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A toolbox

The first six sections of this chapter revise areas for which knowledge is required in this
course, and which are referred to in the Specialist Mathematics Study Design.
The final section introduces cartesian and parametric equations for ellipses and hyperbolas.

Circular functions
Defining sine, cosine and tangent

The unit circle is a circle of radius one with centre at
the origin.
It is the graph of the relation x* + y? = 1.
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Sine and cosine may be defined for any angle through

> <

the unit circle.
For the angle of 6°, a point P on the unit circle is P(cos (6°), sin (8))

defined as illustrated opposite. The angle is measured 0°

in an anticlockwise direction from the positive / 0 > X
direction of the x axis. \J

cos(0°) is defined as the x-coordinate of the point P

and sin(0°) is defined as the y-coordinate of P. A calculator gives
approximate values for these coordinates where the angle is given.

y

2.,

1
sin30° = 0.5 (exact value) sin 135° = E ~ 0.7071 cos 100° =~ —0.1736
o \/g - 1 .
c0s30° = — ~ 0.8660 cos 135° = — ~ —0.7071 sin 100° ~ 0.9848
2 V2
) sin(6°) ) )
tan(0°) is defined by tan(6°) = ©) The value of tan(8°) can be illustrated geometrically
cos(8°
through the unit circle.
By considering similar triangles OPP’ and OTT’, it can y
be seen that A /
T PP’ DA T(1, tan (6°))
or’  OP' :
1 eO ] 1
ie. T = sin(6°) = tan(0°) 0! _
cos(0°) 0 P|T
sin (6°) = PP’

For a right-angled triangle OBC, a similar triangle OB'C’ can be
constructed that lies in the unit circle.

By the definition, OC’ = cos(6°) and CB’ = sin(6°).

The scale factor is the length OB.

Hence BC = OB sin(8°) and OC = OB cos(6°).

This implies

BC ocC
— =sin(6°) and — = cos(0°)
OB OB
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This gives the ratio definition of sine and cosine for a B
right-angled triangle. The naming of sides with respect to
an angle 0° is as shown.
g hypotenuse
sin6° = i _opposite opposite
hyp hypotenuse
., adj adjacent
cosf° = — — 9°
hyp hypotenuse 0 []
tan 6° opp opposite adjacent C
an@° = —
adj adjacent

Definition of a radian
In moving around the circle a distance of 1 unit from 4 to P
the angle POA is defined. The measure of this angle is 1 radian.

One radian (written 1) is the angle subtended
at the centre of the unit circle by an arc of

J
1
e
length 1 unit. a 0 A1
Note: Angles formed by moving anticlockwise around the \j
-1

circumference of the unit circle are defined as positive. Those

formed by moving in a clockwise direction are said to be negative.

L unit

Y

Degrees and radians

The angle, in radians, swept out in one revolution of a circle is 2

2m¢ = 360°
¢ = 180°
1 (e} C
¢ = 80 or 1°= T
™ 180

Henceforth the © may be omitted. Any angle is assumed to be measured in radians unless

otherwise indicated.
The following table displays the conversions of some special angles from degrees to radians.

Anglesindegrees | 0 | 30 | 45 | 60 | 90 | 180 | 360

i 21

w3

Angles in radians | 0 il T —
6 4 2
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Some values for the trigonometric functions are given in the following table.

x in radians sin x COS X tan x

0 0 1 0
™ 1 V3 V3
6 2 2 3
™ V2 V2 :

4 2 2

3 1

m V3 . V3
3 2 2

ey
) 1 0 undefined

The graphs of sine and cosine

e“erp%” As sin x = sin(x + 2mn), n € Z, the

@ function is periodic and the period is 2. J&)=sinx
A sketch of the graph of /: R — R,

f(x) = sin x is shown opposite. The

oA

amplitude is 1.

A sketch of the graph of f: R — R, Y
f(x) = cos x is shown opposite. The
period of the function is 2. The

amplitude is 1. . /
v . > X

Fory =acos(nx) andy = asin(nx) a>0,n>0

2
Period = —Tr, amplitude = a, range = [—a, a]
n

Symmetry properties for sine and cosine

From the graph of the functions or from the unit circle definitions, the following results may be

obtained.
sin(m — 6) = sin 0 sin(mm + 0) = —sin 6
cos(m — 0) = —cos 6 cos(m + 0) = —cos 0
sin(2m — 0) = —sin 0 sin(—@) = —sin 0
cos(2m — 0) =cos 0 cos(—0) = cos 0
sin(8 + 2nw) = sin cos(0 + 2nmw)=cos B forn e Z

. m™ m .
sin (5 — 9) =cos0 cos (5 — 6) =sin0
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a Change 135° into radians.
b Change 1.5 into degrees, correct to two decimal places.
Find the exact value of:

. . 7\ €
i sin i cos | -

Solution
C c
2 135° — 135 x _ 3_Tr
180 4

Note that angles in radians which are expressed in terms of 1 are left in that form.

1.5 x 180" .
b 1.5°= <7> = 85.94°, correct to two decimal places.
"

¢ isinm®=0

B 7\ ¢ ki ¢ —m\° V)
ii cos|— | =cos|— —2w) =cos|— ) =cos— = —
4 4 4 4 2

- X

Find the exact value of:

a sin 150° b cos(—585°)
Solution
a sin 150° = sin(180° — 150°) b cos(—585°) = cos 585°
= sin 30° = cos(585° — 360°)
=05 = c0s(225°)
= —cos 45°
V2
2
Find the exact value of:
. < 1 11T) <—451T)
a sim|— b cos
6 6
Solution
. 11 . 11 —45m !
a sin{ —= ) =sin 21 — e b cos c = cos (=73 x )
ing (-3)
= —SsIn — =coS|{——
6 2
1 =0
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The Pythagorean identity

For any value of 6

Example 4

If sinx° = 0.3, 0 < x < 90, find:

cos’ 0 +sin’ 6 = 1

a cosx’ b tan x°
Solution
.2 5 2 o sinx
a sin“x” +cos“x° =1 b tanx° =
coS X
0.09 + cos® x° = 1 0.3
cos?x® = 0.91 V091
cosx® = £+/0.91 . 3 B 3491
/o1 9l
91 V91
as 0 < x <90, cosx®° =4/0.91 = =

100~ 10
Solution of equations

If a trigonometric equation has a solution, then it will have a corresponding solution in each
‘cycle’ of its domain. Such equations are solved by using the symmetry of the graphs to obtain
solutions within one ‘cycle’ of the function. Other solutions may be obtained by adding
multiples of the period to these solutions.

- X ,

The graph of y = f(x) where /: R — R,
f(x)=sinx, x € [0, 2m] is shown.

Find the other x value which has the same 0 c J

> X
y value as each of the pronumerals marked. 4 b 1 o
Solution —1-

For x = a, the value is T — a.

For x = b, the other value is w — b.
For x = ¢, the other value is 27 — (¢ — m) =37 — c.
For x = d, the other value is m + 27 — d) =37 — d.

Example 6

1
Solve the equation sin <2x =+ g) =3 for x € [0, 21r].
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Solution
™
Let6 =2x + —
3
Note 0<x<2mw

& 0<2x <A4mw

- a <2 + 1317
— x —
3 3 3
N o <g < 137
3 - 7 3
Therefore solving the equation sin ( g) = — forx € [0, 2] is achieved by first
. . 1 ™ 3
solving the equation sin(0) = 3 for 3 <0< T
1
Consider sin 6 = 3
0 0y S5 24 oy 2+ S5 A+ a b 4 S5
0=— or — or — or — or — or — or ...
6 6 TTe T TTe T

o 29
The solutions r and o are not required as they lie outside the restricted domain
for 0.

1y 137
For — <6 < —
3 3
S5 131 177 251
0 = 3 or < or ; or <
21 S5t 137 17 251
2X+—=— or — or — or —
6 6 6 6 6
RE 11w 157 231
S 2x=— or — or or —
6 6 6 6
™ 11w S5 231
. X=— o —— or — or ——
YTy 12 4 12
Using a TI-Nspire calculator
Make sure the calculator is in Radian mode ERERRE - P reo fuTo ReAL ™
(RAD on top bar). o 1 A
Complete as shown. solve(sm(?.-xﬂ-;};,x)|0£x$2-31:
T ailess S P
A=——0OrX= or X= o X=
12 4 12

1799 ||
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Make sure the calculator is in Radian mode

(Rad at bottom right of screen in Main window).

1
Entersin(2x+§) = §|0§x < 27t and

1
highlight the equation sin (2x n ;) = -
From the Interactive menu choose

Equation/Inequality and then solve and set the
variable as x.

Using a Casio ClassPad calculator

Lolue[sin[z-x+%]=%,x] 3

{x=£ x=lll L T,
4°* 1z 4

1k

(u]

-
[mth [abe [cat [ 20 |EIEIE]

TRIG | & [OPTH]| YRR |ERE

Ala Standard Cplx Rad dm]

Sketch graphs

The graphs of functions defined by rules of the form f(x) = a sin(nx + €) + b and
f(x) = acos(nx + €) + b can be obtained from the graphs of sin x and cos x by

transformations.

[

Sketch the graph of 4: [0, 27] — R, h(x) = 3 cos <2x + il

Solution

h(x) =3cos (2 (x + %)) +1

The transformations from the graph of y = cos x are

B adilation from the y axis of factor %

B a dilation from the x-axis of factor 3

)+

. ™ . . . . .
B atranslation of — in the negative direction of the x axis
B atranslation of 1 in the positive direction of the y axis

The graph with the dilations applied is as shown below.

y
A
31 y=3cos (2x)
0
BETEN
4 4 4
3

The translation r in the negative direction of the x axis is then applied.
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/\ (2=3)
—1t on 1111: 251t 7
VARV

The final translation is applied and the graph is given for the required domain.

w

N\w

The x-axis intercepts are found by
solving the equation.

3cos<2x—|—g>+1:0

i (2 + W) !
1.C. COS X — = ——=
3 3

The graph of tan

A sketch of the graph of /: R\{(2n + l)g; n€Z} — R, f(0) = tan 6 is shown below.

YA
i—n Tc §3n 5515
- 2 2 T 12 2m 12 3m _
E ' E E 8
Note: ™ a 3T d5'1'r ot
ote: = ——, —, — and —— arec asymptotes.
2°2° 2 2 yimp

Observations from the graph

B The graph repeats itself every  units, i.e. the period of tan is .

B Range oftanis R.

B The vertical asymptotes have equation 6 = (2k + l)g where k € Z.
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Using a TI-Nspire calculator

Open a Graphs & Geometry application < T — i
and define f1(x) = tan(x). Ay
i %
0.5
15 =tz

Using__a Casio ClassPad calculator

Enter tan (x).

Check the tickbox and click on the button.
The window setting may be altered by using the 6

on the Graph window first to select it).

EE button (if this button does not appear, click - / / /
1

Sheetl | Sheet? [ Sheets [[4] ¢
Evl=tan(x) [— ][«
Ow2:

Ow3:
Oy
Ow5:
Ow6:
Ow7:
Owd:

Rad Cplx |

OoooOooono

Symmetry properties for tan

From the definition of tan, the following results are obtained:

tan(m — 0) = —tan 6 tan(w +0) =tan® tan(2m —0) = —tan® tan(—H) = —tan6
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Example 8

Find the exact values of:

a tan(330°) b tan (‘%T)
Solution
a tan(330°) = tan(360 — 30)° b tan (47“) — tan (w + g)
= —tan (30)° a0y
\/5 = tan (;)
T3 =3

Solutions of equations involving tan

The procedure here is similar to that used for solving equations involving sin and cos, except
that only one solution needs to be selected then all other solutions are 7 or 180° apart.

Example 9

Solve the equations:

a tanx=—1 forxe[0,4m] b tan(2x —w) =+/3 forx e [—m, 7]
Solution
a tanx = —1

31
Now tanT =—1.

Theref 3 3'1'r+ 3’rr+2 3’1T+3
= — — r — r — .
erefore x ) or ) ™ 0 2 ™ 0 2 ™
0 3 ok 11 157
=— o — o —— or —.
ence X ) o ) o 7 o 2

b tan(2x — w) = /3.
Therefore —2m < 2x <2mandthus — 37 <2x —mwm <mand —3w <0 <.
In order to solve tan(2x — 1) = /3 first solve tan® = /3.

0 ™ ™ o 5 o 3
= — — — r — — r - —
3 or 3 ™ 0 3 m™ 0 ™
oy 21 S5 8
0=— or —— o —— or ——
3 3 3 3
andas O =2x —
) ™ 21 S5 8
—-T=— O —— o —— Oor ——
TTTE3 3 3 3
Therefore 2 ™ ™ 27T S5
refor =— o — o —— Oor ——
erefore 2x 3 0 3 3 3
And 21T ™ 1y S5
ndx=— or — or —— or ——
T3 %% 3 6
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Exercise [}

gé‘“s"% 1 a Change the following angles from degrees to exact values in radians:
(

& i 720° i 540° iii —450° iv 15° v —10° vi —315°
ZBacus® b Change the following angles from radians to degrees:

. (51T>° . <—27r>° . <7TA’>C
i [— i [ — —
4 3 12
. —11m\° 137\ vi —11m\°
Y 7% Y9 12

2 Perform the correct conversion on each of the following, giving the answer correct to two

decimal places.

a Convert from degrees to radians:

i 7° ii —100° iii —25°
iv 51° v 206° vi —410°
b Convert from radians to degrees:
i 1.7° ii —0.87¢ iii 2.8¢
iv 0.1° v =3¢ vi —8.9°¢

3 Find the exact value of each of the following:
(27 3 ™

a sin|— b cos|{— ¢ cos (——)
3 4 3
S5ar 91 . 11

d cos|— e cos| — f sin| —
4 4 3
3l h 2917 L 23

cos| — cos | — S
g 6 6 i sin 5

4 Find the exact value of each of the following:

a sin(135°) b cos(—300°) ¢ sin(480°)
d cos(240°) e sin(—225°) f sin(420°)

5 Ifsin(x®) = 0.5 and 90 < x < 180, find:
a cos(x®) b tan(x°)
6 Ifcos(x”) =—0.7 and 180 < x < 270, find:

a sin(x°) b tan(x®)

3
7 Ifsin(x) = —0.5 and 7 < x < 7“ find:

a cos(x) b tan(x)

3
8 Ifsin(x) = —0.3 and %T < x < 2w, find:

a cos(x) b tan(x)
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9 Solve each of the following for x € [0, 27]:

a sinx=—§ b sin(2x)=7
¢ 2cos(2x) = —1 d sin(x+§)=—§
e 200s<2<x+§)>=—1 f 2sin(2x+§>=—\/§

10 Find the exact values of each of the following:

5 2 29
a tan(%) b tan(—?ﬂ) c tan(—%) d tan(240°)

11 Iftanx = 1 and T <x < %T, find the exact value of:

a sinx b cosx ¢ tan(—x) d tan(m— x)

3
12 Iftanx = —% and g < x < r, find the exact value of:

a sinx b cosx ¢ tan(—x) d tan(x — )

13 Solve each of the following for x € [0, 27]:

™ V3
tanx = —/3 b tan (3x— 7)) ="
a tanx V3 an( X = 3
c 2tan<%>+2:0 d 3tan(g+2x):—3
14 Sketch the graphs of each of the following for the stated domain:
a f(x)=sin2x,x€[0,2m] b f(x):cos(x—i—g),xe[%w,ﬂ}

c f(x):cos(z(x+§)),xe[o, ] d f(x)=2sinGx)+ 1,x € [0, 7]
e f(x):2sin<x—;)+\/§,x€[0,2'rr]

15 Sketch the graphs of each of the following for x € [0, 7], clearly labelling all intercepts
with the axes and all asymptotes:

a f(x)=tan(2x) b f(x)=tan <x - ;)

¢ f(x)=2tan <2x—|—g> d f(x)=2tan <2x+ ;) 2

Solving right-angled triangles
Pythagoras’ theorem

This well-known theorem is applicable to right-angled triangles and will be stated here without
proof:

(hyp)* = (opp)* + (adj)’
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Example 10
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In triangle ABC, ZABC = 90° and ZCAB = x°, c
AB =6 cm and BC = 5cm.
Find:
a AC b the trigonometric ratios related to x° c X 5
L2 Lp
6
Solution
a By Pythagoras’ theorem, AC? = 5% 4+ 6> = 61
AC = +/61 cm
5 5
b sinx°=-— cosx°=— tanx°=-—
61 V61 6

. 3
¢ tanx’ = —
6

x = 39.81 (correct to two decimal places)

1 Find the trigonometric ratios tan x°, cos x° and sin x° for each of the following triangles:
b c

2 Find the exact value of a in each of the following triangles:
b
a

12

45°

30°




1.3

3 Find the exact value of the pronumerals for each

of the following:
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4 a Find the values of a, y, z, w and x.

b Hence deduce exact values for sin(15°), cos(15°)

and tan(15°).

¢ Find the exact values for sin(75°), cos(75°) and

tan(75°).

The sine and cosine rules

The sine rule

< | —>=<— g —>

30°

- — ——

In section 1.2, methods for finding unknown lengths and angles for right-angled triangles were

discussed. This section discusses methods for finding unknown quantities in non-right-angled

triangles.

The sine rule is used to find unknown quantities in a triangle when one of the following

situations arises:
B one side and two angles are given

B two sides and a non-included angle are given

In the first case a unique triangle is defined, but for the second it is possible for two triangles to

exist.

Labelling convention
The following convention is followed in
the remainder of this chapter. Interior
angles are denoted by upper-case letters,
and the length of the side opposite an
angle is denoted by the corresponding
lower-case letter.

The magnitude of angle BAC is denoted by 4.

The length of side BC is denoted by a.
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The sine rule states that for triangle 4BC B
@ a
a b ¢
sind  sinB  sinC 4 b €

A proof will only be given for the acute-angled triangle case. The proof for obtuse-angled
triangles is similar.

Proof ,
In triangle ACD, sinA4 = b

h =bsin A
. . h
In triangle BCD, sin B = —
a

h=asinB

asinB = bsin 4

. a b
i.e. - = —
sin A sin B

Similarly, starting with a perpendicular from 4 to BC would give
b c

sin B sin C

- [EEd]

Use the sine rule to find the length of AB. B

Solution 10 700

sin31°  sin70° c
_ 10 xsin31°
sin 70 310
c=15.4809... A C
10 cm

The length of AB is 5.48 cm correct to two decimal places.
Use the sine rule to find the magnitude Z
of angle XZY, given 5cm
that ¥ =25° y =5 and

a ,V an 959

z=06. X Y

6 cm
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Solution Z
5 6 !

sin 25° sin Z
sin Z sin 25°

= 149.53°
6 5 5
. 6 x sin25° cm
sin/ = ————
5
=0.5071... ,
Z =sin"'(0.5071..) X 6 cm

Z =30.4736... or 180 — 30.4736. ..
Z =30.47° or Z = 149.53° correct to two decimal places.

Remember: sin(180 — 6)° = sin 6°

There are two solutions for the equation sin Z = 0.5071 . . .
Note: When using the sine rule in the situation where two sides and a non-included angle are
given, the possibility of two such triangles existing must be considered. Existence can be
checked through the sum of the given angle and the calculated angle not exceeding 180°.

The cosine rule

The cosine rule is used to find unknown quantities in a triangle when one of the following
situations arises:

B two sides and an included angle are given

B three sides are given

The cosine rule states that for triangle ABC B
a* = b* + ¢? — 2bc cos A or,
b? +c* —a?

ivalentl A=
equivalently, cos o y c

The symmetrical results also hold, i.e.
B »’=d*>+c?*—2accosB
B ?=a>+ b —2abcosC

The result will be proved for acute-angled triangles. The proof for obtuse-angled triangles is

similar.
Proof
In triangle ACD
b* = x> 4+ h? (Pythagoras’ theorem)
cosd = % and therefore x = b cos 4
In triangle BCD

A
a*=(c—x)* +h? (Pythagoras’ theorem) D
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- A

Example 14 |

-
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Expanding gives
a*=c* —2cx +x* +h?
=c? —2ex + b (as x> + h* = b?)
a* =b>+c* —2bccos A (asx = bcos A)

For triangle 4BC, find the length of AB in centimetres B
correct to two decimal places.
Solution Scm
*=5"410" -2 x5 x 10 cos 67° ;
= 85.9268... C
e 9.269 4 10 cm

The length of 4B is 9.27 cm correct
to two decimal places.

Find the magnitude of angle ABC for triangle ABC B
correct to two decimal places.
12 cm
6 cm
Solution
24 2 _ 12 C
cos B = i A 15 c¢m
2ac
B 122 4 6% — 152
 2x12x6
= —0.3125
B =(108.2099...)°
ie. B ~ 108.21° correct to two decimal places.

The magnitude of angle ABC is 108° 12’ 36" (to the nearest second).

In AABC, Z/CAB = 82°, AC = 12 ¢cm, AB = 15 cm. A
Find, correct to two decimal places: 320
a BC b ZACB 12 cm

15 cm
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Solution
a BC is found by applying the cosine rule:

a* = b* +¢* — 2bc cos A
=122+ 157 —2 x 12 x 15 cos 82°
= 144 4+ 225 — 360 x cos 82°
= 318.897...

BC = a = 17.86 cm, correct to two decimal places.
b ZACB is found by applying the sine rule pair:

a
sind  sinC
. csin 4
sinC =
a
_ 15 x sin 82°
1786

/ACB = 56.28°, correct to two decimal places.

19

Note: 123.72° is also a solution to this equation but it is discarded as a possible answer as it is

inconsistent with the information already given.

Exercise

W\ish
é'\ 00
@J’ 1 In triangle ABC, /BAC = 73°, ZACB = 55° and AB = 10 cm. Find, correct to two
Aot decimal places:
a BC b AC

2 Intriangle ABC, ZABC = 58°, AB = 6.5 cm and BC = 8 cm. Find, correct to two decimal

places:
a AC b ZBCA

3 The adjacent sides of a parallelogram are 9 cm and 11 cm. One of its angles is 67°. Find

the length of the longer diagonal, correct to two decimal places.

4 In AABC, ZACB = 34°, AC = 8.5 cm and AB = 5.6 cm. Find, correct to two decimal

places:

a the two possible values of Z4BC (one acute and one obtuse)
b BC in each case

5 In AABC, ZABC = 35°, AB = 10 cm and BC = 4.7 cm. Find, correct to two decimal

places:

a AC b ZACB

6 In AABC, ZABC = 45°, ZACB = 60° and AC = 12 cm. Find AB.
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7 In APQOR, ZOPR = 60°, PQ = 2 cm and PR = 3 cm. Find OR.

8 In AABC, ZABC has magnitude 40°, 4C = 20 cm and AB = 18 cm. Find the distance BC
correct to 2 decimal places.

9 In AABC, ZACB has magnitude 30°, AC = 10 cm and AB = 8 cm. Find the distance BC
using the cosine rule.

10 In AABC,AB =5 cm, BC = 12 cm and AC = 10 cm. Find:

a the magnitude of ZABC, correct to two decimal places
b the magnitude of ZBAC, correct to two decimal places

1.4 Geometry prerequisites
In the Specialist Mathematics study design it is stated that students should be familiar with
several geometric results and be able to apply them in examples.

These results have been proved in earlier years’ study. In this section they are listed.
B The sum of the interior angles of a triangle is 180°.

a+b+c=180

bO
aO
CO
L
{e] do
e
a+b+c+d+e=360 x+y+z4+w=360 a+b+c+d+e+ f =360

B Corresponding angles of lines cut by a transversal are equal if, and
only if, the lines are parallel.

a=bandc=d
a and b are corresponding angles

¢ and d are corresponding angles
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Opposite angles of a parallelogram are A

o

equal, and opposite sides are equal in length. ¢

AB = DC AD = BC
c=danda=>»

The base angles of an isosceles triangle are equal.

o B
> 7
a® d°
D > ¢
A
(AB = AC)
a=2>b
[11
B X C

The line joining the vertex to the midpoint of the base of an isosceles triangle is
perpendicular to the base.
The perpendicular bisector of the base of an isosceles triangle passes through the opposite

vertex.

The angle subtended by an arc at the centre of a circle is twice
the angle subtended by the same arc at the circumference.
x =2y
4 B
The angle in a semicircle is a right angle. ﬂ

Angles in the same segment of a circle are equal. é

The sum of the opposite angles of a cyclic
quadrilateral is 180°.

x+y=180
z+w=180
a=x

An exterior angle of a cyclic quadrilateral and the interior opposite angle are equal.
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B A tangent to a circle is perpendicular to the radius at the point of contact.

B The two tangents to a circle A
from an exterior point are O
equal in length. X4 — XB
X
(
B

B Anangle between a tangent to a

circle and a chord through the
point of contact is equal to the ‘
&\

angle in the alternate segment.

Example 16 |

Find the magnitude of each of the following angles:

ZABC
ZADC
ZCBD
£0CD
ZBAD

o & 6 TN

Solution

a /ABC =93° (vertically opposite)
b Z4ADC =287° (opposite angle of a cyclic quadrilateral)
¢ ZCOB =185° (vertically opposite)
ZCBD =[180 — (60 + 85)]°=35° (angles of a triangle, ACBO)
d ZCAD =35° (angle subtended by the arc CD)
ZADC = 87°  (From b)
Z0CD = [180 — (87 + 35)]° = 58° (angles of a triangle, A CAD)
e /BAD =[180 — (60 + 58)]° = 62° (opposite angles of a cyclic quadrilateral)

f

1 Find the value of a, y, z and x. z°

| 150°
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2 Find the magnitude of each of the following:

ZRTW
LTSW
ZTRS

ZRWT

e e T O

3 Find the value of a, b and c. AB is a tangent to the circle at C.

4 ABCD is a square and ABX is an equilateral triangle. A B
Find the magnitude of:
a /DXC
b ZXDC
X
D C
5 Find the values of a, b, ¢, d and e. 6 Find x in terms of a, b and c.
7 Find the values of x and y, given that 8 Find the values of @, b, ¢ and d.
O is the center of the circle.
9 Find the values of x and y. 10 O is the centre of the circle. Find the

values of x and y.

7\
2y

C
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1.5 Sequences and series
The following are examples of sequences of numbers:
a 1,3,5,7,9... b 0.1,0.11,0.111,0.1111 ... c
d 10,7,4,1,-2... e 0.6,1.7,2.8,39...
Note that each sequence is a set of numbers, with order being important.

[T
©l—
3=
2~

For some sequences of numbers a rule can be found connecting any number to the

preceding number. For example:

for sequence A, aruleis: add?2

for sequence C, aruleis: multiply by %
for sequence D, aruleis: subtract3

for sequence E, aruleis: add1.1

The numbers of a sequence are called terms. The nth term of a sequence is denoted by the
symbol #,. So the first term is #;, the 12th term is ¢, and so on.

A sequence can be defined by specifying a rule which enables each subsequent term to be
found using the previous term. In this case, the rule specified is called an iterative rule or a
difference equation. For example:

sequence A can be defined by t, = 1,1, =t,-1 + 2

sequence C can be defined by 1, = 1,1, = % 1

- [

Use the difference equation to find the first four terms of the sequence t;, = 3,1, =t,_1 + 5

Solution
Hh=3
h=t+5=28
=0+5=13

th=t+5=18

The first four terms are 3, 8, 13, 18.

Example 18

Find the difference equation for the following sequence.

1
9,-3,1,—%...
Solution
—3==-1x9 ie. n=-1in
l=—-1x-3 1. l‘3:—%t2
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Alternatively, a sequence can be defined by a rule that is stated in terms of n. For example:
t, =2n defines the sequence t), =2, 6, =4,13 =6,14 =8 . ..

t, =2""! defines the sequence t; = 1, b =2, =4,1, =8 . ..

Example 19

Find the first four terms of the sequence defined by the rule ¢, = 2n + 3.

Solution
Hh=2x143=5 h=2x2+4+3=7
3=2x343=9 4 =2x4+3=11
The first four terms are 5, 7,9, 11.
Arithmetic sequences
A sequence in which each successive term is found by adding a constant value to the previous

term is called an arithmetic sequence. For example, 2, 5, 8, 11 . . . is an arithmetic sequence.
An arithmetic sequence can be defined by a difference equation of the form

t, = t,_1 +d whered is a constant.

If the first term of an artithmetic sequence #; = a then the nth term of the sequence can also be
described by the rule:

th=a+m—1)d wherea=t andd =1, —t,_;

d is the common difference.

Example 20

Find the tenth term of the arithmetic sequence —4, —1,2,5 ...

Solution
a=—-4,d=3,n=10
th=a+m—-1)d
tip=—4+(10-1)3
=23

Arithmetic series

The sum of the terms in a sequence is called a series. If the sequence in question is arithmetic,
the series is called an arithmetic series. The symbol S, is used to denote the sum of n terms of
a sequence,

i.e. Si=a+@+d)+@+2d)+---+(@+@m—1)d)
If this sum is written in reverse order, then

Si=@+m—-—Ddy+@+m—-2)d)+---+(a+d)+a
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Adding these two expressions together gives 25, = n[2a + (n — 1)d]

S, = g[Za—i—(n ~ 1)d]

and since the lastterm /=¢, =a+ (n — 1)d

Sy =5(a+1)

Geometric sequences
A sequence in which each successive term is found by multiplying the previous term by a fixed
value is called a geometric sequence.

For example, 2, 6, 18, 54 . . . is a geometric sequence.

A geometric sequence can be defined by an iterative equation of the form ¢, = rt,_;, where
7 is constant.

If the first term of a geometric sequence ¢; = a, then the nth term of the seqeunce can also be
described by the rule

n—1

t, = ar where r =

n—1

7 1s called the common ratio.

Calculate the tenth term of the sequence 2, 6, 18, . . .

Solution
a=2,r=3,n=10
ty, = ar"!

f1o = 2 x 319D = 39366

Geometric series

The sum of the terms in a geometric sequence is called a geometric series. An expression for
Sy, the sum of n terms, of a geometric sequence can be found using a similar method to that
used in the development of a formula for an arithmetic series.

Let Sp=a+ar+ar’+ - +ar"!

Then rS, =ar +ar’+ar’*+---+ar"

Subtract| 1 | from
rS,— S, =ar" —a
S,(r — ) =a@" —1)

_a@" =1

and Sy
r—1
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For values of  such that —1 < r < 1, it is often more convenient to use the alternative formula

_ a(l —r")

Sn
1—r

which is obtained by subtracting |2 | from | 1 | above.

- [

Find the sum of the first nine terms of the geometric sequence %, é, %, TR

Solution

Sy =

_ 9
=3 (3 -1)
~ 1
~ 5(0.999949)
~ 0.499975 (to 6 decimal places)

Infinite geometric series
If the common ratio of a geometric sequence has a magnitude less than 1,1.e. —1 < r < 1, then
each successive term of the sequence is closer to zero. e.g., 4,2, 1, % }T ..

When the terms of the sequence are added, the corresponding series
a+ar+ar?+ - - + a"~" will approach a limiting value,
i.e.asn — 00, S, — a limiting value. Such a series is said to be convergent.

In example 22 above, it was found that for the sequence L é, % 81—1 ... the sum of the first
nine terms, Sy, was 0.499975.

For the same sequence, Syo = 0.499 999 999 9 ~ 0.5

So even for a relatively small value of n (20), the sum approaches the limiting value of 0.5

very quickly.

1 — "
Given that S, = M

1—r
a ar

n

S =
= o 1—r 1—r

— 0

a
asn — 0o, " — 0 and hence ]

It follows then that the limit as n — oo of S, is
—-r

So S.-—

This is also referred to as ‘the sum to infinity’ of the series.
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Solution

Find the sum to infinity of the series 1 + % + % + % +...

Example 24

a, =512(0.5" " forn=1,2...

Solution

Graph the terms of the geometric sequence defined by:

Using a TI-Nspire calculator

Complete as shown to generate the first
15 terms of the sequence of numbers
defined by the rule a, = 512(0.5)".
Storing the resulting list will enable us to
graph the sequence.

To graph the sequence, open a Graphs
& Geometry application ((@ (=) and
graph the sequence as a Scatter Plot
(e > (), using an appropriate
Window (¢=) (2>). n and tn are entered
in the x and y boxes respectively.

Note that it is possible to see the
coordinates of the points using Trace
(@= {5) (). To enter n, select the x €
box and press Enter, and select n.
This can also be achieved through a
Lists & Spreadsheet application. This
is completed by choosing Sequence
from the Graph Type menu.

{123456789101112131415}

n-1
512'(l) —in
2
111 1

512,256,128,64,32,16,8,4,2, 1,—,—,—,— :
4 8 16

{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15 } = h
™~
]

519

q 1.4 PRAD AUTO REAL [ ]
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Using a Casio ClassPad calculator
The Casio Classpad Spreadsheet is an [~ Fite Edit Graeh Fotion 56

efficient way to produce and graph the [z E{%ﬂ@lﬂﬂﬂ

sequence. It works in a similar way to

a computer spreadsheet such as

Microsoft Excel. Enter the values for

n in column A, then in B1 enter the

formula =512%(0.5)"A 1. Highlight
cell B2 and the cells below it and
select Edit and then Fill Range to
complete the sequence. Select the

values in columns A and B. Click the |H12 @nl B 3 (3, 1280
arrow beside [fll and select graph
type |23 to produce the graph.

g F:

e

Use a calculator to generate terms of the arithmetic sequence with iterative
formula ¢, =1¢,_; +4,t, = 8.

Solution

Using a TI-Nspire calculator

This type of sequence is easiest handled in a FREEE ¢ BER Ri0 AUTO REAL
Lists & Spreadsheet application ((@ &D). = C D

Use the arrows ({p a w) to name the first

two columns 7 and tn respectively.

Enter 1 in cell A1 and enter 8 in cell B1.

Enter =al+1 in cell A2 and =bl1+4 in cell

B2.

Highlight the cells A2 and B2 using (&) and

the NavPad and use Fill Down (6= &> &)

to generate the sequence of numbers. T ——

To graph the sequence, open a Graphs & i o
Geometry application (@ ¢2>) and graph
the sequence as a Scatter Plot (¢=3 G> (&), °
using an appropriate Window (¢=9 (3)). °

Note that it is possible to see the coordinates
of the points using Trace (& > (). 5 la,b)
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Using a Casio ClassPad calculator
Choose a ClassPad Spreadsheet. Enter 1 in
cell Al and =A1+1 in cell A2. Highlight
cells A2 to A12 and then select Fill Range
from the Edit menu. Enter 8 in cell B1
and =B1+4 in B2. Highlight cells B2 to
B12 and select Fill Range from the Edit
menu.

Shade the required cells to be graphed.

From the Graph menu select Scatter.

Select Resize to see the graph.

Exercise

1 A difference equation has rule #,.; = 3¢, — 1, #; = 6. Find #, and #;. Use a CAS calculator
to find #g.

2 A difference equation has rule y,+; = 2y, + 6, y; = 5. Find y; and y3. Use a CAS
calculator to find y;¢ and to plot a graph showing the first ten values.

3 The Fibonacci sequence is given by the difference equation ¢, ., = t,1 + ¢, where
t; = t, = 1. Find the first ten terms of the Fibonacci sequence.
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4 Find the sum of the first ten terms of an arithmetic sequence with first term 3 and common
difference 4.

5 Find the sum to infinity of | —%4—%— % +...

6 The first, second and third terms of a geometric sequence are x + 5, x and x — 4

respectively. Find:

a x b the common ratio

¢ the difference between the sum to infinity and the sum of the first ten terms

7 Find the sum of the first eight terms of a geometric sequence with first term 6 and
common ratio —3.

a a a
8 Find the sum to infinity of the geometric sequence ¢, —, —, —— ... in terms of a.
s V2222
X x2 xn—l
i h Si=1+-4+—4+-+—
9 Consider the sum S, >t T

a Calculate S;p when x = 1.5.
b i Find the possible values of x for which the infinite sum exists. Denote this sum by S.
ii Find the values of x for which S = 25/,.

10 a Find an expression for the infinite geometric sum 1 + sin 6 + sin® 6 + . . .
b Find the values of 6 for which the infinite geometric sum is 2.

Circles
For a circle with centre the origin and radius r, if the point with coordinates (x, y) is on the
circle then x> + )% = r2.

The converse is also true, i.e. a point with coordinates (x, y) such that x> 4 y? = 7 lies on

the circle with centre the origin and radius 7. y

Applying Pythagoras’ theorem to triangle OAP yields A

P(x,y)
V2=OP2=X2—|-y2 /E\
S -
[

In general, the following result holds:

The circle with centre (%, k) and radius r is the graph of the equation
(x—hY +( =k =1

This graph is obtained from the graph of x> + y? = r? by the translation defined by
x, )= (x+h,y+k)
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Example 26

Sketch the graph of the circle with centre at (—2, 5) and radius 2, and state the cartesian

equation for this circle.

y
Solution

The equation is 7
x+27+(y—57=4 @5
3

which may also be written as

> X

X242 +4x — 10y +25=0 4 2 0

Note: The equation x> + y* + 4x — 10y + 25 = 0 can be ‘unsimplified’ by completing the
square.
x2 4+ +4x — 10y +25=0
implies  x% 4+ 4x +4 + y* — 10y + 25 +25 =29
ie. (x+2%+(—-5°>=4

This suggests a general form of the equation of a circle.
x4+ +Dx+Ey+F=0

Completing the square gives

5 D? 5 E? D? + E?
X +Dx+T+y +Ey+T+F:T

] +D 2+ +E 2 D24 E2_4F
1.e. — =) =
© Y3 Yy 4

-D —E
If D*> + E*> — 4F > 0, then the equation represents a circle with centre (T, T) and

. D2+ E? —4
radius —

-D —F
If D? + E? — 4F = 0, then the equation represents one point (T 7)

If D*> 4+ E?> — 4F < 0, then the equation has no graphical representation in the cartesian
plane.

- e

Sketch the graph of x*> + 12 + 4x + 6y — 12 = 0. State the coordinates of the centre and the

radius.
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Solution

x4y +4x +6y—12=0
. xP+4x +4+y*+6y+9-12=13
ie. (x+2+(+37>=25

The circle has centre (—2, —3) and radius 5.

Example 28

Sketch a graph of the region of the plane such that x> 4+ )* < 9 and x > 1.

Solution y

[ ] required region

1 Find the equations of the circles with the following centres and radii:

a centre (2, 3); radius 1 b centre (-3, 4); radius 5
¢ centre (0, —5); radius 5 d centre (3, 0); radius V2

2 Find the radii and the coordinates of the centres of the circles with the following equations:

a X4+ 4+4x—6y+12=0 b >4+ —2x—4y+1=0
c X2 +3)?—3x=0 d X4y +4x—10y+25=0

3 Sketch the graphs of each of the following:

a 2% +22+x+y=0 b ¥+ +3x—4y=6

¢ X4y +8—10y+16=0 d >+ =8 —10y+16=0

e 2 +22 —8x+5y+10=0 f 3x* +3)? 4+ 6x — 9y =100
4 Sketch the graphs of the regions of the plane specified by the following:

a x> +)?<16 b ¥*+)>>9

c (x=2P+@—-22<4 d x=3°+@+2?>>16

e x>+)*<l6andx <2 f x¥*+1y*<9andy> —1
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5 The points (8, 4) and (2, 2) are the ends of a diameter of a circle. Find the coordinates of
the centre and the radius of the circle.

6 Find the equation of the circle, centre (2, —3), which touches the x axis.
7 Find the equation of the circle which passes through (3, 1), (8, 2) and (2, 6).

8 Find the radii and coordinates of the centre of the circles with equations
4x? + 4y* — 60x — 76y + 536 = 0 and x* + y*> — 10x — 14y + 49 = 0, and find the
coordinates of the points of intersection of the two curves.

9 Find the coordinates of the points of intersection of the circle with equation x> + y* = 25
and the line with equation:

a y=x b y=2x

Ellipses and hyperbolas
Ellipses

¥2 2
The curve with equation — + —=
a b?

(—a, 0) and (a, 0) and y-axis intercepts (0, —b) and (0, b).
If @ > b the ellipse will appear as shown in the diagram on the left.

= 1 is an ellipse with centre the origin, x-axis intercepts

If b > a the ellipse is as shown in the diagram on the right.
If b = a, the equation is that of a circle with centre the origin and radius a.

B'|-b
2 2 P
al Yo —+==1b>a
o) + She l;a>b 2T,
AA' is the major axis AA’ is the minor axis

BB' is the minor axis BB’ is the major axis
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The general cartesian form is as given below.

The curve with equation

Ay Ay
=P 0=k _

a? b2 !

2 2
is an ellipse with centre (%, k). It is obtained by a translation of the ellipse x_z 4F L,
a

b2
The translation is (x, y) — (x + A, y + k).

y
A (h, k + b)
©Xcey
=
(h—a, k)< o (h, k) (h+ak)
. (h, k= b) -
22
The ellipse with equation — + 7= 1 can be obtained by applying the following dilations to
a

the circle with equation x> + )? = 1:

B adilation of factor a from the y axis, i.e. (x, y) — (ax, y)
B adilation of factor b from the x axis, i.e. (x, y) — (x, by)
The result is the transformation (x, y) — (ax, by).

Y Yy J
\ A b

\
4
! — T ! P
/ \x,y»(ax,y)/" N,y»(x, by),
—a
_1Q/1:x Q/a:x N ’ a:x
-1

-1

Example 29

Sketch the graph of each of the following. Give the axes intercepts and the coordinates of the

centre.
x2 y2 x2 y2
a gyl sty
—2)? —3)?
-2 O d 3x2+24x 412 £36=0

9 16
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Solution

a

y
\

3Ki/3

Centre (0, 0)
Axes intercepts (£3, 0) and (0, +2)
¢ Centreisat (2, 3)
Whenx =0

4 =37

9" 16

@7

2,3

(_1’ 3) (. )
445

3- %

> X
2_3\/7/‘/0\-./2-&-3?4/7

(5.3)

s | Q-

d 3x*4+24x+1)*+36=0

Completing the square yields

3[x? +8x 4+ 16] 4+ »* +36—-48=0
3x +4)P +yP =12

42 2

(x+4) s

4 12

i.e.

=1

.. Centre (—4, 0)
Axes intercepts (—6, 0) and (=2, 0)

Centre (0, 0)
Axes intercepts (£2, 0) and (0, +3)

Wheny =0
(x —2)? 9
Z -1
9 + 16
(-2 _ 7
9 16
9x7
—2) =
(x —2) T
x=2=+ ﬁ
4
y
A
(-4, 2V3)
U X
(6,0 (-4,0) |(-2,0)
(—4,-243)
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Defining an ellipse
In the previous section a circle was defined as a set of points which are all a constant distance
from a given point (the centre). An ellipse can be defined in a similar way.

Consider the set of all points P such that PF; + PF, is equal to a constant & with k > 2m,
and the coordinates of F'; and F, are (m, 0) and (—m, 0) respectively. We can show that the

2
x
equation describing this set of points is — + % = 1 where k = 2a.
a a*—m
K PP+ Py, = PF + PR,
= PF + PBF
PL p,
0 X
F F>
P3

This can be pictured as a string of length P F'} + P, F; being attached by nails to a board at F
and F, and, considering the path mapped out by a pencil, extending the string so that it is taut,
and moving ‘around’ the two points.

Let the coordinates of P be (x, y).

PFy = /(x —m)?> + y? and PF, = \/(x + m)*> + »?
and assume
PF\+PF, =k

Then

Ve +mRE+32 4+ (x +m)? +yr =k
Rearranging and squaring gives

(x +m)? + 1 = k2 = 2ky/(x —m)? + 2 + (x + m)* + *

dmx = k* — 2k\/m

Rearranging and squaring again gives

A2 (x — m)? + 4k*y? = k* — 8k2mx + 16m>x?
Collecting like terms

A4(k> — 4m®)x? + 4k3y* = KX(K* — 4m?)

4x? 4y?

lc_z-i_k2—4m2=1
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The points F; and F, are called the foci of the ellipse. The constant k = 2a is called the focal

sum.
2 2
X
If a = 3 and m = 2, the ellipse with equation 5 + Y is obtained.

5
For an ellipse with equation z—z + ;—j = 1 and a > b, the foci are at (=+/(a? — b?), 0).
Given an equation of the form 4x> + By? + Cx + Ey + F = 0, where 4 and B are both
positive (or both negative), the corresponding graph is an ellipse or a point. If 4 = B the graph
is that of a circle. In some cases, as for the circle, no pairs (x, y) will satisfy the equation.

Hyperbolas

2 2
The curve with equation — — =i 1 is a hyperbola with centre at the origin. The axis
a
intercepts are (a, 0) and (—a, 0).
b
The hyperbola has asymptotes y = —x and y = ——x. An informal argument for this is as
a a
follows.
2 2
The equation — — —= = 1 can be rearranged:
a b?
)2 2
e
V= L PR
a? x2
a2
Butas x — +o0, - 0
X
o
a2
i — =+ bx
ie. —
y P X2 2 _,
@ b
The general equation for a hyperbola is formed by suitable translations.
The curve with equation
(x=h? (=K
a2 !
is a hyperbola with centre (%, k). The asymptotes are
b
y—k=x—(x—h)
a
X2 2
This hyperbola is obtained from the hyperbola with equation — — 7= 1 by the
a

translation defined by (x, y) — (x + A, y + k).
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For each of the following equations, sketch the graph of the corresponding hyperbola, give the
coordinates of the centre and the axes intercepts, and the equations of the asymptotes.

2 2 2 2
2 S
9 4 9 4
— 1y 2)?
¢ k=1 —(+22=1 P A YA C e ) S
4 9 y
Solution A
2 2
a * _V _4
s 2 2
o 4 R At Y=
Loy = el CR) ’ P
- 9 x2 "~._\ ‘__.—" .
Equation of asymptotes: }ZO)’ 0 (3 0)
12 )
= —X
YT
When y = 0, x* = 9 and therefore x = 4-3.
Axes intercepts (3, 0) and (—3, 0), centre (0, 0).
o ox? y
b Z— — — =1 is the reflection of A
9 4
2 2
% _L 1 in the line y = x.

.. asymptotes are x = i§ y

ie. y==+=x

The y-axis intercepts are (0, 3) and (0, —3).

¢ (x—1)> — (y +2)* = 1. The graph of
x> — y? = 1 is sketched first. The Y
asymptotes are y = x and y = —x.
This hyperbola is called a rectangular
hyperbola as its asymptotes are
perpendicular. The centre is (0, 0) and the
axes intercepts are at (1, 0) and (—1, 0)
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A translation of (x, y) — (x + 1, y — 2) is applied. The new centre is (1, —2) and
the asymptotes have equations y + 2 = £ (x — 1),1.e. y =x — 3 and
y=—x—1.

Whenx =0,y =—2 and wheny =0

y
x—12=5
x=1+45 y=x-3
(1++5,0)
1P )2 2 2
d v 1 ) — o —; ) = 1 is obtained by translating the hyperbola JjT — % =1
through the translation defined by (x, y) = (x — 2,y + 1).
y y
A A
| y=2x+1
0.2 T3 /
RS ST o= (22
2 2 —2, 1 ~ 4 9
X ) 0 > X
4 9 el T
-\ T
0,-2) 21
2. Y=73%73
3
V232
Note that the asymptotes for 779" 1 are the same as for those of the hyperbola
X2 2

e 1. The two hyperbolas are called conjugate hyperbolas.

Defining a hyperbola
Hyperbolas can be defined in a manner similar to the methods discussed earlier in this section
for circles and ellipses.
Consider the set of all points, P, such that PF; — PF, = k where k is a constant and /| and
F, are points with coordinates (7, 0) and (—m, 0) respectively.
Then the equation of the curve defined in this way is
2 2

X y

a? m2 — g2

=1 k=2a
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Exercise [[[€]

41

Sketch the graph of each of the following. Label the axes intercepts. State the coordinates
of the centre.

X2 2

—4+=—==1 2 2 _
2 5% b 25x2 4 16)% = 400

-4 -1’ , (=27

=1 d == =

¢ 79 Yt ¥ty
e 9x? 425y — 54x — 100y = 44 f a2 4252 =225

=

g 5x2+ 9% +20x— 18y — 16=0
(x—27  (y—3)

i i T =1 i 26c=2P+4(y—172=16
Sketch the graphs of each of the following. Label the axes intercepts and give the equations
of the asymptotes.
PR 2 2
a ———=1 ———=
16 9 16 9
c X —)y =4 d 2x* -y’ =4

e xX2—4? —4x—8—16=0 f 9x? — 25y% — 90x + 150y = 225
(x—27 (=37 _
4 9

i 9% —162 —18x+ 32y — 151 =0 j 25x% — 16y* =400

g 1 h 4x> —8x—)? +2y=0

Find the coordinates of the points of intersection of y = %x with:
2
X
a ¥ -y =1 b Z—l—yzzl
32
Show that there is no intersection point of the line y = x + 5 and the ellipse x? + i
¥2 2
Find the coordinates of the points of intersection of the curves — + 5= 1 and
X2 2
5 + 7= 1. Show that the points of intersection are the vertices of a square.

2 2
Find the coordinates of the points of intersection of )16—6 + ;/—5 = 1 and the line with

equation 5x = 4y.

On the one set of axes sketch the graphs of x> + 1> =9 and x> — y? = 9.
Sketch each of the following regions:
a x> —)* <1 b x2—12>4
2 2 2
¢ Y= -1 d 42 o

4 9 " 4

16x2 + 25y% — 32x + 100y — 284 =0

1.



42 Essential Specialist Mathematics

_32 2
e x> —y’<landx’+)? <4 f (xl6)+%51
2
X
gﬁ—ﬁsmm3+ﬁsl h 22— >landx®+1% <4
_22 2
(X9)+y2§4 j ‘%_‘_yZilandny

1.8 Parametric equations of circles,
ellipses and hyperbolas

Circles
It is sometimes useful to express the rule of a relation in terms of a third variable, called a
parameter. We have already seen in the work on circular functions that the unit circle can be
expressed in cartesian form, i.e. {(x, y): x> +)* = 1} or in the form {(x, y): x = cos ,
y =sin ¢, with ¢ € [0, 2] }. The latter is called the set of parametric equations of the unit circle
which give the coordinates (x, y) of all points on the unit circle.

The restriction for the values of ¢ is unnecessary in the representation of the graph as
{(x,y): x =cos t, y = sin t, with ¢t € R} gives the same points with repetitions since
cos(2m + #) = cos t and sin(2 + ) = sin ¢. If the set of values for 7 is the interval [0, ], only
the top half of the circle is obtained.

The set notation is often omitted, and in the following this will be done. The next three
diagrams illustrate the graphs resulting from the parametric equations x = cos # and y = sin ¢

for three different sets of values of 7.

Y y y

N S
a }

t € [0, 2] t € [0, ] zehg]

In general, x> + ) = a?, where a > 0, is the cartesian equation of a circle with centre at the
origin and radius a. The parametric equations are x = @ cos t and y = a sin ¢. The minimal
interval of ¢ values to yield the entire circle is [0, 27].

The domain and range of the corresponding cartesian relation can be determined by the
parametric equation determining the x value and the y value respectively. The range of the
function with rule x = a cos t, ¢ € [0, 2] is [—a, a] and hence the domain of the relation
x? +3* = a® is [—a, a]. The range of the function with rule y = a sin ¢, t € [0, 27] is [—a, a]
and hence the range of the relation x* + y?> = @? is [—a, a].
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-

A circle is defined by the parametric equations x =2 + 3 cos 6 and y = 1 + 3 sin 6 for
0 € [0, 2], Find the corresponding cartesian equation of the circle and state the domain and
range of this relation.

Solution

The range of the function with rule x = 2 + 3 cos 6 is [—1, 5] and hence the domain
of the corresponding cartesian relation is [—1, 5]. The range of the function with rule
y =1+ 3sin 0 is [-2, 4] and hence the range of the corresponding cartesian relation
is [—2, 4].

. . x =2
Rewrite the equations as

y—-1_ .
=cos 0 and = sin 6.
Square both sides of each of these equations and add:

(96—2)2+(y—1)2 (x-27 -1

2 )
= 0 6 and therefi 1
5 5 cos” 0 + sin” 6 and therefore 5 + 5
ie. (x =22+ —-17=9
Ellipses
2 2
It has been shown in the previous section that — + Jb}_z = 1, where @ and b are positive real
a

numbers, is the cartesian equation of an ellipse with centre at the origin, and x-axis intercepts

(+£a, 0) and y-axis intercepts (0, £b). The parametric equations for such an ellipse are

x =a cos tand y = b sin t. The minimal interval of ¢ values to yield the entire ellipse is [0, 27].
The domain and range of the corresponding cartesian relation can be determined by the

parametric equation determining the x value and the y value respectively. The range of the
2 2

function with rule x = a cos ¢ is [—a, a] and hence the domain of the relation =1is

2y
[—a, a]. The range of the function with rule y = b sin ¢ is [—b, b] and hence thae ranng: of the
relation e + i lis[—b, b].

The proof that the two forms of equation yield the same graph uses the Pythagorean identity
sin® t 4+ cos’ t = 1.

Letx=acost and y=>bsint.

Therefore A cost and ;}—/ = sin ¢. Squaring both sides of each of these equations yields

a
2 2
x 2 Yy )
— =cos“t and = =sin" ¢
a? b?
2 2
. . 2 2 . x y
Now, since sin~ ¢ + cos” t = 1 it follows that —+ 7= 1.
a

[

Find the cartesian equation of the curve with parametric equations x = 3 + 3 sin ¢,
y =2 — 2 cos twith 7 € R and describe the graph.
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Solution
x =3+ 3sint and y = 2 — 2 cos ¢, therefore a

2
= sint and Ty = coSst.

Square both sides of each equation and add:
x —3) 2 —y)?
( ) n 22—y
9 4
—3) 2 —y)?
(=37, @-» _
9 4
But (2—y)? = (y—2)? so this equation is more neatly written as
-3 2 -2 2
(=37 =2 _
9 4
Clearly this is an ellipse, with centre at (3, 2), and axes intercepts at (3, 0) and (0, 2).

= sin® ¢ + cos’ ¢

Hence 1

1

Hyperbolas

2 2

The general cartesian equation for a hyperbola with ‘centre” at the origin is — — ;:—2 = 1. The
a
. . 1 —T T
parametric equations are x = « sec ¢ and y = b tan ¢ where sec t = po— and? € TR
cos

gives the right-hand branch of the hyperbola. For the function with rule x = a sec ¢ and domain

(—_11" E) the range is [a, 00). (The sec function is discussed further in Chapter 3.)

2 2
y
i A i
1 1
1 1
i Lot
! 1 * 7
x=—o:1 a 1
2 i
1 1
1 1
1 1
i n i > X
. . —T T
The graph of y = a sec x is shown for the interval (7 5)
For the function with rule y = b tan ¢ and domain (—711" g the range is R. The left branch

3
of the hyperbola can be obtained for ¢ € <g, 711-

The proof that the two forms of equation can yield the same graph uses a form of the
Pythagorean identity sin? # 4+ cos® ¢ = 1. Divide both sides of this identity by cos z. This yields
tan? ¢ + 1 = sec? .

Consider x = a sec ¢ and y = b tan ¢. Therefore A sec t and %: tan ¢.

a
2 2
Square both sides of each equation to obtain ;C—z = sec” t and Z—z = tan’ 1.
2 2
Now, since tan® £ + 1 = sec? ¢, it follows that y—2 + 1= —-
2 5 b a
Therefore — — — = 1.

a? b2
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)

Find the cartesian equation of the curve with parametric equations x = 3 sec ¢, y = 4 tan ¢,

3
where t € (g ;) and describe the curve.

Solution

Now x = 3 sec t and y = 4 tan ¢. Therefore Y _secrand )Z} = tan ¢. Square both sides

2
. .X .
of each equation to obtain 5= sec? ¢ and _)l)6 = tan® ¢. Add these two equations to

2 2
Y x
btain — + 1 = —.
obtain T + 5
22
So the cartesian form of the curve is 5 " 16 =1.
. . ™ 31\ .
The range of the function with rule x = 3 sec z for ¢ € <5 7) is (—oo, —3].

Hence the domain for the graph is (—oo, —3].

This is the left branch of a hyperbola, with centre at the origin, and x intercept at

4x 4x
(—3, 0) and with asymptotes with equations y = 3 andy = ——.

3
Example 34

Give parametric equations for each of the following:
2 2 _ 1)2 (y + 1)2
a x>+1>=9 b 42— c & - =
vy T 9 4

1

Solution

a The parametric equations are x = 3 cos fand y = 3 sin # or x = 3 sin ¢ and

y=3cost.

There are infinitely many pairs of equations which determine the curve given
by the cartesian equation x> + y*> = 9. Others are x = —3 cos(2¢) and

y =3 sin(2f).

For x = 3 cos t and y = 3 sin ¢ it is sufficient for # to be chosen for the interval
[0, 21r] to obtain the whole curve. For x = —3 cos(2f) and
y = 3 sin(2¢) it is sufficient for 7 to be chosen in the interval [0, ].

b The obvious solution isx =4 cos tand y =2 sin ¢

¢ The obvious solutionisx — 1 =3 sectandy 4+ 1 =2 tan ¢
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Open a Graphs & Geometry application
(@ &) and choose Parametric from the
Graph Type menu (6= G) ).

Enter x1(¢) = 2cos(3¢) and
y1(t) = 2sin(3¢) as shown right. The graph
is shown below.

Using a TI-Nspire calculator

k 1: Actions
05 2: Wiew

&
T 4 Windowy
M, 5: Trace

Mo AUTO REAL ]

‘L,H: Function
b
% 3: Polar

= 6: Points & Lines
& 7: Meazurement

* v v ¥
Q

A 4d: Scatter Plot

8: Shapes
9: Construction
-* ArTransformation

% f?(x)=

‘EEEEIEER | Reo AuTO REAL [ |

L

by

ye)=2-sin(3¢)

0=1=6.28 fsfep=0.13

»

Choose Graph and Table from the menu.
From the Type menu select ParamType.
Enter the equations as shown right and
click the graph icon in the icon bar at the
top of the screen.

Using a Casio ClassPad calculator

e Edit Twpe GMern #

R ] e [EET e

Sheestl | Shest2 I Shest3 | i 4 i » |

(== =

Extl=2. cosi3-t)
vtl1=P-s5in(3-t)
I:I:m:t2: u]
yt2: 0
xt3:0
I:|!||l't3: u]
oxtd: 0
3
AR
& k/
=3
I
Rad Cplx
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Exercise

1

Find the cartesian equation of the curve determined by the parametric equations
x =2 cos 3t and y = 2 sin 3¢, and determine the domain and range of the corresponding
relation.

Determine the corresponding cartesian equation of the curve determined by each of the
following parametric equations and sketch the graph of each of these.

™ 31 .
a x=sect,y=tant,te<5,7) b x=3cos2t,y=—45sin2t
. m T
¢ x=3—-3cost,y=2+42sint d x=3smt,y=4cost,te[—5,5]

e xzsect,yztanz,te<—z I) f x=1-—sec(2f),y=1+ tan(2¢),

272 ™ 37
tel|l —, —
4 4

Give parametric equations corresponding to each of the following:

X2 2
2 2 =16 b ——=—=1
a x"+y 9 4

(=17 +3°_
o T4

A circle has centre (1, 3) and radius 2. If parametric equations for this circle are

c (x—=1+@+27°=9 d 9

x =a+ b cos(2mt) and y = ¢ + d sin(27t), where a, b, ¢ and d are positive constants,
state the values of a, b, ¢ and d.

An ellipse has x-axis intercepts (—4, 0) and (4, 0) and y-axis intercepts (0, 3) and (0, —3).
State a possible pair of parametric equations for this ellipse.

The graph of the circle with parametric equations x = 2 cos 2¢ and y = 2 sin 2¢ is dilated
by a factor 3 from the x axis. For the image curve, state:

a apossible pair of parametric equations b the cartesian equation
t
The graph of the ellipse with parametric equations x =3 — 2 COS(E) and

y=4+43 sin(%) is translated 3 units in the negative direction of the x axis and 2 units in
the negative direction of the y axis. For the image curve state:

a apossible pair of parametric equations b the cartesian equation

Sketch the graph of the curve with parametric equations x = 2 + 3sin(2¢) and

y =4+ 2cos(2¢) for:

a te[0,1] b te[0,1] ¢ tefo,2] T MC &b

For each of these, state the domain and range. \% @
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Summary of circles, ellipses and hyperbolas

Circles

B The circle with centre at the origin and radius a is the graph of the equation x> + y? = a?

B The circle with centre (A, k) and radius a is the graph of the equation
x—h?+ @y —k?=d.

B In general, x> + )? = a?, where a > 0, is the cartesian equation of a circle with centre at the
origin and radius a. The parametric equations are x = a cos t and y = a sin ¢. The minimal

interval of 7 values to yield the entire circle is [0, 277].
B The circle with centre (4, k) and radius a can be described through the parametric equations
x=h+acostandy=k+ asint.

Ellipses

2 2
B The curve with equation S+ 5=1 is an ellipse with centre the origin, x-axis intercepts

(—a, 0) and (a, 0) and y—aglcis intercepts (0, —b) and (0, b). For a > b the ellipse will appear
as shown in the diagram on the left. If b > a the ellipse is as shown in the diagram on the
right.

A b|B
B|b

i VR 4 4
a

—a \\0_/ a> X —a 0 > x
B'\-b
-b|B’
— h)? —k)?
B The curve with equation o 5 ) + O = ) = 1 is an ellipse with centre (4, k).
a

B The ellipse with centre at the origin, and x-axis intercepts (£a, 0) and y-axis intercepts
(0, £b) has parametric equations x = a cos ¢ and y = b sin ¢. The minimal interval of

t values to yield the entire ellipse is [0, 27].

2 2

y
o) + i 1
can be described through the parametric equations x =4 4+ acostandy =k + b sin ¢.

B The ellipse with centre (4, k) formed by translating the ellipse with equation
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Hyperbolas

2 2

B The curve with equation =lisa

a2 b

hyperbola with centre at the origin. The axis

intercepts are (a, 0) and (—a, 0). The hyperbola
b

has asymptotes y = —x and y = ——x.
a a

—h 2 —k 2
B The curve with equation o > ) — o 2 ) =1

is a hyperbola with centre (/, k). The hyperbola has

b b
asymptotesy —k=—(x —h)andy — k= ——(x — h).
a a

B The parametric equations for the hyperbola shown above are x = a sec f and y = b tan ¢

where sec t = ——.
cost
B The hyperbola with centre (k, k) formed by translating the hyperbola with equation
2 2
x_2 — 2}—2 = 1 can be described through the parametric equations x = 4 + a sec ¢ and
a
y=k+btant

Multiple-choice questions

1 The 3rd term of a geometric sequence is 4. If the 8th term is 128, then the 1st term is:
A 2 B 1 C 32 D 5 E none of these

2 If the numbers 5, x and y are in arithmetic sequence then:
A y=x+45 B y=x-5 C y=2x+5
D y=2x—5 E noneofthese

3 If2cosx® —~2= 0, the value of the acute angle x° is:
A 30° B 60° C 45° D 25° E 27.5°

4 The equation of the graph shown is: Y
A in2(x - 7)

= sin - —

y S 1
(++3)
y=cos|lx + —
. 4 0 X

y = sin(2x) o

y = —2sin(x)

( +1T) -1
=sm(x + —
Y 4

X cos(%) X tan(%) is:

E none of these

<> =N @ B~

21T
3
1 V2 V3

1
— B — ¢ X p X
V2 V3 4 2

SN———"

5 The exact value of the expression sin(
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6

10

1

In the diagram, 4, B, C and D are points on the circle. ZABD = 35° and ZAXB = 100°.
The magnitude of ZXDC is:

A 35° B 40° C 45°
D 50° E 55°

In a geometric sequence #, = 24 and 7, = 54. The sum of the first 5 terms, if the common
ratio is positive, is:

A 130 B 211 C 238 D 316.5 E 810

In a triangle ABC, a = 30,b =21 and cos C = % The value of ¢ to the nearest whole
number is:

A 9 B 10 C 11 D 81 E 129
The coordinates of the centre of the circle with equation x> — 8x + y> — 2y = 8 are:
A (-8,-2) B (8,2) C (-4-1 D 1) E (1,4)
The equation of the graph shown is:
2 2 2
PG A S
27 108
o2 2
B (x—=2) oy 1
9 34
c (x+27  » _
81 324
] 2 2
p &=y _
81 324
2 2 2
E x+27 _
9 36

Short-answer questions (technology-free)

For the difference equation f,, = 5 f,,_1, fo = 1, find £, in terms of n.

2 AP and BP are tangents to the circle with centre

O.If AP = 10 cm, find OP.




3 Write down the equation of the ellipse shown. 4 Find sin6°.

A
2,7

9 cm
xcm

30°

6 A circle has a chord of length 10 cm situated 3 cm from its centre. Find:
the radius length

the angle subtended by the chord at the centre

Find the exact value of cos 315°.

Given that tan x° = % and 180 < x < 270, find an exact value of cos x°.
Find an angle 4 (4 # 330) such that sin 4 = sin 330°.

|
e T oy TN

8 In the diagram, 4D is a tangent to the circle
with centre O, AC intersects the circle at B, and
BD = AB.

a Find ZBCD in terms of x.
b IfAD =y cm,AB =acmand BC = b cm,
express y in terms of @ and b.

9 ABC is a horizontal right-angled triangle with
the right angle at B. P is a point 3 cm directly
above B. The length of AB is 1 cm and the
length of BC is 1 cm.

C
Find the angle which the triangle ACP makes with the horizontal. 4 ,

10 a Solve2cos2x+m)—1=0,—m <x <.
b Sketch the graph of y =2 cos(2x + ) — 1, —m <x < mr, clearly labelling axes intercepts.
¢ Solve2cos2x+m) <1, —m <x <.




12

13

14

15
16

17

18

The triangular base ABC of a tetrahedron has side lengths 4B = 15 cm, BC = 12 cm and
AC =9 cm. If the apex D is 9 cm vertically above C, then find:

a the angle C of the triangular base

b the angles that the sloping edges make with the horizontal

Two ships sail from port at the same time. One sails 24 nautical miles due east in three

hours, and the other sails 33 nautical miles on a bearing of 030° in the same time.

a How far apart are the ships three hours after leaving port?

b How far apart would they be in five hours if they maintained the same bearings and
constant speed?

Find x.

An airport 4 is 480 km due east of airport B. A pilot flies on a bearing of 225° from 4 to C
and then on a bearing of 315° from C to B.

a Make a sketch of the situation.

b Determine how far the pilot flies from 4 to C.

¢ Determine the total distance the pilot flies.

- 27 _

9
A curve is defined by the parametric equations x = 3 cos(2¢) + 4 and y = sin(2¢) — 6. Give

Find the equations of the asymptotes for the hyperbola with rule x*> — 15.

the cartesian equation of the curve.
a Find the value of x. /

b Find a, b, ¢ and d, given that PR is a tangent
to the circle with centre O.

A curve is defined by the parametric equations x = 2 cos(m¢) and y = 2 sin(wt) + 2. Give
the cartesian equation of the curve.
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53

19

20

21

22

23

24
25

26

a Sketch the graphs of y = —2 cosxand y = —2 cos(x — ;) on the same set of axes,
for x € [0, 27].
b Solve —2 cos(x - %) =0 forx € [0, 27].

¢ Solve =2 cosx < 0 forx € [0, 27].

Find all angles 0, such that 0 < 6 < 27, where:

a sinG:% b cosﬂ:*/T§ ¢ tanf =1

A circle has centre (1, 2) and radius 3. If parametric equations for this circle are

x =a+ bcos(2mt) and y = ¢ + d sin(2wt), where a, b, ¢ and d are positive constants, state

the values of @, b, ¢ and d.

O is the centre of a circle with points 4, C, D and
E on the circle. Find: A

a J/ADB
b ZAEC
¢ /DAC E ‘
[ =~

Find the centre and radius of the circle with equation x> + 8x + »* — 12y + 3 = 0.
2 2

Find the x- and y-axes intercepts of the graph of the ellipse z—l + % =1.

The first term of an arithmetic sequence is (3p + 5) where p is a positive integer. The last

oo

term is (17p + 17) and the common difference is 2.
a Find in terms of p:
i the number of terms ii the sum of the sequence
b Show that the sum of the sequence is divisible by 14 only when p is odd.

A sequence is formed by using rising powers of 3: 3%, 31,32, ..
a Find the nth term. b Find the product of the first twenty terms.

Extended-response questions

1 A hiker walks from point 4 on a bearing of 010° for 5 km and then on a bearing of 075° for

7 km to reach point B.
a Find the length of 4B.
b Find the bearing of B from the start point 4.
A second hiker travels from point 4 on a bearing of 080° for 4 km to a point P, and then
travels in a straight line to B.
¢ Find:
i the total distance travelled by the second hiker
ii the bearing on which the hiker must travel in order to reach B from P.
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A third hiker also travels from point 4 on a bearing of 080° and continues on that bearing
until he reaches point C. He then turns and walks towards B. In doing so, the two legs of the
journey are of equal length.

d Find the distance travelled by the third hiker to reach B.

2 3 2
An ellipse is defined by the rule % + v _; ) =

a Find:

i the domain of the relation i the range of the relation

l.

iii the centre of the ellipse.

x —h)? — k)?

( i ) + =k
a b2

E is an ellipse given by the rule = 1. The domain of £ is [—1, 3] and its

range is [—1, 5].

b Find the values of a, b, s and k.

The line y = x — 2 intersects the ellipse £ at 4 (1, —1) and at P.

¢ Find the coordinates of the point P.

A line perpendicular to the line y = x — 2 is drawn at P. This line intersects the y axis at Q.

d Find the coordinates of Q.

e Find the equation of the circle through 4, P and Q.

a Show that the circle with equation x> + > — 2ax — 2ay + a* = 0 touches both the x axis
and the y axis.

b Show that every circle that touches the x axis and y axis has an equation of a similar form.
Hence show that there are exactly two circles passing through the point (2, 4) and just
touching the x axis and y axis and give their equations.

d State the coordinates of the centres of these two circles and give the radius of each of
these circles.

e For each of the circles, find the gradient of the line which passes through the centre and
the point (2, 4).

f Find an equation to the tangent to each circle at the point (2, 4).

A circle is defined by the parametric equation x = a cos 0 and y = a sin 0. Let P be the point

with coordinates (a cos 8, @ sin 9).

a Find the equation of the straight line which passes through the origin and the point P.

b State the coordinates, in terms of 0, of the other point of intersection of the circle with
the straight line through the origin and P.

¢ Find the equation of the tangent to the circle at the point P.

Find the coordinates of the points of intersection 4 and B of the tangent with the x axis
and y axis respectively.

e Find the area of triangle OAB in terms of 6 if 0 < 6 < T Find the value of  for which
the area of this triangle is a minimum. 2




5 The line with equation x = —a is the equation of the side BC of an equilateral triangle ABC

circumscribing the circle with equation x* + y? = a?.
a Find the equations of 4B and AC.
b Find the equation of the circle circumscribing triangle ABC.

6 This diagram shows a straight track through points A
A, S and B, where A4 is 10 km northwest of B and
S is exactly halfway between 4 and B. A surveyor K

is required to reroute the track through P from

A to B to avoid a major subsidence at S.

The surveyor determines that 4 is on a bearing

of 330° from P and B is on a bearing of 70° from P. op

Assume that the region under consideration is flat. Find:

a the magnitude of angles APB, PAB and PBA

b the distance from P to B and from P to S

¢ the bearing of S from P

d the distance from 4 to B through P, if the surveyor chooses to reroute the track along a
circular arc.




2.1

Vectors

Introduction to vectors

In science or engineering, some of the things that are measured are completely determined by

their magnitude. For example, mass, length and time are determined by a number and an
appropriate unit of measurement.
e.g. length: 30 cm is the length of the page of a particular book
time: 10 s is the time for one athlete to run 100 metres
More is required to describe velocity, displacement or force. The direction must be
recorded as well as the magnitude.
e.g. velocity: 60 km/h in a direction south-east
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Quantities in two- or three-dimensional space that have direction as well as magnitude can
be represented by arrows that point in the direction of the action and whose lengths give the
magnitude of the quantity in terms of a suitably chosen unit.

Arrows with the same length and direction are regarded as equivalent. These arrows are
directed line segments and the sets of equivalent segments are called vectors.

The five directed line segments shown all have

Y
the same magnitude and direction. A
A directed line segment from a point 4 to a point /B D
9
B is denoted by AB. / /
For simplicity of language this is also called 4 C
%
vector AB, i.e. the set of equivalent segments can P
be named through one member of that set. 10,
— — — — — > X
Note: AB = CD = OP = EF = GH F
/ ” !
E /
G

In Essential Advanced General Mathematics a y
column of numbers was introduced to represent the
translation and it was called a vector. This is
consistent with the approach here as the column of
numbers corresponds to a set of equivalent directed
line segments.

3
The column[z] corresponds to the directed line

segment that goes 3 across and 2 up. 0 > X

This notation will be used to represent a directed
line segment in the first section of this chapter.
Vectors are often denoted by a single bold-face roman
letter. For example, the vector from A4 to B can be
denoted by IB or by a single v. That is, v = /ﬁ
When a vector is handwritten the notation is v.

Magnitude of vectors

The magnitude of vector A_é is denoted by |A_§ |, and for vector v the magnitude is denoted by
|v|. The magnitude of a vector is represented by the length of a directed line segment
corresponding to the vector.

For ﬁ in the diagram above, Pythagoras’ theorem gives |/E§| =/324+22=13.

— —
In general, if 4B is represented by the column vector |:x} the magnitude, |4B], is equal
y

to /x2 + 2.
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Addition of vectors (the triangle of vectors)

Two vectors u and v can be added geometrically by
drawing a line segment representing # from 4 to B
and then a line segment from B to C representing v.

The sum u + v is the vector from A4 to C. That is,
u-+v= A_C)

The same result is achieved if the order is reversed.
This is represented in the diagram:
ie. u+v= A_()Z’
and u+v=v+tu

The addition can also be achieved with the column

vector notation. For example:

o e[l
v wer=[ 1]+ [ 5]=[4]

Scalar multiplication

Multiplication by a real number (scalar) changes the

length of the vector. For example:
2u=u+uand%u+%u=u

2u is twice the length of u and %u is half the length of u.

The vector ku, k € R, has the same direction as u,
but its length is multiplied by a factor of .

When a vector is multiplied by —2 the vector’s
direction is reversed and its length is doubled.

u-+t+vy

C
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When a vector is multiplied by —1 the vector’s direction is reversed and the length remains

the same.

If u= 3 ,—u = -3 ,2u = 6 and —2u = -0
2 -2 4 —4
— — —

If u = AB then —u = —AB = BA.

—
The directed line segment — AB starts at B and finishes at 4.

Zero vector
The zero vector is denoted by 0 and represents a line segment of zero length. The zero vector
has no direction. The magnitude of the zero vector is 0. Note that 0 x @ = 0 and a + (—a) = 0.

0
In two dimensions, 0 = |:0]

Subtraction of vectors

In order to subtract v from u, add —v to u. For example:

v -V

u
u-—-v u

- IR

3
Draw the directed line segment defined by [ 2] and state the magnitude of the corresponding

Y

vector.
Solution

3
[ 2:| is the vector ‘3 across to the right and 2 down’.

3

f f f > X
0 12 \
1+

4
B

Note: Here the vector starts at (1, 1) and finishes at (4, —1). It can start at any point. The

magnitude of the vector = /32 + (—2)2 = /13
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B

The vector u is defined by the directed line segment from (2, 6) to (3, 1). If u = [Z] find

a and b.

Solution
2
From the diagram [6] +u= [
1

3
1
3-2
The vector u = =
1—-6 -5

Hence a =1 and b = —5.

Polygons of vectors

—

For two vectors AB and BC AB + BC = AC

T 4,2,6)

T B (3 1)

V

C

For a polygon ABCDEF, AB + BC + CD + DE + EF + FA =0 B

U
[lustrate the vector sum 4B + BC + CD where 4, B, C and D are points in the plane.

Solution
— —> — —>
AB + BC + CD = AD
C
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Parallel vectors

The non-zero vectors # and v are said to be parallel if there exists £ € R\{0} such that u = kv.

-2 —6
Ifu= [ 3 :| andv = [ 9 i| then vector u is parallel to v as v = 3u.

Position vectors
The point O, the origin, can be used as a starting
point for a vector to indicate the position of a A
point in space relative to that point.

For a point 4 the position vector is O_)A

. . ap | . . a (a 1> az)
The two-dimensional vector a = |: :| is associated 2
a

with the point (a1, a,).

The position vector representing a is the position a,
vector which ends at point (a1, a;).

Vectors in three dimensions
The definition of vector given above is, of course, also valid in three dimensions. The
properties which hold in two dimensions also hold in three dimensions.
For vectors in three dimensions, a third axis, denoted by
z, is used. The x axis is drawn at an angle to indicate a
direction out of the page and towards the reader.
The third axis is at right angles to the other two axes. 0, a,, az)
a can be represented as a column vector.

z
03'
0 A
a; N /K—)y
a=| % |and a = OA the position vector of the point 4. )a/l @

as

The position vector representing a is the position vector X
which ends at the point (a;, az, a3).

It is appropriate to summarise the following properties for vectors of the same dimension
before proceeding.

B at+b=b+a commutative law for vector addition
B (a+b)+c=a+(b+c) associative law for vector addition
B a+0=a zero vector

B at+—-a=0 —a is the opposite or inverse vector
B m(a+b)=ma+ mb distributive law where m € R

B qis parallel to b if there exists k € R\ {0} such that a = kb
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Let V, 41, A, . . . and 4, be points in space.

—_— =

—> —> —>
Then V/‘l] +A1A2 +A2A3 + - 'An_lA,, =JA

Example 4 |

. ) — — —
OABCDEFG is a cuboid as shown. Let O4 = a, OG = g and OC = c.
Find the following vectors in terms of a, g, and c:
— — —
a OB b OF ¢ GD
— —
d GB e FA

n

Q
o

\,
\,
Qﬁr-—————

Solution
—> — —
a OB=04+ AB
— —
=a+c (asd4B =0C)
— — —
b OF =0C+ CF
— —
=c+g (asCF =0G)
— —
¢c GD=04=a
—> — — —
d GB=GO+ OA + AB
=—g+a+c
— — — —
e FA=FG+ GO+ 04
=—c—g+a

- R ;

OABC 1is a tetrahedron.
— — —
OA=a,0B=b,0C=c
M is the midpoint of AC
N is the midpoint of OC N
P is the midpoint of OB.

Find in terms of @, b and c:
— — — — —
a AC b OM ¢ CN d MN e MP

\
\

\
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Solution
—> — —
a AC = A0+ OC b OM = 04 +AM
-
=—a+tc = 04+ 14C
=a+%(—a+c)
=3@+o
—> —> —
¢ CN=1C0 d MN = MO+ ON
= 3(—0) = —3@+o+5e
:—%C Z%a_%c—i_%c
:—la

2
i.e. MN is parallel to AO

—> —> —>

e MP = MO+ OP
=—a+c)+1b
=1(b—(a+0)

Linear dependence and independence
A set of vectors is said to be linearly dependent if one of its members can be expressed as a
linear combination of the other vectors.
For example, the set of vectors a, b and c is linearly dependent if there exist real numbers £,
[ and m, not all zero, such that ka + /b + mc = 0.
A set of vectors is said to be linearly independent if it is not linearly dependent.
The vectors a, b and c are linearly independent if the solution of the equation
ka + Ib + mc = 0 is uniquely represented by k =1 =m = 0.
Two simple facts about linear independence are:
B a set that contains the zero vector is linearly dependent
B a set with exactly two vectors is linearly independent if and only if one vector is not a
scalar multiple of the other
An alternative practical definition of linear dependence of three vectors is given below.
Consider the set of vectors a, b and c.
If a and b can be observed to be independent, i.e. not parallel, then the set of vectors a, b
and c is linearly dependent if there exist real numbers m and n, not both zero, such that
¢ = ma + nb.
This representation of ¢ in terms of two independent vectors a and b is unique as
demonstrated in this important result.

Let a and b be two independent (not parallel) vectors.
Then ma + nb = pa + gb impliesm =p andn =g
ma + nb and pa + gb may be considered as two possible representations of vector c.

Proof
Ifma+nb=pa+qgb then (m—p)a+ (n—q)b=0.

As a and b are independent vectors, then by the definition of linear independence,
(m—p)=0and (n — q)=0.
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Thatis,m =pandn = gq.
¢ has a unique representation.

Example 6

Determine if the following sets of vectors are linearly dependent.

oL ]

3 2 —1

b a=|4 ,b=1]1|ande=|0
-1 3 1
Solution

a  We note that @ and b are not parallel.

Let c=ma-+nb
Then 5=2m+3n
6=m—n

Solving the simultaneous equations we have m = % andn = _?7

This set of vectors is linearly dependent.

Generally any set of three or more two-dimensional vectors will be linearly

dependent.
b Again we note that @ and b are not parallel.
Let c=ma+ nb
Then —1=3m+2n
0=4m+n
l=—m+3n

—4
? .
However, when these values are substituted in the third equation,
—m+3n==2#£1

There are no solutions which satisfy the three equations

Solving the first two equations we have m = % andn =

.". the vectors are linearly independent.

- EEE]

Points 4 and B have position vectors a and b respectively relative to an origin O. The point D is
— — — —
such that OD = kOA and the point £ is such that A = [ AB. The line segments BD and OF

. — ) = — 4= B
intersect at X. If OX = :OF and XB = DB

%
a Express OX in terms of a, b, k and /.
—>
b Express XB in terms of a, b, k and /.
¢ Find kand [




Solution
—
a OX =20F b XB
) = —
= (04 + AE)
2 —>
= (04 +14B)
= 3(a + (10 + OB))

IS

= 2(a+(~a + b))
= 2((1 — Da + Ib)

IS

—> — —>
¢ Note XB = XO + OB
XB = 2[(1 — Da+1b] +b
=20 -Da+(1-%)b
=2(—-Da+(1-%)b
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4 —>
4 —> —>
= (DO + OB)
4 —>
= $(~0D + 0B)

4 — —>

= 4(—k0O4 + OB)
4

= —%ka + %b

As a and b are independent vectors, XB has a unique representation in terms of @ and b.

—tka+3b=12(1—-Da+(1-
Hence *4k = 5(l -1

Zl)b

From equation
21
5=

| =

RI—= | —

H

Substitute in

Wl s

~—~
~

|
[
SN—

8=

L
Il

Bl G LI
X

1

and‘s—‘zl—%

; = -7 E
In the diagram, O4 = a and OB = b.
a Find in terms of @ and b:
— L=
i OC ii OF
— —
DC v DE

—>
iii OD

iv

b If|a| =1 and |b| =_>2, find:

—
i |0C| i |OF| i |0D|
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2 Using a scale of 1 cm = 20 km/h, draw vectors to represent:

a a car travelling south at 60 km/h
b a car travelling north at 80 km/h

3 If the magnitude of @ = 3, find the magnitude of:

3 _1
a 2a b sa c 2a

4 OA/ — A/A// — A//A/// — A///A
OB/ — B/B// — B//B/// — B///B
— — .

If OA = a and OB = b, find in terms of a and b:

— — —
a i oA ii OB iii A'B
—>
iv AB
— — —
b i 04" ii OB’ iii 4"B"
o Y
5 Find in the terms of @, b, ¢ and d:
—
a XW b VX c ZY X a b w
c
Z
d
v
6 The position vectors of two points 4 and B are a and b. y M B
Find:
—
a AB a b
—
b AM where M is the midpoint of 4B
g o
c OM
7 ABCD is a trapezium with AB parallel to DC. X and Y D C

are midpoints of 4D and BC respectively. % / \ v

%
a Express XY in terms of @ and b where
— — o
AB =aand DC = b. A > B
b Show that XY is parallel to AB.

8 ABCDEF is a regular hexagon, centre G. The c D
position vectors of 4, B and C relative to an origin
O are a, b and ¢ respectively. G

Express:

a OG interms of a, b and ¢
—
b CDinterms ofa, b and ¢
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11

12

13
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OABCD is a right square pyramid. (0]
—> —> — —>
O4A=a,0B=5b,0C=c, andOD =d N
ﬁ
a 1 Find 4B in terms of @ and b. A
—>
ii Find DC in terms of ¢ and d. B
— —
iii Use the fact that 4B = DC to find a
relatiglship between a, b, ¢ and d. D M C

b i Find BC interms of b and c.
—
ii Let M be the midpoint of DC and N the midpoint of OB. Find MN in terms of a, b

and c.
Determine whether the following sets of vectors are linearly dependent.
4] 2 —4
a a=|1|,b=| -1 |ande= |2
| 3 ] | 3 6
3] [ 4 6
b a=|1|,b=|2|ande=|3
| 2 ] |1 4
[ 1 3 3
c a=|1 ,b=| -1 |ande= | =5
| -1 4 11
In the following, a and b are non-zero and non-parallel vectors.

a Ifka+ b =3a+ (1 — ])b, find the values of / and k.

[ —4
b If2(/ — 1)a+ (1 - —) b= ?ka + 3b find the values of / and k.

5
) — — — )
In the cuboid shown OG = g, OC = c and O4 = a. M is the G D
midpoint of £D. Find each of the following in
. E/M

terms of @, g and ¢: F

— — —>
a EF b 4B c EM c

—> —> o
d oM e AM

A B

P, O and R are points with position vectors 2a — b, 3a + b and a + 4b respectively
relative to an origin O where a and b are non-zero, non-parallel vectors. Given that S is
the point on OP produced such that O_:S’ = k(ﬁ>J and I?S’ = mR—Q)
a Express O_S)' in terms of:

i k,aandb

ii m,aandb
b Hence evaluate £ and m.
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14 The position vectors of points 4 and B, relative to an origin O, are a and b respectively
where a and b are non-zero, non-parallel vectors. The point P is such that O_I)J = 4(%.
The midpoint of 4B is the point Q. The point R is such that O_I)Q = %O_Q)
a Find_i)n terms of @ and 2) N N
i 00 ii OR iii AR iv RP
b Show that R lies on AP and state the ratio AR : RP.
Given that the point S is such that 0_5)' = )\O_Q), find the value of \ such that PS is
parallel to BA.

2 1
15 Leta= |: ) :| and b = |: 3 :| Find the value of x and y for which:

a xa=((y—1)b
b 2Q—x)a=3a+(7-3y)b
¢ (5+2x)(a+b)=y(Ba+2b)

2.2 Resolution of a vector into
rectangular components

A unit vector is a vector of magnitude 1. For a given vector a the

. . . . . n n a
unit vector with the same direction as a is denoted by d and @ = —.

|al

i is a unit vector in the positive direction of the x axis.
Jj and k are unit vectors in the direction of the y and
z axes respectively.

1 0
i= |:0:| andj = |: { :| for vectors in two dimensions.

1 0 0
i=|0|,j=|1|andk= | 0 | for vectors in
0 0 1

three dimensions. It is evident that i, j and k are linearly independent.
All vectors in two or three dimensions can be expressed uniquely as a sum of multiples

of'i,jand k.
r ry 0 0

e.g. r=|rn|=10|+]|rn|+]|0 |=rnitrnj+rk
r3 0 0 rs3

For two dimensions
Here r = xi + yj

Note |r| = /x2 + )2

The coordinates of P are (x, y)
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N

For three dimensions
—
OP = xi+ yj+zk

—
and |OP| = /x2 + y2 + 22 P

The coordinates of P are (x, y, z)

N —

The basic operations on vectors in Z, j and k notation 0 y
can be summarised as follows. X

Let a = aji+ ayj + azk, and b = bi + byj + b3k y

Then a+b=(ay+b)i+ (ar+ b)j+ (a5 + b3)k /

a—b=(a,—b)i+(a—b)j+(azs—b)k *

and ma = mayi + mayj + mask for scalar m

Equivalence
Ifa=bthena; = by,a, = b, and a3 = by

Magnitude

la| = \/a} + a3 + a3

Example 8
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Example 9 |

Using the vectors 7 and j, give the vectors:
i OA ii OB iii OC iv OD
Using the vectors i and j, give the vectors:

— —

i AB ii BC
Find the magnitude of the vectors:
— —
i AB ii BC
Solution
—
a i 04=2i+3j ii
%
iii OC=i-2j iv
— - =
b i AB =40 + OB
=-2i-3j+4i+j
=2i—-2j
—
c i |4B|=+4+4
=48
=22

—
OB =4i+j
—
OD = —2i +3j
—> —> —>
ii BC =BO+ OC
= —di—j+i-2j
=—3i—3
—
i |BC|=.,/(=3) + (=3)?
=418
=32

Leta=i+2j—k,b=3i —2kandc=2i+j+ k.
Find: a a+b b a—2b ¢c a+b+c d |a

Example 10 |

Solution

a a+b=(+2—k +Gi—2k =4i+2j— 3k

b a—2b=(i+2—k —203i—
¢ a+b+c=@+2—k+@Gi

d |a|=/124+224+(-12=6

2k) = —5i + 2j + 3k
—2k) + (i +j+ k) = 6i + 3 — 2k

A cuboid is labelled as shown.
— —> —
OA = 3i,0B = 5j,0C = 4k

a

b

F1r£1> in terms of 14 and k:

-
i DB ii OD iii DF
—
Find |OF|
If M is the midpoint of FG find
—> .
i OM ii |OM|

—
iv OF 19}
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Solution
—> — —> —> —> —> —>
a i DB=A0 =—-04 = —3i ii OD=0B+ BD =5j+ 04
=5+ 3i
=3i+5
—> — — — —
iii DF =0C =4k iv OF = 0D + DF
=3i+ 5+ 4k
—
b |OF|=+/9+25+16
= 4/50
=52

e e o —> 9
¢ i OM =0OD+ DF +FM i oM =,/-+25+16
4

. . 1 o
= 3i+ 5j + 4k + L(~GF)

=3i+ 5j + 4k + 1(-3i) = 549 + 100 + 64
= 3i+ 5+ 4k =173

-

Ifa =xi+ 3jand b = 8i + 2yj and a + b = —2i + 4j, find the values of x and y.

Solution

a+b=x+8)i+ (2y+3)j=-2i+4
x+8=—-2and2y+3=4

ie. x=-—10 andy:%

- A

a Show that the vectors @ = 8i + 7j + 3k, b =i — j + 3k and ¢ = 2i + 3j — k are linearly
dependent.

b Show that the vectors a = 8i + 7j + 3k, b =i — j + 3k and ¢ = 2i + 3j + k are linearly
independent.

Solution

a Vectors b and ¢ are obviously not parallel. Constants & and / are found for
a=1Fkb+lc.
Consider

8i + 7j + 3k = k(i — j + 3K) + 1(2i + 3j — k)
This implies

8§ =k+2l 7=—k+3I 3=3k-1
Add[1]and[2]

15 =35I
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which implies
/=3

Substitute in | 1 [to show & = 2

This must be verified for
Whenk=2and[/=3,3k—1=3x2—-3=3
Therefore

a=2b+3c or a—2b—3¢c=0

Vectors a, b and ¢ are linearly dependent.
b The equation becomes

3=3k+!

Equations | I |and | 2 |are unchanged.
However, 3k + [ = 9 when values of £ and / are substituted.

No solutions exist.
Therefore the three vectors are linearly independent.

- [EEmE

Let4=(2,-3),B=(1,4) C=(—1, —3). O s the origin. Find:

— — —
a i 04 ii AB iii BC
— —
b F such that OF = 104
— —
¢ G such that AG = 3BC
Solution
— — — —>
a i 04=2i-3j ii AB = AO + OB
=-2i+3j+i+4
=—i+7
—> — —
iii BC =BO 4+ OC
=—i—4+—-i—3j
=-2i—7j
e U~y R [P
b OF = 504 = 5(2i — 3j)
3,
=7 — —
21
F=(1,-1.5)

— —
¢ AG =3BC = 3(=2i—7j) = —6i — 21j
—> — —
0G = O4 + AG
= 2i—3j— 6i—21j
= —4i — 24j
G = (—4, —24)
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Example 14
Let4 = (2, —4,5)and B = (5, 1, 7). Find M, the midpoint of AB.

Solution
—> —>
OA = 2i — 4j + 5k and OB = 5i +j + Tk

— - =
Therefore AB = AO + OB
=—2i4+4j—5k+5i+j+ Tk

= 3i+5j+2k
—
and AM = 1(3i+ 5j + 2k)
— — — . . 5. s,
0M=0A+AM=21—4]+5k+§l+§]+k
=1i—3j+6k
and M= (336

Angles made by a vector with the axes
The direction of a vector can be given by the angles
which the vector makes with the i, j and k directions.
If the vector @ = a,i + ayj + aszk makes angles a, 3 and a3
v respectively with the positive directions (measured in an / .
anticlockwise sense) of the x, y and z axes, then
ai a as

|
| |
cosa=-— cosPp=-— cosy=—— ! }
a al jal oRxfB .
* |

The derivation of these results is left as an exercise for

the reader.

-

a=2i—jandb=1i+4j — 3k
For each of the vectors above, find:
a its magnitude b the angle the vector makes with the y axis

Solution

a lal=y22+ (1P =5 |bl=y1+&+ (-3 =+26

1
b The angle that @ makes with the y axis is cos™' (ﬁ) = 116.57° correct to two

decimal places.

4
The angle that b makes with the y axis is cos™! (—) = 38.33° correct to two
/26

decimal places.
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Example 16 |

A position vector in two dimensions has magnitude 5 and its direction, measured
anticlockwise from the x axis, is 150°. Express this vector in i — j form.

Solution
Let the vector be @ = a1i + a2 j y
a makes an angle of 150° with the x axis and 0

60° with the y axis.

c0s150° = 2L and cos60° = 22 a

|a| |tl| 60 \1500
—54/3 > X
as |a] = Sthen a; = |a|cos150° = Tf o
a, = |al cos60° = 2.5
—543
a= 2fi +2.5

-

Let i be a unit vector in the east direction and j be a unit vector in the north direction.

3
Show that the unit vector in the direction N60°W is — %i + > j.

b Ifa car drives 3 km in a direction N60°W, find the position vector of the car with respect to
its starting point.
¢ The car then drives 6.5 km due north. Find:
i the position vector of the car
ii the distance of the car from the starting point
iii the bearing of the car from the starting point

Solution
a Let r denote the unit vector in the direction N60°W. y

Then r = — cos 30°% + cos 60°
V3,01 r

= —71 + 5‘] 300600

Note: [r| = 1 0

Y
=

b The position vector = 3r

V3.1,
=3<—7 +§j)

373, 3

=T
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¢ i Letr’ denote the position vector. . , 9x3
ii and |r'|=, —— +64
33, 3. 13, 4

/

=Ty ity T _ [27+256
VER. 4
= —Tl + 8] — % /283
33 N
iﬁ/:_%guﬁi A
3V3 ,
. —_ . r
33 6
and 6 =tan~! i
16 3 o E
~ 18 where 0 is in degrees -

The bearing is 342° (bearing is given to the nearest degree).

A
! L»
o i
I'c
D.
a Give each of the followilg vectors using i — j notation:
— — . =
i 04 ii OB iii OC iv OD
b Find each of the following:
i AB ii CD iii DA

¢ Find the magnitude of each of the following:
— - e
i 04 ii 4B iii DA
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2 a=2i+2—k b=—i+2j+k c=4k

Find: a a+b b 2a+c ¢c a+2b—c
d ¢—4a e |b| f |l
OABCDEFG is a cuboid set on cartesian axes. i
— — —>
OA = 5i, OC = 2j and OG = 3k
. P SR G F
a Find: i BC ii CF
— —
iii AB iv OD
— —
v OE vi GE D E
— e 0 >
vii EC viii DB C > )
— —
ix D_g' X B_();
xi GB xii FA A B
X
— — —
b Evaluate: i |OD| ii |OE| iii |GE|
M is the midpoint of CB. Find:
i CM _1)1 0M_) iii DM
d Nis apoint on FG, such that FN = 2NG. Find:
— N — . p —
i FN ii Q)N iii ON v NA v Nl\i
e Evaluate: i |[NM| ii |[DM]| iii |AN]|

Find the values of x and y if:

i a=4i—jb=xi+3y,a+b=7Ti—-2j
ii a=xi+3j,b=-2i+5y,a—b=06i+j
iii a=6i+y,b=xi—4j,a+2b=3i—j

A, B, C and D are points defined respectively by the position vectors.
a=i+3j—2k,b=5i+j—6k,c=5+3kandd=2i+4j+k
a Find: i 4B _ ii BC iii CD iv DA

b Evaluate: 1 [AC]| ii |BD|

¢ Find the two parallel vectors in a.

A and B are points defined respectively by position vectors @ = i + j — 5k and

b=3i—2j— k. Misapoint on AB such that AM : MB =4 : 1.

a Find: i AB i AM i OM

b Find the coordinates of M.

a  Show that the vectorsa = 8i + 5+ 2k, b=4i — 3j+ kand ¢ = 2i — j + %kare
linearly dependent.

b Show that the vectors @ = 8i + 5j + 2k, b = 4i — 3j + kand ¢ = 2i — j + 2k are
linearly independent.

The vectors a = 2i — 3j + k, b = 4i + 3j —2k and ¢ = 2i — 4j + xk are linearly

dependent. Find the value of x.
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A=2,1),B=(1,-3),C(-5,2)and D = (3, 5), and O is the origin.
% % oo % . %

a Find: i 04 ii 4B iii BC iv BD
— —

b Show that ABand BD are parallel.

¢ What can be said of the points 4, B and D?

LetA=(1,4,—-4),B=(2,3,1),C=(0,—1,4)and D = (4, 5, 6).
—> — e —> . —>

a Find: i OB ii AC iii BD iv CD
— —

b Show that OB and CD are parallel.

LetA=(1,4,-2),B=(3,3,0),C=(2,5,3)and D = (0, 6, 1).
— — — . =
a Find: i 4B ii BC iii CD iv DA
b Describe the quadrilateral ABCD.
Let4A=(5,1),B=(0,4),C=(—1,0). Find:
- =
a D, such that AB = CD

— —
b E, such that A = —BC

— —
¢ G, such that AB =2GC

ABCD is a parallelogram. 4 = (2, 1), B=(—5,4),C=(1,7)and D = (x, ).

a Find: i B_C>’ ii A_D) (in terms of x and y)

b Hence find the coordinates of D.

a Letd=(1,4,3)and B = (2, —1, 5). Find M, the midpoint of 4B.

b Use a similar method to find M, the midpoint of XY where X and Y have coordinates
(x1, 1, z1) and (x2, y2, z2) respectively.

Let4=(5,4,1)and B= (3,1, —4). M is a point on AB, such that AM = 4MB. Find M.
— —

Let4 = (4, —3) and B = (7, 1). Find N, such that AN = 3BN.

Find the point P on the line x — 6y = 11 such that O_I)’ is parallel to the vector 3i + j.

A, B, C and D are points which represent the position vectors a, b, ¢ and d respectively.
Show that, if ABCD is a parallelogram, thena + ¢ = b + d.

a=2i+2,b=3i—jandc=4i+ 5

Find:

a i 1a ii b—c iii 3b—a—2c
b wvalues k and / such that ka + Ib = ¢

a=5+j—4k,b=8i — 2j+ kandc =i —7j + 6k
Find:

a i 2a—b>b ii a+b+c iii 0.5a + 0.4b
b values for k and / such that ka + Ib = ¢
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23 In the table below, the magnitudes of vectors in three dimensions and the angle they each
make with the x, y and z axes are given, correct to two decimal places. Express each of the

24

25

Leta=5i+2,b=2i—3j,c=2i+j+kandd = —i+4j + 2k

a Find: i |a ii |b| iii |a + 2b iv |c—d|

b Find correct to two decimal places the angle which each of the following vectors
makes with the positive direction of the x axis:
i a ii a+2b iii ¢c—d

In the table below, the magnitudes of vectors in two dimensions and the angle they each
make with the x axis (measured anticlockwise) are given. Express each of the vectors

in i — j form, correct to two decimal places.

Magnitude | Angle
a 10 110°
b 8.5 250°
c 6 40°
d 5 300°

vectors in i — j — k form, correct to two decimal places.

Magnitude | Angle with x axis | Angle with y axis | Angle with z axis
a 10 130° 80° 41.75°
b 8 50° 54.52° 120°
¢ 7 28.93° 110° 110°
d 12 121.43¢ 35.5° 75.2°

Show that, if a vector in three dimensions makes angles «, 3 and y respectively with the

x, y and z axes, then cos® a 4 cos? B + cos®> y = 1.

A, B and C are points defined respectively by position vectors ¢ = —2i + j + 5k,
b =2j+ 3k, and ¢ = —2i + 4j + 5k.

—>
Find AM.

e e T oo

Show that AABC is isosceles.
—
Find OM where M is the midpoint of BC.

Find the area of the AABC.
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OABCYV is a square-based right pyramid. V' is the verﬁ:}x. M is the point of intersection of
— —
base diagonals OB and AC. OA = 5i, OC = 5j and MV = 3k. Find each of the following:

— — —
a OB b OM ¢ O d BV e |OV]

A and B are points defined respectively by position vectors a and b. M and N are
midpoints of O4 and OB respectively, where O is the origin.

—> —

a Show that MN = %AB.

b Hence describe the geometrical relationships between the two line segments MN and
AB.

Let i be a unit vector in the east direction and j be the unit vector in the north direction.
A runner sets off on a bearing of 120°.

a Find a unit vector in this direction.

b The runner covers 3 km. Find the position of the runner with respect to her starting
point.

¢ The runner now turns and runs for 5 km in a northerly direction. Find the position of
the runner with respect to her original starting point.

d Find the distance of the runner from her starting point.

A hang-glider jumps from a 50 m cliff.

a Give the position vector of point A with respect to O.
b After a short period of time the hang-glider has
position B given by (—80i + 20j + 40k) metres. 50
i Find the vector A_é
ii Find the magnitude of /H; .
¢ The hang-glider then moves 600 m in the j direction 0

<.Y

and 60 m in the k direction. Give the new position
vector of the hang-glider.

A light plane takes off (from a point which will be considered as the origin) so that its
position after a short period of time is given by r; = 1.5 + 2j 4+ 0.9k where i is a unit
vector in the east direction, j is a unit vector in the north direction and measurements are
in kilometres.

a Find the distance of the plane from the origin.
b The position of a second light aircraft at the same time is given by
r, = 2i + 3i + 0.8k. Find:
irn—nm
ii the distance between the two aircraft
¢ Give a unit vector which would describe the direction in which the first aircraft must
fly to pass over the origin at a height of 900 m.

Jan starts at a point O and walks on level ground 200 metres in a north-westerly direction
to P. She then walks 50 metres due north to O, which is at the bottom of a building. Jan
then climbs to 7, the top of the building, which is 30 metres vertically above Q.
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Let i, j and k be unit vectors in the east, north and vertically upwards directions
respectively. Express each of the following in terms of Z, j and &:
— —> — — —
a OP b PO c 00 d or e OT
32 A ship leaves a port and sails on a bearing of NE for 100 km to a point P. i and j are unit
vectors in the east and north directions respectively.

a Find the position vector of point P.
—
b B is a point on the shore with position vector OB = 100i. Find:
—
i BP ii the bearing of P from B

2.3 Scalar (or dot) product of vectors
In previous sections linear combinations of vectors have been considered. In this section a
product of vectors will be defined which will be shown to be useful. The product is called the
scalar or dot product.
Let a and b be two non-zero vectors. When a and b are placed so that their initial points
coincide, the angle, 0, between a and b is chosen as shown in the diagrams below.
Note 0 <6 < 1.

0

0 - L

a a b a'

If @ and b are non-zero vectors, the scalar product or dot product, a.b, is defined by
a.b = |a| |b| cos 6

Note: fa =0 or b = 0 then a.b =0

Example 18

a If|a| =4 and |b| = 5, and the angle between a and b is 30°, find a.b.
b If|a| =4 and |b| =5, and the angle between @ and b is 150°, find a.b.

Solution
a b
a
30° a
b 150°
b
a.b =4 x5 x cos30° a.b =4 x5 x cos(150°)
3 —
=20 x £ =20 x V3
2 2

— 103 = 1043
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Properties of the scalar product

The following are properties of the scalar product:

B ab=ba

B  k(a.b) = (ka).b = a.(kb)

B 40=0

B ab+c)=ab+ac

B a.b = 0 implies a is perpendicular to b ora =0 or b = 0

B aa=|d?

B a.b = |a| |b| if @ and b are parallel and in the same direction

= —|a| |b| if @ and b are in opposite directions

The last four properties require demonstration.
Let a, b and ¢ be coplanar.

a.(b+c)=|a||b+ c|cosH w
= |a| OW cos 6 -
= |a| OY b U
@b+ a.c = |a| |b] cos ¥ + |a] |¢| cos b+
= |a| (OX + XY) o 51 N
= |a| OY X a Y

a.(b+c)=ab+ac

Ifa.b =0, |a| |b| cos 8 = 0 which implies |a| = 0 or |b| = 0 or cos 6 = 0. If cos 8 = 0 then
6 = = That is, @ and b are perpendicular vectors. Conversely, if @ and b are perpendicular,
a.b=0.

For parallel vectors 6 = 0 and a.b = |a| |b|, or 6 =  and a.b = —|a| |b|. In particular,
ifa=b,aa=|al

Scalar product in i — j — k form 4
Leta=aii+ arj+ askand b = byi + b, j + bsk a

Using the cosine rule yields

Th2 2 2
|AB|” = |a|= + |b|* — 2 |a]| |b| cos ©
b —al?* = |a|* + |b*> — 2|a| |b| cos 6

Rearranging yields

a.b = |a| |b|cos® = 1(|lal* + b]* — b — al*)
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But la* = af + a3 + a3

|b]> = bf + b3 + b3

Ib—al* = (b —a\)’ + (by — a2)* + (b3 — a3)’
Hence a.b = ab; + a)b, + azbs
Note that for the unit vectors i, j and k

Li=jj=kk=1
and ij=ik=jk=0

For vectors a = a,i + ayj + ask and b = byi + byj + bsk,
a.b = a,by + ayb, + azbs

Finding the magnitude of the angle
between two vectors

The angle between two vectors can be found by using the two forms of the scalar product.
Now a.b = |a| |b| cos 6 and a.b = a,b; + a,b, + azbs
a.b
|al b

=cos 0

Therefore

aiby + axby + azbs
and =cos 0

|a| |b]
Example 19

A, B and C are points defined by the position vectors a, b and ¢ respectively
where a =i+ 3j — k, b = 2i + jand ¢ =i — 2j — 2k. Find the magnitude of Z4ABC,

correct to one decimal place.

Solution
—> —
ZABC is the angle between vectors BA and BC.

—>
BA=a—-b=—-i+2j—k
—
BC=c—b=—-i—-3j—-2k
Applying the scalar product:
— — — —
BA.BC = |BA| |BC| cos(£ABC)
—> —
and BABC=1-6+4+2=-3
—
IBA| = V/1+4+1=+6
BC=Vi+o+4=+14
—3 = /6314 cos(LABC)

JoJTa

/ABC = 109.1° correct to one decimal place or 1.9 radians correct to one decimal

cos(£ABC) =

place.
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Example 20 |

a Simplify a.(b + ¢) — b.(a — ¢).
b Expand the following: i (a+b).(a+b) ii (a + b).(a — b).

Solution
a aMb+c)—b(a—c)=ab+ac—ba+b.c
=a.c+b.c
b i (a+b)(a+b)=aa+ab+ ba+ b.b
=a.a+2a.b+b.b
ii (a+b).(a—>b)=aa—ab+ba—>bb
=a.a—b.b

- IEETER

Solve the equation (i +j — k).(3i — xj + 2k) = 4 for x.

Solution
(i+j—hk).Gi—-xj+2k)=4
implies
3—x—-2=4
1.€. 1l—x=4

which implies

x=-3

1 Leta=i—4+7k,b=2i+3j+3kandc=—i—2j+ k.
Find:
a aa b b.b c cc d ab e a(b+c)
f (a+b).(a+c) g (a+2b).3¢c—b)

2 Leta=2i—j+3k,b=3i—2kandc=—-i+3j — k.
Find: a a.a b b.b ¢ ab d a.c e al(a+b)

3 Expand and simplify:

a (a+ 2b).(a+2b) b |a+b)*> — |a—b?
a.(a+b)—a.b
¢ afa+b)—b.(a+b) d T

4 A and B are points defined respectively by the position vectors @ =i + 2j — k and
b=—-i+j—-3k
. — —
Find: a AB b |AB| N
¢ the magnitude of the angle between vectors 4B and a
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C and D are points defined respectively by position vectors ¢ and d.
%
If |c| =5, |d| =7 and ¢.d = 4, find |CD].

— —
OABC is arhombus. O4 = a and OC = c.
a Express the following vectors in terms of @ and ¢:
i AB ii OB iii AC
— —
b Find OB.AC.
¢ Prove that the diagonals of a rhombus intersect at right angles.

From the following list, find three pairs of perpendicular vectors:
a=i+3j—k

b=—-4i+j+ 2k

c=—-2i—2j—3k

d=—i+j+k

e=2i—j—k

f=—i+4 -5k

Solve each of the following equations:

a (i+2j — 3k).(5i + xj + k)= —6 b (xi+ 7j — k).(—4i + xj + 5k) = 10
¢ (xi+ Sk).(—2i —3j+3k) =x d xQi+3j+k).G+j+xk)=6

Points 4 and B are defined by the position vectorsa =i + 4j — 4k 4
andb=2i+ 5/ — k. A

P is point on OB such that AP is perpendicular to OB.
Let (73 = ¢b for a constant q.

—
a Express AP in terms of ¢, a and b.
— —
b Use the fact that AP.OB = 0 to find the value of g.
¢ Find the coordinates of the point P. 10

xi + 2j + yk is perpendicular to vectors i + j + k and 4i + j + 2k. Find x and y.

Find the angle, in radians, between each of the following pairs of vectors, correct to three
significant figures:

a i+2j—kandi—4j+k b —2i+j+3kand -2i—-2j+k

¢ 2i—j—3kand4i — 2k d 7i+kand —i+j— 3k

a and b are non-zero vectors, such that a.b = 0. Use the scalar product to show that @ and

b are perpendicular vectors.

questions 13 to 17, find the angles in degrees correct to two decimal places.

A and B are points defined by the positions vectorsa =i+ j+ kandb=2i+j— k
respectively. M is the midpoint of 4B.

—
Find: a OM b ZAOM ¢ ZBMO
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14 OABCDEFG is a cuboid set on axes at O, C B
— — —
such that OD =i, O4 = 3j and OC = 2k. g
Find: i
. = .. 7 G ] F
a i GB ii GE i
b /BGE Opmmmmmmmes A
) — — ’
¢ the angle between diagonals CE and GA /
D E

15 A, B and C are points defined by the position vectors 4i, 5j and —2i + 7k respectively.
= —
M and N are the midpoints of AB and AC respectively.
Find:
—> —>
a i OM ii ON
b /ZMON c /ZMOC

16 ABC is a triangle with dimensions as shown in the figure. A
ZACB =19

— — —
a Express AB in terms of CA4 and CB.
— —
b Use the scalar product AB.AB to prove the cosine
rule which states that: ¢> = a®+ b*> — 2ab cos 0.

17 A parallelepiped is an oblique prism that has a

parallelogram cross-section. It has three pairs of
parallel and congruent faces. OABCDEFG is a
parallelepiped with

— — —
04 =3j,0C=—i+j+2kand OD = 2i —j
Show that the diagonals D_é and CTE) bisect

each other, and find the acute angle between

them.

Vector resolutes

It is often useful to decompose a vector & into a sum of two terms, one parallel to a given
vector b and the other perpendicular to b.

From the diagram it can be seen thata = u + w
where u=*kb
Therefore w=a—u=a—kb
For w to be perpendicular to b, w.b = 0
Therefore (a — kb).b = 0

a.b

a.b — kb.b = 0 where k = —
b.b




86 Essential Specialist Mathematics

a.b
H =%
ence u = 4

u is called the vector resolute of @ in the direction of b and exists in many alternative forms.

a.b a.b b b
= —b= —2b =|a— = (a. b)b
bbb 1) \ 6]

- a.b . . .
(a.b) or m, the ‘signed’ length of the vector resolute u is called the scalar resolute of @ in the
direction of b. 5

a. .
Note that w = a — u = a — — b and expressing « as a sum of the two components, the first

parallel to b and the second perpendicular to b, is

a.b a.b

This is sometimes described as resolving the vector a into rectangular components, one in
the direction of b and one perpendicular to b.

e

Leta=i+3j—kandb=i—j+ 2k
Find the vector resolute of:

a a in the direction of b b b in the direction of a

Solution
a ab=1-3-2=—4
bb=1+1+4=6

a.b
*. the vector resolute of a in the direction of b = —b

b.b
= _6(’ —j+2k)
= —%(i —j+2k)
b aa=1+9+1=11
N
the vector resolute of b in the direction of ¢ = a—a

a.a

=i+3j— k)

[

Find the scalar resolute of @ = 2i + 2j — k in the direction of b = —i + 3k.

Solution
ab=-2-3=-5
bl = V1+9 =410

3

a.b -5 -
The scalar resolute of @ in the direction of bis — = — = ———

bl V10 2
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Example 24

Find the resolution of i + 3j — k into rectangular components one of which is parallel to

2i —

1

(]

2j — k.
Solution
Leta=i+3j—kand b =2i—2j— k.
.b
The vector resolute of a in the direction of b is calculated from Z—bb.
ab=2-6+1=-3 bb=4+4+1=9
.". the vector resolute = %3(2i —2j—k)
=—3Q2i-2j—k)
The perpendicular component = a — [—1(2i — 2j — k)]
=(@{+3—k+35[2—-2—k
=St Ltk
= 5 [5i + 7j — 4k]
Note: It is worthwhile verifying that the second vector is indeed perpendicular to b, in
order to detect any numerical error.
Bi+7j—4k).2i-2j—k)=10-144+4=0
1 1
Si+3j-k= —5(2i—2j—k)+ §(5i+7j—4k)

—
A and B are defined by the position vectorsa =i + 3j — kand b =i + 2j + 2k. Letc = AB
Find: a a b b c ¢

Leta=3i+4j—kandb=i—j— k.
a Find: i a ii ||
b Find the vector with the same magnitude as b and with the same direction as a.

A and B are defined by the position vectors @ = 2i — 2j — k and b = 3i + 4k.

a Find: i a i b

b Find the unit vector which bisects ZAOB.

For each of the following pairs of vectors find the vector resolute of @ in the direction
of b.

a a=i+3jandb=i—-4+k b a=i—-3kandb=i—4j+k

¢c a=4i—j+3kandb=4i -k

For each of following pairs of vectors, find the scalar resolute of the first vector in the
direction of the second vector.
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a a=2i+jandb=i b a=3i+j—3kandc=i—-2j
¢ b=2j+kanda=2i+3j d b=i—+/5jandc=—i+4j

6 For each of the following pairs of vectors, find the resolution of the vector @ in rectangular
components, one of which is parallel to b.
a a=2i+j+k b=5i—k b a=3i+j b=i+k
c a=—i+j+k b=2i+2j—k

7 A and B are points defined by the position vectorsa =i+ 3j —kandb=j+ k
respectively. Find:

a the vector resolute of a in the direction of b
b aunit vector through A4 perpendicular to OB

8 A and B are points defined by the position vectors @ = 4i + j and b =i — j — k respectively.
Find:
a the vector resolute of a in the direction of b

b the vector component of @ perpendicular to b
¢ the shortest distance from 4 to OB

9 A, B and C are points defined by the position vectorsa =i+ 2j + k, b = 2i + j — k and
¢ =2i — 3j+ k. Find:
— —
a i AB ii AC
b the vector resolute of 4B in the direction of AC
¢ the shortest distance from B to line AC
d the area of triangle ABC

10 a Verify thata =i — 3j — 2k and b = 5i + j + k are two vectors perpendicular to each
other.
b Ifec=2i— k, find:
i d, the vector resolute of ¢ in the direction of a
ii e, the vector resolute of ¢ in the direction of b
¢ Findf, suchthatec =d + e + f.
Hence show that f'is perpendicular to both vectors a and b.

Vector proof

Vectors have been used to establish geometric results in the earlier sections of this chapter. In
this section the application of vectors to geometric proof is considered. Some results which
will be useful in geometric proof are as follows:

B na where n € R" is a vector in the same direction as a but of magnitude 7|a|
B —na where n € RT is a vector in the opposite direction to @ and of magnitude

nlal
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B Ifais parallel to b there is a non-zero real number 7 such that b = na
Conversely if b = na for some n € R™ \ {0}, b is parallel to a

B [fais parallel to b and there is at least one point in common then a and b lie on the
same straight line. For example if A_l)i = kB_C)' for some k € R \ {0}, then 4, B and C are
collinear

B [fa.b = 0thenais perpendiculartobora=0orb =0
Conversely if a is perpendicular to b then a.b = 0

B aa=|da?

[

Prove that the diagonals of a rhombus are perpendicular.

Solution A B
OABC is a rhombus.
— —
Let O4 =aand OC =c¢
The diagonals of the rhombus are OB and AC.

— — —
Now OB = OC + CB 0 C
— —>
=0C+H 04
=c+a
— — —>
and AC = A0 + OC
=—a+c

— —>
Consider the scalar product of AC and OB.

A_C>'O_l>~3 =(c+a)(c—a)
=cc—aa
= || — la®
A rthombus has all sides of equal length.
Therefore |c| = |a|
Hence

—> —
AC.OB = |c|* — |a]* =0
This implies that AC is perpendicular to OB.

Example 26

Prove Pythagoras’ theorem using vectors.

Solution

AOBis a r1ght angled triangle with right angle at O.
Let OA =a and OB b
ThenAB =A0—|—OB= —a-+b
%
Let AB =c¢ A 0
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Then c=-a+b
and cce=(Mb-a)b-a)

= b.b—2a.b+ a.a
But a.b = 0 as OB is perpendicular to O4
: c.c=bb+aa
ie. le|* = |b* + |al?

- [EmmE

Prove that the angle subtended by a diameter in a circle is a right angle.

Solution
Let O be the centre of the circle and 4B a
. — —> —
diameter |OA| = |OB| = |OC| = r, the
radius of the circle
— — —
Let O4 = a,and OC = ¢. Then OB = —a A B

- = = — > = 0]
and AC = A0 + OC and BC = BO + OC
— —
AC.BC =(—a+c)(a+c)
= —a.a+c.c
= —lal® + ||’
But la] = |c|
— —
AC.BC = 0 and hence AC L BC
Example 28
Prove that the medians of a triangle are concurrent.
Solution A
For triangle O4B B X
A', B' and X are the midpoints of
OB, OA and 4B respectively. (0] L B

Let Y be the point of intersection
of the medians, 44’ and BB’
— —
LetOA =aand OB =b
It will first be shown

AY : YA =BY : YB'=2:1

—> — — —>
Let AY = NAA' and BY = BB’

-, — L = — —> =
Now AA" = A0 + 50B and BB' = BO + ;04

=—a+3b =-b+1a



Chapter 2 — Vectors 91

— —>

AY =\ (—a+ 1b) o BY = (b + la)
But B_))’ can also be obtained as shown.
— — —
BY = BA + AY
— — —
=BO + O4 + AY
=—b+a+\(—a+1b)
—}.Lb+%a=(l —Na+(3—1)b

As a and b are independent vectors,
%:1—)\ and —p = > 1
Multiply [ 1|by 2 and add to

0=2 2>\+)‘ 1
a 2

3\
l=—and\ =
2

Substitute in | 1 [to find p =

W Wi

%
AY : YA =BY : YB' =2:1
Now consider the position vector of Y.

— — —

OY = 04+ 4Y
=a+v:(—a+ib)
= %a+%b

— - =

and OX = OA + 5(4B)
=a+%(b—a)
= %(b—l—a)
W =2 %1 —20%
OY =5 x 3(b+a)=350X

1.e. O, Y and X are collinear and Y divides OX in the ratio 2 : 1
The medians are concurrent at Y.

1 Prove that the diagonals of a parallelogram bisect each other.

2 Prove that if the midpoints of the sides of a rectangle are joined then a rhombus is formed.
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Prove that if the midpoints of the sides of a square are joined then another square is
formed.

Prove that the median to the base of an isosceles traingle is perpendicular to the base.
Prove the cosine rule for any triangle.

Prove that if the diagonals of a parallelogram are of equal length then the parallelogram is
a rectangle.

Prove that the midpoint of the hypotenuse of a right-angled triangle is equidistant from
the three vertices of the triangle.

Prove that the sum of the squares of the lengths of the diagonals of any parallelogram is
equal to the sum of the squares of the lengths of the sides.

Prove that if the midpoints of the sides of a quadrilateral are joined then a parallelogram is
formed.

ABCD is a parallelogram. M is the midpoint of AB. P is the point of trisection of MD
nearer to M. Prove that 4, P and C are collinear and that P is a point of trisection of AC.

%
ABCD is a parallelogram with 4B = a and A_D> = b. The point P lies on 4D and is such
that AP : PD =1 : 2 and the point Q lies on BD and is such that BQ : 0D =2 : 1. Show
that PQ is parallel to AC.

AB and CD are diameters of a circle with centre O. A C
Prove that ACBD is a rectangle.

D B

—> —
In triangle AOB, M is the midpoint of AB, OA = a and OB = b.

a Find:
— .
i AM interms of @ and b
N
ii OM interms of @ and b
— = — =
b Find AM.AM + OM.OM
¢ Hence prove O4? + OB? = 20M? + 24M? 4

In the figure, O is the midpoint of AD and B is the
midpoint of OC.
If OA = a, OB = b and if P is a point
-
such that OP = %(a + 4b):

a prove that 4, P and C are collinear
b prove that D, B and P are collinear

¢ find DB : BP
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— —
In the triangle OAB, OA = a and OB = b. P is a point on AB so that the length of AP is
— —
twice the length of BP. Q is a point such that OQ = 30P.
a Find each of the following in terms of a and b:
— — —
i OP ii 00 iii 4Q
— —
b Hence show that AQ is parallel to OB.

ORST is a parallelogram, U is the midpoint of RS and V' is the midpoint of S7. Relative to
the origin O, r, s, t, u and v are the position vectors of points R, S, T, U and V respectively.
a Express s in terms of r and 7. b Express v in terms of s and ¢.
¢ Hence or otherwise, show that 4(u + v) = 3(r + s + 7).
Relative to an origin, points A4, B, C, D and E shown in the diagram have position vectors
b=2i+§j D
c=—i+4+7j E B
d=-2i+ g
e=—4i+ 6
respectively.
The lines AB and DC intersect at F' as shown.
a Show that £ lies on the lines DA and BC.

— —
b Find 4B and DC.
¢ Find the position vector of the point £
d Show that D is perpendicular to £4 and EB is perpendicular to AF. F
e Find the position vector of the centre of the circle through £, D, B and F.
Coplanar points 4, B, C, D and E have position vectors a, b, ¢, d and e respectively
relative to an origin O. 4 is the midpoint of OB and E divides AC in the ratio 1 : 2. If
e= %d, show that OCDB is a parallelogram.
The points 4 and B have position vectors a and b respectively, relative to an origin O. The

point P divides the line segment OA4 in the ratio 1 : 3 and the point R divides the line
segment AB in the ratio 1 : 2. Given that PRBQ is a parallelogram, determine the position

of 0.

ABCD is a parallelogram. 4B is produced to £ and B4 E
produced to F such that BE = AF = BC. Lines EC
and F'D are produced to meet at X.

a Prove that the lines £X and FX meet at right angles.
— — — —> — —
b If EX =NEC and FX = wFD and |4AB| =k |BC]|
find the values of \ and . in terms of £.
¢ Find the values of N\ and w if ABCD is a rhombus. A D
—> —>
If |EX| = |FX| prove that ABCD 1is a rectangle.
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— — —
21 OBCDEFGH is a parallelepiped. Let OB = b, OD = d and OF = e.
— = —
a Express each of the vectors OG, DF, BH F

and CTE) in terms of b, d and e.
b Find |OGP, |DFI2, |BH|? and |CEP in E 4 /H%
terms of b, d, and e. % C
¢ Show that |0GI? + |DF|? + |BHP + |CEP V

= 4(b + |d? + |e?). 0 D

22 Inthe figure, O is the centre of the A

circle, radius 7.
The circle is inscribed in a square ABCD.
P is any point on the circumference of the circle.
— — 5 — — O-
a Show that AP.AP = 3r= — 20P.0A
b Hence find AP> + BP? + CP* + DP?
in terms of 7.
P
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Chapter summary
B A vector is a set of equivalent directed line segments.
—
B A directed line segment from a point 4 to a point B is denoted by A4B.
2

In two dimensions, a vector can be represented by a column of numbers, e.g. |:3 ] is the

vector ‘2 across’ and ‘3 up’.
B The sum u + v can be shown diagrammatically. C

\4
u-+vy B
u
A
B utv=v+tu
moiftw=|"|andv=|° thenu +v = ate .
b d b+d

B The vector ku, k € R™, has the same direction as u but its length is multiplied by a factor .
B The vector —v is in the opposite direction to v but has the same length.
B u—v=u+(—v).
B Two non-zero vectors u# and v are said to be parallel if there exists k € R \ {0} such that

u = kv.

—
B For a point 4, the position vector of 4 is OA4 where O is the origin.
B The sum a + b = ¢ can be drawn as a triangle of vectors.
a b
¢

B Intwo dimensions a vector u# can be expressed as y

the sum of two vectors xi and yj, where i is the unit
vector in the positive direction of the x axis and j
is the unit vector in the positive direction of the y axis.
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In three dimensions a vector u can be written as u = xi + yj + zk, where i, j and k are unit
vectors as shown.

A (x, y 2)

X
The magnitude of vector u = xi + yj is denoted by |u| or u, and |u| = \/m .

The magnitude of vector u = xi + yj + zk is given by |u| = \/m .

If a = b, where a = a,i + ayj + ask and b = byi + byj + b3k, then a; = by, ay = by and
az = bs.

la| = Va.a=a.

. . . . .a . ~
The unit vector in the direction of a is H and is denoted by a.
a

If the vector @ = a;i + ayj + ask makes angles o, 3 and y measured anticlockwise from

the positive directions of the x, y and z axes respectively, then cos a = ﬂ, cos B = D and
o |al |al

cosy = al’

The scalar product (or dot product) is given by a.b = |a| |b| cos 6 where 0 is the angle

between the directions of @ and b.

If a = a1i 4 ayj + ask and b = byi + byj + b3k, then the scalar product is given by

a.b = a\by + axby + asbs.

Non-zero vectors a and b are perpendicular if and only if a.b = 0.

The magnitude of the angle 6 between two vectors a and b can be found using
oF cos 0 — a1by + axby + azbs

a.
|a| |b| lal |b|

The resolution of a vector into rectangular components expresses the vector as a sum of two
vectors; one in a stated direction and the other perpendicular to that direction.
The vector resolute of a in the direction of b is the projection of @ on a line parallel to b.

.b
The vector resolute of @ in the direction of b is Z—bb.

. . . . ab
The scalar resolute of a in the direction of b is |b_|
A set of vectors is said to be linearly dependent if one of its members can be expressed as a
linear combination of the other members.

A set of vectors is said to be linearly independent if it is not linearly dependent.
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Multiple-choice questions

10

— — —>
If O4 = a+ 2b and AB = a — b then OB in terms of @ and b is equal to:
A b B 3b C 2a+b D 2a+3b E 3a+b

The grid shown is made up of identical parallelograms. c_4 B
IE = a and C_l)) = c¢. The vector EF in terms of @ and
¢ is equal to:

A a+3¢c B -3a+c¢c C 3a-c

D 3a—c¢ E 3a+c

D, F

ABCD is a parallelogram. AB = u and BC = v. M is the midpoint of AB. Vector DM
expressed in terms of # and v is equal to:

1 1 1 1 3
A su+v B su—v C u+jyv D u—3v E su—v

%

A =(3,6)and B = (11, 1). The vector 4B in terms of i and j is equal to:
A 3i+6/ B 8i—5 C 8i+5f D 14i+7j E 14i—7j
The angle between the vector 2i + j — ~/2k and 5i + 8j is approximately:
A 0.72° B 0.77° C 43.85° D 46.15° E 88.34°

. s — — .
Let OAB be a triangle such that AO-AB = BO-BA and |AB| # |OB|. Then triangle OAB
must be:

A scalene B equilateral C isosceles D right-angled E obtuse

If @ and b are non-zero, non-parallel vectors such that x(a + b) = 2ya + (y + 3)b then the
values of x and y are:

A x=3,y=6 B x=-6,y=-3 C x=-2,y=-1

D x=2,y=1 E x=6,y=3

If 4 and B are points defined respectively by the position vectors @ =i + j and

b =5i — 2j + 2k then |A_1§| is equal to:

A 29 B J1I  C 11 D V21 E 29

Letx =3i —2j + 4k and y = —5i + j + k. The scalar resolute of x in the direction of y
21 B —134/23 C —134/29 —134/27 E —134/21

18:

— D
27 23 29 27 21
— — — — .
Let ABCD be a rectangle such that |BC| = 3|4AB|. If AB = a then |AC| in terms of |a]| is
equal to:
A 2la| B +/10]a| C 4al D 10]a| E 3ja|

Short-answer questions (technology-free)

1 ABCD is a parallelogram. 4, B and C are represented by the position vectors

i+ 2j —k,2i+j — 2k and 4i — k respectively. Find:
=
a AD b the cosine of ZBAD

97
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A, B and C are points defined by position vectors 2i — j — 4k, —i + j + 2k and i — 3j — 2k
respectively. M is a point of line segment 4B, such that |AT/[| = |A_C)‘ l.
a Find:
i AT/[ ii the position vector which represents N, the midpoint of CM
b Hence, show that A?V L (ﬁ)/[ .
Leta=4i+3j — k,b=2i —j+ xkand ¢ = yi + zj — 2k. Find:
a x, such that @ and b are perpendicular to each other
b yand z, such that a, b and ¢ are mutually perpendicular

Leta =i — 2j 4 2k and let b be a vector, such that the vector resolute of @ in the direction
of b is b.

a Find the cosine of the angle between the directions of @ and b.

b Find |b| if the vector resolute of b in the direction of a is 2a.

Leta=3i — 6j+4kand b =2i +j — 2k.

a Find ¢, the vector component of a perpendicular to b.

b Find d, the vector resolute of ¢ in the direction of a.

¢ Hence, show that |a| |d| = |c|*.

A and B are points defined by @ = 2i + 3j — 4k and b = 2i — j + 2k. C is a point defined by
the position vector ¢ = 2i + (1 + 3¢7)j + (—1 + 2t)k.
a Find, in terms of #:
i A i CB
b Find the values of ¢ for which ZBCA = 90°.
OABC is a parallelogram. 4 and C are defined by @ = 2i 4+ 2j — k and ¢ = 2i — 6j — 3k.
a Find:
i |la—c| ii |a+c| iii (a—c).a+c)
b Hence, find the magnitude of the acute angle between the diagonals of the

parallelogram.
) . o= - = —
OABC is a trapezium with OC = 24B. If OA = 2i — j — 3k and OC = 6i — 3j + 2k, find:
— —
a AB b BC ¢ the cosine of ZBAC

The position vectors of 4 and B relative to an origin, O, are 6i + 4j and 3i + pj
respectively.
— = .
a Express 40.AB in terms of p.
— —
b Find the value of p for which 4O is perpendicular to 4B.
¢ Find the cosine of ZOAB when p = 6.

The points 4, B and C have position vectors p + ¢, 3p — 2q and 6p + mgq respectively
relative to an origin O where p and ¢ are non-parallel, non-zero vectors. Find the value of m
for which 4, B and C are collinear.

Ifr=3i43j— 6k,s =i — 7j + 6k and t = —2i — 5j + 2k, find the values of A and p. such
that the vector r + As + .t is parallel to the x axis.
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Show that the points 4(4, 3, 0), B(S, 2, 3), C(4, —1, 3) and D(2, 1, —3) form a trapezium
and state the ratio of the parallel sides.

Ifa=2i—j+ 6kand b =i — j — k show that @ + b is perpendicular to b and find the
cosine of the angle between the vectors a + b anda — b

Relative to O, the position vectors of 4, B and C
are a, b and c. B and C are the midpoints of AD
and OD respectively.
— —
a Find OD and 4D in terms of a and c.
b Find b in terms of @ and c. A

S~ Q
a

¢ Eisapoint on OA4 produced such that
— — — —
OF =4 AE . 1f CB = k AE, find the value of k.

O, A and B are the points with coordinates (0, 0), (3, 4) and (4, —6) respectively.
— = =
a (s the point such that O4 = OC + OB. Find the coordinates of C.
— — —
b D is the point (1, 24) and OD = hOA + kOB. Find the values of / and £.

— —
OQ=gqand OP=p 0

Sh o]

OR = 3p+kq R

e 1

OS =hp+3q q S
R is the midpoint of OS.

Find / and k. >

0 p P
ABC is a right-angled triangle with the right angle at B. If AC = 2i + 4j and AB is parallel
—

to i+ j, find AB.

E
In this d1agram OABC isa parallelogram with
04 = 24D. LetAD_aandOC_c C B
a Express DB in terms of @ and c.
— —
A

b Use a vector method to prove OF = 30C. 0

For quadrilateral OABC, D is the point of trisection of OC nearer O and E is the point of
— — —
trisection of AB nearer A. If OA = a, OB = b and OC = c:
H % see %
a Find: i OD ii OF iii DE
— — =

b Hence prove that 3DE =204 + CB.

. - - .
In triangle OAB, OA = a, OB = b and T'is
a point on 4B such that AT = 37B.

—

a Find OT in terms of a and b. o
b IfM1s a point such that OM )\OT A> 1, ﬁnd

i BM in terms of @, b and \ ii A if BM is parallel to OA

oy
~
N
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Extended-response questions

1 A spider builds a web in a garden. The position vectors of the ends 4 and B relative to an
origin O of a strand of the web are given by O_)A =2i+ 3j+ kand 0_1)3 =3i+4j+ 2k
respectively.

a Find: i /H% ii the length of the strand
b A small insect is at point C where O_C)' = 2.5 + 4j + 1.5k. Unluckily it flies in a straight
line and hits the strand of web between 4 and B. Let O be the point where the insect hits
the strand where A_Q> = )\A_B>.
i Find C_Q) in terms of \.
ii If the insect hits the strand at right angles, find the value of A and the vector O—Q>
c Aigther web strand MN_h)as end points M and N with position vectors
OM = 4i + 2j —k and ON = 6i + 10j + 9k. The spider decides to continue 4B to
join MN. Find the position vector of the point of contact.

2 The position vectors of points 4 and B relative to an origin O are 2i + 3j + k and

3i —2j+ k.
. 9 % e %
a Find: i |OA|and|OB| ii 4B
b Xis the midpoint of line segment 4B.
— — . —
i Find OX. ii Show that OX is perpendicular to 4B.

¢ Find the position vector of a point C such that OACB is a parallelogram.
Show that the diagonal OC is perpendicular to the diagonal 4B by cons1der1ng O_C>' AB.
i Find a vector of magnitude /195 which is perpendlcular to both OA and OB
ii Show that this vector is perpendicular to AB and OC.

iii Comment on the relationship between the vector found in e(i) and the parallelogram

OACB.
. o C Y
3 Points 4, B and C have position vectors T

OA = 5i / /

[N

OB =i+3k 0O

—

and OC=i+4
A D

The parallelepiped has O4, OB and OC as
three edges and remaining vertices X, Y, Z and
D as shown in the diagram.
a Write down the position vectors of X, ¥, Z and D in terms of 7, j and k and calculate the
length of OD and OY.
b Calculate the size of angle OZY.
The point P divides CZ in the ratio A : 1,i.e. CP: PZ=\: 1.
i Give the position vector of P.
ii Find A\ if O_I>’ is perpendicular to CTZ> .




ABC is a triangle as shown in the diagram below. P, Q and R are the midpoints of the sides
BC, CA and 4B respectively. O is the point of intersection of the perpendicular bisectors of
CA4 and 4B.
— — —
Let OA = a, OB = b and OC = c.
a Express each of the following in terms of a, b and ¢:
i AB ii BC iii CA
— — . =
iv OP v 0Q vi OR
b Prove that OP is perpendicular to BC.
¢ Hence prove that the perpendicular bisectors of

the sides of a triangle are concurrent.

d Prove that |a| = [b| = |c|. B P ¢

The position vectors of two points B and C relative to an origin O are denoted by b and ¢

respectively.

a Find the position vector of L, the point on BC between B and C such that
BL:LC=2:1,interms of b and c.

b If a is the position vector of a point 4 such that O is the midpoint of AL, prove that
3a+b+2c=0.

¢ If M is the point on CA between C and 4 such that CM : MA = 3 : 2 then:
i prove that B, O and M are collinear
ii find the ratio BO : OM.

d Nis the point in 4B such that C, O and N are collinear. Find the ratio AN : NB.

OAB is an isosceles triangle with O4 = OB. Let 0_1)4 = a and 0_1)3 =b.
a D is the midpoint of 4B and £ is a point on OB. Find in terms of a and b: )
%
i OD
— —>
ii DEif OE = \OB.
| (a.b + b.b)

b If DE is perpendicular to OB show that X = 5 Y3

¢ DE is perpendicular to OB and A = %.
i Show that cos 6 = % where 6 is a magnitude of Z4AOB.
ii Let F be the midpoint of DE. Show that OF is FAE
perpendicular to AE.




A cuboid is positioned on level ground so that it rests on one
of its vertices, O. The vectors i and j are on the ground.

-

OA =3i—12j+ 3k

—

OB =2i+aj+2k

—

OC =xi+yj+2k

. — = .

a 1 Find OA.OB in terms of a.

ii Find a.

— ) —
b i Use the fact that O4 is perpendicular to OC
to write an equation relating x and y.

ii Find the values of x and y.
¢ Find the position vectors:

i OD ii OX iii OY
d State the height of points X and Y above the ground.

BD AE 3
D is a point on BC such that — = 3 and £ is a point on AC such that — = —.
DC EC 2

Let P be the point of intersection of 4D and BE.
— —
Let BA = aand BC = c.

a Find:
% .
i BDinterms of ¢
—
ii BE interms of @ and ¢

9 .
iii 4D interms of @ and ¢ A C
— — - -
b Let BP = wBE and AP = NAD. Find \ and ..

Y
a a = pi+ gj. The vector b is obtained by rotating A
a clockwise through 90° about the origin. The ¢
vector ¢ is obtained by rotating a anticlockwise a
through 90° about the origin. 19) =
Find b and ¢ in terms of p, ¢, i and j. 5

b In the diagram opposite, OB = OC = 1, and ABGF
and AEDC are squares.
Let OA = xl + yj.
i Find AB and A_C)' in terms of x, y, i and J-
ii Use the results of a to find A_E) and AF in G E

terms of x, y, i and j.

¢ i Prove that 071 is perpendicular to E_I)T .

ii Prove that IE_F)'| = 2|0_1)4|.

C\I>x
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10 Triangle ABC is equilateral. Also AD = BE = CF.
a Let u, v and w be unit vectors in the direction of
— > — i
AB, BC and CA respectively. E
Let AB = mu and AD = nu.
T S —
i Find BC, BE, CA and CF'.
— —
ii Find |4F| and | FB| in terms of m and n.
T R 2 D
b Show that AE.FB = 5(m* — mn + n”).
Show that triangle GHK is equilateral.
(G is the point of intersection of BF and AE. F
H is the point of intersection of AE and CD.
K is the point of intersection of CD and BF.)

11 AOC is a triangle. The medians CF and 0]
OF intersect at X.
— —
Let O4 = a and OC = c.
— — F
a Find CE) and OF in terms of @ and c.
b i If OF is perpendicular X
[N
to AC, prove that triangle ) N \ c
OAC is isosceles. E
-
ii If furthermore CF is
%
perpendicular to O4 find
the magnitude of angle AOC,
and hence prove that triangle AOC
is equilateral. 0
¢ Hand K are the midpoints of
OE and CF respectively.
— F
i Show that HK = \c for
some A € R\ {0} and X
—
FE = pc for some w. € R\ {0}. ) \ \ c
ii Give reasons why triangle E
HXK is similar to

triangle EXF (vector method not required).
iii Hence prove that OX: XE =2 : 1.

12 VABCD is a square-based pyramid and O is the centre of the base (see diagram on the next
page). i, j and k are unit vectors in the direction of 4B, BC and OV respectively. The point O
is to be taken as the origin for position vectors.

AB=BC =CD =DA =4cm.
OV = 2h cm where 4 is a positive real number.
P, O, M and N are the midpoints of AB, BC, VC and VA respectively.




13

Find the positigil Vector_s> of 4, B, C and D relative to O.
b Find vectors PM and QN, in terms of 4.
¢ Find the position vector 07( , where X

the point of intersection of QN and PM.
d If OXis perpendicular to VB:

i find the value of /
ii calculate the acute angle between PM and QN giving
your answer correct to the nearest degree.

e 1 Provethat NMQOP is a rectangle.
ii Find & if NMPQ is a square.

. . ﬁ 9 .
OACB is a square with O4 = gj and OB = ai. A
M is the midpoint of OA.
a Find in terms of a:
—>
i OM
—
ii MC. M

—
b Pis apoint on MC such that MP = )\]\7&'
— — —
Find MP, BP and OP in terms of A and a.
¢ If BP is perpendicular to MC:
i find the value of A and also find

— — o
|BP|, |OP| and |OB|
ii and, if 6 = ZPBO, evaluate cos 6.
d If |0_I>’| = |O_l)-3 | find the possible values of A and
illustrate these two cases carefully.
e In the diagram 0_>A =dqj, 0_1)3 =ai.
BP is perpendicular to M C._>
M is the midpoint of OA. PX = ak. M
Yis a point on XC such that PY is
perpendicular to XC. 0

—
Find OY.




3.1

Circular functions

The sine, cosine and tangent functions are discussed in some detail in section 1.1. Several new
circular functions are introduced in this chapter.

The reciprocal circular functions
The cosecant function, y = cosec 0

The cosecant function is defined as:

1
cosec) = —— provided sin 6 # 0
sin

Since sin § = 0 when 8 = wn, n € Z, the domain of cosec 6 =R\ {0 : 0 = mn, n € Z}.
The graph of cosec 0 is derived from the graph of sin 6.
The range of sin 8 is [—1, 1] therefore the range of cosec 6 is R \ (—1, 1).
The graph of y = sin 6 has turning points at 6 = g + mn, n € Z as does the graph of
y = cosec 0.
sin 6 = 0 at @ = mn, n € Z. These values of 6 will be vertical asymptotes for y = cosec 6.
A sketch of the graph of /: R\ {6 : 6 = mn,n € Z} — R, f(8) = cosec 6 is shown on the
next page. The graph of y = sin 6 is shown on the same set of axes.
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The secant function, y = sec 0

The secant function is defined as:
|
sec = —— provided cos 6 # 0
cos 6

As the graph of y = cos 0 is a translation of the graph of y = sin 0, the graph of y = sec 6 must
be a translation of the graph of y = cosec 6, — units in the negative direction of the x axis.

Thedomainofsecﬂ:R\{ﬁ:6=g+wn,neZ}.

A sketch of the graph of /: R \ {6 g =2 +mn,n € Z} — R, f(0) = sec 6 is shown.
The graph of y = cos 0 is shown on the same set of axes.

y U y=secO

1

1

1

1

1

1

1

. N y=cos 6
v \
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The range of sec 0 is R \ (—1, 1).
n
sec 0 has turning points at 6 = wn, n € Z, and has asymptotes at 6 = ) + mn,n € Z.

o

The cotangent function, y = cot 6

The cotangent function is defined as:
cos 0 . .
cotd = —— providedsin® # 0
sin 0

cotf = tan (g — 6) (the complementary properties of cot and tan are listed

later in this section)

(- (3-0)

= —tan (6 + g)
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The graph of cot 0 is a translation of Y

m I . . .
tan 0, 5 units in the negative direction
of the x axis, and a reflection in the

0 axis. A sketch of the graph of
SiR\{6:0=mn,neZ} - R,
£(8) = cot 6 is shown opposite.

- [EEr

Sketch the graph of each of the following over the interval [0, 277].
a y = cosec(2x) b y=sec (x + ;) ¢ y=cot (x - ;)

Solution {
J
a The graph of y = cosec(2x) is ! ! ly = cosc 2x
obtained from the graph of 1 wi Eui E ¥ Zsin2x
y = cosec x by a dilation of of N :;" N .

factor % from the y axis. The

T 1
a2 2
graph of y = sin(2x) is also | /\: l/\l

shown.

b The graph of y = sec (x + g) is

a translation of the graph of

T .
y = sec x, 3 units in the negative 14

direction of the x axis. The y-axis 0

intercept is sec (;) =2.The

a ay
asymptotes are at x = — and x = rE ]

¢ The graph of y = cot (x — ;) isa y
translation of the graph of
y = cotx, % units in the positive
direction of the x axis. The y-axis

a 14
intercept is cot (—Z) =—1. 0

m 5w
The asymptotes are at x = 1 andx = T —1-

L 37 7
The x-axis intercepts are at " and R
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For right-angled triangles, the reciprocal functions can be defined through ratios. C
. hyp
cosec x° = —
opp hyp
. _ hyp opp
secx’ = —
adj
dj °
and cotx® = aa * []
opp A adj B
Example 2 C
In triangle ABC, ZABC = 90° and ZCAB = x°.
AB =6 cm and BC = 5 cm. Find:
a AC b the trigonometric ratios related to x° 5
Solution R
i O
a By Pythagoras’ theorem, AC*> = 5* + 6 =61 4 S B
AC = +/61 cm
b : (o} 5 o] 6 t o] 5
sinx® = —— cosx’ = — an x° = —
V61 V61 6
VA VA . 6
cosec x = T seCx = T cotx™ = g

Useful properties
The symmetry properties established for sine, cosine and tangent can be used to establish the
following results:

sec(m — x) = —sec x sec(m + x) = —sec x
cosec(m — X) = cosec X cosec(T + x) = —cosec x
cot(m — x) = —cot x cot(m + x) = cotx
sec(2m — x) = secx sec(—x) = sec x
cosec(2m — x) = —cosec x cosec(—x) = —cosec x
cot(2m™ — x) = —cot x cot(—x) = —cot x

The complementary properties are also useful.

m m
cot (5 — x) =tan x secC (5 — x) = CcOosecXx

™ T
cosec (5 — x) =secx tan (5 — x> = cotx

Example 3

Find the exact value of each of the following:

117 —231 117
a sec| — b cosec ¢ cot| —
4 4 3
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Solution

11w 37 —23m T
_ b — -6 =
a sec( 1 )—sec<2¢r+ 4> cosec( 1 ) cosec( ’1T—|—4)
(3’IT> = CcoOSseC (;)

— 1 =

I
[72]
@
o

(e}

2
7N
ab)
SN——

I

S 6 -

Two new identities
It was shown earlier that, for all values of x, sin®> x + cos? x = 1. From this identity the

following identities can be derived:

1 + cot® x = cosec?

1 + tan® x = sec® x provided cosx # 0

x provided sin x # 0

The first of these identities is obtained by dividing each term of the original identity

by sin® x:
.2 2
. sin” x L CcoS” X 1
1.C. =
sinx  sin®x sin® x

which implies 1 4 cot® x = cosec? x

The derivation of the second identity is left as an exercise for the reader.

Example 4

Simplify the expression

COSX — oS> x

. cotx
Solution
cosx —cos’x  cosx(l —cos®x)
cotx B cotx ]
5 sinx

= coSx X sin“x X
cosx

= sin’ x
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The expression can be entered either by
using fraction templates or as

(cos(x) — (cos(x))"3)/(cos(x)/ sin(x)).
Then press Enter to simplify it.

Using a TI-Nspire calculator

WDRAD AUTO REAL
<:os(.7c)—(<:os(x))3 (sin(x))3
cos(x)
sin(x)

K ] — 3 | )

From the Interactive menu choose
Transformation and then tCollect.
Note that an equivalent form is obtained.
Substitute cos(2x) = 1 — 2sin’(x) to
obtain the given result.

Using a Casio ClassPad calculator

¥ Edit Action Interactive
S T ] (e P Y

—[(cos(xll)3-c, .
cosl
—[5inix ) cos 2. x)—sin(x:h

2
|

tCollecty{

e

Ala Standard Real Rad qm]

Iftanx=2,x € [O, g] , find:

a secx b cosx ¢ sinx

Solution
a sec?x =tan’x + 1
=4+1
c.secx = :I:«/g
As x € [O, g],secx=\/§

24/5
5

¢ sinx=tanx X cCOSx =

d cosecx
1 NG
b cosx = = —
secx 5
1 NG
d cosecx = — = —
sin x 2
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Using a TI-Nspire calculator

Choose solve from [11 RAD AUTO REAL N [T RAD AUTO REAL N
the Algebra menu 2
g solveltnle)=2:)j0cs™ x=£_m.‘( i ) cosla) OOS(X)JS_
and complete as 2 ¢ : g
shown. Fﬂ—mn"(i) —a x=£—wn"(l) sin(a) sin(r)=£
h I 2 2 2 2 5
Store the value to
L L e L 1 s
a. cosla) coslx) sinfa) cinbe) 2
Obtain the results ||| | v
A\ Operation might infroduce false salutions I‘ A\ Operation might introduce false salutions I‘
as shown.

Using a Casio ClassPad calculator

Enter tan(x) = 2|0 <x < T

and shade tan(x) = 2. Then EHWEEJ%E-H- Eﬂmﬁmmﬂ-ﬂ-

choose Interactive, then solve(tan(x)=2,x) |8z sl ["tan™{ 3 [Fg=a
Equation/Inequality and {x=-tans{ 31 3) a3 |45
quation/inequality an solveltan(x|=2,x) | B<a.r 1 costad
then solve. Store the value {x_ - an-i[ ] 2} J5
Cal
to a. —tan-i[ % ]+§=}~a cos(a ‘!5_
Obtain the results as shown. _ _1[ 1 ]+ n =
el i sin{al
1/cos(al 2. ‘..,'5—
5
cos(a) 1/sin<a)
i3
2
sin{al | =

Ala Standard Real Rad qm] Ala Standard Real Rad qm

Exercise RSIA

1 Sketch the graph of each of the following, over the interval [0, 277]:

(+3) b oymse(r-3) r+3)
a y= - = - — ¢ y=co —
y =cosec | x ) y=sec (x 5 y x 3

2m Tr 3w
d y=sec X+T e y=cosec<x—5> f y=cot x—T

2 Sketch the graph of each of the following, over the interval [0, ]:
a y=sec2x b y = cosec(3x) ¢ y=cot(4x)
™
d y=cosec <2x + g) e y=sec(2x + m) f y=cot <2x — §>

3 Sketch the graph of each of the following, over the interval [—r, ]:

2
a y:sec(2x—%) b y:cosec(2x+g> c y:cot(Zx—TTr)
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4

10

11

12

13

14

Find the trigonometric ratios cot x°, sec x° and cosec x° for each of the following
triangles:
a b c
x° 5
5 0 9
X
7
8 X
. . 7
Find the exact value of each of the following:
in =~ b 3 ¢ tan -7 d cosec T
a sin— — — —
3 % 4 6
T f cot -7 in 2" h t o
— — sin — —
e sec 2 G g ) an 5
i sec T j cosec 3 k tgw 1 —rm
3 j ) co 7 cos 5
Simplify each of the following expressions:
5 5 5 5 tan®x + 1
a sec”x — tan” x b cot® x — cosec” x ¢C ———
tan- x
sin® x - 4 3
d + cosx e sin”x —cos” x f tan’ x 4+ tanx
cos X
—T0
Iftanx = —4,x € [TO] , find:
a secx b cosx ¢ cosecx
3
Ifcotx =3,x € |, ;] , find:
a cosecx b sinx ¢ secx
Ifsecx =10,x € [_Tw, O] , find:
a tanx b sinx
3
If cosec x = —6,x € |:77T, 271'] , find:
a cotx b cosx
sin x° = 0.5, 90 < x < 180. Find:
a cosx’ b cotx° ¢ cosec x°
cosec x° = —3, 180 < x < 270. Find:
a sinx° b cosx° ¢ secx®
cosx° = —0.7,0 < x < 180. Find:
a sinx°® b tanx° ¢ cotx®
sec x° =5, 180 < x < 360. Find:

a cosx’ b sinx° ¢ cotx®
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15 Simplify each of the following expressions:
a sec?0 + cosec’ O — sec’ § cosec’ O b (sec 8 — cos 0) (cosec 6 — sin 0)

20 _ 2
¢ (1 —cos?0)(1+cot’0) %

1
16 Ifx =sec 6 — tan 0, prove that x + — = 2 sec 0 and also find a simple expression for
X

1.
x — — in terms of 0.
X

3.2 Compound and double angle formulas
Compound angle formulas

2 The following identities are called the compound angle formulas.

cos(x — y) = cosx cos y + sinx sin y
cos(x + y) = cosx cos y — sinx sin y
sin(x — y) = sinx cos y — cos x sin y

sin(x + y) = sinx cos y + cosx sin y

tanx — tany

tan(x —y) = ———
1 4 tanx tan y
tanx + tany

tan(x +y) = ———
x+y) 1 —tanx tan y

A proof of the first identity is given below and the other identities can be derived from that

result.
Proof y
cos(x — y) = cosx cos y + sinx sin y A
Consider angles x and y, x > y, measured O(cos y, sin y) !
counter-clockwise, and the corresponding points
P (cos x, sin x) and Q (cos y, sin y) respectively. N - x
Let « be the angle measured anticlockwise -1 oc\ 1
from OQ to OP. Then x — y = a + 2wk for
some integer constant k. _1| P(cosx, sinx)

Two cases need to be considered.

Case 1

O<a<m
Using vectors,
—> . —>
OP = cosxi+sinxj and|OP| =1
— . —
0Q =cosyi+sinyj and|0Q| =1

We apply a.b = |a| |b| cos 6
e
to obtain OP.OQ = cos
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Case 2 y
T<a<2m ‘
In the diagram opposite: 0 1
— —
OP.OQ = cos(2m — )
= cos(—o) 0 > X
1 N 1
=cosa o P

.. in all cases:
— —
OP.OQ = cosa
% ﬁ . . .
Now OP.OQ = cosx cosy + sinx siny (using dot product)

and cos(x — y) = cos(a + 2mk) where £ is an integer

= cosa

cos(x — y) = cosx cos y + sin x sin y

The derivation of other identities
cos(x + y) = cos[x — (—)]
= cosx cos(—y) + sinx sin(—y)

= cOSX cos y — sinx siny

sin(x — y) = cos (g - X +y>

(3 —)cosy —sin (5 —)s
=cos(—= —x)cosy —sin [ = — x)sin
2 4 2 4
= sinx cosy — cosx sin y

sin(x — y)

cos(x — y)
sinx cos y — cos x sin y

tan(x — y) =

~ cosx cosy + sinxsiny
Dividing top and bottom by cos x cos y we have:

sinx cosy  cosx siny

COSX COS)  COSX COSY

tan(x — y) = - -
sinx sin
|4 sinx siny

COSX COSy
tanx —tany

- I 4+ tanx tany

The derivation of the remaining two identities is left as an exercise for the reader.



Chapter 3 — Circular functions 115

Example 6

S5 o i .5 i i T n
a Use — = — + — to evaluate sin —. b Use — = — — — to evaluate cos —.
12 6 4 12 12 3 4 12
Solution
()
a sin|{—)=sin(—+—
6 4
™ frr+ 0y ™
= sin — — — sin —
S cos4 cos6s 2
1 V2 V3 2
:—X—+—X—
2 2 2 2
2
_§(1+f3)
b ™ ('1T 17)
coslz—cos 3 1
T ™ L.
= COS — COS — —+ sin — sin —
3 4 3 4
1 V2 V3 V2
= - X —4+ — x —
2 2 2 2
2
=§(1+\/§)

3
sinx =02, x € [o, g] andcosy = —0.4, y € [w, 7“} . Find sin(x + ).
Solution

sinx =0.2

cosx =+ 1 —0.22 = £4/0.96

2
Asx € [0, ;],cosx — /096 = g

cosy =—0.4 . siny = +/1 — (—0.4)2 = £/0.84

3 V21
Asy € [ﬂ, ;} ,siny = —+/0.84 = e

sin(x + y) = sinx cos y + cos x sin y

24/6 V21

2
— 008 — = x 314
25 ¢

2
=—g[1+3«/ﬁ]
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Using a TI-Nspire calculator

First solve the equation
sin(x) = 0.2]0 < x < —

and store the result to a.

Then solve the equation

cos(y) = —04|m <y < i
and store the result to b.

From the Algebra menu choose
Trigonometry and then Expand

(@ & D).

Wbmo exacTREAL "l

-

solve(cos(y)=-0.4,y)|n<y<}7n

B _|(2)
e S S e
3 5
3 (2)
y=——-sin!|—
2 5

y=3.—n—sin"(£) —b
2 5

"4 I i)
tExpandlsinla+s)) v
A\ Operation might introduce false solutions 15 ||
1.2 Prap ExacTREAL "l
e A
2 5

y=3.—n—sin"(£) —b
2 5

3em ,.‘(2)
y=—"n-sin"|—
2 5
tExpand(sin(a+b))

cos(x)-sin(y)+sin(x)-cos(y)=w
25

Using a Casio ClassPad calculator

Solve the equation
sin(x) = 0210 < x < —
and then solve the equation

3
cos(y) = —0.4|m < y < 2.

Paste the results to form the expression

1
sin (sin1 (§>> + cos (cos_1 (
From the Interactive menu choose
Transformation and then tExpand.

olvelsin[x)=0.2,x) |8~

)

solvelcosiwi=—0.d4,9] | nkr

{rmoor{ 2]}l

tExpand{sin{ 5in'1[ % ]+c-|| 3

¥ Edit Action Interactive (¥}

= O ] A ramiad B

solvel cosiy]=—-B. 3,y 1 [mHa

{rmoor(2 }im} g

. = al 2
=il = =l =
Al{sin{sin [5]+cos [S]b

-6-/14 2
25 25

[ ]|
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Double angle formulas
°‘\qel‘l’o'_

& 5, The double angle formulas are:

<

sin2x = 2sinx cosx

cos2x = cos’x — sin’x

=1—2sin’x
=2cos’x — 1
2tanx

tan2x = TR
1 — tan® x

These formulas can be derived from the compound angle formulas by substituting y for x:

cos(x + y) = cosx cos y — sinx sin y
cos(x + x) = cosx cosx — sinx sinx

cos2x = cos’x — sin’ x

The two other equivalent forms of cos 2x can be obtained by applying the Pythagorean identity
sin? x + cos? x = 1

e.g. cos?x — sin’x = (1 — sin’ x) — sin’ x
=1—2sin’x
— ond? 2
also =cos“x — (1 —cos”x)
=2cos’x — 1

Example 8

Ifsina=0.6,a ¢ [ g 1T] . find sin 20,

Solution
sin a =06 ..cosa==xv1—0.62
= +0.8
e
Asa e [5 ’1T] , cosao = —0.8

sin2a = 2 sin o cos o«
=2x0.6x—-0.8
= -0.96

Example 9

3
Ifcosa=0.7,a € [717 2'rr:| , find sin%.
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Solution

cos2x = 1 — 2sin’ x
cosa = 1 — 2sin? (E)
2

2 sin? (%) —1-07
=023
sin% = +v0.15

c 37 ) oce 31
R IR R I
.oa, ..
sin E 18 positive

J15
sin% = Vo015 = %

Exercise i

(3;‘\‘ S he@; 1

“Eacne’

Use the compound angle formulas to expand each of the following:

a sin(2x — 5y) b cos(x* +y) ¢ tan(x + (v +2))

Simplify each of the following:

a sinxcos 2y — cosx sin 2y b cos 3x cos 2x + sin 3x sin 2x
tan 4 — tan(4 — B)
1 +tan 4 tan(4 — B)

d sin(4 + B) cos(4 — B) + cos(4 + B) sin(4 — B)

e cosycos(—2y) — sin y sin(—2y)
a Expand sin(x + 2x). b Hence, express sin 3x in terms of sin x.
a Expand cos(x + 2x). b Hence, express cos 3x in terms of cos x.

Use the compound angle formulas and appropriate angles to find the exact value of each

of the following:
S5 ko

in b t d tan =
a sin — n— — —
12 D) € oSy M2
. m™ m™ .
Letsinx = 0.6, x € [5 1T] and tany =24,y € [O, 5] . Find the exact value of each

of the following:

a cosx b secy ¢ cosy
d siny e tanx f cos(x —y)
g sin(x —y) h tan(x + y) i tan(x + 2y)

2
of the following, correct to two decimal places:

3
Letcosx = —0.7,x € [’n’, —Tr} and siny =04, y € [0, g] Find the value of each

a sinx b cosy ¢ tan(x —y) d cos(x+ )
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8 Simplify each of the following:

1. . 5 2 tanx
a 5 sinxcosx b sin® x — cos® x —
1 —tan“ x
sin*x — cos*x 4 sin® x — 2 sinx 4gin’x — 4sin*x
_— e -
cos 2x COSX COS2x sin 2x

) 3w )
9 Letsinx = —0.8, x € |, - . Find:

a sin 2x b cos2x ¢ tan2x
10 Lettanx =3,x € [0, g] . Find:
a tan2x b tan 3x

11 Use the double angle formula for tan 2x, and the fact that tan ; = 1, to find the exact

e
value of tan e

3
12 Letsinx = —0.75,x € |:1T, %T} . Find correct to two decimal places:

a cosx b sin%x

13 Ifcosx =009,x ¢ [O, g] , find cos %x correct to two decimal places.

14 In aright-angled triangle GAP, AP = 12 m and GA = 5 m.
T is a point on AP, such that ZAGT = ZTGP = x°. Without
using a calculator, find the exact values of the following:

a tan2x
b tan x, by using the double angle formula
¢ AT

Inverses of circular functions

All six circular functions discussed earlier are periodic and are, therefore, many-to-one
functions. The inverse of these functions cannot, therefore, be functions. However, by
restricting the domain so that the circular functions are one-to-one functions, the inverse
circular functions can be defined.

The inverse sine function, y = sin™' x

) . . ) ) (1 i
When the domain for the function sin is restricted to the mterval[— —, —], it iS a one-to-one

function and an inverse function exists. Other intervals defined through consecutive turning
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3 3w 5
points of the graph (e.g. [g ;] or |:71T ;}) could have been used for the domain, but

I ]
[— > 5] is the standard convention.

The inverse of the restricted sine function is denoted by sin~! and is defined by:

o —il o —il . a T
sin= :[—1,1] > R,sin” x = y where siny =x,y € [_5 5]

Note: The domain of sin~! = range of the restricted sine function = [—1, 1].

The range of sin~! = domain of the restricted sine function = [—;, g]
By the property of inverse functions, sin(sin~! x) = x and, for x € [—g ;],

sin~!(sin x) = x.
The graph of y = sin~!(x) is obtained from the graph of y = sin (x), x € [— g g], through
a reflection in the line y = x.

y y
A A
y
A T T -
5 |y =sin! %, 5 y=smx
= 1 :x
. y=sinx | //
[/ y=sinx
0
: > X 0
» —X . > X
T T 1 T 1 1
2~ 2 5
o
2

sin~! is also denoted by arsin, arcsin or asin.

The inverse cosine function, y = cos™' x

cos~! x is defined in a similar way to the inverse sine function.

The standard domain of the restricted cosine function is [0, ], although other intervals
would also produce an inverse function.

cos~! x, the inverse function of the restricted cosine function, is defined as follows:

1

cos ':[—1,1] = R,cos ' x = y where cosy = x, y € [0, 7]
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The graph of the restricted cosine function, its reflection in the line y = x to produce

1

y = cos~! x, and the graph of y = cos™! x are shown in the three figures below.

Yy y Yy
A A

7
y=coslx 7
//
il TN

il - —1
N b cosx . -\// > y=cos ' x
0\ _ O/,\ y=cosx | 0 .
N S AN -1 1
-1+ 2 ,/'—1 1 2

/7
4

Note: The domain of cos™! x is [—1, 1] and the range is [0, 7].
Also, cos(cos™! x) = x and, for x € [0, 7], cos™! (cos x) = x.
cos~! is also denoted by arcos or acos.

The inverse tangent function, y = tan™' x

. . . . m . .
If the domain of the tangent function is restricted to (— > 5) , a one-to-one function is formed
and the inverse function exists.

1

tan”': R — R, tan ' x = y where tany = x, y € (_11' Tr)

22
The graph of the restricted tangent function, its reflection in the line y = x to produce
y =tan~! x, and the graph of y = tan™! x are shown in the three figures below.

y y y
A A A
— y=tanx
i y tlanx ! - ) - .
I - 1 = -
| | S S S £ | 22T
i : i //i y=tanlx y=tanlx
L0 . L0 [ 0 _
= R o >
=1 1= —1 I— -
2| 12 2! 12 3
| Ll =l 0
: H o 1 y=-=
1 — ] 2
! ! A ) !
Note: The domain of tan~! x is R and its range is (—5 5)
Also tan(tan~! x) = x and, for x € (—g %),tan‘l(tan x) =x.

tan~! is also denoted by artan, arctan or atan.



122 Essential Specialist Mathematics

Example 10

Sketch the graph of each of the following for their maximal domain:

a y=cos (2 —3x) b y:tan_l(x+2)+g
Solution y
a For the function to be defined A (1, )
—-1<2-3x<1

& 3<-3x<-1

> % <x<l1
i.e. the implied domain is [% ] 0 1 1 > X
Note: y = cos™' [=3 (x — )] 3

The graph is obtained from the graph of
y = cos~!(x) by the following sequence of transformations:
B adilation from the y axis of factor %
B areflection in the y axis
B atranslation of % units in the positive direction of the x axis
b The domain of tan~! is R. The graph of y = tan~!(x + 2) + g is obtained from the

graph of y = tan~!(x) by a translation of 2 units in the negative direction of the
x axis and 7 units in the positive direction of the y axis.

a Evaluate sin~! ——)

b Simplify:

oy T o o g f.. 5T
i sin (sm —) ii sin sin —
6 6
2
iii sin™! (cos g) iv sin <cos1 %)
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Solution

is equivalent to solving the equation sin x = ——

a Evaluating sin™! ( 5

J3 V3
ey

I
, —

> ], by definition sin~' (sin %) =

e | . 5w .1 . S5
I Ssin sin — | = SIn smi{mw— —
6 6

i (sin T

= Sin (Sln 6)

iii Sin71 (COS E) = Si1’171 (Sil’l (E — E))
3 2 3
_ v

o4

L V2 . w
1v Sin | COS —_— = SIin —
2 4

Find the implied domain and range of:
a y=sin"'2x—1) b y=3cos /(2 - 2x)

Solution
a Forsin™!(2x — 1) to be defined b For 3 cos™!(2 — 2x) to be defined

-1<2x-1<1

& 0<2x<2 N

<:> —_

& 0<x<1 2 2
I .. [13

. the implied domain is [0, 1] .. the implied domain is [5, 5}
. W™ T

The range is [—— ]

™ The range is [0, 37].
272
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B

Find the implied domain and range of y = cos(—sin~! x), where cos has restricted

domain [0, ].

Solution
Lety = cos u, u € [0, ] where u = —sin~! x
u
y A

n-
2

From the graphs it can be seen that the range of u = [717 g], but for the composite

function to exist the values of u must be a subset of [0, 7], the domain of cos u. Hence
the values of u for this composite function to exist, and hence the domain of cos,

must lie in the interval [O, —].

. n
1.e. 0<u<-—
2
.1 w . .1
0 < —sin XEE since y = —sin~ x
m™ .
—— <sin'x <0
2
-1 <x<0

Hence, the domain of cos(—sin~! x) is [—1, 0].
The range of cos(—sin~! x) is [0, 1].

QI.'\“S"%, 1 Sketch the graphs of each of the following, stating clearly the implied domain and range
) each time:

)@Acuﬁq' a y= tan~!(x — 1) b y=cos'(x+ 1)

1 1 _1 ™
¢ y=2sin x+§ d y=2tan (x)+5

e y=cos '(2x) f y=1sin"'(3x) + ;
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Evaluate each of the following:

—/2
a sin”'1 b sin™! (Tf> ¢ sin710.5
—/3
d cos™! <Tf) e cos ' 0.5 f tan~!1
_ 3
g tan~!(—v/3) h tan™! (%) i cos~!(=1)
Simplify:
. o 1 5 o V2
a sin(cos™ 0.5) b sin cos? ¢ tan | sin —
-1 Sy T —1
d cos(tan™' 1) e tan smT f tan(cos™ 0.5)

_ T 2
g cos”! (COS —) h sin™! |sin kil i tan™ tanll—w
3 3 4
. T ™ 3
j cos ! [sm (—3)] k cos! [tan <_;>] sin~! [cos <—Tw>i|

Letf: |:2 3;i| — R, f(x) =sinx.

a Define !, clearly stating its domain and its range.

Yt

b Evaluate: 3 .
i f(g) ii f(%) i f(%)
iv 1= v f70) vi f70.5)
. . . ) ™ T
Given that the domain of sin x, cos x and tan x are restricted to [— > E]’ [0, 7] and

(— g g) respectively, define the implied domain and range of each of the following

where y is equal to:

a sin”'(2 —x) b sin (x + %) ¢ sin~'(2x +4)
d sin (3x — g) e cos (x — %) f cos~!(x+1)

_ 2
g cos™'(x) h cos <2x + ?Tr) i tan~'(x?)

m

J tan (2x - 5) k tan~!(2x + 1) 1 tan(x?)
Simplify each of the following expressions, in an exact form:
a cos(sin”' %) b tan(cos™' %) ¢ cos(tan”' )
d tan(sin”' 22) e tan(cos™' 1) sin (cos™' %)
g sin(tan~'(=2)) h cos (sin”' 2) i sin(tan™!0.7)

Letsina = 2 andsmB % I= [0, g] and B € [0, g]

a Find: i cosa ii cosf3
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b Use a compound angle formula to show that:

13 wn-15
5

s ~116
sin™ 33

—gin—! 16 i osin=! 3 4 sin~!
=sin" il sin 5—|—sm

3 —cos! 33

1 S 3 %5

8 Given that the domain of sin x and cos x are restricted to [— g g] and [0, ] respectively,

define the implied domain and range of each of the following where y is equal to:

a sin~!(cos x) b cos(sin~! x) ¢ cos~!(sin 2x)
d sin(—cos™! x) e cos(2sin!x) f tan~!(cos x)
g cos(tan~! x) h sin(tan~' x)

1
9 a Useacompound angle formula to show that tan~' 3 — tan™! 7=

-1
b Hence, show that tan~! x — tan™! ol = E, x >—1.
x+1 4

10 Given that the domain of sin x and cos x are restricted to [—g, g] and [0, 7]

respectively, explain why each of these expressions cannot be evaluated:

a cos[sin~!(—0.5)] b sin[cos™!(—0.2)] ¢ cos[tan~!(—1)]

3.4 Solution of equations
In section 1.1, the solution of equations involving sine, cosine and tangent was discussed. In
this section, equations that involve the reciprocal circular functions and the use of the double
angle formulas are introduced. Equations that are not able to be solved by analytic methods are
also considered.

Example 14

Find x, such that sec x = 2, in the interval [0, 27].

Solution K
secx =2
1 1
COSX = 5
X 2 0.5 x_ ________ 7(.-
The values of x which exist in [0, 2] are > X
. o 0 2n
X = —and 2w — — = COS X
3 3 1 Y
5
X = il and °7
3 3

Find all the values of x for which cot x = —1.
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Solution y
The period of cot x is 7. In the interval [0, ] A
3
the solution of cotx = —1isx = Tw |
1
.". the solutions of the equation are !
. ;
= — s c
X 1 nm, n :
!
0 !
oL e
1
1
1
1
1
]

Example 16
—24/3
Find x, such that cosec <2x — g) = T\/_ for x € [0, 27].
Solution
™ —2\/§
cosec <2x - —) = —
3 3
. . . ™ -3 -3
implies sin <2x — —) =—=—
3 23 2
0y m 1l
Let 0=2x —— where 6 € | ——, —
3 373
—/3
then sin() = T‘/—
0 — m 4w 57 10m 1l
33737373
™ m 4w 57 10w 1l
2x__:__7_’_’_7_
3 33 33 3
5 11
2x =0, , 21T, LS4
3 3
11
x =0, SW,'n', 1T,2’IT
6 6
Example 17
Solve each of the following for x € [0, 27].
X
a sin(4x) = sin(2x) b cosx =sin 5
Solution
a sin(4x) = sin(2x)

2sin(2x) cos(2x) = sin(2x) where 2x € [0, 4]
implies sin(2x)(2cos(2x) — 1) =0
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sin(2x) =0 or 2cos(2x)—1=0
cos(2x)=%
Sm 7
2 = 0, 2m, 3m, 4w or 2x = —, = T
3°3 3
x:O,E,Tr,3—1T,2Tr or x=E,5—W,7—W
2 2 6 6 6
. 07111'511' 711'3171111‘2
1.€. X=V, = =, —, T, —, ——, ——, &£
6 2 6 6 2 6
b in
CcOSx = sin —
2
1 — 2 sin? T sinf where al € [0, m]
2 2 2
X X
2sin® = +sinz> —1=0
sin 2—|—sm2
Let in >
et a=sin—
2
2¢°+a—-1=0
2a—-1)a+1)=0
20 —1=0 or a+1=0
azé or a=-—1
a=% since a € [0, 1]
X 1
SIHEZE
x o S5
2 676
™ 5w
X =—,—
3°3

Example 18

Find the maximum and minimum values of:
a sin?(2x) + 2 sin(2x) + 2
1
sin®(2x) + 2 sin(2x) + 2

Solution

a Let a=sin(2x)

Then sin’(2x) + 2sin(2x) + 2 = a® 4+ 2a + 2
=@+17°+1

= (sin(2x) 4+ 1)* + 1



Now —1 < sin(2x) < 1 and
therefore the maximum
value is 5 and the
minimum value 1.
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y

y=(sin(2x) + )2+ 1

\J
=

JE:
2

Y sin@0) + 12+ 1

ol
o a A

Using a TI-Nspire calculator

From the Calculus menu choose Function
Maximum (¢=9) (2> (7)).

The restriction is chosen to give particular
solutions.

The maximum value is 5.

Function Minimum (¢ (s> {s») can be
used to find a value of x for which the
minimum occurs.

o s

x= or X="—

4 4

: 2 ; T S
(sm(2-x)) +2-5m(2-x)+2|x=1

Using a Casio ClassPad calculator

From the Interactive menu choose
Calculus and then fMax.

The minimum value can be found by
choosing Calculus and then fMin.

O ] TP el I EX

£
=

fHax[(sin(Z- %1242 sint ¥
MaxWValue=5,x=mn-:cons
[m}

4

b Note that sin? (2x) + 2 sin(2x) + 2 > 0 for all x. Thus its reciprocal also has this

property.

The local maximum for the original function yields a local minimum for the

reciprocal.

The local minimum for the original function yields a local maximum for the

reciprocal.

.. maximum value is 1 and the minimum value is %

There are many equations involving circular functions which are not solvable by analytic
techniques. A CAS calculator can be used for the solution of such equations.
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Example 19

Find the solution of the equation 2 sin(3x) = x correct to three decimal places.

Solution y
The graphs of y = 2 sin(3x) and
y = x are plotted with a graphics 27
calculator. The solutions are

x=0,x~0.893 and x ~ —0.893

L _2 _ .
(-0.8929...|-0.8929. ) ¥ =251 (39)

Qﬁ\“s"e@( 1 Solve each of the following equations for x € [0, 27]:

& a cosecx = —2 b cosec (x - E) =-2
“acne® ¢ 3secx=23 d cosec(2x) —{—1 =2
e cotx=—/3 f cot(Zx—%):—l
2 Solve each of the following equations, giving solutions in the interval [0, 277]:
a sinx=0.5 b c:osxz_—\/§ ¢ tanx=+/3
d cotx=-1 e secx=2 f cosecx=—+/2
3 Find all the solutions of each of the following equations:
a sinx=72 b secx=1 ¢ cotx=+/3

4 Solve each of the following, in the interval [—r, ], giving the answers correct to two
decimal places:

a secx=25 b cosecx= -5 ¢ cotx=20.6

5 Solve each of the following equations for x € [0, 27]:
cos? x — cos x sinx =0 b sin2x =sinx

sin 2x = cos x sin 8x = cos 4x

tanx (1 + cotx) =0
sinx + cosx =1

a

c d

e Ccos2x=cosx f cos2x=sinx
g sec’x+tanx=1 h

i i

cotx + 3tanx = 5 cosec x



10

11

12

13

14

15

16
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Find the maximum and minimum values of each of the following:
1

a 2+sinf b 7 sine c sin’6+4
1 + sin
Sn20 14 e cos’ 6 +2cosb f cos’0+2cosb+6
sin

Using a CAS calculator, find the coordinates of the points of intersection for the graphs of
the following pairs of functions. (Give values correct to two decimal places.)

a y=2x y = 3 sin(2x) b y=x y = 2 sin(2x)
¢c y=3—x y=cosx d y=x y=tanx x € [0, 2]

Letcosx =a,a # —1,x € [0, 27]. If g is one of the solutions, find, in terms of ¢, the
second solution.

Let sin @ = a where « € [0, g] . Find, in terms of «, two values of x in the range [0, 2]
which satisfy each of the following equations:

a sinx=—a b cosx=a

Let sec B = b where B € [g, Tr] . Find, in terms of 3, two values of x in the range

[—m, 7] which satisfy each of the following equations:

a secx=-—b b cosecx=5b

3w L .
Lettany = c where vy € |:1'r, 7] . Find in terms of vy, two values of x in the range

[0, 2] which satisfy each of the following equations:

a tanx = —c b cotx=c

. . ) 0
Solve, correct to two decimal places, the equation sin®6 = — forf € [0, m].
i

Find the value of x, correct to two decimal places, such that tan™!' x = 4x — 5.

A curve on a light rail track is an arc of a circle of length 300 m and the straight line
joining the two ends of the curve is 270 m long.

a Show that, if the arc subtends an angle of 20° at the centre of the circle, 0 is a solution

o]

200
b Solve, correct to two decimal places, the equation for 6.

of the equation sin 6° =

. . 1
Solve, correct to two decimal places, the equation tan x = — for x € [0, ].
X

The area of a segment of a circle is given by the equation 4 = %rz(ﬁ — sin 0), where 0 is
the angle subtended at the centre of the circle.

If the radius of the circle is 6 cm and the area of the segment is 18 cm?, find the value
of § correct to two decimal places.



132 Essential Specialist Mathematics

17 Two tangents are drawn from a

.h;

point so that the area of the shaded
region is equal to the area of the Y
remaining region of the circle. ’

a Show that 0 satisfies the
equationtan § = 7 — 0. 9
b Solve for 0, giving the answer B

correct to three decimal places. ZA0B =28

18 Two particles 4 and B move in a straight line. At time ¢ their positions relative to a point O
are given by
x4=05sin¢ and xg=025+ 0.05¢
Find the times at which their positions are the same, and give this position (distances are

measured in cm and time in seconds).

19 A string is wound around a disc and a horizontal length of the string 4B is 20 cm long.
The radius of the disc is 10 cm. The string is then moved so that the end of the string, B,
is moved to a point at the same level as O, the centre of the circle. BP is a tangent to the

circle.

0

A 20 cm B

a Show that 0 satisfies the equation g —0+tan = 2.

b Find the value of 6, correct to two decimal places, which satisfies this equation.
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Chapter summary

B The reciprocal circular functions cosec x, sec x and cot x are defined as follows:

1 .
cosecx = —— sinx #0
sin x
1
secx = cosx # 0
COS X
COS X )
cotx = — sinx # 0
sin x

B Useful symmetry properties for the reciprocal circular functions are:

sec(m — x) = —sec x sec(m + x) = —sec x
cosec(m — x) = cosec x cosec(mT + x) = —cosec x
cot(m — x) = —cot x cot(m + x) = cotx
sec(2m — x) = secx sec(—x) = sec x
cosec(2m — x) = —cosec x cosec(—x) = —cosec x
cot(2m — x) = —cot x cot(—x) = —cot x

B Useful complementary properties for the reciprocal circular functions are:

i 1
sec (— — x) = cosec x cot (— — x) =tanx
2 2
T T
cosec <5 —x) =secx tan (5 —x) =cotx

B The Pythagorean identities derived from Pythagoras’ theorem are:

sinx +cos’x = 1

cot’ x + 1 = cosec’x

tan® x + 1 = sec’x
B The compound angle formulas express circular functions of sums and differences of two
angles (variables) in terms of circular functions of each of the angles:

cos(x — y) = cosx cos y + sinx sin y
cos(x + y) = cosx cos y — sinx siny
sin(x — y) = sinx cos y — cos x siny

sin(x + y) = sinx cos y + cos x sin y

an( ) tanx —tany
an(x —y)=————
Y 1 4 tanx tan y
tanx + tany

tan(x +y) = ————
(o +) I —tanx tany




The double angle formulas are derived from the compound angle formulas:

2 2

Ccos2x = cos” x — sin“ x
=2cos’x — 1
=1-2sin’x

sin2x = 2sinx cosx

2tanx
tan2x =

1 —tan? x

One-to-one inverse circular functions are defined as follows:

sin~l:[—1,1] > R,sin" ' x=y cos i [—=1,1] = R,cos ' x =y
where siny =x,y € [—;, g] where cos y = x, y € [0, 7]
y
Yy
A A
T y=sin'x n4{ y=coslx
2
x
1
> x
—1 0 1

tan ™R — R,tan"' x =y

where tan y = € (—— —)
=X, s
Y N 22

Y
<
I
s
b|
=
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Multiple-choice questions

1 Which of the following is the graph of the function y = cos™!(x)?

Ay B y C y
A A

VRN
AN // N

Y
=
SIERE|

-1 0 1
2 Ifcosx = —Tz and 27 < x < 31 then the exact value of sin x is:
A2+ B 2wm-F c ¥ p =5 E }
3 Given that cos(x) = % and x € (% Tr), the value of cot(x) is:
10 Ny _JIT
. B 3V11 c -3/ D LI E =0
4 The graph of the function y = 2 + sec(3x), forx € (—F, ZT), has stationary points at:
AX—3, BX—K,%,% Cx:%
2
D x—0,3,3,1’r E )C:O,TqT
5 Ifsinx = —5, the possible values of cos x are:
—2v2 22 -2 2 -8 8 -2 2 -1 1
A =555 B 5.3 C 3.5 D =%.% E 7.3
6 The maximum domain of cos~!(1 — 5x) is given by:
2 -7 1 2 11
A [0.5] B [57.5] C [-L11 D (0.3) E [-3.5]

7 (1 +tanx)? + (1 — tanx)? is equal to:
A 2+ tanx + 2tan(2x) B 2 C —4tanx D 2+ tan(2x) E 2sec’x

8 The number of solutions of cos?(3x) = %, given that 0 < x <, is:

A1 B 2 C 3 D 6 E 9
tan(20)
9 —————— equals:
1 + sec(260)
A tan(20) B tan(20) + 1 C tan6+1 D sin(20) E tan6

10 For 7 <4 <mand0 < B < 7 withsin 4 = f and cos B = ¢, cos(B + A) is equal to:

A 0 B JV1-1¢2 C 2:2-1 D 1-22 E =2tJ1-¢2
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Short-answer questions (technology-free)

4
1 If 0 is an acute angle and cos 6 = —, find:

a cos 26 b sin 26
¢ tan 260 d cosecH
e cotb

2 Solve each of the following equations for — m < x < 27r:

a sin2x =sinx b cosx — 1 =cos2x
¢ sin2x=2cosx d sin? x cos® x = cos x
e sin2x—%sinx—%=0 f 2cos?2x—3cosx+1=0

3 Solve each of the following equations for 6, 0 < 6 < 21, giving exact answers:
a 2 —sin0 =cos’ 0 + 7 sin’ O b sec20 =2
c %(5c0s6—3sin6)=sin6 d sech=2cos6

4 Find the exact value of each of the following:

. (5T S5
a sm|— b cosec | ——
3 3
7 d S5t
¢ sec| — —
3 cosec 5
e cot _3_17 f cot(—z>
4 6

5 Given that tan a = p, where « is an acute angle, find each of the following in terms of p:
a tan(—o) b tan(m— o)

3
¢ tan (; — a) d tan <7ﬂ + a)
e tan(2m — )

6 Find:

a sin”! <£> b cos |:cos_1 <l>]
2 2
()] e (5)]
¢ cos” [cos|— d cos ' |cos| —
3 3
-1 1 -1
e cos [sm <—5>} f cos[tan™'(—1)]

7 Sketch the graph of each of the following, stating the maximal domain and range each

time:
a y=2tan"!x b y=sin"!(3 —x)
¢ y=3cos '2x+1) d y=—cos'(2—x)

e y=2tan"'(1 —x)
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Extended-response questions

1 A horizontal rod 1 m long is hinged at A at one end and B,
rests on a support B at the other end. The rod can be
rotated about 4 with the other end taking the two
positions B and B, which are x m and 2x m above 4B,
x < 0.5.Let ZBAB| = o and Z/BAB; = B.

2x m B,

a Find, in terms of x, each of the following:

. . xm
i sina ii cosa
iii tan o iv sinf3 : ¢
. A B
v cosf3 vi tan
b Using the results of a, find:
i sin( — o) ii cos(p —a) iii tan(B — )
iv tan(2a) v sin2a) vi cos(2a)
¢ Ifx =0.3, find the magnitude of /B,AB, and 2a, correct to two decimal places.
¢as 2 a On the one set of axes sketch the graphs of:
i y=cosec(x) x € (0, ™) U (m,2m)
o ‘04. ii y=cot(x) x € (0, ™) U (m, 2m)
‘oK iii y = cosec(x) — cot(x) x e (0, ) U (m,2m)
b i Show that cosec x — cotx > 0 for all x € (0, 7) and hence that cosec x > cot x for all
x € (0, m).

ii  Show that cosec x — cot x < 0 for all x € (w, 27) and hence that cosec x < cot x for
all x € (w, 2m).
¢ On separate axes sketch the graph of y = cot (%) for x € (0, 27) and
y = cosec(x) + cot(x) for x € (0, 2).
d i Prove that cosec 6 + cot6 = cot <5> where sin 6 # 0.

ii Use this result to find cot g and cot ;T_Z

™ ™

iii Use the result 1 + cot’ ( A ) = cosec? ( g ) to find the exact value of sin (%)

e Use the result of d to show that cosec(0) + cosec(26) + cosec(40) can be expressed as

the difference of two cotangents.

3 a ABCD is arectangle with diagonal AC of B C
length 10 units.
i Find the area of the rectangle in terms of 6. 10
ii Sketch the graph of R against 6 where R is

the area of the rectangle in square
units, 6 € (O, g) 0




iii Find the maximum value of R (do not use calculus).

iv  Find the value of 0 for which this maximum occurs.

b ABCDEFGH is a cuboid.

AC =10 E g~ 1

i Show that the volume, V, of the cuboid < 2
is given by V' = 1000 cos 6 sin 6 tan 9 A
Find the values of @ and b such that

0 0
V=asin’> — + b sin* —.
as1n2+ s1n2

, 0

Let p = sin > and express V as a quadratic in p.

Find the possible values of p for 0 < 6 < g

Sketch the graphs of V against 6 and / against p with the help of a CAS calculator.
Find the maximum volume of the cuboid and the values of p and 6 for which this
occurs. (Determine the maximum through the quadratic found in b iii.)
¢ If for the cuboid ZCAD = 6 and LGAC = 6:
i find Vin terms of 6
ii sketch the graph of V against 6
iii discuss the relationship between /" and 6 using the graph of ¢ ii.

4 ABCDE is a pentagon inscribed in a circle. C
AB = BC = CD = DE = 1 and Z/BOA = 26. /\

O is the centre of the circle. \
Let AE=p
sin 40 /h‘ E
a Showp=———. -
sin 6

b Express p as a function of cos 6. Let x = cos 6.
¢ i Ifp=-+/3show that 8x° —4x — /3 =0.

V3 , , o ,
ii Show that - is a solution to the equation and that it is the only real solution.

iii Find the value of 6 for which p = V3.

iv  Find the radius of the circle.

é d Using a CAS calculator sketch the graph of p against 6 for 6 (0, ;] .

N e IfA = FE, find the value of 6.
wus® i IfAE =1, show that 8x* — 4x —1 = 0.

. 1 T
ii Hence show Z(«/g + 1) =cos (E)
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5 a i Prove thattanx 4 cotx = 2 cosec(2x) for sin 2x # 0.
ii Solve the equation tan x = cot x for x.
iii  On the one set of axes, sketch the graphs of y = tan x, y = cot x and
v =2 cosec(2x) for x € (0, 21r).
b i Prove that cot(2x) + tan x = cosec(2x) for sin(2x) # 0.
ii Solve the equation cot(2x) = tan x.
iii On the one set of axes, sketch the graphs of y = cot(2x), y = tan x and
' y = cosec(2x) for x € [0, 27]. cos[(m — n)x]
¢ i Prove that cot(mx) + tan(nx) = ———— m,n € Z.
sin(mx) cos(nx)
ii Hence show that cot(6x) + tan(3x) = cosec(6x).
6 Triangle ABE is isosceles with AB = BE and triangle ACE is
isosceles with AC = AE.
AE =1
a i Find the magnitude of Z/BAE, ZAEC and ZACE.
ii Hence find the magnitude of ZBAC.
Show that BD = 1 + sin 18°.

. 1 4 sin 18°
Use triangle ABD to prove that cos 36° =

b

c -
142 sin18°

d Hence show that 4 sin® 18° + 2 sin 18° — 1 = 0.

e

Find sin 18° in exact form.

7 VABCD is aright pyramid with diagonal length
AC = 10. ABCD is a rectangle.
a i IfZCAD = 8° and ZVAX = 6° show that
the volume, V, of the pyramid is given by

500 .,
V=Ts1n 0

ii Sketch the graph of V" against 6
for 6 € (0, 90).
iii Comment on the graph.

(o]

0
b If the magnitude of angle CAD is 6° and the magnitude of angle VAX is -
i show that the volume, V, of the pyramid is given by

1000 . , 6 ., 0
V = sin“=(1—2 sin” —
3 2 2

ii state the maximal domain of the function ¥(0).

. 0 . . . . .
iii Leta = sin’ E) and write V as a quadratic function with variable a.
iv. Hence find the maximum value of } and the value of 6 for which this occurs.

v Sketch the graph of J against 6 for the domain established in ii.
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8 VABCD is a right pyramid with diagonal length AC = 10. ABCD is a rectangle.
LCAD =0° AY = BY
a IfZVYX = 6° find:
i an expression for the volume of
the pyramid in terms of 6
ii the maximum volume and

the value of 6 for which this occurs.

b If£VYX = %:

A

500
i show that ¥ = —— cos® 6(1 — cos 0)
CAS 3
9 ii state the implied domain for the function.
&cC

0
Leta=cos 6. Then V = Taz(l — a). Use a CAS calculator to find the maximum

Q. o
Loy st . . .
value of V and the values of a and 6 for which this maximum occurs. \
9 A camera is in a position x m from a point 4. A am
body a metres in length is projected vertically
upwards from 4. When the body has moved b
metres vertically up:
a+b b 0 bm
a show® =tan™! [ —— ) —tan™! (—)
X X
use the result of a to show ]
tan 0 ax A
an=——— < -
x2 + ba + b? - rm -
" . .
Ifo = 1 find: i xinterms of a and b ii xifa=2(1 +\/§)andb= 1
d Ifa=2(1++/2),b=1andx =1, find an approximate value of 0.
das Using a CAS calculator, plot the graphs of 6 against » and tan 6 against b for constant

values of ¢ and x as indicated below:
i a=1,x=5 ii a=1,x=10 iii a=1,x=20

tenn O
cuLst” £ Comment on these graphs.

10 Points 4, B and C lie on a circle with centre O and radius 1 as shown.
a Give reasons why triangle ACD is similar to triangle ABC. y

b Give the coordinates of C in terms of circular functions A
applied to 26.

¢ i Find CA4 interms of 6 from triangle ABC. C
ii Find CB in terms of 6 from triangle ABC. 2+y2=1

d Use the results of b and ¢ to show
sin(20) = 2 sin 6 cos 0. 0 26

e Use the results of b and ¢ to show A 0] D B
cos(20) =2cos’> 0 — 1.




Complex numbers

In earlier work in mathematics it was assumed that an equation of the form x> = —1 had no

solutions. However, mathematics of the 18th century used the imaginary number i with the
property i = —1.

i is defined as i = ~/—1 and the equation x> = —1 has two solutions, i and —i.

The number found applications in many fields of mathematics. It also allowed the theory of
equations to develop fully, culminating in the fundamental theorem of algebra which is
stated in one form as follows.

In the field of complex numbers, every polynomial equation of the form

apx" + ay_1x" '+ 4 ax + a9 = 0 where ag, ay, ..., a, € C,a, #0

has exactly » roots, some of which may be repeated.

141
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41 The set of complex numbers, C
A complex number is an expression of the form a + bi, where a and b are real numbers.
C is the set of complex numbers, i.e. C = {a + bi: a, b € R}.
The letter often used to denote a complex pronumeral is z. Therefore, z € C implies z = a +
bi where a, b € R.
B Ifa=0,zissaid to be imaginary.
B Ifb=0,zisreal
Real numbers and imaginary numbers are subsets of C.

Functions of the complex number

Letz=a + bi.

Re(z) is a function which defines the real component of z, i.e. Re(z) = a.

Im(z) is a function which defines the value of the imaginary component of z, i.e. Im(z) = b.
Note: Re(z) and Im(z) are both real-value functions of z, i.e. Re: C — R and Im: C — R.

T

Letz =4 — 5i. Find:
a Re(2) b Im(z) ¢ Re(z) — Im(z)

Solution
a Re(z)=4 b Im(z) = -5 ¢ Re(z)—Im(z)=4—(-5)=9

Using a TI-Nspire calculator

Enter as shown in the first line. Use the () key. BB B oo o e i
From the Number menu choose Complex 4-5inz 459
Number Tools and then Real Part =l n
(@& & (D D). imagl) "
Complex Number Tools and then reallz)—imaglz) 3
Imaginary Part gives the second required |
command (¢=» > (o) BD).

4;99|2 I
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Using a Casio ClassPad calculator

From the Interactive menu choose Complex and

then re.
Complex and then im gives the second required B cimie -
command. relz) 4
Make sure the calculator is in Complex mode im(z]

(Cplx at the bottom right of the screen). -

relz)l-im(z)

=l b
[mth [abe [cat [ 20 |EIEIE]
n|afa|o[c[3], |.=}r|.r|y|z|t 4+
=L >|=]|2]|f7[8]2]|*]=
“lg]1|<[n|-[a|5]6]|=]=

an br Cr 1213+~
a E |[|ans

+1 +2 rSlv .
TRIG | CALLC = VAR |EXE
Alg Standard Cplx Rad gm]

e

a Represent /—5 as an imaginary number. b Simplify 2+/—9 + 4i.
Solution
a v—5=+v5x-1 b 2v-9 +4i=2V9x —1 +4i
=5 x /=1 =2x3xi+4i
=5 or V5 = 6i + 4i
=10;

Using a TI-Nspire calculator
Enter the expression and press Enter. W S —

2.‘[;_'_4.1' 10+

[ —] 3| |

1/99
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Using a Casio ClassPad calculator

Make sure the calculator is in Complex mode

(Cplx at the bottom of the screen). ] T ] P L P I X
Enter the expression and press Enter. E“'g)*‘“’ — ""H

Equal complex numbers

Let z1,20 € C

Then z; = z; if and only if Re(z)) = Re(z;) and Im(z;) = Im(z5)
If zi=a+biandz, =c+ di

then zy =z ifandonly ifa=cand b =d

Solve the equation (2a — 3) + 2bi =5+ 6i,a € Rand b € R.

Solution
(2a —3)+2bi =5+ 6i
20 —3=5 and 2b=6
a=4 and b=3

Operations on complex numbers
The operations of addition, subtraction and multiplication by a scalar can be defined in the
following way.

Letz; =a + bi and z, = ¢ + di.

Addition Subtraction Multiplication
atzn=(@+b)t(ct+di) z—z=(a+bi)=(c+di) by ascalar
= (a+c)+ (b +d)i —@—O+B-d)i k2 = kla+bi)
=ka+ kbi,k € R

Example 4

Letz; =2 — 3iand z; = 1 + 4i. Simplify:

a z;+2 b z;—2 ¢ 3z — 22
Solution
a zi+z=02-3)+ 1+ 4) b z1—z=02-3i)— (440

¢ 3z — 2z =32 — 3i) — 2(1 + 4i)
= (6 — 9i) — (2 + 8i)
=4 —17i
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Enter the expressions as shown.

Using a TI-Nspire calculator

2-3i-all+di-d 1+4-1
a+h 3+
a-b =l
3eg—2-0 4-17-1

| ——)3 ]

4/99

Make sure the calculator is in Complex
mode (Cplx at the bottom of the screen).
Enter the expressions as shown.

Using a Casio ClassPad calculator

el vl A [#]

2-31>a

1+d4+8

a+i

rH
=

2-3-1
1+4-1

3+3
1-7-4

4-17-%

=
e

Ala Standard Cplx Rad qm]

Argand diagrams

An Argand diagram is a geometrical representation of the set of complex numbers. In a

vector sense, a complex number has two dimensions: the real part and the imaginary part.

Therefore a plane is required to represent C.

An Argand diagram is drawn with two
perpendicular axes. For z € C, the horizontal
axis represents Re(z), and the vertical axis
represents Im(z).

Each point on an Argand diagram represents
a complex number. The complex number a + bi
is situated at the point (a, b) on the equivalent
cartesian axes as shown by the examples in the figure
opposite. The number written as a + bi is called the
cartesian form of the complex number.

Im(z)
A
3
2
(2+i)e 1 «(3+i)
_E’, _ﬁ _i 0 : —> Re(2)
11
2
3 e (2-3i0)
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T

Represent the following points on an Argand diagram:

a 2 b —3i c 2—1i d — (2+3i)
Solution
Im(z)
A
3_
—1+2ie 2+
1_
: Re(z)
T T T T * T > ez
3 2 a4 09 2 3
—1 e 2-i
24
—(2+3i) o -3¢ -3}

Geometrical representation of the basic
operations on complex numbers

e —1+2i

The addition of two complex numbers is similar to a vector sum and follows the triangle of

vectors rule.

The multiplication by a scalar follows vector properties of parallel position vectors.

Im(z) Im(z)
A . Z1+ 2, A ez
1 Tz
. ‘,""bz
Zl 0 _«"
> Re(z) - . > Re(z)
e 0<b<l1
c<0

The subtraction z; — z; is represented by the sum z; + (—z;).

Example 6

Letzy =2+ iandz, = —1 + 3i.

Represent zy, z, z; 4+ z; and z; — z; on an Argand diagram and verify that the complex

number sum and difference follow the vector triangle properties.
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Solution Im(2)
. . A
zZ1+z,=Q2+i)+(—1+30)
449 ez+z,
=1+4i \
Z) e b
=z =Q+i)— (=1 +3i) 243
=3-2i 27 ‘
1‘\" ‘_,—‘*‘ 4
T T T T : ‘_0."' T ““ T > Re(z)
-4 -3 2 -1 vl 2v3 4
14
2 vz1—12
3 A 25
—4

Multiplication of complex numbers

Multiplication of complex numbers is defined as follows.

Let zi=a+biandz, =c+di
Then z1zy = (ac — bd) + (ad + bc)i

The reason for this definition can be shown by implementing the distributive law in C.

ie. z1 X zy = z1z3 = (a + bi)(c + di)
= ac + adi + bci + bdi*  (using the distributive law)
=ac+adi+bci —bd  (asi’=—1)

Therefore z1zy = (ac — bd) + (ad + bc)i

Example 7
Simplify:
a (2+3i)(1 =50) b 3i(5 — 2i) c i
Solution
a (2+3i)(1—5)=2—10i +3i — 157 b 3i(5 — 2i) = 15i — 6i°
=2—10i+3i+ 15 =15i+6
=17 —7i =6+ 15i
c l'3 2
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Complete as shown.

Using a TI-Nspire calculator

WPRAD EXACT REAL ]

2434 mail-5imb 1-54 5
a-b 17-7+4
3-(5-2+4) 6+15
i i

|
=
4799

Complete as shown.

Using a Casio ClassPad calculator

S O ] TP o I X

(2+333(1-54) =
17-7-%
31(5-231)
6+15- %
3
i
|
-

Geometrical significance of multiplication of

a complex number by i

When the complex number 2 + 3i is multiplied by —1 the result is —2 — 3i. This can be

considered to be achieved through a 180° rotation of the complex number 2 + 37 about the

origin.

When the complex number 2 + 37 is multiplied by i

i(2 +3i) =2i + 3i°
=2i—3
=—-342i
the result can be seen as a rotation of the complex

i.e.

number 2 + 3/ in an anticlockwise direction 90°

about the origin.

If —3 + 2i is multiplied by i the result is —2 — 3i.

This is achieved through a further rotation of the
complex number —3 + 2i in an anticlockwise
direction 90° about the origin.

-3

Im(z

+2i

> Re(z)

-2 -3i
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Exercise YA

Simplify each of the following:

a v—25 b V=27 c 2i—7i

d 5V-16—-7i e -8+ +/—18 f iv—12

g 2+ h Im(2+v/—4) i Re(5+/—49)
Letzy =2 —i,z2=3+4+2iandzz3 = — 1 + 3i. Find:

a z1+2 b zi4+z4+2z3 c 2z —z3

d 33—z e 4i—2z+2z; f Re(zy)

g In’l(Zz) h Il’n(Z3 — Zg) i Re(Zz) — lIm(Zz)

Solve the following equations for real values x and y:

a x+iy=>5 b x+4+iy=2i
c x=1iy d x+iy=2+3)+7(1 -
e 2x+3+4+8i=—14(2—3y) f x+iy=2y+D+x-="7)

Represent each of the following complex numbers on an Argand diagram:
a —4i b -3 c 2(1+9)

d 3—1i e —(3+20) f —243i
Letzi =1+2iandz, =2 —i.

a Represent the following complex numbers on an Argand diagram:
i 21 ii 2 ii 2z 4+ 2, iv z1 — 2
b Verify that parts iii and iv follow the vector triangle properties.

Simplify each of the following:

a 5—i)Q2+i) b (4 —7i) (3 +5i) c (24302 -3i)
d (1430 e (2—i) f 1+
g it h ' (6 + 5i) i 7

Solve each of the following equations for real values x and y:

a 2x+0+4)i=034+20)2—1) b (x+yi))B3+2)=—-16+11i
(x+ 20 =5—12i d (x+iy)?=-18i

e i(2x —3yi)=6(1 +1)

a Represent each of the following complex numbers on an Argand diagram:
i1+ i (1+1)? i (1414 iv (1+0)?
b Describe any geometrical pattern observed in the position of these complex numbers.
Letzy =24 3iand z, = —1 + 2i. P, Q and R are the points defined on an Argand diagram
by zi, 23, and z, — z; respectively.
— —
a Show that PO = OR . b Hence find QP.
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The complex conjugate and division

The complex conjugate
For z = a + bi the modulus of z, denoted by |z|, is defined by |z| = v/ a2 + b2. This is the
distance of the complex number from the origin. The modulus is also known as the magnitude
or absolute value of z.

For example, if z; = 3 4+ 4i and z; = —3 + 44, then |z| = V32 4+ 42 =5and
|za| = v/(—=3)? + 4% = 5. Both z; and z, are a distance of 5 units from the origin.

The importance of the concept of modulus is shown in the following section. In this section
it serves as a useful notation.

Let z € C, then the complex conjugate of z, denoted by Z (read as ‘z bar’), is defined by:

z = Re(z) — Im(z)i
In particular, ifz = a + bithen z = a — bi.
The conjugate of z plays an important role in complex number theory, as it is the only

complex number which will produce a real number under addition and multiplication with z,
i.e. z + z and zZ are both real numbers.

Let z=a+ bi
Then zZz=a—>bi
z+zZ=a+bi+a—bi zZ = (a + bi)(a — bi)
=2a = a* + abi — abi — b*i*
= 2 Re(z) =a’+ b

2
= |z|

The uniqueness of the complex conjugate can be demonstrated as follows:

Let Zz=c+di ceR, andd € R
Then z+z=(a+bi)+ (c+di)

=(@+c)+(b+d)i
Asz+zis real, b+d =0andd = —b

zz = (a + bi)(c + di)

= (ac — bd) + (ad + bc)i

As zZ1s real, ad + bc =0,and asd = —b
ad + bc = —ab + bc

=b(—a+c)
Therefore b(—a + ¢) = 0 which implies that ¢ = a.
Z with these properties can only exist in the form:

z=a—bi
The complex conjugate has the following properties:
Z1+z=Z1+Z3, Zi1Z2=Z1Z)

These can be verified as an exercise by the reader in question 3 of Exercise 4B.
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Example 8

Find the complex conjugate of each of the following:

a 2 b 3i c —1-5i
Solution
a The complex conjugate of 2 is 2. b The complex conjugate of 3i is —3i.

¢ The complex conjugate of —1 — 5iis —1 + 5i.

Using a TI-Nspire calculator
Use the @ key. WP RAD EXACT REAL

From the Number menu choose Complex conj(2) 5
Number Tools and then Complex

Conjugate (¢ (2> (o) (D).

conjl3+4) -3

conjl-1-5+) 5y

[ ——— 3 ]

w
&
@

Using a Casio ClassPad calculator

Make sure the calculator is in Complex

mode (Cplx at the bottom of the screen). S O o] 2 idnd I X
From the Interactive menu choose conja(2) o =
Complex and then conj. conjal3i) .
~Fen
conjal-1-54)
-1+3-%
O
-

Division of complex numbers
Letz; € C,and z; € C.

Consider the problem z; + z,, or simply Z—l, zp # 0. In order to obtain a complex number in
the form a + bi as the answer, it is necessar§2t0 perform a process similar to the rationalisation
of surds to remove the complex number (in particular the imaginary part) from the
denominator.

This is done by multiplying the numerator and the denominator by the conjugate of z;. The
expression can then be reduced to a single complex number:

Z1 Z1 XZ_2 ZIZ_Z

—_— = — = 5

Z2  Zp X I |zo|
1 1 z z z
Note that z =-=-Xs-=—==—
z z z zz |z
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Example 9

a Write each of the following in the form a 4 bi where a, b € R.

.1 LA+
1 11
3—2i 3—2i
1 +2i)?
bsmm@LiJL
i(1+30)
Solution
a i 1 _ 1 » 3420
3—-2i 3-2i 342
342
32— (2i)
342i
T
_3+2'
BEEREEY

ii 44 _ 441 X3+2i
3—-2i 3—2i 342
4+ )3+ 2i)
Y
124+ 8 +3i —2
13
10 11,
B3

Complete as shown.

Using a TI-Nspire calculator

WFRAD EXACT REAL ]
i

1 g 4 T
o
=0 13 13
4+ ST s
—+—=
S= 13 13

Complete as shown.

= O ] T i I X

(1/(3-23) -
3,24
13 13
C4+33/(3-23)
168 114
13 13

ul

4
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p (1+2 1+4i—4
i(1+3i)  —3+4i
344 —3—i
34 3
943i —12i + 4
(=3)* —i?
13 —9i
10
13 9

——

10 10

1 Find the complex conjugate of the following complex numbers:

a V3 b 8i c 4—3i
d —(1+4+2) e 4+2i f —3-2i
2 Simplify each of the following, giving your answer in the form a + bi:
. 2+ 3i b i —4 —3i
3-2i “T+3i ¢ T
3470 V3+4i 17
d . e : f
1+ 2i —1—i 4—i
3 Letz=a+ biand w = ¢ + di. Show that:
a Ztw=Z 4w b zw =W ¢ (i>=é
w T
4 Letz =2 — i. Simplify the following:
a z(z+1) b z+4 c z—2i
—1
d §+1 e (z— iy f (z4 1420
5 For z = a + ib, write each of the following in terms of ¢ and b:
a zz b = c z+4z
2| ]
d z—z e = f -
z z

The modulus—argument (or polar) form of
a complex number

In the preceding sections, complex numbers have been expressed in cartesian form. The

153

modulus—argument (or polar) form is an alternative way of representing a complex number.
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Consider the complex number z = a + bi, represented Im(z)
by the point P on an Argand diagram. A P z=a+ bi
This point can also be represented by the position vector :
0_1)3 and can, therefore, be defined precisely in terms of b

its magnitude and direction. 0 r
: > Re(z)

The modulus and argument are the complex number 0| 4

equivalents of magnitude (or absolute value) and direction.

The modulus of z
|z|, the modulus of z, has been defined and is the distance from the origin of the point
represented by z. By Pythagoras’ theorem,

2l = V(Re(2))? + (Im(2)>  or |z| =a>+ b’

The argument of z
arg(z), the argument of z, is the angle measured (positive anticlockwise and negative
clockwise) from the positive direction of the Re(z) axis to O_})’

In the diagram above,

I R
arg(z) = 0 where sin6 = m(f) and cos6 — |e(|Z)
z z
i ; . T 57 91 o .
arg(z) is not defined uniquely, e.g. arg(i) = . . ., 5 3y which is written

arg(i) = g +2mn,ne’z

The Argument of z

Arg(z), the Argument of z (with an upper case A), is the single value of arg z in the interval

(=, ).
I R
Arg(z) = 6 where sinf = n|1(|z)’ cos = |e(|z) and 0 € (—m, 7]
z z
Polar form
Every complex number, z, can be represented in polar form Im(z)
by the ordered pair [r, 0], where 7 is the modulus of z and 6 A P b

is an argument of z.

0 d
[ > Re(z)
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The related algebraic equivalent of [, 8] can be derived as follows:

z=ua+ bi

a+ bi
=r
,
a b
=r|{—+4i—-
r r

a b
Therefore z=r(cos8 + isin0) since cos = — and sin § = —
r r

This is usually written as z = r cis 0 where cis 0 = cos 0 + i sin 0

155

Find the modulus and Argument of each of the following complex numbers:
i4d i —2i iii 144 iv4—3i
Find the argument of —1— i in the interval [0, 27].

Express —+/3 + i in the form r cis 6 where § = Arg(—x/g + ).

Express 2 cis T in the form a + bi.

Solution
a i Im(z) ii Im(z)
A A
0 : > Re(z) om > Re(2)
_2 2
4] = 4 and Arg(4) = 0 | — 2i| = 2 and Arg(—2i) = ‘%
iii Im(z) iv Im(z)
A A
A
N 4 Re
> Z > R
0 0 /9 e(z)
e (4,-3)

4-3i| = 2 1 (=3)
1 +i] =12+ 12 [4 = 3] +(=3)

=5
_ 3
=2 - and Arg(4 — 3i) = —tan~! 1
Arg(l+i)=—
and Arg(l +1) = ~ —0.64 radians
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Using a TI-Nspire calculator

Use the @ key. 12 PRAD EXACT REAL [
From the Number menu choose Complex anglel4) =
Number Tools and then Magnitude |-244] 2
( @ @ ®) angle(-2-i} o
The modulus can also be obtained through 2
a template. |144] J'E
The argument is obtained from the angle{ 1+¢) .
Number menu. Choose Complex
Number Tools and then Polar Angle |
( @ @ @) {12 PRAD EXACT REAL i
1+ 2 8
angle( 1+i::| 3
4
angle(‘i—i}i] — 11
4)
|4-3-4] 5
a@§|

Using a Casio ClassPad calculator

From the Interactive menu choose Complex and

then arg. ] T o] e =i I EY

Make sure the calculator is in Complex mode argi4) o =
X
2
L
4

(Cplx at the bottom of the screen). aragi-2i)
The modulus is obtained by choosing mth and
selecting the absolute value template |x]|. arg(1+i)

= had

O ] T A o I X

abs{-22>

1k

2
abs{-2%2»
2
abs{1+32»
JE
ul
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b Im(2) . )
A .(_\/5’ N A
5o > Re(2) - ; > Re(2)
O4 \/E
1~
In the interval [0, 2], arg(—1 — i) = o r=|—3+i

4
=3P +12=2

0 = Arg(—x/g+i)=5%

5
Therefore —v/3 +i =2 cis%r

d 2 cis_—% =2 <cos —3m + i sin _311-)
4 4 4
™ .

=2<—cosz—zsmz)
(%5
N
V22

=—V2-iV2
The complex conjugate of the Im(z)

modulus—argument form

It is easy to show that the complex conjugate, z, is a reflection

of the point z in the Re(z) axis. AN :
Therefore, if z = r cis 0, Z = r cis (—0)
'z
1 Find the modulus and Argument of each of the following complex numbers:
a —3 b 5i c i—1
d V3+i e 2—23i f (2 —2v3i)

2 Find the Argument of each of the following, correct to two decimal places:
a 54 12i b —8415i c —4-3i
d 1-iv2 e V24iv3 f —(3+7i)
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3 Find the argument of each of the following in the interval stated:
a 1—i+/3in[0,27] b —7iin [0, 2] ¢ —3+i/3in[0,2m]
d vV2+i+2in[0,27] e /3 +iin[=2m,0] f 2iin[—2, 0]

4 Convert each of the following arguments into Arguments:

—15 =5
. 5_1'r b 17 . Tr d ’IT
4 6 8 2
5 Convert the following complex numbers from the cartesian form a + bi into the form

rcis 0, where 0 = Arg(a + bi):

d —+-i e V6—iv2 f —2v/342i
J3 03
6 Convert each of the following complex numbers to the form a + bi:
a 20153—1-r b 5cis—o c 2«/§cisE
4 3 4
_ . .
d 3cis e 601s5 f 4cism

7 Letz = cis 0. Show that:
1
a |z]=1 b — =cis(—0)
z

8 Find the conjugate of each of the following:

-2 2 .=
a 2cis<37ﬂ> b 7cis (%) c —3cis<;> d SCls(TTr)

44 Basic operations on complex numbers in
the modulus—argument form

Addition and subtraction

There is no simple way of adding and subtracting complex numbers given in the form r cis 6.
Complex numbers need to be expressed in the form a + bi before such operations can be
executed.

- [EmmE]

s— - . 2m
Simplify 2 cis 3 + 3 cis 3
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Solution
.M ™. 5 5
2c1s§—2<cos§+zsm§> 3cis%=3(cos%+isin3ﬂ
=1+iV3 , 1+\/§'
—C\T2 T
3 3
_ 33,
2 2
. . 2@ . 3 3V3,
201S§+3CIST—1+Z\/§+(—E+TI)
1 54/3
__L 3,
2 2
Multiplication by a scalar
If k > 0, then Arg(kz) = Arg(z) Im(z)

Arg(z) + m, —m < Arg(z) <0

Arg(z) — w0 < Arg(z) <
Im(z) Im(z)

Ifk <0, then Arg(kz) = :

Multiplication of complex numbers

Let zy=ry;cis0; and z, =, cis 6,

then z;z, =r cis 0; X r; cis 6
= r1rp(cos B; + sin 0;7)(cos 6, + sin 6,1)
= r1rp(cos B cos 0, + cos 0; sin 0,7 + sin 6; cos 6,7 — sin 0; sin 6,)
= r11;[(cos 0; cos 0, — sin 0 sin 6,) + (cos 6; sin 6, + sin 6; cos 6,)i]



160

Essential Specialist Mathematics

The reader should recall, from Chapter 3, that:

sin(0; + 6,) = sin 6; cos 6, + cos 0; sin 6,
and cos(6; + 6;) = cos 6; cos 6, — sin 6 sin 6,
Therefore z,z, = rirp(cos(0; + 6;) + sin(6; + 0,)i)
=ryr;p cis (0 + 6,)

r1 cis 0; x r; cis 6, = ryr; cis(6; + 6;)

Some useful properties of the modulus and Argument of z with regard to multiplication of
complex numbers are listed here.

|z1z2| = |z1]|22]
Arg(z1z,) = Arg(z)) + Arg(zy) + 2k, where £k = 0, 1 or —1

Geometrical significance of complex
number multiplication Im(2)

The modulus of the product of two complex numbers is A

the product of their moduli.

zz
The argument of the product of two complex numbers is | 2
the sum of their arguments. L 0, " !
Geometrically, the effect of multiplying a complex 172

) > Re(z)
number z; by the complex number z; = r, cis 0, 0

is to produce an enlargement of Oz, where O is the
origin, by a factor , and an anticlockwise turn through an angle 8, about the origin.

If r, = 1, then only the turning effect will take place.

Let z = cis 6. Multiplication by z? is, in effect, the same as a multiplication by z followed by
another multiplication by z. The effect is a turn of 6 followed by a turn of 6. The end result is

an anticlockwise turn of 26. This is shown by multiplication of z x z.
22 =z xz=cis 0 x cis 0 = cis(6 + 0) by the multiplication rule

= cis 260

Division of complex numbers

Z r cis 0, reo. . 1 .
— === = — cis 0;cis(—6,) as —— = cis(—0,)
V) rp C1S 62 r C1S 62
ry .
= —cis(6; — 6,)
9

The reader should recognise the geometrical significance of division.
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Some useful properties of the modulus and Argument of z with regard to division of

complex numbers are listed here.

al_ =l
V43 |z2]
Arg (Z—l) = Arg(zy) — Arg(zs) + 2km where k =0 or 1 or —1
22
1
Arg <—) = —Arg(z)
Z
Simplify: 2
2cis —
3
a 2cis ©— x +/3cis b 7%
3 4 4cis —
5
Solution
3 3
a 2015% X ﬁcis% = 23 cis (% + %)
137
= 2+4/3cis—
V3cis P
11w
—23¢is [ ———
f( o )

Note: A solution of the argument in the range (—r, 7], i.e. the Argument, is

preferred unless otherwise stated.

9 i 21
ClIS— 1 2
b 3 1 <_¢r _ E)
4 cis— 2 3 5
1 . I7
= —cis—
2 15

De Moivre's theorem

De Moivre’s theorem allows us to readily simplify expressions of the form z” when z is
expressed in polar form. De Moivre’s theorem states that:

(cis 0)" =cis(nb), n € Z

This result is usually proved by induction but can be explained by simple argument.

Let z=cis 0
2% = cis 0 x cis 0 = cis 20 by the multiplication rule
2> =z% x cis 6 = cis 30

z* = 2% x cis 0 = cis 40, etc.

and, generalising for positive integers, (cis 0)" = cis(n0)
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For negative integers, again with z = cis 0, consider the following:
1

z7 = - =2z=cis(—0)
z

277 = (z7? = (cis (—0))” where p € N

= cis(— p#0) from the result obtained above

Therefore  (cis 0)" = cis(n0) forn € Z

and (r cis(0))" = r" cis(nb) forn € Z
Simplify: A
AN cis— -
a (cis) by
<01s—>
3
Solution
9 cis7qT
™ — _
a cis <§) = cis (3 X 9) b T‘r‘ - = cis /™ (CiSE) ’
= cis3m (cis;) 4 3
=cism m . _7m
= i si = cis——cis
=cosmw+isinT 2 3
= -1 i (711' 7TI')
=cis| — — —
4 3
.=
= cis
12

Example 14

pe—
(1—+/3i)

Solution

Simplify

1+i:x/§cis;

1—+3i = 2cis_TTr

ariyp  (VEesh)

(1 — /3y ( —w)s

2cis—
3
N3
22 (cisz>

5
. =T
32 (ms—)
3
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3
272 cis T
- 4 by De Moivre’s theorem

gMehee 1 Simplify each of the following:

S is—
\_/ . 24T . 31 ﬁCISE 1 . =217 7 .
“EAcne® a 4cis— x 3cis— b —= ¢ —cis X —Cis—
3 4 \/gciss—ﬂ 2 > 33
4cis— °
cis— 5 T\ 4 1
d 4 e 2cis—1T X («/Ecis—ﬂ) f —
1 . 7w 6 8 3 . 5w
§c1sﬁ —Ccis—
2 8
2
g ——¢ h (cis—) X (x/gcis—) i (—cis—)
32 cis —~ 6 4 22/
L2
) 3w o\’ 1 m\"¢ m\2 beis
j [2cis— x 3cis— k | zcis— X (4cis—) I ——F—
2 6 28 3

1 -\’
—cis—
2 4
2 For each of the following find Arg(z,z;) and Arg(z;) + Arg(z;) and comment on their
relationship:

. s
a zl=c1szandzz=c1s§

=21 . =3
and z, = cis

b z =cis

L2 oo
c 21=01sTandzz=01sE

3 Show that if _Tﬂ < Arg(z)) < g and _Tw < Arg(z) < g then
Arg(z1z2) = Arg(z)) + Arg(z;) and Arg(?) = Arg(z;) — Arg(zy).
2

4 Forz=1+ i find:
1
a Argz b Arg —z ¢ Arg —
z

163
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5 a Show thatsin 6 + cos 6 i = cis (g — 6).
b Simplify each of the following:
i (sin® + cos 0i)’ ii (sin® + cosBi)(cos O + sin Oi)
i (sin® + cos 0i)~* iv (sin @ + cos 0i)(sin ¢ + cos di)

6 a Show that cos 6 — sin 6 i = cis(—8).
b Simplify each of the following:
i (cos® —sin @ i)’ ii (cos® —sin@i)~3
iii (cos 6 — sin 0 7)(cos 6 + sin 0 §) iv (cos 6 — sin 0 7)(sin 6 + cos 0 i)

7 a Show thatsin® — cos 0i = cis (6 - E)
b Simplify each of the following: 2
i (sin® — cos 0 i)° ii (sin® — cos 0 i)~2
sin® — cos 07

oo . _ B 2 _ . B .
iii (sin ® — cos 0 i)*(cos 6 — sin 0 i) iv 056 & sin6i

8 a Express each of the following in the modulus—argument form, 0 < 6 < g:
1 1

i 1+tan6i ii 1+cotBi i — +
sin 6 cos 0

i
b Hence simplify each of the following:
1 1

i (14 tan0 i)’ i (1+cot®i)™ Qi — —

- i
sin® cos6

9 Simplify each of the following, giving your answer in the modulus—Argument form:
a (14+/30)° b (1—i) ¢ i(V3—i)
(1+ /3y’ ¢ GBIV - V2i)
i(1—i) V3 —3i

PN
1 a\3 (cis—w>
_1+5 PSP 5
g ( i) 2015 h

-7 i ((1 —i)cisz—qr)7
4 (1 — /30)? 3

Factorisation of polynomials in C

The fundamental theorem of algebra has been attributed to Gauss (1799) and is stated as

d (=3++3i)73

follows:

Every expression P(z) = a,z" + a,_1z" "' + -+ + a1z + ag, a, # 0, where 7 is a natural
number and the coefficients are complex numbers, has at least one linear factor in the
complex number system.

A linear factor in the complex number system is an expression of the form (z — «;) where
ap € C.

By the factor theorem, P(z) = (z — a;) Q(z), where Q(z) is polynomial expression similar
to P(z) but with degree (n — 1).
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By applying the fundamental theorem of algebra repeatedly, it can be shown that:

A polynomial of degree n can be factorised into 7 linear factors in C
ie. Pz)=a,(z — 1)z — )z — o3)...(z — o) Where a1, op, 03, ..., o, € C

The conjugate factor theorem

Let P(z) = a,z" + 12"V 4+ aiz 4 ao, a, # 0, where 7 is a natural number and a,,
d,—1,...,day, ay are real numbers.

By the fundamental theorem of algebra, P(z) can be factorised into » linear factors in C.
Further, the conjugate factor theorem applies and is stated as follows:

If the coefficients of p(z) are real numbers, then the complex roots occur in conjugate pairs.
i.e. if (z — o) is a factor, so is (z — @)

Factorisation of quadratics by completing
the square

- [

Factorise:
a 2249 b 22+z+3 c 222 —z+1 d 222 -2B3 —i)z+4-3i

Solution

a This expression is changed into the difference of two squares by using the
imaginary number i.
22 — 9% = (z + 3i)(z — 3i)

b Let P(z) = z* + z + 3. By completing the square on the z terms:

1 1
P(z) = (Zz—l—z—l-z)—i—li—z

=2("—37+3)

=2[(=" =37+ 1) + 1~ 7]
:2[(2—%)2+17—6]
=2[E-9"- %7
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d LetP(z) =22 —23 —i)z+4—3i

4.3
—2(2-3-i)z+ 2’)

N 2 . o\ 2

2[2 —(3—1)2—1—(3;1) +4_23’ - (3;)}
2 N2
L 3—1) a3 _(3;1)

i2 8—6i—9+6i+1
=2z —
2
3—1
=2
2

Note the conjugate pairs of complex linear factors for a, b and ¢, but not d.

Factorisation of cubic polynomials

A cubic polynomial has three linear factors. If the coefficients are real, at least one factor must
be real (as complex factors occur in pairs). The usual method of solution is to find the real
linear factor by the factor theorem, and then complete the square on the resulting quadratic
factor.

Example 16

Factorise:
a P)=2+22+4 b 22 —i2 -4z 4 4i

Solution
a Possible factors are £1, +2 (only —1 and —2 need to be tried).

P(—1)=—-14+1+4+4+#0
P(—2)=-8+4+4+4=0

(z 4+ 2) is a factor.

P(2) = (z + 2)(z* — z + 2) by division
zz—z+2:(zz—z+%)—|—2—%

- -3 -3

1 VT 1 V7
=(z—5+71) (2—5—71>
P(z):(z+2)(z—%+?i> (z—%—gi)

Note the conjugate pair of complex linear factors.
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b Factorise by grouping.

P —i?—4z4+4i =22z —i)— 4z —i)
=(@—i)z*—4)
=Cz—-i)z—2)(z+2)

Factorisation of higher degree polynomials

Polynomials of the form z* — a* and z® — 4® are considered in the following example.

Example 17
Factorise:
a Pz)=z'-16 b Pz)=z0—1
Solution
a LetP(z)=z'-16

=+ 4% -9 difference of two squares
=(z42i)(z—2i)z+2)(z—-2)

b Let Pz)=:z0—1
=+ -1
P2Hl=C+ D —-z+1)

:(z+1)|:(zz—z+%>+l—%:|
2
:(ZH)[(Z_;) }
:(z+1)(z—l+£i (Z—%—?i)
D2—1=@EC-DE+z+1)

2 2 )
:(z—l)(z—l—%-i—?i) (z-l—%—
+

ST

6 ( !
2Z2—=1=0+ (-1 Z—E
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Using a TI-Nspire calculator

From the Algebra menu choose Complex
and then Factor (6= G> ® ().

The first operation factors to give integer
coefficients and the second fully factorises
over the complex numbers.

WFRAD EXACT REAL |
cFactor(z6 - 1) 8
il R a2 ) }

cFactor(z6 -1 ,z)

T gy

Make sure that the calculator is in Complex mode
(Cplx at the bottom of the screen).

Enter the expression z® — 1. Shade the expression.
Choose Transformation and then factor from the
Interactive menu to obtain

(22 +z+ l) (z2 —z+ 1)(z—|— 1)(z — 1). This is
the factorisation over the reals.

Enter the expression z® — 1. Shade the expression.
Choose Transformation and then rfactor from

the Interactive menu to factor over the complex
field.

O ] TP A A I X

factor{="6-1>

[22+z+1]- [22—z+1]- [z+1*
rFactor{z"6-1)

e

1k

2 e 2
O
-
[mth [abe [cat [ 20 |EIEIE]
al&[e|deliic|x]:[z]«
Flg|h|i|F =
|l |mlir|lo 14
J|6||®|=
2|lg|F|5|F
ez [0 [w | Z[(3|+]-
|%"ixyz = | E ||ans
TRIG | CALC | 2FTH | *= |EXE

Alg Standard Cplx Fad qm]

Example 18

a Use the factor theorem to show that z — 1 + +/2i is a factor of P(z) =2 — 32> 4+ 5z — 3.

b Find the other linear factors of P(z).

Solution

a Ifz— 14 +/2i, which can be written as z — (1 — ~/2i), is a factor of P(z), then

P(1 — +/2i) =0.

Now P(1 — ~/2i) = (1 — ¥/2i)* = 3(1 = V2i)> +5(1 — /2i) — 3
=0 (The previous line can be manually expanded and
simplified, or keyed into a CAS calculator to

evaluate.)
Therefore z — 1 4+ +/2i is a factor of P(z).
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b Since the coefficients of P(z) are real, complex linear factors occur in conjugate
pairs, so z — (1 + ~/2i) is also a factor. To find the third linear factor, first multiply
the two complex factors together.

[z—(1=V2)lz—(1++v2)]=2> = (1 =V2i)z — (1 + V2i)z + (1 = V2i)(1 +/2i)
=22 —(1—=N2i+1+V2)z+1+2
=z2-22+43

Divide the quadratic factor into P(z)

z—1
22 —2z+43)23 —322452-3
22 —-222 43z —
—z24+2z-3
—22 42z —3—
0

Therefore the linear factors of P(z) =z° — 32 + 5z — 3arez — 1 + V2i,
z—1—+2iandz— 1.

Exercise =

1 Factorise each of the following into linear factors over C:

a 22416 b 2245 ¢ 2242245

d 2-3z+44 e 222 —-82+49 f 3224+6z+4

g 32 +2z+2 h 222 —2z+3 i 2 —42—-4z:-5

i 2-22—-2z4+10 k 322 —1322452—4 1 222 4322 —4z 415

m z*— 8l n z% — 64 0 22 —Q2Q-DZ+z—-2+i

2 For each of the following, factorise the first expression into linear factors over C, given that
the second expression is one of the linear factors:
a Z2+(0 -2+ —i)z—i, z—i
b 2-Q-)2—-A+2)z—i, z+i
c 2 —Q2+2)? -3 —4i)z+6i, z-—2i
d 224+(0 =202 -5 +iz+5i, z—i

3 a Use the factor theorem to show that (z — 1 — i) is a linear factor of
P(z) =2° + 4z — 10z + 12.
b Write down another complex linear factor of P(z).
Hence, find all the linear factors of P(z) over C.
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4 a Use the factor theorem to show that (z + 2 — i) is a linear factor of
P(z) =22° + 922 4 14z + 5.
b Write down another complex linear factor of P(z).
Hence, find all the linear factors of P(z) over C.

5 a Use the factor theorem to show that (z — 1 + 3i) is a linear factor of
P(z) = z* 4 82% + 16z + 20.
b Write down another complex linear factor of P(z).
Hence, find all the linear factors of P(z) over C.

6 Find the value of p in the each of the following given that:

a (z+ 2)isafactor of 22 + 322 + pz + 12
b (z—i)isafactor of 2> + pz> +z — 4
¢ (z+1—i)isafactorof 223 + 22 — 2z +p

46 Solution of polynomial equations
When a polynomial equation is reordered into the form P(z) = 0, where P(z) is a polynomial,
then the equation can be solved by factorising P(z) and extracting a solution from each factor.
If P(z) = (z —a1)(z — ) ... (z — o) then the solutions (or roots, or zeros) of P(z) = 0 are
A1, 0, ..., 0p
Note: The special case where P(z) =z" — a, a € C, will be considered separately in section 4.7.

A formula for quadratics
A quadratic equation of the form az* + bz + ¢ = 0 can be solved quickly by using the
quadratic formula:

—b £ +/b? — dac
= 2a
This formula is obtained by applying the method of completing the square on the expression
az? + bz + c.

Example 19

Solve the equation z*> = 2z — 5.

Solution

The equation is rearranged to the form:

22 —2245=0



The formula is applied to obtain:

Chapter 4 — Complex numbers 17

2_54—mi¢bay—4x1x5

2x1

24+./4-20
- 2

2+ 4/—16
- 2
24

2
=1+£2i

The solutions are 1 + 2i, 1 — 2i.

Using a TI-Nspire calculator

From the Algebra menu choose Complex

and then Solve (¢ G> ®) ().

EEREERRE] (¢ | o ExecTREAL [

. =
cSol'-fe(z2=2-z—5,z) z=1+2-iorz=1-2+

&
1/99 ||

Using a Casio ClassPad calculator

Enter the equation zZ = 2z — 5. Shade the
equation. Make sure the calculator is in
Complex mode (Cplx at the bottom of the
screen).

Choose Equation/Inequality and then
solve from the Interactive menu. Make
sure that the variable is z.

e [Elsdv]AAw] (3]

2 r
snlue[z =2-z—5,z] m
{2=1-2-3,2z=1+2-3}

-
[mth [abe [cat [ 20 |EIEIE]
al|ld|le|d

flg
&|I|m
2| T

Eﬂ
x|
HHEER

TRIG |CALC |OFTH| &= |EXE

Alg Standard Cplx Rad dgm]




172 Essential Specialist Mathematics

Example 20

Solve each of the following equations over C:

a 22464=0 b 2+32+7z+5=0
¢ 2 —izZ —4z4+4i=0 d 222 23 -i)z+4-3i=0
Solution
a z2+64=0
(z4+8i)z—8i)=0
z=—-8iorz=2_8i
b LetP(z)=2z+322+7z+5
P(-1)=0

Therefore, by the factor theorem, z + 1 is a factor and

P(z) = (z+ 1)(z* + 22+ 5)
=G+ D +22+1+4)
=+ DI+ 1)° = 20)]
=+ DEz+1-2i)(z+1+2i)
P(z) = 0 implies
z=—lorz=—-142iorz=—1—-2i
¢ P —iz2—4z4+4i=0
In Example 16b it was found that z°> — iz> — 4z +4i = (z — i)(z — 2)(z + 2).
Therefore 2 iz’ —4z44i=0
becomes z—i)z=2)(z+2)=0
cz=iorz=2o0rz= -2
d For2z> — 2(3 — i) z + 4 —3i = 0 use the quadratic formula.
Herea=2,b=—-2(3 —i)andc =4 — 3i

L 23 — i)+ /43 —i)? — 8(4 — 3i)
N 4
23 -)+2/9-6i —1—8+6i
- 4

23 -1i)
T4
33—
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Exercise =

10

Solve each of the following equations over C:

a x> +25=0 b x¥>4+8=0

c ¥ —4x+5=0 d 324+ 7x+5=0

e X>’=2x-3 f 5x*+1=23x

g X +x*—6x—18=0 h ¥ —6x2+11x—-30=0
i 23 +32=11x*>—6x—16 j x4+ xr=2° 436

Let z> + az + b = 0, where a and b are real numbers. Find a and b if one of the solutions
is:

a 2i b 342 c —1+3i
a 1+ 3iis a solution of the equation 3z* — 7z% + 32z — 10 = 0. Find the other solutions
of the equation.

b —2 — iis asolution of the equation z* — 5z% + 4z + 30 = 0. Find the other solutions
of the equation.

For a cubic polynomial P(x), with real coefficients, P(2 4+ i) = 0, P(1) = 0 and P(0) = 10.
Express P(x) in the form P(x) = ax® + bx? + cx + d and solve the equation P(x) = 0.

If z= 1 + i is a zero of the polynomial z* + az* + bz + 10 — 6i, find the constants a and
b given that they are real.

The polynomial P(z) = 22° + az® + bz + 5, where a and b are real, has 2 — i as one of its
7eros.

a Find a quadratic factor of P(z) and hence calculate the real constants a and b.
b Determine the solutions to the equation P(z) = 0.

For the polynomial P(z) = az* + az* — 2z + d where a and d are real:

a evaluate P(1 + i) b given that P(1 + i) = 0 find the values of @ and d

¢ show that P(z) can be written as the product of two quadratic factors and hence solve
the equation P(z) = 0

The solutions of the quadratic equation z> + pz + ¢ = 0 are 1 + i and 4 + 3i. Find the

complex numbers p and g.

Given that 1 — i is a solution of the equation z* — 4z + 6z — 4 = 0, find the other two
solutions.

Solve each of the following for z:

a 22— (64+2i)z+(8+6i))=0 b 23 —2iz —6z4+12i=0
c 2 -2246z2-6=0 d 22 -22422-8=0

e 622 —3v2z4+6=0 f 22422492=0
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4.7 Using De Moivre's theorem to solve equations
of the form z" = awhere a e C

Equations of the form z" = a, a € C are often solved by using De Moivre’s theorem.

Let a=rycisd
and let z=rcis0
(r cis 0)" =r; cis b

By De Moivre’s theorem, »” cis (n6) = r; cis ¢
Compare modulus and argument:

r'" =r cis(n6) = cisd
r=/r ne =b+2km ke ”Z
1
0=—(b+2km), ke Z
n

This will provide all the solutions of the equation.

- [

Solve 22 = 1.

Solution

Let z=rcis 0
(r cis 0)° = 1 cis 0
73 cis 30 = 1¢is 0
rP=1and30 =0+ 2wk, ke Z

2wk
rzland():%,kez

27k
the solutions are in the form z = cis (%) , ke Z

Im(z)

Considering the Arguments of these solutions: A
k=0 z=cis0=1 z:cis(z—:)

2
k=1 2 = cis

3

4 2 > Re(z
k=2 z:ms?ﬂ:cis(—;) 1 @)

k=3 z=cis2m =1

2 2
The solutions begin to repeat. The three solutions are 1, cis Tﬂ- and cis(—%) .

. . L . 21T
The solutions are shown to lie on the unit circle at intervals of 3 around the
circle.
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Solvez2 =1 +i.

Solution
Letz =7 cis 0. Also 1 +i = /2 cis ;

(r cis 0)2 = V2 cis ;
1
i.e. (r? cis 20) =22 cis g
1 ™
r =24 and 26 = ) + 2wk where k € Z
4

: (E + 21'rk>:| where k € Z

+ ﬂk) where k € Z A

1
1'r T (T
2 24cis( —
e > Re(z)
1 9 .-
k=1 z =24 cis (%) ! 0
24¢is (_77“)
L (=T

Note that for equations of the form z* = a, where a € R, there are three solutions. Since a € R,
two of the solutions will be conjugate to each other and the third must be a real number.
In general if z; is a solution of z2 = a, a € C, then the other solution is z, = —z.

For solutions

1
k=0 z =24 cis

The solutions of any equation of the form z” = a lie on a circle with centre the origin and
1

radius |a|n.

Furthermore, the solutions lie on the circle at intervals of 2—Tr This observation can be used
to find all solutions if one is known. "

The following example shows an alternative method for solving equations of the form

Z2=a,aeC.

Solve z? = 5 + 12i using z = a + bi, where a, b € R, and hence factorise z2> — 5 — 12i.
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Solution

Since z = a + bi, z* = (a+ bi)’
= a® + 2abi + b*i*
= (a® — b*) + 2abi

So z2 = 5 4 12i becomes (a? — b*) + 2abi =5+ 12i

Equating coefficients a®> —b* =35 and 2ab =12

6> 6
az_(_> s p=®
a a

36
2 _
i
a* =36 = 54°

a*—54>-36=0
(@*—=9)a*+4)=0

Therefore a?—-9=0
(a+3)a—3)=0
a=-3o0ra=3

Whena = —3,b = -2 and whena = 3,b = 2.
So the solutions to the equation z2 =5 + 12iare z = —3 — 2iorz = 3 + 2i.
Hence the factors of the expression z> — 5 — 12iarez + 3 + 2iandz — 3 — 2i.

Exercise i€

Q;\“s"e@( 1 Solve each of the following equations over C, and show the solutions for each on an

& Argand diagram:

a4 211-0 b 3 =27i ¢ 2=14+3i
d 2=1-3i e =i f 24i=0
2 Find all the cube roots of the following complex numbers:
a 4v2—4V2i b —4v2 +4V2i ¢ —4v3 -4
d 4v/3—4i e —125i f —14i

3 Letz=a+ ibwherea, b€ Randz? =3 + 4i.
a Find equations in terms of @ and b by equating real and imaginary parts.

b Find the values of @ and b and hence the square roots of 3 + 4i.

4 Find by the methods of question 3 the square roots of each of the following:
a —15-—38i b 24+47i c —3+4i d —7424i
5 Find the solutions of the equation z* — 22> 4+ 4 = 0 in polar form.

6 Find the solutions to the equation z> — i = 0 in cartesian form and hence factorise z> — i.



;P
oo

%

(0:

4

«©
£
8
~

(0

h:

t©Xcey

3

- [EEE]

Example 24

177

Chapter 4 — Complex numbers

7 Find the solutions to the equation z8 4 1 = 0 in polar form and hence factorise z8 + 1.

8 a Find the square roots of 1 4 i by:
i cartesian methods ii

b Hence find exact values of cos % and sin %

De Moivre’s theorem

Relations and regions of the complex plane

Particular sets of points of the complex plane can be described by placing restrictions on z. For

example, {z: Re(z) = 6} is the straight line parallel to the imaginary axis with each point on

the line having real value 6.

A set of points which satisfies a given condition is called a locus (plural loci). A solid line is

used for a boundary which is included in the locus. A dotted line is used for a boundary which

is not included in the locus.

Sketch the subset, S, of the complex plane where S = {z: |z — 1| = 2} on an Argand

diagram.
Solution
Method 1
Letz =x+1iy Then lz—1]=2
implies x+iy—1=2
[(x — 1)4+iy| =2
V=172 +y?=2
and (x—1P>+y*=4

This demonstrates that S is represented by a circle of radius 2 and centre 1 + 0i.

Method 2 (geometric)

If z; and z; are complex numbers

|z1 — z»] is the distance between

the points on the complex plane

corresponding to z; and z».
Hence {z: |z — 1| = 2} is the

—1+Oi/

Im(z)
A

set of all points for which the
distance from 1 + 0i is 2,

i.e. S is represented by a circle
of centre 1 + 07 and radius 2.

> Re(z)
3+0i

\0 1+0i

Sketch the subset of the complex plane defined by each of the following relations:

b Arg(z +3)= —

m
a Arg(z) = 3 3

¢ Arg(z) < g



178

Essential Specialist Mathematics

Solution

a Arg(z) = il defines a ray or
a half line.

Note: (0, 0) is not included.
- &
Ifz=x+iy, = =tan (—)
X 3
andy = V3xandx > 0

b Ag@+3):—g

First the graph of Arg(z) = —; is drawn.

Then draw the final graph through a translation

of 3 units to the left.

If z=x+iy
T
Arg((x +3)+iy) = ——

3
x—);—3 =tan<—§>

y=—+3x —3/3and x > —3

¢ Arg(2) < g

Note: —m < Arg(z) < 7 in general.

Hence Arg(z) < ; implies —m < Arg(z) <

w3

Im(z)
A
r
3
g 0 > Re(z)
Im(z)
A
0 - Re(z)
3
Im(z)
A
> Re(z)

Imz e boundary not included

|:| region required

> RC(Z)

Example 26

Sketch the regions corresponding to each of the following:

a |z—(2—i)<3

T T
b {z:2 < |z 54}0{2:5 < Arg(z) < g}
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Solution

a Im(z)

A A disc of radius 3 and centre 2 — i is

defined.

|:| Region required

Note: the cartesian expression to describe

this disc is
x=2%+@+1)Y2<3

|:| Region required

Find the locus defined by |z + 3| = 2|z — i].

Solution
lz4+3|=2|z—i|.Letz =x +iy.

This implies

(6 +3) + il = 2I(x +iy) — i

Va+3P+y2 =22+~ 17

Squaring both sides gives
X2 6x +94+1 =4 4+ =2y + 1)

0=3x*+3y>—6x —8y —5

8
5 = 3(x? —2x)+3(y2 — §y>

5=3x2—2x+1)+3(? 8 +16 2
=3(x" —2x -z — ) — =
T3 3

40 4\?
— =3 —1P2+3(y—=
3 (x—=D"+ <y 3>

40 5 4\?
S=G-1 +< —g)
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2410

4
The locus is a circle with centre <1, §> and radius

Note that for a, b € C and k € R\ {1}, equations of the form |z — a| = k|z — b| define
a circle.

Example 28

Find the locus defined by |z — 2| — |z + 2| = 3.

Solution
lz—2|—|z+2| =3.Letz =x +iy.

This implies |x +iy — 2| — [x +iy +2| =3
V=27 + 52 = V(x +27 +y2 =3
VG AR =3 JE TS
(=22 +12 =94+ 6J/(x + 22+ y2 + (x +2)° +)°
X —dx+44 P =946(x +2P2 + 12+ x> +4x + 4+ )7

—8x — 9 = 6/(x +2)2 + )2

9
Note: This implies —8x — 9 > 0. Therefore x < -3

Squaring both sides yields

64x> + 144x + 81 = 36(x> + 4x + 4 + ?)
28x2 —36y% = 63

X2 y2 1 2 y2 1
_— . = 1. _ = = =
36 28 16 9 7 4
. . Tx 3
The locus is a hyperbola with asymptotes y = :I:T and x < —3
ég\“s"ep’ 1 [Illustrate each of the following relations on an Argand diagram:
= a 2Im(z) = Re(z) b Im(z) + Re(z) = 1 ¢ |z—2/=3
Zacwe® 4 |z—i|=4 e |z—(1++/3i) =2 flz—(1—i) =6

g lz—1l+z+1]=3 h |z—6/—|z+6]=3
Sketch the subset, S, of the complex plane S = {z: |z — 1] < 2}.

Sketch in the complex plane {z:z = izZ}.

Describe the relation defined by {z: |z — 1| = |z + 1]}.

hnh A W N

Prove that for any complex number z, 3|z — 1|> = |z + 1)? if and only if |z — 2|*> = 3.
Hence sketch the region S = {z: V3 lz—1| = |z + 1]}.
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Sketch each of the following:

a {z:]z—il > 1} b {z|lz+1i <2}

¢ {z2Re(z) >0} d {zIm(z) = -2}

e {z:2Re(z) + Im(z) < 0} f {ziz+2=5}

g {z:zz=75} h {z:Re(z) > 2 and Im(z) > 1}

"
i {zRe() =Im(z)} i {z: Arg(z — i) = 3}
3

k {z:|z+2i] = 2|z — i|} I {z:2 <zl <3}Nn {z:; < Arg(z) < Tﬂ}
m {z:|z+3|+|z—3] =8}
Sketch the subset S of the complex plane where S = {z: Re(z) < 1} N {z: 0 < Im(z) < 3}.
Sketch the region in the complex plane for which Re(z) > 0 and |z + 2i| < 1.
Sketch the locus defined by |z — 2 4 3i| < 2.
On the Argand plane, sketch each of the curves or regions whose equations are as follows:

-2 —1—1i
a |- ‘ =1 b |2t =1
z z
z+ 1, . . .
If the real part of I is zero, find the locus of points representing z in the complex
z—
plane.
Given that z satisfies the equation 2|z — 2| = |z — 6i|, show that z is represented by a point
on a circle and find the centre and radius of the circle.
1

If, with an Argand diagram with origin O, the point P represents z and Q represents —,

prove that O, P and Q are collinear and find the ratio OP : OQ in terms of |z|.

14 Find the locus of points described by each of the following relations:
a z—(14+0)=1 b |z—2|=|z+ 2i
c Argz—1)= ; d Arg(z+1i) = %
15 Let w = 2z. Describe the locus of w if z describes a circle with centre (1, 2) and radius 3.
16 a Find the roots of the equation z> 4 2z + 4 = 0.
b Show that the roots satisfy:
i |z|=2 i z—1]=+7 iii z4+2=-2
¢ On a single diagram, sketch the loci defined by the equations in b.
MC v&D
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Chapter summary

B is an imaginary number with the property i = —1.

B C the set of complex numbers, is defined by C = {a + bi: a, b € R}.

B Real numbers and imaginary numbers are subsets of C.

B Re(z) is the real component of z.
Im(2) is the value of the imaginary component of z.

B z; =z if and only if Re(z;) = Re(zz) and Im(z;) = Im(zy).

B letzy=a+biandz, =c+ di,thenz| +z; = (a + ¢) + (b + d)i.

B letzy=a+biandz, =c+ di,thenz; —z; = (a — ¢) + (b — d)i.

B Letz; =a+ biand z; = ¢ + di, then z,z, = (ac — bd) + (ad + bc)i.

B The Argand diagram is a geometrical representation of C.

B The modulus of z, |z|, is the distance from the origin of the point represented by z, and is
given by |z| = v/(Re(2))? + (Im(2))? or |z| = v/a? + b2.

B The argument of z, arg(z), is an angle measured anticlockwise about the origin from the

positive direction of the x axis to the line joining the origin to z.
B The Argument of z, Arg(z), is arg(z) expressed as an angle in the interval (—, 7].
B The modulus—argument form of the complex number z is given as:
_Im(2)

@) and sinf =
|z |z|

z=r(cosO +isinB)orz=r cis 0, where r = |z|,cos0 =

B The complex conjugate of z is denoted by z, where z = Re(z) — Im(z)i, and zz and z + Z are
both real numbers. If z = a + bi, then Z = a — bi. If z = r cis 6, then Z = r cis (—6).
B The division of complex numbers: o %
V) Z)
B Multiplication and division of the modulus—argument form:
Let zy=r1cis ),z =r, cis B,

Then  zyzp = rirs cis(®) +0,) and 2+ = "L cis(0, — 0,), 7y % 0.
z rn

B De Moivre’s theorem: (7 cis 0)" = " cisnb, n € Z.

B The fundamental theorem of algebra states that every polynomial with complex coefficients
has at least one linear factor in the complex number system.

B The conjugate factor theorem states that if the polynomial has real coefficients, then the
complex roots occur in conjugate pairs.

B If P(z) is a polynomial of degree n, then P(z) = 0 has n solutions in C, some of which may
be repeated.

B Ifz is a solution of 22 = a, a € C, then the other solution is z, = —z;.

B The solutions of any lequation of the form z" = a, a € C, lie on a circle with centre the

. . 1 . . . . 2w
origin and radius |a|» . Furthermore, the solutions lie on the circle at intervals of —.
n
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B Subsets of the complex plane can be defined by suitable complex algebraic descriptions.
B Note that for a, b € C and k € R\ {1}, equations of the form |z — a| = k|z — b|, define a
circle.

Multiple-choice questions

1 Ifz; =5cis (3)andz; =2 cis (37“), then z,z, is equal to:
A 7cis (“72) B 7cis (113—2“) C 10cis (%) D 10cis (“TTZ) E 10cis (%)

2 The complex number z shown in the diagram is best represented by:

A 5cis (0.93) B 5cis (126.87) Im(z)
C 5cis(2.21) D 25cis (126.87) . A
E 25cis(2.21) * 4

T > Re 4

3 o (@)

3 If(x +iy)*> = —32i for real values of x and y, then:
A x=4,y=4 B x=—-4y=4 C x=4,y=-4
D x=4,y=—-4andx=-4,y=4 E x=4,y=4andx=-4,y=—-4

1
4 Ifu=1—1i,then 3 is equal to:

A 241l B 2+ c -4 D i+l E %i-
5 The linear factors of z2 + 6z + 10 over C are:
A (z+3+i0) B (z+3—i? C (+3+i)(z—3+1i)
D z+3—-i)(z+3+4+i) E (+3+i)(z—-3-1i)
6 The roots of the equation z3 + 8i = 0 are:
A V3 —i,—2i,2i B V3—i,—3—-i,2i C —/3—i,-2,-2i
D —V3—i,v3—i,-2i E 3—i, —8i2i
7 ?(1 + i) is expressed in polar form as:
A V3cis (-7) B 3cis (—IF) C —V3cis(-3)

4
D —+/3cis (—77“) E /3 cis (77“)

8 Ifz =1+ is one solution of an equation of the form z* = a, where a € C, the other
solutions are:
A —-1,1,0 B —-1,1,1—i C —14+i,—-1—-i,1—i
D —-1+4+i-1—-1i1 E —1+i-1—i -1

9 The square roots of —2 — 2+/3i in polar form are:
A 2cis (—%“),2 cis (%) B 2cis (—%) 2 cis (2—“) C 4cis (—27“) 4 cis (%)

3
D 4cis(—§),4cis(27“) E 4cis(—§),4cis(§)
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10 The roots of the equation 2x? + 6x + 7 = 0 are  and . The value of |o — B is:

A V3 B 23 C 43 p V0 E %

Short-answer questions (technology-free)

1 Express each of the following in the form a 4 ib, « € R and b € R:

a 3+2i+5-7i b 3 c (3—=20)5+7)
2 5—i
d (3-2)3+2i f
3 =20G+2) 3o 244
3i (5 +2i)
2 . N~ T
& 2y h (1-3) b
2 Solve each of the following equations for z:
a z—224+9=0 p 2% 2 ¢ 2H46z+12=0
z— = —_— = z Z =
z+(3—2i)
d 22+81=0 e 22-27=0 f 822 +27=0

3 a Show that 2 — iis a root of the equation z*> — 2z*> — 3z + 10 = 0. Hence, solve the
equation for z.
b Show that 3 — 2i is a root of the equation x> — 5x*> + 7x + 13 = 0. Hence, solve the
equation.
¢ Show that 1 + i is a root of the equation z> — 4z> + 6z — 4 = 0 and, hence, find the

other roots of this equation.
4 Express each of the following polynomials as a product of linear factors:
a 2x> +3x+2 b x> —x?+x—1 ¢ X 4+2% —4x -8
5 (a+ ib)*> =3 — 4i. Find the possible values of @ and b, where a, b € R.

6 Pair each of the transformations on the left with the appropriate operation on the complex
numbers given on the right:

a reflection in the x axis i multiply by —1
b rotation anticlockwise by 90° about O ii multiply by i
¢ rotation through 180° about O ili multiply by —i

d rotation anticlockwise about O through 270°  iv take the conjugate
7 (a + ib)> = —24 — 10i. Find the possible values of ¢ and b where a, b € R.

8 Find the values of ¢ and b if f(z) = 2> + az + band f(—1 — 2i)=0,a € R, and b € R.
1

1+i3

10 On an Argand diagram, O is the origin and P represents the point 3 + i. The point O

9 Express in the form 7 cis 0, where » > 0 and —m < 6 < .

represents a + bi, where a and b are both positive. If triangle OPQ is equilateral, find a
and b.
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Letz =1 — i. Find:
a 2z

¢ |z

Letw=1+iandz=1—i~/3.
a  Write down:

i |w] i |z| iii Argw iv Argz
b Hence, write down ’K‘ and Arg(wz).
z

Express (v/3 + i) in polar form. Hence, find (v/3 + i)’ and express the answer in cartesian
form.

Find all real values of » for which ri is a solution of the equation

=22 41122 -182+ 18 =0.

Hence, determine all the solutions of the equation.

Express (1 — i)’ in cartesian form.

Find the real numbers k such that z = i is a root of the equation
Z2+QR+D2+Q2+2)z+4=0.

Hence, or otherwise, find the three roots of the equation.

a Find the three linear factors of 2> — 2z + 4.

b What is the remainder when z* — 2z + 4 is divided by z — 3?

If @ and b are complex numbers, Im(a) = 2, Re(b) = —1 and a + b = —ab, find a and b.
a Express S ={z: |z — (1 +1)| < 1} in cartesian form.

b Sketch S on an Argand diagram.

Describe {z: |z +i| = |z —i] }.

LetS = {z:z =2cish,0<60 < %} Sketch:

a S b T={ww=z,z€eS} c U={v:v=%,zeS}

z
Find the centre of the circle which passes through the points —2i, 1 and 2 — i.
On an Argand diagram, 4 and B represent the complex numbers ¢ = 5 4+ 2iand b = _§ + 6.
a Find i(a — b) and show _t)hat it can be represented by a vector perpendicular to AB and
of the same length as 4B.
b Hence, find complex numbers ¢ and d represented by C and D such that ABCD is a
square.

Solve each of the following for z € C:

a 3=-8 b 22=2+23i

a Factorise x® — 1 for R. b Factorise x° — 1 for C.
¢ Determine all the sixth roots of unity.
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26 Ifzis any complex number with a non-zero imaginary part, simplify each of the following:

/(R — 1
e fﬁfé) . ¢ Argz+Arg (‘)

27 IfArgz =; and Arg(z — 3) = ﬂ find Arg(z — 6i).

NN

2
28 a IfArgz+2)=— and Arg(z) = TW’ find z.

3 —
b If Arg(z — 3) = —— and Arg(z +3) = 7“ find z.

29 A complex number z satisfies the inequality |z + 2 — 2+/3i| < 2.
a Sketch the corresponding region representing possible values of z.
b i Find the least possible value of |z|.
ii Find the greatest possible value of Arg z.

Extended-response questions

5
1 Letz=4cis (%) and w = /2 cis (;)
a Find |Z’| and Arg(z’).
b Show z’ on an Argand diagram.
Express Z in the form r cis 6.
w

. . z . .
d Express z and w in cartesian form and hence express — in cartesian form.
w

T
e Use the results of d to find an exact value for tan ( B ) in the form a + /b where a

and b are rational. .
f Use the result of e to find the exact value of tan (%T)

2 Letv=2+iand P(z) =2z — 72 + 17z — 15.

a Show by substitution that P(2+ i) = 0.

b Find the other two roots of the equation P(z) =

¢ Letibe aunit vector in the positive Re(z) direction and let j be a unit vector in the
positive Im(z) direction.
Let 4 be the point on the Argand diagram corresponding to v =2 + i.
Let B be the pomt on the Argand dlagram corresponding to 1 — 2i.
Show that OA is perpendicular to OB

d Find a polynomial with real coefficients and with roots 3, 1 — 2i and 2 + i.

3 a Find the exact solutions in C for the equation z*> — 2+/3z + 4 = 0, writing your
solutions in cartesian form.
b i Plot the two solutions from a on an Argand diagram.
ii Find the equation of the circle, with centre the origin, which passes through these
two points.
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iii Find the value of a € Z such that the circle passes through (0, & a).

iv Let O(z) = (z* + 4)(z* — 2+/3z + 4). Find the polynomial P(z) such that
0(z) P(z) = z° + 64 and explain the significance of the result.

Express —4+/3 — 4i in exact polar form.

Find the cube roots of —4+/3 — 4i.

Carefully plot the three roots of 4\/— — 4i on an Argand diagram.

i Show that the cubic equation z°> — 3+/3iz> — 9z + 3+/3i = —4+/3 — 4i can be

written in the form (z — w)® = —4+/3 — 4i where wis a complex number.

e o T O

ii Hence find in exact cartesian form the solutions of the equation
2 =330z =92+ (33 4+ 4)i + 43 = 0.

The points X, ¥ and Z correspond to the numbers 4+/3 + 2i, 54/3 + i and 6+/3 + 4i.

a Find the vector )?)Y and the vector )?Z) .

b Letz; and z; be the complex numbers corresponding to the vectors )?)Y and )?Z> . Find z3
such that z, = z3 z;.

¢ By writing z3 in modulus—argument form, show that XYZ is half an equilateral triangle
XWZ and give the complex number to which W corresponds.

d The triangle XYZ is rotated through an angle of T anticlockwise about Y. Find the new
position of X. 3

Let z = x + iy where x and y are real and let Re(z) and Im(z) denote the real and imaginary
parts of z respectively.
a Sketch the region 7 in the complex plane which is obtained by reflecting

— (z:Re(z) < 2} N {z:Im(z) < 2} N {z: % < Arg(z) < g}

in the line defined by |z + i| = |z — 1].
b Describe the region 7 by using set notation in a similar way to that used in a to
describe S.

Find the set of real values k, k£ £ —1, for which the roots of the equation
x? +4dx — 1+ k(x* +2x + 1) = 0 are:
a real and distinct b real and equal ¢ complex with positive real part
A regular hexagon LMNPQR has its centre at the origin O and its vertex L at the point
z=4.
a Indicate in a diagram the region in the hexagon in which the inequalities
|z| > 2 and _Tﬂ <argz < g are satisfied.
b Find in the form |z — ¢| = a the equation of the circle through O, M and R.
Find the complex numbers corresponding to the points N and Q.
The hexagon is rotated clockwise about the origin through an angle of 45°. Express in
the form 7 cis 6 the complex numbers corresponding to the new positions of N and Q.
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10

11

12

13

14

1
a Ifz=cos 0 + isin 0, prove that ] S icotz.
—z
On an Argand diagram O, 4, Z, P Q represent the complex numbers 0, 1, z, 1 4+ z and

1 — z. Show these points on a diagram.

opP
¢ Prove that the magnitude of ZPOQ = % Find in terms of 6 the ratio ||OQ|| .
a A complex number z = a + ib is such that |z| = 1. Show that — = Z.
z
1 31 1 1
b Letzi=-— —iandz, = £ + —i.Ifz3 = — + —, find z3 in polar form.
2 2 2 2 zZy Iy

¢ On a diagram, show the points z|, z; and z; and zy, = —.
z3

a Let P(z) =z’ + 3pz + q. Itis known that P(z) = (z — k) (z — a).
i Showthatp=—k*>. i Findgintermsofk. iii Show that4p’ + ¢*> =0.
b h(z) =2* — 6iz + 4 — 4i. It is known that i(z) = (z — b)* (z — c). Find the values of b
and c.
a Letz be a complex number with |z| = 6. Let 4 be the point representing z. Let B be the
point representing (1 + i)z.
i Find |(1 + 7)z|. ii Find |(1 + i)z — z|.
iii Prove that OAB is an isosceles right-angled triangle.
b Letz; and z; be non-zero complex numbers satisfying z% —2z1z5 + 225 =0.
Ifzy = az:
i showthatao=1+iorl —i
ii for each of these values of a describe the geometrical nature of the triangle whose
vertices are the origin and the points representing z; and z;.

a Letz=—12+ 5i. Find:
i |z| il Arg(z) correct to two decimal places in degrees.
b Letw? = —12+ 5iand a = Arg(w?).
i Write cos a and sin « in exact form.
ii  Using the result 7*(cos 20 + i sin20) = |w?| (cosa + i sina) write 7, cos 20 and
sin 20 in exact form.
iii Use the result of'ii to find sin 6 and cos 6.
iv  Find the two values of w.
¢ Use a cartesian method to find w.
Find the square roots of 12 + 5i and comment on their relationship with the square
roots of —12 + 5i.

a Find the locus defined by the relation 2zz 4 3z + 3z — 10 = 0.

b Find the locus defined by the relation 2zz + (3 +i)z + (3 — i)z — 10 = 0.
Find the locus defined by the relation azz + Bz + Bz + vy = 0 where o, 3 and y are
real.

d Find the locus defined by the relation azz + Bz 4+ Bz + vy = 0 where o, y € R and
pecC.
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Expand (cos 6 +i sin 0)°.

By De Moivre’s theorem (cis 0)° = cis (50). Use this result and the result of a to show
that:
i cos506 =16cos’ 0§ —20cos® 0 + 5cos 0

in 50
i 2227 16 cost B — 12.cos? 6 4 1ifsin B # 0
sin 6
a If Z denotes the complex conjugate of the number z = x + iy, find the cartesian equation

of the line given by (1 + i)z + (1 — i)z = —2.

Sketch on an Argand diagram {z: A+iz+(1—-i)z=-2, Argz < g]

b LetS = {z:|z — (22 +i2v/2)| < 2}.
i Sketch S on an Argand diagram.
ii Ifz belongs to S, find the maximum and minimum values of |z|.
iii Ifz belongs to S, find the maximum and minimum values of Arg(z).

The roots of the equation z* + 2z + 4 = 0 are denoted by « and B.

a Find a and  in modulus—argument form.

b Show that o = 3.

¢ Find a quadratic equation for which the roots are o + 3 and o — 3.
d

Find the exact value of aff + Ba.
1

a Letw=2cisOandz=w+ —.
i Find z in terms of 6.
. . . . oxr oy
ii Show that z lies on the ellipse with equation % + 5=
5 2
iii Show that |z — 2> = (5 —2cosf ) .
iv Show that |z — 2| + |z + 2| = 5.
1
b Letw=2icisbandz=w — —.
i Find z in terms of 6. "
» oox2 1
ii Show that z lies on the ellipse with equation % + it

iii Show that |z — 2i| + |z + 2i| = 5.
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51 Multiple-choice questions

1

If sin x = =% where m < x < Tﬂ then tan x equals:
6 1 1 1 —A/6
A V8 B — c - D —— g Ve
12 24 4 24 12
If cos x = a where ; < x < then sin(x + 1) equals:
A 1—a B a—-1 C V1—-a? D —V1—-4? E 1l+4+a
3
The equation sin <2x + g) = —\/7_ , —m < x < has:
A 0 solutions B 1 solution C 2 solutions
D 3 solutions E 4 solutions

The solutions of tan? x = 3, 0 < x < 217 are:

4
A g only B g or Tﬂ only C % only
D m  w ! E ™ 2w 4w  Sm
— or — on — Of — Oof — Oof —
6" 6 303 303
The graph shown is a section of ]
2
the graph of y = f(x),0 <x < ?Tr ot
The rule for f(x) is: 1
. ™ . T
A 2sin (3x - —) B 2sin (3x - —) :
3 6 5 1 1.5 22m
1t
C 3cos (2x - E) D 2cos <3x + I)
3 3 2t

E 3sin (2x — E)
3

190
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o

5
6 The y-axis intercept of the graph of y = 3 tan (2x + %) is:

. S Q)
A (0, —“/7_) B (0, —%) C (0,—+3) <
3 )
D (0,v2) E (0, —%) _—
.. X .
7 The x-axis intercept of the graph of y = —2 cos <1T — 5)’ 0<x<2mis: 3
47 S5t ko 3w 5w
A — B — CcC — D — E —
3 3 6 2 4
K i I
8 The asymptotes of the graph of y = 2tan (3x — ?) ) <x < > are located at x =
T St owm Iw Smow w
A £ A A’ A To’ 10’ 10
2 99 9 18 18 " 18
Smow I 137 5w
127127 12 187 18
9 The equations for the asymptotes of the hyperbola with equation
c+ 1 (=27
— =1 are:
9 16
A + d + 2 B 3 + ! d + 2
=-x+-andy=-x+ = =-x+—andy=-x+ -
4 3 YT TS YT Y 3
C 4 n 0 d n 2 D 4 n 10 d 4 n 10
=-x+—andy=—=-x+ - =-x+—andy=—-x+ —
YERET AT YT RAETEET
E 3 10 and & + 2
=-x—- — =—-x+ =
4 3 BYTTTS
10 The equation of the ellipse shown (centre is on x axis) is:
2 2 2
A O
9 16
(x =2y )
B — =1
9 + 16
(x+2)7 )
C —=1
3 + 4
(x =2
D —=1
3 * 4
) 2 2
g oYy,
9 16
11 The equation of the circle which has a diameter with endpoints at (4, —2) and (—2, —2) is:
A x=12+@r-2?>=3 B (x—12+(y+2?>=3
C x+1P+@-27%=6 D (x—1P2+@x+2?>=9

E x—12+@+27°=6
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12

13

14

15

16

17

18

19

20

Which one of the following equations is a correct one for calculating /?

A 12=49+64+2 x 7 x 8cos 50°

B [>=49+64+2 x 7 x 8cos 130° 8 PING
I8
sin 130° ~ sin25°
T /

sin 130° sin 25°
E [2=49+64 —2 x 7 x 8 cos 50°

The coordinates of the x-axis intercepts of the graph of the ellipse with the equation:
2 2

% + ;—5 =1 are
A (=3,-5)and (3, 5) B (-5, —3)and (5, 3) C (0,—3)and (0, 3)
D (-3,0)and (3, 0) E (3,0)and (5,0)

A circle defined by equation x> 4+ y* — 6x + 8y = 0 has centre:

A (2,4 B (=5,9) C 4,-3) D 3,-4 E (6,-8)

If the line x = k is a tangent to the circle with equation (x — 1) + (y + 2)* = 1, then k
is equal to:

A lor-2 B lor3 C —lor-3 D Oor-2 E Oor2

The curve with equation x> — 2x = ? is:

A an ellipse with centre (1, 0) B ahyperbola with centre (1, 0)

C acircle with centre (1, 0) D an ellipse with centre (—1, 0)

E ahyperbola with centre (—1, 0)

Ifa=2i+3j—4k b= —i+ 2j — 2k and ¢ = —3j + 4k, then a — 2b — ¢ equals:
A 3i+10j — 12k B -3i+7— 12k C 4i+2j—4k

D —4j+ 4k E 2j— 4k

A vector of magnitude 6 and with direction opposite to i — 2j + 2k is:

A 60— 12j+ 12k B —6i+ 12j — 2k C -3i+6j—6k
D —2i+4j— 4k E 2i—%j+ %k

If a =2i — 3j — kand b = —2i + 3j — 6k, then the vector resolute of @ in the direction
of b is:

A 7(=2i+ 3j — 6k) B 1(2i — 3j+ 6k) Cc -1@Qi-3i-k
D Q2i-3j—k E —2(-2i+3j— 6k)
If @ = 3i — 5j + k then a vector which is not perpendicular to a is:

A LGBi—5+k B 2i+j—k C i—j—8k
D —3i+ 5+ 34k E 3(-3i-2j—k)
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The magnitude of vector @ =i — 3j + S5k is:
A 3 B 17 C 35 D 17 E 35

o

If u = 2i — ~/2j + k and v = i ++/2j — k, then the angle between the direction of u and v,
correct to two decimal places, is:

A 92.05° B 87.95° Cc 79.1r1° D 100.89° E 180°

Letu = 2i — aj — kand v = 3i 4+ 2j — bk. u and v are perpendicular to each other when:

@
=
2
O
»

A a=2andb= -1 B a=-2andb=10 C a=%andb=—5
D a=0andb=0 E a=—-landb=5
Letu =i+ aj — 4k and v = bi — 2j + 3k. u and v are parallel to each other when:

A a=-2andb=1 B a=-%andb=—
D a:—%andb:—% E none of these

3 _ 3 _ -3
2 C a= -3 and b = Y
Leta =i — 5j+ kand b = 2i — j + 2k. Then the vector component of a perpendicular to
b is:
A —i—4j—k B i+4+k C —S5i+j—5k
D S5i—j+ 5k E Ji+3j+3k
. % % .
A, B and C are points such that AB.BC = 0. If so, the following statement must be true:

. % % .
A Either AB or BC is a zero vector.
— —>
|AB| = |BC].
. . . é . %
The vector resolute of AC in the direction of AB is AB.
— N
The vector resolute of 4B in the direction of AC is AC.

A, B and C are collinear.

= o AW

Ifu=i—j— kandv=4i+ 12j — 3k, then u.v equals:

A 4i—12j+ 3k B Si+ 11j— 4k c -5
5

D 19 =
13

If a =3i 4 2j — k and b = 6i — 3j + 2k, then the scalar resolute of a in the direction
of b is:

10 10 3

A — (6i —3j—2k B — C 2i——-j—2k
49(1 J ) 7 i 2]
10 V1

D — E _0
49 7

The unit vector in the direction of @ — b, where a = 3i — 5j — 2k and
b=2i—3j— 4k, is:

1
V65
D §(i—2j+2k) E (—i+2j—2k

A Qi—2j+2k B (Gi-2j—6k) € Li—2j+2k




ISION

>
Q
Y

194

Essential Specialist Mathematics

30

31

32

33

34

35

36

37

38

(2i + 3j + k).(i — 4 + k) equals:
A 2i—12j+k B 9 CcC -9
D 9i E -9
. . . H H
If_ihe points P, O and R are collinear with OP = 3i+j — k, OQ = i — 2j + k and
OR = 2i + pj + gk then:
A p=-3andg=2 B p=—%andq=2 C p=—%andq=0

D p=3andg=-2 E p=—%andq=2

Given that tan o« = % andtan 3 = %, where a and 3 are both acute, then sin(a + B) equals:
7 24 7
A 3 % C 5

D 0 E 1

=

Given that @ = 3i 4+ 4j, b = 2i — j,x =i + 5j and x = sa + tb, then the scalars s and # are

given by:
A s=—-landt= -1 B s=—-landr=1 C s=landt=-1
D s=landf=1 E s=+5and7=5

— —
Given that OP = p, OQ = q and the points O, P and Q are not collinear, which one of the
following points, whose position vectors are given, is not collinear with P and O?

A lp+igq B 3p—2q C p—ygq
D ip+igq E 2p—gq

cos? § + 3 sin? 0 equals:

A 2+4cosH B 3—2cos20 C 2—cosH
D 2cos26 —1 E none of these
cos -5 - sin —— | equals
L g T c T
6 2 6
TI' T
D — E —
2 6
—
POR is a straight line and PQ = 20R, 0Q = 3i — 2j R
— —
and OR =i + 3j. Therefore OP equals: 0
A —i+g B 7i—12j
C 4i—10j D —4i+ 10j
E —7i+ 12 P

— — —
OP =2i — 2j+ k, PO = 2i + 2j — k. Therefore |OQ| equals:
A2Y5 B 3W2 C o6 D 9 E 4
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2
22

o

z1 =2 —iand z; = 3 + 4i, therefore equals:
| ) 5 (D
125 2+ 11i 10 + 51
A V5 B 5 c — D
9 (7)) x () <
If z= —1 — i+/3 then Arg z equals: 0]
2 S 2 S m ~
A —— - C — — E ——
3 6 3 6 3 O
The value(s) of p for which the vectors pi + 2j — 3pk and pi + k are perpendicular is 3
(are):
A Oonly B 3only C Oand3 D land2 E lonly

One root of the equation z*> — 522 4+ 17z — 13 = 0 is 2 + 3i. The other roots are:
A —2—3iand 1 B 2—-3iand1 C —2+3jand —1
D 2—3iand —1 E —2+3iand1

(cos 60° + i sin 60°)* )

The value of — is:
(cos 30° + i sin 30°)?

1 3
A -1 B i C —i D ——ii E ig—li
2 2 2 2
. — — — XZ

Given that 30X + 40Y = 70Z, then 77 equals: Y

3 3
A 3 B ; C 1 7

4 5
D 3 E 3

0 > 24
cos ((tan_](l) + sin~! <L>> equals:
V2
1

Az B 1 C 0 D —— g Y3

2 V2 2

1

Ifx+iy=m,wherexand y are real, then:
Ax=%andy=;—;‘ szf—sandy:% C x=_73andy=‘71
D xz%andyzi E x=3andy= -4

Leta =2i+ 3j + 4k and b =i + pj + k. If a and b are perpendicular, p equals:

7 5 7
A -1 B -2 c -3 D 2 E !

—_

-, ¥ =|z| and 8 = Arg z, then:
— i

—_

A r=2and9=; B r=%and6=; C r:«/zandez—;
— L __ T — L _T
D r_ﬁand(-)_ 1 E r_ﬁand6_4
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3
C 49 Ifcosx:?andq'r<x<;thentanxis:
4 3 4 3 9
7)) 3
— 50 The value of sin™! —% is:
5 2 ™ m I
i il C —— D —— E —
()] A2 B 3 3 c :
51 The maximal domain of f(x) = sin”™!(2x — 1) is:
.o . .
52 Ifu=3cis ) and v = 2 cis 7 then uv is equal to:
7 2 2 3 3
A cisTTr B 6cis% C 6cisz% D 5cisTTr E 6cisTﬂ-
1
53 The exact value of sin |:cos_1 (—§>i| is:
3 1 1
A £ B —— C 1 D _£ E —
2 2 2 NG
54 The modulus of 12 — 5i is:
A 119 B 7 c 13 D V119 E V7

55 When +/3 — i is divided by —1 — i the modulus and Argument of the quotient are,

respectively:

A 2v2and = B vZand " C VZand T
12 12 12
—11 117

D 2\/5 and E \/E and 7

56 The equation x* + 3x + 1 = 0 has:

A no roots B two imaginary roots C two complex roots
D two real roots E one real and one complex root
1—1i 3+1
57 The product of the complex numbers 7 and \/—2 has Argument:
5 5
2T T T T E none of these
12 12 12 12
58 Iftan 6 = %, then tan 260 equals:
3 2 3 4 4
A 3 B 3 C 3 D 3 E 3

59 Which one of the following five expressions is not identical to any of the others?
A cos* 6 — sin* 0 B 1+cos6 C cos20
0
D 200525 E 1—cos®
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The modulus of 1 + cos 26 + i sin 20 where 0 < 6 < g is:

o

A 4cos’ B 4sin? 0 C 2cosH D 2sin6 E none of these

An expression for the argument of 1 4 cos 6 + i sin 0 is:

UOISIAO

0 0 0 0
A 2cos~ B 2sin~ C 0 D - g Z_2 .
2 2 2 2 2
A quadratic equation with roots 2 4 3i and 2 — 3i is:
A ¥ +4+13=0 B x> —4x+13=0 C ¥*+4x—-13=0
D ¥*+4—-5=0 E x> —4x-5=0
If tan‘% + tan™! % =tan~! x, then x is:
5 5 1 1
Al B 3 c 2 D ! E 1

Which one of the following five expressions is not identical to any of the others?

A tan® + cot 0 B cosec’ § — cot? 0 C 1
D cosec 6 cot 6 E 2 cosec 26

The subset of the complex plane defined by the relation |z — 2| — |z + 2| = 1 is:

A acircle B an ellipse C astraight line
D the empty set E ahyperbola

The subset of the complex plane defined by the relation |z — (2 — i)| = 6 is:

A a circle with centre at —2 + 7 and radius 6
a circle with centre at 2 — i and radius 6

B

C acircle with centre at 2 — i and radius 36
D acircle with centre at —2 + i and radius 36
E

a circle with centre at —2 — i and radius 36

The graph shown can be represented by the set: Imz

A {z:Argz:;} B {z:Argz:—;} 0

C {ZIAI‘gZ:7—1T} D {z:Imz+ Rez =0}

4 > Re z

0 T

E {z:Imz—Rez =0} 4

The subset of the complex plane defined by the relation |z — 2| — |z — 2i| = 0 is:

A acircle B an ellipse C astraight line

D the empty set E ahyperbola

Which one of the following subsets of the complex plane is not a circle?

A {z:|z| =2} B {z:|z—i| =2} C {z:zz+2Re(iz) =0}

D {z:z—1]=2} E {z:|z] = 2i}




198 Essential Specialist Mathematics

70  Which one of the following subsets of the complex plane is not a line?

A {z:Im(z) =0} B {z:Im(z) + Re(z) = 1} C {z:z+z=4}

D {z:Arg(z)=%} E {z:Re(z) = Im(2))

ISION

— — —
71 Points P, O, R and M are such that PQ = 5i, PR = i + j + 2k and RM is parallel to
— —
PQ so that RM = \i, where A is a constant. The value of N for which angle ROM is a right

>
Q
Y

angle is:
A0 B 2 c 3 D 10 E 6
—
72 In this diagram OA4 = 6i — j + 8k, A
—
OB = —3i+4j—2kand AP: PB=1:2. L
—>
The vector OP is equal to:
B
A lj+3k B 3i+§j+%:c
C 3j+4k D 3i+35+ Sk 0

E none of these

73 In an Argand diagram O is the origin, P the point (2, 1) and Q the point (1, 2). If P
represents the complex number z and Q the complex number « then « represents
the point:

Az B iz C —z D —iz E :zz

74 1In an Argand diagram the points which represents the complex numbers z, —z, z~! and
—z~! necessarily lie at the vertices of a:

A square B rectangle C parallelogram
D rhombus E trapezium

5.2 Extended-response questions
1 a Points 4, B and P are collinear with B between 4 and P. The points 4, B and P have

position vectors a, b and r respectively relative to an origin O. If /Hg = %A_é
i express /ﬁ’ in terms of @ and b ii express rin terms of @ and b.

b The p01nts A, B and C have position vectors #, 2i + 2j and 4i + j respectively.

i Find AB and BC

ii Show that AB and BC have equal magnitudes.
iii Show that AB and BC are perpendicular.
iv  Find the position vector of D such that ABCD is a square.

¢ The triangle OAB is such that O is the origin, 0_)A = 8i and 0_1>S’ =10j. The point P with
position vector O_I>’ = xi + yj + zk is equidistant from O, 4 and B and is at a distance
of 2 above the triangle. Find x, y and z.
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2 a LetS ={z:|z|<2}and T} ={z:Imz + Re z > 4}.
i On the same diagram, sketch S| and 77, clearly indicating which boundary points

o

are included.
ii Letd = |z — z,| where z; € §; and z, € T;. Find the minimum value of d.
b LetS ={z:|z—1—i|<1}and Th ={z:|z—2—i| < |z —i]|}.
i On the same diagram, sketch S, and 7, clearly indicating which boundaries are

included.
ii Ifz belongs to S, N T, find the maximum and minimum values of |z|.

@
=
2
O
»

3 OACB is a trapezium with OB parallel to AC and AC = 20B. D is a point of trisection of
OC nearer to O.

a IfO_)A :aandO_l)i’=bﬁndintermsofaandb:
— — —>
i BC ii BD iii DA
b Hence prove that 4, D and B are collinear.

4 a Ifa=i—2j+ 2kandb = 12j — 5k find:
i the magnitude of the angle between a and b to the nearest degree
ii the vector resolute of b perpendicular to a
iii real numbers x, y and z such that xa + yb = 3i — 30j + zk
—> —

b Intriangle O4B, OA = a and OB = b. P is the point of trisection of 4B nearer to B and

0Q = 1.50P.
— — —>

i Find an expression for AQ in terms of @ and b. ii Show that O4 is parallel to BQ.

5 a Showthatif2a+b—c=0anda —4b—2c=0,thena:b.:c=2:—1:3.

b It is given that position vector xi + yj + zk is perpendicular to vector 2i + j — 3k and
i — j — k. Establish two equations in x, y and z, and find the ratiox : y : z.

¢ Hence, or otherwise, find any vector v which is perpendicular to 2i 4+ j — 3k and
i—j—k

d Show that the vector 4i 4+ 5j — 7k is also perpendicular to vector v.

e Find the values of s and ¢ such that 4 + 5j — 7k can be expressed in the form
SQRi+j—3k)+t(i—j—k).

f Show that any vector r = #2i + j — 3k) + s(i — j — k) is perpendicular to vector
v(te Rand s € R).

— —
6 Consider a triangle with vertices O, 4 and B where O4 = a and OB = b. Let 0 be the
angle between vectors a and b.

a Express cos 0 in terms of vectors a and b.

b Hence, express sin 0 in terms of vectors a and b.

¢ Use the formula for the area of a triangle (area = %ab sin C) to show that the area of
triangle OAB = 1\/(a.a)(b.b) — (a.b).

7 In the quadrilateral ABCD, X and Y are midpoints of the diagonals AC and BD
respectively.

— — — — — — — —
a Show that BA + BC = 2BX. b Show that BA + BC + DA + DC = 4YX.
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8 The position vectors of the vertices of a triangle ABC referred to a given origin, O, are
a, b and ¢, P is a point on 4B such that AP : PB =1 : 2, Q is a point on AC such that
AQ: QC =2:1,and R is a point on PQ such that PR: RQ=2: 1.

a Prove that O_I>€ = ;—‘a + %b + %c.
b Let M be the midpoint of AC. Prove that R lies on the median BM.
¢ Find BR : RM.

ISION

9 The points 4 and B have position vectors a and b respectively, referred to an origin O. The
point C lies on AB between A and B, and is such that AC: CB =2 : 1, and D is the
midpoint of OC. The line AD produced meets OB at E.

>
Q
Y

a Fmd, in terms of a and b b Find the ratios:
i OC ii AD i OE:EB ii AE:ED

10 The position vectors of the vertices 4, B and C of a triangle relative to an origin, O,
are a, b and c respectively. The side BC is produced to D so that BC = CD. X is defined
as the point dividing the side 4B in the ratio 2 : 1, and Y as the point dividing AC in the
ratio4 : 1,ie. AX: XB=2:1land 4Y : YC =4:1.
a Express in terms of a b and c: R
i OD ii OX iii OY
b Show that D, X and Y are collinear.
11 A, B, C and D are points with position vectors j + 2k, —i — j, 4i + k and 3i + j + 2k
respectively.
a Prove that the triangle ABC is right-angled.

Prove that the triangle ABD is isosceles.
9
¢ Show that BD passes through the midpoint, £, of AC and find the ratio BE : ED.

12 a Fora =1 — +/3i, write the product of z — a, and z — @ as a quadratic expression in z,
with real coefficients, where o denotes the complex conjugate of .

b i Express a in modulus—argument form. ii Find o? and .
iii Show that « is a root of 22 — z2 + 2z 4+ 4 = 0 and find all three roots of this
equation.

¢ On an Argand diagram, plot the points corresponding to the three roots. Let 4 be the
point in the first quadrant and B the point on the real axis. Let C be the point
corresponding to the third root.
i Find the lengths AB and CB. ii Describe the triangle ABC.

1 1
13 a Ifz=1+iv/2,expressp=z+ — and ¢ = z — — in the form a + ib.
z z

b On an Argand diagram, P and Q are the points which represent p and ¢ respectively.
O is the origin, M is the m1dp01nt of PQ and G is the point on OM such that
0G =2 $ OM. Denote vectors OP and OQ by a and b respectively.
Flnd each of the followmg vectors in terms of @ and b: N
i PQ ii OM iii OG iv GP v G
¢ Prove that angle PGQ is a right angle.
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Find the linear factors of z> + 4.

Express z* 4 4 as a pair of quadratic factors in C.

Show that: i (1 +i)*> =2i i (1—i)?=-2i
Use the results of ¢ to factorise z* + 4 into linear factors.

o & e T 8

Hence, factorise z* + 4 into two quadratic factors with real coefficients.

Letz; =1 + 3iand z; = 2 — i. Show that |z; — z,| is the distance between the points

&

z; and z, on an Argand diagram.
b Describe the locus of z on an Argand diagram, such that |z — (2 — i)| = /5.
Describe the locus of z, such that |z — (1 + 3i)| = |z — (2 —i)|.

Letz=2+1.

a Express z° in the form x + iy, where x and y are integers.
b Let the polar form of z =2 + i be 7 (cos « + i sin «). Using the polar form of z°, but
without evaluating «, find the value of:

i cos3a ii sin3a
The cube roots of unity are often denoted by 1, w and w?, where w = —% + %\/51 and
w? = —% — % 3i.

a i Illustrate these three numbers on an Argand diagram.
ii Show that (W?)? = w.
b By factorising z> — 1, show that w?> +w + 1 = 0.
Evaluate: i (1 4+ w)(1+ w?) i (14+w?)?
d Form the quadratic equation whose roots are:
i 2+wand2+ w? ii 3w —w?and3w? —w
e Find the possible values of the expression 1 4+ w" + w?".

(g}

1

Letz’ — 1 = (z — 1) P(z) where P(z) is a polynomial. Find P(z) by division.

=p

. 2w, . .
Show that z = cis = is a solution of the equation z° — 1 = 0.

Hence, find another complex solution to the equation z° — 1 = 0.

[P

Find all the complex solutions of z° — 1 = 0.
Hence, factorise P(z) as a product of two quadratic polynomials with real coefficients.

a A relation between two complex variables, w and z, is given by the equation
az+b

w= where a € R, b € R and ¢ € R. Given that w = 3i when z = — 3i and
z4c

w =1 — 4i when z = 1 + 4i, find the values of ¢, b and c.
b Letz=x 4+ iy. Show that, if w = z, then z lies on a circle of centre (4, 0) and state the

radius of this circle.

cis 56
a Use De Moivre’s theorem to show that (1 + itan 6)° = 59"
cos
b Hence, find expressions for cos 56 and sin 56 in terms of tan 6 and cos 6.
5t—108 + 1
¢ Show that tan 56 = ——————— where # = tan 6.
1 —10¢2 + 5¢4

d Use the result of ¢ and an appropriate substitution to show that tan % =05- 2\/5)%.

o

@
=
2
O
»
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21 a Express in terms of 0 the roots o and B of the equation z + z~' = 2 cos 0.
b If P and Q are points on the Argand diagram representing o + B” and o”* — 3"
respectively, show that PQ is of constant length.

ISION

22 a On the same set of axes, sketch the following functions:

: > i f(x)=cosx, —m<x<m i gly)=tan"lx, —Vm<x<.JT
b Find, correct to two decimal places:
0y
Q) i tan_l — ii cosl
a4 N il

¢ Hence, show that the graphs of y = f(x) and y = g(x) intersect in the interval [ ) 1] .

CAS d Using a CAS calculator, find the solution of f(x) = g(x) correct

to two decimal places.
e Show that f(x) = g(x) has no other real solutions.

23 a On the same set of axes, sketch the following functions:
™

. . o
i f(x)=sinx 5 <X<3 ii gly=cos'x —1<x<l1
b Find, correct to two decimal places:
™
i sin0.5 ii cos™! 1

¢ Hence, show that the graphs of y = f(x) and y = g(x) intersect in the interval
[05.%]

d Using a CAS calculator, find the coordinates of the point(s) of intersection of the

CAS

graphs, correct to three decimal places.

qlCU‘_p;‘oQ . .
24 The cross-section of a water channel is defined by the
function f(x) = a sec (%x) +d. ii

The top of the channel is level with the ground and is
10 m wide. At its deepest point, the channel is 5 m deep.
a Findaandd.
b Find, correct to two decimal places:
i the depth of the water when the width
of the water surface is 7 m

ii the width of the water surface when

the water is 2.5 m deep

25 Triangle ABC has circumcircle centre O.
BX is perpendicular to AC.
OY is perpendicular to AC.
/BAC=x° /BCA=)" /ABC==z°
a 1 Find AX interms of ¢ and x.
ii Find CXin terms of @ and y.
iii Use the results of i and ii to find AC.




26 Let Sand T be the subsets of the complex plane

27

28

29

b

€

S={z:~/§§|z|53,g<Argzsj}

T

a
b

In the tetrahedron shown, 0_1)3 =1i,0C = —i+ 3jand
—
BA = /\k.

a
b

={z:zz + 2 Re(iz) < 0}
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i Find the magnitude of Z4OC in terms of z and hence the magnitude of Z4A0Y in
terms of z.
ii Find AC in terms of z and length OA.
Show sin(x + y) = sin z.

o

Let r be the radius of the circumcircle. If r = %, show that:

i sinx=ua ii siny=c

Use the results of the above to show sin(x + y) = sin x cos y + sin y cos x.

@
=
2
O
»

31

Sketch S on an Argand diagram.
Find {z : z € S and z = x + iy where x and y are integers}.
On a separate diagram sketch S N T.

3w

A= {z:Argz: %} and B = {Z:Arg(z—4)= 1 }.SketchA and B on the

same Argand diagram clearly labelling 4 N B.

c={

Argand diagram.

Z;f < 1};1ndD:{z:22+(2)2 < 2}. Sketch C N D on the same
z z

. A

Express O_)A and C_)A in terms of 7, j, k and V.

Find the magnitude of angle CBO to the nearest C B
degree.

Find the value of A, if the magnitude of angle OAC is 30°.

(0
ABCD is a tetrahedron in which 4B is perpendicular to CD and 4D is perpendicular to
BC. Prove that AC is perpendicular to BD. Let a, b, ¢ and d be the position vectors of
the four vertices.
Let ABCD be a regular tetrahedron. The intersection point of the perpendicular
bisectors of the edges of a triangle is called the circumcentre of the triangle. Let X, Y,
Z and W be the circumcentres of faces ABC, ACD, ABD and BCD respectively. The
vectors a, b, ¢ and d are the position vectors of the four vertices.
i Find the position vectors of X, ¥, Z and W.
— = — —
ii Find the vectors DX, BY, CZ and AW.
— — —
iili Let P be a point on DX such that DP = %DX . Find the position vector of P.
—
iv  Hence find the position vectors of points Q, R and S which lie on the vectors BY,
— — . = T = = - =
CZ and AW respectively such that BO = 3BY, CR = 1CZ and AS = 74W.
v Explain the geometric significance of results iii and iv.
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30 An archway is designed using a section of
the graph for y = sec x. The arch appears as
shown.

The archway is designed using a function of
the form

g:[0,6] — R,
g(x) =asec (bx +c)+d

The graph of g is a transformation of the graph of
I [_Tﬂ §i| — R, f(x)=sec x

Find the values of a, b, ¢ and d.

Yy
A

4m
Ole— 6m ——>»



Differentiation and
rational functions

6.1 A review
The derivative of a function f'is denoted by f/” and the rule for /” is defined by

S +h)— f(x)
h
f’(x) is also known as the gradient function. If (a, f(@)) is a point on the graph of y = f'(x) then
the gradient of the graph at that point is /' (a).
If [ is the tangent to the graph of y = f(x) at the point

(a, f(a)) and [ makes an angle of 6 with the positive
direction of the x axis as shown, then

['x) = lim

f'(a) = gradient of / = tan 6

In Mathematical Methods, rules for the derivatives of the

> X
0

following functions were presented and are stated on the next

page.
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f) S'(x)
a 0 where a is a constant
x" nx"1 neR \{0}
sin x CoS X
coS X —sin x
e e
1
log, x = x>0
X

CAS calculators have a differentiation facility. This has been discussed in Mathematical
Methods Units 3 and 4 (CAS).

The following techniques have been introduced in Mathematical Methods.

The product rule

For f(x) = g(x) h(x) or for y = uv where u and v are functions of x
dy  dv du

F(x) = g'(x) h(x) + g(x) h'(x) 2 —uT v

The quotient rule

_ 8k _u
For f(x) = 7o) or for y = .
vdu udv
oy 8 () h(x) —glx)h'(x) 4 “dx  dx
fe= [P &=

The chain rule n dd
For f(x) = h(g(x)) or X = D Ghereu = f(x)

' dx  du dx
S(x) = h(g(x)) g'(x)

- s

Differentiate each of the following with respect to x:

x2

a .J/xsinx b — ¢ cos(x?+1)
sinx

Solution
a Let f(x) = /xsinx

1 _1 1
Then by the product rule f'(x) = §x72 sinx +x2cosx, x #0

sin
= ﬁz a + /X cosx
X

x2
b Leth(x)= ——
sin x

2x sinx — x2cosx

2

Then by the quotient rule 4'(x) = -
sin” x
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¢ Lety =cos(x>+1)and u = x> + 1. Then y = cosu

. dy dydu

By the ch le = = ——

y the ¢ amruedx T
= —sinu.2x

= —2xsin(x> + 1)

The derivative of f(x) = tan(kx)
sin(kx)

Since f(x) = tan(kx) = cos(kx)

k cos(kx) cos(kx) + k sin(kx) sin(kx)
cos2(kx)
_ k(cos?(kx) + sin’(kx))
cos2(kx)
= ksec?(kx)

i.e. for f(x) = tan(kx)

f'(x) = ksec®(kx)

Differentiate each of the following with respect to x:
a tan(5x* + 3) b tan’ x ¢ sec’(3x)

the quotient rule yields f'(x) =

Solution
a Letf(x)=tan(5x% + 3)
By the chain rule with g(x) = 5x% + 3 and f'(x) = 4'(g(x))g’(x)
f'(x) = sec’(5x% + 3) x 10x
= 10x sec?(5x% + 3)

b Let f(x) = tan’ x = (tanx)?
By the chain rule with g(x) = tanx and f'(x) = 4'(g(x))g’ (x)

f'(x) = 3(tanx)* x sec’ x
= 3tan’ x sec’ x
¢ Let f(x)=sec’(3x)

= tan’(3x) + 1 (using the Pythagorean identity)

= (tan(3x))> + 1
By the chain rule with g(x) = tan(3x) and f'(x) = #'(g (x)) g'(x)

/'(x) =2 (tan (3x)) x g'(x)

The chain rule is also required to find g '(x) = sec?(3x) x 3

f'(x) = 6tan(3x) sec*(3x)

Or, consider y = (tan(3x))? + 1, let u = tan 3x. Then y = ? + 1
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and d_y = @d_u
dx  du dx
= 2u 3 sec’(3x)
= 6 tan(3x) sec>(3x)

Operator notation

Sometimes it is appropriate to use notation which emphasises that differentiation is an

d
operation on an expression. For f(x) the derivative can be denoted by ﬁ( f(x)).

d 2 d
Find a a(x2+2x+3) b —(e") ¢ E(sinz(z))

Solution
d

a —(*+2x+3)=2x+2
dx

2

b Let y= e andu =x ¢ Let y =sin’(2)

Then y = ¢". The chain rule gives Let u = sinz, then y = u?
dy dydu Q B ﬂd_u
dx  du dx dz  dudz
=" 2x =2u.cosz
= 2xe" =2sinzcosz
. d 2 2 — 2
.e. — (&) = 2xe* = sin(2z)
ie dx(e ) = 2xe
Example 4
d(l d(l 2k + 1
Find @ 002D log.lseox) Gkt
dx dx 2
Solution
a Let y = log,|x| b Let y = log,[sec x|
dy 1 =1
Ifx>0,y=10gexanda=; 98 | o x
If x <0, then y = log,(—x) and — log ( )
using the chain rule “\ lcos x|
dy _ 11 = —log,(Jcosx|)
& —x x Let u = cosx
d(l 1 =—
Hence (log,|x]) _ 120 Then y log, |u| and
dx x the chain rule gives
dy dydu
dx  du dx
1
= ——(—sinx)
u
1 .
= - (—sinx)
cos X

=tanx
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Using a TI-Nspire calculator

From the Algebra menu choose Calculus
and then Derivative (¢= (&> (D).

The symbol | is available on key @).

The derivative template can also be directly
obtained through the Template menu of the
catalog. Press (=) and then ).

IEEEEEE] ' P reo exacTReAL

W | w
[ — )| | )]

Using a Casio ClassPad calculator

Choose the 2D menu and then CALC to
see the keyboard with the differentiation
template. This is shown on the screen right.

Alg Standard Cplx Rad dgm]

] O o] T L P miad I EX
%Cxﬂij | ar=2 =
3
3
u

[mth [abe [cat |20 |EIEIE]

[]o ] o |3 [, | |2y |2 4]

Exercise ESJA

1 Find the derivative of each of the following with respect to x:

5

a x°sinx b e'tanx
e x3e¢ f sinxcosx
i sinxtanx j /xtanx

C

X COS X

g x*tanx

d e‘cosx
h tanxlog, x

2 Find the derivative of each of the following using the quotient rule:

x b Jx
log, x tan x
sinx tan x
— f

x2 COS X

C

ex

tan x
COS X

ex

tan x
d
log, x
cos X
h —— (=cotx)
sin x
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3

10

Find the derivative of each of the following using the chain rule:

a tan(x* + 1) b sinx c etnx d tan’x
. 1
e sin f Jtan —
(Vx) X g cos (x) h sec? x

X . T
i tan <_> ] cotx (use cotx = tan (— — x))

4 2
Use appropriate techniques to find the derivative of each of the following:
a tan(kx) keR b e@n2x) ¢ tan?(3x) d log.(x) e ¥

3x+1
e sind(x?) £ < g € tan(2x) h Jxtan/x
cosXx
tan’ x . 2.2
(X-l-—l)3 J sec (5x )
.. dy .
Find p for each of the following:
X
a y=@x—1) b y = log.(4x) ¢ y=e¢" tan(3x)
d y=eos~ e y=cos’(4x) f y=(sinx+ 1)*
2 1 3
g y=sin(2x) cos x h y:x + i :_x—
| X sin x

iy=

xlog, x

For each of the following determine the derivative:

d d d

a E(x3) b d—y(2y2 +10y) ¢ E(cosz(z))
d, .. d d

d a(esm *) e d_z(l — tan® z) f E(coseczy)

For each of the following determine the derivative:

a log.|2x + 1] b log.|—2x + 1] ¢ log,|sin x|
d log.|sec x + tan x| e log.|cosec x + tan x| f log, |tan %x|
g log.|cosec x — cot x| h log.|x + vx2 — 4| i log.|x + vx2+4|

Find the gradient of the graph of y = f(x) where f(x) = tan (%) at the point where:
I

a x=0 b x=— cC X = —
3 2

Let f (—g g) — R, f(x) = tan x. Find:
a the coordinates of the points on the graph where the gradient is 4
b the equation of the tangent at these points

n
Let f: (——,
etf >
a Find:
i the stationary points on the graph of y = f(x)

g) — R, f(x)=tan x — 8 sin x.

ii the nature of each of the stationary points
b Sketch the graph of y = f'(x).
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11 Letf: (—g g) R, f(x) = ¢" sin x. Find:

a the gradient of y = f(x) when x = %
b the coordinates of the point where the gradient is zero

12 Letf: <—% I) — R, f(x) = tan(2x). A tangent to the graph of y = f(x) where x = a
makes an angle of 70° with the positive direction of the x axis. Find the possible values

of a.
13 Let f(x)= sec(%).
a Find /' (x). b Find /(7).

¢ Find the equation of the tangent of y = f'(x) at the point where x = .

Derivatives of x = f(y)

From the chain rule:

dy dy du
—_ = = X —
dx du dx
For the special case where y = x, the following result is obtained:
dx dx du
—_— = — X —
dx du dx
d. d
Since =X = 1, D (provided neither derivative is zero).
dx du  dx
This result is restated in the standard form by replacing u by y in the formula:
. dx dy
ie. —x—=1
dy dx
d 1 d.
Therefore d_i: = E provided d_; #0
dy

d
Given x = )3, find 2.
dx

Solution

d.
Using the rule = 3y?
dy

d 1
hence Y _

dx_ﬁ’y#()
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If this is compared with an alternative method, the power of the rule can be
appreciated. The alternative approach is:

3

xX=y
gives y=/x
1
:x§
dy 1 _2
H ===
ence =3
dy 1
A i 0
dx 33x2x;'é
Note that ! !
ote that — = ——
37 3/x2

While the derivative expressed in terms of x is the familiar form, it is no less powerful
when it is found in terms of y.

Example 6

Find the gradient of the curve x = > — 4y at the point where y = 3.

Solution
x = y? —4dy
dx
— =2y—4
dy Y
d dy 1 22
an — = ,
o 2y—4"7

Hence the gradient at y = 3 is %

- [EE]

Find the gradient of the curve x = y* — 4y atx = 5.

Solution
X = y2 —4y
dy (from Example 6)
—_— = rom cxam
dx 2y —4 P

Substituting x = 5 into x = y> — 4y yields

5=y —4dy
y2—4y—5:O
=50+1)=0

y=5ory=-—1

d TR o
Hence d_y = % or %l by substitution into the derivative.
X



Chapter 6 — Differentiation and rational functions

To explain the two answers here, consider the graph of x = > — 4y.

y
0o Juo
2,-4)
Graph of y = x? — 4x Graph of x = y? — 4y

Note that x = y* — 4y is the inverse of y = x* — 4x

213

i.e. x =)? — 4y is the reflection of the graph of y = x> — 4x in the line with equation

y=x
When x = 5, there are two points, B and C, on the graph of x = 1> — 4y
dy 1
AtB,y=5and — = -
7 dx 6
dy 1
AtC,y=—-land — = ——
Y RN 6

Using a TI-Nspire calculator
Enter solve(x = y> — 2y, y).

dx

— =2y-2

dy Y
and therefore

dy 1

dc 2y -2

Complete as shown.
Now replace y with the expression in x.

1.4 | RAD EXACT REAL

solve(x=y2 -2-y,y)

1 =il
29-2 el 2fert

=

Using a Casio ClassPad calculator

First solve for y, solve(x = y* — 2y, y).
The result is shown on the screen.
Choose the 2D menu and then CALC to
see the keyboard with the differentiation
template. Complete as shown.

Now substitute for y to find the

derivative in terms of x.

solue(x=92—2- Y !n'.]
y=—yx+L +1,y=yx+1 +1r

d Ao
dy(.v 2-2y)

2:.y-2
ﬁ |v=-\u{H +1
-1
2-[Jxr1 -1 )2
cimplifu¢———0—
2-[yx+1 -1)+2
-1
2-\;ix+1

(u]

(e Bl [ D

hd

Ala  Standard Cplx Rad qm]
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Exercise @
1

d I d
Using & Q, find Y in each of the following:

dx dy dx
a x=2y+6 b x=)? ¢ x=Q2y— 1) d x=e¢v
e x=sin5y f x=log.y g x=tany h x=y"+y-2
, y—1 .
I x=—— j x=ye

y

Find the gradient of the curves defined by each of the following, at the given value:

a x=)laty=jy b x=)’atx =3

I

¢ x=e"aty=0 d x=eVatx =
e x=(1-2y) aty=1 f x=(1-2y) atx=4
™
h

g x=coszyaty=g x=cos2yatx=0

d
In each of the following, express d_y in terms of y:
X
a x=Q2y—1)> b x=e>*!

¢ x=log.(2y —1) d x=log,2y—1

d
By first making y the subject for each of the relations of question 3, find d_y for each
X

expression in terms of x.

Find the equations of the tangents to the curve with equation x = 2 — 3)? at the points

where x = —1.

a Find the coordinates of the points of intersection of the graphs of the relations
x=3> —4yandy=x — 6.

b Find the coordinates of the point at which the tangent to the graph of x = 3> — 4y is
parallel to the line y = x — 6.

¢ Find the coordinates of the point at which the tangent to the graph x = ? — 4y is
perpendicular to the line y = x — 6.

a Show that the graphs of x =)* — yand y = %x + 1 intersect where x = 2 and find the
coordinates of this point.

b Find correct to two decimal places, the angle between the line y = %x + 1 and the
tangent to the graph of x = y? — y at the point of intersection found in a

(i.e. where x = 2).

Derivati\{es of inverse circular functions

P
The result d_y = % which was established in the previous section is used to find the rule for the
X 'y

derivative of the inverse of a function for which the rule for the derivative of the function is known.

d
that d_x = ¢” and using the result 7

For example, for the function with rule y = log, x the equivalent function isx = ¢”. It is known
1

d d 1 d 1
& _ dx yields & —, but x = ¢” and therefore @_ 2
fy x dy dx e dx x
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Derivative of sin™'(x)
Lety =sin~!(x) wherex e [ —1,1]and y € [—g g]
Then the equivalent form is x = sin y

d.
Therefore d_x =Ccosy

d
Therefore d_y =

m™ T
andcosy>0f0rye(— )
X  cosy

2°2
e dy .
The Pythagorean identity is used to express p in terms of x
x
sin®y 4+ cos?y = 1
implies cos’y =1 —sin’y

and therefore cosy = 44/1 —sin’y

buty € (—g ;) and therefore cosy > 0

Thus cosy =4/1—sin’y
=+ 1—x2

dy 1
and = =
dx cosy
1
=—— forx e (—1,1
T et
1
Hence for f(x) = sin"'(x), f'(x) = —— forx € (-1, 1)
1 —x2

Derivative of f(x) = cos™'(x)
A similar technique is applied.

Lety =cos !(x),x e [—1, 1] and y € [0, 7]

Then the equivalent function is x = cos y

It follows that o —siny
'y
dy —1 .
Therefore — = —— andsiny # 0 for y € (0, m)
dx siny

Using the Pythagorean identity yields

siny = ++/1 —cos? y

butas y € (0, m),siny > 0

siny =+/1 —cos?y

215
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Substitution yields
dy —1

dx V1 —cos?y

—1 )
= — since x = cos y

V1 —x2
Hence for f(x) = cos™'(x), f/(x) = % xe(=1,1)
— X

Derivative of f(x) = tan~'(x)
Lety=tan"'x xeR ye(—w Tr)

2’2
Thenx =tany
dx 5
— =sec
dy Y
d 1
and &
dx  sec’y

Using the Pythagorean identity sec? y = tan® y + 1, a simple substitution produces
dy 1
de  tan’y +1
1

= since x = tan
x24+1 Y

1
Hence for f(x) = tan"!(x), f'(x) = —— wherex € R
x*+1

For a > 0 the following results can be obtained using the chain rule.

f:(—a,a) — R, fx) = sin_lg, f'(x) = \/ﬁ
f(-a,a) >R, f(x)= cos_lg, fix) = J%
a

£ R—R, f(x) = tan™"! 2 fx) =

For the derivative of f: (—a, a) — R,  f(x) =sin"! al
a
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The derivation of the first of these results is shown in the following manner.

.1 (X
Let y = sin (—)
a
d 1 1
Then e - (chain rule)
a

- /a2 — x2

The derivation of the other two functions is left as an exercise for the reader.

Example 8

Differentiate each of the following with respect to x:

a sin”! <§) b cos™!(4x)
2x
c tan_1<?) d sin”'(x*—1)
Solution J
. . .1 (X ly 1
The rule can be applied to find that if y = 1—)th &v_ -
a e rule can be applied to find that if y = sin (3 en —- Nos

b Lety =cos !(4x) and u = 4x
dy —1

—4
then — = —— X4 = —— chain rule
dx 1 —u? V1 —16x2 ( )
1 2x 2x
¢ Lety=tan 3 anduz?

then Q = ! X % (chain rule)
dc 1+u* 3
_ 1 2
)
3

9 2
T 4249 %3

6

C 4x249
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d Lety=sin'(x*—Dandu =x>—1
then % = \/l%—uz x 2x  (chain rule)
2x
V1= (2 =17
B 2x
B V1= (x4 =2x2+1)
2x
2x% — x4
2x
Va2 = X2
_ 2x
B Ix|v2 — x2
) _

2
==  _if0<x<+2and ——— if —v2<x<0
V2 —x2 V2 —x2

‘34.'\“5"@9, 1 Find the derivative of each of the following with respect to x:
& a sin! (%) b cos! (%) ¢ tan”! (;) d sin~'(3x)
Zacue®
1 1 1 3x 1 3x
e cos” (2x) f tan™ (5x) g s Y h cos >
2
i tan”! <?x> j sin”'(0.2x)
2 Find the derivative of each of the following with respect to x:
a sin"!(x+1) b cos!(2x+ 1) ¢ tan"'(x 4+ 2)
d sin”!(4 —x) e cos (1 —3x) f 3tan~'(1 — 2x)

. 3x+1 5x -3 1—x
2sin~! _ -1 . 1
g ( ) ) h —4 cos ( 7 ) i Stan ( 5 )

j —sin7!(x?)
3 Find the derivative of each of the following with respect to x:

3 5
a y= cos_1<—> where x > 3 b y=sin"! (—) where x > 5
X X

c = cos™! i where x > é
= 2x 2

4 For a positive constant a find the derivative of each of the following:

a sin~!(ax) b cos™!(ax) ¢ tan~!(ax)
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Let f(x) =3 sin_1<§>.

a Find: i the maximal domain of ii the range of /'

b Find the derivative of f(x) and state the domain for which the derivative exists.
¢ Sketch the graph of y = /”(x) labelling the turning points and the asymptotes.

Let f(x) =4 cos™'(3x).
a Find: i the maximal domain of /' ii the range of /'

b Find the derivative of f(x) and state the domain for which the derivative exists.
¢ Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

Let f(x) = 2tan"! C%l)

a Find: i the maximal domain of /' ii the range of /'
b Find the derivative of f(x).
¢ Sketch the graph of y = f’(x) labelling the turning points and the asymptotes.

Differentiate each of the following with respect to x:

a (sin™!x)? b sin~'x 4 cos™'x ¢ sin(cos™!x)

d cos(sin™! x) e e ¥ f tan~!(e)

Find, correct to two decimal places where necessary, the gradient of the graphs of the

following functions at the value of x indicated:

a f(x)= sin_1(§> x=1 b f(x)=2cos '(3x),x=0.1

¢ f(x)=3tan'Qx+1),x=1

For each of the following, find the value(s) of a from the given information:

a f(x)=2sin""x, " (a) = 4 b f(x)=3 cos’1<§) @) =—10
— -1 / — o1 X +1 /

¢ f(x)=tan"'(3x),f"(a)=0.5 d f(x)=sin T , (@) =20

2
e f(x)=2cos! <?x) , (@) = =8 f fx)=4tan"'Q2x—1),f(a)=1
Find in the form y = mx + ¢ the equation of the tangent to the graph of:

1 1
a y=sin"'(2x)atx = 1 b y=tan '2x)atx = 5
1
-1 -1
c =cos (3x)atx = — d =cos (Bx)atx = ——
y (3x) G y (3x) Wi
. . 16
For the function with rule f(x) =cos™ [ — |:
X
a find the maximal domain b find f'(x) and show f'(x) > 0 forx > 6

¢ sketch the graph of y = f(x) and label end points and asymptotes
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6.4 Second derivatives

Example 9

Example 10

-

As previously introduced for the function f'with rule f(x) the derivative is denoted by /" and
has rule f”’(x). This notation is extended to taking the derivative of the derivative as /" and

”(x) for the function and rule respectively. In Leibnitz’s notation the second derivative is
5 p y.

denoted by d—); This new function is also known as the second derivative.
X

Consider the function g with rule g(x) = 2x> — 4x?. Let y = g(x). The derivative has the rule
2

d d
given by g/(x) = 6x? — 8x or = = 6x2 — 8x and g"(x) = =2 = 12x — 8.
dx dx?

Find the second derivative of each of the following with respect to x:
a f(x)=6x*—4x* + 4x b y=e"sinx

Solution
a For f(x) = 6x* —4x> 4+ 4x
f'(x) =24x> — 12x? + 4 and f(x) = 72x% — 24x

b Fory = ¢*sinx

d
Y e*sinx + e* cosx by the product rule
dx Yy p
dzy X o X X X o
i e'sinx + e* cosx + e* cosx — e* sinx

= 2¢" cosx

If £(x) = > find /(0).

Solution
flx)=é"
f(x) =2¢*
and f(x) = 4e*
17(0) = 4¢°
=4

d 2
If y = cos 2x, find a simple expression for (d_y) +
X

dzy ?
()

=
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Solution
y = cos2x
dy .
— = —2sin2
o sin 2x
d2
and d—x); = —4cos2x

dzy 2
(ﬁ) = (—2sin2x)? + 1 (—4cos 2x)’
X

2
)
= 4sin® 2x + (16 cos? 2x)
= 4sin® 2x + 4 cos® 2x
= 4(sin’ 2x + cos® 2x)

=4

Using a TI-Nspire calculator

With a CAS calculator you can find the WPRAD e i
second derivative directly. 2 ee-cocle] &
Press () and then & to obtam a E("X'Si“()f))
differentiation template, dD (I |
Complete as shown.
S
1499

Using a Casio ClassPad calculator
Choose the 2D menu and then CALC to

see the keyboard with the differentiation Eﬂm[ﬁ]%ﬂ-ﬂ-

template. Complete as shown.

1k

2
d—z[e‘tsin(.r)]
dar

2-cos(x)-e*

ul

[mth [abe [cat |20 |EIEIE]

[x]e|[=|c]|3], |$~|x|y|z|t |

Alg Standard Cplx Rad dgm]
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1 Find the second derivative of each of the following:

a 2x+5 b x® c Jx d 2x+1)?
sin x f cosx g €& h log, x
o1 .
1 Y11 J tanx
2 Find the second derivative of the following:
a /x5 b (x*+3)* c sin% d 3cos(4x+1)
e et f log.(2x + 1) g 3tan(x — 4) h 4sin~'(x)
i tan~'(x) i 21 —3x)y
3 Find /" (x) if f(x) is equal to:
a 6> b —8e 0% ¢ elowx d log.(sin x)
2x 1
o1 (X -1 2 tan~ ' 2=
e 3sin (4) f cos™'(3x) g an ( 3 ) h —
. . . X X
i 5sin(3 —x) j tan(l — 3x) k sec (5) I cosec (Z>

4 Find f"(0) if f(x) is equal to:

. _1.2 1
a esny b e 2% c V1—x2 d tan‘l(

6.5 Points of inflexion

The graph of y = 4x> — x* is shown in the diagram below.

Y

0 3,27)

y=4x3 - x4

(0,/0) 4,0)
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There is a local maximum at (3, 27) and a stationary point of inflexion at (0, 0). These have

d
been determined by considering the derivative function d_y = 12x? — 4x°>. The graph of the
X
derivative function is shown below.

y

A d
d—y — 1202 — 433
2,16

(0, 0) (3,0)

Note that the local maximum and the stationary point of inflexion of the original graph

correspond to the x-axis intercepts of the second graph. That is, 2" _ 0 for the values of x at

the stationary points of the original graph. Also it can be seen thatx the gradient of the original
graph is positive for x < 0 and 0 < x < 3 and negative for x > 3. Further information can be

obtained by considering the graph of the second derivative.

y
2
A & 2
/—\ dxz = 24x - 12x
> X
0 2

The graph of the second derivative reveals that at the point on the original graph where x = 0
and x = 2 there are important changes in the gradient. At the point where x = 0 the gradient
changes from decreasing (positive) to increasing (positive). At the point where x = 2 the
gradient changes from increasing (positive) to decreasing (positive). The point with
coordinates (0, 0) is also a stationary point and is known as a stationary point of inflexion.
The point where x = 2 is called a point of inflexion. In this case it corresponds to a local
maximum of the derivative graph. The gradient increases on the interval (0, 2) and then
decreases on the interval (2, 3).
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The point (2, 16) is the point of maximum gradient of the original graph for the interval
(0, 3).

Point of inflexion Local maximum

Stationary point
of inflexion

(0,/0) 4,0)

A closer look at the graph for the interval (0, 3) and, in particular, the behaviour of the
tangents to the graphs in this interval will reveal more.
The tangents at x = 1, 2 and 2.5 have
equations y = 8x — 5,y = 16x — 16 and f:
25 125

y=5x*-1¢ respectively. The

graphs opposite illustrate the behaviour.

The first diagram shows a section of
the graph of y = 4x> — x* and its tangent

at x = 1. The tangent lies below the > X

graph in the immediate neighbourhood
of where x = 1. For the interval (0, 2)
the gradient of the graph is positive and y
increasing. A
The second diagram shows a section
of the graph of y = 4x* — x* and its
tangent at x = 2.5. The tangent lies
above the graph in the immediate
neighbourhood of where x = 2.5. For _
the interval (2, 3) the gradient of the 0 / 25 =
graph is positive and decreasing.
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The third diagram shows a section of y

L.
o

the graph of y = 4x> — x* and its tangent
at x = 2. The tangent crosses the graph
at the point (2, 16). At x = 2 the gradient
of the graph is positive and changes
from increasing to decreasing.

For the graph of the function f (0, 3) — R, f(x) = 4x> — x*, for each point on the graph in
the interval (0, 2) the tangent lies below the graph and the graph is said to be concave up. At
the point (2, 16) the tangent passes through the graph and the point is said to be a point of
inflexion. For each point on the graph in the interval (2, 3) the tangent lies above the graph and
the graph is said to be concave down.

T
Concave down for an interval Concave up for an interval
The tangent is above the curve at each The tangent is below the curve at each
point and the derivative function is point and the derivative function is
decreasing increasing
ie.f"(x) <0 ie. f"(x) >0

At a point of inflexion the tangent will pass through the curve. A point of inflexion is where
the curve changes from concave down to concave up or concave up to concave down. At a
point of inflexion of the curve of y = f(x), where /" and /" both exist, the second derivative
has value zero, but the converse does not hold. For example, the second derivative of y = x*
has value 0 when x = 0 but there is a local minimum at x = 0.

In summary, a point of inflexion of a graph occurs when x = x, if /”(x,) = 0, and

1" (xo + €) and " (x, — €) have different signs.

y
For f: [—g,g] — R, f(x) =sinx, A
f'(x) = cos x and /" (x) = —sin x. Hence 0 >~

f'(x) = 0 where x = g and x = —g and
f”(x) = 0 where x = 0.
In the interval (—g, 0>,f’(x) > 0 and (_E _1)
1" (x) > 0. (Graph shown opposite.) 2
Note the tangents to the curve lie below

the curve and it is said to be concave up.
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In the interval <0, g), f/(x) > 0 and
f"(x) < 0.

Note the tangents to the curve lie above
the curve and it is said to be concave down.

Where x = 0 the tangent y = x, passes through
the graph.

There is a point of inflexion at the origin.

This is also the point of maximum

gradient in the interval [— g g]

- [EEmE

For each of the following functions, find the coordinates of the points of inflexion of the curve

and state the intervals where the curve is concave up.
a f(x)=x> b f(x)=—x3 ¢ f(x)=x3=3x*+1 d fx)=

Solution

a There is a stationary point
of inflexion at (0, 0).
The curve is concave up

1
x2—4

y
A

for the interval (0, c0).
The second derivative is
positive on this interval.
The tangent at x = 0 is the
line with equation y = 0.

b There is a stationary point of
inflexion at (0, 0).
The curve is concave up for
the interval (—oo, 0).

The second derivative is
positive on this interval.
The tangent at x = 0 is the
line with equation y = 0.
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d &
¢ a%:=3x2—6xandd—x)2}=6x—6 7

There is local maximum at the point
with coordinates (0, 1) and a local
minimum at the point with TN

227

coordinates (2, —3). 0 \/
There is a point of inflexion at the

point with coordinates (1, —1).

The curve is concave up in the

interval (1, co).
The second derivative is positive on

this interval.

dy —2x

o 7@2 —ayp and y

d’y  2(3x*+4)

&2 oy

There is a local maximum

at the point with

-1
coordinates (0, T) i

d2
ﬁ > 0 where x2 — 4 > 0

i.e. where x > 2 orx < —2.

There is no point of

d*y
o flexi 0
inflexion as 2 #*

for all x in the domain.

Sketching graphs

The sketching of graphs can be enhanced with the use of the second derivative.

- ==

6
Sketch the graph of the function f: Rt — R, f(x) = — —6 + 3 log, x showing all key features.
X

Solution
3 6 3x-6
The derivative function has rule /'(x) = — — — i >
X X
12 3 12-3
function has rule /"(x) = = — — = 3 a
X X X

For stationary points

= and the second derivative

f'(x) =0 impliesx =2 and f’(1) = =3 < 0 and f'(3) = % > 0. Hence there is a local

minimum at the point with coordinates (2, 3 log.(2) — 3).
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Use of second derivative to determine local maxima and minima

For points of inflexion

y
/" (x) = 0 implies x = 4. Also note that A
1 3
"B)y==-andf" (5)=——.
13 =gandf" (5) =

Hence there is a point of inflexion at
(4, 61og,(2) — 2). In the interval (2, 4),
f"(x) > 0, i.e. gradient is increasing and
in the interval (4, 00), f”(x) < 0, i.e.
gradient is decreasing.

The point of inflexion is the point of

maximum gradient in the interval (2, c0).

It can be seen from the above that for the graph of y = f(x):

(4, 6log,(2) —g)

(2, 3log.(2) - 3)

The x-axis intercepts of the graph occur at x = 1 and approximately 4.92.

If f'(a¢) = 0 and f”(a) > 0 then the point (a, f(a)) is a local minimum as the curve is

concave up.

If /’(a) = 0 and /" (a) < 0 then the point (a, f(@)) is a local maximum as the curve is

concave down.

If f”(a) = 0 then further investigation is necessary.

d2 d2 2
_y>0 _y<0 —y=0 and point
dx? dx? X2 ) .
of inflexion

dy

- >0

dx
Curve rising and Curve rising and Point of inflexion on
concave upwards concave downwards rising curve

dy

— <0

dx
Curve falling and Curve falling and Point of inflexion on
concave upwards concave downwards falling curve

d

b _,

dx

NS

Local minimum

VR

Local maximum

Stationary points of
inflexion
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For the function with rule f(x) = e

a

Find:

if'(x) i f7(x)

For x € [—1, 1] sketch the graphs of y = f(x),y =f"(x) and y = f"'(x) on the one set of
axes. (Use a calculator to help.)

Solve the equation f/(x) = 0.

Show that /”(x) > 0 for all x.

State the intervals for which:

i f(x)isincreasing ii f(x) is decreasing

Compare with the graphs of y = f(x), y = f'(x) and y = f”'(x) where f(x) = x> + 1.

Solution
a 1 For f(x)= ¢* the chain rule for differentiation gives f'(x) = 2xe”
ii Apply the product rule to obtain f”(x) = 2¢* + 4x2e*

y
(-1, 6e) A (1, 6e)
6
y=/x)
Loy
! e !
V=10 [ 5,
(-1, -2) [
-—4de
-—Se
-—6e

¢ f'(x) =0 implies 2xe” = 0. Thusx = 0.
d f'(x)=e"(2+4x2)>0forallxase” > 0and 2 + 4x> > 0 for all x.
e i f(x)isincreasing when f'(x) > 0, i.e. for x € (0, 00).

il f(x) is decreasing when f”(x) < 0, i.e. for x € (—00, 0).

f The graphs of y =f(x), y = f"'(x) ‘y
and y = f"(x) appear as shown. \
fx)=x*+1
fx) =2x y=2
f//(x) — 2 (—1, 2) (15 2)
=2
Similar scales to b have been used. y=x2t1 1 -
0l y=2x
(_1’ _2)
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Similar features

B f(x)>0forx>0

B /x)<O0forx<0

B The graphsof y=x> + l and y = " are symmetric about the y axis.

Differences
The second derivatives reveal that the gradient of y = e is increasing rapidly
for x > 0 while the gradient of y = x? is increasing at a constant rate.

- [EEmE

On the one set of axes sketch the graphs of y = f(x), y = f’(x) and y = f"(x) for x € [0, 10]
where f(x) = x*(10 — x). Find the value of x for which the gradient of y = f(x) is a maximum

and find this maximum gradient.

Solution
f(x) = x*(10 — x) implies
f(x) =10x? — x3.

y
Therefore f”(x) = 20x — 3x? and A (@ @)
f"(x) =20 — 6x. 37
f'(x) = 0 implies x(20 — 3x) = 0. There
are stationary points at x = 0 and x = 3 - y=f(x)
The coordinates of the stationary
- 20 4000 10 @)
points are (0, 0) and (32, %) 3 7
f"(x) = 0 implies x = 3 Note that 20 >\1(‘) - x
the maximum gradient occurs at a 0 — =210
. . . 3 3
point of inflexion. ~~— y=f"(x)
Note that the rate of change of gradient is '
decreasing throughout the interval. y=1"
The maximum gradient of y = f(x) occurs
at the point (13—0, %). The maximum gradient is léﬂ.
Using a TI-Nspire calculator
Define f(x) =e" sin(x) | 0 < x < 2. 1) RAD AUTO REAL Q
Press (=) and then (& to obtain the dx* =
d . Foak
differentiation template, @(D) and Define flx)=e*-sinfujosc<z-n Dane
complete as shown. i(ﬁfx)) e*-cosli+e™-sinlx]
Repeat to find the second derivative with
a‘2 2-ex-cos(r)
the template. Press (=) and then G5 to ;HX)J
dn
obtain the differentiation template, d—(D). 1
] 5799 |




Chapter 6 — Differentiation and rational functions

Find the turning points by solving the
d

equation d—( f(x)) =0 for x and
X

0<x <2m.

Find the points of inflexion by solving the
2

d
equation —2( f(x)) =0 for x and
dx
0<x <2m.
Substitute to find the second coordinates.
Stationary points:

7o 1 3w 1
(Tﬂ, ze%ﬁ> N (Tﬂ, 56737 2) .

Points of inflexion:

3T (77 _E>
-, € 2 s\ =€ 2 .
2 2

231

a1 RAD AUTO REAL

3-m 71
X=——" Or x=—"
4
dZ
solve -—(f(x))=0,x [0Ex<2-m

d?

T 3:7

X=—orx=——

2

3] [

2199 ||

Using a Casio ClassPad calculator

Choose the 2D menu and then CALC to
see the keyboard with the differentiation
template.

Define f(x) = e* sinx.

Find the turning points by solving the
equation.

Find 7(/(x)) and j—;mx».

d
d—(f(x)):Oforx and 0 < x < 2.
X

Find the points of inflexion by solving the
2

d
equation — (f(x)) = 0 for x and
dx?
0<x <2m.
Substitute to find the second coordinates.

Stationary points:

Tm 1 _ 3w 1 s
(T“, 5e‘7f2> , (T“, Ee—%ﬁ) .

Points of inflexion:

3 ('TT ,£>
-, € 2 s |, € 2 .
2 2

ol [Elsdv]AAw] (3]

d_
dx(f(x))

2
d—ch(.r))
da

soluve

Define Flalr=e™{adsinir|>
done

cos(x)1-eX+sin(x)- %

Z:cos(x]-e%

d2
ol flx))=0,x||E
dx

{x=E x=£}
2° 2

=
e

Alg Standard Cplx Rad dm]
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Exercise o=

4.'\“5"80, 1 Sketch a small portion of a continuous curve around a point x = a having the property:

S

Q‘AcHﬁq'

d d?

a —y>0whenx=aand—y>0whenx=a
dx dx?
d 2

b —y<0whenx=aand—y<0Whenx=a
dx dx?
d 2

c d—i}>0whenx=aandd—;2;<0Whenx=a
d 2

d —y<0whenx:aand—y>0whenx:a
dx dx?

Letf:R — R, f(x) =2x> + 6x% — 12.

a Find: i f'(x) i f"(x)

b Use f”(x) to find the coordinate of the point on the graph of f(x) = 2x> + 6x*> — 12
where the gradient is a minimum (the point of inflexion).

Repeat question 2 for each of the following functions:

a f:]0,2w] >R, f(x) =sinx b f:R—R, f(x)=xe

B

The graph of y = f(x) has a local minimum at x = @ and no other stationary point ‘close
to a.

a For a small value 4, 2 > 0, what can be said of the values of:
i f'(a—h)? ii f(a)? iii f'(a + h)?

b What can be said about the gradient of y = f’(x) for the interval x € [a — &, a + h]?
What can be said of the value of /' (a)?
Verify your observation by calculating the value of f”(0) for each of the following
functions:
i f(x)=x? i f(x)=—cosx iii f(x) =x*

e Can f"(a) ever be less than zero if f(x) has a local minimum at x = a?

Investigate the condition of /() if f(x) has a local maximum at x = a.
¥2

For f:[0,20] — R, f(x)= 10 (20 — x):

a Sketch the graphs of y = f(x), y =f"(x) and y = /" (x) on the one set of axes for
x € [0, 20].

b Find the value of x for which the gradient is a maximum and indicate the
corresponding point on the graph of y = f(x).

¢ Describe the rate of change of gradient for the function.
At which point in the interval is the graph ‘steepest’?
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For f: [0, 10] — R, f(x) = x(10 — x)e*:

a Find /'(x) and /" (x).

b Sketch the graphs of y = f(x) and y = f”(x) on the one set of axes for x € [0, 10].
Find the value of x for which the gradient of the graph of y = f(x) is a maximum and
indicate this point on the graph of y = f(x).

1

l+x+x2°
a Find the coordinates of the points of inflexion.

For the graph of the function with rule y =

b Find the coordinates of the point of intersection of the tangents at the points of
inflexion.

Find the coordinates of the points of inflexion of the graph of y = x — sin x for x € [0, 4].

For each of the following functions find the values of x for which the graph of the function
has a point of inflexion:

a y=sinx b y=tanx ¢ y=sin"!(x) d y=sin(2x)
Show that the parabola with equation y = ax?>+ bx + ¢ has no points of inflexion.

For the curve with equation y = 2x* — 9x? 4 12x + 8 find the values of x for which:
dy d’y dy d*y
—<0and — >0 - —

a dx< an e > b dx<0anddx2 <0

For the following functions, determine the coordinates of any points of inflexion and the
gradient of the graph at these points.

a y=x>—6x b y=x*—6x*+4 c y=23—10 4 10x* — 3x°
x+1
d y=-1DE*+1) e y= f y=x+x+1
_ 2% x.—ll . x =2
g Y—x2+1 h y=smn'x 1 y_i(x+2)2

Determine the values of x for which the graph of y = ™ sin x has:

a stationary points b points of inflexion

Given that f(x) =x° + bx> + cx, and b?> > 3c, prove that:

a the graph of f'has two stationary points
b the graph of fhas one point of inflexion
¢ the point of inflexion is the midpoint of the interval joining the stationary points

For the function with rule f(x) = 2x? log,(x) find:

a f'(x)
b f"(x)
¢ the stationary points and the points of inflexion of the graph of y = f(x)
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Related rates

Consider the situation of a right circular cone being
filled from a tap.

:

30 cm
h

|
At time ¢ seconds:
B there are V cm’of water in the cone l
B the height of the water in the cone is 2 cm
B the radius of the circular water surface is 7 cm

V, h and r change as the water flows in.

dv

| r is the rate of change of volume with respect to time
dh . . . .

] o is the rate of change of height with respect to time

dr . L .
] o is the rate of change of radius with respect to time

It is clear that these rates are related to each other. The chain rule is used to establish these
relationships.

For example, if the height of the cone is 30 cm and the
radius of the cone is 10 cm, similar triangles yield

10

30
=3r

< 10cm —>

>~ S Y

and

Then the chain rule is used 7cm
dh  dhdr dr <>

T ara s E
Y l

The volume of a cone is given in general by J = %'rrrzh and in this case V' = 7 since

h = 3r. Therefore by using the chain rule again
dv —dVdr 32 dr
R — e, —
e drdi " i
The relationships between the rates have been established.
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Example 16

A rectangular prism is being filled at a rate
of 0.00042 m?/s. Find the rate at which the , -7
height is increasing. ,," ,," hm
// 2m
Solution 3m

Let  be the time in seconds after the prism begins to fill. Let V' be the volume of water
at time ¢ and /# m be the height of the water at time 7.

It is given that Y 0.00042 m*s

Also V' = 6h

The rate at which / is increasing is given by o

From the chain rule h = dh dv
Cdt AV odt

Th dh _ 0.00042
us — = - X U.

dt ©
= 0.00007 m/s

i.e. the height is increasing at a rate of 0.00007 m/s.

- (]

As Steven’s ice block melts, it forms a circular puddle on the floor. The radius of the puddle
increases at a rate of 3 cm/min. When its radius is 2 cm find the rate at which the area of the

puddle is increasing.

Solution
The area, 4, of a circle is given by 4 = mr?, where r is the radius of the circle.

) . r )
The rate of increase of the radius = 7 = 3 cm/min

The rate of increase of the area, T is found by using the chain rule,

dA _dAdr

dt  drdt
=27mr x 3
= oTr

dA
Whenr =2, — = 127
dt

.. the area of the puddle is increasing at 127 cm?/min.
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Example 18

A metal cube is being heated so that the side length is increasing at the rate of
0.02 cm per hour. Calculate the rate at which the volume is increasing when the side is 5 cm.

Solution

Let x be the length of a side of the cube.
Then the volume V = x3 4
X
The rate of increase of x with respect to ¢ is given by i 0.02 cm/hour

The rate of increase of V" with respect to ¢, I is calculated from the chain rule

dV _ dV dx

dt — dx dt
= 3x? x 0.02
= 0.06x>

When x = 5, the volume of the cube is increasing at a rate of 1.5 cm?/hour.

Example 19

The diagram shows a rectangular block of ice x cm by x cm by 5x cm.

a Express the total surface area, 4 cm?, in terms of x and

write down an expression for I
X

b Given that the ice is melting so that the
total surface area is decreasing at a constant
rate of 4 cm?/s, calculate the rate of

decrease of x when x = 2.

X cm
Solution
a A=4x5x+2xx? X cm
= 22x?
dA
— =44
dx *
b The surface area is decreasing and so — = —4
dx dxdA
By the chain rule, — = — —
y the chain rule = dAdi
1
=— x -4
44x
-1

T llx
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—1
When x = 2, @ = —
dt 22

The rate of change of the length of the edges are —
and —% cm/s.

The negative sign indicates that the lengths are decreasing.

L

1
55 CM/s, —55 cm/s

22

A curve has parametric equations x = 2 — log,(2¢) and y = * — log,(£%).

d d.
a Find id and —x. b Find _y.
dt dt dx
Solution
1 2t — 1
a x=2—log,2f)and > =2~ - =
t t t
dy 2 22-2
2 2
=t~ — log,(¢ d—=2t—-=
y 0g,(#°) an " ; ;

dy dy dt 222 t
b Therefore — = — x — =
et e T wt N dx r 2w —1
_2t2—2
2t —1

Exercise 6F

1

The radius of a spherical balloon is 2.5 m and its volume is increasing at a rate
of 0.1 m*/min. At what rate are:

a the radius and b the surface area increasing?

3
When a wine glass is filled to a depth of x cm it contains ¥ cm® of wine where V' = 4x2.
If the depth is 9 cm and wine is being poured into the glass at 10 cm?/s, at what rate is the
depth changing?

Variables x and y are connected by the equation y = 2x? + 5x + 2. Given that x is
increasing at the rate of 3 units/s, find the rate of increase of y with respect to time
when x = 2.

If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume,
V em?, of the water is given by ¥ = 1mx?(18 — x). Water is poured into the bowl at a rate
of 3 cm?/s. Find the rate at which the water level is rising when the depth is 2 cm.

Variables p and v are linked by the equation pv = 1500. Given that p is increasing at the
rate of 2 units per minute, find the rate of decrease of v at the instant when p = 60.

A circular metal disc is being heated so that the radius is increasing at the rate of
0.01 cm per hour. Find the rate at which the area is increasing when the radius is 4 cm.
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7

10

11

12

13

14

15

16

17

The area of a circle is increasing at the rate of 4 cm” per second. At what rate is the
circumference increasing at the instant when the radius is 8 cm?

A curve has parametric equations x = andy = .
p q 112 y 112

.o dy dx

Find — and —

a Fin 0 an 7
. dy
b Find —
in e

d
A curve has parametric equations x = 2¢ + sin 2¢ and y = cos 2¢. Find d_y
X

A curve has parametric equations x = ¢ — cos ¢ and y = sin ¢. Find the equation to the
v
tangent to the curve when ¢ = r

2

A point moves along the curve y = x” in such a way that its velocity parallel to the x axis

d. d
is a constant 2 cm/s (i.e. z); = 2). Find its velocity parallel to the y axis (i.e. E)t/) when:
a x=3 b y=16

2x — 6
Variables x and y are related by the equation y = x—. Given that x = £ (¢)

X
and y = g(¢), where f'and g are functions of time, find f”(f) when y = 1 given that
g'(H=04.

. X . . .
A particle moves along the curve y = 10 cos™! (T) in such a way that its velocity

parallel to the x axis is a constant 3 cm/s. Find its velocity parallel to the y axis when:

10
a x=6 by:TTr

The radius » cm of a sphere is increasing at a constant rate of 2 cm/s. Find, in terms of r,

the rate at which the volume is increasing at the instant when the volume is 367 cm?.

Liquid is poured into a container at a rate of 12 cm®/s. The volume of liquid in the
container is ¥ cm® where V = %(h2 + 4h) and A is the height of the liquid in the
container. Find, when V' = 16:

a the value of & b the rate at which 4 is increasing

The area of an ink blot, which is always circular in shape, is increasing at a rate
of 3.5 cm?/s. Find the rate of increase of the radius when the radius is 3 cm.

A tank in the shape of a prism has constant cross-sectional area 4 cm?. The amount of
water in the tank at time # seconds is ¥ cm® and the height of the water is / cm. Find the

dv dh
lationship bet — and —.
relationship between 7 an 7
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18 A cylindrical tank 5 m high with base radius 2 m
is initially full of water. Water flows out through a
hole at the bottom of the tank at the rate of
v'h m*/hour, where h metres is the depth of the
water remaining in the tank after ¢ hours.

UL

. 5m
Find:
dh hm
a- e ¢
4 -

b i — whenV = 10w m’ w
dt

dh
ii — when V =107 m°

dt
19 For the curve defined by the parametric equations x = 2 cos ¢ and y = sin ¢, find the
equation of the tangent to the curve at the point:

2
a <\/§ £>
2
b (2 cos t, sin t), where 7 is any real number

20 For the curve defined by the parametric equations x = 2 sec 6 and y = tan 0, find the
equation of:

a the tangent at the point where 6 =

b the normal at the point where 6 =

INE N

¢ the tangent at the point (2 sec 0, tan 0)

Graphs of some rational functions

Rational functions have a rule of the form:

_PX
S = 00

where P(x) and Q(x) are polynomials. There is a huge variety of different types of curves in

this particular family of functions. The Specialist Mathematics course considers only those
that can be constructed from ‘simple’ polynomials. Methods for sketching graphs of rational
functions include:

B adding the y coordinates (ordinates) of two simple graphs

B taking the reciprocals of the y coordinates (ordinates) of the simple graph

The graph of the rectangular hyperbola y = — is known from previous work. This is an
X

example of a rational function.
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In this case P(x) = 1 and Q(x) = x y
The y axis is the vertical asymptote and the x axis
is the horizontal asymptote for the graph.
As x — 0 from the positive side y — oo and as x — 0
from the negative side y — —o0 > x

Asx — 00,y — 0t andasx — —o00,y — 0~

1
The maximal domain of y = — is R\{0}
x

A non-vertical asymptote is a line or curve which the

function approaches as x — 400

Adding ordinates

In this process, the key points to look for are:

B when both graphs have the same ordinate, then the y coordinate of the resultant graph will
be double this

B when both graphs have the opposite ordinate, then the resultant graph y coordinate will be
zero (an x-axis intercept)

B when one of the two ordinates is zero the resulting ordinate is equal to the other ordinate.

Further examples of rational functions considered in this course are:

B 4Hx=2 x2—10x+9 xt4+2
=" a=t——— ="

The following are also rational functions, but are not in a form used for the definition of

rational functions:

1 1 1
=14 =x - — h(x)=x — 14+ ——
SOy =1+ g =x - - (@) =x— 1+ ——
These can be rewritten in the form Q(x; as shown here:
X
1 x+1

1
fO=1+—="4_—=
X X X

X
1 x3 1_x3—1

= T AT T
1 —1 2 1 2 —1
)= x — 1+ :(x )(x +2) :x +x
x+2 x+2 x+2 x+2

For graphing it is also useful to write functions in the alternative form, i.e. with a division
performed if possible.
For example:

8x2 —3x +2 8x2  3x 2 2

- s T8 —-34=
X X X X X

8x*+1  8&x* 1 , 1

o e e )

4x — 3 7

Ty

x+1 x+1
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e

x2+1
Sketch the graph of /: R\{0} — R, f(x) =

Solution
Vertical asymptote has equation x = 0, i.e. the y axis.
Dividing through gives
41 x2 1 1

X X X X

1
Asx — +00, — — 0. Therefore the graph of y = f(x) will approach the graph
X
of y = x as x — +o00. The equation of the non-vertical asymptote is y = x.
The graph of y = f'(x) is obtained by the addition of the y coordinates of the
1

functionsy=xand y = —.
X

<
Il
==

Other important features of a sketch graph are:

B the axes intercepts

B the turning points

The first is determined by evaluating f(0) to find the y-axis intercepts and solving the
equation f(x) = 0 to find the x-axis intercepts. In this example the domain is R\{0}

2
and there are no solutions for the equation al =0.
Calculus is used to determine the turning points. ’
. 1 A
Consider f(x) =x + — /Yy =X
X
1
/ R
Then  fi(x)=1- ) (1,2).
and f'(x) = 0 implies g
xt=1 10 =X
ie. x = =+1
C1,-2)
Alsof(1)=2and f(—1)= -2
The final sketch of the graph of
x=0

y = f(x) is as shown :
vertical asymptote
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-

Sketch the graph of £ R\{0} — R, f(x)=

x*t42
32

Solution

Vertical asymptote has equation x = 0
2

Dividing through gives f(x) = x* + =
X

The non-vertical asymptote is y = x°

By addition of ordinates y = f'(x) can be sketched.

y=x

Y
=

There are no axes intercepts.
To determine the coordinates of the turning points, f(x) is differentiated.

fx)=x>4+2x2
f(x) = 2x — 4x 73 Y

-
>

4
when f'(x) =0,2x — = =0

X
L2t —4=0

1
which implies x = +24

O

and f(—241T) =2v2

The turning points have coordinates

(2%, 2«/5) and(—Z}t, 2«/5) x=0

vertical asymptote

The final sketch is as shown.
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)

3
2
Sketch the graph of y = ot

,x#0

Solution

The vertical asymptote has equation x = 0

2
Divide through to obtain y = x* + =

X
The non-vertical asymptote has equation y = x°

By addition of ordinates the graph can be sketched.

For the axes intercepts, consider y = 0, which imples x> +2 =0
ie. x=-2
For the turning points A

d
y = x% +2x~! implies d_y =2x — 2x 72
X

d 1
and Y _y impliesx — — =0
dx x2

ie.x’=1

which implies x =1

f(1)=3
.". the turning point has coordinates (1, 3)
The final sketch is shown.
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Reciprocal of ordinates

This is the second method for sketching graphs of rational functions. In this situation, functions
P
of the form f(x) = ﬁ will be considered where P(x) = 1 and Q(x) is a quadratic function.

O(x)

Sketch the graph of /: R\{0,4} — R, f(x) =

x2 —4x

Solution
1 1

—4x  x(x—4)

f@) =

Vertical asymptotes have equations x = 0 and x = 4
The non-vertical asymptoteisy =0asy — 0 asx — £oo
The graph is produced by first sketching the graph of y = Q(x)
In this case y = x* — 4x

Y
A

y=x%—4x

2,4

Summary of properties of reciprocal functions

B x-axis intercepts of the function determine the equation of the asymptotes for the
reciprocal of the function.

B The reciprocal of a positive number is positive. The reciprocal of a negative number
is negative.

B A graph and its reciprocal will intersect at a point if the y coordinate of the point is
1 or —1.

B Local maximums of the function produce local minimums for the reciprocal.

Local minimums of the function produce local maximums for the reciprocal.

| o S&)
If g(x) = m then g'(x) = R

reciprocal function is opposite in sign to the original function.

Therefore at a given point the gradient of the
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Exercise [6]€

10

Sketch graphs of each of the following, labelling all intercepts with the axes, turning
points and asymptotes:

- _ Xl . N
BVE A T b y= x2 cy_(x—l)2—|—1

-1 x—1 xP4x+1
dy= x CrETa ty= ox
3_ 1 . 1

g y= 0 hoy= fr=o
. _ x2 B 1 . 1 | _ ;
! y_x2+1<_1_x2+1) K=o R T
Sketch the graphs of each of the following, labelling all intercepts with the axes, turning

points and asymptotes:

1 1 1
a f(x)=—— b gkx)=——7——— c hx) = ———
SO =55 g =060 0= 14
1
d X)= 53— x)=x4+ = 42
/) x2+2x +1 &) x?

1
The equation of a curve is y = 4x + —. Find:

X
a the coordinates of the turning points
b the equation of the tangent to the curve at the point where x = 2

2 _
Find the x coordinates of the points on the curve y = ol at which the gradient of the
curve is 5.
2x —

Find the gradient of the curve y = il >— at the point where the curve crosses the

X
X axis.

4
For the curve y = x — 5+ —, find:
X
a the coordinates of the points of intersection with the axes
b the equations of all asymptotes ¢ the coordinates of all turning points
Use this information to sketch the curve.
4
If x is positive, find the least value of x + —..
X

4
For positive values of x, sketch the graph of y = x + —, and find the least value of y.
X

. —3)? .
a Find the coordinates of the stationary points of the curve y = al ) and determine
X
the nature of each point.
(x = 3)
b Sketch the graph of y = .
X

1

a Find the coordinates of the turning point(s) of the curve y = 8x + 752 and determine
X

the nature of each point.

1
b Sketch the graph of y = 8x + —.
2x2



246

6.8

Essential Specialist Mathematics

A summary of differentiation
It is appropriate at this stage to review the techniques of differentiation of Specialist

Mathematics. The derivatives of the standard functions also need to be reviewed in preparation
for the chapters on antidifferentiation.

The differentiation techniques

The function The derivative
f(x) ')
af(x),aeR af’'(x)
Sx) + g (x) S'x) + g (x)
f(x) g (x) /') g(x) + f(x) &%)
/() gx)f'(x) — g'(x) f(x)
g(x) (g(x))?
S (g(x) f(g(x) &)

The standard functions

f ) S
X" nx" !
(ax + b)" an (ax + by"~!
sin(ax) a cos(ax)
cos(ax) —a sin(ax)
tan(ax) a sec’(ax)
e™ ae®™
1
log.(ax) —
X
' (Z) 1
sin” ( — —
a DR,
1
cos™! <£> —
a 2 — x2
X a
tan~! —)
an (a R




Chapter 6 — Differentiation and rational functions 247

d
B /'(x)and d_y are the first derivatives of f(x) and y respectively.
X

2
B /’(x)and d—); are the second derivatives of f(x) and y respectively.
X

d d d
B Furthermore, the chain rule can be written as v_a and an important result
dx du dx
1
J —
from the chain rule is & _ dx
dx dy

1 Find the second derivative of each of the following:

a x'0 b (2x+5)°® ¢ sin(2x)

d cos (;) e tan (%) f e
/X

g log.(6x h sin 1(2) i cos™!(2x)

j tan*1<£)
2

2 Find the first derivative of each of the following:

1
a (1 —4x?)} b ¢ sin(cos x
1
d cos(log, x) e tan (—) f et
X
g log.(4 — 3x) h sin™!(1 —x) i cosT'2x+1)
j tan7'(x+ 1)
. ody . .
3 Find I in each of the following:
X
_log,x x2 42
ar=— b Y= ¢ y=1—tan"'(1 —x)
d y=log, xe I e x =./siny-+cosy f y=log,(x ++v1+x?)
. —1eex+ h v sinx
g y=sin y= e + 1
b
4 a Ify=ax+ — find:
X
dy L dly
dx , dx?
y | dy
b Show that x> —= 4 x — = y.
ow that x Tx2 —i—xdx y
5 a Ify=sin(2x) + 3 cos(2x) find:
dy L dly
dx dx?

d’y
b Hence show that — +4y =0
dx?
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6.9 Implicit differentiation
The rules for curves of ellipses, circles and many other curves are not expressible in the form

2 _32
y= f(x)orx = f(y). Equations such as x*> + ) = 1 and% + v ) )

implicit equations. In this section a method for finding d_y for such relations is introduced.
x

= 1 are said to be

The technique is called implicit differentiation.

d
In Example 5, in section 6.2, D _ __ was used to find = from the relation x = .
dx  dx dx
dy
. odx 2
By calculating — = 3y
dy
d 1
the result & was obtained.
dx  3y?

Implicit differentiation takes account of the fact that if two algebraic expressions are always
equal, then the value of each expression must change in an identical way as one of the
variables changes.
i.e. if p and g are expressions in x and y and p = ¢, for all x and y
dp _dq dp dq
—=—and — = —
dx  dx dy dy
Now for x = y?, differentiate each side with respect to x.

then

, d d
Le. a(x) = E(J’ )
By a simple substitution and the application of the chain rule a result can be obtained for the

right-hand side of the equation.
3

Let U=y
d d d d
Then a(f) = d—z = d_)Lj X d_i (by the chain rule)

Now u = y° implies — = 3y
dy

dy

d 3 2
_ =3
dx(y) X

d d
Hence returning to the original expression d—(x) =3y? x d—y, and thus
x X

dy
1 =3y x =
rox dx
d 1
and v provided y # 0

dx_ﬁ’
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-

d

Find d_y by implicit differentiation for each of the following:
X

a x’=y b xy=2x+1

Solution
a By differentiating both sides with respect to x,

d
3 2 - 2
Xt =07
dy
=2y
Y dx
2
Therefore @ = 31
dx 2y
b Differentiating both sides with respect to x gives
d
- -2
)
The product rule applies on the left-hand side
dy
9
y+x i
dy 2—y
dx X

Example 26

d
Find 2 if x2 )2 = 1.
dx

Solution

>

Now x24yP=1

leads to y =21 —-x2 P(x, y)

2+y2=

or ¥ = +J1 — yz ~, tangent at P

So y is not a function of x, and x
is not a function of y. Implicit

differentiation should be used. 0
The derivative can also be found
geometrically, since the graph

of x> + y? = 1 is the unit circle.

rise
The gradient of OP using — is X, x # 0. Since the radius is perpendicular to the
run  x
d
tangent for a circle, gradient of tangent = —)ﬁ, y # 0. In other words: d_y —
X Y

Clearly, from the graph, when y = 0 the tangents are parallel to the y axis, hence

d
i'd is not defined here.
dx
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Now for implicit differentiation:
x4yt =1
Differentiate both sides with respect to x.

d
n+@§
@
dx
dy

dx

=0
= —2x

X
=-=r#0
y

- [EE

Givenxy —y — x> =0, find —
dx’

Solution
Express y as a function of x.

xy—y—x2=0

Xy—y=x
yx —1)=x?
y_x—l
1
y—x—f—l—i-—1
dy 1
—=1-— 1
dx (x—l)z’x?é
(x =172 -1
:W,x#l
X2 —2x
(x—l)z’x?él

Consider the implicit differentiation alternative.
xy—y—x2=0

d d d d
—(xy) — & —(x%) = —(0) (differentiate both sides with respect to x)
dx dx  dx dx

d d
P +y.1) - Y o =0 (product rule)
dx dx

@ dy

dx dx
a(x—1)=2x—y

dy 2x—y
dc x—1

,x # 1
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2
This can be checked, by substitution of y =

T to confirm that the results are

identical.

Example 28

d
Find 2 if 262 — 2xy 4+ )2 = 5.
dx

Solution

In this case, neither x nor y can be expressed as a function and so implicit
differentiation must be used.

22 —2xy+y* =5

d d d d
—(2x%) — —(2 —0") =—(5
S = Q)+ (D) = )

d d
4x — (2x.d—y + y.Z) + 2yd—y =0 (using product rule and chain rule)
X X

dy dy
4y —2x— —2y+2y— =0
* xdx I ydx
dy dy
2y —2x = =2y —4
ydx xdx Y *
d
D2y —2x) =2y —4x
dx
dy 2y —4x
5_2y—2x X7y
-2
YT fx 4y
y =X

Using a TI-Nspire calculator
From the Calculus menu choose

o 11 RAD AUTO REAL
Implicit Differentiation and complete

mpDifl 2062~ 20074925 x.3) 2%y
as shown (¢=) &> (D). o e Y y

. dy .
The process gives d_y in terms of x and y. impDif 2022003432 =5 s ylbe=1 and y=3
x

If the positions of x and y are 3
2

d
interchanged the result is @

dy
The gradient at the point (1, 3) is found.

[ —— 3| |
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Enter 2x? — 2xy + »? = 5 and select it.
From the Interactive menu choose
Calculation and then ImpDiff.
Complete with x as the independent
variable (Inde var) and y as the
dependent variable (Depe var).

Using a Casio ClassPad calculator

E‘Hﬁlﬁﬁ]%ﬂ-ﬂ-

.

impDiff( 2. x2-2. x. y+y 2+
Zox—y
x-y

y'=

had
[mth[abe [cat [ 20 |EIEIE]

iy IMHTHI SPACE ISME‘-LlEHEl

Alg Standard Cplx Fad dm]

Example 29

Draw the graph of cos x 4 cos y = 1 (only consider x in the interval [—r, T]).

2

Solution

First note that cos(—x) = cos(x) and cos(—y) = cos(y). Therefore the graph is
symmetrical about the y axis and symmetrical about the x axis. Also it is symmetrical
about the line y = x. Also cos(2m + x) = cos x and therefore the graph is periodic

with period 2.

Rearrange the expressmn to give cos y =

——cosx andascosy <1, ——cosx§1

and thus cos x > —5. This implies that the domain is the union of all intervals of the

2
form [Tﬂ + 2k, ?Tr + 2kﬂrri| where £ is an integer. The range is also this union of

intervals. From now, only x and y values in the interval [—

considered.

—2m 2w | .
'3 will be

Use implicit differentiation
. . ody
—sinx —siny— = 0.
dx

dy  —sin
Hence — =
dx sin y

prov1dedy # 0.
2
When x = :I:Tﬂ,cosy = land y = 0and

d_y is undefined.
dx

Using a TI-Nspire calculator

ol RAD AUTO REAL

impDif(cosfx)mos(y)

g
N=
=l sm(x)
. Y Sm(y
impDif] (cos(x +cos(y -;,x, |x=— and y=0
undef
)
9

449




Chapter 6 — Differentiation and rational functions 253

2 d
Whenx:O,y::l:Tﬂand—yzo.

d

. ) X .
The graph is drawn using two functions as

shown.

i §E RAD AUTO REAL g

¥
f1(x)=cos“(l-cos(x)J| 2 ing.—ﬁ
2 &

/\ f2lx)=-f1lx])

N

Using a Casio ClassPad calculator

Use implicit differentiation. Select the

Interactive menu, then Calculation and

then ImpDiff.

X

d
d_y is not defined when y = 0.

Choose Graph and Table from the menu.

From the Type menu select ParamType.

Enter the equations as shown on the screen

and click the graph icon in the icon bar at

the top of the screen.

T T ] e L Pamid I X

impDiff[ coslx +cos(y)= gr =

,_ —Sinix]
¥ sinly)

s ZSinlx])

siniy) | =6

Undefined

W

W Edit Twpe GHMern #

AAEE] v= wlEEEEEE] 2
Sheetl | Sheet? | Sheetd i4 PI

Eyl= cos(x)'i[ L —i
Ev2=-yplix) [—1

Ow3:0 :
Owd:O
Owv3: 0

Ow6:0
Owian0

Rad Cplx o

Exercise m

d
In each of the following, find d_y using implicit differentiation:
X

a x2—-2y=3
d y3:x2
g =4ax

X

a (427 —12=4
d ¥ —xy+)y?=1

g sin(x —y)=sinx —siny

b x¥*y=1
e x—,/y=2

h 4x+)°—2y—2=0

d
Find d_y in each of the following:

1

Y

e y=x’e

1
b —+-=1
X

c ¥ +y=1
f xy—2x+3y=0

¢ y=@x+y?

f siny=cos®x

h ) —xsiny+3)? =1
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3

10

11

12

13

Find the equation of the tangent at the indicated point in each of the following:

a »=28x at(2,—4) b x*—9y2=9 at(5 3)
2 2
¢ xy—y2=1 at(,4) d Z+5 =1 at©.-3

d
Find d_y in terms of x and y given that log.(y) = log.(x).
X
Find the gradient of the curve x> + y® = 9 at point (1, 2).

A curve is defined by the equation x> + * + 3xy — 1 = 0. Find the gradient of the curve
at the point (2,—1).
. dy y
Given that tan x + tan y = 3, find the value of I when x = 1
X
Find the gradient at the point (1, —3) of the curve with equation y*> 4 xy — 2x> = 4.

For the curve with equation x* + ° = 28:

. . d d ..
a obtain an expression for d_y b show that d_y cannot be positive
X X

d
¢ calculate the value of d_y when x = 1.
x

The equation of a curve is 2x> + 8xy + 5)? = —3. Find the equation of the two tangents
which are parallel to the x axis.

The equation of a curve C is x> + xy + 2)° = k where k is a constant.

a Find % in terms of x and y.
C does have a tangent parallel to the y axis.

b Show that the y coordinate at the point of contact satisfies 216y° + 4y + k = 0.
¢ Hence show that £ < 5i4.

d Find the possible value(s) of & in the case where x = —6 is a tangent to C.

The equation of a curve is x> — 2xy + 2> = 4.

. . dy .
a Find an expression for d_y in terms of x and y.
X

b Find the coordinates of each point on the curve at which the tangents are parallel to
the x axis.

For the curve with equation y? + x* = 1:

d
a Find d_y in terms of x and y.
X

d
b Find the coordinates of the points where Y _o.
X

d.
Find the coordinates of the points where .

c

d Describe the behaviour as x — —o0.

e Find the relation in terms of y. MC  p&b
f Find the coordinates of the points of inflection of the curve. @ @
g

Use a calculator to help you sketch the graph of y* + x* = 1. TEST  TEST
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Chapter summary

S(x) f(x)
tan x sec? x
sin~!x #

LY 1 T Xz
cos ' x _—
v 11— x2
tan~!x
1+ x2

B I y=/fk)
d
= =S
Zj = f"(x)
Summary properties of rational functions
B Rational functions are of the form:

fx)= (—) where a(x) and b(x) are polynomials and b(x) # 0

b(x)
r(x)
=q(x)+ T) (quotient/remainder form).
Asymptotes occur when b(x) = 0 and y = q(x).
x-axis intercepts occur when a(x) =

y-axis intercepts occur at f(0) = bE ; provided h(0) # 0.

Turning points occur when f”(x) =

1
If f(x)= ( )y , use reciprocals of ordinates of the graph of y = b(x) to sketch the graph of
y=f(x).

Summary of properties of reciprocal functions

B x-axis intercepts of the function define the equation of the asymptotes for the reciprocal of
the function.

B The reciprocal of a positive number is positive. The reciprocal of a negative number is
negative.

B A graph and its reciprocal will intersect if the y coordinate of a point on the graph is 1 or —1.

Local maximums of the function produce local minimums for the reciprocal.
B Local minimums of the function produce local maximums for the reciprocal.




J'(x)

1
B Ifg(x)= ——theng'(x) = — Therefore at a given point the gradient of the

JS(x) S
reciprocal function is opposite in sign to the original function.
B Iff(x)=qkx)+ % use addition of ordinates of y = g(x) and y = % to sketch the
X X

graph.

Use of the second derivative to describe behaviour of graphs

NN/

B Concave down for an interval B Concave up for an interval

The tangent is above the curve for each The tangent is below the curve for each
point and the derivative function is point and the derivative function is
decreasing. increasing.

ie. f"(x) <0 ie. f"(x) >0

B Atapoint of inflexion the tangent will pass through the curve. A point of inflexion is
where the curve changes from concave down to concave up or concave up to concave
down. At a point of inflexion the second derivative (if it exists) has value zero but the
converse does not hold.

Implicit differentiation

B The equations of many curves cannot be defined by a rule of the form y = f(x) or
2 2
x = f(y). Equations such as x> + > = 1 and XT — % = 1 are said to be implicitly defined.

The method for finding the gradient at a point on a curve defined in this way is called
implicit differentiation.
B Using operator notation:

d d
— () =20+ 2y—y (use of chain rule)
dx dx

d d

E(xzyz) =2xy" + xza()’z)

d
= 2xy* 4 2yx? d_y (use of product rule)
X




Chapter 6 — Differentiation and rational functions 257

Multiple-choice questions

1 The equation of the tangent of x> + y* = 1 at the point with coordinates (— %) is:

ﬁa
A y=—x B y=—x+2J2 C y=—x+1
D y=-2/x+2 E y=—-x+4++2
1
2 If f(x) = 2x% + 3x — 20, then the graph of y = m has:
X
A x-axis intercepts at x = % and x = —4
B asymptotes at x = % andx =4
C asymptotes at x = —% andx =4
- s (=3 =169
D alocal minimum at the point (73 , Tg)
E alocal maximum at the point (T’ @)
3 The coordinates of the points of inflexion of y = sinx for x € [0, 2] are:
A (3.1)and (=%, -1) B (m0) C (m, 0), (0, 0) and (2, 0)
w1 3w 1 S 1
D (1, 0) E (§.5) (F. 7)and (F, —5)

4 Letg(x) = e f(x) where fis a differentiable function for all the real numbers. There is a
point of inflexion on the graph of y = g(x) at (a, g(a)). An expression for f”(«) in terms of

f'(a) and fla) is:
A f"a)=fla)+ f'(a) B [fYa)=2f()f'(a) C [f'(a)=2f(a)+ f'(a)
D @=L E f'(a)=2f(a) - f(a)
f(a)
5 Given that x = #*> and y = ¢3 then Z—x is equal to:
N T T )
t 3t 2 3 2t

4 d
6 Ify=cos! (—) and x > 4 then & is equal to:
X dx

-1 —4 —4x 4 4
—— B —— C —— D E
/16 — x?2 /1 —16x2 Vx2—16 xv/x2—16 /x2—16
54
7 The coordinates of the turning point of the graph with equation y = x2 4+ — are:
X
A (3,0) B (-3,27) C (3,27 D (-3,0) E (3,2
(X d’y .
8 Fory =sin~ (5) ,x €[0,1]and y € [0, 7], ) is equal to:
1 B - T
A e (3) (4 — 27 € Gaiw

-1

—X
V4 — x2(4 — x?) E Ji—x2
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9 Which of the following statements is false for the graph of the function with y = cos™!(x),
forx € [—1,1]and y € [0, 7]?

The gradient of the graph is always negative.

There is a point of inflexion for the graph at the point (O, %)

The gradient of the graph has a minimum value of —1.

Caw»

The gradient of the graph is undefined at the point (—1, ).

E Atx:%,y:%.

1 d
10 Ify =tan~!( — ), then s equal to:
3x dx
-1 1 -3 9x?2

B C D —— E
3(1 + x2) 3(1 + x2) 3(1 + 9x2) ox2 + 1 Ox2 + 1)

Short-answer questions (technology-free)

d
1 Find 2 i
dx
a y=xtanx b y=tan(tan"'x) ¢ y=-cos(sin~'x) d y=sin"'Q2x—1)
2 Find /"' (x) if:
a f(x)=tanx b f(x)=log(tanx) ¢ f(x)=xsin"'x d f(x) =sin(e")
3 For each of the following, state the coordinates of the point(s) of inflexion:
a y=ux>—8x° b y=sin"!(x —2) ¢ y=log,(x)+1

3
4 a Sketch the graphs of /: [Tr, ;] — R, f(x) =sinxand f~! on the same set of axes.

b Find the derivative of /=1,
Find the coordinates of the point on the graph of f~! where the tangent has a gradient
of —2.

y

5 This is the graph of y = f(x). =2

Sketch the graphs of: :

1 :

a y= :

b y = f_l(x) ;/ 0 > X
6 These are the graphs of y = f(x) and y = g(x) ‘):

where f'and g are quadratic functions. y=/x) y=gx)

a Sketch the graphs of:

i y=f(x)ﬁg(x) (0, 1)

i y=——
f(IX)+g(>16) (-1,0)

ST e NI

(Oa _1)
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Use the points given to determine the rules

y=f(x)andy=g (x).
¢ Hence determine, in simplest form, the rules:
1 1 1

76+ g) MTES S

i y=7(x+egkx) i y=
Find Z—y by implicit differentiation.

a xz—)IC-ny+y2:1 b x?+2x+y*+6y =10
¢ THi=4 d x+ 12+ -37=1

A point moves along the curve y = x3

constant 3 cm/s. Find its velocity parallel to the y axis when:
b y=38

a x=26

Extended-response questions

1 The radius, » cm, and the height, # cm, of a solid circular cylinder vary in such a way that

the volume of the cylinder is always 2507 cm?.

a Show that the total surface area, 4 cm?, of the cylinder is given by 4 = 2mr? +
b i
ii

Sketch the graph of 4 against » for » > 0.
State the equation of asymptotes and the coordinates of the stationary points.
¢ What is the minimum total surface area?
A box with a volume of 1000 cm? is to be
made in the shape of a rectangular prism.
It has a fixed height of 40 cm. 4 cm? is
the total surface area and the other .

P

dimensions are x cm and y cm as shown .~

in the diagram. Express A4 in terms of x. - ycom

Sketch the graph of 4 against x. -
Find the minimum surface area of the
box and the dimensions of the box in this situation.

the box is k cm (k being a constant) while the volume remains 1000 cm?.

This diagram shows a solid triangular prism with edge
lengths as shown. All measurements are in cm. The volume
is 2000 cm?. The surface area is 4 cm?.

a Express 4 in terms of x and y.

Establish a relationship between x and y.
Hence, express 4 in terms of x.

Sketch the graph of 4 against x.

o & 6 T

Hence, determine the minimum
surface area of the prism.

in such a way that its velocity parallel to the x axis a

5007

40 cm

Find the minimum surface area of the box and the dimensions of the box if the height of
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8
2 4+ x2°

a Sketch the graph of g: [0, 5] — R, where g(x) =4
b i Find g’(x). ii Find g”(x).

¢ For what value of x is the gradient of the graph of y = g(x) a maximum?
d

Sketch the graph of g: [—5, 5] — R, where g(x) =4 — .
2+ x2

5 The triangular prism as shown in the diagram has a y 13x cm 3

right-angled triangle as its cross-section. The right

angle is at C, C’ for the ends of the prism. The volume
of the prism is 3000 cm®. The dimensions of the solid Sx em C 12x em
are shown on the diagram. Assume the volume remains

constant and x varies. ycm

a i Findy interms of x. 13x|cm

ii Find the total surface area, S cm?, in terms of x.

CAS

iii Sketch the graph of S against x for x > 0. Clearly 5y cm 12x cm
label the asymptotes and the coordinates of C'
Q’lcmh‘&. the turning point.
b  Given that the length of x is increasing at a constant rate of 0.5 m/s, find the rate at
which S is increasing when x = 9.
¢ Find the values of x for which the surface area is 2000 cm?, correct to two decimal
places.

6 The diagram shows part of the y
curve x> — y? = 4. PQ is parallel to
the y axis and R is the point (2, 0). RN
The length of PQ is p.

a Find the area, 4, of triangle POR in terms of p. '
dA S
b i Find —. JUIRR
ii Use yOllle' CAS calculator to help sketch .
the graph of 4 against p.

CAS

Cc® il Find the value of p for which A = 50

(correct to two decimal places).
dA
iv  Prove that . > ( for all p.

¢ O moves along the curve and P along the x axis so that PQ is always parallel to the y
axis and p is increasing at a rate of 0.2 units per second. Find the rate at which 4 is
increasing, correct to three decimal places when:

i p=25 ii p=4 iii p=150 iv. p=280.
(Use calculus to obtain the rate.)
7 Consider the family of cubic functions, i.e. /: R — R, f(x) = ax® + bx* + cx + d.

a Find f”(x).

b Find /" (x).

(cont.)
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Yoy 8°

10

Under what conditions does this family have no turning points?

i Find the x coordinate of the point where the gradient of this family is a local
minimum or maximum.

ii State the conditions for the gradient to be a local maximum.

e Ifa =1, find the x coordinate of the point where there is a stationary point of
y=f').

f Fory=2x>+ bx? + cx find:

i the relationship between b and c if there is only one x-axis intercept

ii the relationship between b and c if there are two turning points but only one x-axis

intercept.
. . 1—x?
The equation of a curve is y = ——.
p 1+ x? »
. ly —4x - y
a 1 Show that E = m ii Find W
1 — 2
b Sketch the graph of y = T il 5 - Label the turning point and give the equation of the
X

asymptote.

¢ With the aid of a CAS calculator, sketch the graphs of y =

2

d
y= ﬁ forx € [2, 2].
1 —x?

d The curve with equation y = e
x

1 —x? dy
a

e
1+x2’y ax

crosses the x axis at 4 and B and the y axis at C.

i Find the equation of the tangents at 4 and B.
ii Show that they intersect at C.
1
a Consider f(x) = tan™'(x) 4 tan~! <—) x#0
X
i Findf’(x). ii Ifx >0, find f(x). iii Ifx <0, find f(x).
b Lety = cotx where x € (0, m).
d d
i Find —y. ii Find Y in terms of y.
dx dx
¢ Find the derivative with respect to x of the function y = cot~! x where y € (0, ) and

x €R.

d Find the derivative with respect to x of cot(x) + tan(x) where x € (0, g)

The volume, V litres, of water in a pool at time # minutes is given by the rule
V= =30007 (log.(1 — &) + h) where & metres is the depth of water in the pool at time
¢ minutes.

V
a 1 Find T in terms of 4.

dv
ii Sketch the graph of o against 4 for 0 < h < 0.9.

(cont.)
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11

12

13

b The maximum depth of the pool is 90 cm.
i Find the maximum volume of the pool to the nearest litre.
ii Sketch the graphs of y = —30007 log.(1 — x), y = —3000mx and use addition of
ordinates to sketch the graph of V against 4 for 0 < 4 < 0.9.
¢ If water is being poured into the pool at 15 litres/min, find the rate at which the depth of
the water is increasing when 4 = 0.2, correct to two significant figures.

Consider the function f/: Rt — R, where f(x) = % — 32 + 16 log.(2x).

Find f”(x). *

Find /" (x).

Find the exact coordinates of any stationary points of the graph of y = f(x).
Find the exact value of x for which there is a point of inflexion.

State the interval for x for which f’(x) > 0.

Find, correct to two decimal places, any x intercepts other than x = 0.5.
Sketch the graph of y = f(x).

- & 6 T oo

An ellipse is described by the parametric equations x = 3 cos 6 and y = 2 sin 6.
a Show that the tangent to the ellipse at the point P(3 cos 0, 2 sin 0) is
2x cos 0 + 3y sin 6 = 6.
b The tangent to the ellipse at the point P(3 cos 0, 2 sin 6) meets the line with
equation x = 3 at a point 7.
i Find the coordinates of the point 7.
ii A is the point with coordinates (—3, 0) and O is the origin. Prove that OT is parallel
to AP.
¢ The tangent to the ellipse at the point P(3 cos 0, 2 sin 0) meets the x axis at Q and the
y axis at R.
i Find the midpoint M of the line segment QR in terms of .
ii Find the locus of M as 6 varies.
d W(—3sin0,2 cos 6) and P(3 cos 0, 2 sin ) are points on the ellipse.
i Find the equation of the tangent to the ellipse at 7.
ii  Find the coordinates of the point, Z, the point of intersection of the tangents
at P and W in terms of 0.

iii Find the locus of Z as 0 varies.
2 2
An ellipse has equation x_2 + 2}—2 = 1. The tangent at a point P(a cos 0, b sin 0) intersects
a
the axes at points M and N and O is the origin.
a Find the area of triangle OMN in terms of @, b and 6.
b Find the values of 6 for which the area of triangle OMN is a minimum and state this

minimum area in terms of a and b.
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14 A hyperbola is described by the parametric equations x = a sec 6 and y = b tan 6.

. . ) X
a Show that the equation of the tangent at the point P(a sec 0, b tan 0) can be written as —
a

sec 0 —%tanezl.
b Find the coordinates of the points of intersection, Q and R, of the tangent with the
asymptotes y = :I:b—)C of the hyperbola.
¢ Find the coordinates of the midpoint of the line segment OR.
15 A section of an ellipse is described by the parametric equations x = 2 cos 6 and y = sin 6
where 0 < 6 < g The normal to the ellipse at the point P(2 cos 0, sin ) meets the x axis

at Q and the y axis at R.

a Find the area of triangle OOR where O is the origin in terms of 6.

b Find the maximum value of this area and the value of 6 for which this occurs.
¢ Find the midpoint, M, of the line segment QR in terms of 6.

d Find the locus of the point M as 6 varies.

16 An electronic game appears on a flat y

-
>

screen, part of which is shown in
the diagram. Concentric circles of 0
radii one unit and two units appear
on the screen. pr
Points P and Q move around
the circles so that O, P and Q are

/ > X
collinear and OP makes an angle o 1 2 4
of 6 with the x axis. A spaceship

S moves around between the two

circles and a gun is on the x axis
at G, 4 units from O. The player

turns the gun and tries to hit the
spaceship.

The spaceship moves so that at any time it is at a point (x, y), where x equals the value of
the x coordinate of Q and y equals the y coordinate of P.

a Find the cartesian equation of the path C of S.

— 1
b Show that the equation of the tangent to C at the point (1, v) on Cisy = —ux + —.

. . . S v v
¢ Show that in order to aim at the spaceship at any point in it path, the player needs to turn

the gun through an angle of at most 2o, where tan o = g\/g .




7.1

Antidifferentiation

Antidifferentiation

The derivative of x* with respect to x is 2x. Conversely, given that an unknown expression has

derivative 2x it is clear that the unknown expression could be x>. The process of finding a
function from its derivative is called antidifferentiation.

Consider the polynomial functions f(x) =x*+1 and gx)=x*—7
Then flx)=2x and g'(x) = 2x

i.e. the two different functions have the same derived function.

Both x2 + 1 and x* —7 are said to be A

antiderivatives of 2x. If two functions y=x2+ l—»,
y= x2—\}
y=xt—1—>\,

have the same derivative on an ; .
+ Each of the graphs is a

¢ translation of y = x2
parallel to the y axis.

interval then they differ by a constant.
If two functions have the same
derived function then the graph of one

function is obtained by a translation / 0“/"-
. distance .y
parallel to the y axis of the other. 7 units
The diagram illustrates several e Yo 7units
antiderivatives of 2x. =7

264
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The general antiderivative of 2x is x> + ¢ where c is an arbitrary real number. The notation

of Leibniz is used to state this with symbols.
J' 2xdx =x*+c¢

This is read as ‘the general antiderivative of 2x with respect to x is equal to x* plus ¢’ or ‘the

indefinite integral of 2x with respect to x is x> + ¢’.
To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise

this, it is written as shown.
J 2xdx = {f(x): f'(x) =2x} = {x*+cic € R}

The set notation is not commonly used but it should be clearly understood that there is not a
unique antiderivative for a given function. The set notation is not used in this text but it is
advisable to keep it in mind when considering further results.

In general, F and f are functions such that:

If F'(x) = f(x)

J f(x)dx = F(x)+ ¢, where c is an arbitrary real number

Note that F'(x) is an antiderivative of f(x).
In Essential Mathematical Methods 3 and 4 the following rules for integration were

established:

J®) Jf(x)dx
xn+1
" -1
X", n# n 1 +c
xLx>0 log, x + ¢
1
xl=—,x#0 log,|x| + ¢
X
! 4t L logelax + 5| +
——— X # — — log,
ax +b > a A ¢
ekx+d lekx+d_l_c
. 1
sin(ax + b) ——cos(ax +b)+c
a
1
cos(ax + b) —sin(ax + b) +c¢
a
1
b)Y bn+1
(ax + b) 7a(n+1)(ax+ )T +c




266 Essential Specialist Mathematics

The definite integral
Jb f(x)dx = F(b) — F(a) where F is any antiderivative of f

b
and J f(x)dx is called the definite integral from a to b.

a

The number a is called the lower limit of integration and b is called the upper limit of
integration. The function fis called the integrand.

Example 1

Find antiderivatives of each of the following:
a sin(3x — ;) b &t c 6x° — —
Solution

a sin<3x - ;) is of the form sin(ax + b)

—1
From the table J sin(ax + b)dx = —cos(ax + b) + ¢
a

I sin<3x — ;) dx = _—1 cos<3x - g) +c

3
2
b 314 is of the form e +¢ c J 6x° — = dx = J 6x> —2x 2 dx
X
J' At gy — lekx+d L 6x4 —1
= T —|—2x +C
1
J A Mdx =~ 4 34,2
3 = Ex +—-+c
X

Example 2

Evaluate each of the following integrals:

= 1 T 1
a Jz cos(3x)dx b J X —efdx ¢ J " sec?2x)dx  d JO V2x + Tdx
0 0 0

Solution

SE

1T

a JOE cos(3x) dx = [% sin(3x):|

= %(sin(%n) — sin(0)>
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¢ From Chapter 6 it was found that if f(x) = tan(ax + b) then
f'(x) = a sec’(ax + b).

1
Hence J sec’(ax + b)dx = — tan(ax + b) + ¢
a

,

col3)

sec’(2x)dx = [1 tan(2x)]0§
1 n
=3 (tan— — tan 0)
4

=1(1-0)

I
W=
N
~
()
+
—
e
[\
|
—
L
1

Il
W —
N
w
[\S]IO8)
|
—_
S~

1
In the previous chapter it was shown that the derivative of log.(|x|) = —.
X

And by the chain rule the derivative of log.(|ax+ b|) = .
ax +b

1
Hence an antiderivative of = — log.(Jax+ b|).
a

ax +b

[

a Find an antiderivative of
—1

1

0 4x +2

b Evaluate J
dx + 2

dx

c EvaluateJ
2 4x 42
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Solution
1 1
I is of the form P and J P dx = P log, (lax +b|) + ¢
1 1
dx = -1 4 2
.[4x+2 x = glog (i 2 +¢
| 1 !
dx = | - log, |4x +2
JO PR [4 og, [4x + IL
1
= 7 (log,(6) — log,(2)
6
=3 0og,
1 1 1 -1
dx = | - log, |4x +2
L L [4 og, |4x + IL

1
= ;(log,(| =2 ) — log.(| =61)

11 1
= — 10 -
4 %% \3

1
= ——log,(3
7 log.3)

Graphs of functions and their antiderivatives

In the following, F and f'are functions such that 7''(x) = f(x), i.e. F(x) is an antiderivative

of f.

Example 4

Consider the following graphs of y = f(x) and y = F(x).

y
ﬁ A
y=fx)
i y=F(Xx)
’ 0, 1)
5 > X 0 > X

Find: a f(x) b F(x)
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Solution ,
a f(x)=mxandas f()=1,m=1 b F(x):%—l—c (by
fx)=x antidifferentiation)

But F(0) = 1 and therefore ¢ = 1

2
ie. F(x) = % +1

Note: The graph of y = f(x) is the gradient graph for the graph of y = F(x).
It has been shown that there are infinitely many graphs defined by J' f(x)dx.

The graph of y = f(x) is as shown.
Sketch the graph of y = F(x) given that F(0) = 0. y =)

-1,2)

Solution y
y = f(x) is the gradient graph of y = F(x).

Therefore the gradient of y = F(x) is

always positive. The minimum gradient

is 2 and this occurs when x = —1. There is 1

a line of symmetry x = —1 which indicates : > X
equal gradients for x values equidistant from
x = —1. Also F(0) = 0. A possible graph is shown.

Example 6 y
— — A

The graph of y = f(x) is as shown. Sketch the graph of
y = F(x) given that F(1) = 1.
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Solution y
y = f(x) is the gradient graph of y = F(x).
Therefore the gradient of y = F(x) is positive
for x > 2, negative for x < 2 and zero

forx = 2.

(1, 1)
A possible graph is shown.
0 2 3
1 Find an antiderivative of each of the following:
2
a sin(2x + E) b cos(mx) ¢ sin il d e3xtl
4 3
1 3
e Ut T g %) h 6xX3 =232 +4x+1
2x + 1
x+3
2 Evaluate each of the following integrals:
1 2 1
a | e —ed bJ322 4d cJ dx
.[—16 e X . X+ 2x + X 0 3x 12
3 33 1
d J sin 2x dx e J — dx f J cos(x) + 2x dx
0 2 X 0
1 ui g
g J ¥ +xdx h chos(4x)dx i Jzﬁ sm%xdx
0 0 -3
. % 2 Jl 1 0 1
sec” x dx k dx 1 J d
. Jo 3 3x -2 _14—3xx
3 Find an antiderivative of each of the following:
1
2)° b +3x+42 —_—
a (Bx+2) X+ Gr 127
] e cos 3x f (5x—1"3
x+1 2
4 For each of the following find the rules for f(x) and F(x) where F'(x) = f(x):
y
a Y A
A
(1,2) -1, 4) y=F(x)
y=fx)

> X




y
A y=/x)
a parabola
(1,4)
0 =
Y
A
0 (2,0)
/ > X
y=f(x)
0.-8) \ 73 parabola
y
A
y=1t)
(v = aeb)
0

(~log,2,-2) /

y(E
A 2

3

(m, 0) (2m, 0)
> x

y=1/x)

Chapter 7 — Antidifferentiation

y

A

y = F(x)

(m, 4)

y=F)

> X
(2r, 0)

271
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f y Y
A

0,05 e

y=T
> X > X

(- 25)

5 For each of the following the graph of y = f(x) is shown. Sketch the graph of y = F(x) for
each of them where F'(x) = f(x) and the value of F(0) is given:

a y b 1

\\“ y=/x)

y=f)

S
/V
=
|
S
Y
=

F(0)=0 F0)=1
c y d y
A A
y=fx) (=3, 4)
y=fx)
(1,2 o
0 = 0 > X
/—5 _1
£0)=0 F0)=0
e y f Y
A A
N o _
ol —"2 " 0 3
Yy =fx)
F(0)=2

F(0)=0
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7.2 Antiderivatives involving inverse
circular functions

In Chapter 6, the following rules for differentiation of inverse circular functions were
established.

fi(—a,a) > R, f(x)= sin_lg,f’(x) = b

a? —x2
1

f%—maye1{f@)=0%42uf@)236%f§

a
a? + x?

ﬁReRJ@:Wﬁ?ﬂ@:

From these results, the following can be stated:

1 X
J—dx:sm 'Z4¢ xe(—a,a)
a? — x2 a

—1 X
Jidxzcos ' 4+¢ xe(—a,a)
aZ_x2 a

a X
J—dx:tan_1—+03 x €R
a? + x? a

1

. . X X .
It can be noted from this that sin™' = + cos™'= = —(¢| + ¢,) and it can be shown that
a a

L X 1 X ™
sin 1—+COS 127 — for all x € (—a, a).
a a 2

273

- e

Find an antiderivative of each of the following:
1 1 1
b —— c ——
V9 —x? V9 — 4x? 9 + 4x2

Solution

a

J Ly 1 1 1
c ——dx = | ——— = | —/—
9 + 4x2 142 2 2J 9

X (4+x) 1
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Example 8

Essential Specialist Mathematics

Evaluate each of the following definite integrals:

1 1 2 1 3
a —dx b J dx c J ——dx
Jo V4 — x? 0 4+ x2 0 /9 — 4x2
Solution

I
@,
=
N
N
N —
N~
|
23
=
L
S
Il
= N—
| |
Iy
=
L
N
N =
N—
| EE—
(=} [\S]

o = ltan™'1 — tan™' 0)
=5 K
! 3 ! 3 8
¢ | dx= | =
0 /9 —4x? 02/§—x2
! 1
Y .
o 2y
> 1
-1 (3)]
371
:%sin_I%
~ 1.095
1 Evaluate each of the following integrals:
J’ dx dx dt
g b [ ¢ |15
V9 —x2 5+ x2 1+1¢2
d J >4 J >4 f j dx
——dx e | ——dx e
V5 —x? 16 + x? /16 — 4x?
10 dt . dx
e [ Aa o [h i
10 — £2 9+ 16¢2 /5 — 252
7
i | ——d
! J3+y2 7
2 Evaluate each of the following:
) 73 b5
a dx b J ——dx c J' ——dx
Jo 1+ x? 0 /1—x2 0 /4 — x2

3 2
5 6 3 3 J' dx
f _
Jo 25—|—x2dx ¢ Jo 9+4x2dx 0 8+ 2x
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[NSYEo8)

e ]

_J'2 dx
Vo T

7.3 Integration by substitution

In this section, the technique of substitution is introduced. The substitution will result in one of

the forms for integrands reviewed in section 7.1.
First consider the following example.

Example 9

Differentiate each of the following with respect to x:

a (22 +1) b cos®x c e

Solution
a Lety=(2x"+ 1)

d d
Letu =2x* + 1. Theny = u°, D syt and 28— 4x,
du dx
By the chain rule for differentiation:
dy  dydu
dx  dudx
= 5u* 4x
= 20u’x
=20x(2x? + 1)*
d d
b Lety=cos®x. Letu = cos x. Theny = u°, d_y = 3u? and d_u = —sinx.
u X
By the chain rule for differentiation:
dy dy du
dx  du dx

= 3u?. (—sin x)
=3 cos® x(—sin x)
= —3 cos® x sinx

d
c Lety:e3x2.Letu:3x2. Theny = €, d_u = 6x and d_y =e".
X u
By the chain rule for differentiation:

dy dydu
dx — dudx
=e"-6x

= 6xe™
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Example 9 suggests that a ‘converse’ of the chain rule can be used to obtain a method for
antidifferentiating functions of a particular form.
From Example 9a J 20x(2x* + Dtdx = 2x* + 1Y +¢

is of the form J 50" ()[h(x)]* dx = [h(x)]® + ¢ where h(x) = 2x% + 1)
—3cos’ xsinxdx =cos’x + ¢

From Example 9b

is of the form 3h'(x)[h(x)]* dx = [h(x)]® + ¢ where h(x) = cosx

For Example 9¢ 6xe™ dx = & +c

is of the form W (x)e"™) dx = ") 4 ¢ where h(x) = 3x?

—

This suggests a method that can be used for integration.

2 1 6
e J 2x(x? 4+ 1) dx = % Yo [h(x)=x>+1]
.3
J cos x sin’ x dx = s +c [A(x) = sinx]

A formalisation of this idea provides a method of integration for functions of this form.
Lety = J'f(u) du where u = g(x).

The chain rule for differentiation gives:

dy dy du
dx  du dx
du
= f(u)- dx

du
Cy=rw S ax

and this implies:

Jf(u)j—z dx = Jf(u)du

This method is called the change of variable rule or the method of substitution.

Example 10

Find antiderivatives of each of the following:

1 2
a sinxcos’x b 5x%(x* —1)2 c 3xe"
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Solution
a Jsinx cos® x dx

Let u = cosx. Then f(u) = u? and d_u = —sinx and thus:
X
5 , du
—J cos” x(—sin x) dx = —Jf(u)— dx
dx
= —Jf(u) du

= —Juzdu

—u?

-+
3 c
—cos’ x

3

1
b J 5x2(x3 — 1)2 dx

14
Let u = x> — 1. Then f(u) = u? andd—u — 322,
X

1 5 1
J 5x2(x — )2 dx = 3 J (x> — 1)23x%dx

c J?axexzdx
du .

Let u = x2. Then f(u) = ¢" and
dx

J3xe"2 dx = %J e’ 2x dx

du
:%Jf(u)adx
:%Je“du
=%e”+c

2
e’ +c

\SJIV8}
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- [EEm

Find antiderivatives of each of the following:

2 3
ST e b ——
XT+2x+6 (9 —4x — x?)2
Solution
J 2 d J 2 dx (completing th )
—— adxX = —_— adX complietin € square
242 +6 24145 pleting the 5q

_J 2 d
et

d
Letu =x + 1. Then d_u = 1 and hence
X

du

2
J(x+1)2+5dx=Ju2+5

b J 3 T dx —J 3 T dx
[—(x2 +4x —9)]2 (x2—|-4x—|-4) 9 —4])2

= | dx

(- [<x+2)2 13])2

J _dx

[13 — (x + 2)212

du
Letu =x +2. Then — =1
dx

3 3
and J' 1dx=J—1du
[13 — (x +2)?]2 (13 —u?)2
=3 sin IL—i—c
V13
2
=3sin! (> + )+c
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Linear substitutions

The antiderivative of expressions such as:

2 5 2 4
(2x +3)v3x —4 J;C—i__4 (xx+—|—2)2 Qx +4)(x +3)°  x*V3Bx—1
T

can be found using a linear substitution.

- A

Find an antiderivative of each of the following:

2x + 1
a 2x+ DHvx+4 1 =22y c x¥*/3x—1

Solution

a J(2x+l)\/x+4dx
du
Letu =x+4. Then — =landx =u — 4
dx
|
J' 2x + Dvx +4dx = J 2u—4)+ 1]u2 du
1
=J(2u—7)u2 du

3 1
:JZuZ — Tu2 du

5 3
=2 (%Lﬁ) -7 (%Lﬁ) +c

4 2 -
=z(x+4)2 - Fx+4H2+c

2x + 1
ATy
b J(I—Zx)z *

Letu:1—2x.Thend—u=—2and2x=1—u
X

2x + 1 2—u
(1 —2x) u

J2—udu

u? dx

dx

1 -2 -1
__EJ'2” —u du

= —%(—Zu’1 — log,|ul) + ¢

=u '+ %logelul +c

1
= 1_2x—|—%loge|1—2x|+c
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c Jx2v3x—1dx

d 1 1)?
Letu=3x—l.Then—u=3andx=i.Thereforex2= @+ .
dx 3 9
12
= [

Jx2v3x — 1ldx

%J(wr 1)2u%(3)dx

Ld
(u? + 2u + Du?2 —udx
dx

5 301
%J <u2 +2u2 +u2) du

2 1,24 24 1
27U (7” + 5”"’3)"‘6

3
22:(x — D2 [153x — 1 +423x — 1)+ 35)] + ¢

3
ﬁ@x —1)2 (135x> +36x + 8) + ¢

(@ & @)

obtain the required form.

From the Calculus menu choose Integral

The derivative template can also be directly
obtained through the Template menu of the

Use factor from the Algebra menu to

Using a Tl-Nspire calculator

4 1.4 PRAD AUTO RECT g |
j.(xz-d}x—l )dx
2 2
2x2-(30x-1) 2 +8-3:-(3-x—1)2 N 16-(3-x-1)»
catalog. Press (=) and then (. 2n 315 ... 2835
2 2
. 2- ’r— 2 . - — 2
ractord 2% (3e-1) +81(3x 1)
21 315
22|
= R s e
1o LOO2
2 El
. 2- oy— 2 Y. oY 2 .
ol 2% (3x-1) +3;:(3x 1) +£('
21 315
ES
2-(3x-1) 2 (135-x2 +36-x+3)
2835
| ™
2/99||
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Using a Casio ClassPad calculator
Enter \/x2 (3x — 1) and select it. Then

choose Interactive, then Calculation and EHH!EEJ%H-H-
then J . Make sure that Indefinite integral a =
) . . fxz < f3-x-1 dx
is selected and x is the variable. o
Now apply simplify to the resulting e 3x-1 16443 -1
expression.
o g18ex T3,
simplify{ —M
3
.x2+36-x+8)-(3-2-1) 2
2835
O
=

Ala Standard Cplx Rad dqm]

Exercise 4@

1 Find each of the following:
cos
a J 2x(x? + 1)3 dx *

sin” x

c Jcosxsin3xdx d J dx

(2+1)2

b |
e J(Zx-i—l)sdx f ISxmdx g JX(x2—3)5dx h Jx(x2—3)5dx
i [

2
J Gx + 1)} dx k J (x? = 2x)(x® = 3x% + 1)* dx

1 + x
3x

——d. J dx
J 21 R

2 Find antiderivatives of each of the following:
1
L b — L S S—
x2+2x +2 x2—x+1 V21 —4x — x2
1 1 1
- e — f —
10x — x2 —24 V40 — x2 — 6x 3x2+6x +7
3 Find an antiderivative of each of the following:
6x
a x+/2x+3 b xv1—x c —— d 2x+1)+/3x —1
) { (Bx —7)2 1 s .

X — 1 Y —
—_— f 3)v3 1 +2)x+3)3 h ——
—T C+HVEFT & @A+ T 17

. X
i xXVx—1 J

x —1
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7.4 Definite integrals by substitution

Example 13

4
Evaluate J 3xvVx2+9dx.
0

Solution

du
Letu = x> +9, sothat — = 2x.
dx

Then J 3xvx2+9dx = %

3
= = 2 —
5| u dx

I
N
e~ — —
<
N —
U
<

Il
[S1[o8)
WIN

<

YL

N——
+
9)

3 2 3
=u2+c=x"4+9)2+c

J: 30/ 1 9dx = [ +9)%];1
3 3
=252 —92
=125-27
— o8

In a definite integral which involves the change of variable rule it is not necessary to return to
an expression in x if the values of u corresponding to each of the limits of x are found.

Thus x =0 impliesu =9

and x =4 1implies u = 25

3 (2 1 372 377
and the integral can be evaluated as > J u2du = - [—u 2}

Example 14

Evaluate the following:

T 1

™ -
a chos3xdx b J 2x"e" dx

0
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Solution

T
2 2

a J cos’ x dx = J cosx(cos® x)dx = J
0 0 0

w3

cosx(1 — sin® x) dx

Letu = sinx. Then au = COSX.
dx
When x = g u=1andwhenx =0, u =0

1 3
-, integral becomes J (1 —u¥)du = [u — u_]
0 3 0

1

=1-1

2

3
1 3
b J 2x2e" dx
0

d
Letu=x3.Thend—u =3x>. Whenx =1, u=1andwhenx = 0,u =0
X

1
" %J ex3-(3x2)dx=§J' e du
0

= 3le"y
=3(e' —¢")
=3e—1)

éi:\“s"eef 1 Evaluate the following definite integrals:

=

'?ACH@'

25

3 E
J xvVx2+16dx b j 4 cosx sin® x dx
0 0

sinx cos® x dx d

U
=
et

283
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7.5 Use of trigonometric identities for integration
Products of sines and cosines

Integrals of the form J'sin’” x cos” x dx, where m and n are non-negative integers, can be
considered in the following cases:
A misodd B misevenand nis odd C m and n are both even.

Case A:;

If m is odd, write m = 2k + 1. Then sin?**! x can be written
(sin® x)¥sin x = (1 — cos? x)* sin x. The substitution « = cos x can now be made.

Case B:

If m is even and 7 is odd, write n = 2k + 1. Then cos?**! x can be written

(cos? x)f cos x = (1 — sin? x)* cos x and the substitution # = sin x can now be made.

Case C: | 5 Lt cosa

. . — cos2x cos 2x
If m and n are both even, the identities sin? x = — or cos’x = — or
sin2x = 2sinx cos x can be used.

1
Also note that Jsec2 kx dx = 7 tan kx + c. The identity 1 + tan’? x = sec? x is employed in

the following example.

- EEEE

Find:
a J cos? x dx b J tan® x dx c J' sin 2x cos 2x dx
d J cos* x dx e J sin® x cos® x dx

Solution

a Use the identity cos 2x =2 cos> x — 1.
By rearrangement of the identity:

5 cos2x +1
cos"x = ————

and thus:

2 1
Jcoszxdx =J'%dx

= 1Jcost—l—ldx

(% sin 2x —|—x) +c

Bl= = NI

. X
s1n2x+5+c
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b Use the identity 1 + tan® x = sec? x.
By rearrangement of the identity, tan® x = sec® x — 1
J tan’ x dx = J sec’x — ldx
=tanx —x +c¢
¢ Use the identity sin 26 = 2 sin 6 cos 0.

Let 6 = 2x. Then sin4x = 2sin2x cos 2x and sin2x cos2x = % sin 4x

J' sin2x cos 2x dx = %J sin4x dx
= % (—%cos4x) +c
= —%cos4x +c
2x 4+ 12
d cos*x = (cos’x)’ = (COS ;—i_ )

= }‘(cos2 2x +2cos2x + 1)

As cosdx = 2cos?2x — 1

4x + 1
costx = % [(%) + 2cos2x + l:|

cosdx + %cost + %

1
-8
', J cos*x dx = J %cos4x + %cost + %dx
= % sindx + %sian + %x +c
e J sin’ x cos? x dx = J sin x(sin” x) cos® x dx
= J sinx(1 — cos® x) cos’ x dx
du .
Let u = cosx. Then — = —sinx
dx
- —J (—sinx)(1 — 12)(u?) dx

d
= —J (1 - uz)uzd_“ dx
X
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gt:‘“sh%, 1 Find an antiderivative of the following:
& a sin’x b sin*x ¢ 2tan’x d 2sin3x cos3x
“acne’ e sin’2x f tan’2x g sin’ x cos® x h cos’x —sin’x
i cot’x j cos®2x
2 Find an antiderivative of the following:
a sec’x b sec’(2x) ¢ sec? (%x) d sec?(kx)
2 2 2 2 20, T
e tan“(3x) f 1—tan“x g tan“x —sec x h cosec” (x 7
3 Evaluate the following definite integrals:
a stinzxdx b J4tan3xdx c stinzxcosxdx
0 0 0
T T T
d J cos” x dx e J sin” x dx f J sin” 2x dx
0 0 0
z 1
g J > sin x cos® x dx h J sin® x 4+ cos® x dx
0 0
4 Find an antiderivative of each of the following:
L3 X
a cos’x b sin’ Py ¢ cos?(4mx) d 7cos’t
e cos’(5x) f 8sin*x g sin’x cos*x h cos’x
7.6 Partial fractions
Example 16
Express — as a single fraction.
2x+1 x-—-1
Solution
5 3 S(x—1D-=32x+1)
2x+1 x—-1  (x+Dx-1
_ Sx—5—6x—3
x4+ Dx—1)

_ —x —8
T x4+ Dx—1)

Sometimes it is essential to reverse the process, i.e. to take an algebraic fraction such as
—x — 8 . . - .
————— and express it as the sum or difference of several partial fractions.
2x+Dx—-1)
9x +1 A B

-3+ x—3 xtl

e.g. Find 4 and B such that:
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The symbol = which means ‘is identically equal to’ signifies that the two expressions are
equal for all allowable values of x.
Expressing the right-hand side with a common denominator:
Ox +1 _Ax + 1)+ B(x —3)
x=3)x+1)  (x=3)x+1

which means:

Ox +1=A(x + 1)+ B(x —3)

Two polynomials of degree n are equal if they coincide for more than » values.
Therefore, if values of 4 and B are found such that the polynomials 9x + 1 and
A(x + 1) 4+ B(x — 3) are equal for x = —1 and x = 3, they must be equal for all values
of x for these values of 4 and B. The values that have been chosen are for convenience. The
result can be achieved through a choice of any two values for x.
B Whenx=-1,9%+1=—-8and A(x + 1) + B(x — 3) = —4B.
For the two polynomials to be equal —4B = —8 and therefore B = 2
B Whenx=3,9x+1=28andA(x+ 1)+ B(x —3) =44
For the two polynomials to be equal 44 = 28 and therefore 4 = 7
Thatis,A=7and B =2
9x +1 7 2
(x—3)(x—|—1):x—3+x+1
This technique holds for an algebraic fraction with non-repeated linear factors in the

This implies:

denominator,
ay n—1 — n—2 L. A A An
ie. X tano¥ bt = L 4 LA
(x—x)x —x)x —x3)...(x —x,) XxX—X1 X—X3 X — Xy
9 1
Find J ol dx.
x—=3)x+1
Solution
Using the partial fractions found above:
9x +1 7 n 2
x—=3)x+1) x-3 x+1
9 1 7
and thus: JL x:J'—dx—{—J dx
x=3)x+1 x—3 x+1

= Tlog,|x — 3|+ 2log,|x + 1|+ ¢

Using the logarithm rules:

9x + 1
—  _dx=log,|x =3 |Ix+ 1 +¢
J@—$u+n gelx =311
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Special case 1
If the degree of the denominator is less than or equal to the degree of the numerator, then

division must take place first.

Example 18
Express xz 2 as a partial fraction and hence find J X2 dx.
x2—1 x2—1
Solution
Dividing through:
x} 4 x
X —1)x5+2
S — i3
3
X3 —x
x+2
¥ +2 x+2
o =x +x+x2_1
Expressing x2+ 2 = X2 as partial fractions:
x>—=1 x—-Dx+1D
x> 42 3 1 3
e R TEN A TERE
Therefore:
x> 42 1 3
Jxz——ldx:JX3+X_2(x+1)+2(x—l)dx
=x_4+x_2_110g |x+1|+§1og |x — 1]
) x% 12 e|x 1|32 e
:x4+?+§1°ge<|x+1|>

Special case 2
When the denominator is a perfect square quadratic, the following technique can be used.

Example 19
1 3 1
Express Eah in partial fractions and hence find J rt X.
(x +2)? (x +2)?
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Solution
o 3x+1 a b
Writ =
M T xr2 Tty
Then Ix+l=ax+2)+b
When x=-2
—5=5b
when x=0
1=2a+5b
a=3
3x + 1 _ 3 5
(x+2?2 x+2 (x+2)7?
3 1 3 5
and Jidx=J - dx
(x +2)? x+2  (x+2)?

5
=31 2|+ ——
og,|x + 2| + +2—|—c

1 Decompose each of the following into partial fractions and find their antiderivatives:

7 x+3
(x —2)(x +3) x2—=3x+2
2x? 2x + 1
d e ———
x?—1 x2+4x + 4

2 Find an antiderivative of the following:

2x —3 Sx +1
x2—5x+6 x—Dx+2)
4x + 10 x4+ x2—-3x+3
x2+5x + 4 x+2
3 Evaluate the following:
2 1 1 1
J ——dx b J ———dx
1x(x+1) o (x+Dx+2)
1 3 7
d J dx e J L X
ox2+3x+2 2 (x+3)(x—1)
J x+2 Jl 1 —4x
g x
2x(x+4) 0 3+x—2x2
J2 1 —4x
U IS T

2x +1
x+Dx—-1)

4x —2
(x—=2)(x+4)

x3—2x2—-3x+49

x2—4

x> 43
2

X®—X

3 x =2
I RN N

32 6
fJ x dx

2 (x —1)2

2
Jl x(x—4)dx

289
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7.7 Further techniques and
miscellaneous exercises

In this section, the different techniques are used and arranged so that a choice must be made
of the most suitable one for a particular problem. Often there is more than one appropriate
technique.

The relationship between a function and its derivative is also exploited. This is illustrated in
the following example.

Example 20

1
2
a Find the derivative of sin~'(x) + x+/(1 — x2). b Hence evaluate Jo V(I =x?)dx.

Solution
a Lety=sin"'(x)+xv1—x2
ay = L + ( 1—x2+ m) (using the product rule for x+/1 — x2)
dx  J1—x2 V1=x2
_ 1 n 1 —x?—x2
V1 —x2 V1 —x2
21 — x?)
V-

=2y 1 —x2
2V1 —x2dx =sin"'(x) +xv1 —x2+¢

b Froma

—_—

N—

1
J 21— x2dx = [sin '(x) + xv/1 — x2]2
0

1
Jz V1—x2dx = %[sin*1 (4) + 4/1 = (4)? = (sin™ ' (0) + 0)]
0
R | 3
=3le 7]
ay 3
T3
12 8
a Find the derivative of xe?*. b Hence find Jxez’C dx.
Solution
a Let y = xe**
d
A _ o + 2xe®

dx



b .. Jezx +2xe* dx = xe* + ¢
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2Jxe2x dx = —J e dx +xe® + ¢

2Jxe2xdx = —%ez" + o+ xe¥ 4 ¢

10

11

12

13

291

J'erx dx = 1 (—1e* +xe¥) + = —; a
Let c= 2t
2
J'xez" dx = —%ezx + %xez" +c
If Jl ! d 1 find Evaluat J' o d
———dx =log, p, find p. valuate sin x cos x dx.
0 @+ D +2) Be P ANEP 0
1 2x %
EvaluateJ dx. Evaluate J' sin’® x cosx dx.
0 14e” 0
4 z d
Evaluate J A Find c if J 6 LosTax = log, c.
3 (x —2)(x+1) o 1+sinx
6 2
Find an antiderivative of sin 3x cos® 3x. If J ! dx = log, p, find p.
4 x2—
6 3
If| ——dx=1 , find p.
L x2Sy g4t T 0% NP
Find an antiderivative of:
COS X 5 3 . 2 3 e’
2 d ———
S b x(@x+1) ¢ sin”xcos’ x o e 11
3 x
Evaluate J ———dx.
0 /25— x2
Find an antiderivative of each of the following:
1 1 1 1
(x+12+4 V1 =952 V1 —4x2 QCx+12+9

Let f: (1, 00) — R where f'(x) = sin~! (%

a Find /' (x).

b Using the result of a find J
2 x4/x — 1

4 1
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14

15

16

17

18

19

20

21

22

For each of the following, use an appropriate substitution to find an expression for the
antiderivative in terms of f'(x):

' J'(x)
2 | S ds [ s ax
J [f()1?
!
J L@ e o) >0 d J £y sinl £(x)] dx
JS(x)
dy o 2 8 —3x
If y=x+/4 — x, find — and simplify. Hence evaluate J dx.
dx 0 /4 —x
2x3 — 11x% +20x — 13
Find constants a, b and ¢, such that: al (; _2)2 al =ax+b+ o _c ek
2x3 — 11x% +20x — 1
Hence ﬁndJ il 20 3 dx.
(x —2)?

Evaluate each of the following:

™ 1
- 0 3T 1
4 ., 3 sinx
2xdx b J 14— 2x)/x? — lax + 1d 9J d
a Jo sin” 2x dx —1( X)X X X c _%wm X
tan’x dx f

2 m .
e dx 2 sinx
J e J J —dx
e xlog,x 0 0 2+cosx

Find J sinx cos x dx using:

ISE

a the substitution u = sin x
the identity sin(2x) = 2 sin x cos x

d 1
a Ify=log,(x +vx?+1)find % Hence ﬁndJ sz—T dx.

7

d 1
b Ify =log,(x ++vx?—1) find % Hence show that Jz «/ﬁ dx =log,(2 + V3).

Find an antiderivative of each of the following:

1 2
1 b o . 4+ x a4 5
4+ x? 4 —x? x 4+ x?

1
¢ — f —— g xv4+x? h xv4+x
4+ x2 1 + 4x?
X
1 . 1 K X

4—x V i 4—x V4 —x?

a

d
a Ify=uxcosuxfind d_y and hence find Jx sin x dx.
X

a

b Hence evaluate J (x —r)sinx dx.
0

3xP—x+2

5 dx =c+log,d.
2 Xt —

Find constants ¢ and d such that J
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23 a Differentiate f(x) = sin(x) cos"~!(x).
b Hence verify that nJ cos” x dx = sin(x) cos" ' (x) + (n — I)J cos"2(x) dx.

¢ Hence evaluate:

s s
i J g cos* x dx ii J : cos® x dx
0 0
s @
iii J ? cos* x sin® x dx iv J ! sec*(x) dx
0 0
24 Evaluate:
x dx 2
J b J x(x — 1) dx
(x+1)y 1

1
25 a Evaluate J (14 ax)* dx.
0

b For what value of a is the value of this integral a minimum?

. . asinx —bcosx .
26 a Differentiate —— — with respect to x.
a cosx + bsinx
ol

2 dx
b Hence evaluate J - .
0 (acosx + bsinx)?

’1T

27 LetU, :J4 tan” x dx where n € Zand n > 1.

0 . 13 =
a Express U, 4+ U, _; in terms of n. b Hence show that Ugs = 571
1
28 a Simplif .
P 1 +tanx + 1 + cotx
T de 7 d
b Letd= T —B.Showthatj P9 J : —d)
2 o 1l+4+tan6 o 14cotd
3 do
¢ Use these results to evaluate J : _
o 1-+tan6

[

293
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Chapter summary
1 L (X
u Jﬂdx:sm (;)—{—cl

—1 X
———dx =cos ! <—) +c
J a’ — x? a ?
a X
9t (5) e

J a’ + x? a :
B Change of variable rule or method of substitution

d
J f(u)d—” dx = J f(u)du, where u is a function of x
X

B Linear substitution

2 4 2 5
The antiderivative of expressions, such as (2x + 3)+/3x — 4, s *t

and , can
J3x =5 (x +2)?

be found using linear subsitution.

Consider J f(x)glax + b)dx

Let u=uax+5b
u—>b

a

Then X =

and J f(x)glax +b)dx = J f (ua;b> g(u)dx

= ll[f<u_b)g(u)du
a a

B Definite integration involving the change of variable rule

Let u =g(x)

b du g(b)
Then J f(u)—dx = J f(u)du
a dx g(a)

B Use of trigonometric identities
sin2x = 2sinx cosx
cos2x = 2cos’x — 1
=1-2sin’x
= cos’x — sin’x

1 + tan®* x = sec®x
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B Partial fractions

ax +b
(x —x)x —x3)
ax +b Ay A

C_)e—x)  G—x)  x-x

For the algebraic fraction

ax +b
x —x1)?
ax +b A B

ey R .

B For the algebraic fraction

B If P(x) and Q(x) are polynomials in x and the degree of P(x) is greater than or equal

should be written in the form

to the degree of Q(x), then the algebraic fraction

Py R(x)
o~ Tt o0

where the degree of R(x) is less than the degree of Q(x) before partial fractions are

considered.

Multiple-choice questions

1 An antiderivative of x+/4 — x is:
A (4-x)—3@d-x)7 B X4 -x) C L(@4-x)
D $@4—x)7-2(@4-x)} E 2(4-x)7-3@-x):

m 3
2 J tanx sec’ x dx = 2 where m € (0, 7). The value of m is:
0

A 05 B 1 c I D T E

ola

3 An antiderivative of tan (2x) is:
A 1sec?(2x) B 1log(cos(2x)) C 1log,(sec(2x))
D llog(sin(2x)) E 1tan®(2x)

T sin(2x) .
4 —d 1 to:
J'% 2 + cos(2x) 1S equatio
1 1 1
A 5 B 1oge(75) C log,2 D Jlog,2 E 1

s

3
5 J sinx cos’ x dx written as an integral with respect to u, where u = cos x, is:
0
! 3 :
A J udu B J' udu C J w1 — uldu
0 1
1
3
D Jl w1 —udu E J uldu
! 1
2

o NI
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2

6 The value of J cos® x — sin® x dx correct to four decimal places is:
0

A —0.0348 B 0.0349 C —0.3784 D 2.0000 E 0.3784
2

7 An antiderivative of ————=is

V1 —16x2

A sin”'(¥) B 1sin'(3) C sinT'(4x) D isinT'(4x) E §sin'(4x)

1
8 An antiderivative of ——— 1is:

9+ 4x?
A jtan”' (F)B ltan ' (Z)C ltan'(Z)D 9tan' (F)E Ztan' (%)
9 d(xf(x)) =xf'(x)+ f(x)and xf'(x) = 7 + +—— then an antiderivative of f{x) is:
A xf(x) —tan~!(x) B log,(x*+1) C sLlog,(x*+1)

D f(x)—tan"!(x) E tan"'(x)

10 If F'(x) = f(x), then an antiderivative of 3 /(3 — 2x) is:
A 3F(3—2x) B 23 -2x) C 23 —2x)
D Z22F(3—2x) E 213 -2x)

Short-answer questions (technology-free)

1 Find an antiderivative of each of the following:

3y 2x 43 1 d X
a cos’ 2x —
4x? + 1 12 «/1—4x2
x? ) w x
e —— f xv1—2x2 sin? (x — —) h
1 —4x2 & 3 Vx
i sin? 3x j sin® 2x k xvx+1 1+ cos2x
e3x +1 X ) .X'2
T NS o sin’ x cos® x P 1%
2 Evaluate the following integrals:
1
a sz(l—xz)zldx b J (1 —x*)"ldx c J x(1 4 x? ) dx
0 0 0
| 12x2 43 2 !
d J dx e J AT £ J
1 6x + x2 0 X243x+2 0 VA—3x
1 dx m
—_— h J sin 2x dx i J' sin x cos’ x dx
& Jo V4 — x? 0 1T
z 7 2c0sx —sinx 2
i JZ sin” 2x cos” 2x dx J ——dx 1 J x2V/x3 + ldx
0 2sinx + cosx + cosx 1




Show that:

x 1 2x+2 1
x242x+3 2\ x242x+3 x24+2x+3
Hence find:

[
x24+2x+3

1
a Differentiate sin~! +/x and hence find J —dx.
Vx(1 —x)
2x
b Differentiate sin~! (x?) and hence find J —dx.
(x%) T

d
a Find d—(x sin~! x) and hence find { sin~!' x dx.
X
d
b Find d—(x log, x) and hence find J log, x dx.
x

d
¢ Find d—(x tan~'x) and hence find J tan~! x dx.
x

Find an antiderivative of each of the following:

in 2 2 b x? (3 + 1) ¢ o8 d xe'™
a sin 2x cos 2x x* (x 3+ 2sin6)
e tan’ (x + 3) f 2—x g tan’ xsec’ x h sec® xtanx
6+ 2x2
i tan® 3x
Evaluate the following:
I 8 1 5,
a sin® x dx b J (13 — 5x)3 dx c sec” 2x dx
0 1 0
2 1 Tr -1 x? +1
d j 3-p)td e J sin® x dx £ J rrly
1 G =»idy 0 3 x3 4 3x *
1 i 2 2 2
5 -
Find the derivative of (x2 + —) and hence evaluate J xixl dx.
X —1
x2 + —
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Applications of

Integration

Areas of regions

Let f: [a, b] — R be a continuous function

such that f(x) > 0 for all x € [a, b] 1

Define geometrically the function F'(x)
by saying that it is the measure of the
area under the curve between a and x.
Thus F(a) = 0. It will be shown that

Fi(x) = f(x).

y=fx)

By the definition of F(x), F(x + h) — F(x)
is the area between x and x + 4.
For each interval [x, x + /] there exists a
point ¢ in [x, x + A] such that f(¢) > f(z)
for all z € [x, x + /] and a point d in the
same interval such that f(d) < f(z) for all
z € [x,x + h].
Thus f(d) < f(z) < f(c) forall z € [x, x + h].
Therefore  Af(d) < F(x +h) — F(x) < hf (c)

298
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i.e. the shaded region has an area less than the area of the rectangle with base / and height f'(¢)

and an area greater than the area of the rectangle with base / and height f'(d).

Dividing by i f(d) < L& hh) 0 _ e

As h — 0, both f(c) and f(d) approach f(x). Therefore it has been shown that

F(x—|—h)—F(x))

Flx) = f(x) (F’(X)=,}ig}) h

It is known that if G(x) is an antiderivative of f(x) then F(x) = G(x) + k, where k is a constant.

Letx =a.

Then 0 = F(a) = G(a) + k  ie. k=-G(a)

Thus F(x) = G(x) — G(a) and letting x = b yields
F(b) = G(b) — G(a)

The area under the curve y = f(x), f(x) > 0, between a and b is G(b) — G(a) where G(x) is

an antiderivative of f(x).

A similar argument could be used if f(x) < 0 for all x € [a, b], but in this case F must be taken

to be the negative of the area under the curve,

F(x+h)—F(x)

ie. —f(c) < P < —f(d) and therefore F(x) = —f(x)
: y
Signed area A /
For f(x)=x+1 37 y=x+1
A = % x3x3= 4% (area of a triangle) 2
Ay = % x1x1= %
17 Al
The total area =4, + 4, =5 o
The signed area = 4, — 4, =4 ' : : > X
A 0 12
,1_

Regions below the x axis have

negative signed areas.

Regions above the x axis have

A
positive signed areas.
The total area of the shaded region
iSA1+A2+A3 +A4. A A
1 3
The signed area of the shaded
> X

regionis A — Ay + Az — Aj. / 0 W
Denote the signed area between
the curve y = f(x), the lines
b
x = a and x = b and the x axis by J f(x)dx.

W
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b
If f(x) > 0 for x € [a, b] then J f(x) dx is the area enclosed between the x axis and the

curve y = f(x) and the lines x = aand x = b.

b
Thus J f(x)dx = G(b) — G(a) where G is an antiderivative of 1.
This result holds generally, and is known as the fundamental theorem of integral calculus.
Let f be a continuous function on the interval [a, b]. Then:

b
J f(x)dx = G(b) — G(a) where G is any antiderivative of f
a

To facilitate setting out, write G(b) — G(a) = [G(x)]Z
Note that if f(x) > 0 for all x € [a, b] then the area between b and « is given by

be(x)dx

and if f(x) < 0 for x € [a, b] then the area between b and a is given by

—be(x)dx

a

b
In general, the area is U f(x)dx|if f(x) <0forx €[a, b]lor f(x) >0 forallx € [a, b].

In the following, the graphs of some of the functions introduced in earlier chapters, and the
areas of regions defined through these functions, are considered.
It may be desirable to use a graphing package or a CAS calculator to help with the graphing

in this section.

- E=ET

1
The graph of y = N/ is shown. y

—X
Find the area of the shaded region. A

Solution

LN

Vi

By symmetry:

1 1

o Vi -2

=2 [sin_1 f]l
2o

1

=2sin —
2

1
Area = J
—1

N | —

Area = ZJ

X

o3

w|g
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- EIa

> <

6
The graph of y = i o is shown. Find the
area of the shaded region.

Solution

2
Area = 6J'
+x2

24-|—)C2
2

o)) l\JIO\

e dx (by symmetry)
n p—

]

[ta

4>|=1

6
6 ta
6 x
3

™
2

- EEa

11
Sketch the graph of f: [—5 5} — R, f(x) = sin~! 2x. Shade the region defined by the

1
inequalities y < f(x),0 <x < o y > 0, and find the area of this region.

Solution y

1 o
Area = J2 sin™! 2x dx A( ,5) o
0

Note: The antiderivative of sin~' is

not required for this course, but the

area can still be determined as follows: 0
Area = area of rectangle
71
04BC — J " sinydy ax:
0o 2 2’2
o 1 [ ]g
=773 cos y]g
_om 1
T4 2

Example 4

1 bl
Sketch the graph of y = ) J_l 4 — x2 dx

and find this area.



302 Essential Specialist Mathematics

Solution

1 1
Area = —d
rea J_14—x2 x

IJ'1 1 N 1 i
=z X
4 12—x  24x

By symmetry:

L | 1
Area=%J' + —— dx
02—x 24x -2

2+x\7!
=10

= 3[log, 3 —log, 1]
1
= 5log, 3

W \
A
The graph of y = cos® x is shown. Find the

area of the shaded region.

Solution

W
3

Area = —J cos® x dx 0

-]

= _Jw cosx(1 — sin® x) dx
2

SER
o a

cos x cos” x dx

w 3
RdE)
|
—
1

. u
Letu = sinx. Then — = cosx.
dx

3
Whenx:%,u:l.Whenx:%,u:—l

~1
Area = —J' (1 —u?)du
1

1
1 Sketch the graph of f: (—3,3) —> R, f(x) = ———
A9 —4x?

defined by the inequalities 0 <y < f(x)and -1 <x < 1.

SE

and find the area of the region
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9
Sketch the graph of /: R — R, f(x) = i and find the area of the region defined by
X
the inequalities 0 <y < f(x)and -2 <x < 2.
4
Sketch the graph of g: R\ {—3,3} — R, g(x) = o2 and find the area of the region
—Xx
with—2 <x <2and 0 <y < g(x).

1

The graph of f(x) =x + — isas Y
X

shown. Find the area of the shaded

region.

2
Sketch the graph of f(x) = x + —. Shade the region for which the area is determined by
X
2
the integral J f(x)dx and evaluate this integral.
1

For each of the following:

i sketch the appropriate graph and shade the required region
ii evaluate the integral

1 1 1
a Jo tan” ' x dx b J2 cos™! 2x dx c le cos™! 2x dx
0 =
2
1 2 ¥ 2
d J 2 sin"'x dx e J sin™' = d f J sin™' T
0 0 2 -1 2
. . 2
For the curve with equation y = —1 + ——— find:
x> +1
a the coordinates of its turning point b the equation of its asymptote
¢ the area enclosed by the curve and the x axis
4

For the graphof y = x — ———:
grap y=x Y13

find the coordinates of the intercepts with the axes

find the equations of all asymptotes

sketch the graph

find the area bounded by the curve, the x axis and the line x = 8

e e T O
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10

11

12

13

14

16

17

1
(1—x)(x —2)

a State the implied domain of the function g, with rule g(x) =

b Sketch the graph of y = g(x), indicating the equation of any asymptotes and the

coordinates of the turning points.

¢ State the range of g.
Find the area of the region bounded by the graph of y = g(x), the x axis and the lines
x=4andx=3.

Sketch the graph of f: (—1,1) = R, f(x) = and evaluate the integral

1 V1 —x2
7 =3
=T
0 /1 —x2
1
Find the area of the region enclosed by the curve y = ———, the lines x = | and
g y y T2

x = +/2, and the x axis.
Sketch the curve with equation y = tan~! x. Find the area enclosed between this curve, the
line x = +/3 and the x axis.

log, x .
Ee and the x axis fromx =1tox =e.

. 2
Find the area between the curve y =

The graph of y = sin® 2x forx € [0, w] 15 The graph of y = sin x cos? x for x € [0, 7]

is as shown. Find the area of the shaded is as shown. Find the area of the shaded

region. region.

y

y A
A

0.5
1 i

> X
0 T T
2 0 - - > X
14 2

Sketch the curve with equation y = 2 3 showing clearly how the curve approaches its
asymptotes. r

On your diagram, shade the finite region bounded by the curve and the lines
x =0,x =3 and y = 2. Find the area of this region.
a Show that the curve y = 3 has only one turning point.

2x + 1)(1 —x)

Find the coordinates of this point and determine its nature.
Sketch the curve.

Find the area of the region enclosed by the curve and the line y = 3.

e e T
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8.2 Area of a region between two curves
Let fand g be continuous on |
[a, b] such that f(u) > g(u) for
u € [a, b].

A

Then the area of the region

bounded by the curves and the lines d :fV
x = a and x = b can be calculated = gM

through the evaluation of

b

Lbf(x) dx — L g(x)dx = Lbf(x) — g(x)dx

Example 6

Find the area of the region bounded by the parabola y = x? and the line y = 2x.

Solution

First find the coordinates of the point P.
For 2x = x?, x (x — 2) = 0 which implies x = 0 or x = 2.

Therefore, the coordinates of P are (2, 4). K
2
The required area = J 2x —x%dx
0
372 r
[-3]
3 1o
_ 8
=4- 3 > X
_ 4 0
=3

The area is ‘3—‘ square units.

- X

Calculate the area of the region enclosed between the curves with equations y = x> + 1 and

y=4 —x?, and the linesx = 1 and x = —1.
y
Solution A
1
Required area = J 4 —x?— (x> + 1)dx
-1
1
= J (3 —2x?)dx
-1
341
3 > X
-1 -1 0 1
14
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In the two examples considered so y

far in this section, the graph of one

function is ‘above’ the graph of the

1 1 1 1 1
1 1 1 1
11 1 1 g
other for all of the interval considered. > ' 4
What happens when the graphs cross? : i i i : f
a ¢ 0, eph
To find the area of the shaded region we must consider the intervals
[a, c1], [c1, 2], [c2, c3] and [c3, D]
and the area is given by:
c (93 a3
| e = gwdr+ | g = ferdx + | e - g
a cl a2
b
+] gt = feodx
C3
The modulus function could also be used here:
C| (&) C3
| 176 = getax + |10 - gwldx + | 1760 - geolax
a cl €2
b
+] 1760 - geoiax
3
Example 8 )
A
Find the area of the region enclosed by the graphs
of f(x) =x and g(x) = x as shown in the figure. 14
Solution
The graphs intersect where f(x) = g(x) X

3

X’ =x
¥ —x=0
x(x2=1)=0

x=0o0rx = =1

f(x)>gkx)for-1 <x<0and f(x) <g(x)for0 <x <1.
Thus the area is given by:

0 1 0
J f(x)—g(x)dx—i—J g(x)—f(x)dxzj x3—xdx+J x —x3dx
-1 0

Note that the result can also be obtained by observing the symmetry of the graph, finding the
area of the region where both x and y are non-negative, and multiplying by 2.
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Example 9 y

Find the area of the shaded region of
the graph.

Solution / /

To find the coordinates of / 0 =«
the point of intersection: B )

sinx =cosx, tanx = 1,

m 5w
x=—or — fi € [0,2
X 1 or 4 orx € [0, 2]
5w
Area = J: (sinx — cosx)dx
4
5w
= [—cosx — sinx]
1
5T . 5w ( ™ . ’1T)
= —Cc0s — —sin— — [ —cos — — sin —
4 4 4 4

I S D N
V2 V2 V2 V2 V2

. Area of shaded region = 2+/2 square units.

242

Example 10 y

A
Find the area of the shaded region. |l eosx

—sin?2
Solution J = S

The points of intersection are
determined first:

cosx = sin2x

(I E

implies:
CcoSx = 2sinx cosx

Therefore cosx(2sinx —1)=0

and cosx =0 or sinx = %

T i g
x=—orx=—forxe[0,—]
2 6 2

The area of the shaded region = J °
0

cosx —sin2x dx + J sin2x — cosx dx

=NE] SIE]

m

= [sinx + %cos2x]0g + [—% cos2x — sinx]

SNELTSIE]
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ExerC|se 88

Find the coordinates of the points of intersection of the two curves with equations
y=x* —2xand y = —x? + 8x — 12. Find the area of the region enclosed between
the two curves.

Find the area of the region enclosed by the graphs of y = —x? and y = x> — 2x.

Find the area of region: y
a 4 b B Ao
y 2
y=x?
4 B

1 |0 2

2
For f: R — R, f(x) = x> — 4, sketch the graphs of y = f(x)and y = m on the one set

of axes and find the area of the region bounded by the two graphs and the lines x = 1 and
x=-—1.

12
The area of the region bounded by y = —, x = 1 and x = a is 24. Find the value of a.
X

Find the area of region:
a A b B c C

Find the area of the regions enclosed by the lines and curves for each of the following.
Draw a sketch graph and shade the appropriate region for each example.

a y=2sinxandy = sin2x O0<x=<mw
) —m T
b y=sin2xandy=cosx TEXEE
c y=/x,y=6—xandy=1
d and y =1
P Y

1
e y:sin”x,x:i and y =0

f y=cos2x,y=1—sinx 0<x<m

L)
g y:i(x +1)andy:x2+1
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11

12

13

14

Chapter 8 — Applications of integration 309

Evaluate each of the following. (Draw the appropriate graph first.)

a

b

e
J log, x dx (Hint: y = log, x & x = ¢’. Find the area between the curve and the
1
y axis first.)

1
Jl log, 2x dx
2

Forf: R — R, f(x) = xe*:

o & 0o T O

find the derivative of f

find {x: /'(x) = 0}

sketch the graph of y = f(x)

find the equation of the tangent to this curve at x = —1

find the area of the region bounded by this tangent, the curve and the y axis

P is the point with coordinates (1, 1) on the curve with equation y = 1 + log, x.

a Find the equation of the normal to the curve at P.
b Find the area of the region enclosed by the normal, the curve and the x axis.
a Find the coordinates of the points of intersection of the curves whose equations are
3(x —1
y:(x—l)(x—2)andy=¥.
X
b Sketch the two curves on the one set of axes.
Find the area of that region bounded by the two curves for which x lies between
1 and 3.
y
Show that the area of the shaded region is 2. A
4 y=4sinx
3
y=3cosx
0 T =
2
The graphs of y =9 — x?> and y = 1 Y
/9 — x2 A .

are as shown. Find:

a

b

the coordinates of the points of
intersection of the two graphs
the area of the shaded region

Find the area enclosed by the graphs of y = x> and y = x + 2.
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15 Consider the functions f(x) = # forx >0 f(
and g(x) = e* for x > 0. The graphs of y = f(x) y=g)
and y = g(x) intersect at the point (3, 1). Find,
correct to three decimal places, the area of the
region enclosed by the two graphs and the line & v =fx)
with equation x = 1. ol 1 > X

b Find the total area of the shaded regions.

)

16 The graph of the function f: [0, 6] — R, where 1
fo = s
X) = ————— — x, is shown.
V36 —x2
a Find the values of ¢ and b.
0‘ a

Nt 16
17 The graphs of y = cos® x y
and y = sin® x are
shown for 0 < x < 2.
Find the total area of
the shaded regions.
0 2r gy

8.3 Integration using a CAS calculator
In Chapter 7, methods of integration by rule were discussed. In the first two examples of this
section we consider the use of a CAS calculator in evaluating definite integrals.
It is often not possible to determine the antiderivative of a given function by rule. In this
section, numerical evaluation of definite integrals will also be discussed.

- [

1
Use a CAS calculator to evaluate J ’ V1 —x2dx.
0
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Solution

From the Calculus menu choose Integral
(€@ & D).

The integration template can also be
directly obtained through the Template
menu of the catalog. Press (=) and then G5.

Using a TI-Nspire calculator

4

2

[}

14 PRAD AUTO RECT =]

=
! o
B AL
3 12
( 1—x2 )dx
|

From the keyboard choose 2D, then CALC
and then the integral template [ dC].
Complete as shown.

Using a Casio ClassPad calculator

ol [Elsdv] A ][]

1/2 =
J\ C1l-a235(1/2)dax
a
I
12 8
(]
=

Alg Standard Cplx Rad dm]

)

Find the area of the region bounded by the graphs of y = log, x and x = 2 and the

x axis by:

2
a using a CAS calculator to evaluate J log, xdx.
1

b using the inverse function.
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Solution

Using a TI-Nspire calculator

From the Calculus menu choose Integral W R a
(@) &> D). 2 24In(2)-1
(inlx))ax
1

The integration template can also be

@
directly obtained through the Template |
menu of the catalog. Press () and
then &&.
%
9

149

Using a Casio ClassPad calculator
Use the 2D template for the integral and

complete as shown. S T ] LT d R mind I EX

1k

2
flnge(x) dar
1

2:1In(2)-1
|

had

[mth [abe [cat [ 20 |EIEIE]
[ |3 o] € ]3] |+ |a|sr|=|2 |4

log| In I OET| 82" ]=
x | €= [t [ia|56]|[x]=
IENIEL EEEE
L | 1 [¢-»[a].[e]|[ans

TRIG | CALC J2PTH | YAR |EXE
Alg Standard Cplx Rad dm]

b It is clear that

y
? log. 2 A 2, log, 2 _
J log, x dx =210ge2—J e’ dy (2, log, 2) y=log,x
1 0 x=e)
=2log,2 — (e"%%2 — ¢°)
=2log,2—(2—-1 I >
8.2 —( ) 5 ) : X

=2log,2 -1
The area is (2 log, 2 — 1) square units.
Checking: 2 log, 2 — 1~ 0.386294 361 1.
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i

Find, correct to four decimal places, the area of the region bounded by the graphs of
1

= 27T

Solution

e~ andx = 1 and the x and y axes.

Using a TI-Nspire calculator

From the Calculus menu choose Integral
4 1.4 PRAD AUTO RECT Q
(@ @ ). 1 0.341344746069
Note that the calculator has been set to x
AutO. L p Z dx
\i 2-7

The integration template can also be

directly obtained through the Template
menu of the catalog. Press (=) and then &G&.

Using a Casio ClassPad calculator

Make sure the calculator is in Decimal

mode (Decimal at the bottom of the S T ] L d =i IR X
1 =

screen). f 1 _anzszy,

From the keyboard choose 2D, then CALC - N

and then the integral template [ d[]. 8.341344746

Complete as shown. H

[mth [abe [cat | 20 |EIEIE]
[ref@]a [ C[>]s [2|arfylz| 4]

- HEEEE
e J? T2 (56 |[=[=
x £

HL |23 +]-
|.||{] {}l{EB . |E||ans
CALC VAR Iﬁ

Ala Decimal Cplx Rad dgm]
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Example 14 | K

The graph of y = ¢ * — 2 is as shown. | I
Using a CAS calculator, find the area '\ 2

J

|

|

|

|

|

|

|

> X

of the shaded regions. 0 T
Solution 2
Using a CAS calculator first find a. \/ -

It is found to be approximately 2.3757465.
., 3w
Then the required area = Jw (e —2)dx — J 2 esinr o gy
7 a
=0.36921361...4+2.674936...

=3.04414961...

The area is approximately 3.044 square units.

Using the fundamental theorem of calculus
In section 8.1 the fundamental theorem of calculus was introduced. From this the following

was observed. For a function f which is able to be integrated there exists a function F such that
b

F'(x) = f(x)and J f(x)dx = F(b) — F(a). The function F is not unique, but differs by a
constant from any (;lther function which satisfies this property.

X

Using a dummy variable ¢ we can define the function F: F(x) — F(a) = J' f(t) dt which

a

implies F(x) = F(a) + Jx f(t)dt

d X
Note that F'(x) = o (J f(@ dt) = f(x) has a derivative at every point on [a, b].

X a

- A y

Consider the function defined as F'(x) = J costdt.
0

Find the rule for F(x).
Solution / X

F(x) = [sint]y = sinx — sin0 ol «x

Y

=sinx

Example 16 |

Plot the graph of the function with rule f(x) =J 1% dt.
0
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Using a TI-Nspire calculator

From the Calculus menu choose Integral

(€ & @)

The integration template can also be
directly obtained through the Template
menu of the catalog. Press (=) and

then &.
Define g(x) = J 2dt.

0
Choose a Graphs & Geometry
application and enter 11 (x) = g (x).

WPRAD aPPrrEAL A
: x N Daone
Define g'ix:'= r\!Zsz
Jo

)
1059

Iy’
1| /1bd=glx) .

:
@ & 2 2

Using a Casio ClassPad calculator

el [Eldvl A7 ] [2]

Choose Define from the
Interactive menu.

Use the 2D template for
integration.

Graph g(x) as shown.

¥ Edit Zoom Analvsis # IEII

Alg Standard Real Rad dim]

Sheetl | SheetZ | SheetZ [[4[ ¢
Define g-:x)=ftf~2dr Evl=glx)
Ow2:0
a Oy3:0
done Owd: O
O OvS:0
Owe: 0O
L] Oe¥:0
«| [Ow8:Q
[mth[abe [cat | 20 |EIEIE]
d 2 [s ]3]+
= ==
== |3
+ —
ans -1
EHE | —IE
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X 1
Plot the graph of F(x) = J " dt forx > 1.
1

Solution

Using a TI-Nspire calculator

1
Define g(x) = L ;dﬁ W’RAD apPRREAL "
Choose a Graphs & Geometry 4
application and enter f1(x) = g(x). 0.5 flc)=glx)
0.2
8 2= A

Choose Define from the
Interactive menu.
Use the 2D template for

Using a Casio ClassPad calculator

ol [Elsdv]AAw] (3]

e

. . - 1 _ =
1 Oy3:
Graph g(x) as shown. done O E
o OwS: O
Ow6:0O
Ll 1070
> [Ow8:0
[mth [abe [cat [ 20 |EIEIE] 4
ald B
Fla = __,__.————‘_—_—d_—ﬁ
3v] STl
P e
E . |E ||ans -4
CAHLC = EXE I | | E
Ala  Standard Real Rad @M Rag Real oo
Example 18
3
a Use a CAS calculator to find an approximate value of J cos (xz) dx.
0
X T
b Use a CAS calculator to plot the graph of J cos (tz) dt for — ) <x<m.
0
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Solution

Using a TI-Nspire calculator
Two methods are illustrated on the screens
shown right.

Method 1

VEE PRAD AUTO REAL Q
In a Graphs & Geometry application Ay
enter f'1(x) = cos (xz) and plot the graph 0028083 X

for—;fxfw. /‘jﬁ\ A

From the Measurement menu choose .

(807
Integral (¢= &> &). \ /
Select the graph, enter the lower limit 0 11 cosbe?)

and press Enter, and enter the upper limit

"
3 and press Enter. The result is as shown.

Method 2 BEMEEREE] ' |70 uTo RecT Q

Define the function (¢= (> (1)) as shown n o
T
and evaluate for x = 3 DefineJ{XFJ (cos(rz))d!
0
'{EJ 0.928083491404
3
299 |

Using a Casio ClassPad calculator
Use the 2D template for the integral and

complete as shown. ] O o] T Ra=ind I EA
Notice that the calculator is in Decimal = =
el
mode (Decimal at the bottom of the a cosCat2idx
screen). 8.9280883491
0
=

Ala Decimal Cplx Rad qm]
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Using a TI-Nspire calculator

Use the same Graphs & Geometry s PRAD AUTO REAL

g

application used in part a. iy ik
In part a f(x) has been defined as

' cos (¢%) dt.
E(;lter f2(x) = f(x) to obtain the graph of
f(x) = JX cos (¢%) dt.
From the Trace menu choose Graph

Trace (¢= G> (D).

0.928083

f1 (;c') =cos ()(2 )

T
e —.
ype 3

1

2

For each of the following evaluate the integral:

i using a CAS calculator (approximation)
ii exactly by using calculus

2 42 4 2 4 o
J i dx b J al dx c JS sin* x cos x dx
1 4 0o x2+4 0
1
7 2 1 21 1
Jz dex J dx f J xe dx
0o (x—=1) 1 +/2x 0

Using a CAS calculator, evaluate each of the following correct to two decimal places:

2 ’1T
a J' e dx b J x sinx dx
0

0

C
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3 In each of the following, the rule of the function is defined as an area function. Find f(x) in

each case.
a y b y
A A
> [
0
X 11
f(x)=J ;dt,x>1 f(x):J ;dz,0<x<1
1 X
¢ y
A
y=el
t
—/
0 X >
f(x)zJ e'dt,x € R f(x)=J0 sintdt,x € R
0
f _ 1
e
| 1 |
-1 0 x 1 =
f(x)=J dt,—1 <x <1
04/1—12
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4 Use a CAS calculator to plot the graph of the following:
a f(x)= J tan"'rdt b f(x)= J e dt ¢ f(x)= J sin~'r dt
0 0 0
¥ sint

d f(x)= J: sin(t>)dt e f(x) =J — dt,x > 1

1

8.4 Volumes of solids of revolution

A large glass flask has a shape as illustrated in the figure below. In order to find its approximate
volume, consider the flask as a series of cylinders.

10 cm Radii of cylinders
<>
3 A
lovcm 5 cm
lotcm 9cm
A
50 cm lOvcm 11 cm
A
lovcm 13 cm
A
IOvcm 15 cm

<«—30cm—>
15cm

volume of the flask ~ 7 (152 + 13% 4+ 117 + 9% +5%) x 10
~ 19509.29 cm®
~ 19 litres

This estimate can be improved by taking
more cylinders to obtain a better
approximation.

In Essential Mathematical Methods 3
and 4 it was shown that areas defined
by well-behaved functions can be

determined by the limit of a sum. This
can also be done for volumes. "
The volume of a typical thin slice is x
Adx and the approximate total volume is ¢ 0 m
xi:b Adx.
x=a

+

slice with thickness dx and
cross-sectional area A
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Consider the curve with equation

y =4 —x2

If the shaded region is rotated around
the x axis, it will form a sphere of radius 2.
Divide the interval [-2, 2] into n subintervals
[x;_1, x;] with xo = —2 and x,, = 2.
The volume of a typical slice, a cylinder, is
approximately m[y(c;)]* (x; — x;_1) where
¥(c;) is the value of y when x = ¢; and
¢; € [xi-1, x;]. The total volume will be
approximated by the sum of the volumes of
these slices and as 7, the number of

subdivisions, gets larger and larger:

V=hg§iﬂﬂmﬁn—nn
i=1

L
>

> X

L.
?

It has been seen that the limit of such a sum is an integral and therefore:

2
V=j Tyl dx
-2

where y(x) is the value of y at x or, in function notation, for f(x) = +/4 — x2

The solid formed by rotating a region about a
line is called a solid of revolution.

If the region between the graph of y = x?, the
line y = 20 and the y axis is rotated around the
y axis, a solid in the shape of the top of a wine
glass is produced.

L
>
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If the region between the line y = %x, the line x = 4
and the x axis is rotated around the x axis, a solid in
the shape of a cone is produced.

The volume, V, of the cone is given by:

4,2)

4
V:J my? dx
0

I
%
< IN

3

A~~~
0| —
=
N
[\S)

IS

=

Il
=~ =13 &3
:]|—||—><|
N
w|Q W,
[ +~

w ‘

In general, for rotation about the x axis, if the region to be rotated is bounded by the

curve with equation y = f(x) and the lines x = @ and x = b and the x axis, then:

x=b b
V= J wytdx = J [ f(x)] dx

=

For rotation about the y axis, if the region is bound by the curve with equation x = ()

and the lines y = a and y = b then

U=
V=’TI'J x“dy

y=b
Example 19

Find the volume of the solid of revolution formed by rotating the curve y = x* about:
b theyaxisfor0 <y <1

a thexaxisfor0<x <1
Solution

1
a V:TrJ yrdx b v
0

Il
3

1 1 2
:frrJ x0dx J y3

I
=
| — |
=",
| I
() —
I
3
| — |

Il
3
%
S —_
=
[}

dy

S
<
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Regions not bounded by the x axis

If the shaded region is rotated around the x axis then y
A

//-\__/f

the volume, V, is given by:

b
V= “L LGP — [P dx

(=]
N}
S

Example 20

Find the volume of the solid of revolution when the region bounded by the graphs of y = 2¢**,
y=1,x=0andx =1 is rotated around the x axis.
y

Solution A /

1
The volume V = 1TJ' 4™ — 1dx
0

= ’1T[e4x —x]é (0 2)
=m(e* — 1 — (1) ’ y=1
=m(e* —2) 0 1 > x

Note: f(x) =2e**, g(x) =1

- R ;
A

The shaded region is rotated around the x axis. g(x)=x2

Find the volume of the resulting solid.

Solution

The graphs meet where 2x = x2, i.e.

the graphs meet at the points with 0
coordinates (0, 0) and (2, 4).

. Volume = JOZ [f()F — [g(x)] dx

2
:'rrJ 4x> — x*dx
0

43 x5
35,
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- EZ3

A solid is formed when the region bounded by the x axis and the graph of y = 3 sin2x,

. . . . .
0<x< ) is rotated around the x axis. Find the volume of this solid.

Solution

V::wfz(3mn2xfdx
0

=1TJ'2 9sin’ 2x dx

21
:9wj2—ﬂ—cm4mdx
0o 2
o (2
=35 . (1 —cos4x)dx
= %’n’ [x — %s1n4x]07
-9 E]
2“[2
_ 9
T4

ol a

The curve y = 2 sin~! x, 0 < x < 1 is rotated around the y axis to form a solid of revolution.

Find the volume of this solid.
Solution
V= 1TJ sin® z dy
0 2

= EJ (1 —cosy)dy
2J)o

a . am
=5U—Mﬂo

w2
2

(1, m)

él.'\“s"e@( 1 Find the volume of the solid of revolution when the regions bounded by the given curves,

S

“Eacne’

a f(x)=x.x=4

the x axis and the given lines is rotated about the x axis:

b f(x)=2x+1,x=0,x=4
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11

12
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¢ f)=22r—1Lx=4 d f(x):sinx,x:% (for05xgg)
e f(x)y=€e,x=0,x=2 f f(x)=+v9—x%2,-3<x<3

Find the area of the region bounded by the x axis and the curve whose equation is
y =4 — x%. Also find the volume of the solid formed when this region is rotated about the
y axis.

The hyperbola x> — > = 1 is rotated around the x axis to form a surface of revolution.
Find the volume of the solid enclosed by this surface between x = 1 and x = /3.

The region, for which x > 0, bounded by the curves y = cos x and y = sin x and the
y axis, is rotated around the x axis forming a solid of revolution. By using the identity
cos 2x = cos? x — sin® x, obtain a volume for this solid.

Find the volumes of the solids generated by rotating about the x axis each of the regions

bounded by the following curves and lines:

1
ay=)—c,y=0,x=1,x=4 by:x2+1,y:0,x:0,x:1

c y=4/%y=0x=2 d y=+va?—x%y=0
e y=+9—-x2,y=0 f y=49—x2,y=0,x =0, givenx >0

The region bounded by the line y = 5 and the curve y = x?> + 1 is rotated about the x axis.
Find the volume generated.

4

The region enclosed by y = —, x = 4,x = 1 and the x axis is rotated about the x axis.
X

Find the volume generated.

The region enclosed by y = x? and * = x is rotated about the x axis. Find the volume
generated.

A region is bounded by the curve y = 4/6 — x, the straight line y = x and the positive
x axis. Find the volume of the solid of revolution formed by rotating this figure about the
X axis.

™ X
The region bounded by the x axis, the line x = ) and the curve y = tan 5 is rotated

about the x axis. Prove that the volume of the solid of revolution is 2(4 — ).

(Hint: Use the result that tanzg = sec’ 53— D

Sketch the graphs of y = sinxand y = sin 2x for 0 < x < g and show that the area of the

region bounded by these graphs is i square unit, and the volume formed by rotating this

region about the x axis is 13—6Tr 3 cubic units.

1
Let V' be the volume of the solid that results when the region enclosed by y = —,

y=0,x =4 and x = b, where 0 < b < 4, is rotated about the x axis. Find the value of b
for which V' = 3.
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13

14

15

16

17

18

19

20

21

22

23

Find the volume of the solid generated when the region enclosed by y = +/3x + 1,
y = /3x,y = 0and x = 1 is rotated about the x axis.

Find the volumes of the solids formed when the following regions are rotated around the

y axis:

a ¥»=4?+4for0<y<1 b y=log,(2—x)for0<y<2

a Find the area of the region bounded by the curve y = €%, the tangent at the point (1, e)
and the y axis.

b Find the volume of the solid formed by rotating this region through a complete
revolution about the x axis.

The region defined by the inequalities y > x> — 2x + 4 and y < 4 is rotated about the line
y = 4. Find the volume generated.

X . . .
The area enclosed by y = cos — and the x axis, for 0 < x < mr, is rotated about the x axis.

Find the volume generated.

Find the volume generated by revolving the region enclosed between the parabola
y = 3x — x? and the line y = 2 about the x axis.

The shaded region is rotated around the

> <

x axis to form a solid of revolution. Find

the volume of this solid. 2

x2+y2=4 )

The region enclosed between the curve y = ¢* — 1, the x axis and the line x = log, 2 is
rotated around the x axis to form a solid of revolution. Find the volume of this solid.

Show that the volume of the solid of revolution formed by rotating about the x axis the

15

~2% and the lines x = 0, y = 0 and x = log, 2 is o

region bounded by the curve y = e

Find the volume of the solid generated by revolving about the x axis the region bounded
by y =2tanx,x = _Tw,x = ; andy = 0.

The region bounded by the parabola 1> = 4(1 — x) and the y axis is rotated about:

a the x axis b the y axis
Prove that the volumes of the solids formed are in the ratio 15 : 16.
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The region bounded by the graph of y = , the x axis, the y axis and the line

1
_ Vx2+9
x = 4 is rotated about:
a the x axis b the y axis

Find the volumes of the solid formed in each case.

A bucket is defined by rotating the curve with equation

—20
v =40 log, (x

10
If x and y are measured in centimetres, find the maximum volume of liquid that the bucket

) ,0 <y <40 about the y axis.

could hold. Give the answer to the nearest cm®.
2 2
An ellipse has equation x_2 + 2}—2 = 1. Find the volume of the solid generated when the
a

region bounded by the ellipse is rotated about:

a the x axis b the y axis )

The diagram shows part of the curve with equation 1

A
12 . .
y = —. Points P(2, 6) and Q(6, 2) lie on the curve. P2, 6)
Find: *
a the equation of lline PO . \2)
b the volume obtained when the shaded region
is rotated about:
> X

i the x axis ii the y axis 0

9
a Sketch the graph of y = 2x + —.
X

9
b Find the volume generated when the region bounded by the curve y = 2x + — and the
X
lines x = 1 and x = 3 is rotated about the x axis.

The region shown is rotated about the x axis y
to form a solid of revolution. Find the volume y=log, x
of the solid, correct to three decimal places.

/‘/‘/} N
0 / 12 3
The graphs of y = 2 sec x and y = 4 are shown i
for0 <x < T The shaded region is rotated 4 (E 4)

3 '\
about the x axis to form a solid of revolution.
Calculate the exact volume of this solid. )

0 E > X
3
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Chapter summary

B Let/fand g be continuous on [a, b], such that f(x) > g(x) for x € [a, b]. Then the area of
the region bounded by the curves and the lines x = a and x = b can be calculated by the
evaluation of:

b
j (f(x) — gx)) dx.

B For graphs that cross, e.g. v

a Cl 0 Cz C3 b

find the area of the shaded region, by considering the intervals:
[a, 1], [e1, 2], [¢2, ¢3], and [c3, D]

and the area is given by

|7 o0 - gdx + g0 - fedx + [ 1) - goydx

C1

b
+J‘ g(x)— f(x)dx.

B In general, for rotation around the x axis, if the region to be rotated about the x axis is
bounded by the curve with equation y = f(x) and the lines x = ¢ and x = b and the x axis,
then the volume, V, is determined by:

b b
V= J mytdx = J w(f(x)) dx. ’
B Regions not bounded by the x axis, but rotated

about the x axis, e.g. 7
If the region is rotated about x axis, the volume,
V, is given by: g
b
V=m| (f@)F - (g dx. | A

B The fundamental theorem of calculus gives that if /is a function that can be integrated on a
interval [a, b], then there exists a function F such that F’'(x) = f(x) and

b
L f(x)dx = F(b) — F(a).
The function F can be defined as F(x) = Jx f(t)dt + F(a).

a
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Multiple-choice questions

1 The volume of the solid of revolution formed when the region bounded by the axes, the line

is rotated about the x axis is:

x = 1 and the curve with equation y =

2 2 4 a X2 2
AT B T C Tlog(3) D w/3log,(3) E &
6
2 The shaded region shown below is enclosed by the curve y = Wi the straight line
X

v = 2 and the y axis. The region is rotated about the x axis to form a solid of revolution. The
volume of this solid, in cubic units, is given by:

(6 ’ A
A 'rrj ( —2) dx
0 \vV5+x2 y= 6
B 617tan"(%) N5 22
2 2,2
36m+/5tan™! (%g) 2.2)
5
2 6 2 > X
D 'n'J' < ) — 4ddx 0
0 54x2
E 36w

3 The graphs of y = sin’x and y = % cos(2x) y
are shown in the diagram. The total area of

1.5
the shaded regions is equal to:
2w !
A J sin® x — % cos (2x) dx 0.5
0 . .
6

B 4 Jo % cos (2x) — sin® x dx 05

S5m 1
+2Jw6 sin® x — %cos 2x)dx _15
6

C 3.14
V3w
D T E 74—3

4 The shaded region in the diagram is bounded by the lines x = e¢? and x = &°, the x axis and
the graph of y = log,(x). The volume of the solid of revolution formed by rotating this
region about the x axis is equal to:

3 y
A 'n'J’ e** dx _
2 2.5
20
B nj (log,(x))* dx 2
7 1.5
83 1
2
C TrLZ (log,(x))" dx 0.5
D m(e’—e) OJ/ 5 10 15 0
\ -0.5

E 2 J (log,(x))* dx -1
62




10

The graph represents the function y = sinx
where 0 < x < 2. The total area of the /
shaded regions is:

A 1—cosa B
D 0 E

—2sina  C 2(1 —cosa)
—2(1 — cosa)

The area of the region enclosed between the curve with equation y = sin® x, the x axis and

T is:

the line with equation x = a where 0 <a < 3

A 3cos’(a) B %—%sin3a C (%—%sinza)cosa+%
D %cos3asina E % —cosa + %cos3a
The shaded region shown is rotated around y
the x axis to form a solid of revolution. The A
volume of the solid of revolution is: .
A 1—log,(3) 0.5 Y e
B m(log,3)— 1)
0 T T T T T T T > x

C 0.099 1 02 04 06 08 1 12 14
D w(—1+log.(3)) 0.5 -
E 0.1

11

The shaded region shown in the diagram is rotated around the x axis to form a solid of
revolution. f”(x) > 0 and f”(x) > 0 for all x € [a, b] and the volume of the solid of
revolution is ¥ cubic units. Which of the following statements is false?
A V <aw[f(b)]*(b—a) i’
BV >a[f(@)F(®b—a)

b
C V=mn J [£()Pdx

a
DV =m([F(b)] — [F(a)]’) where F'(x) = f(x)
E V <a([fB)b —[f(a)a]

Y=/

> X

0 a b

The area of the region bounded by the curve y = cos(3), the x axis and the lines x = 0 and
X =mis:

A 0 B 1 C 2 D w E 4

The region bounded by the coordinate axes and the graph of y = cosx, for0 <x < I, is
rotated about the y axis to form a solid of revolution. The volume of the solid is given by:

1
A 1TJ cos® x dx

m
z 1

0 B ﬂjzcoszxdx C *n"[ cos™! ydx
0 0

T 1
D 'rrJ : (cos_1 y)2 dy E ’ITJ (cos_1 y)2 dy
0 0
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Short-answer questions (technology-free)

10

Calculate the area of the region enclosed by the graph of y = and the line y = 3.

E x =2
a Ify =1 — cosux, find the value of J ’ ydx. On a sketch graph, indicate the area
0

represented by the integral.
i

b Hence find J xdy.
0

Find the volumes of revolution of each of the following (rotation is about the x axis):

™
a y=secxbetweenx =0andx =

) b y=sinxbetweenx=0andx=;
e

¢ y=cosxbetweenx =0andx =

e y=4+/1+xbetweenx=0andx =28
Find the volume generated when the region bounded by the curve y = 1 4 ,/x, the x axis

d the region between y = x° and y = 4x

and the lines x = 1 and x = 4 is rotated about the x axis.

The region S in the first quadrant of the x—y plane is bounded by the axes, the line x = 3
and the curve y = +/1 + x2. Find the volume of the solid formed when S is rotated:
a about the x axis b about the y axis.

Sketch the graph of y = sec x for x € (—717 g) Find the volume of the solid of revolution

obtained by rotating this curve about the x axis for x € |:—Tw ;]

a Find the coordinates of the points of intersection of the graphs of 3> = 8x and y = 2x.

b Find the volume of the solid formed when the area enclosed by these graphs is rotated
about the x axis.

a On the one set of axes, sketch the graphs of y =1 —x? and y = x — x> = x(1 — x?).
(Turning points of the second graph do not have to be determined.)

b Find the area of the region enclosed between the two graphs.

The curves y = x? and x> + y?> = 2 meet at the points y

A and B. A

a Find the coordinates of 4, B and C. C

b Find the volume of the solid of revolution formed A B

by rotating the region about the x axis.

a Sketch the graph of y = 2x — x? fory > 0.

=3

Find the area of the region enclosed between this curve and the x axis.
¢ Find the volume of the solid of revolution formed by rotating this region about the x axis.
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Let the curve f: [0, 5] — R, f(x) = x? be rotated:
i around the x axis to define a solid of revolution and find the volume of this solid in

11

1]

terms of b (region rotated is between the curve and the x axis)
ii around the y axis to define a solid of revolution and find the volume of this solid in
terms of b (region rotated is between the curve and the y axis).
b For what value of b are the two volumes equal?

12 Sketch th hof { (x, )y = .
a etch the grap 0{(xy)y 4x2+1}
b Find d_y and hence find the equation of the tangent to this curve at x = %
x

¢ Find the area of the region bounded by the curve and the tangent to the curve at x = %
9
13 If f:R — R, f(x) =x and g: R\{0} = R, g(x) = —:
X
a sketch, on the same set of axes, the graphs of f+ gand f— g
b find the area of the region bounded by the two graphs sketched in a and the lines
x=1landx=3.
4
14 Sketch the graph of {(x, y):y =x =5+ — .
X
Find the area of the region bounded by this curve and the x axis.

15 Sketch the graph of {(x, Yy = ﬁ}
X=X

Find the area of the region bounded by this graph and the line y = %

Extended-response questions

1 a Sketch the curve whose equationis y = 1 —

x+2

b Find the area of the region bounded by the x axis, the curve and the lines x = 0 and
x=2.

¢ Find the volume of the solid of revolution formed when this region is rotated around the
X axis.

2 Let f:R— R, f(x)=xtan"! x. '

a Find f’(x). b Hence find Jo tan'x dx.

¢ Use the result of b to find the area of the region bounded by y = tan™'x, y = % and the
y axis.

d Letg:R— R, g(x)=(tan~! x)°.

i Find g'(x). ii Show that g’(x) > 0 for x > 0.

iii Sketch the graph of g: R — R, g(x) = (tan™! x)?.
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e Find the volume of the solid of revolution y
formed when the shaded region shown is A
rotated around the y axis. T
LR R — y=tanlx
> X
0 1

3 a i Differentiate x log, x and hence find J log, x dx.

ii Differentiate x(log, x)*> and hence find J (log, x)?dx.
b Sketch the graph of f: [-2, 2] — R,
e xel0,2
/)= e x¢€ [[—2,]0]
¢ The interior of a wine glass is formed by rotating the curve y = e* from x = 0 to
x = 2 about the y axis. If the units are in centimetres find, correct to two significant
figures, the volume of liquid that the glass contains when full.

4 A bowl is modelled by rotating the curve y = x? for 0 < x < 1 around the y axis.
a Find the volume of the bowl.
b If liquid is poured into the bowl at a rate of R units of volume per second, find the rate of

increase of the depth of liquid in the bowl when the depth is }1.

) ) dv dvdy
Hint: Use the ch le: — = ——.
(Hint: Use the chain rule ar = dy dt)

¢ i Find the volume of liquid in the bowl when the depth of liquid is % a unit.
ii  Find the depth of liquid in the bowl when it is half full.

5 a Show that the area enclosed between the two curves y = ax?

d 1 x2 4
andy=1— —is =
Y a 3Va?+1

b i Find the value of @ which gives a maximum area.

where a > 0.

ii Find the maximum area. y

>

¢ Find the volume of the solid /
formed when the region bounded
by these curves is rotated about a a2
( a?+1’ m)

the y axis.

X

Y

[

6 a On the same set of axes, sketch the graphs of y = 3 sec?® x and y = 16 sin® x for
0<x < E.
4

b Find the coordinates of the point of intersection of these two curves.
Find the area of the region bounded by the two curves and the y axis.
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10

11

Let f: (1, 00) — R, be such that:

f'(x) = ——, where a is a positive constant
X—a

f@2)=1

fA+ehH=0.

a Find a and use it to determine f'(x).

b Sketch the graph of 1.
If /~! is the inverse of £, show that f ~!(x) = 1 + ¢*~!. Give the domain and range of
s

d Find the area of the region enclosed by y = £ ~!(x), the x axis, the y axis and the line
x=1.

2
e Find J f(x)dx.

I4e!
Let f: [0, a] — R, where f(x)=3cos %x.
a Find the largest value of ¢ for which / has an inverse function, £ ~!.
b i State the domain and range of /. i Find f~'(x).
iii Sketch the graph of /!
¢ Find the gradient of the curve y = f~!(x) at the point where the curve crosses the y axis.
Let the volume of the solid of revolution formed by rotating the curve y = f(x) between
x = 0 and x = 7 about the x axis be V;. Let the volume of the solid of revolution formed
by rotating the curve y = f ~!(x) between y = 0 and y =  about the y axis be V. Find V;
and, hence, V5.
The curves ¢y? = x* and y* = ax (where @ > 0 and ¢ > 0) intersect at the origin, O, and at a
point P in the first quadrant. The areas of the regions enclosed by the curves OP, the x axis
and the ordinate through P are 4, and 4, respectively for the two curves. The volumes of the
two solids formed by rotating these regions about the x axis are V; and V, respectively. Show
that 4, : A, =3:5and V;: Vo, =1:2.

a Find the area of the circle formed when a sphere is cut 1
. p Loh T
by a plane at a distance y from the centre, where y < r. ' AL,

b By integration, prove that the volume of a ‘cap’ of height

%r cut from the top of the sphere, as shown in the

di 1w

iagram, is ———.

agram 18 795
22

Consider the section of a hyperbola with — — =i landa < x < 2a,(a > 0).
a

Find the volume of the solid formed when the area of the region bounded by the hyperbola
and the line with equation x = 2a is rotated about the:
a X axis b y axis.
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12

13

14

: . : 3x . :
a Show that the line with equation y = > does not meet the curve with equation

1
r= JI=x% |
b Find the area of the region bounded by the curve with equation y = —— and the

V1 —x2

3
lines y = Tx,x =0andx = %

¢ Find the volume of the solid of revolution formed by rotating the region defined in b
about the x axis. The answer is to be expressed in the form m(a + log, b).

A model for a bowl is formed by rotating a section of the graph of a cubic function
f(x) = ax® + bx* + cx + d around the x axis to form a solid of revolution. The cubic is
chosen to pass through the points with coordinates (0, 0), (5, 1), (10, 2.5) and (30, 10).
a 1 Write down the four simultaneous equations that can be used to determine the
coefficients a, b, ¢ and d.
ii Using a CAS calculator or otherwise, find the values of a, b, ¢ and d (exact values
should be stated).
b Find the area of the region enclosed by the curve and the line x = 30.
i Write the expression that can be used to determine the volume of the solid of
revolution when the section of the curve 0 < x < 30 is rotated around the x axis.
ii Use a CAS calculator to determine this volume. y
d The bowl is unstable as designed by the cubic. The designer A
is very fond of the cubic and modifies it so that the base has Y=/
radius 5 units. Using a CAS calculator: (M:E:‘S)
i find the value of w where f(w) =5 L iw v

ii find the new volume, correct to four significant figures. 0 :‘

]
1

~— —_—

e A mathematician looks at the design and suggests it may be more

[

pleasing to the eye if the base is chosen to occur at a point where
x = p and f”(p) = 0. Find the values of coordinates of the point
./ @) y
a For 0 <a <1, let T, be the triangle whose vertices are
(0,0) (1, 0) and (a, 1).
Find the volume of the solid of revolution when 7}, is

(a, 1)

rotated about the x axis.

0,00 (1,0)

b For 0 < k < 1, let T} be the triangle whose vertices are (0, 0), (k, 0) and (0, /1 — k2).
Ty is rotated around the x axis. What value of & gives the maximum volume? What is the
maximum volume?




15 A model of a bowl is formed by rotating the line

segment AB about the y axis to form a solid of
revolution. B(b, H)
a Find the volume, V cm?, of the bowl in terms of (7T

a, b, and H (units are centimetres). i \ -
b Ifthe bowl is filled with water to a height IR 0 A(a, 0)

find the volume of water.
¢ Find an expression for the volume of water
in the bowl when the radius of the water
surface is » cm (the constants a, b and H
are to be used).
. dr ¢ hcm
d i Find —.
dr
ii Find an expression for the depth of the water,

h cm, in terms of r.
e Ifa=10,b=20and H=20:

i find d—V in terms of »
dr

d dh
ii and if water is being poured into the bowl at 3 cm?/s, find d_: and m when
r=12.




9.1

Differential equations

An introduction to differential equations

Differential equations are equations which involve at least one derivative.

dx d? d
7 = Ccost, d—t); —4x =1, d_J; = )% are all examples of differential equations.

Such equations are used to describe many scientific and engineering principles and their
study is a major branch of mathematics. For Specialist Mathematics, only a limited variety of

differential equations will be considered.
The following notation is used to denote the y value for a given x value:
y(0) = 4 will mean that whenx =0, y = 4.

Solution of differential equations
A differential equation contains derivatives of a particular function or variable. Its solution is a
clear definition of the function or relation without any derivatives included.

dx . .
e.g. — =cost thenx = |costdt ie.x =sint+c
dt

. . . . . dx
x = sin t + ¢ is the general solution of the differential equation i cost.

337
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This example displays the main features of such solutions. Solutions of differential
equations are the result of an integral, and therefore produce a family of functions.

To obtain a particular solution, further information is required and is usually given as an
ordered pair belonging to the function or relation. (For equations with second derivatives, two

items of information are required.)

- [T

d
a Verify that y = 4¢* — x — 1 is a solution of the differential equation d_y =x+y.
X
b Hence find the particular solution of the differential equation given that y(0) = 3.

Solution

a Solutions of differential equations are verified by substitution.
d
Ify = Ade* —x — 1 then = = Ae — 1
dx

. dy
Given — =x +y
dx
LHS =4e* — 1 RHS=x+4+4e" —x—1=4¢" — 1
d
y=Ae* —x—1 isasolutionofd—y =x+y.
X
b »(0) = 3 means that when x = 0, y = 3. Substituting in the solution
verified in a
3=4e"-0-1
ie.3=4-1
A=4

y = 4e* — x — 1 is the particular solution.

[

d? d
Verify that y = €** is a solution of the differential equation d—JZ/ + d—y — 6y =0.
X X
Solution
Now y = e
dy
pA— ] 2x
dx ¢
d2y 2x
i
Now consider the differential equation.
d’y  dy
LHS= —=+ = -6
dx? + a7
= 4> 4 2¢** — 6™ (from above)
=0

= RHS
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Example 3

d’y dy
Verify that y = ae** + be™3¥ is a solution of the differential equation —= >+ —-—6y=0.
y=

dx?  dx
Solution
Now y = ae* +be™>*
d
d—i = 2ae” — 3be >
d?
—y = 4ae® + 9be "
dx?
d’y dy
LHS= — + — —6y
dx? + dx

= (4ae*™ + 9be") + (2ae* — 3be ™) — (6ae™ — 6be ™)
= 4ae™ + 9be > + 2ae*™ — 3be > — 6ae™ + 6be

=0

= RHS

Example 4

Find the constants @ and b if y = ¢**(2x + 1) is a solution of the differential equation

d’y dy
Solution

Ify =e*(2x + 1)

d
Then 2 = 4% (2x + 1) + 2¢™
dx
=2e¥(4x +2+1)
= 2¢"(4x +3)
dzy 4 4x
Thus —= = 8¢™(4x + 3) + 4 x 2e
dx?

=8eM(@4x +3+1)
= 8¢ (4x + 4)
=32e¥(x + 1)

d*y dy
Thu51f F—ad— +by_0

32¢™(x 4 1) — 2ae™ (dx +3) + be*(2x + 1) =0
Divide through by e*  (e** > 0)

32x +32—8ax —6a +2bx +b =0
ie. (32-8a+2b)x +(b—6a+32)=0
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Thus
32-8a+2b=0
and 32-6a+b=0
Multiply | 2 | by 2 and subtract from
This yields

-32+4a =0
a=8and b =16

Exercise Sl

1 For each of the differential equations given below, verify that the given function or relation

is a solution of the differential equation. Hence find the particular solution from the given

information.
Differential equation Function or relation Added information
d
a %:2)}—}-4 y=Ae? —2 $(0)=2
d
b = =log y=xloglrl—x+ ¢ (1) =3
dx
dy 1
c —=- y=42x+c y(1)=9
dx y
dy y+1
d _—= — —_ = =
o B y—logly+1l=x+c y(3)=0
dZy x4
—a — 6 2 = — = =
e e X y=- + Ax + B y0)=2,y(1)=2
d’y 2 -2
=% y=Ae* + Be »(0) =3, n(log.2) = 9
X
d’x ) T
g o5+ =18 x=Asin(31) +Bcos(3) +2  x(0)= 4,x<5> -1
2 Verify that the given function is a solution of the given differential equation in each of the
following:
dy 2 dy 2 1
— =2y, y =4e” b —=—-4xy",y=—
VT rEe dx Y=g
d d 2
c —y:1+z,y:xloge|x|+x d —yz—x,y=33x2+27
dx x dx )2
d’y dy d? d
e —Z _6y=0, — p—2x 3x y_ _y — — oM
g Y y=e 7 te f 2 de +16y=0,y=e"(x+1)
d? 2
g d—x); = —nzy,y:asinnx h % :nzy,yzenx—l—e_nx
2
N x+1 . d’y _(dy 4
i = = Y= b yo=5=2{) .»y=
dx 1 + xz 1 —x dx dx X + 1
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d.
3 If d_x is inversely proportional to y, and y = 2 whenx = 0 and y = 4 when x = 2, find y
y
when x = 3.

d? d
4 If the differential equation xzd—); —2x d_y — 10y = 0 has a solution y = ax”, find the
X X
possible values of n.

5 Find the constants @, b and ¢ if y = a + bx + cx? is a solution of the differential equation
d*y dy
—— 4 2= 44y =4x?
e + e +4y =4x

6 Find the constants @ and b if x = #(a cos 2t + b sin 2¢) is a solution of the differential
2

) X
equation T2 + 4x = 2 cos2t.

7 Find the constants a, b, c and d if y = ax® + bx?> + cx + d is a solution to the differential

d’y
equation T2 + 2d_ +y=x*

Solution of differential equations of the forms
dy dy
—= = f(x)

dx dx’

Differential equations of the form ?l = f(x)
X

d
Differential equations of the form d_y = f(x) present the simplest category of differential
X

equations. Their solution can be obtained if the antiderivative of f (x) can be found.

Ifd—y = f(x), then y = Jf(x)dx
dx

Find the general solution of each of the following:

dy 4 2 dy .
— =x"=3 2 b — =sin2¢
a o X X+ i sin
. dx i d dx 1
—_— = e —_— —_— =
dt t dy 14?2
Solution
dy 4 2
=x*—3x* 42 .'.y=Jx —3x°+2dx
dx

Sy = % — x° 4 2x + ¢ is the general solution.
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Using a TI-Nspire calculator

Choose Differential Equation Solver m e, A
from the Calculus menu (¢=) ) (©). deSolve(y'=x4-3-x2+2,xy) =
Complete as shown. 5
y=r— 4210
5
=
1/99

Using a Casio ClassPad calculator

Choose Transformation, then Advanced

»r Edit Action Interactive ix:

and then dsolve. S ] L d e IR 3
The differentiation symbol (') is found on dSolvel y=x¥-3.x2+2, x*[5
the CALC keyboard under mth as shown {!,: ’%_5_x3+2. xrconstill
in the diagram. o

b
[mth [abe [cat [ 20 |EIEIE]

BB EEE I*IxIrIZIt 4
im |7 [8[9]|[~[=

3|6 |[®]|=
213([+]-

# . |[E||ans

TRIG | & IOPTN VAR |EXE
Alg Standard Cplx Rad dm

dy
b — =sin2¢ Sy = J sin 2¢ dt
d 4
Sy = —% cos 2t + c is the general solution.
d. 1 1
¢ Doy ',x:Je‘3’+—dt
dt t
Sx= —; =3 4 loge|t| + c is the general solution.
d dx 1 J 1
— = Sox =
dy 142 1+ y2

s.x=tan"'y+c or y=tan(x — c)is the general solution.
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Using a TI-Nspire calculator

Choose Differential Equation Solver
from the Calculus menu (¢=) &> ©).
Complete as shown.

11 RAD AUTO REAL

1 ) x=mn"(y)+c16 &
VX
1+y

deSolve (x'=

Notice that this differential equation is of

dx solve(x=mn“(y)+c16',y)
the form T f(») and the roles of x and
y

y=tan(x—c16) and c16-ZxscT6+ >
2 2

y are reversed.
Use solve to find y in terms of x.

=
2/99 ||

Using Casio ClassPad calculator
Choose Transformation, then Advanced
and then dSolve.
The differentiation symbol (') is found on dsﬂl."_.[ R N x] =
the CALC keyboard under mth. {x=tan-1(i§f.;2unst(1)}

Use solve to find y in terms of x. solve(x=tani{yl+c,v)
fy=tan(x-c)}

Families of curves

Solving differential equations requires finding an equation that connects the variables, but does
not contain a derivative. There are no specific values for the variables. By solving differential
equations, it is possible to determine what function or functions might model a particular
situation or physical law.

If d_y = x, then it follows that y = %xz + k, where k is a constant.
I

d
From this it can be seen that the general solution of the differential equation d_y = X can be
X
given as y = %xz + k.

If different values of the constant & are taken, a Y f=3

family of curves can be obtained. The graphs show \J -

that this differential equation represents a family k :—10
= —

of curves y = %xz + k. 1

—>» X

Lo _6/‘

For particular solutions to a differential equation, a particular curve from the family can be
distinguished by selecting a specific point of the plane through which the curve passes.



344 Essential Specialist Mathematics

d
For instance, the solution of d_y = x for which

X y
» =2 when x = 4 can be thought of as the A y= % X2-6
solution curve of the differential equation which )
passes through the point (4, 2). 4.2)
From above:
. > X

y = %xz +k 0 4

and .'.2=%x16+k
S 2=8+k
k=6 (0,-6)

and thus the solution is y = %xz — 6.

Example 6

a Find the family of curves whose gradient is e?*.
b Find the equation of the curve whose gradient is ¢>* and which passes through (0, 3).

Solution y=Lery1
dy s y 2
d_ = e X “ 1 2
X = __
11 Y 2 e
. _ 2x
. y_Je dx /1 y:Eezx—l
=1 +¢ 2 /
> X
This represents a family of curves since 0
— 1
¢ can take any real number value. The -
diagram shows some of these curves.

b Substituting x = 0, y = 3 in the equation y = %ez)‘ + ¢ we have

3= %eo—i—c
c=3
. The equation is y = Je** + 3.
2
. . . dy
Differential equations of the form —= = f(x)

2
dx
These differential equations are similar to those discussed above, with antidifferentiation being

applied twice.

d dp
Thenm = a :f(X)

d
The technique involves finding p as the solution of the differential equation d_p = f(x).
X

d
p 1s then substituted in the differential equation d_y = p which is then solved.
X
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Find the general solution of the following:

dZ d2
a dy2 10x — 3x + 4 b d—xﬁzcos(m
dz_y —_ e_x d & == 1
dx2 dx? x4+ 1
Solution
dy
Let p=-—
a € P dx
dp
Then — = 10x> — 3x + 4
dx
5x%  3x? Ydr 4
pP=my T e
dy  S5x*  3x?
L= T 14
a2 g twte
Y53
y = 5~ ?+2x2+cx+dwherec,d €R
dy
b Let = —
© dx
d
Then @ _ cos(3x)
dx

p= Jcos(3x)dx

= 3sin(3x) + ¢
dy

o = % sin(3x) 4+ cand y = J (% sin(3x) + c) dx

y= _Tl cos(3x) + c¢x + d where ¢ and d are real constants.
¢ The p substitution can be omitted.
@y
dx?
— = Je_xdx =—e"+c

—X

y:J—e’x—I-cdx=e’x+cx+dwherec,deR.

J'(x—i—l) 2dx_2(x+1)2+c

1
y=J 2 + 1)2 + 4(x—i—l)2—i—cx—i—dwherec deR.
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Example 8
2

Given the differential equation d—); = cos® x find:
x

a the general solution

d
b the solution, given that d—y = 0 when x = 0 and y(0) = —%
X

Solution
d2
a Now d—x); = cos’ x
d
d_i = J cos® x dx

To proceed in this case the trigonometric identity cos 2x = 2 cos®>x — 1 is used.

cos’x = %(cos 2x + 1)

d

So d—y:%J0082x+1dx
X
d
d—i}:%(%sian +x)+c
d
d—y:%sin2x+%x+c
x

y:J(isin2x+%x+0)dx

y = —% cos2x + %xz + cx + d is the general solution.

d

b Using—y =0whenx =0
dx
dy

and o = % sin2x + %x + ¢ from a, substitute and find:
0=1sin0+0+c
c=0

So %:%sinh—{—%x

y=—gcos2x + 1x? +d
Now using y(0) = —% substitute and find:

——%cosO—i—O—i—d

= —% cos2x + %xz is the solution.
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Using a TI-Nspire calculator

Choose Calculus and then Differential
Equation Solver to obtain deSolve

(€@ & ©).
Enter deSolve ()" = (cos(x))?> and

ﬂmziémmwm:axy)
Choose Algebra, then Trigonometry and
then Collect to obtain tCollect

(@ & & D).

]

ve|yt=

tColle: t(

fooslel)? | & 8)

-(cos(2-x)—2-x2) =

212

Using a Casio ClassPad calculator

Enter " = (cos(x))? and shade.

Select Interactive, then Advanced, then
dSolve and then Include condition.
Equation: )" = (cos(x))?

Inde var: x

Depe var: y

Condition: y'(0) =0

Condition: y(0) = ——

EEHH!EEJ%E-E-

e
—

dSulue[ w=(cos(x]112,x,+

_ x2 cns(2-x)}
oo

[mth [abe [cat [ 20 |EIEIE]
EICNENERE I*lerlzlt |
T HEEEE

HAIBE
AEBE
# . |[E||ans

TRIG | & IOPTN VAR |EXE

Alg Standard Cplx Rad dm]

WMshe_
(

Exercise @

1 Find the general solution of the following differential equations:
dy x243x — 1

dy

dy (1—yp

2
— = — b
A dx * 3x 42 dx X
dy 1 dy 1
d _— = —= e — =
dx  \/x e 2t —1
dy dx 3
i h - = Y
g 0 tan(2t) & e
dx B 1

d
¢ P ongy
dx

d
fgzmm—m
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2 Find the general solution of the following differential equations:

d’y 3 d’y d*y . '1T
a ﬁzﬁc b W: 1—x c ﬁzsm(Zx—i—Z)
d? x d? 1 d? 1
d _y = e2 e —y = f —y =
dx? dx?  cos’x dx?  (x+1)?

3 Find the solution for the following differential equations:
dy 1

a = F,giventhaty = %whenx=4
dy .

b — =e™, given that y(0) =0
e

e X_1 T , given that y = %whenx: 1
dx X
d

d & _ L, given that y(2+/2) = log, 2
dx  x?2—4

e @ = xv/x2 — 4, given that y = —1 when x = 4
dx 43
dy 1 T
dr = Ja St =3
d 1

g d_ic) =i given that y =2 whenx = 0
dy 1 . 3m

h E = m, given that y(2) = ?
d

i d—i = x+/4 — x, given that y = —% whenx =0
d X

i d_i = e"e—l— T given that y(0) = 0

4 Find the solution for the following differential equations:

d? d
a ay _ e " — ¢ given that y(0) = 0 and Y_ 0whenx =0
dx? dx
d? d
A 12x, given that when x = 0, y = 0 and & 0
dx? dx
d? d
¢ 222 s 2x, given that when x = 0, y = —1 and v %
dx? dx
d*y 1 . dy
d i 1— ek given that y(1) = % and i 0 whenx =1
d? 2 d
e d_x); = ﬁ given that, when x = 0, d—i} = 0and, whenx =1,y =1
d? d
f 2 —2402x 1 1), given that (—1) = —2 and 2 = 6 whenx = —1
dx? dx
d? d
g 2y _ %, given that, when x = 0, Y _ % and, whenx = -2,y = _T
dx? (4 —x2)2 dx 2
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5 Find the family of curves defined by the following differential equations:

dy d*y dy 1
a a—3x+4 b ﬁ——Zx dx_x—3
6 Find the equation of the curve defined by the following:
d d
O b & —xtsin2x y0)=4
dx dx
dy 1
- = — 3)=2
¢ dx 2-—x 3

The solution of differential equations of the

form ﬂl = f(

dx y)

349

dx 1 dy dx
The identity — = —— is used to convert the differential equation — = to—=——.
5D auaton gy = SO G = 70)
dx
dy
Ifa = f(y) thenx = Jﬁ dy
Example 9
Find the general solution of each of the following differential equations:
dy dy
ap— 1 _1 b = =¥
a o y+Ly>—3 i e
d d
¢ T=T-jye(-L1 d Z=1-)-l1<y<l
dx dx
Solution
d
a For 2 — 2y +1
dx
dx 1
& 1 T Y
Therefore x = %loge|2y +1|+k keR
= %loge(2y+ +kasy > —%
2(x — k) =log,(2y + 1)
and 2y 41 =P
ie. y =30 —1)
This can also be written as y = 1(4e** — 1) where 4 = e .
Note: For y < —%, the general solution is given by y = —%(Aezx + 1) where

A=e2k
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Using a TI-Nspire calculator

Choose Differential Equation Solver
from the Calculus menu (¢=) ) (©).

Complete as shown.

1.1

RAD AUTO REAL

- A
deSolve(y =2 y+1,x,y) y=c1-ez'x—l
2
™
9

1/9

Using a Casio ClassPad calculator

Choose Transformation, then Advanced
and then dSolve.

The differentiation symbol (') is found on
the CALC keyboard under mth as shown
in the diagram.

R e Tl

dSolve(w=2-y+l,x,v] =
{ eZ-Ex+cnnst(1))_1}
w= >

m}

e
[mth [abe [cat [ 20 |EIEIE]
[r|@ |3 [ C[> [ [2]|a|y|x]|z |+
N HEIE S
diff| s [int |[4[5]6e][x]
1 |nPr[ncr[f1]|2[3][+]-
soluldsiu] * [[[e]. [=][ans
TRIG | & JorTH] vAR JEXE
Ala Standard Cplx Rad fm]

dy

b For s e

Z—; =e¢ ¥andx = J e dy

Therefore x = —%e_zy +c

2x—c)=e¥
and —2y =log,(—2(x — ¢))
y = —3log,(=2(x —¢))
= —% log,(2c — 2x),x <c¢

c For% =1—y?

dx 1 1

d_y_ e andx:J —
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Therefore x = sin~' y + ¢

and y =sin(x — ¢)
dy 2
d For —=1-—
ordx y
dx 1
d_yzl—yzandx:J — Zdy

1 1
_ d

* J2(1—y)+2(1+y) Y
= —1log,(1 —y)+ 3log,(1+»)+c (-1 <y<1)

1 1+y
X—C=§10ge 1T

y
QA=) — I+y
-y
Let e =4

Then (1 —y)e*4d=1+y

Rearranging Ade* — 1 = y(1 4+ 4e*)
Ae* —1

YT e+ 1

é;\“s"eof 1 Find the general solution of the following differential equations:

d d d
a a —y=3y—5 b —y=1—2y ¢ Lo
“Zacne® dx dx dx

d d d

d d—i:coszy e d—i:coty f d—i:yz—l
dy 2 dy 1 d
— =1 h —=—— i Y

& xY dx 592 +2y o=V
dy 2

. 4

J dx yo+ay

2 Find the solution for the following differential equations:

d

a & =y, given that y = e whenx = 0
dx
d

b & =y+ 1, giventhat y(4) =0
dx
dy

=2y, given that y = 1 whenx =1

dx
d
d d_y =2y + 1, given that y (0) = —1
X
dy

¥
e y: T given that y = 0 whenx = 0
X e

d
f d—y — /9 — 12, given that y (0) = 3
X

351
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d 7

g Y_o — 2, given that y = 0 when x = —
dx 6
dy 2 . —ar 1

h — =149y, thaty| — | = —=
g | Toveiven ay<12> 3
d 242

i 27 + y, given that y = —4 whenx =0
dx 2

3 Find the equation for the family of curves for the following:

d 1

2 Y1
dx )2
dy

b —=2y-—-1
dx Y

Applications of differential equations

Many differential equations arise from scientific or business situations and are usually

constructed from observations and data obtained from experiment.

Two results from science which are described by a differential equation are:

Bl Newton’s law of cooling — the rate at which a body cools is proportional to the difference
between its temperature and that of its immediate surroundings.

B Radioactive decay — the rate at which a radioactive substance decays is proportional to
the mass of the substance remaining.

These two results will be further discussed in worked examples in this chapter.

t | 0] 1] 23| 4

dx

— | 0| 2] 8| 18] 32
dt

The above table represents the observed rate of change of a variable x with respect to time ¢.
a Construct the differential equation which applies to this situation.
b Solve the differential equation to find x, given that x = 2 when ¢ = 0.

Solution
d
a From the table it can be established that j); =242,
5 26
b Hence x =J2t dt = T+C
Whent=0,x=2 2=04candc=2

213
Therefore x = ER +2
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Differential equations can be constructed from statements as exemplified in the following.

- [

The population of a city is P at time # years from a certain date. The population increases at a

rate that is proportional to the square root of the population at that time. Construct and solve
the appropriate differential equation and sketch the population—time graph.

Solution

. T dpP
Remembering that the derivative is a rate, we have — o v/ P.

dP
So — — k+/P where k is the constant of variation.

Since the population increases, k£ > 0.
dpP
So o= kv/P,k > 0is the appropriate differential equation.

Since there are no initial conditions or values given here, only a general solution for
this differential equation can be found.

Now:
dP d
= — kP | This is of the form v 1)
dt dx
a1
dP kP
1 1
[ = — P 2dP
il

1 1
t=;2P2+c c€eR

2
t = %«/F + c is the general solution of the differential equation.

It is easier to sketch the graph of P against ¢ if P is the subject of the formula.

2 P
Now: t=-+vP+c
k A
2
t—c=-~P

k

k

—(t—c)=~P

2 ( kzcz)
2 0, —

P=k—(t—c)2 4 /s
4 > [
0 >

k2
The graph is a section of the parabola P = ?(t — ¢)? with vertex at (c, 0).
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N o )

Another city, with population P at time ¢ years after a certain date, has a population that
increases at a rate proportional to the population at that time. Construct and solve the
appropriate differential equation and sketch the population—time graph.

Solution

dP
Here — o« P
dt

dpP
i kP, k > 0 is the appropriate differential equation.
N ar kP
ow — =
dt
a1
dP kP
11
t=2 |5 ar P
k)P
1 A
= p log, P +c¢

This is the solution.
Rearranging to make P the subject:

k(t —c) = log, P 0, 4)
ek(t—c) — P

Y

P = A", where 4 = ¢~ *¢

The graph is a section of the exponential curve P = AeX

. e )

Suppose that a tank containing liquid has a vent at the top and an outlet at the bottom through
which the liquid drains. Torricelli’s law states that if, at time ¢ seconds after the opening of the
outlet, the depth of the liquid is X m and the surface area of the liquid is 4 m? then:

ﬁ=L\/}_lwherek>0
dt A

(k actually depends on factors such as the viscosity of the liquid and the cross-sectional area of
the outlet.)

Use Torricelli’s law for a tank that is cylindrical, initially full, and that has height 1.6 m and
radius length 0.4 m. Use £ = 0.025. Construct the appropriate differential equation, solve it
and find how many seconds it will take the tank to empty.
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Solution

A diagram should be drawn. -~— >

Surface area is A m2

hm

=
dh  —0.025vh

dit % 0.42
since the surface area is a circle with

Now

constant area  x 0.42

dh  —0.025vh

S A
° dt 016w
dh  =5+h
— = Vi is the appropriate differential equation
dt 32w
N dt —327 hié
ow _—=—
dh 5
-32 |
L J h dh
5
—32
= Tﬂ 2]’1% + C
—64m
t=————h
5 +c
Use the given condition that the tank was initially full, i.e. when¢t =0, 2 = 1.6.
By substitution: 0 = —V 6+c
64
c= Tﬂ 16
So the particular solution for this differential equation is:
—64 64
t=—Vh+ V16
—64m
(Vh=~1.6)

Now, for the tank to be empty, 2 = 0.

64
By substitution: ¢ = Tr(\/ 6)
&~ 50.9

It will take approximately 51 seconds to empty this tank.
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The following example uses Newton’s law of cooling.

Example 14

An iron bar is placed in a room which has a temperature of 20°C. The iron bar has a
temperature of 80°C initially. It cools to 70°C in five minutes. Let 7 be the temperature of the

bar at time ¢ minutes.

a Construct a differential equation. b Solve this differential equation.
¢ Sketch the graph of T against ¢. d How long does it take the bar to cool to 40°C?
Solution

dt
a Newton’s law of cooling yields i —k(T — 20) where k € R
Note the use of the negative sign as the temperature is decreasing.

p 9 1
dr k(T —20)

1
‘.t:—%loge(T—20)+c T >20
Whent=0,7=280

1
0= a log,(80 —20) + ¢

1
¢ = —log, 60

K
1 60
d f=-1
an 3 Oge(T—zo)

Whent=5,T=70

l—;andt— > lo ( 60 )
kolog,(9) 1 leg,(8) 2 \T-20

For T to be the subject rearrange as shown:

Nio 6 o 60

5 ge 5 - ge T—2
lo 6 =1lo 60
g\5) =% \7-20

6\5 60

5) T =20

and 7 = 20 + 60 (%)

(=]

W~

W~

D~
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d Use the form ¢ =

5 ( 60 >
log, (&) 2 \T—20

5
When 7' =40, 1 = —-log,(3)
log, (5)

=30.1284...

The bar reaches a temperature of 40° after 30.1 minutes.

Difference of rates
Consider each of the following situations:
B an object being heated while at the same time being subjected to some cooling process
B apopulation increasing due to births but at the same time diminishing due to deaths
B aliquid being poured into a container while at the same time the liquid is flowing out of
the container.
In these situations

the rate of change = rate of increase — rate of decrease

For example if water is flowing into a container at § litres per minute while at the same time
water is flowing out of the container at 6 litres per minute, the rate of change = (8 — 6) litres

per minute. If V litres is the volume of water in the container at time ¢, — = 2.

dt
A certain radioactive isotope decomposes at a rate that is proportional to the mass m kg present

at any time ¢ years. The rate of decomposition is 2m kg per year. The isotope is formed as a
byproduct from a nuclear reactor at a constant rate of 0.5 kg per year. None of the isotope was

present initially.

a Construct a differential equation.
¢ Sketch the graph of m against 7.

Solution
1—4
a 05— om= e
dt 2

b Solve the differential equation.
d How much isotope is there after two years?
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dt_ 2
dm 1 —4m

This implies ¢ = —% log,|1 —4m|+c
= —% log, (1 —4m) 4+ ¢, since 0.5 —2m > 0

When ¢t = 0, m = 0 and therefore ¢ = 0

-2t = log,(1 — 4m)

and e =1—14m
dm =1—¢*
ie. m=1(1-—e?)
C m
A
025F-—-===-======-=-=---

d Whent=2
m = %(1 —e™)
=0.245...
After two years there are 0.245 kg of the isotope.

Example 16

Pure oxygen is pumped into a 50-litre tank of air at 5 litres per minute. The oxygen is well
mixed with the air in the tank. The mixture is removed at the same rate.

a Construct a differential equation given that plain air contains 23% oxygen.

b After how many minutes does the mixture have 50% oxygen?

Solution

a Let Q litres be the volume of oxygen at time ¢ minutes.
Whent=0,0=50x023=11.5

d
7? = rate of inflow — rate of outflow
= 5 — g X 5
50
dQ _50-0

1.€. i 10
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dr 10
dg 50-0
t =—-101log,|50 — O] + ¢
=—-101log, (50 — Q) + ¢, as O < 50

b

whent =0, 0 =11.5
¢ = 101log,(38.5)

t =101 77

= og, _—
& \260-0)

If there is 50% oxygen Q = 25

77
t=10log, [ ——
08 (2 X 25)
= 10log, (%)
—4317...

The tank contains 50% oxygen after 4 minutes and 19.07 seconds.

Exercise @

1 Each of the following tables gives results of an experiment where rates of change were
found to be linear functions of ¢, i.e. Z); =at+b.

For each of the tables, set up a differential equation and solve it, given the additional

information.

a
t 0 1 2 3 and x(0) =3
dx 13 5 7
dt

b
t 0 1 2 3 andx(1)=1
dx 1 2 5 8
dt

c
t 0 1 2 3 and x(2) = =3
dx dt 8 6 4 2

2 For each of the following, construct a differential equation but do not attempt to solve it.

a A family of curves has gradient at any point (x, y), y # 0, which is the reciprocal of the
y coordinate.
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b A family of curves has gradient at any point (x, y), ¥ # 0, which is the square of the
reciprocal of the y coordinate.

¢ The rate of increase of a population of size N at time ¢ years is inversely proportional
to the square of the population.

d A particle moving in a straight line is x m from a fixed point O after ¢ seconds. The rate
at which the particle is moving is inversely proportional to the distance from O.

e A radioactive substance decays according to the rule that the rate of decay of the
substance is proportional to the mass of substance remaining. Let m kg be the mass of
the substance at time ¢# minutes.

f The gradient of the normal to a curve at any point (x, y) is three times the gradient of
the line joining the same point to the origin.

A city with population P, at time ¢ years after a certain date, has a population which
increases at a rate proportional to the population at that time.

a 1 Setup a differential equation to describe this situation.
ii Solve to obtain a general solution.
b If the initial population was 1000 and after two years the population had risen
to 1100:
i find the population after five years
ii sketch a graph of P against ¢

An island has a population of rabbits of size P, ¢ years after 1 Jan 2000. Due to a virus the
population is decreasing at a rate proportional to the square root of the population at that
time.

a 1 Setup a differential equation to describe this situation.
ii Solve to obtain a general solution.
b Ifthe initial population was 15 000 and the population decreased to 13 500 after
five years:
i find the population after 10 years
ii sketch a graph of P against ¢

A city has population P at time ¢ years from a certain date. The population increases at a
rate inversely proportional to the population at that time.

a i Setup a differential equation to describe this situation.
ii Solve to obtain a general solution.

b Initially the population was 1 000 000 but after four years it had risen to 1 100 000.
i Find an expression for the population in terms of 7.
ii Sketch the graph of P against t.

A curve has the property that its gradient at any point is one-tenth of the y coordinate at
that point. It passes through the point (0, 10). Find the equation of the curve.
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. . . . de
If the thermostat in an electric heater failed, the rate of increase of temperature, I

would be 0.016 degrees per minute where 6 is in degrees Kelvin (K°) and ¢ is in minutes.
If a heater was switched on at a room temperature of 300 K° and the thermostat did not
function, what would the temperature of the heater be after 10 minutes?

The rate of decay of a radioactive substance is proportional to the amount Q of matter
present at any time, ¢. The differential equation for this situation is 7? = —kQ where kis

a constant. If O = 50 when # = 0 and Q = 25 when ¢ = 10, find the time taken for O to
reach 10.

The rate of decay of a substance is km(k € R™) where m is the mass of the substance
remaining. Show that the half life, the time in which the amount of the original substance

1
remaining is halved, of the substance is Z log, 2.

The concentration, x grams per litre, of salt in a solution at any time, # minutes, is given by
dx 20 —3x

d 30

a Ifthe initial concentration was 2 grams per litre, solve the differential equation, giving

x in terms of ¢.
b Find the time taken, to the nearest minute, for the salt concentration to rise to 6 grams

per litre.
dy . y _ _ .
If o 10 — 10 and y = 10 when x = 0, find y in terms of x. Sketch the graph of the
X

equation for x > 0.

.. . dn .
The number, n, of bacteria in a colony grows according to the law i kn, where kis a

positive constant. If the number increases from 4000 to 8000 in four days, find, to the

nearest hundred, the number of bacteria after three days more.

A town had a population of 10 000 in 1990 and 12 000 in 2000. If the population is N at a

time ¢ years after 1990, find the predicted population in the year 2010 assuming:

a Loy 1 N
— — X — c — &
ra & dar N dr

For each of the following construct a differential equation but do not attempt to solve it.

a  Water is flowing into a tank at a rate of 0.3 m? per hour. At the same time water is
flowing out through a hole in the bottom of the tank at a rate of 0.24/7 m® per hour
whe;eVV m? is the volume of the water in the tank at time ¢ hours. (Find an expression
for E')

b A tank initially contains 200 L of pure water. A salt solution containing 5 kg of salt per
litre is added at the rate of 10 litres per minute, and the mixed solution is drained

simultaneously at the rate of 12 litres per minute. There is m kg of salt in the tank after

. . ) dm
¢t minutes. (Find an expression for E')
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C

A partly filled tank contains 200 litres of water in which 1500 grams of salt have been
dissolved. Water is poured into the tank at a rate of 6 litres/minute. The mixture, which
is kept uniform by stirring, leaves the tank through a hole at a rate of 5 litres/minute.

. . . . dx
There are x grams of salt in the tank after # minutes. (Find an expression for o )

15 A tank holds 100 litres of water in which 20 kg of sugar was dissolved. Water runs into

16

17

18

the tank at the rate of one litre per minute. The solution is continually stirred and at the

same time the solution is being pumped out at one litre per minute. At time ¢ minutes

there are m kg of sugar in the solution.

a
b
c
d

At what rate is the sugar being removed at time ¢ minutes?
Set up a differential equation to represent this situation.
Solve the differential equation.

Sketch the graph of m against 7.

A tank holds 100 litres of pure water. A sugar solution containing 0.25 kg per litre is being

run into the tank at the rate of one litre/minute. The liquid in the tank is continuously

stirred and, at the same time, liquid from the tank is being pumped out at the rate of one

litre per minute. After # minutes there are m kg of sugar dissolved in the solution.

- & 6 T O

At what rate is the sugar being added to the solution at time #?

At what rate is the sugar being removed from the tank at time #?

Construct a differential equation to represent this situation.

Solve this differential equation.

Find the time taken for the concentration in the tank to reach 0.1 kg per litre.
Sketch the graph of m against 7.

A laboratory tank contains 100 litres (L) of a 20% serum solution (i.e. 20% of the
contents is pure serum and 80% is distilled water). A 10% serum solution is then pumped

in at the rate of 2 L/min, and an amount of the solution currently in the tank is drawn off

at the same rate.

a

Set up a differential equation to show the relation between x and ¢, where x L is the
amount of pure serum in the tank at time # min.
How long will it take for there to be an 18% solution in the tank? (Assume that, at all

times, the contents of the tank form a uniform solution.)

A tank initially contains 400 litres of water in which are dissolved 10 kg of salt. A salt

solution of concentration 0.2 kg/L is poured into the tank at the rate of 2 litres

per minute; the mixture, which is kept uniform by stirring, flows out at the rate of 2 litres

per minute.

a

If the mass of salt in the tank after # minutes is x kg, set up and solve the differential
equation for x in terms of 7.

If, instead, the mixture flows out at 1 litre per minute, set up, but do not solve, the
differential equation for the mass of salt in the tank.
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19 A vat contains 100 litres of water. A sugar solution with a concentration of 0.5 kg of sugar
per litre is pumped into the vat at 10 litres per minute. The solution is thoroughly mixed in
the vat and solution is drawn off at 10 litres per minute. If there is x kg of sugar in solution

at any time ¢ minutes, set up, and solve, the differential equation for x.

20 A tank contains 20 litres of water in which 10 kg of salt is dissolved. Pure water is
poured in at a rate of 2 litres per minute, mixing occurs uniformly (owing to stirring) and
the water is released at 2 litres per minute. The mass of salt in the tank is x kg at time
¢ minutes.

a Construct a differential equation representing this information, expressing 7); asa
function of x.

b Solve the differential equation.
Sketch the mass—time graph.
How long will it take the original mass of salt to be halved?

21 A country’s population A at time ¢ years after 1 Jan 2000 changes according to the
dN
differential equation e 0.1 N — 5000.
(Five thousand people leave the country every year and there is a 10% growth rate.)

a Given that the population was 5 000 000 at the start of 2000 find & in terms of z.
b In which year will the country have a population of 10 million?

9.5 Differential equations with related rates

i

In Chapter 6 the concept of related rates was introduced. This is a useful technique for
constructing and solving differential equations in a variety of situations.

; . dx
For the variables y, x and ¢, it is known that i tan ¢ and y = 3x.

d
a Find j); as a function of 7.

b Find the solution of the resulting differential equation.

Solution
. dy dydx
By the ch le - = ——
a Bythec amruedt i
. dx
It is given that y = 3x and i tan ¢
. dy dydx
since — = ——
dt  dxdt
dy

— = 3tant
dt
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dy  3sint
dt  cost
du .
Letu = cost then — = —sin¢
dt
1
y=—3j —du
u
= —3log,lu|l + ¢

y = —3log,|cost| +c

Example 18
. 2r cm
= >

length » cm. It is being filled with water which

is flowing from a tap at £ litres/minute. The depth

of water in the cone is x cm at time 7 minutes.

Construct an appropriate differential equation hcm

d.
for j); and solve it, given that initially the cone

was empty.

An inverted cone has height # cm and radius

X cm

Solution

Let ¥ ¢cm? be the volume at time 7 minutes.
The rate given in the information provided is:

dv
— =1000 k, k> 0
dt

(k litres/minute = 1000 k cm?/min)

A differential equation for s will be obtained from the following application of
the chain rule

dx dxdV
i
dt dV dt
d.
To find ﬁ, a relationship between x and V' needs to be established. The formula for

the volume of a cone gives:

V= %Tryzx

where y cm is the radius length of the surface when the depth is x cm.
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By similar triangles: - >
Y _ %‘ A
r
_ rx
Y=
r2x2
So V = %11- R (substitution into ) ) Y
_ mr?
V=
v 2 x
— = “;z_rz.xz (by differentiation)
X
a_ P v
dv — wr? x2
d o1
So j’; = —5+55+1000 & (substitution into [ 1])

dx 1000 kh? 1

—=——,k>0
dt w2 x2
To solve this differential equation
dt mr? )
T
dx 1000 kh?
mr? 5
= —— d
1000 k2 J e
wr? X3 n
=———+¢
1000 kA2 3
t = Tr—rzx3 +c
3000 kh?
Now at # = 0, x = 0 (initially, the cone was empty)
So c=0
P mrix?
3000 kh?
3000 kh’t 3
TR
2

/3000 kA%t
x= ———— is the solution of the above differential equation.
r

Using a TI-Nspire calculator
Choose Differential
Equation Solver | RAD AUTO REAL Al 1] RAD AUTO REAL
2 =) =
fI'OI'Il the Calculus deSolve(l‘= 10;[0;',!2 -XZ.X,I so]ve(t= n-r2 -x: +cdx
menu ( O @) 2 LA 30005k
nrox 2 1
Complete as shown. S Wnleel
Use solve to make x s - 12
. solve|f= 3 +cdx 5 z - e}
the subject. Note that 30001k .
c4 =0. : Eiln 12
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Using a Casio ClassPad calculator

Choose Transformation, then Advanced

and then dSolve. EHEMEEJ%HH-

The differentiation symbol (') is found on e Lzz, NS
the CALC keyboard under mth. - 31333' Ll
L L 8
i t=———————+constil
Use solve to make x the subject. { PE———
2,43,
5ulue[ t= % ’ x]
3888-h“-k
1
3
‘hZ.k-
Lo1g.| 32 ket ]
r2 -
u
-

Alg Standard Real Rad g

Exercise §SI=

1 Construct but do not solve a differential equation for each of the following. The derivative
of the differential equation is stated.

a An inverted cone with depth 50 cm and radius 25 cm is initially full. Water drains out at

0.5 litres per minute. The depth of water in the cone is 4 cm at time 7 minutes. (Find an

expression for —.)

A tank with a flat bottom and vertical sides has a constant horizontal cross-section of 4
square metres. The tank has a tap in the bottom through which water is leaving at a rate
c+/h cubic metres per minute, where # metres is the height of the water in the tank, and
¢ is a constant. Water is being poured in at a rate of O cubic metres per minute. (Find an
expression for E')

Water is flowing at a constant rate of 0.3 m® per hour into a tank. At the same time,
water is flowing out through a hole in the bottom of the tank at the rate of 0.24/F m?
per hour where V' m? is the volume of the water in the tank at time # hours. It is

known that V' = 61h where hm is the height of the water at time 7. (Find an expression
for —.

or o )
A cylindrical tank 4 m high with base radius 1.5 m is initially full of water. Water

starts flowing out through a hole at the bottom of the tank at the rate of /4 m>/hour,
where /# m is the depth of water remaining in the tank after # hours. (Find an expression

for —.
ordt)
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2 A conical tank has a radius length at the top
equal to its height. Water, initially with a depth
of 25 cm, leaks out through a hole in the bottom
of the tank at the rate of 54/% cm?®/min where the
depth is 4 cm at time ¢ minutes.
a Construct a differential equation expressing % as ;
a function of 4, and solve it. cm
b Hence find how long it will take for the tank to empty.

3 A cylindrical tank is lying on its side, as

. 6
shown in the figure. The tank has a hole /
in the top, and another in the bottom so
that the water in the tank leaks out. If the
4m
X mi
’I

depth of water is x m at time # minutes

d —0.025
and ad = 7\/} where 4 m? is
dt A

the surface area of the water at # minutes:
) . ) . dx .
a construct the differential equation expressing o as a function of x only

b solve the differential equation given that initially the tank was full
¢ find how long it will take to empty the tank

4 A spherical drop of water evaporates so that the volume remaining is ¥ mm? and the
surface area is 4 mm? when the radius is » mm at time  seconds. Given

dv
that — = —247%:
dt

. . . . dr .
a construct the differential equation expressing T as a function of »

b solve the differential equation given that the initial radius was 2 mm
¢ sketch the surface area—time graph and the radius—time graph

5 A water tank of uniform cross-sectional area 4 cm? is being filled by a pipe which supplies
QO litres of water every minute. The tank has a small hole in its base through which water
leaks at a rate of k4 litres every minute where / cm is the depth of water in the tank at time ¢
minutes. Initially the depth of the water is 4.

: . . . dh .
a Construct the differential equation expressing — as a function of 4.

b Solve the differential equation if Q > khy.
O + khy

¢ Find the time taken for the depth to reach T
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9.6 Methods of solving a differential equation
using a definite integral

There are many situations when solving differential equations where an exact answer is not
required. Indeed, in some situations it may not even be possible to antidifferentiate the function
involved. A definite integral can be numerically evaluated to solve such differential equations.

d
Consider the general case of finding y when x = b given d_y =f(x)and y =d whenx = a.
X

d
From v _ f(x)
dx
y = F(x)+ ¢ (by antidifferentiating, where F'(x) is an antiderivative of f(x)
d=F()+c asy=dwhenx =a)
o) c=d-F(a)
y=Fx)—F(a)+d
whenx = b
y=F(®b)-F(a)+d
b
y= J f(x)dx +d

This idea is very useful for solving a differential equation that cannot be antidifferentiated.

Example 19

d
For the differential equation d—y = x? + 2 and given y = 7 when x = 1, find y when x = 3.
x

Solution
Algebraic Using a definite integral
dy When x =3
— =x*42 3
dx . yzj (x24+2)dx +7
1
y = % +2x +c¢
y=T7whenx =1
SO 7= % +2+c¢
14
C = 3
3
X
y=35+ 2x+ 4
when x =3

y=1x3+2x3+L4

_ 59
y=3




Chapter 9 — Differential equations 369

This can be formalised through the fundamental theorem of calculus, introduced in
section 8.1. Here it was stated that:

Jb f(x)dx = G(b) — G(a), where G is an antiderivative of f
Theafollowing can be stated:

jb fydx = ()~ f(@) (1)

| rear = o0 - 1@ @)

[ rwar = rw. itr@=0 @

. 1 . . .
For example, consider J n dt. Since this integrand has been met before we can recognise

1
that, in fact:

1
J —dt =log,|x|
1t

In differential equation form, it can be written as:

d 1
Given d_y = —andat x =1,y =0, the solution at x = a is log,|a|
X  x

x1
Particular solutions can be found by defining f(x) = J ?dt. Then f(2) = 0.69315.
1

Example 20

d
Solve the differential equation d—y =cosx atx = ;, given that at x = 0, y = 0, using a
X

definite integral.

Solution

dy
Now — =cosx
dx
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- R

d
Solve the differential equation d_y =x? —2x atx =4 given that y = 0 at x = 3, using a
definite integral.

Solution
d
d =x2—2x
dx

By calculus methods, y

Il
 —
N
~—~~
=
[’}
|
NS
=
SN
U
=

—x2

dy e
Solve the differential equation — = atx = 1, given that at x = 0, y = 0.5, giving your
q & Jom g y giving y

answer correct to four decimal places.

Solution

Calculus methods are not available for this differential equation and since an
approximate answer is acceptable, the use of a CAS calculator is appropriate.
In this problem, since f(0) # 0, the fundamental theorem of calculus indicates that

X ET
J dt = f(x) - £(0)

12

0 \2m
g F
and since f(0) = 0.5 Jo «/T_ﬂ dt = f(x)—0.5
.
Therefore fx)= Jo oL dt +0.5
2
So here f(l):J1 2 dt +0.5
0 V2w

The required answer is 0.8413, correct to four decimal places.
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Exercise [E

1 In each of the following use a calculator to find values correct to four decimal places:

d
a 2 Joosx and y = 1 when x = 0. Find y when x = —.
dx 4
b Yol andy=1wh 0. Find y wh z
— = and y = 1 whenx = 0. Find y when x = —.
dx  \/cosx 7 Y 4
d
c d_y =log, x> and y = 2 when x = 1. Find y when x = e.
x
d
d d_y = /log,x and y =2 whenx = 1. Find y when x = e.
X
2 Using a CAS calculator, find the general solution of each of the following:
d d d
a d—i =tan"'x b d_ic} = x’loge x c d_i = &3¥ sin 2x
d d
d d—i:ehcost e d—i:%
l L]
Euler’'s method for the solution of a
differential equation
Euler’s method uses the linear approximation y
method from calculus introduced in Mathematical A y=£fx)
Methods (x +h,f(x + h))
h) — /
ie. JEAD =TI o iy for h small 7
h (x, f(x)) hf" (x)
The rearrangement gives /' (x + 1) ~ hf”(x) + f (x). = h
This is shown on the diagram. / is a tangent to
y = f(x) at the point with coordinates (x, f(x)). This 0 X Y+ >

gives an approximation to the function in that the
y coordinate of B is an approximation of the y coordinate
of A on the graph of y = f(x).

Consider the differential equation:

d
& =x?—2xand y(3) =0
dx

The graph shown is a section of the solution curve

for the differential equation.

3.1 =
2 (3.0)~
<It can be shown that y = f(x) = 3 x2)

In this case # = 0.1, and f'(x + h) =~ hf'(x) + f(x) gives f(3.1) ~ 0.1 x3+0
=03
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961 y i
The actual value of £(3.1) is —— ~ 0.32. A Solution curve
3000
This process can be repeated to generate a 1, 31)
sequence of coordinates. } hg(xp)
Consider the differential equation Y0 7 A
d ) —
= = g(x) with y(xo) = o
dx
Then y; = yo + hg(xo) and x| = xo + h.
> X
The process is now applied repeatedly to approximate 0 0 a

the value of the function for x;, x3, . . . .
T Solution curve
u urvi /)(x3, 3)

The result is

vy =y1+hg(x;) and xo=x;+h
vi=m+hg(x;) and x3=x,+nh

etc.

This iterative process leads to the statement of Euler’s formula as follows:

d
If d—y = g(x),xo =a and yo = b, then x,y1 = x, + h and y,1 = y, + hg(x,)
X

The accuracy of this formula, and the associated process, can be checked against the values
obtained through the solution of the differential equation, where the result is known.

d
For the example d_y =x2—2x with y(3) = 0 and & = 0.1, the values of (x;, y;) for 0 <i < 10
X

are shown in the following table.

i X Vi 8(xi)
0 3 0 3 (initial values)
1 3.1 0.3 341
2 3.2 0.641 3.84
3 33 1.025 4.29
4 34 1.454 4.76
5 3.5 1.93 5.25
6 3.6 2.455 5.76
7 3.7 3.031 6.29
8 3.8 3.66 6.84
9 3.9 4.344 7.41

10 4.0 5.085
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3

When the y values are compared with the values of f(x) = % —x?

i |0 1 2 3 4 5 6 7 8 9 10

yi |0 03 | 0.641| 1.025 | 1.454 | 1.93 | 2.455 | 3.031| 3.66 | 4.344 | 5.085

fx)| 0 | 0320 0.683| 1.089 | 1.541 | 2.042 | 2.592 | 3.194| 3.851| 4.563 | 5.333

As can be seen, the values obtained are reasonably close to the values obtained through the
3

function f(x) = % — x? which is the solution to the differential equation. A smaller value for

the step would yield a better approximation. For example, for # = 0.01 the value of f(x) for
x = 41s 5.3085. The percentage error for 2 = 0.1 for x = 4 is 4.65% but for # = 0.01 the error
is 0.46%.

Using a spreadsheet for Euler’'s method

d
We use a spreadsheet to solve the equation d_y =x? —2x.
X

Using a TI-Nspire calculator

Choose a Lists & Spreadsheets . PAD AL PBA)
application. Label the columns as shown. ; ; :
Enter 0 in A1, 3 in B1, 0 in C1 and
=b1>—2blinDI.

Fill down in Column D to row 16. To do

this select cell D1 and then select from the
menu Data and then Fill Down.
Use the arrow keys to go down to D16 and

press Enter.

Then in A2 enter =al+1, in B2 enter
=b1+0.1 and in C2 enter =c1+0.1*d1.
Select A2, B2 and C2 and fill down to
row 16.

RAD AUTO REAL ™Al
A

The result is as shown.
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Using a Casio ClassPad calculator

Label the columns as shown. ¥ File Edit Graph Action
Enter 0in Al, 3 inB1, 0in Cl and =b12—2bl "57] & A =[wloiin/+]r]

in DI1.

Fill down in column D to row 16.

Then in A2 enter =al+1, in B2 enter
=bl1+0.1 and in C2 enter =c1+0.1*d1.
Select A2, B2 and C2 and fill down to row 16.
The result is as shown.

[ a ] ‘

N

on

o

=l

- |0

—_

—

Euler’s method program for a TI-Nspire calculator

A program may be used to achieve the same results.

Step 1 On a calculator page, define the function g(x) as given.
Step 2 From a calculator page choose Functions & Programs and then Program editor
and New. Name the program Euler. Complete as shown.
Define euler(x1, y1, ¢, i) = prgm

local n, x
' 4 1.4 PraD APPRXREAL A
xl—x | Bl euler 0/14]
Define euler(x7,y1,c,: g
x1l — al[l] efine eulerlx?,y7,c,
Prgm
vl — bl1[1] Local 7,
x T —=x
0—n xI—=alll
« C2) y!—>bi 1
DISP “x y o
DISP Xl, “« “,yl — DiSp g mcenes )’"
0/99 |Disp x7," "7
While x < ¢
n+1l—n

bl[n] + h*g(x) — bl[n + 1]
alln]4+h — al[n + 1]
alln+1] - x

DISP al[n 4+ 1],” “, bl[n + 1]
Endwhile

EndPrgm

and then choose Close.
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Step 3 Type in euler(x1, y1, ¢, h), replacing the parameters with the values given. The results

will be produced on the same page. If a tabulated version is preferred, go to MENU

and select Lists & Spreadsheets. Name the first two columns al and b1. The results

will appear in the spreadsheet.

)

d
Use a spreadsheet on a CAS calculator to find solutions of the differential equation d_y =e

given y = 1 when x = 0 using step sizes of:
a 0.1 b 0.01

Solution

sin x

Using a TI-Nspire calculator
Choose a Lists & Spreadsheets

application. Label the columns as shown.

Enter 0 in A1, 0 in B1, 1 in C1 and

=¢"®D in D1.

Fill down in Column D to row 15. To do

this select D1 and then select from the

menu Data and then Fill Down.

Use the arrow keys to go down to D15 and

press Enter.

a In A2 enter =al+1, in B2 enter

_ UER: PRAD APPRXREAL
=b1+0.1 and in C2 enter B
=cl+40.1*dl.
Select A2, B2 and C2 and fill down 0. 0. 1) 1.
to row 15. 1. 0.1 1.1] 1.10499
The result is as shown. 2. 02| 12105 1.21978
3. 03] 1.33248 1.34383
4. 04| 1.45686| 1.47612

b In B2 enter =b1+40.01 and in C2
enter =c1+40.01*d1.
Select A2, B2 and C2 and fill down
to row 15.

The result is as shown.

1.01

1.01005

1.0201

1.0202

1.0303

1.03045

1.04061

1.0408

2 | =c?+0.01-47
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Label the columns as shown.

Enter 0 in A1, 0in B1, 1 in C1 and =e*"®" in D1.

Fill down in Column D to row 15.

Then in A2 enter =al+1.

a In B2 enter =bl+0.1 and in C2 enter
=cl+0.1*d1.
Select A2, B2 and C2 and fill down to row 15.
The result is as shown.

b In B2 enter = b140.01 and in C2 enter
=c1+40.01*d1.
Select A2, B2 and C2 and fill down to row 15.
The result is as shown.

Using a Casio ClassPad calculator

¥ File Edit Graph Action

0. 130.]1.

4]
=C4+0.01-D4

C3 1.840588999 o]

Note the significant improvement in accuracy with the smaller step size in the outputs

displayed above.

Euler’s method with a step size of 0.1 has resulted in a percentage error of approximately
4.7%, whereas using the step size of 0.01 the resultant percentage error is as low as 0.5%.
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Exercise

Use Euler’s formula to find the y, value indicated, using the given / value, giving each
answer correct to 4 decimal places, in each of the following:

d
a v_ cos x, given yy = y(0) = 1, find y3, using 4 = 0.1

dx
dy 1 | .

b — = =, givenyy = y(1) = 0, find y4, using 1 = 0.01
dc x
dy . .

c d_ = ﬁ, given yp = y(1) = 1, find y3, using 4 = 0.1
X
dy 1

d , given yo = y(0) = 0, find y3, using 2 = 0.01

dx X2 +3x+2
Solve each of the following differential equations, using:

i acalculus method

ii the Euler program above or a spreadsheet, with a step size of 0.01.

d d 1

a & cosx, given y(0) =1, find y(1) b & —, given y(1) = 0, find y(2)
dx dx  x?

¢ Y & giveny()=1,findy2) d ¥ iven 1(0) = 0, find y(2)
— = /x, givi =1, — = —————— given =0, fin .
dx 8 Y Y dx  x24+3x+2 8 Y Y

Solve the differential equation % =sec’ x, at x = 1, given y = 2 when x = 0, using
a acalculus method
b the Euler program or a spreadsheet with step size:
i 0.1 ii  0.05 iii  0.01
Use Euler’s method with steps of 0.01 to find an approximate value of y at x = 0.5

d
if 2 = cosIx and y = 0 whenx = 0.
x

Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 3
d
if d—y — sin(/%) and y = 0 when x = 0.
X
Use Euler’s method with steps of size 0.01 to find an approximate value of y at x = 0.3

dy
f— =
dx  cos(x?)

and y = 0 when x = 0.

The graph for the standard normal distribution is given by the function with rule

12
f(x):me .

Pr(Z <z)= Jz f(x)dx

=1+ JO f(x)dx
Lety j Pr(Z <2z)
Then d_y = f(x) with y(0) = %
x

a Use Euler’s method with step size of 0.1 to find an approximation for Pr(Z < z) where
z=0,0.1,0.2,...,009, 1.
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b Compare the values obtained in a with the probabilities determined from the CAS
calculator.

¢ Use a step size of 0.01 to obtain an approximation for:
i Pr(Z=<0.5) ii Pr(Z<1)

Direction (slope) field for a differential equation

A slope (direction) field of a differential equation, % = f(x), assigns to each point P(x, y) in
the plane, with x in the domain of f, the number which is the slope (gradient) of the solution
curve through P.

For example, for the differential equation % = 2x, a gradient value is assigned for each
P(x, ). For the points (1, 3) and (1, 5) the gradient value is 2. For (-2, 5) and (—2, —2) the
gradient value is —4. A slope field can, of course, be represented in a graph.

Computer packages are available to create these slope fields. CAS calculators also have this
facility. When initial conditions are added a particular solution curve can be drawn. For

d
example, in the graph shown the solution curve for the differential equation d_y = 2x, with
X
y = 2 when x = 0, is shown superimposed on the slope field.

Changing the initial conditions of course changes the particular solution.
In the diagram below, the solution curves for when x =0,y =2, whenx =1,y = —3 and
when x = —2, y = —3 are shown.
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Example 24

d
a Use a CAS calculator to plot the slope field for the differential equation j); =y

b On the plot of the slope field, plot the graphs of the particular solutions for:
i y=2whent=0 ii y=-3whenr=1

Solution

Using a Casio ClassPad calculator

a From the Main menu

W Edit Zoom Analysis i

choose [ /= = ~ BY
DiffEqGraph. DiffEq | IC | Graphs|
W=y =
Enter y/ = y to
achieve the window
shown.
b
T f 77 i f 777
S G S A I T R SR SR A
R N T
PrrRrAPMPRR MR
: PAA A A AlAA A
% | A
Geommetr: Conics T e T T
ﬂx=b TR R
_________ ' T T T SR ) I T T S SR S
A O O
Dif fEqGrarh NumSnlve N T [ S
ALl |
b iand bii
Complete the initial v Edit_Zoom Flnaly5|5

conditions as shown.
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It is to be noted that the TI-Nspire may contain a ‘Plot Differential Equation CAS’ facility
in My Document.
d
The differential equation j); = y is solved analytically in the usual manner.
dt 1
— = —and 7 = log.|y| + ¢, which implies |y| = &'~ or |y| = 4é’
dy y
Ify=2whent=0,2=4andy = 2¢".
3
Ify=—3 whent=1,3 =Aeand 4 = = which implies |y| = 3¢'~!. This implies
e
y=-3e"lasy <0.
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-

d
Use a CAS calculator to draw the slope field for the differential equation d_y =— 2i and show
X y
the solution for the initial condition x =0, y = 1.
Solution
The graph of the solution as e e
displayed in the GRAPH window is i i ) e R

. = 7 7 e Tom e e e
shown right.

e e e e e |

e e e, ey — —— — — — — —

e e e, — e e | —

Note that the upper section of the ellipse is displayed. The complete ellipse is
displayed if a second initial condition, x = 0, y = —1, is given.

The ellipse is % +yP =1

Exercise iy

1 See page 554 of Chapter 15 for multiple-choice questions on slope fields.

2 Sketch a slope field graph and the solution curve for the given initial conditions, using
—3 <x <3and —3 < y < 3 for each of the following differential equations. Use calculus
to solve the differential equation in each case.

dy a2 - _ —
a — =3x",giveny =0whenx = 1.
dx
d
b T sinx, given y =0 when x =0. (Make sure that Radian mode is set for this problem.)
X
d
¢ 2 e > given y = 1 when x = 0.
dx
y _ 5 . _ _
d — =y, giveny =1whenx = 1.
dx
dy 2 _ —
e — =y, giveny = —1whenx = 1.
dx
d
f d_y =y(y —1),given y = —1 whenx = 0.
X
dy .
g T =y(y —1),given y =2 when x = 0.
X
d
= h ar_ tanx, given y = 0 when x = 0.
( % dx
rest 3 Sketch a slope field graph and the solution curve for the given initial conditions, using
v&D —3 <x <3and —3 < y < 3 for each of the following differential equations, but do not
@ attempt to solve by calculus methods.
d d 1 3
TEST a —yz—f,whereatsz,yzzlzl. b —y=—)—c,whereatx=—,y=£.
dx y dx y 2 2



381

Chapter 9 — Differential equations

Chapter summary

B A differential equation is an equation that contains at least one derivative.

B The solution of a differential equation is a function that satisfies the differential equation
when it and its derivatives are substituted. The general solution is the family of functions
that satisfies the differential equation.

B [fthe differential equation has the form:

dy
== @
Then y= Jf(x)dx
y = F(x) + ¢, where F'(x) = f(x)

B [fthe differential equation has the form:

= =10
Then @ = L
dy  f(»)
1
x=| —dy
J J)
1
y = F(y)+c, where F'(y) = —
J)
B [fthe differential equation has the form:
d*y
dx2 = f(x)

Then % = Jf(x)dx
= F(x) + ¢, where F'(x) = f(x)
y= JF(x) +cdx
= G(x) + cx +d, where G'(x) = F(x)

B Euler’s method Y solution

correct solution

d
For d_y = g(x)and y = yo when x = x
X

Y1 = yo + hg(xo)
X1 = X0+ h

~——

A (x;, »1)
eg(xo)

(xos J’o)
h—>
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This process can be applied repeatedly to approximate the value of the function at x,, x3, . . .
ya=y1+hgx))andx; = x; + 1
y3=y2+hg(xy)andx; =x; + A

Vo t+ 1=y, +hglx,)andx, +1=x,+h

d
B A slope (direction) field of a differential equation, d_y = f(x), assigns to each point P(x, y)
X

in the plane, with x in the domain of £, the number which is the slope (gradient) of the
solution curve through P.

Multiple-choice questions

1 The acceleration, @ m/s?, of an object moving in a line at time # seconds is given by
a = sin(2t). If the object has an initial velocity of 4 m/s then v is equal to:

t
A 2cos(2t)+ 4 B 2cos(2t)+2 C J sin (2x)dx + 4
0
1 t
D —3 cos(2t)+4 E J sin (2x)dx — 4
0

2 If f'(x) = x?> — 1 and f(1) = 3, an approximate value of /'(1.4) using Euler’s method with
step size of 0.2, is:
A 3.88 B 3.688 C 356 D 3.088 E 3

3 Euler’s method, with a step size of 0.1, is used to approximate the solution of the

d
differential equation d_y = x log, x with y(2) = 2. When x = 2.2, the value obtained for y
X
is closest to:

A 2314 B 2.294 C 2.291 D 2287 E 2277
d 2— 1
4 Given d_y =7 Y andx =3 when y = 1, then when y = E,xis equal to:
x

1 1 1

4 3
vt c
2—t + 1

A Jf  s+3 B Ji 2= v
12—t 3 4

1 1

22—t 72—

D Jz—dH—l E J iy 43

3 4 14

d 2 1
Ifd—y= i and y = 0 when x = 2, then y is equal to:
X
1 1 +1 1
A S F0+s B % C L6 +x+2

D l(2+ 1) E 1(2+ 6)
A 4




383

Chapter 9 — Differential equations

10

d
Ifd—y=g(y—1)2andy=0whenx=o,theny
X
A — s L+ —

1 —x x+5

5
> E 1-2
x+5 X

d
The solution of the differential equation d_y =e
X

A=
b=

4 2

e “dx
1
X

e du +4
1

X

b e

4

For which one of the following differential equations is y = 2xe** a solution?
dy d*y dy dy dy

A ——-2y=0 B ——-2—=0 C —+4+2y—=0
ax 7 dx? dx dx + Vix
d2y 2y dzy 2x

Water is leaking from an initially full container with a depth of 40 cm. The volume, ¥ cm?,
of water in the container is given by V' = mw(5h? + 225h) where & is the depth of the water at

time ¢ minutes. If water leaks out at the rate of

2h
the depth, in cm/min, is:
Vi
_ B 5m(2h 445
w(2h + 45)2 w(2h +45)
1 —1
Sw(2h + 45) S5m(2h 4 45)
d
The solution of the differential equation d_y =y, where y = 2 when x = 0, is:
X
A y=¢e* B y=e C y=2"

Short-answer questions (technology-free)

1 Find the general solution of each of the following differential equations:

2 Find the solution of the following differential equations under the stated conditions:

dy x*+1
a i , x>0 b
&y L (sin3t + cos20), £ = 0
¢ —= = —(sin cos2t),t >
drr 2 d
dy 33—y
== - 3 f
¢ dx 2 =
d
a —y=1'rcos(27rx),ify=—1whenx=%
dx
dy T
b — =cot2x,ify=0whenx = —
dx B WY =Y

4
B y:J e_xzdx—|-4
1

e du+ 1

is equal to:

C
x+5

’ where y = 4 when x = 1 is:

¢ y=|

x 2
e du—4
1

cm®/min, then the rate of change of
+45

NG
m(2h + 45)2

1 X
D =—-¢" E = log, —
y 23 y Oge2

l.ﬁzlo,y>0
y dx

d’y ettt
W e2x

dy 3—x

dx 2
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d 1 2

c Y _ tx ,ify=0whenx =1
dx X
dy b )

d P ity =1
dx 1+ x2 i y(0)
d

e 6—y=—3y,ify=e‘1whenx=2
dx
d? d.

f 20— 10,if 2 — 4 whenx=0andx = 0 whent=4
dt? dt

2 d
a Ify =xsinx is a solution of the differential equation 282 + (x> =m)y =0,
X

dx? d
find k and m.

b Prove that y = xe?* is a solution of the differential equation
d? d
CV D302 — gy
dx* dx

If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume

Vem? is given by V = §x2(18 — x). If water is poured into the bowl at the rate of 3 cm?/s,

. ) ) . dx .
construct the differential equation expressing 7 as a function of x.

The area of a circle is A cm? and the circumference is C cm at time ¢ s. If the area is

. . . . . . dcC
increasing at the rate of 4 cm?/s, construct the differential equation expressing = asa

function of C.

Some students put three kilograms of soap powder into a water fountain. The soap powder
totally dissolved in the 1000 litres of water, thus forming a solution in the fountain. When
the soap solution was discovered, clean water was run into the fountain at the rate of

40 litres per minute. The clean water and the solution in the fountain mixed instantaneously
and the excess mixture was removed immediately at a rate of 40 litres per minute. If

S kilograms was the amount of soap powder in the fountain # minutes after the soap solution

was discovered, construct and solve the differential equation to fit this situation.

L . . . X X
A population is size x is decreasing according to the law %= 100 where ¢ denotes the

time in days. If initially the population is of size xj find, to the nearest day, how long it takes
for the size of the population to be halved.

A metal rod, that is initially at a temperature of 10°C, is placed in a warm room. After

do  30-—96
¢t minutes, the temperature, 6°C, of the rod is such that 7= 20

a Solve this differential equation, expressing 0 in terms of 7.

b Calculate the temperature of the rod after one hour has elapsed, giving the answer correct
to the nearest degree.

¢ Find the time taken for the temperature of the rod to rise to 20°C, giving the answer
correct to the nearest minute.
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9 A fire broke out in a forest and, at the moment of detection, covered an areca of 0.5 hectares.
From an aerial surveillance it was estimated that the fire was spreading at a rate of increase in
area of two per cent per hour. If the area of the fire at time ¢ hours is denoted by A hectares:

dA
a  Write down the differential equation that relates T and 4.

b What would be the area of the fire 10 hours after it is first detected?
¢ When would the fire cover an area of three hectares (to the nearest quarter-hour)?

10 A flexible beam is supported at its ends, which are at the same horizontal level and at a
distance L apart. The deflection, y, of the beam, measured downwards from the horizontal

d
through the supports, satisfies the differential equation 16d—2y2 =L —-3x,0<x <L,
X

where x is the horizontal distance from one end. Find where the deflection has its greatest
magnitude, and also the value of this magnitude.

11 A vessel in the shape of a right circular cone has a
vertical axis and a semi-vertex angle of 30°.
There is a small hole at the vertex so that liquid
leaks out at the rate of 0.05+/% cubic metres per
hour, where /# metres is the depth of liquid in the 30° im
vessel at time ¢ hours. Given that the liquid is poured into

this vessel at a constant rate of two cubic metres per hour, set up,
but do not attempt to solve, a differential equation for 4.

Extended-response questions

1 The percentage of radioactive carbon-14 in living matter decays, from the time of death, at a

rate proportional to the percentage present.
a Ifx% is present ¢ years after death:
i construct an appropriate differential equation
ii solve the differential equation given that carbon-14 has a half life of 5760 years, i.e.
50% of the original amount will remain after 5760 years.
b Carbon-14 was taken from a tree buried by volcanic ash and was found to contain 45.1%
of'the amount of carbon-14 present in living timber. How long ago did the eruption occur?

¢ Sketch the graph of x against 7.

2 Two chemicals, 4 and B, are put together in a solution where they react to form a compound,
X. The rate of increase of the mass, x kg, of X is proportional to the product of the masses of
unreacted A and B present at time ¢ minutes. It takes 1 kg of 4 and 3 kg of B to form 4 kg of
X. Initially 2 kg of 4 and 3 kg of B are put together in solution. One kg of X forms in one
minute.

a Set up the appropriate differential equation expressing @ as a function of x.
b Solve the differential equation. ¢ Find the time taken to form 2 kg of X.

d Find the mass of X formed after two minutes.
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5

N
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Newton’s law of cooling states that the rate of cooling of a body is proportional to the excess
of its temperature above that of its surroundings. The body has a temperature of 7°C at time

¢t minutes while the temperature of the surroundings is a constant 75°C.

. . . . dt )
a Construct a differential equation expressing 7 as a function of 7.

b A teacher pours a cup of coffee at lunchtime. The lunchroom is at a constant temperature
of 22°C, while the coffee is initially 72°C. The coffee becomes undrinkable (too cold)
when its temperature drops below 50°C. After five minutes the temperature has fallen to
65°C. Find, correct to one decimal place:

i the length of time, after it was poured, that the coffee remains drinkable
ii the temperature of the coffee at the end of 30 minutes.

On a cattle station there were p head of cattle at time # years after 1 January 2005. The
population naturally increases at a rate proportional to p. Every year 1000 head of cattle are
withdrawn from the herd.

d
a Show that 7[; = kp — 1000 where £ is a constant.

b If the herd initially had 5000 head of cattle, find an expression for # in terms of k£ and p.
The population increased to 6000 head of cattle after five years.

6k — 1
i Show that 5k = log,( —— ).
i ow tha og <5k—1>

ii Use a CAS calculator to find an approximation for the value of k.

&d Sketch a graph of p against 7.

In the main lake of a trout farm the trout population is N at time ¢ days after 1 January 2005.
The number of fish harvested on a particular day is proportional to the number of fish in the
lake at that time. Every day 100 trout are added to the lake.

. . . .. dN . .
a Construct a differential equation with " in terms of N and k where £ is a constant.

b Originally the trout population was 1000. Find an expression for ¢ in terms of k& and N.
¢ The trout population decreases to 700 after 10 days. Use a CAS calculator to find an
approximation for the value of £.

&¥d Sketch a graph of N against 7.

If the procedure at the farm remains unchanged, find the eventual trout population in the
lake.

A thin horizontal beam, 4B, of length L cm, is bent under a load so that the deflection y cm,
at a point x cm from the end 4, satisfies the differential equation
2
%:m%@x—L),OSXSL.
Given that the deflection of the beam and its inclination to the horizontal are both zero at 4
find:
a where the maximum deflection occurs

b the magnitude of the maximum deflection.




Chapter 9 — Differential equations 387

7 The water in a hot water tank cools at a rate which is proportional to (7' — 7)° where 7°C is
the temperature of the water at time # minutes and 7 the temperature of the surrounding air.
When T'is 60 the water is cooling at 1°C per minute.

When switched on, the heater supplies sufficient heat to raise the temperature by 2°C each
minute (neglecting heat loss by cooling). If 7= 20 when the heater is switched on and
To = 20:
. . . dr . . .
a construct a differential equation for 7 as a function of 7" (heating and cooling are both
taking place)
solve the differential equation
find the temperature of the water 30 minutes after turning it on

e e o

sketch the graph of 7 against ¢.
aw
8 a The rate of growth of a population of iguanas on an island is given by o 0.04 W

where W is the number of iguana alive after ¢ years. Initially there were 350 iguanas.
i Solve the differential equation.

ii Sketch the graph of I against ¢.

iii Give the value of W to the nearest integer when ¢ = 50.

w
b If i kW and there are 350 iguanas initially, find the value of & if the population is to

remain constant.

¢ A more realistic rate of growth for the iguanas is determined by the differential equation

aw
e (0.04 — 0.000 05 W)W. Initially there were 350 iguanas.

i Solve the differential equation.
ii  Sketch the graph of I/ against ¢.
iii Find the population after 50 years.

9 A hospital patient is receiving a drug at a constant rate of R milligrams per hour, through a
drip. At time ¢ hours the amount of the drug in the patient is x milligrams. The rate of loss of
the drug from the patient is proportional to x.

a Whent=0,x=0:
i show that % = R — kx where k is a positive constant

ii find an expression for x in terms of 7, k and R.
b IfR=50and k= 0.05:

i sketch the graph of x against ¢

ii find the time taken for there to be 200 mg in the patient, correct to two decimal places.
¢ When the patient contains 200 mg of the drug, the drip is disconnected.

i Assuming that the rate of loss remains the same, find the time taken for the amount of

the drug in the patient to fall to 100 mg, correct to two decimal places.
ii  Sketch the graph of x against # showing the rise to 200 mg and the fall to 100 mg.
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Kinematics

Kinematics is the study of motion without reference to the cause of motion. In this chapter,

motion in a straight line is considered. Such motion is called rectilinear motion. Only the
motion of a particle is considered, but in fact the theory can be applied to a body of any size by
assuming that all forces that act upon the body, causing it to move, act through a single point.
Hence the motion of a car or train can be considered in the same way as the motion of a
dimensionless particle.

It is important to make a distinction between vector and scalar quantities when studying
motion. Quantities such as displacement, velocity and acceleration must be specified by both
magnitude and direction. They are vector quantities. Distance, speed and time, on the other
hand, are specified by their magnitude only. They are scalar quantities.

Since only movement in a straight line is being considered, the direction of all vector
quantities is simply specified by the sign of the numerical value.

Position, velocity and acceleration
In the following, the relationship between displacement, velocity and acceleration
is discussed.

388



Chapter 10 — Kinematics 389

Position and displacement

The position of a particle moving in a straight line is determined by its distance from a fixed
point O on the line, called the origin, and whether it is to the right or left of O. Conventionally,
the direction to the right of the origin is considered to be positive.

|fe—x——— >
0] P

<Y

Consider a particle which starts at O and begins to move. The position of a particle P is
determined by a number, x. If the unit is metres and if x = —3, the position of P is 3 m to the
left of O, while if x = 3, the position of P is 3 m to the right of O.

The displacement is defined as the change in position of the particle. Sometimes there is a
rule which enables the position, at any instant, to be calculated. In this case x is redefined as a
function of 7. Hence x(7) is the displacement relative to O at time ¢. Specification of a
displacement function, together with the physical idealisation of a real situation, constitutes a
mathematical model of the situation.

An example of a mathematical model is the following:

A stone is dropped from the top of a vertical cliff 45 metres high.

Assume that the stone is a particle travelling in a straight line. Let x(7) be position of the
particle measured downwards from O the top of the cliff, # seconds after the particle is
dropped. If air resistance is neglected, an approximate model for the displacement is
x(f) = 5 for 0 <t < 3.

It is important to distinguish between the scalar quantity distance, and the vector quantity
displacement.

Consider a particle that starts at O and moves firstly five units to the right to point P, and
then seven units to the left to point Q.

0 0 P

T T T T T T T T T T T > X

-4 3 2 -1 0 1 2 3 4 5 6

Its final displacement (or position measured from O), is x = —2. However the distance the
particle has moved is 12 units.

Velocity
Rate of change has been considered in Mathematical Methods.

The velocity of a particle is defined as the rate of change of its position with respect to time.
Both the average rate of change, the change in position over a period of time, and the
instantaneous rate of change, which specifies the rate of change at a given instant in time,

can be considered.
X2 — X1

h—1t

If a particle moves from x; at time ¢ to x; at time f,, then its average velocity =
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Velocity can be positive, negative or zero. If the velocity is positive the particle is moving to
the right and if it is negative the direction of motion is to the left. A velocity of zero means the
particle is instantaneously at rest.

The instantaneous rate of change of position with respect to time is the instantaneous
velocity. If the position, x, of the particle at time, 7, is given as a function of ¢, then the velocity
of the particle at time # is determined by differentiating the rule for position with respect to
time.

Common units of velocity (and speed) are:

1 metre per second = 1 m/s
1 centimetre per second = 1 cm/s
1 kilometre per hour = 1 km/h

The first and third units are connected in the following way:

1 km/h = 1000 m/h
1000

60 x 60

-3
=3 m/s

1 /s = £ km/h

m/s

Note the distinction between velocity and speed.

Speed is the magnitude of the velocity.
distance travelled

Hh—1

Average speed for a time interval [¢, #,] is equal to

dx . . .
Instantaneous velocity v = 7 where x is a function of time.

Velocity is also denoted by X or X (7).

- [T

A particle moves in a straight line so that its position x cm relative to O at time ¢ seconds is
given by x = 3¢t — £, t > 0. Find:

a its initial position b its position at t = 2

¢ its initial velocity d its velocity when t = 2

e its speed when =2 f when and where the velocity is zero
Solution

a When =0, x = 0. The particle is initially at O.
b Whent=2,x=3x2—23
=6—-38
=-2
The particle is 2 cm to the left of O.

d
¢ Forx=3t— 7, the velocity v = d—):z 3 — 37
Whent=0,v(3) =3 -3 x 0=3.

The velocity is 3 cm/s. The particle is initially moving to the right.
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d Whenr=2,v=3—-3x4=-9.
The velocity is —9 cm/s. The particle is moving to the left.
e The speed is the magnitude of the velocity.
When ¢ = 2, the speed is 9 cm/s.
f v=0implies 3-3=3(1-£)=0
: t=1lort=-1
butt>0
The particle is instantaneously at rest when # = 1.
Whent=1Lx(1)=3x1-1=2.
The motion of the particle can now be demonstrated on a number line.

A

o—)—’
T T T T T T T T T T T T > X
S 4 3 2 -l 0] 1 3 4 5
t=2 t=1
x=-2 X =

The motion of a particle moving along a straight line is defined by x(f) = * — ¢, t > 0 where
x m is the position of the particle relative to O at time ¢. Find:

a the average velocity of the particle in the first three seconds

b the distance travelled by the particle in the first three seconds

¢ the average speed of the particle in the first three seconds

Solution
. x(3) — x(0)
a average velocity = —
63
3
=2m/s

b To find the distance travelled in the first three seconds it is useful to show the
motion of the particle on a number line. The critical points are where it starts and
when and where it changes direction.

The particle starts at the origin. The turning point(s) can be found by finding

when the instantanteous velocity is zero.

dx . N
v=o = 2t — 1 so that, v =0 when ¢ = % The particle changes direction when
_ 1 _ ;2 (1 _ 1
t=3andx =1 —t=(3)" -3 =
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When 0 <t < %, v is negative and when ¢ > %, v is positive. Drawn on a number
line, the motion of the particle is as shown.

From the number line, the particle travels a distance of }1 m in the first half second.
It then changes direction. When ¢ = 3, the particle is at the position
x = 3% — 3 = 6 m to the right of O, so the particle has travelled distance of
6+ }‘ = 6% m from when it changed direction.
Thus, the total distance travelled by the particle in the first three seconds is
41—‘ + 6}1 = 6% m.
distance travelled

¢ average speed =

Hh —1
S
=65+3
=13
:%m/s

Acceleration
The acceleration of a particle is defined as the rate of change of its velocity with respect to

time.
Vo — Vi

Average acceleration for the time interval [, #,] is defined by where v, is the

h—1
velocity at time #, and v, is the velocity at time #;.

Instant lerati dv d (dx d*x
nstantaneous accelerationga = — = — | — = —F.
dt  dt \ dt dt?

2

For kinematics, the second derivative d—; is denoted by X (7).

Acceleration can be positive, negative or zero. Zero acceleration means the particle is
moving at a constant velocity. Note that the direction of motion and the acceleration need not
coincide. For example, a particle may have a positive velocity indicating it is moving to the
right, but a negative acceleration indicating it is slowing down. Also, although a particle may
be instantaneously at rest, its acceleration at that instant need not be zero. If acceleration has
the same sign as velocity then the particle is ‘speeding up’. If the sign is opposite, the particle
is ‘slowing down’.

The most commonly used units for acceleration include cm/s*> and m/s>.
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The position of an object, travelling in a horizontal line, is x metres from O at time ¢ seconds,
such that x = —4¢ + 8+ 12, > 0.

-0 e TN

Sketch the position—time graph showing key features.

Find the velocity at time ¢ seconds and sketch the velocity—time graph.

Find the acceleration at time ¢ seconds and sketch the acceleration—time graph.
Represent the motion of the object on a number line for 0 < ¢ < 4 seconds.
Find the displacement of the object in the third second.

Find the distance travelled in the first three seconds.

Solution

a

(0, 12)

(1, 16)

(3,0)

V=
\4

A
(0, 8)

\

° \

d
ax = -8+ 8 fortr>0
dt

When ¢ € [0, 1) velocity is positive.
When ¢ > 1 the velocity is negative.

The acceleration is —8 m/s>.
The direction of the acceleration is
always to the left.

> [

>

(07 _8)
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d Starting point: when ¢ = 0, x = 12. Turning point: whenv= -8+ 8 =0,7=1
and x = 16. d
When ¢t > 1, d—); <0Oandwhent < 1, d_)tc > 0;i.e. when 0 < ¢ < 1 the particle is

moving to the right and when ¢ > 1 the particle is moving to the left.

<

< —
T T T T T T T T T T T T T T :x
-20 -18 -16 -12 -8 —4 0 4 8 12 16 20 24 2
t=1
x =16

e The displacement of the object in the third second is given by
x(3) —x(2)=0—-12
=—12
The displacement is 12 metres to the left.
f From the displacement time graph in a and the path illustrated in d it can be seen
that the distance travelled in the first three seconds = 4 + 16
=20m

Example 4

An object moves in a horizontal line so that the position, x m, from a fixed point at time
t seconds is given by x = —£ + 3t +2 ¢ > 0. Find:

a when the position is zero, and the velocity and acceleration at that time

b when the velocity is zero, and the position and acceleration at that time

¢ when the acceleration is zero, and the position and velocity at that time
d

the distance travelled in the first three seconds.

Solution
a x=0when —£+3r+2=0
P —3t—-2=0
(t=2)t+17*=0
t=2sincet >0
Now x = —13 +3t 42

v=1x=-3+3

a =X = —6t (the acceleration is variable in this case)

Att=2,v=-3x2>+3=-9
Att=2,a=—-6x2=—12
When the position is zero, velocity is —9 m/s and acceleration is —12 m/s?.
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b v=0when—32+3=0
=1
t =1sincet >0

Att=1l,x=—-1>4+3x14+2=4

Att=1,a=—-6x1=-6

When the object is at rest, the position is 4 m and the acceleration is —6 m/s?.
¢ a=0when —6:=0

t=0

Att=0,x=2andv=3

The object has zero acceleration when the displacement is 2 m and the velocity

is 3 m/s.
d The path of the object is illustrated below.

— ¥
T T T T T T T T T T T T T ;x
-16 -14 -12 -10 -8 6 -4 =2 0 2 4
t=3 t=0 t=1
x=-16 x=2 x=4

Distance travelled =2 +4 + 16

= 22 metres

- [EEmmy

A cricket ball projected vertically upwards experiences a gravitational acceleration of 9.8 m/s.
If the initial speed of the cricket ball is 25 m/s, find:

a its speed after two second b its height after two seconds
¢ the greatest height d the time taken to come back to earth.
Solution

A frame of reference is required. The path of the cricket ball is considered as a
vertical straight line with origin O at ground level. (The ball is considered to be
projected from ground level.) Vertically up is taken as the positive direction.

Given this, a = —9.8 and v(0) = 25. A
_dv 08
a=_=-9.
dv * .
v = J T dt = J —9.8dt =—-9.8t+c¢ positive

When ¢t = 0, v = 25 and therefore ¢ = 25
ie.v=—9.8¢t+25
Whent=2,v=-98x2+25=54
The speed of the cricket ball is 5.4 m/s after 0

two seconds.
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d
b &= 98425
dt

Therefore x = J (—9.81 +25)dt = —4.9¢> + 25t +d

When ¢t = 0, x = 0 and therefore d = 0
Hence x = —4.9£ + 25t
Whent=2,x=50—-19.6 =304
After two seconds, the ball is 30.4 m above ground.
¢ The greatest height is reached when the object is instantaneously at rest.
ie.whenv=—-98t4+25=0

25
hich implies t = —
which implies 938

25 25 25\°
Whent=— x=25x — —49 x| —
9.8 9.8 9.8

= 31.89 correct to two decimal places.
The greatest height reached is 31.89 m.
d The cricket ball reaches the ground again when x = 0
i.e. when x = 25t — 4.9 = 0

(25 —-49H=0
t=0ort=—
RS
t = 0 indicates the initial position of the ball.
25
t= 29 ~ 5.1 when the ball returns.

The ball returns to ground level after 5.1 seconds.

Example 6

A particle moving in a straight line has its acceleration in m/s? at time # seconds given by
2

d—t); = cos(mt). The initial velocity is 3 m/s and the initial position is given by y = 6. Find the

position y m at time ¢ seconds.

Solution
2
d_t); = cos(mt)
dy d*y )
implies Tl J 77 dt = - sin(T?) + ¢

Whent:O,fl—);:?xThusc:?a

dy 1
d—f = — sin(mr) + 3

Antidifferentiating again gives

-1
y = —cos(mt) + 3t +d
I
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Whent=0,y=06
-1 1
v I

-1 1
ie. y=—cos(mt) +3t+ — +6
T T

- X

A particle travels in a line so that its velocity, v m/s, at time ¢ seconds is given by

—2 L. 1>0
Vv = Z2COS 2 4 s = V.

The initial position of the particle is —2+/2 m from O.

a Determine:
i the particle’s initial velocity ii the maximum and minimum velocities

iii for the interval, 0 <7 < 4, the times when the particle is instantaneously at rest

iv the period of the motion
Use this information to sketch the graph of velocity against time.
b Determine:
i the particle’s displacement at time ¢
ii the particle’s maximum and minimum displacement
iii when the particle first passes through the origin
iv the particle’s velocity in terms of its displacement

¢ Determine, the particle’s:
i acceleration at time ¢ ii maximum and minimum acceleration

iii acceleration in terms of displacement iv acceleration in terms of velocity
d Use the information obtained in answering a—c to describe the motion of the particle.

Solution

1
a 1 v=2cos —t—E
2 4

n
Att=0,v =2cos(—z>

_y Y2
2
_ V2

ii By inspection, vp,x =2 m/S  Vyin = —2 m/s

1 T
iii v =0 when cos <§t — —) =0

4

ll‘ ™ T 3
2 4 27 2°
lt_3'rr T
20 4747
t_3’rr T
272
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. . 1 T\ . 2w
iv The period of v = 2cos | ¢ — 1 is — = 4 seconds.

2 (5)

2 -
(0,V2) (4m, \2)

Then x =2J2cosu d—udt
dt

=4Jcosudu

=4sinu + ¢

—asin( - T) 4
—Sln2 2 C

Nowatt:O,x:—Z«/E

Substituting
—242 = 4sin <_Tw) +c
2
—242=4. —% +c
c=0
. 1 1y
Hence x =4sin| -t — —
2 4

ii By inspection, xj,x =4 m Xy, =4 m

1
iili When the particle passes through the origin,x =0 or 0 =4 sin<§t - —

1
Et—;—o,’n,Z’n,
1 _om 57 97
20 4747 47
t_1T 57 97
272727

Thus the particle first passes through the origin when ¢ = g seconds.

m
4

)
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v v —2cos (11— T d x=4si
IV v = Z2CO0S 5 2 an X = Sin

) 1 ™ (1 ™
Now cos —t—— ) 4+sin“ | =t ——
2 4 2 4
LU Y PRVEY PR N PO
cos|—t—— ) = —sin“ (=t —— ) = - —
2 4 2 4 16

1

=+—-y16 —x?
4

1
y = 2cos —t—E
2 4

= £2 x ;4/16 — x?
= +1/16 — x2

o Nl
—_

1
Whenx:O,t:gandv=2cos<5-g—z)=2SO,V=%V16—x2f0r
—4 <x <4

. _dv_d2 lt ay
PRl e V!

1
a = —sin (—t — E) (chain rule)
2 4
2
Att=0,a= —sin <—E) £
4 2
ii By inspection, apmax = 1 m/s*>  apin = —1 m/s?

1 1
ili a = —sin (Et — ;) and x =4sin (Et — g)

a=—-
4

. . 1 a 1 o
iv a=—sin| =t — — and v =2cos| =t — —
2 4 2 4
1 ™
=—|+ /1 —cos® | =t——
a |: \/ cos <2 4>:|
i 1 V2

a= :F%\/4 —v?

2
Whenv:O,t:gandaz%so,a:%«/4—v2for—2§v§2.

Using the above information, it can be seen that the particle oscillates between
positions £4 m from O, taking 47 seconds to repeat each cycle. The particle is at

rest at times when it is at maximum or minimum displacement, i.e. at
3w T

IR
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The particle’s acceleration oscillates between +1 m/s?, while its velocity oscillates
between +2 m/s.

Maximum and minimum acceleration occurs at positions of minimum and
maximum displacement. This is where the particle is instantaneously at rest.

Exercise Im

é‘;\\\She% 1 The position of an object travelling in a horizontal line is x metres from a point O on the
& line at time ¢ seconds. The position is described by x = 3¢ — 2, £ > 0.

“Brons® a Find the position of the object at times ¢t = 0, 1, 2, 3, 4 and illustrate the motion of the
particle on a number line.

Find the displacement of the particle in the fifth second.

Find the average velocity in the first four seconds.

Find the relation between velocity v m/s and z.

Find the velocity of the particle when 7 = 2.5.

Find when and where the particle changes direction.

Find the distance travelled in the first four seconds.

500 -0 2 6 T

Find the particle’s average speed for the first four seconds.

2 A particle travels in a straight line through a fixed point O. Its distance, x metres, from O
is given by x = £* — 972 + 24¢, t > 0, where ¢ is the time in seconds after passing O. Find:

the values of 7 for which the velocity is instantaneously zero
the acceleration when ¢ =5
the average velocity of the particle during the first two seconds

e o T o

the average speed of the particle during the first four seconds

3 A particle moves in a straight line so that its distance x m from a fixed point O on the line
is given by x = #(t —3)?, where ¢ is the time in seconds after passing O. Find:

a the velocity of the particle after two seconds
b the values of 7 when the particle is instantaneously at rest
¢ the acceleration of the particle after four seconds

4 A particle moving in a straight line has position given by x = 2> — 4/ — 100. Find the
time(s) when the particle has zero velocity.

5 A particle moving in a straight line passes through a fixed point O. Its velocity, v m/s,
t seconds after passing O is given by v = 4 + 3¢ — #2. Find:

a the maximum value of v b the distance of the particle from O when ¢ = 4

6 A particle moves in a straight line so that, 7 seconds after passing through a fixed point O,
its velocity, v m/s, is given by v = 32 — 30t + 72. Find:
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the initial acceleration of the particle
the values of # when the particle is instantaneously at rest
the distance moved by the particle during the interval between these two values

e e T O®

the total distance moved by the particle between t = 0 and t = 7

A particle moving in a straight line passes through a fixed point O, with a velocity of
8 m/s. Its acceleration, @ m/s?, ¢ seconds after passing O is given by a = 12 — 6¢. Find:

a the velocity of the particle when ¢ = 2
b the displacement of the particle from O when ¢ = 2

A particle moving in a straight line passes through a fixed point O on the line, with a

velocity of 30 m/s. The acceleration, a m/s?, of the particle, ¢ seconds after passing O, is

given by @ = 13 — 6¢. Find:

a the velocity of the particle three seconds after passing O

b the time taken to reach the maximum distance from O in the direction of the initial
motion

¢ the value of this maximum distance

An object travels in a line such that its velocity v m/s at time ¢ seconds is given by
V= cos(%t), t € [0, 47]. Given that the initial position of the object is 0.5:

a find an expression for the position x of the object in terms of ¢
b sketch the position—time graph of the object, indicating clearly the values of 7 at which
the object is instantaneously at rest
¢ find an expression for the acceleration @ m/s> of the object in terms of ¢
Find an expression (excluding ¢) for:
i displacement in terms of acceleration  ii displacement in terms of velocity
iii velocity in terms of acceleration

A particle moves horizontally in a line so that its position, x m, from O at time ¢ seconds is
givenby x =13 — %tz + 12¢ + 10. Find:

a when and where the particle has zero velocity

b the average velocity during the third second

¢ the velocity att =2

d the distance travelled in the first two seconds

e the closest the particle comes to O

An object moves in a line so that, at time 7 seconds, the acceleration ¥ m/s? is given by
X =2sin %t. The initial velocity is 1 m/s. Find:

a the maximum velocity
b the time taken for the object to first reach the maximum velocity

An object is dropped down a well. It takes two seconds to reach the bottom. During its
fall, the object travels under a gravitational acceleration of 9.8 m/s?.
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a Find an expression in terms of ¢ for:

i the velocity v m/s ii the position x m, measured from the top of the well
b Find the depth of the well.
¢ At what speed does the object hit the bottom of the well?

13 From a balloon ascending with a velocity of 10 m/s a stone was dropped and reached the
ground in 12 seconds. Given that the gravitational acceleration is 9.8 m/s?, find:

a the height of the balloon when the stone was dropped
b the greatest height reached by the stone

14 An object moves in a line with acceleration ¥ m/s® given by ¥ = If the object

1
(21 +3)*
starts from rest at the origin, find the position—time relationship.

2t
15 A particle moves in a line with acceleration ¥ m/s? given by ¥ = (1+—t2)2 If the initial
velocity is 0.5 m/s find the distance travelled in the first v/3 seconds.

16 An object moves in a line with velocity x m/s given by X = The object starts from

t
1+
the origin. Find:

a the initial velocity b the maximum velocity

¢ the distance travelled in the third second d the position—time relationship
e the acceleration—time relationship

f the average acceleration over the third second

g

the minimum acceleration

17 An object moves in a horizontal line so that the displacement, x m, from a fixed point at
t seconds is given by x = 2 + /t + 1. Find when the acceleration is —0.016 m/s?.

18 A particle moves in a straight line so that the displacement, x metres, of the particle from
a fixed origin at time 7 seconds is given by x = 2 sin ¢ + cos ¢, t > 0. Find the first value of
t for which the particle is instantaneously at rest.

19 A particle moving in a straight line has its acceleration in m/s? at time ¢ seconds given by

d2
d_t); = 8 — e, If the initial velocity is 3 m/s find the velocity when ¢ = 2.

Constant acceleration

When considering motion of a particle due to a constant force, e.g. gravity, the acceleration is
constant. There are a number of rules that can be established by considering the case where
acceleration remains constant or uniform.
) dv
Given that — =a
dt
by antidifferentiating
v = at + c where c is the initial velocity.
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Using the symbol u for initial velocity

v =u—+ at

Now given that dx
W givi — =y
g di

by antidifferentiating a second time
1 ) L ..
X =ut+ Eat2 + d, where d is the initial position.

If s = x — d is considered as the change in position of the particle from its starting point,
i.e. the particle’s displacement from its initial position, then

s:ut—l—%at2

Transforming the formula v = u + at so that ¢ is the subject gives

vV —u

a

e 1
By substitution in s = ut + Eatz

2
u(v —u alv —u
_u—w) kv —w
a 2a?
2as = 2u(v —u) + (v — u)?
=2uv — 2u® +v* —2uv + u?

:vz—uz

i.e. v? = u® + 2as

Also distance travelled = average velocity x time.

ie. § = %(u + V)t

These four formulas are very useful, but it must be remembered that they only apply when
dealing with constant acceleration.

When approaching problems involving constant acceleration it is a good idea to list the
quantities given, establish which quantity or quantities are required, and then use the
appropriate formula. Ensure that all quantities are converted to compatible units.

Example 8

A body is moving in a straight line with uniform acceleration and an initial velocity of

12 m/s. After five seconds its velocity is 20 m/s. Find:
a the acceleration b the distance travelled in this time

¢ the time taken to travel a distance of 200 m
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Solution
Givenu =12,v=20,t=5
a Find a: using v = u + at b Finds: using s = ut + 1at?
20 =12+ 5a = 12(5) + 1(1.6)5?
a=1.6 =80

The acceleration is 1.6 m/s2. The distance travelled is 80 m.

¢ Using the formula s = ut + 1at? gives
200 =121+ 1 x 1.6 x 1

=12t + 31
1000 = 60¢ + 4>
250 = 15¢ + ¢2

ie. 2415t —250=0
(t — 100)(t +25) =0
t=10o0rt = —25

As t>0,t =10 is the acceptable solution.

The body takes 10 seconds to travel a distance of 200 m.

Example 9

A body is moving in a straight line with uniform acceleration and an initial velocity of
12 m/s. If the body stops after 20 metres, find the acceleration of the body.

Solution
Use v* = u? + 2as as time is not a required or known variable.

u=12,v=0,s =20

0=1444+2 xa x 20
—144
—=a

40

The acceleration is %18 m/s?.

Example 10

A stone is thrown vertically upwards from the top of a cliff which is 25 m high. The velocity
of projection of the stone is 22 m/s. Find the time it takes to reach the base of the cliff (give
answer correct to two decimal places).
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Solution 0
Take the origin at the top of the cliff.
s=-25u=22anda=—938 ' A
CIiff

ositive
Uses = ut + %at2 P

—25=22t+1 x —9.8 x 1?
492 —22t—25=0

Using the quadratic formula

t_22:|:\/222—4><—25><4.9
o 2 %49

C.t=5429 ... ort=—0.9396
But ¢ > 0. Therefore it takes 5.43 seconds for the stone to reach the bottom of the
cliff.

Exercise IE:

gMeheg, 1 Abody with constant acceleration starts with velocity 15 m/s. At the end of the eleventh

&S second its velocity is 48 m/s. What is its acceleration?

Zacue® . . .
A car accelerates uniformly from 5 km/h to 41 km/h in 10 seconds. Express this

acceleration in:

a km/h? b m/s?

3 A body starts from a fixed point O with initial velocity —10 m/s and uniform acceleration
4 m/s?. Find:

the displacement of the particle from O after six seconds
the velocity of the particle after six seconds
the time when the velocity is zero

e e T O

the distance travelled in the first six seconds

4 a A stone is thrown vertically upwards from ground level at 21 m/s.
i What is its height above the ground after two seconds?
ii What is the maximum height reached by the stone?
b If the stone is thrown vertically upwards from a cliff 17.5 m high at 21 m/s:
i how long will it take to strike the ground at the base of the cliff?
ii what is the velocity of the stone when it hits the ground?

5 A basketball is thrown vertically upwards with a velocity of 14 m/s. Find:

a the time taken by the ball to reach its maximum height
b the greatest height reached by the ball
¢ the time taken for the ball to return to the point from which it is thrown
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6 A car sliding on ice is decelerating at the rate of 0.1 m/s?. Initially the car is travelling at
20 m/s. Find:

a the time taken before it comes to rest
b the distance travelled before it comes to rest

7 An object is dropped from a point 100 m above the ground. The acceleration due to
gravity is 9.8 m/s?. Find:

a the time taken by the object to reach the ground
b the velocity at which the object hits the ground

8 An object is projected vertically upwards from a point 50 m above ground level
(acceleration due to gravity is 9.8 m/s?). If the initial velocity is 10 m/s, find:

a the time taken by the object to reach the ground (give answer correct to two decimal
places)
b the velocity at that point

9 A book is pushed across a table and is subjected to a retardation of 0.8 m/s? due to friction
(retardation is acceleration opposite in direction to motion). If the initial speed of the
book is 1 m/s, find:

a the time taken for the book to stop b the distance over which the book slides

10 A box is pushed across a bench and is subjected to a constant retardation, @ m/s?, due to
friction. The initial speed of the box is 1.2 m/s and the box travels 3.2 m before stopping.
Find:

a the value of ¢ b the time taken by the box before it comes to rest

11 A particle travels in a straight line with a constant velocity of 4 m/s for 12 seconds. It is
then subjected to a constant acceleration in the opposite direction for 20 seconds which
returns the particle to its original position. Find:

a the acceleration of the particle
b the time the particle is travelling back towards its original position

12 A child slides from rest down a slide 4 m long. The child undergoes constant acceleration
and reaches the end of the slide travelling at 2 m/s. Find:

a the time taken to go down the slide
b the acceleration which the child experiences

Velocity—time graphs

Velocity—time graphs are valuable for the consideration of rectilinear motion. These graphs
present information about

B acceleration (gradient)

velocity (ordinates)

displacement (signed area or definite integral)

distance travelled (area “under’ the curve)
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A man walks east for eight seconds at 2 m/s and then west for four seconds at 1.5 m/s. Sketch
the velocity—time graph for this journey and find the displacement from the start of the walk
and the total distance travelled.

Solution v

The velocity—time graph is as shown:

—-1.5+

The distance travelled to the east =8 x 2 =16 m

The distance travelled to the west =4 x 1.5 =6 m

Displacement from the start = 8 x 2 + 4 x (=1.5) = 10 m (signed area)
Distance travelled = 8 x 2 + 4 x 1.5 =22 m (total area)

Consider the motion of a particle moving in v
a straight line with its motion described by A
the velocity—time graph shown opposite.
For the interval of time [0, a) the velocity
is positive. The area shaded for ¢ € [0, @)
represents the distance travelled in the first

a seconds. It is also the displacement 0 a\l > {

from the start of the motion.

For the interval, (a, b] the velocity is negative (the particle is travelling in the opposite
direction) and the area between the graph and the ¢ axis represents the distance travelled for
that interval of time.

Using integral notation to describe the areas yields the following:

The distance travelled for the interval of time [0, «] = J v(t)dt
0
b
The distance travelled for the interval of time [a, b] =— J v(t)dt
a b
The total distance travelled for the interval of time [0, 5] = J v(t)dt — J v(t)dt
0 a

b
The displacement of the particle for the interval of time [a, b] = J v(t)dt
0
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The graph describes the motion of a particle. (0, 10)
a Describe the motion.
b Find the distance travelled.

Velocity is measured in m/s and time in seconds.

(10, 0) (17,0)

o

Solution

t
m,M@ P

a The particle decelerates uniformly from an initial velocity of 10 m/s. After

10 seconds, it is instantaneously at rest before changing direction and continuing

to decelerate uniformly for a further two seconds until its velocity reaches

—2 m/s. It then continues to travel in the same direction with a uniform velocity

of —2 m/s for a further four seconds. Finally, it accelerates uniformly until it

comes to rest after 17 seconds.

b Distancetravelled:%xlelO—l—%x2x2—|—4x2+%x1x2

=6lm

- [EzmE]

A car travels from rest for 10 seconds, with uniform acceleration, until it reaches a speed of

90 km/h. It then travels with this constant speed for 15 seconds and finally decelerates at a

uniform 5 m/s? until it stops. Calculate the distance travelled from start to finish.

Solution

The speed given is first changed to standard units.

90 km/h = 90 000 m/h
~ 90000

3600

=25m/s

Now sketch a velocity—time graph showing

m/s

the given information.
The gradient of BC is —5 (deceleration).

. 25
gradient = =—
25—c
25=-525-¢)
25 =—125+5¢
c=30

v

A

A(10, 25) 505, 25)

C(c, 0)
> [

Now calculate the distance travelled, using the area of trapezium OABC.

Area = % x 25(30 + 15)
= 562.5

The total distance travelled in 562.5 metres.
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Example 14

An object travels in a line. It decelerates uniformly from 0 m/s? to —5 m/s? in 15 seconds. If

the initial velocity was 24 m/s, find:

a the velocity at the end of the 15 seconds

b the distance travelled in the 15 seconds.

Solution

a It is appropriate here to start with the acceleration—time graph.

The figure shows the uniform deceleration from 0 m/s?> to —5 m/s? in 15 seconds.

Algebraically a = mt + ¢ a
-5 1 A
— =——andc=0
15 3

=1
a=—zt

but m=

Hence

and v=—i*+d 0
But,atr =0 v =24

and therefore d = 24

and v=—12+24

(15,-5)

To sketch the velocity—time graph, first find the #-axis intercepts:
v

_1p2 =
12 4+24=0 0. 24}

=144

L t =12,sincet >0 12
Now,att:lS,v:—éx152+24 0
=—-13.5

So, velocity at 15 seconds is —13.5 m/s.

The distance travelled is given by the v
area of the shaded region.

(12, 0)

12 15
Area:J —gt2+24dt+J (—g1* +24) dt
0 1

2

=192 + |—19.5|
=211.5

The distance travelled in 15 seconds is 211.5 metres.
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[

A motorist is travelling at a constant speed of 120 km/h when he passes a stationary police car.

He continues at that speed for another 15 seconds before uniformly decelerating to 100 km/h
in five seconds and then continues with constant velocity. The police car takes off after the
motorist the instant it passes. It accelerates uniformly for 25 seconds by which time it has
reached 130 km/h. It continues at that speed until it catches up to the motorist. When does the
police car catch up to the motorist and how far has it travelled in that time?

Solution

We start by representing the information on a velocity—time graph.

v (km/h) A
130 police car
120
100 - motorist
0 15 20 25 T £(s)

The distance travelled by the motorist and the police car when they meet will be the
same so the areas under each of the velocity—time graphs will be equal. This fact can
be used to find 7, the time taken for the police car to catch up to the motorist. For the

motorist, the distance travelled in metres after 7' seconds
= (120 x 15+ %(120 +100) x 54 100(T — 20))%
= (1800 + 550 4+ 1007 — 2000)%
= (1007 + 350)+%

Note: The factor 15—8 changes velocities from km/h to m/s.

Police car: ( x 25 x 130 + 130(T — 25)) x = = (1625 + 1307 — 3250)=
= (130T — 1625)=;

When the police car catches the motorist, 1007 + 350 = 1307 — 1625

30T = 1975
395
T="-

6

The police car catches the motorist after 65.83 seconds.

distance = (1007 + 350)% where T = 3%
52000

27
distance ~ 1.926 km

The police car has travelled 1.926 km when it catches the motorist.
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Q‘,\\\She@w 1 Each of the following graphs describes the motion of a particle. For each of them:

i describe the motion ii find the distance travelled
“Zacue® Velocity is measured in m/s and time in seconds.

a v b v

A A

6 . (5, 8)
: > >
0 0 ! 0

¢ v d v
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2 In each of the following velocity—time graphs the object starts from the origin and moves
in a line. In each case, find the relationship between time and:

i velocity ii acceleration iii position
a v b %
A A
(0, 10)
0,5)
(10, 0)
> [
0 (5,0)
0 ‘ >

Given that v = a#® + b, a and b constant

d v
c %
0 / - (0, 30)
(5,0)
1,0 5,0
0 Q/ - B
(0,-10)
This is a curve of the form
v=att +bt+c
e % f v
\ A
(5, 20)
(log, 2, 40)
(0, 10) (20, 10) (0, 10)
., 5 >
0 (15,0

This is a curve of the form

This is a curve of the form v = ae®

v=asin bt + ¢

3 A particle moves in a straight line with a constant velocity of 20 m/s for 10 seconds. It is
then subjected to a constant acceleration of 5 m/s” in the opposite direction for 7 seconds
at which time the particle is back to its original position.

a Sketch the velocity—time graph representing the motion.
b Find how long it takes the particle to return to its original position.

4 An object travels in a line starting from rest. It accelerates uniformly for three seconds
until it reaches a speed of 14 m/s. It then travels at this speed for 10 seconds. Finally, it
decelerates uniformly to rest in 4 seconds. Sketch a velocity—time graph and find the total
distance travelled.
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Two tram stops, 4 and B, are 500 metres apart. A tram starts from 4 and travels with
acceleration @ m/s? to a certain point. It then decelerates at 4a m/s> until it stops at B. The
total time taken is two minutes. Sketch a velocity—time graph. Find the value of a and the
maximum speed reached by the tram.

The maximum rate at which a bus can accelerate or decelerate is 2 m/s?. It has a
maximum speed of 60 km/h. Find the shortest time the bus can take to travel between
two bus stops 1 km apart on a straight stretch of road.

A car being tested on a straight level road starts from rest and accelerates uniformly to
90 km/h. It travels at this speed for a time then comes to rest with a uniform retardation
of 1.25 m/s. The total distance travelled is 525 metres and the total time is 36 seconds.
Find the time taken in the acceleration phase and how far the car travels at 90 km/h.

Cars 4 and B are stationary on a straight road, standing side by side. Car 4 moves off with
an acceleration of 1 m/s?, which is maintained for twenty seconds, after which it moves at
constant speed. Twenty seconds after 4 starts, B sets off with constant acceleration of

2 m/s? until it draws level with 4. Find the time taken and the distance travelled by B to
catch 4.

An object is travelling in a line with an initial velocity of 6 m/s. The deceleration changes
uniformly from —1 m/s” to —3 m/s? over one second. If this deceleration continues until
the object comes to rest, find:

a the time taken b the distance travelled.

A stationary police motorcycle is passed by a car travelling at 72 km/h. The motorcycle
starts in pursuit three seconds later. Moving with constant acceleration for a distance of
300 metres, it reaches a speed of 108 km/h, which it maintains. Find the time it takes the
motorcyclist to catch the car.

Two cars 4 and B, each moving with constant acceleration, are travelling in the same

direction along the parallel lanes of a divided road. When A passes B, the speeds are 64

and 48 km/h respectively. Three minutes later, B passes 4, travelling at 96 km/h. Find:

a the distance travelled by 4 and B at this instant (since they first passed) and the speed
of 4

b the instant at which both are moving with the same speed, and the distance between
them at this time

A particle, starting from rest, falls vertically with acceleration j m/s? at time ¢ seconds,
given by y = ke~ where k < 0.

a Find the velocity—time relationship and sketch the velocity time graph.
b Briefly describe the motion.
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104 Differential equations of the form v = f(x)
and a = f(v)

When information about the motion of an object is given in one of the forms v = f(x) or
a = f(v), techniques used for solving differential equations can be applied to obtain other
information about the motion.

Example 16

The velocity of a particle moving along a straight line is inversely proportional to its position.
If the particle is initially 1 m from point O and 2 m from point O after one second:

a find an expression for the position of the particle 7 seconds after starting the motion

b find an expression for the velocity, v, of the particle in terms of z.

Solution

a The information can be written as

k
v=—, forke R" x(0)=1andx(l)=2
X

. dx k
v = — can be written as — = —
X X
dt X
Thus — = —
STk
di de i
an = — = —
P TS

Since x(0) = 1,0 = % +c

Sincex(1)=2,1 = 24_k +c

Subtracting | 1 | from | 2 | yields

1= i and therefore k = é
2k 2

-1 -1
Substituting in | 1 | yields ¢ = =3
2
1
Therefore ¢ = o
3 3
x2=3t+1

and x =+4/3t+1
But when ¢ = 0, x = 1 and therefore x = /37 + 1

b If x=43t+1
h dx 3 1 1
en v=—=3X =X
dt 2 J3t+1
3
ie. v=
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The acceleration a, of an object moving along a line is given by a = —(v + 1)? where v is the
velocity of the object at time 7. Also v(0) = 10 and x(0) = 0 (x is the position of the particle at
time 7). Find:

a an expression for the velocity of the object in terms of ¢

b an expression for the position of the object in terms of ¢

Solution
2 . dv 2
a a= —(v+ 1) can be written as 7l -+

-1
and in the form ﬂ =

dv (v + 1)
1
Therefore t = —J ———dv
(v + 1)?
. 1
1.€. t = +c
v+1
. 1
Since v(0) = 10, 0=H+c
—1 d 1 1
[ — n — I,
TR v+l 11
This can be rearranged to show
10— 11¢ 11
Vziz——l—
1+ 11¢ 11141
11
If =-1
b Y LTI
. dx 1+ 11
ie. — =—
dt 11t +1

1
B dt
* J RETTES

Hence x = —¢ + log,|1 + 11¢] 4+ ¢
Since x(0) = 0,c=0and x = log,|1 + 117] — ¢

Example 18

A body moves in a straight line with an initial velocity of 25 m/s so that its acceleration @ m/s?
is given by a = —k(50 — v), where k is a positive constant, and v m/s is its velocity at a given
instant. Find v in terms of ¢ and sketch the velocity—time graph for the motion. (The motion

stops when the body is instantaneously at rest for the first time.)
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Solution

For a=—k(50 —v)
dv
— = —k(50 —
T ( v)
dt 1

dv _ —k(50 —v)

1 1
t:——J dv
kJ 50—v

1
t= —z(— log,|50 —v]) +¢

Whent=0,v =25

1
Therefore ¢ = - log,(25) v
1 50 —
and t = i log, <Tv> ifv < 50 25
50 —
ekt — v
25 0 >
and y =50 — 2561" }_c loge 2

Exercise Im

1
A particle moves in a line so that the velocity, X m/s, is given by X = ST x> 2.
x f—
If x = 3 when ¢t = 0, find:
a the position at 24 seconds b the distance travelled in the first 24 seconds

A particle moves in a line so that the velocity v m/s is given by v =1 + e=2*,

a Find the position, x m, in terms of time 7 seconds (¢ > 0), given that x = 0 when ¢ = 0.
b Hence find @ when ¢ = log, 5.

A particle moves in a line so that the acceleration, a m/s?, when the velocity is v m/s is
given by a = 3 + v. If, initially, the object is at rest at the origin find:

a vinterm of ¢ b ainterms of ¢ ¢ xinterms of ¢

An object falls from rest such that the acceleration a m/s? is given by: a = g — kv, k > 0.
Find:

a an expression for the velocity, v m/s, at time ¢ seconds

b the terminal velocity, i.e. the limiting velocity as t — oo

A body is projected along a horizontal surface. Its deceleration is 0.3(v> + 1) where
v m/s is the velocity of the body at time ¢ seconds. If the initial velocity is /3 m/s find:

a an expression for v in terms of ¢
b an expression for x m, the displacement of the body from its original position in terms
of t
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The velocity v m/s and the acceleration ¢ m/s> of a body ¢ seconds after it is dropped from

450 —
v for v < 450.

rest are related by a =
Express v in terms of 7.

The brakes are applied in a car travelling in a straight line. The acceleration a m/s* of the
car is given by a = —0.4+/225 — v2. If the initial velocity of the car was 12 m/s, find an
expression for v the velocity of the car in terms of ¢, the time after the brakes were first
applied.

An object moves in a straight line such that its velocity is directly proportional to x m, its
displacement from a fixed point O on the line. The object starts 5 m from O with a
velocity of 2 m/s.

a Express x in terms of 7, where ¢ is the time after the object leaves the point O.
b Find the position of the object after 10 seconds.

The velocity v m/s and the acceleration  m/s> of a body ¢ seconds after it is dropped from
rest are related by the equation a = 5—10(500 —v),0 <v < 500.

a Express ¢ in terms of v. b Express v in terms of 7.

A particle is travelling in a horizontal straight line. The initial velocity of the particle is u
and the acceleration is given by —k(2u — v) where v is the velocity of the particle at any
instant and £ is a positive constant. Find the time taken for the particle to come to rest.

. . . . L dv -1
A boat is moving at 8 m/s. When the engine stops its acceleration is given by i Tv.
Express v in terms of ¢ and find the velocity when ¢ = 4.
A particle, initially at a point O, slows down under the influence of an acceleration a m/s?,
such that a = —kv?, where v m/s is the velocity of the particle at any instant. Its initial

velocity is 30 m/s and its initial acceleration is —20 m/s?. Find:

a its velocity at time ¢ seconds b its position, relative to a point O, where ¢t = 10

Other expressions for acceleration

2

. . . . . v .
In the earlier sections of this chapter acceleration has been written as — and —. In this

dt dt?’

section two further expressions for acceleration are given. Using the chain rule:

_dv_dvdx_dv
YT U T dxdr T dx
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Also
1
d(zvz) _ i (1v2) d_" =vd_" —a
dx dv *? 7/ dx dx
: d(;v)
ie. a= I
I - o dv
If @ = f(v) and initial conditions are given in terms of x and v, use the forma = v I
X
a(iv?)

If @ = f(x) and initial conditions are given in terms of v and x, use the form a =

Example 19

An object travels in a line so that the velocity, v m/s, is given by v> = 4 — x?. Find the
acceleration at x = 1.

Solution
Now V=4
%vz =2 %xz
Now a= % (%vz)
a=—x
Soatx=1,a=—1

Acceleration at x = 1 is — 1 m/s?.

Example 20

An object moves in a line so that the acceleration, ¥ m/s?, is given by ¥ = 1 + v. Its velocity at
the origin is 1 m/s. Find the position of the object when its velocity is 2 m/s.

Solution
X=14v
d
Since the initial conditions involve v and x, it is appropriate to use X = vd—v.
X
dv
Now v—=1+v
dx
dv. _ 1+v
dx v
dx v
d e
an dv 14+v
J’ v
x = v
1+v
= J 1 — dv
I+v
x=v—log,|l+v|+c
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Now v=1whenx =0
0=1-1log,2+c
c=log,2—1
x=v—log, |l +v|+log,2—1
x=v+10ge($)—la5v>0
Now, when v =2
x=2—|—log€§—l
x=1+10ge%
~ 0.59

So, when velocity is 2 m/s, position is 0.59 m.

-

An object is moving in a straight line. The acceleration @ m/s? is described by the relation

a = —./x where x is the position of the particle with respect to an origin O. Find a relation
between v and x which describes the motion, given that v = 2 m/s when the particle is at the

origin.
Solution
. d
USlng a = E (EV )
gives 4 (3v%) = —Vx = —x%
dx \?
) 3
12 T2x2
V= Ty e
When x=0,v=2
3
2x2
Therefore ¢ =2and %v2 -2 XT

An object falls from a hovering helicopter over the ocean 1000 m above sea level. Find the
velocity of the object when it hits the water:
a neglecting air resistance b assuming air resistance is 0.2v%.
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Solution

a An appropriate starting point is j = —9.8.
Now, since the initial conditions give v =0 at y = 1000 and v is required at y = 0,

use:
_ 4
y= dy (2V )
Thus 4 (3v*) = —9.8
dy \?
%vz =-98y+c

butusing v =0aty = 1000
0=—9.8 x 1000 + ¢
¢ = 9800
v2 = —9.8y 4+ 9800
v = —19.6y + 19600

N —

Since the object is falling, v < 0

and therefore v = —/19600 — 19.6y

At sea level, y = 0 and therefore

v =—+19600
= —140

Hence velocity at sea level is —140 m/s (or a speed of 504 km/h).
b In this case j = —9.8 + 0.2v?

ovi—49
YT
Because of the initial conditions given, use:
; dv
y = V@
dv  v?—49
VE =—
dv  v?—49
@ ~ 5y
dy  5v
dv— v2—49
Sv
r= J a9
2v
- %J TR
y = 3log,|v? —49| + ¢

Now, when v = 0, y = 1000
1000 = 3 log,(49) + ¢
¢ = 1000 — 3 log, 49
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and y = 3 log,[49 — v?| 4 1000 — 2 log, 49
= 3(log,|49 — v?| — log, 49) + 1000
49 — 2
=21 1000
5 log, 19 +
S 2
=21 1 —— 1000
5 log, 49 +
5 v
— 1000 = =21 1 ——
y 5 108, 29
2 v?
£(y — 1000) = log, |1 — 9
Assume —7 < v < 7 then
2
L20=1000)/5 _ | _ v
49
v? — | — Q2=1000)/5

E =
V2 — 49 (1 _ 62@_1000)/5)

but the object is falling and thus v < 0

v = =71 — 2010005
Atsealevel, y =0

and v =—7y1—e 40

The object has a velocity of approximately —7 m/s at sea level or a speed of
approximately 25.2 km/h.
If v < —7 then v? = 49(1 + *~1090)/5) and the initial conditions are not satisfied.

Exercise IEE

gé‘“s"eo, 1 In each of the following examples, a particle moves in a horizontal line so that, at time
& t seconds, the displacement is x m from O, the velocity is v m/s and the acceleration is
Zacws®  am/st.
a Ifa=—-—xandv=0atx=4, findvatx=0.
b Ifa=2—vandv=0whent=0,find f whenv = —2.
¢ Ifa=2—vandv=0whenx =0 find x whenv = —2.

2 The motion of a particle is in a horizontal line so that, at time ¢ seconds, the displacement is
x m, the velocity is v m/s and the acceleration is @ m/s.

a Ifa= —v*andv =1 whenx =0, find v in terms of x.
b Ifv=x+1andx =0 when =0, find:
i xinterms of¢ ii ainterms of ¢ ili «interms of v



422

Essential Specialist Mathematics

3

An object is projected vertically upwards from the ground with an initial velocity of
100 m/s. Assuming that the acceleration, @ m/s?, is given by a = —g — 0.2v?, find x in
terms of v. Hence find the maximum height reached.

A particle moves in a horizontal line so that the velocity, v m/s, is given by v = 2+4/1 — x2.
Find:

a the position, x m, in terms of time # seconds, given that, whent =0, x = 1

b the acceleration, « m/s?, in terms of x

The acceleration, a m/s?, of an object travelling in a line, for which v = 0 when x = 0 and
t =0, is given by:
1 1 1
a=— a= ,x > —1 ¢ a=
1+1¢ 1+x l+v

Solve for v in each case.

A particle moves in a straight line from a position of rest at a fixed origin O. Its velocity is v
when its displacement from O is x. If its acceleration is (2 4 x)~2, find v in terms of x.

A particle moves in a straight line, and, at time ¢ its displacement from a fixed origin is x
and its speed v.

a Ifits acceleration is 1 + 2x and v = 2 when x = 0, find v when x = 2.
b Ifits acceleration is 2 — v and v = 0 when x = 0, find the position at which v = 1.

A particle is projected vertically upwards. The speed of projection is 50 m/s. The
acceleration of the particle ¢ m/s? is given by a = —%(v2 + 50) where v m/s is the velocity
of the particle when it is x m above the point of projection. Find:

a the height reached by the particle b the time taken to reach this highest point

TEST TESY
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Chapter summary

1

Multiple-choice questions

If the position of an object at time ¢ is denoted by x(7) then:

B x(¢) is the velocity at time ¢

B X(7) is the acceleration at time ¢

B the magnitude of x(¢) is the speed at time ¢

Velocity—time graphs can be used to find the position of the object and the distance

x(f2) — x(t1)

travelled.
The average velocity over [71, t,] is

5 h — 1
d“x dv dv d
ceeleration —5 = —- =v_— = (3v%)

A particle moves in a straight line so that its position x cm from a fixed point O at time

t seconds (¢ > 0) is given by x = #> — 9¢2 4 24¢ — 1. The position (in cm) of the particle at
t=3is:

A 17 B 16 C 24 D -17 E 8

A particle moves in a straight line so that its position x cm from a fixed point O at time

t seconds (¢ > 0) is given by x = ¢> — 9¢2 4 24¢ — 1. The average speed (in cm/s) of the
particle in the first two seconds is:

A 0 B —-12 C 10 D -—-10 E 95

A body is projected up from the ground with a velocity of 30 m/s. Its acceleration due to
gravity is —10 m/s>. The body’s velocity in m/s at 1 = 2 is:
A 10 B -10 Cc 0 D 20 E -20

A car accelerating uniformly from rest reaches a speed of 50 km/h in five seconds. The car’s
acceleration during the five seconds is:
A 10km/s> B 10ms’ C 278m/s D ZEns E Zms

A particle moves in a straight line so at time ¢, ¢ > 0, its velocity v is given by v = 5 — H%z
The initial acceleration of the particle is:

A 0 B ] C 1 D 2 E 4
The velocity—time graph shown v (m/s)

describes the motion of a particle. The A

time (in seconds) when the velocity (0,20) (80, 20)

of the particle is first zero is closest to:
A 0 B 125 C 147
D 150 E 250 (250,0)

0 \/ 1(s)

(180, -10)
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7 The displacement, x metres, from the origin of a particle travelling in a straight line is given
by x = 2¢3 — 10¢> — 44¢ + 112. In the interval 0 < ¢ < 10 the number of times the particle
passes through the origin is:

A0 B 1 Cc 2 D 3 E 4

8 The acceleration @ m/s* of an object whose displacement is x metres from the origin is
given by a = —x, —/3 < x < /3. If the object starts from the origin with a velocity of
V/3 m/s, then its velocity v when displacement is x metres from the origin is give by:

A —/3—x2 B V3 —x2 C +V3-—x2
D —vx2-3 E Vx2-3

9 The displacement, x metres, from the origin of a particle travelling in a straight line is given

2
31 3 37 3
A —— B —— CcC o0 D — —
2 4 4 2

10 An object starting at the origin has a velocity given by v = 10 sin(¢). The distance the

3 8
by x =2 —2cos (Tﬂt — E). The velocity (in m/s) at time ¢ = 3 seconds is:

object travels in the first 1.6 seconds of its motion, correct to two decimal places, is:
A 1.60 B 220 C 4.17 D 6.37 E 10.53

Short-answer questions (technology-free)

1 The position, x metres, at time ¢ seconds (z > 0) of a particle moving in a straight line is
given by x = t> — 7t + 10. Find:
a when its velocity equals zero
b its acceleration at this time
¢ the distance travelled in the first five seconds
d when and where its velocity is —2m/s.

2 A body moves in a straight line so that its acceleration (a m/s?) after time ¢ seconds (+ > 0)
is given by @ = 2¢ — 3. If the initial position of the body is 2 m to the right of a point O and
its velocity is 3 m/s, find the particle’s position and velocity after 10 seconds.

3 Two tram stops are 800 m apart. A tram starts at rest from the first stop and accelerates at a
constant acceleration of @ m/s> for a certain time and then decelerates at a constant rate of
2a m/s?, before coming to rest at the second stop. The time taken to travel between the stops
is 1 min 40 seconds. Find:

a the maximum speed reached by the tram in km/h
b the time at which the brakes are applied
¢ the value of a.
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4 The velocity—time graph shows the journey of a bullet fired into the wall of a practice range
made up of three successive layers of soil, wood and brick.

0 0.601 0.(;02 0.(|)03 0.0|04 O.OIOS 0.()|06 0.0|07 ().0|08 0.0|()9 0.|01 =16
Calculate:

the deceleration of the bullet as it passes through the soil

the thickness of the layer of soil

the deceleration of the bullet as it passes through the wood

the thickness of the layer of wood

o L e T o

the deceleraton of the bullet passing through the brick
f the depth penetrated by the bullet into the layer of brick.

5 A helicopter climbs vertically from the top of a 110-metre tall building, so that its height in
metres above the ground after ¢ seconds is given by 4 = 110 + 55¢ — 5.572. Calculate:
a the average velocity of the helicopter from = 0to t =2
b its instantaneous velocity at time ¢
¢ its instantaneous velocity at time 7 = 1
d the time at which the helicopter’s velocity is zero
e the maximum height reached above the ground.

6 A particle moves in a straight line so that its displacement, x metres, from a point O on that
line, after ¢ seconds, is given by x = /9 — 12,0 < ¢ < 3.
a  When is the displacement /5?
b Find expressions for the velocity and acceleration of the particle at time z.
¢ Find the maximum magnitude of the displacement from O.
d When is the velocity zero?

7 A particle moving in a straight line passes through a fixed point O, with a velocity of 8 m/s.
Its acceleration, @ m/s?, t seconds after passing O, is given by @ = 12 — 6¢. Find:
a the velocity of the particle when ¢ = 2
b the displacement of the particle from O when ¢ = 2.

8 A particle travels at 12 m/s for five seconds. It then accelerates uniformly for the next eight
seconds to a velocity of x m/s, and then decelerates uniformly to rest during the next three
seconds. Sketch a velocity—time graph.

Given that the total distance travelled is 218 m, calculate:
a the value of x b the average velocity.
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9 A ball is thrown vertically upwards from ground level with an initial velocity of 35 m/s.
(g m/s? is the acceleration due to gravity.) Find:
a the velocity in terms of g and direction of motion of the ball after:
i three seconds ii five seconds
b the total distance, in terms of g, travelled by the ball when it reaches the ground again
¢ the velocity with which the ball strikes the ground.

10 A car is uniformly accelerated from rest at a set of traffic lights until it reaches a speed of
10 m/s in five seconds. It then continues to move at the same constant speed of 10 m/s for
six seconds before the car’s brakes uniformly retard it at 5 m/s? until it comes to rest at a
second set of traffic lights. Draw a velocity—time graph of the car’s journey and calculate

the distance between the two sets of traffic lights.

11 A particle moves in a straight line so that its position x relative to a fixed point O in the line
at any time ¢ is given by x = 4 log.(t — 1), ¢ > 2. Find expressions for the velocity and
acceleration at any time ¢.

12 A golf ball is putted across a level putting green with an initial velocity of 8 m/s. Owing to
friction, the velocity decreases at the rate of 2 m/s>. How far will the golf ball roll?

13 A missile is fired vertically upwards from a point on the ground, level with the foot of a
tower 64 m high. The missile is level with the top of the tower 0.8 seconds after being fired.
(g m/s? is the acceleration due to gravity.) Find in terms of g:
a the initial velocity of the missile
b the time taken to reach its greatest height
¢ the greatest height
d the length of time, for which the missile is higher than the top of the tower.

Extended-response questions

1 A stone initially at rest is released and falls vertically. Its velocity v m/s at time ¢ seconds

CAS

satisfies 5—‘; +v = 50.
0 & a Find the acceleration of the particle when # = 0.

Q’lcum‘o b Fi :
ind v in terms of ¢.

¢ i Sketch the graph of v against 7.
ii Find the value of # for which v = 47.5. (Give answer correct to two decimal places.)

d Letx m be the distance fallen after ¢ seconds.

i Find x in terms of . ii Sketch the graph of x against # (¢ > 0).
iii After how many seconds has the stone fallen eight metres? (Give answer correct to
two decimal places.)
as 2 A particle is moving along a straight line and, # seconds after it passes a point O on the line,

its velocity is v m/s, where v = 4 — log.(t + B) where 4 and B are positive constants.
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CAS

@ N . . .
ey ©  a  Find the time that the train takes to travel from A4 to B.

CAS . . .
point O, ¢ seconds after the motion has begun, is given by x = 28 + 41 — 5 — .
a Find:
c & . . . .. . .
Yoo s© i the velocity of 4 in terms of ¢ ii the acceleration of 4 in terms of ¢

a IfA4=1andB=0.5:
i sketch the graph of v against ¢
ii find the position of the particle when ¢ = 3 (correct to two decimal places)
iii find the distance travelled by the particle in the three seconds after passing O
(correct to two decimal places).
b If when ¢ = 10 the acceleration of the particle is ;—01 m/s? and the particle comes to rest
when ¢ = 100, find the exact value of B and the value of 4 correct to two decimal places.

3 The velocity v km/h of a train which moves along a straight track from station 4, from
which it starts at rest, to station B at which it next stops, is given by v = kzf[1 — sin(w?)],
where ¢ hours is the time measured from when the train left 4 and & is a positive constant.

b i Find an expression for the acceleration at time ¢.
ii Find the interval of time for which the velocity is increasing. (Give answer correct
to two decimal places.)
¢ Given that the distance from A4 to B is 20 km, find to three significant figures, the value
of k.

4 In atall building, two lifts simultaneously pass the 40th floor, each travelling downwards at
24 m/s. One lift immediately slows down with a constant retardation of % m/s?. The other
continues for six seconds at 24 m/s and then slows down with a retardation of %(t — 6) m/s?,
where 7 seconds is the time that has elapsed since passing the 40th floor. Find the difference
between the heights of the lifts when both have come to rest.

5 A particle 4 moves along a horizontal line so that its displacement, x m, from a fixed

iii the value of ¢ for which the velocity is zero (correct to two decimal places)
iv the times when the particle is 28 m to the right of O (correct to two decimal places)
v the time when the particle is 28 m to the left of O (correct to two decimal places).
b A second particle B moves along the same line as A4. It starts from O at the same time
that X begins to move. The initial velocity of B is 2 m/s and its acceleration at time 7 is
(2 — 6f) m/s>.
i Find the position of B at time z.
ii Find the time at which 4 and B collide.
iii At the time of collision are they going in the same direction?

6 A particle moves in a straight line. At time ¢ seconds its displacement x cm from a fixed

point O in the line is given by x = 5 cos (gt + E)

. 3
a Find:
i the velocity in terms of ¢ ii the acceleration in terms of 7.
b Find:

i the velocity in terms of x ii the acceleration in terms of x.
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¢ Find the speed of the particle when x = —2.5 correct to one decimal place.
d Find the acceleration when # = 0 correct to two decimal places.
e Find:
i the maximum distance of the particle from O
ii the maximum speed of the particle
iii the maximum magnitude of acceleration for the particle.

The motion of a bullet through a special shield is modelled by the equation
a = —30(v + 110)?, v > 0 where a m/s? is its acceleration and v m/s its velocity  seconds
after impact. When ¢ = 0, v = 300.
a Find vin terms of 7.
b Sketch the graph of v against 7.
¢ Letx m be the penetration into the shield at time ¢ seconds.
i Find x in terms of ¢ ii Find x in terms of v.
iii Find how far the bullet penetrates the shield before coming to rest.
d Another model for the bullet’s motion is @ = —30(v> 4+ 11 000), v > 0. Given that
t=20,v=300:
i find 7 in terms of v ii find v in terms of ¢
iii sketch the graph of v against ¢
iv  find the distance travelled by the bullet in the first 0.0001 seconds after impact.

A motorist is travelling at 25 m/s along a straight road and passes a policeman on a
motorcycle. Four seconds after the motorist passes the policeman, the policeman starts in
pursuit. The policeman’s motion for the first six seconds is described by

-3 364 1281
H=— ) =-21 2+—r——)4<r<10
v (10)( 3 6 ) ==

where v(7) is his speed in metres per second ¢ seconds after the motorist has passed.

At the end of six seconds he reaches a speed of v m/s which he maintains until he overtakes
the motorist.

a Find the value of v.

., dv
b i Flndz for4 <t < 10.
ii Find the time when the policeman’s acceleration is a maximum.
¢ On the same set of axes sketch the velocity—time graphs for the motorist and the

policeman.
d i How far has the policeman travelled when he reaches his maximum speed at
t=10?
ii Write down an expression for the distance travelled by the policeman for ¢ > 0.
e For what value of ¢ does the policeman draw level with the motorist? (Give answer

correct to two decimal places.)




Chapter 10 — Kinematics 429

9

10

11

Two cyclists, 4 and B, pass a starting post together (but at different velocities) and race
along a straight road. They are able to pass each other. At time # hours after they pass the
post their velocities (in km/h) are given by:

9—2 0<t<3

V=
A7 Vot—6 >3

Vg=8 t=>0.
a On the one set of axes, draw the velocity—time graphs of the two cyclists.
b Find the times at which the two cyclists have the same velocity.
¢ Find the time in hours, correct to one decimal place, when:
i Apasses B ii B passes A4.

Two particles, P and O, move along the same straight line path and can overtake one
another. Their velocities are Vp =2 — ¢ + ‘1—‘t2 and Vp = % + %t respectively at time ¢,
for t > 0.
a 1 Find the times when the velocities of P and Q are the same.
ii  On the same diagram sketch velocity—time graphs to represent the motion of P and
the motion of Q.
b If the particles start from the same point at time ¢ = 0:
i find the time when P and Q next meet again (correct to one decimal place)
ii state the times during which P is further than Q from the starting point (correct to
one decimal place).

Annabelle and Cuthbert are ants on a picnic table. Annabelle falls off the edge of a table at
point X. She falls 1.2 m to the ground. (Assume g = 9.8 throughout this question.)
a Assuming that Annabelle’s acceleration down is g m/s? find:
i Annabelle’s velocity when she hits the ground, correct to two decimal places
ii the time it takes, correct to two decimal places, for Annabelle to hit the ground.
b Assume now that Annabelle’s acceleration is slowed by air resistance and is given by
(g — 1) m/s? where ¢ is the time in seconds after leaving the table.
i Find Annabelle’s velocity v m/s at time 7.
ii Find Annabelle’s position x m from X at time 7.
iii Find the time in seconds, correct to two decimal places, when Annabelle hits the
ground.
¢ When Cuthbert reaches the edge of the table he observes Annabelle groaning on the
ground below. He decides that action must be taken and fashions a parachute from a
small piece of potato chip. He jumps from the table and his acceleration is % m/s?
down.
i Find an expression for x, the distance in metres Cuthbert is from the ground at time ¢.
ii  Unfortunately Annabelle is very dizzy and on seeing Cuthbert coming down jumps
vertically with joy. Her initial velocity is 1.4 m/s up and her acceleration is g m/s”
down. She jumps 0.45 seconds after Cuthbert leaves the top of the table.
How far above the ground, to the nearest cm, do the two ants collide?




12 On a straight road a car starts from rest with an acceleration of 2 m/s? and travels until it

reaches a velocity of 6 m/s. The car then travels with constant velocity for 10 seconds

before the brakes cause a deceleration of (v 4 2) m/s? until it comes to rest, where v m/s is

the velocity of the car.

a For how long is the car accelerating?

b Find an expression for the velocity v of the car in terms of 7, the time in seconds after it

starts.

¢ Find the total time taken for the motion of the car, to the nearest tenth of a second.
d Draw a velocity—time graph of the motion.
e Find the total distance travelled by the car to the nearest tenth of a metre.

13 A particle is first observed at time # = 0 and its position at this point is taken as its initial
position. The particle moves in a straight line so that its velocity, v, at time ¢ is given by:

_ 3—(t—=1?% for 0<t<2
T le—2¢ for ¢t>2

a Draw the velocity time graph for ¢ > 0

b Find the distance travelled by the particle from its initial position until it first comes to
rest.

¢ If the particle returns to its original position at t = 7, calculate 7 correct to two decimal
places.
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11.1  Multiple-choice questions

1

2
2
The graph of the function f(x) = eaiians has asymptotes:
X
A y=xandy=x>+x+2 B y=xandy=x+1
C x=0andy=x>+x+2 D x=0andy=x+1

2
E y=—andy=x+1
x

2
One solution to the differential equation d_y =2cosx+ lis:

2
X
A —4cosx+x B 2sinx+x+1
¢ Leosamr T4 D 2cosxtty
——cos2x + — +x — —
7 7 coS X > X

x2
E 2cosx+7+x

The graph shows an object which, in four seconds, covers a distance of:

A 1Im B 8m C 16m
D —8m E 4m

Velocity (m/s)
&

(=]

() *

The equation of the curve that passes through the point (2, 3) and whose tangent at each
point (a, b) is perpendicular to the tangent of y = 2x> at (@, 2a°), can be found by using
the differential equation:

dy 3 dy 1 dy 3
A 2 B X c Y-
dx * dx 6x2 dx *
dy 2 dy 1
p ¥_= E -
dx x+c dx 2x3

431
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5 The graph of y = f'(x) is shown here. Y

ISION

(2,0)
0/ > X

1
Which one of the following best represents the graph of y = ——?

>
Q
Y

fx)
A Y B b
A A
0
> X
_/ (0’ 2) -\ (0’ _2)
> X
0
C y D y
A x=2 A x=2
b > X > X
0 0
E b
A
(2,0)

6 The equation of a curve which passes through the point (1, 1) and whose gradient at any
point is twice the reciprocal of the x-coordinate can be found by solving the differential
equation with the given boundary condition:

dy d’y «x dy

A _227 =1 _ = = = — = =
X x(1) B —5 2,x(1) 1 C y- 2,x(1) =1
dy ldy
_— = E - =
dx * 2 dx *
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7 Car P leaves a garage, accelerates at a constant rate to a speed of 10 m/s and continues at

o

that speed. Car Q leaves the garage five seconds later, accelerates at the same rate as car P
to a speed of 15 m/s and continues at that speed until it hits the back of car P. Which one
of the following pairs of graphs represents the motion of these cars?

UOISIAO

A % B v
A A o
15_ 15_
10' 10_
f > [ f >
0 5 0 5
C v D v
A A
15 15
10 10
1 > [ { >
0 5 0 3 !
E v
A
154
10
f > [
0 5

8 A container initially holds 20 litres (L) of water. A salt solution of constant concentration
3 g/L is poured into the container at a rate of 2 L/min. The mixture is kept uniform by
stirring and flows out at the rate of 2 L/min. If Q g is the amount of salt in the container
¢t minutes after pouring begins, then Q satisfies the equation:

9 _ Q0 a9 _ 9 __ 9
AT 10 B =9 4~ %710
D @=6 0 E @:6_2

dt 10+t dt 20
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10

dy 1
If5=2—x+;then
2 3
A y=2x—%+§x2—i—c B y=—1—F—i—c
x? 1 x? 3
C y=2x———— = _ =
Y o 2 2x2 te Dy 2 x* te
E =—1 !
= 2x?
The graphs of y = f(x) and y = g(x) are shown here. y
A
Which of the following (A, B, C, D or E) best 0 X
represents the graph of y = f(x) + g(x)?
A y B y
\/“ AU
0 - 0 > X
C y D Y

S
Y
=

S
Y
=
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11 A car starts from rest and accelerates for 10 seconds at a constant rate until it reaches a

o

speed of 60 km/h. It travels at constant speed for one minute and then decelerates for five
seconds at constant rate until it reaches a speed of 45 km/h. Which one of the following

best represents the car’s journey?

UOISIAO

A v (km/h) B v(km/h)
A .
60 60 \
45- 45-
30- 304
15- 151
0l 1020 30 40 50 60 70 80 7 () 0F 20 40 60 801(s)
C v (km/h) D d(km)
60 60
4 \ 43 \
30 30
15 15
o " 20 40 60 80 7(s) ol " 20 40 60 80 (5
E d(km)
60
45 \
30-
15-
of " 20 " 40 60 80 7(s)

d
12 The equation of the particular member of the family of curves defined by d_y =3x*+1,
X
which passes through the point (1, 3), is:

A y=6x B y=x+x+1 C y=x>+x+1
D y=x+x+3 E yzx?s—l—x
13 One solution of the differential equation % =¥ is:
A 3e¥ B %e3x C %63" +x
D 9¢* +x E %eh +x

14 A body initially travelling at 12 m/s is subject to a constant deceleration of 4 m/s?. The
time taken to come to rest (¢ seconds) and the distance travelled before it comes to rest
(s metres) is:
A t=3,5s=24 B r=3,5=18 C t=3,5=8
D t=4,5s=18 E t=4,5s=8
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d
15 Ify=1 — sin(cos™' x) then d—y equals:
x

A —— B —x

ISION

>
Q
Y

be:
A v
( m/s)“
0| 1 2 3
t (seconds)
C v
(m/s)k

t (seconds)

23
t (seconds)

d
17 Ifx =2 sin? y, then d_y equals
x

two decimal places is:

A 2233 B 10.98 C 50

19 J ’ tan? x sec? x dx equals:
0

A 4siny B %cosec 2y
D 2v2x E 1sin™'2y

A V3 B 3 c =

C cosy1l—x2

E —cos(cos™! x)

16 A bead moves along a straight wire with a constant velocity for two seconds and then its
speed decreases at a constant rate to zero. The velocity—time graph illustrating this could

V)
(m/s)

t (seconds)

VA
(m/s)

t (seconds)

C 4=

18 The rate of decay of a radioactive substance is proportional to the amount, x, of the

. . . . . dx .
substance present at any time given by the differential equation — = —kx where kis a
constant. If initially x = 20, and x = 5 when ¢ = 20, the time for x to decay to 2, correct to

D 30.22 E 3322

2
D 5 E none of these
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The velocity—time graph shows the motion of
a tram between two stops. The distance
between the stops in metres is:

A 300 B 360 C 405
D 450 E 570

v

(m/s)

15

0

A

10

Ifj = " + ¢~** given that y = 0 and yy =  when x = 0, then:

— 1,-2 5
A y—ex+ze x—z

— -2 1
D y=e"+e+;

d
If d_y =2y + 1 and y = 3 when x = 0, then:
X

7e¥ — 1 1
A sz B y=510g€(2x
2e% 4+ 1
D y=¢* E y:7e 7+

B y=e"+e > —

1
2

E y=ex+e’2x+%x—§

+1)

4

32 38 £(s)

C y=e&"+e ™

C y=y+y+1

A rock falls from the top of a cliff 45 metres high (g = —10 m/s?). The rock’s speed just

before it hits the ground, in m/s, is:

A S B 10 C 20

D 30

E

40

The velocity, v metres per second, of a particle at time 7 seconds is given by the equation

v=1t—£*,t> 30. The acceleration at time ¢ = 5, in m/s?, is:

A =20 B -9 C 11 D 1 E 9
V3ox +3
J s dx is closest to:
0 94 x?
A 0.7 B 0.8 C 09 D 1.0 E 1.1
: . . dy x 1. e
Given thatif y =xtan™" x, then — = —— +tan™ X, it follows that an antiderivative
dx 1+ x2
of tan™! x is:
X
A xtan'x B xtan‘lx—m C xtan' x — logov/1 + x2
p — 4l E —
—— + —tan" x —_—
14+x2  x 1+ x2

The velocity—time graph shows the motion
of a train moving between two stations. The
distance between the stations in metres is:

A 2500 B 2900
C 3000 D 3400
E 5800

VA

(m/s)
10+

L.

290 360 £ (s)

o

@
=
2
O
»
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A y:%x3+%x2—4

D y=1x3+1x?+4

d
28 Ifd—y =x?>+xandx=—3 wheny= —%,then:
X

B y=%x3—%x2+4

E y=—-1x3+1x*+4

that passes through the point (0, 6) is:

A y=x—-e*+5
D y=x4+e*+6

B y=x+e*45
E y=x—-e*+6

d
Ify = sin~'+/1 — x then d_y equals:
x

A cos'V1+x

1 —x
D
X
This is the graph of:

1
AVEETe
B _ X

YT - Dx—2)
R L G

X

oo 1
YT A )k =1y

1

b =G a2y

C

y:

d
29 The equation of the particular member of the family of curves defined by d_y =1—-e
x

134 1,2
3X7 + 3x 4

X

C y=x+e*+7

B ! C !
JVx l—x
E 1
2/x(1 —x)
y
A x=1 x=2
—0 !

A particle is projected vertically upwards from ground level with a velocity of 20 m/s and

returns to the point of projection. The velocity—time graph illustrating this could be:
v

A VA

(m/s)

20_\/

0 4 t(s)

—20A

D VA
(m/s)

20+

[e]
o

t(s)

_20_

v A
B () | C (ms)
20'\ 207
0

0 2\4 t(s)
_20_

E VoA
(m/s)

20+

0 4 t(s)

_20_
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A car departs from a checkpoint, accelerating initally at 5 m/s> but with the rate of

o

acceleration decreasing until a maximum speed of 25 m/s is reached. It continues at
25 m/s for some time, then slows with constant deceleration until it comes to rest. Which
one of the following graphs best represents the motion of the car?

@
=
2
O
»

A v B
A v .
254 25
>
0 5 > 1
0 5
C v D v
A A
254 25-
> >
0 5 0 s !
E v
25
>
0 5
. . . . . dy  _dy
The values of m for which y = ¢ satisfy the differential equation i 2 i 3y=0
X X
are:
A m=1m=2 B m=3m=-1 C m=-2m=3
D m==+1 E m=-3m=3

Which one of the following differential equations is satisfied by y = €** for all values of x?

d*y d? a2
d2y d2
D T2 -27y=0 E ﬁ—Sy:O

A particle has initial velocity 3 m/s and its acceleration ¢ seconds later is
(672 + 5¢t—3) m/s?. After two seconds, its velocity in m/s is:

A 15 B 18 C 21 D 27 E 23

A particle starts from rest at a point O, and moves in a straight line so that after ¢ seconds
its velocity, v, is given by v = 4 sin 2¢. At this time, its displacement from O is given by:
A s=8cos 2t B s=2cos2t C s=—-2cos2t

D s=8cos2t—8 E s=2—2cos2t
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38 The volume of the solid of revolution when the shaded region of the diagram is rotated

39

40

41

42

about the y axis is given by:

1
7 log, 2

A ’lTJ e dx
0

2
B WJO %logeydy

% log, 2
C m logeZ—J e™ dx
0

2 - 0
D 7| flog yidy—7

2
E ﬂL ;(log, y)* dy

The area of the shaded region in the graph is: A
1 -2 y=/x
A J f(x)dx+J f(x)dx
0 0
1
B J f(x)dx
2 /
0 1 ]
C J f(x)dx-l—J f(x)dx :
2 0 0 ;
1 ) . - x
D | fwdr+| " swas 2 NS
0 0
-2 1
E —J fx)dx + J f(x)dx
0 0
An arrangement of the integrals:
P=stin2xdx Q=J4coszxdx R=J'4sin2xdx
0 0 0
in ascending order of magnitude is:
A P,R,Q B O,PR C R,QO,P D R,P,Q E O,R P
1 2x
The value of J 5 dx is:
0 e” +1 241
A e+ B llog(e* —1) C jlog, ( 5 )
e +1 e +1
D 1 E 21
o (5 e (57
In the diagram on the right, the area of the region enclosed between y
the graphs with equations y = x> — 9 and y = 9 — x? is given by: 9‘ \
3 3
A J 2x% — 18dx B J 18 = 2x7 dx \/
-3 -3

A’x

C 0 D J 2x2 — 18dx 3 0
-9
9
E J 18 — 2x2dx
-9

-9



43

44

45

46

47

Chapter 11 — Revision of Chapters 6 to 10 441

y
The volume of the solid of revolution when the A y =2e2x ;U
shaded region of this graph is rotated about
the x axis is given by: 2
1
A wJ 4™ — 4dx — o
0
L y=2 )
B 1TJ e —4ddx — | . —-
01 0 x=1 - O
C 'n"[ 2e% —2)? dx
o ¢ ) i)

2e
D 'n"[ 1dy
2

1
E ’1TJ 4 — 4% dx
0

A body moves in a straight line so that its acceleration is m/s at time # seconds is given
d*x

by e 4 — ¢, If the body’s initial velocity is 3 m/s, then when 7 = 2 its velocity,
in m/s, is:
A e B 2+4¢e? C 8+e2 D 10+e2 E 12+4¢72
A particle moves with velocity v m/s. v
The distance travelled in metres by the A
particle in the first eight seconds is: 10-
A 40 B 50 C 60
D 70 E 80
of 2 4
_1 O m

The area of the region shaded in the graph is equal to: y

¢ y=gb) A y=fx)
A | @ =g L

c b
B j f(x)—g(x)dx+J £() — gx)dx
b 0

c 0
¢ | s -gedx+ | s - gwdx
b b

D ch fx)dx + Jj g(x)dx

[ re-gwas
0

An antiderivative of cos(3x + 1) is
A —=3sin(3x+ 1) B —% cos(3x + 1) C 3cos(3x+1)
D —1sin(Bx+1) E §sinBx+1)
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4 .
48 J tan x sec® x dx is equal to:
0

! T
A Judu B J
0 0
1
D J V1 —u?du
0

2
2% dx is:
0

B ¢ —1 C

49 The value of J
A &

L sinx |
50 An antiderivative of S s
cos? x
B tanxcosx C

A secx

51 A partial fraction expansion of

% log,(2x 4 6) + b log.(x — 4) where:

2x +6)(x —4)

1
u? du C —J u* du
0
2
u
—du
2
4¢* D %e“ E 1-¢
tan? x D cotxsecx E sec’x

shows that it has an antiderivative

A a=-1b=41 B a=1,b=1 C a=1b=1
1 1
D a=—1,b=—1 E a:ﬁ’b:7
1
52 Jx\/2x+ldxisequalto:
0
1 1 13
A %J (u— )Vudu B Jouﬁdu C ZL Vudu
0
3 - 1 (3 3 ld
Z 2 —u2
> o[ Vi Pl -iba
53 IfJésin”xcosxdx:é,thennequals:
0
A 6 B 5 C 4 D 3 E 7

54 Of the integrals J sin’ 0 cos® 0 49,
0

2 ™
24— ¥ de, J x? cos x dx, one is
0

0
negative, one is positive and one is zero. Without evaluating them, determine which is the

correct order of signs.

A -0+ B +-0 C +0- D 0—+ E 04—
@
55 J40052xdx is equal to:

0
w @ 0

A %J'2sin2xdx B %chOSZxdx C stin2xdx
0 0 oy
o @

D %J'2sin4xdx E %chos4xdx
0
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a
J tan x dx can be evaluated if a equals:
—a

T 3w Tr —3m
— B — Cc — D E ——
A3 2 4 N 2
An antiderivative of ———— i
n antiderivative of ———— is:
Vx2—1 X
A 2321 B );71 C 2xy/x2—1
2 _
2 2
D —= E -
x2—1 xvV/x2—1
3 A B
If = + then:
G—D2x+1) x—1 2x+1
A A=4,B=3 B A=1,B=4 C A=1,B=-2
D A4=3B=3 E A=2B=4
Itanx dx is equal to:
A sec’x+c B log.(cosx)+c C log.(secx) +c¢
D log.(sinx) +c¢ E %tan2x +c

The volume of the solid of revolution formed by rotating the region bounded by the curve

T
y =2 sinx — 1 and the lines with equations x = 0, x = 1 and y = 0 about the x axis is

given by:

A J ? w(2sinx —1)’dx B J ! mw(4sin*x — 1)dx C J ! (1 — 2sinx)* dx
0 0 0

D J4(2sinx—1)2dx E J41-r(25inx—l)dx
0 0

The area of the region bounded by the graphs of the function
f [0, g) — R, f(x) =sinx and g: [O, g) — R, g(x) = sin 2x is:

™

A J sinx — x sin(2x) dx B J3sin2x—sinxdx
0
¢ |

4 .
E J“ sin2x — sinx dx
3

wla

(=1

sinx — sin2x dx

Rl I

sin2x — sinx dx D J

ENE] NIE]

y=fx)

443

o

@
=
2
O
»

The shaded region is bounded by the curve y = f(x), the y
coordinate axes and the line x = a. Which one of the A
following statements is false?
A The area of the shaded region is J f(x)dx.
0
0
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B The volume of the solid of revolution formed by rotating the region about the x axis is

CC) ﬂjo (f(x))*dx.

. — C The volume of the solid of revolution formed by rotating the region about the y axis is
S(a)

7)) "lTJ’ x2dy.

f(0)
D The area of the shaded region is greater than a f(0).
E The area of the shaded region is less than af(a).

>
Q
Y

63 dx equals:

| ==

. 3 .1 (2 . (3
A %Sln_l<7x>+c B %sml(?x)—l-c C %sml(%c)—#c

2 1
64 le 1_7)()2 dx equals:

(
A 3 B —1% C 1 D log 3 E —log 3
1
65 Jlidx equals
[2_ |2
5 X
.1 (X .1 .1 3
A sin <§>+c B sin” (3x)+c C sin —)+c
X
1 1+ 3x
3 2 3
D 2loge<§—x>+c E zloge<1_3x>+c
66 J dx .
is:
9 + 4x?
2 2 2x
A %tan_l§+c B %tan_l?x—kc C %tan_l?%—c
2 2
D 9tan*1—x—|—c E %tanfl—x—kc
9 3
d
67 — (sec’ 0)is:
de( )
A 3sec’Otan 6 B 3sec?0 C 3sec’ftan 0
D 3sec?0tan? 0 E 3secHtan? 0
68 If J sin® 4x cos 4x dx = k sin® 4x + ¢ then k is:
| 1 1 1 1
AL B 1 c ! D -} E !
7
69 T written as partial fractions is:
x2—x—6
2 1 2 1
A — B — C ? - ?
x—=3 x+42 x+2 x-3 S5x—=2) S5(x+3)
4 9 1 2

— E -
5x—2) 5(x+3) x+2+x—3
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o

d
For y = sin~!(3x), d_y equals:
x

3 cos 3x 1 ()
A ——— B 3cos™'(3x C ——
sin? 3x &9 V192 <
1 — o
3 E L
J1—ox2 37T — 0x2 n
d
— [log,(tan x)] equals O
dx )
A log.(sec? x) B cotx C - >
{ sin 2x
- E secx
sin 2x

d
The general solution of the differential equation d_y + y = 1 (P being an arbitrary
x
constant) is

A 2x+(1—y?=P B 2x—(1—y?=P C y=14Pe
D y=1+P* E y=P7* -1

2
J LA equals

1
(x3+1)2
1
1 3403 3 ;
A slog,(x TDHC B Ilog,(x’ +1)2 +c C 3+ 12+c
1 1
D {x*+1)2+c E 3+ D2+c

Air leaks from a spherical balloon at a constant rate of 2 m3/s. When the radius of the
balloon is 5 m, the rate, in m?/s, at which the surface area is decreasing is

A ‘g‘ B % C %ﬂ D ﬁﬂ E none of these
V3
J'Zdeequals
0 /1 —x2 .

1 1 1

1
When—1<x<1,J dx equals
1 —x2
1+x I —x 1+x

1 1
A Eloge(l_x>+c B 510g6<m)+c C loge<1_x>+c
D llog, [(1—x)(14+x)]+c E log, [(1 —x)(1+x)] +c

At a certain instant, a sphere is of radius 10 cm and the radius is increasing at a rate

of 2 cm/s. The rate of increase in cm?/s of the volume of the sphere is

A 80w B % C 400w D 800w E 80030“

d
70 [log.(sec 6 + tan 0)] equals
A sec B sec’ 0 C secHtan® D cotf —tan 0 E tan6
A particle is moving along Ox so that at time 7, x = 3 cos 2¢. When ¢ = g, the acceleration
of the particle is the direction Ox is

A —12 B -6 CcC 0 D 6 E 12
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el 11.2 Extended-response questions
1 A bowl can be described as the solid of revolution formed by rotating the graph
of y = 1x? around the y axis for 0 <y < 25.

a Find the volume of the bowl.
b The bowl is filled with water and then, at time # = 0, the water begins to run out of a
small hole in the bottom. The rate at which the water runs out is proportional to the

depth, &, of the water at time ¢. Let V" denote the volume of water at time ¢.

dh —k
i Show that — = —, k > 0.

dt 47

ii Given that the bowl is empty after 30 seconds, find the value of %.

iii Find % in terms of 7.

iv Find Vin terms of 7.

¢ Sketch the graph of:

i Vagainst h ii Vagainst ¢

2 a Sketch the curve whose equationis y + 3 =

x—1
b Find the coordinates of the points where the line y + 3x = 9 intersects the curve.
¢ Find the area of the region enclosed between the curve and the line.
d Find the equations of two tangents to the curve that are parallel to the line.
3 The vertical cross-section of a bucket is shown in this y
diagram. The sides are arcs of a parabola with the A
y axis as the central axis and the horizontal
cross-sections are circular.
The depth is 36 cm, the base radius length is 10 cm \ /
and the radius length of the top is 20 cm. 0 =X

a Prove that the parabolic sides are arcs of the
parabola y = 0.12x% — 12.
b Prove that the bucket holds 9 litres when full.

d —h
¢ Water starts leaking from the bucket, initially full, at the rate given by d—: = Tf
where, at time ¢ seconds, the depth is /# cm, the surface area is 4 cm? and the volume

is vem?.

Prove that d_v = i
dt 25m(h + 12)

h /25
d Show that v = 'rrJ (Ty n 100) dy.
0
e Hence construct a differential equation expressing:

d
i ﬁ as a function of A

dh

ii — asa function of A
dt

f Hence find the time taken for the bucket to empty.
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CAS 4 A hemispherical bowl can be described as the solid of revolution generated by rotating
x? + > = a* about the y axis for —a < y < 0. The bowl is filled with water. At time 7 = 0,
water starts running out of a small hole in the bottom of the bowl, so that the depth of

o

() &
Yeu s° . . . . . .
cuh water in the bowl at time ¢ is 4 cm. The rate which the volume is decreasing is

proportional to /. (All length units are cm.)

a i Show that, when the depth of water is /, the volume, ¥ cm?, of water remaining is
V= 'rr(ah2 — %h3) where 0 < h < a.

ii Ifa = 10, find the depth of water in the hemisphere if the volume is one

@
=
2
O
»

litre.
dh
b Show that there is a positive constant &, such that w(2ah — hz)z = —kh.

3mwa?

¢ Given that the bowl is empty after time 7" show that k =
d If 7'=30and a = 10, find & (correct to three significant figures).

Sketch the graph of:

i a;—lt/againsthforthSa ii %againsthforthga
f Find thearate of change of the depth with respect to atime when:

i h= 2 ii h= 1

g Ifa=10and "= 30, find the rate of change for depth with respect to time when there
is one litre of water in the hemisphere.

5 Consider the function with rule /' (x) = —————— where a # 0.
ax? +bx +c¢
a Find f'(x).
b State the coordinates of the turning point, and state the nature of this turning
point if:
i a>0 ii a<0

¢ i Ifb* —4dac < 0anda > 0, sketch the graph of y = f(x) stating the equations of all

asymptotes.
ii Ifb> —4dac < 0anda < 0, sketch the graph of y = f(x), stating the equations of all
asymptotes.
d Ifb> — 4ac = 0, sketch the graph of y = f(x) for:
i a>0 ii a<0

e Ifb> —4ac > 0and a > 0, sketch the graph of y = f'(x) stating the equations of all

asymptotes.
_ _ . . , b .
6 Consider the family of curves with equation y = ax” + —, where a, b € R™.
X

dy
a Find —.

dx
b State the coordinates of the turning points of a member of this family in terms of @ and

b, and state the nature of each.
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1
¢ Consider the family y = ax? + — - Show that the coordinates of the turning points are
x
1 -1
—,24/a | and | —, 2+/a ).
(72:248) i (75-245)
7 Letf:[0,4m] — R, f(x) = e ¥ sinx.
Find {x: f"(x) = 0}.
Determine the ratio /' (a + 2m) : f(a).
Determine the coordinates of all stationary points for x € [0, 4] and state their nature.

ISION

>
Q
Y

e o T oo

Differentiate —%e_x (cos x + sin x) and, hence, evaluate J e *sinxdx.
0

3
e Use the results of b above to determine J f(x)dx.
2w

1T

8 a Evaluate J * tan* 0 sec? 0 db.
0

b Hence show that J N tan® 6 do = % — J * tan* 6 do.
0 0
7 13
¢ Deduce thatJ' * tan® 0 do = — — I.
0 15 4

9 A disease spreads through a population. At time ¢, p is the proportion of the

population who have the disease. The rate of change of p is proportional to the
L

product of p and the proportion 1 — p who do not have the disease. Whent =0, p = 1;

and, whent=2,p = %

1 9
a 1 Show thatt = z loge (1—p> where k = 10ge (%)
- P

9
ii Hence show that ] pPo_ (%)t
-P
Find p when ¢ = 4.
Find p in terms of ¢.

Find the values of 7 for which p > %

o & 6 T

Sketch the graph of p against 7.

10 A car moves along a straight level road. Its speed, v, is related to its displacement, x, by

. . . v
the differential equation Vo= P kv?, where p and k are constants.
X

v
a Ifv=0whenx =0 show that v} = %(p — pe =3k,
b Find lim v.
X—00
11 A projection screen is six metres in height and has ¢
its lower edge two metres above the eye level of an 6m
CAS observer. The angle between the lines of sight of ¢ sereen
the upper and lower edges of the screen is 6. A ) ¢ m

Let x m be the horizontal distance from an < Tm >
observer to the screen.
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Find 6 in terms of x.
Find do
ind —.
dx
What values can 0 take?

Sketch the graph of 6 against x.

&

o

e T

e Ifl <x <25, find the minimum value of 6.

@
=
2
O
»

A vertical rod 4B of length three units is held with A
its lower end, B, at a distance one unit vertically
above a point O. The angle subtended by 4B at a 3 units
variable point P on the horizontal plane through O is 6.
X .
a Show that § =tan~! x — tan~! = where x = OP. L e 1B
) 4 PN JPSEE ¢ 1 unit

b Prove that: P eI el 0

i 0 is a maximum when x = 2

i the maximum value of 6 is tan~' 3.
An open rectangular tank is to have a square base. The capacity of the tank is to be
4000 m.> Let x m be the length of an edge of the square base and 4 m? be the amount of
sheet metal used to construct the tank.

16 000
a Show that 4 = x? + .
X

b Sketch the graph of 4 against x.

Find, correct to two decimal places, the value(s) of x for which 2500 m? of sheet metal
is used.
d Find the value of x for which 4 is a minimum.

A closed rectangular box is made of very thin sheet metal and its length is three times its
width. If the volume of the box is 288 cm?, show that its surface area, 4(x), is given by

8
A(x) = — + 6x? where x is the width of the box. Find the minimum surface area of the
X

box.

This container has an open rectangular horizontal

top, POSR, and parallel vertical ends, PQO and RST. ‘J:

The ends are parabolic in shape. The x axis and

y axis intersect at O, with the x axis horizontal and the R %ﬂi
y axis the line of symmetry of the end PQO. The P S
dimensions are shown on the diagram. Y T

a Find the equation of the parabolic arc QOP. > 40 om 60 cm

b If water is poured into the container to a depth of

y cm, with a volume of ¥ cm?, find the relationship between
Vandy.
¢ Calculate the depth, to the nearest mm, when the container is half full.
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16

17

18

19

d Water is poured into the empty container so that the depth is y cm at time ¢ seconds. If
the water is poured in at the rate of 60 cm?/s, construct a differential equation

d
expressing d_Jt} as a function of y and solve it.

e Calculate, to the nearest second:
i how long it will take the water to reach a depth of 20 cm
ii how much longer it will take for the container to be completely full.

Moving in the same direction along parallel tracks, objects 4 and B pass the point O
simultaneously with speeds of 20 m/s and 10 m/s respectively. From then on, the
deceleration of 4 is W v} m/s? and, for B, the deceleration is 00 00 v? m/s?> when the speeds
are v m/s.

Find the speeds of 4 and B at time ¢ seconds after passing O.

Find the position of 4 and B at time ¢ seconds after passing O.

Use a CAS calculator to plot the graphs of the position of objects 4 and B.

e e T O

Use a CAS calculator to find, to the nearest second, when the objects pass.

A stone, initially at rest, is released and falls vertically. Its velocity, v m/s, at time ¢ s after
dv
release is determined by the differential equation SE + v =150.

a Find an expression for v in terms of 7.
b Find v when ¢ = 47.5.
¢ Sketch the graph of v against 7.
d i Letxbe displacement from the point of release at time ¢. Find an expression for x
terms of ¢.
ii Find x when t = 6.

O is the centre of a city. The city has a populaton of 600 000.

All of the population lies within 6 km of the city centre.

The number of people who live within km (0<r<6)of “:‘
the city centre is given by J 2mk(6 — x)2x dx. : 06km -
a Find the value of &, correct to three significant figures.

b Find the number of people who live within 3 km of the city centre. -
dy _2y(N —y)

The rate of change of a population, y, is given by yrin N ,where N> O is a
constant and when t =0, y = T
. . dy .
a Find y in terms of ¢ and I in terms of 7.
b What limiting value does the population size approach for large values of #?
¢ Explain why the population is always increasing.
d What is the population when the population is increasing most rapidly?
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e For N= 10 J
i sketch the graph of d_)t} against y

o

ii at what time is the population increasing most rapidly?

An object projected vertically upwards from the surface of the Earth, neglecting air

resistance, experiences an acceleration of @ m/s? at a point x m from the centre of the
2

Earth. This acceleration is given by a = , where g m/s? is the acceleration due to

s
x2

@
=
2
O
»

gravity and R m is the radius length of the Earth.

a Giventhat g = 9.8, R = 6.4 x 10°, and that the object has an upwards velocity of
u m/s at the Earth’s surface:
i express? in terms of x, using a = % (3v2)
ii use the result of a to find the position of the object when it has zero velocity
iii for what value of u does the result in part ii not exist?
b The minimum value of « for which the object does not fall back to Earth is called the

escape velocity. Determine the escape velocity in km/h.

PR

Define f(x) = o

a Find £(0). b Find lim f(x).

¢ Find Xlil}}cf(x). d Find f'(x).
Sketch the graph of f. f Findf ! (x).

g Ifgl)=/"" (x), find g'(x).

h Sketch the graph of g’ and prove that the area measure of the region bounded by the
graph of y = g’(x), the x axis, the y axis and the line x = % is logv/3.

The diagram shows a plane circular section through O,
the centre of the Earth (which is assumed to be stationary
for the purpose of this problem).

From the point 4 on the surface, a rocket is launched
vertically upwards and, after 7 hours, it is at B which is
h kilometres above 4. C is the horizon as seen from B, and

the length of AC is y kilometres.
The angle AOC is 0 radians. The radius of the Earth
is r kilometres.

a i Expressyinterms of 7 and 0.
ii Express cos 0 in terms of 7 and 4.

dh
b Suppose that after ¢ hours the vertical velocity of the rocket is i rsint,t € [0, m).
Assume r = 6000.

d
i Find — and —. ii How high is the rocket when t = g?
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23 a Differentiate f(x) = e~* x”", and hence prove that

24

e *x"dx = nJ e x"Vdx — e x".

o0
b g R"— R, gn) = J e “x"dx
0
o0

b

Note: J f(x)dx = hm J f(x)dx

i Show that g(0) = SR

ii Using the answer to a, show that g(n) = ng(n — 1).

iii Using your answers to b(i) and b(ii), show that g(n) = n! for
n=0,1,2,3,...

A large weather balloon is in the shape of a hemisphere

surmounting a cone, as shown in this diagram. When inflated,

the height of the cone is twice the radius length of the

hemisphere. The shapes and conditions are true as long as the

radius of the hemisphere is at least two metres. At time 7 minutes,

the radius length of the hemisphere is 7 metres and the volume of the
balloon is V' m?, » > 2. The balloon has been inflated so that the radius
length is 10 m, and it is ready to be released when a leak

develops. The gas leaks out at the rate of ## m*/min.

a Find the relationship between V and r.
Construct a differential equation of the form f (r) — =g(1).

¢ By antidifferentiating both sides of this dlfferentlal equatlon with respect to #, and
using the fact that the initial radius length is 10 m, solve the differential equation.

d Find how long it will take for the radius length to reduce to two metres.
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Vector functions

In Chapter 2, vectors were introduced and applied to physical and geometric situations.

In order to describe the motion of a particle in space, its motion can be described by giving
its position vector with respect to an origin in terms of a variable 7. The variable in this
situation is referred to as a parameter. This idea has been used in section 1.8 where
parametric equations were introduced to describe circles, ellipses and hyperbolas.

In two dimensions, the position vector can be described through the use of two functions.
The position vector at time ¢ is given by

rit) =x@)i+ y(t).

r(f) is a vector function.

Consider the vector r = (3 + )i + (1 — 2t)j t€R.

r represents a family of vectors defined by different values of 7.

If t represents the time variable then r is a vector function of time.

ie.r@)=C@+0i+(1 -2t teR, andwhent=2,r(2)=>5i—3j

Further, if r(¢) represents the position of a particle with respect to time, then the graph of the
endpoints of r(¢) will represent the path of the particle in the cartesian plane.

A table of values for a range of values of 7 is given below.

t -3 -2 -1 0 1 2 3

w0y | 7 |i+5 | 2043 | 3i+j | 4i—j | 5i—-3f | 6i—5

453
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These position vectors can be represented in the cartesian plane as shown in Figure A.

The graph of the position vectors is not helpful, but when only the endpoints are plotted

(Figure B) the pattern of the path is more obvious.

It is easy to show that the points lie on the graph of y = 7 — 2x.
Let (x, y) represent any point on the graph.
r(f) = xi + yj as a position vector.

xi+yj=0C+0i+ (1 -2ty
x—3—-0i=1-2t—y)y
x=3—-1t=0
and 1 —20—y=0
The parameter ¢ can be eliminated from the equation as follows:
From , t=x-—3
Substituting in 1-2(x—3)—y=0
which implies y=7—-2x

y =7 — 2x is the cartesian equation for r = (3 + )i + (1 — 2£)j, t€R.

Vector equations
In the above, a method for describing the path of a particle has been shown. This method can
be extended to describing graphs in two dimensions.

For example, consider the cartesian equation y = x%. The graph can also be described by a
vector equation using a parameter 7, which does not necessarily represent time.
teR.

Using similar reasoning to the above, if xi + yj = ti + £’j then x = t and y = £* and
eliminating ¢ yields y = x%.

The representation is not unique. It is clear that #(¢) = i + ], t € R, also represents the
graph determined by the cartesian equation y = x*. Note that if these vector equations are used
to describe the motion of particles, the paths are the same but the particles are at different

Consider the vector equation r(f) = ti + £*j,
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locations at a given time (with the exception of # = 0 and # = 1). Also note that r(f) = i + 1%},
t € R, only represents the equation y = x? for x > 0.

In this section, the graphs defined by vector equations will be considered but not related to
the motion of a particle.

- [EEm

Find the cartesian equation for the graphs represented by the following vector equations:
a rf=Q2—-0i+@B+*)j teR b r(®)=( —cost)i+sintj teR

Solution

a Let (x, y) be any point on the curve r(¢) = (2 — £)i + (3 + £)j.

Then x=2—t
y=34+1¢
From t=2-—x
Substituting in y=3+Q2—x)
y=x*—4x+4+7 xeR
b r(f)=(1 —cost)i+sintj teR
Let (x,y) be any point on the curve.
. x=1-—cost
y =sint
In cost =1—x
In y?=sin®t=1—cos’t =1—(1—x)
= —x? 4 2x

y? = —x? 4 2x is the cartesian equation.

In Example 1b, the domain of the corresponding cartesian relation can be determined by the
range of the function x(f) = 1 — cos ¢. The range of this function is [0, 2]. The range of the
cartesian relation can be determined by the range of the function y(¢) = sin(¢). The range of
this function is [—1, 1].
Therefore the domain of y> = —x? + 2ux is [0, 2] and the range of > = —x? + 2xis [—1, 1].
It can also be seen that the cartesian equation is (x — 1)> 4+ ? = 1, i.e. it is the circle with
centre (1, 0) and radius 1.

- [EEmE

Find the cartesian equation of each of the following. State the domain and range and sketch the
graph of each of the relations:

a r(t)=cos’ ti +sin® #j,t € R b rit)=ti+ (1 —-1)j,teR
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Solution
a Let (x, y) be any point on the curve A
¥(f) = cos’ ti + sin® tj, t € R. |

x =cos’t and y = sin’ ¢

l—x=1—cos’t =sin*r=y

ie. y=1—x o 1 g
Also0 <cos’tr<land0<sin2z<1forallzeR.
Hence the domain of the relation is [0, 1] and the
range is [0, 1]. A
b Let (x, y) be any point on the curve \1
defined by r(¢) = ti + (1 — ¢t)j.
x=tandy=1-—1¢
y=1-x 0 1 g
and the domain = range = R

- EEE

For each of the following, state the cartesian equation, the domain and range of the
corresponding cartesian relation and sketch each of the graphs:
a r(\) =2 sec(N)i + tan(\)j b r(A\) = (1 — 2 cos(N))i + 3 sin(N)j
Solution
a Let (x, y) be any point on the curve.
Then  x =2 sec(\) and y = tan(\)
Note: \ € R\ {(2n + 1); ne Z}

Hence x? =4 sec’(\) and y? = tan’(\)
xZZ = sec’(\) and y? = tan’(\)
But sec’(\) — tan’(\) = 1
xz 2
P

The domain of the relation = range of x(\) = (—o0, —2] U [2, 00).
The range of the relation = range of y(\) = R.

y
A

The relation represents a
hyperbola with centre the
origin and asymptotes

X

=+
Y=
Note: The graph is produced

e (2303 3)

and repeated infinitely.
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b r(\) = (1 — 2 cos(N))i 4 3 sin(N)j
Let x =1—2cos(\) and y = 3sin(\)
-1
Then 7 = cos(\) and % = sin(\)

Squaring each and adding yields

-1 2 2
x ) ) + % = cos’(\) + sin*(\) = 1

The relation represents an ellipse with

centre (1, 0). The domain of the relation
is [—1, 3] and the range is [—3, 3].

Exercise Im

Find the cartesian equation which corresponds to each of the following vector equations.

State the domain and range of the cartesian relation.

a r(t)y=ti+ 2t teR b r(t) =2i+ 5t teR
Wty=—ti+7  teR d ()=Q2—-Di+(t+7)j teRr
Kt = i+ (2 — 3ty teR f rt)y=0—23)i+ @ + 1) teR

o rf)= Qi+ Di+3j reR h r(t):(t—g)i+cos2tj teR

1 1
= j 2 i — i rt)=-i+——j t#0, —1
1) t+41+(t+1)1 t# —4 b= Pt #

Find the cartesian relation which corresponds to each of the following. State the domain
and range of each of the relations and sketch the graph of each.

a r(t) =2 cos(?)i + 3 sin(?)j teR

b r(t) = 2 cos?(1)i + 3 sin’(¢)j teR

¢ rt)=ti+ 37 t>0

d r(t)="7ri+ 34 t=>0

e r(\) =cos(\)i +sin\)j  \e [0, g]

f r) =3sec(Ni+2tan(\)j A€ (0, g)

¢ Kf)=4cos2i+4sin2f)j  te [o, ;]

h r(\) =3 sec?(\)i + 2 tan’(\)j  h € (—g g)

i rt)=3 — i+ (52 + 61)j teR

Find a vector equation which corresponds to each of the following. Note that the answers
given are the ‘natural choice’ but your answer could be different.

a y=3—2x b X2 +)2=4 ¢ (x—1)Y+)y*=4

d ¥ —)y*=4 e y=(x—23)2%+2x~-3) f 2 +3°=12

A circle of radius 5 has its centre at the point C with position vector 2i + 6 relative to the

origin O. A general point P on the circle has position r relative to O. The angle between i
—

and CP measured in anticlockwise sense from i to CP is denoted by 6.

a Give the vector equation for P. b Give the cartesian equation for P.
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Position vectors as a function of time
Consider a particle travelling along a circular path, in an anticlockwise direction, with radius
length of one unit and centre at O. The cartesian equation of the path is:

{(,y): x> +)y* =1}

If the particle starts at (1, 0) when # = 0, then this path can be represented by: {(x, y): x = cos ¢,
y=sint, t > 0}.
This is called the parametric form of the path. It can also be expressed in vector form as:

r(t) = costi + sintj

r(?) is called the position vector of the particle at time 7.
The graph of a vector function is the set of points determined by the function r(7) as ¢ varies.

In two dimensions, the x axis and y axis are used. i:
P(x, y)
70 -
In three dimensions, three mutually perpendicular z
axes are used. It is best to consider the x axis and A
y axis as in the horizontal plane and the z axis as d »
vertical and through the point of intersection of (x, 7,2)
the x axis and y axis. 0 ) >y
X

Ift > 0, r(0) is the vector specifying the initial position of the particle. Note that the direction
of motion of the particle can be determined through the consideration of increasing ¢. The
vector equation r(f) = cos i + sin # indicates that the particle starts at the point (1, 0) or the
point with position vector i. Further, as 7 increases, it can be seen that the particle is travelling
anticlockwise.

Note that the vector equation gives more information about the motion of the particle than
the cartesian equation.
The vector equation r(f) = cos(¢)i + sin(¢)j indicates that:

at time ¢ = 0, the particle is at (1, 0)

the particle moves on the curve with equation x> + y* = 1

the particle moves in an anticlockwise direction

the particle moves around the circle with a period of 2, i.e. it takes 2 units of time to
complete one circle

The vector equation r(f) = cos(2w?)i + sin(2wt)j describes a particle moving anticlockwise
around a circle with equation x> 4 y* = 1 but this time the period is one unit of time.
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The vector equation r(f) = —cos(2mt)i + sin(2m¢)j again describes a particle moving around
the circle but with the following features:
B attime ¢ = 0, the particle is at (—1, 0)
B the particle moves on the curve with equation x> + )% = 1
B the particle moves in a clockwise direction
B the particle moves around the circle with a period of one unit

Example 4

Sketch the path of a particle where the position at time ¢ is given by r(t) = 2t + t%j,t > 0.

Solution Y 5
A x

Now x = 2t and y = £ which implies ¢ = % and Y=y

-G,

X
The cartesian form is y = ) and x > 0.

Now, since #(0) = 0 and r(1) = 2i + j, it can K1) P
be seen that the particle starts at the origin and

2 > X
moves along the parabola y = XZ with x > 0. 0

: £, : :
Note that the equation r(z) = #i + Zj gives the same cartesian path, but the rate at which the

particle moves along the path is different. y
r? A

Ifr(t)y=—ti+ Zj then again the cartesian equation >

2 y=-
isyz%butxfo. 4

Hence the motion is along the curve shown and in

the direction indicated. 0

When a particle moves on a curve in a plane (two dimensions):

r(t) = x(0i+ y(t)

is the appropriate form of the vector function specifying position.

For three dimensional motion:
r(t) =x()i+ y(t)j + z(t))k

is the appropriate form of the vector function specifying position.
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An object moves along a path where the position vector is given by
r(t) =costi+ sintj + 2k, t > 0.
Describe the motion of the object.

Solution
Being unfamiliar with the graphs of relations in three dimensions, it is probably
best to determine a number of position vectors (points) and try to visualise joining

the dots.
t r(f) Point
0 i+2k (1,0,2)
g j+2k | (0,1,2)
11' —i+ 2k (-1,0,2)
3
7'" 2k | (0,-1,2)
21 i+ 2k (1,0,2)
etc.
z
The object is moving along a circular path, A
centred on (0, 0, 2) with radius length 1, 0.-1.2) CLO2 002
starting at (1, 0, 2) and moving 6 ©,1,2)

anticlockwise when viewed from above, /(—1,> 0,2)
always a distance of two ‘above’ starting point > )
the x—y plane (horizontal plane).

Example 6

The motion of two particles is given by the vector equations r|(¢) = (2t — 3)i + (> + 10)j and
ry(f) = (t + 2)i 4+ 7tj, where ¢ > 0. Find:

a the point at which the particles collide

b the points at which the two paths cross

¢ the distance between the particles when ¢ = 1.
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Solution

a The two particles collide when they share the same position at the same time.

ri(t) = r(t)
(2t —3)i+ (> + 10)j = (t + 2)i + 74§
2%-3=t+2
and 1> +10 = 7t
Fromt =5

m2] A-7t+10=0
t—=501-2)=0
t=5,2
.. The particles will share the same common point when ¢ = 5, i.e. they will
collide at the point (7, 35).
b At the points where the paths cross, the two paths share common points which may

occur at different times for each particle. The vector equations are, therefore,
redefined to differentiate between the two time variables.

ri(t) = 2t — 3)i + (12 + 10)j
r(s) = (s + 2)i + 7sj
When the paths cross:

2% —-3=s+2
and 12 +10 = 7s

Solving these equations simultaneously:

becomes s=2t—5
Substituting in 2410 =72t — 5)
14t +45=0
(t—9(1—5)=0
1=5,9

The corresponding values for s are 5 and 13.
These values can be substituted back into the vector equations to obtain the
points at which the paths cross, i.e. (7, 35) and (15, 91).
¢ Whent=1 ri(l)=—i+1]j

r(l)=3i+7j

The vector representing the displacement between the two particles after one
second is r1(1) — ry(1) = —4i + 4j

The distance between the two particles = \/ (—4)* + 42 = 4+/2 units
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Exercise IEJ

1 The path of a particle with respect to a particular point is described as a function of time,
t, by the vector equation r(f) = cos #i + sin ¢j, t > 0.
a Find the cartesian equation of the path. b Sketch the path of the particle.
¢ Find the times at which the particle crosses the y axis.

2 Repeat question 1 for paths described by the following vector equations:

. . 1
a ()= —9)i+ 8, where t > 0 b rt)=(t+ )i+ t—|-_2j’ > —2

(t) 2 s
c r(t)=——i+——j, t>—
1 i

3 The paths of two particles with respect to time # are described by the vector equations
ri(t)y = (3t — 5)i + (8 — £)j and ry(¢) = (3 — 1)i + 2tj where ¢ > 0. Find:
a the point at which the two particles collide

b the points at which the two paths cross
¢ the distance between the two particles when ¢ = 3

4 Repeat question 3 for paths defined by the following vector equations, where ¢ > 0:

a r()=Q:+4i+ (t—2) b r() =94+ 3(— 1)

5 The path of a particle defined as a function of time 7 is given by the vector equation
r(t) = (1 + 0)i + (3t + 2)j where ¢ > 0. Find:
a the distance of the particle from the origin when ¢ = 3
b the times at which the distance of the particle from the origin is one unit

6 r(t)=ti + 24j — 3k where ¢ > 0, is the vector equation representing the motion of a
particle with respect to time ¢. Find:

a the position, 4, of the particle when ¢ = 3

b the distance of the particle from the origin when r =3

¢ the position, B, of the particle when t = 4

d the displacement of the particle in the fourth second in vector form

7 r(t)=(t+ Di+ (3 — t)j + 2tk, where t > 0 is the vector equation representing the motion
of a particle with respect to time ¢. Find:

a the position of the particle when ¢ = 2
b the distance of the particle from the point (4, —1, 1) when ¢ = 2

8 r(t) = at’i + (b — 1)j is the vector equation representing the motion of a particle with
respect to time . When 7 = 3, the position of the particle is (6, 4). Find a and ».

9 A particle travels in a path such that the position vector r(¢) at time ¢ is given by
rf)=3costi+ 2sing, t > 0.
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a Express this vector function as a cartesian relation.
b Find the initial position of the particle.
If the positive y axis points north and the positive x axis points east, find correct to two

. . . . . 3w
decimal places, the bearing of the point P, the position of the particle at t = 7 from:
i the origin ii the initial position

An object moves so that the position vector r(¢) at time ¢ is given by r(¢) = €'i + 7,
t>0.

a Express this vector function as a cartesian relation.

b Find the initial position of the object.

¢ Sketch the graph of the path travelled by the object, indicating the direction of motion.

An object is moving so that its position r at time ¢ is given by

r)y=(e"+e i+ (e —e ), t>0.

a Find the initial position of the object. b Find the position at r = log, 2.
¢ Find the cartesian equation of the path.

An object is projected so that its position, r, at time ¢ is given by
(1) = 100 i + (100+/3 £ — 5£)j, 0 < £ < 20+/3.

a Find the initial and final positions of the object.
b Find the cartesian form of the path.
¢ Sketch the graph of the path, indicating the direction of motion.

Two particles, A and B, have position vectors r4(¢) and rg(f) respectively at time ¢, given
by r4(t) = 6£%i + (268 — 18¢)j and rg(f) = (13t — 6)i + (3 — 27)j where ¢ > 0. Find
where and when the particles collide.

The motion of a particle is described by the vector equation
r(f) = (1 — 2 cos 28)i + (3 — 5 sin 2¢)j; t > 0. Find:
a the cartesian equation of the path
b the position at
i =0 ii t:Z iii t=§
¢ the time taken by the particle to return to its initial position

the direction of motion along the curve.

The motion of a particle is described by the vector equation r(f) = 3 cos ti + 3 sin #j + k,
t > 0. Describe the motion of the particle.

The motion of a particle is described by the vector equation r(¢) = #i + 3tj + tk, t > 0.
Describe the motion of the particle.

For each of the following vector equations:

i find the cartesian equation of the body’s path ii sketch the path
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iii describe the motion of the body.
a r(f) = cos® 3mt)i + 2 cos’(3mt)j, t > 0
b r(f) = cos(2mt)i + cos(4mt)j, t > 0 c r)y=ei+e?,t>0

Vector calculus

Consider the curve defined by r(¢) with P and Q having Y
position vectors r(f) and r(t + h) respectively. A
Now PO = r(t + h) — r(t). 0
It follows that: Kt + h)
1
—(r(t 4+ h) — (1)) P
h —
is a vector parallel to PQ. K1)
As h — 0, Q approaches P along the curve. The 0 > X
derivative of r with respect to ¢ is denoted by 7 and is defined by
ORCLEIED
(1) is a vector along the tangent at P in the direction Y
of increasing z. A
The derivative of a vector function r(¢) is denoted .
by % or i and sometimes as ¥ (t). ")
Consider: P
(1) = lim " 1) = 1) hz —r® 1)
where () = x(0)i + y(1)j 0 > X

Now  #(f) = lim "M = r(0)

h
_ lim &G+ )i+ y( + h)j) — (x(@)i + y(1)))
— h—0
h
_ lim X+ —x@i | jim Y+ R — y(@)
— h—0 h h—0 h
_lim X +h) —x@).  fim Yt +h) - y(t)
=05 tToaso————5  J
h h
dx, dy,
H = —=—
ence ()= dt a' vl
2 d2y
(1) = Wl + e —j is the second derivative of r(¢)

This can be extended to three-dimensional vector functions.

For r(t)=x@)i+y@)+z(t)k

(1) dx +d +dzk
2 ——l —j+ —
i
dzx dzy d’z
d t
an P(t) = dt21+d
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B

Find i*(r) and #(¢) if r(t) = 20ti + (15t — 5¢%)j.

Solution
i(t) = 20i + (15 — 10¢)§
and (1) = —10j

Example 8

Find 7(¢) and #(¢) if r(f) = cos ti — sin tj + Stk.

Solution
F(t) = —sin fi — cos tj + Sk
and #(t) = —cos i + sin tj

Example 9

Ifr(t) = ti+ ((t — 1)* + 1)j find () and #(c) where r(a) = i +j.

Solution
If M) =ti+ ((t — 1)° + 1)j
MO =i+30— 1%
and ity =o6(t — 1)
Since Ho)=i+j=ai+(a—1)7°+1)
a=1
and F(l)y)=iand#(1) =0

Example 10
If (f) = €'i + ((¢' — 1)* +1)j, find #(«) and #(o) where r(a) =i + j.

Solution

Now r()=eéi+ (e —1)° + 1)
gives: i(t) =e'i +3e' (e — 1))

and P(1) = eli+ (6e¥ (' — 1) + 3! (e — 1)%)j
If o) =i+j=ei+ (e — 1)+ 1)
then a=0

and F(0)=iand #(0) =i
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Example 11

A curve is described by the vector equation r(f) = 2 cos #i + 3 sin 4.
a Find:
ir@) ii #(t)
b Find the gradient of the curve at the point (x, y) where x =2 cos tand y = 3 sin ¢.
Solution
a 1 7(t)=—2sinti+ 3costj
ii #(t)=—2costi —3sintj = —r(t)

d
b Related rates can be used to find d_y
x

dy dydt dx . dy
F_PE ndZ = 2sint, ® = 3c0st
dx  dide % dr SIE g = 2008

dy -3
— =3 t. = — cot(¢
dx €08 —2sint 2 cot(?)

Note that the gradient is undefined when sin = 0.

Example 12

A curve is described by the vector equation r(f) = sec(¢)i 4 tan(f)j with ¢ € (— g, g) Find the

gradient of the curve at the point (x, y) where x = sec(?) and y = tan(¢). Find the gradient of the

by
curve where t = —.

4
Solution
x =sec(t) = %(t) = (cos?)"' and y = tan(t)
dx B Y d_y s
7= (cos t)"“(—sin (1)) i sec”(t)
_sin(?)
"~ cos2(1)
= tan(¢) sec(?)
b _dydt 2 L _
o drd - D G seer s et = 2o
m dy 1
When t=—, — = =2
4 dx sin (E)
4
Antidifferentiation
Consider Jr(t) dt = Jx(t)i + y(t)j + z(t)k dt
_ Jx(t)dti + Jy(t) dij+ Jz(t)dtk
=X@O)i+Y@yj+ Z(t)k+c¢
. X d
where ¢ is a constant vector and i x(1), i (1), i z(t)

d
Note that ae _ 0
dt
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Given that #(¢) = 10i — 12k, find:
a (1) if F(0) = 30i — 205 + 10k b r(t)ifr(0) = 0i + 0j + 2k

Example 14 |

Solution

a 7(t) = 10ti — 12tk + c¢; where ¢ is a constant vector.
7(0) = 30i — 205 + 10k
Therefore ¢; = 30i — 20j + 10k
and 7(t) = 10ti — 12tk 4 30i — 20j 4 10k
= (107 4+ 30)i — 20j + (10 — 120)k

b () = (52 + 30£)i — 204 + (10t — 61*)k + ¢, where ¢, is a constant vector.
r(0) = 0i + 0j + 2k and therefore ¢, = 2k
Hence r(f) = (5¢* + 30£)i — 204 + (10t — 6> + 2)k

Given #(t) = —9.8j, #(0) = 0 and 7#(0) = 30i 4 40j, find r(¢).

Solution
#(t) = —9.8j
i(t) = J—9.8 dtj
= —-9.8+ ¢
but #(0) = 30i + 40j
) = 30i 4 40j

P(t) = 30i + (40 — 9.8¢)j

Hence 7(t) = Jso dti+ J(4o —9.8¢)dtj

= 30fi + (40t — 4.9%)j + ¢»
Now r(0) = 0 and therefore ¢; = 0
r(t) = 30t + (40t — 4.9¢%)j

1 Find 7(¢) and #(¢) in each of the following:

a

Qe o (<]

rH)y=¢éi+ej

) = 5 ti + £j

r(f) = sin(#)i + cos(f)j

(1) = 1004i + (100v/31 — 4.92)j

r(t) =ti + %

r(t) = 16ti — 4(4t — 1)%j
r(1) = (3 + 20)i + 54
(1) = tan(1)i + cos*(1)j

o T
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2

10

Sketch graphs of each of the following for # > 0 and find, r(¢), i*(#) and #(¢y) for the
given fo:

a ri)=éi+elj,tp=0 b rt)=ti+3,tg=1
. . . m
¢ r(?) = sin(#)i + cos(?)j, =~ d r(H)=166i — 44t —17%,tp=1
1
)= i+ (4 1), 10=1
e r() t—l—ll+( + 1%, 1o

Find the gradient at the point on the curve determined by the given value of 7 for each of
the following:

. . . m
a r(f) = cos(t)i + sin(t)j, t = ; b r(?) = sin(?)i + cos(t)j, t = 5
c r=¢ei+ej,t=1 d r()=2~Ci+44,t=2
e r(t)=(t+2)i+ ( —2b)j,t=3 f r(t) = cos(mt)i + cos2mi)j, t = 1

Find r(¢) in each of the following:

a F(t)=4i+3jandr0)=i—j b #(t)=2ti +2j — 3Pkand H(0) =i — j
1

(1) = e*'i + 2e%3'j where r(0) = Ei

c
d #(t) =i+ 24 where 7(0) =iand n(0) =0
e Jj(t) = sin(2t)i — cos (%t)j where 7(0) = —%i and r(0) = 4j

The position of a particle at time 7 is given by r(¢) = sin(¢)i + #j + cos(¢)k where ¢ > 0.
Prove that 7(¢) and #(¢) are always perpendicular.

The position of a particle at time ¢ is given by r(f) = 2#i + 16¢*(3 — t)j where ¢ > 0. Find:
a when 7*(¢) and #(¢) are perpendicular
b the pairs of perpendicular vectors 7*(¢) and #(t)

2,2
a“t
Given that a particle has position r(¢) at time ¢ determined by r(¢) = ati + Tj’ a>0

and 7> 0:

a sketch the graph of the path of the particle
b find when the magnitude of the angle between 7*(¢) and #(¢) is 45°

Given that a particle has position r(¢) at time ¢ specified by r(f) = 2ti + (> — 4)j where
t>0:

a sketch the graph of the path of the particle

b find the magnitude of the angle between 7(¢) and #(¢) at t = 1

¢ find when the magnitude of the angle between 7(¢) and #(¢) is 30°

Given r = 3ti +11%j + r*k, find:

a r b |¢| c ¥ d |# e twhen || =16
Given r = (V cos a)ti + ((V sina)t — % gtz) J, where t > 0 specifies the position of an
object at time ¢, find:

a r b # ¢ when f and # are perpendicular
d the position of the object when 7 and # are perpendicular
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124 Velocity and acceleration for motion
along a curve

Velocity

Since velocity has previously been defined as rate of change of position (displacement), it
follows that v(z), the velocity at time ¢, is given by 7(¢). The velocity vector gives the direction
of motion at time .

Acceleration
Since acceleration has previously been defined as rate of change of velocity, it follows that
a(t), the acceleration at time ¢, is given by #(¢) = v(¢).

Speed
From work on kinematics, it is known that speed is the magnitude of velocity, so it follows
that, at time ¢, speed = |F(?)]

Distance travelled

|r(t;) — r(tp)| can be found to find the (shortest) distance between two different points on the
curve, but not the distance travelled along the curve. Length of a section of a curve is not part
of this course.

-

The position of an object is #(z) metres at time ¢ where () = e'i + %ezt 'j, where ¢ > 0. Find, at
time ¢:
a the velocity vector b the acceleration vector ¢ the speed.

Solution
a v(t)=i(t) =i+ 3e%j
b a(t)=F(t) =i+ Le¥j

¢ Attime 7, speed = |[v(1)| = \/(e')* + (%eZt)z m/s

=,/e* + %e‘” m/s

Example 16 |

The position vectors, at time ¢, where ¢ > 0, of particles A and B are given respectively by:

ra(t) = (2 — 9t + 8)i + £
re(t) = 2 — )i+ (3t — 2)j

Prove that 4 and B collide while travelling at the same speed but at right angles to each other.
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Solution

When the particles collide, they must be at the same position at the same time. Now,
the same position means:

(=9 +8)i+ 15 =2 —1)i+ (3t —2)
£ —9+8=2—17
{t2=3t—2
Frorn P42 —9%+6=0
From £ —3t+2=0

Equation | 4 |is simpler to solve:

t—=2)(t—1)=0
t=2,ort=1

Now checkin[3] r=1 LHS =1+1-9+6%#0
t=2 LHS =8+4—18+6=0

The particles collide when ¢ = 2.
Now consider the speeds when ¢ = 2.

Pa(t) = 312 — 9)i + 24
Pa(Q2) = 3i+4f

The speed of particle 4 = /32 4 42
=5
Now Fp(t) = —2ti+3j
Fp(2) = —4i + 3

The speed of particle B = /(—4)? + 32

=5
The speeds of the particles are equal at the time of collision.
Consider the scalar product of the velocity vectors for 4 and B at time ¢ = 2.

F42).75(2) = (3i + 4)).(—4i + 3))
=—12+12
=0
Hence the velocities are perpendicular at ¢ = 2.
The particles are travelling at right angles at the time of collision.

- [EmmE

The position vector of a particle at time # is given by r(¢) = (2t — )i + (£ — 3£)j + 2tk
where ¢ > 0. Find:

a the velocity of the particle at time ¢ b the speed of the particle at time ¢

¢ the minimum speed of the particle.
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Solution

a F(t)=Q2 =20+ 2t —-3)+2k

b Speed = |F(t)| =4 — 81 + 412+ 412 — 12/ + 9 + 4
= /812 =201 + 17

¢ Minimum speed occurs when 82 — 20¢ + 17 is a minimum.

i 5t 17
82— 20t +17=8|" — =+ —
i 2 8
—8-t2 5t+25+17 25
L 2 16 8 16
[ 5\2 9
=8|(r—2= -
< 4) +16}

- 9
minimum speed = 3= AT 5

This occurs when ¢ = 2

&1

Example 18

The position vector of a particle at time ¢ is given by r(f) = 2 sin(2¢)i + cos(2t)j + 2tk where

t > 0. Find:
a the velocity at time ¢ b the speed of the particle at time #
¢ the maximum speed d the minimum speed.

Solution

a F(t) =4cos(2t)i —2sin(2t)j + 2k

b Speed = |F(1)] = \/ 16 cos? (21) + 4 sin® (21) + 4

= /12cos?(2t) + 8
¢ Maximum speed = 20 = 2+/5 when cos(21) = 1
d Minimum speed = /8 = 2+/2 when cos(2f) = 0

Example 19

The position of a projectile at time ¢ is given by r(f) = 400ti + (500t — 5¢2)j where ¢ > 0 and
where i is a unit vector in a horizontal direction and j is a unit vector vertically up. The
projectile is fired from a point on the ground. Find:

a the time taken to reach the ground again

b the speed at which the projectile hits the ground

¢ the maximum height of the projectile

d the initial speed of the projectile.
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Solution

a  When the j component of r is equal to zero the projectile is at ground level.

500t — 5t =0
ie. 5¢(100 —1) = 0
t=0or¢t =100

The projectile reaches the ground again for # = 100.

b 7(t) = 400i 4+ (500 — 10¢)j
The velocity of the projectile when it hits the ground again is
F(100) = 400i — 5005

Speed when ¢ = 100 is [#(100)| = /160000 + 250000
— /410000
— 10041

The projectile hits the ground with a speed 1004/41.

¢ The projectile reaches its maximum height when the j component of the velocity is
equal to zero.
When 500 — 10¢ = 0, i.e. when ¢ = 50.

Maximum height = 500 x 50 — 5 x 50°
= 12500
d The initial velocity 7(0) = 400i + 5005
initial speed = +/400% + 5002
= 100v41

Exercise IE:

& All distances are measured in metres and time in seconds.
Zacwe® 1 The position of a particle at time ¢ is given by r(¢) = ?i — (I + 2¢)j where ¢ > 0. Find:

é:‘\\s heG,

a the velocity at time ¢ b the acceleration at time ¢
r2) —r0)

¢ the average velocity for the first two seconds, i.e.

2 The acceleration of a particle at time ¢ is given by #(f) = —gj where g = 9.8. Find:

a the velocity at time ¢ if #(0) = 2i + 6
b the displacement at time ¢ if #(0) = 0i 4 6f

3 The velocity of a particle at time ¢ is given by 7*(¢) = 3i + 24 + (1 — 4t)k where t > 0

a Find the acceleration of the particle at time 7.
b Find the position of the particle at time ¢ if initially the particle is at j + k.
¢ Find an expression for the speed at time 7.
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d i Find the time at which the minimum speed occurs.
ii Find this minimum speed.

The acceleration of a particle at time ¢ is given by # = 10i — gk where g = 9.8. Find:

a the velocity of the particle at time ¢ if #(0) = 20i — 20j + 40k
b the displacement of the particle at time 7 given that #(0) = 0i + 0j + 0k

The position of an object at time ¢ is given by r(£) = 5 cos(1 + #2)i + 5 sin(1 + £)j. Find
the speed of the object at time ¢.

The position of a particle r(f) at time # seconds is given by r(f) = 2ti + (> — 4)j. Find the
magnitude of the angle between the velocity and acceleration vectors at ¢ = 1.

3
The position vector of a particle is given by r(¢) = 12+/ti 4+ t2j where ¢ > 0. Find the
minimum speed of the particle, and its position when it has this speed.

The position r(f) of a projectile at time #(¢ > 0) is given by r(¢) = 400t + (300t — 4.9¢ 2)j.
If the projectile is initially at ground level, find:

the time taken to reach the ground

the speed at which the object hits the ground

the maximum height reached

the initial speed of the object

e /& 6 T O

initial angle of projection from the horizontal

The acceleration of a particle at time ¢ is given by #(f) = —3(sin(3#)i + cos(3t)j).
a Find the position vector r(f), given that 7#(0) = i and r(0) = —3i + 3j.
b Show that the path of the particle is circular, and state the position of its centre.

¢ Show that the acceleration is always perpendicular to the velocity.

A particle moves so that its position vector at time 7 is given by
r(f) = 2 cos(?)i + 4 sin(?)j + 2tk. Find the maximum and minimum speeds of the particle.

The velocity vector of a particle at time # seconds is given by

1
v(f) = (2t + 1)%i + ———j. Find:
(1) =( ) mj

a the magnitude and direction of the acceleration after one second
b the displacement vector at time ¢ seconds if the particle is initially at O

The acceleration of a particle moving in the x—y plane is —gj. The particle is initially at O
with velocity given by V cos(a)i + V sin(a)j for some positive real number a.

a Find r(), the position vector at time .
b Prove that the particle follows a path with cartesian equation

8x 2
=Xxtana — —= sec” a.
Y 202
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13 Particles 4 and B move in the x—y plane with constant velocities.
Fq(t)=i+2jand Fp(t) =2i + 3j
Alsor (2)=3i+4jand rz(3) =i+ 3j
Prove that the particles collide, finding:

a the time of collision b the position vector of the point of collision

14 A body moves horizontally along a straight line in a direction No®W with a constant
speed of 20 m/s. If i is a horizontal unit vector due east and j is a horizontal unit vector

4
due north and if tan a° = 3 find:

a the velocity of the body at time ¢
b the position of the body after five seconds

15 The position vector of a particle at time 7 is given by r = 4 sin(2¢)i + 4 cos(2t)j, t > 0.
Find:
a the velocity at time ¢ b the speed at time ¢
¢ the acceleration in terms of r

16 The velocity of a particle is given by 7(f) = (2¢ — 5)i, t > 0. Initially the position of the
particle relative to an origin O is —2i + 2j.
a Find the position of the particle at time ¢.
b Find the position of the particle when it is instantaneously at rest.
¢ Find the cartesian equation of the path followed by the particle.

17 A particle has path defined by #(¢) = 6 sec(¢)i + 4 tan(?)j, t > 0.

a Find the cartesian equation of the path of the particle.
b Find the velocity of the particle at time 7.

18 A particle moves so that its position vector at time ¢ is given by r(¢) = 4 cos(?)i + 3 sin(¢)j,
0<t<2m.

a Find the cartesian equation of the path of the particle and sketch the path.

b i Find when the velocity of the particle is perpendicular to its position vector.
ii Find the position vector of the particle at each of these times.

¢ i Find the speed of the particle at time .
ii Write the speed in terms of cos? 7.
iii State the maximum and minimum speeds of the particle.
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Chapter summary

B The position of a particle at time ¢ can be described by a vector equation:
() =i + gt)j + h(Hk
B The velocity of a particle at time ¢ is:
HO) = f1(0i+ g @) + k' (Dk
B The acceleration of a particle at time ¢ is:
F(t)=f"i+g" () + ")k
B The velocity vector 7(7) has the direction of the motion of the particle at time 7.

Multiple-choice questions

1 A particle moves in a plane such that at time ¢ its position is 2¢2 i 4+ (3¢ — 1)j. Its
acceleration at time ¢ is given by:
A 4i+3j B i+ (3 —1)j C 4i+3j D 0i+0j E 4i+0j

2 The position vector of a particle at time #, > 0 is given by r = (sin(3¢))i — (2cost)j. The
speed of the particle when ¢ = 1 is:
A 2 B 2V2 c V5 D 0 E 3

3 A particle moves with constant velocity 5i — 4 + 2k. Its initial position is 3i — 6k. Its
position vector at time ¢ is given by:
A QBt+5i—-4j+Q2—-060)k B (5t +3)i —4tj+ (2t — 6)k
C 5ti —4tj+ 2tk D —5ti —4tj+ 2tk E (5t —-3)i+ (2t —6)k

4 A particle moves with its position vector defined with respect to time ¢ by the position
vector r(¢) = (213 — 1)i + (2t> 4+ 3)j + 6tk. The acceleration when ¢ = 1 is given by:
A 6i+4j+6k B 12i+4j+6k C 12i D 2410 E 12i+4j

5 The position of a particle at time ¢ seconds is given by the vector
r(t) = (t* — 4t)(i — j + k) measured in metres from a fixed point. The distance in metres
travelled in the first four seconds is:
A0 B 43 C 83 D 4 E V3

6 The initial position, velocity and constant acceleration of a particle are given by 3i, 2j and
2i — j respectively. The position vector of the particle at time 7 is given by:
A (i — j)t+3i B i-Lj C (P+3)i+@Q—5)j
D 3i+42¢j E (2i —j)s

7 The position of a particle at time ¢ = 0 is given by r(0) =i — 5j + 2k. The position of the
particle at time ¢ = 3 isr(3) = 7i + 7j — 4k. The average velocity for the interval [0, 3] is:
1qs ; 1/h7s . . ,
A 3@Bi+2j—2k) B Q2L +21j - 12k) C 2i+4j-2k
D i+2j—-k E 2i—j+k
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8 A particle is moving so its velocity vector at time ¢ is 7 (¢) = 2ti + 3 j where r(?) is the
position vector at time ¢. If #(0) = 3i + j then r(?) is equal to:
A 2 B (Bt+ i+ @32+ 1)j C 265 +3tj+3i+j
D 5i+3j E (*+3)i+@t+1)j

9 The velocity of a particle is given by the vector 7 (t) = #i + ¢’ j. At time ¢ = 0, the position
of the particle is given by r(0) = 3i. The position of the particle at time # is given by:
A rit)y=3i+ej B r)y=3+3i+ej C rt)= (L2 +3)i+( —1)j
D r(t)=(32+3)i+ej E r(t)=3+3)i+( —1)j

10 A curve is described by the vector equation r(z) = 2 cos(mt)i + 3 sin (wt)j. Superimposed
on a set of cartesian axes, the gradient of the curve at the point (+/3, 1.5) is:
A =B B —@i+3/3mj) C mi+3Bnj D 2Bx g 28

Short-answer questions (technology-free)

1 The displacement, r(f) (metres), at time ¢ (seconds), of a particle moving in a plane is given
by r(t) = 2ti + (> — 4)j.
a Find the velocity and acceleration when ¢ = 2.
b Find the cartesian equation of the path.

2 Find the velocity and acceleration vectors of the displacement vectors:
a r=27 4445+ 8k b r=4sinti+4costj+ 1~k

3 Attime ¢, a particle has coordinates (6¢, #* + 4). Find the unit vector along the tangent to the
path when ¢ = 4.

4 The position vector of a particle is given by r(¢) = 10 sin 2¢i + 5 cos 24j.
a  Find its position vector when t = %.
b Find the cosine of the angle between its direction of motion at 7 =0 and 7 = %.

5 Find the unit tangent vector of the curve r = (cos ¢ + ¢ sin #)i + (sin ¢ — ¢ cos ?)j.

6 A particle moves on a curve with equation r = 5(cos 07 + sin 8j). Find:
a the velocity at time ¢ b the speed at time ¢
¢ the acceleration at time ¢ d 7.7, and comment

7 Particles A and B move with velocities ¥, = cos #i + sin ¢j and V3 = sin #i 4 cos #j
respectively. At time 7 = 0 the position vectors of 4 and B are ry = i and rz = j. Prove that
the particles collide, finding the time of collision.

8 The position vector of a particle at any time, ¢, is given by » = (1 + sin #)i 4+ (1 — cos ?)j.
a Show that the magnitudes of the velocity and acceleration are constants.
b Find the cartesian equation of the path described by the particle.
¢ Find the first instant that the displacement is perpendicular to the velocity.

9 The velocities of two particles A and B are given by V; = 2i + 3j and V = 3i — 4j. The
initial position vector of A4 is given by ry = i — j. If the particles collide after 3 seconds, find
the initial position vector of particle B.
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10 A particle starts from point (i — 2j) and travels with a velocity given by #i + j, ¢ seconds
from the start. A second particle travels in the same plane and its position vector is given by
r= (s — 4)i + 3j, s seconds after it started.

a Find an expression for the position of the first particle.
b Find the point at which their paths cross.
¢ Ifthe particles actually collide, find the time between the two starting times.

11 A particle travels with constant acceleration, given by #(f) = i + 2j. Two seconds after
starting, the particle passes through the point , travelling at a velocity of 2i — j. Find:
a an expression for the velocity of the particle at time ¢
b an expression for its position
¢ the initial position and velocity of the particle.

12 Two particles travel with constant acceleration given by #(f) =i — j and #,(¢) = 2i + .
The initial velocity of the second particle is —4i and that of the first particle is 4j.
a Find an expression for:
i the velocity of the second particle ii the velocity of the first particle.
b At one instant both particles have the same velocity. Find:
i the time elapsed before that instant
ii the value of & iii the common velocity.
13 The position of an object is given by 1) = €'i + 4€*}j, t > 0.
a Show that the path of the particle is given by the function f: [1, 00) — R, f'(x) = 4x?.
b Find:
i the velocity vector at time ¢ ii the initial velocity.
iii the time at which the velocity is parallel to vector i + 12j.
14 The velocity of a particle is given by 7(f) = (t — 3)j, t > 0.
a Show that the path of this particle is linear.
b Initially the position of the particle is 2i + j.
i Find the cartesian equation of the path followed by the particle.
ii Find the point at which the particle is momentarily at rest.

Extended-response questions

1 Two particles P and Q are moving in a horizontal plane. The particles are moving with
velocities 9i + 6j m/s and 5i + 4j m/s.
a Determine the speeds of the particles.
b Attime f =4, P and O have position vectors r,(4) = 96i + 44j and rq(4) = 100i 4 96j.
(Distances are measured in metres.)

i Find the position vectors of P and Q at time ¢ = 0.
ii Find the vector PQ at time z.
N
¢ Find the time at which P and Q are nearest to each other and the magnitude of PQ at this

instant.
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Two particles A and B move in the plane. The velocity of 4 is (—3i 4+ 29j) m/s while that of
Bis v(i + 7j) m/s where v is a constant. (All distances are measured in metres.)

— —
a Find the vector 4B at time ¢ seconds given that when t = 0, AB = —56i + §&j.
b Find the value of v so that the particles collide.
c Ifv=3:

- . .
i find 4B ii find the time when the particles are closest.

A child is sitting still in some long grass watching a bee. The bee flies at a constant speed
in a straight line from its beehive to a flower and reaches the flower three seconds later.
The position vector of the beehive relative to the child is 10i 4 2j + 6k and the position
vector of the flower relative to the child is 7i + 8j where all the distances are measured in
metres.

a If B is the position of the beehive and F the position of the flower, find 577 .

Find the distance BF.

Find the speed of the bee.

Find the velocity of the bee.

Find the time when the bee is closest to the child and its distance from the child at this

o & o T

time.

Initially a motor boat is at a point J at the end of a jetty and a police boat is at a point P. The
position vector of P relative to J is 400 — 600j. The motor boat leaves the point J and
travels with constant velocity 6i. At the same time, the police boat leaves its position at P
and travels with constant velocity u(8i 4 6j) where u is a real number. All distances are
measured in metres and all times are measured in seconds.
a Ifthe police boat meets the motor boat after 7 seconds find:
i the value of ¢ ii the value of u

iii the speed of the police boat iv the position of the point where they meet.

b Find the time when the police boat was closest to J and its distance from J at this time.

A particle 4 is at rest on a smooth horizontal table at a point Xhose position vector relative
to an origin O is —i + 2j. B is a point on the table such that OB = 2i 4 j. (All distances are
measured in metres and time in seconds.) At time 7 = 0 the particle is projected along the
table with velocity (6i + 3j) m/s.
a Determine:
— > .
i OA attime ¢ ii BA attimet.
—>
b Find the time when |BA| = 5.

¢ Using the time found in b:
i find a unit vector ¢ along l;?l
ii find a unit vector d perpendicular to B_)A (Hint: The vector yi — xj is perpendicular
to xi + j)
iii express 6 + 3j in the form pc + qd.
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6 a Sketch the graph of the cartesian relation corresponding to the vector equation
m
r(0) = cos(8)i — sin(0)j where 0 < 6 < 7

b A particle P describes a circle of radius 16 cm about the origin. It completes the circle
every  seconds. At ¢ = 0, P is at the point (16, 0) and is moving in a clockwise
direction. It can be shown that OP= a cos(nt)i + b sin(nt)j.

Find the values of:
i a ii b iii n
iv  State the velocity and acceleration of P at time 7.

¢ A second particle Q has position vector given by O_Q>: 8 sin(#)i 4 8 cos(t)j
(measurements are in cm).

Obtain an expression for:
i PO i |POP

d Find the minimum distance between P and Q.

7 Attime ¢ a particle has velocity v = (2 cos #)i — (4 sin z cos t)j, t > 0 and at time ¢ = 0 it is
at a point which has position vector 3j.

a Find the position of the particle at time ¢.

b Find the position of the particle when it first comes to rest.

¢ i Find the cartesian equation of the path of the particle.

ii Sketch the path of the particle.
d Express |v|? in terms of cos 7 and without using calculus, find the maximum speed of
the particle.
Give the time at which the particle is at rest for the second time.
f i Show that the distance d of the particle from the origin at time 7 is given by
d? = cos*(2t) + 2 cos(2¢) + 6.
ii Find the time(s) at which the particle is closest to the origin.

8 A golfer hits a ball from a point referred to as the origin with a velocity of ai + bj + 20k
where i, j and k are unit vectors horizontally forward, horizontally to the right and vertically
upwards respectively. After being hit, the ball is subject to an acceleration 2j — 10k.

(All distances are measured in metres and all times in seconds.)

Find:

a the velocity of the ball at time ¢

b the position vector of the ball at the time ¢

¢ the time of flight to the ball

d the values of a and b if the golfer wishes to hit a direct hole in one where the position
vector of the hole is 100i

e the angle of projection of the ball if a hole in one is achieved.
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10

11

Particles 4 and B move in a cartesian plane so that at any time ¢ > 0, their position vectors,
are
ry=20+tj
rg = (4 — 4 sin(af))i + 4 cos(at)j where « is a positive constant.
Find the speed of B in terms of .
Find the cartesian equations of the paths of 4 and B.
On the same set of axes, sketch the paths of 4 and B and indicate the direction of travel.
Find coordinates of the points where the paths of 4 and B cross.

o & a6 T O

Find the least value of a correct to two decimal places for which 4 and B will collide.

With respect to an origin O, particles P and Q have variable position vectors p and ¢
respectively given by p(f) = (cos #)i + (sin ¢)j — k and ¢(¢) = (cos 2¢)i — (sin 2£)j + %k
where 0 < ¢ < 2.
a 1 For p(f), describe the path.
ii  Find the distance of particle P from the origin at time ¢.
iii Find the velocity of particle P at time ¢.
iv  Show that the vector (cos #)i + (sin t)j is perpendicular to the velocity vector for any
value of z.
v Find the accelerat_i)on, p (1), at time ¢.
b i Find the vector PQ at time ¢.
ii Show that the distance between P and Q at time ¢ is ,/ % — 2cos 3t.
iii Find the maximum distance between the particles.
iv  Find the times at which this maximum occurs.
v Find the minimum distance between the particles.
vi Find the times at which this minimum occurs.
¢ i Show thatp(f). ¢() = cos(31) — 3.
ii Find an expression for cos(POQ).
iii Find the greatest magnitude of angle POQ.

The bartender slides a glass along a bar for a \Dl 0i + 0/
customer to collect. Unfortunately, the customer

has turned to speak to a friend. The glass slides

over the edge of the bar with a horizontal velocity

of 2 m/s. Assume that air resistance is negligible

and the acceleration due to gravity is 9.8 m/s? J L

in a downward direction.

i
a i1 Give the acceleration of the glass as a vector expression.
ii  Give the vector expression for the velocity of the glass at time 7 seconds, where 7 is
measured from when the glass leaves the bar.
iii Give the position of the glass with respect to the edge of the bar O at time
¢ seconds.




b Itis 0.8 m from O to the floor directly below. Find:
i the time it takes to hit the floor
ii the horizontal distance from the bar where the glass hits the floor.

12 A yacht is returning to its marina at O.
At noon the yacht is at Y. The yacht takes
a straight line course to O. L is the position

of a navigation sign on the shore.

Coordinates represent distances east and
north of the marina measured in kilometres.

a 1 Write down the position vector of
the navigation sign L. N
ii Find a unit vector in the direction of OL.
b Find the vector resolute of 0_I>/ in the direction of O_L) and hence find the coordinates of
the point on shore closest to the yacht at noon.
¢ The yacht sails towards O. The position vector at time # hours after 12:00 is given by

Kt) = <7 — %t) i+ (4 — 2ty

—
i Find an expression for LP where P is the position of the yacht at time z.
ii Find the time when the yacht is closest to the navigation sign.
iii Find the closest distance between the sign and the yacht.




Dynamics

The aim of theoretical dynamics is to provide a quantitative prediction of the motion of objects.
In other words, to construct a mathematical model for motion. The practical applications of
such models are obvious. In this chapter, motion is considered only in a straight line.

The Greeks were the first to record a theoretical basis for the subject. Archimedes (3rd
century BC) wrote on the subject and this study was advanced by many others. Many of the
great mathematicians of the 17th to 19th centuries worked on the subject. These include Isaac
Newton (1642—1727), whose work provides the material for much of this chapter, Leonhard
Euler (1707-1783) and Joseph Lagrange (1736—1813).

Measurements

The description of motion is dependent on the measurement of length, time and mass. In this
chapter, the principal unit of:

B length will be the metre

B mass will be the kilogram

M time will be the second.

482
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Other units will occur, but it is often advisable to convert these to metres, kilograms and
seconds. This system of units is called the mks system.

It is important to note that the mass of an object is the amount of matter it contains. The
measurements of mass of an object does not depend on its position. In mathematics, ‘mass’
and ‘weight’ do not have the same meaning.

Vectors and scalars
In Chapters 2 and 12, vectors and scalars were considered. Time, length and mass are scalar
quantities, while displacement, velocity and acceleration are vector quantities.

Particle

In this chapter, a particle model is used. This means that an object is considered as a point.
This can be done when the size (dimension) of the object can be neglected in comparison with
other lengths in the problem being considered, or when rotational motion effects can be
ignored.

Force

‘Force’ is a word in common usage and most people have an intuitive idea of its meaning.
When a piano or some other object is pushed across the floor, this is done by exerting some
force on the piano. A body falls because of the gravitational force exerted on it by the Earth.
A discussion of different types of forces follows in the next section.

One unit of force is the kilogram weight (kg wt). If a body has mass of one kilogram then
the gravitational force acting on this body is one kilogram weight. Another unit of force is the
newton (N). One kilogram weight = g newtons, where g is the acceleration of the particle
owing to gravity. The significance of this unit will be discussed in the following section.

Force is a vector quantity. The vector sum of the forces acting at a point is called the
resultant force.

- B A
A 3N

Find the magnitude and direction of the resultant
force of the forces 3 N and 5 N acting on a
particle at O as shown in this diagram.

) 5N
Solution 60°

Method 1 0 15° > X
The resultant force, R, is given by the vector sum.
The angle O4B has magnitude 135°.
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Using the cosine rule y
IRI> =37+ 52 -2 x 3 x 5 cos(135°) A
=9+ 25-30 cos(135°)

1 E

— 34430 x — !

V2 E

=344 152 5
IR| ~ 7.43N 0yx\8

The magnitude of the resultant force is 7.43 N
(correct to two decimal places).

In order to describe the direction of the
vector, the angle 6° between the vector and the
positive direction of the x axis will be found.

Let ZAOB = (60 — 0)°.

|R| 5
Then - = -
sin 135°  sin(60 — 0)
5sin(135°
sin(60 — ) = ~SmU357)
|R|
=04758 ...
0 =31.587...
0 = 31° 35’ to the nearest minute.
Method 2

The problem can also be completed by expressing each of the vectors in i —j notation.
The vector of magnitude 3 N in component form is:

3 cos 60°i + 3 sin 60°%f

The vector of magnitude 5 N in component form is:

5 cos 15° + 5 sin 15°%

The sum = (6.3296 .. .)i 4+ (3.8921 .. .)j

The magnitude of the resultant is = 7.43 N, y
correct to two decimal places.
Determine the direction: (6.33, 3.89)

Note: tan ¢ — 38921
ote: tan =
6.3296. ..

0 =31.5879...
The resultant force is 7.43 N acting in the

3.89

direction 31° 35’ anticlockwise from 0°
the x axis. 0 6.33

Resolution of a force in a given direction

In the previous example, each of the forces was written as a vector in i —j form, i.e. the
resolutes of each force in the i direction and j direction were found. A discussion of the
physical interpretation of resolution in a given direction follows.
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Consider a model railway trolley, set on smooth i

straight tracks, pulled by a force of magnitude "—' \k

P N along a horizontal string which makes an PN

angle 0 with the direction of the track. (The plan
view is shown in the diagram.)

When 6 = 0°, the trolley moves along the track. As 6 increases, the trolley will still move
along the track but the same force will have a decreasing effect on the motion of the trolley, i.e.
the acceleration of the trolley will be less. When 6 = 90°, the trolley will stay in equilibrium,
i.e. if at rest it will not move, unless the force is strong enough to cause it to topple sideways.

This example demonstrates the significance of the resolution of a force in a given direction.
These and other experimental observations can be reduced to the following fact.

A force acting on a body has an influence in directions other than its line of action, except
the direction perpendicular to its line of action.

Let the force of P N be represented by the vector p. 0 a X
-

Let a be the resolute of p in the OX direction
and b be the perpendicular resolute. From the
triangle of vectors it can be seen that p = a + b.
As the force represented by b does not influence

the movement of the trolley along the track, the

net effect of P on the movement of the trolley in

the direction of the track is a. The force

represented by a is the resolved part (or

component) of the force P in the direction of O_))( .
The following summarises this:

The resolved part of a force of P N in a direction which makes an angle 6 with its own line
of action is a force of magnitude P cos 6.

- |Eme

Find the resolved part of the following forces in the direction of E_1)7 .
a 10N b 7N

30° 60°
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Solution

a The resolved part is 10 cos 30° N = 5v3N
b The resolved partis 7 cos 120° N = —3.5N

- XA

Find the component of the force F = (3i + 2j) N in the direction of the vector 2i —j.

Solution
1
Let a = 2i —j. Then the unit vector in the direction of @ is @ = E(Zi —J).
1 1 4 45
Fi=0Ci+2)-—Qi—j)=—6-2)=—=——
( ) ﬁ( ) ﬁ( ) 5= /5
44/5 1 4
and (F.d).a = %_ X ﬁ[@i -Nl= g[(2i NI

The component of F in the direction of 2i —j is ‘3‘(21' —jN.

Example 4

a Express the resultant force acting in i —j form.

A3N
J
—_a 0 -
2N 5N l
YonN

b Give the magnitude of the resultant force and the direction the resultant force makes with
the i direction.

Solution
a Resultant force = (5-2)i + (3 -2)j ‘):
=@Gi+j)N
b The magnitude of the force = /32 + 12
=10
The angle with i direction is given by 3itj
1 0
tanf = - > X
an 3 0
ie. 0 =18°26
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e | i

Forces of 5N, 3 N, 2 N act at a point as shown in the diagram. Find: 3N
a the magnitude of the resultant of these forces 15°
b the direction of resultant force with respect to the 5 N force 30°
> 5N
Solution

a Let i be in the direction of the 5 N force. (25in 45° + 3 5in 30°) j

The sum of the resolved parts in the

direction of the 5 N force
=(5+3cos30°+ 2cos45°)i N
=9.01i N correct to two decimal places

L

(5+3cos30°+2cos45%)i

The sum of the resolved parts in the direction
perpendicular to the 5 N force

= (25in45° +3sin 30°) j N

=2.91j N correct to two decimal places
By vector methods, the magnitude of the resultant force = /9.012 + 2.912

=947N
b Let 0 be the angle that the resultant force makes with the 5 N force.
2.91
Then, tan 6 = —9
9.01
6=17.9°

The resultant force of 9.47 N is inclined at an angle of 17.9° to the 5 N force.
The vector diagram for the resultant is shown here.

5N

1 In the following # is a unit vector in the positive direction of the x axis and j is a unit vector
in the positive direction of the y axis.
In each of the following find:

i the resultant force using i —j notation
ii the magnitude and direction of the resultant force. (The angle is measured
anticlockwise from the i direction.)
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a y b y
. 2N
¥ X
e 5 X 1IN 0 7N
6N
c y d y
A
8N
x X
—_—— >
AN 0 3N SN0 8N
2N
Y5N
e y f y
3N I5N
X X
6N 0 6N 5N 0 SN
7N 15N

2 The forces F1 = (3i + 2j) N, F, = (6i — 4j) N and F5 = (2i —j) N act on a particle. Find
the resultant force acting on the particle.

3 Find the magnitude of F, the resultant force

of the 16 N and 12 N forces.

4 R=F, +F,

IR| = 16N and |F;| = 9N
Find |F>|.
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5 Fl+F,+Fy=Fand F=@Gi-2j+k)N,Fy =Qi —j+k Nand F, = (3i —j— k) N.
Fil’ldFj,.

6 A tractor is pulling a barge along a canal BARGE
with a force of 400 N. The barge is |:|x11 6"
moving parallel to the bank. Find the e Fv
component of F in the direction of motion. - ]
P lFel _ Tg? N TRACTOR

7 In the following i is a unit vector in the positive direction of the x axis andj is a unit vector
in the positive direction of the y axis. For each of the following find:

i the resultant force using i — j notation

ii the magnitude and direction of the resultant force. (The angle is measured
anticlockwise from the 7 direction.)

ay b
A 4N A
8N
7N
10°
10° 6N
40° o
> > X _ 10 > X
0 3N 0
C y d y
A A
5N
6N
/N 0 ~27° -
30° 20° .
0 27°
5N
ey f y
A A
10N 2N
8N
25° .
0 25° i} 45 30° > x
0
N
50°
10N

I0N
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8

10

11

12

Find the resultant force for each of the diagrams a, ¢ and e of question 7 using triangles of
forces.

Three forces acting at the origin pass

y
through coordinate points as shown 16 N
in the diagram right. 12N
(3,4
a Find the resultant force. (-4, 3)
b Find the magnitude and J
> X

direction of the resultant force. 0 i
1 (09 _2)
15N

—
Find the resolved part of each of the following forces in the direction of EF":

a 12N b I5N
20° -F
£ >
65°
> > F
¢ 8N d 1IN
A
35°
g > F
| ] -
g > F
Two forces act on a particle as shown in the diagram. 8N

a Find the sum of the resolved parts of the forces
-
in the direction of EF.

b Find the sum of the resolved parts of the forces

40°
_ T E 150 > [
in the direction of 8 N force. \
12N

a Find the component of the force (7i 4+ 3j) N in the direction of the vector 2i —j.

b Find the component of the force (2i — 3j) N in the direction of the vector 3i + 4j.
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Three forces act on a particle as shown in the diagram. 8N 10N
Find the sum of the resolved parts of the forces in

the direction of:

a the 8 N force 115°

b the 10 N force

¢ the 11 N force

11N

Find the sum of the resolved parts of the forces 50N

—
in the direction of EF in this diagram.
I5N

25°
80°

25N
A frame is in the shape of a right-angled triangle ABC, where AB = 6.5 m, BC = 6 m and
— —
AC = 2.5 m. A force of 10 N acts along BC and a force of 24 N acts along BA.
Find the sum of the resolved parts of the two forces in the direction of:

a B_C>' b lﬁ
Find the magnitude and direction with respect to Oj)( of the resultant of the following
forces:
a 2N b 5N
2N
00 10N
0 25°\ g0
30°

o 3N (0] =
Find the magnitude of the resultant of two forces of 7 N and 10 N acting at an angle of 50°
to each other.
The angles between the forces of magnitude 8 N, 10 N and P N are, respectively, 60° and
90°. The resultant acts along the 10 N force. Find:
a P b the magnitude of the resultant
Three forces 5 N, 7 N and P N act on a particle at O. SN
Find the value of P that will produce a resultant force
along 03? if the line of action of P N force is
perpendicular to OX. o ii: X

7N
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13.2 Newton’s laws of motion
Momentum

The momentum of a particle is defined as the product of its mass and velocity.

momentum = mass X velocity

Let v be the velocity of the particle, m the mass and P the momentum. Momentum, P, is a
vector quantity. It has the same direction as the velocity.

P = mv

The units of momentum are kg m/s or kg ms~!.

The momentum of a body of mass 3 kg moving at 2 m/s, is 6 kg m/s = 6 kg ms~".
Momentum can be considered as the fundamental quantity of motion.

Example 6

a Find the momentum of a particle of mass 6 kg moving with a velocity (37 + 4j) m/s.

b Find the momentum of a 12 kg particle moving with a velocity of 8 m/s in an easterly
direction.

Solution

a momentum P = 6(3i + 4j) kg m/s
b momentum = 96 kg m/s in an easterly direction

The change of momentum is central to Newton’s second law of motion. Its importance is
introduced through the following example.

- T

Find the change in momentum of a ball of mass 0.5 kg if the velocity changes from 5 m/s to

2 m/s. The ball is moving in the one direction in a straight line.

Solution

Initial momentum of the ball = (0.5 x 5) kg m/s = 2.5 kg m/s
Momentum after 3 seconds = (0.5 x 2) kgm/s = 1 kg m/s
Change in momentum = 1 — 2.5 = —1.5 kg m/s

Newton used this idea of change of momentum to give a formal definition of force and this is
stated in his second law of motion given on the next page. In the example, the resistance force
has changed the velocity from 5 m/s to 2 m/s. The rate of change of momentum with respect to
time is used to define force.

‘Dynamics’ is based on Newton’s laws of motion which are stated on the next page using
modern language.
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Newton's first law of motion

A particle remains stationary, or in uniform straight line motion (i.e. in a straight line with
constant velocity) unless acted on by some overall external force, i.e. if the resultant force is
Zero.

Newton’s second law of motion

A particle acted on by forces whose resultant is not zero will move in such a way that the rate
of change of its momentum with respect to time will at any instant be proportional to the
resultant force.

Newton’s third law of motion
If one particle, 4, exerts a force on a second particle, B, then B exerts a collinear force of equal
magnitude and opposite direction on 4.

Weight
The gravitational force per unit mass due to the Earth is g newtons per kilogram. It varies from
place to place on the Earth’s surface, having a value of 9.8321 at the poles and 9.7799 at the
equator.

In this book, the value 9.8 will be assumed for g, unless otherwise stated.

A mass of m kg on the earth’s surface has a force of m kg wt or mg newtons acting on it.
This force is known as the weight.

Implications of Newton's first law of motion

B A force is needed to start an object moving (or to stop it) but, once moving, the object will
continue at a constant velocity without any force being needed.

B When a body is at rest or in uniform straight line motion, then any forces acting must
balance.

B When motion is changing, i.e. in speed or direction, then the forces cannot balance—that
is, the resultant force is non-zero.

Implications of Newton’s second law of motion
Let F represent the resultant force exerted on an object of mass m kg moving at a velocity
v m/s in a straight line.

Then Newton’s second law gives:

d
F = ka(mv)
Assuming the mass is a constant:
F=k d( )=k
= km—(v) = kma
dt

The newton is the unit of force chosen so that the constant & can be taken to be 1 when the
acceleration is measured in m/s> (ms~2) and the mass in kilograms.
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One newton is the force which causes a change of momentum of 1 kg m/s per second. The

formula can be written:

F =ma

Note that the direction of the acceleration and the resultant force are the same.

Implications of Newton's third law
An alternative wording of Newton’s third law is:

If one body exerts a force on another (action force), then the second body exerts a force
(reaction force) equal in magnitude but opposite in direction to the first.

It is important to note that the action and reaction forces, which always occur in pairs, act on
different bodies. If they were to act on the same body, there would never be accelerated motion
because the resultant force on every body would be zero.
For example:
B Ifa person kicks a door, the door ‘accelerates’ open because of the
force exerted by the person. At the same time, the door exerts a force
on the foot of the person which ‘decelerates’ the foot.

B For a particle hanging from a string the forces 7 and mg both act on the AT
particle A. They are not necessarily equal and opposite forces. In fact they are
equal only if the acceleration of the particle is zero (Newton’s second law). T
and mg are not an action—reaction pair of Newton’s third law as they both act 4
on the one particle. mg
B For a man pulling horizontally on a rope with a force F the rope
exerts a force of —F on the man.
Normal reaction force
If a particle lies on a surface and exerts a force AR
on the surface then the surface exerts a force
R N on the particle. If the surface is smooth,
this force is taken to act at right angles to the (no vertical motion)

surface and is called the normal reaction force.

In such a situation R = mg.

Y mg

If the particle is on a platform which is AR

being accelerated upwards at an

acceleration of @ m/s%, Newton’s second (forces acting on particle)

law gives R — mg = ma. I ]




For the force R of the platform there is a force
of —R of the particle acting on the platform.
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AR (forces acting on platform)

The forces R and —R are a pair of
forces as described by Newton’s third
law.

(no vertical motion)

oo

If a particle of mass m kg lies on a smooth surface and a force F' N acts at an angle of 6° to the

horizontal then |R| = m|g| — |F|sin 0.

Sliding friction

By experiment, it has been shown that the frictional force F of a particle moving on a surface

is given by:
FR = }LR

where R is the normal reaction force and . is the coefficient of friction. In a sense, the

coefficient of friction is a measure of the roughness of the surfaces of contact.

For example:

Surfaces Coefficient of friction
Rubber tyre on dry road approaches 1

Two wooden surfaces 0.3t00.5

Two metal surfaces 0.1t00.2

If the surface is taken to be smooth, w = 0.

The frictional force acts in the opposite direction to the

velocity of the particle.

Note: Henceforth vector quantities will not always be
presented in bold type. This should not lead to any
confusion as all motion is linear.

Frp=UuR velocity
—

B

Example 8

A stone of mass 16 grams is acted on by a force of 0.6 N. What will be its acceleration?
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Solution

The formula F = ma will be used.

16 g =0.016 kg
0.016a = 0.6
a=375

The acceleration is 37.5 m/s?.

Three forces F, F, and F5 act on a particle of mass 2 kg. F; = (2i — 3j) N and
F> = (4i + 2j)N. The acceleration of the particle is 4i m/s?. Find F3

Solution

Newton’s second law of motion gives

(F1+F,+F3)=2x4i
. 2i —3j4+4j+2j+ F; =8i
ie. 6i —j+ F; =8i
This implies Fs=Q2i+j)N

A box is on the floor of a lift accelerating upwards at 2.5 m/s>. The mass of the box is 10 kg.
Find the reaction of the floor of the lift on the box.

Solution
Let R be the reaction of the floor on the box. +
Newton’s second law of motion gives R positive
IRl —10g=10x2.5
IR =10g+25 10 ke
=98+ 25
= 123N

The reaction of the floor of the lift on the box is 123 N.

An ice hockey puck of mass 150 grams loses speed from 26 m/s to 24 m/s over a distance of
35 m. Find the uniform force which causes this change in velocity. How much further could
the puck travel?
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Solution
The retarding force is uniform. Therefore, @ = k, where £ is a constant.

d
Using acceleration = 0 (3v2)
x

%vz = kx + ¢ (Note: the formula for constant acceleration v> = u? + 2as

could also have been applied)
2

When t =0,v =26 and x = 0 and therefore ¢ = >
When x=35v=24
247 267
— =35%+ —
2 + 2
k= =10
=77
. The uniform force that is acting is F = =% x 0.15= -2 N
Whenv =0,
26°
k. — =0
X + >
-26> -7
x = X —
2 10
=236.6m

i.e. The puck would travel a further 201.6 m before coming to rest.

- =

A body of mass five kilograms at rest on a rough horizontal plane is pushed by a horizontal

force of 20 N for five seconds.
a If w = 0.3, how far does the body travel in this time?
b How much further will it move after the force is removed?

Solution R i
a Resolve vertically: i.e. in the j direction. UR 20N i

(R—52)j=0 1ie. R=5g l
S¢

Resolve horizontally: i.e. in the i direction.

(20 — wR)i = 5a
ie. (20 — 1.5g)i = 5a
a=(4—03g)i=1.06i

Therefore velocity after five seconds = 1.06 x 5 = 5.3 m/s.

The distance the body travels = 1 x a x > (s =ut+ %atz)
=1 x1.06 x 25
= 13.25 metres

(S]]
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b Froma: R =5g R j
(—0.3 x 52)i = 5a UR ;
—03g=a l
—29% =a 5g

Using v? = u? + 2 as

when v =0
0=(532—2x294xs
(5.3)
ST 2% 2.94
~ 4.78 metres

The body will come to rest after 4.78 metres.

Exercise IE:

1

Find the momentum of each of the following:

a mass of 2 kg moving with a velocity of 5 m/s
a mass of 300 g moving with a velocity of 3 cm/s

a
b
¢ amass of 1 tonne moving with a velocity of 30 km/h
d amass of 6 kg moving with a velocity of 10 m/s

e

a mass of 3 tonnes moving with a velocity of 50 km/h

&y

Find the momentum of a particle of mass 10 kg moving with a velocity of (i 4+ j) m/s.

=3

i Find the momentum of a particle of mass 10 kg moving with a velocity of
(5i + 12j) m/s.
ii Find the magnitude of this momentum.

Find the change in momentum when a body of mass 10 kg moving in a straight line

changes its velocity in three seconds from:

a 6m/sto3 m/s b 6m/sto 10 m/s ¢ —6m/sto3 m/s

Find the weight, in newtons, of each of the following:

a5y

a 5 kg bag of potatoes b atractor of mass 3 tonnes
¢ atennis ball of mass 60 g

a A body of mass 8 kg is moving with an acceleration of 4 m/s? in a straight line. Find
the resultant force acting on the body.

b A body of mass 10 kg is moving in a straight line. The resultant force acting on the
body is 5 N. Find the magnitude of the acceleration of the body.

a A force of 10 N acts on a particle of mass m kg and produces an acceleration of
2.5 m/s%. Find the value of m.

b A force of F'N acts on a particle of 2 kg and produces an acceleration of 3.5 m/s. Find
the value of F.
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What size mass would be accelerated upwards at 1.2 m/s? by an vertical force of 96 N?

A parachutist of mass 75 kg, whose parachute only partly opens, accelerates downwards
at 1 m/s>. What upward force must her parachute be providing?

In a lift that is accelerating upwards at 2 m/s? a spring balance shows the apparent weight
of a body to be 2.5 kg wt. What would be the reading if the lift were at rest?

An electron of mass 9 x 1073! kg in a magnetic field has at a given instant, an
acceleration of 6 x 10'° m/s?. Find the resultant force on the electron at that instant.

A force of (2i + 10j) N acts on a body of mass 2 kg. Find the acceleration of the body.

A particle of mass 10 kg is acted on by two forces (87 + 2j) N and (2 — 6) N. Find the
acceleration of the body.

In a lift that is accelerating downwards at 1 m/s?, a spring balance shows the apparent
weight of the body to be 2.5 kg wt. What would be the reading if the lift was:

a atrest? b accelerating upwards at 2 m/s??

A truck of mass 25 tonnes is travelling at 50 km/h when its brakes are applied. What
constant force is required to bring it to rest in 10 seconds?

A box of mass 10 kg lies on the horizontal floor of a lift which is accelerating upwards at
1.5 m/s2. Find the reaction, in newtons, of the lift floor on the box.

A particle of mass 16 kg is acted on by three forces Fy, F,, and F5 in newtons. If
F; = —10i — 15j and F, = 16j and the acceleration of the particle is 0.6i m/s?, find F3.

A particle of mass 5 kg is observed to be travelling in a straight line at a speed of 5 m/s.
Three seconds later the particle’s speed is 8 m/s in the same direction. Find the magnitude
of the constant force which could produce this change in speed.

A particle of mass 4 kg is subjected to forces of 87 4+ 12j newtons and 6i — 4j newtons.
Find the acceleration of the particle.

A reindeer is hauling a heavy sled of mass 300 kg across a rough surface. The reindeer
exerts a horizontal force of 600 N on the sled while the resistance to the sled’s motion is
550 N. If the sled is initially at rest, find the velocity of the sled after three seconds.

A lift operator of mass 85 kg stands in a lift which is accelerating downwards at 2 m/s.
Find the reaction force of the lift floor on the operator.

A body of mass 10 kg on a rough horizontal table (coefficient of friction 0.2) is acted on
by a horizontal force of magnitude 4 kg wt. Find:

a the acceleration of the body
b the velocity of the body after 10 seconds, if it starts from rest.
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22

23

24

25

26

27

28

29

The engine of a train of mass 200 tonnes exerts a force of 8000 kg wt, and the total air and
rail resistance is 20 kg wt/tonne. How long will it take the train on level ground to acquire
a speed of 30 km/h from rest?

One man can push a wardrobe of mass 250 kg with an acceleration of magnitude

0.15 m/s?. With help from another man pushing just as hard (i.e. with the same force),
the wardrobe accelerates at 0.4 m/s*>. How hard is each man pushing and what is the
resistance to sliding?

What force is necessary to accelerate a train of mass 200 tonnes at 0.2 m/s> against a
resistance of 20 000 N? What will be the acceleration if the train free-wheels against the
same resistance?

A body of mass 10 kg is being pulled across a rough, horizontal surface by a force of
magnitude 10 N. If the body is moving with constant velocity find the coefficient of
friction between the body and the surface.

A puck of mass 0.1 kg is sliding in straight line on an ice-rink. The coefficient of friction
between the puck and the ice is 0.025.

a Find the resistive force owing to friction.
b Find the speed of the puck after 20 seconds if its initial speed is 10 m/s.

A block of 4 kg will move at a constant velocity when pushed along a table by a
horizontal force of 24 N. Find the coefficient of friction between the block and the table.

A load of 200 kg is being raised by a cable. Find the tension in the cable when:

a the load is lifted at a steady speed of 2 m/s
b the load is lifted with an upward acceleration of 0.5 m/s?

Find the acceleration of a 5 kg mass for each of the following situations. (The body moves
in a straight line across the surfaces.)

a R b R
Fp
10N 20N
l 5g ng
smooth surface Uup=0.3

13.3 Resolution of forces and inclined planes

- [EmmE

A particle at O is acted on by forces of magnitude 3 N and 5 N respectively. The resultant force

was determined in Example 1. If the particle has mass 1 kg, find the acceleration and state the

direction of the acceleration.
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Solution y
. . A 3N
The equation F = ma is used.
Note: F = 6.33i +3.89f
a = 6.33i+ 3.89j SN
60°
The direction of the acceleration is the same 15° N
O

as the direction of the force, i.e. at 31.57°
anticlockwise from the x axis.

Example 14

A block of mass 10 kg is pulled along a horizontal plane by a force of 10 N inclined at 30° to

the plane. The coefficient of friction between the block and the plane is 0.05. Find the
acceleration of the block.

Solution AR 10N i
Resolving in the j direction: R .
-1 30° l
(R+10cos60° —10g)j =0
R = 10(g — cos 60°) Yiog
=10(g—3)

Resolving in the i direction:
(10c0s30° — wR)i = 10a
c0s30°—0.05(g— 1) =a
a ~ 0.4 m/s
i.e. The acceleration of the block is approximately 0.4 m/s>.
Normal reaction forces for inclined planes

For a weight of 5 kg on a plane inclined to the horizontal, R
the normal reaction is at right angles to the plane.

When dealing with problems involving particles moving J )
on planes inclined to the horizontal, it is often R \/ !
advantageous to choose the direction up the plane to be i

and the direction perpendicular from the plane to be j.

mg
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Example 15

A particle of mass 5 kg lies on a plane inclined
at 30° to the horizontal. There is a force of

15 N, acting up the plane, that resists motion.
Find the acceleration of the particle down the
incline and the reaction force R.

Solution

Resolving in the i direction:

° 49 _ -19
15+5gcos120° = 15— 5 = =

For the i direction:

—19.
Tl—Sa

a=—1.9i

The acceleration is 1.9 m/s> down the plane.
Resolving in the j direction

3
R+5gcos150°=R—5\/7_g=0

3
ie. R :5§g

Example 16

A slope is inclined at an angle 6 to the horizontal where tan 6 = %. A particle is projected from
the foot of the slope up a line of greatest slope with a speed of /' m/s and comes

instantaneously to rest after travelling 6m. If the coefficient of friction between the particle and
1

5 calculate:

the slope is

a the value of V/ b the speed of the particle when it returns to its starting point
Solution j -
a (Note: Friction acts in the opposite R \/ !

direction to motion.)
Resolving in the j direction:

mgcos® = R MR 0 mg
_ 4 _3
As tan 0 = §,cos6 =3
3
2MmE _ g
5

Resolving parallel to the plane (i.e. in the i direction)

—R — mg sin O = ma (Newton’s second law)



YN

4
Astanf = g,sine =

—— X — — —= =ma
2 5 5
. 3¢ 8g
i.e. - - ==
10 10
—1lg
10
—11
i.e. The acceleration is £ m/s2.
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Using the equation of motion v> = V2 4 2as it comes to rest when s = 6, v = 0.

0=717?— 66_g
5
66
ie. V= 208
5

/66
V= Tg (Note: V' is positive, as it is projected up the plane.)

vV =11.37
The initial velocity is 11.37 m/s.

b Note: Friction now acts up the plane.

Resolving in the i direction:

WR —mgsin® = ma
1 3mg 4mg
—X —= — —= =ma
2 5 5
. _ 8
ie. a=-=

Using v* = u? + 2as once again:

v2=_—gx2x—6
2
v = 7.67 m/s

Exercise IE

ey T

1 A particle slides down a smooth slope of 45°. What is its acceleration?

2 A particle, of mass m kilograms, slides down a slope of 45°. If the coefficient of friction

of the surfaces involved is ., find the acceleration.

3 A 60 kg woman skis down a slope that makes an angle of 60° with the horizontal. The

woman has an acceleration of 8 m/s?>. What is the magnitude of the resistive force?

4 Find the acceleration of a 5 kg mass for each of the following situations.
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10

11

12

a R 10N b AR 20N
Fp
30° <
l 5g Ysg
smooth surface Hr=10.3

A block of mass 2 kg lies on a rough horizontal table, with a coefficient of friction of %
Find the magnitude of the force on the block which, when acting at 45° upwards from the
horizontal, produces in the block a horizontal acceleration of % m/s?.

A box of mass 20 kg is pulled along a smooth 30N
horizontal table by a force of 30 newtons 20 kg ’—}/

acting at an angle of 30° to the horizontal.
Find the magnitude of the normal reaction
of the table on the box.

A particle of mass m kg is being accelerated up
a rough inclined plane, with coefficient of friction

W at a m/s? by a force of P newtons acting mkg
parallel to the plane. The plane is inclined at an
angle of 6° to the horizontal. 6°

Find a in terms of P, 6, m, w and g.

A particle is projected up a smooth plane inclined at 30° to the horizontal. i is a unit
vector up the plane. Find the acceleration of the particle.

A particle slides from rest down a rough plane inclined at 60° to the horizontal. Given that
the coefficient of friction between the particle and the plane is 0.8, find the speed of the
particle after it has travelled 5 m.

A body is projected up an incline of 20° with a velocity of 10 m/s. If the coefficient of
friction between the body and the plane is 0.25, find the distance it goes up the plane and
the velocity with which it returns to its starting point.

A particle of mass m kg slides down a smooth inclined plane x metres long, inclined at 6°
to the horizontal, where tan 6 = ‘3—‘.

a With what speed does the particle reach the bottom of the plane?
b At the bottom, it slides over a rough horizontal surface (coefficient of friction 0.3).
How far will it travel along this surface?

A body mass of M kg is pulled along a rough horizontal plane (coefficient of friction ) by
a constant force of ' newtons, at an inclination of 6. Find the acceleration of the body if:

a 0 is upwards from the horizontal b 6 is downwards from the horizontal
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13 A car of mass one tonne coasts down a slope of 1 in 20 (sin 0= %) at constant speed.
The car can ascend the same slope with a maximum acceleration of 1 m/s?. Find:

a the total resistance to the motion (assumed constant)
b the driving force exerted by the engine when the maximum acceleration is reached

14 A particle of mass 0.5 kg is projected up the line of greatest slope of a rough plane inclined
at an angle 0 to the horizontal, where sin 6 = % Given that the speed of projection is
6 m/s, and that the coefficient of friction between the particle and the plane is %, calculate:

a the distance travelled up the plane when the speed has fallen to 4 m/s
b the speed of the particle when it returns to its point of projection

15 A body of mass 5 kg is placed on a smooth horizontal plane and is acted upon by the
following horizontal forces:

B aforce of 8 N in a direction 330°

B aforce of 10 N in a direction 090°

B aforce of P N in a direction of 180°

Given that the magnitude of the acceleration of the body is 2 m/s?, calculate the value of P
correct to two decimal places.

16 A particle of mass 5 kg is being pulled up a slope inclined at 30° to the horizontal. The
pulling force, F' newtons, acts parallel to the slope, as does the resistance with a
magnitude one-fifth of the magnitude of the normal reaction.

a Find the value of F, such that the acceleration is 1.5 m/s? up the slope.

b Also find the magnitude of the acceleration if this pulling force now acts at an angle of
30° to the slope (i.e. at 60° to the horizontal).

Connected particles

Consider a light rope, being pulled from each end. The light S

rope is considered to have zero mass. Pull
Apply Newton’s second law of motion:

T
T+ S =0 x a (as the mass of the rope is negligible) Pull
T=-S

The following are examples of connected particles. Diagrams are given and the forces shown.
Two particles connected by a taut rope R, R
moving on a smooth plane.

Y~
A
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A smooth light pulley (i.e. the weight of the pulley
is considered negligible and the friction between
rope and pulley is negligible).

The tension in both sections of the rope can be
assumed to be equal.

The tension in the string is of equal magnitude in
both sections.

The inclined plane is rough. The body on the
inclined plane is accelerating up the plane.

The body is accelerating down the inclined plane.

Two masses on an inclined smooth plane.
In general, T, # T;.

T
T W,
m

T
T
UR
1 w, W,
0
1
Ry
T
URy4 T
W3
9 s

- [EEm

A car of mass one tonne tows another car of mass 0.75 tonnes, with a light tow rope. If the

towing car exerts a tractive force of magnitude 3000 newtons and the resistance to motion can

be neglected, find the acceleration of the two cars and the tension in the rope.

Solution normal normal reaction
reaction
Note: S+T=0
S T .
ie. S—-T tractive force
Y Y
Apply Newton’s second law to both cars. weight weight

3000 = (750 4+ 1000)a

3000 12

a:—:—:l%m/s2
1750 7

For the second car, applying Newton’s second law:
12
S =750 x - ~ 1285.71

The tension in the rope is 1286 newtons, to the nearest unit.



Chapter 13 — Dynamics 507

Example 18

The diagram right shows three masses of 4 kg,

5 kg and 11 kg, connected by light inextensible strings,

one of which passes over a smooth fixed pulley. The system T

is released from rest. Calculate: 4 kg

a the acceleration of the masses T,
b the tension in the string joining the 4 kg mass to the 11 kg mass T
¢ the tension in the string joining the 4 kg mass to the 5 kg mass S5kg

Solution

a For the 11 kg mass, Newton’s second law yields:

11 kg
llg— T =lla ?

For the 5 kg mass:
T, —5g = 5a

2]

For the 4 kg mass:
T\ — T, —4g = 4a

Add and :

[«]

7g — T, = 15a
Addand:
2g = 20a
a=0.1g

The acceleration of the system is 0.1g m/s?.
b From[1]: 1lg—T3 =1.1g

: Ty =99¢

The tension in the rope between the 11 kg and 4 kg masses is 9.9¢ newtons.
c From: 7g—1, =15x0.1g

: T, =5.5¢g

The tension in the rope between the 4 kg and 5 kg masses is 5.5g newtons.

Q‘:\“s"e@, 1 Two masses 8 kg and 10 kg are suspended by a light inextensible string over a smooth

Q pulley.
Zacue® a Find the tension in the string.
b Find the acceleration of the system.
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2

Two particles of mass 6 kg and 5 kg are pulled

along a smooth horizontal plane. The forces R Ry

are as shown. ‘ ;T i ‘ F
If the magnitude of £ is 10 newtons find: l l

a the acceleration of the system b TandS 5g 6g

A mass of 1.5 kg is connected to a mass of

2 kg by a light inelastic string which passes

over a smooth pulley as shown. Find:

a the tension in the string

b the acceleration of the system

2 kg

The diagram shows a smooth plane inclined at an
angle of 25° to the horizontal. At the top of the plane

there is a smooth pulley over which passes a taut,

light string. On the end of the string is attached a Ske

block of mass 5 kg lying on the plane. The other end Mke
is attached to a block of mass M kg hanging S50

vertically. If the mass of M kg is moving downwards

with an acceleration of 1 m/s?, find:

a M b the tension in the string

The diagram shows a particle of mass 4 kg on a 4kg

smooth horizontal table. The particle is connected

by a light inelastic string which passes over a

smooth pulley to a particle of mass 8 kg which 8 kg

hangs vertically. Find:

a the acceleration of the system b the tension in the string

A mass of 2 kg, resting on a smooth plane inclined
at 30° to the horizontal, is connected to a mass of 2
4 kg by a light inelastic string which passes over a 4ke
smooth pulley as shown in the diagram. Find: o0
30

a the tension in the string
b the acceleration of the system

kg
Two masses of 10 kg and 5 kg are placed on
smooth inclines of 30° and 45°, placed back to
back. The masses are connected by a light string 10g 5g
over a smooth pulley at the top of the plane. ° 45°

a Find the acceleration of the system.

b Find the tension in the string.
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In the situation shown in the diagram, what

mass m kg is required in order to give the 20N g T

|

system an acceleration of 0.8 m/s??

T a=0.8m/s?

weight = mg
A truck of mass 10 tonnes pulls a trailer of mass 5 tonnes with an acceleration of

magnitude 2 m/s>. The truck exerts a tractive force of magnitude 40 000 N. If the trailer
has resistance to motion of 750 N:

a what is the tension in the coupling?
b what is the resistance to motion of the truck?

Two particles of respective mass 3 kg and x kg (x > 3)
are connected by a light inextensible string passing
over a smooth fixed pulley. The system is released
from rest while the hanging portion of the string is taut
and vertical. Given that the tension in the string

is 37.5 N, calculate the value of x.

3kg ?xkg

An engine of mass 40 tonnes is pulling a truck of mass 8000 kg up a plane inclined at 6°
to the horizontal where sin 6 = % If the tractive force exerted by the engine is 60 000 N,
calculate:

a the acceleration of the engine

b the tension in the coupling between the engine and the truck

The diagram shows masses of 8 kg and 12 kg 8 kg 12 kg
lying on a smooth horizontal table and joined, by | ||
a light inextensible string, to a mass of 5 kg

1 | 4

hanging freely. This string passes over a smooth
pulley at the edge of the table.
The system is released from rest. Find:

. . . 5k
a the tension in the string connecting the 8 kg and 12 kg masses £

b the tension in the string connecting the 12 kg and 5 kg masses
¢ the acceleration of the system

A hanging mass of 200 g drags a mass of 500 g along a rough table three metres from rest
in three seconds. What is the coefficient of friction?
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14 Two bodies, 4 and B, of mass 4 kg and
6 kg respectively, are connected by a
light string passing over a smooth

pulley. 4 rests on a rough plane inclined y B
at 30° to the horizontal. When the bodies 6 kg wt
are released from rest, B moves 4 kg wt

downward with an acceleration of 1 m/s.

a Calculate the value of w, the coefficient of friction between 4 and the inclined plane.
b Find the tension in the string connecting 4 and B.

15 A particle of mass 3 kg is rests 3 ke

on rough, horizontal surface. 4.2kg
The particle is attached by a

light inextensible string, passing

over a smooth fixed pulley, to a 9

particle of mass 4.2 kg on a
smooth plane inclined at an angle
of 6° to the horizontal, where sin 6 = 0.6.

When the system is released from rest, each particle moves with an acceleration 2 m/s?.
Calculate:

a the tension in the string
b the coefficient of friction between the horizontal surface and the particle of
mass 3 kg

13.5 Variable forces

In the previous sections of this chapter, constant force has been considered. In this section
variable force is considered. In Chapter 10 the following expressions for acceleration were
established:

dv  d’x dv  d(3»?)
a=——"=—=VyV— =
dt  dr? dx dx
where x, v, and a are, respectively, the displacement, velocity and acceleration at time ¢.

Example 19

A body of mass 5 kg, initially at rest, is acted on by a force of F = (6 — £)*> newtons where

0 <t < 6 (seconds). Find the speed of the body after six seconds and the distance
travelled.
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Solution

Newton’s second law of motion gives:

F =ma
(6 — 1)’ =5a
and a=16-1)
dv
H — =16 —-1)?
ence 7l s ( )
and v = gj(é—z)z dt
6—1)
=%x—1x( 3 ) +c
1 3
=—5(6—1y +c

Whent:Oandv:O,c:%

v=—(6—1y+28

Whent =6,v = %, i.e. the velocity after 6 seconds is % m/s.

Integrating again with respect to ¢ gives:
x=+56-1)+2+d
when ¢ = 0, x = 0 and, therefore, d = —21.6

Hence when 1 = 6, x = 218 x 6 — 21.6 = 64.8

The distance travelled is 64.8 m.

Example 20

A particle of mass 3 units moves in a straight line and, at time ¢, its displacement from a fixed
origin is x and its speed is v.

a If the resultant force is 9 cos ¢, and v = 2 and x = 0 when ¢ = 0, find x in terms of 7.

b If the resultant force is 3 + 6x, and v = 2 when x = 0, find v when x = 2.

Solution
a Using Newton’s second law of motion:
F =ma

gives: 9cost = 3a

a = 3cost
. %
i.e. — = 3cost
dt

v =3sint +c¢
Whent =0,v =2:
vy =3sint +2
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dx
— =3sint +2
1. T sint +
x = —-3cost+2t+d

When ¢ = 0, x = 0 and, therefore, d = 3
Hence x =3 — 3 cost + 2t.
b Using Newton’s second law of motion:

34 6x =3a
1.€. 1+2x =a

de—vz)zl-i-Zx
dx

%v2=x+x2+c

When x = 0, v = 2. Therefore ¢ = 2.
%vz =x+x24+2
Whenx =2,3v? =244 +2

v =244

Exercise IE

1 A body of mass 10 kg initially at rest is acted on by a force of F = (10 — #)* newtons at
time 7 seconds where 0 < 7 < 10. Find the speed of the body after ten seconds and the
distance travelled.

2 A particle, of mass 5 kg, moves in a straight line and, at time # seconds, its displacement
from a fixed origin is x m and its speed is v m/s.
a If the resultant force acting is 10 sin # and v = 4 and x = 0 when ¢ = 0, find x in terms
of t.
b If the resultant force acting is 10 + 5x and v = 4 when x = 0 find v when x = 4.
¢ Ifthe resultant force acting is 10 cos? # and v = 0 and x = 0 when ¢ = 0, find x in terms
of .

3 A body of mass 6 kg, moving initially with a speed of 10 m/s, is acted on by a force

= T+ 57 N. Find the speed reached after 10 seconds and the distance travelled in this
time.

t
4 A particle of unit mass is acted on by a force of magnitude 1 — sin (Z) with 0 <t < 2.

If the particle is initially at rest, find an expression for the distance covered at time 7.
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. . . . m™
A particle of unit mass is acted on by a force of magnitude 1 — cos %t,O <t < 7 If the
particle is initially at rest, find an expression for:

a the velocity at time ¢ b the displacement at time ¢

A particle of mass 4 kg is acted on by a resultant force whose direction is constant and
whose magnitude at time # seconds is (12¢ — 37%) N. If the particle has an initial velocity
of 2 m/s in the direction of the force, find the velocity at the end of four seconds.

A particle of mass 1 kg on a smooth horizontal plane is acted on by a horizontal force

t . . o .
1 N at time ¢ seconds after it starts from rest. Find its velocity after 10 seconds.
t
A body of mass 0.5 kg is acted on by a resultant force e~ 2 N at time ¢ seconds after the
body is at rest.

a It the body starts from rest, find the velocity, v m/s, at time ¢ seconds.
b Sketch the velocity versus time graph.
¢ Ifthe body moves under the given force for 30 seconds, find the distance travelled.

A body of mass 10 units is accelerated from rest by a force /" whose magnitude at time ¢ is
given by:
14-2t 0<t<5

Fy=1 "~ °
100¢ t>5

Find:
a the speed of the body when ¢ = 10 b the distance travelled in this time

A body of mass m kg moving with velocity of # m/s (1 > 0) is acted on by a resultant
force kv N (in its initial direction) where v m/s is its velocity at time ¢ s, (k € R™). Find the
distance travelled after # seconds.

A particle of mass m is projected along a horizontal line from O with speed V. It is acted
on by a resistance kv when the speed is v. Find the velocity after the particle has travelled
a distance x.

A particle of mass m kg at rest on a horizontal plane is acted on by a constant horizontal
force b N. The total resistance to motion is cv N where v m/s is the velocity and c is a
constant value. Find the velocity at time ¢ seconds and the terminal velocity.

A body of mass m is projected vertically upwards with speed u. Air resistance is equal to k&
times the square of the speed where £ is a constant. Find the maximum height reached and
the speed when next at the point of projection.

A particle of mass 0.2 kg moving on the positive x axis has position x metres and velocity
v m/s at time ¢ seconds. At time t = 0, v = 0 and x = 1, the particle moves under the

4
action of a force of magnitude — N in the positive direction of the x axis. Show that
X

v =,/40log, x.



514 Essential Specialist Mathematics

15 A particle P of unit mass moves on the positive x axis. At time ¢, the velocity of the
particle is v and the force F acting on the particle is given by

for0 <t <50
254+ v
F = 5
—V
for ¢ > 50
1000

Initially the particle is at rest at the origin O.

a Show that v = 50 when ¢ = 50.
b Find the distance of P from O when v = 50.
¢ Find the distance of P from O when v = 25 and ¢ > 50.

13.6 Equilibrium

In this section the case of the resultant force, acting on a particle, being zero is considered. i.e.
if F is the resultant force, F = 0. The particle is then said to be in equilibrium. The particle
has zero acceleration. If the particle is at rest it remains at rest and if it is moving it will
continue to move with constant velocity.

Triangle of forces

If three forces Fi, F, and F3 act on a particle such
that the resultant force is zero, the situation can

be represented by the vector diagram shown.

This represents the vector equation F; + F, + F3 = 0.
This can of course be generalised to any number of vectors by using a suitable polygon.

e

Forces of magnitude 2 N, 4 N and 5 N act on a particle in equilibrium.

a Sketch a triangle of forces to represent the three forces.
b Find the angle between the 2 N and 4 N forces, correct to two decimal places.

Solution

4N
Let 6 be the angle between the 2 N and

4 N forces. ZN o 2
Then in the triangle of forces the angle 5((180-6)° 5
between the forces 2 N and 4 N is 180 — 6
.". by the cosine rule we have: 3N
25=4+16—-2x2 x 4cos(180 — 0)
cos(180 — 6) = — =
(180 — 6)° = 108.21° (to two decimal places)

6 =71.79°

4

The angle between the 2 N and the 4 N forces is 71.79° correct to two decimal places.
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4N

Forces of magnitude 3 N, 4 N and P N act on a
particle which is in equilibrium as shown in the

diagram. Find the magnitude of P.

Solution

Complete the triangle of forces as shown.
The cosine rule gives:

P> = 4% 4+3% —2 x4 x 3 cos60°

|P|2=16+9—24x%
=16+9-12
=13

|P| = V13N

Lami’s theorem
Lami’s theorem is a trigonometrically based
identity which simplifies problems involving three
forces acting on a particle in equilibrium when the
angles between the forces are known.

Let PN, O N and R N be forces acting on a
particle in equilibrium making angles as shown
in the diagram.

If the particle is in equilibrium then
P 0 R

sin p°®  sing°®  sinr°

Complete the triangle of forces as shown. A
The sine rule now gives '.'1'80 1q°
P B 0 B R R .- P
sin(180 — p)° _ sin(180 —g)° _ sin(180 — r)° £)(180-p)°
(180
P 0 R g

sinp°  sing°®  sinr°
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B oo | o
‘ PN

Find P and Q in the system of forces in equilibrium 100°
as shown in the diagram.
120°
Solution
Applying Lami’s theorem we have:
o o P 10N
sin100°  sin120°  sin 140°
10 sin 120° .
O = —— = 8.79 (correct to two decimal places)
sin 100°

B 10 sin 140°

- = 6.53 (correct to two decimal places)
sin 100°

Resolution of forces
If F\ = aji+ byj, F» = ayi + by j are F3 = asi + bsj are forces such that F| + F, + F3 =0
then
ai+a+az=0and b; +by +b3=0
i.e. for coplanar forces it is sufficient to show that the sum of the resolved parts for each of two

perpendicular directions is zero.

Example 24 | 10N i
T—»i

Three forces of 10 N act on a particle as shown
in the diagram. Show that the particle is in equilibrium 120° 1200
by resolution in the i and j directions. 0

Solution
The sum of the resolved parts of the 10N 10N

forces in the j direction:

10 +10cos120° 4+ 10cos120°=10—-5—-5=0

The sum of the resolved parts of the forces in the # direction:

3 3
10 c0s90° 4+ 10 cos 30° + 10 cos 150° = 0 + 10 x g + 10 x —% =0

Therefore the particle is in equilibrium.

-

The angles between three forces of magnitude 10 N, P N and QO N acting on a particle are 100°
and 120° respectively. Find P and Q, given that the system is in equilibrium.
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Solution
Choose to resolve in directions along and PN J T—»
perpendicular to the line of action é
of the force P N.

In the j direction, the sum of the resolved

parts in newtons is:

10cos 100° + P + Q cos 120° = 0

In the i direction (this produces an equation
without P) the sum of the resolved parts in newtons is:

10cos 10° 4+ O cos 150° = 0
—10cos 10° .
From 0= “oos150° 11.37 (to two decimal places)
cos 150°

From|1|P =-10 cos 100° — Q cos 120° = 7.42 (to two decimal places)

Exercise Iﬁi

Complete questions 14 using a triangle of forces.
1 For each of the following situations of a particle in equilibrium, sketch the corresponding

triangle of vectors:

[V P

a o b P
R o-120° 115°
80 o
R
P 0 ©

2 Forces of 2 N and 5 N act on a particle, as shown PN
in the diagram. A force of P N acts such that the
particle is in equilibrium. SN
a Sketch a triangle of forces to represent the
forces 2 N, 5 N and P N.
b Find P. 2N
Find the angle that the force P N makes with
the force of 5 N.
3 Forces of 7N, 5 N and P N act on a particle in 5N
equilibrium, as shown in the diagram. PN
a Sketch a triangle of forces to represent the
forces 7N, 5 N and P N.
b Find P.
Find the angle between the forces of 5 N and 7 N. 7N
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4 Forces of 10 N, P N and Q N act on a particle in PN ON
equilibrium, as shown in the diagram. 40°,

a Sketch a triangle of forces to represent the
forces 10 N, P N and O N.
b IfP=Q,find P.

10N
Complete questions 5—7 using Lami’s theorem.

5 Find P and Q in each of the following systems of forces in equilibrium.

a PN b PN
ON 130°
80°
ON 540
115°
5N
5N

6 Two forces of 10 N and a third force of P N act on a body in equilibrium. The angle
between the lines of action of the 10 N forces is 50°. Find P.

7 A particle of mass 5 kg hangs from a fixed point O by a light inextensible string. It is
pulled aside by a force P N that makes an angle of 100° with the downward vertical and
rests in equilibrium with the string inclined at 60° to the vertical. Find P.

Complete questions 8—11 using resolution of forces.

8 The angles between the forces of magnitude 10 N, 5 N and 5V3N acting on a particle are
120° and 90° respectively. Show that the particle is in equilibrium.

9 Two equal forces of 10 N act on a particle. The angle between the two forces is 50°.

a State the direction of the resultant of the two forces with respect to the forces.
Find the magnitude of the resultant of the two forces.

¢ Find the magnitude and direction of the single force which, when applied, will hold the
particle in equilibrium.

10 The angles between three forces, P N, Q N and 23 N, acting on a particle in equilibrium
are respectively 80° and 145°. Find P and Q.

11 The angles between four forces, 10 N, 15 N, P N and Q N acting on a particle in
equilibrium, are respectively 90°, 120° and 90°. Find P and Q.

12 Forces of 8 N, 16 N and 10 N act on a particle in equilibrium.

a Sketch a triangle of forces to represent the three forces.
b Find the angle between the 8 N and 16 N forces.
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Friction and equilibrium R)
In section 13.2, sliding friction was considered. The
friction force is the reaction force encountered
when forces are applied that can result in making
one body move relative to another body with which
it is in contact.
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The angles between the three forces 3 N, 5 N and P N acting on a body in equilibrium are
respectively 100° and 6°.

a Sketch a triangle of forces to represent the three forces.
b Find P by using the cosine rule. ¢ Hence find 6.

A particle of mass 2 kg hangs from a fixed point, O, by a light inextensible string of
length 2.5 m. It is pulled aside a horizontal distance of 2 m by a force P N inclined at an
angle of 75° with the downward vertical, and rests in equilibrium. Find P and the tension
of the string.

A particle of mass 5 kg is suspended by two strings of lengths 5 cm and 12 cm
respectively, attached at two points at the same horizontal level and 13 cm apart. Find the
tension in the shorter string.

The angle between two forces, 10 N and P N, acting on a particle is 50°. A third force of
magnitude 12 N holds the particle in equilibrium.

a Find the angle between the third force and the 10 N force. (Hint: find the resolution of
the forces in a direction perpendicular to the P N force.)
b Hence find P.

When a body rests on a rough horizontal surface, the Y mg
normal reaction force opposes the weight but there is RA
no friction.

to the particle lying on a rough plane surface, a friction

When a small horizontal variable force of P N is applied

P >
force of F'N acts along the common surface in order
to keep the body in equilibrium, i.e. F = P.

As P increases in magnitude, F increases similarly in the opposite ymg

direction, up to a certain value after which the body begins to slide. The critical value is called

the limiting friction force (or sliding friction force).

It can be shown experimentally that the limiting friction force Fi,x between two surfaces

varies directly as the normal reaction force, R.

Finax = BR

where  is the coefficient of friction between the two given surfaces.

For particles in equilibrium, the friction force obeys the inequality

0<F <pR
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Example 26

A particle of mass 1 kg rests on a rough horizontal table. The coefficient of friction between

the particle and the table is 0.3.

a Find the friction force acting on the particle when a horizontal force of 2 N is applied to the

particle.

b The horizontal force is now increased to 5 N. Find the friction force now acting on the

particle.

¢ Another particle of mass 1 kg is placed on top of the particle and the horizontal force of

5 N is applied. Find the friction force acting on the particle.

Solution

a Let R N be the normal reaction force
and F' N be the friction force.

Resolving perpendicular to the plane

>2 N

gives
g — R =0 which impliesR =g
Hence the maximum friction
force Fax = 0.3g.
This is larger than the force applied. Therefore
the particle is in equilibrium and

the friction force = 2 N (only large enough to annul the force being applied).

b Fnax = 0.3g, as in part a.

Finax 18 less than the magnitude of the applied force. There will be a resultant force

when the forces are resolved horizontally. Hence the body will start to slide and

the friction force = 0.3g N.
¢ In this case R = 2g therefore Fy,x = 0.6g.

This is larger than the 5 N force being applied. Therefore the particle is in

equilibrium and the friction force = 5 N.

- [EmE

A particle of mass 10 kg rests on a rough horizontal table. The coefficient of friction between

the particle and the table is 0.4. Find the greatest horizontal force that can be applied without

causing the particle to move.

Solution
Weight = 10g N
Let P N be the horizontally applied force

R

while the particle is in equilibrium. Resolving
forces in two directions:

j direction: R —10g =0
R =10g

y10g
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i direction: P—-—F=0
using the relation F < R
P=F<04R

Hence the greatest force is 4g N (or 4 kg wt).

Example 28

A particle of mass 1 kg rests on a rough horizontal table. It is attached to a string and a force,
P, is applied along the string which makes an angle of 45° with the plane. Find the largest
value of P that can be applied before the particle moves. The coefficient of friction between the

particle and the table is 0.2. (Assume the particle stays on the surface.)

Solution
If the particle is in limiting equilibrium, RA
then the friction force F' = Fiax P

Resolving in the j direction

J
R+ Pcos45"—g=0 45° i

Resolving in the i direction

—Fpax + Pcos 45° =0

A

However Fi,x = pnR = 0.2R g
From : R+ PTﬁ =g
From : —0.2R + %ﬁ =0

Solving simultaneously:

— |4 |implies 1.2R=g

R=2
12

Substituting back in :

V2P
=

=]

2R

"

P =

2g
newtons.

The largest value of P is
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Example 29 R

A particle of mass 4 kg rests on a rough plane

inclined at an angle of 15° to the horizontal. Find the F
minimum value for w, the coefficient of friction
that will prevent the particle from sliding 15°

down the plane.

15°
Solution

Method 1 4g
As the body is in equilibrium, the forces are resolved in two directions, along the line
of possible motion and perpendicular to it. (Note: These directions are chosen because
two of the forces already act in these directions.)

Resolving down the plane:

4gcos75°—F =0
Resolving perpendicular to the plane:

R —4gcosl15° =0

L R =4gcos15°
and: F =4gcos75°
As: F <pR
hzt
~ R

.. the minimum value for w is:
F 4gcos75°  sinl5°

— = = = tan 15°
R 4gcosl15° cosl5°
Method 2
Apply Lami’s theorem to obtain:
R F  4g
sin105°  sin165°  sin90°
Using the first pair:
R F

sin75°  sin15°
and with a similar reasoning as in the first method the minimum value for . is given by

F _ sin 15°

= — = tan 15°
R sin 75¢
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Exercise JiS[€
1 An object of mass 10 kg rests on rough horizontal ground. The coefficient of friction
between the object and the ground is 0.3. A horizontal force P N is applied to the object.
Find the friction force if:

a P=10 b P=30 ¢ P=40

2 A particle of mass 1.2 kg rests on a rough horizontal table. The coefficient of friction
between the particle and the table is 0.2. A force P N is applied to the particle along a
string attached to it. The string is inclined at an angle of 40° to the table. Find the friction
force, correct to two decimal places, if:

a P=2 b P=3

3 A particle of mass 100 kg rests on rough horizontal ground. If the coefficient of friction is
0.3, find the greatest force that can be applied without moving the particle if:

a a horizontal force is applied
b apulling force inclined at 60° to the horizontal is applied
¢ apushing force inclined at 60° to the horizontal is applied

4 A particle of weight 5 N rests in equilibrium on a rough plane inclined at 30° to the
horizontal. Find the frictional force exerted by the plane on the particle.

5 A particle of weight 1 kg wt is placed on a rough plane inclined at an angle of 20° to the
horizonntal. Find the values of ., the coefficient of friction, for which the particle will slide
down the plane.

6 A rough plane (. = 0.4) is inclined at angle 6 to the horizontal. A particle of weight
w kg wt is placed on the plane and is on the point of sliding down the plane. Find 6.

7 A particle weighing 3 kg wt rests in limiting equilibrium on a rough plane inclined at an
angle of 25° to the horizontal. Find:

a the coefficient of friction between the particle and the plane
b the least force which when applied up the plane will cause the particle to move

8 A mass of 24 kg is on the point of motion down a rough inclined plane when supported by
a force of 100 N parallel to the plane. If the magnitude of the force is increased to 120 N,
the mass is on the point of moving up the plane. Find:

a the friction force b the inclination of the plane to the horizontal
¢ the coefficient of friction

Vector functions

The equation derived from Newton’s second law, i.e. F = ma, is a vector equation. In this
section, vector function notation is used in dynamics problems. The emphasis is on motion in a
straight line.
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Example 30

Forces F) = 2i + 3j and F, = 3i — 4j act on a particle, of mass 2 kg, at rest. Find:
a the acceleration of the particle

b the position of the particle at time ¢ given that initially it is at the point 3i + 2j
¢ the cartesian equation of the path of the particle

Solution
a The resultant force acting on the particle
F=F +F,
=2i+3j4+3i—-4
=5i—j
By Newton’s second law
F =ma
re. Si—j=2a
L a=diny
b Let v be the velocity at time ¢

v 5. .
o2

which implies
TR T
v=j3ti— 5l +¢
andasv=0whensr=0andc =0
- PR P
v=231i— 14
i.e. the velocity at time tis v = %ti - %tj
Let r be the position at time ¢

d
Then j: = %ti— %tj
5.2: 1.2
and r=3ti— ;t°j+d
Whent=0,r=3i+ 2j
d=3i+2j
and r=0B422)i+(2-17)j

¢ Forr(t) = x(t)i+ y(t)j
x(t)=3+ 3 and y(1) =211

1
4
f=%x-3)andy=2—1(3(x—3))

1
=2—3z(x-3)
—2—1x+3
= 5 s
13 _ 1
=35 75

Motion is in a straight line, and the straight line has equation y = % — %x.
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Example 31

At time ¢ the position of a particle of mass 3 kg is given by r(f) = 3£i + 6(£* + 1)j. Find:
a the initial position of the particle

b the cartesian equation describing the path of the particle

¢ the resultant force acting on the particle at time # = 1

Solution
a whent=0,r0)=0i+ 6
b For r(t) = x(1)i + y(t)j
x=3andy=62+6
Therefore > = g andy =2x+6
The cartesian equation of the path of the particle is y = 2x + 6.
¢ rt)=3Li+6(8 + 1)
implies 7(t) = 9¢%i + 18¢%j
and #(¢) = 181 4 361j
when ¢t = 1, #(1) = 18i + 36j
From Newton’s second law of motion, F = m# and the resultant force F at time
t=11s 54i 4+ 108;.

Forces F; = 2i N and F, = —3j N act on a particle of mass 1 kg which is initially at rest.
Find:

the acceleration of the particle

the magnitude of the acceleration

the velocity of the particle at time ¢ seconds

the speed of the particle after one second of motion

o & 6 T O

the direction of motion (measured anticlockwise from the direction of 7)

A force of 4i + 6f acts on a particle of mass 2 kg. If the particle is initially at rest at the
point with position vector 0i + 0j find:

a the acceleration of the particle

b the velocity of the particle at time ¢

¢ the position of the particle at time ¢

d the cartesian equation of the path of the particle

At time ¢ the position of a particle of mass 2 kg is given by r(t) = 5%i + 2(£* + 4)j. Find:
a the initial position of the particle

b the cartesian equation describing the path of the particle

¢ the resultant force acting on the particle at time ¢
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At time ¢ the position of a particle of mass 5 kg is given by r(f) = 5(5 — )i + 5(£* + 2)j.
Find:

a the initial position of the particle

b the cartesian equation describing the path of the particle

¢ the resultant force acting on the particle at time ¢

Forces 2i + j and i — 2j act on a particle of mass 2 kg. The forces are measured in newtons.

Find:

a the acceleration of the particle

b the velocity of the particle at time # if it was originally at the point with position vector
2i — 2j and at rest

¢ the position of the particle at time ¢

A body of mass 10 kg changes velocity uniformly from (3 + j) m/s to (27i + 9j) m/s in
three seconds.

a Find a vector expression for the acceleration of the body.
b i Find a vector expression for the constant resultant force acting on the body.

ii Find the magnitude of the force.

The position of a particle of mass 2 kg at time 7 is given by r(f) = 2¢%i + (£ + 6)j.

a Find the cartesian equation of the path of the particle.
b Find the velocity of the particle at time ¢.

¢ At what time is the speed of the particle 16+/5 m/s?

d Find the resultant force acting on the particle at time ¢.

A particle of mass 10 kg moving with velocity 37 + 5j metres per second is acted on by a
force of %0(151' + 25j) newtons. Find:

a the acceleration of the particle

b the velocity at time ¢
the position of the particle when ¢ = 6 if initially it is at the point with position vector
0i + 0j

d the cartesian equation of the path of the particle

A particle is moving along a path which can be described by the cartesian equation

y = 3x. If the speed of the particle in the positive x direction is 5 m/s, what is the speed
of the particle in the positive y direction? Find the speed of the particle.
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Chapter summary

The units of force used are the kilogram weight and the newton.
1 kg wt = g N, where g is the acceleration due to gravity.
The vector sum of the forces acting at a point is called the resultant force.
The momentum of a particle is the product of its mass and velocity, i.e.
momentum = mass x velocity.
The units of momentum are kg m/s or kg m s~
A force acting on a body has an influence in directions other than its line of action, except
in the direction perpendicular to its line of action.
The resolved part of a force, P N, in a direction that makes an angle 6 with its own line of
action, is a force of magnitude P cos 6.
If a force is resolved in two perpendicular directions, the vector sum of the resolved parts is
equal to the force itself.
Newton’s second law of motion
F = ma, where the unit of force is the newton, mass is measured in kilograms and the unit
of acceleration is m/s.
The frictional force F of a particle moving on a surface is given by:
Fr=pR
where R is the normal reaction force and . is the coefficient of friction.
A particle is in equilibrium if the resultant force acting on the particle is of zero magnitude.
If F is the frictional force acting on a particle:
Fr < pR
where R is the normal reaction force and . is the coefficient of friction.
If the particle is just on the point of moving Fz = R (limiting friction).
The triangle of forces P 0
If the forces P, QO and R are the only forces acting
on a particle, and the particle is in equilibrium, then
these forces can be represented in magnitude and
direction by a triangle of forces.

R
P
R
Y
0
Lami’s theorem P
If the particle is in equilibrium: A
P 0 R
sin p° S g° smr° e | r
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Multiple-choice questions

1 The velocity of a body of mass 3 kg has a horizontal component of magnitude 6 m/s, and a
vertical component of magnitude 8 m/s. The momentum of the body has a magnitude,
in kg m/s, of:
A 6 B 18 C 24 D 30 E 42

2 A block of mass 10 kg rests on the floor of a lift which is accelerating upward at 4 m/s*. The

magnitude of the reaction force of the floor of the lift on the block (acceleration due to
gravity, g = 9.8 m/s?) is:

A 104N B 9N C 60N D 30N E 138N

3 Two perpendicular forces have magnitudes 8 N and 6 N. The magnitude of the resultant
force is:
A 14N B 10N C 27N D 2N E 100N

4 A 5 kgmass and a 3 kg mass are connected by a
string passing over a smooth pulley as shown.
The magnitude of the acceleration of the
system is: 3kg
A 025mis B S € Smi

= m/s
5 5 Skg
D 0.5m/s E 8 gm/s

5 A body of mass m kg is being pulled along a smooth horizontal table by means of a string
inclined at 6° to the vertical. The diagram below indicates the forces acting on the body.
Which one of the following statements is true?

N—-—mg=0 A

N+ Tsin@ —mg=0

N — T'sin® —mg =0 %

N+ Tcos® —mg=20 O

E N—Tcosb—mg=0

T

T aOxw >

Y mg
6 A boy slides down a smooth slide with an inclination to the horizontal of 6° where
sin 6 = ‘5—‘. The boy’s acceleration down the slide in m/s?, where g m/s? is the acceleration
due to gravity, is:

A 38 B 4g C 40g D 200¢ E 30g
5 5 3
7 Two forces of magnitude 10 N act on a particle at O as shown. The magnitude of the
resultant force in newtons is: 10N
A 20 B 1043 co
D 10 E 5
60°

o 10N
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8 The diagram below shows the set of forces acting on a body as it moves with constant
velocity across a rough horizontal surface. W newtons is the weight force, N newtons is the
normal reaction of the surface on the body and F newtons is the frictional force. 7 newtons
is the tension in a string attached to the body and inclined at an angle 6 to the horizontal.
The coefficient of friction between the body and the surface is given by:

T sin T cos
A — B —
W —Tcos6 W —Tsin6
C T cos® D T cos 6
w W + Tsinf
W — T sin6
T cos6 v
w
9 The external resultant force on a body is zero. Which one of the following statements cannot
be true?
A The body has constant momentum. B The body is moving in a circle.

C The body is moving in a straight line. D The body is moving with constant velocity.
E The body is not moving.

10 A particle of mass 9 kg, pulled along a rough horizontal surface by a horizontal force of
54 newtons, is moving with an acceleration of 2 m/s?. The coefficient of sliding friction
between the body and the surface is closest to:

A 0.08 B 0.33 C 041 D 0.82 E 245

Short-answer questions (technology-free)

1 A man of mass 75 kg is in a lift of mass 500 kg that is accelerating upwards at 2 m/s*. Find:

a the force exerted by the floor on the man
b the total tension in the cables raising the lift.

2 Masses of 3 kg and 5 kg are at the ends of a light string that passes over a smooth fixed peg.
Calculate:
a the acceleration of the bodies b the tension in the string.

3 Prove that the acceleration of a skier down a slope of angle 6 has magnitude
g(sin 6 — p cos 0) where  is the coefficient of friction.

4 A block of mass 10 kg is pulled along a horizontal surface by a horizontal force of 100 N.
The coefficient of friction between the block and the surface is 0.4.
a Find the acceleration of the block.
b If a second block, also of mass 10 kg, is placed on top of the first one, what will be the
new acceleration?
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13

14

A particle of mass 5 kg, starting from rest, moves in a straight line under the action of a

newtons. Find:

force which after ¢ seconds is
(t+ 1y
a the acceleration at time ¢ b the velocity at time ¢

¢ the displacement from its starting point at time ¢.

A car of mass 1 tonne, travelling at 60 km/h on a level road, has its speed reduced to
24 km/h in 5 seconds when the brakes are applied. Find the total retarding force (assumed
constant).

A body of mass m rests on a plane of inclination 6 in limiting equilibrium. Find the
coefficient of friction. If the inclination is increased to ¢, find the acceleration down the
plane.

A car of mass 1000 kg coasts down a slope of 1 in 20, i.e. sin § = %, at constant speed. The
car can ascend the same slope with a maximum acceleration of 1 m/s?. Find:
a the total resistance (assumed constant)

b the driving force exerted by the engine when the maximum acceleration is reached.

A parcel rests on a stationary conveyor belt that slopes at an inclination of 30° to the
horizontal. The belt begins to move upwards with an increasing acceleration, and when this
reaches % m/s?, the parcel begins to slip.

a Calculate the coefficient of friction between the parcel and the belt.
b If, before the parcel begins to slip, the belt is suddenly stopped when its speed reaches
7 m/s, how far will the parcel slide along the belt?

A rope will break when its tension exceeds 400 kg wt.

a Calculate the greatest acceleration with which a particle of mass 320 kg can be hauled
upwards.

b Show how the rope might be used to lower a particle of mass 480 kg without breaking.

A particle of mass 3 kg, moves in a straight line and, at time ¢, its displacement from a fixed
origin is x and its speed is v. If the resultant force is 3 + 6x, and v =2 when x = 0, find v
when x = 2.

A particle of mass 3 kg, moving in a straight line, has initial velocity v = i 4 2j. It is acted
on by a force F = 3i 4 6j newtons.

a Find the acceleration at time .

b i Find the velocity at time ¢. ii Find the speed at time 7.

¢ Find the position of the particle at time ¢ if, initially, the particle is at the origin.

d Find the equation of the straight line in which the particle is moving.

A train that is moving with uniform acceleration is observed to take 20 s and 30 s to travel
successive half kilometres. How much farther will it travel before coming to rest if the
acceleration remains constant?

What force, in newtons, will give a stationary mass of 9000 kg a horizontal velocity of
15 m/s in 1 minute?
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15

16

17

18

19

20

21

22

23

A train travelling uniformly on the level at the rate of 20 m/s begins an ascent with an angle
of elevation of 6° such that sin 6° = %. The force exerted by the engine is constant
throughout, and the resistant force due to friction, etc. is also constant. How far up the
incline will the train travel before coming to rest?

A body of mass m kg is placed in a lift that is moving with an upward acceleration of fm/s.
Find the reaction force of the lift on the body.

A 0.05 kg bullet travelling at 200 m/s will penetrate 10 cm into a fixed block of wood. Find
the velocity with which it would emerge if fired through a fixed board 5 cm thick, the
resistance being supposed uniform and to have the same value in both cases.

In a lift accelerated upwards at @ m/s?, a spring balance indicates a particle to have a weight
of 10 kg wt. When the lift is accelerated downwards at the rate of 2a m/s?, the mass of the
particle appears to be 7 kg wt. Find:

a the weight of the particle b the upward acceleration.

Two particles 4 and B, of masses m kg and m; kg respectively (m; > m;), are connected by
a light inextensible string passing over a small smooth fixed pulley. Find:
a the resulting motion of 4 b the tension force in the string.

A particle, 4, of mass m; kg is placed on a smooth horizontal table, and connected by a light
inextensible string, passing over a small smooth pulley at the edge of the table, to a particle
of mass m; kg hanging freely. Find:

a the resulting motion of 4 b the tension force in the string.

A particle, A, of mass m; kg is placed on the surface of a smooth plane inclined at an angle «
to the horizontal. It is connected by a light in extensible string, passing over a small smooth
pulley at the top of the plane, to a particle of mass m kg hanging freely (m; > m;). Find:

a the resultant motion of 4 b the tension in the string.

A particle of mass m kg slides down a rough inclined plane of inclination «. . is the
coefficient of friction. Find the acceleration of the particle.

A particle, 4, of mass 10 kg, resting on

a smooth horizontal table, is connected by a Iﬁ<—2 m >

light string passing over a smooth pulley situated + Llj__l

at the edge of the table, to a particle, B, of mass 10g N ? B 6g N
6 kg hanging freely. 4 is 2 m from the edge

and B is 1 m from the ground. Find: ! +m

a the acceleration of particle B
the tension force in the string
the resultant force exerted on the pulley by the string
the time taken for B to reach the ground

o 2 6 T

the time taken for A to reach the edge.
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24 A particle, 4, of mass 10 kg is placed on the surface of a smooth plane inclined at an angle
a to the horizontal. It is connected by a light inextensible string passing over a small
smooth pulley at the top of the plane to a particle, B, of mass 3 kg hanging freely. Given
that o = 60°, find:

a the acceleration of 4 b the tension force in the string.

25 A particle, 4, of mass 5 kg rests on a rough horizontal table and is connected by a light
string over a smooth pulley to a particle, B, of mass 3 kg hanging freely 1 m from the
ground. The coefficient of friction between particle 4 and the table is 0.2. Find:

a the acceleration of particle B b the velocity of 4 as B reaches the ground
¢ the further distance travelled by 4 before it comes to rest (assume that 4 is placed far
enough from the edge initially).

26 Show that the magnitude of the resultant of two forces each equal to P N, and inclined at
any angle of 120°, is also equal to P N.

27 A particle of mass 10 kg rests in limiting equilibrium on a rough plane inclined at an angle
of 30° with the horizontal. The plane is raised until its slope is 60°. Find the magnitude of
the force parallel to the plane required to support the body.

28 A particle of mass 5 kg hangs from a fixed point O by a light inextensible string. It is pulled
aside by a horizontal force P N and rests in equilibrium with the string inclined at 60° to
the vertical. Find P.

29 A particle of mass 2 kg hangs from a fixed point O by a light inextensible string of length
2.5 m. It is pulled aside a horizontal distance of 2 m by a horizontal force P N and rests in
equilibrium. Find P and the tension of the string.

30 A particle of mass 5 kg is suspended by two strings of lengths 5 cm and 12 cm respectively,
attached at two points at the same horizontal level and 13 cm apart. Find the tension in each
of the strings.

Extended-response questions

1 A buoy of mass 4 kg is held five metres below the surface of the water by a vertical cable.
There is an upward buoyancy force of 42 N acting on the buoy.
a Find the tension in the cable.
b Suddenly the cable breaks. Find the acceleration of the buoy while it is still in the water.
¢ The buoy maintains this constant acceleration while it is still in the water. Find:
i the time taken for it to reach the surface
ii the velocity of the buoy at this time.
d Ignoring air resistance, find the height above water level that the buoy will reach.
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2 Masses of 2.8 kg, 2.2 kg and 3 kg are connected by light
inextensible strings, one of which passes over a smooth
fixed pulley as shown in the diagram.

a If the system is released from rest calculate:
i the acceleration of the masses 2.8kg
ii the tension in the string joining the 2.2 kg and 3 kg masses. @22 ke

b If after 1% seconds the string joining the 2.2 kg and

3 kg masses breaks, calculate the further distance the
2.2 kg mass falls before coming instantaneously to rest. @3k
3 An engine of mass 60 000 kg is pulling a truck of

mass 12 000 kg at constant speed up a slope inclined

L
200"

Respective resistances are 50 N per 1000 kg for the
engine and 30 N per 1000 kg for the truck.
a Calculate:

at o to the horizontal where sin o =

i the tractive force exerted by the engine
ii the tension in the coupling between the

engine and the truck.

b If the engine and the truck were accelerating at 0.1 m/s? up the slope find:
i the tractive force exerted by the engine
ii the tension in the coupling between the engine and the truck.
4 A mass of 400 g, hanging vertically, drags a mass 0.2 kg
of 200 g across a horizontal table. The coefficient

of friction is 0.4
a Find:
i the acceleration of the system
ii the tension in the string connecting the two masses. 0.4 kg

b If the falling weight strikes the floor after moving 150 cm, how far will the mass on the
table move afterwards? (Assume that there is enough table surface for the mass to
continue on the table until it stops.)

5 The total resistance on a train with the brakes applied is (a + bv?) per unit mass where v is
its velocity.

2
dx v

brakes were first applied.

, Where x is the distance travelled from when the

ii If u is the velocity of the train when the brakes were first applied show that the train

1 bu?
comes to rest when x = —log, [ 1 + — ).
a

2b
1 b
b i Show that the train stops when t = —— tan™! Q
Vab Va

ii Find the time it takes for the train to stop for » = 0.005, a = 2 and u = 25.
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A particle of mass m kg falls vertically from rest in a medium in which the resistance
is 0.02 mv* when the velocity is v m/s.

a Find the distance, x m, which the particle has fallen in terms of v.

b Find v in terms of x. ¢ Sketch the graph of v against x.

The diagram shows a crate of mass M kg on a rough inclined
slope and a block of mass 200 kg hanging vertically 50 m
above the ground. The crate and the block are

joined by a light inelastic rope which passes 200kg
over a smooth pulley at 4.

a If M =200, and C is on the point of moving up the Mkg|50m

plane find the coefficient of friction w between C and
the slope. 60° l
b Find the values of M for which the crate will remain stationary.
Let M =150
i Find the acceleration of the system. ii Find the tension in the rope.
iii If after two seconds of motion the string breaks, find the speed of the 200 kg weight
when it hits the ground.

The velocity v m/s of a vehicle, moving in a straight line, is 125(1 — e=*!") m/s at time 1.

The mass of the vehicle is 250 kg.

a Find the acceleration of the vehicle at time 7.

b The resultant force acting on the vehicle is (P — 20v) N where P is the driving force and
20v the resistance force.

i Find P in terms of 7. ii Find P in terms of v.
iii Find P when v = 20. iv  Find P when ¢ = 30.
¢ Sketch the graph of P against 7.
A particle of mass M kg is being pulled up a rough inclined T

plane at constant speed by a force of 7N as shown. The
coefficient of friction is 0.1. 0

a Find the normal reaction force R in terms of M,
T, 0 and a. Mg
b Find T in terms of 6, o and M. o

4
¢ Ifsina= gansz 10

i find 7 in terms of 0 ii find the value of 6 which minimises T’
iii state this minimum value of 7.
d If the body is now accelerating up the plane at 2 m/s?, find the value of © which
minimises 7.
Note: (sina = 3 and M = 10)
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A particle of mass 50 kg slides down a rough plane
inclined at 8° to the horizontal. The coefficient of
friction between the particle and the plane is 0.1. The

5
length of the plane is 10 m and sin 6 = IER

a Find the values of: 9°

i N, the normal reaction force
ii £, the friction force.
b Find the acceleration of the particle down the plane.
¢ If the particle starts at the top of the plane and slides down, find:
i the speed of the particle at the bottom of the plane
ii the time it takes to reach the bottom of the plane.
d If an extra pushing force P N acts on the particle P
and P = 300 — 2507 and acts parallel to the line of
greatest slope of the plane, find:
i the acceleration of the particle at time ¢ 50g
ii the time it takes to reach the bottom of the 0°
slope from the top of the slope (z is

measured from when motion starts).
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141 Multiple-choice questions
1 The velocity, ¥, of a body is given by V' = (x — 2)?, where x is the position of the body at
time 7. The acceleration of the body at time ¢ is given by:

Y
A 2—2) p & tz)

D x> —4x+4 E x—4

C 2(x—2)

2 A particle of weight 20 kg wt is supported by
two wires attached to a horizontal beam. The
tensions in the wires are 7 kg wt and 75 kg wt.

Which one of the following statements is not true?

h _ D B T, =20 sin 30° C T, =20 cos 30°
sin 60° sin 30°

D Tjcos 60° =T, cos 30° E T cos 60° 4+ T, cos 30° =20

3 The diagram shows three masses, in equilibrium,
connected by strings over smooth fixed pulleys.

24 kg

536
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Which one of the following force diagrams is an accurate representation of the forces
A 7 B 7 c 7

25 25 25

24 24 24

D 7 E

24 24y v

7

The system shown rests in equilibrium, with the string passing
over a smooth pulley. The other parts of the string are vertical. ‘

When the string connecting P and Q is cut, the acceleration of

o

acting on the 25 kg mass?

@
=
2
O
»

R is of magnitude:

g 15¢
A = B c —=

4 g 4 5kg ke
D 4g E none of these

[O2kg

A particle, P, of unit mass moves under a resisting force —kv, where £ is a positive
constant and v is the velocity of P. No other forces act on P, which has a velocity V at
time ¢ = 0. At time ¢, the velocity of the particle is:

14 Vv
A I/ekt B <;) ekt C I/e_kt D (?) e_kt E V(l — kt)
A particle of mass m lies on a horizontal platform that is being accelerated upwards with

an acceleration f. The force exerted by the platform on the particle is:
mf

A m(f—g) B m(g+f) C mg—=1) D o E mf
A particle of mass 10 kg is subject to forces of 3i newtons and 4j newtons. The

acceleration of the particle is described by the vector:

1 1
A 5i B 03i+ 0.4 C 5(—i+—'>
/ ﬁj

V2
D 55 E 3i+ 4

A particle moves in the x—y plane so that its position vector r at time ¢ seconds is given by
r = 212 + £’j metres. When ¢ = 1, the speed in m/s of the particle is:

Al B V5 C s D 7 E 25
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A body falls, under gravity, against a resistance of k> per unit mass, where v is the speed
and k is a constant. After time ¢ the body has fallen a distance s. Which of the following
equations describes the motion?

dv dv d?

A - = _k2 B —_— = 2 S_ 2
v =g~k v g+kv C dtz_g+kv
dv dv

D v— = —(g+ kv’ E —=— 2
vds (g + kv?) T g+ kv

A particle moves in the x—y plane so that its position vector r at time ¢ seconds is given by
r = sin 2fi + e~ j metres. When ¢ = 0, the speed in m/s of the particle is:

A1l B 3 C V3 D V5 E 5

A block of weight w slides down a fixed slope of angle 6 where tan 6 = %. The coefficient

of friction is % The horizontal component of the resultant force acting on the block is:
w 2w 6w 4w

A0 B 7 C s 25 E 35

A particle starts at rest at a point O, and moves in a straight line so that after 7 seconds its
velocity v is given by v = 4 sin 2¢. At this time the displacement, s, from O is given by:
A s=28cos 2t B s=2cos2t¢ C s=—2cos2t

D s=8cos2t—8 E s=2—2cos2t

A boy of mass 60 kg slides down a frictionless slope that is inclined at 6° to the
horizontal, where sin 6 = ‘g‘. The boy’s acceleration down the slide, in m/s?, is:

3 4
A g B g C 36g D 48g E g

The position of a particle at time # = 0 is given by r(0) = 2i + 5j + 2k. The position of the
particle at time ¢ = 2 is n(2) = 4i — j + 4k. The average velocity for the interval [0, 2] is:

A 1(6i+4j+ 6k) B i—3+k C 24i+k
D i—2j+3k E Ji—3j+3k
The diagram shows a particle of weight /' on an N P

inclined plane. The normal force exerted by the
plane is N, and the friction force is F. The force P
just prevents the particle from sliding down the plane.

w
Which one of the following is true? 5
A P=Wsinb —F B P=F+Wsin6
C P=F D N=Wsin6 E W=Ncos9

The acceleration of a particle at time 7 is given by the vector equation X (f) = 2i + 4. If the

velocity of the particle at time ¢ = 0 is described by the vector 2i, the velocity at time ¢ is:
t? t?
A x(f) =26+ 31' B x(t)=2t+2)i+ <5>j C x(t)=2i+ 2i+ tj)t

D &(=2Qi+4) E x(n=2+Q0i+ (;) J



17 A mass is hanging in a lift, being suspended by a light inextensible string. The lift

18

19

20
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o

ascends, first moving with uniform acceleration, then with uniform speed, and finally
retarding to rest with a retardation of the same magnitude as the acceleration. Given that
the tension, 7, is greater than zero throughout, which of the following is the graph that

best represents T against ¢?

AT B T
A A
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Y

Y
Y

Y

A mass of 20 kg is supported at rest on a sloping ramp inclined at 30° to the horizontal by
a force of 4 g newtons acting up the sloping ramp and parallel to it. The frictional force
acting on the mass is:

A 10g newtons down the plane B 10g newtons up the plane
C g newtons up the plane D 6g newtons down the plane
E 6g newtons up the plane

A particle is moving so its velocity vector at time 7 is 7(¢) = 2#i 4+ 3j where r() is the
position vector of the particle at time ¢.

If n(0) = 3i + j then r(¢) is equal to:

A 2i B 5i+3j C Bt+ i+ G2+ 1)
D P+3)i+QGt+1) E 22i+34§+3i+j

A particle of mass 5 kg is subjected to forces of 37 newtons and 4j newtons. The
magnitude of the particle’s acceleration is equal to:

A 1m/s? B 7m/s? C 12m/s D —12m/s E 5m/s?
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21

22

23

24

25

26

27

A body is in equilibrium under the action of forces F, F, and F5, where
F; =3i+2j+ kand F, =i — 2j. The force Fj is:

A 4di+k B 2i+4j+k C 3i+4+k
D i E —4i—k

A particle of mass m kg lies on a plane inclined at 6° to the horizontal. The particle is at
rest but just about to move down the plane. The frictional force in newtons is:

A mcos0 B mgsind C mgtan® D mg E mgcos6

A block of wood of mass 4 kg rests on a rough horizontal table, the coefficient of friction
is 0.4. The least force that will cause the block to move when applied horizontally is:

A 15.68 kg wt B 1.6kg C 1.6 newtons
D 1.6kgwt E 15.68 kg

The particle P is in equilibrium under the action of forces
as shown in the diagram.
The magnitude of angle 6 is:

A sin!(3) B cos7!(2) C tan7!(3)

3
5
D 90° E tan’l(%)

5N

A particle of mass 5 kg is acted upon by two forces of 0.3 kg wt and 0.4 kg wt, at right
angles to each other. The magnitude of the acceleration of the particle is:

A 0.1 m/s? B 10 m/s? C 0.14m/s> D %m/s2 E 0.98 m/s?

A particle of mass 8 kg, travelling at a constant velocity of 20 m/s, is acted upon by a
force of 5 N. The magnitude of the resulting acceleration is:

A 2ms B Sms € Jms D Leémis

E cannot be found 8

Two forces 7 N and 3 N act at a point as shown v
7N

L
r

in the diagram. The magnitude of the resultant
force is:
A 10N B 7+ 3 cos50°

C 3+ 7cos50° D 10cos25°
E none of these

50°

Y
Y
=
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29

30

31

32

33

34
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Two forces of 3 N and 2 N act at a point as ‘): ;U

shown in the diagram. The resultant of 3N

these forces makes an angle 6 with the (D

positive direction x axis. Which one of <

the following is true? (7) :

A cos=3 B 6 =060 0

C tan8 =33 D 6=090° 60° @)
6+/3 > >

E sinf = i 0 2N * 3
/107

A particle of mass m kg slides down a rough plane inclined at an angle 6 to the horizontal.
The coefficient of friction between the particle and the plane is .. The magnitude of the
resultant of all the forces acting on the particle is:

A mg—p B mgsinf —p C mg(cos B — sin 0)

D mg(sin ® — . cos 6) E mg(cos ® — . sin 0)

Two particles of 5 kg and 3 kg are connected
by a string that passes over a smooth pulley,
and then are released. The magnitude of the
acceleration of the particles is:

A 1 m/s? B 1 m/s’ C gm/s?

Skg 3 kg
D ‘%m/sz E 0

A particle of weight 4 N is held in equilibrium

on a smooth slope by a string that passes over a

smooth pulley and is tied to a suspended particle

of weight 3 N. The angle 0, correct to one decimal place: 3N
A is48.6° B is41.4° C is36.9° 0

D is53.1° E does not exist

A particle has its position in metres from a given point at time ¢ seconds defined by the
vector r(f) = 4ti — %tzj. The average speed of the particle in the third second is:

A 4m/s B 32mis C 4imis D 6ims E 9mis

The position of a particle at time # seconds is given by the vector
r(t) = ( — 26)(i — 2j + 2k) measured in metres from a fixed point. The distance
travelled by the particle in the first two seconds is:

A Om B 2m C —2m D 6m E 10m

The position of a particle at time # seconds is given by the vector

rt) = (%t3 — 4% + 15t) i+ (13 — 12—5t2) J. When the particle is instantaneously at rest, the
acceleration vector of the particle is given by:

A 150 B —1§f C 2i+15 D —-8i—15 E —-2i+3j
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35

36

37

38

39

A particle moves, with its position defined with respect to time ¢ by the position

vector 1(f) = (3£ — )i + (2 + 1)j + Stk. When ¢ =1 , the magnitude of the acceleration
is given by:

A 12 B 17 C 43 D 45 E none of these

The velocity of a particle is given by the vector 7(f) = sin # + cos 2¢. At time ¢ = 0, the
position of the particle is given by the vector 6i — 4j. The position of the particle at time ¢
is given by:

A (6—coshi+ (3sin2t+4)j B (5—cosni+ (5sin2f —3)j

C (5+cosdhi+ (2sin2t—4)j D (6 + cos )i+ (2sin2t — 4)j

E (7—costi+ (3sin2r —4)j

The initial position, velocity and constant acceleration of a particle are given by 2i, 3j and
i — j respectively. The position of the particle at time ¢ is given by:

12 . .

A (4+t)i+(3—5)j B 2i+ 3y C 26+ 3y
2\ . ¢ . ) .
D 2+5 l+§(6—t)1 E Q+0i+Q@3—1ty

A particle of weight 1 N is supported by two
wires attached to a horizontal beam. The tensions
in the wires are 77 N and 75 N. Which of the
following statements is not true?

_Tl - _T2 B T, = sin 50°

sin50°  sin40°

C T, =cos50° D Tycos50°+ T5cos40° =1 IN
E Tj cos 50° =T, cos 40°

A particle of mass 5 kg has its momentum defined by the vector 30i — 155 + 10k kg m/s.
The magnitude of the velocity of the particle is:

A 25m/s B 5m/s C 7m/s D 31 m/s E 11m/s

Extended-response questions

1

The position vector of a particle at time ¢ seconds is given by r(f) = 2ti — (£ + 2)j where
distances are measured in metres.

What is the average velocity of the particle for the interval [0, 10]?
By differentiation, find the velocity at time 7.

In what direction is the particle moving when ¢ = 3?

When is the particle moving with minimum speed?

At what time is the particle moving at the average velocity for the first 10 seconds?

- & 6 T O

A second particle has its position at time ¢ given by r = (£ — 4)i — 34j. Are the two
particles coincident at any time, #?
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2 A particle of mass m is on a rough plane,

o

inclined at an angle a to the horizontal. The
particle is connected by a light inextensible
string that passes over a smooth

pulley at the top of the plane to another mg

particle of mass 2m that hangs vertically.

a Find the coefficient of friction if the o
lighter particle is on the verge of moving up the plane.
b i Ifanother particle of mass 3m is attached to the particle hanging vertically, find

@
=
2
O
»

the acceleration of the particles.
ii Find the time for the particle to go two metres up the slope (starting from rest).

3 The acceleration #(f) m/s” of a particle at time ¢ seconds is given by
#(f) = —3 (sin 3# + cos 34).
a Find the position vector, r(f), given that 7#(0) = i and r(0) = —3i + 3j.
b Show that the path of the particle is a circle and state the position vector of its centre.
¢ Show that the acceleration is always perpendicular to the velocity.

4 An iceskater describes an elliptic path. y
. .. . . . ‘\
His position at time ¢ is given by 13.5 P(lS cosi, 13.5 sin _t)

t t
r:lScos(g)i+13.5sin(§>j. /\
Whent=0, r = 18i. \ >

a How long does the skater take to

go around the path once?
b Find:
i the velocity of the iceskater at t = 2w

ii the acceleration of the iceskater at r = 21r.
¢ i Find an expression for the speed of the skater at time ¢.
ii At what time is his speed greatest?
d Prove that acceleration # = kr and, hence, find when the acceleration has a maximum

magnitude.

5 The diagram shows a block of mass 3 kg
resting on a rough plane, inclined at an
angle o (where tan o = %) to the
horizontal. This block is connected by
a light inextensible string that passes
over a smooth pulley to a block of mass

2 kg resting on an equally rough plane
inclined at an angle of (90° — «) to the
horizontal. Both parts of the string lie in
a vertical plane that meets each of the
inclined planes in a line of greatest slope.
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If the 3-kg block is on the point of sliding down the plane, show that ., the coefficient
of friction between the blocks and the planes, is 1—67.
Calculate the least additional mass that must be attached to the 2-kg block in order that
the 3-kg block should be on the point of sliding up the plane.

If an 8-kg mass is added to the 2-kg mass, find the acceleration of the system and the

tension in the string.

The velocity vector of a particle, P, at time ¢ is i*1(f) = 3 cos 2i 4+ 4 sin 2¢j where
r(?) is the displacement from O at time ¢. Find:
i r(7), given that r;(0) = —2j
ii the acceleration vector at time ¢
iii the times when the displacement and velocity vectors are perpendicular
iv the cartesian equation of the path.
At time t, a second particle Q has displacement vector (relative to O) of r,(¢) = % sin 2ti
+ 2 cos 2tj + (a — ?)k. Find the possible values of @ in order for the particles to collide.

7 A particle, 4, of mass 1 kg is placed on a smooth

plane inclined at 30°. It is attached by a light inelastic

string to a particle B of mass 1 kg. The string passes A

over a smooth pulley and the particle B hangs

1 m from the floor.

e e T o

The particles are released from rest. Find: 30

the magnitude of the acceleration of the particles *g N

the tension in the string during this first phase of the motion

the magnitude of the velocities of the particles when particle B hits the ground

the time taken before the string is taut again, assuming that there is room on the plane
for 4 to continue travelling up the plane.

Two particles of respective masses 1.2 kg and 1.3 kg are connected by a light
inextensible string that passes over a fixed light smooth pulley. The system is released
from rest with string taut and the straight parts of the string vertical.

i Calculate the acceleration of each particle.

ii Calculate the tension in the string.
iii Calculate the velocity of the 1.2-kg mass after 2 seconds have elapsed, and the

distance it has travelled.

When two seconds have elapsed after the system starts from rest, the lighter particle
picks up a mass of 1 kg that was given the same velocity as the lighter particle just
before being picked up.

i Calculate the further time that elapses before the system comes instantaneously to

rest.

ii Calculate the total distance that the lighter particle has moved.
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An aircraft takes off from the end of a runway in a southerly direction and climbs at an
angle of tan~ (1) to the horizontal at a speed of 225+/5 km/h.

o

a Show that ¢ seconds after take-off, the position vector r of the aircraft with respect to

t
the end of the runway is given by r| = —(2i + k), where i, j and k represent vectors

of length 1 km in directions south, east, and vertically upwards respectively.
b Attime ¢ = 0, a second aircraft, flying horizontally south-west at 720+/2 km/h, has
position vector —1.2i 4 3.2j + k.
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i Find its position vector r, at time 7 in terms of Z, j and k.
ii Show that there will be a collision and state the time at which it will occur.

A particle moves in a straight line, starting from point 4. Its motion is assumed to be with
constant retardation. During the first, second and third seconds of its motion it covers

distances of 70 m, 60 m and 50 m respectively, measured in the same sense.

a i Verify that these distances are consistent with the assumption that the particle is
moving with constant retardation.
ii Find the retardation and an expression for the displacement of the particle.
b If the particle comes instantaneously to rest at B, find distance 4B.
At the same instant that the first particle leaves A4, a second particle leaves B with an
initial velocity of 75 m/s and travels with constant acceleration towards 4. It meets the
first particle at a point C, 1% seconds after leaving B.
i Find distance BC.
ii Show that the acceleration of the second particle is 60 m/s?.

A particle travels on a path given by the cartesian equation y = x? + 2x.

a Show that one possible vector representing the position of the particle is
Ht) = (t— i+ (£ — 1)
b Show that #(f) = (=" — 1)i + (e’ — 1)j is also a possible representation of the
position of the vector.
¢ Two particles travel simultaneously. The position of the particles are given by
()= (t— )i+ (# — 1)jand ry(f) = (e~" — 1)i + (e > — 1)j respectively.
i Find the initial position of the two particles.
ii Show that the particles travel in opposite direction along the path
defined by y = x> + 2x.
iii Find, correct to two decimal places, the point at which the two particles collide.

A particle of mass m is placed on a plane inclined at o
an angle 0 to the horizontal. An external variable force, F\<—I
F, is applied to the particle so that its line of action makes

an angle o with the vertical, as shown in the diagram. The
coefficient of friction between the particle and the plane is ..
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a Show that, if @ < tan 0 and F = 0, the particle will slide down the plane.
Assume that . < tan 0 for the rest of this problem.
b Given a = 0, find:

i the reaction force between the plane and the particle

ISION

ii the maximum friction force between the plane and the particle

iii the minimum value of F that will prevent the particle from moving.

¢ Givena = g find:

>
Q
Y

i the reaction force between the plane and the particle
ii the minimum value of F that will prevent the particle from moving down the plane
iii the minimum value of " that will just move the particle up the plane.
d Consider o < 6.
i Show that the component of /" normal to the plane is ' cos(6 — ).
ii Find an expression for the minimum value of /" that will prevent the particle from
moving down the plane.
iii Hence, show that in this case « > 6 — tan™! .

13 A particle is fired from the top of a cliff # m above sea level with an initial velocity V" and
inclined at an angle a above the horizontal. Let 7 and j define the horizontal and upward
vertical vectors in the plane of the particle’s path.

a Define:
i the initial position vector of the particle
ii the particle’s initial velocity.
b The acceleration vector of the particle under gravity is given by & = —gj. Find:
i the velocity vector of the particle 7 seconds after it is projected
ii the corresponding position vector.
¢ Use the velocity vector to find the time at which the projectile reaches its highest point.
Show that the time at which the particle hits the sea is given by the formula:

_ Vsinar + / V2 sin® a + 2gh
. :

14 A lift that has mass 1000 kg when empty is carrying a man of mass 80 kg. The lift is

descending with a downward acceleration of 1 m/s?.

a Calculate:
i the tension in the lift cable
ii the vertical force exerted on the man by the floor of the lift.

b The man drops a coin from a height of 2 m. Calculate the time taken for it to hit the
floor of the lift.

¢ The lift is designed so that during any journey, the magnitude of the acceleration
reaches, but does not exceed, 1 m/s?. Safety regulations do not allow the lift cable to
bear a tension greater than 20 000 N. Making reasonable assumptions, suggest the
number of people that the lift should be licensed to carry. (Hint: the maximum tension
in the lift cable occurs when the lift is accelerating upwards.)
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15 Two trains, 7} and 7>, are moving on perpendicular tracks that cross at the point O.

o

Relative to O, the position vectors of 7 and 7, at time 7 are r; and r, respectively, where
ry = Vti and r, = 2V(t — ty)j and where V' and ¢, are positive constants.
a 1 Which train goes through O first?

ii How much later does the other train go through O?

b i Show that the trains are closest together when ¢t = ?0.
ii Calculate their distance apart at this time.
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iii Draw a diagram to show the positions of the trains at this time. Also show the
directions in which they are moving.

16 A particle of mass m moves from rest through a distance, ¢, under a horizontal force, F,
on a rough horizonal plane with coefficient of friction . It then collides with another
particle of mass 2m, at rest.

a Find the velocity with which the first particle hits the second (in terms of F, m, d
and ).
b The two particles adhere to each other. The combined mass moves a further distance d
under friction alone.
i Find the retardation of the two particles.
ii Find the initial velocity of the two particles.
¢ Find F in terms of m and ..

17 Two particles, A and B, of mass m and 0.7m
respectively, are linked by a light inelastic string

A
that passes over a smooth pulley, one on either

side of a wedge (as shown in the diagram).
The coefficients of friction between each

of the particles 4 and B, and the wedge
are w and 2 respectively. The string is
under tension.

a 1 Show that 4 must be in limiting equilibrium.
ii  Use the resolved forces at 4 to find an expression for the tension in the string.
b B is also in limiting equilibrium. Find:
i the friction force at B
ii the tension force in the string (by considering forces on B).
¢ Find p.
The particles are now placed on the same side of the wedge, with the string taut and
with 4 below B, and then released. Find:
i the acceleration of the particles ii the tension in the string.
e Describe what would happen in d if B was placed below A4 initially.
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18 A ball is projected against a wall that rebounds the ball in its plane of flight. If the ball has
a velocity ai + bj just before hitting the wall, its velocity of rebound is defined
as —0.8ai + bj. The ball is projected from ground level, and its position vector before
hitting the wall is defined by (t) = 10¢i + 1(10+/3 — 4.9¢)j, t > 0.
a Find:

i the initial position vector of the ball

ISION

ii the initial velocity vector of the ball and, hence, the magnitude of the velocity and
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direction (to be stated as an angle of elevation)
iii an expression for the acceleration of the ball.
b The wall is at a horizontal distance x from the point of projection. Find in terms of x:
i the time taken by the ball to reach the wall
ii the position vector of the ball at impact
iii the velocity of the ball immediately before impact with the wall
iv the velocity of the ball immediately after impact.
¢ Let the second part of the flight of the ball be defined in terms of #;, a time variable,
where #; = 0 at impact. Assuming that the ball is under the same acceleration vector,
find in terms of x and #;:
i anew velocity vector of the rebound
ii anew position vector of the rebound.
d Find the time taken for the ball to hit the ground after the rebound.
e Find the value of x (correct to two decimal places) for which the ball will return to its
initial position.
19 An aeroplane takes off from an airport and, with respect to a given frame of
reference, its path with respect to the variable time # is described by the vector
r(t) = (5 — 30)i + 24 + tk, t > 0, where t = 0 seconds at the time of take-off.

a Find the position vector that represents the position of the plane at take-off.
Find:
i the position of the plane at times #; and #,
ii the vector which defines the displacement between these two positions in terms of
tiand 5, (t; > ).
¢ Hence, show that the plane is travelling along a straight line and state a position vector
parallel to the flight.
d A road on the ground is defined by the vector r;(s) = si, s < 0.
i Find the magnitude of the acute angle between the path of the plane and the road,
correct to two decimal places.
ii Hence, or otherwise, find the shortest distance from the plane to the road six
seconds after take-off, correct to two decimal places.
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20 The vector ri(f) = (2 — t)i 4+ (2t + 1)j represents the path of a particle with respect to
time # measured in seconds.

o

a Find the cartesian equation that describes the path of the particle (assume ¢ > 0).
b i Rearrange the above function in the form r|(f) = a + tb, where a and b are vectors.

ii Describe the vectors @ and b geometrically with respect to the path of the particle.

¢ A second particle which started at the same time as the first particle travels along a
path that is represented by r,(f) = ¢ + ¢ (2i 4+ j), t > 0. The particles collide after
5 seconds.
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i Findec. ii Find the distance between the two starting points.

21 The paths of two aeroplanes in an aerial display are simultaneously defined by the vectors:
r()=016—=-30i+ 4+ 3+ 20k
and rnA=0C+2i+ (1 +H+ A1 -0k
where 7 represents the time in minutes. Find:
the position of the first plane after one minute
the unit vectors parallel to the flights of each of the two planes
the acute angle between their lines of flight, correct to two decimal places
the point at which their two paths cross
the vector which represents the displacement between the two planes after ¢ seconds

-0 e TN

the shortest distance between the two planes during their flight.

22 A hiker starts from a point defined by the position vector —7i + 2j and travels at the rate
of 6 km/h along a line parallel to the vector 47 4 3j. The units in the frame of reference are
in kilometres.

a Find the vector which represents the displacement of the hiker in one hour.
b Find, in terms of position vectors, the position of the hiker after:
i 1 hour ii 2 hours iii 7 hours.
¢ The path of a cyclist along a straight road is defined simultaneously by the vector
equation b(t) = (7t — 4)i + (9t — 1)j.
i Find the position of the hiker when she reaches the road.
ii Find the time taken by the hiker to reach the road.
iii Find, in terms of #, the distance between the hiker and the rider ¢ seconds after the
start.
iv Find the shortest distance between the hiker and the rider, correct to two decimal
places.
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Glossary

dx
dy

dx
s [p. 202] —
[p. 202] s

acceleration: [p. 392] The acceleration of a particle
is defined as the rate of change of its velocity with
respect to time.

acceleration, average: [p. 392] The average

acceleration of a particle for the time interval [#;, #,]

. V) — Vv

is defined by k !
Hh—4

t, and v, is the velocity at time 7.

where v, is the velocity at time

acceleration, instantaneous: [p. 392]
dv d (dx d*x dv

“Tar T ar (dt) “ar " Vdx

addition of complex numbers: [p. /44] If

z1 = a + bi and z, = ¢ + di, then

Zi+zy=(@+c)+ b+ d).

addition of vectors: [pp. 58, 69] Let

a = ali + azj + a3k, and b = b]i + b2j + b3k

Thena + b = (a; + by)i + (ax + b2)j + (a3 + b3)k.

amplitude of circular functions: [p. 4] The distance

between the mean position and the maximum

position, e.g. the graph of y = a sinx has an

amplitude of |a|.

d(3v?)
dx

angle between two vectors: [p. §2]

cosf = where 0 is the angle between the

a-b
|a||b]’
vectors a and b.

(llbl + (lzbz + a3b3
cos) = ———————
|a||b]

a=a1i+a2j+a3kandb=b1i+b2j+b3k.

angles between a vector and the i, j and £ directions:
[p. 73] For vector a = a,i + a»j + ask:

, for vectors

a .
cosa = ﬁ, where « is the angle between the
a

vector a and the 7 direction
a .
cosB = —2, where {3 is the angle between the

|a]

vector a and the j direction

a .
—3|, where vy is the angle between the
a

vector a and the k direction.

cosy =

antiderivative of vector function: [p. 466]
[r(t)dt = X@)i+Y(@)j+ Z@k+ ¢
where r(7) is a vector function of 7, ¢ is a constant

. d dX © dy ® dzZ ®
vector and — = x(¢), — = ,— =2

dt ar 7 a

antidifferentiation (or integration): [p. 265] The
process of finding a function from its derivative.
area of a region between two curves: [p. 305]
[ feydx — [} gx)dx =[] f(x) — g(x)dx,
where f(x) > g(x) forx € [a, b]

y
A

y=f(x)/
y=V

Argand diagram: [p. /45] A geometrical
representation of the set of complex numbers.

Im(z)
A

z=a+ bi

> Re(z)

argument of a complex number, arg (z): [p. /54]
z Re(z)
2 and cos) = ——
arg (z) is not defined uniquely.

arg (z) = 0, where sin = H

Argument of a complex number, Arg (z): [p. /54]
The single value of arg (z) in the interval (—r, 7]
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argument, properties of: [p. /60] The argument of
the product of two complex numbers is the sum of
their arguments.
i.e. arg(zz;) = arg(z;) + arg(z,)
Argument, properties of: [pp. /60-1]
B Arg(ziz;) = Arg(zy) + Arg(z,) + 2k
where k =0, 1 or —1
B Arg <Z—l> = Arg(zy) — Arg(z,) + 2k
z
where k =0, 1 or —1
1
B Arg (—) = —Arg(z)
z
arithmetic sequence: [p. 25] A sequence in which
each successive term is found by adding a constant
value to the previous term, e.g., 2, 5, 8, 11, ...
An arithmetic sequence can be defined by a
difference equation of the form:

t, = t,_1 + d, where d is the common difference.
The nth term of the sequence can be found using:
t,=a+ (n—1)d, wherea = t,

arithmetic series: [p. 25] The sum of the terms in an
arithmetic sequence.
The sum of the first # terms, S,,, is given by the rule:

S, = g[Za + (n — 1)d], where @ = 1, and

dztn — -1

C: [p. 142] The set of complex numbers, i.e.
C={a+bi:a,beR}.

cartesian equation: [p. 25] An equation connecting
two variables, often called x and y.

cartesian form of a complex number: [p. /42] A
complex number expressed in the form a + bi,
represented by the ordered pair (x, y), where x is the
real part of z and y is the imaginary part of z.

Im(z)
A

z=a+ bi

@

> Re(z)

chain rule: [p. 206] For

S(x) = h(g(x)), f'(x) = h'(g(x))g'(x):

dy dydu

2T o =

dx = du where u = f(x)

circle, general cartesian equation of: [p. 32]
(x —hP+ @y —k?=r

The centre of the circle is the point (4, k) and the
radius is 7.

circular functions: [pp. 2, 105] The sine,
cosine, tangent, cosecant, secant and cotangent
functions.

cis0: [p. 155] cosO +isin@

coefficient of friction, p: [p. 5/9] A constant which
determines the resistance to motion between two
surfaces in contact.

common difference, d: [p. 25] The difference
between two consecutive terms of an arithmetic
sequence, i.e.d =1, — t,_|
common ratio, r: [p. 26] The quotient of two
consecutive terms of a geometric sequence, i.e.
Iy

tnfl
complex conjugate, z: [pp. 150, 157]
Ifz=a+ bi,thenz =a — bi.
If z = rcis 8, then Z = rcis(—0).

=

complex conjugate, properties of: [p. /50] Let
z=a+bi,thenz =a — bi.

B z+ZzZ=2Re(z)

B ozz=z)?

B oz +z=Z+2;

B Ziz;=Ziz;

complex number: [p. /42] An expression of the
form a + bi, where a and b are real numbers.

compound angle formulas: [p. //3]

B cos(x —y)=cosxcosy +sinxsiny

B cos(x + y)=cosxcosy — sinxsiny

B sin(x —y) =sinx cosy — cosx siny

B sin(x + y) =sinx cosy + cosx siny
tanx — tan

H tan(x —y) = ey T rany,

1 4+ tanx tany

tan x + tan

B tan(x +y) = ey rrany
1 —tanx tany

conjugate factor theorem: [p. /65] If the

coefficients of P(z) = a,z" + a,_1z" ' +--- +

a,z + aop, a, # 0, where n is a natural number and

a,,d,_1, ...,di, a are real numbers, then the

complex roots occur in conjugate pairs, i.e. if

(z — ay) is a factor, so is (z — @)

constant acceleration (or kinematics) formulas:

[p. 403]

Vv=u-+at

s:ut—‘f—%atz
v2 =u? 4 2as
s=%(u+v)t

1
cosecant function: [p. /05] cosec = — o’
sin
provided sinf # 0

cosine function: [p. 2] Cosine 6, or cos 0,

defined as the x coordinate of the point P on the unit
circle where OP forms an angle of 6 radians
measured anticlockwise from the positive ray of the
X axis.



—_
L
>

-1

cosine rule: [p. /7] For triangle ABC
B

A 5 C

a? = b? + ¢® — 2bc cos A or, equivalently,
b’ +c*—a?

2bc
The cosine rule is used to find unknown quantities in
a triangle when either two sides and an included angle
are given, or three sides are given.

CosA =

cos 6
sin®’

cotangent function: [p. /06] cot6 =

provided sin® # 0

De Moivre’s theorem: [p. /6/]
(rcis(0))" =r"cis(nb) forn € Z
definite integral: [p. 268] The definite integral
from a to b is written jab f(x) dx, where:
[? f(x)dx = F(b) — F(a), and F is any
antiderivative of f.
The number « is called the lower limit of integration
and b is called the upper limit of integration. The
function f'is called the integrand.
derivative function (or gradient function):
[p. 205] The derivative of a function f'is denoted
by f” and the rule for f” is defined by

) —
)= iy LD =)

derivative of inverse cosine function: [p. 2/5] For

/X , _ —1
S =cos(2). 1) = —
x € (—a,a).

for

derivative of inverse sine function: [p. 2/5] For
X 1

Sy =sin(2). /) = e

x € (—a,a).

for
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derivative of inverse tangent function: [p. 2/6]
For f(x) :tan—l(f),f/(x) -
a

a? +x?
forx € R.

derivative of tangent function: [p. 207] For
f(8) = tan k6, the derivative f” is given by
£(0) = ksec? k6.

derivative of vector functions: [p. 464] For
r(t) =x@)i + y(t)j +z(t)k
dx dy dz
iy LAy a2y
O=T Tt a
2 2

d°x d7y d’z

andi(t) = —i+ —=j+ —

® dr? ar? T ar
difference equation (or iterative rule): [p. 24]
A rule which enables each subsequent term of a
sequence to be found using the previous term or

terms, e.g. t;y = 1,4, =, + 2.

differential equations: [p. 337] Equations which
involve at least one derivative,

differential equations, general solution of:
[p. 337] x = sint + c is the general solution of the

. . . dx
differential equation YTl cost.

differential equations, particular solution of:
[p. 338] x = sint is the particular solution

d
of the differential equation d—j = cos?, given
x(0) =0.

direction field (or slope field) of a differential
equation: [p. 378] The direction field of a

differential equation, d_y = f(x), assigns to each
x

point P(x, y) in the plane,
with x in the domain of £,
the number which is the
slope (gradient) of the
solution curve through P.
A slope field can be
represented in a graph.

displacement: [p. 389] The displacement of a
particle moving in a straight line is defined as the
change in position of the particle.

division of complex numbers, z; and z,: [pp. /51,
. ) ZlZ_z z
160] For cartesian form: — = —= andz™' = —
72 |z |z
Z1 re .
For polar form: — = — cis(6; — 6,) and
22 L)

1.
z7! = —cis(—0)
r

dot product (or scalar product), a.b: [p. §1]
a.b = |a||b|cos 6
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For vectors @ = aji + a»j + ask and
b= bll + sz + b3k, ab= albl + a2b2 + a3b3
double angle formulas: [p. /7]
B sin2x = 2sinx cosx
B cos2x =cos?x —sin’x
=1-2sin’x
=2cos’x — 1

2tanx
B tan2x = —
1 — tan” x

E/

ellipse, general cartesian equation of: [p. 35]
x —h)? —k)?
( ) n -k

a? b?
The centre of the ellipse is the point (4, k), the axis of
the ellipse parallel to the x axis is of length 2a units,
and the axis of the ellipse parallel to the y axis is of
length 26 units.

=1

equal complex numbers: [p. /44]Ifz; = a + bi
and z, = ¢ + di, then z; = z; ifand only ifa = ¢
and b =d.
equilibrium: [p. 5/4] A particle is said to be in
equilibrium if the resultant force acting on it is zero,
i.e. if F =0. In this case the particle has zero
acceleration. If the particle is at rest it remains at rest
and if it is moving it will continue to move with
constant velocity.
equivalence of vectors: [p. 69] Let
a = ali +a2j +a3k, and b = bli +b2j +b3k
If a =b then ay = by, a, = b, and a3 = bs.

d
Euler’s formula: [p. 372] If & g(x),xo=a

dx
and yo = b, then x,., = x, + h and

Yn+1 = Vn + h g(xn)-

Euler’s method: [p. 377] Euler’s method uses the
linear approximation method from calculus to solve
differential equations.

F

fundamental theorem of algebra: [p. /64] In the
field of complex numbers, every polynomial equation
of the form
apx" + a,_1x" '+ -+ ax + ay = 0, where
ap,day,...,a, € C,a, #0
has exactly n roots, some of which may be repeated.
fundamental theorem of integral calculus:
[p. 300] ff f(x)dx = G(b) — G(a) where G is an
antiderivative of f.

©

g: [p. 483] The acceleration of a particle owing to
gravity. Close to Earth’s surface, the value of g is
approximately 9.8 m/s?.

general antiderivative (or indefinite integral):
[p. 265] The set of all antiderivatives for a given
function, e.g. [ 2xdx = x* +c.

In general, F and f'are functions such that, if /(x) is
an antiderivative of f{x), then
F'(x) = f(x)and [ f(x)dx = F(x) + ¢, where c is
an arbitrary real number.
geometric convergent series: [p. 27] A geometric
series with a common ratio —1 < » < 1 which will
approach a limiting value as successive terms are
added to it, i.e. as

n— 00,8, —> L,wherea =fiandr =
1—r n—1
geometric sequence: [p. 26] A sequence in which
each successive term is found by multiplying the
previous term by a fixed value, e.g., 2, 6, 18, 54, . ..
A geometric sequence can be defined by an
iterative equation of the form:

t, = rt,_1, where r is the common ratio.
The nth term of the sequence can be found using:
t, = ar"', wherea = 1,
geometric series: [p. 26] The sum of the terms in a

geometric sequence.
The sum of the first n terms, S,,, is given by the rule:

a(r"—1
¥,Wherea =tandr =
r— th—1

S, =

gradient function (or derivative function):
[p. 205] The derivative of a function f'is denoted by
1" and the rule for f” is defined by

' St - )
1) = fimy FEEEE

@

hyperbola, general cartesian equation of:
[p. 38]
(x—hP?  (—k?

2
-k (& —hy

2 a2
The centre of the hyperbola is the point (4, k), and
the equations of the asymptotes are:

1or

1

b
yv—k=x—(x—h)
a



identities: [p. 109]

1 +tan’x = sec’x

sin26 = 2sin 6 cos 6

cos2x = 2cos’x — 1
=1-2sin’x
_ 2 )
= cos”“ x — sin” x

imaginary part of a complex number: [p. /42]
Im(z) is a function which defines the value of the
imaginary component of z = a + bi,
ie. Im(z) =b
indefinite integral (or general antiderivative):
[p. 265] The set of all antiderivatives for a given
function, e.g. [ 2xdx = x% +c.

In general, Fand fare functions such that, if F(x) is
an antiderivative of f{x), then:
F'(x)= f(x)and [ f(x)dx = F(x) + ¢, where ¢ is
an arbitrary real number.

infinite geometric series (or sum to infinity), S.:

In

[p.-27] S = a ,wherea = t; and r =

1—r l‘n,1
integrand: [p. 266] In the expression j: f(x)dx,
the function to be integrated, £, is called the
integrand.

integration (or antidifferentiation): [p. 264]
The process of finding a function from its
derivative.

inverse cosine function: [p. /20]
cos~!:[—1,1] = R,cos ' x = v, where
cosy =x,y € [0, ]
inverse sine function: [p. //9]
sin_':[—l, 1] — R, sin"'x = v, where
m ’IT:I

272
inverse tangent function: [p. /2/]
tan~': R — R,tan"'x = y, where
; c ( T 17)
any = x, - =, =

y y )
iterative rule (or difference equation): [p. 24]
A rule which enables each subsequent term of a
sequence to be found using the previous term or
terms, e.g. t, = 1,1, =t,_1 + 2.

siny=x,y€[—

K

kilogram weight, kg wt: [p. 483] A unit of force.
If a body has mass of one kilogram then the
gravitational force acting on this body is one
kilogram weight.

Glossary 565

kinematics (under constant acceleration) formulas:
[p. 403]

v =u+at

s=ut+%at2
v: =u’ + 2as
s = %(u—i—v)t

o

Lami’s theorem: [p. 5/5] Lami’s theorem is a
trigonometrically based
identity which simplifies
problems involving three
forces acting on a particle
in equilibrium when the
angles between the forces
are known.

P 0 R
sinp° ~ sing®  sinre

limiting equilibrium: [p. 5/9] A particle in
equilibrium on the point of motion.

limiting (or sliding) friction: [p. 5/9] The frictional
force Fp.x (or Fg) of a particle moving or on the
point of moving on a surface is given by:

Frox = H’R

where R is the normal reaction force and . is the
coefficient of friction.

linear approximation formula: [p. 37/]

Jx+h)= fx)+hf'(x)
linear dependence: [p. 63] A set of vectors is said to
be linearly dependent if one of its members can be
expressed as a linear combination of one or more of
the other vectors. For example, the set of vectors a, b
and c are linearly dependent if there exist real
numbers k, [ and m, not all zero, such that
ka +1b+ mc = 0.

Generally any set of 3 or more two-dimensional
vectors will be linearly dependent.

linear independence: [p. 63] A set of vectors is said
to be linearly independent if it is not linearly
dependent. The vectors a, b and c¢ are linearly
independent if the solution of the equation

ka + Ib 4+ mc = 0 is uniquely represented by
k=1=m=0.

local maximum stationary point: [p. 228] If
f'(a) =0and f"(a) < 0 then the point (a, f{a))
is a local maximum as the curve is concave
down.

local minimum stationary point: [p. 228]

If f/(a) = 0 and f”(a) > 0 then the point

(a, fla)) is a local minimum as the curve is
concave up.
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locus (plural loci): [p. /77] A set of points which
satisfies a given condition, e.g., the locus which
satisfies the equation |z 4+ 3| = 2|z — i] is a circle

with centre (1, %) and radius 23@

lower limit of integration: [p. 266] In the
expression | f f(x) dx, the number a is called the
lower limit of integration.

M

magnitude of a vector: [p. 57] The length of a
directed line segment corresponding to the vector.
If AB is represented by the vector xi + yj, then the
magnitude, |48, is equal to \/x? + y2.

If AB1s represented by the vector xi + yj + zk,

then the magnitude, |/E§ |, is equal to \/x? + % + z2.

mass: [p. 483] The mass of an object is the amount

of matter it contains. Mass is not the same as weight.

maximum friction: [p. 520] The frictional force,
Fp,satisfies 0 < Fp < wR, where . is the
coefficient of friction and R is the normal reaction
force. Friction force has a maximum value,
Fra = “‘R-
modulus of a complex number, |z|: [p. /50]
The distance of the complex number from the
origin, also known as the magnitude or absolute
value of z.
If z; = a + bi, then |z| = va? + b?
modulus, properties of: [p. /60]
B The modulus of the product of two complex
numbers is the product of their moduli,
Le. |ziza| = |z1]]z2]
B The modulus of the quotient of two complex
numbers is the quotient of their moduli,
2l Al
|z2]
modulus—argument (or polar) form of a complex
number: [pp. /53—4] A complex number expressed
in the form 7 cis 0, represented by the ordered pair
[, 8], where r is the modulus of z and 6 is an
argument of z.

22

Im(z)
A

z=a+ bi

~

o

> Re(z)

momentum: [p. 492] The momentum of a
particle is defined as the product of its mass and
velocity.

Momentum can be considered as the fundamental
quantity of motion.

multiplication of a complex number by a real
number: [p. /59] If z = a + bi, then

kz = ka + kbi, k € R.

If z = r cis 6, then

kr cis 6 k>0
krcis(@+m) k<Oand—m<6<0
krcis(0—m) k<Oand0 <6 <m

kz =

multiplication of a complex number by i: [p. /48]
Geometrically, a 90° rotation of the complex number
about the origin in an anticlockwise direction, i.e. if
zy =a+bi, thenizy =i(a + bi) = —b +ai
multiplication of a vector by a scalar: [p. 58]

Ifa = a\i + ayj + ask, then

ma = ma\i + mayj + mask,m € R.

multiplication of complex numbers: [pp. /47, 159]
Ifz;y = a + bi and z, = ¢ + di, then
212y = (ac — bd) + (ad + bc)i.

Ifz;y = ry cis 0; and z, = r; cis 6,, then
Z1Zp =1 cis (61 + 02)

Geometrically, the effect of multiplying z; by z; is
to produce an enlargement of Oz, where O is the
origin, by a factor , and an anticlockwise turn
through an angle 6, about the origin.

N

newton, N: [p. 483] A unit of force.
One newton = 1 kgm/s>.

Newton’s first law of motion: [p. 493] A particle
remains stationary, or in uniform straight line motion
(i.e. in a straight line with constant velocity), if the
resultant force is zero.

Newton’s law of cooling: [p. 352] The rate at which
a body cools is proportional to the difference between
its temperature and that of its immediate
surroundings.

Newton’s second law of motion: [p. 493] A particle
acted on by forces whose resultant is not zero will
move in such a way that the rate of change of its
momentum with respect to time will at any

instant be proportional to the resultant force, i.e.
F=ma.

Newton’s third law of motion: [p. 493] If one
particle, 4, exerts a force on a second particle, B, then
B exerts a collinear force of equal magnitude and
opposite direction on A4.

normal reaction force: [p. 494] If a particle lies on a
smooth surface, it exerts a force on the surface
perpendicular to the surface. The surface then exerts
a force R N on the particle, which acts at right angles
to the surface and is called the normal reaction force.



©

operator notation for differentiation: [p. 208] A
notation which emphasises that differentiation is an
operation on an expression, e.g.

d
—(x*+5x+3)=2x+5
dx

P

parametric equations: [p. 43] A pair of equations
expressing x and y in terms of a third variable (or
parameter). The following pairs of parametric
equations define, respectively, a circle, ellipse and
hyperbola, each with centre the origin:

x = acost and y = asint (radius = a)
x =acostand y = bsint
x =asectand y = btant

particle model: [p. 483] This means that an object is
considered as a point. This can be done when the size
(dimension) of the object can be neglected in
comparison with other lengths in the problem being
considered, or when rotational motion effects can be
ignored.

period of a function: [p. 4] The period of a function
fwith domain R is a positive number « (the smallest
such number) such that f(x + a) = f(x),
e.g. the period of the sine function is 2 as
sin(x + 21) = sinx.

For functions of the form
y=acos(nx +&)+cory=asin(nx +§&) + c the

period is given by kil
n
For functions of the form y = atan(nx + &) + ¢
the period is given by I.
n

point of inflexion (or point of inflection): [p. 223]
A point of inflexion is where the curve changes from
concave down to concave up, or concave up to
concave down. At a point of inflexion the second
derivative has value zero. A point of inflexion of a
graph occurs at x = x¢ if /"(x¢) = 0 and f"(xo + €)
and f”(xo — €) have different signs.

polar (or modulus-argument) form of a complex
number: [pp. /53—4] A complex number expressed
in the form rcis 0, represented by the ordered pair

[r, 6], where 7 is the modulus of z and 6 is an
argument of z.

Im(z)
4

z=a+bi

Re(z)
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position: [p. 366] The position of a particle moving
in a straight line is determined by its distance from a
fixed point O on the line, called the origin, and
whether it is to the right or left of O. Conventionally
the direction to the right of the origin is considered to
be positive.

position vector: [p. 6/] A position vector, OP ,
indicates the position in space of the point P relative
to the origin O.

product rule: [p. 206] For

S(x) = go)hx), f'(x) = g'(x)h(x) + gx)h'(x).
For y = uv, where u and v are functions of x,

dy dv du

Tx =u Ix +v I

Pythagoras’ theorem: [p. /3] For a right-angled

triangle, the square of the hypotenuse is equal to the
sum of the squares of the other two sides, i.e.

(hyp)* = (opp)* + (adj)’
Pythagorean identity: [p. 6] cos? 6 +sin’ 6 = 1

®

quadratic formula: [p. /70] An equation of the
form az? 4 bz + ¢ = 0 may be solved using the
quadratic formula:

_ —bE Vb —dac
= 2a
quotient rule: [p. 206] For f(x) = &x),
h(x)
, g (x)h(x) — gx)h'(x)
f1x) = >
; [A(x)]
For y = —, where « and v are functions of x,
v
dy v —ug
dx — v2

radian: [p. 3] One radian (written 1°) is the angle
subtended at the centre of the unit circle by an arc of
length 1 unit.

radioactive decay: [p. 352] The rate at which a
radioactive substance decays is proportional to the
mass of the substance remaining.

rational functions: [p. 239] Functions which have a
rule of the form:

_ P)
Jx) = o0y’

where P(x) and Q(x) are polynomials

real part of a complex number: [p. /42] Re(z) is a
function which defines the real component of
z=a+bi,i.e.Re(z) =a

reciprocal circular functions: [p. /05] The
cosecant, secant and cotangent functions.
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reciprocal functions: [p. 244% f(x) is the reciprocal

function of P(x) if f(x) = o)

reciprocal functions, properties of: [p. 244]

B x-axis intercepts of the function determine the
position of the asymptotes for the reciprocal of
the function

B the reciprocal of a positive number is positive.
The reciprocal of a negative number is negative

B a graph and its reciprocal will intersect if the
v coordinate is 1 or —1

B local maximums of the function produce local
minimums for the reciprocal

B local minimums of the function produce local
maximums for the reciprocal

Therefore

1
m If = ——then g'(x) = — .
g0 = s then ) = 0
at any given point the gradient of the reciprocal
function is opposite in sign to the original

function.
related rates: [p. 234] In the chain rule
dy dydx dy

dx
== = — lated rates.
’r e dr dx and 7 are related rates

restricted cosine function: [p. /20]
f:00, 7] = R, f(x) =cosx
restricted sine function: [p. /20]

e [—g, g] — R, f(x) =sinx
restricted tangent function: [p. /2/]
f:(=3:3) = R f(x) = tanx

resultant force: [p. 483] The vector sum of the
forces acting at a point.

S

scalar product (or dot product), a.b: [p. §0]
a.b = |a||b| cos 0.

b

For vectors a = ayi + a,j + a3k and
b= bli + bz] + b3k, ab= a1b1 + azbz + a3b3

scalar product, properties of: [p. 8/]

B ab=ba

B k(a.b) = (ka).b = a.(kb)

H a0=0

B ab+c)=ab+a.c

B a.b = 0 implies a is perpendicular to b ora = 0

orb=0

a.a = |al?

a.b = |a||b| if a and b are parallel and in the
same direction

= —lal|b| if @ and b are in opposite directions.

scalar quantity: [p. 389] A quantity determined only
by its magnitude, e.g. distance, time, length, mass.

scalar resolute of @ in the direction of b: [p. §6]

N .b
(a.b) or %, the ‘signed’ length of the vector
resolute of a in the direction of b.

secant function: [p. /06]

secH = provided cos 6 # 0

cos 0

second derivative: [p. 220] The second derivative of
a function f'with rule f(x) is denoted by f” with rule
f”(x). In Leibnitz’ notation the second derivative is
d’y

denoted by —=.

Y dx?
sequence: [p. 24] The following are examples of
sequences of numbers:

A 1,3,5,7,9,... ie.t; =1,
=3,
t3:5,...

B 0.1,0.11,0.111,0.1111, ... 1ie.t;,=0.1,
tHh=0.11,
t=0.111,...

11 1 1 ) .
C T Ty T Ty e e l.e.tl—i,
3°9°27 81 |
t2:§17
t3_f!'

D 10,7,4,1,-2,... ie. t; =10,
=1,
t; =4,

E 06,1.7,2.8,3.9,... ie. 11=0.6,
=17,
3 =2.8,

Note each sequence is an ordered set of numbers.

series: [p. 24] The sum of the terms in a
sequence.

signed area: [p. 299] The signed area of the shaded
regionis Ay — Ay + A3 — Aa

y

sine: [p. 2] Sine 0, or sin 0, defined as the y
coordinate of the point P on the unit circle where OP
forms an angle of 6 radians measured anticlockwise
from the positive ray of the x axis.
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sine rule: [p. /5] For triangle ABC

a b o
sind  sinB  sinC

The sine rule is used to find unknown quantities in a
triangle when either one side and two angles are
given, or two sides and a non-included angle are
given.

sliding (or limiting) friction: [p. 495] The frictional
force Fy (or Fp,y) of a particle moving or on the
point of moving on a surface is given by:

FRI}LR

where R is the normal reaction force and . is the
coefficient of friction.

Friction acts in the opposite direction to the
velocity of the particle.

slope field (or direction field) of a differential
equation: [p. 378] The slope
field of a differential equation,
d
d_y = f(x), assigns to each

X
point P(x, y) in the plane,
with x in the domain of £, the
number which is the slope
(gradient) of the solution curve through P. A slope
field can be represented in a graph.

solid of revolution: [p. 327] The solid formed by
rotating a region about a line.
speed: [p. 390] The magnitude of velocity.
speed, average: [p. 390] The average speed of a
particle for a time interval [#,, #,] is equal to
distance travelled

th— 1t
subtraction of complex numbers: [p. /44]
If zi=a-+biandz, =c+di

Glossary 569

then zy —zy = (a+ bi)— (c+di)
=(a—c)+ (b —d.

subtraction of vectors: [p. 59] Let

a = ali +a2j —|—a3k, and b = b]i +b2j +b3k

Thena — b = (a1 — b])l + ((12 — bz)_] + ((13 - b3)k

sum to infinity (or infinite geometric series), S..:

[p.27] S = IL,wherea =t andr =
—r

T

tangent function: [p. 2] If a tangent to the unit
circle, at 4, is drawn then the y coordinate of C, the
point of intersection of the extension of OP and the
tangent is called tangent 6, or tan 6.

B
y iC(1,y)

n—1

T tan ©

-1

total area: [p. 299] The total area of the shaded
regionis A} + A, + A; + Ay

y

—~
=l

unit vector: [p. 68] A vector of magnitude 1. For a
given vector a the unit vector with the same direction

) . . a
as a is denoted by @ and a = ﬁ
a
i, j and k are unit vectors in the positive directions
of the x, y and z axes respectively.

upper limit of integration: [p. 266] In the
expression | : f(x)dx, the number b is called the
upper limit of integration.
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O

vector function (or vector equation): [p. 453] A
vector that is a function of a variable or parameter,
e.g. r(t) = x(t)i + y(t)j, where x(f) and y(¢) are
parametric equations.

vector quantity: [p. 389] A quantity determined by
its magnitude and direction, e.g. displacement,
velocity, acceleration, force.

vector resolute of a in the direction of b: [p. §5]

a.b a.b A
4Oy 0 —(ab)b
b’ 2= @b

vector resolute of a perpendicular to b: [p. 85]

a.b
a——>b
( b.b )

vectors, properties of: [p. 6/]
B a+b=b+a commutative law
for vector addition
associative law for
vector addition
zero vector
—a is the opposite
or inverse vector
distributive law
where m € R
B ais parallel to b if there exists £ € R\{0} such
thata = kb

velocity: [p. 389] The velocity of a particle is
defined as the rate of change of its position with
respect to time.

B (a@a+b)+c=a+b+co)

B a+0=a
m a+—a=0

B m(a+b)=ma+ mb

velocity, average: [p. 389] The average velocity
of a particle for the time interval [#,, #,] is given by
Lo , where x is the position of the particle at #,

hHh—1h
and x; is the position of the particle at 7,.

velocity, instantaneous: [p. 390] The instantaneous
. dx
velocity of a particle, v = —

where x is a function of time, specifies the rate
of change at a given instant in time.

velocity—time graphs: [p. 393] These graphs present
information about

acceleration (gradient)

B velocity (ordinates)

B displacement (signed area or definite integral)

B distance travelled (area “‘under’ curve)

volume of solids of revolution: [p. 322] For
rotation about the x axis, if the region to be rotated
is bounded by the curve with equation y = f(x)
and the lines x = @ and x = b and the x axis,

then:

x=b b

V= J myldx = J w(f(x))dx
X=a a

For rotation about the y axis, if the region is bound

by the curve with equation x = f(y) and the lines

vy =aand y = b then:

y=a
V= J wx’dy

y=b

For regions not bounded by the x axis, if the shaded
region in the diagram is rotated around the x axis then
the volume, 7/, is given by:

b
V= | VP - [gtPdx

y
A
7 /f
A g
> X
0 a b

W

weight: [p. 493] Any mass of m kg, on the Earth’s
surface, has a force of m kg wt or mg newtons acting
on it directed towards the centre of the earth. This
force is known as the weight.

@

zero vector, 0: [p. 59] For three dimensions, the zero
vector is 0i 4+ 0j + Ok.
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iv 2
b i 225°
iv —330°
2a i0.12°
iv 0.89¢
b i 97.40°
iv 5.73°

3
3a\/—

T

i —120°

v 260°

i —1.75°
v 3.60°

i —49.85°
v —171.89°

iii
vi
iii
vi
iii
vi
iii
vi

Answers

N

S5

2
ko

4
105°
—165°
—0.44¢
—7.16°
160.43°
—509.93°

1
c

N |

..,
|
ST

W

(]

_.4
N —
SIS

5711

3
10al b3 % a3
/il —4y1 -1 -1
11a ! [ il
17 17 4
122 Y2 b—_zﬁ cﬁ =L
7 7 2 2
2 S
13a —, —
133
w 4w 7w 10w 13w 16w
9°9°9° 9’ 9’ 9
31 m S5Sm 9m 13w
¢ — d_,_a_,_
2 8 8 8 8
14 a f(x) = sin 2x, x € [0, 2]
y
A
1_
0 T T T T > X
T 3n 1t5_1t3 n |2n
4 2\ 4 4 2\ 4
14
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¢ f(x) = cos (2 (x n ;)) ,x € [0, ]
y

d
O
=
1)
-
<

d f(x)=2sin(3x) + 1, x € [0, 7]
y i i
i i
' 11 | VIn
T bRy T 23 -2
23-2 i12 24 i12 (n/ )x
of ! : 2
| | 2
1 1
1 1
1 1
1 1
1 1
1 1
1 1
Exercise
: . 5/89 . 8JR9
2443 atan x =3,C08X =W,smx :W
V3 btanx°—ﬁ cosxo—% sinx° = 2
™ (2m,\3-V2) IV 7 7
B N4 L 42 V)
\5_40 3 125\‘/@ ctanx’ = ——,cosx° = £, sinx =
4 12 12
20+/3
15a » 2a6 b 632 e
4 3aa=+26
ba:«/g,bzx/g,c=«/7 a=1
da=2,b=~3,c=+/3,d=+6
3—-43 1 3
4aa:«/§,w= f,xz +f,
B . i1 2 2
g y= 2_ ,z=15
6—+/2
b sin(15°) = #,
2 6
cos(15) = Y2HV0 sy =2 V3
2 6
; ¢ sin(75°) = #,
1
' 6 —+/2
| cos(75°)=u,
i 14
' tan(75°) = ——— =2++/3
: PI=3"5
1
1 .
| ExerC|se
1
' 1a11.67 cm b 9.62 cm
' 2a7.15cm b 50.43°
316.71 cm

4 a58.08°,121.92° b 10.01 cm, 4.09 cm




5a6.71 cm
b 121.33° (acute angle produces inconsistent
triangle)
6 6v/6 cm 7+/7cm 830.10
95V3 ++/39 10a 5490 b 100.95

Exercise

1a=82,x=30,y=30,z=82

2a75° b 62° ¢ 100° d 43°
3a=40,b=90,c=50
4 a 150° b 15°

5a4=69,b=47,c="75,d=28,e=36
6a—b+c+ 180 7 x =380,y =140
8a=60,b=280,c=60,d=40

9x=70,y =110 10 x =30,y =60

Exercise

16, =17, =50, =12 029

2y2:16
y3 =38
y10 = 5626
Yn A
6000 - (10, 5626)
5000 -
4000
—_— 281
30001 =589 (4, 2810)
20009 @2 8@ =T g4
10001 2SCT LS (7 60g)
0' 123456789107
31,1,2,3,5,8, 13,21, 34, 55
4210 53
410
6220 b c—
5 57
7 —9840 8a(2 +V2)
10
9a4[1-(3)"] 9
bi —2<x<2 i £210
1
10a ——
1 —sinf s
b%—l—qu‘r,%—i—Zkﬂrr,keZ

Exercise

la(x—22+@-37=1
b(x+37+(y—4)P>=25
cx’ +(y+5?2=25
d(x—3)?%+)?=2

2 a centre (—2, 3) radius 1
b centre (1, 2) radius 2
¢ centre (3, 0) radius 3
d centre (—2, 5) radius 2

Answers

b(r3) -2 =2
Y

(7%’2) 2+410

e | )3033-3)
0 _

> X

~2(3+\33) 210

c(x+4)? +(y—5?F=25

y
“4,5)
2 .
T > X
o] 4
5\ 9
—2) ) ==
e(x )+<y+4> 6

12
Y
3 3,1 @7
(13 [33F
103
. T_l .
1 (103 0
3 3_1 47
2 2N 3

573
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4ax’+3?<16

dx—=3P2+@+27>>16
y

ﬁ—21”“x3 +2V3 .

) 3
32231 e )

6.5
2T Paeee?

ex2+)/2§16andx§2

>

5 centre (5, 3), radius V10

6(x—2%+@+3°=9

Tx—5P+@—47=13

8 4x? + 4y — 60x — 76y + 536 = 0 has centre
5v2

(£, %) and radius ——
2

x? 4+ — 10x — 14y + 49 = 0 has centre

(5, 7) and radius 5

Points of intersection are (5, 12) and (10, 7)

)0

22 272
b (+/5,2V5). (—V/5, —2V/5)
Exercise
2 4
1a % + T_6 = 1, centre (0, 0)
v
\

4
2 2
b )lc_6 + ;_ = 1, centre (0, 0)
y
\
5
(L
4Qj4
-5
4y -1y
G 5 ) +(:16) =1, centre (4, 1)




Answers 575

=1, centre (3, 2) 2a— —

N )y 2y
16 9

= 1, asymptotes y = :t%x

25 9

>
D
n
>3
M
0

(x +2)
g

— 1)
+ v ) =1, centre (=2, 1)

9 5
y

(1P | (427
25 * 16

h =1, centre (1, —2)

_22 _32
i(x4 ) —|—O}9 ) =1, centre (2, 3)
y

Y
=

T

o 3

L (x—=27  (y—1)
It

=1, centre (2, 1)
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e(x_2)2 O+ 1 = 1, asymptotes 7_3 f
| - 16 e N
1. _ 1 N .
q) y=3x-2 y=-—3X \\ ; ///
y So o JRe
A 1 \*4\ //’ 4@
) 3D d 2 < [C))
[ ——x-2 A% > X
7)) 177 7T W0 ) o 7
C 2245 0| 2 4o 245 3 /,/ 3 3 oo
o > P N
(-2,-DYy 14 <7 (6,-1) e N
< /-7 T 2 2
-7 BN j T 5= 1, asymptotes

(G5 -3

= 1, asymptotes

25 9

(x—27 (y—3)
£ T T

= 1, asymptotes

b
5 V13 6J13
13 13 )\ 13 13 )
—6/13 613 6/13 —6/13
3 13 ]\ 13 13
6(—2«/5, %ﬁ),(zﬁ, ¥>
y

4x—17 (-1
3 3
y=2x-1 y=3-2

h

= 1, asymptotets

y:2x71,'
/,

G- -1y

= 1, asymptotes
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D
n
>3
M
0

ﬂ

3

R .

a3 A

a2
3

¥2
jz-l—yzflandyfx

y
A

\
37

4SRN . Exercise

-i\lo 3 7
*37% 141> =4 dom=[-2,2] ran=[-2,2]
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2ax’*—)y* =1 xe(—o0,—1]

(x=37 =2
c 9y + 7 =

1

ex’—1y* =1 «xell,o0)
¥
\\ ‘
N =—X
N
N
Y
N
Y
Ay
Y
Ay
Y 7/
Y 4
AY 7
AY
4 Y
7 AY
4 Y
4
4
,/
—x,
y 7/
d
7/
d
4
e

fx—1>—@p—17% =1 xe2, 00)

3ax=4cost
bx=3sect
cx=3cost+ 1
dx=9cost+1

4da=1,b=2,c=3,

y=4sint
y=2tant
y=3sint—2
y=06sint—3
d=2

Sx=4cost,y=3sint

X2 2
6ax=2 t,y=6sint b—+—=1
ax cost,y sin a + 36
t t
7 =-2 —,y=2+43sin =
ax cos2 y + sm2
¥ (-2
b—+—-—=1
4 + 9
8 a Dom = [2, 5] Ran = [4, 6]
y
2,6)
\(5,4)
X
o
b Dom = [2, 5] Ran = [2, 6]
y
A
2,6
(5.4
2,2
X
[9)
¢ Dom = [—1, 5] Ran = [2, 6]
y
1
4+ig
3<
4 25
3
> X




Multiple-choice questions
1B 2D 3C 4 A 5C
6C 7B 8C 9D 10D
Short-answer questions
(technology-free)

10
17, =5" 2 cm
cosa
(r+27 -3y
3 =1
4 + 16

;

4 7 53
6a+/34cm b 2tan~! (%)

V2 4 _ :
7a > b ~3 ¢ 210° is one possible answer
8ax b a(a + b)

9 tan~!(34/2)
102 2 m ow 2@
XiX = ——, ——, =,
3 333
b y
T T
(2 I &)
wm] =\ o] /& \2z
T3/ 3 3 3
(-m,-3) -3 (m,-3)

=2 - T 2T
c|l—mm —|Ul—,=|U|—,7
3 3 °3 3
3
11 a 90° b 45° and tan~! (4_1)

1

ctan” " | —
4
12 a 34/97 nautical miles b 5@ nautical miles
1392
1428 e 30km______, b240+/2km
45 15
¢ 4804/2 km
90°
c
15y=3x—2|—2,y=—3x+2
1695V e =1

17 a 60 ba=30,b=30,c=120,d =60
18x2+(y—4P2 =4
19 a

y=-2cosx (5—75 2) y=-2cos (x - E)
w2\ 4

E\‘ G

2

> X

@m,—2)
(2m,-2)

Answers 579

m™ S5 m 1l m™ 5w
20a —, — b—, — c—, —
6 6 6 6 4" 4
21la=1,¢c=2,b=d =3
22 a 50° b 50° ¢ 40°

23 Centre (—4, 6), radius 7
24 (%9, 0) (0, £3)
25ain="Tp+7

ii 5n=70p*+147p +77
26at, =3"" b 319

Extended-response questions

12102 km b 049°
ci 11.08 km i 031°
d 11.93 km

2a i [—v2,V2]

i [-3 —+/5,-3++/5] iii (0,-3)

37 11 48

b2,3,1,2 R e
°<13 13) d<0’ 13)

. 1\’ N 35\* 3890
X — = - — = —
2 " % 676
3
3e 7 undefined

—4 20
fy:4andy=7x+?
4ay=(tan0)x

b (—acosb, —asin0)

. cos 0
cy—asinh =———(x —acosh)
sin

A( 4 ,0);3(0,#)

cos 6 sin 6
a? a?

e Area = — = —
2sin6 cos B sin 20

Minimum when 6 = %

5 _ —«/3 n 2\/§a. _ \/§ Zﬁa
O T T A
b x? +y? = 4a?

6a100°, 15°, 65° b 2.63 km, 4.56 km
¢ 346° d 14.18 km

Chapter 2

Exercise

3
lai?2b ii 4a iii 2a+§b
. 3
iv 5b—2a v2a—§b
bi4 i 4 i V13
2a (3cem b (4 cm
long) long)
9 3
3aé6 b - c—
2 2

>
D
n
>3
M
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4a ila i 1b
i {b—a) ivb—a

bi la i 1 i 1(b— a)
5aa+b b—(a+b+c+d
c—(b+c)
6ab—a bib—a) cla+b)
7al(a+b)
8aa+c—b»b ba+c—2b
9a ib—a iic—d

iiib—a=c—d

bic—b i —la+b-—c

10 a not linearly dependent
b not linearly dependent
¢ linearly dependent

Mak=3,I=1 bk=2,1=-10
12a—c be c—3a
de+tg+ia ect+g—1la

13 a i k(2a — b)
it 2m+ Da+ (4 —3m)b
bk= %, m = %
14a ii(a+b) i {a+b)
i 1(4b —a) iv 2(4b — a)

— —
b RP =4A4R,1:4 c4
15ax=0 y=1

cx:—% y=0

bx=-1 y:%

Exercise

la i3i+j i —2i+3j
iii —3i—2j iv4i—3j
bi —5i+2f i 7Ti—j iii —i+4j
ci V10 i V29 i V17
2ai+4 b 4i + 4j + 2k
c6j — 3k d—8i — 8 + 8k
ev6 f4
3a i-5i ii 3k
iii 2j iv 5i+ 3k
v 5i+42j+ 3k vi 5i+2j
vii —5i — 3k viii 2j — 3k
ix —=5i+2j—3k X —5i—2j+ 3k
xi 5i+2j — 3k xii 5i —2j — 3k
bi V34 i /38 i /29
5 5
c 151 ii §t+2]
.. TS, ,
ii 71+2]—3k
d i -4, 2,
i 3] i 3]
i )+ 3k v Si— 2j— 3k
1il 3]+ 3]
5, 4, &
V§l+§]—3
. /613 . NTT ... V310
ei i — jii
6 2 3

4ax=3,y=—1 bx=4,y=3
cx=—%,y=7
Sa i4i—2j—4k ii —5i+ 4j + 9k
iii 20 —j — 2k iv —i—j—3k
bi /30 i V67
— =
¢ 4B, CD

6a i2i—3j+4k
iii $(13i — 7j — 9k)
13 =7 =9
b(5. %)
s b
—
9a i Od=2i+j
—
i BC = —6i+5j
— —
b BD = —24B
¢ Points 4, B and D are collinear
10a i OB=2i+3+k
N
i AC = —i— 5/ + 8k
—
iii BD =2i+ 2j+ 5k
—
iv CD =4i + 6j + 2k
— —
b CD =2(2i + 3j+ k) =20B
Wa i AB=2i—j+2k
—
it BC=—i+2j+3k
—
iii CD=-2i+j—2k
—
ivDA=i—2j—3k
b parallelogram
12 a (-6, 3) b (6,5)
—>
13a i BC=6i+3j
—
it AD=(x—2)i+(y— 1)
b (8,4)
14a(1.5,1.5,4)

b X1+x2 i+ zi1+2
2 2 72

1
15 —7,§,—3 16 2,3
5°5 2
17 | —11, —
3

i 320 — 3j + 4k)

e - . .

ii AB=—i—4j
—

iv BD =2i+ §j

(%)

19aii+j i —i—6 iii —i— 15
o -1
bhk=—1=—
8 n

20a i2i+4j—9%
iii 5.71 — 0.3j — 1.6k
b There are no values for & and / such that
ka+1b=c

21a i /29 i V13
i V97 iv v/19
b i 21.80° anticlockwise
ii 23.96° clockwise
iii 46.51°
22 a —3.42i + 9.405
¢ 4.60i 4 3.86j

i 14i — 8 + 3k

b —2.91i — 7.99j
d 2.50i — 4.33j



23 a —6.43i 4 1.74j + 7.46k
b 5.14i + 4.64j — 4k
¢ 6.13i — 2.39f — 2.39%
d —6.26i + 9.77j + 3.07k
— —
25a|AB| = |AC| =3
.)
b OM = —i + 3j + 4k

cAM =i+2 —k d3v2
262 5i + 5j b (i + 5))

i i3k A 22— 243k
T 2T
e«/86

2

—> 1 1
27aMN=-b— -a

202

— = 1

b MN || AB, MN = ~AB

V3 373, 3
28a 20— p 222
8a %/i > i 2]

V3, 7

e iy 5 d /19 km

2 2

—
29 a 04 = 50k

bi —80i +20j — 10k ii 10869 m
¢ —80i + 620j + 100k

30 2 2.66 km
bi —0.5i —j+ 0.1k ii 1.12 km
¢ —0.6i — 0.8

31a —100v/2i + 100v/2j b 505
¢ —100v/2i + (50 + 100v2)j  d 30k
e —100+/2i + (50 4+ 100+/2)j + 30k

32 a OP = 50v/2i + 5042
bi (5042 — 100)i +50v/2j i 337.5°

Exercise

la66 b22 co6 dl11 e25
f86 g—43

2al4 b3 c0 d-8 el4

3aaa+4ab+4b.b b 4a.b
caa—>bb d |a|

— —
4aAB=-2i—j—2k b|AB|=3 c¢105.8°
5466
6aic iia+c iic—a

= —
b OB.AC =c.c—aa=0

7dandf,aande, b and c
Sa—_é)t b5 c5 d—6orl

9a AP = —a+ gb bq:}—g
26 13 —13
(E’T’?)

10x=1;y=-3

11a245 bLIL  ¢058 d2.01
13a0M =3i+j b3681°  ¢111.85°
14ai—i+3j i 3j — 2k

b 37.87° ¢31.00°

Answers

— 1 . P - 1 .
15 2 OM = 5(4i + 5j); ON = 5(2i + Tk)
b 80.12° ¢ 99.88°
— —> —>
16a AB = CB — CA
17 69.71°

Exercise

11
la\{—l_(i+3j—k) b 1(i + 2j + 2k)

. V10
10
V26

220 S —Git+4i—k i V3

V78
b Git4i—h

3aia=2Qi-2-k
ii b= 1(3i+4k)

(—j +3k)

b %(191'— 10j + 7k)
4a=d(i—4j+k b SHi— 4 + k)
c 24—k
S5a2 bg ciﬁ
g L+ 4HVTT
17

9 iz e .

6 a 2 (5i — k); 5 (7i + 26j + 35k)
32 .3 . 3

b3+ k);3i+j— 3k
c—1Qi+2j—k; i+ Lj+ Sk

Taj+k b (i + 2j — 2k)
8ai—j—k b3i+2j+k cV14
9aii—j—2k i i — 5j

b2i—5) ¢5V195 d /30
10bi (i —3j— 2k) i $5i+j+k)
1 /s .
¢ 5+ 11j— 16k)

Exercise

13ai i(b—a) i 1(a+b)
b 1(a.a+b.b)
14¢3:1
15ai {(a+2b) iia+2b iii 2b
l6as=r+t
bu_): %(r—f—s),_v): %(s—i—t)

17b AB=i—-3j,DC=i—j c4i+2j
e 4j
2 5
19 -b— —a
3 12
k42 k+2 3
20bN=——, p=—— A=, p=
7o 7 c 7

581
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—> —
2120G=b+d+e,DF=b—d+e,
—> —
BH=-b+d+e,CE=—-b—d+e
—_
b |OG]* = |b* + |d* + |e|* + 2(b.d +
—
b.e+de), |DF|* = |b|2 + d* + le* +
2(—b.d+ b.e— d.e)lBH|2 = [b]* + |d|* +
—
le|* + 2(—b.d — b.e + d.e), |CE|* =
16> 4 |d)* + |e|* + 2(b.d — b.e — d.e)
22 b 1272

Multiple-choice questions

1C 2D 3B 4B 5C
6C 7E 8E 9D 10B

Short-answer questions
(technology-free)

la2i—j+k b 2
2a3(=3i+2j+6k) bi(6i—11j—12k)
Jax=>5 by=28 :z=-44
gacosh =1 b6

5a 3(431'— 46 + 20k)

b33 61 ak
529 CI — G 40

6ai(2—30j+(=3—20k
i (=2 =304+ (3 =20k
b+1
7ai2V17 i 4v/3
_1 (5451
b cos 1(%)

iii —40

3
8adi—j+k bi—Lji+4k %3
5
9a34 —4p b385 \ (s
12AB||DCAB CD=1:2
V19
13 &=
14a2c¢,2c—a b%a—i—c cl.5
15a (-1, 10) bh=3k=-2
17 3(i +j) 16h=2 k=3
18ac—a
19a i%c ii %u—%b
i 2a+ 16— 1c
20a ja+3b
A 3\ s
blZa+<4 l)b i 3

Extended-response questions

laii+j+k i V3
b i (A—05)i+\—1)+\—05k
2 —
i >\=§,0Q§(8i+11j+5k)
¢ 5i+ 6/ + 4k

— —
2ai|04|=+14,|0B| =14
iii—5f
1
bi§(5i+j+2k) cS5i+j+2k
e iS5i+j—13kor —5i—j+ 13k
iii The vector is perpendicular to the plane
containing OACB.

-2 —
320X =7Ti+ 4 + 3k, OY =2i+ 4j + 3k,

oy —

0Z = 6i + 4j, OD = 6i + 3k,

—> —>

|OD| = 3+/5,|0Y| = /29

b48.27§)\
. 1
<)\—+I+1>l+4j il —3
4a ib—a iic—»b iii @ — ¢
iv %(b—l—c) v %(a—{—c) vi —(a+b)

Saib+ic cii 5:1 d1:3

6ai 1(a+b) i —la+(N—1)b

7ail2(1 —a) ii 1
bix—4y+2=0 iix=-2,y=0
c ij+4k il i — 12+ 5k

iii 31 — 11j + 7k
d Xis 5 units, and Y is 7 units, above the

ground.
8 ai . 2 + +3
ai - - - iii —a+ -c
i e i cat e )
5 2
bp=-,A==
M=t 3

9ab=_gi—pj,c=—qi+pj
b i AB = —(x + )i — yj,
—>
AC =(1 —x)i—yjf
%
i AE = yi+ (1 —x)j,
—>
AF_—yi+(x+1)j
10a 1BC my, BE_nv
CA—mw CF—nw
ii |AE|=\/m2—mn—|—n2,
—
|FB| = vVm? — mn + n?
71 51
11aCF=3a—c OE=3(a+c)
b ii 60°
cii HXis parallel to EX, KX is parallel to FX,
and HK is parallel to EF
— —
12 a 04 = —2(i +j), OB = 2(i — j),
— —
OC =2(i+j),OD = =2(i — )
— —
bPM =i+ 3j+ hk, ON = —3i —j+ hk
p—
cOX =1i—Lj+ Lk
di V2 i 71° eii V6
—  a — a
13ai OM =3j i MC =ai+ j
— ., ah,
b MP = aNi + 7],
— a
BP =a(\ — )i + 5()\—1—1)1',
— a
OP = a\i + 5()\ + 1)y
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Answers
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Chapter 3

Exercise

a =
A
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Sl
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8
7
s
9v2
T8

V3

3

d2
h
1=
2
dsecx
V17
4
V10
3
2
4
51

, COSeC X

, COSeC X
V2
2
¢
c

1

_1V/6

9

7
g—
k1

/39
5
7

¢ cosec? x

e sin® x — cos? x = —cos 2x

,Secx
,Secx

X
V17
b
17
V10
10
—3J/11

—,S8€CXx =
2
Y2
2
3
2

6
5
_IV2
8
f
J

8
2
7

b -1

e
f tan x sec?
Ta17

4 acotx
b cot x
ccotx

3

Sa£

2
2
i2

6al
a
14a0.2

X

=
=
||||||||||| S & &
\' J
|\.m_oo «_m_4 ||||||||| IM|_A|.. ||||||

y
‘\/
ey =sec(2x —m)

¢y = cot(4x)
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15a0 b 1 sin 26 cl dl
1

16x— —=—2tan 0
X

Exercise

1 a sin 2x cos 5y — cos 2x sin 5y
b cos x% cos y — sin x? sin y
tanx + tan y + tanz — tanx tan y tanz

¢
] —tanxtany —tanx tanz — tan y tanz
2 asin(x —2y) b cos x ctan B
d sin 24 ecosy

3 a sin x cos 2x + cos x sin 2x
b 3 sinx — 4 sin’ x

4 a cos x cos 2x — sin x sin 2x
b 4 cos® x — 3 cos x

2(v/3 -1
52 M b2+ V3
S 4
¢ - V3) a2-3
6a—08 b2.6 ¢
12 16
63 33 + —83
g% h 5 i35
—+/51 V21
7a b —
10 5
¢ 0.40 d —-0.36
8a % sin 2x b —cos 2x c % tan 2x
d-—1 e —2tanx fsin 2x
920.96 b —0.28 c-%
3 9
11v2-1
12 a —0.66 b 0.91
13 0.97
14a 2 b2 ¢3im
Exercise
laDom=R R ( T Tr)
m = n=(——, —
a Do al 2, P
y
A
T
2 ______.
0
P =
_/
e
2| 0

Answers

b Dom =[-2,0] Ran =0, 7]

y

A

R

T

2

: > X
-2 0
1
cDom=|—=, = Ran = [—m, ]

2°2

A
T |
2 /
r
4
T ™ X
1 0 1
3
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U) Zaﬂ b—I CE ds—ﬂ ez 5 m™ 5w b57T T T 4w
- 2 4 6 6 3 156 66 “3 73
o [EIRS IS S Gy gk
V3 T V2 ™ 3
337 b—g c—1 dT 3az—|—21Tn,T+2’n'n,neZ
U) e X /3 g; hT b2mn,neZ c%—i—ﬂm,neZ
4 3
- w5 Tr 4a+1.16 b—020,-294 ¢1.03,—2.11
i—— j— km I——
4 6 4 m w S5S7 3w bo. S5 5
< 4af " [-1,1]—> R, f'(x) = y where 32’5’7’7 3’77’ 30T
¢in . c m™ 3m m mw 57 3w
= C— o 5
Y TSl 2 626 2
()= —sin”'(9) g7 T 5% 3w Baosmolm I
b i . V2 24°8°24° 8 24° 8 24 8
! Y m-=s 257 9w 29w 11w 37w 13w
3w y T 2478 247 8 24 8
v v ; 6 417 15w
safl,3)[-2. 7] b[—_“ ][ 11] 248
2 4 0 2w 4w ) fTr 5w 3
5 37 T7— e0, —, —.2m = -
[ 3 73 S
g0, 2 4 T o nt T
m 5w 4 4 4 4
d - ) 9[ 1’1]
18718 w 5w G
i—, — jo, =, 2w
w™ I 33 2’
e 5 6 ;[-1.11  £[-2,0], [0, 7] 6 a Maximum = 3, minimum = 1
- . b Maximum = l,minimum—%
g[-L 1] [0, 5] h[ 3 6] [—1,1] ¢ Maximum = 5, minimum = 4
. T . T d Maximum = A]‘,mmlmum_é
iR; [0» E) J<07 5>;R e Maximum = 3, minimum = —1
- f Maximum = 9, minimum = 5
k&, (—57 D) 7 a(~1.14, —2.28), (0, 0), (1.14,2.28)
b (—1.24, —1.24), (0, 0), (1.24, 1.24)
—V2m V2
1( . T Tﬁ :R* U {0} ¢ (3.79, —0.79) d (0, 0), (4.49, 4.49)
6a° b 2 24 giwlqz b T o Ty
- — — - ——o,— ta
5 5 cz/s_ ar o, 2T o 2 2
40 5 3
d eV3 == Waw—BB-m b -BB-
245 2410 74149 3 S
L h 7 "9 1Ma2w —vy,3w—vy b——'y,T—y
7ai ? i 3 120,033,216 13 1.50
o 14 b 45.07 150.86 16 1.93
safo.m.[-3. 3] bO.1.[0.1] 17b 1113
™ 18 Whent =0, x4 = x3 = 0;
0, dafo, 1,[—1,0 ’ ’
c[ 4’ 4] [0, ] [0, 13,1 1:r ],‘T whenr=1.29, x, =x3 =0.48
e0.1L0-1.11 a3 7] 19 0.94
+ _ . . .
gRTU{0LO1]  hR (=11 Multiple-choice questions
" 1C 2C 3E 4D 5A
Exercise 6A 7E 8D 9E  10E
1 T 11w b wm 17w .
A e 2 1 Short-answer questions
T T " (technology-free)
6" 6 47 4 7 24 24 4
e51T 1w w 13w 25w 37w la— p= ¢ = dé e —
6" 6 24247 24 24 % 7 3 3




2210,11',2*11',3,—2,5—1-r
3 3°3
b m™ w 3w wm W S5mw
2272737 33
. ™ m 37 d m m 3w
27272 2272
e’n w 7w 11w  Sw
27676 6 6
£0,0m % T T
2T T3
3 Tm 11w . (1 )
i - — sin -
216, 6,5 3 , T — S 3
bTr Sm 7w 1w
666" 6
m™ 5 w 37 Sm Tw
c—, — d—, —, —, —
4 4 4 4 4
V3 2V/3
- b — 2
4= 3
d2 el f—/3
1
d—— e—p
p
2T
c 22
3
2
(Y2
2

Answers 587

Extended-response questions

see 'x
la ix i V1 —x2 iii

V1 —x?

2x
iv2x v1l—4x?  vi ——
V1 —4x2

b i 2xy1—x2—xy1—4x2
i V(1 — 4x2)(1 — x2) 4 2x2
o 2x/ 1 —x2 —x/1 —4x2
b= a0 =) + 20

2x+/1 — x2
iv% v 2xy/ 1 —x2
—2x
vi 1 —2x2

¢ /B,AB, = 0.34,2a = 0.61

i ____ y=cosecx
ii y=cotx
iii y = cosec x — cot x

cy= cot(%):y = cosec(x) + cot(x)

d ii cot%=ﬁ+l,cotr—2:2+«/§
1

Va4 +2v2

0
e cot — — cot40
2

iii

3a i 100sin6 cos6
i R

50

i z
4 2

iii 50 iv =
4

b ii @ =2000, 5 = —4000
iii ¥ =2000p — 4000p>
1

v 0 1
vO0<p<gy

>
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n
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n vor

5 250 A

2 9
0 n T

('é) p 3 2

I 250 A :
0 1 1 ’

1 2

vi Maximum volume = 250
when p = 1.6 = g
¢ i V=1000sin’6,0 < < g
4
1000 >
(3 1009
0
0 T
2

iii Vis an increasing function. As the angle 6
gets larger, so does the volume of the

ii

cuboid. 0 < 6 <% for the cuboid to exist.
4bp=8cos’ 0 —4cosH

sse w . 1
cm — v
6
d pr
4“
—> 0
0 T
4
m
e —
4
Saiix=x—4+nm,ne”z
y
m
A
I I i I I
I I i I I
\ I n I I
AVAREAVARNE
OA AN AN I
T > X
S R
5 \ N \
L] 2 AL 2A
I \1 I \I
T
\ H \ i
i y=tanx
jii ———— y=cotx

y = 2cosec (2x)

iii

s
biix:n'rr:l:g,neZ

iii

ji ——-- y=tanx
iii y =cosec 2x
6a i LBAE =72°, LAEC = 72°,
JACE =72°
ii 36°
¢ ﬁ —1
4
Taii v 500
(0%)
9°
0 90

iii Vis an increasing function. As the angle 6
gets larger, so does the volume of the
pyramid. 0 < 8 < 90 for the pyramid to

exist.
b ii 6 € (0, 90)
2000 , 1000
iii V=———a"+—a
3 3
125
iv Viax = ES when 6 = 60
)
0

0 30 60 90

500
8ai V= "— cos9°sin® 6°
ii Vipax = 64.15 when 6 = 54.74
b ii 6 € (0, 90)
iii Vi = 24.69 when a = 0.67
6 =48.19

+ /a2 — 4
9cix=a a 2b(a—l—b)

i 1++2
d0.62




Answers 589

iv In general, the graph of
b+1 b
0 =tan"! <L> — tan ™! <—> has the
X X

b-axis as a horizontal asymptote. The
domain is [0, co) and the range is

1
(0, tan~! (—) ) . The 8-axis intercept is
X

—1

1 . .
tan~ | — | . The function is decreasing as
X

b increases.
0

1
tan ! (})

>
D
n
>3
M
0

W |—

0 b
In general, the graph of
tan 6 = xz—i—xw has the b axis as a

horizontal asymptote. The tan 6 axis

1
intercept is —. The domain is [0, co) and
X

1
the range is (O, —:| . The function is
X

decreasing as b increases.

tan = ———
0016+ 07
0 tan 6
| tan 1
B X
b
0
0 b
(b1 (b 10 a Each has a right angle, and ZCAD is
iii 6 =tan (T)—tan (%) common to both triangles.
b (cos 28, sin 20)
0 ci2cosb ii 2sin 6
Chapter 4
Exercise
b
0
20 1asi b 3v/3i ¢ —5i
tan = -——— d 13 e 52i f—2v3
2
te“OOJ’bH’ g—1+2 h4 i0
A 2a5+i b4+ 4i ¢5—5i
301 d4 —3i e—1-+1i f2
g2 h1 i3—2i
Jax=5,y=0 bx=0,y=2
cx=0,y=0 dx=9,y=-4
N b ex=-2,y=-2 fx=13,y=6
0
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4 Im(z)
—2+3je 13
12 e2(1+i)
1
‘v“O“‘\Re(z)
-4 -3-2-1 ,711 23 4'
. 15 3—i
~3+2) |4
(~4i)1-4
5 Im(z)
A
14 221422
zZy—2zp0 43 .
<2'Z1
41
““Oiiine(z)
-4 -3-2-1 111 % 3 4
12 22
13
14
6all+3i b47 —i cl3
d —8 4+ 6i el —4i f—2+4+2i
gl h5—6i i—1
Tax=4,y=-3 bx=-2,y=5
cx=-3
dx=3,y=-3,orx=-3,y=3
ex=3,y=2
8a Im(z)
A
1+1i)3
( -l)2<(l+i)2
A +i l~0°1+i
> Re(z)
-4-3-2-1 {112 3 4
{2
1-3
{4

. . ™ ..
b Anticlockwise turn 7 about the origin.

Distance from origin increases by factor V2

9aP_Q):|::3:|:(i)2 b |0P| = v/10

1
Exercise
1a+3 b —8i c4+3i
d—1+2i e4—2i f—342i
3 1
2ai b—— —i —34+4i
ail 10 101 c + 4
17 1. —1-v3 J3-1.
d?-i-gl (3 > + > 1
f44i
4a5-—5i bo6+i c2+3i
9 _i
a-—! e —8i 8+ 6i

sad 4+ b—" 1" i ¢
a2+b2 a2+b2

d 2bi eaz—b2+ 2ab
—_— i

! d2+b2 a2+b2

faz—b2 2ab
—_— = ]
a2+b2 a2+b2
Exercise
3
la3;m b5 T V222
2 4
a2t 4T f16; — 2=
; e 3__ ; - 4
76 3 3
2al.l8 b 2.06 c—2.50
d —0.96 e 0.89 f—1.98
3 5 b31T 5
173 2 6
0y 11w 31
d— e f——
4 6 2
31 S5 ™ ™
4a—— b— - d——
1T 6 3 2

. 3m . T

5a+/2cis <_T> b cis (—;)

. [ 2 .o
c 6CIS(_Z> dgCng

. ™ . 5w
e 2+/2 cis <_€) f4cis —
5 543
6a—v2+2i bE—‘Tfi
33 3
2+2i d—— =i
c2+2 2 21
e 61 f—4
3
8a2cis<——“) b 7 cis %
4
c3cisE d5cis —
3
Exercise

. 7 . ™

1312c1s<—E> b%as(—;

. ™ 197
C%CIS(_E> d 8cis _W>
e8c1s§ fﬁcis% g—%

. 5w . . .

h 27 cis 3 i—32i j—216
. ™ 27 . ™
k 1024 cis - 1 T cis (—%)
7
2 a Arg(ziz) = D
T
Arg(z)) + Arg(z) = R

Arg(z1z2) = Arg(z)) + Arg(z,)



7
b Arg(zz;) = o

12
—17m
Arg(z)) + Arg(z;) = B
Arg(z1z7) = Arg(zy) + Arg(z,) + 2

-5
¢ Arg(ziz) = —©

T
Arg(z1) + Arg(z2) = <

Arg(z1z;) = Arg(z1) + Arg(z) — 2w

™ -3 —T
4a— p— -
7 4 “7%
3
5b i cis<7ﬂ —79) i il cis 40
iv cis(m — 0 — )
6b i cis(—50) ii cis 360
AL
iii 1 iv c1s<§ — 29)
7b i cis(660 — 3m) ii cis(m — 260)
iii cis(0 — ) iv —i
8a isecOcis® ii cosecH cis(; — 6)
iili ————cis(0) = cosec 0 sec 0 cis(0)
sin 0 cos 0
b i sec® 0 cis 26
Lo 3m
ii sin’ O cis| 36 — —
2
iili ————cis(—0) = cosec 0 sec 0 cis(—0)
sin 0 cos 6
V2 =3
9ao64 b — —_—
2 c1s( ) )

2 cis

¢ 128 cis(_—%> a =3
3 72

e (_—Tr) f 64v3 cis<3—w>

4 3 4
V2. L 21

g 71 h; ms(—E)

. 1w

i 8v/2 cis ET3

Exercise

1 a(z+4i)z—4)) b@E+V5)z—~50)
c(z+14+2)z+1—-2i)

)

o) %)

o))
(-

3 V5 15,
g3(z++ e L EEs 3

Answers 591

hZ(z— @i)(z—l @)
4 4 4

1
4

j (Z+2)(Z—;+gi> (z—;—@ )

2
k3(z—4)<z—é+gi> <z—é—g )

3 V31 1 V31
12(Z+3)<Z_Z+Tl> (Z_Z_Tl>
m (z 4 3)(z — 3)(z + 3i)(z — 3i)
n(z+2)z—2)z— 1+ V3i)z—1—+/30)
(z+1+3i)z+1—~/30)
0z+i)(z—i)(z—2+1)

2a(z—i)(z+%+§i> (Z-f—%—\/?gi)

bE+i)z—1+vV2)z—1-+2)
c(z—=20)z—-3)z+1)

, 1 J41 1 41
d2(z z)(z+4—|— 7 )<2+4 )
3bz—1+41i
cz+6)z—1+i)(z—-1—1)
4bz4+241i
cz+D)z+24+0)(z+2—-1)
Sbz—1-3i
cz=143)z—1=-3Dz+1+)z+1-1)
6a8 b —4 c—6

Exercise

1245 b £2+/2i c24i
—7 4 J/11i
dTl el++/2i
f3EVIL g3, —2+ 2
10
s 1 +/23i ) 54+ /7
e 1—1,
2 2
14 +/23i
j—mT’
2aa=0b=4 ba=—6,b=13
ca=2,b=10
1
3al-3i 3 b—2+i,24/2i

4 P(x) = —2x> + 10x* — 18x + 10;
x=lorx=2=41i
5a=6,b=-8
6azr—4z+5a=-7,b=6

bz:2:|:iorz:7
7aP(l+i)=(—4a+d—2)+2a— 1)

ba=1,d=6

cz=124iorz=—14iv2

>
D
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8p=—(5+4i),q9=1+4+7i
9z=14+iorz=2

10az=3+1i
bz =2ior+v6
cz=1or+iv6
1 V1
dz:20r——:|:i—5
2 2
NG T
ez=—+i——
4 4

fz=0o0r—1422i

Exercise
la Im(z)
1|z=cis—

Solutions: z =iorz = —i
b Im(z)

d Im(z)

A
\2

z=\2cis SG_EK\

= 5 5 Re@
z= \ECIS ( 6 )
-2
Solutions:

Solutions:
3 1 3
z=§+§iorz=—§+§ior

222 2 cis 1T g eis( T
i is — is| ——
a2 cis 5D cslz, cis )
11 -
b2c1sﬁrr 2 cis Tr,ZCis j
4’ 12
-1
c2cis —5m 2015 , 2 cis —777
18 8 18
—1
d2cis T 201s— 2¢c —31T
18 18° 18
™ . (=5
( ) 501s ,5cis <—6 )

1 1 -5
f26 c1s— 26 cis — T ,26 cis -r
4’ 12° 12

eScis



3ad® - b =3,2ab=4
ba=+2,b==+1
The square roots of 3 + 47 are (2 + i)

2
4a+(1 — 4i) b+==(7+1)
¢ (1 + 2i) d £(3 + 4i)

-5 _
Sx/zms— 2015( Tr) 2015( 61T>,

6 Solutions are z = % + %l or
-2 . V2 V2,
—— — —i; factorsarez — — — —1i
2 \/2_ s 2 2
d I
and z + > + > i
. .om . 3w . 5w
7 Solutions are z = cis —, ¢is —, cis —,
8 8 8

7w . 9w . 11w . 13w
cis —, ¢is —, ¢is ——, ¢cis —— or
8 8 8 8

. 15w .o .
cis T; factors are z — cis —, z — cis —,

8
. om . Im . 9w
z—CiS —,z—Cis —,z — cis —
s 8’2 cis T
ek . 13w .15
z—cis —,z—cis — and z — cis —
8 8 8

1 2 2—1
8a+t \/ +2\/_+\/f2 i

1 1 -7
b 24cis%, 24cis (_’n’)

8
CCOSI (2+\/_)2
s 2
T 2-V2)7 f)z
Sin — =
s 2
Exercise

1 a2 Im(z) = Re(2)

Im(z)

Re(z)

b Im(z) + Re(z) = 1

Im(z)

N

1

70*;\—' Re(2)

Answers

clz—2|=3
Tm(z)

2+3i

/‘.\ > Re(z)
2-3i

diz—il=4
Im(z)

4+

4+i
Q/ RC(Z)

-3

elz—(1++3i) =2

Im(z)
J
1+ (3 +2)i

1 ++3i . 3++3i
1++3i

Re(z)
1+(3-2)

flz—(1—-9|=6
Im(z)

1+5i

1-7i

glz—1l+z4+1]=3
Im(z)

2
h\ Re(z)
2
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hjlz—6]—|z+6/=3
Im(z)

28={z:]z—1] <2}
Im(z)

1+2i

A
IQ \_J3

1-2i
3{z:z=iz}
Im(z)
14 1 +i
Re(z)
0
4{z:z=1|=z+ 1|}
Im(2)
—Xx=0
Re(z)=0
- Re(2)

55={z:v3lz—1|=|z+ 1|}

Im(z)
2+43i s
0 @2 . @Re(z)
213

6 a{z:|z—il>1}
Im(z)

b{z:lz+il <2}
Im(z)

Re(z)

-3

¢ {z | Re(z) > 0}
Im(z)

d{z:lm(z) = -2}
Im(z)

Re(z)

Re(z)

e {z:2Re(z) + Im(z) < 0}
Im(z)

Re(z)



f(z:z+z=5}
Im(z)

Re(z)

S IRV

g{z:zz=5}
Im(z)

an
N

5

NS Re(2)

h {z:Re(z) > 2 and Im(z) > 1}

Im(z)
i
[}
[}
[}
|
[}
1 1
1
5 23 Re(z)
1
|
i{z:Re(@) =1Im(z)}
Im(z)
\\ T // _ 1
\\\ /// y=x- E

j{z:Arg(z—i):E}

3
Im(z)

> Re(z)

Answers
k{z:lz+2i| =2z —il}
Im(z)
4
2+2i 2 2+2i
> Re(z)

O ‘

I1{z:2<|z| <3}
A ™ A()<3ﬂ
. — < Ar, —
z 7 gz_4

m{z:|z+3|+|z—-3] =28}
Im(z)

Re(2)

8Re(z) > 0and |z +2i| < |

Im(z)
A
> Re(z
0 (&)
-1
-1-2i -2 1-2i
-3
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9z—243i <2
Im(z)

> Re(z)
4-3i
5 ; > Re(z)
z—1—1i
b =1
z
Im(z)
A
1
0 1 > Re(z)
1Mx>+y?=1
12 The circle has centre (g, —2) and
. 44/10
radius
3
1322 : 1
14 a A circle of centre (1, 1) and radius 1.
by=—x
T
D= —
¢ arg(z ) 7

Im(z)

0 | Re(z)

darg(z +1i)= ;
Im(z)

Re(z)

15 A circle with centre (2, 4) and radius 6.
16az=—1++/3i

b ilz=2 i z—1]=+7
jii z+2=-2
c Im(z)
z+z=-"2
AN e -1=v7

/N

0

NERDA v Re(z)
N

~1-3i =2

N

Multiple-choice questions

1E 2C 3D 4E 5D
6B 7B 8C 9B 10 A

Short-answer questions
(technology-free)

1a8 —5i b —i c29 + 11§
6 4 9 7
di13 2l 2oL
‘BT s
3,6, hs e iBL8L
E5T5 ! 0" 10
2a2+3i b—6+2i ¢—3%++/3i
3 3
d——(1£i), —(—1%i
ﬁ( )ﬁ( )

3 2
e3,S(-1£3)or3 cis(i%)

33 3
f—i,z(lﬂ:«/gi)oricis(ﬂzg)
3a2—i24i,—-2 b3 —2i3+2i-1
cl+il1—142

3V7, 3 V7,
4a2 x—{—Z—I—Tz)(x—{—Z—Tl

bx—DE+idx—1i) c@x+2>*x—2)
52and —1, —2 and 1

6aandiv, bandii, candi, d and iii
7 —1land5, 1 and -5
8a=2,b=5 9 Jcis(—3)

3 3 1 3J3
10a:——£,b:—+i

2 2 2 2

1

11a2+2i b5(1+i)
c8v/2 g
122i v2 ii2 iii; iv—g

«/f [



13 2 cis %,—64x/_—64i

1443, 437, 1 + i

1516 — 16 16 —2i,i,—2, k= —2or 1
17aGz+2)z—14i)z—1—1i) b 25
18 —1+2i,—1—1i
19a(x—1)2+(y—1)2<1

Im(z)

20{z:|z+il=1|z—il}

Im(z)

Re(z) =0
Re(2)

21as: [z Z=2cis 0, o<e<—

Im(z)

b{w:w=2z%zelS}
Im(z)

bec=12+3i,d=9—i
orc=4+9i,d=1+5i

24 a2 cis I, 2 cis  and 2 cis(—z)
3

5
b 2 cis T and 2 cis _T
6 6

Answers 597

25a(x + D> — D2 —x+ Dx24+x+1)
b(x+1)(x—1)<x—%+§i)

1 3 1
c—l,l,—:l:ii, or——:lzﬁi
2 2 2 2

26al b1 cO
27__1T

4
282 —2 + 230 b -3 — 6i
29 a Im(z)

centre (-2, 23 )
radius 2

i > Re(z)

Extended-response questions

—IT
lalZ|=16384 Arg(z)= —

6
b Im)
Re(z)
T
242 cis —
¢ 2+/2 cis B
dz=-2V3+2i,w=1+1i,
z
;:(1—«/§)+(1+x/§)i
3
e—2-+/3 f%
2b3,2—-1i
dz’ —9z* + 3623 — 8422 + 115z — 75
3az=~3+i
b i Im(z)
14 ez=\3+i
0 \/é > Re(z)
-1 ez=\3-1i
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ii X2 4+)?=4
iii a=2
iv Pz)=2242V3z+4
The solutions to the equation
2% + 64 = 0 are equally spaced on
an Argand diagram around the
circumference of the circle
x? +1? = 4, and represent the sixth
roots of —64. Three of the solutions are the
conjugates of the other three solutions.

Im(z)

d
O
=
1)
-
<

2i

Re(2)

=5
4a8 cis(—ﬂ>
6
(=57 T =177
b2cis| —— }),2cis —, 2 cis
18 18 18
¢ Im(z)

di@—+3i)P=—-4/3—-4

—5m
Gis=2 —om
ii z cos( 13 )
. =5 .
+ (251n (—) +x/§>1
18
T

z=2c0s —
18

+ <2sin (%) + ﬁ)i
()
+ <2sin (%) + «/5)1'

—> —
5aXY =3i—j, X2 =2V3i+2j

bzy=1++/3i

T
cz3=2cis 3 W corresponds to 6+/3.
d (4+/3,0)

6a Im(z)

|
)
(=3

; Re(z)

bT=1{z:Re(z) > -2} N{z:Im(z) > -2}

— -2
N z:—ﬁrr<Argz<—Tr
6 3
5 5
Tak>—- bk=—-
4 5 4
c2<k<—-
4
8a Im(z)
N M
L
7 A 20 f Re(z)
R
o
blz—4|=4

2
¢ N is the point 4 cis ?Tr

-2
Q is the point 4 cis (Tﬂ>

d The new position of N is 4 cis %

. . . —1lm
The new position of Q is 4 c1s( o )
9b Im(z)

A
. A
sin® - P
A
VG Re(2)
n § 1 1+cos6
S @
—sin 0 .i
o

¢ cosec O + cot 6 = cot 3

10 b z3 =v/2 cis(tan™! (2 —/3))

/T
= 2c1s(—>
12
c Im(z)
1
7 2 BE)
Mo
2
——— —> Re(z)
L) Bl Vi
1 Z4 \2 2
1 3 3+1
51 1
B
R
~17 2

11 aii ¢ =2k bb=—-1—-i,c=2+2i



12ai 6v2 ii 6 b ii Isosceles

13 ai 13 ii 157.38° =2.75¢
. —-12 . 5
b icosa=——,sina=—
13 13
il »=+/13, cos 20 :_—12, sin 20 = i
13 13
V2 V2
iii sin 6 = :i:5 6, cos 0 = ﬂ:—6
26 26
2
iv w:i%(l + 50)

s

2
d iT(S + i), a reflection of the square roots
of —12 + 5i in the line
Re(z) = Im(z).

14 +32+2 2
alx+ - = —
2) TV T

b(xs 2+ 1\ 15
X+ = =) ==
2 2 2
2 2
-
c<x+E) +72=B 3 i
(¢ o
a\? b\ @A +bP—ay
Y e
where 3 = a + bi
15 a (cos®  — 10 cos’ 0 sin® 6 +
5 cos 0 sin* 0) + (5 cos* 6 sin § —
10 cos? 0 sin® 0 + sin® 0)i
16a{z:(1—|—i)z—|—(1—i)2=—2,Argz§g}
Im(z)

y=x+1

1
-1

/ 5 Re(2)

b i Im(z)

22 +24
Z(A @
212-24

> Re(z)

A
i |Z|max = 6: |Z|min =2
. 5w
il Arg(z)max = 75° = TR

v
A min = 15° = —
1g(2) P
2
17 a 2 cis (:i:%r)

¢4+ 2 -2V3)z—4/3i=0 d—4
orz? + (24 2/3i)z+4/3i =0
18 ai z=2cis 6 + icis (—6)

bi z=2icis 6 — 1icis(—0)

Answers 599

Chapter 5

5.1 Multiple-choice questions
1A 2D 3E 4E
5E 6C 7D 8C
9C 10B 11D 12A
13D 14D 15E 16 B
17¢ 18D 19B 20A
21E 22D 23C 24E
25A 26C 27¢ 28 B
29C 30C 31C 32E
3C 34C 35E 36E
37B 38E 398 40 A
41¢ 2B $BA 44D
45C 46 A 47B 4SE
49A 50C 51D S2E
53 A 54C 55C 56 D
57B 58C S9E 60 C
61D 62B 63 A 64D
65E 66 B 67D 68 C
69 E 70D 71C 72D
73 B 74E

5.2 Extended-response
questions

3 1
lai =(b—a) ii =(3b—a)
2 2
—> —
bi AB=i+2j,BC=2i—j iv3i—j
cx=4,y=5z=2
2ai Im(z)

i 242 -2

bi Im(z)

Re(z)

ii The maximum and minimum values of |z|
are v/2+ 1and 1 respectively

3aia+b i Ma—b) iii 2(a—b)
— —
b DA = 2BD
4a ilsI° i (34 + 40j + 23k)
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iii x=3,y=-2,z=16

1 — —>
bib—Ea ii 04 =2BQ
5b4:1:3 cdi+j+ 3k
es=3,t=-2
a.b b J(a.a)(b.b) — (a.b)?
|alb| al|b]
8c8:1
9ai %(a + 2b) ii %(2b — Sa)
bi2:3 ii 6:1
10a i2c—b i 1(a+2b)
iii 1(a + 4c)
11c3:1
12az2—-2z+4
. . ™ . . 2
bi 2c1s(—§) ii 4CIS<_T>’ —8
i 14 +/3i, —1
ci «/7, Ng ii isosceles
1 1
Bap= @+ 2V2i), q = ;@ + 44/2i)
1
ib—a ii E(a—f—b)
"’](+b) . 1(2 b)
Z iv —(2a —
iii - (a 3 (%4

1
v §(2b —a)

14 a (z + 2i)(z — 2i) b (22 + 2i)(z* — 2i)
dz—(1+))e+A+D))z—-1—-10)
+d—=1)
e —224+2)( +2z+2)
15 b circle centre 2 — i and radius /5
¢ perpendicular bisector of line joining

1+ 3iand2 — i
16 a2+ 11i
.25 . 1145
bi — i —
25 25
17 ci 1 i —1

diz2—3243=0
ii 2 +2z4+13=0
e0,3

18azt+2+224+2z+41 2m

ccis| ——
(-5
. 27 . 47
dcis [—),cis [+— ), 1
5 5
2 21 5 41
e Z—ZCOS?Z—FI z—2cos?z—|—1

19a4,9, -4 b5

20 b cos 50 =cos’ 0 (1 — 10 tan? 0 +
5 tan* 0), sin 50 = cos’ 0 (5 tan 6 —
10 tan® § 4 tan® 0)

21 acis (£ 0)

22 a y
77777777777777777777 71'5
I Y73
SN
- T /loT T T
% AR N
- T
11 N
bi 0.67 ii 0.54
do0.82

23 a y
-1, m A

(2.0

bi 0.48
d (0.768, 0.695)

K )

ii 0.67

24aa=5,d=-10

bi 1.73 metres
25a iccosx
iii ccosx+a

ii 8.03 metres

ii acosy
cosy

b i LAOC =2z, ZAOY =z

ii 240 sin z
26 a Im(z)
3
\2
3n
: 4 > Re(2)
b{z:z=—-1+i—1+2ior—2+2i}
¢ Im(z)
2
L1
Re(z)
27 a Im(z)




b Im(z)

WNA
7N

— —
28 a OA =i+ Nk, CA =2i — 3j+ Nk

b 56° ¢ 13 4+ 8+/3 since A > 0

—_

29b i X=3(a+b+c)
—
Y:S(a+c+d)
—_
Z:S(a—l—b—i-d)
——>
ow=1 s(b+c+d
—

ii D. X=3(a+b+c) d
—
Y=3(a+c+d) b
_)

—
AW:%(b—{—c—‘rd)—a

e 1
iii OP=(a+b+c+d

— — —
ivOO=0OR=0S=1(a+b+c+d
v O = R =8 = P which is the centre of the
sphere which circumscribes the

tetrahedron
0a=-4b="c="" d=8
9 3

Chapter 6
Exercise

1 ax*(5sinx 4 xcosx)
b €' (tan x + sec? x)
cos .
c\/_< x—smx)
de* (coxx — sinx)
ex’e" (3 +x)
f cos? x — sin? x = cos 2x

g x> (4 tan x + x sec? x)
tanx
h sec? x log, x + ——

isinx (1 + sec? x)

t
j/x (ﬂ + sec? x)
2x
log,x — 1 cotx
a——— b /X e — cosec’x

(log, x)? X
¢ e* (cotx — cosec? x)
sec? x tan x

log,x  x(log, x)?
cosx  2sinx
x2 x3
f sec x (sec? x + tan? x)
—(sinx 4 cosx)

ex
h —cosec? x

Answers 601
3a2xsec’(x? + 1) b sin 2x
¢ e™ ¥ gec? x d 5 tan* x sec?® x
X cos(y/X
e w f 1 sec? x+/cotx
x
(%)
sin [ —
X
g —— h 2 tan x sec” x
X
il secz<z> j —cosec? x

4 a ksec? (kx) b 2 sec?(2x)e™1®)

¢ 6 tan(3x) sec’(3x)
. 1
de™ | — +log, x cosx
X

e 6x sin?(x?) cos(x?)
f e sec?x (3 cos x + sin x)
g ¢ (3 tan(2x) + 2 sec?(2x))

p VX tan(v/x) Secz(ﬁ)
2x
2(x + l)tanx sec’> x — 3tan® x
(x+ 1
j 20x sec?(5x?) sin(5x?)
5a5x—1)* b —
c (3 sec’(3x) + tan(3x)) d fsin x e’ ¥

e —12 cos?(4x) sin(4x)
4 cos x(sin x + 1)

g —sin x sin(2x) + 2 cos(2x) cos x
x?(3sinx — x cosx)

hl-— —2 i
x sin® x
. —(1+log, x)
(x log, x)?
62 3x2 b4y + 10
¢ —sin (22) d sin(2x)e™ ¥
e —2 tan z sec’ z f —2 cos y cosec® y
2
a b
7 2x +1 2x — 1
ccotx dsecx
sin® x — cos® x
e

sinx cos x(cosx — sin® x)

f cosec x g cosec(x)
1

h———,x#-2,2 i

Vx?—4 x2+4
1

8a- b% cl
va(-3.-¥3)(5.v3)
by=4x—4TTr+«/§,
IOai<_—ﬂ,3«/§>,< 3V3)
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(0p) -2 11
| - o <_§’§)
) 5
1+ 25x2
g 3 ( 4 4)
B
V) & /To—ox 33
- -3 22
Vi—o 7303
< . 10
1
25 + 4x2
o1
Jﬁ,xe(—575)
1
2a—,x€(-2,0)
V—x(x+2)
b————— xe(=1,0
JV=x(x+1) ( )
1
P
x2+4x+5
-1
dﬁ,xe(:ﬁd)
/—x? + 8x — 15
Exerase 3 (0 2)
e — X € , =
1 al b L c L de™ bx = ’
2 2y 42y-1) P B
. 1 £y g cos? y 2x2 = 2x + 1
5co0s(5y) o 6 XE(_I 1)
1 i\ i 30 +2x — 1) '3
3241 e’(y+1) 20 1
64 4 1 h————==.r€(:.1
-10
1 1 3 1 R —
e3 fig g—% b+ " it s
1 i . —2x
X j —xe(-1,1)
62y — 1 26+ v1—-x
3a 3 b -3
c-2y—1) dy x x23—9 x+/x%? =25
1 1 1 1
4a —— Zx d - x+1
36«3/? o cze 2e
s, 1.3 1oy
=—X——=,y=—=X+=
YT T T e
15 5
6a(5 —1),(12,6) b(-——, =
a (5, —1),(12,6) ( 2 2)
15 3
c|l——, =
42
7a(2,2) b 8.13°
Exercise
1
1a ,x €(—2,2
«/4—1x2 ( ) ;
b———— . x e(—4.4 c——
«/163—x2 ( 1)1 9 + x2
d—— xe(—=, =
A1 —9x? ( 3 3)




6ai [—1 1] i [0, 47]

= domain is (—1, 1)

/1 —9x

I 0 I
—_— 1l X

W —

7aiR ii (—m, m)
4
bf(x)=———
S x24+2x+5
y y=0isa
horizontal
5 asymptote

1,1

> X
1 o y=o0
8a f(x)= xe(=1,1)
b f'(x)=0,x € (=1,1)

¢ ()= — xe(-1,1)

V1 —x2
—X
d fl(x)= ,xe(—1,1
f@==sxe-1D
-1
eSll’\X
e fl(x)= ——,xe(-1,1
Sf(x) N (=L
ex
ff(x)=——
Sf(x) T
920.35 b —6.29 c?
3 V391
10aj:£ b+t
2 10
5 V1
L3 a—12 Y
3 20
V35
= f=(1++/7)
43 V3 o
MMay=——x— "= 4—
Y=oty
b —x—l—}—z
r=ET 4[

3
cy=-2v3x+ 3+Tr
dy=—6x+«/§+%
12a{x:x<—6}U{x:x> 6}
bf(x)=——,x < —6orx>6
S ) x+/x2 =36

Answers 603

_/ nl‘
__________ L
2
T ¥ > X
%6 ol 6
Exercise
Taf'(x)=0 b f"(x) = 56x°
Cf(x)= —— df'(x)=482x + 1)
f(x) WS S7(x) ( )
e f"(x) = —sinx f f"(x) = —cosx
7 X 1" -1
g/(x)=e hf(x)=x—2
2
W=y
j f"(x) =2sinxsec’ x
d’y 15
222 = 27
2 dx? 4
d2
g2 +3)2(7x +3)
dx?
c @ = —l sini
d;cz 4 2
d
d—xy2 — —48cos(4x + 1)
2
e d_y — DXl dz_y _ —4
dx? dx? (2x +1)?
d*y
g — = 6sin(x — 4)sec>(x — 4)
dx?
d*y 4x
hed = 2
dx? /(1 —x2)3
L d*y —2x
i-—=——
dx? (14 x2)?
. dz)/ 3

3a f(x) = 2463

b f//(x) — 86705)(2 (1 _ x2)

¢ f'(x)=0 d f"(x) = —cosec? x
e f'(x) = \/ﬂ%_xz)}

£f/() = %

810 = G

0= s

i f"(x)=—5sin(3 —x)
j f"(x) =18 sin(1 — 3x) sec’(1 — 3x)

k f"(x)= ésec <§) <2tan2 (%) + 1)

>
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Exercise
la / b \
c / d \
2ai fi(x)=6x*+ 12
i f"(x)=12x+12
b (-1, -8)
3a f'(x) =cosx; [/(x) = —sinx; (m, 0)

b f'(x) = e'(x + 1); f"(x) = e"(x + 2);

(=2, —2¢72)
4a iffla—h)<0 ii /(a)=0

iii /'(a+h)>0

b Non-negative c f"(a)=0

d i f0)=2 i f/(0)=1
iii /7(0)=0

e No

5f(a—h)>0,f'(a)=0,f"(a+ h) <0,
S(a)=<0
6a (@,3200
3

27

4 (3
X
0
20 T (20,-8
(3 0) 0.0
® (20, -40)
20 /20 1600
br=2 (2, =
3 3 27

¢ decreasing for [0, 20]
o (20,1600
(55
7a f/(x)=e"(10 4+ 8x — x?)
f(x) = e"(18 + 6x — x?)
by 3+343,53623)

X
0 3433\ 10
(10, —484 582)

¢3+3v3 (3+3+3,53623)
8a(—1,1),(0,1) b(-12)

202
9 (0, 0), (, m), (2, 2m), (3, 3m), (47, 4)
10ax=km keZ bx=km keZ

cx=0 dx=lkm keZ
12a(3,2) b (1,3)
13 a (0, 0), —6
b(—1,—-1),8&(1,—1), -8
¢(0,3),0

d No points of inflexion
e No points of inflexion
f No points of inflexion

—J3\ -1
g (—«/5, T) - &0,0),

V3 -1
2&(\/5, 7),7

h (0, 0), 1 i(lO 1) -1
14 ax:%—klm,kez

bng—l—kﬂrr,keZ

16 a f'(x) = 2x(1 + 2 log, x)
bf"(x) =23 + 2 log, x)
1
¢ Stationary point at (efi , —e"), point of

3
inflexion at (672 s —36‘73)

Exercise

dr .
1a— ~0.00127 m/min
dt

/A
b 4 = .08 m*/min
dt

dy

d
2 E); ~ 0.56 cm/s 3= =39 units's

d 3
B 7 ~0.048 cmis
dt 20T
dv 5 its/mi
— = — — units/ymin
7 S
dA
6 — = 0.087 ~ 0.25 cm?/h
dt
dc 1
7= ==
7 2 cm/s
8 dy 1—17? dx —2t
a— = — =
dt - (1+2)? dt (14127
dy 2 —1
de 2t
dy —sin 2t
— = ——— = —tant
dx Jl_—i—cos%;_
3 /3
10y=—x— ——+1
O R TR

d d
a2 —12cms b2 =+16cmiss
dt dt

1224

—54/6
13 a 2«/— cm/s b —4+/3 cm/s
14 72 cm’/s
15a4 b 2 cm/s

7 av dh
16 — 17— = 4—

¢ 12m msf T =

dh h
18a— =—>"

dt 4

V1
b a__v1o m’/h
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Answers

Answers

— = f =
+ A
\3 = 1
X 1 1
N\ o H
= I 1
N\ EN —_ 1
N o ~ Il |
AN | =/ 1 === eeq-m-=== 1
RERN ! - = —~ I
= N |= lal = = T 1
= - —— — B i - - = t
= T B =) @/ i
, No= | “
A el 1
\ = |
N 1
// 1
// “
4 o = o o—
")
+
=
ﬁ -
| A =
A
I o
= - .M, < | I ===o_
W - ; g FR= ~ = RS
.= o |.g N
@n O | » === QN
(=] N = —~ P
=& - - T < Ve
® = = G I - = Q
| IT = | ==} 6 = Z . \
= 3 = = [=] e S P-— s ,@
I =S Sﬁ_?.l ‘A (0] < =7 33_2 AN
sis 0 S AN
I Il I Il v 3@
= ~ ~ ~ ~ [0} ~—
« =] < 1} » < = @ =
N > -
=) Q Ll
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) 2a v
-3 =3
L xl ‘ 1
Q) i ’_(0,9: 1
AV AR
1 1
_ 2
g = I%, A\ \‘:v X
/130 n3
n | |/
L e
1
C '
[}

4x::|:%
6a(l,0);

(4,0

bx=0,y=
¢ (2, —1) (min); (=2, —9) (max)

3 a (1, 4)(min); (—1, —4)(max)
by= 14—5x +1

5 Gradient = §

7 Least value = 3
8 Least value = 4

Exercise

1af"(x)=90x
b f"(x) = 224(2x + 5)°
¢ f"(x) = —4 sin(2x)

d f"(x)= —é cos (%)

3 3
e f(x)=3sin (%) sec? (%

ff(x)=16e"* gf'x)=—
1 — X
A Y T
o —8x
if'(x)= N
. _ —4x
jfx) = aTay
2aY —24x(1 — 4x?)?
dx
dy _ 1

dr 5 fo

)

x2



dy  —sin(log, x)

= —sinx cos(cos x)

dx X |
dy —sec? (;)
e — = —
dx x?
dy .
fZ = — Cos X
o sinxe
dy 3 dy -1
i 3x—4 dx  J/x2—x)
; dy -2
dx /= 4x(x + 1)
. dy B 1
] dx ~ x242x+2
1 —log, x —2x
3a —— 22— b ——
x?2 (x2+ 1)
1 1
c————— d
x2—2x +2 e 41
. 2/siny + cosy 1
cosy —siny /T+ x2
e’ e*(cosx — sinx) + cosx
SV (e + 1)
. b . 2b
4aia— ; ii x_3

5a i 2cos(2x) — 65sin(2x)
ii —4 sin(2x) — 12 cos(2x)

Exercise m

2 —x? 2
lax b——y c_x _x
X y? 3y?
2—y 2a 2
e2 f—— — -
vy x+3 & v 1—y
2 2
2077 b2
y X
. 2(x +y) a2 =%
1 —2(x+y) 2y —x
e’ .2x —sin2x
1 —x2er cosy
cosx — cos(x — y)
g—
cosy — cos(x — y)
sin y
5y* —xcosy+ 6y
Jax+y=-2 bSx—12y=9
cléx — 15y =38 dy=-3
dy y -1 -2
4 —-== 5— 6-1 7— 8—
dx  x 4 5 5
9ady_—x2 c—l
dx )2 9
T (342
a2 207D 4 00r—212
dx x + 6y?
d _
a2 22 b(-2,-2),(2,2)

dx 2y —x

Answers 607

dy  —3x?
13a — b (0, —1),(0, 1
a dx 2y ( > )9( > )
c(l,O) ey=:|:\/l—x3
f(0,—-1),(0,1)
g ’

1

.
:

>
D
n
>3
M
"

~1

Multiple-choice questions
1E 2E 3B 4E 5B
6D 7C 8B 9C 10D
Short-answer questions
(technology-free)

1 atanx + x sec® x

1
b —— sec? (tan"! x) =1
g ( )

1
—X d 1
c -
J1=x2 Vx = x?
2 a2 sec? xtan x
2
-2
sec. x2 = —4 cot 2x cosec? x = —cosec? x
sin x
+ sec? x
2 —x? )
c— d e* (cos e — e sin e¥)
(1-x2)2
—1024
3a (3, 210 b (2,0)
3 27
1
¢ (2, log,(2) + E)
4a y
3n
(3
fS )
(m, 0)
0o " '
k‘(? )
b 1 . V3 4w
V1 —x2 273
5a y
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1,0

y=Jx) + glx)

X

1
1
T ) + g
> X

~—"11.0)

ii y
A

~

iii y
A
x:I—l X'L
R
b fx)=x>-1
g = (x— 17
c i f(x)+glx)=2x*—2x
R
) Te) T 222 —2x
1 1 2x

R TE RS Sl ey T ey
G -2 Gt

y+3 x? y—3
8 a324 m/s b 36 m/s

7a—1 b

Extended-response questions
1bi&ii g

1
1
r=0 4 =212
/

(5. 1507f

7’
-
-

[0

¢ 1507 cm

Y
~

2

2000
2a80x+ 50+ —
X
b y
//
72y =80x+50
4
7/
(5, 850) 2000
/4 =80x+50 +——
7
150
i > X
/// 0
~/

¢ minimum surface area = 850 cm?
x=5y=5
d minimum surface area

2000
- + 4010k cm?;

10+/10k
x:y: k
3 8000+/3
3aA=£x2+3xy by:—\/_
2 3x2
cA:£x2+8000*/§
2 X
d A
|
A3 5
Ily:7x

ya
(20, 600V3)

-
-

= > X

0

e minimum surface area = 600+/3 cm?
4a y

100
(5’7)

> X

0
16x

bi——
VST

. 16 4x?
ii 1-—
(2 4 x?)? 2+ x2




. 100
Sa iy=—
3000
ii $=60x>4+ —
X
111 S(cmz)

A

60x2

> x (cm
0 x (em)
b 521% cm?/s

¢ 1.63cmor4.78 cm

vpr+4
6aA=%
. dA P’ pr+4
] — =
dp  2/p*+4 2
i~

b

0 > P
iii 10.95
¢ i 0.315 sq. units/s
ii 0.605 sq. units/s
iii 9.800 sq. units/s
iv 15.800 sq. units/s
7 a3ax® + 2bx + ¢
b 6ax + 2b
¢ b < 3ac
dix=——
a
ii maxa <0, mina > 0
e ——
3
fib?<dc
ii 3¢ < b? < 4c
L ABxr =1

8aum

Horizontal asymptote at y = —1

Answers

d’y  A4G3x* -1
dx? (1 +x2)3
diy=x+1L,y=—x+1

9a i f(x)=0 i f(x):g
i f(x)= =~
2
bi & = —cosec? x
dx
dy
i = =—(1 2
i (I+y)
-1
c— d —cosec? x + sec? x
1+ x2
102 i d_V _ 30007
1—h
Y sm)
dh (0.9, 84823)

0 0o ™
b i 13219 litres

m y
Ay =-3000m [log(1 —x) +x]

(0.9, 13 219)
3 ==30007 log (1 —x)
(0.9,21701)

X

9
(0.9, -8482)
= -30007x

¢ 0.0064 m/min
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7)) , 16 16

48 16
0) bf'x)=— - =

X X
g c(1,1610g,2 —24) dx=+3

e (1, 00) fx=23.55
7)) g
- ‘
0.5
> X
o 3.55 8
(2, 8 log, (12) - 3)

(1,16log, 2 - 24)

2—2c0s9>

12bi (3, -
sin 6

. 3 1
ciM= .y . o
<2cose s1n6>
.9 n 1 1
1 — _— =
4x2 - y?
2sin 0 6
y=5_—5X
3cos 0 3cosH
it Z=(3(cos —sin0),
2(cos 0 + sin 0))
iii (2x 4 3y)? + 3y — 2x)*= 144
ab
a|—
sin 26
b0 =_2n+ 1);, n € Z; minimum

d

area = ab

a b
14bQ=( );

secO® —tan®’ sec® — tan 6

I
sec® 4 tan0’ secO + tan O
¢ Midpoint = (a sec 0, b tan 0)
9sinH cos O

—

b Maximum area = 3 when 6 = il

4

(3cos6 3sin9>

cM= s
4 2

d16x2+4y2_1
9 9
16ax2+2—1

4 V=

Chapter 7
Exercise

| T 1.
1a—3cos (Zx + —) b —sin(mx)
4 ™

3 2
c—— cos [ ZX d %63"“
21 3

15 a

e et f 1 log[3x — 2|
3
g—— h%x4—§x3+2x2+x
X
i2x — 5log.|x + 3| s
2a0  b20 cglogez ~ 0.305

A1 es T i
24 ﬁ 16 N
634—1 hoO i0
: 3 6 5 l 7
il ki log(,ﬁ l%log@‘—1
3 2)°0
32 32 FD b 2(3x +2)*?
18
1
_ d 3x — 2 log, 1
c 3Gr +2) X og.|x + 1]
3
e 2sin <§x> f 2 (5x — 3

4af(x)=2x F(x)=x*+3
4
b f(x)=4x>, F(x) = gx3
¢ f(x)=—2x*+ 8x — 8,
2, ) 28
F(x):—gx + 4x —8x+?
df(x)y=—e"Fx)=e*+3
e f(x)=2sinx
F(x)=2—2cosx

f f(r) = % F(x) = tan”! (f) +Z

x2’ 2 2
5a y
y=Fx)
0 i g
b y
4
y=F)
1
1 0o 7
c y
A
y=Fx)
0
i > X




T T T > X
\i]l

e ¥
y=Fx)
0 T X
1 2
f
y=Fx)
2\\/
0 3 ’
Exercise
5 5
1a sin”(%) +c b %tan_ (%) +c
ctan™! () +c d 5sin”! L) +c
NG
X
e 3 tan (Z)+c flsin™ (3)+ec
t/10
10sin”! | =——
g sin ( 10 )—l—c
| (M
hﬁtan 3 +c
lﬁSI -1 X 10
2 5
7\/— 71y\/—
3
y y S 3
2a— b — c— d —
2 2 6 10
) ™ T T
e — f— g — h —
8 16 6 8
3
il j V3 an 243 ~ 0745
2 3
Exercise
x2 4+ 1) 1
1 a— b————
a 1 +c 221 D) +c
cisin*x+c d—+¢

sinx

Answers 611

eS@x+ 1) +c f§(9—|—x12)3/2+c

1.2 6
gﬁ(x —3) +c h—m‘i—
1

- j2+/1
3Grap (¢ AVt
1
kﬁ(x3—3x2+1)5+c
l%loge(xz—}—l) +c
m—%10g6|2—x2|+c

2atan”'(x + 1) +¢
24/3 32x — 1
bT\/—tan" Mﬂ—c

3
()
¢ sin — | +tc
> x+3
dsin"'(x —5) +¢ esin_l< 7 >+c

f ? tan™"! (%) +

3a—3(2x +3)2 4 5(2x +3)2 4 ¢
b 2(1 —x)?  2(1 —x)*?

5 3
c3Bx =7+ FCBx-7N"+c
£Bx = 1)+ ;—(7)1(3x -1 +c
e2log,x — 1|— —— +¢
x—1
f20x+ 17+ L@x+ 1) +¢

3(x + 3)*3
g%(x+3)7/3—%
7
h 2 loge2x + 1| + ———
og.|2x + |—|-4(2 +1)+
105(x—l)i(le + 12x + 8)
2«/
j (3x+4x+8)+c
Exercise
1a% bt ¢l d& ei
flog.2 €3 hl il jlog2
15
k log, — 1log, —
¢ 8
m log,.—— =log,(e + 1) — 1

Exercise

lalx—1sin2x+c
b & sindx — 1 sin2x + 3x +c¢
c2tanxy — 2x + ¢ d—;cosbx +c

elx —gsindx+c¢  fltan2x —x+c
ggx——s1n4x+c h%sin2x—|—c
i—cotx —x+c¢

]—sm2x——sm 2x +c¢

2atanx (c =0) 5 tan(2x)(c = 0)

>
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c2tan (%x) (c=0)

d % tan(kx)(c = 0)
e 1 tan(3x) — x(c = 0)

f2x —tanx (c =0) g—x(c=0)
htanx (c =0)
w 1 V200101
3a— b-+log.— =—-— —log, 2
I N
el =
3 f 4
T 3
— 4+ — =~ 0.158
€% e bl
. in® x
4 asinx — +c
bgcos %—4cos<4)+c
c x—}—Fsm(STrx)—i—c
. 3., sin® ¢
d 7sint (cos’r+ Zsin*t — —— )+ ¢
5 7
L. sin’ 5x
e zsinSx —
15

f3x — 2sin2x + § sin4x +c

g—sm 2x——sm4x+ﬁ+c
3 5

2sin” x  sin’ x n
c
3 5

Exercise

hsinx —

2
(x = 1?*
¢ 1log.|(x + Dix — 1’| + ¢

x—l‘
— |+
x+1
3

2 log, 2| + ——
e 2 log,|x + |—|—x+2+c
flog,|(x — 2)(x + 4’| + ¢
(x —3)

x—2
blOgeI(x —1?x+2P+c
c — —2x + log,|(x + 2)"4(x — 2)** + ¢

dloge((x—f— D*x+ 4> +c
x3 X2
e — — > —x+5log,|x+ 2|+ ¢
2 1y
f%—f—x—f—loge( D

d 2x + log,

2 alog, +c

625

512
d1+loge¥ eloge% flog. 4+ 4

g 10ge( )2~ 0.28 h log, 2
i . 3
Z 10ge§ j5log,3 —log. 2

3a 10ge§ b log, % loge

Exercise
1+e
1p=% 24 3e—1—10ge< 3 )
9 1 ~ Z3
4a 5510g6(5)~0536 60—3
172
7 —q5cos®3x + ¢ 8(3) 9p=1%
10a — +c  bg@x?+1y%+c
2sin’ x
c§s1n x—gsinsx—i—c d1 +c
_ex
11 +1
IZa%tan’le—Fc b%sin_'3x+c
T 1o 2x+1
cysin” 2x ¢ dgtan ——— +c
13 ! b
P il
2x/x — 1 6 |
14al[f(x)P +c¢ b—-———+4c¢
’ Jx)
clog.(f(x))+¢ d —cos[f(x)] +¢
dy 8 —3x
15==—"142
dx 24 —x
1
16a=2,h=-3,c=—1;x*-3x+ —— +c
x—2

d log, 2 ~ 0.693

1722 b4 co0
8 3
flog, 7 ~ 0.405

1- 2 ~0215
el ——=0.
4

18a1sin2x+c b —;cos2x +c

d 1
19a—y —_—

dx \/x2+1

—dx:loex—{— x2+1l+c

| g de = o VAT 1]

dy 1

dx X2 —1

2

ZOa—tanl;C,czo b%loge;_F ,ce=0

c410ge|x|+ I e=0

d Ylog,(4-+32), ¢ = 0
ex—2tan_'%,c:0
f% tan™!' 2x,c =0
g %(4 +x2)¥2 =0
hi(x+4y2—3(x+4P2c=0
i—2vV4—x,c=0

jsin" %,c:O

2
k —8v4 —x + 5(4 —x)*?,c=0

1—V4—-x2,¢c=0
(X xa/4 — x2
m 2 sin (5)—{—?

21 a o = cosx — x sinx;

J‘xsinxdx =sinx —xcosx +c¢

b—m



5
22¢c=—,d = §
2 2
23a f'(x) = —(n — 1)sin® x cos”" 2 x + cos” x
. 3w 5w
c 1 — i —
16 32
.. T . 4
iii — I
» v 3
1
24 a (X + 1)2—n _ —(X + l)l—n +c
2—n
b 1 N 1
n+2 n—+1
25ata®+a+1 b—2
2 bz 1
26 a L-z b —
(acosx + bsinx) ab
1
27aU, +U, ,=
n—1
28al Pl
4
Multiple-choice questions
1E 2C 3C 4D 5A
6C 7D 8C 9A 10D

Short-answer questions
(technology-free)
1 a ¢ sin 2x(3 — sin? 2x)

b 1(log.(4x* + 1) + 6 tan~' 2x)

1+2
¢ 1 log, e d—1/1—4x2
1—2x 4
. . 1+ 2x
e—Zx+R10ge m

3
f—1(1—2x%)2

) L 2w
g ;X — 7 sin ZX—?

1
2 5 ily — Lgi
h (x? —2)2 iy — g sin 6x

j & cos 2x (cos? 2x — 3)

k2(x + 1)% Gex+D—1)
X

. 1
I 5 tanx PEycr)
l .
n - log, [x* — 1| o X sindx
2 Y
p 1x? —x + log.|1 + x|
V3
Za%—? b%loge3
55
cl T_l dilog, 7
e2+log, 2 f2
w
g — hZ iz
gr 4 13 4
i k log, — 16

—

[o)}
]
[\

Answers
V2
3%10ge|x2+2x+3|—7
N2+ 1)
tan " —— +¢
2
1
4a—— 2sin'Vx+ec
2/x(1 —x)
b—2 i) +
s X c
V1 —x4
5asin”! x + —,
V1 —x2
xsin'x 4+ 1 —x24¢
b log.|x| + 1, x log.|x| —x + ¢
X
tan~! _
ctan™ x + [+ x2
xtan™' x — 1log,(1 +x%) + ¢
6a —g cos4x b3(x®+1)°
c_—l. d-1 1-x?
2(3 +2sin0)
etan(x + 3) — x fv/6+ 2x?
1 3 1
g - tan’ x
} 3cos? x
iftan3x—x
8 39 1
733 b;j CE
diev2-1) ¢ fllog, s
-1

83 (’“2+ %)T L2 —x73),3V2
Chapter 8
Exercise

1

1 Area = sin~' 2 square units

-1

y
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4 Area = 2% square units
5 Area = % + 2 log, 2 square units

™ .
¢ Area = Esquare units

d Area = (w — 2) square units
y

(1, m

(-1,-m

e Area = (m — 2) square units

7a(0,1) by=-1
¢ — 2 square units

4
82(0.—3)(-4.0/(1L0)  by=xix=-3
y

A —
x=-3 Jy=x
t,

7,
7,
7
.
4

1
1
1
1
1
=P
4,0/ 1 0/(0) '
A -4
A [05)
ol :

7

d Area = 31% +4 log, 14—1 square units

9aR\{l,2}
b y
VG
y=0 I N
-\0 il iz i
NS

¢ Range of g =R~ U [4, 00)
d Area = —loge%
= log. ‘3—‘ square units
10 y

J’% -3 d ™
7 dx = ——
0 /1 —x2 2

n= it
— square units
12 %

3
Area =% — log, 2 square units

13 1 square unit
15 1 square units
16 y

14 % square units

1
1
1
1
T
1
1
1
1
1
1
1
1
1
1
1

1
x=-3

Area = 6 log, 2 square units



1

17b <Z, 2%) local minimum.
c y

,3)

771
LY x=1

RS

d % — log, 4 square units

1 1
1 1
1 1
1 1
1

1 1 x
T T A

1|0 I

1 1

1 1

1 1

1 1

1 1

Exercise

1(3,3) (2, 0); § square units
2 1 square units.
3 a 57 square units
b 2 square units
4 y
y=r

SN

Area = 8 log, 3 — = square units

S5a=¢

6a 4% square units
b 1 square units
¢ 4 square units

7a

~<

y =sin2x

Area = 4 square units

b y
y= co?hy = sin2x
> X
T 0
2
-1

Area = 2% square units

R
oA

d

e

Answers

-1 0 1

Area = (m — 2) square units
y

( )
2
( )
26

> X

01
2

(3

3
Area :(1 -1+ i) square units

12 2
y
1 (m, 1)
1 y=1-sinx
2 ] X
0
- y=cos2x
3
Area=[2-T - £
3 2
2 3 .
—— — —— ] square units
3 2
= (2 + = - ﬁ) square units

)

Area ~ 4.161 square units
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8a y

y=1log,x

Area = 1 square unit
b y

d
O
=
1)
-
<

y=log,2x
(1, log.2)

> X
of /1 1
2

Area = (log, 2 — 1) square units
9a f'(x)=¢e"+ xe* bx=-1

3 .
e Area =<— - 1) square units
e
(Note: As f'(x) = e* + xe*
xetdx =xe* —e* +¢)

10 y

P y=log,x+1
R

0 ‘ /(e’l, 0)2

ay=2-—x
1 1 .
b Area = | =~ + — | square units
2 e

11 ¥

Area = (13—6 — 3log, 3) square units

13a(—2v2,1),(2v2,1)  b33.36
9
14 = 153.772
16aa=4,b=2V5 b 5.06 174
Exercise
1ai 1.583 ii B
12
bi 0.950 i 2m — 1
. . 93
ci 0.097 ii 6o
di 1.614 ii 342log, 3
ei 0.586 i 2-+2
fi 0.859 i 2e—1)
22424 b3.14 ¢ 1.03 d 0.67
el95  £0.66 g 0.64 h 0.88
i1.09  j0.83
3 alog, x b —log, x ce —1
d1l —cosx etan”!(x) + %
f sin~!(x)
4a y
X
0
b y
X
0
Cc y
[




ey
(1,0.84)
0 X
Exercise

1 a 81 cubic units
b 3641

343w
c

cubic units

cubic units

’1T2 . .
d T cubic units
e ;(64 — 1) cubic units
f 367 cubic units

32 .
2 Area = — square units

Volume = 81 cubic units
2m . .
3 3 cubic units
™ . .
4 — cubic units
3m . .
5a 7 cubic units
28 . .
b —— cubic units
15
¢ 21t cubic units

3

41a . .
d cubic units

e 367 cubic units
f 187 cubic units

1088

6 cubic units

21w . .
7 e cubic units

37 . .
8 — cubic units
10

32 . .
9 = cubic units

Answers 617

167 . .
14 a =5 cubic units

2 2

4 23
b ’rr(e— —4e* + —> cubic units
e
15 a 3~ 1 square units

b %(e2 — 3) cubic units

167 . . 2 ) )
16 T cubic units 17 5 cubic units
7 19 . .
18 1_1(; cubic units 19 TT[ cubic units

1
20m (loge 2 — 5) cubic units

22 (87 — 2m?) cubic units

4
24aztan’1 - b 4
3 3
25176 779 cm?
2 2
26 a4'1Tab b41'ra b
3
27ax+y=38
. 641 .. 64t
i— i —
3
9
28ay=2x+ —
X
y
/
(4
"’
V
/I
i > X

// (—zﬁ —6\6)

482w
b

3
29 2.642 cubic units

30 41 (4?“ — «/5)
Multiple-choice questions

1C 2D 3B 4C 5C
6E 7B 8D 9C 10E

Short-answer questions
(technology-free)
1

1-—
3
iy
2a——1 bl
2 T T
2048
d e 40t
15
41191'r
6 204/10 2
Ssalzm b " T

3 3
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6 y

_ ™ 71[

) T2
IK--JDI .
o

Volume = 2

16m
7a(0,0),(2,4) b =5
8a y

4
b -
3
9ad=(-1,1),B=(1,1),C=(0,+2)
41
b —
15
10a v
(2,0)
lo
4 16m
b- -om
3 b5 15b4
Mai =~ i T
5 2
bb=25
12 a ¥y
(0, 1)
0 *
dy =8 p=1 . m—3
& Gyt T 8
13 a Y
g

b 18 log, 3

14

(1,0) l(4’ 0,2

y=x-5

.

o] w7~ x
.
.

Area=7.5—4log, 4

15 y
x=-1 x=2
i ]
1 1 1
o\
) | X
1 1
1 1
1 1
1 1
Area = % - % log, 4
Extended-response questions
1a |
1
1
B | y=1
: ]/f
170 2 *
1
1
i
1
x=-2
b 2 — lgg, 2 square units
)
c2m (—— — log, 2) cubic units
2a f(x)= 1_:_6—)(2 +tan~'x
b % - % log,2 c % log, 2 square units
2tan~!x
d i == -
e =T
fii ¥y
n2
N N I
X
‘0
™ . .
e (E — 1) cubic units
3ailogix+ I;xlog,. x —x+c¢
i (log, x)* + 2 log, x;
x(log, x)* — 2x log, x +2x + ¢
b y
(2. 2.
y=e y=e*
0, 1)
0 X




cV=2mE - 1)cm?

~ 40 cm®
I . . 4R .
4 a — cubic units b — units per second
2 ™
LT V2
cl1 § cubic units 11 7 units
S5bia=1 ii &
3
m™a
c——
2(a% + 1)
6a v

0y 47
Taa=1; f(x)=log.(x — 1)+ 1
b v
A x=1

.
/

¢ domain of f~' = R,
range of ' = (1, 00)

d2—e! ejz f(x)dx=e!

I4e!

8aa=2m
b i domainof f~! =[-3,3]
range of f~! = [0, 2]
- -1 (X
11 f 7 (x) =2cos (5)
iii v
(-3,2m)

0 (3,0)

¢ gradient = —

A win

2
dV, =V, = EN cubic units

10 a Area = w(1? —)?)

4mab?
11a ma cubic units b 4v/3mwa’b cubic units
0y 3
12b — — —
6 16
m (=3 -3
¢ (1—6 + log, 3) = (3—2 + loge(\@)>

Answers 619

13aid=0
125a 4+ 25b + 5¢ =1
1000a + 10056 4+ 10c = 2.5

27 000a + 9006 + 30c =10
-7 27 83

>
D
n
>3
M
0

ia=——b=—— c=—,
30000 2000 600
p 273
2 ™
ciV=——
900000000
x J (—=7x> 4 405x% + 4150x)*dx
0
.. 3620837

i
400

di w=16.729335
. 1978810997

= 2487 (to 4 significant
250000

figures)
. 135 1179
7 7 196
T
14 a 3
2mA/3
b Maximum volume of V3 cubic units
3
when k£ = \/T—

H
15a wT (@* + ab + b?) cm®

H
b 1;—4 (7a* + 4ab + b*) cm?

TH@ —a’)
V= ——=
3(b—a)

2 —
did_V:TrHr iih:M
(cier b—a b—a

e i —=2m

r
.dr 1 dn 1

"a T 96w dr T 48w

Chapter 9
Exercise

lay=4e* -2 by=xlog|x|—x+4
cy=+2x+79 dy—log.ly+1=x—-3
1 1
ey:5x4—§x+2

L
= —€ —
Y= 5

gx=3sin3t+2cos3t+2
342 4-2,5 54=0,b=-1,c=1
6a=0,b=1
Ta=1,b=—-6,c=18,d=—-24

—2x

Exercise

1ay:%x3—%x2—|—2x+c
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by=1x* 4 3x — log.|x| + ¢
cy=2x+43 +3x% +x+c¢
dy=2/x+c ey=1log.|2r— 1|+ ¢
fy=—%cos(3t—2)—|—c
gy =—1log,|cos(2r)| + ¢
hx:—%e*”—f—c
. 1
jJx=——7+c
y—1
2ay=%x5+cx+d

. .Y
Ix=sm =-+c¢
2

4 5
by:E(l—x)Z +cx +d

cy= 1'(2+1T>+ +d
y=—zsin(2x+ cx
dy=4e? +cx+d

ey = —log.|cos x| + cx + d
fy=—loglx+ 1|+ cx+d

x—1
X

3ay=

* by=1—-e"

1
cy=5x2—4logex—|—1

1
dy= - log,|x* — 4]

2
1, 3 953
= — —4)2 — ——
ey=36"-9 2
x @
fy=sin"'> + —
y=sm 2+6
1 2+x
= -1 2
gy 40ge 2 x +
1
hy:—tan‘lf—i—E
2 2 4
2 508 3
iy=§(4—x)2—§(4—x)2 +8

. et +1
jy=log | —
day=e* - +2
by=x>—2x°
1
cy=x2+zsin2x—l
dy=3x* — 2x + log|x| +3
—1 ™
ey=ux—tan x+z
fy=8x>+ 12x* + 6x
—sin' T
gy= 5
Say=3xr+4x+c
1
by:—§x3+cx+d
cy=log.|x—3|+c
6ay=2x+e"

by:%xz—%cosbc—{—i

cy=2—log.|2 — x|

Exercise

lay=31e*+5 by=3Ule>+1)

-2

cy=1—1log.|2c— 2x|

dy=tan"'(x — ¢

ey =cos (e

1 A2x
fy:% gy=tan(x — ¢)
hx=§y3+y2+c iyzi(x—c)2
. 44e*
V=TT e
2ay=¢t! by=e"*—-1
cy= 2x—2 d — _ 1 2x 1
y=e y=—z"+1

ex=y—eV+1
fy=3cosx,—m<x<0

_ 3(e6x—7 _ 1)
gy= eéxf7+1
h :ltan3x—z<x<—
y 3 bl 6 6
. 4
1 =
M-

Jay=[3(x —c)]%

Exercise m

by=3(4e* +1)

d
la£=2t+l,x=tz+t+3
dx
bE=3t—1,x=%tz—t+%
d
c£=—2r+8,x=—zz+8t—15
dy dy
2a— =—,y#0 = =,
adx y# dx 2 7
AN Tk
= N#0,k>0
gy
d% x#£0,k>0
dm 'y X
T =kmk<0 f—=—y#0
© = ax "3V
dap
3ai — =kP
dt

bi 1269 t
ii P=1000(1.1)2,¢>0

P
A

1000
0

t
P
4aid—=kﬁ,k<o,P>o

dt
2V P
ii t=T+C,k<0

b i 12079



il P

15000
0 t
2576
5V6 — V135

'P

5a i d—=f,k>o,P>0
dt P

.e f= — P2

ii % +c

P =50000+21t +400,f >0
P

1000000
0 >
6y =10e10
76 =331.55 K
823.22

—t
10ax = 5(20 - 14eﬁ> b 19 minutes

11y = 100 — 90e 10
y

100 f-===========--

0

12 13500
13 a 14400 b 13711 c14182
av
14aE=0.3—0.2«/7,V>0
b _so— " o<1 <100
—_— = <
dt 100 — ¢
dx —5x
c— = ,t>0
dr 200+t
ISaik/min bd—m—ﬂ
100 &M it~ 100
cm =20e100,f >0
d m
A
204
0 > 1

Answers
16 a 0.25 kg/min b m kg/min
d
¢ o252
dt 100

—t
dm =25(1 —em),t >0
e 51 minutes

f m

> 1

17a — =

b 11.16 minutes

di 50
1829 2 80% 80— 700
di 200
dx x
b 04—
di 400 + 1
dx =t
198 —5_ x_50<1—e‘10),t20
dr, ~ 10 g
202 =2 bx = 10e10
Oadt 10 X e
C X
(0, 10)
0 > !

d 10 log, 2 ~ 6.93 min
1
219 N =50 000(99eﬁ + 1), £>0

b At the end of 1996
Exercise
dh  —2000
lam——=—""h>0
Ya T a0t
dn 1
b= —(Q —evh),h>0
dh 3—2«/
c—=—— V>0
dt 601
dh -4
d— = ﬁ, h>0
dt 917

2
2at=—"— 1" 4250
a 5 + ™
b 13 hrs 5 mins
1

3a dx _
dt 4804 —x
3
bt =320(4 —x)2  ¢42 hrs 40 min
dr ) 2
4a— =-—8mur br

d ~ Temt + 1

621
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dh 1000

dr

bt=—- |
1000k ¢

4 0 — kho
(Q—M

>,Q>kh()

(g s:2)m
¢ | ——— log, 2 ) minutes

1000k

Exercise

1a1.7443

b 1.8309

c4 d3.2556

2 ay:—%loge(xz—l— ) +xtan'x+¢

by= ‘l—tx4 log, |x| —

x4+
— +c
16

cy=e"(3sin2x — 5 cos2x) +c
dy=e* (3 cos2x + 5sin2x) +c

2)[
Ve €
Exercise

lay; ~ 12975
cy; ~ 1.3144
2ai 1.8415
ii Euler 1.8438
bio0.5
ii Euler 0.5038
¢ i22190
ii Euler 2.2169
d i 0.4055
ii Euler 0.4076
3atan(l)+2
b i 3.444969502
iii 3.545369041

b ys ~ 0.0388
dy; ~0.0148

ii 3.498989223

4 0.66019008 52.474287

6 0.30022359

7a,b

Pr(Z < z)
z | Euler’s method | from tables

0 0.5 0.5
0.1 | 0.53989423 0.53983
0.2 | 0.57958948 0.57926
0.3 | 0.61869375 0.61791
0.4 | 0.65683253 0.65542
0.5 | 0.69365955 0.69146
0.6 | 0.72886608 0.72575
0.7 | 0.76218854 0.75804
0.8 | 0.79341393 0.78814
0.9 | 0.82238309 0.81594
1 0.84899161 0.84134

ci 0.69169538

ii 0.84212759

Exercise

2aj | fppe—er i
HEEEAdn e SRR N
Ny R
||fr?5:—ffxr||
| e A |
y=x3-1

y=1-—cosx
TTT 7/ "=
| [ [ [ &&=

N api—

ERREAY

| L L L A

| [ [ [ & ==
11—
| I | ol —————

1

:_3_—2x
y=56-¢")
drrrrrrrrrr v v
L P A
T e
E———
T |
L
| S Y Y R A O I R |

1

= s 2
y 2_x)c<
SR A P A

e e e e e |

e
L A A
S S S S 5

1
y=—x>0

X
frer o rprr it
A AV AP Y P S

——
—_—



y = —log,(cosx)
3ap p gy sy
L A LR AR

Multiple-choice questions

1C 2D 3B 4A SE
6C 7D 8E 9A 10C

Short-answer questions
(technollogy-free)

lay=x——+c by = e!0x+e
X

.  [sin3t  cos2t ai+b
=—= a
=7y 4
673,\7
dy= +e*+ax+b
x 3 1
ey=3—¢ 27 fy=—x——x2+c

L 2 4
2ay=;sin(2mx) — 1

by = ; log.|sin 2x|
cy=log x| + ;x> — 3
dy=1log(l +x})+1

ey=c¢ 2 fx=64+4t— 5
3ak=2,m=—2

dx

dt — wx(12 —x)

dC 8w
5 —=—

dt C

ds S §—3 ;_51

_—=—— = Jée

dt 25°

7 100 log, 2 days .
8a0=230—20e20 b29°

dA
9a—-=0024 bO0S5 e*?ha  ¢891h

¢ 14 mins

3

2L
10 x = —, maximum deflection = —
3 216

Answers 623

L4 _ 6—0.15Vh

dt Th?

Extended-response questions

laiﬁ:—kx,k>0

dt
—tlog, 2
ii x =100e 5760 [t >0
b 6617 years
c x
100
0 '
dx 3k
22— = (8- x)4—
a— 16(8 x)(4 —x)
bt= log, 2
T (1) s
ge 6
¢ 2 min 38 seconds  d i kg
dT
3aE:k(T—TS),k<O
bi 19.2 mins ii 42.2°C
1 kp — 1000
4bt= -1 ———— ),k 1000
k Og@<5000k—1000> p=
ciii 0.22

1
d p = [¢"(5000k — 1000) + 1000]

P

» ‘/

0 t

d
5a—N=100—kN,k>0
dt

oo _ L, (100 1000k
=% %%\ 00 — kN
c0.16

1
dN = ]—((100 — e~ F(100 — 1000k))

N
A

1000 4
100 L

>
D
n
>3
M
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7)) 100
L k
2L L
Q) 6a— b —
3 60
T 100—-T —t
g ad_z 00 b T = 100 — 80e %
dt 40
U) c62.2°C
d 7
- ,
< S
20 -
0 >t
w
8a it=25log,(-— ). W >0
350
t
ii W =350e25
W
4
350 +
0 > 1
iii 2586
b0 o
c it=25log, | =+ |.
7(800 — W)
0 < W< 800
t
5600e25
i W= 7et
9+ 7e2s
w
A
800 f— -
35()‘/
0 > ¢
iii 681
R
9aii x = ;(1 — e
b i X
y
10004+ -———————————
0 >

ii 4.46 hours
¢ i 13.86 hours after the drip is disconnected

= 5
1000(1 —el) 0<r=20log, (Z)

ii x = , 5
250e” 20 t > 20log, (Z)
x
A
200 A
100 A
o+——F>1

5
20log, (%) 20log, (%)
Chapter 10
Exercise

lar=0,x=0;t=1,x=2;t=2,x=2;
t=3,x=0t=4,x=—4

— D .

B A

b —6m ¢ —1m/s dv=3-2¢
e —2m/s fx=3,r=3 gdm
h 2 s
2a22,4 b 12m/s? ¢ 10 m/s d 6 m/s
3a—-3m/s bl,3 ¢ 12 m/s?
40,2

3
5a2 m/s b 3¢ m

6a—-30m/s> b4,6 c4m d120m
7 a20m/s b32m

8a42m/s b6s ¢ 198 m
1
9ax=2sin <§t> +0.5
b X

2.5
0.5 /\ (4m, 0.5)
0 A t

T ZNWE
—1.5

The object is instantaneously at rest at
t = and 3
ca=—3sin(31)
d ix=—-4a+0.5
i x=2y1—-v2+0.5
iii v=+/1—4a?
10 alsand 15.5m;4sand 2 m
b—-65m/s c¢c—6m/s d9m e2m
11 a9 m/s b2ms
12ai v=9.8¢ ii x=4.97
b 19.6 m ¢ 19.6 m/s




13 a2 585.6 m b 590.70 m
1 1 2t +3
4x=—t—-1
T8 g Og"< 3 )
3
15 £ _T
2 3
16 2 0 m/s b 1 m/s c%logeZZm
1—1¢
1 2 e
dx = 5log,(1+ ) ex_m
f —0.1 m/s? g—é m/s?
175.25s 18 1.1s 19 18.14 m/s
Exercise
13 m/s?
2212960 km/h*> b 1 m/s?
3al2m b 14 m/s c25s d37m
4ai224m ii 22.5m
bi5s ii —28 m/s
10 20
5a—s b 10 m c—s
7 7
6a200s b 2 km
104/10
7a 7 S b 14v/10 m/s
8a437s b —6+30 m/s
9al25s b 62.5 cm
1
10a0.23 b5§s
55
11 a —0.64 m/s? b 78
1
12a4s b Em/s2
Exercise
laii 60m bii 20 m
cii 30 m dii 55m
" .70
eii 44 m fii — m
3
165

2a i 1t+5 " 1
iv=—2 iia=—=
2 2

£2
i x= — = 4 5¢
i x n +
2 4
b iv=—2£4+10 iia=—=t
1v 5 + 1 a 5

251100
111 = ——
T

¢ iv=2—10 iia=2
i x =72 — 10¢

d iv=6(t—1)t—5)
i a=12(t—3)

i x =2(F — 97 + 15¢)
y
iv=10sin — ¢+ 10
e iv sin 10 +

Answers

. Tr
Il a=1mcos — 1
10
10 10
iii x=10(7r+ — — —coslt
T ™ 10
f iv=10e* ii a =20e*
iii x =25 =5
Ja v (m/s)

20
0 1)
S(T-4)
b23.80s
4189 m
v
14
| |
| |
| P\
1 1 t
0 3 13 17
5 v
A
gl _____
3
t
0 96 120
25
4= — Xmx = 8L m/s
288 3
6681 s 710,150 m
810(3 + +/3) 5, 2002 + +/3) m
9a2s b 73 m
1036's

11 a 3600 m, 80 km/h
b 90 s after A passed B, 200 m
12ay=k(1—e)

b limiting velocity of k m/s

Exercise

la7m b4m
—100

2ax= % log,(2¢* — 1) b 2200

625
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(0p) Jav=3(—1) b a =3 25000
L cx=3(e’—t— 1) 4a T n’l/S2 b 0.4125m
m 4ay= g(l _e—kt) b g c 100001’1’1/82 d0.5m
k k
o 3 e 37500 m/s? £0.075 m
5av=tan<§—m> 5a44 m/s bv=55—11¢
U) o 3 c44 m/s d5s e247.5m
bx:%loge[2cos<§—m>i| 6a2s bv = —t 0= -9
C =t \/9—t2’ (9_t2)%
< 6v=450(1—eso) im die0
7v=15cos [cosfli—l—g} 7a20m/s b 32m
109
o 3 3 8ax=20 bTm/s
8ax =255 b 273 m .
500 9aiv=35—-3gup
9at=>50log, (—) ii v=>5g — 35down
500 — v b =8

=t 7 et B
bv=500(1—e50> b 2 metres ¢ —35m/s

1 —t 10 Vv
10 % log, 2 11v =8e5;3.59m/s 5,100 (11, 10)
90
12ayv=—— b 91.66
av 21+3 m
N (13, 0)
ExerC|se
Distance = 95 m
lav==44m/s bt=—log, 2 Hv— 4 g 4
cx=2(1 — log, 2) Tt—1 T -1y
iy ] 1216 m S04 04
x+1 13 a 80 + 0.4g m/s p 2058
b ix=e—-1 iia=¢é : g
g v  (BO+04gR 280 04g)
2
-5 g+0.2v? o g
3x=—log, | ———— )
2 g + 2000
N <g+2000> Extended-response questions
max — ) e g _ —t
4 ax = cos 2t ba=—4x lal'Om/sz bv_SO(l—eS)
C 1 v(m/s)
S5av=1log,(1+1) bv? =2 log.(1 + x)
cv=+2t+1-1
X
612 =
24+x
Ta4 b2log.2 -1
8a9.83 m b 1.01s
Multiple-choice questions 0 -
1A 2C 3A 4D 5B i 14.98 .
6C 7C 8C 9A 10E d ix=50(t+5e5 —5)
. il x(m)
Short-answer questions A

(technology-free)

1 aafter3.5seconds b2m/s> c¢145m
d when ¢ = 2.5 s and the particle is 1.25 m to
the left of O
2x=2155,v =73 5
3 a57.6 km/h b 1 minute after 6§ seconds
c0.24 iii 1.32s

0 t(s)




Answers 627

2ai / 34110
ot v (/s i v= 10«/110tan|:tan1< o ) >
1 +log.2 e—0.5 —300«/110t:|, 3
Oge B
0 ‘/ £(s) V110 tan~! 2110 n
0<t< I | S
: - 33000
iy (m/s)
ii 1.27m iii 1.47 m (D
bB=10,4=4.70 =
3 a30 min m
b i a=—k(sinwt + mtcos wt — 1) 300
ii 0.18 h (from 0 to 0.18 h)
c 845
40m
5a iv=4—10t— 37 0 1(s)
i a=—-10—6r iii 036 ViTotan-! 210
iv £ =00r0.70 vi=292 —3000
7
bix=~F~#—-~+2t ii §S iii Yes iv 20 mm
6a i S . (ﬂt+w) 8 a30.05
aiv=——sin(—t+ — _
4 4 3 bi@=—3<3z2—42z+@>,
i a= = cos(T14 7) a0 ;
16 4 3 4<t<10
b iv:—I /25 — 12 ii #="7 (Chasing for 3 s)
4, ¢ v(m/s)
.. X A
iia=——
¢ 3.4 cm/s
d —1.54 cm/s? o
e i 5cm ii — cm/s v
, 30.2? »
5 -
i 27 cmys? Vi
16
300(1 — 4510¢ 1
73V:¥,0§t§— 0 YY) t(s)
12300¢ + 1 4510
b v (mis) di93m
ii x, =
300 0, 0<t<4
—%r“r%ﬁ—%rz—%ilt—g. 4<1<10
@tfloi, t>10
20 5
0 1(s) e41.62s
1 9 a ¥ (km/h)
4510 A
1
€ ix=—110r + 3 log,(12300 + 1)
.. 1 410 V4
ii x = — |log,
30 v+ 110 9]
110 11 8 Vs
- —T%ta N\
v+110 41 \ |
iii 19 mm 0 t (h)
i /110 1 3 7
"~ 33000 bt=1or7
_3+/110 _,v/110 ci 11.7h ii 1.7h
X | tan — tan 10aif=1ors
11 1100 all=lor
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(,n n v
L
) .,
3 "
l
7)) ) |
- Nt |
t
( 0 1 5
bi22
ii0<r<22,t>68
11 ai 4.85m/s ii 0.49s
b iv=98—1r
i x =497 - 17
iii 0.50s
cix=12-245% ii 6cm
12a3s
2t, 0<tr<3
bv=1{6, 3<t<13
83 —2 13 <t <13 +log, 4
cl4ds
d v (m/s)
A
6<
: — > 1 (s)
0 3 13 13 +log.4
e722m
13a v
2
0 T > 1
2 3
19
b — c5.52
3
Chapter 11
11.1 Multiple-choice
questions
1D 2D 3B 4B 5C
6 A 7C 8C 9C 10C
11B 12C 13E 14 B 15A
16 A 17B 18 E 19A 20D
21 A 22 A 23D 24 B 25B
26 C 27C 28D 29B 30E
31D 32B 33E 34B 35B

36 E 37E 38E 39A
41 C 42 B 43 A 44D
46 C 47E 48 A 49 B
S1A 52E 53D S4E
56 C 57TA 58C 59C
61 B 62C 63 D 64 A
66 C 67 A 68 A 69 A
71C 72D 73C 74 A
76 A 77D 78 A 19E

11.2 Extended-response
questions

1a 1250w
10 5t
b ii Tﬂ i h:—2€+25
5¢
iv V=21T<25—Z>
ci

14
] (25,1250m)

0
iy

(0, 1250)

N

b (2,3),(3,0)
dy=-3x+ 632
y=—-3x— 632
. dv 25h
. dh —9vh
" a T 625w + 12y
f 65 days 19 hours
4aii 6.355cm

c4.5 —log, 64

d15.7

40 C
45C
50 A
55A
60 C
65B
70 D
75B



ei g

I dh
dr
0 h
—3a
@’ W) »\
-3a
t37)
dh —3a?
dt 2T(2a —h)
fi -4 i _ba g —0.37
T 7T
—2ax — b b 4a
a —_—_—mmm -,
(ax? + bx +¢)? 2a’ 4ac — b?

b i a > 0, turning point is a maximum.
ii a < 0, turning point is a minimum.
ci y

(j L)
24" 4ac— b2

0

y = 0 is only asymptote
ii y

(ﬁ L)
24" 4ac—b?

y = 0 is only asymptote

di y A
2
& /\
o/ N\
0 I

asymptote aty = 0

)

Answers 629

ii y
b

S

N

asymptote at y = 0

\

|

I

I

I

i

1 x
0 i ‘/,/(—b 4a )

\m\ 24’ 4ac — b2

I I

| I

| I

| I

I I

Asymptotes at y =0

_—bx Vb —dac

2a

6 dy 5 2b
a2 = _ =
o ax — 3

(4‘/_ 2«/_> ( 4aa3b,2«/ﬁ)

(Both are minimum if @ > 0, b > 0)
{1T 57 97 13w }
7a

4’40 4 4
b e 2™
2 -=
¢ Maximum at il £e 4 and at
4’ 2
91 «/5 =9m

, minimum at

dr> 5419
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m 3k2 C \4
10p Y22 )
k 8 2
0) 11ad=tan'——tan' =, x>0
X =
g o _ -8 2 20
N dx  x24+64  x2+4
3
0<06<tan! (=
C C < < tan 4
N > 1
3 0
< o (2) 4
dix=50(¢ -I-Se?—S)
ii 125.2986
1821180 b 129 332
Ne* dy 6Ne?!
> Y9ay=—— — = —
0 xm YT3 e dr T Bty
023 bN c?);>0forallt
' N
13b 4 (m2) d When population is >
J ei dy
dr
A
O_/—>x(m)
cx=6.51o0r46.43 d 20
14 288 cm? -
2 3 0 N,0)
15ay=§x2 b v =40v10y2 . 0)
252 mm dy_ v10y _ 2v10 3 ii Atz=j log, 3 orr~ 0.549306
dt 10y ° 3 ., 2gR? 5
e i 3 mins 9 seconds 20a iv' = ¥ +u —2gR
ii 5 mins 45 seconds . 2gR?
16 a 20 100 11x:2R "
Vy = ,Vp = —
SV SRS T o
bx, =20(v2r +1-1), i u > \/2gR
x5 = 1001og <l+ 10) b 40 320 km/h
“\ 10 2120 bl c—1
¢ x(m) 4
d —Ao—
(ex +€7x)2
Xy e y
T Xp A
I
| y=1
(S e
I
1 I
I I
: L e o
ol 14 44 o
dl4sand44s y=-1
—t
17 av =50 —50e5 b 49.9963
.y 1 1+4+x
ff(x) = 5 log, 1—;—1 <x<l1




I I
I I
I I
I I
I I
| o, 1)1
I I
I I
I I
I I
I I
I I

1 ’
d_y B rcoszﬁcos 0 sint

dr — sin 6
ii 6000 km
iii 1500 km/h
b4 —= ¢

4 5
2daV=—-mr
3 dt
,/40007 — £3
cr= P d 23.2 mins

Chapter 12
Exercise

dr

lay=2x

Domain is R, range is R
bx=2

Domain is {x : x =2}, range is R
cy=7

Domain is R, range is {y : y = 7}
dy=9—x

Domain is R, range is R
ex=g@2 -

Domain is [0, 00), range is R

fy=(x+3y>+1
Domain is R, range is R

gy=3(%)

Domain is R, range is (0, 0o)
hy = cos(2x + m) = —cos 2x

Domain is R, range is [—1, 1]
2

1
iy= <; — 4) +1
Domain is R\{0}, range is [1, 00)

pe
jy=——, 0,—1
iy 1+xx7é

Domain is R\{—1, 0}, range is R\{0, 1}

2

Answers

[

2

a XZ + % — 1, domain [—2, 2]

range [—3, 3]

y

A

3
X

-2 0 2
-3

b 3x + 2y = 6, domain [0, 2]
range [0, 3]

>
S

0 2

¢y = 3x%, domain R* U {0}
range R™ U {0}

>
>

(5,75)

0

dy = 3x**, domain R* U {0}
range R* U {0}

(1,3)

631
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ex? +)?> =1, domain [0, 1] Jar()=t+ 3 —2tj,teR
range [0, 1] br(t)y=2costi+2sintj,t € R
y cr(f)=(2cost+ 1)i+2sintj,t € R

dr(t)=2secti+2tanyj,t € (=3, 7)
er(=ti+ ((t—3)>+2(t—3))j,t€R
fr(t):x/gcosti+2sintj,teR
4ar(®)=2+5cos0)i+ (6+5sin0)
b(x—27+(—67>=25

d
O
=
1)
-
<

5 | x Exercise
2 2
f%—%:l,domain(loo) lax?+)*=1
range (0, co) b "
¥

0 T 3w 5 . T
c—,—,—,...1e,2n—1) =, neN
g x> +1? = 16, domain [—4, 4] 272 22 2
range [0, 4] 2 iax:y——9
y 64
b y
4
4 0 4 > -9 0 *
24
h 3y = 2x — 6, domain [3, c0)
range [0, 00) c3 |
= x> -1
y iiay T x>
b v
|
|
|
|
|
|
i 1
6.2) N
0 é * } 0 x
iy =>5x — 36x + 63, domain R ct=-1
range [—2, o0) iiiay=1-xx<1
y b »
63\

(E _2) 1
575

ct=1




3 ar =1+ 4jis the position vector; (1, 4) the
coordinates of the point
b (1, 4) and (7, —8) c /65

parl %3 (93
r=—-i— = -, —
2’7\ 2

9 -3
b (6, —1) and (5, 7) c5v2

5a+/137 bt=—andt=—1
6a3i+6j—3k b 36

c4i+ 8 — 3k di+2j
7a3i+j+ 4k b /14
8a=-,b=7

’ 23 2

Xty .
9a— +— =1 b3

a9+4 i

ci 303.69° i 285.44°

1
10ay=—;x>1ifr>0 bi+j

[ yx
A

11 ar(0)=2i

ex? -y =4
1220
r20~/3 ) = 2000~/3i
2

by=+3x— ———.,0<x<2000v3

b it
5,03
2’

¢y 2000
A
> X
0 (20003, 0)
3 3 27. 81
13 collide whent = —; r{ - )= —i— —j
2 2 2 4
(x =17  (y—=3)
14 =1
S 25
bi(-1,3) i (1,-2) iii (3,3)

¢ 1 units of time d anticlockwise

15 The particle is moving along a circular path,
centred on (0, 0, 1) with radius length 3,
starting at (3, 0, 1) and moving anticlockwise,
always a distance of 1 ‘above’ the x—y plane.

Answers 633

It takes 217 units of time to complete one circle.

16 The particle is moving along a linear path,
starting at (0, 0, 0) and moving ‘forward’ one,
‘across’ three, and ‘up’ one at each step.

17a iy=2x,0<x<1
ii y
A

2<

iii The particle starts at (1, 2) and moves
along a linear path towards the origin.
When it reaches (0, 0) it reverses direction
and heads towards (1, 2). It continues
indefinitely in this pattern. It takes

2 | .
— = — units of time to complete one
6m 3
cycle.
biy=2"-1-1<x<1
ii y

A

X
-1 0 1

2 \2
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iii The particle is moving along a parabolic
path, starting at (1, 1) and reversing

direction at (—1, 1). It takes 2_17 =1 unit
T

of time for one cycle.

1
C iy:—2,>1
.o x
11 y
1 L
T X
o] 1

iii The particle is moving along an
exponentially decaying path, starting at
(1, 1) and moving to the ‘right’
indefinitely.

Exercise

lar()=¢éi—etj F@)=ci+elj
bi(t)=i+24 i{t)=2j
ci(f) = EH_ 2 F) =2
di(r) = 16i — 32(4t — 1) #(f) = —128]
e 7 (f) = cos ti — sin tj
#(f) = —sin fi — cos tj
fr(ty=2i+5 ¥#tH)=0
g (1) = 100i + (100+/3— 9.8¢)j
i) = —9.8j
h 7(f) = sec? ti — sin 24j
i(f) = (2 sec? 1. tan £) i — 2 cos 24j
2arit)=¢i+e’’j

HO) =i+j i0)=i—j FO)=i+j
b r(t) = ti + £j

r)=i+j i) =i+2j
i1)=2

¢ r(t) =sin fi + cos tj
y

)=z
. 3, 1,
r(%)th—gj_
" 1 3.
H(5)=—3i- 5

— <
}
=

r(1) = 16i — 36j
#(1) = 16i — 96j

(1) = —128j
1
)= i+ (t+ 1%
er(?) x+1'+(+)1
y
| (1,1)
X
‘0
(1) 1'—|—4'
r(l)= =i
5 t

1
H)= it 4j

(1) = %i +2j
3a-—1 b undefined ¢ —2¢73
a!l ed f2v2
4dar()=G+ i+ @Gt— 1)y
br)=#+ i+ (2r—1)j — £k
cr(t) = 1e¥i+ 4(™ — 1)
P4+2t\, 1.,
dr(t) = ( 7 )H— §t]
er(f)=—1 sin 2i + 4 cos 1)
6 a 7*(¢#) and #(#) are perpendicular when
t=0,2
b Pairs of perpendicular vectors.
7(0) and #(0) i.e., 2i and 96f
7(2) and #(2) i.e., 2i and —96j




7a y
A
y:le-t>0
Rl
> X
0
2
b When t = —
a
8a y
A
X2
y=g -4
t>0
> X
0 4,0)
0,-4)
b 45° ¢ At /3 seconds
9aFi=3i+rj+3k b =+9+ 10
ci =2t + otk d |F| =2v10¢
t_4«/10
10 a7 =Vcosai + (Vsina — gt)j
.. . Vsina
bi=—g ct=
g
V2sin2a . V?sina,
dr= i+
2g 2g
Exercise
la2ti—2j b 2i c2i—2j

2a2i+ (6 — 9.81)
b 2 + (6 — 492 + 6)j
3a2j— 4k
b3ti+ (£ + 1)j+(t— 22+ Dk
c+/20t2 — 8t + 10
di {seconds i g@ m/s
4 a (10 + 20)i — 20§ + (40 — 9.80)k
b (57 + 200)i — 204 + (401 — 4.9 )k

5 Speed = 10¢

645°

7 minimum speed = 3V2; position = 24i + §j
" 225000

8ar=6ls b500m/s 9

d 500 m/s e =36.87°

8
9 ar(r)=(3sin3t—3)i+ (% cos3t+ 5)]
g\ ?
b(x+3)2+< —§> =1

centre = (-3, ¥)

Answers 635

10 max speed = 2+/5; min speed = 272

/11667
11 a magnitude = 5 m/s?,
1
direction = 108 — /3f
/11667 ( /)

b r(t) = (%t}+2t2+t)i+(\/2t+l—l)i

. . g\,
12 ar(t) = Vcos ati + Vsmat—T J

13 a time of collision z = 6

b position vector r(6) = 7i + 12j
14 a —16i + 12§ b —80i + 60j
15 a8 cos2ti — 8sin 24, 1> 0

b8 c —4r
16 a (2 — 5t — 2)i +2j

33
b—zi—i—Zj cy=2withx > —8.25
2 2
1mal - ¥ -
36 16
b 6 tan ¢ sec ti + 4 sec® tj,t > 0
LR
18a —+—=1
16+ 9

v
bit=0,,m 2w
2™
i 1(0) = 4i, r(;) = 3, r(m) = —4i,

3
r<7ﬂ) — _3j, r(2m) = 4i
¢ i v9+7sin’¢ i v/16 — 7cos?t

iii The maximum and minimum speeds are 4

and 3 respectively.

Exercise
. N 1. . 3
lai+7j b i+ 7+ 5k
V3., .. V3
(1—7 l+§ +Tk
d2i+2j eityj
9
2217 b; c2m
157 3
17 ¢

Multiple-choice questions

1E 2E 3B 4E 5C
6C 7C 8E 9C 10E
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Short-answer questions
(technology-free)
1a2i+ 4j,2j bdy=x*—16
2 ai(t) =4t + 4j, i () = 4i
b 7(t) =4 cos ti — 4 sin tj + 2tk

¥#(t) = —4sinti — 4 cos tj + 2k
30.6i + 0.8
4a5V3i+j

fz
23/7
b —

5F =costi+sinyg
6 a 5(—sin 07 + cos 0j)
b5 ¢ —5(cos 0i + sin 6j)
d 0, acceleration at right angles to velocity

d
O
=
1)
-
<

731’r
—s
4
8alr|=1,F|=1
bx—172+@r-17%=1 c—

9 —2i + 20j
12
10ar=<5+1>i+(z—2),‘
b (13.5,3) cl12.5s
11 ar=ti+2t—5)y
1‘2
br:<5—1>i+(t2—5t+6)j
c—i+6j, =5
122 ii,0)=Qt—4)i+4
i /() =1ti+ (k— 1)

bi 4 ii 8 iii 407 + j)
13b i #(f) = e'i + 8%
i i+ 8 iii log, 1.5

14bix=2fory>—-35 ii (2,-3.5)

Extended-response questions

1 a The speeds of particles P and Q are 3V13
and v/41 m/s respectively.
b i The position vector of P at time 7 = 0 is
60i + 20j
The position vector of Q at time r = 0 is
80i + 80j
—
it PO = (20 — 48)i + (60 — 2¢)j
¢ 10 seconds, 20+/5 metres

—
2aAB = ((v+ 3)t—56)i + ((7v — 29)t + 8)j
b4 _
¢ i AB = (6t — 56)i + (8 — 8t)j
ii 4 seconds
—
3aBF =-3i+ 6j — 6k b9m
¢3m/s d(—i+2j—2k)ym/s
e 2 seconds, 2+/26 metres
4 a i 200 seconds i 1
iii 5 m/s iv (1200, 0)
b 8 seconds, 720 metres

5a i OAd=(6i— )i+ 3t+2)
i BA = (66 — 3)i + Bt + 1)j
b One second
¢ ic=1Gi+4)
iii 6¢+ 3d
6a )I

i d=1(4i — 3j)

b ia=16 ii b=-16 iii n=2
iv w(f) = =32 sin(20)i — 32 cos(2t)j
&) = —4(16 cos(2t)i — 16 sin(2¢)j)
¢ i PO =8((sint — 2 cos(2f))i
+ (cos t + 2 sin(21))j)
i |POI® = 64(5 + 4 sin 1)
d 8 cm
7 a2sinti + (cos 2t + 2)j, t > 0 b2i+j
2
ciy=3-2, -2<x<2

.. 2
11 y

1

2 0 2
d |v]> = —16 cos* ¢ + 20 cos’ f, maximum

dis —
speed is 5

3
e 7“ fii 1= g thmkeZ
8aai+ (b+20)j+ (20 — 100k
b ati + (bt + 2)j + (20t — 5)k
¢ 4 seconds da=25b=—-4
e 38.3°
9 ada N
by= ¥z 0 and (x — 4)* + »* = 16 are the
cartesian equations of the paths of 4 and B

respectively.
Cc y B’s starting
Pi)mt path of 4
As 4 8.4
starting
point \

0 T x
4 8
path of B
4]

32 16
d (0, 0), <?, ?> e1.76




10 a i The particle P is moving along a circular
path centred on (0, 0, —1) with radius
length one. The particle starts at (1, 0, —1)
and moves “anticlockwise” a distance of
one “below” the x—y (horizontal) plane.
The particle finishes at (1, 0, —1) after one
revolution.

(0,0,-1)
(1,0,-1)

i V2

ili —sin#i +cos#,0<?¢<2m

v p(f) = —costi —sintj, 0 <t <2w
b i P—Q)=(0052t—cost)i+(—sint—

3
sin 2¢)j + Ek

e D . S5
iii - iv —, m —
2 3 3
3 2@ 4
vV — vi 0, —ﬂ, —Tr,21'r
2 33
V1 1
cii 0 cos3t — — iii 162°
5 2
11ai —9.8f ii 2 —9.8¢f

iii 20 — 4.97j

. 2V2 .
bi — seconds ii — metres

12ai 6i—3j
b 4i — 2j, (4, =2)
. 2 AW .
ci LP=<1—5)1+(7—2t)1
965
13

ii ? Qi —j)

ii 1.05p.m. iii kilometres

Chapter 13
Exercise

lair=5+5
ii 52 ~7.07N;45°
b ir=—4i—4j
ii 442~ 5.66 N; 225°
cir=—i—5
i v/26 ~5.10N; 258.7°
dir=3i+10j
i V109 ~ 10.44 N; 73.3°
eir=—4j i 4N;270°
fir=10i i 10N;0°
2R=(11i—3))N

Answers

32543 N
4 7@ o ~ 95N
S5F;=-2i+k
6386 N
7a i 6.064i+ 257
il 6.59 N;22°59
b i 19.41i + 7.44j
ii 20.79 N;20°57
c i 1.382i + 5.394j
ii 5.57 N;75°38
di 2.19i — 2.19j
ei 18.13i
fi—2.15i— 101
il 2.37 N;205°17
8a 6.59 N;22°59

ii 3.09 N; 315°
il 18.13 N; 0°

¢ 5.57 N; 75°38

e 18.13 N; 0°
9alj b 5N; 90°
10a11.28 N b 6.34 N

cON d—-9.01 N
11al17.72 N b 14.88 N
12a 4Q2i—)j) b 32(3i + 4j)
13a—-197N b 535N ¢ —048N
14 =320 N
15a32.15N b 33.23 N
16 a 4.55 N; 19°40' b 12.42 N; 63°31’
17 15.46 N
18a 693 N b 14N
19 1.15N
Exercise
1a10kgm/s b 0.009 kg m/s

¢ 83331 kgm/s
e 416662 kg m/s
2 a 10(i +j) kg m/s
b i 10(5i + 12j) kg m/s
ii 130 kg m/s
3a—-30kgm/s
¢ 90 kg m/s
4a5g~49N
¢ 0.06g ~ 0.588 N
5a32N
6a4kg
96
(12+g)
8660 N
92.076 kg wt
1054 x 107N
Maa=i+5

d 60 kg m/s

b 40 kg m/s

b 3000g ~ 29400 N
b 1 m/s?

b7N

~ 8.73 kg

Bazi_2i
a=1 gj
13 a2.78 kg wt
14 347223 N
15113N

16 F3 = 19.6i — j

b 3.35 kg wt

637
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175N

7. .
18(1:51—"2‘]
19 1 m/s
20 663 N

21a ’% ~ 1.96 m/s?

2242.517 s

23 Pushing Force = 62.5 N;
Resistance = 25 N

24 60000 N; —0.1 m/s?

253

262 0.0245N

27 0.612

28 2 200g ~ 1960 N

29 a 2 m/s?

Exercise

1 g cos 45° m/s? &~ 6.93 m/s?
2(1 —

, V2 . weg o

329.223

4a /3 m/s?

5v2gN

6181 N

b 19.6 m/s

b 5.1 m/s

b 2060 N
b 1.06 m/s?

b 1.124 m/s?

P
7a=— —pgcosh —gsinb
m

8a=—%i

96.76 m/s
10 8.84 m; 4.31 m/s

JA0gx 8
= s b5 m

F
12 =— (] in ) —
aa M(cos + W sin )

11 a

F
ba=— (cos® — wsin0) —
a M( n )

132490 N b 1980 N
100
l4a = ~113m b 2v/3 ~ 3.46 m/s
g
158 +4v3)N
16 2 40.49 N b 1.22 m/s?
Exercise
80g

b % m/s> ~ 1.09 m/s>
10
2a T ~ 0.91 m/s?

50
bS:T:ﬁN%4.55N

3al6.8N b 1.4 m/s?
42292 b 2571 N
98 ,
5a s m/s? b265 N
6a19.6N b 4.9 m/s?

7 2 0.96 m/s? b39.4N
82.67 kg
9210750 N b 9250 N
10 5.28 kg
11 2 0.025 m/s? b 10 000 N
8
IZa?g%15.6N b4g~392N
c % ~ 1.96 m/s?
13 0.305
14ap =086 b 52.8N
152 16.296 N b = 0.35

Exercise

1331 m/s; 250 m
2ax=6f—2sint b4V3

cx= % (222 — cos(2f) + 1)

110 400 50
3—nv ( —logGS)m

610 m/s
710 —log, 11 &~ 7.6 m/s
8av=4(1 —e ) m/s

b

v

0
¢ 112 m (approx)

275
9a55m/s

b?—IOIOgeZ

kt
10 %(6; — 1) metres
nv-—x
b " b
12 —(1 — e""/’") m/s; — m/s
¢ ¢
13 maximum height

k 2
reached = m log, (1 + L) ;
mg

2k
mg
d=u | ———
speed =u, /- g
15b 4375
3

4375
¢ 1000 log, 2 + = ~2151.48



Exercise

bP=+v29N
2
¢ 180° — tan™! <§) = 158.20°

3a P b 24/6 ¢ 135.58°
7
5
4a b5.32
P
10
140°
0

5aP=460N;Q0=131N
bP=06.13N,0=223N
6 18.13N
7 66.02 N
9 a along the bisector of the angle between the
forces (rhombus property)
b 18.13N
¢ 18.13 N making an angle of 155° with each
of the 10 N forces
10P=1340N,0=16.51 N
11P=16.16 N,0=799N
12a b 149.25°

10

oo

13a b 5.37 ¢ 146.59°

i

£\ 80°

Answers 639

14 P = 42.09; tension = 50.82 N

154523 N

16 2 169.67° b2.81 N

Exercise

1alON b3gN c¢3gN

2a153N b 197N

3a30gN b 386.94 N
¢1224.02N

425N

5 p < tan 20°

621.80°

72047 b 24.85N

8al0N b27.88°  ¢0.05

Exercise

1a2i—3j b V13
cv =21 — 34 dv| =13
€ 303.69°

2a2i+ 3 b 24 + 34

d 3x -0
= —.X
y R

2x
by=?+8;x20

ct2'+3[2'
i+
2]

3ar0) =8
¢ F=20i+ 8N

4ar(0)=25%4+10 by=35—xx<25
¢ —50i + 50j N

5a(i— Lj)mss’ b (31i — 1tj)m/s
c(32+2)i— (312 +2)j

6 a (8i + %j) m/s?

8010

bi (80i + )N i N

Tay= % +6,x >0
b i(t) = 4ti + 2tj
cr=8 d8i+4jN
8 2 0.15i + 0.25j m/s’
b (3 + 0.150i + (5 + 0.25¢)f m/s
€20.7i + 34.5

5
dy= gx,x > —30
9 15 m/s; 54/ 10 m/s

Multiple-choice questions
1D 2E 3B 4B 5D
6B 7B 8B 9B 10C

Short-answer questions
(technology-free)

1a885N b 6785 N
15

228 w2 b 6N
4 4
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4a (10 — 0.4g) m/s’

b (5 — 0.4g) m/s>

4¢
Sa— m/s? b —— m/s
(t + 1) t+1
c[4t—4log.(t+ 1)] m
62000 N
75 sin(d — )
cos 0
8a490 N b 1980 N
3
9a £ b2m
2
10 a & m/s?
4
b particle lowered with a > %
114 m/s
12 a (i + 2j) m/s?
b i (t+ D+ 2j) m/s
i /5 (64 1) m/s
2
c (5 -I—t) i+ 2)m
dy=2x,x>0
13204f m 142250 N
10000
15 —— 16 m(g+ f)N
3g
17 100v/2 m/s
18 a9 kg wt b & m/s?
19 a down with acceleration w m/s?
my + m;
b 2mimy g
my + my
. . mg 2
20 a moves with acceleration m/s
mm my + my
1mz g N
my + my . .
21 a moves up plane with acceleration
(my —m;, sina)g m)s?
n;i + my
b mymog(1 + sin ) N
) my + my
22 (sin o0 — L €OS a)g
3g 15g
23 a == m/s® b —=N
a 3 m/s 2
15g+/2
c g4\/— N 45° to the horizontal.
d 4 e 6
—s —s
V3g V3g
543 -3
24 a % m/s?
3g(10 4+ 5+/3
, & lJ; V3) N
V2 5
252 & /s b Y& s ¢t
4 2 4
104/3
27 # N  285gV/3N
8g . 10g 25g _ 60g
29 = N,— N 30 —=N,—
T3 13 13

Extended-response questions

1a28N b 0.7 m/s?
[ 20
ci T s ii /521 —2g) m/s
— <8

d 0.357 metres

2ai03gm/s’=2.94m/s?
ii 2.1gN

b 8.26875 m
3ai 6888 N

bi 14088 N

ii 948 N
ii 2148 N
4ai S_g m/s? ii 14_g N
15 75
b02m
5bii 8.96

50
6 ax =25 log. _>8
50g — v?

bv =1v50g(1 — e;_g)

[ v

o]
7a2—+3
ci & m/s?
7

b 200 < M < 100 (v/3 + 1)
. 1200g
nmn —-

25
8a 7@““’ m/s?
b i 6254 + e 01
iii 3025 N
iv 625(4 + e3) A~ 2531.11 N
¢ PN

i 5(625 — v)

2500

> 1(s)

0]

9aR=Mgcosa— Tsin0

_ Mgsino+ 0.1Mg cos o

N cos® +0.1sin6
8.6g

cos6 4+ 0.1sin6

V101
i 5°43/ jii S6v10
101
d 5°43
.. 60g

600,
10ai—gN ii — N
3 13

bT

ci T =

144/1235
ci ———— m/s

65
di (8.86 — 5f) m/s?

ii 2.64 seconds
ii 1.86s

N iii 30.54 m/s



Chapter 14

14.1 Multiple-choice
questions

1C 2E 3C 4A
5C 6B 7B 8C
9A 10D 11E 12E
13B 14B 15A 16 B
17E 18E 19D 20A
21E 2B 23D 24D
25E 26 C 27E 28C
29D 30D 1A 32C
33D 34C 35E 36E
37D 38D 39C

14.2 Extended-response

questions
1a2i— 10j m/s b F () =2i — 24
ci—3j dr=0
eS5s fYes;t=2
2 —sina
2a——
g 2D
bi = ii
2 7
1a sin 3¢ 3) it 8+ cos3t.
r= — i -
3 A
., 8,
b—3l+§j cri=0
4a6Ts
343
bi —(3v3i+225) i i—T\/_j

t
¢ i 1.5,/94 7sin’ 3

T
ii t:3(5—|—nfrr),neNU{0}
di=—-9r,t=3mn,ne NU {0}

68
5b — k
9 g

¢ 0.1064 m/s?, 30.065 N
3
6a i 5sin2ti—20052tj
ii —6 sin 21i + 8 cos 24
. ™
fii t:T,neNU{O}
iv 16x? + 9% =36
ba=(2n+l);,neNU{0}

g 3g

7a% b SN

A 4

d0.903 s

156
£N

125

.14 .. lag m+2g _ 104g

S m= m
45 1125 25 1125

Answers 641

9b ir=(02t—12)i+(-02t+32)j+k
ii r=16at2i+k
10 aii 10 m/s?, 75¢ — 5¢2
b 281.25m ci 180 m
1ci —(+)),0 iii —0.43i — 0.68j
12b i F+mgcos® ii W + mgcos0)
i mg(sin® — pcos0)

¢ i Fsinf +L:ngcos9
. mg(sin® — pcos0)
" pwsin® + cos 6
... mg(sin® + pcos )
111 cos O — psin6
mg(sin® — pcos0)

' pcos(0 — o) — sin(f — o)

13 a i Aj for 0i + 05 at the foot of the cliff
ii V' cos ai 4 V'sin of
b i Vcosai+ (Vsino — gt)j

. . . g\,
ii Vtcos ai + h+Vtsma—7 j

V sina

g
14 ai 9504 N ii 704N
b 0.6742's ¢ about 10 persons (852 kg)

15ai T] ii to
.. 24/5
b ii Vt,

T
2dm(F —
16 a Y2IMUE = mgw)
m

b ipg
../ 2dm(F —mgp)
n ———
3m
¢ F=10mpg
17 aii %(1 —uv3)
L pwmg 73
bi —= =
10

Tmg
i —=(142v3
i S (1+2v3p)
V3

di T
i 8
272
e 4 will slide into stationary B.
18a i 0i+0j ii 10i+ 10v/3f,20,60°
iii —9.8j
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b i 15.2 Extended-response
i xi + (xv/3 = 0.049x2)j questions

i 10i + (10v/3 — 0.98x)j

iv —8i + (10\/_ _ 098x)] 1la f/(x) = loge(x) —2 bA= (6‘3, 0)

3 d2:1

d
O
=
1)
-
<

C | 8+ (103~ 098 = 980 V0o
i r=(r— 8)i + (xv/3 — 0.049x* + 1, 22 § & _ 10 T a)cosx .
(10v/3 — 0.98x — 4.94))j , ldx—l (b + a sinx)
20/3 — 0.98x T
d——-—— ¢el57im b i(0’§>

19 a 5i
. . . .. [(—5m - T 1w
b i (5_3t|)l+2t]_l+t1k, 1 <T,O> (7,0) <?,0>,<T,0>
(5 — 30)i + 20j + 1ok,

3
il =3t — )i+ 20 — 1) + (6 — 1)k i (—g —1) , (g 1), (7“ —1)
c-3i+2j+k .
di 36.70° ii 13.42

20ay=5—-2x,x<2
b i r()=2i+j+ t(—i+2))
ii 2i 4 j is the starting position,
(—i + 2j) represents the velocity

ci —13i+6j ii 5v10
212 13i +j+ 5k
J14 V6
b = (<320, Qi+ = k)
¢ 40.20° d7i+3j+ 9%
e 13i —j — 8k + t(—5i + 3k) v 21T(3—\/§)
V11
f 3490 3 a2andg b[-2,2]
S5 1l
222 $(4i +3)) ¢ (0, 1) d (=5.0) and (== 0)
b i g(—11i+28£) i 1(13i + 46)) T Tm log,21 +1213)
il 70+ 2 + <1 (4 + 3)) 12 12 - 4
: 1h0s . . 8 g (10w +3v/3)—
¢ i £(29 + 58)) ii -~ hours 6
] 3 4 a To show b To show ¢ 88.01 cm?d 306.15 cm?
iii g\/(15+11t)2+(27t—15)2 5a iJS 1—502 v
iv 3.91 km ov(l 4y
ii 251og, (ﬁ) seconds
b i To show
Chapter 15 i x = 50(tan~'(10) — tan~" )
. . i To sh
15.1 Multiple-choice R
R iv 74 m
questlons 6a i ccl)s X — WX Sin wx
ii — sinmwx — X cos(x)
. T e
1B 2D 3B 4E b ip=m
5A 6D 7E S A ii To show
9B 10 A 11B 12C ¢ ¥
13C 14 A 15D 16 D (1, ™)
17B 18 D 19 A 20E
21 A 22C 23D 24 A
25 A 26 B 27D 28 E
29C 30E 31C 32E
33D 34E

0 1 x
e : 15)m




ek=2
£1.066
20.572
7a i3g—T =3b, T —2g=4b

18
ih=81="28
7

b i3-0.1tkg
ii 3-0.1)g—T1 =3 —0.1t)a
iii 77 —2g =4a

(1-0.12)g

iva=

7-0.1¢
dv_ (1-0.10)g 7-0.1

=gt + 60g1
dr - 7—o1 T8 T e0slos
d 18.999
€ 93.188 m
8am=+3
b i Points 4, O, C must be collinear as
— —
AC = —OC. Hence AC is a diameter.
ii To show
¢ i To show

8 1 4
ii 2i—j+2kand—i——j+—k

3

d(———= )@+ V3)i+(-1+3
(m)(( i+ (-1+3)j
+ 2 —V3)k)

3 1 13f

er =— k = E [ =
f The particle lies outs1de the circle

9a i243
i —24/3,4/3 4+ 3i
b A

e
o

¢ i To show
i /3 +6i
. (x —ﬁ)z
jii ——+—=
27 236
(v +a)
10 a ) + 36
. A/36—a?
ii iT

b f(x) =249 —x2—a

2

X
cA/9 —x2—

V9 —x2
d iAd=9 ii To show
1

e 3 (x\/9 —x2+ 9arcsin(§))
V36 —a?
Ta —_ %( /36 _aZ)

A3 +3i

f 18 arcsin

g9
h 144

t

Answers 643

112 y? = 16x(1 — x?)(1 — 2x?)?
b X ; dy —_ 4cosdr, dy  4cosdt
— =Cost, =4cosdt, — = ——
dt dr dx cost

.m 3w 57 7w 9w llm 13w 157

88 88 8 8 8 8

i (- , v2-
2 2
(- 220) (- 22
) 1), ) ) )
(50 (55
3 , 1), 2 , s
(\/24—«/5 ]) (\/24—\/5 _1)
\ 2 , 1), 2 ,
iv —y::|:4whenx:0;
@ 1
ﬁ = :|:4x/§whenx = iﬁ
v To show
16
d—W2+1)
15
64T
‘63
03 6ax2(25 — x2)
2ay =——_—=
b i 48 ii :i:?
w2 . T2
! 12 1 12
800
d =
3
325
e ==
16
6400’1T
x* + 3ax? 6a’x — 2ax®
13 - M(x) = X T2
a7 = Wrar 0=y

b (0, 0) statlonary point of inflexion

‘ (—m, ‘34@) , (m 3{?)
dy=x
(4

YA

y=x
y=f(x)

0l _

‘ X
fa=1

>
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x* —3ax? _ 6a’x + 2ax®

14a f'(x)= mﬁf”(x) =TIy
b (—«/@, _3;/5 local maximum,

343
(«/3 _— a) local minimum,

(0,0) stationary point of inflexion
¢ (0, 0)

dy=x,x=a,x=—a

€

/ 5 >X
/_\ 10[

fa=16

15a S + arcsin (x), (0, 0) local minimum

V1 —x2

(Note: It is easy to see f(x) > 0 for all x as x
and arcsin (x) have the same sign for all x and
f(x)=0ifand only if x = 0.)

beh—xﬂ+x1—ﬁﬁ

G2 =1
V1T =x2(2 = x?)

T >0 forallx € (-1, 1).
2 _

No points of inflexion.

¢ f(x) > 0 for all x as x and arcsin (x) have the
same sign for all x

dx=0andx =1

3 1
l6ax = ZsinZt,y =-3 cos 2t
16x?

b +4y* =1

2
¢ —tan2¢

3
d ! 2t 3 2t

= ——sec2t,x = —cosec

y3 2 N 3
e |=cosec 4¢|, minimum area = 3 when
3m w w 3w

8’ 88 87

3
fx = 1 sin2t,y = 2 cos 2t (infinitely many

answers of course)



