi (4.216)
i=0

Combining the last two equations led to:
n—1
™ = Z cidkv; (4.217)
i=0
where we could then proceed to single out the eigenvalue we were interested in and have
all other ratios decay (see Eq. (4.180)).

We now sketch the most straightforward generalization of the above approach to more
eigenvectors. You could, in principle, address the case of 2, 3, ...eigenvectors; instead,
we will attempt to apply the power method to 7 initial vectors in order to extract all n
eigenvectors of the matrix A. Since you need »n starting vectors, your initial guess can be
expressed as an n X n matrix with these guess vectors as columns:

Z<o>:(zgn 20 40 Z(no_)1> (4.218)

This is a direct generalization of the one-eigenvector case (Z” instead of z(?). As always,
the superscript in parentheses tells us which iteration we’re dealing with and the subscript
corresponds to the column index. We want our starting guess to be made up of # linearly
independent vectors: one way to accomplish this is to take Z® to be the n X n identity
matrix and use its columns one at a time, as we saw in Eq. (4.148):

T=(ep e ... &) (4.219)

In complete analogy to the one-eigenvector case, Eq. (4.177), our tentative prescription for
the simultaneous iteration algorithm is to get the next matrix in the sequence simply by
multiplying with our matrix A:

Z® = AZ&D k=1,2,... (4.220)

After k applications of the matrix A we will have:

ZY = AFZO = (50 Y P

n_1> (4.221)
Again, to see what this has to do with calculating eigenvalues, we first expand the initial
guess column zgo) in terms of the actual eigenvectors:
n—1
2 = Z Cijvi (4.222)
i=0
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where we observe that our expansion coefficients ¢;; now have two indices, one for the
dummy summation variable and one to keep track of which initial column vector we are
referring to.*! If we then act with the A matrix k times we correspondingly find:

n—1
2 = Z iy (4.223)

i=0

One might hope to pull out of each sum the term we’re interested in each time and watch
the other terms decay away. At this stage, you may recall from section 4.4.1 that the unnor-
malized power method suffered from a problem: the eigenvalues raised to the k-th power
become unbounded or tend to zero. However, for not-too-large values of k this is not a
huge problem: you can simply iterate, say, 5 or 50 times and then at the end of this process
scale each column of Z*) with its own norm. Assuming your eigenvalues are not too huge
or tiny, this should be enough to keep things manageable.

A problem asks you to implement both scenarios: (a) fully unnormalized simultaneous
iteration and (b) unnormalized simultaneous iteration that is scaled at the end with the norm
of each column. As you will discover there, your woes are not limited to the problem of
unboundedness (or vanishing values). Unfortunately, as k increases (even if you normalize
at the end) the vectors z;k) all converge to the same eigenvector of A, namely the dominant
eigenvector, vo. This is disappointing: we generalized the power method to the case of
n eigenvectors, only to end up with n copies of the same, dominant, eigenvector. Do not
despair.

Simultaneous Iteration: Orthonormalizing

Upon closer inspection, we realize what’s going on: since we are now dealing with more
than one eigenvector, normalizing columns is not enough: what we need to do, instead,
is to ensure that the dependence of one column on any of the other columns is projected
out. That is, in addition to normalizing, we also need to orthogonalize. But that’s precisely
what the Gram—-Schmidt orthogonalization prescription does! Thus, we can ensure that we
are dealing with orthonormal vectors by carrying out a QR decomposition at each step.

Given the above motivation, we’ll proceed to give the prescription for the simultane-
ous iteration method (also known as orthogonal iteration) and later explore some of its
fascinating properties. This prescription is a direct generalization of the power method of
Eq. (4.184). We carry out the following steps for k = 1,2, .. .:

7" — AQ(k— 1)

where there’s no third line containing a Rayleigh quotient, since at this stage we’re only
interested in getting the eigenvectors. The way to read this prescription is as follows: start
with Q© = T (as discussed above), then multiply with A to get Z", then QR-decompose

41 We are assuming that these c; j put together, as well as their leading principal minors, are non-singular.
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Z" to get the orthonormal set of columns Q'", at which point you multiply with A to get
Z®, and so on and so forth. In one of the problems at the end of this chapter, you will im-
plement this algorithm. It’s really nice to see how similar the code you will develop is to the
power () function that we developed earlier (of course, this has a lot to do with how user-
friendly the Python and NumPy syntax is). This is a result of generalizing Eq. (4.184) to
deal with matrices instead of vectors (and, correspondingly, generalizing the normalization
to an orthonormalization).

You may have noticed that, when QR-decomposing Z*, we made use of different-
looking symbols for the Q and for the R. The reasons for this will become clearer in the
following section but, for now, note that our strange-looking Q' is simply the orthogonal
matrix that comes out of the QR decomposition for Z*). Since the notation appears a bit
lopsided (Q® is multiplied with R®, not with R®) you may be happy to hear that we are
now ready to define such an R® matrix, as follows:

R® — RORE-D  RORD (4.225)

In words, R® is simply the product (in reverse order) of all the R® matrices.*?

In a problem, you are asked to show that the product of two upper-triangular matrices is
another upper-triangular matrix. From this it follows that R® is an upper-triangular matrix.
This result makes the following expression look very impressive:

Af = QWR® (4.226)

Just to be clear, we haven’t shown that this significant relation is actually true (but we soon
will). In words, this is saying that the Q® that appeared in the last step of the simultaneous-
iteration prescription, multiplied with a/l the R®”) matrices that have made their appearance
up to that point (a product which is equal to R®), gives us a QR decomposition of the k-th
power of the matrix A.*3

Let us now prove Eq. (4.226) by induction. The base case k = 0 is straightforward:
A = 7, this being consistent with the fact that R = I as per our earlier definition, as
well as Q) = 7 which was our assumption for the starting point. Now, we assume that the
relation holds for the k — 1 case:

ARt = Q- DR*D (4.227)
and we will show that it will also hold for the k case in Eq. (4.226). We have:
AR = AAFT = AQ(k*I)R(k*I) = ZWRGK-D — Q(k)R(k)R(k—l) — Q(k)R(k) (4.228)

In the first equality we simply separated out one of the A matrices. In the second equality
we used our k£ — 1 step from Eq. (4.227). In the third equality we used our expression from
the first line in Eq. (4.224). In the fourth equality we used our expression from the second
line in Eq. (4.224). In the fifth equality we grouped together the two R terms, as per the
definition in Eq. (4.225). We have reached the desired conclusion that Eq. (4.226) is true.
Qualitatively, simultaneous-iteration entities like Q' and R® allow us to QR-decompose
42 Since there’s no such thing as a Z(?, there’s no such thing as an R©. If you wanted to generalize the definition

in Eq. (4.225) to the case of k = 0, then R© = 7 would be the most natural assumption.
43 It’s extremely important at this point to distinguish between exponents like A* and iteration counts like Q.
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successive powers AX, i.e., they allow us to construct orthonormal bases for the k-th power
of A. For a symmetric A, this amounts to having computed the eigenvectors (which are
orthonormal). As you will learn in a guided problem, for a nonsymmetric A (for which the
true eigenvectors are linearly independent, but not orthonormal), Q(k’ converges toward the
orthogonal “factor ” of the eigenvector matrix from Eq. (4.175), i.e., toward Q inV = QU
(where U is an upper-triangular matrix and Q is orthogonal). In either case, Q® is related
to the eigenvectors of the matrix A.

Next, we try to extract the eigenvalues. For the power method we saw the Rayleigh
quotient for a normalized vector in Eq. (4.183):

u(q®) = [qP17Aq® (4.229)
A straightforward generalization to the n-dimensional problem is to define:
A® = (@) AQ® (4.230)

where we introduced (yet another piece of) new notation on the left-hand side. This is our
first orthogonal similarity transformation in the flesh! We will now show that A® (which
is always similar to the matrix A, meaning it has the same eigenvalues) converges to an
upper-triangular matrix for the case of general A:

AP =Q"AQ = QTAVU ! = Q" VAU ! = Q"QUAU! = UAU™! (4.231)

In the first equality we used the fact that Q¥ converges toward Q. In the second equality
we used the earlier relation, V = QU, after solving for Q. In the third equality we used
Eq. (4.173), multiplied with V on the left. In the fourth equality we used V = QU again. In
the fifth equality we used the fact that Q is an orthogonal (i.e., orthonormal) matrix. Our
final result is the product of three upper-triangular matrices so it, too, is an upper-triangular
matrix (note that the inverse of an upper-triangular matrix is also upper-triangular). This
derivation was carried out for the general case of a nonsymmetric matrix A; for the (sim-
pler) case of symmetric matrices, the A® converges to a diagonal form. In either case, the
eigenvalues can be simply read off the diagonal of A®.

To summarize, we started from the prescription in Eq. (4.224), which generalized the
power method, and ended up with the following two important equations:

AF = Q(k)R(k)

A® = [QPITAQ® (4.232)

Here we are merely collecting our earlier results for ease of reference. The first equation
is Eq. (4.226) which we proved by induction above: this is related to the eigenvectors,
via Q®. The second equation is Eq. (4.230) which we essentially took as a definition
(motivated by what it means to be a Rayleigh quotient): this is what allows us to compute
eigenvalues, as the elements on the diagonal of A®.

Note that throughout this section we’ve been carrying out this prescription for k =
1,2,...: in other words, we didn’t really mention a termination criterion. As in the single-
eigenvector power method, we could either run this for a fixed number of iterations, or
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try to get fancier and check how much, say, A® changes from one iteration to the next.
When solving the relevant problem you should opt for the, simpler, first option; once that
is working, you may choose to go back and make things more robust.

QR Method: Algorithm

We are now in a position to tackle the full QR method, which is an ingenious eigenvalue-
computing approach. Describing this algorithm is very simple: so simple, as a matter of
fact, that stating it without proof gives the impression that there is something magical
going on. As you will soon see, the QR method can be implemented very easily. Having
introduced the simultaneous-iteration method above (which you are asked to implement in
a problem), the QR method itself will (it is hoped) appear much more transparent. As a
matter of fact, we will show that it is fully equivalent to simultaneous iteration, but simply
goes about calculating the relevant entities with different priorities.

Let’s first go over the QR method’s astoundingly simple prescription and then proceed
to show the equivalence with the simultaneous-iteration approach. We start with the initial
condition A = A and then carry out the following steps for k = 1,2, .. .:

A*=D — Q(k)R(k)

In essence, we start from a matrix A%1 and try to produce a new matrix A®. More
specifically, we start with A = A (as already mentioned), then QR decompose this matrix
to produce Q" and R(". (Note that these two symbols look alike: we are using Q, not Q.)
Here comes the crucial part: in order to produce the next matrix in our sequence, A",
we take Q" and RV and multiply them in reverse order! Now that we have A" we QR-
decompose that and then multiply in reverse order again, and so on and so forth.

Qualitatively, our new algorithm is QR-decomposing and then multiplying the resulting
matrices in reverse order (again and again). To show that this is equivalent to simultaneous
iteration, we will prove that the QR method leads to precisely the same two equations as
did simultaneous iteration, namely Eq. (4.232) repeated here for your convenience:

Ak = QWR®

Our goal now is to show that these two relations hold: once we’ve shown this, the first of
these two equations will allow us to compute (the orthogonal factor of the) eigenvectors and
the second to compute eigenvalues. Before we launch into the formal proofs, we realize that
there’s something missing: Eq. (4.233) involves Q® and R® whereas Eq. (4.234) makes
use of Q® and R™. Defining the latter is not too difficult: we simply assume that our earlier
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definition from Eq. (4.225) will carry over:

R® = ROR*D  RPRW (4.235)
Motivated by this, we correspondingly define Q¥ as follows:

Q(k) — Q(I)Q(Z) o Q(k*I)Q(k) (4.236)

Crucially, these Q matrices are multiplied in the opposite order. A problem asks you to
show that the product of two orthogonal matrices is an orthogonal matrix: once you’ve
shown this, it is easy to see that Q¥ is orthogonal.**

Let us now prove the two relations in Eq. (4.234). We begin from the second equation,
which we didn’t really have to prove for the case of simultaneous iteration, since there
we took it to be the result of a definition (and proceeded to show that A®) becomes upper
triangular). The base case k = 0 is:

A9 = [QO"AQV = A (4.237)

Since our definition of Q% in Eq. (4.236) involves k = 1 and up, it makes sense to assume
that Q is the identity: this is what leads to A© = A which we know is true since we took
it to be our starting point when introducing the QR method in Eq. (4.233). We now assume
that the relation we are trying to prove holds for the k — 1 case:

Ak-D — [Q(k—l)]TAQ(k—l) (4.238)

and will try to show that it will also hold for the k case. Before we do that, we need a
bit more scaffolding. Turn to the first relation in Eq. (4.233) and multiply on the left with
[Q®]”. Since Q¥ is orthogonal, this gives us:

R® = [Q®W]TA%D (4.239)

If you're wondering how we know that Q%' is orthogonal, remember that it is what comes
out of the QR decomposition of the matrix A%~". Now, combining our latest result with
the second relation in Eq. (4.233) we find:

A® = [QW]TAk-DQ® (4.240)
We can plug in our k — 1 hypothesis from Eq. (4.238) for A%~ to find:
AY = [QU Q" AQ QW (4.241)

At this point we marvel at how appropriate our definition of Q® in Eq. (4.236) was.* We
are hence able to group the extra term on each side, giving:

A® = [Q®1"AQ™ (4.242)
which is what we had set out to prove.

4 You were probably suspecting that this would be the case since, in the previous section on simultaneous
iteration, Q® came out of the QR decomposition of A, as per the first relation in Eq. (4.232) — this argument
doesn’t quite work, though, since we haven’t yet shown this equation to be true for the present case.

45 Recall that when taking the transpose of a product of matrices, you get the product of the transpose of each
matrix in reverse order.
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We turn to the first equation in Eq. (4.234), which we will also prove by induction. As in
the previous section, the base case k = 0 is straightforward: A° = T, this being consistent
with the facts that R® = 7 and Q® = 7, which are fully analogous to each other. Now,
we assume that the relation holds for the k — 1 case:

Akl = QU-DR®*-D (4.243)

and will try to show that this means it will also hold for the k case. Our derivation will be
somewhat similar to that in Eq. (4.228), but the intermediate steps will only make use of
relations corresponding to the QR method (not simultaneous iteration). We have:

AF = AART = AQRDRGD = QU-DAR-DRE-D — Q*k-DQWRMPRK*-D = QWR®
(4.244)

In the first equality we separated out one of the A matrices. In the second equality we
used our k — 1 step from Eq. (4.243). In the third equality we used our k — 1 step from
Eq. (4.238): this is no longer a hypothesis (since we’ve shown Eq. (4.242) to be true, we
know it will also hold for the case of k — 1). We first multiplied Eq. (4.238) with Q%=1 on
the left. In the fourth equality we used the first relation in Eq. (4.233) to eliminate A®D.
In the fifth equality we once again marvelled at the appropriateness of our definitions of
Q™ in Eq. (4.236) and of R® in Eq. (4.235). We have thus proved what we had set out to.

Summarizing where things now stand, we see that if we start with the QR-method pre-
scription of Eq. (4.233), then we can show that Eq. (4.234) holds. But those are precisely
the same relations that were true for the case of simultaneous iteration. If this abstract con-
clusion does not satisfy you, then simply step through the simultaneous iteration and QR-
method prescriptions: with the initial conditions that we chose to employ, the two methods
give identical intermediate (step-by-step) and final results. In other words, they are the
same method. This raises the natural question: why bother using the QR method, which re-
quired an analogy with the simultaneous-iteration method in order to be interpreted? Could
we not just use the simultaneous-iteration method directly?

Even though the two methods are identical, simultaneous iteration spends its time deal-
ing with the eigenvectors: Q% appears in Eq. (4.224) organically, and this is what gives us
the orthogonal factor of the eigenvectors, Q. You can also go through the trouble of defin-
ing AW in the simultaneous-iteration approach, as per Eq. (4.230), but that requires two
matrix multiplications, and is not even necessary to keep going: in its bare-bones formu-
lation, the simultaneous-iteration method keeps producing new Z® and Q. On the other
hand, the QR method in its basic formulation of Eq. (4.233) keeps evaluating A® which,
since we now know Eq. (4.234) to be true, gives you the eigenvalues of the original matrix
A in the diagonal. You can also go through the trouble of defining Q' as per Eq. (4.236),
but this is usually much more costly than you would like (even so, a problem asks you to
implement this approach by modifying our code). Any hint of magic in the QR method’s
workings should have (automagically) vanished by now: the second relation in Eq. (4.234),
AP = [QW]TAQW, clearly shows that the second relation in Eq. (4.233), A® = RPOQ®,
is simply carrying out an orthogonal similarity transformation.

Before we turn to the Python code, we emphasize that the QR method as shown here is
quite inefficient: in production, eigenvalue shifting (employed earlier in the context of the
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from triang import testcreate
from grdec import qrdec
import numpy as np

def grmet(inA,kmax=100):
A = np.copy(inA)
for k in range(l,kmax):
Q, R = grdec(A)
A = R@Q
print(k, np.diag(A))

greigvals = np.diag(A)
return qreigvals

if _name == ‘_main_’:
A, bs = testcreate(4,21)
greigvals = qgrmet(A,6)
print(" ")
npeigvals, npeigvecs = np.linalg.eig(A); print(npeigvals)

inverse-power method) is typically combined with the QR-method trick. There are several
other upgrades one can carry out.

QR Method: Implementation

After these somewhat lengthy derivations, we turn to a near-trivial implementation of the
QR method. This will make use of the QR-decomposition function qrdec () we introduced
above. In essence, as per Eq. (4.233), all Code 4.9 is doing is a QR decomposition followed
by multiplying the resulting matrices in reverse order. As was to be expected, we start from
A©® = A and then keep decomposing and multiplying over and over again. This is done
for a fixed number of times (passed in as an argument) for simplicity. Once we’re done
iterating, we store and return the elements on the diagonal of A®¥). Note that, since we’re
not implementing a fancy termination criterion, we didn’t need to keep track of the iteration
count: instead of A®~D QW R®_ and AP, this code uses simply A, Q, and R.

In the current version of the code, when we call gqrmet() we print out the step-by-
step values of our Rayleigh quotients: as the iteration count increases, these diagonal el-
ements converge to the eigenvalues of A. The main program also outputs the result from
numpy.linalg.eig(). Running this code, we see that each eigenvalue rapidly converges
to a fixed value. As advertised, the QR method has allowed us to evaluate all eigenvalues
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at one go. You should spend some time playing with this code. For example, you should
check to see that as the iteration count increases, A%’ becomes upper triangular (also check
that for a symmetric A we get a diagonal A®)). As always, you should comment out the
call to print () inside qrmet() once you are ready to use the code for other purposes.
(We will assume this below.)

QR Method: Operation Count

To compute the operation count required for the full QR method, we need to first count the
operation cost of the QR decomposition prescription and then of the QR method itself.

A problem asks you to evaluate the cost of the QR decomposition in detail. Here we
will look at the leading contribution. Focus on the innermost loop (which contains the op-
erations carried out the largest number of times). We see from Eq. (4.203) that we need
to evaluate the inner product qTa ; (also known as R;;). Since each of q; and a; isann x 1
dimensional vector, we see that this inner product requires n multiplications and n—1 ad-
ditions. Still in the innermost loop, a; Zf O(q a;)q; (also known as a; Zl 0 R, ;q;) for
a fixed j and for a given i contribution to the sum requires n» multiplications and n subtrac-
tions (one for each of the components of our column vectors). Putting all the operations
together, we find 4n — 1 or ~4n. Recalling that this was for fixed i and j, we explicitly sum
over all possible values of these indices, as given in Eq. (4.207):

-1 n—1
4n = 4nj =
Jj=0

~.

n—1
g1 1)” ~ 2 (4.245)

Iy
[=)

Jj=0 i

In the penultimate step we used Eq. (4.111) and in the last step we kept only the leading
term. Thus, we have found that a QR decomposition requires ~2n° floating-point opera-
tions. This is three times larger than the cost of an LU decomposition.

As we saw in Eq. (4.233), in addition to a QR decomposition, the QR method carries out
a matrix multiplication at each iteration. Since each matrix multiplication costs ~2n> (as
you showed in a problem), assuming we need m QR-method iterations, the total operation
count will be 4mn> (half of the cost coming from the QR decomposition and half from
the matrix multiplication). Now this is where things get tricky: what is the size of m? This
depends on how well- (or ill-) separated the eigenvalues are, but generally speaking it is
not too far off to assume that m will be of the same order of magnitude as n. In that case,
our QR method is looking like it has a scaling of O(n*): for most practical purposes, this is
not good enough. Fortunately, some basic preprocessing of our starting matrix A (bringing
it into a so-called Hessenberg form) improves things dramatically: this reduces the amount
of work needed per iteration down from O(rn?) to O(n?). If you need to implement such an
approach, this should be enough to get your literature search going.*

46 Bringing our matrix into Hessenberg form is actually carried out by employing a sequence of Householder
transformations. As mentioned earlier, the relevant concept is introduced in the problem set.
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from triang import testcreate
from invpowershift import invpowershift
from grmet import qrmet

import numpy as np

def eig(A,eps=1.e-12):
n = A.shape[0]
eigvals = np.zeros(n)
eigvecs = np.zeros((n,n))
greigvals = grmet(A)
for i, qre in enumerate(qreigvals):
eigvals[i], eigvecs[:,i] = invpowershift(A,qgre+eps)
return eigvals, eigvecs

def testeigall(f,A):

eigvals, eigvecs = f(A)

npeigvals, npeigvecs = np.linalg.eig(A)

print(eigvals); print(npeigvals)

print(" ")

for eigvec, npeigvec in zip(eigvecs.T,npeigvecs.T):
print(eigvec); print(npeigvec)
print(" ")

if _name__ == ‘_main__’:

A, bs = testcreate(4,21)
testeigall(eig,A)

4.4.4 All Eigenvalues and Eigenvectors

We are now at a pretty good place: in qrmet() we have a function that computes all
the eigenvalues of a matrix. If we’re interested in building our very own (bare-bones)
general-purpose library to compute all eigenvalue and eigenvector pairs (similarly to what
numpy.linalg.eig() does), we are halfway there. We could modify our code above to
also evaluate Q; for a nonsymmetric matrix, this would give us only the orthogonal factor
Q. Wishing to find the actual eigenvectors, with the QR-method results for the eigenval-
ues in place, we will now, instead, employ the shifted inverse-power method to extract the
eigenvectors. Once you have reasonably good estimates for the eigenvalues, the shifted
inverse-power method converges very fast (typically in a couple of iterations).
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Code 4.10 is a Python implementation of such an approach. Our eig() function returns
a 1d NumPy array containing the eigenvalues and a 2d NumPy array containing the eigen-
vectors in its colunmns. This function does what we said it would: it calls grmet () to
evaluate (a first version of) the eigenvalues and then invpowershift() for each eigen-
value separately, returning an eigenvalue and eigenvector pair at a time. Note that grmet ()
in its turn calls qrdec () and similarly invpowershift () calls ludec(). Thus, eig() is
so short only because we have already done the heavy lifting in earlier sections.

Turning to some more detailed features of this program, we observe that our code
(in an attempt to be idiomatic) includes the expression enumerate(qreigvals): this is
mixing Python with NumPy functionality. Depending on your perspective, you might be
impressed by how seamless this is, or might want a NumPy-centric solution (in which
case, look up numpy .ndenumerate()). Another detailed feature: we choose not to sim-
ply pass the specific eigenvalue that we get each time from enumerate(qreigvals) into
invpowershift(): instead, we pass in the QR-method eigenvalue shifted slightly (by
adding in eps). You can see why this is necessary by setting eps to have the value 0:
the inverse-power method misbehaves if your shift is not very close to but identical to the
eigenvalue that would have come out as output.47 Implicit in all this is that our eig()
function computes the QR-method eigenvalues, then does not print them out or return
them: instead, they are used as first approximations for the eigenvalues (shifts) passed into
the inverse-power method function. The eigenvalues returned were computed by the latter
function (and in some cases therefore end up being slightly modified).

We then proceed to introduce another test function, testeigall (), which first com-
pares our eigenvalues with those of numpy.linalg.eig() and then does the same for
each eigenvector in turn. As an aside, while we are in favor of code re-use, many times we
simply write a new test function on the spot: this is often better than going through contor-
tions to make an earlier test function work for a more general case (or to make a new very
general test function that you then backport to all earlier tests). A nice feature of this test
function is that we iterate over columns of NumPy arrays by stepping through the transpose
of the matrix. This is what we encountered as for column in A.T in section 1.6. This
time we have two matrices that we want to step through, so we use zip (). This is another
case of mixing Python and NumPy functionality (look up numpy.nditer).

Running this code, we see that (for the digits printed) we have near-perfect agreement
for all eigenvalues and eigenvectors. (One of the eigenvectors has the opposite sign, but
this is totally arbitrary.) As it turns out, the last/smallest eigenvalue we now get is slightly
different from what the QR-method had given us. You should spend some time playing with
this code for other input matrices, also taking the opportunity to tweak the input parameters
in the functions that work together to produce the eig() output. As part of that, you may
wish to uncomment the print () line in invpowershift () to explicitly check how many
iterations of the inverse-power method were needed to evaluate each eigenvector, given
that the QR method had already produced reasonably decent eigenvalues.

47 1t’s a worthwhile exercise for you to figure out exactly which line in which program is the culprit.
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4.5 Project: the Schrodinger Eigenvalue Problem
|

‘We now turn to the prototypical eigenvalue problem in modern physics, the time-independent
Schrodinger equation:

Hly) = Ely) (4.246)

where H is the Hamiltonian operator, i) is a state vector (called a ket by Dirac) in a Hilbert
space, and E is the energy. In a course on quantum mechanics you likely heard the terms
“eigenstates” and “‘eigenenergies”. At the time, it was pointed out to you that Eq. (4.246)
is an eigenvalue equation: it contains the same state vector on the left-hand side as on the
right-hand side and is therefore formally of the form of Eq. (4.172).

In practice, when solving Eq. (4.246) for a given physical problem, we typically get a
differential equation, as we will see in chapter 8. In the present section, we limit ourselves
to the case of one or more particles with spin-half, where there are no orbital degrees
of freedom.*® As we will see below, our problem maps onto a (reasonably) straightfor-
ward matrix form, where you don’t have to worry about non-matrix features; that is, the
H doesn’t have a kinetic energy in it. Thus, the problem of spin-half particles becomes a
direct application of the eigenproblem machinery we built earlier.

If you haven’t taken a course on quantum mechanics (QM) yet, you can skim through
the theory sections below and focus on the Python implementation that comes at the end.
There you will notice that most of the code consists of setting up the problem, since the hard
part (numerically evaluating eigenvalues of a matrix) has already been solved in previous
sections. If you have taken a course on quantum mechanics, keep in mind that our approach
here is slightly different from that given in a typical textbook on the subject. Generally, the
calculations become too messy to carry out using paper-and-pencil; in contradistinction to
this, we’ll show below that once you’ve set up the appropriate framework, increasing the
number of particles merely increases the dimensionality of your problem. Thus, we are
able to attack head-on the setting of two or three spin-half interacting particles; it should
be easy for the reader to generalize to the case of four (or more) particles with a minimum
of complications (as you will find out when solving the relevant problem).

4.5.1 One Particle

We start with some basic concepts from the study of spin in quantum mechanics. In order
to keep things manageable, we will assume you’ve encountered this material before, so the
purpose of this section and of the following one is mainly to establish the notation.

48 You should be able to generalize this to the case of spin-one once you’ve understood our approach.
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Hilbert Space

As you may recall, spin may be thought of as an intrinsic angular momentum. In quantum
mechanics you typically denote the spin angular momentum operator by S, this being made
up of the three Cartesian components S ,, § y, and S.. The two most important relations in
this context are the ones for the square of the spin operator and for its z component:

$2|smy) = W2 s(s + 1)|smy)

’ (4.247)
Sz|sms> = hmslsms>

where [sm,) is our notation for the spin eigenstates. Note that on the left-hand sides we have
operators (in upper case) and on the right-hand sides we have eigenvalues (in lower case).
More specifically, the latter are the spin s (in our case, s = 1/2) and the azimuthal quantum
number mg (which in our case can be either my = +1/2 or my = —1/2). The fact that there
are only two possibilities for the value of m; is a conclusion drawn from experimental
measurements with particles like electrons, neutrons, and protons. As a result, we call this
a two-state system.49

Since, as we just observed, we know that s = 1/2, we see that the first equation in
Eq. (4.247) will always have /23/4 on the right-hand side. This means that the two eigen-
states at play here are essentially labelled by the two possible values of the azimuthal
quantum number, my. Thus, they are |s = 1/2,m; = +1/2) and |s = 1/2,m; = —1/2).
Instead of carrying around the general notation |sm;), we can simply label our two eigen-
states using the fact that the z-projection of the spin is either T (spin-up) or | (spin-down).
Thus, we use the notation |§T> and |g“ 1) (spin parallel and spin antiparallel to the z axis,
respectively). The Greek letter here was picked in order to bring to mind the last letter of
the English alphabet (so it should be easy to remember that |§T> is an eigenstate of the S,
operator). Using this notation, the second relation in Eq. (4.247) becomes:

A A h
$:|eny =5 1ar). $:lay=-3 1) (4.248)

A further point: we can refer to either |§T) or |{ 1) using the notation |£;): here i is an index
that covers all the possibilities, namely i =T, |.
An arbitrary spin state can be expressed as a linear superposition of our two basis states:

W) = |Gy + gy = Z Wil (4.249)
=1l

where ¢ and ¢ are complex numbers. In the second equality we employed our new nota-
tion with the i index. It should be easy to see that:

Glwy =vr, v =y (4.250)
where we used the fact that our two basis states are orthonormal.

49 Such two-state systems are heavily emphasized in The Feynman Lectures on Physics, Vol. 3 [27].
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Matrix Representation

We now turn to the matrix representation of spin-half particles. This is very convenient,
since it involves 2 X 2 matrices for spin operators. You may have even heard that a 2 x 1
column vector (which represents a spin state vector) is called a spinor. However, this is
putting the cart before the horse. Instead of starting from a result, let’s start at the start: the
physics in quantum mechanics is contained in the inner products, or the matrix elements,
as opposed to the operators or the state vectors alone.

Let’s try to form all the possible matrix elements, sandwiching S, between the basis
states: this leads to (QISA :A¢;), where we are employing our new notation, |{;) and |;),
where i and j take on the values T and |. In other words, the azimuthal quantum numbers
on the left and on the right can each take on the values +1/2. This means that there are four
possibilites (i.e., four matrix elements) in total. It then becomes natural to collect them
into a 2 X 2 matrix. At this point, we have to be a bit careful with our notation, since in
this chapter we are denoting matrices and vectors using bold symbols. Thus, we will group
together all the matrix elements and denote the resulting matrix with a bold symbol, S..

It may help to think in terms of the notation we introduce in Appendix C.2: if you think
of ({,-|§ :|¢;) as the matrix element (S.);;, then the matrix made up of all these elements
would be {(Sz)ij}.so In all, we have:

S_((T

Z

_[«@l$:len <§T§za>]:§[1 0] 4251)
@|S:lay <@lS:ley) 20 -1

where we used, once again, the fact that our two basis states are orthonormal. Note that
there is no operator (i.e., there is no hat) on the left-hand side, since we are dealing with a
matrix containing inner products/matrix elements: we are not dealing with an operator, but
with the effect the operator has in a specific basis (the one made up of |{T> and |§ )

A standard derivation using the raising and lowering operators S, and $_ (not intro-
duced here, but familiar to you, we hope) leads to corresponding results for the matrix
elements of the §, and S, operators. These are:

sz{mlfxlm <4T|§x|a>]:@[o 1] .
l8:lay <aldS«lay) 21t o
and:
Sy:[ws}lm <§T|s:y|a>]:§[9 _,-] s
@|8ylay <@lSyley) 2\ o

where you should note that we’re always using |§T> and |§’ 1) (i.e., the eigenstates of the
z-component operator, S ;) to sandwich the operator each time.

We’re ready at this point to introduce the Pauli spin matrices; these are simply the above
spin matrices with the prefactors removed:

30 We’re being a bit sloppy here: the i and j in (_(,'IﬁzI{j) take on the values T and |, whereas the i and j in (S,);;,
being indices for a 2 X 2 matrix, take on the values 0 and 1. The correspondence between one meaning and the
other is always implied.
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(4.254)

You should probably memorize these matrices.

We now turn to the representation of the state vectors. Let’s first approach this as a linear
algebra problem: we need to diagonalize the 2 X 2 matrix S,. As you already know well
after studying the present chapter, that implies finding the eigenvalues (which turn out to
be +71/2) and the eigenvectors, which we calculate to be:

(4.255)

Since the matrix we were diagonalizing was 2 X 2, it comes as no surprise that the eigen-
vectors are 2 X 1 column vectors. You should test your understanding by finding the eigen-
vectors corresponding to, say, S,.

As already noted, we are no longer dealing with operators and state vectors (no hats
and no kets), but with matrices and column vectors, respectively. As a result, relations that
in the Hilbert-space language involved actions on kets, now turn into relations involving
matrices. For example, the equations from Eq. (4.248) translate to:

nfl 0! n(l h
S7 = — = — = —
a=30s oJ)-3L) -

afl 0 f0 7|0 fi
Sz{l_z[o _]][1)——5 | ——ES'L

where we carried out the matrix-vector multiplication in both cases.’! As you can imagine,
if we are ever faced with an expression like, say, S.S;, we have to carry out matrix—matrix
multiplication.

We can combine our two eigenvectors to produce the matrix representation of an arbi-
trary spin state (just like in Eq. (4.249), y/; and ¢ are complex numbers):

(4.256)

and:

(4.257)

A (T (4.258)

where we used Eq. (4.255) to get to the second equality. In our final result, we see the 2 x 1
column vector (called a spinor above) emerge organically. Recall that when we went from
the operator S . to the matrix S., we simply grouped together all possibilities for (£;|S.|¢ 2
This motivates a new way of looking at the 2 X 1 column vectors (which represent the

31 There’s nothing mysterious going on here: we’re simply reiterating the fact that £ 1 and £ are eigenvectors of
the matrix S, with the specificied eigenvalues.

209



210

Matrices

state vectors): simply group together all the possibilities for (;|y/). Since i can take on two

values, you end up with:
%Mj(w}
Y= = (4.259)
{(§¢| v\

The first equality is analogous to our definition in Eq. (4.251), while the second equality
follows from Eq. (4.250).
To summarize, operators are represented by 2 X 2 matrices:

&y 16
Gl (o o
<{,L| ( o 0 ) (4.260)

where we have also labelled (outside the matrix) how we get each row and column: by
sandwiching the operator with the bra on the left and the ket on the right, each time. (Ex-
amples of operator representations are given in Eqgs. (4.251), (4.252), and (4.253).) Simi-
larly, a state vector is represented by a 2 X 1 column vector. An example of a state vector
representation is given in Eq. (4.259).

Hamiltonian

We recall that what we were actually interested in all along was solving the Schrodinger
equation, Eq. (4.246), I:II;D) = Ey). We are immediately faced with two questions: first,
which Hamiltonian A should we use? Second, how do we translate this equation involving
operators and kets into an equation involving matrices? Let’s start from the second ques-
tion. We take the Schrodinger equation, Eq. (4.246), and act with (§T| on the left. We then
introduce a resolution of the identity, 7 = |§T) (§T| + |{ { L|» to find:

GlH |0 Gl + Gl Bl @w = E<alw 4.261)

You may now repeat this exercise, this time acting with (£ l| on the left. At this point you
are free to combine your two equations into matrix form, giving:

H H

Hy = Ey (4.262)

Note how neatly this encompasses our earlier results. If you’re still trying to understand
what H looks like, just remember our general result about the representation of any oper-
ator, Eq. (4.260) — in other words, H = {{{ A |£;>}. You may have already encountered the
rewriting of Eq. (4.246) in the form of Eq. (4.262): we hope that it now feels legitimate as
a way of going from operators and kets to matrices and column vectors.>?

Of course, even if we know what H looks like, we still need to answer our earlier ques-
tion, namely deciding on which Hamiltonian A we should use. To do that, assume that our
spin-half particle is interacting with an external magnetic field B. Associated with the spin

32 The same argument can help you see why, say, Eq. (4.256) is equivalent to Eq. (4.248).
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angular momentum S there will be a spin magnetic moment operator, f: since this operator
needs to be a combination of the spin operators and the identity (and we know it has to
be a vector operator), it follows that f& is proportional to S.Itis customary to write the
proportionality between the two operators as follows:

p= g(im)s (4.263)

where ¢ is the electric charge of the particle and m is its mass. The proportionality constant
is known as the g-factor: its value is roughly —2 for electrons and 5.9 for protons.

Since we have no orbital degrees of freedom, the Hamiltonian is simply made up of the
interaction energy which, by analogy to the classical-physics case, is:

848

H=-i-B= 55 (4.264)

In the second step we took our z axis as pointing in the direction of the magnetic field.
Combining our earlier point about how to go from operators to matrices, Eq. (4.260), with
the explicit matrix representation of S, Eq. (4.251), we find:

ggBn (1 0O
H=-=>-—" .
yo [O » (4.265)

This Hamiltonian is so simple that the matrix form of the Schrodinger equation (which we
know from Eq. (4.262) is HYy = Ey) can be solved analytically. Note that there are two
reasons why this is such an easy problem: first, it’s because of the small dimensionality
(2 x 2) and second, it is because our Hamiltoninan matrix H is diagonal. We will soon
discuss other cases, where the matrices are both larger and non-diagonal.

4.5.2 Two Particles

We went over things in great detail in the previous subsection (which dealt with a single
spin-half particle) because we wanted to establish the notation and the concepts. We are
now about to do something similar for the problem of two spin-half particles. As before,
we start from the formulation involving operators and kets, then turn to the matrix repre-
sentation, ending with the Hamiltonian for our problem.

Hilbert Space(s)

When dealing with a single spin-half particle, we saw that its state vectors were labelled
|smy): this contained the possibilities |s = 1/2,m; = +1/2) and |s = 1/2,m; = —1/2).
We then proceeded to use the alternative notation |{T> and |§ | ) for these two states, known
collectively as |Z;).

We now have to be especially careful about our notation: since we’re dealing with two
particles, we need some way of labelling them. Let’s call them particle I and particle II,
using Roman numerals: this will pay off later on, when we implement things in Python
(we’ll have enough indices to worry about). Thus, the first particle involves a vector space
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which is spanned by the two kets '{ (I)> and |§ <I)> observe that we have employed super-
scripts and parentheses (within which we place the Roman numeral) to keep track of which
particle we’re talking about. If we wish to refer to either of the two states, we can use the
notation |{i(l)>. Make sure you understand what’s going on here: i is either T or |, keeping
track of the (eigenvalue of the) z-projection of the spin for the first particle. Similarly, the
Hilbert space of the second particle is spanned by the two kets ‘( (H) and ‘( (H) , which can

be compactly expressed as ‘{; )>, where we used a new index, j, since in general the second
particle can be either 7 or |, regardless of what the projection of the first particle spin was.

We now wish to start from these single-particle vector spaces and generalize to a two-
particle space. To do this, we employ the concept of a fensor product (denoted by ®):
this allows us to express the product between state vectors belonging to different Hilbert
spaces (e.g., | (D and '{;H)>). In short, the two-particle Hilbert space is a four-dimensional
complex vector space which is spanned by the vectors:

ka) |<n> |§> |<l> |<u> |§n> |<I> |<H> |§”> |<I) |<H> |§“>
(4.266)

where we also took the opportunity to define a compact notation for the two-particle state
vectors: in an expression like |§T 1) it is implicit that the first arrow refers to particle I and
the second arrow to particle II. Note that |§’T 1) doesn’t have a superscript in parentheses,
because it is not a one-particle state vector, but is made up of two one-particle state vectors.

We can compactly refer to any one of these four basis states using the notation |, ), where
a is an index that covers all the possibilities, namely: a =TT, T, | T, ll. Keep in mind that in
the previous section we were using the notation |{;) (or |{;)) to refer to single-particle states.
In the present section one-particle states will always come with a parenthesized Roman
numeral keeping track of which particle we’re referring to. Here we are introducing the
similar-yet-distinct notation |£,) (or perhaps also |{;)) to keep track of two-particle states.
We’ll consistently pick letters from the start of the alphabet to denote two-particle indices.
Thus, Eq. (4.266) can be compactly given in the following form:

) @) = 12.) (4.267)

The left-hand side involves the one-particle states and the tensor product (and i, j indices),
while the right-hand side has a two-particle state (and an a index). Depending on your
learning style, you may wish to think of a as the ordered pair (i, j), which we would have
called a tuple in Python (of course, this is an ordered pair of arrows, not numbers).

In terms of the Hilbert spaces themselves, we started from the space of the first particle
(M) and the space of the second particle (#™) and have produced the larger, two-
particle Hilbert space .7V @ .71, The four state vectors |§i(l)> ® ’(;H)> form the product

basis of this Hilbert space 570 @ 7V,
Let us turn to the operators in the two-particle Hilbert space, focusing on the z-projection
operator for concreteness. We already know the one-particle operator § §” which acts on the
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vector space of particle I and, similarly, the one-particle operator S ;‘“ which acts on the
vector space of particle II. Each of these operators measures the z-projection of the spin for
the respective particle. What we wish to do is come up with operators for the composite

system. We do this by, again, employing the tensor product. For example:
S, =80 7MW (4.268)

On the left-hand side we are introducing a new entity, ., which is appropriate for the
two-particle Hilbert space: note that it doesn’t have a superscript in parentheses, because it
is not a one-particle operator. Instead, it is made up of two one-particle operators, each of
which knows how to act on its respective one-particle space. It should be easy to see why
we have taken the tensor product with the identity operator 7: the two-particle operator S,
measures the z component of the spin for particle I, so it does nothing to any particle-II
ket it encounters. In complete analogy to this, the two-particle operator that measures the z
component of the spin for particle II is:

Su.=10e8™ (4.269)

where we do nothing (i.e., have an identity) for particle I and take the tensor product with
the appropriate operator for particle II.

Perhaps an example will help solidify your understanding of what’s going on. Let’s see
what happens when a two-particle operator acts on a given two-particle state vector:

Su:ltn) = (TP @ 5M) ('§;1>> ® 'QH)» _ (j(l) ‘41)>) ® (§§n) |§fl)>)

= |§$)> ® (—; 'QH)>) = —g [¢10) (4.270)

In the first equality we used Eq. (4.269) and Eq. (4.266) for the operator and state vector,
respectively, writing each in terms of a tensor product. In the second equality we acted with
each operator on the appropriate state vector: the parenthesized superscripts help us keep
track of which particle is which. In the third equality we applied our knowledge about the
effect one-particle operators have on one-particle state vectors, specifically Eq. (4.248). In
the fourth equality we re-identified the compact way of expressing the two-particle state
vector (in the opposite direction from what was done on the first equality). The final result
is not surprising, since we already knew that particle II was |, but it’s nice to see that the
different Hilbert spaces and operators work together to give the right answer (e.g., observe
that the final answer is proportional to a two-particle state vector, as it should).
Finally, an arbitrary spin state can be expressed as a linear superposition:

W) = wr o) + s Jon) + Wur |C) + v ) = Z Yalla) (4.271)

a=TT, LT
where 11, and so on, are complex numbers. Similarly to what we did in the one-particle
case, in the second equality we show the superposition expressed as a sum. It’s easy to
see that as we get an increasing number of basis states, it is this second formulation that
becomes more manageable (you just have to keep track of the possible values of the index).
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At this stage, a QM textbook typically passes over into the coupled representation, where
the total spin of the two-particle system is of interest. For the general problem of adding
two angular momenta, this is where Clebsch—Gordan coefficients come into the picture. For
the specific case of two spin-half particles, this leads to one spin-singlet state and a spin-
triplet (made up of three states). In contradistinction to this, here we are interested in the
uncoupled representation, where we consider the two-particle system as being made up of
two individual particles. Below, we will show you how to build up the matrix representation
of a two-particle operator using the matrix representation of one-particle operators: this will
give us a tool that is then trivial to generalize to larger numbers of particles.

Matrix Representation

Turning to the matrix representation of two spin-half particles, you will not be surprised
to hear that it involves 4 X 4 matrices for spin operators and 4 X 1 column vectors for the
state vectors. We recall that the matrix representation of quantum mechanics translates to
taking inner products, i.e., sandwiching operators between a bra and a ket. For the sake
of concreteness, we will start our discussion from a given operator, S1., though eventually
we will need to provide a prescription that gives the matrix representation of the other five
relevant operators S S Iy, as well as St S 11y, and S Iz)-

Let us try to form all the possible matrix elements, sandwiching S . between the basis
states: using our latest notation from Eq. (4.267), this leads to (| S1.15).3 Since each of
a and b can take on four values, there are 16 possibilites (i.e., 16 matrix elements) in total.
It then becomes natural to collect them into a 4 X 4 matrix, using a to keep track of rows
and b for the columns. Once again, the notation of section C.2 may be helpful here: the
entire matrix is generated by going over all the indices’ values, namely {(Z,|S1. |£5)}.>*

If you’ve never encountered this material before, you might want to pause at this point:
a matrix has two indices (one for rows and one for columns), so in order to produce a
matrix corresponding to the operator S1, we needed to employ a single bra on the left and
a single ket on the right. In other words, we moved away from keeping track of individ-
ual particles’ quantum numbers and toward using two-particle states — this back-and-forth
between one- and two-particle states is something we will return to below. Since we have
four two-particle basis states, operators in a system made up of two spin-half particles are
represented by 4 X 4 matrices as follows:

len) [y |an) |2

@|(o o o o
o o o o
el | o - - - (4.272)
I O O O O

where we have also labelled (outside the matrix) how we get each row and column: by
sandwiching the operator with the bra on the left and the ket on the right, each time.

33 This a encapsulates two distinct azimuthal quantum numbers, one for each particle — the same holds for b.
34 Remembering to distinguish between ket-indices with “arrow values” and matrix-indices with integer values.
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We will now proceed to evaluate the matrix:

St. = {(Zul S 16} (4.273)

in the most obvious way possible (we turn to a less obvious approach in the following
subsection). In essence, we will make repeated use of our derivation in our earlier example,
Eq. (4.270). In an identical fashion, one can show that, say:

N h
Stelan) = 5 [an) (4.274)

Here it is implied that we went through all the intermediate steps of using one-particle
operators and one-particle states, and then zipped everything up again at the end. Acting
with the bra <§TT|’ we find:

A h
@nlSilan =3 (4.275)

where we assumed our basis vector is normalized. Since our basis states are orthonormal,
had we used any other bra here, say ({; l', we would have gotten 0. In other words, all other
matrix elements on the same column are 0. Repeating this argument, we find:

1 0 0 O
afo 1 0 O
S == 4.276
Iz 9 00 -1 ( )
00 0 -1

where, unsurprisingly, we find that the matrix is diagonal: the only way to get a non-zero
entry is to use the same basis vector on the left and on the right. The only other feature of
this matrix is that it measures the spin of the first particle (as it should): we get +7/2 if the
first particle is T and —#/2 if the first particle is |.

Without realizing it, we’ve evaluated the eigenvalues of the matrix (they’re on the diag-
onal for a triangular/diagonal matrix). It’s also a short step away to find the eigenvectors,
now that we know the eigenvalues. For this 4 X 4 matrix, we find four eigenvectors, each
of which is a4 x 1 column vector:

= =\, su=|| 4du= B2

S O O =
S o = O
S = O O
- O o O

where we used the obvious notation for each eigenvector, by analogy to Eq. (4.255). As a
result of this, an arbitrary state vector is represented by a 4 X 1 column vector:

T
¥ =yl +undn +vndn +vndn = (e v i ) (4.278)
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Kronecker Product

Our approach, while good enough to get us going for the case of Sy, has obvious limita-
tions: for each new operator we need to evaluate 16 matrix elements. The example above
was diagonal, so this task was considerably easier, but that won’t always be the case. Sim-
ilarly, if we were faced with a larger problem this way of doing things would quickly
become prohibitive.>> Thus, in the present section we will introduce a technique that can
straightforwardly handle off-diagonalness and bigger matrices.’®

Qualitatively, the main trick we will employ in this subsection is to focus on one-particle
states and operators, in contradistinction to the previous subsection where we used two-
particle basis states. Here we are in the fortunate situation of knowing what the answer
should be for at least one case (that of Sy;), so we will be able to check if we got things
right. Our starting point will be the same, namely Eq. (4.273), but soon thereafter things
will start to take a different turn:

St = {(Zal S 1)} = {(<§lgl>| ® <§§n)') (59 & 70) (1" & |{l<n>>)}
_ { < {gl>| $m | §g)) < 0] v | {l(II)>} _ { ( Fealqu | éVIEI)>} ® { < o
1 z J E i z j

0 =5 07
(4.279)

In the second equality we used the defining Eq. (4.267) and Eq. (4.268), which express
our two-particle state vectors and operators in terms of corresponding one-particle entities.
In the third equality we grouped together entities relating to each particle, separately: the
tensor product has vanished, since we are now dealing only with matrix elements (i.e.,
complex numbers). We then notice that the four indices i jkl appear in pairs: ik sandwiches
one operator and j/ sandwiches the other operator. This suggests that our 4 x 4 matrix
(which is what the curly braces on the outside produce) is made up of 2 x 2 blocks. Thus,
in the fourth equality we made the claim that we can go over all possible values of i jk/, two
indices at a time (ik and jl), at the cost of having slightly changed the meaning of ®: in the
second equality this was the tensor product, keeping state vectors and operators belonging
to particles I and II separate: in the fourth equality, however, we are no longer dealing
with state vectors or operators, but with 2 X 2 matrices. In the fifth equality, we make this
explicit: observe that there are no longer any particle labels, only the one-particle S, matrix
from Eq. (4.251), as well as a 2 X 2 identity matrix.

We now have to explain the meaning of this new ® entity, which can combine matrices
in this specific way. This is nothing other than the Kronecker product, which turns out to
be not so new, of course, since it is merely a matrix version of the tensor product. Assume
you’re dealing with an n x n matrix U and a p x p matrix V.7 The most intuitive way of

35 For example, three spin-half particles correspond to an 8 X 8 matrix, namely 64 matrix elements in total.
36 Of course, applying it to two particles is overkill — “using a chain saw to trim your fingernails”.
57 We could also define the Kronecker product for non-square matrices, even for vectors.
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thinking of the Kronecker product U ® V is as the np X np matrix that looks like this:

U()()V U01V U(),”_lV
U]()V U]]V U]J,_1V

W=UsV=| _ . , (4.280)
Un—l,OV Un—l,IV cee l]n—l,n—lV

The presence of a V in each slot is to be interpreted as follows: to produce U®V, take each
element of U, namely Uy, and replace it by UV, which is a p X p matrix. (In total, there

will be n? such p X p matrices.) Expanded out, this leads to the np X np matrix W:

Uoo Voo e UooVo,p-1 Uo1 Voo e Uo1Vop-1 . Uon-1Vop-1
UnoVio e UooVip-1 UnVio e UnVipa . Uon-1Vip-1
UOO Vp—l,() v U()O Vp—l,p—l U()l Vp—],O o UOI Vp—l,p—] LR UO,n—l Vp—l,p—l
UioVoo e UioVo,p-1 Ui Voo e Ui Vop-1 . Ui-1Vop-1
UioVio . UioVip-1 Ui Vi e UnVip- . Uin1Vipa
UwVpi0 oo UVpoip UnVeao oo UnVpapa oo Ut Vipoipa
UIZ*I,OV[)*I,O e Unfl,Ofol,pfl Unfl,l Vp*l,O D Unfl,l Vp*l,p*l e Unfl,nfl Vp*l,pfl
(4.281)

You should spend some time making sure you understand that the last two matrices are
showing exactly the same thing.

While this intuitive understanding is important, what we would eventually like to do is
to implement the Kronecker product programmatically: in order to do that, we need an
equation connecting the indices of the U and V matrix elements, on the one hand, with the
indices of the W matrix, on the other. This is:

Wap = (U V), = UV
where a = pi+ j, b= pk+1 (4.282)

The original four indices take on the values:

i=0,1,....n-1, k=0,1,....n=1, j=0,1,....p=1, 1=0,1,....,p—1
(4.283)

As a result, the new indices take on the values:
a=0,1,....,np—1, b=0,1,...,np—1 (4.284)

You should spend some time thinking about our new equation: you will benefit from ap-
plying it by hand to one or two simple cases (say, the Kronecker product of a 2 X 2 matrix
with a 3 X 3 matrix). Incidentally, the idea that the Kronecker product is the same thing
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as regular matrix multiplication is obligingly self-refuting (to borrow a memorable turn of
phrase): a Kronecker product of a 2 x 2 matrix with 3 X 3 matrix leads to a 6 X 6 matrix,
whereas the regular matrix multiplication of a 2 X 2 matrix with 3 X 3 matrix is not even
possible, since the dimensions don’t match.

Having introduced and explained the Kronecker product, we may now return to our
derivation in Eq. (4.279). The third equality contains the product of the two matrix elements
(S.)ix and (1) j;: armed with Eq. (4.282), we may now confidently identify (S.)i(Z) j; using
the Kronecker product, namely (S, ® 1), thereby justifying our earlier claim. This means
we can now continue our derivation at the point where Eq. (4.279) had left it oft:

SL=S.®71 (4.285)

This is the matrix version of the operator relation Eq. (4.268), no longer involving any
particle labels. It is perhaps not too late to try to avoid possible confusion: when comparing
to other texts, you should keep in mind that S, here has nothing to do with a total spin
operator for the two-particle system: it is a 2 X 2 matrix corresponding to a one-particle
operator. We can now plug in S; from Eq. (4.251), as well as a 2 X 2 identity to find:

0

(4.286)

oS o = O
|
—

0 -1

where, crucially, the last step applied our definition of the Kronecker product, Eq. (4.282).

To summarize what we’ve been doing in this subsection: in Eq. (4.279) we went from
two-particle operators and state vectors to one-particle entities. Then, we identified one-
particle matrix elements: collecting those together, we ended up with one-particle-space-
dimensioned (i.e., small) matrices and took their Kronecker product. That led to a two-
particle-space-dimensioned (i.e., larger) matrix. This Sy, matrix turned out to be identical
to what we had found in Eq. (4.276), but it is important to realize that here we didn’t even
have to think once about the effect of a specific spin operator on a specific ket: instead,
we merely took the Kronecker product of a Pauli matrix with an identity matrix. In other
words, we simply carried out a mathematical operation between two matrices.

Matrix Representation Continued

In short, we have encountered two ways of building up the 4 X 4 matrices we need to
describe the system of two spin-half particles: first, using two-particle operators and state
vectors explicitly, to produce matrix elements for all 16 cases. (Of course, to do that, we
need to employ tensor products of one-particle operators and state vectors.) Second, we
showed that the same answer could be arrived at via a Kronecker product between two 2x2
matrices. The second approach can now be used to find the answer for more complicated
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cases. For example, the matrix Sy, can be computed as follows:

Sue = [l Suelan} = {((] & (6] (10 0 8) () 0 ™))}

_ {< [0 70 | §I£I)> ( /W] g | {I(II)>} _ {< [0 70 | éVIE1)>} ® {( £W] g | Q(H)>}
4 J X i =N X E
01 00
1 0} n{0 1] anfl 0 O O
=1®S, = = == :
®S [o 1)®2(1 o] 210 0 0 1 @287
00 10

The first several steps proceed by direct analogy to the steps in Eq. (4.279). The only
differences are that (a) our operator is Sy = 7® ® 8" by analogy to Eq. (4.269), and (b)
now we need to use the x one-particle matrix, from Eq. (4.252). If you wish to, you could
check this result by doing things the hard way, namely by using two-particle states and
explicitly evaluating all the matrix elements. (You’ll find the same answer, unsurprisingly.)

Crucially, all the steps of the above process can be automated, so computing other matri-
ces (e.g., Syy) is just as straightforward: all we’re doing is taking the Kronecker product of
an identity and a Pauli spin matrix (possibly not in that order). This is a purely mathemati-
cal task, which doesn’t need to get caught up in the details of different spin operators: once
you’ve determined the (one-particle) Pauli spin matrices, Eq. (4.254), you can straightfor-
wardly arrive at the matrix representation of any two-particle operator; as we’ll see below,
the same also holds for problems involving three, four, and so on particles.

Interacting Spins

If you’re following along so far, it shouldn’t be too hard to see how to handle more com-
plicated operators. The most obvious candidate is:

SI : SH = SIXSHX + SIySAHy + SAIZSAIIZ (4.288)

Let’s see how to handle this operator, focusing on $ .S 11, for the moment.

As before, there are two ways of going about this: either we focus on 4 X 4 matrices
(for the two-particle system directly), or we use Kronecker products between 2 X 2 matri-
ces (corresponding to one-particle matrix elements). Let’s start with the former approach,
which involves two-particle matrices like Sy, and Sy,: we assume that you know how to
produce these (again, either the hard way or the easy way). Here’s what we do in order to
express our matrix elements in terms of 4 X 4 matrices:

GlSiSultyy = > Gl Sl Gl Suldn) = ) (Si)ae Sudy = Si:Sn)
=T ILINLL ¢
(4.289)

In the first equality we introduced a resolution of the identity. In the second equality we
expressed our matrix elements using the notation that employs bold symbols. In the third
equality we realized that we were faced with nothing other than a matrix multiplication, as
per Eq. (C.10), namely C;; = >} Ay Bxj. Comparing the left-hand side with our result in the
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third equality, we see that we can build up the entire matrix {{{,| S IZS’ 1z [¢p)} by giving a
and b all possible values. The same argument can be repeated for the x and y components.
All in all, we have shown that the answer is arrived at if you multiply together the relevant
4 % 4 matrices and then sum the results up:

St = {(Zal 81 - Su 1)} = S + SyySuy + Si.Se (4.290)

where we also introduced a new symbol, Syyj, to denote the 4 X 4 matrix corresponding to
the dot product between two spin operators. As advertised, this is a result involving two-
particle matrices; it is the formula which we will implement in our Python code below.

We now turn to our second approach to the operator S1.$ ., this time employing one-
particle operators and state vectors. Let’s start with expressing the product of the two two-
particle operators in terms of one-particle operators:

$18n:=($L @ IM)(IPe8M) = (§P1V) o (IMSM) =8P 08  4.201)

In the first equality we used Eq. (4.268) and Eq. (4.269). In the second equality we grouped
together operators acting on particle I and those acting on II. In the third equality we
removed the identities, since they don’t change anything. We see that the product of the
two two-particle operators reduces itself to a tensor product between one-particle operators.

Let’s now evaluate the matrix made up by sandwiching this operator. This derivation
will be very similar in spirit to that in Eq. (4.287):

G S} = {(@i( e <§§ID‘) (8P es™) (") e |§§u>>)}
= {((lfl) §§I) | §£1)> < 411) §§H) | §1(11)>}
= (e 1) e { (4"

In the first equality we expressed two-particle entities in terms of one-particle entities. The
equalities after that closely follow the steps in Eq. (4.287): our result is a Kronecker product
between (multiples of) two Pauli spin matrices. Obviously, analogous relations hold for the
x and y components. All in all, we have shown that you can get the desired 4 X 4 matrix by
taking Kronecker products of 2 x 2 matrices and summing the results up:

SO

g |§}H)>} =888, (4.292)

St = {(Zal 81 - Su i)} =S, ®8, + 8, ®8, +S, 88, (4.293)

where we used the same symbol as above, Sy, to denote the 4 X 4 matrix corresponding
to the dot product between two spin operators. As advertised, this is a result involving
(Kronecker products of) one-particle matrices; it is the formula you are asked to implement
in a problem. It should come as no surprise that Eq. (4.293) is equivalent to Eq. (4.290).
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Hamiltonian

We end our discussion of two spin-half particles with the Schrédinger equation:
Ay = Ely) (4.294)

You should work through the derivation that led to Eq. (4.262): you will realize that all the
steps are still valid, the only difference being that now instead of dealing with a one-body
|£;) we are faced with a two-body |{,) (i.e., we are still sandwiching and introducing a
resolution of the identity). Thus, we arrive at the matrix form of the Schrodinger equation:

Hy = Ey (4.295)

where this time the H matrix is 4 X 4 and the state ¢ is a 4 X 1 column vector.

Just like we did for the single-particle case, we now have to consider which Hamiltonian
H to use. This time around, we first assume that each of particles I and IT is interacting with
an external magnetic field B. Each spin angular momentum (S; and Sy;) will be associated
with a spin magnetic moment operator (f; and fi;, respectively). Thus, there will be a
contribution to the total energy coming from the interaction of each magnetic moment
with the magnetic field (—fi; - B and —f1;; - B). As before, we are free to take our z axis
as pointing in the direction of the magnetic field. In addition to the interaction with the
magnetic field, the two particles may also be interacting with each other: this is why the
previous subsection on the operator S - Sy was titled “interacting spins”.

Putting all the pieces together, the Hamiltonian for the case of two spins is:

giqiB $ guquB
_ -

H=
Zm[ Zm[]

S +yS1-Sn = —wiS1; —wnS 1 + yS S e + S8y + S 1)

(4.296)

The first two terms correspond to the interaction with the magnetic field and the third
term the interaction between the two spins. The first equality employs the dimensionless
g-factor, charge, and mass for each particle, as well as the coupling constant y for the two-
spin interaction (appropriately, /%y has units of energy). The second equality lumps all the
coefficient terms together in the form of w; and wy;. We also took the opportunity to expand
the dot product Si- Sy as per Eq. (4.288).

All that’s left is for us to build up the matrix H. By now you should feel pretty confident
about taking matrix elements: what we need is H = {({,] A [Zp)}. We get:

H = -wSi; — wnSi; +y (SIxSIIx + Sty Sy + SIzSIIz) (4.297)

where we also made use of Eq. (4.290). (As you may recall, you are asked to use the
alternative expression for Sp.p, Eq. (4.293), in a problem.) We have succeeded in expressing
H only in terms of 4x4 matrices (which, in their turn, can be computed using the techniques
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introduced in earlier subsections). At this point, solving Hy = Ey is simple: this is a matrix
eigenvalue problem, like the ones we spent so much time solving in this chapter.

Equation (4.297) is deceptively simple, so it may be beneficial to explicitly write it out
in 4 X 4 form. Obviously, this is no longer practical once you start dealing with larger
numbers of particles, but the intuition you build at this stage will serve you well later on.
We assume that you have already produced the six matrices Sy, Sy, and so on. We plug
these matrices in to Eq. (4.297) to find:

wr + Wiy 0 0 0 1 0 0 0
h 0 w1 — W11 0 0 hz O -1 O
H=—- +y—
2 0 0 —wr + Wiy 0 4 0 2 -1 0
0 0 0 —W — W1 0 0 0 1
wr +wy — vk 0 0 0
h 0 — +yL —vh 0
__n RIS [ (4.298)
2 0 —yh —wy + wy t+ Y5 0
0 0 0 —Wr — Wi — 7%

In the first line we grouped together the magnetic-field-related terms, before combining
everything together in the second line. Note that something like 7wy has units of energy.

We immediately see that the terms relating to the magnetic field are diagonal in this
basis: this means that if we had non-interacting spins (y = 0) then the problem would
have been trivial/diagonal/already solved. Notice that we said “in this basis”: obviously,
this is referring to the eigenkets |£,) which, you should recall, were built up from the two
individual spins in the uncoupled representation. As a matter of fact, if you take y = 0
together with w; = wyy, you’re basically adding together these two spins: as a result, solving
the eigenproblem for this case leads to the same four eigenvalues you may be familiar with
from the coupled representation, corresponding to a spin-singlet and a spin-triplet (adding
spins together is what the coupled representation does).

On the other hand, the interacting-spins term is not diagonal in our basis. As it so hap-
pens, if you had been working in the coupled representation, then this second term would
have been diagonal (but then the magnetic-field terms wouldn’t have been diagonal). Thus,
our Hamiltonian (which has the spins interacting both with the magnetic field and with
each other) is an example of a situation where the eigenvalues and eigenvectors are harder
to pin down; thus, an eigenproblem solver is helpful here.’® Reiterating: if you solve for
the eigenvectors (in our representation, the uncoupled one) for the general case, you will
not find the column vectors {11, {11, {11, and £ from Eq. (4.277): these were arrived at as
eigenvectors of Sy; (and they are also eigenvectors of Syi;) but they are not eigenvectors of
our more general Hamiltonian. That’s not a big deal: this is precisely why we are studying
the solution of general eigenvalue problems in this chapter.

38 Of course, this is still a small matrix, so you could still do everything by hand if you wanted to.
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4.5.3 Three Particles

We are now (at last) ready to reap the benefits of the theoretical machinery we established
in the previous sections. We will study the problem of three spin-half particles, interacting
with a magnetic field and with each other. The matrix formulation of this problem gives rise
to 8 X8 matrices (so 64 matrix elements per matrix): since there are three particles and three
Cartesian coordinates, we need to deal with at least nine matrices, each of which is 8 x 8.
In other words, this is not a task that is comfortably carried out using paper and pencil,
which is why it doesn’t appear in QM textbooks traditionally. When the three-angular-
momenta problem does appear in textbooks, it is typically in the context of the coupled
representation: in this case the Clebsch—Gordan coefficients are generalized to entities like
the Wigner 6j-symbols or the Racah W-coefficients; these are messy to calculate, so they
are typically found tabulated. As we’ll soon see, both in this section and in the next one,
our framework is essentially no more laborious to implement for the case of three particles
(or even for more particles) than the two-particle problem was. This is because we are
side-stepping the whole issue of angular momentum coupling (or recoupling): we will,
once again, be working in the uncoupled representation. At the end of this process, we can
use our eigensolver to diagonalize any matrix we desire: that automatically will allow us
to evaluate quantities like the total spin of the system (or its z projections).

Inevitably, the present subsection will be much shorter than the preceding ones: if you’ve
been paying attention so far then you will recognize that we’re merely repeating the same
arguments; if you haven’t been reading attentively, we urge you to first study the one- and
two-particle sections more carefully.

As usual, we start from the formulation in terms of operators and state vectors. Let’s
call our three particles: particle I, particle II, and particle III, again using Roman numerals.
The first particle lives in a vector space spanned by the two kets |§$)> and ‘{il) > compactly

denoted by |§f1)>. Similarly, a second particle ket is |§ <II)> and for the third particle we

j
have |§ ,EHD>. We wish to start from these single-particle vector spaces and generalize to a

three-particle space. As before, we accomplish this using the concept of a tensor product:
k") e ) @ [6™) = 2.) (4.299)

where p is an index that covers all the three spin-projection possibilities, namely:

e I Iy IR P I I R O A A A (4.300)

We’ll consistently pick Greek letters starting from u to denote three-particle indices. Here
it is implicit that the first arrow refers to particle I, the second arrow to particle II, and
the third arrow to particle III. Note that an entity like |§#> (or like |§T 11)) doesn’t have a
superscript in parentheses, because it is not a one-particle state vector, but is made up of
three one-particle state vectors. You may wish to think of u as the ordered triple (i, j, k).
Turning to how the operators look in the three-particle Hilbert space, we’ll again build up
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our three-particle operators using tensor products between one-particle operators. Here’s
an example for the z projection of the first particle:

$1.= 80 @ 10 g I (4.301)

This is almost identical to Eq. (4.268): the only difference is that we have an extra tensor
product and an extra identity operator at the end. As usual, the left-hand side doesn’t have
a superscript in parentheses, because it is not a one-particle operator (it’s a three-particle
operator).”® Here’s another example, namely the three-particle operator that measures the
y component of the spin for particle II:

Spy=1"08Me ™ (4.302)

where we do nothing (i.e., have an identity) for particles I and III and take the tensor
product with the appropriate operator for particle II.

Next up, the matrix representation. As advertised, this involves 8 x 8 matrices for spin
operators (and therefore 8 X 1 column vectors for the state vectors). As usual, we are
sandwiching operators between a bra and a ket: this time around, we have eight basis kets,
as per Eq. (4.299): this is determined by the possible values of the u index, see Eq. (4.300).
For concreteness, we discuss the operator S .. We are interested in evaluating the matrix:

SIz = {((p|§lz|§v>} (4.303)

where we have used two different (Greek) indices on the left and on the right (each of which
can take on eight values). As you may recall, this calculation may be carried out the hard
way, explicitly evaluating each of the 64 possibilities. Instead, we will now take advantage
of having introduced the Kronecker product. Repeating the derivation in Eq. (4.279) you
will find out that the answer is simply:

S, =S, 7171 (4.304)

where, as usual, we are now dealing with matrices so there are no more particle labels to
worry about. We don’t want to go too fast at this point, so let’s take a moment to appre-
ciate what this simple-looking result means. This is the first time we’ve encountered two
Kronecker products in a row, so you may be wondering how to interpret such an operation.
Luckily, the Kronecker product is associative:

(TeoU)eV=TeUeYV) (4.305)

meaning you simply carry out one Kronecker product after the other and it doesn’t matter
which Kronecker product you carry out first. (Even so, the Kronecker product is not com-
mutative, U® V # V® U.) Thus, in the present case you could, similarly to what we did in

59 Note that, while S ;” is always a one-particle operator, we are using the same symbol, S Iz, to denote a two- or
a three-particle operator — you can figure out which one we mean based on the context.
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Eq. (4.279), identify (S,)i«(T);; using the Kronecker product, namely (S, ® 1),. Crucially,
you could then treat this resulting expression as just another matrix element, which would
have the same role as Uy in Eq. (4.282). You should think about this a little, keeping in
mind that in that defining relation U and V did not have to have the same dimensions. This
is precisely the situation we are faced with right now: in forming S, ® 7 ® 7 we can first
take one Kronecker product, producing a 4 x4 matrix, and then take the Kronecker product
of that matrix with the last 2 X 2 identity matrix: (S, ® 7) ® Z. That’s what gives you an
8 x 8 matrix at the end. Obviously, the same arguments apply for any other operator/matrix
pair, so we can produce analogous results, for example:

Sy =I1®S,®7T (4.306)

As you will discover when you print out this matrix using a Python program, it is starting
to have some non-trivial structure. Obviously, now that we are dealing with 8 X 8 matrices,
it is becoming harder to calculate (or even write out) things by hand.

One last stop before we discuss the three-particle Hamiltonian. The interaction between
spins I and II will look identical to Eq. (4.288):

St-Su=SuSm+ S8 + S, (4.307)

The derivation in Eq. (4.289) carries over in its essence, therefore:
St = {<§y|§1 c SII|§v>} = St:Siwx + SiySiy + SrSii (4.308)

This is basically identical to Eq. (4.290), but you have to keep in mind that now Sy and
all the other matrices have dimensions 8 x 8, not 4 x 4.0

Let us conclude this section with a discussion of the Hamiltonian. The matrix form of
the Schrodinger equation is still the same:

Hy = Ey (4.309)

where the H matrix is 8 X 8 and the state ¢ is an 8 X 1 column vector. As far as the
Hamiltonian operator H is concerned, we will again have interactions with a magnetic
field and between spins. Since we now have three particles, there are more pairs one could
form: in addition to having particles I and II interacting, we could also have particles I and
III, and particles II and III. Thus, Eq. (4.296) is generalized to:

g1q1B 4 guqnB 4 gmqm
- St — Stz —
2m1 2]’)’1[1 2m1u

= -—wiS — WSz — WSz + Y (S St +SpSuy + 515 IIZ)

+vy (S St + SuSmy + S1S le) +vy (S S e + S Sy + SiS le) (4.310)

N B . A A A A A A
H= sz+7(SI'SH+SI'SHI+SH'SIH)

0 The result in Eq. (4.293) doesn’t translate to the three-particle case quite so cleanly: it has to be generalized.
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The first three terms correspond to the interaction with the magnetic field and the remain-
ing terms to the interaction within the spin pairs (we assumed, for simplicity, the same
coupling constant for all pairs). In the second equality we expanded the dot products as per
Eq. (4.307). We’re now ready to build up the matrix H = {({HII:I Ig“v)}. We get:

H = —wiSr; — winSt; — wmSur: + ¥ (St + St + Siem) (4.311)

where this time, in order to be concise, we chose not to expand Sy and its cousins from
Eq. (4.308) and the corresponding relations. As was to be expected, all of the matrices
involved here are 8 x 8: once again, the magnetic-field-related contributions are diagonal
and the spin-interacting parts are non-diagonal. Yet again, that’s not a problem because we
know how to solve Hy = Ey for the general case.

As you will find out when you solve the relevant problem, our approach can handle the
simplification of y = 0 (i.e., non-interacting spins) together with w; = wy = wyy (.e.,
several copies of the same type of particle). This problem amounts to a version of standard
angular momentum addition, this time applied to the case of three spin-half particles. This
involves a diagonal matrix, so it’s trivial to find the eigenvalues (the only labor involved
is that required to produce the Hamiltonian matrix). On the other hand, similarly to what
we saw for the case of two spin-half particles, if you switch off the magnetic field you get
a non-diagonal problem (which is diagonal in the coupled representation — not employed
here). Obviously, our situation consists of both the magnetic field and the spins interacting
with each other, so we’ll have to code this up in as general a fashion as possible (e.g., you
might want to introduce a different interaction term in the future).

4.5.4 Implementation

We are now ready to implement our machinery in Python. To keep things manageable, we
provide three codes, the first of which is the program that builds the infrastructure (namely
the Pauli spin matrices and the Kronecker product). The second program then employs 4 x4
matrices to diagonalize the two-spin Hamiltonian. Once we’ve discussed the two-spin code
and its output, we turn to our main attraction, which is a separate program implementing a
three-spin function. This is where the 8 X 8 matrices are built and used.

Kronecker Product

In Code 4.11 we code up the Pauli spin matrices (for future use) and the Kronecker product.
The function paulimatrices() simply “hard-codes” the Pauli matrices from Eq. (4.254).
As usual, we have opted to create a 2d NumPy array using a Python list containing all the
elements, followed by a call to reshape(), in order to avoid a list-of-lists. The dtype
of our arrray elements is here inferred from the arguments we pass in: this means that
one of our Pauli matrices contains complex numbers and the other two floats. Importantly,
we have chosen to write paulimatrices() in such a way that it returns a tuple of three
NumPy arrays. This is a pattern that will re-emerge: in an attempt to keep things easier to
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import numpy as np

def paulimatrices():

sigx = np.array([0.,1,1,0]).reshape(2,2)
sigy = np.array([0.,-1j,1j,0]).reshape(2,2)
sigz = np.array([1.,0,0,-1]).reshape(2,2)

return sigx, sigy, sigz

def kron(U,V):

n = U.shape[0]
p = V.shape[0]
W = np.zeros((n*p,n*p), dtype=np.complex64)

for i in range(n):
for k in range(n):
for j in range(p):
for 1 in range(p):
Wip*i+j,p*k+1] = U[i,k]1*V[j,1]
return W

if _name == ‘_main ’:
sigx, sigy, sigz = paulimatrices()
allones = np.ones((3,3))
kronprod = kron(sigx,allones); print(kronprod.real)

reason about, we have chosen to “mix” conventions, so we create Python entities (tuples
or lists) that contain NumPy arrays. It’s almost certainly more efficient to do everything
in NumPy: in this case, that would imply returning a 3d NumPy array, where one of the
indices would keep track of which Cartesian component is being referred to and the other
two indices would be “Pauli indices”, namely the indices that tell us which bra ({;|) and
which ket (|;)) we are using to sandwich our operator(s). Finally, notice that these Pauli
matrices are one-particle entities. We will be able to combine them with other matrices to
produce two-particle entities using the Kronecker product.

Speaking of which, the function kron() is reasonably straightforward.®' After figuring
out n and p, which determine the dimensions of our matrices, we create an np X np matrix
where we will store the output: this is made to be complex, in order to be as general
as possible (we already saw that the y Pauli matrix is imaginary, so we need to employ
complex arithmetic). We then proceed to carry out an iteration over all the one-particle

61 We could have used numpy . kron() but, as usual, we prefer to roll our own.
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from kron import paulimatrices, kron
from grmet import qrmet
import numpy as np

def twospins(omI,omII,gam):
hbar = 1.
paulis = paulimatrices()
iden = np.identity(2)

SIs = [hbar*kron(pa,iden)/2 for pa in paulis]
SIIs = [hbar*kron(iden,pa)/2 for pa in paulis]
SIdotII = sum([SIs[i]@SIIs[i] for i in range(3)])

H —omI*SIs[2] - omII*SIIs[2] + gam*SIdotII
H = H.real
return H

if _name__ == ‘_main__’:
H = twospins(1l.,2.,0.5)
gqreigvals = qrmet(H); print(greigvals)

indices (ikjl), in order to implement Eq. (4.282), namely W, = Uy V;; where a = pi + j
and b = pk + . This is the only time in the book that we use four nested loops (typically a
slow operation for large problems).

The main program takes the Kronecker product of a given Pauli spin matrix (a one-body,
i.e., 2 X 2 entity) and a 3 x 3 matrix of 1’s. This is a mathematical test case, i.e., there is no
physics being probed here. Run the code to see what you get. Then, to highlight the fact that
the Kronecker product is not commutative, try putting the Pauli matrix in the second slot.
Even though kron() returns a complex matrix, we take the real part just before printing
things out, for aesthetic reasons. You should try to work out what the output should be
before proceeding; this will be a 6 X 6 matrix. In order to interpret the results, it’s probably
best to look at Eq. (4.280). When the Pauli spin matrix comes first, we get 3 x 3 blocks,
each of which repeats a single matrix element of o, from Eq. (4.254). When the matrix
full of 1°s comes first, we get 2 X 2 blocks each of which is a 0.

Two Particles

Code 4.12 contains a Python implementation of the two-spin Hamiltonian. This program
imports the needed functionality from our earlier code(s) and then defines our new physics
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function twospins (), which takes in as inputs the coefficients wy, wyy, and y. We first set
hi to 1, to keep things simple; while this is part of what are known as “natural units”, it
won’t have any effect in what follows. We then call paulimatrices() and create a2 X 2
identity matrix for later use. Our main design choice (hinted at above) was to produce
and store our 4 X 4 matrices in a list. The first time we do this is when we employ a list
comprehension to create SIs. Note how Pythonic this is: we use no indices and directly
iterate through the Pauli-matrices tuple. This (together with repeated calls to our Kronecker
product function, kron()) allows us to produce the 4 x 4 matrices Sy, Sy, and Sy, in
turn, storing them together in a list of three elements.®> As we saw in Eq. (4.285) and in
Eq. (4.287), when we’re dealing with particle I we put the Pauli spin matrix before the
identity (e.g., Si; = S; ® 7), whereas when we’re dealing with particle ITI the identity
comes first (e.g., Siy = 7 ®S,). You may now start to realize why we labelled the particles
using the Roman numerals I and II: we already have to deal with Cartesian-component
indices and Pauli indices. If we had also chosen to label the particles using the numbers 1
and 2 (or, heaven forfend, 0 and 1) it would have been easier to make a mistake.

We then evaluate Sy as per Eq. (4.290). We have six matrices that we need to multiply
pairwise and then add up the results (giving you one 4 X 4 matrix). We have, again, chosen
to use a list comprehension: this produces the matrix multiplications and stores them in a
list, whose elements (which are matrices) are then added together using Python’s sum().%
Depending on your eagerness to be Pythonic at all costs, you may have opted to avoid
using any indices whatsoever, saying instead:

SIdotII = sum([SI@SII for SI,SII in zip(SIs,SIIs)])

Of course, this is starting to strain the limits of legibility. If you’re still not comfortable
with list comprehensions, simply write out the three matrix multiplications:

SIs[0]@SIIs[0®] + SIs[1]@SIIs[1] + SIs[2]@SIIs[2]

If you know that you will never have to deal with more than three Cartesian components,
then it’s OK to explicitly write out what you’re doing.

We then proceed to construct the 4 X 4 Hamiltonian matrix H of Eq. (4.297), using
several of the results we have already produced. So far we’ve been doing our calculations
using complex numbers, as we should. When we took the dot product that produced Sy,
however, everything became real again. We therefore keep only the real part of H, since our
eigenvalue methods (developed earlier in this chapter) won’t work with complex matrices.

The main program is incredibly short: we first call twospins (), with some arbitrary
input parameters. Now that we have the matrix H, we call our very own qrmet () to evaluate

62 Again, you might prefer to use a 3d NumPy array. In that case, you could implement the interacting-spins term
much more concisely, if you know what you’re doing. A further point: while numpy.dot () and @ are for us
fully equivalent, they behave differently for 3d, 4d, etc. arrays.

93 In turn, when Python tries to sum these matrices together, it knows how to do that properly, since they are
NumPy arrays — recall that summing lists together would have concatenated them and that’s not what we’re
trying to do here. Using np. sum() is also wrong: do you understand why?
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@RS Eigenvalues for the problem of two spins (left) and three spins (right)

the matrix’s eigenvalues and then print out the result.** Running this code, we see that
we get a non-diagonal 4 X 4 Hamiltonian matrix, which we then diagonalize and get 4
eigenvalues. Of course, a 4 X 4 matrix is not too large, so you could have tried to solve this
problem the old-fashioned way, via |A — AZ7| = 0. As the dimensionality keeps growing,
this is, in general, less feasible. While the output of our code is short, you shouldn’t let that
mislead you: our program carries out a number of calculations that would have required
some effort to do by hand. As always, we urge you to play around with this code, printing
out intermediate results. You can start by printing out matrices like Sy, or Sy,; you can
compare with the matrices we derived in an earlier section. Another thing to try is to study
the limits of no magnetic field or the opposite limit of no interaction between the spins. In
one of these cases, our function grmet () has trouble converging to the right answer. You
will explore this in one of the problems.

In the left panel of Fig. 4.1, we show the result of using twospins() to plot the total
energy as a function of the wy (assuming wy/w; = 2, just like in our code). In both the
axes, we have made everything dimensionless by dividing out an appropriate product of a
power of 7 and the coupling constant y. Physically, you can envision tuning the magnetic
field B to tune the magnitude of w;. At vanishing magnetic field, we find three of the
states becoming degenerate in energy; this is the spin-triplet that you find in the coupled
representation (namely, three states with total spin 1). Another feature of this plot is that, at
some point, there is a crossing between eigenenergies; you should spend some time trying
to understand why this happens. It may help you to know that physically this situation is
similar to the Zeeman effect in hydrogen (only there, wy < wy holds).

4 A problem explores why we’re not using our eig() function instead.
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threespins.py

from gqrmet import qrmet
from kron import paulimatrices, kron
import numpy as np

def threespins(omI,omII,omIII,gam):
hbar = 1.
paulis = paulimatrices()
iden = np.identity(2)

SIs = [hbar*kron(kron(pa,iden),iden)/2 for pa in paulis]
SIIs = [hbar*kron(kron(iden,pa),iden)/2 for pa in paulis]
SIIIs = [hbar*kron(kron(iden,iden),pa)/2 for pa in paulis]

SIdotII = sum([SIs[i]@SIIs[i] for i in range(3)])
SIdotIII = sum([SIs[i]@SIIIs[i] for i in range(3)])
SITdotIII = sum([SIIs[i]@SIIIs[i] for i in range(3)])

H = -omI*SIs[2] - omII*SIIs[2] - omIII*SIIIs[2]
H += gam*(SIdotII+SIdotIII+SIIdotIII)

H = H.real
return H
if _name__ == ‘_main__’:

np.set_printoptions(precision=3)
H = threespins(1.,2.,3.,0.5)
greigvals = qrmet(H); print(greigvals)

Three Particles

Code 4.13 is a Python implementation for the case of three particles, building on our earlier
work; in a problem, you are asked to study the case of four spin-half particles.®

We first import the functions paulimatrices() and kron() from our earlier code.
Our only new function, threespins(), is a modification of twospins(). While we, of
course, have to introduce a new variable to keep track of the matrices corresponding to
particle ITI, that’s not the main change. The core modification is that, in the list compre-
hension that creates these matrices, we now have to call the kron() function twice. This
is hardly surprising if you bring to mind equations like Eq. (4.304), S;; =S, ® 7 ® 7. The

5 You are free to try to implement the general case of any number of particles, but it’s probably best to do that
after you’ve done the four-particle case the quick and dirty way.
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Kronecker product is not commutative, so it matters whether the Pauli matrix is first, sec-
ond, or third. A natural consequence of doing two Kronecker products is that at the end we
will be dealing with 8 x 8 matrices. Turning to the dot-product terms like Sy, we observe
that the relevant line, SIdotII = sum([SIs[i]@SIIs[i] for i in range(3)]), is
identical to what we used in the two-particle code, despite the fact that the matrices being
manipulated are now 8 X 8: Python and NumPy work together to accomplish exactly what
we want. The only difference in this regard is that since we now have three particles, we
have to form more pairs, also constructing Sy and Sy.p;. Our function then proceeds to
create the Hamiltonian matrix, directly following Eq. (4.311).

The main program is very short: the only change in comparison to the two-particle case
(in addition to having to pass in wy as an argument) is a beautifying fix ensuring that
we don’t print out too many digits of precision. Running this code, we realize that we
are dealing with an 8 X 8 matrix that is not diagonal. That is where our function grmet ()
comes in handy and evaluates the eight eigenvalues. You could have tried using |[A—-A7| =0
to compute these eigenvalues, but you would be faced with a polynomial of eighth order:
while some symmetries of the matrix might help you, you would get into trouble the second
you modified our Hamiltonian to contain a new term, say S,.

Like in the two-spin case, we also used threespins() in order to build some physical
intuition. The right panel of Fig. 4.1 shows the total energy for our eight states as a function
of the wy (assuming wyr/wy = 2 and wyr/wy = 3, just like in our code). As before, we have
ensured that all quantities plotted are dimensionless. At vanishing magnetic field, we see
the states forming two quartets, with each of the four states in each quartet being degenerate
in energy. As you will discover when you solve the corresponding problem, the situation is
actually a bit more complicated: we are here faced with a spin-quartet (with total spin 3/2)
and two spin-doublets (each of which has total spin 1/2). Moving to other features of our
plot, we see that this time around we find several more eigenvalue crossings.

Writing threespins () was not really harder than writing twospins(), yet the prob-
lem we solved was much larger. This is the beauty of using a computer to solve your
problem: as long as our infrastructure (here mainly the Kronecker product) is robust, we
can address more demanding scenarios without much effort on our part (of course, the
computer now has to multiply larger matrices together, so the total operation cost can grow
rather rapidly). Sometimes the knowledge that you’ve already built up your machinery is
enough to convince you to tackle a problem that you may have shied away from if all
you had at your disposal was paper and pencil. To put this concretely: just like in the two-
particle case, our output is not showing the intermediate variables we made use of. You will
benefit from experimenting with this code, printing out matrices like Sy, and comparing
with what you derive analytically. As you may have noticed, in our theory section on the
three-particle problem (section 4.5.3) we did not explicitly show any 8 x 8 matrices, so you
will have to do the bulk of the derivations yourself; we hope that this process will convince
you of the point we were making before in abstract terms, regarding how the computer can
help. If that doesn’t work, then solving the last problem at the end of this chapter (asking
you to repeat this exercise for the 10-particle case) should do the trick.
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4.6 Problems
]

1. Show that the product of the eigenvalues of a matrix is equal to its determinant.

2. Show that the product of two (a) upper-triangular matrices is an upper triangular matrix,
and (b) orthogonal matrices is an orthogonal matrix.

3. In the main text we derived an error bound for the condition number of a linear system of
equations, x(A), in Eq. (4.50), under the assumption that the vector b was held constant.
You should now carry out an analogous derivation, assuming b is perturbed but A is
held fixed. This time, you will arrive at an error bound for ||Ax]|/|[x]|.

4. Write Python codes that implement:

(a) finding the lower and upper triangular part of a given matrix
(b) the Euclidean norm

(c) the infinity norm

You can use NumPy but, obviously, you shouldn’t use the functions that have been
designed to give the corresponding answer each time.
5. Rewrite triang. forsub() and triang.backsub() in less idiomatic form.

6. For the following linear system:

0.8647 0.5766

0.2885
(4.312)
04322 0.2822

Alb) =
(A [ 0.1442

evaluate the determinant, norm, condition number of A, as well as the effect hand-
picked small perturbations in the matrix elements have on the solution vector.

7. Search the NumPy documentation for further functions that produce or manipulate ar-
rays. Use what you’ve learned to produce an n X n matrix of the form:

1 -1 -1 ... -1
0 1 -1 -1
0 0 1 .. -l (4.313)
0 0 0 1

which is a generalization of what we called Example 6. Your code should be such that
it should be trivial to change the n to a new value.

Now, take n=16 and solve the system (with b made up of alternating +1’s and —1’s, as
in Eq. (4.40)) with and without a small perturbation of —0.01 in the bottom-left element.
Then, evaluate the condition number x(A).
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8.

10.

11.

12.

13.

14.

15.

16.

Carry out an eigenvalue sensitivity analysis for the following 20 x 20 matrix:

20 19 18 17 ... 3 2 1
19 19 18 17 ... 3 2 1
0O 18 18 17 ... 3 2 1
(4.314)
o o o o0 ... 2 21
0o o0 o o0 ... 011

which is a generalization of our Example 8 from the main text, Eq. (4.52). Specifically,
evaluate the condition numbers for the largest (in absolute value) 11 real eigenvalues
and discuss which seem to be ill-conditioned.

Prove that left and right eigenvalues are equivalent (something which does not hold for
left and right eigenvectors).

Find a matrix that is sensitive to perturbations for all three cases of: (a) linear system
of equations, (b) eigenvalue, and (c) eigenvector. Explain how you would go about
constructing such a matrix.

When adding 0.005 to the bottom-left element of Example 11, Eq. (4.83), we saw that
eigenvector v didn’t change very much. Now that you are armed with the general
derivation of eigenvector sensitivity, you should explore this perturbation in more detail.
After that, try out small perturbations in other matrix elements and repeat the study.
Evaluate the norm and condition number for the 4 x 4, 10 x 10, and 20 X 20 matrices
you get from triang.testcreate().

In this problem we will evaluate the sum:

ZH (4.315)

The trick we’ll use is to start from the following sum:

N
|+ 1)° =] (4.316)

k=0
First evaluate this sum without expanding the parentheses: you will notice that it in-
volves a telescoping series and is therefore straightforward. Now that you know what
this sum is equal to, expand the parentheses and solve for the sum in Eq. (4.315). Fi-
nally, it should be trivial to re-express the final result for the case N = n — 1.
Use LU decomposition to calculate the inverse of a matrix A as per Eq. (4.147) and
the determinant as per Eq. (4.150). Test your answers by comparing to the output of
numpy.linalg.inv() and numpy.linalg.det().
Rewrite the 1ludec () function, where you now don’t store the L and U matrices sepa-
rately. Then, rewrite the lusolve () function to use your modified ludec(). Can you
still use the forsub () and backsub() functions?
Prove (by contradiction) that Doolittle’s LU decomposition is unique.
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17. Intriguingly, the LU decomposition of a matrix A preserves tridiagonality (meaning that
L and U are tridiagonal if A is tridiagonal). Take the following tridiagonal matrix:

d() €y 0 0 N 0
C1 dl €]
0 (&) dz € ... 0
A= . . : (4.317)
0 0 0 0 e Cp2 dn_z (o7
0 0 Cn—-1 dn—l

We only need to store the main diagonal and the two diagonals next to the main diagonal
(i.e., there is no need to create and employ an n X n NumPy array), namely the vectors
¢, d, and e. Rewrite ludec() and lusolve() so that they apply to this, tridiagonal,
problem. Before you start coding, you should first write out the equations involved.

18. Implement scaled partial pivoting for the Gaussian elimination method, as per the dis-

cussion around Eq. (4.164):

4w ||
— = max ——

Sk jsms<n-1 8,

(4.318)

Remember to also swap the scale factors when you are interchanging a row.

19. Implement pivoting (whether scaled or not) for the case of LU decomposition. While
you're at it, also calculate the determinant for the case of pivoting (you have to keep
track of how many row interchanges you carried out).

20. Use Gaussian elimination or LU decomposition (without and with pivoting) for:

4 4 8 4|1
453 7|2

(4.319)
8 3 9 9|3
47 9 5|4

Does pivoting help in any way? What are your conclusions about this matrix? You
sometimes hear the advice that, since the problem arises from one of the U;;’s being
zero, you should replace it with a small number, say 1072°. Does this work?

21. We will now employ the Jacobi iterative method to solve a linear system of equations,
for the case where the coefficient matrix is sparse. In the spirit of what we saw in the
discussion around Eq. (4.317) in an earlier problem, we will formulate our task in such
a way that the entire matrix A need not be stored explicitly.
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22.

23.

To be specific, focus on the following cyclic tridiagonal matrix:

4 -1 0 O ... 0 O 0 -1]|1
-1 4 -1 0 ... 0 O O Of1
o -1 4 -1 ... 0 0 0 O0f1
(Alb) = (4.320)
0O 0 0 O -1 4 -1 0]1
0O ... 0 -1 4 -1]|1
-1 0 0 O ... 0 0 -1 4|1

Something similar appears when you study differential equations with periodic bound-
ary conditions, as we will see in chapter 8. (Note that A is “almost” a tridiagonal ma-
trix.) For this problem, the Jacobi iterative method of Eq. (4.169) turns into:

1

Xg)k) (1+ (k— 1) Elk 11))4
1

A= (L) 20 = =2 (4.321)
1

k k-1 k-1

A= (e ) g

Implement the Jacobi iterative method for this set of equations. Your input parameters
should be only the total number of iterations, the tolerance, as well as n (which deter-
mines the size of the problem), i.e., there are no longer any A and b to be passed in.
Choose a tolerance of 107> and print out the solution vectors for #n = 10 and for n = 20,
each time also comparing with the output of numpy.linalg.solve(). (To produce
the latter, you will have to form A and b explicitly.)

As mentioned in the main text, a small modification to the Jacobi method of Eq. (4.169)
leads to an improved algorithm. This is the Gauss—Seidel method, which is given by:

n—1

k k k-1
0 fp-Fasr- 5

Jj=i+l

i=0,1,....,n-1 (4.322)
In words, what the Gauss—Seidel method does is to use the improved values as soon as
they become available. Implement the Gauss—Seidel method in Python and compare its
convergence with that of the Jacobi method, for the same problem as in jacobi.py.

This problem reformulates (in matrix form) the Jacobi iterative method for solving lin-

ear systems of equations and provides a justification for its convergence criterion.

(a) Split the matrix A in terms of a lower triangular matrix, a diagonal matrix, and an
upper triangular matrix:

A=DL+7+U) (4.323)
Now, if you are told that the following relation:
x® =Bx* D 4 ¢ (4.324)

is fully equivalent to the Jacobi method of Eq. (4.169), express B and ¢ in terms of



4.6 Problems

24.
25.

26.

27.

66

known quantities. (Unsurprisingly, a similar identification can be carried out for the
Gauss—Seidel method as well.)

(b) We will now write the matrix relation Eq. (4.324) for the exact solution vector X.
This is nothing other than:

x =Bx +¢ (4.325)

Combine this with Eq. (4.324) to relate ||[x* — x]|| with [|x® — x*~D||. Discuss how
small ||B| has to be for |[x®®) —x%*~D|| to constitute a reasonable correctness criterion.

(c) Examine the infinity norm ||B|| and see what conclusion you can reach about its
magnitude for the case where A is diagonally dominant.

Explicitly prove Eq. (4.173), V-AV = A, for the 3 x 3 case. Hint: first prove AV = VA.
Implement the (direct) power method with the stopping criterion in Eq. (4.185). You
will have to keep the q*) in the current iteration and in the previous one.

Use invpowershift.py to evaluate all eigenvalues and all eigenvectors for:
31 2
1 4 3 (4.326)
2 3 1

This problem studies the modified Gram—Schmidt method, which is less sensitive to
numerical errors than classical Gram—Schmidt. Conceptually, classical Gram—Schmidt
produces new a vectors by subtracting out any non-orthogonal components of the orig-
inal vectors a;, as per Eq. (4.203). The problem with this is that if in the calculation of,
say, q3 a numerical roundoff error is introduced, this error will then be propagated to the
computation of q4, (s, and so on. In contradistinction to this, modified Gram—Schmidt
tries to correct for the error in q3 when computing qu, qs, and so on.%®

In equation form, what modified Gram—Schmidt does is to replace the relations from

Eq. (4.198) to Eq. (4.202) as follows:

q =
" Jlagl
7(0) .
a, —a,—(qoa,)qo, j=12,...,n-1 (4.327)
/(0)
q = —;
|la “”n

So far, there’s nothing really “modified” going on. Then, the next step is:
a;(]) '(0) -(qja ’(0))q1, j=23,...,n—1

'<1> (4.328)
/(l)”

q =
lla

Note how the inner product is taken not with the original vector, but with the updated
one (which has a superscript in parentheses).

This approach is somewhat similar in spirit to that of the Gauss—Seidel method, in that updated values are used
but, of course, we are comparing apples with oranges.
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28.

29.

Thus, for the general case we have:

7(i—1)
a4

4= i,
)] (4.329)

(Gi-1) i
J

a¥=a _(qiTaj Mg, J=itl...n-1

J
Implement QR decomposition in Python using the modified Gram—Schmidt approach.
You should carefully think about how to structure your new code: the prescription above
builds the required matrices row by row (whereas qrdec () works column by column),
so it may help you to first restructure your classical Gram—Schmidt code to also work
row by row. At that point, you will see that the only difference between the two methods
is whether the inner products are computed using the original or the updated vectors.

When you’re done, evaluate ||Q” Q — I for the testcreate() problem and compare
the orthogonality properties of our new method with those of classical Gram—Schmidt.

We will now use QR decomposition to solve a linear system of equations, Ax = b.
This equation can be rewritten as: QRx = b. We can take advantage of the orthogonal-
ity of Q to re-express this as: Rx = Q”b. But now the right-hand side contains only
known quantities and the left-hand side has the upper-triangular matrix R, so a back
substitution is all that’s needed. Implement this approach in Python for both classical
and modified Gram—Schmidt (if you haven’t solved the problem introducing modified
Gram—Schmidt, use only classical Gram—Schmidt).

Here we will generalize the Gram—Schmidt orthonormalization process (Eq. (4.198) to
Eq. (4.203)) to work with functions. We realize that we are lacking the concept of the
“length” of a function (which would correspond to the norm used in the denominator to
normalize) as well as the concept of the “inner product” of two functions (which would
be needed to subtract out any component that’s not orthogonal). Let’s introduce the
latter, namely the inner product of the function f(x) with the function g(x). We choose
to work with the symmetrical interval —1 < x < 1 and define:

1
(f.8) = fl F(x)g(x)dx (4.330)

assuming these are real functions. It is then straighforward to define the length of a

function as simply +/(f, f).
We are now in a position to start following the Gram-Schmidt steps. We will call g;

(non-bold) the result of orthonormalizing the monomials ay = 1,a; = x,a; = 2ay =

X, Taking them in order we have:

I 1 1
o = ——2 — (4.331)

V@)~ NI iy, V2

Next we have:

1 1 1t
ay = a; —(qo,ar)q =x—(—,x)—=x——f —xdx = x (4.332)
PR V2l V2 NENERY
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which was particularly easy to calculate since the integral vanishes (1 and x were al-
ready orthogonal). Normalizing, we get:

a 3
q = [ SR (4.333)

Vaap  Vxx) \/fl 2dx 2

The next step is:

dy = ay = (qo. a2)qo — (q1. @)q1 = X° — (L\/_ x2) % - ( \/gx, xz) \/gx
—xZ—L\/_ —xzdx— \/7 f f Sdx =¥ — = (4.334)

In the last step the second 1ntegral vanished. Now, to normalize:

) a, 2 -1/3 2 =1/3 \/§(3xz 1)
2 = = = “V2l\2t 72
@@ E-TRE-3) [T ppa, V222

(4.335)
(a) Carry out the calculation that leads to } and from there to g3.
(b) Explicitly check the orthonormality of the g;’s, by seeing that:
1
@4 = [ arudx =5, (4.336)
-1

holds for the first few orthonormal polynomials.
(c) Any polynomial of degree n — 1 can be expressed as a linear combination of our
orthogonal g;’s as follows:
n—1
roo1(x) = Z ciq; (4.337)

J=0

Use this expansion and the orthonormality property in Eq. (4.336) to show that:

1
(Fn-1, qn) = f rn—lQndx =0 (4.338)
-1

In words, g, is orthogonal to all polynomials of a lower degree.

(d) The g; we have been finding are multiples of the orthogonal Legendre polynomials.
Compare the first few g;’s to Eq. (2.79). Also, use that equation to confirm that the
normalization of the Legendre polynomials obeys:

1

2
(Pn(x)a Pm(x)) = \f:l Pn(x)Pm(x)dx = manm (4339)

30. We now use Householder transformations to carry out a QR decomposition.

(a) We define a Householder matrix as P = T —2ww’, where w is a unit-norm vector.
(Our definition involves the product of a column vector and a row vector; we will
see something similar in Eq. (5.89).) Show that P is symmetric and orthogonal. You
have thereby shown that P> = 7.
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31.
32.

33.

34.

(b) If two vectors X, y satisfy Px =y, then show that w = (x — y)/||x — y||.

(c) Specialize to 'y = «|[x|ley, where e is the first column of the identity matrix, as
per Eq. (4.148). (Discuss why you should choose @ = —sign(xp).) Notice that Px
zeroes out all the elements of a general vector x below the leading element; this is
reminiscent of the first step in Gaussian elimination.

(d) Produce a Householder matrix P that zeroes out the all the elements except the
leading one in the first column of an n X n matrix A. This P acting on the entire
A thereby transforms the other elements (outside the first column). We now need to
zero out the elements in PQA below its 1, 1 element. We form a new Householder
matrix P based on the lower 1 — 1 elements of the second column of P®A; note
that this leads to P®" being (n— 1) x (n—1). Similarly, P® would be (n—2)x (n—2),
and so on. We opt for the (wasteful) option of padding:

I 0
(k) —
Q —(0 P(")] (4.340)

where T is k x k, P® is (n — k) x (n — k) and, therefore, Q® is n x n. Explain
why R = Q"2Q"3 .. QWQ©A is upper triangular. Use the fact that these ma-
trices are orthogonal to show that Q = Q@ QWM ... Q"=»Q"2 is also orthogonal.
Multiplying Q and R gives you the initial A.

(e) Implement this prescription in Python to produce a QR decomposition.

Show that A’ from Eq. (4.209) (A’ = S™'AS) and A have the same determinant.

Show that a number z is a Rayleigh quotient of the matrix A if and only if it is a diagonal
entry of QT AQ, for an orthogonal matrix Q. (Recall that “if and only if” means you
have to prove this both ways.) The conclusion that follows from this is that Rayleigh
quotients are simply diagonal entries of matrices (but you first have to orthogonally
transform to the appropriate coordinate system).

We now show that, for the algorithm of simultaneous iteration, QW converges toward Q
First, use Eq. (4.173) to show that A¥ = VAFV-! Then, carry out two decompositions,
V= QU and V™! = LR, where Q is orthogonal, L is unit lower-triangular, with U and
R being upper triangular. Combining these three equations, and introducing an identity
expressed as A™¥A*, a unit lower-triangular term of the form AKLA~* emerges: argue
why its off-diagonal elements go to 0 as k is increased. You have thereby shown that A
is equal to Q times an upper-triangular matrix. Comparing this to Eq. (4.226), since the
factorization is unique, identify the large-k version of Q® with Q.

This problem implements simultaneous iteration step by step.

(a) Start with Eq. (4.220), namely Z® = AZ*~D_ Implement this and check how well
you do on the eigenvectors for the 4 X 4 testcreate() example.

(b) Now repeat the previous prescription and simply normalize each column at the end
(without any QR decomposition).

(c) Implement the full simultaneous iteration from Eq. (4.224) and compare the eigen-
vectors with the (QR-decomposed) output of numpy.linalg.eig().
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35.

36.

37.

38.

39.

(d) Implement A® as per Eq. (4.230) and compare with the numpy.linalg.eig()
eigenvalues.

Including all contributions (not just the leading term), evaluate the operation counts
for (a) vector—vector multiplication, (b) matrix—matrix multiplication, (c) linear system
solution via the LU method, and (d) QR decomposition.

Use the QR method to compute the orthogonal factor of the eigenvector matrix. If you
followed the derivation in the main text, you’ll know that this means you should write
a Python code that modifies grmet () to also compute Q.

This problem explores the QR method as applied to a symmetric tridiagonal matrix A.
You can either try to derive things in general, or experiment with a given matrix.

(a) Check to see whether or not the QR decomposition of A preserves tridiagonality
(meaning if Q and R are tridiagonal when A is tridiagonal).

(b) Take the product in reverse order, RQ, in the spirit of the QR method. Is this product
also tridiagonal? What does your answer imply more widely?

While the QR method (in the form in which we presented it) is reasonably robust,
there are situations where it fails completely. To make matters worse, since there’s no
termination criterion, the method is not even telling us that it’s failing. For:

0 2 (4.341)
2 0 '

(a) Run the QR method for several dozen iterations. Do you ever get the correct eigen-
values? (Derive the latter analytically.) To see what’s happening, print out the first
QR decomposition and the first RQ product.®’

(b) Try to solve the “neighboring” problem, where there is a 0.01 in the top-left slot. Is
this better? Why? (or why not?) Use as many iterations as you’d like.

In our study of differential equations, in chapter 8, we will learn how to tackle the one-
particle time-independent Schrodinger equation for any potential term:

a2

%Itﬂ) + VOl = El) (4.342)
m

Here, we focus on an important specific case, the quantum harmonic oscillator, V(%) =
mw?%*/2. In the position basis this Schrodinger equation takes the form of Eq. (3.70).
In a course on quantum mechanics you also learned about the energy basis, involving
Dirac’s trick with creation and annihilation operators. In terms of the energy eigenstates
|n), the matrix elements of the position and momentum operators are:

h
(13 = |5 [ VSt + Vi + 16,001
2mw
o . [himw
W' 1pin) = iy == | Vit T6e = Vi

These are the elements of infinite-dimensional matrices: n and n’ start at 0, but they

(4.343)

7 The problem can be overcome by using the “Wilkinson shift”, which we won’t go into.
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40.

41.

42.

43.

44.

don’t go up to a given maximum value. Keep in mind that the eigenvalues involved (the
n that keeps track of the cardinal number of the eigenenergy) are discrete, even though
we have not carried out any numerical discretization procedure ourselves; this is just
the nature of the problem.

Truncate these matrices up to a maximum of, say, n = 10 and implement them program-
matically. Then, by using matrix multiplications to carry out the necessary squarings,
verify that the Hamiltonian is diagonal in this basis; this is hardly surprising, but it is re-
assuring. Compare the eigenvalues to the (analytically known) answers of Eq. (3.71).
Did you expect the value you found in the bottom element of the diagonal? To see
what’s going on, evaluate the trace of XP —PX, where X = {(n’|%|n)} and P = {(n’|p|n)},
and compare with your expectations from Heisenberg’s commutation relation.

Study the case of two spins, as per twospins.py, implementing the Hamiltonian matrix
of Eq. (4.297). This time, instead of getting the Sy term as per Eq. (4.290), you should
use Eq. (4.293), which involves Kronecker products.

You should also write down the generalization of Eq. (4.293) for the case of three spins
(no need to code this up).

The angular-momentum addition theorem tells us that if you have a particle with jj and
another one with j;, the angular momentum of the pair, J, will take on the values:

ljo—Jjil <J < jo+ji (4.344)

You should apply this theorem (twice) to the case of three electron spins. That means
that you should first add two of the angular momenta, and then add to the resulting
pair angular momentum the third angular momentum you had left out (this is known
as recoupling). Employing this approach, you should find the total possible spin and
the z projection of the spin for the 3-spin-half system. You should then try to call
threespins() to find the same answer. (If you try to use twospins() to evaluate the
same limit — even though the Hamiltonian matrix is still diagonal — something breaks,
as mentioned in the main text. Do you understand why?)

Modify our two and three spin codes, for the same input parameters as in the main
text, to also produce the eigenvectors/state vectors using our eig() function. You first
have to modify our implementation of the shifted inverse-power method so that it
doesn’t compare the last two iterations, but simply carries out a fixed total number
of iterations. (You should also discuss why this step is necessary here.) You can use
numpy.linalg.eig() as a benchmark while you’re developing your version.

Study the case of four spins. You should first rewrite the expression for the Hamiltonian:
this will instruct you on how the spin operators and matrices should be produced for the
present case. Finally, code this up in Python and test the eigenvalues to make sure that
they reduce to the correct non-interacting limit. (It’s OK to use numpy.linalg.eig()
if you’re having trouble converging in that limit.)

Generalize our codes to generate, say, the Sy, matrix for the case of five (or 10) particles.
The number of particles should be kept general, passed in as an argument. The matrices
won’t fit on the screen, so print out selected matrix elements as a test.
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Heraclitus

5.1 Motivation

5.1.1 Examples from Physics

Nonlinear equations are omnipresent in physics. Here are a few examples:

1. Van der Waals equation of state

As you may recall, the classical ideal gas “law” has the form:
Pv =RT (5.1)

where P is the pressure, v is the molar volume, R is the gas constant, and 7 is the temper-
ature. This ignores the finite size of the gas molecules, as well as the mutual attraction
between molecules. Correcting for these features “by hand” (or via the formalism of
statistical mechanics) leads to the so-called van der Waals equation of state:

(P + %) (v—b)=RT (5.2)

where a and b are parameters that depend on the gas. Assume you know the pressure
and the temperature and wish to evaluate the molar volume. As you can see by multi-
plying Eq. (5.2) with v?, you get a cubic equation in v. Even though it’s messy to do
s0, cubic equations can be solved analytically; however, van der Waals is not the final
word on equations of state: you can keep adding more terms in an attempt to make your
model more realistic (as is done in, e.g., the virial expansion), so the resulting equation
becomes increasingly complicated.

. Quantum mechanics of a particle in a finite well

A standard part of any introduction to quantum mechanics is the study of a single par-
ticle in a one-dimensional finite square well potential. Assume that the potential is Vj
for x < —a and x > a and is O inside the well, i.e., for —a < x < a. Solving the one-
dimensional time-independent Schrodinger equation leads to states of even and odd
parity. The even solutions obey the transcendental equation:

ktanka = « (5.3)
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where k and « are related to the mass m of the particle and to the energy of the state
(and to V}); k characterizes the wave function inside the well and « that outside the well.
These two quantities are related by:

K+ k%= Zr;lsz 0
In a first course on quantum mechanics you typically learn that these two equations
must be solved for k and « “graphically”. But what does that really mean? And what
would happen if the potential was slightly more complicated, leading to a more involved
set of equations? It would be nice to have access to general principles and techniques.
3. Gravitational force coming from two masses
The previous examples involved one or two polynomial or transcendental equations.
We now turn to a case where several quantities are unknown and the equations we need
to solve are nonlinear.
Consider two masses, Mg and My, located at R and S, respectively. Crucially, while the
masses are known, the positions where they are located are unknown. That means that
we need to determine the coordinates of R and S, i.e., 2 X 3 = 6 numbers. Thankfully,
we are free to make force measurements on a test mass m at positions of our choosing.
First, we carry out a measurement of the force on m at the position ry (which we pick):!
ro — R rog — S
ro—RF
This is a vector relation so it corresponds to three scalar equations; however, we are
dealing with six unknowns. To remedy the situation, we make another measurement of
the force on m, this time at position ry:

(5.4)

Fo = ~-GMzm (5.5)

(5.6)

The last two vector relations put together give us six scalar equations in six unknowns.
Due to the nature of Newton’s gravitational force, these are coupled nonlinear equa-
tions; this is not a problem you would enjoy approaching using paper and pencil.

5.1.2 The Problem(s) to Be Solved

At its most basic level, the problem we are faced with is as follows: you are given a function
f(x) and you need to find its zeros. In other words, you need to solve the equation f(x) = 0
(the solutions of this equation are known as roots).> Thus, our task is to solve:

fx)=0 (5.7)

where f(x) is generally nonlinear. Just like our main problems in the chapter on linear
algebra, our equation this time is very easy to write down. We are faced with one equation

! Notice the formal similarity between this equation and Eq. (1.3).
2 In practice, the words root and zero are often used interchangeably.
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in one unknown: if the function f(x) is linear, then the problem is trivial. If, however, it
is nonlinear then arriving at a solution may be non-trivial. The f(x) involved may be a
polynomial, a special function, or a complicated programming routine (which makes each
function evaluation quite costly). In what follows, we will denote our root by x*.

To give an example: f(x) = x> — 5 = 0 is very easy to write down. Anyone can “solve”
it by saying x> = 5, followed by x = ++/5. This is where things are not so easy any
more: what is the value of V5? Of course, you can use a calculator, or even from math
import sqrt in Python. But how do those figure out which number gives 5 when squared?
Roughly two thousand years ago, Hero of Alexandria came up with a specific prescrip-
tion that addresses this question. In our case, we are not really interested in square roots,
specifically, but in any nonlinear equation. We will encounter several general-use methods
in section 5.2.

A complication arises when you are faced with a single polynomial and need to evaluate
its zeros. In equation form:

CotCix+ex+e3 + -+ X =0 (5.8)

This is a single equation, but it has n — 1 roots. As we will discover in section 5.3, this
problem presents its own set of challenges.

A more complicated version of the earlier problem (one nonlinear equation in one vari-
able) is the case where we have n simultaneous nonlinear equations in n unknowns:

fo(x0s X1sev s Xpy) =0
fl(x07-x1,...,xn_1) :O
(5.9)
fn—l(x05x17~--,.xn_l) :O
which can be recast using our vector notation from chapter 4 as follows:
) =1 (5.10)

As we will discover in section 5.4, the crudest but most surefire method of solving a single
nonlinear equation cannot help us when we are faced with several simultaneous equations.

The final problem we attack in this chapter is related yet distinct: instead of trying to
find the zeros of a function, find the points where the function attains a minimum (or, as
we will see, a maximum). Using the notation we introduced above, this problem would
have the form:

min ¢(x) (5.11)
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where x bundles together the variables x, x1, ..., x,—; but ¢ produces scalar values.? This
problem is tackled in section 5.5. As always, entire books have been written about each of
these topics, so we will by necessity be selective in our exposition.

5.2 Nonlinear Equation in One Variable
|

As noted in the previous section, our problem is very easy to write down: f(x) = 0. In order
to make things concrete, in what follows we will be trying to solve a specific equation using
a variety of methods. That equation is:

Vi x=0 (5.12)

Obviously, in our case f(x) = eV — x. Our problem involves both an exponential and a
square root, so it is clearly nonlinear.

As a general lesson, before we start discussing detailed root-finding methods, we first
try to get some intuition on the specific problem we are facing. Most simply, we can do that
by plotting the function; the result is shown in the left panel of Fig. 5.1. Just by looking
at this plot, we see that our function has two zeros, one near x* ~ 1 and another one near
X ~ 2.5. As a matter of fact, we can immediately see by substituting that the first root is
exactly x* = 1. In the same spirit of trying to understand as much as possible regarding
our problem, we also went ahead and plotted the first derivative of our function in the right
panel of Fig. 5.1. We find that the derivative varies from negative to positive values, with
the change from one to the other happening between our two roots. Similarly, we notice
that for x small and x large the derivative is large in magnitude, but it has smaller values
for intermediate x’s.

Now, turning to ways of solving our equation: we’ll need a method that can find both
roots, preferably in comparable amounts of time. (While we already analytically know one
of the roots, we’ll keep things general.) The most naive approach, having already plotted
the function, is to try out different values (or perhaps even a very fine grid) near where
we expect the roots to be. This is not a great idea, for several reasons: first, it is very
wasteful, requiring a large number of function evaluations. What do you do if the first
grid spacing you chose was not fine enough? You pick a smaller grid spacing and start
evaluating the function again. Second, as noted in the previous section, in some cases even
evaluating the function a single time may be very costly, so you might not even be able to
plot the function in the first place. Finally, it is easy to see that this brute-force approach
will immediately fail when you are faced with a multidimensional problem (since you’d
need a multidimensional grid, with costly function evaluations at each point on the grid).

At a big-picture level, we can divide root-finding methods into two large classes:

e Bracketing methods: these are approaches which start with two values of x, let us call

3 Obviously, if n = 1 you need to minimize a function of a single variable.
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Nonlinear equation in one variable, for the case of f(x) = ¢~V — x

them xy and x;, which bracket the root (i.e., we already know that f(xy) and f(x;)
have opposite signs). Of the methods we discuss below, bisection and Ridders’ are
bracketing methods.

e Non-bracketing methods, also known as open-domain methods: these approaches may
need one or two starting estimates of the root, but the root itself does not need to be
bracketed in the first place. Of the methods introduced below, fixed-point iteration,
Newton’s, and the secant methods are all non-bracketing.

While the distinction between bracketing and non-bracketing methods is very important
and should always be borne in mind when thinking about a given approach, we will not
introduce these methods in that order. Instead, we will employ a pedagogical approach,
starting with simple methods first (which end up being very slow) and increasing the so-
phistication level as we go. Let us note at the outset that we will provide Python implemen-
tations for three out of the five methods, inviting you to code up the rest in the problems at
the end of the chapter. Similarly, while we provide a detailed study of convergence proper-
ties in the first few subsections, we don’t do so for all five methods.

5.2.1 Conditioning

In section 4.2 we encountered the question of how x, in the problem Ax = b, is im-
pacted when we slightly perturb A. This led us to introduce the condition number x(A) in
Eq. (4.50), as a measure of how much (or how little) a perturbation in the coefficient matrix,
[[AA]|/]IA]l, is amplified when evaluating the effect on the solution vector, ||Ax]|/||x]|.

We will now do something analogous, this time for the case of absolute changes, just
like we did for the eigenvalue problem in Eq. (4.71). The problem we are now solving is
the nonlinear equation f(x) = 0, so the perturbations in the system would be perturbations
of the value of the function f. As it so happens, this is also closely related to what we
studied in section 2.2.2 on error propagation for functions of one variable. To be specific,
the exact root is here denoted by x*, so our approximate value for it would be ¥*. What
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we’ll do is to Taylor expand f(X*) around x*. This gives us:

FE) = f&) = fO5+AX) = f(&) = fOO) + f/(NE = x) + -0 = f(x)
~ f'(x*)(fc* _ x*) (513)

This is identical to the derivation we carried out in Eq. (2.36). Just like then, we made the
assumption that ¥* — x* is small, in order to drop higher-order terms.

We now remember that we are trying to consider the question of how well- or ill-
conditioned a given nonlinear problem f(x) = O is; in other words, what we are after
is a good estimate of x*. To do that, we take our last result and solve it for ¥* — x*:

X-x~ f,(lx*) [f(&) = f(xD)] (.14

allowing us to introduce a condition number for our problem:

s = 1
AT

(5.15)

Clearly, the magnitude of k; tells us whether or not a small change in the value of the
function near the root is amplified when evaluating the root itself. Qualitatively, we see that
a function f(x) which crosses the x axis “rapidly” leads to large f’(x*) and therefore a small
condition number k; this is a well-conditioned problem. On the other hand, a problem for
which f(x) is rather flat near the root, crossing the x axis “slowly”, will correspond to a
small f"(x*) and therefore a large condition number «; this is an ill-conditioned problem.
This should be conceptually easy to grasp: if a function is quite flat near the root, it will
be difficult to tell the root apart from its neighbors. Just like in the earlier cases, we need
some quasi-arbitrary criterion to help us distinguish between rapid and slow behavior.

5.2.2 Order of Convergence and Termination Criteria

Our goal is to find an x* such that f(x*) = 0. Except for very low-degree polynomials, this
is a problem that does not have an analytical solution with a closed formula. In practice,
we have to resort to iterative methods. As we saw in our discussion of the Jacobi iterative
method for solving linear systems of equations in section 4.3.5, iterative methods start with
a guess for the solution and then refine it until it stops changing; as a result, the number of
iterations required is typically not known in advance.* Just like we did in that section (as
well as in section 4.4 on eigenproblems), we will denote our initial root estimate by x©:
the superscript in parentheses tells us the iteration number (in this case we are starting, so
it’s the Oth iteration).

As noted, we won’t actually be computing x* itself. Instead, we will have a sequence of
iterates, x@, x, x®_ .., and x®, which (we hope) will be approaching x*. For now, let
us assume that we are dealing with a convergent method and that x®) will be close to the

4 To make matters worse, in some cases an iterative method might not even converge.
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root x*; we’ll discuss the meaning of “close” below. If there exist a constant m # 0 and a
number p such that:

[x® — x| < mr®D — x| (5.16)

for k sufficiently large, then m is called the asymptotic error constant and p is called the
order of convergence. If p = 1 then we are dealing with a linearly convergent method, if
p = 2 with a quadratically convergent method, and so on. For example, the fixed-point
iteration method will turn out to be linearly convergent, whereas Newton’s method will
turn out to be quadratically convergent. It’s worth noting that we can also find cases where
p is not an integer: for example, the secant method turns out to have p ~ 1.618. We say
that such methods are superlinearly convergent.’

Generally speaking, the order of convergence is a formal result associated with a given
method, so it doesn’t always help us when we are faced with an actual iterative proce-
dure. As we found out in chapter 2 on numerics, sometimes general error bounds are too
pessimistic; a general convergence trend doesn’t tell you what you should expect for the
specific f(x) you are dealing with. To make things concrete, the order of convergence dis-
cussed in the previous paragraph relates, on the one hand, the distance between the current
iterate and the true value of the root (|x* — x*|) with, on the other, the distance between the
previous iterate and the true value of the root (]x*~D — x*|). In practice, we don’t actually
know the true value of the root (x*): that is what we are trying to approximate. In other
words, we wish to somehow quantify |x* — x*| when all we have at our disposal are the
iterates themselves, x@, x, x@_ x®&,

Thinking about how to proceed, one option might be to check the absolute value of the
function and compare it to a small tolerance:

IFxP)) < € (5.17)

Unfortunately, this is an absolute criterion, which doesn’t take into account the “typical”
values of the function; it may be that the function is very steep near its root, in which case
an € like 1078 would be too demanding (and therefore never satisfied). As another example,
the function might have typical values of order 10'°: a test like our € = 10~® would simply
be asking too much of our iterates. Conversely, the function might be very flat near its root
(i.e., ill-conditioned) or involve tiny magnitudes, say 10717, even away from the root. You
may be tempted, then, to somehow divide out a “typical” value of f(x), in order to turn
this criterion into a relative one. The problem is that it’s not always clear what qualifies as
typical.

In what follows, we will take another approach. Instead of checking to see how small
the value of the function itself is, we will check the iterates themselves to see if they are
converging to a given value. In other words, we will test the distance between the current

5 Strictly speaking, superlinear order means that |x® — x*| < d;|x*=1 — x*| and d — 0 hold; for the case of
quadratic convergence we can take d; = m|x*~1 — x*| = 0, so we see that quadratic order is also superlinear.
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iteration and the previous one, |x®) — x*~1|  We are already suspicious of using absolute
criteria, so we come up with the following test:

Ix(k) _ x(k—1)|
- =
oS¢ (5.18)

Of course, if the numbers involved are tiny, even this criterion might lead us astray. We
won’t worry about this in our implementations below, but it may help you to know that one
way of combining absolute and relative tolerance testing is as follows:

|x®) — xk=Dy

_ 5.19
T S (>.19)

If the iterates x*’ themselves are tiny and getting increasingly close to each other, here the
numerator will be small but the denominator will be of order 1.

In closing, if you are feeling a bit uncomfortable about the transition from |x* — x*| to
(a possibly relativized) [x®) — x*=D| in our termination criterion, you should bring to mind
the problem on the convergence properties of the Jacobi method in chapter 4. There, we
directly proved a corresponding criterion for the case of that iterative method. If this is
still not enough, you’ll be pleased to find out that we will explicitly address the transition
from one quantity to the other (for the case of fixed-point iteration) in one of the following
subsections.

5.2.3 Fixed-Point Iteration

Algorithm

The first method we will introduce addresses a problem that is very similar, though not
identical, to the f(x) = 0 problem that we started with. Specifically, this method solves the
problem:

x = g(x) (5.20)

As you may have already learned, a point x* satisfying this relation is called a fixed point
of g. For example, the function g(x) = x> — 6 has two fixed points, since g(3) = 3 and
g(—=2) = —2. Similarly, the function g(x) = x + 2 has no fixed points, since x is never equal
to x + 2.

We could always take g(x) = x and rewrite it as f(x) = g(x) —x = 0 so it appears that the
problem we are now solving is equivalent to the one we started out with. (Not quite. Keep
reading.) Thus, let us see how to solve g(x) = x on the computer. Again, for concreteness,
we study our problem from Eq. (5.12): ¢*~V* — x = 0 can be trivially re-arranged to give
g(x) = ¥ V%, We have plotted y = x and y = g(x) in the left panel of Fig. 5.2, where you
can immediately see that this example leads to two fixed points, namely two points where

6 As you may recall, in the case of linear algebra we were faced with an analogous but more complicated
problem, since there the iterates themselves were vectors, so we had to somehow combine them together into
a termination criterion; this led to Eq. (4.170), or the more robust Eq. (4.171).
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Nonlinear equation of the fixed-point form, for the case of g(x) = e* V¥

the curves meet. Unsurprisingly, these two fixed points are at x* ~ 1 and x* =~ 2.5, similarly
to what we saw in our original problem.’

The simplest approach to solving Eq. (5.20) is basically to just iterate it, starting from
an initial estimate x*. Plug x) in to the right-hand side and from there get x(1:

xD = g(x @) (5.21)

As you may have guessed, this process is repeated: x( is then plugged in to the right-hand
side of Eq. (5.20), thereby producing a further improved solution x®. For the general k-th
iteration step, we now have our prescription for the fixed-point iteration method:

A = gx* D), k=1,2,... (5.22)

If all is going well, the solution vector will asymptotically approach the exact solution.
This process of guessing a given value, evaluating the next one, and so on, is illustrated in
Fig. 5.3.8

Implementation

Observe that we have been making the (hyper-optimistic) assumption that everything will
“go well”. We will make this question concrete soon, when we discuss the convergence
properties of the fixed-point iteration method. For now, we turn to a Python implementation

7 1t’s not yet obvious why, but we have also plotted the first derivative of our g(x) in the right panel of Fig. 5.2 —
this is the same as what we saw in the right panel of Fig. 5.1, but with an offset.

8 Incidentally, this is strongly reminiscent of what we did in the section on the Jacobi iterative method, when
faced with Eq. (4.167). Of course, there we had to find many values all at once and the problem was linear.
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for the case of g(x) = ¢ V*, see Code 5.1. This trial-and-error approach will emphasize
what “going well” and “going wrong” mean in practice.

This program is reasonably straightforward; in essence, it is a simpler version of the
Jacobi code we saw in the chapter on linear algebra. After defining our g(x) function, we
create a function that implements the fixed-point iteration method. The latter function takes
in as arguments: (a) g(x), since we might wish to solve a different problem later on, (b) the
initial estimate for the root x’, (¢) the maximum number of iterations we should keep
going for (in order to make sure the process terminates even if we’ve been unsuccessful),
and (d) the relative tolerance which will be used to determine whether we should stop
iterating. Since we don’t plan on changing the last two parameters often, they are given
default values.

The body of the function contains a single loop which employs the for-else idiom
that we also encountered in earlier chapters: as you may recall, the else is only executed
if the main body of the for runs out of iterations without ever executing a break (which
for us would mean that the error we calculated never became smaller than the pre-set error
tolerance).

In addition to evaluating the new x® each time, we also keep track of the difference
between it and the previous iterate, so that we can form the ratio [x® — x*=D|/|x®|. We
take the opportunity to print out our iteration counter, as well as the latest iterate and the
(absolute) change in the value of the iterate. Obviously, you should comment out the call
to print () inside fixedpoint () once you are ready to use the code for other purposes.
We then say xold = xnew in preparation for the next iteration (should it occur).

In the main program, we simply pick a couple of values of x* and run our fixed-point
iteration function using them. Wishing to reduce the number of required iterations, we
pick our x? to be close to the actual root each time. Running this code we see that, for the
first fixed point, we converge to the (analytically known) solution after 20 iterations. The
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fixedpoint.py

from math import exp, sqrt

def g(x):
return exp(x - sqrt(x))

def fixedpoint(g,xold,kmax=200,tol=1.e-8):
for k in range(1l,kmax):
xnew = g(xold)

xdiff = xnew - xold
print("{0:2d} {1:1.16f} {2:1.16f}". format(k,xnew,xdiff))

if abs(xdiff/xnew) < tol:
break

xo0ld = xnew
else:

xnew = None
return xnew

if _name__ == ‘_main__’:
for xold in (0.99, 2.499):
x = fixedpoint(g,xold)
print (x)

absolute difference |x¥)—x*~D| roughly gets halved at each iteration, so we eventually reach
convergence. Obviously, the number of iterations required also depends on the starting
value. For example, if we had picked x® = 1.2 we would have needed 25 iterations.’
Turning to the second fixed point, things are more complicated. Even though we started
very close to the fixed point (based on our knowledge of Fig. 5.2), we fail to converge. The
absolute difference |x® — x*~D| initially doubles at each iteration and then things get even
worse, so we eventually crash. The OverflowError could have been avoided if we had
introduced another test of the form [x® —x*=D| > |x*=D — x*=2)| ‘intended to check whether
or not we are headed in the right direction. In any case, at this point we don’t really know
what’s different for the case of one fixed point vs the other. Thinking that maybe we picked
the “wrong” starting estimate, we try again with x(’) = 2.49; this time the run doesn’t crash:

9 Incidentally, if you're still uncomfortable with the for-else idiom, try giving kmax a value of, say, 10.
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the absolute difference |x® — x*~D| first keeps increasing in magnitude, but at some point it
starts decreasing, leading to eventual convergence. Unfortunately, though, this converges to
the wrong fixed point! The method is giving us the first fixed point, which we had already
found.

We’ll let you try out several other initial estimates x”> (whether by hand or systemat-
ically). That exercise won’t add anything new: we always either crash or converge to the
fixed point on the left. Since we’re stuck, we decide to try out a different approach. Recall
that the fixed-point iteration method solves the problem x = g(x). Since the equation we
wished to solve was e V* — x = 0, we acted as if the two problems were equivalent and
then proceeded. Here’s the thing, though: our choice of g(x) was not unique! Specifically,
we could take the natural logarithm of both sides in e* V¥ = x to get x — v/x = In x, which
then has the form x = g(x), but this time for g(x) = Inx + +/x. We have plotted y = x and
this new y = g(x) in the left panel of Fig. 5.4; as before, we have two fixed points, namely
two points where the curves meet.!” Unsurprisingly, these two fixed points are at x* ~ 1
and x* =~ 2.5, just like in the previous version of our problem. We have also plotted the first
derivative of our new g(x) in the right panel of Fig. 5.4; this is considerably different from
both the original problem’s derivative, Fig. 5.1, and our previous fixed-point derivative,
Fig. 5.2.

If we code up our new function we find that our iterative procedure now crashes for the
case of the first fixed point (using the same initial estimate as before)! Using x© = 2.49,
we now do converge to the fixed point on the right, even if we take a bit longer to get there.
For the sake of completeness, note that x© = 2499 would have also worked, but would
have required even more iterations to converge. Similarly, taking x© = 1.2 also works, but
it converges to the fixed point on the right (despite the starting value being so close to the
fixed point on the left).

To summarize, for our first choice of g(x) we either crash or converge to the fixed point

10" Intriguingly, between the fixed points the two curves appear to be “closer” to each other than the corresponding
two curves in Fig. 5.2 were.
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on the left, whereas for our second choice of g(x) we either crash or converge to the fixed
point on the right. Needless to say, this does not feel like a robust solution to our initial
problem, namely solving Eq. (5.12). It is now time to understand why this is taking place.

Convergence Properties

As before, we assume that our equation x = g(x) has a fixed point x* and we are using an
interval in which this fixed point is unique. (That is, for our earlier examples, either near
Xx* ~ 1 or near x* ~ 2.5.) In order to systematize the behavior exhibited by the fixed-point
iteration method, we start with our defining relationship, Eq. (5.22):

x0 = g(x* D) (5.23)
Since x* is a fixed point, we know that:
X = g(x") (5.24)
holds. Subtracting the last two equations gives us:
A —x = gD — g(a) (5.25)

Let us now employ a Taylor expansion. This is something that we’ve already done repeat-
edly in chapter 3 on finite differences and that we’ll keep on doing.!! Let us write down
the Taylor expansion of g(x*) around x*~1:

() = g + (" =g ) 4 (5.26)
If we stop at first order, we can rewrite this expression as:

g(x") = g(x* V) + (x" = xED)g' (&) (5.27)

where ¢ is a point between x* and x*~D 12

If we now plug g(x*) from Eq. (5.27) in to Eq. (5.25), we find:
X0 -y = g/(@) (x* - x7) (5.28)

Note how on the right-hand side the order of x* and x*~" has changed. If we now simply
take the absolute value of both sides we find that our result is identical to that in Eq. (5.16)
with |g’(£)] < m and p = 1. We see that at each iteration the distance of our iterate from
the true solution is multiplied by a factor of |g’(&)|; thus, if |g’(£)] < m < 1 we will be
converging to the solution. More explicitly, if we start with a x@ sufficiently close to x*,
we will have:

X — x| < mx® D — x| < P x 2 — ¥ << R ® = x| (5.29)

and since m < 1 we see that x* converges to x* linearly (since p = 1). Note that each

T Most notably in chapter 7 on integration and in chapter 8 on differential equations.
12 Taylor’s theorem truncated to such a low order, as here, is known as the mean-value theorem.

255



256

Roots

application of the mean-value theorem needs its own &, but this doesn’t matter as long as
|g’(€)] < m holds for each one of them. On the other hand, if |g’(£)| > 1 this process will
diverge. Analogously, if |g’(¢)] < 1 but close to 1, convergence will be quite slow. Finally,
if g’(x) = 0 at or near the root, then the first-order term in the error vanishes; as a result, in
this case the fixed-point iteration converges quadratically.'3

Let us now apply these findings to our earlier examples. For the first g(x) we have the
derivative g’(x) in the right panel of Fig. 5.2. We find that near the left fixed point m < 1
(m = 0.5 to be precise) and near the right fixed point m > 1. This is consistent with our
findings using Python in the previous subsection: we cannot converge to the fixed point
on the right but we do converge to the one on the left. Similarly, for the second g(x) we
have the derivative g’(x) in the right panel of Fig. 5.4. We find that near the left fixed point
m > 1 and near the right fixed point m < 1. Again, this is consistent with what we found
using Python: we cannot converge to the fixed point on the left but we do converge to the
one on the right. As it so happens, the latter case has m ~ 0.72, which explains why it took
us a bit longer to converge in this case.

Before we conclude, let us return to the question of relating [x*’ — x*| (which appears in
the above derivation) to |x® — x*=D| (which appears in our termination criterion). We can
take Eq. (5.28) and add g’ (£)x* — g’(¢)x® to both sides. After a trivial re-arrangement:

[1-g @] - x| = g @ [x*" = x¥] (5.30)

If we now take the absolute value on both sides and assume |g’(£)| < m < 1, we find:

m
Ix® — x| < T x® — x*=1) (5.31)
—m

Thus, as long as m < 0.5 (in which case m/(1-m) < 1) the “true convergence test” |2 — x*|
is even smaller than the quantity |x*—x*~1| which we evaluate in our termination criterion.
Conversely, if m > 0.5 it is possible that our termination criterion doesn’t constrain true
convergence very well; to take an extreme example, for m = 0.99 we have m/(1 —m) = 99
so the two quantities may be two orders of magnitude apart.'*

Finally, note that Eq. (5.31) does not include roundoff errors. The derivation above may
be straightforwardly generalized to include those. The main feature is that the final com-
putational error will only depend on the roundoff error made in the final iteration. This is
good news, as it implies that iterative methods are self-correcting: minor issues in the first
few iterations will not impact the final accuracy.

5.2.4 Bisection Method

Fixed-point iteration allowed us to study a root-finding method (including its convergence
properties) in detail. Unfortunately, as we saw, the mapping from f(x) = 0 to x = g(x) is
not unique. Also, if |g’(¢)] > 1 the fixed-point iteration method diverges. Thus, it would

13 In a problem, you will see that we can recast Newton’s method as a fixed-point iterative process.
14 Even so, our result is merely an error bound, so the actual error can be much smaller.
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be nice to see a different approach, one that always succeeds. This is precisely what the
bisection method accomplishes;" it is a slow method, which doesn’t really generalize to
higher-dimensional problems, but it is safe and systematic.

Algorithm and Convergence

The bisection method assumes you have already bracketed the root; that means that you
have found an xy and an x; for which f(xy) and f(x;) have opposite signs. We know
from Bolzano’s theorem that when a continuous function has values of opposite sign in a
given interval, then the function has a root in that same interval (this is a corollary of the
intermediate-value theorem). This works as follows:

e Take the interval (xo, x1) (for which we know f(xp)f(x;) < 0) and evaluate the midpoint:

X0 + X1

> (5.32)

X2

At this point, we will halve the original interval (xo, x;), thereby explaining why this
approach is also known as the internal halving method. Thus, we are producing two
subintervals: (xg, x») and (x2, x1). The sign of f(x,) will determine in which of these
two subintervals the root lies.

If f(x0)f(x2) < 0, then the root is in (xp, x,). Thus, we could rename x; « x, and repeat
the entire process (which started with an xy and an x; that bracket the root).

If, on the other hand, f(xo)f(x;) > 0, then the root is in (x,, x;). Thus, we could rename
Xo < xp and repeat the entire process.

There is also the extreme scenario where f(xo)f(x2) = O but, since we are dealing
with floating-point numbers this is unlikely. Even so, if it does happen, it’s merely
informing you that you’ve already found the root.

Take a moment to realize that the notation we are using here is distinct from what we
were doing above; xp and x; were never true “iterates”, i.e., we never really thought x;
was closer to the right answer than xy. We could have just as easily called them a and b.!°
Actually, it may help you to think of the initial interval as (a, b); here a and b never change
(since they simply correspond to the original bracket) whereas x( and x; are the numbers
that keep getting updated (and simply start out with the values xy = a and x; = b).

The best estimate at a given iteration is x;, given by Eq. (5.32). Thus, using our earlier
notation x(© is the first x,, x(1) is the next x, (after we’ve halved the interval and found
the next midpoint), x® is the next x, (once we’ve halved the interval again), and so on. In
general, at the k-th iteration x*’ will be the latest midpoint. This is illustrated in Fig. 5.5:
for this case, the initial midpoint is X the midpoint between that and b is xD_ and so on.

15 Well, almost. Keep reading.
16 However, this notation would get really confusing below, since Ridders’ method needs a, b, ¢, and d.

257



258 Roots

osfl

06f

f(@)

02f

0.0

0.0 0.5 1.0 15

@EEEET llustration of the bisection method for our example function

Since we are always maintaining the bracketing of the root and the interval in which the
root is bracketed always gets halved, we find that:

b-a
@ — x| <

S (5.33)

Remember that the original interval had length b — a. Instead of taking Eq. (5.33) for
granted, let’s quickly derive it. For k = 0 we have evaluated our first midpoint, but have
not actually halved the interval (i.e., we haven’t carried out a selection of one of the two
subintervals). Since the first midpoint is at (b + a)/2, the largest possible error we’ve made
in our determination of the root is either:

a+b b-a

(5.34)

or:
a+b b-a
22

which amounts to the same answer. Now, for k = 1 we have already picked one of the sub-
intervals (say, the one on the left) and evaluated the midpoint of that: this is [a+(a+b)/2]/2.
The largest possible error in that determination is the distance between the latest midpoint
and either of the latest endpoints; this comes out to be (b — a)/4. The general case follows
the same pattern. In the end, Eq. (5.33) tells us that as k becomes sufficiently large we
converge to x*. Since there’s always a factor of 1/2 relating |x® — x*| with |x*=D — x*|,
we see from our general result on convergence, Eq. (5.16), that here we have m = 1/2 and
p = 1, 1i.e., linear convergence.

b —

(5.35)

You should keep in mind that many textbooks use the interval itself in their termination
criterion. In contradistinction to this, we are here employing at each iteration only a given
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number, x®, as an iterate (which happens to be the latest incarnation of the midpoint, x;).
This allows us to employ the same termination criterion as always, Eq. (5.18):

|0 — kD)
—_— <
o <€ (5.36)

with the same disclaimer holding for the case where the magnitudes involved are tiny.

Implementation

Given what we’ve seen so far, it’s reasonably straightforward to implement the bisection
method in Python; the result is Code 5.2. Note that we had to first define f(x), since the
fixed-point iteration code employed g(x), instead. Our bisection() method employs the
interface you’d expect, first taking in f(x). Then, it accepts the points determining the
starting interval, xo and x;.'” The kmax and tol parameters are identical to what we had
before.

The core of our new function implements Eq. (5.32) and the bullet points that follow.
That implies an evaluation of a midpoint, then a halving of the interval, followed by a
comparison between old and new midpoints. Note that we are trying not to be wasteful
in our function evaluations, calling £() only once per iteration; to do that, we introduce
the new variables £® and £2 which get updated appropriately. We are being wasteful in
evaluating x2 at the start of the loop, since that will always be the same as the midpoint we
had computed the last time through the loop (of course, this is a simple operation involving
floats and therefore less costly than a function evaluation). When printing out values (which
you can later comment out, as usual) we decided this time to also print out the (absolute)
value of the function itself; even though our disclaimers above about how this could lead
one astray are still valid, it’s nice to have extra information in our output. Observe that
the termination criterion is identical to what we had before; as per Eq. (5.18), we evaluate
[x® — x*=D|/1x®)| only this time the x* are the midpoints.

In the main program, we run our function twice, once for each root. The bracketing in
this case is chosen to be quite wide: we simply look at the left panel of Fig. 5.1 and try
to be conservative. Running this code leads us to finding both roots; already, things are
much better than with the fixed-point iteration method. In each case we need more than
a couple dozen iterations (so our approach to the final answer was somewhat slow), but
success was guaranteed. Looking at the ouput in a bit more detail, we recall that the first
column contains the iteration counter, the second column has the latest midpoint, the third
column is the (absolute) difference in the last two midpoints, and the final column contains
the absolute value of the function itself. Notice that the difference in the third columns gets
halved (exactly) from one iteration to the next. As far as the function value itself goes, we
generally tend to reduce its magnitude when iterating, though for the case of the root on
the right the value of the function first grows a little.

17" The fixed-point iteration method was different, taking in only a single starting value, x?.
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from math import exp, sqrt

def f(x):
return exp(x - sgrt(x)) - x

def bisection(f,x0,x1,kmax=200,tol=1.e-8):
£f0 = £(x0)
for k in range(1l,kmax):
x2 x0+x1)/2
2 = £(x2)

if f0*£2 < 0:
x1 = x2
else:
x0, £f0 = x2, £2

x2new (x0+x1)/2

xdiff = abs(x2new-x2)

rowf = "{0:2d} {1:1.16f} {2:1.16f} {3:1.16f}"
print (rowf. format (k,x2new,xdiff,abs(f(x2new))))

if abs(xdiff/x2new) < tol:
break
else:
x2new = None

return x2new

if —name == ‘_main ’:
root = bisection(f,0.,1.5)
print(root); print("")
root = bisection(£f,1.5,3.)
print (root)

5.2.5 Newton’s Method

We now turn to Newron’s method (sometimes also called the Newton—Raphson method):
this is the simplest fast method used for root-finding. It also happens to generalize to larger-
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dimensional problems in a reasonably straightforward manner. At a big-picture level, New-
ton’s method requires more input than the approaches we saw earlier: in addition to being
able to evaluate the function f(x), one must also be able to evaluate its first derivative f”(x).
This is obviously trivial for our example above, where f(x) is analytically known, but may
not be so easy to access for the case where f(x) is an externally provided (costly) rou-
tine. Furthermore, to give the conclusion ahead of time: there are many situations in which
Newton’s method can get in trouble, so it always pays to think about your specific prob-
lem instead of blindly trusting a canned routine. Even so, if you already have a reasonable
estimate of where the root may lie, Newton’s method is usually a fast and reliable solution.

Algorithm and Interpretation

We will assume that f(x) has continuous first and second derivatives. Also, take xX*~1 to
be the last iterate we’ve produced (or just an initial guess). Similarly to what we did in
Eq. (5.26) above, we will now write down a Taylor expansion of f(x) around x*~; this
time we go up to one order higher:

£ = £G4 (x = x67D) D) + % (x—2%Y 1) (5.37)

where £ is a point between x and x*~V_ If we now take x = x* then we have f(x*) = 0. If
we further assume that f(x) is linear (in which case f”(£) = 0), we get:

0= D) + (x7 = 2D) /(%) (5.38)
which can be re-arranged to give:
k-1

N Fx*D)
F/ (D)
In words: for a linear function, an initial guess can be combined with the values of the

function and the first derivative (at that initial guess) to locate the root.
This motivates Newton’s method: if f(x) is nonlinear, we still use the same formula,

Eq. (5.39), this time in order to evaluate not the root but our next iterate (which, we hope,
brings us closer to the root):

X (5.39)

k-1
® = k=) _ S&*D)

‘m, k= 1,2,... (540)

X

As we did in the previous paragraph, we are here neglecting the second derivative term
in the Taylor expansion. However if we are, indeed, converging, then (x® — x*=D)2 in
Eq. (5.37) will actually be smaller than x* — x*=1 5o all will be well.

Another way to view the prescription in Eq. (5.40) is geometrically: we approximate f(x)
with its tangent at the point (x®=D, f (x*=Dy); then, the next iterate, x®, is the point where
that tangent intercepts the x axis. If this is not clear to you, look at Eq. (5.38) again. Fig-
ure 5.6 shows this step being applied repeatedly for our example function from Eq. (5.12).
We make an initial guess, X', and then evaluate the tangent at the point (x©, f(x©)). We
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call 'V the point where that tangent intercepts the x axis and repeat. For our example, this
process brings us very close to the root in just a few steps.

Convergence Properties

‘We now turn to the convergence properties of Newton’s method. To orient the reader, what
we’ll try to do is to relate x® — x* to x*~1 — x*, as per Eq. (5.16). We will employ our
earlier Taylor expansion, Eq. (5.37), and take x = x*, but this time without assuming that
the second derivative vanishes. Furthermore, we assume that we are dealing with a simple
root x*, for which we therefore have f’(x*) # 0; that means we can also assume f’(x) # 0
in the vicinity of the root. We have:

1
0= fG&D)+ (x" = 2%D) D) + 5 (x - x<k—'>)2 N3 (5.41)
where the left-hand side is the result of f(x*) = 0.
Dividing by f’(x*~D) and re-arranging, we find:
2
DY (x* - x(’“”) 1€
Cpaeny TR T T )

The first and third terms on the left-hand side can be combined together to give x*), as per
Newton’s prescription in Eq. (5.40). This leads to:

(5.42)

=

e e

This is our desired result, relating x*® — x* to x*~1) — x*. Taking the absolute value of both
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sides, our result is identical to that in Eq. (5.16), under the assumption that:

1"é

m <m (5.44)

Since the right-hand side of Eq. (5.43) contains a square, we find that, using the notation
of Eq. (5.16), p = 2, so if m < 1 holds then Newton’s method is quadratically convergent,
sufficiently close to the root.'® This explains why our iterates approached the root so rapidly
in Fig. 5.6, even though we intentionally picked a poor starting point.

Multiple Roots and Other Issues

Of course, as already hinted at above, there are situations where Newton’s method can
misbehave. As it so happens, our starting point in Fig. 5.6 was near 0, but not actually 0.
For our example function f(x) = e VX _ x, the first derivative has a /x in the denominator,
so picking ¥ = 0 would have gotten us in trouble. This can easily be avoided by picking
another starting point. There are other problems that relate not to our initial guess, but to
the behavior of f(x) itself.

An example is given in the left panel of Fig. 5.7. Our initial guess x© is perfectly normal
and does not suffer from discontinuities, or other problems. However, by taking the tan-
gent and finding the intercept with the x axis, our x" happens to be near a local extremum
(minimum in this case); since f’(x*~1) appears in the denominator in Newton’s prescrip-
tion in Eq. (5.40), a small derivative leads to a large step, considerably away from the root.
Note that, for this misbehavior to arise, our previous iterate doesn’t even need to be “at”
the extremum, only in its neighborhood. It’s worth observing that, for this case, the root
X" =~ 1.4 actually is found by Newton’s method after a few dozen iterations: after slowly
creeping back toward the minimum, one iterate ends up overshooting to the right this time
(past the root), after which point the solution is slowly but surely reached.

18 Again, a problem recasts Newton’s method as a special case of fixed-point iteration to find the same result.
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Things are even worse in the case of the right panel of Fig. 5.7, where our procedure
enters an infinite cycle. Here we start with a positive ), then the tangent brings us to a
negative iterate (which happens to be the exact opposite of where we started, x( = —x(©),
and then taking the tangent and finding the intercept brings us back to where we started,
x@ = x©_ After that, the entire cycle keeps repeating, without ever coming any closer to
the root which we can see is at x* = 0. Of course, this example is somewhat artificial; in a
real-world application, the function would likely not be perfectly symmetric.

Another problem arises when we are faced with a root that is not simple. As you may
recall, in our study of the convergence properties for Newton’s method above, we assumed
that f’(x*) # 0. This is not the case when you are faced with a multiple root.!® This is a
problem not only for the convergence study but also for the prescription itself: Eq. (5.40)
contains the derivative in the denominator, so f'(x*) = 0 can obviously lead to trouble.

As an example, in Fig. 5.8 we are plotting the function:

fx)=x*—ox® +25x% —24x+ 4 (5.45)

which has one root at x* =~ (0.21, another one at x* =~ 4.79, as well as a double root at
x* = 2. This is easier to see if we rewrite our function as:

fx) =(x=2%(*-5x+1) (5.46)

As it turns out, Newton’s method can find the double root, but it takes a bit longer than
you’d expect to do so. Intriguingly, this is an example where the bisection method (and all
bracketing methods) cannot help us: the function does not change sign at the root x* = 2
(i.e., the root is not bracketed). As you will find out when you solve the corresponding
problem, Newton’s method for this case converges linearly! If you would like to have it
converge quadratically (as is usually the case), you need to implement Newton’s prescrip-
tion in a slightly modified form, namely:

k1)
W0 e ST (5.47)
FGE)

as opposed to Eq. (5.40). The aforementioned problem discusses the source of this myste-
rious 2 prefactor.

Unfortunately, in practice we don’t know ahead of time that we are dealing with a dou-
ble root (or a triple root, etc.), so we cannot pick such a prefactor that guarantees quadratic
convergence. As you will discover in another problem, a useful trick (which applies regard-
less of your knowledge of the multiplicity of the root) is to apply Newton’s prescription,
but this time not on the function f(x) but on the function:

_fw

J'(x)
As you will show in that problem, w(x) has a simple root at x*, regardless of the multiplicity
of the root of f(x) at x*. Of course, there’s no free lunch, and you end up introducing
cancellations (which may cause headaches) when evaluating the derivative w’(x), which
you’ll need to do in order to apply Eq. (5.40) to w(x).

w(x)

(5.48)

19° Applying our definition in Eq. (5.15), we see that for multiple roots, where f’(x*) = 0, the root-finding problem
is always ill-conditioned. This is challenging for all approaches, not only for Newton’s method.
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A case where the equation has a double root

Note, finally, that there are several other modifications to the plain Newton algorithm that
one could carry out (e.g., what is known as backtracking, where a “bad” step is discarded).
Some of these improvements are explored in the problems at the end of the chapter. Many
such tricks happen to be of wider applicability, meaning that we can employ them even
when we’re not using Newton’s method.

5.2.6 Secant Method

Given the simplicity of Newton’s method, as well as the fact that it generalizes to other
problems, it would be natural to provide an implementation at this point. However, since
(modified) versions of Newton’s method are implemented below, we don’t give one now for
the basic version of the algorithm. Instead, we proceed to discuss other approaches, starting
from the secant method, which is quite similar to Newton’s method. As you may recall, the
biggest new requirement that the latter introduced was that you needed to evaluate not only
the function f(x), but also the derivative f’(x). In some cases that is too costly, or even
impossible. You might be tempted to approximate the derivative using the finite-difference
techniques we introduced in chapter 3. However, those would necessitate (at least) two
function evaluations per step. The method we are about to introduce is better than that, so
will be our go-to solution for the cases where we wish to avoid derivatives.

Algorithm and Interpretation

As already hinted at, the secant method replaces the evaluation of the derivative, needed
for Newton’s method, by a single function evaluation. Although a naive finite-difference
calculation would be bad (how do you pick 4?), the secant method is inspired by such an
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approach. Specifically, this new method starts from Newton’s Eq. (5.40):

(k=1)
N A R (5.49)
J(xED)
and approximates the derivative f’(x*~) using the latest two points and function values:

=1y _ (k=2
£y ~ f(xx(k_lz _ic((/iz) ) (5.50)

which looks like a finite difference, where the spacing % is picked not by being on a grid
or by hand, but by whatever values our latest iterates have; this implies that the spacing
changes at every iteration.

Combining the last two equations, our prescription for the secant method is:

x=1) _ k=2)

20 = D — D) F&ED) — fxk-2y’

k=2,3,... (5.51)

where we start the iteration at k = 2, since we need fwo initial guesses as starting points.
Once we get going, though, we only need to evaluate the function once per iteration. Note
how this prescription doesn’t need the derivative f’(x) anywhere.

You may be wondering where the name “secant” comes from. This word refers to a
straight line that cuts a curve in two or more points.?’ You can understand why the method
is so named if you think about the geometric interpretation of our prescription in Eq. (5.51).
From elementary geometry, you may recall that the line that goes through the two points
(x0,y0) and (x1, y1) is:

y=yo = 2 (x — xp) (5.52)

20" Secant comes from the Latin secare, “to cut”.
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If you now compute the x axis intercept of this straight line, you will find that it is pre-
cisely of the same form as in Eq. (5.51). Thus, in the secant method, at a given step, we
are producing a straight line?' as the secant through the two points (x*~D, f(x*~D)) and
(x%=2) £(x*=2))). The intercept of that straight line with the x axis gives us the next iterate,
and so on.

This is nicely illustrated in Fig. 5.9 for our usual example function. Even though we
(purposely) begin with two initial points that are far away from the root, we see that this
process of constructing a line through the points, finding the x axis intercept, and then using
the latest two points again, quickly approaches the root. Crucially, we do not require that
our two initial guesses bracket the root. In this example, x*’ and x" do happen to bracket
the root, but then x" and x® don’t; this is irrelevant to us, since we’re simply drawing a
straight line that goes through two points.

From a purely numerical perspective, we observe that the secant method requires the
evaluation of the ratio [x*~D — x*27/[ £(x*=D) — £(x*=2))]. As you may have suspected,
typically both numerator and denominator will be small, so this ratio will be evaluated
with poor relative accuracy. Fortunately, it’s the coefficient in front, f(x*~1), that matters
more. In the problem set, you will show that the order of convergence of the secant method
is the golden ratio, p = 1.618. This is superlinear convergence: not as fast as Newton’s
method, but the fact that we don’t need to evaluate the derivative may make this trade-off
worthwhile.

Implementation

Code 5.3 is a Python program that implements our prescription from Eq. (5.51). Observe
that the parameter list is identical to that of our bisection() function from a previous
section.?? The rest of the function is pretty straightforward: we keep forming the ratio of
the difference between abscissas and function values, use it to produce a new iterate, and
evaluate the difference between our best current estimate and the previous one. This part of
the code happens to be easier to read (and write) than bisection() was, since there we
needed notation for the old vs the new midpoint. As usual, we print out a table of values
for informative purposes and then check to see if we should break out of the loop. It’s
worth observing that we are trying to avoid being wasteful when computing ratio and
x2: similarly to what we did in bisection(), we introduce intermediate variables £0 and
£1 to ensure that there is only one function evaluation per iteration.

The main program uses initial guesses for each of the roots. For the first root, we pick x(©

21 This time not as the tangent at the point (x*=D), f (x*=Dy), as we did in Newton’s method.

22 Of course, there the x0 and x1 were required to bracket the root, whereas here they don’t have to. While we’re
on the subject, note that in our earlier program x0, x1, and x2 stood for x, x1, and x,, whereas now x0, x1,
and x2 stand for x*=2 x*=D_and x®
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from bisection import f

def secant(f,x0,x1,kmax=200,tol=1.e-8):

0 = £(x0)
for k in range(1,kmax):
f1 = £(x1)

ratio = (x1 - x0)/(f1 - £0)
x2 = x1 - fl*ratio

xdiff = abs(x2-x1)
x0, x1 = x1, x2

0 = f1

rowf = "{0:2d} {1:1.16f} {2:1.16f} {3:1.16f}"
print (rowf. format (k,x2,xdiff,abs(£(x2))))

if abs(xdiff/x2) < tol:

break
else:
x2 = None
return x2
if _name__ == ‘_main__’:

root = secant(f,0.,1.7)
print(root); print("")
root = secant(f,2.,2.1)
print(root)

and xV to match what we saw in Fig. 5.9. For the second root, we pick two values, close
to where we expect the root to lie, as is commonly done in practice. Running this code,
we see that not too many iterations are required to reach the desired tolerance target. This
is much faster than the fixed-point iteration; even more importantly, the secant method al-
lows us to evaluate both roots, without having to carry out any analytical manipulations
first. Of course, there was some guesswork involved when picking the two pairs of ini-
tial guesses. The secant method also took considerably fewer iterations than the bisection
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method and barely more than Newton’s method. All in all, with basically no bookkeeping
and no derivative-evaluations, it has allowed us to finds both roots fast.

5.2.7 Ridders’ Method

We now turn to Ridders’ method: this approach is “only” 40 years old, making it one of
the most modern topics in this volume.?> We back up for a moment to realize that the last
two methods we’ve encountered (Newton’s, secant) produced the next iterate by finding
the x axis intercept of a straight line; they only differ in how that straight line is produced.
Ridders’ method follows the same general idea, of finding the x axis intercept of a straight
line, but chooses this line not by the value of the function f(x) or its derivative f’(x), but
through a clever trick. While our derivation below will be somewhat long, the prescription
we arrive at is quite simple, requiring very little bookkeeping.

Ridders’ is a bracketing method, so it assumes f(xp)f(x;) < 0. The main idea is to
multiply f(x) with the unique exponential function which turns it into a straight line:

R(x) = f(x) e (5.53)

That is, regardless of the shape of f(x), the new R(x) will be linear, R(x) = ¢¢ + ¢ x. Since
we have three undetermined parameters (cg, ¢1, and Q), we will use three points to pin
them down. We take these to be our initial bracket’s endpoints, xy and x;, as well as their
midpoint, x, = (xo + x1)/2. A moment’s thought will convince you that, since R(x) is a
straight line, we will have:

_ Ry + R
T2
where we are using the notation R; = R(x;); we will soon also employ the corresponding
fi = f(x;). Let us further define:

Ry (5.54)

d=xy—x90=Xx1— X2 (5.55)
Using Eq. (5.53) and Eq. (5.54), we find:
foe2 + fi €@ =2 % =0 (5.56)
Factoring out ¢2* leads to:
fiet—2p e+ f,=0 (5.57)

which you can see is a quadratic equation in ¢2?. Solving it leads to:

od fo =sign(fo) {f5 = fofi

= 5.58
e 7 (5.58)

Since we are starting with the assumption that fyf; < 0, we see that f22 - fofi > 0, as it
should be. For the same reason, the square root of f22 — fofi is larger in magnitude than f>.

23 And, in all likelihood, in your undergraduate education.
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The —sign(fy) is deduced from the fact that ¢2 > 0. To see this, we distinguish between
two possible scenarios, (a) fy < O and f; > 0, (b) fo > 0 and f; < 0. Taking the first
scenario, we see that the denominator in Eq. (5.58) is positive, so the numerator should
also be positive. For this scenario, there are two possibilities regarding the sign of f,. If
Jf> > 0, then the square root term has to come in with a plus sign in order to get a positive
numerator. Similarly, if f, < 0O then the first term in the numerator is negative so, again, the
square root term (which is larger in magnitude) has to come in with a plus sign to ensure
e’ > 0. An analogous line of reasoning leads to a minus sign in front of the square root
for the second scenario, fy > 0 and f; < 0. Overall, we need —sign(fy), as in Eq. (5.58).

Looking at Eq. (5.58), we see that we have determined Q in terms of the known values
d, fo, fi, and f,. That means that we have fully determined the full R(x), as per our starting
Eq. (5.53). Given that R(x) is a straight line, we can play the same game as in the secant
method, namely we can find the x axis intercept. To be clear, that means that we will
produce a new point x3 as the x axis intercept of the line going through (x, R|) and (x2, R»),
which of course also goes through (xg, Ry); we apply Eq. (5.51):

X2 — X d de

X3 =X — Ry =X - —— = x + sign(fy) —————
\/fzz - fofi

R,—R > Ri/R—1
In the second equality we brought the R, to the denominator and identified d in the nu-
merator (along with changing the sign of both numerator and denominator). In the third
equality we employed the fact that:

R _Ae® _fi o
R, freQe f

(5.59)

(5.60)

together with our result in Eq. (5.58) for ¢2?. To reiterate, we found the x axis intercept of
R(x); we then re-expressed everything in terms of the function f(x), which was how our
initial problem was formulated.

Our last result in Eq. (5.59) is something you could immediately implement program-
matically. It only requires f(x) evaluations to produce a root estimate, x3. We’ll follow
Ridders’ original work in making an extra step, in order to remove the factor sign(fy).2*
Divide both the numerator and denominator with f; to find:

Ll fo
(2l fo)* = fil fo

X3 = Xp + (xl - )Cz) (561)

where we also took the oportunity to re-express d as per Eq. (5.55).2> We now notice a nice
property of Ridders’ prescription: since fyfi < 0, we see that the denominator is larger in

24 In the literature after Ridders’ paper, that factor is given as sign(fy — f1). However, since we already know that
fofi <0, it’s simpler to use sign(fp).

25 This form of the equation for x3 might make you a bit uncomfortable from a numerical perspective: fo, fi,
and f, are expected to become very small in magnitude as we approach the root, so perhaps we shouldn’t be
dividing these small numbers with each other and then subtracting the ratios.
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magnitude than the numerator. That shows that x3 will certainly stay within the original
bracket between xy and x;; thus, Ridders’ method is guaranteed to converge.

So far, we’ve discussed only the procedure that allows us to produce our first root esti-
mate, xs, i.e., we haven’t seen how to iterate further. Even so, it may be instructive at this
point to see Ridders’ method in action; in the left panel of Fig. 5.10 we show our exam-
ple function, as usual. We have picked our initial bracket xo and x; in such a way as to
highlight that the function f(x) and the straight line R(x) are totally different entities. As
a reminder, in Ridders’ method we start from x, and x;, we evaluate the midpoint x,, and
then use the function values fy, fi, and f, as per Eq. (5.58) and Eq. (5.53) to produce the
line R(x). Our root estimate x3 is the point where R(x) crosses the x axis. As you can see in
Fig. 5.10, for this problem just one iteration of this algorithm was enough to get very close
to the true root x*. In order to clarify that the x axis intercepts of f(x) and of this first R(x)
are not necessarily the same, we provide a zoomed-in version of the plot in the right panel
of Fig. 5.10.

After we’ve evaluated our first estimate for the root, in the way just discussed, Ridders’
method goes on to form a new bracket, made up of x3 and one of the existing x; values.
Specifically, we check if f3f; < 0 for i = 0, 1,2 to ensure that the root is still bracketed
between x3 and a specific x;. We then rename the two endpoints appropriately, i.e., to x
and xi, and repeat the entire process.

Overall, Ridders’ method is a reliable bracketing method. As we’ve seen in our exam-
ple case, it converges more rapidly than the bisection method, typically quadratically. Of
course, this is slightly misleading, since each iteration of Ridders’ method requires two
function evaluations, one for the midpoint and one for an endpoint (which was an x axis
intercept in the previous iteration). Even so, this is still superlinear and therefore faster than
the bisection method.
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5.2.8 Summary of One-Dimensional Methods

We’ve already encountered five different methods that solve nonlinear equations. Here’s a
quick summary of their main features:

Fixed-point method: a non-bracketing method; simple; doesn’t always converge.

Bisection method: a bracketing method; simple; always converges; linear convergence.

e Newton’s method: a non-bracketing method; requires the function derivative; usually
quadratic convergence; sometimes slow or worse.”®

Secant method: a non-bracketing method; similar to Newton’s method but doesn’t re-
quire the function derivative; usually superlinear convergence; sometimes slow or
worse.

Ridders’ method: a bracketing method; superlinear convergence; rarely slow.

There are even more speedy and reliable methods out there. Most notably, Brent’s method
is a bracketing approach which is as reliable as the bisection method, with a speed similar
to that of the Newton or secant methods (for non-pathological functions). However, the
bookkeeping it requires is more complicated, so in the spirit of the rest of this volume we
omit it from our presentation. Note that for all bracketing methods our earlier disclaimer
applies: if you have a root that is not bracketed, like in Fig. 5.8, you will not be able to use
such an approach.

Combining all of the above pros and cons, in what follows we will generally reach
for Newton’s method (especially when generalizing to multiple dimensions below) or the
secant method (when we don’t have any information on the derivative, as in chapter 8).
When you need the speed of these methods and the reliability of bracketing methods, you
can employ a “hybrid” approach, as touched upon in the problem set.

5.3 Zeros of Polynomials
|

As noted at the start of this chapter, a special case of solving a nonlinear equation in one
variable has to do with polynomial equations, of the form:

Cotcix+cx? +c3x +--+ca X1 =0 (5.62)

The reason this gets its own section is as follows: we know from the fundamental theorem
of algebra that a polynomial of degree n — 1 has n — 1 roots, so this problem is already
different from what we were dealing with above, where only one or two roots needed to be
evaluated.

26 Leading some people to say that Newton’s method should be avoided; this is too strong a statement.
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5.3.1 Challenges

Let us start out by discussing the special challenges that emerge in polynomial root-finding.
We’ve already encountered one of these in a previous section; as you may recall, for mul-
tiple roots we have f’(x*) = 0 so, using our definition from Eq. (5.15), we saw that the
root-finding problem in this case is always ill-conditioned. We already learned that brack-
eting methods may be inapplicable in such scenarios, whereas methods (like Newton’s)
which are usually lightning fast, slow down.

Based on the intuition you developed when studying error analysis in linear algebra,
in section 4.2, you probably understand what being ill-conditioned means: if you change
the coefficients of your problem slightly, the solution is impacted by a lot. Let’s look at a
specific example, motivated by Eq. (5.46):

P —4x+4=0 (5.63)

This has a double root at x* = 2, as you can easily see by gathering the terms together into
(x —2)? = 0. A small perturbation of this problem has the form:

¥ —4x+3.99=0 (5.64)

Even though we’ve only perturbed one of the coefficients by 0.25%, the equation now has
two distinct roots, at x* = 2.1 and x* = 1.9. Each of these has changed its value by 5% in
comparison to the unperturbed problem. This effect is considerably larger than the change
in the coefficient. Things can get even worse, though. Consider the perturbed equation:

X —4x+401=0 (5.65)

This one, too, has a single coefficient perturbed by 0.25%. Evaluating the roots in this case,
however, leads to x* = 2 + 0.1/ and x* = 2 — 0.17, where i is the imaginary unit! A small
change in one coefficient of the polynomial changed the real double root into a complex
conjugate pair, with a sizable imaginary part (i.e., there are no longer real roots).

Even so, we don’t want you to get the impression that polynomials are ill-conditioned
only for the case of multiple roots. To see that, we consider the infamous “Wilkinson
polynomial”:

20
W(x) = ]_[(x—k) =(x=D(x=2)...(x - 20)
k=1

= x*0 = 210x" +20,615x'® + - - - + 2432902 008 176 640 000 (5.66)

Clearly, this polynomial has the 20 roots x* = 1,2, ...,20. The roots certainly appear to be
well-spaced, i.e., nowhere near being multiple. One would naively expect that a tiny change
in the coefficients would not have a large effect on the locations of the roots. Wilkinson
examined the effect of changing the coefficient of x!° from -210 to:

-210 - 2%**(-23) = -210.0000001192093

which is a single-coefficient modification of relative magnitude ~ 6 x 1073%. The result
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of this tiny perturbation ends up being dramatic, as shown in Fig. 5.11. Half the roots have
now become complex, with large imaginary parts; the largest effect is on the roots that used
to be x* = 15 and 16. It’s important to emphasize that these dramatic changes are not errors
in our root-finding: we are calculating the true roots of the perturbed polynomial, these just
happen to be very different from the true roots of the original polynomial. Whatever root-
finding algorithm you employ, you should make sure the errors it introduces are small
enough not to impact the interpretation of your actual polynomial equation.

You may recall that in chapter 2 we studied the question of how to evaluate a polynomial
when you have access to the coefficients ¢;, using what is known as Horner’s rule. In
this section, we’ve been examining the problem of solving for the polynomial’s zeros,
when you have access to the coefficients ¢;. Our conclusion has been that the problem of
finding the roots starting from the coefficients can be very ill-conditioned, so this approach
should be avoided if possible. While this is an extreme example, the general lesson is that
you should be very careful in the earlier mathematical steps which lead to a polynomial
problem. Given such idiosyncratic behavior, you will not be surprised to hear that there
exist specialized algorithms, designed specifically for finding zeros of polynomials. Some
of these techniques suppress an already-found root, as touched upon in the problem set. In
what follows, we begin with a more pedestrian approach.

5.3.2 One Root at a Time: Newton’s Method

The easiest way to solve for a polynomial’s zeros is to treat the problem as if it was any
other nonlinear equation and employ one of the five methods we introduced in the previous
section, or other ones like them. Specifically, you may recall that, if you have access to
the function’s derivative and you start close enough to the root, Newton’s method is a very
fast way of finding an isolated root. For a high-degree polynomial this will entail finding
many roots one after the other. Thus, it becomes crucial that you have a good first estimate
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of where the roots lie. Otherwise, you will be forced to guess, for example picking a grid
of starting values; many of these will likely end up finding the same roots over and over,
thereby wasting computational resources. Even worse, in order to find all the zeros of the
polynomial, you may be forced to repeat the entire exercise with a finer grid.

We will address a specific problem, that of finding the roots of Legendre polynomials.
As you may recall, we first encountered these in the context of the multipole expansion
(chapter 2) and then saw them again in our discussion of Gram—Schmidt orthogonalization
(chapter 4). We will re-encounter them when we introduce the theory of Gaussian quadra-
ture (chapter 7); as it so happens, at that point we will need their roots, so here we are
providing both scaffolding and a pedagogical example.?’

Fortunately, Legendre polynomials have been extensively studied and tabulated, so we
can use several of their properties. Take P,(x) to be the n-th degree Legendre polynomial®®
and denote its i-th root by x; as usual, we use O-indexing, meaning that the n roots are
labelled using i = 0,1,...,n — 1. If we convert Eq. (22.16.6) from Ref. [1] to use our
counting scheme, we learn that the true roots x; obey the following inequality:

2i+1 2i+2
<xi < .
COS(2n+1 IT)_)CI _cos(2n+17r) (5.67)

This allows us to start Newton’s algorithm with the following initial guess:

4i+3

©0)

X; = COS bis 5.68
2oz s
where we are using a subscript to denote the cardinal number of the root*® and a superscript

in parentheses to denote the starting value in Newton’s method. Note that we multiplied
both numerator and denominator with 2 in order to avoid having a 3/2 in the numerator.

We have now accomplished what we set out to do, namely to find a reasonably good
starting estimate of the n roots of our polynomial. The other requirement that Newton’s
method has is access to the function derivative. Fortunately for us, we have already pro-
duced, in legendre.py, a function that returns both the Legendre polynomial and its
first derivative at a given x. Intriguingly, we accomplished this without ever producing the
coefficients of the Legendre polynomials, so we are not too worried about questions of
conditioning. Thus, we are now ready to implement in Python a root-finder for Legendre
polynomials; the result is Code 5.4. We start out by importing our earlier legendre () and
then define two new functions; let’s discuss each of these in turn.

The function legnewton() is designed specifically to find a single root of a Legendre
polynomial. In other words, it looks quite a bit like what a Newton’s method function
would have looked like, had we implemented it in an earlier section; however, it does not

27 Note also how we are following the separation of concerns principle: Legendre-polynomial evaluation is dif-
ferent from Legendre-polynomial root-finding, and both of these are different from Gaussian quadrature, so
there should be (at least) three Python functions involved here.

28 Don’t get confused: P,(x) involves x", just like our (n — 1)-th degree polynomial in Eq. (5.62) involves XL

29 Here x; is referring to distinct roots, not to bracketing endpoints, like xo and x; above.
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legroots.py

from legendre import legendre
import numpy as np

def legnewton(n,xold,kmax=200,tol=1.e-8):
for k in range(1,kmax):
val, dval = legendre(n,xold)
xnew = xold - val/dval

xdiff = xnew - xold
if abs(xdiff/xnew) < tol:
break

xold = xnew
else:

xnew = None
return xnew

def legroots(n):

roots = np.zeros(n)

npos = n//2

for i in range(npos):
x0ld = np.cos(np.pi*(4*i+3)/(4*n+2))
root = legnewton(n,xold)
roots[i] = -root
roots[-1-i] = root

return roots

if _name__ == ‘_main__’:
roots = legroots(9); print(roots)

take in as parameters a general function £ and its derivative fprime. Instead, it is designed
to work only with 1legendre () which, in its turn, had been designed to return the values
of a Legendre polynomial and its first derivative as a tuple.’ The rest of the function, with
its termination criterion and so on, looks very similar to what we saw in, say, secant().
The next function, legroots (), takes care of some rather messy bookkeeping. In essence,
all it does is to repeatedly call legnewton() with different initial guesses corresponding

30 Note that if you had tried to use a pre-existing general newton () function, you would have had to go through
syntactic contortions in order to make the two interfaces match.
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to each root, as per Eq. (5.68). The messiness appears because we have decided to halve
our workload: instead of calculating n roots for the n-th degree polynomial, we notice that
these are symmetrically distributed around 0. Specifically, if n is even, then we can sim-
ply evaluate only n/2 roots (say, the positive ones) and we can rest assured that the other
n/2 can be trivially arrived at. If n is odd, then 0 is also a root, so we need only evaluate
(n—1)/2 positive roots. The code does just that, by starting out with an array full of zeros,
roots, which all get overwritten in the case of n-even but provide us with the needed O for
the case of n-odd. Notice that we employed Python’s integer division to find the number
of positive roots, n//2, which works correctly for both n-even and n-odd. We start roots
out with the negative roots and then introduce the corresponding positive roots counting
from the end: as you may recall, roots[-1-1i] is the idiomatic way of accessing the last
element, the second-to-last element, and so on.

Unsurprisingly, numpy has a function that carries out the same task as our legroots();
you may wish to use numpy .polynomial.legendre.leggauss() to compare with our
results; this actually returns two arrays, but we are interested only in the first one. In the
main program we try out the specific case of n = 9, in order to test what we said earlier
about the case of n-odd. The output of running this program is:

[-0.96816024 -0.83603111 -0.61337143 -0.32425342 0. 0.32425342
0.61337143 0.83603111 0.96816024]

As expected, the roots here are symmetrically distributed around 0. You will see in the
problem set two other ways of arriving at the same roots.

5.3.3 All the Roots at Once: Eigenvalue Approach

The approach we covered in the previous section, of evaluating Legendre polynomial roots
one at a time, seems perfect: we didn’t have to go through the intermediate step of com-
puting the polynomial coefficients, so we didn’t get in trouble with the conditioning of
the root-finding problem. However, there was one big assumption involved, namely that
we had good initial guesses for each root available, see Eq. (5.68). But what if we didn’t?
More specifically, what if you are dealing with some new polynomials which have not been
studied before? In that case, our earlier approach would be inapplicable. We now turn to
a different method, which uses matrix techniques to evaluate all of a polynomial’s roots
at once. We state at the outset that this approach requires knowledge of the coefficients of
the polynomial, so our earlier disclaimers regarding the conditioning of root-finding in that
case also apply here. Another disclaimer: this technique is more costly than polynomial-
specific approaches like Laguerre’s method (which we won’t discuss).

Qualitatively, the idea involved here is as follows: we saw in chapter 4 that we shouldn’t
evaluate a matrix’s eigenvalues by solving the characteristic equation; you now know that
this was due to the conditioning issues around polynomial root-finding. However, there’s
nothing forbidding you from taking the reverse route: take a polynomial equation, map it
onto an eigenvalue problem and then use your already-developed robust eigensolvers.

Motivated by Eq. (5.62), we define the following polynomial:
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px) =co+cix+ o’ +e3x + -+ e X+ X (5.69)

Note that p(x) also includes an x" term, with a coefficient of 1. This is known as a monic
polynomial; you can think of it as a monomial plus a polynomial of one degree lower. Even
though it may seem somewhat arbitrary, we now define the following companion matrix
which has dimensions n x n:3!

0 0 0
0
c=lo o o0 . : (5.70)
0 1
—C —C€ ... —Cp2 —Cp-i

We picked this matrix because it has a very special characteristic polynomial. As you may
recall from Eq. (4.13), the characteristic polynomial for our companion matrix C will be
formally arrived at using a determinant, i.e., det(C — AZ). Now here is the remarkable
property of our companion matrix: if you evaluate this determinant, it will turn out to be
(as a function of 1) equal to our starting polynomial (up to an overall sign), i.e., p(2)!
Therefore, if you are interested in the solutions of the equation p(4) = 0, which is our
starting problem in Eq. (5.69), you can simply calculate the eigenvalues using a method
of your choosing. We spent quite a bit of time in chapter 4 developing robust eigenvalue-
solvers, so you could use one of them; note that you have hereby mapped one nonlinear
equation with n roots to an n X n eigenvalue problem. Intriguingly, this provides you with
all the eigenvalues at once, in contradistinction to what we saw in the previous subsection,
where you were producing them one at a time.

In the previous paragraph we merely stated this remarkable property of companion ma-
trices. Actually there were two interrelated properties: (a) the characteristic polynomial of
C is (up to a sign) equal to p(1), and therefore (b) the roots of p(2) are the eigenvalues of
C. Here, we are really interested only in the latter property; let’s prove it. Assume x™ is a
root of our polynomial p(x), i.e., p(x*) = 0 holds. It turns out that the eigenvector of C is
simply a tower of monomials in x*, specifically (1 x* (x*)? ... (x*)"2 (x*)""")7; observe
that this is an n X 1 column vector. Let’s explicitly see that this is true, by acting with our

31 Amusingly enough, mathematicians have gone on to also define a “comrade matrix” and a “colleague matrix”.
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companion matrix on this vector:

1 x* X 1
o (x*)? (x")? o
C = : =| o |=x
(x*)2 () (xy ()2
(! —co—a1x’ —e(x") = = e () (x")" (!

(5.71)
In the first equality we simply carried out the matrix multiplication. In the second equality
we used the fact that x* is a root, so p(x*) = 0, which can be re-expressed in the form
(X" = —co — c1x* = c2(x*)? = - - - — ¢,_1(x*)""!. In the third equality we pulled out a factor
of x*. Thus, we have managed to prove not only that the column vector we said was an
eigenvector is, indeed, an eigenvecor, but also that x* is the corresponding eigenvalue!*?
To summarize, we can evaluate the roots of our polynomial p(x) from Eq. (5.69) by
computing the eigenvalues of the companion matrix from Eq. (5.70). Make sure you re-
member that Eq. (5.69) is a monic polynomial. If in your problem the coefficient of x" is
different from 1, simply divide all the coefficients with it; you’re interested in the roots,
and this operation doesn’t impact them. From there onwards, everything we’ve said in this
subsection applies. To be concrete, for a monic polynomial of degree 4, you will have a
4 x4 companion matrix and a 4 x 1 eigenvector. One of the problems asks you to implement
this approach in Python, using the eigenvalue solvers we developed in the previous chapter,
grmet.py or eig.py.

5.4 Systems of Nonlinear Equations
|

We now turn to a more complicated problem, that of n simultaneous nonlinear equations
in n unknowns. Employing the notation of Eq. (5.10), this can be expressed simply as
f(x) = 0. In the earlier section on the one-variable problem, the approach that was the
easiest to reason about and was also guaranteed to converge was the bisection method. Un-
fortunately, this doesn’t trivially generalize to the many-variable problem: you would need
to think about all the possible submanifolds and evaluate the function (which, remember,
may be a costly operation) a very large number of times to check if it changed sign. On the
other hand, the fixed-point iteration method generalizes to the n-variable problem straight-
forwardly (as you will discover in a problem) but, as before, is not guaranteed to converge.
What we would like is a fast method that can naturally handle an n-dimensional space. It
turns out that Newton’s method fits the bill, so in the present section we will discuss mainly
variations of this general approach. It should come as no surprise that, in that process, we
will use matrix-related functionality from chapter 4.

Writing down f(x) = 0 may appear misleadingly simple, so let’s make things concrete
by looking at a two-dimensional problem:

32 Note that we didn’t have to evaluate a determinant anywhere.
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@R Example of two coupled nonlinear equations

Jo(xo,x1) = x(z) — 2xp + x‘l‘ — Zx% +x =0

(5.72)
filxo, x1) = x(z) + xp + fo - Zx% —1.5x,-0.05=0

We have two unknowns, x( and x;, and two equations; the latter are given in the form f; = 0,
where each of the f;’s is a function of the two variables xy and x;. Note that here we are
truly faced with two variables, xy and x, in contradistinction to the previous section, where
X0, X1, and so on were used to denote distinct roots of a single polynomial.>* You should
convince yourself that you cannot fully solve this pair of coupled nonlinear equations by
hand; in this simple case, it’s possible to solve, say, for xj in terms of x|, and then get a
single nonlinear equation, but the question arises how you would be able to do the same for
the case of a 10-dimensional system. To get some insight into the problem, Fig. 5.12 shows
the curves described by our two equations. Note that even the simple task of producing this
plot is not totally trivial. We find three intersection points between the two curves.**

5.4.1 Newton’s Method

The derivation of Newton’s multidimensional method will basically be a straightforward
generalization of what we saw in section 5.2.5, with a Taylor expansion at its core. We
assume that f has bounded first and second derivatives; the actual solution of our problem
is x* and we will be trying to approximate it using iterates, which this time are themselves
vectors, x© .33 In order to make the transition to the general problem as simple as possible,
let’s start from a Taylor expansion of a single function component f; around our latest
33 Also in contradistinction to the bracketing endpoints, xo and xi, of earlier sections.

34 Actually, there is also a fourth one, if you look farther to the right.
35 Just like in our disussion of the Jacobi iterative method for solving linear systems of equations in section 4.3.5.
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iterate, x*~D:

£ = fix® D)+ (v f,-(x(k’l)))T (x=x* )+ O(lIx - x*V|?) (5.73)

where, as usual, i = 0, 1,...,n — 1. We can rewrite the second term on the right-hand side
in terms of vector components:

n—1
(VA6 (x-xt) = 3 2
J

k—1
Ox: | -1 (xj - x(' )) (5.74)
=0 Jx

J

With a view to collecting the n function components together, we now introduce the Jaco-
bian matrix:

oh O Of_
dxp ax| R P
on o i
I = {gf } =[P T e (5.75)
Xj : : o
Ofu-1 Ofut Ofn-1
dxg dxy e 0Xp_y

You may sometimes see this denoted by J;(x), in order to keep track of which function
it’s referring to. Using this matrix, we can now rewrite Eq. (5.73) to group together all n
function components:

£(x) = f(x* D) + Jx* D) (x - x(k"l)) +0 (||x - x<k—1>||2) (5.76)

Keep in mind that this is nothing more than a generalization of the Taylor expansion in
Eq. (5.37). In the spirit of that derivation, we now drop the second-order term and assume
that we have found the solution, f(x*) = 0

0 = f(x* Dy + Jx*y (x* - x(k’1)> (5.77)

In practice, one iteration will not be enough to find the solution so, instead, we use our
latest formula to introduce the prescription of Newton’s method for the next iterate, x*:

Jx®D) (x(k) _ X(k—1>) = —f(x*D) (5.78)

Since all quantities at the location of our previous iterate, xX*~1, are known, this equation
has the form of Ax = b, i.e., it is a linear system of n equations in n unknowns. Assuming
J(x*=D) is non-singular, we can solve this system and then we will be able to find all the

Ek) This process is repeated, until we satisfy a termination criterion, which could be taken
to be that in Eq. (4.170):

(k) _ (k D

nlx

IA
m

(k) (5.79)

j=0
or something fancier.
In principle, you could further manipulate Eq. (5.78) so as to write it in the form:

x® = x*k=D _ (J(X(k_l)))_1 fx*Y) (5.80)
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which looks very similar to Eq. (5.40) for the one-variable Newton’s method. In practice, as
you know from chapter 4, explicitly evaluating the inverse of a matrix is usually a bad idea.
Instead, you simply solve the linear system Eq. (5.78), say by Gaussian elimination or the
Jacobi iterative method (if the Jacobian matrix is sparse). A straightforward generalization
of the convergence study in section 5.2.5 will convince you that, even in many dimensions,
Newton’s method is quadratically convergent, assuming your initial guess (vector) x© is
close enough to the true solution x*.

5.4.2 Discretized Newton Method

Note that, in order to solve the linear system in Eq. (5.78), you need to have access to the Ja-
cobian matrix, J(x). This is completely analogous to the one-variable version of Newton’s
method, where you needed to be able to evaluate f’(x). For our two-dimensional problem
in Eq. (5.72) this is very easy to do: you simply take the derivatives analytically. In gen-
eral, however, this may not be possible, e.g., if your function components f; are external
complicated subroutines.

Algorithm

You may recall that in the case of the one-variable Newton’s method we had advised against
using a finite-difference approach to evaluate the first derivative f’(x). This was both be-
cause we didn’t know which spacing & to pick, and also because it implied two function
evaluations at each iteration. In the present, multidimensional, case we are willing to deal
with these problems, given the paucity of alternatives.

This gives rise to the discretized Newton method; this is simply a result of using the
forward difference to approximate the derivatives that make up the Jacobian matrix:

Ofi ST e = FO) A0 X1+ A 1) = Fi0 X1 X 1)

ax; h h

(5.81)

As shown explicitly in the second equality, e; is the j-th column of the identity matrix,
as we had already seen back in Eq. (4.148). The algorithm of the discretized Newton
method then consists of employing Eq. (5.78), where the Jacobian is approximated as per
Eq. (5.81).

Since each of i and j takes up n possible values, you can see that in order to evaluate
all the fi(x + e;h) we need n® function-component evaluations. To that you must add an-
other n function-component evaluations that lead to f;(x); you actually need those for the
right-hand side of Eq. (5.78), so you compute them before you start forming the forward
differences of Eq. (5.81). In addition to this cost, each iteration of the discretized Newton
method requires the linear system of Eq. (5.78) to be solved, for which as you may recall
the operation count is ~2n° /3 for Gaussian elimination.*®

36 Which is the method you’d likely employ for a dense matrix.
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Implementation

At this point, it should be relatively straightforward to implement the discretized New-
ton method in Python; the result is Code 5.5. We start out by importing the Gaussian-
elimination-with-pivoting function from the last chapter: since we have no guarantees
about the structure of our matrices, we try to be as general as possible. We then intro-
duce three new functions. Taking these in turn: first, we create a function that evaluates
the n function components f; given a position argument x. We do this for our two-variable
problem in Eq. (5.72), but the rest of the code is set up to be completely general. In other
words, the dimensionality of the problem is located only in one part of the code, i.e., in
the function £s(). Since the rest of the code will be manipulating matrices, we make sure
to produce a one-dimensional numpy array to hold the values of f(x). Note that in £s()
we start by unpacking the input argument xs into two local variables; this is not neces-
sary, since we could have simply used xs[0] and xs[1] below. However, all those square
brackets are error prone so we avoid them.

Our next function, jacobian(), is designed to build up the Jacobian matrix Jf via the
forward difference, as per Eq. (5.81). Note that we are being careful not to waste func-
tion evaluations: fs0 is calculated once, outside the loop. After this, we are reasonably
idiomatic, producing one column of the Jacobian matrix, Eq. (5.75), at a time. To get all
the columns, we are iterating through the j index in f;(x + e;h), while using numpy func-
tionality to step through the i’s, without the need for a second explicit index. It’s worth
pausing to compare this to the way we evaluated the second derivative all the way back in
section 3.5. At the time, we didn’t have access to numpy arrays, so we would shift a given
position by 4, in order to avoid rounding error creep. Here, we have the luxury of using a
new vector for each shifted component separately.

The function multi_newton() looks a lot like our earlier legnewton() but, of course,
it applies to any multidimensional function. As a result, it uses numpy arrays throughout.
After evaluating the Jacobian matrix at the latest iterate as per Eq. (5.81), we solve the
linear system Eq. (5.78) and thereby produce a new iterate. As usual, we test against the
termination criterion to see if we should keep going. The print-out statement could have
included the value(s) of fs(xnews), to highlight that each function component f; gets
closer to zero as the algorithm progresses. Before exiting the loop, we prepare for the next
iteration by renaming our latest iterate; we could have also accomplished this by saying
xolds = xnews, but it’s good to get into the habit of using numpy . copy ().

The main part of the program simply makes up an initial guess and runs our multidimen-
sional Newton function. We then print out the final solution vector, as well as the values of
the function components f; at the solution vector. Running this code, we succeed, after a
small number of iterations, in finding a solution which leads to tiny function components.
You should try different initial guesses to produce the other roots.

5.4.3 Broyden’s Method

As it now stands, the discretized Newton method we just discussed works quite well for
problems that are not too large; we will make use of it in the projects at the end of this
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multi newton.py

from gauelim pivot import gauelim pivot
from jacobi import termcrit
import numpy as np

def fs(xs):
x0, x1 = xs
f0 = x0**2 - 2*x0 + x1%%4 - 2*x1%*2 + x1
f1l = x0**2 + x0 + 2%x1**3 - 2*x1**2 - 1.5%*x1 - 0.05
return np.array([f0,£f1])

def jacobian(fs,xs,h=1.e-4):

n = xs.size

iden = np.identity(n)

Jf = np.zeros((n,n))

fs® = fs(xs)

for j in range(n):
fsl = fs(xs+iden[:,j]*h)
Jf[:,j] = (£s1 - £fs®)/h

return Jf, £fsO

def multi newton(fs, jacobian,xolds,kmax=200,tol=1.e-8):
for k in range(1,kmax):
Jf, fs_xolds = jacobian(fs, xolds)
xnews = xolds + gauelim pivot(Jf, -fs_xolds)

err = termcrit(xolds, xnews)
print(k, xnews, err)
if err < tol:

break

xolds
else:

np.copy (xnews)

xnews = None
return xnews

if _name__ == ‘_main__’:
xolds = np.array([1.,1.])
xnews = multi newton(fs, jacobian, xolds)
print(xnews); print(fs(xnews))
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and following chapters. However, let’s back up and see which parts of the algorithm are
wasteful. As you may recall, this method entailed two large costs: first, it involved n? + n
function-component evaluations, n? for the Jacobian matrix as per Eq. (5.81) and n for
the right-hand side of the Newton update, as per Eq. (5.78). Second, the Newton update
itself involved solving a linear system of equations, which for Gaussian elimination costs
~2n* /3 operations.

A reasonable assumption to make at this point is that, of these two costs, the function
(component) evaluations are the most time-consuming. You can imagine problems where
n is, say, 10, so solving a 10 x 10 linear system is pretty straightforward, but each function-
component evaluation could be a lengthy separate calculation involving many other math-
emetical operations; then, the n> evaluations required for the discretized Newton method
will dominate the total runtime. To address this issue, we are inspired by the secant method
for the one-variable case: what we did there was to use the function values at the two latest
iterates in order to approximate the value of the derivative, see Eq. (5.50). The idea was
that, since we’re going to be evaluating the function value at each iterate, we might as well
hijack it to also provide information on the derivative. As the iterates get closer to each
other, this leads to a reasonably good approximation of the first derivative.

With the secant method as our motivation, we then come up with the idea of using the
last two guess vectors, x® and x*=V_ and the corresponding function values, in order to
approximate the Jacobian matrix. In equation form, this is:

Jx®) (X<k> _ X(k—l)) ~ f(x®) — f(x*1) (5.82)

This secant equation has to be obeyed but, unfortunately, it cannot be solved on its own,
since it is underdetermined. To see this, think of our problem as Ax = b, where we know
x and b but not A. In order to make progress, we need to impose some further condition.
This problem was tackled by Broyden, who had the idea of not evaluating J(x*’) from
scratch at each iteration. Instead, he decided to take a previous estimate of the Jacobian,
J(x*=1), and update it. The notation can get messy, so let’s define some auxiliary variables:

x® —x*=D = g, f(x®) - f(x*D) = y® (5.83)
Our secant equation then becomes simply:
Jx)q® ~ y® (5.84)
Broyden chose to impose the further requirement that:
Jx®p = Jx*p (5.85)

for any vector p that is orthogonal to q¥, i.e., for which (q("))T p = 0 holds: if you change
x in a direction perpendicular to q'© then you don’t learn anything about the rate of change
of f. The last two equations are enough to uniquely determine the update from J(x*~1)
to J(x¥). However, instead of constructing this update explicitly, we will follow an easier
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route: we’ll state Broyden’s prescription, and then see that it satisfies both the required
conditions, Eq. (5.84) and Eq. (5.85). Broyden’s update is:

(k) _ (k=1)} (k)
y J&™ g ( (k))T
@) ¢
(We state at the outset that we can get in trouble if ¢* = x® — x*=D = 0.) Let’s check if

our two requirements are satisfied.
First, we take Eq. (5.86) and multiply with ¢ on the right. We have:

Jx®) = Jx*Dy + (5.86)

y© = J(x*D)q® ( (k))T q®
@) g
= Jx )W +y® - Jx* g = y® (5.87)

J(X(k))q(k) — J(X(k—l))q(k) +

In the second equality we cancelled the denominator and in the third equality we cancelled
the other two terms. We find that our first requirement, Eq. (5.84), is satisfied.
Next, we take Eq. (5.86) again, this time multiplying with p on the right:

y® - Jx D) (a®)

®yy = Tx®D
Jx®)p =Jx")p + )

(5.88)

Since we know that (q(k))T p = 0 holds, we see that the second term on the right-hand side
vanishes, so we are left with Eq. (5.85), as desired.

Thus, Broyden’s update in Eq. (5.86) satisfies our two requirements in Eq. (5.84) and
Eq. (5.85). In other words, we have been able to produce the next Jacobian matrix using
only the previous Jacobian matrix and the last two iterates (and corresponding function val-
ues). Let us summarize the entire prescription using our original notation, which employs
fewer extra variables:

JED) (x® - xD) = —fxty

£x®) (x - X(k—l))T (5.89)

k) _ x(k=1)]12
”X( ) — x( )”E

J(X(k)) — J(X(k—l)) +

We start with a known J(x(?); this could be produced using a forward-difference scheme
(just once at the start), or could even be taken to be the identity matrix. From then and
onwards, we simply apply Newton’s step from Eq. (5.78), in the first line, and then use
Broyden’s formula, Eq. (5.86), in the second line to update the Jacobian matrix; we also
took the opportunity to use the first line to cancel some terms in the numerator and to iden-
tify the Euclidean norm in the denominator. Remember, even though Broyden’s update
was designed to respect the secant equation, Eq. (5.82), this equation does not appear in
the prescription itself. Observe that the first line requires » function-component evaluations
for f(x*~D) and the next line another n function-component evaluations, for f(x*)), but the
latter will be re-used in the guise of f(x*~1) the next time through the loop. Note, finally,
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that there is no derivative in sight. Keep in mind that we won’t exhibit quadratic conver-
gence (like Newton’s method for analytical derivatives does) but superlinear convergence,
similarly to what we saw in the one-variable case.

At the end of the day, our prescription above still requires us to solve a linear system
of equations in the first line. Broyden actually did not carry out our cancellation in the
numerator; instead, he went on to make the prescription even more efficient, but the main
concept should be clear from our discussion. The crucial point is that we are avoiding the
n? function-component evaluations; this approach is often much faster than the discretized
Newton method we covered in the previous subsection. A problem asks you to implement
this version of Broyden’s method in Python; you should keep in mind that the numerator
in the second line of Eq. (5.89) involves the product of a column vector and a row vector,
so it is similar to the outer product in producing an n X n matrix.*’

5.5 Minimization
]

We turn to the last problem of this chapter: instead of finding function zeros, we are now
going to be locating function minima. Note that we will be studying the problem of uncon-
strained minimization, meaning that we will not be imposing any further constraints on our
variables; we are simply looking for the variable values that minimize a scalar function.

5.5.1 One-Dimensional Minimization

For simplicity, let’s start from the case of a function of a single variable, ¢(x).3¥ As you may
recall from elementary calculus, a stationary point (which, for a differentiable function, is
also known as a critical point) is a point at which the derivative vanishes, namely:

#(x)=0 (5.90)

where we are now using x* to denote the stationary point. If ¢”(x*) > 0 we are dealing with
a local minimum, whereas if ¢”’(x*) < 0 a local maximum. Minima and maxima together
are known as extrema.

A simple example is our function ¢(x) = ¢ V* — x from Fig. 5.1; in an earlier section
we saw that it has two zeros, at ~1 and at ~2.5, but we are now interested in the minimum,
which is located at x* ~ 1.8. It’s easy to see that ¢”’(x*) > 0 (simply by looking) so
we have a (single) minimum. From a practical perspective, to compute the location of the
minimum we can use one of our five one-variable root-finding algorithms from section 5.2,
this time applied not to ¢(x) but to ¢’(x). By simply applying root-finding algorithms to
the ¢’(x) function, you will find a stationary point, but you won’t know if it is a minimum,

37 So you should not use numpy’s @ here, since it would lead to a scalar; use numpy .outer () instead.
38 You will soon see why we are switching our notation from f(x) to ¢(x).
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maximum, or something else (see below). As usual, more specialized (and ““safe”) methods
exist that locate only function minima, but here we are trying to give you only a flavor for
the subject. A problem asks you to apply the secant method to this problem.

As a second example, we look at Fig. 5.8, which was plotting the function:

p(x) = x* —9x> +25x* —24x + 4 (5.91)

As you may recall, that function had one root at ~0.21, another one at ~4.79, as well
as a double root at 2. Of course, we are now not trying to evaluate roots but minima or
maxima. Just by looking at the plot we can see that we have a local minimum at x* =
0.7, a local maximum at x* = 2 (which coincides with the location of the double root),
as well as another minimum at x* =~ 4. The second derivative of our function at each
of these extrema, ¢”(x*), is positive, negative, and positive, respectively. This is a nice
opportunity to point out that the minimum at x* ~ 4 happens to be the global minimum,
i.e., the point where the function reaches its smallest value not only locally but in general.
It should be easy to see that our iterative root-finding algorithms, which start with an initial
guess x¥ and proceed from there cannot guarantee that a global minimum (or, for other
functions, a global maximum) will be reached. This applies even if you have somehow
taken into account the value of the second derivative, i.e., even if you can guarantee that
you are dealing with a local minimum, you cannot guarantee that you have found the
global minimum. You can think of placing a marble (point) on this curve: it will roll to
the minimum point that is accessible to it, but may not roll to the absolute minimum. We
won’t worry too much about this, but there are techniques that can move you out of a local
minimum, in search of nearby (deeper) local minima.

At this point we realize that, when classifying critical points above, we forgot about one
possibility, namely that ¢”(x*) = 0. In this case, one must study the behavior of higher-
order derivatives (this is called the extremum test):° the point may turn out to be a min-
imum, a maximum, or what is known as a saddle point.4° In order to elucidate that last
concept, let us look at a third example, namely the function:

d(x) = 4x° — 15x* + 14x° + 4 (5.92)

In Fig. 5.13 we are plotting the function ¢(x) itself in the left panel, the first derivative
¢’(x) in the middle panel, and the second derivative ¢”'(x) in the right panel. We have
a local minimum at x* =~ 1.89, a local maximum at x* ~ 1.11, and something new at
x* = 0: the function “flattens” but then keeps going in the same direction. Looking at
the first derivative in the middle panel, we see that all three points are critical points (i.e.,
have vanishing first derivative). Then, turning to the second derivative in the right panel,
examining these three points starting from the rightmost, ¢’ (x*) is positive, negative, and
zero, respectively. You can see from the way ¢”’(x) crosses the x axis at x = 0 that we will
find ¢"”(0) # 0, which is what leads to a saddle point.

To summarize, locating critical points using a one-dimensional root-finding algorithm
is reasonably straightforward. After this, one has to be a little careful in distinguishing
39 This is actually more general, also covering the case where the first several derivatives are zero.

40" There are situations where you can have an inflection point that is not a critical point (so it doesn’t get called
a saddle point). For example: ¢(x) = sin x leads to ¢”’(0) = 0, but for ¢’(0) # 0.
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between (local and global) minima, maxima, and saddle points; this is easier to do when
function-derivative information is available.

5.5.2 Multidimensional Minimization

The problem of multidimensional minimization is, in general, much harder to solve; as the
dimensionality grows one cannot even visualize what’s going on very effectively. We start
with some mathematical aspects of the problem, then turn to a two-dimensional example,
and after that discuss specific minimization methods.

General Features

Consider a scalar function of many variables, i.e., ¢(x), where x bundles together the vari-
ables xg, Xy, ..., x,— but ¢ produces scalar values. This is somewhat analogous to the sin-
gle function components f; that we encountered in section 5.4. As we did in Eq. (5.73), we
will now employ a multidimensional Taylor expansion, this time going to one order higher.
Also, in order to keep things general, we will not expand around our latest iterate, xk=D
since we are not introducing a specific method right now; we are simply trying to explore
features of the problem of minimizing ¢(x).*!

We assume ¢(x) has bounded first, second, and third derivatives. Then, employing nota-
tion inspired by Eq. (5.83), we Taylor expand in each of the components of the vector x;
these can be bundled together using vector notation, see Eq. (C.5):

1
O +@) = ¢ + (Vox) q + a4 H®q +O(lal’) (5.93)

Here the first-order term involves V§(x), the gradient vector of ¢ at x. This is:

(96 90 o)
V¢(X) B 6)60 axl axn_])

Similarly to Eq. (5.74), we can express the first-order term in our expansion in terms of the

(5.94)

41 Whatever we discover on the question of minimizing ¢(x) will also apply to the problem of maximizing —¢(x).
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vector Components:
n—1
0p
T = —_ .
Vo(x))' q ;:0 ax; qj (5.95)

We will come back to this point below but, for now, note that V¢(x) is the direction of
steepest ascent. To see this, observe that, for small q, the term linear in q is the dominant
contribution, since ||q||2 < ||lq||. From elementary vector calculus we know that the dot
product (V¢(x))T q will be maximized when q points in the direction of V¢ (x).

Assuming x* is a local minimum of ¢ and ignoring higher-order terms in Eq. (5.93):

P(x" +q) = ¢(x*) + (Vo(x")) q (5.96)

Reversing our argument from the previous paragraph, the first-order term will lead to the
largest possible decrease when q points in the direction of —V@(x*). If Vg(x*) # 0, we will
have found a ¢(x* + q) that is smaller than ¢(x*); by definition, this is impossible, since
we said that x* is a local minimum of ¢. This leads us to the following multidimensional
generalization of our criterion for being a critical point in Eq. (5.90):

Vo(x*) =0 (5.97)

where both the left-hand side and the right-hand side are vectors.

Having established that the gradient vector vanishes at a critical point, we now turn to
the second-order term in Eq. (5.93), which involves the Hessian matrix, H(x). To see what
this is, we expand the quadratic form as follows:

n—1

I, 1 1)
— H(x = — —qid; 598
74 Hx)q 3 24 grox, i (5.98)
i,j=0 J
In matrix form:
8¢ ) ¢
['}_x% aX()a)C] e 3X[)X,,,]
) &’¢ )
H(X) _ 6¢ _ Ax10xg ﬁx% Tt 0x10x,-, (599)
(9x,-(9xj N . . .
) ¢ ¢
Oxy10x9  O0x,10x) 7 0x2

n—1

Since for us the second partial derivatives will always be continuous, it is easy to see that
our Hessian matrix will be symmetric. Let us now apply Eq. (5.93), for the case of x*, a
local minimum of ¢. We have:

1
O + ) = ¢(x") + q"Hx)q + O(llglF) (5.100)

where we have not included the first-order term, since the gradient vector vanishes, as per
Eq. (5.97). If we now further assume that H(x*) is positive definite,** then we can see that,
indeed, ¢(x* + q) > ¢(x*), as it should, since x* is a minimum.

42 Recall from section 4.3.4 that a matrix A is positive definite if x” Ax > 0 for all x # 0.
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To summarize: (a) a necessary condition for x* being a local minimum is that it be
a critical point, i.e., that its gradient vector vanish, and (b) a sufficient condition for the
critical point x* being a local minimum is that its Hessian matrix be positive definite.

A Two-Dimensional Example

As in the case of solving nonlinear coupled equations, it’s easier to build your intuition
by studying a two-variable problem. This means we will be dealing with a (single) scalar
function ¢ that takes in two variables, xy and x;, and produces a single number, the function
value. As above, our goal is to minimize this function, i.e., to find the values of xy and x;
that produce the smallest possible ¢(xp, x;). We decide to look at the f; from our earlier
example, Eq. (5.72), this time being considered not as a function component but as a single
function; also, as noted, we are no longer looking at the zeros of this function, but its entire
behavior, with a view to minimizing it. It is:

B(x0, x1) = X5 — 2x0 + x| — 22} + x; (5.101)

To help you get more comfortable with higher dimensions, Fig. 5.14 shows what this func-
tion looks like. This is attempting both to visualize the third dimension and to draw equipo-
tential curves (also known as contour lines). For example, if you take ¢ = 0 then you will
reproduce our earlier curve from Fig. 5.12.

We find that we are dealing with two local minima. The one on the “right” leads to
smaller/more negative function values, so it appears to be the global minimum. As a re-
minder of some of our earlier points: if you place a marble somewhere near these two wells,
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it will roll down to one of the minima; which of the two minima you end up in depends
on where you start. Note, finally, that our discussion above on saddle points in one dimen-
sion needs to be generalized: you may have a saddle point when you are at a maximum
along, say, the x( direction and at a minimum along the x; direction. Incidentally, this also
explains why the word “saddle” is used in this context.

5.5.3 Gradient Descent

We now turn to a simple and intuitively clear approach to multidimensional minimization.
This method, known as gradient descent, does not exhibit great convergence properties and
can get in trouble for non-differentiable functions. Even so, it is a pedagogical, straightfor-
ward approach.

Algorithm and Interpretation

Recall from our discussion of general features that V¢(X) is the direction of steepest ascent.
This leads to the conclusion that —V¢(x) is the direction of steepest descent: as in our
discussion around Eq. (5.96), we know that choosing ( to point along the negative gradient
guarantees that the function value decrease will be the fastest. The method we are about
to introduce, which employs —V¢(x), is known as gradient descent.** Qualitatively, this
approach makes use of local information: if you’re exploring a mountainous region (with
your eyes closed), you can take a small step downhill af that point; this doesn’t mean
that you’re always actually moving in the direction that will most quickly bring you to a
(possibly distant) local minimum, simply that you are moving in a downward direction.

Implicit in our discussion above is the fact that the steps we make will be small: while
—V¢(x) helps you pick the direction, it doesn’t tell you how far in that direction you should
go, i.e., how large a ||q|| you should employ. The simplest possible choice, analogously to
our closed-eyes example, is to make small fixed steps, quantified by a parameter y. Using
notation similar to that in Eq. (5.80), this leads to the following prescription:

x® = x&D _ 5y pxtD) (5.102)

Note that the right-hand side involves an evaluation of the gradient, not of the function
itself. At each step, this method picks the direction that is perpendicular to the contour line.
Note also that there is no (costly) Jacobian computation being carried out here; similarly,
there is no matrix inversion or linear system solution: all that’s being done is that the
gradient is computed and a (small) step is taken along that direction. Of course, the question
arises what “small” means, i.e., of how to pick y. In what follows, we will take an empirical,
i.e., trial-and-error, approach. In one of the problems, you will explore a more systematic
solution, where this magnitude parameter is allowed to change at each iteration, i.e., you

43 Since it employs the direction of steepest descent, this method is also known by that name, though it should
not be confused with the “method of steepest descent”, which arises in the study of contour integration.
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will be dealing with y® and will employ an extra criterion to help you pick this parameter
at each step.

In practice, we may not know the gradient analytically. In complete analogy to Eq. (5.81),
we typically approximate it using a forward-difference scheme. In equation form, this
means that Eq. (5.94) becomes:

[¢(x + eoh) — ¢(x)]/

Vo(x) = [¢(x + e1h) — (x)]/h (5.103)

(X + e,-1h) — p(x)]/h

for a given spacing A. This involves “only” n+ 1 function evaluations, so it is not too costly
(it doesn’t involve any really demanding linear-algebra steps).

Implementation

Our prescription in Eq. (5.102) is quite simple, so you will not be surprised to hear that it is
straightforward to implement. Code 5.6 is along the lines you’d expect. We first define our
scalar function ¢(x); again, notice that this is the only part of the code where the problem is
shown to be two-dimensional, implementing Eq. (5.101). In other words, changing phi ()
would be all you would need to do to solve a 10-dimensional problem.

We then introduce another function, gradient (), which computes the gradient using a
forward-difference approximation, as per Eq. (5.103). It’s important to keep in mind that
¢ is a scalar, i.e., phi () returns a single number; as a result, V¢ is a column vector, so
gradient () returns a numpy array. We could have employed here an explicit loop, as you
are asked to do in one of the problems. Let’s look at Xph a bit more closely: in essence,
what we are doing is producing a matrix made up of n copies of the position x (or x*~1)
and then adding in 4 to each of the position-components separately. The transposition is
taking place because we intend to call phi () and wish to have each shifted position vector,
X+ e;h, in its own column; then, each of x0 and x1 will end up being a numpy array instead
of an individual number; this allows us to carry out all the needed calculations at once.

The function descent () takes in the ¢ to be minimized, as well as another function
parameter, which will allow you to call a different gradient-computing prescription in the
future, if you so desire. We then pass a y with a reasonably small default value. Note that
this is something you will need to tune by hand for each problem and possibly also for
each initial-guess vector. The function body itself is quite similar to our earlier iterative
codes. As a matter of fact, it’s much less costly, since the main updating of Eq. (5.102) is
so straightforward. At each iteration we are printing out the value of our latest iterate, x©),
a measure of the change in the iterates, as well as the function value at our latest iterate,
¢(x(k)). Once again, note that we are not looking for function zeros, but for local minima.
You can compare the final function value you find using different initial guesses, to see if
the minimum you arrived at is lower than what you produced in previous runs.
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from jacobi import termcrit
import numpy as np

def phi(xs):
x0, x1 = xs
return x0%%2 - 2*x0 + x1*%4 - 2*x1**2 + x1

def gradient(phi,xs,h=1.e-6):
n = xs.size
phi® = phi(xs)
Xph = (xs*np.ones((n,n))).T + np.identity(n)*h
grad = (phi(Xph) - phi®)/h
return grad

def descent(phi,gradient,xolds,gamma=0.15,kmax=200,tol=1.e-8):
for k in range(1l,kmax):
xnews = xolds - gamma*gradient(phi,xolds)

err = termcrit(xolds,xnews)
print(k, xnews, err, phi(xnews))
if err < tol:

break

xo0lds = np.copy(xnews)
else:

xnews = None
return xnews

if _name == ‘_main ’:
xo0lds = np.array([2.,0.25])
xnews = descent(phi, gradient, xolds)
print (xnews)

The main part of the program simply makes an initial guess and runs our gradient de-
scent function. We then print out the final solution vector. Running this code, we succeed
in finding the global minimum, but we need considerably more than a handful of iterations
to get there. Of course, the number of iterations needed depends on the initial-guess vector



5.5 Minimization

2.0
15
> 1.0

058
0.0

15 10 45 oo
Z;

-0.5

=05 _10_

Example of gradient descent applied to a scalar function of two variables

and on the value of y. In order to help you understand how the gradient-descent method
reaches the minimum, in Fig. 5.15 we are visualizing its progress.** Shown are four dis-
tinct “trajectories”, i.e., collections of iterates for four distinct initial guesses. As you can
see from these trajectories, each time the step taken is perpendicular to the contour line.
Sometimes that means you will go to the minimum pretty straightforwardly, whereas other
times you will bend away from your earlier trajectory, always depending on what the con-
tour line looks like locally. Notice also that you may end up in the global minimum or not,
depending on where you started.

5.5.4 Newton’s Method

Gradient descent is nice and simple but, as we will see in the problem set, either your y
is very small and you waste iterations or you are carrying out a line-search at each step to
determine the optimal ¥, which is starting to get costly.

A distinct approach goes as follows: instead of using only the value of the gradient at a
given point, perhaps we should be building in more information. As you may recall, that
is roughly what we were doing in an earlier section when employing the multidimensional
Newton’s method. Of course, there we were in the business of (multiple-equation) root-
finding, whereas now we are trying to find (single) function minima. However, it turns out
that these two problems can be mapped onto each other. Specifically, Eq. (5.97) told us that
the gradient vanishes at a critical point. Combine that with the fact that the gradient of a
scalar function is a column vector, and you can recast that equation as a set of n coupled

4 We have changed the viewing angle, as matplot1ib conveniently allows, but it’s the same problem.
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nonlinear equations:

f(x) = Vo(x) = 0 (5.104)

In other words, finding a critical point is simply a special case of solving a nonlinear system
of equations. Thus, we can use approaches such as Newton’s or Broyden’s methods that
we developed above. Importantly, by comparing the Jacobian matrix of Eq. (5.75), made
up of first derivatives of function components, with the Hessian matrix of Eq. (5.99), made
up of second derivatives of the scalar function, we realize that:

H(x) = Jyy(x) (5.105)

due to the fact that the Hessian is symmetric. Note that we have now seen the notation
where the Jacobian gets a subscript pay off. In words, the Jacobian matrix of the gradient is
the Hessian matrix of our scalar function. This enables us to apply Newton’s method to the
problem of scalar-function minimization and thereby produce the next iterate, xX©. Thus,
Eq. (5.78) now becomes:

Jup(xtD) (X(k) _ X(kfl)) = —Vg(x* D) (5.106)

Observe that this equation contains the gradient at the previous iterate, just like gradient
descent in Eq. (5.102), but now also builds in further information, in the form of the Hes-
sian/Jacobian on the left-hand side. Of course, this is accomplished at the cost of having to
solve a linear system of equations in order to produce the next iterate, x).

In a problem, you are asked to apply this method to our example scalar function of
Eq. (5.101). The easiest way to do this is to analytically produce and code up the gradient.
At that point, all the infrastructure we built in multi newton. py above applies directly to
our problem. Alternatively, you could envision evaluating both the gradient and the Hessian
using finite-difference approximations. The qualitative point to realize is that we will have
to carry out a larger number of function evaluations at each iteration, in addition to also
having to solve a linear system each step of the way. On the other hand, Newton’s method
converges quadratically if you are close enough to the root/minimum, so the higher cost at
each iteration is usually compensated by the smaller number of required iterations.

You might protest at this point: Newton’s method as just described finds critical points,
but how do you know that you reached a minimum? As it turns out, we (implicitly) ad-
dressed this question in our earlier discussion in section 5.5.2: once you’ve reached a crit-
ical point, you can test your Hessian matrix to see if it is positive definite;* as you may
recall, since the Hessian is symmetric, this simply means that if you find all the eigenval-
ues of the Hessian to be positive, then you’ll know you’ve found a minimum. Similarly,
if they’re all negative you are at a maximum. In the problem set you will also explore
the case of a multidimensional saddle point. Of course, there’s another question that we
haven’t addressed: can you guarantee that you have found the global minimum? Generally,
the answer is no. Many refinements of Newton’s method exist that attempt to make it more

45 Note, however, that the Hessian might not be positive definite away from the minimum.
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safe, more efficient, as well as more globally oriented, but what we’ve covered should be
enough for now.

Before closing this section, we realize that our linear-algebra machinery from chapter 4
has turned out to be pretty useful when dealing with the zeros of polynomials, with systems
of nonlinear equations, and with multidimensional minimization. These are quite different
applications, some of which used Gaussian elimination and others an eigenvalue solver.
What unites them is the power of linear algebra, even when you’re solving problems that
themselves are nonlinear.

5.6 Project: Extremizing the Action in Classical

Mechanics
|

As in previous chapters, we now turn to a physics application of the infrastructure we’ve
developed in earlier sections. We will be studying a problem from classical mechanics,
more specifically the dynamics of a single particle. Crucially, we will not be solving dif-
ferential equations; that’s the topic of chapter 8. Here, after some background material on
Lagrangian mechanics, we will see how multidimensional minimization techniques, like
those we just covered, can help you find the trajectory of a particle. This is a nice con-
cretization of topics that students encounter in introductory courses; it’s one thing to say
that we minimize the action and quite another to see it happen.

5.6.1 Defining and Extremizing the Action

Working in a Cartesian system, let us study a single particle in one dimension. We can
denote the particle’s location by x(f), where we’re explicitly showing that the position
is a function of time. For a more complicated problem, we would introduce generalized
coordinates, but what we have here is enough for our purposes.

The kinetic energy of the particle will be a function of only x(7), i.e., of the time deriva-
tive of the position: K = K(x(¢)). Specifically, since we are dealing with a single particle,
we know that:

1
K = —mi?

2
where m is the mass of the particle. Similarly, in the absence of time-dependent external
fields, the potential energy is a function of only x(¢): V = V(x(¢)). The difference of these
two quantities is defined as the Lagrangian:

(5.107)

L(x(2), x(2)) = K((2)) — V(x(1)) (5.108)

where, for our case, there is no explicit dependence of the Lagrangian on time.
We are interested in studying the particle from time # = O to time r = 7. Then, one can
define the action functional as the integral of the Lagrangian over time:
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T T
S[x(0)] = f dt L(x(1), x(7)) = f dt (%mxh\/(x)) (5.109)
0 0

where we applied Eq. (5.108) to our case. Notice that we called the action a functional and
used square brackets on the left-hand side. Roughly speaking, a functional is a function
of a function. A reminder: an ordinary function ¢ takes us from one number ¢ to another
number ¢(7). A functional is an entity that takes in an entire function and gives back a
number. In other words, a functional is a mapping from a space of functions into the real
(or complex) numbers.

In case you haven’t encountered functionals before, let us start with a simple case: a
functional F of ¢(f) (where ¢ is a regular variable — this is a one-dimensional problem):
F[¢(1)]. Being a functional, F depends simultaneously on the values of ¢ at all points 7
but it does not depend on t itself: we provide it with the entire function and it provides
us with one number as a result. A trivial example: F[¢] = fOl dtg(t) gives us one number
for ¢(f) = t and a different number for ¢(f) = #>. In both cases, however, the answer is an
ordinary number that does not depend on .

Applied to our mechanics problem, we see that the action S depends on the position of
the particle x(¢) at all times from O to 7', but not on ¢ directly, since ¢ has been “integrated
out”. For a given trajectory x(¢) from ¢t = O to ¢ = T, the action produces a single number,
S .*6 The question then arises: which trajectory x(¢) from ¢ = 0 to time ¢ = T does the parti-
cle actually “choose”? The answer comes from Hamilton’s principle: of all possible paths,
the path that is actually followed is that which minimizes the action. As it so happens, the
action only needs to be stationary, i.e., we are extremizing and not necessarily minimizing,
but we will usually be dealing with a minimum. This extremization is taking place with the
endpoints kept fixed, i.e., x(0) and x(7') are not free to vary.

5.6.2 Discretizing the Action

At this point our exposition will diverge from that of a standard mechanics textbook. This
means that we will not proceed to write a possible trajectory as the physical trajectory plus
a small perturbation. Instead, we will take the action from Eq. (5.109) and discretize it.
This simply means that we will assume the positions x(¢) from r = O to ¢t = T can be
accessed only at a discrete set of n points; applying our discussion of points on a grid from
section 3.3.6, we have:

T
te = kAt = k—— (5.110)
n—1

46 As an aside, observe that, since the Lagrangian has units of energy, the action has units of energy times time.
Intriguingly, these are also the units of Planck’s constant, 7, but here we’re studying classical mechanics.
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where, as usual, k = 0,1,...,n — 1.*7 We will further employ the notation x; = x(#;) to
denote the (possible) position of the particle at each of our time-grid points.

We promised to discretize the action from Eq. (5.109). This involves two separate steps.
First, we have to discretize the integral: we haven’t seen how to carry out numerical inte-
gration yet (the subject of chapter 7). Even so, you are already familiar with the simplest-
possible way of carrying out an integral, namely the rectangle rule: assume that the area
under L from #; to #4+; can be approximated by the area of a rectangle, with width At.
Equivalently, the rectangle rule approximates L as a constant from #; to #+;, namely a
straight (horizontal) line. Then, the areas of all the individual rectangles have to be added
up. Second, we have to discretize the time derivative x. This is a process that you are
even more familiar with, having studied chapter 3. The simplest thing to do is to employ
a forward-difference scheme.*® Putting these two discretization steps together allows us to
introduce the finite-n analogue of Eq. (5.109):

Xirl — X\
(_At ) _v(xk)] (5.111)

n-2 1
Sy At[zm
0

>~

where the sum goes up to n — 2: the last rectangle gets determined by the value of the func-
tion on the left. Since the continuum version of Hamilton’s principle involved determining
x(t) with x(0) and x(T") kept fixed, we will now carry out the corresponding extremization
of S, with xy and x,_; kept fixed. This means that we are dealing with n points in total,
but only n — 2 variable points. To keep thing simple, we define n,,. = n — 2. This means
that our discrete action, S, is a function of these n,,, variables:

Sy =8u(x1, X, .., Xn,,,) (5.112)

There you have it: our problem has now become that of finding a minimum of §,, in this
n,.--dimensional space. But this is precisely the problem we tackled in section 5.5.2, when
we were faced with a scalar function of many variables, ¢(x). Crucially, Eq. (5.112) shows
us that S, is a function of a discrete number of variables, x;, x,, and so on; there is no
integral, no derivative, and no functional left anymore.

5.6.3 Newton’s Method for the Discrete Action

We now decide to employ Newton’s method from section 5.5.4 for this multidimensional
minimization problem. While we haven’t yet reached the stage of implementing things in
Python, let us try to make sure we won’t get confused by the notation. We are dealing
with n positions x;; of these, xy and x,_; are kept fixed, so the only “true” variables are
X1, X2, ..., Xn,,. These n,, variables will be determined by our Newton’s method; the func-
tion we will employ to do that (multi newton()) will expect our variables to employ the

47 Note that this  is a dummy summation variable over our discretization index, so it has nothing to do with the
iteration counter, e.g., x®) | we encountered earlier.
48 A problem invites you to do better.
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t=0 t=T

n-2 n-1

xini xs[0] xs[1] xs[-1] xfin

@B Discretized coordinates, also showing the corresponding Python variables

standard Python O-indexing. Thus, we will employ distinct Python names for the first and
last point: xg and x,,—; will be xini and xfin, respectively. The n,,, actual variables, which
are to be determined, will be stored in our usual numpy array by the name of xs, which
will be indexed from ® up to nvar-1. We attempt to summarize these facts in Fig. 5.16:
notice how xs[0] corresponds to xj, the first true variable; similarly, xs[-1] is another
name for xs[nvar-1] and corresponds to x,_», the last true variable.

As mentioned, we plan to employ Newton’s method for minimization. We recall from
Eq. (5.106) that this will require the gradient vector V¢(x) as well as the Hessian, i.e., the
Jacobian of the gradient, Jyv4(x); of course, here we are faced with S, instead of ¢. Sig-
nificantly, our approach in earlier sections was to evaluate any needed derivatives using a
finite-difference scheme. In the present case, however, we have already employed a forward
difference scheme once, in order to get to our discrete action, Eq. (5.111). More impor-
tantly, Eq. (5.111) contains the sum of a large number of contributions, but any derivative
with respect to a given position will not involve so many contributions; in other words, if
we try to evaluate the first and second derivatives of S, numerically, we will be asking for
trouble. Instead, we decide to take any required derivatives analytically; we will then code
up our results in the following subsection.

To produce the components of the gradient vector, we need to take the derivative of S,

with respect to x;, for i = 1,2,...,n,,. As repeatedly mentioned, xy and x,_; are kept
fixed so we will not be taking any derivatives with respect to them. Let’s look at a given
component:
n-2
aS, m oV (xy)
— =) At|— — Xk )ikl — Oig) — 0;
ax, k§:0 [ A (Xs1 = X)(Biger1 = Oi) ax, Ok

aV(x;)
(9xi

= o = Xy = xie1) = At (5.113)
At
In the first line, we saw the 1/2 get cancelled by taking the derivative of (xz+; — X%
observe that only specific values of k contribute to this sum. This fact is taken into account
in the second line, where the Kronecker deltas are used to eliminate most of the terms in
the sum, leaving us with a simple expression.*” Note that, even though we’re only taking
the derivative with respect to x; fori = 1,2, ..., n,,, the result in Eq. (5.113) also involves
xo and x,,,.+1 = X,—1, due to the presence of the x;_; and x;;; terms, respectively.
Similarly, we can find the Hessian by taking the derivative of the gradient vector com-

49 In the study of differential equations (the subject of chapter 8) our result is known as the Verlet algorithm.
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ponents with respect to x;, where j = 1,2,...,n,,.. We have:

oS, m PV(x;)
=—28;;—0;i-1—0iis1) — At ———
(9xj(“)x,- Al( H Jiml ]’H—l) ‘xi2

0ji (5.114)

We see that the Hessian matrix will only have elements on the main diagonal and on the
two diagonals next two it; in other words, it will be a tridiagonal matrix. Of course, this
only holds for our specific prescription of how to discretize the action.

Armed with the gradient in Eq. (5.113) and the Hessian in Eq. (5.114), we are now ready
to employ Newton’s multidimensional minimization method from Eq. (5.106). Note that
we haven’t specified anything about V(x;) so far; this is a feature, not a bug. It means that
our formalism of discretizing and then extremizing the action will apply to any physical
problem where the potential energy at x; depends only on x;,%’ regardless of the specific
form V takes.

5.6.4 Implementation

Before we implement our approach in Python, we have to make things concrete. Let’s pick
a specific form for the potential energy, that of the quartic oscillator:

1
V= Zx4 (5.115)

where we didn’t include an extra coefficient in front, for the sake of simplicity. Of course,
the classical quartic oscillator is a problem that’s been studied extensively; we are merely
using it as a case where: (a) you won’t be able to think of the analytical solution off the top
off your head, and (b) the dependence on x is nonlinear, so we’ll get to test the robustness
of our minimization methodology for a challenging case. You can generalize our approach
to more complicated scenarios later. Given the forms of Eq. (5.113) and Eq. (5.114), we
realize that we are really only interested in the first and second derivative of the potential
energy, namely:

2
Fo=-L oo, Pw=-2Y-

e =7 = -3x? (5.116)

where we also took the opportunity to define the force (and introduce its first derivative).
Code 5.7 starts by importing our earlier function multi newton(). We then define a
function to hold several parameters; we do this here in order to help our future selves,
who may be interested in trying out different endpoint values, total times, masses,’' or
numbers of variables, n,,,. This way of localizing all the parameters in one function and
then having other parts of the code call it to get the parameter values is somewhat crude,>?
but still better than using global variables (i.e., Python variables defined outside a function
and never explicitly communicated to it). In our example we employ n,,, = 99; this was

chosen such that n = 101, which in its turn, see Eq. (5.110), leads to At = 0.01 in the

30" Of course, even this requirement can be loosened, by appropriately generalizing the above derivation.
31 For simplicity, we take m = 1.
52 This is a case where object orientation would really help.
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from multi newton import multi newton
import numpy as np

def params():
nvar = 99; m = 1.
xini, xfin = 2., 0.
tt = 1.; dt = tt/(nvar+l)
return nvar, m, xini, xfin, dt

def fod(der,x):
return -x**3 if der==0 else -3%x**2

def actfs(xs):
nvar, m, xini, xfin, dt = params()
arr = np.zeros(nvar)
arr[0] = (m/dt)*(2*xs[0]-xini-xs[1]) + dt*fod(®,xs[0])
arr[1:-1] = (m/dt)*(2*xs[1:-1] - xs[:-2] - xs[2:])
arr[1:-1] += dt*fod(0®,xs[1:-1])
arr[-1] = (m/dt)*(2*xs[-1]-xs[-2]-xfin) + dt*fod(0,xs[-1])
return arr

def actjac(actfs,xs):
nvar, m, xini, xfin, dt = params()
Jf = np.zeros((nvar,nvar))
np.fill diagonal (Jf, 2*m/dt + fod(1l,xs)*dt)
np.fill diagonal (J£f[1:,:], -m/dt)
np.fill diagonal (J£f[:,1:], -m/dt)
actfs xs = actfs(xs)
return Jf, actfs xs

if _name__ == ‘_main__’:
nvar, m, xini, xfin, dt = params()
xolds = np.array([2-0.02*i for i in range(l,nvar+1)])
xnews = multi newton(actfs, actjac, xolds); print(xnews)

appropriate units. Importantly, this means that we have to solve a minimization problem in
~100 variables, which is a larger-scale problem than any we solved in earlier sections.
We then define a simple one-liner function to evaluate the force-or-derivative. This is the
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only other place in our program where specifics about the physics problem are encoded.
A point that will come in handy below: the parameter x of our function fod() can handle
either single numbers or entire numpy arrays.

The bulk of our code is to be found in the following two functions. We recall from
Code 5.5 that multi newton() has a very specific interface: as its first argument it ex-
pects a function that returns a 1d numpy array and as its second argument a function that
returns a 2d numpy array and a 1d array. These functions implement the gradient vector of
Eq. (5.113) and the Jacobian/Hessian of Eq. (5.114). Crucially, both these functions do not
employ any explicit loops or indices (like i, j and so on). In most of our codes we have
prioritized legibility over efficiency. Even here, despite the fact that our slicing is more
efficient than the indexed alternative, our guiding principle was actually clarity: the grid in
Fig. 5.16 can be confusing, so we’d rather avoid having to deal with indices that go up to
nvar-1 or perhaps nvar-2 (or even worse: n-3 or n-4) when we step through our arrays.
As it so happens, a problem in chapter 1 asked you to rewrite these two functions using
explicit indices.

Since actfs() is following our prescription of fixed endpoints, xy and x,_;, the lines
setting up arr[0] and arr[-1] need to be different from what we do for the “mid-
dle” points.53 Similarly, actjac() needs to treat the main and other diagonals differ-
ently. We accomplish the latter task by slicing the arrays we pass as the first argument
to numpy.fill _diagonal(). Note how for the main diagonal we pass the entire xs to
fodQ).

The main part of the program is incredibly simple. It sets up an initial guess vector, x©,
designed to start near fixed endpoint xy and end near our other fixed endpoint x,,_;. It then
calls our earlier multi newton() function, passing in our tailored gradient and Hessian
functions. Importantly, by using params () we have ensured that actfs() and actjac()
have the same interface as our earlier £s() and jacobian() functions, so everything
works together smoothly. It may be surprising to see that we’ve been able to solve for
the dynamical trajectory of a particle by minimizing in ~100 variables, using a code that
takes up less than a page. Of course, this is slightly misleading, since we are also calling
multi_newton(), which in its turn calls gauelim_pivot () and termcrit (). The former
then calls backsub (). Thus, our latest program fits on one page, but only because we can
so smoothly make use of several functions we developed earlier.

Instead of showing you the 99 numbers that get printed on the screen when you run
this code, we have decided to plot them in Fig. 5.17. Our xolds is labelled with “Initial
guess #1”. The converged solution of xnews is labelled with “Minimized”. You may be
wondering how we know that our converged solution corresponds to a minimum; if so,
compute the eigenvalues of the Hessian corresponding to xnews. Wanting to make sure
that our result was not a fluke that was directly tied to a “magic” choice of our initial guess
vector, we try out another xolds, labelled with “Initial guess #2”: this leads to the exact
same minimum as before, thereby increasing our confidence in our result.

It’s worth pausing for a second to marvel at our accomplishment. In this project, we
went beyond the formal statement that the action “could” be minimized or “should” be

33 This is analogous to our discussion of the central difference in section 3.3.2.
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Hiesilrs | Finding the trajectory of a particle via minimization of the action

minimized and actually minimized the action. We did this by using a (somewhat crude)
discretization scheme and stepping through a many-variable minimization process which,
incidentally, only required roughly half a dozen iterations to converge. You may become
more convinced of the importance of this fact after you attempt the problem that asks
you to carry out a minimization for the (easier) case of the harmonic oscillator using the
gradient descent method. You will discover that multidimensional minimization is a fickle
procedure, with few guarantees. A combination of analytical work and earlier coding has
allowed us to find a practical avenue toward making the action stationary and thereby
determining the physical trajectory of the particle.

Now that we’ve marvelled at how great we did, let’s tone things down: had we actually
followed the standard textbook-route, we would have used Hamilton’s principle to find
the Euler-Lagrange equation(s), thereby getting an equation of motion, which would be a
differential equation. For our case, this would have been simply mi = —x>. This differential
equation, in turn, can straightforwardly be solved using its own discretization scheme, as
you will soon learn (in chapter 8). In contradistinction to this, in our present approach we
had to repeatedly employ 99 x 99 matrices, even though the problem is reasonably simple.
When all is said and done, it’s nice to see that you can calculate dynamical trajectories
without having to solve a differential equation.

5.7 Problems

1. Come up with an example where the relative termination criterion of Eq. (5.18) fails.
Then, replace it with Eq. (5.19) and re-run your root-finding program.

2. This problem studies fixed-point iteration for the case of g(x) = cx(1 — x). Examine:
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(a) ¢ =0.9: play around with the number of iterations, tolerance, termination criterion,
and initial guess to see where all your solutions tend to go to.

(b) ¢ =1.5: see how long it takes you to find a fixed point.

(c) ¢ =2.8: does this take longer than the ¢ = 1.5 case?

(d) ¢ = 3.2: start with x® = 0.2 and observe that a new pattern emerges.

(e) ¢ =3.5: start with x© = 0.2 and see another pattern emerge.

(f) ¢ = 3.6: start with x¥ = 0.2 and attempt to discern any pattern.

You may need to plot the x* as a function of k in order to (attempt to) discern the
patterns. For future reference, this problem is known as a “logistic map”.

. Use bisection for f(x) = 1/(x — 3) in the interval (0, 5). Is your answer correct?

. Code up Newton’s method for our example function f(x) = ¢ V¥ — x and reproduce
Fig. 5.6. You should evaluate f’(x) analytically.

. Analytically use Newton’s method to write V2 as a ratio of two integers. Provide a few
(increasingly better) approximations.

. Code up a safe version of Newton’s method, by combining it with the bisection method.
Specifically, start with a bracketing interval and carry out a Newton step: if the iterate
“wants” to leave the interval, carry out a bisection step, instead. Repeat.

. We will now recast Newton’s method as a special case of the fixed-point iteration
method. Specifically, if your problem is f(x) = 0, then one way of transforming it
into the fixed-point form x = g(x) is to take:

f(x)
J'(%)
Assume x* is a simple root (i.e., f(x*) = 0 and f’(x*) # 0). You should analytically
evaluate g’(x*). You should then combine your result with our analysis of the conver-
gence properties of the fixed-point iteration method to find the order of convergence for
the method of Eq. (5.117).

. Having recast Newton’s method as a version of fixed-point iteration in the previous
problem, we will now build on that result. Assume x* is a root of multiplicity m. This
means we can write:

gx) =x-— (5.117)

fx) = (x = x")"q(x) (5.118)
where g(x*) # 0. Now:

(a) Analytically derive a formula for the g(x) of Eq. (5.117) where you’ve employed
Eq. (5.118).

(b) Use that result to show that g’(x*) = (m — 1)/m. From there, since m = 2 or higher,
draw the conclusion that Newton’s method converges linearly for multiple roots.

(c) It should now be straightforward to see that if you had used:

fx)
(x):x—m— (5119)
# J7(%)
instead of Eq. (5.117), then you would have found g’(x*) = 0, in which case New-
ton’s method would converge quadratically (again).
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In practice, we don’t know the multiplicity of a root ahead of time, so the utility of
Eq. (5.119) is limited. In the first part of the previous problem, you incidentally also
derived a formula for w(x) = f(x)/f’(x) for the case of Eq. (5.118). Similarly, in the
second part of that problem you found a formula for w’(x), which leads to w’(x*) = 1/m.
But this means that w’(x*) # 0, while w(x*) = 0; in other words, w(x) has a simple root
at x* regardless of what the multiplicity of f(x) at x* is.

We can take advantage of this fact: whenever you think you may have a multiple root,
you could apply Newton’s method not to f(x), but to w(x). Code this approach up in
Python for the case of:

f)=x =3x* + P +5x% —6x+2 (5.120)

Compare your runs to how long it takes the (unmodified) Newton’s method to converge.
While you’re at it, also compare to the result of using Eq. (5.119), where you’ll need to
guess the value of m.

When using Newton’s method, it can sometimes be frustrating to start from different
initial guesses but end up producing the same root over and over. A trick that can be
used to suppress an already-found root is to apply Newton’s method not to f(x) but to
u(x) = f(x)/(x — a), where a is the root you’ve already found and are no longer looking
for. Implement this strategy for the case of our example function f(x) = ¢~ V*—x, where
you are suppressing the root @ = 1. This means that you should always be converging
to the other root, regardless of your initial guess.”*

We now guide you toward deriving the secant method’s order of convergence. First
introduce notation similar to that in Eq. (2.5), i.e., Ay = x® — x* Now, Taylor expand
F(x®), £F(x%D), and f(x®) around x*; note that this is different from what we did in
Eq. (5.37) and elsewhere, where we Taylor expanded around x*~. Plug these three
relations into Eq. (5.51) to show that A is equal to the product of A;_; and A, (times
another factor). Motivated by Eq. (5.16), take Ay = mA} | and A;_; = mA;]_,, and
combine these with your earlier result. This should lead to a quadratic equation in p,
which is solved by p = (1 + V5)/2 ~ 1.618.

Implement Ridders’s method from Eq. (5.59) for our example function f(x) = e Vi_x,

There exists a method known as regula falsi or false position which is very similar to
the secant method. The difference is that regula falsi is a bracketing method, so it starts
with xg and x; such that f(x)f(x;) < 0. Like the secant method, it then employs the
line that goes through the two points (x,yo) and (x;,y;), as per Eq. (5.52), and then
finds the x axis intercept. The false-position method then ensures that it continues to
bracket the root. Implement this approach for our example function f(x) = ¢ V¥ — x,
starting with the interval (0, 1.7). Do you see the method converging on both sides or
not? Do you understand what that implies for the case where one of your initial points
is “bad”, i.e., very far from the root?

Root suppression feels similar to, yet is distinct from, the concept of deflation for polynomials, which amounts
to using synthetic division and then solving a smaller-sized problem.
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Another approach, known as Steffensen’s method, iterates according to:
0 ) _ £ Ej:_ll)? (5.121)
where:
T ) R G .

kD)
This achieves quadratic convergence, at the cost of requiring two function evaluations
per iteration. Implement Steffensen’s method in Python for our example function f(x) =
¢*~ V¥ — x and compare the required number of iterations to those of other methods.
Explore the roots of:

Fx) = =2 +4x* —4x> + x¥%e" — 2x% — dxe* + 8x + 4e* — 8 (5.123)

using a method of your choice.
Take the cubic equation:

X —21x% + 120x — 100 = 0 (5.124)

and find its roots. Now perturb the coefficient of X3 so that it becomes 0.99 (first) or
1.01 (next) and discuss how the roots are impacted.

In the Project of chapter 3 we computed the values of Hermite polynomials, see Code 3.3,
i.e., psis.py. You should now find the roots of Hermite polynomials, by writing a code
similar to legroots.py. Digging up Eq. (6.31.19) in Ref. [90] and converting to our
notation gives us:

T3 ") o 4i+6- (1)
4N+l 0 T N+l

for the positive Hermite-polynomial zeros. Figure out how to use this to produce a
function that gives correct roots for n up to, say, 20. Compare the zeros you find with the
output of the (alternatively produced) numpy.polynomial .hermite.hermgauss().
Code up our companion matrix from Eq. (5.70) for a general polynomial. Then, use it
to find all the roots of our polynomial from Eq. (5.120).

In legroots.py we computed the roots of a Legendre polynomial using Newton’s
method and calling 1legendre.py for the function values (and derivatives). We now
see that it is possible to directly employ the recurrence relation from section 2.5.2 to
evaluate the roots of a Legendre polynomial, by casting the problem into matrix form.
This generalizes to other sets of polynomials, even if you don’t have good initial guesses
for the roots. It is part of the Golub—Welsch algorithm.

(5.125)

(a) Take Eq. (2.86) and write it in the form:
j+1
2j+1

If x* is one of the zeros of P,(x), i.e., P,(x*) = 0, we can apply the above relation
atx = x" for j =0,1,...,n— 1; the result takes the form, J p(x*) = x*p(x*). Verify
that J, known as a Jacobi matrix (not to be confused with a Jacobian matrix), is

J
Pj(x) + 2].TP]A()C) = xP;(x) (5.126)
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tridiagonal. The matrix elements of the J you found can be immediately determined
from the coefficients in the recurrence relation, Eq. (5.126).

(b) Observe that J p(x*) = x*p(x*) is an eigenvalue problem for the zeros of P,(x).
Using Python, compute the eigenvalues of J and verify that they coincide with the
output of legroots.py.

We now generalize the fixed-point iteration method of Eq. (5.22) to the problem of
n equations in 7 unknowns. In equation form, this is simply x® = g(x*~1) where,
crucially, all quantities involved are vectors. Implement this approach in Python and
apply it to the following two-variable problem:

{ Jo(xo, x1) = x5 = 2x0 = 2x] +x1 = 0 (5.127)

fixo, x1) = X2 + x9 — 2x2 — 1.5x; = 0.05 =0

This system has two solutions. Do you find them both using the fixed-point iteration
method? Do you understand why (not)?

In our study of Gaussian quadrature in chapter 7, the brute-force approach will lead to
systems of nonlinear equations like the following:

2
2 2 2
2= co+cCp+cCp, 0= CoXg + C1 X1 + CrXxp, § = CoXg t+ C1X] + €25,

0= coxS + clx? + czx;, % = coxé + cl)c‘l1 + +02x‘2‘, 0= cox(s) + clx? + +czxg
(5.128)
Apply multi_newton.py to solve these six equations for the six unknowns.
In this problem we solve Eq. (5.5) together with Eq. (5.6), using Newton’s method. For
simplicity, work in units where m = Mg = G = 1 and Mg = 2. Assume we have made
a measurement at ro = (2 1 3)7, finding:

Fo = (-0.01685996 —0.04002972 —0.01479052)7 (5.129)
and another measurement at r; = (4 4 1)7, this time finding
F, = (-0.14364292 0.12096246 —0.26460537)" (5.130)

Set up the problem in a way that allows you to call multi_newton. py, with the under-
standing that the components of R are the first three elements of xs and the components
of S are the next three elements of xs. If you’re having trouble converging, try starting
from xolds = np.array([0.8,-1.1,3.1,3.5,4.5,-2.1).

Implement our basic Broyden method from Eq. (5.89) for our two-variable problem in
Eq. (5.72). Separately investigate the convergence for the two cases of J(x?) being the
identity matrix or a forward-difference approximation to the Jacobian.

Employ the secant method to minimize f(x) = VI _ y, Eq. (5.46), and Eq. (5.92).
Rewrite the function gradient () from the code descent. py so that it uses an explicit
loop. Compare with the original code. Then, study the dependence of the maximum
required iteration number on the magnitude of y; explore values from 0.02 to 0.30, in
steps of 0.01.
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In descent.py we studied the simplest case of constant y. We will now expand our
method to also include a “line-search minimization” to determine y* at each iteration.
If you’re currently at position x and the gradient is V¢(x), then you can define:

u(y) = ¢ (x — yVo(x)) (5.131)

Crucially, u(y) is a function of one variable. What this approach does is to take the
negative gradient direction, —V¢(x), and then decide how large a step y to make in
that direction, by minimizing u(y); since this minimization is taking place along the
fixed line determined by the negative gradient, this approach is known as line-search
minimization. Putting everything together, we have the following algorithm:

Minimize u(y*™V) = ¢ (X(k—l) _ y(k—l)V¢(X(kfl))) to find y*1

(k) _ Jk=1) _ | (k=1) (k=1) (5]32)
XT=x YUV

To implement the above prescription, combine descent.py with (a modified version
of) secant.py; check your program on the function ¢(x) = x(z) + Sxf.

Carry out multidimensional minimization using Newton’s method for our example in
Eq. (5.101). After you locate both minima (how would you know they’re minima?),
try starting from xolds = np.array([1.5,0.]). Then, use that same initial guess
vector in the gradient-descent method and compare the two results.

An intriguing generalization of Newton’s method for multidimensional root-finding
borrows ideas from multidimensional minimization. The goal is to ensure that New-
ton’s method can do a good job of finding the solution to a system of equations, even if
the initial guess was poor; in other words, we wish to make sure that each step we make
decreases the function-component values.”

To do so, we now examine the quantity (F(x*~D))"f(x*=D): it makes sense to require
that after the step the magnitude of the functions is reduced, i.e., that (F(x®)Tf(x®) is
smaller. It’s easy to show that the Newton step is a descent direction; in other words,
the step prescribed by Newton’s method picks a direction that reduces the functions’
values. Here’s how to see this:

% {V [(f(x(k—l))>T f(x(k—l))]}T q® = (f(x(k—l)))T Jx*D) (_ (J(X(k—l)))_l f(X(k—l)))

= — (fx M) fx ) < 0 (5.133)

On the first line, g is the Newton step as per Eq. (5.83). We also took the gradient of
our f7f quantity using a standard vector identity, and also re-expressed the Newton step
from Eq. (5.80). From there, we cancelled the Jacobians and were left with a negative
value. Indeed, the Newton step is a descent direction.

Now the question arises how to pick the magnitude of our step in that direction (sim-
ilarly to what we saw when studying the gradient-descent method for minimization).
We could, at this point, employ a line-search approach as we did in an earlier prob-
lem. Instead, we will try the empirical approach of multiplying the full Newton step
with 4 = 0.25, if the function value would have otherwise increased. Try out this

35 In jargon, we are looking for a globally convergent method.
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backtracking strategy for our example system from Eq. (5.72): starting from xolds
= np.array([-100.,100.]), compare the unmodified and modified Newton’s runs.
Make sure to print out a message each time the step is/would have been bad.

In this problem we will employ the same discretization of the action as in action.py,
still for the case of the quartic oscillator. Imagine you made a mistake when trying to
approach the fixed-endpoints in your initial guess, leading you to start with ¢ (¢) =
0.93757> + 1.0625¢ — 2. Plot the initial guess and converged solution together. Are you
getting the same converged solution as in the main text? Why (or why not)? Compute
the value of the action from Eq. (5.111) as well as the eigenvalues of the Jacobian for
the two converged solutions and use those results to justify your conclusions.

Modify action.py to address the physical context of the harmonic oscillator. Take
xo =0, x,-1 = 1 and T = 1. Plot the coordinate of the particle as a function of time;
also show the (analytically known) answer. Incidentally, what happens if you take 7" to
be larger?

Then, try to solve the same problem using the gradient-descent method. You will have
to tune n, gamma, kmax, and tol (as well as your patience levels) to do so.

Modify action.py to address the physical context of a vertically thrown ball; start by
thinking what force this implies. Take xo = x,-; = 0 and 7 = 10. Plot your solution for
the height of the particle as a function of time.

Repeat the study of the quartic oscillator, but this time instead of using Eq. (5.111) for
the discretization, employ a central-difference formula. This means you should analyti-
cally calculate the new gradient and Hessian, before implementing things in Python.
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If native pow’r prevail not, shall I doubt
To seek for needful succor from without?
Vergil
(trans. John Dryden)

6.1 Motivation
.}

6.1.1 Examples from Physics

Both in theoretical and in experimental physics we are often faced with a table of data
points; we typically wish to manipulate physical quantities even for cases that lie “in be-
tween” the table rows. Here are a few examples:

1. Velocity from unequally spaced points
When introducing numerical differentiation in chapter 3, our first motivational exam-
ple came from classical mechanics. This, the most trivial example of differentiation in
physics, takes the following form in one dimension:

_dx

V= 6.1)

where v is the velocity and x is the position of the particle in a given reference frame. In
that chapter, we spent quite a bit of time discussing how to compute finite differences,
and how to estimate the error budget.

The question then arises how we should handle the case where we know the positions at
unequally spaced points. To clarify what we mean by that, imagine we only have access
to a set of n discrete data points (i.e., a table) of the form (¢;, x;) for j = 0,1,...,n—1;
the positions are known only at fixed times #; not of our choosing, which are not equally
spaced. One could simply revert to the general finite-difference formulas (i.e., those not
on a grid); since you don’t control the placement of the points, you’d likely have to use
a forward or backward formula. However, simply using a noncentral difference formula
where the & is determined by whatever happened to be the distance between two ¢;’s
is a recipe for disaster: what if there are many data points for early and late times, but
few in between? Should we resign ourselves to not being able to extract the velocity at
intermediate times?
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An alternative approach is to take the table of unequally spaced input data points, pro-

duce an interpolating polynomial p(t) which captures the behavior of the data effec-

tively, and then evaluate the derivative of the interpolating polynomial quasi-analytically.
As an aside, an analogous example arises when dealing with noisy data: one could first

carry out, say, Fourier smoothing and then get a nicer looking derivative. This brings us

to the next example, which also relates to Fourier analysis.

. Differentiating a wave function

When taking an introductory quantum mechanics course, you may have wondered why
we sometimes work in coordinate space and sometimes in momentum space. One of
the reasons is that operations that may be difficult in one space are easy in another. A
fascinating example of this is known as Fourier differentiation or spectral differentia-
tion. To see what we mean, consider the following wave function expressed in terms of
the inverse Fourier transform:

w(t, x) = 217 f N dk J(t, k)e™ (6.2)

Taking the spatial derivative of (¢, x) becomes a simple arithmetic operation (multipli-
cation by a scalar) in momentum space:

4 _ 1 ~ 7 9 ikx _ 1 * 7 -7 ikx
T = o I dk 1.k et = I _ ki Dike 6.3)

00

In the first step we emphasized that only the complex exponential is position dependent
and in the second step we took the derivative. As advertised, we replaced the derivative
on the left-hand side with a simple multiplication on the right-hand side. We can take
an extra step, expressing the ¥(z, k) itself in terms of a (direct) Fourier transform:

d 1 (™ e e
aw(t,x):ﬂ f f dk dy y(t, y)ike™ = (6.4)

Take a moment to appreciate that this equation involves the coordinate-space wave func-
tion on both the left- and the right-hand sides.

Of course, these manipulations are here carried out for the continuous case, which in-
volves integrals on the right-hand side; you may be wondering why we would bother
with Eq. (6.4), since it’s replaced one derivative by two integrals. In the present chapter
we will learn about a related tool called the discrete Fourier transform (DFT) which
involves sums. We will then see that it is possible to re-express the DFT so that it is
carried out incredibly fast. One of the problems asks you to develop and implement
an analogous differentiation formula for the DFT. At that point you will appreciate the
power of being able to produce a table of derivative values without having to worry
about finite-difference errors. Even more crucially, in the n-dimensional case evaluating
the gradient vector at one point via the forward difference requires n new function eval-
uations, see Eq. (5.103), but Fourier differentiation gives you the derivatives without
any new function evaluations being necessary.

. Hubble’s law

According to observations, the universe displays remarkable large-scale uniformity.
More specifically, at large scales the universe is homogeneous: this applies not only
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to the average density, but also to the types of galaxies, their chemical composition,
and other features. Furthermore, the universe appears to be isotropic about every point,
implying that there is no special direction. Another aspect of the uniformity of the uni-
verse is that even its expansion seems to be uniform: on average, galaxies are receding
from us with a speed that is proportional to how far away from us they are. Of course,
this doesn’t apply only to us: any galaxy will see all other galaxies receding at a speed
proportional to their distance from it.

The point we just made is significant enough to bear repeating: even though the universe
is expanding, the homogeneity and isotropy are maintained, i.e., the universe does not
exhibit a velocity anisotropy. This fact was first noticed by Edwin Hubble in 1929,
in his study of 24 extra-galactic nebulae for which both distances and velocities were
available. Plotting the velocities versus the distances, Hubble noticed a “roughly linear
relation” and extracted the coefficient. Nowadays, we call this Hubble’s law:

v =Hd (6.5)

where v is the recessional velocity, d is the distance, and H is known as Hubble's pa-
rameter. The present value of this parameter is known as Hubble’s constant, and has
been measured to be Hy = (2.3 +0.1) x 10~'8 s=!. Hubble’s parameter has wider signif-
icance: if we denote by R(¢) the cosmological expansion parameter, then the following
relation holds:

_ R

= R0 (6.6)

i.e., at time ¢ Hubble’s parameter is the relative rate of expansion of our universe.

In modern terms, Hubble carried out a straight-line fit to the data. We encountered
another instance of experimental data following a linear trend earlier on, when we
discussed Millikan’s 1916 experiment on the photoelectric effect (section 2.1). In the
Project at the end of the present chapter we will discuss yet another set of experimental
data, this time not obeying a linear trend.

It is no coincidence that the first two items on our list both involve taking derivatives. The
problem of approximation, the theme of this chapter, typically arises when one wishes to
carry out operations that are otherwise hard or impossible.

6.1.2 The Problems to Be Solved

Basically, the goal of the present chapter is to learn how to approximate a function f(x).
There could be several reasons why this needs to happen: perhaps computing f(x) is a
costly procedure, which cannot be repeated at many points, or maybe f(x) can only be
experimentally measured. In any case, the point of the present chapter is that we wish
to have access to f(x) for general x but can only produce selected f(x;) values. What is
commonly done is that a set of n basis functions ¢(x) is chosen which, combined with a
set of n undetermined parameters ¢, (k = 0,1,...,n — 1) is used to produce the following
linear form:
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n—1

pe) = ) cxu(x) (6.7)

k=0

This is called a linear form because it constitutes a linear combination of basis functions;
this does not mean that the basis functions themselves are linear. We assume that the ¢;(x)’s
are linearly independent. Note that we used p(x) to denote our approximating function,
since we don’t know that it is the same as the underlying f(x). Crucially, both p(x) and
the basis ¢;(x) apply to any x, not just points on a grid. This raises the question of how we
would know that our approximating function, p(x), is accurate, leading us to distinguish
between the following two large classes of approach:

1. Interpolation

Interpolation arises when we have as input a table of data points, (x;,y;) for j =
0,1,...,n — 1, which we assume exactly represent the underlying F(x)." We'll take
the basis functions ¢;(x) as given and attempt to determine the n parameters c;. Cru-
cially, we have n unknowns and n data points, so we can determine all the unknown
parameters by demanding that our approximating function p(x) go exactly through the
input data points (except for roundoff error), i.e.:

n—1

Vi = D cui(x)) (6.8)

k=0

where we used the fact that p(x;) = y;. This can be written in matrix form as follows:

do(xo)  d1(xo)  Pa(xo) ... Pu_1(x0) |[ co Yo
do(x1)  di(x1)  da(x1) ... di(x) || A

Po(x2)  di(x2)  ha(x2) ... Pui(x2) || 2 [=]| 22 (6.9)

bo(xp—1)  d1(xp-1)  Pa(Xum1) oo D1 (1) J\Cami Vn-1

or, more compactly, @c =y, where ® is an n X n matrix and we’re solving for the n x 1
column vector ¢. Thus, for a given choice of the ¢i(x), with the table (x;,y;) known,
this is “simply” a linear system of equations for the ¢’s; it can be solved using, say,
Gaussian elimination after O(n’) operations.

An example of interpolation along these lines is shown in Fig. 6.1, where the solid curve
smoothly connects the data points. Significantly, such an interpolant is not unique: even
though every interpolant has to go through the data points, there are many shapes/forms

! Interpolation has been called an “exact approximation”, but this is infelicitous (if not a contradiction in terms).
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it could have taken between them.? As a result, one needs to impose further criteria
in order to choose an interpolant, such as smoothness, monotonicity, etc. The crudest
way to put it is that the interpolant should behave “reasonably”; for example, wild
fluctuations that are not supported by the data should generally be avoided.

In the present chapter, we’ll examine three different approaches to the interpolants:

(a) Polynomial interpolation: this approach, covered in section 6.2, assumes that a
single polynomial can efficiently and effectively capture the behavior of the under-
lying function. Despite popular myths to the contrary, this is a great assumption.

(b) Piecewise polynomial interpolation: here, as we’ll see in section 6.3, one breaks
up the data points into subintervals and employs a different low-degree polynomial
in each subinterval.

(c) Trigonometric interpolation: in section 6.4 we’ll find out how to carry out inter-
polation for the case of periodic data. This will also allow us to introduce one of the
most famous algorithms in existence, the fast Fourier transform.

Regardless of how one picks the basis functions, having access to an interpolation
scheme usually helps one before carrying out further manipulations; for example, one
might wish to differentiate or integrate p(x). Assuming the interpolation was successful,
such tasks can be carried out much faster and with fewer headaches than before.

2. Least-squares fitting
We now turn to our next large class of approximation. There are two major differences
from the case of interpolation: (a) we have more data than parameters, and (b) our input

2 Actually, in Fig. 6.1 we are also showing our interpolant for x values slightly outside the interval where we
have data; generally, this is a trickier problem, known as extrapolation. In cases where you have a theory about
how the data should behave even in regions where you have no measurements, this is not too hard a problem;
this is precisely the case of Richardson extrapolation, discussed in chapters 3 and 7.
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data have associated errors. Specifically, this time we have as input a table of data points,
(xj,y;) for j = 0,1,...,N — 1, which do not perfectly represent the underlying f(x);
for example, these could arise in experimental measurement, in which case each y; is
associated with an error, o;. Note that in the present case the number of data points,
N, is larger than the number of ¢; parameters in Eq. (6.7), which was n, i.e., we have
N > n. In other words, the problem we are faced with is that the input data cannot be
fully trusted, i.e., our approximating function should not necessarily go exactly through
them, but at the same time we have more data points then we have parameters.

In the language of linear algebra, the problem we are now faced with is an overdeter-
mined system, of the form:

¢o(xo0) d1(x0) ... Pu_1(x0) . Yo
do(x1) d1(x1) ... Ppor(x1) co n
$o(x2) dr1(x2) ... Pu1(x2) e 2 (6.10)
: : o : o
do(xy-1) P1(xn-1) ... Gp1(xn-1) YN-1

Here our input y-values are grouped together in an N X 1 column vector y, ® is an N Xn
matrix, and we’re solving for the n X 1 column vector ¢. As you can see, we are aiming
for approximate equality, since this system cannot be generally solved (and even if it
could, we know that our y; values suffer from errors).

To tackle this overdetermined system, we’ll do the next-best thing available; since we
can’t solve ®dc¢ =y, let’s try to minimize the norm of the residual vector, i.e.,

min [|®c — y|| 6.11)

where we’re implicitly using the Euclidean norm. As we’ll see in section 6.5 this ap-
proach is known as least-squares fitting, since it attempts to determine the unknown
vector by minimizing the (sum of the) squares of the difference between the approxi-
mating function values and the input data.?

An example of least-squares fitting is shown in Fig. 6.1: if we assume that the data
points cannot be fully trusted, then it is more appropriate to capture their overall trend.
As a result, the goal of our least-squares fitting procedure should not be to go through
the points. We’ll learn more about how to quantify the effect of the error in the input
data later on but, for now, observe that the least-squares fit in Fig. 6.1 follows from
the assumption that the approximating function p(x) should be linear in x. Obviously,
we could have made different assumptions, e.g., that p(x) is quadratic in x, and so on.

3 Another way of approaching this overdetermined system is via minimax approximation, which aims to mini-

mize the maximum error, instead. This is an elegant idea, but covering it would require a separate development.
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Apparently, we’ll need to introduce a goodness-of-fit measure to help us decide which
form to employ.

In section 6.5 we’ll first learn about straight-line fits, which involve only two parameters
(as in Fig. 6.1); this is the simplest-possible choice of basis functions. We will then
turn to the more general problem of tackling the normal equations that arise in the
case of polynomial least-squares fitting, employing machinery we developed in our
study of linear algebra in chapter 4. It’s important to realize that even polynomial least-
squares fitting is a case of linear least-squares fitting: you can see from Eq. (6.7) that
the dependence on the ¢; parameters would be linear, even if the basis functions are,
e.g., exponentials. In the Project of section 6.6 you will get a first exposure to the more
general problem of nonlinear least-squares fitting; while in general this is a problem of
multidimensional minimization, as in section 5.5.2, we will rewrite it in the form of a
multidimensional root-finding problem and proceed to employ methods we introduced
in section 5.4.%

6.2 Polynomial Interpolation
|

We now turn to our first major theme, namely polynomial interpolation; this refers to the
case where the interpolating function p(x) of Eq. (6.7) is a polynomial. Keep in mind
that the underlying function f(x) that you’re trying to approximate does not have to be
a polynomial, it can be anything whatsoever. That being said, we will study cases that
are well-behaved, i.e., we won’t delve too deeply into singularities, discontinuities, and
so on; in other words, we focus on the behavior that appears most often in practice. As
explained in the preceding overview, we start by using a single polynomial to describe an
entire interval; in addition to its intrinsic significance, this is a topic which also help us in
chapter 7 when we study numerical integration.

At the outset, let us point out that polynomial interpolation is a subject that is mis-
leadingly discussed in a large number of texts, including technical volumes on numerical
analysis.’ The reasons why this came to be are beyond the scope of our text; see N. Tre-
fethen’s book on approximation theory [94] for some insights on this and several related
subjects. Instead, let us start with the final conclusion: using a single polynomial to ap-
proximate a complicated function is an excellent approach, if you pick the interpolating
points x;j appropriately. This is not just an abstract question: knowing how easy, efficient,
and accurate polynomial interpolation can be, will benefit you in very practical ways in
the future. Issues with single-polynomial interpolation arise when one employs equidistant
points, an example which is all most textbooks touch upon.® We’ll here follow a pedagogi-

4 This also helps explain why our discussion of approximating functions was not provided in chapter 2; our
exposition will involve the linear algebra and root-finding machinery that we developed in chapters 4 and 5.

5 Amicus Plato, sed magis amica veritas, i.e., Plato is a friend, but truth is a better friend.

6 The standard treatment, which employs equidistant points and gets into trouble, doesn’t mesh well with the
Weierstrass approximation theorem, which states that a polynomial can approximate a continuous function;
the problem is that this theorem doesn’t tell us how to go about constructing such a successful polynomial.
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cal approach, i.e., we will start with what works and only mention potential problems near
the end of our discussion.

To be specific, let us immediately introduce our go-to solution for the placement of the
interpolation nodes. In much of what follows, we employ Chebyshev points, sometimes
known as Chebyshev nodes. As you learned in a problem in chapter 2, see Eq. (2.123), the
extrema of Chebyshev polynomials take the simple form:

@:—cm(jn), j=0.1,....n-1 6.12)

n—1

where we have included a minus sign in order to count them from left to right.” Given the
importance of these points, we will mainly focus on the interval [—1, 1]; if you are faced
with the interval [a, b] you can scale appropriately:

z:b;“+b;“x (6.13)
Spend some time to understand how this transformation takes us from x which is in the
interval [—1, 1] to ¢ which is in the interval [a,b]: x = —1 corresponds to t = a, x = 1
corresponds to r = b and, similarly, the midpoint x = 0 corresponds to t = (b + a)/2.
Note that Eq. (6.13) is more general than Eq. (6.12), i.e., you can use it even if you are not
employing Chebyshev points.

In order to help you build some intuition on the Chebyshev points, we are showing
them in Fig. 6.2 on the x axis. Also shown are the equidistant points on the (upper half
of the) unit circle; their projections onto the x axis are the Chebyshev points. The most
conspicuous feature of Chebyshev points is that they cluster near —1 and 1 (i.e., near the
ends of the interval). This will turn out to be crucial for the purposes of interpolation, as

7 Though the convention in the literature is not to include this minus sign.
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discussed in section 6.2.3. Despite not being equidistant on the x axis, Chebyshev points
have the advantage of obeying nesting: when you double the number of points, 7, you use,
you can re-use the old points since you’re simply adding new points between the old ones.
This is generally desirable when you don’t know ahead of time how many points you are
going to need: start with some guess, keep doubling (while re-using the work you carried
out for the old guesses), until you see that you can stop doubling.

The attentive reader may recall encountering another set of points with a similar cluster-
ing property, namely the roots of Legendre polynomials, which we computed all the way
back in section 5.3.2. For now, we will consider the placement of the nodes as settled, i.e.,
following Chebyshev points as per Eq. (6.12). This still leaves open the question of how to
solve Eq. (6.9): we need to pick a specific set of basis functions ¢, (x) and then to compute
the ¢, parameters.

In order to avoid getting confused, one has to distinguish between the (possible) ill-
conditioning of a problem and the stability of a given algorithm employed to solve that
problem. For example, in section 4.2 we discussed how to quantify the conditioning of a
linear system of equations; this had little to do with specific methods one could choose to
apply to that problem. If a matrix is terribly ill-conditioned it will be so no matter which
algorithm you use on it. Similarly, in section 4.3.4 we encountered a case (Gaussian elim-
ination without pivoting) where the algorithm can be unstable even when the problem is
perfectly well-conditioned. Turning to the present case of polynomial interpolation, one
has to be careful in distinguishing between the conditioning of the problem itself (interpo-
lating using a table (x;,y;)) and the method you employ to do that (which needs to evaluate
the ¢, parameters). We’ll soon see a specific method that can be quite unstable, but this
doesn’t mean that the problem itself is pathological.

Another distinction one can make at a big-picture level relates to the practical imple-
mentation of polynomial interpolation. While we will always follow Eq. (6.7), we can
distinguish between two stages in our process: (a) constructing the interpolating function
is the first stage; after deciding on which basis functions ¢;(x) to employ, the main task
here is to compute the ¢; parameters, and (b) evaluating the interpolating function p(x) at
a given x, with the ¢x(x)’s and ¢;’s in place. It stands to reason that the first stage, com-
puting the ¢, parameters, should only be carried out once, i.e., should be independent of
the specific x where we may need to evaluate p(x). As mentioned earlier, interpolation is
supposed to make further manipulations easy, so the evaluation stage should be as efficient
as possible; this would not be the case if the parameter values would need to be separately
re-computed for each new x point.

6.2.1 Monomial Basis

The preceding discussion may be too abstract for your taste, so let us write down some
equations. The most natural choice for the basis functions ¢ (x) is to use monomials:3

pr(x) = & (6.14)

8 You may recall monomials as what you started with before orthogonalizing to get to Legendre polynomials,
in a problem in chapter 4.
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It’s not too early to highlight the fact that we use j for the spatial index and k for the index
that keeps track of the basis functions. Plugging Eq. (6.14) into Eq. (6.7) allows you to
write the interpolating polynomial p(x) in the simplest way possible:

P(X) = Co+Clx+ x> + €38 + -+ + Cp X (6.15)

This employs notation similar to that we’ve used before, say in Eq. (5.62): this is a poly-
nomial of degree n — 1, in keeping with our 0-indexing convention. Remember, our input
is a table of data points, (x;,y;) for j =0,1,...,n - 1; we have n unknown parameters and
n input points.

The most naive way to carry out polynomial interpolation, which is the one you probably
learned when you first saw how to find the line that goes through two specified points, is
to evaluate Eq. (6.15) at our grid points:

pxj)=yj=co+cixj+ cpc? + C3x; +oe 4 cn_lx?_l (6.16)

and solve for the unknown parameters. Explicitly writing this out for all the values of j,

ie., j=0,1,...,n— 1, allows us to re-express our equations in matrix form:
2 =il
1 xo X5 .Xg co Yo
2 =il
1 x i .ox) cy Y1
b%) . xg_l

—
.=
(SIS

o l=|» 6.17)

2 -1
1 Xp-1 X o -xZ 1 Cn—1 Yn—1
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This (nonsymmetric) n x n coefficient matrix is known as a Vandermonde matrix.® As you
will show in one of the problems, the determinant of a Vandermonde matrix is non-zero
for distinct nodes x;; thus, a Vandermonde matrix is non-singular. As a result, the columns
of the Vandermonde matrix are linearly independent. This means that if you employ O(1?)
operations (at most, since specialized algorithms also exist) you are guaranteed to be able
to solve this linear system of equations for the ¢, parameters; this is a unigue solution. This
is a general result: for real data points with distinct nodes, there exists a unique polynomial
that goes through the points.

While the fact of the non-singularity of the Vandermonde matrix is good news, it’s not
great news. In Fig. 6.3 we show the monomial basis functions for the first several degrees.
As the degree increases, different basis functions become closer in value to each other for
positive-x; for negative-x odd degrees start to look alike, and similarly for even degree
monomials. Even though in principle the columns of a Vandermonde matrix are linearly
independent, in practice they are almost linearly dependent. Put another way, the Vander-
monde matrix becomes increasingly ill-conditioned as n gets larger. In the past, textbooks
would brush this off as a non-issue, since one didn’t employ interpolating polynomials of
a high degree anyway. However, as we’re about to see, polynomials with n = 100, or even
n = 1000, are routinely used in practice and therefore the Vandermonde ill-conditioning is
areal problem.

Figure 6.4 shows data points drawn from a significant example, Runge’s function:

S = (6.18)

1+ 25x2

In this figure, our data (x;, y;) are picked from the Chebyshev formula in Eq. (6.12) for this
specific f(x); we used n = 101 to stress the fact that n does not need to be small in practical

9 This is not the first Vandermonde matrix we’ve encountered: in one of the problems in chapter 5, see
Eq. (5.128), we solved a multidimensional system of nonlinear equations, with the promise that it will re-
emerge in our study of Gaussian quadrature in chapter 7.
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applications. Note that our interpolation using the monomial basis/Vandermonde matrix
does areasonable job capturing the large-scale features of Runge’s function (see left panel).
This is starting to support our earlier claim that polynomial interpolation with Chebyshev
nodes is an excellent tool. Unfortunately, once we zoom in (see right panel) we realize that
the monomial interpolation misses detailed features and shows unpleasant wiggles near the
ends of the interval, as a result of the Vandermonde matrix’s ill-conditioning. Crucially,
this is not an issue with the Runge function; it is also not a problem with the Chebyshev
nodes; it is a problem with the method we chose to use in order to interpolate between
our Chebyshev nodes for the Runge function (though other functions would show similar
behavior). In other words, the issue lies with the “naive” choice to use monomials as our
basis functions and then solve an ill-conditioned linear system. To emphasize the fact that
the polynomial-interpolation problem itself was not ill-conditioned (i.e., our algorithm is
unstable but we could have picked a better algorithm, instead), we also show in Fig. 6.4
results from a mysterious “Lagrange interpolation” method. Having piqued your curiosity,
this is the topic we turn to next.

6.2.2 Lagrange Interpolation

Lagrange interpolation'® is introduced in most textbooks on numerical methods. After
some introductory comments, though, the approach is usually abandoned for other meth-
ods, e.g., Newton interpolation, typically after a claim that the Lagrange form is nice for
proving theorems but not of practical value. As we’ll see, Lagrange interpolation is helpful
both formally and in practice. To emphasize this point, we will end the section with an im-
plementation of Lagrange interpolation which leads to the (excellent) results in Fig. 6.4.!!

Cardinal Polynomials

As before, we have as input a table of data points, (x;,y;) for j = 0,1,...,n — 1. Before
discussing how to interpolate through those points, let us introduce what are known as
cardinal or Lagrange or fundamental polynomials:

n—1
j=0,j2k(X = Xj)

n—1

Li(x) = ,
=0,k (X = Xj)

k=0,1,....n—1 (6.19)

The denominator depends only on the x;’s, i.e., on the interpolation points, so it is clearly
a constant (it doesn’t depend on x). The numerator is a polynomial in x of degree n — 1,
which for a given k goes to 0 at x; when j # k. The Lagrange polynomial L;(x) goes to 1
at xy, since the numerator and the denominator are equal to each other in that case.

10" A typical example of the Matthew effect: Lagrange interpolation was actually discovered by Waring.

T Incidentally, in section 5.3.1 we cautioned against finding the roots of a polynomial starting from its coeffi-
cients. Here, however, we’re not finding roots but interpolatory behavior; also, we’re starting from interpolation
nodes, not from polynomial coefficients.
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Lagrange basis functions for Chebyshev 3-point (left) and 6-point (right) interpolation

If you’ve never encountered Lagrange polynomials before, you might benefit from see-
ing them explicitly written out for a simple case. Regardless of where the x;’s are placed,
here’s what the three Lagrange polynomials for the case of n = 3 look like:

(x = x(x = x2) (x = x0)(x — x2) (x — x0)(x — x1)
Lo(x) = — 2= 27 [(x)= ——— =2 (x)= ——22 77
A e TR M Al ety Sl et ey
(6.20)

We could expand the parentheses here, but we won’t, since that’s less informative than
the form the fractions are currently in. Clearly, for n = 3 the Lagrange polynomials are
quadratic in x. Equally clearly, Lo(x;) = 0, Lo(x2) = 0, and Ly(xg) = 1, and analogous
relations hold for L;(x) and L,(x). These facts are illustrated in the left panel of Fig. 6.5:
in the interval [—1, 1] for n = 3 Chebyshev points and equidistant points are the same.

As mentioned before, these are general results: Ly(x;) is 0 if j # k, and 1 if j = k. This
result is important enough that it deserves to be highlighted:

Li(x;) = 6 (6.21)

where 6y; is the Kronecker delta. The right panel of Fig. 6.5 shows the example of n = 6,
in which case the L;(x) are fifth degree polynomials (and there are six distinct Lagrange
polynomials). No matter what they may do between one node and the next, these always
go to 1 and to O in the appropriate places.

It is now time to use our cardinal polynomials as basis functions; this means that we
take ¢y (x) = Ly(x) in Eq. (6.7). As will soon become clear, this also means that we don’t
need to use ¢ in our definition of the interpolating polynomial, since we can simply write
vk (the y-values of our input data) in their place:
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n-1

p() = > wela(x) (6.22)
k=0

To see why this is allowed, let’s examine the value of p(x) at our nodes:

n—1

n—1
PO = D Li(x)) = ) b = ¥ (6.23)
k=0 k=0

where we used Eq. (6.21) in the second step. But p(x;) = y; was the definiton of what it
means to be an interpolating polynomial.

We thereby conclude that Eq. (6.22) has been successful: by using cardinal polynomials
(which go to 0 and to 1 in the right places) instead of monomials, we have managed to
avoid encountering a (possibly ill-conditioned) Vandermonde matrix. As a matter of fact,
the Lagrange form employs an ideally conditioned basis: in the language of Eq. (6.9), since
or(x;) = Li(x;) = 6j, we see that @ is the identity matrix. Thus, we don’t even have to
solve ®c¢ =y, since we’ll always have c¢; = y;; this explains why we used y in Eq. (6.22).
To summarize, in the Lagrange form we write the interpolating polynomial as a linear
combination (not of monomials, but) of polynomials of degree n — 1, see Eq. (6.22).

Barycentric Formula

At this point, you can understand why many books shun the Lagrange form: while it is true
that it leads to a linear system in Eq. (6.9) which is perfectly conditioned, the approach
still seems to be inefficient. In other words, while it is true that we don’t have to solve a
linear system, which in general costs O(n) operations, our main formula in Eq. (6.22),
combined with Eq. (6.19), appears to be highly inefficient: at a single x, we need O(n)
operations to compute L;(x) and must then carry out n such evaluations, leading to a total
of O(n*) operations. When you change the value of x where you need to find the value of
the interpolating polynomial, you’ll need another O(n*) operations. To compare with the
monomial basis: there it was costly to determine the ¢;’s as per Eq. (6.17) but, once you
had done so, it took only O(n) operations to evaluate p(x) at a new x as per Eq. (6.15).
One can do much better, simply by re-arranging the relevant formulas. Observe that, as
you change k, the numerator in Eq. (6.19) is always roughly the same, except for the miss-
ing x — xy factor each time. This motivates us to introduce the following node polynomial:

n—1

L(x) = ]_[(x ~x;) (6.24)
j=0

where there are no factors missing; this L(x) is a (monic) polynomial of degree n. Clearly,
L(xy) = 0 for any k£, i.e., the node polynomial vanishes at the nodes.

We now make a quick digression, which will not be used below but will help us in the
following chapter, when we introduce Gauss—Legendre integration. The numerator in the
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equation for Li(x), Eq. (6.19), can be re-expressed as follows:

n—1 n—1
So(xr— X)) L(x)
) = = 6.25
le—ij(x o X=X X=X ©2

where in the second equality we identified the node polynomial from Eq. (6.24). We now
turn to the denominator in Eq. (6.19). This can be arrived at using Eq. (6.25), where we
write the numerator as L(x) — L(xy) (since L(x;) = 0) and then take the limit x — x;. This
leads to:

n—1

[T Goe—xp =L@ (6.26)
=0, j#k
where the definition of the derivative appeared organically. Putting the last two equations
together with Eq. (6.19) allows us to express a given cardinal polynomial L (x) in terms of
the node polynomial and its derivative:

L(x)
L(y) = — =" 2
K (x = X)L (xx) (027

We will produce another (analogous) relation below.
Continuing with the main thread of our argument, we now introduce another quantity
that captures the denominator in Eq. (6.19); we define the barycentric weights as follows:

1

=—>—— k=01,....,n-1 (6.28)
[0, ju (i = X))

Wik

We are now in a position to re-express (once again) a given cardinal polynomial L;(x), see
Eq. (6.19), in terms of the node polynomial and the weights:

Li(x) = L) —2%

(6.29)
X

where we simply divided out the x — x; factor that is present in L(x) but missing in Li(x).

A way to make further progress is to remember that, regardless of how you compute
Li(x), the way to produce an interpolating polynomial p(x) is via Eq. (6.22). Let us write
out that relation, incorporating Eq. (6.29):

Wi

n—1
p() = L) D e (6.30)
k=0

X — Xk

where we pulled out L(x) since it didn’t depend on k. We now apply Eq. (6.22) again,
this time for the special case where all the y;’s are 1: given the uniqueness of polynomial
interpolants, the result must be the constant polynomial 1. In equation form, we have:

n—

1= ) L(x)=Lx)

n—

Wi
X — X

1
6.31)
k=0

T
o

In the first step we show that adding up all the Lagrange polynomials gives us 1; in the
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second step we plugged in Eq. (6.29). If we now divide the last two equations, we can
cancel the node polynomial L(x), leading to:

p(x) = (6.32)

where we get the wy from Eq. (6.28). If you run into the special case x = x; for some k,
you can simply take p(x) = y;. Equation (6.32) is known as the barycentric interpolation
formula and is both a beautiful and a practical result. Observe that the two sums are nearly
identical: the first one involves the input data values y;, whereas the second one doesn’t.
As x approaches one of the x;’s, a single term in the numerator and in the denominator
become dominant; their ratio is yi, so our interpolating polynomial has the right behavior.
Of course, if x is actually equal to x; this line of reasoning doesn’t work, which is why we
account for this scenario separately in our definition.

You may be wondering why we went through all the trouble. The form in Eq. (6.22)
was clearly a polynomial, whereas Eq. (6.32), despite still being a polynomial, looks like it
might be a rational function. The reason we bothered has to do with our earlier complaint
that the Lagrange form of Eq. (6.22) necessitated O(n?) operations at each x value. In
contradistinction to this, the barycentric formula splits the construction stage from the
evaluation stage: we first compute the weights as per Eq. (6.28), using O(n?) operations;
crucially, the weights don’t rely on the y; values but only on the placement of the nodes, x;.
When the weights have been computed (once and for all), we use Eq. (6.32) at each new
x, requiring only O(n) operations. As you may recall, this was the scaling exhibited by the
monomial-basis evaluation stage, only this time we have no ill-conditioning issues.

Even though Eq. (6.32) looks like it might have issues with roundoff error, it is numeri-
cally stable. It actually has several more advantages, e.g., in how it handles the introduction
of a new data pair (x,, y,). Another pleasant feature is that for Chebyshev nodes the weights
wy can be analytically derived, i.e., the O(n?) operations are not needed. Instead of getting
into such details, however, we will now see the barycentric formula in action.

Implementation

We will study Runge’s function from Eq. (6.18), namely the same example we plotted for
the case of the monomial basis. In reality, interpolation deals with a table of data (x;,y;) as
input, not with continuous functions. Even so, we want to test how well our interpolation is
working, so it’s good to start from a function and produce our data from it. Thus, Code 6.1
starts by defining Runge’s function and then introduces another function to generate the
data pairs. We have coded up two distinct possibilities: Chebyshev points as per Eq. (6.12),
or equidistant nodes. If you’re still not very comfortable with numpy.linspace(), try
to use numpy . arange () to accomplish the same task; for example, for Chebyshev nodes
you would write down something like np.arange (n) *np.pi/(n-1). Note that dataxs
is a numpy array, so when we define datays we end up calling £() with an array as an
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barycentric.py

import numpy as np

def £(x):
return 1/(1 + 25*x**2)

def generatedata(n,f,nodes="cheb"):
if nodes=="cheb":
dataxs = -np.cos(np.linspace(®,np.pi,n))
else:
dataxs = np.linspace(-1,1,n)
datays = f(dataxs)
return dataxs, datays

def weights(dataxs):
n = dataxs.size
ws = np.ones(n)
for k in range(n):
for j in range(n):
if j ==
continue
ws[k] *= (dataxs[k]-dataxs[j])
return 1/ws

def bary(dataxs,datays,ws,Xx):

k = np.where(x == dataxs) [0]

if k.size == 0:
nume = np.sum(ws*datays/(x-dataxs))
denom = np.sum(ws/(x-dataxs))
val = nume/denom

else:
val = datays[k[0]]

return val

if _name == ‘_main__’:
dataxs, datays = generatedata(l5, f)
ws = weights(dataxs)
x = 0.3; pofx = bary(dataxs, datays, ws, X)
print(x, pofx, f£(x))
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argument; this works seamlessly for the operations involved in defining Runge’s function
(power, multiplication, addition, and division).

Having produced the table of data (x;,y;), we need to carry out the actual interpolation
procedure. As hinted at above, we do this in two separate steps. We first define a func-
tion that computes the weights wy; this knows nothing about the y; values: if you need to
carry out interpolation for a different problem later on, you can re-use the same weights.
Similarly, our computation of the weights is not related to the specific x where we wish
to interpolate: it only cares about where the nodes are located, as per Eq. (6.28). You can
clearly see that this, construction, stage involves O(n*) operations, since it contains two
nested loops. We eliminate the case j = k from the product by employing continue, our
first use of this keyword after our introduction to Python at the start of the book. Employ-
ing numpy functionality, we produce the denominator of wy for each case, and then invert
them all at once at the end.

With the table (x;,y;) and the weights wy in place, we are in a position to turn to the
second stage of the interpolation process, namely to use Eq. (6.32) in order to produce p(x)
at a given x. We start by considering the special case x = x; for some k, for which we should
take p(x) = y, instead of using the full barycentric formula. We accomplish this by using
numpy .where(); as you may recall from our introduction to numpy, numpy .where ()
allows us to find specific indices where a condition is met. Since it returns a tuple of arrays,
we take its Oth element. If the element we’re looking for is not there, the Oth element of
the tuple returned by numpy .where () is an empty array; this means that its size is 0, so
we should proceed with Eq. (6.32). That case is a straightforward application of numpy
functionality: we carry out the two needed sums without employing any explicit loops.
You might be wondering about the cost of traversing the array elements twice (once for
the numerator and once for the denominator); the thing to note is that the evaluation of our
interpolant is now a problem requiring O(n) operations, so a factor of 2 doesn’t make much
of a difference. If numpy.where() did not return an empty array, we are dealing with the
special case, so we index once again in order to return p(x) = yx.

The main program produces the data, constructs the weights, and then evaluates the
interpolating polynomial p(x). In order to effectively distinguish the x; (part of our input
data) from the x (the point at which we wish to interpolate), we are calling the former
dataxs and the latter x. The specific value of x we employ here is not important; the
output of running this code is:

0.3 0.259275058184 0.3076923076923077

Since we have access to the underlying f(x), we also compare its value to p(x). The match
is not great, so we then decide to use this code at thousands of points to produce a quasi-
continuous curve. It’s important to realize that we are not referring to the use of thousands
of nodes (though we could have done that, as well): we pick, say, n = 15 Chebyshev nodes
and then plot p(x) for thousands of different x’s. The result is shown in the left panel of
Fig. 6.6 for both n = 7 and n = 15. In order to make this plot easier to understand, we
are not showing the data points (x;,y;). We see that n = 7 captures only the peak height,
but misses the overall width of our curve, in addition to exhibiting strong oscillations. For
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n = 15 the width is better reproduced and the magnitude of the oscillations is considerably
reduced. As you may recall from our comparison with the monomial basis, see Fig. 6.4,
you can keep increasing n and you will keep doing a better job at approximating the un-
derlying f(x); those two panels showed that for n = 101 the match is nearly perfect. This
cannot be over-emphasized: the canonical problem of misbehavior in polynomial interpo-
lation (Runge’s function) is easy to handle using Chebyshev points and the barycentric
formula. As noted above, without the barycentric formula we would have had to keep re-
evaluating the L;(x) from scratch at each of our thousands of x values, so this would have
been prohibitively slow. To summarize, the accuracy resulted from the Chebyshev points
and the efficiency from the barycentric formula.

We left the worst for last. If you use our code for equidistant nodes, you will find behav-
ior like that shown in the right panel of Fig. 6.6. As n is increased, the width of our curve is
captured better, but the magnitude of the oscillations at the edges gets larger! Even though
the interpolating polynomial p(x) goes through the input data points, the behavior near the
ends of the interval is wholly unsatisfactory. It is this poor behavior that has often led to
the generalization that polynomial interpolation should be avoided when 7 is large; you
now know that this only applies to equidistant nodes. Of course, you may be in the un-
fortunate situation where the input data were externally provided at equidistant points; in
that scenario, one typically resorts to a cubic-spline interpolation instead, as we will see
in section 6.3. Before we get there, though, let’s build some intuition into why different
placements of the nodes lead to such dramatically different results.

6.2.3 Error Formula

As we just saw, polynomial interpolation behaves well for Chebyshev nodes and not so
well for equidistant nodes. Instead of examining things on a case-by-case basis, it would
be nice to see how well our interpolating polynomial p(x) approximates the underlying
f(x) in general. The answer is trivial in the case where x = x;: the interpolant goes through
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the nodes, i.e., p(x;) = y; = f(x;). In other words, the interpolation error is zero at the
nodes. Motivated by this fact, we introduce a new function:

n—1
F(x) = f(x) = p(x) = LXK = f(x) - p(x) - K l—l(x - X;) (6.33)
j=0
where K is a constant and in the second equality we plugged in the node polynomial from
Eq. (6.24). It’s easy to see that if x is on one of the nodes the right-hand-side vanishes,
since there the interpolant matches the underlying function. We introduced K because it
also helps us see how close p(x) gets to matching f(x) for the more interesting case where
x is not equal to the nodes. Let us demand F(x*) = 0 at a given point x*; solving for K
gives us:
_ SO = p(x)
L(x*)

K (6.34)

where we’re allowed to divide with L(x*) since we know that it vanishes only at the nodes.
In what follows we won’t need this form, so we simply write K.

We have learned that F(x) has n zeros at the x;’s and another zero at x*. Thus, F(x)
has at least n + 1 zeros in the interval [a, b]. We now make use of Rolle’s theorem, which
you may recall from basic calculus as a special case of the mean-value theorem; Rolle’s
theorem tells us that between every two consecutive zeros of F(x) there is a zero of F’(x).
Since F(x) has at least n+ 1 zeros in our interval, we see that F’(x) will have at least n zeros
in the same interval. Similarly, F”’(x) will have at least n — 1 zeros, and so on. Repeatedly
applying Rolle’s theorem eventually leads to the result that F™(x) (the n-th derivative of
F(x)) has at least one zero in the interval [a, b]; if we denote this zero by &, our finding is
that F™(¢) = 0.

Let us examine the n-th derivative a bit more closely. Using Eq. (6.33), we have:

FPx) = f*(x) - p" (0 = L" (0K (6.35)

Now, recall from our discussion of Eq. (6.22) that p(x) is a linear combination of polyno-
mials of degree n — 1, so it is itself a polynomial of degree at most n — 1. This implies that
p"(x) = 0. Similarly, we can see from the definition of the node polynomial in Eq. (6.24)
that L(x) is a polynomial of degree n. Actually, it happens to be a monic polynomial: as
explained near Eq. (5.69), this is what we call a polynomial whose leading power has a
coeflicient of 1. The fact that L(x) is a monic polynomial makes it very easy to evaluate its
n-th derivative: L™ (x) = n! is the straightforward answer. Putting everything together:

FO(&) = f&) - Kn!l =0 (6.36)
where F (&) = 0, since we’re examining its zero. This equation can now be solved for K:

7@

n!

K= (6.37)

This is a more useful result than Eq. (6.34).
We are now in a position to take the expression for the constant from Eq. (6.37) and
combine it with our earlier result f(x*) = p(x*) + L(x*)K, to give:
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")
fo) = pay + 8 ]_[< (6.38)

where we’ve assumed all along that f(x) has an n-th derivative. This is our desired general
error formula for polynomial interpolation. It shows us that the error in approximating the
underlying function is made up of two parts: the n-th derivative of the underlying function
(at the unknown point &, divided by n!) and the node polynomial.

Of the two terms making up the error, the first one, f(”)(f), is complicated to handle,
since ¢ depends on the x;’s implicitly. It’s easier to focus on the second term, namely the
node polynomial. In a problem, you will see that Chebyshev points minimize the relevant
product and also discover how differently equidistant nodes behave; this provides retroac-
tive justification for our choice to employ Chebyshev nodes. Of course, in some cases the
f™(&) will also play a role: in general, the smoother the function f(x) is, the faster the in-
terpolation will converge; the extreme case is Lagrange interpolation at Chebyshev points
for analytic functions, in which case the interpolant converges geometrically, as we’ll see
in section 6.3.3. That being said, you don’t necessarily have to limit yourself to Chebyshev
nodes: another problem asks you to use the roots of Legendre polynomials, which as you’ll
find out also do a good job. What makes both sets of nodes good is the fact that they cluster
near the ends of the interval; as a result, each node has roughly the same average distance
from the others, something which clearly distinguishes them from equidistant points.

6.2.4 Hermite Interpolation

In the previous subsections we have been tackling the problem of interpolating through
a set of data points, i.e., p(x;) = y; for j = 0,1,...,n — 1. A slightly different problem
involves interpolating through both the points and the first derivatives at those points:

p(xj) =yj, p'(x) =y} j=01,...,n-1 (6.39)

The scenario involving these 2n conditions gives rise to what is known as Hermite interpo-
lation. As you can guess, using a polynomial of degree n— 1 won’t work: this would have n
undetermined parameters, but we need to satisfy 2n conditions. In other words, our Ansatz
for the interpolating polynomial should start from a form containing 2n undetermined pa-
rameters, i.e., a polynomial of degree 2n — 1.

We start from the following guess:

n—1

p(x) = Zykak(x) * Zykﬁku) (6.40)

where the @ (x) are meant to capture the function values and the Sy (x) the derivative values.
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In other words:

ai(x;) = Ok Br(x) =0

a;(x;) =0 Bi(x)) = O,
fork,j=0,1,...,n— 1. This is merely re-stating our 2n conditions from Eq. (6.39).

We decide to write down a(x) and S(x) in terms of L;(x), namely the cardinal poly-
nomials of Eq. (6.19). As you may recall, L;(x) is a polynomial of degree n — 1 which
satisfies Li(x;) = O;, as per Eq. (6.21). We know that we need ax(x) and Si(x) to be of
degree 2n — 1. With that in mind, we realize that if we square L;(x) we get a polynomial of
degree 2(n — 1) = 2n — 2. Thus, multiplying Li(x) with a linear polynomial brings us up to
degree 2n — 1, as desired:

(6.41)

() = (DL (x),  Br(x) = i(0)LA(x), k=0,1,...,n—1 (6.42)

where both u;(x) and v,(x) are linear. To see how these are determined, we first write out
two properties of the squared cardinal polynomials:

Li(x)) = (61" = 6 6.43)
(Le(x)) = 2L (xp)Li(x)) = 264, L;(x;)
We can now examine the first a(x)-related condition in Eq. (6.41):
St = ar(x)) = up(x)Li(x)) = u(x))0,; (6.44)
where we used Eq. (6.43) in the last step. This implies that:
up(xp) =1 (6.45)
Similarly, the next a;(x)-related condition in Eq. (6.41) gives us:
0 = a}(x)) = up(x)HLF(x)) + u(x )L (x)) = u(x))0j + 2up(x))Si;Li(x;)  (6.46)
where we, again, used Eq. (6.43) in the last step. This implies that:

u (x) + 2ur(x )Ly (x) = 0 (6.47)

Since u(x) is linear, we know that ux(x) = yx + 8. Thus, we can use Eq. (6.45) and
Eq. (6.47) to determine y and §, in which case we have fully determined a;(x) to be:

a(x) = |1+ 2L; (o) (v — )| L(x) (6.48)

A completely analogous derivation allows you to determine B;(x). Putting everything to-
gether, our interpolating polynomial from Eq. (6.40) is then:

n—1

n—1
P = > v [T+ 2L = 0| LR + D 3 (k= x0Li(x)  (6.49)
k=0 k=0

Even if you didn’t follow the derivation leading up to this equation, you should make sure
to convince yourself that Eq. (6.49) satisfies our 2n conditions from Eq. (6.39).
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Note that, using techniques similar to those in section 6.2.3, in a problem you will derive
the following general error formula for Hermite interpolation:

(2n)
f&) = p(x) + f (’f) ]_[( (6.50)

This looks very similar to Eq. (6.38) but, crucially, it contains a square on the right-hand
side, as well as a 2n-th derivative.

6.3 Cubic-Spline Interpolation
|

In the previous section, we covered interpolation using a single polynomial for an entire
interval, staying away from the topic of how to deal with discontinuities. These are typ-
ically handled using piecewise polynomial interpolation, which is also useful when the
placement of the nodes is irregular or, as mentioned earlier, when the nodes have been
externally determined to be equidistant.

To be specific, our problem is the same as for Lagrange interpolation, namely we are
faced with a table of input data points, (x;,y;) for j =0, 1,...,n—1. We wish to interpolate
between these points, i.e., produce an easy-to-evaluate and well-behaved interpolant that
can be computed at any x value. The approach known as spline interpolation, named after
the thin strips used in building construction, cuts up the full interval into distinct panels,
just like we did in section 3.3.6. A low-degree polynomial is used for each subinterval, i.e.,
[x0, x1], [x1, x2], and so on. To make things transparent, we will employ the notation:

p(x) = s x(x), X < x < X, k=1,2....,n-1 (6.51)

where s_; x(x) is the low-degree polynomial that is used (only) for the subinterval [x;_;, xi];
note that & starts at 1 and ends at n — 1. These pieces are then stitched together to produce
a continuous global interpolant; nodes are sometimes known as knots or break points.

One of the problems sets up piecewise-linear interpolation, but in what follows we focus
on the most popular case, namely piecewise-cubic interpolation, known as cubic-spline in-
terpolation. This leads to an interpolant that is smooth in the first derivative and continuous
in the second derivative. Before deriving the general case of n nodes, we go over an explicit
example, that of n = 3, to help you build some intuition about how this all works.

6.3.1 Three Nodes

For n = 3 we have only three input-data pairs, (xo,Yo), (x1,¥1), and (x2,y2), SO we are
faced with only two panels, [xo,x;] and [x}, x»]. In each of these subintervals, we will
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use a different cubic polynomial; to make things easy to grasp, we write these out in the
monomial basis; that’s not the best approach, but it’s good enough to start with.
The first panel will be described by the cubic polynomial:

s0.1(x) =co+c1x+ X+ e3x’ (6.52)

which is exactly of the form of Eq. (6.15). For the second panel we use a separate polyno-
mial; this means that it will have distinct coefficients:

S12(x) = do + dyx + dox* + dax’ (6.53)
As was to be expected, each cubic polynomial comes with four unknown parameters, so
we are here faced with eight parameters for our two cubic polynomials put together. We’ll

need eight equations to determine the unknown parameters.
The first polynomial should interpolate the data at the ends of its (sub)interval:

co + crxg + czxé + C3x(3) = yo, co+crx + czx% + C3x? =y (6.54)
Similarly, the second polynomial interpolates the data at the ends of its own subinterval:
do +dyx; + dzx% + d3x? =Yyi, do +dix> + dzx% + d3x; =m (655)
So far we have produced four equations, employing the definition of what it means to be
an interpolating polynomial, p(x;) = y;. Obviously, that’s not enough, so we’ll have to use
more properties. Specifically, we will impose the continuity of the first derivative at x;:
c1 +20x; + 3C3X% =d| +2drx| + 3d3x% (6.56)
and, similarly, the continuity of the second derivative at x;:
262 + 6C3X1 = 2d2 + 6d3x1 (657)
At this point, we have six equations for eight unknowns. This is a pattern that will re-
emerge in the general case below. There are several ways via which we can produce two
more constraints; here and in what follows, we will choose to make the second derivative
go to 0 at the endpoints of the initial interval. This gives rise to what is known as a natural
spline.'> We get two more equations by demanding that the second derivative is 0 at xo and
at xo:
2¢y + 6c3x9 = 0, 2d, + 6d3x; =0 (6.58)

where, obviously, only the first polynomial can be used at x( and only the second one at

12 One of the problems investigates a different choice.
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x,. The 8 equations can be written in matrix form as follows:

I x Xx; xg 0 0 0 0 co Yo
1 x x% x? 0 0 0 0 C1 Vi
0 O 0 0 1 x x% x? ) Vi
0O 0 O 0 1 x x% x; c3 _ b 6.59)
0 1 2x 3x% 0 -1 -2x —3x% dy 0
0 0 2 6x 0 0 -2 —6x]|d 0
0 0 6xg 0 O 0 0 ||d> 0
0 0 O 0O 0 O 2 6x; J\ds 0

where the only (minor) subtlety involved the fifth and sixth equations. This is analogous
to, but quite distinct from, the matrix equation we were faced with in Eq. (6.17)."3

To summarize, we employed three types of constraints: (a) interpolation conditions, (b)
continuity conditions, and (c) natural-spline conditions. In one of the problems, you are
asked to implement Eq. (6.59) programmatically; instead of following that avenue, we
now turn to a more systematic approach, which also has the added benefit of involving a
banded (tridiagonal) system of equations.

6.3.2 General Case

In the previous, explicit, example, we had three points and two panels. In the general case,
we have n points (x; for j =0,1,...,n—1) and n — 1 panels. Similarly, the fact that there
are n points in total means there are n — 2 interior points (i.e., excluding xp and x,,_;). Each
panel gets its own spline, i.e., corresponds to four unknown parameters; since there are
n— 1 panels in total, we are faced with 4n — 4 undetermined parameters. We will find these
using the following constraints:

e A given spline should interpolate the data at its left endpoint:
Ste1k(Xk=1) = Vi1, k=1,2...,n-1 (6.60)
and at its right endpoint:
Sk-14(XK) = Vi k=1,2....,n—-1 (6.61)

Together, these are 2n — 2 conditions.

e For each of the n — 2 interior points, the first derivative of the two splines on either side
should match:

Ste1 k(%) = S g (00, k=1,2,...,n-2 (6.62)
where this k ends at n — 2. We get another n — 2 conditions this way.

13 ncidentally, the coefficient matrix in Eq. (6.59) belongs to the class of nonsymmetric matrices. As advertised
in chapter 4, these show up quite often in practice.
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e For each of the n — 2 interior points, the second derivative of the two splines on either
side should match:

S ) = 871 (), k=1,2,....n=2 (6.63)

This provides us with another n — 2 conditions.

e So far, we have 4n — 6 conditions. To find the missing two constraints, we decide to use
a natural spline, i.e., make the second derivative go to 0 at xy and at x,,_:

S0.1(x0) = 81 (Xn-1) = 0 (6.64)

This brings the total number of conditions up to 4n — 4, which is equal to the number
of undetermined parameters.

Let’s start writing these conditions out. Our strategy will be to express our cubic spline
Sk—14(x) in terms of the input data (x; and y,) as well as the second-derivative values at the
nodes. We call the latter ¢;’s; our relation giving the continuity of the second derivative,
Eq. (6.63), is then simply:

S () = 8 () = cx, k=1,2,...,n=2 (6.65)
We don’t actually know these yet. For a natural spline, we do know that:

Cop =Cp—1 = 0 (666)

el

as per Eq. (6.64). You may wish to think of the ¢;’s as y;”’s, though we denote them c;’s
because we will end up solving a linear system of equations for them, as in earlier sections.
This linear system, in its turn, will give us the ¢;’s in terms of the input data (x; and
yi) directly. To belabor the obvious, in other sections of the present chapter the ¢;’s are
coefficients of a polynomial, but here they are second-derivative values.

Remember that we are dealing with a s;_1(x) in Eq. (6.51) which is cubic, so s;” 1 (0
is a straight line; thus, if we know the values of the second derivative at the left and right
endpoint of a given subinterval, c;—; and ¢; at x;_; and x;, we can apply our standard
Lagrange-interpolation formula from Eq. (6.22). This is:

X — Xk X — Xg—1
+ Ci

i1 (0) = ¢ (6.67)

Xk—1 — X Xk = Xg-1
As promised, we are expressing the second derivative of the spline in terms of the ¢;’s,
namely the values of the second derivative at the nodes. The notation here can get a bit
confusing, so make sure you remember the essential point: we are applying Lagrange in-
terpolation for a straight line in x;—; < x < xi; just like in Eq. (6.51), we will eventually
takek=1,2...,n—1.
If we now integrate Eq. (6.67) we can get an expression for the first derivative of the
spline (at any x):
xX2)2 — xx; X2)2 — xx5_1

S;(_l k(x) = Ck-1 + ci + A (6.68)
’ Xe—1 — Xk Xk = Xk—1
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where we called the integration constant A. If we integrate another time, we can get the
spline itself:

376 12 376 _ 12
x’/6 xxk/2+Ckx /6 xxk,1/2+

Xk—1 — Xk Xk — Xk—1

Sk-14(X) = €1 Ax+ B (6.69)

where there is now another integration constant, B. If you use Eq. (6.69) twice to impose
the conditions that the spline should interpolate the data at its left and right endpoints,
Eq. (6.60) and Eq. (6.61), you can eliminate A and B (as you’ll verify in a problem). Thus,
your spline is now written only in terms of the input data (x; and y;) and the second-
derivative values at the nodes (cy). In equation form, this is:

Xk — X X — Xj—1
Sk-14(X) = Vi1 IF
Xk

k
— X1 Xk — Xk—1

.3
= CkT_l [(xk — X)Xk — Xp—1) — M]
X — Xk—1
_ 3
—%Fx—aAXm—xbo—9¥1ﬁﬁi 6.70)
X — Xg—1

where k = 1,2...,n — 1. This equation identically obeys the relation giving the continuity
of the second derivative, Eq. (6.63) or Eq. (6.65).!* It does not in general obey the relation
giving the continuity of the first derivative, Eq. (6.62), so let’s impose it explicitly and see
what happens. First, differentiate Eq. (6.70) to get:

’ Yk — YVi-1 Ci—1 ’ X )
S (x) = =32 + 6xxp — 27 — 20X + Xo
k-1k Xe — Xp_1 6(xk—xk—1)( % |+ X 1)
Ck 2 5 ,
———— (3%" — 6xx1 + 2x_ ) + 20 ;-1 — 671
60t _xk_l)( X XXpo1 + 22Xy + 2XXp Xk) 6.71)

This function can be immediately evaluated at x; to give:

Yk = Yi-1 + Xk — Xg—1
Xk — Xk—1 6

s,’cfl’k(xk) = Qck + cr-1) (6.72)

We can also take k — k + 1 in Eq. (6.71) and then evaluate at x; to get:

St () = T2 S 0+ 200) (6.73)
k+1 — Ak

Equating the right-hand sides in the last two relations, as per Eq. (6.62), allows us to find
an equation for the unknown parameters cy:

Yirl =Yk Yk = Yi-1 )
X+l — Xk Xk — Xk—1
(6.74)

(X — Xp—1)Ck—1 + 2Kt — Xp—1)Ck + (Xps1 — Xp)Che1 = 6(

14 If you’re not seeing this, go back to Eq. (6.67) and check it there.
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where k = 1,2...,n — 2. Remember, as per Eq. (6.66), ¢y = c,—1 = 0 holds. When going
over our strategy, we promised that we would produce a linear system that can be solved
to find the ¢;’s in terms of the input data (x; and y) directly; we have now set this up.

You might feel more convinced after seeing this in matrix form. Recall, the second
derivative values go from cy, ¢, all the way up to c¢,—, and c,_, but we are only solving
Eq. (6.74) for c; through c,_,. The situation is similar to what we saw when discretizing
the action around Fig. 5.16. We have n data points but only n — 2 variables to solve for. The
system of equations can be expressed as:

2(x2 — xo) X2 — Xq 0 ‘e 0 C1 b1
X2 — X1 2(X3 —X1) X3 — X2 0 C2 bz
Xp-3 = Xn—4 2()Cn—Z - xn—4) Xp-2 — Xn-3 Cn-3 bn—3
0 s 0 Xp-2 = Xp-3 2(-)Cn—l - xn—3) Cn-2 bn—Z
(6.75)

where the b;’s are defined as per the right-hand side of Eq. (6.74): this makes the equation
shorter, but also helps us think about how to implement things programatically below.

Our coefficient matrix here is symmetric tridiagonal (and also diagonally dominant);
this means one could use very efficient solvers, but we’ll go with our standard approach,
Gaussian elimination with pivoting, despite it being overkill. Once we’ve solved the system
in Eq. (6.75), we will have determined all the ¢;’s in terms of the input data. Then, we
can use them in Eq. (6.70) to find the value of the interpolant at any x. There’s actually
a slightly subtle point involved here: Eq. (6.70) holds for a specific subinterval, namely
Xk—1 < x < xx. When trying to find the value of the interpolant at x, we don’t know ahead
of time which subinterval x belongs to, so we’ll also have to first determine that.

6.3.3 Implementation

Code 6.2 starts by importing the underlying f(x), Runge’s function from Eq. (6.18), as well
as the function that produced a table of input data, (x;,y;), both from barycentric.py.
We also import our Gaussian elimination function, which we’ll need to determine the ¢;’s.

As before, the actual interpolation procedure will be carried out in two separate steps.
First, we define a function that computes the values of the second derivative at the nodes,
namely the ¢;’s, as per Eq. (6.74) or Eq. (6.75). This knows nothing about the specific x
where we wish to interpolate: it only cares about the input data, (x;,y;). Since we have n
data pairs, the cofficient matrix will have dimensions (7 —2) X (n—2); similarly, the solution
vector will be (n — 2) x 1, since we already know that ¢y = ¢,-; = 0. We need to fill up
a tridiagonal matrix, similarly to what we saw in section 5.6 when extremizing the action.
We treat the main and other diagonals differently via slicing the arrays we pass as the
first argument to numpy . £ill_diagonal (), in addition to employing slicing to determine
what makes up each diagonal. Setting up the right-hand side of the linear system is largely
straightforward; once again numpy’s indexing makes things very convient: dataxs[1:-1]
is easier to read than dataxs[1:n-1]. Slicing is used yet again to ensure that all the ¢;’s
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splines.py

from barycentric import f, generatedata
from gauelim pivot import gauelim pivot
import numpy as np

def computecs(dataxs,datays):
n = dataxs.size
A = np.zeros((n-2,n-2))
np.fill diagonal (A, 2*(dataxs[2:]-dataxs[:-2]))
np.fill diagonal (A[1:,:], dataxs[2:-1]-dataxs[1:-2])
np.fill diagonal (A[:,1:], dataxs[2:-1]-dataxs[1:-2])

bl = (datays[2:]-datays[1l:-1])/(dataxs[2:]-dataxs[1:-1])
b2 = (datays[1l:-1]-datays[:-2])/(dataxs[l:-1]-dataxs[:-2])
bs = 6*(bl - b2)

cs = np.zeros(n)
cs[1:-1] = gauelim pivot(A, bs)
return cs

def splineinterp(dataxs,datays,cs,Xx):
k = np.argmax(dataxs>x)

xk = dataxs[k]; xkl = dataxs[k-1]
yk = datays[k]; ykl = datays[k-1]
ck = cs[k]; ckl = cs[k-1]

val = yk1*(xk-x)/(xk-xk1) + yk*(x-xk1)/(xk-xk1)

val -= ckl1*((xk-x)*(xk-xkl) - (xk-x)**3/(xk-xk1))/6
val -= ck*((x-xkl1)*(xk-xkl) - (x-xkl1)**3/(xk-xkl))/6
return val

if _name _ == ‘_main_ ’:
dataxs, datays = generatedata(l5, f, "equi')
cs = computecs(dataxs, datays)
x = 0.95; pofx = splineinterp(dataxs, datays, cs, x)
print(x, pofx, f(x))

are stored in a single array: the solution of the linear system is an (n — 2) X 1 vector, so it’s
padded with ¢y = ¢,—; = 0 to produce an n X 1 vector.
With the table (x;,y;) and the c; values in place, we turn to the second stage of the
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Fig. 6.7 Cubic-spline interpolation for equidistant nodes (left), vs other approaches (right)

interpolation process, namely the use of Eq. (6.70) in order to produce p(x) at a given x. The
main difficulty is determining which panel x falls in. We do so by using numpy . argmax (),
which we also encountered in our implementation of Gaussian elimination with pivoting;
as you may recall from our introduction to numpy, numpy . argmax () allows us to return the
index of the maximum value. You should experiment to make sure you understand what’s
going on here: dataxs>x returns an array of boolean values (True or False). Since our
x,’s are ordered, dataxs>x will give False for the x;’s that are smaller than x and True
for the x;’s that are larger than x. Then, numpy.argmax() realizes that True > False,
so it returns as k the index for the first x; that is larger than x. We are fortunate that if the
maximum value appears more than once, numpy . argmax () returns the first occurrence (all
the other x;’s to the right of x; are also larger than x). The rest of the function is near-trivial:
Eq. (6.70) is algebra-heavy, so we first define some local variables to make our subsequent
code match the mathematical expressions as closely as possible.

The main program produces the data, constructs the ¢;’s, and then evaluates the inter-
polating polynomial p(x). In order to highlight that cubic-spline interpolation can handle
equally spaced grids well, we produce equidistant grid points and also pass in x = 0.95,
a value for which Lagrange interpolation (at equidistant points) was doing quite poorly in
the right panel of Fig. 6.6. The output of running this code is:

0.95 0.0426343358892 0.042440318302387266

The match is very good, despite the fact that we only used 15 points. As before, we decide
to be more thorough, using this code at thousands of points to produce a quasi-continuous
curve. Once again, we’ll use a reasonably small number of nodes (n = 7 or n = 15), but
thousands of x’s.

The result is shown in the left panel of Fig. 6.7; as we did earlier, we are not showing the
data points (x;,y;) so you can focus on the curves. Note that we are only showing the case
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of equidistant points, where the splines are doing a better job (but see below for splines
with Chebyshev nodes). Overall, both n = 7 and n = 15 do a better job than Lagrange
interpolation did in Fig. 6.6. This bears repeating: cubic-spline interpolation does just fine
when you use an equally spaced grid, in contradistinction to Lagrange interpolation. As a
matter of fact, the n = 15 results are virtually indistinguishable from the underlying Runge
function. While there were no singularities to be dealt with in this example, in practice it
is very common to employ cubic-spline interpolation with an equidistant grid starting near
the singularity, given little other knowledge about the behavior of the underlying function.

Our finding in the left panel of Fig. 6.7 may be a bit surprising given our earlier ad-
miration for the barycentric formula at Chebyshev nodes. We decide to investigate things
further, still for Runge’s function using cubic-spline interpolation, only this time we will
keep increasing n and also explore both equidistant and Chebyshev nodes. While we’re at
it, we will also repeat this exercise for Lagrange interpolation with Chebyshev nodes (we
already know that equidistant nodes are bad for Lagrange interpolation, so we don’t use
them). Since we wish to plot the result for several n’s, we must somehow quantify how
well a given interpolant p(x) matches f(x); inspired by the infinity norm, see Eq. (4.37),
we will calculate the maximum magnitude of the difference p(x) — f(x) across all the
x’s we are interpolating at. The result for such a calculation with all three methods is
shown in the right panel of Fig. 6.7. First, observe that spline interpolation with equidis-
tant nodes consistently outperforms spline interpolation with Chebyshev nodes (by a little).
Second, comparing spline interpolation with equidistant nodes to Lagrange interpolation
with Chebyshev nodes we see that for small n the splines do a better job, as we also saw
in the left panel. However, as n keeps increasing, the splines “level oft”, i.e., do as well as
they’re going to at a maximum error of ~107%. In contradistinction to this, the Lagrange-
interpolation results keep getting better, reaching close to machine precision.

The results of the right panel of Fig. 6.7 are significant and bear emphasizing: a single
polynomial of degree a couple of hundred can describe Runge’s function to within machine
precision, if you’re picking the nodes at Chebyshev points. This is a linear trend on a
semilog plot: as you add 10 more points, you improve by an order of magnitude! Perhaps
you can now appreciate the comments we made after deriving our general error formula
for polynomial interpolation, Eq. (6.38): for analytic functions Lagrange interpolation at
Chebyshev nodes converges geometrically, so it’s likely the tool you are looking for.

6.4 Trigonometric Interpolation
|

We now turn to a related topic: what do you do if the data points you are faced with are
periodic? In this case, obviously, your interpolatory function should also be periodic, so
using a polynomial (as in previous sections) is not on the face of it appropriate.'> In prac-
tice, one employs an expansion in sines and cosines. The notation, as well as the concepts,

15 Though, even here, the barycentric formula with Chebyshev nodes does a great job, as you’ll see in a prob-
lem. If you squint, you can see that polynomial interpolation at Chebyshev points is actually equivalent to
trigonometric interpolation; one picks the x;’s trigonometrically and the other does the same for the ¢;’s.
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involved in this context can get a bit confusing, so let’s try to take things from the start.
We will use a number of tools that have the name of Fourier attached to them but, since
they serve different purposes, it’s good to begin at a very basic level. This way (it is hoped)
you will start getting comfortable with our symbols and their use, while things are still
reasonably simple.

6.4.1 Fourier Series

Assume we are dealing with a function f(x) that is periodic; for simplicity, let us focus on
the interval [0, 27].16 If f(x) is reasonably continuous, then a standard result is that it can
be decomposed in the following Fourier series:

1 (]
f(x) = 40 + Z (ay cos kx + by sin kx) (6.76)
k=1

Note that the sum here extends from 1 to co. We call the k’s “wave numbers”, or sometimes
even “frequencies”, a left-over from the use of Fourier analysis that relates time, ¢, to
frequency, w or f. Note also that the zero-frequency term ag has been singled out and
treated differently (with a 2 in the denominator), for reasons that will soon become clear.!”

Crucially, for well-behaved functions f(x), this decomposition is exact, in the sense that
the series on the right-hand side converges to f(x); thus, a general periodic f(x) is re-
written as a sum of sines and cosines. We can imagine a careful student, who solved the
relevant problem in chapter 2, protesting at this point: what about the Gibbs phenomenon?
As you may recall, this is a “ringing” effect which appears when you try to reconstruct a
discontinuous function using a Fourier series; even as you take the number of terms in the
series to infinity, this mismatch between the left-hand side and the right-hand side does not
go away. In what follows, we will assume that our functions are sufficiently smooth so that
such problems do not arise.

We can exploit the orthogonality of sines and cosines to extract the Fourier coefficients in
Eq. (6.76), namely the a;’s and by’s. As you will show in a problem, multiplying Eq. (6.76)
with cos jx (and, separately, with sin jx) and integrating x from O to 27 we get:

1 21 1 21
ax = —f dxf(x)coskx, k=0,1,..., by = —f dxf(x)sinkx, k=1,2,...
T Jo T Jo
(6.77)
In both of these equations we renamed j — k after we were done. You can now see why
we included a 2 in the denominator for the case of ag in Eq. (6.76): it leads to the same

expression, Eq. (6.77), for both k = 0 and £ > 0.
In what follows, we will benefit from employing the Fourier series in a different form.

16 You can trivially scale this to [0, T] later on, by writing x = 27t/T.
17 We could have also included a bg term, but it wouldn’t have made a difference.
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First, recall Euler’s formula (in its incarnation as de Moivre’s formula):
e = cos kx + i sin kx (6.78)

where i = V-1 is the imaginary unit. Making (repeated) use of this formula, the Fourier
series can be re-written as:

o)

o)=Y ce™ (6.79)

k=—oc0

as you will show in a problem. It’s important to notice that the k here goes from —co to
+00. In another problem you will also show how to solve for the coefficients c;:

1 2 .
e = _f dxf(x)e”™  integer k (6.80)
2 0

where this time we employed the orthogonality of the plane waves. Incidentally, this is one
of the few points in the book where we are choosing to employ complex numbers.

Before we conclude this section, let us observe that there is an asymmetry at play here:
we employ a sum to decompose our function f(x), see Eq. (6.76) or Eq. (6.79), but we use
integrals to get the coefficients ay, by, or ¢ in terms of the function f(x), see Eq. (6.77), or
Eq. (6.80).

6.4.2 Finite Series: Trigonometric Interpolation

In the present section, we take the more practical route of assuming a set of n data pairs are
known, and trying to reconstruct those using ideas borrowed from Fourier analysis. This
approach is known as trigonometric interpolation for good reason. Since we’re dealing
with a finite number of data points, we will employ a series with a finite number of terms
and make sure that no integrals appear at any point in our calculation.

Definition and Properties

We start from the same assumption as in earlier sections on interpolation: we are given
n data points (also known as support points) where we know both the x and the y value:
(xj,y;) for j = 0,1,...,n — 1 using our standard Python-inspired O-indexing.18 As was
also the case earlier in the chapter, we don’t know if these points truly come from a given
analytic function f(x) (in which case f(x;) = y;), or were experimentally measured, and
so on. All we know is that we need to produce an interpolating function, which must go
through the points we are given, in addition to satisfying criteria relating to smoothness
etc. Essentially, the only difference from earlier on is that our problem now involves x;’s
which lie in the interval [0, 27] and y;’s which are periodic; thus, whatever interpolatory
function we come up with had better be periodic as well.

18 We will be interested only in the case where the y j are real numbers.
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0 27/n 4z/n 2n(n-2)/n 2n(n-1)/n 2x
Fig. 6.8 Grid for the x;’s, with solid dots showing our actual points and open dots implied ones

Since we know only the value of y; at n distinct values of x;, it is unreasonable to expect
that we will be able to determine infinitely many a; and b coefficients from the integrals
of Eq. (6.77). Instead, what we do is to truncate the series in Eq. (6.76); since we have n
data points, the corresponding interpolating polynomial will be:"

1 m
p(x) = ag + Z (ay cos kx + by sin kx) (6.81)
2 k=1

where we’ve implicitly assumed that we are dealing with the case of n-odd. To see why this
is so, count the total number of undetermined parameters; these are 1+m+m = 2m+1 which
means that we’ll be able to determine them by matching at our » data points, p(x;) = y;, if
n = 2m + 1. Observe that we haven’t assumed that the x; are equally spaced so far.

For reasons that will later become clear, we prefer to focus on the case of n-even, so we
cannot use Eq. (6.81). Instead, our main formula for trigonometric interpolation will be:

m—1
1 1
p(x) = —ag + Z (ay cos kx + by sin kx) + —a,, cos mx (6.82)
2 o 2

This time the total number of parameters is 1 + 2(m — 1) + 1 = 2m; thus, we will be able
to determine all of them by matching via p(x;) = y;, if n = 2m. We see that the first and
last terms are treated separately. Since n (or m) is finite, this p(x) will be an approximation
to an (underlying) “true function” f(x). A complementary viewpoint is that f(x) is not
part of our problem here: we are simply faced with a table of input data points, (x;,y;)
for j =0,1,...,n— 1, and we are doing our best to produce a function, p(x), which goes
through those points and also is reasonably behaved everywhere else. Crucially, we will be
interested in the case where both x; and y; are real; then, our p(x) will also be real-valued.

Observe that applying Eq. (6.82) n times leads to an nxn linear system of equations, with
n = 2munknowns. If there were no special tricks we could apply, solving this system would
require O(n?) operations, just as we observed in our general comments in section 6.1.2.

While nothing so far assumes anything specific about the placement of the x; values, it
is very convenient to study the special case of equidistant values. Since we are dealing with
the interval [0, 27] and n points in total, this naturally leads to a grid:

19 1t’s not yet clear why this is called a polynomial, but bear with us.
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o
.szg, j=0.1,....n-1 (6.83)

As always, we are placing n points. While the value 0 is included in our x;’s (it’s xp), the
value 27 isn’t; this is because we know our signal is periodic, so if we had included an x;
at 27 then its corresponding y; value would have been identical to yg. Instead of storing
needless information, we simply stop our points just before we get to 2zr. This is illustrated
in Fig. 6.8, where we are showing both the j index and the x; value.

If we want to solve for the a; and by parameters, the avenue that led to, say, Eq. (6.77)
is now closed to us: we can’t integrate Eq. (6.82) from O to 27 because we don’t actually
know p(x); that is precisely what we are trying to compute. All we have at our disposal are
the p(x;) = y; values, available only at the grid points. With that in mind, we will, instead,
employ the pleasant fact that sines and cosines are orthogonal to each other even in the
discrete case for our equally spaced grid! In other words:

el 0, k+1

Zcoskxjcoslx_,-z m, O<k=l<m

J=0 2m, k=1=0ork=1=m

n-1

Zcos kxjsinlx; =0 (6.84)
j=0

el 0, k#1

Zsinkxjsinlsz m, O<k=Il<m

=0 0, k=Il=0ork=Il=m

You are guided toward these remarkable properties in a problem. Armed with Eq. (6.84),
we can immediately solve for our a; and by parameters:

n—1
1
- coskx;, k=0,1,...,
(275 m Z:(;yj COS xj m
! (6.85)

n—1
1
by = — isinkx;, k=1,2,...,m—1
X mjz(;yjsm 75 m

Both of these are given in terms of y;, the known input data. Pay close attention to the values
k can take on in each case; these are fully consistent with what we need in Eq. (6.82).
Speaking of which, we are now all set: we get our parameters from Eq. (6.85) and our
interpolating polynomial p(x) at any value x from Eq. (6.82); obviously, if we did things
correctly, p(x) should match the input data at the grid points, i.e., p(x;) = y;.

Note that, having employed the discrete orthogonality, our problem of Eq. (6.85) re-
quires only O(n?) operations to implement: we need O(n) operations for a given k and are
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dealing with n values of k in total. This is already a major improvement (n”> vs n’); even
so, we will soon find out that we can do even better than that.

Implementation

We remember that we dealt with a periodic function all the way back in chapter 3; this
was f(x) = "9 though the periodicity didn’t play a role at the time. As in the case
of polynomial interpolation earlier in this chapter, we first produce our data starting from
our chosen function, followed by interpolating and comparing. Code 6.3 starts by defining
a function to represent f(x) = ¢*"?9: observe that this employs numpy functionality; this
shouldn’t matter if we’re passing in a single number but, as we’ll soon discover, we can also
use this function with a whole numpy array as an argument and it works equally seamlessly.
We then define a function that picks the grid of x; values as per Eq. (6.83) and produces
the y; values as y; = f(x;); after this, f(x) is no longer needed.

With the table of data (x;,y;) in place, we proceed to tackle the problem of trigono-
metric interpolation in two steps. We first create a function that evaluates our @; and by
parameters, as per Eq. (6.85). It is important to do this separately, since we don’t want to
re-evaluate these parameters each time we pick a different x at which to interpolate. The
function computeparams () first sets up the dimensions of the two arrays, closely follow-
ing Eq. (6.85); the values k can take for a; and for by are different, so that is also reflected in
the loops that evaluate our parameters. Note that, regardless of which of the two equations
in Eq. (6.85) we are dealing with, the right-hand side always involves n terms in the sum;
as a result, we have implemented both right-hand sides as @ products of one-dimensional
arrays, thereby obviating the need for a second loop and a j index. When storing the results
in arrays, we have to be a bit careful in the case of bparams, since k = 1,2,...,m — 1 but
numpy array indices start at 0; thus, all elements are shifted down by one (but not on the
right-hand side, where Eq. (6.85) involves the actual k value).

The second step in trigonometric interpolation, now that the a; and by parameters are in
place, is to use Eq. (6.82) to compute the value of the interpolating polynomial p(x) at a
given x. In the function triginterp() we first take care of the agy a,,, which need to be
handled separately. We then step through the terms in the sum, handling k = 1,2,...,m—1
one at a time. Note that we could have employed @ multiplications here instead of a loop, as
long as we were careful in treating the bparams appropriately. This would have involved
anew array ks = np.arange(1l,m) and slicing.

The main program simply calls three of the functions we defined. As before, we use
dataxs for the input data x;’s and x for the x where we wish to interpolate; the value
of the latter is picked at random. In Fig. 6.9 we are showing the f(x) we started from.
More importantly, we show the data (x;,y;) together with the result of our interpolating
polynomial at many values of x. The left panel is for n = 6: the general trend is roughly
captured, despite using so few points.>” The n = 8 case (right panel) is even better. As you
will find out when you experiment for yourself, from 14 points and up you cannot tell the
two curves apart with the naked eye.

20" You should try using n = 4 points. Did you see the result coming?
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triginterp.py

from math import pi
import numpy as np

def f(x):
return np.exp(np.sin(2*x))

def generatedata(n,f):
dataxs = 2*pi*np.arange(n)/n
datays = f(dataxs)
return dataxs, datays

def computeparams(dataxs,datays):
n = dataxs.size
m=n//2
aparams = np.zeros(m+1)
bparams = np.zeros(m-1)

for k in range(m+1):

aparams[k] = datays@np.cos(k*dataxs)/m
for k in range(l,m):

bparams[k-1] = datays@np.sin(k*dataxs)/m
return aparams, bparams

def triginterp(aparams,bparams,x):
n = aparams.size + bparams.size
m=n//2
val = 0.5%(aparams[0] + aparams[-1]*np.cos(m*x))
for k in range(l,m):
val += aparams[k]*np.cos(k*x)
val += bparams[k-1]*np.sin(k*x)
return val

if _name == ‘_main_’:
dataxs, datays = generatedata(6, f)
aparams, bparams = computeparams(dataxs, datays)
x = 0.3; pofx = triginterp(aparams, bparams, Xx)
print (x,pofx)
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Keep in mind that our equations and code above only work for the case of n = 2m, i.e.,
even-n. In a problem, you are asked to extend the formalism to the case of odd-n but our
main line of development will assume that n is even; as a matter of fact, below we will be
yet more specific, requiring n to be a power of 2.

6.4.3 Discrete Fourier Transform

We could decide to stop here: combined with our earlier sections on Lagrange interpola-
tion and cubic splines, we already have a toolbox that is sufficiently varied to handle a large
number of approximation problems. However, the connections of trigonometric interpola-
tion to the wider theme of Fourier transforms are too good to ignore; this will also allow us
to introduce one of the most successful algorithms ever, the fast Fourier transform (FFT).
Thus, we will now reformulate our earlier work with sines and cosines to use complex
exponentials. However, we will not be doing this just for the sake of abstractly introducing
the FFT, but will also see how to use this new algorithm to carry out interpolation for pe-
riodic problems. It’s important to keep in mind that the literature on this subject is riddled
with errors; we therefore choose to explicitly derive our interpolation formula step-by-step.

First Definition

When faced with the infinite Fourier series, we saw that this could be given in either a
real form (sines and cosines of Eq. (6.76)) or in a complex form (complex exponentials of
Eq. (6.79)). In the former case our sum was over positive £’s and in the latter over both
positive and negative k’s. When we moved to the real finite series, Eq. (6.82), we summed
over positive k’s and were careful in handling the extra cosine that arose for even-n. We
will now make an analogous transition from sines and cosines to complex exponentials for
the finite series, again for even-n (i.e., we are still taking n = 2m):
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m—1

1
p(x) = an + Z (ay cos kx + by sin kx) + Eam cos mx

k=1
m=1 eikx + e—ikx ) eikx e—ikx
= —qag + ai + by - + —a,, COS mx
247 L 2 2i 2

m—1 m—1
1 1 . 1 ) 1
= an + k:El E(ak — iby)e* + kél z(ak +iby e + Eam COS mx

-1

1 Gl 1 1
= —qag + Z —(ag — iby)e™ + Z —(a_g + ib_p)e™ + =a,, cos mx
2 k=1 2 k=—m+1 2
m—1 -1
=co+ Z cre™ + Z cre™ + ¢,y cos mx (6.86)
k=1 k=—m+1

In the first line we simply wrote down our interpolating polynomial from Eq. (6.82). In the
second line we used de Moivre’s formula (a couple of times) from Eq. (6.78). In the third
line we grouped terms into two sums. In the fourth line we took k — —k in the second sum,
also appropriately adjusting the values k can take on. In the fifth line we introduced a new
set of ¢, parameters, which are related to the a; and b, parameters in the following way:

1 1
co = 5do, ckzz(ak—ibk), k=1,2,...,m—1
) 1 (6.87)
Com = 5 m, ckzi(a_k+ib_k), k=-m+1,-m+2,...,-2,-1

The definition of ¢_,, was a bit arbitrary, since we could have just as well called this ¢,
(more on this below). We notice that the first three terms on the last line of Eq. (6.86) can
be grouped into a single sum:

m—1

p(x) = Z cre™ + c_,y cos mx (6.88)

k=—m+1

Crucially, this goes over both positive and negative k values, similarly to the infinite-series
case in Eq. (6.79).%' In contradistinction to Eq. (6.79), here we do not have only complex
exponentials: the c_,, is treated separately and gets a cosine.??

Recall that our problem started out with » = 2m input data values y; and Eq. (6.82)
expressed p(x) in terms of the a; and by parameters: there were n = 2m of these. In the
present case of Eq. (6.88), counting up the c¢; parameters, we find there are 2(m—1)+1+1 =
2m = n parameters, so everything is consistent. Note that we could have employed de
Moivre’s formula for the a,, term too in our derivation of Eq. (6.86); this would have led

21 Incidentally, if you set z = ¢/, then the sum is over zX: this is polynomial interpolation on the unit circle. Of
course, k can also be negative, so this would be a Laurent polynomial.
22 This would not have been the case if we were studying the odd-n problem.
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to our sum over k going from —m to m, all for complex exponentials. Even so, the special
treatment of this first/last term would not have been avoided: we would have been faced
with a ¢, and a c_,, that would have been equal. While it’s not so pretty to single out c_,,
as in Eq. (6.88), it would have been even stranger to use 2m + 1 parameters c; but have one
of them be non-independent.?

Up to this point, our main result is the new version of the interpolating polynomial,
Eq. (6.88). This was a polynomial, p(x), that can be evaluated at any value of x we may
choose. We now change gears, to address the more specific problem of using our grid of
x; values from Eq. (6.83). In other words, we will (once again) assume we are faced with
a table of input data points, (x;,y;) for j = 0,1,...,n — 1; we wish to compute the ¢;’s
in terms of these known values. While we could produce an answer by using Eq. (6.85)
to find the a; and by parameters and then use those, in turn, via Eq. (6.87), to find the ¢
parameters, we won’t do that. Instead, we will try to work with Eq. (6.88) directly and
attempt to find ¢ in terms of x; and y;.

We start by evaluating the interpolating polynomial at the grid points:

m—1 m—1 m—1

p(xj))=y;= Z cre™i + c_,, cos mx;j = Z k€™ 4 e e ™ = Z cre™i

k=—m+1 k=—m+1 k=—m

(6.89)

The first equality simply assumed that the interpolation worked, i.e., we get the desired
y; values at x;. The second equality just plugged in x; to Eq. (6.88). The third equality
made use of the evenness of cosines, cos(—mx;) = cosmx;, as well as the fact that sin mx;
vanishes at our grid points:

sin(—=mx;) = —sinmx; = —sin (m%) =—sinnj=0 (6.90)
As a result, we are free to pretend that we were faced with a complex exponential, e~my;
instead of only a cosine, cos mx;. This allows us to modify our sum so that it runs from
—m to m — 1; this time, we are justified in doing so, because we are limited to points on
the grid. Our main result here is known as the inverse discrete Fourier transform (inverse
DFT), for reasons that will soon become clear:

m—1

Y= Z ckeikxf, j=0,1,....,n—-1 (6.91)

k=—m

It’s important to realize that this equation relates y; to c;. In other words, it refers only to
grid points as per Eq. (6.83); n numbers are transformed into n numbers. The problem, of
course, is that we do not (yet) know the values of ¢y; this is what we are trying to solve for.

We now wish to have a formula that goes in the opposite direction: starting from the
values of x; and y;, compute c;. We will accomplish this by combining Eq. (6.91) with

23 There is also the option of having the sum in Eq. (6.88) go from —m to m—1 by fiat; this leads to an interpolating
polynomial with an imaginary part and is therefore different from what we were doing in Eq. (6.82).
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a(nother) remarkable property, namely the fact that complex exponentials are orthogonal
to each other even in the discrete case:

(6.92)
0, otherwise

-1 P

n S ity _ {n, (k — I)/n is integer
j=0

A problem guides you toward proving this. Knowing that sines and cosines are orthogonal
to each other even for the discrete case, Eq. (6.84), this perhaps does not come as a total

surprise. As advertised, we now multiply Eq. (6.91) with ¢~ and sum over all the Xj’s:

n—1 m—1 n—1 m—1
Z e_’leyj = Z Ck Z "7 = Z Ckhly = Ny (6.93)
Jj=0 k=—m Jj=0 k=—m

In the penultimate step we used the orthogonality property from Eq. (6.92), while acknowl-
edging that our k and / values run only from —m to m — 1; thus, the only contribution comes
from the case k = /. We now rewrite our result in Eq. (6.93) by renaming / — &:

==Y yie™, k=-mem+ 1, m=2,m=1 (6.94)

This, our desired result, is known as the discrete Fourier transform (DFT). It produces all
2m parameters cy, starting from our input points y;. These were precisely the ¢; param-
eters we needed in order to evaluate the interpolating polynomial from Eq. (6.88). Once
again, there is nothing continuous going on in Eq. (6.94): n numbers are transformed into
n numbers. Our result also explains why Eq. (6.91) is known as the inverse DFT, since that
equation recovers the data points y; once you know the parameters cy.

Let’s quickly summarize a few points before things get out of hand; this paragraph will
be somewhat dense, but may help you in the future. Keep in mind that in the case of an infi-
nite Fourier series we are faced with a sum (expanding the function in terms of the Fourier
coeflicients) and an integral (computing the Fourier coeflicients in terms of the function).
On the other hand, in the case of trigonometric interpolation or the discrete Fourier trans-
form we have a sum (direct) and a sum (inverse); interpolation deals with any x value
whereas the DFT deals only with grid points x;. Note that both the infinite Fourier series
and the discrete Fourier transform apply to the case of a periodic function/signal. If you are
faced with a nonperiodic function, you can simply focus on a given interval (assuming the
function does repeat outside) and try to decribe only that region; your predictions will only
be applicable to the interval you focused on (since, in reality, the function doesn’t repeat
outside the region of interest).>* Incidentally, nonperiodic functions give rise to the (con-
tinuous) Fourier transform, which involves an integral (direct) and an integral (inverse).
In this book we have little to say on continuous Fourier transforms, since we are always
discretizing. While we arrived at the discrete Fourier transform starting from trigonomet-
ric interpolation, you will not be surprised to hear that you can also view the DFT as a
discretization of the continuous Fourier transform.

24" A more detailed study would also address topics like aliasing, windowing, and leakage.
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Shifted Version

We will now slightly tweak our results. This is done both in anticipation of introducing the
fast Fourier transform in the following subsection, and also in order to make contact with
notation that is standard on this subject. We will make three related changes.

First, we observe that our expressions in Eq. (6.94) and in Eq. (6.91) involve x;, which
are our grid points from Eq. (6.83). Let’s use that equation to re-express the DFT:

1}: ~2nij]
= - e I k=-m,—-m+1,....m-2,m-1 6.95
Ck . yje m,—m m m ( )

This ikj in the exponent may be confusing, so keep in mind that i is the imaginary unit, k is
our wave number (or “frequency”) index, and j is our spatial index. Second, we note that
our expressions in Eq. (6.94) and in Eq. (6.91) exhibit an asymmetry: j is non-negative,
going from O to n— 1, whereas k can be either negative or positive, going from —m to m— 1.
As it turns out, this asymmetry can be lifted; to do so, observe that Eq. (6.95) can help us
show that the DFT is periodic in k, with period n:
_1 S _~anitkmyjfn _ 1 S =2mikjin ,~2xij _ 6.96
Ck+n—;;y/€ —;jzzoy/e e = Ck (6.96)

since e~>™/ = 1. Given that up to this point our k could also take on negative values, we can
use ¢,y = C to re-express ¢ for the negative frequencies k = —m,—m+1,...,—1 in terms
of positive frequencies k = m,m+1,...,n — 1.% Third, it is customary to have the 1/n in
the definition of the inverse DFT, not in that of the DFT, cf. Eq. (6.91) and Eq. (6.94).

Putting these three modifications together, we arrive at a new definition of the DFT. In
order to keep our notation straight, we will use a new symbol for the new version of our
Fourier parameters, ¥, where k now goes from O ton — 1:

n—1
o=y yie ki k=0,1...,n-1 (6.97)
j=0

As before, this is simply transforming » numbers into n numbers. Observe how there is no
x; left over here; the assumption that we have equally spaced points has already been used,
so our expressions from now on will only involve y; and . Crucially, both our j and our k
indices now run from O ton — 1.

If you’re having trouble seeing the correspondence between Eq. (6.94) and Eq. (6.97),
keep in mind that (a) we’ve replaced x; with j as per Eq. (6.83), (b) we’ve shifted the
negative frequencies so that they appear after the positive frequencies, and (c) there is no
1/n in the new definition of the DFT. The last two modifications can be summarized as
follows:

(5’0 o S’m—l)T=”(Co o Cm—l)T

25 Observe that those slots were not previously taken: our positive frequencies were only going up to m — 1.
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(ym 5’m+1 cee S)n—l)T =n (C—m Com+l - Cfl)T (698)

In addition to the (arbitrary) choice to remove the 1/n, this also shows that the (zero and)
positive frequencies in ¢, are still in the same place when using j;, whereas the negative
frequencies in ¢; are now placed in the “second half” of the available frequency slots
of ¥;. Keep in mind that the c_,, can be viewed as corresponding to either the largest-
magnitude negative frequency or the largest-magnitude positive frequency: c_,, = ¢, as
a consequence of ¢y, = c. Note that the Oth-frequency component, ¥, was also the Oth-
frequency component of ¢; it’s sometimes called the DC component: you can see from
Eq. (6.97) that it is simply the sum of all the y;’s. Overall, we have now switched to what
is known as the “standard order” of the DFT; we will sometimes refer to it as the “shifted
version”, as in the current section’s heading.

We can also use our new Fourier parameters i to rewrite our definition of the inverse
DFT from Eq. (6.91). This has now turned into:

n—1
1 o
yi=— )y yeFkin j=0,1...,n—1 (6.99)
k=0

To see that this is true, you could start from Eq. (6.97) and employ the complex discrete
orthogonality of Eq. (6.92). As in the case of the updated (direct) DFT, the x;’s are gone
and the k’s are now non-negative. Furthermore, there is now a 1/n term on the right-hand
side: to see where this came from,” look at Eq. (6.91) and recall how we went from ¢y to
¥ in Eq. (6.98).

A comment we will make for the fourth time in a row: Eq. (6.99) is simply transforming
n numbers into n numbers. We keep repeating this fact in order to highlight that the direct
and inverse DFT transforms are fundamentally discrete problems which refer to points on
a grid. We will take this into consideration in what follows.

Fast Fourier Transform

As you will show in a problem, the case of real input data, y;, is special, in that you
only need to evaluate m + 1 Fourier parameters; this is so because y,-4 = ¥, holds for
this case, so the remaining coefficients are complex conjugates of already-evaluated ones.
(Incidentally, the y; might be complex, even when the y; are all real; this is OK, because
the inverse DFT of Eq. (6.99) makes everything real again.) You could consider this to be a
way of reducing the computational runtime of a DFT implementation. Instead of following
this approach, however, we will now turn to a much more effective way of speeding the
DFT up, regardless of whether or not the input data, y;, are real. As is usually the case in
computing, algorithmic breakthroughs matter much more than “small efficiencies”.
Before we start accelerating things, let us observe that our latest definition of the DFT,

26 If you didn’t follow our admonition to employ the orthogonality explicitly.
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Eq. (6.97), can be expressed in the form:

n—-1

5y = Z(e—2ﬂi/n)kfyj, k=0,1...,n-1 (6.100)
J=0

But this, in its turn, can be written in matrix form:
y = Ey (6.101)

where E is the n X n matrix made up of (E);;, which are powers of e~ 2" Tn short, we now
see that the problem of computing the DFT is essentially matrix-vector multiplication!
As we discovered in section 4.3.1,% this is a problem for which the operation count is
O(n?). The main idea behind the fast Fourier transform (FFT) is that the matrix-vector
multiplication of Eq. (6.100) involves specific symmetries (despite not being sparse) and
therefore does not have to cost O(n?). In other words, we will now see how to exploit the
specific properties of the E matrix in order to make the DFT dramatically faster. For the
sake of simplicity, we assume that n is a power of 2.

Let us first turn to an elementary problem involving complex numbers. We are looking
for the roots of the equation z” = 1; the solutions are known as the n-th roots of unity.
Here’s one of them:

e i = cos(z—”) - isin(z—”) (6.102)

n n
Obviously, (e72*/")" = 1, meaning that ¢~>"/" is, indeed, an n-th root of unity. It is not the
only one, however. It should be easy to see that (e Zriimyk = g=2mikin fork =0,1,...,n—1,
are all n-th roots of unity, since (e~2**/")" = 1 for all k’s. For a given value of , since k runs
from O to n — 1, there are n such distinct n-th roots of unity, e~ mikin They are illustrated in
Fig. 6.10 for the case of n = 16. The crucial take-away here is that, for the case n = 16,

27 Of course, here we are dealing with complex numbers, but that doesn’t change the overall scaling.
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there are 16 distinct roots only: even if you raise e >"*/" to another power, say j as in
(e~27kIm)j you can only get back one of the 16 roots.?

Having grasped the meaning of the n-th roots of unity, we now return to our E matrix
from Eq. (6.101). We realize that out of the n> matrix elements there are only n distinct
ones (since many of them repeat); this E matrix is complex symmetric, but not Hermitian.
To reiterate, the fast Fourier transform is essentially a clever way of exploiting the fact
that our matrix-vector multiplication involves (e=2*/")k/_It’s easier to see this in a specific
example, so let us write out Eq. (6.101) for the 4 x 4 case:

5)0 — yo(e—27ri/4)0 + yl(e—Zm'/4)0 + yz(e—Zm'M)O + y3(e—27ri/4)0

5)1 — y0(6—2m’/4)0 + y1(€—2ﬂ5/4)1 + y2(e—27ri/4)2 + y3(€—27ri/4)3 (6 103)
)72 — yo(e—Zﬂ'i/él)O + yl(e—27ri/4)2 + yz(e—eri/4)4 + y3(e—27ri/4)6 '

5}3 — yo(e—Zm'/4)0 + V1 (e—2ni/4)3 + yz(e—Zni/4)6 + y3(e—27ri/4)9

Were we to evaluate things at this stage, we would have to carry out 4> = 16 multiplica-
tions. We notice that our exponents here go up to nine, even though we know that there are
only four distinct roots of unity: (e=27/4)0, (e727/*)1 (¢=2"/*)2 and (e~>*/*)3. This means
we can use elementary manipulations to re-express the 16 matrix elements of E in terms
of only these four roots of unity. For example:

(67271[/4)6 — (6727”'/4)4(672771'/4)2 — (67271[/4)2 (6 104)
Using this fact and regrouping, allows us to re-express our four equations in the form:
5}0 — [yo(e—ZHi/4)0 + yz(e—ZITi/4)0] + (e—zﬂi/4)0 [yl (e—2ﬂi/4)0 + y3(e—2ﬂi/4)0]
5}1 — [yo(e—ZJTi/4)0 + y2(6—2ﬂ'i/4)2] + (e—2lri/4)1 [)’1 (e—2ﬂi/4)0 + y3(6—2ﬂi/4)2]
5}2 — [yo(e—Zﬂi/4)0 + y2(6—2ﬂ'i/4)0] + (e—2ﬂi/4)2 [y] (e—2ﬂi/4)0 + y3(e—27ri/4)0]

5)3 — [yo(e—Zm'/4)0 + yz(e—Zﬂ'i/4)2] + (e—2lri/4)3 [yl (e—2ﬂi/4)0 + y3(€_2ni/4)2]

(6.105)

In addition to factoring out and simplifying some of the exponents, observe that we first
write the even y; elements (yo and y») and then the odd ones (y; and y3).
Introducing new notation, which we hope is self-explanatory, this takes the form:

5’0 — ygven + (e_2m/4)0)~78dd

5]1 — y?ven + (e—2ni/4)l)~}c1>dd 106
5 _ ~even —2mi/4\2 ~odd ( . )
Y2 =Yg + (é‘ ) Yo

5]3 — jﬁven + (e—27ri/4)35}(])dd

where we noticed that the y;’s and the powers of e~*//*

in only four distinct combinations, which we denoted by j)gve“, ygdd, )”zfl’ve“, and )"J‘I’dd. To
compute these, we need to carry out only 2 x (4/2)*> = 8 multiplications. Make sure you
understand what these entities are; for example:

inside the square brackets appear

y?ven — yo(e—27ri/4)0 + y2(6—2ﬂi/4)2 — yo(e—Zﬂi/Z)O + yz(e—Zﬂi/Z)l (6107)

28 Once again, the similarity between Fig. 6.10 and Fig. 6.2 is hard to miss.
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The e~>"/* always appears raised either to the Oth or the 2nd power, so we can rewrite the
exponential to have 2 in the denominator instead of 4. (This also applies to the °4°s.)

As per Eq. (6.106), once you have the two 7°'°"’s and the two 7°44°
multiplications in order to combine them together and produce the 7. Even in this small
problem, we have managed to reduce the total number of multiplications required.

We now take yet another step, rewriting Eq. (6.106) as follows:

s, you do four more

5-)0 — yeven + (E 27ri/4)0~0dd

)71 — yelven + (e 2m/4) yodd 6108
~ _ ~even _ o —2mi/4\0~odd ( : )
Y240 = Yo (e ) Yo

5)2+1 yt]even _ (e—2ﬂi/4)1)~)(1)dd

The first two relations are unchanged; the last two were rewritten to highlight the fact that
all the relevant indices go from O to 1. On the right-hand sides of the last two equations
we wrote 2 = 2+ 0 and 3 = 2 + 1 in the exponents and then made use of the fact that
e”™ = —1. In short, we have rewritten our 4 x 4 DFT problem from Eq. (6.103) in terms of
two smaller (2 x 2) DFT problems, one for the even j indices and one for the odd j indices
(recall Eq. (6.107)), which are combined with the appropriate prefactors as per Eq. (6.108).

Having worked out the 4 X 4 example in gory detail, we hope that you will now be
able to understand without much effort the general case, which goes by the name of the
Danielson—Lanczos lemma. Let’s start from Eq. (6.97), splitting the sum over j into a sum
over the even components, j = 2/, and the odd components, j = 2/ + 1:

o 2mikj/n _ Z Yose ~2mik2D/n Z Valat o 2mikQ2I+1)/n

m—1
_ Vo1 o 2mikljm  =2rik/n Z Voe1 o 2mikl/m _ yeven —27rik/n)~)2dd (6.109)
= =0

<1
~
1

[=)

~.
—_

3

(=]

Note that in the second equality our sums switched to using / and therefore the maximum
value became m — 1. In the exponents of the third equality we moved the 2 from the nu-
merators to the denominators, thereby getting m; in the second term, we also factored out
the odd term (which has an n in the denominator of the exponent). In the fourth equality
we identified our new DFTs of length m = n/2, the ones for the even and odd components.

As we saw above, this is already a gain; however, let’s take one more step, to make our
general result match what we did for the 4 X 4 case. As you may recall, we managed to
express the “second half” of our equations in terms of quantities that had already appeared
in the first half. Right now, in Eq. (6.109) the k goes from 0 to n — 1, so we seem to be
using more 7°'"’s and 7°%¢’s than we actually need. To remedy the situation, introduce a
new wave number index ¢ which runs from 0 to m — 1, i.e., it appears in the combination
k = m + g. We have:

m— m—1
~S,:l+ez Z yzle—27riml/me—2m'ql/m — Z y2[e—27riql/m — yzven (61 10)
1=0 =0

since e~? = 1. Now both the sum over / and the index g only cover half the range from 0
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ton — 1 (i.e., go from O to m — 1). A fully analogous derivation can be carried out for the
odd case, leading to:

~odd _ ~odd
Vg = ¥ 6.111)

There is only one other ingredient missing: the factored-out coefficients in Eq. (6.109) still
employ k which goes up ton — 1. As in Eq. (6.108), we can also halve those:

e—2mk/n — e—2m(m+q)/n — e—2m/26—2mq/n

= —e rialn (6.112)

Putting everything together, we have accomplished what we set out to do:

5, = yeven + e—2ﬂiq/n5)0dd
0 =55 g (6.113)

~ _ ~even —2nig/n ~odd
Ym+q = yq —e yq

where we left the first-half of the factored-out coefficients untouched. For both equations,
we have ¢ = 0, 1,...,m — 1. This closely matches our earlier result, Eq. (6.108).

As you may have suspected, the fast Fourier transform doesn’t carry out such a halving
process only once: it employs a divide-and-conquer approach, continually halving, until
the problem becomes sufficiently small that it cannot be cut in half. At that point, the
problem will be simple enough that the DFT can be trivially arrived at: you can see from
Eq. (6.97) that when n = 1 we have J; = yg. You may now realize why we said that our
n has to be a power of 2: this was in order to enable us to keep halving until we get down
to n = 1 without a problem. Each stage of this algorithm involves n multiplications and
there are log, n such stages in total. In all, the fast Fourier transform operation count is
O(nlog, n), a dramatic improvement over the “naive” implementation of the DFT, which
involved O(n?) operations. You may also recall, from chapter 1, that divide-and-conquer
algorithms are most naturally implemented using recursion. This is fortunate, because it
means that we do not have to produce separate notation for each stage of the algorithm:
it is enough to show one halving step and state that we repeat the process recursively. We
will return to these considerations soon.

As usual, things can be made even more efficient than that. You could think about where
the different quantities are stored, how many of them can be re-used from one stage to the
next, how you would go about reformulating the algorithm iteratively, and so on. However,
the crucial point is that the FFT introduces a different scaling: the matrix multiplication of
Eq. (6.101) is no longer quadratic! When n is large, this can have a dramatic effect on how
long things take; a problem asks you to compare the runtime of DFT and FFT for the case
of n = 8192. Viewed from another perspective, the FFT enables calculations that would
have been impossible using only the old-fashioned DFT. This is one of the reasons why
Fourier transforms are so prevalent in a very large number of applications. For example,
in the study of differential equations, FFTs are routinely used to go to wave-number space
and (trivially) take derivatives there (see section 8.5.2). Instead of following that route,
however, we now recall that our goals in this chapter were more humble: we return to the
problem of trigonometric interpolation.
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@GEREEERT Naive attempt to carry out shifted-DFT interpolation for the case of n = 8

Interpolation Using the FFT

Backing up for a second, we realize that the fast Fourier transform, Eq. (6.113), is just
a fast way of producing the discrete Fourier transform, Eq. (6.97). In other words, both
approaches simply evaluate the y;’s fork = 0, 1,...,n— 1. A few subsections ago, once we
calculated the a; and b, parameters we were ready to produce the interpolating polynomial
p(x) given in Eq. (6.82); similarly, in Eq. (6.88) we re-expressed p(x) in terms of the c;
parameters. Wishing to produce the shifted-DFT analogue, once you’ve computed the ¥;’s,
you may be tempted to write down an interpolating polynomial of the form:

n—1
) =~ ) Frel (6.114)
k=0

S|

This bears a passing resemblance to our infinite Fourier series, Eq. (6.79), and looks pretty
similar to our shifted inverse DFT, Eq. (6.99). As a matter of fact, it basically is Eq. (6.99)
but this time evaluated not at x; = (27)/n but at any x. It is certainly plausible that r(x)
would do a good job interpolating, since we already know (by construction) that r(x;) = y;:
evaluating Eq. (6.114) at the grid points turns (x) into the y values of our input data.

As you will discover when you solve the relevant problem, this polynomial doesn’t ac-
tually do a very good job of interpolating between the (x;, y;) points; see Fig. 6.11 for the
n = 8 case. Our r(x) does go through the input data (x;,y;), as it should. However, com-
paring our new polynomial to our earlier trigonometric interpolation, see the right panel of
Fig. 6.9, the general behavior is very different. Not only is the real part of r(x) exhibiting
wild fluctuations between the grid points, but r(x) also comes with a sizable imaginary part,
which also fluctuates. As it so happens, we already knew that the “interpolating” polyno-
mial of Eq. (6.114) would give these different results, which is why we made sure to call it
r(x), i.e., not p(x).
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The reason r(x) is so different from p(x) has nothing to do with the 1/n that appears
in Eq. (6.114). As you may recall, that was simply a standard choice in how to define the
Fourier coefficients ¥ in comparison to our earlier ¢; parameters. The 1/n should be there
if you’re using ¥ as input. The actual problems with using r(x) as per Eq. (6.114) are two:
(a) we assumed that a sum over non-negative k’s, as per the shifted version of the DFT,
would work, and (b) we didn’t treat the largest/smallest frequency term, ¥,,, specially.

Both of these issues can be addressed in one go. Instead of producing an ad hoc guess,
let us start with our interpolating polynomial p(x) from Eq. (6.88) and update its definition
to use our shifted Fourier coefficients, J. To refresh your memory, what we had there was:

m—1
p(x) = Z cre® + c_, cos mx (6.115)
k=—m+1
We now recall that the correspondence between shifted and unshifted parameters was, as
per Eq. (6.98):

Go m o Sw) =0l e o ) (6.116)

(ym S’m+1 o )7;1—1)T =n (C—m Comt+l  +-- C_1>T

This immediately leads us to the following formulation of our interpolating polynomial:

15, 1 TR
p(x) = — Zyke’k’“ + =V, cosmx + — Z P& mx (6.117)
n n
k=0 k=m+1

where you will notice that we are using the same symbol, p(x), since it is the same polyno-
mial, this time expressed in terms of our shifted Fourier coefficients, ;. The positive terms
in the sum remain unchanged, the negative ones are handled separately, as is true of the
midpoint (which corresponds to the largest/smallest wave number). The only subtle point
here is the exponent in the second sum: to match the exponents for the negative terms of
the sum in Eq. (6.115), we need to shift; make sure to check that kK — n goes from —m + 1
to —1, when k goes from m + 1 to n — 1. Finally, we are also including a 1/n term to ensure
the two definitions match.

Implementation

We are now ready to implement trigonometric interpolation using the FFT. If you’ve been
following along, you will realize that we could have done something analogous at several
points along the way: we could have implemented the unshifted DFT, Eq. (6.94), to find the
¢;’s and then used that to produce p(x) as per Eq. (6.88). We could have also implemented
the shifted DFT, Eq. (6.97), to find the ;s and then computed p(x) from Eq. (6.117). Both
of these are easier programming tasks, which you are asked to carry out in the problem
set. Instead, we will now capitalize on all our progress so far and implement the FFT,
Eq. (6.113), to find the ¥;’s and then plug those in to Eq. (6.117) to compute p(x). Since we
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from triginterp import f, generatedata
from math import pi
import numpy as np

def fft(ys):
n = ys.size

m=n//2
if n==1:
ytils = ys
else:
evens = fft(ys[::2])

odds = fft(ys[1l::2])

coeffs = np.exp(-2*pi*np.arange(m)*1j/n)

first = evens + coeffs*odds

second = evens - coeffs*odds

ytils = np.concatenate((first, second))
return ytils

def fftinterp(ytils,x):
n = ytils.size
m=n//2
val = ytils[:m]@np.exp(np.arange(m)*x*1j)
val += ytils[m]*np.cos(m*x)
val += ytils[m+1:]@np.exp(np.arange(-m+1,0)*x*1j)
return val/n

if _name__ == ‘_main__’:
n =28
dataxs, datays = generatedata(n, f)
ytils = fft(datays)
x = 0.3; pofx = fftinterp(ytils, x)
print (x,pofx.real)

are faced with two separate tasks, computing the ¥;’s and p(x), we define two functions
in Code 6.4. Our first function implements the fast Fourier transform. As discussed in
chapter 1, and around Eq. (6.113), it is natural to code up divide-and-conquer algorithms
using recursion. We start from our base case, n = 1, for which the answer can be directly
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given: we know from Eq. (6.97) that in this case we have J) = yy. For any other value
of n (always a power of 2), we cut the problem up into two halves using numpy’s slicing:
ys[::2] and ys[1::2] select the even and odd components, respectively. Then, ££t ()
calls itself to solve that simpler problem. Once an answer for evens and odds is known,
our program simply multiplies with +e 2%4/" or —e~2%4/" exactly as in Eq. (6.113). It’s
interesting to note that we are not employing any loops, so the ¢ index doesn’t explicitly
appear. We combine our two halves together by using numpy.concatenate() to make
a larger array. In all, even though we are implementing a state-of-the-art algorithm, this
function is very short and reasonably straightforward to understand. You may wish to print
out its output or intermediate values, in order to be certain that everything is clear to you.

Specifically, you should make sure to understand that, even though Eq. (6.113) is written
in terms of ¢ and m + g, the end result is that we’ve managed to compute the ¥ coefficients,
with k going from O to n — 1. This may be even easier to grasp when you solve the problem
that asks you to evaluate the ¥;’s using the (slow) DFT approach, Eq. (6.97). Having com-
puted the 3’s, our second function uses them to implement Eq. (6.117). Nothing exciting
is going on here: once again, we are employing numpy functionality, i.e., the dot product of
one-dimensional arrays using @, to avoid having explicit loops and indices. Our three lines
of code directly correspond to the three terms on the right-hand side of Eq. (6.117).

The main program first creates some data points using the functions we defined in
triginterp.py. It then calls our two new functions to compute the y;’s and then the
interpolating polynomial p(x). Once again, we pick a value of x at random, just to show
that we can evaluate p(x) at any point we choose. We end by printing out the real part of
the value of p(x); crucially, the imaginary part that we are dropping is always zero. Our y
and the exponentials in Eq. (6.117) are complex, but they combine to produce a real inter-
polating polynomial at any value of x. This is so by construction, since we’ve been trying
to match our trigonometric-interpolation polynomial every step of the way. As a result, we
can use Code 6.4 to reproduce the right panel of Fig. 6.9 exactly.

6.5 Least-Squares Fitting

As we saw in our introduction in section 6.1.2, least-squares fitting is different from what
we’ve spent the last several pages doing: we will no longer trust our input table (x;,y;) of N
data pairs blindly. This time around, each data point will have an associated measurement
error, 0 j; you may wish to think of the y-values of your data as y; + o-;. In other words, we
will not demand that our approximating function, p(x), go through the data points; instead,
we will try to come up with a p(x) that “roughly” captures the behavior of the data. Of
course, there are infinitely many choices we could make; in practice, one is guided by other
knowledge of the system, say from the physical theory that describes that observable. If
no extra knowledge is available, one typically picks a p(x) that is a polynomial in x, but
this time a low-degree polynomial should be enough, since the higher the degree the larger
the number of undetermined parameters: since we don’t fully trust the input data, we don’t
want to capture the “scatter”, but only the underlying trend. An example of this was shown
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in Fig. 6.1, where we had assumed that the data points could not be fully trusted, and taken
the overall trend to be roughly linear.

6.5.1 Chi Squared

Let’s study this problem a bit more systematically. Recall that we are still expanding our
p(x) in terms of n parameters cy, as per Eq. (6.7):

n—1

PO) = ) cudu(x) (6.118)
k=0
where the basis functions ¢;(x) may be polynomials (or not). This is a linear problem, in
the sense that p(x) is a linear combination of the ¢;’s. In the context of least-squares fitting,
our approximating function p(x) is sometimes known as a theory or a model.

As we mentioned around Eq. (6.10), we have N data points and » undetermined param-
eters (where N > n), so this could be thought of as an overdetermined system. As we saw
there, since @c = y cannot be solved exactly, what we’ll do is the closest thing available,
i.e., we’ll try to minimize the norm of the residual vector, as per Eq. (6.11):

min [|®c -y (6.119)

Of course, this task seems to only depend on the basis functions and the input data: where
did the input uncertainties o-; go? Qualitatively, what this is asking is: suppose some of your
input data have large uncertainties, and perhaps also appear to show different behavior than
the rest. Obviously, the points with larger measurement error should somehow be weighted
differently, i.e., they shouldn’t impact our final determination as much as points that were
measured much more accurately.

Since we wish to take the measurement errors into account, we choose to minimize:

N-1 L . 2
2 (y—’ v (x’)) (6.120)

ey

which is known as the chi squared. It goes without saying (but we’ll say it anyway) that
(x;,y;) are variables (independent and dependent, respectively) whereas the ¢;’s are param-
eters; in other words, we’ll never measure the ¢;’s directly. Note that this sum extends over
all the N data points; the approximating function Eq. (6.118) is (implicitly) dependent on
the values of the parameters c;. When a given measurement error is large, the contribution
of that term in the sum is small, as it should be. Presumably you can now see where the
name least-squares fitting comes from: as shown by Eq. (6.120), minimizing y?> minimizes
the distance between the theory and the data (p(x;) and y;, respectively), weighted by the
size of the error bar in the data.

Since we will choose the ¢; parameters that minimize /\(2, we are free to take the deriva-
tive of Eq. (6.120) with respect to a given parameter ¢, and set the result to zero:
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N-1
p(x]) 61’(%)
(9_ck 212( ] =0 (6.121)

(9Ck

where k = 0,1,...,n — 1. Observe that in dp(x)/dc; we are taking the derivative with
respect to ¢y, since x; and y; are considered externally given (and “frozen”). Assuming that
the approximating function p(x) is linear in the ¢;’s, as per Eq. (6.118), means that these
derivatives can be trivially taken, as we’ll see below: this leads to n linear equations in n
unknowns, namely the c;’s.

If we now make the further assumption that the o;’s are normally distributed, then our
prescription above provides maximum likelihood parameter estimation for the ¢;’s. While
the subject of statistical inference is quite interesting, our goals here are more limited: we
try to find the c;’s that mimize the y?, without worrying too much about questions regarding
goodness-of-fit.?? Even so, we would like to have some guidance on the question of how
to compare different theories. To reiterate, minimizing the y? of Eq. (6.120) tells you how
to find the best ¢;’s you can, for a given theory. But what if your theory is wrong? For
example, imagine that you should have picked p(x) = ¢y + c;x + c,x* but instead you
picked p(x) = co +cx. The y*-minimization process still tries to do its best, but the results
may end up being poor, as you could see simply by inspection (i.e., by comparing p(x) to
the input data: it is rare that a parabola can be approximated by a straight line).

Here, we give some practical advice that will help you decide which theory to pick, al-
ways under the assumption that the o;’s are normally distributed. If the (minimum) y? is
very large, you can see from its definition in Eq. (6.120) that you have not been able to pro-
duce a p(x) that goes “near” the data points; this could simply be due to the fact that your
model is wrong. Another explanation could be that whoever produced the o;’s underesti-
mated them, i.e., they are actually much larger, in which case your model would do a better
job since the )(2 would be smaller. On the other hand, if X2 ~ (), then from the same defini-
tion, Eq. (6.120), you see that your theory curve essentially goes through the data points.
This is not always a good outcome: you may be using too many parameters, thereby “over-
fitting”, i.e., trying to capture the random scatter in the data. Another explanation could be,
as before, related to whoever produced the o;’s: perhaps these were overestimated, i.e., in
reality the o;’s should be much smaller. As always, the question arises how to distinguish
between “large” and “small” chi-squared values. As a rule of thumb, typically y> ~ N —n
implies a reasonably good fit.** The difference between the number of data points and the
number of parameters, N —n, is known as the number of degrees of freedom. Thus, the rule
of thumb can be re-stated as saying that for a fit that is not too good nor too bad you should
expect the chi-squared per degree of freedom to be roughly one.

It turns out that the quantity to be minimized in Eq. (6.120) is equivalent to what we
were faced with in Eq. (6.119), only this time we’re also appropriately dividing with the

2% Which means that we also don’t go into important alternative scenarios like Poisson-distributed data.

30 If you were not given the o ;’s as input, you could assume that they are all equal, o-; = o7, and also that you
did a good job fitting, in which case y? ~ N — n. Then, you could find o from Eq. (6.120) but, of course, this
does not help you check how well you did in your fit, since you started by assuming you did well.
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input uncertainties. We will return to the matrix notation below but, for now, we will help
you build some intuition on least-squares fitting, by showing Eq. (6.121) explicitly applied
to a simple case.

6.5.2 Straight-Line Fit

You have probably encountered the task of fitting data to a straight line in an introductory
lab course. Here, we will essentially repeat what you saw there, employing the notation
that we introduced above; in the following section, we go over a more general form, which
will map the least-squares problem to a linear-algebra one.

Our task is to fit N data points (x;, y;) to a model which is a straight line:

p(x) =co+c1x (6.122)

We need to determine the 2 parameters c( and c;. For this theory, the chi squared definition
of Eq. (6.120) takes the form:

N-1 2
yj—Co—CiXj
= (—’ - ’) (6.123)
770 j

where we are explicitly showing the dependence on the ¢; parameters.

Parameter Estimates and Variances

The vanishing-derivative condition of Eq. (6.121) for our theory, Eq. (6.122), gives:

y,—C() C1Xj y,—CQ C1Xj
-2 -2 E = 124
aCO Z( ] 0’ (9C1 [ J ] 0 (6 )

where the derivatives of p(x;) with respect to each ¢, were easy to produce. Each numerator
can be split into three terms; to do so, let us define the following six helper variables:

NoT Nl NL
S = > SxEZ_jZ’ Sy = _]2,
T g 0 0—] : =0 7
]:0 J J: j=
(6.125)
N-1 x2 N-1
_ j _ XjYj _ 2
S = ;, Sxy= —2, A=SS,—-S3
Jj=0 7 J J=0 7

Note that all the right-hand sides here are expressed in terms of known quantities, which
means that they can be computed from the data. We can now re-express our vanishing-
derivative results from Eq. (6.124) in terms of these helper variables:

Sco+S,c1 =8 y

(6.126)
Sxco+ S ey = Sxy



6.5 Least-Squares Fitting

This is a simple 2 X 2 linear system of equations:

S Safeo) Sy (6.127)
Sx Sxx C1 Sxy .

If you’re wondering why we went through the trouble of defining the A, the answer is that
it helps us compactly write down the solution to our 2 X 2 system:

S Sy =SS S84y = 8.8,

12
A , ¢ A (6.128)

Co =

Since the helper variables of Eq. (6.125) were computed in terms of the data, everything
here is known: we have managed to find the ¢y and ¢; values that minimize the ¥

At this point, we could immediately proceed to a Python implementation of Eq. (6.128)
for a given set of data. Instead, let us take a minute to think about the values of ¢y and
c; we just determined. We recall that these are estimates of the parameter values: since
our input data suffered from measurement errors, o, it is obvious that a corresponding
uncertainty has been introduced in the determination of the ¢; parameters. In short, we now
need to make a quick detour through the subject of propagation of error which, as you may
recall, is a topic we spent quite a bit of time discussing all the way back in section 2.2.2;
however, back then we were referrring to “maximal error” propagation, whereas we are
now interested in employing “standard error” propagati