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Preface

This book grew out of the notes of the course on quantum field theory
that I give at the University of Geneva, for students in the fourth year.

Most courses on quantum field theory focus on teaching the student
how to compute cross-sections and decay rates in particle physics. This
is, and will remain, an important part of the preparation of a high-
energy physicist. However, the importance and the beauty of modern
quantum field theory resides also in the great power and variety of its
methods and ideas. These methods are of great generality and provide a
unifying language that one can apply to domains as different as particle
physics, cosmology, condensed matter, statistical mechanics and critical
phenomena. It is this power and generality that makes quantum field
theory a fundamental tool for any theoretical physicist, independently
of his/her domain of specialization, as well as, of course, for particle
physics experimentalists.

In spite of the existence of many textbooks on quantum field theory, I
decided to write these notes because I think that it is difficult to find a
book that has a modern approach to quantum field theory, in the sense
outlined above, and at the same time is written having in mind the level
of fourth year students, which are being exposed for the first time to the
subject.

The book is self-contained and can be covered in a two semester course,
possibly skipping some of the more advanced topics. Indeed, my aim is
to propose a selection of topics that can really be covered in a course,
but in which the students are introduced to many modern developments
of quantum field theory.

At the end of some chapters there is a Solved Problems section where
some especially instructive computations are presented in great detail,
in order to give a model of how one really performs non-trivial com-
putations. More exercises, sometimes quite demanding, are provided
for Chapters 1 to 8, and their solutions are discussed at the end of the
book. Chapters 9, 10 and 11 are meant as a bridge toward more ad-
vanced courses at the PhD level.

A few parts which are more technical and can be skipped at a first
reading are written in smaller characters.

Acknowledgments. I am very grateful to Stefano Foffa, Florian Du-
bath, Alice Gasparini, Alberto Nicolis and Riccardo Sturani for their
help and for their careful reading of the manuscript. I also thank Jean-
Pierre Eckmann for useful comments, and Sonke Adlung, of Oxford Uni-
versity Press, for his friendly and useful advice.



Notation

Our notation is the same as Peskin and Schroeder (1995). We use units
� = c = 1; their meaning and usefulness is illustrated in Section 1.2.
The metric signature is

ηµν = (+,−,−,−) .

Indices. Greek indices take values µ = 0, . . . , 3, while spatial indices
are denoted by Latin letters, i, j, . . . = 1, 2, 3. The totally antisym-
metric tensor εµνρσ has ε0123 = +1 (therefore ε0123 = −1). Observe
that, e.g. ε1230 = −1 since, to recover the reference sequence 0123,
the index zero has to jump three positions. Therefore εµνρσ is anti-
cyclic. Repeated upper and lower Lorentz indices are summed over, e.g.
AµBµ ≡∑3

µ=0 AµBµ. When the equations contain only spatial indices,
we will keep all indices as upper indices,1 and we will sum over repeated1We will never use lower spatial indices,

to avoid the possible ambiguity due to
the fact that in equations with only spa-
tial indices it would be natural to use
δij to raise and lower them, while with
our signature it is rather ηij = −δij .

upper indices; e.g. the angular momentum commutation relations are
written as [Jk, J l] = iεklmJm, and the totally antisymmetric tensor εijk

is normalized as ε123 = +1. The notation A denotes a spatial vector
whose components have upper indices, A = (A1, A2, A3).

The partial derivative is denoted by ∂µ = ∂/∂xµ and the (flat space)
d’Alambertian is � = ∂µ∂µ = ∂2

0 −∇2. With our choice of signature the
four-momentum operator is represented on functions of the coordinates
as pµ = +i∂µ, so p0 = i∂/∂x0 = i∂/∂t and pi = i∂i = −i∂i = −i∂/∂xi.
Therefore pi = −i∇i with ∇i = ∂/∂xi = ∂i or, in vector notation,
p = −i∇ and ∇ = ∂/∂x .

The symbol
↔
∂µ is defined by f

↔
∂µ g = f∂µg− (∂µf)g. We also use the

Feynman slash notation: for a four-vector Aµ, we define �A = Aµγµ. In
particular, �∂ = γµ∂µ.

Dirac matrices. Dirac γ matrices satisfy

{γµ, γν} ≡ γµγν + γνγµ = 2ηµν .

Therefore γ2
0 = 1 and, for each i, (γi)2 = −1; γ0 is hermitian while, for

each i, γi is antihermitian,

(γ0)† = γ0 , (γi)† = −γi ,

or, more compactly, (γµ)† = γ0γµγ0. The matrix γ5 is defined as

γ5 = +iγ0γ1γ2γ3 ,

and satisfies

(γ5)2 = 1 , (γ5)† = γ5 , {γ5, γµ} = 0 .



xiii

We also define
σµν =

i

2
[γµ, γν ] .

Two particularly useful representations of the γ matrix algebra are

γ0 =
(

0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

( −1 0
0 1

)

(here 1 denotes the 2 × 2 identity matrix), which is called the chiral or
Weyl representation, and

γ0 =
(

1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 1
1 0

)
,

which is called the ordinary, or standard, representation.
The Pauli matrices are

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

and satisfy
σiσj = δij + iεijkσk .

We also define
σµ = (1, σi) , σ̄µ = (1,−σi) .

In the calculation of cross-sections and decay rates we often need the
following traces of products of γ matrices,

Tr(γµγν) = 4 ηµν ,

Tr(γµγνγργσ) = 4 (ηµνηρσ − ηµρηνσ + ηµσηνρ) ,

Tr(γ5γµγνγργσ) = −4iεµνρσ .

Fourier transform. The four-dimensional Fourier transform is

f(x) =
∫

d4k

(2π)4
e−ikxf̃(k) ,

f̃(k) =
∫

d4x eikxf(x) ,

and, because of our choice of signature, the three-dimensional Fourier
transform is defined as

f(x ) =
∫

d3k

(2π)3
e+ik ·x f̃(k ) ,

f̃(k ) =
∫

d3x e−ik ·x f(x ) .

For arbitrary n, the n-dimensional Dirac delta satisfies∫
dnx eikx = (2π)nδ(n)(k) .



xiv Notation

Electromagnetism. The electron charge is denoted by e, and e < 0.
As is customary in quantum field theory and particle physics, we use
the Heaviside–Lorentz system of units for electromagnetism (also called
rationalized Gaussian c.g.s. units). This means that the fine structure
constant α = 1/137.035 999 11(46) is related to the electron charge by

α =
e2

4π�c
,

or simply α = e2/(4π) when we set � = c = 1. With this definition of
the unit of charge there is no factor of 4π in the Maxwell equations,

∇·E = ρ , ∇×B− ∂0E = J ,

while the Coulomb potential between two static particles of charges Q1 =
q1e and Q2 = q2e is

V (r) =
Q1Q2

4πr
= q1q2

α

r
(1)

(where in the last equality we have used � = c = 1), and the energy
density of the electromagnetic field is

ε =
1
2
(E2 + B2) .

In quantum electrodynamics nowadays these conventions on the elec-
tric charge are almost universally used, but it is useful to remark that
they differ from the (unrationalized ) Gaussian units commonly used in
classical electrodynamics; see, e.g. Jackson (1975) or Landau and Lif-
shitz, vol. II (1979), where the electron charge is rather defined so that
α = e2

unrat/(�c) � 1/137, and therefore eunrat = e/
√

4π. The unra-
tionalized electric and magnetic fields, Eunrat,Bunrat by definition are
related to the rationalized electric and magnetic fields, E,B by Eunrat =√

4π E,Bunrat =
√

4π B, i.e. Aµ
unrat =

√
4π Aµ. The form of the Lorentz

force equation is therefore unchanged, since with these definitions eE =
eunratEunrat and eB = eunratBunrat. However, a factor 4π appears in the
Maxwell equations, ∇·Eunrat = 4πρunrat and ∇×Bunrat − ∂0Eunrat =
4πJunrat; the Coulomb potential becomes V (r) = (Q1Q2)unrat/r, and
the electromagnetic energy density becomes ε = (E2

unrat +B2
unrat)/(8π).

In quantum electrodynamics, since eAµ = eunratA
µ
unrat, the interaction

vertex is −ieγµ in rationalized units and −ieunratγ
µ in unrationalized

units. However, in unrationalized units the gauge field is not canonically
normalized, as we see for instance from the form of the energy density.
Therefore in unrationalized units the factor associated to an incoming
photon in a Feynman graph becomes

√
4πεµ rather than just εµ, to an

outgoing photon it is
√

4πε∗µ rather than just ε∗µ, and in the photon
propagator the factor 1/k2 becomes 4π/k2. In quantum theory it is more
convenient to have a canonically normalized gauge field, which is the
reason why, except in Landau and Lifshitz, vol. IV (1982), rationalized
units are always used.2

2Observe that, once the result is writ-
ten in terms of α, it is independent of
the conventions on e, since α is always
the same constant � 1/137. For in-
stance, the Coulomb potential between
two electrons (in units � = c = 1) is
always V (r) = α/r.
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Experimental data. Unless explicitly specified otherwise, our exper-
imental data are taken from the 2004 edition of the Review of Particle
Physics of the Particle Data Group, S. Eidelman et al., Phys. Lett.
B592, 1 (2004), also available on-line at http://pdg.lbl.gov.
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Introduction 1
1.1 Overview 1

1.2 Typical scales in
high-energy physics 4

1.1 Overview

Quantum field theory is a synthesis of quantum mechanics and special
relativity, and it is one of the great achievements of modern physics.
Quantum mechanics, as formulated by Bohr, Heisenberg, Schrödinger,
Pauli, Dirac, and many others, is an intrinsically non-relativistic theory.
To make it consistent with special relativity, the real problem is not
to find a relativistic generalization of the Schrödinger equation.1 Wave 1Actually, Schrödinger first found a

relativistic equation, that today we
call the Klein–Gordon equation. He
then discarded it because it gave the
wrong fine structure for the hydrogen
atom, and he retained only the non-
relativistic limit. See Weinberg (1995),
page 4.

equations, relativistic or not, cannot account for processes in which the
number and the type of particles changes, as in almost all reactions of
nuclear and particle physics. Even the process of an atomic transition
from an excited atomic state A∗ to a state A with emission of a photon,
A∗ → A + γ, is in principle unaccessible to this treatment (although in
this case, describing the electromagnetic field classically and the atom
quantum mechanically, one can get some correct results, even if in a
not very convincing manner). Furthermore, relativistic wave equations
suffer from a number of pathologies, like negative-energy solutions.

A proper resolution of these difficulties implies a change of viewpoint,
from wave equations, where one quantizes a single particle in an exter-
nal classical potential, to quantum field theory, where one identifies the
particles with the modes of a field, and quantizes the field itself. The
procedure also goes under the name of second quantization.

The methods of quantum field theory (QFT) have great generality
and flexibility and are not restricted to the domain of particle physics.
In a sense, field theory is a universal language, and it permeates many
branches of modern research. In general, field theory is the correct lan-
guage whenever we face collective phenomena, involving a large number
of degrees of freedom, and this is the underlying reason for its unifying
power. For example, in condensed matter the excitations in a solid are
quanta of fields, and can be studied with field theoretical methods. An
especially interesting example of the unifying power of QFT is given
by the phenomenon of superconductivity which, expressed in the field
theory language, turns out to be conceptually the same as the Higgs
mechanism in particle physics. As another example we can mention
that the Feynman path integral, which is a basic tool of modern quan-
tum field theory, provides a formal analogy between field theory and
statistical mechanics, which has stimulated very important exchanges
between these two areas. Beside playing a crucial role for physicists,
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quantum field theory even plays a role in pure mathematics, and in the
last 20 years the physicists’ intuition stemming in particular from the
path integral formulation of QFT has been at the basis of striking and
unexpected advances in pure mathematics.

QFT obtains its most spectacular successes when the interaction is
small and can be treated perturbatively. In quantum electrodynamics
(QED) the theory can be treated order by order in the fine structure
constant α = e2/(4π�c) � 1/137. Given the smallness of this parame-
ter, a perturbative treatment is adequate in almost all situations, and
the agreement between theoretical predictions and experiments can be
truly spectacular. For example, the electron has a magnetic moment of
modulus g|e|�/(4mec), where g is called the gyromagnetic ratio. While
classical electrodynamics erroneously suggests g = 1, the Dirac equation
gives g = 2, and QED predicts a small deviation from this value; the
experimentally measured value is(

g − 2
2

)∣∣∣∣
exp

= 0.001 159 652 187(4) (1.1)

(the digit in parentheses is the experimental error on the last figure),
and the theoretical prediction, computed perturbatively up to order α4,
is (

g − 2
2

)∣∣∣∣
th

=
α

2π
− (0.328 478 965 . . .)

(α

π

)2

+ (1.176 11 . . . )
(α

π

)3

−(1.434 . . .)
(α

π

)4

= 0.001 159 652 140(5)(4)(27) .

Different sources of errors on the last figures are written separately in
parentheses. The theoretical error is due partly to the numerical eval-
uation of Feynman diagrams (there are 891 of them at order α4!) and
partly to the fact that, at this level of precision, hadronic contributions
come into play. We also need to know α with sufficient accuracy; this is
provided by the quantum Hall effect.

The gyromagnetic ratio has been measured very precisely also for
the muon, and the accuracy of this measurement has been improved
recently,2 with the result (g − 2)/2|exp = 0.001 165 9208(6), and a theo-2See http://www.g-2.bnl.gov/. This

values updates the value reported in the
2004 edition of the Review of Particle
Physics.

retical prediction (g − 2)/2|th = 0.001 165 9181(7). The remaining dis-
crepancy has aroused much interest, in the hope that it might be a signal
of new physical effects, but to see whether this is actually the case re-
quires first a better theoretical understanding of hadronic contributions,
which are more difficult to compute. In any case, an agreement between
theory and experiment at the level of 10 decimal figures for the electron
(or eight for the muon) is spectacular, and it is among the most precise
in physics.

As we know today, QED is only a part of a larger theory. As we
approach the scales of nuclear physics, i.e. length scales r ∼ 10−13 cm

http://www.g-2.bnl.gov/
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or energies E ∼ 200 MeV, the existence of new interactions becomes
evident: strong interactions are responsible for instance for binding to-
gether neutrons and protons into nuclei, and weak interactions are re-
sponsible for a number of decays, like the beta decay of the neutron
into the proton, electron and antineutrino, n → pe−ν̄e. A successful
theory of beta decay was already proposed by Fermi in 1934. We now
understand the Fermi theory as a low energy approximation to a more
complete theory, that unifies the weak and electromagnetic interactions
into a single conceptual framework, the electroweak theory. This theory,
developed in the early 1970s, together with the fundamental theory of
strong interactions, quantum chromodynamics (QCD), has such spec-
tacular experimental successes that it now goes under the name of the
Standard Model. In the last decade of the 20th century the LEP ma-
chine at CERN performed a large number of precision measurements, at
the level of one part in 104, which are all completely reproduced by the
theoretical predictions of the Standard Model. These results show that
we do understand the laws of Nature down to the scale of 10−17 cm,
i.e. four orders of magnitude below the size of a nucleus and nine orders
of magnitude below the size of an atom. Part of the activity of high
energy physicists nowadays is devoted to the search of physics beyond
the Standard Model. The best hint for new physics presently comes
from the recent experimental evidence for neutrino oscillations. These
oscillations imply that neutrinos have a very small mass, whose deeper
origin is suspected to be related to physics beyond the Standard Model.

The Standard Model has a beautiful theoretical structure; its discov-
ery and development, due among others to Glashow, Weinberg, Salam
and ’t Hooft, requires a number of new concepts compared to QED.
A detailed explanation of the Standard Model is beyond the scope of
this course, but we will discuss two of its main ingredients: non-abelian
gauge fields, or Yang–Mills theories, and spontaneous symmetry break-
ing through the Higgs mechanism.

In spite of the remarkable successes of the Standard Model, the search
for the fundamental laws governing the microscopic world is still very
far from being completed. In the Standard Model itself there is still
a missing piece, since it predicts a particle, the Higgs boson, which
plays a crucial role and which has not yet been observed. LEP, after 11
years of glorious activity, was closed in November 2000, after reaching a
maximum center of mass energy of 209 GeV. The new machine, LHC,
is now under construction at CERN, and together with the Tevatron
collider at Fermilab aims at exploring the TeV (= 103 GeV = 1012 eV)
energy range. It is hoped that they will find the Higgs boson and that
they will test theoretical ideas like supersymmetry that, if correct, are
expected to give observable signals at this energy scale.

Looking much beyond the Standard Model, there is a very substantial
reason for believing that we are still far from a true understanding of the
fundamental laws of Nature. This is because gravity cannot be included
in the conceptual schemes that we have discussed so far. General rela-
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tivity is incompatible with quantum field theory. From an experimental
point of view, at present, this causes no real worry; the energy scale
at which quantum gravity effects are expected to become important is
so huge (of order 1019 GeV) that we can forget them altogether in ac-
celerator experiments.3 There remains the conceptual need for a new3However, this could change in theories

with large extra dimensions. In fact,
both in quantum field theory and in
string theory, have been devised mech-
anisms such that some extra dimen-
sions are accessible only to gravita-
tional interactions, and not to electro-
magnetic, weak or strong interactions.
In this case, it turns out that the ex-
tra dimensions could even be as large
as the millimeter without conflicting
with any experimental result, and the
huge value 1019 GeV of the gravita-
tional scale would emerge from a combi-
nation of the large volume of the extra
dimensions and a much smaller mass-
scale which characterizes the energy
where genuine quantum gravity effects
set in. This new gravitational mass-
scale might even be as low as a few
tens of TeV, and in this case it could
be within the reach of future particle
physics experiments.

theoretical scheme where these two pillars of modern physics, quantum
field theory and general relativity, merge consistently. And, of course,
one should also be subtle enough to find situations where this can give
testable predictions. A consistent theoretical scheme is perhaps slowly
emerging in the form of string theory; but this would lead us very far
from the scope of this course.

1.2 Typical scales in high-energy physics

Before entering into the technical aspects of quantum field theory, it
is important to have a physical understanding of the typical scales of
atomic and particle physics and to be able to estimate what are the
orders of magnitudes involved. Often this can be done just with ele-
mentary dimensional considerations, supplemented by some very basic
physical inputs. We will therefore devote this section to an overview of
order of magnitude estimates in particle physics.

These estimates are much simplified by the use of units � = c = 1. To
understand the meaning of these units, observe first of all that � and c
are universal constants, i.e. they have the same numerical value for all
observers. The speed of light has the value c = 299 792 458 m/s, with
no error because, after having defined the unit of time from a particular
atomic transition (a hyperfine transition of cesium-133) this value of c
is taken as the definition of the meter. However, instead of using the
meter, we can decide to use a new unit of length (or a new unit of
time) defined by the statement that in these units c = 1. Then, the
velocity v of a particle is measured in units of the speed of light, which
is very natural since in particle physics we typically deal with relativistic
objects. In these units 0 � v < 1 for massive particles, and v = 1 for
massless particles.

The Planck constant � is another universal constant, and it has dimen-
sions [energy] × [time] or [length] × [momentum] as we see for instance
from the uncertainty principle. We can therefore choose units of energy
such that � = 1. Then all multiplicative factors of � and c disappear
from our equations and formally, from the point of view of dimensional
analysis,

[velocity] = pure number , (1.2)
[energy] = [momentum] = [mass] , (1.3)
[length] = [mass]−1 . (1.4)

The first two equations follow immediately from c = 1 while the third
follows from the fact that �/(mc) is a length. Thus all physical quantities
have dimensions that can be expressed as powers of mass or, equivalently,
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as powers of length. For instance an energy density, [energy]/[length]3,
becomes a [mass]4. Units � = c = 1 are called natural units.

The fine structure constant α = e2/(4π�c) � 1/137 is a pure num-
ber, and therefore in natural units the electric charge e becomes a pure
number.

To make numerical estimates, it is useful to observe that �c, in ordi-
nary units, has dimensions [energy×time]×[velocity] = [energy]×[length].
In particle physics a useful unit of energy is the MeV (= 106 eV) and a
typical length-scale is the fermi: 1 fm = 10−13 cm; one fm is the typical
size of a proton. Expressing �c in MeV×fm, one gets

�c � 200 MeV fm . (1.5)

(The precise value is 197.326 968 (17) MeV fm.) Then, in natural units,
1 fm � 1/(200 MeV). The following examples will show that sometimes
we can go quite far in the understanding of physics with just very simple
dimensional estimates.

If we want to make dimensional estimates in QED the two parameters
that enter are the fine structure constant α � 1/137 and the electron
mass, me � 0.5 MeV/c2. Note that in units c = 1 masses are expressed
simply in MeV, as energies. We now consider a few examples.

The Compton radius. The simplest length-scale associated to a par-
ticle of mass m in its rest frame is its Compton radius, rC = 1/m. In
particular, for the electron

rC =
1

me
� 200 MeV fm

0.5 MeV
= 4 × 10−11 cm . (1.6)

Since rC does not depend on α, it is the relevant length-scale in situa-
tions in which there is no dependence on the strength of the interaction.
Historically, rC made its first appearance in the Compton scattering of
X-rays off electrons. Classically, the wavelength of the scattered X-rays
should be the same as the incoming waves, since the process is described
in terms of forced oscillations. Quantum mechanically, treating the X-
rays as photons, we understand that part of the momentum hν of the
incoming photon is used to produce the recoil of the electron, so the mo-
mentum of the outgoing photon is smaller, and its wavelength is larger.
The wavelength of the outgoing photon is fixed by energy–momentum
conservation, and therefore is independent of α, so the relevant length-
scale must be rC . Indeed, a simple computation gives

λ′ − λ = rC(1 − cos θ) , (1.7)

where λ, λ′ are the initial and final X-ray wavelengths and θ is the scat-
tering angle.

The hydrogen atom. Let us first estimate the Bohr radius rB . The
only mass that enters the problem is the reduced mass of the electron–
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proton system; since mp � 938 MeV is much bigger than me we can
identify the reduced mass with me, within a precision of 0.05 per cent.
Dimensionally, again rB ∼ 1/me, but now α enters. Clearly, the radius
of the bound state is smaller if the interaction responsible for the binding
is stronger, while it must go to infinity in the limit α → 0, so α must be in
the denominator and it is very natural to guess that rB ∼ 1/(meα). This
is indeed the case, as can be seen with the following argument: by the
uncertainty principle, an electron confined in a radius r has a momentum
p ∼ 1/r. If the electron in the hydrogen atom is non-relativistic (we will
verify the consistency of this hypothesis a posteriori) its kinetic energy
is p2/(2me) ∼ 1/(2mer

2). This kinetic energy must be balanced by
the Coulomb potential, so at the equilibrium radius 1/(2mer

2) ∼ α/r,
which indeed gives rB ∼ 1/(meα). In principle factors of 2 are beyond
the power of dimensional estimates, but here it is quite tempting to
observe that the virial theorem of classical mechanics states that, for a
potential proportional to 1/r, at equilibrium the kinetic energy is one
half of the absolute value of the potential energy, so we would guess,
more precisely, that 1/(2mer

2
B) = α/(2rB), i.e.

rB =
1

meα
� 0.5 × 10−8 cm , (1.8)

which is indeed the definition of the Bohr radius as found in the quantum
mechanical treatment. The typical potential energy of the hydrogen
atom is then

〈V 〉 ∼ V (rB) = − α

rB
= −meα

2 , (1.9)

and, again using the virial theorem, the kinetic energy is

E = −1
2
V ∼ 1

2
meα

2 . (1.10)

This is the kinetic energy of a non-relativistic electron with typical ve-
locity

v ∼ α . (1.11)

Since α 
 1, our approximation of a non-relativistic electron is indeed
consistent. This of course was expected, since we know that, in a first
approximation, the non-relativistic Schrödinger equation gives a good
description of the hydrogen atom.

The sum of the kinetic and potential energy is −(1/2)meα
2 so the

binding energy of the hydrogen atom is

binding energy =
1
2
meα

2 � 1
2

0.5MeV
(

1
137

)2

� 13.6 eV . (1.12)

The Rydberg energy is indeed defined as (1/2)meα
2, and the Schrödinger

equation gives the energy levels

En = −meα
2

2n2
. (1.13)
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In QED this is just the first term of an expansion in α; at next order
one finds the fine structure of the hydrogen atom,

En,j = me

[
− α2

2n2
− α4

2n4

(
n

j + 1
2

− 3
4

)
+ . . .

]
, (1.14)

where j is the total angular momentum and, to be more accurate, the
electron mass should be replaced by the reduced mass memp/(me+mp).
We will derive eq. (1.14) in Solved Problem 3.1. The fine structure con-
stant α gets its name from this formula. From eq. (1.11) we understand
that, in the hydrogen atom, the expansion in α is the same as an expan-
sion in powers of v, and the fine structure of the hydrogen atom is just
the first relativistic correction.

Electron–photon scattering. We want to estimate the cross-section for
the scattering of a photon by an electron, which we take initially at rest,
e−γ → e−γ. We denote by ω the initial photon energy (in natural units
the energy of the photon E = �ω becomes simply ω). The energy of the
final photon is fixed by the initial energy ω and by the scattering angle
θ, so the total cross-section (i.e. the cross-section integrated over the
scattering angle) can depend only on two energy scales, me and ω, and
on the dimensionless coupling α. The dependence on α is determined
observing that the scattering process takes place via the absorption of
the incoming photon and the emission of the outgoing photon. As we
will study in detail in Chapters 5 and 7, this is a process of second order
in perturbation theory and its amplitude is O(e2) so the cross-section,
which is proportional to the squared amplitude, is O(e4), i.e. O(α2).
For a generic incoming photon energy ω, we have two different scales in
the problem and we cannot go very far with dimensional considerations.
Things simplify in the limit ω 
 me. In this limit we can neglect ω
compared to me and we have basically only one mass-scale, me. Since
the cross-section has dimensions [length]2, we can estimate σ ∼ α2/m2

e.
It is therefore useful to define r0,

r0 =
α

me
� 2.8 × 10−13 cm , (1.15)

so that the cross-section is σ ∼ r2
0 . The exact computation gives the

result
σT =

8
3
πr2

0 (1.16)

and the factor of π is also easily understood, since a cross-section is
an effective area, so it is ∼ πr2

0 . The electron–photon cross-section at
ω 
 me is known as the Thomson cross-section and can be computed
just with classical electrodynamics, since when ω 
 me the photons
are well described by a classical electromagnetic field; r0 is therefore
called the classical electron radius, and gives a measure of the size of an
electron, as seen using classical electromagnetic fields as a probe.
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Consider now the opposite limit ω � me. In this case the cross-
section must have a dependence on the energy of the photon and, because
of Lorentz invariance, the cross-section integrated over the angles will
depend on the energy of the photon through the energy in the center
of mass system. If k is the initial four-momentum of the photon and
pe is the initial four-momentum of the electron, the total initial four-
momentum is p = k + pe and the square of the energy in the center of
mass is s = p2. In the rest frame of the electron pe = (me, 0, 0, 0) and
k = (ω, 0, 0, ω), so s = (me+ω)2−ω2 = 2meω+m2

e. In the limit ω � me

we have s � m2
e and we would expect that we can neglect me. Then the

only energy scale is provided by
√

s, and we would expect that σ ∼ α2/s.
Here however there is a subtlety. In the previous case, ω 
 me, we have
implicitly assumed that in the limit ω → 0 the cross-section is finite.
This is indeed the case, since in this limit the electromagnetic field can be
treated classically, and the classical computation gives a finite answer.44In general, not every quantum compu-

tation has a well-defined classical limit;
just think of what happens to the black
body spectrum when � → 0 (indeed,
this example was just the original mo-
tivation of Planck for introducing �!).
However, reinstating � and c explic-
itly, the classical electron radius is r0 =
α(�/mec) = (e2/4π�c)(�/mec) and �

cancels, so the limit � → 0 is well de-
fined.

If instead ω � me, we are effectively taking the limit me → 0; it turns
out that this limit is problematic in QED, and taking me → 0 one finds
so-called infrared divergences. In fact, from the explicit computation
one finds that the correct high-energy limit of the cross-section is

σ � 2πα2

s
log
(

s

m2
e

)
. (1.17)

This is an example of the fact that divergences, which are typical of
quantum field theory, can spoil naive dimensional analysis. We will
examine this issue in a more general context in Section 5.9.

In conclusion, we have found three different scales that can be con-
structed with me and α. The largest is rB = 1/(meα) and gives the
characteristic size of an electron bound by the Coulomb potential of a
proton; rC = 1/me is the characteristic length-scale associated with a
free electron in its rest frame, and the smallest, r0 = α/me, is associated
with classical eγ scattering.

Nucleons and strong interactions. Nuclei are bound states of nucleons,
i.e. of protons and neutrons, with a radius r ∼ A1/3×1 fm, where A is
the total number of nucleons (so that the volume is proportional to A).
From the uncertainty principle, a particle confined within 1 fm has a
momentum p ∼ 1/(1 fm) � 200 MeV. If the nucleons in the nucleus are
non-relativistic, their kinetic energy is

EN � p2
N

2mN
� 20 MeV (1.18)

so this must be the typical scale of nuclear binding energies; the typical
velocity is

vN � pN

mN
� 0.2 . (1.19)

This values of v shows that the non-relativistic approximation is roughly
correct, but relativistic corrections in nuclei are numerically more im-
portant than in atoms. Since the corrections are proportional to v2

(compare eqs. (1.11) and (1.14)), in nuclei they are of order 4%.
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It is also interesting to estimate the analogue of α for the strong
interactions. For this we need to know that the nucleon–nucleon strong
potential is not Coulomb-like, but rather decays exponentially at large
distances,

V � −αs

r
e−mπr , (1.20)

where αs is the coupling constant of strong interactions and mπ �
140 MeV is the mass of a particle, the pion, that at length-scales l>∼1 fm
can be considered the mediator of the strong interaction (we will de-
rive this result in Section 6.6). Consider for instance a proton–neutron
system, which makes a bound state (the nucleus of deuterium) of ra-
dius r ∼ 1 fm. At equilibrium, (−1/2)V must be equal to the kinetic
energy p2/(2m) ∼ 1/(2mr2), where m � mp/2 is the reduced mass of
the two-nucleon system (and the −1/2 comes again from the virial theo-
rem). Since we already know that the equilibrium radius is at r � 1 fm,
we find αs ∼ 2(mpr)−1 exp{mπr}|r=1 fm ∼ 0.8. The precise numerical
value is not of great significance, since we are making order of magni-
tude estimates, but anyway this shows that the coupling αs is not a
small number, and strong interactions cannot be treated perturbatively
in the same way as QED.5 5We will see in Section 5.9 that the

coupling constants actually are not con-
stant at all, but rather depend on the
length-scale at which they are mea-
sured. We will see that the correct
statement is that the theory of strong
interactions, QCD, cannot be treated
perturbatively at length-scales l>∼1 fm,
while αs becomes small at l � 1 fm,
and there perturbation theory works
well.

Lifetime and cross-sections of strong interactions. Hadrons are de-
fined as particles which have strong interactions. If a particle decays
by strong interactions it is possible to estimate its lifetime τ as follows.
The quantities that can enter the computation of the lifetime are the
coupling αs, the masses of the particles involved, and the typical inter-
action radius of the strong interactions. However, these particles have
typical masses in the GeV range, and the interaction range of the strong
interaction ∼ 1fm � (200MeV)−1. Then all energy scales in the problem
are between a few hundred MeV and a few GeV, so in a first approx-
imation we can say that the only length-scale in the problem is of the
order of the fermi. Furthermore, we have seen that αs = O(1). This
means that, in order of magnitude, the lifetimes of particles which decay
by strong interactions are in the ballpark of τ ∼ 1 fm/c ∼ 3 × 10−24 s.
Particles with such a small lifetime only show up as peaks in a plot of
a scattering cross-section against the energy, and are called resonances,
since the mechanism that produces the peak is conceptually the same as
the resonance in classical mechanics (we will discuss resonances in detail
in Section 6.5). The width Γ of the peak is related to the lifetime by
Γ = �/τ or, in natural units,

Γ =
1
τ
∼ 1

1 fm
� 200 MeV . (1.21)

We can estimate similarly the typical cross-sections of processes medi-
ated by strong interactions. Since a cross-section is an effective area,
we must typically have σ ∼ π (1 fm)2 ∼ 3 × 10−26cm2. A common unit
for cross-sections is the barn, 1 barn = 10−24 cm2. Therefore a typical
strong interactions cross-section, in the absence of dynamical phenomena
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like resonances, is of the order of 30 millibarns. Here we have implic-
itly assumed that the particles are relativistic, i.e. their relative speed
is close to one. Otherwise we must take into account that the relevant
length-scale for a particle of mass m and velocity v 
 1 is given by
the De Broglie wavelength λ = 1/(mv) � 1/m, and a typical nuclear
cross-section for slow particles, in the absence of resonances, is of the
order σ ∼ πλ2, see Exercise 1.3.

Electroweak decays. Leptons do not have strong interactions and ei-
ther are stable or decay through electroweak interactions. Furthermore,
strong interactions obey a number of conservation laws, which result in
the fact that also many hadrons cannot decay via the strong interaction;
in this case they decay through electroweak interactions (except for the
proton, which in the Standard Model is stable) and their lifetime is con-
siderably longer than the typical lifetimes τ ∼ 10−24 s of strong decays.
Weak decays span a broad range of lifetimes because they depend on
quite different mass-scales: the electroweak scale, the mass of the decay-
ing particle, and the masses of the decay products. While in the case
of hadronic resonances the scales which are involved are all between a
few hundred MeV and a few GeV, for weak decays these scales can be
very different from each other: the electroweak scale is O(100) GeV,
while the masses of the decaying particle or of the decay products can
be anywhere between zero (for the photon) or less than a few eV (for the
electron neutrino) up to hundreds of GeV. Furthermore the electroweak
coupling constants are not of order one. Rather, the electromagnetic
coupling is α ∼ 1/137 � 0.007 while, as we will discuss in Chapter 8,
weak interactions are characterized by two coupling constants g2/(4π)
and ḡ2/(4π) both numerically of order 0.1. For these reasons the elec-
troweak lifetimes, even in order of magnitude, vary from case to case.
Some examples are given in Table 1.1.

Table 1.1 Examples of electroweak decays.
In the right column we give the lifetime of
the decaying particle and in the left column
its main decay mode. Observe the broad
range of lifetimes. For lifetimes so small as
for the Z0, it is more convenient to give the
decay width. For the Z0, the full width is
Γ = 2.4952(23) GeV.

main mode lifetime (sec)

n → pe−ν̄e 0.8857(8) × 103

µ− → e−ν̄eνµ 2.19703(4) × 10−6

π+ → µ+νµ 2.6033(5) × 10−8

Λ0 → pπ− 2.632(20) × 10−10

K0
S → π+π− 0.8958(6) × 10−10

π0 → γγ 0.84(6) × 10−16

Σ0 → Λγ 0.74(7) × 10−19

Z0 → hadrons 2.6379(24) × 10−25

The lifetime can be written as

τ =
�

Γ
=

�∑
i Γi

(1.22)

where in the last equality the sum runs over all decay channels. Γ is
called the full width, while the Γi are the partial widths relative to the
decay mode labeled by i. In the first column of Table 1.1 we give the
dominant decay mode, i.e. the mode with the largest partial width. In
the second column we give the lifetime, i.e. the inverse of the full width.
The quantity Γi/Γ is called the branching ratio of the mode labeled by
i. We will compute explicitly many weak decays in the Solved Problems
section of Chapter 8.

The Planck mass. Using simple dimensional estimates we can also
understand the statement made at the end of Section 1.1 that, in the
realm of particle physics, gravity enters into play only at huge energies.
Comparing the Newton potential V = −GNm2/r with a Coulomb po-
tential V = −e2/4πr = −(α�c)/r, we see that GN times a mass squared
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has the dimensions of �c. Therefore from the fundamental constants
�, c, GN we can build a mass-scale

MPl =
√

�c

GN
, (1.23)

known as the Planck mass, whose numerical value is MPl � 1.2 ×
1019 GeV/c2. In natural units, then, GN = 1/M2

Pl and we see, com-
paring the Newton and Coulomb laws, that the gravitational analogue
of the fine structure constant is (m/MPl)2. More precisely, since in gen-
eral relativity any form of energy is a source for the gravitational field,
particles with an energy E have an effective gravitational coupling

αG =
E2

M2
Pl

. (1.24)

At the typical energies of particle physics, say E ∼ 1 GeV, we have
αG ∼ 10−38 and gravity is completely irrelevant. In the realm of parti-
cle physics, gravity becomes important only at energies comparable to
the Planck scale. These considerations only apply to the microscopic
domain. On the macroscopic scale, gravity can become more important
than electric interactions because it is always attractive, so it has a cu-
mulative effect, while on a large scale the electrostatic forces are screened
by the formation of electrically neutral objects, and the residual force
decreases faster than 1/r2.

Since MPl provides a natural mass-scale, in quantum gravity it is
customary to use units in which not only � and c but also MPl are
set equal to one. These are called Planck units, and in these units all
physical quantities are dimensionless. We will not use them in this book.

Further reading

• A historical introduction to quantum field theory
is given in Weinberg (1995), Chapter 1.

• The standard compilation of experimental data
for high-energy physics is the Review of Particle
Physics of the Particle Data Group. Unless ex-
plicitly stated otherwise, our experimental data are
taken from the 2004 edition, S. Eidelman et al.,
Phys. Lett. B592, 1 (2004), also available on-line
at http://pdg.lbl.gov.

• Precision measurements are a fascinating field
by themselves; the experimentally minded stu-
dent might enjoy browsing the detailed article by
F. J. M. Farley and E. Picasso, The muon g-2 ex-
periment, in T. Kinoshita ed., Quantum Electrody-

namics, World Scientific, Singapore 1990. Recently
the measure of the g − 2 of the muon has been fur-
ther improved by an experiment in Brookhaven, see
the link http://www.g-2.bnl.gov/

• A well-written popular book, which gives a flavor
of modern research in quantum gravity and string
theory is B. Greene, The elegant universe: super-
strings, hidden dimensions, and the quest for the
ultimate theory, Norton, New York 1999.

• QFT is a domain where there can be an interplay
between frontier research in theoretical physics and
in pure mathematics, and in the last decades this
has generated important advances in both fields.
The physicist who wishes an introduction to the ap-

http://www.g-2.bnl.gov/
http://pdg.lbl.gov
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plication to physics of important concepts of geom-
etry and topology (like cohomology groups, com-
plex manifolds, fibre bundles, characteristic classes,
etc.) can consult, for instance, Nakahara (1990).
These concepts find many applications in the the-
ory of non-abelian gauge fields and in string the-

ory. Conversely, the mathematician interested in
the mathematical applications of QFT, supersym-
metry and string theory is referred to P. Deligne
et al. eds., Quantum Fields and Strings: A Course
for Mathematicians, AMS IAS 1999.

Exercises

(1.1) The Universe is permeated by a thermal back-
ground of electromagnetic radiation at a temper-
ature T = 2.725(1) K (the cosmic microwave back-
ground radiation, or CMB). Estimate with dimen-
sional arguments the energy density of this gas of
photons and compare it with the critical density for
closing the Universe, ρc ∼ 0.5 × 10−5GeV/cm3.

[Hint: a useful mnemonic for kB is given by
the fact that, at room temperature T = 300 K,
kBT � (1/40) eV. In the energy density, the nu-
merical constant in front of (kBT )4 turns out to be
(π2/30)g(T ), where g(T ) is of the order of the num-
ber of particles which are relativistic at a temper-
ature T , i.e. which have m � T . With T � 2.7 K,
only the photon and at most three neutrinos are
relativistic and g(T ) is between 3 and 4. Then,
for the purpose of this exercise, the only thing that
matters is that the constant (π2/30)g(T ) is of order
one.]

(1.2) Model the Sun as an ionized plasma of electrons

and protons, with an average temperature T �
4.5 × 106 K and an average mass density ρ �
1.4 gm/cm3. Estimate the mean free path of pho-
tons in the Sun’s interior, and compare the con-
tribution to the mean free path coming from the
scattering on electrons with that from the scatter-
ing on protons. Knowing that the radius of the Sun
is R� � 6.96×1010 cm, estimate the total time that
a photon takes to escape from the Sun.

[Hint: recall that the mean free path l of a particle
scattering off an ensemble of targets with number
density (i.e. particles per unit volume) n and cross-
section σ is

l =
1

nσ
(1.25)

or, if there are different species of targets, l =
1/
P

i niσi.]

(1.3) Estimate the cross-section for a non-relativistic
neutron with kinetic energy E ∼ 1 MeV, scattering
on a proton at rest.
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We mentioned in the Introduction that quantum field theory (QFT) is
a synthesis of the principles of quantum mechanics and of special rel-
ativity. Our first task will be to understand how Lorentz symmetry is
implemented in field theory. We will study the representations of the
Lorentz group in terms of fields and we will introduce scalar, spinor,
and vector fields. We will then examine the information coming from
Poincaré invariance. This chapter is rather mathematical and formal.
The effort will pay, however, since an understanding of this group the-
oretical approach greatly simplifies the construction of the Lagrangians
for the various fields in Chapter 3 and gives in general a deeper under-
standing of various aspects of QFT.

From now on we always use natural units � = c = 1.

2.1 Lie groups

Lie groups play a central role in physics, and in this section we recall
some of their main properties. In the next sections we will apply these
concepts to the study of the Lorentz and Poincaré groups.

A Lie group is a group whose elements g depend in a continuous and
differentiable way on a set of real parameters θa, a = 1, . . . , N . Therefore
a Lie group is at the same time a group and a differentiable manifold.
We write a generic element as g(θ) and without loss of generality we
choose the coordinates θa such that the identity element e of the group
corresponds to θa = 0, i.e. g(0) = e.

A (linear) representation R of a group is an operation that assigns to
a generic, abstract element g of a group a linear operator DR(g) defined
on a linear space,

g �→ DR(g) (2.1)

with the properties that
(i): DR(e) = 1, where 1 is the identity operator, and
(ii): DR(g1)DR(g2) = DR(g1g2), so that the mapping preserves the

group structure.
The space on which the operators DR act is called the basis for the

representation R. A typical example of a representation is a matrix rep-
resentation. In this case the basis is a vector space of finite dimension
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n, and an abstract group element g is represented by a n × n matrix
(DR(g))i

j , with i, j = 1, . . . , n. The dimension of the representation
is defined as the dimension n of the base space. Writing a generic el-
ement of the base space as (φ1, . . . , φn), a group element g induces a
transformation of the vector space

φi → (DR(g))i
jφ

j . (2.2)

Equation (2.2) allows us to attach a physical meaning to a group ele-
ment: before introducing the concept of representation, a group element
g is just an abstract mathematical object, defined by its composition
rules with the other group members. Choosing a specific representation
instead allows us to interpret g as a transformation on a certain space;
for instance, taking as group SO(3) and as base space the spatial vectors
v, an element g ∈ SO(3) can be interpreted physically as a rotation in
three-dimensional space.

A representation R is called reducible if it has an invariant subspace,
i.e. if the action of any DR(g) on the vectors in the subspace gives
another vector of the subspace. Conversely, a representation with no
invariant subspace is called irreducible. A representation is completely
reducible if, for all elements g, the matrices DR(g) can be written, with
a suitable choice of basis, in block diagonal form. In other words, in a
completely reducible representation the basis vectors φi can be chosen
so that they split into subsets that do not mix with each other under
eq. (2.2). This means that a completely reducible representation can be
written, with a suitable choice of basis, as the direct sum of irreducible
representations.

Two representations R, R′ are called equivalent if there is a matrix
S, independent of g, such that for all g we have DR(g) = S−1DR′(g)S.
Comparing with eq. (2.2), we see that equivalent representations corre-
spond to a change of basis in the vector space spanned by the φi.

When we change the representation, in general the explicit form and
even the dimensions of the matrices DR(g) will change. However, there
is an important property of a Lie group that is independent of the rep-
resentation. This is its Lie algebra, which we now introduce.

By the assumption of smoothness, for θa infinitesimal, i.e. in the
neighborhood of the identity element, we have

DR(θ) � 1 + iθaT a
R , (2.3)

with
T a

R ≡ −i
∂DR

∂θa

∣∣∣∣
θ=0

. (2.4)

The T a
R are called the generators of the group in the representation R.

It can be shown that, with an appropriate choice of the parametrization
far from the identity, the generic group elements g(θ) can always be
represented by11To be precise, this is only true for the

component of the group manifold con-
nected with the identity.

DR(g(θ)) = eiθaT a
R , (2.5)
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whose infinitesimal form reproduces eq. (2.3). The factor i in the defi-
nition (2.4) is chosen so that, if in the representation R the generators
are hermitian, then the matrices DR(g) are unitary. In this case R is a
unitary representation.

Given two matrices DR(g1) = exp(iαaT a
R) and DR(g2) = exp(iβaT a

R),
their product is equal to DR(g1g2) and therefore must be of the form
exp(iδaT a

R), for some δa(α, β),

eiαaT a
R eiβaT a

R = eiδaT a
R . (2.6)

Observe that T a
R is a matrix. If A, B are matrices, in general eAeB �=

eA+B, so in general δa �= αa + βa. Taking the logarithm and expanding
up to second order in α and β we get

iδaT
a
R = log

{
[1 + iαaT a

R +
1
2
(iαaT a

R)2][1 + iβaT a
R +

1
2
(iβaT a

R)2]
}

(2.7)

= log
[
1 + i(αa + βa)T a

R − 1
2
(αaT a

R)2 − 1
2
(βaT a

R)2 − αaβbT
a
RT b

R

]
.

Expanding the logarithm, log(1 + x) � x − x2/2, and paying attention
to the fact that the T a

R do not commute we get

αaβb

[
T a

R, T b
R

]
= iγc(α, β)T c

R , (2.8)

with γc(α, β) = −2(δc(α, β) − αc − βc). Since this must be true for all
α and β, γc must be linear in αa and in βa, so the relation between γ
and α, β must be of the general form γc = αaβbf

ab
c for some constants

fab
c. Therefore

[T a, T b] = ifab
cT

c . (2.9)

This is called the Lie algebra of the group under consideration. Two im-
portant points must be noted here. The first is that, even if the explicit
form of the generators T a depends on the representation used, the struc-
ture constants fab

c are independent of the representation. In fact, if fab
c

were to depend on the representation, γa and therefore δa would also
depend on R, so it would be of the form δa

R(α, β). Then from eq. (2.6)
we would conclude that the product of the group elements g1 and g2

gives a result which depends on the representation. This is impossible,
since the result of the multiplication of two abstract group element g1g2

is a property of the group, defined at the abstract group level without
any reference to the representations. Therefore, we conclude that f ab

c

are independent of the representation.2 The second important point is

2Actually, the generators of a Lie group
can even be defined without making
any reference to a specific represen-
tation. One makes use of the fact
that a Lie group is also a manifold,
parametrized by the coordinates θa,
and defines the generators as a basis of
the tangent space at the origin. One
then proves that their commutator (de-
fined as a Lie bracket) is again a tan-
gent vector, and therefore it must be a
linear combination of the basis vector.
In this approach no specific represen-
tation is ever mentioned, so it becomes
obvious that the structure constants are
independent of the representation. See,
e.g., Nakahara (1990), Section 5.6.

that this equation has been derived requiring the consistency of eq. (2.6)
to second order; however, once this is satisfied, it can be proved that no
further requirement comes from the expansion at higher orders.

Thus the structure constants define the Lie algebra, and the problem
of finding all matrix representations of a Lie algebra amounts to the
algebraic problem of finding all possible matrix solutions T a

R of eq. (2.9).
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A group is called abelian if all its elements commute between them-
selves, otherwise the group is non-abelian. For an abelian Lie group
the structure constants vanish, since in this case in eq. (2.6) we have
δa = αa + βa. The representation theory of abelian Lie algebras is very
simple: any d-dimensional abelian Lie algebra is isomorphic to the di-
rect sum of d one-dimensional abelian Lie algebras. In other words, all
irreducible representations of abelian groups are one-dimensional. The
non-trivial part of the representation theory of Lie algebras is related to
the non-abelian structure.

In the study of the representations, an important role is played by
the Casimir operators. These are operators constructed from the T a

that commute with all the T a. In each irreducible representation, the
Casimir operators are proportional to the identity matrix, and the pro-
portionality constant labels the representation. For example, the angu-
lar momentum algebra is

[
J i, Jj

]
= iεijkJk and the Casimir operator is

J2. On an irreducible representation, J2 is equal to j(j + 1) times the
identity matrix, with j = 0, 1

2 , 1, . . ..
A Lie group that, considered as a manifold, is a compact manifold is

called a compact group. Spatial rotations are an example of a compact
Lie group, while we will see that the Lorentz group is non-compact. A
theorem states that non-compact groups have no unitary representations
of finite dimension, except for representations in which the non-compact
generators are represented trivially, i.e. as zero. The physical rele-
vance of this theorem is due to the fact that in a unitary representation
the generators are hermitian operators and, according to the rules of
quantum mechanics, only hermitian operators can be identified with ob-
servables. If a group is non-compact, in order to identify its generators
with physical observables we need an infinite-dimensional representa-
tion. We will see in this chapter that the Lorentz and Poincaré groups
are non-compact, and that infinite-dimensional representations are ob-
tained introducing the Hilbert space of one-particle states.

2.2 The Lorentz group

The Lorentz group is defined as the group of linear coordinate transfor-
mations,

xµ → x′µ = Λµ
νxν (2.10)

which leave invariant the quantity

ηµνxµxν = t2 − x2 − y2 − z2 . (2.11)

The group of transformations of a space with coordinates (y1, . . . ym,
x1, . . . xn), which leaves invariant the quadratic form (y2

1 + . . . + y2
m) −

(x2
1 + . . . + x2

n) is called the orthogonal group O(n, m), so the Lorentz
group is O(3, 1). The condition that the matrix Λ must satisfy in order
to leave invariant the quadratic form (2.11) is

ηµνx′µx′ν = ηµν(Λµ
ρx

ρ)(Λν
σxσ) = ηρσxρxσ. (2.12)
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Since this must hold for x generic, we must have

ηρσ = ηµνΛµ
ρΛ

ν
σ . (2.13)

In matrix notation, this can be rewritten as η = ΛT ηΛ. Taking the de-
terminant of both sides, we therefore have (det Λ)2 = 1 or detΛ = ±1.
Transformations with detΛ = −1 can always be written as the product
of a transformation with detΛ = 1 and of a discrete transformation that
reverses the sign of an odd number of coordinates, e.g. a parity trans-
formation (t, x, y, z) → (t,−x,−y,−z), or a reflection around a single
spatial axis (t, x, y, z) → (t,−x, y, z), or a time-reversal transformation,
(t, x, y, z) → (−t, x, y, z). Transformations with detΛ = +1 are called
proper Lorentz transformations. The subgroup of O(3, 1) with detΛ = 1
is denoted by SO(3, 1).

Writing explicitly the 00 component of eq. (2.13) we find

1 = (Λ0
0)

2 −
3∑

i=1

(Λi
0)

2 (2.14)

which implies that (Λ0
0)

2 � 1. Therefore the proper Lorentz group
has two disconnected components, one with Λ0

0 � 1 and one with
Λ0

0 � −1, called orthochronous and non-orthochronous, respectively.
Any non-orthochronous transformation can be written as the product
of an orthochronous transformation and a discrete inversion of the type
(t, x, y, z) → (−t,−x,−y,−z), or (t, x, y, z) → (−t,−x, y, z), etc. It is
convenient to factor out all these discrete transformations, and to rede-
fine the Lorentz group as the component of SO(3, 1) for which Λ0

0 � 1.
If we consider an infinitesimal transformation

Λµ
ν = δµ

ν + ωµ
ν (2.15)

eq. (2.13) gives
ωµν = −ωνµ . (2.16)

An antisymmetric 4 × 4 matrix has six independent elements, so the
Lorentz group has six parameters. These are easily identified: first
of all we have the transformations which leave t invariant. This is
just the SO(3) rotation group, generated by the three rotations in the
(x, y), (x, z) and (y, z) planes. Furthermore, we have three transforma-
tions in the (t, x), (t, y) and (t, z) planes that leave invariant t2−x2, etc.
A transformation that leaves t2 −x2 invariant is called a boost along the
x axis, and can be written as

t → γ(t + vx) , x → γ(x + vt) . (2.17)

with γ = (1 − v2)−1/2 and −1 < v < 1. Its physical meaning is un-
derstood looking at the small v limit, where it reduces to the velocity
transformation of classical mechanics. It is therefore the relativistic gen-
eralization of a velocity transformation. The six independent parameters
of the Lorentz group can therefore be taken as the three rotation angles
and the three components of the velocity v.
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Since −1 < v < 1, we can write v = tanh η, with −∞ < η < +∞.
Then γ = cosh η and eq. (2.17) can be written as a hyperbolic rotation,

t → (cosh η)t + (sinh η)x
x → (sinh η)t + (cosh η)x . (2.18)

The variable η is called the rapidity.
We see that the Lorentz group is parametrized in a continuous and

differentiable way by six parameters, and it is therefore a Lie group.
However, in the Lorentz group one of the parameters is the modulus
of the boost velocity, |v|, which ranges over the non-compact interval
0 � |v| < 1. Therefore the Lorentz group is non-compact.

2.3 The Lorentz algebra

We have seen that the Lorentz group has six parameters, the six inde-
pendent elements of the antisymmetric matrix ωµν , to which correspond
six generators. It is convenient to label the generators as Jµν , with a
pair of antisymmetric indices (µ, ν), so that Jµν = −Jνµ. A generic
element Λ of the Lorentz group is therefore written as

Λ = e−
i
2 ωµνJµν

. (2.19)

The factor 1/2 in the exponent compensates for the fact that we are
summing over all µ, ν rather than over the independent pairs with µ < ν,
and therefore each generator is counted twice.

By definition a set of objects φi, with i = 1, . . . , n, transforms in a
representation R of dimension n of the Lorentz group if, under a Lorentz
transformation,

φi →
[
e−

i
2 ωµνJµν

R

]i
j

φj , (2.20)

where exp{−(i/2)ωµνJµν
R } is a matrix representation of dimension n of

the abstract element (2.19) of the Lorentz group; Jµν
R are the Lorentz

generators in the representation R, and are n × n matrices. Under
an infinitesimal transformation with infinitesimal parameters ωµν , the
variation of φi is

δφi = − i

2
ωµν(Jµν

R )i
jφ

j . (2.21)

In (Jµν
R )i

j the pair of indices µ, ν identify the generator while the indices
i, j are the matrix indices of the representation that we are considering.

All physical quantities can be classified accordingly to their transfor-
mation properties under the Lorentz group. A scalar is a quantity that is
invariant under the transformation. A typical Lorentz scalar in particle
physics is the rest mass of a particle. A contravariant four-vector V µ is
defined as an object that satisfies the transformation law

V µ → Λµ
νV ν , (2.22)

with Λµ
ν defined by the condition (2.13). A covariant four-vector Vµ

transforms as Vµ → Λµ
νVν , with Λµ

ν = ηµρη
νσΛρ

σ. One immediately
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verifies that, if V µ is a contravariant four-vector, then Vµ ≡ ηµνV ν is a
covariant four-vector. We refer generically to covariant and contravari-
ant four-vectors simply as four-vectors. The space-time coordinates xµ

are the simplest example of four-vector. Another particularly important
example is given by the four-momentum pµ = (E,p).

The explicit form of the generators (Jµν
R )i

j as n×n matrices depends
on the particular representation that we are considering. For a scalar φ,
the index i takes only one value, so it is a one-dimensional representation,
and (Jµν)i

j is a 1 × 1 matrix, i.e. a number, for each given pair (µ, ν).
But in fact, by definition, on a scalar a Lorentz transformation is the
identity transformation, so δφ = 0 and Jµν = 0. A representation in
which all generators are equal to zero is trivially a solution of eq. (2.9),
for any Lie group, and so it is called the trivial representation.

The four-vector representation is more interesting. In this case i, j
are themselves Lorentz indices, so each generator Jµν is represented by
a 4 × 4 matrix (Jµν)ρ

σ. The explicit form of this matrix is

(Jµν)ρ
σ = i (ηµρ δν

σ − ηνρ δµ
σ) . (2.23)

This can be shown observing that, from eqs. (2.22) and (2.15), the vari-
ation of a four-vector V µ under an infinitesimal Lorentz transformation
is δV µ = ωµ

νV ν , which can be rewritten as

δV ρ = − i

2
ωµν(Jµν)ρ

σ V σ , (2.24)

with (Jµν)ρ
σ given by eq. (2.23) (this solution for Jµν is unique be-

cause we require the antisymmetry under µ ↔ ν). This representation
is irreducible since a generic Lorentz transformation mixes all four com-
ponents of a four-vector and therefore there is no change of basis that
allows us to write (Jµν)ρ

σ in block diagonal form. We can now use the
explicit expression (2.23) to compute the commutators, and we find

[Jµν , Jρσ] = i (ηνρJµσ − ηµρJνσ − ηνσJµρ + ηµσJνρ) . (2.25)

This is the Lie algebra of SO(3, 1). It is convenient to rearrange the six
components of Jµν into two spatial vectors,

J i =
1
2
εijkJjk , Ki = J i0 . (2.26)

In terms of J i, Ki the Lie algebra of the Lorentz group (2.25) becomes[
J i, Jj

]
= iεijkJk , (2.27)[

J i, Kj
]
= iεijkKk , (2.28)[

Ki, Kj
]
= −iεijkJk . (2.29)

Equation (2.27) is the Lie algebra of SU(2) and this shows that J i,
defined in eq. (2.26), is the angular momentum. Instead eq. (2.28) ex-
presses the fact that K is a spatial vector.
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We also introduce the definitions θi = (1/2)εijkωjk and ηi = ωi0.
Then

1
2
ωµνJµν = ω12J

12 + ω13J
13 + ω23J

23 +
3∑

i=1

ωi0J
i0

= θ · J − η · K , (2.30)

where we used ωi0 = −ωi0 = −ηi while ω12 = ω12 = θ3, etc. Then a
Lorentz transformation can be written as

Λ = exp{−iθ · J + iη · K} . (2.31)

With our definitions θi = +(1/2)εijkωjk and ηi = +ωi0 a rotation by
an angle θ > 0 in the (x, y) plane rotates counterclockwise the position
of a point P with respect to a fixed reference frame,3 while performing3This is the “active” point of view. Al-

ternatively, we can say that we keep P
fixed and we rotate the reference frame
clockwise; this is the “passive” point of
view.

a boost of velocity v on a particle at rest we get a particle with velocity
+v. To check these signs, we can consider infinitesimal transformations,
and use the explicit form (2.23) of the generators. Performing a rotation
by an angle θ around the z axis, eqs. (2.31) and (2.23) give

δxµ = −iθ(J12)µ
νxν = θ (η1µδ2

ν − η2µδ1
ν)xν (2.32)

and therefore δx = −θy and δy = +θx, corresponding to a counterclock-
wise rotation. Similarly, performing a boost along the x axis,

δxµ = +iη(J10)µ
νxν = −η (η1µδ0

ν − η0µδ1
ν)xν (2.33)

and therefore δt = +η x and δx = +η t, which is the infinitesimal form
of eq. (2.18).

2.4 Tensor representations

By definition a tensor T µν with two contravariant (i.e. upper) indices is
an object that transforms as

T µν → Λµ
µ′Λν

ν′T µ′ν′
. (2.34)

In general, a tensor with an arbitrary number of upper and lower indices
transforms with a factor Λµ

µ′ for each upper index and a factor Λ µ′
µ for

each lower index.
Tensors are examples of representations of the Lorentz group. For

instance, a generic tensor T µν with two indices has 16 components and
eq. (2.34) shows that these 16 components transform among themselves,
i.e. they are a basis for a representation of dimension 16. However, this
representation is reducible. From eq. (2.34) we see that, if T µν is an-
tisymmetric, after a Lorentz transformation it remains antisymmetric,
while if it is symmetric it remains symmetric. So the symmetric and
antisymmetric parts of a tensor T µν do not mix, and the 16-dimensional
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representation is reducible into a six-dimensional antisymmetric repre-
sentation Aµν = (1/2)(T µν −T νµ) and a 10-dimensional symmetric rep-
resentation Sµν = (1/2)(T µν + T νµ). Furthermore, also the trace of a
symmetric tensor is invariant,

S ≡ ηµνSµν → ηµνΛµ
ρΛ

ν
σSρσ = S , (2.35)

where in the last step we used the defining property of the Lorentz group,
eq. (2.13). This means, in particular, that a traceless tensor remains
traceless after a Lorentz transformation, and thus the 10-dimensional
symmetric representation decomposes further into a nine-dimensional
irreducible symmetric traceless representation, Sµν − (1/4)ηµνS, and
the one-dimensional scalar representation S.

The following notation is commonly used: an irreducible represen-
tation is denoted by its dimensionality, written in boldface. Thus the
scalar representation is denoted as 1, the four-vector representation as 4,
the antisymmetric tensor as 6 and the traceless symmetric tensor as 9.4 4If two inequivalent representations

happen to have the same dimensional-
ity one can use a prime or an index to
distinguish between them.

The tensor representation (2.34) is a tensor product of two four-vector
representations, which means that each of the two indices of T µν trans-
forms separately as a four-vector index, i.e. with the matrix Λ. The
tensor product of two representations is denoted by the symbol ⊗. We
have found above that the tensor product of two four-vector representa-
tions decomposes into the direct sum of the 1,6, and 9 representations.
Denoting the direct sum by ⊕, we have5 5In Exercise 2.5 we discuss the sep-

aration of the representation 6, i.e.
the antisymmetric tensor, into its self-
dual and anti-self-dual parts, both in
Minkowski space and in a Euclidean
space with metric δµν . We will see
that in the Euclidean case the anti-
symmetric tensor Aµν is reducible and
decomposes into two three-dimensional
representations corresponding to self-
dual and anti-self-dual tensors, while in
Minkowski space an antisymmetric ten-
sor Aµν with real components is irre-
ducible.

4 ⊗ 4 = 1⊕ 6⊕ 9 . (2.36)

The decomposition into irreducible representations of tensors with more
than two indices can be obtained similarly. The most general irreducible
tensor representations of the Lorentz group are found starting from a
generic tensor with an arbitrary number of indices, removing first all
traces, and then symmetrizing or antisymmetrizing over all pairs of in-
dices. Note that, using ηµν , we can always restrict to contravariant
tensors; for instance V µ and Vµ are equivalent representations.

All tensor representations are in a sense derived from the four-vector
representation, since the transformation law of a tensor is obtained ap-
plying separately on each Lorentz index the matrix Λµ

ν that defines the
transformation of four-vectors. This means that (as the name suggests)
tensor representations are tensor products of the four-vector representa-
tion. For this reason, the four-vector representation plays a distinguished
role and is called the fundamental representation of SO(3, 1).6 6To avoid all misunderstanding, we an-

ticipate that in Section 2.5 we will
enlarge the definition of the Lorentz
group to include spinorial representa-
tions. With this enlarged definition,
four-vectors are no longer the funda-
mental representation of the Lorentz
group. Instead, all representations of
the Lorentz group will be built from the
spinorial representations (1/2, 0) and
(0, 1/2) that will be defined in Sec-
tion 2.5.

Another representation of special importance is the adjoint representa-
tion. It is a representation which has the same dimension as the number
of generators. This means that we can use the same type of indices a, b, c
for labeling the generator and its matrix elements, and for any Lie group
it can be written in full generality in terms of the structure constants,
as

(T a
adj)

b
c = −ifab

c . (2.37)

The Lie algebra (2.9) is automatically satisfied by (2.37). This follows
from the fact that, for all matrices A, B, C, there is an algebraic identity
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known as the Jacobi identity,

[A, [B, C]] + [B, [C, A]] + [C, [A, B]] = 0 , (2.38)

which is easily verified writing the commutators explicitly. Setting in
this identity A = T a, B = T b and C = T c we find that the structure
constants of any Lie group obey the identity

fab
df

cd
e + f bc

df
ad

e + f ca
df

bd
e = 0 . (2.39)

If we substitute eq. (2.37) into eq. (2.9), we see that the Lie algebra is
automatically satisfied because of eq. (2.39).

For the Lorentz group, the adjoint representation has dimension six, so
it is given by the antisymmetric tensor Aµν . The adjoint representation
plays an especially important role in non-abelian gauge theories, as we
will see in Chapter 10.

All the representation theory on tensors that we have developed having
in mind SO(3, 1) goes through for SO(n) or SO(n, m) generic, simply
replacing ηµν with δµν for SO(n), or with a diagonal matrix with n
minus signs and m plus sign for SO(n, m).

2.4.1 Decomposition of Lorentz tensors under
SO(3)

Since we know how a tensor behaves under a generic Lorentz transfor-
mation, we know in particular its transformation properties under the
SO(3) rotation subgroup, and we can therefore ask what is the angu-
lar momentum j of the various tensor representations. Recall that the
representations of SO(3) are labeled by an index j which takes integer
values j = 0, 1, 2, . . ., and the dimension of the representation labeled
by j is 2j + 1. Within each representation, these 2j + 1 states are la-
beled by jz = −j, . . . , j. For SO(3), it is more common to denote the
representation as j, i.e. to label it with the angular momentum rather
than with the dimension of the representation, 2j + 1. In this notation,
0 is the scalar (also called the singlet), 1 is a triplet with components
jz = −1, 0, 1, while 2 is a representation of dimension 5, etc. (if we
rather use the same convention as in the case of the Lorentz group, i.e.
we label them by their dimensionality, we should write 1,3,5, . . .).

A Lorentz scalar is of course also scalar under rotations, so it has
j = 0. A four-vector V µ = (V 0,V) is an irreducible representation
of the Lorentz group, since a generic Lorentz transformation mixes all
four components, but from the point of view of the SO(3) subgroup it is
reducible: spatial rotations do not mix V 0 with V; V 0 is invariant under
spatial rotations, so it has j = 0, while the three spatial components V i

form an irreducible three-dimensional representation of SO(3), so they
have j = 1. In group theory language we say that, from the point of
view of spatial rotations, a four-vector decomposes into the direct sum
of a scalar and a j = 1 representation,

V µ ∈ 0⊕ 1 (2.40)
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or, if we prefer to label the representations by their dimension, rather
than by j, we write 4 = 1 ⊕ 3. The former notation indicates more
clearly what are the spins involved while the latter makes apparent that
the number of degrees of freedom on the left-hand side matches those
on the right-hand side.

We now want to understand what angular momenta appear in a
generic tensor T µν with two indices. By definition a tensor T µν trans-
forms as the tensor product of two four-vector representations. Since,
from the point of view of SO(3), a four-vector is 0⊕ 1, a generic tensor
with two indices has the following decomposition in angular momenta

T µν ∈ (0⊕ 1) ⊗ (0⊕ 1) = (0 ⊗ 0) ⊕ (0 ⊗ 1) ⊕ (1 ⊗ 0) ⊕ (1 ⊗ 1)
= 0 ⊕ 1⊕ 1⊕ (0⊕ 1 ⊕ 2) . (2.41)

In the last step we used the usual rule of composition of angular mo-
menta, which says that composing two angular momenta j1 and j2 we
get all angular momenta between |j1 − j2| and j1 + j2, so 0 ⊗ 0 = 0,
0⊗1 = 1 and 1⊗1 = 0⊕1⊕2. Thus, in the decomposition of a generic
tensor T µν in representations of the rotation group, the j = 0 represen-
tation appears twice, the j = 1 representation appears three times, and
the j = 2 once.

It is interesting to see how these representations are shared between
the symmetric traceless, the trace and the antisymmetric part of the
tensor T µν , since these are the irreducible Lorentz representations. The
trace is a Lorentz scalar, so it is in particular scalar under rotations and
therefore is a 0 representation. An antisymmetric tensor Aµν has six
components, which can be written as A0i and (1/2)εijkAjk. These are
two spatial vectors and therefore

Aµν ∈ 1 ⊕ 1 . (2.42)

For example, an important antisymmetric tensor in electromagnetism
is the field strength tensor Fµν , and in this case the two vectors are
Ei = −F 0i and Bi = −(1/2)εijkF jk, i.e. the electric and magnetic
fields. Another example of an antisymmetric tensor is given by the
Lorentz generators Jµν themselves; in this case the two spatial vectors
are the angular momentum and the boost generators that have been
introduced in eq. (2.26).

Since we have identified the trace S with a 0 and Aµν with 1 ⊕ 1,
comparison with eq. (2.41) shows that the nine components of a sym-
metric traceless tensor Sµν decompose, from the point of view of spatial
rotations, as

Sµν ∈ 0⊕ 1⊕ 2 . (2.43)

Observe that, when in eq. (2.41) we write T µν as (0⊕ 1)⊗ (0⊕ 1), the
first 0 corresponds to taking the index µ = 0, the first 1 corresponds to
taking the index µ = i, and similarly for the second factor (0 ⊕ 1) and
the index ν. Therefore the term (0⊗0) in eq. (2.41) corresponds to T 00,
(0 ⊗ 1) is T 0i, (1 ⊗ 0) is T i0 and (1 ⊗ 1) is T ij . It is clear that T 00 is
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a scalar under spatial rotations, while T 0i and T i0 are spatial vectors.
As for T ij , the antisymmetric part Aij = T ij − T ji is a vector, as can
be seen considering εijkAjk; this gives the third 1 representation. The
symmetric part Sij = T ij + T ji can be separated into its trace, which
gives the second 0 representation, and the traceless symmetric part,
which therefore must have j = 2. For example, gravitational waves can
be described by a traceless symmetric spatial tensor (transverse to the
propagation direction) and therefore have spin 2, see Exercise 2.6.

In general, a symmetric tensor with N indices contains angular mo-
menta up to j = N . In four dimensions, higher antisymmetric tensors
are instead less interesting, because the index µ takes only four values
0, . . . , 3 and therefore we cannot antisymmetrize over more than four
indices, otherwise we get zero. Furthermore, a totally antisymmetric
tensor with four indices, Aµνρσ , has only one independent component
A0123, so it must be a Lorentz scalar. An antisymmetric tensor with
three indices, Aµνρ, has 4 · 3 · 2/3! = 4 components and it has the same
transformation properties of a four-vector.

The last point can be better understood introducing the totally an-
tisymmetric tensor defined as follows. In a given reference frame εµνρσ

is defined by ε0123 = +1 and by the condition of total antisymmetry,
so it vanishes if any two indices are equal and it changes sign for any
exchange of indices, e.g. ε1023 = −1, etc. Normally, if one gives the nu-
merical value of the components of a tensor in a given frame, in another
frame they will be different. The ε tensor is however special, because
under (proper) Lorentz transformations

εµνρσ → Λµ
µ′Λν

ν′Λρ
ρ′Λσ

σ′εµ′ν′ρ′σ′
= (det Λ)εµνρσ = εµνρσ . (2.44)

So, the components of the ε tensor have the same numerical value in all
Lorentz frames. In terms of this tensor, it is immediate to understand
that the four independent components of Aµνρ can be rearranged in a
four-vector Aµ = εµνρσAνρσ , and that A0123 = (1/4!)εµνρσAµνρσ is a
scalar.

A tensor which is invariant under all group transformations (i.e. for
the Lorentz group, a tensor which has the same form in all Lorentz
frames) is called an invariant tensor. The only other invariant tensor of
the Lorentz group is ηµν ; its invariance follows from the defining property
of the Lorentz group, eq. (2.13).

2.5 Spinorial representations

2.5.1 Spinors in non-relativistic quantum
mechanics

Tensor representations do not exhaust all physically interesting finite-
dimensional representations of the Lorentz group. We can understand
the issue considering spatial rotations, i.e. the SO(3) subgroup of the
Lorentz group. The tensor representations of SO(3) are constructed ex-
actly as before, with scalars φ, spatial vectors vi, tensors T ij, etc. with
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i = 1, 2, 3. However we know from non-relativistic quantum mechanics
that, beside the tensor representations, there are other representations of
great physical interest. These are the spinorial representations. Strictly
speaking, these are not SO(3) representations, because under a rota-
tion of 2π a spinor changes sign, while an SO(3) rotation by 2π is the
same as the identity transformation. However, since the observables are
quadratic in the wave function, this sign ambiguity is perfectly accept-
able physically, and these representations must be included. In more
formal terms, this means that, for spatial rotations, the physically rele-
vant group is not SO(3) but rather SU(2).

We recall some facts about SU(2) representations, well known from
non-relativistic quantum mechanics. The Lie algebras of SU(2) and of
SO(3) are the same, and are given by the angular momentum algebra

[J i, Jj ] = iεijkJk . (2.45)

From the discussion in Section 2.1, we see that the Lie algebra knows
only about the properties of a group near the identity element, and
the fact that SU(2) and SO(3) have the same Lie algebra means that
they are indistinguishable at the level of infinitesimal transformations.
However, SU(2) and SO(3) differ at the global level, i.e. far from the
identity. In SO(3) a rotation by 2π is the same as the identity. Instead,
it can be shown that SU(2) is periodic only under rotations by 4π. This
means that an object that picks a minus sign under a rotation by 2π
is an acceptable representation of SU(2), while it is not an acceptable
representation of SO(3). Therefore when we consider SU(2) we include
the solutions of eq. (2.45) that correspond to half-integer spin, while
for SO(3) we only retain representations with integer spin. Thus, the
representations of SU(2) are labeled by an index j which takes values
0, 1

2 , 1, 3
2 , . . . and gives the spin of the state, in units of �. The spin-j

representation has dimension 2j + 1, and the various states within it
are labeled by jz, which takes the values −j, . . . , j in integer steps. The
representation j = 1/2 is called the spinorial representation, and has
dimension 2: on it the J i are represented as

J i =
σi

2
, (2.46)

where σi are the Pauli matrices,

σ1 =
(

0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
. (2.47)

They satisfy the algebraic identity

σiσj = δij + iεijkσk , (2.48)

from which it follows immediately that σi/2 obey the commutation re-
lations (2.45).

The spinorial is the fundamental representation of SU(2) since all
representations can be constructed with tensor products of spinors. In
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physical terms, this means that with spin 1/2 particles we can construct
composite systems with all possible integer or half-integer spin. For
instance, the composition of two spin 1/2 states gives spin zero and spin
1,

1
2
⊗ 1

2
= 0⊕ 1 . (2.49)

If we denote by ↑ and ↓ the j = 1/2 states with jz = +1/2 and jz =
−1/2, respectively, then the three states with j = 1 are given by

(↑↑) ,
1√
2
(↑↓ + ↓↑) , (↓↓) (2.50)

while the singlet (i.e. the scalar state) is

1√
2
(↑↓ − ↓↑) . (2.51)

2.5.2 Spinors in the relativistic theory

We certainly want to keep spinors in the relativistic theory. This means
that we must enlarge the set of representations of the Lorentz group,
compared to the tensor representations discussed above. This is most
easily done starting from the Lorentz algebra in the form given by
eqs. (2.27)−(2.29), and defining

J± =
J ± iK

2
. (2.52)

The Lie algebra becomes[
J+,i, J+,j

]
= iεijkJ+,k (2.53)[

J−,i, J−,j
]

= iεijkJ−,k (2.54)[
J+,i, J−,j

]
= 0 . (2.55)

Therefore we have two copies of the angular momentum algebra, which
commute between themselves.7

7The fact that the Lorentz algebra can
be written as the algebra of SU(2) ×
SU(2) does not mean that the Lorentz
group SO(3, 1) is the same as SU(2) ×
SU(2). First of all, the Lie algebra only
reflects the properties of the group close
to the identity. Furthermore, J± are
complex combinations of J and K. Ob-
serve that, because of the factor i in
eq. (2.52), a representation of SU(2) ×
SU(2) with J± hermitian induces a rep-
resentation of SO(3, 1) with J hermi-
tian but K antihermitian. For the more
mathematical reader: SU(2)×SU(2) is
the universal covering group of SO(4)
(similarly to the fact that SU(2) is the
universal covering group of SO(3)) and
SO(4) is the Euclidean version of the
Lorentz group, i.e. it is obtained tak-
ing the time variable t purely imagi-
nary. The universal covering group of
SO(3, 1) is SL(2, C).

Having written the Lorentz group in this form, it is now easy to include
spinorial representations: we simply take all solutions of the algebra
(2.53)−(2.55), including spinor representations.

Since we know the representations of SU(2), and here we have two
commuting SU(2) factors, we find that:

• The representations of the Lorentz algebra can be labeled by two
half-integers: (j−, j+).

• The dimension of the representation (j−, j+) is (2j− +1)(2j+ +1).
• The generator of rotations J is related to J+ and J− by J =

J+ + J−; therefore, by the usual addition of angular momenta in
quantum mechanics, in the representation (j−, j+) we have states
with all possible spin j in integer steps between the values |j+−j−|
and j+ + j−.
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The representations are in general complex and the dimension of the
representation is the number of independent complex components. In
some cases we can impose a reality condition and (2j− +1)(2j+ +1) be-
comes the number of independent real components. The representations
(j−, j+) must include all tensor representations discussed in the previous
section, plus spinorial representations. We examine the simplest cases.

(0,0). This representation has dimension one. On it, J± = 0 so also
J,K are zero. Therefore it is the scalar representation.

(1
2 ,0) and (0, 1

2 ). These representations have both dimension two and
spin 1/2, so they are spinorial representations. We denote by (ψL)α,
with α = 1, 2, a spinor in (1/2, 0) and by (ψR)α a spinor in (0, 1/2)
(sometimes in the literature the index of ψL is instead denoted by α̇ to
stress that it is an index in a different representation compared to the
index of ψR). ψL is called a left-handed Weyl spinor and ψR is called a
right-handed Weyl spinor :

Weyl spinors: ψL ∈
(

1
2
, 0
)

, ψR ∈
(

0,
1
2

)
. (2.56)

We want to determine the explicit form of the generators J,K on Weyl
spinors. Consider first the representation (1/2, 0). By definition, on this
representation J− is represented by a 2 × 2 matrix, while J+ = 0. The
solution of (2.54) in terms of 2 × 2 matrices is of course J− = σ/2, and
therefore

J = J+ + J− =
σ

2
(2.57)

K = −i(J+ − J−) = i
σ

2
. (2.58)

Observe that in this representation the generators K i are not hermitian,
in agreement with the comment in note 7. This is a consequence of
the fact that the Lorentz group is non-compact and of the theorem
mentioned on page 16, which states that non-compact groups have no
unitary representations of finite dimension, except for representations in
which the non-compact generators (in this case the K i) are represented
trivially, i.e. Ki = 0. We can now write explicitly how a Weyl spinor
transforms under Lorentz transformations, using eq. (2.31),

ψL → ΛLψL = exp
{

(−iθ − η) · σ

2

}
ψL . (2.59)

Repeating the argument for the (0, 1/2) representation, we find again
J = σ/2 but K = −iσ/2 and

ψR → ΛRψR = exp
{
(−iθ + η) · σ

2

}
ψR . (2.60)
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Note that ΛL,R are complex matrices, and therefore necessarily the two
components of a Weyl spinor are complex numbers.

Using the property of the Pauli matrices σ2σiσ2 = −σi∗ and the
explicit form of ΛL,R it is easy to show that

σ2Λ∗
Lσ2 = ΛR . (2.61)

From this it follows that

σ2ψ∗
L → σ2(ΛLψL)∗ = (σ2Λ∗

Lσ2)σ2ψ∗
L = ΛR(σ2ψ∗

L) (2.62)

where we used the fact that σ2σ2 = 1. Therefore , if ψL ∈ (1/2, 0), then
σ2ψ∗

L is a right-handed Weyl spinor,

σ2ψ∗
L ∈

(
0,

1
2

)
. (2.63)

We define the operation of charge conjugation on Weyl spinors as an
operation that transforms ψL into a new spinor ψc

L defined as

ψc
L = iσ2ψ∗

L . (2.64)

Then charge conjugation transforms a left-handed Weyl spinor into a
right-handed one. Taking the complex conjugate of eq. (2.64) and de-
noting the right-handed spinor ψc

L by ψR, we have ψL = −iσ2ψ∗
R (having

used the fact that σ2 is purely imaginary and σ2σ2 = 1). Therefore we
define charge conjugation on a right-handed spinor ψR as

ψc
R = −iσ2ψ∗

R , (2.65)

so that charge conjugation transforms a right-handed Weyl spinor into
a left-handed one. The factor i in eq. (2.64) is chosen so that, iterating
the transformation twice, we get the identity operation,

(ψc
L)c = (iσ2ψ∗

L)c = −iσ2(iσ2ψ∗
L)∗ = ψL . (2.66)

We will understand the physical meaning of charge conjugation in Chap-
ter 4.

(1
2 , 1

2 ). This representation has (complex) dimension four and |1/2 −
1/2| � j � 1/2 + 1/2, i.e. j = 0, 1. Comparing with eq. (2.40) we
see that it is a complex four-vector representation. A generic element
of the (1/2, 1/2) representation can be written as a pair ((ψL)α, (ξR)β),
where ψL and ξR are two independent Weyl spinors, left-handed and
right-handed, respectively, and α, β take the values 1, 2. We want to
make explicit the relation between these four (complex) quantities and
the four components of a (complex) four-vector.

First of all, we have seen above that, given a right-handed spinor ξR,
we can form a left-handed spinor ξL ≡ −iσ2ξ∗R, and similarly from ψL

we can build ψR ≡ iσ2ψ∗
L. We define the matrices σµ and σ̄µ as

σµ = (1, σi) , σ̄µ = (1,−σi) , (2.67)
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where σi are the Pauli matrices and 1 is the 2×2 identity matrix. Then,
it is easy to show (see Exercise 2.3) that

ξ†RσµψR (2.68)

and
ξ†Lσ̄µψL . (2.69)

are contravariant four-vectors. These four vectors are by construction
complex. Since the matrix Λµ

ν that represents the Lorentz transfor-
mation of a four-vector is real, given a complex four-vector V µ it is
consistent with Lorentz invariance to impose on it a reality condition,
Vµ = V ∗

µ because, if we impose it in a given frame, it will remain true in
all Lorentz frames. Therefore we obtain the real four-vector representa-
tion.

(1,0) and (0,1). These correspond to self-dual and anti-self-dual
antisymmetric tensors Aµν , and each have complex dimension three, i.e.
real dimension six. We discuss them in Exercise 2.5.

2.6 Field representations

Our main motivation for studying Lorentz symmetry is to construct a
Lorentz-invariant field theory. A field φ(x) is a function of the coordi-
nates with some definite transformation properties under the Lorentz
group. In general, if

xµ → x′µ = Λµ
νxν (2.70)

the field φ(x) will transform into a new function of the new coordinates,

φ(x) → φ′(x′) . (2.71)

To define how a field transforms means to state how φ′(x′) is related to
φ(x).

2.6.1 Scalar fields

The simplest possible transformation is that of a scalar field,

φ′(x′) = φ(x) . (2.72)

In other words, the numerical value of a scalar field at a point is Lorentz
invariant: a point P has coordinates x in a reference frame and x′ in the
transformed frame, and the functional form of the field changes so that
its numerical value in P is the same, independently of how P is labeled.

Consider now an infinitesimal Lorentz transformation

xρ → x′ρ = xρ + δxρ (2.73)
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with
δxρ = ωρ

σxσ = − i

2
ωµν(Jµν)ρ

σ xσ , (2.74)

and (Jµν)ρ
σ = i(ηµρ δν

σ−ηνρ δµ
σ), as in eqs. (2.23) and (2.24). Under this

transformation δφ ≡ φ′(x′) − φ(x) = 0 by definition. This corresponds
to the fact that the scalar representation gives a trivial representation of
the generators, Jµν = 0. However, in the case of fields we have a more
interesting possibility, namely we can consider an infinitesimal variation
at fixed coordinate x (rather than at a given point P ),

δ0φ ≡ φ′(x) − φ(x) . (2.75)

To understand the difference between δφ and δ0φ we observe that, when
we compute δφ = φ′(x′) − φ(x), we are studying how a single degree of
freedom (the field evaluated at the point P ) changes when we change the
label of the point P from x to x′. However the point P is kept fixed, so
the base space is made by the single degree of freedom φ(P ) and there-
fore is one-dimensional. More generally, when in the next subsections
we consider spinor or vector fields, we will see that δψ or δAµ always
provides a finite-dimensional representation of the generators. For in-
stance the four degrees of freedom Aµ(P ) provide a four-dimensional
base space. Instead, when we compute δ0φ, we are comparing the fields
at two different space-time points P and P ′, so we are comparing dif-
ferent degrees of freedom. The base space now becomes the set of φ(P )
with P varying over all of space-time, or in other words is a space of
functions, and therefore it is an infinite-dimensional base-space. We then
obtain an infinite-dimensional representation of the generators.

To find the generators in this representation, we expand eq. (2.75) to
first order in δx,

δ0φ = φ′(x′ − δx) − φ(x) = −δxρ∂ρφ(x) . (2.76)

Using eq. (2.74) for δxρ, this can be rewritten as

δ0φ =
i

2
ωµν(Jµν)ρ

σ xσ∂ρφ ≡ − i

2
ωµνLµνφ , (2.77)

where we defined

Lµν = −(Jµν)ρ
σ xσ∂ρ = i(xµ∂ν − xν∂µ) . (2.78)

We can easily check that the operators Lµν satisfy the Lie algebra (2.25)
and therefore give a representation of the generators of the Lorentz
group. As discussed above, the basis for the representation is the space
of scalar fields. This is a space of functions, so it is infinite-dimensional,
and therefore this is an infinite-dimensional representation of the Lorentz
algebra. We have not yet specified what is the scalar product in the field
space, so we cannot yet ask whether this representation is unitary. We
postpone the issue to the next chapter.

Recalling that with our metric signature pµ = +i∂µ (see the Nota-
tion), we find Lµν = xµpν − xνpµ. In particular, for spatial rotations
we have Lij = xipj − xjpi and Li = (1/2)εijkLjk = εijkxjpk, and we
recognize that Li is the orbital angular momentum.
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2.6.2 Weyl fields

A left-handed Weyl field ψL(x) is defined as a field that, under xµ →
x′µ = Λµ

νxν , transforms as

ψL(x) → ψ′
L(x′) = ΛLψL(x) , (2.79)

with ΛL given by eq. (2.59). Similarly a right-handed Weyl field ψR

transforms with ΛR given in eq. (2.60). In the classical theory we will
consider ψL, ψR as ordinary, commuting, c-numbers.

The representation of the Lorentz generators on ψL can be found
computing

δ0ψL ≡ ψ′
L(x) − ψL(x) = ψ′

L(x′ − δx) − ψL(x)
= ψ′

L(x′) − δxρ∂ρψL(x) − ψL(x)
= (ΛL − 1)ψL(x) − δxρ∂ρψL(x) . (2.80)

We see that δ0ψL is made of two parts; one comes from the variation
of the coordinate δxρ and is the same as for scalar fields. Exactly as in
eqs. (2.76) and (2.77), we have

−δxρ∂ρψL = − i

2
ωµνLµνψL , (2.81)

with Lµν given in eq. (2.78). We write ΛL in the form

ΛL = e−
i
2 ωµνSµν

. (2.82)

Then eq. (2.80) becomes

δ0ψL = − i

2
ωµνJµνψL (2.83)

with
Jµν = Lµν + Sµν . (2.84)

Comparing eq. (2.82) with eq. (2.59) we see that

Si =
1
2
εijkSjk =

σi

2
, (2.85)

while
Si0 = i

σi

2
. (2.86)

We recognize in eq. (2.84) the separation of the angular momentum into
the orbital and the spin contributions. It is clear that this separation is
completely general, and holds for any representation. The orbital part
Lµν always has the form (2.78) independently of the representation,
while Sµν depends on the specific representation used. For instance,
for right-handed Weyl fields Si are still given by eq. (2.85) while Si0 =
−iσi/2, as we see from eq. (2.60).



32 Lorentz and Poincaré symmetries in QFT

2.6.3 Dirac fields

Consider a parity transformation (t,x) → (t,−x). Under this operation
the boost generators behave as true vectors and change sign, K → −K,
since the parity transformation reverses the velocity v of the boost. The
angular momentum generator is instead a pseudovector, J → J. There-
fore a parity operation exchanges the J i

± generators, J i
+ ↔ J i

−. This
means that under a parity transformation an object in the (j−, j+) rep-
resentation is transformed into an object in the (j+, j−) representation.
Therefore the representation (j−, j+) of the Lorentz group is not at the
same time a basis for a representation of the parity transformation, un-
less j− = j+. In particular, ψL and ψR, separately, are not a basis for a
representation of the parity transformation.

In Nature, we know experimentally that parity is violated by weak
interactions. At the theoretical level, this is reflected in the fact that in
the Standard Model the left and right-handed components of the spin
1/2 particles enter the theory in a very different way, as we will see in
Chapter 8. However, we saw in Section 1.2 that the typical scale of weak
interactions is O(100) GeV, much higher than the scale of strong and
of electromagnetic interactions. At sufficiently low energies, therefore,
the effect of weak interactions is small, and the dominant contributions
come from the electromagnetic and the strong interactions, which both
conserve parity. In this case, it is convenient to work with fields which
provide a representation of Lorentz and parity transformations. We then
define a Dirac field as88More precisely, this is the Dirac field

written in the chiral basis, see Sec-
tion 3.4.2.

Ψ =
(

ψL

ψR

)
. (2.87)

A Dirac field therefore has four complex components, and it provides a
basis for a representation of both Lorentz and parity transformations.
In fact, under a Lorentz transformation, Ψ → ΛDΨ with

ΛD =
(

ΛL 0
0 ΛR

)
, (2.88)

and ΛL, ΛR given in eqs. (2.59) and (2.60).9 Under a parity transforma-9In Section 3.4.2, after introducing the
Dirac matrices, we will see how to write
ΛD in terms of the commutator of Dirac
matrices, and the result will be inde-
pendent of the chiral basis that we have
used here.

tion P the coordinates change as xµ → x′µ = (t,−x) while(
ψL(x)
ψR(x)

)
→
(

ψR(x′)
ψL(x′)

)
(2.89)

and therefore

Ψ(x) →
(

0 1
1 0

)
Ψ(x′) . (2.90)

When we study the quantized Dirac field we will examine the possibility
and the meaning of an overall phase η = ±1 in the transformation law
(2.90), see Section 4.2.3.
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In eqs. (2.64) and (2.65) we defined the operation of charge conjuga-
tion on Weyl spinors. Given a Dirac spinor Ψ as in eq. (2.87), charge
conjugation allows us to define a new Dirac spinor

Ψc =
( −iσ2ψ∗

R

iσ2ψ∗
L

)
= −i

(
0 σ2

−σ2 0

)
Ψ∗ . (2.91)

and, as for Weyl spinors, iterating charge conjugation twice one finds
the identity transformation,

(Ψc)c = Ψ . (2.92)

Note that the coordinates xµ are unchanged under charge conjugation.
We will understand the importance of charge conjugation when we quan-
tize the theory and we will find particles and antiparticles.

Dirac spinors are the basic objects in quantum electrodynamics (QED).
Since QED preserves parity and charge conjugation, the Weyl spinors
always appear in the combination Ψ. On Ψ parity is a well-defined op-
eration, and we can use it to construct a parity-invariant theory while,
having for instance only ψL at our disposal, it is impossible to build a
theory invariant under parity. We will see that in the Standard Model,
parity and charge conjugation are not symmetries and ψL, ψR appear
separately, in a non-symmetric way. Therefore, Weyl spinors are more
fundamental objects than Dirac spinors.

2.6.4 Majorana fields

A Majorana spinor is a Dirac spinor in which ψL and ψR are not inde-
pendent, but rather ψR = iσ2ψ∗

L,

ΨM =
(

ψL

iσ2ψ∗
L

)
. (2.93)

So, it has the same number of degrees of freedom as a Weyl spinor,
although it is written in the form of a Dirac spinor. From this definition
it follows that a Majorana spinor is invariant under charge conjugation

Ψc
M = ΨM . (2.94)

Observe that, if we have a complex scalar field φ(x), we can impose
on it a reality condition φ(x) = φ∗(x), and this is a Lorentz-invariant
condition: since φ and φ∗ are both Lorentz invariant, if we impose φ = φ∗

in a frame, we will have φ = φ∗ in any other frame. The same is true
for the four-vector representation, as we already discussed on page 29.
For a Dirac spinor Ψ the situation is different; Ψ is a complex field,
and the condition Ψ = Ψ∗ is not Lorentz invariant, since the matrix
ΛD in eq. (2.88) is not real. Therefore, if we impose the relation Ψ =
Ψ∗ in a frame, it will not hold in general in another Lorentz frame.
Instead, the condition (2.94) is by construction Lorentz invariant, since
it is a consequence of the definition (2.93), which in turns expresses the
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Lorentz-invariant statement that iσ2ψ∗
L is a right-handed spinor. Since

Ψc
M involves complex conjugation, see eq. (2.91), the condition (2.94) is

a Lorentz-invariant relation between Ψ and Ψ∗, and in this sense it is
called a reality condition.

So we can see Majorana fields as “real” Dirac fields, with respect to
the only possible Lorentz-invariant reality condition, eq. (2.94).

It is possible that Majorana spinors play an important role in the
description of the neutrino. We will come to this issue later.

2.6.5 Vector fields

The definition of vector fields at this point is obvious. A (contravariant)
vector field V µ(x) is defined as a field that, under xµ → x′µ = Λµ

νxν ,
transforms as

V µ(x) → V ′µ(x′) = Λµ
νV ν(x) . (2.95)

From the discussion in Section 2.4.1 we see that a general vector field
has a spin-0 and a spin-1 component. An example of a vector field that
will be important for us is the gauge field Aµ(x) in electromagnetism.
We will see in Section 4.3.1 that Aµ(x) is subject to some conditions,
stemming from gauge invariance, that eliminate the spin-0 component
and the state with (j = 1, jz = 0), where z is the propagation direction.

Since a vector field belongs to the (1/2, 1/2) representation, it has
j− = j+ and therefore it is a basis for the representation of parity. A
true vector transform as (V 0,V) → (V 0,−V) while a pseudovector (or
axial vector) transforms as (V 0,V) → (−V 0,V).

Tensor fields are defined similarly.

2.7 The Poincaré group

Beside invariance under Lorentz transformations, we require also invari-
ance under space-time translations. A generic element of the translation
group is written as

exp{−iP µaµ} (2.96)

where aµ are the parameters of the translation, xµ → xµ + aµ, and
the components of the four-momentum operator P µ are the genera-
tors. Translations plus Lorentz transformations form a group, called the
Poincaré group, or the inhomogeneous Lorentz group (it is sometimes
denoted as ISO(3, 1), where “I” stands for inhomogeneous).

Since the translations commute, we have

[Pµ, P ν ] = 0 . (2.97)

To find the commutator between P µ and Jρσ we can start from the
commutators [

J i, P j
]
= iεijkP k , (2.98)[

J i, P 0
]
= 0 , (2.99)
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which express the facts that P i is a vector under rotations and that
the energy is a scalar under rotations. The unique Lorentz-covariant
generalization of eqs. (2.98) and (2.99) is

[Pµ, Jρσ] = i (ηµρP σ − ηµσP ρ) . (2.100)

Together with the Lorentz algebra (2.25), eqs. (2.97) and (2.100) define
the Poincaré algebra. In terms of J i, Ki, P 0 = H and P i it reads[

J i, Jj
]

= iεijkJk ,
[
J i, Kj

]
= iεijkKk ,

[
J i, P j

]
= iεijkP k , (2.101)

[
Ki, Kj

]
= −iεijkJk ,

[
P i, P j

]
= 0 ,

[
Ki, P j

]
= iHδij , (2.102)[

J i, H
]

= 0 ,
[
P i, H

]
= 0 ,

[
Ki, H

]
= iP i . (2.103)

Equations (2.101) express the fact that the J i generate spatial rotations
and Ki, P i are vectors under rotations. Equations (2.103) state that J i

and P i commute with the generator of time translations and therefore
are conserved quantities; the K i instead are not conserved, and this is
the reason why the eigenvalues of K are not used for labeling physical
states.

2.7.1 Representation on fields

We saw in Section 2.6 that fields provide an infinite-dimensional repre-
sentation of the Lorentz group, and that on fields the generators Jµν are
represented as

Jµν = Lµν + Sµν (2.104)

where
Lµν = i(xµ∂ν − xν∂µ) (2.105)

and Sµν depends on the spin of the field in question, but not on the
coordinates xµ. To obtain a representation of the full Poincaré group
on fields, we must now find how to represent the four-momentum oper-
ator P µ, i.e. we have to specify the transformation law of fields under
translations.

We require that all fields, independently of their transformation prop-
erty under the Lorentz group, behave as scalars under space-time trans-
lation. Let us label by φ a generic field, either a Lorentz scalar field,
or a component of a spinor field ξα with α given, or a given component
V µ of a vector field, etc. Then, under a translation x → x′ = x + a, all
fields, independently of their Lorentz properties, transform as

φ′(x′) = φ(x) . (2.106)

Under an infinitesimal translation xµ → x′µ = xµ + εµ we have, to first
order in ε,

δ0φ ≡ φ′(x) − φ(x) = φ′(x′ − ε) − φ(x) = −εµ∂µφ(x) . (2.107)



36 Lorentz and Poincaré symmetries in QFT

On the other hand, from the form (2.96) of the translation operator, it
follows that

φ′(x′ − ε) = e−iP µ(−εµ)φ′(x′) = eiεµP µ

φ(x) (2.108)

and therefore to first order in ε

δ0φ = iεµPµφ(x) . (2.109)

Comparing eqs. (2.107) and (2.109) we see that the momentum operator
is represented as

Pµ = +i∂µ . (2.110)

Therefore

H = i
∂

∂x0
= i

∂

∂t
, P i = i∂i = −i∂i = −i

∂

∂xi
. (2.111)

The explicit form of Jµν and of P µ has been found requiring that the
fields have well-defined transformation properties under the Poincaré
group; therefore these explicit expressions must automatically satisfy
the Poincaré algebra. We can check this easily observing that Sµν does
not depend on the coordinates and therefore commutes with ∂µ, while
[∂µ, xν ] = ηµν . Therefore

[Pµ, Jρσ] = [i∂µ, i(xρ∂σ − xσ∂ρ)] = −ηµρ∂σ + ηµσ∂ρ

= i (ηµρP σ − ηµσP ρ) , (2.112)

in agreement with eq. (2.100). The commutator [P µ, P ν ] = 0 is also sat-
isfied by P µ = i∂µ and we already know that the commutator [Jµν , Jρσ]
is correctly reproduced, so the full Poincaré algebra is obeyed.

2.7.2 Representation on one-particle states

The representation of the Poincaré group on fields allows us to construct
Poincaré invariant Lagrangians, as we will study in the next chapter. At
the classical level, a Lagrangian description is all that we need in order
to specify the dynamics of the system. At the quantum level, how-
ever, one of our aims will be to understand how the concept of particle
emerges from field quantization. It is therefore useful to see how the
Poincaré group can be represented using as a basis the Hilbert space
of a free particle. We will denote the states of a free particle with mo-
mentum p as |p , s〉, where s labels collectively all other quantum num-
bers. Since p is a continuous and unbounded variable, this base space
is infinite-dimensional. A theorem by Wigner (see Weinberg (1995),
Chapter 2) states that on this Hilbert space any symmetry transforma-
tion can be represented by a unitary operator.10 Therefore in this base10Actually there is also the possibil-

ity of an anti-unitary operator; the
only symmetry transformation where
this happens is time-reversal, and we
postpone the definition of anti-unitary
operators to Chapter 4.

space a Poincaré transformation is represented by a unitary matrix, and
the generators J i, Ki, P i and H by hermitian operators.

The representations are labeled by the Casimir operators. One is
easily found, and is PµPµ. On a one-particle state it has the value m2,
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where m is the mass of the particle. Using the commutation relations of
the Poincaré group one can verify that there is a second Casimir operator
given by WµWµ, where

Wµ = −1
2
εµνρσJνρPσ (2.113)

is called the Pauli–Lubanski four-vector. To prove that WµWµ is a
Casimir operator is straightforward. First of all, W µ is clearly a four-
vector, so WµWµ is Lorentz-invariant and therefore commutes with Jµν .
From the explicit form it also follows that

[Wµ, P ν ] = 0 , (2.114)

(using eq. (2.100) and the antisymmetry of εµνρσ), and then WµWµ

commutes also with P ν .
Since WµWµ is Lorentz-invariant, we can compute it in the frame

that we prefer. If m �= 0, it is convenient to choose the rest frame of
the particle; in this frame W µ = (−m/2)εµνρ0Jνρ = (m/2)ε0µνρJνρ, so
W 0 = 0 while

W i =
m

2
ε0ijkJjk =

m

2
εijkJjk = mJ i . (2.115)

Therefore on a one-particle state with mass m and spin j we have

−WµWµ = m2j(j + 1) , (m �= 0) . (2.116)

If instead m = 0 the rest frame does not exist, but we can choose a frame
where P µ = (ω, 0, 0, ω); in this frame a straightforward computation
gives W 0 = W 3 = ωJ3, W 1 = ω(J1 − K2) and W 2 = ω(J2 + K1).
Therefore

−WµWµ = ω2[(K2 − J1)2 + (K1 + J2)2] , (m = 0) . (2.117)

Comparing eqs. (2.116) and (2.117) we see that the limit m → 0 is
quite subtle, and we must study separately the massive and massless
representations.

Massive representations: In this case on the one-particle states
we have P µPµ = m2 while WµWµ = −m2j(j + 1). We will restrict to
m real11 and positive. Therefore the representations are labeled by the 11In principle there is also the possi-

bility of representations with m2 < 0,
known as tachyons. In field theory the
emergence of a tachyonic mode is the
signal of an instability, and reflects the
fact that we have expanded around the
wrong vacuum, e.g. around a maxi-
mum rather than a minimum of a po-
tential.

mass m and by the spin j. We can understand this better observing
that, if m �= 0, with a Lorentz transformation we can bring P µ into
the form P µ = (m, 0, 0, 0). This choice of P µ still leaves us with the
freedom of performing spatial rotations. In other words, the space of
one-particle states with momentum P µ = (m, 0, 0, 0) is still a basis for
the representation of spatial rotations. The group of transformations
which leaves invariant a given choice of P µ is called the little group.
In this case, since we want to include spinor representations, the little
group is SU(2). The massive representations are therefore labeled by
the mass m and by the spin j = 0, 1/2, 1, . . ., and states within each
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representation are labeled by jz = −j,−j + 1, . . . , j. This means that
massive particles of spin j have 2j + 1 degrees of freedom.

Massless representations: When P 2 = 0 the rest frame does not
exist, but we can reduce P µ to the form P µ = (ω, 0, 0, ω). The little
group is the set of Poincaré transformations that leaves this vector un-
changed. One sees immediately that the rotations in the (x, y) plane
leave this P µ invariant; this is an SO(2) group, generated by J3.

Furthermore there are two less evident Lorentz transformations that doThis part is more technical and can be
omitted at a first reading. Just assume
that the little group is SO(2) and skip
the part written in smaller characters.

not change P µ; to find the most general solution, it is sufficient to restrict to
infinitesimal Lorentz transformations Λµ

ν = δµ
ν +ωµ

ν , and to look for the most
general matrix ωµν which satisfies ωµν = −ωνµ (in order to have a Lorentz
transformation) and

ωµνPν = 0 , (2.118)

for Pν = (ω, 0, 0,−ω). Therefore0
BB@

0 ω01 ω02 ω03

−ω01 0 ω12 ω13

−ω02 −ω12 0 ω23

−ω03 −ω13 −ω23 0

1
CCA
0
BB@

1
0
0
−1

1
CCA = 0 , (2.119)

which gives ω03 = 0, ω01 + ω13 = 0 and ω02 + ω23 = 0. Denoting ω01 = α,
ω02 = β and ω12 = θ we see that the most general Lorentz transformation
that leaves P µ invariant can be written as

Λ = e−i(αA+βB+θC) (2.120)

where (lowering the second Lorentz index)

Aµ
ν = i

0
BB@

0 −1 0 0
−1 0 0 1
0 0 0 0
0 −1 0 0

1
CCA , Bµ

ν = i

0
BB@

0 0 −1 0
0 0 0 0
−1 0 0 1
0 0 −1 0

1
CCA (2.121)

and

Cµ
ν = i

0
BB@

0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

1
CCA . (2.122)

Comparison with eq. (2.23) shows that Cµ
ν is nothing but (J3)µ

ν , i.e. the
explicit expression of J3 as a 4 × 4 matrix in the four-vector representation.
Similarly we find that Aµ

ν = (K1 + J2)µ
ν and Bµ

ν = (K2 − J1)µ
ν . These

are just the combinations that appear in eq. (2.117), so in the massless case

−WµW µ = ω2(A2 + B2) . (2.123)

Using the commutation rules of the Lorentz group, or directly the explicit
expressions given above, one finds that the operators J3, A and B close an
algebra:

[J3, A] = +iB , [J3, B] = −iA , [A, B] = 0 . (2.124)

Formally this is the same algebra generated by the operators px, py and Lz =
xpy − ypx, which describe the translations and rotations of a Euclidean plane,
with A and B playing the role of the translation operators. This algebra is
denoted by ISO(2). The matrices Aµ

ν and Bµ
ν given in eq. (2.121) are not

hermitian.12 This is as it should be, since they are 4×4 matrices, and therefore

12They would be hermitian if we write
them as Aµν , Bµν and Cµν . However,
δxρ is proportional to ωµν(Jµν)ρ

σxσ,
so the representation is provided by the
matrices with one upper and one lower
index, and it is for these matrices that
the algebra (2.124) holds.

are a finite-dimensional representation of non-compact Lorentz generators.
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We can however represent the algebra (2.124) taking as the base space the
one-particle states with momentum p. In this representation A and B are her-
mitian operators because of Wigner’s theorem and, since they are commuting,
they can be diagonalized simultaneously. We denote by a, b the respective
eigenvalues. Then

A|p ; a, b〉 = a|p ; a, b〉 , B|p ; a, b〉 = b|p ; a, b〉 . (2.125)

However, if a and b are non-zero, we can now find a continuous set of eigen-
values! Consider in fact the state

|p ; a, b, θ〉 ≡ e−iθJ3 |p ; a, b〉 , (2.126)

with θ an arbitrary angle. We have

A e−iθJ3 |p ; a, b〉 = e−iθJ3
“
eiθJ3

Ae−iθJ3
”
|p ; a, b〉 . (2.127)

Using the commutation rules (2.124) we find that

eiθJ3
Ae−iθJ3

= A cos θ − B sin θ (2.128)

(this can be proved expanding the exponentials in power series) and therefore

A|p ; a, b, θ〉 = (a cos θ − b sin θ)|p ; a, b, θ〉 , (2.129)

and similarly
B|p ; a, b, θ〉 = (a sin θ + b cos θ)|p ; a, b, θ〉 . (2.130)

This means that, unless a = b = 0, we find representations corresponding
to massless particles with a continuous internal degree of freedom θ. These
representations do not so far find physical applications, and we therefore
restrict to states with a = b = 0. Since for massless particles we found
−WµW µ = ω2(A2 + B2), on these states (and only on these states) we have
−WµW µ = 0, which agrees with the m → 0 limit of eq. (2.116). On the states
with a = b = 0 the little group is simply SO(2) or, equivalently, U(1).

As for any abelian group, the irreducible representations of SO(2)
are one-dimensional. The generator of the group SO(2) of rotations in
the (x, y) plane is the angular momentum J3 and therefore the one-
dimensional representations are labeled by the eigenvalue h of J3; it
represents the angular momentum in the direction of propagation of the
particle (in this case, the z axis), and is called the helicity.

It can be shown that h is quantized, h = 0,±1/2,±1, . . .. Actually,
there is a subtle technical point in the quantization of h: the elementary
proof that, for SU(2), jz is quantized is of an algebraic nature. One de-
fines λm = 〈j, m+1|(Jx+iJy)|jm〉 and, using the commutation relations
between the three Ji, one finds a recursion relation |λm−1|2−|λm|2 = 2m.
The condition that this recursion relation does not produce a negative
|λm|2 provides the quantization of m = jz.13 In the case of the little 13See any book on quantum mechan-

ics, e.g. L. Schiff, Quantum Mechanics,
third edition, McGraw-Hill, New York
1968, eq. (27.23).

group of massless particles we do not have Jx, Jy at our disposal, but
only the single SO(2) generator Jz and therefore this algebraic proof
does not go through. There is however a topological proof, based on the
fact that the universal covering of the Lorentz group is SL(2, C); this
is a double covering, therefore any Lorentz rotation by 4π is the same
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as the identity matrix. A detailed discussion can be found in Weinberg
(1995), pages 86–90.

This analysis shows that massless particles have only one degree of
freedom, and are characterized by the value h of their helicity. On a
state of helicity h, a U(1) rotation of the little group is represented by

U(θ) = exp{−ihθ} . (2.131)

From the point of view of the representations of the Poincaré group, a
massless particle with helicity +h and a massless particle with helicity
−h are logically two different species of particles, since they belong to
two different representations of the Poincaré group. However, the he-
licity is the projection of the angular momentum along the direction of
motion, so it can be written as

h = p̂ · J (2.132)

where p̂ is the unit vector in the direction of propagation. We see from
eq. (2.132) that the helicity is a pseudoscalar, i.e. it changes sign under
parity. If the interaction conserves parity, to each particle of helicity h
there must correspond another particle with helicity −h, and these two
helicity states must enter into the theory in a symmetric way. Since the
electromagnetic interaction conserves parity, it is more natural to define
the photon as a representation of the Poincaré group and of parity, i.e.
to assemble together the two states of helicity h = ±1. The two states
h = ±1 are then referred to as left-handed (h = −1) and right-handed
(h = +1) photons.

Similarly the two states with helicity h = ±2 that mediate the grav-
itational interaction are better considered as two polarization states of
the same particle, the graviton:

Photon: m2 = 0, two polarization states h = ±1.
Graviton: m2 = 0, two polarization states h = ±2.

On the contrary, neutrinos have only weak interactions (apart from the
much smaller gravitational interaction), which do not conserve parity,
and the two states with helicity h = ±1/2 are given different names:
neutrino is reserved for h = −1/2, and antineutrino for h = +1/2.

Summary of chapter

In this chapter we have introduced a number of mathematical tools
that will greatly simplify our construction of classical and quantum field
theories in the next chapters. We recall some important points.

• Lie group, Lie algebras and their representations have been dis-
cussed in Section 2.1. They are central concepts in modern the-
oretical physics, independently of our applications to the Lorentz
and Poincaré group. Basically, Lie groups are the correct language
for describing continuous symmetries.
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• The Lorentz group is generated by rotations and boosts, and its
algebra is given in eqs. (2.27)−(2.29). We have discussed its tensor
representations in Section 2.4 and its spinorial representations in
Section 2.5. This leads in particular to the introduction of Weyl
spinors, eq. (2.56); Dirac spinors are obtained assembling a left-
handed and a right-handed Weyl spinor, and are a representation
of Lorentz and of parity transformations.

• Fields are functions of the coordinates with well-defined transfor-
mation properties under Poincaré transformations. Depending on
their transformation properties under the Lorentz group, we have
scalar fields, Weyl fields, Dirac fields, vector fields, etc.

• The study of the representations of the Poincaré group using as
base space the Hilbert space of one-particle states leads to massive
particles, characterized by the spin j and having 2j + 1 degrees of
freedom, and massless particles, which have one degree of freedom
and a definite helicity h. For the photon and for the graviton, par-
ity considerations suggest assembling the two states with helicity
h = ±1 (for the photon) and h = ±2 (for the graviton) into a
single particle.

Further reading

• For Weyl and Dirac spinors see Ramond (1990),
Chapter 1 and Peskin and Schroeder (1995), Chap-
ter 3. Observe that our definitions of ψL and ψR

are inverted compared to Ramond (but agree with
Peskin and Schroeder). In particular, for us the
boost generator on ψL is +iσ/2 while for Ramond
is −iσ/2 and as a consequence for us the four-
vector made with left-handed spinors is ξ†

Lσ̄µψL,
see eq. (2.69), while for Ramond it is ξ†

LσµψL

(the fact that we both say that ψL belongs to the
(1/2, 0) representation is due to the fact that we
write (j−, j+) while Ramond writes (j+, j−)). In
the next chapter we will see that with our defini-

tion ψL has helicity −1/2 (and therefore with the
definition of Ramond it has h = +1/2).

• A very clear book on Lie groups for physicists is
Georgi (1999). The second edition contains many
improvements of the already ‘classical’ first edition.
For a more geometrical approach to Lie groups, see,
e.g., Nakahara (1990), Section 5.6. An advanced
book is J. Fuchs and C. Schweigert, Symmetries,
Lie Algebras and Representations, Cambridge Uni-
versity Press 1997.

• For the representations of the Poincaré group see
Sections 2.4 and 2.5 of Weinberg (1995).

Exercises

(2.1) Consider a massive particle moving with velocity
v = tanh η. Show that, if E is the energy of the
particle and p its momentum along the propaga-

tion direction, then

η =
1

2
log

E + p

E − p
, (2.133)
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and verify that, under a boost in the direction of
motion with velocity v′, η transforms additively:
η → η + arctanh(v′). Therefore dη is invariant un-
der longitudinal boosts.

(2.2) Show that a totally symmetric and traceless spatial
tensor T i1...iN with N spatial indices has angular
momentum j = N . Discuss some physically inter-
esting examples.

(2.3) Prove that, if ψR and ξR are right-handed Weyl
spinors, ξ†RσµψR is a four-vector, and similarly for
ξ†Lσ̄µψL, where ξL and ψL are left-handed Weyl
spinors.

(2.4) Find the explicit form of the variation of an
antisymmetric tensor F µν under an infinitesimal
Lorentz transformation. Writing F 0i = −Ei and
F ij = −εijkBk, find the infinitesimal transforma-
tion of Ei and Bi.

(2.5) Consider an antisymmetric tensor Aµν . (i) Prove
that, with Minkowski signature ηµν , if we try to
impose the condition Aµν = (1/2)εµνρσAρσ, or the
condition Aµν = −(1/2)εµνρσAρσ, then the only
solution is Aµν = 0.

(ii) Repeat the same exercise in a Euclidean space
with metric δµν . A Euclidean tensor is called
self-dual if Aµν = (1/2)εµνρσAρσ, or anti-self-dual
if Aµν = −(1/2)εµνρσAρσ. Verify that self-dual
and anti-self-dual tensors are irreducible represen-
tations of (real) dimension three of the Euclidean
group SO(4), and verify that the six-dimensional
representation Aµν of SO(4) decomposes into its
self-dual and anti-self-dual parts.

(iii) With Minkowski signature, an antisymmetric
tensor Aµν with complex components is called self-
dual if Aµν = (i/2)εµνρσAρσ and anti-self-dual if

Aµν = −(i/2)εµνρσAρσ. Prove that the self-dual
and anti-self-dual parts are irreducible representa-
tions of the Lorentz group of complex dimension
three (i.e. real dimension six) and identify these
representations with the appropriate (j−, j+) rep-
resentations.

(iv) Write the Maxwell tensor F µν as a sum of a
self-dual and anti-self-dual part. Realize that a real
antisymmetric tensor, such as F µν , is an irreducible
representation of SO(3, 1).

(2.6) (i) A classical electromagnetic wave propagating in
the direction n̂ = (0, 0, 1) is described by the linear
polarization vectors e1 = (1, 0, 0) and e2 = (0, 1, 0).
Define the circular polarizations as e± = e1 ± ie2.
Compute the transformation of e± under a rotation
in the (x, y) plane and conclude that electromag-
netic waves are made of massless spin-1 particles.

(ii) A classical gravitational wave propagating in
the direction n̂ is described by a polarization ten-
sor hij symmetric, traceless, and transverse to the
propagation direction, n̂ihij = 0, i.e. (setting
n̂ = ẑ) by a matrix of the general form

hij =

0
@ h+ h× 0

h× −h+ 0
0 0 0

1
A , (2.134)

and h+,× are called the plus and cross polariza-
tions, respectively. Compute the transformation
properties of h+,× under a rotation in the (x, y)
plane, and the transformation properties of the cir-
cular polarization tensors h×± ih+. Conclude that
gravitational waves are made of massless spin-2
particles.
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In the previous chapter we defined our basic objects, the fields. We
now introduce their dynamics, first of all at the classical level. We
will discuss the Lagrangian and the Hamiltonian formalism and we will
present the Noether theorem, which provides the relation between sym-
metries and conservation laws. We will see that at the classical level
the fields obey relativistic wave equations, such as the Klein–Gordon,
Dirac, and Maxwell equations. Finally, even if it is a subject logically
distinct from classical field theory, we will include in this chapter a dis-
cussion of the first quantization of the relativistic wave equations and
we will see that, despite the intrinsic limitations of the method, this can
nevertheless be useful to compute the lowest-order relativistic correc-
tions to the Schrödinger equation. In the Solved Problems section we
will present some explicit computations using first quantized relativistic
wave equations, and in particular we will compute the fine structure of
the hydrogen atom using the Dirac equation.

3.1 The action principle

We first briefly recall the basic principles of classical mechanics in the
Lagrangian formalism. A classical system with N degrees of freedom
is described by a set of coordinates qi(t), with i = 1, . . . , N , which we
often denote collectively simply as q. The Lagrangian L is a function
of the qi’s and of their first time derivatives q̇i, i.e. L = L(q, q̇); in
the simplest case it is given by a kinetic term minus a potential term,
L(q, q̇) =

∑
i (mi/2)q̇2

i − V (q). The action S is

S =
∫

dt L(q, q̇) . (3.1)

The action principle states that, if we fix the values of the coordinates at
the initial time tin and at the final time tf , so that q(tin) = qin, q(tf) = qf ,
then the classical trajectory which satisfies these boundary conditions is
an extremum of the action,

δ

∫ tf

tin

dt L(q, q̇) = 0 . (3.2)

The variation is performed holding fixed the boundary conditions, i.e.
one must find the function q(t) which extremizes the action, within the
space of functions that satisfy q(tin) = qin, q(tf) = qf . The variation of
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the Lagrangian is

δL =
∑

i

∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i . (3.3)

δqi, δq̇i are variations in the space of functions of t (with the given bound-
ary conditions), and therefore in an infinite-dimensional space. The time
derivative commutes1 with the variation operator δ,1This can be understood discretizing

this functional space (for instance tak-
ing t discrete rather than continuous),
so that it becomes a finite-dimensional
space, described by a finite number of
parameters that we denote collectively
by α. Then δqi = (∂qi/∂α)δα becomes
an ordinary variation of a function of a
finite number of variables α and of time,
and similarly δq̇i = (∂q̇i/∂α)δα; on a
sufficiently regular function q(α, t) we
can interchange the derivatives with re-
spect to t and to α, δq̇i = ∂

∂α
(∂qi

∂t
)δα =

∂
∂t

(∂qi
∂α

)δα = ∂
∂t

δqi.

δq̇i =
∂

∂t
δqi . (3.4)

The variation of the action then becomes

δS =
∫ tf

tin

dt
∑

i

[
∂L

∂qi
δqi +

∂L

∂q̇i

∂

∂t
δqi

]
= 0 . (3.5)

Integrating the second term by parts, the boundary term does not
contribute because the boundary conditions are held fixed: δqi(tin) =
δqi(tf) = 0. Therefore we get∫ tf

tin

dt
∑

i

[
∂L

∂qi
− ∂

∂t

∂L

∂q̇i

]
δqi = 0 . (3.6)

This must be true for any functional form of the variations δqi (we are
considering systems which are not subject to constraints, therefore all
qi are independent), so we obtain the Euler–Lagrange equations,

∂L

∂qi
− ∂

∂t

∂L

∂q̇i
= 0 , (3.7)

with i = 1, . . . , N . These are the equations of motion in the Lagrangian
formulation.

In order to pass to the Hamiltonian formalism, one defines the conju-
gate momenta

pi =
∂L

∂q̇i
, (3.8)

and the Hamiltonian

H(p, q) =
∑

i

piq̇i − L , (3.9)

where q̇i is expressed in terms of pi and possibly qi using eq. (3.8).
In the previous chapter we introduced the fields, defined as functions

of the space-time point x with given transformation properties under
the Poincaré group. The classical dynamics of a field can be defined
extending the Lagrangian formalism from the case of functions of time,
qi(t), to the case of functions of space-time φi(x). We will only be
interested in local field theories, in which case the Lagrangian has the
general form

L =
∫

d3xL(φ, ∂µφ) , (3.10)
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where L is called the Lagrangian density (however, following standard
use in field theory, we will often refer to L simply as the Lagrangian)
and depends only on a finite number of derivatives. We will often denote
collectively the fields φi simply as φ. To make contact with the variables
qi(t) of classical mechanics, we can think of φi(t,x ) as functions of time
labeled both by the index i and by the continuous label x (the analogy
becomes exact if we discretize space and we put the system in a finite
box). In most cases of interest, L depends only on the first derivative.2 In 2The variational principle can be gener-

alized to Lagrangians containing higher
derivatives. For instance, if L =
L(q, q̇, q̈), then δL = (δL/δq)δq +
(δL/δq̇)δq̇ + (δL/δq̈)δq̈. At the bound-
aries we must hold fixed both q and
q̇ and, after integrations by parts,
the equation of motion is (δL/δq) −
d/dt(δL/δq̇) + d2/dt2(δL/δq̈) = 0.

a Lorentz-covariant theory L depends on the time and space derivatives
of φ only through the four-vector ∂µφ. For the moment we do not assume
anything about the transformation properties of the field, so for instance
φi could denote a set of scalars, or the four components of a vector field,
etc. The action has the general form

S =
∫

dt L =
∫

d4xL(φ, ∂µφ) . (3.11)

While for point particles we considered the time integral between two val-
ues tin, tf , in classical field theory we will rather be interested in the situ-
ation where the integral extends over all of space-time, and the boundary
conditions are that all fields decrease sufficiently fast at infinity so that,
in particular, all boundary terms can be neglected.

The classical dynamics is again defined by the principle that the action
is stationary. The same manipulations performed above in the case of a
function q(t) are immediately generalized to the case of a function φ(x),
and

δS =
∫

d4x
∑

i

[
∂L
∂φi

δφi +
∂L

∂(∂µφi)
δ(∂µφi)

]

=
∫

d4x
∑

i

[
∂L
∂φi

− ∂µ
∂L

∂(∂µφi)

]
δφi = 0 . (3.12)

Therefore the equations of motion, or Euler–Lagrange equations, are

∂L
∂φi

− ∂µ
∂L

∂(∂µφi)
= 0 , (3.13)

with i = 1, . . . , N . Consider now the theory obtained replacing the
original Lagrangian density L by a new Lagrangian density L′ which
differs from L only by a four-divergence,

L′ = L + ∂µKµ , (3.14)

with Kµ = Kµ(φ). In a finite volume V bounded by a surface Σ we
have, by Stokes theorem,∫

V

d4x∂µKµ =
∫

Σ

dA nµKµ , (3.15)

where dA is the surface element and nµ is the outward normal to the
surface. This is a boundary term and therefore vanishes on field con-
figurations that go to zero sufficiently fast at infinity. More generally,
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we can consider the variational principle in a finite four-dimensional vol-
ume V but in this case, similarly to the situation discussed in classical
mechanics, in order to have a well-defined variational principle we must
impose the boundary condition that the fields are kept constant on Σ.
In any case, the term

∫
V d4x∂µKµ either vanishes or is anyway a con-

stant, and therefore the condition that S ′ is stationary is equivalent to
the condition that S is stationary. This means that two Lagrangian den-
sities which differ by a total derivative give rise to the same equations
of motion and therefore are classically equivalent.

In the Hamiltonian formalism one defines the conjugate momenta as

Πi(x) =
∂L

∂ (∂0φi(x))
. (3.16)

The Hamiltonian density H is then defined as

H(x) =
∑

i

Πi(x)∂0φi(x) − L , (3.17)

and the total Hamiltonian is

H =
∫

d3xH . (3.18)

The Lagrangian formalism has the advantage of keeping explicit at each
stage the Lorentz covariance. Instead, in the Hamiltonian formalism
Lorentz invariance is less explicit, since the time variable plays a special
role in defining the conjugate momenta.

3.2 Noether’s theorem

The relation between symmetries and conservation laws is extremely
important in field theory and, at the classical level, it is expressed by
Noether’s theorem. We consider a field theory with fields φi and action
S, and we perform an infinitesimal transformation of the coordinates
and of the fields, parametrized by a set of infinitesimal parameters εa,
with a = 1, . . . , N , of the general form

xµ → x′µ = xµ + εaAµ
a(x) (3.19)

φi(x) → φ′
i(x

′) = φi(x) + εaFi,a(φ, ∂φ) , (3.20)

with Aµ
a(x) and Fi,a(φ, ∂φ) given. Equations (3.19, 3.20) define a sym-

metry transformation if they leave the action S(φ) invariant, for any
φ. Note that we are not assuming that the fields φi satisfy the clas-
sical equations of motion. A symmetry by definition leaves the action
invariant for every field configuration, solution or not of the equations
of motion.

There are two important distinctions to be drawn. The first is between
local and global symmetries. If in eqs. (3.19) and (3.20) the parameters



3.2 Noether’s theorem 47

εa are constants, we have a global symmetry. Instead, the above trans-
formation is a local symmetry if it leaves invariant the action even when
ε is allowed to be an arbitrary function of x. Of course, a local symmetry
gives rise also to a global symmetry.3 3However, it can happen that the cor-

responding global symmetry is trivial,
i.e. it is just the identity transforma-
tion. For example, we will see in Sec-
tion 3.5 that the free electromagnetic
field is invariant under the gauge trans-
formation Aµ → Aµ − ∂µθ. For θ con-
stant the corresponding transformation
is just the identity and does not give
rise to conserved charges (as long as we
do not include matter fields).

The second important distinction is between internal and space-time
symmetries. Internal symmetries do not change the coordinates, so they
have Aµ

a(x) = 0, while space-time symmetries involve also a change in
the coordinates. For internal symmetries (and also for Lorentz trans-
formations and for translations) d4x is invariant and the condition of
invariance of the action is equivalent to the condition of invariance of
L, but in the general case the symmetries are given by invariances of S,
not of L.

Now, suppose that eqs. (3.19) and (3.20) are a global, but not a local,
symmetry of our theory. Consider what happens if, starting from a given
field configuration φi, we perform the above transformation, but with
the εa slowly varying functions of x, i.e. |εa| 
 1 and l|∂µεa| 
 |εa|,
where l is the characteristic scale of variation of φi. Since the εa depend
on x, and we are assuming that eqs. (3.19) and (3.20) are not a local
symmetry, this transformation will not leave the action invariant, and δS
will have a non-vanishing term at O(ε). However, since the εa are slowly
varying, we can expand this O(ε) term in powers of the derivatives,

S(φ′) = S(φ) +
∫

d4x [εa(x)Ka(φ) − (∂µεa)jµ
a (φ) + O(∂∂ε)] + O(ε2) ,

(3.21)
where we have denoted by Ka the coefficient of εa and by −jµ

a the
coefficient of ∂µεa. This equation holds for any slowly varying ε.4 We 4We generically denote by ε the set of

εa with a = 1, . . . N . The statement “ε
slowly varying” means that all εa are
slowly varying.

can then apply it also to the case where the εa are all constants. However
we know that, if the εa are constants, the variation of the action must be
zero because in this case ε parametrizes a global symmetry. Therefore we
learn that, in eq. (3.21), the function Ka(φ) is actually zero, for any φ.
Observe that Ka(φ) is by definition a function of φ but is independent of
ε; all the ε dependence is written explicitly in eq. (3.21). Therefore, even
if to show that Ka(φ) = 0 we have looked at the limiting case of constant
ε, once we have shown that Ka vanishes, it vanishes independently of ε.
Then, for any slowly varying function ε(x), we have the expansion

S(φ′) = S(φ) −
∫

d4x [(∂µεa)jµ
a (φ) + O(∂∂ε)] + O(ε2) . (3.22)

We now take ε to be a function which goes to zero sufficiently fast at
infinity. This allows us to integrate the above equation by parts (without
making any assumptions on φ) and the boundary term vanishes, so we
get

S(φ′) = S(φ) +
∫

d4x εa(x)∂µjµ
a (φ) + O(∂∂ε) + O(ε2) . (3.23)

We have derived the above result independently of our choice of φ, and
for ε slowly varying and vanishing at infinity.
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Suppose now that, for φ, we choose a classical solution of the equations
of motion, φcl. Observe, first of all, that in the action the x are integra-
tion variables so, after performing the transformation (3.19, 3.20), we
can rename x′ as x. Then, as long as we are only interested in studying
the variation of the action, the infinitesimal transformation in eqs. (3.19)
and (3.20) is equivalent to a transformation in which the coordinates are
unchanged, xµ → xµ, while

φi(x) → φi(x − εaAµ
a) + εaFi,a = φi(x) + εaFi,a − εaAµ

a∂µφi . (3.24)

Thus we have rewritten the transformations (3.19, 3.20) in a form that
does not change the coordinates, and with φi(x) → φi(x) + δφi(x) with
δφi(x) some variation that goes to zero at infinity. This is the kind of
variation that is used in the derivation of the equations of motion. By
definition, a classical solution is an extremum of the action and therefore
if we now take φi = φcl

i the linear term in the variation of S in eq. (3.23)
must be identically zero for any ε that vanishes at infinity, independently
of whether or not ε depends on x, and of whether or not it is a symmetry
transformation (the condition that ε has to vanish at infinity follows
from the fact that the classical equations of motion are obtained from
a variation with fixed boundary conditions, i.e. keeping the fields fixed
at infinity). Therefore we arrive at the important conclusion that, on
a classical solution of the equations of motion, the N currents jµ

a are
conserved,

∂µjµ
a (φcl) = 0 , (3.25)

which is the content of Noether’s theorem. In other words, there is a
conserved current jµ

a (with a = 1, . . . , N) for each generator of a sym-
metry transformation. The fact that the symmetry was global but not
local means that S(φ′) − S(φ) in eq. (3.22) must be non-vanishing, and
therefore jµ

a themselves are non-vanishing.5 We now define the charges5The transformations that we consider
depend on the εa in a continuous and
differentiable way, therefore they form
a Lie group. If the linear term jµ

a

in eq. (3.22) vanished, integrating the
infinitesimal transformation we would
find that the finite transformation is the
identity; compare with eqs. (2.3) and
(2.5).

Qa,

Qa ≡
∫

d3x j0
a(x, t) . (3.26)

The current conservation (in the sense of eq. (3.25)) implies that Qa is
conserved (in the sense that it is time-independent). In fact

∂0Qa =
∫

d3x∂0j
0
a(x, t) = −

∫
d3x∂ij

i
a(x, t) . (3.27)

This is the integral of a total divergence, and vanishes since we assume
a sufficiently fast decrease of the fields at infinity. More generally, in a
finite volume the variation of the charge is given by a boundary term
representing the incoming or outgoing flux.

The explicit form of the current can be obtained performing the varia-
tion of the action with ε slowly varying, collecting the terms proportional
to ∂µε, and comparing with eq. (3.22). This can be done in full general-
ity. Denoting by δε the variations induced by the transformation (3.19,
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3.20), we have

δεS = δε

∫
d4xL =

∫ [
δε(d4x)L + d4x

(
∂L
∂φi

δεφi +
∂L

∂(∂µφi)
δε(∂µφi)

)]
.

(3.28)
Computing the Jacobian of the transformation (3.19, 3.20) to linear
order, we find d4x → d4x(1 + Aµ

a∂µεa) plus a term ∼ ε; δεφi does not
produce terms ∼ ∂ε while

δε(∂µφi) =
∂φ′

i

∂x′µ − ∂φi

∂xµ
=

∂xν

∂x′µ
∂

∂xν
(φi + εaFi,a) − ∂φi

∂xµ
. (3.29)

This produces a term proportional to ∂µε and equal to

−(∂µεa) (Aν
a∂νφi − Fi,a) . (3.30)

(Observe that, since δε is a variation that also changes the coordinates,
δε(∂µφi) �= ∂µ(δεφi).) Putting together all terms ∼ ∂µεa gives

jµ
a =

∂L
∂(∂µφi)

[Aν
a(x)∂νφi − Fi,a(φ, ∂φ)] − Aµ

a(x)L . (3.31)

For internal symmetries Aµ
a = 0 and the above expression simplifies to

jµ
a = − ∂L

∂(∂µφi)
Fi,a (internal symmetries) . (3.32)

Quite often one is interested in linear transformations of the fields, in
which case Fi,a(φ, ∂φ) = (Ma)i

jφj , where (Ma)i
j are N constant matri-

ces.
Finally, let us see what happens if the transformation (3.19, 3.20) is

not a global symmetry. In this case eq. (3.21) still holds, since it is the
most general expansion of the variation of the action when ε is slowly
varying; however, now Ka(φ) does not vanish, and indeed it represents
the variation of the Lagrangian under the global transformation, Ka ≡
(δaL)global, where (δaL)global is defined by (δL)global = εa(δaL)global.
Following the same steps that lead to eq. (3.25) we now find that, on
the classical solutions,

∂µjµ
a = −(δaL)global , (3.33)

where jµ
a is still given by eq. (3.31). This expression is particularly

useful when (δaL)global is small compared to the relevant scales, so that
the current is approximately conserved.

3.2.1 The energy–momentum tensor

Space-time translations are a symmetry which is present in all the the-
ories that we will consider. In this case the index a appearing in εa is
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a Lorentz index and, as explained in Section 2.7, all fields are scalars
under translations. Therefore

xµ → x′µ = xµ + εµ = xµ + ενδµ
ν

φi(x) → φ′
i(x

′) = φi(x) (3.34)

and in eqs. (3.19) and (3.20) we have Aµ
ν = δµ

ν and Fi,a = 0. The four
conserved currents jµ

(ν) ≡ θµ
ν therefore form a Lorentz tensor, known as

the energy–momentum tensor. Using eq. (3.31) and raising the ν index,
θµν = ηνρθµ

ρ we get

θµν =
∂L

∂(∂µφi)
∂νφi − ηµνL . (3.35)

Equation (3.25) becomes

∂µθµν = 0 (3.36)

on the solutions of the classical equations of motion. The conserved
charge associated to the energy–momentum tensor is the four-momentum,

P ν ≡
∫

d3x θ0ν . (3.37)

This is the definition of four-momentum in field theory. A field config-
uration, solution of the equations of motion, carries an energy E = P 0

and a spatial momentum P i which can be calculated using eqs. (3.35)
and (3.37).

The energy–momentum tensor defined from eq. (3.35) in general is
not automatically symmetric in the two indices µ, ν, so for instance in
eq. (3.36) one should be careful to contract ∂µ with the first index of
θµν . However, consider the “improved” energy–momentum tensor

T µν = θµν + ∂ρA
ρµν (3.38)

where Aρµν is an arbitrary tensor antisymmetric in the indices ρ, µ.
This new tensor is still conserved: ∂µ∂ρA

ρµν = 0 because of the an-
tisymmetry in ρ, µ. Furthermore, for µ = 0, ∂ρA

ρ0ν = ∂iA
i0ν is a

spatial divergence, and therefore this term does not contribute to the
four-momentum (3.37), if the fields vanish sufficiently fast at infinity.
Therefore T µν and θµν are physically equivalent, and one can choose
Aρµν such that T µν is symmetric.

The reader with some knowledge of general relativity may compare
this definition with the definition of energy–momentum tensor in general
relativity, which is given by the variation of the action with respect to
the metric. Since the metric is symmetric, this definition automatically
gives the symmetric form of T µν .
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3.3 Scalar fields

3.3.1 Real scalar fields; Klein–Gordon equation

We now have all the elements for writing down Poincaré invariant ac-
tions. We start with the theory of a single, real scalar field φ. An
action describing a non-trivial dynamics must contain ∂µφ. In order to
have a Lorentz invariant action the index µ must be saturated and, for
a scalar field, the only possibility is to contract it with another factor
∂µφ. Therefore the kinetic term must be proportional to ∂µφ∂µφ. We
first consider the action

S =
1
2

∫
d4x

(
∂µφ∂µφ − m2φ2

)
. (3.39)

The Euler–Lagrange equation gives

(� + m2)φ = 0 , (3.40)

with � = ∂µ∂µ. This is the free Klein–Gordon (KG) equation. A plane
wave e±ipx is a solution of eq. (3.40) if p2 = m2, i.e. if

(p0)2 − p 2 = m2 . (3.41)

Therefore, the classical KG equation imposes the relativistic dispersion
relation, and the parameter m appearing in the action is the mass (we
take by definition m > 0). Taking into account that φ must be real, the
most general solution is a real superposition of plane waves,

φ(x) =
∫

d3p

(2π)3
√

2Ep

(
ape−ipx + a∗

peipx
) |p0=Ep

, (3.42)

where Ep ≡ +
√

p 2 + m2. The factor
√

2Ep is a convenient choice
of normalization of the coefficients ap. The solution is evaluated on
p0 = +Ep, i.e. on the positive solution of eq. (3.41). Note however that
in eq. (3.42) we have both solutions that oscillate as e−iEpt (positive
frequency modes) and as e+iEpt (negative frequency modes). The proper
interpretation of the latter modes will only come after quantization of
the theory.6 6Of course, after one has included both

the solutions eipx and e−ipx with p0 =
+Ep one does not get anything new
including solutions with p0 = −Ep.
For instance, a term e−ipx, when p0 =
−Ep, is equal to exp{−ip0t + ip·x} =
exp{iEpt + ip·x}. After changing the
dummy integration variable p to −p we
get back to exp{iEpt − ip·x} which is
just eipx with p0 = +Ep.

The overall sign (and normalization) of the action (3.39) is irrelevant
as long as we are interested in the equations of motion, but is important
for obtaining a positive definite Hamiltonian (and the correct choice
depends on our convention for the metric). The momentum conjugate
to φ is

Πφ =
∂L

∂(∂0φ)
= ∂0φ , (3.43)

and the Hamiltonian density is

H = Πφ∂0φ − L =
1
2
[
Π2

φ + (∇φ)2 + m2φ2
]

. (3.44)
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The energy momentum tensor is found from eq. (3.35),

θµν = ∂µφ∂νφ − ηµνL , (3.45)

so that

θ00 = (∂0φ)2 − L =
1
2
[
(∂0φ)2 + (∇φ)2 + m2φ2

]
. (3.46)

We see that θ00 = H, as expected, and H =
∫

d3x θ00. The Hamiltonian
is the conserved charge related to the invariance under time translations.

We now compute the conserved currents associated to Lorentz invari-
ance. In this case the parameters εa which appear in eqs. (3.19) and
(3.20) are better labeled by an antisymmetric pair of Lorentz indices;
we will denote them by ωρσ, and δxµ = ωµ

νxν can be rewritten as

δxµ =
∑
ρ<σ

Aµ
(ρσ)ω

ρσ , (3.47)

with
Aµ

(ρσ) = δµ
ρ xσ − δµ

σxρ . (3.48)

This gives the term Aµ
a which appears in eq. (3.31), while for a scalar

field φ′(x′) = φ(x) and therefore Fi,a = 0. We can then compute the
conserved currents jµ

(ρσ), and we find that they can be written in terms
of the energy–momentum tensor as77We have reabsorbed a minus sign in

the definition of j(ρσ)µ, compared to
the sign which comes from eq. (3.31).
Of course, if a current jµ is conserved,
also −jµ is conserved.

j(ρσ)µ = xρθµσ − xσθµρ . (3.49)

In particular, the conserved charge associated to spatial rotations is

M ij =
∫

d3x (xiθ0j − xjθ0i) =
∫

d3x∂0φ (xi∂j − xj∂i)φ (3.50)

and we recognize the operator Lij = i(xi∂j −xj∂i) found in eq. (2.78) as
a representation of the Lorentz generator on the scalar field. Integrating
by parts the spatial derivatives we can also rewrite eq. (3.50) as

M ij =
i

2

∫
d3x

[
φLij(∂0φ) − (∂0φ)Lijφ

]
. (3.51)

We now define the scalar product

〈φ1|φ2〉 =
i

2

∫
d3x φ1

↔
∂0 φ2 , (3.52)

where f
↔
∂µg ≡ f∂µg−(∂µf)g. This scalar product is time-independent if

φ1, φ2 are solutions of the KG equation. In fact, using the KG equation,

∂0[φ1∂0φ2 − (∂0φ1)φ2] = φ1∂
2
0φ2 − (∂2

0φ1)φ2 = φ1∇2φ2 − (∇2φ1)φ2

(3.53)
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and, inserted into eq. (3.52), this expression gives zero after integration
by parts. Observe that this scalar product is not positive definite. Equa-
tion (3.51) can be written as the expectation value of the operator Lij

with this scalar product,

M ij = 〈φ|Lij |φ〉 . (3.54)

This is completely general and elucidates the relation between the rep-
resentation of the generators as operators acting on fields (here Lij)
and the value of the corresponding charges on a given solution of the
equations of motion (here M ij) . For instance, for the four-momentum

Pµ ≡
∫

d3x θ0µ (3.55)

we have the equality
Pµ = 〈φ|i∂µ|φ〉 . (3.56)

We check it for µ = 0,

〈φ|i∂0|φ〉 = 〈φ|i∂0|φ〉 =
i

2

∫
d3x [φ(i∂0)∂0φ − (∂0φ)i∂0φ]

=
1
2

∫
d3x

[−φ∂2
0φ + (∂0φ)2

]
=

1
2

∫
d3x

[−φ(∇2 − m2)φ + (∂0φ)2
]

. (3.57)

Integrating by parts, −φ∇2φ becomes (∇φ)2 and we see that we have
reproduced the integral of θ00, eq. (3.46). Note that i∂µ and i(xµ∂ν −
xν∂µ) are hermitian operators with respect to this scalar product.

Finally, the free KG action can be generalized to a self-interacting
scalar field introducing a scalar potential V (φ),

S =
∫

d4x

[
1
2
∂µφ∂µφ − V (φ)

]
. (3.58)

The quadratic part of the potential gives the mass term while higher
powers, like φ3, φ4, etc. give non-linear contributions to the equations
of motion and therefore correspond to self-interactions.

3.3.2 Complex scalar field; U(1) charge

We can assemble two real scalar fields φ1 and φ2, with the same mass
m, into a single complex scalar φ = (φ1 + iφ2)/

√
2. The KG action is

the sum of the actions of φ1 and φ2 and, written in terms of φ, reads

S =
∫

d4x
(
∂µφ∗∂µφ − m2φ∗φ

)
. (3.59)

The complex field φ still satisfies the KG equation, as we can see from the
fact that by definition its real and imaginary parts φ1 and φ2 separately
satisfy the KG equation. Alternatively, we can obtain the same result
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considering as independent variables φ and φ∗, rather than φ1 and φ2,
and performing the variation of the action (3.59) with respect to φ∗,
holding φ fixed. The mode expansion of φ is

φ(x) =
∫

d3p

(2π)3
√

2Ep

(
ape−ipx + b∗peipx

) |p0=Ep
, (3.60)

with ap, bp independent, since the reality condition on φ is now absent.
The interesting new aspect of the complex KG field is the existence of a
global U(1) symmetry of the action,

φ(x) → eiθφ(x) , φ∗(x) → e−iθφ∗(x) , (3.61)

which of course makes sense only on complex fields. The Noether current
can be found from eq. (3.32) with φi = (φ, φ∗) and Fi,a = (Ma)i

jφj with
Mφ

φ = i, Mφ∗φ∗
= −i,

jµ = −i(φ∂µφ∗ − φ∗∂µφ) = iφ∗ ↔
∂µ φ . (3.62)

The conserved U(1) charge is

QU(1) =
∫

d3x j0 = i

∫
d3xφ∗ ↔

∂0 φ . (3.63)

In Section 3.5.4 we will study the interaction of the complex scalar field
with the electromagnetic field, and we will see that the U(1) current
is coupled to the gauge field, and that the U(1) charge is the electric
charge.

The scalar product for the complex scalar field is defined as

〈φ|φ′〉 = i

∫
d3xφ∗ ↔

∂0 φ′ , (3.64)

and it is conserved on the equations of motion. We see that the value of
the conserved charge (3.63) on a classical field configuration φ is equal
to the expectation value of the identity operator with respect to this
scalar product,

QU(1) = 〈φ|φ〉 . (3.65)

This is completely analogous to eqs. (3.54) and (3.56) since the gener-
ator of the U(1) transformation is the identity operator, as we can see
observing that eq. (3.61) can be written as φ(x) → eiθT φ(x), with the
generator T equal to the identity.

3.4 Spinor fields

3.4.1 The Weyl equation; helicity

We now consider the theory of a single left-handed Weyl field ψL. We
found in Section 2.5 that ψ†

Lσ̄µψL is a four-vector, where σ̄µ = (1,−σi).
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It is therefore possible to write a Lorentz-invariant kinetic term which
is first-order in the derivative,

LL = iψ†
Lσ̄µ∂µψL . (3.66)

The factor i in front is fixed by the condition that the action
∫

d4xLL

is real, as we verify immediately using the fact that the matrices σ̄µ are
hermitian. The equation of motion is obtained varying with respect to
ψ∗

L, considering ψ∗
L and ψL as two independent fields. Since ∂µψ†

L does
not appear in LL, the Euler–Lagrange equation is simply ∂L/∂ψ∗

L = 0,
which gives σ̄µ∂µψL = 0, or, more explicitly

(∂0 − σi∂i)ψL = 0 . (3.67)

As a consequence (using σiσj = δij + iεijkσk and the fact that, on a
regular function, ∂i∂j is symmetric in i, j), ∂2

0ψL = (σi∂i)(σj∂j)ψL =
∂2

i ψL, or
�ψL = 0 . (3.68)

Then eq. (3.67) implies the massless KG equation. However, eq. (3.67)
is a first-order differential equation, and gives further information. Con-
sider for instance a plane wave solution of positive energy,

ψL(x) = uLe−ipx (3.69)

where uL is a constant spinor, and all the x-dependence is in the plane
wave exp{−ipx} = exp{−iEt + ip · x}. Then eq. (3.67) gives

p·σ
E

uL = −uL (3.70)

and eq. (3.68) gives E = |p |. Since for a spin 1/2 field the angular
momentum is J = σ/2, eq. (3.70) can be rewritten as

(p̂ · J)uL = −1
2
uL , (3.71)

where p̂ = p /|p |. This shows that a left-handed massless Weyl spinor
has helicity h = −1/2. This result is consistent with our discussion of
the representations of the Poincaré group in Chapter 2, where we found
that massless particles are helicity eigenstates.8 8Let us anticipate that, when we quan-

tize the theory, this result will translate
into the existence of massless quanta of
the field ψL with helicity h = −1/2,
while the negative energy solutions will
correspond to antiparticles with h =
+1/2; see Section 4.2.2.

The energy–momentum tensor is obtained from the general formula
(3.35). Observe that on a classical solution σ̄µ∂µψL = 0, so the La-
grangian (3.66) vanishes. The energy–momentum tensor is therefore

θµν = iψ†
Lσ̄µ∂νψL , (3.72)

and in particular
θ00 = iψ†

L∂0ψL . (3.73)

The Lagrangian (3.66) is invariant under a global U(1) internal trans-
formation,

ψL → eiθψL , (3.74)
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with Noether’s current jµ
U(1) = ψ†

Lσ̄µψL and conserved charge

QU(1) =
∫

d3xψ†
LψL . (3.75)

Of course, the Weyl Lagrangian (3.66) is not invariant under parity.
Under parity ψL is sent into a right-handed spinor which is not even
present in eq. (3.66).

Observe also that the Lagrangian

L′
L = iψ†

Lσ̄µ∂µψL − i

2
∂µ

(
ψ†

Lσ̄µψL

)
=

i

2
ψ†

Lσ̄µ
↔
∂µ ψL (3.76)

differs from eq. (3.66) only by a total derivative, and it therefore gives
the same equations of motion and conserved currents, so it is classically
equivalent. We will verify in Exercise 3.5 that the conserved currents
computed with L′

L are different from those computed with LL, but the
conserved charges are the same.

For a right-handed Weyl spinor ψR we saw in Section 2.5.2 and in Ex-
ercise 2.3 that ψ†

RσµψR is a four-vector, and therefore we can construct
the Lagrangian

LR = iψ†
Rσµ∂µψR , (3.77)

with σµ = (1, σi) in place of σ̄µ = (1,−σi). We then find that the
equation of motion is σµ∂µψR = (∂0 + σi∂i)ψR = 0 and the positive
energy solution has helicity h = +1/2. The energy–momentum tensor
of the right-handed Weyl field is θµν = iψ†

Rσµ∂νψR.
The neutrinos come into three species (families) νe, νµ, ντ and are spin

1/2 particles. Until recently, the experimental values of their masses
were compatible with zero. Recent results on neutrino oscillations how-
ever provide strong evidence that they have small masses. More pre-
cisely, these experiments are sensitive to the difference in mass squared
between different families, rather than to the values of the masses them-
selves, and presently suggest a mass difference between different fami-
lies ∆m2 between 10−5 and 10−3 eV2. In most situations the neutrino
masses can be considered as extremely small and, if we neglect them,
neutrinos are described by massless left-handed Weyl spinors.

One could ask whether it is possible to describe a massive particle with
a single Weyl spinor. This is indeed possible, and the resulting mass term
is known as a Majorana mass. We will discuss it in Section 3.4.4. We
first turn our attention to Dirac spinors.

3.4.2 The Dirac equation

We now consider the theory that we can build having at our disposal
both a left-handed Weyl spinor ψL and a right-handed Weyl spinor ψR.
The crucial point is that we can construct two new Lorentz scalars,
ψ†

LψR and ψ†
RψL. In fact, from the explicit form (2.59, 2.60) we see that

Λ†
LΛR = 1 = Λ†

RΛL, and therefore ψ†
LψR → ψ†

LΛ†
LΛRψR is invariant,

and similarly ψ†
RψL.
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In particular, we have the two real combinations ψ†
LψR + ψ†

RψL and
i(ψ†

LψR − ψ†
RψL). Under a parity transformation, ψL ↔ ψR and there-

fore the first combination is a scalar and the second is a pseudoscalar.
The Dirac Lagrangian is defined as

LD = iψ†
Lσ̄µ∂µψL + iψ†

Rσµ∂µψR − m(ψ†
LψR + ψ†

RψL) . (3.78)

Contrary to the Weyl Lagrangian, the Dirac Lagrangian is invariant
under parity transformation, since under parity ψL ↔ ψR and ∂i → −∂i

so that σ̄µ∂µ ↔ σµ∂µ.
The Euler–Lagrange equations are obtained considering ψL and ψ∗

L

independent (since they are complex fields) and similarly for ψR, ψ∗
R.

Then, performing the variations with respect to ψ∗
L and ψ∗

R, we get

σ̄µi∂µψL = mψR , (3.79)
σµi∂µψR = mψL . (3.80)

This is the Dirac equation written in terms of Weyl spinors. Note that,
because of the mass term, ψL and ψR are no longer helicity eigen-
states. Applying the operator σµi∂µ on both sides of eq. (3.79) and
using eq. (3.80) we get −σµσ̄ν∂µ∂νψL = m2ψL. Since ∂µ∂ν is symmet-
ric we can replace σµσ̄ν with (1/2)(σµσ̄ν + σν σ̄µ) and use the identity

σµσ̄ν + σν σ̄µ = 2ηµν (3.81)

which follows immediately from the definition of σµ and σ̄µ. We then
find

(� + m2)ψL = 0 , (3.82)

and similarly for ψR. Therefore the Dirac equation implies a massive
KG equation for ψL, ψR, and the parameter m introduced in the Dirac
Lagrangian is indeed a mass term.

It is convenient to write everything in terms of the Dirac spinor. We
write the Dirac spinor as in Chapter 2,

Ψ =
(

ψL

ψR

)
. (3.83)

It is clear that we might as well define the Dirac spinor taking different
combinations of ψL, ψR. For instance we might take (ψR + ψL)/

√
2 as

the upper component of Ψ and (ψR − ψL)/
√

2 as the lower component.
The choice (3.83) defines the so-called chiral representation. We then
define the 4 × 4 γ matrices in the chiral representation,

γ0 =
(

0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
, (3.84)

or, more compactly,

γµ =
(

0 σµ

σ̄µ 0

)
. (3.85)
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Using eq. (3.81) we see that the γ matrices satisfy the Clifford algebra,

{γµ, γν} = 2ηµν . (3.86)

In terms of Dirac spinors, the Dirac equation becomes

(i �∂ − m)Ψ = 0 . (3.87)

Here we have introduced the Feynman slash notation: for a generic four-
vector Aµ, we denote γµAµ by �A; then �∂ is the notation for γµ∂µ.

In order to write the Lagrangian in a compact form it is convenient
to define the Dirac adjoint,

Ψ̄ = Ψ†γ0 . (3.88)

In the chiral representation Ψ̄ = (ψ†
R, ψ†

L) and the Dirac Lagrangian can
be written as

LD = Ψ̄ (i �∂ − m)Ψ . (3.89)

We also define γ5 = iγ0γ1γ2γ3, so in the chiral representation

γ5 =
( −1 0

0 1

)
. (3.90)

Therefore (1 ± γ5)/2 is a projector on the Weyl spinors,

1 − γ5

2
Ψ =

(
ψL

0

)
1 + γ5

2
Ψ =

(
0

ψR

)
. (3.91)

If we take the neutrinos to be massless, a single left-handed Weyl spinor
νL suffices for their description. Even in this case, however, it can be
convenient to use a Dirac notation, i.e. to describe the neutrino with a
Dirac spinor ν which, in the chiral representation, has the form

ν =
(

νL

0

)
, (3.92)

and therefore satisfies
1 − γ5

2
ν = ν . (3.93)

As we already remarked, the form (3.83) for the Dirac spinor is a possible
choice but, depending on the problem, other choices might be more
convenient. For instance, we can define a new Dirac spinor Ψ′ = UΨ,
with U a constant unitary matrix. Then the Dirac Lagrangian becomes

LD = (Ψ′)†Uγ0 (iγµ∂µ − m)U †Ψ′ = Ψ̄′ (iγµ′∂µ − m
)
Ψ′ (3.94)

with γµ′ = UγµU † and Ψ̄′ = (Ψ′)†γ0′. So the explicit form of the
γ matrices changes, as well as the relation between Ψ and the Weyl
spinors ψL, ψR. However, the action and therefore the Dirac equation
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maintains the same form in terms of the redefined Dirac field and γ ma-
trices. Furthermore, the algebra (3.86) is invariant under γµ → UγµU †

with U unitary. These different explicit expressions for the γ matrices
correspond therefore to equivalent representations of the Clifford alge-
bra. Together with the chiral representation which has been our starting
point, another particularly useful representation is obtained acting with

the unitary matrix U = 1√
2

(
1 1
−1 1

)
, which gives

Ψ =
1√
2

(
ψR + ψL

ψR − ψL

)
≡
(

φ
χ

)
, (3.95)

and the γ matrices become

γ0 =
(

1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, (3.96)

γ5 = iγ0γ1γ2γ3 =
(

0 1
1 0

)
. (3.97)

This representation, known as the ordinary, or standard representation,
is useful in the non-relativistic limit (see Section 3.6). The chiral repre-
sentation is more useful in the ultra-relativistic limit, when the mass can
be neglected and ψL, ψR are helicity eigenstates, and also displays more
clearly the group theoretical structure since ψL,R are the irreducible
representations of the Lorentz group (1

2 , 0) and (0, 1
2 ), respectively.

The general solution of the massive Dirac equation is a superposition
of plane waves of the form

Ψ(x) = u(p)e−ipx (3.98)

and of the form
Ψ(x) = v(p)eipx , (3.99)

where u(p), v(p) are four-component spinors. The former, in a classical
theory, is a positive energy solution and the latter is a negative energy
solution. The proper interpretation of the negative energy solutions will
come after quantization, and will be discussed in Chapter 4.

The Dirac equation applied to the plane waves (3.98) and (3.99) gives

(�p − m)u(p) = 0 , (3.100)
(�p + m) v(p) = 0 , (3.101)

using the Feynman slash notation, �p = γµpµ. We use the chiral repre-
sentation, and we write

u(p) =
(

uL(p)
uR(p)

)
. (3.102)

We consider the case m �= 0. Then we can solve the equation in the rest
frame, where pµ = (m, 0, 0, 0) and eq. (3.100) reads (γ0 − 1)u(p) = 0.
The solution, using the expression (3.84) for γ0, is uL = uR. We see that,
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while the KG equation imposes only the mass shell condition p2 = m2,
the Dirac equation, being first-order in the derivatives, has also the effect
of reducing by a factor of two the number of independent degrees of
freedom, since it relates uL to uR. A convenient choice of normalization
is uL = uR =

√
m ξ with ξ a two-component spinor satisfying ξ†ξ = 1.

The solution for generic p can be found either directly from the Dirac
equation or performing a boost of the rest frame solution, using the
transformation properties of ψL,R discussed in Chapter 2. In any case,
setting p along the +z direction, the result is

us(p) =

⎛
⎜⎜⎜⎝
[√

E + p3 1−σ3

2 +
√

E − p3 1+σ3

2

]
ξs

[√
E + p3 1+σ3

2 +
√

E − p3 1−σ3

2

]
ξs

⎞
⎟⎟⎟⎠ . (3.103)

The index s = 1, 2 labels the two independent solutions,

ξ1 =
(

1
0

)
ξ2 =

(
0
1

)
. (3.104)

In the ultra-relativistic limit we have pµ → (E, 0, 0, E). Then, when
s = 1, eq. (3.103) becomes

u1(p) →
√

2E

(
0
ξ1

)
. (3.105)

If instead s = 2
u2(p) →

√
2E

(
ξ2

0

)
. (3.106)

Thus, in the ultra-relativistic limit (or, equivalently, in the massless
limit), u1 has only the right-handed component while u2 has only the
left-handed component. When we quantize the theory, in Section 4.2, we
will see what this means in terms of the helicities of massless particles.

We can study similarly the equation for v(p); the result differs from
u(p) in the sign of the lower component,

vs(p) =

⎛
⎜⎜⎜⎝

[√
E + p3 1−σ3

2 +
√

E − p3 1+σ3

2

]
ηs

−
[√

E + p3 1+σ3

2 +
√

E − p3 1−σ3

2

]
ηs

⎞
⎟⎟⎟⎠ , (3.107)

where again we wrote the result in the frame where p = (0, 0, p3) and
in the chiral representation; ηs is the two-dimensional spinor describing
the two distinct solutions for vs(p),

η1 =
(

1
0

)
η2 =

(
0
1

)
. (3.108)

We define ūs(p) = us†γ0 and v̄s(p) = vs†γ0. From the explicit form of
u(p), v(p) one finds a number of useful properties. First of all, from our
normalization choice ξr†ξs = δrs, ηr†ηs = δrs, it follows that

ūr(p)us(p) = 2m δrs , v̄r(p)vs(p) = −2m δrs (3.109)
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and

ur†(p)us(p) = 2Ep δrs , vr†(p)vs(p) = 2Ep δrs , (3.110)

ūr(p)vs(p) = 0 , v̄r(p)us(p) = 0 . (3.111)

When computing scattering cross-sections, one is often interested in the
situation in which we sum over all possible final spin states and average
over all possible initial spin states. In this case one finds a sum over the
spins, that is performed with the help of the formulas∑

s=1,2

us(p)ūs(p) = �p + m , (3.112)

∑
s=1,2

vs(p)v̄s(p) = �p − m , (3.113)

which again can be found from the explicit expressions for u, v. Note of
course that, while ūu is a number, uū is a 4 × 4 matrix.

We will also need the Dirac equation for ū, v̄. Taking the hermitian
conjugate of eqs. (3.100) and (3.101) we find

ū(p) ( �p− m) = 0 , (3.114)
v̄(p) ( �p + m) = 0 . (3.115)

Another useful identity is obtained multiplying eq. (3.114) (with spin
state r) by us(p) from the right and using eq. (3.109), which gives
pµūr(p)γµus(p) = 2m2δrs. Since this must be true for generic pµ, we
find that

ūr(p)γµus(p) = 2pµδrs , (3.116)

and similarly
v̄r(p)γµvs(p) = 2pµδrs . (3.117)

Finally, we observe that the 16 matrices 1, γµ, γ5, γµγ5 and

σµν ≡ i

2
[γµ, γν ] (3.118)

are linearly independent and therefore the most general 4 × 4 matrix
can be expressed in terms of them. The most general fermion bilinear
is therefore a combination of

Ψ̄Ψ, Ψ̄γµΨ, Ψ̄γ5Ψ, Ψ̄γ5γµΨ, Ψ̄σµνΨ . (3.119)

Their Lorentz and parity transformation properties are most easily un-
derstood writing them in the chiral representation, in terms of Weyl
spinors. We have already seen that Ψ̄Ψ = (ψ†

LψR + ψ†
RψL) is a true

scalar while Ψ̄γ5Ψ = ψ†
LψR − ψ†

RψL is a pseudoscalar. Consider now

jµ
V ≡ Ψ̄γµΨ = ψ†

Lσ̄µψL + ψ†
RσµψR . (3.120)

We already know that ψ†
Lσ̄µψL and ψ†

RσµψR are four vectors, so Ψ̄γµΨ is
a four-vector. Under parity, ψL ↔ ψR and, since σ0 = σ̄0 and σi = −σ̄i,
we have j0

V → j0
V , ji

V → −ji
V , so jµ

V is a true four-vector.
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Similarly one finds that

jµ
A ≡ Ψ̄γ5γµΨ = ψ†

Lσ̄µψL − ψ†
RσµψR (3.121)

is a pseudovector and Ψ̄σµνΨ is a true tensor.
In eq. (2.88) we have written explicitly the Lorentz transformation of

Dirac spinors in the chiral representation. It is straightforward to check
that, in terms of γ matrices, this transformation reads

Ψ → exp{− i

4
ωµνσµν}Ψ . (3.122)

We have derived this transformation law working in the chiral repre-
sentation. However, once a transformation has been written in terms
of γ matrices, it holds in any representation: if Ψ → ΛDΨ, we have
UΨ → U(ΛDΨ) = (UΛDU−1)UΨ. However Ψ′ = UΨ is the spinor in
the new representation and, expanding in power series the exponential,
we see that

UΛDU−1 = exp{− i

4
ωµνUσµνU−1} = exp{− i

4
ωµνσ′µν} (3.123)

where σ′µν = (i/2)[γ′µ, γ′ν ] and γ′µ are the Dirac matrices in the new
representation.

Equation (3.122) states that Jµν = σµν/2 provides a representation
of complex dimension four of the Lorentz algebra (2.25). This can also
be checked directly, from the definition of σµν in terms of the γ matrices
and using {γµ, γν} = 2ηµν . This representation is however reducible,
since we know that Ψ ∈ (1

2 ,0) ⊕ (0, 1
2 ).

3.4.3 Chiral symmetry

Let us consider the Dirac Lagrangian (3.78) with the mass term set to
zero. In this case the action has a global internal symmetry,

ψL → eiθLψL , ψR → eiθRψR , (3.124)

in which ψL and ψR are rotated by two independent angles θL and θR.
The above transformation therefore belongs to the group U(1) × U(1).
The transformation with θL = θR ≡ α can be written in terms of the
Dirac spinor as

Ψ → eiαΨ , (3.125)

while the transformation with θR = −θL ≡ β can be written as

Ψ → eiβγ5
Ψ . (3.126)

We can also verify that eqs. (3.125) and (3.126) are symmetry transfor-
mations directly on the Dirac action in the form (3.89), with m = 0. For
the transformation (3.125) it is evident. For the transformation (3.126),
using {γ5, γµ} = 0 we can show that

γµeiβγ5
= e−iβγ5

γµ , (3.127)
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simply expanding the exponential in power series. Then, using the fact
that γ5 is hermitian,

Ψ̄γµ∂µΨ = Ψ†γ0γµ∂µΨ → Ψ†e−iβγ5
γ0γµ∂µeiβγ5

Ψ . (3.128)

The factor exp{iβγ5} commutes with ∂µ since β is independent of x
and, from eq. (3.127),

γ0γµeiβγ5
= γ0e−iβγ5

γµ = eiβγ5
γ0γµ , (3.129)

so in eq. (3.128) exp{iβγ5} cancels with exp{−iβγ5} and Ψ̄γµ∂µΨ is
invariant.

The transformation (3.125) is a global U(1) symmetry, which will be
promoted to a local gauge symmetry in Section 3.5.4. It is also called
the vector U(1) since, using the Noether theorem, its conserved current
is the vector current

jµ
V = Ψ̄γµΨ . (3.130)

The transformation (3.126) is instead called a chiral transformation, or
the axial U(1) (often denoted as UA(1)). Its conserved current is

jµ
A = Ψ̄γµγ5Ψ , (3.131)

which, as we have seen above, is a pseudovector, and is called the axial
current.

If we now switch on the mass term, we see that eq. (3.124) is a sym-
metry transformation only if θL = θR, since the mass term couples ψL

and ψR. Therefore the mass term breaks the axial U(1), while the vec-
tor U(1) is preserved. Indeed, if we compute the divergence of the axial
current (3.131) using the equations of motion of the massive theory, we
find

∂µjµ
A = 2imΨ̄γ5Ψ . (3.132)

The same result can be obtained using the general formula (3.33).

3.4.4 Majorana mass

In Section 3.4.1 we discussed how to describe a spin 1/2 massless particle
using a single Weyl field, e.g. left-handed, ψL. In Section 3.4.2 we have
shown that we can introduce a mass term using two spinor fields, one
left-handed and one right-handed, and this has given rise to a Dirac
mass term.

We are now in the position to reexamine a question that we posed
at the end of Section 3.4.1. Is it possible to describe a massive particle
with a single Weyl field, e.g. left-handed? The answer is yes, because we
have seen in eq. (2.64) that, given a left-handed Weyl spinor ψL, we can
construct a right-handed Weyl spinor ψR = iσ2ψ∗

L. We can therefore
write the Dirac equation (3.79) using iσ2ψ∗

L as the right-handed Weyl
field,

σ̄µi∂µψL = imσ2ψ∗
L , (3.133)
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and eq. (3.80) gives simply the complex conjugate of this equation. The
algebraic manipulations performed for the Dirac equation to show that it
implies a massive Klein–Gordon equation can be repeated here without
any change (since they are valid independently of whether ψL and ψR are
independent or not), and therefore eq. (3.133) implies (� + m2)ψL = 0.
We have therefore constructed a mass term using only ψL. Such a mass
term is known as a Majorana mass.

The formal similarity with the Dirac mass term can be seen writing
eq. (3.133) in terms of the four-component Majorana spinor ΨM , which
in the chiral representation is

ΨM =
(

ψL

iσ2ψ∗
L

)
. (3.134)

Then eq. (3.133) becomes formally the same as the Dirac equation,

(i �∂ − m)ΨM = 0 . (3.135)

Naively, one would guess that this can be derived from the variation of a
Dirac action, with Ψ replaced by ΨM . However, this is not true, because
for a Majorana spinor

Ψ̄MΨM = −iψT
Lσ2ψL + h.c. , (3.136)

where ψT
L denotes the transpose. In components, ψT

Lσ2ψL = ψL,aσ
2
abψL,b.

In the classical theory, we defined the Weyl fields as ordinary commuting
numbers (often called c-numbers when one want to stress that they are
numbers, rather than operators), therefore ψL,aψL,b is symmetric in the
indices (a, b). Instead the Pauli matrix σ2

ab is antisymmetric in (a, b),
and therefore Ψ̄MΨM vanishes identically. If we wish to write a classical
action for the Majorana mass term we can do it, but we must state that,
already at the classical level, ψL is an anticommuting field. Otherwise,
we can be satisfied with eq. (3.135), without deriving it from a classical
Lagrangian.

Apart from this technical aspect, the Majorana mass has a very im-
portant physical difference compared to the Dirac mass. As we saw
in Section 3.4.3, the Dirac action with a mass term is invariant under a
global U(1) transformations of ψL and of ψR, ψL → eiαψL, ψR → eiαψR,
see eq. (3.125). Rather than on the action, we can see this invariance
directly on the massive Dirac equation in Weyl form, eqs. (3.79) and
(3.80). For Majorana spinors, however, ψL and ψR are not independent
but are related by complex conjugation. Therefore, if ψL transforms as
ψL → eiαψL, automatically ψR = iσ2ψ∗

L transforms as ψR → e−iαψR.
It is impossible to define on a Majorana spinor a U(1) transformation
under which ψL → eiαψL and at the same time ψR → eiαψR.

In other words, the Majorana equation (3.133) is not invariant un-
der global U(1) symmetries of the type that in Section 3.4.3 we called
vector U(1) (or simply U(1), while axial U(1) symmetries are denoted
by UA(1)). This means that a spin 1/2 particle which carries a U(1)
conserved charge cannot have a Majorana mass. For instance, all spin
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1/2 particles which have an electric charge, like the electron, cannot
have a Majorana mass. Similarly, processes involving a lepton with a
Majorana mass violate lepton number (i.e. the number of leptons minus
the number of antileptons) since this is again a U(1) symmetry.

A possible candidate for a particle which could have a Majorana mass
is the neutrino. As we mentioned already, at present there are indications
that the neutrinos have tiny masses, but it is not known if these masses
are Dirac or Majorana masses.

A Dirac mass for the neutrino would imply that, together with the
left-handed neutrino, there exists also a right-handed neutrino, which
combines with the left-handed one to produce the Dirac mass. However,
these hypothetical right-handed neutrinos are not seen in weak interac-
tions, and therefore, if they exist, they must be sterile, which means that
they do not participate in weak interactions, or at least they participate
much more weakly than the left-handed neutrinos. The other possibil-
ity is that neutrinos are described by purely left-handed fields and have
Majorana masses. In this case the lepton number symmetry is violated.
Experiments on neutrino-less double beta decay aim at detecting these
violations.

3.5 The electromagnetic field

3.5.1 Covariant form of the free Maxwell equations

The electromagnetic field is described by a four-vector Aµ, the gauge
potential. The field strength tensor is defined as

Fµν = ∂µAν − ∂νAµ , (3.137)

and it is related to the electric and magnetic fields as

F 0i = ∂0Ai − ∂iA0 = ∂0A
i + ∇iA0 = −Ei , (3.138)

F ij = −εijkBk . (3.139)

The Lagrangian of the free electromagnetic field is

L = −1
4
FµνFµν =

1
2
(E2 − B2) . (3.140)

The equations of motion derived from this Lagrangian are

∂µFµν = 0 . (3.141)

In terms of the electric and magnetic fields these are the first pair of
Maxwell equations in the absence of sources,

∇ ·E = 0 , ∇× B = ∂0E , (3.142)
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written in a Lorentz covariant form. Furthermore, defining

F̃µν =
1
2
εµνρσFρσ , (3.143)

we see that (if the gauge field is a regular function) ∂µF̃µν = εµνρσ∂µ∂ρAσ

vanishes identically, since the antisymmetric tensor εµνρσ is contracted
with the symmetric tensor ∂µ∂ρ.9 Therefore we have the identity9The tensor ∂µ∂ρ is symmetric only if

it acts on a regular function Aσ , so that
the derivatives can be interchanged.
The important case where this does not
happen is the Dirac monopole.

∂µF̃µν = 0 , (3.144)

which is the second pair of Maxwell equations, ∇ · B = 0 and ∇× E =
−∂0B. Equations (3.141) and (3.144) are the Maxwell equations written
in an explicitly covariant form.

3.5.2 Gauge invariance; radiation and Lorentz
gauges

A crucial local symmetry of the Maxwell Lagrangian is the symmetry
under gauge transformations

Aµ → Aµ − ∂µθ (3.145)

with θ(x) an arbitrary (regular) function. One verifies immediately that
Fµν is gauge invariant. As long as we consider only the free electromag-
netic field without interaction, the global version of eq. (3.145) (i.e. θ
independent of x) is trivial and therefore there is no associated conserved
current (this is the situation, in the demonstration of the Noether theo-
rem, where jµ in eq. (3.21) vanishes identically). The situation changes
when we switch on the interaction, as we will see in Section 3.5.4.

The existence of the local symmetry (3.145) introduces new problems,
since it means that the variables Aµ give a redundant description of the
electromagnetic field. We can use the gauge freedom to constraint Aµ,
and a convenient choice is the following. First of all, it is easy to find a
gauge transformation that sets A0 = 0. It is given simply by

Aµ → A′
µ = Aµ − ∂µ

∫ t

dt′ A0(x, t′) . (3.146)

After that, we still have the freedom of performing a gauge transforma-
tion with θ independent of t, because this does not modify the condition
A′

0 = 0. Therefore we perform a further gauge transformation which
sends A′

µ into a new field A′′
µ = A′

µ − ∂µθ, choosing

θ(x) = −
∫

d3y

4π|x − y|
∂A′i(y, t)

∂yi
. (3.147)

Despite its appearance, this function θ is actually independent of t. In
fact, in this gauge Ei = −∂0A

′i since A′
0 = 0. Then ∂iE

i = 0 implies
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∂0∂iA
′i = 0 and we can see from eq. (3.147) that ∂0θ = 0. Furthermore,

using the identity

∇2
x

(
1

4π|x − y|
)

= −δ3(x − y) (3.148)

we see that
∇ ·A′′ = ∇ · A′ −∇2θ = 0 . (3.149)

We have therefore used the gauge freedom to set

A0 = 0 ∇ · A = 0 . (3.150)

This gauge is called the radiation gauge. Note that it implies the Lorentz
gauge,

∂µAµ = 0 . (3.151)

The equation of motion (3.141) in this gauge becomes

0 = ∂µ(∂µAν − ∂νAµ) = ∂µ∂µAν − ∂ν(∂µAµ) = �Aν , (3.152)

and we recognize a massless KG equation for each of the components
of Aν . After quantization, this will translate into the fact that the
electromagnetic field describes massless particles. We can look for plane
wave solutions,

Aµ(x) = εµ(k)e−ikx + c.c. (3.153)

where εµ is called the polarization vector. Equation (3.152) gives k2 = 0
while our gauge choice implies ε0 = 0 and ε·k = 0. Choosing for instance
k = (0, 0, k), i.e. considering an electromagnetic wave traveling in the
z-direction, ε·k = 0 becomes ε3 = 0. Therefore an electromagnetic
wave has two degrees of freedom, represented by a vector ε in the plane
transverse to the direction of propagation. The circular polarizations
ε± = ε1 ± iε2 are the helicity eigenstates (see Exercise 2.4).

The advantage of the radiation gauge is to expose clearly the physical
degrees of freedom of the electromagnetic field. The disadvantage, how-
ever, is that Lorentz covariance is no longer explicit, since eq. (3.150)
is not Lorentz covariant. The Lorentz gauge (3.151) is instead Lorentz
covariant, but alone it is insufficient to eliminate all spurious degrees of
freedom. Therefore we must choose between a redundant, but Lorentz
covariant description, and a description which breaks the covariance but
exposes clearly the physical degrees of freedom. This will be a recurrent
theme in the quantization of gauge fields.

3.5.3 The energy–momentum tensor

The energy–momentum tensor of the electromagnetic field can be com-
puted from eq. (3.35),

θµν = −F µρ∂νAρ +
1
4
ηµνF 2 , (3.154)
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with F 2 ≡ FµνFµν . This form is not explicitly gauge invariant, since
it depends on Aµ and not only on Fµν . However, using the equation
of motion ∂ρF

µρ = 0, we can see that under a gauge transformation it
changes as

θµν → θµν + Fµρ∂ν∂ρθ = θµν + ∂ρ (Fµρ∂νθ) , (3.155)

and the conserved charges change as

P ν → P ν +
∫

d3x∂ρ

(
F 0ρ∂νθ

)
= P ν +

∫
d3x∂i

(
F 0i∂νθ

)
. (3.156)

The additional term is a total spatial derivative which integrates to zero
assuming, as always, that the field decreases sufficiently fast at infinity.
Therefore the charges are gauge invariant. If we want to have directly a
gauge-invariant form for the energy–momentum tensor then, following
the discussion in Section 3.2.1, we can add a term ∂ρ(FµρAν) to θµν ,
which is by itself conserved, and its µ = 0 component is a total spatial
derivative. We then obtain the “improved” energy–momentum tensor

T µν = FµρFρ
ν +

1
4
ηµνF 2 , (3.157)

which is explicitly gauge invariant. The energy of the electromagnetic
field is

E =
∫

d3xT 00 =
1
2

∫
d3x (E2 + B2) (3.158)

and the spatial momentum is

P i =
∫

d3xT 0i =
∫

d3x (E × B)i . (3.159)

This is known as the Poynting vector.10 The spatial components T ij10The factors 1/2 in front of the energy
and the factor 1 in front of the Poynting
vector depend on our choice of rational-
ized units for the electric charge, and
in unrationalized units they would be-
come 1/(8π) and 1/(4π), respectively;
see the Notation.

form a spatial tensor, whose negative is known as the Maxwell stress
tensor T ij

M ,

T ij
M ≡ −T ij = EiEj + BiBj − 1

2
δij(E2 + B2) . (3.160)

Observe that, integrating the equation ∂µT µi = 0 over a volume V
bounded by a surface S, one finds∫

V

d3x
[
∂0T

0i + ∂jT
ji
]

= 0 , (3.161)

and therefore1111Recall that with our signature we

have n̂jT ji
M = −n̂jT ji

M .
d

dt
P i = +

∫
V

d3x∂jT
ji
M = −

∫
S

dS n̂jT ji
M , (3.162)

where P i is the momentum contained in the volume V and n̂ is the
outward normal to the surface. Therefore the Maxwell stress tensor
gives the flow of momentum across a surface.
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From this example we also learn that in field theory the observable
quantities are the charges, rather than the currents. The currents (as in
this case the energy–momentum tensor) are not uniquely defined. For
instance, we can add a total four-divergence to the Lagrangian density.
We saw in Section 3.1 that this does not modify the classical equations
of motion, so two Lagrangian densities which differ by a total four-
divergence define the same classical theory. However, the currents that
one obtains through the Noether theorem using eq. (3.31) are different
for the two theories, while the charges are the same (see Exercise 3.5 for
an example).

This means also that in general we cannot localize the energy density
with arbitrary precision. What is well defined is not the energy density,
but rather its integral over a volume V such that the fields go to zero
sufficiently fast at the boundaries, so that the ambiguities due to total
divergences become irrelevant. For instance, if we have an electromag-
netic wave packet centered around a frequency ω, corresponding to a
wavelength λ = 2π/ω, its energy in a volume V is well defined only if V
is a box with sides equal to at least several wavelengths. Correspond-
ingly, energy density is well defined only in a smeared sense, i.e. as an
average over a box of side equal to a few times λ.12 12This lack of localizability is also

present in the quantum theory, where
it can be understood in terms of the
uncertainty principle. In fact, in order
to know the energy of the electromag-
netic field in a box of side L, we must
known how many photons there are at
a given time and what is the energy of
each. However, in order to know if a
photon is inside the box, we must know
its position with an error ∆x < L, and
correspondingly we have ∆p > 1/L. If
we take L � λ, the uncertainty on the
momentum becomes much bigger than
the momentum itself.

3.5.4 Minimal and non-minimal coupling to matter

In classical electrodynamics, when we add an external current jµ, the
second pair of Maxwell equations (3.144) are not modified, since they
are just a consequence of the definition of F µν (assuming again that we
have regular gauge fields, and excluding therefore the case of a Dirac
monopole), while the first pair (3.141) becomes

∂µFµν = jν . (3.163)

Since F µν is antisymmetric and we are assuming that it is a regular func-
tion, it automatically satisfies ∂ν∂µFµν = 0, and therefore eq. (3.163)
is consistent only if the current jν is conserved, ∂νjν = 0. We can un-
derstand this requirement as a consequence of gauge invariance. Equa-
tion (3.163) is the equation of motion derived from the action

S = −
∫

d4x

(
1
4
F 2 + jµAµ

)
. (3.164)

The term F 2 is explicitly gauge invariant. The term jµAµ, under a
gauge transformation Aµ → Aµ − ∂µθ, changes by −jµ∂µθ. If we inte-
grate by parts and we disregard the boundary term at infinity (which
means that we restrict to gauge transformation or to currents that van-
ish sufficiently fast at infinity), the variation of the action becomes equal
to − ∫ d4x θ ∂µjµ. The action is therefore gauge invariant if and only if
∂µjµ = 0.

Beside being respected by classical electrodynamics, we will see that
gauge invariance is also a crucial ingredient for quantizing theories with
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a massless vector field Aµ. Gauge invariance is a guiding principle in
building the theory of fundamental interactions, and the corresponding
theories are known as gauge theories.

A very general method for writing a gauge invariant action is the
following. We start from a theory with a global U(1) invariance. Let
us consider for definiteness the Dirac action (3.89), but the procedure is
completely general. We consider the transformation

Ψ → eiqθΨ . (3.165)

This transformation is a symmetry of the free Dirac action if θ is a
constant, but we want to consider a generic function θ(x). The free
Dirac action is not invariant if θ depends on x, because then the factor
eiqθ coming from Ψ does not commute with ∂µ and so it cannot be
canceled by the factor e−iqθ coming from Ψ̄. We have assigned to the
field Ψ a parameter q that defines its transformation properties. We
will see that it has the meaning of the electric charge of the particles
described by the field, in units of e.

At the same time, the action of the free electromagnetic field is in-
variant under

Aµ → Aµ − ∂µθ . (3.166)

We then define the covariant derivative of Ψ as

DµΨ = (∂µ + iqAµ)Ψ (3.167)

and we immediately verify that, under the combined transformations
(3.165) and (3.166), with θ = θ(x),

DµΨ → eiqθDµΨ , (3.168)

i.e. DµΨ transforms in the same way as Ψ, even when θ is a function of x.
It is now easy to construct a Lagrangian with a local U(1) invariance. It
suffices to replace all derivatives ∂µ with covariant derivatives Dµ. This
procedure is expressed by saying that we have gauged the global U(1)
symmetry, promoting it to a local symmetry. The resulting theory is
called a gauge theory and Aµ is called a gauge field. More precisely, it is
a U(1), or abelian gauge field, since we have gauged a U(1) symmetry. In
Chapter 10 we will study how to gauge non-abelian groups, like SU(N),
and this will lead to non-abelian gauge theories and to the Standard
Model.

It is important to note that the form of the covariant derivative de-
pends on the transformation properties of the field on which it acts. For
instance, for fields transforming as in eq. (3.165), Dµ depends on the
parameter q. One can consider more general transformation laws, how-
ever. As an example, a gauge field transforms as in eq. (3.166) rather
than being multiplied by a phase, and on a gauge field we simply define
DµAν = ∂µAν since Fµν is already gauge invariant. We will find more
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general transformation properties, and more general definitions of the
covariant derivative, when we study non-abelian gauge theories.

It is now straightforward to couple a Dirac field of charge q to the
electromagnetic field: we just replace ∂µ by Dµ in the Dirac Lagrangian
and we have

LD = Ψ̄ (iγµDµ − m)Ψ (3.169)

or, more explicitly,

LD = Ψ̄ (iγµ∂µ − m)Ψ − qAµΨ̄γµΨ . (3.170)

Thus, the electrodynamics of a spinor field is obtained coupling Aµ to
the current Ψ̄γµΨ. The resulting theory has by construction the local
U(1) symmetry defined by eqs. (3.165) and (3.166), with θ an arbitrary
function of x, and therefore it obviously also has the global symmetry
Ψ → eiqθΨ, Aµ → Aµ with θ a constant. Applying the Noether theorem
to this global symmetry we see that (modulo of course an arbitrary nor-
malization) the conserved current is the vector current that we already
met in Section 3.4.3,

jµ
V = Ψ̄γµΨ . (3.171)

Therefore the electromagnetic field is coupled to a conserved current.
The conserved charge is

Q =
∫

d3x Ψ̄γ0Ψ =
∫

d3xΨ†Ψ (3.172)

and, as we will see after quantization of the theory, it has the meaning
of the electric charge, in units of e.

The equation of motion is

(iγµDµ − m)Ψ = 0 . (3.173)

This is the Dirac equation describing a spin 1/2 charged particle in-
teracting with an electromagnetic field. We will discuss some of its
consequences in the next section.

Consider now a complex scalar field φ transforming under gauge trans-
formations as φ → eiqθφ. Again Dµφ is defined as (∂µ + iqAµ)φ and the
complex KG Lagrangian becomes

L = (Dµφ)∗Dµφ − m2φ∗φ (3.174)
= ∂µφ∂µφ∗ + iqAµ(φ∂µφ∗ − φ∗∂µφ) + q2|φ|2AµAµ − m2φ∗φ .

This is the Lagrangian of scalar electrodynamics. As we discussed in
Section 3.3.2, the complex Klein–Gordon theory has a U(1) symmetry,
whose conserved current is given in eq. (3.62). We see from eq. (3.175)
that Aµ couples to this current, and there is also a term in the La-
grangian proportional to AµAµ|φ|2. The latter term plays an important
role in the Higgs mechanism and in superconductivity, as we will see in



72 Classical field theory

Section 11.3. Note that it is not possible to couple in this way a real
scalar field to the electromagnetic field. For a real field necessarily q = 0
otherwise eiqθφ becomes complex. After quantization, a real scalar field
describes particles which are neutral under electromagnetism.

However, one can have a neutral scalar particle formed by charged con-
stituents, and this particle will interact with the electromagnetic field
not through its electric charge, which is zero, but through its higher
electric and magnetic multipoles, exactly as the hydrogen atom is neu-
tral but interacts with the electromagnetic fields through its electric and
magnetic dipole moments, quadrupole moments, etc. This means that it
must be possible to write a gauge-invariant coupling to the electromag-
netic field also for a real scalar field. For example, a possible interaction
term is

LS = aS φFµνFµν , (3.175)

where aS is a coupling constant. Another possibility is

LPS = aPS φ εµνρσFµνF ρσ , (3.176)

with another coupling constant aPS . Observe that under parity FµνFµν

is invariant while εµνρσFµνF ρσ is a pseudoscalar. Therefore the interac-
tion Lagrangian LS preserves parity only if φ is a scalar field, while LPS

is invariant only if φ is a pseudoscalar field. For example the neutral
pion π0 is a pseudoscalar, and it decays into two photons; the Lagrangian
LPS gives a good phenomenological description of its interaction with
the electromagnetic field.

The coupling to the electromagnetic field which is obtained performing
in the free Lagrangian the replacement ∂µ → Dµ is called the minimal
coupling. Otherwise the coupling is called non-minimal.

Similarly, for a Dirac fermion we can in principle write non-minimal
couplings. For example we can add to the Lagrangian an interaction
term

Lint = a Ψ̄σµνΨ Fµν , (3.177)

with a coupling constant a. After quantization of the theory we will
find that the interaction term qAµΨ̄γµΨ describes indeed the coupling
of the gauge field with the electric charge of the particle. We will instead
show in Solved Problem 7.2 that the coupling (3.177) corresponds to a
magnetic dipole interaction.

We leave as an exercise to verify that the non-minimal coupling con-
stants aS , aPS and a are not dimensionless, but rather have the dimen-
sion of the inverse of a mass. We will understand in Section 5.6 why
interaction terms of this sort have a less fundamental significance than
interactions terms in which the coupling constant is dimensionless, as in
the minimal coupling.
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3.6 First quantization of relativistic wave

equations

As we already discussed in the Introduction, a first quantization of rela-
tivistic wave equations cannot be performed consistently. In particular,
we have seen that both the free Klein–Gordon and the free Dirac equa-
tion have solutions proportional to e−ipx and solutions proportional to
e+ipx. The former oscillate in time as e−iEt and therefore in a first quan-
tized formalism are eigenfunctions of the Hamiltonian H = i∂/∂t with
eigenvalue E, while the latter have eigenvalue −E and therefore corre-
spond to negative energy solutions. The proper interpretation of these
solutions comes only after the field quantization that we will discuss in
the next chapter.13 However, as we will show below and in Solved Prob-

13For fermions, Dirac found an inge-
nious solution to the negative energy
problem using the Pauli principle and
assuming that all states with negative
energies are filled. However, this solu-
tion does not work for bosons, and to-
day in high energy physics this “filled
Dirac sea” has only historical interest.
In condensed matter, however, it leads
to an interpretation in terms of elec-
trons and holes which is still useful, see
Exercise 4.6.

lem 3.1, in the non-relativistic limit the Dirac equation in an external
electromagnetic field reduces to a Schrödinger equation, i∂ψ/∂t = Hψ,
with a Hamiltonian H which contains an expansion in powers of the ve-
locity of the particle, i.e. relativistic corrections. A posteriori, the field
theoretical treatment shows that the first-order correction produced by
the relativistic wave equations is correct, i.e. it coincides with the field
theory result.14 It is therefore useful to examine the non-relativistic limit 14In the language of Feynman graphs

that we will discuss in Chapter 5, the
relativistic wave equations reproduce
the result of tree level graphs.

of the Dirac equation, and to treat it in first quantization, promoting
the classical field to a wave function. One should be aware, however,
that higher-order corrections are not correctly given by the relativistic
wave equations, and the full QFT treatment is needed.

The Dirac equation (3.173) for an electron of charge q = e (with e < 0
in our notation) in an external electromagnetic field Aµ is

[γµ(i∂µ − eAµ) − m]Ψ = 0 . (3.178)

To study the non-relativistic limit, it is convenient to use the standard
representation, eqs. (3.95) and (3.96), and to define

χ′(x, t) = eimtχ(x, t) , φ′(x, t) = eimtφ(x, t) (3.179)

so that, if φ, χ have a time-dependence e−iEt with E the relativistic
energy, then φ′ and χ′ oscillate as e−iENRt with ENR = E − m. Then
the Dirac equation reads

(i∂0 − eA0)φ′ = −σ·(i∇ + eA)χ′ , (3.180)
(i∂0 − eA0 + 2m)χ′ = −σ·(i∇ + eA)φ′ . (3.181)

Observe that in eq. (3.180) the mass term obtained acting with ∂0 on eimt

cancels with the mass term originally present in the Dirac equation, while
in eq. (3.181) they add up (recall also that ∂i = ∇i, see the Notation).
In the non-relativistic limit we have

i∂0χ
′ 
 mχ′ , eA0 
 m (3.182)

and to lowest order the equation for χ′ is easily solved,

χ′ � − 1
2m

σ·(i∇ + eA)φ′ . (3.183)
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This solution is the lowest order in a relativistic expansion, and further
corrections will be computed in Solved Problem 3.1. We now insert this
expression for χ′ into eq. (3.180) and use

σiσj(i∇i + eAi)(i∇j + eAj)φ′ =
[
(i∇ + eA)2 + iεijkσkie(∇iAj)

]
φ′

(3.184)
which follows from σiσj = δij+iεijkσk. Finally, εijk∇iAj = (∇× A)k =
Bk is the magnetic field, and therefore (writing p = −i∇) eq. (3.180)
becomes

i∂0φ
′ �

[
(p − eA)2

2m
− e

2m
σ·B + eA0

]
φ′ . (3.185)

Therefore in the non-relativistic limit the Dirac equation reduces to a
Schrödinger equation for the two-component spinor φ′, with a minimal
coupling to the gauge field Aµ, plus an interaction term with a magnetic
field. We see that the contribution to the energy due to the term σ·B
can be written as −µ·B with a magnetic moment µ given by

µ =
e

2m
σ =

e

m
S (3.186)

where S = σ/2 is the spin of the electron. In non-relativistic mechan-
ics, a charged particle with charge e and angular momentum L has a
magnetic moment

µ =
e

2m
L . (3.187)

It is then customary to write the magnetic moment due to the spin as

µ =
ge

2m
S , (3.188)

where g is called the gyromagnetic ratio, and we see that the Dirac
equation predicts g = 2 while non-relativistic physics erroneously sug-
gests g = 1. The present experimental value is (see the Introduction)
(g − 2)/2 = 0.001 159 652 187(4) and the deviations from g = 2 come
from loop corrections that we will discuss in Chapter 7 and, in detail, in
Solved Problem 7.2.

3.7 Solved problems

Problem 3.1. The fine structure of the hydrogen atom

In this problem we use the Dirac equation to compute the fine structure of
the hydrogen atom. In this case the external potential Aµ is just the Coulomb
potential of the nucleus of charge −Ze (with Z = 1 for hydrogen, but it takes
no effort to keep Z generic; recall also that e < 0), therefore A = 0 and



3.7 Solved problems 75

A0 = −Ze/(4πr). The Coulomb potential is V (r) = eA0 = −Zα/r. The
Dirac equation in the standard representation becomes

(i∂0 − V − m)φ = −iσ·∇χ , (3.189)

(i∂0 − V + m)χ = −iσ·∇φ . (3.190)

We look for a solution φ(x, t) = e−iEtφ(x), χ(x, t) = e−iEtχ(x) and we define
ε = E − m. Then

(ε − V )φ = −iσ·∇χ , (3.191)

(2m + ε − V )χ = −iσ·∇φ . (3.192)

We now want to perform an expansion in powers of p2/m2 of the Dirac equa-
tion, keeping corrections O(p2/m2) to the kinetic term p2/(2m) and to the
potential V , i.e. we want to keep terms up to O(p4/m3) and O(V p2/m2).
Equation (3.192) allows us to eliminate χ using

χ =
−i

2m + ε − V
σ·∇φ =

1

2m

„
1 +

ε − V

2m

«−1

σ·pφ � 1

2m

„
1 − ε − V

2m

«
σ·pφ .

(3.193)
We can then obtain an equation of the Schrödinger type for the two-component
spinor φ. In order to make contact with a Schrödinger equation, however,
we must also ensure that the wave function that appears in the Schrödinger
equation is properly normalized. To this purpose, we observe that the total
charge, in units of e, is given by eq. (3.172),

Q =

Z
d3xΨ†Ψ =

Z
d3x

ˆ|φ|2 + |χ|2˜ . (3.194)

Observe that, in first quantization, Q is positive definite. This will not be
true in second quantization, where Q will be the number of electrons minus
the number of positrons, as we will see in eq. (4.43). In the first quantized
formalism, we require that the wave function expresses the condition that
there is one electron in a volume V (with V → ∞). We therefore define a
Schrödinger wave function φS (again a two-components spinor) requiring thatZ

V

d3x |φS|2 =

Z
V

d3x
ˆ|φ|2 + |χ|2˜ . (3.195)

Since χ = O( p
m

φ), at zeroth order φS = φ. However, we want to substitute
eq. (3.193) into eq. (3.191) keeping the first-order correction, so for consistency
we must use χ � (1/2m)(−iσ·∇)φ in eq. (3.195). Then to this orderZ

V

d3x |φS |2 =

Z
V

d3x

»
|φ|2 +

1

4m2
(σ·∇φ∗)(σ·∇φ)

–

=

Z
V

d3x

»
|φ|2 − 1

4m2
φ∗(σ·∇)(σ·∇)φ

–

=

Z
V

d3x

»
|φ|2 − 1

4m2
φ∗∇2φ

–

=

Z
V

d3xφ∗
„

1 +
p2

4m2

«
φ . (3.196)

Therefore

φS =

„
1 +

p2

8m2
+ O(

p4

m4
)

«
φ (3.197)
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and

φ =

„
1 − p2

8m2
+ O(

p4

m4
)

«
φS . (3.198)

In terms of φS, keeping only the first-order corrections, eq. (3.193) reads

χ � 1

2m

„
1 − ε − V

2m

«
σ·p

„
1 − p2

8m2

«
φS

� 1

2m

»
σ·p

„
1 − p2

8m2

«
− ε − V

2m
σ·p

–
φS . (3.199)

We now substitute eqs. (3.199) and (3.198) into eq. (3.191). Performing some
simple algebra (and paying attention to the fact that p = −i∇ does not
commute with the potential V (r)!) we get

»
ε − p2

2m
− V + ε

p2

8m2
+

p4

16m3
+

V p2

8m2
− 1

4m2
(σ·p)V (σ·p)

–
φS = 0 .

(3.200)

At lowest order, we have of course εφS � ( p2

2m
+ V )φS. Therefore the term

ε p2

8m2 in the above equation can be rewritten as

ε
p2

8m2
=

p2

8m2
ε � p2

8m2

„
p2

2m
+ V

«
. (3.201)

Of course ε is a c-number and we can write it both to the left or to the right
of p2. When we substitute it with p2/(2m)+V the difference between writing
it to the left or to the right is O(p6/m4) and therefore can be neglected, at
the order at which we are working. Equation (3.200) then becomes

εφS =

»
p2

2m
+ V − p4

8m3
+

1

4m2

„
(σ·p)V (σ·p) − 1

2
(p2V + V p2)

«–
φS .

(3.202)
The correction term involving the potential can be rewritten in a more trans-
parent form using the identity σiσj = δij + iεijkσk, together with

[pi, V ] = −i(∇iV ) = ieEi (3.203)

(where E is the electric field) and

piV pi = (V pi + [pi, V ])pi = V p2 + ieE·p . (3.204)

Then

σiσjpiV pj − 1

2
(p2V + V p2) = piV pi + iεijkσkpiV pj − 1

2
(p2V + V p2)

= V p2 + ieE·p − 1

2
p2V − 1

2
V p2 + iεijkσk([pi, V ] + V pi)pj

= ieE·p +
1

2
(V p2 − p2V ) − e εijkEipjσk . (3.205)

(In the last line we used the fact that εijkV pipj = 0 because pipj is a symmetric
tensor; note that this could not be used directly on εijkpiV pj because pi and
V do not commute). Using eq. (3.203) it is easy to see that

V p2 − p2V = −ie(E·p + p ·E) (3.206)
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(again, one has to be careful since E and p do not commute!). Inserting this
into eq. (3.205) we find

σiσjpiV pj − 1

2
(p2V + V p2) = ieE·p − ie

2
(E·p + p ·E) − e εijkEipjσk

=
ie

2
(E·p − p ·E) − e εijkEipjσk

= − e

2
(∇·E) − e(E× p)·σ . (3.207)

Plugging this into eq. (3.202) we get

εφS =

»
p2

2m
+ V − p4

8m3
− e

4m2
σ·(E × p) − e

8m2
(∇·E)

–
φS . (3.208)

All the manipulations that we have performed until now hold for a generic
potential V (x). We now use the fact that in the hydrogen atom V = V (r)
and therefore

eE = −∇V = −r

„
1

r

dV

dr

«
, (3.209)

so that

− e

4m2
σ·(E × p) =

1

2m2

1

r

dV

dr
S·(r × p) =

1

2m2

1

r

dV

dr
S·L (3.210)

where S = σ/2 is the spin of the electron and L is the orbital angular mo-
mentum. Therefore, in a radial potential V (r), the first relativistic correction
to the Schrödinger equation is given by

εφS =

»
p2

2m
+ V − p4

8m3
+

1

2m2

1

r

dV

dr
S·L − e

8m2
(∇·E)

–
φS .

(3.211)

The correction term −p4/(8m3) is easily understood, since it comes from the
expansion of the relativistic expression ε = (p2 + m2)1/2. The term ∼ S · L
is the spin–orbit coupling and the term ∼ ∇·E is known as the Darwin term.
Restricting now to the Coulomb potential

V (r) = −Zα

r
(3.212)

we have
1

r

dV

dr
=

Zα

r3
. (3.213)

Using

∇2 1

r
= −4πδ(3)(x) (3.214)

(see, e.g. Jackson (1975), Section 1.7 for the proof) we find

−e∇·E = +∇2V = −Zα∇2 1

r
= 4πZα δ(3)(x) . (3.215)

We can therefore write
εφS = (H0 + Hpert)φs (3.216)

where H0 = p2/(2m) + V is the unperturbed Hamiltonian of the hydrogen
atom and

Hpert = − p4

8m3
+

Zα

2m2r3
S·L +

πZα

2m2
δ(3)(x) . (3.217)
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Denoting by |njl〉 the unperturbed states of the hydrogen atom, to first order
in perturbation theory the correction to the energy levels is given by

(∆E)njl = 〈njl|Hpert|njl〉 . (3.218)

We must therefore compute the following expectation values:

(1) 〈njl|p4|njl〉: if ψnjl is a solution of the unperturbed Schrödinger equa-
tion, then by definition (p2/(2m) + V )ψnjl = εnψnjl, or

p2

2m
ψnjl =

„
εn +

Zα

r

«
ψnjl (3.219)

where

εn = −mZ2α2

2n2
(3.220)

are the unperturbed energy levels. ThereforeZ
d3xψ∗

njl p4ψnjl = 4m2〈njl|
„

εn +
Zα

r

«2

|njl〉 . (3.221)

For a Coulomb potential V = −Zα/r one has

〈njl| 1

r
|njl〉 =

mαZ

n2
, 〈njl| 1

r2
|njl〉 =

(mαZ)2

n3(l + 1
2
)

(3.222)

and therefore

〈njl| p4 |njl〉 = 4(mZα)4
„
− 3

4n4
+

1

n3(l + 1
2
)

«
. (3.223)

(2) 〈njl|S · L/r3|njl〉: from J = L + S it follows that

j(j + 1) = l(l + 1) + s(s + 1) + 2S · L (3.224)

with s = 1/2, and using the wave function of the hydrogen atoms one has

〈njl| 1

r3
|njl〉 =

(mαZ)3

n3l(l + 1
2
)(l + 1)

, if l 
= 0 (3.225)

and 〈njl|1/r3 |njl〉 = 0 if l = 0. Therefore

〈njl| 1

r3
S · L|njl〉 = (1−δl,0)

(mαZ)3

2n3l(l + 1
2
)(l + 1)

[j(j+1)−l(l+1)− 3

4
] . (3.226)

(3) 〈njl|δ3(x)|njl〉: this is easily computed:

〈njl|δ3(x)|njl〉 =

Z
d3x|ψnjl(x)|2δ3(x) = |ψnjl(0)|2 =

(mαZ)3

πn3
δl,0 . (3.227)

Putting all contributions together and considering the two cases j = l±1/2
when l 
= 0, and j = 1/2 when l = 0, we find that the result can always be
expressed only in terms of n, j, and there is no separate dependence on l. The
final result is

(∆E)njl = −m(Zα)4

2n3

»
1

j + 1
2

− 3

4n

–
. (3.228)
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Therefore the fine structure removes the degeneracy between states with the
same principal quantum number n but different values of j. However, states
with the same n, j and different l, as the states 2S1/2 and 2P1/2, are still
degenerate at the level of the Dirac equation, i.e. at the level of the first
relativistic correction. In principle one might look for higher-order corrections
coming from the Dirac equation, using perturbation theory with respect to
Hpert at higher orders (indeed, it is even possible to find a closed form for the
energy levels predicted by the Dirac equation to all orders in α), but physically
this is not meaningful since, starting from the next order, the corrections due to
the quantum nature of the electromagnetic field come into play, and the correct
framework for computing these corrections is quantum electrodynamics, rather
than the Dirac equation where Aµ is treated as an external, given, classical
field.

The structure of the energy levels of the hydrogen atom, including the fine
structure correction (3.228) is shown in Fig. 3.1. For instance, the separation

Hyperfine
structure

Lamb
shift

Fine
structure

1S

2S

2P

2P

1/2

1/2

3/2

1/2

Triplet

Singlet

separation from the
Schrodinger equation

..

Fig. 3.1 The lowest lying energy lev-
els of the hydrogen atom. Note that
the figure is not to scale. In reality, the
fine structure splittings are smaller by
a factor ∼ 10−5 compared to the sep-
aration between the levels 2S1/2 and
1S1/2, and the Lamb shift and the hy-
perfine structure are smaller by a factor
∼ 10 compared to the fine structure.

between the states 2P3/2 and 2P1/2 of the hydrogen is, from eq. (3.228)

E2P3/2 − E2P1/2 = −mα4

16

1

8
+

mα4

16

5

8
=

mα4

32
� 4.53 × 10−5 eV , (3.229)

corresponding to a frequency f = ω/(2π) � 10.9 GHz, in the domain of
microwaves. Actually, the levels 2S1/2 and 2P1/2 are not exactly degenerate,
as predicted by eq. (3.228), but rather have a splitting

E2S1/2 − E2P1/2 � 1057 MHz (3.230)

know as the Lamb shift. The explanation for this splitting was, historically,
one of the first successes of QED. At a comparable level, we find the hyperfine
structure, due to the interaction between the spin of the nucleus and the spin
of the electron. Each level then splits into a triplet and a singlet and, for
instance,

E1S1/2,triplet − E1S1/2,singlet � 1420.4 MHz . (3.231)

The corresponding wavelength is λ = c/f � 21.105 cm, in the radio waves.
This line is of great importance in astrophysics for investigating the presence of
neutral hydrogen in our and in other galaxies because radio waves, compared to
most other wavelengths, are much less affected by absorption in the interstellar
medium, and propagate to a very large distance.

Problem 3.2. Relativistic energy levels in a magnetic field

We consider now an electron in a magnetic field B = Bz (we take B > 0).
For the gauge field we can take A0 = Ax = Az = 0 and Ay = Bx. It is
even technically simpler to solve the Dirac equation in this external magnetic
field exactly, rather than performing a non-relativistic expansion. However,
one should recall that only the first-order non-relativistic correction is really
correct, and at higher orders effects from quantum field theory come into play.

We write the Dirac equation in the standard representation as

(i∂0 − m)φ = σ·(p − eA)χ (3.232)

(i∂0 + m)χ = σ·(p − eA)φ (3.233)

where, as usual, p = −i∇. We look for a solution of the form

φ(x) = φ(x )e−iEt , χ(x) = χ(x )e−iEt . (3.234)
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Then eqs. (3.232) and (3.233) become

(E − m)φ(x ) = σ·(p − eA)χ(x ) (3.235)

(E + m)χ(x ) = σ·(p − eA)φ(x ) (3.236)

Substituting χ(x ) from eq. (3.236) into eq. (3.235) and performing basically
the same manipulations as in Section 3.6, we find1515Observe that with our choice of A

we have [pi, Aj ] = 0 and therefore in
(p− eA)2 we do not have to be careful
about ordering. Otherwise the mixed
term in (p − eA)2 is −e(p ·A + A·p ).

(E2 − m2)φ(x ) =
ˆ
(p − eA)2 − eσ·B˜φ(x )

=
ˆ
p2 + e2B2x2 − 2epyBx − eσzB

˜
φ(x ) . (3.237)

Since py, pz commute with x, we can search for a solution of the form

φ(x ) = ei(pyy+pzz)f(x) , (3.238)

where py and pz are c-numbers and f(x), as φ(x ), is a two-component spinor.
The equation for f(x) becomes»

− d2

dx2
+ (py − eBx)2 − eBσz

–
f(x) = (E2 − m2 − p2

z)f(x) . (3.239)

We take f(x) to be an eigenfunction of σz with eigenvalue σ = ±1, σzf = σf .
Then»

− d2

dx2
+

1

2
(2e2B2)(x − py

eB
)2
–

f(x) = (E2 − m2 − p2
z + eBσ)f(x) . (3.240)

This is formally identical to the Schrödinger equation of a harmonic oscillator
with frequency 2|e|B. The energy levels therefore are given by

E2 − m2 − p2
z + eBσ = (n +

1

2
)2|e|B , (3.241)

or (using e = −|e|)

E(n, pz, σ) =
ˆ
m2 + p2

z + (2n + 1 + σ)|e|B˜1/2
. (3.242)

We observe that there is a continuous degeneracy in px and py, as well as a
discrete degeneracy E(n, pz, σ = +1) = E(n + 1, pz, σ = −1). In the non-
relativistic limit p2

z � m2, (2n + 1)|e|B � m2, the expansion of eq. (3.242)
gives

E(n, pz, σ) � m +
p2

z

2m
+

„
n +

1 + σ

2

«
ωB (3.243)

with ωB = |e|B/m, and we recover the Landau levels of non-relativistic quan-
tum mechanics.

Summary of chapter

• The classical dynamics of a field theory is given by the Euler–
Lagrange equation (3.13).

• Noether’s theorem states that for any continuous global symmetry
there is a current jµ which is conserved, i.e. ∂µjµ = 0. Given
the symmetry transformation in the form (3.19, 3.20), the current
can be computed using eq. (3.31). Given a conserved current, the
charge given in eq. (3.26) is time-independent.
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• Invariance under space-time translations leads, via Noether’s the-
orem, to the conservation of the energy–momentum tensor, given
in eq. (3.35). The corresponding conserved charges are energy and
momentum, see eq. (3.37).

• The kinetic term of the actions for the scalar or spinor fields are
derived from the requirement of Poincaré invariance. This leads
to the free Klein–Gordon equation for scalar particles (eq. (3.40))
and to the free Weyl or Dirac equations for spin 1/2 particles,
eqs. (3.67) and (3.87). For the vector fields, there is also an issue
of gauge invariance; the equations of motion give a pair of Maxwell
equations, while the second pair is a consequence of the definition
of Fµν , see eqs. (3.141) and (3.144).

• There is large freedom in the choice of interaction terms. For
instance, we can add a generic potential V (φ) to the action of
a scalar field, eq. (3.58). For the electromagnetic field, we have
seen minimal and non-minimal couplings in Section 3.5.4. When
we study the quantum theory, we will see that some choices of
interaction terms can be of more fundamental significance than
others.

• Relativistic wave equations reduce, in the non-relativistic limit, to
a Schrödinger equation plus corrections. We can then treat them
in first quantization. We have seen that in this way two remarkable
predictions are obtained from the Dirac equation: the gyromag-
netic factor of the electron is predicted to be g = 2, in contrast
with g = 1 from classical physics, and the fine structure of the
hydrogen atom can be correctly computed. However, higher-order
relativistic corrections can only be computed in the framework of
second quantization.

Exercises

(3.1) Actions have the same dimensions as �, so they are
dimensionless in our � = 1 units. Find the dimen-
sions of scalar, spinor, and gauge fields in d = 4
dimensions. Repeat the analysis in d dimensions,
with S =

R
ddxL and L the same as in the d = 4

case.

(3.2) We saw on page 59 that the solution of the massive
Dirac equation in the rest frame is uL = uR ≡√

m ξ. Perform a boost on this solution along
the z axis and verify that the result is given by
eq. (3.103).

(3.3) Consider the KG action with the mass term set to

zero,

S =
1

2

Z
d4x ηµν∂µφ∂νφ , (3.244)

and a dilatation transformation with parameter α,

xµ → x′µ = eα xµ

φ(x) → φ′(x′) = φ(x) exp{−dφα} . (3.245)

(i) Show that this transformation is a global sym-
metry, for an appropriate choice of the parameter
dφ. Find the Noether current associated to this
symmetry and verify that it is conserved on the
equations of motions.
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(ii) Show that, if in the KG action we have also
a non-vanishing mass term, then the above trans-
formation is not a symmetry. Show that instead
a term V (φ) = λφ4 does not spoil the dilatation
symmetry. What are the dimensions of λ ?

(3.4) (i) Consider the Lagrangian of QED with the elec-
tron mass m set to zero, and consider the dilatation
xµ → eα xµ, Aµ → e−dAα Aµ, ψ → e−dψα ψ. Find
the values of dA, dψ for which this transformation
is a symmetry.

(ii) Compute the conserved current and express it
in terms of the energy–momentum tensor of the
theory. Verify that the conservation of the dilata-
tion current follows from the fact that the trace of
the energy–momentum tensor vanishes in the mass-
less theory.

(iii) Include the electron mass term in the La-
grangian. Compute the dilatation current using
eq. (3.31) with the new Lagrangian. Verify that
it is not conserved and relate its divergence to the
trace of the energy–momentum tensor.

(3.5) Consider the two Dirac Lagrangians

L = ψ̄(i
∂ − m)ψ , L′ = ψ̄(
i

2

↔

∂ −m)ψ . (3.246)

Verify that they are classically equivalent. Com-
pute the energy–momentum tensor in the two cases.
Verify that they are different, but they give rise to
the same conserved charges.

(3.6) Consider a five-dimensional space-time labeled by
(t,x, y) where (t,x) are the usual coordinates of
four-dimensional space-time and y is a compact co-
ordinate which parametrizes the extra dimension,
with −R/2 � y � R/2. Consider the free KG
equation in this space, (�5 + m2)φ = 0, where
�5 ≡ � − ∂2/∂y2 and � = ∂2

0 − ∇2 is the usual
four-dimensional d’Alambertian. Show that, from
the point of view of a four-dimensional observer,
this equation describes an infinite set of massive
particles, and compute their masses. These parti-
cles are known as Kaluza–Klein modes. What do
you think is the experimental bound on the size R
of the extra dimension?
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4.1 Scalar fields

4.1.1 Real scalar fields. Fock space

From the basic principles of quantum mechanics we know that, to quan-
tize a classical system with coordinates qi and momenta pi, in the
Schrödinger picture, we promote qi, pi to operators and we impose the
commutation relation [qi, pj ] = iδij . In the Heisenberg picture, where
the operators depend on time, the commutation relation is imposed at
equal time. The same principle can be applied to a scalar field theory,
where the coordinates qi(t) are replaced by the fields φ(t,x) while pi(t)
are replaced by the conjugate momenta Π(t,x), and we interpret x as
a label that distinguishes the “coordinates” φ(t,x) of our system. Since
x is a continuous variable, δij must be replaced by a Dirac delta. Thus,
the basic principle of canonical quantization is to promote the field φ
and its conjugate momentum to operators, and to impose the equal time
commutation relation

[φ(t,x), Π(t,y)] = iδ(3)(x − y) , (4.1)

while, at equal time, we impose [φ(t,x), φ(t,y)] = [Π(t,x), Π(t,y)] = 0.
Furthermore, a real field is promoted to a hermitian operator. Let us
first apply this procedure to a free real scalar field. The mode expansion
of a free real scalar field is given in eq. (3.42). Promoting the real field
φ to a hermitian operator means to promote ap to an operator while a∗

p

becomes the hermitian conjugate operator a†
p; thus

φ(x) =
∫

d3p

(2π)3
√

2Ep

(
ape−ipx + a†

peipx
)

, (4.2)

with p0 = Ep. The conjugate momentum is given by eq. (3.43). Us-
ing these expressions it is easy to verify that, in terms of ap, a†

p, the
commutation relation (4.1) reads

[ap, a†
q] = (2π)3δ(3)(p− q) , (4.3)

while
[ap, aq] = 0, [a†

p, a†
q] = 0 . (4.4)
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It is sometimes convenient to put the system into a box of size L, so that
the total volume V = L3 is finite. This procedure regularizes divergences
coming from the infinite-volume limit or, equivalently, from the small
momentum region, and is an example of an infrared cutoff. In a finite
box of size L, imposing periodic boundary conditions on the fields, the
momenta take the discrete values pi = (2π/L)ni with ni = 0,±1,±2, . . .,
and therefore ∫

d3p →
(

2π

L

)3 ∑
n

. (4.5)

The condition
∫

d3p δ(3)(p − q) = 1 then gives

δ(3)(p − q) →
(

L

2π

)3

δp,q . (4.6)

In particular, this implies that

(2π)3δ(3)(p = 0) → V . (4.7)

Recalling the standard commutation relation of the creation and annihi-
lation operators of a harmonic oscillator, [a, a†] = 1, we see from eq. (4.3)
that the commutation relations of the real scalar field are equivalent to
that of a collection of harmonic oscillators, with one oscillator for each
value of the momentum p (apart from a normalization factor 1/

√
V in

ap and a†
p).

We can now construct the Fock space following the standard procedure
for the harmonic oscillator: we interpret ap as destruction operators and
a†
p as creation operators, and we define a vacuum state |0〉 as the state

annihilated by all destruction operators, so for all p

ap|0〉 = 0 . (4.8)

We normalize the vacuum with 〈0|0〉 = 1. The generic state of the Fock
space is obtained acting on the vacuum with the creation operators,

|p1, . . .pn〉 ≡ (2Ep1)
1/2 . . . (2Epn)1/2a†

p1
. . . a†

pn
|0〉 . (4.9)

The factors (2Ep)1/2 are a convenient choice of normalization. In par-
ticular, the one-particle states are

|p〉 = (2Ep)1/2a†
p|0〉 . (4.10)

From the commutation relations and eq. (4.8) we find that

〈p1|p2〉 = (2Ep1)
1/2(2Ep2)

1/2〈0|ap1a
†
p2
|0〉

= (2Ep1)
1/2(2Ep2)

1/2〈0|[ap1 , a
†
p2

]|0〉
= 2Ep1(2π)3δ(3)(p1 − p2) . (4.11)

The factors (2Ep)1/2 in eq. (4.10) have been chosen so that in the above
scalar product the combination Epδ(3)(p−q) appears, which is Lorentz
invariant (see Exercise 4.2).
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We now compute the energy of these states. The Hamiltonian can be
written in terms of ap, a†

p substituting eq. (4.2) and the corresponding
expression for Π into the Hamiltonian density (3.44), and integrating
over d3x; one finds

H =
∫

d3p

(2π)3
Ep

1
2
(
a†
pap + apa†

p

)
=
∫

d3p

(2π)3
Ep

(
a†
pap +

1
2
[ap, a†

p]
)

.

(4.12)
The second term is the sum of the zero-point energy of all oscillators,
and it is proportional to (2π)3δ(3)(0). In a finite volume we see from
eq. (4.7) that (2π)3δ(3)(0) → V . The zero-point energy is therefore

Evac =
1
2
V

∫
d3p

(2π)3
Ep , (4.13)

and the energy density of the vacuum is

ρvac ≡ 1
V

Evac =
1
2

∫
d3p

(2π)3
Ep . (4.14)

For large |p|, Ep =
√

p2 + m2 � |p| and the integral diverges. We can
regulate the divergence putting a cutoff Λ in the integration over large
momenta, so that we integrate only over |p| < Λ. This is an example of
an ultraviolet cutoff. The vacuum energy density then diverges as

ρvac ∼
∫ Λ

p3dp ∼ Λ4 . (4.15)

This is our first encounter with an ultraviolet divergence. In quantum
field theory we will get used to divergences and we will see under what
conditions these can be cured. In this case, however, the divergence
apparently is relatively harmless. Since what we measure are energy
differences, we can simply discard this zero-point energy1 and declare 1This is not true when we include grav-

ity, since any form of energy contributes
to the gravitational interaction. In Sec-
tion 5.7, after having studied the renor-
malization of field theory, we will come
back to this zero-point energy and we
will discuss its relation with the cosmo-
logical constant problem.

that our Hamiltonian is

H =
∫

d3p

(2π)3
Epa†

pap . (4.16)

We can formalize this statement introducing the concept of normal or-
dering : given an operator O its normal ordered form, denoted by : O :,
is obtained writing by hand all creation operators to the left of all de-
struction operators. Thus, for instance, : apa†

p : = a†
pap and we can say

that the quantum Hamiltonian (4.16) is obtained from the classical ex-
pression (3.44) promoting φ to an operator and performing the normal
ordering,

H =
1
2

∫
d3x : Π2 + (∇φ)2 + m2φ2 : . (4.17)

We can now compute the energy of the various states of the Fock space.
The vacuum state |0〉 now, by definition, has zero energy. The operator
a†
pap is just the number operator of the oscillator labeled by p and
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therefore the energy of the generic state (4.9) is given by the sum of the
energies Epi of the various particles,

H |p1, . . .pn〉 = (Ep1 + . . . + Epn) |p1, . . .pn〉 . (4.18)

Similarly we can compute the spatial momentum of these states. From
the Noether theorem, we know how to write the spatial momentum as
the conserved charge associated to spatial translations. For the real
scalar field we found it in Section 3.3.1. Performing the normal ordering
we have the quantum expression

P i =
∫

d3x : θ0i : =
∫

d3x : ∂0φ∂iφ : . (4.19)

Substituting φ from eq. (4.2) we see that the terms quadratic in the
destruction operators vanish because they are given by an integral over
d3p of the function pia−p ap, which is odd under p → −p . Similarly
for the terms quadratic in the creation operators, and we are left with22Actually, for the momentum operator

it is not really necessary to perform the
normal ordering, since the terms that
come out from the commutators are
odd under p → −p and cancel when
we integrate over d3p.

P i =
∫

d3p

(2π)3
pia†

pap . (4.20)

Therefore the states a†
p|0〉 are one-particle states with momentum p, en-

ergy Ep =
√

p2 + m2 and mass m. The generic state of the Fock space
(4.9) is a multiparticle state, and its energy and momentum are the sum
of the individual energies and momenta. From the fact that the cre-
ation operators commute between themselves we see that the multipar-
ticle states (4.9) are symmetric under the exchange of any two particles,
and therefore obey Bose–Einstein statistics. This is an example of the
spin-statistics theorem, which states that particles with integer spin are
bosons and particles with half-integer spin are fermions.

Finally, we can examine the angular momentum of these states. From
the Noether theorem we found that for scalar fields the angular mo-
mentum operator has a part interpreted as orbital angular momentum,
eq. (3.50), and that there is no intrinsic spin part. Therefore the quanta
of the scalar field are spin-0 particles.

4.1.2 Complex scalar field; antiparticles

We now consider a free complex scalar field. Eq. (3.60) becomes

φ(x) =
∫

d3p

(2π)3
√

2Ep

(
ape−ipx + b†peipx

)
(4.21)

and the complex conjugate field φ∗ becomes the hermitian conjugate
operator,

φ†(x) =
∫

d3p

(2π)3
√

2Ep

(
a†
peipx + bpe−ipx

)
. (4.22)

Imposing the canonical commutation relation (4.1) gives

[ap, a†
q] = [bp, b†q] = (2π)3δ(3)(p − q) , (4.23)
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while all other commutators [a, a], [a†, a†], [b, b], [b†, b†] and all commu-
tators between the a, a† and b, b† are equal to zero. The Fock space is
constructed defining the vacuum state as the state annihilated by all ap

and bp, for each p ,
ap|0〉 = bp|0〉 = 0 . (4.24)

Acting with a†
p, b†p we generate the Fock space. After normal ordering,

the Hamiltonian and spatial momentum are given by

H =
∫

d3p

(2π)3
Ep(a†

pap + b†pbp) , (4.25)

P i =
∫

d3p

(2π)3
pi(a†

pap + b†pbp) . (4.26)

We see that the quanta of a complex scalar are given by two different
particle species with the same mass, created by the a†

p and b†p operators
respectively.

The U(1) charge is given in eq. (3.63). We compute it explicitly as a
prototype of many similar calculations in this section,

QU(1) = i

Z
d3x φ† ↔

∂0 φ = i

Z
d3x

d3q

(2π)3
p

2Eq

d3p

(2π)3
p

2Ep

×
h“

a†
qeiqx + bqe−iqx

”
∂0

“
ape−ipx + b†peipx

”
−
“
∂0(a

†
qeiqx + bqe−iqx)

”“
ape−ipx + b†peipx

”i
=

Z
d3x

d3q

(2π)3
p

2Eq

d3p

(2π)3
p

2Ep

×
h“

a†
qeiqx + bqe−iqx

”
Ep

“
ape−ipx − b†peipx

”
+Eq

“
a†
qeiqx − bqe−iqx

”“
ape−ipx + b†peipx

”i
. (4.27)

The integration over d3x produces (2π)3δ(3)(p− q) on the terms ∼ a†
qap and

bqb†p, and (2π)3δ(3)(p + q) on the terms ∼ bqap and a†
qb†p; in both cases

|p | = |q | and therefore Eq = Ep. Using this fact it is straightforward to find
that the terms ∼ bqap and a†

qb†p cancel and we are left with the terms a†
qap

and bpb†p. In these terms the exponentials are of the type exp{±i(q − p)x} =
exp{±i[(Eq − Ep )t − (q − p )·x]}, and since Eq = Ep the time dependence
cancels, as it should for a conserved charge. Therefore

QU(1) =

Z
d3p

(2π)3
p

2Ep

d3q

(2π)3
p

2Eq

(2π)3δ(3)(p − q)2Ep(a†
qap − bqb†p)

=

Z
d3p

(2π)3
(a†

pap − bpb†p) . (4.28)

Again we normal order this expression,3 and we obtain

3Even if one accepts the normal order-
ing of the Hamiltonian on the grounds
that a vacuum energy is unobservable,
one cannot accept the normal order-
ing of the charge on the same grounds,
since a charged vacuum would have ob-
servable effects. Rather, in this case
one can understand the need for nor-
mal ordering observing that the clas-
sical expression for the charge involves
the product of φ∗ with ∂0φ, eq. (3.63).
When promoted to quantum operators,
φ† and ∂0φ do not commute, and there-
fore there is an ordering ambiguity al-
ready in the starting expression (4.27);
for instance, we could write φ†∂0φ, or
(∂0φ)φ†, or we could take the symmet-
ric combination. The ambiguity is re-
moved requiring that the charge of the
vacuum vanishes.

QU(1) =
∫

d3p

(2π)3
(a†

pap − b†pbp) . (4.29)

Since a†a is the number operator of a harmonic oscillator, we see that
the U(1) charge is equal to the number of quanta created by the op-
erators a†

p minus the number of quanta created by b†p, integrated over
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all momenta. Therefore the states a†
p|0〉 and b†p|0〉 represent particles

with momentum p, mass m, spin zero and opposite charge; a†
p|0〉 has

QU(1) = +1 while b†p|0〉 has QU(1) = −1 and is called the antiparticle
of a†

p|0〉.4 We now understand what is the proper interpretation of the4Of course the overall sign (and nor-
malization) of the Noether charge are
arbitrary, since if a current jµ is con-
served also −jµ is conserved, and it is
also an arbitrary convention what state
we call a particle and what an antipar-
ticle.

negative energy solutions of the KG equation. The coefficient of the pos-
itive energy solution e−ipx after quantization becomes the destruction
operator of a particle and the coefficient of eipx becomes the creation
operator of its antiparticle. In the case of the real scalar field the re-
ality condition requires ap = bp and therefore the particle is its own
antiparticle, and it is neutral under any U(1) symmetry.

4.2 Spin 1/2 fields

4.2.1 Dirac field

We start from the Lagrangian (3.89), L = Ψ̄(iγµ∂µ − m)Ψ. The conju-
gate momentum is

ΠΨ =
δL

δ(∂0Ψ)
= iΨ̄γ0 = iΨ† . (4.30)

A basic principle of quantum field theory is the spin-statistic theorem,
that requires that fields with half-integer spin are quantized imposing
equal time anticommutation relation, while spin with integer spin with
equal time commutation relation. We will not discuss this theorem in
full generality, but will see below how the need for anticommutators
arises in the case of Dirac fields. So we impose

{Ψa(x, t), Ψ†
b(y, t)} = δ(3)(x − y)δab , (4.31)

where { , } is the anticommutator and a, b = 1, . . . 4 are the Dirac indices.
The expansion of the free Dirac field in plane waves is written

Ψ(x) =
∫

d3p

(2π)3
√

2Ep

∑
s=1,2

(
ap,su

s(p)e−ipx + b†p,sv
s(p)eipx

)
, (4.32)

and therefore

Ψ̄(x) =
∫

d3p

(2π)3
√

2Ep

∑
s=1,2

(
bp,sv̄

s(p)e−ipx + a†
p,sū

s(p)eipx
)

. (4.33)

The wave functions us(p), vs(p) are given in eqs. (3.103) and (3.107).
Writing the anticommutation relations (4.31) in terms of the a, b oper-
ators we find

{ar
p, as†

q } = {br
p, bs†

q } = (2π)3δ(3)(p − q)δrs , (4.34)
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with all other anticommutators equal to zero. The Fock space is con-
structed defining first a vacuum state annihilated by all destruction op-
erators

ap,s|0〉 = bp,s|0〉 = 0 . (4.35)

Then multiparticle states are obtained acting on the vacuum with a†
p,s

or b†p,s. Since these operators anticommute between themselves, the re-
sulting multiparticle state is antisymmetric under the exchange of two
particles, so spin 1/2 particles (as in general all half-integer spin parti-
cles) obey Fermi–Dirac statistics. The one-particle states are normalized
as in the case of the scalar field,

(2Ep)1/2 a†
p,s|0〉 , (2Ep)1/2 b†p,s|0〉 (4.36)

and depend on the momentum as well as on the spin degree of freedom
s, which takes the values s = 1, 2.

The Hamiltonian density is obtained computing first the classical ex-
pression,

H = ΠΨ∂0Ψ − L = iΨ†∂0Ψ − Ψ̄
(
iγ0∂0 + iγi∂i − m

)
Ψ

= Ψ̄
(−iγi∂i + m

)
Ψ , (4.37)

and therefore we get the Dirac Hamiltonian

H =
∫

d3x Ψ̄
(−iγi∂i + m

)
Ψ =

∫
d3x Ψ̄ (−iγ·∇ + m)Ψ . (4.38)

We then substitute the mode expansion (4.32) and we perform the nor-
mal ordering, which in this case means that we put all a†

p,s to the left of
all ap,s and all b†p,s to the left of all bp,s, adding a minus sign each time
we exchange the position of any destruction or creation operator, but
without paying the price of the Dirac delta; e.g. : ap,sa

†
p,s : = −a†

p,sap,s.
The final result is

H =
∫

d3p

(2π)3
∑

s=1,2

Ep

(
a†
p,sap,s + b†p,sbp,s

)
. (4.39)

If we were to quantize the Dirac field in terms of commutators, at this
point we would have found a minus sign in front of the term b†p,sbp,s, and
therefore the energy would have been unbounded from below. In this
way, instead, we see that the situation becomes completely analogous
to the complex scalar field, and the coefficients of the negative energy
solutions eipx become the creation operators of another type of particle.
Let us now study the momentum, spin and charge of these particles.

The momentum operator is again obtained from the Noether theorem,

P =
∫

d3p

(2π)3
∑

s=1,2

p
(
a†
p,sap,s + b†p,sbp,s

)
. (4.40)

The new aspect compared to the complex scalar field is the spin degree
of freedom. The angular momentum is the Noether charge associated
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to spatial rotations and, as discussed in Section 2.6.2, it is made up of
the orbital contribution plus a spin term. Using the expressions for the
Noether current given in Section 2.6.2, the spin part is

S =
1
2

∫
d3xΨ†ΣΨ , (4.41)

where
Σi =

(
σi 0
0 σi

)
. (4.42)

Substituting again the mode expansion one finds that, in the rest frame
(i.e. when p = 0), the state created by a†

p,s with s = 1 has Jz = +1/2
and that with s = 2 has Jz = −1/2. For the state created by b†p,s

the situation is reversed and s = 1 has Jz = −1/2 while s = 2 has
Jz = +1/2. Performing a boost in the z direction, Jz is unchanged
and therefore a state created by a†

p,s with p = (0, 0, pz) and s = 1 has
helicity h = +1/2, etc.

Finally, we saw in Section 3.4.3 that the Dirac action has a U(1) global
symmetry Ψ → eiαΨ. The conserved charge is

QU(1) =
∫

d3p

(2π)3
∑

s=1,2

(
a†
p,sap,s − b†p,sbp,s

)
, (4.43)

The one-particle states and their quantum numbers are summarized in
Table 4.1. The states created by a†

p,s are called particles and the states
created by b†p,s are called antiparticles. In particular, in electrodynamics,
we identify a†

p,s|0〉 with the electron and b†p,s|0〉 with the positron. The
U(1) charge is equal to the number of particles minus the number of
antiparticles.

Table 4.1 The quantum num-
bers of the one-particles states
created by a†

p,s, b†p,s. The mo-
mentum p is directed by defini-
tion along the z direction. The
electric charge is in units of e,
with e < 0.

state Jz U(1) charge

a†
p,1|0〉 + 1

2
+1

a†
p,2|0〉 − 1

2
+1

b†p,1|0〉 − 1
2

−1

b†p,2|0〉 + 1
2

−1 4.2.2 Massless Weyl field

In this section we consider a massless Weyl field. Its quantization follows
immediately from the quantization of the Dirac field. It is convenient
to use a Dirac notation for the Weyl fields so, if ψL is a left-handed
two-component Weyl field and ψR a right-handed Weyl field, we write,
in the chiral representation

ΨL =
(

ψL

0

)
, ΨR =

(
0

ψR

)
. (4.44)

We consider first ΨL. As with any Dirac field, we can expand it as in
eq. (4.32),

ΨL(x) =
∫

d3p

(2π)3
√

2Ep

∑
s=1,2

(
ap,su

s
L(p)e−ipx + b†p,sv

s
L(p)eipx

)
.

(4.45)
However, by definition us

L(p) and vs
L(p) are Dirac spinors which, in the

chiral representation, have the two lowest components vanishing,

us
L =

(
Us

L

0

)
, vs

L =
(

V s
L

0

)
. (4.46)
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Comparing with eqs. (3.105), (3.106) and (3.107) we see that when s = 1
we have us

L = vs
L = 0, so only the term with s = 2 contributes in

eq. (4.45).
Therefore

ΨL(x) =
∫

d3p

(2π)3
√

2Ep

(
ap,2u

2
L(p)e−ipx + b†p,2v

2
L(p)eipx

)
, (4.47)

and

Ψ̄L(x) =
∫

d3p

(2π)3
√

2Ep

(
a†
p,2ū

2
L(p)eipx + bp,2v̄

2
L(p)e−ipx

)
, (4.48)

We see from Table 4.1 that b†p,2 creates an antiparticle with h = +1/2
while a†

p,2 creates a particle with h = −1/2. Therefore:

In the massless case, the operators ΨL, Ψ̄L create or destroy a particle
with h = −1/2 and its antiparticle with h = +1/2.

If we neglect the small masses indicated by the oscillations experi-
ments, the neutrinos in the Standard Model are described by massless
left-handed Weyl fields. The neutrino has h = −1/2 and the antineu-
trino has h = +1/2.

Repeating the analysis for ΨR we see that now only the s = 1 term
survives and therefore the situation is reversed. A right-handed massless
Weyl field describes a particle with h = +1/2 and its antiparticle with
h = −1/2.

4.2.3 C, P, T

In Section 2.6.3 we studied how parity and charge conjugation act on
a classical Dirac field. We now want to understand how they act on
one-particle states or, equivalently, on the operator Ψ that represents a
quantized Dirac field. Let us start with the parity operator P . Under Parity

parity the momentum p → −p while the spin s is unchanged since the
angular momentum is a pseudovector. Then for a particle of type a we
must have

P |p, s; a〉 = ηa| − p, s; a〉 . (4.49)

We have inserted an index a to label the type of particle and we have
included the possibility of a constant phase factor ηa, since vectors in
the Fock space which differ by a phase still represent the same physical
state. We will call ηa the intrinsic parity of the particle a. Performing
twice the parity transformation on a physical observable gives the iden-
tity operation; this is not yet sufficient to conclude that η2

a = 1, since
the observables are built from an even number of fermionic operators.
Therefore, the condition that P 2 is the identity on the physical observ-
able only implies that either η2

a = +1 or η2
a = −1. However, it can be

shown (see Weinberg (1995), page 125) that for all spin 1/2 particles ex-
cept Majorana fermions it is possible to redefine the parity operation so
that η2

a = +1, and therefore ηa = ±1. In the following we will restrict to
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this case. We will come back to Majorana fermions on page 94, and we
will see that the intrinsic parity of Majorana fermions satisfies instead
η2

a = −1, i.e. ηa = ±i.
In order to implement (4.49) on a generic multiparticle state, the op-

erators a†
p,s, b

†
p,s must satisfy Pa†

p,s = ηaa†
−p,sP and Pb†p,s = ηbb

†
−p,sP ,

so that, for instance,

Pa†
p,sb

†
q,s′ |0〉 = ηaa†

−p,sPb†q,s′ |0〉 = ηaηba
†
−p,sb

†
−q,s′ |0〉 (4.50)

and similarly on a generic multiparticle state.5 Using P 2 = 1, this means5We are assuming that the vacuum
is non-degenerate and invariant under
parity, and therefore P |0〉 = η|0〉. In
this case, as part of the definition of
the operator P , we can choose η = +1,
so P |0〉 = |0〉. The situation in which
the vacuum state is degenerate and the
parity operation sends a vacuum state
into a different vacuum state is an ex-
ample of spontaneous symmetry break-
ing, and will be treated in Chapter 11.

that

Pa†
p,sP = ηaa†

−p,s , P b†p,sP = ηbb
†
−p,s . (4.51)

As mentioned in Section 2.7.2, the Wigner theorem states that we can
implement this symmetry transformation by means of a unitary operator
P . Then the conditions PP † = P †P = 1, together with PP = 1, give
P † = P . Taking the hermitian conjugate of (4.51) and taking into
account that we are restricting to ηa,b real, we find

Pap,sP = ηaa−p,s , P bp,sP = ηbb−p,s . (4.52)

Therefore
Ψ(x) → Ψ′(x′) = PΨ(x)P , (4.53)

with

PΨ(x)P =
∫

d3p

(2π)3
√

2Ep

∑
s=1,2

(
ηaa−p,su

s(p)e−ipx + ηbb
†
−p,sv

s(p)eipx
)

.

(4.54)
We now change the integration variable p to p′ = −p. This trans-
formation does not change p0, which is quadratic in p, so p0′ = p0.
Then exp(ipx) = exp(ip0t − ipx) = exp(ip0t + ip′x) = exp(ip′x′) with
x′ = (t,−x), and similarly exp(−ipx) = exp(−ip′x′). To understand
how us(p) and vs(p) transform if we change their argument from p to p′

we can, without loss of generality, choose p along the z axis and use the
explicit form given in eqs. (3.103) and (3.107). We see that the trans-
formation p3 → −p3 exchanges the upper and lower components in the
chiral representation, and therefore can be written in terms of γ0,

us(p) = γ0us(p′) , vs(p) = −γ0vs(p′) . (4.55)

Therefore, renaming the integration variable p′ = p,

PΨ(x)P = γ0

∫
d3p

(2π)3
√

2Ep

∑
s=1,2

(
ηaap,su

s(p)e−ipx′ − ηbb
†
p,sv

s(p)eipx′)
.

(4.56)
We now require that the quantum operator Ψ is a representation of
parity, up to a phase. From the above equation, we see that this is
possible if and only if

ηa = −ηb . (4.57)
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This shows that the intrinsic parity of a spin 1/2 particle and of its
antiparticle are opposite.6 6If we consider also Majorana fermions

the phase η is no longer restricted to
be real (see page 92), and repeating the
above steps one finds ηa = −η∗

b .

The transformation law of the operator Ψ then becomes

Ψ(x) → Ψ′(x′) = ηaγ0Ψ(x′) , (4.58)

which, once we recall the form of γ0 in the chiral representation, is in
agreement with the classical result (2.90), plus the novel quantum effect
of the intrinsic parity factor ηa.7 Of course ηa cancels in any fermion bi- 7We have derived the transformation of

Ψ working in the chiral representation.
As already remarked below eq. (3.122),
once the transformation has been writ-
ten in terms of γ matrices, it holds
in any representation; in this case, if
Ψ → γ0Ψ, we have UΨ → Uγ0Ψ =
(Uγ0U−1)UΨ. However, Ψ′ = UΨ is
the spinor in the new representation
and (Uγ0U−1) is γ0 in the new rep-
resentation.

linear involving only particles of one type. However, the relative phase
factors of different particles can be observables,8 and in particular the

8More precisely, redefining a new parity
operator P ′ = P exp{iαB+iβL+iγQ},
where B, L, Q are the baryon number,
lepton number and electric charge, re-
spectively, we can always set the intrin-
sic parity of the neutron, proton and
electron to the value +1. The intrin-
sic parities of other particles are then
fixed, see Weinberg (1995), page 125.

opposite sign of the parity of the particle and its antiparticle is observ-
able. An interesting application is to the case of positronium, which is
the bound state of an electron and positron, and is discussed in Exer-
cise 4.1.

The situation should be compared with what happens to a complex
scalar field. In this case repeating the same arguments we have again
PapP = ηaa−p and PbpP = ηbb−p. We can go through the same steps,
with the only difference that in φ(x) the annihilation and creation oper-
ators are multiplied simply by e−ipx and eipx, respectively, while in Ψ(x)
they were multiplied by u(p)e−ipx and v(p)e−ipx, respectively. Therefore
for scalar fields we do not get the relative minus sign between ηa and ηb,
which for Dirac fields originated in the different transformation proper-
ties of u(p) and v(p), see eq. (4.55). Then we find that the quantized
complex scalar field φ gives a representation of parity if ηa = +ηb, so
that the intrinsic parity of a spin-0 particle and of its antiparticle are
equal.

The effect of charge conjugation on the classical Dirac field has been Charge conjugation

obtained in eq. (2.91), working in the chiral representation. In terms of
γ matrices, eq. (2.91) reads Ψ → −iγ2Ψ∗. We now study how the charge
conjugation C acts on one-particle states. Let us consider the following
transformation of the operators a†

p,s, b
†
p,s

Cap,sC = ηCbp,s , Cbp,sC = ηCap,s . (4.59)

We limit for simplicity to ηC = ±1. As we saw in eq. (2.91), charge
conjugation relates Ψ and Ψ∗. Therefore we need to know how u(p), v(p)
transform under complex conjugation. The result is9 9One can check this result on the ex-

plicit expressions (3.103, 3.107) with
p = (0, 0, p3). However in this frame
only σ3 appears, which is real, so
u(p), v(p) are real. To check that us(p)
is indeed equal to −iγ2(vs(p))∗ rather
than to −iγ2vs(p) it suffices to consider
also the case where p = (0, p2, 0).

us(p) = −iγ2(vs(p))∗ (4.60)

and therefore (since −iγ2 is real and (γ2)2 = −1) we also have

vs(p) = −iγ2(us(p))∗ . (4.61)

We can now write

CΨ(x)C = ηC

∫
d3p

(2π)3
√

2Ep

∑
s=1,2

(
bp,su

s(p)e−ipx + a†
p,sv

s(p)eipx
)
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= −iηCγ2

∫
d3p

(2π)3
√

2Ep

∑
s=1,2

(
bp,s(vs(p))∗e−ipx + a†

p,s(u
s(p))∗eipx

)
= −iηCγ2Ψ∗ . (4.62)

We see that this transformation is just the charge conjugation operation
defined on the classical field, apart from the quantum phase ηC = ±1
which depends on the particle type.

From eq. (4.59) we see that charge conjugation exchanges the particle
with the antiparticle. The momentum p is unchanged by C and also the
index s. Recall however from the previous section that the state created
by a†

p,s describes a particle with Jz = +1/2 when s = 1 and Jz = −1/2
when s = 2, while the state created by b†p,s describes a particle with
Jz = −1/2 when s = 1 and Jz = +1/2 when s = 2 (see Table 4.1); Jz

was defined as the spin in the rest frame, but if a particle has spin Jz in its
rest frame, it also has the same value of Jz if we make a boost along the
z direction, since the generators Jz and Kz commute. Then we see that
charge conjugation transforms a fermion with momentum p = (0, 0, p3)
and Jz = +1/2 (hence helicity h = 1/2) into an antifermion with the
same momentum but Jz = −1/2 , which means h = −1/2. Therefore
charge conjugation reverses the helicity.

Using the definition (4.62), one can verify (see Exercise 4.3) that the
current changes sign under charge conjugation,

C
(
Ψ̄γµΨ

)
C = −Ψ̄γµΨ . (4.63)

For Majorana spinors we found in eqs. (2.91) and (2.94) that Ψc
M =

ΨM , i.e. −iγ2Ψ∗
M = ΨM . Then eq. (4.62) becomes CΨMC = ηCΨM .

Expanding ΨM in terms of creation and annihilation operators and using
eq. (4.59) we find ap,s = ηCbp,s. Therefore for a Majorana spinor the
particle and the antiparticle are identical. As we already remarked in
Section 2.6.4, the relation between Majorana spinors and Dirac spinors
is similar to the relation between real scalar fields and complex scalar
fields. In both cases we have a reality condition (φ = φ∗ for a scalar
field and Ψ = −iγ2Ψ∗ for a Dirac field) which eliminates one half of the
degrees of freedom, and identifies the particle with the antiparticle.10

10As already remarked in Section 2.6.4,
a reality condition on a Dirac spinor
cannot be imposed in the form Ψ =
Ψ∗. In terms of Weyl spinors such a
condition would imply ψL = ψ∗

L and
ψR = ψ∗

R; however, these conditions
are not Lorentz invariant, as we see
from eqs. (2.59) and (2.60).

As we mentioned in note 6, in the general case where the intrinsic
parity η is not assumed to be real, the parity of a fermion and an an-
tifermion are related by ηa = −η∗

b . Since for Majorana fermions the
particle is the same as the antiparticle, we have ηa = −η∗

a and therefore
ηa = ±i.

Finally, we consider the time-reversal transformation T . The imple-

Time-reversal
mentation of time reversal in quantum field theory is somewhat peculiar.
In fact, the Wigner theorem states that a symmetry transformation can
be implemented either by a linear unitary operator, which is the case that
we have met until now, or by an anti-unitary and antilinear operator, i.e.
by an operator U that, given two states |a〉 and |b〉 with scalar product
〈a|b〉, satisfies 〈Ua|Ub〉 = 〈a|b〉∗ (instead of being equal to 〈a|b〉 as for a
unitary operator) and, for c a complex constant, Uc|a〉 = c∗U |a〉. Time
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reversal is indeed the case of a symmetry that can be implemented only
by an anti-unitary and antilinear operator (see Peskin and Schroeder
(1995), page 67).

We want to define T in such a way that TΨT satisfies the time-reversed
Dirac equation. Using the antilinearity of T , it can be shown that this
can be obtained defining

Tap,sT = a−p,−s , T bp,sT = b−p,−s (4.64)

where ap,−s ≡ (ap,2,−ap,1) and bp,−s ≡ (bp,2,−bp,1). Therefore T
changes the sign of the momentum and flips the spin, as we expect for
time reversal. On the Dirac field this gives

TΨ(t,x)T = −γ1γ3Ψ(−t,x) . (4.65)

We leave it as an exercise to the reader to show that −γ1γ3Ψ(−t,x)
indeed verifies the Dirac equation with t → −t.

Now that we have defined C, P , and T on the field Ψ, we can ask
whether the Lagrangian governing the dynamics of Ψ is invariant un-
der these transformations. For the free Dirac action, one immediately
sees that C, P and T are indeed symmetry operations, but it is easy
to construct interaction terms with fermion bilinears and possibly with
derivatives that violate C, P or T separately. However, it is impossible
to write a Lorentz-invariant term that violates CPT . In fact, under
the combined action of C, P and T , the fermion bilinears Ψ̄Ψ, iΨ̄γ5Ψ,
and Ψ̄σµνΨ are invariant while Ψ̄γµΨ and Ψ̄γ5γµΨ change sign. To
construct a quadratic Lorentz-invariant term, the free Lorentz indices
in Ψ̄σµνΨ, Ψ̄γµΨ and Ψ̄γ5γµΨ must be contracted with a derivative
∂µ, while in quartic and higher-order terms the indices can also be con-
tracted between the various fermion bilinears. Of course ∂µ is invariant
under C while under the combined action of P, T we have ∂µ → −∂µ.
We see that each free Lorentz index in a fermion bilinear constructed
with Ψ̄ and Ψ carries a minus sign under CPT , and the same is true for
the Lorentz index in ∂µ. Therefore all possible Lorentz invariant terms,
where all indices are contracted and therefore are even in number, are in-
variant under CPT . The fact that CPT is conserved, therefore, follows
from the fact that it is impossible even to write down a Lorentz-invariant
term that violates CPT .

This is an example of the CPT theorem, which states that, indepen-
dently of the spin of the particle, a (local) Lorentz-invariant field theory
with a hermitian Hamiltonian cannot violate CPT .

Since CPT exchanges a particle with the antiparticle, and is an exact
symmetry, i.e. it commutes with the Hamiltonian, it implies that the
mass of a particle and of its antiparticle must be exactly equal. Ex-
perimentally, this is verified to an extraordinary accuracy in the K0K̄0

system, where the bound on the mass difference is

|mK0 − mK̄0 |
mK0

< 10−18 . (4.66)
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4.3 Electromagnetic field

4.3.1 Quantization in the radiation gauge

The quantization of the electromagnetic field presents new aspects. The
core of the problem is that, because of gauge invariance, the field Aµ

gives a redundant description. We have therefore two choices in the
quantization procedure. The first possibility is to choose from the begin-
ning a gauge such as the radiation gauge (3.150), which fixes completely
the gauge freedom; in this case we work directly with the physical de-
grees of freedom, but the price that we have to pay is a loss of explicit
Lorentz covariance and at the end of the quantization procedure we must
verify that we have not really lost Lorentz symmetry. This quantization
scheme will be discussed in this section. The second possibility is to work
with the full gauge field Aµ. This will introduce some spurious degrees
of freedom, which we will have to get rid of. This second quantization
procedure will be discussed in the next section.

Thus in this section we choose the radiation gauge (3.150), that we
recall here

A0 = 0 , ∇·A = 0 . (4.67)

We have seen that in this gauge the equation of motion for the three
residual components Ai is simply �Ai = 0, so the most general classical
solution is

A =
∫

d3p

(2π)3
√

2ωp

∑
λ=1,2

[
ε(p, λ)ap,λe−ipx + ε∗(p, λ)a∗

p,λeipx
]

,

(4.68)
where, for the electromagnetic field, we use the notation ωp ≡ p0. In-
serting this expansion in the equation of motion �Ai = 0 we get p2 = 0
and therefore ωp = |p|; the gauge fixing condition ∇·A = 0 requires
instead ε·p = 0; this equation, for each fixed p, has of course two in-
dependent solutions, the two orthogonal vectors, which we label by an
index λ = 1, 2. The physical degrees of freedom of the electromagnetic
field are described by two independent polarization vectors ε(p, 1) and
ε(p, 2).

We now promote A to a hermitian operator, and we write

A(x) =
∫

d3p

(2π)3
√

2ωp

∑
λ=1,2

[
ε(p, λ)ap,λe−ipx + ε∗(p, λ)a†

p,λeipx
]

,

(4.69)
where now ap,λ, a†

p,λ are operators. Since for scalar fields we have un-
derstood that imposing on ap,λ, a†

p,λ the commutation relation of the
harmonic oscillator allows us to interpret the states of the Fock space as
particles, we impose the commutation relations

[ap,λ, a†
q,λ′ ] = (2π)3δ(3)(p − q)δλλ′ (4.70)
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and
[ap,λ, aq,λ′ ] = [a†

p,λ, a†
q,λ′ ] = 0 . (4.71)

Equations (4.70) and (4.71) are our defining rules for the quantization
of the electromagnetic field in the radiation gauge. We now want to
understand what this definition means in terms of the commutation
relations of the fields Ai with their conjugate momenta. The momentum
conjugate to A0 is

Π0 =
δ

δ(∂0A0)

(
−1

4
FµνFµν

)
= 0 . (4.72)

In this quantization scheme A0 and Π0 are equal to zero, and are not
dynamical variables. The momentum conjugate to Ai is instead

Πi =
δ

δ(∂0Ai)

(
−1

4
FµνFµν

)
=

δ

δ(∂0Ai)

(
−1

2
F0iF

0i

)
= −F 0i = Ei .

(4.73)
One can verify that from the commutation relations (4.70) it follows
that

[Ai(t,x), Ej(t,y)] = −i

∫
d3k

(2π)3
eik·(x−y)

(
δij − kikj

k2

)
. (4.74)

In the derivation one uses the relation

1
2

∑
λ=1,2

(
εi(k, λ)εj ∗(k, λ) + εi ∗(−k, λ)εj(−k, λ)

)
= δij − kikj

k2
. (4.75)

This identity can be verified choosing a frame where k = (0, 0, k). In
this frame we can choose as orthogonal vectors the linear polarization
vectors, i.e. ε(k, 1) = (1, 0, 0) and ε(k, 2) = (0, 1, 0), and eq. (4.75) is
then trivially checked. The validity in any frame follows from the fact
that both sides transform as tensors under rotations.11 The integral on 11The linear polarizations are

real and therefore in this basis
the above identity simplifies to
P

λ=1,2 εi(k, λ)εj(k, λ) = δij − kikj

k2 .
However the form (4.75) holds also
choosing as a basis the circular polar-
izations, i.e. ε(k, 1) = (1/

√
2)(1, i, 0)

and ε(k, 2) = (1/
√

2)(1,−i, 0).

the right-hand side of eq. (4.74) is called a “transverse” Dirac delta and
is denoted by δij

tr (x − y), so we can write

[Ai(t,x), Ej(t,y)] = −iδij
tr(x − y) . (4.76)

Note that, were it not for the term kikj/k2, the integral over d3k in
eq. (4.74) would give an ordinary Dirac delta, and we would have the
standard equal time commutation relations.12 The necessity of the term 12Observe that Ei is the momentum

conjugate to Ai = −Ai. Therefore the
sign in eq. (4.76) is in agreement with
eq. (4.1).

kikj/k2 can be understood taking the divergence with respect to x of
both sides of eq. (4.74); on the left-hand side we find [∇·A(t,x),E(t,y)].
However, since we have imposed the gauge condition ∇·A = 0, this must
vanish. Indeed, the divergence of the right-hand side vanishes thanks to
the additional term −kikj/k2 since, taking the divergence, inside the
integral we get

ki

(
δij − kikj

k2

)
= kj − kj = 0 . (4.77)

For the same reason, taking now the divergence of eq. (4.76) with respect
to y, we get [Ai(t,x),∇·E(t,y)] = 0. This means that ∇·E commutes
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with all operators and therefore, even in the quantum theory of the
free electromagnetic field, it is a c-number, so it is consistent to impose
∇·E = 0 as an operator equation. Classically, ∇·E = 0 is just a Maxwell
equation in the absence of sources.1313In particular, it is the equation of mo-

tion obtained performing the variation
with respect to A0; note that to choose
the gauge A0 = 0 means that we set
A0 = 0 in the solutions of the equa-
tions of motion, not directly in the ac-
tion, otherwise we lose this equation of
motion. The classical solutions are de-
fined by the fact that the action must
be stationary with respect to all fields,
including A0. Observe also that the
equation of motion ∇·E = 0 contains
no time derivative. Therefore it is not
an equation that determines the evolu-
tion of an initial field configuration, but
rather a constraint on the possible ini-
tial field configurations.

We can now proceed with the standard construction of the Fock space.
We define the vacuum of the Fock space from

ap,λ|0〉 = 0 (4.78)

for all p and λ = 1, 2; the Fock space is then generated acting with the
creation operators a†

p,λ. The quantum Hamiltonian is obtained normal
ordering the classical expression (3.158),

H =
1
2

∫
d3x : E2 + B2 : =

∫
d3k

(2π)3
∑

λ=1,2

ωk a†
k,λak,λ , (4.79)

where ωk = |k|. The momentum is obtained from the normal ordering
of (3.159),

P =
∫

d3x : E× B :=
∫

d3k

(2π)3
∑

λ=1,2

k a†
k,λak,λ . (4.80)

This shows that the state a†
k,λ|0〉 describes a particle with energy ωk,

momentum k and two polarization states λ = 1, 2. Since the dispersion
relation is ωk = |k|, it has zero mass. To compute its spin we must first
compute the angular momentum operator of the electromagnetic field
using the Noether theorem, and then we can study its action on the
one-particle states.

It is instructive to perform the computation explicitly. We consider a ro-The reader who wishes to skip the
explicit calculation can go directly to
eq. (4.88).

tation in the (jk) plane and we call Jjk the associated conserved charge. The
angular momentum along the i axis J i is then given by J i = (1/2)εijkJjk.
From the Noether’s theorem Jjk is given by the integral of the µ = 0 compo-
nent of a current jµ(jk), given by eq. (3.31)

Jjk =

Z
d3x j0(jk) =

Z
d3x

»
∂L

∂(∂0Ai)
(aν(jk)∂νAi − F

(jk)
i ) − a0(jk)L

–
.

(4.81)
For a space-time rotation the coefficients aµ(jk) (here we denote them by a
lower case letter in order not to create confusion with the gauge field) have
been found in eq. (3.48), aµ

(ρσ) = δµ
ρ xσ − δµ

σxρ so in particular a0(jk) = 0 and

al(jk) = δljxk−δlkxj . The coefficients al(jk) measure the variation of the vector
xl under rotation, δxl = ωjkal

(jk). The coefficients F l(jk) similarly measure

the variation of the gauge field Ai under a rotation, and since Ai is a spatial
vector its transformation law is the same as xi, so that F i(jk) = δijAk−δikAj .
Therefore

Jjk =

Z
d3x∂0A

i
h
−(δljxk − δlkxj)∂lAi − (δijAk − δikAj)

i
=

Z
d3x

h
∂0A

i(xj∂k − xk∂j)Ai − (Ak∂0A
j − Aj∂0A

k)
i

. (4.82)
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The first term in the bracket is clearly the contribution from the orbital angu-
lar momentum. More precisely, it is the matrix element of the orbital angular
momentum operator Ljk = i(xj∂k − xk∂j) with the same scalar product used
in the Klein–Gordon case; compare with eq. (3.50) and the discussion below
it. We are now interested in the second term which, according to the discus-
sion after eq. (2.84), is the spin part Sij . Inserting the expansion (4.69) and
performing the normal ordering we get

Sij =

Z
d3x : Ai∂0A

j − Aj∂0A
i :

=

Z
d3x

d3k

(2π)3
√

2ωk

d3q

(2π)3
√

2ωq

X
λ′λ′′

(iωq) (4.83)

×
n

:
h
εi(k, λ′)ak,λ′e−ikx + εi ∗(k, λ′)a†

k,λ′e
ikx
i

×
h
−εj(q, λ′′)aq,λ′′e−iqx + εj ∗(q, λ′′)a†

q,λ′′e
iqx
i

:
o
− (i ↔ j) .

The integration over x of the various terms gives (2π)3δ(3)(k ± q); then one
finds that the terms ∼ aa and a†a† cancel, while the terms obtained exchang-
ing (i ↔ j) gives a factor of two, so

Sij = i

Z
d3q

(2π)3

X
λ′λ′′

h
εi(q, λ′′)εj ∗(q, λ′) − εi ∗(q, λ′)εj(q, λ′′)

i
a†
q,λ′aq,λ′′ .

(4.84)
Now we apply this operator to the one-particle state a†

k,λ|0〉. Using

aq,λ′′a†
k,λ|0〉 = [aq,λ′′ , a†

k,λ] |0〉 = (2π)3δ(3)(k− q)δλ′′λ|0〉 (4.85)

we find

Sija†
k,λ|0〉 = i

X
λ′=1,2

h
εi(k, λ)εj ∗(k, λ′) − εi ∗(k, λ′)εj(k, λ)

i
a†
k,λ′ |0〉 . (4.86)

We choose k = (0, 0, k) and we compute the spin along the z axis, i.e. S3 =
S12. As a basis for the polarization vectors we choose the linear polarizations,
ε(k, 1) = (1, 0, 0), ε(k, 2) = (0, 1, 0); in components εi(k, λ) = δi

λ and

S3a†
k,λ|0〉 = i

X
λ′=1,2

(δ1
λδ2

λ′ − δ2
λδ1

λ′)a†
k,λ′ |0〉 . (4.87)

The final result of this calculation is therefore

S3a†
k,1|0〉 = ia†

k,2|0〉
S3a†

k,2|0〉 = −ia†
k,1|0〉 , (4.88)

with k = (0, 0, k). We see that the linear polarizations are not eigen-
states of the helicity. The eigenstates are given by the circular polariza-
tions,

S3a†
k,+|0〉 = +a†

k,+|0〉
S3a†

k,−|0〉 = −a†
k,−|0〉 (4.89)

where
a†
k,± =

1√
2
(a†

k,1 ± ia†
k,2) . (4.90)
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The conclusion is that the states a†
k,±|0〉 describe particles with momen-

tum k, energy ωk = |k|, mass zero, spin 1, and helicity ±1. These
quanta are the photons. The fact that massless particles are helicity
eigenstates and that there is no state with Jz = 0 is in agreement with
our general discussion of the representation of the Poincaré group in
Section 2.7.2.

Our quantization procedure did not maintain Lorentz covariance, since
we broke it from the beginning with our gauge choice. We must there-
fore now ask whether at the end Lorentz invariance is recovered. The
fact that we found a particle which fits within the representations of the
Poincaré group already indicates that the final result is compatible with
Poincaré (and therefore Lorentz) invariance. To make sure that indeed
the theory has Lorentz invariance what we actually have to do is to con-
struct all generators of the Poincaré group in terms of the creation and
annihilation operators. We already wrote explicitly the energy, momen-
tum and the spin part of the angular momentum in eqs. (4.79), (4.80)
and (4.84) and the reader can complete it computing the orbital part
of the angular momentum, and the boost generator. Using the commu-
tation relations of the creation and annihilation operators one can then
check that these generators indeed close the Lorentz algebra, and that
the one-particle states, under the transformations generated by these
generators, transform as expected for a spin-1 massless particle. This
proves the covariance of the quantization in the radiation gauge.14

14A note for the advanced reader. In
general, it is quite common in field the-
ory that, in the quantization procedure,
a symmetry of the classical Lagrangian
is not explicitly preserved in the inter-
mediate steps, and at the end of the
quantization procedure one must check
whether the symmetry is still present in
the quantum theory. It turns out that
it is not at all automatic that such a
symmetry is recovered. If this does not
happen, the symmetry is called anoma-
lous, and the theory is said to have an
anomaly. In QFT this can only happen
as a consequence of the divergences of
the interacting theory, that will be the
subject of the next chapter, and in a
free field theory, such as the free elec-
tromagnetic field that we are consider-
ing here, no anomaly can appear. For
this reason, the recovery of Lorentz in-
variance in the quantization of the free
electromagnetic field is guaranteed. It
is however interesting to observe that
in string theory there is no distinction
between a free Lagrangian and an in-
teraction term, i.e. the free propaga-
tion of the string fixes also the interac-
tion. It is possible to quantize the the-
ory in a way very similar to the quan-
tization in radiation gauge of the elec-
tromagnetic field, breaking the explicit
Lorentz covariance, and one finds that
at the end Lorentz invariance is recov-
ered only if the theory lives in 26 space-
time dimensions (for the bosonic string)
or in 10 space-time dimensions (for su-
perstrings). See Polchinski (1998), Sec-
tion 1.3, for a clear discussion.

Finally, we can define on the photon states the operations of parity
and charge conjugation. Concerning parity, we have understood that
the physical photon states are described by a vector field A(t,x ), subject
to the condition ∇·A = 0. The gauge field A is a true vector, as follows
for instance from the fact that the electric field is a true vector and the
magnetic field is a pseudovector, so under parity it transforms as

A(t,x ) → −A(t,−x ) . (4.91)

Expanding each of the three components A(t,x ) in spherical harmonics,
under parity the terms with orbital angular momentum L get the usual
factor (−1)L from the transformation of the spherical harmonic YLM

under x → −x , plus an overall minus sign from the fact that A is a
vector. In terms of photon states, this means that

P |γ;k , s〉 = −|γ;−k , s〉 , (4.92)

where k , s are the momentum and spin of the photon γ. Therefore the
intrinsic parity of a physical photon state is −1.

We saw in eq. (4.63) that the fermionic current changes sign under
charge conjugation. Therefore, if we define C on the gauge field as

CAµC = −Aµ , (4.93)

then charge conjugation is a symmetry of the QED Lagrangian. On the
creation and annihilation operators of the photon, the above equation
means that

Cap,λC = −ap,λ . (4.94)
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By definition, we take C|0〉 = +|0〉. Then, since C2 = 1, we have

Cap,λ|0〉 = (Cap,λC)C|0〉 = −ap,λ|0〉 . (4.95)

Therefore the photon has charge conjugation −1.

4.3.2 Covariant quantization

In this section we take a different route for the quantization of the elec-
tromagnetic field. We do not want to spoil the covariance, so we do not
impose the radiation gauge and we accept working with the redundant
field Aµ. However, if we try to perform straightforwardly a covariant
quantization of the Maxwell Lagrangian,

L = −1
4
FµνFµν , (4.96)

we fail immediately. In fact, in a naive covariant quantization, we would
first of all define the conjugate momenta as

Πµ(x) =
∂L

∂(∂0Aµ)
, (4.97)

Consider first the spatial components. The momentum conjugate to Ai

is Πi = −Πi, with Πi = Ei. Equation (4.1) would therefore suggest
imposing the equal time commutation relations15 15Observe that in the quantization in

radiation gauge of the previous sec-
tion the commutator [Ai(t, x), Πj(t, y)]
was rather given in terms of a trans-
verse Dirac delta, see eq. (4.76). This
was a consequence of our gauge fix-
ing, which eliminated from the begin-
ning the longitudinal polarization vec-
tor, i.e. the vector εi(k, 3) which, in
the frame where k = (0, 0, k), has the
form εi(k, 3) = (0, 0, 1). Because of
this, the sum over the polarization gave
the transverse tensor δij −kikj/k2, see
eq. (4.75). The difference with the
covariant quantization is that now we
are not fixing the gauge, and we keep
for the moment all polarization vectors.
Therefore, the sum over the spatial po-
larization vectors now gives δij rather
than δij − kikj/k2.

[Ai(t,x), Πj(t,y)] = −iδijδ(3)(x − y) (4.98)

(the minus sign is due to the fact that the momentum conjugate to Ai

is Πi, and Πi = −Πi), while

[Ai(t,x), Aj(t,y)] = 0 . (4.99)

These commutation relations have the covariant generalization

[Aµ(t,x), Aν(t,y)] = 0 , (4.100)

[Aµ(t,x), Πν(t,y)] = iηµνδ(3)(x − y) . (4.101)

The metric ηµν is forced upon us from the condition of Lorentz covari-
ance, since the left-hand side is a tensor. In a covariant quantization,
one would therefore use eqs. (4.97), (4.100) and (4.101) as the starting
point. However, eqs. (4.97) and (4.101) are incompatible, because in the
Maxwell Lagrangian there is no dependence on ∂0A0 and therefore Π0

vanishes identically, and cannot have a non-trivial commutator with A0.
To tackle this problem we proceed as follows. We start from a modified

Lagrangian,
L′ = −1

4
FµνFµν − 1

2
(∂µAµ)2 . (4.102)

This Lagrangian at first sight seems to describe a very different theory
compared to the Maxwell Lagrangian (4.96). Indeed, the Lagrangian
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(4.102) is not even gauge invariant. For the moment we postpone the
question of what the Lagrangian (4.102) has to do with (4.96), and we
proceed to its quantization. The conjugate momenta can now be defined
straightforwardly

Πµ(x) =
∂L′

∂(∂0Aµ)
(4.103)

so that Πi = −F 0i = Ei as in the usual Maxwell Lagrangian (4.96),
while Π0 = −∂µAµ is non-vanishing. It therefore makes perfectly sense
to impose the canonical commutation relations (4.101).

The equation of motion derived from eq. (4.102) is simply �Aµ = 0.
The operators Aµ can therefore be expanded as

Aµ(x) =
∫

d3p

(2π)3
√

2ωp

3∑
λ=0

[
εµ(p, λ)ap,λe−ipx + ε∗µ(p, λ)a†

p,λeipx
]

,

(4.104)
and the equation of motion �Aµ = 0 translates into p2 = 0. The
important difference compared to the canonical quantization discussed
in the previous section is that now there is no constraint on εµ; in the
canonical quantization the conditions ε0 = 0 and pµεµ = 0 came from the
gauge choice, while here we start from a Lagrangian which is not even
gauge invariant, and no constraint has been imposed on Aµ. Therefore
we have four independent solutions for εµ(p, λ), labeled by λ = 0, 1, 2, 3.
In the frame where pµ = (p, 0, 0, p) we will choose as a basis

εµ(p, 0) = (1, 0, 0, 0) , εµ(p, 1) = (0, 1, 0, 0) ,

εµ(p, 2) = (0, 0, 1, 0) , εµ(p, 3) = (0, 0, 0, 1) , (4.105)

or, more compactly, εµ(p, λ) = δµ
λ . In a generic frame the form of

εµ(p, λ) is found performing the appropriate Lorentz transformation.
The two vectors εµ(p, 1) and εµ(p, 2) satisfy εµpµ = 0, i.e. they are
transverse. Instead εµ(p, 0) and εµ(p, 3) have εµpµ �= 0.

From the expansion (4.104) and the canonical commutation relations
(4.101) it follows that

[ap,λ, a†
q,λ′ ] = −(2π)3δ(3)(p − q)ηλλ′ , (4.106)

with λ, λ′ = 0, 1, 2, 3, and [ap,λ, aq,λ′ ] = [a†
p,λ, a†

q,λ′ ] = 0. The crucial
new point here is that the commutator (4.106) with λ = λ′ = 0 has
the “wrong” sign, because η00 = +1. The consequence of this sign
apparently is a disaster. Consider the states

|p, λ〉 ≡ (2ωp)1/2 a†
p,λ|0〉 (4.107)

and try to interpret them as one-particle states. The norm of these
states is

〈p, λ|p, λ〉 = (2ωp)〈0|ap,λa†
p,λ|0〉 = (2ωp)〈0|[ap,λ, a†

p,λ]|0〉 = −ηλλ2ωpV
(4.108)
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(where, in a finite volume, (2π)3δ(3)(0) = V , see eq. (4.7)). Therefore,
the state created by the oscillator with λ = 0 has a negative norm! Since
the scalar products in quantum mechanics are interpreted as probabil-
ities, a Fock space with a scalar product which is not positive definite
has no probabilistic interpretation.

On the other hand, we must observe that the states that create the
problem have no counterpart in the canonical quantization of the elec-
tromagnetic field discussed in the previous section; we have seen in fact
that the physical states are only those associated with transverse polar-
ization vectors. The states created by a†

p,0 and by a†
p,3 (in the frame

where p is along the third axis) are unphysical.
We must now recall that the theory that we have quantized so far is not

electrodynamics, because of the extra term (∂µAµ)2 in the Lagrangian.
The basic idea of the covariant quantization of the electromagnetic field,
or Gupta–Bleuler quantization, is to start from the apparently different
theory (4.102) and to recover a quantum theory of the electromagnetic
field imposing a restriction on the Fock space: we define the subspace of
physical states requiring that for any two physical states |phys〉, |phys′〉

〈phys′|∂µAµ|phys〉 = 0 . (4.109)

In other words, ∂µAµ = 0, rather than being imposed at the level of
the Lagrangian (4.102), is recovered as an operator equation on phys-
ical states, and we expect that the quantization of the theory (4.102),
supplemented with the condition (4.109), is equivalent to the canon-
ical quantization studied in the previous section. We must therefore
study whether imposing the condition (4.109) is sufficient to eliminate
the states with negative norm from the physical space and whether the
final result is a Fock space of transverse photons, as we expect from the
previous section.

We first observe that the operator ∂µAµ can be separated into its
positive and negative frequency parts,

∂µAµ = (∂µAµ)+ + (∂µAµ)− (4.110)

where (∂µAµ)+ contains only the positive frequency part, i.e. the anni-
hilation operators, and (∂µAµ)− contains the creation operators,

(∂µAµ)+ = −i

∫
d3p

(2π)3
√

2ωp

3∑
λ=0

pµεµ(p, λ)ap,λe−ipx (4.111)

(∂µAµ)− = i

∫
d3p

(2π)3
√

2ωp

3∑
λ=0

pµεµ∗(p, λ)a†
p,λeipx . (4.112)

Since (∂µAµ)− = (∂µAµ)+†, eq. (4.109) is satisfied if we define the phys-
ical states from the condition

(∂µAµ)+|phys〉 = 0 , (4.113)
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since then automatically 〈phys|(∂µAµ)− = 0 for any physical state.
Equation (4.113) will be taken as the definition of the physical sub-
space. Since it has the form of a linear operator applied to a state, it
preserves the linear structure of the physical Hilbert space: if |phys1〉
and |phys2〉 are physical states, then α|phys1〉 + β|phys2〉 is a physical
state.

Let us examine what this condition means for one-particle states. We
consider a state |ψ〉 =

∑
λ cλa†

k,λ|0〉, i.e. the most general superposition
of polarization states with a given momentum k, and we choose k along
the third axis, kµ = (k, 0, 0, k). On this state the physical state condition
(4.113) becomes c0 + c3 = 0. We see that the two transverse photons
a†
k,1|0〉 and a†

k,2|0〉, and any linear combination of them, are physical
states. This is good news, since we know from the previous section
that these are the true degrees of freedom of the photon. Consider
now the subspace generated by a†

k,0|0〉 and a†
k,3|0〉. We see that neither

a†
k,0|0〉 nor a†

k,3|0〉 are physical states. This is also good news, since the
state a†

k,0|0〉 is just the negative norm state, and a†
k,3|0〉, even if it has

a positive norm, does not correspond to a physical polarization state.
However the combination

|φ〉 = (a†
k,0 − a†

k,3)|0〉 (4.114)

has c0 = +1, c3 = −1 and satisfies the physical state condition c0 + c3 =
0. Therefore the most general one-particle state of the physical subspace,
with momentum k, is of the form

|ψT 〉 + c|φ〉 (4.115)

where |ψT 〉 is an arbitrary linear combination of the transverse states
a†
k,1|0〉 and a†

k,2|0〉, |φ〉 is given by eq. (4.114) and c is an arbitrary
constant. The question now is: what shall we do with |φ〉, which has no
counterpart in the canonical quantization?

First of all, observe that |φ〉 has zero norm,

〈φ|φ〉 = 〈0|(ak,0 − ak,3)(a
†
k,0 − a†

k,3)|0〉 = 〈0|ak,0a
†
k,0 + ak,3a

†
k,3|0〉

= 〈0|[ak,0, a
†
k,0] + [ak,3, a

†
k,3]|0〉 = 0 , (4.116)

because the commutator [ak,0, a
†
k,0] has the opposite sign of [ak,3, a

†
k,3].

This means that |φ〉 is orthogonal to all physical states, since it is trivially
orthogonal to all states of the form |ψT 〉, and is also orthogonal to itself.
Therefore all scalar products of |ψT 〉+c|φ〉 with any other physical state
are the same as the scalar product of |ψT 〉.

Let us next look at the contribution of |φ〉 to the energy and mo-
mentum. The energy and momentum in the covariant quantization are
found as usual from the Noether theorem and are

H =
∫

d3k

(2π)3
ωk

[
−a†

k,0ak,0+
∑

λ=1,2,3

a†
k,λak,λ

]
, (4.117)



4.3 Electromagnetic field 105

P =
∫

d3k

(2π)3
k
[
−a†

k,0ak,0+
∑

λ=1,2,3

a†
k,λak,λ

]
, (4.118)

and the minus sign in front of a†
k,0ak,0 is simply a consequence of Lorentz

covariance; the terms in brackets can in fact be written as −ηλλ′
a†
k,λak,λ′ .

Computing the matrix element of the energy and momentum operators
between physical states, the contribution from the term −a†

k,0ak,0 can-
cels that from the term a†

k,3ak,3. In fact, the condition c0 + c3 = 0 can
be rewritten as

(ak,0 − ak,3)|ψ〉 = 0 . (4.119)

Then

〈phys′|−a†
k,0ak,0+a†

k,3ak,3|phys〉 = 〈phys′|(−a†
k,0+a†

k,3)ak,3|phys〉 = 0 ,
(4.120)

where the first equality follows from eq. (4.119) and the second from its
hermitian conjugate. This means that the contribution to the energy
and to the momentum comes only from the transverse oscillators, and
therefore, for one-particle states, it is determined completely by the
transverse part |ψT 〉 in eq. (4.115), and is independent of c|φ〉.

In conclusion, the states |ψT 〉 + c|φ〉 and |ψT 〉 have the same energy,
momentum (and angular momentum, as can be checked similarly), and
they have the same scalar product with all physical states. Therefore
they are physically indistinguishable. We therefore introduce an equiv-
alence relation, saying that |ψT 〉 is equivalent to |ψ′

T 〉,
|ψT 〉 ∼ |ψ′

T 〉 (4.121)

if for some constant c

|ψ′
T 〉 = |ψT 〉 + c|φ〉 . (4.122)

We then identify the photons as the equivalence classes with respect to
this relation. As a representative of the equivalence class we can conve-
niently take the purely transverse state |ψT 〉. In any case, no physical
result depends on this choice. The photon is described by two transverse
degrees of freedom, and the energy, momentum (and angular momen-
tum) coincide with those found performing the quantization in the ra-
diation gauge. The generic multiparticle state is obtained tensoring this
physical one-particle state. As long as we quantize the free theory, this
gives a consistent quantization scheme. In an interacting theory, one
must however be careful to check that the interaction between physical
states does not produce unphysical states.

Summary of chapter

• The basic principle of the canonical quantization of a free scalar
field is to promote the field φ and its conjugate momentum to op-
erators, and to impose the equal time commutation relation (4.1).
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Expanding the field in plane waves, the coefficients ap of the ex-
pansion become operators, and their complex conjugates a∗

p be-
come the hermitian conjugate operators a†

p . The commutation
relation between ap and a†

p is given by eq. (4.3) and shows that a
free scalar field theory is equivalent to a collection of harmonic os-
cillators, one for each degree of freedom, labeled by the momentum
p .

• The Fock space is constructed in eqs. (4.8) and (4.9). It describes a
multiparticle space. The operator ap , acting on a state of the Fock
space, destroys a particle with momentum p , while a†

p creates it.
This is a crucial aspect of quantum field theory. The transition
amplitudes between different states of the Fock space (that we
will learn to compute in the following chapters) describe processes
in which the number and the type of particle changes, something
which is impossible to describe using only first-quantized wave
equations.

• The Hamiltonian and momentum operators are obtained from
the classical expressions, performing the normal ordering. Equa-
tions (4.16) and (4.20) show that the state a†

p |0〉 is a one-particle
state with momentum p and energy Ep =

√
p 2 + m2.

• The quantization of complex fields gives rise to two different kinds
of quanta, i.e. each particle has its antiparticle, which has the
same mass but opposite U(1) charge.

• Spinor fields are quantized imposing anticommutation relations,
eq. (4.31), and obey Fermi–Dirac statistics.

• The quantization of the electromagnetic field has a complication
due to gauge invariance. One can choose between: (i) a description
in which only the physical degrees of freedom appear, at the price
of dealing in the intermediate steps with equations which are not
explicitly Lorentz covariant (Section 4.3.1), and (ii) a description
where Lorentz covariance is explicit, but in the intermediate steps
we must deal with spurious degrees of freedom (Section 4.3.2). In
any case, one ends up with a fully Lorentz and Poincaré invariant
theory, describing a massless particle with spin 1 and two helicity
states, the photon.

Exercises

(4.1) Positronium is a hydrogen-like bound state of an
electron and positron.

(i) Show that the parity of a positronium state with
orbital angular momentum L is P = (−1)L+1.

(ii) The charge conjugation operator Ĉ exchanges
the electron with the positron, and therefore

positronium is an eigenstate of the charge conju-
gation operator, Ĉ|pos〉 = C|pos〉. Show that, on a
positronium state with angular momentum L and
total spin S, the eigenvalue is C = (−1)L+S.

(iii) In QED parity and charge conjugation are con-
served, and therefore the positronium states have
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well-defined values of C and P . From the results
obtained above it follows that positronium states
also have L, S defined. The state with S = 0 is
called para-positronium while S = 1 is called ortho-
positronium.

Show that the ground state of para-positronium
can decay into two photons while the ground state
of ortho-positronium cannot decay into two pho-
tons but can decay into three photons. We will
compute explicitly the decay rate for the annihila-
tion in two photons in Exercise 7.2.

(4.2) Show that the quantity Ep δ(3)(p − k) is Lorentz
invariant and therefore the one-particle states have
a Lorentz-invariant normalization.

(4.3) Show that under charge conjugation Ψ̄γµΨ changes
sign, where Ψ is the quantized field operator.

(4.4) Consider the Proca Lagrangian

L = −1

4
FµνF µν +

1

2
m2AµAµ , (4.123)

with m 
= 0.

(i) Verify that this theory is not gauge invariant and
show that the equations of motion derived from this
Lagrangian are

(� + m2)Aµ = 0 , ∂µAµ = 0 . (4.124)

(ii) Perform the canonical quantization and verify
that the theory describes a massive spin-1 particle.

(4.5) (i) Let H be the second quantized Hamiltonian of a
free real scalar field, see eq. (4.16), and β a number.
Prove the identity

e−βHa†
p = a†

pe−β(H+Ep ) . (4.125)

(ii) According to the rules of quantum mechanics,
in a mixed state described by a density matrix ρ
the expectation value of any operator O is given by
Tr (ρO), when ρ is normalized by Tr ρ = 1. On a
thermal state with temperature T = 1/β the den-
sity matrix is ρ = e−βH/Tr e−βH and therefore the
thermal expectation values are defined as

〈O〉β =
TrOe−βH

Tr e−βH
, (4.126)

where the trace is over the Fock space. Using the
result obtained in (i), show that

〈a†
paq〉β =

(2π)3δ(3)(p − q )

eβEp − 1
(4.127)

and therefore, in a finite volume V ,

〈a†
pap〉β =

V

eβEp − 1
. (4.128)

This shows that a†
p/

√
V create quanta that obey

the Bose–Einstein distribution.

(iii) Repeat the exercise for anticommuting opera-
tors and verify that one obtains Fermi–Dirac statis-
tics.

(4.6) (i) Consider a gas of N electrons in a box of volume
V . Show that, in the ground state, the electrons fill
all states with a momentum p such that |p | � pF ,
with pF given by

N

V
=

p3
F

3π2
. (4.129)

The state with all levels filled up to pF is called
the Fermi vacuum and pF is called the Fermi mo-
mentum. We denote the Fermi vacuum by |0〉F to
distinguish it from the Fock vacuum |0〉, where all
levels are empty. The Fermi vacuum is the vac-
uum state of the system subject to the constraint
of a fixed number of particle, N , while the Fock
vacuum is the vacuum state of the system with no
constraint on the particle number.

(ii) Let ap,s, a
†
p,s be the usual annihilation and cre-

ation operators of the electron, introduced in Sec-
tion 4.2.1. By definition ap,s|0〉 = 0 for all p . Ver-
ify that it is not true that ap,s|0〉F = 0 for all p . As
a consequence, a†

p,s is not the appropriate operator
to describe the excitation above |0〉F . Define

Ap ,s = θ(|p | − pF )ap,s + θ(pF − |p |)a†
−p ,−s

A†
p ,s = θ(|p | − pF )a†

p,s + θ(pF − |p |)a−p ,−s ,

(4.130)

where θ is the step function. Verify that
Ap ,s|0〉F = 0 for all p and that Ap ,s and A†

q ,r still
satisfy canonical anticommutation relations. Give
a physical interpretation of the action of A†

q ,r on
|0〉F .

(iii) Equation (4.130) is a special case of a Bogoli-
ubov transformation, which can be defined both on
bosonic and on fermionic operators, as

Ap ,s = αp ap,s − βp a†
−p ,−s

A†
p ,s = α∗

p a†
p,s − β∗

p a−p ,−s , (4.131)

with αp , βp complex coefficients (for the spin zero
case just omit the spin index s). Show that, in the
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bosonic case, the condition that Ap ,s and A†
p ,s sat-

isfy the canonical commutation relations requires
that

|αp |2 − |βp |2 = 1 ,

αp β−p − α−p βp = 0 , (4.132)

while for fermions

|αp |2 + |βp |2 = 1 ,

αp β−p + α−p βp = 0 . (4.133)

(iv) Considering for notational simplicity the spin
zero case, let |0, a〉 be the vacuum state annihilated
by the operators ap and |0, A〉 be the vacuum state
annihilated by the operators Ap . Correspondingly
we have two different type of particles, the “a”-
particles obtained acting with a†

p on |0, a〉 and the
“A”-particles obtained acting with A†

p on |0, A〉.
The respective particle number operators (setting

for simplicity the spatial volume V = 1) are A†
p Ap

and a†
p ap . Let |np 〉 be an eigenstate of the opera-

tor a†
p ap with eigenvalue np and define

Np ≡ 〈np |A†
p Ap |np 〉 . (4.134)

Show that

Np = np + 2|βp |2
„

np +
1

2

«
. (4.135)

In particular, on the vacuum of the “a”-particles,
Np = |βp |2. This means that, in terms of “A”-
particles, the vacuum of the “a”-particles is a mul-
tiparticle state.

Bogoliubov transformations of this type are used in
condensed matter physics, in the context of supe-
fluidity or superconductivity, and also in cosmol-
ogy, to compute particle production by gravita-
tional fields.
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In Chapter 4 we studied the quantization of free fields. We now introduce
the interaction. In the canonical quantization, perturbation theory is
developed more easily using the Hamiltonian formalism (the Lagrangian
formalism is instead more useful in the path integral quantization that
will be discussed in Chapter 9). We therefore consider a general field
theory with a Hamiltonian

H = H0 + Hint (5.1)

where H0 is the free Hamiltonian and Hint is the interaction term. The
interaction term will be considered small. For instance in QED

Hint =
∫

d3xHint = −
∫

d3xLint (5.2)

with
Lint = −eAµΨ̄γµΨ (5.3)

as discussed in Section 3.5.4. (Note that the identity Hint = −Lint holds
only when the interaction Lagrangian does not contain derivatives of the
fields.) The smallness of the interaction follows from the fact that the
parameter which turns out to be relevant for the perturbative expansion
is α = (e2/4π) � 1/137.

A useful toy model for learning the basic techniques is a quartic self-
interaction of a scalar field. In this case H0 corresponds to the free
Klein–Gordon theory, and

Hint =
λ

4!
φ4 , (5.4)

with λ a dimensionless coupling constant. Perturbation theory will be
meaningful in the weak coupling regime, λ 
 1.

5.1 The S-matrix

In the Schrödinger picture we consider a state |a〉(t) which, at an initial
time Ti, is an eigenstate of a set of commuting operators, with eigen-
values labeled collectively by a. Typically, a will be the set of momenta
and spins of the incoming particles. Let us denote |a〉(Ti) simply by
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|a〉. Similarly, we consider a state |b〉(t) that, at a final time Tf , is an
eigenstate with eigenvalues b, and we denote |b〉(Tf) simply as |b〉.

The state |a〉(t) evolves as |a〉(t) = e−iH(t−Ti)|a〉 and therefore at the
final time Tf it has evolved into e−iH(Tf−Ti)|a〉. The amplitude for the
process in which the initial state |a〉 evolves into the final state |b〉 is
therefore given by

〈b|e−iH(Tf−Ti)|a〉 . (5.5)

In the limit Tf − Ti → ∞ the evolution operator e−iH(Tf−Ti), with H
the second quantized Hamiltonian of field theory, is called the S-matrix.
Therefore S is an operator that maps an initial state to a final state,

|a〉 → S|a〉 , (5.6)

and the scattering amplitudes are given by its matrix elements, 〈b|S|a〉.
Observe that S is a unitary operator, SS† = S†S = 1. In fact, if |a〉
is an initial state, normalized as 〈a|a〉 = 1, and |n〉 is a complete set
of states, the probability that |a〉 evolves into |n〉, summed over all |n〉,
must be 1, ∑

n

|〈n|S|a〉|2 = 1 . (5.7)

On the other hand we can write∑
n

|〈n|S|a〉|2 =
∑

n

〈a|S†|n〉〈n|S|a〉 = 〈a|S†S|a〉 , (5.8)

since |n〉 is a complete set and therefore
∑

n |n〉〈n| = 1. This means that
〈a|S†S|a〉 = 1 for |a〉 arbitrary, and we conclude that S†S = SS† = 1.
We see that the unitarity of the S-matrix expresses the conservation of
probability. It is also convenient to define the T matrix, separating the
identity operator,

S = 1 + iT . (5.9)

In terms of T the condition SS† = 1 becomes

−i(T − T †) = TT † . (5.10)

Denoting the matrix element 〈b|T |a〉 by Tba, and inserting a complete
set of states, the above equation reads

−i(Tba − T ∗
ab) =

∑
n

TbnT ∗
an , (5.11)

and in particular, if a = b,

2 ImTaa =
∑

n

|Tan|2 . (5.12)

Therefore unitarity relates the imaginary part of the diagonal matrix
element Taa to the squared modulus of |Tan|2, summed over all possible
intermediate states.

In quantum field theory the Heisenberg representation is often more
useful than the Schrödinger representation. The reason is that in QFT
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the operators are just the fields, so in the Heisenberg representation
the quantum fields depend both on x and t while in the Schrödinger
representation they depend only on x . The Heisenberg representation
is therefore more natural from the point of view of Lorentz covariance.

Given a state |a〉(t) in the Schrödinger representation, in the Heisen-
berg picture we define the state |a〉H as |a〉H = eiHt|a〉(t). If A is an op-
erator in the Schrödinger representation, the corresponding Heisenberg
operator AH is defined as AH(t) = eiHtAe−iHt. Since |a〉(t) evolves with
e−iHt, and A is time-independent, by definition in the Heisenberg pic-
ture the states |a〉H are independent of t while the operators AH evolve
with time. Writing |a〉H = eiHt|a〉(t) at time t = Ti and recalling that
we denoted |a〉(Ti) simply as |a〉, we can write

|a, Ti〉H = eiHTi |a〉 . (5.13)

Note that, even if it is time-independent, the Heisenberg state |a〉H car-
ries a label Ti which was implicit in the definition of |a〉, and therefore
we have denoted it as |a, Ti〉H. This label tells us of what Heisenberg
operator the state |a, Ti〉H is an eigenvector. For instance, suppose that
in the Schrödinger representation the state |x0〉, at t = t0, is an eigen-
vector of the position operator x̂, and let x̂H(t) = eiHtx̂e−iHt. Then the
state |x0, t0〉H = eiHt|x0〉(t) is an eigenvector of the Heisenberg position
operator x̂H(t0) but it is not an eigenvector of the operator x̂H(t1) with
t1 �= t0.

Similarly to eq. (5.13) (and omitting hereafter the subscript “H” on
states in the Heisenberg representation), we have

|b, Tf〉 = eiHTf |b〉 , (5.14)

and in terms of the states in the Heisenberg picture the matrix element
(5.5) is written as

〈b|S|a〉 = 〈b, Tf |a, Ti〉 . (5.15)

5.2 The LSZ reduction formula

Consider a generic S-matrix element written in the Heisenberg picture,

〈p1,p2, . . . ,pn; Tf |k1,k2, . . . ,km; Ti〉 . (5.16)

It is understood that at the end of the computation Tf → +∞ and
Ti → −∞. For notational simplicity we consider a single species of
neutral scalar particle, so the states are labeled just by their momenta,
but all our considerations can be generalized to particles with spin. Our
first step will be to relate this matrix element to the expectation value
of some operator on the vacuum state.

We begin by observing that the expansion of a free real scalar field in
terms of creation and annihilation operators, eq. (4.2), can be inverted
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to give

(2Ek )1/2ak = i

∫
d3x eikx

↔
∂0φfree , (5.17)

(2Ek )1/2a†
k = −i

∫
d3x e−ikx

↔
∂0φfree , (5.18)

as one easily verifies substituting eq. (4.2) in the above equations and
performing the integration over d3x. Note that in eqs. (5.17) and (5.18)
the integrands are time-dependent but the integrals are independent of
t. We have denoted the field by φfree to stress that eqs. (5.17) and (5.18)
hold only if the field is free. When the field is not free, it cannot be
expanded in terms of creation and annihilation operators as in eq. (4.2),
and eqs. (5.17) and (5.18) do not hold.

However, as t → −∞ we intuitively expect that the theory reduces to
a free theory, since all incoming particles are infinitely far apart and, if
the interaction decreases sufficiently fast with the distance, there will be
no difference between a free and an interacting theory.1 These intuitive1The most important example where

the interaction does not decrease at
large distances is the interaction of
quarks in QCD. As a consequence,
quarks are not seen as free particles
(they are “confined” inside hadrons),
and the free particles seen at t → ±∞
are rather the hadrons. We will discuss
in Problem 8.2 how to proceed in these
cases.

considerations are formalized by the hypothesis that, as t → −∞,

φ(x) → Z1/2φin(x) , (5.19)

where φin(x) is a free field and Z is a c-number, known as wave function
renormalization. We will discuss later the physical meaning of Z, and
how to compute it. Similarly we assume that, as t → +∞,

φ(x) → Z1/2φout(x) , (5.20)

with φout again a free field, and the same constant Z. The limits in
eqs. (5.19) and (5.20) must be understood in the weak sense, i.e. they
are assumed to hold not as operator equations, but only when we take
matrix elements.22Using a technique known as Källen–

Lehmann representation (see Weinberg
(1995), Section 10.7) one can show that
eq. (5.19) cannot hold as an opera-
tor equation, since otherwise one would
find that Z = 1 and that φ is a free field;
see, e.g., Itzykson and Zuber (1980),
Section 5.1.2.

We now consider eq. (5.18) with φin playing the role of the free
field φfree. As we observed above, the integrand in eq. (5.18) is time-
dependent, but the result of the integration is independent of t. We can
therefore perform it at t → −∞, and use eq. (5.19) to write

(2Ek )1/2a
†,(in)
k = −i

∫
t→−∞

d3x e−ikx
↔
∂0φin

= −iZ−1/2 lim
t→−∞

∫
d3x e−ikx

↔
∂0φ , (5.21)

where the superscript “in” means that the operator a†
k acts on the space

of initial states at Ti = −∞. Similarly, we define creation operators
acting on the final states as

(2Ek )1/2a
†,(out)
k = −i

∫
t→+∞

d3x e−ikx
↔
∂0φout

= −iZ−1/2 lim
t→+∞

∫
d3x e−ikx

↔
∂0φ . (5.22)
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Observe that in eqs. (5.21) and (5.22) the final integral depends on time,
since it is performed with φ rather than with a free field; a

†,(in)
k is defined

taking the limit t → −∞ of this integral while a
†,(out)
k is defined taking

the limit t → +∞, and the relation between in and out creation oper-
ators is non-trivial. Recalling our normalization (4.10) for one-particle
states, we see that we can eliminate the particle with momentum k1

from the initial state writing

〈p1,p2, . . . ,pn; Tf |k1,k2, . . .km; Ti〉
= (2Ek1)

1/2〈p1,p2, . . . ,pn; Tf |a†,(in)
k1

|k2, . . . ,km; Ti〉 (5.23)

= −iZ−1/2 lim
t→−∞

∫
d3x e−ik1x〈p1,p2, . . . ,pn; Tf |

↔
∂0φ|k2, . . . ,km; Ti〉 .

The idea is to iterate the process removing all particles from the initial
and final states. We perform the computation in detail.

First of all, eq. (5.23) can be written in an explicitly covariant form. We The reader uninterested in the deriva-
tion can just take note of the def-
inition of time-ordered product in
eq. (5.32) and then can jump directly
to eq. (5.40).

use the fact that, for any integrable function f(t,x ), we have the identity

( lim
t→+∞

− lim
t→−∞

)

Z
d3x f(t,x ) =

Z ∞

−∞
dt

∂

∂t

Z
d3x f(t,x ) . (5.24)

Applying this identity to the function f(t,x ) = −iZ−1/2e−ikx
↔
∂0φ and using

eqs. (5.21) and (5.22) we find

(2Ek )1/2(a
†,(in)
k − a

†,(out)
k ) = iZ−1/2

Z
d4x∂0(e

−ikx
↔
∂0 φ) . (5.25)

The integral in this equation can be written in a covariant form observing thatZ
d4x ∂0(e

−ikx
↔
∂0 φ) =

Z
d4x∂0(e

−ikx∂0φ − φ ∂0e
−ikx)

=

Z
d4x (e−ikx∂2

0φ − φ∂2
0e−ikx)

=

Z
d4x

h
e−ikx∂2

0φ − φ(∇2 − m2) e−ikx
i

, (5.26)

where in the last line we used the fact that k2 = m2, since kµ is the four-
momentum of an initial or final particle with mass m, and therefore ∂2

0e−ikx =
(∇2 − m2)e−ikx. It is understood that our initial and final particle states,
which we have written simply as states with definite momentum, i.e. plane
waves, will be convoluted to form wave packets, so at each given time they
are localized in space. This means that we can integrate ∇2 twice by parts
(while ∂0 cannot be integrated by parts, since φ is not localized in time), and
we find

(2Ek )1/2(a
†,(in)
k − a

†,(out)
k ) = iZ−1/2

Z
d4x e−ikx(� + m2)φ(x) . (5.27)

Therefore

(2Ek1)
1/2〈p1,p2, . . . ,pn; Tf |a†,(in)

k1
− a

†,(out)
k1

|k2, . . . ,km; Ti〉 (5.28)

= iZ−1/2

Z
d4x e−ik1x(� + m2)〈p1,p2, . . . ,pn; Tf |φ(x)|k2, . . . ,km; Ti〉 .
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The operator a
†,(out)
k1

acts on the state to its left, destroying an out particle with
momentum k1. We assume that none of the initial momenta pj coincides with
a final momentum ki. This eliminates processes in which one of the particles
behaves as a “spectator” and does not interact with the other particles.3 Then3In the language of Feynman diagrams

that we will explain below, this means
that we can restrict to connected dia-
grams.

a
†,(out)
k1

acting on the state on its left gives zero, because the particle that it
would annihilate is absent, and the left-hand side of eq. (5.28) coincides with
the expression that appears in eq. (5.23).

The conclusion is that we can remove the particle with momentum k1 from
the initial state, at the price of inserting the operator

iZ−1/2

Z
d4x e−ik1x(� + m2)φ(x) (5.29)

in the matrix element, i.e.

〈p1,p2, . . . ,pn; Tf |k1,k2, . . . ,km; Ti〉 (5.30)

= iZ−1/2

Z
d4x e−ik1x(� + m2)〈p1,p2, . . . ,pn; Tf |φ(x)|k2, . . . ,km; Ti〉 .

Now we would like to iterate the procedure, eliminating all initial and final par-
ticles and remaining with the vacuum expectation value of some combination
of fields. For instance, we next eliminate the final particle with momentum
p1. Following the same strategy adopted before, we write

〈p1,p2, . . . , pn; Tf |φ(x)|k2, . . . ,km; Ti〉
= (2Ep1)1/2〈p2, . . . ,pn; Tf |a(out)

p1 φ(x)|k2, . . . ,km; Ti〉 . (5.31)

We now define the time-ordered product, or simply the T -product, of two fields
as follows,

T{φ(y)φ(x)} =

j
φ(y)φ(x) y0 > x0

φ(x)φ(y) y0 < x0 (5.32)

or

T{φ(y)φ(x)} = θ(y0 − x0)φ(y)φ(x) + θ(x0 − y0)φ(x)φ(y) , (5.33)

where θ(x0) is the step function: θ(x0) = 1 if x0 > 0 and θ(x0) = 0 if x0 < 0.

Taking the hermitian conjugate of eq. (5.21) we see that a
(in)
p1 is constructed

in terms of φ(y) with y0 → −∞, and therefore

T{a(in)
p1 φ(x)} = φ(x)a(in)

p1 . (5.34)

Similarly, a
(out)
p1 is constructed in terms of φ(y) with y0 → +∞ and

T{a(out)
p1 φ(x)} = a(out)

p1 φ(x) . (5.35)

We can use this to write the right-hand side of eq. (5.31) as

(2Ep1)
1/2〈p2, . . . ,pn; Tf |T{(a(out)

p1 − a(in)
p1 )φ(x)}|k2, . . . ,km; Ti〉 . (5.36)

In fact, the first term in the T -product is the same as the original expression in
eq. (5.31), while the second gives zero since we have seen that T{a(in)

p1 φ(x)} =

φ(x)a
(in)
p1 and then a

(in)
p1 annihilates the state on its right (recall that we are

assuming that the final momenta pj are different from any of the initial mo-
menta ki).
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The advantage of the form (5.36) is that the combination a
(out)
p1 − a

(in)
p1 is

given in terms of a covariant expression involving the φ field, which is just the
hermitian conjugate of eq. (5.27),

(2Ep1)
1/2(a(out)

p1 − a(in)
p1 ) = iZ−1/2

Z
d4y eip1y(�y + m2)φ(y) . (5.37)

Therefore

〈p1, p2, . . . ,pn; Tf |φ(x)|k2, . . . ,km; Ti〉 (5.38)

= iZ−1/2

Z
d4y eip1y(�y + m2)〈p2, . . . ,pn; Tf |T{φ(y)φ(x)}|k2, . . . ,km; Ti〉 ,

where �y = ∂
∂yµ

∂
∂yµ

.4 Putting together eqs. (5.30) and (5.38) we find the 4A very technical remark: writing
eq. (5.38) we have extracted �y from
the T -product; strictly speaking this
is not correct, because ∂/∂y0 does
not commute with the theta function
that enters in the definition of the T -
product, since ∂xθ(x) = δ(x). How-
ever, a simple calculation shows that
the additional term is proportional to
δ(x0 − y0)[∂0φ(y), φ(x)] ∼ δ(4)(x − y),
and the inclusion of this Dirac delta
(and of its derivatives, coming from act-
ing on it with the �x operators present
in the LSZ formula) modifies the final
result for the LSZ formula, eq. (5.46),
by the addition of terms which are poly-
nomial in the four-momenta. Since
however both the left-hand side and the
right-hand side of eq. (5.46) are pole-
like in the four-momenta, i.e. propor-
tional to factors 1/(p2 − m2), the ad-
dition of a regular term is irrelevant
when we go on mass shell, i.e. when we
set p2 = m2; see the discussion below
eq. (5.46).

result of eliminating the particles with momenta k1 and p1,

〈p1,p2, . . . ,pn; Tf |k1,k2, . . . ,km; Ti〉 (5.39)

= (iZ−1/2)2
Z

d4x e−ik1x(�x + m2)

Z
d4y e+ip1y(�y + m2)

×〈p2, . . . ,pn; Tf |T{φ(y)φ(x)}|k2, . . . ,km; Ti〉 .

The procedure can now be iterated in a straightforward way, and the
result is

〈p1, . . . ,pn; Tf |k1, . . . ,km; Ti〉

= (iZ−1/2)n+m

∫ m∏
i=1

d4xi

n∏
j=1

d4yj exp(i
n∑

j=1

pjyj − i

m∑
i=1

kixi)

×(�x1 + m2) . . . (�yn + m2)〈0|T {φ(x1) . . . φ(yn)}|0〉 , (5.40)

where the T -product T {φ(x1) . . . φ(yn)} by definition orders the n +
m fields φ(x1), . . . , φ(ym) according to decreasing times, so that larger
times are leftmost. The vacuum at t = ±∞ is the perturbative vacuum,
i.e. the vacuum used in the construction of the Fock space of the free
theory.5 5Observe that initial one-particle

states are defined from |k 〉 =
(2Ek )1/2ak

†,(in)|0〉 and final states
from |k 〉 = (2Ek )1/2ak

†,(out)|0〉,
with the same state |0〉 in both cases,
including its phase.

As we explained in Section 5.1, 〈p1 . . .pn; Tf |k1 . . .km; Ti〉 is the ma-
trix element in the Heisenberg representation. In the Schrödinger rep-
resentation we write instead

〈p1 . . .pn|S|k1 . . .km〉 . (5.41)

We have also defined the operator T from S = 1+ iT . Since in eq. (5.40)
we restricted to the situation in which no initial and final momenta co-
incide, the matrix element of the identity operator between these states
vanishes, and we have actually computed the matrix element of iT , i.e.
of the non-trivial part of the evolution operator,

〈p1 . . .pn|iT |k1 . . .km〉

= (iZ−1/2)n+m

∫ m∏
i=1

d4xi

n∏
j=1

d4yj exp(i
n∑

j=1

pjyj − i

m∑
i=1

kixi)

×(�x1 + m2) . . . (�yn + m2)〈0|T {φ(x1) . . . φ(yn)}|0〉 . (5.42)
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We now define the N -point Green’s function

G(x1, . . . , xN ) = 〈0|T {φ(x1) . . . φ(xN )}|0〉 . (5.43)

In terms of its Fourier transform G̃, we have

G(x1, . . . , xN ) =
∫ N∏

i=1

d4ki

(2π)4
e−i

PN
i=1 xiki G̃(k1, . . . , kN ) . (5.44)

Using

(�xj + m2)G(x1, . . . , xN )

= −
∫ N∏

i=1

d4ki

(2π)4
(k2

j − m2)e−i
PN

i=1 xikiG̃(k1, . . . , kN ) , (5.45)

eq. (5.42) can be rewritten as

m∏
i=1

∫
d4 xie

−ikixi

n∏
j=1

∫
d4 yje

+ipjyj

×〈0|T {φ(x1) . . . φ(xm)φ(y1) . . . φ(yn)}|0〉

=

(
m∏

i=1

i
√

Z

k2
i − m2

)⎛⎝ n∏
j=1

i
√

Z

p2
j − m2

⎞
⎠ 〈p1 . . .pn|iT |k1 . . .km〉 .

(5.46)

This is the Lehmann–Symanzik–Zimmermann (LSZ) reduction formula.
It is important to understand the meaning of the factors k2

i − m2 and
p2

j −m2 in the denominator. Of course for a physical particle with four-
momentum pµ we have p2−m2 = 0 (which is often expressed saying that
the particle is “on mass shell”). The meaning of these factors is that
we must first compute the left-hand side of eq. (5.46) working off mass
shell, i.e. without using any relation between p2

0 and p2. In the limit
in which we send the particles on mass shell, the left-hand side develops
poles of the form 1/(k2

i −m2) for each incoming particle and 1/(p2
j −m2)

for each outgoing particle. These factors cancel the same pole factors
which appear explicitly on the right-hand side, and we remain with an
equation between quantities that are finite when the particles are on
mass shell.

We have therefore succeeded in relating the scattering amplitude to
the vacuum expectation value of a time-ordered product of fields. In the
next section we will see how the latter can be computed order by order
in perturbation theory.

5.3 Setting up the perturbative expansion

At the classical level, the field φ(x) satisfies a complicated non-linear
equation of motion, determined by the full Lagrangian L0 + Lint which
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corresponds to the full Hamiltonian H0 + Hint. The exact form of the
solution will in general be very difficult to obtain, but certainly it will not
be given just by simple plane waves, and so φ(x) does not have a simple
expansion in plane waves with coefficients that in the quantum theory
can be interpreted as creation and annihilation operators. In order to
set up the perturbative expansion, we want to relate φ to a field φI

whose time evolution is instead determined just by the free Hamiltonian
H0. We therefore define a quantum field φI(t,x) stating that, if at some
reference time t = t0 it is equal to φI(t0,x), then at generic t it is given
by

φI(t,x) = eiH0(t−t0)φI(t0,x)e−iH0(t−t0) . (5.47)

The field φI that evolves with the free Hamiltonian is called the inter-
action picture field. By definition this is a free field and we can expand
it as

φI(t,x) =
∫

d3p

(2π)3
√

2Ep

(
ape−ipx + a†

peipx
)

, (5.48)

with ap, a†
p the usual destruction and annihilation operators. Now we

want to express the full Heisenberg field φ in terms of φI . At time t0 the
field φ(x) is a given function of the spatial coordinates, φ(t0,x ) = f(x ).
Let φI(t,x) be the interaction picture field that at t = t0 is equal to the
same function f(x). Then (setting t − t0 ≡ τ)

φ(t,x) = eiHτ φ(t0,x)e−iHτ

= eiHτ e−iH0τ
[
e+iH0τφ(t0,x)e−iH0τ

]
eiH0τe−iHτ

= eiHτ e−iH0τφI(t,x)eiH0τe−iHτ . (5.49)

It is therefore useful to define the time evolution operator

U(t, t0) ≡ eiH0(t−t0)e−iH(t−t0) , (5.50)

which evolves from time t0 to time t, and is unitary. Then

φ(t,x) = U †(t, t0)φI(t,x)U(t, t0) . (5.51)

Note that U(t, t0) �= exp{i(H0 − H)(t − t0)} = exp{−iHint(t − t0)}
because H0 and Hint do not commute, and therefore we cannot combine
the exponentials in this way. However, one can observe that

i
∂U

∂t
= eiH0(t−t0)(H−H0)e−iH(t−t0) = eiH0(t−t0)Hinte

−iH0(t−t0)U(t, t0) .

(5.52)
We define the interaction picture Hamiltonian HI as

HI(t) = eiH0(t−t0)Hinte
−iH0(t−t0) . (5.53)

The solution of eq. (5.52) with the boundary condition U(t0, t0) = 1 is

U(t, t0) = T

{
exp

[
−i

∫ t

t0

dt′HI(t′)
]}

. (5.54)
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We recall that the exponential of an operator is defined by its Taylor
expansion. Then the time-ordering T of the exponential means that all
terms in the Taylor expansion are time ordered. The fact that this is
a solution of eq. (5.52) can be checked expanding the exponential and
comparing order by order in HI . Equations (5.51), (5.53) and (5.54)
express the field φ(t,x) in terms of the interaction picture field.

Our task is to compute the n-point Green’s function, i.e.

〈0|φ(x1)φ(x2) . . . φ(xn)|0〉 (5.55)

when the xi are T -ordered, i.e. t1 > t2 > . . . > tn. Then, using
eq. (5.51), we can rewrite it as

〈0| (U †(t1, t0)φI(x1)U(t1, t0)
) (

U †(t2, t0)φI(x2)U(t2, t0)
)

. . .

. . .
(
U †(tn, t0)φI(xn)U(tn, t0)

) |0〉 . (5.56)

Observe now that U †(t2, t0) = U(t0, t2), since the hermitian conjugation
changes i → −i in the exponent in eq. (5.54), and this is reabsorbed in-
verting the integration limits. Furthermore, U(t1, t0)U(t0, t2) = U(t1, t2).
A simple derivation of this identity (valid independently of the ordering
between t0, t1, t2) is obtained observing that

i
∂

∂t
[U(t, t0)U(t0, t2)] = i

[
∂

∂t
U(t, t0)

]
U(t0, t2) = HI(t)[U(t, t0)U(t0, t2)].

(5.57)
Therefore the equation satisfied by [U(t, t0)U(t0, t2)] is the same as that
satisfied by U(t, t0), eq. (5.52), but the boundary condition is

[U(t, t0)U(t0, t2)]|t=t0 = U(t0, t2) , (5.58)

since U(t0, t0) = 1. The solution with this boundary condition is

U(t, t0)U(t0, t2) = T

{
exp

[
−i

∫ t

t2

dt′HI(t′)
]}

. (5.59)

However, this is nothing but U(t, t2), as we see comparing with eq. (5.54).
Using these identities we can combine the various factors U , U † in

eq. (5.56) and we get

〈0|U †(t1, t0)φI(x1)U(t1, t2)φI(x2)U(t2, t3) . . .

. . . U(tn−1, tn)φI(xn)U(tn, t0)|0〉 . (5.60)

We now introduce a new variable t with a very large value, so that
t � t1 > t2 > . . . > tn � −t. Using U(tn, t0) = U(tn,−t)U(−t, t0) and
U †(t1, t0) = U(t0, t1) = U(t0, t)U(t, t1) = U †(t, t0)U(t, t1), we rewrite
(5.60) as

〈0|U †(t, t0) [U(t, t1)φI(x1)U(t1, t2)φI(x2)U(t2, t3) . . .

. . . U(tn−1, tn)φI(xn)U(tn,−t)] U(−t, t0)|0〉 . (5.61)

Observe that the term in brackets is automatically time-ordered. In fact,
e.g. U(t1, t2) contains powers of the integral of HI(t) between t1 and t2,
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time ordered, so terms like φI(x1)U(t1, t2)φI(x2) are sums of terms of
the form φI(x1)HI(t′1) . . . HI(t′k)φI(x2) with t1 > t′1 > . . . > t′k > t2, so
everything is automatically time ordered. Therefore the term in square
brackets can be rewritten as

[. . .] = T {φI(x1) . . . φI(xn)U(t, t1)U(t1, t2) . . . U(tn,−t)} . (5.62)

We have rewritten the various factors in a convenient order, since anyway
the order in which they appeared in eq. (5.61) is implemented by the
T -product symbol. Now however we can combine the U factors into a
single factor U(t,−t). We therefore arrive at

〈0|U †(t, t0)T
{

φI(x1) . . . φI(xn) exp
[
−i

∫ t

−t

dt′HI(t′)
]}

U(−t, t0)|0〉 .

(5.63)
Note that the T -product symbol in eq. (5.54) need not be repeated inside
(5.63) because the outmost T -product symbol already instructs to time
order all its arguments.

These manipulations hold for t0 arbitrary. We now chose t0 = −t and
we send t → ∞. Then U(−t, t0) = 1 while U †(t, t0) → U †(∞,−∞).
The term 〈0|U †(∞,−∞) in eq. (5.63) is the hermitian conjugate of
U(∞,−∞)|0〉, which is the state obtained evolving the vacuum state
from time −∞ to +∞. Physically it is clear that, if the vacuum state is
stable, applying to it the evolution operator U(∞,−∞) we still find the
vacuum. Recall however that in quantum mechanics state vectors that
differ by a phase still represent the same physical state. Therefore we
will have in general

U(∞,−∞)|0〉 = eiα|0〉 , (5.64)

with α a phase. The explicit form of this phase can be obtained taking
the scalar product of the above equation with 〈0| and using the explicit
form (5.54) of the evolution operator,

eiα = 〈0|T
{

exp
[
−i

∫ +∞

−∞
dt′HI(t′)

]}
|0〉 . (5.65)

In eq. (5.63) the hermitian conjugate, 〈0|U †(∞,−∞) = e−iα〈0| appears,
and from eq. (5.65) we have

e−iα =
(
〈0|T

{
exp

[
−i

∫ +∞

−∞
dt′HI(t′)

]}
|0〉
)−1

. (5.66)

So we finally get our basic formula

〈0|T {φ(x1) . . . φ(xn)}|0〉

=
〈0|T {φI(x1) . . . φI(xn) exp

[−i
∫

d4xHI

]} |0〉
〈0|T {exp

[−i
∫

d4xHI

]} |0〉 ,

(5.67)
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where we have written
∫∞
−∞ dt HI =

∫
d4xHI . The left-hand side of

eq. (5.67) is the Green’s function which enters in the LSZ formula, and
the right-hand side shows how we can compute it in terms of the free field
φI . Observe furthermore that HI is expressed very simply in terms of φI ,
since the functional dependence of HI on φI is exactly the same as the
functional dependence of Hint on φ. To understand this point, consider
for instance a scalar field theory with the quartic self-interaction, Hint =
(λ/4!)φ4. Then, using eqs. (5.53) and (5.47),

HI(t) = eiH0(t−t0)

(
λ

4!
φ4

)
e−iH0(t−t0)

=
λ

4!

[
eiH0(t−t0)φ e−iH0(t−t0)

] [
eiH0(t−t0)φ e−iH0(t−t0)

]
×
[
eiH0(t−t0)φ e−iH0(t−t0)

] [
eiH0(t−t0)φ e−iH0(t−t0)

]
=

λ

4!
φ4

I . (5.68)

At this point the perturbative strategy is clear. We expand the expo-
nential in eq. (5.67) in powers of HI , and we are left with the task of
computing time-ordered products of free fields. In principle, it is clear
that these can be written in terms of creation and annihilation opera-
tors, and therefore we know how to compute them. Such a brute force
computation, however, would quickly become too cumbersome, and in
the following we will study a technique, based on Wick’s theorem and
Feynman graphs, which makes these computations feasible. In the next
section we will start from the simplest case, the T -product of two fields.

5.4 The Feynman propagator

We want to compute the Feynman propagator, defined as

〈0|T {φI(x)φI (y)}|0〉 . (5.69)

When we study perturbation theory we always use the interaction pic-
ture field φI . The original field φ which evolves with the full Hamiltonian
will never appear again. Therefore, to make the notation simpler, from
now on we will denote the interaction picture field simply by φ, omitting
the subscript “I”.

We first separate φ into its creation and annihilation parts,

φ(x) = φ+(x) + φ−(x) , (5.70)

where

φ+(x) =
∫

d3p

(2π)3
√

2Ep

ape−ipx , (5.71)

φ−(x) =
∫

d3p

(2π)3
√

2Ep

a†
pe+ipx . (5.72)



5.4 The Feynman propagator 121

Of course φ+(x)|0〉 = 0 and 〈0|φ−(x) = 0. Consider first the case
x0 > y0. Then

T {φ(x)φ(y)} = φ+(x)φ+(y) + φ+(x)φ−(y) + φ−(x)φ+(y)
+φ−(x)φ−(y)

= φ+(x)φ+(y) + φ−(y)φ+(x) + φ−(x)φ+(y)
+φ−(x)φ−(y) + [φ+(x), φ−(y)]

= : φ(x)φ(y) : + [φ+(x), φ−(y)] , (5.73)

where as usual the colons denote normal ordering. Similarly for y0 > x0

we get T {φ(x)φ(y)} = : φ(x)φ(y) : +[φ+(y), φ−(x)]. Therefore

T {φ(x)φ(y)} = : φ(x)φ(y) : + D(x − y) , (5.74)

where

D(x− y) = θ(x0 − y0)[φ+(x), φ−(y)]+ θ(y0−x0)[φ+(y), φ−(x)] . (5.75)

Now observe that the expectation value of the normal ordered term
: φ(x)φ(y) : is zero, because there is always either one annihilation op-
erator acting on |0〉 or a creation operator acting on 〈0|. Instead the
commutator of ap and a†

p is a c-number, so also D(x− y) is a c-number,
and 〈0|D(x − y)|0〉 = D(x − y)〈0|0〉 = D(x − y). Therefore D(x − y) is
just the Feynman propagator,

〈0|T {φ(x)φ(y)}|0〉 = D(x − y) . (5.76)

Computing the commutators we find

D(x − y) =
∫

d3p

(2π)3
1

2Ep

(
θ(x0 − y0)e−ip(x−y) + θ(y0 − x0)eip(x−y)

)
.

(5.77)
The integral over d3p can be computed explicitly, but it is more useful
to rewrite (5.77) as a four-dimensional integral,

D(x − y) =
∫

d4p

(2π)4
i

p2 − m2 + iε
e−ip(x−y) , (5.78)

where ε → 0+. To prove the equivalence of eqs. (5.77) and (5.78), observe
that the integral in eq. (5.78) can be written as∫

d3p

(2π)3
eip·(x−y)

∫ +∞

−∞

dp0

2π

i

(p0)2 − E2
p + iε

e−ip0(x0−y0) , (5.79)

p 0

Fig. 5.1 The position of the poles in
the complex p0-plane.

where Ep = +(p2 + m2)1/2. The integral over p0 can be computed
going in the complex p0-plane. The iε factor displaces slightly the poles
from the real axis. The poles are at ±p0 � Ep(1 − iε/(2E2

p)). Thus the
pole at p0 = Ep is slightly displaced below the real axis and the pole at
p0 = −Ep is slightly displaced above the real axis, as shown in Fig. 5.1.
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For x0−y0 > 0 we can close the contour in the lower half-plane and we
only get the contribution of the pole at p0 = Ep. The pole is encircled
clockwise, so it gives

i

2π
(−2πi)

e−iEp(x0−y0)

2Ep
= +

1
2Ep

e−iEp(x0−y0) . (5.80)

If instead x0 − y0 < 0 we can close the contour in the upper half-plane
and we only get the contribution of the pole at p0 = −Ep, which now is
encircled counterclockwise, so it gives

i

2π
(2πi)

eiEp(x0−y0)

−2Ep
= +

1
2Ep

eiEp(x0−y0) . (5.81)

In both cases, we have reproduced eq. (5.77) (in the second term we
must also rename the integration variable p → −p).

From eq. (5.78) we read off the Feynman propagator in momentum
space,

D̃(p) =
i

p2 − m2 + iε
. (5.82)

It is also easy to see that the Feynman propagator is just a Green’s
function of the operator � + m2. In fact, from eq. (5.78),

(�x + m2)D(x − y) =
∫

d4p

(2π)4
i

p2 − m2 + iε
(−p2 + m2)e−ip(x−y)

= −iδ(4)(x − y) . (5.83)

Observe that this result holds independently of the prescription for going
around the poles. There are in principle four different prescriptions (each
of the two poles can be slightly displaced above or below the real axis)
and different Green’s functions are obtained with different prescriptions,
and obey different boundary conditions (see Exercise 5.1).

5.5 Wick’s theorem and Feynman
diagrams

Wick’s theorem is a very useful tool for reducing the expectation value
of a generic T -product of fields

〈0|T {φ(x1) . . . φ(xn)}|0〉 (5.84)

to a combination of Feynman propagators. It generalizes the identity
(5.74) to an n-point function, and states that T {φ(x1) . . . φ(xn)} is equal
to the normal ordered product : φ(x1) . . . φ(xn) : plus all possible combi-
nations of normal ordering and contractions of fields, where a contraction
of two fields φ(x1), φ(x2) is defined to be equal to the Feynman prop-
agator D(x1 − x2). For instance (using the notation φ(xi) = φi and
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D(xi − xj) = Dij),

T {φ1φ2φ3φ4} = : φ1φ2φ3φ4 : +D12 : φ3φ4 : +D13 : φ2φ4 :
+D14 : φ2φ3 : +D23 : φ1φ4 : +D24 : φ1φ3 : (5.85)
+D34 : φ1φ2 : +D12D34 + D13D24 + D14D23 .

The proof of the theorem can be given by induction on the number
of fields, see, e.g. Peskin and Schroeder (1995), pages 88–90. When
we take the vacuum expectation value, all terms with a normal ordering
factor give zero, and only the terms where all fields have been contracted
survive. Thus in our example

〈0|T {φ1φ2φ3φ4}|0〉 = D12D34 + D13D24 + D14D23 . (5.86)

The above equation has a vivid physical interpretation. If we interpret
D(x1 − x2) as the amplitude for the propagation of a particle from the
space-time point x1 to x2, then D(x1 − x2)D(x3 − x4) is the amplitude
for the process in which one particle goes from x1 to x2 and another from
x3 to x4, without interacting with each other. We can now associate a
Feynman graph in position space to each non-vanishing contribution.
We simply draw a line connecting points xi and xj for each propagator
D(xi − xj). For instance, the term D(x1 − x2)D(x3 − x4) can be asso-
ciated to the (rather trivial) Feynman diagram in position space given
in Fig. 5.2.

When we expand the exponential in eq. (5.67) in powers of HI , each
term HI contains fields at the same space-time point. As we will see
explicitly below, this gives rise to less trivial Feynman graphs.

1

3

2

4

x x

x x

Fig. 5.2 The diagrammatic repre-
sentation of D(x1 − x2)D(x3 − x4).

The best way to understand all this machinery is to put it to work,
and to start computing. Therefore, in the next two subsections, we
will perform a few computations in all details. The important point
that will emerge, however, is that it is not necessary every time to go
through the rather involved steps that we will present, since the results
can be summarized very compactly by a set of rules, the Feynman rules,
that allow us to associate to each amplitude a set of Feynman diagrams,
and to write down almost immediately the contribution of each Feynman
diagram. Still, once in a lifetime, it might be useful to go through all the
detailed steps, before starting to use the Feynman rules as an automatic
machinery. The reader who does not wish to follow the computations
in all details can go quickly through the next two subsections and find
a summary of Feynman rules in Section 5.5.3.

5.5.1 A few very explicit computations

We begin with the scattering amplitude for a process with two initial particles
with momenta k1,k2 into two final particles with momenta p1,p2, in the
theory with HI = (λ/4!)φ4. The general formulas (5.46, 5.67) give 

2Y
i=1

i
√

Z

p2
i − m2

! 
2Y

j=1

i
√

Z

k2
j − m2

!
〈p1p2|iT |k1k2〉
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=

Z
d4x1d

4x2d
4x3d

4x4e
i(p1x1+p2x2−k1x3−k2x4)

×〈0|T{φ(x1)φ(x2)φ(x3)φ(x4) exp
ˆ−i λ

4!

R
d4xφ4

˜}|0〉
〈0|T{exp

ˆ−i λ
4!

R
d4xφ4

˜}|0〉 . (5.87)

We work at the lowest non-trivial order in perturbation theory in λ. As we
will see later, in λφ4 theory Z = 1 + O(λ2) and therefore, since we will work
up to O(λ), we set Z = 1.

Zero-order term: First of all there is a term of order λ0, which is given
simply setting λ = 0 in eq. (5.87). Of course, if there is no coupling, there
is no scattering, and we must find a trivial amplitude at this order. Let us
nevertheless check explicitly how this comes out. At λ = 0, using eq. (5.86),

Z 4Y
i=1

d4xi ei(p1x1+p2x2−k1x3−k2x4)〈0|T{φ(x1)φ(x2)φ(x3)φ(x4)}|0〉

=

Z 4Y
i=1

d4xi ei(p1x1+p2x2−k1x3−k2x4) (D(x1 − x2)D(x3 − x4) + . . .) ,

(5.88)

where the dots represent the other two terms in eq. (5.86). In terms of Feyn-
man graphs in position space, the contribution written explicitly is shown in
Fig. 5.2 and represents a particle traveling from x1 to x2 and a second particle
traveling from x3 to x4, without interacting with the first (and similarly for
the other two terms denoted by the dots in eq. (5.88)). Changing integration
variables to x = x1 −x2 and X = (x1 + x2)/2 and similarly for x3, x4 we haveZ

d4x1d
4x2d

4x3d
4x4e

i(p1x1+p2x2−k1x3−k2x4)D(x1 − x2)D(x3 − x4)

=

»Z
d4xd4Xei(p1+p2)X+i(p1−p2)x/2D(x)

–

×
»Z

d4xd4Xe−i(k1+k2)X−i(k1−k2)x/2D(x)

–

= (2π)4δ(4)(p1 + p2)(2π)4δ(4)(k1 + k2)
i

p2
1 − m2

i

k2
1 − m2

. (5.89)

Comparing with eq. (5.87) we see that on the right-hand side we have ob-
tained only two pole factors,6 which originated from the two propagators in6Observe that the factor iε in p2−m2+

iε should be kept when p is an inte-
gration variable, because in this case it
gives the prescription for going around
the poles, but if p is the momentum on
an external leg, and is therefore fixed,
we can set directly ε = 0.

momentum space, while on the left-hand side of eq. (5.87) there are four pole
factors. Therefore only two of them cancel, and we get a contribution to the
T -matrix element

〈p1p2|iT |k1k2〉 = −(2π)8(p2
2 −m2)(k2

2 −m2)δ(4)(p1 + p2)δ
(4)(k1 + k2) (5.90)

and when we go on mass shell this gives zero. The same happens for the other
contributions indicated by the dots in eq. (5.88). Therefore at zero order in λ
there is no contribution to the scattering amplitude, as expected.

This is a general situation which repeats for the n → m scattering ampli-
tudes, and disconnected graphs do not contribute, simply because the Feyn-
man graphs do not provide enough pole factors to cancel those that appear in
the LSZ formula.7

7There is a subtlety here connected
with graphs known as tadpoles, that
we will introduce below. In principle
inserting tadpole graphs in the lines of
a disconnected diagram we can obtain
the appropriate number of pole factors.
However, the tadpoles are simply reab-
sorbed in the mass renormalization, as
we will see in Section 5.6.

Term O(λ): The first non-trivial contribution comes expanding the expo-
nential in eq. (5.87) to first order in λ. Let us for the moment neglect the
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denominator in eq. (5.87). Then at this order we have 
2Y

i=1

i

p2
i − m2

! 
2Y

j=1

i

k2
j − m2

!
〈p1p2|iT |k1k2〉

=

Z
d4x1d

4x2d
4x3d

4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)}

×
„
−i

λ

4!

«Z
d4x 〈0|T{φ(x1)φ(x2)φ(x3)φ(x4)φ

4(x)}|0〉 . (5.91)

As before, the disconnected graphs are unable to cancel all pole factors and
therefore, when we go on mass shell, they give zero. The only connected
Feynman graphs are obtained contracting each of the four φ(xi) with one of
the four φ(x); there are 4! possible contractions of this type, and therefore the
right-hand side of eq. (5.91) is equal to

x

x

x

x

x2

31

4

Fig. 5.3 The Feynman diagram in
position space representing the 2 →
2 scattering amplitude at O(λ).

Z
d4xd4x1d

4x2d
4x3d

4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)}
×(−iλ)D(x1 − x)D(x2 − x)D(x3 − x)D(x4 − x) . (5.92)

We can represent it with the Feynman graph shown in Fig. 5.3. Setting yi =
xi − x and performing first the integration over the yi we get

(−iλ)D̃(p1)D̃(p2)D̃(k1)D̃(k2)

Z
d4x ei(p1+p2−k1−k2)x (5.93)

= (−iλ)(2π)4δ(4)(p1 + p2 − k1 − k2)

 
2Y

i=1

i

p2
i − m2

! 
2Y

j=1

i

k2
j − m2

!
.

Therefore

〈p1p2|iT |k1k2〉 = (−iλ)(2π)4δ(4)(p1 + p2 − k1 − k2) . (5.94)

We note several aspects which can be generalized to all Feynman graphs:

• Only connected graphs contribute.

• For connected graphs, the propagators associated to the external legs
cancel exactly the pole factors in the LSZ formula.

• Each interaction vertex gives a factor −iλ.

• There is an integration over a variable x which gives the overall energy–
momentum conservation.

Finally, we have to consider the effect of the denominator in eq. (5.87). The
denominator gives only vacuum-to-vacuum graphs, i.e. Feynman diagrams
with no external lines. However each contribution from the numerator can be
“dressed” with all possible vacuum-to-vacuum graphs, considering all possible
disconnected graph made with the original graph plus all possible vacuum-
to-vacuum graphs. This is shown in the first line of Fig. 5.4, where we give
examples of disconnected graphs with four external legs. As shown graphically
in the second line of the figure, the connected graph with four external legs
factorizes, and the term in the parentheses is the sum of all vacuum-to-vacuum
graphs. This is nothing but the perturbative expansion of the denominator,
so the term in parentheses exactly cancels the denominator. This means that
we can simply set the vacuum expectation value at the denominator to one,
if at the same time we neglect in the numerator all disconnected diagrams in
which a disconnected component is a vacuum diagram.
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( 1 + + +

+++ +

++*=

. . .

. . . )

=

Fig. 5.4 A diagrammatic representation of the effect of vacuum-to-vacuum
graphs.

The Feynman graphs that we have considered until now have no internal
lines. To illustrate what happens with internal lines it is simpler to consider
a theory with HI = (λ/3!)φ3. In this case three lines instead of four meet at
each vertex. To compute the 2 → 2 scattering amplitude we considerZ

d4x1d
4x2d

4x3d
4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)}

×〈0|T{φ(x1)φ(x2)φ(x3)φ(x4) exp

»
−i

λ

3!

Z
d4xφ3(x)

–
}|0〉c . (5.95)

We have seen that the denominator in eq. (5.67) is canceled by disconnected

x1

x

x

x2

3

4

x y

Fig. 5.5 The Feynman graph in po-
sition space corresponding to the
contraction described in the text.

graphs in which a disconnected component is a vacuum-to-vacuum graph,
while disconnected graphs with external legs in more than one disconnected
component do not contribute because they do not provide the right pole fac-
tors. We therefore omit the vacuum-to-vacuum amplitude in the denominator
hereafter, and we add a subscript 〈0| . . . |0〉c to remind us that we must con-
sider only connected graphs.

���
�

���
�

���
�

���
�

��	
	



�
�

x4

x3x1

x2

y

x

Fig. 5.6 A Feynman graph corre-
sponding to a different set of con-
tractions.

In this theory at O(λ) there is no contribution to the four-point amplitude,
because expanding the exponential to first order in λ we get the Green’s
function 〈0|T{φ(x1)φ(x2)φ(x3)φ(x4)φ

3(x)}|0〉, which has an odd number of
fields, so we cannot contract all of them and the vacuum expectation value is
zero. Therefore the leading term is O(λ2), and isZ

d4x1d
4x2d

4x3d
4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)} (5.96)

× 1

2!

„
−i

λ

3!

«2 Z
d4x

Z
d4y〈0|T{φ(x1)φ(x2)φ(x3)φ(x4)φ

3(x)φ3(y)}|0〉c .

The new aspect here is that, in order to contract all fields and to obtain a
connected diagram, we must contract one field φ(x) with one φ(y), where
x, y are the positions of the two vertices. We therefore have graphs with two
vertices connected by an internal line, while in the previous example all lines
were external, i.e. related to the initial or final particles. To understand how
to treat these graphs we consider the case in which we contract φ(x1) and
φ(x2) each with one of the φ(x), φ(x3) and φ(x4) each with one of the φ(y),
and the remaining φ(x) with the remaining φ(y), as in Fig. 5.5. (With different
contractions, we can also obtain the graph in Fig. 5.6, and an analogous graph
with x3 and x4 interchanged.) Taking into account the combinatorial factor,
the factor 1/2! from the expansion of the exponential, and the fact that there
is an equal contribution with x and y interchanged, the graph in Fig. 5.5 givesZ

d4x1d
4x2d

4x3d
4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)} (5.97)
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×
Z

d4x

Z
d4y(−iλ)2D(x1 − x)D(x2 − x)D(x − y)D(y − x3)D(y − x4)

= (−iλ)2D̃(p1)D̃(p2)D̃(k1)D̃(k2)

Z
d4x

Z
d4y ei(p1+p2)x−i(k1+k2)yD(x − y)

= (−iλ)2(2π)4δ(4)(p1 + p2 − k1 − k2)D̃(p1)D̃(p2)D̃(p1 + p2)D̃(k1)D̃(k2) .

Again we find the momentum space propagators associated to the external
legs, which are canceled by the pole terms in the LSZ formula, and the energy–
momentum conservation. The new factor is D̃(p1 + p2), associated to the
internal line.

p1

p
2

1k

2k

Fig. 5.7 The graph in momentum
space corresponding to Fig. 5.3.

p

p k

k2

11

2

p + p21

Fig. 5.8 The graph in momentum
space corresponding to Fig. 5.5.

It now becomes clear that it is more convenient to work in momentum space,
rather than in position space. Then to each line of a graph is associated the
momentum space propagator given in eq. (5.82). The external lines give factors
which cancel the pole terms in the LSZ formula. The Feynman diagrams in
momentum space corresponding to Figs. 5.3 and 5.5 are shown in Figs. 5.7
and 5.8.

At this point it is not difficult to see how to compute the most general
amplitude associated with tree graphs (a tree graph is a graph with internal
and external lines, but with no closed internal loop). The technique can be
summarized by the Feynman rules in momentum space, for a scalar field theory
(some generalization will be needed for fermions, gauge fields, etc., and will
be discussed later):

• Draw all connected graphs corresponding to the given initial and final
states. The number of lines that meet at each vertex is determined by
the interaction term; e.g. three lines in φ3 theory and four lines in φ4

theory. Disconnected graphs do not contribute.

• To each external leg is associated a factor which compensates the pole
factor in the LSZ reduction formula, eq. (5.46). Therefore we can simply
omit all these factors from the graph, and we will obtain directly the
matrix element of iT . This is often expressed saying that we consider
the graphs “with external legs amputated”.

• There is an overall Dirac delta imposing energy–momentum conserva-
tion. In order not to write explicitly the Dirac delta each time we
compute a Feynman graph, it is convenient to define a matrix element
Mfi from

〈p1 . . .pn|iT |k1 . . .km〉 = (2π)4δ(4)

 X
i

pi −
X

j

kj

!
iMfi . (5.98)

The labels i, f refer to the initial and final states or more explicitly, for
a scalar theory, Mfi = M(p1, . . . ,pn;k1, . . . ,km) (more generally, the
initial and final states are labeled also by the spin states of the initial
and final particles).

• Energy–momentum conservation must be imposed separately at each
vertex. Note for instance that in the internal line in Fig. 5.8 we had two
external momenta p1 and p2 flowing into a vertex, and the momentum
associated to the internal line flowing out of this vertex is p1 + p2.
The “virtual particle” associated with this internal line decays in the
final states with momenta k1, k2, and the overall Dirac delta ensures
p1 + p2 = k1 + k2, so momentum is conserved also at the other vertex.

• To each vertex associate a factor −i times the coupling constant.
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• To each internal line associate a propagator, with the value of the four-
momentum given by energy–momentum conservation.

• There is a combinatorial factor which combines the number of equivalent
contractions, the factors 1/n! from the expansion of the exponential
at order n, and numerical factors associated to the definition of the
coupling constant, such as the factors 1/4! in (λ/4!)φ4.

In the next subsection we will understand what happens when there are
internal loops in a graph.

5.5.2 Loops and divergences

We have by now understood how to write a Feynman graph when there
are internal lines whose momentum is fixed by energy–momentum con-
servation at a vertex. Consider however the O(λ2) corrections to the
2 → 2 scattering amplitude in λφ4. The possible connected graphs that
can be constructed with four external legs (since we study a 2 → 2 am-
plitude), four lines meeting at each vertex (since we are in φ4 theory)
and two vertices (since we want to study the terms O(λ2)) are given in
Fig. 5.9. The three graphs correspond to different types of contractions,
which we will discuss in more detail below. The important new point
is that the momenta of the internal lines are not completely fixed im-
posing energy–momentum conservation at each vertex. We can assign
an arbitrary momentum k to one internal line and the other has a mo-
mentum fixed by energy–momentum conservation at each vertex. The
fact that not all momenta are fixed takes place each time we have loops
in a Feynman graph. We must therefore understand how to treat these
graphs. Again, we discuss some examples in full detail.

Let us work out the 2 → 2 amplitude in λφ4 at one loop order. We
start as usual from∫

d4x1d
4x2d

4x3d
4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)}

×〈0|T {φ(x1)φ(x2)φ(x3)φ(x4) exp
[
−i

λ

4!

∫
d4xφ4

]
}|0〉c . (5.99)
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Fig. 5.9 The three contributions to
the one-loop 2 → 2 amplitude in
momentum space.
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Fig. 5.10 A contribution to the one-
loop amplitude in position space.

The term of order λ2 is

1
2!

∫
d4x1d

4x2d
4x3d

4x4 exp{i(p1x1 + p2x2 − k1x3 − k2x4)} (5.100)

×
(
−i

λ

4!

)2 ∫
d4x

∫
d4y〈0|T {φ(x1)φ(x2)φ(x3)φ(x4)φ4(x)φ4(y)}|0〉c .

The Feynman graph in position space shown in Fig. 5.10 is obtained
contracting φ(x1) with one of the φ(x), φ(x2) with another φ(x) (there
are 4 ·3 possible ways to do it), φ(x3) with one φ(y), φ(x4) with another
of the φ(y) (again 4 ·3 combinations), and the remaining two of the φ(x)
with the remaining two φ(y) (there are 2 possible ways to do it). An
equal contribution is obtained exchanging x ↔ y, i.e. contracting φ(x1)
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and φ(x2) with two of the φ(y) and φ(x3), φ(x4) with two of the φ(x);
this gives an additional factor of 2, so we finally get

1
2
(−iλ)2

∫
d4x1d

4x2d
4x3d

4x4 d4xd4y ei(p1x1+p2x2−k1x3−k2x4)

×D(x1 − x)D(x2 − x)D(x − y)D(x − y)D(y − x3)D(y − x4)

=
1
2
(−iλ)2D̃(p1)D̃(p2)D̃(k1)D̃(k2)

×
∫

d4xd4y ei(p1+p2)x−i(k1+k2)yD2(x − y)

=
1
2
(−iλ)2D̃(p1)D̃(p2)D̃(k1)D̃(k2)(2π)4δ(4)(p1 + p2 − k1 − k2)

×
∫

d4k

(2π)4
D̃(k)D̃(p1 + p2 − k) . (5.101)

Similar expressions are obtained if x1 and x3 are joined to x while x2

and x4 to y, and if x1 and x4 are joined to x while x2 and x3 to y.
These three possibilities in position space give rise to the three graphs
of Fig. 5.9 in momentum space. In eq. (5.101) we recognize the usual
factors associated to the external legs and the overall energy–momentum
conservation. The new aspect here is the integration over the momentum
k of the internal line which was not fixed by the energy–momentum
conservation at the vertices.

We can therefore add to our list of Feynman rules in momentum space:

• associate a propagator to each internal line in a loop, use momen-
tum conservation at the vertices to reduce the number of indepen-
dent momenta, and integrate over the remaining unfixed momenta,
with the measure d4k/(2π)4.

We define

A(p) ≡ (−iλ)2

2

∫
d4k

(2π)4
i

k2 − m2 + iε

i

(p − k)2 − m2 + iε
. (5.102)

The 2 → 2 scattering amplitude at one loop level is then

iM2→2 = −iλ + A(p1 + p2) + A(p1 − k1) + A(p1 − k2) , (5.103)

where the three contributions correspond to the three ways in which the
process can take place, shown in Fig. 5.9.

Now however we discover that Feynman diagrams containing loops
can be divergent! Indeed, the integral in eq. (5.102) diverges at large
k, and is an example of an ultraviolet (UV) divergence. To study this
integral we proceed as follows. First of all, we will limit for simplicity
to the calculation of A(p) when p = 0.8 Recall that the iε prescription 8For this graph, this is sufficient for

extracting the divergent part, because
the divergence comes from the region
k → ∞, where (p−k)2 → k2, and there
are no subleading divergencies.

means that, in the complex k0-plane, the pole at k0 > 0 is below the real
axis and the pole at k0 < 0 is above the real axis, see Fig. 5.1. Therefore
we can change the integration path in the complex k0 plane, rotating
counterclockwise from the real axis to the imaginary axis.
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This is called the Wick rotation. The integration variable is the com-
plex variable k0; on the real axis we write dk0 = dk0

M while on the imagi-
nary axis we write dk0 = idk0

E , where k0
M and k0

E are real variables, and
the subscript denotes Minkowskian and Euclidean space, respectively.
Then we obtain

A(0) = i
λ2

2

∫
d4k

(2π)4
1

(k2 + m2)2
. (5.104)

Here k is a Euclidean momentum, k2 = (k0
E)2 + k2. The overall factor

of i comes from the rotation.99To check the sign consider the com-
plex z-plane, with z = x + iy; let C1

denote the real axis running from x =
−∞ toward x = +∞ and C2 the imag-
inary axis again oriented from y = −∞
to y = +∞; then, closing the contour
at infinity in the first and third quad-
rants, we have

R
C1−C2

dz = 0 so thatR
C1

dz =
R
C2

dz. But
R

C1
dz =

R
dx

and
R

C2
dz = i

R
dy.

For our purposes the exact computation of the integral is not nec-
essary. The important point is that the integral diverges in the UV.
We introduce a cutoff Λ stating that we integrate only over Euclidean
momenta with k2 < Λ2, and we extract the divergent part:

A(0) = i
λ2

2

∫
d4k

(2π)4
1
k4

+ finite parts

= i
λ2

2
1

(2π)4
(2π2)

∫ Λ dk

k
+ finite parts

= iλ2 1
16π2

log Λ + finite parts . (5.105)

The factor 2π2 is the solid angle in four dimensions. At p finite the
calculation is more complicated, and depending on the value of p one
can have poles also in the first and third quadrant. In general, when one
has to perform more complicated computations, it is not convenient to
use as regularization a cutoff over Euclidean momenta; there are tech-
niques, in particular dimensional regularization, which are much more
convenient (see Chapter 7). In any case, in this graph the divergent part
is independent of p and the p dependence only enters in the finite parts.
Since the divergence is independent of p, the three graphs in Fig. 5.9
give the same contribution to the divergence. As a result, at one-loop,
the 2 → 2 scattering amplitude in λφ4 is

iM2→2 = −iλ + iλ2(β0 log Λ + finite parts) , (5.106)

with

β0 =
3

16π2
. (5.107)

The sign of β0 plays a very important role and will be discussed in detail
in Section 5.9.

k

p p

Fig. 5.11 A tadpole graph.
These divergences are typical of loop graphs. In the next section

we will understand how they can be cured. First however we discuss
another example of divergence, considering the two-point function in
λφ4 theory. In momentum space, at zero order in λ, this is just the
Feynman propagator D̃(p). At order λ we have the graph shown in
Fig. 5.11. This graph is known as a tadpole graph.
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Using the Feynman rules in momentum space and performing the
Wick rotation k0 → ik0, this is given by

−iB ≡ −iλ

2

∫
d4k

(2π)4
1

k2 + m2
= −i

λ

32π2

(
Λ2 − m2 log

Λ2 + m2

m2

)
,

(5.108)
so this term has a quadratic and a logarithmic divergence, both coming
from the large k integration region, so they are again UV divergences.
Observe also that the tadpole graph (with external legs amputated)
is independent of the external momentum p. Actually, one can even
resum the whole class of graphs shown in Fig. 5.12. Including also the
propagators from the external legs, the result for the two-point function
in momentum space is

+ +

+ + ...

Fig. 5.12 The resummation of tad-
pole graphs.

D̃(p) + D̃(p)(−iB)D̃(p) + D̃(p)(−iB)D̃(p)(−iB)D̃(p) + . . .

= D̃(p)
(
1 + (−iBD̃(p)) + (−iBD̃(p))2 + . . .

)
(5.109)

= D̃(p)
1

1 + iBD̃(p)
=

i

p2 − m2

(
1

1 − B
p2−m2

)
=

i

p2 − m2 − B
.

We see that the net effect is to shift the mass from m2 to m2+B. We will
make use of this fact when we study the renormalization of the theory.
At O(λ2) there are further contributions to the two-point function. One
possible graph is shown in Fig. 5.13. Iterating graphs of this type we
obtain again a geometric series, see Fig. 5.14, so again the result goes in
the denominator.

p

k1

2k

k1 + k2
_ p

p

Fig. 5.13 A two-loop correction to
the propagator.

+ +

+ + . . .

Fig. 5.14 The resummation of the
graph shown in Fig. 5.13.

The Feynman graph in Fig. 5.13 gives

i
λ2

6

∫
d4k1

(2π)4
d4k2

(2π)4
1

[(p − k1 − k2)2 − m2](k2
1 − m2)(k2

2 − m2)
. (5.110)

The integral is somewhat more difficult to compute, compared to the
previous examples, and the result turns out to be proportional to

λ2p2

(
log

Λ2

p2
+ C

)
, (5.111)

so in this case the divergence depends on p2. After resumming the
geometrical series, the result for the two-point function in momentum
space becomes of the form

i

A(Λ, p2)p2 − m2 − B(Λ)
(5.112)

with A(Λ, p2) = 1 + λ2(c1 log Λ2

p2 + c2), and c1, c2 some constants.

5.5.3 Summary of Feynman rules for a scalar field

It is now clear that it is not necessary to go each time explicitly through
the process of developing the exponential of the interaction Hamiltonian
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to the desired order and performing the contractions using the Wick
theorem, since the result can always be summarized by a simple set of
rules. First of all, we have seen that it is usually more convenient to
work in momentum space, and we summarize here the Feynman rules in
momentum space. We consider for definiteness a real scalar field with
an interaction term

Hint =
λ

n!
φn . (5.113)

The first step is to draw all connected graphs corresponding to the given
initial and final states, with n lines meeting at each vertex. For each
graph proceed as follows:

• Neglect the external legs.
• Energy–momentum conservation must be imposed separately at

each vertex.
• To each vertex associate a factor −iλ.
• To each internal line with momentum p associate a propagator

D̃(p) =
i

p2 − m2 + iε
. (5.114)

• Integrate over the four-momenta ki which are not fixed by energy–
momentum conservation at each vertex, with a measure d4ki/(2π)4.

• Include the appropriate combinatorial factor, which combines a
factor 1/N ! from the expansion of the exponential at order N , the
number of equivalent contractions, and the factor 1/n! from the
normalization of the coupling in the theory with Hint = (λ/n!)φn.

The sum of the contributions of all Feynman diagrams gives iMfi.
This is related to the matrix element of the T operator by

〈p1 . . .pn|iT |k1 . . .km〉 = (2π)4δ(4)

⎛
⎝∑

i

pi −
∑

j

kj

⎞
⎠ iMfi , (5.115)

and T is related to the S-matrix by S = 1 + iT .

5.5.4 Feynman rules for fermions and gauge bosons

We now want to understand the Feynman rules for more interesting
theories, like QED, which contains fermions and gauge bosons. The
derivation is conceptually similar to what we have seen for the scalar
fields. We will therefore just collect the relevant results, referring to
Peskin and Schroeder (1995), Sections 4.7 and 4.8 for the derivations.

The fermion propagator. Wick’s theorem can be generalized to
fermionic fields, if we define the T -product of two Dirac fields as

T {Ψ(x)Ψ̄(y)} =
{

Ψ(x)Ψ̄(y) x0 > y0

−Ψ̄(y)Ψ(x) x0 < y0 .
(5.116)

The Feynman propagator for the Dirac field is

S(x − y) = 〈0|T {Ψ(x)Ψ̄(y)}|0〉 . (5.117)
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Observe that S(x − y) is a 4 × 4 matrix in the Dirac indices. It can be
computed explicitly expanding Ψ in creation and destruction operators
and using the anticommutation relations (4.34). The result is

S(x − y) =
∫

d4p

(2π)4
S̃(p)e−ip(x−y) , (5.118)

where the momentum space propagator is

S̃(p) =
i(�p + m)

p2 − m2 + iε
. (5.119)

Observe that

(�p − m)(�p + m) = γµγνpµpν − m2 = p2 − m2 , (5.120)

since pµpν is symmetric under µ ↔ ν and therefore we can replace
γµγν → (1/2){γµ, γν} = ηµν . Then we can multiply by (�p − m) both
the numerator and the denominator in eq. (5.119) (where dividing by
(�p − m) means to multiply by the 4 × 4 Dirac matrix (�p − m)−1) and
rewrite S̃(p) in the form

S̃(p) =
i

�p − m
, (5.121)

where the prescription for going around the poles is understood. An
alternative way to compute the fermion propagator is to observe that,
from the definition, S(x−y) is a Green’s function of the Dirac operator,

(i �∂ − m)S(x − y) = iδ(4)(x − y) . (5.122)

It is then straightforward to check that eqs. (5.118) and (5.121) provide
a solution, and the prescription for going around the poles is the same
as in the scalar case, and corresponds to the Feynman propagator.

The photon propagator. By definition the photon propagator is

Dµν(x − y) = 〈0|T {Aµ(x)Aν(y)}|0〉 . (5.123)

Using the covariant quantization of the gauge field discussed in Sec-
tion 4.3.2, the calculation is a simple generalization of the calculation
for the KG field, with the only difference that now we have four different
creation operators a†

p,λ labeled by a Lorentz index λ = 0, . . . 3, and the
commutator is given by eq. (4.106). Then the propagator in momentum
space is simply

D̃µν(k) =
−i

k2 + iε
ηµν . (5.124)

In other words, the spatial components Ai have the same propagator as
a massless scalar field, while A0 has the “wrong” sign. A more general
form of the photon propagator will be given in Chapter 7.
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The interaction vertex. While the propagators are fixed by the ki-
netic terms, i.e. by the free theory, the interaction vertices depend of
course on the specific theory that we are considering. In QED the in-
teraction term in the Hamiltonian is eAµΨ̄γµΨ. Let us recall from Sec-
tion 4.2 that the expansion of the field Ψ, Ψ̄ in terms of creation and
annihilation operators is (see eqs. (4.32) and (4.33))

Ψ(x) =
∫

d3p

(2π)3
√

2Ep

∑
s=1,2

(
ap,su

s(p)e−ipx + b†p,sv
s(p)e+ipx

)
,

(5.125)

Ψ̄(x) =
∫

d3p

(2π)3
√

2Ep

∑
s=1,2

(
bp,sv̄

s(p)e−ipx + a†
p,sū

s(p)e+ipx
)

,

(5.126)
where ap,s destroys an electron (in a spin state labeled by s), a†

p,s cre-
ates an electron, bp,s destroys a positron and b†p,s creates a positron.
Therefore Ψ can destroy an electron or create a positron while Ψ̄ can
destroy a positron or create an electron. Similarly the gauge field, in the
covariant quantization, has the expansion (4.104),

Fig. 5.15 The QED vertex: the
solid lines represent the fermions
and the wavy line the photon.

Fig. 5.16 The same interaction ver-
tex, describing e−γ → e−.

Aµ(x) =
∫

d3p

(2π)3
√

2ωp

3∑
λ=0

[
εµ(p, λ)ap,λe−ipx + ε∗µ(p, λ)a†

p,λe+ipx
]

,

(5.127)
and can destroy or create a photon. Therefore in eAµΨ̄γµΨ there are
all possible terms with two fermion lines and one photon line, which
conserve the electric charge: for instance, we can destroy an electron with
Ψ and create it back with Ψ̄ while at the same time emitting a photon,
corresponding to a vertex e− → e−γ; or we can absorb the photon,
corresponding to a vertex e−γ → e−; or we can destroy an electron with
Ψ, destroy a positron with Ψ̄ and create a photon, e+e− → γ, etc.

All these possibilities are summarized associating a factor

−ieγµ (5.128)

to the interaction vertex of Fig. 5.15. As in the scalar field theory,
the factor −i in eq. (5.128) comes from the fact that in the T -product
appears the exponential of −iHI . In Fig. 5.15 the solid line can represent
either an electron propagating in the direction of the arrow or a positron
propagating in the opposite direction. If we imagine that time runs from
left to right, then Fig. 5.15 actually describes the process e+e− → γ,
while e−γ → e− will be drawn as in Fig. 5.16, etc.1010Observe that for the physical process

e+e− → γ the matrix element Mfi is
non-vanishing, iMfi = ieγµ but the
matrix element of iT is zero because
the Dirac delta in eq. (5.98) cannot be
satisfied, so the process is forbidden by
energy–momentum conservation. How-
ever, the vertex of Fig. 5.15 enters as
a building block in all other Feynman
diagrams of QED.

The interaction vertex is proportional to γµ and therefore is a matrix
in the Dirac indices and carries a Lorentz index.

The external lines. In the case of the scalar field, acting with the field
operator φ on the vacuum to create a particle brings a factor eipx while
destroying a particle brings a factor e−ipx, see eqs. (4.21) and (4.22).
This is the origin of the factors eipixi for each final particle and e−ikjyj
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for each initial particle in the LSZ formula (5.46). From eqs. (5.125),
(5.126) and (5.127) we see that for fermions and gauge bosons, together
with the exponential factors (which, as we have seen, combine to give
an overall energy–momentum conservation and transform the position
space propagators into momentum space propagators) there are further
factors associated to the external legs. Namely

• A factor ε∗µ(k) for each final photon with momentum k and polar-
ization given by εµ(k).

• A factor εµ(k) for each initial photon with momentum k and po-
larization given by εµ(k).

• A factor us(p) for each initial electron with momentum p and spin
state s.

• A factor vs(p) for each final positron with momentum p and spin
state s.

• A factor ūs(p) for each final electron with momentum p and spin
state s.

• A factor v̄s(p) for each initial positron with momentum p and spin
state s.

In other words, to each initial particle is associated its wave function,
and to each final particle is associated the complex conjugate of the wave
function (or the Dirac adjoint, for Dirac spinors). For an elementary
scalar field the wave function is just the plane wave e−ipx while for
particles with spin there is also the spin wave function, e.g. εµ(k) for a
photon or us(p) for an electron.

Closed fermionic loops. Finally, from the anticommuting nature of
fermionic fields, it follows that for each closed fermionic loop there is an
additional minus sign.

5.6 Renormalization

The basic idea of renormalization is the following. We have seen that
some diagrams give divergent contributions. The first step is therefore
to regularize the theory. For instance, we can put a cutoff Λ over the
modulus of the Euclidean momenta, as we have done above (for technical
reasons, especially in gauge theories, there are more convenient choices of
the regularization scheme; however, for understanding the general ideas,
we will use this cutoff). Eventually we want to send Λ → ∞ but, as
long as we take Λ finite, our theory has a dependence on the cutoff, and
therefore we begin by defining the theory at finite Λ admitting that even
the couplings, the masses and the fields depend on Λ, in a way which for
the moment we leave unspecified. In λφ4 theory we will therefore write
the Lagrangian at finite Λ as

L =
1
2
(∂φ0)2 − 1

2
m2

0φ
2
0 −

λ0

4!
φ4

0 , (5.129)
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where the subscript 0 indicates that these quantities depend on the cutoff
Λ: φ0 = φ0(x; Λ), m0 = m0(Λ), λ0 = λ0(Λ). We call φ0(x; Λ) the bare
field, m0(Λ) the bare mass and λ0(Λ) the bare coupling.

Consider first the two-point amplitude. In this new notation the two-
point function of the bare field, eq. (5.112), is written as

〈0|T {φ0(x, Λ)φ0(y, Λ)}|0〉c
=
∫

d4p

(2π)4
i

A(Λ, p2)p2 − m2
0(Λ) − B(Λ)

e−ip(x−y) . (5.130)

The iε prescription in the denominator is understood. We saw in eq. (5.108)
that B(Λ) is divergent as Λ2 at the one-loop level,

B(Λ) =
λ0(Λ)
32π2

(
Λ2 + O(log Λ) + finite parts

)
, (5.131)

and A diverges as log Λ at the two-loop level,

A(Λ, p2) = 1 + λ2
0(Λ)

(
c1 log

Λ2

p2
+ c2

)
. (5.132)

Observe that A and B also have an implicit, and as yet unspecified,
dependence on Λ through λ0(Λ). For simplicity, let us at first exam-
ine eq. (5.130) at the one-loop level. Then the two-point function in
momentum space is

i

p2 − m2
0(Λ) − B(Λ)

, (5.133)

i.e. A = 1, and we recall that B is independent of p2. The basic idea
is that neither m0(Λ) nor B(Λ) are physically observable. Rather, the
physical or renormalized mass mR is defined by

m2
R = m2

0(Λ) + B(Λ) . (5.134)

In other words, we fix the physical mass requiring that the propagator
has a pole at p2 = m2

R. Since m0(Λ) is a parameter completely in our
hands, we choose it such that it cancels the divergence in B(Λ), and it
leaves us with a value of mR finite and equal to the measured physical
value.

At the two-loop level the situation is slightly more complicated be-
cause there is also the divergence coming from A. However, we still
define mR as the position of the pole of the propagator, i.e. by the
condition

[A(Λ, p2)p2 − m2
0(Λ) − B(Λ)]|p2=m2

R
= 0 . (5.135)

This is one condition, and is not yet sufficient to eliminate the two
divergencies coming from A and B. However, expanding the function
A(p2)p2 − m2

0 − B near p2 = m2
R, we find that close to the pole∫

d4x eipx〈0|T {φ0(x, Λ)φ0(0, Λ)}|0〉c =
iZ

p2 − m2
R

+ . . . , (5.136)
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where

Z = Z

(
λ0(Λ),

Λ
mR

)
≡
[(

d

d(p2)
A(Λ, p2)p2

)
|p2=m2

R

]−1

, (5.137)

and the dots represent terms that are finite for p2 = m2
R. For later

reference, we have also written explicitly that Z depends also on the
bare coupling λ0. Furthermore, being dimensionless, Z can depend on
Λ and mR only through the combination Λ/mR. Now we define the
renormalized field φR from

φ0(x, Λ) = Z1/2

(
λ0(Λ),

Λ
mR

)
φR(x) . (5.138)

By definition φR is independent of the cutoff, and this fixes the depen-
dence of φ0 on Λ. The factor Z1/2 is called the wave function renor-
malization, or field renormalization. We see from eq. (5.136) that in
terms of φR the two-point function is the same as that of a free field
with mass mR, and therefore Z is the same factor that appeared in the
LSZ reduction formula (5.46). In other words, Z disappears from the
LSZ formula if, instead of using the bare field φ0, as we did in eq. (5.46),
we use the “physical”, renormalized field. Thus, after mass and wave
function renormalization, the on-shell two-point function is finite.11 11The fact that to see the wave function

renormalization we had to go to two-
loops is a peculiarity of λφ4 theory. In
general theories Z 	= 1 already at one
loop.

Now that we have made the two-point function finite, we turn our
attention to the four-point function. At one-loop there are two types
of divergences in the four-point function. The first is associated to the
graphs in Fig. 5.9, and we have seen that it is a logarithmic divergence.
The second is associated with graphs like Fig. 5.17, i.e. tadpoles on
external legs. The crucial point is that the divergence due to tadpoles

Fig. 5.17 A tadpole on an external
line.

is automatically cured by the renormalization of the two-point function,
i.e. by the mass and wave function renormalization, because it is a di-
vergence that concerns only a subgraph of Fig. 5.17, corresponding to
a two-point function, and we have already made the two-point function
finite. The graphs in Fig. 5.9 give instead a genuinely new divergence,
and we computed it in eq. (5.106). Actually, to renormalize the diver-
gence, we have first to be more careful in specifying the kinematical
configuration. A simple choice is to consider the scattering amplitude in
the limit of zero spatial momentum, i.e. p1 = p2 = k1 = k2 = (mR, 0).
With this choice it is clear that, in eq. (5.106), the only scale that can
be combined with Λ to give a dimensionless argument of the logarithm
is mR, so we rewrite eq. (5.106) (with our new notation λ0 for the bare
coupling)

iM2→2(pi = ki = 0) ≡ −iλR (5.139)

= −iλ0(Λ)
[
1 − λ0(Λ)

(
β0 log

Λ
mR

+ finite parts
)]

+ O(λ3
0) .

Now, λR is the quantity that is measured performing a scattering ex-
periment and which therefore must be finite. We call it the physical, or
renormalized coupling. We therefore choose the parameter λ0(Λ), which
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is completely in our hands, requiring that λR is finite, and equal to the
desired value.

If we consider the scattering amplitude in a different kinematical
regime, for instance when (p1 + p2)2 ≡ q2 � m2

R, we find instead an
amplitude

iM2→2(q2) = −iλ0(Λ)
[
1 − λ0(Λ)

(
β0

2
log

Λ2

q2
+ finite parts

)]
+ O(λ3

0) .

(5.140)
This result follows from the explicit computation, but it is easily un-
derstood observing that in the limit q2 � m2

R the relevant dimensional
scale is provided by q2 rather than m2

R, so it is this scale that combines
with Λ to provide a dimensionless argument of the logarithm. Writing
log(Λ2/q2) = log(Λ2/m2

R) + log(m2
R/q2) and using the definition of λR

from eq. (5.139), we get

iM2→2(q2) = −iλR

[
1 + λR

β0

2
log

q2

m2
R

]
+ O(λ3

R) , (5.141)

where we could replace λ2
0 with λ2

R since terms O(λ3
0) are neglected

anyway.
The important point that we understand from eq. (5.141) is that,

once we have made finite the four-point amplitude at a given value of
the external momenta, it is finite for all momenta.

In this way we have cured the divergences of the two-point and four-
point amplitudes. We can continue and examine the six-point ampli-
tude and so on. In principle, what can happen is that in the Feynman
graphs that determine the six-point amplitude there are divergent sub-
graphs that are automatically cured by the renormalization of the two-
and four-point functions plus possibly some genuinely new divergence.

Fig. 5.18 A one-particle reducible
graph. Cutting along the dashed
line, the graph is separated in two
disconnected pieces.

Figure 5.18 shows an example of a graph contributing to the six-point
amplitude with a divergent subgraph that is automatically cured by the
renormalization of the four-point function. Observe that it is possible to
separate this graph into two disconnected parts by cutting a single line,
along the dashed line in Fig. 5.18. Such graphs are called one-particle
reducible, and cannot carry genuinely new divergences.

If instead it is not possible to make the graph disconnected by cutting
just one line, the graph is called one-particle irreducible (often abbrevi-
ated 1PI), and can in principle carry genuinely new divergences.

In the case of λφ4 theory we saw that in the four-point function there
were graphs cured by the renormalization of the two-point function and
a genuinely new divergence which required the renormalization of λR.
If this were the case also for the six-point function, after the renormal-
ization of the field, of the mass and of λ we would still be left with
a divergent result for the six-point function. To cure it, we could in-
troduce a new term proportional to φ6 in the Lagrangian, with a new
bare coupling λ(6),0(Λ). This would give a further contribution to the
six-point amplitude, and we could choose λ(6),0(Λ) so that it cancels
the divergence that was left. This means that we should again fix the
renormalized coupling λ(6),R by comparison with experiment.
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If this process never terminates, and each time that we consider a new
amplitude with a larger number of external legs we must introduce a new
coupling and fix the amplitude at a certain energy by comparison with
experiment, then the theory that we have constructed by this renormal-
ization procedure is finite, because all divergences have been reabsorbed,
but (apparently) has little predictive power, because we have introduced
an infinite number of parameters, to be fixed by experiment. Then the
theory is called non-renormalizable. Actually, even non-renormalizable
theories can be very useful, but we postpone their discussion until Sec-
tion 5.8.

If instead at some point the process terminates, we just need to elim-
inate the divergences from a few amplitudes, fixing a few parameters
by comparison with experiment, and then all the other amplitudes are
automatically finite. In this case the theory is called renormalizable.

The criterion for understanding when a theory is renormalizable turns
out to be quite simple and holds not only for the scalar theory that we are
considering, but more generally (although the actual proof of renormal-
izability for gauge theories, and especially for non-abelian gauge theory,
is far from trivial!). Consider for example a theory with interaction
Hamiltonian λφn, with n � 3, integer, in four space-time dimensions.
In a general Feynman diagram there will be an integration over d4k for
each loop in the graph and a factor of the type 1/((k − p)2 − m2) for
each propagator on an internal line, where k is one of the integration
variables (or a linear combination of integration variables) and p is a
combination of external momenta. So each loop integration carries four
powers of momenta at the numerator and each internal line two powers
at the denominator. In this theory the superficial degree of divergence
D is then defined as

D = 4L − 2Ni (5.142)

where L is the number of loops and Ni the number of internal lines. The
number of loops can be expressed as

L = Ni − V + 1 (5.143)

where V is the number of vertices of the graph. We can check it observing
that the simplest tree level graph has one vertex and no internal line, so
V = 1, Ni = 0 and eq. (5.143) correctly gives L = 0. Adding a second
vertex and connecting it to the first with just one propagator still gives
a tree level graph, and eq. (5.143) still correctly gives L = 0, since we
have increased both Ni and V by one. Similarly we construct the most
general tree level graph adding each time one vertex and one internal
line. Instead, each time a new vertex is joined by two lines, we have
added a loop and correctly eq. (5.143) shows that L increases by one.

Finally, if the theory is λφn, there are n lines at each vertex, so

2Ni + Ne = nV (5.144)

where Ne is the number of external lines and the factor 2 reflects the fact
that one internal line connects two vertices. Combining these expressions
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we find

D = (n − 4)V + 4 − Ne . (5.145)

If D � 0 we expect that the diagram is divergent, unless some numer-
ical cancellation in the leading term appears (D = 0 corresponds to∫

d4k/k4, i.e. to a logarithmic divergence). If D < 0 the diagram is
not necessarily convergent. In fact, the various integrations and prop-
agators could be distributed in such a way that there is a divergent
subgraph. However, these divergences are cured by the renormalization
of the Green’s function with a smaller number of points, and do not
bother us. Genuinely new divergences instead do not appear if D < 0.
The condition for renormalizability therefore is that only a finite num-
ber of Green’s functions have D � 0. Consider first the case n = 4,
i.e. λφ4 theory. Then eq. (5.145) gives D = 4 − Ne. Therefore the
only genuinely divergent graphs are those with no external legs, i.e. the
vacuum-to-vacuum amplitude which diverges as Λ4 (and that will be
examined more closely in Section 5.7 in connection with the cosmolog-
ical constant problem), the two-point function that, as we have seen,
diverges as Λ2, and the four-point function that diverges as log Λ. Af-
ter renormalizing these divergences, there is no other divergence to be
cured, so the theory is renormalizable. Similarly, a theory λφ3 is renor-
malizable since (n − 4)V = −V gives a negative contribution to D, and
therefore helps the convergence.

If instead n > 4, for each Ne given there are graphs with a sufficiently
large number of vertices which have D � 0. Therefore all Green’s func-
tions, at a sufficiently large order in perturbation theory, have genuinely
new divergences, and the theory is not renormalizable.

The criterion n � 4 for λφn theory can be understood in a way that
can be generalized to other theories. The field φ has dimensions of mass,
since the action is dimensionless, the kinetic term is ∼ ∫ d4x(∂φ)2, and
∂ ∼ 1/length = mass. Requiring that

∫
d4xλnφn is dimensionless, we

see that the coupling λn has dimensions of (mass)4−n. Then the criterion
n � 4 means that:

Terms in the Lagrangian whose coefficients have either a positive mass
dimension or are dimensionless are renormalizable. Terms with neg-
ative mass dimension are not renormalizable.

In this form the criterion for renormalizability turns out to hold quite
generally, and is not restricted to φn theories; the proofs however can be
very complicated and depend on the details of the theory. The intuitive
reason for this is however easily understood. If the coupling constant has
for instance dimensions 1/M 2 (as would be the case for a term φ6 in four
space-time dimensions) each new vertex brings in a new factor 1/M 2.
For dimensional reasons, this must be compensated by some parameter
with dimensions of mass squared. Barring cancellations, we therefore
expect to find divergences with higher and higher powers of Λ2/M2.
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5.7 Vacuum energy and the cosmological

constant problem

In Section 4.1.1 we found that the vacuum energy is divergent. It was our
first example of a divergence in field theory, and we simply disposed of it
eliminating the infinity by hand, with the physical argument that only
energy differences can be observed. This physical argument is however
incorrect when we include gravity, since in general relativity any form of
energy contributes to the gravitational interaction. To understand this
point, we recall a few basic facts of general relativity and of cosmology
(see e.g. Kolb and Turner (1990)).

The energy density of the vacuum, ρvac, is conveniently written as

ρvac =
Λ

8πGN
, (5.146)

where Λ is called the cosmological constant (in this section we reserve
the symbol Λ for the cosmological constant and we denote the cutoff by
Λcut). This normalization is chosen so that the Einstein equations of
general relativity, in the presence of a cosmological constant, read12 12The signs depend on a number of

conventions on the metric signature,
Riemann tensors, etc. Here we are
following the conventions used for in-
stance in Kolb and Turner (1990) and
Landau and Lifshitz, vol. II (1979).

Gµν = 8πGTµν + Λgµν (5.147)

where gµν is the metric, Gµν is the Einstein tensor, which contains up to
two derivatives of the metric, and Tµν is the energy–momentum tensor of
matter. The Universe on very large scales is in a first approximation ho-
mogeneous, and can be described by the Friedmann–Robertson–Walker
(FRW) metric,

ds2 = dt2 − R2(t)(dx2 + dy2 + dz2) (5.148)

i.e. gµν = (1,−R2,−R2,−R2) in these coordinates; R(t) is known as the
scale factor (actually we have restricted for simplicity to a spatially flat
Universe, otherwise the spatial part of the metric is more complicated).
The expansion of the Universe is encoded in the fact that R(t) is growing.
The energy–momentum tensor of a fluid of matter is of the form T µ

ν =
(ρ,−p,−p,−p), where ρ is the energy density and p is the pressure.
Then, using the above form of the metric, one can show that eq. (5.147)
implies an equation for the acceleration R̈,

R̈

R
= −4πGN

3
(ρ + 3p) . (5.149)

For ordinary matter ρ and p are positive, therefore ρ+3p > 0 and R̈ < 0:
the effect of ordinary matter is to produce a deceleration of the expansion
of the Universe. Instead, we see from eq. (5.147) that the effect of Λ on
the equation for R̈ is formally equivalent to that of a fluid with energy–
momentum tensor T µ

ν = (Λ/8πG)δµ
ν = ρvacδ

µ
ν , and therefore to a fluid

with ρ = ρvac and p = −ρvac. This means that ρ + 3p = −2ρvac < 0:
a positive vacuum energy density contributes to accelerate, rather than
decelerate the Universe!
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A detection of the vacuum energy is therefore in principle possible
from cosmological measurements. Without entering into the details that
are beyond the scope of this course, we just mention that the most
important observations have been obtained from type Ia supernovae and
from the fluctuations of the cosmic microwave background (CMB). The
result is usually expressed introducing the quantity

ΩΛ =
ρvac

ρc
, (5.150)

where ρc is the critical density for closing the Universe. The combination
of supernovae and CMB measurement indicates a non-zero value ΩΛ �
0.7 ± 0.1. Using the known value of ρc, this means that

ρ1/4
vac � 2 × 10−3 eV . (5.151)

This result stimulates us to look in more detail into the problem of the
vacuum energy, using the language of renormalization that we have just
developed. As we saw in Section 4.1.1, when we compute the vacuum
energy density we find a result that diverges quartically with the cutoff,

ρvac = cΛ4
cut , (5.152)

with c some numerical constant. According to the general rules of renor-
malization of QFT, we then say that the correct starting point is a La-
grangian which also has a bare vacuum energy density. So, for instance,
for a λφ4 theory we would generalize eq. (5.129) to

L =
1
2
(∂φ0)2 − 1

2
m2

0φ
2
0 −

λ0

4!
φ4

0 − ρ0 , (5.153)

where the bare vacuum energy ρ0 depends on the cutoff Λcut, similarly to
m0, λ0, φ0. Computing the vacuum energy density with this Lagrangian
we now find

ρvac = ρ0(Λcut) + c Λ4
cut . (5.154)

The bare quantity ρ0 is a parameter completely in our hands; we can
choose it positive or negative, as we wish, and we fix it requiring that
the physical energy density of the vacuum ρvac has the value determined
by experiment. It is important to make clear two points:

• In field theory quantities like the cosmological constant, the ele-
mentary particle masses, the couplings (such as the fine structure
coupling), etc., cannot be predicted. They are just fixed, by the
renormalization procedure, to the experimentally observed values.
Questions such as why the cosmological constant has a certain
value, or why the electron mass is about 0.5 MeV, or why the fine
structure constant is about 1/137 strictly speaking are ill defined
in the framework of quantum field theory.13

13In string theory, at least as far as the
masses and couplings are concerned,
the question of why they have certain
values becomes equivalent to why the
extra dimensions have a certain geome-
try (compare with Exercise 3.6) or why
certain fields acquire a given vacuum
expectation value, so in this sense they
become at least meaningful dynami-
cal questions, which however presently
we do not know how to answer. In-
stead, for the cosmological constant,
even string theory presently does not
shed any new light.

• The bare quantities, such as ρ0(Λcut), are objects which are useful
in the intermediate steps of the calculations, but they have no
physical meaning. They are just chosen so that they cancel the
divergences and leave us with the desired renormalized quantity.
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For these reasons, a possible attitude could be simply to take notice of
the value (5.151) and observe that in QFT we can fix the renormalized
vacuum energy density to this value. However, this value of the vacuum
energy density is probably trying to tell us something very important
that we do not yet understand. There are two main reasons for this.

(i) A fine tuning argument: even if strictly speaking in the framework
of QFT we are not really allowed to ask why a renormalized quantity
has a given value, still we can make the following observation. We know
experimentally that, at least up to an energy scale of the order of one
TeV, Nature is well described by a quantum field theory, the Standard
Model. This means that in the Standard Model the cutoff Λcut can be
taken to be at least 1 TeV (= 1012 eV), and eq. (5.154) numerically
reads something like

(2 × 10−3eV)4 = ρ0(Λcut) + c (1012eV)4 . (5.155)

Therefore ρ0(Λcut) must be chosen so that it cancels something of order
1048 eV4, leaving something of order 10−11 eV4. Even if ρ0(Λcut) is a
parameter that we can choose at will, and of no physical meaning, still
this requires an incredible fine tuning, at the level of 60 decimal figures,
and in this sense it seems very unnatural. Furthermore, this fine tun-
ing does not show up for most other observables in QFT, and is really
specific to the vacuum energy (and to the Higgs mass, see below). The
point is that most quantities have logarithmic, rather than power-like
divergences. For instance, in QED at one-loop the renormalized electron
mass m is related to the bare electron mass m0(Λcut) by

m = m0

(
1 +

3α

4π
log

Λ2
cut

m2
0

)
. (5.156)

The cutoff Λcut appears only inside the log, and in front of the log we
have α which is small. Therefore, even if we are so bold as to push
the cutoff to the Planck scale, Λcut ∼ 1019 GeV, with m0 ∼ MeV we
have (3α/4π) log Λ2/m2

0 ∼ 0.1, so this is really a small correction and to
reproduce a physical electron mass m � 0.5 MeV we must indeed take
a value m0 of the same order of magnitude. Therefore here there is no
fine tuning problem.14

14 The only other important situation
where one is confronted with a fine tun-
ing problem similar to that of the vac-
uum energy is when we consider the
renormalization of the mass of a scalar
field. As we have seen in eqs. (5.131)
and (5.134), the divergence in the mass
of a scalar field is quadratic, rather than
logarithmic. If we say that the cutoff is
given by the Planck scale MPl = 1019

GeV, this poses a fine tuning problem
for the Higgs field, which is a scalar field
predicted by the Standard Model, and
is expected to have a mass around a few
hundred GeV. In fact in this case the
bare mass m0 should satisfy something
like (102GeV)2 = m2

0 + (1019GeV)2.
However, the problem here is different
from the cosmological constant prob-
lem, since it really depends on the form
of the vacuum fluctuations from the
TeV scale up to the Planck scale, about
which we know nothing experimentally.
In particular, in supersymmetric ex-
tensions of the Standard Model this
fine tuning problem disappears because
above a few TeV the contribution of the
vacuum energy due to bosons is can-
celed by the contribution of fermions.

(ii) The really crucial point, however, is that the milli-eV scale indi-
cated by the experimental results does not remind us of anything mean-
ingful in particle physics (except possibly neutrino masses, but there
is no reason why the mass of any specific particle should be related to
ρvac), so it is difficult to see how such a value could be derived from fun-
damental physics. And especially, why, of all possible energy scales, it
turns out that this value is just comparable to the energy density needed
for closing the Universe?
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5.8 The modern point of view on

renormalizability

The fact that quantum field theory is plagued by divergences was already
realized around 1929–1930 by Heisenberg and Pauli and, quite under-
standably, it was considered a major problem. It was then realized (by
Dyson in 1949, building on work of Feynman, Schwinger, Tomonaga,
and others) that in some theories these divergences can be reabsorbed
into the redefinition of a finite number of parameters. These theories
were then called renormalizable, and considered “honest” theories, while
non-renormalizable theories were considered intrinsically sick.

The modern point of view (largely stimulated by the work of K. Wil-
son) is quite different. First of all, it is important to realize that the
problem with non-renormalizable theories is not mathematical consis-
tency, but rather predictivity. As we have seen in Section 5.6, we can
reabsorb the infinities of a non-renormalizable theory, but the price is
that any N -point amplitude AN (p1, . . . , pN), at a sufficiently large order
n in perturbation theory, will develop divergences which are not auto-
matically cured by the renormalization of amplitude with less than N
external legs. To cure it we must therefore introduce a new term, and a
new coupling, in the Lagrangian, and then fix this new coupling compar-
ing the contribution to AN at perturbative order n with the experimental
value.

The fact that in principle we have to fix an infinite number of quanti-
ties by comparison with experiment is however only an apparent disaster.
The point is that, as we have seen, in a typical non-renormalizable the-
ory the coupling is not dimensionless, but rather has the dimensions of
inverse powers of mass. We suppose for definiteness that the coupling λ
is dimensionally the inverse of a mass squared, so that it can be written
as 1/M2, for some mass-scale M ; we also assume for simplicity that
we have just one typical momentum (or energy) scale, and we denote
it by E. Then the renormalized perturbative expansion of an N -point
amplitude AN up to order (λ2)n reads

AN (E) = A0
N (E)

(
1 + c1

E2

M2
+ c2

E4

M4
+ . . . + cn

E2n

M2n

)
. (5.157)

The quantities c1, . . . cn−1 are finite and calculable, once we have renor-
malized the amplitudes with less than N points. Because of the gen-
uinely new divergence at some order n, the coefficient cn must instead
be fixed by comparison with experiment, and this is the source of the
loss of predictivity. However, we can now realize that at low energy,
E 
 M , the lack of predictivity on cn becomes completely irrelevant,
because anyhow cn is multiplied by the very small quantity (E/M)2n.
Therefore, if we want to make computations with a given accuracy, we
can just renormalize a corresponding finite number of amplitudes and, as
long as E 
 M , our ignorance about higher-order divergences is beyond
the desired accuracy.
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This means that:

Non-renormalizable theories are perfectly acceptable low-energy
theories.

At E ∼ M the expansion (5.157) blows up, signaling that the theory
is no longer meaningful, and a more complete theory must take its place.
We therefore see that non-renormalizable theories have a built-in scale
M that provides their limit of validity.

Renormalizable theories, in contrast, have no built-in mass-scale M
which tells us from the beginning that we cannot trust them at E > M ,
and in principle they are mathematically consistent and predictive at
any energy scale. The distinction between renormalizable and non-
renormalizable theories, however, can be more mathematical than phys-
ical. For instance QED is a renormalizable theory, and so we could
naively hope that it correctly describes Nature up to arbitrary energy
scales. But in fact, experimentally we know that at a mass-scale M ∼
100 GeV QED merges with weak interactions in a larger theory, the
Standard Model, and so pure QED is in any case a low-energy approxi-
mation to a more complete theory.

In other words, renormalizability is related to the behavior of the
theory at infinitely large energies or, equivalently, at infinitesimally small
distances. As such, it reflects rather formal mathematical properties
of the field theory, since we can never test a theory up to infinitely
large energies, not only practically, but even in principle, since quantum
gravity must come into play at the latest at the Planck scale, MPl ∼
1019 GeV, i.e. at distances l ∼ 10−33 cm.

Rather than focus on the concept of renormalizability, the modern
approach focuses on the concept of effective field theory. The really
crucial point is that if we want to compute, with a given precision,
processes that take place at a given length-scale l (or, equivalently, at a
corresponding energy scale E), we do not need to know the full theory
at infinitely small distances or infinitely high energies. To study what
happens in an atom, at l ∼ 10−8 cm, we do not need to know what
happens at the scale l ∼ 10−17 cm, typical of weak interactions, except
if we are looking for extremely fine effects, and certainly we do not need
to know what happens at l ∼ 10−33 cm where quantum gravity becomes
important. Once we have fixed the scale l which we are interested in
and the level of precision that we want to get from our computations,
all we need to know is the effective theory down to a lenghtscale l∗ a
few orders of magnitude smaller than l. How many orders of magnitude
depends, of course, on the level of precision at which we aim.

In Chapter 8 we will discuss the Fermi theory of weak interactions,
which is the low-energy limit of the electroweak theory. We will see that
it is an extremely useful low-energy theory, despite the fact that it is not
renormalizable.

A very important example of a non-renormalizable theory is the the-
ory obtained quantizing general relativity. The coupling constant in this
case is the Newton constant which dimensionally, in our units � = c = 1,
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is the inverse of mass squared, GN = 1/M2
Pl. Therefore quantum grav-

ity is not renormalizable. However, the loss of predictivity comes into
play only in processes that probe space-time down to distances of order
of the Planck length lPl = 1/MPl � 10−33 cm. Such small scales will
never be reached in accelerator physics, and probably our best hopes
to get information on such small length-scales, or correspondingly high
energies, come from some relics of the Big Bang. In any case, in “nor-
mal” conditions, classical general relativity gives a completely adequate
description, and the lack or renormalizability of the quantum theory is
irrelevant.

In Section 9.5 we will come back to the effective Lagrangian approach,
and we will see that it is rooted in the concept of universality for critical
phenomena.

5.9 The running of coupling constants

A surprising effect of the renormalization procedure is that, after renor-
malization, the coupling “constants” are not constant at all, but they
depend on the energy. We have already seen this in eq. (5.141), where
we computed the 2 → 2 scattering amplitude when the center of mass
energy squared is q2. This is nothing but the effective coupling constant
at E2 = q2, and we see that it is different from the value λR at E = 0.
We found in eq. (5.141) that at energies E � mR the amplitude can be
written as

iM2→2(q2) = −iλeff(E) , (5.158)

where the effective one-loop coupling constant λeff(E) is given by

λeff(E) = λR + λ2
Rβ0 log

E

mR
+ O(λ3

R) . (5.159)

The same formula holds in the limit E 
 mR, as one can see from
explicit calculation. We see that the sign of the coefficient β0 plays an
especially important role. If β0 > 0 the coupling increases in the UV
(until it becomes large and we cannot trust the perturbative expression).
If instead β0 < 0 the coupling becomes smaller when we go to higher
energies.

Theories where the coupling becomes small in the UV are called
asymptotically free. Asymptotic freedom means that at large energies
(and therefore at short distances) the fields which appear in the La-
grangian can be treated perturbatively. The other side of the coin, how-
ever, is that in an asymptotically free theory at low energies (i.e. large
distances) the coupling becomes strong, and the perturbative treatment
is inadequate. In this regime, the degrees of freedom that one actually
observes are not described by the fields that enter in the Lagrangian, but
are rather composite objects built from these more fundamental degrees
of freedom, and bound by the strong interaction.

The most important example of this situation is QCD. As we will see
in Chapter 10, in QCD the basic fields which enter the Lagrangian are
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quarks and gluons, and at distances l 
 1 fm their interaction can be
treated perturbatively. At l ∼ 1 fm, however, the interaction becomes
strong and quarks and gluons do not even appear as free particles, but
rather they are confined into hadrons.

In this section we study the dependence of the coupling constants
on the energy (the “running of the coupling constants” as it is usually
called) in more detail. The rest of this section is more advanced and can
be skipped at a first reading.

First of all, let us be more general: rather than focusing on the four-point
function, we consider a generic n-point function. A general renormalized n-
point function ΓR depends on the external momenta pi (or simply on just one
invariant q2 if we choose a simpler kinematical situation, rather than the most
general), on the renormalized coupling gR (for a general theory, not necessarily
of a scalar field, we use the notation g rather than λ for the coupling; we also
assume for simplicity that there is just one coupling, but the generalization
is straightforward), and on the scale µ used to define the renormalization
procedure,

ΓR = ΓR(pi; gR, µ) . (5.160)

In the previous section we renormalized the theory choosing µ = mR: we first
defined mR as the position of the pole in the propagator; we then defined the
renormalized fields requiring that their two-point function has residue +i at
the pole p2 = m2

R. We finally fixed the finite value of the four-point function
at zero momentum, i.e. when the square of the center-of-mass energy s was
equal to 4m2

R. So mR was always our mass-scale used to fix the finite values
of the renormalized quantities.

However we can be more general, and use a generic mass-scale µ to define
the renormalization procedure. For instance, we can decide to fix the value
of the renormalized constant looking at the four-point amplitude at a value
q2 = µ2  m2

R, or even at a space-like value q2 = −µ2. It is quite useful to
keep µ generic and see what are the consequences of a change in µ.

The relation between ΓR and the bare n-point function Γ0 is15 15We assume for simplicity that in the
theory there is only one type of field.
Otherwise, the wave function renormal-
ization factors depend on the field, and
in eq. (5.161) there will be a factor
Z−1/2 for each field.

ΓR(pi; gR, µ) = Z−n/2

„
g0(Λ),

Λ

µ

«
Γ0(pi; g0(Λ), Λ) . (5.161)

The important point is that ΓR, by definition, does not depend on the cutoff
Λ. We have adjusted the bare coupling, bare mass and field renormalization
just in such a way that all renormalized Green’s functions are finite. In the
following we will be interested in the situation where the typical energy scales
are much bigger than the masses, and we will neglect all mass dependences.

Γ0 instead has been computed in the regularized theory, using the bare
coupling and the bare masses, and therefore depends on the cutoff Λ both ex-
plicitly and, implicitly, through the bare coupling g0(Λ) and the bare masses,
while of course it is independent of µ, because the scale µ enters only af-
terwards, when we fix the value of the renormalized Green’s function with a
renormalization prescription at momenta given by µ, e.g. at q2 = µ2 for the
four-point function.

The factor Z−n/2 is the contribution from the wave function renormalization
of the n fields. As we have seen, it is obtained computing first the two-point
amplitude in the bare theory. The result of this first step is therefore a function
of Λ, of g0(Λ) and of p2; then Z is defined fixing the value of the numerator of
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the two-point function at a given value of p2 = µ2. For instance, in Section 5.6
we fixed it choosing µ = mR and requiring that the residue of the pole of the
propagator at p2 = m2

R is +i. So, in general, Z is a function of Λ, g0(Λ) and
µ (and not of p2), see e.g. eq. (5.137). Since Z is a dimensionless quantity, it
can only depend on Λ and µ through their ratio Λ/µ, in the high-energy limit
in which all masses can be neglected.

Since ΓR is independent of Λ, we can write

Λ
dΓR

dΛ
= 0 (5.162)

and using eq. (5.161) we obtain

»
Λ

∂

∂Λ
+ β(g0)

∂

∂g0
− nη(g0)

–
Γ0(pi; g0, Λ) = 0 , (5.163)

where

β(g0) ≡ Λ
dg0

dΛ
, (5.164)

η(g0) ≡ 1

2
Λ

d

dΛ
log Z . (5.165)

Equation (5.163) is called a renormalization group equation, and eqs. (5.164)
and (5.165) define the beta function and the eta function of the theory.1616In principle, η depends also on Λ/µ.

However Z depends on Λ/µ through
terms ∼ log Λ/µ, which after taking
the derivative with respect to log Λ
are independent of µ. There are also
subleading terms log log Λ/µ in Z; af-
ter taking the derivative these become
1/(log Λ/µ) and disappear in the limit
Λ/µ → ∞, leaving a finite function
η(g0).

Equations (5.163)–(5.165) can be solved by the method of characteristics.
We introduce a dilatation parameter u and the solution is given by

Γ0(pi; g0,
Λ

u
) = Z

−n/2
eff (u)Γ0(pi; geff(u), Λ) (5.166)

where geff(u) is defined as the solution of the equation

u
dgeff

du
= β(geff(u)) (5.167)

with the initial condition geff(1) = g0, and Zeff(u) is defined as the solution of

1

2
u

d

du
log Zeff = η(geff(u)) (5.168)

with the initial condition Zeff(1) = 1. We see that geff plays the role of an
effective bare coupling constant, and a change in the cutoff is equivalent to a
change in geff and in Zeff . To study what happens as we remove the cutoff we
must take the limit u → 0. Equation (5.167) can be written in the integrated
form Z geff (u)

g0

dg′

β(g′)
= log u . (5.169)

We see that in the limit u → 0 the integral on the left-hand side must diverge,
and this is possible only if, as u → 0, geff(u) approaches a zero of the beta
function.

In general the renormalization of the coupling has the form

gR = g0 − β0g
2
0 log Λ + O(g3

0) . (5.170)

The dependence of g0 on the cutoff is obtained inverting the above relation,

g0 = gR + β0g
2
R log Λ + O(g3

R) (5.171)
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and therefore

β(g0) ≡ dg0

d log Λ
= β0g

2
0 + O(g3

0) . (5.172)

This shows that there is always a zero of the beta function at g0 = 0, and it
is possible to remove the cutoff while at the same time sending g0(Λ) → 0.

In other words, given a regularized theory, with a cutoff in momentum
space or, for example, on a space-time lattice (which is another possible UV
regulator) we find the limit Λ → ∞ (or the continuum limit in the case of a
lattice) tuning the bare couplings toward a zero of the beta function. This is a
way to see things that has very important applications to statistical mechanics
and critical phenomena, as well as in lattice gauge theory, and we will come
back to it in Section 9.5.

There is another way to extract information from eq. (5.161), which is
more useful from the point of view of particle physics. We rather write the
equation as Γ0 = Zn/2ΓR and we use the fact that Γ0 is independent of
the renormalization point µ. Instead ΓR depends on µ explicitly, and also
through the renormalized mass and coupling. Let us again neglect all mass
terms. Then we write

0 = µ
dΓ0

dµ
=

»
µ

∂

∂µ
+ β(gR)

∂

∂gR
+ nγ(gR)

–
ΓR(pi; gR, µ) . (5.173)

where now

β(gR) = µ
dgR

dµ
(5.174)

and

γ(gR) =
1

2
µ

d

dµ
log Z . (5.175)

Equation (5.173) is the Callan–Symanzik equation. This equation is formally
very similar to the one previously studied, but now we have the renormalized
coupling gR rather than the bare coupling g0. It tells us how ΓR changes
if we change the renormalization point µ. The reason why this equation is
very useful is that, in the high-energy limit where all masses can be neglected,
using dimensional arguments the dependence on µ can be translated into a
dependence on the energy. In fact, if dΓ is the mass dimension of ΓR, then
ΓR(pi; gR, µ) for dimensional reasons must have the form

ΓR(pi; gR, µ) = µdΓF

„
gR,

pi

µ

«
(5.176)

with F a dimensionless function. Using again the method of characteristics,
eq. (5.173) implies that

ΓR

“
pi; gR,

µ

u

”
= Z

−n/2
eff (u)ΓR(pi; geff(u), µ) (5.177)

where now geff(u) is defined as the solution of the equation

u
dgeff

du
= β(geff(u)) (5.178)

with the initial condition geff(1) = gR, where gR is the value of the renormal-
ized coupling constant at the reference scale µ. Similarly, Zeff(u) is defined as
the solution of

1

2
u

d

du
log Zeff = −γ(geff(u)) (5.179)
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with the initial condition Zeff(1) = 1. Using eq. (5.176) we see that

ΓR

“
pi; gR,

µ

u

”
=

µdΓ

udΓ
F

„
gR,

upi

µ

«
=

1

udΓ
ΓR(upi; gR, µ) . (5.180)

Combining eqs. (5.177) and (5.180) we find

ΓR(upi; gR, µ) = udΓZ
−n/2
eff (u)ΓR(pi; geff(u), µ) (5.181)

Writing eq. (5.179) in the integrated form, we can rewrite the above expression
as

ΓR(upi; gR, µ) = udΓ exp

j
n

Z log u

0

γ(geff)(u′)d log u′
ff

ΓR(pi; geff(u), µ) .

(5.182)
We see that the rescaling of energies (in the limit when masses can be ne-
glected) is summarized by two effects: first of all, naive dimensional analysis
does not work anymore. Instead of a simple overall factor udΓ we get also
a modification determined by the γ function; γ is then called the anomalous
dimension. Its origin is in the divergencies of field theory, which force us to
introduce a new mass-scale (the cutoff, which is sent to infinity and is replaced
by the renormalization point µ), and spoiled naive dimensional analysis. Sec-
ond, the coupling gR at the scale µ is replaced by geff(u), or geff(E) with
E = uµ, which is called the running coupling constant. Therefore geff(E)
plays the role of an effective renormalized coupling constant. We see that the
beta function β(g) contains important information. In particular, the sign of
the beta function near g = 0 is crucial, as we will see below and in Section 9.5.

In the case of λφ4 theory the explicit one-loop computation is very simple,
since there is no wave function renormalization at one loop, and the result
comes just from the graph of Fig. 5.9. We computed it in Section 5.5.2 where
we found

λR = λ0 + λ2
0

3

16π2
log Λ , (5.183)

Therefore the one-loop beta function is

β(λ0) = β0λ
2
0 + O(λ3

0) , β0 =
3

16π2
. (5.184)

Limiting ourselves to one-loop, the explicit integration of

E
d

dE
λeff = β0λ

2
eff , (5.185)

with the initial condition λeff(E = µ) = λ∗, gives

λeff(E) =
λ∗

1 − β0λ∗ log(E/µ)
. (5.186)

Comparing with eq. (5.159) we see that the renormalization group (RG) anal-
ysis has provided a resummation of a whole class of logarithmic terms. Ex-
panding eq. (5.186) in powers of λ∗ we get

λeff(E) = λ∗

"
1 +

∞X
n=1

cn(E)λn
∗

#
(5.187)

with

cn(E) =

„
β0 log

E

µ

«n

. (5.188)
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We might ask what we have really gained, since we used only the one-loop
beta function, so one might think that eq. (5.187) is not justified beyond
the term n = 1 that we already knew. However, we will see in Exercise 5.4
that the effect of higher-loop corrections to the beta function is to produce
additional terms proportional to log log E in the denominator of eq. (5.186),
see eq. (5.198). Including these corrections, the coefficients cn are modified
from the value given in eq. (5.188) to a value of the form

cn(E) =

»
β0 log

E

µ
+ O(log log E)

–n

. (5.189)

Then the term in cn proportional to (log E)n is not affected by higher-order
corrections to the beta function, while, at each order n, in cn there are also
terms of order (log E)n−1 and smaller, that are missed using only the one-loop
beta function. Therefore the resummation (5.186) is useful when log(E/µ) 
1, since in this case at each order n we have picked the term which dominates
at high energies. In turn, this means that eq. (5.186) is really useful only
when β0 < 0, since in this case when log(E/µ)  1 we have λeff(E) � 1
and perturbation theory is consistent. Equation (5.186) is called the leading
logarithms approximation.

However, in the case of λφ4 we have β0 > 0 and therefore the running
coupling increases in the UV. Formally, eq. (5.186) would even predict that
λeff(E) diverges at

E = µ exp

j
1

β0λ∗

ff
. (5.190)

Of course this result should not be taken literally, because as soon as λeff(E)
becomes of order one the whole perturbative expansion, even if improved by
RG, blows up and cannot be trusted anymore. The correct conclusion, instead,
is that, even if we started with λ∗ � 1, there is a critical energy at which the
theory enters in a strong coupling regime.

Besides our toy model λφ4, it turns out, more importantly, that β0 >
0 in QED. This means that in QED the fine structure constant increases
with energy, and formally there even exists an energy scale where it becomes
strong. The energy similar to eq. (5.190), where formally the one-loop running
coupling diverges, is called the Landau pole. However, the running is very
slow, since it is logarithmic, and long before the theory enters in the strong
coupling regime, we arrive at the electroweak scale, where QED in isolation is
no longer the correct theory. From this point on, the evolution of α must be
studied in the context of the Standard Model and possibly of its high-energy
extensions.

From its low-energy value α = 1/137.035 999 11(46), the fine structure con-
stant at the Z0 mass MZ = 91.1876 ± 0.0021 GeV grows only to the value17 17To be precise, this is the value of the

fine structure constant, renormalized in
the so-called MS-scheme. We do not
enter into the details of how this is de-
fined. See e.g. Peskin and Schroeder
(1995), page 377.

α(MZ) =
1

127.918 ± 0.018
. (5.191)

If instead β0 < 0, we see from eq. (5.186) that the running coupling becomes
smaller and smaller at high energies (and therefore the perturbative result is
more and more accurate). As we mentioned at the beginning of this section,
this property is known as asymptotic freedom and is one of the most important
features of quantum chromodynamics, the theory of strong interactions. The
running of the strong coupling, which is denoted by αs, is well-verified exper-
imentally, see Fig. 5.19, taken from S. Eidelman et al., Phys. Lett. B592, 1
(2004).
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Fig. 5.19 Summary of the values of
αs(µ) at the values of µ where they
are measured. The lines show the
central values and the ±1σ limits
of the average. The figure clearly
shows the decreases in αs(µ) with
increasing µ. The data are, in in-
creasing order of µ: τ width, Υ de-
cays, deep inelastic scattering, e+e−

event rate at 22 GeV from the
JADE data, shapes at TRISTAN at
58 GeV, Z width, and e+e− event
shapes at 135 GeV and 189 GeV.
From S. Eidelman et al., Phys. Lett.
B592, 1 (2004).
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Summary of chapter

• The aim of this chapter was to set up the formalism for computing
the transition amplitudes between initial and final states, with
an arbitrary number of incoming and outgoing particles, i.e. to
compute the S-matrix elements (5.16).

• The first step is the LSZ formula (5.46), which expresses the S-
matrix elements in terms of the vacuum expectation value of a
T -product of fields. In eq. (5.46), φ is the Heisenberg operator
that evolves with the full Hamiltonian, including the interaction
term, so it is not a free field. The T -product is defined in eq. (5.32).

• The next step is given by eq. (5.67), where we write the vacuum
expectation value of the T -product of the fields φ (which evolve
with the full Hamiltonian) in terms of a free field φI (the interac-
tion picture field) and of the interaction picture Hamiltonian, HI ,
which is a function of the free fields φI . The perturbative expan-
sion is the expansion of the exponential in eq. (5.67) in powers of
the interaction Hamiltonian. Observe that from now on the inter-
action picture field φI will be denoted simply by φ, while the fully
interacting field will not appear again.

• Expanding the exponential of the Hamiltonian we are left with the
task of computing vacuum expectation values of free fields. The
actual computation is enormously simplified by the use of Wick’s
theorem and of Feynman rules (Section 5.5). A basic role is played
by the Feynman propagator (Section 5.4), since Wick’s theorem
reduces the vacuum expectation value of the product of N fields,
with N arbitrary, to a sum of products of Feynman propagators.
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All contributions can be represented graphically by Feynman dia-
grams.

• We can now perform explicit calculations, and we discover that
Feynman graphs containing closed loops are in general divergent.
To cure these divergences one first regularizes the theory, intro-
ducing a cutoff. The couplings, fields and masses which appear
in the Lagrangian are then given a dependence on the cutoff (and
are now called bare couplings, bare fields and bare masses) chosen
so that the divergences coming from the loops are canceled, and
physical observables (like the renormalized masses and couplings)
are finite.

• Theories where the divergences can be reabsorbed in a finite num-
ber of parameters are called renormalizable, and are mathemat-
ically consistent and predictive, in principle at any energy scale.
Non-renormalizable theories, however, can still be perfectly accept-
able low-energy theories, and have an intrinsic mass-scale above
which we know that they must be replaced by a more fundamen-
tal theory.

• As a consequence of the renormalization procedure, the physical
(i.e. renormalized) coupling constants are not at all constant.
Rather, their value depends on the energy scale at which they
are measured. If the coupling goes to zero in the high-energy limit
the theory is called asymptotically free. The theory of strong in-
teractions, QCD, turns out to be an asymptotically free theory.

Further reading

• The subject of perturbative expansion, Feynman
diagrams, renormalization, etc. is treated in detail
in all QFT textbooks. Excellent and very detailed
discussions are given in Itzykson and Zuber (1980),
Peskin and Schroeder (1995) and Weinberg (1995).
At a simpler level, a clear book is Mandl and Shaw
(1984).

• The measurement of the cosmological constant dis-
cussed in Section 5.7 are very important and are
very likely to become even more important in the
future. A book discussing the modern develop-
ments in cosmology is S. Dodelson, Modern Cos-

mology, Elsevier, San Diego 2003. See, e.g. Sec-
tion 2.4.5 for a discussion of vacuum energy and
type Ia supernovae. Beautiful recent experimen-
tal results on type Ia supernova are reported in
A. Riess et al., astro-ph/0402512.

Fluctuations in the cosmic microwave background
(CMB) have been measured with great accuracy
by the WMAP experiment, see e.g. C. L. Bennett
et al., First Year Wilkinson Microwave Anisotropy
Probe (WMAP) Observations: Preliminary Maps
and Basic Results, Astrophys. J. Suppl. 148 (2003)
1 [arXiv:astro-ph/0302207].
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Exercises

(5.1) Using the definition (5.69) and the expression of
the T -product in terms of the theta function, show
that the Feynman propagator is a Green’s function
of the KG operator, i.e. it satisfies

(�x + m2)D(x − y) = −iδ(4)(x − y) . (5.192)

Show that this is true in general for the T -product
of N-fields (5.43), justifying the fact that we have
called them the N-point Green’s function.

Solve eq. (5.192) going in momentum space and
study to what boundary conditions corresponds
each prescription for going around the poles.

(5.2) Consider a scalar theory in d space-time dimen-
sions whose action has the standard kinetic termR

ddx(∂φ)2 and an interaction term
R

ddxλφn. Ac-
cording to the counting argument presented in the
text, for what values of n and d is the theory renor-
malizable?

(5.3) In the text we have written the interaction as λφ4.
We could instead study the theory with interaction
term : λφ4 :. Compare the perturbative expansion
in the two cases. In particular, show that the mass
renormalization is different, and with the interac-
tion term : λφ4 : it vanishes at O(λ).

(5.4) In QCD the perturbative expansion is an expansion
in powers of g2 and, at the two-loop level,

dg

d log E
= −β0g

3 − β1g
5 + O(g7) , (5.193)

with β0 > 0 and β1 > 0. In terms of αs = g2/(4π),

dαs

d log E
= −b0α

2
s − b1α

3
s + O(α4

s) , (5.194)

with b0 > 0 and b1 > 0.

(i) Neglect the term O(α3
s) and verify that the so-

lution is

α(E) =
α(µ)

1 + b0α(µ) log(E/µ)
. (5.195)

where µ is a mass-scale of reference, used to fix the
initial condition. Define a new mass-scale ΛQCD as

ΛQCD = µ exp

j
− 1

b0α(µ)

ff
. (5.196)

Verify that eq. (5.195) can be rewritten as

α(E) =
1

b0 log(E/ΛQCD)
. (5.197)

Therefore the coupling is small (and the approxi-
mation of neglecting the term O(α3

s) in eq. (5.194)
is justified) when E  ΛQCD. Experimentally,
ΛQCD � 200 MeV, and typically the perturbative
calculations are valid at E > 1 GeV.

(ii) Using eq. (5.197) as a lowest-order solution,
show that the solution of eq. (5.194) at two loops,
i.e. including the term O(α3

s), can be written as

α(E) =
1

b0 log(E/ΛQCD) + b1
b0

log log(E/ΛQCD)
,

(5.198)
after a suitable redefinition of ΛQCD.
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In the previous chapter we have understood how to compute matrix
elements between initial and final states and how to make them finite.
We will see in this chapter how to use these matrix elements to compute
scattering cross-sections and decay rates.

6.1 Relativistic and non-relativistic
normalizations

It is useful first of all to clarify a difference between the relativistic
and non-relativistic normalization of one-particle states. To make the
argument cleaner, we first consider a system in a cubic box with spatial
volume V = L3. At the end of the computation V will be sent to infinity.
Momenta are therefore discrete; for instance, if we use periodic boundary
conditions, p = 2πn/L with n = (nx, ny, nz) a vector with integer
components. In non-relativistic quantum mechanics a one-particle state
with momentum p in the coordinate representation is given by a plane
wave

ψp(x) = C eip·x (6.1)

and the normalization constant is fixed by the condition that there is
one particle in the volume V ,∫

V

d3x |ψp(x)|2 = 1 . (6.2)

This fixes C = 1/
√

V . Wave functions with different momenta are or-
thogonal, and therefore∫

V

d3xψ∗
p1

(x)ψp2(x) = δp1,p2 . (6.3)

Writing ψp(x) = 〈x|p〉 and using the completeness relation
∫

d3x |x〉〈x| =
1, we can rewrite this as

〈p1|p2〉(NR) = δp1,p2 . (6.4)

The superscript (NR) reminds us that the states have been normalized
according to the conventions of non-relativistic quantum mechanics.
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In relativistic QFT this normalization is not the most convenient, be-
cause the spatial volume V is not relativistically invariant, and therefore
the condition “one-particle per volume V ” is not invariant. We have
already introduced in eq. (4.11) a more convenient Lorentz-invariant
normalization; in a finite box, using eq. (4.6), it reads

〈p1|p2〉(R) = 2Ep1V δp1,p2 . (6.5)

Therefore the difference between the relativistic and non-relativistic nor-
malization of the one-particle states is

|p〉(R) = (2EpV )1/2|p〉(NR) , (6.6)

and of course for a multiparticle state

|p1, . . . ,pn〉(R) =

(
n∏

i=1

(2EpiV )1/2

)
|p1, . . . ,pn〉(NR) . (6.7)

We denote by Mfi the scattering amplitude between the initial state with
momenta q1, . . . ,qm and the final state with momenta p1, . . . ,pn , with
non-relativistic normalization, and by Mfi the same matrix element
with relativistic normalization of the states. Then

Mfi =
n∏

i=1

(2EpiV )−1/2
m∏

j=1

(2Eqj V )−1/2 Mfi . (6.8)

We saw in Chapter 5 that the S-matrix can be written as S = 1 + iT
and that it is convenient to extract a factor (2π)4δ(4)(Pi − Pf ) from T ,
where Pi and Pf are the total initial and final four-momenta. Then

S = 1 + (2π)4δ(4)(Pi − Pf )iM . (6.9)

If we take the matrix element of S between the initial state |i〉 and the
final state 〈f |, taken with the non-relativistic normalization, then the
matrix element of the operator M is just Mfi while the matrix element
of the identity operator is just a Kronecker delta, because of eq. (6.4),

Sfi = δfi + (2π)4δ(4)(Pi − Pf )iMfi . (6.10)

6.2 Decay rates

Consider first the case in which the initial state is a single particle with
four-momentum p and mass M , and the final state is given by n particles
with four-momenta pi and masses mi, i = 1, . . . n. We are therefore
considering a decay process. Assume for the moment that all particles
are distinguishable.

The rules of quantum mechanics tell us that the probability for this
process is obtained by taking the squared modulus of the amplitude and
summing over all possible final states. In eq. (6.10) the term δfi gives
of course zero because the initial and final states are different. When
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we take the square of the other term we are confronted with the square
of the delta function. To compute it, we recall that we are working in a
finite spatial volume and, from eq. (4.6),

(2π)3δ(3)(0) = V . (6.11)

Similarly, we regularize also the time interval, saying that time runs from
−T/2 to T/2 (at the end of the computation T → ∞) so that

(2π)4δ(4)(0) = V T (6.12)

and

|(2π)4δ(4)(Pi − Pf )iMfi|2 = (2π)4δ(4)(Pi − Pf )V T |Mfi|2 . (6.13)

We must now sum this expression over all final states. Since we are
working in a finite volume V , this is the sum over the possible discrete
values of the momenta of the final particles. In the large-volume limit
for each particle we can write, using eq. (4.5)

∑
p i

→ V

(2π)3

∫
d3pi . (6.14)

It is interesting to understand this result physically, observing that in
statistical mechanics the integration measure over the phase space is

d3xid
3pi

(2π)3
(6.15)

for each particle. The factor (2π)3 is simply the volume of the cells of
the phase space, h3 = (2π�)3, in units � = 1. In our case the particles
are momentum eigenstates and are completely delocalized in space, so
the scattering amplitude depends on the momentum but not on the
positions of the particles, and we can integrate over d3xi, obtaining the
volume factor.

In conclusion, the probability dw for a decay in which in the final state
the i-th particle has momentum between pi and pi + dpi is

dw = (2π)4δ(4)(Pi − Pf )V T |Mfi|2
n∏

i=1

V d3pi

(2π)3
. (6.16)

This is the probability that the decay takes place at any time between
−T/2 and T/2. We are more interested in the decay rate dΓ, which is
the decay probability per unit time, and therefore is obtained dividing
by T ,

dΓ = (2π)4δ(4)(Pi − Pf )V |Mfi|2
n∏

i=1

V d3pi

(2π)3
, (6.17)

and by construction has a finite limit for T → ∞. To get rid of the
divergent V factors we now express this in terms of the matrix element
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with relativistic normalization. Using eq. (6.8) we see that the volume
factors cancel, and we are left with

dΓ = (2π)4δ(4)(p −
∑

i

pi)
1

2Ep
|Mfi|2

n∏
i=1

d3pi

(2π)3(2Ei)
,

(6.18)
where Ep is the energy of the initial particle and Ei of the final particles.
Various observations are in order:

• Energy–momentum conservation is guaranteed by the Dirac delta.
In particular, if M <

∑
i mi the process is forbidden.

• The factors d3pi/Ei are relativistically invariant.
• Mfi is computed with the relativistic normalization of the states

and therefore is just the matrix element that we learned to compute
in Chapter 5, and it is relativistically invariant.

• The factor 1/(2Ep) reduces to 1/(2M) in the rest frame of the
decaying particle. In a generic frame in which the particle has
speed v, we have Ep = γM with γ = (1 − v2)−1/2 and therefore
the rate Γ is smaller by a factor γ. The lifetime of a particle is the
inverse of its total decay rate (i.e. of the rate dΓ integrated over
momenta and summed over all possible decay modes). Therefore
the factor γ is nothing but the relativistic dilatation of time.

It is useful to define the (differential) n-body phase space dΦ(n),

dΦ(n) ≡ (2π)4δ(4)(Pi − Pf )
n∏

i=1

d3pi

(2π)32Ei
. (6.19)

Equation (6.18) can therefore be written as

dΓ =
1

2Ep
|Mfi|2 dΦ(n) . (6.20)

Finally, observe that if n of the final particles are identical, configurations
that differ by a permutation are not distinct and therefore the phase
space is reduced by a factor n!.

6.3 Cross-sections

Consider a beam of particles with mass m1, number density (that is,
number of particles/unit volume) n0

1 and velocity v1 impinging on a
target made of particles with mass m2 and number density n0

2, at rest.
The superscript 0 on n0

i is meant to stress that these are the number
densities in a specific frame, that with particle 2 at rest. Assume for
simplicity that both types of particles have a uniform distribution (it is
not difficult to generalize to a non-uniform distribution, as one can have
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in a typical beam). The number of scattering events, N , that take place
per unit volume and per unit time will be proportional to the incoming
flux n0

1v1 and to the density of targets n0
2. The proportionality constant

is, by definition, the cross-section:

dN = σv1n
0
1n

0
2 dV dt . (6.21)

Dimensional analysis shows immediately that σ has the dimensions of
an area. Equation (6.21) holds in the rest frame of the particles of type
2. We want to write a similar expression in a generic frame. First of all,
in a generic frame, we define the cross-section as the Lorentz invariant
quantity that, in the rest frame of particle 2, is given by eq. (6.21).
The number dN is Lorentz invariant (its integral is the number of clicks
of the detector, so it is clearly independent of the reference frame), and
dV dt = d4x is also invariant. Therefore we must find a Lorentz-invariant
expression that, in the rest frame of particle 2, reduces to v1n

0
1n

0
2. This

is given by (see, e.g. Landau and Lifshitz, vol. II (1979), Section 12)

n1n2

√
(v1 − v2)2 − (v1 × v2)2 , (6.22)

where n1, n2 are the number densities of the two types of particles in
the frame where their respective velocities are v1 and v2 (note that the
number density is not invariant, but transforms as the inverse of a spatial
volume). If the particles are collinear, we simply have

dN = σ|v1 − v2|n1n2 dV dt . (6.23)

It is convenient to define the quantity

I ≡
√

(p1p2)2 − m2
1m

2
2 = E1E2

√
(v1 − v2)2 − (v1 × v2)2 , (6.24)

so that
dN = σ

I

V E1E2
(n1V )(n2dV )dt . (6.25)

Integrating over dV , n2dV gives the total number N2 of particles of
type 2, while n1V = N1. Then the total number of events per unit
particle of type 1, per unit particle of type 2 in a total time T is given
by σIT/(V E1E2). However, this is nothing but the probability of the
event, i.e. the square of the matrix element, summed over all final states.
Therefore

σ =
V E1E2

IT
(2π)4δ(4)(Pi − Pf )V T

∫
|Mfi|2

n∏
i=1

V d3pi

(2π)3
, (6.26)

or, in differential form,

dσ =
V 2E1E2

I
(2π)4δ(4)(Pi − Pf ) |Mfi|2

n∏
i=1

V d3pi

(2π)3
. (6.27)

We now pass from |Mfi|2 to |Mfi|2. The two initial particles bring a
factor 1/[(2E1V )(2E2V )] so the overall factor V 2E1E2 cancels, and the
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n final particles bring each one a factor 1/(2EiV ) so that also the volume
factors in V d3pi cancel. The final result is then

dσ = (2π)4δ(4)(Pi − Pf )
1
4I

|Mfi|2
n∏

i=1

d3pi

(2π)32Ei
. (6.28)

Observe that in the above expression the factors I, Mfi and d3pi/Ei

are separately Lorentz invariant, so the Lorentz invariance of the cross-
section is evident. The term 4I is called the flux factor. In terms of the
phase space (6.19), eq. (6.28) reads

dσ =
1
4I

|Mfi|2 dΦ(n) . (6.29)

6.4 Two-body final states

Consider first the decay of a particle of mass M into two particles of
masses m1, m2. Since the phase space is Lorentz invariant, we can com-
pute it in the frame that we prefer, and of course the simplest choice is
the rest frame of the initial particle. Then

dΦ(2) = (2π)4δ(M −E1 −E2)δ(3)(p1 + p2)
d3p1

(2π)32E1

d3p2

(2π)32E2
. (6.30)

We have six integration variables and four Dirac deltas, so we can reduce
this to only two integrations. We can perform explicitly the integration
over d3p2 using the Dirac delta δ(3)(p1 + p2), and we are left with a
phase space which is still differential with respect to d3p1,

dΦ(2) =
1

(2π)2
1

4E1E2
δ(M − E1 − E2)d3p1 . (6.31)

Of course here E2
2 = p2

2 + m2
2 where now p2 has become a notation for

−p1 instead of being an independent integration variable. We now write
d3p1 = p2

1dp1dΩ, where dΩ is the infinitesimal solid angle and p1 = |p1|,
and we integrate over p1 using the conservation of energy, i.e.

dΦ(2) =
1

(2π)2
dΩ
∫ ∞

0

1
4E1E2

p2
1dp1δ

(
M −

√
p2
1 + m2

1 −
√

p2
1 + m2

2

)
.

(6.32)
The integral is easily performed using the identity

δ(f(x)) =
1

|f ′(x0)|δ(x − x0) (6.33)

where x0 is the zero of f(x) (if there is more than one zero we must sum
over all of them, but in this case there is only one zero in the integration
domain p1 � 0 ) and we find

dΦ(2) =
1

32π2M2

[
M4 + (m2

1 − m2
2)

2 − 2M2(m2
1 + m2

2)
]1/2

dΩ . (6.34)
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In the limit m1 = m2 ≡ m this simplifies further to

dΦ(2) =
1

32π2

√
1 − 4m2

M2
dΩ , (6.35)

where we have assumed that the two particles are distinguishable. If
instead they are identical, the phase space is reduced by a factor 1/2!.
Another common situation is m1 = m, m2 = 0, in which case

dΦ(2) =
1

32π2

(
1 − m2

M2

)
dΩ . (6.36)

Observe that the phase space goes to zero when the decay products have
the maximum mass compatible with the conservation of energy, i.e. at
m = M/2 in eq. (6.35) and at m = M in eq. (6.36). Using eq. (6.20)
we can write the differential decay rate for a two-body decay, dΓ/dΩ,
where dΩ = d cos θ dφ. In the rest frame of the decaying particle, it is

dΓ =
1

64π2M3

[
M4 + (m2

1 − m2
2)

2 − 2M2(m2
1 + m2

2)
]1/2 |Mfi|2dΩ .

(6.37)
In principle, Mfi depends on the angles θ, φ. If the decaying particle
has spin, it is convenient to choose the direction of the spin as the polar
axis. In the absence of external fields we have cylindrical symmetry
around this axis (the symmetry could be broken, for instance, by an
external magnetic field pointing in a direction different from the spin
of the particle), and in this case Mfi does not depend on φ and the
integration over dφ simply gives a factor 2π. If furthermore the particle
has spin zero, there is no preferred direction and the decay is isotropic,
i.e. Mfi is independent also of θ, and the integration over dΩ gives
simply a factor 4π.

Consider now a scattering process 2 → 2. We consider an initial state
with two particles with masses m1, m2 and four-momenta p1, p2, and
a final state with two particles with masses m3, m4 and four-momenta
p3, p4. It is useful to introduce the Mandelstam variables s, t and u,

p

p

p + p

p

p2

1 2

3

4

1

Fig. 6.1 An s-channel amplitude.

p − p
1 3

p
1

p
2

p
3

p
4

Fig. 6.2 A t-channel amplitude.

s = (p1 + p2)2 ,

t = (p1 − p3)2 , (6.38)
u = (p1 − p4)2 .

These variables are clearly Lorentz invariant, and satisfy the relation

s + t + u = m2
1 + m2

2 + m2
3 + m2

4 , (6.39)

as one verifies immediately from the definitions, using energy–momentum
conservation, p1 + p2 = p3 + p4.

It is convenient to work in the center of mass (CM), where the incom-
ing particles have four-momenta p1 = (E1,p) and p2 = (E2,−p), with
E2

1,2 = p2 + m2
1,2. Computing s in the CM we find s = (E1 + E2)2,

so the center-of-mass energy is
√

s. Observe that in a Feynman graph
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like Fig. 6.1 the momentum of the intermediate particle is p1 +p2, so its
propagator is a function of s; for instance, if the intermediate particle
is a scalar with mass m, the propagator in Fig. 6.1 can be written as
i/(s − m2). Instead in Fig. 6.2 the propagator of the intermediate par-
ticle is i/(t − m2). For this reason, the amplitudes in Figs. 6.1 and 6.2
are referred to as the s-channel and t-channel amplitude, respectively.
The u-channel amplitude is obtained exchanging p3 and p4 in Fig. 6.2.
In the CM, we can also write p3 = (E3,p ′), p4 = (E4,−p ′). Energy
conservation gives immediately

|p′| =
1

2
√

s

[
s2 + (m2

3 − m2
4)

2 − 2s(m2
3 + m2

4)
]1/2

, (6.40)

and the same calculation performed in the case of two-body decay gives

dΦ(2) =
1

(2π)2
|p′|
4
√

s
dΩ . (6.41)

With a simple computation (see the solutions to Exercise 7.1) one can
show that the flux factor I, evaluated in the CM, becomes

I = |p|√s (6.42)

and therefore the 2 → 2 differential scattering cross-section is

dσ =
1

64π2s
|Mfi|2 |p′|

|p| dΩ . (6.43)

For elastic scattering (m1 = m3, m2 = m4) we have |p′| = |p| and

dσelas =
1

64π2s
|Mfi|2dΩ . (6.44)

The above formulas are valid also for particles with spin, if the initial
and final spin states are known; in this case the initial state has the
form |i〉 = |p1, s1; . . . ;pn, sn〉, and similarly for the final state, so the
only modification in the above equations is that the labels i, f in Mfi

include also the spin degrees of freedom.
However, experimentally it is more common that we do not know the

initial spin configuration and we accept in the detector all final spin
configurations; in this case, to compare with experiment, we must sum
the right-hand side of eq. (6.29) over the final spin configurations and
average it over the initial spin configurations. Defining

|Mfi|2 ≡
∑

initial spins

∑
final spins

|Mfi|2 (6.45)

all formulas for the cross-sections are modified with the replacement

|Mfi|2 → 1
(2sa + 1)(2sb + 1)

|Mfi|2 , (6.46)

where sa, sb are the spins of the two initial particles. For a decay rate Γ
the average over the spin s of the initial particle brings instead a factor
1/(2s + 1).
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6.5 Resonances and the Breit–Wigner

distribution

Consider the scattering 2 → 2 in a theory with a cubic interaction vertex,
as for instance in a scalar theory with Lint = λφ3. At tree level the
amplitude is given by the sum of three Feynman diagrams, the s-channel
amplitude of Fig. 6.1, the t-channel amplitude of Fig. 6.2, and the u-
channel amplitude obtained from Fig. 6.2 exchanging p3 with p4. We
focus on the s-channel amplitude. We denote by m the (renormalized)
mass of the φ field and by p = p1 + p2 the total initial four momentum.
Then p2 = (E1 + E2)2 − (p1 + p2)2 ≡ s is the square of the CM energy,
and therefore the physical region is defined by

p2 > (2m)2 (6.47)

and in the physical region the propagator i/(p2−m2) of the internal line
in Fig. 6.1 is always finite. In other words, the internal line is off-shell,
which is also expressed saying that it represents a “virtual” particle,
rather than a real particle.

However, in other situations it is possible to have one or more real
particles in the intermediate state. Consider for instance the theory
described by two light real scalar fields1 φ1 and φ2 and one heavy scalar

1We take two different light fields
φ1, φ2 to avoid the small complication
of identical particles; we might as well
consider a single light real scalar field
φ with coupling φ2Φ, but we should
be careful to insert a factor 1/2! in the
phase space, because of identical parti-
cles, and the appropriate combinatorial
factors in the amplitudes.

field Φ, with Lagrangian

Fig. 6.3 The vertex for a Φφ1φ2 in-
teraction. The heavy line is the Φ
field and the thin lines represent one
field φ1 and one field φ2.

Fig. 6.4 The diagram for 2 → 2
scattering in the s-channel.

L =
1
2
[
(∂φ1)2 − m2φ2

1 + (∂φ2)2 − m2φ2
2 + (∂Φ)2 − M2Φ2

]
+ gφ1φ2Φ .

(6.48)
The Feynman rules for this theory are very simple. The propagator of
the fields φi is i/(p2−m2), the propagator of Φ is i/(p2−M2), and there is
an interaction vertex shown in Fig. 6.3, equal to −ig. After dressing the
propagators with their loop corrections, the masses m and M appearing
in the propagators become the physical, renormalized masses, as we saw
in Chapter 5 (apart from a crucial subtlety to be explained soon). The
φ1φ2 → φ1φ2 scattering amplitude in the s-channel is described at tree
level by the diagram in Fig. 6.4, and the Feynman rules give

iM2→2 = (−ig)2
i

p2 − M2
, (6.49)

with p2 = s = (p1+p2)2. The physical region corresponds to p2 � (2m)2

since each of the two incoming particles have at least an energy equal
to its mass. Therefore, if M 2 < (2m)2, in the physical region we always
have p2 > M2, so p2−M2 is always non-zero and the amplitude is finite.
However, if M2 > 4m2, we apparently have a divergent amplitude (and
therefore a divergent cross-section) at a physical value of the energy.
The divergence appears when the momenta of the incoming particles
are such that p2 = M2, i.e. when the internal line represents an on-shell
particle. This divergence means that in the case M > 2m the amplitude
(6.49) cannot be correct, and we must have missed something.
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The origin of this unphysical divergence is that we have neglected that,
if M > 2m, the particle described by the field Φ is unstable, because it
can decay into two particles of mass m through the graph in Fig. 6.3.
This graph gives an amplitude iMΦ→φ1φ2 = −ig, independently of the
masses of the particles. However, if M < 2m, the Dirac delta in the
phase space is never satisfied and the decay rate is zero. If M > 2m
instead the phase space opens up and we have a non-zero decay rate.

To understand the physics, let us first consider what happens when
we have an unstable particle in non-relativistic quantum mechanics (see
Landau and Lifshitz, vol. III (1977), Section 134). When we study
the Schrödinger equation in three spatial dimensions, we obtain real
eigenvalues for the energy operator under the assumption that the wave
function vanishes at infinity. For a decay process, instead, we have an
outgoing spherical wave at infinity, and since this boundary condition
is complex, the eigenvalues of the Hamiltonian are also complex. If we
write them in the form

E = E0 − i
Γ
2

(6.50)

the time-dependence of the wave function is

ψ ∼ e−iEt = e−iE0t−Γ
2 t . (6.51)

Therefore the probability |ψ|2 decays as exp(−Γt) and we see that 1/Γ
is the lifetime, and therefore Γ is just the decay rate discussed in Sec-
tion 6.2.

Fig. 6.5 The one-loop correction to
the mass of Φ.

The fact that the eigenvalues of the Hamiltonian become complex
when we have an unstable particle must happen also in relativistic quan-
tum theory, and we must be able to read it from the Feynman graphs.
Indeed, when we compute the loop corrections to the squared mass of
the Φ field, we find that the graph in Fig. 6.5, considered as a function of
M , develops an imaginary part when M > 2m, i.e. above the threshold
for production of two physical particles of mass m in the intermediate
state (see Exercise 6.6). Therefore eq. (6.49) is formally correct, but it
is not true that M is real. Rather, separating the real and imaginary
parts, we have

M = MR − i
Γ
2

, (6.52)

where MR is the renormalized mass. For the simple Lagrangian that we
have considered, it is straightforward to verify that the imaginary part
of M is indeed equal to −iΓ/2, with Γ the decay rate of the process
Φ → φ1φ2. We can just compute explicitly the imaginary part of the
graph in Fig. 6.5 and compare it with the decay rate computed from the
graph in Fig. 6.3, using the general formulas for the decay rate given in
Sections 6.2 and 6.4. The optical theorem states that this is a general
result, and the imaginary part of M is always equal to −Γ/2, where Γ
is the total decay rate (if there are many possible decay channels they
all contribute to the imaginary part).

The case Γ 
 MR is particularly interesting; this means that the
intermediate particle has a lifetime 1/Γ much bigger than the time that
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the light takes to travel a distance equal to its Compton wavelength
1/MR. In this case it makes sense to consider it has a real intermediate
state, which is produced in the collision, lives for some time and then
decays. In this case we call this intermediate particle a resonance. In
this limit we can approximate M 2 = (MR − iΓ/2)2 � M2

R − iMRΓ and
the amplitude (6.49) becomes

iM2→2 � −ig2

E2 − M2
R + iMRΓ

, (6.53)

with E the total CM energy. We see that, thanks to the imaginary
contribution, at E = MR the amplitude is no longer divergent. However,
it is much larger than far from the resonance. In fact, when we are far
from the resonance, i.e. when E = cMR with c a numerical constant
not too close to one, the modulus of the amplitude is of order g2/M2

R.
Instead, at the resonance, it becomes of order g2/MRΓ. Since Γ 
 MR,
this is a much bigger value than far from the resonance.

At E � MR we can further approximate E2 − M2
R = (E − MR)(E +

MR) � 2MR(E − MR) and the amplitude becomes

iM2→2 �
(−ig2

2MR

)
1

E − MR + i(Γ/2)
. (6.54)

We can now compute the elastic cross-section near the resonance, using
eq. (6.44), and observing that the t- and u-channel amplitudes can be
neglected since they are not resonant. Then

dσ

dΩ
�
(

g4

(16π)2M4
R

)
1

(E − MR)2 + (Γ2/4)
. (6.55)

The width Γ can also be easily computed explicitly using eq. (6.20) with
iMΦ→φ1φ2 = −ig and the phase space (6.35). This gives

Γ =
g2

2MR

1
32π2

√
1 − 4m2

M2
4π =

g2

16πMR

√
1 − 4m2

M2
. (6.56)

It is convenient to use this relation to eliminate g in favor of Γ from
eq. (6.55), since Γ is the quantity directly observed, while g can be an
effective coupling of no fundamental significance if the resonance is a
bound state of more fundamental components. Integrating the cross-
section over dΩ we find, at E � MR,

σ(E) � 4π

M2
R − 4m2

Γ2

(E − MR)2 + (Γ2/4)
. (6.57)

At E = MR, conservation of energy gives MR = 2
√

m2 + k 2, where k is
the momentum of the final particles in the CM. Therefore M 2

R − 4m2 =
4k 2, and we can rewrite eq. (6.57) as

σ(E) � π

|k |2
Γ2

(E − MR)2 + (Γ2/4)
. (6.58)
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This is the Breit–Wigner distribution, when the initial and final states
of the process are the same. We can generalize it observing that, if the
initial and final states are different, the factor Γ2 in the numerator is
replaced by ΓR→iΓR→f where ΓR→i and ΓR→f are the decay rates of
the resonance R into the initial and final states, respectively, simply
because the factor of g2 in the numerator becomes gRigRf where gRi is
the effective coupling of the initial state to the resonance R, and gRf

is the effective coupling to the final state. Instead the factor Γ2 in the
denominator remains the total decay rate.

For the moment, we have limited ourselves to the case where the
initial and final particles, described by φ1, φ2, are scalars, and we have
also assumed that the resonance Φ is a scalar. If instead the resonance
has spin J we must sum over the 2J + 1 possible spin states of the
resonance, and we therefore have an overall factor 2J + 1. Furthermore,
if the two initial particles have spin sa and sb, and we know their spin
state, we simply use the partial width ΓR→i for these spin states. If, as
it is more common, we do not know the initial polarizations, we average
over the initial spins inserting a factor

1
(2sa + 1)(2sb + 1)

∑
sa,sb

. (6.59)

We reabsorb
∑

sa,sb
in ΓR→i, which therefore becomes the width for

the process R → i summed over all possible spin configurations of the
state i. Similarly, we sum over the final polarizations, reabsorbing the
sum in the redefinition of ΓR→f . In conclusion, the general form of the
Breit–Wigner distribution is

σ(E) � 2J + 1
(2sa + 1)(2sb + 1)

π

|k |2
ΓR→iΓR→f

(E − MR)2 + (Γ2/4)
. (6.60)

As an example, consider the scattering

e+e− → Z0 → f f̄ (6.61)

where e± are the electron and positron, Z0 is one of the vector bosons of
the Standard Model, and f, f̄ a fermion–antifermion pair. In this case
sa = sb = 1/2 while J = 1. Since MZ � me, M2

Z � 4|k |2 and eq. (6.60)
gives, for the cross-section at the Z0 peak,

σpeak =
3

2 · 2
(

4π

M2
Z

)
Γ(Z0 → e+e−)Γ(Z0 → f f̄)

Γ2
Z/4

=
12π

M2
Z

Γ(Z0 → e+e−)Γ(Z0 → f f̄)
Γ2

Z

. (6.62)
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6.6 Born approximation and

non-relativistic scattering

In the non-relativistic limit, the computations performed with the Feyn-
man diagrams must reproduce the results of non-relativistic quantum
mechanics, where the interaction between particles is described by a po-
tential V (x ). The question that we want to answer in this section is the
following: given the field theory Lagrangian, what is the potential V (x )
experienced by the particles in the non-relativistic limit?

We begin by recalling the basic formulas of scattering theory in non-
relativistic quantum mechanics (see e.g. Landau and Lifshitz, vol. III
(1977), Section 126): the elastic scattering cross-section for a particle of
mass m in the potential V (x ) has the general form

dσ

dΩ
= |f(θ)|2 , (6.63)

where θ is the scattering angle. The scattering amplitude f(θ) can be
computed considering V as a small perturbation of the free Hamiltonian.
The result to first order in V is called the Born approximation, and is
given by

f(θ) = − m

2π

∫
d3x e−iq ·x V (x ) . (6.64)

We denote the initial momentum by k , the final momentum by k ′ (with
|k | = |k ′| since we consider an elastic process) and the transferred
momentum by q = k ′ − k . The scattering angle θ is related to q = |q |
and to k = |k | by q = 2k sin(θ/2). In a central potential V (r) the
angular integral in eq. (6.64) is easily performed explicitly, and

f(θ) = −2m

q

∫ ∞

0

dr rV (r) sin qr . (6.65)

Let us compare these results with the relativistic formalism that we
have developed. For definiteness, we consider the scattering of a non-
relativistic particle of momentum k and mass m, with |k | 
 m, off a
heavy target A, with mass MA � m. We can think for instance of an
electron scattering off an atom. Since k 
 m 
 MA, we can neglect
the recoil of the atom. We limit ourselves to elastic scattering.2 We

2The case where the atom is left in an
excited state, and therefore the collision
is inelastic, is discussed in Problem 6.2.

assume that the incoming particle and the particle A interact through
the exchange of a massless or massive boson; it would be a photon in the
electron–atom case, but we can treat similarly the exchange of a massive
vector particle, or of a scalar particle. At tree level, the interaction is
described by the Feynman diagram in Fig. 6.6a. The fact that we neglect
the recoil of the scattering center is represented writing the Feynman
diagram as in Fig. 6.6b.3

3We are considering a theory in
which there is a (light particle)–(light
particle)–boson vertex and a (heavy
particle)–(heavy particle)–boson ver-
tex, but no (light particle)–(heavy
particle)–boson vertex, so there are no
s-channel and u-channel amplitudes,
but only the t-channel amplitude of
Fig. 6.6a.
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Fig. 6.6 (a): the scattering of a light
particle off a heavy target. In the
limit in which we neglect the recoil
of the target, the graph is drawn as
in Fig. (b), which represents more
generally the scattering of a particle
in an external potential. (a) (b)

We start from our basic formula for elastic scattering, eq. (6.44). By
assumption MA is much larger than the electron energy, so s � M 2

A and
eq. (6.44) becomes

dσelas � 1
64π2M2

A

|Mfi|2dΩ . (6.66)

Since we want to compare with the non-relativistic equations, it is con-
venient to use the non-relativistic normalization of the matrix element.
We denote by |k , A〉 a state with an electron with momentum k and
the atom in a state labeled by A. According to eq. (6.7) we have

|k , A〉(R) = (2Ek )1/2(2EA)1/2|k , A〉(NR) � (2m)1/2(2MA)1/2|k , A〉(NR) .
(6.67)

We work in the rest frame of the atom, so EA = MA, and we have
used the fact that the incoming particle is non-relativistic, so Ek � m.
For notational convenience we have also set the spatial volume V equal
to one, since we have already checked explicitly in Section 6.1 that the
volume factors cancel in the final expression for the cross-section. As in
Section 6.1, we denote by Mfi the matrix element with non-relativistic
normalization. Then, from eq. (6.67),

Mfi = (〈k ′, A|Tfi|k , A〉)(R) � (2m)(2MA)Mfi , (6.68)

and eq. (6.66) becomes

dσelas

dΩ
�
(m

2π

)2

|Mfi|2 . (6.69)

Comparing with eqs. (6.63) and (6.64) we see that we can identify the
non-relativistic scattering amplitude f(θ) with (m/2π)Mfi.44Comparing the cross-sections, the rel-

ative phase between f(θ) and Mfi

remains undetermined. The correct
phase is a plus sign, as we have written,
and can be found either comparing di-
rectly the amplitudes, or checking that
in this way one obtains the Coulomb
potential with the correct sign, as we
will do below.

We therefore arrive at the following conclusion. The interaction po-
tential is an intrinsically non-relativistic concept, since it describes an
instantaneous (rather than a retarded) interaction. In QFT, in the fully
relativistic regime, it makes no sense. However, in the non-relativistic
limit, it is recovered with the following procedure: 1) Compute the
scattering amplitude Mfi using the Feynman diagrams. 2) Transform
it into the amplitude with non-relativistic normalization of the states,
Mfi. This is related to the non-relativistic scattering amplitude f(θ) by
Mfi = (2π/m)f(θ). Using eq. (6.64),

Mfi(q ) = −
∫

d3x e−iq ·x V (x ) , (6.70)
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or, inverting the Fourier transform,

V (x ) = −
∫

d3q

(2π)3
Mfi(q )eiq ·x . (6.71)

We apply this formula to the electromagnetic scattering of an electron
with charge e off a positively charged ion with charge −Ze and spin
1/2, and we consider the case where the initial and final spin states are
equal, so we will not write the spin labels explicitly. The vertex factor
associated to the electron is −ieγν while the vertex associated to the ion
is +iZeγµ. Therefore the Feynman diagram of Fig. 6.6a gives

iMfi = [ūA(+iZeγµ)uA]
−iηµν

q2
[ūe(−ieγν)ue] , (6.72)

where uA is the wave function of the ion and ue of the electron. The
momentum transferred by the photon is qµ = (q0,q ) and, since we are
considering elastic scattering, we have q0 = 0 and q2 = −q 2. Then

Mfi =
Ze2

q 2
(ūAγµuA) (ūeγµue) . (6.73)

Since the particle A is at rest, it is convenient to use the standard rep-
resentation for the γ matrices, as discussed in Sections 3.4.2 and 3.6.
For a particle with mass MA at rest we found uL = uR =

√
MA ξ, with

ξ†ξ = 1, see eq. (3.103). As we found in eq. (3.95), the spinor in the
standard representation is given in terms of uL, uR by

u =
1√
2

(
uR + uL

uR − uL

)
, (6.74)

so, for the particle A at rest,

uA =
√

2MA

(
ξ
0

)
. (6.75)

Then ūAγ0uA = u†
AuA = 2MAξ†ξ = 2MA and, from the form of the γ

matrices in the standard representation, eq. (3.96), ūAγiuA = 0. There-
fore

(ūAγµuA) (ūeγµue) =
(
ūAγ0uA

)
(ūeγ0ue) � (2MA)(2me) , (6.76)

where we have set ūeγ0ue � 2me since the electron is non-relativistic.
We see that the contribution of the wave functions on the external lines
is just what is needed to convert Mfi into Mfi, and we find

Mfi(q ) =
Ze2

q 2
. (6.77)

Using eq. (6.71) and performing the angular integration similarly to
eq. (6.65), the potential is therefore given by

V (x ) = −
∫

d3q

(2π)3
Mfi(q )eiq ·x = − 4π

(2π)3r

∫ ∞

0

dq qMfi(q) sin qr ,

(6.78)
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where here we have used the notation q = |q |. The integral is performed
using the identity

∫∞
0

dx (sin x)/x = π/2, and we finally find

V (r) = −Zα

r
, (6.79)

which is the standard Coulomb potential. The same calculation can be
performed if we consider the exchange of a massive boson of mass µ.
The result is now proportional to the Fourier transform of the massive
propagator.5 For elastic scattering we have q0 = 0 and therefore q2 =5Actually, in the case of a massive

gauge boson the propagator is not
proportional to ηµν but to ηµν −
(qµqν/m2), see eq. (8.26). The reader
can verify that the additional term
qµqν/m2 in our case gives zero since
q = p′ − p and then qµū(p′)γµu(p) =
0, using the fact that the spinors
u(p), ū(p′) are solutions of the Dirac
equation.

(q0)2 − q 2 = −q 2, so
1

q2 − µ2
= − 1

q 2 + µ2
. (6.80)

Therefore the r-dependence of the potential is now given by∫
d3q

(2π)3
1

q 2 + µ2
eiqx ∼ e−µr

r
. (6.81)

A potential of this form is called a Yukawa potential. This is a short-
range potential, with a characteristic interaction range equal to the
Compton wavelength 1/µ of the particle exchanged. We conclude that:

exchange of a massless boson ↔ long-range Coulomb potential

exchange of a massive boson ↔ short-range Yukawa potential.

As for the sign of the potential, we have seen that in the case of
the exchange of a vector boson only the component µ = ν = 0 of the
propagator contributes, because in the non-relativistic limit only the
µ = 0 component survives in ūγµu. Therefore the factor coming from
the propagator is

D00 =
−iη00

q2 − µ2
= +

i

|q |2 + µ2
. (6.82)

For the exchange of a scalar particle instead the factor coming from the
propagator is

D =
i

q2 − µ2
= − i

|q |2 + µ2
. (6.83)

The interaction mediated by a vector particle is repulsive for particles
with the same charge and attractive for particles with opposite charge, as
we have checked in the computation above. We see comparing eqs. (6.82)
and (6.83) that the interaction mediated by a scalar particle is instead
attractive for particles with the same charge. In fact, the strong interac-
tion between nucleons, at distances larger than the fermi, can be thought
of as mediated by the pion, which is scalar and massive, and therefore
the strong interaction between nucleons is attractive, and short-ranged.

More complicated potentials can be obtained with the simultaneous
exchange of more than one boson. For instance, in the language of
Feynman diagrams, van der Waals forces at large distances arise from the
exchange of two photons between atoms which are electrically neutral
but have an electric dipole moment, see Landau and Lifshitz, vol. IV
(1982), Section 85.
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6.7 Solved problems

Problem 6.1. Three-body kinematics and phase space

In this problem we investigate various aspects of the kinematics of three-body
final states. Consider the decay of a particle with four-momentum p in its rest
frame, with p = (M, 0), into three particles with momenta pi and masses mi,
i = 1, 2, 3. Let E1, E2, E3 be the energies of the decay products in the rest
frame of the decaying particle. The differential three-body phase space is

dΦ(3) =
d3p1

(2π)32E1

d3p2

(2π)32E2

d3p3

(2π)32E3
(2π)4δ(4)(p1 + p2 + p3 − p) , (6.84)

where E2
i = p2

i +m2
i . The Dirac delta can be used to integrate over the spatial

momentum p3, so that

dΦ(3) =
1

8(2π)5
d3p1d

3p2

E1E2E3
δ(E1 + E2 + E3 − M) , (6.85)

where E3 = (p2
3 +m2

3)
1/2 and now p3 is a notation for −(p1 +p2). The matrix

elements |Mfi|2 must be integrated with this measure. To proceed further,
we must know the dependence of |Mfi|2 on p1, p2. The simplest case is the
decay of a spin-0 particle into spin-0 particles, in the absence of external fields.
In this case there is no preferred direction in space, and the matrix element
can only depend on the angle θ between p1 and p2. Then eq. (6.85) becomes

dΦ(3) =
1

8(2π)5
4πp2

1dp1

E1E2E3
2πp2

2dp2 dcos θ δ(E1 + E2 + E3 − M) (6.86)

=
1

32π3

p1dp1

E1E2E3
(p2dp2) (p1p2 dcos θ) δ(E1 + E2 + E3 − M) .

Now we use the identity E1dE1 = p1dp1, which follows from E2
1 = p2

1 + m2
1,

and similarly E2dE2 = p2dp2. Furthermore,

E2
3 = (p1 + p2)

2 + m2
3 = p2

1 + p2
2 + 2p1p2 cos θ + m2

3 . (6.87)

Therefore, at p1, p2 fixed, we have E3dE3 = p1p2dcos θ. In eq. (6.86) it is then
convenient to perform the integration in d cos θ as the innermost, so we can
rewrite eq. (6.86) as

dΦ(3) =
1

32π3
dE1dE2dE3 δ(E1 + E2 + E3 − M) , (6.88)

and use the Dirac delta to eliminate E3. In conclusion, for spin-0 particles,
and in the absence of external fields,

dΦ(3) =
1

32π3
dE1dE2 . (6.89)

Of course this expression is valid only in the region of the (E1, E2) plane where
energy–momentum conservation is satisfied, otherwise the Dirac delta gives
zero. To determine this region, we first introduce the Mandelstam variables
s, t, u for the decay of a particle with four-momentum p into three particles
with four-momenta p1, p2, p3,

s = (p − p1)
2 = (p2 + p3)

2 , (6.90)

t = (p − p2)
2 = (p1 + p3)

2 , (6.91)

u = (p − p3)
2 = (p1 + p2)

2 . (6.92)
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These variables are Lorentz invariant by definition, and can be written in
terms of the center-of-mass energies E1, E2, E3 as

s = M2 + m2
1 − 2ME1 , (6.93)

t = M2 + m2
2 − 2ME2 , (6.94)

u = M2 + m2
3 − 2ME3 . (6.95)

s is also called the invariant mass of the (2, 3) pair, and is denoted also as
m2

23, and similarly t = m2
13 and u = m2

12. From E1 + E2 + E3 = M it follows
that

s + t + u = M2 + m2
1 + m2

2 + m2
3 . (6.96)

t

s

s + t = M  + m2 2

s t = M   m2 2

Fig. 6.7 The allowed region of phase
space (shaded area) when two final
particles are massless.

t

s

s + t = M 
2

Fig. 6.8 The Dalitz plot when all
three final particles are massless be-
comes a triangle.

s

t

Fig. 6.9 The generic form of the
Dalitz plot when all three final par-
ticles are massive.

Therefore the three Mandelstam variables are not independent. We choose s
and t as the independent variables. Since ds = −2MdE1 and dt = −2MdE2,
the phase space can be rewritten as

dΦ(3) =
dsdt

16M2(2π)3
. (6.97)

We now find the kinematical limits on s, t. First of all s attains its maximum
value when E1 has its minimum value, see eq. (6.93), i.e. when E1 = m1, so
smax = (M − m1)

2. This corresponds to the configuration in which, in the
rest frame of the decaying particle, the initial particle decays into particle 1
at rest, while particles 2 and 3 have opposite momenta, with the modulus of
momentum fixed by energy conservation.

The minimum value of s is found instead writing s = (p2 + p3)
2 = m2

2 +
m2

3 + 2(E2E3 − p2 · p3). Since s is invariant, we can compute it in the frame
that we prefer. In the CM of the pair (2, 3) we have p3 = −p2, and in this
frame s = m2

2 + m2
3 + 2(E2E3 + |p2| · |p3|), which shows that the minimum

value is obtained, in this frame, for p2 = p3 = 0, so that E2 = m2, E3 = m3,
and s = (m2 + m3)

2. Since s is Lorentz invariant, this is the minimum value
in any frame. In conclusion, the limits on s are

(m2 + m3)
2 � s � (M − m1)

2 . (6.98)

Now, fixing s within these limits, we look for the limits on t. We therefore
look for a relation which expresses the conservation of energy and momentum
and which is written only in terms of s and t. We start from E2

3 = p2
3 + m2

3

and we use the conservation of energy, E3 = M −E1 −E2 and of momentum,
p3 = −p1 − p2, to write

(M − E1 − E2)
2 = m2

3 + p 2
1 + p 2

2 + 2p1 · p2 . (6.99)

The limiting cases correspond to

p1 · p2 = ±|p1| · |p2| = ±
q

(E2
1 − m2

1)(E
2
2 − m2

2) . (6.100)

Inserting this into eq. (6.99), we find that the limiting curve in the (s, t) plane
is given by

M2 + 2E1E2 + m2
1 + m2

2 − m2
3 − 2M(E1 + E2) = ±2

q
(E2

1 − m2
1)(E

2
2 − m2

2) .

(6.101)
Using eqs. (6.93) and (6.94) we can eliminate E1, E2 in favor of s, t,

E1 =
M2 + m2

1 − s

2M
, E2 =

M2 + m2
2 − t

2M
. (6.102)
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We examine first this curve in the limiting case m1 = m2 = 0 (we then denote
m3 simply by m). The curve with the plus sign becomes simply t+s = M 2+m2

while that with the minus sign becomes st = m2M2. If m 
= 0, the resulting
region of the (s, t) plane is shown in Fig. 6.7, while if even m = 0 the area
degenerates to a triangle, see Fig. 6.8. The plot of the phase space region
allowed by energy–momentum conservation is known as the Dalitz plot. If all
three masses are different from zero the Dalitz plot has the generic form shown
in Fig. 6.9. Observe that the number of cusps in the limiting curve is equal
to the number of massless final particles. 1

2

3

Fig. 6.10 A three-particle decay go-
ing through a resonant intermediate
state.

t

sm2
R

Fig. 6.11 If the three-body decays
proceed through a resonance of mass
mR, the experimental events are
concentrated on a band around s =
m2

R, of width equal to the resonance
width, rather than being distributed
more or less uniformly in the Dalitz
plot.

2
Σ

Σ
2

2
Λ π +

Λ π
2

−m

m

m
m

Fig. 6.12 The distribution of events
in K−p → Λ0π+π−, showing that
the process goes through the reso-
nances Σ±.

The usefulness of this representation is that the phase space is uniform in the
Dalitz plot, see eq. (6.97), and therefore any non-uniformity in the distribution
of events is due to the matrix element. This allows us to identify immediately
possible resonances. Suppose for instance that the decay of the initial particle
proceeds through an intermediate resonance that subsequently decays into
particles 2 and 3 as in Fig. 6.10. As we saw in Section 6.5, the process will
be greatly enhanced when the kinematic invariant

√
s (i.e. the invariant mass

m23 of the (2, 3) pair) is equal to the mass mR of the resonance. Therefore
the distribution of the experimental events will be mostly localized in a band
corresponding to this value of m23, rather than being distributed more or
less uniformly over the whole Dalitz plot, and it might look as in Fig. 6.11.
This is the way in which many resonances are discovered. For example, the
D0 meson is a particle with mass mD = 1864.6 ± 0.5 MeV, spin zero and a
lifetime τ = (410.3±1.5)×10−15 s. Among its decay modes, one finds a three-
body decay D0 → K−π+π0. Displaying the various events collected by the
detector on a Dalitz plot, one finds a band of the type shown in Fig. 6.11 when
on the horizontal axis we plot the invariant mass of the K−π+ system, and
the band is localized at m2

K−π+ � (892 MeV)2. This shows that the process
goes through a resonance, known as K∗(892)0, i.e. D0 → K∗(892)0π0 and
subsequently K∗(892)0 → K−π+.

The same considerations can be applied to a scattering process of two par-
ticles into three particles. In this case the initial state, in the CM, has four-
momentum p = (ECM, 0), where ECM is the total energy in the CM, and all
considerations above go through with the replacement M → ECM. So, for
instance, in the scattering process of kaons on protons, K−p → Λ0π+π−, with
the kaon momentum of the order of the GeV and the protons at rest, one
finds that the events are concentrated in two bands, as in Fig. 6.12, corre-
sponding to the two processes K−p → Σ+π−, followed by Σ+ → Λ0π+, and
K−p → Σ−π+, followed by Σ− → Λ0π−.

Problem 6.2. Inelastic scattering of non-relativistic electrons on
atoms

In this problem we study the process in which a non-relativistic electron scat-
ters on an atom A, leaving the atom in an excited state A∗, i.e. e−A → e−A∗.
We start from eq. (6.43) for the inelastic cross-section. We work in the rest
frame of the atom A, and we denote its mass by MA. As in Section 6.6, we
use s � M2

A, since the mass of the atom A is much bigger than the electron
energy. We use the matrix element with non-relativistic normalization, see
eq. (6.8), and therefore eq. (6.43) becomes

dσ

dΩ
=
“m

2π

”2 p′

p
|Mfi|2 . (6.103)

We use the notation p = |p|, p′ = |p′|. We saw in Section 6.6 that, for elastic



174 Cross-sections and decay rates

scattering,

Mfi(q ) = −
Z

d3x e−iq ·x V (x ) = −〈p ′|V̂ |p 〉 , (6.104)

where the hat denotes the quantum operator, and |p 〉, |p ′〉 are the incoming
and outgoing electron states with non-relativistic normalization, so 〈x |p 〉 =
eip·x, and q = p ′ − p . We set all volume factors equal to one for simplicity,
since they cancel anyhow at the end. The last equality in eq. (6.104) is easily
proved inserting two complete sets of states,

〈p ′|V̂ |p 〉 =

Z
d3xd3x′〈p ′|x ′〉〈x ′|V̂ |x 〉〈x |p 〉 , (6.105)

and using 〈x ′|V̂ |x 〉 = V (x )〈x ′|x 〉 = V (x )δ(3)(x − x ′). In eq. (6.104) the
atom is treated as an external scattering center, without internal dynamics. If
we take into account the fact that the internal state of the atom changes, we
must insert in the initial and final state also the atomic state, so for inelastic
scattering eq. (6.104) must be replaced by

Mfi = −〈p ′A∗|V̂ |pA〉 . (6.106)

For simplicity, we limit ourselves to the Coulomb interaction of the incoming
electrons with the atomic electrons and with the nucleus, neglecting all spin
interactions, and the form factor of the nucleus. Then

V̂ (x ,x a) = −α

 
Z

|x | −
ZX

a=1

1

|x − x a|

!
, (6.107)

where x is the position operator of the incoming electron, x a of the atomic
electrons, and we have considered a neutral atom with Z electrons. The wave
function of the incoming electron is eip ·x and of the outgoing electron is eip ′·x .
Therefore, with q = p ′ − p , the matrix element (6.106) becomes

Mfi = −
Z

d3x e−iq ·x 〈A∗|V̂ (x ,x a)|A〉

= +α

Z
d3x e−iq ·x

"
Z

|x | 〈A
∗|A〉 −

ZX
a=1

〈A∗| 1

|x − x a| |A〉
#

. (6.108)

We now observe thatZ
d3x e−iq ·x 1

|x − x a| = e−iq ·x a

Z
d3x e−iq ·x 1

|x | (6.109)

and we use Z
d3x e−iq ·x 1

|x | =
4π

|q |2 (6.110)

(this equality can be proved more easily adding a factor e−ε|x | in the integrand,
to assure the convergence; in polar coordinates the integral is then elementary,
and at the end we take the limit ε → 0+). Therefore

Mfi =
4πα

q2

"
Z〈A∗|A〉 −

ZX
a=1

〈A∗|e−iq ·x a |A〉
#

, (6.111)

where q = |q |. We now perform a multipole expansion, expanding e−iq ·x a ,
and we retain terms up to quadratic order. The expansion is valid when
qa � 1, where a is the atomic size. Then

Mfi =
4πα

q2

"
iqi〈A∗|

ZX
a=1

xi
a|A〉 +

1

2
qiqj〈A∗|

ZX
a=1

xi
axj

a|A〉 + O(q3)

#
, (6.112)
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where in xi
a the index a labels the atomic electrons, while i = 1, 2, 3 is the

spatial index. We introduce the dipole and the quadrupole operators

Di =

ZX
a=1

xi
a , (6.113)

Qij =

ZX
a=1

„
xi

axj
a − 1

3
δijr2

a

«
, (6.114)

with ra = |x a|. Then

Mfi =
4πα

q2

"
1

6
q2〈A∗|

X
a

r2
a|A〉 + iqi〈A∗|Di|A〉 +

1

2
qiqj〈A∗|Qij |A〉 + O(q3)

#
.

(6.115)
When we take the modulus squared of this amplitude, there is no interference
between the dipole and the other two terms (the scalar term ∼ r2 and the
quadrupole), since the dipole contributes only to transitions which change
the parity, while both the scalar and the quadrupole are non-vanishing only
between states with the same parity.6 Let us denote more explicitly |A〉 = 6The angular momentum selection

rules instead are as follows: the dipole
is a vector, and as such it could medi-
ate transitions with ∆L = 0,±1. How-
ever parity eliminates ∆L = 0, since xi

is a true vector, and we are left with
∆L = ±1. Similarly the quadrupole
is a spin-2 operator and can mediate
transitions with ∆L = 0,±2, whereas
∆L = ±1 are eliminated by parity. The
scalar r2 of course mediates only transi-
tions with ∆L = 0, ∆M = 0. Therefore
in a transition with ∆L = 0,∆M = 0
the scalar and quadrupole can interfere.

|nLM〉, where L is the orbital angular momentum, M = Lz, and n denotes
collectively all the other quantum numbers, e.g. n is the principal quantum
number in the hydrogen atom. Observe that, since we are neglecting the spin–
orbit coupling, L is separately conserved. Similarly, we write |A∗〉 = |n′L′M ′〉.
Putting together eqs. (6.103) and (6.115), and taking into account that the
interference term involving the dipole vanishes, the cross-section is the sum of
an even-parity term and the dipole term,

„
dσ

dΩ

«
even

=
p′

p
m2α2

˛̨̨
˛̨1
3
〈n′L′M ′|

X
a

r2
a|nLM〉 +

qiqj

q2
〈n′L′M ′|Qij |nLM〉

˛̨̨
˛̨
2

,

(6.116)„
dσ

dΩ

«
dipole

=
p′

p

4m2α2

q4
qiqj〈n′L′M ′|Di|nLM〉〈nLM |Dj |n′L′M ′〉 . (6.117)

These expressions can be simplified observing that typically we do not know
the value of M before the transition and we are not interested in a specific value
of M ′ after. Therefore in the cross-section we average over the initial value of
M and we sum over the final values. Summing over M , the interference term
between the scalar and quadrupole in eq. (6.116) disappears. In fact, the scalar
operator

P
a r2

a has non-vanishing matrix elements only if M = M ′, L = L′,
and its matrix element is independent of M . Therefore the M -dependence in
the interference term is completely contained in 〈n′LM |Qij |nLM〉. Summing
over M , we find

LX
M=−L

〈n′LM |Qij |nLM〉 = 0 . (6.118)

This could be shown by explicit computation, but it is much easier to observe
that 〈n′LM |Qij |nLM〉 is a spatial tensor with two indices; before performing
the sum over M , we have at our disposal the tensor δij , and the direction ni

of the quantization axis, so the result will be a combination of δij and ninj .
After we sum over M , any dependence on the direction of the quantization axis
disappears, and the result can depend only on δij . However, Qij is a traceless
tensor, and therefore the left-hand side of eq. (6.118) cannot be proportional
to δij . This means that it must vanish.
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Therefore the cross-section splits into a sum of scalar, dipole and quadrupole
terms,„

dσ

dΩ

«
scalar

=
p′

p

m2α2

9
|〈n′LM |

X
a

r2
a|nLM〉|2 δLL′δMM′ , (6.119)

„
dσ

dΩ

«
dipole

=
p′

p

4m2α2

q4

qiqj

2L + 1

X
M,M′

〈n′L′M ′|Di|nLM〉〈nLM |Dj |n′L′M ′〉 ,

(6.120)„
dσ

dΩ

«
quad

=
p′

p

m2α2

q4

qiqjqkql

2L + 1

X
M,M′

〈n′L′M ′|Qij |nLM〉〈nLM |Qkl|n′L′M ′〉 .

(6.121)
Performing the sum over M, M ′ allows us to simplify further the dipole and
quadrupole cross-sections. Again we use the fact that the choice of the quan-
tization axis becomes irrelevant and there is no preferred direction. Therefore,
in the dipole cross-section, the quantityX

M,M′
〈n′L′M ′|Di|nLM〉〈nLM |Dj |n′L′M ′〉

must be proportional to δij , since it is a tensor and there is no other quantity
that can appear in the final result. We denote the proportionality constant
by D2/3,

X
M,M′

〈n′L′M ′|Di|nLM〉〈nLM |Dj |n′L′M ′〉 =
1

3
δijD2 , (6.122)

so that by definition D2 =
P

M,M′ |〈n′L′M ′|Di|nLM〉|2. In order to simplify
the quadrupole term we introduce the notation

T ijkl =
X

M,M′
〈n′L′M ′|Qij |nLM〉〈nLM |Qkl|n′L′M ′〉 . (6.123)

The advantage of summing over M, M ′ is that even the apparently compli-
cated tensor structure of T ijkl is fully determined by symmetry considerations.
Again, we use the fact that T ijkl is a tensor and δij is the only tensor at our
disposal, since we have no preferred direction (it is easy to see that εijk can-
not enter, both because of parity and because it is impossible to use it to
construct a tensor with the symmetry properties of T ijkl). Therefore we must
have T ijkl = c1δ

ijδkl +c2δ
ikδjl +c3δ

ilδjk. Since Qij = Qji , T ijkl must satisfy
T ijkl = T jikl, and similarly for the second pair of indices. This implies that,
apart from an overall constant, T ijkl ∼ δikδjl + δilδjk − cδijδkl. The constant
c is fixed observing that

P
i Qii = 0 and therefore

P
i T iikl = 0. This gives

c = 2/3. Defining

Q2 =
X
i,j

T ijij , (6.124)

we therefore have

T ijkl =
Q2

10

„
δikδjl + δilδjk − 2

3
δijδkl

«
. (6.125)

(The factor 1/10 comes contracting i with k and j with l in the above equa-
tion.) In conclusion, all the information about the atomic structure has been
condensed in just D2 for dipole transitions and Q2 for quadrupole transitions.
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Inserting eqs. (6.122) and (6.125) into eqs. (6.120) and (6.121), respectively,
we find „

dσ

dΩ

«
dipole

=
p′

p

4

3

1

2L + 1

m2α2D2

q2
, (6.126)

„
dσ

dΩ

«
quad

=
p′

p

2

15

1

2L + 1
m2α2Q2 . (6.127)

The total cross-section is obtained integrating over dΩ. The angular depen-
dence is hidden in the transferred momentum q while p′ is fixed by the conser-
vation of energy. Therefore the quadrupole cross-section, which is independent
of q, simply gets a factor of 4π after integration over dΩ. For the dipole cross-
section we observe that, since q = p ′ − p , we have

q2 = p′2 + p2 − 2pp′ cos θ , (6.128)

and therefore
qdq = −pp′d cos θ . (6.129)

and the limits on q are qmin = p − p′ (we are considering excitations of the
atom due to the collision, so p > p′) and qmax = p + p′. Then

σdipole =

Z
dΩ

„
dσ

dΩ

«
dipole

= 2π

Z p+p′

p−p′
q dq

„
1

pp′
dσ

dΩ

«
dipole

=
8π

3

1

2L + 1

m2α2D2

p2
log

p + p′

p − p′ . (6.130)

Summary of chapter

• The calculation of scattering cross-sections and of decay rates is
made of two parts: (1) The dynamical part, which is the compu-
tation of the matrix element Mfi. When a perturbative approach
is applicable, Mfi can be computed using the Feynman diagram
technique discussed in Chapter 5; (2) The kinematical part, i.e.
the summation over the final states, with the appropriate factors
for the initial state.

• The kinematics of the final state is contained in the phase space,
eq. (6.19). The basic equation for computing the decay width of a
particle is eq. (6.20), while scattering cross-sections are computed
using eqs. (6.29) and (6.24). Explicit formulas for two-body and
three-body final states are given in Section 6.4 and in Problem 6.1.

• When the values of the initial momenta are such that an inter-
nal line becomes on-shell, the cross-section is enhanced. In this
case the intermediate state can be seen as a real particle which is
formed, lives for a certain time, and then decays. Such a particle
is called a resonance. The resonant cross-section is described by
the Breit–Wigner distribution, eq. (6.60).
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Further reading

• Many useful results on the topics of this chapter
can be found in the old but still beautiful series
of books by Landau and Lifshitz. For the defini-
tion of cross-sections, decay rates, phase space, etc.
see vol. II (Classical Field Theory), Section 12 and
vol. IV (Relativistic Field Theory), Section 65. For
resonances in non-relativistic quantum mechanics
see vol. III (Quantum Mechanics), Section 134. For
emission of radiations by atoms or molecules, dif-

fusion of light, interactions between electrons and
between atoms with Feynman diagram techniques,
Chapters 5, 6, 9 and 10 of Landau and Lifshitz,
vol. IV (1982) give an unmatched source of explicit
calculations.

• A rich source of solved problems in particle physics
and field theory, including many examples of cal-
culations of scattering processes, decays, etc., is
Di Giacomo, Paffuti and Rossi (1994).

Exercises

(6.1) Consider the differential cross-section for the 2 → 2
scattering, given in eq. (6.43). Show that it can be
rewritten, in terms of the Mandelstam variable t
and of the flux factor I , as

dσ =
1

64πI2
|Mfi|2dt . (6.131)

Observe that all factors are explicitly Lorentz in-
variant. (Assume cylindrical symmetry to perform
the integration over dφ.)

(6.2) Consider a 2 → 2 elastic scattering process for two
particles of masses m1 and m2. In the CM, let p ′ be
the final momentum of the particle 1, E′ its energy,
v2 the modulus of the initial velocity of the particle
2, and θ the scattering angle. Perform the Lorentz
transformation to the laboratory frame, where the
particle 2 is initially at rest and check that the final
energy of the particle 1, in the lab frame, is

Elab = γ2(E
′ + v2|p ′| cos θ) (6.132)

with γ2 = (1 − v2
2)−1/2, and therefore

dElab = γ2v2|p ′| d cos θ . (6.133)

Use this to show that the two-body phase space can
be rewritten as

dΦ(2) =
1

8πγ2v2
√

s
dElab (6.134)

where
√

s is the center of mass energy, and we as-
sumed cylindrical symmetry around the beam axis.

The two-body phase space is therefore uniform with
respect to the lab energy Elab, between the kine-
matical limits Emin � Elab � Emax, with

Emin = γ2(E
′ − v2|p ′|)

Emax = γ2(E
′ + v2|p ′|) . (6.135)

(6.3) (i) Consider the decay of an excited atomic state
A∗ into a lower state A, with emission of a pho-
ton, A∗ → Aγ. Verify that the phase space can be
written as

dΦ(2) =
ω

16π2MA
dΩ , (6.136)

where ω is the energy of the photon and MA the
mass of the atom.

(ii) Verify that the decay width can be written as

dΓ = |Mfi|2 ω

8π2
dΩ , (6.137)

where Mfi is the matrix element with the nor-
malization of one particle per unit volume for the
atomic states.

(iii) Consider a scattering process Aγ → A∗γ′.
Show that

dσ =
1

16π2

ω′

ω
|Mfi|2dΩ , (6.138)

where ω,ω′ are the energy of the initial and final
photon, respectively.
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(6.4) Consider a two-photon decay of an atomic state,
A∗ → Aγ1γ2. Show that the decay width can be
written as

dΓ

dω1
=

1

8(2π)5
ω1(ω − ω1)

Z
dΩ1dΩ2|Mfi|2 ,

(6.139)
where ω1, ω2 are the energies of the two photons,
ω = EA∗ − EA = ω1 + ω2, and dΩ1, dΩ2 are the
solid angles of the two photons.

(6.5) Denote by dΦ(n)(P ; p1, . . . , pn) the n-body phase
space, with p1 + . . . pn = P . Show that

dΦ(n)(P ; p1, . . . , pn) =

Z ∞

0

dµ2

2π
(6.140)

×dΦ(j)(q; p1, . . . , pj)dΦ(n−j+1)(P ; pj+1, . . . , pn, q),

where µ2 = q2
0 − q 2. Discuss the physical meaning

of this recursive representation of the phase space.

(6.6) (i) In the theory with Lagrangian given in
eq. (6.48), show that the Feynman diagram in
Fig. 6.5 develops an imaginary part when M > 2m,
and compute it.

(ii) Denoting the result of the Feynman diagram
of Fig. 6.5 by iM, show that eq. (6.52) predicts
that the decay rate Γ for the process Φ → φ1φ2 is
related to M by

Γ =
1

MR
ImM . (6.141)

(iii) Verify the correctness of the above relation
(which is a form of the optical theorem) computing
Γ explicitly.
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7.1 The QED Lagrangian

Quantum electrodynamics (QED) describes the interaction between elec-
trons (or any other charged spin 1/2 particle, like muons) and photons.
It is convenient to quantize the photons using the covariant quantiza-
tion of Section 4.3.2. Actually, it is also useful to generalize slightly the
Lagrangian used in Section 4.3.2: instead of eq. (4.102), we describe the
free electromagnetic field by

Lem = −1
4
FµνFµν − 1

2ξ
(∂µAµ)2 , (7.1)

with ξ a generic parameter. In Section 4.3.2 we set ξ = 1, but it can be
shown that for any ξ, after requiring that ∂µAµ vanishes between phys-
ical states, the spectrum of the theory is given by the two transverse
polarization states of the photon. Basically this comes out because the
only role of the term (1/2ξ)(∂A)2 is to break gauge invariance and to
allow us to define the momentum conjugate to A0. Then, between phys-
ical states, the operator ∂µAµ vanishes and the matrix elements between
physical states obtained with eq. (7.1) are independent of ξ. Of course
intermediate steps, like the equal time commutation relations between
Aµ and the conjugate momenta, or the propagator, do depend on ξ. In
the interacting theory, it will turn out that the dependence on ξ vanishes
if Aµ is coupled to matter respecting gauge invariance, so in particular
Aµ must be coupled to a conserved current.

It is sometimes useful to work with ξ generic, and to check the cor-
rectness of the computation verifying that in the end ξ cancels in the
matrix elements between physical states. Also, in different problems, dif-
ferent choices of ξ can simplify the calculation. The term (1/2ξ)(∂A)2

is called the gauge fixing term and ξ is the gauge fixing parameter; the
choice ξ = 1 is called the Feynman gauge, and is typically the simplest
choice. Sometimes also the choice ξ = 0 (Landau gauge) is useful; the
Lagrangian is singular in this limit, but we will see below that the photon
propagator is well defined at ξ = 0.

The interaction between the photon and the electron is written in
terms of the covariant derivative, as explained in Section 3.5.4. QED is
then described by the Lagrangian

LQED = Ψ̄(i �∂ − m)Ψ − 1
4
FµνFµν − 1

2ξ
(∂µAµ)2 − eAµΨ̄γµΨ . (7.2)

The Feynman rules of QED have already been given in Section 5.5.4. We
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just add that, if we use a generic ξ �= 1, the photon propagator becomes

D̃µν(k) =
−i

k2 + iε

(
ηµν − (1 − ξ)

kµkν

k2

)
. (7.3)

We now discuss the symmetries of the QED action. From the point
of view of space-time symmetries, QED has of course Poincaré invari-
ance. We have also seen that the coupling is constructed in such a way
that the theory is invariant under gauge transformation, i.e. local U(1)
transformations

Ψ(x) → eieθ(x)Ψ(x) , (7.4)
Aµ(x) → Aµ(x) − ∂µθ . (7.5)

The presence of this local symmetry implies also the existence of the
corresponding global U(1) symmetry with θ a constant parameter,

Ψ(x) → eieθΨ(x) , (7.6)
Aµ(x) → Aµ(x) . (7.7)

There is therefore an associated conserved Noether current, which is
Ψ̄γµΨ, and a U(1) charge which is conserved by the electromagnetic
interaction. To understand the meaning of this charge, observe that
Q =

∫
d3x j0, with j0 = Ψ̄γ0Ψ. In the Lagrangian density j0 is coupled

to A0, and in the Hamiltonian density j0 enters as +eA0j
0. Since in

classical electrodynamics A0 is the electrostatic potential, we see that
j0 is the electric charge density, measured in units of e, and therefore Q
is the electric charge, again in units of e. As we saw in Section 4.2, for
electrons Q = 1 and for positrons Q = −1, see eq. (4.43).

Gauge invariance implies that the photon is massless: a mass term for
the photon would correspond to a term m2

γAµAµ in the Lagrangian, but
this is forbidden since it is not invariant under gauge transformations.
If gauge invariance were broken we should expect a photon mass of the
order of the symmetry-breaking scale. However, the experimental bound
on the photon mass is extraordinarily tight, mγ < 2 × 10−16 eV.

QED also has important discrete symmetries. Consider first the parity
operation P . We have defined the action of P on a quantized spinor field
in eq. (4.58): Ψ(x) → ηaγ0Ψ(x′). From this it follows that the current
Ψ̄γµΨ is a true four-vector, i.e. under parity the spatial components
change sign and the temporal component is invariant. Since also ∂µ is
a true four-vector, the kinetic term of the fermion is invariant under
parity. Similarly, the gauge field Aµ is a true four-vector, so both the
kinetic term of the gauge field and the interaction term are invariant
under P . Therefore QED is invariant under parity.

Another important symmetry is charge conjugation, C. In Section 4.2
we defined the operation of charge conjugation on the quantized Dirac
spinors. We saw in Exercise 4.3 that, using the fact that the quantized
Dirac fields anticommute, the operator Ψ̄γµΨ changes sign under charge
conjugation,

CΨ̄γµΨC = −Ψ̄γµΨ . (7.8)
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Observe that, even if it involves complex conjugation, on the quantized
fields C is defined as a linear (rather than antilinear) operator. Its action
on the quantized Dirac field is determined by its action on the creation
and annihilation operators ap,s, bp,s given in eq. (4.59), regardless of
the fact that the coefficients of ap,s, bp,s in the expansion of Ψ are the
complex functions us(p)e−ipx and vs(p)eipx. Therefore CiΨC = iCΨC,
so also iΨ̄γµΨ changes sign under charge conjugation. Then the kinetic
term transforms as

CiΨ̄γµ∂µΨC = −i(∂µΨ̄)γµΨ , (7.9)

(since the term ∂µΨ, after the action of C, becomes proportional to
∂µΨ∗ and is then anticommuted to the left where it combines with a
γ0 to give ∂µΨ̄) and, after integrating ∂µ by parts, the kinetic term
in the action is invariant. Since the interaction term is proportional to
AµΨ̄γµΨ and Ψ̄γµΨ changes sign, if we define the charge conjugation on
Aµ as CAµ(x)C = −Aµ(x), QED is invariant under charge conjugation,
as we already saw in Section 4.3.2. The photon is then an eigenstate of
charge conjugation, with eigenvalue −1,

C|γ〉 = −|γ〉 . (7.10)

As an example of the use of these invariance principles, we examine the
electromagnetic decay of the neutral pion. In general, a particle can
be an eigenstate of charge conjugation only if it is electrically neutral.
Consider the three pions π±, π0. Apart from an arbitrary phase, we
have C|π+〉 = |π−〉 and C|π−〉 = |π+〉. Instead, the π0 is neutral, and
therefore C|π0〉 = η|π0〉; C has been defined on spinors so that C2 = 1
(see Section 4.2.3) and of course C2 = 1 also on the gauge field, so
C2 is the identity operator. So, even if π0, at the fundamental level,
is a possibly complicated bound state of fermions (in terms of quarks
π0 = uū + dd̄), we know that C2 is the identity operator also when we
apply it to the π0, and therefore η2 = 1 and η can only take the values
±1. To see which one is the actual value, we observe that π0 decays
electromagnetically as

π0 → 2γ . (7.11)

The two-photon state is an eigenstate of C with eigenvalue (−1)2 = +1
and since the electromagnetic interaction conserves C, this must also
be the value of C for the π0, i.e. η = +1. In turn, this means that
the electromagnetic decay π0 → 3γ is forbidden because it violates C.
Experimentally the decay into three photons is not observed, and the
limit is

Γ(π0 → 3γ)
Γ(π0 → 2γ)

< 3.1 × 10−8 . (7.12)

Finally, the QED action is invariant under time reversal T , and therefore
also under CPT , in agreement with the CPT theorem, see Section 4.2.3.
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7.2 One-loop divergences

In Section 5.6 we defined the superficial degree of divergence D for a
scalar field theory, and we saw that the condition for renormalizability is
that only a limited number of Green’s functions have D � 0. In QED, or
in general in the presence of fermions, the definition of D must be mod-
ified, since the fermionic propagator decreases as 1/p rather than 1/p2.
We denote by N ext

f , N ext
γ the number of external fermionic and photonic

lines respectively, by N int
f , N int

γ the number of internal fermionic and
photonic lines, by V the number of vertices in the graph and by L the
number of loops. Then, repeating the arguments of Section 5.6, the
superficial degrees of divergence is defined in QED as

D = 4L − 2N int
γ − N int

f . (7.13)

The number of loops is related to the total number of internal lines
N int

f + N int
γ as in eq. (5.143),

L = N int
f + N int

γ − V + 1 (7.14)

and the fact that to each vertex are associated two fermionic lines and
one photonic line means that

2V = 2N int
f + N ext

f , V = 2N int
γ + N ext

γ . (7.15)

Combining these expressions, we find

D = 4 − N ext
γ − 3

2
N ext

f . (7.16)

This means that only the Green’s functions with N ext
γ + 3

2N ext
f � 4 are

potentially dangerous. Furthermore, some of the potentially dangerous
Green’s functions are actually finite or even zero. Consider in fact the
Green’s functions with no external electron line and an arbitrary number
N ext

γ = n of external photon lines. They correspond to

〈0|Aµ1(x1) . . . Aµn(xn) exp
{
−i

∫
d4xHQED

}
|0〉c . (7.17)

We have seen that the QED Hamiltonian is invariant under charge con-
jugation, CHQEDC = HQED. Inserting multiple factors C2 = 1 in the
above expression and using C|0〉 = |0〉, we find

〈0|Aµ1(x1) . . . Aµn(xn) exp
{
−i

∫
d4xHQED

}
|0〉

= 〈0|(CAµ1 (x1)C) . . . (CAµn(xn)C)(C exp
{
−i

∫
d4xHQED

}
C)|0〉

= (−1)n〈0|Aµ1(x1) . . . Aµn(xn) exp
{
−i

∫
d4xHQED

}
|0〉 . (7.18)

Therefore the Green’s functions with no external fermion lines and with
an odd number of external photon lines are identically zero, to all orders
in perturbation theory (Furry’s theorem).
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Thus, we are finally left with the following potentially dangerous11As in Section 5.6, this does not mean
that the other Green’s functions have
no divergences, but that their diver-
gencies are automatically cured by the
renormalization of Green’s functions
with a smaller number of external legs.

Green’s functions: if N ext
f = 0 we can have

(i) N ext
γ = 0. This is a vacuum diagram, and can be cured simply by

normal ordering the Hamiltonian.
(ii) N ext

γ = 2. This is a divergence in the photon propagator.
(iii) N ext

γ = 4. This is a light–light scattering amplitude.
If instead N ext

f = 2 (recall that N ext
f must be even, as we see from the

first equation in (7.15), and as dictated by charge conservation) we can
have only

(i) N ext
γ = 0 (the fermion propagator), and

(ii) N ext
γ = 1 (the interaction vertex)._

k

pp p k

Fig. 7.1 The one-loop electron self-
energy.

q

k

q
k − q

Fig. 7.2 The one-loop photon self-
energy.

If N ext
f � 4 all Green’s functions have instead D < 0. Let us discuss

these UV divergences at the one-loop level. The corresponding one-loop
diagrams are shown in Figs. 7.1–7.4. Using for simplicity the Feynman
gauge ξ = 1, the graph in Fig. 7.1 is given by

iΣ(p) ≡
∫

d4k

(2π)4
(−ieγµ)

(
− iηµν

k2

)
i(�p − �k + m)

(p − k)2 − m2 + iε
(−ieγν) .

(7.19)
The correction to the photon propagator is given by the graph in Fig. 7.2,

p + k p’ + k

kp p’

q

Fig. 7.3 The one-loop vertex correc-
tion.
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k

kk

k

p−k
p−k

p−k −k1

1

2

3

4

1
3

2

Fig. 7.4 The one-loop light–light
scattering amplitude.

iΠµν(q) ≡ (−1)
∫

d4k

(2π)4
(7.20)

×Tr
[
(−ieγµ)

i(�k + m)
k2 − m2 + iε

(−ieγν)
i(�k − �q + m)

(k − q)2 − m2 + iε

]
.

The minus sign comes from the fermionic loop, and writing explicitly
the Dirac indices one can check that they combine to give a trace. The
correction to the interaction vertex in Fig. 7.3 is

−iΓµ(p, q) ≡
∫

d4k

(2π)4
(−ieγν)

(
− iηνρ

k2

)
(−ieγρ)

i(�p ′ + �k + m)
(p′ + k)2 − m2 + iε

×(−ieγµ)
i(�p + �k + m)

(p + k)2 − m2 + iε
, (7.21)

with q+p = p′. The one-loop light–light scattering amplitude of Fig. 7.4
is instead given by (the +iε are understood)

Aµνρσ(k1, k2, k3, k4) = (−1)(−ie)4i4
∫

d4p

(2π)4
Tr
[
γµ (�p + m)

p2 − m2

×γν (�p − �k3 + m)
(p − k3)2 − m2

γρ (�p − �k1 − �k2 + m)
(p − k1 − k2)2 − m2

× γσ (�p − �k1 + m)
(p − k1)2 − m2

]
, (7.22)

with k1 +k2 = k3 +k4. The integrals in eqs. (7.19), (7.20) and (7.21) are
UV divergent, so to make sense of them we must specify a regularization
procedure. Putting a cutoff Λ in Euclidean momentum space, as we did
in Chapter 5 for λφn theories, is not at all convenient in a gauge theory.
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The problem is that putting such a cutoff means that we are setting to
zero all momentum modes of the fields with k > Λ. However, even if we
set to zero all Fourier modes of the gauge field Ãµ(k) with k > Λ, these
modes are regenerated by a gauge transformation Aµ(x) → Aµ(x)−∂µθ,
with θ generic. In other words, a cutoff in momentum space is not com-
patible with gauge invariance. In general, it is very dangerous to break
a symmetry of the theory by the regularization. One would naively ex-
pect that the symmetry is recovered when we remove the cutoff, but this
turns out to be not at all automatic (if the symmetry is not recovered,
one says that there is an anomaly in the theory). If the gauge symmetry
became anomalous it would be a disaster. We saw in Section 4.3 that
gauge invariance is crucial in order to eliminate the spurious degrees of
freedom from the gauge field Aµ and remain with a massless particle
with two helicity states h = ±1, as is the photon. It is therefore much
more convenient to regularize the theory maintaining gauge invariance
explicitly. The two most useful gauge invariant regularizations are di-
mensional regularization and Pauli–Villars regularization. The former
is based on the following idea. Consider for example

Id ≡
∫

ddk

(2π)d

1
(k2 + ∆)2

, (7.23)

where we have already performed the Wick rotation, so k is now a Eu-
clidean momentum, while ∆ is some combination of external momenta
and masses. We are interested in d = 4, but we keep for the moment
d generic. For d = 4, this is one of the typical divergent parts of the
diagrams written above. Now one observes that, if d < 4, the integral is
convergent and the result can be written in terms of the Euler Γ function,

Id =
1

(4π)d/2

Γ(2 − d
2 )

Γ(2)

(
1
∆

)2− d
2

. (7.24)

The function Γ(z) has isolated poles at z = 0,−1,−2, . . . and therefore
the integral diverges in d = 4, 6, 8, . . ., and is otherwise well defined, even
for d non-integer. We can therefore take the right-hand side of eq. (7.24)
as the definition of Id for generic d, real or even complex. We can now
study it in d = 4 − ε dimensions, and in the limit ε → 0 we recover our
divergence; from the known behavior of the Γ function near the poles
one finds that, as ε → 0,

I4−ε → 1
(4π)2

(
2
ε
− log

∆
4π

− γ + O(ε)
)

, (7.25)

where γ � 0.5772 . . . is called the Euler–Mascheroni constant. We have
therefore succeeded in writing the integral as a divergent part plus a
finite term; ε plays the role of the cutoff.

The Pauli–Villars regularization is instead based on the idea of modi-
fying the form of the propagator in the UV, so that it goes to zero more
rapidly and helps the convergence of the loop integrals. For instance,
the photon propagator is modified by the replacement

1
k2 − iε

→ 1
k2 − iε

− 1
k2 + Λ2 − iε

. (7.26)
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In the limit Λ → ∞ we recover the original propagator, but for finite Λ
at large k2 the propagator decreases as 1/k4 rather than 1/k2.

It can be shown that both dimensional and Pauli–Villars regulariza-
tions preserve gauge invariance. There is a well-developed technology
for computing integrals and renormalizing the theory in these schemes,
see, e.g. Peskin and Schroeder (1995) or Weinberg (1995).

Once we have regularized the integrals, respecting gauge invariance,
we can adapt to QED the same reasoning explained in the case of λφ4

theory; then, the graph in Fig. 7.1 can be treated exactly as we did in
Section 5.5.2 for the scalar propagator, and the divergence is reabsorbed
in a renormalization of the mass and of the wave function of the fermion.
The graph in Fig. 7.2 instead gives a result of the form

Πµν(q) =
(
ηµνq2 − qµqν

)
Π(q2) , (7.27)

with Π(q2) divergent. This divergence is reabsorbed in a renormalization
of the wave function of the photon. It is important that in Πµν(q) there
is no term proportional to ηµν times a constant (rather than ηµνq2),
since this would have provided a renormalization of the mass of the
photon. However, a photon mass term m2AµAµ in the Lagrangian is
forbidden by gauge invariance, and therefore such a term is not produced
using a gauge-invariant regularization. Finally, the graph in Fig. 7.3
renormalizes the electric charge.

The graph in Fig. 7.4, in a naive power counting, seems logarithmically
divergent. However the explicit computation shows that this graph is
finite because the would-be divergent term inside the integral actually
vanishes.

After reabsorbing the divergences into the renormalized fields, renor-
malized mass and renormalized charge, all other Green’s function are
one-loop finite. This turns out to hold at all loops, and QED is renor-
malizable.

7.3 Solved problems

Problem 7.1. e+e− → γ → µ+µ−

e
_

e

p’

p

k’

k

q

µ
_

µ++

Fig. 7.5 The amplitude for e+e− →
µ+µ− at order e2; p, p′ are the in-
coming momenta of the electron and
positron, respectively, and k, k′ the
outgoing momenta of µ− and µ+.

As a prototype of many similar computations, we evaluate the cross-section
for the process e+e− → µ+µ− in QED. Remember, however, that when we
approach the electroweak scale we cannot limit ourselves to QED and there
is also a contribution to the amplitude from the Z0, e+e− → Z0 → µ+µ−,
which becomes resonant at E = mZ � 90 GeV. As long as the CM energy E
is much smaller that mZ we can neglect it.

In QED at lowest order there is only one Feynman graph, shown in Fig. 7.5.
The Feynman rules give

iMfi = v̄s′(p′)(−ieγµ)us(p)
−i

q2

„
ηµν − (1 − ξ)

qµqν

q2

«
ūr(k)(−ieγν)vr′

(k′) ,

(7.28)
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where q = p + p′ and the assignment of the momenta to the various particles
is as in Fig. 7.5. First of all, we observe that the term ∼ qµqν in the photon
propagator gives zero. In fact, using q = p + p′,

qµ

“
v̄s′(p′)γµus(p)

”
=
“
v̄s′(p′) 
p ′

”
us(p) + v̄s′(p′) ( 
pus(p)) . (7.29)

Using the Dirac equations for u and for v̄, given in eqs. (3.100) and (3.115),
we see that the right-hand side of eq. (7.29) is equal to

−mv̄s′(p′)us(p) + mv̄s′(p′)us(p) = 0 . (7.30)

Therefore the matrix element is independent of the gauge fixing parameter ξ,
as we expected from gauge invariance. The origin of this result is the fact
that in the interaction Lagrangian Aµ is coupled to the current Ψ̄γµΨ, which
is conserved on the equations of motion since it is the Noether current of the
U(1) symmetry. We therefore recover, at the quantum level, a condition that
we already found classically in Section 3.5.4: to preserve gauge-invariance, a
gauge field must be coupled to a conserved current.

Let us now perform the computation of the scattering cross-section for
e+e− → µ+µ−. Using the notation s = q2 for the square of the CM energy
we have

|Mfi|2 =
e4

s2

`
ū(µ−)γµv(µ+)

´ `
v̄(µ+)γνu(µ−)

´
× `v̄(e+)γµu(e−)

´ `
ū(e−)γνv(e+)

´
. (7.31)

We have used the notation u(e−) = us(p), etc. in which instead of writing
explicitly the momentum and spin we have written the particles to which they
refer, and we used the identity (ūγµv)∗ = v̄γµu, which is easily derived using
(γµ)† = γ0γµγ0.

If we are interested in a process with a specific spin structure, i.e. if we
know the spin of the initial particles and we are interested in the amplitude
with a given value of the spin of the final particle, we can use the explicit
expression for us(p), vs(p) given in Section 4.2. However, it is more common
that we have an unpolarized beam, so we do not know the spin of the initial
particle, and we accept in the detector all final particles, without measuring
their spin state. In this case we must average the cross-section over the initial
spin state and sum it over the final spin state. To understand how to perform
the sum over spins it can be convenient, even if a bit tedious, to write out
explicitly the Dirac indices and rewrite the above expression as

|Mfi|2 =
e4

s2
ūa(µ−)γµ

abvb(µ
+)v̄c(µ

+)γν
cdud(µ−)

×v̄a′(e+)(γµ)a′b′ub′ (e
−)ūc′(e

−)(γν)c′d′vd′(e+)

=
e4

s2

ˆ
u(µ−)ū(µ−)

˜
da

γµ
ab

ˆ
v(µ+)v̄(µ+)

˜
bc

γν
cd

× ˆv(e+)v̄(e+)
˜
d′a′ (γµ)a′b′

ˆ
u(e−)ū(e−)

˜
b′c′ (γν)c′d′ . (7.32)

Recalling now eqs. (3.112) and (3.113) we see that, summing over the spin
states, [v(µ+)v̄(µ+)]bc can be replaced by ( 
k ′ − mµ)bc, and [u(µ−)ū(µ−)]da

by ( 
k + mµ)da. Similarly for the initial electrons; here however we have to
average, rather than to sum, over the two spin states, so u(e−)ū(e−) is replaced
by (1/2)( 
p+me) and v(e+)v̄(e+) by (1/2)( 
p ′−me). Looking at the structure
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of the Dirac indices, we see that they are cyclic and can be rewritten in matrix
form as traces. Therefore

1

4

X
spin

|Mfi|2 =
e4

4s2
Tr
ˆ
( 
k + mµ)γµ( 
k ′ − mµ)γν

˜
Tr
ˆ
( 
p + me)γν( 
p ′ − me)γµ

˜
.

(7.33)
The traces can be performed using the identities

Tr(γµγν) = 4ηµν , (7.34)

Tr(γµγνγργσ) = 4(ηµνηρσ − ηµρηνσ + ηµσηνρ) , (7.35)

while the trace of an odd number of γ matrices vanishes (for other useful
identities, see, e.g. Peskin and Schroeder (1995), page 133). The factors
ηµν can then be used to contract the various momenta between them. The
resulting scalar products are most easily computed in the CM frame. In this
frame p = (E,p), p′ = (E,−p) with (2E)2 = s and p2 = E2 − m2

e, while
k = (E,k), k′ = (E,−k) with k2 = E2 − m2

µ. Denoting by θ the angle
between p and k, the result is

1

4

X
spin

|Mfi|2 = e4

»
1 + 4

m2
e + m2

µ

s
+ (1 − 4m2

e

s
)(1 − 4m2

µ

s
) cos2 θ

–
. (7.36)

To compute the cross-section we use eq. (6.43), with

|Mfi|2 → 1

4

X
spin

|Mfi|2 (7.37)

and with |p| =
√

E2 − m2
e, |p′| =

p
E2 − m2

µ. Introducing α = e2/(4π) we
get

dσ

dΩ
=

α2

4s

„
1 − (4m2

µ/s)

1 − (4m2
e/s)

«1/2 »
1 + 4

m2
e + m2

µ

s
+ (1 − 4m2

e

s
)(1 − 4m2

µ

s
) cos2 θ

–
.

(7.38)
In the large energy limit, me, mµ � √

s (but still
√

s � mZ otherwise QED
is not the correct theory to use, and we must resort to the Standard Model)
we have

dσ

dΩ
� α2

4s
(1 + cos2 θ) (7.39)

and, performing the angular integration, the total cross-section in this limit is

σ � 4πα2

3s
. (7.40)

Problem 7.2. Electromagnetic form factors

In this problem we study the most general form of the radiative corrections to
the electron–photon vertex, and we will show that the effect of loop corrections,
to all orders in α, is contained in two form factors, describing the electric charge
density and the magnetic dipole density.

Consider first of all the graph in Fig. 7.6, where the initial and final electrons
are on-shell, i.e. p2

1 = p2
2 = m2

e, while the photon line with momentum qµ can
be an internal line of a more general graph, and therefore q2 is generic.

1 2

q

p p

Fig. 7.6 The tree-level vertex. The
photon is off-shell.

Consider the electromagnetic current operator

Jµ
em(x) = Ψ̄(x)γµΨ(x) , (7.41)
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(a) (b) (d)(c)

(e)

++ +

+    . . . .      =+

Fig. 7.7 Loop corrections to the vertex. The graph (a) is the tree-level contri-
bution. The one-loop contributions are given by the graphs (b), (c), (d) and
by a graph like (d), but with the photon line on the other electron line. The
graph (e) is an example of a two-loop graph. The sum over all possible graphs
is indicated by the blob.

where Ψ is the full quantum field, rather than the free field in the interaction
picture. The information on the electron–photon vertex, to all orders in α, is
contained in the matrix element of this current between the initial and final
electron states,

〈p2|Jµ
em(x)|p1〉 . (7.42)

(For notational simplicity, we suppress the spin labels in the initial and final
state.) At tree level, we just substitute Ψ with the free field (4.32) and we
compute the matrix element explicitly,

〈p2|Jµ
em(x)|p1〉|tree = ū(p2)γ

µu(p1) e−i(p1−p2)x . (7.43)

This is the contribution to the matrix element of the iT operator. The fac-
tors e−i(p1−p2)x, together with similar factors from the other external lines of
the complete Feynman diagram, contribute to the overall Dirac delta express-
ing energy–momentum conservation, which is extracted from the definition of
Mfi, see eq. (5.115). These exponential factors can be extracted to all orders
in perturbation theory, simply observing that, if P̂ is the momentum operator,
we have

Jµ
em(x) = eiP̂xJµ

em(0)e−iP̂x (7.44)

and therefore

〈p2|Jµ
em(x)|p1〉 = 〈p2|eiP̂xJµ

em(0)e−iP̂x|p1〉 = e−i(p1−p2)x〈p2|Jµ
em(0)|p1〉 .

(7.45)
So, the object which enters in Mfi is 〈p2|Jµ

em(0)|p1〉 and at tree level

〈p2|Jµ
em(0)|p1〉|tree = ū(p2)γ

µu(p1) . (7.46)

The one-loop corrections and an example of a two-loop graph are shown in
Fig. 7.7, and we have generically denoted by a blob the sum of all possible
radiative corrections, to all orders in α. Of course, it is not possible to compute
this sum explicitly. However, the result is constrained by Lorentz invariance,
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parity and gauge invariance. Lorentz invariance implies that the result must
be a four-vector, so we should ask what four-vectors can be constructed with
the spinors ū(p2) and u(p1)

The most general fermion bilinears have been classified in eq. (3.119). Using
the variables

pµ = pµ
1 + pµ

2 , qµ = pµ
2 − pµ

1 , (7.47)

the most general four-vectors that we can construct with the spinors ū2 =
ū(p2) and u1 = u(p1) is a linear combination of

ū2p
µu1 , ū2q

µu1 , ū2γ
µu1 , ū2σ

µνpνu1 , ū2σ
µνqνu1 , (7.48)

which are true four-vectors, plus the corresponding pseudovectors obtained
inserting γ5. Therefore 〈p2|Jµ

em(0)|p1〉 must be a combination of these quan-
tities.

Under parity Jµ
em(x) is a true four-vector, so it transforms as J0

em(t,x ) →
J0

em(t,−x ) and J i
em(t,x ) → −J i

em(t,−x ) or, more compactly, as Jµ
em(t,x ) →

ηµµJµ
em(t,−x ), with no sum over the µ index. At the same time, under parity

the state |p1〉 → ηe|p′
1〉, where ηe is the intrinsic parity of the electron and p′

1 is
the parity-reversed momentum, p′

1 = (p0
1,−pi

1); similarly 〈p2| → 〈p′
2|η∗

e , with
the same ηe since we have an electron both in the initial and in the final state.
The term η∗

eηe = 1 therefore cancels and the matrix element 〈p2|Jµ
em(0)|p1〉,

under parity, picks a factor ηµµ while the momenta p1, p2 become parity-
reversed. This is the same transformation properties of the five terms displayed
in eq. (7.48), while the corresponding quantities constructed with γ5 pick an
overall −ηµµ factor. Since parity is a symmetry of QED, only the terms in
eq. (7.48) can enter in the parametrization of the matrix element that we are
considering, while the terms with γ5 are absent.

Another simplification comes from the fact that, when u1, ū2 are solutions
of the Dirac equation with masses m1, m2 respectively (in our case m1 = m2 =
me), there is an algebraic identity, known as the Gordon identity: from the
definition of σµν ,

ū2σµνqνu1 =
i

2
ū2[γµ, γν ](pν

2 − pν
1)u1 =

i

2
ū2 [γµ 
p2 − γµ 
p1 − 
p2γµ + 
p1γµ] u1 .

(7.49)
In the first and in the fourth term we anticommute 
p with γµ, so that 
p1 is
next to u1 and 
p2 is next to ū2, using

γµ 
p2 = ({γµ, γν} − γνγµ) pν
2 = 2p2,µ − 
p2γµ , (7.50)

and similarly for 
p1γµ. Then we use 
p1u1 = m1u1 and ū2 
p2 = m2ū2, see
eqs. (3.100) and (3.114), and we find

ū2σµνqνu1 = iū2 [pµ − (m1 + m2)γµ] u1 . (7.51)

Similarly, considering ū2σµνpνu1, we find

ū2σµνpνu1 = iū2 [qµ + (m1 − m2)γ
µ] u1 . (7.52)

We can use these identities to eliminate ū2σ
µνpνu1 and ū2p

µu1 from the list
of independent bilinears. Therefore we find that 〈p2|Jµ

em(0)|p1〉 is at most a
linear combination of ū(p2)γ

µu(p1), ū(p2)σ
µνqνu(p1) and ū(p2)q

µu(p1). The
coefficients must be Lorentz invariant functions. With pµ and qµ we can
construct the invariants q2, p2 and qp. However, qp = p2

2 − p2
1 = 0, while q2

and p2 are not independent since q2 = p2
2 + p2

1 − 2p2p1 = 2m2
e − 2p2p1 and
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p2 = p2
2 + p2

1 + 2p2p1 = 2m2
e + 2p2p1, so that q2 + p2 = 4m2

e. We choose q2 as
the independent variable. Then

〈p2|Jµ
em(0)|p1〉 = f1(q

2) ū2γ
µu1 + f2(q

2)
i

2me
ū2σ

µνqνu1 + f3(q
2) ū2q

µu1 .

(7.53)
The factor i in iσµνqν is chosen so that f2(q

2) is real, and the factor 1/2me

is a convenient normalization, so that f2(q
2) is dimensionless, as f1(q

2). We
now make use of the fact that, as a consequence of gauge invariance, the
electromagnetic current is conserved, ∂µJµ

em(x) = 0. Using eq. (7.45) we see
that this means that

qµ〈p2|Jµ
em(0)|p1〉 = 0 . (7.54)

The term ū2γ
µu1 satisfies this condition, since qµū2γ

µu1 = ū2( 
p2 − 
p1)u1

vanishes because u1 and u2 are solutions of the equations of motion. Also the
term ū2σ

µνqνu1 satisfies the condition: σµνqνqµ vanishes identically because
σµν is antisymmetric. Instead qµū2q

µu1 = q2ū2u1 does not vanish, since the
photon is in general off-shell, and q2 
= 0. Current conservation is exact to all
orders in α, since it is a consequence of gauge invariance, which means that
the function f3(q

2) must be identically zero.
In conclusion, the most general parametrization of the matrix element of

the electromagnetic current, compatible with Lorentz invariance, parity and
current conservation (i.e. with gauge invariance) is

〈p2|Jµ
em(0)|p1〉 = f1(q

2) ū2γ
µu1 + f2(q

2)
i

2me
qν ū2σ

µνu1 . (7.55)

The functions f1(q
2) and f2(q

2) are called form factors. Comparison with
eq. (7.46) shows that at tree level f1(q

2) = 1 and f2(q
2) = 0. We now want

to understand their physical meaning. This can be obtained considering their
effect on the scattering amplitude. The meaning of f1 can be understood
considering its effect on the scattering of the electron on a static source, such
as a heavy atom. We computed it at lowest order in Section 6.6. Including
f1, eq. (6.77) becomes

Mfi(q) =
Ze2

q 2
f1(q ) , (7.56)

where we have taken into account that, for elastic scattering, qµ = (0, q )
and we denoted by f1(q ) the function f1(q

2) evaluated at qµ = (0,q ) . The
interaction potential (6.78) then becomes

V (x ) = −Ze2

Z
d3q

(2π)3
f1(q )

q 2
eiq ·x . (7.57)

We denote by ρ(x ) the inverse Fourier transform of f1(q ),

f1(q ) =

Z
d3x′ρ(x ′)e−iq ·x′

. (7.58)

Then

V (x ) = −Ze2

Z
d3x′ρ(x ′)

Z
d3q

(2π)3
1

q 2
eiq ·(x−x ′)

= −Ze2

4π

Z
d3x′ 1

|x − x ′| ρ(x ′) . (7.59)
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This is the Coulomb potential generated by a charge distribution ρ(x ), and
therefore the form factor f1(q ) is the Fourier transform of the charge distri-
bution. We see that the effect of loop corrections is to delocalize the charge
distribution of the electron, which is a Dirac delta at tree level and becomes
ρ(x ) after the electron is “dressed” by the radiative corrections. We also see
that, to all orders in α, f1(0) = 1, since it is just the total electron charge, in
units of e.

The meaning of the second form factor is more easily understood looking
rather at the scattering in an external magnetic field. Instead of specifying
the structure of the source, we can more simply write the interaction with an
external field Aext

µ in the form

Lext = −eAext
µ Jµ

em . (7.60)

We consider again a static external field, so q0 = 0, but now we take Aext
0 = 0

and ∇× A = B. The amplitude is

Mfi = −ef1(q )Ãext
µ (q)ū(p′)γµu(p) − ef2(q )

i

2me
Ãext

µ (q)qν ū(p′)σµνu(p)

= ef1(q )Ãi
ext(q)ū(p′)γiu(p) − i

e

2me
f2(q )Ãi

ext(q)q
jū(p′)σiju(p). (7.61)

We consider a slowly varying field, so we take q → 0 and we keep only
the first non-vanishing contribution. The computation is performed in detail
in Peskin and Schroeder (1995), Section 6.2, so we simply quote the result.
The expansion in powers of q starts from a constant spin-independent term
proportional to p + p′. This is the contribution of the operator p ·A + A · p
from the non-relativistic Hamiltonian (p−eA)2/2me. We are more interested
in the next term, which is linear in q and depends on the spin, and gets
a contribution both from f1 and from f2. The result, limiting ourselves to
processes with the same spin state for the initial and final electron, is

Mfi � e

2me
[f1(0) + f2(0)]B̃

i
q ξ†σiξ . (7.62)

where Mfi = Mfi/(2me) is the matrix element with a non-relativistic nor-
malization for the electron, and is related to the scattering potential as in
eq. (6.71); B̃i

q is the Fourier component of the magnetic field. Using the re-
sults of Section 6.6, we can see that this is the scattering amplitude that would
be generated, in the non-relativistic theory, by a potential

V (x ) = −µ·B(x ) (7.63)

with
µ =

e

me
[f1(0) + f2(0)]

“
ξ†

σ

2
ξ
”

. (7.64)

From (7.63) we see that µ is a magnetic dipole moment. Since f1(0) = 1 to
all orders in perturbation theory, the magnetic moment µ is related to the
expectation value of the spin operator,

S = ξ†
σ

2
ξ , (7.65)

by

µ = g
e

2me
S , (7.66)

where g = 2 + 2f2(0), or
g − 2

2
= f2(0) . (7.67)
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The form factor f2(q
2) therefore gives a correction to the magnetic dipole

moment. At tree level, f2(0) = 0 and we recover the result that we found
from the Dirac equation, see eq. (3.186). Deviations from g = 2 therefore
come from the loop corrections to f2(0). The one-loop result, first derived by
Schwinger in 1948, turns out to be f2(0) = α/(2π).

Summary of chapter

• QED describes the interactions of spin 1/2 charged particles with
photons. The Feynman rules are summarized in Fig. 7.8. The wave
functions associated to the external legs were given on page 135.

• QED is renormalizable. The one-loop divergences are studied in
Section 7.2 and are reabsorbed into the renormalization of the
fermion mass, fermion wave function, photon wave function and
electric charge. The photon mass is protected against loop correc-
tions by gauge invariance.

=       

= ___________

p

q

1 2p

µ

/p − m + iε
i

_____     − i
2+ i k ε

[ ]ηµν − (1−ξ) kµ kν___
k 2k

p

µγ  i e −=

Fig. 7.8 The Feynman rules for
QED.

• Invariance principles constrain the form of loop corrections to all
orders. In particular, the vertex is parametrized by two form fac-
tors, representing the charge density and the magnetic dipole den-
sity.

Further reading

• QED is discussed in great detail in many books.
See, in particular, Itzykson and Zuber (1980), Pe-
skin and Schroeder (1995), Weinberg (1995) and
Landau and Lifshitz, vol. IV (1982).

• Many useful theoretical and experimental results
are collected in Quantum Electrodynamics, T. Ki-
noshita ed., World Scientific 1990. This includes re-
views on high-precision tests of QED, a description

of measurements and of calculations of the mag-
netic moment of electrons and muons, hydrogenic
bound states, Lamb shift experiments, hyperfine
structure experiments, precision measurements in
positronium, etc.

• For an explicit calculation of the g − 2 of the elec-
tron at O(α) and of the Lamb shift see, e.g. Mandl
and Shaw (1984), Section 9.6.

Exercises

(7.1) (i) Write the Feynman diagrams for the annihila-
tion e+e− → 2γ, to lowest perturbative order.

(ii) Write the modulus squared of the amplitude as
a trace, averaging over the initial spins and sum-
ming over the final helicities. Evaluate the trace in
the limit p → 0, where p is the electron momen-

tum in the CM.

(iii) Compute the cross-section σ̄ of the process (av-
eraged and summed over the initial and final spins)
in the limit p → 0. Show that the flux factor I can
be written as

I = E1E2v , (7.68)



194 Quantum Electrodynamics

where E1, E2 are the energies of the two incoming
particles in the CM and v their relative velocity.
Using this, and the value of |M|2 computed above,
verify that in the limit p → 0,

σ̄e+e−→2γ → πr2
B

v
, (7.69)

with rB = α/me.

(7.2) In this exercise we compute the decay rate of
positronium (the hydrogenoid bound state of e+

and e−) into two photons, restricting to positron-
ium states with orbital angular momentum L = 0.

(i) Using the results of Exercise 4.1, show that, if
L = 0, the annihilation can take place only when
the e+e− pair has total angular momentum J = 0,
and that the cross-section σ̄, averaged over initial
spin and summed over the final helicities, is given
by

σ̄ =
1

4
σ(J=0) , (7.70)

where σ(J=0) is the cross-section with the e+e− pair
in the state with J = 0.

(ii) Consider first the cross-section for the annihi-
lation e+e− → 2γ,

σ =
1

4I

Z
|Me+e−→2γ |2dΦ(2) (7.71)

(we include the 1/2! for the identical photons in
dΦ(2)). Using eq. (7.68) show that

σv =

Z
|Me+e−→2γ |2dΦ(2) , (7.72)

where Mfi is the matrix element with the normal-
ization of one particle per unit volume. Verify also
that

ΓPos→2γ =

Z
|MPos→2γ |2dΦ(2) , (7.73)

where in MPos→2γ the positronium state (labeled
“Pos”) is normalized as one particle per unit vol-
ume.

(iii) Write Me+e−→2γ = 〈2γ|p ,−p 〉 where p is the
electron momentum in the CM, and MPos→2γ =
〈2γ|Pos〉, where the positronium is at rest. Show
that

MPos→2γ =

Z
d3p

(2π)3
〈2γ|p ,−p 〉ψ̃(p ) , (7.74)

where ψ̃(p ) is the positronium wave function in
momentum space.

(iv) Justify the fact that ψ̃(p ) is peaked at small
values of the momentum, |p | ∼ (1/2)meα, and
from this derive that, at lowest order in α,

MPos→2γ � ψ(0) lim
p→0

〈2γ|p ,−p 〉 , (7.75)

where ψ(x) is the wave function in position space.
Using eqs. (7.72) and (7.73) derive the relation

ΓPos→2γ = |ψ(0)|2 lim
p→0

σ(J=0)v . (7.76)

(v) The wave functions of positronium are the same
as the hydrogen atom, with the replacement of
the reduced mass, which is approximately me in
the hydrogen atom, with me/2 for the e+e− sys-
tem. Then, in the state with quantum numbers
n = 0, L = 0,

ψ(r) =
1√
πa3

e−r/a , (7.77)

with a = 2/(meα). Using the cross-section (7.69)
and eqs. (7.76) and (7.70) show that, for the state
n = L = 0,

ΓPos→2γ =
1

2
meα

5 . (7.78)

Compare this result with the experimental value of
the lifetime, Γ = 7.994(11) ns−1.
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8.3 Solved problems: weak
decays 202

In this section we begin our study of weak interactions. The electroweak
theory is described by the Standard Model (SM). A systematic expla-
nation of the SM is beyond the scope of this course, but in the next
chapters we will introduce two of the most important theoretical tools
for its construction, i.e. non-abelian gauge fields and the Higgs mecha-
nism.

However, the full structure of the SM is only revealed at energies
comparable to the masses of the bosons W± and Z0 that, together
with the photon, mediate the electroweak interaction. Since mW =
80.425(38) GeV and mZ = 91.1876(21) GeV, the weak decays of particles
with masses between a few hundred MeV and a few GeV, as for instance
the muons, the pions, the kaons, the neutron, charmed mesons like the
D0, etc., can be studied in a low-energy approximation to the SM. For
instance in the β-decay of the free neutron, n → pe−ν̄e, we have a mass
difference mn − mp � 1.29 MeV. Therefore, even if at the fundamental
level the decay is mediated by the W -boson, the fact that the maximum
momentum transfer is much smaller than mW allows us to use a low-
energy effective theory. The same approximation holds for nuclear β-
decays.

For the same reason, we can use the low-energy theory when we
study a scattering process mediated by weak interactions, as for instance
e−νe → e−νe, at center-of mass energies well below mW .

In this chapter we introduce this low-energy approximation, which is
given by a four-fermion model, and we will understand how it can be
obtained “integrating out” some heavy gauge bosons. We will then illus-
trate in detail in the Solved Problems section how to use it to compute
explicitly many weak decays.

8.1 A four-fermion model

As a preliminary exercise, we consider a theory with a single Dirac
fermion Ψ, and a Lagrangian

L = Ψ̄ (i �∂ − m)Ψ + G(Ψ̄Ψ)2 . (8.1)

The interaction is given by a four-fermion term, and in the Feynman
diagrams we have vertices where four fermionic lines meet at a point,
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Fig. 8.1 The exchange of a massive
intermediate boson reduces to a four-
fermion interaction in the low-energy
limit.
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i g
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2

2
= i G

similarly to the λφ4 theory. The difference, however, is that the coupling
constant G is not dimensionless. In fact, since

∫
d4xL is dimensionless,

from the kinetic term we see that Ψ has dimensions of (mass)3/2, and
therefore G ∼ (mass)−2. As we saw in Section 5.6, a negative mass
dimension for the coupling means that the theory is not renormalizable.

We denote the fermion by f and the antifermion by f̄ . If we compute
a scattering amplitude f f̄ → f f̄ at tree level in this theory, we find

iMff̄→ff̄ = iG [v̄(p1)u(p2)ū(p′2)v(p′1)] , (8.2)

where u, v are the wave functions, p1, p2 the initial momenta and p′1, p
′
2

the final momenta. We want to compare this four-fermion theory with
a theory where the fermion is coupled not directly to itself, but rather
to a massive real scalar field with mass M , so we consider a theory with
action

S =
∫

d4x [
1
2
∂µφ∂µφ − 1

2
M2φ2 + Ψ̄ (i �∂ − m)Ψ − gφΨ̄Ψ] , (8.3)

where g is a coupling constant which, by dimensional analysis, is imme-
diately seen to be dimensionless. The f f̄ → f f̄ scattering amplitude at
tree level in this theory is given by the Feynman diagram on the left of
Fig. 8.1 and the Feynman rules give

iMff̄→ff̄ = (−ig)2
i

p2 − M2
[v̄(p1)u(p2)ū(p′2)v(p′1)] , (8.4)

where p2 = (p1 + p2)2 = E2
cm, and Ecm is the energy in the center of

mass. Therefore

iMff̄→ff̄ = i
g2

M2 − E2
cm

[v̄(p1)u(p2)ū(p′2)v(p′1)] . (8.5)

We see that at low energies, Ecm 
 M , the amplitudes (8.5) and (8.2)
coincide if we make the identification

G =
g2

M2
. (8.6)

More generally, consider an arbitrary amplitude, with all external mo-
menta small compared to M and regularize the theory putting a cutoff
in momentum space Λ <∼M , so that also all the momenta circulating
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in the loops are smaller than M . Then, in all internal lines the scalar
propagator can be approximated as

i

p2 − M2
→ − i

M2
(8.7)

and, with the identification (8.6), the Feynman rules of this scalar-
fermion theory become identical to those of the four-fermion theory (8.1).
Therefore the four-fermion theory (8.1) can be seen as the low-energy
limit of the theory (8.3), which has only dimensionless couplings and
indeed is renormalizable. We see that, even if the four-fermion theory is
not renormalizable, it can nevertheless be a useful low-energy approxi-
mation to a renormalizable theory. The presence of a coupling G with
dimensions (mass)−2 is now seen to be a signal of the existence of a par-
ticle with mass M and coupling g, with G, M and g related by eq. (8.6).

The situation for the low-energy limit of the electroweak theory is con-
ceptually similar, but with more complicated four-fermion terms com-
pared to this toy model. In the next section we will first of all introduce
the fermionic fields that appear in the electroweak theory, and we will
then present their interactions, as we know them nowadays from the
Standard Model. We will finally see that in the low-energy limit weak
interactions are described by a four-fermion theory, which is the Fermi
theory of weak interactions, with the so-called V − A structure of the
currents proposed by Feynman and Gell-Mann.

8.2 Charged and neutral currents in the

Standard Model

The fermions that appear in the Standard Model are the leptons and
the quarks. The leptons are organized into three families: the electron
e and its neutrino νe, the muon µ and its neutrino νµ, and the τ and
its neutrino ντ . Similarly the quarks are organized into three families:
u and d, c and s, t and b. In units of |e|, the quarks u, c, t have electric
charge +2/3 while d, s, b have −1/3. For the antiparticles the charge is
reversed, and ū, c̄, t̄ have charge −2/3 while d̄, s̄, b̄ have charge +1/3. We
denote by e the Dirac spinor describing the electron and the positron,
by µ the Dirac spinor describing µ±, etc. We denote by eL, eR the Dirac
spinors

eL =
1 − γ5

2
e , eR =

1 + γ5

2
e , (8.8)

and similarly for all other particles. Therefore eL,R are the Weyl spinors
written in a four-component Dirac notation. Neglecting the possibility
of neutrino masses, the neutrinos have only the left-handed component
νL, and we will use a Dirac notation for them, with a Dirac spinor ν
that satisfies (1/2)(1 − γ5)ν = ν, see eq. (3.93).

Nowadays we understand the Fermi theory as a low-energy limit of
the Standard Model, so we will give the full structure of the interaction
in terms of leptons and quarks that derives from the Standard Model.
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The charged leptonic current is defined as

J−,µ
l =

1√
2

(ēLγµνe,L + µ̄Lγµνµ,L + τ̄Lγµντ,L) . (8.9)

The operator ē creates an electron or destroys a positron, so it lowers
the charge by one unit, while νe destroys a neutrino or creates an an-
tineutrino. Since the electric charge of the neutrino is zero, J−,µ

l is an
operator that lowers the electric charge by one unit, and is therefore
called a charged current. Its hermitian conjugate is

J+,µ
l =

1√
2

(ν̄e,LγµeL + ν̄µ,LγµµL + ν̄τ,LγµτL) , (8.10)

and raises the charge by one unit. Observe that, for any spinor Ψ, the
definition ΨL = (1/2)(1 − γ5)Ψ implies Ψ†

L = Ψ†(1/2)(1 − γ5) since γ5

is hermitian, and therefore Ψ̄L = Ψ̄(1/2)(1+γ5), since γ0 anticommutes
with γ5. Furthermore from (γ5)2 = 1, it follows that(

1 − γ5

2

)2

=
(

1 − γ5

2

)
. (8.11)

Therefore we can write

ν̄e,LγµeL = ν̄e
1 + γ5

2
γµ 1 − γ5

2
e = ν̄eγ

µ(
1 − γ5

2
)2e =

1
2
ν̄eγ

µ(1 − γ5)e ,

(8.12)
and similarly for all other terms. The charged current is therefore pro-
portional to the vector current minus the axial current.1 This is referred1The vector and axial current, and

their relations with vector and axial
U(1) symmetries, were discussed in Sec-
tion 3.4.3.

to as the “V − A” structure of the charged weak currents.
Similarly, there is a quark charged current, which mediates transitions

between hadronic states. Its explicit form in terms of quarks is quite
similar2 to the form of the leptonic current,2Quark fields also have a color index,

as we will see in Chapter 10. All the
currents that we will consider in this
chapter are color singlets, i.e. the color
index in the bilinears is simply summed
over, and we do not write it explicitly.

J−,µ
h =

1√
2

(
d̄′LγµuL + s̄′LγµcL + b̄′LγµtL

)
. (8.13)

Here (d′, s′, b′) are linear combinations of (d, s, b). In a first approxima-
tion b′ � b, while

d′ = d cos θC + s sin θC , (8.14)
s′ = −d sin θC + s cos θC , (8.15)

and θC is known as the Cabibbo angle. Numerically, sin θC = 0.220(3).
If we include also the (small) mixing of the b quark, the 3 × 3 matrix
relating (d′, s′, b′) to (d, s, b) is called the Cabibbo–Kobayashi–Maskawa
(CKM) matrix.

The total charged current is therefore

J−,µ = J−,µ
l + J−,µ

h , (8.16)

and its hermitian conjugate is denoted J+,µ. Even if eqs. (8.9) and
(8.13) are formally similar, there is an important difference. When we
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compute weak decays the initial and final states will be leptons and
hadrons, rather then leptons and quarks. Hadrons are bound states
of quarks, held together by complicated non-perturbative QCD effects.
Therefore, while the matrix element of the leptonic current between
leptonic states can be computed explicitly, we are not able to compute
the matrix element of the quark current between hadronic states because
we are not able to write a wave function of the hadronic states in terms
of the constituent quarks. The best we can do (unless we resort to non-
perturbative techniques beyond the scope of this book) is to parametrize
them using symmetry principles. We will give many explicit examples
of these computations in the Solved Problems section.

Beside charged currents, there are also neutral currents. Restricting
to the first family (the other families just give a replication), the neutral
lepton current is

J0,µ
l = a1 ν̄e,Lγµνe,L + a2 ēLγµeL + a3 ēRγµeR , (8.17)

and the neutral quark current is

J0,µ
h = b1 ūLγµuL + b2 ūRγµuR + b3 d̄LγµdL + b4 d̄RγµdR . (8.18)

The Standard Model predicts the coefficients ai, bi in terms of a single
parameter θW called the Weinberg angle,

a1 =
1
2

, a2 = −1
2

+ sin2 θW , a3 = sin2 θW , (8.19)

and

b1 =
1
2
− 2

3
sin2 θW b2 = −2

3
sin2 θW

b3 = −1
2

+
1
3

sin2 θW b4 =
1
3

sin2 θW . (8.20)

The experimental value3 of the Weinberg angle is sin2 θW = 0.23120(15). 3Actually, the precise definition of
θW depends on the renormalization
scheme. This is the value in the so-
called MS scheme.

The total neutral current is

J0,µ = J0,µ
l + J0,µ

h . (8.21)

In the Standard Model the charged and neutral currents are coupled
to the vector fields W±

µ and Z0
µ respectively, with an interaction La-

grangian given by

Lint = g(W+
µ J+,µ + W−

µ J−,µ) + ḡ Z0
µJ0,µ . (8.22)

Observe that the left- and right-handed spinors enter the theory in an
asymmetric way. The charged currents, in particular, depend only on
the left-handed spinors. In the neutral currents we also have the right-
handed electron eR but its coupling is different from the coupling of
eL, see eqs. (8.17) and (8.19). This means that parity is broken by
weak interactions, both in processes mediated by charged currents and
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in processes mediated by neutral currents. The two gauge couplings g
and ḡ are related by

ḡ =
g

cos θW
, (8.23)

and g is related to the electric charge by |e| = g sin θW . The bosons W±

and Z0 are massive: mW = 80.425(38) GeV and mZ = 91.1876(21)
GeV. We will study in Section 11.4 the mechanism that generates the
masses for these gauge bosons. In any case, when we study the decay
of particles like the muon (with mµ � 105 MeV) or the pions (with
mπ± � 140 MeV), etc., the masses mW , mZ are much larger than the
energy scales involved, and therefore we are in a situation similar to
that examined in Section 8.1: the interaction, that at a fundamental
level is described by the exchange of the W±, Z0 bosons, is described at
an effective level by a four-fermion Lagrangian.

µ

e

W

e

µ

ν

ν

Fig. 8.2 The decay µ− → e−ν̄eνµ.
To be specific, let us study the muon decay, µ− → e−ν̄eνµ. At the

fundamental level, the interaction is mediated by the W− boson as in
Fig. 8.2. From the form (8.10) of the current and (8.22) of the La-
grangian we see that at the first vertex the relevant term in the interac-
tion Lagrangian is

g√
2

(ν̄µ,LγµµL) W+
µ , (8.24)

which destroys the incoming µ−, creates a νµ and creates a W− (the
operator W− can destroy a boson W− or create a boson W+, while the
operator W+, which is its hermitian conjugate, can destroy a boson W +

or create a boson W−). Similarly, at the second vertex the relevant term
in the interaction Lagrangian is

g√
2

(ēLγµνe,L)W−
µ . (8.25)

The propagator of the W boson turns out to be

D̃µν(q) =
−i

q2 − m2
W + iε

(
ηµν − qµqν

m2
W

)
. (8.26)

For our present purposes the derivation of this result is not necessary,
and the only important point is that, when all masses of the initial and
final particles are much smaller than mW , this reduces to

D̃µν � i

m2
W

ηµν . (8.27)

This result is easily understood by comparison with the propagator of a
massive scalar particle, i/(q2−M2) → −i/M2. The spatial components
Wµ with µ = 1, 2, 3, at low energies, have the same propagator as a
scalar field, while Wµ=0, as usual, has the “wrong” sign.

We can now compute the amplitude for the muon decay. Since mW �
mµ, me,

iMfi �
(
−i

g√
2

)2 [
ū(νµ)γµ 1 − γ5

2
u(µ)

]
i

m2
W

ηµν

[
ū(e)γν 1 − γ5

2
v(νe)

]

= −i
g2

8m2
W

[
ū(νµ)γµ(1 − γ5)u(µ)

] [
ū(e)γµ(1 − γ5)v(νe)

]
, (8.28)
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where u, v, ū are the appropriate wave functions, and we have written
the current in the V −A form using eq. (8.12). The Fermi constant GF

is defined by
GF√

2
=

g2

8m2
W

. (8.29)

We see that the amplitude Mfi in eq. (8.28) can be derived directly
from the effective Lagrangian

L = −GF√
2

[
ν̄µγµ(1 − γ5)µ

] [
ēγµ(1 − γ5)νe

]
. (8.30)

The same reasoning can be made for all other processes mediated by
the W boson. Therefore, the total effective Lagrangian for processes
involving charged currents is

LF = −GF√
2

j†µjµ , (8.31)

where jµ = jµ
l + jµ

h ,

jµ
l =

∑
l=e,µ,τ

l̄γµ(1 − γ5)νl , (8.32)

and

jµ
h = d̄′γµ(1 − γ5)u + s̄′γµ(1 − γ5)c + b̄′γµ(1 − γ5)t . (8.33)

(Observe that jµ differ by Jµ, defined in eqs. (8.10) and (8.13), by
a normalization factor 2

√
2.) Equation (8.31) is known as the Fermi

Lagrangian.4
4The original Fermi theory, proposed
in the 1930s to explain beta decay, con-
tained only vector currents and obvi-
ously it was formulated in terms of
proton and neutron fields rather than
quarks. Here we have presented the
full structure, as we understand it to-
day from the Standard Model. See, e.g.
(Weinberg), vol. II, Chapter 21 for ref-
erences on the discovery of the Stan-
dard Model.

The same analysis can be repeated for the neutral currents. In this
case the coupling g is replaced by ḡ, see eq. (8.22), and mW by mZ . The
masses mW and mZ are related by mW = mZ cos θW (see Section 11.4).
Using eq. (8.23), we see that ḡ2/m2

Z = g2/m2
W , and we find

Lneutral = −4GF√
2

J0
µJ0,µ , (8.34)

with J0,µ given in eqs. (8.17), (8.18) and (8.21).5 It can be convenient to 5Writing the Lagrangian (8.34) we have
taken into account that each given neu-
tral current process gets two contribu-
tions from J0

µJ0,µ. E.g. in the pro-
cess eLēL → νLν̄L we can pick the
term eLēL from the first factor J0

µ and
νLν̄L from the second factor J0,µ, or
vice versa. This does not happen in
the charged current Lagrangian, where
we have a current times its hermitian
conjugate, rather than a current times
itself as in eq. (8.34).

change the normalization also for the neutral currents. We then write

j0,µ
l = a1 ν̄eγ

µ(1 − γ5)νe + a2 ēγµ(1 − γ5)e + a3 ēγµ(1 + γ5)e , (8.35)

and

j0,µ
h = b1 ūγµ(1 − γ5)u + b2 ūγµ(1 + γ5)u

+b3 d̄γµ(1 − γ5)d + b4 d̄γµ(1 + γ5)d , (8.36)

with ai, bi still given by eqs. (8.19) and (8.20). Then j0
µ = 2J0

µ and the
Lagrangian for neutral currents reads

Lneutral = −GF√
2

j0
µj0,µ . (8.37)

In the next section we will use these effective Lagrangians to compute
explicitly a number of weak decays.
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8.3 Solved problems: weak decays

Problem 8.1. µ− → e−ν̄eνµ

This exercise is a prototype of many similar calculations and we perform it
in great detail. We already computed the matrix element for the decay in
eq. (8.28). At lowest order in the Fermi coupling,

Mfi = −GF√
2

ˆ
ν̄µγµ(1 − γ5)µ

˜ ˆ
ēγµ(1 − γ5)νe

˜
. (8.38)

We denote the wave functions of the initial and final particles simply by the
name of the particle. This notation does not displays explicitly the information
of whether we had a particle or an antiparticle (i.e. whether the wave function
is u or v), but has the advantage of being lighter.

The complex conjugate of the matrix element is computed using (γµ)† =
γ0γµγ0 and (γ5)† = γ5. For any two wave functions Ψ1, Ψ2

`
Ψ̄1γ

µ(1 − γ5)Ψ2

´∗
=
“
Ψ†

1γ
0γµ(1 − γ5)Ψ2

”†
= Ψ†

2(1 − γ5)(γ0γµγ0)γ0Ψ1

= Ψ̄2γ
µ(1 − γ5)Ψ1 . (8.39)

Then

M∗
fi = −GF√

2

ˆ
µ̄γµ(1 − γ5)νµ

˜ ˆ
ν̄eγµ(1 − γ5)e

˜
(8.40)

and

|Mfi|2 =
G2

F

2

ˆ
ν̄µγµ(1 − γ5)µ

˜̂
µ̄γν(1 − γ5)νµ

˜̂
ēγµ(1 − γ5)νe

˜̂
ν̄eγν(1 − γ5)e

˜
.

(8.41)
We denote by k the four-momentum of the electron, p of the muon, q1 of ν̄e

and q2 of νµ. We average over the polarization of the initial muon and we
sum over the final electron polarization, using eqs. (3.112) and (3.113). This
means that (writing explicitly the Dirac indices a, b) we replace

eaēb → ( 
k + me)ab , (8.42)

µaµ̄b → 1

2
( 
p + mµ)ab , (8.43)

(νe)a(ν̄e)b = ( 
q1)ab , (8.44)

(νµ)a(ν̄µ)b = ( 
q2)ab . (8.45)

The last two equations follow automatically from the fact that the massless
neutrinos, written in a Dirac notation, have only left-handed components.
Substituting into eq. (8.41) we see that, in the product of the first two brackets,
the structure of Dirac indices becomes cyclic,ˆ

ν̄µγµ(1 − γ5)µ
˜ ˆ

µ̄γν(1 − γ5)νµ

˜
= (ν̄µ)a

`
γµ(1 − γ5)

´
ab

µbµ̄c

`
γν(1 − γ5)

´
cd

(νµ)d

= [(νµ)d(ν̄µ)a]
`
γµ(1 − γ5)

´
ab

[µbµ̄c]
`
γν(1 − γ5)

´
cd

→ ( 
q2)da

`
γµ(1 − γ5)

´
ab

1

2
( 
p + mµ)bc

`
γν(1 − γ5)

´
cd

=
1

2
Tr
ˆ 
q2γ

µ(1 − γ5)( 
p + mµ)γν(1 − γ5)
˜

. (8.46)
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The γ5 factors can be simplified observing that

(1 − γ5)( 
p + mµ)γν(1 − γ5) = 
p (1 + γ5)γν(1 − γ5) + mµ(1 − γ5)γν(1 − γ5)

= 
p γν(1 − γ5)2 + mµγν(1 + γ5)(1 − γ5)

= 2
p γν(1 − γ5) , (8.47)

where we used the fact that (1− γ5)2 = 2(1− γ5) while (1 + γ5)(1− γ5) = 0.
The product of the last two brackets in eq. (8.41) is treated similarly, and we
find

|Mfi|2 = G2
F Tr

ˆ 
q2γ
µ 
p γν(1 − γ5)

˜
Tr
ˆ 
q1γν 
k γµ(1 − γ5)

˜
. (8.48)

The traces are computed using the identities given in the Notation section,
that we recall here

Tr(γµγν) = 4 ηµν , (8.49)

Tr(γµγνγργσ) = 4 (ηµνηρσ − ηµρηνσ + ηµσηνρ) , (8.50)

Tr(γ5γµγνγργσ) = −4iεµνρσ . (8.51)

As a result

|Mfi|2 = 16G2
F pβq2,αkρqσ

1 (ηαµηβν − ηαβηµν + ηανηβµ + iεαµβν)

×(ηρµησν − ηρσηµν + ηρνηµσ + iερµσν) . (8.52)

Performing the contractions, and using the identity

εαµβνερµσν = −2(δα
ρ δβ

σ − δα
σ δβ

ρ ) , (8.53)

we finally find
|Mfi|2 = 64G2

F (pµqµ
1 ) (kνqν

2 ) . (8.54)

We can now find the decay rate using eq. (6.20). We work in the rest frame
of the muon. Then

dΓ =
1

2mµ
|Mfi|2 dΦ(3) (8.55)

=
32G2

F

mµ

d3k

(2π)32Ek

d3q1

(2π)32E1

d3q2

(2π)32E2
(2π)4δ(4)(p − k − q1 − q2)pµqµ

1 kνqν
2 ,

where we denote q0
1,2 = E1,2. Experimentally, the neutrinos are of course

much more difficult to observe than the electron, so it is more common that
one is interested in the decay rate as a function of just the electron energy.
Then we integrate first over q1, q2. Let us define q = p− k. We must compute

Iµν(q) ≡
Z

d3q1

E1

d3q2

E2
δ(4)(q − q1 − q2)q

µ
1 qν

2 . (8.56)

It is not necessary to compute all the components of Iµν(q) separately. Lorentz
invariance dictates that the most general form of Iµν(q) is

Iµν(q) = A(q2)ηµν + B(q2)
qµqν

q2
. (8.57)

Taking the trace, Iµ
µ = 4A + B, while qµqνIµν = q2(A + B), so it suffices to

compute Iµ
µ and qµqνIµν to have A,B and therefore the full tensor Iµν(q).

We compute first

Iµ
µ =

Z
d3q1

E1

d3q2

E2
δ(4)(q − q1 − q2)(q1q2) , (8.58)



204 The low-energy limit of the electroweak theory

where (q1q2) denotes the scalar product q1,µqµ
2 . The Dirac delta gives q =

q1 + q2 and therefore q2 = q2
1 + q2

2 + 2(q1q2) = 2(q1q2), since for massless
neutrinos q2

1 = q2
2 = 0. Then

Iµ
µ =

q2

2

Z
d3q1

E1

d3q2

E2
δ(4)(q− q1 − q2) =

q2

2

Z
d3q1

E1E2
δ(q0 −E1 −E2) . (8.59)

Since Iµ
µ is Lorentz invariant, we can compute it in the frame that we prefer; in

particular, in the center-of-mass frame of the two neutrinos, we have E1 = E2

and therefore

Iµ
µ =

q2

2

Z
E2

1dE1dΩ

E2
1

δ(q0−2E1) =
q2

2
4π

Z
dE1

1

2
δ(E1− q0

2
) = πq2 . (8.60)

To compute qµqνIµν we again use the rest frame of the two neutrinos, so that
q = (q0, 0) (and therefore (q0)2 = q2) and (q1q) = E1q

0, (q2q) = E2q
0. Then

qµqνIµν =

Z
d3q1

E1

d3q2

E2
δ(4)(q − q1 − q2)(q1q)(q2q)

= q2
0

Z
d3q1d

3q2 δ(4)(q − q1 − q2) (8.61)

= q2

Z
d3q1 δ(q0 − 2E1)

= q2

Z
E2

1dE1dΩ
1

2
δ(E1 − q0

2
)

=
π

2
q4 ,

where of course q4 is a notation for (q2)2. We therefore find A, B and

Iµν(q) =
π

6
(q2ηµν + 2qµqν) . (8.62)

We insert this into eq. (8.55) and, since me � mµ, we set for simplicity the
electron mass to zero. Then we find, in the muon rest frame,

dΓ =
G2

F

48π4mµ

E2
k dEk dΩ

Ek

ˆ
q2(pk) + 2(qp)(qk)

˜
. (8.63)

In the muon rest frame p = (mµ, 0), so pk = mµEk ; since q = p− k, we have:
qp = p2−pk = m2

µ−mµEk ; q2 = (p−k)2 = p2+k2−2pk = m2
µ−2mµEk ; and

finally, qk = pk−k2 = mµEk . We insert these expressions into eq. (8.63). The
integration over dΩ simply gives a factor 4π, since the integrand is independent
of the angles, and we finally find

dΓ

dE
=

G2
F

12π3
E2(3m2

µ − 4mµE) , (8.64)

where E = Ek is the electron energy. The minimum value of E is equal to
me � 0, and corresponds to the kinematical configuration where the electron
is at rest and the two neutrinos have equal and opposite momenta. The maxi-
mum value is obtained instead when the electron goes in one direction carrying
away half of the energy, and the two neutrinos are collinear, in the opposite
direction (see the discussion of three-body kinematics in Problem 6.1). Then
Emin = me � 0 and Emax = mµ/2. Then, integrating eq. (8.64),

Γ � G2
F m5

µ

192π3
. (8.65)
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Comparison with the muon lifetime allows us to determine the Fermi constant,
and one finds (after a more accurate theoretical computation that includes
electromagnetic loop corrections in which a photon is exchanged between the
electron and the muon)

GF = 1.16637(1) × 10−5 GeV−2 . (8.66)

Problem 8.2. π+ → l+νl

We consider the decay of the charged pion π+ into a lepton l+ and its neutrino
νl, with l = e, µ (the τ lepton has mτ � 1777 MeV and therefore is heavier
than the pion). In terms of quarks, π+ = ud̄. Using eqs. (8.31), (8.32) and
(8.33) the relevant interaction term is

LF = −GF√
2

`
ν̄lγµ(1 − γ5)l

´ `
d̄′γµ(1 − γ5)u

´
. (8.67)

Furthermore, from eq. (8.14), we have d′ = d cos θC + s sin θC and only the
term d cos θC is relevant for this process. Therefore we use

LF = −GF cos θC√
2

`
ν̄lγµ(1 − γ5)l

´ `
d̄γµ(1 − γ5)u

´
. (8.68)

In Chapter 5 we derived the LSZ formula, which gives the matrix element of the
operator iT (related to the S matrix by S = 1+iT ), in the case where the fields
that appear in the Lagrangian describe the particles that we see in the initial
and final states. We then saw that a field φ(x) describing the annihilation
of an initial particle with four-momentum ki brings a factor e−ikix, while a
field φ(x) describing the creation of a final particle with four-momentum pj

brings a factor e+ipjx (together with the appropriate spinor wave functions
for spin-1/2 particles, or polarization vectors for spin-1 particles, as discussed
in Section 5.5.4). Upon integration over d4x, these exponential factors gave
(2π)4δ(4)(Pi − Pf ), which expresses energy–momentum conservation. The
matrix element iMfi was defined extracting this Dirac delta from the matrix
element of iT , see eq. (5.98).

Here the situation is slightly different, because in the Lagrangian we have
the quark fields but in the initial state we instead have the pion. To ex-
tract energy–momentum conservation we must come back to our derivation
and be more general. In the interaction picture, the evolution operator is
exp{−i

R
d4xHint(x)} and therefore we are interested in the matrix element

of this operator between the initial and final state. To first order we are
interested in

−i

Z
d4x 〈f |Hint(x)|i〉 (8.69)

where we denote by |i〉 and |f〉 the initial and final states, respectively. We
now use the fact that, if P̂ µ is the space-time translation operator, we have

Hint(x) = eiP̂xHint(0)e
−iP̂x . (8.70)

Inserting this into eq. (8.69), we find

−i

Z
d4x 〈f |eiP̂xHint(0)e

−iP̂x|i〉 = −i

Z
d4x ei(Pf−Pi)x〈f |Hint(0)|i〉

= −i(2π)4δ(4)(Pf − Pi)〈f |Hint(0)|i〉 .(8.71)
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We see that energy–momentum conservation is a general consequence of space-
time translation invariance, as it should be. Of course, the same manipula-
tions can be performed on arbitrary powers of Hint(x) and therefore the Dirac
delta is extracted in this way to all orders in perturbation theory. The factor
(2π)4δ(4)(Pf −Pi) is reabsorbed in the definition of Mfi, and we see that Mfi

is determined by the matrix element of the interaction Hamiltonian density
evaluated at x = 0.

Coming back to our problem (and observing that in Fermi theory in the
interaction Lagrangian there are no derivatives, and therefore Lint = −Hint),
the matrix element between the initial pion state and the final lνl state is

Mfi = −GF cos θC√
2

〈l+νl|
ˆ
ν̄lγµ(1 − γ5)l

˜
(0)
ˆ
d̄γµ(1 − γ5)u

˜
(0)|π+〉 (8.72)

= −GF cos θC√
2

〈l+νl|
ˆ
ν̄lγµ(1 − γ5)l

˜
(0)|0〉〈0| ˆd̄γµ(1 − γ5)u

˜
(0)|π+〉 ,

with the currents evaluated at x = 0. The leptonic matrix element is easily
computed,

〈l+νl|
ˆ
ν̄lγµ(1 − γ5)l

˜
(0)|0〉 = ū(νl)γµ(1 − γ5)v(l) , (8.73)

where, as usual, ū and v are the spinor wave functions. However, the matrix
element of the quark current between the pion state and the vacuum cannot
be computed like this. First of all, the quarks inside the pions of course
are not free particles. The situation is further complicated by the fact that
the interaction that confines the quarks inside the pions cannot be treated
perturbatively. This can be understood comparing the bound state of quarks
with the simplest example of bound state that we know, the hydrogen atom.
The hydrogen atom is a bound state of an electron and a proton, and its
total mass is mp + me − (binding energy). The binding energy in the ground
state is the Rydberg, (1/2)meα

2, and since α � 1 it is a small correction
compared to me and therefore to the mass mp + me of the free system. This
is what we expect in a system in which the interaction term can be treated
perturbatively. If this were the case also in QCD, we should expect that mπ is
equal to mu plus md minus a small binding energy. However, this expectation
is completely wrong. The u and d quarks have masses6 of the order of a few6Since the quarks do not appear as free

particles, there are subtleties in how
their masses are defined. We will not
enter into these issues.

MeV, while mπ+ � 140 MeV. Therefore the contribution of the masses of the
constituent quarks to the total pion mass is completely negligible! Almost
the totality of the pion mass comes from the energy of the gluon field (the
QCD analog of the photon field) created by the u and d quarks, as well as
from vacuum fluctuations involving creation of quark–antiquark pairs. These
are complicated non-perturbative effects and, at the level of this book, we are
unable to compute them.77In principle, matrix elements of the

electroweak currents (often called sim-
ply “weak matrix elements”) can be
computed with numerical simulations
in lattice gauge theory. In practice, de-
spite much progress, there are still tech-
nical difficulties and one is limited by
computer power.

The fact that we are unable to compute the matrix element of the hadronic
current does not mean that we cannot proceed further. In fact, similarly to
the electromagnetic form factors discussed in Problem 7.2, Lorentz covari-
ance dictates the most general form of the matrix element, so we can at least
parametrize it, in such a way that all our ignorance is hidden in a few quanti-
ties. In the case of the pion decay the parametrization is rather simple. The
matrix element 〈0|d̄γµ(1 − γ5)u|π+〉 is a Lorentz four-vector. The pion state
is described by its four-momentum pµ

π and by nothing else, since the pion has
spin zero. Therefore pµ

π is the only four-vector on which this matrix element
depends and, no matter what complicated computation we perform, the result
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must be proportional to pµ
π. Therefore we can write

〈0| ˆd̄γµ(1 − γ5)u
˜
(0)|π+〉 = −fπpµ

π , (8.74)

where fπ is a proportionality constant, and the minus sign is a convention
in the definition of fπ. In general fπ will be a function of all the Lorentz
invariant quantities on which the matrix element depends. But again, the
only four-vector on which the matrix element depends is pµ

π, and having only
pµ

π at our disposal the only Lorentz invariant quantity that we can construct
is p2

π. However p2
π = m2

π is a constant and therefore also fπ is a constant. It
is called the pion decay constant, and all our ignorance on the inner structure
of the pion is hidden in it.8 8The definition of fπ in the literature

can sometime differ by a factor of 2 or of√
2 from the one that we have adopted.

It is also instructive to look separately at the contributions of the vector and
axial current in eq. (8.74). The pion is a pseudoscalar, i.e. it has intrinsic par-
ity −1. Consider first the matrix element of the vector current, 〈0|d̄γµu|π+〉.
Under a parity transformation d̄γµu transforms as a true four-vector, but the
matrix element picks an extra minus sign due to the intrinsic parity of the
pion. Therefore, overall, the matrix element of the vector current between a
pion state and the vacuum is a pseudo-four-vector, and conversely the matrix
element of the axial current is a true four-vector. The value of the matrix
element is determined by the strong interaction, which conserves parity. This
means that the parametrization of the matrix element must hold also in the
parity-transformed frame, and therefore a true vector must be equated to a
true vector and a pseudovector to a pseudovector. Since pµ

π is a true four-
vector, and there is no pseudovector at our disposal, in eq. (8.74) the two
separate contributions are

〈0| `d̄γµu
´
(0)|π+〉 = 0 , 〈0| `d̄γµγ5u

´
(0)|π+〉 = fπpµ

π , (8.75)

and therefore all the contribution comes from the axial current.
The rest of the computation is straightforward. Plugging eqs. (8.73) and

(8.74) into eq. (8.72) we find

Mfi =
GF fπ cos θC√

2
ū(νl) 
pπ(1 − γ5)v(l) . (8.76)

We write pπ = pl + pν , where pl and pν are the four-momenta of the lepton
and of the neutrino, respectively. Then

ū(νl) 
pπ(1 − γ5)v(l) = ū(νl) 
pν(1 − γ5)v(l) + ū(νl)(1 + γ5) 
plv(l) (8.77)

and we use fact that ū, v satisfy the Dirac equations (3.114) and (3.101).
Therefore

Mfi = −GF fπ cos θC√
2

ml ū(νl)(1 + γ5)v(l) . (8.78) π+

+ νl l

Fig. 8.3 The decay π+ → l+νl. The
momenta of the particles are de-
noted by dashed lines and the spin
by the large arrows.

Observe that the amplitude vanishes if ml = 0. This can be understood
observing that the charged weak currents depend only on the left-handed
spinors, as in ν̄l,LγµlL. As discussed in Section 4.2.2, in the massless limit a
left-handed operator describes a particle with h = −1/2 and its antiparticle
with h = +1/2. Therefore the neutrino νl in the final state of the π+ decay
is left-handed, h = −1/2. Since the pion has spin zero, conservation of mo-
mentum and of angular momentum requires that also the antilepton l+ has
negative helicity h = −1/2, see Fig. 8.3. However, the antilepton l+ is created
by the left-handed Weyl field that appears in the weak charged current and
therefore, according to the discussion in Section 4.2.2, in the massless limit
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it is a pure h = +1/2 state. Therefore in the massless limit the process is
forbidden because it would violate angular momentum conservation.

Even if the contribution comes only from the spin configuration with neg-
ative helicities for both the neutrino and the antilepton it is still convenient,
in the computation of |Mfi|2, to formally sum over all spins with the usual
rules given in eqs. (3.112) and (3.113), uū → 
pν , vv̄ → ( 
pl − ml), since these
rules are completely general. To compute M∗

fi we useˆ
ū(1 + γ5)v

˜†
= v̄(1 − γ5)u . (8.79)

Then

|Mfi|2 =
G2

F f2
π cos2 θC

2
m2

l Tr
ˆ
( 
pl − ml)(1 − γ5) 
pν(1 + γ5)

˜
= G2

F f2
π cos2 θC m2

l Tr [
pl 
pν ] = 4G2
F f2

π cos2 θC m2
l (plpν) . (8.80)

We have used (1−γ5) 
pν(1+γ5) = 
pν(1+γ5)2 = 2
pν(1+γ5) and the identity

Tr
ˆ
γµγνγ5˜ = 0 . (8.81)

(The first non-vanishing trace involving the matrix γ5 is the trace of the
product of γ5 with four matrices γµ.) In the pion rest frame, pπ = (mπ, 0);
using pl = pπ − pν , we have plpν = pπpν − p2

ν = mπEν . Therefore

|Mfi|2 = 4G2
F f2

π cos2 θC m2
l mπEν (8.82)

and, in the pion rest frame,

dΓ =
1

2mπ
4G2

F f2
π cos2 θC m2

l mπEν dΦ(2)

= G2
F f2

π cos2 θC m2
l

d3pl

(2π)32El

d3pν

(2π)3
(2π)4δ(4)(pπ − pl − pν)

=
G2

F f2
π cos2 θC m2

l

8π2

d3pl

El
δ(mπ − El − Eν) . (8.83)

Using pldpl = EldEl, we write d3pl = p2
l dpldΩ = plEldEldΩ = (E2

l −
m2

l )
1/2EldEldΩ. Integrating over the solid angle, we find

dΓ =
G2

F f2
π cos2 θC m2

l

2π

q
E2

l − m2
l dEl δ

„
El +

q
E2

l − m2
l − mπ

«
. (8.84)

The Dirac delta has only one zero, at El = (m2
π + m2

l )/(2mπ) ≡ E0. Using
the identity δ(f(E)) = (1/|f ′(E0)|)δ(E − E0), we finally find

Γ(π+ → l+νl) =
G2

F f2
π cos2 θC

8π
m2

l mπ

„
1 − m2

l

m2
π

«2

. (8.85)

The parameter fπ can be fixed comparing the rate Γ(π+ → µ+νµ) with the
experimental value. Taking into account that cos θC � 0.97, one finds fπ �
130 MeV.

If we look at the branching ratio Γ(π+ → e+νe)/Γ(π+ → µ+νµ) the param-
eter fπ cancels and we get the prediction

Γ(π+ → e+νe)

Γ(π+ → µ+νµ)
=

m2
e

m2
µ

„
1 − m2

e/m2
π

1 − m2
µ/m2

π

«2

� 1.28 × 10−4 . (8.86)

This can be compared to the experimental value, which is 1.230(4)×10−4 . We
see that this lowest-order calculation already gives agreement at a level of a few
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per cent. This is the best that we could expect; for instance, electromagnetic
corrections due to the exchange of a photon between the pion and the final
lepton modify the matrix element by a factor 1 + O(α) and therefore give a
correction of the order of a few per cent.

Complement: Isospin and flavor SU(3)

Here we examine some symmetries of strong interactions, and their effects on
the vector and axial quark currents. We will then use these results in the next
problem, when we will need the quark currents in the computation of a weak
matrix element involving hadrons. Consider the currents

V µ
ab = q̄aγµqb , Aµ

ab = q̄aγµγ5qb (8.87)

where q is the Dirac field describing a quark and the indices a, b label the type
of quark (u, d, s, . . .) and is called a flavor index. Consider at first free quarks,
so that they satisfy the free Dirac equation, i
∂qa = maqa, and its hermitian
conjugate i∂µq̄aγµ = −maq̄a. Then

∂µV µ
ab = i(ma − mb)q̄aqb , ∂µAµ

ab = i(ma + mb)q̄aγ5qb . (8.88)

We see that in the limit in which all quark masses are zero, both the axial
and vector currents are conserved; if instead the masses are non-zero but two
or more of them are degenerate, still the corresponding vector currents are
conserved, at the level of the free theory. We can trace this to the existence
of a symmetry in the free Lagrangian for N quark flavors,

Lfree =

NX
a=1

[iq̄a 
∂qa − maq̄aqa] . (8.89)

Consider in fact the global transformation

qa → Uabqb (8.90)

where Uab is a U(N) matrix in flavor space. Since U acts only on flavor
space and is a global transformation (i.e. it is independent of x) it commutes
both with the γ matrices and with the derivatives. Therefore, under (8.90),
q̄ 
∂q → q̄U†U 
∂q = q̄ 
∂q, so the kinetic term is invariant. Instead, a generic mass
term does not respect this symmetry. In fact, if M is the matrix in flavor space
with matrix elements Mab = maδab, the mass term in the Lagrangian can be
written in matrix form as q̄Mq, and under eq. (8.90) it becomes q̄U †MUq. A
generic U(N) matrix U does not commute with M , unless M is proportional
to the identity matrix. Therefore we have a U(N) symmetry only when N
masses are equal. The corresponding conserved currents are just the vector
currents V µ

ab. Consider now the transformation

qa →
“
eiγ5β

”
ab

qb (8.91)

where β = βcT
c, T c are the U(N) generators and βc the U(N) parameters. In

other words, the transformation matrix is UL = exp{−iβ} on the left-handed
quarks and UR = U†

L on the right-handed quarks. Equations (8.90) and (8.91)
are the generalization to N flavors of the vector and chiral transformations
discussed in Section 3.4.3. The chiral transformation (8.91) is still a symmetry

of the kinetic term. In fact, as in Section 3.4.3, we use γµeiγ5β = −eiγ5βγµ,
which follows from {γ5, γµ} = 0. Then, performing the transformation on
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the kinetic terms, in order to bring U† near U and use U†U = 1 we must
anticommute it twice with γ matrices, once with the γ0 implicit in q̄ and the
second time with γµ. Therefore we pick a minus sign twice, and the kinetic
term is invariant. In the mass term, instead, even if all the masses are equal,
so that we have the structure q̄q, we must anticommute only once, with the
γ0 implicit in q̄. Therefore the mass term picks a minus sign, and it is not
invariant. So, the axial symmetry (8.91) is a symmetry only if all masses are
zero, and in this case their conserved currents are the axial currents Aµ

ab given
in eq. (8.87). We therefore understand why, when the masses are non-zero,
the divergence of the vector currents is proportional to the mass difference
while for the axial currents it is proportional to their sum.

Until now we have discussed these symmetries for the free quark Lagrangian.
However, we will see in Section 10.3 that the interaction term in QCD respects
these symmetries so, in strong interactions, the only non-invariant term in
the Lagrangian comes from the quark masses. In particular, the masses of
the u and d quarks are almost degenerate, mu � md. Therefore we have
an approximated global U(2) = U(1) × SU(2) vector symmetry, to which
correspond four conserved currents. The SU(2) part of this symmetry is called
isospin. The u, d quarks are an isospin doublet; u has (I = 1/2, Iz = +1/2)
while d has (I = 1/2, Iz = −1/2). All other quarks have isospin zero. The
three currents associated to isospin can be written compactly introducing the
notation

Q =

„
u
d

«
(8.92)

for the (u, d) doublet. As we recalled in Section 2.5, the generators of an SU(2)
group on a doublet are represented by one half times the Pauli matrices. These,
when they act in isospin space, are conventionally denoted by τ a rather than
σa, so the isospin generators on the (u, d) doublet are written T a = τa/2. The
SU(2) conserved currents can be written in the form

V a
µ = Q̄γµ

τa

2
Q , (8.93)

which shows that these currents are an SU(2) triplet. Introducing the linear
combinations

τ+ =
1

2
(τ 1 + iτ 2) =

„
0 1
0 0

«
, τ− =

1

2
(τ 1 − iτ 2) =

„
0 0
1 0

«
, (8.94)

and V ±
µ = V 1

µ ± iV 2
µ , we see that

V +
µ = ūγµd , V −

µ = d̄γµu , V 3
µ =

1

2
(ūγµu − d̄γµd) . (8.95)

The U(1) current is instead

jµ
U(1) = Q̄γµQ = ūγµu + d̄γµd . (8.96)

The electromagnetic current involving the u and d quarks is

jµ
em =

2

3
ūγµu − 1

3
d̄γµd , (8.97)

since the u quark has a charge (2/3)|e| and the d quark has charge −(1/3)|e|;
jµ
em can be written as a linear combination of jµ

U(1) and of V 3
µ ,

jµ
em =

1

6
Q̄γµQ + Q̄γµ τ 3

2
Q . (8.98)
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This shows that the electromagnetic interaction does not conserve isospin,
since this current is the sum of the isospin singlet Q̄γµQ, which induces tran-
sitions with ∆I = 0 and therefore conserves isospin, and of a term Q̄γµτ 3Q
which instead induces transitions with |∆I | = 1 and ∆Iz = 0. An example of
the former is the decay ρ0 → π0γ, since both the ρ0 and the π0 mesons have
isospin I = 1, Iz = 0. An example of the latter is the decay ρ0 → η0γ, since
the meson η0 has isospin I = 0, or Σ0 → Λ0γ, where Σ0 is a baryon with
I = 1, Iz = 0 and Λ0 is a baryon with I = 0.

From the form of the weak currents discussed in Section 8.2, we see that
isospin is violated also by weak interactions. We leave it as an instructive
exercise to classify the possible isospin violations in weak decays of hadrons,
both in semileptonic decays (i.e. when in the final state there is another
hadron plus a lepton and its neutrino) and in non-leptonic decays, i.e. when
there is no lepton in the final state.

When we have a symmetry, the corresponding charge is conserved. In non-
relativistic quantum mechanics, this means that the charge commutes with
the Hamiltonian; therefore we can diagonalize simultaneously the charge and
the Hamiltonian, and the energy eigenstates can be labeled by the value of
the charge. For instance, in a system invariant under spatial rotations, the
angular momentum is conserved and the states can be labeled by their energy
E, angular momentum J and by Jz. At each energy level we have 2J + 1
degenerate states, corresponding to the 2J + 1 possible values of Jz.

In QFT the situation is more complicated because it also depends on the be-
havior of the vacuum state under the symmetry transformation. There are two
possibilities: if the vacuum state is unique then it must be invariant under the
symmetry. If however it is degenerate, it is possible that a symmetry transfor-
mation sends it into a new vacuum state. The latter possibility corresponds to
spontaneous symmetry breaking, and will be discussed in Chapter 11, where
we will also explain why this possibility cannot take place in non-relativistic
quantum mechanics.

If the vacuum is non-degenerate, the situation is completely analogous to
non-relativistic quantum mechanics and the eigenstates of the Hamiltonian
(i.e. the particles) are labeled by the quantum numbers of the conserved
charge. In the case of isospin, each strongly interacting particle is labeled by
its isospin I and by Iz, and at each mass level we have 2Iz + 1 degenerate
hadronic states. Isospin is only an approximate symmetry of strong interac-
tions because mu is not exactly equal to md, and is also violated by weak
and electromagnetic interactions, therefore the states are only approximately
degenerate. A comparison with the mass spectrum of hadrons made of u
and d quarks shows that the option chosen by Nature is indeed that the vac-
uum is invariant under isospin and hadrons are organized in isospin multiplets
with approximately degenerate masses. For examples the three pions have
mπ0 � 135 MeV and mπ± � 140 MeV. The equality of the π+ and π− masses
follows from the CPT theorem, as we saw in Section 4.2.3. However, the ap-
proximate equality with the π0 mass is a consequence of isospin symmetry,
and we conclude that the three pions are an isospin triplet, i.e. they have
I = 1. Similarly the approximate equality of the proton and neutron masses,
mp � 938.2 MeV, mn � 939.5 MeV, is due to the fact that they are an isospin
doublet, i.e. they have I = 1/2.

The fact that isospin is an approximate symmetry, and therefore the vec-
tor current is approximately conserved, is sometimes referred to as the CVC
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(conserved vector current) approximation. In this approximation, the isospin
multiplets are exactly degenerate, so when one uses the CVC approximation
one must, by consistency, set mπ0 = mπ± , mp = mn, etc. in the calculation
of the amplitudes.

The approximation where mu and md are both set to zero is of course
less accurate, and it is known as PCAC (partially conserved axial current)
since in this limit also the axial currents are conserved. If the vacuum were
invariant under this approximate symmetry we should see a parity doubling
of the hadron spectrum. Since this is not the case, we must conclude that
either the approximate symmetry is not a good approximation at all, or it is
spontaneously broken. The latter option turns out to be the correct one.

Coming back to the vector symmetry, one can enlarge it to the next lightest
quark, which is the s quark, assuming that mu � md � ms. In this limit we
have an approximate SU(3) symmetry and particles are organized according
to the SU(3) representations. For example, the light pseudoscalar mesons are
in an octet, formed by the three pions, the four kaons K±, K0, K̄0 and the
η meson. This symmetry is more approximate than isospin, as we see, e.g.
from the fact that the mass of K± is mK � 494 MeV, rather larger than the
pion masses. Still, the mass differences are smaller than the typical masses of
hadrons. Furthermore, a number of techniques exist for computing deviations
from the exact symmetry. The interested reader can see for instance Georgi
(1984).

Problem 8.3. K0 → π−l+νl

We now consider the decay of a spin-0 hadron into another spin-0 hadron, plus
a lepton l+ = e+, µ+ and its neutrino. We will consider for definiteness the
decay of the neutral kaon, K0 → π−l+νl, but the same type of computation
can be performed for, say, π+ → π0e+νe or for the beta decay of a spin-0
nucleus into another spin-0 nucleus. Decays where in the final state there is
both a lepton–neutrino pair and a hadron are called semileptonic.

In terms of quarks, K0 = ds̄ and π− = dū. At the quark level the transition
proceeds as shown in Fig. 8.4. The d quark is a “spectator”, while the quark s̄,
with electric charge +1/3 (in units of |e|) is transformed into a ū quark, with
charge −2/3, by the emission of a (virtual) W + boson which then decays into
l+νl. The shaded blobs in the graph indicate that ds̄ and dū are complicated
bound states, rather than free quarks. The relevant hadronic current is, using
eqs. (8.33) and (8.14),

ν

+

+

l

0

π−

d

K

s

W

u

d

l

Fig. 8.4 The decay K0 → π−l+νl.
The shaded blobs indicate that
the hadrons are complicated bound
states of quarks.

jµ
h = sin θC s̄γµ(1 − γ5)u (8.99)

and the relevant term in the Fermi Lagrangian is

LF = −GF sin θC√
2

`
ν̄lγµ(1 − γ5)l

´ `
s̄γµ(1 − γ5)u

´
. (8.100)

With the same steps discussed in Problem 8.2 we find the matrix element

Mfi = −GF sin θC√
2

ū(νl)γµ(1 − γ5)v(l) 〈π−|s̄γµ(1 − γ5)u|K0〉 , (8.101)

where it is understood that the current s̄γµ(1 − γ5)u is evaluated at x = 0.
As in Problem 8.2, we parametrize the hadronic matrix element in the most
general form compatible with Lorentz invariance. Since both the pion and the
kaon have spin zero, the matrix element can depend only on their momenta,
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that we denote pµ
π and pµ

K , respectively. We introduce the combinations

pµ = pµ
K + pµ

π , qµ = pµ
K − pµ

π . (8.102)

There is only one independent Lorentz scalar that we can construct with pµ

and qµ, which we take to be q2. In fact, qp = p2
K − p2

π = m2
K − m2

π is a
constant while, from their definitions, p2 = m2

K + m2
π + 2pKpπ and q2 =

m2
K + m2

π − 2pKpπ. Therefore p2 + q2 = 2(m2
K + m2

π) and they are not
independent. So the most general parametrization of the hadronic matrix
element consistent with Lorentz invariance is

〈π−|s̄γµ(1 − γ5)u|K0〉 = f1(q
2)pµ + f2(q

2)qµ , (8.103)

with f1, f2 functions of the only independent Lorentz scalar at our disposal.
They are the form factors for the process in question. All our ignorance of the
internal structure of the pion and of the kaon is hidden in these two functions.
A number of considerations allow us to simplify the problem further:

(i). The internal structure of the pion and of the kaon is determined by the
strong interactions, and strong interactions conserve time-reversal invariance.
We now show that invariance under time reversal implies that f1(q

2) and
f2(q

2) are relatively real.
The proof is as follows. We saw in Section 4.2.3 that time reversal is im-

plemented by an anti-unitary operator T , i.e. by an operator that, given
two states |a〉 and |b〉, satisfies 〈Ta|Tb〉 = 〈a|b〉∗. Let |a〉 = |π−〉 and |b〉 =
jµ(0)|K0〉, where jµ(x) =

ˆ
s̄γµ(1 − γ5)u

˜
(x). Since |π−〉 is fully characterized

by the pion momentum pµ
π, we can rather use the notation |π−〉 = |pπ〉. The

time-reversed state |Tπ−〉 describes a pion with time-reversed four-momentum
p′

π = (p0
π,−p π), i.e. p′µ

π = ηµµpµ
π (with no sum over the µ index). Since at

the quantum level we also have the possibility of a phase, we write

|Tpπ〉 = ηπ |p′
π〉 . (8.104)

Similarly, the time reversal of the state jµ(0)|K0〉 is obtained changing the
kaon momentum into p′µ

K = ηµµpµ
K and allowing for a phase ηK . At the same

time, under time reversal a current transforms as jµ(t,x ) → ηµµjµ(−t,x ),
therefore jµ(x = 0) → ηµµjµ(x = 0). In conclusion, the matrix element
that we denoted 〈Ta|Tb〉 is obtained from the matrix element 〈a|b〉 replacing
pµ → ηµµpµ, qµ → ηµµqµ and jµ(0) → ηµµjµ(0), and multiplying by the
relative phase ηrel = η∗

πηK .
Since in our case T is a good symmetry, if the parametrization (8.103) holds

in a frame it must hold also in the time-reversed frame. Therefore the equation
〈Ta|Tb〉 = 〈a|b〉∗ translates into

ηrel η
µµ `f1(q

2)ηµµpµ + f2(q
2)ηµµqµ´ =

`
f1(q

2)pµ + f2(q
2)qµ´∗ , (8.105)

where on the left-hand side the overall factor ηµµ comes from the transforma-
tion of the current, and the factors ηµµ inside the parentheses come from the
transformation of the momenta, and there is no sum over µ. Since, for each
µ, we have (ηµµ)2 = 1, we find

ηrel

`
f1(q

2)pµ + f2(q
2)qµ

´
= f∗

1 (q2)pµ + f∗
2 (q2)qµ . (8.106)

This means that f∗
1 (q2) = ηrelf1(q

2) and f∗
2 (q2) = ηrelf2(q

2), i.e. f1(q
2) and

f2(q
2) pick the same phase ηrel (independent of q2) under complex conjugation.

Apart from an overall phase, that is irrelevant when we take the modulus
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squared of the matrix element, we can then take f1(q
2) and f2(q

2) to be
simultaneously real.

(ii) Use of CVC. Since the pion and the kaon have the same intrinsic parity
(they are both pseudoscalars) only the vector current contributes to the matrix
element,

〈π−|[s̄γµγ5u](0)|K0〉 = 0 , (8.107)

〈π−| [s̄γµu] (0)|K0〉 = f1(q
2)pµ + f2(q

2)qµ . (8.108)

(We have written explicitly that the current in the matrix element is eval-
uated at x = 0.) Let us now use the CVC approximation discussed in the
Complement on page 209. In this context, this means that we assume an ap-
proximate SU(3) flavor symmetry, since it is only in this case that the vector
current involving the u and s quarks is conserved (of course isospin only pro-
vides the conservation of the currents involving the u and d quarks). Denoting
[s̄γµu] (x) = V µ(x), this means that we are assuming that ∂µ〈π−|V µ(x)|K0〉 =

0. Using the fact that V µ(x) = eiP̂xV µ(0)e−iP̂x, we have

0 = ∂µ〈π−|eiP̂ xV µ(0)e−iP̂x|K0〉 = ∂µe−i(pK−pπ)x〈π−|V µ(0)|K0〉 . (8.109)

Since pK − pπ = q we find that, in the CVC approximation,

qµ〈π−|V µ(0)|K0〉 = 0 . (8.110)

Inserting the parametrization (8.108), this gives

f1(q
2)pq + f2(q

2)q2 = 0 . (8.111)

The scalar product pq = m2
K − m2

π is automatically zero within the CVC
approximation since, as we explained in the previous section, when we assume
an SU(3) flavor symmetry we must set for consistency mK = mπ.9 The term9Of course, this approximation is made

only in the calculation of the matrix el-
ement, and gives the zeroth-order term
in an expansion of the matrix element
in powers of mK − mπ . We do not
set mK = mπ in the expression for the
phase space, since otherwise the decay
would be forbidden!

q2 is instead non-vanishing. Therefore, if CVC were an exact symmetry, we
should conclude that f2(q

2) = 0. In reality, mK 
= mπ. However, flavor
SU(3) is still an approximate symmetry, which means that f2(q

2) is small
with respect to f1(q

2). In a first approximation, we can then neglect it.

(iii) There is a further reason to neglect the term f2(q
2)qµ. The four-

momentum q = pK − pπ can be rewritten in terms of the lepton and neutrino
momenta, pl and pνl using energy–momentum conservation, as q = pl + pνl .
When we multiply it by the leptonic matrix element in eq. (8.101) we find,
using the Dirac equation,

qµū(νl)γµ(1 − γ5)v(l) = ū(νl) 
pνl
(1 − γ5)v(l) + ū(νl)(1 + γ5) 
plv(l)

= −ml ū(νl)(1 + γ5)v(l) . (8.112)

The lepton mass ml, especially when the lepton is the electron, is small com-
pared with the kaon mass. Therefore the term proportional to f2(q

2)qµ in
the matrix element gives a small contribution both because f2 is small and
because it is suppressed by ml/mK with respect to the leading term. In the
following we will neglect it (of course, it would not take great effort to carry
out the computation more generally, keeping also f2, but it is important to
understand where the dominant contribution comes from).

(iv) Our final approximation is to observe that, in the spirit of CVC, the
momentum transfer q2 is small, since we consider the mass difference between
mK and mπ as small, and we therefore approximate f1(q

2) � f1(0).
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In principle all these approximations can be improved systematically, order
by order in the deviations from SU(3) symmetry. Furthermore, using SU(3)
symmetry, f1(0) can be related to a similar quantity for pion decay, and it
can be shown that f1(0) = 1 in the limit of exact symmetry. The interested
reader is referred to Okun (1982), Sections 4.3 and 6.4.

In conclusion, we write

〈π−|s̄γµ(1 − γ5)u|K0〉 � pµ . (8.113)

The rest of the computation is long but straightforward. The matrix element
is

Mfi = −GF sin θC√
2

pµū(νl)γµ(1 − γ5)v(l) . (8.114)

Summing over the polarization of the final lepton,

|Mfi|2 =
G2

F sin2 θC

2
pµpν Tr

ˆ 
pνl
γµ(1 − γ5)( 
pl + ml)(1 + γ5)γν

˜
. (8.115)

The calculation of the traces and the subsequent contraction of Lorentz indices
gives

|Mfi|2 = 4G2
F sin2 θC

ˆ
2(ppνl)(ppl) − p2(plpνl)

˜
. (8.116)

We compute the scalar products in the kaon rest frame, which gives

p2 = m2
K + m2

π + 2mKEπ , (8.117)

(ppνl) =
1

2
(3m2

K − m2
π + m2

l ) − mK(2El + Eπ) , (8.118)

(ppl) = −1

2
(m2

K + m2
π + m2

l ) + mK(2El + Eπ) , (8.119)

(plpνl) =
1

2
(m2

K + m2
π − m2

l ) − mKEπ . (8.120)

The quickest way to obtain eq. (8.120) is to write energy–momentum con-
servation in the form pK − pπ = pl + pνl . Taking the squared modulus of
both sides, we get m2

K + m2
π − 2pKpπ = m2

l + 2plpνl . In the kaon rest frame,
pKpπ = mKEπ, and we obtain eq. (8.120). The other relations are obtained
similarly.

Using eqs. (6.20) and (6.89) and choosing the lepton and pion energies as
independent variables, the decay width is

dΓ =
1

2mK
|Mfi|2 dΦ(3) , dΦ(3) =

1

32π3
dEldEπ . (8.121)

Neglecting for simplicity ml, we find after some algebra

dΓ =
G2

F sin2 θCmK

8π3

ˆ
E2

π − m2
π − (mK − Eπ − 2El)

2
˜
dEldEπ . (8.122)

We can now integrate over the lepton energy, at fixed Eπ. Using the results
of Problem 6.1, the kinematical limits, when ml = 0, are

Emin
l =

mK − Eπ − |p π|
2

, Emax
l =

mK − Eπ + |p π|
2

. (8.123)

This gives

dΓ =
G2

F sin2 θCmK

12π3

`
E2

π − m2
π

´3/2
dEπ . (8.124)

We finally integrate over dEπ, with the limits

Emin
π = mπ , Emax

π =
m2

K + m2
π

2mK
. (8.125)
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In principle the integration can be performed exactly, but the result is slightly
complicated. If, for simplicity, we limit ourselves to the leading and next-to-
leading expansion in mπ/mK we can expand the integrand in eq. (8.124) in
powers of mπ and we find

Γ � G2
F sin2 θCm5

K

768π3

„
1 − 8m2

π

m2
K

«
. (8.126)

Summary of chapter

• Weak decays in which the momentum transfer is small compared to
the masses of the W± and Z0 boson, and scattering processes with
ECM 
 mW , can be computed using a low-energy approximation
to the Standard Model.

• The low-energy interaction Lagrangian is a four-fermion theory,
obtained as the product of two fermionic currents involving leptons
or quarks. There are two distinct types of processes: those involv-
ing neutral currents (which at the fundamental level correspond
to Feynman graphs involving the Z0 boson) and those involving
charged currents (which are mediated by the W± bosons).

• The leptonic charged current is given in eq. (8.32) and the hadronic
charged current is given in eq. (8.33). The effective Lagrangian for
processes involving charged currents is given in eq. (8.31).

• The leptonic neutral current is given in eq. (8.35) and the hadronic
neutral current is given in eq. (8.36). The effective Lagrangian for
processes involving neutral currents is given in eq. (8.37).

• Left-handed and right-handed fields enter the theory in a different
way. In particular, charged currents are built only with left-handed
fields. Neutral currents contain also right-handed fields, but with
couplings that differ from the left-handed ones. Therefore weak
interactions violate parity.

• While the calculation of the matrix elements of the leptonic cur-
rents is straightforward, the computation of the matrix elements
of the hadronic currents is more difficult, because the current is
written in terms of quark fields while the initial and final states
are hadrons. In general, we are not able to compute the hadronic
matrix elements explicitly, but we can parametrize them in such a
way that our ignorance of the internal hadronic structure is hidden
in a few form factors. Some detailed examples have been given in
the Solved Problem section.
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Further reading

• Two excellent books on the phenomenology of weak
interactions at low energies are Okun (1982), where
the reader can find a large number of explicit cal-
culations of weak decays, and Georgi (1984). Note
that Okun defines γ5 = −iγ0γ1γ2γ3γ4 while we
define γ5 = +iγ0γ1γ2γ3γ4.

• Many explicit calculations of weak processes can
be found in the collection of solved problems by
Di Giacomo, Paffuti and Rossi (1994).

• For particle physics phenomenology, with emphasis
on the experimental aspects, an excellent book is
Perkins (2000), especially the updated 4th edition.

Exercises

(8.1) Consider the neutron β-decay, n → pe−ν̄e.

(i) Show that the matrix element of the hadronic
current between the neutron state |n〉 and the pro-
ton states |p〉 is 〈p|jh

µ |n〉 = 〈p|V h
µ |n〉 − 〈p|Ah

µ|n〉 ,
with

〈p|V h
µ |n〉 = f1(q

2)ūpγµun + f2(q
2)ūpσµνqνun

+f3(q
2)qµūpun , (8.127)

〈p|Ah
µ|n〉 = g1(q

2)ūpγµγ5un + g2(q
2)ūpσµνqνγ5un

+g3(q
2)qµūpγ5un , (8.128)

where un and up are the neutron and proton wave
functions, respectively, and qµ = pµ

n − pµ
p is the dif-

ference between the neutron and the proton four-
momentum.

(ii) Show that the form factors can be approxi-
mated by their values at q2 = 0.

(iii) Using CVC and symmetry arguments, it can
be shown that the main contribution comes from
f1(0) ≡ gV and g1(0) ≡ gA and furthermore gV � 1
(see Okun (1982), Sections 5.5 and 5.6). Therefore

〈p|jh
µ |n〉 � ūpγµ(1 − gAγ5)un . (8.129)

Using this approximation for the matrix element of
the hadronic current, compute the decay width as
a function of the electron energy Ee and find the
Fermi spectrum of beta decay,

dΓ

dEe
=

G2
F cos2 θC

2π3
(1+3g2

A)Ee(∆−Ee)
2
p

E2
e − m2

e ,

(8.130)

where ∆ = mn − mp. Experimentally, gA and
gV are relatively real (which follows from time-
reversal invariance as in Solved Problem 8.3) and
gA/gV = 1.261(4).

(iv) Plot the result, eq. (8.130), against Ee, and
investigate how the end-point of the spectrum
changes if the neutrino mass is non-zero.

(v) Compute the total decay rate and compare with
the neutron lifetime, τ = 1/Γ = 885.7 ± 0.8 s.

(8.2) Experimentally, the decay µ− → e−γ is not ob-
served and the present limit is

Γ(µ− → e−γ)

Γtot
< 1.2 × 10−11 . (8.131)

In the Standard Model, the decay µ− → e−γ is
indeed forbidden.

(i) Consider a hypothetical interaction term in the
Lagrangian of the form L = jµAµ, where jµ is a
conserved vector current with a non-vanishing ma-
trix element between the electron and the muon.
Show that, for a process with an on-shell photon, so
that q2 = 0, where qµ the photon four-momentum,

〈e−|jµ(0)|µ−〉 = f2(0)ūeσ
µνqνuµ + f3(0)q

µūeuµ ,
(8.132)

where ue, uµ are the electron and muon wave func-
tions, and the argument of the form factors is
q2 = 0.

(ii) Show that the corresponding matrix element
for µ− → e−γ is

Mfi = f2(0)ε
∗
µqν ūeσ

µνuµ . (8.133)
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Verify that, dimensionally, f2(0) is the inverse of
a mass. From the discussion in Problem 7.2 it
follows that this is a magnetic dipole transition.
This motivates the definition of the quantity F2 as
f2(0) = F2 e/(2mµ).

(iii) Show that the decay rate is

Γ(µ− → e−γ) =
e2|F2|2

32π
mµ

„
1 − m2

e

m2
µ

«3

.

(8.134)
To perform the sum over the polarizations of the
photon in a covariant way make the replacement

ε∗µεν → −ηµν (8.135)

(see Peskin and Schroeder (1995), pages 159-160
for the proof). Compute the experimental bound
on |F2| that follows from eq. (8.131).

(8.3) (i) Estimate the cross-section for neutrino–electron
scattering at s � m2

W (with s the square of the CM
energy) using only the general form of the Fermi
Lagrangian and dimensional considerations.

(ii) Using the explicit form of the currents in the
Fermi Lagrangian, write the amplitude for the pro-
cess e−νe → e−νe. Realize that there is both a
contribution from neutral currents and one from
charged currents. Perform the calculation of the
cross-section.

Hint: when summing the contribution to the ampli-
tude from neutral currents and from charged cur-
rents, use in the charged current term the Fierz
identity, valid for any four Dirac spinors wavefunc-
tions u1, . . . , u4

[ū1γ
µ(1 − γ5)u2] [ū3γµ(1 − γ5)u4]

= [ū1γ
µ(1 − γ5)u4] [ū3γµ(1 − γ5)u2] . (8.136)

This and similar identities between products of
fermion bilinears are proved, e.g. in Okun (1982),
Section 29.3.4. (Observe that, if instead of using
the wave functions u1, . . . , u4, we write the iden-
tity in terms of the quantized Dirac fields, there is
a further minus sign from the anticommutation of
the creation and annihilation operators.)

(8.4) (i) Show that, in a medium with target density n
(number of particles per unit volume), the interac-
tion rate, that is, the number of scattering events
per unit time performed by a given particle, is

Γ = nσv , (8.137)

where σ is the cross-section and v the average rel-
ative velocity.

(ii) In the early Universe, a particle is in equilib-
rium with the primordial plasma as long as the
interaction rate Γ of the processes that maintains
equilibrium is larger than the expansion rate of the
Universe, which is given by the Hubble parame-
ter H . In the radiation-dominated era, the Hubble
parameter is related to the temperature of the Uni-
verse by H ∼ T 2/MPl, where MPl ∼ 1019 GeV is
the Planck mass.

Show that, at a temperature T , for particles with
mass m � T , n ∼ T 3 and, using the cross-section
found in Exercise 8.3, give an estimate of the tem-
perature at which neutrinos decoupled from the
rest of the primordial plasma.
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Until now we have used canonical quantization, that is, we have pro-
moted the classical fields to quantum operators. In this chapter we
present an alternative formulation of quantum mechanics and of QFT,
due to Feynman (who elaborated on work of Dirac) and known as path
integral quantization, in which the coordinates in quantum mechanics
(QM), and the fields in QFT, remain ordinary functions rather than
operators.

Canonical quantization, with its creation and annihilation operators,
gives a more immediate understanding of the notion of particle in QFT
(or of excitations in condensed matter). However, the path integral
technique has a number of other advantages. Namely,

• We have seen that the basic object in the computation of ampli-
tudes in QFT is the vacuum expectation value of the T -products
of fields. In the canonical quantization this is expressed in terms of
the exponential of the interaction Hamiltonian, see eq. (5.67), and
to compute this quantity we expand the exponential order by order
in the coupling constant. Indeed, the exponential of an operator is
defined by its Taylor expansion. This definition of QFT is therefore
intrinsically perturbative. Non-perturbative terms, that is, terms
non-analytic in the coupling constant g, like exp{−O(1/g2)}, can-
not be computed, and in fact they are not even well defined, within
canonical quantization.1 1In particular cases, typically in some

models living in 1+1 space-time dimen-
sions, one can obtain non-perturbative
results with the operator formalism, us-
ing special techniques beyond the scope
of this book, but these models are ex-
ceptions rather than the rule.

The path integral formulation provides instead a definition of the
theory which is in principle non-perturbative, and to which it is
possible to apply a number of methods, from numerical simulations
to semiclassical approximations, that allow us to compute non-
perturbative effects. This is especially important in theories, like
QCD, where non-perturbative effects can be crucial.

• The path integral formulation shows the existence of deep relations
between quantum field theory, statistical mechanics and critical
phenomena. This has produced, especially in the 1970s–1980s, a
flow of ideas in both directions.

• Even from a computational point of view, there are situations (e.g.
in string theory) where the actual computations based on the path
integral can be simpler than in the operator formalism.

Therefore, canonical and path integral quantization complement each
other, and are both basic tools of QFT. In this chapter we will illustrate
this technique and some of its applications even if, within the scope of
this course, we will only be able to describe the most elementary aspects.
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9.1 Path integral formulation of quantum

mechanics

The basic idea can be understood directly in non-relativistic quantum
mechanics. In this section we denote the operators by a hat, so the
position and momentum operators are q̂ and p̂, respectively, and the
Hamiltonian is Ĥ(q̂, p̂). For simplicity, we consider a one-dimensional
system. As we already recalled in Chapter 5, in the Schrödinger repre-
sentation the states evolve with time,

|ψS〉(t) = e−iĤt|ψS〉(0) , (9.1)

while the operators are time independent. In the Heisenberg represen-
tation the states

|ψH〉 ≡ eiĤt|ψS〉(t) (9.2)

are by construction time independent, and the operators evolve as

ÂH(t) = eiĤtÂSe−iĤt . (9.3)

In the Heisenberg representation we denote by |q, ti〉 the vector which is
an eigenstate of the operator q̂(ti), with eigenvalue q,

q̂(ti)|q, ti〉 = q|q, ti〉 . (9.4)

In the Schrödinger representation, the amplitude for evolving between
the state |qi〉 at time Ti and the state |qf 〉 at time Tf is

A = 〈qf |e−iĤ(Tf−Ti)|qi〉 . (9.5)

In the Heisenberg representation we have

eiĤTi |qi〉 ≡ |qi, Ti〉 , eiĤTf |qf 〉 ≡ |qf , Tf 〉 , (9.6)

and therefore
A = 〈qf , Tf |qi, Ti〉 . (9.7)

At any fixed t, the states |q, t〉 form a complete set,

1 =
∫

dq |q, t〉〈q, t| , (9.8)

where here and in the following it is understood that the integral runs
between −∞ and ∞. We choose a set of intermediate values of time
t0, t1, . . . tN with Ti = t0 < t1 < t2 < . . . < tN = Tf ; we take for
simplicity the tm equally spaced, tm = t0 + mε, with Nε = Tf − Ti.
Then we can write

A = 〈qf , Tf |qi, Ti〉
=
∫

dq1 〈qf , Tf |q1, t1〉〈q1, t1|qi, Ti〉

=
∫

dq1dq2 〈qf , Tf |q2, t2〉〈q2, t2|q1, t1〉〈q1, t1|qi, Ti〉

=
∫

dq1dq2 . . . dqN−1

N−1∏
m=0

〈qm+1, tm+1|qm, tm〉 , (9.9)
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where in the last line we used the notation qi = q0, qf = qN . Now we
evaluate 〈qm+1, tm+1|qm, tm〉 going to the Schrödinger representation,

〈qm+1, tm+1|qm, tm〉 = 〈qm+1|e−iĤtm+1 eiĤtm |qm〉
= 〈qm+1|e−iĤε|qm〉
=
∫

dpm 〈qm+1|pm〉〈pm|e−iĤε|qm〉 . (9.10)

We define Ĥ(p̂, q̂) so that, if in the classical Hamiltonian there are terms
with products of p and q, in Ĥ we order p̂ on the left of q̂. We also
normalize the plane wave as 〈q|p〉 = eiqp, which corresponds to the
normalization (6.1) in a unit volume. Then

〈qm+1, tm+1|qm, tm〉 (9.11)

=
∫

dpm eiqm+1pm〈pm|1 − iĤ(p̂, q̂)ε + O(ε2)|qm〉

=
∫

dpm eiqm+1pm
[
1 − iH(pm, qm)ε + O(ε2)

] 〈pm|qm〉

=
∫

dpm ei(qm+1−qm)pm

[
e−iH(pm,qm)ε + O(ε2)

]
=
∫

dpm exp
{
−iε

[
H(pm, qm) − pm

qm+1 − qm

ε

]}
+ O(ε2) .

Inserting this result into eq. (9.9) we find

〈qf , Tf |qi, Ti〉 =
∫

dp0(dq1dp1) . . . (dqN−1dpN−1) (9.12)

× exp

{
−iε

N−1∑
m=0

[
H(pm, qm) − pm

qm+1 − qm

ε

]}
+ O(ε2) .

t t t0 1 N

q
0

q

q

2

1

q
N

t2

Fig. 9.1 The function q(t) defined
by an interpolation of the values
q(t0) = q0, q(t1) = q1, . . . , q(tN) =
qN .

Consider the function q(t) such that q(t0) = q0, q(t1) = q1, . . . , q(tN ) =
qN , and defined for instance by a linear interpolation for intermediate
values of t, as in Fig. 9.1. Since in eq. (9.12) we integrate over all possible
values of q1, . . . , qN−1, we are actually integrating over a very large class
of functions with fixed boundary values.

Now we want to take the limit ε → 0. In this limit the integral in
eq. (9.12) runs over an infinite number of integration variables, and de-
fines a functional integral, i.e. an integral over all possible functions
q(t), p(t), with the boundary conditions q(Ti) = qi, q(Tf ) = qf . Consid-
ering for instance the free-particle case H = p2/(2m), we see that, after
performing the integral over the momenta, we remain with an integral
over the dqm of exp{i(m/2ε)(qm+1 − qm)2}. Therefore the integral over
each slice dqm produces a factor ∼ ε1/2 and, to obtain a finite limit as
ε → 0, in the correct discretization we must associate to each dqi a factor
∼ 1/ε1/2 that compensate for this, and also a numerical coefficient that
reproduces the normalization factor for the amplitude which is obtained
in the operator formalism. Actually, even if it is possible to track in
detail the normalization factors (and in non-relativistic quantum me-
chanics they are important for reproducing the correct amplitudes), we
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are not be interested in them, since, as we will see below, in QFT they
cancel anyhow between numerator and denominator in expressions such
as eq. (5.67). We then indicate with [dpdq] the formal limit of the inte-
gration measure, including some appropriate normalization factor N (ε)
that we will not need explicitly,

[dpdq] = lim
ε→0

N (ε) dp0(dq1dp1) . . . (dqN−1dpN−1) . (9.13)

To discuss the non-relativistic limit, it is convenient to reinstate explic-
itly �. Then, letting ε → 0 in eq. (9.12), we get

〈qf , Tf |qi, Ti〉 =
∫ q(Tf )=qf

q(Ti)=qi

[dpdq] exp

{
i

�

∫ Tf

Ti

dt [pq̇ − H(p, q)]

}
.

(9.14)
If the Hamiltonian has the simple form H(p, q) = p2/2+V (q) the integral
over p is Gaussian and can be performed explicitly. The result (again
reabsorbing into the measure [dq] some overall factor) is

〈qf , Tf |qi, Ti〉 =
∫ q(Tf )=qf

q(Ti)=qi

[dq] exp
{

i

�
S

}
, (9.15)

where S is the classical action,

S =
∫ Tf

Ti

dt L(q, q̇) , L =
1
2
q̇2 − V (q) . (9.16)

The transition amplitude is therefore written as a sum over all possible
paths q(t) which satisfy the boundary conditions q(Ti) = qi and q(Tf ) =
qf , and each path is weighted by the exponential of i times its action,
in units of �. A first interesting consequence of this expression is a
novel understanding of the classical limit. The classical limit corresponds
formally to � → 0, and in this limit the integral can be computed in
the stationary phase approximation: the configurations which are far
from the extrema of S give contributions which oscillate wildly under
small deformations of the path, q(t) → q(t) + δq(t) and therefore these
contributions integrate to zero. Then, in the limit � → 0, the only non-
vanishing contributions to the integral come from the extrema of the
action,

δ

δq
S = 0 . (9.17)

This is the equation that defines the classical trajectory in classical me-
chanics. We have therefore recovered the classical limit: as � → 0, only
the trajectories that satisfy the classical equations of motion contribute.
We then find a beautiful physical picture, due to Feynman, of quantum
mechanics: a particle “explores” all possible paths simultaneously, and
the quantum amplitude is obtained by summing over all trajectories
which interpolate between the initial and the final point. In the classical
limit this sum is dominated by the configurations which are solutions of
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the equations of motion, but when � is not small compared to the scales
in question, many other trajectories contribute.

Having understood how to recover the classical limit, we now set again
� = 1. Consider the insertion into the path integral of a factor q(t), with
t given and such that Ti < t < Tf ,

∫ q(Tf )=qf

q(Ti)=qi

[dq] q(t)eiS . (9.18)

Consider a generic path which satisfies the boundary conditions q(Ti) =
qi, q(Tf ) = qf . At the intermediate value t it will have a generic value
q̄. We can write∫ q(Tf )=qf

q(Ti)=qi

[dq] =
∫ ∞

−∞
dq̄

∫ q(t)=q̄

q(Ti)=qi

[dq]
∫ q(Tf )=qf

q(t)=q̄

[dq] , (9.19)

while at the same time the action
∫ Tf

Ti
dt L can be split as

∫ t

Ti
dt L +∫ Tf

t dt L. Therefore the expression in eq. (9.18) becomes

∫ ∞

−∞
dq̄

(∫ q(t)=q̄

q(Ti)=qi

[dq] exp
{

i

∫ t

Ti

dt L

})
q̄

×
(∫ q(Tf )=qf

q(t)=q̄

[dq] exp

{
i

∫ Tf

t

dt L

})
. (9.20)

However, the first term in parentheses is just 〈q̄, t|qi, Ti〉 and the second
is 〈qf , Tf |q̄, t〉. Therefore

∫ q(Tf )=qf

q(Ti)=qi

[dq] q(t) eiS =
∫ ∞

−∞
dq̄ 〈qf , Tf |q̄, t〉 q̄ 〈q̄, t|qi, Ti〉

=
∫ ∞

−∞
dq̄ 〈qf , Tf |q̂(t)|q̄, t〉〈q̄, t|qi, Ti〉 . (9.21)

Using the completeness relation
∫∞
−∞ dq̄|q̄, t〉〈q̄, t| = 1 we finally obtain

∫ q(Tf )=qf

q(Ti)=qi

[dq] q(t) eiS = 〈qf , Tf |q̂(t)|qi, Ti〉 . (9.22)

Therefore the matrix element of the Heisenberg operator q̂(t) is obtained
computing the path integral of the function q(t), with the weight eiS .
Consider now ∫ q(Tf )=qf

q(Ti)=qi

[dq] q(t1)q(t2) . . . q(tn) eiS . (9.23)

In the path integral the factors q(ti) are just functions, i.e. c-numbers,
and therefore they commute, so we can order them as we prefer. In
particular, we can decide to write them as q(t̄1)q(t̄2) . . . q(t̄n), where t̄i
is the permutation of the ti such that t̄1 > t̄2 > . . . > t̄n. At this point
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we can repeat the above argument, splitting the integration over paths
from t = Ti to t = Tf into an integration over paths from Ti to t̄n, from
t̄n to t̄n−1, etc. and, repeating the same steps as above, we find

∫ q(Tf )=qf

q(Ti)=qi

[dq] q(t1)q(t2) . . . q(tn)eiS = 〈qf , Tf |q̂(t̄1) . . . q̂(t̄n)|qi, Ti〉 .

(9.24)
However, q̂(t̄1) . . . q̂(t̄n) = T {q̂(t1) . . . q̂(tn)} so, finally,

∫ q(Tf )=qf

q(Ti)=qi

[dq] q(t1) . . . q(tn) eiS = 〈qf , Tf |T {q̂(t1) . . . q̂(tn)}|qi, Ti〉 .

(9.25)

Therefore the integration of a product of functions in the path integral
gives automatically the expectation value of the time-ordered product
of the corresponding operators.

9.2 Path integral quantization of scalar
fields

The extension from quantum mechanics to scalar field theory, at least
at a formal level, is rather straightforward. One simply observes that, if
we have a multi-dimensional space with coordinates qj , in eq. (9.15) we
must replace

∫
[dq] with

∫ ∏
j [dqj ]. For a scalar field theory the discrete

label j is replaced by the continuous spatial coordinate x, and the role
of the qj(t) is taken by φ(x, t). Furthermore the Lagrangian L can be
written as

∫
d3xL. Therefore the amplitude for a transition between a

field configuration φi(x) at time Ti and a field configuration φf (x) at
time Tf is

〈φf (x), Tf |φi(x), Ti〉 =
∫ φ(x,Tf )=φf (x)

φ(x,Ti)=φi(x)

Dφ exp

{
i

∫ Tf

Ti

d4xL
}

,

(9.26)
where Dφ is the integration over all field configurations φ(x, t) with the
given boundary conditions, and

∫ Tf

Ti
d4x =

∫ Tf

Ti
dt
∫

d3x. Observe that
φi,f (x) are the initial and final values of a field φ which evolves with the
full equations of motion, rather than with the free KG equations (as the
coordinate q(t) of the previous section was a solution of the equations of
motion of the complete Hamiltonian). The corresponding Heisenberg op-
erator φ̂(x) is therefore the full quantum field that appears, for instance,
on the left-hand side of eq. (5.67), rather than the interaction-picture
field, which instead evolves with the free KG equation.

We now choose as initial and final field configurations the vacuum,
φi(x) = φf (x) = 0 and we send Ti → −∞, Tf → +∞. Therefore we
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find the vacuum-to-vacuum transition amplitude

〈0, t = +∞|0, t = −∞〉 =
∫

Dφ eiS , (9.27)

where the integral is performed over all field configurations that vanish
at t → ±∞. Similarly eq. (9.25) gives

〈0, t = +∞|T {φ̂(x1) . . . φ̂(xn)}|0, t = −∞〉 =
∫

Dφφ(x1) . . . φ(xn) eiS ,

(9.28)
with φ̂ the full quantum field in the Heisenberg representation. As in
Chapter 5, we denote |0, t = −∞〉 simply by |0〉. Then eq. (5.67) becomes

〈0|T {φ̂(x1) . . . φ̂(xn)}|0〉 =
∫ Dφ φ(x1) . . . φ(xn) eiS∫ Dφ eiS

. (9.29)

This is the basic formula which connects the operator formalism to the
path integral formalism. The left-hand side of eq. (9.29) is the quantity
that appears in the LSZ formula (5.46), and in Chapter 5 we under-
stood how to evaluate it in terms of fields in the interaction picture, see
eq. (5.67). Now we see that it can also be evaluated computing the func-
tional integral on the right-hand side of eq. (9.29). This means first of
all that it should be possible to rederive from the path integral represen-
tation the Feynman rules that we obtained using the operator language.
We will see in the next section how this can be done. However, the
right-hand side of eq. (9.29) in principle is defined also beyond pertur-
bation theory, and in Section 9.4 we will discuss some non-perturbative
techniques.

Observe also that until now we have not been careful in collecting
the overall numerical factors that define the measure Dφ. However,
as we anticipated, these factors cancel between the numerator and the
denominator in the right-hand side of eq. (9.29).

9.3 Perturbative evaluation of the path

integral

We now want to evaluate perturbatively the right-hand side of eq. (9.29),
and verify that we reproduce the same results obtained in the operator
formalism. To begin, we consider the numerator in eq. (9.29) for an
n-point function in a free scalar theory,

G(x1, . . . , xn) ≡
∫

Dφ φ(x1) . . . φ(xn) eiS , (9.30)

with
S =

1
2

∫
d4x

(
∂µφ∂µφ − m2φ2

)
. (9.31)
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We first observe that it is not at all evident that the integral so de-
fined makes sense, because the oscillating factor eiS is not necessarily
sufficient to provide the convergence of the integration over large fluctu-
ations, i.e. over the field configurations with a large value of the action.
One way to solve this problem is to add a small convergence factor
exp{−ε

∫
d4xφ2/2} and to take the limit ε → 0+ later. We therefore

consider∫
Dφ φ(x1) . . . φ(xn) exp

{
i

2

∫
d4x

[
∂µφ∂µφ − (m2 − iε)φ2

]}
(9.32)

and the convergence factor just amounts to the replacement m2 → m2−
iε, exactly as in the Feynman prescription for the propagator; compare
with eq. (5.78). We next introduce

W [J ] ≡
∫

Dφ exp
{

i

2

∫
d4x

[
∂µφ∂µφ − (m2 − iε)φ2

]
+
∫

d4xφ(x)J(x)
}

. (9.33)

W [J ] is a functional of the field J(x), and its usefulness comes from the
fact that, performing functional differentiations with respect to J , we
obtain the Green’s functions G(x1, . . . , xn). The functional derivative is
a formal manipulation defined by the rule

δ

δJ(y)
J(x) = δ(4)(x − y) , (9.34)

plus the standard rules for the derivative of composite functions, and by
the rule that we can carry it inside the integral sign; this means that

δ

δJ(y)

∫
d4xJ(x)φ(x) = φ(y) , (9.35)

and therefore

G(x1, . . . , xn) =
(

δ

δJ(x1)
. . .

δ

δJ(xn)
W [J ]

)
|J=0

. (9.36)

For this reason, W [J ] is called the generating functional of the Green’s
functions. To compute W [J ] explicitly we proceed as follows. First of
all, we write it in momentum space, using

i

2

∫
d4x

[
∂µφ∂µφ − (m2 − iε)φ2

]
+
∫

d4xφ(x)J(x)

=
1
2

∫
d4p

(2π)4
[
φ̃(−p)i(p2 − m2 + iε)φ̃(p) + J̃(−p)φ̃(p)

]
. (9.37)

It can be convenient to work with a finite space-time volume, so the
four-momenta are discrete and the integrals are replaced by sums. The
integration over all possible functions φ(x) can be written as an integra-
tion over all possible Fourier modes φ̃(p),

Dφ =
∏
p

dφ̃(p) . (9.38)
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Proportionality factors in this equation are irrelevant because they can-
cel in ratios like eq. (9.29), and we can take eq. (9.38) as a definition of
the integration measure. The integral can now be performed with the
help of a very useful identity valid for Gaussian integrals,

∫ +∞

−∞

N∏
i=1

dyi exp

⎡
⎣−1

2

N∑
i,j=1

yiAijyj +
N∑

i=1

yizi

⎤
⎦

= (2π)N/2 (det A)−1/2 exp

⎡
⎣+

1
2

N∑
i,j=1

zi(A−1)ijzj

⎤
⎦ , (9.39)

where Aij is an invertible matrix. Coming back to a continuum notation,
we find

W [J ] = W [0] exp
{

1
2

∫
d4p

(2π)4
J̃(−p)D̃(p)J̃(p)

}
, (9.40)

where
W [0] =

∫
Dφ eiS , (9.41)

D̃(p) =
i

p2 − m2 + iε
. (9.42)

We recognize that D̃(p) is the Feynman propagator in momentum space.
From the path integral formulation it becomes clear that the propagator
is simply the inverse of the operator which appears in the kinetic term.
Going back into coordinate space, eq. (9.40) becomes

W [J ] = W [0] exp
{

1
2

∫
d4xd4y J(x)D(x − y)J(y)

}
. (9.43)

Taking the functional derivatives we therefore find all the Green’s func-
tions of the free theory. For the two-point function we see that∫

Dφ φ(x1)φ(x2)eiS =
(

δ

δJ(x1)
δ

δJ(x2)
W [J ]

)
|J=0

= W [0] D(x1 − x2)

(9.44)
and therefore ∫ Dφ φ(x1)φ(x2)eiS∫ Dφ eiS

= D(x1 − x2) , (9.45)

as we expected from eq. (9.29). Taking multiple derivatives we obtain
all higher-point Green’s functions; for instance,(∫

Dφ φ(x1) . . . φ(x4)eiS

)/(∫
Dφ eiS

)

=
[

δ4

δJ(x1) . . . δJ(x4)
exp

{
1
2

∫
d4xd4y J(x)D(x − y)J(y)

}]
J=0

= D12D34 + D13D24 + D14D23 , (9.46)
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with the usual notation Dij = D(xi − xj). We see that we generate all
possible connected and disconnected Green’s functions, with the same
combinatorics of the Wick theorem. Observe also that if we introduce

Z[J ] ≡ log W [J ] (9.47)

in the free theory we have

Z[J ] = Z[0] +
1
2

∫
d4xd4y J(x)D(x − y)J(y) (9.48)

and therefore Z[J ] is the generating functional of the connected Green’s
functions, which in the free case is of course only the two-point function.

Having understood how to compute the path integral in the free the-
ory, it is not difficult to introduce perturbatively the interaction, for
instance in the form of a term V (φ) = λφ4/4!. The path integral be-
comes ∫

Dφ φ(x1) . . . φ(xn)

× exp
{

i

∫
d4x

[
1
2
(
∂µφ∂µφ − (m2 − iε)φ2

)− λ

4!
φ4

]}
(9.49)

and is now non-Gaussian, and cannot be performed exactly. However,
we can expand the exponential perturbatively in λ. For example, the
contribution to the two-point function to order λ is

−i
λ

4!

∫
d4x

∫
Dφ φ(x1)φ(x2)φ4(x) e

i
2

R
d4x [∂µφ∂µφ−(m2−iε)φ2]

= −i
λ

4!

∫
d4x

(
δ6

δ4J(x)δJ(x1)δJ(x2)
W [J ]

)
|J=0

, (9.50)

where W [J ] is the generating functional of the free theory computed
above. One can then check that we recover the Wick theorem and the
same results that we obtained from the operator formalism. For a de-
tailed discussion, see Ramond (1990), Chapter 4. As in the free theory,
using Z[J ] instead of W [J ] we generate directly the connected Green’s
function.

9.4 Euclidean formulation

We have seen that the perturbative expansion of the path integral repro-
duces the expansion in terms of Feynman graphs. The greatest virtue of
the path integral approach, however, is that it allows us to give a non-
perturbative definition of a field theory, and it actually makes possible
the computation of non-perturbative effects.

To this end, it is convenient to ensure the convergence of the path
integral in a different way. Rather than adding a convergence factor
exp{−ε

∫
d4xφ2/2}, which, as we have seen, corresponds to the Feynman
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prescription for the propagator, we rotate the theory in Euclidean space.
That is, we define the Euclidean time tE as

tE = it . (9.51)

Therefore d4x = dtd3x = −idtEd3x ≡ −i(d4x)E and

∂

∂t
= i

∂

∂tE
. (9.52)

The action of a scalar field, with a generic potential V (φ), becomes

S =
∫

d4x

[
1
2
(
∂µφ∂µφ − m2φ2

)− V (φ)
]

=
∫

d4x

[
1
2
(∂tφ)2 − 1

2
(∂iφ)2 − 1

2
m2φ2 − V (φ)

]

= −i

∫
(d4x)E

[
−1

2
(∂tE φ)2 − 1

2
(∂iφ)2 − 1

2
m2φ2 − V (φ)

]
≡ iSE , (9.53)

where we have defined the Euclidean action SE ,

SE =
∫

(d4x)E

[
1
2
(∂tE φ)2 +

1
2
(∂iφ)2 +

1
2
m2φ2 + V (φ)

]

=
∫

d4x

[
1
2
∂µφ∂µφ +

1
2
m2φ2 + V (φ)

]
. (9.54)

In the last line we suppressed the subscript E from Euclidean quantities
since in this section, from now on, only Euclidean quantities will appear,
and we have used the convention that repeated Lorentz indices, both
lower or both upper, are summed with the Euclidean metric ηE

µν =
(+, +, +, +), e.g.

∂µφ∂µφ ≡ (∂tE φ)2 + (∂iφ)2 . (9.55)

The potential V (φ) must be bounded from below, otherwise the theory
does not have a stable ground state. Without loss of generality, we can
shift the potential by an arbitrary constant so that V (φ) � 0. Then we
see that the Euclidean action is positive definite and the factor

eiS = e−SE (9.56)

ensures the convergence of the integration over large fluctuations, since
paths which have a very large action are exponentially suppressed. There-
fore the path integral over Euclidean field configurations φ(tE ,x) is well
defined, and we can compute the Green’s function in Euclidean space.
The Green’s functions in Minkowski space can then be reconstructed by
analytic continuation.2 So the basic quantity that we want to compute 2It can be shown that analytic contin-

uation is possible to all orders in per-
turbation theory.

is ∫
Dφ φ(x1) . . . φ(xn) e−S , (9.57)
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where x1, . . . xn are points in four-dimensional Euclidean space. Of
course, this path integral can be computed first of all perturbatively,
expanding in powers of the coupling constants. This gives a set of Feyn-
man rules in Euclidean space. For instance, repeating the derivation of
the previous section, we find that the Euclidean propagator in momen-
tum space is

D̃E(p) =
1

p2 + m2
, (9.58)

where p2 = p2
0 + p2. Similarly, a vertex in λφ4 theory carries a fac-

tor −λ instead of −iλ. These Feynman rules allow us to compute
perturbatively the Euclidean Green’s functions which then, upon an-
alytic continuation, reproduce the Green’s functions obtained with the
Minkowski-space Feynman rules.

The perturbative expansion corresponds to studying the contributions
coming from the “small” field configurations, i.e. from the fields which
do not differ much from the perturbative vacuum φ(x) = 0. However,
the Euclidean path integral formulation allows us to go further, and to
study the contribution of field configurations far from the perturbative
vacuum.

One possible approach is to discretize space-time and study the Eu-
clidean path integral on a space-time lattice, using furthermore a finite
volume. Then we have a finite number of lattice sites labeled by x, and
a field configuration is specified by a finite collection of variables, i.e. by
the value φi that the field takes at the point xi, where the index i labels
the lattice sites. The integration measure can be taken to be

Dφ =
∏

i

dφi . (9.59)

The functional integral is then reduced to an ordinary multiple integral,
which in principle can be studied numerically. Actually, a direct nu-
merical evaluation of an integral over a very large number of integration
variables is out of the question, but there is a technique, known as Monte
Carlo simulation, which consists in generating a set of field configura-
tions with a probability distribution e−S , and the functional integral is
replaced by the sum over this set of configurations. This approach is
extremely useful for gauge theories, since the theory on the lattice can
be defined so that it preserves gauge invariance.

There is then the problem of extrapolating the results to the contin-
uum limit (and to take the infinite-volume limit). This is done using
the renormalization group techniques discussed in Section 5.9 and in the
next section. This approach has the advantage of providing a method
for computing the exact, non-perturbative, Green’s functions in a way
that in principle is not subject to any perturbative approximation. The
actual limit, however, comes from computer capabilities, especially in
the presence of fermions.3

3The path integral over fermionic fields
is defined using anticommuting vari-
ables, rather than ordinary c-numbers.
We do not expand on this, but the in-
terested reader can see e.g. Ramond
(1990), Chapter 5.

Another possible approach is based on a semiclassical expansion, and
we discuss it in the Solved Problems section.
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9.5 QFT and critical phenomena

Another virtue of the path integral formulation is to show the existence
of deep connections between QFT and critical phenomena, as was un-
derstood in particular by K. Wilson. This connection emerges from the
Euclidean formulation of the path integral. Performing the rotation to
Euclidean space, we have seen that the right-hand side of eq. (9.29)
becomes ∫ Dφ φ(x1) . . . φ(xn) e−S∫ Dφ e−S

, (9.60)

where S is the Euclidean action and the integral runs over all config-
urations that go to zero as the Euclidean time tE → ±∞.4 Formally, 4Observe that, if the vacuum is non-

degenerate, i.e. if in the action there
is a potential V (φ) with just one mini-
mum (that we can always set to be at
φ = 0 with a shift of φ, and to have the
value V (0) = 0 with a shift in V ) then
only the fields that satisfy φ(t, x ) → 0
as |x | → ∞ have a finite action, other-
wise

R
d3xV diverges at large |x |. Then

the only non-vanishing contribution to
the functional integral comes from field
configurations that vanish at infinity in
all four Euclidean directions.

eq. (9.60) is identical to a statistical average of a classical system living
in four spatial dimensions, in which each configuration is weighted with
e−S. In the language of statistical mechanics, this is called a correlation
function. Therefore the (Minkowskian) Green’s function of quantum
field theory in three spatial and one time dimensions (or more gener-
ally in d spatial dimensions plus time), 〈0|T {φ̂(x1) . . . φ̂(xn)}|0〉, can be
obtained by computing the correlation functions of a classical statisti-
cal system living in four spatial dimensions (or more generally in d + 1
spatial dimensions), and performing the analytic continuation back to
Minkowski space.

We want to investigate what kind of statistical system can reproduce
the properties of a QFT. As discussed in the previous section, to compute
the path integral in eq. (9.60) it is convenient to put the system in a
finite volume and to discretize the four-dimensional Euclidean space,
using for instance a four-dimensional lattice with lattice spacing a. Then
the system has a finite number of variables φi = φ(xi), corresponding
to the lattice sites, and the integration measure in the path integral is
given by eq. (9.59). When the number of lattice sites is finite, the path
integral is a well-defined statistical sum. The question is how to take
the continuum limit so that a non-trivial QFT emerges.

To answer this question consider the two-point function in the massive
theory. The Euclidean propagator, in momentum space, is 1/(p2 + m2),
and therefore the correlation function of the corresponding statistical
system is

〈φ(x)φ(0)〉 =
∫

d4p

(2π)4
eipx

p2 + m2
, (9.61)

where |p|2 = pµpµ and px = pµxµ, with all contractions performed
with the Euclidean metric δµν . The exact computation of the integral is
involved, but for m|x| � 1 the result is proportional to (1/|x|2)e−m|x|.
Consider a point x separated from the origin by n lattice sites, say along
the first axis. Then |x| = na and for n � 1, neglecting prefactors,

〈φnφ0〉 ∼ e−amn . (9.62)

In statistical mechanics, the behavior 〈φnφ0〉 ∼ e−n/ξ defines the (di-
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mensionless) correlation length ξ, so in our case

ξ =
1

am
. (9.63)

We see that, if we want to take the continuum limit a → 0 while keeping
the physical mass m fixed, the correlation length ξ must go to infinity.

The correlation length is a function of the couplings of the statistical
system. This means that, in order to obtain a continuum QFT in which
the physical masses, such as m in eq. (9.63) (and similarly the physical
couplings) are finite, we must tune the parameters of the corresponding
statistical system so that the correlation length diverges. Here we are
rephrasing, in the language of statistical mechanics, the renormalization
procedure introduced in Chapter 5: the dependence of the bare couplings
on the cutoff (here the lattice spacing a) is tuned so to obtain finite values
for the renormalized masses and couplings.

A divergent correlation length is characteristic of critical systems, and
therefore removing the cutoff in a QFT is analogous to tuning a statis-
tical system toward a critical point. Considering quantum field theories
as critical statistical systems allows us to use a whole body of physical
intuition stemming from statistical mechanics. In particular, we will
discuss in this section how to obtain a very physical understanding of
the renormalization group (RG) equations, like the Callan–Symanzik
equation, that we derived with rather formal arguments in Section 5.9.
To make the connection, we first briefly recall some basic facts about
critical phenomena.

A classic example is the two-dimensional Ising model, defined placing
a “spin” variable si = ±1 on each site i of a two-dimensional lattice,
and taking as Hamiltonian

H = −J
∑
i,j

sisj , (9.64)

where the sum runs only over nearest-neighbor pairs (i, j). We take
J > 0, so the interaction tends to align the spins, i.e. it is a ferromagnetic
coupling. The statistical mechanics of the Ising model is obtained from
the partition function Z = e−βF = tr e−βH , with β = 1/kBT , and
therefore is governed by the dimensionless parameter

K ≡ J

kBT
. (9.65)

As with any statistical system, at fixed temperature T and fixed number
of particles the equilibrium state is given by the minimum of the free
energy F = E − TS, and will be the result of the competition between
the tendency to minimize the energy E, so in our case to align the spins,
and the tendency to maximize the entropy S, so to disorder the system.
At small T the tendency to minimize energy is more important while
increasing T the tendency toward maximization of the entropy becomes
progressively more relevant. In the Ising model this competition leads to
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a phase transition: below a critical temperature Tc (or, more precisely
below a critical value of kBT/J) the system develops a spontaneous
magnetization, that is M ≡ 〈si〉 �= 0, while above Tc the magnetization
M vanishes (see Fig. 9.2). As T → Tc from below, the magnetization
goes to zero as

M ∼ (Tc − T )β , (9.66)

and β is known as a critical index. In the two-dimensional Ising model
TT

M

c

Fig. 9.2 The magnetization as a
function of temperature in the Ising
model.

β = 1/8 but this kind of behavior is quite general for critical phenomena.
In the magnetized phase there is long-range order. Since the spins tend

to be aligned, if the spin s0 at the site 0 has the value s0 = +1 then,
even if the site n is very far from the site 0, the probability of finding
sn = +1 is higher than the probability of having sn = −1. Therefore
there is no exponential decay of the correlation function (there will be,
rather, a power-law fall off) or, in other words, the correlation length is
infinite. In the disordered phase T > Tc, instead, ξ is finite. As T → Tc

from above, ξ diverges as

TT c

ξ

Fig. 9.3 The correlation length as a
function of temperature in the Ising
model.

ξ ∼ 1
(T − Tc)ν

, (9.67)

with ν another critical index (ν = 1 in the two-dimensional Ising model).
This behavior is illustrated in Fig. 9.3.

We are now ready to discuss the renormalization group (RG) equa-
tions in the language of critical phenomena. First of all, observe that in
QFT the lattice spacing (as any other UV cutoff) is not a physical quan-
tity, and we are only interested in the limit a → 0. For this reason, it is
difficult to have an intuitive picture of how the bare theory should de-
pend on the cutoff. In statistical mechanics, instead, the lattice spacing
is a physical quantity, for instance of order 10−8 cm in a typical con-
densed matter system. The correspondence between QFT and statistical
mechanics provided by the path integral is, more precisely, a correspon-
dence between the bare Green’s functions of QFT (which are objects
about which it is difficult to form an intuitive physical picture) and the
physical correlation functions of the statistical system. It is therefore
not surprising that in statistical systems the RG equations have a more
intuitive interpretation.

Consider for example the Ising model; the Hamiltonian (9.64) gives a
microscopic description of the system in terms of interactions between
nearest-neighbor spins separated by a distance a. However, we are usu-
ally not interested in the details of the interaction on a microscopic scale.
We are more interested in understanding what happens at the macro-
scopic scale. To go from a microscopic to a macroscopic description is
a non-trivial problem, since cooperative effects between the spins can
take place. This is especially important when the correlation length ξ is
large because, even if the fundamental interaction involves only nearest-
neighbor pairs, the influence of each spin on the others is propagated,
via this nearest-neighbor interaction, across a distance of order ξ.
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To construct an effective Hamiltonian which describes the physics at
the macroscopic scale we can proceed in steps, “integrating out” the
details of the model at short scales. A possible way to do it, in the
Ising model, is via a “block spin” transformation, first introduced by
Kadanoff. Regroup the lattice sites into squares made of four adjacent

a

2 a

Fig. 9.4 The block spin transforma-
tion.

spins, as in the upper part of Fig. 9.4. If ξ � 1, nearest-neighbor
spins must be very strongly correlated. This means that, defining the
variables Sn = (1/4)

∑
i∈n si, where the sum is over the four adjacent

spins in the n-th square, each Sn will most of the time take the values ±1,
as the original spin variables si, and therefore we can consider them as
effective spin variables, living on the centers of their respective squares,
indicated by a cross in the lower part of Fig. 9.4.5 Since the original

5Actually, there are better formulations
of the RG transformation where the cal-
culations can be done more explicitly
and systematically. For instance, for
a scalar field φi = φ(xi) one can inte-
grate over the original variables in the
path integral, with a Dirac delta of the
form δ(Φn−P

i∈n φi), which forces the
four variables φi in the n-th square to
have a given value Φn, so we obtain an
effective theory in terms of the “block
fields” Φn. Alternatively, we can work
in momentum space, using the momen-
tum modes φk, regularizing the theory
with a cutoff Λ which restricts the Eu-
clidean momenta to |k| < Λ. Then, in
the partition function Z, we integrate
explicitly over the modes φk in a shell
Λ − δΛ < |k| < Λ, remaining with an
effective action for the low-momentum
modes. We do not enter into these
technical aspects, and we limit our-
selves to illustrate the main ideas using
Kadanoff’s block spin transformation,
which is rather intuitive.

spins si had only nearest-neighbor interaction, in a first approximation
also these “block spin” variables will interact among themselves only
with a nearest-neighbor interaction, but their effective coupling constant
in general will not be the same as the coupling K which appears in
eqs. (9.64) and (9.65). Rather, the coupling will have a value K2 ≡ f(K),
for some function f(K), determined by the condition that the partition
function is preserved,

Tr{Sn}e−βH′[Sn] = Tr{si}e
−βH[si] , (9.68)

so that the theory obtained with a block spin transformation describes
the same macroscopic physics. In general, H ′[Sn], as determined by the
above equation, will contain also interaction terms that are not present in
H , so the evolution of the couplings should really be followed in a multi-
parameter space of coupling constants, rather than being restricted to
the coupling K. For the moment, we neglect this aspect to simplify the
presentation of the main ideas.

If K describes the interaction on a microscopic scale a, K2 describes
the effective interaction on the scale 2a. We can then iterate the proce-
dure, performing this block spin transformation over the Sn variables,
again regrouping four of them together; since the Hamiltonian still has
the same form as in eq. (9.64), with just the replacement K → f(K),
the effective coupling at the scale 4a will be

K3 ≡ f(K2) = f(f(K)) . (9.69)

We can iterate the procedure n times, until 2na becomes almost of order
aξ. What we gain by this procedure is that at each stage the number of
effective spin variables which are strongly correlated among themselves
has been thinned. In fact, in terms of the variable Sn, the new (di-
mensionless) correlation length is ξ1 = ξ0/2 (where ξ0 is the correlation
length of the original variables si), since the spacing between the spins
Sn is 2a. After n steps the correlation length is ξn = ξ0/2n. When this
number becomes of order one, collective effects do not play any role, and
the physics of the system can simply be read off the effective Hamilto-
nian. Therefore the coupling Kn obtained iterating n times the block
spin transformation, i.e. the coupling defined by

Kn = f(Kn−1) , (9.70)
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with the initial condition K1 = K, is the effective coupling which de-
scribes the physics at the length-scale l = 2na.

The relation with the renormalization group equations discussed in
Section 5.9 now emerges. What we find, either using the QFT language
in Section 5.9 or the language of statistical mechanics in this section, is
that the behavior of the theory is described by effective coupling con-
stants that depend on a length-scale l (or equivalently on an energy-scale
1/l). In statistical mechanics l represents the scale over which micro-
scopic fluctuations have been averaged out while, in QFT, 1/l is the
cutoff in momentum space. All the necessary information is encoded
in the functions that describe how the couplings change as we change
the scale: the beta function in Section 5.9 or the function f(K) in this
section.

We see that the problem of taking into account the collective action of
many degrees of freedom when the correlation length is large has been
translated into the problem of computing the function f(K). This can
be a very difficult task, so it might seem that we have simply translated
a difficult problem into another difficult problem. However, the power
of the method emerges in connection with the notion of fixed point. A
fixed point Kc is defined as a solution of the equation

Kc = f(Kc) . (9.71)

Observe that ξn is a function of Kn, i.e. ξn = ξ(Kn). Since ξn+1 = ξn/2,
the function ξ(K) must satisfy

ξ[f(K)] =
1
2
ξ(K) . (9.72)

At the fixed point Kc = f(Kc) so ξ(Kc) = (1/2)ξ(Kc), which has two
solutions, ξ(Kc) = ∞ and ξ(Kc) = 0. We see from eq. (9.63) that the
latter case is of no interest for constructing an interacting continuum
QFT, and is called a “trivial” fixed point. The fixed points corresponding
to ξ(Kc) = ∞ are instead called “critical”.

In a general system, the space of coupling constants will be multi-
dimensional, and one must also take into account that, even if a term is
not originally present in the microscopic Hamiltonian, it will be gener-
ated by the RG transformation, unless it is protected by some symme-
try. Therefore we will have a RG flow in this multidimensional (actually,
infinite-dimensional) space. However, most of the couplings will be sim-
ply driven to zero by the RG transformation. The operators with whom
they are associated in the Lagrangian are termed irrelevant.
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Fig. 9.5 An example of RG flow
with three fixed points A, B, C on
the critical surface and a fixed point
P0 at ξ = 0.

In the space of the remaining couplings, the RG flow will be basically
determined by the fixed-point structure. Barring more exotic possibili-
ties, like chaotic behavior, the RG trajectory will flow either to infinity
or toward the fixed points.

A hypothetical example of a flow in a two-dimensional parameter
space is shown in Fig. 9.5. In this figure we have drawn the critical
surface, that is the surface in the parameter space where ξ = ∞, and
other surfaces at constant ξ. We have considered a situation in which
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on the critical surface there are three fixed points, labeled A, B and C.
Furthermore, there is a trivial fixed point P0 with ξ = 0. Each point on
this graph corresponds to a set of values for the couplings, i.e. a physical
Hamiltonian in the language of statistical mechanics, or a bare QFT in
field-theoretical language. Since under a RG step ξ → ξ/2, if we apply
the transformation to a point on the critical surface we remain on the
critical surface, while if we start at ξ finite we will be eventually driven
to the fixed point at ξ = 0.

A very important property of a fixed point is its stability. In Fig. 9.5
P0 is a stable fixed point: the flow is such that, if we start infinitesimally
close to P0 in any direction, the RG transformation will bring us toward
P0. All fixed points on the critical surface have instead at least one un-
stable direction, which is the direction orthogonal to the critical surface
itself: if we start close to the critical surface, but not exactly on it, the
RG transformation decreases ξ and drives us further away from the crit-
ical surface. The fixed points A and C have one stable direction along
the critical surface, while B has instead a second unstable direction.

Points that are on the same RG trajectory describe the same macro-
scopic physics, by construction of the RG transformation, see eq. (9.68).
In principle, each point on the critical surface is suitable for removing
the cutoff and defining a renormalized QFT, since there ξ = ∞ and
a = 0. However, these theories are not all physically different. Since a
RG trajectory connects equivalent theories, all the points on the critical
surface that lie in the attraction basin of the same fixed point correspond
to equivalent theories. In other words, the space of possible renormalized
QFT is split into equivalence classes, known as universality classes, in
one-to-one correspondence with the fixed points on the critical surface.

Universality is a powerful concept to explain why statistical systems
with very different microscopic Hamiltonians turn out to have the same
critical behavior, and in particular the same critical indices. For in-
stance, for a generic system with one coupling constant K, we have seen
in eq. (9.67) that near the critical coupling Kc

ξ(K) � c

(K − Kc)ν
, (9.73)

with c a constant. Combining this with eq. (9.72), we have

lim
K→Kc

(
f(K) − Kc

K − Kc

)ν

= 2 . (9.74)

Close to the critical point, f(K) � Kc + f ′(Kc)(K − Kc) and, substi-
tuting into eq. (9.74), we get [f ′(Kc)]

ν = 2, or

ν =
log 2

log f ′(Kc)
. (9.75)

This shows that the critical index ν depends only on the form of the
function f(K) near the critical point, and not on the microscopic details
of the Hamiltonian. In particular, all Hamiltonians that lie on the same
RG trajectory describe systems that, even if apparently very different
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on the microscopic scale, have the same value of ν. The above results
also nicely illustrate how the non-analytic behavior (9.73) emerges as a
result of collective behavior, from a regular Hamiltonian and an analytic
function f(K).

In the context of QFT, universality means first of all that (at least
within a universality class) the renormalized theory does not depend on
the details of the regularization. Universality however is important also
for a different reason. In Section 5.9 we saw that we can write the RG
equations in two different forms:

(1) We can write them as equations that govern the dependence of the
bare coupling constants on the cutoff, as in eq. (5.164). With a lattice
cutoff Λ = 1/a, eq. (5.164) reads

a
dg0

da
= −β(g0(a)) , (9.76)

where, in the general case of many coupling constants, g0 and β are
vectors in the coupling constant space.

(2) We can write the RG equations in the form of equations that
govern the dependence of the renormalized coupling constants on the
energy. From eq. (5.178), setting E = uµ (where µ is the reference
scale),

E
dgeff

dE
= β(geff(E)) . (9.77)

Both eqs. (9.76) and (9.77) originated from eq. (5.161), in the former
case taking the derivative with respect to the cutoff and in the latter
with respect to the renormalization point µ. �
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Fig. 9.6 An example of a beta func-
tion with two zeros, such that g = 0
is an IR fixed point and g = gc is a
UV fixed point.
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Fig. 9.7 Reversing the sign of the
beta function, g = 0 becomes a UV
fixed point and g = gc an IR fixed
point.

Equation (9.76), as we have seen, can be understood in the language
of critical phenomena, because the cutoff a can be interpreted as the
physical lattice spacing of a condensed matter system, and a change in
cutoff as the result of taking into account collective effects. However,
eq. (9.77) has the same form as eq. (9.76), so we can again apply the
notions of fixed points, universality, etc. While in eq. (9.76) the fixed
points are at ξ = 0,∞ (i.e. when the momentum space cutoff 1/a is 0
or ∞), in eq. (9.77) they will be at E = 0 or at E = ∞. In eq. (9.76)
only the fixed points at ξ = ∞ were interesting in the QFT context.
In eq. (9.77), instead, both types of fixed points are very interesting; a
fixed point at E = 0 (called an infrared, or simply IR, fixed point) can
govern the behavior of a theory at low energies while a fixed point at
E = ∞ (called a UV fixed point) will be relevant at high energies.

This can be understood from Figs. 9.6 and 9.7, where for simplicity
we take the space of coupling constants to be one-dimensional. We
consider a theory with a beta function which vanishes at geff = 0 (the
perturbative fixed point, which always exists) and which furthermore
has a zero at a value geff = gc. In Fig. 9.6 the beta function is positive
for 0 < geff < gc and negative for geff > gc. From this, it follows that a
solution of eq. (9.77), as E → ∞, will always be attracted toward geff =
gc, independently of the initial value g(µ). In fact, if 0 < g(µ) < gc,
β(geff) > 0, therefore dgeff/dE > 0 and geff(E) increases asymptotically
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toward gc. Conversely, if the initial value g(µ) > gc, the beta function
is negative and geff(E) decreases toward gc. Therefore in this example
gc is a UV fixed point. Universality manifests itself in the fact that the
large-energy properties of the theory are governed by this value of the
coupling, irrespectively of the initial value of g(µ).

To study the limit E → 0, instead, we can run the RG flow backward
and, again using Fig. 9.6, we see that, if 0 < g(µ) < gc, geff(E) runs
toward zero as E → 0 while, if g(µ) > gc, geff(E) runs toward infinity.
Therefore g = 0 is an IR fixed point (with attraction domain 0 < g(µ) <
gc), and all theories in this universality class become free at low energies.

In Fig. 9.7 we have reversed the sign of the beta function, and the
same analysis as above shows that now g = 0 is a UV fixed point with
attraction domain 0 < g(µ) < gc, while in the infrared the theory flows
at gc.

In QCD, the beta function has only the perturbative zero at g = 0,
and is negative for g > 0. There is no other fixed point. Therefore the
theory in the UV flows to g = 0, which is the property of asymptotic
freedom that we already mentioned in Section 5.9. In the IR limit the
coupling grows large and enters in the strong coupling domain, where
perturbative methods cannot be applied.

9.6 QFT at finite temperature

Another interesting application of the path integral technique is to QFT
at finite temperature. To understand this relation we consider first
quantum mechanics and we start from eq. (9.15), written using the
Schrödinger representation,

〈qf |e−iĤ(Tf−Ti)|qi〉 =
∫ q(Tf )=qf

q(Ti)=qi

[dq] eiS . (9.78)

We now rotate from Minkowski to Euclidean space, t → −it, so that
exp{−iHt} becomes exp{−Ht}, while eiS/� becomes e−S/�, as discussed
in the previous section. In this section, the notation t will hereafter
denote Euclidean time. Then eq. (9.78) becomes

〈qf |e−βĤ |qi〉 =
∫ q(Tf )=qf

q(Ti)=qi

[dq] e−S , (9.79)

where β ≡ Tf − Ti and Ti, Tf are the minimum and maximum values of
Euclidean time; S is the Euclidean action so, for a particle in a potential
V ,

S =
1
2
mq̇2 + V (q) . (9.80)

We now take qi = qf ≡ q and we sum over all possible values of q,

∑
q

〈q| e−βĤ |q〉 =
∫

q(t)=q(t+β)

[dq] e−S , (9.81)
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where the sum is over all possible configurations with q(Ti) = q(Tf) or,
in other words, over all periodic configurations with period β = Tf −Ti.
Since the states |q〉 form a complete set, the left-hand side is the trace
of e−βĤ over the Hilbert space, so we find the relation

tr e−βĤ =
∫

q(t)=q(t+β)

[dq] e−S . (9.82)

For a scalar field theory we can perform the same steps with just a
change in notation, and we get

tr e−βĤ =
∫

φ(x ,t)=φ(x ,t+β)

Dφ e−S , (9.83)

with S the Euclidean action given in eq. (9.54) and H the field theory
Hamiltonian. The left-hand side of eq. (9.82) or eq. (9.83) is the thermal
partition function of a system with Hamiltonian H , at a temperature
given by kBT = 1/β. This means that the thermal averages of the
system can be computed using the path integral, restricting to paths
periodic in Euclidean time.

From a practical point of view, in quantum mechanics it is simpler
to compute directly the trace on the left-hand side of eq. (9.82) using
the operator formalism. In QFT, instead, it is usually much simpler to
evaluate the path integral in eq. (9.83).

9.7 Solved problems

Problem 9.1. Instantons and tunneling

It happens in many theories that, beside the trivial solution φ = 0, there
are other, non-trivial, solutions of the Euclidean equations of motion, which
vanish at infinity. A typical situation is given by solutions which describe
tunneling phenomena between different vacua. We consider the action of a
scalar field theory in D Euclidean dimensions,

SE =

Z
dDx

»
1

2
∂µφ∂µφ + V (φ)

–
, (9.84)

and we choose

V (φ) =
m2

2
φ2

„
1 − φ

η

«2

, (9.85)

so we have a mass term, a cubic and a quartic coupling. As a first step, we
restrict to D = 1, so the action is

SE =

Z
dt

»
1

2
(∂tφ)2 + V (φ)

–
. (9.86)

This is Euclidean quantum mechanics, with φ(t) playing the role of the position
q(t). However, we will still use the notation φ and the typical field theory
language, to emphasize that many general ideas carry through (with some
qualifications to be discussed below) in field theory in D Euclidean dimensions.
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This potential has two degenerate minima: one is at φ = 0 and, in the
field theory language, it is the perturbative vacuum; the other is located at
φ = η. Of course, with a redefinition of the field of the form φ → φ − η we
could shift the rightmost minimum at φ = 0 and call this the perturbative
vacuum; in any case, the point is that there are two minima, and perturbation
theory is defined as an expansion around one of them. So we choose φ = 0 as
the perturbative vacuum, and we study the path integral with the boundary
conditions that the field goes to zero as t → ±∞. We now ask whether
there are classical solutions of the equations of motion with these boundary
conditions. One is obviously the perturbative vacuum, φ(t) = 0 for all t. To
search for other solutions, observe that formally eq. (9.86) is the same as the
action of a particle with coordinate φ(t) and unit mass, moving in Minkowski
space in a potential −V (φ), shown in Fig. 9.8. From this formal analogy we
immediately understand that there is a solution starting at t = −∞ at φ = 0
with a “speed” φ̇ → 0+, which approaches the point φ = η at t = +∞. In the
original Minkowskian field theory, φ = 0 and φ = η are the two degenerate
vacua, separated by a potential barrier, and therefore this Euclidean solution,
from the point of view of Minkowski field theory, represents a tunneling process
between the two vacua. We will call this Euclidean solution an “instanton”.

-V

φ

Fig. 9.8 The function −V (φ)
against φ.

Actually, this solution does not satisfy our boundary conditions, since φ 
= 0
at t → +∞. However, there is also a solution, that we call an anti-instanton,
which goes from φ = η to φ = 0, and we can combine the two solutions to
obtain a path that starts and ends at φ = 0; for instance we can consider a
path that starts at φ = ε > 0. This will reach an inversion point close to
φ = η and then will go back to φ = ε. In the limit ε → 0+ we get the desired
solution, which is called an instanton–anti-instanton (I Ī) pair.

The path integral can therefore be approximated as a sum of two terms:
the contributions of the small fluctuations around the perturbative vacuum
φ = 0, which reproduces the perturbative expansion, and the contribution of
the fluctuations around the IĪ pair. The latter gives an example of a non-
perturbative contribution. Let φ0(t) be the IĪ classical solution. We can write
a small fluctuation over φ0 in the form

φ = φ0 + ϕ , (9.87)

with ϕ small. The action can be expanded in powers of ϕ as

S[φ] = S[φ0] + S2[ϕ] + S3[ϕ] + . . . , (9.88)

where S2 is quadratic in ϕ, S3 is cubic, etc. It is important that there is no
term linear in ϕ, since φ0 is a classical solution and therefore is an extremum
of the action.

Then the contribution to the path integral coming from the fluctuations
over φ0 is

e−S[φ0]

Z
Dϕ e−(S2[ϕ]+S3[ϕ]+...) . (9.89)

We see that this contribution is proportional to e−S[φ0], where S[φ0] ≡ SIĪ is
the action of the IĪ configuration, or more generally of the classical configura-
tion over which we are expanding. In this example, we have SIĪ = SI + SĪ =
2SI so to compute SIĪ we must find explicitly the instanton solution and its
action SI . In this model this is easily done: the equation of motion is

φ̈ = m2φ

„
1 − φ

η

«„
1 − 2

φ

η

«
, (9.90)
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and the instanton solution, which interpolates between φ = 0 at t = −∞ and
φ = η at t = +∞, is

φ(t) =
η

1 + exp{−mt} . (9.91)

Inserting this into eq. (9.86) and setting τ = mt/2 we find

SI =
mη2

8

Z ∞

−∞
dτ

1

cosh4 τ
=

mη2

6
. (9.92)

Observe that the coefficient of the φ4 term in the action (9.84, 9.85) is m2/(2η2).
We then define the quartic self-coupling λ from λ/4! = m2/(2η2), and we see
that the contribution to the path integral of the small fluctuations over this
classical configurations is proportional to

e−2SI = exp
n
− c

λ

o
, (9.93)

with c = 4m3. The fact that c is not adimensional is due to the fact that
in D = 1 the coupling λ is not adimensional. The important point is that
this contribution is non-analytic in the coupling λ and can never be seen in
a perturbative expansion around λ = 0; the Taylor expansion of the func-
tion f(x) = exp{−1/x} around x = 0 is in fact identically zero. Instantons
therefore provide an example of non-perturbative contributions that cannot
be computed in a perturbative expansion in terms of Feynman graphs. Para-
metrically, as λ → 0, exp{−c/λ} is smaller than any power of λ; therefore, in
a theory in which the renormalized coupling is sufficiently small, like in QED,
effects of this type are negligible. However, in a theory like QCD where the
coupling is strong, non-perturbative effects are important.

The generalization to D > 1 Euclidean dimensions is not completely straight-

forward. For instance, if we start with eq. (9.84), we might look for a classical

solution φ(t,x) which is independent of x. Then we would just find again the

solution φ(t) discussed above. However now its action contains also a diver-

gent volume factor coming from the integration over the spatial coordinates,

and therefore the contribution to the path integral of these configurations is

∼ e−∞ = 0. Thus we must look for solutions whose action is localized not only

in time, as in eq. (9.92), but also in space. Solutions of this type turn out to

exist in a number of interesting theories, including QCD, and are generically

called instantons.

Summary of chapter

• In the path integral formulation of quantum mechanics the position
and momentum (and any other variable) remain c-numbers rather
than being promoted to operators. The amplitudes are computed
summing over all possible trajectories with the given boundary
conditions, weighting each trajectory with eiS (or e−S in Euclidean
space). The connection between the operator formalism and the
path integral quantization is provided by eqs. (9.15) and (9.25).

• The vacuum expectation value of a T -product of fields can be
computed performing a path integral over all field configurations
that go to zero at infinity, eq. (9.29). The perturbative expansion
is recovered writing the action as S = S2 + Sint, where S2 is the
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part quadratic in the fields and Sint the interaction term. The
inverse of the operator which appears in S2 gives the propagator,
and the perturbative expansion is reproduced expanding eiS (or
e−S in Euclidean space) in powers of Sint.

• An important aspect of the path integral formulation is that it
allows us to define the theory non-perturbatively, and it makes it
possible to compute (at least in principle, or with suitable numeri-
cal or semiclassical techniques) terms non-analytic in the coupling
constant.

• The Euclidean formulation of the path integral reveals deep con-
nections between QFT and critical phenomena. The bare Green’s
functions of a QFT in d spatial dimensions are equivalent to the
physical correlation functions of a statistical system living in d+1
spatial dimensions. The dependence of the bare coupling constants
on the cutoff in QFT can then be understood, in the language
of statistical mechanics, as a result of the collective interaction
between many degrees of freedom when the correlation length is
large, and can be computed “integrating out” the small scale fluc-
tuations. This generates the RG transformation. The existence
of fixed points of the RG transformation leads to the notion of
universality.

Further reading

• A clear and concise review of the path integral tech-
nique can be found in Appendix A of Polchinski
(1998). For more details on the path integral see
Peskin and Schroeder (1995), Chapter 9. For the
path integral quantization of gauge theories see also
Ramond (1990).

• For the connection between QFT and critical phe-
nomena, the original review papers are still excel-
lent readings; a classical reference is K. G. Wilson
and J. B. Kogut, Phys. Rept. 12 (1974) 75. See also

J.B. Kogut, Rev. Mod. Phys. 51 (1979) 659. For a
historical perspective of the developments leading
to renormalization group and the relation between
QFT and critical phenomena, see the Nobel lecture
of K. Wilson, Rev. Mod. Phys. 55 (1983) 583.

• Two advanced books on the relations between field
theory and critical phenomena are Parisi (1988)
and Zinn-Justin (2002).

• For instantons, a classical reference is Coleman
(1985). See also Chapter 39 of Zinn-Justin (2002).
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In this chapter we introduce non-abelian gauge theories, or Yang–Mills
theories. Their importance stems from the fact that strong interac-
tions are described by a non-abelian gauge theory with gauge group
SU(3), known as quantum chromodynamics or QCD, while the elec-
tromagnetic and weak interactions are unified in a gauge theory with
gauge group SU(2) × U(1), the electroweak theory. Together, QCD
and the electroweak theory form the Standard Model, which to date
reproduces all known experimental results of particle physics, up to en-
ergies of the order of a few hundred GeV. To have an idea of the de-
gree of accuracy of these measurements, we mention that the mass of
the Z0 boson is measured with a precision of almost two parts in 105,
mZ = 91.1876(21) GeV, its width is ΓZ = 2.4952(23) GeV, and many
other observables are known with a precision of the order of a few parts
in 103.

A full presentation of the Standard Model is beyond the scope of this
course. In this and the next chapter we will however introduce two of its
main ingredients, namely Yang–Mills theories and the Higgs mechanism.

Non-abelian gauge theories, beside having an extraordinary experi-
mental success, have also a very rich theoretical structure, at the classical
and especially at the quantum level. Within the scope of this course, we
can only limit ourselves to just a few elementary aspects; in particular,
we will discuss how to generalize gauge transformations to non-abelian
groups and how to write the corresponding invariant Lagrangians.

10.1 Non-abelian gauge transformations

As a first step, it is useful to rewrite the abelian gauge transformation of
electrodynamics in a form more suitable for generalization. We saw in
Chapter 3 that electrodynamics has a local U(1) gauge invariance. We
write a generic x-dependent U(1) element as

U(x) = eiθ(x) , (10.1)

with 0 � θ(x) � 2π. A field Ψ with charge q transforms as

Ψ(x) → Uq(x)Ψ(x) (10.2)

where Uq(x) = eiqθ(x) is a representation of the U(1) transformation, la-
beled by the parameter q. The transformation of the gauge field instead
is

Aµ(x) → Aµ(x) − ∂µθ . (10.3)
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In terms of the gauge group element U(x), this can be rewritten as

Aµ(x) → Aµ + i(∂µU)U † . (10.4)

We make the (obvious) observation that the transformation law of Aµ

is an intrinsic property of the gauge field, and does not know anything
about q, which instead is a parameter that labels the representation to
which the matter field Ψ belongs. The coupling between Aµ and Ψ is
obtained using the covariant derivative, eq. (3.167), which depends on
q, i.e. on the representation to which Ψ belongs,

DµΨ = (∂µ + iqAµ)Ψ . (10.5)

The important property of the covariant derivative is that, even under
x-dependent transformations, it transforms in the same way as Ψ,

DµΨ → Uq(x)DµΨ , (10.6)

as we already saw in eq. (3.168). As discussed in Section 3.5.4, using
covariant derivatives there is a very simple way to construct a theory
with local U(1) invariance: we start from a theory with global U(1)
invariance and we just replace all the ordinary derivatives with covari-
ant derivatives. This method of coupling matter to the electromagnetic
field is known as the minimal coupling. We have also seen, again in
Section 3.5.4, that non-minimal couplings are also possible, but they are
characterized by coupling constants with dimensions of inverse powers
of mass. From the discussion in Section 5.8 and the explicit example of
the Fermi theory presented in Section 8.1, we understand that couplings
with inverse mass dimensions are less fundamental than dimensionless
couplings, and emerge as the low-energy limit of some more fundamental
dimensionless coupling. Therefore, it is the minimal coupling that we
want to generalize.

We find it convenient to redefine θ(x) → eθ(x), where e < 0 is the
electron charge. Therefore we write

U(x) = eieθ(x) , (10.7)

where now 0 � θ(x) � 2π/|e|, and the gauge transformation becomes

Ψ(x) → eiqeθ(x)Ψ(x) , (10.8)

Aµ(x) → Aµ +
i

e
(∂µU)U † . (10.9)

We want to generalize the above transformations to the case where
U(x) belongs to a non-abelian group G, rather than just to U(1), and
we want to construct a Lagrangian invariant under such local transfor-
mations. We will limit ourselves to the the case G = SU(N), although
the construction is very general; G is called the gauge group.1

1We recall a few basic facts about the

group SU(N). It has N2 − 1 genera-
tors T a, which are hermitian and sat-
isfy Tr T a = 0. By definition they obey
the Lie algebra [T a, T b] = ifabcT c ,
where fabc are the structure constants
of SU(N), which are completely anti-
symmetric and real. For example, for
SU(2), fabc = εabc. If T a

R is a repre-
sentation of the algebra and V a uni-
tary matrix of the same dimension as
T a

R, then V T a
RV † is still a solution of

the Lie algebra and therefore provides
an equivalent representation. We can
fix V requiring that it diagonalizes the
matrix Dab(R) ≡ Tr (T a

RT b
R), so that

Tr (T a
RT b

R) = C(R)δab . The normaliza-
tion factor C(R) is fixed (since the Lie
algebra is not invariant under a rescal-
ing of T a) and it depends on the rep-
resentation R. For SU(N), it turns out
that C(R) = 1/2 for the fundamen-
tal representation and C(R) = N for
the adjoint representation; the reader
can check it for SU(2), using T i =
σi/2 for the fundamental and (T i)jk =
−iεijk for the adjoint, as we discussed
in eq. (2.37). By definition for SU(N)
we raise or lower the index a with δab,
so we will conventionally always write it
as an upper index, and repeated upper
indices are summed over.

We start by generalizing eq. (10.8). We consider a set of fields Ψα(x)
transforming in a given representation R of the gauge group. The fields
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are then labeled by an index α = 1, . . . , dim (R). For definiteness we
take Ψα to be Dirac fermions, but all the subsequent considerations are
very general and apply to any matter fields, e.g. to bosonic fields or to
Weyl fermions.

The fact that Ψ transforms in the representation R means that, under
a gauge transformation,

Ψ → URΨ , (10.10)

or, in components, Ψα(x) → (UR)α
β(x)Ψβ(x). In eq. (10.10),

UR(x) = exp{igθa(x)T a
R} , (10.11)

where T a
R are the generators of the gauge group in the representation R

and θa(x) are the parameters of the transformation. We have redefined
the parameters θa(x) → gθa(x), where g is a constant. We will see below
that g will be the coupling constant of the theory.

The free Dirac Lagrangian,

Lfree = iΨ̄αγµ∂µΨα , (10.12)

(with the sum over the index α understood) is invariant under global
SU(N) transformations, since if Ψ → URΨ then Ψ̄ → U †

R and, if UR is
independent of x, it goes through ∂µ and cancels against U †

R. However,
if UR depends on x, performing the transformation we also get a term
proportional to ∂µU and this Lagrangian is no longer invariant.

To construct an invariant Lagrangian, we introduce a set of gauge
fields Aa

µ labeled by an index a, with one gauge field for each generator
of the gauge group; the Aa

µ are called non-abelian gauge fields. In par-
ticular, SU(N) has N2 − 1 generators, so we have three gauge fields for
SU(2) and eight gauge fields for SU(3). We introduce the matrix field

Aµ(x) = Aa
µ(x)T a . (10.13)

Of course Aa
µ does not depend on the representation (just as in electro-

magnetism the gauge field, and therefore its transformation properties,
does not know anything about the parameter q that labels the matter
representation), while the generators T a, and therefore the matrix Aµ,
have an explicit form which depends on the representation R. We define
the gauge transformation of Aµ as

Aµ → UAµU † − i

g
(∂µU)U † , (10.14)

where Aµ = Aa
µ(x)T a

R and U(x) = exp{igθa(x)T a
R} are in the same rep-

resentation R. This definition is consistent because the transformation
that it induces on Aa

µ is independent of R, as it should be. This can be
shown considering first an infinitesimal transformation,

U(x) = 1 + igθa(x)T a
R + O(θ2) . (10.15)
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Then eq. (10.14) becomes

Aa
µT a

R → (1 + igθaT a
R)Ab

µT b
R(1 − igθcT c

R) − i

g
(igT a

R∂µθa) + O(θ2)

= Aa
µT a

R + igθaAb
µ[T a

R, T b
R] + T a

R∂µθa + O(θ2) . (10.16)

Therefore
Aa

µ → Aa
µ + ∂µθa − gfabcθbAc

µ + O(θ2) , (10.17)

and no dependence on the representation R appears. For Lie groups the
infinitesimal transformation fixes uniquely also the finite transformation,
and therefore even the finite transformation of Aa

µ is independent of
R. Equation (10.14) generalizes eq. (10.9) to non-abelian groups. The
constant g will play the role of the gauge coupling, as we will see below.22We take g > 0, while the electron

charge is e < 0. This is the origin of
some apparent sign differences in the
definitions for the U(1) and the non-
abelian case.

In particular, under a global gauge transformation, Aµ → UAµU †. It
is interesting to ask what this transformation property means in terms
of the N2 − 1 fields Aa

µ, and we will see in Section 10.4 that it means
that, under global gauge transformations, Aa

µ → (Uadj)a
bA

b
µ, where Uadj

is the adjoint representation of the gauge group.
We now define the covariant derivative on the field Ψ as

DµΨ =
(
∂µ − ig Aa

µT a
R

)
Ψ , (10.18)

where T a
R are the generators in the same representation R as the field

Ψ. Using eqs. (10.10) and (10.14) we see that

DµΨ → ∂µ(URΨ) − ig

(
URAµU †

R − i

g
(∂µUR)U †

R

)
URΨ = URDµΨ ,

(10.19)
where we used the fact that Aa

µT a
R transforms with the same matrix UR

which appears in the transformation of Ψ. Therefore DµΨ transforms
in the same way as Ψ, even under local transformations.

10.2 Yang–Mills theory

Using the covariant derivative, it is now easy to write a Lagrangian with
local non-abelian gauge invariance. We just replace ∂µ → Dµ in the free
theory, that is, we write

L =
∑

α

Ψ̄α [iγµ(DµΨ)α − mΨα] . (10.20)

This Lagrangian contains the kinetic term of the fermionic field and its
interaction with the gauge fields. The interaction term, which is hidden
in the covariant derivative, is

Lint = gAa
µ Ψ̄αγµ(T a

R)αβΨβ , (10.21)

and we see that g is a coupling constant. We also need a kinetic term
for the gauge fields. One might try to define the field strength tensor of
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each of the gauge fields Aa
µ as F a

µν = ∂µAa
ν − ∂νAa

µ, but it is immediate
to verify that this quantity does not have any simple transformation
property under (10.14). Instead, a straightforward computation (using
the identity 0 = ∂µ(UU †) = (∂µU)U † + U(∂µU †) and therefore ∂µU † =
−U †(∂µU)U †) shows that the quantity

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] (10.22)

transforms as

Fµν(x) → U(x)Fµν (x)U †(x) . (10.23)

Fµν is called the non-abelian field strength. From eqs. (10.22) and
(10.13) we see that we can rewrite Fµν as

Fµν = F a
µνT a (10.24)

with

F a
µν = ∂µAa

ν − ∂νAa
µ + gfabcAb

µAc
ν . (10.25)

Now it is easy to construct a gauge-invariant kinetic term for the gauge
field; it is given by

Lgauge = −1
2

TrFµνFµν = −1
4

F a
µνF a µν , (10.26)

where Fµν has been taken in the fundamental representation, and we
used the fact that Tr(T a

F T b
F ) = (1/2)δab. Under gauge transformations

TrFµνFµν → Tr (UFµνFµνU †) = Tr FµνFµν due to the cyclic property
of the trace.

The complete Lagrangian of the SU(N) Yang–Mills theory with Dirac
fermions in the representation R is therefore

LYM = iΨ̄α �∂Ψα−mΨ̄αΨα+gAa
µΨ̄αγµ(T a

R)αβΨβ− 1
4

F a
µνF a µν , (10.27)

or, in more compact form,

LYM = Ψ̄ (i �D − m)Ψ − 1
2

Tr FµνFµν . (10.28)

Observe, from eq. (10.25), that the term F 2 contains not only the

Fig. 10.1 The vertices with three
and with four non-abelian gauge
bosons.

standard kinetic term of the gauge fields, but also an interaction ver-
tex with three gauge bosons, proportional to g, and a vertex with four
gauge bosons, proportional to g2, as shown in Fig. 10.1. Observe also
that gauge invariance has fixed the three-boson, four-boson, and boson–
fermion–fermion vertices in terms of a single parameter, the gauge cou-
pling g.
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10.3 QCD

Quantum chromodynamics (QCD) is a Yang–Mills theory with gauge
group SU(3). The matter fields are the quarks. They are in the fun-
damental representation of the gauge group and have spin 1/2. As we
already discussed in Chapter 8, there are six type of quarks, denoted as
u (up), d (down), c (charm), s (strange), t (top) and b (bottom). The
type of quark is called the flavor, while the index of the gauge group is
called the color index. Therefore a generic quark field has two indices,
Ψα,A with α = 1, 2, 3 the color index and A = u, d, c, s, t, b the flavor in-
dex. Each quark flavor is described by a Lagrangian of the type (10.27),
with a different mass for each flavor. The 32 − 1 = 8 gauge bosons are
called gluons. Therefore the QCD Lagrangian is

LQCD = iΨ̄α,A �∂ Ψα,A − mAΨ̄α,AΨα,A − 1
4

F a
µνF a µν

+gAa
µ Ψ̄α,AγµT a

αβΨβ,A , (10.29)

where we sum over both the color indices α, β and the flavor index A,
and T a are the generators of SU(3) in the fundamental representation.

QCD is the fundamental theory of strong interactions. A crucial prop-
erty of QCD, that we already discussed in Sections 5.9 and 9.5, is asymp-
totic freedom, which means that the running coupling constant geff(E)
(defined in Section 5.9) is small at high energies and large at low energies.
At small distances QCD is well described in terms of weakly interacting
quarks and gluons, while at large distances, of the order of 1 fm, the
theory becomes non-perturbative and quarks are confined. This means
that quarks cannot be observed as free particles, but we can only ob-
serve color-singlet bound states of quark–antiquarks (mesons) or of three
quarks or three antiquarks (baryons). Mesons and baryons are collec-
tively denoted as hadrons and, being composed of quarks, are subject
to strong interactions. The strong interactions generate dynamically a
characteristic energy scale ΛQCD ∼ (1 fm)−1 � 200 MeV. The lightest
hadron is the pion, whose mass is in fact of this order of magnitude,
mπ � 140 MeV.

Besides the exact local SU(3) color symmetry, QCD also has impor-
tant approximate global symmetries, due to the possibility of perform-
ing a coordinate-independent rotation in flavor space. We saw in Sec-
tion 3.4.3 that the free Lagrangian of a single massless Dirac fermion
has a U(1)×U(1) symmetry, in which we rotate independently the left-
handed and right-handed Weyl spinors,

ψL → eiθLψL , ψR → eiθRψR . (10.30)

In terms of the Dirac spinor Ψ the two independent transformations with
θR = θL = α and θR = −θL = β have been written in eqs. (3.125) and
(3.126), and we recall them here,

Ψ → eiαΨ , Ψ → eiβγ5
Ψ . (10.31)
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The transformation parametrized by α is called the vector U(1), while
the one parametrized by β is called the axial U(1), or UA(1).

Consider now the QCD Lagrangian with Nf quark flavors Ψ1, . . . , ΨNf

(i.e. Ψ1 is the Dirac spinor describing the u-quark, Ψ2 the d-quark, etc.).
Denote by qL a column vector with Nf components whose entries are
the Weyl spinors ψ1

L, . . . , ψ
Nf

L which describes the left-handed quarks,

qL =

⎛
⎜⎜⎝

ψ1
L

·
·

ψ
Nf

L

⎞
⎟⎟⎠ , (10.32)

and similarly for qR (the color index is not written explicitly). Recalling
the relation between the Dirac Lagrangian written in terms of Dirac
spinors and in terms of Weyl spinors, Sections 3.4.1 and 3.4.2, we can
rewrite the quark part of the QCD Lagrangian (10.29) in the form

Lquarks = iq†Lσ̄µDµqL + iq†RσµDµqR − (q†LMqR + q†RMqL) , (10.33)

where M is a mass matrix, diagonal in flavor space

MAB = mAδAB . (10.34)

If we set the mass term to zero, in the above Lagrangian there is no
coupling between left-handed and right-handed quarks, and we can per-
form a SU(Nf) transformation independently on the left-handed and
right-handed quarks,

qL → ULqL , qR → URqR , (10.35)

with UL, UR two independent SU(Nf) matrices acting in flavor space.
The operator Dµ acts on the coordinates, through ∂µ, and in color space,
because of Aa

µT a; however, it knows nothing about flavor. Therefore, if
the matrices UL,R do not depend on the coordinates xµ, they commute
with Dµ. Then under eq. (10.35)

q†Lσ̄µDµqL → q†LU †
Lσ̄µDµULqL = q†LU †

LULσ̄µDµqL , (10.36)

so it is invariant, since U †
LUL = 1, and similarly for qR. This means that,

in the limit in which we can neglect the masses of Nf quark flavors, QCD
has an approximate global SUL(Nf ) × SUR(Nf ) invariance.3 3Actually, we could more generally con-

sider a UL(Nf ) × UR(Nf ) transforma-
tion, so we also have a vector U(1),
which corresponds to baryon number,
and an axial U(1). The axial U(1)
symmetry is however spoiled by subtle
quantum effects that we will not dis-
cuss.

We introduce the Dirac spinor Q, in the chiral representation of the
γ-matrices,

Q =
(

qL

qR

)
. (10.37)

Then the symmetry SUL(Nf ) × SUR(Nf ) can be written as a product
of a vector SU(Nf) and an axial SU(Nf ), similarly to eq. (10.31)

Q → eiαQ , Q → eiβγ5
Q , (10.38)
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with α = αaT a and β = βaT a, where T a are the generators of the flavor
symmetry in the fundamental representation.

If the mass term is non-zero, but Nf masses are equal, so that M = mI
is a multiple of the identity matrix, we no longer have a SU(Nf) ×
SU(Nf) global symmetry, but we still have a SU(Nf ) global symmetry
in which the left- and right-handed quarks are rotated in the same way,
since in this case the mass term is

m(q†LqR + q†RqL) (10.39)

and is invariant under eq. (10.35) with UL = UR.
The approximation of neglecting the quark masses or of neglecting

their differences is useful only for the lightest quarks, u and d (and, to
a lesser accuracy, s). In particular, if we take mu � md, we have an
approximate SU(2) global symmetry called isospin, while if we further
assume mu � md � ms we have an approximate SU(3) flavor symmetry.
We discussed these symmetries in the Complement on page 209, where
we also explained how to use them to extract information on hadronic
matrix elements. We will further examine the axial SU(Nf) symmetry
in Section 11.2, when we discuss spontaneous symmetry breaking and
Goldstone bosons.

10.4 Fields in the adjoint representation

We have seen that the form of the covariant derivative depends on
the transformation property of the object on which it acts, since in
eq. (10.18) the generators are in the same representation R as the field
Ψ. Apart from fields transforming in the fundamental representation
of SU(N), another typical case that one encounters is that of fields in
the adjoint representation. Let us consider for definiteness a real scalar
field. As we saw in Section 2.4, the adjoint representation exists for
any group and has the same dimension as the number of generators,
i.e. N2 − 1 for SU(N). A scalar field in the adjoint can be written
as φa(x), a = 1, . . . , N2 − 1 (while for a field in the fundamental, as in
the previous section, we use the notation φα with α = 1, . . . , N), and
the indices a, b are of the same type as the indices labeling the gener-
ators. Under a gauge transformation, a field in the adjoint of SU(N)
transforms by definition as

φ →
(
eigθa(x)T a

adj

)
φ , (10.40)

where φ is the vector column with components φa. Using the fact that
we have as many fields as generators, we can form the matrix field

Φ(x) = φa(x)T a (10.41)

(with the generators T a in any representation that we wish to use, not
necessarily in the adjoint). We now show that, in terms of Φ, eq. (10.40)
becomes

Φ(x) → U(x)Φ(x)U †(x) . (10.42)
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Here U(x) = exp{igθa(x)T a}, where the generators T a are in the same
representation that we used in the definition of Φ, eq. (10.41).4 To prove 4In other words, eq. (10.42) holds at

the abstract group level, without any
reference to the representation.

this assertion, it is sufficient to consider an infinitesimal transformation.
The explicit form of the generators in the adjoint of SU(N) is (T a

adj)
bc =

−ifabc. Writing all indices as upper indices, raised with δab, under an
infinitesimal transformation we have

δφc = igθa(T a
adj)

cbφb = −gfabcθaφb , (10.43)

which implies that

δΦ = δφcT c = −gfabcθaφbT c . (10.44)

On the other hand, the infinitesimal form of eq. (10.42) is

δΦ = ig[θaT a, Φ] = igθaφb[T a, T b] = −gfabcθaφbT c , (10.45)

which agrees with eq. (10.44).5 Of course, nothing here depends on the 5Actually, to prove eq. (10.42) it was
not really necessary to perform an ex-
plicit computation. It suffices to realize
that eq. (10.42) is the same transforma-
tion law obeyed by the tensor T αβ =
ψαψ† β where ψ is in the fundamental
representation N and ψ† in the antifun-
damental N̄ . The product N ⊗ N̄ de-
composes into (N2 − 1) ⊕ 1, i.e. in the
adjoint plus the singlet. However, the
singlet is absent in Φ because Tr T a=0,
and therefore Φ is purely in the adjoint.

Lorentz indices of the field, so we see that Fµν is an example of a field
transforming in the adjoint representation under local gauge transfor-
mation; compare with eq. (10.23). Instead Aµ transforms in the adjoint
only under global transformations, while for local transformations it ac-
quires also the inhomogeneous term ∼ ∂µU . Observe also that if we
choose φa real then Φ is hermitian, and the gauge transformation is
compatible with the hermiticity condition.

The covariant derivative of a field in the adjoint is

(Dµφ)a = ∂µφa − ig Ac
µ(T c

adj)
a

b
φb . (10.46)

Using (T a
adj)bc = −ifa

bc we have

(Dµφ)a = ∂µφa − gfabcφbAc
µ . (10.47)

By definition (Dµφ)a transforms as φa under local gauge transforma-
tions. We can also write the covariant derivative in terms of Φ; defining
DµΦ = (Dµφ)α T a, eq. (10.47) gives

DµΦ = ∂µΦ − ig[Aµ, Φ] . (10.48)

Using eqs. (10.14) and (10.42), we easily check that under gauge trans-
formations

DµΦ → U(x)(DµΦ)U †(x) , (10.49)

confirming that DµΦ transforms as Φ. An invariant Lagrangian is

L = TrDµΦDµΦ =
1
2
(
∂µφa − gfabcφbAc

µ

)2
. (10.50)

Here the generators which appear in eq. (10.41) have been chosen in
the fundamental representation, so the trace gives a factor 1/2 and we
recover the standard normalization of the kinetic term. The gauge in-
variance of eq. (10.50) follows from the cyclicity of the trace. Again, we
see that the requirement of gauge invariance fixes the interaction terms,
and in eq. (10.50) we have a cubic interaction −gf abc(∂µφa)φbAc

µ and a
quartic interaction O(g2φ2A2

µ).
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Summary of chapter

• Non-abelian gauge transformations generalize the local invariance
of electrodynamics, with gauge group U(1), to non-abelian gauge
groups like SU(N). Instead of a single gauge field, we now have a
set of gauge fields Aa

µ, with one gauge field for each generator of the
gauge group. Matter fields are in a representation R of the gauge
group and therefore carry an internal index α = 1, . . . , dim (R).
The transformation laws are given by eqs. (10.10) and (10.14).

• The Yang–Mills Lagrangian is given by eq. (10.28). Besides an
interaction term between matter and gauge fields, dictated by the
covariant derivative, there are also interaction vertices involving
only three and four gauge bosons, fixed by the form of the non-
abelian field strength. Therefore all these interaction terms are
fixed by the requirement of gauge invariance.

• QCD is a Yang–Mills theory with gauge group SU(3); the matter
fields are the quarks and the gauge fields are the gluons. The
Lagrangian is given in eq. (10.29).

Further reading

• Non-abelian gauge theories are the building blocks
of modern particle physics. Given their extraordi-
nary experimental success and their rich theoretical
structure, the literature on them is vast. A detailed
introduction is provided in Peskin and Schroeder

(1995) and in Weinberg vol. II, (1996).

• A detailed survey of QCD is given by the three
volumes of At the frontier of Particle Physics–
Handbook of QCD, M. Shifman ed., World Scien-
tific 2001.
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In this chapter we present the phenomenon of spontaneous symmetry
breaking (SSB). This is a mechanism of great importance both in particle
physics and in condensed matter physics. Its generality and importance
stem from the fact that it deals with how a symmetry of the action
in QFT (or of the Hamiltonian in a statistical system) is reflected on
the ground state of the system. As we will see in Section 11.1, SSB
strictly speaking can only take place in a system with an infinite num-
ber of degrees of freedom. It is therefore a genuinely field-theoretical
phenomenon, which does not appear in quantum mechanical systems
with a finite number of variables.

We will examine the effect of SSB on different types of symmetries.
In Section 11.2 we will discuss the SSB of global symmetries, and the
emergence of Goldstone bosons. In Section 11.3 we will examine the SSB
of local abelian symmetries, and we will see that it is a crucial element
in the BCS theory of superconductivity, when the latter is formulated
in field theoretical language. We will finally examine the SSB of non-
abelian gauge symmetries, and we will see that in this case it gives rise
to the masses of non-abelian gauge bosons, like the W± and Z0 in the
Standard Model.

11.1 Degenerate vacua in QM and QFT

Spontaneous symmetry breaking is a very general phenomenon charac-
terized by the fact that the action has a symmetry (global or local) but
the quantum theory, instead of having a unique vacuum state which re-
spects this symmetry, has a family of degenerate vacua that transform
into each other under the action of the symmetry group.

A simple example is given by a ferromagnet. The action governing its
microscopic dynamics is invariant under spatial rotations. For instance,
we can describe a ferromagnet by a generalization of the Ising Hamilto-
nian given in eq. (9.64), introducing a vector variable si associated to
each site i,

H = −J
∑
i,j

si·sj , (11.1)

where J > 0 and the sum is restricted to nearest-neighbor pairs. As
we discussed in Section 9.5, above a critical temperature a ferromagnet
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has a unique ground state, with zero magnetization. Of course this
state respects the rotational invariance, since on it the expectation value
of the magnetization M = 〈si〉 vanishes, and therefore no preferred
direction is selected. Below a critical temperature instead it becomes
thermodynamically favorable to develop a non-zero magnetization, and
in this new vacuum M �= 0 and the full SO(3) rotational symmetry is
broken to the subgroup SO(2) of rotations around the magnetization
axis.

The original invariance of the Lagrangian is now reflected in the fact
that, instead of a single vacuum state, there is a whole family of vacua
related to each other by rotations, since the magnetization can in prin-
ciple develop in any direction. However, the system will choose one
of these states as its vacuum state. The symmetry is then said to be
spontaneously broken by the choice of a vacuum.

SSB is a phenomenon that cannot take place in a quantum mechanical
system with a finite number of degrees of freedom, since in this case, if
we have a family of “vacua”, the true vacuum state is a superposition
of them which respects the original symmetry. To illustrate this point,
we consider for instance the quantum mechanics of a particle, described
by a coordinate q(t), in a potential

V (q) =
1
2
λ2(q2(t) − η2)2 , (11.2)

with λ, η parameters. This potential is shown in Fig. 11.1, and is called

V

−η η q

Fig. 11.1 A double-well potential
a double-well potential. The Lagrangian is

L =
1
2
mq̇2 − V (q) , (11.3)

and is symmetric under the parity transformation q(t) → −q(t) (this
is also called a Z2 symmetry, where Z2 is the finite group formed by 1
and −1 under multiplication). The potential has two minima, at q =
±η. We can solve the Schrödinger equation expanding the potential
around the minimum at q = +η, retaining only the quadratic term
in the Taylor expansion of the potential around η (so that we have
a harmonic oscillator), and treating in perturbation theory all higher
powers of the expansion of the potential. We call |+〉 the ground state
obtained in this way; more precisely, this is a perturbative vacuum. We
can do the same expanding around −η, and we call |−〉 the corresponding
perturbative vacuum. However, the true ground state of the theory
is neither |+〉 nor |−〉. At the non-perturbative level there is a non-
vanishing amplitude for the transition between these two states, due to
the possibility of tunneling under the barrier which separates the two
minima, and which can be computed in a WKB approximation (or using
the instanton technique developed in Solved Problem 9.1). Because of
the tunneling process, the Hamiltonian is not diagonal in the |±〉 basis.
Rather, we will have

〈+|H |+〉 = 〈−|H |−〉 ≡ a

〈+|H |−〉 = 〈−|H |+〉 ≡ b , (11.4)
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with b 
 a, since the tunneling amplitude is exponentially suppressed.
Diagonalizing this Hamiltonian we immediately find that the eigenstates
are the symmetric and antisymmetric combinations

|S〉 = |+〉 + |−〉 , |A〉 = |+〉 − |−〉 , (11.5)

with energies a±b, respectively. Therefore the degeneracy between these
states is lifted by the fact that b �= 0, and the true ground state is the
combination with energy a − |b|.

Under a parity transformation q → −q, |S〉 is invariant while |A〉 picks
a minus sign. Recalling that physical states are defined up to an overall
phase, we see that the true ground state of the Hamiltonian goes into
itself under parity, and there is no SSB of the Z2 symmetry.

Consider now a real scalar field with Lagrangian

L = ∂µφ∂µφ − 1
2
λ2(φ2 − η2)2 . (11.6)

Here again we have a Z2 symmetry φ → −φ. The crucial difference is
that the tunneling amplitude in this case is proportional to exp{−cV }
with c a constant and V the spatial volume. In fact, this tunneling
amplitude can be evaluated as in the instanton computation that we have
discussed in Solved Problem 9.1, with a classical configuration which
is not localized in space, so its action is proportional to the volume,
Scl = cV , and the tunneling amplitude is proportional to exp{−Scl} =
exp{−cV }. This result can be understood physically by discretizing
space, so that our field theory corresponds to a quantum mechanical
system in which for each spatial point x we have a variable qx(t) ≡
φ(x, t), and in order to tunnel into the other vacuum each of the qx

must tunnel. Let the tunneling amplitude for a single variable qx be
proportional to e−c′, for some constant c′. The total amplitude is the
product of the separate amplitudes so, if N is the number of lattice sites,

tunneling amplitude ∼
∏
x

e−c′ = e−c′N = e−cV . (11.7)

In an infinite volume this amplitude vanishes and there is no mixing
between the two vacua. In other words, the effective height of the barrier
is infinite and therefore we truly have two distinct sectors of the theory,
i.e. two different Hilbert spaces H+,H− constructed above the two
vacua |±〉 with the usual rules of second quantization. There is no
possibility to restore the symmetry via tunneling, and all local operators
have vanishing matrix elements between a state in H+ and a state in
H−.

A characteristic of SSB is the existence of an order parameter which
takes a non-zero expectation value on the chosen vacuum. In the exam-
ple of the ferromagnet the order parameter is the magnetization, i.e. a
spatial vector, while in the previous example it was an element of Z2,
〈φ〉/η = ±1. In the following we will be interested in situations where
the order parameter is a scalar field φ, real or complex. In any case, the
order parameter is a quantity which is not invariant under the symmetry
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in question, so that a non-vanishing expectation value means that the
symmetry is broken.

For a Lie group, we can restate the condition of SSB in terms of
the action of the generators on the vacuum state. We denote by U =
exp{iθaT a} a generic element of the symmetry group in question, and by
T a the generators. If the vacuum state is invariant, then for any value of
the parameters θa we have U |0〉 = |0〉 and therefore all generators must
annihilate the vacuum,1 so T a|0〉 = 0 for each a. Instead, if the vacuum1More precisely, since vectors that dif-

fer by a phase describe the same physi-
cal state, we do not have SSB if U |0〉 =
eiα|0〉, for some constant phase α. Con-
versely, in order to have SSB, beside
eq. (11.8) we must also require that
T a|0〉 is not proportional to |0〉 itself.

state is not invariant, there must be one or more generators T a that do
not give zero when acting on the vacuum state,

T a|0〉 �= 0 . (11.8)

For example, for a ferromagnet in the ordered phase the SO(3) rotation
group is broken. The SO(3) generators are the angular momentum
operators Jx, Jy, Jz and if the magnetization is, say, along the z-axis, we
have Jz|0〉 = 0 (since rotations around the z-axis still leave the vacuum
state invariant) but Jx|0〉 �= 0, Jy|0〉 �= 0. The full SO(3) group is
therefore broken to the SO(2) subgroup generated by Jz .

11.2 SSB of global symmetries and
Goldstone bosons

Consider the Lagrangian for a complex scalar field

L = ∂µφ∗∂µφ − V (|φ|) , (11.9)

with
V (|φ|) =

1
2
λ2
(|φ|2 − η2

)2
. (11.10)

This is a double-well potential for |φ| and therefore it has a continuous set
of minima; writing φ = |φ|eiα, the vacua are characterized by 〈|φ|〉 = η,
and 〈α〉 arbitrary. The Lagrangian has a global U(1) invariance

φ → eiθφ , (11.11)

with θ an arbitrary constant. The scalar field will choose one of these
vacua, so that 〈α〉 = α0, and the U(1) symmetry is spontaneously bro-
ken. Without loss of generality we can redefine α so that α0 = 0, and
therefore on the vacuum

〈φ〉 = η . (11.12)

We want to understand the spectrum of the theory after SSB. This can
be done studying the small oscillations around the vacuum. We therefore
write

φ(x) = η +
1√
2

(χ(x) + iψ(x)) (11.13)

where χ and ψ are real fields (the normalization 1/
√

2 is chosen for later
convenience). Observe that the set of vacua is a circle of radius η in
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the complex field plane, and since we are expanding around the point
(Re φ = η, Im φ = 0), χ is a fluctuation in the direction orthogonal to the
manifold of vacua, while ψ is a fluctuation in the tangential direction,
as shown in Fig. 11.2. In other words, η + iψ, for ψ constant and

ψ

χ

Re φ

Im φ

V

Fig. 11.2 The directions in field
space parametrized by χ and ψ.

infinitesimal, is another vacuum. A small displacement in the direction
of ψ does not cost energy since we are moving along a flat direction of
the potential (at least to lowest order, i.e. retaining terms quadratic in ψ
in the Lagrangian and neglecting cubic and higher-order terms). Instead
with a small displacement in the direction of χ we feel an approximately
quadratic rise of the potential, so this fluctuation costs energy. It is
therefore clear that, after quantization, ψ is associated to a massless
mode, while χ is a massive mode. To check this formally, we insert
eq. (11.13) into the Lagrangian (11.9), and we find

L =
1
2
∂µχ∂µχ +

1
2
∂µψ∂µψ − λ2

8

[
(2
√

2η)χ + χ2 + ψ2
]2

. (11.14)

We see indeed that in this Lagrangian there is a mass term for χ,

1
2
m2

χ =
λ2

8
(2
√

2η)2 = λ2η2 , (11.15)

but there is no term of the form (1/2)m2
ψψ2, so ψ is massless. In conclu-

sion, in this model the U(1) symmetry (11.11) is spontaneously broken
by the choice of vacuum, and at the same time a massless spin-0 boson
appears in the spectrum.2 2Our discussion is oversimplified, be-

cause we assumed that the relevant
quantity, for determining whether the
vacuum is degenerate, is the classi-
cal potential V (φ). Quantum correc-
tions in general can modify the form
of the potential, and generate an effec-
tive potential (known as the Coleman–
Weinberg effective potential), which
is the quantity that really determines
whether there is SSB or not. However,
replacing V (φ) with this effective po-
tential, our considerations are correct.

This is an example of a general theorem, the Goldstone theorem, which
states that, given a field theory which is Lorentz invariant, local, and
has a Hilbert space with a positive definite scalar product, if a contin-
uous global symmetry is spontaneously broken, then in the expansion
around the symmetry-breaking vacuum there appears a massless parti-
cle for each generator that breaks the symmetry. This particle is called
a Goldstone (or Nambu–Goldstone) particle.

As in the above example, also in the general case the emergence of
massless particles corresponds to the possibility of moving, in field space,
in the direction of the manifold of vacua. The dimensionality of the
manifold of vacua is equal to the number of generators which break the
symmetry. In fact, setting the vacuum energy to zero, by definition we
have H |0〉 = 0. Since T a is the generator of a symmetry transformation,
it satisfies [T a, H ] = 0 and therefore

H(T a|0〉) = T aH |0〉 = 0 . (11.16)

So, if T a|0〉 �= 0 (and if it is not proportional to |0〉 itself, see note 1) we
have found a new state with the minimum energy, i.e. another vacuum
state. This is the origin of the fact that we have a Goldstone particle
for each generator which breaks the symmetry.

The Goldstone theorem further states that the quantum numbers of
the Goldstone particles are the same as the corresponding generator. In
most cases, the global symmetry transformations are internal transfor-
mations in the field space which do not act on the Lorentz indices of
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the fields. For instance, in the above example the symmetry which is
broken is U(1), or, equivalently, an O(2) rotation symmetry in the space
(Re φ, Im φ). These rotations do not touch Lorentz indices, and there-
fore the generators are Lorentz scalars. Correspondingly, the associated
massless particle is a spin-0 boson.33However, in supersymmetry the gen-

erators exchange fermions with bosons
and carry half integer spin. As a conse-
quence, the Goldstone particles associ-
ated to global supersymmetry breaking
are fermions.

In particle physics, an important example of Goldstone bosons is pro-
vided by the pions. From the discussion in Section 10.3 we know that,
in the limit in which the masses of the up and down quarks can be
neglected, QCD has an approximate global SU(2) × SU(2) symmetry.
We can now ask how it is realized on the vacuum. If the vacuum is in-
variant, then the situation is completely analogous to ordinary quantum
mechanics, and the spectrum of the system is organized in multiplets
(degenerate in mass) of the symmetry group. On the contrary, if a
generator fails to annihilate the vacuum, we have seen that there is a
corresponding massless particle in the spectrum.

Therefore, if the SU(2)×SU(2) approximate global symmetry of QCD
were unbroken, all strongly interacting particles should be approximately
arranged in representations of SU(2) × SU(2). Since the two SU(2)
factors are obtained one from the other with a parity transformation,
this means in particular that for each strongly interacting particle there
should be a second one, approximately degenerate in mass, and with the
opposite parity. Experimentally this is not the case. For instance, the
three pions are pseudoscalars, and there exists no triplet of real scalars
close in mass to the pions.

Rather, the experimental values of masses and quantum numbers of
the strongly interacting particles point toward a different alternative:
the vector SU(2) is unbroken, and is in fact the isospin symmetry. Cor-
respondingly, particles are organized in isospin multiplets almost degen-
erate in mass; the three pions form a triplet, the proton and neutron a
doublet, etc. This explains why their mass differences, which are O(1)
MeV, are tiny compared to the strong interaction scale which is rather
O(100) MeV.

On the contrary the axial SU(2) is spontaneously broken, and as a
consequence we have three (because of the three generators of SU(2))
Goldstone bosons, which are pseudoscalar because of the γ5 in the gener-
ators of the axial SU(2) transformation, see eq. (10.38). More precisely,
one uses the term quasi-Goldstone bosons to stress that these are par-
ticles which would be massless in the limit of exact symmetry; since
instead this SU(2) × SU(2) symmetry is only approximate, these par-
ticles are light compared to the other hadrons. Indeed, the three pions
fulfill these conditions. They are pseudoscalars, and they are the lightest
strongly interacting particles, with masses O(140) MeV rather than the
values O(1) GeV typical of the neutron and the proton.

Identifying the pions as the pseudo-Goldstone bosons of chiral sym-
metry allows us to write down effective Lagrangians which govern their
dynamics, burying all our ignorance of QCD at large distances into a
few phenomenological parameters. This is a more advanced subject, and
we refer the reader to the Further Reading section.
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11.3 Abelian gauge theories: SSB and

superconductivity

To illustrate the effect of SSB on a theory with a local symmetry we start
again from the Lagrangian (11.9), but now we gauge the U(1) symmetry.
Therefore we introduce a U(1) gauge field Aµ and we take as Lagrangian

L = (Dµφ)∗Dµφ − V (|φ|) − 1
4
FµνFµν , (11.17)

with
Dµφ = (∂µ + iqAµ)φ . (11.18)

As before,
V (|φ|) =

1
2
λ2
(|φ|2 − η2

)2
. (11.19)

To understand the physical content of the theory, it is convenient to
write the complex field φ in terms of its modulus and a phase, and to
expand the modulus around η,4 4Polar coordinates become singular at

the origin, therefore this parametriza-
tion is only useful when ϕ � η. How-
ever, to understand the particle con-
tent of the theory it is sufficient to limit
ourselves to ϕ infinitesimal and there-
fore, as long as η 	= 0, we can use this
parametrization without problems.

φ(x) = |φ(x)| eiα(x) =
(

η +
1√
2

ϕ(x)
)

eiα(x) . (11.20)

Now observe that, since under the U(1) local transformation φ trans-
forms as

φ(x) → eiqθ(x)φ(x) (11.21)

with θ(x) the parameter of the gauge transformation, we can fix the
gauge freedom setting α(x) = 0 in eq. (11.20). In other words, we
have used the gauge freedom to remove one degree of freedom from the
complex field φ, so that we are left with just a single real scalar field ϕ.
The phase α(x) parametrizes the manifold of vacua, so it is the field that,
in the case of global symmetries, describes the Goldstone boson.5 We see 5In fact, α parametrizes exactly the di-

rection in field space corresponding to
the vacuum manifold, while the field
ψ in the previous section parametrizes
this direction only for infinitesimal dis-
placements.

that when we break a local symmetry the Goldstone boson is eliminated
from the physical spectrum by gauge invariance. After setting α(x) = 0,
using eqs. (11.18) and (11.20) we get

Dµφ =
1√
2

(∂µϕ) + iq

(
η +

1√
2
ϕ

)
Aµ (11.22)

and, substituting into eq. (11.17),

L =
1
2
∂µϕ∂µϕ − λ2

(
η2ϕ2 +

η
√

2
2

ϕ3 +
1
8
ϕ4

)

+q2

(
η +

1√
2
ϕ

)2

AµAµ − 1
4
FµνFµν . (11.23)

We recognize a standard kinetic term for a real massive scalar field ϕ,
with mass m2

ϕ = 2λ2η2. For the gauge field, the quadratic term is now

LA = −1
4
FµνFµν +

1
2
m2

AAµAµ , (11.24)
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with
m2

A = 2q2η2 . (11.25)

Taking the variation of eq. (11.24) we find the equation of motion

∂µFµν + m2
AAν = 0 . (11.26)

Equation (11.26) is known as the Proca equation (we already met it in
Exercise 4.4). Contracting it with ∂ν we have ∂µ∂νFµν + m2

A∂νAν = 0;
since ∂µ∂νFµν = 0 automatically, and mA �= 0, we find

∂νAν = 0 . (11.27)

Using this condition, ∂µFµν = ∂µ(∂µAν − ∂νAµ) becomes equal to �Aν

and eq. (11.26) gives
(� + m2

A)Aν = 0 . (11.28)

Therefore the Proca equation describes a massive gauge boson.
We saw in Section 2.4.1 that a vector field Aµ, from the point of view

of spatial rotations, decomposes into 0 ⊕ 1. Expanding Aµ(x) in plane
waves, the condition ∂µAµ = 0 becomes kµεµ(k) = 0 and eliminates, in a
covariant way, the component with polarization vector εµ(k) ∼ kµ, since
for this polarization we have kµεµ(k) ∼ k2 = m2

A �= 0. In the rest frame
of the particle (which exists, since mA �= 0), kµ = mA(1, 0, 0, 0) and
the polarization vector which has been eliminated is εµ(k) = (1, 0, 0, 0)
which, from the point of view of spatial rotations, is a scalar. Therefore
eq. (11.27) eliminates the spin-0 part and we are left with a pure spin 1.
In conclusion, eq. (11.26) describe a massive spin-1 particle.

From this example we learn that the spontaneous breaking of a local
symmetry does not produce Goldstone bosons, but instead the gauge
field has acquired a mass proportional to the vacuum expectation value
of the scalar field. In this context the scalar field φ is called a Higgs
field, and the mechanism that produces a mass for the gauge boson is
called the Higgs mechanism. It is interesting to compare the number
of degrees of freedom with and without SSB. If in the potential we set
η = 0, then there is no SSB; the scalar field has two real components.
We cannot use the gauge invariance to eliminate the phase θ as before,
because when η = 0 the decomposition (11.20) of φ in terms of two real
fields ϕ, θ is not well defined: in fact in this case ϕ =

√
2|φ| and therefore

ϕ � 0, so it is no longer a scalar field which can freely perform at least
infinitesimal fluctuations around ϕ = 0. Rather, gauge invariance can
be used to eliminate the longitudinal components of Aµ, as we studied
when we quantized the free electromagnetic field in Section 4.3.2, and
the remaining gauge field has two physical degrees of freedom, the two
transverse polarizations. In total we have two physical degrees of free-
dom from the Higgs field and two from the gauge field. After SSB, the
scalar field has just one real component, but the gauge field is massive,
and a massive spin-1 particle has three degrees of freedom. In total,
we have 1 + 3 = 4 degrees of freedom. So, the Higgs mechanism im-
plies a reshuffling of the degrees of freedom. The field that, in the case
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of a global symmetry, was a Goldstone boson, is turned into the third
polarization state of a massive spin-1 particle.

One might ask what do we really gain by giving a mass to the gauge
boson with the Higgs mechanism, rather than adding by hand a mass
term (1/2)m2

AAµAµ to the Lagrangian (a mass term for the gauge field
generated by SSB is called a soft mass term, in contrast to a term added
by hand, which is called a hard mass term). The point is that, in the
Higgs mechanism, the Lagrangian is gauge invariant, which is not the
case if we instead add by hand a mass term. The breaking of the sym-
metry takes place at the level of the vacuum. It can be shown that
such a spontaneous breaking preserves a number of good properties of
the unbroken theory, and in particular the theory is still renormalizable.
Intuitively, this comes from the fact that at very high energies E � η
we can neglect η and the UV properties of the theory are the same as
in the case η = 0. If we instead break the gauge symmetry by hand the
theory is not renormalizable.

Spontaneous breaking of the U(1) gauge symmetry is realized in Na-
ture in the phenomenon of superconductivity. Let us recall that the
relation between the electric current j and an applied external electric
field E is j = σE, where the proportionality constant σ is called the
conductivity. A superconductor is an object where σ = ∞. In a piece
of material with finite volume we have a finite number of electrons, so
we cannot have an infinite current, and therefore the electric field E is
forced to be zero inside the superconductor, and the Maxwell equation
Ḃ = −∇× E states that the magnetic field B is constant in time. There-
fore, if B was zero at some initial time, it will remain zero inside the
superconductor even if we switch on an external magnetic field outside
the superconductor. This means the field lines of the applied external
magnetic field cannot penetrate inside the superconductor (Meissner ef-
fect). At the microscopic level, what happens is that the electrons in the
superconductor form currents on the surface, which screen the external
field.6 There is therefore a characteristic screening length l, and inside 6Since a given piece of superconduct-

ing material, with a finite volume, has
only a finite number of electrons, there
is a maximum magnetic field Bc that
can be screened. If the applied ex-
ternal field is higher than Bc, it turns
out that the field penetrates in a non-
homogeneous manner. For type II su-
perconductors, the magnetic field pene-
trates in the form of narrow flux tubes.

the superconductor the external magnetic field drops exponentially,

B(x) = B(0)e−x/l , (11.29)

where x = 0 represents the interface between the superconductor (at
x > 0) and the external space. The physical mechanism behind su-
perconductivity is that, due basically to an interaction mediated by
phonons, pairs of electrons bind together in a singlet state, forming the
so-called Cooper pairs. This composite object is therefore described,
at the level of effective theory, by a charged scalar field, with charge
equal to twice the electron charge. The effective Lagrangian describing
the interaction of this scalar field with the electromagnetic field is given
by eq. (11.17) (with q = 2e). The result (11.29) is then understood in
terms of the Higgs mechanism: the scalar field describing the Cooper
pair plays the role of the Higgs field and develops a vacuum expectation
value; as a consequence, the photon acquires a mass µ, and its wave
equation becomes eq. (11.28). Then also the electric and magnetic fields
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satisfy a massive KG,

(� + µ2)E = 0 , (� + µ2)B = 0 . (11.30)

When we switch on an external magnetic field, after a transient time
we will have a static field configuration. Therefore the equation for B
becomes ∇2B = 0 at x < 0 and (∇2 − µ2)B = 0 at x > 0. The solution
of this equation, at x > 0, is given by (11.29) with l identified with
µ−1. The penetration length is therefore the inverse of the mass that
the photon has inside a superconductor.

11.4 Non-abelian gauge theories: the

masses of W± and Z0

We consider now an SU(2) gauge theory with a doublet of complex scalar
fields φα, with α = 1, 2, transforming in the fundamental representation.
We call φ the Higgs field. The covariant derivative is

(Dµφ)α = ∂µφα − igAa
µ(T a)α

βφβ , (11.31)

and the generators T a in the fundamental representation, for SU(2), are
T a = σa/2, where σa are the Pauli matrices.

Since φ†φ is invariant under φ → Uφ with U unitary, any function of
φ†φ is gauge invariant, and we can also write a gauge-invariant potential
term V (φ†φ). Therefore the Lagrangian is

LSU(2)−Higgs = (Dµφ)†(Dµφ) − V (φ†φ) − 1
4
F a

µνF a µν , (11.32)

and we choose
V (φ†φ) =

1
2
λ2
(
φ†φ − η2

)2
. (11.33)

We have a degenerate family of vacua, at φ†φ = η2. Following the same
strategy used for the SSB of the U(1) gauge invariance, we use the gauge
freedom to eliminate some components of φ (similarly to the elimination
of α(x) in the previous section). Here we have a field φ with two complex
components, i.e. four real components, and an SU(2) transformation,
which has three parameters. We can then use the gauge freedom to
eliminate three of the four components of φ, writing it as

φ =
(

0
η + 1√

2
χ

)
, (11.34)

where χ is a real scalar field. It is convenient to introduce the matrices

σ+ =
1√
2

(
σ1 + iσ2

)
=

√
2
(

0 1
0 0

)
(11.35)

σ− =
1√
2

(
σ1 − iσ2

)
=

√
2
(

0 0
1 0

)
(11.36)
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and the fields
A±

µ =
1√
2

(
A1

µ ± iA2
µ

)
(11.37)

so that
σaAa

µ = σ+A−
µ + σ−A+

µ + σ3A3
µ . (11.38)

Then, the covariant derivative becomes

Dµφ =
(

0
1√
2
∂µχ

)
− i

g

2
(η +

χ√
2
)
( √

2A−
µ

−A3
µ

)
. (11.39)

Recalling from the definition (11.37) that (A−
µ )∗ = A+

µ , we find

(Dµφ)†(Dµφ) =
1
2

∂µχ∂µχ +
g2

4

(
η +

χ√
2

)2

A3 µA3
µ

+
g2

2

(
η +

χ√
2

)2

A+
µ A−µ . (11.40)

Apart from the standard kinetic term of the χ field and from cubic and
quartic couplings between χ and the gauge fields, we recognize a mass
term for A3

µ,
1
2
m2

A =
g2

4
η2 (11.41)

and, using

A+
µ A−µ =

1
2
(A1

µA1 µ + A2
µA2 µ) , (11.42)

we see that the term (g2/2)η2A+
µ A−µ gives the same mass mA to both

A1
µ and A2

µ or, equivalently, to their linear combinations A±
µ . Therefore

all three gauge bosons become massive, with a mass

mA =
gη√

2
. (11.43)

In the Standard Model the situation is similar, but the gauge group
now is SU(2) × U(1). We have three gauge bosons Aa

µ associated with
SU(2) and one gauge boson Bµ associated to U(1), and two different
gauge couplings, g for SU(2) and g′ for U(1). This means that on a field
in a generic representation the covariant derivative is

Dµ = ∂µ − ig T aAa
µ − ig′SBµ (11.44)

where T a are the SU(2) generators in the representation of interest, and
S is the charge of the particle in question relative to the U(1) group, i.e
the parameter that labels the U(1) representation.

The Higgs boson φ is an SU(2) doublet (so that on it T a = σa/2) and
is given the assignment S = 1/2.7 Therefore

7Note that both components of the
doublet have the same assignment of
S. In general, on any SU(2) multiplet,
S is a constant times the unit matrix,
which means that S commutes with the
SU(2) generators, as it should be, since
the gauge group is the direct product of
SU(2) and U(1).Dµφ =

(
∂µ − ig

σa

2
Aa

µ − i
g′

2
Bµ

)
φ . (11.45)
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The potential for the Higgs field is the same as in eq. (11.33) so that
again we can choose a gauge such that

φ =
(

0
η + 1√

2
χ

)
. (11.46)

Computing (Dµφ)†Dµφ using eq. (11.45) we find terms quadratic in the
gauge fields, of the form

1
4
η2(gA3

µ − g′Bµ)(gA3 µ − g′Bµ) +
1
2
g2η2A+

µ A−µ . (11.47)

It is convenient to introduce the notation

ḡ =
√

g2 + g′2 , g/ḡ = cos θW , g′/ḡ = sin θW (11.48)

where θW is the Weinberg angle. We also change notation, W±
µ = A±

µ ,
and we define

Z0
µ ≡ A3

µ cos θW − Bµ sin θW . (11.49)

Then we see from eq. (11.47) that the Z boson gets a mass

mZ =
1√
2
ḡη (11.50)

while the W -bosons get a mass

mW =
1√
2
gη . (11.51)

The ratio of the W to Z mass is therefore given in terms of the Weinberg
angle,

mW

mZ
= cos θW . (11.52)

Instead, the other orthogonal combination of A3
µ and Bµ,

Aµ ≡ A3
µ sin θW + Bµ cos θW (11.53)

remains massless and is therefore identified with the photon.

Summary of chapter

• SSB takes place when, rather than a single vacuum invariant under
the symmetry in question, we have a family of vacua which trans-
form among themselves under the action of the symmetry group.
The system will eventually settle into one of these vacua, and the
symmetry is spontaneously broken by this choice.

• If we have a quantum system with a finite number of degrees of
freedom there is in general an exponentially small, but nevertheless
finite, amplitude for tunneling between the different perturbative
vacua. The true vacuum will be a superposition of the perturbative
vacua which respects the symmetry, and therefore there is no SSB.
However, in a system with an infinite number of degrees of freedom,
as in QFT, the tunneling amplitude is zero because each degree of
freedom should tunnel, and therefore SSB is possible.



11.4 Non-abelian gauge theories: the masses of W ± and Z0 265

• When a global symmetry is spontaneously broken, in the spectrum
of the theory there is a massless particle for each broken symme-
try generators. In particular, the pions are the Goldstone bosons
associated to the SSB of the axial SU(2) symmetry of QCD. They
would be exactly massless if the symmetry were exact. Since it is
only approximate, they are just lighter than the other hadrons.

• When a local symmetry is spontaneously broken, the gauge field
becomes massive and the would-be Goldstone boson is turned into
the third physical degree of freedom of the massive spin-1 gauge
field. This mechanism gives an effective mass to the photon in a
superconductor (which is at the origin of the Meissner effect) and
gives a mass to the gauge bosons W± and Z0 of the electroweak
theory.

Further reading

• For spontaneous symmetry breaking in gauge theo-
ries, a clear discussion is given for instance in Okun
(1982), Chapter 20 and in Coleman (1985), Chap-
ter 5.

• An advanced discussion of SSB can be found in

(Weinberg), vol II, Chapters 19 and 21.

• For a discussion of pion dynamics and chiral La-
grangians see Georgi (1984), Chapter 5, Coleman
(1985), Chapter 2 and (Weinberg), vol II, Chap-
ter 19.
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12.1 Chapter 1

(1.1) Since photons are massless the only energy scale is provided by
kBT . Dimensionally, in units � = c = 1, an energy density
is (mass)4, therefore the photon density must be ργ ∼ (kBT )4.
This gives ργ in units (eV)4. Transforming to GeV/cm3 using
200 MeV fm � 1 gives ργ/ρc ∼ 5 × 10−5. At the present epoch
of the Universe the energy density in photons, or more generally
in relativistic particles, is much smaller than in non-relativistic
matter.

(1.2) A temperature T � 4.5 × 106 K corresponds to an energy kBT �
388 eV (using kBT � 1/38.68 eV at T = 300 K). For a rela-
tivistic particle at the equilibrium temperature T , the average en-
ergy is E � 3kBT and therefore the average photon energy is
Eγ = O(1) keV. Since Eγ 
 me 
 mp, we can use the Thompson
formula (1.16) for the scattering on electrons and the same formula,
with me replaced by mp, for the scattering on protons. Therefore
σ(γp → γp) � 8πα2/(3m2

p). This is smaller than the γe → γe
cross-section by a factor m2

e/m2
p and therefore the contribution of

the protons to l is negligible. Because of electric charge neutrality,
in our simplified model of the Sun the electron number density is
equal to the proton number density and is n = ρ/(me + mp) �
ρ/mp � 0.8 × 1024 cm−3. Inserting the numerical value for the
Thompson cross-section, σ(γe → γe) � 6.65 × 10−25 cm2, we find
l � 1.8 cm. More accurate modeling of the Sun gives l � 0.5 cm.
The photons therefore perform a random walk of step l inside the
Sun. For a random walk in one dimension, after N steps we have
〈x2〉 = Nl2. In three dimensions a radial distance R� is covered
in N steps with R2

� = (1/3)Nl2 because, if we denote by x the
axis along which the photon finally escaped, not all steps have been
performed along the x direction. Rather in each step 〈x2 +y2+z2〉
increases by l2 , so 〈x2〉 effectively performs a random walk of step
l2/3. Therefore we get an escape time t = Nl/c = 3R2�/(lc) �
3 × 104 yr.

(1.3) For slow particles the largest length-scale is the De Broglie wave-
length λ = 1/(mv). For the neutron m ∼ 939.56 MeV, so E =
(1/2)mv2 ∼ 1 MeV gives v ∼ 0.046, λ ∼ 4.5 fm and σ ∼ πλ2 ∼ 0.7
barn.
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12.2 Chapter 2

(2.1) In the rest frame of the particle, E = m and p = 0. Performing
a boost along a direction, say the x-axis, E and p ≡ px transform
as t and x in eq. (2.18), so after the boost E = m cosh η and
p = m sinh η, and therefore (E + p)/(E − p) = e2η.
Performing a further boost with rapidity η′ in the same direction,
E → E cosh η′ + p sinh η′ and p → E sinh η′ + p cosh η′, so

e2η → (E cosh η′ + p sinh η′) + (E sinh η′ + p coshη′)
(E cosh η′ + p sinh η′) − (E sinh η′ + p coshη′)

= e2η′ E + p

E − p
= e2η+2η′

. (12.1)

(2.2) A generic tensor T i1...iN without any symmetry properties, from
the point of view of angular momenta is the direct product of N
times the vector representation, T i1...iN = 1 ⊗ 1 ⊗ . . . ⊗ 1, so it
contains spin up to j = N . Decomposing T i1...iN in irreducible
representations, we must remove the traces and each pair of in-
dices must be symmetrized or antisymmetrized. When we remove
a trace two indices are contracted and we are left with a tensor
with two less indices, which can have only up to spin N −2. When
we antisymmetrize over two indices (i, j) we can then contract
with εijk, so we obtain a tensor with one less index, and maximum
spin N − 1. Therefore the spin N in T i1...iN can be neither in the
traces nor in the tensors in which some indices have been anti-
symmetrized, and must be in the totally symmetric and traceless
tensor.
Typical examples are for instance the quadrupole moment of a
mass distribution ρ(x) (or of a charge distribution),

Qij =
∫

d3xρ(x)(xixj − 1
3
δijx2) . (12.2)

which is a spin-2 operator. A spin-3 operator is the octupole mo-
ment,

Oijk = M ijk − 1
5
(
δijM llk + δikM ljl + δjkM ill

)
, (12.3)

where the index l is summed over and

M ijk =
∫

d3xρ(x)xixjxk . (12.4)

(2.3) Let v0 = ξ†RψR and vi = ξ†RσiψR. We verify that under boosts
v0 and vi transform as appropriate for a contravariant four-vector.
We can always take the x-axis as the boost direction, and it is also
sufficient to consider an infinitesimal boost. Using eq. (2.60),

ξ†RψR → ξ†Reησ1
ψR � ξ†RψR + η ξ†Rσ1ψR ,

ξ†Rσ1ψR → ξ†Reησ1
σ1ψR � η ξ†RψR + ξ†Rσ1ψR . (12.5)
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Therefore v0 → v0 + ηv1 and v1 → ηv0 + v1, which is the infinites-
imal form of eq. (2.18). Observe that instead v̄µ ≡ ξ†Rσ̄µψR is not
a contravariant four-vector since, under the transformation (2.18),
v̄0 → v̄0 − ηv̄1 and v̄1 → −ηv̄0 + v̄1, i.e. they mix with −η rather
than +η. For the left-handed spinors the transformation matrix
is exp{−η σ1/2} instead of exp{+η σ1/2}, and the situation is re-
versed: ξ†Lσ̄µψL is a contravariant four-vector while ξ†LσµψL is not.
We can also verify directly the transformation properties under
finite Lorentz transformation, using the identity

eησ1
= cosh η + σ1 sinh η , (12.6)

which can be proved performing the Taylor expansion of the ex-
ponential and using the fact that (σ1)2 = 1.

(2.4) F µν → Λµ
ρΛν

σF ρσ, where Λµ
ρ = exp{−(i/2)ωαβ(Jαβ)µ

ρ} and
(Jαβ)µ

ρ is given by eq. (2.23), since the tensor representations are
obtained iterating on each index the transformation matrix of the
four-vector representation. Expanding to first order in ωαβ and
performing the contractions,

δFµν = ωµ
ρF

ρν − ων
ρF

ρµ . (12.7)

In terms of E and B,

δE = −η×B + θ×E ,

δB = +η×E + θ×B . (12.8)

(2.5) (i) Writing explicitly the six conditions Aµν = (1/2)εµνρσAρσ we
find A01 = A23, A02 = −A13, A03 = A12, A12 = A03, A13 = −A02

and A23 = A01. With the Minkowski metric, the first condition
A01 = A23 becomes A01 = A23 while the last conditions A23 = A01

becomes A23 = −A01, and together they give A01 = A23 = 0.
Similarly for the other conditions, so in the Minkowski case we are
left with Aµν = 0.
(ii) If instead we raise the indices with δµν the conditions A01 =
A23 and A23 = A01 are identical, so in total we have only three
independent conditions A01 = A23, A02 = −A13 and A03 = A12.
Similarly an anti-self-dual tensor satisfies A01 = −A23, A02 = A13

and A03 = −A12.
For SO(4), εµνρσ is an invariant tensor (as for SO(3, 1), it fol-
lows from the condition detΛ = 1). Therefore, if the condition
Aµν = (1/2)εµνρσAρσ holds in a frame, it holds in all Lorentz-
transformed frames, so a self-dual tensor remains self-dual, and an
anti-self-dual tensor remains anti-self-dual. This means that self-
dual and anti-self-dual tensors are irreducible representations of
SO(4), and that in Euclidean space a six-dimensional real antisym-
metric tensor Aµν decomposes into its self-dual and anti-self-dual
parts.
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(iii) With the Minkowski metric the conditions A01 = iA23 and
A23 = iA01 become A01 = iA23 and A23 = −iA01 and therefore are
identical, and similarly for the other conditions, so we are left with
three independent conditions, A01 = iA23, A02 = −iA13, A03 =
iA12. The duality conditions are Lorentz-invariant so self-dual and
anti-self-dual tensors are irreducible representations of SO(3, 1).
However, the Minkowskian duality conditions make sense only if
Aµν is complex, so it can be used only to decompose a tensor
Aµν with six independent complex components into its self-dual
and anti-self-dual parts, each with three complex components, i.e.
each with six real degrees of freedom. Since under parity εµνρσ is a
pseudotensor, a parity transformation exchanges the self-dual and
anti-self-dual parts. Comparison with the classification of Lorentz
representations in terms of the (j−, j+) quantum numbers show
that they are the (0,1) and (1,0) representations. Observe that
these representations have complex dimension three.
(iv) In terms of the electric and magnetic fields Ei, Bi and of the
variables ai

+ = (−1/2)(Ei + iBi), ai
− = (−1/2)(Ei − iBi) we can

write F µν = Fµν
+ + Fµν

− with

Fµν =

⎛
⎜⎜⎝

0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

⎞
⎟⎟⎠ ,

(12.9)

Fµν
± =

⎛
⎜⎜⎝

0 a1
± a2

± a3
±

−a1
± 0 ∓ia3

± ±ia2
±

−a2± ±ia3± 0 ∓ia1±
−a3

± ∓ia2
± ±ia1

± 0

⎞
⎟⎟⎠ .

The six independent real components of F µν have been written in
terms of the three complex components ai

+ of the self-dual tensor
Fµν

+ , and of their complex conjugate ai− which are the components
of the anti-self-dual tensor F µν

− . This is not a decomposition into
representations of smaller dimensions. We have just rewritten a
six-dimensional real representation in terms of a three-dimensional
complex representation. Under a general Lorentz transformations
the three components of Ei and the three components of Bi mix
between themselves, so a real antisymmetric tensor is an irre-
ducible representation of real dimension six.

(2.6) (i) In the (x, y) plane, e1 = (1, 0) → (cos θ, sin θ), e2 = (0, 1) →
(− sin θ, cos θ), e± → e∓iθe±, so from eq. (2.131) e+ has helicity
h = +1 and e− has h = −1. According to the discussion in
Section 2.7, this means that electromagnetic waves are made of
massless spin-1 particles, the photons.
(ii) The transformation of the tensor hij under rotations in the
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(x, y) plane is hij → RikRjlhkl, i.e. h → RhRT , with

h =
(

h+ h×
h× −h+

)
, R =

(
cos θ − sin θ
sin θ cos θ

)
. (12.10)

Performing the matrix multiplication we find

h× → h× cos 2θ + h+ sin 2θ ,

h+ → −h× sin 2θ + h+ cos 2θ (12.11)

and therefore (h× ± ih+) → e∓2iθ(h× ± ih+) which, according to
eq. (2.131), means that they have helicities ±2.

12.3 Chapter 3

(3.1) The dimensions are read from the kinetic terms. For a scalar
(∂µφ)2 must have dimensions (mass)4 to compensate the factor
d4x. Since ∂µ ∼ mass, it follows that φ has dimensions of mass.
Similarly Aµ ∼ (mass) and ψ ∼ (mass)3/2. In d space-time dimen-
sions φ ∼ Aµ ∼ (mass)(d/2)−1 while ψ ∼ (mass)(d−1)/2.

(3.2) Consider first uL. Under a boost of rapidity η along the z axis we
have (see eq. (2.59)) uL → exp{−ησ3/2}uL. Use the identity

exp
{
η · σ

2

}
= cosh

|η|
2

+ η̂ · σ sinh
|η|
2

. (12.12)

Inverting tanh η = v we get e2η = (1 + v)/(1 − v). From this
verify that cosh(η/2) =

(
E+m
2m

)1/2
and therefore sinh(|η|/2) =(

E−m
2m

)1/2
. Pay attention to the fact that, in order to transform a

particle at rest into a particle moving with velocity +v, we must
perform a boost with velocity −v. Then verify that in the boosted
frame

uL =
1√
2

[√
E + m − σ3

√
E − m

]
ξ . (12.13)

Finally verify that, for a particle moving along the z axis,

1√
2

√
E ± m =

1
2

(√
E + p3 ±

√
E − p3

)
, (12.14)

and therefore eq. (3.103) is recovered. For uR, under boost uR →
exp{+ησ3/2}uR and therefore the result is recovered with the re-
placement p3 → −p3.

(3.3) (i) dφ must be equal to 1, i.e. to the mass dimensions of φ. Then
∂φ/∂xµ → ∂φ′/∂x′µ = e−2α∂φ/∂xµ and (∂φ)2 cancels the factor
e4α coming from d4x. The current is

jµ
D = (φ + xν∂νφ)∂µφ − 1

2
xµ∂νφ∂νφ . (12.15)

(ii) φ2 → e−2αφ2 so d4xφ2 is not invariant, while d4xφ4 is invari-
ant. Dilatations are a classical symmetry when there is no intrinsic
mass-scale, so they are broken by a mass term but not by a term
λφ4 since λ is dimensionless.
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(3.4) (i) dA = 1, dψ = 3/2. (ii) From the Noether theorem (and elimi-
nating terms that vanish upon use of the equations of motion)

jµ
D = xν(δµ

ν

1
4
F 2 − Fµρ∂νAρ) + xν ψ̄iγµ∂νψ +

3
2
ψ̄iγµψ − FµρAρ .

(12.16)
After some algebra, this can be rewritten as

jµ
D =

3
2
jµ + xνT µ

ν − ∂ρ(FµρxνAν) (12.17)

where

T µ
ν = δµ

ν

1
4
F 2 − FµρFνρ + ψ̄γµ(i∂ν − eAν)ψ , (12.18)

and jµ = iψ̄γµψ is the U(1) current. Since jµ is conserved by itself,
we can redefine the dilatation current subtracting it. Furthermore,
the term ∂ρ(FµρxνAν) does not contribute to the charge since its
µ = 0 component is a total spatial derivative, and also it is sepa-
rately conserved, so we subtract it, too, from the definition of jµ

D.
Then jµ

D = xνT µ
ν and ∂µjµ

D = xν∂µT µ
ν + T µ

µ. The term ∂µT µ
ν

vanishes because the energy–momentum tensor is conserved, while,
from the above equation, T µ

µ = ψ̄γµ(i∂µ − eAµ)ψ = 0 using the
massless Dirac equation.
(iii) Upon use of the equations of motion of the massive theory, jµ

D

happens to have the same form as in the massless case. However,
again using the equations of motion of the massive theory, now

∂µjµ
D = T µ

µ = mψ̄ψ . (12.19)

The invariance under dilatations is broken if the trace of the energy–
momentum tensor is non-vanishing.

(3.5) The two Lagrangians differ by a total derivative,

L′ = L − (i/2)∂µ(ψ̄γµψ) . (12.20)

With L, we find T µν = iψ̄γµ∂νψ. With L′, we find T ′µν = T µν −
(i/2)∂νjµ with jµ = ψ̄γµψ. The extra term (−i/2)∂νjµ does
not spoil ∂µT µν = 0 because ∂µjµ = 0. The conserved charges
P ν differ by a term proportional to

∫
d3x∂νj0. However this is

zero because, if ν is a spatial index, it is a spatial derivative and
then the spatial integral vanishes, assuming as always a sufficiently
fast decrease of the fields at infinity. If instead ν = 0 we use
∂0j

0 = −∂ij
i so we get again a spatial divergence. Therefore the

four-momentum computed with T µν and with T ′µν is the same.
(3.6) We denote (t,x) by x. Then the five-dimensional field is φ(x, y).

We impose the boundary condition that φ(x,±R/2) = 0, corre-
sponding to the fact that the field vanishes at the boundary of
space-time. The mode expansion compatible with these boundary
conditions is

φ(x, y) =
∞∑

n=1

φn(x) cs
(nπy

R

)
, (12.21)
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where cs(nπy/R) is cos(nπy/R) if n is odd and sin(nπy/R) if n is
even. We therefore have an infinite set of four-dimensional fields
φn(x). The fact φ(x, y) satisfies (�5 + m2)φ = 0 implies that the
fields φn(x) satisfy[

� + m2 +
(nπ

R

)2
]

φn(x) = 0 (12.22)

and therefore each φn(x), with n = 1, . . . ,∞, describes a four-
dimensional particle with mass mn given by m2

n = m2 + (nπ/R)2.
This set of particles is called a Kaluza–Klein (KK) tower. In par-
ticular, if the five-dimensional mass m = 0, then mn = nπ/R and
the KK modes are equally spaced. Therefore the existence of an
extra dimension of size R should manifest itself with the presence
of new particles at an energy scale O(π/R). Since no such particle
is observed up to present accelerator energies E of order of a few
hundreds GeV, we conclude from this that R < π/(500GeV) ∼
10−16 cm.
There is however a subtle way out of this limit. It is in principle
possible (and indeed it is suggested by some theoretical considera-
tions based on string theory) that the extra dimensions are not ac-
cessible to particles with the usual weak, electromagnetic or strong
interaction, and that only gravity can propagate in the extra di-
mensions. In this case we can have a large R. The resulting KK
modes would be light, but they would not be observed at acceler-
ators because they interact too weakly. A limit on R would come
from modifications of Newton’s law of gravitation. Newton’s law is
well verified experimentally only down to the millimeter scale (be-
low it is difficult to measure the gravitational force between two
objects, because it is overwhelmed by the van der Waals forces).
Therefore, the bound on extra dimensions in which only gravity
can propagate is of order R < 1 mm (see N. Arkani-Hamed, S. Di-
mopoulos and G. R. Dvali, Phys. Rev. D59 (1999) 086004).

12.4 Chapter 4

(4.1) (i) The exchange of coordinates gives a factor (−1)L, while the
relative intrinsic parity of a fermion and an antifermion is −1, so
in total we have (−1)L+1. (ii) Consider e± as two charge state of
the same particle, exchanged by C. Because of Fermi–Dirac statis-
tics, the exchange of two identical fermions gives a minus sign. On
the other hand, this exchange is performed applying the charge
conjugation operator (which gives a factor C), exchanging the co-
ordinates (which gives (−1)L) and exchanging the spin. The spin
exchange gives (−1)S+1, i.e. the singlet state S = 0 has an anti-
symmetric spin wave function, while S = 1 has a symmetric spin
wave function. Therefore C(−1)L (−1)S+1 = −1, and it follows
that C = (−1)L+S . (iii) The ground state of para-positronium has
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L = 0, S = 0 and therefore C = +1. Since the photon has C = −1,
and QED conserves C, it can only decay into an even number of
photons.

(4.2) Perform a boost along the z axis. Since the transverse components
p⊥ of the momentum are not affected, δ(2)(p⊥ − k⊥) is invariant
and we must consider only Ep δ(pz − kz). Use the form of the
Lorentz transformation of Ep , pz together with the property of
the Dirac delta δ(f(x)) = δ(x − x0)/|f ′(x0)| (valid when x0 is the
only solution of f(x) = 0).

(4.3) Use the fact that Ψ and Ψ∗ anticommute at equal time, and the
fact that the transpose of γµ can be written as (γµ)T = γ0γµγ0,
as one verifies from the explicit expression of the γ matrices.

(4.4) (i) The mass term breaks gauge-invariance. The Euler–Lagrange
equation is ∂µFµν+m2Aν = 0. Acting with ∂ν , using ∂ν∂µFµν = 0
and m �= 0, gives ∂νAν = 0. Using this condition, ∂µFµν =
∂µ∂µAν−∂µ∂νAµ reduces to �Aν and therefore ∂µFµν+m2Aν = 0
becomes (�+m2)Aµ = 0. (ii) The expansion of Aµ in plane waves
is as in eq. (4.104). However now the condition (� + m2)Aµ = 0
imposes p2 = m2, while ∂νAν = 0 gives εµpµ = 0. Therefore
there are three independent solutions for the polarization vectors
εµ. Since all our equations are explicitly Lorentz covariant, we
can study the particle content of the theory in the frame that
we prefer and, since m �= 0, we can choose the rest frame of the
particle. In this frame p = (m, 0, 0, 0) and the three independent
orthogonal polarization vectors are ε1 = (0, 1, 0, 0), ε2 = (0, 0, 1, 0)
and ε3 = (0, 0, 0, 1); they describe the three spin degrees of freedom
of a massive vector field.

(4.5) (i) Acting on a generic multiparticle state |p1, . . . ,pn〉 we have

(2Ep )1/2e−βHa†
p|p1, . . . ,pn〉 (12.23)

= e−βH |p ,p1, . . . ,pn〉
= exp{−β(Ep + Ep1 + . . . + Epn)}|p ,p1, . . . ,pn〉 .

On the other hand,

(2Ep )1/2a†
pe−β(H+Ep )|p1, . . . ,pn〉 (12.24)

= (2Ep )1/2a†
pe−β(Ep1+...+Epn+Ep )|p1, . . . ,pn〉

= exp{−β(Ep + Ep1 + . . . + Epn)}|p ,p1, . . . ,pn〉 ,

so the two expressions coincide on the most general state of the
Fock space. An alternative derivation is obtained defining

f(β) = e−βHa†
p − a†

pe−β(H+Ep ) . (12.25)

Clearly, f(0) = 0. Show that [H, a†
p] = Ep a†

p, and using this
check that f ′(β) = −Hf(β). The solution of this equation, with
the boundary condition f(0) = 0, is f(β) = 0.
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(ii) Using the above result and the cyclic property of the trace,

Tr
(
e−βHa†

paq

)
= Tr

(
a†
pe−β(H+Ep )aq

)
= Tr

(
e−β(H+Ep )aqa†

p

)
(12.26)

= Tr
(
e−β(H+Ep )(a†

paq + [aq, a†
p])
)

.

Dividing by Tr e−βH ,

〈a†
paq〉β = e−βEp 〈a†

paq〉β + e−βEp (2π)3δ(3)(p − q ) . (12.27)

Solving for 〈a†
paq〉β we get the desired result. When p = q , in a

finite volume, use eq. (4.7).
(iii) If a†

p and aq obey anticommutation relations, in the last
passage in eq. (12.26) aqa†

p is replaced by −a†
paq + {aq, a†

p} =
−a†

paq + (2π)3δ(3)(p − q ) and therefore

〈a†
paq〉β = −e−βEp 〈a†

paq〉β + e−βEp (2π)3δ(3)(p − q ) , (12.28)

so
〈a†

paq〉β =
V

eβEp + 1
. (12.29)

(4.6) (i) The volume of the phase space is V (4/3)πp3
F . Each cell has a

volume h3 = (2π)3 (in our units � = 1) and in each cell, by the
exclusion principle, we can accommodate two electrons, with spin
up and spin down. (ii) When |p | < pF , ap,s destroys a particle
which is present in |0〉F , so in this case ap,s|0〉F �= 0. The fact that
Ap ,s and A†

p ,s satisfy the canonical anticommutation relations fol-
lows easily from the identities θ(x)θ(x) = θ(x), θ(x)θ(−x) = 0 and
θ(x)+θ(−x) = 1 satisfied by the step function. The operator A†

p ,s,
acting on |0〉F , creates an electron above the Fermi surface or de-
stroys an electron in the “filled Fermi sea”. The latter process can
be described as the creation of a “hole” in the Fermi sea, and the
excitation of an electron from a level below pF to a level above pF

can be described as the creation of an electron–hole pair. (iii) For
instance,

{Ap ,s, A
†
q ,r} = αp α∗

q {ap ,s, a
†
q ,r} + βp β∗

q {a†
−p ,−s, a−q ,−r}

= (|αp |2 + |βp |2)(2π)3δ(3)(p − q )δrs . (12.30)

All other relations are proved similarly. (iv)

A†
p Ap = |αp |2a†

p ap + |βp |2ap a†
p − αp β∗

p apap − α∗
p βp a†

pa†
p .

(12.31)
The terms apap and a†

pa†
p have a vanishing diagonal matrix ele-

ment. Use |αp |2 = 1+ |βp |2 (since we are now considering bosons)
and, in a unit volume, ap a†

p = a†
p ap + 1.
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12.5 Chapter 5

(5.1) Using (�x+m2)φ(x) = 0 and the relations ∂tθ(t) = δ(t), ∂tθ(−t) =
−δ(t) (and therefore ∂2

t θ(t) = δ′(t), ∂2
t θ(−t) = −δ′(t)) we find

(�x + m2) [θ(t)〈0|φ(x)φ(0)|0〉 + θ(−t)〈0|φ(0)φ(x)|0〉]
= δ′(t)〈0|[φ(x), φ(0)]|0〉 + 2δ(t)〈0|[∂tφ(x), φ(0)]|0〉 . (12.32)

By definition of distributions, δ′(t) is defined integrating by parts,
so δ′(t)φ(x) = −δ(t)∂tφ(x). Since δ(t) has support only at t = 0,
the commutator [∂tφ(x), φ(0)] above must be computed at equal
time, and then [∂tφ(x), φ(0)] = −iδ(3)(x ), so we get the desired
result. The derivation with φ(y) (here we set y = 0) replaced
by φ(y1) . . . φ(yn) is obtained similarly, writing explicitly all theta
functions.
In momentum space we find (−p2 + m2)D̃(p) = −i. Formally this
gives D̃(p) = i/(p2 − m2), and therefore

D(x) =
∫

d4p

(2π)4
i

p2 − m2
e−ipx . (12.33)

However, the integrand has two poles at p0 = ±
√

p 2 + m2, and
therefore we must also specify how to go around these poles in
the complex p0 plane. For each pole we can go above or below it.
After specifying a prescription, we can then compute the integral
over p0, ∫

dp0 i

(p0)2 − p 2 − m2
e−ip0t . (12.34)

If t > 0 we can close the contour in the lower half plane since, when
p0 = −iu with u > 0 then e−ip0t = e−ut, which for t > 0 provides
a convergence factor in the integral. Conversely, when t < 0 we
can close the contour in the upper half plane. If we go around both
poles from below, then when t > 0 (i.e. when we close the contour
in the lower half plane) we encircle no pole (see Fig. 12.1), so
the integral vanishes. Therefore, with this prescription, D(t,x ) =
0 for t > 0, and D(x) is called an advanced Green’s function.
Conversely, if we go around both poles from above we find that
D(t,x ) = 0 for t < 0, and we have a retarded Green’s function.
The Feynman propagator corresponds to a mixed case, see Fig. 5.1.

p 0

Fig. 12.1 The case when the poles
in the complex p0-plane are both en-
circled from below, corresponding to
an advanced Green’s function.

(5.2) n(d − 2) � 2d. Observe that in d = 2 the field φ is dimensionless
and a term λφn is renormalizable by power counting for every n,
so we can take an arbitrary function V (φ) as the potential.

(5.3) The main point is to understand that, in the Wick theorem, we
must omit the contractions between fields inside a normal ordered
term. For instance, the O(λ) contribution to the mass renormal-
ization, in the theory with interaction (λ/4!) : φ4 :, is proportional
to 〈0|T {φ(x1)φ(x2) : φ4(x) :}|0〉. From the point of view of the
combinatorics of the Wick theorem, ϕ ≡: φ4(x) : can be treated
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just as a single field, so for instance

T {φ1φ2ϕ(x)} = : φ1φ2ϕ(x) : +D12ϕ(x) (12.35)
+〈0|T {φ1ϕ(x)}|0〉φ2 + 〈0|T {φ2ϕ(x)}|0〉φ1 .

Using 〈0|T {φiϕ(x)}|0〉 = 0 (since it is odd under φ → −φ) one
finds

T {φ1φ2 : φ4 :} = : φ1φ2φ
4 : + D12 : φ4 : , (12.36)

and therefore 〈0|T {φ(x1)φ(x2) : φ4(x) :}|0〉 = 0, so there is no
mass renormalization at O(λ). Alternatively, one can write : φ4(x) :
=: φ(x3)φ(x4)φ(x5)φ(x6) : (letting x3 = x4 = x5 = x6 ≡ x at the
end of the calculation) and use eq. (5.85) to express : φ3φ4φ5φ6 :
as T {φ3φ4φ5φ6} minus the contraction terms, so in turn

T {φ1φ2 : φ3φ4φ5φ6 :} = T {φ1φ2φ3φ4φ5φ6} − (contractions) .
(12.37)

One can now check explicitly that the “−(contractions)” term
above cancel the terms in T {φ1 . . . φ6} where we have contractions
between φiφj with i, j = 3, 4, 5, 6.
In general, one can understand from this example that the intro-
duction of the normal ordering in the interaction term eliminates
the tadpole graphs.

(5.4) Setting u = 1/αs, eq. (5.194) becomes

du

d log E
= b0 +

b1

u
. (12.38)

(i) Neglecting the term ∼ b1, the solution is u(E) = u(µ) +
b0 log(E/µ). Substituting µ = ΛQCD exp{1/[b0α(µ)]}, we find
u = b0 log(E/ΛQCD). (ii) We can solve perturbatively inserting
the lowest-order solution into the term ∼ b1. The equation then
becomes

du

d log E
= b0 +

b1

b0 log(E/ΛQCD)
. (12.39)

The solution is u(E) = b0 log(E/ΛQCD)+(b1/b0) log log(E/ΛQCD),
where we have redefined ΛQCD at two loops so that the integration
constant vanishes.

12.6 Chapter 6

(6.1) Use t = (p1 − p3)2 = m2
1 + m2

3 − 2E1E3 + 2|p1||p3| cos θ. Since
|p3| and E3 are fixed by energy–momentum conservation, we have
dt = 2|p1||p3|d cos θ. Inserting this into eq. (6.43) (with p1 ≡ p ,
p3 ≡ p ′), integrating over dφ and using eq. (6.42) we get the
desired result.

(6.2) Equation (6.132) is obtained performing a Lorentz boost with ve-
locity −v2. Since E′,p ′ are fixed by energy–momentum conser-
vation, only θ is a variable and eq. (6.133) follows. Then dΩ =
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d cos θdφ = 2πdElab/(γ2v2|p ′|). Inserting this into eq. (6.41) gives
the result. The kinematical limits are obtained setting cos θ = ±1
in eq. (6.132).

(6.3) (i) In eq. (6.41) set
√

s � MA (since MA � ω) and, for the photon,
|p ′| = ω. (ii) Denoting by Mfi the matrix element with normal-
ization for the atom equal to one particle in a volume V = 1,
Mfi =

√
2MA

√
2MA∗Mfi � 2MAMfi (since MA∗ − MA = ω 


MA). Using the phase space found above, eq. (6.20) gives

dΓ =
1

2MA
(2MA)2|Mfi|2 ω

16π2MA
dΩ . (12.40)

MA cancels and we get the desired result. (iii) Use eq. (6.43) with
s = M2

A and Mfi = 2MAMfi.
(6.4) Denoting by k1, k2, p the four-momenta in the CM of the photons

and of the final atom, respectively, we have

dΦ(3) =
1
2!

1
(2π)5

d3k1

2ω1

d3k2

2ω2

d3p

2MA
δ(3)(p + k 1 + k 2)δ(ω −ω1 − ω2) .

(12.41)
The factor 1/2! takes into account the fact that the two photons
are identical particles. Integrating over d3p and using the notation
EA∗ − EA = ω,

dΦ(3) =
ω1dω1dΩ1ω2dω2dΩ2

(2π)516MA
δ(ω − ω1 − ω2)

=
1

(2π)516MA
ω1(ω − ω1)dω1dΩ1dΩ2 . (12.42)

Finally, to compute dΓ use Mfi = 2MAMfi, as in the previous
exercise.

(6.5) Writing explicitly dΦ(j) and dΦ(n−j+1), the right-hand side of
eq. (6.140) becomes
∫ ∞

0

dµ2

2π

(
j∏

i=1

d3pi

(2π)32Ei

)
(2π)4δ(4)(p1 + . . . + pj − q) (12.43)

×
⎛
⎝ n∏

i=j+1

d3pi

(2π)32Ei

⎞
⎠ d3q

(2π)32q0
(2π)4δ(4)(pj+1 + . . . + pn + q − P ) .

The first Dirac delta forces q = p1 + . . . + pj . Inserting this into
the second Dirac delta, we can rewrite the above expression as∫ ∞

0

dµ2

2π

[(
n∏

i=1

d3pi

(2π)32Ei

)
(2π)4δ(4)(p1 + . . . + pn − P )

]

× d3q

(2π)32q0
(2π)4δ(4)(p1 + . . . + pj − q) . (12.44)

Now use the identity

d3q

2q0
= d4q δ(q2 − µ2)θ(q0) , (12.45)
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which follows from the fact that, by definition, µ2 = q2
0 − q 2, and

the θ function selects q0 = +
√

q 2 + µ2 as solutions of q2−µ2 = 0.
Then the above expression becomes(

n∏
i=1

d3pi

(2π)32Ei

)
(2π)4δ(4)(p1 + . . . + pn − P ) (12.46)

×
∫ ∞

0

dµ2

∫
d4q δ(q2 − µ2))θ(q0)δ(4)(p1 + . . . + pj − q) .

The last two integrals give∫
d4q θ(q0)δ(4)(p1 + . . . + pj − q)

∫ ∞

0

dµ2δ(q2 − µ2)

=
∫

d4q θ(q0)δ(4)(p1 + . . . + pj − q) = 1 , (12.47)

and the desired result follows. Diagrammatically, we can represent
eq. (6.140) as in Fig. 12.2, so this representation of the phase space
is useful to discuss a process in which the n-body decay of the
initial particle goes through a resonance of mass µ which later
decays into j particles.

. . . .

. . . .

p

P

q

p

p

p

p

p

1

j−1

j

j+1

j+2

n

Fig. 12.2 A graphical representa-
tion of the decomposition of the
phase space given in eq. (6.140).

(6.6) (i) Denoting by p the external momentum and by q and p− q the
momenta in the loop, the graph gives1

1Observe that, if instead of an in-
teraction term gφ1φ2Φ with two
different fields φ1, φ2, we were to
take a single φ field, with interaction
Lagrangian gφ2Φ, there would be
an additional factor of two in the
amplitude, because when we compute
〈0|T{φ2(x)Φ(x)φ2(y)Φ(y)}|0〉 there are
two possible contractions: we can con-
tract the first φ(x) with the first φ(y)
(and therefore the second φ(x) with
the second φ(y)) or the first φ(x) with
the second φ(y). If instead we have
〈0|T{φ1(x)φ2(x)Φ(x)φ1(y)φ2(y)Φ(y)}|0〉
and a Lagrangian whose kinetic term
does not mix φ1 and φ2, we can only
contract φ1(x) with φ1(y) and φ2(x)
with φ2(y).

iM = (−ig)2
∫

d4q

(2π)4
i

q2 − m2 + iε

i

(q − p)2 − m2 + iε
. (12.48)

In the rest frame of the initial particle, p = (MR, 0), where MR

is the (renormalized) mass of Φ. Then the poles in the integrand
are at q0 = Eq − iε, q0 = −Eq + iε, q0 = MR + Eq − iε and
q0 = MR − Eq + iε, where Eq = +

√
q 2 + m2. In the complex

q0-plane we can close the integration contour both in the lower
or in the upper half-plane. Choosing for instance the lower-half
plane, we pick the residues of the poles at q0 = Eq − iε and at
q0 = MR + Eq − iε, and we get

M = −g2

∫
d3q

(2π)3
1

2MREq

(
1

MR − 2Eq + iε
+

1
MR + 2Eq − iε

)
.

(12.49)

In the second fraction we can set ε = 0 since the denominator
never vanishes. In the first we use the identity

1
x ± iε

= P
1
x
∓ iπδ(x) , (12.50)

where P denotes the principal part. Then we get an imaginary
contribution to M,

ImM = πg2

∫
d3q

(2π)3
1

2MREq
δ(MR − 2Eq ) . (12.51)



12.7 Chapter 7 279

Since Eq =
√

q 2 + m2 � m, when MR < 2m the Dirac delta is
never satisfied, and the imaginary part vanishes. Instead, when
MR � 2m, performing the integral with the help of the delta
function gives

ImM =
g2

16π

√
1 − 4m2

M2
R

. (12.52)

(ii) In Section 5.5.2 we have seen that the one-loop correction to the
propagator produces a shift of the mass squared (see eqs. (5.108)
and (5.112), and observe that the loop correction to the propa-
gator, denoted here by iM, is the quantity denoted as −iB in
eq. (5.108), so B = −M), so

M2 → M2 −M = M2 − ReM− i ImM. (12.53)

The renormalized mass is given by M 2
R = M2 − ReM, and the

quantity that appears in the denominator of the propagator, after
inclusion of loop corrections, is therefore M 2 = M2

R − iImM. On
the other hand, from eq. (6.52), M 2 = M2

R − iMRΓ. Therefore we
expect that MRΓ = ImM.
(iii) To verify this, we compute Γ explicitly. The amplitude for
the process Φ → φ1φ2 is (−g) and therefore, using the phase space
(6.35),

Γ =
1

2MR
(−g)2

4π

32π2

√
1 − 4m2

M2
R

=
g2

16πMR

√
1 − 4m2

M2
R

. (12.54)

Comparing with eq. (12.52) we see that indeed MRΓ = ImM.
Observe that in this theory g has dimensions of mass, so Γ has the
correct dimensions.

12.7 Chapter 7

(7.1) (i) See Fig. 12.3. (ii) If s1, s2 are the initial spins and λ1, λ2 the
final helicities,

1
4

∑
s1,s2,λ1,λ2

|Me+e−→2γ |2 =
e4

4
Tr
[
(�p1 + me)Lµν(�p2 − me)L†

µν

]
(12.55)

where p1 is the momentum of the electron, p2 of the positron, k1, k2

of the two photons, and

Lµν = γµ 1
�p1 − �k1 − me

γν + γν 1
�p1 − �k2 − me

γµ . (12.56)

Fig. 12.3 The two Feynman dia-
grams for e+e− → γγ to lowest or-
der.

In the limit p → 0, after long but straightforward algebra, the
computation of the trace gives

1
4

∑
s1,s2,λ1,λ2

|Me+e−→2γ |2 = 32π2α2 . (12.57)
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To simplify the algebra, work directly in the CM, in the limit
p → 0 (so that the photon energies are ω1 = ω2 � me) and
contract the γ matrices with repeated indices. For instance, using
γµγµ = (γ0)2 −

∑
i(γi)2 = 4, one finds

γµγνγµ = γµ({γν , γµ} − γµγν) = γµ2ηµν − 4γν = −2γν . (12.58)

In this way one can prove the useful identities

γµ �Aγµ = −2 �A, γµ �A �Bγµ = 4(AB) , γµ �A �B �Cγµ = −2 �C �B �A .
(12.59)

Use also the cyclic property of the trace to bring closer γ matrices
with repeated indices.
(iii) In the CM (considering for generality two particles with dif-
ferent masses m1, m2), p1 = (E1,p ), p2 = (E2,−p ), and

I2 = (p1p2)2 − m2
1m

2
2

= (E1E2 + p 2)2 − (E2
1 − p 2)(E2

2 − p 2)
= p 2(E1 + E2)2 . (12.60)

Therefore

I = |p |(E1 + E2) = E1E2|p |
(

1
E1

+
1

E2

)
= E1E2(|v1| + |v2|) , (12.61)

where v1,v2 are the respective velocities in the CM. The relative
velocity has modulus v = |v1|+ |v2|, so I = E1E2v. The result for
σ then follows from the general formula (6.29), using eq. (12.57)
and two-body phase space (6.35) with m = 0.

(7.2) (i) From Exercise 4.1 we know that an e+e− pair can annihilate
into two photons only if it has S = 0; since we are considering a
bound state with L = 0, then also J = 0. Alternatively, the result
follows from the fact that a two-photon state cannot have J = 1,
see Landau and Lifshitz, vol. IV (1982), Section 9 for the proof.
Equation (7.70) then follows from

σ̄ =
1
4

⎡
⎣σ(J=0) +

∑
Jz=−1,0,1

σ(J=1)

⎤
⎦ , (12.62)

and σ(J=1) = 0. (ii) Equations (7.72) and (7.73) follow immedi-
ately from eq. (6.8), with V = 1. (iii):

〈2γ|Pos〉 =
∫

d3p1

(2π)3
d3p2

(2π)3
〈2γ|p1,p2〉〈p1,p2|Pos〉 . (12.63)

In the CM,

〈p1,p2|Pos〉 = (2π)3δ(3)(p1 + p2)ψ̃(p1) (12.64)
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where ψ̃(p ) is the wave function of positronium in momentum
space, so

〈2γ|Pos〉 =
∫

d3p

(2π)3
〈2γ|p ,−p 〉ψ̃(p ) . (12.65)

(iv) From the order-of-magnitude estimates in the Introduction
we know that in the hydrogen atom v ∼ α and |p | ∼ meα (for
positronium me becomes the reduced mass me/2). Then, to lowest
order in α, in eq. (7.74) we can approximate 〈2γ|p ,−p 〉 with its
value at p 
 me and extract it from the integral. The remaining
integral is ψ(x ) at x = 0. Equation (7.76) then follows from
eqs. (7.72) and (7.73), recalling that only J = 0 contributes.
(v) The agreement is at the level of 0.5%. Including the first
radiative correction, the theoretical prediction turns out to be

Γ =
1
2
meα

5

[
1 − α

π

(
5 − π2

4

)]
(12.66)

and agrees with experiment, within the error (see D.W. Gidley et
al., Phys. Rev. Lett. 49 (1982) 525).

12.8 Chapter 8

(8.1) (i) Compare with Solved Problem 7.2 on page 188. (ii) The max-
imum value of q2 is q2

max = (mn − mp)2 � (1.3 MeV)2 (see e.g.
Solved Problem 6.1). The typical scale of variation of the form
factors is instead of order of the QCD scale, so qtypical ∼ a few
hundred MeV. (iii):

Mfi = −GF cos θC√
2

ūeγ
µ(1 − γ5)uν̄ ūpγµ(1 − gAγ5)un . (12.67)

Averaging over the initial spin and summing over the final spins,

|Mfi|2 =
G2

F cos2 θC

2
Tr[(�pe + me)γµ(1 − γ5)�pν̄(1 + γ5)γν ]

×Tr[(�pp + mp)γµ(1 − gAγ5)
�pn + mn

2
(1 + gAγ5)γν ] .

(12.68)
Performing the traces,

|Mfi|2 = 16 G2
F cos2 θC [(1 + gA)2(pepp)(pν̄pn) (12.69)

+(1 − gA)2(pepn)(pν̄pp) − (1 − g2
A)mpmn(pepν̄)] .

We next compute the scalar products in the neutron rest frame,
pn = (mn, 0). Observe that the maximum proton energy is

Emax
p =

m2
n + m2

p − m2
e

2mn
= mp +

∆2 − m2
e

2mn
, (12.70)

with ∆ = mn − mp. Since (∆2 − m2
e)/(2mn) ∼ 10−4 MeV, we

can neglect it with respect to mn ∼ 103 MeV and, in the scalar



282 Solutions to exercises

products, we can set the proton energy Ep to the fixed value Ep �
mp. For the same reason, we can write (pepp) = EeEp − pe·pp �
Eemp, since |pp| 
 mp. With this and similar approximations in
the other scalar products,

|Mfi|2 = 16 G2
F cos2 θCmpmn (12.71)

×[(1 + 3g2
A)EeEν̄ + (1 − g2

A)
√

E2
e − m2

e Eν̄ cos θ] ,

where θ is the angle between the electron and the antineutrino.
The width is given by

dΓ =
1

2mn
|Mfi|2 d3pp

(2π)32mp

d3pe

(2π)32Ee

d3pν̄

(2π)32Eν̄
(12.72)

×(2π)4δ(3)(pp + pe + pν̄)δ(mp + Ee + Eν̄ − mn) .

Integrate first over d3pp with the help of the δ(3). Write d3pe =
4πp2

edpe and d3pν̄ = 2πE2
ν̄dEν̄d cos θ. Integrate over dEν̄ with the

help of the remaining Dirac delta and finally perform the integra-
tion over d cos θ, between cos θ = ±1. The term linear in cos θ in
|Mfi|2 integrates to zero and the constant part gives the desired
result.
(iv) The kinematical limits on Ee are Emin

e = me and

Emax
e =

m2
n − m2

p + m2
e

2mn
= ∆ − ∆2 − m2

e

2mn
� ∆ . (12.73)

The spectrum is shown in Fig. 12.4. When mν = 0, at Ee � ∆ we
have dΓ/dEe ∼ (∆−Ee)2 and therefore the slope of the spectrum,
d2Γ/dE2

e , goes to zero as Ee → ∆. For a small non-zero value of
mν we can use the same expression for the matrix element and
take into account mν �= 0 just in the phase space. The result is
that now the slope diverges (d2Γ/dE2

e → −∞) at the end-point of
the spectrum.me ∆

dE
__dΓ

e

eE

Fig. 12.4 The Fermi spectrum of β-
decay.

(v) Integrating over Ee,

Γ =
G2

F ∆5 cos2 θC

2π3
(1 + 3g2

A)
∫ 1

me/∆

dxx(1 − x)2
√

x2 − (me/∆)2 .

(12.74)
If me = 0 the integral can be computed analytically, and is equal
to 1/30. For the physical values of me, ∆, numerical integration
gives 0.472565/30, and

Γ = 0.472565
G2

F ∆5 cos2 θC

60π3
(1 + 3g2

A) . (12.75)

Inserting the numerical values, we get a result for τ = 1/Γ larger
by about 8% than the experimental value. A more accurate com-
putation requires us to keep all six form factors. Furthermore, an
important correction comes from the exchange of photons between
the electron and the proton; these Coulomb corrections between fi-
nal states are large when, as in the present case, the relative speed
of the final charged particles is small.
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(8.2) (i) Using the same considerations as in Solved Problem 7.2, the
most general parametrization of a vector current is

〈e−|jµ(0)|µ−〉 = f1(q2)ūeγ
µuµ+f2(q2)ūeσ

µνqνuµ +f3(q2)qµūeuµ .
(12.76)

Imposing current conservation gives

qµ(f1(q2)ūeγ
µuµ+f2(q2)ūeσ

µνqνuµ+f3(q2)qµūeuµ) = 0 . (12.77)

In the first term we use the equations of motion together with
q = k−p, where p and k are the electron and muon four-momenta,
respectively. This gives ūeqµγµuµ = (mµ−me)ūeuµ. In the second
term σµνqνqµ = 0 by symmetry, so we get

f1(q2)(mµ − me) + q2f3(q2) = 0 . (12.78)

Setting q2 = 0 (which is the value of q2 in which we are interested,
since the photon is on-shell) we find that f1(0) = 0.
(ii) The amplitude is obtained multiplying by ε∗µ. Since ε∗µ(q)qµ =
0, only the term ∼ f2(0) survives.
(iii)

|Mfi|2 =
e2

4m2
µ

|F2|2 ε∗µερ qνqσ(ūeσ
µνuµ) (ūµσρσue) . (12.79)

Perform the sum over the photon polarizations using ε∗µερ → −ηµρ.
To perform the sum over the spin of e− and the average over the
spin of µ− one could replace here ueūe → �p+me and uµūµ → (�k+
mµ)/2. The resulting trace apparently has up to six γ matrices but
can be simplified using the γ matrix identities given in eq. (12.59).
However, the calculation is much simpler if instead we eliminate
immediately σµν from |Mfi|2 using the Gordon identity, eq. (7.51);
then we get

|Mfi|2 = − e2

8m2
µ

|F2|2 (12.80)

×Tr [(�p + me)(Qµ − mγµ)(�k + mµ)(Qµ − mγµ)] ,

with Q = p + k and m = me + mµ. Computing the trace and the
resulting scalar products (we need only 2(pk) = m2

e + m2
µ),

|Mfi|2 =
e2

2m2
µ

|F2|2(m2
µ − m2

e)
2 , (12.81)

and the result for Γ follows immediately. The resulting bound on
|F2| is |F2| < 1 × 10−13.
Supersymmetric extensions of the SM predict a non-zero decay rate
for µ− → e−γ, at a level not far from the experimental bound.
Actually, in this case the effective current jµ that mediates the
transition has a structure V −A rather than a pure vector current
as we have taken in this exercise. The modification to the calcu-
lation amounts simply to the insertion of a projector (1 − γ5)/2
between ūe and uµ.



284 Solutions to exercises

(8.3) (i) From the form of the Lagrangian, we see that the amplitude
is proportional to GF and therefore σ ∼ G2

F . Since GF is the
inverse of a mass squared, and the only other energy scale is the
CM energy

√
s, for dimensional reasons we must have σ ∼ G2

F s.
(ii) The amplitude is M = MW + MZ with

MW = −GF√
2

[ν̄eγµ(1 − γ5)e][ēγµ(1 − γ5)νe] , (12.82)

MZ = −GF√
2

[ν̄eγµ(1 − γ5)νe][a2 ēγµ(1 − γ5)e + a3 ēγµ(1 + γ5)e)] ,

with a2, a3 given in eq. (8.19); we already set a1 = 1/2, and we took
into account that the term j0

µj0,µ produces two equal contributions
to the process, one in which the neutrino current is provided by
the first j0

µ (and therefore the electron current by the second) and
one in which the neutrino current is provided by the second factor
j0,µ. At a fundamental level, MW and MZ correspond to the
graphs in Figs. 12.5 and 12.6.
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Fig. 12.5 The eνe scattering ampli-
tude mediated by the W boson.
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Fig. 12.6 The eνe scattering ampli-
tude mediated by the Z boson.

Performing the Fierz rearrangement in MW , we get

M = −GF√
2

[ν̄eγµ(1 − γ5)νe] (12.83)

×[(
1
2

+ sin2 θW )ēγµ(1 − γ5)e + sin2 θW ēγµ(1 + γ5)e)] .

The computation of |M|2, with the usual average and sum over
spins, and the subsequent computation of the scalar product in
the CM frame is now rather straightforward, and the result is

σ(νee → νee) =
G2

F s

π

[(
1
2

+ sin2 θW

)2

+
1
3

sin4 θW

]

� 0.176 G2
Fs . (12.84)

(8.4) (i) Use eq. (6.21) with n0
2 dV = 1 (since we are considering a single

target particle) and Γ = dN/dt.
(ii) n ∼ T 3 follows from dimensional considerations if m 
 T ,
since then T is the only mass-scale and dimensionally n = 1/volume
= (mass)3. Of course, it can also be obtained explicitly from the
Boltzmann, Bose–Einstein or Fermi–Dirac distributions.
From the previous exercise, σ ∼ G2

F s. At a temperature T much
larger than all the masses in question, s ∼ T 2. Furthermore we
have seen that n ∼ T 3, while for relativistic particles v = 1, so
Γ = nσv ∼ G2

F T 5 and Γ/H ∼ (G2
F T 5)/(T 2/MPl) ∼ (T/1 MeV)3.

Therefore for T � MeV neutrino–electron scattering maintained
the neutrinos in equilibrium, while when the temperature of the
Universe dropped around O(1) MeV the neutrinos decoupled. Ob-
serve that when T ∼ MeV the electron mass is not negligible com-
pared to T , but T ∼ me so we still have only one mass-scale and
the estimate s ∼ T 2 is still correct.
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