Algebra &
Trigonometry

Graphs and Models







EDITION

Algebra &
Trigonometry

GRAPHS AND MODELS € A

MARYVIN L. BITTINGER

Indiana University Purdue University Indianapolis

JUDITH A. BEECHER

Indiana University Purdue University Indianapolis

DAVID J. ELLENBOGEN

Community College of Vermont

JUDITH A. PENNA

Indiana University Purdue University Indianapolis

PEARSON

Boston Columbus Indianapolis New York San Francisco Upper Saddle River
Amsterdam Cape Town Dubai London Madrid Milan Munich Paris Montréal Toronto
Delhi  Mexico City Sao Paulo Sydney Hong Kong Seoul Singapore Taipei Tokyo



Editor-in-Chief ~ Anne Kelly
Acquisitions Editor ~ Kathryn O’Connor
Senior Content Editor Joanne Dill
Editorial Assistant Judith Garber
Senior Managing Editor ~ Karen Wernholm
Senior Production Project Manager — Kathleen A. Manley
Digital Assets Manager ~ Marianne Groth

Media Producer ~ Aimee Thorne
Software Development — Kristina Evans, MathXL;
Mary Durnwald, TestGen

Marketing Manager Peggy Sue Lucas
Marketing Assistant Justine Goulart
Senior Author Support/ Technology Specialist ~ Joe Vetere
Rights and Permissions Advisor ~ Michael Joyce
Image Manager ~ Rachel Youdelman
Procurement Manager Evelyn Beaton
Procurement Specialist  Debbie Rossi
Media Procurement Specialist ~ Ginny Michaud
Associate Director of Design Andrea Nix
Art Director/Cover Designer Beth Paquin
Text Design, Art Editing, and Photo Research The Davis Group, Inc.
Editorial and Production Coordination Martha Morong/Quadrata, Inc.
Composition PreMediaGlobal

lustrations Network Graphics, William Melvin,
and PreMediaGlobal

Cover Image  Marek Chalupnik/Shutterstock

For permission to use copyrighted material, grateful acknowledgment is made to the copyright holders on page 991, which is
hereby made part of this copyright page.

All screenshots of graphs from the Appcylon graphing calculator app are reprinted with permission from Appcylon LLC.

Many of the designations used by manufacturers and sellers to distinguish their products are claimed as trademarks. Where those
designations appear in this book, and Pearson Education was aware of a trademark claim, the designations have been printed in
initial caps or all caps.

Library of Congress Cataloging-in-Publication Data
Algebra and trigonometry : graphs and models/Marvin L. Bittinger ... [et al.].
—>5th ed.
p. cm.
Includes index.
ISBN-13: 978-0-321-78397-4
ISBN-10: 0-321-78397-2
1. Algebra—Textbooks. 2. Algebra—Graphic methods—Textbooks.
3. Trigonometry—Textbooks. 4. Functional analysis—Textbooks. I. Bittinger, Marvin L.

QA152.3.A49 2013
512".13—dc23 2011012137

Copyright © 2013, 2009, 2006, 2001 Pearson Education, Inc.

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or
by any means, electronic, mechanical, photocopying, recording, or otherwise, without the prior written permission of the pub-
lisher. Printed in the United States of America. For information on obtaining permission for use of material in this work, please
submit a written request to Pearson Education, Inc., Rights and Contracts Department, 501 Boylston Street, Suite 900, Boston,
MA 02116, fax your request to 617-671-3447, or e-mail at http://www.pearsoned.com/legal/permissions.htm.

123456789 10—DOW—15 14 13 12 11

PEARSON ISBN-10: 0-321-78397-2

www.pearsonhighered.com ISBN-13: 978-0-321-78397-4


http://www.pearsoned.com/legal/permissions.htm
www.pearsonhighered.com

Preface Xi
To the Student Xix
Interactive Figures Index XX

R Basic Concepts of Algebra 1

R.1 The Real-Number System 2

Real Numbers / Interval Notation / Properties of the Real
Numbers / Absolute Value

R.2 Integer Exponents, Scientific Notation, and Order of Operations 8
Integers as Exponents / Scientific Notation / Order of Operations

R.3 Addition, Subtraction, and Multiplication of Polynomials 17
Polynomials / Addition and Subtraction / Multiplication

R.4 Factoring 22

Terms with Common Factors / Factoring by Grouping / Trinomials of
the Type x* + bx + ¢ / Trinomials of the Type ax* + bx + c,a # 1 /
Special Factorizations

R.5 The Basics of Equation Solving 30

Linear Equations and Quadratic Equations / Formulas

R.6 Rational Expressions 35
The Domain of a Rational Expression / Simplifying, Multiplying, and Dividing
Rational Expressions / Adding and Subtracting Rational Expressions /
Complex Rational Expressions

R.7 Radical Notation and Rational Exponents 44

Simplifying Radical Expressions / An Application / Rationalizing
Denominators or Numerators / Rational Exponents

Study Guide 53 Review Exercises 54 Chapter Test 56

1 Graphs, Functions, and Models 57

1.1 Introduction to Graphing 58

Graphs / Solutions of Equations / Graphs of Equations / The Distance
Formula / Midpoints of Segments / Circles

VISUALIZING THE GRAPH 69
1.2 Functions and Graphs 74

Functions / Notation for Functions / Graphs of Functions /
Finding Domains of Functions / Visualizing Domain and Range /
Applications of Functions

iii



iv CONTENTS

1.3 Linear Functions, Slope, and Applications 90

Linear Functions / The Linear Function f(x) = mx + b and Slope /
Applications of Slope / Slope-Intercept Equations of Lines / Graphing
f(x) = mx + bUsing mand b / Applications of Linear Functions

VISUALIZING THE GRAPH 101
MID-CHAPTER MIXED REVIEW 106

1.4 Equations of Lines and Modeling 107
Slope—Intercept Equations of Lines / Point-Slope Equations of Lines /
Parallel Lines / Perpendicular Lines / Mathematical Models / Curve
Fitting / Linear Regression

1.5 Linear Equations, Functions, Zeros, and Applications 121
Linear Equations / Applications Using Linear Models / Zeros of
Linear Functions

1.6 Solving Linear Inequalities 139

Linear Inequalities / Compound Inequalities / An Application
Study Guide 144 Review Exercises 151 Chapter Test 155

2 More on Functions 159

2.1 Increasing, Decreasing, and Piecewise Functions; Applications 160

Increasing, Decreasing, and Constant Functions / Relative Maximum and
Minimum Values / Applications of Functions / Functions Defined Piecewise

2.2 The Algebra of Functions 175

The Algebra of Functions: Sums, Differences, Products, and Quotients /
Difference Quotients

2.3 The Composition of Functions 182
The Composition of Functions / Decomposing a Function as a Composition
MID-CHAPTER MIXED REVIEW 190

2.4 Symmetry 192
Symmetry / Even Functions and Odd Functions

2.5 Transformations 199

Transformations of Functions / Vertical Translations and Horizontal
Translations / Reflections / Vertical and Horizontal Stretchings and Shrinkings

VISUALIZING THE GRAPH 209
2.6 Variation and Applications 213
Direct Variation / Inverse Variation / Combined Variation

Study Guide 222 Review Exercises 229 Chapter Test 233



CONTENTS v

Quadratic Functions and Equations; Inequalities

3.1 The Complex Numbers 236

The Complex-Number System / Addition and Subtraction /
Multiplication / Conjugates and Division

3.2 Quadratic Equations, Functions, Zeros, and Models 243
Quadratic Equations and Quadratic Functions / Completing the Square /
Using the Quadratic Formula / The Discriminant / Equations Reducible
to Quadratic / Applications

3.3 Analyzing Graphs of Quadratic Functions 259

Graphing Quadratic Functions of the Type f(x) = a(x — h? + k / Graphing
Quadratic Functions of the Type f(x) = ax* + bx + c,a # 0 / Applications

VISUALIZING THE GRAPH 269
MID-CHAPTER MIXED REVIEW 273
3.4 Solving Rational Equations and Radical Equations 275
Rational Equations / Radical Equations
3.5 Solving Equations and Inequalities with Absolute Value 283
Equations with Absolute Value / Inequalities with Absolute Value
Study Guide 287 Review Exercises 293 Chapter Test 295

Polynomial Functions and Rational Functions

4.1 Polynomial Functions and Modeling 298

The Leading-Term Test / Finding Zeros of Factored Polynomial
Functions / Finding Real Zeros on a Calculator / Polynomial Models

4.2 Graphing Polynomial Functions 315
Graphing Polynomial Functions / The Intermediate Value Theorem
VISUALIZING THE GRAPH 322

4.3 Polynomial Division; The Remainder Theorem and the Factor Theorem 325

Division and Factors / The Remainder Theorem and Synthetic Division /
Finding Factors of Polynomials

MID-CHAPTER MIXED REVIEW 333

4.4 Theorems about Zeros of Polynomial Functions 335

The Fundamental Theorem of Algebra / Finding Polynomials with Given Zeros /
Zeros of Polynomial Functions with Real Coefficients / Rational Coefficients /
Integer Coefficients and the Rational Zeros Theorem / Descartes’ Rule of Signs

4.5 Rational Functions 345
The Domain of a Rational Function / Asymptotes / Applications
VISUALIZING THE GRAPH 361

4.6 Polynomial Inequalities and Rational Inequalities 365

Polynomial Inequalities / Rational Inequalities
Study Guide 375 Review Exercises 385 Chapter Test 389



vi CONTENTS

Exponential Functions and Logarithmic Functions

5.1 Inverse Functions 392

Inverses / Inverses and One-to-One Functions / Finding Formulas for
Inverses / Inverse Functions and Composition / Restricting a Domain

5.2 Exponential Functions and Graphs 404
Graphing Exponential Functions / Applications / The Number e / Graphs of
Exponential Functions, Base e

5.3 Logarithmic Functions and Graphs 417

Logarithmic Functions / Finding Certain Logarithms / Converting Between
Exponential Equations and Logarithmic Equations / Finding Logarithms on a
Calculator / Natural Logarithms / Changing Logarithmic Bases / Graphs of
Logarithmic Functions / Applications

VISUALIZING THE GRAPH 429
MID-CHAPTER MIXED REVIEW 433
5.4 Properties of Logarithmic Functions 435
Logarithms of Products / Logarithms of Powers / Logarithms of Quotients /
Applying the Properties / Simplifying Expressions of the Type log, a* and a'°8*
5.5 Solving Exponential Equations and Logarithmic Equations 443
Solving Exponential Equations / Solving Logarithmic Equations
5.6 Applications and Models: Growth and Decay; Compound Interest 453

Population Growth / Interest Compounded Continuously / Models of Limited
Growth / Exponential Decay / Exponential and Logarithmic Curve Fitting

Study Guide 470 Review Exercises 477 Chapter Test 481

6 The Trigonometric Functions 483

6.1 Trigonometric Functions of Acute Angles 484

The Trigonometric Ratios / The Six Functions Related / Function Values of
30°,45°% and 60° / Function Values of Any Acute Angle / Cofunctions and
Complements

6.2 Applications of Right Triangles 496

Solving Right Triangles / Applications

6.3 Trigonometric Functions of Any Angle 509

Angles, Rotations, and Degree Measure / Trigonometric Functions of Angles
or Rotations / The Six Functions Related / Terminal Side on an Axis /
Reference Angles: 30°,45°, and 60° / Function Values for Any Angle

MID-CHAPTER MIXED REVIEW 525
6.4 Radians, Arc Length, and Angular Speed 527

Distances on the Unit Circle / Radian Measure / Arc Length and Central
Angles / Linear Speed and Angular Speed



CONTENTS vii

6.5 Circular Functions: Graphs and Properties 542
Reflections on the Unit Circle / Finding Function Values / Graphs of the Sine
and Cosine Functions / Graphs of the Tangent, Cotangent, Cosecant, and
Secant Functions

6.6 Graphs of Transformed Sine Functions and Cosine Functions 557

Variations of Basic Graphs / Graphs of Sums: Addition of
Ordinates / Damped Oscillation: Multiplication of Ordinates

VISUALIZING THE GRAPH 570
Study Guide 574 Review Exercises 584 Chapter Test 587

Trigonometric Identities, Inverse Functions, and Equations

7.1 ldentities: Pythagorean and Sum and Difference 590

Pythagorean Identities / Simplifying Trigonometric Expressions / Sum and
Difference Identities

7.2 Identities: Cofunction, Double-Angle, and Half-Angle 603
Cofunction Identities / Double-Angle Identities / Half-Angle Identities

7.3 Proving Trigonometric Identities 612

The Logic of Proving Identities / Proving Identities / Product-to-Sum and
Sum-to-Product Identities

MID-CHAPTER MIXED REVIEW 619

7.4 Inverses of the Trigonometric Functions 621
Restricting Ranges to Define Inverse Functions / Composition of Trigonometric
Functions and Their Inverses

7.5 Solving Trigonometric Equations 632
VISUALIZING THE GRAPH 640

Study Guide 644 Review Exercises 651 Chapter Test 654

Applications of Trigonometry

8.1 The Law of Sines 656

Solving Oblique Triangles / The Law of Sines / Solving Triangles (AAS
and ASA) / Solving Triangles (SSA) / The Area of a Triangle

8.2 The Law of Cosines 669
The Law of Cosines / Solving Triangles (SAS) / Solving Triangles (SSS)

8.3 Complex Numbers: Trigonometric Notation 679

Graphical Representation / Trigonometric Notation for Complex
Numbers / Multiplication and Division with Trigonometric Notation /
Powers of Complex Numbers / Roots of Complex Numbers

MID-CHAPTER MIXED REVIEW 689



viii CONTENTS

8.4 Polar Coordinates and Graphs 691

Polar Coordinates / Polar Equations and Rectangular Equations / Graphing
Polar Equations

VISUALIZING THE GRAPH 699
8.5 Vectors and Applications 702

Vectors / Vector Addition / Applications / Components
8.6 Vector Operations 710

Position Vectors / Operations on Vectors / Unit Vectors / Direction
Angles / Angle Between Vectors / Forces in Equilibrium

Study Guide 725 Review Exercises 736 Chapter Test 740

Systems of Equations and Matrices

9.1 Systems of Equations in Two Variables 742

Solving Systems of Equations Graphically / The Substitution Method /
The Elimination Method / Applications

VISUALIZING THE GRAPH 752

9.2 Systems of Equations in Three Variables 758

Solving Systems of Equations in Three Variables / Applications /
Mathematical Models and Applications

9.3 Matrices and Systems of Equations 768

Matrices and Row-Equivalent Operations / Gaussian Elimination with
Matrices / Gauss—Jordan Elimination

9.4 Matrix Operations 776

Matrix Addition and Subtraction / Scalar Multiplication / Products of
Matrices / Matrix Equations

MID-CHAPTER MIXED REVIEW 787
9.5 Inverses of Matrices 789

The Identity Matrix / The Inverse of a Matrix / Solving Systems of Equations
9.6 Determinants and Cramer’s Rule 796

Determinants of Square Matrices / Evaluating Determinants Using

Cofactors / Cramer’s Rule
9.7 Systems of Inequalities and Linear Programming 804

Graphs of Linear Inequalities / Systems of Linear Inequalities / Applications:
Linear Programming

9.8 Partial Fractions 816
Partial Fraction Decompositions
Study Guide 822 Review Exercises 828 Chapter Test 832



10

11

CONTENTS

Analytic Geometry Topics

10.1 The Parabola 836

Parabolas / Finding Standard Form by Completing the Square /
Applications

10.2 The Circle and the Ellipse 844
Circles / Ellipses / Applications

10.3 The Hyperbola 853
Standard Equations of Hyperbolas / Applications

10.4 Nonlinear Systems of Equations and Inequalities 863

Nonlinear Systems of Equations / Modeling and Problem Solving /
Nonlinear Systems of Inequalities

VISUALIZING THE GRAPH 870
MID-CHAPTER MIXED REVIEW 875

10.5 Rotation of Axes 876
Rotation of Axes / The Discriminant

10.6 Polar Equations of Conics 884

Polar Equations of Conics / Converting from Polar Equations to Rectangular
Equations / Finding Polar Equations of Conics

10.7 Parametric Equations 890

Graphing Parametric Equations / Determining a Rectangular Equation for
Given Parametric Equations / Determining Parametric Equations for a Given
Rectangular Equation / Applications

Study Guide 898 Review Exercises 904 Chapter Test 908

Sequences, Series, and Combinatorics

11.1 Sequences and Series 912
Sequences / Finding the General Term / Sums and Series / Sigma
Notation / Recursive Definitions

11.2 Arithmetic Sequences and Series 920
Arithmetic Sequences / Sum of the First n Terms of an Arithmetic
Sequence / Applications

11.3 Geometric Sequences and Series 929

Geometric Sequences / Sum of the First # Terms of a Geometric
Sequence / Infinite Geometric Series / Applications

VISUALIZING THE GRAPH 937

ix

835

911



X

CONTENTS

114

11.5

11.6

11.7

11.8

Mathematical Induction 941
Proving Infinite Sequences of Statements
MID-CHAPTER MIXED REVIEW 946
Combinatorics: Permutations 947

Permutations / Factorial Notation / Permutations of n Objects Taken k at a
Time / Permutations of Sets with Nondistinguishable Objects

Combinatorics: Combinations 957
Combinations
The Binomial Theorem 963

Binomial Expansions Using Pascal’s Triangle / Binomial Expansion Using
Combination Notation / Finding a Specific Term / Total Number of Subsets

Probability 971

Experimental Probability and Theoretical Probability / Computing
Experimental Probabilities / Theoretical Probability

Study Guide 981 Review Exercises 985 Chapter Test 988

Photo Credits 9291
Answers A1

Index -1

Index of Applications -13



Preface

This Algebra and Trigonometry textbook is known for enabling students to “see the math”
through its

«  focus on visualization,

« early introduction to functions,

+  integration of technology, and

+  connections between mathematical concepts and the real world.

With the new edition, we continue to innovate by incorporating more ongoing review to
help students develop understanding and study effectively. We have new Mid-Chapter Mixed
Review exercise sets to give students an extra opportunity to master concepts and new Study
Guides that provide built-in tools to help prepare for tests.

MyMathLab® has been expanded so that the online content is even more integrated with
the text’s approach, with the addition of Vocabulary Reinforcement, Synthesis, and Mid-
Chapter Mixed Review exercises from the text as well as example-based videos.

Our overarching goal is to provide students with a learning experience that will not
only lead to success in this course but also prepare them to be successful in the mathematics
courses they take in the future.

# Content Changes to the Fourth Edition

+  The material on solving formulas for a specified letter has been moved from Chapter 1 in
the Fourth Edition to Chapter R in the Fifth Edition so that it can be reviewed before it is
used to solve a linear equation for one of the variables in Chapter 1.

+  Symmetry and transformations are now presented in two sections rather than one.

® Emphasis on Functions

Functions are the core of this course and should be presented as a thread that runs through-
out the course rather than as an isolated topic. We introduce functions in Chapter 1, whereas
many traditional college algebra textbooks cover equation-solving in Chapter 1. Our approach
of introducing students to a relatively new concept at the beginning of the course, rather than
requiring them to begin with a review of material that was previously covered in intermediate
algebra, immediately engages them and serves to help them avoid the temptation not to study
early in the course because “I already know this.”

The concept of a function can be challenging for students. By repeatedly exposing them
to the language, notation, and use of functions, demonstrating visually how functions relate
to equations and graphs, and also showing how functions can be used to model real data, we
hope to ensure that students not only become comfortable with functions but also come to
understand and appreciate them. You will see this emphasis on functions woven throughout
the other themes that follow.

Classify the Function Exercises With a focus on conceptual understanding, students
are asked periodically to identify a number of functions by their type (linear, quadratic, ra-
tional, and so on). As students progress through the text, the variety of functions with which
they are familiar increases and these exercises become more challenging. The “classifying the
function” exercises appear with the review exercises in the Skill Maintenance portion of an
exercise set. (See pp. 344 and 442.)
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® Visual Emphasis

Our early introduction of functions allows graphs to be used to provide a visual aspect to solving
equations and inequalities. For example, we are able to show students both algebraically and visu-
ally that the solutions of a quadratic equation ax® + bx + ¢ = 0 are the zeros of the quadratic
function f(x) = ax® + bx + cas well as the first coordinates of the x-intercepts of the graph of
that function. This makes it possible for students, particularly visual learners, to gain a quick un-
derstanding of these concepts. (See pp. 251, 255, 299, 366, and 429.)

Visualizing the Graph Appearing at least once in every chapter, this feature provides stu-
dents with an opportunity to match an equation with its graph by focusing on the character-
istics of the equation and the corresponding attributes of the graph. (See pp. 209, 269, and
361.) In addition to this full-page feature, many of the exercise sets include exercises in which
the student is asked to match an equation with its graph or to find an equation of a function
from its graph. (See pp. 211, 212, 310, and 412.) In MyMathLab, animated Visualizing the
Graph features for each chapter allow students to interact with graphs on a whole new level.

Side-by-Side Examples Many examples are presented in a side-by-side, two-column for-
mat in which the algebraic solution of an equation appears in the left column and a graphical
solution appears in the right column. (See pp. 244, 368—369, and 446—447.) This enables stu-
dents to visualize and comprehend the connections among the solutions of an equation, the
zeros of a function, and the x-intercepts of the graph of a function.

Integrated Technology In order to increase students’ understanding of the course content
through a visual means, we integrate graphing calculator technology throughout. The use of the
graphing calculator is woven throughout the text’s exposition, exercise sets, and testing program
without sacrificing algebraic skills. Graphing calculator technology is included in order to en-
hance—not replace—students’ mathematical skills, and to alleviate the tedium associated with
certain procedures. (See pp. 249, 357-358, and 443.) In addition, each copy of the student text is
bundled with a complimentary graphing calculator manual created by author Beverly Fusfield. A
GCM icon indicates the correlation of the manual to the main text content.

Interactive Figures These new figures help bring mathematical concepts to life. They are
included in MyMathLab as both a teaching tool and a learning tool. Used as a lecture tool,
the figures help engage students more fully and save the time that would otherwise be spent
drawing figures by hand. Questions pertaining to each interactive figure are assignable in My-
MathLab and reinforce active learning, critical thinking, and conceptual learning. Interactive
Figure icons Z=| appear throughout the text. (See pp. 82 and 177.)

App for the iPhone The advent of the iPhone and other sophisticated mobile phones has
made available many inexpensive mathematics applications. One useful app is Appcylon LLC
Graphing Calculator (which can be purchased at the Apps Store). Among the features of this
app are the ability to graph most of the functions we encounter in this book and find the
exact (x, y) coordinates for zeros, intersections, and maximum and minimum values using
the TRACE mode. We illustrate these features by including occasional app windows through-
out. (See pp. 162, 244, 359, and 448.)

® Making Connections

Zeros, Solutions, and x-Intercepts We find that when students understand the connec-
tions among the real zeros of a function, the solutions of its associated equation, and the
first coordinates of the x-intercepts of its graph, a door opens to a new level of mathematical
comprehension that increases the probability of success in this course. We emphasize zeros,
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solutions, and x-intercepts throughout the text by using consistent, precise terminology and
including exceptional graphics. Seeing this theme repeated in different contexts leads to a bet-
ter understanding and retention of these concepts. (See pp. 244 and 255.)

Connecting the Concepts This feature highlights the importance of connecting concepts.
When students are presented with concepts in visual form—using graphs, an outline, or a
chart—rather than merely in paragraphs of text, comprehension is streamlined and retention is
enhanced. The visual aspect of this feature invites students to stop and check their understand-
ing of how concepts work together in one section or in several sections. This check in turn en-
hances student performance on homework assignments and exams. (See pp. 133, 255, and 330.)

Annotated Examples We have included over 1130 Annotated Examples designed to
tully prepare the student to work the exercises. Learning is carefully guided with the use of
numerous color-coded art pieces and step-by-step annotations. Substitutions and annota-
tions are highlighted in red for emphasis. (See pp. 247 and 437-438.)

Now Try Exercises Now Try Exercises are found after nearly every example. This feature
encourages active learning by asking students to do an exercise in the exercise set that is simi-
lar to the example the student has just read. (See pp. 246, 351, and 407.)

Synthesis Exercises These exercises appear at the end of each exercise set and encourage
critical thinking by requiring students to synthesize concepts from several sections or to take
a concept a step further than in the general exercises. For the Fifth Edition, these exercises are
assignable in MyMathLab. (See pp. 332-333, 416, and 469—-470.)

Real-Data Applications and Regression We encourage students to see and interpret the
mathematics that appears every day in the world around them. Throughout the writing pro-
cess, we conducted an energetic search for real-data applications, and the result is a variety of
examples and exercises that connect the mathematical content with everyday life. Most of these
applications feature source lines and many include charts and graphs. Many are drawn from
the fields of health, business and economics, life and physical sciences, social science, and areas
of general interest such as sports and travel. (See pp. 96-97, 257-258, 413—414, and 463-466.)
In Chapter 1, we introduce the use of regression or curve fitting to model data with
linear functions, and continue this visual theme with quadratic, cubic, quartic, exponential,
logarithmic, logistic, and trigonometric functions. (See pp. 115-116, 308-309, and 461-462.)

® Ongoing Review

The most significant addition to the Fifth Edition is the new ongoing review features that have
been integrated throughout to help students reinforce their understanding and improve their
success in the course.

Mid-Chapter Mixed Review This new review reinforces understanding of the mathemati-
cal concepts and skills covered in the first half of the chapter before students move on to new
material in the second half of the chapter. Each review begins with at least three True/False
exercises that require students to consider the concepts they have studied and also contains
exercises that drill the skills from all prior sections of the chapter. These exercises are assign-
able in MyMathLab. (See pp. 190-191 and 433-434.)

Collaborative Discussion and Writing Exercises appear in the Mid-Chapter Mixed
Review as well. These exercises can be discussed in small groups or by the class as a whole to
encourage students to talk about the key mathematical concepts in the chapter. They can also
be assigned to individual students to give them an opportunity to write about mathematics.
(See pp. 274 and 334.)
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A section reference is provided for each exercise in the Mid-Chapter Mixed Review. This
tells the student which section to refer to if help is needed to work the exercise. Answers to all
exercises in the Mid-Chapter Mixed Review are given at the back of the book.

Study Guide This new feature is found at the beginning of the Summary and Review near
the end of each chapter. Presented in a two-column format organized by section, this fea-
ture gives key concepts and terms in the left column and a worked-out example in the right
column. It provides students with a concise and effective review of the chapter that is a solid
basis for studying for a test. In MyMathLab, these Study Guides are accompanied by narrated
examples to reinforce the key concepts and ideas. (See pp. 287-292 and 470-477.)

Exercise Sets There are over 7900 exercises in this text. The exercise sets are enhanced with
real-data applications and source lines, detailed art pieces, tables, graphs, and photographs. In
addition to the exercises that provide students with concepts presented in the section, the ex-
ercise sets feature the following elements to provide ongoing review of topics presented earlier:

«  Skill Maintenance Exercises. These exercises provide an ongoing review of concepts pre-
viously presented in the course, enhancing students’ retention of these concepts. These
exercises include Vocabulary Reinforcement, described below, and Classifying the
Function exercises, described earlier in the section “Emphasis on Functions.” Answers to
all Skill Maintenance exercises appear in the answer section at the back of the book, along
with a section reference that directs students quickly and efficiently to the appropriate
section of the text if they need help with an exercise. (See pp. 198, 282, 364-365, and 432.)

+  Enhanced Vocabulary Reinforcement Exercises. This feature checks and reviews stu-
dents’ understanding of the vocabulary introduced throughout the text. It appears once
in every chapter, in the Skill Maintenance portion of an exercise set, and is intended to
provide a continuing review of the terms that students must know in order to be able
to communicate effectively in the language of mathematics. (See pp. 220-221, 286, and
364-365.) These are now assignable in MyMathLab and can serve as reading quizzes.

+  Enhanced Synthesis Exercises. These exercises are described under the Making Connec-
tions heading and are also assignable in MyMathLab.

Review Exercises These exercises in the Summary and Review supplement the Study
Guide by providing a thorough and comprehensive review of the skills taught in the chapter.
A group of true/false exercises appears first, followed by a large number of exercises that drill
the skills and concepts taught in the chapter. In addition, three multiple-choice exercises, one
of which involves identifying the graph of a function, are included in the Review Exercises for
every chapter with the exception of Chapter R, the review chapter. Each Review Exercise is ac-
companied by a section reference that, as in the Mid-Chapter Mixed Review, directs students
to the section in which the material being reviewed can be found. Collaborative Discussion
and Writing exercises are also included. These exercises are described under the Mid-Chapter
Mixed Review heading on p. xiii. (See pp. 293295 and 477-481.)

Chapter Test The test at the end of each chapter allows students to test themselves and
target areas that need further study before taking the in-class test. Each Chapter Test includes
a multiple-choice exercise involving identifying the graph of a function (except in Chapter R,
in which graphing has not yet been introduced). Answers to all questions in the Chapter Tests
appear in the answer section at the back of the book, along with corresponding section refer-
ences. (See pp. 295-296 and 481-482.)

Review Icons Placed next to the concept that a student is currently studying, a review icon
references a section of the text in which the student can find and review topics on which the
current concept is built. (See pp. 346 and 392.)



® Supplements

Student Supplements Instructor Supplements

Graphing Calculator Manual
ISBN: 0-321-79088-X; 978-0-321-79088-0

By Beverly Fusfield

Contains keystroke level instruction for the Texas
Instruments TI-84 Plus using the new MathPrint OS
Teaches students how to use a graphing calculator using
actual examples and exercises from the main text
Mirrors the topic order in the main text to provide a
just-in-time mode of instruction

Automatically ships with each new copy of the text

Student’s Solutions Manual
ISBN: 0-321-79098-7; 978-0-321-79098-9

By Judith A. Penna

Contains completely worked-out solutions with step-
by-step annotations for all the odd-numbered exercises
in the exercise sets, the Mid-Chapter Mixed Review exer-
cises, and Chapter Review exercises, as well as solutions
for all the Chapter Test exercises

Video Resources with Optional Subtitles

Complete set of digitized videos in both streaming and
Podcast formats for student use at home or on campus
are available within their MyMathLab course

Ideal for distance learning or supplemental instruction
Features authors Judy Beecher and Judy Penna working
through and explaining examples in the text

PREFACE

Annotated Instructor’s Edition
ISBN: 0-321-79059-6; 978-0-321-79059-0

wew

Includes all the answers to the exercise sets, usually
right on the page where the exercises appear

Readily accessible answers help both new and experi-
enced instructors prepare for class efficiently

Sample homework assignments are now indicated by a
blue underline within each end-of-section exercise set
and may be assigned in MyMathLab

Instructor’s Solutions Manual (Download only)

By Judith A. Penna

Contains worked-out solutions to all exercises in

the exercise sets and solutions for all Mid-Chapter
Mixed Review exercises, Chapter Review exercises, and
Chapter Test exercises

Available for download through www.pearsonhighered.
com/irc or inside your MyMathLab course

Online Test Bank (Download only)

By Laurie Hurley

Contains four free-response test forms for each chapter
following the same format and having the same level
of difficulty as the tests in the main text, plus two
multiple-choice test forms for each chapter

Provides six forms of the final examination, four with
free-response questions and two with multiple-choice
questions

Available for download through www.pearsonhighered.
com/irc or inside your MyMathLab course

TestGen®

Enables instructors to build, edit, print, and administer
tests

Features a computerized bank of questions developed
to cover all text objectives

Available for download through www.pearsonhighered.
com/irc or inside your MyMathLab course
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® Media Supplements

MyMathLab® Online Course (Access code required.) MyMathLab delivers proven
results in helping individual students succeed.

+ MpyMathLab has a consistently positive impact on the quality of learning in higher edu-
cation math instruction. MyMathLab can be successfully implemented in any environ-
ment—TIab-based, hybrid, fully online, traditional-—and demonstrates the quantifiable
difference that integrated usage has on student retention, subsequent success, and overall
achievement.

+  MpyMathLab’s comprehensive online gradebook automatically tracks your students’ re-
sults on tests, on quizzes, on homework, and in the study plan. You can use the grade-
book to quickly intervene if your students have trouble, or to provide positive feedback
on a job well done. The data within MyMathLab is easily exported to a variety of spread-
sheet programs, such as Microsoft Excel. You can determine which points of data you
want to export and then analyze the results to determine success.

MyMathLab provides engaging experiences that personalize, stimulate, and measure learn-
ing for each student.

+  Exercises: The homework and practice exercises in MyMathLab are correlated to the ex-
ercises in the textbook, and they regenerate algorithmically to give students unlimited
opportunity for practice and mastery. The software offers immediate, helpful feedback
when students enter incorrect answers. This includes:

Vocabulary exercises that can serve as reading quizzes.

“G‘N * Mid-Chapter Mixed Reviews are new to the text and are assignable online, helping stu-
dents to reinforce their understanding of the concepts.

Synthesis exercises are now assignable online, testing students’ ability to answer ques-
tions that cover multiple concepts.

Sample homework assignments are now indicated by a blue underline within each end-
of-section exercise set and may be assigned in MyMathLab.

“e\ﬂ * Interactive figures are new to the text and are indicated by icons. There are homework
exercises that pertain to each interactive figure. They are assignable in MyMathLab and
available in the Multimedia Library.

+  Multimedia Learning Aids: Exercises include guided solutions, sample problems, anima-
tions, videos, and eText clips for extra help at point-of-use. This includes example-based
videos, created by the authors themselves, to walk students through the detailed solution
process for most examples in the textbook. Videos are closed-captioned in English.

«  Expert Tutoring: Although many students describe MyMathLab as “like having your own
personal tutor,” students using MyMathLab do have access to live tutoring from Pearson,
from qualified math and statistics instructors who provide tutoring sessions for students
via MyMathLab.

“e\q‘. +  Study Guides are new to the text. In MyMathLab, these Study Guides are accompanied by
narrated examples to reinforce the key concepts and ideas.
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And, MyMathLab comes from a trusted partner with educational expertise and an eye to the
future.

+  Knowing that you are using a Pearson product means knowing that you are using quality
content. This means that our eTexts are accurate, that our assessment tools work, and that
our questions are error-free. And whether you are just getting started with MyMathLab
or have a question along the way, we are here to help you learn about our technologies
and how to incorporate them into your course.

To learn more about how MyMathLab combines proven learning applications with powerful
assessment, visit www.mymathlab.com or contact your Pearson representative.

MathXL® Online Course (Access code required.) MathXL® is a powerful online home-
work, tutorial, and assessment system that accompanies Pearson Education’s textbooks in
mathematics and statistics.

With MathXL, instructors can:

+  Create, edit, and assign online homework and tests using algorithmically generated exer-
cises correlated at the objective level to the textbook.

+  Create and assign their own online exercises and import TestGen tests for added flexibility.

+  Maintain records of all student work tracked in MathXL’s online gradebook.

With MathXL, students can:

+  Take chapter tests in MathXL and receive personalized study plans and/or personalized
homework assignments based on their test results.

+ Use the study plan and/or the homework to link directly to tutorial exercises for the
objectives they need to study.

+ Access supplemental animations and video clips directly from selected exercises.

MathXL is available to qualified adopters. For more information, visit our website at www.
mathxl.com, or contact your Pearson representative.

Videos The video lectures for this text are available within MyMathLab in both streaming
and Video Podcast format, making it easy and convenient for students to watch the videos
from a computer either at home or on campus. The videos feature authors Judy Beecher and
Judy Penna, who present Example Solutions. Example Solutions walk students through the
detailed solution process for the examples in the textbook. The format provides distance-
learning students with comprehensive video instruction, but also allows students needing less
review to watch instruction on a specific skill or procedure. The videos have optional text
subtitles, which can be easily turned on or off for individual student needs. Subtitles are avail-
able in English and Spanish.

PowerPoints PowerPoint Lecture Slides feature presentations written and designed spe-
cifically for this text. These lecture slides provide an outline to use in a lecture setting, pre-
senting definitions, figures, and key examples from the text. They are available online within
MyMathLab or from the Instructor Resource Center at www.pearsonhighered.com/irc.
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To the Student

Success can be planned. Combine goals and good study habits to create a plan for success that works
for you. The following list contains study tips that your authors consider most helpful.

@ Set goals and expect success. Approach this class experience with a positive attitude.

@ Communicate with your instructor by learning the office hours and making a point to visit when you
need extra help. Many instructors welcome student e-mails.

@ Take your text with you to class and lab. Each section in the text is designed with headings and boxed
information that provide an outline for easy reference.

@ Ask questions in class, lab, and tutoring sessions. Instructors encourage them, and other students
probably have the same questions.

@ Begin each homework assignment as soon as possible. Then if you have difficulty, you have the time to
access supplementary resources.

@ Carefully read the instructions before working homework exercises and include all steps.

@ Form a study group with fellow students. Verbalizing questions about topics that you do not understand
can clarify the material for you.

@ After each quiz or test, write out corrected step-by step solutions to all missed questions. They will
provide a valuable study guide for the mid-term exam and the final exam.

@  MyMathLab has numerous tools to help you succeed. Use MyMathLab to create a personalized study
plan and practice skills with sample quizzes and tests.

@ Knowing math vocabulary is an important step toward success. Review vocabulary with Vocabulary
Reinforcement exercises in the text and in MyMathLab.

@ Learning with the Interactive Figures increases understanding and retention of the concepts.
An index of these interactive figures is on the following page.

@ If you miss a lecture, watch the video in the Multimedia Library of MyMathLab that explains the
concepts you missed.

In writing this textbook, we challenged ourselves to do everything possible to help you learn the
concepts and skills contained between its covers so that you will be successful in this course and
in the mathematics courses you take in the future. We realize that your time is both valuable and
limited, so we communicate in a highly visual way that allows you to learn quickly and efficiently.
We are confident that, if you invest an adequate amount of time in the learning process, this text
will be of great value to you. We wish you a positive learning experience.

Marv Bittinger
Judy Beecher
David Ellenbogen
Judy Penna



New Interactive Figures enable you to manipulate figures to bring math concepts to life.

%] Icons throughout the text direct you to the MyMathLab® course whenever an Interactive
Figure is available.
TITLE SECTION AND PAGE NUMBER

Equations of Circles

Finding Function Values

Domain and Range of a Function
Slope of a Line

Equations of Lines: Slope-Intercept

Equations of Lines: Point—Slope

Equations of Lines: Parallel and Perpendicular

Increasing and Decreasing Functions
Graphs of Piecewise Functions

Sum and Difference of Two Functions
Product and Quotient of Two Functions
Difference Quotients

Composite Functions

Symmetry of Functions: Even and Odd
Transformations of Functions

Graphs of Quadratic Functions
Application: Height of a Baseball
Polynomials and the Leading-Term Test
Zeros of Polynomial Functions
Application: Volume of a Box

Modeling Data: Regression
Intermediate Value Theorem

Graphs of Rational Functions: Part 1

Graphs of Rational Functions: Part 2

Graphs of Rational Functions: Oblique Asymptotes

Polynomial Inequalities
Graphs of Inverse Functions

Graphs of Exponential Functions

Inverse Functions: Exponential and Logarithmic

Section 1.1, p. 67

Section 1.2, p. 79

Section 1.2, p. 82

Section 1.3, p. 92

Section 1.3, p. 98

Section 1.4, p. 108
Section 1.4, p. 110
Section 2.1, p. 160
Section 2.1, p. 165
Section 2.2, p. 177
Section 2.2, p. 177
Section 2.2, p. 178
Section 2.3, p. 184
Section 2.4, p. 196
Section 2.5, p. 208
Section 3.3, p. 261
Section 3.3, p. 267
Section 4.1, p. 302
Section 4.1, p. 303
Section 4.1, p. 307
Section 4.1, p. 308
Section 4.2, p. 321
Section 4.5, p. 352
Section 4.5, p. 352
Section 4.5, p. 353
Section 4.6, p. 365
Section 5.1, p. 398
Section 5.2, p. 405
Section 5.3, p. 419



Graphs of Logarithmic Functions
Exponential Growth Models
Graphs of Logistic Functions

Solving Right Triangles

SECTION AND PAGE NUMBER

Section 5.3, p. 425
Section 5.6, p. 453
Section 5.6, p. 457
Section 6.2, p. 496

Height on a Ferris Wheel Section 6.3, p. 525
Radians and the Unit Circle Section 6.4, p. 530
The Unit Circle Section 6.4, p. 530
Linear and Angular Speed Section 6.4, p. 535
Values of sin, cos, and tan Functions Section 6.5, p. 546
Values of Trigonometric Functions Section 6.5, p. 547
Graphs of sin, cos, and tan Functions Section 6.5, pp. 549, 552
Graphs of csc, sec, and cot Functions Section 6.5, p. 553
Transformations of sin, cos, and tan Functions Section 6.6, pp. 565, 572
Transformations of Reciprocal Functions Section 6.6, p. 572
Inverse Trigonometric Functions: sin”'x, cos 'x, tan 'x Section 7.4, p. 623
Inverse Trigonometric Functions: csc x, seclx, cot 'x Section 7.4, p. 626

Solving Oblique Triangles
Solving Oblique Triangles: SSA

Operations with Complex Numbers

DeMoivre’s Formula for Roots
Rectangular to Polar Coordinates
Graphs of Polar Equations
Applications with Vectors
Operations on Vectors

Conics: Rectangular Form

Conics: Polar Form

Graphs of Parametric Equations

Section 8.1, p. 657
Section 8.1, p. 661
Section 8.3, p. 682
Section 8.3, p. 686
Section 8.4, p. 692
Section 8.4, p. 695
Section 8.5, p. 704
Section 8.6, p. 712
Section 10.1, p. 839;
Section 10.2, p. 848;
Section 10.3, p. 857
Section 10.6, p. 886
Section 10.7, p. 891
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CHAPTER

Basic Concepts
of Algebra

Y
APPLICATION R.1 The Real-Number System

R.2 Integer Exponents, Scientific

In the first two months after having been uploaded Notation, and Order of Operations
to a popular video-sharing Web site, a video showing R.3 Addition, Subtraction, and

a baby laughing hysterically at ripping paper received Multiplication of Polynomials
approximately 12,630,000 views. Convert the number R.4 Factoring

12,630,000 to scientific notation. R.5 The Basics of Equation Solving

R.6 Rational Expressions

R.7 Radical Notation and
Rational Exponents

Study Guide
Review Exercises
Test

This problem appears as Example 5 in Section R.2. 1




2 CHAPTER R  Basic Concepts of Algebra

The Real-Number System

[dentify various kinds of real numbers.

Use interval notation to write a set of numbers.
= |dentify the properties of real numbers.
= Find the absolute value of a real number.

® Real Numbers

In applications of algebraic concepts, we use real numbers to represent
quantities such as distance, time, speed, area, profit, loss, and temperature.
Some frequently used sets of real numbers and the relationships among
them are shown below.

Natural numbers
(positive integers):
1,2,3,..

‘Whole numbers:
0,1,2,3, ...

Zero: 0

Rational
numbers

Irrational numbers:

\2, 7, —\3,\27,
—4.030030003..., ...

Numbers that can be expressed in the form p/g, where p and q are
integers and q # 0, are rational numbers. Decimal notation for rational
numbers either terminates (ends) or repeats. Each of the following is a
rational number.

0

a) 0 0= for any nonzero integer a
-7 7

b) -7 -7 = —or——
1 -1

1
<) i 0.25 Terminating decimal
5 _
d) 11 = —0.454545... = —0.45 Repeating decimal

5 _
e) o = 0.8333... = 0.83 Repeating decimal



Study Tips

Success can be planned.
Combine goals and good
study habits to create a plan
for success that works for
you. A list of study tips that
your authors consider most
helpful are included in the
Guide to Success in the front
of the text before Chapter R.
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SECTION R.1  The Real-Number System 3

The real numbers that are not rational are irrational numbers. Decimal
notation for irrational numbers neither terminates nor repeats. Each of the
following is an irrational number.

a) 7 = 3.1415926535. .. There is no repeating block of digits.

(% and 3.14 are rational approximations of the irrational number 77.)
b) \6 = 1.414213562 . .. There is no repeating block of digits.
c) —6.12122122212222. .. Although there is a pattern, there is no

repeating block of digits.

The set of all rational numbers combined with the set of all irrational
numbers gives us the set of real numbers. The real numbers are modeled
using a number line, as shown below.

Each point on the line represents a real number, and every real number
is represented by a point on the line.

29 -2 Vi a2

-5 —4 -3 -2 -1 0 1 2 3 4 5

The order of the real numbers can be determined from the number line.
If a number a is to the left of a number b, then aislessthan b (a < b). Sim-
ilarly, a is greater than b (a > b) if ais to the right of b on the number line.
For example, we see from the number line above that —2.9 < — %, because

—2.9 is to the left of —3. Also, i > \/3, because T is to the right of V3.,
The statement a = b, read “ais less than or equal to b,” is true if either
a < bistrueora = bis true.
The symbol € is used to indicate that a member, or element, belongs to
a set. Thus if we let @ represent the set of rational numbers, we can see from

the diagram on p. 2 that 0.56 € Q. We can also write V2 & Q to indicate

that \6 is not an element of the set of rational numbers.

When all the elements of one set are elements of a second set, we say
that the first set is a subset of the second set. The symbol C is used to de-
note this. For instance, if we let R represent the set of real numbers, we can
see from the diagram that @ C R (read “QD is a subset of R”).

Interval Notation

Sets of real numbers can be expressed using interval notation. For example,
for real numbers a and b such that a < b, the open interval (g, b) is the set
of real numbers between, but not including, a and b. That is,

(a,b) = {x|a < x < b}.

The points a and b are endpoints of the interval. The parentheses indicate
that the endpoints are not included in the interval.

Some intervals extend without bound in one or both directions. The
interval | a, «), for example, begins at a and extends to the right without
bound. That is,

[a,0) = {x|x = a}.

The bracket indicates that a is included in the interval.
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Basic Concepts of Algebra

The various types of intervals are listed below.

Intervals: Types, Notation, and Graphs

TYPE

Open
Closed
Half-open
Half-open
Open
Half-open
Open

Half-open

INTERVAL
NOTATION

(ab)
[a,D]

[a D)

(ab]

SET
NOTATION

{x|a < x< b}
{x|a = x= b}
{x|a=x< b}
{x]a < x = b}
{x|x> a}
{x|x = a}
{x|x < b}

{x|x = b}

GRAPH

L AY

\\ )

a b

L |

L 1

a b

L AY

L )

a b

L 1

\ 1

a b
L
Y
a
L
L
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A

)

b

|

1

b

The interval (— o, ), graphed below, names the set of all real numbers, R.

<
<

>
C

EXAMPLE 1 Write interval notation for each set and graph the set.

a) {x|-4 < x <5}

o {x|-5<x= -2}
Solution

a) {x|—4 < x <5} =(-4,5);

b) {x|x = 1.7}

d) {x|x < Vs5}

b) {x|]x= 17} = [1.7,®); :

o {x|-5<x= -2} = (-5-2];

1 { Il Il Il Il Il Il Il Il \

LN S S s s e ey |
—5—4-3-2—-1 0 1 2 3 4 5
ooy e s
>

—5—4-3-2—-1 0 1 2 3 4 5
AT S S N R R B
L e B B B B
—5—4-3-2—-1 01 2 3 4 5

d) {x|x < V5} = (=%, V5);

Now Try Exercises 13 and 15.
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® Properties of the Real Numbers

The following properties can be used to manipulate algebraic expressions as

well as real numbers.

PROPERTIES OF THE REAL NUMBERS

For any real numbers a, b, and c:

a+b="b+ aand
ab = ba
at(btc)=(a+b)+c
and a(bc) = (ab)c
at+t0=0+a=a
—at+a=a+ (—a) =0

AN

Commutative properties of
addition and multiplication

Associative properties of
addition and multiplication

Additive identity property
Additive inverse property
Multiplicative identity property

Multiplicative inverse property

Distributive property

Note that the distributive property is also true for subtraction since
a(b—c) =a[b+ (—=¢)] = ab+ a(—c) = ab — ac.

EXAMPLE 2 State the property being illustrated in each sentence.

a)8:-5=5-8
€ 14+ (—14) =0
e) 2(a—b) =2a—2b
Solution
SENTENCE

b)5+(m+n)=B+m)+n
Q) 14+ (—14) =0
d6-1=1-6=6

e) 2(a—b) =2a—2b

b)s+(m+n)=(0B5+m)+n
d)6-1=1-6=6

PROPERTY

Commutative property of
multiplication:

ab = ba

Associative property of addition:
at(btc)=(a+b)+c
Additive inverse property:

a+ (—a) =0

Multiplicative identity property:
a*l1=1-a=a

Distributive property:

a(b + ¢) = ab + ac
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® Absolute Value
The number line can be used to provide a geometric interpretation of
absolute value. The absolute value of a number a, denoted |a|, is its
distance from 0 on the number line. For example, | =5| = 5, because the
distance of —5 from 0 is 5. Similarly, |3| = 3, because the distance of 2 from
0is % .

ABSOLUTE VALUE

For any real number a,

a, ifa= 0,
|la] = :
—a, ifa <O0.

When a is nonnegative, the absolute value of ais a. When a is negative,

the absolute value of a is the opposite, or additive inverse, of a. Thus,

| a| is never negative; that is, for any real number a, |a| = 0.

Absolute value can be used to find the distance between two points on
the number line.

<——tot———Fot——> DISTANCE BETWEEN TWO POINTS ON THE
‘ ’ NUMBER LINE
la—bl=1|b—aq|

For any real numbers a and b, the distance between a and b is
|a — b|, or equivalently, | b — a.

@ EXAMPLE 3 Find the distance between —2 and 3.
Solution The distance is
| -2 — 3| = |=5|] =5, orequivalently,
[3—-(=2)] =[3+2] =|5] =5
We can also use the absolute-value operation on a graphing calculator to
find the distance between two points. On many graphing calculators, ab-

solute value is denoted “abs” and is found in the MATH NUM menu and also
in the CATALOG.

[=2-3]

13-(=2)l

Now Try Exercise 69.
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R.1 Exercise Set

In Exercises 1-10, consider the numbers 25.
26, V3, —2.45, 26, 18.4, —11, V27, [ ]
51 7151551555 . .., —\/35, V/3, =&, 0, V1. . <
1. Which are rational numbers? 26.
2. Which are natural numbers? ( ]
3. Which are irrational numbers? x x+h
4. Which are integers? 27.
5. Which are whole numbers? (
6. Which are real numbers? P
7. Which are integers but not natural numbers? 28.
8. Which are integers but not whole numbers? ]
9. Which are rational numbers but not integers? !
10. Which are real numbers but not integers? In Exercises 29—46, the following notation is used:

N = the set of natural numbers, W = the set of whole

Write interval notation. Then graph the interval. ! ;
numbers, Z = the set of integers, () = the set of rational

1L {x[=5 = x =5} 12. {x]-2 < x <2} numbers, | = the set of irrational numbers, and R = the
13. {x|]-3<x=-1} 14. {x]4 =x<6} set of real numbers. Classify the statement as true or false.
15. {x|x = -2} 16. {x|x> -5} 29. 6 €N 30. 0 &N
17. {x|x > 3.8} 18. {x|x= 3} 31. 32€Z 32. —10.1ER
19. {x|7 < x} 20. {x|-3 > x} 33 _15_16 o 34 \Vee
Write interval notation for the graph.
)1, 35. V11 ¢ R 36. —1€W
T A 37. 24 €W 38.1€/Z
s 43 21 0 1 2 3 4 5 6 39. 1.089 & | 0. NCW
22. 41. WCZ 42. 7CN
et f—— 43. QCR #.7c0
6 -5 -4 =3 -2 -1 0 1 2 3 4 5 6 45. RC 7 46. Q C I
23. - -
oL Name the property illustrated by the sentence.
05 o8 7 -6 -5 4 -3 2 -1 0 1 o 7.3+ y=y+3
24. 48. 6(xz) = (6x)z
A 49. -3-1=-3
i E e e

Y
10 =9 -8 =7 —6 -5 —4 -3 -2 -1 0 1 2 50. 4(y — z) = 4y — 4z
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L 5. x = x5
52.7+(x+y)=(7+x)+y .............................................................................

53. 2(a + b) = (a + b)2 To th? student and the instructor: The S}./nthesis
exercises found at the end of every exercise set challenge
54 —11 £ 11 =0 students to combine concepts or skills studied in that

55. —6(m + n) = —6(n + m) section or in preceding parts of the text.

56. t+ 0 =t Between any two (different) real numbers there are
many other real numbers. Find each of the following.
Answers may vary.

58. 9x + 9y = 9(x + y) 79. An irrational number between 0.124 and 0.125
80. A rational number between —\/2.01 and —\/2

57. 8- =1

Simplify.
59. | —8.15] 60. |—14.7| 81. A rational number between — 7 and — 155
61. |295| 62. | —93| 82. An irrational number between \/5.99 and V6
63. |— Vo7 | 64. |15 83. The hypotenuse of an isosceles right triangle
with legs of length 1 unit can be used to “mea-
65. |0] 66. |15] » \/2 .
sure” a value for 'V 2 by using the Pythagorean
67. |3| 68. | —\/3| theorem, as shown.
Find the distance between the given pair of points on
the number line. 2 =12+ 12
69. —8, 14 70. =5.2, 0 y 1 2
=2
71. =9, =3 72. 2,8 c=\V2
73. 6.7, 12.1 74. —15, =6 - -
3 15 —
[ 76. —34, 10.2 Draw a right triangle that could be used to
77. =7, 0 78. 3, 19 “measure” V 10 units.

Integer Exponents, Scientific Notation, and Order of Operations

= Simplify expressions with integer exponents.
= Solve problems using scientific notation.
= Use the rules for order of operations.

® Integers as Exponents

When a positive integer is used as an exponent, it indicates the number of
times that a factor appears in a product. For example, 7° means 7 - 7 - 7 and
5! means 5.
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For any positive integer n,
a'=a-a-a---a
| ———
n factors

where a is the base and # is the exponent.
Zero and negative-integer exponents are defined as follows.

For any nonzero real number a and any integer m,

1
a® =1 and a_m=ﬁ.

EXAMPLE 1 Simplify each of the following.

a) 6° b) (—3.4)°
Solution
a) 6 =1 b) (—3.4)° =1
EXAMPLE 2 Write each of the following with positive exponents.
1 x
4—5 b -
) ) (0.82)77 ) y 8
Solution
1
a) 47° = E
b) ——— = (0.82)7) = (0.82)7
) (0.82)_7 ( ) ( )
X I
c) fs = X . fg — —3 . y = —3 .
y R

The results in Example 2 can be generalized as follows.

For any nonzero numbers a and b and any integers m and n,
a” b

b a™

(A factor can be moved to the other side of the fraction bar if the
sign of the exponent is changed.)
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EXAMPLE 3 Writean equivalent expression without negative exponents:
Xy
T

Solution Since each exponent is negative, we move each factor to the
other side of the fraction bar and change the sign of each exponent:

-3, -8
x 7y z'0

710 - e }/8 : Now Try Exercise 5.

The following properties of exponents can be used to simplify expressions.

PROPERTIES OF EXPONENTS

For any real numbers a and b and any integers m and 7, assuming 0
is not raised to a nonpositive power:

n m+n

a”-a" = a Product rule

am

i a™ " (a # 0) Quotient rule

(am" = a™ Power rule

(ab)™ = a™b™ Raising a product to a power
a\" a”

<b) =m (b # 0) Raising a quotient to a power

EXAMPLE 4 Simplify each of the following.

_ 48x" -
Q) y7 -y b 9 ()
45x A\
d) (252)° e < )
) (27 ) (o
Solution
_ 5 _ 1
a) y oy =y =y or—
y
48x'? 48
b) = x T =34
16x 16
“3\5 — 35 — 15 1
o) (t7)y =t =t o
32
d) (252)° = 2°(s%)° = 32571, or g
45x 42\ 3 Sx 2\ 5kl 12 X2
e = = = , Or
() - () -2 2

Now Try Exercises 15 and 39.
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® Scientific Notation

We can use scientific notation to name both very large and very small posi-
tive numbers and to perform computations.

SCIENTIFIC NOTATION

Scientific notation for a number is an expression of the type
N X 107,

where I = N < 10, Nis in decimal notation, and m is an integer.

Keep in mind that in scientific notation positive exponents are used for
numbers greater than or equal to 10 and negative exponents for numbers
between 0 and 1.

EXAMPLE 5 Views of Video. In the first two months after having
been uploaded to a popular video-sharing Web site, a video showing a baby
laughing hysterically at ripping paper received approximately 12,630,000
views (Source: www.youtube.com). Convert the number 12,630,000 to sci-
entific notation.

Solution We want the decimal point to be positioned between the 1 and
the 2, so we move it 7 places to the left. Since the number to be converted is
greater than 10, the exponent must be positive. Thus we have

12,630,000 = 1.263 X 10’

EXAMPLE 6 Volume Conversion. One cubic inch is approximately
equal to 0.000016 m®. Convert the number 0.000016 to scientific notation.

N
h

Solution We want the decimal point to be positioned between the 1 and
the 6, so we move it 5 places to the right. Since the number to be converted is
between 0 and 1, the exponent must be negative. Thus we have

0.000016 = 1.6 X 10>


www.youtube.com
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EXAMPLE 7 Convert each of the following to decimal notation.
a) 7.632 X 107" b) 9.4 X 10°

Solution
a) The exponent is negative, so the number is between 0 and 1. We move
the decimal point 4 places to the left.
7.632 X 107* = 0.0007632

b) The exponent is positive, so the number is greater than 10. We move the
decimal point 5 places to the right.

9.4 X 10° = 940,000

EXAMPLE 8 Distance to Neptune. The distance from Earth to the
sun is defined as 1 astronomical unit, or AU. It is about 93 million mi. The
average distance from Earth to Neptune is 30.1 AUs (Source: Astronomy
Department, Cornell University). How many miles is it from Earth to Nep-
tune? Express your answer in scientific notation.

Solution First, we convert each number to scientific notation:

93 million = 93,000,000 = 9.3 X 10;
30.1 = 3.01 X 10% or3.01 X 10.

Now we multiply:

(9.3 X 107)(3.01 X 10) = (9.3 X 3.01) X (107 X 10)

= 27.993 X 108 This is not scientific
notation because
27.993 > 10.

(2.7993 X 10) X 10*
= 2.7993 X (10 X 10°)
= 2.7993 X 10° mi. Writing scientific notation

Now Try Exercise 79.

Most calculators make use of scientific notation. For example, the num-
ber 48,000,000,000,000 might be expressed as shown on the left below. The
computation in Example 8 can be performed on a calculator as shown on
the right below.

9.3e7%3.01E1
2.7993€E9

4.8€13 |

® Order of Operations

Recall that to simplify the expression 3 + 4 - 5, first we multiply 4 and 5 to
get 20 and then we add 3 to get 23. Mathematicians have agreed on the fol-
lowing procedure, or rules for order of operations.
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RULES FOR ORDER OF OPERATIONS

1. Do all calculations within grouping symbols before operations
outside. When nested grouping symbols are present, work from
the inside out.

2. Evaluate all exponential expressions.

. Do all multiplications and divisions in order from left to right.

4. Do all additions and subtractions in order from left to right.

W

@ EXAMPLE 9 Calculate each of the following.
10+ (8—6)+9-4

a) 8(5 —3)° — 20 b
) ( ) ) 25 + 32
Solution
a) 8(5 — 3)3 —-20=28-2"—-20 Doing the calculation within
parentheses
=8-8—20 Evaluating the exponential expression
=64 — 20 Multiplying
= 44 Subtracting
10+(8—6)+9'4 10 +-2+9-4
b) 5 2 =
2>+ 3 32 +9
_5+36 ﬂ e
41 41

Note that fraction bars act as grouping symbols. That is, the given ex-
pression is equivalent to [10 + (8 — 6) + 9-4] + (2° + 3%).

We can also enter these computations on a graphing calculator as shown
below.

8(5-3)3-20

44
(10/(8—6)+9%4)/(2°+32)
1

Now Try Exercises 87 and 91.

To confirm that it is essential to include parentheses around the numer-
ator and around the denominator when the computation in Example 9(b) is
entered in a calculator, enter the computation without using these parenthe-
ses. Note that the result is 15.125 rather than 1.

@ EXAMPLE 10 Compound Interest. If a principal P is invested at an
interest rate r, compounded 7 times per year, in ¢ years it will grow to an
amount A given by

r nt
A=P<1+) .
n
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Suppose that $1250 is invested at 4.6% interest, compounded quarterly.
How much is in the account at the end of 8 years?
Solution We have P = 1250, r = 4.6%, or 0.046, n = 4, and t = 8.
Substituting, we find that the amount in the account at the end of 8 years is
given by
0.046\*®
A=1250{ 1 + —— .
4
Next, we evaluate this expression:
A =1250(1 + 0.0115 )4 8 Dividing inside the parentheses
= 1250(1.0115)*8 Adding inside the parentheses
= 1250(1.0115 )32 Multiplying in the exponent
~ 1250(1.441811175) Evaluating the exponential expression
?;03_3‘ . =~ 1802.263969 Multiplying
';\’\’A=T;1025° =~ 1802.26. Rounding to the nearest cent
FV=1802.263969 . .
P/Y=4 The amount in the account at the end of 8 years is $1802.26. The TVM
C/Y=4

SOLVER option in the FINANCE APP on a graphing calculator can be used to do

Now Try Exercise 93.

pMT: @YD BEGIN

this computation.

Exercise Set

Write an equivalent expression without negative 21. 2x° - 3x% 22. 3yt -4y’
exponents. 23. (—3a7%)(5a77) 24. (607 (2b77)
. 1
1. 3 2. (59)" 25. (6x7°y°)(—7x%7%) 26. (8ab’)(—7ab%)
x5 a2 27. (2x)*(3x)’ 28. (4y)*(3y)°
3. — 4. —
o b 29. (—2n)’(5n)* 30. (2x)°(3x)
12 917 35 526
5. ——¢ 6. _yn 31. y—ﬂ 32. 5
t z y X
Simplify. b7 q18
5\0 33. W 34. F
7. 23 8. <——>
5 Xy Ky
0.7 10, .0 35. — 36. — 3
9.z -z 10. x7 - x Xy x 'y
1. 5%-5° 12. 6> 67 5 32x 13 38 20a°b2
13. m >’ 4. - n”’ xS © 5ab”
15,y -y 16. b b2 39. (2x%y)" 40. (3ab’)’
17. (x + 3)*(x + 3)7? 8. (y— 1) (y—1) 41. (—2x°)° 42. (—3x%)*
19.37°-3%-3 20. 6" - 610 6 43, (=5c7'd )7 44. (—4x7z)7
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45. (3m*)*(2m™)* Solve. Write the answer using scientific notation.
46. (4n )*(2r?)? 79. Trash on U.S. Roadways. It is estimated that
5 s S sy there were 51.2 billion pieces of trash on
2x 7y 3x’y 76 million mi of U.S. roadways in a recent year

47. | = 48. (=5 ; /

z z (Source: Keep America Beautiful). On average,
24g10p 8,7\~ how many pieces of trash were on each mile of

49, <> roadway?

12a°07°¢°
125p1257 14,22\ 4
50. < ps q6 -15
25p°q°r
Convert to scientific notation.

51. 16,500,000 52. 359,000

53. 0.000000437 54. 0.0056

55. 234,600,000,000 56. 8,904,000,000

57. 0.00104 58. 0.00000000514

59. Mass of a Neutron. The mass of a neutron is
about 0.00000000000000000000000000167 kg. 80. Narnowires. A nanometer is 0.000000001 m.

60. Tech Security Spending. It is estimated that Scientists have developed optical nanowires to
$37,800,000,000 will be spent on information transmit light waves short distances. A nano-
technology security systems in 2013 (Source: wire with a diameter of 360 nanometers has been
IDC). used in experiments on the transmission of light

(Source: The New York Times, January 29, 2004).
Convert to decimal notation. Find the diameter of such a wire, in meters.
5 -6
61. 7.6 X 10 62. 3.4 X 10 81. Population Density. The tiny country of Monaco
63. 1.09 X 1077 64. 5.87 X 108 has an area of 0.75 mi®. It is estimated that the
10 n population of Monaco will be 38,000 in 2050.

65. 3.496 x 10 66. 8.409 X 10 Find the number of people per square mile in

67. 5.41 X 107 68. 6.27 X 107" 2050.

69. The amount of solid waste generated in the 82. Chesapeake Bay Bri'dge—Tunnel. The 17.6-mi long
United States in a recent year was 2.319 X 10° Chesapeake Bay Bridge-Tunnel was completed
tons (Source: Franklin Associates, Ltd.). in 1964. Construction costs were $210 million.

i s Find the average cost per mile.

70. The mass of a proton is about 1.67 X 107" g.

Compute. Write the answer using scientific notation.
71.

72.
73.
74.

75.

77.

(4.2 X 107)(3.2 X 107?)
(8.3 X 107)(7.7 X 10%)
(2.6 X 107'8)(8.5 X 107)
(6.4 X 10')(3.7 X 107°)

6.4 X 1077 26 1.1 X 10740
8.0 X 10° 20X 107!
1.8 X 1073 1.3 X 10*

78, —————
7.2 X 107° 5.2 X 10"
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83. Distance to a Star. The nearest star, Alpha
Centauri C, is about 4.22 light-years from
Earth. One light-year is the distance that light
travels in 1 year and is about 5.88 X 10" mi.
How many miles is it from Earth to Alpha
Centauri C?

84. Parsecs. One parsec is about 3.26 light-years and
1 light-year is about 5.88 X 10'? miles. Find the
number of miles in 1 parsec.

85. Nuclear Disintegration. One gram of radium
produces 37 billion disintegrations per second.
How many disintegrations are produced in
1 hour?

86. Length of Earth's Orbit. The average distance
from Earth to the sun is 93 million mi. About
how far does Earth travel in a yearly orbit?
(Assume a circular orbit.)

Calculate.

87.5:3 +8-3%+ 4(6 — 2)
88.5[3—8-32+4-6—2]
89. 16 + 44 + 2256

90. 26-273 + 210+ 78
48 -6 —4-3+2-8
91. : 5
31+ 19
[4(8 —6)>+4](3 —2-8)
92. 3
2%(2* + 5)

Compound Interest. ~ Use the compound interest for-
mula from Example 10 for Exercises 93—96. Round to
the nearest cent.

93. Suppose that $3225 is invested at 3.1%, com-

pounded semiannually. How much is in the
account at the end of 4 years?

94. Suppose that $7550 is invested at 2.8%, com-
pounded semiannually. How much is in the
account at the end of 5 years?

95. Suppose that $4100 is invested at 2.3%, com-
pounded quarterly. How much is in the account
at the end of 6 years?

96. Suppose that $4875 is invested at 1.8%, com-
pounded quarterly. How much is in the account
at the end of 9 years?

Savings Plan.  The formula

( r>12~t
1+—] -1
12

R

12
gives the amount S accumulated in a savings plan when
a deposit of P dollars is made each month for t years in

an account with interest rate 1, compounded monthly.
Use this formula for Exercises 97—100.

97. Kathryn deposits $250 in a retirement account
each month beginning at age 40. If the invest-
ment earns 5% interest, compounded monthly,
how much will have accumulated in the account
when she retires 27 years later?

S=P

98. Charles deposits $100 in a retirement account
each month beginning at age 25. If the invest-
ment earns 4% interest, compounded monthly,
how much will have accumulated in the ac-
count when he retires at age 65?

99. Sue and Richard want to establish a college
fund for their daughter that will have accumu-
lated $120,000 at the end of 18 years. If they can
count on an interest rate of 3%, compounded
monthly, how much should they deposit each
month in order to accomplish this?
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100. Francisco wants to have $200,000 accumulated 103, (7. o)t
in a retirement account by age 70. If he starts X—b . _xtbyx . b —byx
making monthly deposits to the plan at age 30 104. (om ) )
and can count on an interest rate of 4.5%, com- (3x%%) 72
pounded monthly, how much should he deposit 105. (—3x%y")?
each month in order to accomplish this? N a1
X"\ x|
Simplify. Assume that all exponents are integers, all 106. [<t> <4t> }
denominators are nonzero, and zero is not raised to a ¥ y
nomnpositive power.
101. (x'- x")? 102. (& x7)°

Addition, Subtraction, and Multiplication of Polynomials

= |dentify the terms, the coefficients, and the degree of a polynomial.
= Add, subtract, and multiply polynomials.

® Polynomials

Polynomials are a type of algebraic expression that you will often encounter
in your study of algebra. Some examples of polynomials are

3x—4y, 5P -1y +3y—2  —23a% and 22— \/5.

All but the first are polynomials in one variable.

POLYNOMIALS IN ONE VARIABLE
A polynomial in one variable is any expression of the type

ax" + a,_x" 1+ o+ ax® + ax + a,

where 7 is a nonnegative integer and a,, . . . , 4y are real numbers,
called coefficients. The parts of a polynomial separated by plus
signs are called terms. The leading coefficient is a,, and the
constant term is a,. If a, # 0, the degree of the polynomial is 7.
The polynomial is said to be written in descending order, because
the exponents decrease from left to right.

EXAMPLE 1 Identify the terms of the polynomial

2x* = 7.5%° + x — 12.
Solution Writing plus signs between the terms, we have

2x* = 75 + x — 12 =2x* + (=7.5%°) + x + (—12),
so the terms are

2xt, —7.5x%, x, and —12. [}
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A polynomial consisting of only a nonzero constant term, like 23, has
degree 0. It is agreed that the polynomial consisting only of 0 has no degree.

EXAMPLE 2 Find the degree of each polynomial.

a) 2x° — 9 b) 2 — 3 + 5* c)7
Solution
POLYNOMIAL DEGREE
a) 2x° — 9 3
b) =3+ 5 =5+ =3 4
c) 7 =7x 0

Algebraic expressions like 3ab® — 8 and 5x*y? — 3x°y® + 7x)> + 6
are polynomials in several variables. The degree of a term is the sum of
the exponents of the variables in that term. The degree of a polynomial is
the degree of the term of highest degree.

EXAMPLE 3 Find the degree of the polynomial
7ab® — 11a%*b* + 8.
Solution The degrees of the terms of 7ab® — 11a*b* + 8 are 4,6,and 0,

respectively, so the degree of the polynomial is 6.

A polynomial with just one term, like —95°, is a monomial. If a poly-
nomial has two terms, like x> + 4, it is a binomial. A polynomial with
three terms, like 4x? — 4xy + 1, is a trinomial.

Expressions like

3 x+ 1
2x* — 5x + -, 9 — \/;c, and —
X x*+ 5

are not polynomials, because they cannot be written in the form a,x" +
a, 1x"' + -+ 4+ ax + ay where the exponents are all nonnegative inte-
gers and the coefficients are all real numbers.

® Addition and Subtraction

If two terms of an expression have the same variables raised to the same
powers, they are called like terms, or similar terms. We can combine, or
collect, like terms using the distributive property. For example, 3y* and 5y°
are like terms and

3y + 597 = (3 + 5)y?
= 8y°

We add or subtract polynomials by combining like terms.
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EXAMPLE 4 Add or subtract each of the following.
a) (—5x° + 3x% — x) + (12x> — 7x* + 3)
b) (6x%y° — 9xy) — (5x%° — 4xy)
Solution
a) (—5x° + 3x? — x) + (12x° — 7x* + 3)
= (—5x3 + 12x3) + (3)62 - 7x2) —x+3 Rearranging us-

ing commutative

and associative

properties
=(-5+12)x +(3—-7)x*—x+3 Using the distribu-

tive property
=7x —4x’ — x + 3

b) We can subtract by adding an opposite:
(6x*y° — 9xy) — (5x%° — 4xy)
= (6x%y° — 9xy) + (—5x%° + 4xy) Adding the opposite of

5x%° — 4xy
= 6x*° — 9xy — 5x%y° + 4xy
= x2y3 — 5xy. Combining like terms

® Multiplication

To multiply monomials, we first multiply their coefficients, and then we
multiply their variables.

EXAMPLE 5 Multiply each of the following.

a) (—2x°)(5x") b) (3y2°)(8y°2")

Solution

a) (—2x7)(5x*) = (—2-5)(x* - x*) = —10x

b) (3y2°)(8y°2°) = (3-8)(y- y°)(2* - 2°) = 24y*7

Multiplication of polynomials other than monomials is based on the
distributive property—for example,

(x + 4)(x + 3) = x(x + 3) + 4(x + 3) Using the distributive property

= x>+ 3x+ 4x + 12 Using the distributive property
two more times
= x>+ 7x + 12. Combining like terms

In general, to multiply two polynomials, we multiply each term of one
by each term of the other and then add the products.
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EXAMPLE 6 Multiply: (4x*y — 7x%y + 3y)(2y — 3x%).
Solution We have
(4x'y — 7x*y + 3y)(2y — 3x%y)
= 4x*y(2y — 3x%y) — 7x*y(2y — 3x%y) + 3y(2y — 3x%)
Using the distributive
property
= 8x4y2 - 12x6y2 - 14x2y2 + 21x4y2 + 6)/2 - 9x2y2
Using the distributive
property three more times

= 29x%y? — 12x%% — 23x%% + 6y~ Combining like terms

We can also use columns to organize our work, aligning like terms under
each other in the products.

4x'y — 7x’y + 3y

2y — 3x%y
—12x6y2 + 213(.'4)/2 - 9x2y2 Multiplying by — 3x%y
8x4y2 — 14x2y2 + 6)/2 Multiplying by 2y
—12x%7 + 29x*y? — 23x%° + 6)° Adding

Now Try Exercise 17.

We can find the product of two binomials by multiplying the First
terms, then the Outer terms, then the Inner terms, then the Last terms. Then
we combine like terms, if possible. This procedure is sometimes called FOIL.

EXAMPLE 7 Multiply: (2x — 7)(3x + 4).

Solution We have

F L
e TR F O 1 L
(2x — 7)(3x + 4) = 6x* + 8x — 21x — 28
\IJ = 6x> — 13x — 28.
0

We can use FOIL to find some special products.

SPECIAL PRODUCTS OF BINOMIALS

(A+ B)> = A + 2AB + B Square of a sum
(A— B)> = A — 2AB + B>  Square of a difference
(A+ B)(A— B) = A> — B>  Product of a sum and a difference

EXAMPLE 8 Multiply each of the following.
a) (4x + 1) b) (3> — 2)? o) (&* + 3y)(x* — 3y)



SECTION R.3  Addition, Subtraction, and Multiplication of Polynomials 21

Solution

a) (4x + 1)* = (4x)> + 2-4x-1 + 17 = 16x> + 8x + 1

b) 3y —2)2= (3" —2:32-2+22 =9y — 12> + 4
o (& +3y)(x* = 3y) = (£)* = (39)* = x* — 9y

Division of polynomials is discussed in Section 4.3.

R_3 Exercise Set

Determine the terms and the degree of the polynomial. 27. (x + 3)? 28. (z + 6)*

L 7%’ — 4x* + 8x + 5 29. (y — 5) 30. (x — 4)°

2. 3u* — 6’ + ¥ + 2n— 1 31. (5x — 3)? 32. (3x — 2)°

3. 3a'b — 74’0’ + 5ab — 2 33. (2x + 3y)? 34, (5x + 2y)?

4. 6p°q> — p’q" = 3pg° + 5 35. (2x2 — 3y)? 36. (4x% — 57)°
Perform the indicated operations. 37. (n+ 6)(n — 6) 38. (m+ 1)(m—1)
5. (3ab® — 4a’b — 2ab + 6) + 39. (3y + 4)(3y — 4) 40. (2x — 7)(2x + 7)

(—ab* — 5a°b + 8ab + 4)

41. (3x — 2y)(3x + 2
6. (—6m’n + 3mn* — 5mn + 2) + ( )N 2

(4m’n + 2mn* — 6mn — 9) 42. (3x + 5y)(3x — 5y)
7. 2x+3y+z—7)+ (4x—2y—z+8) + 43. (2x + 3y + 4)(2x + 3y — 4)
(=3x+y—2z—4) 44. (5x + 2y + 3)(5x + 2y — 3)
8. (26 + 12xy — 11) + (6x* — 2x + 4) + 45, (x+ 1)(x — (2 + 1)
(—x* =y —-2)

46. (y —2)(y + 2)(y* + 4
9. (3 — 2x — x>+ 2) — (58 — 8x — > + 4) (y=2)y+2)(»* +4)

10. (5x° + 4xy — 3y* + 2) —

(9x* = 4xy + 2% — 1) Synthesis
1L (x' = 3% + 4x) — (3%’ + x* — 5x + 3) Multiply. Assume that all exponents are natural numbers.
12. (2x* — 3x% + 7x) — (5x° + 2x* — 3x + 5) 47. (a" + b")(a" — b")

13. (3a%)(—7a") 14. (8y°)(9y) 48. (t"+ 4)(t" — 7)

15. (6x1°)(9x*?) 16. (—5m*n?)(6m*n’) 49. (a" + b")?

17. (a — b)(2a®> — ab + 3b%) 50. (X" — £")?

18. (n+ 1)(n* — 6n — 4) 5L (x — 1)(&* + x+ 1)(x> + 1)
19. (y—3)(y +5) 20. (z + 4)(z — 2) 52, [(2x—1)? — 1]?

21. (x + 6)(x + 3) 22. (a—8)(a—1) 53, (x97b)att

23. (2a + 3)(a + 5) 24. (3b+ 1)(b —2) 54, (¢mrmymtn. (gmmmymen

25. (2x + 3y)(2x + y) 26. (2a — 3b)(2a — b) 55. (a + b+ ¢)?
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Factoring

= Factor polynomials by removing a common factor.
= Factor polynomials by grouping.
= Factor trinomials of the type X + bx + c.

= Factor trinomials of the type ax’ + bx +ca # 1, using the FOIL method and
the grouping method.

= Factor special products of polynomials.

To factor a polynomial, we do the reverse of multiplying; that is, we find an
equivalent expression that is written as a product.

® Terms with Common Factors

When a polynomial is to be factored, we should always look first to factor
out a factor that is common to all the terms using the distributive property.
We generally look for the constant common factor with the largest absolute
value and for variables with the largest exponent common to all the terms.
In this sense, we factor out the “largest” common factor.
EXAMPLE 1 Factor each of the following.
a) 15 + 10x — 5x b) 12x%y* — 20x°y
Solution
a) 15+ 10x — 5x* =5-3 +5-2x — 5- x> = 5(3 + 2x — x?)

We can always check a factorization by multiplying:

5(3 + 2x — x*) = 15 + 10x — 5x%

b) There are several factors common to the terms of 12x?y* — 20x’y, but
4x*y is the “largest” of these.

12x%* — 205’y = 4x’y - 3y — 4x’y - 5x
= 4x’y(3y — 5x)
® Factoring by Grouping

In some polynomials, pairs of terms have a common binomial factor that
can be removed in a process called factoring by grouping.
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EXAMPLE 2 Factor: x° + 3x> — 5x — 15.

Solution We have

X+ 3x* —5x— 15 = (x3 + 3x2) + (=5x — 15) Grouping. Each
group of terms has
a common factor.
= x*(x+ 3) — 5(x + 3) Factoring a com-
mon factor out of
each group

= (x+ 3)(x* — 5). Factoring out the
common binomial
factor

Now Try Exercise 9.

® Trinomials of the Type x> + bx + ¢

Some trinomials can be factored into the product of two binomials. To fac-
tor a trinomial of the form x> + bx + ¢, we look for binomial factors of the
form

(x + p)(x + q),

where p- q = cand p + q = b. That is, we look for two numbers p and g
whose sum is the coefficient of the middle term of the polynomial, b, and
whose product is the constant term, c.

When we factor any polynomial, we should always check first to deter-
mine whether there is a factor common to all the terms. If there is, we factor
it out first.

EXAMPLE 3 Factor: x> + 5x + 6.

Solution First, we look for a common factor. There is none. Next, we look
for two numbers whose product is 6 and whose sum is 5. Since the constant
term, 6, and the coefficient of the middle term, 5, are both positive, we look
for a factorization of 6 in which both factors are positive.

(

Pairs of Factors Sums of Factors

7 The numbers we
5 <—+——need are 2 and 3.

N =
w

The factorization is (x + 2)(x + 3). We have
X +5x+6=(x+2)(x+ 3).
We can check this by multiplying:
(x+2)(x+3)=x*+3x+2x+ 6 =x>+ 5x + 6.

Now Try Exercise 21.
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EXAMPLE 4 Factor: x* — 6x° + 8x°.

Solution First, we look for a common factor. Each term has a factor of
X%, so we factor it out first:

xt— 6x° + 8x% = x}(x* — 6x + 8).

Now we consider the trinomial x> — 6x + 8. We look for two numbers
whose product is 8 and whose sum is —6. Since the constant term, 8, is posi-
tive and the coefficient of the middle term, —6, is negative, we look for a
factorization of 8 in which both factors are negative.

Pairs of Factors Sums of Factors

-1, —8 -9 The numbers we
-2, —4 : —6 <—t+—— need are —2 and —4.

The factorization of x> — 6x + 8 is (x — 2)(x — 4). We must also include
the common factor that we factored out earlier. Thus we have

xt— 6x° + 8x% = xP(x — 2)(x — 4).

Now Try Exercise 31.

EXAMPLE 5 Factor: x* + xy — 12y~

Solution Having checked for a common factor and finding none, we
think much the same way we would if we were factoring x* + x — 12. We
look for factors of —12 whose sum is the coefficient of the xy-term, 1. Since
the last term, — 12y2, is negative, one factor will be positive and the other will
be negative.

r Pairs of Factors Sums of Factors
-1, 12 11
L, -12 —11
-2, 6 : 4
2, —6 —4 The numbers we
-3, 4 | <—— need are —3 and 4.
3, —4 : —1

We might have observed at the outset that since the sum of the factors must
be 1, a positive number, we need consider only pairs of factors for which the
positive factor has the greater absolute value. Thus only the pairs —1 and 12,
—2 and 6, —3 and 4 need have been considered.

The factorization is

(x = 37)(x + 4y).
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Trinomials of the Type ax2 + bx + ¢, a # 1

We consider two methods for factoring trinomials of the type ax® + bx + ¢,
a7 1.

The FOIL Method

We first consider the FOIL method for factoring trinomials of the type
ax* + bx + c,a # 1.Consider the following multiplication.

F O 1 L
V% vy
(3x + 2)(4x + 5) = 12x* + 15x + 8x + 10

\ v %

=12x*+ 23x + 10

To factor 12x* + 23x + 10, we must reverse what we just did. We look for
two binomials whose product is this trinomial. The product of the First terms
must be 12x%. The product of the Outer terms plus the product of the Inner
terms must be 23x. The product of the Last terms must be 10. We know from
the preceding discussion that the answer is (3x + 2)(4x + 5). In general,
however, finding such an answer involves trial and error. We use the following
method.

To factor trinomials of the type ax* + bx + ¢, a # 1, using the
FOIL method:

1. Factor out the largest common factor.
2. Find two First terms whose product is ax’:

(x+ )( x+ )=al+bx+c
|
| | FOIL

3. Find two Last terms whose product is c:
( x+ ) x+ )=at+bx+c
!
| | FOIL

4. Repeat steps (2) and (3) until a combination is found for which
the sum of the Outer product and the Inner product is bx:

( x+ ) x+ )=a+bx+c
LIJ FdIL

(@)

EXAMPLE 6 Factor: 3x> — 10x — 8.

Solution
1. There is no common factor (other than 1 or —1).

2. Factor the first term, 3x*. The only possibility (with positive integer
coefficients) is 3x - x. The factorization, if it exists, must be of the form
Bx+ Hx+ ).
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3. Next, factor the constant term, —8. The possibilities are —8(1), 8(—1),
—2(4), and 2(—4). The factors can be written in the opposite order as
well: 1(—8), —1(8), 4(—2), and —4(2).

. Find a pair of factors for which the sum of the outer product and the

inner product is the middle term, —10x. Each possibility should be
checked by multiplying. Some trials show that the desired factorization

is (3x + 2)(x — 4).
The Grouping Method

The second method for factoring trinomials of the type ax* + bx + ,
a # 1,is known as the grouping method, or the ac-method.

To factor ax* + bx + ¢, a # 1, using the grouping method:

1.
2.
3.

Factor out the largest common factor.

Multiply the leading coefficient a and the constant c.

Try to factor the product ac so that the sum of the factors is b.
That is, find integers p and g such that pg = acand p + q = b.
Split the middle term. That is, write it as a sum using the factors
found in step (3).

. Factor by grouping.

EXAMPLE 7 Factor: 12x° + 10x*> — 8x.

Solution

1. Factor out the largest common factor, 2x:

12x° + 10x* — 8x = 2x(6x* + 5x — 4).

2. Now consider 6x* + 5x — 4. Multiply the leading coefficient, 6, and
the constant, —4: 6(—4) = —24.

3. Try to factor —24 so that the sum of the factors is the coefficient of the
middle term, 5.

(

\

Pairs of Factors Sums of Factors

L, —24 -23

-1, 24 : 23
2, —12 : -10

-2, 12 : 10
3, -8 : -5

-3, 8 : 5« 1 -3.8=-24;,-3+8=5
4, —6 -2

-4, 6 : 2

4. Split the middle term using the numbers found in step (3):

5x = —3x + 8x.
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5. Finally, factor by grouping:
6x* + 5x— 4 =6x>—3x+ 8x— 4
=3x(2x — 1) + 4(2x — 1)
= (2x — 1)(3x + 4).
Be sure to include the common factor to get the complete factorization
of the original trinomial:

12x° + 10x® — 8x = 2x(2x — 1)(3x + 4).

Now Try Exercise 45.

® Special Factorizations

We reverse the equation (A + B)(A — B) = A* — B? to factor a differ-
ence of squares.

A — B*=(A+ B)(A - B)

EXAMPLE 8 Factor each of the following completely.
a) x> — 16 b) 94*> — 25 c) 6x* — 6y*
Solution
a) ¥ — 16 = x* — 42 = (x+ 4)(x — 4)
b) 94> — 25 = (3a)> — 5* = (3a + 5)(3a — 5)
o) 6x* — 6y* = 6(x* — y*)
=6[(x")* = (»*)*]
= 6(262 + yz)(xz - yz) x*> — y*canbe factored
further.

= 6(x2 + y2) (x + 9)(x — y) Because none of these factors
can be factored further, we
have factored completely.

Now Try Exercise 49.

The rules for squaring binomials can be reversed to factor trinomials
that are squares of binomials:

A +2AB+ B* = (A + B)%
A* — 2AB + B* = (A — B)%

EXAMPLE 9 Factor each of the following.
a) x>+ 8x + 16 b) 25y* — 30y + 9

Solution
A+2-A-B+ B = (A+ B)?
a) X* +8x+16=x>+2-x-4 + 4> = (x + 4)*
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A —2-A-B+ B = (A — B)?
b) 25y — 30y + 9 = (59)* — 2-5y-3 + 3> = (57 — 3)?

We can use the following rules to factor a sum or a difference of cubes:

A+ B> = (A + B)(A — AB + B%);
A — B> = (A — B)(A + AB + B%).

These rules can be verified by multiplying.

EXAMPLE 10 Factor each of the following.
a) x> + 27 b) 16y° — 250
Solution
a) X +27=x"+3 = (x+3)(x* - 3x+9)
b) 16y° — 250 = 2(8y° — 125)
=2[(2y)> = 5°] = 2(2y — 5)(4y* + 10y + 25)

Not all polynomials can be factored into polynomials with integer coeffi-
cients. An example is x> — x + 7. There are no integer factors of 7 whose sum
is — 1. In such a case, we say that the polynomial is “not factorable,” or prime.

CONNECTING THE CONCEPTS

A Strategy for Factoring

A. Always factor out the largest common factor first.
B. Look at the number of terms.
Two terms: Try factoring as a difference of squares first. Next, try factoring as a

sum or a difference of cubes. There is no rule for factoring a sum of
squares.

Three terms: Try factoring as the square of a binomial. Next, try using the FOIL
method or the grouping method for factoring a trinomial.

Four or more terms: Try factoring by grouping and factoring out a common binomial
factor.

C. Always factor completely. If a factor with more than one term can
itself be factored further, do so.
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R.4  Exercise Set

Factor out the largest common factor. Factor the difference of squares.

1. 3x + 18 2. 5y — 20 47. 7 — 81 48. n? — 4
3. 22 — 82 4. 12m + 3m® 49. 16x* — 9 50. 4722 — 81
5. 4a> — 12a + 16 6. 61* + 24n — 18 51. 6x* — 6y* 52. 8a> — 8b*

7. a(b—2) + (b — 2) 53. 4xy* — 4x7 54. 5x’y — 5y7*

8. a(x* —3) — 2(x* — 3) 55. 7pq* — 7py* 56. 25ab* — 25az*

Factor by grouping. Factor the square of the binomial.

9.3 = x>+ 18x— 6 10. x> + 3x> + 6x + 18 57. x> + 12x + 36 58. y2 — 6y + 9
1.y =y +2y -2 12. =y + 3y —3 59. 92 — 12z + 4 60. 422 + 122+ 9
13. 24x° — 36x* + 72x — 108 61. 1 — 8x + 16x° 62. 1 + 10x + 25>
14. 54° — 10a® + 252 — 50 63. @ + 24a® + 144a  64. y° — 18> + 81y
15 x° —x* = 5x + 5 65. 4p> — 8pq + 4q? 66. 54> — 10ab + 5b
16. £ + 61 — 2t — 12 Factor the sum or the difference of cubes.

17. a® — 3a> — 2a + 6 67. x> + 64 68. y° — 8
18. X’ —x* —6x+ 6 69. m’ — 216 70. 1w’ + 1

Factor the trinomial. 71. 8¢ + 8 72. 2y° — 128

19. w? — 7w + 10 20. p* + 6p + 8 73. 3a° — 244> 74. 2507 — 2z
21. x> + 6x + 5 22. X — 8x + 12 75. 16 + 1 76. 27x5 — 8
23. > + 8t + 15 24. y* + 12y + 27 Factor completely.

25. x* — 6xy — 27y° 26. * — 2t — 15 77. 18a*b — 15ab? 78. 4x’y + 12xy°

27. 21" — 20n — 48 28. 2a* — 2ab — 24b* 79. x> — 4x* + 5x — 20 80. 2 + 3722 —3z—9
29. y* — 4y — 21 30. m* — m — 90 81. 8x* — 32 82. 6> — 6
31 y* — 9y + 14)° 32. 327 — 21722 + 18z 83. 4y — 5 84. 16x* — 7
33. 2x° — 2x%y — 24x)° 85. m* — 9n’ 86. 25t — 16
34. a’b — 9a*b* + 20ab’ 87. x* + 9x + 20 88. Y +y—6
35. 21> + 9n — 56 36. 3> + 7y — 20 89. y* — 6y + 5 90. x* — 4x — 21
37. 126% + 11x + 2 38. 6x* — 7x — 20 91. 2a* + 9a + 4 92. 30> — b —2
39. 4x* + 15x + 9 40. 2> + 7y + 6 93. 6x* + 7x — 3 94. 8x* + 2x — 15
41. 2" + y— 6 42. 20p* — 23p + 6 95. y* — 18y + 81 96. n* + 2n + 1
43. 6a* — 29ab + 28b° 97. 922 — 24z + 16 98. 47% + 20z + 25
44. 10m* + 7mn — 121 99. x*y* — l4xy + 49 100. x*y* — 16xy + 64

45. 12a* — 4a — 16 46. 12a* — 14a — 20 101. 4ax* + 20ax — 56a  102. 21x’y + 2xy — 8y
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103. 32> — 24 104. 41 + 108 123. y» — 5 + 2y 124, 12 — 35 + 3t
105. 16a’b + 54ab’ 106. 24a’x* — 375a°x 125. x> + 3x + 5 126. x> — 5x + %
107. ¥ — 352 — 4y + 12 127. x> — x + § 128. x> —3x+ 3
108. p° — 2p* — 9p + 18 129. (x + h)> — % 130. (x + 0.01)% — x*
109. x° — x* + x— 1 110. x> — x* — x+ 1 131, (y—4) +5(y—4) — 24
111. 5m* — 20 112. 2x* — 288 132. 6(2p + q)* — 5(2p + q) — 25
113. 2x° + 6x* — 8x — 24 Factor. Assume that variables in exponents represent
114, 3:3 + 652 — 27x — 54 natural numbers.

133. x*" + 5x" — 24 134, 4x°" — 4x" — 3
115. 4¢* — 4cd + &2 116. 9a> — 6ab + b*

135. x> + ax + bx + ab
117. m® + 8m’® — 20 118. x* — 37x* + 36 ,

136. bdy” + ady + bey + ac
119. p — 64p* 120. 125a — 8a*

137. 25y — (x*" — 2x" + 1)
............................................................................. 138. x%% — 3
Synthesis 139. (y = 1)* = (y = 1)
Factor. 140. x°* — 2 + x* — ¥ + 2x — 1
121. y* — 84 + 597 122. 11x* + x* — 80

The Basics of Equation Solving

®  Solve linear equations.
= Solve quadratic equations.
= Solve a formula for a given letter.

An equation is a statement that two expressions are equal. To solve an equa-
tion in one variable is to find all the values of the variable that make the
equation true. Each of these numbers is a solution of the equation. The set
of all solutions of an equation is its solution set. Equations that have the
same solution set are called equivalent equations.

® Linear Equations and Quadratic Equations

A linear equation in one variable is an equation that is equivalent
to one of the form ax + b = 0, where a and b are real numbers and
a #= 0.

A quadratic equation is an equation that is equivalent to one of the
form ax’> + bx + ¢ = 0, where a, b, and c are real numbers and
a # 0.
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The following principles allow us to solve many linear equations and
quadratic equations.

EQUATION-SOLVING PRINCIPLES

For any real numbers a, b, and ¢,

The Addition Principle: If a = bistrue,thena + c=b + ¢
is true.

The Multiplication Principle: If a = bis true, then ac = bc
is true.

The Principle of Zero Products: If ab = 0 is true, then a = 0 or
b= 0,andifa = 0or b = 0, then ab = 0.

The Principle of Square Roots: 1f x> = k, then x = Vk or
x=-Vk

Let’s first consider a linear equation. We will use the addition and multi-
plication principles to solve it.

EXAMPLE 1 Solve: 2x +3 =1 — 6(x — 1).

Solution We begin by using the distributive property to remove the

parentheses.

2x+3=1-6(x—1)

2x+3=1—6x+6 Using the distributive property

2x +3 =7 — 6x Combining like terms on the right

8x+3 =7 Using the addition principle to add 6x on
both sides

8x =4 Using the addition principle to add — 3,
or subtract 3, on both sides
X = % Using the multiplication principle to

multiply by 3, or divide by 8, on both sides
Simplifying

DO —

x =
We check the result in the original equation.
Check: 2x+3=1-6(x—1)
2 % +3 21— 6(% - l) Substituting 1 for x

1+3 | 1-6(—3)
4 1+3
4| 4 TRUE
The solution is 3.

Now we consider a quadratic equation that can be solved using the
principle of zero products.
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EXAMPLE 2 Solve: x* — 3x = 4.
Solution First, we write the equation with 0 on one side.
x> —3x=4
X —3x—4=0 Subtracting 4 on both sides
(x+1)(x—4)=0 Factoring

x+1=0 or x—4=0 Using the principle of
zero products

x=—1 or x =4
Check: For —1: For 4:
X —3x=4 X —3x=4
(—1)2—3(—1)§4 42 —3-4 724
1+3 16 — 12
4 | 4 TRUE 4 | 4 TRUE
The solutions are —1 and 4.

The principle of square roots can be used to solve some quadratic equa-
tions, as we see in the next example.

EXAMPLE 3 Solve: 3x> — 6 = 0.

Solution We will use the principle of square roots:

3 =6 =0
3x* =6 Adding 6 on both sides
xr =2 Dividing by 3 on both sides to isolate x*
X = \/2 or x = —\/2. Using the principle of square roots
Both numbers check. The solutions are \/2 and —\/5, or + \/2 (read
“plus or minus \/5”).

® Formulas

A formula is an equation that can be used to model a situation. For example,
the formula P = 2/ + 2w in Example 4 gives the perimeter of a rectangle
with length and width w.

The equation-solving principles presented earlier can be used to solve a
formula for a given letter.

EXAMPLE 4 Solve: P = 2]+ 2wfor L

Solution We have

w P=2l+2w We want to isolate I.
P—2w=2] Subtracting 2w on both sides
l P—2w
T =1 Dividing by 2 on both sides

Now Try Exercise 63.
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l.x—-5=7
3.3x +4 = -8
5.5y — 12 =3
7. 6x — 15 = 45
9. 5x — 10 = 45
11. 9t + 4 = —5
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The formula | = ¥ can be used to determine the length of a rec-

tangle if we are given its perimeter and its width.

EXAMPLE 5 The formula A = P + Prt gives the amount A to which
a principal of P dollars will grow when invested at simple interest rate r for
tyears. Solve the formula for P.

Solution We have

A= P+ Prt We want to isolate P.
A =Pl + ) Factoring

A P(1 + 1)
= Dividingby 1 + rt on both sides
1+ rt 1+ rt
A = P
1+ rt o Now Try Exercise 77.

A
The formula P = L+ can be used to determine how much should
T

be invested at simple interest rate rin order to have A dollars ¢ years later.

EXAMPLE 6 Solve: A = h(b, + b,) for b,.

Solution We have

1
A= Eh( by + b,) Formula for the area of a trapezoid

2A = h(b, + by) Multiplying by 2

2A = hb, + hb, Removing parentheses
2A — hb, = hb, Subtracting hb,
2A — hb,
T = b, Dividing by h

Exercise Set

13. 8x + 48 = 3x — 12 14. 15x + 40 = 8x — 9

2.y+3=4 15. 7y — 1 = 23 — 5y 16. 3x — 15 = 15 — 3x
4. 5x— 7 =123 17. 3x — 4 = 5 + 12x 18. 9t — 4 = 14 + 15¢
6. 6x +23 =5 19. 5 —4a=a— 13 20 6 — 7x = x — 14
8. 4x — 7 = 81 21.3m —7=—13+m 22.5x—8 =2x—8
10. 6x — 7 = 11 23. 11 —3x=15x+3 24. 20 — 4y = 10 — 6y

12. 5x+ 7 = —13 25.2(x+7) =5x+ 14 26.3(y+4) =8y
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27. 24 = 5(2t + 5) 28. 9 = 4(3y — 2) 64. A= P+ Prt,forr
29. 5y — 4(2y — 10) = 25 (Simple interest)

— —5) = 65. A = $h(b, + b,), for b,
30 $x =27 ) =40 (Area of a trapezoid)
31. 7(3x + 6) = 11 — (x + 2)

66. A = sh(b, + by),for h
32. 9(2x + 8) = 20 — (x + 5) 67. V= i for m

33. 43y — 1) — 6 =5(y + 2) (Volume of a sphere)

34, 32n—5) — 7 =4(n—9) 68. V = 37, for r°

35. x> + 3x — 28 =0 36. y* — 4y — 45 =0 69. F=2C+ 32,for C

37 5% + 55 = 0 38. £+ 6t =0 (Temperature conversion)
39. Y+ 6y+9=0 40. * +4n+4=0 70. I(L‘s)ia; dff dTin(ja foerq); ation)
41. x* + 100 = 20x 42. y* + 25 = 10y

71. Ax + By = C, for A

2 _ 2 _
X —Ax— 32 = L2+ 12t + 27 =
43. x 4x—32=0 4d. 1 L2t+27=10 72. 2w + 2h + 1 = p,forw

2 — 2 =
45. 3 + 8y +4 =0  46. 9 + 157+ 4 =0 73. 2w + 2h + | = p, for
= 2 - =
47. 1222 + 2= 6 48. 6x° = 7x =10 74. 3x + 4y = 12, fory
2 Hg — 2 — 10 =
49. 124> — 28 = 5a 50. 217" — 10 = n 75. 2x — 3y = 6, for
51. 14 = x(x — 5) 52. 24 = x(x = 2) 76. T = (I — 12,000), for I
2 _ = 2 =
53. x> — 36 = 0 54. " =81 =0 77. a = b + bed, for b
55. 22 = 144 56. t* = 25 _
78. q = p — np,forp
2 — 2 _ =
57. 2x* — 20 = 0 58. 3y —15=0 79. z = xy — xy’, for x
J— = 2 - -
59. 622 — 18 = 0 60. 5x° — 75 =0 80. st — f— 4, fort
Solve.
61.A=%bh,forb .......................................................................... .
(Area of a triangle) Synthesis
i Solve.
ol 81. 3[5 — 3(4 — 1)) —2 =5[3(5t — 4) + 8] — 26
|
| 82. 6[4(8 — y) — 5(9 + 3y)] — 21 =
b —7[3(7 + 4y) — 4]
62. A = mr’ form 83 x— {3x— [2x— (5x— (7x — 1)) ]} = x+7

(Area of a circle) 84.23 — 2[4 + 3(x — 1)) +5[x — 2(x + 3)] =

7{x — 2[5 — (2x + 3)]}
85. (5x% + 6x)(12x*> —5x—2) =0
86. (3x* + 7x — 20)(x* — 4x) = 0
87. 3x° + 6x> — 27x — 54 = 0

63. P =21+ 2w, forw
(Perimeter of a rectangle) 88. 2x° + 6x* = 8x + 24
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Rational Expressions

= Determine the domain of a rational expression.

= Simplify rational expressions.

= Multiply, divide, add, and subtract rational expressions.
= Simplify complex rational expressions.

A rational expression is the quotient of two polynomials. For example,

3 2 x> — 4
, and - =
x°—4x — 5

5

b

x—3

are rational expressions.

® The Domain of a Rational Expression

The domain of an algebraic expression is the set of all real numbers for which
the expression is defined. Since division by 0 is not defined, any number that
makes the denominator 0 is not in the domain of a rational expression.

EXAMPLE 1 Find the domain of each of the following.

2 !
b) ——

x—3 x> —4x—5

a)

Solution
a) We solve the equation x — 3 = 0 to determine the numbers that are not
in the domain:
x—3=
x = 3. Adding 3 on both sides
Since the denominator is 0 when x = 3, the domain of 2/(x — 3) is the
set of all real numbers except 3.
b) We solve the equation x* — 4x — 5 = 0 to find the numbers that are
not in the domain:
X —4x—5=0
(x+1)(x—5)=0 Factoring

x+1=0 or x—5=0 Using the principle of
zero products
x= -1 or x = 5.

Since the denominator is 0 when x = —1 or x = 5, the domain is the

set of all real numbers except —1 and 5.
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We can describe the domains found in Example 1 using set-builder
notation. For example, we write “The set of all real numbers x such that x is
not equal to 3”as

{x| xis a real number and x # 3}.

Similarly, we write “The set of all real numbers x such that x is not equal to
—1 and xis not equal to 5” as

{x| xis a real number and x # —1 andx # 5}.
= Simplifying, Multiplying, and Dividing
Rational Expressions

To simplify rational expressions, we use the fact that

a‘c_a c_a.,-4
b-c b c b b
9x + 6x — 3
EXAMPLE 2 Simplify; ——————
implify 12x* — 12
Solution
9x* + 6x — 3 _ 3(3x* + 2x — 1)
1232 — 12 12(x2 - 1) Factoring the

numerator and the
denominator

3(x+ 1)(3x — 1)
3-4(x+ 1)(x—1)

3(x+1) 3x—1

— Factoring the rational

3(x + 1) . 4(x — 1) expression
. 3x — 1 3(x + 1) _
B '4(x—1) 3(x + 1)
3x — 1

Removing a factor of 1

Now Try Exercise 9.

4(x — 1)

Canceling is a shortcut that is often used to remove a factor of 1.

EXAMPLE 3 Simplify each of the following.
4x° + 16x° 2 —x

a) ———————————— b)) ——
25 + 6x% — 8x )x2+x—6
Solution
3 2 Y e
2) 4x” + 1l6x _2-2-x x(x + 4) Factoring the numerator and

253 + 6x2 — 8x 2 - x(x + 4)(x— 1) the denominator
224 x(x )
7 A A1) (x — 1)

Removing a factor of 1:
2x(x + 4)
2x(x + 4)
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) 2Tx 2o x Factoring the d inat
x2+x—6 (x+ 3)(x—2) acorlng € denominator
—1(x —2)
(x + 3)(x — 2) *=-lx=2)
I Catt) Removing a factor of 1: > > = 1
- <, ___ emoving a ractor o H =
(x + 3)(x—2) & x -2
—1 1
- , O —
x+3 x+3

Now Try Exercises 11 and 15.

In Example 3(b), we saw that

2 —x 1
27and—
X+t x—6 x+ 3

are equivalent expressions. This means that they have the same value for
all numbers that are in both domains. Note that —3 is not in the domain of
either expression, whereas 2 is in the domain of —1/(x + 3) but not in the
domain of (2 — x)/(x* + x — 6) and thus is not in the domain of both
expressions.

To multiply rational expressions, we multiply numerators and multiply
denominators and, if possible, simplify the result. To divide rational expres-
sions, we multiply the dividend by the reciprocal of the divisor and, if pos-
sible, simplify the result; that is,

ac

ac_a a c_ad_ad
bd bd b4 " b

a d_ad
b ¢

EXAMPLE 4 Multiply or divide and simplify each of the following.

a> — 4  20a° x+ 4 xt — 9x?
a) ’ b) —— )
16a a+ 2 2x° — 6x x"+ 2x— 8
)x—2_x2—4x+4 d)y3—1_y2+y+1
C - -
12 3x° 4+ 15x° y¥—-1 y+2y+1
Solution
a — 4 20a° (a2 - 4)(20a2) Multiplying the
a) . = numerators and the
16a a+?2 16a(a + 2) denominators
(a+2)(a—2)-4-5-a-4d Factoring and
= R removing a factor
A-4-d4-(a+72) of 1
5a(a — 2)

4
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x+ 4 xt — 9x?
b) —— 2
2x° — 6x x~+ 2x— 8
_ (x + 4)(x4 - 9x2) Multiplying the numerators
- (2x2 _ 6x)(x2 + 2x — 8) and the denominators
(x + 9(x*)(x* = 9)
= Factori
2x(x — 3)(x + 4)(x — 2) aclonns
_ (xA4) - X+ x- (x + 3) (x—3) Factoring further and
= (x—3)(x+4)(x — 2) removing a factor of 1
_x(x £ 3)
T 2(x—2)
)x—2 Xt —4x + 4
C -
12 3x° + 1547
x—2 3%+ 1547 Multiplying by the reciprocal
T 12 'xz — 4x + 4 of the divisor
_(x - 2)(3x° + 15x7)
C12(x% — 4x + 4)
@@y
= actoring and removing a factor o
3 4(x—2)(x — 2)
_ x(x+5)
4(x—2)
-1 Tyt
d) y - Y Y
y2 -1 yz +2y+1
)/3 -1 yz +2y+ 1 Multiplying by the
== C T reciprocal of the
y -1 y+y+l1 divisor

(Y -1 +2y+1)
-1 +y+1)
_ =D+ +F D+ + 1) Factoring and

(A1) (—T)( W) removing a factor of 1
=y+1

® Adding and Subtracting Rational Expressions

When rational expressions have the same denominator, we can add or sub-
tract by adding or subtracting the numerators and retaining the common
denominator. If the denominators differ, we must find equivalent rational
expressions that have a common denominator. In general, it is most efficient
to find the least common denominator (LCD) of the expressions.
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To find the least common denominator of rational expressions, factor
each denominator and form the product that uses each factor the
greatest number of times it occurs in any factorization.

EXAMPLE 5 Add or subtract and simplify each of the following.

X —4x + 4 x+ 4 x— 2 x+5
a) 2 + b) 2 T2
2x° — 3x + 1 2x — 2 x° — 25 x“ — 5x
X 5
9]

2+ 1lx + 30 % + 9x + 20

Solution
x* —4x + 4 x+ 4
a) —
2x° — 3x + 1 2x — 2
X —4x+ 4 Loxt4
2x—1)(x—1) 2(x—1)
The LCDis (2x — 1)(x — 1)(2),0r2(2x — 1)(x — 1).
¥ —4x+4 2 x+4 2x—1 Multiplying each

_ 2 . t by 1to get
2x-D(x—1) 2 2(x—1) 2x~ 1 therch =

Factoring the denominators

_ 2x* —8x+ 8 N 26 + 7x — 4
2x— I)(x—1)(2) 2(x—1)(2x—1)
. 42 — x + 4 Adding the numerators and keeping the com-
B 2(2x — 1)(x — 1) mon denominator. We cannot simplify.
x— 2 x+5
b —
) x*—25 x*—5x
x—2 x+5

Factoring the denominators

(x +5)(x —5) B x(x — 5)
The LCDis (x + 5)(x — 5)(x),0or x(x + 5)(x — 5).

x— 2 X x+5 x+ 5 Multiplying each
= T : term by 1 to get
(x+5)(x=5) x x(x=5) x+5  gercp
x* — 2x x>+ 10x + 25

x(x+5)(x—=5)  x(x+5)(x—05)
_ x* = 2x = (¥ + 10x + 25) Subtracting the numerators and
x(x + 5)(x — 5) keeping the common denominator
x> —2x — x* = 10x — 25
x(x + 5)(x — 5)
—12x — 25
x(x+ 5)(x —5)

Removing parentheses
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X B 5
x* + 11x+ 30 x* + 9x + 20
= x — > Factoring the
(x +5)(x+6) (x+5)(x+4) denominators

The LCDis (x + 5)(x + 6)(x + 4).

X x+ 4 5 x+ 6

(x+5)(x+6) x+4 (x+5)(x+4) x+6
Multiplying each term by 1 to get the LCD

<)

o x* + 4x _ 5x + 30
(x+5)(x+6)(x+4) (x+5)(x+4)(x+6)
x> + 4x — 5x — 30 Be sure to change the sign of
= every term in the numerator of
(x +5)(x + 6)(x + 4) the expression being subtracted:
—(5x + 30) = —5x — 30
B x* — x — 30
(x +5)(x+6)(x+4)
( M)( x — 6) Factoring and removing a factor of 1:
= x+ 5
(xA43)(x+6)(x+4) o=
. x—6
C(x+6)(x + 4)

= Complex Rational Expressions

A complex rational expression has rational expressions in its numerator or
its denominator or both.

To simplify a complex rational expression:

Method 1. Find the LCD of all the denominators within the complex
rational expression. Then multiply by 1 using the LCD as the
numerator and the denominator of the expression for 1.

Method 2. First add or subtract, if necessary, to get a single rational
expression in the numerator and in the denominator. Then divide by
multiplying by the reciprocal of the denominator.

+

EXAMPLE 6 Simplify:

mua"_' Q=
+
%\H S
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Solution

Method 1. The LCD of the four rational expressions in the numerator
and the denominator is a’b°.

+
a’b’ 20

Multiplying by 1 using PE)
a
1 1
— 4+ = 31,3
< p b) (a’b”)

(:3 + ;)(a%s)

+

Dw"—' Q|

- a’t® + a°v?
T
_ a2 bz( ) Factoring an;l Tn;ovmg a
(M)(bz — ba + a2) factor of 1: b+ a =1
a’b?
b — ba+ &

Method 2. We add in the numerator and in the denominator.

1 1 1 b 1 .
—+ - f-f—i-—-g <— The LCD is ab.
a b . a b b a
1 1 1y 1
—+4+ = =+~ 4 —-—=<ThelCDisa’b’.
a’ b’ a b v o
b _a
_ab ab
P a’
a3b3 a3b3
b+ a
ab We have a single rational expression
== in both the numerator and the
b>+ a denominator.
a’b’
_b+ta b Multiplying by the reciprocal of
- ab ’ P+ the denominator
_ (b~+a)(4)(b)(a’b%)
(4)(B)(bAa)(b* — ba + a*)
a’b?

- b2 — ba + &2 Now Try Exercise 57.
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Exercise

Set

Find the domain of the rational expression.

5 4
1. —— 2.
3 7 — x
3 3x — 3 15x — 10
Tx(x — 1) " 2x(3x — 2)
x+5 (x* —4)(x + 1)
5 57— 6. :
x*+4x — 5 (x +2)(x* = 1)
7x* — 28x + 28
7. 5 3
(x* — 4)(x* + 3x — 10)
g 7x* + 1lx — 6
T x(x?— x—6)
Simplify.
xr— 4 X+ 2x— 3
9.2— 10.2—
X" —4x t+ 4 x°—9
3 2 5 4 3
x> — 6x° + 9x — 5y + 4
n. ~—5——5— L
x’ — 3x y> — 6y° + 8y
6y* + 12y — 48 » 2x* — 20x + 50
37 =9y + 6 " 10x* — 30x — 100
4 — x 6 — x
15.2— 16.27
x- + 4x — 32 x- — 36
Multiply or divide and, if possible, simplify.
r—s rrr—¢ xz_yz 1
17. — 18. S
r+s (r—-s) (x—y) x+vy
K+ 2x — 35 9x° — 4x
19. 3 I
3x — 2x 7x + 49
x> — 2x — 35 4x° — 9x
20. —— —-
2x° — 3x 7x — 49
45> + 9x + 2 -1
21— -
xXt+x—2 3x+x-—2
20 +5a—3 a*+4a—5
22. 5 -
a+8a+ 15 3a°—a— 2
m—n m-—n a —bv a+b
23. =+ 24, =
r+s r+s xX—y xX—y
3x + 12 (x+ 4)
25. =+

26— 8 (x— 4)?

a?—a-2 ) a* — 2a

" 2a + a?

26.
@ —a—6

=y X+ oay+

27.
=y X2ty

G+8 F—2ct+4
28. -+

-4 F—4c+4

(x—y)P -2 x—y+z
29 =

(x+p)?* -2 x+y—z

(a+b)2—9 a—b—3

30.
(a—b*—9 a+b+3

Add or subtract and, if possible, simplify.

7 3 7 1
31. — + — 32, — — —
5x  5x 12y 12y
4 3a a—3b a-+5b
33. + 34,
3a+4 3a+4 a+ b a+b
5 3 1 5
35. — — — 36.T+—2
4z 8z Xy xy
3 2 5 2
37. + = 38. -
x+ 2 x°— 4 a—3 a“ — 9
2
39. — /4 —
y —y—20 y+ 4
6 5 3 x — 5y
40. — - 41. 2 2
y -+ 6y+9 y+3 x+y X =y
at + 1 a—1
42, — —
a — 1 a+1
2
43.L+
y—1 1=y
(Note: 1 —y=—1(y—1).)
g, b
“a—b b—a
(Note: b — a= —1(a — b).)
45, X — /
2x — 3y 3y — 2x
3a 2a
46.

30— 2b  2b— 3a
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9x + 2 7 a 1+a 1 —x X
47. — 5 - +
3x — 2x — 8 3x+x— 4 1—a a X 1+ x
67.1— 68.1+
3 2 —a a x x
48. — Y ) z a +1+a b 1 —x
y =7y +10 y =8y + 15
5a ab 4b 1 2 1 1 1
49. + + St =t 2T 2
a—b  a— b2 a4+ b 69.a1ab1b 70.1x2y1
6a 3b 5 - e
uTh b—a - @ b ¥y
7 x+ 8 B
51. - -+ - .
x+2 4-x 4—4x+x Synthesis
6 x+ 4 2x — 3
52. — + Simplify.
x+3 9—x> 9 —6x+ x plfy. X .
2 _ =
53, 1 n X n x-+ 2 (x+h)2—x2 <+ h X
x+1 2—-x xX-—x-2 N 72—
54'x—l_x+1_x—62 1 _i
x— 2 x+ 2 4 — x (x+h)3—x3 (x+h)2 X2
Simplify. 73 e
)
el r 7y x+1 5
b X
55. —— 56. —>— 75 | X2 1
a—b X7y ) x+1_1
ab y x— 1
x_y a_b 1
X b a 76. 1 +
57, 2 58. 1+ 1
o1 T .
y X a b 1+ 1
8 a 1+;
C‘i‘*2 a—g
59, ¢ 60. Perform the indicated operations and, if possible,
142 ,_ b simplify.
¢ a n(n+ 1)(n+ 2 n+ 1)(n+2
K o+ Nt 2)  (nt )(n+2)
@ b 2-3 2
2 2
61. w 62. _b a n(n+ 1)(n+ 2)(n+ 3)
x:_yi a* — ab + b? 78. 234 +
x
Y . (n+1)(n+2)(n+3)
a—a' x +y
63'? 64. 54,0 2-3
a+a X
Y 29 x*—9 5x*—15x+45 x>+ «x
. —— + — w6 "X +27 2 —2x—3 4+ 2
tx—3 x+ 3 tx+ 1 x— 2 2 4, 5 ) . e 4 1
3 4 1 2 80, = =X . X X

X—x—12 x—16 K+ 2x+1

+
x—1 x+ 2 x—5 x+ 2
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Radical Notation and Rational Exponents

= Simplify radical expressions.

= Rationalize denominators or numerators in rational expressions.
= Convert between exponential notation and radical notation.

= Simplify expressions with rational exponents.

A number cis said to be a square root of aif c*> = a. Thus, 3 is a square root
of 9, because 3* = 9, and —3 is also a square root of 9, because (—3)* = 9.
Similarly, 5 is a third root (called a cube root) of 125, because 5% = 125.The
number 125 has no other real-number cube root.

nth ROOT
A number cis said to be an nth root of aif ¢ = a.

The symbol \Va denotes the nonnegative square root of 4, and the

symbol a denotes the real-number cube root of a. The symbol Va
denotes the nth root of a; that is, a number whose nth power is a. The

symbol \r/_ is called a radical, and the expression under the radical is called
the radicand. The number n (which is omitted when it is 2) is called the
index. Examples of roots for n = 3, 4, and 2, respectively, are

V125, W16, and V/3600.

Any real number has only one real-number odd root. Any positive
number has two square roots, one positive and one negative. Similarly, for
any even index, a positive number has two real-number roots. The positive

root is called the principal root. When an expression such as V4or V23
is used, it is understood to represent the principal (nonnegative) root. To

denote a negative root, we use — \/, - \6/2_3, and so on.

(GCM|  EXAMPLE 1 Simplify cach of the following,

a) V36 b) —\V/36 o V-8
d) 5/ 32 e) V—16

243

Solution
a) \/£ = 6, because 6° = 36.
b) —V/36 = —6, because 6 = 36 and —(\/£) = —(6) = —6.
<) /=8 = —2, because (—2)° = -8.
d 2 z,because <%>5 = 2—: = 2
243 3 3 3 243

e) \/ —16 is not a real number, because we cannot find a real number that can

be raised to the fourth power to get —16.
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We can generalize Example 1(e) and say that when a is negative and n is

even, % is not a real number. For example, V' —4 and \/—81 are not real
numbers.

We can find V/36 and —V/36 in Example 1 using the square-root fea-
ture on the keypad of a graphing calculator, and we can use the cube-root

feature to find \/ —8. We can use the xth-root feature to find higher roots.

V36 3-8
6 =2
-36 5\32/243 » Frac ,
-6 2
3

When we try to find W/ —16 on a graphing calculator set in REAL mode,
we get an error message indicating that the answer is nonreal.

“-16 ERR:NONREAL ANS
A Quit
2: Goto

Simplifying Radical Expressions

Consider the expression \V/(—3)2. This is equivalent to \/9, or 3. Similarly,

V/32 = V/9 = 3. This illustrates the first of several properties of radicals,
listed below.

PROPERTIES OF RADICALS
Let a and b be any real numbers or expressions for which the given
roots exist. For any natural numbers mand n (n # 1):
1. If niseven, Va" = |al.
2. If nis odd, W = a.
3. Va- Vb= Vab.
Ja  Va
4. /- =—= (b #0).
b /b
5. Va" = (Va)™.

EXAMPLE 2 Simplify each of the following.

a) V(—=5)? b) V(-5) o Va-\/5 d) V50

Vi s :
e) \/6 f) V8’ g) 216x5y3 h) %

Solution

a) V(-5)2=|-5| =5  UsingProperty1

b) V(—5)> = —5  UsingProperty2

o) Va-V5=4-5=20  UsingProperty3
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d) \/% = V25-2= \/275 : \/i = 5\/5 Using Property 3
V72 72

e) —— = .,/—= \/E Using Property 4
Ve 6

= \/T = \/‘I : \/?; Using Property 3
=2V3
f) V8 = (%)5 Using Property 5
=2 =32
g) V2l6x’y’ = \/36-6-x4-x-y2-y
= W\/@ Using Property 3

= | 6x2y | 'V 6xy Using Property 1
= 6x*|y| V6xy 6x* cannot be negative, so absolute-value

5 bars are not needed for it.

h)./—= Using Property 4

Ed
=~y UsmeProperyl

*
o
2

—
o)

%

(=)}

In many situations, radicands are never formed by raising negative
quantities to even powers. In such cases, absolute-value notation is not re-
quired. For this reason, we will henceforth assume that no radicands are
formed by raising negative quantities to even powers and, consequently,
we will not use absolute-value notation when we simplify radical expres-

sions. For example, we will write V2 = xand Va’b = aWVab.

Radical expressions with the same index and the same radicand can be
combined (added or subtracted) in much the same way that we combine
like terms.

EXAMPLE 3 Perform the operations indicated.
a) 3V8x — 5V 2x2 b) (4V3 + V2)(V3 - 5V2)

Solution

a) 3V8x2 — 5V2x2 = 3Vax2 -2 — 5V -2
=3-2x\V2 - 5x\V2
= 6x\6 - Sx\/i
= (6x - Sx)\/Z Using the distributive property
= x\V2
b) (4V3 + V2)(V3 = 5V2) = 4(V3)2 —20V6 + V6 — 5(\V2)?
Multiplying
=434+ (-20+ 1)V —5-2

=12 - 19V6 — 10
=2-19Vs



F152—132

7.483314774

SECTION R.7  Radical Notation and Rational Exponents 47

= An Application

The Pythagorean theorem relates the lengths of the sides of a right triangle.
The side opposite the triangle’s right angle is the hypotenuse. The other
sides are the legs.

THE PYTHAGOREAN THEOREM

The sum of the squares of the lengths c
of the legs of a right triangle is equal
to the square of the length of the

hypotenuse: b

at + v = A

EXAMPLE 4 Building a Doll House. Roy is building a doll house for
his granddaughter. The doll house measures 26 in. across, and the slanted
side of the roof measures 15 in. Find the height of the roof.

Solution We have a right triangle with hypotenuse 15 in. and one leg that
measures 26 /2, or 13 in. We use the Pythagorean theorem to find the length
of the other leg:

t=a + 1

152 = 132 + }? Substituting 15 for ¢, 13 for a, and h for b

152 — 132 = }?
225 — 169 = I?
56 = h?

V56 = h

75 =~ h.

The height of the roof is about 7.5 in.
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# Rationalizing Denominators or Numerators

There are times when we need to remove the radicals in a denominator or
a numerator. This is called rationalizing the denominator or rationalizing
the numerator. It is done by multiplying by 1 in such a way as to obtain a
perfect nth power.

EXAMPLE 5 Rationalize the denominator of each of the following.

)\/g b)ﬁ
ARV V9
Solution
y Po p2_ [s_Ne_ Ve
Y2 2 2 4 /4 2
b)ﬁ_l.ﬁ_ V21 _ Vi
Vo Vo V3 Va3

Pairs of expressions of the form aVb + ¢\Vdand aVb — ¢\Vd are
called conjugates. The product of such a pair contains no radicals and can
be used to rationalize a denominator or a numerator.

Vi Vs
vy

EXAMPLE 6 Rationalize the numerator:

Solution

\/;c—\/y_ \/;c—\/y \/;C-i‘\/y Theconjugateof\/;—\/y
5 - 5 \/;C+ \/}/ is\/; + \/y
(V) = (Vyy

= (A + B)(A — B)= A* — B?

5Vx + 5\Vy

XY

5Vx + 5VYy

® Rational Exponents

We are motivated to define rational exponents so that the properties for inte-
ger exponents hold for them as well. For example, we must have

Q2. gl = g2+ = gl = 4
Thus we are led to define a'/? to mean \/;. Similarly, a'" would mean %.
Again, if the laws of exponents are to hold, we must have

(al/n)m — (am)l/n — am/n‘

Thus we are led to define a™" to mean ( %)m, or, equivalently, \/a™.
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RATIONAL EXPONENTS
For any real number a and any natural numbers mand n, n # 1,
for which V/a exists:

al/n = \’V;

amn = (%)m = V/a", and

1

m/n’

a—m/n _

a
We can use the definition of rational exponents to convert between
radical notation and exponential notation.

EXAMPLE 7 Convert to radical notation and, if possible, simplify each
of the following.

a) 794 b) 85
Q) m!6 d) (—32)%
Solution

a) 774 = /7%, or (V7)°

pe o Lo L 11

87 (W) 20 32
<) m1/6=%

d) (—32)%5 = V/(-32)2 = V1024 = 4, or
(—32)%% = (V=32)" = (—2)* = 4

EXAMPLE 8 Convert each of the following to exponential notation.

a) (V7xy)° b) 25

Solution
a) (V7xy)® = (7x9)*
b) Vi = 6 = 42

We can use the laws of exponents to simplify exponential expressions
and radical expressions.

EXAMPLE 9 Simplify and then, if appropriate, write radical notation
for each of the following.

a) x5/6 . x2/3 b) (X + 3)5/2(x + 3)—1/2

o VV7
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Solution

a) 170 ¥ = x0T = (O = (32 = \/_3 _ \/; \/; — x\/;
b) (x + 3)"(x + 3)7"* = (x + 3)7*72 = (x + 3)°

<) /NG = /712 = (71213 = 7106 = /7

We can add and subtract rational exponents on a graphing calculator.
The FRAC feature from the MATH menu allows us to express the result as a
fraction. The addition of the exponents in Example 9(a) is shown here.

5/6+2/3» Frac 3}
2

EXAMPLE 10 Write an expression containing a single radical: Va V.

- 6 ©
Solution \Va\/b° = a2 = gY6p¥6 = (p°)V6 = Vb
Now Try Exercise 117.

Exercise Set

Simplify. Assume that variables can represent any real 29. V2x’y V12xy 30. V3y*zV20z
ber.
et 31. V3xly V36x 32. V8x'y* Vax'y

[y

1. V(-21)° 2. V(-7)*
3 \/9—)/2 4 \/@ 33. \3/2(x + 4) \3/4(36 + 4)*
s, m 6 \/m 34. \3/4(x +1)2 \3/18(x +1)2
16,24 12,24

7. V=275 8. V/ 35. "5 36. /")
9. V81x® 10 Vios Vi

40 40
11. V32 12. V 37. wd 38. ~

[a—y
»
55
| Co
(e
[y
-~

8
5

_8}/3
V162"
—32
0
135

A
N
. Va8
. V2
N

15. 16. V 39. S — 40.

24x
17. V/54 18. V/

4 4 7
19. V128" 20. \V1626%d° 4l 3;2’3 . %

4
21. V48x5y* 22. V243m°n'°
2 2 + 6 + 6 43 7—x3 44 3 2}/2

23. Vx" —4x + 4 24. Vx 16x 4 . 36y6 . 2507

Simplify. Assume that no radicands were formed by
raising negative quantities to even powers.

25. V15 V35 26. V21 V6 46. 7\ 12 — 2V3
27. V8 V10 28. V12V15 47. 6\V20 — 4V/45 + V30



48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.

60.

SECTION R.7

2V32 + 3V8 — 4V18
8V2x2 — 6V 20x — 5V/8x
2V/8x2 + 5V274% — 3Vx®
(V8 +2V5) (V8 — 21/5)
(V3 — V2)(V3 + V2)
2V3 + V5) (V3 - 3V5)
(V6 — 4V7)(3V6 + 2\/7)
(V2 - 5)

(1+V3)?

(V5 - Vo)

(V3 +V2)

Surveying. A surveyor places poles at points
A, B, and Cin order to measure the distance
across a pond. The distances AC and BC are
measured as shown. Find the distance AB
across the pond.

e

AR e 47 yd

9

Distance from Airport. An airplane is flying

at an altitude of 3700 ft. The slanted distance
directly to the airport is 14,200 ft. How far hori-
zontally is the airplane from the airport?

61.

62.

63.

64.

Radical Notation and Rational Exponents 51

An equilateral triangle is shown below.

a a
-
a a
2 2

a) Find an expression for its height /1 in terms of a.
b) Find an expression for its area A in terms of a.

An isosceles right triangle has legs of length s.
Find an expression for the length of the hypot-
enuse in terms of s.

The diagonal of a square has length 8\/2. Find
the length of a side of the square.

The area of square PQRSis 100 ft*, and A, B, C,
and D are the midpoints of the sides. Find the
area of square ABCD.

P B Q
A c
S D R

Rationalize the denominator.

65.

67.

69.

71.

73.

75.

3 2
2 66. /=
7 3
/7 . /s
/25 T4
3/16 70. 3
9 5
6
2 72.

76
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Rationalize the numerator. x?3y006 a?p>’
\/570 \/E 111. 736_”3)/1/2 112. 7a1/4b3/8
77. —— 78, ——
3 5 113. (m1/2n5/2)2/3 114. (x5/3y1/322/3)3/5
79, 3 2 80, > 7 115. a3/4( a3 + a4/3) 116. m2/3(m7/4 _ m5/4)
5 2
Write an expression containing a single radical and
81 11 & Vs simplify.
V3 V2 7. VeV2 us. V2 Vs

N}
|

S

[

. or 8- Ve 119. Vay Py 120. Vab? \Vab
313 5-V2 121. Va'va 122. VaVa?
Va+ Vb \/—\/a Via+ x> V(a + x?

8. ———— 86. 123

3a 1+ Vy Va + x

Convert to radical notation and, if possible, simplify. \4/( x + y)? Vx + y
87. y5/6 88. x2/3 124. m
89. 16°"* 90. 477
e s e RTINS
91. 125 92. 32 syntheSIS
93, a5/4b73/4 94. x2/5y71/5 ............................................................................
95. 313 96. p//oq1/o Simplify.
1
Convert to exponential notation. 125. V1 + %2+ ﬁ
97. V173 98. (V13)3 *
2
99. (V12)* 100. V/20? 126 V1- @ -
2V1 —x
101. V' V11 102. V7 (Vv
127. ave)ve
103. /5 V5 104. V2V2
5= " 128. (2a%674V7)4 = (54a72623c83) 713
105. 32 106. 64

Simplify and then, if appropriate, write radical notation.
107. (2a°?) (4a'?) 108. (3a”°) (8a*?)

09 <x6 )1/2 o <x2/3 >1/2
T \9pt ’ 4)72




Chapter R Summary and Review

IMPORTANT PROPERTIES AND FORMULAS

Properties of the Real Numbers

Commutative: at+b=b+a
ab = ba
Associative: a+ (b+c)=(a+b)+g
a(bc) = (ab)c
Additive Identity: at0=0+a=a
Additive Inverse: —a+ta=a+ (—a)=0
Multiplicative Identity: a-1=1-a=a
e 1 1
Multiplicative Inverse:  a - LT, 1 (a#0)
Distributive: a(b+¢) =ab+ ac
Absolute Value
For any real number q,
_Ja, ifa=0,
|a| _{—a, ifa < 0.

Properties of Exponents
For any real numbers aand b and any integers m and #,
assuming 0 is not raised to a nonpositive power:

The Product Rule:

a™ - g" = aern

The Quotient Rule: % =a""" (a # 0)
a

The Power Rule: (a™)" = a™

Raising a Product to a Power:  (ab)™ = a"b"

Raising a Quotient to a Power:
a\" a”

( b> o
Compound Interest Formula

rnt
A=P<1+)
n

Special Products of Binomials
(A+ B) = A* + 2AB + B?
(A— B)?=A"—2AB+ B’
(A+ B)(A—B) = A" — B

(b # 0)

Sum or Difference of Cubes
A+ B> = (A + B)(A — AB + B?)
A — B = (A - B)(A + AB + B?)

Equation-Solving Principles

The Addition Principle: 1f a = bis true, then

a+ c= b+ cistrue.

The Multiplication Principle: If a = b is true, then
ac = bcis true.

The Principle of Zero Products: If ab = 0 is true, then
a=0o0rb=0,andifa = 0 orb = 0, then ab = 0.
The Principle of Square Roots: 1f x> = k, then
x=Vkorx=—-Vk

Properties of Radicals

Let aand b be any real numbers or expressions for
which the given roots exist. For any natural numbers
mandn (n # 1):
If nis even, Va" = |al.
If nis odd, W = a.
Va- /b = \/ab.
fa_ Va (b # 0)
o= T
Va™ = (%)m.

Pythagorean Theorem

a?+ b=

Rational Exponents

For any real number g and any natural numbers m
and n, n # 1, for which % exists:

a'" = /a
ol
amn = (%)m = Va", and

a*m/n —

a # 0.

>
am/n

53



54 CHAPTER R  Basic Concepts of Algebra

Answers for all the review exercises appear in the answer
section at the back of the book. If your answer is incor-
rect, restudy the section indicated in red next to the exer-
cise or the direction line that precedes it.

Determine whether the statement is true or false.
1. Ifa < 0,then |a| = —a. [R.1]

2. For any real number a, a # 0, and any integers
mand n,a” - a” = a"™". [R.2]

3. If a = bistrue,thena + ¢ = b + cis true.
[R.5]

4. The domain of an algebraic expression is the set
of all real numbers for which the expression is
defined. [R.6]

In Exercises 5—10, consider the numbers

—7, 43, =% V17, 0, 2.191191119. . . ,

—V2, 42, 2102, V/5.
. Which are rational numbers? [R.1]
. Which are whole numbers? [R.1]
. Which are integers? [R.1]
. Which are real numbers? [R.1]

v/ 64,

o 0 NN N WU

. Which are natural numbers? [R.1]
10. Which are irrational numbers? [R.1]

11. Write interval notation for {x| —4 < x = 7}.
[R.1]

Simplify. [R.1]
12. |24]

14. Find the distance between —5 and 5 on the num-
ber line. [R.1]

Calculate. [R.2]
15.3-2—4-22+6(3 — 1)
3 — (6 —7)*

23— 2t

13. |-

16.

Convert to decimal notation. [R.2]
17. 83 X 107°

18. 2.07 X 10’

Convert to scientific notation. [R.2]
19. 405,000 20. 0.00000039

Compute. Write the answer using scientific
notation. [R.2]

21. (3.1 X 10°) (4.5 X 107?)

2.5 X 1078

22, ————
3.2 X 10"

Simplify.
23. (—3x*7°) (4x7%y) [R.2]

48 —3b2 5
2. 22 7 Ry 25. V81 [R.7]
b—a't

6a’b~'c*
26. V—-32 [R7] 27. —— 5 [Re]
P

2
2y

y X
28. ———— [R.6]
Yy —xy+ x

29. (V3 = V7)(V3 + V7) [R7]
30. (5 — V2)? [R7]
31. 8\V/5 + 255 [R.7]

\/

x + t)(x* — xt + %) [R.3]
5a + 4b)(2a — 3b) [R.3]

6x*y — 3xy* + 5xy — 3) —
—4x*y — 4xy* + 3xy + 8) [R.3]

32.
33.
34.

(
(
(
(

Factor. [R.4]
35. 32x* — 40x)°

36. y° + 37 — 2y —6
37. 24x + 144 + x*

38. 9x° + 35x% — 4x
39. 9x* — 30x + 25

40. 8x° — 1

41, 18x* — 3x + 6

42, 4x° — 4x* — 9x + 9



43.
44.
45.

6x° + 48
a’b?> — ab — 6
2x* + 5x — 3

Solve. [R.5]

46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.

59.

Write an expression containing a single radical. [R.7]
60.

2x —7 =17

5 —7=3x—-9
8§ —3x= =7+ 2x
6(2x — 1) =3 — (x + 10)
y* + 16y + 64 = 0
¥ — x=120

2 +1lx — 6 =0
x(x—2)=3
y'— 16 =0
w—7=0

2a — 5b = 10, for b
xy = x + 3, forx
Divide and simplify:

32— 12  x—2
- + . [R.6]
x° + 4x + 4 x+ 2

Subtract and simplify:
x 4
X+ 9x+20 X+ 7x+ 12

Va+b?Va+b
61.

62.
63.

64.

Convert to radical notation: b”°. [R.7]

Convert to exponential notation:

3216
’ % [R7]

Rationalize the denominator:
4-\V3 :
54+ V3

R.7]

[R

.6]
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65. How long is a guy wire that reaches from the top
of a 17-ft pole to a point on the ground 8 ft from
the bottom of the pole? [R.7]

66. Calculate: 128 + (—2)° = (—2) - 3. [R.2]
A S B. 24 C. 96 D. 2}

67. Factor completely: 9x* — 36y°. [R.4]
A. (3x + 6y)(3x — 6y)
B. 3(x + 2y)(x — 2y)
C. 9(x + 2y)(x — 2y)
D. 9(x — 2y)*

Mortgage Payments.  The formula
r ( r >”
12 12
r n
(1 + ) —1
12

gives the monthly mortgage payment M on a home loan
of P dollars at interest rate 1, where n is the total number
of payments (12 times the number of years). Use this
formula in Exercises 68 and 69. [R.2]
68. The cost of a house is $98,000. The down pay-
ment is $16,000, the interest rate is 6% %, and
the loan period is 25 years. What is the monthly
mortgage payment?

69. The cost of a house is $124,000. The down pay-
ment is $20,000, the interest rate is 5% %, and
the loan period is 30 years. What is the monthly
mortgage payment?

M=P

Multiply. Assume that all exponents are integers. [R.3]
70. (t* + t79)?

71. (a" — b")’

Factor. [R.4]

72. x* — 3x' — 28

73. m®" — m’"



Chapter R Test

1. Consider the numbers 21. \/E \/E
6 13 3
67, \/E, 0, =%, \/g, =12, 29, =5, 22. (2 + \/5)(5 _ 2\/5)
a) Which are whole numbers? Tacion
b) Which are irrational numbers? 23. 8x% — 18
¢) Which are integers but not natural numbers? )
d) Which are rational numbers but not integers? 24, y* — 3y — 18
2
. . . aF =
Simplify. 25. 2n 5n — 12
3 2
2. |—17.6| 3. |%| 4. |0| 26. x> + 10x° + 25x
3 _
5. Write interval notation for {x|—3 < x= 6}. 2 i 8
Then graph the interval. Solve.
6. Find the distance between —9 and 6 on the 28. /x —4 =24
number line. 29.3(y —5) +6=8— (y+2)
7. Calculate: 32 + 2° — 12 =+ 4- 3. 30. 252 4 5x + 3 = 0
8. Convert to scientific notation: 4,509,000. 3. Z2—11 =0
9. Convert to decimal notation: 8.6 X 107>, 32. 8x + 3y = 24,fory
10. Compute and write scientific notation for the 33. Multiply and simplify:

answer: n =G x* — 25
27X 10 x* +8x+ 15 x> —4x+ 4’
3.6 X 107
o 34. Subtract and simplify: —— .
. Subtract and simplify: = .
Simplify. P e -1 2+4x—5
1. x 8- x°
5
12. (2/%)3(3y%)? 35. Rationalize the denominator: ———~.
(2r°)°(3y%) -
13. (—3a’b™*)(5a7'b%) _ , s
. ) 2_3) 36. Convert to radical notation: #r’"°.
14. (5xy" — 7xy° + 4x°—3) —
g_ ;j Xyt + gxyz — 2y + 4) 37. Convert to exponential notation: /35,
15. (y — 2)(3y + 4) 38. How long is a guy wir.e that reaches from the top
X of a 12-ft pole to a point on the ground 5 ft from
16. (4x — 3) the bottom of the pole?
x_7
7 x e 09 05
17. 18. \V/45 Synthesis
Xy

56



CHAPTER

APPLICATION 1.1 Introduction to Graphing

Visualizing the Graph

In December 2009, a solar energy farm was com- 1.2 Functions and Graphs
pleted at the Denver International Airport. More 1.3 Linear Functions, Slope,
than 9200 rectangular solar panels were installed and Applications
(Sources: Woods Allee, Denver International Air- Visualizing the Graph
port; www.solarpanelstore.com; The Denver Post). Mid-Chapter Mixed Review
A solar panel, or photovoltaic panel, converts 1.4 Equations of Lines and Modeling
sunlight into electricity. The length of a panel is 1.5 Linear Equations, Functions, Zeros,
13.6 in. less than twice the width, and the perimeter and Applications
is 207.4 in. Find the length and the width. 1.6 Solving Linear Inequalities
Study Guide
Review Exercises
Test

This problem appears as Example 9 in Section 1.5. 57
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58 CHAPTER 1 Graphs, Functions, and Models

Introduction to Graphing

= Plot points.

= Determine whether an ordered pair is a solution of an equation.

= Find the x- and y-intercepts of an equation of the form Ax + By = C.
®  Graph equations.

= Find the distance between two points in the plane, and find the midpoint of
a segment.

= Find an equation of a circle with a given center and radius, and given an equation
of a circle in standard form, find the center and the radius.

= Graph equations of circles.

® Graphs

Graphs provide a means of displaying, interpreting, and analyzing data in a
visual format. It is not uncommon to open a newspaper or a magazine and
encounter graphs. Examples of line, circle, and bar graphs are shown below.

" Other

Source: Energy Information Administration

Hydro-electric

Many real-world situations can be modeled, or described mathemati-
cally, using equations in which two variables appear. We use a plane to graph
a pair of numbers. To locate points on a plane, we use two perpendicular
number lines, called axes, which intersect at (0, 0). We call this point the



(

II I
—+) (+,+)

(

111 v
T (+>_)

(73’ 5)

(0,4): (3,4)

(=3,0) (0,0)

—5—4-3-2-1 2 3 45

Study Tips

Success can be planned.
Combine goals and good
study habits to create a plan
for success that works for
you. A list of study tips that
your authors consider most
helpful are included in the
Guide to Success in the front
of the text before Chapter R.
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origin. The horizontal axis is called the x-axis, and the vertical axis is called
the y-axis. (Other variables, such as a and b, can also be used.) The axes
divide the plane into four regions, called quadrants, denoted by Roman
numerals and numbered counterclockwise from the upper right. Arrows
show the positive direction of each axis.

Each point (x, y) in the plane is described by an ordered pair. The first
number, x, indicates the point’s horizontal location with respect to the
y-axis, and the second number, y, indicates the point’s vertical location
with respect to the x-axis. We call x the first coordinate, x-coordinate, or
abscissa. We call y the second coordinate, y-coordinate, or ordinate. Such
a representation is called the Cartesian coordinate system in honor of the
French mathematician and philosopher René Descartes (1596—1650).

In the first quadrant, both coordinates of a point are positive. In the
second quadrant, the first coordinate is negative and the second is positive.
In the third quadrant, both coordinates are negative, and in the fourth quad-
rant, the first coordinate is positive and the second is negative.

EXAMPLE 1 Graph and label the points (=3, 5), (4, 3), (3,4), (—4, —2),
(3,—4), (0,4), (—3,0), and (0,0).

Solution To graph or plot (—3,5), we note that the x-coordinate, —3,
tells us to move from the origin 3 units to the left of the y-axis. Then we

move 5 units up from the x-axis.* To graph the other points, we proceed in a
similar manner. (See the graph at left.) Note that the point (4, 3) is different

from the point (3, 4).

® Solutions of Equations

Equations in two variables, like 2x + 3y = 18, have solutions (x, y) that are
ordered pairs such that when the first coordinate is substituted for x and the
second coordinate is substituted for y, the result is a true equation. The first
coordinate in an ordered pair generally represents the variable that occurs
first alphabetically.

EXAMPLE 2 Determine whether each ordered pair is a solution of
2x + 3y = 18.
a) (—5,7) b) (3,4)

Solution We substitute the ordered pair into the equation and determine
whether the resulting equation is true.

a) 2x + 3y = 18

T
2(—=5) +3(7) ? 18 We substitute — 5 for xand 7
~10 + 21 for y (alphabetical order).

11 18 FALSE

The equation 11 = 18 is false, so (—5, 7) is not a solution.

*We first saw notation such as (—3, 5) in Section R.1. There the notation represented an open
interval. Here the notation represents an ordered pair. The context in which the notation
appears usually makes the meaning clear.
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b) 2x + 3y = 18

T
2(3) +3(4) 2 18 We substitute 3 for x and 4 for y.
6+ 12
18 18 TRUE

The equation 18 = 18 is true, so (3, 4) is a solution.

We can also perform these substitutions on a graphing calculator. When
we substitute —5 for x and 7 for y, we get 11. Since 11 # 18, (—5,7) is not
a solution of the equation. When we substitute 3 for x and 4 for y, we get 18,

s0 (3,4) is a solution. Now Try Exercise 11.

® Graphs of Equations

2(~5)+3%7

2x3+3+4

The equation considered in Example 2 actually has an infinite number of so-
lutions. Since we cannot list all the solutions, we will make a drawing, called
a graph, that represents them. On the following page are some suggestions
for drawing graphs.

TO GRAPH AN EQUATION

To graph an equation is to make a drawing that represents the
solutions of that equation.

y Graphs of equations of the type Ax + By = C are straight lines. Many
such equations can be graphed conveniently using intercepts. The x-intercept
of the graph of an equation is the point at which the graph crosses the

y-intercept:

Y]

©4) x-axis. The y-intercept is the point at which the graph crosses the y-axis.
S intercept: i We know frorp geometry thaj[ only one line can be drawn 'Fhrough two given
(—2,0) points. Thus, if we know the intercepts, we can graph the line. To ensure that
Saafo1 112345 % a computational error has not been made, it is a good idea to calculate and
2 plot a third point as a check.

3

4

=5

x-INTERCEPT AND y-INTERCEPT

An x-intercept is a point (a,0). To find 4, let y = 0 and solve for x.
A y-intercept is a point (0, b). To find b, let x = 0 and solve for y.

EXAMPLE 3 Graph: 2x + 3y = 18.

Solution The graph is a line. To find ordered pairs that are solutions of
this equation, we can replace either x or y with any number and then solve



Suggestions for
Drawing Graphs

1.

Calculate solutions and
list the ordered pairs in a
table.

Use graph paper.

Draw axes and label them
with the variables.

Use arrows on the axes

to indicate positive
directions.

Scale the axes; that is, label
the tick marks on the axes.
Consider the ordered pairs
found in part (1) above
when choosing the scale.
Plot the ordered pairs,
look for patterns, and
complete the graph.
Label the graph with the
equation being graphed.
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for the other variable. In this case, it is convenient to find the intercepts of
the graph. For instance, if x is replaced with 0, then

2:0+ 3y =18
3y = 18
y = 6.

Thus, (0,6) is a solution. It is the y-intercept of the graph. If y is replaced
with 0, then

Dividing by 3 on both sides

2x+3-0 =18
2x = 18
x = 09. Dividing by 2 on both sides

Thus, (9,0) is a solution. It is the x-intercept of the graph. We find a third
solution as a check. If x is replaced with 3, then

23+ 3y =18

6 + 3y =18
3y =12 Subtracting 6 on both sides
y =4 Dividing by 3 on both sides

Thus, (3, 4) is a solution.
We list the solutions in a table and then plot the points. Note that the
points appear to lie on a straight line.

x y  (»y) - "
(0,6) ~ : | 2x+3y=18
(9,0) (0,6) |
(3,4) 51N
y-intercept ;1 3,4 N
|

\(9,0)
NG
—4-3-2-1 123456 7 89N %

1
N

L3 x-intercept
4

Were we to graph additional solutions of 2x + 3y = 18, they would be
on the same straight line. Thus, to complete the graph, we use a straightedge
to draw a line, as shown in the figure. This line represents all solutions of
the equation. Every point on the line represents a solution; every solution is

represented by a point on the line.

When graphing some equations, it is convenient to first solve for y and
then find ordered pairs. We can use the addition and multiplication prin-
ciples to solve for y.
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‘Gcm|  EXAMPLE 4 Graph: 3x — 5y = —10.

Solution We first solve for y:

EQUATION SOLVING 3x — 5y = —10
REVIEW SECTION R.5. —5y = —3x— 10 Subtracting 3x on both sides
y = %x + 2. Multiplying by — % on both sides

By choosing multiples of 5 for x, we can avoid fraction values when calcu-
lating y. For example, if we choose —5 for x, we get

y=ix+2=3%-5)+2=-3+2=-1
The following table lists a few more points. We plot the points and draw
the graph.
y
x oy (%)
; (5,5)
-5 -1 (-5-1 4 o
Ly )| A e
0 2 (0,2) (0,2)5 3x —35;/ = —10,0r
5 (5,5) ‘//1 y=3x+t2
AL 23 45 &
(_5) _1) 72
=3
—4
=5

In the equation y = 2x + 2 in Example 4, the value of y depends on
the value chosen for x, so x is said to be the independent variable and y the

dependent variable.
Plot1_Plot2 Plot3 We can graph an equation on a graphing calculator. Many calculators
mE?‘*Z require an equation to be entered in the form y = . In such a case, if the
\Y3= equation is not initially given in this form, it must be solved for y before it
Q{;‘Z is entered in the calculator. For the equation 3x — 5y = —10 in Example 4,
\Ye= we enter y = 2x + 2 on the equation-editor, or y = , screen in the form

v y = (3/5)x + 2, as shown in the window at left.

Next, we determine the portion of the xy-plane that will appear on the
calculator’s screen. That portion of the plane is called the viewing window.

WINDOW The notation used in this text to denote a window setting consists of
§$L”XZ}3° four numbers [L, R, B, T] , which represent the Left and Right endpoints of
e the x-axis and the Bottom and Top endpoints of the y-axis, respectively. The
mlax: S 10 window with the settings [ —10, 10, —10, 10 ] is the sFandard viewing win-
Xres = 1 dow. On some graphing calculators, the standard window can be selected

quickly using the ZSTANDARD feature from the ZOOM menu.

Xmin and Xmax are used to set the left and right endpoints of the x-axis,
respectively; Ymin and Ymax are used to set the bottom and top endpoints
of the y-axis, respectively. The settings Xscl and Yscl give the scales for
the axes. For example, Xscl = 1 and Yscl = 1 means that there is 1 unit
between tick marks on each of the axes. In this text, scaling factors other
than 1 will be listed by the window unless they are readily apparent.
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An equation such as 3x — 5y = —10,
ory = 3x + 2, can be graphed using
the Graphing Calculator, Appcylon LLC,

app.

Plot1 Plot2 Plot3
\Y1E X2-9X—12
\Y2=

\Y3=

\Y4=

\Ys=

\Yé=

\Y7=

FIGURE 1

TABLE SETUP
TbiStart = —3
ATbl =1

Indpnt: YUY Ask

Depend: LUI¢] Ask

FIGURE 2

cem|

cem|
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After entering the equation y = (3/5)x + 2 and choosing a viewing
window, we can then draw the graph.

y:%x+2

10

-10 10

=10

The advent of the iPhone, the iPod Touch, and the iPad has made avail-
able many inexpensive mathematical applications that can be purchased at
the iTunes store. Most apps graph the functions encountered in this text.
Throughout the text, we occasionally include technology windows from an
app titled Graphing Calculator, Appcylon LLC.

EXAMPLE 5 Graph: y = x* — 9x — 12.

Solution Note that since this equation is not of the form Ax + By = C,
its graph is not a straight line. We make a table of values, plot enough points
to obtain an idea of the shape of the curve, and connect them with a smooth
curve. It is important to scale the axes to include most of the ordered pairs
listed in the table. Here it is appropriate to use a larger scale on the y-axis
than on the x-axis.

x y (%) ) ‘ y=x2—9x—12
-3 24 (—3,24) I‘izo ;
-1 -2 (-1,-2) ' |
0 -12  (0,-12) \s /
—26  (2,—26) T e 5>
32 (4,-32) /
—32 (5 —32) 15\ /
-20
10 -2 (10, —2) o
12 24 (12,24) TN
bf@ Select values for x.
L—— @ Compute values for y.

A graphing calculator can be used to create a table of ordered
pairs that are solutions of an equation. For the equation in Example 5,
y = x> — 9x — 12, we first enter the equation on the equation-editor
screen. (See Fig. 1.) Then we set up a table in AUTO mode by designating
a value for TBLSTART and a value for ATBL. The calculator will produce a
table beginning with the value of TBLSTART and continuing by adding ATBL
to supply succeeding x-values. For the equation y = x> — 9x — 12, we let
TBLSTART = —3 and ATBL = 1. (See Fig. 2.)
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We can scroll up and down in the table to find values other than those
shown in Fig. 3. We can also graph this equation on the graphing calculator,

2.000000 24.000000 . .
2000000 76:006000 as shown in Fig. 4.
1,000000 +2.000000
lo.o00000 12000000
1.000000 20.000000
[2.000000 26.000000
b.000000 30.000000
la.000000 32000000
foososo 32000000 X AL
l6.000000 30.000000 -3 24
I7.000000 -26.000000 ’ 10
pLoouo0s LD -1 -2
[i.000000 12.000000 0 -12
10.000000 2.000000 _
11.000000 10.000000 1 _20 +
12.000000 24.000000 2 26 L
ke e 3 30 I
14.000000 58.000000 | X =-3
15.000000 78.000000
16.000000 100.000000 -35 Yscl =5
FIGURE 3
FIGURE 4

The Graphing Calculator, Appcylon LLC, app
has a table feature. Here we see a table of
values for the equation in Example 5.

The $5.25 billion expansion of the Panama Canal will
soon double its capacity. A third canal lane is scheduled to
open in August 2014. (Source: Panama Canal Authority)

® The Distance Formula

Suppose that an architect must determine the distance between
two points, A and B, on opposite sides of a lane of the Panama
Canal. One way in which he or she might proceed is to measure
two legs of a right triangle that is situated as shown below. The
Pythagorean equation, a* + b* = ¢ where cis the length of
the hypotenuse and a and b are the lengths of the legs, can then
be used to find the length of the hypotenuse, which is the dis-
tance from A to B.

Architect

A similar strategy is used to find the distance between two points in a
plane. For two points (x;, ;) and (x,, y»), we can draw a right triangle in
which the legs have lengths |x, — x| and | y, — »|.

y

(x2, )’2)
d
ly = il
(xp }’1) < ) (x2> }’1)
e
|x2 - x1|
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Using the Pythagorean equation, we have

a* = |x2 - x1|2 + |y2 - y1|2. Substituting d for ¢, | x, — x|

fora,and |y, — y,| for binthe
Pythagorean equation, c> = a® + b?

Because we are squaring, parentheses can replace the absolute-value symbols:
#=(xn-x)+ 0= n’

Taking the principal square root, we obtain the distance formula.

THE DISTANCE FORMULA

The distance d between any two points (x;, y;) and (x,, y,) is
given by

d= \/(x2 - x1)2 + (- }’1)2-

The subtraction of the x-coordinates can be done in any order, as can
the subtraction of the y-coordinates. Although we derived the distance for-
mula by considering two points not on a horizontal line or a vertical line, the
distance formula holds for any two points.

EXAMPLE 6 Find the distance between each pair of points.
a) (—2,2) and (3, —6) b) (—1,—5)and (—1,2)
Solution We substitute into the distance formula.
a)d="\V[3- (-2)]>+ (-6 — 2) b)d=V[-1-(-1)]>+ (-5-2)
= V5 + (—8)’ = V25 + 64 = V0 + (=7)> = V0 + 49

= 89 = 94 = V49 =7
y Y
4 4
3 3
(=22 (-1,2)
\\l 1
—5—4— —2-1 2 3 45 X 75*47572*71 2 3 45 X
—z\K\/87x9.4 3 -2
73 _3
_4 74
sl \ s
6 (_1)_5)*6
(3) _6)

Now Try Exercises 63 and 71.
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y
(_2>5)
p
N
y
df23)
o
(_1’7))/1
/
75747;/2771 5
(—4-2)

EXAMPLE 7 The point (—2,5) is on a circle that has (3, —1) as its
center. Find the length of the radius of the circle.

Solution Since the length of the radius is the distance from the center to a
point on the circle, we substitute into the distance formula:

d= \/(x2 - x1)2 + (- )’1)2;

r= \/[3 - (—2)]2 + (=1 — 5)2 Substituting rfor d, (3, — 1)
for (xy, ,),and ( —2,5) for
(x1, »1)- Either point can
serveas (x;, y,).

= V5 + (—6)’ = V25 + 36
= Vel ~ 73.

The radius of the circle is approximately 7.8.

Rounding to the nearest tenth

Now Try Exercise 77.

® Midpoints of Segments

The distance formula can be used to develop a method of determining the
midpoint of a segment when the endpoints are known. We state the formula

and leave its proof to the exercises.

THE MIDPOINT FORMULA

If the endpoints of a segment are (x;, y;) and (x,, y,), then the
coordinates of the midpoint of the segment are

<x1+x2J’1+J’2> v

9 > 2 (x5, 1)
(xl + XN + )’2)
2 2

(xp )’1)

Note that we obtain the coordinates of the midpoint by averaging the
coordinates of the endpoints. This is a good way to remember the midpoint
formula.

EXAMPLE 8 Find the midpoint of the segment whose endpoints are
(—4,-2)and (2,5).
Solution Using the midpoint formula, we obtain
<—4 + 2’ -2 + 5> _ <—2’3> _ (_1’3)'
2 2 2°2 2

Now Try Exercise 83.
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EXAMPLE 9 The diameter of a circle connects the points (2, —3) and
(6, 4) on the circle. Find the coordinates of the center of the circle.

(6,4)

(2) _3)

y

Solution Since the center of the circle is the midpoint of the diameter, we
use the midpoint formula:

<2+6 —3+4) (8 1) ( 1)
y , Or — |, or 4, — |,
2 2 2’2 2

The coordinates of the center are (4, %)

® Circles

A circle is the set of all points in a plane that are a fixed distance r from
a center (h, k). Thus if a point (x, y) is to be r units from the center, we
must have

r= \/(x - h)2 + (y — k)z. Using the distance formula,
d=Via=x)+ (2= n)

Squaring both sides gives an equation of a circle. The distance ris the length
of a radius of the circle.

THE EQUATION OF A CIRCLE

The standard form of the equation of a circle with center (5, k) and
radius ris

(x — h)?*+ (y — k) =r%

EXAMPLE 10 Find an equation of the circle having radius 5 and center
(3,-7).

Solution Using the standard form, we have
[x - 3]2 + [)/ - (—7)]2 =52 Substituting
(x —3)*+ (y + 7)* = 25.
EXAMPLE 11 Graph thecircle (x + 5)* + (y — 2)* = 16.

Solution We write the equation in standard form to determine the center
and the radius:

[x=(=5) P+ [y—2]* =4
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x*+yr=136
10
-10 S
10
FIGURE 1
x2+yr=36
8
-12 12
-8
FIGURE 2

The center is (—5, 2) and the radius is 4. We locate the center and draw the
circle using a compass.

y
‘ (x+52+(—22=16
7
6
/ NS
/ \ .
(=5,2) >
2
1
- \;7—6— —4—//— . x
2
3

Now Try Exercise 111.

Circles can also be graphed using a graphing calculator. We show one
method of doing so here. Another method is discussed in the conics chapter.

When we graph a circle, we select a viewing window in which the dis-
tance between units is visually the same on both axes. This procedure is
called squaring the viewing window. We do this so that the graph will not
be distorted. A graph of the circle x* + y* = 36 in a nonsquared window is
shown in Fig. 1.

On many graphing calculators, the ratio of the height to the width of the
viewing screen is 5. When we choose a window in which Xscl = Yscl and
the length of the y-axis is 5 the length of the x-axis, the window will be
squared. The windows with dimensions [—6, 6, —4,4], [—9, 9, —6, 6],
and [—12,12, —8, 8] are examples of squared windows. A graph of the
circle x> + y* = 36 in a squared window is shown in Fig. 2. Many graph-
ing calculators have an option on the ZOOM menu that squares the window
automatically.

EXAMPLE 12 Graph thecircle (x — 2)* + (y + 1) = 16.

Solution The circle (x — 2)> + (y + 1)* = 16 has center (2, —1) and
radius 4, so the viewing window [—9, 9, —6, 6] is a good choice for the
graph.

To graph a circle, we select the CIRCLE feature from the DRAW menu and
enter the coordinates of the center and the length of the radius. The graph of
the circle (x — 2)? + (y + 1)? = 16 is shown here. For more on graphing
circles with a graphing calculator, see the material on conic sections in a later
chapter.

(x=22+@p+1)r=16
6

Circle(2,—1,4)

-6

Now Try Exercise 113.
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Visualizin
g
the Graph
Match the equation with its graph.
l.y=—x*+5x—3
2. 3x — 5y =15
3. (x—2)P+ (y—4)?>*=36
4. y — 5x = =3
5. x* + yF = 242
6. 15y — 6x = 90
7.y = —%x -2
3
8. (x+3)+(y—1)72=16
9. 3x + 5y =15
10 y=x>—x— 4
Answers on page A-3
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1.1  Exercise Set

Use this graph for Exercises 1 and 2. 8. Sprint Cup Series: Tony Stewart in the Top 5
y 7 — -
25 kL . S L
...... [ O g o
A4 % g =
B ° 3 E 20
K N “ -
RN L .G o (5 | | e i N, .
Jo H = F = : -
—5-43-2-1[ 12345 X =h Il | oy
: B : = I |
v -2 ° 4 |
I 5
. E i
RUNNE ) |
50 2005 2006 2007 2008 2009 2010
Year
1. Find the coordinates of points A, B, C, D, E, Source: Racing-Reference.info
and F.
. . . Use substitution to determine whether the given ordered
2. Find the coordinates of points G, H, I, ], K, . . . . &
and L pairs are solutions of the given equation.

9. (—1,-9),(0,2); y = 7x — 2
Graph and label the given points by hand. 10. (%) 8), (—1,6); y = —4x + 10
3. (4,0),(—3,-5),(—1,4),(0,2), (2,—-2)

11. (%)%))(1)%); 6x — 4y =1
4. (1) 4)’ (_4) _2)) (_5) O), (2, _4), (0) 3) 12. (1‘5) 2.6)’ (_3’ 0); x2 N yz _ 9
> (_5’1)’ (5’1)’(2’3)’ (2)_1)a (0>1) 13. (_%’_%)’(0,%); 2a + 5b =3
6. (0,~1), (4, 73),(=52),(2,0), (=1, -5) 14. (0,3), (31); 3m +4n=56
Express the data pictured in the graph as ordered pairs, 15. (—0.75,2.75), (2,—1); x> — y* =3

letting the first coordinate represent the year and the

_ _ =\ 2 _
second coordinate the amount. 16. (2,—4), (4, 75); 5x + 2y 70

7. Percentage of U.S. Population That Is Foreign-Born Find the intercepts and then graph the line.
17. 5x — 3y = —15 18. 2x — 4y = 8
2 15 fepe A N el
ZE 19. 2x + y =4 20. 3x +y =6
0> 10 B VN T gl gl
& | _ 21. 4y — 3x = 12 22. 3y + 2x = —6
i . b |
g8 5 t./70 . .
ik l \ l . Graph the equation.
' : 23. y=3x+5 24, y = —2x — 1
1970 1980 1990 2000 2010
25. x —y=3 26. x+y=4

Year

_ 3 _
Sources: U.S. Census Bureau; U.S. Department of Commerce 27. Yy = —1X + 3 28. 3y —2x=3



29. 5x — 2y =8 30 y=2 —5x

3. x — 4y =5 32. 6x —y =4

33. 2x + 5y = —10 34, 4x — 3y = 12
35. y = —x* 36. y = x°

37. y=x*— 3 38. y=4 — x*
39, y= —x* + 2x + 3 40. y = x>+ 2x — 1

In Exercises 41-44, use a graphing calculator to match
the equation with one of the graphs (a)—(d) that follow.

a) S | U b) 10
_‘IO AAAAAA \M:A/A AAAAAAAA ‘IO 7"0
-10 =10
c) S d) S
i //5\\ AAAAAA N V4
=T =T
41. y =3 — x 42. 2x —y =6

43. y= x>+ 2x + 1

44, y =8 — ¥

Use a graphing calculator to graph the equation in the
standard window.

45. y = 2x + 1 46. y = 3x — 4
47. 4x + y =7 48. 5x + y = —8
49. y=1x+2 50. y =3x — 4
51. 2x + 3y = —5 52. 3x + 4y =1
5. y=x>+6 54, y = x> — 8
55, y =2 — x* 56. y =5 — x*
57. y = x> + 4x — 2 58. y=x’ —5x + 3

Graph the equation in the standard window and in the
given window. Determine which window better shows
the shape of the graph and the x- and y-intercepts.

59. y =3x>— 6

[

—4,4,—4,4]

—2x + 24
—15,15, —10, 30 |, with Xscl = 3and Yscl = 5
i

—-1,1,—0.3,0.3 |, with Xscl = 0.1 and
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62. y=6— x*

[—3,3,-3,3]

Find the distance between the pair of points. Give an
exact answer and, where appropriate, an approxima-
tion to three decimal places.

63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
77.

78.

(4,6) and (5,9)
(—3,7)and (2,11)
(=11, —8) and (1, —13)
(=60, 5) and (—20, 35)
(6,—1)and (9,5)

(0.6, —1.5) and (—8.1, —1.5)
(0,0) and (a, b)
(r,s)and (—r, —s)

The points (=3, —1) and (9, 4) are the end-
points of the diameter of a circle. Find the
length of the radius of the circle.

The point (0, 1) is on a circle that has center
(—3,5). Find the length of the diameter of the
circle.

The converse of the Pythagorean theorem is also a true
statement: If the sum of the squares of the lengths of two
sides of a triangle is equal to the square of the length of
the third side, then the triangle is a right triangle. Use
the distance formula and the Pythagorean theorem to
determine whether the set of points could be vertices of
a right triangle.

79.
80.
8l1.
82.

(—4,5), (6,1),and (—8, —5)
(=3,1),(2,—1),and (6,9)

(—4,3),(0,5),and (3, —4)

The points (—3,4), (2, —1), (5,2),and (0, 7) are
vertices of a quadrilateral. Show that the quadri-
lateral is a rectangle. (Hint: Show that the opposite

sides of the quadrilateral are the same length and
that the two diagonals are the same length.)
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Find the midpoint of the segment having the given
endpoints.

83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.

94.

95.

96.

(4,—9) and (—12, —3)
(7,—2) and (9,5)

(0 l) and (_; 0)

(0,0) and( 13’7)

(6.1, —3.8) and (3.8, —6.1)
(—0.5, —2.7) and (4.8, —0.3)
(—6,5) and (—6, 8)

(1,~2) and (~1,2)

(<3 -2) and (~1.3)
(3.5 and (~2,)

Graph the rectangle described in Exercise 82.
Then determine the coordinates of the mid-
point of each of the four sides. Are the mid-
points vertices of a rectangle?

Graph the square with vertices (—5, —1),
(7,—6), (12,6), and (0, 11). Then determine
the midpoint of each of the four sides. Are the
midpoints vertices of a square?

The points (\ﬁ, —4) and (\/i, 3) are end-
points of the diameter of a circle. Determine the
center of the circle.

The points (—3, Vs )and (1, V2 ) are end-
points of the diagonal of a square. Determine
the center of the square.

In Exercises 97 and 98, how would you change the win-
dow so that the circle is not distorted? Answers may vary.

97.

98.

(x+3)?%+(y—2)?%=36
10

-4

(x— 4?2+ (y+5?%=49

Find an equation for a circle satisfying the given conditions.

99.
100.
101.
102.
103.

104.

105.

106.

Center (2, 3), radius of length 3
Center (4,
Center (—1,4), passes through (3,7)
6, —5), passes through (1, 7)

The points (7, 13) and (=3, —11) are at the
ends of a diameter.

The points (—9,4), (=2,5), (=8, —3), and
(—1, —2) are vertices of an inscribed square.

5), diameter of length 8.2

Center (

Center (—2, 3), tangent (touching at one point)
to the y-axis
Y
4 2 24 x
-2
—4

Center (4, —5), tangent to the x-axis

Find the center and the radius of the circle. Then graph
the circle by hand. Check your graph with a graphing

calculator.

107. x> + > = 4 108. x* + y* = 81
109. x* + (y — 3)* = 16

110. (x + 2)* + y* = 100

1. (x — 1)+ (y — 5)* = 36

112. (x —7)*+ (y +2)* =25

13, (x+ 4+ (y+5)72=9

114. (x+ 1)+ (y — 2)* = 64

Find the equation of the circle.

115.

116. ¥

|
|




117. 7V 118. Y
: 20 H. i2
| 1 —-\ 8
20 10 % 30 « m N
‘ 10j Ti6 N8 A4 i x
L) L L . i)
EinE (. e
Synthesis

To the student and the instructor: The Synthesis ex-
ercises found at the end of every exercise set challenge
students to combine concepts or skills studied in that
section or in preceding parts of the text.

119. If the point (p, q) is in the fourth quadrant, in
which quadrant is the point (g, —p)?

Find the distance between the pair of points and find
the midpoint of the segment having the given points
as endpoints.

1
120. <a, ) and (a + h, 1)
a a+ h

121. (a,\/;)and(a—i- h,Va+ h)

Find an equation of a circle satisfying the given
conditions.

122. Center (—5, 8) with a circumference of
107 units

123. Center (2, —7) with an area of 367 square units

124. Find the point on the x-axis that is equidistant
from the points (—4, —3) and (—1, 5).

125. Find the point on the y-axis that is equidistant
from the points (—2,0) and (4, 6).

126. Determine whether the points (—1, —3),
(—4,—9), and (2, 3) are collinear.

127. An Arch of a Circle in Carpentry. Matt is re-
modeling the front entrance to his home and
needs to cut an arch for the top of an entrance-
way. The arch needs to be 8 ft wide and 2 ft
high. To draw the arch, he will use a stretched
string with chalk attached at an end as a
compass.

SECTION 1.1  [Introduction to Graphing 73

a) Using a coordinate system, locate the center
of the circle.
b) What radius should Matt use to draw the arch?

128. Consider any right triangle with base b and
height h, situated as shown. Show that the mid-
point of the hypotenuse P is equidistant from
the three vertices of the triangle.

y

(0, h)

h

(0,0) b (b,0) x

Determine whether each of the following points lies on
the unit circle, x* + y* = 1.

o Unit circle:
xZ + yz =1

ij

129. <\f—;) 130. (0,—1)
131. <—\2/2\26> 132. (;_\f)

133. Prove the midpoint formula by showing that

X+ x +
<122, }’12)’2> is equidistant from the

points (x;, }/1) and (x,, ).



74 CHAPTER 1 Graphs, Functions, and Models

Functions and Graphs

= Determine whether a correspondence or a relation is a function.
= Find function values, or outputs, using a formula or a graph.

= Graph functions.

= Determine whether a graph is that of a function.

= Find the domain and the range of a function.

= Solve applied problems using functions.

We now focus our attention on a concept that is fundamental to many areas
of mathematics—the idea of a function.

® Functions
We first consider an application.

Used-Book Co-op. A community center operates a used-book co-op, and
the proceeds are donated to summer youth programs. The total cost of a
purchase is $2.50 per book plus a flat-rate surcharge of $3. If a customer
selects 6 books, the total cost of the purchase is

$2.50(6) + $3, or $18.

We can express this relationship with a set of ordered pairs, a graph, and an
equation. A few ordered pairs are listed in the table below.

y
Ordered s30l-
x y Pairs: (x,y)  Correspondence o
251 .
1 5.50 (1,5.50) 1= 550 2 °
o 20f °
2 800  (2,8) 2> 8 2 .
41300 (4,13) 413 e r .o’
7 2050  (7,20.50) 7 ->20.50 op
10 2800  (10,28) 10 > 28 sL e
02 4 6 85 10 &

Number of books

The ordered pairs express a relationship, or correspondence, between
the first coordinate and the second coordinate. We can see this relationship
in the graph as well. The equation that describes the correspondence is

y = 2.50x + 3, where xis a natural number.

This is an example of a function. In this case, the total cost of the purchase y
is a function of the number of books purchased; that is, y is a function of x,
where x is the independent variable and y is the dependent variable.



SECTION 1.2  Functions and Graphs 75

Let’s consider some other correspondences before giving the definition
of a function.

First Set Correspondence Second Set
To each person there corresponds that person’s DNA.
To each blue spruce sold there corresponds its price.
To each real number there corresponds the square of that number.

In each correspondence, the first set is called the domain and the second
set is called the range. For each member, or element, in the domain, there
is exactly one member in the range to which it corresponds. That is, each
person has exactly one DNA, each blue spruce has exactly one price, and each
real number has exactly one square. Each correspondence is a function.

FUNCTION

A function is a correspondence between a first set, called the
domain, and a second set, called the range, such that each member
of the domain corresponds to exactly one member of the range.

It is important to note that not every correspondence between two sets
is a function.

EXAMPLE 1 Determine whether each of the following correspondences
is a function.

Y 05
=
00— 0
b) APPOINTING SUPREME COURT
PRESIDENT JUSTICE
George H. W. Bush Samuel A. Alito, Jr.
Bill Clinton / Stephen G. Breyer
Ruth Bader Ginsburg
George W. Bush Elena Kagan
John G. Roberts, Jr.
Barack Obama \ Sonia M. Sotomayor

Clarence Thomas
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Solution

a) This correspondence is a function because each member of the domain
corresponds to exactly one member of the range. Note that the definition
of a function allows more than one member of the domain to correspond
to the same member of the range.

b) This correspondence is not a function because there is at least one
member of the domain that is paired with more than one member of the
range (Bill Clinton with Stephen G. Breyer and Ruth Bader Ginsburg;
George W. Bush with Samuel A. Alito, Jr., and John G. Roberts, Jr.;
Barack H. Obama with Elena Kagan and Sonia M. Sotomayor).

Now Try Exercises 5 and 7.

EXAMPLE 2 Determine whether each of the following correspondences
is a function.

DOMAIN CORRESPONDENCE RANGE

a) Years in which a presidential The person elected A set of presidents
election occurs

b) All automobiles produced Each automobile’s VIN A set of VIN numbers
in 2012

¢) The set of all drivers who won  The race won The set of all NASCAR
a NASCAR race in 2011 races in 2011

d) The set of all NASCAR races The winner of the race The set of all drivers
in 2011 who won a NASCAR

race in 2011

Solution

a) This correspondence is a function because in each presiden-
tial election exactly one president is elected.

b) This correspondence is a function because each automobile
has exactly one VIN number.

¢) This correspondence is not a function because a winning
driver could be paired with more than one race.

d) This correspondence is a function because each race has

only one winning driver. Now Try Exercises 11 and 13.

When a correspondence between two sets is not a function, it may still
be an example of a relation.

RELATION

A relation is a correspondence between a first set, called the domain,
and a second set, called the range, such that each member of the
domain corresponds to at least one member of the range.
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All the correspondences in Examples 1 and 2 are relations, but, as we
have seen, not all are functions. Relations are sometimes written as sets of
ordered pairs (as we saw earlier in the example on used books) in which
elements of the domain are the first coordinates of the ordered pairs and
elements of the range are the second coordinates. For example, instead of
writing —3 — 9, as we did in Example 1(a), we could write the ordered pair
(—3,9).

EXAMPLE 3 Determine whether each of the following relations is a
function. Identify the domain and the range.

a) {(9,-5),(9,5),(2,4)}

b) {(=2,5),(5,7),(0,1), (4, —2)}
o) {(=5,3),(0,3),(6,3)}
Solution

a) The relation is not a function because the ordered pairs (9, —5) and
(9,5) have the same first coordinate and different second coordinates.
(See Fig. 1.)

The domain is the set of all first coordinates: {9, 2}.
The range is the set of all second coordinates: {—5, 5, 4}.
b) The relation is a function because 70 two ordered pairs have the same
first coordinate and different second coordinates. (See Fig. 2.)
The domain is the set of all first coordinates: {—2, 5, 0,4}.
The range is the set of all second coordinates: {5, 7,1, —2}.
¢) The relation is a function because no two ordered pairs have the same
first coordinate and different second coordinates. (See Fig. 3.)
The domain is {—5,0,6}.
The range is {3}.

® Notation for Functions

Functions used in mathematics are often given by equations. They generally
require that certain calculations be performed in order to determine which
member of the range is paired with each member of the domain. For ex-
ample, in Section 1.1 we graphed the function y = x* — 9x — 12 by doing
calculations like the following:

forx = -2,y = (—2)* — 9(—2) — 12 = 10,

forx=0,y=02—9-0 — 12 = —12, and

forx=1,y=1"—9-1— 12 = —20.

A more concise notation is often used. For y = x> — 9x — 12, the
inputs (members of the domain) are values of x substituted into the equation.
The outputs (members of the range) are the resulting values of y. If we call

the function f, we can use x to represent an arbitrary input and f(x)—read
“fof x,” or “fat x,” or “the value of fat x’—to represent the corresponding
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output. In this notation, the function given by y = x* — 9x — 12 is written
as f(x) = x> — 9x — 12, and the above calculations would be

f(=2) = (=2)2 = 9(—2) — 12 = 10,
f(0)=02—9-0—12=—12,
1)

f(1) = 12=9-1—12= —20. Keep in mind that f(x) does not
mean f - x.
Thus, instead of writing “when x = —2, the value of y is 10,” we can simply

write “f(—2) = 10,” which can be read as “fof —2 is 10” or “for the input
—2, the output of fis 10.” The letters g and h are also often used to name
functions.

EXAMPLE 4 A function fis given by f(x) = 2x* — x + 3. Find each

of the following.
a) f(0) b) f(=7)
c) f(5a) d) f(a — 4)

Solution We can think of this formula as follows:

Oy =200)-()+3

Thus to find an output for a given input we think: “Whatever goes in the
blank on the left goes in the blank(s) on the right.” This gives us a “recipe”
for finding outputs.
a) f(0) =202 —-04+3=0—-0+3=23
b) f(=7) =2(=7?*—(=7)+3=2-49+7+ 3 =108
¢) f(5a) = 2(5a)* —5a+3=2-25a"—5a+ 3 =50a"—5a+3
dfla—4)=2@—4)?—(a—4)+3

=2(a*—8a+16) —a+4+3

=20 —16a+32—-a+4+3

= 2a° — 17a + 39

We can also find function values with a graphing calculator. Most cal-

culators do not use function notation “f(x) = ...” to enter a function
formula. Instead, we must enter the function using “y = ... . At left, we
illustrate finding f(—7) from part (b), first with the TABLE feature set in ASK
mode and then with the VALUE feature from the CALC menu. In both screens,

we see that f(~7) = 108.

® Graphs of Functions

We graph functions in the same way that we graph equations. We find
ordered pairs (x, y), or (x, f(x)), plot points, and complete the graph.
EXAMPLE 5 Graph each of the following functions.

a) f(x) =x*—5 b) f(x) = x* — x ¢ f(x) = Vx+ 4

Solution We select values for x and find the corresponding values of f(x).
Then we plot the points and connect them with a smooth curve.
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a) f(x) =x>—5

x  flx) (xf(x))

-3 4 (=3,4)

-2 -1 (=2,-1)

1 4 (—1,-4)
0 -5  (0,-5)
1 -4 (1,-4)
2 -1 (2,-1)
3 4 (34)

We can check the graphs with a graphing calculator. The checks for
parts (b) and (c) are shown at left.

Function values can also be determined from a graph.

EXAMPLE 6 For the function f(x) = x* — 6, use the graph to find
each of the following function values.

a) f(=3)

Solution

b) f(1)

a) To find the function value f(—3) from the graph at left, we locate the
input —3 on the horizontal axis, move vertically to the graph of the func-

tion, and then move horizontally to find the output on the vertical axis.
We see that f(—3) = 3.

b) To find the function value f(1), we locate the input 1 on the horizontal
axis, move vertically to the graph, and then move horizontally to find
the output on the vertical axis. We see that f(1) = —5.

Now Try Exercise 37.
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y
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Since 3 is paired with more than one
member of the range, the graph does not
represent a function.

We know that when one member of the domain is paired with two or
more different members of the range, the correspondence is not a function.
Thus, when a graph contains two or more different points with the same
first coordinate, the graph cannot represent a function. (See the graph at
left. Note that 3 is paired with —1, 2, and 5.) Points sharing a common first
coordinate are vertically above or below each other. This leads us to the
vertical-line test.

THE VERTICAL-LINE TEST

If it is possible for a vertical line to cross a graph more than once,
then the graph is not the graph of a function.

To apply the vertical-line test, we try to find a vertical line that crosses
the graph more than once. If we succeed, then the graph is not that of a
function. If we do not, then the graph is that of a function.

EXAMPLE 7 Which of graphs (a)—(f) (in red) are graphs of functions?
In graph (f), the solid dot shows that (—1, 1) belongs to the graph. The open
circle shows that (—1, —2) does not belong to the graph.

a) y b) Y <) ¥

/™

" //(> x

d) e) Y f) Y

Al T
x/\ / X 21717 lxx

p
N

Solution Graphs (a), (e), and (f) are graphs of functions because we can-
not find a vertical line that crosses any of them more than once. In (b), the
vertical line drawn crosses the graph at three points, so graph (b) is not that
of a function. Also, in (c) and (d), we can find a vertical line that crosses the
graph more than once, so these are not graphs of functions.

Now Try Exercises 45 and 49.



DOMAINS OF EXPRESSIONS

REVIEW SECTION R.6.

y=1/(x—3)
X Y1
1 =
3 ERROR
X =
y= Vx +5
X Y1
16 9
=7 ERROR

INTERVAL NOTATION

REVIEW SECTION R.1.
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® Finding Domains of Functions

When a function fwhose inputs and outputs are real numbers is given by a
formula, the domain is understood to be the set of all inputs for which the
expression is defined as a real number. When an input results in an expres-
sion that is not defined as a real number, we say that the function value does
not exist and that the number being substituted is not in the domain of the
function.

EXAMPLE 8 Find the indicated function values, if possible, and deter-
mine whether the given values are in the domain of the function.

2 f(1) and £(3), for f(x) =
b) ¢(16) and g(—7), for g(x) = Vx + 5
Solution
a)f(1)=113=%2=—%
Since f(1) is defined, 1 is in the domain of f.
=575

Since division by 0 is not defined, f(3) does not exist and the number
3 is not in the domain of f. In a table from a graphing calculator, this is
indicated with an ERROR message.

b) g(16) = V16 +5=4+5=9
Since g(16) is defined, 16 is in the domain of &
g~-7)=V-7+5

Since 'V —7 is not defined as a real number, g(—7) does not exist and
the number —7 is not in the domain of g& Note the ERROR message in the

table at left. [ ]

As we see in Example 8, inputs that make a denominator 0 or that yield
a negative radicand in an even root are not in the domain of a function.

EXAMPLE 9 Find the domain of each of the following functions.

382 —x+ 7
W= PR = s
o flx) =« + |x| d) g(x) = Vx—1
Solution

a) Because x — 7 = 0 when x = 7, the only input that results in a
denominator of 0 is 7. The domain is {x|x # 7}. We can also write
the solution using interval notation and the symbol U for the union, or
inclusion, of both sets: (—,7) U (7, ).
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b) We can substitute any real number in the numerator, but we must avoid
inputs that make the denominator 0. To find those inputs, we solve
x>+ 2x—3=0,0r(x+ 3)(x— 1) = 0. Since x* + 2x — 3 is 0 for
—3 and 1, the domain consists of the set of all real numbers except —3
and 1, or {x|x # —3andx # 1},or (—%, =3) U (=3,1) U (1, ).

¢) We can substitute any real number for x. The domain is the set of all real
numbers, or (—o, ©).

d) Because theindexis odd, the radicand, x — 1, can be any real number. Thus
x can be any real number. The domain is all real numbers, or (—o, ).

Now Try Exercises 53, 59, and 65.

® Visualizing Domain and Range

Keep the following in mind regarding the graph of a function:

Domain = the set of a function’s inputs, found on the horizon-
tal x-axis;

Range = the set of a function’s outputs, found on the vertical
y-axis.

Consider the graph of function f, shown at left. To determine the do-
main of f, we look for the inputs on the x-axis that correspond to a point on
the graph. We see that they include the entire set of real numbers, illustrated
in red on the x-axis. Thus the domain is (—, ). To find the range, we
look for the outputs on the y-axis that correspond to a point on the graph.
We see that they include 4 and all real numbers less than 4, illustrated in blue
on the y-axis. The bracket at 4 indicates that 4 is included in the interval.
The range is {x|x = 4}, or (— =, 4].

Let’s now consider the graph of function g shown at left. The solid dot
shows that (—4, 5) belongs to the graph. The open circle shows that (3, 2)
does not belong to the graph.

We see that the inputs of the function are —4 and all real numbers be-
tween —4 and 3, illustrated in red on the x-axis. The bracket at —4 indicates
that —4 is included in the domain. The parenthesis at 3 indicates that 3 is
not included in the domain. The domain is {x| —4 = x < 3}, or [—4, 3).
The outputs of the function are 5 and all real numbers between 2 and 5,
illustrated in blue on the y-axis. The parenthesis at 2 indicates that 2 is not
included in the range. The bracket at 5 indicates that 5 is included in the
range. The range is {x|2 < x = 5}, or (2, 5].

EXAMPLE 10 Using the graph of the function, find the domain and the

range of the function.
a) f(x) =3x+ 1 b) f(x) = Vx + 4
1

o flx) =x —x d) f(x) = P

f) f(x) = V4 — (x— 3)*

e) flx) =x*—2x*—3
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Solution

-3t —3F =3

74 - 74 | - 74 -

=5k —5F st
Domain = all real numbers, Domain = [—4, ©); Domain = all real numbers,
(—oe, ©); range = all real range = |0, ) (=, % ); range = all real
numbers, (—%, ©) numbers, (—, %)
d) e) f)

flx) =4 — (x - 3)°

VA

——— '_1\ S e Jsﬂifélzf‘lk SERRE

-2 ol
-3k -3
—4f _al
-5r 5= —-5F

Since the graph does not touch Domain = all real numbers, Domain = [1,5];

or cross either the vertical line (—o0, ); range = | —4, =) range = [0, 2]

x = 2 or the x-axis y = 0,

2 is excluded from the domain

and 0 is excluded from the range.

Domain = (—%,2) U (2, %);

range = (=2, 0} U (0, %)

Always consider adding the reasoning of Example 9 to a graphical
analysis. Think, “What can I input?” to find the domain. Think, “What do
I get out?” to find the range. Thus, in Examples 10(c) and 10(e), it might
not appear as though the domain is all real numbers because the graph rises
steeply, but by examining the equation we see that we can indeed substitute
any real number for x.
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= Applications of Functions

EXAMPLE 11 Linear Expansion of a Bridge. The linear expansion
L of the steel center span of a suspension bridge that is 1420 m long is a
function of the change in temperature f, in degrees Celsius, from winter to
summer and is given by

L(£) = 0.000013 - 1420 - 1,

where 0.000013 is the coefficient of linear expansion for steel and L is in
meters. Find the linear expansion of the steel center span when the change
in temperature from winter to summer is 30°, 42°, 50°, and 56° Celsius.

Solution We use a graphing calculator with the TABLE feature set in ASK
mode to compute the function values. We find that

X Y1

30 5338 L(30) = 0.5538 m,
s | oo L(42) = 0.77532 m,
56 1.0338

L(50) = 0.923 m, and
L(56) = 1.0338 m.

Now Try Exercise 87.

CONNECTING THE CONCEPTS

FUNCTION CONCEPTS

Formula for f: f(x) =5 + 2x* —

For every input, there is exactly one output.

(1, 6) is on the graph.
For the input 1, the output is 6.
(1) =6

Domain: set of all inputs = (—,

Range: set of all outputs = (—, 6 | =1

GRAPH

x,

| .(1,6)

:/\f(x)=5+2x2—x4

—_ D W o ;o\\l\<

©)
1 1
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Exercise Set

In Exercises 1-14, determine whether the correspon-
dence is a function.

l.a—w 2. m—>q 3. —6—>36
b—> n r —2—>4
c%}z/ o><s 2/

4. —3—>2 5. mYA 6. a—>r

1?4 n\B b s
5—>6 r><C c t
9—>8 s D d

7.

BOOK TITLE | AMERICAN NOVELIST

The Color Purple, 1982
(Pulitzer Prize 1983)

Ray Bradbury \\_

East of Eden, 1952 - \\i ;
Fahrenheit 451, 1953 Pearl Buck
ot W

The Good Earth, 1931
(Pulitzer Prize 1932)

For Whom the Bell Tolls, 1940
The Grapes of Wrath, 1939

Ernest Hemingway
-

%.
Harper Lee % B

&

&

— f\gﬁ" Q =t

b/

(Pulitzer Prize 1940) John Steinbeckjg
To Kill a Mockingbird, 1960 . & / §.-? P
(Pulitzer Prize 1961) Alice Walker

g
Vo ANg,

The OIld Man and the Sea, 1952 =
(Pulitzer Prize 1953) Eudora Welty &
The Optimist’s Daughter, 1972 @
(Pulitzer Prize 1973)

(S J

8.

ACTOR PORTRAYING
JAMES BOND

MOVIE TITLE

Goldfinger, 1964
On Her Majesty’s Secret

Sean Connery

George Lazenby Service, 1969
Diamonds Are Forever, 1971
Roger Moore Moonraker, 1979

Timothy Dalton ~ For Your Eyes Only, 1981
The Living Daylights, 1987
Pierce Brosnan i GoldenEye, 1995

Daniel Crai The World Is Not Enough, 1999
AMELLIAUE ™ Quantum of Solace, 2008
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DOMAIN CORRESPONDENCE RANGE

A set of
letters and

9. Asetof cars Each car’s
in a parking license number

lot numbers

10. A set of A doctor a A set of
peopleina  person uses doctors
town

11. The integers Five times the A subset of
lessthan9  integer integers

12. A set of An instrument A set of
members of each person instruments
arockband plays

13. A set of A student sitting A set of
students in  in a neighboring students
a class seat

14. A set of bags Each bag’s A set of
of chipson  weight weights

a shelf

Determine whether the relation is a function. Identify
the domain and the range.

15. {(2,10), (3, 15), (4,20)}

16. {(3,1),(5,1),(7, 1)}

17. {(=7,3),(=2,1),(—2,4),(0,7)}

18. {(1,3),(1,5),(1,7),(1,9)}

19. {(—2,1),(0,1),(2,1), (4,1),(—3,1)}

20. {(5,0),(3,—1),(0,0),(5,—1),(3,—2)}

21. Given that g(x) = 3x> — 2x + 1, find each of

=)}

the following.
a) g(0) b) g(—1)
©) g(3) d) ¢(—x)
e) g(1 — 1)
22. Given that f(x) = 5x* + 4x, find each of the
following.
a) f(0) b) f(—1)
o f(3) d) (1)
e) f(t—1)
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23. Given that g(x) = x°, find each of the Graph the function.
following. 31, f(x) = ix + 3 32. f(x) = Vx— 1
2) £(2) b s(-2) 3. f(x) = —x* + 4 34. f(x) = 2>+ 1
) g(—x) d) g(37)
e) g(2 + h) 35. f(x) = Vx—1 36. f(x) = x — 1x°
24. Given that f(x) = 2|x| + 3x, find each of the In Exercises 37-42, a graph of a function is shown.
following. Using the graph, find the indicated function values; that
a) f(1) b) f(—2) is, given the inputs, find the outputs.
c) f(—x) d) f(2y) 37. h(1), h(3), and h(4)
e) f(2—h) )
25. Given that Z:
X — 4 3
g(x) = x+ 3 i
find each of the following. e
a) g(5) b) g(4) 0
) g(=3) d) g(—16.25) 3
e) g(x + h) —4
26. Given that -
fl2) = SR 38. 1(—4), 1(0), and £(3)
- x
find each of the following. AN
a) f(2) b) f(1) (-43 ‘03 53
c) f(—16) d) f(—x) L t
e) f(_%) 1+
27. Find g(0), g(—1), g(5), and g(3) for 7‘7‘7‘7‘7‘1717 1235 45 %
() = =
x) = —F—. 3l
£ 1 — % ,Z,
28. Find h(0), h(2), and h(—x) for T

h(x) =x+ V&2 — 1.

In Exercises 29 and 30, use a graphing calculator and
the TABLE feature set in ASK mode.

29. Given that
g(x) = 0.06x° — 5.2x* — 0.8x,
find g(—2.1), g(5.08), and g(10.003). Round
answers to the nearest tenth.
30. Given that
h(x) = 3x* — 10x° + 5x* — x + 6,
find h(—11), h(7), and h(15).




40. g(—4),g(—1),and g(0)

y

(_5) 5) (3> 5)

g
-3)i fG3)
s | /23 45 %
(—3,—1)\:3;/(1,—1)
(-2 -3 (0-3)

(—1,—3>/:§_

5
4+
3

41 f(~1), £(0), and f(1)

y
(-1,2) 2t

42. ¢(—2),4(0),and g(2.4)
Y

(—=2,4) 4

2

11 1 8l 1
-4 1 4+ %

(2.4, —2.6176)

0, -4 |

In Exercises 43—50, determine whether the graph is that
of a function. An open circle indicates that the point
does not belong to the graph.

43. y 44. Y

45.

47.
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y 46. Y
X / X
Y 48. v
o~
@)
[ o e ®) x
o0 x
L ®]
y 50. )%
|

Find the domain of the function. Do not use a graphing

52. f(x) = |3x — 2|

54, f(x) = —

=

(x=2)(x+9)

calculator.

51. f(x) = 7x + 4

53. f(x) = |6 — x|

55. f(x) =4 — 2

57. f(x) = ;f i
1

59. f(x) = e —

60. f(x) =

X
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61. f(x) = Vx+10—1 72. y
5_
62. f(x) = V4 — x 4t
3_
8§ — x 2+ h
63. f(x) = 5——
f( ) xz o 7x 1 1 1 1 1- 1 1 1 1
ot 1 R R —5—4=3-0\L [ /23 4 5 %
Cflx) =5 L
3x*> — 10x — 8 )
65. f(x) = tlx] i
66. f(x) = x> — 2x
73. y
5_
4_
In Exercises 6774, determine the domain and the 3+
range of the function. \ 2F
67. 7 68. 7 \ A Y A
5 ) ‘ -5 73727L1y345x
4 o f
A (-1,-2)
NS —4 -2 : 4 el
? N /g// - -4t
—sl
-1 [ 12345 X /4
74. y
T g
3_
2_
1_
e EMREEERTE:
L
_3_
4l
70. sk
(—1,4) 4}
\f. Graph the function with a graphing calculator. Then
red2) visually estimate the domain and the range.
1,
] L 75. f(x) = |x| 76. f(x) = |x| — 2
=3 -1 1 2 3 x
LI 77. f(x) = 3x — 2 78. f(x) =5 — 3x
1 1
71. 79. f(x) = —— 80. =
ys— ) x—3 f) x+1
4_
sk 8L. f(x) = (x—1)°+2
2_
L 82. f(x) = (x —2)*+1

S NREEREE: 8. f(x) = V7 — x
-2t 84. f(x) = Vx +8
—af g 85. f(x) = —x*+ 4x — 1
86. f(x) =2x* —x*+ 5




87.

88.

89. Boiling Point and Elevation.

Decreasing Value of the Dollar.  In 2008, it took
$21.57 to equal the value of $1 in 1913. In 1985,
it took only $10.87 to equal the value of $1 in
1913. The amount it takes to equal the value of
$1 in 1913 can be estimated by the linear func-
tion V given by

V(x) = 0.4652x + 10.87,

where x is the number of years since 1985. Thus,
V(10) gives the amount it took in 1995 to equal
the value of $1 in 1913.

Source: U.S. Bureau of Labor Statistics

a) Use this function to predict the amount it
will take in 2018 and in 2025 to equal the
value of $1 in 1913.

b) When will it take approximately $40 to equal
the value of $1 in 1913?

Windmill Power. Under certain conditions,
the power P, in watts per hour, generated by a
windmill with winds blowing v miles per hour
is given by

P(v) = 0.015+°.
Find the power generated by 15-mph winds and
by 35-mph winds.

| 4 \1[71*/ I %ﬂ

The elevation E,
in meters, above sea level at which the boiling
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point of water is t degrees Celsius is given by the
function

E(t) = 1000(100 — t) + 580(100 — t)*

At what elevation is the boiling point 99.5°? 100°?

To the student and the instructor: The Skill Mainte-
nance exercises review skills covered previously in the
text. You can expect such exercises in every exercise set.
They provide excellent review for a final examination.
Answers to all skill maintenance exercises, along with
section references, appear in the answer section at the
back of the book.

Use substitution to determine whether the given ordered
pairs are solutions of the given equation.

90. (—3,—-2),(2,-3); y» — x> = —5
91. (0,-7),(8,11); y = 0.5x + 7
92. (%,-2), (& 15); 15x — 10y = 32
Graph the equation.
93. y = (x— 1)*
95. —2x — 5y =10

9. y=1x—6
96. (x —3)* + )y =4

Find the domain of the function. Do not use a graphing

calculator.
97. f(x) = V2x + 5+ 3
Vit

X

98. f(x) =
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99.

100.
101.

102.
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. Vx+6
= G )a=3)

f(x)=\/9_c— V4 — x

Give an example of two different functions that
have the same domain and the same range, but
have no pairs in common. Answers may vary.

Draw a graph of a function for which the domain
is [—4,4 ] and therangeis [1,2] U [3,5].
Answers may vary.

Linear Functions, Slope, and Applications

103. Suppose that for some function g,
g(x+3) =2x+ 1.Find g(—1).

104. Suppose f(x) = |x + 3| — |x — 4]. Write
f(x) without using absolute-value notation if x
is in each of the following intervals.

a) (—o,—3)
b) [—3,4)
) [4,%)

= Determine the slope of a line given two points on the line.
= Solve applied problems involving slope, or average rate of change.

= Find the slope and the y-intercept of a line given the equation y = mx + b, or

f(x) = mx + b.

= (raph a linear equation using the slope and the y-intercept.

= Solve applied problems involving linear functions.

In real-life situations, we often need to make decisions on the basis of lim-
ited information. When the given information is used to formulate an equa-
tion or an inequality that at least approximates the situation mathematically,
we have created a model. One of the most frequently used mathematical
models is linear. The graph of a linear model is a straight line.

® Linear Functions

Let’s examine the connections among equations, functions, and graphs that
are straight lines. First, examine the graphs of linear functions and nonlinear
functions shown here. Note that the graphs of the two types of functions are

quite different.
Linear Functions Nonlinear Functions
y y y y
5+ 5+ 5r 51
4 4 4+ 4
3 3r =35 3P ly=x2-2 _6 3f
y=—-x 2+ 2+ y 2F Y=x 2
1r- 1 1r 1r
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 Il 1 Il 1 Il 1 Il 1 Il Il 1 Il 1 Il 1 1 1 1 1 1 1 1 1 1
—5-4-3-2-1 I\l 2 3 4 5 X —5=4=3-2-1,1 1 23 45X —5-4-3-2- L LV234s5kx —5-4-3-2-1, 123 45X
-2 -2F —2F —-2r
-3F -3 -3 —-3r
-4 —4F —4F —4r
=5} =5 -5F ~5r




Linear function:
y=mx+b
y
5,
4,
i G.3)
53
(75) 1) >
10,2
Il Il Il Il Il Il Il Il Il Il
————2—17171 2 3 4 5 x
72, 1
-3 y=3x +2
_4,
75,
Vertical line: x = a
(not a function)
y
5K (435)
4,
3 x=4
2,
1 (4,0)
Il Il Il Il Il Il Il Il Il
—5—4=3-2-1 [ 123§ 5%
_2,
-3+ (4,-3)
_4,
_5,
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We begin with the definition of a linear function and related terminol-
ogy that are illustrated with graphs below.

LINEAR FUNCTION

A function fis a linear function if it can be written as
f(x) = mx + b,

where m and b are constants.

If m = 0, the function is a constant function f(x) = b. If m = 1
and b = 0, the function is the identity function f(x) = x.

Identity function: Constant function:
y=1l-x+0,0ory =x y =0-x + b,ory = b (Horizontal line)
y y
51 51
i (4,4) i
3F 3F
2F 2F
I 2(1,1) 1
| | | | | | | | | | | | | | | | | | | |
—5———2—11 123 45%x  —5-4-3-2— 1_1 1 23 45 %
27 o (1> _2)
-3,-3)/ 7
N I —4-2 G, -2)
—4 —4F y=-2
75, 75,

HORIZONTAL LINES AND VERTICAL LINES

Horizontal lines are given by equations of the type y = b or
f(x) = b. (They are functions.)

Vertical lines are given by equations of the type x = a. (They are not
functions.)

® The Linear Function f(x) = mx + b
and Slope

To attach meaning to the constant m in the equation f(x) = mx + b, we
first consider an application. Suppose Quality Foods is a wholesale sup-
plier to restaurants that currently has stores in locations A and B in a large
city. Their total operating costs for the same time period are given by the
two functions shown in the tables and graphs that follow. The variable x
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represents time, in months. The variable y represents total costs, in thou-
sands of dollars, over that period of time. Look for a pattern.
X y Graph A: Linear function x y Graph B: Nonlinear function
Total costs of Quality Foods Total costs of Quality Foods
—10 | $50 in location A —10 | $10~ in location B
50 y 10 20 Y
A 4 S 4
20 | 100 S o 8550 " —20 | 30 0 $550 /"
N p < 500 N p = 500
=30 1504 =t 30 704 =
50 § 450 ( 60§ 450 ){/
240 | 2004 g 400 240 | 1304 g 40 /
50 & 350 10 30 ﬂ; 350
P50 | 2504 g 30 250 | 2104 S 300
50 250 10 100 & 250
260 | 3004 ~ 200 60 | 3104 S 200 /
50 2 150 10 120 8 150
70 3504 B 100 70 4304 £ 100
50 50 10 140 50
S 4 S A
a0 10 20 30 40 50 60 70 80« s sl 10 20 30 40 50 60 70 80%

Months

i-Figure

Exploring with
Technology

We can animate the effect of
the slope m in linear func-
tions of the type f(x) = mx
with a graphing calculator.
Graph the equations

N=X% T2

y3 = 5x, and y, = 10x

by entering them as

y = {1,2,5,10}x. What

do you think the graph of

y = 128x will look like?
Clear the screen and

graph the equations

NTTx o n T o
y3 = —4x, and y, = —10x.

What do you think the graph
of y = —200x will look like?

Months

We see in graph A that every change of 10 months results in a $50 thou-
sand change in total costs. But in graph B, changes of 10 months do not
result in constant changes in total costs. This is a way to distinguish linear
functions from nonlinear functions. The rate at which a linear function
changes, or the steepness of its graph, is constant.

Mathematically, we define the steepness, or slope, of a line as the ratio
of its vertical change (rise) to the corresponding horizontal change (run).
Slope represents the rate of change of y with respect to x.

SLOPE
The slope m of a line containing points (x;, ;) and (x,, y5) is
given by

rise y

m=— (xz»)’z)

run 72
. | f—
_ thechangein y " R
the change in x ~ | |
T n _n—»n *1 *2 x

X T X X=X

EXAMPLE 1 Graph the function f(x) = —3x + 1 and determine its
slope.

Solution Since the equation for fis in the form f(x) = mx + b, we
know that it is a linear function. We can graph it by connecting two points



y
4 2
5 f(x)=—§x+1
N2
N
L IN 4567809
(3, —1
=2 ) \\
—3{Rise —4
—4 \\
—5 (9,75)
Run 6
= 3x
y Iy y=2x
5P
=x
(1,3)4] ! g
3.
2 (1,2)
LA, 1)
Il Il Il Il Il Il Il Il Il
—5—4—-3-2—1 2 3 45 x

FIGURE 1
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on the graph with a straight line. We calculate two ordered pairs, plot the
points, graph the function, and determine the slope:

2
fG)=-53+1="2+1=-5
2
fO)==59+1=—6+1= -5
Pairs: (3, —1), (9, —5);
_ _f(xz)_f(xl) T n
Slope = m = =
X T X T X
_ o) _ 4 2
9-3 6 3
The slope is the same for any two points on a line. Thus, to check our work,
note that f(6) = —2-6 + 1 = —4 + 1 = —3. Using the points (6, —3)
and (3, —1), we have
-1-(=3) 2 2
m = ——= — = —_ .
3—-6 -3 3

We can also use the points in the opposite order when computing slope:

_B3-CEy 2 2

6 —3 3 3

Note too that the slope of the line is the number 1 in the equation for

the function f(x) = ~2x + 1,
The slope of the line given by f(x) = mx + bis m.

If a line slants up from left to right, the change in x and the change in y
have the same sign, so the line has a positive slope. The larger the slope, the
steeper the line, as shown in Fig. 1. If a line slants down from left to right,
the change in x and the change in y are of opposite signs, so the line has a
negative slope. The larger the absolute value of the slope, the steeper the line,
as shown in Fig. 2. Considering y = mx when m = 0, we have y = 0x, or
y = 0. Note that this horizontal line is the x-axis, as shown in Fig. 3.

y=—3x
y=—2x };7 ! y
|
4+ 1
_ |
y=-x 3r
Lo
2r
-
Il Il Il Il Il l Il Il Il Il y=0
—5—4—-3-2—1 2 3 4 5 x
I D) (1,0) g
—2r | (1) 72)
737 ,
, (1,-3)
FIGURE 2 FIGURE 3
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HORIZONTAL LINES AND VERTICAL LINES

If a line is horizontal, the change in y for any two points is 0 and the
change in x is nonzero. Thus a horizontal line has slope 0. (See Fig. 4.)

If a line is vertical, the change in x for any two points is 0. Thus the
slope is not defined because we cannot divide by 0. (See Fig. 5.)

Horizontal lines Vertical lines
y y
(xpy1) m=0 (x1,72)
° °
(xZ)yl)
x
P 2=y (x1y1)
m = il,i: m = lex; b7l
__0 _rnn
X, X o 0
m is not
=0 defined.
FIGURE 4 FIGURE 5

Note that zero slope and an undefined slope are two very different concepts.

EXAMPLE 2 Graph each linear equation and determine its slope.

a) x = —2 b) y = %
Solution
a) Since y is missing in x = —2, any value for y will do.
x y
-2 0
-2 3 Choose any number for y; x must be —2.
-2 —4

The graph is a vertical line 2 units to the left of the y-axis. (See Fig. 6.) The
slope is not defined. The graph is not the graph of a function.
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b) Since x is missing in y = 3, any value for x will do.

=
=

Choose any number for x; y must be 3.

(SIS TS INTIY)

The graph is a horizontal line3, or 23, units above the x-axis. (See Fig. 7.)
The slope is 0. The graph is the graph of a constant function.

Now Try Exercises 17 and 23.

= Applications of Slope

Slope has many real-world applications. Numbers like 2%, 4%, and 7% are
often used to represent the grade of a road. Such a number is meant to tell
how steep a road is on a hill or a mountain. For example, a 4% grade means
that the road rises (or falls) 4 ft for every horizontal distance of 100 ft.

Y Road grade = %
(Expressed as a percent)

X

Whistler’s bobsled/luge course for the 2010 Winter Olympics in Van-
couver, British Columbia, was the fastest-ever Olympic course. The vertical
drop for the course is 499 ft. The maximum slope of the track is 20% at
Curve 2. (Source: Ron Judd, The Seattle Times)

The concept of grade is also used with a treadmill. During a treadmill
test, a cardiologist might change the slope, or grade, of the treadmill to mea-
sure its effect on heart rate.



96

CHAPTER 1

Graphs, Functions, and Models

Another example occurs in hydrology. The strength or force of a river
depends on how far the river falls vertically compared to how far it flows

horizontally.

EXAMPLE 3 Ramp for the Disabled. Construction laws regarding
access ramps for the disabled state that every vertical rise of 1 ft requires
a horizontal run of at least 12 ft. What is the grade, or slope, of such a ramp?

Solution The grade, or slope, is given by m = 13 = 0.083 = 8.3%.

AVERAGE RATE OF CHANGE

Slope can also be considered as an average rate of change. To find
the average rate of change between any two data points on a graph,
we determine the slope of the line that passes through the two points.

EXAMPLE 4 Adolescent Obesity. The percent of American adolescents
ages 12 to 19 who are obese increased from about 6.5% in 1985 to 18% in
2008. The graph below illustrates this trend. Find the average rate of change

from 1985 to 2008 in the percent of adolescents who are obese.

Obesity Among Adolescents,
Ages 12-19, in America

20% (2008, 18%)

15% //.
10%
¢ (1985, 6.5%)

5%

| | | | |
’85 ’90 ’95 ’00 ’05 10 x
Year

Source: National Center for Health Statistics,
a division of the U.S. Centers for Disease Control
and Prevention
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Solution We use the coordinates of two points on the graph. In this case,
we use (1985, 6.5% ) and (2008, 18% ). Then we compute the slope, or av-
erage rate of change, as follows:

Change in y
Slope = Average rate of change = ——————
Change in x
18% — 6.5% 11.5%
= - = ® = 0.5%.

2008 — 1985 23

The result tells us that each year from 1985 to 2008, the percent of adoles-
cents who are obese increased an average of 0.5%. The average rate of change
over this 23-year period was an increase of 0.5% per year.

Now Try Exercise 41.

EXAMPLE 5 Credit-Card Late Fees. On February 22,2010, the Credit
Card Accountability, Responsibility and Disclosure Act of 2009 went into
effect. The Credit Card Act requires that card issuers make it clear to their
customers under what circumstances they will be charged a late fee and
the limits on these fees put in place by the Federal Reserve. The amount of
late fees paid by cardholders dropped from $901 million in January 2010
to $427 million in November 2010 (Source: Reuters News Service). Find
the average rate of change in credit-card late fees per month from January
2010 to November 2010.

y
$1000
q

800
600
400 R
200

Credit-card late fees
(in millions)

[N
1 REST=AoRN6—7— ¢ 9 ToMF12 X

Solution Using the points (1,901) and (11, 427), where x is the month
and y is the total amount of credit-card late fees per month, in millions of
dollars, we compute the slope of the line containing these two points.

Change in y
Slope = Average rate of change = —————
Change in x
427 — 901 —474
= = = —47.4.

11 -1 10

The result tells us that each month from January 2010 to November 2010,
the amount of credit-card late fees decreased on average $47.4 million. The
average rate of change over the 10-month period was a decrease of $47.4

million per month. Now Try Exercise 47.
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REVIEW SECTION 1.1.

Exploring with
Technology
We can use a graphing calcula-
tor to explore the effect of the
constant b in linear equations
of the type f(x) = mx + b.
Begin with the graph of
y = x. Now graph the lines
y=x+3andy=x— 4
in the same viewing window.
Try entering these equations
asy = x + {0,3,—4} and
compare the graphs. How do
the last two lines differ from
y = x? What do you think the
line y = x — 6 will look like?
Clear the first set of equa-
tions and graph y = —0.5x,
y = —0.5x — 4,and
y = —0.5x + 3in the same
viewing window. Describe
what happens to the graph of
y = —0.5x when a number b
is added.

i-Figure

Graphs, Functions, and Models

® Slope-Intercept Equations of Lines
Compare the graphs of the equations
y=3x and y = 3x— 2.

Note that the graph of y = 3x — 2 is a shift of the graph of y = 3x down
2 units and that y = 3x — 2 has y-intercept (0, —2). That is, the graph is
parallel to y = 3x and it crosses the y-axis at (0, —2). The point (0, —2) is
the y-intercept of the graph.

y
3k | y=3x—2

|
|
(0,0)

-4 -3 -2 -1

/1 2 3 4 x
y=3x J/(o,z)

THE SLOPE-INTERCEPT EQUATION
The linear function fgiven by
f(x) = mx+ b

is written in slope—intercept form. The graph of an equation in this
form is a straight line parallel to f(x) = mx. The constant m is
called the slope, and the y-intercept is (0, b).

fx)=y=mx+b

(0,b) flx) = mx

We can read the slope m and the y-intercept (0, b) directly from the
equation of a line written in slope—intercept form y = mx + b.




5

\L J

-5

y = —0.25x — 3.8
75l

5

1 _7
Y 6
10
-10 10
~10
Y
N 7
h: 6 y = —%x+4
—3,6
( NG5 (0.4)
3 N
) NU(32)
1 N
(6,0)
—_—3 =) — i
4 L 4 6 \
=2
=3
—4
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EXAMPLE 6 Find the slope and the y-intercept of the line with equation
y = —0.25x — 3.8.

Solution
y = —0.25x — 3.8

N
Slope = —0.25; y-intercept = (0, —3.8)

Any equation whose graph is a straight line is a linear equation. To find
the slope and the y-intercept of the graph of a linear equation, we can solve
for y, and then read the information from the equation.

EXAMPLE 7 Find the slope and the y-intercept of the line with equation
3x —6y—7=0.
Solution We solve for y:

3x —6y—7=0

—6y = —3x+7 Adding — 3x and 7 on both sides
- é (—6y) = —é (=3x +7) Multiplying by — ¢ on both sides
— 1 7
y=3% "%

Thus the slope is 3, and the y-intercept is (0, - g)

Now Try Exercise 61.

® Graphing f(x) = mx + b Using mand b

We can also graph a linear equation using its slope and y-intercept.

EXAMPLE 8 Graph: y = —3x + 4.

Solution This equation is in slope—intercept form, y = mx + b. The
y-intercept is (0, 4). We plot this point. We can think of the slope ( m= — %)
as 3.

rij o changein y - ;2 <— Move 2 units down.

run  changein x 3 <— Move 3 units to the right.

Starting at the y-intercept and using the slope, we find another point by
moving 2 units down and 3 units to the right. We get a new point (3,2).Ina
similar manner, we can move from (3, 2) to find another point, (6,0).

We could also think of the slope ( m = —3) as % . Then we can start
at (0,4) and move 2 units up and 3 units to the left. We get to another point
on the graph, (—3, 6). We now plot the points and draw the line. Note that
we need only the y-intercept and one other point in order to graph the line,
but it’s a good idea to find a third point as a check that the first two points

are correct. Now Try Exercise 63.
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® Applications of Linear Functions

We now consider an application of linear functions.

EXAMPLE 9 Estimating Adult Height. There is no proven way to pre-
dict a child’s adult height, but there is a linear function that can be used
to estimate the adult height of a child, given the sum of the child’s par-
ents’ heights. The adult height M, in inches, of a male child whose parents’
combined height is x, in inches, can be estimated with the function

M(x) = 0.5x + 2.5.

The adult height F, in inches, of a female child whose parents’ com-
bined height is x, in inches, can be estimated with the function

F(x) = 0.5x — 2.5.

(Source: Jay L. Hoecker, M.D., MayoClinic.com) Estimate the height of a
female child whose parents’ combined height is 135 in. What is the domain
of this function?

Solution We substitute in the function:
F(135) = 0.5(135) — 2.5 = 65.

Thus we can estimate the adult height of the female child as 65 in., or 5 ft 5 in.

Theoretically, the domain of the function is the set of all real numbers.
However, the context of the problem dictates a different domain. Thus the
domain consists of all positive real numbers—that is, the interval (0, %).
A more realistic domain might be 100 in. to 170 in.—that is, the interval

[100,170].



SECTION 1.3

75747372711 1T 2 3 4 5x
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Visualizing
the Graph

Match the equation with its graph.

3 ! 4
Ly =X
Y= 73
5
4. x = —
3
50 y=—x—12
6. y = 2x
7.y = —3
8. 3y = —4x
9. x = —10
10 +7
Ly =x+ -
Y 2

Answers on page A-6
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1.3  Exercise Set

In Exercises 1—4, the table of data contains input— 7. 8. y
output values for a function. Answer the following S O O
questions for each table. \ (0, 3) j 4
a) Is the change in the inputs x the same? e 2\ . 2
b) Is the change in the outputs y the same? - NG (720
c) Is the function linear? 2 EA 2 4\ x - i Fodornd X
: : : (=2,-3)
L, 2. , S | i
., ; 2 o4 9 ol y ........ .
-2 10 30 24.8 : ) g
0 16 50 99.2 2](0, 3) ) (5,1)
119 60 1984 Pkt
—4 =2 2 4 x —4 =2 4 x
2 22 70 396.8 i /
3 25 80 793.6 (—3,—4)
—4 —4
3 x y s y 11. (9,4)and (—1,2)
11 3.2 D) -8 12. (=3,7)and (5, —1)
26 5.7 4 -12 13. (4,—9) and (4,6)
41 8.2 6 : —16 14. (=6, —1)and (2, —13)
56 9.3 8 —20 J
L 11s 0 —o 15. (0.7, —0.1) and (—0.3, —0.4)
8 137 2 -28 16. (-3 —%)and (% -3)
101 191 14 =32 17. (2, —2) and (4, —2)
18. (—9,8) and (7, —6)
Find the slope of the line containing the given points. 19. (%’ _ %) and ( _ %’%)
5. y 6. y

20. (—8.26,4.04) and (3.14, —2.16)

444) : 4 21. (16, —13) and (=8, —5)
' 2 22. (m,—3) and (1,2
/ :X (m ) and (7, 2)

=1 A R —1 —Zx 2 4 x 23. (—10,—7) and (—10,7)

/-4, {232; :4\ 24. (\V/2,—4) and (0.56, —4)
FE (3, -5)
| | 25. f(4) = 3and f(-2) = 15




26.
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=
|

4) = —5andf(4) = 1

27. f(5) = zandf(-1) = =%

28. f(8) = —landf(—-3) =¥

29. f(—6) = sand f(0) =

30. g(—3) = Sandg(3) = -3

Determine the slope, if it exists, of the graph of the given
linear equation.

3. y=13x— 5 32, y=—ix+7
33, x = —2 34, f(x) = 4x — §
35. f(x) = —3x+ 3 36. y =3

37. y=9 — x 38. x =8

39. y = 0.7 40. y = % — 2x
41. Fireworks Revenue. The fireworks industry in

the United States had a revenue of $945 million
in 2009. This figure had increased from approxi-
mately $425 million in 1998. (Source: American
Pyrotechnics Association) Find the average rate
of change in the U.S. fireworks industry revenue
from 1998 to 2009.

42.

43.

44.

Population Loss.
igan, decreased from 124,943 in 2000 to 102,434
in 2010 (Source: U.S. Census Bureau). Find the
average rate of change in the population of Flint,
Michigan, over the 10-year period.

The population of Flint, Mich-

Population Loss. The population of St. Louis,
Missouri, decreased from 348,194 in 2000 to
319,294 in 2010 (Source: U.S. Census Bureau). Find
the average rate of change in the population of

St. Louis, Missouri, over the 10-year period.

Private Jets. To cut costs, many corporations have
been selling their private jets. The number of used

45.
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jets for sale worldwide has increased from 1022
in 1999 to 3014 in 2009 (Source: UBS Investment
Research). Find the average rate of change in the
number of used jets for sale from 1999 to 2009.

Electric Bike Sales. In 2009, electric bike sales

in China totaled 21.0 million. Sales are estimated
to rise to 25.0 million by 2012. (Source: Electric
Bike Worldwide Reports) Find the average rate of
change in sales of electric bikes in China from
2009 to 2012.

46.

47.

Highway Deaths. In 2010, the traffic fatality rate
in the United States was the lowest since the federal
government began keeping records in 1966. There
were 43,510 highway deaths in 2005. This number
had decreased to 32,788 in 2010. (Source: National
Highway Traffic Safety Administration) Find the
average rate of change in the number of highway
deaths from 2005 to 2010.

Consumption of Broccoli.  The U.S. annual per-
capita consumption of broccoli was 3.1 1b in
1990. By 2008, this amount had risen to 5.5 Ib.
(Source: Economic Research Service, U.S.
Department of Agriculture) Find the average rate
of change in the consumption of broccoli per
capita from 1990 to 2008.
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48.

CHAPTER 1 Graphs, Functions, and Models

Account Overdraft Fees. Bank revenue from over-
draft fees for checking accounts, ATMs, and debit
cards is increasing in the United States. In 2003,
account overdraft revenue was $27.1 billion. This
amount is estimated to increase to $38.0 billion
by 2011. (Source: Moebs Services, R. K. Hammer
Investment Bank) Find the average rate of change
in account overdraft fees from 2003 to 2011.

Find the slope and the y-intercept of the line with the
given equation.

49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.

y=3x=7
f(x) = —2x+3
x= -1

y=7

flx) =5~ 1x
y=2+%ix

3x + 2y =10
2x — 3y = 12
y = —6

x =10

59 —4x =8

5 =2y +9=0

4y —x+2=0
f(x) =03 + x

Graph the equation using the slope and the y-intercept.

63.
65.
67.
69.

71.

y=—%x—3 64.y=%x+l
f(x) =3x—1 66. f(x) = —2x + 5
3x — 4y = 20 68. 2x + 3y = 15
x + 3y =18 70. 5y — 2x = =20

Whales and Pressure at Sea Depth.  Whales can
withstand extreme atmospheric pressure changes
because their bodies are flexible. Their rib cages
and lungs can collapse safely under pressure.
Sperm whales can hunt for squid at depths

of 7000 ft or more. (Sources: National Ocean
Service, National Oceanic and Atmospheric
Administration) The function P, given by

P(d) = 55d + 1,
gives the pressure, in atmospheres (atm), at a
given depth d, in feet, under the sea.

72.

73.

a) Graph P.
b) Find P(0), P(33), P(1000), P(5000), and
P(7000).

Stopping Distance on Glare Ice.  The stopping
distance (at some fixed speed) of regular tires on
glare ice is a function of the air temperature F, in
degrees Fahrenheit. This function is estimated by

D(F) = 2F + 115,

where D(F) is the stopping distance, in feet, when
the air temperature is F, in degrees Fahrenheit.

a) Graph D.

b) Find D(0°), D(—20°), D(10°), and D(32°).

¢) Explain why the domain should be restricted
to [ —57.5%32°].

Reaction Time. Suppose that while driving a
car, you suddenly see a deer standing in the road.
Your brain registers the information and sends a
signal to your foot to hit the brake. The car trav-
els a distance D, in feet, during this time, where
Dis a function of the speed 7, in miles per hour,
of the car when you see the deer. That reaction
distance is a linear function given by

D(r) = Hr+ L

a) Find the slope of this line and interpret its
meaning in this application.
b) Graph D.
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¢) Find D(5), D(10), D(20), D(50), and
D(65).

d) What is the domain of this function?
Explain.

74. Straight-Line Depreciation. A contractor buys a
new truck for $23,000. The truck is purchased on
January 1 and is expected to last 5 years, at the
end of which time its trade-in, or salvage, value
will be $4500. If the company figures the decline
or depreciation in value to be the same each year,
then the salvage value V] after ¢ years, is given by
the linear function

V(t) = $23,000 — $3700t, for0 = ¢ = 5.

a) Graph V.

b) Find V(0), V(1), V(2), V(3), and V(5).

¢) Find the domain and the range of this
function.

75. Total Cost.  Steven buys a phone for $89 and
signs up for a Verizon nationwide plus Mexico
single-line phone plan with 2000 monthly
anytime minutes. The plan costs $114.99 per
month (Source: verizonwireless.com). Write
an equation that can be used to determine
the total cost C(t) of operating this Verizon
phone plan for t months. Then find the cost
for 24 months, assuming that the number of
minutes Steven uses does not exceed 2000 per
month.

76. Total Cost. Superior Cable Television charges a
$95 installation fee and $125 per month for the
Star plan. Write an equation that can be used to
determine the total cost C(t) for t months of the
Star plan. Then find the total cost for 18 months
of service.

In Exercises 77 and 78, the term fixed costs refers to
the start-up costs of operating a business. This includes
machinery and building costs. The term variable costs
refers to what it costs a business to produce or service
one item.

77. Max’s Custom Lacrosse Stringing experienced
fixed costs of $750 and variable costs of $15
for each lacrosse stick that was restrung. Write
an equation that can be used to determine
the total cost when x sticks are restrung. Then

determine the total cost of restringing 32 lacrosse
sticks.

78. Soosie’s Cookie Company had fixed costs of
$1250 and variable costs of $4.25 per dozen gour-
met cookies that were baked and packaged for
sale. Write an equation that can be used to deter-
mine the total cost when x dozens of cookies are
baked and sold. Then determine the total cost of
baking and selling 85 dozen gourmet cookies.

If f(x) = x* — 3x, find each of the following.

79. £(3) 80. £(5)

81. f(—5) 82. f(—a)
83. f(a + h)

84. Grade of Treadmills. A treadmill is 5 ft long and
is set at an 8% grade. How high is the end of the
treadmill?

Find the slope of the line containing the given points.
85. (a,a*) and (a + h,(a + h)?)

86. (r,s + t)and (r,s)
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Suppose that fis a linear function. Determine whether Let f(x) = mx + b. Find a formula for f(x) given
the statement is true or false. each of the following.

87. f(c—d) = f(c) — f(d) 89. f(x +2) = f(x) +2

88. f(kx) = kf(x) 90. f(3x) = 3f(x)

Mid-Chapter Mixed Review

Determine whether the statement is true or false.

1. The x-intercept of the line that passes through 2. All functions are relations, but not all relations are
(—%,%) and the origin is (—%,O). [1.1] functions. [1.2]

3. The line parallel to the y-axis that passes through
(=5,25)isy = —5. [1.3]

4. Find the intercepts of the graph of the line —8x + 5y = —40. [1.1]

For each pair of points, find the distance between the points and the midpoint of the segment having the points as
endpoints. [1.1]

5. (—8,—15) and (3,7) 6. (—2,%) and (3 -%)
7. Find an equation for a circle with center (=5, 2) and 8. Find the center and the radius of the circle given by
radius of length 13. [1.1] the equation (x — 3)* + (y + 1)* = 4. [1.1]
Graph the equation.
9.3x — 6y = 6 [1.1] 10. y = —3x + 3 [1.3]
1.y = 2 — x* [L1] 12. (x + 4)* + y* =4 [1.1]

13. Given that f(x) = x — 2x7 find f(—4), f(0), and 14. Given that g(x) = X
f1). [1.2] T

g(3). [1.2]
Find the domain of the function. [1.2]

6
3 find g(—6), g(0), and

—5 1

. = + 5 = ——— . e S
15. g(x) = x + 9 16. f(x) = 17. h(x) 2+ 23
Graph the function. [1.2]
18. f(x) = —2x 19. g(x) = x* — 1

20. Determine the domain and the range of the
function. [1.1]

=

i=5=4=3=2=1 1,2 345 «x
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Find the slope of the line containing the given points. [1.3]

21. (—2,13) and (-2, —5) 22. (10, —1) and (-6, 3) 23. (31) and (1)
Determine the slope, if it exists, and the y-intercept of the line with the given equation. [1.3]

24. f(x) = —§x + 12 25.y = —6

26. x = 2 27.3x — 16y + 1 =20

To the student and the instructor: The Collaborative Discussion and Writing exercises are meant to be answered with one
or more sentences. They can be discussed and answered collaboratively by the entire class or by small groups.

28. Explain as you would to a fellow student how the 29. Discuss why the graph of a vertical line x = a
numerical value of the slope of a line can be used cannot represent a function. [1.3]
to describe the slant and the steepness of that
line. [1.3]

30. Explain in your own words the difference between 31. Explain how you could find the coordinates of a
the domain of a function and the range of a point  of the way from point A to point B. [1.1]

function. [1.2]

Determine equations of lines.

= (Given the equations of two lines, determine whether their graphs are parallel or
perpendicular.

= Model a set of data with a linear function.
= Fit a regression line to a set of data. Then use the linear model to make predictions.

= Slope-Intercept Equations of Lines

In Section 1.3, we developed the slope—intercept equation y = mx + b, or
f(x) = mx + b. If we know the slope and the y-intercept of a line, we can
find an equation of the line using the slope—intercept equation.

EXAMPLE 1 A line has slope — 4 and y-intercept (0, 16). Find an equa-
tion of the line.

Solution We use the slope—intercept equation and substitute — 5 for m
and 16 for b:

y=mx+b

y= st 160t f(x) = ~Ix + 16.
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EXAMPLE 2 A line has slope — 3 and contains the point (—3, 6). Find
an equation of the line.

Solution We use the slope—intercept equation, y = mx + b, and substi-

tute —3 for m: y = —3x + b. Then, using the point (—3, 6), we substitute
—3 for xand 6 for yin y = —3x + b. Finally, we solve for b.

y=mx+b

y= - %x +b Substituting — 2 for m

6 = — %(—3) +0b Substituting —3 for xand 6 for y

6=2+0b

4 =190 Solving for b. The y-intercept is (0, b).
The equation of the lineis y = —3x + 4, or f(x) = —%x + 4.

® Point-Slope Equations of Lines

Another formula that can be used to determine an equation of a line is the
point—slope equation. Suppose that we have a nonvertical line and that the
ly =7, coordinates of point P, on the line are (x;, y;). We can think of P, as fixed
and imagine another point P on the line with coordinates (x, y). Thus the

y

Pl(‘xl’yl

nhp Ao 1 . . b
1 slope 1§ given Dy
Ve
- : : yTa_
X — x1

Multiplying by x — x; on both sides, we get the point—slope equation of the line:
Yy =N
X — xl

y—n=mlx = x).

(x = x) - m-(x — x)

_/F_\

i e POINT-SLOPE EQUATION
The point—slope equation of the line with slope m passing through
(1 31) i

y—n = m(x— x).

If we know the slope of a line and the coordinates of one point on
the line, we can find an equation of the line using either the point—slope
equation,

y=n=mx=x)
or the slope—intercept equation,

y = mx + b.
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EXAMPLE 3 Find an equation of the line containing the points (2, 3)
i and (1, —4).

r (2,3) Solution We first determine the slope:

- _TA-3_ =7 _

m=-——"—= 7.

1 1 1 1 1 1 1 1 1 1 -
—5—4-3-2—1 12 3 4 5 % 1—2 —1

—2r Using the Point—Slope Equation: We substitute 7 for m and either of the
points (2, 3) or (1, —4) for (x;, y;) in the point—slope equation. In this case,
we use (2, 3).

y—n= m(x — xl) Point-slope equation
y—3=7(x-2) Substituting
y—3=7x— 14
y=7x— 11, 0rf(x) = 7x — 11
Using the Slope—Intercept Equation: We substitute 7 for m and either of the

points (2,3) or (1, —4) for (x, y) in the slope—intercept equation and solve
for b. Here we use (1, —4).

y=mx+b Slope—intercept equation
—4=7-1+1b Substituting
—-4=7+b
—11 =10 Solving for b

We substitute 7 for mand —11 for bin y = mx + b to get

y=7x— 11,0r f(x) = 7x — 11.

® Parallel Lines

Can we determine whether the graphs of two linear equations are paral-
lel without graphing them? Let’s look at three pairs of equations and their

graphs.
y
Sk
4k
Sk
Zk
lk
1 1 11
sS4 [
2k
3k
4
,Sk
x=—4
x= =25
Parallel Parallel Not parallel
If two different lines, such as x = —4 and x = —2.5, are vertical,

then they are parallel. Thus two equations such as x = g; and x = a,,
where a; # a,, have graphs that are parallel lines. Two nonvertical lines,
such as y = 2x + 4 and y = 2x — 3, or, in general, y = mx + b, and
y = mx + b,, where the slopes are the same and b; # b,, also have graphs
that are parallel lines.



110 CHAPTER 1 Graphs, Functions, and Models

i-Figure

PARALLEL LINES

Vertical lines are parallel. Nonvertical lines are parallel if and only
if they have the same slope and different y-intercepts.

® Perpendicular Lines

Can we examine a pair of equations to determine whether their graphs are
perpendicular without graphing the equations? Let’s look at the following
pairs of equations and their graphs.

—N W U
T T 177

Perpendicular Not perpendicular Perpendicular

If one line is vertical and another is horizontal, they are perpendicu-
lar. For example, the lines x = 5 and y = —3 are perpendicular. Otherwise,

how can we tell whether two lines are perpendicular? Consider a line ‘AB,
as shown in the figure at left, with slope a/b. Then think of rotating the line

90° to get a line ‘AB, perpendicular to ‘AB. For the new line, the rise and the
run are interchanged, but the run is now negative. Thus the slope of the new
line is —b/a, which is the opposite of the reciprocal of the slope of the first
line. Also note that when we multiply the slopes, we get

This is the condition under which lines will be perpendicular.

PERPENDICULAR LINES

Two lines with slopes m; and m, are perpendicular if and only if
the product of their slopes is —1:

m1m2 = _1.

Lines are also perpendicular if one is vertical (x = a) and the
other is horizontal (y = b).



1
¥, =5x—2, y2:*§x73
6}’1

Ve

FIGURE 1

y="2x+4, y,=—2x =5

FIGURE 2

n=2x+1 y,=-3x+4
)/28 )’1

_12\11111{11111

FIGURE 3

12

|
Ol
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If a line has slope m,, the slope 1, of a line perpendicular to it is —1/m;.
The slope of one line is the opposite of the reciprocal of the other:

EXAMPLE 4 Determine whether each of the following pairs of lines is
parallel, perpendicular, or neither.
a) y+2=5x5+x=-15
b) 2y + 4x=38,5+2x= —y
2x+ 1=y y+3x=4
Solution We use the slopes of the lines to determine whether the lines are
parallel or perpendicular.
a) We solve each equation for y:
y=5x— 2, y=—éx—3.

The slopes are 5 and — 1. Their product is —1, so the lines are perpen-
dicular. (See Fig. 1.) Note in the graphs at left that the graphing calcula-
tor windows have been squared to avoid distortion. (Review squaring
windows in Section 1.1.)

b) Solving each equation for y, we get

y:_2x+4) y:—2x—5.

We see that m; = —2 and m, = —2. Since the slopes are the same and
the y-intercepts, (0,4) and (0, —5), are different, the lines are parallel.
(See Fig. 2.)

¢) Rewriting the first equation and solving the second equation for y, we have

y=2x+1, y = —3x+ 4.

We see that m; = 2 and m, = —3. Since the slopes are not the same
and their product is not —1, it follows that the lines are neither parallel

nor perpendicular. (See Fig. 3.)

EXAMPLE 5 Write equations of the lines (a) parallel and (b) perpendic-
ular to the graph of the line 4y — x = 20 and containing the point (2, —3).

Solution We first solve 4y — x = 20 for y to get y = +x + 5. Thus the
slope of the given line is .

a) The line parallel to the given line will have slope §. We use either the
slope—intercept equation or the point—slope equation for a line with
slope } and containing the point (2, —3). Here we use the point—slope
equation:

y—n=mx— x)

y= (=) = hx=2)
y+3=ix—3
1 7

y=ax =g
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1 1
y1=zx+5, }’z:Zx_

V3= —4x + 5
8

*}/1
JEE 1% [ . O | £
%)

(2>_3)

-8 }’3

E)

Creating a Mathematical Model

1. Recognize
real-world
problem.

A L 4

2. Collect data.

A L 4

3. Analyze data.

A L 4

4. Construct model.

A L 4

5. Test and refine
model.

A _4

6. Explain and
predict.

b) The slope of the perpendicular line is the opposite of the reciprocal of 5,
or —4. Again we use the point—slope equation to write an equation for a
line with slope —4 and containing the point (2, —3):

y—n=mx— x)

y = (-3) = ~4(x — 2)
y+3=—4x+8
y = —4x + 5.

Now Try Exercise 43.

Summary of Terminology about Lines

TERMINOLOGY MATHEMATICAL INTERPRETATION
o= n N n
Slope m = , Or
X TN X T X
Slope—intercept equation y=mx+b

Point-—slope equation y—yn=m(x— x)

Horizontal line y=25
Vertical line xX=a
Parallel lines m;, = my, by # by
orx = a,Xx = ay a; > a,
. . 1
Perpendicular lines mym, = —1,0r m, = —E;

orx=ay=1»

® Mathematical Models

When a real-world problem can be described in mathematical language, we
have a mathematical model. For example, the natural numbers constitute a
mathematical model for situations in which counting is essential. Situations
in which algebra can be brought to bear often require the use of functions
as models.

Mathematical models are abstracted from real-world situations. The
mathematical model gives results that allow one to predict what will happen
in that real-world situation. If the predictions are inaccurate or the results of
experimentation do not conform to the model, the model must be changed
or discarded.

Mathematical modeling can be an ongoing process. For example, find-
ing a mathematical model that will provide an accurate prediction of popu-
lation growth is not a simple task. Any population model that one might
devise would need to be reshaped as further information is acquired.

® Curve Fitting

We will develop and use many kinds of mathematical models in this text. In
this chapter, we have used linear functions as models. Other types of func-
tions, such as quadratic, cubic, and exponential functions, can also model
data. These functions are nonlinear. Modeling with quadratic and cubic
functions is discussed in Chapter 4. Modeling with exponential functions is
discussed in Chapter 5.



Year, x

1980,
1985,
1990,
1995,
2000,
2005,
2010,

10
15
20
25
30

Gross Domestic Product
(GDP) (in trillions)

$2.8
4.2
5.8
7.4
10.0
12.6
14.7

X

\

Quadratic function:
y=ax2+bx+c,a>0

SECTION 1.4

y

Cubic function:
y =axP+bx*+x+da>0

Equations of Lines and Modeling 113

Exponential function:
y =ab5a,b>0,b#1

y

In general, we try to find a function that fits, as well as possible, observa-

tions (data), theoretical reasoning, and common sense. We call this curve
fitting; it is one aspect of mathematical modeling.

Let’s look at some data and related graphs or scatterplots and determine

GDP (in trillions)

whether a linear function seems to fit the set of data.

Scatterplot

Gross Domestic Product

Sources: Bureau of Economic Analysis; U.S. Department of Commerce

Year, x

2001,
2002,
2003,
2004,
2005,
2006,
2007,
2008,
2009,
2010,

O 0 N1 O\ Ul W N = O

Installed Wind Power

Capacity (in megawatts)

24,322
31,181
39,295
47,693
59,024
74,122
93,930
120,903
159,213
203,500

Source: World Wind Energy Association

Wind power capacity
(in thousands of megawatts)

It appears that the data points can

s 1)/6 N be represented or modeled by a

s n linear function.

1k - The graph is linear.
10 ]

8- [

6 u

4+ u

II\
2K 7(0,2.8)
0 1 1 1 1 1 1
5 10 15 20 25 30
Year
Scatterplot

200
175
150
125
100

LS S L
L_J‘IOU‘I
L

It appears that the data points
cannot be modeled accurately by
a linear function.

The graph is nonlinear.
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Looking at the scatterplots, we see that the data on gross domestic prod-
uct seem to be rising in a manner to suggest that a linear function might fit,
although a “perfect” straight line cannot be drawn through the data points.
A linear function does not seem to fit the data on wind power capacity.

EXAMPLE 6 U.S. Gross Domestic Product. The gross domestic
product (GDP) of a country is the market value of final goods and services
produced. Market value depends on the quantity of goods and services and
their price. Model the data in the table on p. 113 on the U.S. Gross Domestic
Product with a linear function. Then estimate the GDP in 2014.

Solution We can choose any two of the data points to determine an equa-
tion. Note that the first coordinate is the number of years since 1980 and the
second coordinate is the corresponding GDP in trillions of dollars. Let’s use
(5,4.2) and (25, 12.6).
We first determine the slope of the line:
12.6 — 4.2 8.4
m=———"———"—"=—= 042.
25 =5 20

Then we substitute 0.42 for m and either of the points (5, 4.2) or (25, 12.6)
for (x;, y1) in the point—slope equation. In this case, we use (5, 4.2). We get

Yy =N = m(x - xl) Point-slope equation
y — 4.2 = 042(x — 5), Substituting
which simplifies to

y = 0.42x + 2.1,

where x is the number of years after 1980 and y is in trillions of dollars.

U.S. Gross Domestic Product

GDP (in trillions)

|
5 10 15 20 25 30 x
Year

Next, we estimate the GDP in 2014 by substituting 34 (2014 — 1980 =
34) for x in the model:

y = 042x + 2.1 Model
= 0.42(34) + 2.1 Substituting
= 16.38.

We estimate that the gross domestic product will be $16.38 trillion in 2014.

Now Try Exercise 61.
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In Example 6, if we were to use the data points (10, 5.8) and (30, 14.7),
our model would be

y = 0.445x + 1.35,

and our estimate for the GDP in 2014 would be $16.48 trillion, about $0.10
trillion more than the estimate provided by the first model. This illustrates
that a model and the estimates it produces are dependent on the data points
used.

Models that consider all the data points, not just two, are generally bet-
ter models. The linear model that best fits the data can be found using a
graphing calculator and a procedure called linear regression.

Linear Regression

Although discussion leading to a complete understanding of linear regres-
sion belongs in a statistics course, we present the procedure here because
we can carry it out easily using technology. The graphing calculator gives us
the powerful capability to find linear models and to make predictions using
them.

Consider the data presented before Example 6 on the gross domestic
product. We can fit a regression line of the form y = mx + b to the data

L1 L2 L3 2 . .
0 28 | ———__ using the LINEAR REGRESSION feature on a graphing calculator.
5 4.2
10 5.8 ) ) o
» T EXAMPLE 7 U.S. Gross Domestic Product. Fit a regression line to the
2 o data given in the table on gross domestic product on p. 113. Then use the
o) =147 function to estimate the GDP in 2014.
FIGURE 1 Solution First, we enter the data in lists on the calculator. We enter the
values of the independent variable x in list L1 and the corresponding values
L 3 of the dependent variable y in L2. (See Fig. 1.) The graphing calculator can
. then create a scatterplot of the data, as shown in Fig. 2.
r o When we select the LINEAR REGRESSION feature from the STAT CALC menu,
. we find the linear equation that best models the data. It is
y = 0.405x + 2.139285714. Regression line
-5 L 1 1 1 1 J, 30
0 (See Figs. 3 and 4.) We can then graph the regression line on the same graph
FIGURE 2 as the scatterplot, as shown in Fig. 5.
EDIT TESTS LinReg
1:1-Var Stats y=ax+b
SERUT S b 2130285714
3:Med-Med 12 = 986332008
EBLinReg(ax + b) r=.9931424913
5:QuadReg
6:CubicReg
7.QuartReg
FIGURE 3 FIGURE 4 FIGURE 5
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To estimate the gross domestic product in 2014, we substitute 34 for x
in the regression equation, which has been saved as Y1. Using this model, we
see that the gross domestic product in 2014 is estimated to be about $15.91
trillion. (See Fig. 6.)

Y1(34)
15.90928571

FIGURE 6

Note that $15.91 trillion is closer to the value $16.38 trillion found with
data points (5, 4.2) and (25, 12.6) in Example 6 than to the value $16.48
trillion found with the data points (10, 5.8) and (30, 14.7) following

Example 6. Now Try Exercises 69(a) and 69(b).

The Correlation Coefficient

On some graphing calculators with the DIAGNOSTIC feature turned on, a
constant r between —1 and 1, called the coefficient of linear correlation,
appears with the equation of the regression line. Though we cannot develop
a formula for calculating rin this text, keep in mind that it is used to describe
the strength of the linear relationship between x and y. The closer |r| is
to 1, the better the correlation. A positive value of r also indicates that the
regression line has a positive slope, and a negative value of r indicates that
the regression line has a negative slope. As shown in Fig. 4, for the data on
gross domestic product just discussed, r = 0.9931424913, which indicates a
very good linear correlation.

The following scatterplots summarize the interpretation of a correlation

coefficient.
y y y
r=1 * r=091 * r=0.42 *
All points on the High positive Low positive
regression line correlation correlation
y y y
r=-—1 * r=-091 * r=-042
All points on High negative Low negative

regression line correlation correlation
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Exercise Set

Find the slope and the y-intercept of the graph of the
linear equation. Then write the equation of the line in
slope—intercept form.

1. Y 2. y
4 \ : :
2 : : \ :
—4 —2 /2 4 X LmA T2 2N X
=2 -2 i g
3 y 4 y
4 4
2 2 /
—1 2 7 4 % 4 2 |72 4 *
5 y 6. y
4 4
2 2
- 2 4 x ) 2 4 x
—4 —4

Write a slope—intercept equation for a line with the given
characteristics.

7. m = §, y-intercept (0, 4)
8. m = —3, y-intercept (0, 5)

9. m = —4, y-intercept (0, —7)
10. m = 2, y-intercept (0, —6)

11. m = —4.2, y-intercept (0,%)
12. m = —4, y-intercept (0, —%)
13. m = 3, passes through (3, 7)
14. m = —3, passes through (5, 6)
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15. m = 0, passes through (—2, 8)
16. m = —2, passes through (—5,1)
17. m = —2, passes through (—4, —1)
18. m = %, passes through (—4, —5)

19. Passes through (—1,5) and (2, —4)
20. Passes through (—3, %) and (1, %)
21. Passes through (7,0) and (—1,4)
22. Passes through (—3,7) and (—1, —5)
23. Passes through (0, —6) and (3, —4)
24. Passes through (—5,0) and (0, %)
25. Passes through (—4,7.3) and (0,7.3)
26. Passes through (—13, —5) and (0, 0)

Write equations of the horizontal line and the vertical
line that pass through the given point.

27. (0,-3) 28. (—1,7)

29. (& -1) 30. (0.03,0)

31. Find alinear function h given h(1) = 4 and
h(—2) = 13.Then find h(2).

32. Find alinear function g given g( - i) = —6and
g(2) = 3.Then find g(—3).

33. Find a linear function fgiven f(5) = 1 and
f(—=5) = —3. Then find f(0).

34. Find alinear function h given h(—3) = 3 and
h(0) = 2. Then find h(—6).

Determine whether the pair of lines is parallel,
perpendicular, or neither.

35, y = ¥x — 11, 36. y = —3x + 1,

y=—sx— 11 y=—3ix+1
37.y=%x—4, 38.y=%x—8,
y=—%x+4 y =8+ 15x
39. x + 2y =5, 40. 2x — 5y = —3,
2x + 4y =8 2x + 5y =4
41. y = 4x — 5, 42. y =7 — x,
4y =8 — x y=x+3
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Write a slope—intercept equation for a line passing
through the given point that is parallel to the given

line. Then write a second equation for a line passing

through the given point that is perpendicular to the
given line.

43. (3,5), y=3x+ 1

Graphs, Functions, and Models

61. Internet Use. The table below illustrates the

growth in worldwide Internet use.

44. (—1,6), f(x) = 2x + 9

45. (=7,0), y = —0.3x + 4.3
46. (—4,-5), 2x + y = —4

47. (3,-2), 3x + 4y =5

48. (8,-2), y = 42(x — 3) + 1
49. (3,-3), x= —1

50. (4,-5), y = —1

In Exercises 51—56, determine whether the statement is
true or false.

51.
52.

The lines x = —3 and y = 5 are perpendicular.

Thelinesy = 2x — 3and y = —2x — 3 are
perpendicular.

53. Thelines y = x + 4and y = £x — 4 are
parallel.

54. The intersection of the lines y = 2 and x = —3
is ( - %, 2 )

55. Thelines x = —1 and x = 1 are perpendicular.

56. Thelines 2x + 3y = 4and 3x — 2y = 4 are

perpendicular.

In Exercises 57—60, determine whether a linear model

might fit the data.
57. 58.
‘2 ‘2
g7 87
= 4 = 8 L]
g " =) ammn®® ="
g 2r " g 4rm""
= \. L - = | |
v
£ % 2 4 6 x £ % 5 10 x
< <
2 Year 2l Year
59. 60.
2 2
87 g’ .
= =20
10
g " = g
é 5 " ., E 10 - L - "
Il Il 1 Il Il 1
g % 2 1 6 x 8 %" 1 6 x
< <
2l Year 2 Year

Number of Internet
Users Worldwide,

Year, x y (in millions)

2001, O 495

2002, 1 677

2003, 2 785

2004, 3 914

2005, 4 1036

2006, 5 1159

2007, 6 1393

2008, 7 1611

2009, 8 1858

2010, 9 2084*

*Estimate

Sources: International Telecommunication

Union; ITU Statistics

a) Model the data with a linear function. Let the
independent variable represent the number
of years after 2001; that is, the data points are
(0,495), (3,914), and so on. Answers may
vary depending on the data points used.

b) Using the function found in part (a), estimate
the number of Internet users worldwide in

2013 and in 2018.

62. Cremations. The table below illustrates the up-

ward trend in America to choose cremation.

Percentage of Deaths
Year, x Followed by Cremation, y
2005, 0 32.3%
2006, 1 33.6
2007, 2 34.3
2008, 3 35.8
2009, 4 36.9

Source: Cremation Association of North America

a) Model the data with a linear function. Let the
independent variable represent the number of
years after 2005. Answers may vary depending
on the data points used.

b) Using the function found in part (a), estimate
the percentage of deaths followed by crema-
tion in 2013 and in 2016.



63.

. Median Age.

Expenditures on Pets. Data on total U.S.
expenditures on pets, pet products, and related
services are given in the table below. Model the data
with a linear function. Then, using that function,
estimate total U.S. expenditures on pets in 2005 and
predict total expenditures in 2015. Answers may
vary depending on the data points used.

Total U.S. Expenditures
Year, x on Pets (in billions)
1991, O $19.6
1994, 3 24.9
1997, 6 32.5
2000, 9 39.7
2003, 12 46.8
2006, 15 56.9
2009, 18 67.1

Sources: Bureau of Economic Analysis;
U.S. Department of Commerce

population in selected years are listed in the table
below. Model the data with a linear function,
estimate the median age in 1998, and predict the
median age in 2020. Answers may vary depend-
ing on the data points used.

Year, x Median Age, y
1970, 0 28.0
1980, 10 30.0
1990, 20 32.8
2000, 30 35.3
2008, 38 36.8
2011, 41 36.9*
*Estimated

Sources: U.S. Census Bureau; CIA World
Factbook

Data on the median age of the U.S.

SECTION 1.4

65. Nike Net Sales.
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The net

sales data in several years . 'Ntl;t' lsl‘j‘les
for Nike are given in the ean x (in billions)
table at rlght.. Model the 2005, 0 $13.7
data with a linear func-
. . 2006, 1 15.0

tion, and predict the net

les in 2015. Answers e 16.3
5 ) 2008, 3 18.6
may vary depending on
the dat int d 2009, 4 19.2

e data points used. 2010, 5 -

Source: Nike
66. Credit-Card Debt. Data on average credit-card

67.

68.

69.

debt per U.S. household are given in the table
below. Model the data with a linear function,
and estimate the average debt in 2007 and in
2014. Answers may vary depending on the data
points used.

Credit-Card Debt

Year, x per Household, y
1992, 0 $ 3,803
1996, 4 6,912
2000, 8 8,308
2004, 12 9,577
2008, 16 10,691
2011, 19 14,750

Sources: CardTrak.com; www.creditcards.com

a) Use a graphing calculator to fit a regression
line to the data in Exercise 61.

b) Estimate the number of Internet users
worldwide in 2013 and compare the value
with the result found in Exercise 61.

¢) Find the correlation coefficient for the
regression line and determine whether the
line fits the data closely.

a) Use a graphing calculator to fit a regression
line to the data in Exercise 62.

b) Estimate the percentage of deaths followed
by cremation in 2013 and compare the result
with the estimate found with the model in
Exercise 62.

¢) Find the correlation coefficient for the
regression line and determine whether the
line fits the data closely.

a) Use a graphing calculator to fit a regression
line to the data in Exercise 63.
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70.

71.

72.

b) Estimate total U.S. expenditures on pets in
2015 and compare the value with the result
found in Exercise 63.

¢) Find the correlation coefficient for the
regression line and determine whether the
line fits the data closely.

a) Use a graphing calculator to fit a regression
line to the data in Exercise 66.

b) Estimate average credit-card debt per U.S.
household in 2014 and compare the result
with the estimate found with the model in
Exercise 66.

¢) Find the correlation coefficient for the
regression line and determine whether the
line fits the data closely.

Maximum Heart Rate. A person who is exercis-
ing should not exceed his or her maximum heart
rate, which is determined on the basis of that
person’s sex, age, and resting heart rate. The table
below relates resting heart rate and maximum
heart rate for a 20-year-old man.

Resting Heart Maximum Heart
Rate, H Rate, M
(in beats per minute) (in beats per minute)

50 166
60 168
70 170
80 172

Source: American Heart Association

a) Use a graphing calculator to model the data
with a linear function.

b) Estimate the maximum heart rate if the resting
heart rate is 40, 65, 76, and 84.

¢) What is the correlation coefficient? How con-
fident are you about using the regression line
to estimate function values?

Study Time versus Grades. A math instructor
asked her students to keep track of how much
time each spent studying a chapter on functions
in her algebra—trigonometry course. She col-
lected the information together with test scores
from that chapter’s test. The data are listed in the
table below.

Study Time, x Test Grade, y

(in hours) (in percent)
23 81%
15 85
17 80
9 75
21 86
13 80
16 85
11 93

a) Use a graphing calculator to model the data
with a linear function.

b) Predict a student’s score if he or she studies
24 hr, 6 hr, and 18 hr.

¢) What is the correlation coefficient? How
confident are you about using the regression
line to predict function values?

Find the slope of the line containing the given points.
73. (2,—8)and (=5,—1) 74. (5,7) and (5, —=7)
Find an equation for a circle satisfying the given conditions.

75. Center (—7, —1), radius of length %
76. Center (0, 3), diameter of length 5

77. Find k so that the line containing the points
(=3, k) and (4, 8) is parallel to the line contain-
ing the points (5,3) and (1, —6).

78. Road Grade. Using the figure below, find the
road grade and an equation giving the height
y as a function of the horizontal distance x.

y

" ]92058m

‘ 13,740 m X

79. Find an equation of the line passing through the
point (4, 5) and perpendicular to the line passing
through the points (—1, 3) and (2, 9).
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»  Solve linear equations.

= Solve applied problems using linear models.

= Find zeros of linear functions.

Note to the student and the
instructor: We assume that
students come to a College
Algebra course with some
equation-solving skills from
their study of Intermediate
Algebra. Thus a portion of the
material in this section might
be considered by some to be
review in nature. We present
this material here in order

to use linear functions, with
which students are familiar, to
lay the groundwork for zeros
of higher-order polynomial
functions and their connec-
tion to solutions of equations
and x-intercepts of graphs.

An equation is a statement that two expressions are equal. To solve an equa-
tion in one variable is to find all the values of the variable that make the
equation true. Each of these values is a solution of the equation. The set of
all solutions of an equation is its solution set. Some examples of equations
in one variable are

2x + 3 =5, 3(x — 1) = 4x + 5,
-3

x¥* —3x+2=0, and X = 1.
x+ 4

® Linear Equations

The first two equations above are linear equations in one variable. We define
such equations as follows.

A linear equation in one variable is an equation that can be expressed
in the form mx + b = 0, where m and b are real numbers and m # 0.

Equations that have the same solution set are equivalent equations.
For example, 2x + 3 = 5 and x = 1 are equivalent equations because 1 is
the solution of each equation. On the other hand, x> —3x+ 2 =0and
x = 1 are not equivalent equations because 1 and 2 are both solutions of
x* — 3x 4+ 2 = 0but 2 is not a solution of x = 1.

To solve an equation, we find an equivalent equation in which the vari-
able is isolated. The following principles allow us to solve linear equations.

EQUATION-SOLVING PRINCIPLES

For any real numbers a, b, and c:

The Addition Principle: If a = bistrue,thena + ¢ = b + cis true.

The Multiplication Principle: 1If a = bis true, then ac = bc is true.
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cem|

Double-tap the scieen 10 exil race' mode.
=3.200000 intersaction found)
1=1.400000 ¥2=1.400000

4410

The Graphing Calculator Appcylon LLC app
has an intersect feature. The intersection
ofy = 3x — 1and y = is shown in this
window.

Graphs, Functions, and Models

EXAMPLE 1 Solve: 2x — 1 = Z,

Solution When we have an equation that contains fractions, it is often conve-
nient to multiply by the least common denominator (LCD) of the fractions on
both sides of the equation in order to clear the equation of fractions. We have

3 7

—x—1=—
4 5

3 7
200 —x—1)] =20~
4 5

3
ZO'Zx—20-1=28

The LCDis 4 - 5, or 20.

Multiplying by the LCD on both sides
to clear fractions

15x — 20 = 28
15x — 20 + 20 = 28 + 20 Using the addition principle to add 20
on both sides
15x = 48
I5x 48 Using the multiplication principle to
E - E multiply by 75, or divide by 15, on
both sides
48
x=—
15
_ 16 Simplifying. Note that3x — 1 = Z
X = — _ 16 . .
and x = 7 are equivalent equations.
Check: 2x—1=1%
L
4é . 15*6 -1z % Substituting 2 for x
2 _ 5
5 5
7 7
5 5 TRUE
The solution is 2.

We can use the INTERSECT feature on a graphing calculator to solve
equations. We call this the Intersect method. To use the Intersect method
to solve the equation in Example 1, for instance, we graph y; = 3x — 1 and
y, = . The value of x for which y, = , is the solution of the equation
2x — 1 = L This value of x is the first coordinate of the point of inter-
section of the graphs of y; and y,. Using the INTERSECT feature, we find that
the first coordinate of this point is 3.2. We can find fraction notation for the

solution by using the »FRAC feature. The solution is 3.2, or 2.

X»Frac

2
N
vl

T 1 11

Intersection
X=3.2 LY=14
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EXAMPLE 2 Solve: 2(5 — 3x) = 8 — 3(x + 2).

Algebraic Solution Graphical Solution

We have We graph y; = 2(5 — 3x)
and y, = 8 — 3(x + 2). The

B - ) ) o first coordinate of the point of
10 —6x=8 —3x— 6 Using the distributive property intersection of the graphs is the
10 — 6x = 2 — 3x Collecting like terms value of x for which 2(5 — 3x) =
10 — 6x + 6x = 2 — 3x + 6x Using the addition principle 8 — 3(x + 2)and 1s.thus the
to add 6x on both sides solution of the equation.
10 = 2 + 3x
. . L y=2(5-3x), y,=8—3(x+2)
10 —-2=2+3x—2 Using the addition principle to Vo sy
add —2, or subtract 2, on both =
sides : :
8 = 3x e i
8 3x Using the multiplication prin-
g : ? ciple to multiply by 3, or divide
by 3, on both sides ')?5362222667 MY
8 ' s
3= x
The solution is approximately
Check: 2(5—3x) = 8 — 3(x + 2) 2.6666667. ' -
T 5 . We can find fraction notation
2(5-3-3)  8=3(5+2)  substituting} forx for the exact solution by using the
2(5—8) | 8 — 3(%4) »FRAC feature. The solution is 5.
2(=3) | 814
X»Frac 5
-6 | —6 TRUE g
The solution is —.
X vi v2 We can use the TABLE feature on a graphing calculator, set in ASK mode,
27 || =€ =€ to check the solutions of equations. In Example 2, for instance, we let

3 = 2(5 — 3x) and y, = 8 — 3(x + 2). When } is entered for x, we see
that y; = y, or 2(5 — 3x) = 8 — 3(x + 2). Thus, } is the solution of the
equation. (Note that the calculator converts § to decimal notation in the
WE table.)
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Special Cases

Some equations have no solution.

EXAMPLE 3 Solve: —24x + 7 = 17 — 24«x.
Solution We have

—24x + 7 = 17 — 24x
24x — 24x + 7 = 24x + 17 — 24x Adding 24x
7 = 17. We get a false equation.

No matter what number we substitute for x, we get a false equation. Thus

the equation has no solution. Now Try Exercise 11.

There are some equations for which any real number is a solution.

EXAMPLE 4 Solve: 3 — 3x = —1x + 3.

Solution We have

- %x = —%x +3
1§X + 3 — %x = % — %x + 3 Adding } x
3 =23 We get a true equation.

Replacing x with any real number gives a true equation. Thus any real num-
ber is a solution. This equation has infinitely many solutions. The solution
set is the set of real numbers, {x| x1is a real number}, or (—o, ©).

Now Try Exercise 3.

® Applications Using Linear Models

Mathematical techniques can be used to answer questions arising from real-
world situations. Linear equations and linear functions model many of these
situations.

The following strategy is of great assistance in problem solving.

FIVE STEPS FOR PROBLEM SOLVING

1. Familiarize yourself with the problem situation. If the problem
is presented in words, this means to read carefully. Some or all
of the following can also be helpful.

a) Make a drawing, if it makes sense to do so.

b) Make a written list of the known facts and a list of what you
wish to find out.

c) Assign variables to represent unknown quantities.

d) Organize the information in a chart or a table, if appropriate.
e) Find further information. Look up a formula, consult a reference
book or an expert in the field, or do research on the Internet.

f) Guess or estimate the answer and check your guess or estimate.

(continued)
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2. Translate the problem situation to mathematical language or sym-
bolism. For most of the problems you will encounter in algebra, this
means to write one or more equations, but sometimes an inequality
or some other mathematical symbolism may be appropriate.

3. Carry out some type of mathematical manipulation. Use your
mathematical skills to find a possible solution. In algebra, this
usually means to solve an equation, an inequality, or a system of
equations or inequalities.

4. Check to see whether your possible solution actually fits the
problem situation and is thus really a solution of the problem.
Although you may have solved an equation, the solution(s) of
the equation might not be solution(s) of the original problem.

5. State the answer clearly using a complete sentence.

EXAMPLE 5 Wordsin Languages. There are about 232,000 words in
the Japanese language. This is 19% more than the number of words in the
Russian language. (Source: Global Language Monitor) How many words are
in the Russian language?

Solution

1. Familiarize. Let’s estimate that there are 200,000 words in the Russian
language. Then the number of words in the Japanese language would be

200,000 + 19% - 200,000 = 1(200,000) + 0.19(200,000)
= 1.19(200,000) = 238,000.

Since we know that there are actually 232,000 words in the Japanese
language, our estimate of 200,000 is too high. Nevertheless, the cal-
culations performed indicate how we can translate the problem to an
equation. We let x = the number of words in the Russian language.
Then x + 19%ux, or 1 - x + 0.19x, or 1.19x, is the number of words in
the Japanese language.

2. Translate. We translate to an equation:

Number of words

in Japanese language is 232,000.
¥ v
1.19x = 232,000
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3. Carry out. We solve the equation, as follows:

1.19x = 232,000

232,000
X = Dividing by 1.19 on both sides
1.19
x = 195,000.

4. Check. 19% of 195,000 is 37,050, and 195,000 + 37,050 = 232,050.
Since 232,050 = 232,000, the answer checks. (Remember: We rounded
the value of x.)

5. State. There are about 195,000 words in the Russian language.

Now Try Exercise 33.

EXAMPLE 6 Convenience Stores. In 2011, there were over 146,000
convenience stores in the United States. The total number of convenience
stores in Texas and California was 25,047. There were 3885 more conven-
ience stores in Texas than in California. (Source: The Nielsen Company)
Find the number of convenience stores in Texas and in California.

Solution

1. Familiarize. The number of convenience stores in Texas is described
in terms of the number in California, so we let x = the number of con-
venience stores in California. Then x + 3885 = the number of conven-
ience stores in Texas.

2. Translate. We translate to an equation:

Number of convenience number of convenience
stores in California plus stores in Texas is 25,047
\f s v o
X + x + 3885 = 25,047

3. Carry out. We solve the equation, as follows:

x + x + 3885 = 25,047
2x + 3885 = 25,047 Collecting like terms
2x = 21,162 Subtracting 3885 on both sides
x = 10,581. Dividing by 2 on both sides

If x = 10,581, then x + 3885 = 10,581 + 3885 = 14,466.

4. Check. If there were 14,466 convenience stores in Texas and 10,581 in
California, then the total number of convenience stores in Texas and
California was 14,466 + 10,581, or 25,047. Also, 14,466 is 3885 more
than 10,581. The answer checks.

5. State. In 2011, there were 14,466 convenience stores in Texas and
10,581 convenience stores in California.

In some applications, we need to use a formula that describes the
relationships among variables. When a situation involves distance, rate
(also called speed or velocity), and time, for example, we use the following
formula.
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THE MOTION FORMULA

The distance d traveled by an object moving at rate rin time t1is
given by

d=r-t

EXAMPLE 7 Airplane Speed. Delta Airlines’ fleet includes B737/800’s,
each with a cruising speed of 531 mph, and Saab 340B’s, each with a cruising
speed of 290 mph (Source: Delta Airlines). Suppose that a Saab 340B takes
off and travels at its cruising speed. One hour later, a B737/800 takes off and
follows the same route, traveling at its cruising speed. How long will it take
the B737/800 to overtake the Saab 340B?

Solution

1. Familiarize. We make a drawing showing both the known and the
unknown information. We let t = the time, in hours, that the B737/800
travels before it overtakes the Saab 340B. Since the Saab 340B takes off 1 hr
before the 737, it will travel for t + 1 hr before being overtaken. The planes
will have traveled the same distance, d, when one overtakes the other.

B737/800
531 mph
B737/800
Saab 340B overtakes
here.
We can also organize the information in a table, as follows.
d = r - t
Distance Rate Time
B737/800 d 531 0t |—>d=531
Saab 340B d D290 ¢ ot+ 1 |—>d=290(t+ 1)

2. Translate. Using the formula d = rt in each row of the table, we get
two expressions for d:

d =531t and d = 290(¢ + 1).
Since the distances are the same, we have the following equation:

531t = 290(¢ + 1).
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3. Carry out. We solve the equation, as follows:

531t = 290(¢ + 1)
531t = 290t + 290 Using the distributive property
241t = 290 Subtracting 290¢ on both sides
t = 1.2. Dividing by 241 on both sides and rounding

to the nearest tenth

4. Check. If the B737/800 travels for about 1.2 hr, then the Saab 340B
travels for about 1.2 + 1, or 2.2 hr. In 2.2 hr, the Saab 340B travels
290(2.2), or 638 mi, and in 1.2 hr, the B737/800 travels 531(1.2), or
637.2 mi. Since 637.2 mi = 638 mi, the answer checks. (Remember: We
rounded the value of t.)

5. State. About 1.2 hr after the B737/800 has taken off, it will overtake the
Saab 340B.

For some applications, we need to use a formula to find the amount of
interest earned by an investment or the amount of interest due on a loan.

THE SIMPLE-INTEREST FORMULA
The simple interest I on a principal of P dollars at interest rate r for

tyears is given by

I = Prt.

EXAMPLE 8 Student Loans. Demarion’s two student loans total
$12,000. One loan is at 5% simple interest and the other is at 8% simple interest.
After 1 year, Demarion owes $750 in interest. What is the amount of each loan?

Solution

1. Familiarize. We let x = the amount borrowed at 5% interest. Then the
remainder of the $12,000, or 12,000 — x, is borrowed at 8%. We orga-
nize the information in a table, keeping in mind the formula I = Prt.

( A
Amount Interest Amount of
Borrowed Rate Time Interest
: x( 0.05 ) ( 1 ),
5% Loan x : 5%,0r0.05 : lyear : or 0.05x

: : - (12,000 — x)(0.08)(1),
8% Loan 12,000 — x : 8%,0r0.08 : lyear : or0.08(12,000 — x)

Total 12,000 : : 750
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2. Translate. The total amount of interest on the two loans is $750. Thus
we write the following equation:

Interest on interest on
5% loan  plus 8% loan is  $750.
0.05x -\Jl/- 0.08(12,000 — x) i 7&0
3. Carryout. We solve the equation, as follows:
0.05x + 0.08(12,000 — x) = 750
0.05x + 960 — 0.08x = 750 Using the distributive property
—0.03x + 960 = 750 Collecting like terms

—0.03x = —210 Subtracting 960 on both sides
x = 7000. Dividing by —0.03 on
both sides
If x = 7000, then 12,000 — x = 12,000 — 7000 = 5000.

4. Check. The interest on $7000 at 5% for 1 year is $7000(0.05)(1), or
$350. The interest on $5000 at 8% for 1 year is $5000(0.08)(1), or
$400. Since $350 + $400 = $750, the answer checks.

5. State. Demarion borrowed $7000 at 5% interest and $5000 at 8%

interest. Now Try Exercise 63.

Sometimes we use formulas from geometry in solving applied prob-
lems. In the following example, we use the formula for the perimeter P of a
rectangle with length /and width w: P = 21 + 2w.

EXAMPLE 9 Solar Panels. In December 2009, a solar energy farm was
completed at the Denver International Airport. More than 9200 rectangular
solar panels were installed (Sources: Woods Allee, Denver International Air-
port; www.solarpanelstore.com; The Denver Post). A solar panel, or photo-
voltaic panel, converts sunlight into electricity. The length of a panel is 13.6 in.
less than twice the width, and the perimeter is 207.4 in. Find the length and
the width.
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Solution

1. Familiarize. We first make a drawing. Since the length of the panel is
described in terms of the width, we let w = the width, in inches. Then
2w — 13.6 = the length, in inches.

|<— 2w —13.6

2. Translate. We use the formula for the perimeter of a rectangle:

P=2l+ 2w

207.4 = 2(2w — 13.6) + 2w. Substituting 207.4 for Pand
2w — 13.6forl

3. Carry out. We solve the equation:

207.4 = 2(2w — 13.6) + 2w
207.4 = 4w — 27.2 + 2w Using the distributive property

2074 = 6w — 27.2 Collecting like terms
234.6 = 6w Adding 27.2 on both sides
39.1 = w. Dividing by 6 on both sides

If w = 39.1, then 2w — 13.6 = 2(39.1) — 13.6 = 78.2 — 13.6 = 64.6.
4. Check. The length, 64.6 in., is 13.6 in. less than twice the width, 39.1 in.
Also
2-64.6in. + 2+:39.1in. = 129.21in. + 78.21in. = 207.4in.

The answer checks.

5. State. The length of the solar panel is 64.6 in., and the width is 39.1 in.

EXAMPLE 10 Cab Fare. Metro Taxi charges a $2.50 pickup fee and $2
per mile traveled. Grayson’s cab fare from the airport to his hotel is $32.50.
How many miles did he travel in the cab?
Solution
1. Familiarize. Let’s guess that Grayson traveled 12 mi in the cab. Then
his fare would be
$2.50 + $2-12 = $2.50 + $24 = $26.50.

We see that our guess is low, but the calculation shows us how to trans-
late the problem to an equation. We let m = the number of miles that
Grayson traveled in the cab.
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2. Translate. We translate to an equation:

Pickup cost per number of total
fee  plus mile times milestraveled is charge.
: m

2.50 + 2 = 32.50
3. Carryout. We solve the equation:

2.50 + 2+ m = 32.50
2m = 30 Subtracting 2.50 on both sides
m = 15. Dividing by 2 on both sides

4. Check. If Grayson travels 15 mi in the cab, the mileage charge is
$2 - 15, or $30. Then, with the $2.50 pickup fee included, his total
charge is $2.50 + $30, or $32.50. The answer checks.

5. State. Grayson traveled 15 mi in the cab.

® Zeros of Linear Functions

An input for which a function’s output is 0 is called a zero of the function.
We will restrict our attention in this section to zeros of linear functions.
This allows us to become familiar with the concept of a zero, and it lays the
groundwork for working with zeros of other types of functions in succeed-
ing chapters.

ZEROS OF FUNCTIONS

An input ¢ of a function f is called a zero of the function if the out-
put for the function is 0 when the input is c. That is, cis a zero of f

if f(¢c) = 0.

Recall that a linear function is given by f(x) = mx + b, where m and
b are constants. For the linear function f(x) = 2x — 4, we have f(2) =
2 -2 — 4 = 0,s02isazero of the function. In fact, 2 is the only zero of this
function. In general, a linear function f(x) = mx + b, with m # 0, has
exactly one zero.

The zero, 2, is the first coordinate of the point at which the graph crosses
the x-axis. This point, (2, 0), is the x-intercept of the graph. Thus when we
find the zero of a linear function, we are also finding the first coordinate of
the x-intercept of the graph of the function.

For every linear function f(x) = mx + b, there is an associated linear
equation mx + b = 0. When we find the zero of a function f(x) = mx + b,
we are also finding the solution of the equation mx + b = 0.
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EXAMPLE 11 Find the zero of f(x) = 5x — 9.

Algebraic Solution Graphical Solution

We find the value of x for which f(x) = 0:

5 =9 =0 Setting f(x) = 0
5% —'9 Adding 9 on both sides
x = %, or 1.8. Dividing by 5 on both
sides

Using a table, set in ASK mode, we can check
the solution. We enter y = 5x — 9 on the equa-
tion-editor screen and then enter the value x = %,
or 1.8, in the table.

We see that y = 0 when x = 1.8, so the num-
ber 1.8 checks. The zero is %, or 1.8. This means
that f(%) = 0, or f(1.8) = 0. Note that the zero
of the function f(x) = 5x — 9 is the solution of
the equation 5x — 9 = 0.

The solution of 5x — 9 = 0 is also the zero of
f(x) = 5x — 9. Thus we can solve an equation by
finding the zeros of the function associated with it.
We call this the zero method.

We graph y = 5x — 9 in the standard window
and use the ZERO feature from the CALC menu to
find the zero of f(x) = 5x — 9. (See Fig. 1.) Note
that the x-intercept must appear in the window
when the ZERO feature is used.

We also can find the zero of this function with
an app. (See Fig. 2.) Note that the app shown here
uses the term “root” rather than “zero.”

Double-tap the scieen 10 exil race' mode.

f=1.80000 {root found)
1=0.000000
“10.0 50 450 10,
y=5%—9
10 =
10\111111111%1\/111111110
-10.0
Zero
X=18 Y=0
=10
FIGURE 1 FIGURE 2

We can check algebraically by substituting 1.8
for x:

£(1.8) =5(1.8) =9 =9 — 9 = 0.
The zero of f(x) = 5x — 9is 1.8, or .

Now Try Exercise 73.
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The Intersect Method and the Zero Method

An equation suchasx — 1 =
2x — 6 can be solved using the
Intersect method by graphing
n=x—landy, =2x — 6
and using the INTERSECT feature
to find the first coordinate of
the point of intersection of the
graphs.

The equation can also be
solved using the Zero method by
writing it with 0 on one side of
the equals sign and then using
the ZERO feature.

Solve: x — 1 = 2x — 6.

CONNECTING THE CONCEPTS

Zeros, Solutions, and Intercepts

The Intersect Method
Graphy; = x — 1 and

¥ = 2x — 6.

Point of intersection: (5, 4)
Solution: 5

The Zero Method

First, add —2x and 6 on both
sides of the equation to get 0
on one side:

x—1=2x—6
x—1—-—2x+6=0.
Graph
3 =x—1—2x + 6.

Zero: 5
Solution: 5

Linear Equations, Functions, Zeros, and Applications

CONNECTING THE CONCEPTS
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The zero of a linear function f(x) = mx + b, with m # 0, is the solution of the linear equation

mx + b = 0 and is the first coordinate of the x-intercept of the graph of f(x) = mx + b. To find the zero

of f(x) = mx + b, wesolve f(x) = 0,or mx + b = 0.

FUNCTION

Linear Function

f(x) = 2x — 4,0r
y=2x—4

ZERO OF THE FUNCTION;
SOLUTION OF THE EQUATION

To find the zero of f(x), we
solve f(x) = 0:

2x—4=0
2x = 4
= 2.

The solution of 2x — 4 = 01is 2.

This is the zero of the function
f(x) = 2x — 4. That s,
f(2) = 0.

ZERO OF THE FUNCTION;
x-INTERCEPT OF THE GRAPH

The zero of f(x) is the first
coordinate of the x-intercept of
the graph of y = f(x).

Y flx)=2x—4

6
4
2
I S | 1 ) I |
—6 —4 -2 % 6x
=2 x-intercept

(2,0)
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Exercise Set

Solve

1. 4x + 5 =21 2.2y —1=3
3.2 —ix=-2x+23 4.%y+3=3
5.4x+3 =0 6. 3x — 16 =0
7.3 —x=12 8. 4—x= -5

9.3 —ix=23 10. 10x — 3 = 8 + 10x
1L 5 —4x=—4x+ 3 12.8—3x=2
13. 8 =5x—3 14. 9 = 4x — 8

15 2y —2=1 6. —x+1=1-x
17. y + 1 =2y — 7 18. 5 —4x = x — 13
19. 2x +7=x+3 20. 5x —4=2x+5
2. 3x =5 =2x+ 1 22, 4x + 3 =2x—7
23. 4x = 5=7x— 2 24. 5x + 1 =9x—7
25. 5x — 2 + 3x=2x+ 6 — 4x

26. 5x — 17 = 2x=6x— 1 — x

27. 7(3x + 6) = 11 — (x + 2)

28. 4(5y + 3) = 3(2y — 5)

29. 3(x + 1) =5 —2(3x + 4)

30. 43x +2) — 7 = 3(x — 2)

31 2(x — 4) =3 — 5(2x + 1)

32. 3(2x — 5) + 4 = 2(4x + 3)

33. Foreign Students in the United States. In the

34.

35.

2009-2010 school year in the United States,
there were 128,000 students from China. This
number is 22% more than the number of stu-
dents from India. (Source: Institute of Interna-
tional Education) How many foreign students
were from India?

Fuel Economy. The Toyota Prius gets 44 miles
per gallon (mpg) overall. The Hummer H2
gets 11 mpg less than one-half of the miles-
per-gallon rate for the Toyota Prius. (Source:
Consumer Reports, April 2010) Find the miles-
per-gallon rate for the Hummer H2.

Olive O1l. It is estimated that 710,000 met-
ric tons of olive oil were consumed in Italy in

36.

37.

2009-2010. This is 60,000 metric tons more
than 2.5 times the amount consumed in the
United States during the same time period.
(Source: International Olive Council) Find the
amount of olive oil consumed in the United
States in 2009-2010.

Salary Comparison. The average salary of a
landscape architect for the federal government
is $80,830 per year. This is about 38.5% higher
than the yearly salary of a private-sector land-
scape architect. (Source: U.S. Bureau of Labor
Statistics) Find the salary of a private-sector
landscape architect.

Ocean Depth. The average depth of the
Pacific Ocean is 14,040 ft. This is 8890 ft less
than the sum of the average depths of the
Atlantic Ocean and the Indian Ocean. The
average depth of the Indian Ocean is 272 ft
less than four-fifths of the average depth of
the Atlantic Ocean. (Source: Time Almanac,
2010) Find the average depth of the Indian
Ocean.




38.

39.
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Where the Textbook Dollar Goes.  Of each dollar
spent on textbooks at college bookstores, 22.3
cents goes to the college store for profit, store
operations, and personnel. On average, a college
student at a four-year college spends $667 per
year for textbooks. (Source: National Association
of College Stores) How much of this expenditure
goes to the college store?

Vehicle Curb Weight.  The total curb weight

of a Toyota Tundra truck, a Ford Mustang car,
and a Smart For Two car is 11,150 Ib. The weight
of a Mustang is 5 Ib less than the weight of two
Smart For Two cars. The Tundra weighs 2135 b
more than the Mustang. (Source: Consumer
Reports, April 2010) What is the curb weight of
each vehicle?

40.

41.

42,

43,

Total: 11,150 Ib

Nutrition. A slice of carrot cake from the
popular restaurant The Cheesecake Factory
contains 1560 calories. This is three-fourths of
the average daily calorie requirement for many
adults. (Source: The Center for Science in the
Public Interest) Find the average daily calorie
requirement for these adults.

Television Viewers. In a recent week, the tele-
vision networks CBS, ABC, and NBC together
averaged a total of 29.1 million viewers. CBS
had 1.7 million more viewers than ABC, and
NBC had 1.7 million fewer viewers than ABC.
(Source: Nielsen Media Research) How many
viewers did each network have?

Nielsen Ratings. Nielsen Media Research sur-
veys TV-watching habits and provides a list of the
20 most-watched TV programs each week. Each
rating point in the survey represents 1,102,000
households. One week “60 Minutes” had a rating
of 11.0. How many households did this represent?

Amount Borrowed. Kendal borrowed money
from her father at 5% simple interest to help
pay her tuition at Wellington Community Col-
lege. At the end of 1 year, she owed a total of
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44.

45.

46.

47.
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$1365 in principal and interest. How much did
she borrow?

Amount of an Investment. Khalid makes an
investment at 4% simple interest. At the end of
1 year, the total value of the investment is $1560.
How much was originally invested?

Sales Commission. Ryan, a consumer electron-
ics salesperson, earns a base salary of $1500 per
month and a commission of 8% on the amount
of sales he makes. One month Ryan received

a paycheck for $2284. Find the amount of his
sales for the month.

Commission vs. Salary.  Juliet has a choice
between receiving a monthly salary of $1800
from Furniture by Design or a base salary of
$1600 and a 4% commission on the amount of
furniture she sells during the month. For what
amount of sales will the two choices be equal?

Hourly Wage.  Soledad worked 48 hr one week

and earned a $442 paycheck. She earns time and
a half (1.5 times her regular hourly wage) for

the number of hours she works in excess of 40.
What is Soledad’s regular hourly wage?

48.

49.

50.

Cab Fare. City Cabs charges a $1.75 pickup
fee and $1.50 per mile traveled. Diego’s fare for
a cross-town cab ride is $19.75. How far did he
travel in the cab?

Angle Measure. In triangle ABC, angle Bis five
times as large as angle A. The measure of angle
Cis 2° less than that of angle A. Find the mea-
sures of the angles. (Hint: The sum of the angle
measures is 180°.)

Angle Measure. In triangle ABC, angle Bis twice
as large as angle A. Angle C measures 20° more
than angle A. Find the measures of the angles.
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51.

52.

53.

54.

55.

56.

57.

58.
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Test-Plot Dimensions. Morgan’s Seeds has a

rectangular test plot with a perimeter of 322 m.
The length is 25 m more than the width. Find the
dimensions of the plot.

Garden Dimensions. The children at Tiny Tots
Day Care planted a rectangular vegetable garden
with a perimeter of 39 m. The length is twice
the width. Find the dimensions of the garden.

Soccer-Field Dimensions. The width of the
soccer field recommended for players under
the age of 12 is 35 yd less than the length. The
perimeter of the field is 330 yd. (Source: U.S.
Youth Soccer) Find the dimensions of the field.

Poster Dimensions. Marissa is designing a poster
to promote the Talbot Street Art Fair. The width
of the poster will be two-thirds of its height, and
its perimeter will be 100 in. Find the dimensions
of the poster.

Water Weight. Water accounts for 55% of a
woman’s weight (Source: ga.water.usgs.gov/edu).
Lily weighs 135 Ib. How much of her body
weight is water?

Water Weight. Water accounts for 60% of a
man’s weight (Source: ga.water.usgs.gov/edu).
Jake weighs 186 Ib. How much of his body
weight is water?

Train Speeds. A Central Railway freight train
leaves a station and travels due north at a speed
of 60 mph. One hour later, an Amtrak passenger
train leaves the same station and travels due
north on a parallel track at a speed of 80 mph.
How long will it take the passenger train to
overtake the freight train?

Distance Traveled. A private airplane leaves
Midway Airport and flies due east at a speed of
180 km /h. Two hours later, a jet leaves Midway
and flies due east at a speed of 900 km /h. How
far from the airport will the jet overtake the
private plane?

59.

Traveling Upstream. A kayak moves at a rate of
12 mph in still water. If the river’s current flows
at a rate of 4 mph, how long does it take the boat
to travel 36 mi upstream?

60.

61

6

N

63

64

65

Traveling Downstream. Angelo’s kayak travels
14 km/h in still water. If the river’s current
flows at a rate of 2 km /h, how long will it take
him to travel 20 km downstream?

Flying into a Headwind. ~An airplane that
travels 450 mph in still air encounters a 30-mph
headwind. How long will it take the plane to
travel 1050 mi into the wind?

Flying with a Tailwind. ~An airplane that can
travel 375 mph in still air is flying with a 25-mph
tailwind. How long will it take the plane to travel
700 mi with the wind?

Investment Income. Erica invested a total of
$5000, part at 3% simple interest and part at 4%
simple interest. At the end of 1 year, the invest-
ments had earned $176 interest. How much was
invested at each rate?

Student Loans. Dimitri’s two student loans to-
tal $9000. One loan is at 5% simple interest and
the other is at 6% simple interest. At the end of

1 year, Dimitri owes $492 in interest. What is the
amount of each loan?

Networking Sites. In February 2011,
facebook.com had 134,078,221 unique visitors.
This number of visitors was 51,604,956 less than
the total number of visitors to YouTube.com
and amazon.com. The number who visited
YouTube.com was 42,826,225 more than the
number who visited amazon.com. (Source: lists.
compete.com) Find the number of visitors to
YouTube.com and to amazon.com.



66.

67.

. Public Libraries.

SECTION 1.5

Calcium Content of Foods.  Together, one 8-0z
serving of plain nonfat yogurt and one 1-0z serving
of Swiss cheese contain 676 mg of calcium. The
yogurt contains 4 mg more than twice the calcium
in the cheese. (Source: U.S. Department of Agri-
culture) Find the calcium content of each food.

NFL Stadium Elevation. The elevations of the
31 NFL stadiums range from 3 ft at MetLife
Stadium in East Rutherford, New Jersey, to 5210 ft
at Sports Authority Field at Mile High in Denver,
Colorado. The elevation of Sports Authority Field

at Mile High is 247 ft higher than seven times the
elevation of Lucas Oil Stadium in Indianapolis,
Indiana. What is the elevation of Lucas Oil Stadium?

There is a total of 1525 pub-
lic libraries in New York and Wisconsin. There
are 151 more libraries in New York than twice
the number in Wisconsin. (Source: Institute of
Museums and Library Services) Find the number
of public libraries in New York and in Wisconsin.

Linear Equations, Functions, Zeros, and Applications

69.
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Source of Drinking Water. In the Dominican
Republic, factory-bottled water is the primary
source of drinking water for 67% of the urban
population (Source: National Geographic,
April 2010). In 2009, the population of the
Dominican Republic was 9,650,054, of which
66.8% was urban. For how many in the urban
population of the Dominican Republic was
bottled water the primary source of drinking
water?

70.

Volcanic Activity. A volcano that is currently
about one-half mile below the surface of the
Pacific Ocean near the Big Island of Hawaii
will eventually become a new Hawaiian island,
Loihi. The volcano will break the surface of the
ocean in about 50,000 years. (Source: U.S. Geo-
logical Survey) On average, how many inches
does the volcano rise in a year?

Find the zero of the linear function.

71.

f(x) =x+5 72. f(x) = 5x + 20
f(x) = —2x + 11 74. f(x) = 8 + x
f(x) =16 — x 76. f(x) = —2x + 7
f(x) = x+ 12 78. f(x) = 8x + 2
f(x) =—x+6 80. f(x) =4+ x
f(x) =20 — x 82. f(x) = —3x+ 13
f(x) =%x— 10 84. f(x) =3x—9
f(x) = —x+ 15 86. f(x) =4 —«x
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In Exercises 87-92, use the given graph to find each of
the following: (a) the x-intercept and (b) the zero of the
function.

87.
5432
89. 90.

y y
sk st
4t 4t
3t 3t
2 2k
1k 1+

93. Write a slope—intercept equation for the line
containing the point (—1, 4) and parallel to the
line 3x + 4y = 7.

94. Write an equation of the line containing the
points (—5,4) and (3, —2).
95. Find the distance between (2, 2) and (—3, —10).

96. Find the midpoint of the segment with end

points (—%,%) and (—%,%)

97. Given that f(x) = i find f(—3), £(0),
and f(3).

98. Find the slope and the y-intercept of the line

with the equation 7x — y = 3.

State whether each of the following is a linear function.

3
100. f(x) = - +5

102. f(x) = 3x — (2.4)°

99. f(x) =7 — 3x

101. f(x) = x* + 1
Solve.
103. 2x — {x— [3x — (6x+5)]} =4x — 1

104. 14 — 2[3 +5(x— 1)] =
3{x —4[1+ 62— x)]}

105. Packaging and Price. Dannon recently replaced
its 8-oz cup of yogurt with a 6-o0z cup and re-
duced the suggested retail price from 89 cents to
71 cents (Source: IRI). Was the price per ounce
reduced by the same percent as the size of the
cup? If not, find the price difference per ounce
in terms of a percent.

106. Besisellers.  One week 10 copies of the novel
The Last Song by Nicholas Sparks were sold for
every 7.9 copies of David Baldacci’s Deliver Us
from Evil that were sold (Source: USA Today
Best-Selling Books). If a total of 10,919 copies
of the two books were sold, how many copies of
each were sold?

107. Running vs. Walking. A 150-1b person who
runs at 6 mph for 1 hr burns about 720 calories.
The same person, walking at 4 mph for 90 min,
burns about 480 calories. (Source: FitSmart,
USA Weekend, July 19-21, 2002) Suppose a
150-1b person runs at 6 mph for 75 min. How
far would the person have to walk at 4 mph in
order to burn the same number of calories used
running?
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Solving Linear Inequalities

»  Solve linear inequalities.
= Solve compound inequalities.
» Solve applied problems using inequalities.

An inequality is a sentence with <, >, = ,or = asits verb. An example
is 3x — 5 < 6 — 2x. To solve an inequality is to find all values of the vari-
able that make the inequality true. Each of these values is a solution of the
inequality, and the set of all such solutions is its solution set. Inequalities
that have the same solution set are called equivalent inequalities.

® Linear Inequalities

The principles for solving inequalities are similar to those for solving
equations.

PRINCIPLES FOR SOLVING INEQUALITIES
For any real numbers a, b, and c:

The Addition Principle for Inequalities:

Ifa < bistrue,then a + ¢ < b + cistrue.

The Multiplication Principle for Inequalities:

a) If a < band c > 0 are true, then ac < bc is true.

b) If a < band ¢ < 0 are true, then ac > bc is true.
(When both sides of an inequality are multiplied by a negative
number, the inequality sign must be reversed.)

Similar statements hold for a = b.

First-degree inequalities with one variable, like those in Example 1
below, are linear inequalities.

EXAMPLE 1 Solve the inequality. Then graph the solution set.

a) 3x — 5 <6 — 2x b) 13 — 7x = 10x — 4
Solution
a)3x —5<6— 2x
5x—5<6 Using the addition principle for inequalities;
adding 2x
5x < 11 Using the addition principle for inequalities;
adding 5
x < % Using the multiplication principle for inequalities;

multiplying by £, or dividing by 5
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INTERVAL NOTATION Any number less than %" is a solution. The solution set is {x| x < }
or ( e *) The graph of the solution set is shown below.

REVIEW SECTION R.1.

1

5
)
—5—-4-3-2—-1 0 1 2 3 4 5

=3x=5 y,=6—- 2 To check, we can graph y; = 3x — 5and y, = 6 — 2x. The graph
3 el at left shows that for x < 2.2, or x < %, the graph of y, lies below the

\( graph of y,, or y; < .

b) 13— 7x= 10x — 4

13 — 17x = —4 Subtracting 10x
';‘t:r;e;tio” ¥, —17x = —17 Subtracting 13
x=1 Dividing by — 17 and reversing the inequality sign

The solution set is {x|x = 1}, or (—, 1]. The graph of the solution
set is shown below.

EXAMPLE 2 Find the domain of the function.

X
a) f(x) = Vx—6 b)h(x)—ﬁ
Solution
a) The radicand, x — 6, must be greater than or equal to 0. We solve the
inequality x — 6 = 0:
x—6=0
X = 6.
The domain is {x|x = 6}, or [6, ).

b) Any real number can be an input for x in the numerator, but inputs for
x must be restricted in the denominator. We must have 3 — x = 0 and

V3 — x # 0.Thus,3 — x > 0. We solve for x:
3—x>0
—x> -3 Subtracting 3
x < 3. Multiplying by — 1 and reversing the inequality sign

The domain is {x|x < 3}, or (—, 3).

Now Try Exercises 17 and 21.

® Compound Inequalities

When two inequalities are joined by the word and or the word or, a com-
pound inequality is formed. A compound inequality like

—3<2x+5 and 2x+5=7
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is called a conjunction, because it uses the word and. The sentence
—3 < 2x + 5 = 7 is an abbreviation for the preceding conjunction.

Compound inequalities can be solved using the addition and multipli-
cation principles for inequalities.

EXAMPLE 3 Solve —3 < 2x + 5 = 7. Then graph the solution set.

Solution We have
—3<2x+5=7
8§ <2x=2 Subtracting 5
—4 < x=1. Dividing by 2

The solution set is {x| —4 < x =< 1}, or (—4, 1 ]. The graph of the solution
set is shown below.

Now Try Exercise 23.

A compound inequality like 2x — 5 = —7 or2x — 5 > 1 is called a
disjunction, because it contains the word or. Unlike some conjunctions, it
cannot be abbreviated; that is, it cannot be written without the word or.

EXAMPLE 4 Solve: 2x — 5= —7 or 2x — 5 > 1. Then graph the
solution set.

Solution We have
2x —5=—-7 or 2x—5>1
2x = =2 or 2x > 6 Adding 5
-1 or x> 3. Dividing by 2

IA

X

The solution set is {x|x = —1 orx > 3}. We can also write the solution
set using interval notation and the symbol U for the union or inclusion
of both sets: (—o, —1] U (3, ). The graph of the solution set is shown
below.

To check, we graph y; = 2x — 5, , = —7, and y; = 1. Note that for
{xlx=-Torx> 3}y = yory > .

= An Application

EXAMPLE 5 Income Plans. For her house-painting job, Erica can be
paid in one of two ways:

Plan A: $250 plus $10 per hour;

Plan B: $20 per hour.

Suppose that a job takes n hours. For what values of 7 is plan B better for
Erica?
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Solution
1.

Familiarize. Suppose that a job takes 20 hr. Then n = 20, and under
plan A, Erica would earn $250 + $10 - 20, or $250 + $200, or $450.
Her earnings under plan B would be $20 - 20, or $400. This shows
that plan A is better for Erica if a job takes 20 hr. If a job takes 30 hr,
then n = 30, and under plan A, Erica would earn $250 + $10 - 30, or
$250 + $300, or $550. Under plan B, she would earn $20 - 30, or $600,
so plan B is better in this case. To determine all values of n for which
plan B is better for Erica, we solve an inequality. Our work in this step
helps us write the inequality.

Translate. We translate to an inequality:

Income from plan B is greater than income from plan A.

v \ v

20n > 250 + 10n
Carry out. We solve the inequality:
20n > 250 + 10n
10n > 250
n > 25.

Subtracting 101 on both sides
Dividing by 10 on both sides

Check. For n = 25, the income from plan A is $250 + $10 - 25, or
$250 + $250, or $500, and the income from plan B is $20 - 25, or
$500. This shows that for a job that takes 25 hr to complete, the income
is the same under either plan. In the Familiarize step, we saw that plan B
pays more for a 30-hr job. Since 30 > 25, this provides a partial check
of the result. We cannot check all values of 7.

State. For values of n greater than 25 hr, plan B is better for Erica.

Now Try Exercise 45.

Find the domain of the function.

1. 4x —3>2x+ 7 2.8x+1=5x—5 17. h(x) = Vx —7 18. g(x) = Vx + 8
3.x+6<5x—6 4.3 —x<4x+7 19. f(x) = V1 —5x+2
5.4 — 2x = 2x+ 16 6.3x— 1> 6x+5 20. f(x) = V2x+3 — 4
7. 14 — 5y =8y — 8 8. 8x—7<6x+ 3 5

y=9r * * 21, g(x) = ——— 22. h(x) = ——=
9. 7x —7>5x+5 10. 12 — 8y = 10y — 6 V4 + x 8 —x

11. 3x — 3+ 2x=1—-—7x—9
125y —5+y=2—6y—8
13, —3x= —3 + 3x 4. —2x =

15.
16.

dx(x —2) < 2(2x — 1)(x — 3)
(x + 1)(x+2) > x(x+ 1)

W

Solve and write interval notation for the solution set.
Then graph the solution set.

+ 8x 23, 2=x+1<4 24, 3<x+2=5
25.5=x—3=7 26, —1<x—4<7
27. 3=x+4=3 28, 5<x+2<15



29.
31.
33.
35.
36.
37.
38.
39.
40.
41.
42.
43.

44.

45.

—2<2x+1<5 30 3=5x+1=3
32. 3<1—-2x=3

3. 5= —4x—3) <1

—4=6-2x<4
—5<3B3x+1)<7
3x=—6o0rx—1>0
2x < 8orx+ 3 =10
2x +3 = —4or2x+3 =4
3x—1< —-50r3x—12>5

2x — 20 < —0.8 or2x — 20 > 0.8
5x+ 11 = —4or5x+ 11 = 4
x+14=—jorx+ 14 =1
x—9<-—Jorx—9>1

Information Technology. The equation

y = 31.7x + 487 estimates the amount that
small and midsize businesses spend, in billions
of dollars, on information technology, where x is
the number of years after 2007 (Source: IDC SMB
Research). For what years will the spending be
more than $775 billion?

Televisions per Household. The equation

y = 1.393x + 19.593 estimates the percentage
of U.S. households that have three or more
televisions, where x is the number of years
after 1985 (Source: The Nielsen Company).
For what years will the percentage of U.S.
households with three or more televisions

be at least 65%?

Moving Costs.  Acme Movers charges $100 plus
$30 per hour to move a household across town.
Hank’s Movers charges $55 per hour. For what
lengths of time does it cost less to hire Hank’s
Movers?

SECTION 1.6

46.

47.

48.

49.

50.

51.

52.
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Investment Income. Gina plans to invest
$12,000, part at 4% simple interest and the rest at
6% simple interest. What is the most that she can
invest at 4% and still be guaranteed at least $650
in interest per year?

Investment Income. Dillon plans to invest
$7500, part at 4% simple interest and the rest at
5% simple interest. What is the most that he can
invest at 4% and still be guaranteed at least $325
in interest per year?

Investment Income. A university invests
$600,000 at simple interest, part at 6%, half that
amount at 4.5%, and the rest at 3.5%. What

is the most that the university can invest at
3.5% and be guaranteed $24,600 in interest per
year?

Investment Income. A foundation invests
$50,000 at simple interest, part at 7%, twice that
amount at 4%, and the rest at 5.5%. What is the
most that the foundation can invest at 4% and be
guaranteed $2660 in interest per year?

Income Plans.  Tori can be paid in one of two
ways for selling insurance policies:

Plan A: A salary of $750 per month, plus a com-
mission of 10% of sales;

Plan B: A salary of $1000 per month, plus a
commission of 8% of sales in excess of
$2000.

For what amount of monthly sales is plan A
better than plan B if we can assume that sales are
always more than $2000?

Income Plans.  Achal can be paid in one of two
ways for the furniture he sells:

Plan A: A salary of $900 per month, plus a com-
mission of 10% of sales;

Plan B: A salary of $1200 per month, plus a
commission of 15% of sales in excess of
$8000.

For what amount of monthly sales is plan B better
than plan A if we can assume that Achal’s sales are
always more than $8000?

Income Plans.  Jeanette can be paid in one of
two ways for painting a house:

Plan A: $200 plus $12 per hour;
Plan B: $20 per hour.

Suppose a job takes n hours to complete. For what
values of nis plan A better for Jeanette?
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Vocabulary Reinforcement

In each of Exercises 5356, fill in the blank(s) with the
correct term(s). Some of the given choices will not be
used; others will be used more than once.

constant domain
function distance formula
any exactly one
midpoint formula identity

y-intercept x-intercept

range

53. A(n) is a correspondence between
a first set, called the ,and a
second set, called the , such

that each member of the
corresponds to

member of the

is<x1 +tx nt )’z>
2 72 '

54. The

Chapter 1 Summary and Review

55. A(n) is a point (a, 0).

56. A function fis a linear function if it can be
written as f(x) = mx + b, where mand b
are constants. If m = 0, the function is a(n)
function f(x) = b.If m = 1
and b = 0, the function is the
function f(x) = x.

Solve.
57.2x =5 - 7x <7 + x

58. x=3x—2=2—x
59. 3y <4 — 5y <5+ 3y
60. y — 10 <5y+6=y+10

KEY TERMS AND CONCEPTS

EXAMPLES

SECTION 1.1: INTRODUCTION TO GRAPHING

Graphing Equations

To graph an equation is to make a drawing that rep-
resents the solutions of that equation. We can graph
an equation by selecting values for one variable and

finding the corresponding values for the other vari-

able. We list the solutions (ordered pairs) in a table,

plot the points, and draw the graph.

Graph: y = 4 — x%

x  y=4-x (%) ,

0 4 (0, 4) p=4-x
-1 3 (—1,3) I% \

1 3 (1,3) . x
-2 0 (—2,0) [

2 0 2,0) :



Intercepts

An x-intercept is a point (g, 0).

To find a, let y = 0 and solve for x.
A y-intercept is a point (0, ).

To find b, let x = 0 and solve for y.

We can graph a straight line by plotting the inter-
cepts and drawing the line containing them.

Distance Formula
The distance d between any two points (x;, ;) and
(xp, 1) is given by

d= \/(xz -

Midpoint Formula

If the endpoints of a segment are (x;, ;) and (xy, ¥5),
then the coordinates of the midpoint of the segment

are
<x1+x2 }’1"')’2)
2 02 '

Circles
The standard form of the equation of a circle with
center (h, k) and radius ris

(x — h)?*+ (y — k=1~

CHAPTER 1  Summary and Review

Graph using intercepts: 2x — y = 4.

Lety = 0: yﬁ
2x—0=4 ] Jintercept
2x = 4 S /G0
- , 3
x = 2. Jintercent § 2x—y=4
The x-intercept is (2, 0). Lt
Letx = 0:
2:0—y=4
—y =4
y = —4.

The y-intercept is (0, —4).

Find the distance between (—5,7) and (2, —3).
d=V[2 - (-5)]2+ (-3 — 7)?
= V7 + (-10)°
= V49 + 100
= V149 = 12.2

Find the midpoint of the segment whose endpoints
are (—10,4) and (3, 8).

(x1+xz}’l+}’2>:(—10+34+8)
2 72 2 2

Find an equation of a circle with center (1, —6) and
radius 8.

(x—h)>*+ (y— k=1
(=12 +[y- (-0 =#
(x— 1)+ (y+6)* =64
Given the circle
(x+9)*+ (y — 2)* = 121,
determine the center and the radius.
Writing in standard form, we have
[x—(=9)]*+ (y — 2)* = 11~
The center is (—9, 2), and the radius is 11.

145
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SECTION 1.2: FUNCTIONS AND GRAPHS

Functions Consider the function given by y

A function is a correspondence between a first set, o(x) = | x| — 1 ;

called the domain, and a second set, called the Ty |l %) o

range, such that each member of the domain corre- g(=3) = | 3 | 1 < >

sponds to exactly one member of the range. =3-1 Sle) =l -1
=2 5

For the input —3, the output is 2:

f(=3) = 2.
The point (—3, 2) is on the graph.
Domain: Set of all inputs = all real numbers, or
(=0, @).

Range: Set of all outputs: {y|y = —1}, or [—1, ).

The Vertical-Line Test Ly

If it is possible for a vertical line to cross a graph | This is not the graph of a func-
more than once, then the graph is not the graph of a g“ ; tion because a vertical line can
function. ‘ x cross it more than once, as

| shown.
|
|

y _/
This is the graph of a function
— because no vertical line can

cross it more than once.

Domain Find the domain of the function given by

When a function f whose inputs and outputs are real (x— 1)

numbers is given by a formula, the domain is the h(x) = — .

set of all inputs for which the expression is defined as (x +5)(x = 10)

a real number. Division by 0 is not defined. Since x + 5 = 0 when
x = —5and x — 10 = 0 when x = 10, the domain
of his

{x|x # —5andx # 10},
or (=, —5) U (=5,10) U (10, %).
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SECTION 1.3: LINEAR FUNCTIONS, SLOPE, AND APPLICATIONS

_mse TN N T »
m_i_ =

run X — X X — X

Slope can also be considered as an average rate of
change. To find the average rate of change between
two data points on a graph, we determine the slope
of the line that passes through the points.

Slope-Intercept Form of an Equation
f(x) =mx+ b

The slope of the line is m1.

The y-intercept of the line is (0, b).

To graph an equation written in slope—intercept
form, we plot the y-intercept and use the slope to
find another point. Then we draw the line.

Horizontal Lines

The graph of y = b, or f(x) = b, is a horizontal line
with y-intercept (0, b). The slope of a horizontal
line is 0.

Vertical Lines

The graph of x = ais a vertical line with x-intercept
(a,0). The slope of a vertical line is not defined.

The slope of the line containing the points (3, —10)
and (—2,6) is

pon _6-(710) 16 _ 16
X T X

m = .
—-2-3 —5 5

In 2000, the population of Flint, Michigan, was
124,943. By 2008, the population had decreased to
112,900. Find the average rate of change in popula-
tion from 2000 to 2008.

112,900 — 124,943

Average rate of change = m =

2008 — 2000
—12,043
=—5 =~ 1505

The average rate of change in population over the
8-year period was a decrease of 1505 people per year.

Determine the slope and the y-intercept of the line
given by 5x — 7y = 14.
We first find the slope—intercept form:
S5x =7y =14
—7y = —5x + 14

y=%x—2.

Adding —5x
Multiplying by —
The slope is 3, and the y-intercept is (0, —2).

Graph: f(x) = —5x + 4.
We plot the y-intercept, (0, 4). X
Think of the slope as 52. From 0.4
the y-intercept, we find another

point by moving 2 units down and T
3 units to the right to the point crenrf) = —Sx 4
(3,2). We then draw the graph. 2

.
L3
(3,2)i™N

1.2 430 x

Graph y = —4 and Graph x = 3 and
determine its slope. determine its slope.
y y

(3,0)

—5-4-3-2-1

[ I

0, —4)°

ioig H & is

The slope is 0. The slope is not defined.
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SECTION 1.4: EQUATIONS OF LINES AND MODELING

Slope-Intercept Form of an Equation Write the slope—intercept equation for a line with

y = mx + borf(x) = mx+ b slop —% and y-intercept (0, 4).

o = mx + i i
The slope of the line is m. y=mx+b Eisrl:lg the slope-intercept
The y-intercept of the line is (0, b). y=—5x+4 Substituting — 3 for mand 4
forb
Point-Slope Form of an Equation Write the slope—intercept equation for a line that

passes through (—5,7) and (3, —9).

y=n=mx-—x)
: : We first determine the slope:
The slope of the line is m.
-9 -7 —16
The line passes through (xi, ;). = = =
p gh (x1, 1) "= T oe) T 8

—2.

Using the slope—intercept form: We substitute —2
for m and either (—5,7) or (3, —9) for (x, y) and

solve for b:
y=mx+b
7=-=2-(=5)+1b Using (—5,7)
7=10+0
-3 =D
The slope—intercept equation is y = —2x — 3.

Using the point—slope equation: We substitute —2
for m and either (=5, 7) or (3, —9) for (x;, »):
y—n=mx—x)
y—(-9) = —2(x—3)  Using(3,-9)
y+9=-2x+6

y = —2x — 3.
The slope—intercept equation is y = —2x — 3.
Parallel Lines Write the slope—intercept equation for a line pass-
Vertical lines are parallel. Nonvertical lines are ing t}zerUgh (=3, 1) that is parallel to the line
parallel if and only if they have the same slope and y=35x+5.
different y-intercepts. The slope of y = $x + 51is 3, so the slope of a line

parallel to this line is also 2. We use either the slope—
intercept equation or the point—slope equation for a
line with slope § and containing the point (=3, 1).
Here we use the point—slope equation and substitute
%for m, —3 for x;, and 1 for y,.

y—n=mx-x)
y=1=5[x=(-3)]
y—1=3x+2

y=3x+3 Slope-intercept form
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Perpendicular Lines Write the slope—intercept equation for a line that
Two lines are perpendicular if and only if the passes thrzough (=3,1) and is perpendicular to the
product of their slopes is —1 or if one line is vertical liney = 5x + 5.

(x = a) and the other is horizontal (y = b). The slope of y = $x + 5 is 3, so the slope of a line

perpendicular to this line is the opposite of the recip-
rocal of 3, or —3. Here we use the point—slope equa-
tion and substitute —% for m, —3 for x;, and 1 for y;.

y—n=mx—x)

y=1=—ilx= (-]
y=1=-ix+3)

_ 3 9
y—1=—3x—3;
Yy = _% — % Slope—intercept form

Equation—Solving Principles Solve: 2(3x —7) = 15 — (x + 1).

The Addition Principle:

: , 2B3x—7) =15 — (x + 1)
Ifa = bistrue,thena + ¢ = b + cistrue.

6x—14=15—-—x—1 Using the

The Multiplication Principle: distributive property
If a = bis true, then ac = bc is true. 6x — 14 = 14 — x Collecting
like terms
6x—14+x=14 —x+ x Adding x on both
sides
7x — 14 = 14
7x — 14 + 14 =14 + 14 Adding 14 on both sides
7x = 28
% c7x = % - 28 Multiplying by § on both
sides
x=4
Check: 23x —7) =15 — (x + 1)

23-4—7) 2 15— (4 +1)
2(12-7) | 15-5

2-5 10
10 10 TRUE
The solution is 4.
Special Cases Solve: 2 + 17x = 17x — 9.
Some equations have 7o solution. 2+ 17x = 17x — 9
24+ 17x — 17x = 17x — 9 — 17x Subtracting 17x
on both sides
2=-9 False equation

We get a false equation. Thus the equation has no solution.
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There are some equations for which any real number
is a solution.

Zeros of Functions
An input c of a function f is called a zero of the func-
tion if the output for the function is 0 when the input
is ¢. That is,

cisazeroof fif f(c) = 0.

A linear function f(x) = mx + b, with m # 0, has
exactly one zero.

Solve: 5 —ix = —1x+5
—3x=—3x+5
—%x-i—%x: —%x-i— 5+%x Adding }x on
both sides
5=5 True equation

We get a true equation. Thus any real number is a
solution. The solution set is

{x|xis areal number}, or (—o, ).

Find the zero of the linear function
f(x) = 3x — 40.
We find the value of x for which f(x) = 0:

%x —40 =0 Setting f(x) = 0
%x = 40 Adding 40 on both sides
% : %x = % - 40 Multiplying by £ on both sides
x = 64.

We can check by substituting 64 for x:
f(64) =3-64 — 40 = 40 — 40 = 0.
The zero of f(x) = 3x — 40 is 64.

SECTION 1.6: SOLVING LINEAR INEQUALITIES

Principles for Solving Linear Inequalities
The Addition Principle:
Ifa < bistrue,thena + ¢ < b + cistrue.

The Multiplication Principle:
If a < band ¢ > 0 are true, then ac < bc is true.
If a < band ¢ < 0are true, then ac > bc is true.

Similar statements hold for a = b.

Solve 3x — 2 = 22 — 5x and graph the solution set.
3x — 2 =22 — 5x

3x =2+ 5x =22 — 5x + 5x Adding 5x on both
sides
8x —2 =22
8x —2+2=22+2 Adding 2 on both
sides
8x = 24
8x _ 24 Dividing by 8 on
8 8 both sides
x=3

The solution set is
{x|x =3}, or (—=,3].

The graph of the solution set is as follows.




Compound Inequalities

When two inequalities are joined by the word and or
the word or, a compound inequality is formed.

A Conjunction:

1 < 3x — 20 and 3x — 20 = 40, or
1 < 3x— 20 =40

A Disjunction:

8x —1=—-17 0r8x—1>7

Answers to all of the review exercises appear in the
answer section at the back of the book. If you get an
incorrect answer, restudy the objective indicated in red
next to the exercise or the direction line that precedes it.
Determine whether the statement is true or false.

1. If the line ax + y = cis perpendicular to the line

x—by=d then% = 1. [14]

2. The intersection of the lines y = Jand x = —5 s

(-5,%). 1.3]
V3—x

3. The domain of the function f(x) = p

does not contain —3 and 0. [1.2]

4. The line parallel to the x-axis that passes through
—47)isx = -1} [1.3]

5. The zero of a linear function f is the first co-
ordinate of the x-intercept of the graph of

y = f(x). [1.5]

6. If a < bistrueand ¢ # 0, then ac < bcis
true. [1.6]
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Solve: 1 < 3x — 20 = 40.
1 <3x—20 =40
21 < 3x = 60 Adding 20
7 < x=20 Dividing by 3
The solution set is
{x|7 < x =20}, or (7,20].
Solve: 8x — 1 = —17 or 8 —1>7.

8x—1=—-17 or 8x—1>7

8x = —16 or 8x > 8 Adding 1
x=-2 or x> 1 Dividing
by8

The solution set is

{x|x=—=20rx>1}, or (—%,—2]U(1,®).

Use substitution to determine whether the given ordered
pairs are solutions of the given equation. [1.1]

7. (3,3), (0, —=9);2x — 9y = —18

8. (0,7),(7,1);y=7

Find the intercepts and then graph the line. [1.1]
9. 2x =3y =6

10. 10 — 5x = 2y

Graph the equation. [1.1]

1. y = —3x + 1

12. 2x — 4y = 8

13. y=2 — &%

14. Find the distance between (3, 7) and (—2, 4).
(1.1]

15. Find the midpoint of the segment with endpoints
(3,7) and (—2,4). [1.1]

16. Find the center and the radius of the circle with
equation (x + 1)* + (y — 3)* = 9. Then graph
the circle. [1.1]
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Find an equation for a circle satisfying the given
conditions. [1.1]

17. Center: (0, —4), radius of length 3
18. Center: (—2, 6), radius of length V13
19. Diameter with endpoints (—3, 5) and (7, 3)

Determine whether the correspondence is a
function. [1.2]

20. —6 — 1 21.h —r
-1—3 i— s
2% 10 i 7t
7 — 12 k.~

Determine whether the relation is a function. Identify
the domain and the range. [1.2]

22. {(3,1),(5,3),(7,7),(3,5)}
23. {(2,7),(=2,-7),(7,-2),(0,2), (1, —4)}

24. Given that f(x) = x> — x — 3, find each of the
following. [1.2]

a) f(0) b) f(-3)
o fla—1) d) f(—x)
25. Given that f(x) = %, find each of the

following. [1.2]

a) f(7) b) flx+ 1)
o f(-5) d f(-3)

26. A graph of a function is shown below. Find f(2),
f(—4),and f(0). [1.2]

y
7 (4,3)
7

o4 =2 | o4 X
(—3,—1)/ o2, 1)

(—45-3) .,

Determine whether the graph is that of a function. [1.2]
27/ y y

V

YO, A

29. y 30. )/

\

Find the domain of the function. [1.2]
31. f(x) =4 — 5x + «°

2. f(x) = > +2

1
33. = -
f(x) x> —6x+5
—5x
34. f(x) = 116 — 2|

Graph the function. Then visually estimate the domain
and the range. [1.2]

35. f(x) = V16 — 2

36. g(x) = |x — 5]

37. f(x) = x =7

38. h(x) = x* + «°

In Exercises 39 and 40, the table of data contains

input—output values for a function. Answer the follow-
ing questions. [1.3]
a) Is the change in the inputs, x, the same?

b) Is the change in the outputs, y, the same?
c) Is the function linear?

39. 40.

X y x y

=3 8 20 11.8

—2 11 30 242

-1 14 40 36.6
0 17 50 49.0
1 20 60 61.4
2 22 70 73.8
3 26 80 86.2

Find the slope of the line containing the given points. [1.3]
41. (2,—11), (5, —6) 42. (5,4), (—3,4)

8. (3,3), (3,0)



44. Minimum Wage. The minimum wage was
$5.15 in 1990 and $7.25 in 2010 (Source: U.S.
Department of Labor). Find the average rate
of change in the minimum wage from 1990 to
2010. [1.3]

Find the slope and the y-intercept of the line with the
given equation. [1.3]

45. y= —5x—6 46. —2x —y =7

47. Graph y = —%x + 3 using the slope and the
y-intercept. [1.3]

48. Total Cost. Clear County Cable Television
charges a $110 installation fee and $85 per
month for basic service. Write an equation
that can be used to determine the total cost
C(t) of t months of basic cable television
service. Find the total cost of 1 year of
service. [1.3]

49. Temperature and Depth of the Earth. The func-
tion T given by T(d) = 10d + 20 can be used to
determine the temperature T, in degrees Celsius,
at a depth d, in kilometers, inside the earth.

a) Find T(5), T(20), and T(1000). [1.3]

b) The radius of the earth is about 5600 km.
Use this fact to determine the domain of the
function. [1.3]

Write a slope—intercept equation for a line with the
following characteristics. [1.4]

50. m = —3%, y-intercept (0, —4)

51. m = 3, passes through (—2, —1)

52. Passes through (4, 1) and (—2, —1)

53. Write equations of the horizontal line and the
vertical line that pass through ( —4, %) [1.4]

54. Find a linear function h given h(—2) = —9 and
h(4) = 3. Then find h(0). [1.4]

Determine whether the lines are parallel, perpendicular,
or neither. [1.4]

55. 3x — 2y = 8§,
6x — 4y =2

56. y — 2x = 4,
2y — 3x = =7

57. y=3x+ 7,
y=—%x—4

CHAPTER 1  Summary and Review 153

Given the point (1, —1) and the line 2x + 3y = 4:

58. Find an equation of the line containing the given
point and parallel to the given line. [1.4]

59. Find an equation of the line containing the given
point and perpendicular to the given line. [1.4]

60. Height of an Indian Elephant. Sample data in the
table below show the height at the shoulders H, in
centimeters, of an adult Indian elephant (Elephas
maximus indicus) that corresponds to the right
forefoot circumference ¢, in centimeters.

Right Forefoot Height at the
Circumference, ¢ Shoulders, H
(in centimeters) (in centimeters)

92.3 182.1

98.7 : 194.8

105.0 : 207.4

114.2 225.7

120.7 238.6

125.0 : 2472

Source: Forest Department of the Government
of Kerala (India); Sreekumar, K. P., and

G. Nirmalan, Veterinary Research Communications:
Springer Netherlands, Volume 13, Number 1,
January 1989.

a) Without using the regression feature on a
graphing calculator, model the data with a lin-
ear function where the height H s a function of
the circumference c of the right forefoot. Then
using this function, estimate the height at the
shoulders of an Indian elephant with a right
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forefoot circumference of 118 cm. Round the
answer to the nearest hundredth. Answers may
vary depending on the data points used.

b) Using a graphing calculator, fit a regression
line to the data and use it to estimate the
height at the shoulders of an Indian elephant
with a right forefoot circumference of
118 cm. Round the answer to the nearest
hundredth. What is the correlation coefficient
for the regression line? How close a fit is the
regression line?

Solve. [1.5]

6. 4y — 5 =1

62. 3x —4 =5x+ 8

63. 5(3x + 1) = 2(x — 4)
64. 2(n — 3) = 3(n + 5)
65. 2y —2 =3

66. 5 —2x= —2x+ 3
67. x — 13 = —13 + x

68. Salt Consumption. Americans’ salt consump-
tion is increasing. The recommended daily intake
of salt is 2300 milligrams per person. In 2006,
American men consumed an average of 4300
milligrams of salt daily. This was a 54.7% in-
crease over the average daily salt intake in 1974.
(Source: National Health and Nutrition Exami-
nation Survey) What was the average daily salt
intake for men in 19742 Round your answer to
the nearest 10 milligrams. [1.5]

69. Amount of Investment. Candaleria makes
an investment at 5.2% simple interest. At the
end of 1 year, the total value of the invest-
ment is $2419.60. How much was originally
invested? [1.5]

70. Flying info a Headwind. An airplane that can
travel 550 mph in still air encounters a 20-mph
headwind. How long will it take the plane to
travel 1802 mi? [1.5]

In Exercises 71-74, find the zero(s) of the function. [1.5]
71. f(x) = 6x — 18 72. f(x) = x — 4

73. f(x) =2 — 10x 74. f(x) = 8 — 2x
Solve and write interval notation for the solution set.

Then graph the solution set. [1.6]
75. 2x — 5 < x+7

76. 3x + 1 =5x+ 9

77. 3 =3x+1=5

78. -2 <5x—4 =6

79. 2x < —lorx —3 >0
80. 3x + 7=2o0r2x+3 =5

81. Homeschooled Children in the United States. The
equation y = 0.08x + 0.83 estimates the number
of homeschooled children in the United States,
in millions, where x is the number of years after
1999 (Source: Department of Education’s National
Center for Education Statistics). For what years
will the number of homeschooled children exceed
2.0 million? [1.6]

82. Temperature Conversion. The formula
C = 3(F — 32) can be used to convert Fahren-
heit temperatures F to Celsius temperatures C.
For what Fahrenheit temperatures is the Celsius
temperature lower than 45°C? [1.6]

83. The domain of the function

x+3
) = s
is which of the following? [1.2]

A (—3,2)
B. (—%,2) U (2, »)

C. (-, —3) U (=3,2) U (2, )
D. (-, —3) U (-3, »)

84. The center of the circle described by the
equation (x — 1)* + y* = 9 is which of the
following? [1.1]

A. (—1,0)

B. (1,0)
C. (0,-3)
D. (—1,3)
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85. The graph of f(x) = —%x — 2 is which of the Find the domain. [1.2]
following? [1.3] W =

A B. 87. f(x) = — xl x|
y _ o _
s i , /‘ i 88. f(x) = (x —9x ")
A . .
" P
2 g R 42 IR - AN
Sl /

ey Collaborative Discussion and Writing

89. Discuss why the graph of f(x) = —2x + 4is

steeper than the graph of g(x) = 7x — 6. [1.3]

90. As the first step in solving
3x —1=238,
Stella multiplies by § on both sides. What advice

would you give her about the procedure for solv-
ing equations? [1.5]

odeeacl [ 12345 i=5—4-3-2-1
_ 91. Is it possible for a disjunction to have no solu-
tion? Why or why not? [1.6]

92. Explain in your own words why a linear function
f(x) = mx + b,with m # 0, has exactly one
............................................................................ zero. [1.5]

Synthesis 93

. Why can the conjunction 3 < x and x < 4 be
written as 3 < x < 4, but the disjunction x < 3
86. Find the point on the x-axis that is equidistant or x > 4 cannot be written 3 > x > 4? [1.6]

el e ) nc i =l 11 94. Explain in your own words what a function is. [1.2]

Chapter 1 Test

1. Determine whether the ordered pair (%, 1%) isa 6. Find an equation of the circle with center (—1,2)
solution of the equation 5y — 4 = «x. and radius V5.

2. Find the intercepts of 5x — 2y = —10 and graph 7. a) Determine whether the relation
the line. {(=4,7),(3,0),(1,5), (0,7)}

is a function. Answer yes or no.
b) Find the domain of the relation.
c) Find the range of the relation.

3. Find the distance between (5, 8) and (—1,5).

4. Find the midpoint of the segment with endpoints

(—2,6) and (—4,3). 8. Given that f(x) = 2x* — x + 5, find each of the
following.
5. Find the center and the radius of the circle a) f(—1)

(x +4)*+ (y—5)* = 36. b) f(a + 2)
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1 —
9. Given that f(x) = Tx’ find each of the

following.

a) f(0) b) f(1)
10. Using the graph below, find f(—3).

11. Determine whether each graph is that of a func-
tion. Answer yes or no.

/
S

—

b) y

VIV -

Find the domain of the function.
1
12. = —
) = —
13. g(x) = £ + 2

14. h(x) = V25 — x*

15. a) Graph: f(x) = |x — 2| + 3.
b) Visually estimate the domain of f(x).
c) Visually estimate the range of f(x).

Find the slope of the line containing the given points.
16. (-2,%), (-2,5)

17. (4, —10), (=8, 12)

18. (=5,6), (3,6)

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Declining Number Who Smoke. Daily use of ciga-
rettes by U.S. 12th graders is declining. In 1995,
21.6% of 12th graders smoked daily. This number
decreased to 11.4% in 2008. (Source: Monitoring the
Future, University of Michigan Institute for Social
Research and National Institute on Drug Abuse)
Find the average rate of change in the percent of
12th graders who smoke from 1995 to 2008.

Find the slope and the y-intercept of the line with
equation —3x + 2y = 5.

Total Cost.  Clear Signal charges $80 for a cell
phone and $49.95 per month under its standard
plan. Write an equation that can be used to de-
termine the total cost C(¢) of operating a Clear
Signal cell phone for t months. Then find the total
cost for 2 years.

Write an equation for the line with m = —3 and
y-intercept (0, —5).

Write an equation for the line that passes through
(—5,4) and (3, —2).
Write the equation of the vertical line that passes
through (—%, 11).
Determine whether the lines are parallel, perpen-
dicular, or neither.

2x + 3y = —12,

2y —3x =8
Find an equation of the line containing the point
(=1, 3) and parallel to the line x + 2y = —6.

Find an equation of the line containing the
point (—1, 3) and perpendicular to the line
x + 2y = —6.

Miles per Car. The data in the table below show
a decrease in the average number of miles per pas-
senger car from 2005 to 2008.

( )
Average Number of
Year, x Miles per Passenger Car
2005,0 : 12,510
2006, 1 12,485
2007, 2 12,304
2008, 3 11,788

Source: Energy Information Administration
Monthly Energy Review, March 2010



a) Without using the regression feature on a
graphing calculator, model the data with
a linear function and using this function,
estimate the average number of miles per
passenger car in 2010 and in 2013. Answers
may vary depending on the data points used.

b) Using a graphing calculator, fit a regression
line to the data and use it to estimate, to the
nearest mile, the average number of miles
per passenger car in 2010 and in 2013.
What is the correlation coefficient for the
regression line?

Solve.

29.6x +7 =1

30. 25 —x= —x+ 25

3l.3y—4=3y+6

32.2(4x + 1) = 8 — 3(x — 5)

33. Parking-Lot Dimensions. The parking lot behind
Kai’s Kafé has a perimeter of 210 m. The width is

three-fourths of the length. What are the dimensions
of the parking lot?

34. Pricing. Jessie’s Juice Bar prices its bottled juices
by raising the wholesale price 50% and then add-
ing 25¢. What is the wholesale price of a bottle of
juice that sells for $2.95?

35. Find the zero(s) of the function

f(x) = 3x + 9.

Solve and write interval notation for the solution set.

Then graph the solution set.

36.5 — x = 4x + 20

37. =7 <2x+ 3 <9
38.2x — 1 =3o0r5x+ 6 = 26
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39. Moving Costs. Morgan Movers charges $90 plus
$25 per hour to move households across town.
McKinley Movers charges $40 per hour for cross-
town moves. For what lengths of time does it cost
less to hire Morgan Movers?

40. The graph of g(x) = 1 — 3x is which of the
following ?

y Y
[OTPERLS NOPE FOP ppove § B FOOTSEA S UL SO ppove
4 4
Y R 3
Socooto D oot g Eoonh Bocosd §o)) poogoosavocd
i 42%2-1 | 12345 % i=574=3-2-1 | 1 2ON& 5 | X
2 Zof
i <3
iy e
is =5
y
“5
4
3
2
: Socoofo {] 4 eoogoasas g
N[ 12345 —5—4-3-2-1 | #2 3 45 ' x
&uoond - & - 2L heoogonods S
: : L3
L4
: A\ : : Y N

41. Suppose that for some function h, h(x + 2) = 1x.
Find h(—2).
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More on Functions

APPLICATION

A wholesale garden center estimates that it will sell
N units of a basket of three potted amaryllises after
spending a dollars on advertising, where

N(a) = —a* + 300a + 6, 0 = a = 300,
and a is measured in thousands of dollars. Graph
the function using a graphing calculator and then
use the MAxiMUM feature to find the relative maxi-
mum. For what advertising expenditure will the
greatest number of baskets be sold? How many
baskets will be sold for that amount?

This problem appears as Exercise 27 in Section 2.1.

2.1 |Increasing, Decreasing, and
Piecewise Functions; Applications

2.2 The Algebra of Functions

2.3 The Composition of Functions
Mid-Chapter Mixed Review
2.4 Symmetry

2.5 Transformations
Visualizing the Graph

2.6 Variation and Applications
Study Guide

Review Exercises

Test

159
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Increasing, Decreasing, and Piecewise Functions;

Applications

Graph functions, looking for intervals on which the function is increasing, decreasing,
or constant, and estimate relative maxima and minima.

= Given an application, find a function that models the application. Find the domain of
the function and function values, and then graph the function.

= Graph functions defined piecewise.

Because functions occur in so many real-world situations, it is important to
be able to analyze them carefully.

® Increasing, Decreasing, and Constant Functions

On a given interval, if the graph of a function rises from left to right, it is
said to be increasing on that interval. If the graph drops from left to right,
it is said to be decreasing. If the function values stay the same from left to

right, the function is said to be constant.
P h) =5 G+ 12 ga=c

(-1,5) 1) =k 1
4 4F 4
3 3k 3F
2+ 2k 2F
1F 1F 1F
1 1 1 1 1 I\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
—5—4 3*2*_1_ \2345x  —5-4-3-2- 1_1_ 123 45 x —5—4-3— *1_1_ 1 2 3 4
-2F —2F -2F
-3 -3t -3
-4t —4r —4r
—5F —5r -5F
\Va AV
N Y Constant
Increasing Decreasing Decreasing Increasing

i-Figure
2

We are led to the following definitions.

INCREASING, DECREASING, AND

CONSTANT FUNCTIONS

A function fis said to be increasing on an open interval I, if for all
aand bin that interval, a < bimplies f(a) < f(b). (See Fig. 1 on

the following page.)

A function fis said to be decreasing on an open interval [, if for all
aand bin that interval, a < bimplies f(a) > f(b). (See Fig. 2.)

A function fis said to be constant on an open interval I, if for all
aand bin that interval, f(a) = f(b). (See Fig. 3.)
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y (b, £(0)
ik @fan

fla)

[ S
S~ —_———————

. I )

{ ]
Fora <binl f(a) < f(b);
f is increasing on I.

FIGURE 1

Study Tips

Success can be planned.
Combine goals and good
study habits to create a
plan for success that works
for you. A list of study tips
that your authors consider
most helpful are included
in the Guide to Success in
the front of the text before
Chapter R.

(a,f(a)) (b, f(b))

I I
@/ ! ! !
I I
a b x
t I J
Fora <b inI, f(a) > f(b); Forallaand b in I, f(a) = f(b);
f is decreasing on I. fis constant on I.

FIGURE 2 FIGURE 3

EXAMPLE 1 Determine the intervals on which the function in the fig-
ure at left is (a) increasing; (b) decreasing; (c) constant.

Solution When expressing interval(s) on which a function is increasing,
decreasing, or constant, we consider only values in the domain of the func-
tion. Since the domain of this function is (—, %), we consider all real val-
ues of x.

a) As x-values (that is, values in the domain) increase from x = 3 to x = 5,
the y-values (that is, values in the range) increase from —2 to 2. Thus the
function is increasing on the interval (3, 5).

b) As x-values increase from negative infinity to —1, y-values decrease;
y-values also decrease as x-values increase from 5 to positive infinity.
Thus the function is decreasing on the intervals (—o, —1) and (5, «).

c) As x-values increase from —1 to 3, y remains —2. The function is con-

stant on the interval (—1, 3).

In calculus, the slope of a line tangent to the graph of a function at a
particular point is used to determine whether the function is increasing,
decreasing, or constant at that point. If the slope is positive, the function
is increasing; if the slope is negative, the function is decreasing; if the slope
is 0 over an interval, the function is constant. Since slope cannot be both
positive and negative at the same point, a function cannot be both increas-
ing and decreasing at a specific point. For this reason, increasing, decreasing,
and constant intervals are expressed in open interval notation. In Example 1,
if [3, 5] had been used for the increasing interval and [ 5, %) for a decreas-
ing interval, the function would be both increasing and decreasing at x = 5.
This is not possible.

® Relative Maximum and Minimum Values

Consider the graph shown at the top of the following page. Note the “peaks”
and “valleys” at the x-values ¢}, ¢;, and ¢;. The function value f(c,) is called a
relative maximum (plural, maxima). Each of the function values f(¢;) and
f(¢;) is called a relative minimum (plural, minima).
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More on Functions

Relative _—7/

maximum

Relative
minimum

RELATIVE MAXIMA AND MINIMA

Suppose that fis a function for which f(c) exists for some cin the
domain of f. Then:

f(c) is a relative maximum if there exists an open interval I con-
taining csuch that f(¢) > f(x), for all xin I where x # c¢;and

f(c) is a relative minimum if there exists an open interval [
containing ¢ such that f(c) < f(x), for all xin I where x # c.

Simply stated, f(¢) is a relative maximum if (¢, f(¢)) is the highest point
in some open interval, and f(c) is a relative minimum if (¢, f(c)) is the low-
est point in some open interval.

If you take a calculus course, you will learn a method for determining
exact values of relative maxima and minima. In Section 3.3, we will find
exact maximum and minimum values of quadratic functions algebraically.
The MAXIMUM and MINIMUM features on a graphing calculator can be used
to approximate relative maxima and minima.

EXAMPLE 2 Use a graphing calculator to determine any relative max-
ima and minima of the function f(x) = 0.1x’ — 0.6x* — 0.1x + 2 and to
determine intervals on which the function is increasing or decreasing.

Solution We first graph the function, experimenting with the window di-
mensions as needed. The curvature is seen fairly well with window settings of
[ —4,6,—3,3 } . Using the MAXIMUM and MINIMUM features, we determine the
relative maximum value and the relative minimum value of the function.

y=0.1x> — 0.6x> — 0.1x + 2 y=0.1x> — 0.6x> — 0.1x + 2
3 3

T

T

Maximum Minimum

Apps for the iPhone and the iPod Touch also
can be used to find the relative maximum
values and the relative minimum values of
the function in Example 2.

X =

—.0816649

Y =2.0041105

-3

X =4.0816644

Y ="1.604111

-3



(—0.082, 2.004) "

—10—8—6—4

L (4.082, —1.604)

f(x)=0.1x> — 0.6x* — 0.1x + 2
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We see that the relative maximum value of the function is about 2.004.
It occurs when x = —0.082. We also approximate the relative minimum,
—1.604 at x = 4.082.

We note that the graph rises, or increases, from the left and stops
increasing at the relative maximum. From this point, the graph decreases
to the relative minimum and then begins to rise again. Thus the function is
increasing on the intervals

(—%,—0.082) and (4.082, <)
and decreasing on the interval

(—0.082,4.082).

® Applications of Functions

Many real-world situations can be modeled by functions.

EXAMPLE 3 Car Distance. Elena and Thomas drive away from a res-
taurant at right angles to each other. Elena’s speed is 35 mph and Thomas’ is
40 mph.

a) Express the distance between the cars as a function of time, d(t).
b) Find the domain of the function.

Solution

a) Suppose 1 hr goes by. At that time, Elena has traveled 35 mi and Thomas
has traveled 40 mi. We can use the Pythagorean theorem to find the dis-
tance between them. This distance would be the length of the hypotenuse
of a triangle with legs measuring 35 mi and 40 mi. After 2 hr, the tri-
angle’s legs would measure 2 - 35, or 70 mi, and 2 - 40, or 80 mi. Noting
that the distances will always be changing, we make a drawing and let
t = the time, in hours, that Elena and Thomas have been driving since
leaving the restaurant.

Thomas’
distance,
40t

d(t)

After t hours, Elena has traveled 35¢ miles and Thomas 40t miles.
We now use the Pythagorean theorem:

[d(1)]? = (351)% + (401)%
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400

Because distance must be nonnegative, we need consider only the posi-
tive square root when solving for d(t):

d(t) = V(35t)* + (40t)*
= V1225¢2 + 1600¢*
= V2825

~ 53.15|¢] Approximating the root to two decimal places
~ 53.15¢ Sincet = 0, |t| = &
Thus, d(t) = 53.15t,t = 0.

b) Since the time traveled, ¢, must be nonnegative, the domain is the set of

nonnegative real numbers [0, ). Now Try Exercise 35.

EXAMPLE 4 Storage Area. Jenna’s restaurant supply store has 20 ft of
dividers with which to set off a rectangular area for the storage of overstock.
If a corner of the store is used for the storage area, the partition need only
form two sides of a rectangle.

a) Express the floor area of the storage space as a function of the length of
the partition.

b) Find the domain of the function.

¢) Graph the function.

d) Find the dimensions that maximize the floor area.

Solution

a) Note that the dividers will form two sides of a rectangle. If, for example,
14 ft of dividers are used for the length of the rectangle, that would leave
20 — 14, or 6 ft of dividers for the width. Thus if x = the length, in feet,
of the rectangle, then 20 — x = the width. We represent this informa-
tion in a drawing, as shown below.

The area, A(x), is given by
A(x) = x(20 — x) Area = length - width.
= 20x — x°.

The function A(x) = 20x — x can be used to express the rectangle’s
area as a function of the length of the partition.
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the visual representation is
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b) Because the rectangle’s length and width must be positive and only 20 ft of
dividers are available, we restrict the domain of Ato {x|0 < x < 20}, that
is, the interval (0, 20).

¢) The graph is shown at left.

d) We use the MAXIMUM feature as shown on the graph at left. The maximum
value of the area function on the interval (0, 20) is 100 when x = 10.
Thus the dimensions that maximize the area are

Length = x = 10ft and
Width = 20 — x = 20 — 10 = 10 ft.

® Functions Defined Piecewise

Sometimes functions are defined piecewise using different output formulas
for different pieces, or parts, of the domain.

EXAMPLE 5 For the function defined as

x+ 1, forx < —2,
f(x) =145, for =2 = x = 3,
X2, for x > 3,

find £(~5), f(~3), f(0), f(3), f(4), and £(10).

Solution First, we determine which part of the domain contains the given
input. Then we use the corresponding formula to find the output.

Since —5 < —2, we use the formula f(x) = x + I:
f(=5) = -5+ 1= —4.

Since —3 < —2, we use the formula f(x) = x + 1 again:
f(-3)=-3+1= -2

Since —2 = 0 = 3, we use the formula f(x) = 5:
f(0) = 5.

Since —2 = 3 = 3, we use the formula f(x) = 5 asecond time:
f(3) = 5.

Since 4 > 3, we use the formula f(x) = x%
f(4) = 4> = 1e6.

Since 10 > 3, we once again use the formula f(x) = x*

£(10) = 10> = 100.

EXAMPLE 6 Graph the function defined as

(x) {§x+3, for x < 3,
x =
§ —X, for x = 3.

Solution Since the function is defined in two pieces, or parts, we create
the graph in two parts.
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TABLE 1

?x<3)

-3

TABLE 2

(x = 3)

TABLE 3

TABLE 4

X

(0 <x=2)

N = =

TABLE 5

’(cx>2)

2
3
5

D=

W
NN

[e>RENON)

f(x) =2x — 6

-1

flx) =4 - x*

More on Functions

a) We graph g(x) = $x + 3 only for inputs x less than 3. That is, we use

g(x) = 3x + 3 only for x-values in the interval (—o, 3). Some ordered
pairs that are solutions of this piece of the function are shown in Table 1.

b) We graph g(x) = —x only for inputs x greater than or equal to 3. That is,
we use g(x) = —x only for x-values in the interval [ 3, ). Some ordered
pairs that are solutions of this piece of the function are shown in Table 2.

y
g(x) = %x + 3, forx<3
A
2
~ (a) 1
—5-4-3-2-1, 23 45 &
)
=3
) (b)
-5
g(x) = —x,forx=>3 ‘
EXAMPLE 7 Graph the function defined as
4, forx = 0,
f(x) =44 —x% for0 < x =2,

2x — 6, forx > 2.

Solution We create the graph in three pieces, or parts.

a) We graph f(x) = 4 only for inputs xless than or equal to 0. That is, we use
f(x) = 4 only for x-values in the interval (—o, 0 |. Some ordered pairs
that are solutions of this piece of the function are shown in Table 3.

b) We graph f(x) = 4 — x* only for inputs x greater than 0 and less than
or equal to 2. That is, we use f(x) = 4 — x* only for x-values in the
interval (0, 2 |. Some ordered pairs that are solutions of this piece of the
function are shown in Table 4.

c) We graph f(x) = 2x — 6 only for inputs x greater than 2. That is, we use
f(x) = 2x — 6 only for x-values in the interval (2, % ). Some ordered
pairs that are solutions of this piece of the function are shown in Table 5.

‘ flx) =4 —x%for 0<x=2

y
5
(@) 3 \\(b) f(x) =2x — 6, for x>2
| 2 (c)
flx) =4,forx=0 ! \
S48 >/ 15 =
ol

Now Try Exercise 55.



y= (x> —4D/(x +2)

3.1

X Y1
—2.3 —4.3
—2.2 —4.2
—2.1 —4.1

ERROR
-1.9 -39
—-1.8 —3.8
—-1.7 —3.7
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EXAMPLE 8 Graph the function defined as

x— 4
s forx # —2,

f(x) = X + 2
3, forx = —2.

Solution When x # —2, the denominator of (x* — 4)/(x + 2) is non-
zero, so we can simplify:
-4 (x+2)(x—2)
x+ 2 x+ 2

- 2.

Thus,
f(x) = x—2, forx # —2.

The graph of this part of the function consists of a line with a “hole” at the
point (—2, —4), indicated by the open circle. The hole occurs because the
piece of the function represented by (x* — 4)/(x + 2) is not defined for
x = —2. By the definition of the function, we see that f(—2) = 3, so we
plot the point (—2, 3) above the open circle.

Y
4
(_2> 3) 3
2
1
—5—4—-3-2—-1 1 2 4 X
(-2,-0 /",

Now Try Exercise 59.

The hand-drawn graph of the piece of the function in Example 8 repre-
sented by y = (x* — 4)/(x + 2), x # 2, can be checked using a graphing
calculator. When y = (x* — 4)/(x + 2) is graphed, the hole may or may
not be visible, depending on the window dimensions chosen. When we use
the ZDECIMAL feature from the ZOOM menu, note that the hole will appear,
as shown in the graph at left. (See the Graphing Calculator Manual that ac-
companies this text for further details on selecting window dimensions.) If
we examine a table of values for this function, we see that an ERROR message
corresponds to the x-value —2. This indicates that —2 is not in the domain
of the function y = (x* — 4)/(x + 2). However, —2 is in the domain of
the function f in Example 8 because f(—2) is defined to be 3.

A piecewise function with importance in calculus and computer pro-
gramming is the greatest integer function, denoted f(x) = [x], or int(x).
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GREATEST INTEGER FUNCTION
f(x) = [x] = the greatest integer less than or equal to x.

The greatest integer function pairs each input with the greatest integer
less than or equal to that input. Thus, x-values 1, 1%, and 1.8 are all paired
with the y-value 1. Other pairings are shown below.

—4 —1 0 2
int(1.8) \ 7 1 3
1 “36—3-4  —f——=-1 30 2132
int(2) _3l/ —0 25/ 099/ 23 /
5 1 ) 1

int(—3.6)

These values can be checked with a graphing calculator using the int( feature
from the NUM submenu in the MATH menu.

@ EXAMPLE 9 Graph f(x) = [x] and determine its domain and range.

Solution The greatest integer function can also be defined as a piecewise
function with an infinite number of statements. When plotting points by

X Vi hand, it can be helpful to use the TABLE feature on a graphing calculator to
72573 find ordered pairs.
—1.45 -2
-1 -1 y
—.75 -1 .
: -3, for—3 = x < =2, 5
i =2, for—2 =x< —1, ‘31
-1, for—1=x<0, 5
flx) = [x] = 0, for0 =x<1, 1
1, forl = x< 2, —5—4-3-—2-1 | 2 3 4 5 %
2, for2 = x < 3, =0
3 _
3, for3 = x < 4, 4’f(x) Il
. 5
&=

We see that the domain of this function is the set of all real numbers, (— o, %),
and the range is the set of all integers, { ..,—3—-2,—-1,0,1,2,3, .. }

Now Try Exercise 63.

If we had used a calculator for Example 9, we would see the graph
shown below.

y = int(x)
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2.1 Exercise Set

Determine the intervals on which the function is 7.—12. Determine the domain and the range of each
(a) increasing, (b) decreasing, and (c) constant. of the functions graphed in Exercises 1-6.
1. y 2. y

Using the graph, determine any relative maxima or
minima of the function and the intervals on which the

. R U na of 1 : :
I I /—\ \ j j function is increasing or decreasing.

13, fx)=—-x>+5x—3 14. f(x) =x>—2x+3

—4 /. 7 4 * 1 —2 2 4 5 y
: Y I o] : -
BN T O O : . . 41 (2.5,3.25)

2

-4 -2
-2

15. f(x) = %x3 - %xl —x+2
Yy

4
(—0.667,2.370)

16. f(x) = —0.09x% + 0.5x% — 0.1x + 1

y
6

4 (3.601,2.921)

6. y ’r

T S AN VI

10 . ~2[ (0103,

= 4L 0995

8 4 )

6 . . . .
: \ Graph the function. Estimate the intervals on which the
-— . function is increasing or decreasing and any relative
2 o maxima or minima.
276 4 2 2 4 X 8§ 10 =« 17. f(x) = «°
2 18. f(x) = 4 —
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19. f(x) =5 — |x|
20. f(x) = |x+ 3] =5
21. f(x) = x* — 6x + 10

22. f(x) = —x* —8x—9
Graph the function using the given viewing window.
Find the intervals on which the function is increasing
or decreasing and find any relative maxima or minima.
Change the viewing window if it seems appropriate for
further analysis.
23. f(x) = —x° + 6x* — 9x — 4,

[—3,7,—20,15]

24, f(x) = 0.2x° — 0.2x* — 5x — 4,
[—10, 10, —30, 20 ]

25. f(x) = L1x* — 5.3x* + 4.07,
[—4,4, —4,8]

26. f(x) = 1.2(x + 3)* + 10.3(x + 3)* + 9.78,
[—9, 3, —40, 100 |

27. Advertising Effect. ~ A wholesale garden center
estimates that it will sell N units of a basket of
three potted amaryllises after spending a dollars
on advertising, where

N(a) = —a* + 300a + 6, 0 =< a = 300,

and a is measured in thousands of dollars.

a) Graph the function using a graphing calculator.

b) Use the MAXIMUM feature to find the relative
maximum.

¢) For what advertising expenditure will the great-
est number of baskets be sold? How many bas-
kets will be sold for that amount?

28. Temperature During an Illness. The tempera-
ture of a patient during an illness is given by the
function

T(t) = —0.1t> + 1.2t + 98.6, 0 =t = 12,

where T'is the temperature, in degrees Fahrenheit,
at time ¢, in days, after the onset of the illness.

a) Graph the function using a graphing
calculator.

b) Use the MAXIMUM feature to determine at what
time the patient’s temperature was the highest.
What was the highest temperature?

Use a graphing calculator to find the intervals on which
the function is increasing or decreasing. Consider the
entire set of real numbers if no domain is given.

29. f(x) = ngfl

30. f(x) = _fl

31, f(x) = xV4 — ¥, for-2=x=2
32. f(x) = —08xV9 — %, for-3=x=3

33. Lumberyard. Rick’s lumberyard has 480 yd of
fencing with which to enclose a rectangular area. If
the enclosed area is x yards long, express its area as
a function of its length.

34. Triangular Flag. A seamstress is designing a
triangular flag so that the length of the base of
the triangle, in inches, is 7 less than twice the
height h. Express the area of the flag as a func-
tion of the height.



35.

36.

SECTION 2.1

Rising Balloon. A hot-air balloon rises straight up
from the ground at a rate of 120 ft/min. The bal-
loon is tracked from a rangefinder on the ground at
point P, which is 400 ft from the release point Q of
the balloon. Let d = the distance from the balloon
to the rangefinder and ¢ = the time, in minutes,
since the balloon was released. Express d as a func-
tion of £.

1

Airplane Distance. ~ An airplane is flying at an alti-
tude of 3700 ft. The slanted distance directly to the
airport is d feet. Express the horizontal distance h
as a function of d.

37. Inscribed Rhombus.

38. Carpet Area.

A rhombus is inscribed in a
rectangle that is w meters wide with a perimeter
of 40 m. Each vertex of the rhombus is a midpoint
of a side of the rectangle. Express the area of the
rhombus as a function of the rectangle’s width.

w

A carpet installer uses
46 ft of linen tape to bind the edges of a

Increasing, Decreasing, and Piecewise Functions; Applications

39.

40.

41.

171

rectangular hall runner. If the runner is w
feet wide, express its area as a function of the

width.

Golf Distance Finder. A device used in golf to
estimate the distance d, in yards, to a hole mea-
sures the size s, in inches, that the 7-ft pin ap-
pears to be in a viewfinder. Express the distance
d as a function of s.

d (in yards)

-

e 273

s kin inchés)

Gas Tank Volume. A gas tank has ends that

are hemispheres of radius r feet. The cylindrical
midsection is 6 ft long. Express the volume of the
tank as a function of .

6f —

—

Play Space. A car dealership has 30 ft of divid-

ers with which to enclose a rectangular play
space in a corner of a customer lounge. The sides
against the wall require no partition. Suppose the
play space is x feet long.
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a) Express the area of the play space as a function
of x.

b) Find the domain of the function.

¢) Using the graph shown below, determine the
dimensions that yield the maximum area.

y
250
200
150
100

50

(15, 225)

| |
0 5 1015202530 x

42. Corral Design. A rancher has 360 yd of fencing
with which to enclose two adjacent rectangular
corrals, one for horses and one for cattle. A river
forms one side of the corrals. Suppose the width
of each corral is x yards.

a) Express the total area of the two corrals as a func-
tion of x.

b) Find the domain of the function.

¢) Using the graph of the function shown below,
determine the dimensions that yield the maxi-
mum area.

15,000

(60, 10,800)
10,000

5,000

| |
0 20 40 60 80100120 x

43. Office File. Designs Unlimited plans to pro-
duce a one-component vertical file by bending
the long side of an 8-in. by 14-in. sheet of plastic
along two lines to form a LI shape.

7

14 in. |

1
ASin.x/ 9 A

44.

45.

. Cost of Material.

a) Express the volume of the file as a function of
the height x, in inches, of the file.

b) Find the domain of the function.

¢) Graph the function with a graphing calculator.

d) How tall should the file be in order to maxi-
mize the volume that the file can hold?

Volume of a Box. From a 12-cm by 12-cm piece
of cardboard, square corners are cut out so that
the sides can be folded up to make a box.

y

a) Express the volume of the box as a function of
the side x, in centimeters, of a cut-out square.

b) Find the domain of the function.

¢) Graph the function with a graphing calculator.

d) What dimensions yield the maximum
volume?

Area of an Inscribed Rectangle. A rectangle that
is x feet wide is inscribed in a circle of radius 8 ft.

8 ft

a) Express the area of the rectangle as a function
of x.

b) Find the domain of the function.

¢) Graph the function with a graphing calculator.

d) What dimensions maximize the area of the
rectangle?

A rectan-
gular box with volume 320 ft*
is built with a square base
and top. The cost is $1.50/ft>
for the bottom, $2.50/ ft? for
the sides, and $1/ft? for the
top. Let x = the length of the
base, in feet.
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a) Express the cost of the box as a function of x. -9
b) Find the domain of the function. 58. f(x) =4 x+3 » forx # =3,
¢) Graph the function with a graphing calculator. ’ 5 f — _3
d) What dimensions minimize the cost of the orx =
box? 2, for x = 5,
For each piecewise function, find the specified function 59. f(x) = ¢ x° — 25
, forx # 5
values. x—5
+ 4, f =1, 2
47. g(x)={x o X roxra forx # —1
8 — x, forx > 1 _ ) )
—4) (0 1 do(3 60. f(x) x+1
g(=4),£(0), g(1),and g(3) 7 for x = —1
3, forx = -2,
48. = 6l. f(x) = |x 62. f(x) = 2|x
1 {%Hé orx =" 9 = ] 1) = 21
63. g(x) =1+ |x 64. h(x) =5|x| — 2
5), f(—2), f(0), and f(2) g(x) [x] (x) = 3[x]
“3x — 18, forx < —5, 65.-70. Find the domain and the range of each of the
functions defined in Exercises 51-56.
49. h(x) = for-5=x<1,
x + 2, forx =1

h(—=5), h(0), h(1), and h(4)

Determine the domain and the range of the piecewise

56. f(x) =

4, forx = —2, ‘/’"4 » [
x+ 1, for—2 < x < 3, REREENREY . = o
—x, forx=3 : : / \
% 1, forx <0, - 22/ 4 i - —y/Z ' ’
3, for0 = x =1, N 4 . N -
—2x, forx>1 '

57. g(x) =

—5x — 8, forx < —2, function. Then write an equation for the function.

50. f(x) = q3x+ 5 for—2=x=4, 71. y 72. y
10 — 2x, forx > 4 , [ DI

f(=4), f(=2), f(4),and f(6) | N S e ‘

Make a hand-drawn graph of each of the following. 2 . i

Checkyourresults using a graphing calculator. — 1 > — 4 >
x, for x < 0, € —TTT° -2

51. f(x) = f < T

x+3 forx=0 B0 0 1
—3x+2, forx=0
52. =3 77 ’
f() {x -5 forx>0 74. v
3 H
—3x + 2, forx < 4
53. f(x) = N ’ ’ !
) {—l, forx = 4 [

54, h(x) = {Zx =1, forx < 2, - s I -
2 —x forx=2 -2 -
x+ 1, forx = =3, i "

55. f(x) = —1, for—3 < x<4,

1% forx = 4 75. y 76. y
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77. Given f(x) = 5x* — 7, find each of the
following.

a) f(-3)
b) f(3)
o) f(a)
d) f(—a)

78. Given f(x) = 4x — 5x, find each of the
following.

a) f(2)
b) f(—2)
<) f(a)
d) f(—a)

79. Write an equation of the line perpendicular to
the graph of the line 8x — y = 10 and contain-
ing the point (—1, 1).

80. Find the slope and the y-intercept of the line with
equation 2x — 9y + 1 = 0.

Using a graphing calculator, estimate the interval on
which the function is increasing or decreasing and any
relative maxima or minima.

81. f(x) = x* + 4% — 36x* — 160x + 400
82. f(x) = 3.22x° — 5.208x — 11

83. Parking Costs. A parking garage charges $2 for
up to (but not including) 1 hr of parking, $4 for
up to 2 hr of parking, $6 for up to 3 hr of park-
ing, and so on. Let C(f) = the cost of parking
for thours.

a) Graph the function.
b) Write an equation for C(t) using the greatest
integer notation [ ¢].

84. If [x + 2] = —3, what are the possible inputs
for x?

85. If ([x])? = 25, what are the possible inputs for x?

86. Minimizing Power Line Costs. A power line is
constructed from a power station at point A to an
island at point I, which is 1 mi directly out in the
water from a point B on the shore. Point B is 4 mi

downshore from the power station at A. It

costs $5000 per mile to lay the power line under
water and $3000 per mile to lay the power line
under ground. The line comes to the shore at
point S downshore fromA. Let x = the distance
fromBto S.

a) Express the cost Cof laying the line as a func-
tion of x.

b) At what distance x from point B should the line
come to shore in order to minimize cost?

87. Volume of an Inscribed Cylinder. A right circu-
lar cylinder of height / and radius ris inscribed
in a right circular cone with a height of 10 ft and
a base with radius 6 ft.

a) Express the height £ of the cylinder as a
function of r.

b) Express the volume V of the cylinder as a
function of r.

c) Express the volume V of the cylinder as a
function of h.
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The Algebra of Functions

= Find the sum, the difference, the product, and the quotient of two functions, and
determine the domains of the resulting functions.

= Find the difference quotient for a function.

® The Algebra of Functions: Sums, Differences,
Products, and Quotients
We now use addition, subtraction, multiplication, and division to combine
functions and obtain new functions.
Consider the following two functions fand g:
f(x) =x+2 and g(x) =x*+ 1.
Since f(3) = 3 + 2 = 5and g(3) = 3* + 1 = 10, we have
f(3) + g(3) =5 + 10 = 15,
f(3) — g(3) = 5~ 10 = 5,
£(3) - g(3) = 5-10 = 50,

and

fG) _ 5 _1
g(3) 10 27
In fact, so long as x is in the domain of both fand g, we can easily com-

pute f(x) + g(x), f(x) — g(x), f(x) - g(x), and, assuming g(x) # 0,
f(x)/g(x). We use the notation shown below.

SUMS, DIFFERENCES, PRODUCTS, AND QUOTIENTS
OF FUNCTIONS

If fand gare functions and x is in the domain of each function, then:

(f + (%) = f(x) + ¢(x),

(f = (%) = f(x) — (%),

(f9)(x) = f(x) - g(x),

(f//8)(x) = f(x)/8(x), provided g(x) # 0.

EXAMPLE 1 Giventhat f(x) = x + land g(x) = Vx + 3, find each
of the following.

a) (f+ 9x) b) (f + ¢)(6) o (f+ (-4
Solution

a) (f+ g(x) = f(x) + g(x)

=x+1+ Vx+3 This cannot be simplified.
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Plotl Plot2 Plot3
\Y1E X+1

\Y2B VX+3

\Y3@ Y1+Y2

\Y4=

\Y5=

\Yé6=

\Y7=

Y3(6)

f+9x)=x+1+Vx+3

b) We can find (f + ¢)(6) provided 6 is in the domain of each function.
The domain of f is all real numbers. The domain of gis all real numbers x
for which x + 3 = 0, or x = —3. This is the interval [—3, ). We see
that 6 is in both domains, so we have

fley=6+1=7 g6)=Ve+3=Vo=3,
(f + g)(6) = f(6) + g(6) =7 + 3 = 10.

Another method is to use the formula found in part (a):
(F+g6)=6+1+Ve+3=7+Vo=7+3=10.

We can check our work using a graphing calculator by entering
yzzm, and y =y +»

on the y = screen. Then on the home screen, we find Y3(6).

¢) To find (f + g)(—4), we must first determine whether —4 is in the
domain of each function. We note that —4 is not in the domain of g,
[—3, ). Thatis, V. —4 + 3 is not a real number. Thus, (f + g)(—4)

does not exist. Now Try Exercise 15.

It is useful to view the concept of the sum of two functions graphically.
In the graph below, we see the graphs of two functions fand gand their sum,
f + g. Consider finding (f + £)(4), or f(4) + g(4). We can locate g(4) on
the graph of gand measure it. Then we add that length on top of f(4) on the
graph of f. The sum gives us (f + ¢)(4).

y1=x+1,

y
13
12
+
" 3 [tg
12 (f+214)
o[ €@
: ( f
5 f<4
il
) g4) 8
1
0

01234567 89101112131415 X

With this in mind, let’s view Example 1 from a graphical perspective.

Let’s look at the graphs of
flx) = x+ 1, g(x) = Vx+ 3, and

f+9kx)=x+1+ Vx+ 3.

See the graph at left. Note that the domain of fis the set of all real numbers.
The domain of gis [ —3, ). The domain of f + g is the set of numbers
in the intersection of the domains. This is the set of numbers in both
domains.
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Domain of f et (—o0, o0)
~5-4-3-2-1 0 1 2 3 4 5

Domain of g — [—3,0)
~5-4-3-2-1 0 1 2 3 4 5

[_3)°°)

[ ]

Domain of f + g et
—5—-4-3-2-1 0 1 2 3 4 5
Thus the domain of f + gis [ —3, ).

We can confirm that the y-coordinates of the graph of (f + g)(x) are

the sums of the corresponding y-coordinates of the graphs of f(x) and g(x).
Here we confirm it for x = 2.

f(x) = x+ 1 g(%)
f(2)=2+1=3; g(Z):

f+9x)=x+1+Vx+3
F+92)=2+1+V2+3
=3+ V5= f(2) + g(2).
Let’s also examine the domains of f — g, fg, and f/¢ for the functions

f(x) = x + 1and g(x) = Vx + 3 of Example 1. The domains of f — ¢
and fg are the same as the domain of f + g [—3, ), because numbers in
this interval are in the domains of both functions. For f/g, g(x) cannot be

0.Since V x + 3 = 0 when x = —3, we must exclude —3 so the domain of
f/gis (=3, ).

DOMAINS OF f + g, f — g, fg, AND f/g

If f and g are functions, then the domain of the functions f + g

f — & and fg is the intersection of the domain of f and the domain
of g. The domain of f/g is also the intersection of the domains of f
and g with the exclusion of any x-values for which g(x) = 0.

EXAMPLE 2 Given that f(x) = x* — 4 and g(x) = x + 2, find each
of the following.

a) The domainof f + g, f — ¢, fg and f/g

b) (f + g)(x) o (f— &)
d) (fz)(x) e) (f/8)(x)
) (g8)(x)

Solution

a) The domain of f is the set of all real numbers. The domain of gis also the
set of all real numbers. The domains of f + g, f — g, and fgare the set of
numbers in the intersection of the domains—that is, the set of numbers
in both domains, which is again the set of real numbers. For f/g, we must
exclude —2, since g(—2) = 0. Thus the domain of f/g is the set of real
numbers excluding —2, or (—o%, =2) U (=2, ®).



178

fix+h)

flx)

CHAPTER 2

(x + h,f(x + h))

i-Figure

Secant
_(x,f(x)) line
| |
X x+h X
<~ h—>
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b) (f+g)(x) = flx) +g(x) = (¥ —4) + (x +2) =x" +x =2
) (f-9) =flx) —glx) = (¥ —4) - (x+2) =% —x—6
d) (R)(x) = f(x) - g(x) = (x = 4)(x +2) =« + 2x* — 4x — 8

f()
e) (f/8)(x) =

g(x)

_ x*—4 Note that g(x) = Owhenx = —2,
x+ 2 s0 (f/9)(x) is not defined when x = —2.
(x +2)(x—2)

= Factoring

x+ 2
=x—2 Removing a factor of 1: k2

x + 2

Thus, (f/g)(x) = x — 2 with the added stipulation that x # —2 since
—2is not in the domain of (f/g)(x).

) (g)(x) = g(x) - g(x) = [g(x) ] = (x+2)" =x"+ 4x + 4

® Difference Quotients

In Section 1.3, we learned that the slope of a line can be considered as an

average rate of change. Here let’s consider a nonlinear function fand draw

a line through two points (x, f(x)) and (x + h, f(x + h)) as shown at left.
The slope of the line, called a secant line, is

flx+ h) — f(x)

x+h—x

>

which simplifies to

flx+ h) — f(x)
p .

Difference quotient

This ratio is called the difference quotient, or the average rate of change. In
calculus, it is important to be able to find and simplify difference quotients.

EXAMPLE 3 For the function f given by f(x) = 2x — 3, find and
simplify the difference quotient

s+ 1) = )

h
Solution
fle+h) — flx)  2(x+h) —3— (2x—3)

= Substituting

h h
_2x+2h—3—-2x+3 Removing
N h parentheses
_ o

h

=2 Simplifying
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1
EXAMPLE 4 For the function fgiven by f(x) = ot find and simplify

the difference quotient

e+ ) = ()

h
Solution
L1
fet )~ f) _xth_x
= ubstitutin,
h h §
L x_lx*h  percpof
_x+h x x x+h . x+h
B h and;is x(x + h).
X _ x+th
_x(x+ h) x(x+ h)
h
x— (x+ h)
x(x + h)
= T Subtracting in the numerator
x—x—h
x(x + h)
= T Removing parentheses
o
x(x + h)
= T Simplifying the numerator
_ —h 1 Multiplying by the
- x(x+ h) h reciprocal of the divisor
. —h-1
x-(x+ h)-h
I T S
x-(x+ h) K implifying
-1 1
= ,0r —
x(x + h) x(x + h)

EXAMPLE 5 For the function fgiven by f(x) = 2x* — x — 3, find and
simplify the difference quotient
flx+h) = f(%)
h .
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Solution We first find f(x + h):

f(x+ h) = 2(x + h)* —

Then
f(x + h)

—f®) _

=2[x* + 2xh + W]
= 2x> + 4xh + 20 — x — h — 3.

(x+ h) —3 Substituting x + hfor x
inf(x) =2x* — x— 3

—(x+h)—3

[2x% + 4xh + 2h* — x — h — 3] — [26*> — x — 3]

h

Given that f(x) = x* — 3 and g(x) = 2x + 1, find
each of the following, if it exists.

L (f+ 9)(5) 2. (f2)(0)

3. (f— g)(—1) 4. (R)(2)

5. (f/8)(~3) 6. (f— 2)(0)

7. () (~3) 8. (f/9)(—V3)

9. (g~ (1) 1. (g/f)(~3)
Given that h(x) = x + 4 and g(x) = V-1, find

each of the following, if it exists.

11. (h — g)(—4) 12. (gh)(10)
13. (¢/h)(1) 14. (h/g)(1)
15. (g + h)(1) 16. (hg)(3)
For each pair of functions in Exercises 17-34:

a) Find thedomainof f,g f+ g f— & 1% f1, f/ &

and g/f.
b) Find (f + ¢)(x), (f — g)(x), (f)(x), () (%),

(f/8)(x), and (g/£)(x).
17. f(x) = 2x + 3, g(x) = 3 — 5x

18. f(x) = —x+ 1, g(x) = 4x — 2
19. f(x) = x—3, g(x) = Vx+ 4
(

20. f(x) =x+2, g(x) = Vx—1

h

2 +4xh + 2 —x—h—3—-2x>+x+3

21.
22.
23.
24.
25.

32.

33. fi

34.

h
_Axh + 20 — h
h
h(4x+2h— 1) h 4x+2h— 1
= =4x+2h— L
h-1 h 1

Now Try Exercise 63.

f(x) = 2x — 1, g(x) = —2x*
flx) =x"—1, g(x) =2x+5
flx) = Vx—3,g(x) = Vx+ 3
f) = Vi g(x) = V2 = x
flx) = x+ 1, g(x) = [«
f(x) = 4lx], g(x) =1 - x
f(x) = (x) =2x*+5x— 3
f(x) = 2 — 4, g(x) =
4 1
) = — () = ——
2 -2
1) = 22, () = ——
fx) = o glx) = x— 3
fx) = Vx+6, ¢(x) =
flx) = =5 gx) = Vx— 1
flx) = L

-1



In Exercises 35-40, consider the functions F and G as
shown in the graph below.

35.

36.
37.
38.
39.
40.

Find the domain of F, the domain of G, and the
domain of F + G.

Find the domain of F — G, FG, and F/G.
Find the domain of G/F.

Graph F + G.

Graph G — F.

Graph F — G.

In Exercises 41-46, consider the functions F and G as
shown in the graph below.

41.

42.
43.
44.
45.
46.
47.

y

G

L IR R =Y

*1112345 7 9 1011 | x

=2

Find the domain of F, the domain of G, and the
domain of F + G.

Find the domain of F — G, FG, and F/G.
Find the domain of G/F.

Graph F + G.

Graph G — F.

Graph F — G.

Total Cost, Revenue, and Profit. In econom-
ics, functions that involve revenue, cost, and
profit are used. For example, suppose that R(x)
and C(x) denote the total revenue and the total
cost, respectively, of producing a new kind of

48.
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tool for King Hardware Wholesalers. Then the
difference

P(x) = R(x) — C(x)
represents the total profit for producing x tools.
Given
R(x) = 60x — 0.4x* and C(x) = 3x + 13,
find each of the following.
a) P(x)
b) R(100), C(100),and P(100)
¢) Using a graphing calculator, graph the

three functions in the viewing window

[0, 160, 0, 3000 |.

Total Cost, Revenue, and Profit. ~ Given that
R(x) = 200x — x* and C(x) = 5000 + 8x
for a new weather radio produced by Clear
Communication, find each of the following.
(See Exercise 47.)
a) P(x)
b) R(175), C(175), and P(175)
¢) Using a graphing calculator, graph the

three functions in the viewing window

[0, 200, 0, 10,000].

For each function f, construct and simplify the differ-
ence quotient

49.
51.
53.

55.

57.

59.
61.
63.
65.
67.

flx+ h) — f(x)

h
f(x) =3x—5 50. f(x) = 4x — 1
f(x) = 6x + 2 52. f(x) =5x+ 3
flx) =%ix+1 54. f(x) = —3x + 7
1 1
flx) = 5 56. f(x) = -
)=~ 8. fx) = - |
f(x) = x* + 1 60. f(x) = x*— 3
flx) =4 — «* 62. f(x) =2 — x*
f(x) =3x* —2x+ 1 64. f(x) = 5x* + 4x
f(x) = 4 + 5| x| 66. f(x) = 2|x| + 3x
f(x) = &° 68. f(x) = x — 2x
x— 4 x
o) = 23 0. () = 5
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76. For functions h and f, find the domain of h + f,
h — f, hf,and h/f if

h={(-413),(-1,7),(0,5), (30), (3, -5)}, and

Graph the equation.

71 y = 3x — 1 72.2x + y =4 f=1(=4-7),(=2,-5), (0, =3),(3,0), (5:2), (% 6)}.
Coa _ 77. Find the domain of (h/g)(x) given that
73. x =3y =3 74. y=x" +1 N
h(x) = and g¢(x) = o

3x — 7 — 15"

75. Write equations for two functions fand gsuch
that the domain of f — g is

{x|x # —7andx # 3}.

= Find the composition of two functions and the domain of the composition.
= Decompose a function as a composition of two functions.

® The Composition of Functions

In real-world situations, it is not uncommon for the output of a function
to depend on some input that is itself an output of another function. For
instance, the amount that a person pays as state income tax usually depends
on the amount of adjusted gross income on the person’s federal tax return,
which, in turn, depends on his or her annual earnings. Such functions are
called composite functions.

To see how composite functions work, suppose a chemistry student
needs a formula to convert Fahrenheit temperatures to Kelvin units. The
formula

o(t) = 3(t — 32)

gives the Celsius temperature ¢(t) that corresponds to the Fahrenheit tem-
perature t. The formula

k(c(t)) = c(r) + 273

gives the Kelvin temperature k(c(t)) that corresponds to the Celsius
temperature ¢(t). Thus, 50° Fahrenheit corresponds to

¢(50) = 3(50 — 32) = 3(18) = 10° Celsius,
and 10° Celsius corresponds to

k(c(50)) = k(10) = 10 + 273 = 283 Kelvin units,



5
= §(x —32), y,=y,+273

Y1

Y2

283
288
293
298
303
308
313
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which is usually written 283K. We see that 50° Fahrenheit is the same as
283K. This two-step procedure can be used to convert any Fahrenheit tem-

perature to Kelvin units.
°F
Fahrenheit

212° 100°
500 mmm)  ]0°

Boiling point
of water

| Freezing point
of water 32° 0°

/
.| Absolute zero —460° —273°

In the table shown at left, we use a graphing calculator to convert
Fahrenheit temperatures x to Celsius temperatures y;, using y; = 3(x — 32).
We also convert Celsius temperatures to Kelvin units y,, using y, = y; + 273.

A student making numerous conversions might look for a formula that
converts directly from Fahrenheit to Kelvin. Such a formula can be found by
substitution:

k(1) = o) + 273

5
= (1= 32) + 273 Substitutingg(t — 32) for ¢(1)

5 160
=—t——+ 273

9 9

5 160 ~ 2457
=—t—-——+ —

9 9 9

5t + 2297
= # Simplifying

We can show on a graphing calculator that the same values that appear
in the table for y, will appear when y, is entered as

5x + 2297
= 9 .

Since the formula found above expresses the Kelvin temperature as a new
function K of the Fahrenheit temperature , we can write

5t + 2297
K(t) = ——,
9
where K(t) is the Kelvin temperature corresponding to the Fahrenheit tem-
perature, t. Here we have K(t) = k(c(t)). The new function K is called the
composition of k and c and can be denoted k ° ¢ (read “k composed with ¢,
“the composition of kand ¢, or “k circle ¢”).
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o

e ol COMPOSITION OF FUNCTIONS
The composite function f° g, the composition of fand g, is
defined as

(fo8)(x) = f(g(x)),

where xis in the domain of gand g(x) is in the domain of f.

@ EXAMPLE 1 Given that f(x) = 2x — 5 and g(x) = x* — 3x + 8,
find each of the following.
a) (fog)(x)and (g° f)(x) b) (f°£)(7) and (g°f)(7)
) (g°9)(1) d) (fof)(x)
Solution Consider each function separately:

f(x) =2x—5 This function multiplies each input by 2
and then subtracts 5.

and

g(x) = x> — 3x + 8. This function squares an input, subtracts three
times the input from the result, and then adds 8.

a) To find (f° g)(x), we substitute ¢g(x) for x in the equation for f(x):

(fo8)(x) = flg(x)) = f(x* = 3x + 8) x* = 3x + 8isthe
input for f.
= 2(x2 —3x+8)—5 f multiplies the
input by 2 and then

subtracts 5.
=2x*—6x+16 — 5

= 2x* — 6x + 11.

To find (g f)(x), we substitute f(x) for x in the equation for g(x):
(&)%) = g(f(x)) = g(2x = 5) 2x — 5isthe
input for g.
=(2x—5)*—302x—5)+ 8 g squares the
input, subtracts
three times the

input, and then
adds8.

= 4x* — 20x + 25 — 6x + 15 + 8
= 4x* — 26x + 48.
b) To find (f° ¢)(7), we first find g(7). Then we use g(7) as an input
for f:
(fo8)(7) = f(g(7)) = f(7* =3-7 +8)
= f(36) =236 — 5
= 67.



yp=2x—5 y,=x>—3x+38

Y1(Y2(7))
67
Y2(Y1(7))
62

y, = (fog)x) = 2x* — 6x + 11,
= (g°f)(x) = 4x? — 26x + 48
20 D%

A [ T S Y I i | 4

-5
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To find (g° f)(7), we first find f(7). Then we use f(7) as an input for g:
(g N(7) = ¢(f(7)) = ¢(2-7 = 5)
=g(9)=9-3-9+38
= 62.
We could also find (f° ¢)(7) and (g° f)(7) by substituting 7 for x in
the equations that we found in part (a):
(feg)(x) = 2x* — 6x + 11
(feg)(7) =27 —6-7 + 11 = 67;
(gof)(x) = 4x* — 26x + 48
(gof)(7) =4-7* —26-7 + 48 = 62.
We can check our work using a graphing calculator. On the equation-
editor screen, weenter f(x)asy, = 2x — 5andg(x)asy, = x* — 3x + 8.

Then, on the home screen, we find (f° ¢)(7) and (g° f)(7) using the
function notations Y1(Y2(7)) and Y2(Y1(7)), respectively.

) (geg(l) = glg(1)) = g(1*> = 3-1 + 8)
:g(1_3+8)=g(6)
62—3-6+8
=36— 18 + 8 = 26
d) (fof)(x) = f(f(x) = f(2x — 5)
=202x—5)—5
=4x—10 —5=4x— 15

Example 1 illustrates that, as a rule, (fo g)(x) # (g° f)(x). We can see
this graphically, as shown in the graphs at left.

EXAMPLE 2 Given that f(x) = V/x and g(x) = x— 3

a) Find fegand gof.

b) Find the domain of fo ¢ and the domain of g f.

Solution

a) (fog)(x) = f(g(x)) = flx—3)=Vx—3
(g2N(®) = s(f(x) = g(Va) = Vx =3

b) Since f(x) is not defined for negative radicands, the domain of f(x) is
{x]x = 0}, or [0, ). Any real number can be an input for g(x), so the
domain of g(x) is (—o0, o).

Since the inputs of fo g are outputs of g, the domain of fe g consists

of the values of x in the domain of g, (— 9, %), for which g(x) is nonneg-
ative. (Recall that the inputs of f(x) must be nonnegative.) Thus we have

g(x) =0
x—3=0 Substituting x — 3 for g(x)

x = 3.

We see that the domain of fo gis {x|x = 3}, or [3, ).
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y=(fegx)=Vx—3
6

FIGURE 1

y=(g°Nx) =Vx -3

FIGURE 2

More on Functions

We can also find the domain of fo g by examining the composite
function itself, (fo g)(x) = Vx — 3, keeping in mind any restrictions on
the domain of g Since any real number can be an input for g, the only re-
striction on fe g is that the radicand must be nonnegative. We have

x—3=0
x = 3.

Again, we see that the domain of fe gis {x|x = 3}, or [3, «). The graph in
Fig. 1 confirms this.

The inputs of go f are outputs of f, so the domain of go f consists of
the values of x in the domain of f, [0, %), for which g(x) is defined. Since g
can accept any real number as an input, any output from fis acceptable, so
the entire domain of fis the domain of go f. That is, the domain of go f is
{x]x = 0}, 0r [0, »).

We can also examine the composite function itself to find its domain,
keeping in mind any restrictions on the domain of f. First, recall that the
domain of fis {x|x = 0}, or [0, ®). Then consider (g° f)(x) = Vix - 3.
The radicand cannot be negative, so we have x = 0. As above, we see that
the domain of go f is the domain of f, {x|x = 0}, or [0, ). The graph in

Fig. 2 confirms this.

EXAMPLE 3 Given that f(x) =

5
P and g(x) = o find fo g and
g° f and the domain of each.

Solution We have

(o)) = i) = £(2) = = ! x

o2
(200 = 800 = o) = —— = 5= 2)
o

Values of x that make the denominator 0 are not in the domains of these
functions. Since x — 2 = 0 when x = 2, the domain of fis {x|x # 2}.
The denominator of gis x, so the domain of gis {x|x # 0}.

The inputs of fo g are outputs of g so the domain of fo g consists of the
values of x in the domain of g for which g(x) # 2. (Recall that 2 cannot be
an input of f.) Since the domain of gis {x|x # 0}, 0is not in the domain of
fe g.In addition, we must find the value(s) of x for which g(x) = 2. We have

g(x) =2
LoD
=2 Substituting - for g(x)

2x

= X.

SR EG IS RSN
Il

This tells us that 3 is also not in the domain of f° g. Then the domain of f° g
is {x|x # 0andx # %},or(—OO,O) U (0,%) U (%,OO).



SECTION 2.3  The Composition of Functions 187

We can also examine the composite function fe g to find its domain,
keeping in mind any restrictions on the domain of g. First, recall that 0 is not
in the domain of g so it cannot be in the domain of (f° g)(x) = x/(5 — 2x).
We must also exclude the value(s) of x for which the denominator of fe g is
0. We have

5—-—2x=0
5= 2x
P=x

Again, we see that 3 is also not in the domain, so the domain of feo g is
{x|x # 0and x # 3}, 0r (—,0) U (0,3) U (3, ).

Since the inputs of g° f are outputs of f, the domain of g° f consists of
the values of x in the domain of ffor which f(x) # 0. (Recall that 0 cannot
be an input of g) The domain of f is {x|x # 2}, s0 2 is not in the domain of
g° f. Next, we determine whether there are values of x for which f(x) = 0:

flx) =0
Lo 0 Substituti ! fi
> = ubstituting — or f(x)
1
(x —2)- 5 =(x—2)-0 Multiplying by x — 2
x —
= 0. False equation

We see that there are no values of x for which f(x) = 0, so there are no
additional restrictions on the domain of ge f. Thus the domain of go f is
{x]x # 2}, 0r (—%,2) U (2, »).

We can also examine g © f to find its domain. First, recall that 2 isnot in the
domain of f, so it cannot be in the domain of (g° f)(x) = 5(x — 2). Since
5(x — 2) is defined for all real numbers, there are no additional restrictions
on the domain of g f. The domain is {x|x # 2}, or (—,2) U (2, »).

Now Try Exercise 23.

® Decomposing a Function as a Composition

In calculus, one often needs to recognize how a function can be expressed
as the composition of two functions. In this way, we are “decomposing” the
function.

EXAMPLE 4 If h(x) = (2x — 3)°, find f(x) and g(x) such that
h(x) = (fo g)(x).

Solution The function h(x) raises (2x — 3) to the 5th power. Two func-
tions that can be used for the composition are

f(x) = x° and g(x) = 2x — 3.
We can check by forming the composition:
h(x) = (fog)(x) = f(g(x)) = f(2x = 3) = (2x = 3)".

This is the most “obvious” solution. There can be other less obvious solu-
tions. For example, if

f(x) = (x+7)° and g(x) = 2x — 10,
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then

h(x) = (fog)(x) = f(¢(x))
f(2x — 10)
[

2x — 10 + 7]° = (2x — 3)°.

Now Try Exercise 39.

1

EXAMPLE 5 If h(x) = ——,
(x +3)
h(x) = (fe g)(x).
Solution Two functions that can be used are

1

f(x) == and g(x) = x+ 3.
x

find f(x) and g(x) such that

We check by forming the composition:

h(x) = (fo)(x) = flg(x) = f(x + 3) = —

(x + 3)>

There are other functions that can be used as well. For example, if
1
f(x) = " and g(x) = (x + 3)7,
then

h(x) = (fog)(x) = f(g(x) = f((x +3)°) = ( :

x + 3)%

Now Try Exercise 41.

Given that f(x) = 3x + 1, g(x)

x> — 2x — 6, Find (fo g)(x) and (g° f)(x) and the domain

and h(x) = x°, find each of the following. of each.

L (feg)(—1) 2. (g°/)(=2) 17. f(x) = x+3, g(x) =x—3

3. (hof)(1) 4. (goh)(3) 18. f(x) = %x, g(x) = 3x

5. (g2)(5) 6. (fo9)(3) 19. f(x) = x+ 1, g(x) = 3% — 2x — 1
7. (feh)(=3) 8. (hog)(3) 20. f(x) =3x— 2, g(x) = +5

9. (g°8)(=2) 10. (g°)(3) 21. f(x) = x* — 3, g(x) = 4x — 3

11. (he h)(2) 12. (he h)(—1) 22. f(x) = 4x* — x + 10, g(x) = 2x — 7
13. (fof)(—4) 14. (fo f)(1) 4 1

15. (o )(x) 16. (o f)(x) B = 80 =



24.

25.

26.
27.
28.
29.
30.
31.
32.
33.
34.

35.

\H

=

\H

=

\H

=

\H

=

=

\H

=

=
~— ~— ~— ~ ~—~ ~ ~— ~— ~—
N~— N~— N~— N~— \>.</ N~— N~— N— N~—
I
=
0Q
—~~
=
N—
I
5

\H

fx
f(x) =1—x% g(x) = V&> — 25
o) = g = ——

1 x+ 2
R G

L f(x) = x> =5 +3x+ 7, g(x) =x+ 1
fx)=x—1,g(x) =% +2x* —3x— 9

Find f(x) and g(x) such that h(x) = (f° g)(x).
Answers may vary.

39.

41.

43.

45.

47.

48.
49.
50.
51.

h(x) = (4 + 3x)° 40. h(x) = Vx> =8

h(x) = (36_12)4 42. h(x) = \/3;7”
h(x) = ;Cz J_r 1 44. h(x) = |9x* — 4
h(x) = (j ’ zz)é 46. h(x) = (Vx — 3)*
) =

hx) = V1+ V1+x

h(x) = (x+2)> = 5(x+2)* +3(x+2) — 1
h(x) = 2(x — 1) + 5(x — 1)*°

Ripple Spread. A stone is thrown into a pond,
creating a circular ripple that spreads over the

pond in such a way that the radius is increasing
at a rate of 3 ft/sec.
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52.

53.

a) Find a function r(¢t) for the radius in terms
of t.

b) Find a function A(r) for the area of the ripple
in terms of the radius r.

c) Find (A° r)(t). Explain the meaning of this

function.

The surface area S of a right /

circular cylinder is given by |

the formula S = 27rh + 27r.

If the height is twice the radius, h

find each of the following.

a) A function S(r) for the surface ¢ |
area as a function of r

b) A function S(h) for the surface area as a
function of h

A manufacturer of tools, selling rechargeable
drills to a chain of home improvement stores,
charges $2 more per drill than its manufacturing
cost m. The chain then sells each drill for 150%
of the price that it paid the manufacturer. Find

a function P(m) for the price at the home im-
provement stores.
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54. Blouse Sizes. A blouse that is size xin Japan is size
s(x) in the United States, where s(x) = x — 3. A
blouse that is size x in the United States is size #(x) in
Australia, where #(x) = x + 4. (Source: www.
onlineconversion.com) Find a function that will con-
vert Japanese blouse sizes to Australian blouse sizes.

Consider the following linear equations. Without
graphing them, answer the questions below.

a) y=x b) y=-5x+ 4
o y=132x+1 d) y=-01lx+6
e) y=3x—5 f) y=—-x—-1
g 2x —3y=26 h) 6x + 3y =9

55. Which, if any, have y-intercept (0, 1)?
56. Which, if any, have the same y-intercept?
57. Which slope down from left to right?

58. Which has the steepest slope?

Mid-Chapter Mixed Review

59. Which pass(es) through the origin?

60
61
62

63

64.

. Which, if any, have the same slope?
. Which, if any, are parallel?
. Which, if any, are perpendicular?

. Let p(a) represent the number of pounds of

grass seed required to seed a lawn with area a.
Let ¢(s) represent the cost of s pounds of
grass seed. Which composition makes

sense: (co p)(a)or (pec)(s)? What does it
represent?

Write equations of two functions fand gsuch
that fo g = go f = x. (In Section 5.1, we will
study inverse functions. If fo g = go f = x,
functions fand gare inverses of each other.)

Determine whether the statement is true or false.

1. f(c) is a relative maximum if (¢, f(¢)) is
the highest point in some open interval
containing ¢. [2.1]

3. In general, (fo g)(x) # (g°f)(x). [2.3]

4. Determine the intervals on which the function is
(a) increasing; (b) decreasing; (c) constant. [2.1]

T4l [ 1234k x
- B booofooad 8
R =3 §

. If fand gare functions, then the domain of

the functions f + ¢ f — & fg, and f/g is the
intersection of the domain of fand the domain
of g [2.2]

. Using the graph, determine any relative maxima or

minima of the function and the intervals on which
the function is increasing or decreasing. [2.1]
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6. Determine the domain and the range of the func-
tion graphed in Exercise 4. [2.1]

8. For the function defined as

x — 5, forx = —3,
f(x) =q2x+ 3, for—=3<x=0,
1x for x > 0,

find f(—5), f(—3), f(—1), and f(6). [2.1]
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7. Pendant Design.  Ellen is designing a triangular
pendant so that the length of the base is 2 less than
the height h. Express the area of the pendant as a
function of the height. [2.1]

9. Graph the function defined as
(x) {x+2, for x < —4,
x =
§ —x, forx= —4. [2.1]

Given that f(x) = 3x — 1 and g(x) = x* + 4, find each of the following, if it exists. [2.2]

10. (f + g)(—1)
12. (g — f)(3)

For each pair of functions in Exercises 14 and 15:

a) Find the domainsof f, &, f + & f — & f¢ ff, f/ g and g/f.

11. (fz)(0)
13. (¢/f)(3)

b) Find (f + g)(x), (f = g)(x), (&) (x), (/) (%), (f/8)(x), and (g/f)(x). [2.2]

14. f(x) = 2x + 5; g(x) = —x — 4

15. f(x) = x— 1; g(x) = Vx + 2

For each function f, construct and simplify the difference quotient

flx+ h) — f(x)
h
16. f(x) = 4x — 3

. [2.2]

17. f(x) = 6 — x*

Given that f(x) = 5x — 4, g(x) = x° + 1, and h(x) = x* — 2x + 3, find each of the following. [2.3]

18. (fog)(1)
20. (f° £)(0)

Find (fe g)(x) and (g° f)(x) and the domain of each. [2.3]

22. f(x) = 3x,g(x) = 6x + 4

24. If ¢(x) = b, where b is a positive constant, describe
how the graphs of y = h(x) and y = (h — ¢)(x)
will differ. [2.2]

26. If fand gare linear functions, what can you say
about the domain of fe g and the domain of

gof? [2.3]

19. (go h)(2)
21. (e f)(~1)

25. If the domain of a function f is the set of real
numbers and the domain of a function gis also
the set of real numbers, under what circum-
stances do (f + £)(x) and (f/¢)(x) have different
domains? [2.2]

27. Nora determines the domain of fo g by examin-
ing only the formula for (f° g)(x). Is her approach
valid? Why or why not? [2.3]
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= Determine whether a graph is symmetric with respect to the x-axis, the y-axis, and
the origin.

= Determine whether a function is even, odd, or neither even nor odd.

® Symmetry

Symmetry occurs often in nature and in art. For example, when viewed from
the front, the bodies of most animals are at least approximately symmetric.
This means that each eye is the same distance from the center of the bridge
of the nose, each shoulder is the same distance from the center of the chest,
and so on. Architects have used symmetry for thousands of years to enhance
the beauty of buildings.

A knowledge of symmetry in mathematics helps us graph and analyze
equations and functions.

Consider the points (4,2) and (4, —2) that appear on the graph of
x = y* (See Fig. 1 on the following page.) Points like these have the same
x-value but opposite y-values and are reflections of each other across the x-axis.
If, for any point (x, y) on a graph, the point (x, —y) is also on the graph, then
the graph is said to be symmetric with respect to the x-axis. If we fold the
graph on the x-axis, the parts above and below the x-axis will coincide.
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Consider the points (3,4) and (—3, 4) that appear on the graph of
y = x* — 5. (See Fig. 2.) Points like these have the same y-value but op-
posite x-values and are reflections of each other across the y-axis. If, for
any point (x, ¥) on a graph, the point (—x, y) is also on the graph, then
the graph is said to be symmetric with respect to the y-axis. If we fold the
graph on the y-axis, the parts to the left and right of the y-axis will coincide.

y
A 1
’ ;
\ == (—3,4)‘ ; (3,4)
3 2
(4,2) > _ \ 1 x))’)
o Ay AR
! 543 \ L 345 X
—2- 23 456 X
1 2
) \l /
(4,-2)
3 (x, =y 4 -
4 y=x-—5
FIGURE 1 FIGURE 2

Consider the points (—3,\/7) and (3, — \/7) that appear on the graph
of x» = y* + 2. (See Fig. 3.) Note that if we take the opposites of the coor-
dinates of one pair, we get the other pair. If, for any point (x, y) on a graph,
the point (—x, —y) is also on the graph, then the graph is said to be sym-
metric with respect to the origin. Visually, if we rotate the graph 180° about
the origin, the resulting figure coincides with the original.

y
N 4 /
\\ 3 //
(%)
\ U4
(-3, VIHON -]t
\ (
—5—4-3-2] ) \2345 %
N 4 \G, —V7)
=/ N\
O .
/ N

x2=y2+2

FIGURE 3

ALGEBRAIC TESTS OF SYMMETRY

x-axis: If replacing y with —y produces an equivalent equation,
then the graph is symmetric with respect to the x-axis.

y-axis: If replacing x with —x produces an equivalent equation,
then the graph is symmetric with respect to the y-axis.

Origin: If replacing x with —xand y with —y produces an equivalent
equation, then the graph is symmetric with respect to the origin.
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EXAMPLE 1 Test y = x* + 2 for symmetry with respect to the x-axis,

Graphical Solution

the y-axis, and the origin.

Algebraic Solution

x-Axis:
We replace y with —y:
y=x"+2
—% =x*+2
y = —x* = 2. Multiplying by —1 on

both sides

The resulting equation is not equivalent to the original equation,
so the graph is not symmetric with respect to the x-axis.

y-Axis:
We replace x with —x:
=x>+2
y=(=x)"+2
y = X+ 2. Simplifying

The resulting equation is equivalent to the original equation, so
the graph is symmetric with respect to the y-axis.

Origin:
We replace x with —x and y with —y:
— 2
y=x +2
—i = (E‘x)2 +2
-y = xt+ 2 Simplifying
y=—x*—2.

The resulting equation is not equivalent to the original equation,
so the graph is not symmetric with respect to the origin.

We use a graphing calculator to
graph the equation.

Note that if the graph were
folded on the x-axis, the parts above
and below the x-axis would not co-
incide so the graph is not symmetric
with respect to the x-axis. If it were
folded on the y-axis, the parts to the
left and right of the y-axis would
coincide so the graph is symmetric
with respect to the y-axis. If we ro-
tated it 180° around the origin, the
resulting graph would not coincide
with the original graph so the graph
is not symmetric with respect to the
origin.

Now Try Exercise 11.
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The algebraic method is often easier to apply than the graphical method,
especially with equations that we may not be able to graph easily. It is also
often more precise.

EXAMPLE 2 Test x* + y* = 5 for symmetry with respect to the x-axis,
the y-axis, and the origin.

Algebraic Solution Graphical Solution

x-Axis: To graph x* + y* = 5 usinga
We replace y with —y: graphing calculator, we first solve the
2+ =5 equation for y:
= +V5 - %
2 h ()= reo
X+ yi=5 Then on the Y= screen we enter the
equations
The resulting equation is equivalent to the original equation. Y
Thus the graph is symmetric with respect to the x-axis. n=7V5-x and
y-Axis: V= V5 — X%
We replace x with —x:
X +yt=5 wry=s
(_é)2+y4:5 )/1:\/45—x2andy2=*45*x2
4
+ 9yt =5 [
The resulting equation is equivalent to the original equation, so (=2, 1{,)/—:—\,(\2’ 1)
the graph is symmetric with respect to the y-axis. A — 4
Origin: (=2,-1 @ -1
We replace x with —x and y with —y: —
o+ y4 =5
52 _1/ ‘g From the graph of the equa-
(=) 2( 7) . o tion, we see symmetry with respect
Xy =, to both axes and with respect to the
The resulting equation is equivalent to the original equation, so origin.

the graph is symmetric with respect to the origin.

Now Try Exercise 21.
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® Even Functions and Odd Functions
Algebraic Procedure for N 1 hs of f .
Determining Even and ow we relate symmetry to graphs of functions.

Odd Functions

Given the function f(x):
L. Find f(—x) and simplify. If the graph of a function f is symmetric with respect to the y-axis,
If f(x) = f(—x), then f we say that it is an even function. That is, for each x in the domain

o even of £, f(x) = f(=2)

2. Find —f(x), simplify, : . L -
and compare with If the graph of a function f is symmetric with respect to the origin,

i-Figure

EVEN FUNCTIONS AND ODD FUNCTIONS

_ we say that it is an odd function. That is, for each x in the domain
f(—x) from step (1). If ¢ S
f(=x) = —f(), then f of f, f(=x) = —f(x).
is odd.
Except for the funFtion An algebraic procedure for determining even functions and odd func-
f(x) = 0,a function cannot tions is shown at left. Below we show an even function and an odd function.
be both even and odd. Thus Many functions are neither even nor odd.
if f(x) # 0and we see in
step (1) that f(x) = f(=x) EXAMPLE 3 Determine whether each of the following functions is
(thatis, f is even), we need even, odd, or neither.
not continue. ; 5 p 5
a) f(x) =5x" — 6x° — 2x b) h(x) = 5x° — 3x” — 7
Algebraic Solution Graphical Solution
8P f(x) = 5x" — 6x° — 2x a) We see that the graph appears to be symmetric
1. f(—x) = 5(—x)” — 6(—x)® — 2(—x) with respect to the origin. The function is odd.
=5(—«") - 6(_x3) + 2x y = 5x7 —6x = 7
(=%) = (-1-x) = (-1)x¥ = —x;
(—x) = (-1-x°= (-1 = -«
= —5x’ + 6x° + 2x
We see that f(x) # f(—x). Thus, f is not
even.
—f(x) = — (55" — 6x° — 2x)

= —5x + 6x° + 2x

We see that f(—x) = —f(x). Thus, fis odd.
BN h(x) = 5x° — 322 — 7

b) We see that the graph appears to be symmetric
with respect to the y-axis. The function is even.

= 6 _ 2
L h(—x) = 5(=2)° = 3(~%)? = 7 7=
=5x° — 32 — 7 [
We see that h(x) = h(—x). Thus the r
function is even. —4f—— 4 A

Now Try Exercises 39 and 41.
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Exercise Set

Determine visually whether the graph is symmetric
with respect to the x-axis, the y-axis, and the origin.

/. M

17.
19.
21.
23.
25.

SECTION 2.4

3 =27 =3
y = |2x]
25t + 3 =y2
3y = 4x’ + 2
xy = 12
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18. 5y = 7x* — 2x
20. y° = 2x°

22. 2y = 5x* + 12
24. 3x = |y|

26. xy — x* =3

/

|

X

N0
d

X
X 5 X

First, graph the equation and determine visually
whether it is symmetric with respect to the x-axis,
the y-axis, and the origin. Then verify your assertion
algebraically.

8. y=|x+5]|
10. 2x — 5 = 3y
12. x> + 4 = 3y

7.y =|x| —2
9. 5y =4x+ 5
1. 5y = 2x* — 3

1 4
13. y = x 14. y = x
Test algebraically whether the graph is symmetric with
respect to the x-axis, the y-axis, and the origin. Then
check your work graphically, if possible, using a graph-
ing calculator.

15. 5x =5y =0 16. 6x + 7y = 0

Find the point that is symmetric to the given point with
respect to the x-axis, the y-axis, and the origin.

27. (—5,6) 28. (3,0)
29. (—10,-7) 30. (1,3)
31. (0,—4) 32. (8,-3)

Determine visually whether the function is even, odd,
or neither even nor odd.

33.

y

1N

35.

37.

-

34. y
X
36. y

N




198 CHAPTER 2 More on Functions

Determine algebraically whether the function is even,
odd, or neither even nor odd. Then check your work
graphically, where possible, using a graphing calculator.

39. f(x) = —3x° + 2x
40. f(x) = 7x° + 4x — 2
41. f(x) = 5% + 2x* — 1

2. f(x) = x+
43. f(x) = xV7 44. f(x) = Vx

45. f(x) = x — |x]| 46. f(x) :é

47. f(x) = 8 48. f(x) = Vx> + 1

x— 2, forx = —1,
49. Graph: f(x) = ¢ 3, for—1 < x=2,
X, for x > 2.

50. Olympics Ticket Prices. Together, the price of
a ticket for the opening ceremonies of the 2010
Winter Olympics in Vancouver, British Colum-
bia, Canada, and a ticket to the closing ceremo-
nies cost $1875 (in Canadian dollars). The ticket
for the opening ceremonies cost $325 more than
the ticket for the closing ceremonies. (Source:
www.vancouver2010.com) Find the price of each
ticket.

Determine whether the function is even, odd, or neither
even nor odd.

51 f(x) = V10 — 2 52, f(x) = xi -

x> —1

Determine whether the graph is symmetric with respect
to the x-axis, the y-axis, and the origin.

53. y2+4xy? —yt=
xt — 43 + 3x2 + 2x%?

54. (x* + y?)? = 2xy
y
y >
I I I 1 | 1 >
x

55. Show that if f is any function, then the function
E defined by

o = S0+ ()
2

E(
is even.

56. Show that if f is any function, then the function
O defined by

PR

is odd.

57. Consider the functions E and O of Exercises 55

and 56.

a) Show that f(x) = E(x) + O(x). This
means that every function can be expressed
as the sum of an even function and an odd
function.

b) Let f(x) = 4x° — 11x* + Vx - 10. Express
fasasum of an even function and an odd
function.

State whether each of the following is true or false.
58. The product of two odd functions is odd.

59. The sum of two even functions is even.

60. The product of an even function and an odd
function is odd.
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Transformations

= Given the graph of a function, graph its transformation under translations,
reflections, stretchings, and shrinkings.

® Transformations of Functions

The graphs of some basic functions are shown below. Others can be seen on
the inside back cover.

Identity function: Squaring function: Square root function: Cubing function:
y=x y=x> y:\/; y=x>

YA Y yA YA

L kS L X L X L X
Cube root function: Reciprocal function: Absolute-value function:
3

y=Vx y=1 y=|x|

y y y

~

Lo TN N R A B L 1 o N
X \ X X

These functions can be considered building blocks for many other
functions. We can create graphs of new functions by shifting them horizon-
tally or vertically, stretching or shrinking them, and reflecting them across
an axis. We now consider these transformations.

LI B
T T T T T
LI S

® Vertical Translations and Horizontal Translations

Suppose that we have a function given by y = f(x). Let’s explore the graphs
of the new functions y = f(x) + band y = f(x) — b,for b > 0.
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Consider the functions y = tx* y = tx* + 5,and y = 1x* — 3 and
compare their graphs. What pattern do you see? Test it with some other
functions.

The effect of adding a constant to or subtracting a constant from f(x)
in y = f(x) is a shift of the graph of f(x) up or down, respectively. Such a
shift is called a vertical translation.

VERTICAL TRANSLATION
For b > 0:

the graph of y = f(x) + bis the graph of y = f(x) shifted
up b units;

the graph of y = f(x) — b is the graph of y = f(x) shifted
down b units.

Suppose that we have a function given by y = f(x). Let’s explore the
graphs of the new functions y = f(x — d) and y = f(x + d),ford > 0.

Consider the functions y = £x* y = #(x — 3)% and y = £(x + 7)*
and compare their graphs. What pattern do you observe? Test it with some
other functions.

y:%x‘1 ‘ ‘ y=%(x—3)4

Y

10

8

6

4k

Sk
*10*8*6*4*327 2 4 6 810 x

The effect of subtracting a constant from the x-value or adding a con-
stant to the x-value in y = f(x) is a shift of the graph of f(x) to the right or
to the left, respectively. Such a shift is called a horizontal translation.
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HORIZONTAL TRANSLATION

Ford > 0:
the graph of y = f(x — d) is the graph of y = f(x) shifted right
dunits;
the graph of y = f(x + d) is the graph of y = f(x) shifted left
d units.

EXAMPLE 1 Graph each of the following. Before doing so, describe how
each graph can be obtained from one of the basic graphs shown on the pre-

FIGURE 1 .
ceding pages.
a) g(x) =x*—6 b) g(x) = |x — 4]
c) g(x) = Vx+2 d hix) = Vx+2—-3
Solution

a) To graph g(x) = x* — 6, first think of the graph of f(x) = x Since
g(x) = f(x) — 6,thegraphof g(x) = x* — 6isthe graph of f(x) = x*
shifted, or translated, down 6 units. (See Fig. 1.)

Let’s compare some points on the graphs of fand &

Points on f: (—3,9), (0,0), (2,4)
Corresponding l
FIGURE 2 points on g: (—3,3), (0, —6), (2,-2)

We note that the y-coordinate of a point on the graph of gis 6 less than

y the corresponding y-coordinate on the graph of f.
6 _ . _
. b) To graph g(x) = |x — 4|, first think of the graph of f(x) = |x|.
4 Since g(x) = f(x — 4), the graph of g(x) = |x — 4] is the graph of
3 f(x) = | x| shifted right 4 units. (See Fig. 2.)
2 ) =V Let’s again compare points on the two graphs.
_‘6_“1_21 R ETETETE Pointsonf  Corresponding points on g
i (—4,4) (0,4)
(0,0) (4,0)
FIGURE 3 (6,6) (10’ 6)
Observing points on fand g, we see that the x-coordinate of a point on
ysk the graph of gis 4 more than the x-coordinate of the corresponding
g =Va+2 | | | fo)=Vx point on f.
3r ¢) To graph g(x) = Vx + 2, first think of the graph of f(x) = V.
- Since g(x) = f(x + 2), the graph of g(x) = V x + 2 is the graph of
o T f(x) = \/x shifted left 2 units. (See Fig. 3.)

“iL d) To graph h(x) = Vx + 2 — 3, first think of the graph of f(x) = V.
In part (c), we found that the graph of g(x) = Vx + 2 is the graph
—4r ‘ h(x) =Vx+2-3  of f(x) = \V/x shifted left 2 units. Since h(x) = g(x) — 3, we shift

the graph of ¢(x) = Vx + 2 down 3 units. Together, the graph of
FIGURE 4 f(x) = \/x is shifted left 2 units and down 3 units. (See Fig. 4.)

Now Try Exercises 1 and 59.
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® Reflections

Suppose that we have a function given by y = f(x). Let’s explore the graphs
of the new functions y = —f(x) and y = f(—x).

Compare the functions y = f(x) and y = —f(x) by observing the
graphs of y = £x* and y = —£x* shown on the left below. What do you
see? Test your observation with some other functions y; and y,, where
2= "N

Compare the functions y = f(x) and y = f(—x) by observing the
graphs of y = 2% — x* + 5and y = 2(—x)* — (—x)* + 5 shown on the
right below.What do you see? Test your observation with some other func-
tions in which x is replaced with —x.

y=2(—x)>— (—x)*+5

Given the graph of y = f(x), we can reflect each point across the x-axis
to obtain the graph of y = —f(x). We can reflect each point of y = f(x)
across the y-axis to obtain the graph of y = f(—x). The new graphs are
called reflections of y = f(x).

REFLECTIONS

The graph of y = —f(x) is the reflection of the graph of y = f(x)
across the x-axis.

The graph of y = f(—x) is the reflection of the graph of y = f(x)
across the y-axis.

If a point (x, y) is on the graph of y = f(x), then (x, —y) is on the
graph of y = —f(x), and (—x, y) is on the graph of y = f(—x).



"= x3 - 4x2,
7, = (=x)° = 4(—x)?
10

N

10

FIGURE 1

-10

FIGURE 2
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EXAMPLE 2 Graph each of the following. Before doing so, describe how
each graph can be obtained from the graph of f(x) = x° — 4x%.

a) g(x) = (—x)° — 4(—x)? b) h(x) = 4x* — x°

Solution

a) We first note that

fl=x) = (=)’ = 4(—x)* = g(x).
Thus the graph of gis a reflection of the graph of facross the y-axis. (See
Fig. 1.) If (%, y) is on the graph of f, then (—x, y) is on the graph of g For
example, (2, —8) ison fand (=2, —8) ison &
b) We first note that

() = ~( = 45)
= —x> + 4x?
= h(x).
Thus the graph of his a reflection of the graph of facross the x-axis. (See

Fig. 2.) If (x, y) is on the graph of f, then (x, —y) is on the graph of h. For
example, (2, —8) is on fand (2, 8) is on h. @

Vertical and Horizontal
Stretchings and Shrinkings

Suppose that we have a function given by y = f(x). Let’s explore the graphs
of the new functions y = af(x) and y = f(cx).

Consider the functions y = f(x) = x* — x,y = 15(x> — x) = 15 f(%),
y =2(x — x) = 2f(x), and y = —2(x’> — x) = —2f(x) and compare
their graphs. What pattern do you observe? Test it with some other functions.

y=2(x3—x) y

Consider any function f given by y = f(x). Multiplying f(x) by any
constant a, where |a| > 1, to obtain g(x) = af(x) will stretch the graph
vertically away from the x-axis. If 0 < |a| < 1, then the graph will be
flattened or shrunk vertically toward the x-axis. If a < 0, the graph is also
reflected across the x-axis.
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VERTICAL STRETCHING AND SHRINKING
The graph of y = af(x) can be obtained from the graph of y = f(x) by

stretching vertically for |a| > 1, or
shrinking vertically for 0 < |a| < 1.
For a < 0, the graph is also reflected across the x-axis.

(The y-coordinates of the graph of y = af(x) can be obtained
by multiplying the y-coordinates of y = f(x) by a.)

Consider the functions y = f(x) = x° — x,y = (2x)° — (2x) = f(2x),
= (5~ (1) = rlbe)andy = (4] = (“he) = 7(~be) and
compare their graphs. What pattern do you observe? Test it with some other
functions.

y=(2x)3 — (2x)

The constant ¢ in the equation g(x) = f(cx) will shrink the graph of
y = f(x) horizontally toward the y-axis if |c¢| > 1.1f0 < |c| < 1, the
graph will be stretched horizontally away from the y-axis. If ¢ < 0, the graph
is also reflected across the y-axis.

HORIZONTAL STRETCHING AND SHRINKING
The graph of y = f(cx) can be obtained from the graph of
y = f(x) by

shrinking horizontally for |c | > 1, or

stretching horizontally for 0 < |c| < 1.
For ¢ < 0, the graph is also reflected across the y-axis.

(The x-coordinates of the graph of y = f(cx) can be obtained
by dividing the x-coordinates of the graph of y = f(x) by ¢.)

It is instructive to use these concepts to create transformations of a
given graph.
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EXAMPLE 3 Shown at left is a graph of y = f(x) for some function f.
No formula for f is given. Graph each of the following.

a) g(x) = 2f(x) b) h(x) = 3f(x)

o) 1(x) = f(2x) d) s(x) = f(3x)

e) t(x) = f(-1x)

Solution

a) Since |2| > 1, the graph of g(x) = 2f(x) is a vertical stretching of
the graph of y = f(x) by a factor of 2. We can consider the key points
(=5,0), (—=2,2),(0,0), (2, —4), and (4, 0) on the graph of y = f(x).
The transformation multiplies each y-coordinate by 2 to obtain the
key points (—5,0), (—2,4), (0,0), (2, —8), and (4, 0) on the graph of
g(x) = 2f(x). The graph is shown below.

y
(24930
s | 8 =2f(x)
T
(_570) 1 1 1 1 _(OI)OI) I(4’AO)I 1

—6-5-4-3-2-1 1 1 23 k5 6%

-2

—3+

—4

75_

—6

—7+

78_

-9} (2>_8)

b) Since ]%| < 1, the graph of h(x) = } f(x) is a vertical shrinking of the
graph of y = f(x) by a factor of % We again consider the key points
(=5,0), (=2,2),(0,0), (2, —4), and (4, 0) on the graph of y = f(x).
The transformation multiplies each y-coordinate by  to obtain the
key points (—5,0), (=2, 1), (0,0), (2, —2), and (4, 0) on the graph of
h(x) = 5 f(x). The graph is shown below.

y

(_2) 1)

—_ N W

(=5,0)
—6—5-4—3-2—1

[(0,0) (4,0)

4 5 6 x

e = 2@ 7] 2,22
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c) Since |2| > 1, the graph of r(x) = f(2x) is a horizontal shrinking of
the graph of y = f(x). We consider the key points (—5,0), (—2,2),
(0,0), (2, —4), and (4, 0) on the graph of y = f(x). The transforma-
tion divides each x-coordinate by 2 to obtain the key points (—2.5,0),
(—1,2),(0,0), (1, —4), and (2, 0) on the graph of r(x) = f(2x). The
graph is shown below.

d) Since |5| < 1, the graph of s(x) = f(%x) is a horizontal stretching of
the graph of y = f(x). We consider the key points (—5,0), (—2,2),
(0,0), (2, —4), and (4, 0) on the graph of y = f(x). The transforma-
tion divides each x-coordinate by 5 (which is the same as multiplying by
2) to obtain the key points (—10, 0), (—4, 2), (0,0), (4, —4), and (8, 0)
on the graph of s(x) = f ( %x) The graph is shown below.

(74) 2)

—_ o W os
T

(—10,0)
—10—9—8—7—6—5—4—3—2—_11

r(0,0) (8,0)

-2
-3
—4

~_ s(x) =f<%x)
sk (4, —4)

e) The graphof t(x) = f ( - %x) can be obtained by reflecting the graph in
part (d) across the y-axis.

(4,2)

[ T N NN
T

(78: O)

B (10,0)
N1 2345678910%
L (0,0)

(—4,—4) _s|

Now Try Exercises 59 and 61.
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y==2f(x—3) + 1.

(4,0)

Solution

Shift 3 units
to the right

y
4k
3
2
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(1,2)

2

y=flx—3)

Stretch by a

(3,0) (7,0 factor of 2 vertically
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Transformations

EXAMPLE 4 Use the graph of y = f(x) shown at left to graph

(l, 4)
B Jy=%&—$

60, 7,0

4 5 6 8 x

L J
(5’ _4)

Shift up
1 unit

—~
|
>
—

~—

— o WA o o S

II'III'I
1234567 8 x

5, =8)

y=—"2f(x—3)+1

(5,9)

o

(1: _4)

)e

|
)

Now Try Exercise 63.
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i-Figure

SUMMARY OF TRANSFORMATIONS OF y = f(x)

Vertical Translation: y = f(x) £ b

For b > 0:
the graph of y = f(x) + bis the graph of y = f(x) shifted up
b units;
the graph of y = f(x) — bis the graph of y = f(x) shifted down
b units.

Horizontal Translation: y = f(x + d)

Ford > 0:
the graph of y = f(x — d) is the graph of y = f(x) shifted right
d units;
the graph of y = f(x + d) is the graph of y = f(x) shifted left
d units.

Reflections

Across the x-axis:

The graph of y = —f(x) is the reflection of the graph of
y = f(x) across the x-axis.

Across the y-axis:

The graph of y = f(—x) is the reflection of the graph of
y = f(x) across the y-axis.

Vertical Stretching or Shrinking: y = af(x)
The graph of y = af(x) can be obtained from the graph of y = f(x) by

stretching vertically for |a| > 1, or
shrinking vertically for 0 < |a| < 1.

For a < 0, the graph is also reflected across the x-axis.

Horizontal Stretching or Shrinking: y = f(cx)
The graph of y = f(cx) can be obtained from the graph of y = f(x) by

shrinking horizontally for |c| > 1, or
stretching horizontally for 0 < |¢| < 1.

For ¢ < 0, the graph is also reflected across the y-axis.
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Visualizing
the Graph

Match the function with its graph.
Use transformation graphing
techniques to obtain the graph

of g from the basic function

f(x) = | x| shown at top left.

L g(x) = —2[«]|

2. g(x) = |x—1] +1

3. g(x) = — %x
4. g(x) = [2x|

1
7. g(x) = =[x — 4]
1
8. g(x) = x| =3
9. g(x) = —|x| -2

Answers on page A-14

Transformations 209
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2.5  Exercise Set

Describe how the graph of the function can be obtained
from one of the basic graphs on p. 199. Then graph the
function by hand or with a graphing calculator.

1. f(x) = (x — 3)? 2. g(x) =%+ 3
3. g(x) =x—3 4. g(x) = —x— 2
5. h(x) = ~Vx 6. g(x) = Vx—1
7. h(x) = < + 4 8. g(x)=i

9. h(x)

11. h(x)

13. g(x) = —(x — 2)° 4. f(x) = (x + 1)’
)

h

h(x) = 3| x| — 2 12. g(x) = —|x| +2

g
15. g(x) = (x+ 1)> =1 16. h(x) = —x* — 4

g

f

= —3x+3 10. f(x) =2x + 1

17. g(x) = 3x° + 2 18. h(x) = (—x)°
19. f(x) = Vx + 2 20. f(x) = —3Vx—1
21. f(x) = Vx— 2 22. h(x) = Vx + 1

Describe how the graph of the function can be obtained
from one of the basic graphs on p. 199.

23. g(x) = |3x| 24. f(x) = 1 Vx

25. h(x)=% 26. f(x) = |x— 3| — 4

27. f(x) =3Vx— 5 28. f(x) = 5 —

29. g(x) = |3x| — 4 30. f(x) =%
31, f(x) = —4(x —5)* 32, f(x) = (—x)* -5

3. f() = 12 34 gx)=V-xt5

35. h(x) = —(x—3)*+ 5
36. f(x) =3(x+4)>—3

The point (—12, 4) is on the graph of y = f(x). Find
the corresponding point on the graph of y = g(x).

37. g(x) = 3f(x) 38. g(x) = f(x — 2)
39. g(x) = f(—x) 40. g(x) = f(4x)
41. g(x) = f(x) - 2 42. g(x) = f(}x)
43. g(x) = 4f(x) 44. g(x) = —f(x)

Given that f(x) = x* + 3, match the function g with
a transformation of f from one of A—D.

45. g(x) = x> + 4 A f(x—2)
46. g(x) = 9x* + 3 B. f(x) + 1
47. ¢(x) = (x — 2> +3  C.2f(x)
48. g(x) = 2x* + 6 D. f(3x)

Write an equation for a function that has a graph with
the given characteristics.

49. The shape of y = x? but reflected across the x-axis
and shifted right 8 units

50. The shape of y = V/x, but shifted left 6 units
and down 5 units

51. The shape of y = | x|, but shifted left 7 units
and up 2 units

52. The shape of y = x°, but reflected across the x-axis
and shifted right 5 units

53. The shape of y = 1/x, but shrunk horizontally
by a factor of 2 and shifted down 3 units

54. The shape of y = x%, but shifted right 6 units
and up 2 units

55. The shape of y = x?, but reflected across the
x-axis and shifted right 3 units and up 4 units

56. The shape of y = | x|, but stretched horizontally
by a factor of 2 and shifted down 5 units

57. The shape of y = \V/x, but reflected across the
y-axis and shifted left 2 units and down 1 unit

58. The shape of y = 1/x, but reflected across the
x-axis and shifted up 1 unit

A graph of y = f(x) follows. No formula for fis given.
In Exercises 59—66, graph the given equation.




59. g(x) = —2f(x) 60. g(x) = 5f(x)
61. g(x) = f(—3x) 62. g(x) = f(2x)
63. g(x) = f(x -1)+3

64. ( ) —3f(x+ 1) — 4

65. g(x) = f(—x)

66. g(x) = —f(x)
A graph of y = g(x) follows. No formula for g is given.
In Exercises 67-70, graph the given equation.

y = gx) Z
_ 5
(—5,4) ( 2,4)4

3
2

(=7,0) !
—8—7-6-5-4-3-2-1

-2
-3
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e) v f) y

4 iy 4 :
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2 ;
—4 —2 2 4 x Y ’
L —4 = 2.4 x
4\/‘ -2
g) y h) y

—4

67. h(x) = —g(x +2) + 1

68. h(x) = 7¢(—x)
70. h(x) = 2g(x—1) — 3

69. h(x) = g(2x)

The graph of the function f is shown in figure (a). In
Exercises 71-78, match the function g with one of the
graphs (a)—(h), which follow. Some graphs may be used
more than once and some may not be used at all.

a) y b) y
4‘y=f(x)‘
2 H
T2 N2/ =x
.y
<4
<) y d 7
4 EON Y B i
i e -
=6 .4 < ; : x T2 v X
i IS ) O ) i
4 <4

1 2 ¥ 1+ =
71. g(x) = f(—x) + 3
72. g(x) = f(x) + 3
73. g(x) = —f(x) +
74 g(x) = —f(—x)
75. g(x) = 3f(x = 2)
76. g(x) = 3f(x) = 3
77. g(x) = 3f(x + 2)
78. g(x) = —f(x + 2)

For each pair of functions, determine if ¢(x) = f(—x).
9. f(x) = 2x* — 35x° + 3x — 5,

g(x) = 2x* + 35 — 3x — 5

f(x) = §x* + £x° — 81x% — 17,

g(x) = Ix + 13 + 81x% — 17
A graph of the function f(x) = x> — 3x% is shown
below. Exercises 81-84 show graphs of functions

transformed from this one. Find a formula for each
function.
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8l1. 82.

Determine algebraically whether the graph is symmetric
with respect to the x-axis, the y-axis, and the origin.

85 y=13x"—-3
86. y* = «x
87. 2x =5y =20

88. Video Game Sales. Sales of the video game
Wii Fit totaled 3.5 million games in the first
eleven months of 2009. This was 1 million less
than three times the number of Madden NFL 10
games sold during the same period. (Source: The
PPB Group) Find the number of Madden games
sold.

89. Gift Cards. Itis estimated that about $5 bil-
lion in gift cards given as Christmas gifts in
2009 went unspent. This is about 6% of the
total amount spent on gift cards. (Source: Tower
Group) Find the total amount spent on gift
cards.

90. e-filing Taxes. The number of tax returns filed
electronically in 2010 (for tax year 2009) was
98.3 million. This was an increase of 43.9%
over the number of returns e-filed in 2005
(for tax year 2004). (Source: Internal Revenue
Service) Find the number of returns e-filed in
2005.

Use the graph of the function f shown below in
Exercises 91 and 92.

TSN
T T
—
=
S
=

=
=
<

91. Graph: y = |f(x)|.
92. Graph: y = f(|x|).

Use the graph of the function g shown below in
Exercises 93 and 94.

»—AI\)LM»JBUW\<
T

(—4,0)
—5—-48g2—1
(=2,-1) -2}
—3+
4k
—5k

93. Graph: y = g(|x|).
94. Graph: y = |g(x)|.

Graph each of the following using a graphing calculator.
Before doing so, describe how the graph can be obtained
from a more basic graph. Give the domain and the
range of the function.

95. fx) = [x - 1]

9. f(x) = |Vx—1]|

97. 1f (3, 4) is a point on the graph of y = f(x), what
point do you know is on the graph of y = 2f(x)?
ofy = 2 + f(x)?of y = f(2x)?

98. Find the zeros of f(x) = 3x° — 20x°. Then,
without using a graphing calculator, state the
zeros of f(x — 3) and f(x + 8).
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Variation and Applications

= Find equations of direct variation, inverse variation, and combined variation given
values of the variables.

= Solve applied problems involving variation.

We now extend our study of formulas and functions by considering
applications involving variation.

® Direct Variation

Suppose a veterinary assistant earns $10 per hour. In 1 hr, $10 is earned; in
2 hr, $20 is earned; in 3 hr, $30 is earned; and so on. This gives rise to a set of
ordered pairs:

(1,10),  (2,20), (3,30), (4,40), andsoon.

Veterinary Assistant’s Earnings Note that the ratio of the second coordinate to the first coordinate
E . is the same number for each pair:
$80 o 10 20 30 40
- ., — =10, — =10, — =10, — = 10, and so on.
« 60N - : 1 2 3 4
z - - A
e a0 Whenever a situation produces pairs of numbers in which
& - the ratio is constant, we say that there is direct variation. Here the
2 il amount earned E varies directly as the time worked ¢:
1 1 ! L E
t
S N N SN N N N ) — = 10 (a constant), or E = 10t,
Time (in hours) t

or, using function notation, E(#) = 10t. This equation is an equation of
direct variation. The coefficient, 10, is called the variation constant. In this
case, it is the rate of change of earnings with respect to time.

The graph of y = kx, k > 0,

always goes through the origin DIRECT VARIATION

and rises from left to right. If a situation gives rise to a linear function f(x) = kx, or y = kx,
Note that as x increases, where kis a positive constant, we say that we have direct variation,
yincreases; that is, the func- or that y varies directly as x, or that y is directly proportional to x.
tion is increasing on the inter- The number k is called the variation constant, or the constant of
val (0, ). The constant ks proportionality.

also the slope of the line.

y

=
\Y
°F
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W cm of

water

EXAMPLE 1 Find the variation constant and an equation of variation in
which y varies directly as x, and y = 32 when x = 2.

Solution We know that (2, 32) is a solution of y = kx. Thus,

y = kx Y
80
32 =k-2 Substituting —+
60
32 1 y=16x
7 =k Solving for k 40—+
16 = k. Simplifying +
0 ——+—+—+—+—
The variation constant, 16, is the rate of change 123456 %
of y with respect to x. The equation of variation
isy = 16x.

EXAMPLE 2 Water from Melting Snow. The number of centimeters
of water W produced from melting snow varies directly as S, the number of
centimeters of snow. Meteorologists have found that under certain condi-
tions 150 cm of snow will melt to 16.8 cm of water. To how many centime-
ters of water will 200 cm of snow melt under the same conditions?

Solution We can express the amount of water as a function of the amount
of snow. Thus, W(S) = kS, where k is the variation constant. We first find k
using the given data and then find an equation of variation:
W(S) = kS Wvaries directly as S.
W(150) = k- 150 Substituting 150 for S
16.8 = k- 150 Replacing W(150) with 16.8

16.8
— = Solving for k
150
0.112 = k. This is the variation constant.

The equation of variation is W(S) = 0.1128.

w
30+ W(S)

0.1128

20+

10+~

Il

0 L Il Il

1 T R R B
50 100 150 200 250 g

Next, we use the equation to find how many centimeters of water will
result from melting 200 cm of snow:

W(S) = 0.1128
W(200) = 0.112(200) Substituting
W= 224.

Thus, 200 cm of snow will melt to 22.4 cm of water.

Now Try Exercise 17.



Time (in hours)

Speed (in miles per hour)

The graph of y = k/x, k > 0,
is like the one shown below.
Note that as x increases, y
decreases; that is, the function
is decreasing on the interval

(0, ).

y
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® Inverse Variation

Suppose a bus is traveling a distance of 20 mi. At a speed of 5 mph, the trip
will take 4 hr; at 10 mph, it will take 2 hr; at 20 mph, it will take 1 hr; at
40 mph, it will take  hr; and so on. We plot this information on a graph,
using speed as the first coordinate and time as the second coordinate to
determine a set of ordered pairs:

(54), (10,2),  (20,1),  (40,3), andsoon.
Note that the products of the coordinates are all the same number:
5-4 = 20, 10 - 2 = 20, 20 -1 = 20, 40'%:20, and so on.

Whenever a situation produces pairs of numbers in which the product is
constant, we say that there is inverse variation. Here the time varies inversely
as the speed, or rate:

20
rt = 20 (aconstant), or t= -

or, using function notation, #(r) = 20/r. This equation is an equation of
inverse variation. The coefficient, 20, is called the variation constant. Note
that as the first number increases, the second number decreases.

INVERSE VARIATION

If a situation gives rise to a function f(x) = k/x, or y = k/x, where
kis a positive constant, we say that we have inverse variation, or
that y varies inversely as x, or that y is inversely proportional to x.
The number k is called the variation constant, or the constant of
proportionality.

EXAMPLE 3 Find the variation constant and an equation of variation in
which y varies inversely as x, and y = 16 when x = 0.3.

Solution We know that (0.3, 16) is a solution of y = k/x. We substitute:

y=7 12

10

16 = — Substituting 8

0.3 6

(0.3)16 = k Solving for k 4
48 = k. 2

L1
0 2 4 6 8 10 12 x

The variation constant is 4.8. The equation of variation is y = 4.8/ x.

Now Try Exercise 3.

There are many real-world problems that translate to an equation of
inverse variation.
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EXAMPLE 4 Filling a Swimming Pool. The time t required to fill a
swimming pool varies inversely as the rate of flow r of water into the pool. A
tank truck can fill a pool in 90 min at a rate of 1500 L /min. How long would
it take to fill the pool at a rate of 1800 L/min?

Solution We can express the amount of time required as a function of the
rate of flow. Thus we have #(r) = k/r. We first find k using the given infor-
mation and then find an equation of variation:

k
t( r) = ; tvaries inversely as r.
k

#(1500) = —— Substituting 1500 for r

1500
90 = L Replacing #(1500) with 90
1500 eplacing wi
90 - 1500 = k Solving for k
135,000 = k. This is the variation constant.

The equation of variation is

135,000

H(r) = .

r

Next, we use the equation to find the time that it would take to fill the
pool at a rate of 1800 L/min:

135,000
(r) = 2200
135,000
1(1800) = Substituting
1800
t = 75.

Thus it would take 75 min to fill the pool at a rate of 1800 L /min.

Now Try Exercise 15.

® Combined Variation

We now look at other kinds of variation.

y varies directly as the nth power of x if there is some positive
constant k such that

y = kx".

y varies inversely as the nth power of x if there is some positive
constant k such that

)’:?-

y varies jointly as x and z if there is some positive constant k such that

y = kxz.
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There are other types of combined variation as well. Consider the for-
mula for the volume of a right circular cylinder, V = arr*h, in which V, r,
and h are variables and 7 is a constant. We say that V varies jointly as h and
the square of r. In this formula, 7 is the variation constant.

EXAMPLE 5 Find an equation of variation in which y varies directly as
the square of x,and y = 12 when x = 2.

Solution We write an equation of variation and find k:

y = k¢
12 =k-2° Substituting
12=k-4
3=k
Thus, y = 3x°.

EXAMPLE 6 Find an equation of variation in which y varies jointly as x
and z,and y = 42 when x = 2 and z = 3.

Solution We have

y = kxz
42 =k-2-3 Substituting
42 =k-6
7=k
Thus, y = 7xz.

EXAMPLE 7 Find an equation of variation in which y varies jointly as
x and z and inversely as the square of w, and y = 105 when x = 3, z = 20,
and w = 2.

Solution We have

Xz
= k=
y w2
3-20
105 = k- — Substituting
2
105 = k- 15
7=k
Xz 7xz
Thus,y =7 5,0ry = 5.

Many applied problems can be modeled using equations of combined
variation.

EXAMPLE 8 Volume of a Tree. The volume of wood V'in a tree varies
jointly as the height / and the square of the girth g (Girth is distance around.)
If the volume of a redwood tree is 216 m® when the height is 30 m and the girth
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is 1.5 m, what is the height of a tree whose volume is 960 m® and whose girth
is2m?

Solution We first find k using the first set of data. Then we solve for h
using the second set of data.

V = khg®
216 = k- 30 - 1.5
216 = k-30-2.25
216 = k- 67.5
32 =k

Then the equation of variation is V = 3.2hg”. We substitute the second set
of data into the equation:

960 = 3.2+ h-2?
960 = 3.2-h-4

960 = 12.8 - h
75 = h.
The height of the tree is 75 m.

2.6  Exercise Set

Find the variation constant and an equation of varia- 11. yvaries inversely as x, and y = 1.8 when x = 0.3
tion for the given situation.

12. yvaries directly as x, and y = 0.9 when x = 0.4
1. yvaries directly as x, and y = 54 when x = 12 _
13. Sales Tax. The amount of sales tax paid on a

2. yvaries directly as x, and y = 0.1 when x = 0.2 product is directly proportional to its purchase
3. yvaries inversely as x, and y = 3 when x = 12 price. In Indiana, t_he sales tax on a Sony Reader
that sells for $260 is $17.50. What is the sales tax
4. yVarieS inVerSClY as x, and Yy = 12whenx = 5 on an e-book that sells for $21?
5. yvaries directly as x,and y = 1 when x = j 14. Child’s Allowance. The Gemmers decide to give
6. yvaries inversely as x, and y = 0.1 when x = 0.5 their ch%ldren a weekly e'lll(’)wance tha}t is directly
proportional to each child’s age. Their 6-year-old
7. yvaries inversely as x, and y = 32 when x = § daughter receives an allowance of $4.50. What is
o , )
8. yvaries directly as x, and y = 3 when x = 33 their 11-year-old son’s allowance?
9. yvaries directly as x, and y = 2 when x = 2 15. Beam Weight. The wggbt W that a horizontal
beam can support varies inversely as the length L
10. yvaries inversely as x, and y = + when x = 35 of the beam. Suppose an 8-m beam can support



16.

17.

18.

19.

1200 kg. How many kilograms can a 14-m beam
support?

F./ L /a‘
Rate of Travel. The time trequired to drive a
fixed distance varies inversely as the speed r. It
takes 5 hr at a speed of 80 km /h to drive a fixed

distance. How long will it take to drive the same
distance at a speed of 70 km /h?

Fat Intake. The maximum number of grams

of fat that should be in a diet varies directly as a
person’s weight. A person weighing 120 lb should
have no more than 60 g of fat per day. What

is the maximum daily fat intake for a person
weighing 180 1b?

U.S. House of Representatives. The number of
representatives N that each state has varies directly
as the number of people Pliving in the state. If
New York, with 19,254,630 residents, has

29 representatives, how many representatives does
Colorado, with a population of 4,665,177, have?

Work Rate. The time T required to do a job
varies inversely as the number of people P
working. It takes 5 hr for 7 bricklayers to build a
park wall. How long will it take 10 bricklayers to
complete the job?

SECTION 2.6

20.

21.

22.

23.
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Pumping Rate. The time ¢ required to empty a
tank varies inversely as the rate r of pumping. If
a pump can empty a tank in 45 min at the rate of
600 kL /min, how long will it take the pump to
empty the same tank at the rate of 1000 kL/min?

Hooke’s Law. Hooke’s law states that the dis-
tance d that a spring will stretch varies directly as
the mass m of an object hanging from the spring.
If a 3-kg mass stretches a spring 40 cm, how far
will a 5-kg mass stretch the spring?

Spring _% __________ .
at rest
d

Relative Aperture. The relative aperture, or
f-stop, of a 23.5-mm diameter lens is directly
proportional to the focal length F of the lens. If a
150-mm focal length has an f-stop of 6.3, find the
f-stop of a 23.5-mm diameter lens with a focal
length of 80 mm.

Musical Pitch.  The pitch P of a musical tone varies
inversely as its wavelength W. One tone has a pitch
of 330 vibrations per second and a wavelength of
3.2 ft. Find the wavelength of another tone that has
a pitch of 550 vibrations per second.
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24. Weight on Mars. The weight M of an object
on Mars varies directly as its weight E on Earth.
A person who weighs 95 Ib on Earth weighs
38 Ib on Mars. How much would a 100-1b person
weigh on Mars?

Find an equation of variation for the given situation.

25. yvaries inversely as the square of x, and y = 0.15
when x = 0.1

26. yvaries inversely as the square of x,and y = 6
when x = 3

27. yvaries directly as the square of x, and y = 0.15
when x = 0.1

28. yvaries directly as the square of x,and y = 6
when x = 3

29. yvaries jointly as x and z, and y = 56 when
x=7andz =38

30. yvaries directly as x and inversely as z, and
y =4whenx = 12and z = 15

31. yvaries jointly as x and the square of z, and
y = 105whenx = 14andz = 5

32. yvaries jointly as x and z and inversely
asw,and y = %whenx =2,z = 3,and
w=4

33. yvaries jointly as x and z and inversely as the
product of wand p, and y = 5 when x = 3,
z=10,w=7,andp = 8

34. yvaries jointly as x and zand inversely as the
square of w,and y = %zwhen x =16,z =3,
andw =5

35. Intensity of Light. The intensity I of light from
a light bulb varies inversely as the square of the
distance d from the bulb. Suppose that I'is
90 W/m? (watts per square meter) when the dis-
tance is 5 m. How much farther would it be to a
point where the intensity is 40 W /m??

36. Atmospheric Drag.  'Wind resistance, or atmos-
pheric drag, tends to slow down moving objects.

37.

Atmospheric drag varies jointly as an object’s
surface area A and velocity v. If a car traveling at

a speed of 40 mph with a surface area of 37.8 ft*
experiences a drag of 222 N (Newtons), how fast
must a car with 51 ft* of surface area travel in order
to experience a drag force of 430 N?

Stopping Distance of a Car. The stopping
distance d of a car after the brakes have been
applied varies directly as the square of the
speed r. If a car traveling 60 mph can stop in
200 ft, how fast can a car travel and still stop in
72 ft?

_d |

38.

39.

40.

Weight of an Astronaut. The weight W of

an object varies inversely as the square of the
distance d from the center of the earth. At sea
level (3978 mi from the center of the earth), an
astronaut weighs 220 Ib. Find his weight when he
is 200 mi above the surface of the earth.

Earned-Run Average. A pitcher’s earned-run
average E varies directly as the number R of
earned runs allowed and inversely as the number
I of innings pitched. In 2010, Bronson Arroyo

of the Cincinnati Reds had an earned-run
average of 3.89. He gave up 93 earned runs in
215.2 innings. How many earned runs would he
have given up had he pitched 238 innings with
the same average? Round to the nearest whole
number.

Boyle’s Law.  The volume V of a given mass of

a gas varies directly as the temperature T and
inversely as the pressure P. If V = 231 cm’ when
T = 42°and P = 20 kg/cm?, what is the volume
when T = 30°and P = 15 kg/cm??
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Vocabulary Review

In each of Exercises 41-45, fill in the blank with the cor-
rect term. Some of the given choices will not be used.

even function relative maximum
odd function relative minimum
constant function solution
composite function  zero
direct variation perpendicular
inverse variation parallel

41. Nonvertical lines are if and

only if they have the same slope and different
y-intercepts.

42. Aninput ¢ of a function f is a(n)
of the function if f(¢) = 0.

43. For a function f for which f(¢) exists, f(¢) is
a(n) if f(¢) is the lowest point
in some open interval.

44. If the graph of a function is symmetric
with respect to the origin, then fis a(n)

45. Anequation y = k/x is an equation of

46.

47.

48.

49.

In each of the following equations, state whether
y varies directly as x, inversely as x, or neither
directly nor inversely as x.

a) 7xy = 14

b) x — 2y =12

) 2x+3y=0

d) x =iy

X
e) — =2
y

Volume and Cost.  An 18-0z jar of peanut butter
in the shape of a right circular cylinder is 5 in.
high and 3 in. in diameter and sells for $2.89.

In the same store, a 28-0z jar of the same brand
is 53 in. high and 37 in. in diameter. If the cost

is directly proportional to volume, what should
the price of the larger jar be? If the cost is directly
proportional to weight, what should the price of
the larger jar be?

Describe in words the variation given by the
equation

kp*

Q=—75.

q
Area of a Circle. The area of a circle varies
directly as the square of the length of a diameter.
What is the variation constant?
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KEY TERMS AND CONCEPTS

EXAMPLES
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SECTION 2.1: INCREASING, DECREASING, AND PIECEWISE FUNCTIONS; APPLICATIONS

Increasing, Decreasing, and Constant Functions
A function f1is said to be increasing on an open
interval [ if for all a and b in that interval, a < b
implies f(a) < f(b).

A function fis said to be decreasing on an open
interval I, if for all a and b in that interval, a < b
implies f(a) > f(b).

A function f1is said to be constant on an open
interval [, if for all a and b in that interval,

f(a) = f(b).

Relative Maxima and Minima

Suppose that fis a function for which f(¢) exists for
some cin the domain of f. Then:

f(c) is a relative maximum if there exists an open
interval I containing c¢ such that f(¢) > f(x) for all x
in I, where x # c¢; and

f(c) is a relative minimum if there exists an open
interval I containing ¢ such that f(c) < f(x) for all x
in I, where x # ¢

Some applied problems can be modeled by functions.

To graph a function that is defined piecewise, we
graph the function in parts as defined by its output
formulas.

Determine the intervals on which the function is
(a) increasing; (b) decreasing; (c) constant.

y

o SR

—4
-5

\

a) As x-values increase from —5 to —2, y-values
increase from —4 to —2; y-values also increase as
x-values increase from —1 to 1. Thus the function is
increasing on the intervals (=5, —2) and (=1, 1).

b) As x-values increase from —2 to —1, y-values
decrease from —2 to —3, so the function is
decreasing on the interval (=2, —1).

c) As x-values increase from 1 to 5, y remains 5,
so the function is constant on the interval (1, 5).

Determine any relative maxima and minima of the
function.

y
(—1.09,4.05) 5

)
nw)
aN
-31(0.76, —2.34)

=5

I
1
-
I
I

2 4 X

We see from the graph that the function has one
relative maximum, 4.05. It occurs when x = —1.09.
We also see that there is one relative minimum, —2.34.
It occurs when x = 0.76.

See Examples 3 and 4 on pp. 163 and 164.

Graph the function defined as
2x — 3, forx < 1,
0 = {

x+ 1, forx=1.

(continued)



Greatest Integer Function

f(x) = [x] = the greatest integer less than or equal
to x.

Sums, Differences, Products, and Quotients of
Functions

If fand gare functions and x is in the domain of
each function, then:

(f+8)(x) = f(x) + g(x),

(f = 9(x) = f(x) — (%),

() (%) = f(x) - &(x),

(f/9)(x) = f(x)/¢(x), provided g(x) # 0.

Domainsof f + g f — g fg,and f/g

If fand gare functions, then the domain of the func-
tions f + g f — g and fg is the intersection of the
domain of fand the domain of g The domain of f/g
is also the intersection of the domain of fand the
domain of g, with the exclusion of any x-values for
which g(x) = 0.

CHAPTER 2

We create the graph in two parts. First, we graph
f(x) = 2x — 3 for inputs xless than 1. Then we graph
f(x) = x + 1 for inputs x greater than or equal to 1.

y

—5-4-3-2-1

[ B

/s
4

The graph of the greatest integer function is shown
below. Each input is paired with the greatest integer
less than or equal to that input.

y

=0
>0

{ Sel
O

2N e

R R,
=02

-3
=01 —4
=0 5

" ) =[]

=

SECTION 2.2: THE ALGEBRA OF FUNCTIONS

Given that f(x) = x — 4and g(x) = Vx + 5, find
each of the following.

a) (f+ (%) b) (f — ¢)(%)

d) (f/8)(x)

(

(
b) (f~ () = f(x) —gx) =x—4- Vxts
O (f)(x) = f(x) - g(x) = (x — 4)Vx +5
) (f/2)(x) = f(x)/g(x) = \/_T:

For the functions fand gabove, find the domains of
ftef—gfgandf/g

The domain of f(x) = x — 4 is the set of all real
numbers.

The domain of g(x) = Vx + 5isthe set of all real
numbers for which x + 5 = 0,0orx = —5,0r [ —5, ).
Then the domain of f + g f — g and fg is the set of num-
bers in the intersection of these domains, or [ —5, %).
Since g(—5) = 0, we must exclude —5 from the
domain of f/g. Thus the domain of f/gis [—5, )
excluding —5, or (=5, ®).

Summary and Review 223
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The difference quotient for a function f(x) is the For the function f(x) = x* — 4, construct and sim-
ratio plify the difference quotient.
fx+ h) = f(x) flrt B) = fx) (et 02— 4] = (2 - )
h ) h h
Xt 2xh A -4 - X+ 4
h
_2xh+ K h(2x + h)
h h
=2x+h
SECTION 2.3: THE COMPOSITION OF FUNCTIONS
The composition of functions, fo g, is defined as Given that f(x) = 2x — 1and g(x) = Vx, find
(fo g) (x) — f(g(x) ), each Of the fOHOWlng
where xis in the domain of gand g(x) is in the a) (fo8)(4) b) (g°£)(625)
domain of f. o (fog)(x) d) (g°f)(x)

e) The domain of feo g and the domain of go f
a) (fo)(4) = f(g)) = f(V4) = f(2) =

2:2-1=4-1=3
b) (g°¢)(625) = ¢g(g(625)) = g(V625) =
g(25) = V25 =5
(fo9)(x) = f(g(x)) = f(Vx) =2Vx -1
d (g°)(x) = g(fw) = g( x=1) = V-1
e) The domain and the range of f(x) are both
(—o0, ), and the domain and the range of g(x)
are both [0, %). Since the inputs of f° g are out-
puts of gand since fcan accept any real number
as an input, the domain of fe g consists of all real
numbers that are outputs of g, or [0, ).
The inputs of go f consist of all real numbers

f(x) that are in the domain of g Thus we must
have f(x) = 2x — 1 = 0, or

x = 3, 50 the domain of go fls[ )

When we decompose a function, we write it as the If h(x) = V3x + 7, find f(x) and g(x) such that
composition of two functions. h(x) = (fe 9)(x).

This function finds the square root of 3x + 7, so one
decomposition is f(x) = Vxand g(x) =3x+ 7.

There are other correct answers, but this one is prob-
ably the most obvious.



Algebraic Tests of Symmetry

x-axis: If replacing y with —y produces an equivalent
equation, then the graph is symmetric with respect to
the x-axis.

y-axis: If replacing x with —x produces an equivalent
equation, then the graph is symmetric with respect to
the y-axis.

Origin: If replacing x with —x and y with —y
produces an equivalent equation, then the graph is
symmetric with respect to the origin.

Even Functions and Odd Functions

If the graph of a function is symmetric with respect
to the y-axis, we say that it is an even function. That
is, for each x in the domain of f; f(x) = f(—x).

If the graph of a function is symmetric with respect
to the origin, we say that it is an odd function. That
is, for each x in the domain of f, f(—x) = —f(x).

CHAPTER 2  Summary and Review

SECTION 2.4: SYMMETRY

Test y = 2x° for symmetry with respect to the x-axis,
the y-axis, and the origin.
x-axis: We replace y with —y:
—y = 2x°
y = —2x°. Multiplying by —1

The resulting equation is not equivalent to the
original equation, so the graph is not symmetric with
respect to the x-axis.

y-axis: We replace x with —x:
y = 2(=x)°

y = —2x°.

The resulting equation is not equivalent to the origi-
nal equation, so the graph is not symmetric with
respect to the y-axis.

Origin: We replace x with —x and y with —y:

—y =2
-y = —2x°
y = 2x.

The resulting equation is equivalent to the original
equation, so the graph is symmetric with respect to
the origin.

Determine whether each function is even, odd, or
neither.

a) g(x) = 2x* — 4 b) h(x) = x> — 3x> — x
a) We first find g(—x) and simplify:

g(—x) = 2(—x)* —4 =24 — 4.

g(x) = g(—x), so gis even. Since a function

other than f(x) = 0 cannot be both even and

odd and gis even, we need not test to see if it is
an odd function.

b) We first find h(—x) and simplify:
h(=x) = (=x)° = 3(=x)’ = (=)
=—x + 35 + x
h(x) # h(—x), so his not even.
Next, we find —h(x) and simplify:
—h(x) = —(x —3x —x) = —x + 3 + x.
h(—=x) = —h(x), so hisodd.
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SECTION 2.5: TRANSFORMATIONS

CHAPTER 2 More on Functions

Vertical Translation
For b > 0:
the graph of y = f(x) + bis the graph of
y = f(x) shifted up b units;
the graph of y = f(x) — b is the graph of
y = f(x) shifted down b units.
Horizontal Translation
Ford > 0:
the graph of y = f(x — d) is the graph of
y = f(x) shifted right d units;
the graph of y = f(x + d) is the graph of
y = f(x) shifted left d units.

Reflections

The graph of y = —f(x) is the reflection of y = f(x)
across the x-axis.

The graph of y = f(—x) is the reflection of y = f(x)
across the y-axis.

If a point (x, y) is on the graph of y = f(x), then

(x, —y) is on the graph of y = —f(x), and (—x, y) is
on the graph of y = f(—x).

Graph g(x) = (x — 2)* + 1. Before doing so,
describe how the graph can be obtained from the
graph of f(x) = x*.

First, we note that the graph of h(x) = (x — 2)%is
the graph of f(x) = x? shifted right 2 units. Then
the graph of g(x) = (x — 2)* + 1 s the graph of
h(x) = (x — 2)?shifted up 1 unit. Thus the graph
of gis obtained by shifting the graph of f(x) = x*
right 2 units and up 1 unit.

y

(SRR
—
—

et ke B 4 X
b2
-3

—4
=5

g =(x—27+1

Graph each of the following. Before doing so,
describe how each graph can be obtained from the
graph of f(x) = x* — x.

a) g(x) = x— «° b) h(x) = (—x)* — (—x)
a) Note that
_ — (42 —
f(x) = —(x" — x) f)=xt—x
= —x+ x Y»
—x \i| /
= g(x). ER
Thus the graph is a reflection / § \
of the graph of f(x) = x* — x BB

across the x-axis. 2

b) Note that

fl=x) = (=x)* = (=x) = h(x).
Thus the graph is a reflection of the graph of
f(x) = x* — xacross the y-axis.

gx)=x—x

h(x) = (=x)* — (—x)
/ flx) =x*—x

\
\\

/
/]

RS N

-2

—4




Vertical Stretching and Shrinking
The graph of y = af(x) can be obtained from the
graph of y = f(x) by:
stretching vertically for |a| > 1, or
shrinking vertically for 0 < |a| < 1.
For a < 0, the graph is also reflected across the
X-axis.

(The y-coordinates of the graph of y = af(x) can
be obtained by multiplying the y-coordinates of

y = f(x) by a)
Horizontal Stretching and Shrinking
The graph of y = f(cx) can be obtained from the
graph of y = f(x) by:
shrinking horizontally for | ¢| > 1, or
stretching horizontally for 0 < |¢| < 1.
For ¢ < 0, the graph is also reflected across the
y-axis.
(The x-coordinates of the graph of y = f(cx)
can be obtained by dividing the x-coordinates of

y=f(x)byc)

CHAPTER 2  Summary and Review

A graph of y = g(x) is shown below. Use this graph
to graph each of the given equations.

y
§(0,2)
(73, 04N (5,0
i et \\\4{/ *
71 (4,-3)
a) f(x) = g(2x) b) f(x) = —2¢(x)
o) f(x) = 3g(x) d) f(x) = g(3x)

a) Since |2| > 1,the graph of f(x) = g(2x)isa
horizontal shrinking of the graph of y = g(x). The
transformation divides each x-coordinate of gby 2.

(S
v

|

—

o

=)

; =
Lo T N

W

(2,-3)

5

b

~

Since | —2| > 1, the graph of f(x) = —2g(x)

is a vertical stretching of the graph of y = g(x).
The transformation multiplies each y-coordinate
of gby 2. Since —2 < 0, the graph is also reflected
across the x-axis.

y

(4,06)8
/

\
\

(-3,0)
—5-4-3%2-1 12

il /, o

\Mo, e

¢) Since |5| < 1, the graph of f(x) = 3g(x)isa
vertical shrinking of the graph of y = g¢(x).

The transformation multiplies each y-coordinate
of gby 3.

6
5
4
3
2
1
1

LS L s

(0,1);

Soaa L[ 1IN T X
5 4
3}-(4, = 1.5)

(continued)
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d) Since |3| < 1,the graph of f(x) = g(3x) isa
horizontal stretching of the graph of y = ¢(x).
The transformation divides each x-coordinate of g
by 3 (which is the same as multiplying by 2).

y

422 10,0)

SECTION 2.6: VARIATION AND APPLICATIONS

Direct Variation

If a situation gives rise to a linear function

f(x) = kx, or y = kx, where kis a positive constant,
we say that we have direct variation, or that y varies
directly as x, or that y is directly proportional to x.
The number ks called the variation constant, or the
constant of proportionality.

Inverse Variation

If a situation gives rise to a linear function

f(x) = k/x, or y = k/x, where kis a positive con-
stant, we say that we have inverse variation, or that
y varies inversely as x, or that y is inversely pro-
portional to x. The number k is called the variation
constant, or the constant of proportionality.

Find an equation of variation in which y varies
directly as x, and y = 24 when x = 8. Then find the
value of y when x = 5.

y = kx yvaries directly as x.
24 = k-8 Substituting
3=k Variation constant

The equation of variation is y = 3x. Now we use the
equation to find the value of y when x = 5:

y = 3x
y=3-5 Substituting
y = 15.

When x = 5, the value of yis 15.

Find an equation of variation in which y varies in-
versely as x, and y = 5 when x = 0.1. Then find the
value of y when x = 10.

k
y = * y varies inversely as x.
k -
5=— Substituting
0.1
05 =k Variation constant

. L 0.5
The equation of variation is y = - Now we use

the equation to find the value of y when x = 10:

05
X

y = 03 Substituting
10

y = 0.05.

When x = 10, the value of yis 0.05.
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Combined Variation Find an equation of variation in which y varies jointly
y varies directly as the nth power of x if there is as wand the square of xand inversely as z,and y = 8
some positive constant k such that whenw = 3,x = 2,and z = 6.
2
= kx". _ . WX
’ y= ke
y varies inversely as the nth power of x if there is .
some positive constant k such that 8 = k- c Substituting
y xn' 8 = k [
6
y varies jointly as x and z if there is some positive 8 = 2k
constant k such that o
=k Variation constant
= kxz.
y ) o wax? 4wx?
The equation of variation is y = 47, ory = —
Determine whether the statement is true or false. Graph the function. Estimate the intervals on which the

1. The greatest integer function pairs each input fi unct'ion is iqcreasing gr.decreasing, and estimate any
with the greatest integer less than or equal to that relative maxima or minima. [2.1]
input. [2.1] 7. f(x) = x* — 1 8. f(x) =2 — |x]|

Use a graphing calculator to find the intervals on which

the function is increasing or decreasing, and find any

relative maxima or minima. [2.1]

3. The graph of y = (x — 2)*is the graph of 9. f(x) =« —4x+3 10. f(x) = —x* + x+6
y = x” shifted right 2 units. [2.5] 11. f(x) = x> — 4x 12. f(x) = 2x — 0.5%°

2. In general, for functions fand g the domain of
fo g = the domain of go f. [2.3]

4. The graph of y = —x is the reflection 13. Tablecloth Area. A seamstress uses 20 ft of lace
of the graph of y = x* across the x-axis. to trim the edges of a rectangular tablecloth. If
[2.5] the tablecloth is [ feet long, express its area as a

function of the length. [2.1]

Determine the intervals on which the function is 14. Inscribed Rectangle. A rectangle is inscribed in
(a) increasing, (b) decreasing, and (c) constant. [2.1] a semicircle of radius 2, as shown. The variable
5. 7 7 6. y x = half the length of the rectangle. Express the
: sl : ' ' area of the rectangle as a function of x. [2.1]
Y S y
g Soetio 1L oot g
a2l [ 12345 &
Lol iF -
I . L0
4 2\ -1 TR
B =i X
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15. Dog Pen. Mamie has 66 ft of fencing with which
to enclose a rectangular dog pen. The side of her
garage forms one side of the pen. Suppose the
side of the pen parallel to the garage is x feet long.

a) Express the area of the dog pen as a function
of x. [2.1]

b) Find the domain of the function. [2.1]

c) Graph the function using a graphing
calculator. [2.1]

d) Determine the dimensions that yield the
maximum area. [2.1]

16. Minimizing Surface Area. A container firm is
designing an open-top rectangular box, with a
square base, that will hold 108 in’. Let x = the
length of a side of the base.

X
X

a) Express the surface area as a function of x.
[2.1]

b) Find the domain of the function. [2.1]

c) Using the graph below, determine the dimen-
sions that will minimize the surface area of
the box. [2.1]

y
500T

400

300

200 (6, 108)
100 °

5 10 15 20 x

Graph each of the following. [2.1]

=38 forx = —4,
17. f(x) =
f(®) {éx—i— 1, forx > —4
X, forx < —2,
18. f(x) = 9 |x|, for -2 = x = 2,
Vx—1, forx > 2
-1
, forx # —1,
19. f(x) = ¢ x+1
3, forx = —1

20. f(x) = [«] 21. f(x) = [x — 3]

22. For the function in Exercise 18, find f(—1), f(5),
f(=2),and f(—3). [2.1]

23. For the function in Exercise 19, find f(—2), f(—1),
f(0),and f(4). [2.1]

Given that f(x) = Vx — 2andg(x) = x* — 1,

find each of the following, if it exists. [2.2]

24. (f = g)(6)

25. (f2)(2)

26. (f+ g)(—1)

For each pair of functions in Exercises 27 and 28:

a) Find the domainof f, g f+ ¢ f — & fg and
/& [2.2]

b) Find (f + ¢)(x), (f — g)(x), (fg)(x), and
(f/9)(x). [2.2]

27. f(x) = %; g(x) =3 — 2x

28. f(x) = 3x* + 4x; g(x) = 2x — 1

29. Given the total-revenue and total-cost functions
R(x) = 120x — 0.5x*and C(x) = 15x + 6, find
the total-profit function P(x). [2.2]

For each function f, construct and simplify the difference
quotient. [2.2]
30. f(x) =2x+7
31. f(x) =3 — «°
4
32. f(x) = <

Given that f(x) = 2x — 1, g(x) = x* + 4, and
h(x) = 3 — x°, find each of the following. [2.3]

33. (fo¢)(1) 34. (g2f)(1)
35. (hof)(—2) 36. (g° h)(3)
37. (foh)(—1) 38. (h°g)(2)
39. (fo f)(x) 40. (ho h)(x)

In Exercises 41 and 42, for the pair of functions:
a) Find (fo g)(x) and (g° f)(x). [2.3]
b) Find the domain of fo g and the domain of
gof. [2.3]
4
41. f(x) = —; g(x) =3 — 2x
X

42. f(x) = 3x* + 4x; g(x) = 2x — 1



Find f(x) and g(x) such that h(x) = (f° ¢)(x). [2.3]

43. h(x) = Vb5x + 2

44. h(x) = 4(5x — 1)* + 9

Graph the given equation and determine visually
whether it is symmetric with respect to the x-axis,
the y-axis, and the origin. Then verify your assertion
algebraically. [2.4]

45. X** + P =4 46. y» =x*+3

47. x+ y =3 48. y = x*

49. y = x° 4 2

50. y = x" — x

Determine visually whether the function is even, odd, or
neither even nor odd. [2.4]

51. y 52. y

53. y 54. y

YA

Determine whether the function is even, odd, or neither
even nor odd. [2.4]

55. f(x) =9 — x*
57. f(x) = x" — x°

56. f(x) =x —2x+ 4
58. f(x) = |x|
59. f(x) = V16— 2 60. f(x) =

K+ 1

Write an equation for a function that has a graph with
the given characteristics. [2.5]

61. The shape of y = x?, but shifted left 3 units

62. The shape of y = \V/x, but reflected across the
x-axis and shifted right 3 units and up 4 units

CHAPTER 2  Summary and Review 231

63. The shape of y = | x|, but stretched vertically by
a factor of 2 and shifted right 3 units

A graph of y = f(x) is shown below. No formula for f is
given. Graph each of the following. [2.5]

y

y=fx)
\-2/\“ —
64. y = f(x — 1)

66. y = —2f(x)

Find an equation of variation for the given situation. [2.6]

65. y = f(2x)
67. y = 3 + f(x)

68. yvaries directly as x, and y = 100 when x = 25.
69. yvaries directly as x, and y = 6 when x = 9.

70. yvaries inversely as x, and y = 100 when x = 25.
71. yvaries inversely as x, and y = 6 when x = 9.

72. yvaries inversely as the square of x,and y = 12
when x = 2.

73. yvaries jointly as x and the square of zand in-
versely as w,and y = 2 whenx = 16, w = 0.2,
and z = 1.

74. Pumping Time. The time trequired to empty a
tank varies inversely as the rate 7 of pumping. If a
pump can empty a tank in 35 min at the rate of
800 kL /min, how long will it take the pump to empty
the same tank at the rate of 1400 kL /min? [2.6]

75. Test Score. The score N on a test varies directly
as the number of correct responses a. Ellen answers
29 questions correctly and earns a score of 87. What
would Ellen’s score have been if she had answered
25 questions correctly? [2.6]

76. Power of Electric Current. The power P
expended by heat in an electric circuit of fixed
resistance varies directly as the square of the
current Cin the circuit. A circuit expends
180 watts when a current of 6 amperes is flowing.
What is the amount of heat expended when the
current is 10 amperes? [2.6]
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77. For f(x) = x + land g(x) = \/x, the domain
of (g f)(x) is which of the following? [2.3]

A [—1, ) B.[—1,0)
C. [0, ») D. (—,%)

78. For b > 0, the graph of y = f(x) + bis the
graph of y = f(x) shifted in which of the
following ways? [2.5]
A. Right b units
C. Up b units

B. Left b units
D. Down b units

79. The graph of the function fis shown below.

y . -
el =@
R i
ool | &

12345 :x

The graph of g(x) = —3f(x) + 1is which of
the following? [2.5]

80. Prove that the sum of two odd functions is odd.
[2.2], [2.4]

81. Describe how the graph of y = —f(—x) is
obtained from the graph of y = f(x). [2.5]

82. Given that f(x) = 4x’ — 2x + 7, find each of
the following. Then discuss how each expression
differs from the other. [1.2], [2.5]

a) f(x) +2
b) f(x + 2)
o f(x) + f(2)

83. Given the graph of y = f(x), explain and con-
trast the effect of the constant c on the graphs of

y = f(ex) and y = ¢f(x). [2.5]

84. Consider the constant function f(x) = 0. Deter-
mine whether the graph of this function is sym-
metric with respect to the x-axis, the y-axis, and/
or the origin. Determine whether this function is
even or odd. [2.4]

85. Describe conditions under which you would
know whether a polynomial function
f(x) = ax" + a, X" '+ +ax*+ ax+ a
is even or odd without using an algebraic
procedure. Explain. [2.4]

86. If y varies directly as x%, explain why doubling x
would not cause y to be doubled as well. [2.6]

87. If yvaries directly as x and x varies inversely as z,
how does y vary with regard to z? Why? [2.6]



Chapter 2 Test

1. Determine the intervals on which the function is
(a) increasing, (b) decreasing, and (c) constant.

SN

1

a1 [123 Ny X
o Y i
- ooz foocooncs Sroook

: 4

ini5

2. Graph the function f(x) = 2 — x*. Estimate the
intervals on which the function is increasing or
decreasing, and estimate any relative maxima or
minima.

3. Use a graphing calculator to find the intervals on
which the function f(x) = x* + 4x7 is increas-
ing or decreasing, and find any relative maxima or
minima.

4. Triangular Pennant. A softball team is designing a
triangular pennant such that the height is 6 in. less
than four times the length of the base b. Express
the area of the pennant as a function of b.

5. Graph:

X2, forx < —1,
f(x) =9 ||, for—1=x=1,
Vx—1, forx > 1.

6. For the function in Exercise 5, find f( — %), f(5),
and f(—4).

Given that f(x) = x* — 4x + 3andg(x) = V3 — x,
find each of the following, if it exists.

7.(f+ 8)(-6) 8. (f—g(-1)
9. (8)(2) 10. (f/g)(1)

For f(x) = x* and g(x) = V x — 3, find each of the
following.
11. The domain of f

12. The domain of g

13. The domain of f + ¢

14. The domain of f — ¢

15. The domain of fg

16. The domain of f/g

17. (f + ¢)(%) 18. (f = ¢)(%)
19. (f2)(x) 20. (f/8)(x)

For each function, construct and simplify the difference
quotient.

21. f(x) = 3x + 4
22. f(x) =2x* — x+ 3
Given that f(x) = x* — 1, g(x) = 4x + 3, and
h(x) = 3x% + 2x + 4, find each of the following.
23. (g2 h)(2) 24. (fog)(—1)
25. (he f)(1) 26. (g°¢)(x)
Forf(x) = Vx — 5andg(x) = x* + 1:
27. Find (fo g)(x) and (g f)(x).
28. Find the domain of (f° g)(x) and the domain of
(g°f)(x).

29. Find f(x) and g(x) such that

h(x) = (fog)(x) = (2x = 7)"

30. Determine whether the graph of y = x* — 2x?
is symmetric with respect to the x-axis, the y-axis,
and the origin.

31. Determine whether the function

2x
x =
) = 7
is even, odd, or neither even nor odd. Show your

work.

32. Write an equation for a function that has the
shape of y = x?, but shifted right 2 units and
down 1 unit.

33. Write an equation for a function that has the
shape of y = x?, but reflected across the x-axis
and shifted left 2 units and up 3 units.

233



234 CHAPTER 2

34. The graph of a function y = f(x) is shown below.

35.
36.

37.

38.

39.

More on Functions

No formula for fis given. Graph y = — 3 f(x).
y

y=fx
4

WARNEN /
AT

Find an equation of variation in which y varies
inversely as x, and y = 5 when x = 6.

Find an equation of variation in which y varies
directly as x, and y = 60 when x = 12.

Find an equation of variation where y varies
jointly as x and the square of zand inversely as
w,and y = 100 when x = 0.1, z = 10, and
w = 5.

The stopping distance d of a car after the brakes

have been applied varies directly as the square of
the speed . If a car traveling 60 mph can stop in
200 ft, how long will it take a car traveling

30 mph to stop?

The graph of the function fis shown below.

The graph of g(x) = 2f(x) — 1 is which of the
following?

40. If (=3, 1) is a point on the graph of y = f(x), what

point do you know is on the graph of y = f(3x)?



CHAPTER

Quadratie Functions and
Equations; Inequalities

APPLICATION 3.1 The Complex Numbers

3.2 Quadratic Equations, Functions,

The number of TV channels that the average U.S. Zeros, and Models
home receives has been soaring in recent years. The 3.3 Analyzing Graphs of
function #(x) = 0.16x* + 0.46x + 21.36 can be Quadratic Functions
used to estimate this number, where x is the number Visualizing the Graph
of years after 1985 (Source: Nielsen Media Research, Mid-Chapter Mixed Review
National People Meter Sample). Using this function, 3.4 Solving Rational Equations and
estimate in what year the average U.S. household Radical Equations
received 130 channels. 3.5 Solving Equations and Inequalities
with Absolute Value
Study Guide
Review Exercises
Test

This problem appears as Exercise 109 in Section 3.2. 235
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The Complex Numbers

= Perform computations involving complex numbers.

Some functions have zeros that are not real numbers. In order to find the
zeros of such functions, we must consider the complex-number system.

® The Complex-Number System

We know that the square root of a negative number is not a real number.

For example, V —1 is not a real number because there is no real number
x such that x> = —1. This means that certain equations, like x> = —1, or
x> + 1 = 0, do not have real-number solutions, and certain functions,
like f(x) = x* + 1, do not have real-number zeros. Consider the graph of

f(x) = x> + 1.

Yy

5_

4_

3

UpA flx) = x2+1

RADICAL EXPRESSIONS
1 1 1 1 1 1 1 1 1 1
REVIEW SECTONR.7. | 54-3-9- Ll 12345%

We see that the graph does not cross the x-axis and thus has no x-intercepts.
This illustrates that the function f(x) = x* + 1 has no real-number zeros.
Thus there are no real-number solutions of the corresponding equation

x*+1=0.
We can define a nonreal number that is a solution of the equation
2 —
x=+1=0.

THE NUMBER i
The number 1 is defined such that

i=V-1 and = —1.
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To express roots of negative numbers in terms of 7, we can use the fact

Vop=Volp= Vo Ve = iVh

when p is a positive real number.

that

EXAMPLE 1 Express each number in terms of i.

a) V-7 b) V—16 ¢ —V-—-13
d) —V-o64 e) V—48

Solution
A \V-7=V-1-7=V-1-V7
_ . iis notunder
= vi7or \/71 the radical.
b) V-16 = V-1-16 = V-1- V16
=74 =4

o -V-13=-V-1-13=-V-1-V13

= —1 13,or—\/gi%—
d) —\V—-64=-\V—-1-64=-V—-1-\Ves

= —i-8=—8i
e) V—48=\V—-1-48=\V—-1-V48
V16 -3
i-4\/3
=4i\/3,0r4\/3i

Now Try Exercises 1, 7, and 9.

The complex numbers are formed by adding real numbers and mul-
tiples of 4.

COMPLEX NUMBERS

A complex number is a number of the form a + bi, where aand b
are real numbers. The number ais said to be the real part of a + bi,
and the number b is said to be the imaginary part of a + bi.*

Note that either a or b or both can be 0. When b =0, a + bi =
a + 0i = g, so every real number is a complex number. A complex num-
ber like 3 + 4i or 174, in which b # 0, is called an imaginary number. A
complex number like 177 or —44, in which a = 0 and b # 0, is sometimes
called a pure imaginary number. The relationships among various types of
complex numbers are shown in the figure on the following page.

*Sometimes bi is considered to be the imaginary part.



238

CHAPTER 3

Imaginary numbers:
a+bi,a#0,b#0

3 —i5+
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Imaginary numbers: Real numbers:

a+bi,b#0
1

a+bi,b=0

L i 2054 2i\7i 7,2, ~87, 7 5,3, 18

2i

(8+6i)+(3+2i)

(4+50)—(6-3i)

11+8i

—2+8i

Pure imaginary numbers: Irrational numbers: Rational numbers:
a+bi,a=0,b#0

2 2, 7, V3 7,-87, £, -18
3 el

® Addition and Subtraction

The complex numbers obey the commutative, associative, and distributive
laws. Thus we can add and subtract them as we do binomials. We collect the
real parts and the imaginary parts of complex numbers just as we collect like
terms in binomials.

EXAMPLE 2 Add or subtract and simplify each of the following.
a) (8 + 6i) + (3 + 2i) b) (4 + 5i) — (6 — 3i)
Solution

a) (8 +6i) + (3 + 2i)

(8 +3) + (61 + 2i)
Collecting the real parts and the imaginary parts
=11+ (6 +2)i=11 + 8i
b) (4 + 5i) — (6 — 3i) = (4 — 6) + [5i — (—3i)]
Note that 6 and — 3i are both being subtracted.

= —2 + 8i Now Try Exercises 11 and 21.

When set in a + bi mode, most graphing calculators can perform
operations on complex numbers. The operations in Example 2 are shown in
the window at left. Some calculators will express a complex number in the
form (a, b) rather than a + bi.

® Multiplication

When \/; and \/E are real numbers, \/;' \/ = \/ﬁ, but this is not
true when \/; and \/I; are not real numbers. Thus,
V-2-V-5=V-1-V2-V-1-V5
=iV2-iVs
= ’\V10 = —l\ﬁ = —\/E 1s correct!

But

V—2-V-5= V(=2)(=5) = V10 is wrong!
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Keeping this and the fact that i* = —1 in mind, we multiply with imaginary
numbers in much the same way that we do with real numbers.

EXAMPLE 3 Multiply and simplify each of the following.

a) V—-16-V—-25
Solution

a) V—16-\V—-25

b) (1 + 2i)(1 + 3i)

i?= -1

= =20

b) (1 + 2i)(1 + 3i)

1+ 3i+ 2i + 6

1+3i+2i—6

= —5+ 5i

o (3—-7i)=3—2-3-7i+ (7i)?
=9 — 42i + 49/
=9 — 42i — 49
= —40 — 42i

) (3 — 7i)?

V-1-V1e-V-1-V25
i-4-i-5
220

—1-20

Multiplying each term of one
number by every term of the
other (FOIL)

it= -1

Collecting like terms
Recall that (A — B)? =
A’ — 2AB + B
i’= -1

Now Try Exercises 31 and 39.

We can multiply complex numbers on a graphing calculator set in
a + bi mode. The products found in Example 3 are shown below.

V=16=25
-20
(1+20)(1+3i)
—5+5i
(3-7i)2
—40-42i

Recall that —1 raised to an even power is 1, and —1 raised to an odd
power is — 1. Simplifying powers of i can then be done by using the fact that

i* = —1 and expressing the given power of i in terms of i*. Consider the
following:

i=V-lI,

it =1,

= (P2 = (-1 =1,

P=iti= ()P i= (-1 i=1-
= () = (-1) = 1,

7= i= (2P i= (1) i=
= ()= (-1)' =L

P2ei=(-1)i= —

i= 1

Note that the powers of i cycle through the values 7, —1, —i, and 1.
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(5+7i)(5-7i)

(8i)(—8i)

74

64

EXAMPLE 4 Simplify each of the following.

a) %7 b) i
o) i d) i

Solution

a) i/ =0 i= ()8 i= (-1 i=1-i=i

b) i58 — (12)29 — (_1)29 = —1

o iP=i*i=0) i=(-1)"-i=-1-i=—i

d) i = (20 = (-1)* =1

These powers of i can also be simplified in terms of i* rather than 7.
Consider 7’ in Example 4(a), for instance. When we divide 37 by 4, we get 9
with a remainder of 1. Then 37 =4 -9 + 1,s0

PT=i=17i=1-i=i

The other examples shown above can be done in a similar manner.

® Conjugates and Division

Conjugates of complex numbers are defined as follows.

CONJUGATE OF A COMPLEX NUMBER

The conjugate of a complex number a + biis a — bi. The numbers
a + biand a — bi are complex conjugates.

Each of the following pairs of numbers are complex conjugates:
—3 4+ 7iand —3 — 74; 14 — 5iand 14 + 5i; and 8i and —8i.

The product of a complex number and its conjugate is a real number.

EXAMPLE 5 Multiply each of the following.

a) (5 + 7i)(5 — 7i) b) (8i)(—8i)
Solution
a) (54 7i)(5 — 7i) = 5* — (7i)>  Using(A + B)(A— B) = A — B’
=25 — 49
= 25— 49(—1)
=25+ 49
=74
b) (8i)(—8i) = —64i*
= —64(—1)
= 64

Conjugates are used when we divide complex numbers.
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I@l EXAMPLE 6 Divide2 — 5iby1 — 6i.
Solution We write fraction notation and then multiply by 1, using the
conjugate of the denominator to form the symbol for 1.
2 — 51 _ 2 — 51 I+ 61 Note that 1 + 6i is the conjugate
1—61 1—6i 1+ 61 of the divisor, 1 — 6i.
(2 = 5i)(1 + 6i)

(1 — 6i)(1 + 6i)
2 + 12i — 5i — 304

1 — 36i
2+ 7i+ 30 5
= -———— = _1
1+ 36
32+ 7
37
— 2 + li Writing the quotient in the
37 37 form a + bi

Now Try Exercise 69.

With a graphing calculator set in a + bi mode, we can divide complex
numbers and express the real parts and the imaginary parts in fraction form,
just as we did in Example 6.

(2—5i)/(1—6i) b Frac 2 7.
37+ 371

3.1  Exercise Set

Express the number in terms of i. 16. (—11 + 4i) + (6 + 8i)
1. V-3 2. V=2l 17. (-1 — i) + (=3 — i)
3. V=25 4. v -100 18. (=5 — i) + (6 + 2i)
> —V—33 6. —V—59 19. (3 + V=16) + (2 + V—=25)
7oVl 8. —V—o 20. (7 — V/=36) + (2 + V/-9)
9. V98 10. \V/—28

21. (10 + 7i) — (5 + 3i)
22. (=3 — 4i) — (8 — i)

Simplify. Write answers in the form a + bi, where . .
23. (13 + 9i) — (8 + 2i)

a and b are real numbers.

11. (=5 + 3i) + (7 + 8i) 24. (=7 + 12i) — (3 — 6i)
12. (=6 — 5i) + (9 + 2i) 25. (6 — 4i) — (=5 + i)
13. (4 — 9i) + (1 — 3i) 26. (8 —3i) — (9 — 1)

14. (7 — 2i) + (4 — 5i) 27. (=5 + 2i) — (—4 — 3i)

15. (12 + 3i) + (—8 + 5i) 28. (=6 + 7i) — (=5 — 2i)
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29.
30.
31.
33.
35.
37.
39.
41.
43.
45.
46.
47.
48.
49.
51.
53.
55.
57.
59.
61.
63.

65.

67.

69.

71.

73.

75.

77.

CHAPTER 3

(4 — 9i) — (2 + 3i)

(10 — 4i) — (8 + 2i)
V-4 V=36 32. V-19- V-9
V-81-V-25 34. V=16 - V=100
7i(2 — 5i) 36. 3i(6 + 4i)
—2i(—8 + 3i) 38. —6i(—5 + i)
(1 + 3i)(1 — 4i) 40. (1 — 2i)(1 + 3i)
(2 + 3i)(2 + 5i) 42. (3 — 5i)(8 — 2i)
(—4 + i)(3 — 2i) 44. (5 — 2i)(=1 + i)
(8 — 3i)(—2 — 5i)
(7 — 4i) (=3 — 3i)
(3 + V—16)(2 + V—25)
(7 — V—-16)(2 + V—9)
(5 — 4i)(5 + 4i) 50. (5 + 9i)(5 — 9i)
(3 + 2i)(3 — 2i) 52. (8 + i)(8 — i)
(7 — 5i)(7 + 5i) 54. (6 — 8i)(6 + 8i)
(4 + 2i)? 56. (5 — 4i)*
(=2 + 7i)? 58. (—3 + 2i)?
(1 — 3i)? 60. (2 — 5i)*
(=1 —i)? 62. (—4 — 2i)?
(3 + 4i)? 64. (6 + 5i)
: ; 66. :
5—11i 2+ i
5 -3

2 + 3i 68. 4 — 5i

4+ 5—i
32 v
5 — 3i 6 + 5i
4 + 3i (Y
2+ Vi s V5 + 3i

5— 4i Tl —

1+ 1—i
(1 —i)? 76. (1 + i)’
4—2i 2 —5i 342 6+ 2i
1+i 1+ st

Quadratic Functions and Equations; Inequalities

Simplify.

79. i'! 80. i’ 81. i
82. i 83. i* 84. i*?
85. (—i)"! 86. (—i)° 87. (5i)*
88. (2i)°

89. Write a slope—intercept equation for the line
containing the point (3, —5) and perpendicular
to the line 3x — 6y = 7.

Given that f(x) = x* + 4 and g(x) = 3x + 5, find
each of the following.

90. The domainof f — ¢
91. The domain of f/g
92. (f— ¢(x)

93. (f/2)(2)

94. For the function f(x) = x* — 3x + 4,
construct and simplify the difference quotient

flx + )~ fx)

Determine whether the statement is true or false.

95. The sum of two numbers that are complex con-
jugates of each other is always a real number.

96. The conjugate of a sum is the sum of the conju-
gates of the individual complex numbers.

97. The conjugate of a product is the product of the
conjugates of the individual complex numbers.

a+ biandz = a — bi.

98. Find a general expression for 1/z.

Letz =

99. Find a general expression for zz.
100. Solve z + 6z = 7 for z.
101. Multiply and simplify:
[x— (3 +4i)][x— (3 — 4i)].
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Find zeros of quadratic functions and solve quadratic equations by using the
principle of zero products, by using the principle of square roots, by completing the
square, and by using the quadratic formula.

= Solve equations that are reducible to quadratic.
= Solve applied problems using quadratic equations.

® Quadratic Equations and Quadratic Functions

In this section, we will explore the relationship between the solutions
of quadratic equations and the zeros of quadratic functions. We define
quadratic equations and quadratic functions as follows.

QUADRATIC EQUATIONS

A quadratic equation is an equation that can be written in the form
ax* + bx+c=0, a#0,

where a, b, and c are real numbers.

QUADRATIC FUNCTIONS

A quadratic function f is a function that can be written in the form
f(x) =ax* + bx+ ¢ a # 0,

where a, b, and c are real numbers.

A quadratic equation written in the form ax? + bx + ¢ = 0 is said to
be in standard form.

ZEROS OF A FUNCTION The zeros of a quadratic function f(x) = ax* + bx + c are the solu-
T tions of the associated quadratic equation ax® + bx + ¢ = 0. (These
solutions are sometimes called roots of the equation.) Quadratic functions
can have real-number zeros or imaginary-number zeros and quadratic
equations can have real-number solutions or imaginary-number solutions.
If the zeros or solutions are real numbers, they are also the first coordinates

of the x-intercepts of the graph of the quadratic function.

The following principles allow us to solve many quadratic equations.

EQUATION-SOLVING PRINCIPLES

The Principle of Zero Products: 1f ab = 0 is true, thena = 0
orb=0,andifa = 0or b = 0, then ab = 0.

The Principle of Square Roots: If x> = k, then x = Vk or
x=-Vk
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REVIEW SECTION R.4.

Quadratic Functions and Equations; Inequalities

EXAMPLE 1 Solve: 2x* — x = 3.

Algebraic Solution Graphical Solution

We factor and use the principle of

zero products:

22 —x=3

2> —x—3=0
(x+1)2x—3)=0
x+1=0 or 2x—3
x=—1 or 2x
x= -1 or X
Check:
For x = —1:
2%} —x=3
B (1) 3
2 e 1 gl
2 +1
3 1 3 TRUE
Forx=%:
22— x=3
203 -3 23
S
e
%
3 3 TRUE

The solutions are —1 and 3.

NS 0 O

The solutions of the equation 2x*> — x = 3, or the equiva-
lent equation 2x*> — x — 3 = 0, are the zeros of the function
f(x) = 2x* — x — 3. They are also the first coordinates of the
x-intercepts of the graph of f(x) = 2x* — x — 3.

y=2x2—-x—-3 y=2x2—x—3
5 5

5\1@//5 —5\111\%1‘/11115

Zero Zero
X="1 X=1.5

Y=0 Y=0

=&

The solutions are —1 and 1.5, or —1 and %

We also can find the zeros, also called roots, of the function
with the Graphing Calculator, Appcylon LCC, app. We again see
that the solutions of the equation 2x*> — x = 3 are —1 and 1.5.

Double-tap the scieen 10 exi race' mode.
x=-1,000000 (roat found)
1=0.000000

Double-tap the scieen 10 exil race’ mode.

++2.0

50 £50 50 £50

EXAMPLE 2 Solve: 2x* — 10 = 0.
Solution We have
2x* =10 =0
2x* =10 Adding 10 on both sides
x> =5

Dividing by 2 on both sides

x=\/§ or x=—\/§.

Using the principle of square roots



Two real-number zeros
Two x-intercepts

FIGURE 1

g(x)=x2—6x+9

SEENARE
(3,0)

One real-number zero

One x-intercept

FIGURE 2

h(x) = x>+ 13

| I I I |
12345 &
No real-number zeros
No x-intercepts

FIGURE 3
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Check: 25> — 10 =0
) [
2( + \@) —10°?2 0 We can check both solutions at once.
2-5—10
10 — 10
0 0 TRUE
The solutions are \/5 and — \/g, or \/5

We have seen that some quadratic equations can be solved by factoring
and using the principle of zero products. For example, consider the equation
X —3x—4=0:

¥ =3x—4=0
(x+1)(x—4)=0 Factoring
x+1=0 or x—4=0 Using the principle of
zero products
x=—1 or x = 4.

The equation x> — 3x — 4 = 0 has two real-number solutions, —1 and 4.
These are the zeros of the associated quadratic function f(x) = x* — 3x — 4
and the first coordinates of the x-intercepts of the graph of this function.
(See Fig. 1.)

Next, consider the equation X —6x+9=0. Again, we factor and use
the principle of zero products:

X —6x+9=0
(x—=3)(x—3)=0 Factoring
x—3=0 or x—3=0 Using the principle of
zero products
x =3 or x = 3.

The equation x* — 6x + 9 = 0 has one real-number solution, 3. It is the
zero of the quadratic function g(x) = x* — 6x + 9 and the first coordinate
of the x-intercept of the graph of this function. (See Fig. 2.)

The principle of square roots can be used to solve quadratic equations
like x* + 13 = 0:

X+ 13=0
x* = —13
x=*tV-13 Using the principle of square roots

x=*V13i  V-o13=V-1-V13 = i- V13 = Vi3i

The equation has two imaginary-number solutions, —V13i and V13i.
These are the zeros of the associated quadratic function h(x) = x* + 13.
Since the zeros are not real numbers, the graph of the function has no
x-intercepts. (See Fig. 3.)
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(3 —19,0)
—5-4-32

flx) =x*—6x — 10

Quadratic Functions and Equations; Inequalities

® Completing the Square

Neither the principle of zero products nor the principle of square roots would
yield the exact zeros of a function like f(x) = x> — 6x — 10 or the exact so-
lutions of the associated equation x* — 6x — 10 = 0. If we wish to find exact
zeros or solutions, we can use a procedure called completing the square and
then use the principle of square roots.

EXAMPLE 3 Find the zeros of f(x) = x* — 6x — 10 by completing the
square.

Solution We find the values of x for which f(x) = 0; that is, we solve the
associated equation x* — 6x — 10 = 0. Our goal is to find an equivalent
equation of the form x> + bx + ¢ = d in which x*> + bx + c is a perfect
square. Since

2 2
x2+bx+<b>=<x+b),
2 2

the number ¢ is found by taking half the coefficient of the x-term and
squaring it. Thus for the equation x> — 6x — 10 = 0, we have

x> —6x— 10 =0

x> — 6x =10 Adding 10

X —6x+9=10+9 Adding 9 on both sides to complete the

e (1) = (28] = (o =

Because x> — 6x + 9 is a perfect square, we are able to write it as (x — 3)?,
the square of a binomial. We can then use the principle of square roots to
finish the solution:

x> — 6x+ 9 = 19.

(x—3)? =19 Factoring
x—3== \/E Using the principle of square roots
x=3= \/E Adding 3
Therefore, the solutions of the equation are 3 + \/E and 3 — \/ﬁ, or
simply 3 + V/19. The zeros of f(x) = x* — 6x — 10 are also 3 + V19
and 3 — \/E,or3 + \/E
Decimal approximations for 3 + V19 can be found using a calculator:

3+ V19 =~ 7359 and 3 — V19 =~ —1.359.

The zeros are approximately 7.359 and —1.359.
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Approximations for the zeros of the quadratic function f(x) =
x*> — 6x — 10 in Example 3 can be found using the Zero method.

y=x%—6x—10 y=x%—6x—10
10 10

Zero
X =7.3588989
20 -20

Yscl =5 Yscl =5

Zero
X = —1.358899

Before we can complete the square, the coefficient of the x*-term must
be 1. When it is not, we divide by the x2-coefficient on both sides of the
equation.

EXAMPLE 4 Solve: 2x> — 1 = 3x.

Solution We have

2x* — 1 = 3x
2> = 3x—1=0 Subtracting 3x. We are unable to
factor the result.
2x* — 3x =1 Adding 1
, 3 1 Dividing by 2 to make the
o ox ) x*-coefficient 1
2 - éx I i _ l n i Complegingthegsquare: %(9—%) = —%
2" 16 2 16 and (—3)* = 75 adding 75
< 3>2 17 F i d simplifyi
x—— | =— actoring and simplifying
4 16
B 2 I \/E Using the principle of square roots
X Ty and the quotient rule for radicals
3, V17 ,
x=—-F — Adding 3
4 4
3+ V17
X = 4 .

The solutions are

3+\@a 3 - V17 3+ V17

nd —, or
4 4 4

Now Try Exercise 35.
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To solve a quadratic equation by completing the square:

1. Isolate the terms with variables on one side of the equation and
arrange them in descending order.

2. Divide by the coefficient of the squared term if that coefficient is
not 1.

3. Complete the square by finding half the coefficient of the first-
degree term and adding its square on both sides of the equation.

4. Express one side of the equation as the square of a binomial.

Use the principle of square roots.

6. Solve for the variable.

b

® Using the Quadratic Formula

Because completing the square works for any quadratic equation, it can be
used to solve the general quadratic equation ax* + bx + ¢ = 0 for x. The
result will be a formula that can be used to solve any quadratic equation
quickly.

Consider any quadratic equation in standard form:

ax> + bx + ¢ =0, a # 0.

For now, we assume that a > 0 and solve by completing the square. As the
steps are carried out, compare them with those of Example 4.

ax> +bx+c=0 Standard form
ax* + bx = —¢ Adding — ¢
2 + b ¢ Dividing b
X —X = —
" " ividing by a
b. b b\? b? b?
Half of —is —, and () = —5. Thus we add —:
a 2a 2a 4a 4a
2 4+ +b2 C+b2 Addi bzt lete th
X —x _ —— —_— — tet
. ype P yye ing d o complete the square
b \2 dac b? Factoring on the left; finding a
x+— = ——t — common denominator on the
2a 4a 4a . c ¢ 4a 4ac
rightt —— = ——- = -
a a 4a 4a

/12 _ Using the principle of square roots
x + i = iu and the quotient rule for radicals.
2a 2a Sincea > 0, \V4a?> = 2a.
b V' b* — 4ac b
x=—-——=x ——— Adding — —
2a 2a 2a
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It can also be shown that this result holds if a < 0.

THE QUADRATIC FORMULA
The solutions of ax*> + bx + ¢ = 0, a # 0, are given by

_ —b* Vb — dac

2a

X

EXAMPLE 5 Solve 3x” + 2x = 7. Find exact solutions and approxi-
mate solutions rounded to three decimal places.

Algebraic Solution Graphical Solution

After writing the equation in standard form, we are unable to Using the Intersect method, we

factor, so we identify a, b, and cin order to use the quadratic graph y; = 3x* + 2xand y, = 7

formula: and use the INTERSECT feature to find
332 4 2x = 7 the coordinates of the points of

. intersection. The first coordinates of
3+ 2x =7 =05 these points are the solutions of the
a=3 b=2 c=-7. equation y; = y, or 3x2 + 2x = 7o

We then use the quadratic formula:
y1=3x2+2x, 52 = 7
—b + V- dac 10 N1

x =
2a C
=2 £ V22 — 4(3)(-7) . \

= 203) Substituting
—2 + V4 + 84 -2 + \/ég _ 5| Intersection
= = X = —1.896805L
§ 6 il
—2+Va-22 —2t2V2  2-1%V2) i
= = = y=3x"+2x, y,=7
6 6 2-3 10 N
2 -1V -1+ VvV \ T
2 3 3 ' B

The exact solutions are

-1 — \/272 d -1 + \/23 _5 Intersection

an X=1.2301 385_11: 7
3 3

Using a calculator, we approximate the solutions to be —1.897

The solutions of 3x*> + 2x = 7
and 1.230.

are approximately —1.897 and 1.230.
We could also write the equation in
standard form, 3x*> + 2x — 7 = 0,
and use the Zero method.

Now Try Exercise 41.
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Not all quadratic equations can be solved graphically.

EXAMPLE 6 Solve: x> + 5x + 8 = 0.

Algebraic Solution Graphical Solution

To find the solutions, we use the quadratic formula.
For x*> + 5x + 8 = 0, we have

a=1 b=5 ¢c=§

—-b + Vb — 4dac

x o
2a
-5+ V5% — 4(1)(8)
= Substituting
2-1
-5 + V25 — 32 o
— > Simplifying
_ =5+ V-7
2
=5 & \/7i
5 .
V7 5 V7
The solutions are —— — ——iand —— + —i.
2 2 2 2

The graph of the function f(x) = x* + 5x + 8
shows no x-intercepts.

y=x*+5x+8
10

Thus the function has no real-number zeros
and there are no real-number solutions of the
associated equation x*> + 5x + 8 = 0. This is
a quadratic equation that cannot be solved
graphically.

Now Try Exercise 47.

® The Discriminant

From the quadratic formula, we know that the solutions x; and x, of a quad-
ratic equation are given by

b+ \V b? — 4ac

X]

—b — Vb — 4ac

and x, =

2a 2a

The expression b> — 4ac shows the nature of the solutions. This expression
is called the discriminant. If it is 0, then it makes no difference whether we

b

choose the plus sign or the minus sign in the formula. Thatis,x; = — Sa =

so there is just one solution. In this case, we sometimes say that there is one re-
peated real solution. If the discriminant is positive, there will be two different
real solutions. If it is negative, we will be taking the square root of a negative
number; hence there will be two imaginary-number solutions, and they will
be complex conjugates.
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DISCRIMINANT

For ax?> + bx + ¢ = 0, where g, b, and c are real numbers:

b?> — 4ac = 0 —> One real-number solution;
b* — 4ac > 0 —> Two different real-number solutions;

b* — 4ac < 0 — Two different imaginary-number solutions,
complex conjugates.

In Example 5, the discriminant, 88, is positive, indicating that there are
two different real-number solutions. The negative discriminant, —7, in Ex-
ample 6 indicates that there are two different imaginary-number solutions.

® Equations Reducible to Quadratic

Some equations can be treated as quadratic, provided that we make a suit-
able substitution. For example, consider the following:

=52 +4=0
() =5 +4=0  x= (x>

R

w? —5u +4=0. Substituting u for x”

The equation u* — 5u + 4 = 0 can be solved for u by factoring or using
the quadratic formula. Then we can reverse the substitution, replacing u
with x%, and solve for x. Equations like the one above are said to be reducible
to quadratic, or quadratic in form.

EXAMPLE 7 Solve: x* — 5x> + 4 = 0.

Algebraic Solution Graphical Solution

We let u = x* and substitute: Using the Zero method, we graph the function
_ 4 2
= x* — 5x° + 4 and use the ZERO feature to find
W —5u+4=0 Substituting u for x* }’h
the zeros.
u—1)(u—4) =0 Factorin,
( )( ) g y=xt—5x2+4
u—1=0 or u—4=20 Using the 5
principle of
zero products

u=1 or u = 4.

Don’t stop here! We must solve for the original
variable. We substitute x* for u and solve for x:

=1 or x> =4
x= X1 or x= *2. Using the principle of The leftmost zero is —2. Using the ZERO
square roots feature three more times, we find that the other
zeros are —1, 1, and 2. Thus the solutions of

The solutions are —1, 1, —2, and 2. i )
x*—5x"+ 4 =0are —2,—1,1,and 2.

Now Try Exercise 91.
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EXAMPLE 8 Solve: *° — 2¢1/ — 3 = 0.

1/3

Solution Welet u = t/° and substitute:

£ — 21 —3=0
(t'3)? — 243 =3 =0
w=2u—3=0 Substituting u for /3
(u+1)(u—3)=0 Factoring

ut+t1=20 or u—3=0 Using the principle of
zero products
u=—1 or u = 3.

Now we must solve for the original variable, t. We substitute '3 for u and
solve for t:

13 = —1 or 13 =3
(t1/3)3 = (—1)3 or (t1/3)3 =33 Cubing on both sides
t=—1 or t = 27.

The solutions are —1 and 27.

= Applications

Some applied problems can be translated to quadratic equations.

EXAMPLE 9 Time of a Free Fall. The Burj Khalifa tower (also known
as the Burj Dubai or the Dubai Tower) in the United Arab Emirates is 2717 ft
tall. How long would it take an object dropped from the top to reach the
ground?

Solution

1. Familiarize. The formula s = 16¢* is used to approximate the dis-
tance s, in feet, that an object falls freely from rest in f seconds. In this
case, the distance is 2717 ft.

2. Translate. We substitute 2717 for s in the formula:
2717 = 16t
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3. Carry out.

Algebraic Solution Graphical Solution

We use the principle of square roots: Using the Intersect method (see Fig. 1), we replace t with x, graph
y; = 2717 and y, = 16x% and find the first coordinates of the

2717 = 16t points of intersection. Time cannot be negative in this application,
2717 _ A so we need find only the point of intersection with a positive first
=t Dividing by 16 . . R )
16 coordinate. Since y; = 2717, we must choose a viewing window
A Taking the positive with Ymax greater than this value. Trial and error shows that a
16 =0 square root. Time good choice is [ —20, 20, 0, 3000 ] , with Xscl = 5and Yscl = 500.
Eepnothe negative We see that x = 13.03. Finding the solution with the Graph-
in this application. . ; . [
13.03 ~ t ing Calculator, Appcylon LLC, app is shown in Fig. 2.
Daouble-lap tho screon io exil Yrace' made.
:T:gfua;‘ggg'ow y2=2717.000000
145000
y, = 2717, y, = 16x*
3000 Jpsx
i 0
@ 10 10
Intersection
0

FIGURE 1 FIGURE 2

4. Check. In 13.03 sec, a dropped object would travel a distance of
16(13.03)?, or about 2717 ft. The answer checks.

5. State. It would take about 13.03 sec for an object dropped from the top

of the Burj Khalifa to reach the ground.

EXAMPLE 10 Train Speeds. Two trains leave a sta-
tion at the same time. One train travels due west, and the
other travels due south. The train traveling west travels
20 km/h faster than the train traveling south. After 2 hr,
the trains are 200 km apart. Find the speed of each train.
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Solution

1. Familiarize. We let r = the speed of the train traveling south, in kilo-
meters per hour. Then r + 20 = the speed of the train traveling west,
in kilometers per hour. We use the motion formula d = rt, where d is
the distance, r is the rate (or speed), and tis the time. After 2 hr, the train
traveling south has traveled 2r kilometers, and the train traveling west has
traveled 2(r + 20) kilometers. We add these distances to the drawing.

2(r + 20)

2r
200

2. Translate. We use the Pythagorean theorem, a* + b* = ¢?, where a
and b are the lengths of the legs of a right triangle and cis the length of
the hypotenuse:

[2(r + 20)]* + (2r)* = 200

3. Carry out. We solve the equation:

THE PYTHAGOREAN THEOREM [Z(r + 20)}2 + (Zr)2 = 200?
REVIEW SECTION R.7. 4(r* + 40r + 400) + 4r* = 40,000
4r* + 160r + 1600 + 4r* = 40,000
8r% + 160r + 1600 = 40,000 Collecting like terms
y1 = [20x +20)]2 + (2%)2, 8r% 4+ 160r — 38,400 = 0 Subtracting 40,000
B 2 + 207 — 4800 = 0 Dividing by 8

(r + 80)(r — 60)
r+ 80 =0 or r—60=0 Principle of zero products
r= —80 or r = 60.

0 Factoring

We also can solve this equation with a graphing calculator using the
Intersect method, as shown in the window at left.

4. Check. Since speed cannot be negative, we need check only 60. If the
speed of the train traveling south is 60 km/h, then the speed of the
train traveling west is 60 + 20, or 80 km /h. In 2 hr, the train heading
south travels 60 - 2, or 120 km, and the train heading west travels 80 - 2,

or 160 km. Then they are V120> + 160% or V40,000, or 200 km

apart. The answer checks.
5. State. The speed of the train heading south is 60 km/h, and the speed
of the train heading west is 80 km /h.
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CONNECTING THE CONCEPTS

Zeros, Solutions, and Intercepts

The zeros of a function y = f(x) are also the solutions of the equation f(x) = 0, and the real-number
zeros are the first coordinates of the x-intercepts of the graph of the function.

ZEROS OF THE FUNCTION;
FUNCTION SOLUTIONS OF THE EQUATION X-INTERCEPTS OF THE GRAPH
Linear Function To find the zero of f(x), we solve  The zero of f(x) is the first
f(x) = 2x — 4, or f(x) = 0: coordinate of the x-intercept of
y=2x—4 Iy — 4 =0 the graph of y = f(x).
2x = 4 )’6 flx) =2x—4
5= %
4
The solution of the equation >
2x — 4 = 01is 2. This is the zero Y A
of the function f(x) = 2x — 4; —6 —4 2 Nt 6%
that is, f(z) = 0. -2 x-intercept
(2,0)
Quadratic Function To find the zeros of g(x), we The real-number zeros of g(x)
g(x) = x* — 3x — 4, 0r solve g(x) = 0: are the first coordinates of the
y=R2 — 3x— 4 2 3x—4=0 x-intercepts of the graph of
y = g(x).
(x+ 1)(x—4) =0 52
x+1=0 or x—4=0 y6_g(x)=x2—3x—4
x=—1 or x = 4. 4
The solutions of the equation B 2F
x2—3x—4=Oare—1and4. (Jll\’oé) [ I (\4)|0)| |

They are the zeros of the function
g(x) = x* — 3x — 4; that is,
g(—1) = 0and g(4) = 0.

X-intercepts

3.2  Exercise Set

Solve. 4. >+ 6x+8=0 5.3 +x—2=0
L (2x—3)(3x—2)=0 6. 10x> — 16x+ 6 = 0
2. 5x —2)(2x+3) =0 7. 4x* — 12 =0

3.2 —8x—20=0 8. 62 = 36



256 CHAPTER 3  Quadratic Functions and Equations; Inequalities

9. 3x* =21 10. 2x* — 20 =0
1. 5> + 10 = 0 12. 4x* + 12 =0
13. x> + 16 =0 14. x> +25=0

15. 2x* = 6x 16. 18x + 9x* = 0

17. 3y — 59> — 2y =0  18. 3£ + 2t = 5¢
19. 7 + x> = 7x — 1 =0

(Hint: Factor by grouping.)
20. 38 + x> — 12x —4 =10

(Hint: Factor by grouping.)

In Exercises 21-28, use the given graph to find (a) the
x-intercepts and (b) the zeros of the function.

Solve by completing the square to obtain exact solutions.

29. x> +6x=7 30. x> + 8x = —15
3l. x> =8x— 9 32. x> =22 + 10x
33. x> + 8x+25=0 34. X>* +6x+ 13 =0

35.3x> +5x— 2 =10 36. 2x> —5x—3 =0

Use the quadratic formula to find exact solutions.

37. x> — 2x =15 38. x> +4x =5

39. 5m* + 3m =2 40. 2> =3y —2=0
41. 3x> + 6 = 10x 42. 32+ 8t+3 =0
43. > +x+2=0 4. ¥ +1 =«

45, 5/ — 8t =3 46. 5x> + 2 = x

47. 3x> + 4 = 5x 48. 212 — 5t =1

49. x> — 8x+5=0 50. x> —6x+3 =0
51. 3x> + x =5 52. 5x2 + 3x =1
53. 2x> + 1 = 5x 54. 4x> + 3 = x
55, 5x + 2x = —2 56. 3x> + 3x = —4

For each of the following, find the discriminant, b* — 4ac,
and then determine whether one real-number solution,
two different real-number solutions, or two different
imaginary-number solutions exist.

57. 4x> = 8x + 5 58. 4x> — 12x + 9 =0
59. x> +3x+4 =0 60. x> —2x+4=0
6l. 52— 7t =10 62. 52 — 4t =11

Solve graphically. Round solutions to three decimal
places, where appropriate.

63. x> —8x+12=0

64. 5x> + 42x + 16 = 0

65. 7x> — 43x + 6 = 0

66. 10x> — 23x + 12 =0

67. 6x + 1 = 4x’ 68. 3x> + 5x =3
69. 2x* — 4 = 5x 70. 4x* — 2 = 3x

Find the zeros of the function algebraically. Give exact
answers.

71. f(x) = x* + 6x+ 5

IS

. f(x) =3x + 8x + 2



75.
76.
77.
78.
79.
80.
8l1.
82.
83.
84.
85.
86.

SECTION 3.2

f(x) =x*—5x+1
f(x) =x*—3x—7
flx) =x*+2x—5
f(x) =x*—x—4

f(x) =2x* —x+ 4
f(x) = 2x* + 3x + 2
f(x) =3 —x— 1
f(x) = 3x* + 5x+ 1
f(x) =5x* —2x— 1
f(x) = 4x* —4x— 5

f(x) = 4x* +3x— 3
f(x) =x*+6x—3

Use a graphing calculator to find the zeros of the
function. Round to three decimal places.

87.
88.

89
90

f(x) = 3x* + 2x — 4
f(x) =9x* —8x— 7
f(x) = 5.02x* — 4.19x — 2.057
f(x) = 1.21x* — 2.34x — 5.63

(
(

Solve.

91.
93.
95.
96.
97.

98.
99.

100.
101.
102.
103.

104.
105.
106.

92. x* + 3 = 4x?
9. x* —8x>=9

=3 +2=0
x* + 3% =10
y'+4y —5=0
yt =152 — 16 = 0

x—3\/;c—4=0

(Hint: Let u = V/x.)
2x—9Vx+4=0

m? —2m'? -8 =0
(Hint: Let u = m1/3.)

2P+ —6=0
X2 —=3x4 +2 =0
X2 — axl/t = -3

(2x—3)*—=52x—3)+6=0
(Hint: Let u = 2x — 3.)

(Bx+2)*+73B3x+2)—8=0
QP+ 1) -4 +1)+3=0
12 = (m* — 5m)* + (m? — 5m)
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Multigenerational Households. — After declining
between 1940 and 1980, the number of multigenerational
American households has been increasing since 1980.
The function h(x) = 0.012x*> — 0.583x + 35.727

can be used to estimate the number of multigenera-
tional households in the United States, in millions, x
years after 1940 (Source: Pew Research Center). Use
this function for Exercises 107 and 108.

107. In what year were there 40 million multigenera-
tional households?

108. In what year were there 55 million multigenera-
tional households?

TV Channels.  The number of TV channels that the
average U.S. home receives has been soaring in recent
years. The function t(x) = 0.16x* + 0.46x + 21.36
can be used to estimate this number, where x is the
number of years after 1985 (Source: Nielsen Media
Research, National People Meter Sample). Use this
function for Exercises 109 and 110.

109.

In what year did the average U.S. household
receive 130 channels?

110. In what year did the average U.S. household

receive 50 channels?



258 CHAPTER 3  Quadratic Functions and Equations; Inequalities

Time of a Free Fall. ~ The formula s = 16t* is used 118. Petting Zoo Dimensions. At the Glen Island
to approximate the distance s, in feet, that an object Z00, 170 m of fencing was used to enclose a
falls freely from rest in t seconds. Use this formula for petting area of 1750 m” Find the dimensions of
Exercises 111 and 112. the petting area.
111. The Taipei 101 Tower, also known as the Taipei 119. Dimensions of a Rug.  Find the dimensions of a
Financial Center, in Taipei, Taiwan, is 1670 ft tall. Persian rug whose perimeter is 28 ft and whose
How long would it take an object dropped from area is 48 ft2.

the top to reach the ground? ) ) )
120. Picture Frame Dimensions. The frame on a

112. At 630 ft, the Gateway Arch in St. Louis is the tallest picture is 8 in. by 10 in. outside and is of
man-made monument in the United States. How uniform width. What is the width of the frame
long would it take an object dropped from the top if 48 in” of the picture shows?
to reach the ground?

8 in. <

State whether the function is linear or quadratic.
113. The length of a rectangular poster is 1 ft more than f 1

— 4 — — 4 _ 5,2
the width, and a diagonal of the poster is 5 ft. Find 121. f(x) =4 — 5x 122. f(x) =4 = 5x
the length and the width. 123. f(x) = 7« 124. f(x) = 23x+ 6
114. One leg of a right triangle is 7 cm less than the 125. f(x) = 1.2x — (3.6)* 126. f(x) =2 — x — x*
length of the other leg. The length of the hypot-
enuse is 13 cm. Find the lengths of the legs.
115. One number is 5 greater than another. The =~ oo
product of the numbers is 36. Find the numbers. Skill Maintenance

116. One number is 6 less than another. The product

of the numbers is 72. Find the numbers. Spending on Antipsychotic Drugs. The amount

of spending on antipsychotic drugs, used to treat

117. Box Construction. An open box is made from a schizophrenia and other conditions, recently edged
10-cm by 20-cm piece of tin by cutting a square out cholesterol medications at the top of U.S. sales
from each corner and folding up the edges. The charts. The function a(x) = 1.24x + 9.24 can be
area of the resulting base is 96 cm’. What is the used to estimate the amount of spending per year on
length of the sides of the squares? antipsychotic drugs in the United States, in billions of

dollars, x years after 2004 (Source: IMS Health). Use
this function for Exercises 127 and 128.

127. Estimate the amount spent on antipsychotic drugs
in the United States in 2010.

10 cm

20 cm

128. When will the amount of spending on antipsy-
chotic drugs reach $24 billion?
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Determine whether the graph is symmetric with respect Solve.
to the x-axis, the y-axis, and the origin. 137. (x — 2 =x—2
129. 3x* + 4> =5 130. y° = 6x°

138. (x+ 1) =(x— 1)+ 26
Determine whether the function is even, odd, or neither 139, (65° + 722 — 3%)( — 7) = 0
even nor odd.

1

131. f(x) = 2%> — x 140. (x—5)(* = §) + (x—3)(¥ +5) =0
132. f(x) = 4x* + 2x — 3 4L 2+ x— V2=0

142. 2+ Vix— V3 =0

143. 26 + (t — 4)> =5t — 4) + 24

Synthesis
............................................................................. 144. 9t(t+2)_3t(t_2)=2(t+4)(t+6)
For each equation in Exercises 133—136, under the given 145. Va— 3 — Vx—3 =9
condition: (a) Find k and (b) find a second solution. ) \/27
133. kx* — 17x + 33 = 0; one solution is 3 146. x” + 3x + 1 = Vx"+3x+1=38
2
134. kx* — 2x + k = 0; one solution is —3 147. <y + 2) + 3y + 6 _ 4

135. x> — kx + 2 = 0; one solutionis 1 + i .
5 ) o 148. Solve sat* + vyt + x, = 0 for .
136. x> — (6 + 3i)x + k = 0; one solution is 3

Analyzing Graphs of Quadratic Functions

= Find the vertex, the axis of symmetry, and the maximum or minimum value of a
quadratic function using the method of completing the square.

= Graph quadratic functions.
= Solve applied problems involving maximum and minimum function values.

® Graphing Quadratic Functions of the Type
f(x) = a(x — h)®> + k

The graph of a quadratic function is called a parabola. The graph of every
parabola evolves from the graph of the squaring function f(x) = x* using
transformations.

Exploring with Technology

Think of transformations and look for patterns. Consider the following
functions:

= xz, Y = —0.4x2,
yy = —0.4(x — 2)%,  y = —04(x —2)* + 3.
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Graph y, and y,. How do you get from the graph of y,; to y,?
Graph y, and y;. How do you get from the graph of y, to y3?
Graph y; and y,. How do you get from the graph of y; to y,?

Consider the following functions:

n=xh =20

y3=2(x+3)%  y=2(x+ 3)* — 5.
Graph y, and y,. How do you get from the graph of y; to y,?
Graph y, and y;. How do you get from the graph of y, to y3?
Graph y; and y,. How do you get from the graph of y; to y,?

TRANSFORMATIONS We get the graph of f(x) = a(x — h)* + kfrom the graph of f(x) = x*

REVIEW SECTION 2.5.

as follows:
f(%) j X’
f(x) = ax* Vertical stretching or shrinking with a
\L reflection across the x-axisifa < 0
f(x) = a(x — h)z Horizontal translation

f(x) = a(x — h)* + k Vertical translation

Consider the following graphs of the form f(x) = a(x — h)* + k. The
point (h, k) at which the graph turns is called the vertex. The maximum or
minimum value of f(x) occurs at the vertex. Each graph has alinex = h
that is called the axis of symmetry.

flo) = 2(x + 3> — 2

=2[x —(=3)]>+ (-2) ‘ f)=2(x—17+3 ‘ fl)=—2(x=1+3
x= -3
| % | 1x=1
| 5r S5F 1 |
: 4+ 4 : : Vertex:
: 3k 3 | Vertex: (1, 3) | (1, 3)
| 2 2F 241
: 1+ 1 : Minimum = 3 1 : Maximum = 3
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
S\3 /123 45% sS4l [ 12345 % —5— —3—2—1/#} 2\3 45 x
| | |
-2 E — -2 x=1
Vertex:| Minimum 2 : :
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CONNECTING THE CONCEPTS

Graphing Quadratic Functions 49\
a>0 AYN x=h Maximum = k1 AV The graph of the function
| (h, k) a<0 f(x) = a(x — h)* + kisa
i ! parabola that
| i \ e opens up if a > 0 and down
\ i * ! % ifa < 0;
' | * has (h, k) as the vertex;
(h, k) ! . = i
R A =" has x = h as the axis of
symmetry;

¢ has kas a minimum value
(output) if a > 0;

¢ has kas a maximum value if
a < 0.

As we saw in Section 2.5, the constant a serves to stretch or shrink the
graph vertically. As a parabola is stretched vertically, it becomes narrower, and
as it is shrunk vertically, it becomes wider. That is, as | a| increases, the graph
becomes narrower, and as | a| gets close to 0, the graph becomes wider.

If the equation is in the form f(x) = a(x — h)? + k, we can learn a
great deal about the graph without actually graphing the function.

Function f(x) = S(x = },)2 =2 glx) = =3(x + 5 + 7
=3(x—§)?+ (-2 = -3[x—-(=-5]*+7
1 :

Vertex (;, —2) C(—5,7)

Axis of . :

Symmetry X =7 ox=-5

Maximum None (3 > 0, so the graph 7 (=3 < 0, so the graph
opens up.) . opens down.)

Minimum =2 (3 > 0, so the graph None (=3 < 0, so the
opens up.) . graph opens down.)

&

Note that the vertex (h, k) is used to find the maximum or minimum
value of the function. The maximum or minimum value is the number k,
not the ordered pair (h, k).
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Graphing Quadratic Functions of the Type
f(x) = ax* + bx + c,a # 0

We now use a modification of the method of completing the square as an aid
in graphing and analyzing quadratic functions of the form f(x) = ax*+
bx + c,a # 0.

EXAMPLE 1 Find the vertex, the axis of symmetry, and the maximum
or minimum value of f(x) = x> + 10x + 23. Then graph the function.

Solution To express

f(x) = x* + 10x + 23
in the form

f(x) = a(x — h)* + k,

we complete the square on the terms involving x. To do so, we take half the
coefficient of x and square it, obtaining (10/2)?, or 25. We now add and
subtract that number on the right side:

f(x) = x* + 10x + 23 = x* + 10x + 25 — 25 + 23.

Since 25 — 25 = 0, the new expression for the function is equivalent to the
original expression. Note that this process differs from the one we used to
complete the square in order to solve a quadratic equation, where we added
the same number on both sides of the equation to obtain an equivalent
equation. Instead, when we complete the square to write a function in the
form f(x) = a(x — h)* + k, we add and subtract the same number on one
side. The entire process is shown below:

f(x) = x* + 10x + 23 Note that 25 completes the
square for x* + 10x.
= x>+ 10x + 25 — 25 + 23 Adding 25 — 25,010, to
the right side
= (x2 + 10x + 25) — 25 + 23 Regrouping
= (x+ 5)2 -2 Factoring and simplifying
= [x - (—5)]2 + (=2). Writing in the form

f(x) = a(x — h)? + k

Keeping in mind that this function will have a minimum value since a > 0
(a = 1), from this form of the function we know the following:

Vertex: (=5, —2);

Axis of symmetry: x = —5;

Minimum value of the function: —2.

To graph the function by hand, we first plot the vertex, (=5, —2), and
find several points on either side of x = —5. Then we plot these points and
connect them with a smooth curve. We see that the points (—4, —1) and

(—3,2) are reflections of the points (=6, —1) and (—7,2), respectively,
across the axis of symmetry, x = —5.



2
g(x) =%—4x+8

123485678x
'\(4,0)
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flx) = x* + 10x + 23
x  f® )
6k
—5 -2 <— Vertex i 5k
-6 -1 : 41
1 3
—4 —1 : s
-7 2 : 1+
1 1 1 1 1 1 1 1 1 1
-3 2 98 7\-3 [32-1 [ 1%
|
_zk
(-5.-2)] ol
| —4+
x= —5I

The graph of f(x) = x* + 10x + 23, or
f(x) = [x = (=5)]* + (-2),

shown above, is a shift of the graph of y = x? left 5 units and down 2 units.

Now Try Exercise 3.

Keep in mind that the axis of symmetry is not part of the graph; itis a
characteristic of the graph. If you fold the graph on its axis of symmetry, the
two halves of the graph will coincide.

EXAMPLE 2 Find the vertex, the axis of symmetry, and the maximum
or minimum value of g(x) = x*/2 — 4x + 8. Then graph the function.

Solution We complete the square in order to write the function in the
form g(x) = a(x — h)* + k. First, we factor 5 out of the first two terms.
This makes the coefficient of x* within the parentheses 1:

2
g(x)zx?—4x+8

— l( 2 — 8x) + 8 Factoring 5 out of the first two terms:
2 ’ x}/2 —4x = 5-x* — §-8x

Next, we complete the square inside the parentheses: Half of —8 is —4, and
(—4)* = 16. We add and subtract 16 inside the parentheses:
g(x) =3(x* — 8x+ 16 — 16) + 8

= %(xz — 8x + 16) — % -16 + 8 Using the distributive
law to remove — 16 from
within the parentheses

=3(x* —8x+16) — 8 + 8
= %(x - 4)2 + 0, or%(x - 4)2. Factoring and simplifying
We know the following:
Vertex: (4,0);
Axis of symmetry: x = 4;
Minimum value of the function: 0.

Finally, we plot the vertex and several points on either side of it and draw the
graph of the function. The graph of gis a vertical shrinking of the graph of

y = x* along with a shift 4 units to the right.
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EXAMPLE 3 Find the vertex, the axis of symmetry, and the maximum
or minimum value of f(x) = —2x* + 10x — 3. Then graph the function.

Solution We have

f(x) = —2x% + 10x — 273

= —2(x2 — 5x) — % Factoring — 2 out of
the first two terms

= —2(x2 — 5x + 24*5 - 24*5) - % Completing the
square inside the
parentheses

= —2(x2 — 5x + 24*5) - 2(— 24*5> - % Using the distribu-

tive law to remove
—2 from within
the parentheses

5
ARNNEES =-2(P-5x+3B)+3-2
L — oy —3)2
431? i ‘ f(x)=—2x2+10x—% - Z(x 2) + 1
205 1 | This form of the function yields the following:
5 :
I I : L Vertex: (E, 1 );
-1 [ 1/213\4 56 789 x ) 5
-1 : Axis of symmetry: x = 3;
_2 |-
5L | Maximum value of the function: 1.
|
::: i The graph is found by shifting the graph of f(x) = x* right 3 units, reflect-
i ing it across the x-axis, stretching it vertically, and shifting it up 1 unit.

Now Try Exercise 13.

In many situations, we want to use a formula to find the coordinates
of the vertex directly from the equation f(x) = ax® + bx + c. One way to
develop such a formula is to first note that the x-coordinate of the vertex is
centered between the x-intercepts, or zeros, of the function. By averaging the
two solutions of ax> + bx + ¢ = 0, we find a formula for the x-coordinate

of the vertex:
—b — \/172—4ac+ —b+ V> — dac

‘ flx) = ax? + bx + ¢

2a 2a
= — b x-coordinate of vertex =
y | 2a 2
: —2b b
| v e
(wf\/m 0) | (w +V7 — 4ac O) _2a _ @
2a ’ | 2a ’ 2 2
e b1 b
X = ——— = ——,
V a 2 2a
b b
-2 -2 ) . . b
| We use this value of x to find the y-coordinate of the vertex, f{ —— |.

2a



Double-tap the screen 1o exit Yrace' mode.
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The Graphing Calculator, Appcylon LLC, app
can be used to find the maximum value of
the function in Example 4.
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THE VERTEX OF A PARABOLA
The vertex of the graph of f(x) = ax’ + bx + cis

(A-2)

We calculate the We substitute to
x-coordinate. find the y-coordinate.

EXAMPLE 4 For the function f(x) = —x* + l4x — 47:

a) Find the vertex.

b) Determine whether there is a maximum or minimum value and find that
value.

¢) Find the range.
d) On what intervals is the function increasing? decreasing?
Solution There is no need to graph the function.

a) The x-coordinate of the vertex is

b 14 14
2a 2(—1) -2

Since
f(7) =74+ 14-7 — 47 = —49 + 98 — 47 = 2,
the vertexis (7,2).

b) Since ais negative (a = —1), the graph opens down so the second coor-
dinate of the vertex, 2, is the maximum value of the function.

¢) The rangeis (—,2].
d) Since the graph opens down, function values increase as we approach

the vertex from the left and decrease as we move away from the vertex
on the right. Thus the function is increasing on the interval (—,7)

and decreasing on (7, ). Now Try Exercise 31.

We can use a graphing calculator to do Example 4. Once we have
graphed y = —x* + 14x — 47, we see that the graph opens down and thus
has a maximum value. We can use the MAXIMUM feature to find the coordi-
nates of the vertex. Using these coordinates, we can then find the maximum
value and the range of the function along with the intervals on which the
function is increasing or decreasing.

—x2 + l4x — 47

v
Il

11111%?\111112

I
NS

Y=2

of<grrrrrrrprrrm
)
X
3
c
=
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PROBLEM-SOLVING STRATEGY

REVIEW SECTION 1.5.

= Applications

Many real-world situations involve finding the maximum or minimum
value of a quadratic function.

EXAMPLE 5 Maximizing Area. A landscaper has enough bricks to
enclose a rectangular flower box below the picture window of the Jacobsens’
house with 12 ft of brick wall. If the house forms one side of the rectangle,
what is the maximum area that the landscaper can enclose? What dimen-
sions of the flower box will yield this area?

Solution We will use the five-step problem-solving strategy.

1. Familiarize. We first make a drawing of the situation, using w to rep-
resent the width of the flower box, in feet. Then (12 — 2w) feet of
brick is available for the length. Suppose the flower box were 1 ft wide.
Then its length would be 12 — 2 - 1 = 10ft, and its area would be
(10 ft)(1 ft) = 10 ft% If the flower box were 2 ft wide, its length would
be 12 — 2 - 2 = 8 ft, and its area would be (8 ft)(2 ft) = 16 ft*. This is
larger than the first area we found, but we do not know if it is the maxi-
mum possible area. To find the maximum area, we will find a function
that represents the area and then determine its maximum value.

2. Translate. We write a function for the area of the flower box. We have
Aw) = (12 = 2w)w A = lw;] = 12 — 2w
= —2w? + 12w,

where A(w) is the area of the flower box, in square feet, as a function of
the width w.

3. Carry out. To solve this problem, we need to determine the maximum
value of A(w) and find the dimensions for which that maximum occurs.
Since A is a quadratic function and w? has a negative coefficient, we know
that the function has a maximum value that occurs at the vertex of the
graph of the function. The first coordinate of the vertex, (w, A(w)), is

b 12 12

- = = = 3.
2a 2(-2) —4

Thus, if w = 3 ft, then thelength | = 12 — 2 - 3 = 6 ft, and the area is
(6 ft)(3 ft) = 18 ft*.



X Y1
2.7 17.82
2.8 17.92
2.9 17.98
18
3.1 17.98
3.2 17.92
33 17.82
X=3
y=(12 = 2x)x
20
Maximum
=34 L Y=18
0

s(t)

200 -
160 -
120~

80 -

40

s(t) = —16¢2 + 100¢ + 20

i-Figure

15}
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4. Check. As a partial check, we note that 18 ft> > 16 ft%, which is the
larger area we found in a guess in the Familiarize step. As a more complete
check, assuming that the function A(w) is correct, we could examine a
table of values for A(w) = (12 — 2w)w and/or examine its graph.

5. State. The maximum possible area is 18 ft* when the flower box is 3 ft

wide and 6 ft long.

EXAMPLE 6 Height of a Rocket. A model rocket is launched with
an initial velocity of 100 ft/sec from the top of a hill that is 20 ft high. Its
height, in feet, t seconds after it has been launched is given by the function
s(t) = —16t* + 100t + 20. Determine the time at which the rocket reaches
its maximum height and find the maximum height.

Solution

1., 2. Familiarize and Translate. We are given the function in the state-
ment of the problem: s(t) = —16¢* + 100t + 20.

3. Carry out. We need to find the maximum value of the function and
the value of ¢ for which it occurs. Since s(t) is a quadratic function and
? has a negative coefficient, we know that the maximum value of the
function occurs at the vertex of the graph of the function. The first
coordinate of the vertex gives the time ¢ at which the rocket reaches its
maximum height. It is
b 100 100

- = = - = 3.125.
2a 2(—16) ~32

t =

The second coordinate of the vertex gives the maximum height of the
rocket. We substitute in the function to find it:
5(3.125) = —16(3.125)% + 100(3.125) + 20 = 176.25.

4. Check. Asa check, we can complete the square to write the function in
the form s(¢) = a(t — h)> + k and determine the coordinates of the
vertex from this form of the function. We get

s(t) = —16(t — 3.125)* + 176.25.

This confirms that the vertex is (3.125, 176.25), so the answer checks.
5. State. The rocket reaches a maximum height of 176.25 ft 3.125 sec

after it has been launched.

EXAMPLE 7 Finding the Depth of a Well. Two seconds after a chlorine
tablet has been dropped into a well, a splash is heard. The speed of sound is
1100 ft/sec. How far is the top of the well from the water?

Solution

1. Familiarize. We first make a drawing and label it with known and un-
known information. We let s = the depth of the well, in feet, t;, = the
time, in seconds, that it takes for the tablet to hit the water, and ¢, = the
time, in seconds, that it takes for the sound to reach the top of the well.
This gives us the equation

tl + t2 = 2. (1)
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2. Translate. Can we find any relationship between the two times and the
distance s? Often in problem solving you may need to look up related
formulas in a physics book, another mathematics book, or on the Inter-
net. We find that the formula s = 16#* gives the distance, in feet, that a
dropped object falls in f seconds. The time ¢, that it takes the tablet to
hit the water can be found as follows:

s = 16£2. or S 2 so t = \/; Taking the positive )
? 16 > 1 4 square root

To find an expression for #,, the time it takes the sound to travel to the
top of the well, recall that Distance = Rate - Time. Thus,

S
1100°

s = 1100t,, or t = (3)
We now have expressions for t; and t,, both in terms of s. Substitut-
ing into equation (1), we obtain

Vs s

h+tHL=2 or T+1100=

2. (4)

3. Carry out.

Algebraic Solution Graphical Solution

We solve equation (4) for s. Multiplying by 1100, we get We use the Intersect method. It will

275\Vs + s = 2200, or s+ 275\Vs — 2200 = 0 probably require some fela g
’ ’ error to determine an appropriate

This equation is reducible to quadratic with u = \/s. Substitut- window.
ing, we get
u? + 275u — 2200 = 0. yl=¥+ﬁ,yﬁz

Using the quadratic formula, we can solve for u: >
—b £ Vb — 4ac i
u= L

2a
We want only
—275 + V2757 — 4+ 1+ (=2200) the positive

2ol solution.
—275 + /84,425

= = 7

2

InterSection
0X =60.526879 + 1 Y=2_1 J100
0

Since u = 7.78, we have

Vs =778

s = 60.5. Squaring both sides

4. Check. To check, we can substitute 60.5 for sin equation (4) and see
that f; + t, = 2. We leave the computation to the student.

5. State. The top of the well is about 60.5 ft above the water.

Now Try Exercise 55.
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—7—5—5—)\&3;/1 12 3%

4 5x

4

C .

4

3

2

1
~5-4-3-2-1 1T 2 3 4 5x

2

3

—4

=5

Y

D ;

2

1
75747372711 1 2 3 4 5x

1/12345)(

Visualizing
the Graph

Match the equation with its graph.

1. y = 3x

2.y=—(x—1)"+3

3. (x+2P2+(y—2)P%=9
4. y =3
5.2x =3y =6

6. (x— 1)+ (y+3) =4
7.y = —2x + 1
8.y=2x>—x—4

9. x = =2

10. y = —3x* 4+ 6x — 2

Answers on page A-19

padl

1 3 4 5x
71/

v
G .
4
3
2
1
—5-4-3-2- 3 102 3 4 5x
2
-5
Y
H 5
4
3
2
1
~5-4-3-2-1 12 3 4 5x

| 2 3 4 5%

1 2 3 4 5x
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3_3 Exercise Set

In Exercises 1 and 2, use the given graph to find (a) the In Exercises 1724, match the equation with one of the
vertex; (b) the axis of symmetry; and (c) the maximum graphs (a)—(h), which follow.
or minimum value of the function. a) y b) y
1. y
51 ] R R R PN ST AP AP A 4
aF
N 2 2
N
1k =1 -2 74 g ) ) g
L I TR =2 =2
—5 —4—3-A—1 /l 234 5%
—-1F FER/) 10 UU0S 000 JO00 U0t 900t S FOOE SOPL OO0 SOOE JER/) S O OO SO S
1 9
(1o
—4F c) y d) y
s —
4 4
2 A A
_1 2_5) T
( 2° 4 -4 —2 2 4 x
s’e A
4
3
22\ T Voo
1 1 1 1 1 e) },
—5—4—B-—2-1
o 4
—3r 2 /\
. =472 4V %
In Exercises 3—16, (a) find the vertex; (b) find the )
axis of symmetry; (c) determine whether there is a = =
maximum or minimum value and find that value; and
(d) graph the function. T
.2 _ 2 g Y h) Y
3. f(x) =x*—8x+ 12 4. g(x)=x"+7x—8 _ _ _
5. f(x) =x*—7x+ 12 6. g(x) =x*—5x+6 4 e g A
7. f(x) = x>+ 4x+ 5 8. f(x) =x*+2x+6 2 N '
x2 xz —4 — 2 4 X X
9.g(x)=?+4x+6 10.g(x)=?—2x+1 Z\/
—4
11. g(x) = 2x* + 6x + 8
12. =2x* — 10x + 14
flx) = 2x * 17. y = (x + 3)? 18. y= —(x— 4)> + 3

13. f(x) = —x* —6x+ 3
4. f(x) = —x* — 8x+ 5
15. g(x) = —2x* + 2x + 1 2. y=—3(x+3)°+4 22.y=(x—3)

16. f(x) = —3x> — 3x + 1 23. y=—(x+3)+4 24.y=2x-1)7>—4

19. y=2(x—4)* -1 20. y=x*—3
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Determine whether the statement is true or false.

25. The function f(x) = —3x* + 2x + 5hasa
maximum value.

26. The vertex of the graph of f(x) = ax* + bx + ¢
b
is——.
2a
27. The graph of h(x) = (x + 2)* can be obtained by
translating the graph of h(x) = x*right 2 units.

28. The vertex of the graph of the function
g(x) = 2(x — 4)* — 1is (—4, —1).

29. The axis of symmetry of the function
f(x) = —(x+2)* —4isx = —2.

30. The minimum value of the function
f(x) = 3(x — 1)* + 5is5.

In Exercises 31—40:

a) Find the vertex.

b) Determine whether there is a maximum or
minimum value and find that value.

c) Find the range.

d) Find the intervals on which the function is increasing
and the intervals on which the function is decreasing.

31. f(x) = x> —6x+5
32. f(x) =x* +4x— 5

(
33. f(x) = 2x* + 4x — 16
34, f(x) =35%% — 3x + 3
35. f(x) = —5x% + 5x — 8
36. f(x) = —2x* — 24x — 64
(

)
37. f(x) = 3x* + 6x+ 5
38. f(x) = —3x* + 24x — 49
39. g(x) = —4x* — 12x + 9
40. g(x) = 2x* —6x + 5

41. Height of a Ball. A ball is thrown directly upward
from a height of 6 ft with an initial velocity of
20 ft /sec. The function s(t) = —16* + 20t + 6
gives the height of the ball, in feet, fseconds after
it has been thrown. Determine the time at which

42.

43,

44.

45.

the ball reaches its maximum height and find the
maximum height.

Height of a Projectile. ~ A stone is thrown directly
upward from a height of 30 ft with an initial velocity
of 60 ft/sec. The height of the stone, in feet, tseconds
after it has been thrown is given by the function
s(t) = —161* + 60t + 30. Determine the time at
which the stone reaches its maximum height and
find the maximum height.

Height of a Rocket. A model rocket is launched
with an initial velocity of 120 ft/sec from a height
of 80 ft. The height of the rocket, in feet, ¢ seconds
after it has been launched is given by the function
s(t) = —161* + 120t + 80. Determine the time
at which the rocket reaches its maximum height
and find the maximum height.

Height of a Rocket. A model rocket is launched
with an initial velocity of 150 ft/sec from a height
of 40 ft. The function s(t) = —16¢> + 150t + 40
gives the height of the rocket, in feet, t seconds
after it has been launched. Determine the time at
which the rocket reaches its maximum height and
find the maximum height.

Maximizing Volume. Mendoza Manufacturing
plans to produce a one-compartment vertical file
by bending the long side of a 10-in. by 18-in. sheet
of plastic along two lines to form a LI-shape. How
tall should the file be in order to maximize the
volume that it can hold?

i 18 in. i

-

10 in.

'

46.

Maximizing Area. A fourth-grade class decides
to enclose a rectangular garden, using the side
of the school as one side of the rectangle. What
is the maximum area that the class can enclose
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using 32 ft of fence? What should the dimensions where x is the number of units sold. Find the maxi-
of the garden be in order to yield this area? mum profit and the number of units that must be sold
in order to yield the maximum profit for each of the

following.

50. R(x) = 5x, C(x) = 0.001x* + 1.2x + 60

51. R(x) = 50x — 0.5x% C(x) = 10x + 3

52. R(x) = 20x — 0.1x%, C(x) = 4x + 2

53. Maximizing Area. A rancher needs to enclose two
adjacent rectangular corrals, one for cattle and one
for sheep. If a river forms one side of the corrals

and 240 yd of fencing is available, what is the largest
total area that can be enclosed?

47. Maximizing Area. The sum of the base and the
height of a triangle is 20 cm. Find the dimensions
for which the area is a maximum.

48. Maximizing Area. The sum of the base and
the height of a parallelogram is 69 cm. Find the
dimensions for which the area is a maximum.

49. Minimizing Cost. Classic Furniture Concepts
has determined that when x hundred wooden
chairs are built, the average cost per chair is

given by 54. Norman Window. A Norman window is a
C(x) = 0.1x* — 0.7x + 1.625, rectangle with a semicircle on top. Sky Blue
where C(x) is in hundreds of dollars. How many Windows is designing a Norman window that
chairs should be built in order to minimize the will require 24 ft of trim on the outer edges. What
average cost per chair? dimensions will allow the maximum amount of

light to enter a house?

55. Finding the Height of an Elevator Shaft.  Jenelle
drops a screwdriver from the top of an elevator
shaft. Exactly 5 sec later, she hears the sound of the

Maximizing Profit.  In business, profit is the difference screwdriver hitting the bottom of the shaft. How
between revenue and cost; that is, tall is the elevator shaft? (Hint: See Example 7.)
Total profit = Total revenue — Total cost, 56. Finding the Height of a Cliff. ~ A water balloon

P(x) = R(x) — C(x), is dropped from a cliff. Exactly 3 sec later, the



sound of the balloon hitting the ground reaches

the top of the cliff. How high is the cliff? (Hint:
See Example 7.)

For each function f, construct and simplify the
difference quotient

flx+ h) — f(x)
. .
57. f(x) =3x—7
58. f(x) = 2x" — x+ 4

A graph of y = f(x) follows. No formula is given for
f. Make a hand-drawn graph of each of the following.

y

Lo 4l —
32 Yoy AT

(.*4 32 : X
—=5,0) . 5[0 .
- ety

59. g(x) = —2f(x) 60. g(x) = f(2x)

Mid-Chapter Mixed Review

Determine whether the statement is true or false.

1. The product of a complex number and its conju-
gate is a real number. [3.1]

3. If a quadratic equation has two different real-number
solutions, then its discriminant is positive. [3.2]

Express the number in terms of i. [3.1]

5. V=36
7. =V —16
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61. Find csuch that
f(x) = —02x* = 3x + ¢
has a maximum value of —225.
62. Find b such that
f(x) = —4x* + bx + 3
has a maximum value of 50.
63. Graph: f(x) = (|x| — 5)* — 3.
64. Find a quadratic function with vertex (4, —5)
and containing the point (=3, 1).

65. Minimizing Area. A 24-in. piece of string is cut
into two pieces. One piece is used to form a circle
while the other is used to form a square. How

should the string be cut so that the sum of the
areas is a minimum?

24 — x

A
o

E ey

s
F
|
|
oo

Py

Nesres s,
s s

b

/
oo y SRR

{

2. Every quadratic equation has at least one
x-intercept. [3.2]

4. The vertex of the graph of the function
f(x) = 3(x + 4)* + 5is (4,5). [3.3]

6. V-5
8. \V/—32
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Simplify. Write answers in the form a + bi, where a and b are real numbers. [3.1]

9. (3 — 2i) + (—4 + 3i) 10. (=5 + i) — (2 — 4i)
34

11. (2 + 3i)(4 — 5i 12. —————

( i)( i) -2 + 54
Simplify. [3.1]
13. i 14. i* 15. (—i)° 16. (2i)°
Solve. [3.2]
17. x> +3x — 4 =10 18. 2x* + 6 = —7x
19. 4x*> = 24 20. x> + 100 = 0

21. Find the zeros of f(x) = 4x*> — 8x — 3 by completing the square. Show your work. [3.2]

In Exercises 22—24, (a) find the discriminant b? — 4ac, and then determine whether one real-number solution, two
different real-number solutions, or two different imaginary-number solutions exist; and (b) solve the equation, finding
exact solutions and approximate solutions rounded to three decimal places, where appropriate. [3.2]

22.x* —3x—5=0 23.4x* — 12x +9 =0
24, 3> + 2x = —1

Solve. [3.2]
25.x* + 522 — 6 =0 26.2x — 5\Vx+ 2 =0

27. One number is 2 more than another. The product of the numbers is 35. Find the numbers. [3.2]

In Exercises 28 and 29:

a) Find the vertex. [3.3]

b) Find the axis of symmetry. [3.3]

c) Determine whether there is a maximum or minimum value, and find that value. [3.3]

d) Find the range. [3.3]

e) Find the intervals on which the function is increasing and the intervals on which the function is decreasing. [3.3]
f) Graph the function. [3.3]

28. f(x) = x* — 6x + 7 29. f(x) = —2x* —4x— 5

30. The sum of the base and the height of a triangle is 16 in. Find the dimensions for which the area is a
maximum. [3.3]

31. Is the sum of two imaginary numbers always an 32. The graph of a quadratic function can have 0, 1, or
imaginary number? Explain your answer. [3.1] 2 x-intercepts. How can you predict the number
of x-intercepts without drawing the graph or
(completely) solving an equation? [3.2]

33. Discuss two ways in which we used completing the 34. Suppose that the graph of f(x) = ax* + bx + ¢
square in this chapter. [3.2], [3.3] has x-intercepts (x;, 0) and (x,, 0). What are the
x-intercepts of g(x) = —ax* — bx — c? Explain.

(3.3]
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= Solve rational equations.
= Solve radical equations.

® Rational Equations

Equations containing rational expressions are called rational equations.
Solving such equations involves multiplying on both sides by the least com-
mon denominator (LCD) to clear the equation of fractions.

EXAMPLE 1 Solve: ~— 5 + ¥~ 3

= 0.

3 2
Algebraic Solution Graphical Solution

We have
x— 8 %= &
-

We use the Zero method. The solu-
tion of the equation

3 5 =0 The LCDis 3 « 2, or 6. x_8+x_320
6(x -8 . X — 3) —6-0 Multiplying by the LCD on both 3 2
3 2 SSIGE i malE is the zero of the function
x— 8 x—3
. I (@ - _x—8 x—3
B 6 —— =0 f) ===+~
2(x—8) +3(x—3) =
2x— 16 +3x— 9 =0 y=232 4 223
5 —25=0 0
5x = 25
x:5' _10||||||\|||§\|||%10
The possible solution is 5. We check using a table in ASK mode. //
Zero E
X=5 CY=0
_ x—8 x—3 =
7T EEE
X Yi The zero of the function is 5. Thus
> o the solution of the equation is 5.
X =

5= & 58 ="3]

Since the value of +

5 is the solution.

is 0 when x = 5, the number

Now Try Exercise 3.
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CAUTION!  Clearing fractions is a valid procedure when solving
rational equations but not when adding, subtracting, multiplying,
or dividing rational expressions. A rational expression may have
operation signs but it will have no equals sign. A rational equation

. x— 8 x— 3. .
always has an equals sign. For example, + is a rational
. x—8 x—3 . . .
expression but + 5T 0 is a rational equation.
L . .o x—8 x—3
To simplify the rational expression + , we first find

the LCD and write each fraction with that denominator. The final
result is usually a rational expression.
x—8 x—3

+

2

multiply on both sides by the LCD to clear fractions. The final result
is one or more numbers. As we will see in Example 2, these numbers
must be checked in the original equation.

To solve the rational equation = 0, we first

When we use the multiplication principle to multiply (or divide) on
both sides of an equation by an expression with a variable, we might not
obtain an equivalent equation. We must check the possible solutions ob-
tained in this manner by substituting them in the original equation. The
next example illustrates this.

X2 9
EXAMPLE 2 Solve: = .
x—3 x— 3

Solution The LCDisx — 3.

2

X 9
_3 J—

x— 3 (x ) X

-3
=9

x=—-3 or x=23 Using the principle of square roots

(x—3)-

The possible solutions are —3 and 3. We check.

Check: For —3: For 3:
< 9 X 9
x—3 x—3 x—3 x—3
Pﬂzl 9 3 19
-3-3 ] -3-3 3—-313-3
i i TRUE 2 2 NOT DEFINED
-6 | —6 01lo0

The number —3 checks, so it is a solution. Since division by 0 is not de-
fined, 3 is not a solution. Note that 3 is not in the domain of either x*/ (x — 3)
or9/(x — 3).
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We can also use a table on a graphing calculator to check the possible
solutions.

“x-3

X Y1 Y2
-3 -1.5 -1.5
3 ERROR ERROR

When x = —3, we see that y;, = —1.5 = y,, so —3 is a solution. When
x = 3, we get ERROR messages. This indicates that 3 is not in the domain of

y or y, and thus is not a solution. Now Try Exercise 9.

2 1 4
EXAMPLE 3 Solve: + =

3x+6 x—4 x-—2

Solution We first factor the denominators in order to determine the LCD:

LI 1 __ 4 The LCD is
3x+2) (x+2)(x—2) x-—2 3x+2)(x-2).
3(x+2)(x—2)< CHN ! >—3(x+2)(x—2)~4
3(x+2)  (x+2)(x—2) x— 2
Multiplying by the LCD to clear fractions
2(x—=2)+3=3-4(x+2)
2x —4 + 3 = 12x + 24

2x — 1 = 12x + 24
—10x = 25
x= -3

The possible solution is — 3. We check this on a graphing calculator.

=2 41 N
NT3% 16 -4 2" x—2
X Y1 Y2
—25 —.8889 —.8889
X =
We see that y; = y, when x = —3, or —2.5, so — 3 is the solution.

Now Try Exercise 21.
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® Radical Equations

THE PRINCIPLE OF POWERS

For any positive integer n:

If a = bistrue, then a” = b"is true.

EXAMPLE 4 Solve: V3x + 1 = 4.

A radical equation is an equation in which variables appear in one or more
radicands. For example,

Vax—5-Vx—3=1

is a radical equation. The following principle is used to solve such equations.

Algebraic Solution Graphical Solution

We use the principle of powers and

square both sides:

Vix+1=14
(V3x+1)2=4
3x+1=16

3x =15

x = 5.
Vix + 1

I
V3-5+17¢
V15 + 1

Check:

é

4 4 TRUE

The solution is 5.

y=V3x+1 y,=4

10

71

L

o) (A AR

e
111111111110

Intersection
X=5

We can also find the solution
using the Graphing Calculator,
Appcylon LLC, app.

QIrTTTTTTTTT
<
I
EN

We graph y; = V3x + 1and y, = 4 and then use the INTERSECT
feature. We see that the solution is 5. The check shown in the
table below confirms that the solution is 5.

Y1

Y2

Double-tap the scieen 10 exil race' mode.
%25,00 (infersoction lound)
y1=4.00

++100

y2=4.00

(100
f

(50
f

Now Try Exercise 31.
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In Example 4, the radical was isolated on one side of the equation. If this
had not been the case, our first step would have been to isolate the radical.
We do so in the next example.

EXAMPLE 5 Solve: 5+ Vx+ 7 = x.

Algebraic Solution Graphical Solution

We first isolate the radical and then use the principle of powers: Wegraphy; = 5 + Vx + 7and
B 7 — », = x. Using the INTERSECT feature,
Vx+7=x—5 Subtracting 5 on both sides weiseeithattheisoiiE
to isolate the radical
( Vx + 7)2 = (x— 5)2 Using the principle of N=5FVx+7, y,=x
powers; squaring both sides 15 ¥,

TT

x+7=x*—10x + 25
0=x>—1lx+ 18 Subtracting xand 7
0= (x—9)(x—2) Factoring
x—9=0 or x—2=0
x=9 or x = 2.

4l
—

—15 |1

T 11111115

Intersection
X=9

S|TTTTTTT T T T RT T

|
N

The possible solutions are 9 and 2.
We can also use the ZERO feature

Check: For 9: For 2: to get this result. To do so, we first
54Vt 7=x 54 Vet 7=x write the equivalent equation
I I 5+ Vx+7— x=0.The
5+ V9+7 2?9 5+V2+72?2 . =
zero of the function f(x)
5+\F6 5+\/§ 54+ Vx+ 7 — xis9,so the
5+ 4 5+ 3 solution of the original equation is 9.
9 1 9 TRUE 8 | 2 FALSE
y=5+ Vx+7—x

Since 9 checks but 2 does not, the only solution is 9. -

\E

_‘IS N I S N T —
Zero
X=9

Note that the graphs show that
the equation has only one solution.

Now Try Exercise 55.
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When we raise both sides of an equation to an even power, the result-
ing equation can have solutions that the original equation does not. This
is because the converse of the principle of powers is not necessarily true.
That is, if a” = b" is true, we do not know that a = b is true. For example,
(—2)* = 2%, but —2 # 2. Thus, as we saw in Example 5, it is necessary to
check the possible solutions in the original equation when the principle of
powers is used to raise both sides of an equation to an even power.

When a radical equation has two radical terms on one side, we isolate
one of them and then use the principle of powers. If, after doing so, a radical
term remains, we repeat these steps.

EXAMPLE 6 Solve: Vx—3 + Vx+ 5 = 4.

Solution We have

Vx—3=4—-—Vx+5 Isolating one radical
( Vx— 3)2 = (4 - Vx+ 5)2 Using the principle of

powers; squaring both sides
x—3=16—-8Vx+5+ (x+5)
x—3=21—-8Vx+5+«x Collecting like terms

—24 = -8Vx+5 Isolating the remaining
radical; subtracting x and 21
on both sides

3=Vx+5 Dividing by — 8 on both
sides
32 = ( Vx+5 )2 Using the principle of
powers; squaring both sides
9=x+5
4 = x Subtracting 5 on both sides

We check the possible solution, 4, on a graphing calculator.

y1:Vx—3+Vx+5, y, =4

X Y1 Y2
4 4 4

Since y; = y, when x = 4, the number 4 checks. It is the solution.

Now Try Exercise 65.



SECTION 3.4  Solving Rational Equations and Radical Equations 281

3.4

Exercise Set

Solve. 1 1 3
24. - = =
1 1 1 1 5 1 3x + 6 x°— 4 x— 2
L —+-=~- 2. —— S ==
4 5 t 3 6 X 8 x 24
25. 5 = + =
x+ 2 x—1 t+1 r—1 x°—2x+ 4 x+ 2 x>+ 8
3. — =15 4, — =1
4 5 3 2 18 x 81
26. — — = —
1 2 1 3 1 1 1 2 —3x+9 x+3 x+27
5, -+ -=—+2= 6. —+—+—=5
2 X 3 X t 2t 3t X 4 32
27. — ==
S5 _3 g 2 __3 x—4 x+4 x—16
3x + 2 2x x— 1 x+ 2 " x 1 B 2
0 v 16 o4 w? Tx-1 x+1 -1
6 12 "x—6 x -
1. x+-=5 2. x— —=1 x—6 X 6x
x * 1 1 15
B 30. - =5
13 6 +3:5y 3 x—15 x x* — 15x
"y +3 * =9
y oy 31 V3x— 4 =1 32. Vix+1=3
3 2 4m — 4
Il N 33. V2x —5=2 34. V3x+2=6
2x 5 35. V7 —x=2 36. V5 —x=1
e T 37. V1 —2x=3 38. V2 —7x=2
6 2x 5 39. V5x — 2= -3 40. V2x + 1= —5
Tx+7 x+1 4. Ve -1=1 42. V3x+4=2
g 2 .1 _ 16 43. Vy—1+4=0 44. Vm+1-5=38
. - T
xkS o oxms 2 45. Vb+3-2=1 46. Vx—4+1=5
18. 229+ 53= i3 47. Vz+2+3=4 48. Vy—5-2=3
X — X — X
, ] " 49. V2x+1-3=3 50, V3x—1+2=7
X
e v B 5. V2 —x—4=6 52. V5 —x+2=38
3545 yt4 oyt 5. Vex+9+8=5 54 Vax—3-1=1
s, T sy 55. Vx+4+2=x 5. Vx+1+1=x
)1 1 1 3 57. Vx—3+5=x 58. Vx+3—-—1=x
T5x+20 X —16 x—4 5. Vx+7=x+1 60. Vex+7=x+2
2 1 5 6l. V3x+3=x+1 62. V2x+5=x—75
) T =
etz =9 x— 3 63. Vox+1=x—1 64 Vix+4=x+2
Bt =1 65. Vx—3+ Vx+t2=5
5+ 5 x-—1 x—1
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66. Vx— Vx—5=1

67. 3x — 2x +3+1=0
6&\&m—3=v%+7—2
69. Vx— \V3x—3=1
70. V2x+1 - Vx=1
71. V2y —5—-Vy—-3=1
72. Vap+5+ Vp+5=3
73. Vy+4—-Vy—1=1
74. Vy+ 7+ Vy+16=09
75. x+ 5+ x+2=23
76. Vox+ 6 =5+ V21 — 4x
77. x'3 = =2 78. 15 =2
79. t/4 =3 80. m'? =
Solve.
PV bV,
81, L =22 z,forTl
T fb)
(A chemistry formula for gases)
1 1 1
82. —=—+ —,for F
F- m p
(A formula from optics)

83. W=, / for C

(An electr1c1ty formula)

A
84. s = \/;, for A

(A geometry formula)

1 1
85. — = — + o fOr R2
R R R
(A formula for resistance)
1 1 1
86. — = —+ —,fort
t a b

(A formula for work rate)

A
87. I = \/7— 1, for P
P

(A compound-interest formula)

1
88. T = 27 \/;, for g

(A pendulum formula)

—7

89.

Quadratic Functions and Equations; Inequalities

1 1 1

—=—+ —,forp

F m p

(A formula from optics)
v 2
&R+t

Find the zero of the function.

91.
92.
93.

94.

f(x) =15 — 2x
f(x) = =3x+9

Deadly Distractions. Drivers who were dis-
tracted by such things as text-messaging, talking
on a cell phone, conversing with passengers, and
eating were involved in 5870 highway fatalities in
2008. This was an increase of about 18% over the
number of distracted-driving fatalities in 2004
and is attributed largely to the increased number
of drivers who texted in 2008. (Source: NHTSA’s
National Center for Statistics and Analysis) How
many highway fatalities involved distracted
driving in 2004?

Big Sites.  Together, the Mall of America in
Minnesota and the Disneyland theme park in
California occupy 181 acres of land. The Mall of
America occupies 11 acres more than Disney-
land. (Sources: Mall of America; Disneyland)
How much land does each occupy?

Synthesis

Solve.

95. (x — 3)* =2

9% xt3 x+4 x+5 x+6
"x+2 x+3 x+4 x+5

97. Vx+5+ 1=

98.
99. x

6
Vx+5
\/15+ V2x+ 80 =5

w3 —
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Solving Equations and Inequalities with Absolute Value

= Solve equations with absolute value.
= Solve inequalities with absolute value.

ABSOLUTE VALUE ® Equations with Absolute Value

REVIEW SECTION R.1.

Recall that the absolute value of a number is its distance from 0 on the number
line. We use this concept to solve equations with absolute value.

For a > 0 and an algebraic expression X:

|X| = a isequivalentto X = —a or X = a.

EXAMPLE 1 Solve: |x| = 5.

Algebraic Solution Graphical Solution

We have Using the Intersect method, we graph y; = | x| and y, = 5 and
find the first coordinates of the points of intersection.

x| =5
x= —5 or x=5. y, = x|, y,=5 n=lxl y,=5
Writing an equivalent statement ie 1g

The solutions are —5 and 5. \ /

To check, note that —5 and 5 are
both 5 units from 0 on the number
line.

10 —10 |1 3 : |||||||||| 10
Intersection Intersection E J
X=-5 L Y=5 X=5 CY=5

-10 -10

5 units 5 units

The solutions are —5 and 5.

—s 0 5 X We could also have used the Zero method to get this result,
graphing y = |x| — 5 and using the ZERO feature twice.

y=lxl =5 y=lx|l =5
10 10
-10 II\/_V\?II/I/ 10 ~10 II\A\EII/II\\/ 10
Zero E Zero E
X=-5 CY=0 X=5 CY=0
—10 -10
The zeros of f(x) = |x| — 5are —5 and 5, so the solutions

of the original equation are —5 and 5.

Now Try Exercise 1.
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EXAMPLE 2 Solve: |x — 3| — 1 = 4.

Solution First, we add 1 on both sides to get an expression of the form

| X| = a:
|x =3 - 1=
|x —3| =5
x—3=—-5 or x—3=05 | X| = aisequivalentto X = —a
orX = a.
x= —2 or x = 8. Adding 3
Check: For —2: For 8:
|x -3 —1=4 |x -3 —1=4
T T
|-2 -3 —-124 |8 —3] —1 7?4
=51 =1 5] =1
5—-1 5—-1
4 | 4 TRUE 4 | 4 TRUE

y=lxh = -3 The solutions are —2 and 8.

10
g When a = 0, | X| = a is equivalent to X = 0. Note that for a < 0,
2 | X| = ahas no solution, because the absolute value of an expression is never
-10 a 10 negative. We can use a graph to illustrate the last statement for a specific value
: of a. For example, if welet a = —3 and graph y; = | x| and y, = —3, we see
E that the graphs do not intersect, as shown at left. Thus the equation | x| = —3

0

has no solution. The solution set is the empty set, denoted .

® Inequalities with Absolute Value

Inequalities sometimes contain absolute-value notation. The following prop-
erties are used to solve them.

For a > 0 and an algebraic expression X:

|X| < a isequivalentto —a < X < a.
|X| > a isequivalentto X < —a or X > a.

Similar statements hold for | X| < aand | X| = a.

For example,
| x| < 3isequivalentto —3 < x < 3;
|y| = lisequivalentto y = —1ory = 1;and
|2x + 3| = 4isequivalentto —4 = 2x + 3 =< 4.
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INTERVAL NOTATION

REVIEW SECTION R.1.

EXAMPLE 3 Solve and graph the solution set: |3x + 2| < 5.

Solution We have

|3x + 2] <5
—5<3x+2<5 Writing an equivalent inequality
—7<3x<3 Subtracting 2
—I<x<1l. Dividing by 3

The solution set is {x| —I<x<1 }, or (—%, 1). The graph of the solu-
tion set is shown below.

)

AN

+—t —t—t—
—5—-4-3-2-1 0 1 2 3 4 5

Now Try Exercise 45.

EXAMPLE 4 Solve and graph the solution set: |5 — 2x| = 1.

Solution We have

|5 —2x] =1
5—2x=-1 or 5—2x=1 Writing an equivalent inequality
—2x = —6 or —2x= —4 Subtracting 5
x=3 or x = 2. Dividing by — 2 and reversing the

inequality signs

The solution set is {x|x = 2 orx = 3}, or (—%,2] U [3, ). The graph
of the solution set is shown below.

Now Try Exercise 47.

Solve.

. |x| =7

3. |x| =0

5. |x[ =2

7. |x| = —10.7
9. [3x] =1
11. |8x| = 24
13. |[x— 1| =4
15. |[x + 2] =6

17. [3x + 2] =1 18. |7x — 4| =8
2. |x| =45 19. |ix — 5| =17 20. |ix — 4] = 13
4. |x| =3 2. |x—1|+3=6 2. [x+2]-5=9
6. |x| = 1% 23. [x+3|—-2=238
8. |x| =12 24. |[x— 4| +3=09
10. [5x| = 4 25. [3x+ 1] —4= -1
12. |6x] =0 26. [2x— 1| — 5= -3
4. |x—7] = 27. |[4x— 3| +1=7
16. |x +5] =1 28. [5x4+ 4| +2=5
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29. 12 — |x+ 6] =5 30, 9 — |x—2| =7
3. 7 — [2x — 1| =6 32.5— |4x + 3| =2

Solve and write interval notation for the solution set.
Then graph the solution set.

33, |x| <7 34. |x| =45

35. |x| =2 36. |x| <3

37. |x| = 4.5 38. |x| >7

39. |x| >3 40. |x| =2

41. [3x] <1 42. |5x| =4

43. |2x| = 6 44, |4x| > 20

45. |x+ 8| <9 46. |x + 6] = 10

47. |x+ 8| =9 48. |x + 6] > 10

49. |x — 1| <3 50. |x — 0.5] = 0.2

51 [2x+ 3| =9 52. |3x+ 4| <13

53. |x — 5| > 0.1 54. |[x — 7| = 04

55. |6 — 4x| = 8 56. |5 — 2x| > 10

57. |x+ 3] =2 58. |x+ 3| <%

59, 2x+l‘>5 60. 2x—l‘25
3 3 6

6l. |2x — 4| < —5 62. [3x+5| <0

63. |7 — x| = —4 64. [2x + 1| > -3

Vocabulary Reinforcement

In each of Exercises 6572, fill in the blank with the
correct term. Some of the given choices will not be used.

distance formula symmetric with respect
midpoint formula to the x-axis
function symmetric with respect
relation to the y-axis
x-intercept symmetric with respect
y-intercept to the origin
perpendicular increasing

parallel decreasing

horizontal lines constant

vertical lines

65.
66.

67.

68.

69.

70.

71.

72.

A(n) is a point (0, b).

The is

d= \/(x2 - xl)z +(n - }’1)2~

A(n) is a correspondence such

that each member of the domain corresponds to
at least one member of the range.

A(n) is a correspondence such
that each member of the domain corresponds to
exactly one member of the range.

are given by equations of the
type y = b,or f(x) = b.
Nonvertical lines are ifand

only if they have the same slope and different
y-intercepts.

A function f is said to be on an
open interval Iif, for all a and b in that interval,
a < bimplies f(a) > f(b).

For an equation y = f(x), if replacing x with —x
produces an equivalent equation, then the graph
is

Synthesis
Solve.
73. |3x — 1| > 5x— 2

74.
75.
76.
77.

|x + 2| = |x— 5]
lp—4| + |p+ 4] <8
|x| + |x+ 1] <10
|x — 3] + |2x+ 5| >6
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KEY TERMS AND CONCEPTS

EXAMPLES

SECTION 3.1: THE COMPLEX NUMBERS

The number iis defined such that i = V —1 and
2= -1

A complex number is a number of the form a + bi,
where a and b are real numbers. The number a is said
to be the real part of a + bi, and the number b is
said to be the imaginary part of a + bi.

To add or subtract complex numbers, we add or
subtract the real parts, and we add or subtract the
imaginary parts.

When we multiply complex numbers, we must keep
in mind the fact that i = —1.

Note that Va+ Vb # Vabwhen Vaand Vb are

not real numbers.

The conjugate of a complex number a + biis
a — bi. The numbers a + biand a — bi are
complex conjugates.

Conjugates are used when we divide complex
numbers.

Express each number in terms of i.

\/75= V—-1- —\/jl \/g—i\@,or\/gi;

V=36 = -V-1-36 = —V~-1-V36
=—i-6= —06i
Add or subtract.
(=3 +4i) + (5—8i) = (=3 +5) + (4 — 8i)
=2 — 44
(6 — 7i) — (10 + 3i) = (6 — 10) + (—7i — 3i)
= —4 — 101

Multiply.
V=1 V2100 = VT Vi VAT Vi
=i-2-i-10
=i*-20
=—-1-20 i?= -1
= —20;

(2 =5i)(3+ i) =6+ 2i — 15i — 5i
=6 — 13i — 5(—1)

=6—13i+5
=11 — 13i
Divide.
5—2i _ 5 — 21'. 3—-1 3 — iisthe conjugate of
3+ 3+i 3—1 the divisor, 3 + i.
15 — 5i — 6i + 27
9 — i
15—-11i—=2
= i’=-1
9+1
13— lli_E_E
10 10 10

287
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SECTION 3.2: QUADRATIC EQUATIONS, FUNCTIONS, ZEROS, AND MODELS

A quadratic equation is an equation that can be 3x> — 2x+ 4 = 0and 5 — 4x = x* are examples
written in the form of quadratic equations. The equation
Wl b bxt =0, a0, 3x*> — 2x + 4 = 0is written in standard form.

The functions f(x) = 2x* + x + 1and

where a, b, and care real numbers. f(x) = 5x* — 4 are examples of quadratic functions.

A quadratic function fis a function that can be
written in the form

f(x) =ax* + bx+ ¢ a#0,

where a, b, and c are real numbers.

The zeros of a quadratic function f(x) =
ax® + bx + care the solutions of the associated
quadratic equation ax*> + bx + ¢ = 0.

The Principle of Zero Products Solve: 3x* — 4 = 11x.

If ab = Oistrue,thena = 0orb = 0,andifa = 0 332 — 4 = 11x
orb = 0,then ab = 0. 5
3x* —1lx—4=0 Subtracting 11x on both

sides to get 0 on one side

of the equation
(Bx+1)(x—4)=0 Factoring
3x+1=0 or x—4=0 Using the principle
of zero products
3x =—1 or x =4
x = —% or x =4
The Principle of Square Roots Solve: 3x* — 18 = 0.
Ifx2=k,thenx=\/£orx=—\/i. 32 — 18 = 0
3x = 18 Adding 18 on both sides
=6 Dividing by 3 on both
sides

x=V6 or x=-Vs Using the principle of
square roots



To solve a quadratic equation by completing the
square:

1. Isolate the terms with variables on one side of the
equation and arrange them in descending order.

2. Divide by the coefficient of the squared term if
that coefficient is not 1.

3. Complete the square by taking half the coefficient
of the first-degree term and adding its square on
both sides of the equation.

4. Express one side of the equation as the square of
a binomial.

5. Use the principle of square roots.

6. Solve for the variable.

The solutions of ax> + bx + ¢ = 0,a # 0, can be
found using the quadratic formula:

_—b x Vb — 4dac

2a

X
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Solve: 2x* — 3 = 6x.

2x* — 3 = 6x
2% — 6x — 3 = Subtracting 6x
2x% — 6x = Adding 3
2 — 3x _ 3 Dividing by 2 to make
2 the x*-coefficient 1
9 39 Completing the square:
2 2_2 .7
X 3x+4 2+4 %(_3)= —%and
(=3)* = Fsadding}
3y _ 15 . N
x — > = — Factoring and simplifying
3 15
x——=+t—— Using the principle of
2 2 square roots and
the quotient rule for
radicals
3, Vis
x=—-*T —
2 2
3+ V15
2
Solve: x* — 6 = 3x.
x*— 6 =3x
¥ —=3x—6=0 Standard form
a=1,b= —-3,c= —6
—-b + Vb — dac
x =
2a
C=(53) £ V(-3)* - 4(1)(-6)
2-1
3 E V9 +24
2
3+ V33

= Exact solutions

Using a calculator, we approximate the solutions to
be 4.372 and —1.372.
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Discriminant

For ax®> + bx + ¢ = 0, where a, b, and c are real

numbers:

b* — 4ac = 0 —> One real-number solution;

b?> — 4ac > 0 —> Two different real-number
solutions;

b* — 4ac < 0 —> Two different imaginary-number
solutions, complex conjugates.

Equations reducible to quadratic, or quadratic
in form, can be treated as quadratic equations if a
suitable substitution is made.

Quadratic Functions and Equations; Inequalities

For the equation above, x> — 6 = 3x, we see that

b* — 4ac is 33. Since 33 is positive, there are two dif-
ferent real-number solutions.

For2x* — x + 4 = 0,witha = 2,b = —1, and

¢ = 4, the discriminant, (—1)> — 4-2 -4 =

1 — 32 = —31, is negative, so there are two different
imaginary-number (or nonreal) solutions.

Forx* — 6x+ 9 = 0,witha = 1,b = —6,and

¢ = 9, the discriminant, (—6)* —4-1-9 =

36 — 36 = 0, is 0 so there is one real-number
solution.

Solve: x* — x> — 12 = 0.
d—-xr—-12=0 Let u = x% Then
u? = (x2)? = 1t
w—u—12=0 Substituting
(u—4)(u+3)=0
u—4=290 or u+3=20

u=+4 or u= -3 Solving
for u

=4 or = -3

x= 12 or x= +t\V3i Solving
for x

SECTION 3.3: ANALYZING GRAPHS OF QUADRATIC FUNCTIONS

Graphing Quadratic Functions
The graph of the function f(x) = a(x — h)* + kis
a parabola that:
e opensupif a > 0and down if a < 0;
* has (h, k) as the vertex;
* has x = has the axis of symmetry;
* has kas a minimum value (output) if a > 0;
* has kas a maximum value if a < 0.
We can use a modification of the technique of com-

pleting the square as an aid in analyzing and graph-
ing quadratic functions.

Find the vertex, the axis of symmetry, and the maxi-
mum or minimum value of f(x) = 2x* + 12x + 12.

f(x) = 2x* + 12x + 12

=2(x* + 6x) + 12 Note that 9 completes the
square for x> + 6x.
=2(x*+6x+9—9)+ 12  Adding9 — 9,0r0,
inside the parentheses

=2(x*+6x+9)—2-9+ 12

Using the distributive law to remove

— 9 from within the parentheses

=2(x+3)°—6
=2[x = (=3)]* + (-0)

The function is now written in the form
f(x) = a(x — h)* + kwitha = 2, h = —3,and
k = —6.Because a > 0, we know the graph opens
up and thus the function has a minimum value. We
also know the following:

Vertex (h, k): (=3, —6);

Axis of symmetry x = h: x = —3;

Minimum value of the function k: —6.



The Vertex of a Parabola
The vertex of the graph of f(x) = ax® + bx + cis

b b
(‘za’f (‘za))'
0 A
We calculate the
x-coordinate.

We substitute
to find the y-coordinate.

Some applied problems can be solved by finding the
maximum or minimum value of a quadratic function.
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To graph the function, we first plot the vertex and
then find several points on either side of it. We plot
these points and connect them with a smooth curve.

y
A A

B VR
I:
|

I

A ey

flx) =2x2+ 12x + 12

Find the vertex of the function

f(x) = =3x* + 6x + L.
b___6 _,
2(-3)

2a
f(1)==-3-1"+6-1+1=4
The vertexis (1, 4).

See Examples 5—7 on pp. 266—268.

SECTION 3.4: SOLVING RATIONAL EQUATIONS AND RADICAL EQUATIONS

A rational equation is an equation containing one or
more rational expressions. When we solve a rational
equation, we usually first multiply by the least com-
mon denominator (LCD) of all the denominators to
clear the fractions.

CAUTION! When we multiply by an expression con-
taining a variable, we might not obtain an equation
equivalent to the original equation, so we must check
the possible solutions obtained by substituting them
in the original equation.

5 4 x—3
Solve: - = .
x+2 x*—4 x— 2
> 4 _x—3 The LCD is
x+2 (x+2)(x—2) x-—2 (x +2)(x - 2).

(x +2)(x — 2)(

5 4 )
x+2 (x+2)(x—2)
x—3
x—2

=(x+2)(x—2)-

5x—2)—4=(x+2)(x—3)
5x—10—-4=x>—x—6
Sx—1l4=x*—x—-6
0=x"—6x+38

0= (x—2)(x—4)
x—2=0 or x—4=0

x =2 or x =4

The number 2 does not check, but 4 does. The
solution is 4.
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A radical equation is an equation that contains one Solve: Vx+ 2+ Vx—1=3.
dicals. W the principle of powers t N NS
or more radica’s. ¥ve use the p P pow © x+2=3—-—Vx-—-1 Isolating one radical

solve radical equations.

(Vx+2)P?=03-Vx—1)
x+2=9-6Vx—1+(x—1)
x+2=8-6Vx—1+«x

For any positive integer n:
If a = bistrue, then a” = b"is true.

CAUTION! If a” = b"is true, it is not necessarily

true that a = b, so we must check the possible —6=-6Vx—1 IS‘:il_ati?g the remaining
solutions obtained by substituting them in the radica
.. . Y & 1=Vx—1 Dividing by —6
original equation.
1= (Vx—1)?
l=x-1
2 =x

The number 2 checks. It is the solution.

SECTION 3.5: SOLVING EQUATIONS AND INEQUALITIES WITH ABSOLUTE VALUE

We use the following property to solve equations Solve: |x + 1| = 4.
with absolute value. x+1] =4
> i i :
For a > 0 and an algebraic expression X et l= -4 or x4+1=4
|X| = a isequivalentto X = —a or X = a _ .
x= =5 or x =

Both numbers check.

The following properties are used to solve inequali- Solve: |x — 2| < 3.

ties with absolute value.
|x —2] <3

—3<x—-2<3
-1 <x<5 Adding 2

For a > 0 and an algebraic expression X:
|X| < a isequivalentto —a < X < a.
|X| > a isequivalentto X < —a or X > a.
Similar statements hold for The solution set is {x| —1 < x < 5}, or (—1,5).
|X| =a and |X| = a 3x[ =6
3x = -6 or 3x=6
x=-2 or x=2 Dividing by 3
The solution setis {x|x = —2 orx = 2}, or
(=, —2] U [2,).



Determine whether the statement is true or false.

1. We can use the quadratic formula to solve any
quadratic equation. [3.2]

2. The function f(x) = —3(x + 4)* — 1 hasa
maximum value. [3.3]

3. For any positive integer n, if a” = b" is true, then
a = bistrue. [3.4]

4. An equation with absolute value cannot have two
negative-number solutions. [3.5]

Solve. [3.2]
5. 2y +5)(By—1)=0
6. > +4x—5=0
7.3x* +2x =8
8. 5x* = 15
9. x> + 10 =0
Find the zero(s) of the function. [3.2]
10. f(x) = x* — 2x+ 1
11. f(x) = x> + 2x — 15
12. f(x) =2x* —x—5
13. f(x) = 3x* + 2x + 3

Solve.
5 1
14. + = 0 [3.4]
2x + 3 5= 0
3 8
15. =1 [34]
8x + 1 2x + 5

16. Vox+1—1=\V3x [34]
17. Vx— 1 - Vx— 4 =1 [34]
18. |x — 4| =3 [3.5]

19. |2y + 7] =9 [3.5]

Solve and write interval notation for the solution set.
Then graph the solution set. [3.5]

20. |5x| = 15 21. [3x + 4| < 10

22. |[6x — 1| <5 23, |x+ 4| =2

1 1 1
24. Solve — + — = —for P. [3.4]
M N P
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Express in terms of i. [3.1]

25. =V —40
26. V—12-V =20
V —49
2o ——=
-V —64

Simplify each of the following. Write the answer in the
form a + bi, where a and b are real numbers. [3.1]

28. (6 + 2i) + (—4 — 3i)
29. (3 — 5i) — (2 — i)
30. (6 + 2i)(—4 — 3i)

2 — 3i
31. ,

1 — 31
32. i

Solve by completing the square to obtain exact solutions.
Show your work. [3.2]

33. x> — 3x =18

34. 3 — 12x — 6 =0

Solve. Give exact solutions. [3.2]

35. 3x* + 10x = 8

36. X —2r+ 10 =0

37. x* = 10 + 3x

38. x =2Vx — 1

39. y* =32 +1=0

0. (L - 12— (2—-1)—2=0
41. (p—3)Bp+2)(p+2)=0
42. X + 557 —4x—20=0

In Exercises 43 and 44, complete the square to:

a) find the vertex;

b) find the axis of symmetry;

c) determine whether there is a maximum or minimum
value and find that value;

d) find the range; and

e) graph the function. [3.3]

43. f(x) = —4x* + 3x— 1
44. f(x) = 5x* — 10x + 3
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In Exercises 45—48, match the equation with one of the

figures (a)—(d), which follow. [3.3]

45. y = (x — 2)?

46. y = (x +3)* — 4
47. y = —2(x + 3)* + 4
48. y= —3(x—2)*+5

49. Legs of a Right Triangle. The hypotenuse of a
right triangle is 50 ft. One leg is 10 ft longer than
the other. What are the lengths of the legs? [3.2]

50 ft x+10

-

X

50. Bicycling Speed. Logan and Cassidy leave a
campsite, Logan biking due north and Cassidy
biking due east. Logan bikes 7 km /h slower than
Cassidy. After 4 hr, they are 68 km apart. Find the
speed of each bicyclist. [3.2]

51. Sidewalk Width. A 60-ft by 80-ft parking lot is
torn up to install a sidewalk of uniform width
around its perimeter. The new area of the parking
lot is two-thirds of the old area. How wide is the
sidewalk? [3.2]

52. Maximizing Volume. The Berniers have 24 ft of
flexible fencing with which to build a rectangu-
lar “toy corral.” If the fencing is 2 ft high, what
dimensions should the corral have in order to
maximize its volume? [3.3]

53. Dimensions of a Box. An open box is made from
a 10-cm by 20-cm piece of aluminum by cutting a
square from each corner and folding up the edges.
The area of the resulting base is 90 cm?. What is the
length of the sides of the squares? [3.2]

! .

10 cm

|

20 cm

54. Find the zeros of f(x) = 2x* — 5x + 1. [3.2]
o B V17 g 3% V17

7 4
5+ V33 -5+ V17
C. = D. ——



55. Solve: V4x + 1 + \/ch =1. [34]

A. There are two solutions.

B. There is only one solution. It is less than 1.

C. There is only one solution. It is greater than 1.
D. There is no solution.

56. The graph of f(x) = (x — 2)* — 3 is which of
the following? [3.3]
A. B.

=

W S
H~<\<

\L23fa5 % 5-A\32-1f[ 12345 ‘%
=) 5 Svent Sl S 7)o Seoend
Booo =gy oot &o0of g 23 §

i=5—4=3-2-1,| 12345 1% =5747372-1 [ 12345 %

=3 : =3
4 4

58. (t — 4)*° =3 [3.4]

59. (x — 1)*° = 4 [34]

60. 2y — 2 +y—1=5 [32]

61. Vx+2+ Vx+2-2=0 [32]
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62. At the beginning of the year, $3500 was deposited
in a savings account. One year later, $4000 was
deposited in another account. The interest rate
was the same for both accounts. At the end
of the second year, there was a total of $8518.35
in the accounts. What was the annual interest
rate? [3.2]

63. Find bsuch that f(x) = —3x* + bx — 1 hasa
maximum value of 2. [3.3]

64. Is the product of two imaginary numbers always an
imaginary number? Explain your answer. [3.1]

65. Is it possible for a quadratic function to have one
real zero and one imaginary zero? Why or why
not? [3.2]

66. If the graphs of

flx) = a(x = m)* + K
and
g(x) = ay(x = ) + k
have the same shape, what, if anything, can

you conclude about the a’s, the h’s, and the k’s?
Explain your answer. [3.3]

67. Explain why it is necessary to check the possible
solutions of a rational equation. [3.4]

68. Explain why it is necessary to check the possible
solutions when the principle of powers is used to
solve an equation. [3.4]

69. Explain why | x| < p has no solution for
p=0. [35]

70. Explain why all real numbers are solutions of
|x| > p,forp < 0. [3.5]

Solve. Find exact solutions.
L. 2x— 1)(x+5)=0 2.6x*—36=0
3.x2+4=0 4. x> —2x—3=0

5. x> —5x+3=0 6.2t —3t+4=0
7.x+5Vx — 36 =0
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3 2
8. +

3x + 4 x—1
9. Vx+4—-2=1
10 Vx+4-Vx—4a=2
1. |[x+ 4| =7
12. |4y — 3| =5

=2

Solve and write interval notation for the solution set.
Then graph the solution set.

13. [x+ 3| =4 14. [2x — 1| <5

15. |x + 5| > 2 16. |3x — 5| = 7

1 1 1
17. Solve — + — = — for B.
A B C

18. Solve R = V/ 3np for n.

19. Solve x* + 4x = 1 by completing the square.
Find the exact solutions. Show your work.

20. The tallest structure in the United States, at
2063 ft, is the KTHI-TV tower in North Dakota
(Source: The Cambridge Fact Finder). How
long would it take an object falling freely from
the top to reach the ground? (Use the formula
s = 161%.)

Express in terms of 1.

21. 'V —43

22. =V =25

Simplify.

23. (5 — 2i) — (2 + 3i)
24. (3 + 4i)(2 — i)

1—i
25. _

6 + 21
26. i3

Find the zeros of each function.
27. f(x) = 4x* — 11x — 3
28. f(x) =2x* —x— 7

29.

30.

31.

32.

Quadratic Functions and Equations; Inequalities

For the graph of the function
f(x) = —x* + 2x + &

a) Find the vertex.

b) Find the axis of symmetry.

¢) State whether there is a maximum or minimum
value and find that value.

d) Find the range.

e) Graph the function.

Maximizing Area. A homeowner wants to fence
a rectangular play yard using 80 ft of fencing. The
side of the house will be used as one side of the
rectangle. Find the dimensions for which the area
is a maximum.

The graph of f(x) = x* — 2x — 1 is which of the
following?

A.

— oW g S

12345 :x :=5-4-3-2—-1 12345 :x

(=5m473-2-1

PX

Find a such that f(x) = ax* — 4x + 3 hasa
maximum value of 12.
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RationalFunctions

APPLICATION

The goal of the U.S. automakers is to meet the
CAFE (corporate average fuel economy) standard
of 35.5 mpg (miles per gallon) by 2016. Adjusted
industry fuel economy levels reached in various
years from 2000—2010 and future CAFE standards
are illustrated in the graph on p. 308. (Source: U.S.
Environmental Protection Agency). Model the data
with a quadratic function, a cubic function, and a
quartic function. Then using R?, the coefficient of
determination, decide which function is the better
fit; and with that function, estimate the fuel effi-
ciency in 2005, in 2011, in 2017, and in 2021.

This problem appears as Example 9 in Section 4.1.

4.1 Polynomial Functions

£ AL Thal
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and Modeling

4.2 Graphing Polynomial Functions
Visualizing the Graph

4.3 Polynomial Division;
The Remainder Theorem
and the Factor Theorem

Mid-Chapter Mixed Review

4.4 Theorems about Zeros of
Polynomial Functions

4.5 Rational Functions
Visualizing the Graph

4.6 Polynomial Inequalities
and Rational Inequalities

Study Guide
Review Exercises
Test
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Determine the behavior of the graph of a polynomial function using the leading-term test.
= Factor polynomial functions and find their zeros and their multiplicities.

= Use a graphing calculator to graph a polynomial function and find its real-number
zeros, its relative maximum and minimum values, and its domain and range.

= Solve applied problems using polynomial models; fit linear, quadratic, power, cubic,
and quartic polynomial functions to data.

There are many different kinds of functions. The constant, linear, and quad-
ratic functions that we studied in Chapters 1 and 3 are part of a larger group
of functions called polynomial functions.

POLYNOMIAL FUNCTION
A polynomial function P is given by
P(x) =ax"+ a, x" '+ a, ,x" 7+ - + ax + ap,

where the coefficients a,,, a,,_1, . . ., 4, g, are real numbers and the
exponents are whole numbers.

The first nonzero coefficient, a,, is called the leading coefficient. The
term a,x" is called the leading term. The degree of the polynomial function
is n. Some examples of polynomial functions follow.

POLYNOMIAL LEADING LEADING
FUNCTION EXAMPLE DEGREE TERM COEFFICIENT
Constant flx) =3 (f(x) =3 =3x" 0 3 3
Linear f(x) =3x+5 (f(x) =3x+5=2%x"+5) 1 ix 2
Quadratic f(x) =4x* —x+3 2 4x* 4
Cubic flx) =x +2x*+x—5 3 x 1
Quartic f(x) = —x' — L1x° + 0.3x* — 2.8x — 1.7 4 —x* -1

The function f(x) = 0 can be described in many ways:
f(x) =0 = 0x* = 0x"® = 0x™,

and so on. For this reason, we say that the constant function f(x) = 0 has
no degree.
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Functions such as
2
flx) =+ 50r2x " +5 and g(x) = Vx —6,0rx? — 6,

are not polynomial functions because the exponents —1 and 3 are not whole
numbers.

From our study of functions in Chapters 1-3, we know how to find or
at least estimate many characteristics of a polynomial function. Let’s con-
sider two examples for review.

Quadratic Function
Function: f(x) = x> — 2x — 3
= (x+ 1)(x — 3)
Zeros: —1,3
x-intercepts: (—1,0), (3,0)
y-intercept: (0, —3)
Minimum: —4 atx = 1
Maximum: None
Domain: All real numbers, (—%, )

(x) =x2—2x—3 -
f s Range: [ —4, ©)

Cubic Function

y
50

Function: g(x) = x° + 2x* — 11x — 12
=(x+4)(x+ 1)(x— 3)

Zeros: —4,—1,3

x-intercepts: (—4,0), (—1,0),(3,0)

y-intercept: (0, —12)

Relative minimum: —20.7 at x = 1.4
(1.4, —20.7) . .
Relative maximum: 12.6 at x = —2.7

Domain: All real numbers, (—, ©)

Range: All real numbers, (—, ©)

g(x) = x5+ 2x%2— 11x— 12
=(x+4)(x+ 1)(x—3)
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All graphs of polynomial functions have some characteristics in com-
mon. Compare the following graphs. How do the graphs of polynomial
functions differ from the graphs of nonpolynomial functions? Describe
some characteristics of the graphs of polynomial functions that you observe.

Polynomial Functions

flx)=x2+3x+1
Yy

y y
5+ 5+
4+ 4+
3+ 3F h(x) =
x)=Vx+1-—-1
2 h(x) = x+ 2| 2 )
I I B | I I I | ) I I | ) I S |
—5—4—3—2—171k1 2345 % _5_4_3_2_L1~1 2345 %
_2k 72k
_3k —3k
74k —4k
75k 75k

fx)=2x3+x2+x—1

y

5+

4k

3k

2k

1+

S N I I I
—5—4—3—2—171k1 2345 %

_Zk
b hx) =% +3
—4k x =1

You probably noted that the graph of a polynomial function is continu-
ous; that is, it has no holes or breaks. It is also smooth; there are no sharp corners.

Yy
y=fx)

A continuous function

y
y =g

o=—T" —

X X

A discontinuous function

y
y = h(x)

A discontinuous function

The domain of a polynomial function is the set of all real numbers,

(—oo, oo)_
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The behavior of the graph of a polynomial function as x becomes very large
(x — ) or very small (x — —) is referred to as the end behavior of
the graph. The leading term of a polynomial function determines its end

behavior.

y
x becomes x becomes
very small very large
—oco<—X X —>o0

Using the graphs shown below, let’s see if we can discover some general
patterns by comparing the end behavior of even-degree and odd-degree func-
tions. We also observe the effect of positive and negative leading coefficients.

— N W s U
T

—2F
—3F
—4F
—51

Odd Degree

—4
—6F
—8|

—10+

flx) = —x>+2x>—x2+ 4

flx) = —x7— 2x2

gx)=1—x— x°




302

CHAPTER 4

Polynomial Functions and Rational Functions

We can summarize our observations as follows.

AN
- THE LEADING-TERM TEST

If a,x" is the leading term of a polynomial function, then the
behavior of the graph as x — % or as x— — can be described in

one of the four following ways.

(

n a, > 0

a, <0

odd

y

AV
J X

\

The portion of the graph is not determined by this test.

EXAMPLE 1 Using the leading-term test, match each of the following
functions with one of the graphs A-D, which follow.

a) f(x) =3x" —2x° + 3
o f(x) =2 +x+1

b) f(x) = =5x — x* + 4x + 2
d) f(x) = =2+ x° — 4x°

32 -1, 2 3 % Sl
-2
-3 —4F
-4
,5 _6 -
Solution
DEGREE OF
LEADING TERM LEADING TERM
a) 3x* 4, even
b) —5x° 3, 0dd
<) x° 5, odd
d) —x° 6, even

D.
2 -
e
72 -
SIGN OF
LEADING COEFFICIENT GRAPH
Positive D
Negative B
Positive A
Negative C

Now Try Exercise 19.
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® Finding Zeros of Factored

Polynomial Functions

Let’s review the meaning of the real zeros of a function and their connection

to the x-intercepts of the function’s graph.

CONNECTING THE CONCEPTS

Zeros, Solutions, and Intercepts

ZEROS OF THE FUNCTION;

FUNCTION SOLUTIONS OF THE EQUATION

Quadratic Polynomial To find the zeros of g(x), we solve g(x) = 0:

ZEROS OF THE FUNCTION;
X-INTERCEPTS OF THE GRAPH

The real-number zeros of g(x)

g(x) =x* —2x— 8
= (x+ 2)(x — 4),

y=(x+2)(x—4)

Cubic Polynomial
h(x)

= +2—5x— 6

= (x+3)(x+ 1)(x — 2),
or

y=(x+3)(x+ 1)(x—2)

are the x-coordinates of the

2 _ — =
¥ x=8=0 x-intercepts of the graph of

(x+2)(x—4)=0 y = g(x).
x+2=0 or x—4=0
x= —2 or x = 4.

The solutions of x> — 2x — 8 = 0 are
—2 and 4. They are the zeros of the
function g(x); that is,

g(=2) =0 and g(4) =0.

To find the zeros of h(x), we solve h(x) = 0:
£ +22-5x—6=0

The real-number zeros of h(x)
are the x-coordinates of the
x-intercepts of the graph of

x+3=0 orx+1=0 orx—2=0
x = —3 or x= —1 or x = 2.

The solutions of x> + 2x* — 5x — 6 = 0
are —3, —1, and 2. They are the zeros of the
function h(x); that is,

h(—3) =0,
h(=1) = 0, and
h(2) = 0.

i-Figure

The connection between the real-number zeros of a function and the
x-intercepts of the graph of the function is easily seen in the preceding

examples. If ¢ is a real zero of a function (that is, if f(c) = 0), then (¢, 0) is
an x-intercept of the graph of the function.
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y=x>+x*—17x+ 15
60

—60

PRINCIPLE OF ZERO PRODUCTS

REVIEW SECTION 3.2.

y=5x—-273x+1)
30

FIGURE 1

y=—(x— 1)? (x + 2)2
12

FIGURE 2

EXAMPLE 2 Consider P(x) = x* + x* — 17x + 15. Determine whether
each of the numbers 2 and —5 is a zero of P(x).

Solution We first evaluate P(2):

P(2) = (2)* + (2)* = 17(2) + 15 = —7.  Substituting2 into
the polynomial

Since P(2) # 0, we know that 2 is not a zero of the polynomial function.
We then evaluate P(—5):

P(—5) = (=5)> + (=5)> — 17(=5) + 15 = 0.  Substituting
— 5 into the
polynomial

Since P(—5) = 0, we know that —5 is a zero of P(x).

Now Try Exercise 23.

Let’s take a closer look at the polynomial function
h(x) = x>+ 2x* —5x— 6
(see Connecting the Concepts on p. 303). The factors of h(x) are
x + 3, x+ 1, and x — 2,
and the zeros are
-3, —1, and 2.

We note that when the polynomial is expressed as a product of linear factors,
each factor determines a zero of the function. Thus if we know the linear
factors of a polynomial function f(x), we can easily find the zeros of f(x) by
solving the equation f(x) = 0 using the principle of zero products.

EXAMPLE 3 Find the zeros of

flx) = 5(x = 2)(x = 2)(x = 2)(x + 1)
=5(x—2)(x+1).

Solution 'To solve the equation f(x) = 0, we use the principle of zero
products, solving x — 2 = 0 and x + 1 = 0. The zeros of f(x) are 2 and
—1. (See Fig. 1.)

EXAMPLE 4 Find the zeros of

g(x) = —(x— D(x— D(x+ 2)(x+2)
= —(x— 1)*(x+ 2)

Solution To solve the equation g(x) = 0, we use the principle of zero
products, solving x — 1 = 0 and x + 2 = 0. The zeros of g(x) are 1 and
—2. (See Fig. 2.)

Let’s consider the occurrences of the zeros in the functions in Examples 3
and 4 and their relationship to the graphs of those functions. In Example 3,
the factor x — 2 occurs three times. In a case like this, we say that the zero we
obtain from this factor, 2, has a multiplicity of 3. The factor x + 1 occurs
one time. The zero we obtain from this factor, —1, has a multiplicity of 1.
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In Example 4, the factors x — 1 and x + 2 each occur two times. Thus
both zeros, 1 and —2, have a multiplicity of 2.

Note, in Example 3, that the zeros have odd multiplicities and the graph
crosses the x-axis at both —1 and 2. But in Example 4, the zeros have even
multiplicities and the graph is tangent to (touches but does not cross) the
x-axis at —2 and 1. This leads us to the following generalization.

EVEN AND ODD MULTIPLICITY

If (x — ¢)% k = 1, is a factor of a polynomial function P(x) and
(x — ¢)¥"is not a factor and:

* kis odd, then the graph crosses the x-axis at (¢, 0);
* kis even, then the graph is tangent to the x-axis at (¢, 0).

Some polynomials can be factored by grouping. Then we use the prin-
ciple of zero products to find their zeros.

EXAMPLE 5 Find the zeros of
f(x) = x — 2x* — 9x + 18.
Solution We factor by grouping, as follows:
flx) = x> — 2x* — 9x + 18
= xz(x —2)—9(x—2) Grouping x* with —2x* and —9x
with 18 and factoring each group
= (x—2)(x*—9)

= (x = 2)(x + 3)(x — 3). Factoring x> — 9

Factoring out x — 2

Then, by the principle of zero products, the solutions of the equation f(x) = 0
are 2, —3, and 3. These are the zeros of f(x).

Now Try Exercise 39.

Other factoring techniques can also be used.

EXAMPLE 6 Find the zeros of
f(x) = x* + 4x? — 45.
Solution We factor as follows:
f(x) = x4+ 45 — 45 = (x2 - 5)(962 +9).

We now solve the equation f(x) = 0 to determine the zeros. We use the
principle of zero products:

(x*=5)(x*+9)=0

X —5=0 or X¥*+9=0
x*=5 or = -9
x=*+V5 or x= V-9 = %3i

The solutions are = V5 and = 3i. These are the zeros of f(x).

Now Try Exercise 37.



306 CHAPTER 4  Polynomial Functions and Rational Functions

y:x4+4x2—45
60

—60

Dbl tap the screen 1o exil Yrace’ mode.
x=-1.6801 (roct found)
y1=0 0000

450

4.0 ; \2.0 #4.0 #8.0

450

The zeros of a function can be found with

a graphing calculator app. One of the three
zeros of the function in Example 7 is shown

here.

Only the real-number zeros of a function correspond to the x-intercepts
of its graph. For instance, the real-number zeros of the function in Example 6,

—V5and \@, can be seen on the graph of the function at left, but the non-
real zeros, —3i and 31, cannot.

Every polynomial function of degree #n, with n = 1, has at least one
zero and at most 7 zeros.

This is often stated as follows: “Every polynomial function of degree #,
with n = 1, has exactly n zeros.” This statement is compatible with the pre-
ceding statement, if one takes multiplicities into account.

Finding Real Zeros on a Calculator
Finding exact values of the real zeros of a function can be difficult. We can
find approximations using a graphing calculator.
EXAMPLE 7 Find the real zeros of the function fgiven by
f(x) = 0.1x° — 0.6x* — 0.1x + 2.
Approximate the zeros to three decimal places.

Solution We use a graphing calculator, trying to create a graph that clearly
shows the curvature and the intercepts. Then we look for points where the
graph crosses the x-axis. It appears that there are three zeros, one near —2,
one near 2, and one near 6. We know that there are no more than 3 because
the degree of the polynomial is 3. We use the ZERO feature to find them.

y=0.1x> — 0.6x> — 0.1x + 2

©

MTTTTITT[TfTTITIT11

-8
x=-1.680, y=0
x=2.154, y=0
x=5526, y=0

The zeros are approximately —1.680, 2.154, and 5.526.

Polynomial Models

Polynomial functions have many uses as models in science, engineering,
and business. The simplest use of polynomial functions in applied problems
occurs when we merely evaluate a polynomial function. In such cases, a
model has already been developed.
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EXAMPLE 8 Ibuprofen in the Bloodstream. The polynomial function
M(t) = 0.5t" + 3.45£ — 96.65t> + 347.7t

i-Figure

can be used to estimate the number of milligrams of the pain relief medi-
cation ibuprofen in the bloodstream ¢ hours after 400 mg of the medication
has been taken.

a) Find the number of milligrams in the bloodstream at t = 0, 0.5, 1, 1.5,
and so on, up to 6 hr. Round the function values to the nearest tenth.

b) Find the domain, the relative maximum and where it occurs, and the
range.

Solution

a) We can evaluate the function with the TABLE feature of a graphing calcula-
tor set in AUTO mode. We start at 0 and use a step-value of 0.5.

M(0) =0, M(3.5) = 255.9,
M(0.5) = 150.2, M(4) = 193.2,
X v M(1) = 255, M(4.5) = 126.9,
% Y5015 M(1.5) = 3183, M(5) = 66,
1 255
15 31826 M(2) = 344.4, M(5.5) = 20.2,
23 30583 M(2.5) = 338.6, M(6) = 0.
x= M(3) = 306.9,

b) Recall that the domain of a polynomial function, unless restricted by a
statement of the function, is (— 9, ). The implications of this application
restrict the domain of the function. If we assume that a patient had not

= 05x4 + 3.45%3 taken any of the medication before, it seems reasonable that M(0) = 0;
— 96.65x% + 347.7x that is, at time 0, there is 0 mg of the medication in the bloodstream. After
500 the medication has been taken, M( ) will be positive for a period of time
L and eventually decrease back to 0 when t = 6 and not increase again

- (unless another dose is taken). Thus the restricted domain is [0, 6 |.
i To determine the range, we find the relative maximum value of the
A N P function using the MAXIMUM feature. The maximum is about 345.8 mg.
)'\(/'ixi;nrzgssm v~ 34576165 It occurs approximately 2.15 hr, or 2 hr 9 min, after the initial dose has

—200 ' been taken. The range is about [0, 345.8 |.

Now Try Exercise 63.

In Chapter 1, we used regression to model data with linear functions. We
now expand that procedure to include quadratic, cubic, and quartic models.
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i-Figure

y=ax2+bx+c
a=.0998376623
b=-.5990692641
¢c=19.94060606
R2=.9764318496

GCM

EXAMPLE 9 Increasing Vehicle Fuel Efficiency. The goal of the U.S.
automakers is to meet the CAFE (corporate average fuel economy) standard
of 35.5 mpg (miles per gallon) by 2016. Adjusted industry fuel economy levels
reached in various years from 2000-2010 and future CAFE standards are il-
lustrated in the graph below (Source: U.S. Environmental Protection Agency).

Vehicle Fuel Efficiency

N

Miles per gallon

Year

Source: U.S. Environmental Protection Agency

Looking at the graph above, we note that the data, in miles per gallon,
could be modeled with a quadratic function, a cubic function, or a quartic
function.

a) Model the data with a quadratic function, a cubic function, and a quartic
function. Let the first coordinate of each data point be the number of
years after 2000; that is, enter the data as (0, 19.8), (2, 19.4), (4, 19.3),
and so on. Then using R?, the coefficient of determination, decide which
function is the best fit.

b) Graph the function with the scatterplot of the data.

c) Use the answer to part (a) to estimate the number of miles per gallon in
2005, in 2011, in 2017, and in 2021.

Solution
a) Using the REGRESSION feature with DIAGNOSTIC turned on, we get the
following.

y=ax3+bx2+cx+d y=ax4+bx3+...+e y=ax4+bx3+...+e
a=-.0012310606 a=-.0010252768 Tb=.0315777972
b=.1293831169 b=.0315777972 €=7.1969478438
c=-.7773268398 c=7.1969478438 d=.2444347319
d=20.10606061 d=.2444347319 e=19.71235431
R2=.9769001262 1e=19.71235431 R2=.9822620259

Since the R%-value for the quartic function, 0.9822620259, is closer
to 1 than the R*-values for the quadratic function and the cubic func-
tion, the quartic function is the best fit:

f(x) = —0.0010252768x* + 0.0315777972x°
— 0.1969478438x> + 0.2444347319x
+ 19.71235431.

b) The scatterplot and the graph are shown at left.
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¢) We evaluate the function found in part (a).

X Y1
) 19.317
11 25.589
17 36.459
21 31.037

X =

With this function, we can estimate the fuel efficiency at 19.3 mpg
in 2005, 25.6 mpg in 2011, and 36.5 mpg in 2017. Looking at the bar
graph shown on the preceding page, we see that these estimates appear
to be fairly accurate.

If we use the function to estimate the number of miles per gallon
in 2021, we get about 31.0 mpg. This estimate is not realistic since it is
unreasonable to expect the number of miles per gallon to decrease in the
future. The quartic model has a higher value for R* than the quadratic
function or the cubic function over the domain of the data, but this
number does not reflect the degree of accuracy for extended values. It
is always important when using regression to evaluate predictions with
common sense and knowledge of current trends.

Now Try Exercise 77.

4.1 Exercise Set

Determine the leading term, the leading coefficient, and In Exercises 11-18, select one of the four sketches
the degree of the polynomial. Then classify the polyno- (a)—(d), which follow, to describe the end behavior
mial function as constant, linear, quadratic, cubic, or of the graph of the function.

quartic. a) b)

L g(x) =3x> — 10x + 8

2. f(x) = 15x* — 10 + 0.11x* — 7x° <) d)
3. h(x) = 0.9x — 0.13

4. = —6
J(x) 1. f(x) = =3 — x + 4

5. g(x) = 305x" + 4021 12. f(x) = ix* + 3 — 62 + x— 5

6. h(x) = 2.4x> + 55 — x + } 13. f(x) = —x® + 3x*

7. h(x) = =52 + 72> + « M. f(x) =3¢ — 22" 4+ %0 —3x + 3
15. f(x) = —3.5x" + x° + 0.1x7

8. f(x) =2—«° R s .
16. f(x) = —x’ + x> — 0.5x

— 3 _ 1.2
9. g(x) = 4x” —3x° + 8 17. f(x) = 10 + 5x* — 2x°
10. f(x) =12 + x 18. f(x) =2x+ x> — x°
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In Exercises 19-22, use the leading-term test to match the 30. f(x) = ( )(x + 7)(x+ 7)(x + 5)
function with one of the graphs (a)—(d), which follow. 31, f(x) = (x — 9y}

) < b) 32. f

33, f(x) = X(x — 1)*(x + 4)
34, f(x) = (x4 3)*(x — 4)(x + 1)*
35. f(x) = —8(x — 3)*(x + 4)*«*

(
(
(
(
(
(
36. f(x) = (x> — 5x + 6)?
(
(
(
(
(
(

0 y d) y 37. f(x) = x* — 4x* + 3

)
)
T ij 38. f(x) = x* — 10x> + 9
o H“hj““ % 39, f(x) = x + 3% — x— 3
1+ 2k
7T 40. f(x) = x> — x> —2x + 2
ok 41, f(x) =2x° — x> — 8x + 4
7,
als 42. f(x) = 3x> + x> — 48x — 16
19. f(x) = —x® + 2x° — 7x? Using a graphing calculator, find the real zeros of the
20, f(x) = 268 — 2 + 1 function. Approximate the zeros to three decimal places.
43. f(x) = x° —3x — 1
21. f(x) = x° + 15x— 3 , ,
s 5 44. f(x) = x* +3x" — 9x — 13
22. f(x) = —x + x* —2x+ 4
o ) 45. f(x) = x* — 24°
23. Use substitution to determine whether 4, 5, and A s
—2 are zeros of 46. f(x) = x" — 2x — 56
f(x) = x — 9x* + l4x + 24. 47. f(x) = x> — x
24. Use substitution to determine whether 2, 3, and 48. f(x) = 2x° — x* — 14x — 10
-1 f
arererosel 49. f(x) = x® + 8x7 — 28x° — 56x° + 70x*
flx) =2x" = 3" + x + 6. + 56x° — 28x% — 8x + 1
25. Use substitution to determine whether 2, 3, and 50. f(x) = x® — 10x° + 13x° — 4x*> — 5
—1 are zeros of
g(x) = x* — 6x° + 8x% + 6x — 9. Using a graphing calculator, estimate the real zeros,
L . the relative maxima and minima, and the range of the
26. Us; s3ubst1tut10n ;o determine whether 1, —2, polynomial function.
aneoatererosol o 51 g(x) = x* — 1.2x + 1
g(x) = x* — x> — 3x° + 5x — 2. |
_ _ , 52. h(x) = —3x* +3x° — 5> +3x + 6
Find the zeros of the polynomial function and state the .
multiplicity of each. 53. f(x) = x* — 3.8
27. f(x) = (x+ 3)*(x — 1) 54. h(x) = 2x* — x* + 20
28. f(x) = (x + 5)°(x — 4)(x + 1) 55. f(x) = x* + 10x — x°

f(x) = =2(x — 4)(x — 4)(x — 4)(x + 6) 56. f(x) = 2x* — 5.6x* + 10



Determine whether the statement is true or false.

57.

58.

59.

60.

61.

62.

If P(x) = (x — 3)*(x + 1)’ then the graph of
the polynomial function y = P(x) crosses the
x-axis at (3, 0).

If P(x) = (x + 2)2(x - i)s, then the graph of
the polynomial function y = P(x) crosses
the x-axis at (i, 0).

IfP(x) = (x — 2)°(x + 5)° then the graph of
y = P(x) is tangent to the x-axis at (—5, 0).

If P(x) = (x + 4)*(x — 1) then the graph of
y = P(x) is tangent to the x-axis at (4, 0).

Twin Births. As a result of a greater number of
births to older women and the increased use of
fertility drugs, the number of twin births in the
United States increased approximately 42% from
1990 to 2005 (Source: National Center for Health
Statistics, U.S. Department of Health and Human
Services). The quartic function

f(x) = —0.056316x* — 19.500154x°
+ 584.892054x> — 1518.5717x
+ 94,299.1990,

where xis the number of years since 1990, can be
used to estimate the number of twin births from
1990 to 2006. Estimate the number of twin births in
1995 and in 2005.

Railroad Miles. The greatest combined length
of U.S.-owned operating railroad track existed in
1916, when industrial activity increased during
World War L. The total length has decreased ever
since. The data over the years 1900 to 2008 are
modeled by the quartic function

f(x) = —0.004091x* + 1.275179x
— 142.589291x% + 5069.1067x
+ 197,909.1675,

SECTION 4.1
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where x is the number of years since 1900 and
f(x) is in miles (Source: Association of American
Railroads). Find the number of miles of operat-
ing railroad track in the United States in 1916,

in 1960, and in 1985, and estimate the number
in 2010. (Note: The lengths exclude yard tracks,
sidings, and parallel tracks.)

63.

64.

65.

Dog Years. A dog’s life span is typically
much shorter than that of a human. The cubic
function

d(x) = 0.010255x° — 0.340119x°
+ 7.397499x + 6.618361,

where x is the dog’s age, in years, approximates
the equivalent human age in years. Estimate the
equivalent human age for dogs that are 3, 12, and
16 years old.

Threshold Weight. 1In a study performed by
Alvin Shemesh, it was found that the threshold
weight W, defined as the weight above which
the risk of death rises dramatically, is given by

wii = (),

where Wis in pounds and h is a person’s height,
in inches. Find the threshold weight of a person
who is 5 ft 7 in. tall.

Projectile Motion. A stone thrown downward
with an initial velocity of 34.3 m/sec will travel a
distance of s meters, where

s(t) = 4.9 + 34.3t
and tis in seconds. If a stone is thrown
downward at 34.3 m/sec from a height of

294 m, how long will it take the stone to hit
the ground?
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66.

67.
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Games in a Sports League. If there are x teams in

a sports league and all the teams play each other

twice, a total of N(x) games are played, where
N(x) = x> — x.

A softball league has 9 teams, each of which plays

the others twice. If the league pays $110 per game

for the field and the umpires, how much will it
cost to play the entire schedule?

Median Home Prices. The median price for
an existing home in the United States peaked at
$221,900 in 2006 (Source: National Association
of REALTORS®). The quartic function

h(x) = 56.8328x* — 1554.7494x°
+ 10,451.8211x% — 5655.7692x
+ 140,589.1608,

where x is the number of years since 2000, can
be used to estimate the median existing-home
price from 2000 to 2009. Estimate the median
existing-home price in 2002, in 2005, in 2008,
and in 2009.

68.

Circulation of Daily Newspapers.
the circulation of daily newspapers reached its
highest level (Source: Newspaper Association of
America). The quartic function

f(x) = —0.006093x* + 0.849362x

— 51.892087x* + 1627.3581x

In 1985,

+ 41,334.7289,

where x is the number of years since 1940, can be
used to estimate the circulation of daily newspa-
pers, in thousands, from 1940 to 2008. Using this

69.

70.
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function, estimate the circulation of daily news-
papers in 1945, in 1985, and in 2008.

T e

Interest Compounded Annually. 'When P dollars

is invested at interest rate 7, compounded annually,

for tyears, the investment grows to A dollars, where
A= P(1+ i)

Trevor’s parents deposit $8000 in a savings

account when Trevor is 16 years old. The prin-

cipal plus interest is to be used for a truck when

Trevor is 18 years old. Find the interest rate 7 if

the $8000 grows to $9039.75 in 2 years.

Interest Compounded Annually.  When P dollars

is invested at interest rate 7, compounded annually,

for tyears, the investment grows to A dollars, where
A= P(1+ i)

When Sara enters the 11th grade, her grandpar-

ents deposit $10,000 in a college savings account.

Find the interest rate i if the $10,000 grows to
$11,193.64 in 2 years.

For the scatterplots and graphs in Exercises 71-76,
determine which, if any, of the following functions
might be used as a model for the data.

a) Linear, f(x) = mx + b

b) Quadratic, f(x) = ax* + bx +ca>0

¢) Quadratic, f(x) = ax* + bx+ca<0

d) Polynomial, not linear or quadratic

71. 72.

2 @

57 57
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77. Foreign Adoptions.

Year, x

2000,
2001,
2002,
2003,
2004,
2005,
2006,
2007,

2008,
2009,

O 0 N O Ul W~ O

—
o
=

=

—
(=)

Sales (in millions) J
o b
(=}

N
o

=

o W
(=}
-

L
2

Sales (in millions)
S

Year

Number of U.S. Foreign
Adoptions from
Top 15 Countries, y

18,120
19,087
20,100
21,320
22,911
22,710
20,705
19,741
17,229
12,782

Sources: Office of Immigration Statistics;
Department of Homeland Security

The number of foreign
adoptions in the United States has declined in
recent years, as shown in the table below.

a) Use a graphing calculator to fit quadratic, cubic,
and quartic functions to the data. Let x represent

SECTION 4.1
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the number of years since 2000. Using R*-values,
determine which function is the best fit.

b) Using the function found in part (a), estimate
the number of U.S. foreign adoptions in

2010.

U.S. Farm Acreage.

in the table below.
Average Acreage
Year per Farm
1900 147
1910 139
1920 149
1930 157
1940 174
1950 213
1960 297
1970 374
1980 426
1990 460
1995 438
2000 436
2003 441
2005 445
2009 418

As the number of farms has
decreased in the United States, the average size of
the remaining farms has grown larger, as shown

Sources: Statistical History of the
United States (1970); National
Agricultural Statistics Service;
U.S. Department of Agriculture

a) Use a graphing calculator to fit quadratic,
cubic, and quartic functions to the data. Let x
represent the number of years since 1900.
Using R2-values, determine which function

is the best fit.

b) Using the function found in part (a), estimate
the average acreage in 1955, in 1998, and in 2011.
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Classified Ad Revenue. The table below lists the
newspaper revenue from classified ads for selected

years from 1975 to 2009.

Newspaper Revenue
from Classified Ads, y

Year, x (in billions of dollars)

1975, 0O $2.159

1980, 5 4.222

1985, 10 8.375

1990, 15 11.506

1995, 20 13.742

2000, 25 19.608

2005, 30 17.312

2006, 31 16.986

2007, 32 14.186

2008, 33 9.975

2009, 34 6.179

Source: Editor ¢ Publisher International Yearbook, 2010

a) Use a graphing calculator to fit cubic and quar-
tic functions to the data. Let x represent the
number of years since 1975. Using R*-values,
determine which function is the best fit.

b) Using the function found in part (a), estimate
the newspaper revenue from classified ads in

1988, in 2002, and in 2010.

Dog Years. A dog’s life span is typically much
shorter than that of a human. Age equivalents for
dogs and humans are listed in the table below.

Ageof Dog,x = Human Age, h(x)

(in years)

0.25
0.5
1

o N B~ DN

10
14
18
21

Source: Based on “How to Determine a Dog’s
Age in Human Years,” by Melissa Maroff, eHow

Contributor, www.ehow.com

(inyears)

5
10
15
24
32
40
48
56
72
91

106

a) Use a graphing calculator to fit linear and
cubic functions to the data. Which function
has the better fit?

b) Using the function from part (a), estimate
the equivalent human age for dogs that are 5,
10, and 15 years old.

Find the distance between the pair of points.

81. (3,—5)and (0, 1)

82. (4,2) and (-2, —4)

83. Find the center and the radius of the circle
(x — 3)% + (y + 5)% = 49.

84. The diameter of a circle connects the points
(—6,5) and (=2, 1) on the circle. Find the coor-
dinates of the center of the circle and the length
of the radius.

Solve.

8.2y —3=1—y+5

86. (x — 2)(x+5) > x(x — 3)
87. |x+ 6| =7

88. |x+ | =3

Determine the degree and the leading term of the poly-
nomial function.

89. f(x) = (x* — 1)*(x* + 2)°
90. f(x) = (10 — 3x°)*(5 — x*)*(x + 4)
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Graphing Polynomial Functions

® Graph polynomial functions.

= Use the intermediate value theorem to determine whether a function has a real zero
between two given real numbers.

# Graphing Polynomial Functions

In addition to using the leading-term test and finding the zeros of the func-
tion, it is helpful to consider the following facts when graphing a polynomial
function.

If P(x) is a polynomial function of degree n, then the graph of the
function has:

* at most nreal zeros, and thus at most n x-intercepts;

e atmost n — 1 turning points.
(Turning points on a graph, also called relative maxima and

minima, occur when the function changes from decreasing to
increasing or from increasing to decreasing.)

EXAMPLE 1 Graph the polynomial function h(x) = —2x* + 3x°.

Solution

1. First, we use the leading-term test to determine the end behavior of the
graph. The leading term is —2x*. The degree, 4, is even, and the coeffi-
cient, —2, is negative. Thus the end behavior of the graph as x — o and
as x — — can be sketched as follows.

/N

2. The zeros of the function are the first coordinates of the x-intercepts of
the graph. To find the zeros, we solve h(x) = 0 by factoring and using
the principle of zero products.

—2x* +3x° =0
—x3(2x -3)=0 Factoring

—x*=0 or 2x—3=0 Using the principle of
zero products

3
x=0 or X =73.

The zeros of the function are 0 and 3. Note that the multiplicity of 0 is 3
and the multiplicity of 3 is 1. The x-intercepts are (0, 0) and (%, 0 )
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3. The zeros divide the x-axis into three intervals:

(—x,0), (0,%), and (%,OO).

ol

—5—-4-3-2-1 0 1 2 3 4 5

The sign of h(x) is the same for all values of x in an interval. That is,
h(x) is positive for all x-values in an interval or h(x) is negative for all
x-values in an interval. To determine which, we choose a test value for x
from each interval and find h(x).

Interval (—»,0) (0,3) (3 )
Test Value, x -1 1 2
Function : :
Value, h(x) -5 : 1 : -8
Sign of h(x) - + -
Location of :
Points on Graph Below x-axis : Above x-axis Below x-axis
_ 0 + % _
S e e

—5—-4-3-2—-1 0 1 2 3 4 5x

This test-point procedure also gives us three points to plot. In this case,
we have (=1, —5), (1,1),and (2, —8).
4. To determine the y-intercept, we find 4(0):

%0 = h(x) = —2x* + 3x°
[0.50 -0.50 . 4 3 .
) S h(0) =—=2-0"+3-0°=0
1.00 1.00
[ o The y-intercept is (0, 0).
o e 5. A few additional points are helpful when completing the graph.
£ 300
.50 546.75
[5.00 .ers:)c, y
=3 il;aﬁ x h(x) 2F (1,1)
bio S 0,011 ' (3,0)
[7.50 -5062 50 — — 1 1 1 1 1 1 1 1 1 1
1.5 20.25 -y _2_11 112 45 %
—0.5 —0.5 i
h(x) = —2x* + 3x3 2r
A table of ordered pairs for h(x) = 0.5 0.25 ‘ 3r
—2x* + 3x3 can be created with a graphing 2.5 —31.25 s 4r
calculator app. (=15 2:
7 -
8 L(2> —8)
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T 6. The degree of his 4. The graph of h can have at most 4 x-intercepts and at
most 3 turning points. In fact, it has 2 x-intercepts and 1 turning point.
The zeros, 0 and 3, each have odd multiplicities: 3 for 0 and 1 for 3.
Since the multiplicities are odd, the graph crosses the x-axis at 0 and 3. The

o BrA H end behavior of the graph is what we described in step (1). As x — % and
P PrTTTT also as x — — o, h(x) — —o0. The graph appears to be correct.

The following is a procedure for graphing polynomial functions.

4-50

To graph a polynomial function:

1. Use the leading-term test to determine the end behavior.

We can check the graph of h(x) = 2. Find the zeros of the function by solving f(x) = 0. Any real zeros
—2x* + 3x3 in Example 1 with a graphing are the first coordinates of the x-intercepts.
calculator app. 3. Use the x-intercepts (zeros) to divide the x-axis into intervals, and

choose a test point in each interval to determine the sign of all
function values in that interval.

. Find £(0). This gives the y-intercept of the function.

5. If necessary, find additional function values to determine the
general shape of the graph and then draw the graph.

6. As a partial check, use the facts that the graph has at most n
x-intercepts and at most n — 1 turning points. Multiplicity of
zeros can also be considered in order to check where the graph
crosses or is tangent to the x-axis. We can also check the graph
with a graphing calculator.

N

EXAMPLE 2 Graph the polynomial function
f(x) = 2x° + x> — 8x — 4.
Solution

1. The leading term is 2x>. The degree, 3, is odd, and the coefficient, 2, is
positive.Thus the end behavior of the graph will appear as follows.

J
y

2. To find the zeros, we solve f(x) = 0. Here we can use factoring by
grouping.
2 +x* —8x—4=0
x2(2x +1)—4(2x+1) =0 Factoring by grouping
Qx+ 1)(x*—4) =0
2x+ 1)(x+2)(x—2)=0 Factoring a difference of squares

The zeros are —3, —2, and 2. Each is of multiplicity 1. The x-intercepts
are (—2,0), (—%, 0), and (2,0).
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3. The zeros divide the x-axis into four intervals:

(==-2),  (=2-3),  (-32), and (2,).
_1
-2 73 2
—_—
—5-4-3-2-1 0 1 2 3 4 5%

We choose a test value for x from each interval and find f(x).

Interval (=00, =2) (-2,-3) (-5.2) (2,%)
Test Value, x -3 -1 1 3
Function : :

Value, f(x) =25 3 -9 35

Sign of f(x) - + — +
Location of

Points on Graph Below x-axis Above x-axis Below x-axis Above x-axis

y=2x"+x>—8x—4 B _2-5% B ) *
X Y1 <t+—t+—t+—ot+ot+—F+—o+—+—+—>
-3 —25 —5-4-3-2-1 0 1 2 3 4 Sx
5 %
’ - The test values and corresponding function values also give us four
points on the graph: (—3, —25),(—1,3), (1, —9),and (3, 35).

s 4. To determine the y-intercept, we find f(0):
f(x) =2x + x> — 8x — 4
f(0)=2-0°+0"—-8-0—-4=—4
The y-intercept is (0, —4).
5. We find a few additional points and complete the graph.

y
b f(x) S5k t(_L 3)
s o (—1.5,3.5) ‘3‘: ]
—1‘5 3.5 2r b=
i ’ (=20 i7" |20
0.5 —7.5 L | | L1
—5—4-3-2-1 1 3 45 x
1.5 -7 Ar
—qr (0> _4)
f(x)=2x3+x2—8x—4 -3\
—4¢
-5
-6
-7 (1.5, —7)
—8F (0.5, —=7.5)
(—2.5, —9)4 -9+ ¥ (1,—9)




y:2x3+x2—8x—4
6

_5\11A£1/1115

y=x*—7x% + 12x% + 4x — 16

X Y1
125 | 13.863
1 —6
3 -4
4.25 6.6445
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6. The degree of fis 3. The graph of fcan have at most 3 x-intercepts and at
most 2 turning points. It has 3 x-intercepts and 2 turning points. Each
zero has a multiplicity of 1. Thus the graph crosses the x-axis at —2,
—1,and 2. The graph has the end behavior described in step (1). As
x—> —, h(x) — —, and as x — @, h(x) — . The graph appears to

be correct. Now Try Exercise 33.

Some polynomials are difficult to factor. In the next example, the poly-
nomial is given in factored form. In Sections 4.3 and 4.4, we will learn meth-
ods that facilitate determining factors of such polynomials.

EXAMPLE 3 Graph the polynomial function
g(x) = x* =7 + 1267 + 4x — 16 = (x + 1)(x — 2)*(x — 4).
Solution

1. The leading term is x* The degree, 4, is even, and the coefficient, 1, is
positive. The sketch below shows the end behavior.

\../

2. To find the zeros, we solve g(x) = 0:
(x + 1)(x — 2)*(x — 4) = 0.

The zeros are —1, 2, and 4; 2 is of multiplicity 2; the others are of multi-
plicity 1. The x-intercepts are (—1,0), (2,0), and (4, 0).

3. The zeros divide the x-axis into four intervals:

(=, —1), (-12), (2,4), and (4, ).

—5—-4-3-2—-1 0 1 2 3 4 Sx

We choose a test value for x from each interval and find g(x).

-
Interval (—o,—1) (—-1,2) (2,4) (4, =)
Test Value, x —1.25 1 3 4.25
Function : :

Value, g(x) ~13.9 : -6 : —4 ~6.6

Sign of g(x) + - - +

Location of :

Points on Graph Above x-axis : Below x-axis Below x-axis Above x-axis
|

e R

<ttt —+—"F—0—+—0—+—>
—5—4-3-2—-1 0 1 2 3 4 Sx
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The test values and corresponding function values also give us four
points on the graph: (—1.25,13.9), (1, —6), (3, —4), and (4.25, 6.6).

4. To determine the y-intercept, we find g(0):
g(x) = x* — 77 + 125 + 4x — 16
g(0)=0"-7-0°+12:0°+4-0—16 = —16.
The y-intercept is (0, —16).
5. We find a few additional points and draw the graph.

y=x*—73 +12x> + 4x — 16 y r
2 x g(x) (—1.25,13.9) 14}
E 12
—0.5 —14.1 ‘ glx) = x*—7x3 + 12x2 + 4x — 16 |10}
05 —11.8 8T (4.25,6.6)
_5 5 -
1.5 —1.6 4k
(4,0)
2.5 —1.3 (=1,0)| 21 (2,0)
18 3.5 —5.1 e NV AR S
&is (3,—4)
5 6_
1,—6
1l ( )
— 0_
_1bl#(0.5, —11.8)
(=0.5,—14.1) -1
(—0.15, —16.3) ~16&(0, —16)
718_

6. The degree of gis 4. The graph of g can have at most 4 x-intercepts and
at most 3 turning points. It has 3 x-intercepts and 3 turning points. One
of the zeros, 2, has a multiplicity of 2, so the graph is tangent to the
x-axis at 2. The other zeros, —1 and 4, each have a multiplicity of 1 so
the graph crosses the x-axis at —1 and 4. The graph has the end behav-
ior described in step (1). As x—> o and as x— —, g(x) — . The

graph appears to be correct.

® The Intermediate Value Theorem

Polynomial functions are continuous, hence their graphs are unbroken. The
domain of a polynomial function, unless restricted by the statement of the
function, is (—%, ). Suppose two polynomial function values P(a) and
P(b) have opposite signs. Since P is continuous, its graph must be a curve
from (a, P(a)) to (b, P(b)) without a break. Then it follows that the curve
must cross the x-axis at some point ¢ between a and b; that is, the function
has a zero at ¢ between a and b.

Yy
Pa) (a, P(a)); P(a) > 0
(¢, P(c)); P(c) = 0
a N b %
P(b)l-
(b, P(b)); P(b) <0
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THE INTERMEDIATE VALUE THEOREM

For any polynomial function P(x) with real coefficients, suppose
that for a # b, P(a) and P(b) are of opposite signs. Then the func-
tion has a real zero between a and b.

The intermediate value theorem cannot be used to determine
whether there is a real zero between a and b when P(a) and P(b)
have the same sign.

EXAMPLE 4 Using the intermediate value theorem, determine, if pos-
sible, whether the function has a real zero between a and b.
a) flx) =X+ x> —6x;a= —4,b= —2
b)f(x)=x3+x2—6x;a=—1,b=3
) g(x) =5x' —xha=—3,b=;
d) g(x) =3x'— x5 a=1b=2
Solution We find f(a) and f(b) or g(a) and g(b) and determine whether
they differ in sign. The graphs of f(x) and g(x) at left provide a visual check
of the conclusions.
Q) f(—4) = (~4)° + (4 — 6(—4) = 24,

f(=2) = (=2 + (-2 = 6(=2) = 8

Note that f(—4) is negative and f(—2) is positive. By the intermediate

value theorem, since f(—4) and f(—2) have opposite signs, then f(x)
has a zero between —4 and —2. The graph at left confirms this.

b) f(=1) = (=1 + (-1)* = 6(—1) =6,
f(3) =3+ 32 —-6(3) =18
Both f(—1) and f(3) are positive. Thus the intermediate value theorem
does not allow us to determine whether there is a real zero between —1

and 3. Note that the graph of f(x) shows that there are two zeros between
—1and3.

0 (-1 =31~ (- =5

) =30 - 0= 4
Since g( —%) and g(%) have opposite signs, g(x) has a zero between —%
and . The graph at left confirms this.

d) g(1) =3(1)" = 1° = 3,
g(2) =3(2)' =2’ = 3
Both g(1) and g(2) are negative. Thus the intermediate value theorem

does not allow us to determine whether there is a real zero between 1 and 2.
Note that the graph of g(x) at left shows that there are no zeros between

1 and 2. Now Try Exercises 39 and 43.
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A
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—4-3-2-1 12 3 5 6 x
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4
—6
-8
10
-12
A
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321 123456 7%
-2
-3
Y
C 125
100
75
50
25
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25
-50
-75
~100
-125
Y
D |
3
2
1
-4-3-2-1 N2 3 45 6x

—5—4—3—2—1} 12 3 4 5%

Polynomial Functions and Rational Functions

Visualizing

Match the function with its graph.

L. f(x) = —x*—x+5

2. f(x) = —3x* + 6x— 3

3. f(x) = x* —4x’ + 3x* + 4x — 4

2

4. f(x) = —gx + 4

5. f(x) = x> — 4x*

6. f(x) = x* — 9x*

7. f(x) = x> —3x° + 2

8. flx) = —x —x—1

9. flx) =x*+7x+6

7

10. f(x) = E
Answers on page A-23

ma
= N wls 0

—5-4-3-2-1
-1

-2
-3

=5

1 2 3 4 5x

—5-4-3-2f1

112 3 4 5x

-5-4-3-4-1

2 3 4 5x

—
= N w s 0T

—4-3-2—
1
2
3
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4.2 Exercise Set

For each function in Exercises 1—6, state: 7. f(x) = i X —5
a) the maximum number of real zeros that the function 8. f(x) = —05x° — x° + 4t — 523 — 742
can have; T x—3
b) the maximum number of x-intercepts that the graph
of the function can have; and 9. f(x) =x — x*+ x> + 4
c) the maximum number of turning points that the 10. f(x) = —1x® — 42> + 6x + 42
graph of the function can have.
L fx) =% — 2 +6 1. f(x) = x* — 2% + 126 + x — 20
2 f(x) = -2+ x' — x5+ 3 12. f(x) = —0.3x7 + 0.11x° — 0.25x° + x* + x°
—6x—5
3. =x0 =2 +4x -2
f(x) ic x * Graph the polynomial function. Follow the steps out-
4. f(x) = 3 + 2x° lined in the procedure on p. 317.
5. f(x) = —x — x° 13. f(x) = —x* — 2¢
6. f(x) = —3x*+ 22 —x— 4 14. g(x) = x* — 4x° + 3%°
In Exercises 7-12, use the leading-term test and your 15. h(x) = x>+ 2x—3
knowledge of y-intercepts to match the function with 16. f(x) = x> — 5x + 4
one of the graphs (a)—(f), which follow. 5 ,
a) y b) y 17. h(X) = x’ — 4x

18. f(x) = x> — x
19. h(x) = x(x — 4)(x + 1)(x — 2)
e —2—‘;_ PRI 20. f(x) = x(x — 1)(x + 3)(x + 5)

=

&l 21, g(x) = —1x° — 3x°
f 22. f(x) = 5x° + 35
d) y 23, g(x) = —x* — 2x°
1§ 24. h(x) = x* — 3x*
25. f(x) = ~Y(x = 2)(x + )2x— 1)
RNV 26. g(x) = (x — 2)’(x + 3)
“of 27. g(x) = —x(x — 1)%(x + 4)°
10 28. h(x) = —x(x — 3)(x — 3)(x + 2)
©) f) 29. f(x) = (x — 2%(x + 1)*

r 30. g(x) = x* — 9x?
31, g(x) = —(x— 1)*

|
ol
AL
bk
J
=
T
—
o
whk
-
wik
=
S} }
T

6 AL 12345 % 32. h(x) = (x +2)°

-8 4}

or o 33. h(x) =% +3x* —x— 3
14 10

34, g(x) = —x + 2x* + 4x— 8
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35. f(x) = 6x° — 8x* — 54x + 72
36. h(x) = x> — 5x° + 4x
Graph the piecewise function.

—x + 3, forx = —2,

37. g(x) = 4 4, for—2 < x<1,
%x3, forx =1
—x2%, for x < =2,

38. h(x) =qx+ 1, for=2=x<0,

X =1, forx=0

Using the intermediate value theorem, determine, if
possible, whether the function f has a real zero between
a and b.

39. f(x) =x*+3x* —9x— 13, a= —5,b= —4
40. f(x) =X +3x* —9x— 13, a=1,b=2
41. f(x) =3x* —2x— 1l a= —3,b= —2

42. f(x) =3x* —2x—1l; a=2,b=3

43. f(x) =x*—2x* -6, a=2,b=3

4. f(x) =2 = 7x+ L a=1,b=2

45. f(x) =x —5x* + 4 a=4,b=>5

46. f(x) =x'—3x*+x— 1, a= —3,b= -2

Match the equation with one of the graphs (a)—(f),
which follow.

a) y

53. 2x — 5 = 4 — 3x
54. x> — x> — 12x =0
55. 6x> — 23x — 55 = 0

56. 3x + 10 = & + 2x

) y d) y
5 ‘5
4 4
3 3
2 2
1 |
5432112345 % 5432/ 12345 |
) -2
L3 =3
<4 4
L5 <5
f) y
il
4
3
2
o1
12345 & 532112345
L2
43
-4
=5
47. y = x 48. x = —4
49. y —2x =6 50. 3x + 2y = —6
5. y=1—x 52. y =2
Solve.



SECTION 4.3 Polynomial Division; The Remainder Theorem and the Factor Theorem 325

Polynomial Division; The Remainder Theorem
and the Factor Theorem

Perform long division with polynomials and determine whether one polynomial is a
factor of another.

= Use synthetic division to divide a polynomial by x — c.
= Use the remainder theorem to find a function value f(c).
= Use the factor theorem to determine whether x — c is a factor of f(x).

In general, finding exact zeros of many polynomial functions is neither easy
nor straightforward. In this section and the one that follows, we develop
concepts that help us find exact zeros of certain polynomial functions with
degree 3 or greater. Consider the polynomial

‘ h(x) =x*+ 2x> = 5x — 6 h(x) = x +2x* = 5x— 6= (x+ 3)(x+ 1)(x — 2).
i/o The factors are
8t x + 3, x+ 1, and x — 2,
6_

and the zeros are

-3, —1, and 2.

When a polynomial is expressed in factored form, each factor determines a
zero of the function. Thus if we know the factors of a polynomial, we can
easily find the zeros. The “reverse” is also true: If we know the zeros of a
polynomial function, we can find the factors of the polynomial.

® Division and Factors

When we divide one polynomial by another, we obtain a quotient and a

remainder. If the remainder is 0, then the divisor is a factor of the dividend.

EXAMPLE 1 Divide to determine whether x + 1 and x — 3 are factors of
x° + 2x* — 5x — 6.

Solution We divide x> + 2x* — 5x — 6 by x + 1.

Quotient
——t——
X+ x —6
x + 1)x° + 2x* — 5x — 6 <— Dividend
X 3 2
T x + x
Divisor x> — 5x
X+ x
—6x — 6
—6x — 6

0 <—Remainder
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Since the remainder is 0, we know that x + 1 is a factor of x*> + 2x*> —
5x — 6. In fact, we know that

42 —5x—6=(x+ 1)(x*+ x — 6).
We divide x* + 2x* — 5x — 6 by x — 3.

x* + 5x + 10
x—3) +2x*— 5x— 6
x> — 3x?
5x2 — 5x
5x% — 15x
10x — 6
10x — 30

24 <—Remainder

Since the remainder is not 0, we know that x — 3 is not a factor of

X+ 2x* — 5x — 6.

When we divide a polynomial P(x) by a divisor d(x), a polynomial Q(x)
is the quotient and a polynomial R(x) is the remainder. The quotient Q(x)
must have degree less than that of the dividend P(x). The remainder R(x)
must either be 0 or have degree less than that of the divisor d(x).

As in arithmetic, to check a division, we multiply the quotient by the
divisor and add the remainder, to see if we get the dividend. Thus these
polynomials are related as follows:

P(x) = d(x) - Q(x) + R(x)

Dividend Divisor Quotient Remainder
For instance, if P(x) = x* + 2x* — 5x — 6 and d(x) = x — 3, as in
Example 1, then Q(x) = x* + 5x + 10 and R(x) = 24, and
P(x) = d(x) - Q(x) + R(x)
X +2x* —5x—6=(x—3) (x4 5x+ 10) + 24
= x° + 5x* + 10x — 3x* — 15x — 30 + 24
= x>+ 2x*> — 5x — 6.

® The Remainder Theorem and Synthetic Division
Consider the function

h(x) = x> + 2x*> — 5x — 6.
When we divided h(x) by x + 1 and x — 3 in Example 1, the remainders
were 0 and 24, respectively. Let’s now find the function values h(—1) and
h(3):

h(—1) = (—1)> + 2(—1)> = 5(—1) — 6 = 0;

h(3) = (3)> + 2(3)* — 5(3) — 6 = 24.
Note that the function values are the same as the remainders. This suggests
the following theorem.



SECTION 4.3 Polynomial Division; The Remainder Theorem and the Factor Theorem 327

THE REMAINDER THEOREM

If a number cis substituted for x in the polynomial f(x), then the
result f(¢) is the remainder that would be obtained by dividing f(x)
by x — c. Thatis, if f(x) = (x — ¢) - Q(x) + R, then f(¢c) = R.

Proof (Optional). The equation f(x) = d(x) - Q(x) + R(x), where
d(x) = x — ¢, is the basis of this proof. If we divide f(x) by x — ¢, we
obtain a quotient Q(x) and a remainder R(x) related as follows:

fx) = (x = ¢) - Qx) + R(x).
The remainder R(x) must either be 0 or have degree less than x — c. Thus,

R(x) must be a constant. Let’s call this constant R. The equation above is
true for any replacement of x, so we replace x with ¢. We get

fle=(c=c-Q() + R
=0-Q(¢c) + R
=R

Thus the function value f(c¢) is the remainder obtained when we divide
f(x)byx — ¢ a

The remainder theorem motivates us to find a rapid way of dividing by
x — ¢ in order to find function values. To streamline division, we can arrange
the work so that duplicate and unnecessary writing is avoided. Consider the
following:

(4 = 3x* + x+ 7) = (x — 2).

A. 4x* + 5x + 11 B. 4 5 11
x—24x =32+ x+ 7 1—24—-3+ 1+ 7
4x° — 8x* 4—-8
502+ x 54+ 1
5% — 10x 5—10
1lx + 7 11+ 7
11x — 22 11 — 22
29 29

The division in (B) is the same as that in (A), but we wrote only the coef-
ficients. The red numerals are duplicated, so we look for an arrangement in
which they are not duplicated. In place of the divisor in the form x — ¢, we
can simply use ¢ and then add rather than subtract. When the procedure is
“collapsed,” we have the algorithm known as synthetic division.
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Y1(10)

170802

C. Synthetic Division

Q 4 -3 1 7 The divisor is x — 2;thus we
use 2 in synthetic division.
|t A a2
4+ 57 n-T 29

We “bring down” the 4. Then we multiply it by the 2 to get 8 and add to get
5. We then multiply 5 by 2 to get 10, add, and so on. The last number, 29,
is the remainder. The others, 4, 5, and 11, are the coefficients of the quo-
tient, 4x> + 5x + 11.(Note that the degree of the quotient is 1 less than the
degree of the dividend when the degree of the divisor is 1.)

When using synthetic division, we write a 0 for a missing term in the
dividend.

EXAMPLE 2 Use synthetic division to find the quotient and the remainder:
(2%’ + 7x* = 5) = (x + 3).

Solution First, we note that x + 3 = x — (—3).

—3] 2 7 0 —5
_ _ Note: We must write a 0
6 3 9 I
for the missing x-term.
2 1 -3 | o4

The quotient is 2x* + x — 3. The remainder is 4.

Now Try Exercise 11.

We can now use synthetic division to find polynomial function values.

EXAMPLE 3 Given that f(x) = 2x° — 3x* + x> — 2% + x — 8, find
1(10).

Solution By the remainder theorem, f(10) is the remainder when f(x) is
divided by x — 10. We use synthetic division to find that remainder.

10 2 -3 1 =2 1 —8
20 170 1710 17,080 170,810

2 17 171 1708 17,081 | 170,802
Thus, f(10) = 170,802.

Compare the computations in Example 3 with those in a direct substitution:
£(10) = 2(10)°> — 3(10)* + (10)* — 2(10)*> + 10 — 8

= 2-100,000 — 3 - 10,000 + 1000 — 2 -100 + 10 — 8

= 200,000 — 30,000 + 1000 — 200 + 10 — 8

= 170,802.
The computations in synthetic division are less complicated than those
involved in substituting. The easiest way to find f(10) is to use one of the
methods for evaluating a function on a graphing calculator. In the figure at

left, we show the result when we enter y; = 2% —3xt+ X -2+ x— 8
and then use function notation on the home screen.
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EXAMPLE 4 Determine whether 5 is a zero of g(x), where
g(x) = x* — 26x% + 25.

Solution We use synthetic division and the remainder theorem to find g(5).

ﬂ 1 0 —26 0 25 Writing 0’s for missing terms:
5 95 s s x + 0x® — 26xF + 0x + 25
15 -1 -5 | o0

Since g(5) = 0, the number 5 is a zero of g(x).
EXAMPLE 5 Determine whether iis a zero of f(x), where
f(x) = x = 3x* + x — 3.

Solution We use synthetic division and the remainder theorem to find (7).

il 1 -3 1 =3 _i(-3+i)=—3i+i=-3—1
; _31-_141'(—31‘): 32 =3
1 =3+ -3i | 0

Since f(i) = 0, the number i is a zero of f(x).

Now Try Exercise 35.

® Finding Factors of Polynomials

We now consider a useful result that follows from the remainder theorem.

THE FACTOR THEOREM
For a polynomial f(x), if f(¢) = 0, then x — cis a factor of f(x).

Proof (Optional). If we divide f(x) by x — ¢, we obtain a quotient and a
remainder, related as follows:

fx) = (x = ) - Qx) + f(¢)
Then if f(c) = 0, we have
fx) = (x = ¢ - Qx),
so x — cisa factor of f(x). [ ]
The factor theorem is very useful in factoring polynomials and hence in

solving polynomial equations and finding zeros of polynomial functions. If
we know a zero of a polynomial function, we know a factor.

EXAMPLE 6 Letf(x) = x> — 3x> — 6x + 8.Factor f(x) and solve the
equation f(x) = 0.

Solution We look for linear factors of the form x — c. Let’s try x + 1,
or x — (—1). (In the next section, we will learn a method for choosing
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the numbers to try for c¢.) We use synthetic division to determine whether
f(—-1) =o0.
-1 1 -3 -6 8
-1 4 2
1 -4 -2 | 10

Since f(—1) # 0, we know that x + 1 is not a factor of f(x). We now try
x— 1

1] 1 -3 -6 8
1 -2 -8
1 -2 -8 | o

Since f(1) = 0, we know that x — 1 is one factor of f(x) and the quotient,

x> — 2x — 8,1is another. Thus,

f(x) = (x — 1)(x* — 2x — 8).

The trinomial x> — 2x — 8 is easily factored in this case, so we have

flx) = (x = 1)(x — 4)(x + 2).

We now solve the equation f(x) = 0. To do so, we use the principle of zero

products:
(x—1(x—4)(x+2)=0
X g x—1=0 or x—4=0 or x+2=0
-2 0
1 0 x=1 or x=4 or x = —2.
4 0
The solutions of the equation x> — 3x* — 6x + 8 = 0 are —2, 1, and 4.
They are also the zeros of the function f(x) = x> — 3x*> — 6x + 8. We can
X= use a table set in ASK mode to check the solutions. (See the table at left.)

Now Try Exercise 41.

CONNECTING THE CONCEPTS

Consider the function
f(x) = (x—2)(x+3)(x+ 1), or f(x)=x+2x>—5x— 6,

= A B — B G and its graph.
20 We can make the following statements:

e —3isazerooff
-5 5 * f(=3) =0
* —3isasolution of f(x) = 0.
* (—3,0) is an x-intercept of the graph of f.
-2 * 0 is the remainder when f(x) is divided by x + 3, or x — (—3).
* x — (—3),orx + 3,isafactor of f.

Similar statements are also true for —1 and 2.



SECTION 4.3 Polynomial Division; The Remainder Theorem and the Factor Theorem 331

Exercise Set

4.3

1. For the function
f(x) = x* — 6x° + x* + 24x — 20,
use long division to determine whether each of
the following is a factor of f(x).

a) x+1 b) x — 2 ¢ x+5

2. For the function
h(x) = x* — x* — 17x — 15,
use long division to determine whether each of
the following is a factor of h(x).

a) x+5 b)) x+1 c) x+ 3

3. For the function
g(x) = x — 2x* — 11x + 12,
use long division to determine whether each of
the following is a factor of g(x).

a) x — 4 b) x—3 c) x—1

4. For the function
f(x) = x* + 8x° + 5x* — 38x + 24,
use long division to determine whether each of
the following is a factor of f(x).

a) x+ 6 b)) x+1 c) x— 4

In each of the following, a polynomial P(x) and a divisor

d(x) are given. Use long division to find the quotient

Q(x) and the remainder R(x) when P(x) is divided by

d(x). Express P(x) in the form d(x) - Q(x) + R(x).
5. P(x) = x° — 8,

d(x) = x+ 2

6. P(x) =2x = 3x* + x — 1,
dlx) =x—3

7. P(x) = x* + 6x* — 25x + 18,
dlx) =x+9

8. P(x) = x> — 9x* + 15x + 25,
dlx) =x—5

9. P(x) = x* — 2x* + 3,
d(x) = x+ 2

10. P(x) = x* + 6x7,
dix) =x—1

Use synthetic division to find the quotient and the
remainder.

1. (2x* + 7 + x — 12) + (x + 3)
12. (& —7x* + 13x + 3) = (x — 2)
13, (X —2x* — 8) + (x+ 2)

14. (2> — 3x+ 10) = (x — 2)

15. (3x° — x* + 4x — 10) ~ (x + 1)
16. (4x* — 2x +5) + (x + 3)

17. (x° + x° — x) = (x — 3)

18. (X —x*+xX° —x*+2)+ (x+1)
19. (x* = 1) = (x— 1)

20. (x° +32) + (x +2)
21 (2x* + 3% — 1) = (x —
22. (3x* — 23 +2) = (x—

)
)

o

Use synthetic division to find the function values. Then
check your work using a graphing calculator.

23. f(x) = x* — 6x* + 11x — 6; find f(1), f(—2),
and f(3).

24. f(x) = x° + 7x* — 12x — 3;find f(—3),
f(=2),and f(1).

25. f(x) = x* — 3x’ 4+ 2x + 8;find f(—1), f(4),
and f(—5).

26. f(x) = 2x* + x* — 10x + 1;find f(—10), f(2),
and f(3).

27. f(x) = 2x° — 3x* + 2x> — x + 8;find £(20)
and f(—3).

28. f(x) = x> — 10x* + 20x° — 5x — 100; find

10) and f(5).

f(=

29. f(x) = x* — 16; find £(2), f(—2), f(3), and
1= "V2).

30. f(x) = x° + 32;find f(2), f(—2), f(3), and
f(2 + 3i).
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Using synthetic division, determine whether the
numbers are zeros of the polynomial function.

31. —3,2; f(x) = 3x> + 5x* — 6x + 18

32. —4,2; f(x) =3x + 11x* — 2x + 8

33. —=3,1; h(x) = x* + 4x° + 2x* — 4x— 3
34. 2,—1; g(x) = x* — 6x° + x* + 24x — 20
35. i, —2i; g(x) = x> — 4x> + 4x — 16

36. 5,2; hix) = x> — x> —ix+ 3

37. —3,%; flx) = 3 — %xz + x —%

38. 4, —i, =2 f(x) = x* +2x* + x + 2
Factor the polynomial function f(x). Then solve the
equation f(x) = 0.

39. f(x) = x> +4x> + x— 6

40. f(x) = x° + 5x° — 2x — 24

= x> — 6x* + 3x+ 10

(

41. f(x)

42. f(x) = x* + 2x* — 13x + 10

43. f(x) = x — x* — 14x + 24

44. f(x) = x> — 3x* — 10x + 24

45. f(x) = x* — 7x> + 9x* + 27x — 54

46. f(x) = x* — 4x’ — 7x* + 34x — 24
(x)

47. f(x) = x* — x> — 19x* + 49x — 30
48. f(x) = x* + 11x° + 41x* + 61x + 30

Sketch the graph of the polynomial function. Follow the
procedure outlined on p. 317. Use synthetic division and
the remainder theorem to find the zeros.

49. f(x) =x*—x —-7x*+x+6
50. f(x) = x*+ x —3x* — 5x— 2

(
51 f(x) =x> —7x+ 6
52. f(x) = x* — 12x + 16
53. f(x) = —x + 3x* + 6x — 8
54, f(x) = —x* + 2x° + 3x* —4x — 4

Solve. Find exact solutions.
55. 2x*> + 12 = 5x

Polynomial Functions and Rational Functions

56. 7x* + 4x = 3

In Exercises 57-59, consider the function

g(x) = x* + 5x — 14.
57. What are the inputs if the output is —14?
58. What is the output if the input is 3?

59. Given an output of —20, find the corresponding
inputs.

60. Movie Ticket Prices. The average price of a
movie ticket has increased linearly over the
years, rising from $5.39 in 2000 to $7.89 in 2010
(Source: National Association of Theatre Own-
ers). Using these two data points, find a linear
function, f(x) = mx + b, that models the data.
Let x represent the number of years since 2000.
Then use this function to estimate the average
price of a movie ticket in 2005 and in 2015.

61. The sum of the base and the height of a triangle
is 30 in. Find the dimensions for which the area
1$ a maximum.

In Exercises 62 and 63, a graph of a polynomial func-
tion is given. On the basis of the graph:

a) Find as many factors of the polynomial as you can.

b) Construct a polynomial function with the zeros
shown in the graph.

c) Can you find any other polynomial functions with
the given zeros?

d) Can you find more than one polynomial function
with the given zeros and the same graph?



62.

63.

64.

65.

66.

(=5,0) ~1500

- ~100
(=4,0) ~ /2

—-200
—250

For what values of k will the remainder be the
same when x* + kx + 4 is divided by x — 1 and
by x + 12

Find k such that x + 2 is a factor of
X — kx* + 3x + 7k

Beam Deflection. A beam rests at two points
A and Band has a concentrated load applied
to its center. Let y = the deflection, in feet, of
the beam at a distance of x feet from A. Under
certain conditions, this deflection is given by

_ 1.3 1
Y = 133X 14%.

Mid-Chapter Mixed Review

Determine whether the statement is true or false.

1.

3.If f(x) = (x + 7)(x — 8), then f(8) = 0. [4.3]

The y-intercept of the graph of the function
P(x) =5 — 2x’is (5,0). [4.2]

Mid-Chapter Mixed Review
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Find the zeros of the polynomial in the interval
[0,2].

Solve.
252 4 12x — 4
67. — + = S
xt =1 x+ 3 x+3x"—x—3
67 60 1
68

. + =
X4+11 -7+ 1Ux—77 x—7

69. Find a 15th-degree polynomial for which x — 1

is a factor. Answers may vary.
Use synthetic division to divide.
70. (x* = y*) = (x =)
71 (& + 3ix® — 4ix — 2) + (x + i)
72. (&> —4x—2) + [x— (3 + 2i)]
73. (* —3x+7) + (x — i)

2. The degree of the polynomial x — 3x* — 3x° + x°

is6. [4.1]
4. If f(12) = 0, then x + 12 is a factor of f(x).

[4.3]
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Find the zeros of the polynomial function and state the multiplicity of each. [4.1]
5. f(x) = (x* — 10x + 25)° 6. h(x) = 2x> + x* — 50x — 25
7.9(x) = x* — 3x* + 2 8. f(x) = —6(x — 3)*(x + 4)
In Exercises 9—12, match the function with one of the graphs (a)—(d), which follow. [4.2]
a) b) <) d)

9. f(x) = x* — x* — 6x* 10. f(x) = —(x — 1)’(x + 2)?

11. f(x) = 6x° + 8x* — 6x — 8 12. f(x) = —(x — 1)’(x + 1)

Using the intermediate value theorem, determine, if possible, whether the function has at least one real zero between
aandb. [4.2]

13. f(x) = —2x* +35a=-2,b=0 4. f(x) =% —2x* + 3, a=—-Lb=1

15. For the polynomial P(x) = x* — 6x’ + x — 2 and the divisor d(x) = x — 1, use long division to
find the quotient Q(x) and the remainder R(x) when P(x) is divided by d(x). Express P(x) in the form
d(x) - Q(x) + R(x). [4.3]

Use synthetic division to find the quotient and the remainder. [4.3]

16. (3x* — x> + 2x* — 6x + 6) + (x — 2) 17. (x> = 5) = (x + 1)

Use synthetic division to find the function values. [4.3]

18. g(x) = x° — 9x* + 4x — 10; find g(—5) 19. f(x) = 20x> — 40x; find f(3)

20. f(x) = 5x* + ¥ — x; ﬁndf(—\/Z)

Using synthetic division, determine whether the numbers are zeros of the polynomial function. [4.3]

21. =34, 3; f(x) = x — 4x* + 9x — 36 22. —1,5; f(x) = «® — 35x* + 259x* — 225

Factor the polynomial function f(x). Then solve the equation f(x) = 0. [4.3]
23. h(x) = x> — 2x* — 55x + 56 24. g(x) = x* — 20 — 13x% + 14x + 24

25. How is the range of a polynomial function related 26. Is it possible for the graph of a polynomial function
to the degree of the polynomial? [4.1] to have no y-intercept? no x-intercepts? Explain
your answer. [4.2]

27. Explain why values of a function must be all posi- 28. In synthetic division, why is the degree of the
tive or all negative between consecutive zeros. [4.2] quotient 1 less than that of the dividend? [4.3]
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Find a polynomial with specified zeros.

= For a polynomial function with integer coefficients, find the rational zeros and the
other zeros, if possible.

» Use Descartes’ rule of signs to find information about the number of real zeros of a
polynomial function with real coefficients.

We will now allow the coefficients of a polynomial to be complex numbers.
In certain cases, we will restrict the coefficients to be real numbers, rational
numbers, or integers, as shown in the following examples.

( )
Polynomial Type of Coefficient
5x° =3 + 2+ 4i)x+ i Complex
55° = 32 + Vox — m Real
50° — 3x% + ix— Rational
5x° — 3x* + 8x — 11 : Integer

® The Fundamental Theorem of Algebra

A linear, or first-degree, polynomial function f(x) = mx + b (where m # 0)
has just one zero, —b/m. It can be shown that any quadratic polynomial
function f(x) = ax® + bx + ¢ with complex numbers for coefficients has at
least one, and at most two, complex zeros. The following theorem is a generaliza-
tion. No proof is given in this text.

THE FUNDAMENTAL THEOREM OF ALGEBRA

Every polynomial function of degree n, with n = 1, has at least one
zero in the set of complex numbers.

Note that although the fundamental theorem of algebra guarantees that
a zero exists, it does not tell how to find it. Recall that the zeros of a polyno-
mial function f(x) are the solutions of the polynomial equation f(x) = 0.
We now develop some concepts that can help in finding zeros. First, we con-
sider one of the results of the fundamental theorem of algebra.

Every polynomial function fof degree n, with n = 1, can be factored
into # linear factors (not necessarily unique); that is,

fx) = ayx = a)(x = ) (x = q).
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y=x>—x*+9% -9
30

R 3 [ S— E/l L

5

y=x>—x*—9x>—11x% — 4x
100

—200

® Finding Polynomials with Given Zeros

Given several numbers, we can find a polynomial function with those num-
bers as its zeros.

EXAMPLE 1 Find a polynomial function of degree 3, having the zeros
1, 34, and —31i.

Solution Such a function has factors x — 1, x — 31, and x + 31, so we
have

f(x) = a,(x — 1)(x — 3i)(x + 3i).
The number a,, can be any nonzero number. The simplest polynomial func-
tion will be obtained if we let it be 1. If we then multiply the factors, we
obtain
f(x) = (x — 1)(x* — 94%)  Multiplying (x — 3i)(x + 3i)
=(x—1)(x*+9) -9i¥ = —9(-1) = 9

— x3 _ x2 + 9x — 9, Now Try Exercise 3.

EXAMPLE 2 Find a polynomial function of degree 5 with —1 as a zero
of multiplicity 3, 4 as a zero of multiplicity 1, and 0 as a zero of multiplicity 1.

Solution Proceeding as in Example 1, letting a,, = 1, we obtain
fx) = [x = (=) ](x = 4)(x = 0)
= (x+ 1)°(x — 4)x
(x> + 3x% + 3x + 1)(x* — 4x)

=x — x* — 9 — 11x* — 4x. Now Try Exercise 13.

® Zeros of Polynomial Functions
with Real Coefficients

Consider the quadratic equation x* — 2x + 2 = 0, with real coefficients.
Its solutions are 1 + iand 1 — i. Note that they are complex conjugates.
This generalizes to any polynomial equation with real coefficients.

NONREAL ZEROS: a + bi AND a — bi, b # 0

If a complex number a + bi, b # 0, is a zero of a polynomial
function f(x) with real coefficients, then its conjugate, a — bi,
is also a zero. For example, if 2 + 7i is a zero of a polynomial
function f(x), with real coefficients, then its conjugate, 2 — 7i,
is also a zero. (Nonreal zeros occur in conjugate pairs.)

In order for the preceding to be true, it is essential that the coefficients
be real numbers.
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® Rational Coefficients

When a polynomial function has rational numbers for coefficients, certain
irrational zeros also occur in pairs, as described in the following theorem.

IRRATIONAL ZEROS: a + ¢\Vb AND a — c\Vb,
b IS NOT A PERFECT SQUARE

Ifa + ¢\/b, where a, b, and c are rational and b is not a perfect
square, is a zero of a polynomial function f(x) with rational
coefficients, then its conjugate, a — ¢V b, is also a zero. For
example, if =3 + 5\V/2 is azero of a polynomial function f(x)

with rational coefficients, then its conjugate, —3 — 5V/2, is also
a zero. (Irrational zeros occur in conjugate pairs.)

EXAMPLE 3 Suppose that a polynomial function of degree 6 with rational
coefficients has

—2+45i, —2i and 1-—\3
as three of its zeros. Find the other zeros.

Solution Since the coefficients are rational, and thus real, the other zeros
are the conjugates of the given zeros,

—2—5i 2i and 1+ V3.

There are no other zeros because a polynomial function of degree 6 can have

at most 6 zeros. Now Try Exercise 19.

EXAMPLE 4 Find a polynomial function of lowest degree with rational
coefficients that has —\V/3 and 1 + i as two of its zeros.

Solution The function must also have the zeros \/3 and 1 — i. Because
we want to find the polynomial function of lowest degree with the given

zeros, we will not include additional zeros; that is, we will write a polynomial
function of degree 4. Thus if we let a, = 1, the polynomial function is

fx) =[x = (=V3)][x = V3][x = (1 + i) ][x— (1 i)]
= (x+ V3)(x = V3)[(x— 1) = i][(x = 1) + i
= (& -3)[(x -1 - 2]
=(—=3)[x—2x+1+1]
= (x* = 3) (x> —2x + 2)
=x*—2x — % + 6x — 6.

® Integer Coefficients and the
Rational Zeros Theorem
It is not always easy to find the zeros of a polynomial function. However, if

a polynomial function has integer coefficients, there is a procedure that will
yield all the rational zeros.
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THE RATIONAL ZEROS THEOREM
Let

P(x) = ax™+ g, x" 1 + o  + ax + ap,

where all the coefficients are integers. Consider a rational number
denoted by p/q, where p and q are relatively prime (having no com-
mon factor besides —1 and 1). If p/q is a zero of P(x), then pisa
factor of a, and ¢ is a factor of a,,.

EXAMPLE 5 Given f(x) = 3x* — 11x° + 10x — 4

a) Find the rational zeros and then the other zeros; that is, solve f(x) = 0.
b) Factor f(x) into linear factors.

Solution
a) Because the degree of f(x) is 4, there are at most 4 distinct zeros. The
rational zeros theorem says that if a rational number p/q is a zero of
f(x), then p must be a factor of —4 and q must be a factor of 3. Thus the
possibilities for p/q are
Possibilities for p 1, +2,+4
Possibilities for q° +1,£3 °
Possibilities forp/q: 1, —1,2,—2,4, —4, %, —%, %, —%, %, —%.

y=3x*—11x* + 10x — 4 We could use the TABLE feature or some other method to find function
25 values. However, if we use synthetic division, the quotient polynomial
becomes a beneficial by-product if a zero is found. Rather than use syn-
4 8 thetic division to check each of these possibilities, we graph the func-
tion and inspect the graph for zeros that appear to be near any of the

possible rational zeros. (See the graph at left.)
From the graph, we see that of the possibilities in the list, only the

=45 numbers —1, 3, and 5 might be rational zeros.
We try —1.

-1} 3 =11 O 10 —4
-3 14 —14 4

3 —14 14 —4 | 0

We have f(—1) = 0, so —1 is a zero. Thus, x + 1 is a factor of f(x).
Using the results of the synthetic division, we can express f(x) as

f(x) = (x+ 1)(3x° — 14x* + 14x — 4).

We now consider the factor 3x° — 14x> + 14x — 4 and check the
other possible zeros. We try 3.

1/3] 3 —14 14 -4

13 29

1 -5 5

29 7

3 -13 2|2

Since f(%) # 0, we know that § is not a zero.
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Let’s now try 2.

2/3] 3 —14 14 -4

2 -3 4
3 -12 6 | 0

Since the remainder is 0, we know that x — 3 is a factor of 3x> — 14x* +
14x — 4 and is also a factor of f(x). Thus, 5 is a zero of f(x).

il We can check the zeros with the TABLE feature. (See the window at

=1
33333
.66667

%1037 left.) Note that the graphing calculator converts § and 3 to decimal
° notation. Slnce f(—=1) = 0and f(3) = 0, —1 and % are zeros. Since
f( ) # 0,1 is not a zero.

Using the results of the synthetic division, we can factor further:

= + _ 2 2 _ + Using the results of the
f(x) (x+1) ( x ) (3x 12x + 6) last synthetic division

= (x+ 1)(x - *) 3 (x — 4x + 2). Removinga factor of 3

The quadratic formula can be used to find the values of x for which
x> — 4x + 2 = 0. Those values are also zeros of f(x):

-b + Vb — dac

X =

2a
i A2 4.7
_ ( 4)i\/( 4) 4-1-2 a=1,b= —4,andc = 2
2-1
4V ax2V2 22t V2
2 2 2

=2+ V2.

The rational zeros are —1 and 2. The other zeros are 2 + V2.
b) The complete factorization of f(x) is
) = 3(x+ D(x=3)[x - 2= V)]lx= @2+ V)] or
fx) = (x+ DBx—2)[x— 2 - V2)][x— 2+ V2)].
Replacing 3(x - %) with (3x — 2)

Now Try Exercise 55.

EXAMPLE 6 Given f(x) = 2x° — x* — 4x° + 2x* — 30x + 15:

a) Find the rational zeros and then the other zeros; that is, solve f(x) = 0.

b) Factor f(x) into linear factors.

Solution

a) Because the degree of f(x) is 5, there are at most 5 distinct zeros. Accord-
ing to the rational zeros theorem, any rational zero of fmust be of the form
P/ q> where pis a factor of 15 and g is a factor of 2. The possibilities are

Possibilities for p t1,+3, £5 %15

Possibilities for q° +1,+2 ’

Possibilities for p/q: 1, —1, 3, =3, 5, =5, 15, —15, %, —%, %, —%,
5 515

_5 15 _ 15
> »2 2
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y=2x> — xt — 4x? + 2x?

CHAPTER 4

—30x + 15
80
-80
X Y1
—25 —69.38
5 0
2.5 46.25

Polynomial Functions and Rational Functions

Rather than use synthetic division to check each of these possibilities,
we graph y = 2x° — x* — 4x> + 2x? — 30x + 15. (See the graph at
left.) We can then inspect the graph for zeros that appear to be near any
of the possible rational zeros.

From the graph, we see that of the possibilities in the list, only the
numbers —3, 5, and 3 might be rational zeros. By synthetic division or
using the TABLE feature of a graphing calculator (see the table at left), we
see that only J is actually a rational zero.

1/2] 2 =1 -4 2 =30 15

1 0 -2 0 —15
2 0 -4 0 -3 | o
This means that x —  is a factor of f(x). We write the factorization and

try to factor further:
f(x) = (x - %)(Zx4 — 4x* — 30)
= (x - %) "2 (x4 - 2% — 15) Factoring out the 2
= (x - %) c 2 (xz - 5)()62 + 3). Factoring the trinomial

We now solve the equation f(x) = 0 to determine the zeros. We use the
principle of zero products:

(x—3)-2- (2 =5)(x*+3)=0

x—%ZO or ¥ =5=0 or X¥*+3=0
x—% or x’ =5 or x'= -3
x=3 or x=*+V5 or x= +V3i

There is only one rational zero, % The other zeros are *+ \@ and *+ \/gi.
b) The factorization into linear factors is
fx) =2(x—3)(x + \/g)(x - \/g)(x + \/?:i)(x - \/?:i), or
f(x) = (2x — D(x + V5)(x — V5)(x + V3i)(x — V3i).
ReplacingZ(x - %) with (2x — 1)

Now Try Exercise 63.

® Descartes’ Rule of Signs

The development of a rule that helps determine the number of positive real
zeros and the number of negative real zeros of a polynomial function is cred-
ited to the French mathematician René Descartes. To use the rule, we must
have the polynomial arranged in descending order or ascending order, with
no zero terms written in and the constant term not 0. Then we determine
the number of variations of sign, that is, the number of times, in reading
through the polynomial, that successive coefficients are of different signs.

EXAMPLE 7 Determine the number of variations of sign in the polyno-
mial function P(x) = 2x° — 3x* + x + 4.
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Solution We have

P(x) =2x —3x*+ x+ 4

From positive to Both positive; no variation
negative; a variation
From negative to positive;
a variation
The number of variations of sign is 2. [
Note the following:

P(—x) = 2(—x)° = 3(—x)* + (—x) + 4
= —2x —3x* — x + 4.

We see that the number of variations of sign in P(—x) is 1. It occurs as we
go from —x to 4.
We now state Descartes’ rule, without proof.

DESCARTES’ RULE OF SIGNS

Let P(x), written in descending order or ascending order, be a poly-
nomial function with real coefficients and a nonzero constant term.
The number of positive real zeros of P(x) is either:

1. The same as the number of variations of sign in P(x), or
2. Less than the number of variations of sign in P(x) by a positive
even integer.

The number of negative real zeros of P(x) is either:

3. The same as the number of variations of sign in P(—x), or
4. Less than the number of variations of sign in P(—x) by a posi-
tive even integer.

A zero of multiplicity m must be counted m times.

In each of Examples 8-10, what does Descartes’ rule of signs tell you
about the number of positive real zeros and the number of negative real zeros?

EXAMPLE 8 P(x) =2x —5x* —3x+6

Solution The number of variations of sign in P(x) is 2. Therefore, the
number of positive real zeros is either 2 or less than 2 by 2, 4, 6, and so on.
Thus the number of positive real zeros is either 2 or 0, since a negative number
of zeros has no meaning.

P(—x) = —2x> = 5x* + 3x + 6

The number of variations of sign in P(—x) is 1. Thus there is exactly
1 negative real zero. Since nonreal, complex conjugates occur in pairs, we
also know the possible ways in which nonreal zeros might occur. The table
shown at left summarizes all the possibilities for real zeros and nonreal

zeros of P(x). Now Try Exercise 93.
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Total Number
of Zeros 4

Positive Real 42
Negative Real :
Nonreal 0:2

o
o

o

Total Number
of Zeros 6

0asaZero
Positive Real
Negative Real
Nonreal

NS I S R
O = =

EXAMPLE 9 P(x) =5x* —3x> + 7x* — 12x + 4

Solution There are 4 variations of sign. Thus the number of positive real
zeros is either

4 or 4—2 or 4 — 4
that is, the number of positive real zeros is 4, 2, or 0.
P(—x) =5x*+3x" + 7x> + 12x + 4

There are 0 changes in sign, so there are no negative real zeros. The table at
left summarizes all the possibilities for real zeros and nonreal zeros of P(x).

Now Try Exercise 81.

EXAMPLE 10 P(x) = 6x° — 2x* — 5x

Solution As written, the polynomial does not satisty the conditions of
Descartes’ rule of signs because the constant term is 0. But because x is a fac-
tor of every term, we know that the polynomial has 0 as a zero. We can then
factor as follows:

P(x) = x(6x° — 2x — 5).

Now we analyze Q(x) = 6x° — 2x — 5 and Q(—x) = —6x° + 2x — 5.
The number of variations of sign in Q(x) is 1. Therefore, there is exactly
1 positive real zero. The number of variations of sign in Q(—x) is 2. Thus
the number of negative real zeros is 2 or 0. The same results apply to P(x).
Since nonreal, complex conjugates occur in pairs, we know the possible ways
in which nonreal zeros might occur. The table at left summarizes all the pos-

sibilities for real zeros and nonreal zeros of P(x).
Now Try Exercise 95.

4.4 Exercise Set

Find a polynomial function of degree 3 with the given 9.1+ 6i1— 6i,—4

numbers as zeros.
1. —2,3,5
2. —1,0,4
3. —3,2i,—21
4. 2,1, —1
5. V2,-V2,3
6. —5,V3,-\V3
7.1 — V3,1 + V3 -2
8. —4,1-V51+\Vs5

10. 1+ 44,1 — 44, —1
11. —4,0,2
12. —3,0,3

13. Find a polynomial function of degree 5 with —1
as a zero of multiplicity 3, 0 as a zero of
multiplicity 1, and 1 as a zero of multiplicity 1.

14. Find a polynomial function of degree 4 with —2
as a zero of multiplicity 1, 3 as a zero of multi-
plicity 2, and —1 as a zero of multiplicity 1.
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15. Find a polynomial function of degree 4 with
—1 as a zero of multiplicity 3 and 0 as a zero of
multiplicity 1.

16. Find a polynomial function of degree 5 with — 3
as a zero of multiplicity 2, 0 as a zero of multi-
plicity 1, and 1 as a zero of multiplicity 2.

Suppose that a polynomial function of degree 4 with
rational coefficients has the given numbers as zeros.
Find the other zero(s).

17. -1, V3,1 18. —\V2,-1,%

19. =2 — /5 20. i, -3 + V3

21. 34,0, =5 22. 3,0, —2i

23. —4-3i,2-V3  24.6-5,-1+\V7
Suppose that a polynomial function of degree 5 with

rational coefficients has the given numbers as zeros.
Find the other zero(s).

25. =L \/5, —4i

26. 3, —\/3,2i

27. —5,0,2 — i,4

28. —2,3,4,1 — i

29. 6,3 + 4i,4 — \/5
30. —3 — 3i,2 + V13,6
31, —3,2,0,4 — i

32. —0.6,0,0.6,—3 + V2

Find a polynomial function of lowest degree with
rational coefficients that has the given numbers as
some of its zeros.

33. 1 + 4,2 34. 2 — i, —1
35. 4i 36. —5i
37. — 455 38. 3,—i

39.1—4i-\V5 40. 2 — \V/3,1+i
41. \/5, —3i 42. —\/2, 4i

Given that the polynomial function has the given zero,
find the other zeros.

43. f(x) = x* + 5x* — 2x — 10; =5
4. f(x)=x - x> +x—1;1

Theorems about Zeros of Polynomial Functions 343

=x* -5+ 7% —5x+ 6; —i

(%)
(x) = x* — 165 2i
(%)

)

3 — 6x2 + 13x — 20; 4

|
®
[

=x - 8; 2

List all possible rational zeros of the function.
49. f(x) = x —3x* + 1

50. f(x) = x7 + 37x° — 6x* + 12

51. f
52. f1
53. f
54. f(x

)
y=2x" —3x —x+ 8
x) =3x —x*+ 6x—9
) = 15x° + 47x% + 2
) = 10x* + 3x'7 — 35x + 6

For each polynomial function:

a) Find the rational zeros and then the other zeros; that
is, solve f(x) = 0.
b) Factor f(x) into linear factors.

55. f(x) =% +3x> —2x— 6
56. f(x) = x> — x> —3x+ 3

57. f(x) =3x° — x> — 15x + 5
58. =4x —4x* —3x+3
59.
60.
61.
62.

- =

X
x) =x —3x+2
x) =x —2x+ 4
x) = 2x° + 3x* + 18x + 27

- = =
N—

x) =2x>+7x +2x — 8

—

(
(
(
(
(
(
(
(
(x) = 3x* —4x> + x> + 6x — 2
(
(
(
(
(
(
(
(

63. f(x) = 5x* — 4x’ + 19x* — 16x — 4
64. f

65. f(x) = x* — 3x> — 20x* — 24x — 8
66. f(x) = x* + 5x° — 27x* + 31x — 10
67. f(x) = x> —4x* + 2x + 4

68. f(x) = x> — 8x* + 17x — 4

69. f(x) = x> + 8

70. f(x) = x> — 8

71 f(x) =3 — 12 — Ix + 4

72. f(x) =3 — x> +3x — 3
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Find only the rational zeros of the function.
73. f(x) = x* + 2 —5x* —4x + 6

74. f(x) = x* = 3x —9x* — 3x— 10

75. f(x) = x — x* —4x + 3

76. f(x) = 2x° + 3x* + 2x + 3

77. f(x) = x* + 2" + 22 — 4x — 8

78. f(x) = x* + 6x° + 17x* + 36x + 66

79. f(x) = x> — 5x* + 5x° + 15x* — 36x + 20

80. f(x) = x° — 3x* — 3x° + 9x* — 4x + 12

What does Descartes’ rule of signs tell you about
the number of positive real zeros and the number of
negative real zeros of the function?

8l. f(x) =3x —2x* + x— 1

82. g(x) =5x° —3x° + x* — x

83. h(x) = 6x" + 2x* + 5x + 4

84. P(x) = —3x> — 7x’ — 4x — 5

85. F(p) =3p* + 2p* —5p° + p+ 3
86. H(t) =5t — 7" + 3 + t+ 1
87. C(x) = 7x° + 3x* — x — 10

88. g(2) = -2+ 87 + 2 + 62— 1
89. h(t) = —4r — £ + 2 + 1

90. P(x) = x° + 2x* — 9x° — 4

9. f(y) =y*+ 13y  —y+ 5

92. Q(x) = x* — 2x* + 12x — 8

93. r(x) = x* — 6x* + 20x — 24

94. f(x) = x> — 2x° — 8x

95. R(x) = 3x° — 5x° — 4x

96. f(x) = x*—9x* —6x+ 4

Sketch the graph of the polynomial function. Follow
the procedure outlined on p. 317. Use the rational zeros
theorem when finding the zeros.

97. f(x) =4x + x> — 8x — 2
98. f(x) = 3x" — 4x — 5x + 2
99. f(x) = 2x* — 3x° — 2x% + 3x
100. f(x) = 4x* — 37x* + 9

For Exercises 101 and 102, complete the square to:

a) find the vertex;

b) find the axis of symmetry; and

¢) determine whether there is a maximum or mini-
mum function value and find that value.

101. f(x) = x> — 8x + 10
102. f(x) = 3x* — 6x — 1
Find the zeros of the function.
103. f(x) = —2x + 8

104. g(x) = x> — 8x — 33

Determine the leading term, the leading coefficient,
and the degree of the polynomial. Then describe the
end behavior of the function’s graph and classify the
polynomial function as constant, linear, quadratic,
cubic, or quartic.

105. g(x) = —x> — 2x?

106. f(x) = —x* —3x+ 6

107. f(x) = —3

108. h(x) = x — 2

109. g(x) = x* =2 + x* —x+ 2
110. h(x) = x>+ 3x* —4x— 3

111. Consider f(x) = 2x’ — 5x* — 4x + 3. Find
the solutions of each equation.
a) f(x) =0 b) flx—1)=0
c) f(x+2)=0 d) f(2x) =0

112. Use the rational zeros theorem and the equation
x* — 12 = 0to show that W12 is irrational.

Find the rational zeros of the function.

113. P(x) = 2x° — 33x* — 84x’ + 2203x*
— 3348x — 10,080

114. P(x) = x° — 6x° — 72x* — 81x*
+ 486x + 5832
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Rational Functions

= For a rational function, find the domain and graph the function,
identifying all of the asymptotes.

= Solve applied problems involving rational functions.

Now we turn our attention to functions that represent the quotient of two
polynomials. Whereas the sum, difference, or product of two polynomials
is a polynomial, in general the quotient of two polynomials is not itself a
polynomial.

A rational number can be expressed as the quotient of two integers, p/q,
where g # 0. A rational function is formed by the quotient of two poly-
nomials, p(x)/q(x), where q(x) # 0. Here are some examples of rational
functions and their graphs.

-1 —_x—3
fo) = x f) x2+x—2
y /\y\}
L 1 1 1 7I 1 o 1 1 1 1 7I L |4|—>;C
2x+5 _x2+2x—3 _ —x
f()_Zx—6 f(x)_xz—x—Z f(x)_x+1

r
[

1l \I\IIIII2

TR |
X
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cem|

DOMAINS OF FUNCTIONS

REVIEW SECTION 1.2.

RATIONAL FUNCTION
A rational function is a function fthat is a quotient of two polyno-

mials. That is,

_ (%)
8= gy

where p(x) and g(x) are polynomials and where g(x) is not the
zero polynomial. The domain of fconsists of all inputs x for which
q(x) # 0.

® The Domain of a Rational Function

EXAMPLE 1 Consider

1
x— 3

flx) =

Find the domain and graph f.

Solution When the denominator x — 3 is 0, we have x = 3, so the only
input that results in a denominator of 0 is 3. Thus the domain is

{x|x # 3},0r (—,3) U (3, ).
The graph of this function is the graph of y = 1/x translated right 3 units.

EXAMPLE 2 Determine the domain of each of the functions illustrated
at the beginning of this section.

Solution The domain of each rational function will be the set of all real
numbers except those values that make the denominator 0. To determine
those exceptions, we set the denominator equal to 0 and solve for x.
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FUNCTION DOMAIN

{x]x # 0}, 0or (—,0) U (0, =)

RN"—‘X‘H

{x|x # 0}, or (—,0) U (0, =)

f(x) = x—3 x—3 {x|x # —2andx # 1}, or
X+ x—2 (x+2)(x— 1) (_°°>_2)U(—2,1)U(1,00)

2x + 5 2x + 5
= x|x # 37,0or(—,3) U (3, ®
e ) {xlx # 3}, 0r (=,3) U (3, )

x>+ 2x—3 X+ 2x—3 {x|x # —1andx # 2}, 0r
flx) = x° Sx- 2 (x+1)(x—2) (—, =) U (=1,2) U (2, *)
) = {xlx # =1}, 0r (=2, 1) U (=1, )

As a partial check of the domains, we can observe the discontinuities
(breaks) in the graphs of these functions. (See p. 345.)

® Asymptotes
Vertical Asymptotes

Look at the graph of f(x) = 1/(x — 3), shown at left. (Also see Example 1.)
Let’s explore what happens as x-values get closer and closer to 3 from the
left. We then explore what happens as x-values get closer and closer to 3

1 from the right.
f)=:=3
| From the left:

456 7 1 99 9999 999,999
x x 2 23 2150 216,000 21,600,000 —>3
From right: f(x) -1 -2 —100 —10,000  —1,000,000 —> —oo
3<—x
. From the right:
Vertical asymptote: x = 3
4 i 3% ! 39 ! 3wew  3Tonmw
25 2 100 10,000 1,000,000 —>3

flx) 1 2 100 10,000 1,000,000 —> %

We see that as x-values get closer and closer to 3 from the left, the func-
tion values (y-values) decrease without bound (that is, they approach nega-
tive infinity, — ). Similarly, as the x-values approach 3 from the right, the
function values increase without bound (that is, they approach positive in-
finity, % ). We write this as

f(x) = —wasx—3" and f(x)—> ©asx—3".

<«

We read “f(x) — —o as x—> 37" as “f(x) decreases without bound as x
approaches 3 from the left.” We read “f(x) — % as x— 3" as “f(x) in-
creases without bound as x approaches 3 from the right.” The notation
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x—> 3 means that x gets as close to 3 as possible without being equal to 3.
The vertical line x = 3 is said to be a vertical asymptote for this curve.

In general, the line x = a is a vertical asymptote for the graph of fif
any of the following is true:

f(x) > oasx—a, or f(x)—>—®asx—>a, or
flx) > ©asx—a’, or f(x)—>—wasx—a'
The following figures show the four ways in which a vertical asymptote can

occur.

x=a y XxX=a

y=flx

N

|
I
|
y=fe N\ !
I
|

l: x

|
I
I
I
I
I
I
! x
I

I

flx) >®asx—>a~ flx) > —»2asx —>a- flx) >®asx—a* flx) > —»vasx—at

i-Figure

i-Figure

| I
l I
2x — 11
l l —
| | f x2+2x—8
1 i
| |
| |
Lo L L1 L1 L LN
—6—4—-2 2 6 8 10 x
1 -1 |
| |
T2
I —3F |
| [
[
TS
x=—4 x=2
FIGURE 1

The vertical asymptotes of a rational function f(x) = p(x)/q(x) are
found by determining the zeros of g(x) that are not also zeros of p(x). If
p(x) and g(x) are polynomials with no common factors other than con-
stants, we need determine only the zeros of the denominator g(x).

DETERMINING VERTICAL ASYMPTOTES

For a rational function f(x) = p(x)/q(x), where p(x) and q(x) are
polynomials with no common factors other than constants, if ais a
zero of the denominator, then the line x = a is a vertical asymptote
for the graph of the function.

EXAMPLE 3 Determine the vertical asymptotes for the graph of each of
the following functions.

2x — 11 x? — 4x
= b) h =
a) f(x) 2+ 2x—8 ) h(x) PEN
x— 2
<) g(x)_xs—Sx
Solution

a) First, we factor the denominator:

- 11 2x— 11
X +2x—8 (x+4)(x—2)

flx) =

The numerator and the denominator have no common factors. The
zeros of the denominator are —4 and 2. Thus the vertical asymptotes for
the graph of f(x) are the lines x = —4 and x = 2. (See Fig. 1.)
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b) We factor the numerator and the denominator:

P —4x  x(x—4) x(x — 4)

Cox(— 1) x(x+ 1) (x—1)

The domain of the function is {x|x # —1 and x # 0 and x # 1},

or (—,—=1)U (=1,0) U (0,1) U (1, »). Note that the numera-

tor and the denominator share a common factor, x. The vertical asymp-

totes of h(x) are found by determining the zeros of the denominator,

x(x + 1)(x — 1), that are not also zeros of the numerator, x(x — 4).

The zeros of x(x + 1)(x — 1) are 0, —1, and 1. The zeros of x(x — 4)

are 0 and 4. Thus, although the denominator has three zeros, the graph of

h(x) has only two vertical asymptotes, x = —1 and x = 1. (See Fig. 2.)
The rational expression [x(x — 4)]/[x(x + 1)(x — 1) ] canbe

simplified. Thus,

x(x — 4) - x— 4

x(x+ 1)(x—1) (x+ 1)(x—1)

where x # 0,x # —1, and x # 1. The graph of h(x) is the graph of
x— 4

(x + 1)(x— 1)

X
h(x) = ~5—
X X

h(x) =

h(x) =

with the point where x = 0 missing. To determine the y-coordinate of
the “hole,” we substitute 0 for x:

0—4 —4
(O+1)(0—1) 1-(-1)
Thus the “hole” is located at (0, 4).

¢) We factor the denominator:

h(0) = = 4.

x— 2
x(x* — 5)

—2 g(x):x3—5x:

The numerator and the denominator have no common factors. We find
the zeros of the denominator, x(x* — 5). Solving x(x* — 5) = 0, we

get
x=0 or x¥)!=-5=0
x=0 or XX =5
x=0 or x= +V5.

The zeros of the denominator are 0, \ﬁ, and —\/5. Thus the vertical
asymptotes are the lines x = 0, x = \/g, and x = — \/5 (See Fig. 3.)

Horizontal Asymptotes

Looking again at the graph of f(x) = 1/(x — 3) (also see Example 1),
let’s explore what happens to f(x) = 1/(x — 3) as x increases without
bound (approaches positive infinity, ©) and as x decreases without bound
(approaches negative infinity, — ).
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Horizontal asymptote: y = 0

y y y = flx y )’/
y=0 y=0 y= e y:f(x/) y=0

fx) >basx — oo

x increases without bound:

X 100 5000 1,000,000 —> ®©

f(x) =00103 =~00002 = 0.000001 —>0
x decreases without bound:

X —300 —8000 —1,000,000 —> —

f(x) ~ —0.0033 ~ —0.0001 = —0.000001 —> 0
We see that

—0asx— o and —0asx—> —©,
x — x —

Since y = 0 is the equation of the x-axis, we say that the curve approaches
the x-axis asymptotically and that the x-axis is a horizontal asymptote for
the curve.

In general, the line y = b is a horizontal asymptote for the graph of fif
either or both of the following are true:

f(x) > basx—>» or f(x)—>basx— —o.

The following figures illustrate four ways in which horizontal asymptotes can
occur. In each case, the curve gets close to the line y = b either as x — % or
as x — — . Keep in mind that the symbols % and — convey the idea of
increasing without bound and decreasing without bound, respectively.

~

— Xv
X X X X
y =71k

flx) > basx — —oo flx) > basx —> oo flx) > basx — —oo
How can we determine a horizontal asymptote? As x gets very large or
very small, the value of a polynomial function p(x) is dominated by the func-
tion’s leading term. Because of this, if p(x) and g(x) have the same degree,
the value of p(x)/q(x) as x— o or as x— — is dominated by the ratio of
the numerator’s leading coefficient to the denominator’s leading coefficient.
For f(x) = (3x* + 2x — 4)/(2x* — x + 1), we see that the numera-
tor, 3x> + 2x — 4, is dominated by 3x? and the denominator, 2x> — x + 1,
is dominated by 2x% so f(x) approaches 3x?/2x% or 3/2 as x gets very large
or very small:
3 +2x—4 3
—5 . > orlb5asx— o,
2x" —x + 1 2

352 +2x—4 3
O e O § 1.5,as x—> — o,
2x° — x + 1 2

and
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We say that the curve approaches the horizontal line y = 3 asymptotically
and that y = 3 is a horizontal asymptote for the curve.

It follows that when the numerator and the denominator of a rational
function have the same degree, the line y = a/b is the horizontal asymp-
tote, where a and b are the leading coefficients of the numerator and the
denominator, respectively.

—7x* — 10x2 + 1
1x*+x—2 °

EXAMPLE 4 Find the horizontal asymptote: f(x) =

Solution The numerator and the denominator have the same degree.
The ratio of the leading coefficients is —7;, so the line y = —7;, or —0.63,

is the horizontal asymptote.

As a partial check of Example 4, we could use a graphing calculator to
evaluate the function for a very large value of x and a very small value of x.
(See the window at left.) It is useful in calculus to multiply by 1. Here we use

(1/x4)/(1/x4)

RS (U SN
TRt - 10+ 1 X X
) = e T e a2
s a4 T AT A
10 1
et
hel 2
X X

As | x| becomes very large, each expression whose denominator is a power
of x tends toward 0. Specifically, as x — % or as x — — %, we have

—7—-—0+0 7
—_— —_— -

& =300 o /@~

The horizontal asymptote is y = — 7, or —0.63.

We now investigate the occurrence of a horizontal asymptote when the
degree of the numerator is less than the degree of the denominator.

2x + 3

EXAMPLE 5 Find the horizontal asymptote: f(x) = 5———5 .
x> = 2x" + 4

Solution We let p(x) = 2x + 3, q(x) = x> — 2x* + 4, and f(x) =
p(x)/q(x). Note that as x— o0, the value of g(x) grows much faster than
the value of p(x). Because of this, the ratio p(x)/q(x) shrinks toward 0. As
x— —oo, the ratio p(x)/q(x) behaves in a similar manner. The horizontal
asymptote is y = 0, the x-axis. This is the case for all rational functions for
which the degree of the numerator is less than the degree of the denomina-
tor. Note in Example 1 that y = 0, the x-axis, is the horizontal asymptote of

flx) = 1/(x = 3).
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2%+
y=

2
X
10
N ') [ il B B

-10

The following statements describe the two ways in which a horizontal
asymptote occurs.

DETERMINING A HORIZONTAL ASYMPTOTE

* When the numerator and the denominator of a rational func-
tion have the same degree, the line y = a/b is the horizontal
asymptote, where a and b are the leading coefficients of the
numerator and the denominator, respectively.

e When the degree of the numerator of a rational function is less
than the degree of the denominator, the x-axis, or y = 0, is the
horizontal asymptote.

* When the degree of the numerator of a rational function is
greater than the degree of the denominator, there is no horizon-
tal asymptote.

EXAMPLE 6 Graph

2x% + 1
g(x) = 2
x
Include and label all asymptotes.

Solution Since 0 is the zero of the denominator and not of the numerator,
the y-axis, x = 0, is the vertical asymptote. Note also that the degree of the
numerator is the same as the degree of the denominator. Thus, y = 2/1, or
2, is the horizontal asymptote.

To draw the graph, we first draw the asymptotes with dashed lines. Then
we compute and plot some ordered pairs and draw the two branches of the
curve. We can check the graph with a graphing calculator.

x 8(x)
-2 2.25
-15 7
—1
—0.5 6
L Horizontal 05
Vertical -3 aSym_ptzote X
asymptote —4|L Y= -
x=0  -5¢ 15 24
| 2 2.25

Now Try Exercise 41.
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Oblique Asymptotes

Sometimes a line that is neither horizontal nor vertical is an asymptote. Such
a line is called an oblique asymptote, or a slant asymptote.

EXAMPLE 7 Find all the asymptotes of
2x* — 3x — 1
x—2

flx) =

Solution The line x = 2 is the vertical asymptote because 2 is the zero of
the denominator and is not a zero of the numerator. There is no horizontal
asymptote because the degree of the numerator is greater than the degree
of the denominator. When the degree of the numerator is 1 greater than the
degree of the denominator, we divide to find an equivalent expression:

2x* — 3x — 1 1 2x + 1
=(2x+1)+ x — 2)2x2 — 3x — 1
x— 2 x— 2
2x? — 4x
x—1
x = 2

1

We see that when x— % or x—> —, 1/(x — 2) — 0 and the value of
f(x) = 2x + 1. This means that as |x| becomes very large, the graph of
f(x) gets very close to the graph of y = 2x + 1. Thus the line y = 2x + 1
is the oblique asymptote.

i Now Try Exercise 59.




354 CHAPTER 4  Polynomial Functions and Rational Functions

Occurrence of Lines as Asymptotes of Rational Functions

For a rational function f(x) = p(x)/q(x), where p(x) and q(x)
have no common factors other than constants:

Vertical asymptotes occur at any x-values that make the
denominator 0.

The x-axis is the horizontal asymptote when the degree of the
numerator is less than the degree of the denominator.

A horizontal asymptote other than the x-axis occurs when the
numerator and the denominator have the same degree.

An oblique asymptote occurs when the degree of the numerator
is 1 greater than the degree of the denominator.

There can be only one horizontal asymptote or one oblique asymp-
tote and never both.

An asymptote is not part of the graph of the function.

The following statements are also true.

Crossing an Asymptote

* The graph of a rational function never crosses a vertical
asymptote.

e The graph of a rational function might cross a horizontal
asymptote but does not necessarily do so.

Shown below is an outline of a procedure that we can follow to create
accurate graphs of rational functions.

To graph a rational function f(x) = p(x)/q(x), where p(x) and
q(x) have no common factor other than constants:

1. Find any real zeros of the denominator. Determine the domain
of the function and sketch any vertical asymptotes.

2. Find the horizontal asymptote or the oblique asymptote, if there
is one, and sketch it.

3. Find any zeros of the function. The zeros are found by determin-
ing the zeros of the numerator. These are the first coordinates of
the x-intercepts of the graph.

4. Find f(0). This gives the y-intercept, (0, f(0) ), of the function.

5. Find other function values to determine the general shape. Then
draw the graph.
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EXAMPLE 8 Graph: f(x) = —szzf ;rxs_ -
Solution
1. We find the zeros of the denominator by solving 3x* + 7x — 6 = 0.
Since
3x + 7x — 6 = (3x — 2)(x + 3),
the zeros are § and —3. Thus the domain excludes § and —3 and is
(=, =3) U (=3,5) U (5 ).

Since neither zero of the denominator is a zero of the numerator, the
graph has vertical asymptotes x = —3 and x = %. We sketch these as
dashed lines.

2. Because the degree of the numerator is less than the degree of the de-
nominator, the x-axis, y = 0, is the horizontal asymptote.

3. To find the zeros of the numerator, we solve 2x + 3 = 0 and get

x = —3. Thus, —3 is the zero of the function, and the pair ( -3 0) is
the x-intercept.

4. We find f(0):

2:0+3
f(0) = 2 —
3:00+7-0—-6
_ 3 _ 1
—6 2
wol The point (0, — %) is the y-intercept.
5. We find other function values to determine the general shape. We
oo choose values in each interval of the domain, as shown in the table
below, and then draw the graph. Note that the graph of this function
TR crosses its horizontal asymptote at x = —3.

-20 4
X y
and —4.5 —0.26
—3.25 —1.19

We can check the graph of the function —0.5 —0.23
in Example 8 with a graphing calculator 0.5 —2.29
app. This app connects points on either 0.75 4.8
side of each zero, —3 and % resulting L5 0.53
in two lines that “appear” to be the ’ !

vertical lines x = —3 and x = 2. These 3.5 0.18

lines are not part of the graph.
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X =1
X+ x—6

Solution

1. We find the zeros of the denominator by solving x* + x — 6 = 0. Since

¥+ x—6=(x+3)(x—2),
the zeros are —3 and 2. Thus the domain excludes the x-values —3 and
2 and is

(=, =3) U (=3,2) U (2, ).
Since neither zero of the denominator is a zero of the numerator, the

graph has vertical asymptotes x = —3 and x = 2. We sketch these as
dashed lines.

. The numerator and the denominator have the same degree, so the hor-

izontal asymptote is determined by the ratio of the leading coefficients:
1/1, or 1. Thus, y = 1 is the horizontal asymptote. We sketch it with a
dashed line.

. To find the zeros of the numerator, we solve x> — 1 = 0. The solutions

are —1 and 1. Thus, —1 and 1 are the zeros of the function and the
pairs (—1,0) and (1,0) are the x-intercepts.

. We find g(0):

0> —1 -1 1
g0)=5————=—=

T 02+0-6 —6 6
Thus, (0, %) is the y-intercept.

. We find other function values to determine the general shape and then

draw the graph.

Curve crosses
theliney = 1 at
x=5
| (5 1)

Now Try Exercise 77.
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The magnified portion of the graph in Example 9 above shows another
situation in which a graph can cross its horizontal asymptote. The point
where g(x) crosses y = 1 can be found by setting g(x) = 1 and solving
for x:

=1
PR
x+x—6
X*—-1=x*+x—-6
—1=x—-6 Subtracting x*
5=x Adding 6

The point of intersection is (5, 1). Let’s observe the behavior of the curve
after it crosses the horizontal asymptote at x = 5. (See the graph at left.) It
continues to decrease for a short interval and then begins to increase, get-
ting closer and closer to y = 1 as x— .

Graphs of rational functions can also cross an oblique asymptote. The

graph of
2x°
x4 1

flx) =

shown below crosses its oblique asymptote y = 2x. Remember: Graphs
can cross horizontal asymptotes or oblique asymptotes, but they cannot
cross vertical asymptotes.

Oblique asymptote
y=2x

L»th(.ﬂ@\\<
T
~

Let’s now graph a rational function f(x) = p(x)/q(x), where p(x)
and ¢q(x) have a common factor, x — ¢. The graph of such a function has a
“hole” in it. We first saw this situation in Example 3(b), where the common
factor was x.

EXAMPLE 10 Graph: g(x) = ﬁ

Solution We first express the denominator in factored form:
x—2 x—2

¥ —x—2 (x+1)(x—2)

g(x) =
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The domain of the function is {x|x # —1 andx # 2}, or (—%, —1) U
(—1,2) U (2, »). Note that both the numerator and the denominator have
the common factor x — 2. The zeros of the denominator are —1 and 2, and
the zero of the numerator is 2. Since —1 is the only zero of the denom-
inator that is not a zero of the numerator, the graph of the function has
x = —1 as its only vertical asymptote. The degree of the numerator is less
than the degree of the denominator, so y = 0 is the horizontal asymptote.
There are no zeros of the function and thus no x-intercepts, because 2 is
the only zero of the numerator and 2 is not in the domain of the function.
Since g(0) = 1, (0, 1) is the y-intercept. We draw the graph indicating the
“hole” when x = 2 with an open circle.

The rational expression (x — 2)/[(x + 1)(x — 2) ] can be simplified.
Thus,

. x— 2 . 1
C(x+ 1) (x—2) x+1

2(x) , wherex # —landx # 2.
The graph of g(x) is the graph of y = 1/(x + 1) with the point where
x = 2 missing. To determine the coordinates of the “hole,” we substitute 2
forxing(x) = 1/(x + 1):

(2) = 1 _1 I S
& 241 3 e
Thus the hole is located at (2, %) With \:
certain window dimensions, the hole
is visible on a graphing calculator, as 47| S~ 47
shown at right. \ -
=y
-2x* — x + 15
EXAMPLE 11 Graph: f(x) = —5—————
x"—x— 12
Solution We first express the numerator and the denominator in factored
form:
2 —x+15 —(2x*+x—15) —(2x — 5)(x + 3)
flx) = — o = 2 _ . = _
X —x— 12 X —x— 12 (x — 4)(x + 3)

The domain of the function is {x|x # —3 andx # 4}, or (—%, —3) U
(—3,4) U (4, »). The numerator and the denominator have the common
factor x + 3. The zeros of the denominator are —3 and 4, and the zeros of
the numerator are —3 and 3. Since 4 is the only zero of the denominator
that is not a zero of the numerator, the graph of the function has x = 4 as
its only vertical asymptote.



1.00 -1.00
o0 -0.50
oo 1.00
k.00 ind

l5.00 500
l6.00 250
[7.00 a0
.00 275
lo.00 260
10.00 2.50
11.00 243
12.00 238

13.00 2.3
14.00 -2.30
[15.00 227

From this table of ordered pairs for the
function in Example 11, we see that
there is a vertical asymptote x = 4
and a hole in the graph when

x = —3.
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The degrees of the numerator and the denominator are the same, so the line
y = 52 = —2 is the horizontal asymptote. The zeros of the numerator are 3
and —3. Because —3 is not in the domain of the function, the only x-intercept is
(%, 0). Since f(0) = 235 = —3, then (0, —%) is the y-intercept.

The rational function

—(2x — 5)(x + 3)
(x —4)(x + 3)

can be simplified. Thus,
_ —(2x—=5)(x+3) —(2x—5)

flx) =

, wherex # —3and x # 4.

(x—4)(x+3)  x—4
The graph of f(x) is the graph of y = —(2x — 5)/(x — 4) with the point
where x = —3 missing. To determine the coordinates of the hole, we sub-

stitute —3 for xin f(x) = —(2x — 5)/(x — 4):

oy - 29 5]

-3 —4
_olnj_om_on
=7 —7 7"
Thus the hole is located at ( -3, — %) We draw the graph indicating the
hole when x = —3 with an open circle.
Y
f x=4
3 _T2x—x+ 15
2 fx) = xP—x— 12
1
—3-2-1 | LZ3 4567 «x
<« y=7-2
“Hole” at =3 p
_3 _11\-4
(=327

Now Try Exercise 67.
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4x

T(x) =

+98.6
1

102

(S o o o J 48
Xscl =12, Yscl =1

102

Maximum
oX=1 . . Y=100.6 )48
98

Xscl =12, Yscl =1

® Applications

EXAMPLE 12 Temperature During an Illness. A person’s tempera-
ture T, in degrees Fahrenheit, during an illness is given by the function

4t
T(t) =
(1) 2+ 1

+ 98.6,

where time tis given in hours since the onset of the illness.

a) Graph the function on the interval [0, 48 ].

b) Find the temperature at t = 0, 1, 2, 5, 12, and 24.

¢) Find the horizontal asymptote of the graph of T(¢). Complete:

T(t)— [ Jast—> oo.
d) Give the meaning of the answer to part (c) in terms of the application.
e) Find the maximum temperature during the illness.
Solution
a) The graph is shown at left.

b) We have
T(0) = 98.6,  T(1) = 100.6,  T(2) = 100.2,
T(5) = 99.369,  T(12) =~ 98.931, and T(24) = 98.766.
¢) Since
() = -1 4 986
2+ 1 "
_98.61% + 4t + 98.6
£ +1 ’

the horizontal asymptote is y = 98.6/1, or 98.6. Then it follows that
T(t) —>98.6ast— x.

d) As time goes on, the temperature returns to “normal,” which is 98.6°F.

e) Using the MAXIMUM feature on a graphing calculator, we find the maxi-

mum temperature to be 100.6°F at ¢t = 1 hr.
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v
- N W s 0T

—5—4—3—2—1_\'.] 2 3 4 5%

-2
-3

-5

1
C 6
5
4
/?
—4-3-2-1f 11 2345 6%
2
3
y
D .
4
3
2
[ O—=1]
—y
—4-3-2-1 |1 34 5 6Xx
-2
-3
—4
-5
Y
E 6
5
4
3

—5-4-3-2-1 {1 3 4 5%
-1
-2
-3

—4

Visualizing
the Graph

Match the function with its graph.

1. f(x) =

N

- flx) =

W

- flx) =

o~

- flx) =

9]

- flx) =

(=)}

- flx) =

N

fx) =

=]

- flx) =

©

fx) =

10. f(x) =

X =3 +2x+ 3

x> — 4

X —x—6
—x> + 4x — 1

x—3
X+ x—6

3
—xt+ 2
4
X =1

xt—2x* -5

8x — 4
3x + 6
25 — 4x — 1

Answers on page A-25

361

Y
F i/

—5-4/5-2-1 1T 2 3 4 5x

= N w s 03

747372711 1 2f3 4 5x
-2

-3

-5

1[123 5 6x

—-5-4-3-2-1 TR 3 4 5x

\
= N W AN 0o

—6-5-4-3-2-1 ¥'1 2 3 4%

S W
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Exercise Set

Determine the domain of the function.

L f(x) = 2 f) =

3 flo) = x? fleJr ;s * flx) = (:x+—4;2
5 flo) = 33;;145

aﬂ@—f;T;m

In Exercises 7—12, use your knowledge of asymptotes
and intercepts to match the equation with one of the
graphs (a)—(f), which follow. List all asymptotes. Check
your work using a graphing calculator.

a) ,( b) J
DOt 100
ﬁs- 80
2k 60
S A . - 40 P4

14F 20 A
Ll 11 I T I | L1 11
-8 -4 | 4 8 X -8 —4 S0k 4 8 x
138 /7 —401
—2F —60F
—ll6} -80}

()
~
—
S o oo o
T T 17 NT T T 17T

o
| ~
o o O
T T T T T
—
L T

|
S
T o

S 0 O\ D

2

9. f(x) = xzsic 4 10. f(x) = x283i 4
3 3

L f) = 5 2. f) = 5

Determine the vertical asymptotes of the graph of the
function.

13. g(x) = é 1. f(x) = xz—iﬁ
1am@=;fi lﬁﬂ@:ﬁiz
17. f(x) = (x—34)_(xx+6)

18. h(x) = *(x _:625)_(:_ 2)

19. g(x) = ﬁ
000 =

Determine the horizontal asymptote of the graph of the
function.

3x2 4+ 5 x+6
21. f(x) = w3 22, g(x) = PR
2 5
X" — 4 X
23. h(x) = m 24. f(x) = PR
-2+ x—1
25. g(x) = R
8xt + x — 2
26. h(x) = m

Determine the oblique asymptote of the graph of the
function.

X+ 4x — 1
7=
2

X- — 6x
28. f(x) =
fl) ==
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4 2
xT—2 x~ + 3x
. = 57. == 7%
29. h(x) 2+ 1 %) 2x° — 5x* — 3x
12x° — x 3x
. == 58. f(x) = ———
30. g(x) 6% + 4 ) x*+ 5x+ 4
3 2 2 _ 3 _
X —x +x—4 x 9 x 4x
= 59. = 60. ==
31. f(x) R fx) =71 o) =3
50° —xf+x— 1 X+ x—2
= 61. =
32. h(x) Ep—— fx) = — 37
2
x*—2x—3
' 62. f(x) = —5
Make a hand-drawn graph for each of Exercises 33—78. 3x"+ 2
Be sure to label all the asymptotes. List the domain 352 — x — 2
and the x-intercepts and the y-intercepts. Check your 63. g(x) = T -1
work using a graphing calculator. *
2
1 1 _2x" —5x— 3
33. f(x) = 3. ¢(0) = 3 64. f(x) = — -1
4 6 x—1
=—= =-2 65. - -
35. h(x) 2 36. f(x) " )= 35,3
2
x"—4x + 3 x+2
== = - 66. S I —
37. ¢(x) Tt 8= e 15
2x* —x— 3 3% + 11lx — 4
== = 67. f(x) = ———7"——
38. h(x) p— ) = =55, "3
-2 1 2X2 —3x—9
. = . = 68. =2 7
39. f(x) = — 40. f(x) = — 0 ="2_-5."3
2x + 1 3x — 1 x—3 x+2
41. = 42. = 69. f(x) = ——= 70. f(x) = —=
f(x) x f(x) x f( ) <x+1)3 f( ) (x_1)3
x+3 x—1 X+ 1 =1
43. = 44. = . = . =
f(x) 2 -9 f(%) 2 — 1 71. f(x) X 72. f(x) X
b 3x x4 2x* — 15x
45. == 46. = 73. f(x) = ———7"""——
f(x) x> + 3x f(x) 3x — x? f( ) XX —5x— 14
1 —2 x4+ 2x* — 3x
47. f(x) = ——% 48. f(x) = ——= 74. f(x) = —————
f() (x_2)2 f() (x_3)2 f() X2—25
2 _ 2 4 +1
x*+2x—3 x x—2 5x X
49, ==—""—= 50 =-—"—= 75 f(x) = 76. f(x) = 53—
I = e et 3 UG Sy 1) = X +x—6
1 —1 x? = x—2
5L f(x) = 52. f(x) = 77. =——— 78 =—"
X+ 3 X+ 2 f(x) 2 — x—2 f(x) x+ 2
xz — 4 x2 —9 . . . . . .
53. f(x) = 54. f(x) = Find a rational function that satisfies the given conditions.
-2 x+3 Answers may vary, but try to give the simplest answer
x—1 x—2 possible.
55. f(x) = + 2 56. f(x) = x+ 1 79. Vertical asymptotes x = —4,x = 5
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80. Vertical asymptotes x = —4, x = 5; x-intercept
(=2,0)
81. Vertical asymptotes x = —4, x = 5; horizontal

asymptote y = 3; x-intercept (—2,0)
82. Oblique asymptote y = x — 1
83. Medical Dosage. The function
0.8t + 1000
N =——
5t+ 4

gives the body concentration N(t), in parts per
million, of a certain dosage of medication after
time £, in hours.

, t=15,

a) Graph the function on the interval [ 15, %)
and complete the following:

N(t) =[_Jast— co.

b) Explain the meaning of the answer to part (a)
in terms of the application.

84. Average Cost. The average cost per disc, in
dollars, for a company to produce x discs on
exercising is given by the function

2x + 100
A(x) = — Y O X~ 0.

a) Graph the function on the interval (0, %) and
complete the following:

A(x) = [ Jasx—> .

b) Explain the meaning of the answer to part (a)
in terms of the application.

85. Population Growth. The population P, in thou-

sands, of a senior community is given by

P(1) = 500¢
282+ 9’

where tis the time, in months.

a) Graph the function on the interval [0, ).

b) Find the population at t = 0, 1, 3, and
8 months.

¢) Find the horizontal asymptote of the graph and
complete the following:

P(t) = Jast— oo,
d) Explain the meaning of the answer to part (c)
in terms of the application.
e) Find the maximum population and the value
of tthat will yield it.

86. Minimizing Surface Area. The Hold-It Container
Co. is designing an open-top rectangular box,
with a square base, that will hold 108 cubic
centimeters.

a) Express the surface area S as a function of the
length x of a side of the base.

b) Use a graphing calculator to graph the func-
tion on the interval (0, ©).

¢) Estimate the minimum surface area and the
value of x that will yield it.

Vocabulary Reinforcement

In each of Exercises 87-95, fill in the blank with the
correct term. Some of the given choices will not be used.
Others will be used more than once.

vertical lines
point—slope

x-intercept
y-intercept

odd function equation
even function slope—intercept
domain equation
range difference
slope quotient

distance formula
midpoint formula
horizontal lines

f(x) = f(=x)
f(=x) = —f(x)
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87. A function is a correspondence between a first

set, called the ;and a second Symthests
set, called the , such that each
member of the corresponds to 96. Graph
exactly one member of the . X+ 4 and _ 2
88. The of a line containing (x;, ;) ” »
and (x,, y») isgivenby ( 3, — »1) /(% — x7). using the same viewing window. Explain how
89. The of the line with slope the parabola y, = x* can be thought of as a

li tote for ;.
and y-intercept (0, b) is y = mx + b. fonfimearasymprote ot 2
Find the nonlinear asymptote of the function.

90. The of the line with slope m
) . x4 2x° + 4x?
passing through (x;, 1) isy — » = m(x — x;). 97. f(x) = .,
x
91. A(n) is a point (a, 0).
xt + 3x7
92. For each xin the domain of an odd function f, 98. f(x) = —F5——
x4+ 1
93. are given by equations of the Graph the f uncti(;n. ,
type x = a. :Zx + x*— 8x — 4
99 f() X4+ xr—9x—9
([t nty
94. The is ) . 3 2
2 2 100. £(x) X+ 4x"+x—6
. flx) = 5
95. A(n) is a point (0, b). X ox— 2

Polynomial Inequalities and Rational Inequalities

= Solve polynomial inequalities.
= Solve rational inequalities.

We will use a combination of algebraic and graphical methods to solve poly-
nomial inequalities and rational inequalities.

# Polynomial Inequalities

i-Figure
L

Just as a quadratic equation can be written in the form ax* + bx + ¢ = 0,
a quadratic inequality can be written in the form ax* + bx + ¢ 0, where
is <, >, =, or =. Here are some examples of quadratic inequalities:

¥ —4x—5<0 and —3x>+ 4x— 7 = 0.

When the inequality symbol in a polynomial inequality is replaced with an
equals sign, a related equation is formed. Polynomial inequalities can be
solved once the related equation has been solved.
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EXAMPLE 1 Solve: x> — 4x — 5 > 0.

Solution We are asked to find all x-values for which x> — 4x — 5 > 0.
To locate these values, we graph f(x) = x* — 4x — 5. Then we note that
whenever the graph passes through an x-intercept, the function changes
sign. Thus to solve x> — 4x — 5 > 0, we first solve the related equation
x* — 4x — 5 = 0 to find all zeros of the function:

X —4x—-5=0
(x + 1)(x = 5) = 0.

fl) = x*—4x =5 The zeros are —1 and 5. Thus the x-intercepts of the graph are (—1,0) and
¥ (5,0), as shown at left. The zeros divide the x-axis into three intervals:
8 x2—4x—5>0 (—00,—1), (—1,5), and (5,00).
o L
4r & &
(=10) |\, (5, 0) —* * g
56421 2 4f6 5 10%
—4 The sign of x* — 4x — 5 is the same for all values of x in a given inter-
—6 val. Thus we choose a test value for x from each interval and find f(x). We
-8 [ can also determine the sign of f(x) in each interval by simply looking at the
10 X7 =4 =5<0 graph of the function.
(Interval (=9, —1) (—1,5) (5, @)
Test Value f(=2)=7 f(0)=-5 f(7) =16
KSign of f(x) Positive Negative Positive

&
hd
-1

e

Since we are solving x> — 4x — 5 > 0, the solution set consists of only two
of the three intervals, those in which the sign of f(x) is positive. Since the
inequality sign is >, we do not include the endpoints of the intervals in the
solution set. The solution set is

(=, —1) U (5, %), or {x|x< —1orx>5}.

EXAMPLE 2 Solve: x> + 3x — 5 < x + 3.

Solution By subtracting x + 3 on both sides, we form an equivalent
inequality:
¥ +3x—-5-x—3=0
¥ +2x—8=0.
We need to find all x-values for which x* + 2x — 8 = 0. To visualize these

values, we first graph f(x) = x* + 2x — 8 and then determine the zeros of
the function.
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y=x>+2x—8 y=x>+2x—8
6
6\ \ 1 - ﬁl\/ 1 1 16
Zero
X=2 Y=0

Using the ZERO feature, we see that the zeros are —4 and 2.

The intervals to be considered are (—o, —4), (—4,2), and (2, «).
Using test values for f(x), we determine the sign of f(x) in each interval.
(See the table at left.)

Function values are negative in the interval (—4, 2). We can also note
on the graph where the function values are negative. Since the inequality
symbol is =, we include the endpoints of the interval in the solution set. The
solution set of x> + 3x — 5 =< x + 3is [—4,2],0r {x |—4 = x = 2}

An alternative approach to solving the inequality

X +3x—5=<x+3

is to graph both sides: y; = x* + 3x — 5and y, = x + 3 and determine
where the graph of y, is below the graph of y,. Using the INTERSECT feature,
we determine the points of intersection, (—4, —1) and (2, 5).

y1:x2+3x*5, y2:x+3 y1=x2+3x—5, y2=x+3
6 6

The graph of y, is below the graph of y, over the interval (—4, 2). Since
the inequality symbol is =, we include the endpoints of the interval in the
solution. Thus the solution set of x> + 3x — 5 < x + 31is [ —4,2].

Now Try Exercise 29.

Quadratic inequalities are one type of polynomial inequality. Other
examples of polynomial inequalities are

“2x*+x*—-3<7,  3x+4=0, and 4% — 2x* >5x+ 7.

EXAMPLE 3 Solve: x> — x > 0.

Solution We are asked to find all x-values for which x> — x > 0. To
locate these values, we graph f(x) = x’ — x. Then we note that whenever
the function changes sign, its graph passes through an x-intercept. Thus to
solve x> — x > 0, we first solve the related equation x — x = 0to find all
zeros of the function:

¥ —x=0
x(x* = 1) =0
x(x+ 1)(x—1) = 0.
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The zeros are —1, 0, and 1. Thus the x-intercepts of the graph are (—1,0),
(0,0), and (1, 0), as shown in the figure on the preceding page. The zeros
divide the x-axis into four intervals:

(—o,—1), (—L0), (0,1), and (I,%).

&
-
1

o

&
3
1

— X
X Y1
- 5 The sign of x* — x is the same for all values of x in a given interval.

£ 375 Thus we choose a test value for x from each interval and find f(x). We can
use the TABLE feature set in ASK mode to determine the sign of f(x) in each
interval. (See the table at left.) We can also determine the sign of f(x) in
X = each interval by simply looking at the graph of the function.

Interval (—o, —1) (—1,0) (0,1) (1, )

Test Value f(=2) = -6 : f(—0.5) =0375 : f(0.5) = —0375 | f(2) =6
Sign of f(x) Negative : Positive © Negative . Positive
- + - +
* * *
-1 0 1 x

Since we are solving x> — x > 0, the solution set consists of only two of
the four intervals, those in which the sign of f(x) is positive. We see that the
solution set is (—1,0) U (1, %),0r {x|—1 < x < 0 orx > 1}.

Now Try Exercise 39.

To solve a polynomial inequality:

1. Find an equivalent inequality with P(x) on one side and 0 on
the other.

2. Change the inequality symbol to an equals sign and solve the re-
lated equation; that is, solve P(x) = 0.

3. Use the solutions to divide the x-axis into intervals. Then select
a test value from each interval and determine the sign of the
polynomial on the interval.

4. Determine the intervals for which the inequality is satisfied and
write interval notation or set-builder notation for the solution
set. Include the endpoints of the intervals in the solution set if the
inequality symbol is = or =.

EXAMPLE 4 Solve: 3x* + 10x = 11x° + 4.
Solution By subtracting 11x° + 4, we form the equivalent inequality

35 — 112 + 10x — 4 =< 0.
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Algebraic Solution Graphical Solution

To solve the related equation We graph y = 3x* — 11x° 4+ 10x — 4 using a
3t — 112 4+ 10x— 4 =0 viewing window that reveals the curvature of the
’ graph.

we need to use the theorems of Section 4.4. We
solved this equation in Example 5 in Section 4.4.
The solutions are

1, 2-V2 % and 2+ V72 2 .
or approximately

=1l 0.586, 0.667, and 3.414.

y=3x*—11x>+ 10x — 4
10

These numbers divide the x-axis into five inter- —40

=-1, =0
ValSZ (_OO,_I), (_1,2 - \/E), (2 - \/E,%), ;C=3.414’ §=0

(32 + V2),and (2 + V2, ). _
Using the ZERO feature, we see that two

2-V2 of the zeros are —1 and approximately 3.414
-1 \ /§ 2+V2 (2 + \6 =~ 3.414). However, this window
. i’ _‘1 L DR ) SR - leaves us uncertain about the number of zeros of
the function in the interval [0, 1 ]. The window be-
We then let f(x) = 3x* — 11x° + 10x — 4 low shows another view of the zeros in the interval
and, using test values for x, determine the sign of [0, 1]. Those zeros are about 0.586 and 0.667
f(x) in each interval. (2 V2 = 0.586; 2 ~ 0.667 )
" y=3xt— 11x° + 10x — 4
0 —4 0.3
.6 .0128 [
1 -2 L
4 100

O 1 1 1 1 1 il 1 1 J'I
x: =
2-V2 N -

\ + /? ~03

—t—— x=0.586, y=0 Xscl=0.1

0 x=0667, y=0 4=01
+ -1 = - 2+ V2 + The intervals to be considered are (—%, —1),
> 1 o0 1 2 3 & = (—1,0.586), (0.586, 0.667), (0.667, 3.414), and
) o ' (3.414, > ). We note on the graph where the
Function values are negative in the intervals function is negative. Then including appropri-
2 — \/5) and (%, 2+ \/2) Since the in- ate endpoints, we find that the solution set is
equality sign is =, we include the endpoints of the approximately

intervals in the solution set. The solution set is
[—1,0.586] U [0.667,3.414], or

2
[-1,2-V2]u 32+ V2], or {x|-1 = x = 0.586 0r0.667 = x = 3.414}.

{x|—1£x£2—\/£0r%£x$2+\/£}.

Now Try Exercise 45.
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® Rational Inequalities

Some inequalities involve rational expressions and functions. These are
called rational inequalities. To solve rational inequalities, we need to make
some adjustments to the preceding method.

EXAMPLE 5 Solve:

< 0.
x

Solution We look for all values of x for which the related function

flx) = ==

x+ 6

is not defined or is 0. These are called critical values.
The denominator tells us that f(x) is not defined when x = —6. Next,
we solve f(x) = 0:

3x
=0
x+ 6
(x+6) X =(xt6)-0
x . = (x .
x+ 6
3x =0
x = 0.
X i The critical values are —6 and 0. These values divide the x-axis into three
- 2 intervals:
2 75
(=, —6), (—=6,0), and (0, »).
g -6 0

—8—7—-6—5-4—3-2—1 0 1 2 %X

We then use a test value to determine the sign of f(x) in each interval.

Function values are negative in only the interval (—6,0). Since
f(0) = 0 and the inequality symbol is <<, we know that 0 is not included in
the solution set. Note that since —6 is not in the domain of f, —6 cannot be
part of the solution set. The solution set is

(—6,0), or {x|]—6 < x < 0}.

The graph of f(x) shows where f(x) is positive and where it is negative.

Now Try Exercise 57.

x—3 x+ 2
= .
x+ 4 x—5

EXAMPLE 6 Solve:

Solution We first subtract (x + 2)/(x — 5) on both sides in order to find
an equivalent inequality with 0 on one side:
x—3 x+2
- =
x+4 x-—5

0.
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Algebraic Solution Graphical Solution

We look for all values of x for which the related function We graph
x—3 x+2 x—3 x+ 2
f(x)_x+4 x—=5 y_x+4 8= 3
is not defined or is 0. These are the critical values. in the standard window, which
Alook at the denominators shows that f(x) is not defined shows the curvature of the function.
for x = —4 and x = 5. Next, we solve f(x) = 0:
x—3 x+2
=) A YT x¥4 x->5
x+4 x-—5 10

x+ 4 58 = &)

x—3 x+2>

B 4)(x — 5)(

S )
([

(x=5)(x—3)—(x+4)(x+2)=0

X —8x+ 15— (¥ +6x+8) =0
—14x+7 =0 -10

x=1.

Using the ZERO feature, we find
that 0.5 is a zero.
We then look for values where
(%, 5 ), and (5, ). the function is not defined. By ex-
amining the denominators x + 4
and x — 5, we see that f(x) is not

The critical values are —4, 3, and 5. These values divide the x-axis
into four intervals:

(-, —4), (-43),

1
2 _¢4 & 5, . defined for x = —4 and x = 5.
-5 -4 -3 -2-1 0 1 2 3 4 5 6 X The critical values are —4, 0.5,
and 5.
We then use a test value to determine the sign of f(x) in each The graph shows where y is
interval. positive and where it is negative.
Note that —4 and 5 cannot be in the
X Vi solution set since y is not defined
=5 7.7 for these values. We do include 0.5,
-2 ~2.5 . ) g
3 25 however, since the inequality symbol
6 77 is = and f(0.5) = 0. This solution
set is
X =
(—o, —4) U [0.5,5).
+ —4 - 3 + 5 —

-5 —4 -3 =2 -1 0 1 2 3 4 5 6 X

Function values are positive in the intervals (—o, —4) and
(%, 5 ) Since f ( %) = 0 and the inequality symbol is =, we know
that 3 must be in the solution set. Note that since neither —4 nor 5
is in the domain of f, they cannot be part of the solution set.

The solution set is (—o, —4) U [%, 5).

Now Try Exercise 61.
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The following is a method for solving rational inequalities.

To solve a rational inequality:

1. Find an equivalent inequality with 0 on one side.

2. Change the inequality symbol to an equals sign and solve the
related equation.

3. Find values of the variable for which the related rational function
is not defined.

4. The numbers found in steps (2) and (3) are called critical values.
Use the critical values to divide the x-axis into intervals. Then
determine the function’s sign in each interval using an x-value
from the interval or the graph of the equation.

5. Select the intervals for which the inequality is satisfied and write
interval notation or set-builder notation for the solution set. If
the inequality symbol is = or =, then the solutions to step (2)
should be included in the solution set. The x-values found in
step (3) are never included in the solution set.

It works well to use a combination of algebraic and graphical meth-
ods to solve polynomial inequalities and rational inequalities. The algebraic
methods give exact numbers for the critical values, and the graphical meth-
ods usually allow us to see easily what intervals satisfy the inequality.

4.6 Exercise Set

For the function f(x) = x* + 2x — 15, solve each of For the function
the following. Tx
L f(x) =0 2. f(x) <0 hx) = (x — 1)(x + 5)
3. flx) =0 4. f(x) >0 solve each of the following.
5. f(x) = 0 11. h(x) = 0 12. h(x) =0
For the function 13. h(x) = 0 14. h(x) > 0
x— 2 15. h(x) <0
) =, |
x For the function g(x) = x° — 9x°, solve each of the
solve each of the following. following.
6. g(x) =0 7. g(x) >0 16. g(x) = 0 17. g(x) <0
8. g(x) =0 9. g(x) =0 18. g(x) =0 19. g(x) >0

10. g(x) < 0 20. g(x) =0
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In Exercises 21-24, a related function is graphed. Solve
the given inequality.
21. x> + 6x* < x + 30

(75> 0)

-10

(—3,0)
22, x* — 273 — 14x + 120 = 0

(747 O) (2) 0)

150

8x
23. — =0
x-— 4
8
24, — <0
X" — 4
8
-10 _J;;L_
\78, I
Solve.

25. (x — 1)(x+4) <0

26. (x +3)(x—5) <0

27. P+ x—2>0

28. x> —x—6>0

29. ) —x—5=x—2

30 x’ +4x+ 7 =5x+9

31. x> > 25

32, ¥ =1 33.4—x*=0

Polynomial Inequalities and Rational Inequalities

34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.

11—x>=0

6x—9—x*<0

x+2x+1=0
x4 12 < 4x
x> — 8 > 6x
4x’ — 7x* = 15x

2x° — x* < 5x

X+3x2—-x—-3=0

X+ —4dx—4=0

X —2x*<5x—6
X+ x=6—4x°
X+ =23 +2
x° + 24 > 3x° + 8x%
2+ 6 =5x° + x
2%° + x* < 10 + 11x
x° + 5x% — 25x = 125

X = 9x + 27 = 3x2

0.1x> — 0.6x> — 0.1x +2 <0

19.2x% + 12.8x% + 144 = 172.8x + 3.2x*

373

List the critical values of the related function. Then solve
the inequality.

53.

55.

57.

59.

61.

63.

65.

>
x+ 4
—4

<
2x + 5

2x
=
x— 4

x— 4 x+ 2
x+ 3 x—1

x+ 6 x— 8
x— 2 x—5

x+1
=3
x— 2
1
Xx—2>—
X

54.

56.

58.

60.

64.

66.

=0
x— 3
-2

=0
5—x
5x

<0
x+1

x+1 x—3

x— 2 x—1

x—7 x—9
=

"x+2 x+3

x—5

4
4 =—+ x
X




374

67.

68.

69.

71.

73.

75.

76.

77.

78.
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2 - 5 79.
x—4x + 3 =9
3 5
=
¥ —4 x4+ 7x+10
3 - 6 70 4 - 3
Z+1 52+ 2 TP -9 xr—25
5 3 2 3
5 72. — > 5
x° + 3x 2x + 1 x“+ 3 5+ 4x 80
5x x - x—2 '
4. 55— <0
7x — 2 x+ 1 x“+5x+6
X 3 2x
+ =
¥ +4x—5 x*—25 x*—6x+5
2x X 3x
+ =
x> =9 2+ x—12 o+ 7x + 12
Temperature During an Illness. A person’s tem-

perature T, in degrees Fahrenheit, during an ill-
ness is given by the function

4t
T(t) = + 98.6,
() 2+ 1
where t1is the time since the onset of the ill-
ness, in hours. Find the interval on which the
temperature was over 100°F. (See Example 12 in
Section 4.5.)

Population Growth. The population P, in thou-
sands, of a new senior community is given by

500¢
K1) =

2049
where tis the time, in months. Find the interval on

which the population was 40,000 or greater. (See
Exercise 85 in Exercise Set 4.5.)

81.

82.

Total Profit.  Flexl, Inc., determines that its total
profit is given by the function
P(x) = —3x* 4+ 630x — 6000.

a) Flex] makes a profit for those nonnegative
values of x for which P(x) > 0. Find the
values of x for which Flex] makes a profit.

b) Flexl loses money for those nonnegative
values of x for which P(x) < 0. Find the
values of x for which Flexl loses money.

Height of a Thrown Object. The function

S(t) = —16* + 32t + 1920
gives the height S, in feet, of an object thrown
upward with a velocity of 32 ft/sec from a cliff
that is 1920 ft high. Here ¢is the time, in seconds,
that the object is in the air.

% 1920
2000-///

1500

1000

500

L 1
—4

=500

a) For what times is the height greater than
1920 ft?
b) For what times is the height less than 640 ft?

Number of Diagonals. A polygon with n sides
has D diagonals, where D is given by the function
n(n — 3)
-
Find the number of sides n if

27 = D = 230.

D(n) =

Number of Handshakes. ~ If there are n people in a
room, the number N of possible handshakes by all
the people in the room is given by the function

n(n — 1)

-

For what number # of people is
66 = N = 300?

N(n) =



Find an equation for a circle satisfying the given
conditions.

83. Center: (—2,4); radius of length 3
84. Center: (0, —3); diameter of length%

In Exercises 85 and 86:

a) Find the vertex.

b) Determine whether there is a maximum or
minimum value and find that value.

c) Find the range.

85. h(x) = —2x* +3x — 8
86. g(x) = x> — 10x + 2

Solve.
87. |x* — 5| =5—«
88. x* —6x>+5>0

Chapter 4 Summary and Review

89.
90.

91.

92.

93.

94.
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2|x|? = |x] +2=5

(7—x7%<0
1+ <3
x
‘ 1 1
2——| =2+ |-
x X
Write a quadratic inequality for which the solu-

tion set is (—4, 3).

Write a polynomial inequality for which the
solution setis [ —4,3 | U [7, ).

Find the domain of the function.

95.

96.

/ 72
flx) = x* — 4x — 21

f(x) = Vx> — 4x — 21

KEY TERMS AND CONCEPTS

EXAMPLES

SECTION 4.1: POLYNOMIAL FUNCTIONS AND MODELING

Polynomial Function
A polynomial function is given by

P(x) = a,x" + a, X" '+ a, x"F 4 -
+ ax + ag,

where the coefficients a,, a,,_1, . . . , 4;, a are real
numbers and the exponents are whole numbers.

The first nonzero coefficient, a,, is called
the leading coefficient. The term a, x" is called
the leading term. The degree of the polynomial
function is n.

Consider the polynomial function

P(x) =3x® + x — 4x° + 2.

Leading term: —4x’
Leading coefficient: —4
Degree of polynomial: 5
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Classifying polynomial functions by degree:

r

Type Degree

Constant
Linear
Quadratic
Cubic
Quartic

B W N = O

The Leading-Term Test

If a, x" is the leading term of a polynomial function,
then the behavior of the graph as x — % and as
x—> — can be described in one of the four follow-
ing ways.

b) If nis even,
and a, < 0:

/N

d) If nis odd,
and a, < 0:

J
/ \\

Zeros of Functions

a) If niseven,
and a, > 0:

\./

¢) If nis odd,
and a, > 0:

If cis a real zero of a function f(x) (that is, if
f(c) = 0), then x — cis a factor of f(x) and (¢, 0)
is an x-intercept of the graph of the function.

If we know the linear factors of a polynomial func-
tion f(x), we can find the zeros of f(x) by solving
the equation f(x) = 0 using the principle of zero
products.

Every function of degree n, with n = 1, has at least
one zero and at most # zeros.

Polynomial Functions and Rational Functions

Classify the following polynomial functions:

( \
Function Type
f(x) = -2 Constant
f(x) = 0.6x — 11 Linear
f(x) =5x*+x—4 Quadratic
f(x) =5x° — x+ 10 Cubic
flx) = —x*+ 8x° + x Quartic

Using the leading-term test, describe the end behav-
ior of the graph of each function by selecting one of
(a)—=(d) shown at left.

h(x) = —2x° + x* — 3 + x

The leading term, a, x", is —2x%. Since 6 is even and
—2 < 0, the shape is shown in (b).

g(x) =4x’ — 8x+ 1

The leading term, a,x", is 4x°. Since 3 is odd and
4 > 0, the shape is shown in (c).

To find the zeros of
f(x) = —=2(x — 3)(x + 8)%

we solve —2(x — 3)(x + 8)* = 0 using the principle
of zero products:

x+8=0 or

x= -8 or

x+8=0

x = —8.

x—3=0 or
x=3 or

The zeros of f(x) are 3 and —8.

:::::

i~

|
oo
=

¥
fx) = —2(x — 3)(x + 8)2




Even and Odd Multiplicity
If (x — ¢)K k = 1, is a factor of a polynomial func-
tion P(x) and (x — ¢)*"! is not a factor and:

e kis odd, then the graph crosses the x-axis at
(¢0);

e kis even, then the graph is tangent to the x-axis
at (¢ 0).

If P(x) is a polynomial function of degree n, the
graph of the function has:

e at most n real zeros, and thus at most n
x-intercepts, and

e atmost n — 1 turning points.

To Graph a Polynomial Function
1. Use the leading-term test to determine the end
behavior.
2. Find the zeros of the function by solving
f(x) = 0. Any real zeros are the first coordinates
of the x-intercepts.

CHAPTER 4  Summary and Review
To find the zeros of
h(x) = x* — 12x* — 64,

we solve h(x) = 0:

xt = 12x* — 64 = 0
(x> —16)(x* +4) =0
(x+4)(x—4)(x*+4)=0
x+4=0 or x—4=0 or x> +4=0
x= —4 or x =4 or xP=—4
x = —4 or x=4 or x= =
x = —4 or x=4 or x = *2i

The zeros of h(x) are —4, 4, and +2i.

For f(x) = —2(x — 3)(x + 8)? graphed above, note
that for the factor x — 3, or (x — 3), the exponent 1
is odd and the graph crosses the x-axis at (3, 0). For
the factor (x + 8)? the exponent 2 is even and the
graph is tangent to the x-axis at (—8,0).

Graph:
h(x) = x* — 12x* — 16x = x(x — 4)(x + 2)%

1. The leading term is x*. Since 4isevenand 1 > 0,
the end behavior of the graph can be sketched as

follows.

2. We solve x(x — 4)(x + 2)* = 0. The solutions
are 0, 4, and —2. The zeros of h(x) are 0, 4, and
—2. The x-intercepts are (0,0), (4,0), and
(=2, 0). The multiplicity of 0 and 4 is 1, so the
graph will cross the x-axis at 0 and 4. The mul-
tiplicity of —2 is 2, so the graph is tangent to the
x-axis at —2.

(continued)
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SECTION 4.2: GRAPHING POLYNOMIAL FUNCTIONS
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3. Use the x-intercepts (zeros) to divide the x-axis 3. The zeros divide the x-axis into four intervals.
into intervals and choose a test point in each L ‘
interval to determine the sign of all function 2o A
values in that interval. For all x-values in an _
interval, f(x) is either.always positive for all Interval (—o0,—2) | (=2,0)  (0,4) : (4, )
values or always negative for all values. Test Value 3 oy 1 5
4. Find f(0). This gives the y-intercept of the Function : :
function. Value, h(x) 21 5 1 27 1 245
5. If necessary, find additional function values to Sign o_f h(x) - - S -
determine the general shape of the graph and LEeiton ol : : :
Points on Above : Above : Below : Above
then draw the graph. Graph x-axis : x-axis : x-axis : x-axis

Four points on the graph are (—3,21), (—1,5),
(1, —27),and (5, 245).

4. We find h(0):
h(0) = 0(0 — 4)(0 + 2)* = 0.
The y-intercept is (0, 0).
5. We find additional points and draw the graph.

y
x h(x)
(=2,0) (0,0):-f(4, 02
-25 41 FEEELN x
-15 2.1 \
—0.5 5.1 /
0.5 —10.9 h(x) = x* — 12x2 — 16x
2 —64
3 —75
The Intermediate Value Theorem Use the intermediate value theorem to determine,
For any polynomial function P(x) With real Coef_ lf possible, Whether the function haS a I‘eal Zero
ficients, suppose that for a # b, P(a) and P(b) are between aand b.
of opposite signs. Then the function has at least one fx) =28 =5 +x—2, a=2b=3;
real zero between a and b.
. . f(2) = -4 f(3)=10
The intermediate value theorem cannot be used to
determine whether there is a real zero between a and Since f(2) and f(3) have opposite signs, f(x) has at

bwhen P(a) and P(b) have the same sign. least one zero between 2 and 3.
flx) =20 =58 +x—2, a=—-2,b=—1;
f(-2) = —40; f(~1) = ~10
Both f(—=2) and f(—1) are negative. Thus the
intermediate value theorem does not allow us to

determine whether there is a real zero between —2
and —1.
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SECTION 4.3: POLYNOMIAL DIVISION; THE REMAINDER THEOREM AND THE FACTOR THEOREM

Polynomial Division

P(x) = d(x) - Q(x) + R(x)
7NN

Dividend Divisor Quotient Remainder

When we divide a polynomial P(x) by a divisor d(x),
a polynomial Q(x) is the quotient and a polynomial
R(x) is the remainder. The quotient Q(x) must

have degree less than that of the dividend P(x).

The remainder R(x) m