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i6o BE. ALLMAN ON GREEK GEOMETRY

GREEK GEOMETRY FROM THALES TO
EUCLID.^

IN
studying the development of Greek Science, two

periods must be carefully distinguished.

The founders of Greek philosophy—Thales and Pytha-

goras
—were also the founders of Greek Science, and from

the time of Thales to that of Euclid and the foundation of

the Museum ofAlexandria, the development of science was,

for the most part, the work of the Greek philosophers.

With the foundation of the School of Alexandria, a second

period commences
;
and henceforth, until the end of the

scientific evolution of Greece, the cultivation of science

was separated from that of philosophy, and pursued for

its own sake.

In this Paper I propose to give some account of the

progress of geometry during the first of these periods, and

' It has been frequently obsen-ed, tttid die Geometer Vor Euklides, Leip-

and is indeed generally admitted, that zig, 1870; Suter, H., Geschichte der

the present century is characterized by Matliematischen Wissetischaften (ist

the importance which is attached to Part), Zurich, 1873 ; *Hankel, H., Z«r
historical researches, and by' a widely- Geschichte der Mathematik in Alter-

difFused taste for the philosophy of his- thum und Mittel-alter, Leipzig, 1874

tory. (a posthumous work) ;
*
Hoefer, F.,

In Mathematics, we have evidence of Histoire des Mathematiques, Paris,

these prevaihng views and tastes in two 1874. (This forms the fifth volume by
distinct ways :

— M. Hoefer on the history of the sciences,

1° The publication of many recent all being parts of the Histoire Uni-

works on the history of Mathematics, verselle, published under the direction

e. g.
— of M. Duruy.) In studying the subject

Arneth, A., Die Geschichte der of this Paper, I have made use of the

reinen Mathematik, Stuttgart, 1852 ; works marked thus *. Though the
*
Bretschneider, C. A., Die Geometrie work of AI. Hoefer is too metaphysical,
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also to notice briefly the chief organs of its develop
ment.

For authorities on the early history of geometry we are

dependent on scattered notices in ancient writers, many of

which have been taken from a work which has unfortu-

nately been lost—the History of Geometry by Eudemus of

Rhodes, one of the principal pupils of Aristotle. A sum-

mary of the history of geometry during the whole period
of which I am about to treat has been preserved by Pro-

clus, who most probably derived, it from the work of

Eudemus. I give it here at length, because I shall fre-

quently have occasion to refer to it in the following pages.
After attributing the origin of geometry to the Egyp-

tians, who, according to the old story, were obliged to in-

and is not free from inadvertencies and

even errors, yet I have derived advan-

tage from the part which concerns Py-

thagoras and his ideas. Hankel's book

contains some fragments of a great work

on the History of Mathematics, which

was interrupted by the death of the

author. The part treating of the ma-

thematics of the Greeks during the first

period
—from Thales to the foundation

of the School of Alexandria—is fortu-

nately complete. This is an excellent

work,and is in many parts distinguished

by its depth and originality.

The monograph of M. Bretschneider

is most valuable, and is greatly in ad-

vance of all that preceded it on the

origin of geometry amongst the Greeks.

He has collected with great care, and

has set out in the original, the fragments

relating to it, which are scattered in

ancient writers
;

I have derived much

aid from these citations.

2° New editions of ancient Mathema-

tical Works, some of which had become

extremely scarce, e. g.
—

VOL. in.

Theodosii Sphaericonim lihri Tres,

Nizze, Berlin, 1852; Nicomachi Gera-

seni Introductiones AritJuneticae, lib.

II., Hoche, Lipsiae, 1866 (Teubner) ;

Boetii De Inst. Arithm., ^c, ed. G.

Friedlein, Lipsiae, 1867 (Teubner),;

Procli Diadochi in primiim Euclidis

Elementorum librum commentarii, ex

recog. G. Friedlein, Lipsiae, 1873 (Teu-

bner) ;
Heronis Alexandrini Geoinetri-

corum et Stereonietriconun Reliquiae
e libris manuscriptis ,

ediditF. Hultsch,

Berolini, 1864 ; Pappi Alexandrini

Collectiones quae supersunt e libris

manuscriptis Latina interpretatione

et commentariis instruxit F. Hultsch,

vol. I, Berolini, 1876 : vol. Ii, ib.,

1877.

Occasional portions only of the Greek

text of Pappus had been published at

various times (see De Morgan in Dr. W.
Smith's Dictionary ofBiography). An
Oxford edition, uniform with the great

editions of Euclid, Apollonius, and

Archimedes, published in the last cen-

tury, has been long looked for.

M
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vent it in order to restore the landmarks which had been

destroyed by the inundation of the Nile, and observing

that it is by no means strange that the invention of the

sciences should have originated in practical needs, and that,

further, the transition from sensual perception to reflection,

and from that to knowledge, is to be expected, Proclus goes
on to say that Thales, having visited Egypt, first brought
this knowledge into Greece

;
that he discovered many things

himself, and communicated the beginnings of many to his

successors, some of which he attempted in a more abstract

manner {KaOoXiKwTepov), and some in a more intuitional or

sensible manner {ala9r}TiKioTspov). After him, Ameristus [or

Mamercus], brother of the poet Stesichorus, is mentioned

as celebrated for his zeal in the study of geometry. Then

Pythagoras changed it into the form of a liberal science,

regarding its principles in a purely abstract manner, and

investigated its theorems from the immaterial and intellec-

tual point of view (auAujc xal voejowc); he also discovered the

theory of incommensurable quantities {twv aXoytJv Trpa-jfxa-

Tiiav), and the construction of the mundane figures [the

regular solids]. After him, Anaxagoras of Clazomenae
contributed much to geometry, as also did Oenopides of

Chios, who was somewhat junior to Anaxagoras. After

these, Hippocrates of Chios, who found the quadrature of

the lunule, and Theodorus of Cyrene became famous in geo-

metry. Of those mentioned above, Hippocrates is the first

writer of elements. Plato, who was posterior to these, con-

tributed to the progress of geometry, and of the other ma-
thematical sciences, through his study of these subjects, and

through the mathematical matter introduced in his writ-

ings. Amongst his contemporaries were Leodamas of

Thasos, Archytas of Tarentum, and Theaetetus of Athens,

by all of whom theorems were added or placed on a more
scientific basis. To Leodamas succeeded Neocleides, and
his pupil was Leon, who added much to what had been
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done before. Leon also composed elements, which, both in

regard to the number and the value of the propositions

proved, are put together more carefully ;
he also invented

that part of the solution of a problem called its determina-

tion. [^lOQiafjLoq)
—a test for determining when the problem

is possible and when impossible. Eudoxus of Cnidus, a

little younger than Leon and a companion of Plato's

pupils, in the first place increased the number of general

theorems, added three proportions to the three already

existing, and also developed further the things begun by
Plato concerning the section,- making use, for the pur-

pose, of the analytical method (rate avaXvaiaiv). Amyclas
of Heraclea, one of Plato's companions, and Menaechmus,
a pupil of Eudoxus and also an associate of Plato, and his

brother, Deinostratus, made the whole of geometry more

perfect. Theudius of Magnesia appears to have been dis-

tinguished in mathematics, as well as in other branches of

philosophy, for he made an excellent arrangement of the

elements, and generalized many particular propositions.

Athenaeus of Cyzicus [or Cyzicinus of Athens] about the

same time became famous in other mathematical studies,

but especially in geometry. All these frequented the

Academy, and made their researches in common. Her-

motimus of Colophon developed further what had been

done by Eudoxus and Theaetetus, discovered many ele-

mentary theorems, and wrote something on loci. Philip-

pus Mendaeus [Medmaeus], a pupil of Plato, and drawn by
him to mathematical studies, made researches under Plato's

direction, and occupied himself with whatever he thought

2 Does this mean the cutting of a and synthesis are first used and de-

straight line in extreme and mean ratio, fined by him in connection with tlieo-

"
sectio aurea "

? or is the reference rems relating to the cutting of a line in

to the invention of the conic sections ? extreme and mean ratio. See Bret-

Most probably the former. In Euclid's Schneider, Die Geoinetrie vor Euklides,

Elements, Lib., xiii., the terms analysis p. i68.

M 2
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would advance the Platonic philosophy. Thus far those

who have written on the history of geometry bring the

development of the science.^

Proclus goes on to say, Euclid was not much younger
than these

;
he collected the elements, arranged much of

what Eudoxus had discovered, and completed much that

had been commenced by Theaetetus
; further, he substi-

tuted incontrovertible proofs for the lax demonstrations

of his predecessors . He lived in the times of the first

Ptolemy, by whom, it is said, he w^as asked whether there

was a shorter way to the knowledge of geometry than by
his Elements, to which he replied that there was no royal

road to geometry. Euclid then was younger than the dis-

ciples of Plato, but elder than Eratosthenes and Archimedes
—who were contemporaries—the latter of whom mentions

him. He was of the Platonic sect, and familiar with its

philosophy, whence also he proposed to himself the con-

struction of the so-called Platonic bodies [the regular

solids] as the final aim of his systematization of the Ele-

ments.'*

I.

The first name, then, which meets us in the history of

Greek mathematics is that of Thales of jNIiletus (640-

546 B. c). He lived at the time when his native city, and
Ionia in general, were in a flourishing condition, and when
an active trade was carried on with Egypt. Thales himself

was engaged in trade, and is said to have resided in Egypt,
and, on his return to Miletus in his old age, to have brought
with him from that country the knowledge of geometry and

2 From these words we infer that the pp. 299, 333, 352, and 379.

History of Geometry by Eudemus is ^ Procli Diadochi inprmium Euclidis

most probably referred to, inasmuch as elementorum librum commentarii. Ex
he Hved at the time here indicated, and recognitione G.Friedlein. Lipsiae, 1873,

his history is elsewhere mentioned by pp. 64-68.

Proclus.—Proclus, ed. G. Friedlein,
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astronomy. To the knowledge thus introduced he added the

capital creation of the geometry of lines, which was essen-

tially abstract in its character. The only geometry known
to the Egyptian priests was that of surfaces, together with
a sketch of that of solids, a geometry consisting of some

simple quadratures and elementary cubatures, which they
had obtained empirically ; Thales, on the other hand, intro-

duced abstract geometry, the object of which is to establish

precise relations between the different parts of a figure, so

that some of them could be found by means of others in a

maimer strictly rigorous. This was a phenomenon quite
new in the world, and due, in fact, to the abstract spirit of

the Greeks. In connection with the new impulse given to

geometry, there arose with Thales, moreover, scientific

astronomy, also an abstract science, and undoubtedly a

Greek creation. The astronomy of the Greeks differs from

that of the Orientals in this respect, that the astronomy of

the latter, which is altogether concrete and empirical, con-

sisted merely in determining the duration of some periods,
or in indicating, by means of a mechanical process, the

motions of the sun and planets, whilst the astronomy of the

Greeks aimed at the discovery of the geometric laws of the

motions of the heavenly bodies.*

5 The importance, for the present the Greeks the discovery of truths which

research, of bearing in mind this ab- were kno\vn to the Egyptians. See, in

stract character of Greek science con- relation to the distinction between ab-

sists in this, that it furnishes a clue stract and concrete science, and its

by means of which we can, in many bearing on the history of Greek Ma-

cases, recognise theorems of purely thematics, amongst many passages in

Greek growth, and distinguish them the works of Auguste Q.oxi\\.Q., Systeme

from those of eastern extraction. The de Politique Positive, vol. in., ch. iv.,

neglect of this consideration has led p. 297, and j^^., vol. I., ch. i., pp. 424-

.some recent writers on the early history 437; and see, also, Les Grands Types

of geometry greatly to exaggerate the de VHuvig-nite, par P. Laffitte, vol.11.,

obligations of the Greeks to the Orien- Le9on I5ieme, p. 280, and seq.
—Ap-

tals ; whilst others have attributed to pieciation de la Science Antique.
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The following notices of the geometrical work of Thales

have been preserved :
—

[a). He is reported to have first demonstrated that the

circle was bisected by its diameter
;

^

[b).
He is said first to have stated the theorem that the

angles at the base of every isosceles triangle are equal,
"

or,

as in archaic fashion he phrased it, like {bfxolai) ;

"
'

[c).
Eudemus attributes to him the theorem that when

two straight lines cut each other, the vertically opposite

angles are equal ;

^

[d). Pamphila" relates that he, having learned geometry
from the Egyptians, was the first person to describe a right-

angled triangle in a circle ; others, however, of whom

Apollodorus (6 XoyiaTiKog) is one, say the same of Pythago-
ras

;

1"

[e).
He never had any teacher except during the time

when he went to Egypt and associated with the priests.

Hieronymus also says that he measured the pyramids,

making an observation on our shadows when they are of

the same length as ourselves, and applying it to the pyra-
mids. ^^ To the same effect Pliny

—" Mensuram altitudi-

nis earum omniumque similium deprehendere invenit

Thales Milesius, umbram metiendo, qua hora par esse cor-

pori solet
;

" '-

(This is told in a different manner by Plutarch. Niloxe-

nus is introduced as conversing with Thales concerning

Amasis, King of Egypt.
—"

Although he [Amasis] admired

you [Thales] for other things, yet he particularly liked the

«
Proclus, ed. Friedlein, p. 157, ed. C. G. Cobet, p. 6.

Jbi(i, p. 250.
11

(5 Vf'ltpdivvfjLos Kol eKfifrpTJcXai (pTjffiv

Joid, p. 299. avThv ras trvpa/jLiSas e/c rf/s cTKias irapa-
°
Pamphila was a female historian

Tr]p-ficravra (ire 7)fjuv la-ofieyeeeis elai.

who Hved at the time of Nero
;
an Epi- Diog. Laert., I., c. i, n, 6., ed. Cobet,

daurian according to Suidas, an Egyp- p. 6.

tian according to Photius. i^ Plin. Hisl. Nat., xxxvi. 17.

'"Diogenes Laertius, I., c. i, n. 3,



FROM THALES TO EUCLID. 167

manner by which you measured the height of the pyramid
without any trouble or instrument ; for, by merely placing

a staff at the extremity of the shadow which the pyramid

casts, you formed two triangles by the contact of the sun-

beams, and showed that the height of the pyramid was to

the length of the staff in the same ratio as their respective

shadows").'^

(/}. Proclus tells us that Thales measured the distance

of vessels from the shore by a geometrical process, and that

Eudemus, in his history of geometry, refers the theorem

Eucl. i. 26 to Thales, for he says that it is necessary to use

this theorem in determining the distance of ships at sea

according to the method employed by Thales in this inves-

tigation ;

"

[g). Proclus, or rather Eudemus, tells us in the passage

quoted above m extenso that Thales brought the knowledge
of geometry to Greece, and added many things, attempt-

ing some in a more abstract manner, and some in a more

intuitional or sensible manner. ^^

Let us now examine what inferences as to the geometri-

cal knowledge of Thales can be drawn from the preceding

notices.

First inference.—Thales must have known the theorem

that the sum of the three angles of a triangle is equal to

two right angles.

Pamphila, in
(</),

refers to the discovery of the property

of a circle that all triangles described on a diameter as base

with their vertices on the circumference have their vertical

angles right.
16

'3 Plut. Sept. Sap. Conviv. 2.V0L iii., which it has been stated by Diogenes

p. 174, ed. Didot. Laertius shows that he did not distin-

1*
Proclus, ed. Friedlein, p. 352. guish between a problem and a theo-

^
Ibid, p. 65. rem ;

and further, that he was ignorant

16 This is unquestionably the dis- of geometry. To this eiTect Proclus—

covery referred to. The manner in " When, therefore, anyone proposes to
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Assuming, then, that this theorem was known to Thales,
he must have known that the sum of the three angles of

any right-angled triangle is equal to two right angles, for,

if the vertex of any of these right-angled triangles be con-

nected with the centre of the circle, the right-angled tri-

angle will be resolved into two isosceles triangles, and
since the angles at the base of an isosceles triangle are

equal
—a theorem attributed to Thales (3)— it follows that

the sum of the angles at the base of the right-angled tri-

angle is equal to the vertical angle, and that therefore the

sum of the three angles of the right-angled triangle is equal
to two right angles. Further, since any triangle can be
resolved into two right-angled triangles, it follows imme-

diately that the sum of the three angles of any triangle is

equal to two right angles. If, then, we accept the evidence
of Pamphila as satisfactory, we are forced to the conclusion

that Thales must have known this theorem. No doubt the

knowledge of this theorem [Euclid \., 32) is required in the

proof given in the elements of Euclid of the property of the
circle (iii., 31), the discovery of which is attributed to

Thales by Pamphila, and some writers have inferred hence
that Thales must have known the theorem

(i,, 2>2).^'' Al-

though I agree with this conclusion, for the reasons given

nscribe an equilateral triangle in a every angle in a semicircle is necessa-

circle, he proposes a problem : for it is rily a right one."—Taylor's Proclus,

possible to inscribe one that is not vol. I., p. no. Procl. ed. Friedlein,

equUateral. But when anyone asserts pp. 79, 80.

that the angles at the base of an isosce- Sir G. C. Lewis has subjected himself
les triangle are equal, he must affirm to the same criticism when he says—
that he proposes a theorem : for it is

'

According to Pamphila, he iirst solved

not possible that the angles at the base the problem of inscribing a right-angled
of an isosceles triangle should be un- triangle in a circle."—G. Comewall

equal to each other. On which account Lewis, Historical Survey of the Astro-

if anyone, stating it as a problem, should nony of the Ancients, p. 83.

say that he wishes to inscribe a right
i' So F. A. Finger, De Brimordiis

angle in a semicircle, he must be con- Geometriaeapud Graecos, p. 20, Heidel-
sidered as ignorant of geometry, since bergae, 1831.
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above, yet I consider the inference founded on the demon-

stration given by Euclid to be inadmissible, for we are in-

formed by Proclus, on the authority of Eudemus, that the

theorem [Euclid i., 32) was first proved in a general way by
the Pythagoreans, and their proof, which does not differ

substantially from that given by Euclid, has been preserved

by Proclus.^^ Further, Geminus states that the ancient

geometers observed the equality to two right angles in

each species of triangle separately, first in equilateral, then

in isosceles, and lastly in scalene triangles," and it is plain

that the geometers older than the Pythagoreans can be no

other than Thales and his successors in the Ionic school.

If I may be permitted to offer a conjecture, in confor-

mity with the notice of Geminus, as to the manner in which

the theorem was arrived at in the different species of tri-

angles, I would suggest that Thales had been led by the

concrete geometry of the Egyptians to contemplate floors

covered with tiles in the form of equilateral triangles or

regular hexagons,-" and had observed that six equilateral

triangles could be placed round a common vertex, from

which he saw that six such angles made up four right

angles, and that consequently the sum of the three angles

of an equilateral triangle is equal to two right angles [c).

The observation of a floor covered with square tiles

would lead to a similar conclusion with respect to the

isosceles right-angled triangle.-^ Further, if a perpen-
ds

Proclus, ed. Friedlein, p. 379. so as to fill a space," is attributed by
^9

Apollonii Conica, ed. Hallejus ,p. Proclus to Pythagoras or his school

9, Oxon. 1 7 10. (e'CTi rb dedprjfia tovto TlvdaySpeiov.
20 Floors or walls covered with tiles of Proclus, ed. Friedlein, p. 305), yet it

various colours were common in Egypt. is difficult to conceive that the Egypt-

See Wilkinson's "./4w«^«^^^/i'2a«j," ians—who erected the pyramids—had

vol. ii., pp. 287 and 292. not a practical knowledge of the fact

21
Although the theorem that "

only ^]^^(. ^iigg of the forms above mentioned

three kinds of regular polygonsr—the could be placed so as to form a con-

equilateral triangle, the square and the tinuous plane surface.

hexagon—can be placed about a point
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dicular be drawn from a vertex of an equilateral triangle

on the opposite side," the triangle is divided into two

right-angled triangles, which are in every respect equal

to each other, hence the sum of the three angles of each of

these right-angled triangles is easily seen to be two right

angles. If now we suppose that Thales was led to examine

whether the property, which he had observed in two dis-

tinct kinds of right-angled triangles, held generally for

all right-angled triangles, it seems to me that, by com-

pleting the rectangle and drawing the second diagonal, he

could easily see that the diagonals are equal, that they
bisect each other, and that the vertical angle of the right-

angled triangle is equal to the sum of the base angles.

Further, if he constructed several right-angled triangles

on the same hypotenuse he could see that their vertices

are all equally distant from the middle point of their com-

mon hypotenuse, and therefore lie on the circumference

of a circle described on that line as diameter, which is the

theorem in question. It may be noticed that this remark-

able property of the circle, with which, in fact, abstract

geometry was inaugurated, struck the imagination of

Dante :
—

" O se del mezzo cerchio far si puote

Triangol si, ch'un retto non avesse."

Par. c. xiii. loi.

Second inference.—The conception of geometrical loci

is due to Thales.

We are informed by Eudemus (/) that Thales knew
that a triangle is determined if its base and base angles
are given ; further, we have seen that Thales knew that,

22
Though we are informed by Pro- the square, could not be ignorant of its

clus (ed. Friedlein, p. 283), that Oeno- mechanical solution. Observe that we

pides of Chios iirst solved (ef^T'lo-e") are expressly told by Proclus that Thales

this problem, yet Thales, and indeed attempted some things in an intuitional

the Egyptians, who were furnished with or sensible manner.
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if the base is given, and the base angles not given sepa-

rately, but their sum known to be a right angle, then there

could be described an unlimited number of triangles

satisfying the conditions of the question, and that their

vertices all lie on the circumference of a circle described

on the base as diameter. Hence it is manifest that the

important conception oi geo7neirtcalloct y which, is attributed

by Montucla, and after him by Chasles and other writers

on the History of Mathematics, to the School of Plato,"

had been formed by Thales.

Third inference.—Thales discovered the theorem that

the sides of equiangular triangles are proportional.

The knowledge of this theorem is distinctly attributed

to Thales by Plutarch in a passage quoted above [e).
On

the other hand, Hieronymus of Rhodes, a pupil of Aris-

totle, according to the testimony of Diogenes Laertius,-*

says that Thales measured the height of the pyramids by

watching when bodies cast shadows of their own length,

and to the same effect Pliny in the passage quoted above [e).

Bretschneider thinks that Plutarch has spun out the story

told by Hieronymus, attributing to Thales the knowledge
of his own times, denies to Thales the knowledge of the

theorem in question, and says that there is no trace of any

theorems concerning similarity before Pythagoras.^^ He

says further, that the Egyptians were altogether ignorant

of the doctrine of the similarity of figures, that we do not

find amongst them any trace of the doctrine of proportion,

and that Greek writers say that this part of their mathe-

23 Montucla, Histoire des Mathema- " ce chef du Lycee.^'

tiques. Tome i., p. 183, Paris, 1758.
2* But we have seen that the account

Chasles, Apergu Historique des Metho- given by Diogenes Laertius of the dis-

des en Geometrie, p. 5, Bruxelles, 1837. covery of Thales mentioned by Pam-

Chasles in the historj' of geometry be- phila is unintelligible and evinces

fore EucUd copies Montucla, and we ignorance of geometry on his part,

have a remarkable instance of this here,
^5 Bretsch. Die Geometrie und Geo-

for Chasles, after Montucla, calls Plato meter vor Euklides, pp. 45, 46.;
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matical knowledg-e was derived from the Babylonians or

Chaldaeans.-^ Bretschneider also endeavours to show that

Thales could have obtained the solution of the second

practical problem—the determination of the distance of a

ship from the shore—by geometrical construction, a method

long before known to the Egyptians." Now, as Bretschnei-

der denies to the Egyptians and to Thales any knowledge
of the doctrine of proportion, it was plainly necessary, on

this supposition, that Thales should find a sufficient extent

of free and level ground on which to construct a triangle

of the same dimensions as that he wished to measure ; and

even if he could have found such ground, the great length

of the sides would have rendered the operations very diffi-

cult.-'^ It is much simpler to accept the testimony of

Plutarch, and suppose that the method of superseding such

operations by using similar triangles is due to Thales.

If Thales had employed a right-angled triangle,-^ he

could have solved this problem by the same principle which,

we are told by Plutarch, he used in measuring the height
of the pyramid, the only difference being that the right-

^^
Ibid, p. 1 8.

'7
Hid, pp. 43, 44.

28 In reference to this I may quote

the following passage from Clairaut,

Elemens de Geometric, pp. 34-35.

Paris, 1 74 1.

"La methode qu'on -vient de don-

ner pour mesurer les terrains, dans

lesqucls on ne s9auroit tirer de lignes,

fait souvent naitre de grandes difficultes

dans la pratique. On trouve rarement

un espace uni et libre, assez grand pour
faire des triangles egaux a ceux du ter-

rain dont on cherche la mesure. Et

meme quand on en trouveroit, la grande

longueur des cotes des triangles pour-
roit rcndre les operations tres-difficiles :

abaisser une perpendiculaire sur une

ligne du point qui en est eloigne seule-

ment de 500 toises, ce seroit un ouvTage

extremement penible, et peut-etre im-

practicable. II importe done d'avoir

un moyen qui supplee a ces grandes

operations. Ce moyen s' offre corame

de lui-meme. II vient, &c."
'^ Observe that the inventions of the

square and level are attributed by Pliny

[Nat. Hist., vii., 57) to Theodorus of

Samos, who was a contemporary of

Thales. They were, however, known

long before this period to the Egyptians;

so that to Theodorus is due at most the

honour of having introduced them into

Greece.
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angled triangle is in one case in a vertical, and in the

other in a horizontal plane. ^
From what has been said it is plain that there is a

natural connection between the several theorems attributed

to Thales, and that the two practical applications which

he made of his geometrical knowledge are also connected

with each other.

Let us now proceed to consider the importance-of the

work of Thales :
—

I. In a scientific point of view :
—

{a). We see, in the first place, that by his two theorems

he founded the geometry of lines, which has ever since

remained the principal part of geometry.^"

Vainly do some recent writers refer these geometrical
discoveries of Thales to the Egyptians ;

in doing so they

ignore the distinction between the geometry of lines, which

we owe to the genius of the Greeks, and that of areas and

volumes—the only geometry known, and that empirically,
to the ancient priesthoods. This view is confirmed by an

ancient papyrus, that of Rhind,^' which is now in the

British Museum. It contains a complete applied mathe-

matics, in which the measurement of figures and solids

plays the principal part ;
there are no theorems properly so

called
; everything is stated in the form of problems, not

in general terms but in distinct numbers, e.g.
—to measure

a rectangle the sides of which contain two and ten units of

length ; to find the surface of a circular area whose diame-

ter is six units
; to mark out in a field a right-angled triangle

^0 Auguste Comte, Systhne de Poll- thematiques, p. 69. Since this Paper

tique Positive, vol. iii., p. 297. was sent to the press, Dr. August
'1

Birch, in Lepsius' Zeitschriftfilr Eisenlohr, of Heidelberg, has pubhshed

Aegypiische Sprache und Alterthums- this papyrus with a translation and

kunde (year 1868, p. 108). Bret- commentary under the title
"

.S/;? ^/a-

schneider, Geometrie vor Euklides, thematisches Handbuch der alien

p. 16. F. Hoefcr, /lisfoiir des Ma- yEgypfcry
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whose sides measure ten and four units ; to describe a

trapezium whose parallel sides are six and four units, and

each of the other sides twenty units. We find also in it

indications for the measurement of solids, particularly of

pyramids, whole and truncated.

It appears from the above that the Egyptians had

made great progress in practical geometry. Of their pro-

ficiency and skill in geometrical constructions we have

also the direct testimony of the ancients
;

for example,
Democritus says :

'* No one has ever excelled me in the

construction of lines according to certain indications—not

even the so-called Egyptian Harpedonaptae."
^-

[b).
Thales may, in the second place, be fairly con-

sidered to have laid the foundation of Algebra, for his first

theorem establishes an equation in the true sense of the

word, while the second institutes a proportion.^^

II. In a philosophic point of view :
—

We see that in these two theorems of Thales the first

type of a natural law—/. e., the expression of a fixed de-

pendence between different quantities, or, in another form,

the disentanglement of constancy in the midst of variety
—

has decisively arisen.'*

III. Lastly, in a practical point of view :
—

Thales furnished the first example of an application of

theoretical geometry to practice,'^ and laid the foundation

of an important branch of the same—the measurement of

heights and distances.

I have now pointed out the importance of the geome-
trical discoveries of Thales, and attempted to appreciate
his work. His successors of the Ionic School followed

22
Mullacli, Fragmejita Philosopho- Pos. vol. iii., p. 300).

rww (yrafcorwwi, p. 371, Democritus ap.
3* P. LaffiUe, Zd-j Grands Types de

Clem. Alex. Stro?n. I. p. 357, ed. Pot- ''Ilumanite, vol. ii., p. 292.

tor. ^^
Ibid, p. 294.

•'~'

Auguste Comte {Systeme de Pol.
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him in other lines of thought, and were, for the most part,

occupied with physical theories on the nature of the

universe—speculations which have their representatives at

the present time—and added little or nothing to the de-

velopment of science, except in astronomy. The further

progress of geometry was certainly not due to them.

Without^ doubt Anaxagoras of Clazomenae, one of the

latest representatives of this School, is said to have been

occupied during his exile with the problem of the qua-

drature of the circle, but this was in his old age, and after

the works of another School-^to which the early progress

of geometry was really due—had become the common

property of the Hellenic race. I refer to the immortal

School of Pythagoras.

n.

About the middle of the sixth century before the Chris-

tian era, a great change had taken place : Ionia, no longer

free and prosperous, had fallen under the yoke, first of Lydia,

then of Persia, and the very name Ionian—the name by
which the Greeks were known in the whole East—had

become a reproach, and was shunned by their kinsmen on

the other side of the Aegean.^" On the other hand, Athens

and Sparta had not become pre-eminent ; the days of Ma-

rathon and Salamis were yet to come. Meanwhile the

glory of the Hellenic name was maintained chiefly by the

Italic Greeks, who were then in the height of their pros-

perity, and had recently obtained for their territory the

well-earned appellation of 17 ni^cCKr] 'EXXac-" It should be

noted, too, that at this period there was great commercial

intercourse between the Hellenic cities of Italy and Asia
;

and further, that some of them, as Sybaris and Miletus on

the one hand, and Tarentum and Cnidus on the other, were

36 Herodotus, i. 143. i., P- M') ^H^-
^''

Polybius, ii., 39 ;
ed. Bekker, vol.
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bound by ties of the most intimate character.^^ It is not

surprising, then, that after the Persian conquest of Ionia,

Pythagoras, Xenophanes, and others, left their native

country, and, following the current of civilization, removed

to Magna Graecia.

As the introduction of geometry into Greece is by com-

mon consent attributed to Thales, so alP^ are agreed that

to Pythagoras of Samos, the second of the great philoso-

phers of Greece, and founder of the Italic School, is due

the honour of having raised mathematics to the rank of a

science.

The statements of ancient writers concerning this great
man are most conflicting, and all that relates to him per-

sonally is involved in obscurity; for example, the dates

given for his birth vary within the limits of eighty-four

years
—43rd to 64th Olympiad/- It seems desirable, how-

ever, if for no other reason than to fix our ideas, that we
should adopt some definite date for the birth of Pythagoras ;

and there is an additional reason for doing so, inasmuch as

some writers, by neglecting this, have become confused,

and fallen into inconsistencies in the notices which they
have given of his life. Of the various dates which have

been assigned for the birth of Pythagoras, the one which

seems to me to harmonise best with the records of the most

trustworthy writers is that given by Ritter, and adopted by
Grote, Brandis, Ueberweg, and Hankel, namely, about

580 B. c. (49th Olymp.) This date would accord with the

followang statements :
—

That Pythagoras had personal relations with Thales,
then old, of whom he was regarded by all antiquity as the

38 Herod., vi. 21, and iii. 138. History of Philosophy, Book ii., c. ii.,

'9
Aristotle, Diogenes Laertius, Pro- where the various dates given by

clus, amongst others. scholars are cited.
*" See G. H. Lewes, Biographical
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successor, and by whom he was incited to visit Egypt,"
mother of all the civilization of the West ;

That he left his country being still a young man, and,
on this supposition as to the date of his birth, in the early

years of the reign of Croesus (560-546 B. c), when Ionia
was still free

;

That he resided in Egypt many years, so that he learned

the Egyptian language, and became imbued with the philo-

sophy of the priests of the country ;"

That he probably visited Crete and Tyre, and may have
even extended his journeys to Babylon, at that time Chal-

daean and free ;

That on his return to Samos, finding his country under
the tyranny of Polycrates," and Ionia under the dominion
of the Persians, he migrated to Italy in the early years of

Tarquinius Superbus ;

"

And that he founded his Brotherhood at Crotona, where
for the space of twenty years or more he lived and taught,

being held in the highest estimation, and even looked on
almost as divine by the population—native as well as Hel-
lenic ; and then, soon after the destruction of Sybaris
(510 B. c), being banished by a democratic party under

Cylon, he removed to INIetapontum, where he died soon

afterwards.
• All who have treated of Pythagoras and the Pythago-

reans have experienced great difficulties. These difficulties

are due partly to the circumstance that the reports of the

earlier and most reliable authorities have for the most part
been lost, while those which have come down to us are not

always consistent with each other. On the other hand, we
have pretty full accounts from later writers, especially those

"
lamblichus, de Vita Fyth., c. ii., 12. ap. Porphyr., de Vita Pyth., 9.

^- Isocrates is the oldest authority for **
Cicero, de Rep. 11., 15 ; Tiisc. Disp.,

this, Busiris, c. 1 1. I., xvi., 38.
^•'

Diog. Laert., \-iii. 3 ; Aiistoxenus,

VOL. Ill, N
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of the Neo-Pythagorean School; but these notices, which

are mixed up with fables, were written with a particular

object in view, and are in general highly coloured; they

are particularly to be suspected, as Zeller has remarked,

because the notices are fuller and more circumstantial the

greater the interval from Pythagoras. Some recent authors,

therefore, even go to the length of omitting from their ac-

count of the Pythagoreans everything which depends solely

on the evidence of the Neo-Pythagoreans. In doing so,

these authors no doubt effect a simplification, but it seems

to me that they are not justified in this proceeding, as the

Neo-Pythagoreans had access to ancient and reliable au-

thorities which have unfortunately been lost since."

Though the difficulties to which I refer have been felt

chiefly by those who have treated of the Pythagorean phi-

losophy, yet we cannot, in the present inquiry, altogether

escape from them ; for, in the first place, there was, in the

whole period of which we treat, an intimate connection

between the growth of philosophy and that of science, each

re-acting on the other; and, further, this was particularly

the case in the School of Pythagoras, owing to the fact,

that whilst on the one hand he united the study of geo-

metry with that of arithmetic, on the other he made num-
bers the base of his philosophical system, as well physical
as metaphysical.

It is to be observed, too, that the early Pythagoreans

published nothing, and that, moreover, with a noble self-

denial, they referred back to their master all their discover-

ies. Hence, it is not possible to separate what was done

by him from what was done by his early disciples, and we

*^ For example, the History of Geo- of whom lived in the reign of Justinian.

ynetiy, by Eudemus of Rhodes, one of Eudemus also WTOte a History ofAstro-

the principal pupils of Aristotle, is nomy. Theophrastus, too, Aristotle's

(|uoted by Theon of Smyrna, Proclus, successor, wrote Histories of Arithme-

Simplicius, and Eutocius, the last two
tic, Geometry, and Astronomy.
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are under the necessity, therefore, of treating the work of

the early Pythagorean School as a whole."

All agree, as was stated above, that Pythagoras first

raised mathematics to the rank of a science, and that we
owe to him two new branches—arithmetic and music.

We have the following statements on the subject :
—

{a). In the age of these philosophers [the Eleats and

Atomists], and even before them, lived those called Pytha-

-goreans, who first applied themselves to mathematics, a

science they improved : and, penetrated with it, they fancied

that the principles of mathematics were the principles of all

things;
*'

[b.) Eudemus informs us, in the passage quoted above in

^xfensOf that Pythagoras changed geometry into the form

of a liberal science, regarding its principles in a purely
abstract manner, and investigated his theorems from the

immaterial and intellectual point of view; and that he also

discovered the theory of irrational qualities, and the con-

struction of the mundane figures [the five regular solids] ;

^*

(r.) It was Pythagoras, also, who carried geometry to

perfection, after JMoeris " had first found out the principles
of the elements of that science, as Anticlides tells us in

the second book of his History of Alexander ; and the part

<fi <<

Pythagoras and his earliest sue- laus."—Smith's Dictionary, in v. Pki-

•ccssors do not appear to have commit- lolaus. Philolaus was bom at Cro-

ted any of their doctrines to writing. tona, or Tarentum, and was a contem-

According to Porphyrins {de Vita Pyth. porary of Socrates and Democritus.

]). 40), Lysis and Archippus collected in See Diog. Laert. in Vita Pythag., viii.,

a written form some of the principal i., 15; in Vita Empedodis, viii., ii., 2 ;

Pythagorean doctrines, which were and m Vita Democriti, ix., vii., 6.

handed down as heirlooms in their See also lamblichus, de Vita Pythag.,

families, under strict injunctions that c 18, s. 88.

they should not be made public. But <' Aristot. Met., i., 5, 985, N. 23,

amid the different and inconsistent ed. Bekker.

accounts of the matter, the first publi-
^^ Procl. Comm.,&A. Friedlein, p. 65.

<;ation of the Pythagorean doctrines is ^^ An ancient King of Egypt, who

pretty uniformly attributed to Philo- reigned 900 years before Herodotus.

N 2
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of the science to which Pythagoras applied himself above

all others was arithmetic ;

^^

[d.) Pythagoras seems to have esteemed arithmetic above

everything, and to have advanced it by diverting it from the

service of commerce, and likening all things to numbers ;

^^^

[e.)
He w^as the first person who introduced measures

and weights among the Greeks, as Aristoxenus the musi-

cian informs us ;

^'

[/.) He discovered the numerical relations of the musical

scale ;

**

[g.) The word mathematics originated wnth the Pytha-

goreans ;

"*

[h.) The Pythagoreans made a four-fold division of

mathematical science, attributing one of its parts to the

how many, to ttooov, and the other to the how much, to

TTijAtKOj' ; and they assigned to each of these parts a two-

fold division. Discrete quantity, or the how many, either

subsists by itself, or must be considered with relation to

some other ; and continued quantity, or the how much, is

either stable or in motion. Hence arithmetic contem-

plates that discrete quantity which subsists by itself, but

music that which is related to another; and geometry con-

siders continued quantity so far as it is immovable
;
but

astronomy (rrjy a(paipiKijv) contemplates continued quantity
so far as it is of a self-motive nature

;

"'

{{.) Favorinus says that he employed definitions on

"0
Diog. Lacrt., viii. ii, cd. Cobet, evpe:^. Diog. Laert., viii., ir, ed.

p. 207. Cobet, p. 207.
5'

Aiistoxenus, Fragm. ap. Stob. ^i pjocli Coi/im., Fhedlein, p. 45.

Eclog. Phys., I., ii., 6; ed. Heeren, 55 Procli Comtu., ed. Friedlein, p.

vol. I., p. 17- 35. As to the distinction between rh
5-

Diog. Laert., viii., 13, ed. Cobet, irrjKiKov, continuous, and rh iroffou,

p. 208. discrete, quantity, see Iambi., in A7r.
^^ ruv re Kavuva rhv e/i fj.ias x^P^V^ ^'- Arithtn. introd. ed. Ten., j). 148.
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account of the mathematical subjects to which he applied
himself (opo<e xpriaaaSai Sm ttiq /iaOi/juarjKfjc vA^nc)-^^

As to the particular work done by this school in geo-

metry, the following statements have been handed down
to us :

— '

(«.) The Pythagoreans define a point as unity having
position (fiovaSa irpoaXaidovaav deaiv);^^

[d.) They considered a point as analogous to the monad,
a line to the duad, a superficies to the triad, and a body to

the tetrad
;

*^

(c.)
The plane around a point is completely filled by six

equilateral triangles, four squares, or three regular hexa-

gons : this is a Pythagorean theorem ;

^^

[d.) The peripatetic Eudemus ascribes to the Pythago-
reans the discovery of the theorem that the interior angles
of a triangle are equal to two right angles {Eiicl. i. ii\ and
states their method of proving it, which was substantially
the same as that of Euclid ;

^"

{e.) Proclus informs us in his commentary on Euclid,

i., 44, that Eudemus says that the problems concerning the

application of areas—in which the term application is not

to be taken in its restricted sense {Trapa(5oXii) in which it

is used in this proposition, but also in its wider significa-

tion, embracing v7np(5oXy) and tXXeixpic;, in which it is used in

the 28th and 29th propositions of the Sixth Book,—are old,

and inventions of the Pythagoreans ;

"

3^
Diog. Laert., viii., 25, ed. Cobet, and defect of areas are ancient, and are

p. 215. due to the Pythagoreans. Modems bor-

" Prodi Comm. ed. Friedlein, p. 95. rowing these names transferred them to

58
Ihid.^ p. 97. the so-called conic lines—the parabola,

•"'8

Ibid., p. 305. the hyperbola, the ellipse ; as the older
""

Ibid., p. 379. school in their nomenclature concerning
•*'

Ibid., p, 419. The words of Pro- the description of areas in piano on a

<:lus are interesting :
— finite right line regarded the terms

"
According to Eudemus, the inven- thus :

—
dons respecting the application, excess,

' ' An area is said to be applied {ivapa
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{/.) This is to some extent confirmed by Plutarch, who

says that Pythagoras sacrificed an ox on account of the-

geometrical diagram, as Apollodotus [-rus] says :
—

'Hri'/ca Ii[v6ay6prj<; to 7r€pLK\ek<s evpero ypd{X[xa,

Ketv £<^ oro) Xap.TrprjV rjyero (^ovOva-it^v,

either tlie one relating to the hypotenuse— namely, that the

square on it is equal to the sum of the squares on the

sides—or that relating to the problem concerning the ap-

plication of areas (eiVe TrpojSXrjjUa TngX tov \ii)^iov Tr\q irapu-

/3oX^c) ;

'-'

[g.) One of the most elegant [ynofxtTQiKMraToiq] theorems,,

or rather problems, is to construct a figure equal to one

and similar to another given figure, for the solution of

which also they say that Pythagoras offered a sacrifice :

and indeed it is finer and more elegant than the theorem

which shows that the square on the hypotenuse is equal
to the sum of the squares on the sides ;

^^

(//.) Eudemus, in the passage already quoted from Pro-

clus, says Pythagoras discovered the construction of the

regular solids ;

*'*

^dweiv) to a given right line when an rendering irepl rovxi^piov rrjsirapa^oKris-

area equal in content to some given one
"
concerning the area of the parabola,"

is described thereon
; but when the base l^ave ascribed to Pythagoras the qua-

of the area is greater than the given
drature of the parabola—which was in

line, then the area is said to be in ex- fact one of the great discoveries of Ar-

cess {{nrep^dWuv) ; but when the base chimedes ; and this, thoughArchimedes

is less, so that some part of the given
himself tells us that no one before him

line lies without the described area, hadconsidered the question; and though

then the area is said to be in de/ecf
further he gives in his letter to Dosi-

{4\\eliretv). Euclid uses in this way, in theus the history of his discoveiy,

his Sixth Book, the terms excess and which, as is well Icnown, was first ob-

defect. . . . The term application tained from mechanical considerations,

(ira/>aj8t£AAe£v), which we owe to the ^ind then by geometrical reasonings.

Pythagoreans, has this signification."
6^

Plutarch, Symp., viii., Quaestio 2,
^-

Plutarch, 7ion posse suaviter vivi c. 4. Plut. Opera, ed. Didot, vol. iv.,

sec. Epicurum, c. xi. ; Plut., Opera, ed. p. 877.

Didot, vol. iv., p. 1338. Some authors,
" Procl. Co7nm., ed. Friedlein, p. 65 _
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[i.) But particularly as to Hippasus, who was a Pytha-

gorean, they say that he perished in the sea on account

of his impiety, inasmuch as he boasted that he first

divulged the knowledge of the sphere with the twelve

pentagons [the ordinate dodecahedron inscribed in the

sphere] : Hippasus assumed the glory of the discovery to

himself, whereas everything belonged to Him—for thus

they designate Pythagoras, and do not call him by
name f"

(/.) The triple interwoven triangle or Pentagram—star-

shaped regular pentagon—was used as a symbol or sign of

recognition by the Pythagorearrs, and was called by them

Health [vyuia) ;

««

[k.) The discovery of the law of the three squares [EucL

T., 47), commonly called the Theorem of Pythagoras, is

attributed to him by—amongst others—Vitruvius,
" Dio-

genes Laertius,"^ Proclus,^' and Plutarch (/). Plutarch,

however, attributes to the Egyptians the knowledge of this

theorem in the particular case where the sides are 3, 4,

and 5 ;^°

(/.)
One of the methods of finding right-angled tri-

angles whose sides can be expressed in numbers—that

^^
Iambi., de Vif. Pyth., c. i8, s. 88. racelsus it was regarded by him as the

•*^ Schohast on Aristophanes, Nub. symbol of health. See Chasles, Histoire

6ii
; also Lucian, pro Lapsu in Sa- de Geometrie, pp. 477 et seqq.

/ut., s. 5. That the Pythagoreans used ^ De Arch., ix., Praef. 5, 6, and 7.

such symbols we learn from lamblichus "" Where the same couplet from

{de Vit. Pyth., c. 33, ss. 237 and 238). Apollodorus as that in (/) is found,

This figure is referred to Pythagoras except that kKhv^v ^yaye occurs in

himself, and in the middle ages was place of Aa^wpV ^7«'''<'- Diog. Laert.,

called Pythagorae figtira. It is said to viii., ii, p. 207, ed. Cobet.

have obtained its special name from his 69Procli CtJww., p. 426, ed. Fried-

liaving written the letters v, 7, t, (= n), lein.

o, at its prominent vertices. We learn 70 De Is. et Osir., c. 56. Plut. 0/>.,

from Kepler (6!/!>^ra Omnia, ed. Frisch, vol. iii., p. 457, Didot.

vol. v., p. 122) that even so late as Pa-
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setting out from the odd numbers—is attributed to Pytha-

goras ;^^

[m.) The discovery of irrational quantities is ascribed

to Pythagoras by Eudemus in the passage quoted above

from Proclus ;'-

(??.)
The three proportions—arithmetical, geometrical,

and harmonical, were known to Pythagoras ;'^

[o.) Formerly, in the time of Pythagoras and the mathe-

maticians under him, there were three means only—the

arithmetical, the geometrical, and the third in order which

was known by the name virtvavTiay but which Archytas and

Hippasus designated the harmonical, since it appeared
to include the ratios concerning harmony and melody

(jufraK/\Tj0a(Ta on tovq Kara to apjxoniiivov Koi IfifiiWg l^aiviTo

\6jovg •7ripii-)(ov(Ta);'*

ip.) With reference to the means corresponding to these

proportions, lamblichus says :

'^—We must now speak of

the most perfect proportion, consisting of four terms, and

properly called the musical, for it clearly contains the

musical ratios of harmonical symphonies. It is said to be

an invention of the Babylonians, and to have been brought
first into Greece by Pythagoras ;'''

"1 Procli Comtn., ed. Friedlein, p. with the numbers themselves. (Nicom.

428 ; Heronis Alex., Georn. et Ster. Instit. Arithtn. ed. Ast. p. 153, and

Rel., ed. F. Hultsch, pp. 56, 146. Animad., p. 329 ; see, also, Iambi., i)i

'- Procli C(?w;»z., ed. Friedlein, p. 65. Nico?n. Arithm. ed. Ten., pp. 172 et

'3 Nicom. G. Introd, Ar. c. x.xii., ed. seq.)

R. Hoche, p. 122.
Hankel, commenting on this pas-

71 lamblichus in Nicomachi Aritk-
sage of lamblichus, says :

" What we
meticam a S. Tennulio, p. 141. are to do with the report, that this

'5
Ibid.^ p. 168. proportion was known to the Baby-

'•^
Ibid., p. 168. As an example of lonians, and only brought into Greece

this proportion, Nicomachus gives the by Pythagoras, must be left to the

numbers 6,8, 9, 12, the harmonical and judgment of the XQ.a.6.Qr:'—Geschtchfi-

arithmetical means between two num- der Mathematik, p. 105. In another

hers forming a geometrical proportion part of his book,, however, after refer-
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[q.) The doctrine of arithmetical progressions is attribu-

ted to Pythagoras ;"

{r.) It would appear that he had considered the special
case oi triaiigular numbers. Thus Lucian:—flYG. Etr' jtti

TuvTfiOiaiv api0/xiiiv. AT. OlSa kol vvv apiOfit'iv. 11Y9. Dwc
<ipi9ni£iQ ; AT. "Ei^, Suo, r/om, TtTTapa. IIYU. 'Opag ; a av do-

Keeig TtTTapa, ravra ^iKa larl koI t^hjiovov ivTiXtg Kal rjptTapov
" 78

OpKlOV.

{s.) Another of his doctrines was, that of all solid

figures the sphere was the most beautiful
; and of all plane

figures, the circle.'"

(A) Also lamblichus, in his commentary on the Catego-
ries of Aristotle, says that Aristotle may perhaps not have

squared the circle
;
but that the Pythagoreans had done so,

as is evident, he adds, from the demonstrations of the Py-
thagorean Sextos who had got by tradition the manner of

proof.^"

On examining the purely geometrical work of Pythago-
ras and his early disciples, we observe that it is much
concerned with the geometry of areas, and we are indeed

struck with its Egyptian character. This appears in the

theorem
{c) concerning the filling up a plane by regular

polygons, as already noted
;
in the construction of the

regular solids
[/i]
—for some of them are found in the Egyp-

tian architecture ; in the problems concerning the applica-

tion of areas
{c) ; and lastly, in the law of the three

ling to two authentic documents of the " Tkeologumena Arithtnettca,p. 153,

Babylonians which have come down to ed. F. Ast, Lipsiae, 1817.

us, he says :
" We cannot, therefore,

'^
Lucian, bImv irpacris, 4, vol. i.,

doubt tliat the Babylonians occupied p. 317, ed. C. Jacobitz.

themselves with such progressions 's Kal rwv axvi^'i'^^'' """^ KaWicxTov

[arithmetical and geometrical] ;
and a

a-cpa.'ipav ehai tuv ffrepeup kvkKov,

<jreek notice that they knew propor- Diog. Laert., in Vita Pyth., viii., 19.

tions, nay, even invented the so-called so
Simplicius, Comment., Sec, ap.

perfect or musical proportion, gains Bretsch., Die Geometric vor Euklides,

thereby in value."—Ihid., p. 67. p^ 108.



i86 DB. ALLMAN ON GREEK GEOMETRY

squares [k), coupled with the rule given by Pythagoras
for the construction of right-angled triangles in num-

bers (/).

According to Plutarch, the Egyptians knew that a tri-

angle whose sides consist of 3, 4, and 5 parts, must be

right-angled. "The Egyptians may perhaps have ima-

gined the nature of the universe like the most beautiful

triangle, as also Plato appears to have made use of it in

his work on the State, where he sketches the picture of

matrimony. That triangle contains one of the perpendicu-

lars of 3, the base of 4, and the hypotenuse of 5 parts, the

square of which is equal to those of the containing sides.

The perpendicular may be regarded as the male, the base

as the female, the hypotenuse as the offspring of both, and

thus Osiris as the originating principle {apxri)i Isis as the

receptive principle [vnoloxv], and Horus as the product

This passage is remarkable, and seems to indicate the

way in which the knowledge of the useful geometrical
fact enunciated in it may have been arrived at by the

Egyptians. The contemplation of a draught-board, or of

a floor covered with square tiles, or of a wall ruled with

squares,®' would at once show that the square constructed

on the diagonal of a square is equal to the sum of the

squares constructed on the sides—each containing four ot

the right-angled isosceles triangles into which one of the

squares is divided by its diagonal.

Although this observation would not serve them for

practical uses, on account of the impossibility of presenting
it arithmetically, yet it must have shown the possibility of

80 a Plutarch, De Is. et Osir. c. 56, rately with squares before the figures

vol. iii., p. 457, ed. Didot. were introduced. See Wilkinson's
81 It was the custom of the Egyp- Ancient Egyptians, vol. ii., pp. 265,

tians, where a subject was to be drawn, 267.

to rule the walls of the building accu-
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constructing a square which would be the sum of two

squares, and encouraged them to attempt the solution of the

problem numerically. Now, the Egyptians, with whom

speculations concerning generation were in vogue, could

scarcely fail to have perceived, from the observation of a

chequered board, that the element in the successive forma-

tion of squares is the gnomon (yvwjuwv),-- or common car-

penter's square, which was known to them.*^ It remained

then for them only to examine whether some particular

gnomon might not be metamorphosed into a square, and,

therefore, vice versa. The solution would then be easy,

being furnished at once from the contemplation of a floor

or board composed of squares.

Each gnomon consists of an odd number of squares,

and the successive gnomons correspond to the successive

82
TvdfJLiav means that by which any-

thing is known, or criterion ;
its oldest

concrete signification seems to be the

carpenter's square (?iorma), by which

a right angle is known. Hence, it

came to denote a perpendicular, of

which, indeed, it was the archaic name,

as we learn from Proclus on Euclid, i.,

12 :
—TovTO rh TrpofiKrifia irpSiTOV OiVo-

iriSrjs e^7]Triffev XP''^'^^!^'"' "^Tb -rrphs

affTpoXoyiav olS/aevos' oyofid^iL dh t^v

Kaderop apxaiKus Kora yvcii/xova, Si6ti

Kol o yv<Lfj.ajv Trphs opdds icrrt Tip opi^ovri

(Procli Cotn/n., ed. Friedlein, p. 283).

Gnomon is also an instrument for mea-

suring altitudes, by means of which the

meridian can be found
;

it denotes,

further, the index or style of a sundial,

the shadow of which points out the

hours.

In geometry it means the square or

rectangle about the diagonal of a square
or rectangle, together \\'ith the two

complements, on account of the resem-

blance of the figure to a carpenter's

square ; and then, more generally, the

similar figure with regard to any paral-

lelogram, as defined by Euclid, ii.,

Def. 2. Again, in a still more general

signification, it means the figure wliich,

being added to any figure, preserves

the original form. See Hero, Defini-

tiones (59).

When gnomons are added succes-

sively in this manner to a square

monad, the first gnomon may be re-

garded as that consisting of three

square monads, and is indeed the con-

stituent of a simple Greek fret ;
the

second, of [five square monads, &c. ;

hence we have the gnomonic numbers,

which were also looked on as male, or

generating.
S3 Wilkinson's Ancient Egyptians,

vol. ii., p. III.
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odd numbers,®* and include, therefore, all odd squares.

Suppose, now, two squares are given, one consisting of i6

and the other of 9 unit squares, and that it is proposed to

form another square out of them. It is plain that the square

consisting of 9 unit squares can take the form of the fourth

gnomon, which, being placed round the former square, will

generate a new square containing 25 unit squares. Simi-

larly, it may have been observed that the 12th gnomon,

consisting of 25 unit squares, could be transformed into a

square, each of whose sides contain 5 units, and thus it

may have been seen conversely that the latter square, by
taking the gnomonic, or generating, form with respect to

the square on 1 2 units as base, would produce the square of

13 units, and so on.

This, then, is my attempt to interpret what Plutarch

has told us concerning Isis, Osiris, and Horus, bearing in

mind that the odd, or gnomonic, numbers were regarded

by Pythagoras as male, or generating.**

s-* It may be observed here that we in the table of principles attributed by
first count with counters, as is indicated Aristotle to certain Pythagoreans {Me-

by the Greek ^(\^[^e:i.v and the Latin taph., i., 5, 986 a, ed. Bekker).

calculate. The counters might be The odd—or gnomonic—numbers are

equal squares, as well as any other like finite; the even, infinite. Odd num-

objects. There is an indication that bers were regarded also as male,

the odd numbers were first regarded in or generating. Further, by the ad-

this manner in the name gnomonic dition of successive gnomons—con-

numbers, which the Pythagoreans ap- sisting, as we have seen, each of an

plied to them, and that term was used odd number of units—to the original

in the same signification by Aristotle, unit square or monad, the square form

<nnd by subsequent writers, even up to is preserved. On the other hand, if we

Kepler. See Arist. Phys., lib. iii., ed. start from the simplest oblong (erepo-

Bekker, vol. i. p. 203 ; Stob., Eclog., fj-riKfs), consisting of two unit squares,
ab Heeren, vol. i., p. 24, and note ;

or monads, in juxtaposition, and place

Kepleri Oj>era Omnia, ed. Ch. Frisch, about it, after the manner of a gnomon
vol. viii., ^lathematica, pp. 164 et seq.

—and gnomon, as we have seen, was
8^ This seems to me to throw light on used in this more extended sense also at

some of the oppositions which are found a later period—4 unit squares, and
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o>

It is another matter to see that the triangle formed by
4, and 5 units is right-angled, and this I think the

then in succession in like manner 6, 8,

. . . unit squares, the oblong form

fTepo-iJ.7}Kfs will be preserved. The

elements, then, which generate a square

are odd, while those of which the ob-

long is made up are even. The limited,

the odd, the male, and the square,

occur on one side of the table : while

the unhmited, the even, the female, and

the oblong, are met with on the other

side.

The correctness of this view is con-

firmed by the following passage pre-

served by Stobaeus :
—"Ert 5e ry /novaSL

Tuv i(pe^i}S TTipiaffctiv yvoofioyonv irtpni-

Offifvwv, u yLv6fji.fpos del reTpdycovos fffn.

Tuiv 5e aprioov dfj.oiccsirepiTiOe/j.evdiv, ire-

po//.-flKeLS Kal &vicroL niivTes aTrofiaivovaiv.

"kxov 5t IffaKis ovSeis.

"
Explicanda haec sunt ex antiqua

Pythagoricorum terminologia. rvwfioyes

nempe de quibus hie loquitur auctor,

vocabantur apud eos omnes numeri im-

pares, yo/i. Philop. ad Aristof. Phys.,

1. iii., p. 131 : Kal 01 dpiO/xrjTi/fol Se

yvci/xovas KoKovcri Trdvras tovs izfpnTOvs

apid/xovs. Causam adjicit Simplicius

ad eundem locum, rva>fj.ovas 5e eKaXouv

roi's TrfpiTTOus 01 VlvOayopfioi SiSri trpoff-

TiBefxevot rols TSTpaywvots, rh avrh

ffxriM-O' (pvKaTTOvffi, Sicrirep Kal ol eV 760!-

/xfTpia yv<if/.oves. Quae nostro loco le-

guntur jam satis clara ei-unt. Vult

nempe auctor, monade addita ad pri-

mum gnomonem, ad sequentes autem

summam, quam proxime antecedentes

numeri efficiunt, semper prodire nume-

ros quadratos, v. c. positis gnomonibus

3,5,7,9 primum 1+3-22, tunc porro

I + 3 (/.
e. 4) + 5 = 3". 9 + 7

=
4-,

16 + 9 =
5-, c*- ^i*^ porro, cf. Tiedon.

Gclst dcr Specidat. Philos., pp. 107,

108. Reliqua expedita sunt." Stob.

Eclog. ab Heeren, lib. i., p. 24 and

note.

The passage of Aristotle referred to

is— ffriixf7ov S' elvai roxnov rh crvn^a'ivov

eirl ribv apiQ^wv. Trepiri9efj.fvwv yap rHy

yv()ifj.6va>v irep\ rh %v Ka\ x'^P'^ '''''* M*''

&K\o atl yiyveffOai rh eiSos. Phys.,

iii., 4, p. 203% 14.

Compare, dA.A' etrri -riva av^av6iJ.eva

& ovK aWoiowTat, oiov rh rerpdywyoy

yvdifiovos KepireBfvros rjd^TjTai jueV, a\-

\ot6rfpov 5e ovSfV yeyevrirai. Cat. 14,

15', 30, Arist., ed. Bekker.

Hankel gives a different explanation

of the opposition between the square

and oblong—
' ' When the Pythagoreans discovered

the theory of the Irrational, and recog-

nised its importance, it must, as will be

at once admitted, appear most striking

that the oppositions, which present

themselves so naturally, of Rational

and Irrational have no place in their

table. Should they not be contained

under the imageof square and rectangle,

which, in the extraction of the square

root, have led precisely to those ideas }'''

Geschichte der Jlfathematik, p. no,
note.

Hankel also says
—"

Upon what the

comparison of the odd with the limited

may have been based, and whether

upon the theory of the gnomons, can

scarcely be made out now." Ibid.

p. 109, note.

May not the gnomon be looked on

as framing, as it were, or limiting the

squares ?
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Egyptians may have first arrived at by an induction

founded on direct measurement, the opportunity for which

was furnished to them by their pavements, or chequered

plane surfaces.

The method given above for the formation of the square
constructed on 5 units as the sum of those constructed on

4 units and on 3 units, and of that constructed on 13 units

as the sum of those constructed on 1 2 units and 5 units,

required only to be generalized in order to enable Pytha-

goras to arrive at his rule for finding right-angled triangles,

which we are told sets out from the odd numbers.

The two rules of Pythagoras and of Plato are given by
Proclus :

—" But there are delivered certain methods of

finding triangles of this kind [sc, right-angled triangles

whose sides can be expressed by numbers], one of which

they refer to Plato, but the other to Pythagoras, as origi-

nating from odd numbers. For Pythagoras places a given
odd number as the lesser of the sides about the right angle,

and when he has taken the square constructed on it, and

diminished it by unity, he places half the remainder as

the greater of the sides about the right angle ;
and when

he has added unity to this, he gets the hypotenuse. Thus,

for example, when he has taken 3, and has formed from it

a square number, and from this number 9 has taken unity,

he takes the half of 8, that is 4, and to this again he adds

unity, and makes 5 ;
and thus obtains a right-angled tri-

angle, having one of its sides of 3, the other of 4, and the

hypotenuse of 5 units. But the Platonic method originates

from even numbers. For when he has taken a given even

number, he places it as one of the sides about the right

angle, and when he has divided this into half, and squared
the half, by adding unity to this square he gets the hypo-

tenuse, but by subtracting unity from the square he forms

the remaining side about the right angle. Thus, for ex-

ample, taking 4, and squaring its half, 2, and thus gettinj'g"
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4, then subtracting i he gets 3, and by adding i he gets
5 ;

and he obtains the same triangle as by the former
method." ®^

It should be observed, however, that this is not

necessarily the case ; for example, we may obtain by the
method of Plato a triangle whose sides are 8, 15, and 17

units, which cannot be got by the Pythagorean method.
The «''' square together with the ;/"' gnomon is the

[71 +
i)''' square; if the 71*^' gnomon contains ///- unit squares

}u being an odd number, we have 271+ i =
711-, .-. 11 = -^—li

;

2

hence the rule of Pythagoras. Similarly the sum of two
successive gnomons contains an even number of unit

squares, and may therefore consist of ;/r unit squares,
where m is an eve7i number; we have then {2 71 -

\) -v [2 71

+ 1)
=

^;2^ or 72 - f—
j

: hence the rule ascribed to Plato by

Proclus.'' This passage of Proclus, which is correctly in-

terpreted by Hoefer,*' was understood by Kepler,
•*»

who,
indeed, was familiar with this work of Proclus, and often

quotes it in his Harmoiiia Muudi.
Let us now examine how Pythagoras proved the the-

orem of the three squares. Though he could have disco-

vered it as a consequence of the theorem concerning the

proportionality of the sides of equiangular triangles, attri-

buted above to Thales, yet there is no indication whatever of

his having arrived at it in that deductive manner. On the

«« Procli Comm., ed. Friedlein, p. capable offiu-ther extension, ^.
_§-.: the

428. Hero, Geo7n., ed. Hultsch, pp. sum of 9 (an odd square number) sue -

5^> 57- ces.sive gnomons may contain an odd
87 This rule is ascribed to Architas niunber (say 49 x 9) of square units ;

[no doubt, Archytas of Tarentum] by hence we obtain a right-angled triangle

Boetius, Geom., ed. Friedlein, p. 408. in numbers, whose hypotenuse exceeds

^^Hoeier, Htstoire dc's Jl/aik., p. 112. one side by g units—the three sides
•"

Kepleri Oj>era Omnia, ed. Frisch, being 20, 21, and 29. Plato's method
vol. viii., pp. 163 et seq. It may may be extended in like manner,

be observed that this method is
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other hand the proof given in the Elements ofEuclid clearly

points to such an origin, for it depends on the theorem that

the square on a side of a right-angled triangle is equal to

the rectangle under the hypotenuse and its adjacent seg-

ment made by the perpendicular on it from the right an-

gle
—a theorem which follows at once from the similarity

of each of the partial triangles, into which the original

right-angled triangle is broken up by the perpendicular,

with the whole. That the proof in the Elements is not the

way in which the theorem was discovered is indeed stated

directly by Proclus, who says :
—

" If we attend to those who wish to investigate anti-

quity, we shall find them referring the present theorem to-

Pythagoras, . . . For my own part, I admire those who first

investigated the truth of this theorem : but I admire still

more the author of the Elements, because he has not only
secured it by evident demonstration, but because he re-

duced it into a more general theorem in his sixth book by
strict reasoning [Euclid, vi., 31]."""

The simplest and most natural way of arriving at the

theorem is the following, as suggested by Bretschneid-

er ^'
:
—
A square can be dissected into the sum of two squares^

, and two equal rectangles, as in Euclid, ii., 4 ;
these two rect-

langles can, by drawing their diagonals, be decomposed

jinto four equal right-angled triangles, the sum of the sides

)f each being the side of the square : again, these four

right-angled triangles can be placed so that a vertex of

jach shall be in one of the corners of the square in such a

^vay that a greater and less side are in continuation. The

)riginal square is thus dissected into the four triangles as

»" Procli Comm.ed. Friedlein, p. 426. Camever, ^uclidis Element., vol. i., p.
91 Bretsch., Die Geojnetrie vor Eu- 444, and references given there.

Jdides, p. 82. This proof is old : see
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before and the figure within, which is the square on the hy-

potenuse. This square then must be equal to the sum of the

I
squares on the sides of the right-angled triangle. Hankel,
in quoting this proof from Bretschneider, says that it may
be objected that it bears by no means a specifically Greek

colouring, but reminds us of the Indian method. This hy-

pothesis as to the oriental origin of the theorem seems

to me to be well founded, I would, however, attribute the

discovery to the Egyptians, inasmuch as the theorem con-

cerns the geometry of areas, and as the method used is

that of the dissection of figures, for which the Egyptians
were famous, as we have already seen. Moreover, the theo-

rem concerning the areas connected with two lines and their

sum (Euclid, ii., 4), which admits also of arithmetical in-

terpretation, was certainly within their reach. The gnomon

by which any square exceeds another breaks up naturally

into a square and two equal rectangles.

I think also that the Egyptians knew that the difference

between the squares on two lines is equal to the rectangle

under their sum and difference—though they would not have

stated it in that abstract manner. The two squares maybe

placed with a common vertex and adjacent sides coinciding

in direction, so that their difference is a gnomon. This

gnomon can, on account of the equality of the two com-

plements," be transformed into a rectangle which can be

constructed by producing the side of the greater square so

that it shall be equal to itself, and then we have the figure

of Euclid, ii., 5, or to the side of the lesser square, in which

case we have the figure of Euclid, ii., 6. Indeed I have

little hesitation in attributing to the Egyptians the contents

87 This theorem (Euclid, i. 43) Bret- gnomon was not used in it either as de-

schneider says was called the " theorem fined by Euclid
(ii., Def. 2), or in the

of the gnomon." I do not know of more general signification in Hero

any authority for this statement. If {Def. 58).

the theorem were so called, the word

VOL. III. O
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of the first ten propositions of the second book of Euclid.

In the demonstrations of propositions 5, 6, 7, and 8, use is

made of the gnomon, and propositions 9 and 10 also can

be proved similarly without the aid of Euclid, i., 47.

It is well known that the Pythagoreans were much oc-

cupied with the construction of regular polygons and solids,

which in their cosmology played an essential part as the

fundamental forms of the elements of the universe.®^

We can trace the origin of these mathematical specula-

tions in the theorem [c]
that " the plane around a point

is completely filled by six equilateral triangles or four

squares, or three regular hexagons," a theorem attributed

to the Pythagoreans, but which must have been known as

a fact to the Egyptians. Plato also makes the Pythago-
rean Timaeus explain

—" Each straight-lined figure consists

of triangles, but all triangles can be dissected into rectan-

gular ones which are either isosceles or scalene. Among
the latter the most beautiful is that out of the doubling of

which an equilateral arises, or in which the square of the

greater perpendicular is three times that of the smaller, or

in which the smaller perpendicular is half the hypotenuse.

But two or four right-angled isosceles triangles, properly

put together, form the square ;
two or six of the most

beautiful scalene right-angled triangles form the equilateral

triangle ;
and out of these two figures arise the solids which

correspond with the four elements of the real world, the

tetrahedron, octahedron, icosahedron, and the cube." *®

This dissection of figures into right-angled triangles

may be fairly referred to Pythagoras, and indeed may have

been derived by him from the Egyptians.

'8 Hankel says it cannot be ascer- nate dodecahedron was known to them.

tained with precision how far the Py- Hankel, Geschichte der Mathematik,

thagoreans had penetrated into this p. 95, note,

theory, namely, whether the construe- 89 piato, Tim., c. 20, s. 107.

tion of the regular pentagon and ordi-

I
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The construction of the regular solids is distinctly
ascribed to Pythagoras himself by Eudemus, in the passage
in which he briefly states the principal services of Pytha-
goras to geometry. Of the five regular solids, three—the

tetrahedron, the cube, and the octahedron—were certainly
known to the Egyptians, and are to be found in their archi-

tecture. There remain, then, the icosahedron and the

dodecahedron. Let us now examine what is required for

the construction of these two solids.

In the formation of the tetrahedron, three, and in that

of the octahedron, four, equal equilateral triangles had
been placed with a common vertex and adjacent sides co-

incident, and it was known too that if six such triangles
were placed round a common vertex with their adjacent
sides coincident, they would lie in a plane, and that, there-

fore, no solid could be formed in that manner from them.
It remained then to try whether five such equilateral tri-

angles could be placed at a common vertex in like man-
ner: on trial it would be found that they could be so

placed, and that their bases would form a regular penta-

gon. The existence of a regular pentagon would thus be
known. It was also known from the formation of the cube
that three squares could be placed in a similar way with a

common vertex, and that, further, if three equal and regu-
lar hexagons were placed round a point as common vertex

with adjacent sides coincident, they would form a plane.
It remained then only to try whether three equal regular

pentagons could be placed with a common vertex, and in

a similar way ;
this on trial would be found possible, and

would lead to the construction of the regular dodecahedron,
which was the regular solid last arrived at.'"

We see then that the construction of the regular penta-

gon is required for the formation of each of these two

so The four elements had been repre- the dodecahedron was then taken sym-
sented by the four other regular solids; bolically for the universe.

O 2
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regular solids, and that therefore it must have been a dis-

covery of Pythagoras. We have now to examine what

knowledge of geometry was required for the solution of

this problem.
If any vertex of a regular pentagon be connected with

the two remote ones, an isosceles triangle will be formed

having each of the base angles double the vertical angle.

The construction of the regular pentagon depends, there-

fore, on the description of such a triangle (Euclid, iv., lo).

Now, if either base angle of such a triangle be bisected,

the isosceles triangle will be decomposed into two trian-

gles, which are evidently also both isosceles. It is also

evident that the one of which the base of the proposed is a

side is equiangular with it. From a comparison of the

sides of these two triangles it will appear at once by the

second theorem, attributed above to Thales, that the pro-

blem is reduced to cutting a straight line so that one seg-
ment shall be a mean proportional between the whole line

and the other segment (Euclid, vi., 30), or so that the rect-

angle under the whole line and one part shall be equal to

the square on the other part (Euclid, ii., 11). To effect this,

let us suppose the square on the greater segment to be

constructed on one side of the line, and the rectangle under

the whole line and the lesser segment on the other side.

It is evident that by adding to both the rectangle under

the whole line and the greater segment, the problem is

reduced to the following:—To produce a given straight
line so that the rectangle under the whole line thus pro-
duced and the part produced shall be equal to the square
on the given line, or, in the language of the ancients, to

apply to a given straight line a rectangle which shall be

equal to a given area—in this case the square on the given
line—and which shall be excessive by a square. Now it is

to be observed that the problem is solved in this manner

by Euclid (vi., 30, ist method), and that we learn from
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Eudemus that the problems concerning- the application of

areas and their excess and defect axe old, and inventions of

the Pythagoreans {e).^^

The statements, then, of lamblichus concerning Hip-

pasus {i)
—that he divulged the sphere with the twelve

pentagons; and of Lucian and the scholiast on Aristo-

phanes (/)
—that the pentagram was used as a symbol of

recognition amongst the Pythagoreans, become of greater

importance. We learn too from lamblichus that the Py-

thagoreans made use of signs for that purpose.^^

Further, the discovery of irrational magnitudes is

ascribed to Pythagoras in the same passage of Eude-

81 It may be objected that this reason-

ing presupposes a knowledge, on the

part of Pythagoras, of the method of

geometrical analysis, which was in-

vented by Plato more than a century

later.

While admitting that it contains the

germ of that method, I reply in the

first place, that this manner of reason-

ing was not only natural and sponta-

neous, but that in fact in the solution

of problems there was no other way of

proceeding. And, to anticipate a little,

we shall see, secondly, that the oldest

fragment of Greek geometry extant—
that namely by Hippocrates of Chios—
contains traces of an analytical method,

and that, moreover, Proclus ascribes

to Hippocrates, who, it will appear,

was taught by the Pythagoreans the

method of reduction (dirayaiyi]) ,
"a sys-

tematization, as it seems to me, of the

manner of reasoning that was sponta-

neous with Pythagoras. Proclus de-

fines aTraycayr] to be "a transition from

one problem or theorem to another,

which being known or determined, the

thing proposed is also plain. For ex-

ample : when the duplication of the

cube is investigated, geometers reduce

the question to another to which this

is consequent, /. e. the finding of two

mean proportionals, and afterwards

they inquire how between two given

straight lines two mean proportionals

may be found. But Hippocrates of

Chios is reported to have been the first

inventor of geometrical reduction {ana-

yuiyi]) : who also squared the lunule,

and made many other discoveries in

geometry, and who was excelled by no

geometer in his powers of construc-

tion."—Proclus, ed. Friedlein, p. 212.

Lastly, we shall find that the passages

in Diogenes Laertius and Proclus,

which are relied on in support of the

statement that Plato invented this me-

thod, prove nothing more than that

Plato communicated it to Leodamas

of Thasos. For my part, I am con-

vinced that the gradual elaboration

of this famous method—by which ma-

thematics rose above the elements—is

due to the Pythagorean philosophers

from the founder to Theodorus of

Cyrene and Archytas of Tarentum,

who were Plato's masters in mathema-

tics.

9- Iambi, de Pyth. Vita, cxxxiii.,

p. 77, ed. Didot.
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mus (m), and this discovery has been ever regarded as one

of the greatest of antiquity. It is commonly as'sumed that

Pythagoras was led to this theory from the consideration

of the isosceles right-angled triangle. It seems to me,

however, more probable that the discovery of incommen-

surable magnitudes was rather owing to the problem—To
cut a line in extreme and mean ratio. From the solution

of this problem it follows at once that, if on the greater

segment of a line so cut a part be taken equal to the less,

the greater segment, regarded as a new line, will be cut in

a similar manner
;
and this process can be continued with-

out end. On the other hand, if a similar method be adopted
in the case of any two lines which are capable of numerical

representation, the process would end. Hence would arise

the distinction between commensurable and incommensur-

able quantities.

A reference to Euclid, x., 2, will show that the method

above is the one used to prove that two magnitudes are in-

commensurable. And in Euclid, x., 3, it will be seen that

the greatest common measure of two commensurable mag-
nitudes is found by this process of continued subtraction.

It seems probable that Pythagoras, to whom is attribu-

ted one of the rules for representing the sides of right-

angled triangles in numbers, tried to find the sides of an

isosceles right-angled triangle numerically, and that, fail-

ing in the attempt, he suspected that the hypotenuse and a

side had no common measure. He may have demonstrated

the incommensurability of the side of a square and its dia-

gonal. The nature of the old proof—which consisted of a

reductio ad absurdum, showing that if the diagonal be com-

mensurable with the side, it would follow that the same
number would be odd and even ^^—makes it more probable,

however, that this was accomplished by his successors.

S3
Aristoteles, Analyt. Prior., i., c. 23,

for its historical interest only, since the

41, a, 2b, and c. 44, 50, a, 37, ed. Bek- irrationality follows self-evidently from

ker. X., 9; and x., 117, is merely an ap-
Euclid lias preserved this proof, x., \)<t\\d\\.—iiar].kQ\, GeschichfcdcrMat/i..

117. Ilankel thinks he did so probably p. 102, note.
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The existence of the irrational, as well as that of the

regular dodecahedron, appears to have been regarded also

by the school as one of their chief discoveries, and to have
been preserved as a secret ; it is remarkable, too, that a

story similar to that told by lamblichus of Hippasus is

narrated of the person who first published the idea of the

irrational, namely, that he suffered shipwreck, &:c.^*

Eudemus ascribes the problems concerning the appli-

cation of figures to the Pythagoreans. The simplest cases

of the problems (Euclid, vi., 28, 29)
—those, namely, in

which the given parallelogram is a square—correspond to

the problem : To cut a straight line internally, or externally,

so that the rectangle under the segments shall be equal to

a given rectilineal figure. On examination it will be found

that the solution of these problems depends on the problem

Euclid, ii., 14, and the theorems Euclid, ii., 5 and 6, which

we have seen were probably known to the Egyptians, to-

gether with the law of the three squares (Euclid, i., 47).

The finding of a mean proportional between two given

lines, or the construction of a square which shall be equal

to a given rectangle, must be referred, I have no doubt, to

Pythagoras. The rectangle can be easily thrown into the

form of a gnomon, and then exhibited as the difference

between two squares, and therefore as a square by means

of the law of the three squares.

Lastly, the solution of the problem to construct a

rectilineal figure which shall be equal to one and similar

to another given rectilineal figure is attributed by Plutarch

to Pythagoras. The solution of this problem depends on

the application of areas, and requires a knowledge of the

theorems :
—that similar rectilineal figures are to each other

as the squares on their homologous sides; that if three

91
Untersiichiingeiiuher die neu auf- Dr. Joachim Heinrich Knoche, Her-

gefimdenen Scholien des Proklus Dia- ford, 1865, pp. 20 and 23.

dochus zu Euclid's Elementen, von
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lines be in geometrical proportion, the first is to the third

as the square on the first is to the square on the second ;

and also on the solution of the problem, to find a mean

proportional between two given straight lines. Now, we

shall see later that Hippocrates of Chios—who was in-

structed in geometry by the Pythagoreans
—must have

known these theorems and the solution of this problem.

We are justified, therefore, in ascribing this theorem also,

if not with Plutarch to Pythagoras, at least to his early

successors.

The theorem that similar polygons are to each other in

the duplicate ratio of their homologous sides involves a

first sketch, at least, of the doctrine of proportion.

That we owe the foundation and development of the

doctrine of proportion to Pythagoras and his disciples is

confirmed by the testimony of Nicomachus [n) and lambli-

chus [o and/).
From these passages it appears that the early Pythago-

reans were acquainted not only with the arithmetical and

geometrical means between two magnitudes, but also with

their harmonical mean, which was then called virtvavTia.

When two quantities are compared, it may be con-

sidered how much the one is greater than the other, what is

their differC7ice ; or it may be considered hoiv many times

the one is contained in the other, what is their quotient.

The former relation of the two quantities is called their

arithmetical ratio ; the latter their geometrical ratio.

Let now three magnitudes, lines or numbers, a, b, c, be

taken, li a - b = b - c, the three magnitudes are in arithmeti-

cal proportion ;
but li a : b : : b : c, they are in geometrical

proportion."^ In the latter case, it follows at once, from the

5* In lines we may have c = a —b,ox then the sum of the other two hnes,

a : b : a — b. This particular case, in and is said to be cut in extreme and

which the geometrical and arithmetical mean ratio. This section, as we have

ratios both occur in the same propor- seen, has arisen out of the construction

tion, is worth noticing. The line a is of the regular pentagon, and we learn
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second theorem of Thales (Euclid, vi., 4), that a - b : b - c

:: a : b, whereas in the former case we have plainly a - b

: b - c : : a : a. This might have suggested the considera-

tion of three magnitudes, so taken that a - b \ b - c :-. a : c;

three such magnitudes are in harmonical proportion.
The probability of the correctness of this view is indica-

ted by the consideration of the three later proportions—
a : c :: b - c : a - b ... the contrary of the harmonical ;

b ' c ' ' b c ' a b \

a-b'-'-b-c'-a-b\
' ' ' *^® contrary of the geometrical.

The discovery of these proportions is attributed ** to Hip-
pasus, Archytas, and Eudoxus.

We have seen also [p] that a knowledge of the so-called

most perfect or musical proportion, which comprehends in

it all the former ratios, is attributed by lamblichus to Py-

thagoras
—

a + b lab
a : : : : b.

2 a + b

We have also seen [q) that a knowledge of the doctrine

of arithmetical progressions is attributed to Pythagoras.
This much at least seems certain, that he was acquainted
with the summation of the natural numbers, the odd num-

bers, and the even numbers, all of which are capable of

geometrical representation.

Montucla says that Pythagoras laid the foundation of

the doctrine of Isoperimetry by proving that of all figures

having the same perimeter the circle is the greatest, and

from Kepler that it was called by the vol. v., pp. 90 and 187 {Harmonia
moderns, on account of its many won- Mundi) ; also vol. i. p. 377 {Literae de

derful properties, sectio divuia, et pro- Reins Astrologicis). The [pentagram
portio divina. He sees in it a fine might be taken as the image of all this,

image of generation, since the addition as each of its sides and part of a side

to the line of its greater part produces are cut in this divine proportion,
a new Hne cut similarly, and so on. ^s Iambi, in Nic. yi;7^'/^., pp. 142, 159,
See Kepleri Opera Omnia, ed. Frisch, 163. See above, p. 163.
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that of all solids having the same surface the sphere is the

greatest."

There is no evidence to support this assertion, though it

is repeated by Chasles, Arneth, and others
;

it rests merely
on an erroneous interpretation of the passage [s] in Dioge-
nes Laertius, which says only that " of all solid figures the

sphere is the most beautiful ; and of all plane figures, the

circle." Pythagoras attributes perfection and beauty to

the sphere and circle on account of their regularity and

uniformity. That this is the true signification of the pas-

sage is confirmed by Plato in the Timaeus,"" when speaking
of the Pythagorean cosmogony.^^
We must also deny to Pythagoras and his school a

knowledge of the conic sections, and, in particular, of the

quadrature of the parabola, attributed to him by some

authors, and we have already noticed the misconception

which gave rise to this erroneous conclusion. ^"^

Let us now see what conclusions can be drawn from the

foregoing examination of the mathematical work of Pytha-

goras and his school, and thus form an estimate of the state

of geometry about 480 B. C. :
—

First, then, as to matter:—
It forms the bulk of the first two books of Euclid, and

includes, further, a sketch of the doctrine of proportion
—

which was probably limited to commensurable magni-
tudes—together with some of the contents of the sixth

book. It contains, too, the discovery of the irrational

{a\o-^ov\ and the construction of the regular solids ;
the

57 " Suivant Diogene, dont le texte Histoire des Mathematiques ,
torn, i.,

est ici fort corrompu, et probable- p. 113.

ment transpose, il ebaucha aussi la as
Timaetts, 33, B., vol. vii., ed.

doctrine des Isoperimetres, en demon- Stallbaum, p. 129.

trant que de toutes les figures de meme "^ See Bretschneider, Die Geometrie

contour, parmi les figures planes, c'est vor Euklides, pp. 89, 90.

le cercle qui est la plus grande, et par-
'oo ggg above, p. 182, note,

mi les solides, la sphere."
—Monlucla,
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latter requiring the description of certain regular polygons
—the foundation, in fact, of the fourth book of Euclid.

The properties of the circle were not much known at

this period, as may be inferred from the fact that not one

remarkable theorem on this subject is mentioned; and we
shall see later that Hippocrates of Chios did not know
the theorem—that the angles in the same segment of a

circle are equal to each other. Though this be so, there is,

as we have seen, a tradition (/) that the problem of the

quadrature of the circle also engaged the attention of the

Pythagorean school—a problem which they probably de-

rived from the Egyptians.
^"^

Second, as to form :
—

The Pythagoreans first severed geometry from the needs

of practical life, and treated it as a liberal science, giving

definitions, and introducing the manner of proof which

has ever since been in use. Further, they distinguished be-

tween discrete and continuous quantities, and regarded geo-

metry as a branch of mathematics, of which they made the

fourfold division that lasted to the Middle Ages—the qtiad-

rivizmt (fourfold way to knowledge) of Boetius and the

scholastic philosophy. And it may be observed, too, that

the name of mathematics, as well as that of philosophy, is

ascribed to them.

Third, as to method :—
One chief characteristic of the mathematical work of

Pythagoras was the combination of arithmetic with geo-

101 This problem is considered in the diameter the side of a square whose

PapjTus Rhind, pp. 97, 98, 117. The area should be equal to that of the

point ofview from which itwas regarded circle. Their approximation was as

by the Egyptians was different from that follows :
—The diameter being divided

of Archimedes. Whilst he made it to into nine equal parts, the side of the

depend on the determination of the equivalent square was taken by them to

ratio of the circumference to the dia- consist of eight of those parts,

meter, they sought to find from the
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metry. The notions of an equation and a proportion
—which

are common to both, and contain the first germ of algebra
—were, as we have seen, introduced amongst the Greeks

by Thales. These notions, especially the latter, were ela-

borated by Pythagoras and his school, so that they reached

the rank of a true scientific method in their Theory of Pro-

portion. To Pythagoras, then, is due the honour of having

supplied a method which is common to all branches of

mathematics, and in this respect he is fully comparable to

Descartes, to whom we owe the decisive combination of
j

algebra with geometry.
It is necessary to dwell on this at some length, as mo-

dern writers are in the habit of looking on proportion as a
j

branch of arithmetic"-—no doubt on account of the arith-

metical point of view having finally prevailed in it—
whereas for a long period it bore much more the marks of

its geometrical origin."^

That proportion was not thus regarded by the ancients,

merely as a branch of arithmetic, is perfectly plain. We
learn from Proclus that " Eratosthenes looked on propor-

tion as the bond [(jvv^iajxov) of mathematics." "^

We are told, too, in an anonymous scholium on the Ele-

ments of Euclid, which Knoche attributes to Proclus, that

the fifth book, which treats of proportion, is common to

geometry, arithmetic, music, and, in a word, to all mathe-

matical science."*

And Kepler, who lived near enough to the ancients to

reflect the spirit of their methods, says that one part of

'02 Bretschneider {Die Geometrie vor i"* Procl. Cotnm.,eA. Freidlein, p. 43.

Euklides, p. 74) and Hankel {Ge- """jTuclidis Elem. Graece ed. ab

schkhte der Mathematik, p. 104) do so, E. F. August, pars ii., p. 328, Berolini,

although they are treating of the history 1829. Untersuchungen iiher die neu

of Greek geometry, which is clearly a aufgefundenen Scholien des Proklus zu

mistake. Euclid's Elementen^ von Dr. J. H.

'03 On this see A. Comte, Politique Knoclie, p. 10, Herford, 1865.

Positive, vol. iii., ch. iv., p. 300.
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geometry is concerned with the comparison of figures and

quantities, whence proportion arises (" unde proportio ex-

istit"). He also adds that arithmetic and geometry afford

mutual aid to each other, and that they cannot be separa-

ted."«

And since Pythagoras they have never been separated.

On the contrary, the union between them, and indeed be-

tween the various branches of mathematics, first instituted

by Pythagoras and his school, has ever since become more

intimate and profound. We are plainly in presence of not

merely a great mathematician, but of a great philosopher.

It has been ever so— the greatest steps in the deve-

lopment of mathematics have been made by philoso-

phers.

Modern writers are surprised that Thales, and indeed

all the principal Greek philosophers prior to Pythagoras,

are named as his masters. They are surprised, too, at the

extent of the travels attributed to him. Yet there is no

cause to wonder that he was believed by the ancients to

have had these philosophers as his teachers, and to have

extended his travels so widely in Greece, Egypt, and the

East, in search of knowledge, for—like the geometrical

figures on whose properties he loved to meditate—his phi-

losophy was many-sided, and had points of contact with

all these :
—

He introduced the knowledge of arithmetic from the

Phoenicians, and the doctrine of proportion from the

Babylonians ;

Like Moses, he was learned in all the wisdom of the

10s <i j^j quidem geometriae theoreti- geometria speculativa, mutuas tradunt

cae initio hujus tractatus duas fecimus operas nee abinvicem separari possunt,

partes, unam de magnitudinibus, qua- quamvis et arithmetica sit principium

tenus fiunt figurae, alteram de corapara- cognitionis."
—Kepleri Opera Omnia,

tione iigurarum et quantitatum, unde ed. Dr. Ch, Frisch, vol. viii., p. i6o,

proportio existit. Francofurti, 1870.
" Hae duae scientiae, arithmetica et
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Egyptians, and carried their geometry and philosophy into

Greece.

He continued the work commenced by Thales in ab-

stract science, and invested geometry with the form which

it has preserved to the present day.

In establishing the existence of the regular solids he

showed his deductive power ;
in investigating the elemen-

tary laws of sound he proved his capacity for induction ;

and in combining arithmetic with geometry, and thereby

instituting the theory of proportion, he gave an instance of

his philosophic power.
These services, though great, do not form, however, the

chief title of this Sage to the gratitude of mankind. He
resolved that the knowledge which he had acquired with

so great labour, and the doctrine which he had taken such

pains to elaborate, should not be lost ; and, as a husband-

man selects good ground, and is careful to prepare it for

the reception of the seed, which he trusts will produce fruit

in due season, so Pythagoras devoted himself to the forma-

tion of a society of elite, which would be fit for the reception
and transmission of his science and philosophy, and thus

became one of the chief benefactors of humanity, and
earned the gratitude of countless generatiorts.

His disciples proved themselves worthy oftheir high mis-

sion. "We have had already occasion to notice their noble

self-renunciation, which they inherited from their master.

The moral dignity of these men is, further, shown by
their admirable maxim—a maxim conceived in the spirit

of true social philosophers—a figure and a step ; but not a

figure and three ohoii {(rxafxa koI /3a/ia, a AA' ov axafxa Koi TQiuj-

/JoAov).'"'

"" Procli Comm.^td. Friedlein,p. 84. which are extant, so that it is probably

Taylor's Commentaries of Proclus, nowhere mentioned but in the present
vol. i., p. 113. Taylor, in a note on work."

this passage, says—"I do not find this Taylor is not correct in this state-

aenigma among the Pythagoric symbols ment. This symbol occurs in lambli-



FROM THALES TO EUCLID. 207

Such, then, were the men by whom the first steps in

matliematics—tlie first steps ever the most difficult—were

made.

In the continuation of the present paper we shall

notice the events which led to the publication, through

Hellas, of the results arrived at by this immortal School.

chus. See Iambi., Adhortatio ad p. 374. Tb SeTrpoTiVaTt) (rxT),"afal/3r),ua

Fhilosophiain, ed. Kiessling, Symb. rou crxniJ-a Ka\ rpid^oKov.

xxxvi., cap. xxi., p. 317; also Expl.

GEORGE J. ALLMAN.
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GREEK GEOMETRY FROM THALES TO

EUCLID.*

\Contmuedfrom Vol. III.., No. F.]

III.

THE
first twenty years of the fifth century before

the Christian era was a period of deep gloom and

despondency throughout the Hellenic world. The lonians

had revolted and were conquered, for the third time ; this

time, however, the conquest was complete and final : they

were overcome by sea as well as by land. Miletus, till

then the chief city of Hellas, and rival of Tyre and Car-

thage, was taken and destroyed; the Phoenician fleet ruled

the sea, and the islands of the ^gean became subject

to Persia. The fall of Ionia, and the maritime supremacy
of the Phoenicians, involving the interruption of Greek

commerce, must have exercised a disastrous influence on

* In the former part of this Paper

(Hermathena, vol. iii. p. i6o, note)

I acknowledged my obligations to the

works of Bretschneider and Hankel : I

have again made use of them in the

preparation of this part. Since it was

written, I have received from Dr.

Moritz Cantor, of Heidelberg, the

portion of his History of Mathematics

which treats of the Greeks
(
Vorlesim-

gen ilber Geschichte der Mathematik,
von Moritz Cantor, Erster Band. Von
den altesten Zeiten bis zum Jahre 1200

n. Chr. Leipzig, 1880 (Teubner)).

To the list of new editions of ancient

mathematical works given in the note

referred to above, I have to add :

Theonis Smymaei Expositio rerum

Mathematicarum ad legendum Pla-

toneni titilium. Recensuit Eduardus

Hiller, Lipsiae, 1878 (Teubner); Pappi
Alexandrini Collectionis quae super-

sunt, &c., instruxit F. Hultsch, vol.

iii., Berolini, 1878; (to the latter the

editor has appended an Index Graeci-

tatis, a valuable addition
;

for as he

remarks,
' Mathematicam Graecorum

dictionem nemo adhuc in lexici fonnani

redegit.' Praef., vol. iii., torn, ii.) ;

Archimedis Opera omnia cum com-
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the cities of Magna Graecia.' The events which occurred

there after the destruction of Sybaris are involved in great

obscurity. We are told that some years after this event

there was an uprising of the democracy—which had been

repressed under the influence of the Pythagoreans
—not

only in Crotona, but also in the other cities of Magna
Graecia. The Pythagoreans were attacked, and the house

in which they were assembled was burned ;
the whole

country was thrown into a state of confusion and anarchy ;

the Pythagorean Brotherhood was suppressed, and the

chief men in each city perished.

The Italic Greeks, as well as the lonians, ceased to

prosper.

Towards the end of this period Athens was in the

hands of the Persians, and Sicily was threatened by the

Carthaginians. Then followed the glorious struggle ; the

gloom was dispelled, the war which had been at first

defensive became offensive, and the ^gean Sea was

cleared of Phoenicians and pirates. A solid basis was thus

laid for the development of Greek commerce' and for the

interchange of Greek thought, and a brilliant period fol-

lowed—one of the most memorable in the history of the

world.

mentariis Eiitocii. E codice Florentine is historical.

recensuit, Latine vertit notisque illus-
' The names Ionia7i Sea, and Ionian

travit J. L. Heiberg, Dr. Phil. Vol. i., Isles, still bear testimony to the inter-

Lipsiae, 1880 (Teubner). Since the course between these cities and Ionia,

above was in type, the following work The writer of the article in Smith's

has been published : A7i Introduction Dictionary of Geography thinks that

to the Ancient and Modern Geometry the name Ionian Sea was derived from

of Cotiics : being a geometrical treatise lonians residing, in very early times,
on the Conic Sections, with a collection on the west coast of the Peloponnesus.
of Problems and Historical Notes, and Is it not more probable that it was so

Prolegomena. By Charles Taylor, M.A., called from being the highway of the

Fellow of St. John's College, Cam- Ionian ships, just as, now-a-days, in a

bridge. Cambridge, 188 1. The matter provincial town we have the London
o[ the Prolegomena, pp. xvii.-lxxxviii., road?
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Athens now exercised a powerful attraction on all that

was eminent in Hellas, and became the centre of the intel-

lectual movement. Anaxagoras settled there, and brought
with him the Ionic philosophy, numbering Pericles and

Euripides amongst his pupils ; many of the dispersed Py-

thagoreans no doubt found a refuge in that city, always

hospitable to strangers ; subsequently the Eleatic philoso-

phy was taught there by Parmenides and Zeno. Eminent
teachers flocked from all parts of Hellas to the Athens of

Pericles. All were welcome
;
but the spirit of Athenian

life required that there should be no secrets, whether con-

fined to priestly families" or to philosophic sects : every-

thing should be made public.

In this city, then, geometry was first published ; and

with that publication, as we have seen, the name of Hip-

pocrates of Chios is connected.

Before proceeding, however, to give an account of the

work of Hippocrates of Chios, and the geometers of the fifth

century before the Christian era, we must take a cursory

glance at the contemporaneous philosophical movement.

Proclus makes no mention of any of the philosophers of

the Eleatic School in the summary of the history of geome-

try which he has handed down—they seem, indeed, not

to have made any addition to geometry or astronomy, but

rather to have affected a contempt for both these sciences—
and most writers^ on the history of mathematics either take

no notice whatever of that School, or merely refer to it as

outside their province. Yet the visit of Parmenides and

Zeno to Athens [arc. 450 B.C.), the invention of dialectics

by Zeno, and his famous polemic against multiplicity and

2
E.g. the Asclepiadae. See Curtius, I have adopted. See a fine chapter of

History of Greece, Engl, transl., vol. ii. his Gesch. der Math., pp. 115 et seq.,

P- 5^0- from which much of what follows is

^ Not so Hankel, whose views as to taken,

the influence of the Eleatic philosophy
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motion, not only exercised an important influence on the

development of geometry at that time, but, further, had a

lasting effect on its subsequent progress in respect of

method.*'

Zeno argued that neither multiplicity nor motion is

possible, because these notions lead to contradictory con-

sequences. In order to prove a contradiction in the idea of

motion, Zeno argues : 'Before a moving body can arrive at

its destination, it must have arrived at the middle of its

path ; before getting there it must have accomplished the

half of that distance, and so on ad infinitum : in short,

every body, in order to move from one place to another,

must pass through an infinite number of spaces, which is

impossible.' Similarly he argued that 'Achilles cannot

overtake the tortoise, if the latter has got any start,

because in order to overtake it he would be obliged first

to reach every one of the infinitely many places which the

tortoise had previously occupied,' In like manner,
' The

flying arrow is always at rest; for it is at each moment

only in one place.'

Zeno applied a similar argument to show that the

notion of multiplicity involves a contradiction. ' If the

manifold exists, it must be at the same time infinitely

small and infinitely great
—the former, because its last

divisions are without magnitude ; the latter, on account of

the infinite number of these divisions.' Zeno seems to

have been unable to see that if xy = «, x and y may both

* This influence is noticed by Clairaut,

Elemens de Geometrie, Pref. p. x., Paris,

1 741 :
'

Qu' Euclide se donne la peine

de demontrer, que deux cercles qui se

coupent n'ont pas le meme centre,

f|u'un triangle renferme dans un autre

a la sommc de ses cotes plus petite que

celle des cotes du triangle dans lequel

il est renferme
;
on n'en sera pas sur-

pris. Ce Geometre avoit a convaincre

des Sophistes obstines, qui se faisoient

gloire de se refuser aux verites les plus

evidentes : il falloit done qu'alors la

Geometrie eut, comme la Logique, le

secours des raisonnemens en forme,

pour fermcr la bouche a la chicanne.'
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vary, and that the number of parts taken may make up for

their minuteness.

Subsequently the Atomists endeavoured to reconcile
the notions of unity and multiplicity ; stability and mo-
tion

; permanence and change; being and becoming—in

short, the Eleatic and Ionic philosophy. The atomic

philosophy was founded by Leucippus and Democritus
;

and we are told by Diogenes Laertius that Leucippus was
a pupil of Zeno : the filiation of this philosophy to the
Eleatic can, however, be seen independently of this state-

ment. In accordance with the atomic philosophy, mag-
nitudes were considered to be composed of indivisible
elements (aro^o<) in finite numbers : and indeed Aristotle—
who, a century later, wrote a treatise on Indivisible Lines

(TTfpi aro^txiv ypanfiCjv), in order to show their mathematical
and logical impossibility—tells us that Zetio's disputation
was taken as compelling such a view.^ We shall see, too,
that in Antiphon's attempt to square the circle, it is

assumed that straight and curved lines are ultimately
reducible to the same indivisible elements.^

Insuperable difficulties were found, however, in this

conception; for no matter how far we proceed with the

division, the distinction between the straight and curved
still exists. A like difficulty had been already met with
in the case of straight lines themselves, for the incommen-
surability of certain lines had been established by the

Pythagoreans. The diagonal of a square, for example,
cannot be made up of submultiples of the side, no matter
how minute these submultiples may be. It is possible
that Democritus may have attempted to get over this diffi-

culty, and reconcile incommensurability with his atomic
theory; for we are told by Diogenes Laertius that he

* Arist. De insecah. lincis, p. 968, a,
^ Vid. Bretsch., Geom. vor Eukl.,

^^^-
P- lOi, et infra, p. 194,
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wrote on incommensurable lines and solids (Trcpi 0X07(01/

YpajUjUwv KOI vacrraJi').'

The early Greek mathematicians, troubled no doubt by
these paradoxes of Zeno, and finding the progress of

mathematics impeded by their being made a subject of

dialectics, seem to have avoided all these difficulties by

banishing from their science the idea of the Infinite—the

infinitely small as well as the infinitely great [vtd. Euclid,

Book v., Def 4). They laid down as axioms that any

quantity may be divided ad libitum ; and that, if two spaces
are unequal, it is possible to add their difference to itself

so often that every finite space can be surpassed,^ Accord-

ing to this view, there can be no infinitely small difference

which being multiplied would never exceed a finite space.

Hippocrates of Chios, who must be distinguished from

his contemporary and namesake, the great physician of

Cos, was originally a merchant. All that we know of him
is contained in the following brief notices :

—
[a). Plutarch tells us that Thales, and Hippocrates the

mathematician, are said to have applied themselves to

commerce."

[d).
Aristotle reports of him : It is well known that

persons, stupid in one respect, are by no means so in

others (there is nothing strange in this : so Hippocrates,

though skilled in geometry, appears to have been in other

respects weak and stupid; and he lost, as they say,

through his simplicity, a large sum of money by the fraud

of the collectors of customs at Byzantium [virb twv ev Bv^av-

Tiio TrevTriKO(jTo\oyti}v)).^°

{c). Johannes Philoponus, on the other hand, relates that

''

Diog. Laert., ix., 47, ed. Cobet, p.
' In Vit. Soloms, ii.

239. 10
Arist., Eik. ad End., vii., c. 14,

8 Archim., De quadr. parab., p. 18, p. 1247, a, 15, ed. Bek.

€d. Torelli.
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Hippocrates of Chios, a merchant, having fallen in with a

pirate vessel, and having lost everything, went to Athens

to prosecute the pirates, and staying there a long time on

account of the prosecution, frequented the schools of the

philosophers, and arrived at such a degree of skill in

geometry, that he endeavoured to find the quadrature of

the circle/^

[d). We learn from Eudemus that CEnopides of Chios

was somewhat junior to Anaxagoras, and that after these

Hippocrates of Chios, who first found the quadrature of

the lune, and Theodorus of Cyrene, became famous in

geometry; and that Hippocrates was the first writer of

elements.^"

[e).
He also taught, for Aristotle says that his pupils,

and those of his disciple yEschylus, expressed themselves

concerning comets in a similar way to the Pythagoreans."

(/). He is also mentioned by lamblichus, along with

Theodorus of Cyrene, as having divulged the geometrical

arcana of the Pythagoreans, and thereby having caused

mathematics to advance (fTrtSw/cE Sf tu fiaO^fxaTa, liru t^emjvt-

xOiioav Si(T<jol TrpoajovTi, fxaXiaTa Qiodwpog re 6 Kvpi)vaTog, Kal

'Ittttoic/ootj/c o XXog).^^

[g). lamblichus goes on to say that the Pythagoreans

allege that geometry was made public thus : one of the

Pythagoreans lost his property ; and he was, on account

of his misfortune, allowed to make money by teaching

geometry."

(//). Proclus, in a passage quoted in the former part of

this Paper (Hermathena, vol. iii. p. 197, note), ascribes

to Hippocrates the method of reduction [cnrajioyy).
Proclus

1^
Philoponus, Comm. mArist. phys. 35, ed. Bek.

ausc, f. 13. Brand., Schol. in Ariit.,
" Iambi, de philos. Pythag. lib. iii ;

p. 327, b, 44. Villoison, Anecdota Graeca, ii., p. 216.

12 Prod. Comm., ed. Fried., p. 66. ^^ Ibid. ; also Iambi, de Vit. Pyth.

13
Arist., Meteor., i., 6, p. 342, b, c. 18, s. 89.
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defines airaywyi] to be a transition from ope problem or

theorem to another, which being known or determined, the

thing proposed is also plain. For example : when the

duplication of the cube is investigated, geometers reduce

the question to another to which this is consequent, t.e.

the finding of two mean proportionals, and afterwards

they inquire how between two given straight lines two

mean proportionals may be found. But Hippocrates of

Chios is reported to have been the first inventor of geo-

metrical reduction {airayu>y{]) : who also squared the lune,

and made many other discoveries in geometry, and who
was excelled by no other geometer in his powers of con-

struction.^®

[z). Eratosthenes, too, in his letter to King Ptolemy III.

Euergetes, which has been handed down to us by Eutocius,

after relating the legendary origin of the celebrated problem
of the duplication of the cube, tells us that after geometers
had for a long time been quite at a loss how to solve the

question, it first occurred to Hippocrates of Chios that

if between two given lines, of which the greater is twice

the less, he could find two mean proportionals, then the

problem of the duplication of the cube would be solved.

But thus, Eratosthenes adds, the problem is reduced to

another which is no less difiicult."

{k). Eutocius, in his commentary on Archimedes [Circ.

Dimens. Prop, i),
tells us that Archimedes wished to show

that a circle is equal to a certain rectilineal area, a thing

which had been of old investigated by illustrious philo-

sophers.^^ For it is evident that this is the problem con-

cerning which Hippocrates of Chios and Antiphon, who

carefully searched after it, invented the false reasonings

which, I think, are well known to those who have looked

18 Procl. Comm., ed. Fried., p. 212. Oxon. 1792.
"
Archim., ex recens. Torelli, p. 144,

^*
Anaxagoias, for example.
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into the History of Geometry of Eudemus and the Keria

(KTjptwv) of Aristotle.^"

On the passage (/") quoted above, from lamblichus, is

based the statement of Montucla, which has been repeated

since by recent writers on the history of mathematics,-"

that Hippocrates was expelled from a school of Pytha-

goreans for having taught geometry for money.-^

There is no evidence whatever for this statement, which

is, indeed, inconsistent with the passage (_^)
of lamblichus

which follows. Further, it is even possible that the person
alluded to in [g) as having been allowed to make money
by teaching geometry may have been Hippocrates him-

self; for—

1. He learned from the Pythagoreans ;

2. He lost his property through misfortune;

3. He made geometry public, not only by teaching,

but also by being the first writer of the ele-

ments.

This misapprehension originated, I think, with Fabri-

cius, who says: 'De Hippaso Metapontino adscribam adhuc

locum lamblichi h libro tertio de Philosophia Pythagorica
Graece necdum edito, p. 64, ex versione Nic. Scutelli: Hip-

pasus (videtur legendum Hipparchus) ejicitiir e Pythagorae
schola eo quod primus sphacram duodecim angulorum (Dode-

caedron) edidisset (adeoque arcanum hoc evulgasset), Theo-

dorus etiam Cyrenams et Hippocrates Chius Geomctra ejicitur

19
Archim., exrecens. Torelli, p. 204.

21
;Montucla, Histoite des Math.,

20
Bretsch., Geotn. vor Etikl., p. 93; torn, i., p. 144, i^"^ ed. 1758; torn, i.,

Hoefer, Histoire des Math., p. 135. p. 152, nouv. ed. an vii. ; the state-

Since the above was written, this state- ment is repeated in p. 155 of this

meat has been reiterated by Cantor, edition, and Simplicius is given as the

Gesch. det- Math., p. 172; and by C. authority for it. lambHchus is, how-

Taylor, Geometry of Conies, Prole- ever, referred to by later writers as

gomcna, p. xxviii. the authority for it.
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qui ex geomdria quaestum factitahant. Confer Vit. Pyth.

c. 34&35-'"
In this passage Fabricius, who, however, had access to

a manuscript only, falls into several mistakes, as will be

seen by comparing it with the original, which I give

here :
—

Ilept 8' 'iTTTrao-oK Ae'yovcrii', ws ^v ^\v twv IlK^ayo/octW, Scot 8e to

efevcyKctv, koX ypdij/aa-OaL Trpwros (T^aipav, rrjv ck twv SwScKa i^aywvoiv

[TTtvTaywvwi'], aTToAotro Kara OdXaTTav, <Ls daefS-qcra^, S6$av Be XdfSoL, ws

ctvai Se TvdvTa Ikclvov tov dvSpds" Trpoa-ayopevovari yap ovtu) tov Ilv^ayo-

pav, Koi ov KaXovcTLV ovoixaTi. cTTe'SoJKe 8e ra iJLa6r)fx.aTa, iirel i$€vrjv4-

^Orjo-av Sicrcrot TrpoayovTc, /xaXiCTTa OeoSwpos re 6 KupT^vatos, Kai

'iTnroKpdTTjs o Xtos. Aeyovcri Se ot UvOayopeLOL i^€V7]Ve)(9aL yewyacrptav

ouTws" dTro(3aX€Lv rtva t^v ova-iav twv HvOayopettDV' ws 8e tovt'

r)Tvxr](re, 8o6rjvat dvTw ^rj/xaTLcrao-Bai diro yew/Acrptas' eKaXetro 8e
17

yew/tcrpia Trpos IliJ^aydpou to-Topta.
23

Observe that Fabricius, mistaking the sense, says that

Hippasus, too, was expelled. Hippocrates may have been

expelled by a school of Pythagoreans with whom he had

been associated; but, if so, it was not for teaching geometry
for money, but for taking to himself the credit of Pytha-

gorean discoveries—a thing of which we have seen the

Pythagoreans were most jealous, and which they even

looked on as impious (a(T£|3i}(7ac)-^*

As Anaxagoras was born 499 B. C, and as Plato, after

the death of Socrates, 399 B.C., went to Cyrene to hear

Theodorus [d), the lifetime of Hippocrates falls within the

fifth century before Christ. As, moreover, there could not

have been much commerce in the ^gean during the first

22
Jo. Albert! Fabricii Bibliotheca concerning Hippocrates, the passage,

Graeca, ed. tertia, i., p. 505, Ham- with some modifications, occurs also in

burgi, 1718. Iambi, de Vit. Pyth., c. 18, ss. 88 and

-3 Iambi, de philos. Pyth. lib. iii.
; 89.

Villoison,^^^,:^^^ 6^ra^ca,'ii., p. 216. ^^ See HerMATHENA, vol. iii., p.

With the exception of the sentence 199.
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quarter of the fifth century, and, further, as the state-

ments of Aristotle and Philoponus [b) and
[c) fall in better

with the state of affairs during the Athenian supremacy—
even though we do not accept the suggestion of Bret-

schneider, made with the view of reconciling these incon-

sistent statements, that the ship of Hippocrates was taken

by Athenian pirates-^ during the Samian war (440 B.C.), in

which Byzantium took part
—we may conclude with cer-

tainty that Hippocrates did not take up geometry until

after 450 B.C. We have good reason to believe that at

that time there were Pythagoreans settled at Athens.

Hippocrates, then, was probably somewhat senior to So-

crates, who was a contemporary of Philolaus and Demo-
critus.

The paralogisms of Hippocrates, Antiphon, and Bryson,
in their attempts to square the circle, are referred to and

contrasted with one another in several passages of Aris-

totle "'* and of his commentators—Themistius,-^ Johan. Phi-

loponus,^^ and Simplicius. Simplicius has preserved in his

Comm. to Phys. Ausc. of Aristotle a pretty full and partly
literal extract from the History of Geometry of Eudemus,
which contains an account of the work of Hippocrates and

others in relation to this problem. The greater part of

this extract had been almost entirely overlooked by writers

on the history of mathematics, until Bretschneider^* re-

published the Greek text, having carefully revised and
emended it. He also supplied the necessary diagrams,
some of which were wanting, and added explanatory and

^*Bretsch., Geom. vor Eukl., p. Schol. , ^. zii,h, iq.

98. 28Joh. Philop. f. 25, b, SchoL,
"^^ De Sophist. Elench.^w.^^.xii^h, Brand, p. 211, b, 30. Ihid., f. 118,

and 172, ed. Bek. ; Phys. Ausc, i., 2, SchoL, p. 211, b, 41. Ibid., f. 26, b,

p. 185, a, 14, ed. Bek. SchoL, p. 212, a, 16.

*' Themist. f. 16, SchoL in Arist.,
^*

Bretsch., Geom. vor EukL, pp.

Brand., p. 327, b, 33. Ibid., f, 5, 100-121.
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critical notes. This extract is interesting and important,

and Bretschneider is entitled to much credit for the pains

he has taken to make it intelligible and better known.

It is much to be regretted, however, that Simplicius

did not merely transmit verbatim what Eudemus related,

and thus faithfully preserve this oldest fragment of Greek

geometry, but added demonstrations of his own, giving

references to the Elements of Euclid, who lived a century

and a-half later. Simplicius says :
' I shall now put down

literally what Eudemus relates, adding only a short ex-

planation by referring to Euclid's Elements, on account

of the summary manner of Eudemus, who, according to

archaic custom, gives only concise proofs.'
^° And in

another place he tells us that Eudemus passed over the

squaring of a certain lune as evident—indeed, Eudemus

was right in doing so—and supplies a lengthy demonstra-

tion himself.^^

Bretschneider and Hankel, overlooking these passages,

and disregarding the frequent references to the Elements

of Euclid which occur in this extract, have drawn conclu-

sions as to the state of geometry at the time of Hip-

pocrates which, in my judgment, cannot be sustained.

Bretschneider notices the great circumstantiality of the

construction, and the long-windedness and the over-ela-

boration of the proofs.^- Hankel expresses surprise at the

fact that this oldest fragment of Greek geometry—150

years older than Euclid's Elements—already bears that

character, typically fixed by the latter, which is so peculiar

to the geometry of the Greeks.^^

Fancy a naturalist finding a fragment of the skeleton

of some animal which had become extinct, but of which

there were living representatives in a higher state of

3»
Bretsch., Geojn. vor EuM., p. 109.

^2
/j^-^., pp. 130, 131.

3'
Ibid., p. 113.

^^
Hankel, Gesch. der Math., p. 112.
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Pythagoreans which occur in the same list, but which also

are lost. Some works attributed to Archytas have come
down to us, but their authenticity has been questioned,

especially by Griippe, and is still a matter of dispute :
'^

these works, however, do not concern geometry.
He is mentioned by Eudemus in the passage quoted

from Proclus in the first part of this Paper (Hermathena,
vol. iii. p. 162) along with his contemporaries, Leodamas of

Thasos and Theaetetus of Athens, who were also contem-

poraries of Plato, as having increased the number of

demonstrations of theorems and solutions of problems,
and developed them into a larger and more systematic

body of knowledge.'®
The services of Archytas, in relation to the doctrine of

proportion, which are mentioned in conjunction with those

of Hippasus and Eudoxus, have been noticed in Herma-
thena, vol iii. pp. 184 and 201.

One of the two methods of finding right-angled tri-

angles whose sides can be expressed by numbers—the

Platonic one, namely, which sets out from even numbers—
is ascribed to Architas [no doubt, Archytas of Tarentum]
by Boethius:^" see Hermathena, vol. iii. pp. 190, 191,

and note 87. I have there given the two rules of Pytha-

so, as 07ie book only on the Pythago- I'arithmetique, et dont le nom, qui ne

reans is mentioned, and o?ie against serait du reste, ni grec ni latin, aurait

them. totalement disparu avec ses ceuvTcs, a

^8
Gruppe, Ueber die Fragmente des I'exception de quelque passages dans

Archytas und der alteren Pythagoreer. Boece.' The question, however, still

Berlin, 1840. remains as to the authenticity of the

'3 Procl. Coimn., ed. Fried., p. 66. Ars Geometriae. Cantor stoutly main-
'^'^ Boet. Geom., ed. Fried., p. 408. tains that the Geometry of Boethius is

Heiberg, in a notice of Cantor's 'His- genuine: Friedlein, the editor of the

tory of Mathematics,' Revue Critique edition quoted, on the other hand, dis-

d"" Histoire et de Litterature, 16 Mai, sents
;
and the great majority of philo-

1881, remarks, 'II est difficile de logists agree in regarding the question
croire a I'existence d'un auteur remain as still sub judice. See Rev. Crit. loc.

nomme Architas, qui aurait ecrit sur cit.
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goras and Plato for finding right-angled triangles, whose

sides can be expressed by numbers
;
and I have shown

how the method of Pythagoras, which sets out from odd

numbers, results at once from the consideration of the

formation of squares by the addition of consecutive gno-

mons, each of which contains an odd number of squares.

I have shown, further, that the method attributed to Plato

by Heron and Proclus, which proceeds from even numbers,
is a simple and natural extension of the method of Pytha-

goras : indeed it is difficult to conceive that an extension

so simple and natural could have escaped the notice of his

successors. Now Aristotle tells us that Plato followed the

Pythagoreans in many things ;'^ Alexander Aphrodisiensis,
in his Commentary on the Metaphysics, repeats this state-

ment;^^ Asclepius goes further and says, not in many
things but in everything." Even Theon of Smyrna, a

Platonist, in "his work '

Concerning those things which in

mathematics are useful for the reading of Plato,' says that

Plato in many places follows the Pythagoreans.*^ All this

being considered, it seems to me to amount almost to a

certainty that Plato learned his method for finding right-

angled triangles whose sides can be expressed numerically
from the Pythagoreans ; he probably then introduced it

into Greece, and thereby got the credit of having invented

his rule. It follows also, I think, that the Architas refer-

red to by Boethius could be no other than the great Pytha-

gorean philosopher of Tarentum.

The belief in the existence of a Roman agrimensor
named Architas, and that he was the man to whom Boe-

thius— or the pseudo-Boethius—refers, is founded on a

2iArist., Met. i. 6, p. 987, a, ed. 23
Asclep. Schol. 1. c, p. 548, a,

Bek. 35.
2^ Alex. Aph.^c^o/.zw^r/i^., Brand., "^ Theon. Smj-m. Arithin., ed. de

p. 548, a, 8. Gelder, p. 17.

VOL. \-. O
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of the inscribed polygon of sixteen sides, and drawing

straight lines, he formed a polygon of twice as many
sides ; and doing the same again and again, until he had

exhausted the surface, he concluded that in this manner a

polygon would be inscribed in the circle, the sides of

which, on account of their minuteness, would coincide

with the circumference of the circle. But we can substitute

for each polygon a square of equal surface ; therefore we

can, since the surface coincides with the circle, construct a

square equal to a circle.'

On this Simplicius observes :

* the conclusion here is

manifestly contrary to g'eometrical principles, not, as

Alexander maintains, because the geometer supposes as

a principle that a circle can touch a straight line in one

point only, and Antiphon sets this aside ; for the geometer
does not suppose this, but proves it. It would be better

to say that it is a principle that a straight line cannot

coincide with a circumference, for one without meets the

circle in one point only, one within in two points, and not

more, and the meeting takes place in single points. Yet,

by continually bisecting the space between the chord and

the arc, it will never be exhausted, nor shall we ever reach

the circumference of the circle, even though the cutting
should be continued ad infinitum : if we did, a geometrical

principle would be set aside, which lays down that magni-
tudes are divisible ad infinitum. And Eudemus, too, says
that this principle has been set aside by Antiphon.^*^

'But the squaring of the circle by means of segments,
he [Aristotle ^^*] says, maybe disproved geometrically ; he

would rather call the squaring by means of lunes, which

Hippocrates found out, one by segments, inasmuch as the

36 But Eudemus was a pupil of =*^*
/'Aji/j.^?^J(:. i., 2, p. 185, a, i6, ed.

Aristotle, and Antiphon was a con- Bek.

temporary of Democritus.
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lune is a segment of the circle. The demonstration is as

follows :
—

*Let a semicircle a/Sy be described on the straight line

a|3 ; bisect aj3 in S ; from the point S draw a perpendicular

^7 to aj3, and join 07 ; this will be the side of the square
inscribed in the circle of which a^y is the semicircle. On

ay describe the semicircle aey. Now, since the square on

aj3 is equal to double the square on ay (and since the squares
on the diameters are to each other as the respective circles

or semicircles), the semicircle 07/8 is double the semicircle

azy. The quadrant ayS is, therefore, equal to the semicircle

067. Take away the common segment lying between the

circumference 07 and the side of the square ; then the

remaining lune aty will be equal to the triangle ayS ; but

this triangle is equal to a square. Having thus shown
that the lune can be squared, Hippocrates next tries,

by means of the preceding demonstration, to square the

circle thus :
—

*Let there be a straight line aj3, and let a semicircle

be described on it; take 7S double of a/3, and on it also

describe a semicircle ; and let the sides of a hexagon, yt,

£^, and ^S be inscribed in it. On these sides describe the

semicircles y^ey sO^, Z^kS. Then each of these semicircle.-

described on the sides of the hexagon is equal to the semi

circle aj3, for aj3 is equal to each side of the hexagon. The
four semicircles are equal to each other, and together are

then four times the semicircle on a/3. But the semicircle

on yd is also four times that on a/3. The semicircle on 7S

is, therefore, equal to the four semicircles—that on a/3,

together with the three semicircles on the sides pf the

hexagon. Take away from the semicircles on the sides of

the hexagon, and from that on yS, the common segments
contained by the sides of the hexagon and the periphery of

the semicircle 7S; the remaining lunes yrje, tdZ,, and ^kS,

together with the semicircle on
a/3, will be equal to the

o 2
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trapezium yg, tZ„ ZS. If we now take away from the

trapezium the excess, that is a surface equal to the lunes

(for it has been shown that there exists a rectilineal figure

equal to a lune), we shall obtain a remainder equal to

the semicircle aj3 ; we double this rectilineal figure which

remains, and construct a square equal to it. That square

will be equal to the circle of which aj3 is the diameter, and

thus the circle has been squared.

*The treatment of the problem is indeed ingenious; but

the wrong conclusion arises from assuming that as demon-

strated generally which is not so ; for not every lune has

been shown to be squared, but only that which stands over

the side of the square inscribed in the circle ; but the lunes

in question stand over the sides of the inscribed^hexagon.
The above proof, therefore, which pretends to have squared
the circle by means of lunes, is defective, and not conclu-

sive, on account of the false-drawn figure [\pivdoypd(pt]fia)

which occurs in it."

'

Eudemus,^^ however, tells us in his History of Geometry^

that Hippocrates demonstrated the quadrature of the lune,

not merely the lune on the side of the square, but gene-

rally, if one might say so : if, namely, the exterior arc of

the lune be equal to a semicircle, or greater or less than it.

I shall now put down literally (fcara Xi^ivf^ what Eudemus

relates, adding only a short explanation by referring to

Euclid's Elements, on account of the summary manner of

Eudemus, who, according to archaic custom, gives concise

proofs.

*In the second book of his History of Geometry^ Eudemus

says: the squaring of lunes seeming to relate to an un-

3' I attribute the above observation 105-109, Bretsch., Geom. vor Eukl.

on the proof to Eudemus. What fol- ^^
/^z'^.^ p. jog.

lows in Simphcius seems to me not to ^^
Simplicius did not adhere to his

.be his. I have, therefore, omitted the intention, or else some transcriber has

remainder of J 83, and §^84, 85, pp. added to the text.
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common class of figures was, on account of their relation

to the circle, first treated of by Hippocrates, and was

rightly viewed in that connection. We may, therefore,

more fully touch upon and discuss them. He started

with and laid down as the first thing useful for them, that

similar segments of circles have the same ratio as the

squares on their bases. This he proved by showing that

circles have the same ratio as the squares on their dia-

metfers. Now, as circles are to each other, so are also

similar segments ; but similar segments are those which

contain the same part of their respective circles, as a semi-

circle to a semicircle, the third part of a circle to the third

part of another circle.*" For which reason, also, similar

segments contain equal angles. The latter are in all semi-

circles right, in larger segments less than right angles,

and so much less as the segments are larger than semi-

circles ;
and in smaller segments they are larger than

right angles, and so much larger as the segments are

smaller than semicircles. Having first shown this, he

described a lune which had a semicircle for boundary,

by circumscribing a semicircle about a right-angled isos-

celes triangle, and describing on the hypotenuse a seg-

*" Here rix.r\ixa seems to be used for 2tj eVo\A.a|, ^ apidfxol koX
fj ypa/x/xal

sector : indeed, we have seen above /col
fj <TTepea koI § xp^voi, Siinrep iSe'iK-

that a lune was also called Tfxrina. The vvt6 irore X'*'P'^' ^"Sexof^^vSf ye Kara

word TOfjLfvi, sector, may have been irdvTwv fitS. airoSei^ei Seixdrj'"'-^' aWa Sia

of later origin. The poverty of the rh firj elvai wvofiaff/Mevov ri n-dvra ravra

Greek language in respect of geo- eV, apiO/xoi fx^Krj XP'^'^°^ ffTeped, Kal

metrical terms has been frequently etSei Siapepav aXX-fiXoov, X'^P^^ i\a/j.-

noticed. For example, they had no fidvero. vvv Se KaQ6\ov SeUvvTai- ou

word for radius, and instead used the yap -p ypafj.fj.ai ^ fi apidfiol inrrjpxei',

periphrasis rj e'/c rov Kevrpov. Again, dw' ^ to5(, 'o Kad6\ov v-KorlQivrai

Archimedes nowhere uses the word imapx^i-v.
—Aristot., Anal., post., i.,

parabola; and as to the imperfect 5, p. 74, a, 17, ed. Bekker. This

terminology of the geometers of this passage is interesting in another re-

period, we have the direct statement of spect also, as it contains the germ

Aristotle, who says : Kal Th hvdXoyov of Algebra.
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ment of a circle similar to those cut off by the sides. The

segment over the hypotenuse then being equal to the sum
of those on the two other sides, if the common part of the

triangle which lies over the segment on the base be added

to both, the lune will be equal to the triangle. Since the

lune, then, has been shown to be equal to a triangle, it can

be squared. Thus, then, Hippocrates, by taking for the

exterior arc of the lune that of a semicircle, readily squares

the lune.

'Hippocrates next proceeds to square a lune whose

exterior arc is greater than a semicircle. In order to do

so, he constructs a trapezium*^ having three sides equal to

each other, and the fourth—the greater of the two parallel

sides—such that the square on it is equal to three times

that on any other side; he circumscribes a circle about the

trapezium, and on its greatest side describes a segment of

a circle similar to those cut off from the circle by the three

equal sides.*^ By drawing a diagonal of the trapezium, it

will be manifest that the section in question is greater

than a semicircle, for the square on this straight line sub-

tending two equal sides of the trapezium must be greater

than twice the square on either of them, or than double

the square on the third equal side : the square on the

greatest side of the trapezium, which is equal to three

times the square on any one of the other sides, is therefore

less than the square on the diagonal and the square on the

third equal side. Consequently, the angle subtended by

*'
Trapezia, like this, cut off from

an isosceles triangle by a line parallel

to the base, occur in the Papyrus
Rhjnd.

*- Then follows a proof, which I have

omitted, that the circle can be circum-

scribed about the trapezium. This

proof is obviously supplied by Simpli-

cius, as is indicated by the change of note.

person from viroriQtrai to 5ei|eis, as

well as by the reference to Euclid,

i. 9. A few lines lower there is a gap
in the text, as Bretschneider has ob-

served ; but the gap occurs in the work

of Simplicius, and not of Eudemus, as

Bretschneider has erroneously sup-

posed.
—Geom. Tor Eukl., p. ill, and
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the greatest side of the trapezium is acute, and the seg-

ment which contains it is, therefore, greater than a semi-

circle : but this is the exterior boundary of the lune.

Simplicius tells us that Eudemus passed over the squaring

of this lune, he supposes, because it was evident, and he

supplies it himself."

'Further, Hippocrates shows that a lune with an ex-

terior arc less than a semicircle can be squared, and gives

the following construction for the description of such a

lune :

"—
*Let aj3 be the diameter of a circle whose centre is k', let

78 cut |3k in the point of bisection
-y,

and at right angles ;

through /3 draw the straight line jS^e, so that the part of it,

^6, intercepted between the line yS and the circle shall be

such that two squares on it shall be equal to three squares

on the radius j3(c;" join kZ,, and produce it to meet the

*3
Ibid., p. 113, § 88. I have omitted

it, as not being the work of Eudemus.
*^ The whole construction, as Bret-

schneider has remarked, is quite ob-

scure and defective. The main point

on which the coiistruction turns is the

determination of the straight Une j3^e,

and this is nowhere given in the text.

The determination of this line, how-

ever, can be inferred from the state-

ment in p. 114, Geotn. vor Eukl., that

'it is assumed that the line ef inclines

towards )3
'

;
and the further statement,

in p. 117, that 'it is assumed that the

square on ef is once and a-half the

square on the radius.' In order to

make the investigation intelligible, I

have commenced by stating how this

line )3f€ is to be drawn. I have, as

usual, omitted the proofs of Simphcius.

Bretschneider, p. 114, notices the

archaic manner in which lines and

points are denoted in this investiga-

tion—
7t l^ehOs'ia] €(/)' ri AB, rb

\_ffT)fjLi'lov]

iip' ov K—and infers from it that Eu-

demus is quoting the very words of

Hippocrates. I have found this obser-

vation useful in aiding me to separate

the additions of Simplicius from the

work of Eudemus. The inference of

Bretschneider, however, cannot I think

be sustained, for the same manner of

expression is to be found in Aristotle.

*5 The length of the Hne €^ can be

determined by means of the theorem of

Pythagoras (EucHd, i., 47), coupled

with the theorem of Thales (Euclid,

iii., 31). Then, produce the hne e^

thus determined, so that the rectangle

under the whole line thus produced

and the part produced shall be equal

to the square on the radius; or, in

archaic language, apply to the line eQ

a rectangle which shall be equal to the

square on the radius, and which shall

be excessive by a square
—a Pytha-
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straight line drawn through £ parallel to
j3/c,

and let them

meet at r\ ; join kb, /3»j (these lines will be equal) ;
describe

then a circle round the trapezium jSketj ; also, circumscribe

a circle about the triangle e^r/. Let the centres of these

circles be X and fx respectively.
* Now, the segments of the latter circle on t^ and ^ri are

similar to each other, and to each of the segments of the

former circle on the equal straight lines £k, k(5, i3>j;" and,

since twice the square on e^ is equal to three times the

square on k/3,
the sum of the two segments on t^ and Zn is

equal to the sum of the three segments on ck, kjS, /3»} ;
to

each of these equals add the figure bounded by the straight

lines £K, Kj3, j3»?,
and the arc »/^£, and we shall have the lune

whose exterior arc is ekjSj} equal to the rectilineal figure

composed of the three triangles ^/3jj, ^jS/c, ^ke."

gorean problem, as Eudemus tells us.

(See Hermathena, vol. iii., pp. i8r,

196, 197.) If the calculation be made

by this method, or by the solution of a

quadratic equation, we find

Bretschneider makes some slip, and

gives

6)3 41J?-)
Geom. vor Eukl., p. 115, note.

*^ Draw lines from the points e, k, $,

and 7} to A, the centre of the circle

described about the trapezium ;
and

from 6 and n to
/j.,

the centre of the

circle circumscribed about the triangle

efij; it wiU be easy to see, then, that

the angles subtended by e/c, kP, and 7}3

at A are equal to each other, and to

each of the angles subtended by ef and

(f) at fi. The simOarity of the segments
is then inferred

;
but observe, that in

order to bring this under the definition

of similar segments given above, the

word segment must be used in a large

signification; and that further, it re-

quires rather the converse of the defini-

tion, and thus raises the difficulty of

incommensurability.

The similarity of the segments might

also be inferred from the equaHty of

the alternate angles {ej)^ and tjk/S, for

example). In Hermathena, vol. iii.,

p. 203, I stated, following Bretschnei-

der and Hankel, that Hippocrates of

Chios did not know the theorem that

the angles in the same segment of

a circle are equal. But if the latter

method of proving the similarity of the

segments in the construction to which

the present note refers was that used

by Hippocrates, the statement in ques-

tion would have to be retracted.

*' A pentagon with a re-entrant angle

is considered here : but observe, l°, that

it is not called a pentagon, that term

being then restricted to the regular
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*That the exterior arc of this lune is smaller than a

semicircle, Hippocrates proves, by showing that the angle

tKr\ lying within the exterior arc of the segment is obtuse,

which he does thus : Since the square on tZ is once and

a-half the square on the radius
|3)c

or ke, and since, on

account of the similarity of the triangles /Bke and jS^k, the

square on ke is greater than twice the square on k^,*^ it

follows that the square on iZ, is greater than the squares on

iK and kZ, together. The angle zKr\ is therefore obtuse, and

consequently the segment in which it lies is less than a

semicircle.

'Lastly, Hippocrates squared a lune and a circle to-

gether, thus : let two circles be described about the centre

K, and let the square on the diameter of the exterior be six

times that of the interior. Inscribe a hexagon ajSySt^ in

the inner circle, and draw the radii ica, (c)3, Ky, and produce

pentagon ; and, 2°, that it is described

as a rectilineal figure composed of

three triangles.
*8 It is assumed here that the

angle ^Ke is obtuse, which it evi-

dently is.

Bretschneider points out that in this

paragraph the Greek text in the Aldine

is corrupt, and consequently obscure :

he corrects it by means of some trans-

positions and a few trifling additions.

(See Geom. vor Eukl,, p. Ii8, note 2.)
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straight lines drawn to its extremities shall be equal to

each other
'—on which he makes observations of a similar

character, and then adds : *To the same effect ApoUonius
himself writes in his Locus Resolutus^ with the subjoined

[figure] :

" Two points in a plane being given, and the ratio

of two unequal lines being also given, a circle can be

described in the plane, so that the straight lines in-

flected from the given points to the circumference of the

circle shall have the same ratio as the given one."
'

Then follows the solution, which is accompanied with a

diagram. As this passage is remarkable in many respects,

I give the original :
—

To Se TpLTOV Twv KWVLKwv 7r€pU^€i, <})r]crl, TToWa KOL TrapdSo^a deoyprj-

p-ara ^pi^crtyua Trpos ras crw^eVels twv crrepewv tottcov. '¥iTrnriSov<s

TOTTOv; Wo'; rots TraXaiots ycw/x-erpats Xeyctv, ot€ twv irpo^Xrjp.a.Twv ovk

d(ji evos (Trjfxeiov p.6vov, d\X diro TrXeiovcoj/ ytVerat to iroirjpsa' olov iv

CTTtra^et, t^s eu^etas So^eiVr;s TreTrepacrpLevrjs evpeiv ti (rrjp.eiov d<^' ov
rj

dx(^€t(Ta KaOeros ctti ttjv SoOelcrav p-iarj dvaXoyov ytVerat twv Tp.rjp.dTWV.

ToTTOv Ka\ov(rL to tolovtov, ov p.6vov yap kv (rrjp.e'iov iaTi, to ttolovv to

"TTpo/SXyjpa, dXXa tottos oA.os ov
e;)(Ct rj 7rept<^ep€ta tov Trepl 8idp.€Tpov ttjv

Sodclaav evOeMV kvkXoV idv yap ctti t'^s SoOeLo-qs evOetas tjpikvkXlov

ypa<jirj, oirep dv ctti t'^s TrepK^epet'as Xd/Srjs crrjpi^iov, koI dir avTov

KadeTov dydyrj'5 IttI T-qv Sta/xcTpov, TrotT^O'ct to Trpo/3Xrj$^v .... op.oiov

Kai ypa^et a^Tos AttoXXwvlo? iv tw dvaXvop.€vw totto), ctti tov VTroKei-

p-evov.^"

Avo oouivTwv a-qp^ioiv iv iinTriSw kol Xoyov 8o6evTO<; dvLawv evOetwv

owaTov icTTLV iv Tw eTTtTTtSo) ypd.ij/aL kvkXov wcttc Tas utto twv Soff'evTwv

crr]p.inov ctti t?^v Treptc^epetav tov kvkXov KXw/xevas e^^et'as Aoyov CYCtv

TOV avTov Tw SoOivTL.

It is to be observed, in the first place, that a contrast is

39
Heiberg, in his Litterargeschicht- viroKeifievov, a statement which is not

liche Studzen ul>er Euklid, p. yo, reads correct. I have interpreted Halle3''s

rh vTroKel/xivov, and adds in a note that reading as referring to the subjoined

Halley has uiroKei/nevcj), in place of rh diagram.
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here made between ApoUonius and the old geometers [ol

TTciXaiol yeoj/xirpai), the same expression which, in the second

part of this Paper (Hermathena, vol. iv. p. 217), Ave found

was used by Pappus in speaking of the geometers before the

time of Menaechmus. Secondly, on examination it will

be seen that /oa, as, e. g:, those given above, partake of a

certain ambiguity, since they can be enunciated either as

theorems or as problems ; and we shall see later that, about

the middle of the fourth century B. c, there was a discus-

sion between Speusippus and the philosophers of the Aca-

demy on the one side, and Menaechmus, the pupil and, no

doubt, successor of Eudoxus, and the mathematicians of

the school of Cyzicus, on the other, as to whether every-

thing was a theorem or everything a problem : the mathe-

maticians, as might be expected, took the latter view, and

the philosophers, just as naturally, held the former. Now
it was to propositions of this ambiguous character that the

term porism, in the sense in which it is now always used,

was applied
—a signification which was quite consistent

with the etymology of the word." Lastly, the reader will

not fail to observe that the first of the three loci given above

is strikingly suggestive of the method of Analytic Geo-

metry. As to the term tottoc, it may be noticed that Aris-

taeus, who was later than Menaechmus, but prior to Euclid,

wrote five books on Solid Loci {01 aTepeol roTrot)." In conclu-

sion, I cannot agree with Cantor's view that the passage
has the appearance of being modernized in expression :

*"
TTopiCeffOai, to procure. The ques-

tion is—in a theore^n, to pi-ove some-

thing ;
in a problem, to construct some-

thing ;
in 2iporisin, to find something.

So the conclusion of the theorem is,

oirep eSei ^i7i,ai, Q. E. D., of the pro-

blem, (iirep eSet Troirjaai, Q.E. F,, and

of the porism, '6irep eSei evpelv, Q. E. I.

Amongst the ancients the word porism
had also another signification, that of

corollaiy. See Heib., Litt. Stud, i'lber

Eukl., pp. 56-79, where the obscure

subject of porisms is treated with re-

markable clearness.

*^
Pappi, Collect., ed. Hultsch, vol.

ii. p. 672.
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[c].
Find a line such that twice the square on it shall

be equal to three times the square on a given line
;

[d). Being given two straight lines, construct a tra-

pezium such that one of the parallel sides shall be equal

to the greater of the two given lines, and each of the three

remaining sides equal to the less
;

[e).
About the trapezium so constructed describe a

circle
;

(/). Describe a circle about a given triangle ;

[g). From the extremity of the diameter of a semicircle

draw a chord such that the part of it intercepted between

the circle and a straight line drawn at right angles to the

diameter at the distance of one half the radius shall be

equal to a given straight line
;

[h). Describe on a given straight line a segment of a

circle which shall be similar to a given one.

There remain to us but few more notices of the work

done by the geometers of this period :
—

Antiphon, whose attempt to square the circle is given by

Simplicius in the above extract, and who is also mentioned

by Aristotle and some of his other commentators, is most

probably the Sophist of that name who, we are told, often

disputed with Socrates." It appears from a notice of

Themistius, that Antiphon started not only from the

square, but also from the equilateral triangle, inscribed

in a circle, and pursued the method and train of reasoning

above described."

Aristotle and his commentators mention another So-

phist who attempted to square the circle—Bryson, of

whom we have no certain knowledge, but who was pro-

bably a Pythagorean, and may have been the Bryson who

is mentioned by lamblichus amongst the disciples of Py-

«Xenophon, Memorah. i., 6, § i ;

^^ xhemist., f. i6; Brandis, Schol.

Diog. Laert. ii., 46, ed. Cobet, p. 44. in Arist., p. 327, b, 33.
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thagoras.^* Bryson inscribed a square," or more generally

any polygon,*" in a circle, and circumscribed another of the

same number of sides about the circle ; he then argued
that the circle is larger than the inscribed and less than

the circumscribed polygon, and erroneously assumed that

the excess in one case is equal to the defect in the other;

he concluded thence that the circle is the mean between the

two.

It seems, too, that some persons who had no know-

ledge of geometry took up the question, and fancied, as

Alexander Aphrodisius tells us, that they should find the

square of the circle in surface measure if they could find

a square number which is also a cyclical number"—
numbers as 5 or 6, whose square ends with the same

number, are called by arithmeticians cyclical numbers.*^

On this Hankel observes that 'unfortunately we cannot

assume that this solution of the squaring of the circle was

only a joke'; and he adds, in a note, that 'perhaps it was
of later origin, although it strongly reminds us of the

Sophists who proved also that Homer's poetry was a

geometrical figure because it is a circle of myths.'"
That the problem was one of public interest at that

time, and that, further, owing to the false solutions of

pretended geometers, an element of ridicule had become
attached to it, is plain from the reference which Aristo-

phanes makes to it in one of his comedies.*"'

In the former part of this Paper (Hermathena, vol. iii.

p. 185), we saw that there was a tradition that the problem
of the quadrature of the circle engaged the attention of the

6*
Iambi., Vit. Pyth., c. 23.

"
Simplicius, in Bretsch. Geom. vor

55 Alex. Aphrod., f. 30 ; Brandis, Eukl., p. 106.

Schol., p. 306, b. 58 j^i^_

56
Themist., f. 5 ; Brandis, Schol.,

59
Hankel, Geschich. der Math., p.

p. 211; Johan. Philop., f. 118; Brandis, 1 1 6, and note.

Schol., p. 211. '^^

Birds, 1005.
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Pythagoreans. We saw, too [ibid. p. 203), that they pro-

bably derived the problem from the Egyptians, who sought
to find from the diameter the side of a square whose area

should be equal to that of the circle. From their approxi-
mate solution, it follows that the Egyptians must have

assumed as evident that the area of a circle is propor-
tional to the square on its diameter, though they would

not have expressed themselves in this abstract manner.

Anaxagoras (499-428 B.C.) is recorded to have investigated
this problem during his imprisonment."

Vitruvius tells us that Agatharchus invented scene-

painting, and that he painted a scene for a tragedy which

-^schylus brought out at Athens, and that he left notes on

the subject. Vitruvius goes on to say that Democritus

and Anaxagoras, profiting by these instructions, wrote on

perspective."

We have named Democritus more than once : it is

remarkable that the name of this great philosopher, who
was no less eminent as a mathematician,^^ and whose
fame stood so high in antiquity, does not occur in the

summary of the history of geometry preserved by Proclus.

In connection with this, we should note that Aristoxenus,
in his Historic Commentaries, says that Plato wished to

burn all the writings of Democritus that he was able to

collect
;
but that the Pythagoreans, Amyclas and Cleinias,

prevented him, as they said it would do no good, inasmuch
as copies of his books were already in many hands.

Diogenes Laertius goes on to say that it is plain that this

was the case
;

for Plato, who mentions nearly all the

ancient philosophers, nowhere speaks of Democritus."

^^
'AA.A' ^kva^ayopas fieu iv t^ Sea- *'

Cicero, De finibus bonorum et

fioiiTT}piiji Thv Tov kvkKov TeTpaywvifffihv malorutn, i., 6; Diog. Laert., ix., 7,

fypa<pf.
—

Plut., De Exil., c. 17, vol. ed. Cobet, p. 236.

iii., p. 734, ed. Didot. «*
Diog. Laert., ibid., ed. Cobet,

* De Arch., vii., Praef. p. 237.
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We are also told by Diogenes Laertius that Demo-
critus was a pupil of Leucippus and of Anaxagoras, who
was forty years his senior ;

^'^ and further, that he went

to Egypt to see the priests there, and to learn geometry
from them/^

This report is confirmed by what Democritus himself

tells us :
' I have wandered over a larger portion of the

earth than any man of my time, inquiring about things
most remote ; I have observed very many climates and

lands, and have listened to very many learned men ; but

no one has ever yet surpassed me in the construction

of lines with demonstration
; no, not even the Egyptian

Harpedonaptae, as they are called {koI ypafijuiov (TwOiaiog

fiSTo. inrodi^iOQ ovoeig kui jue Tra/oZ/AAa^t, ovS' 01 AlyvTrruov

KaXeofMivoi
'

ApmdovaTTTai'), with whom I lived five years in

all, in a foreign land.'"

We learn further, from Diogenes Laertius, that Demo-
critus was an admirer of the Pythagoreans ; that he seems
to have derived all his doctrines from Pythagoras, to such

a degree, that one would have thought that he had been

his pupil, if the difference of time did not prevent it ; that

at all events he was a pupil of some of the Pythagorean
schools, and that he was intimate with Philolaus/*

Diogenes Laertius gives a list of his writings : amongst
those on mathematics we observe the following :

—
llepi Sia(l>oprig yvbjfxovog rj irep). -^avaiog kvkXov koI a(paipr]q

(lit,. On the difference of the gnomon, or on the contact

of the circle and the sphere. Can what he has in view

be the following idea : that, the gnomon, or carpenter's

rule, being placed with its vertex on the circumference of

a circle, in the limiting position, when one leg passes

^*
Diog. Laert., ix., 7, ed. Cobet, i.,p.304, ed. Sylburg; Mullach, i^ra^/w.

p. 235. Phil. Graec, p. 370.
6«

Ibid., p. 236.
"^

Diog. Laert., ix., 7, ed. Cobet,
*'

Democrit., ap. C\Gm.Me\, Strom., p. 236.
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through the centre, the other will determine the tangent?);

one on geometry ;
one on numbers ; one on incommen-

surable lines and solids, in two books; 'Aicnvoypa^uj (a

description of rays, probably perspective)."

We also learn, from a notice of Plutarch, that Demo-

critus raised the following question :

* If a cone were cut

by a plane parallel to its base [obviously meaning, what

we should now call one infinitely near to that plane], what

must we think of the surfaces of the sections, that they are

equal or unequal ? For if they are unequal, they will show

the cone to be irregular, as having many indentations

like steps, and unevennesses ;
and if they are equal, the

sections will be equal, and the cone will appear to have

the property of a cylinder, viz., to be composed of equal,

and not unequal, circles, which is very absurd.'
'"

If we examine the contents of the foregoing extracts,

and compare the state of geometry as presented to us

in them with its condition about half a century earlier,

we observe that the chief progress made in the interval

concerns the circle. The early Pythagoreans seem not to

have given much consideration to the properties of the

circle ; but. the attention of the geometers of this period

was naturally directed to them in connection with the

problem of its quadrature.

We have already set down, seriatim, the theorems and

problems relating to the circle which are contained in the

extract from Eudemus.

Although the attempts of Antiphon and Bryson to

square the circle did not meet with much favour from the

ancient geometers, and were condemned on account of the

paralogisms in them, yet their conceptions contain the

first germ of the infinitesimal method : to Antiphon is due

69
Diog. Laert., ix., 7, ed. Cobet,

""
Plut., de Comm. Not., p. 1321, ed.

pp. 238 and 239. Didot.
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the merit of having first got into the right track by intro-

ducing for the solution of this problem—in accordance

with the atomic theory then nascent—the fundamental
idea of infinitesimals, and by trying to exhaust the circle

by means of inscribed polygons of continually increasing
number of sides ; Bryson is entitled to praise for having
seen the necessity of taking into consideration the circum-

scribed as well as the inscribed polygon, and thereby

obtaining a superior as well as an inferior limit to the

area of the circle. Bryson's idea is just, and should be

regarded as complementary to the idea of Antiphon, which
it limits and renders precise. Later, after the method of

exhaustions had been invented, in order to supply demon-
strations which were perfectly rigorous, the two limits,

inferior and superior, were always considered together,
as we see in Euclid and Archimedes.

We see, too, that the question which Plutarch tells us

that Democritus himself raised involves the idea of infini-

tesimals; and it is evident that this question, taken in con-

nection with the axiom in p. 185, must have presented real

difficulties to the ancient geometers. The general question
which underlies it was, as is well known, considered and
answered by Leibnitz :

* Caeterum aequalia esse puto, non
tantum quorum differentia est omnino nulla, sed et quo-
rum differentia est incomparabiliter parva ; et licet ea Nihil

omnino dici non debeat, non tamen est quantitas compara-
bilis cum ipsis, quorum est differentia. Quemadmodum
si lineae punctum alterius lineae addas, vel superficiei

lineam, quantitatem non auges. Idem est, si lineam qui-
dem lineae addas, sed incomparabiliter minorem. Nee
uUa constructione tale augmentum exhiberi potest. Sci-

licet eas tantum homogeneas quantitates comparabiles

esse, cum Etich'de, lib. v., dc/in. 5, censeo, quarum una

numero, sed finito, multiplicata, alteram superare potest.
Et quae tali quantitate non differunt, aequalia esse statuo,

VOL. IV. P
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quod etiam Archimedes sumsit, aliique post ipsum omnes.

Et hoc ipsum est, quod dicitur difFerentiam esse data

quavis minorem. Et Archiviedeo quidem processu res

semper deductione ad absurdum confirmari potest.'
^^

Further, we have seen that Democritus wrote on the

contact of the circle and of the sphere. The employment
of the gnomon for the solution of this problem seems to

show that Democritus, in its treatment, made use of the

infinitesimal method ;
he might have employed the

gnomon either in the manner indicated above, or, by

making one leg of the gnomon pass through the centre of

the circle, and moving the other parallel to itself, he

could have found the middle points of a system of parallel

chords, and thus ultimately the tangents parallel to them.

At any rate this problem was a natural subject of inquiry

for the chief founder of the atomic theory, just as Leibnitz

—the author of the doctrine of monads and the founder of

the infinitesimal calculus—was occupied with this same

subject of tangency.

We observe, further, that the conception of the irra-

tional {uko-^ov\ which had been a secret of the Pythagorean

school, became generally known, and that Democritus

wrote a treatise on the subject.

We have seen that Anaxagoras and Democritus wrote

on perspective, and that this is not the only instance in

which the consideration of problems in geometry of three

dimensions occupied the attention of Democritus.

On the whole, then, we find that considerable progress

had been made in elementary geometry ; and indeed the

appearance of a treatise on the elements is in itself an

indication of the same thing. We have further evidence

of this, too, in the endeavours of the geometers of this

period to extend to the circle and to volumes the results

'1 Leibnitii Opera Omnia, ed. L. Dutens, torn. iii. p. 328.
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which had been arrived at concerning rectilineal figures

and their comparison with each other. The Pythagoreans,
as we have seen, had shown how to determine a square

whose area was any multiple of a given square. The

question now was to extend this to the cube, and, in

particular, to solve the problem of the duplication of the

cube.

Proclus (after Eudemus) and Eratosthenes tell us [h and

ty p. 187) that Hippocrates reduced this question to one ot

plane geometry, namely, the finding of two mean propor-

tionals between two given straight lines, the greater of

which is double the less. Hippocrates, therefore, must

have known that if four straight lines are in continued

proportion, the first has the same ratio to the fourth that

the cube described on the first as side has to the cube

described in like manner on the second. He must then

have pursued the following train of reasoning :
—Suppose

the problem solved, and that a cube is found which is

double the given cube ;
find a third proportional to the

sides of the two cubes, and then find a fourth proportional
to these three lines ; the fourth proportional must be double

the side of the given cube : if, then, two mean propor-

tionals can be found between the side of the given cube

and a line whose length is double of that side, the problem
will be solved. As the Pythagoreans had already solved

the problem of finding a mean proportional between two

given lines—or, which comes to the same, to construct a

square which shall be equal to a given rectangle
—it was

not unreasonable for Hippocrates to suppose that he had

put the problem of the duplication of the cube in a fair

way of solution. Thus arose the famous problem of finding

two mean proportionals between two given lines—a prob-
lem which occupied the attention of geometers for many
centuries. Although, as Eratosthenes observed, the diffi-

culty is not in this way got over
; and although the new

p 2
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problem cannot be solved by means of the straight line

and circle, or, in the language of the ancients, cannot

be referred to plane problems, yet Hippocrates is entitled

to much credit for this reduction of a problem in stereo-

metry to one in plane geometry. The tragedy to which

Eratosthenes refers in this account of the legendary origin

of the problem is, according to Valckenaer, a lost play of

Euripides, named U.o\vdlo^ :

'-
if this be so, it follows that

this problem of the duplication of the cube, as well as that

of the quadrature of the circle, was famous at Athens at

this period.

Eratosthenes, in his letter to Ptolemy IIL, relates that

one of the old tragic poets introduced ]\Iinos on the stage

erecting a tomb for his son Glaucus ; and then, deeming
the structure too mean for a royal tomb, he said ' double

it, but preserve the cubical form': fxiKpov -y tXi^ag fiaaL-

\eiKOv (7>j(cov Tci^ov, ^nrXaaiog Ecrrw. tov El tov kvJ3ov fxi)

acpaXeii-.'^
Eratosthenes then relates the part taken by

Hippocrates of Chios towards the solution of this problem
as given above (p. 187), and continues : 'Later [in the time

of Plato], so the story goes, the Delians, who were suffer-

ing from a pestilence, being ordered by the oracle to

double one of their altars, were thus placed in the same

difficulty. They sent therefore to the geometers of the

Academy, entreating them to solve the question.' This

problem of the duplication of the cube—henceforth know^n

as the Delian Problem—may have been originally sug-

gested by the practical needs of architecture, as indicated

in the legend, and have arisen in Theocratic times ; it

'* See Reimer, Historia problematis kenaer shows that these words of Era -

de cubi duplicatione, p. 20, Gottingae, tosthenes contain two verses, which he

1798; and Biering, Historia prohle- thus restores :
—

7natis cubi duplicandi, p. 6, Hauniae, Miicpbi/ y" eA.e|as /SaaiAiKoi otjkov Ta<J>ou-

1844. AiwAatrtos ecrru, toO kvJSov Se fir) cr^aAV)?.

"2
Archim., ed. Torelli, p. 144. Vale- See Reimer, /. c.
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may subsequently have engaged the attention of the Py-

thagoreans as an object of theoretic interest and scientific

inquiry, as suggested above.

These two ways of looking at the question seem suited

for presenting it to the public on the one hand and to

mathematical pupils on the other. From the consideration

of a passage in Plutarch,^* however, I am led to believe

that the new problem—to find two mean proportionals

between two given lines—which arose out of it, had a

deeper significance, and that it must have been regarded

by the Pythagorean philosophers of this time as one of

great importance, on account of its relation to their

cosmology.
In the former part of this Paper (Hermathena, vol.

iii. p. 194) we saw that the Pythagoreans believed that

the tetrahedron, octahedron, icosahedron, and cube cor-

responded to the four elements of the real w^orld. This

doctrine is ascribed by Plutarch to Pythagoras himself;'*

Philolaus, who lived at this time, also held that the

elementary nature of bodies depended on their form. The

tetrahedron was assigned to fire, the octahedron to air,

the icosahedron to water, and the cube to earth ;
that is

to say, it was held that the smallest constituent parts

of these substances had each the form assigned to it.'®

This being so, what took place, according to this theory,

when, under the action of heat, snow and ice melted, or

w^ater became vapour ? In the former case, the elements

which had been cubical took the icosahedral form, and

'^
Symp., viii., Quaestio 2, c. 4 ; t)}v tov iravrhs (Xtpcupav.

Plut. Opera, ed. Didot, vol. iv., p. 877. nxaraiv Se Kal iv rovrois irvSayopi^ei.

"^
Tlvdayopas, TreVre crxwaTO)!/ ovruv Plut. Plac, ii., b, 5 & 6; Opera, ed.

(TTepewv, airep KaKiTTai Kod fMadrifxariKa, Didot, vol. iv., p. 1081.

e'/c |Uev rod Kv^ov (prjal yeyovfvai t^v
'^ Stob. Eclog. ab Heeren, lib. i.,

yriv, eK 5t tjjs irvpaixiSos rh -nvp, iK Se p. lO. See also ZeUer, Die Philos. der

ToG oKTaeSpou rbv aepa, (k Se tov ej/co- Griechen, Erster Theil, p. 376, Leip-

(Tae'Spou xb uSoip, Ik Se toC 5ai5e(cae'5/JOt/ zig, 1876.
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in the latter the icosahedral elements became octahedral.

Hence would naturally arise the following geometrical

problems :
—

Construct an icosahedron which shall be equal to a

given cube ;

Construct an octahedron which shall be equal to a

given icosahedron.

Now Plutarch, in his,53'/;//., viii., Quaestio ii.—Flwc nXarwi;

f'Aeyf Tov 6ebv ael yscofxaTpuv, 3 & 4"—accepts this theory of

Pythagoras and Philolaus, and in connection with it points
out the importance of the problem :

' Given two figures, to

construct a third which shall be equal to one of the two
and similar to the other'—which he praises as elegant, and
attributes to Pythagoras (see Hermathena, vol. iii.p. 182).

It is evident that Plutarch had in view solid and not plane

figures ; for, having previously referred to the forms of the

constituent elements of bodies, viz., air, earth, fire, and

water, as being those of the regular solids, omitting the

dodecahedron, he goes on as follows :

'

What,' said Dio-

genianus, 'has this [the problem—given two figures, to

describe a third equal to one and similar to the other] to

do with the subject?'
* You will easily know,' I said, *if

you call to mind the division in the Timaeus, which di-

vided into three the things first existing, from which the

Universe had its birth ; the first of which three we call

God [Gtoc, the arranger], a name most justly deserved
;
the

second we call matter
,
and the third idealform. . . . God

was minded, then, to leave nothing, so far as it could be

accomplished, undefined by limits, if it was capable of

being defined by limits
; but [rather] to adorn nature

with proportion, measurement, and number : making
some one thing [that is, the universe] out of the ma-
terial taken all together ; something that would be

" Plut. Ofera, ed. Didot, vol. iv. pp. 876, 7.
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like the ideal form and as big as the matter. So having

given himself this problem, when the tzvo were there,

he made, and makes, and for ever maintains, a third,

viz., the universe, which is equal to the matter and like

the model.'

Let us now consider one of these problems—the

former—and, applying to it the method of reduction, see

what is required for its solution. Suppose the problem

solved, and that an icosahedron has been constructed

which shall be equal to a given cube. Take now another

icosahedron, whose edge and volume are supposed to be

known, and, pursuing the same method which was followed

above in p. 211, we shall find that, in order to solve the

problem, it would be necessary
—

1. To find the volume of a polyhedron ;

2. To find a line which shall have the same ratio to a

given line that the volumes of two given polyhedra have

to each other ;

3. To find two mean proportionals between two given

lines ;
and

4. To construct on a given line as edge a polyhedron

which shall be similar to a given one.

Now we shall see that the problem of finding two mean

proportionals between two given lines was first solved by

Archytas of Tarentum—ultimiis Pythagoreorum
—then by

his pupil Eudoxus of Cnidus, and thirdly by Menaechmus,

who was a pupil of Eudoxus, and who used for its solu-

tion the conic sections which he had discovered : we shall

see further that Eudoxus founded stereometry by showing

that a triangular pyramid is one-third of a prism on the

same base and between the same parallel planes ; lastly,

we shall find that these great discoveries were made

with the aid of the method of geometrical analysis which

either had meanwhile grown out of the method of reduc-

tion or was invented by Archytas.
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It is probable that a third celebrated problem—the

trisection of an angle
—also occupied the attention of the

geometers of this period. No doubt the Egyptians knew
how to divide an angle, or an arc of a circle, into two

equal parts ; they may therefore have also known how to

divide a right angle into three equal parts. We have seen,

moreover, that the construction of the regular pentagon
was known to Pythagoras, and we infer that he could have

divided a right angle into five equal parts. In this way,

then, the problem of the trisection of any angle—or the

more general one of dividing an angle into any number

of equal parts
—would naturally arise. Further, if we

examine the two reductions of the problem of the tri-

section of an angle which have been handed down to

us from ancient times, we shall see that they are such

as might naturally occur to the early geometers, and that

they were quite within the reach of a Pythagorean—one

who had worthily gone through his noviciate of at least

two years of mathematical study and silent meditation.

For this reason, and because, moreover, they furnish good

examples of the method called airayiDji], I give them here.

Let us examine what is required for the trisection of

an angle according to the method handed down to us by
Pappus.'^

Since we can trisect a right angle, it follows that the

trisection of any angle can be effected if we can trisect an

acute angle.

Let now a(5y be the given acute angle which it is

required to trisect.

From any point a on the line a/3, which forms one leg
of the given angle, let fall a perpendicular ay on the other

leg, and complete the rectangle ayjSS. Suppose now that

the problem is solved, and that a line is drawn making

'*
Pappi Alex. Collect., ed. Hultsch, vol. i. p. 274.
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with /Sy an angle which is the third part of the given

angle 0/87 ; let this line cut ay in 4, and be produced until

it meet Sa produced at the point t. Let now the straight

line ^£ be bisected in tj, and at) be joined ; then the lines

Cj}, rjf, ariy and ^a are all evidently equal to each other,

and, therefore, the line ^g is double of the line aj3, which is

known.

The problem of the trisection of an angle is thus

reduced to another :
—

From any vertex /3 of a rectangle jSSay draw a line

/3^£, so that the part Z,i. of it intercepted between the two

opposite sides, one of which is produced, shall be equal
to a given line.

This reduction of the problem must, I think, be referred

to an early period : for Pappus
" tells us that when the

ancient geometers wished to cut a given rectilineal angle
into three equal parts they were at a loss, inasmuch as

the problem which they endeavoured to solve as a plane

problem could not be solved thus, but belonged to the

class called solid ;

-"

and, as they were not yet acquainted
with the conic sections, they could not see their way :

but, later, they trisected an angle by means of the conic

sections. He then states the problem concerning a rect-

angle, to which the trisection of an angle has been just

now reduced, and solves it by means of a hyperbola.
The conic sections, we know, were discovered by

'^
Ibid., vol. i. p. 270, et seq. one or more conic sections were called

*° The ancients distinguished three solid, inasmuch as for their conslruc-

kinds of problems—plane, solid, and tion we must use the superficies of solid

linear. Those which could be solved figures
—to wit, the sections of a cone,

by means of straight lines and circles A third kind, called linear, remains,

were called plane ;
and were justly so which required for their solution curves

called, as the lines by which the prob- of a higher order, such as spirals,

lems of this kind could be solved have quadratrices, conchoids, and cissoids.

their origin in piano. Those problems See Pappi Collect., ed. Hultsch,
whose solution is obtained by means of vol. i. pp. 54 and 270.
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Menaechmus, a pupil of Eudoxus (409-356 B.C.), and the

discovery may, therefore, be referred to the middle of the

fourth century.

Another method of trisecting an angle is preserved
in the works of Archimedes, being indicated in Prop. 8

of the Lemmata*^—a book which is a translation into

Latin from the Arabic. The Lemmata are referred to

Archimedes by some writers, but they certainly could not

have come from him in their present form, as his name
is quoted in two of the Propositions. They may have been

contained in a note-book compiled from various sources by
some later Greek mathematician,^" and this Proposition

may have been handed down from ancient times.

Prop. 8 of the Lemmata is :
* If a chord AB of a

circle be produced until the part produced BC is equal
to the radius ; if then the point C be joined to the centre

of the circle, which is the point D, and if CD, which cuts

the circle in F, be produced until it cut it again in E, the

arc AE will be three times the arc BE.' This theorem

suggests the following reduction of the problem :
—

With the vertex A of the given angle BAC as centre,

and any lines AC or AB as radius, let a circle be de-

scribed. Suppose now that the problem is solved, and

that the angle EAC is the third part of the angle BAC ;

through B let a straight line be drawn parallel to AE, and

let it cut the circle again in G and the radius CA produced
in F. Then, on account of the parallel lines AE and FGB,
the angle ABG or the angle BGA, which is equal to it,

will be double of the angle GFA ; but the angle BGA
is equal to the sum of the angles GFA and GAF ;

the

**! Archim. ex recens. Torelli, p.
'

Itaque puto, haec lemmata e plurium

358. mathematicorum operibus esse ex-

®- See ibid., Praefatio J. Torelli, cerpta, neque definiri jam potest,

pp. xviii. and xix. See also Heiberg, quantum ex iis Archimedi tribuendum

Quaest. Archim., p. 24, who says : sit.'
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angles GFA and GAF are, therefore, equal to each other,

and consequently the lines GF and GA are also equal. The

problem is, therefore, reduced to the following : From B
draw the straight line BGF, so that the part of it, GF,

intercepted between the circle and the diameter CAD
produced shall be equal to the radius. ^^

For the reasons stated above, then, I think that the

problem of the trisection of an angle was one of those

which occupied the attention of the geometers of this

period. Montucla, however, and after him many writers

on the history of mathematics, attribute to Hippias of

Elis, a contemporary of Socrates, the invention of a

transcendental curve, known later as the Quadratrix of

Dinostratus, by means of which an angle may be divided

into any number of equal parts. This statement is made

on the authority of the two following passages of

Proclus :
—

* Nicomedes trisected every rectilineal angle by means

of the conchoidal lines, the inventor of whose particular

nature he is, and the origin, construction, and properties

of which he has explained. Others have solved the same

problem by means of the quadratrices of Hippias and

Nicomedes, making use of the mixed lines which are

called quadratrices ; others, again, starting from the

spirals of Archimedes, divided a rectilineal angle in a

given ratio.' ''^

* In the same manner other mathematicians are accus-

tomed to treat of curved lines, explaining the properties

of each form. Thus, ApoUonius shows the properties of

each of the conic sections; Nicomedes those of the con-

83 See F. Vietae Opera Mathema- given by Montucla, but he did not

tica, studio F. a Schooten, p. 245, give any references. See Hist, des

Lugd. Bat. 1646. These two reduc- Math., torn. i. p. 194, i'^""^ ed.

tions of the trisection of an angle were ** Procl. Comm., ed. Fried., p. 272.
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choids ; Hippias those of the quadratrix, and Perseus

those of the spirals' [airuQiKCjv).^^

Now the question arises whether the Hippias referred

to in these two passages is Hippias of Elis. Montucla
believes that there is some ground for this statement, for

he says: 'Je ne crois pas que I'antiquite nous fournisse

aucun autre geometre de ce nom, que celui dont je parle.'^*

Chasles, too, gives only a qualified assent to the statement.

Arneth, Bretschneider, and Suter, however, attribute the

invention of the quadratrix to Hippias of Elis without any
qualification." Hankel, on the other hand, says that surely
the Sophist Hippias of Elis cannot be the one referred to,

but does not give any reason for his dissent.^^ I agree
with Hankel for the following reasons :

—
1. Hippias of Elis is not one of those to whom the

progress of geometry is attributed in the summary of the

history of geometry preserved by Proclus, although he is

mentioned in it as an authority for the statement con-

cerning Ameristus [or Mamercus].'^^ The omission of his

name would be strange if he were the inventor of the

quadratrix.

2. Diogenes Laertius tells us that Archytas was the

first to apply an organic motion to a geometrical dia-

gram ;^° and the description of the quadratrix requires
such a motion.

*^ Procl. Com7n., ed. Fried., p. 356.
86

Montncl., Hist, des Math., torn. i.

p. 181, nouvle ed.

8'
Chasles, Histoire de la Geom.,

p. 8
; Arneth, Gesch. der Math., p. 95 ;

Bretsch., Geom. vor Eukl., p. 94 ;

Suter, Gesch. der Math. Wissenschaft.,

P- 32.
88

Hankel, Gesch. der Math., p. 151,

note. Hankel, also, in a review of Suter,

GeschichtederMathematischen Wissen-

schaften, published in the Bullettino

di Bihliografia e di Storia delle Scienze

Matematiche e Fisiche, says :
' A pag.

31 (Un. 3-6), Hippias, I'inventore della

quadratrice, e identificato col Sofista

Hippias, il che veramente avea gia

fatto il Bretschneider (pag. 94, lin. 39-

42), ma senza dame la minima prova.'

Bullet., &c., torn. v. p. 297.
8^ Procl. Comm., ed. Fried., p.

65-
""

Diog. Laert., viii. c. 4, ed. Cobet,

p. 224.
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3. Pappus tells us that: 'For the quadrature of a circle

a certain line was assumed by Dinostratus, Nicomedes,

and some other more recent geometers, which received its

name from this property : it is called by them the qua-

dratrix.'^^

4. With respect to the observation of Montucla, I may
mention that there was a skilful mechanician and geo-

meter named Hippias contemporary with Lucian, who
describes a bath constructed by him.^^

I agree, then, with Hankel that the invention of the

quadratrix is erroneously attributed to Hippias of Elis.

But Hankel himself, on the other hand, is guilty of a

still greater anachronism in referring back the Method of

Exhaustions to Hippocrates of Chios. He does so on

grounds which in my judgment are quite insufficient.

91
Pappi, Collect., ed. Hultsch, vol. i.

pp. 250 and 252.
8-

Hippias, sell Balneum. Since

the above was written I find that

Cantor, Varies, iiber Gesch. der Math.,

p. 16^, et seq., agrees with Montucla in

this. He says :
' It has indeed been

sometimes doubted whether the Hip-

pias referred to by Proclus is really

Hippias of Elis, but certainly without

good grounds.' In support of his

view Cantor advances the following

reasons :
—

I. Proclus in his commentary fol-

lows a custom from which he never

deviates—he introduces an authorwhom
he quotes with distinct names and sur-

names, but afterwards omits the latter

when it can be done without an injury

to distinctness. Cantor gives instances

of this practice, and adds :
'
If, then,

Proclus mentions a Hippias, it must be

Hippias of Elis, who had been already

once distinctly so named in his Com-

mentary.'

2. Waiving, however, this custom of

Proclus, it is plain that with any author,

especially with one who had devoted

such earnest study to the works of

Plato, Hippias without any further

name could be only Hippias of Elis.

3. Cantor, having quoted passages

from the dialogues of Plato, says :

' We think we may assume that Hip-

pias of Elis must have enjoyed reputa-

tion as a teacher of mathematics at

least equal to that which he had as a

Sophist proper, and that he possessed

all the knowledge of his time in natural

sciences, astronomy, and mathematics.'

4. Lastly, Cantor tries to reconcile

the passage quoted from Pappus with

the two passages from Proclus :
'

Hip-

pias of Elis discovered about 420 B. c.

a curve which could serve a double pur-

pose
—

trisecting an angle and squaring

the circle. From the latter apphcation

it got its name, Quadratrix (the Latin

translation), but this name does not seem

to reach further back than Dinostratus.
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Hankel, after quoting from Archimedes the axiom— ' If

two spaces are unequal, it is possible to add their diffe-

rence to itself so often that every finite space can be

surpassed/ see p. 185
—quotes further: 'Also, former geo-

meters have made use of this lemma ; for the theorem that

circles are in the ratio of the squares of their diameters, &c.,

has been proved by the help of it. But each of the theo-

rems mentioned is by no means less entitled to be accepted

than those which have been proved without the help of

that lemma
; and, therefore, that which I now publish

must likewise be accepted.' Hankel then reasons thus :

'Since, then, Archimedes brings this lemma into such

connection with the theorem concerning the ratio of the

areas of circles, and, on the other hand, Eudemus states

that this theorem had been discovered and proved by
Hippocrates, we may also assume that Hippocrates laid

down the above axiom, which was taken up again by
Archimedes, and which, in one shape or another, forms

the basis of the Method of Exhaustions of the Ancients,

t. e. of the method to exhaust, by means of inscribed and
circumscribed polygons, the surface of a curvilinear figure.

For this method necessarily requires such a principle
in order to show that the curvilinear figure is really
exhausted by these polygons.'"' Eudemus, no doubt,
stated that Hippocrates showed that circles have the same
ratio as the squares on their diameters, but he does not

give any indication as to the way in which the theorem

was proved. An examination, however, of the portion of

the passage quoted from Archimedes which is omitted by
Hankel will, I think, show that there is no ground for

his assumption.
The passage, which occurs in the letter of Archimedes

to Dositheus prefixed to his treatise on the quadrature of

S3
Hankel, Gesch. der Math., pp. 12 1-2.
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the parabola, runs thus :
* Former geometers have also

used this axiom. For, by making use of it, they proved
that circles have to each other the duplicate ratio of their

diameters ; and that spheres have to each other the tripli-

cate ratio of their diameters ; moreover, that any pyramid
is the third part of a prism which has the same base and
the same altitude as the prism ; also, that any cone is the

third part of a cylinder which has the same base and the

same altitude as the cone : all these they proved by assum-

ing the axiom which has been set forth.' ''^

We see now that Archimedes does not bring this axiom
into close connection with the theorem concerning the

ratios of the areas of circles alone, but with three other

theorems also ; and we know that Archimedes, in a sub-

sequent letter to the same Dositheus, which accompanied
his treatise on the sphere and cylinder, states the two
latter theorems, and says expressly that they were dis-

covered by Eudoxus.^^ We know, too, that the doctrine of

proportion, as contained in the Fifth Book of Euclid, is

attributed to Eudoxus.'' Further, we shall find that the

invention of rigorous proofs for theorems such as Euclid,
vi. I, involves, in the case of incommensurable quantities,
the same difficulty which is met with in proving rigorously
the four theorems stated by Archimedes in connection with
this axiom

;
and that in fact they all required a new

method of reasoning—the Method of Exhaustions—which

must, therefore, be attributed to Eudoxus.
The discovery of Hippocrates, which forms the basis of

his investigation concerning the quadrature of the circle,

has attracted much attention, and it may be interesting to

s^ Archim. ex recens. Torelli, p. i8, see Eucl. Elem., Graece ed. ab.
95

Ibid., p. 64. August, pars ii., p. 329; also Utiter-
9" We are told so in the anonymous suchu?igen, Sec, Von Dr. J. H.

scholium on the Elements of Eudid, Knoche, p. 10. Cf. Hermathena,
which Knoche attributes to Proclus : vol. iii. p. 204, and note 105.
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inquire how it might probably have been arrived at. It

appears to me that it might have been suggested in the

following way :
—Hippocrates might have met with the

annexed figure, excluding the dotted lines, in the arts of

decoration
; and, contemplating the figure, he might have

completed the four smaller circles and drawn their diame-

ters, thus forming a square inscribed in the larger circle,

as in the diagram, A diameter of the larger circle being
then a diagonal of the square, whose sides are the diame-

ters of the smaller circles, it follows that the larger circle is

equal to the sum of two of the smaller circles. The larger
circle is, therefore, equal to the sum of the four semicircles

included by the dotted lines. Taking away the common

parts
—sc. the four segments of the larger circle standing

on the sides of the square—we see that the square is equal
to the sum of the four lunes.

This observation—concerning, as it does, the geometry
of areas—might even have been made by the Egyptians,
who knew the geometrical facts on which it is founded, and
who were celebrated for their skill in geometrical construc-

tions. See Hermathena, vol. iii. pp. i86, 203, note 10 1.

In the investigation of Hippocrates given above we meet
with manifest traces of an analytical method, as stated in

Hermathena, vol. iii. p. 197, note 91. Indeed, Aristotle—

and this is remarkable—after having defined awaywyi], evi-
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dently refers to a part of this investigation as an instance

of it : for he says,
* Or again [there is reduction], if the

middle terms between y and
j3

are few ; for thus also there

is a nearer approach to knowledge. For example, if S

were quadrature, and f a rectilineal figure, and Z, a circle ;

if there were only one middle term between e and t, viz.,

that a circle with lunes is equal to a rectilineal figure,
there would be an approach to knowledge.'" See p. 195,
above.

In many instances I have had occasion to refer to the

method of reduction as one by which the ancient geometers
made their discoveries, but perhaps I should notice that in

general it was used along with geometrical constructions:'*^

the importance attached to these may be seen from the

passages quoted above from Proclus and Democritus,

pp. 178, 207; as also from the fact that the Greeks had a

special name, xf^av^oypacpn/xa, for a faulty construction.

The principal figure, then, amongst the geometers of

this period is Hippocrates of Chios, who seems to have
attracted notice as well by the strangeness of his career as

by his striking discovery of the quadrature of the lune.

Though his contributions to geometry, which have been
set forth at length above, are in many respects important,

yet the judgment pronounced on him by the ancients is

certainly, on the whole, not a favourable one—witness

the statements of Aristotle, Eudemus, lamblichus, and
Eutocius.

How is this to be explained ? The faulty reasoning

s''
fj iraXiv \a.iray(iiyri icrTi] el oXiya ra, ed. Bek. Observe the expressions to

fieVa Twv Py Kol yap ovtms iyyvrepov 5' i<p' ^ e ev9vypafj.fjLov, &c., here, and

Tov flSevai. oTov el rh 5 elr) Terpayuvi- see p. 199, note 44.

(ecrdai, rh S' ecp' ^ e evdvypafj-ixov, rh 5'
'^

Concerning the importance of

icpi' ^ ^ kvkXos' el TOV e^ eu /j.6vov etr) geofnetrical constructions ' as a process

ixeffov, Th fxeTa ix7)vi<TKwv Xcfou yiyecrOai of deduction, see P. Laffitte, Les

ev9vypd/j./xcf) rhv kvkKov, iyyvs hv etj] Grands Types de VHiimanite^ vol. ii.

To\) elSevai. Anal. Prior, ii. 25, p. 69, a, p. 329.

VOL, IV. Q
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into which he is reported to have fallen in his pretended

quadrature of the circle does not by itself seem to me to

be a sufficient explanation of it : and indeed it is difficult

to reconcile such a gross mistake with the sagacity shown

in his other discoveries, as Montucla has remarked.''^

The account of the matter seems to me to be simply
this :

—Hippocrates, after having been engaged in com-

merce, went to Athens and frequented the schools of the

philosophers
—

evidently Pythagorean—as related above.

Now we must bear in mind that the early Pythagoreans
did not commit any of their doctrines to writing^""

—their

teaching being oral : and we must remember, further,

that their pupils [ciKovaTiKoi] were taught mathematics for

several years, during which time a constant and intense

application to the investigation of difficult questions was

enjoined on them, as also silence—the rule being so

stringent that they were not even permitted to ask ques-

tions concerning the difficulties which they met with :

"^

and that after they had satisfied these conditions they

passed into the class of mathematicians {fxaQmxaTiKo'i), being
freed from the obligation of silence ;

and it is probable
that they then taught in their turn.

Taking all these circumstances into consideration, we

may, I think, fairly assume that Hippocrates imperfectly
understood some of the matter to which he had listened ;

and that, later, when he published what he had learned, he

did not faithfully render what had been communicated to

him.

If we adopt this view, we shall have the explanation of—
I . The intimate connection that exists between the work

of Hippocrates and that of the Pythagoreans ;

•'3 Montucla, Histoire des recherches there.

sur la Quadrature du Cerclc, p. 39,
101 See A. Ed. Chaignet, Pythagore

nouv. ed., Paris, 1831. et la Philosophie Pythagoricienne, vol.

i'"> See Hermathena, vol. iii. p. i. p. 115, Paris, 1874 ;
see also Iambi.

,

179, note, and the references given de Vit. Pyth., c. 16, s. 68.
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2. The paralogism into which he fell in his attempt

to square the circle: for the quadrature of the lune on

the side of the inscribed square may have been exhibited

in the school, and then it may have been shown that the

problem of the quadrature of the circle was reducible to

that of the lune on the side of the inscribed hexagon ;

and what was stated conditionally may have been taken

up by Hippocrates as unconditional ;

^''-

3. The further attempt which Hippocrates made to

solve the problem by squaring a lune and circle together

(see p. 201) ;

4. The obscurity and deficiency in the construction

given in p. 199; and the dependence of that construction

on a problem which we know was Pythagorean [see

Hermathena, vol. iii. p. 181 [e), and note 61) ;"'^

5. The passage in lamblichus, see p. 186 {/) ; and, gene-

rally, the unfavourable opinion entertained by the ancients

of Hippocrates.
This conjecture gains additional strength from the fact

that the publication of the Pythagorean doctrines was first

'"-In reference to this paralogism tions of the question,

of Hippocrates, Bretschneider (Geoin.
^^^

Referring to the application of

vor Eukl., p. 122) says, 'It is diffi- areas, Mr. Charles Ta3'lor, An Intro-

cult to assume so gross a mistake on duction to the Ancient and Modern

the part of such a good geometer,' Geometry of Conies, Prolegomena, p.

and he ascribes the supposed error to a xxv., says,
'

Although it has not been

complete misunderstanding. He then made out wherein consisted the im-

gives an explanation similar to that portance of the discovery in the hands

given above, with this difference, that of the Pythagoreans, we shall see that

he supposes Hippocrates to have stated it played a great part in the system of

the matter correctly, and that Aiistotle Apollonius, and that he was led to

took it up erroneously ;
it seems to me designate the three conic sections by

more probable that Hippocrates took the Pythagorean terms Parabola, Hy-

up wrongly what he had heard at perbola, Ellipse.'

lecture than that Aristotle did so I may notice that we have an instance

on reading the work of Hippocrates. of these problems in the construction

Further, we see from the quotation referred to above : for other appHca-

in p. 225, from Anal. Prior., that tions of the method see Hermathena,
Aristotle fully understood the condi- vol. iii. pp. 196 and 199.
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made by Philolaus, who was a contemporary of Socrates,

and, therefore, somewhat junior to Hippocrates : Philolaus

may have thought that it was full time to make this pub-

lication, notwithstanding the Pythagorean precept to the

contrary.

The view which I have taken of the form of the

demonstrations in geometry at this period differs alto-

gether from that put forward by Bretschneider and

Hankel, and agrees better not only with what Simplicius

tells us * of the summary manner of Eudemus, who,

according to archaic custom, gives concise proofs' (see

p. 196), but also with what we know of the origin, develop-

ment, and transmission of geometry : as to the last, what

room would there be for the silent meditation on difficult

questions which was enjoined on the pupils in the Pytha-

gorean schools, if the steps were minute and if laboured

proofs were given of the simplest theorems ?

The need of a change in the method of proof was

brought about at this very time, and was in great mea-

sure due to the action of the Sophists, who questioned

everything.

Flaws, no doubt, were found in many demonstrations

which had hitherto passed current
;
new conceptions arose,

while others, which had been secret, became generally

known, and gave rise to unexpected difficulties
;
new

problems, whose solution could not be effected by the old

methods, came to the front, and attracted general atten-

tion. It became necessary then on the one hand to recast

the old methods, and on the other to invent new methods,
which would enable geometers to solve the new problems.

I have already indicated the men who were able for

this task, and I propose in the continuation of this Paper
to examine their work.

GEORGE J. ALLMAN.
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GREEK GEOMETRY FROM THALES TO
EUCLID.*

IV.

DURING
the last thirty years of the fifth century

before the Christian era no progress was made

in geometry at Athens, owing to the Peloponnesian War,

which, having broken out between the two principal States

of Greece, gradually spread to the other States, and for

the space of a generation involved almost the whole of

Hellas. Although it was at Syracuse that the issue was

really decided, yet the Hellenic cities of Italy kept aloof

from the contest,^ and Magna Graecia enjoyed at this time

* In the preparation of this part of

my Paper I have again made use of

the works of Bretschneider and Hankel,

and have derived much advantage from

the great work of Cantor— Vorlesungen
iiber Gescliichte der Mathematik. I

have also constantly used the Index

Graecitatis appended by Hultsch to

vol. iii. of his edition of Pappus ; wlaich,

indeed, I have found invaluable.

The number of students of the his-

tory of mathematics is ever increasing ;

and the centres in which this subject

is cultivated are becoming more nume-

rous.

I propose to notice at the end of

this part of the Paper some recent pub-
lications on the history of Mathematics

and new editions of ancient mathema-

tical works, which have appeared since

the last part was published.
1 At the time of the Athenian expe-

dition to Sicily they were not received

into any of the Italian cities, nor were

they allowed any market, but had only

the Uberty of anchorage and water—
and even that was denied them at Ta-

rentum and Locri. At Rhegium, how-

ever, though the Athenians were not

received into the city, they were allowed

a market without the walls ; they then

made proposals to the Rhegians, beg-

ging them, as Chalcideans, to aid the

Leontines. ' To which was answered,

that they would take part with neither,

but whatever should seem fitting to the

rest of the Italians that they also would

do.' Thucyd. vi. 44.
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a period of comparative rest, and again became flourishing.
This proved to be an event of the highest importance :

for, some years before the commencement of the Pelopon-
nesian War, the disorder which had long prevailed in the

cities of Magna Graecia had been allayed through the

intervention of the Achaeans,^ party feeling, which had
run so high, had been soothed, and the banished Pytha-

goreans allowed to return. The foundation of Thurii

(443 B. c), under the auspices of Pericles, in which the

different Hellenic races joined, and which seems not to

have incurred any opposition from the native tribes, may
be regarded as an indication of the improved state of

affairs, and as a pledge for the future.^ It is probable that

* ' The political creed and peculiar

form of government now mentioned

also existed among the Achaeans in

former times. This is clear from many
other facts, but one or two selected

proofs will suffice, for the present, to

make the thing believed. At the time

when the Senate-houses (o-we'Spja) of the

Pythagoreans were burnt in the parts

about Italy then called Magna Graecia,

and a universal change of the form of

government was subsequently made (as

was likely when all the most eminent

men in each State had been so unex-

pectedly cut off), it came to pass that

the Grecian cities in those parts were

inundated with bloodshed, sedition, and

every kind of disorder. And when em-

bassies came from very many parts of

Greece with a view to effect a cessation

of differences in the various States, the

latter agreed in employing the Achaeans,

and their well-known integrity, for the

removal of existing evils. Not only at

this time did they adopt the system of

the Achaeans, but, some time after, they

set about imitating their form of govern-
ment in a complete and thorough man-

ner. For the people of Crotona, Sybaris

and Caulon sent for them by common
consent

;
and first of all they esta-

blished a common temple dedicated to

Zeus,
' the Giver of Concord,' and a

place in which they held their meet-

ings and deliberations : in the second

place, they took the customs and laws

of the Achaeans, and applied them-

selves to their use, and to the manage-
ment of their pubhc affairs in accordance

with them. But some time after, being

hindered by the overbearing power of

Dionysius of Syracuse, and also by the

encroachments made upon them by the

neighbouring natives of the country,

they renounced them, not voluntarily,

but of necessity.' Polybius, ii. 39.

Polybius uses ffweSptov for the senate

at Rome : there would be one in each

Graeco-Italian State—a point which,

as will be seen, has not been sufficiently

noted.

•* The foundation of Thurii seems to
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the pacification was effected by the Achaeans on condition

that, on the one hand, the banished Pythagoreans should

be allowed to return to their homes, and, on the other,

that they should give up all organised political action.*

Whether this be so or not, many Pythagoreans returned

to Ital}^ and the Brotherhood ceased for ever to exist as

a political association/ Pythagoreanism, thus purified,

have been regarded as an event of high

importance ;
Herodotus was amongst

the first citizens, and Empedocles vi-

sited Thurii soon after it was founded.

The names of the tribes of Thurii show

the pan-Hellenic character of the foun-

dation.

*
Chaignet, Pythagore et la Philoso-

phie Pytkagorienne, i. p. 93, says so,

but does not give his authority ; the

passage in Polybius, ii. 39, to which he

refers, does not contain this statement.
' There are so many conflicting ac-

counts of the events referred to here

that it is impossible to reconcile them

(cf. Hermathena, vol. iv., p. 181).
The \iew which I have adopted seems

to me to fit best with the contemporary

history, with the history of geometry,
and with the balance of the authorities.

ZeUer, on the other hand, thinks that

the most probable account is ' that the

first pubhc outbreak must have taken

place after the death of Pythagoras,

though an opposition to him and his

friends may perhaps have arisen during
his lifetime, and caused his migration
to J^Ietapontum. The party struggles
with the Pythagoreans, thus begun,

may have repeated themselves at dif-

ferent times in the cities of Magna
Graecia, and the variations in the state-

ments may be partially accounted for

as recollections of these different facts.

The burning of the assembled Pytha-

goreans in Crotona and the general

assault upon the Pythagorean party

most likely did not take place until the

middle of the fifth centurj- ; and, lastly,

Pythagoras may have spent the last

portion of his life unmolested at Meta-

pontum.' (ZeUer, Pre-Socratic Philo-

sophy, vol. i., p. 360, E. T.).

Uebenveg takes a similar view :
—

' But the persecutions were also

several times renewed. In Crotona, as

it appears, the partisans of Pythagoras

and the Cylonians were, for a long time

after the death of Pythagoras, living

in opposition as political parties, till

at length, about a century later, the

Pythagoreans were surprised by their

opponents, while engaged in a delibe-

ration in the ' house of Milo '

(who him-

self had died long before), and the

house being set on fire and surrounded,

all perished, with the exception of

Archippus and Lysis of Tarentum.

(According to other accounts, the burn-

ing of the house, in which the Pytha-

goreans were assembled, took place on

the occasion of the first reaction against

the Society, in the lifetime of Pytha-

goras.) Lysis went to Thebes, and

was there (soon after 400 B. c.) a teacher

of the youthful Epaminondas.' (L^eber-

weg, History of Philosophy, vol. i.,

p. 46, E. T.)

ZeUer, in a note on the passage

quoted above, gives the reasons on
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continued as a religious society and as a philosophic
School ; further, owing to this purification and to the

members being thus enabled to give their undivided atten-

tion and their whole energy to the solution of scientific

questions, it became as distinguished and flourishing as

ever: at this time, too, remarkable instances of devoted

friendship and of elevation of character are recorded of

which his suppositions are chiefly based.

Chaignet, Pyth. et la Phil. Pyth. vol. i.,

p. 88, and note, states Zeller's opi-

nion, and, while admitting that the

reasons advanced by him do not', want

force, says that they are not strong

enough to convince him : he then gives

his objections. Chaignet, further on,

p. 94, n.
, referring to the name Italian,

by which the Pythagorean philosophy

is knowm, says :
' C'est meme ce qui

me fait croire que les luttes intestines

n'ont pas eu la duree que suppose M.
Zeller ; car si les pj-thagoriciens avaient

ete exiles pendant pres de soixante-

dix ans de I'ltalie, comment le nom de

ritalie serait-il devenuou reste attache

a leur ecole .'

'

Referring to this ob-

jection of Chaignet, Zeller says
' I know

not with what eyes he can have read a

discussion which expressly attempts to

show that the Pythagoreans were not

expelled tiU 440, and returned before

406' (loc. cit. p. 363, note).

To the objections urged by Chaignet
I would add—

1 . Nearly all agree in attributing the

origin of the troubles in Lower Italy to

the events which followed the destruc-

tion of Sybaris.

2. The fortunes of Magna Graecia

seem to have been at their lowest ebb

at the time of the Persian War
;

this

appears from the fact that, before the

battle of Salamis, ambassadors were

sent by the Lacedemonians and Athe-

nians to SjTacuse and CorcjTa, to in-

vite them to join the defensive league

against the Persians, but passed by
Lower Italy.

3. The revival of trade consequent
on the formation of the Confederacy of

Delos, 476 B. c, for the protection of

the Aegean Sea, must have had a bene-

ficial influence on the cities of Magna
Graecia, and the foundation of Thurii,

443 B. c, is in itself an indication that

the settlement of the country had been

already eff'ected.

4. The answer of the Rhegians to

Nicias, 4 1 5 B. c, shows that at that time

there existed a good understanding be-

tween the Italiot cities.

5. Zeller's argument chiefly rests on

the assumption that Lysis, the teacher

of Epaminondas, was the same as the

Lysis who in nearly all the statements

is mentioned along with Archippus as

being the only Pythagoreans who

escaped the slaughter. Bentley had

long ago suggested that they were not

the same. Lysis and Archippus are

mentioned as having handed down Py-

thagorean lore as heir-looms in their

families (Porphyrj', de vita Pyth. p. loi,

Didot). This fact is in my judgment
decisive of the matter

;
for when Lysis,

the teacher of Epaminondas, lived,

there were no longer any secrets. See

Hermathena, vol. iii., p. 179, n.
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some of the body. Towards the end of this and the begin-

ning of the following centuries encroachments were made
on the more southerly cities by the native populations, and

some of them were attacked and taken by the elder Dio-

nysius :^ meanwhile Tarentum, provided with an excellent

harbour, and, on account of its remote situation, not yet

threatened, had gained in importance, and was now the

most opulent and powerful city in Magna Graecia. In

this city, at this time, Archytas—the last great Pytha-

gorean
—grew to manhood.

Archytas of Tarentum'' was a contemporary of Plato

(428-347 B. C), but probably senior to him, and was said

by some to have been one of Plato's Pythagorean teachers^

when he visited Italy. Their friendship" was proverbial,

and it was he who saved Plato's life when he was in danger
of being put to death by the younger Dionysius [about

361 B. c). Archytas was probably, almost certainly, a

pupil of Philolaus.^" We have the following particulars

of his life :
—

• In 393 B. c. a league was formed

by some of the cities in order to pro-

t^i;t themselves against the Lucanians

and against Dionysius. Tarentum ap-

pears not to have joined the league till

later, and then its colony Heraclea was

the place of meeting. The passage in

Thucydides, quoted above, shows, how-

ever, that long before that date a good

understanding existed between the cities

of Magna Graecia.

' See Diog. Laert. viii. c. 4. See

also J. Navarro, Tentamen de Archytae
Tarentini vita atque operibus, Pars

Prior. Hafniae, 18 19, and authorities

given by him.

8 Cic. de Fm. v. 29, 87 ; Rep. i.

10, 16; de Se/iec. 12,41. Val. Max.

viii. 7.

9
Iambi., de Fit. Pyth. 127, p. 48, ed.

Didot. ' Verum ergo illud est, quod a

Tarentino Archyta, ut opinor, dici soli-

tum, nostros senes commemorare audivi

ab aliis senibus auditum : si quis in

caelum ascendisset naturamque mundi

et pulchritudinem siderum perspexisset,

insuavem illam admirationem ei fore,

quae jucundissuma fuisset, si aliquem

cui narraret habuisset. Sic natura so-

litarium nihil amat, semperque ad ali-

quod tamquam adminiculum adnititur,

quod in amicissimo quoque dulcissimum

est.'—Cic. De Amic. 23, 87.
1° Cic. de Oratore, Lib. in. xxxiv. 139,

aut Philolaus Archytam Tarentiniini }

The common reading Philolaum Ar-

chytas Tarentinus, which is manifestly

wrong, was corrected by Orellius.
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He was a great statesman, and was seven times*' ap-

pointed general of his fellow-citizens, notwithstanding the

law which forbade the command to be held for more than

one year, and he was, moreover, chosen commander-in-

chief, with autocratic powers, by the confederation of the

Hellenic cities of Magna Graecia;'^ it is further stated that

he was never defeated as a general, but that, having once

given up his command through being envied, the troops he

had commanded were at once taken prisoners : he was cele-

brated for his domestic virtues, and several touching anec-

dotes are preserved of his just dealings with his slaves, and

of his kindness to them and to children.'^ Aristotle even

mentions with praise a toy that was invented by him for

the amusement of infants :

'^ he was the object of universal

admiration on account of his being endowed with every

virtue;'^ and Horace, in a beautiful Ode,*'' in which he re-

fers to the death of Archytas by shipwreck in the Adriatic

Sea, recognises his eminence as an arithmetician, geo-

meter, and astronomer.

In the list of works written by Aristotle, but unfortu-

nately lost, we find three books on the philosophy of

Archytas, and one
[^ra Ik tov Ti/naiov kqX twv ^Ap\vTtiu)v a] ;

these, however, may have been part of his works*' on the

'1
Diog. Laert. loc. cit. ^lian, Var. accordance with Pythagorean princi-

Hist. vii. 14, says six. pies, see Iambi, de vit. Pyth. xxxi. 197,

1- ToC Koivov 56 Twv 'iTaXioiToof irpoi- pp. 66, 67, ed. Did. ; Plutarch, de ed.

(TT-q, (TTpaTriyhs alpedfls avTOKpdrwp vwh puer. lu., p. 12, ed. Did. ; as to the lat-

tSiv TToAiTcov KoX Tuv TTspl ^Kelvov rhv ter, see Athenaeus, xu. 16; Aehan,

tSttov 'EA.Atji'coj'. Suidas, sub v. This Var. Hist. xii. 15.

title (rrpar. avT. was conferred on Nicias
** Aristot. Pol. V. (8), c. vi. See

and his colleagues by the Athenians also Suidas.

when they sent their great expedition
*^

edav/xd^eTO 5^ Ka\ wapit. to7s itoX-

to Sicily : it was also conferred by the Ko7s iirl irdcrri apirrj, Diog. Laert. loc.

Syracusans on the elder Dionysius : cit.

Diodorus, xiii. 94. See Arnold, Hist. ^^
i. 28.

of Rome, i. p. 448, n. 18. "
Diog. Laert. v. r, ed.Cobet, p.ii6.

13 As to the former, which was in This, however, could hardly have been
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Pythagoreans which occur in the same list, but which also

are lost. Some works attributed to Archytas have come

down to us, but their authenticity has been questioned,

especially by Griippe, and is still a matter of dispute:^*

these works, however, do not concern geometry.
He is mentioned by Eudemus in the passage quoted

from Proclus in the first part of this Paper (Hermathena,
vol. iii. p. 162) along with his contemporaries, Leodamas of

Thasos and Theaetetus of Athens, who were also contem-

poraries of Plato, as having increased the number of

demonstrations of theorems and solutions of problems,
and developed them into a larger and more systematic

body of knowledge."
The services of Archytas, in relation to the doctrine of

proportion, which are mentioned in conjunction with those

of Hippasus and Eudoxus, have been noticed in Herma-

thena, vol iii. pp. 184 and 201.

One of the two methods of finding right-angled tri-

angles whose sides can be expressed by numbers—the

Platonic one, namely, which sets out from even numbers—
is ascribed to Architas [no doubt, Archytas of Tarentum]

by Boethius i'^" see Hermathena, vol. iii. pp. igo, 191,

and note 87. I have there given the two rules of Pytha-

so, as one book only on the Pythago-
reans is mentioned, and one against

them.

^8
Gruppe, Ueher die Fraginente des

Archytas tind der dlteren Pythagoreer.

Berlin, 1840.
13 Procl. Comm., ed. Fried., p. 66.

2° Boet. Geom., ed. Fried., p. 408.

Heiberg, in a notice of Cantor's ' His-

tory of Mathematics,' Revue Critique

d''Histoire et de Litterature, 16 Mai,

188 1, remarks,
' II est difficile de

croire a I'existence d'un auteur romain

nomme Arcliitas, qui aurait ecrit sur

I'arithmetique, et dont le nom, qui ne

serait du reste, ni grec ni latin, aurait

totalement disparu avec ses ceuvres, a

I'exception de quelque passages dans

Boece.' The question, however, still

remains as to the authenticity of the

Ars Geometriae. Cantor stoutly main-

tains that the Geometry of Boethius is

genuine : Friedlein, the editor of the

edition quoted, on the other hand, dis-

sents ; and the great majority of philo-

logists agree in regarding the question

as still sub j'udice. See Rev, Crit. loc.

cit.
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goras and Plato for finding right-angled triangles, whose

sides can be expressed by numbers
;
and I have shown

how the method of Pythagoras, which sets out from odd

numbers, results at once from the consideration of the

formation of squares by the addition of consecutive gno-

mons, each of which contains an odd number of squares.

I have shown, further, that the method attributed to Plato

by Heron and Proclus, which proceeds from even numbers,
is a simple and natural extension of the method of Pytha-

goras : indeed it is difficult to conceive that an extension

so simple and natural could have escaped the notice of his

successors. Now Aristotle tells us that Plato followed the

Pythagoreans in many things;" Alexander Aphrodisiensis,

in his Covimentary on the Metaphysics, repeats this state-

ment;*^ Asclepius goes further and says, not in many
things but in everything.'^ Even Theon of Smyrna, a

Platonist, in "his work *

Concerning those things which in

mathematics are useful for the reading of Plato,' says that

Plato in many places follows the Pythagoreans." All this

being considered, it seems to me to amount almost to a

certainty that Plato learned his method for finding right-

angled triangles whose sides can be expressed numerically

from the Pythagoreans ;
he probably then introduced it

into Greece, and thereby got the credit of having invented

his rule. It follows also, I think, that the Architas refer-

red to by Boethius could be no other than the great Pytha-

gorean philosopher of Tarentum.

The belief in the existence of a Roman agrimensor
named Architas, and that he was the man to whom Boe-

thius— or the pseudo-Boethius
—refers, is founded on a

21
Arist., Met. i. 6, p. 987, a, ed. 23

Asclep. Schol. 1. c, p. 548, a,

Bek. 35-
2- Alex. Apli.5t7Ao/.m^r/^i'., Brand.,

-* Theon. Smym. Arithm., ed. de

p. 548, a, 8. Gelder, p. 17.

vol.. V. O
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remarkable passage of the ^;^^ Geometriae^^ which, I think,

has been incorrectly interpreted, and also on another pas-

sage in which Euclid is mentioned as prior to Architas.-'^

The former passage, which is as follows :
— * Sed jam tem-

pus est ad geometri calls mensae traditionem ab Archita,

non sordido hujus disciplinae auctore, Latio accommo-
datam venire, si prius praemisero,' &c., is translated by
Cantor thus :

' But it is time to pass over to the communi-
cation of the geometrical table, which was prepared for

Latium by Architas, no mean author of this science, when
I shall first have mentioned,' &c. :-' this, in my opinion, is

not the sense of the passage. I think that ' ab Archita'

should be taken with traditionem, and not with accoriimo-

datatii^ the correct translation being— ' But it is now time

to come to the account of the geometrical table as given

by Architas (" no mean authority" in this branch of learn-

ing), as adapted by me to Latin readers ; when,' &c. Now
it is remarkable—and this, as far as I know, has been over-

looked—that the author of the A rs Geo7Jietriae, whoever he

may have been, applies to Architas the very expression

applied by Archytas to Pythagoras in Hor. Od. i. 28 :

*

iudice te, non sordidus auctor
'

naturae verique.'

The mention of Euclid as prior to Archytas is easily

explained, since we know that for centuries Euclid the

geometer was confounded with Euclid of Megara,-^ who
was a contemporary of Archytas, but senior to him.

We learn from Diogenes Laertius that he was the first

to employ scientific method in the treatment of Mechanics,

-^ Boet. ed. Fried., p. 393. with Valerius Maximus (viii. 12), an
26

Id., p. 412. author probably of the time of the
27

Cantor, Gesch. der Math., p. 493. emperor Tiberius, and was current in
^8 This error seems to have originated the middle ages.
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by introducing the use of mathematical principles; and
was also the first to apply a mechanical motion in the

solution of a geometrical problem, while trying to find

by means of the section of a semi-cylinder two mean

proportionals, with a view to the duplication of the

cube.'^^

Eratosthenes, too, in his letter to Ptolemy III., having
related the origin of the Delian Problem (see Heri^ia-

THENA, vol. iv. p. 212), tells US that 'the Delians sent a

deputation to the geometers who were staying with Plato

at Academia, and requested them to solve the proble n for

them. While they were devotiflg themselves without stint

of labour to the work, and trying to find two mean propor-
tionals between the two given lines, Archytas of Taren-
tum is said to have discovered them by means of his

semi-cylinders, and Eudoxus by means of the so-called
* Curved Lines' (Sm tCjv KoXovfxivuiv Kaf.nrv\(x)v ypa^f.i<l)v).

It was the lot, however, of all these men to be able to

solve the problem with satisfactory demonstration ; while

it was impossible to apply their methods practically so

that they should come into use; except, to some small

extent and with difficulty, that of Menaechmus.'^"

29 ovros wpuros ra firixayiKa. tcus fj.a- This seems to be the meaning of the

OT^fiariKah TrpoaxP'n<f°-H-^''os apxcus fie- passage : but Mechanics, or rather Sta-

6d>Sev(Te, Ka\ irpuros Kivr^ffiv op'faviKT)v tics, was first raised to the rank of a

ZiaypdjjLfjLaTi yeufierpiKifi Trpoariyaye, Sia demonstrative science by Archimedes,

TTjy TOfxris Tov T]fj.iKv\lySpov 5vo fxiaai who founded it on the principle of the

avb. K6yov Xafiilv (r]Twv els rhv tov lever. Archytas, however, was a prac-

Kvfiov SnrAaffia(Tfj.6v. Diog. Laert. loc. tical mechanician, and his wooden flying

cit., ed. Cobet, p. 224. dove was the wonder of antiquity. Fa-

That is, he first propounded the vorinus, see Aul. Gell. Nodes Atticae,

affinity and connexion of Mechanics x. 12.

and Mathematics with one another, by
^o

Archimedis, ex recens. Torelli,

applying Mathematics to Mechanics, p. 144 ; Archimedis, Opera Omnia,
and mechanical motion to Mathema- ed. J. L. Heiberg, vol. iii. pp. 104,

tics. 106.

O 2
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There is also a reference to this in the epigram which

closes the letter of Eratosthenes.^^

The solution of Archytas, to which these passages

refer, has come down to us through Eutocius, and is as

follows :
—

* The invention of Archytas as Eudemus relates it?"^

* Let there be two given lines aS, 7 ; it is required to

find two mean proportionals to them. Let a circle ali'^X,

be described round the greater line a§; and let the line

\i.-(\hi. <ri y 'ApxvT£<o Bv<TiJ.Tqxa.ua. epya KvXCvipuv

Si^ijai, |Ui»)S' el Ti SeouSe'os EvSofoio

Archim., ex. rec. Torelli, p. 146;

Aichim., Opera, ed. Heiberg, vol. iii.

p. 112.

^2
Ibid; ex. rec. Tor. p. 143 ; /bid.,

ed. Heib. vol. iii. p. 98.
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a/3, equal to y, be inserted in it ; and being produced let it

meet at the point tt, the line touching the circle at the

point S : further let jSt^ be drawn parallel to ttS. Now let

it be conceived that a semicylinder is erected on the semi-

circle a/3S, at right angles to it : also, at right angles to it,

let there be drawn on the line aS a semicircle lying in the

parallelogram of the cylinder. Then let this semicircle be

turned round from the point S towards /3, the extremity a

of the diameter remaining fixed
;

it will in its circuit cut

the cylindrical surface and describe on it a certain line.

Again, if, the line aS remaining fixed, the triangle ottS be

turned round, with a motion contrary to that of the semi-

circle, it will form a conical surface with the straight line

OTT, which in its circuit will meet the cylindrical line [i.e. the

line which is described on the cylindrical surface by the

motion of the semicircle] in some point; at the same time

the point j3 will describe a semicircle on the surface of the

cone. Now, at the place
^^ of meeting of the lines, let the

semicircle in the course of its motion have a position S'ko,

and the triangle in the course of its opposite motion a

position SAa; and let the point of the said meeting be k.

Also let the semicircle described by j3 be /3/i^, and the

common section of it and of the circle /3S^a be j3^ : now
from the point k let a perpendicular be drawn to the plane

of the semicircle l^la ; it will fall on the periphery of the

circle, because the cylinder stands perpendicularly. Let it

fall, and let it be ki
;
and let the line joining the points t

and a meet the line
{5t,

in the point B ;
and let the right

line aX meet the semicircle ^piZ, in the point ^t ;
also let the

lines kS', jut, fxB be drawn.
*

Since, then, each of the semicircles ^'ku, ^^Z, is at right

angles to the underlying plane, and, therefore, their common

•'^

exerw Si] decriv Kara rhv rdwou r^s ffvfinTdcrews rwv ypaiJ.fx.wu rh //.iv Kivoi-

fXivov rifiiKiKXiop uis T?;;/ tov AKA., &C,
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section fxB is at right angles to the plane of the circle ;

so also is the line fxd at right angles to /3C Therefore, the

rectangle under the lines 0/3, BZ, ;
that is, under Oa, 6i ; is

equal to the square on /aO. The triangle afxi is therefore

similar to each of the triangles fxiO, fiad, and the angle

ijua is right. But the angle S'ko is also right. Therefore,

the lines k8', jui
are parallel. And there will be the propor-

tion ;
—As the line 3'a is to qk, t. c. ku to at, so is the line m

to a/i, on account of the similarity of the triangles. The
four straight lines S'a, ok, m^ afi are, therefore, in continued

proportion. Also the line afx is equal to y, since it is equal

to the line a/3. So the two lines ad, y being given, two

mean proportionals have been found, viz. aic, at.'

Although this extract from the History of Geometry of

Eudemus seems to have been to some extent modernized

by the omission of certain archaic expressions such as

those referred to in Part II. of this Paper (Hermathena,
vol. iv. p. 199, n. 44), yet the whole passage appears to me
to bear the impress of Eudemus's clear and concise style :

further, it agrees perfectly with the report of Diogenes

Laertius, and also with the words in the letter of Eratos-

thenes to Ptolemy III., which have been given above. If

now we examine its contents and compare them with

those of the more ancient fragment, we shall find a re-

markable progress.

The following theorems occur in it :
—

[a). If a perpendicular be drawn from the vertex of a

right-.mgled triangle on the hypotenuse, each side is a

mean proportional between the hypotenuse and its ad-

jacent segment."

[b).
The perpendicular is the mean proportional be-

31 The whole investigation is, in fact, based on this theorem.

J
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tween the segments of the hypotenuse ;

^'
and, conversely,

if the perpendicular on the base of a triangle be a mean

proportional between the segments of the base, the ver-

tical angle is right.

[c).
If two chords of a circle cut one another, the rect-

angle under the segments of one is equal to the rectangle
under the segments of the other. This was most probably
obtained by similar triangles, and, therefore, required the

following- theorem, the ascription of which to Hippocrates
has been questioned.

[d). The angles in the same segment of a circle are

equal to each other.

[e). Two planes which are perpendicular to a third

plane intersect in a line which is perpendicular to that

plane, and also to their lines of intersection with the third

plane.

Archytas, as we see from his solution, was familiar

with the generation of cylinders and cones, and had also

clear ideas on the interpenetration of surfaces ; he had,

moreover, a correct conception of geometrical loci, and of

their application to the determination of a point by means
of their intersection. Further, since by the theorem of

Thales the point ju
must lie on a semicircle of which ai is

the diameter, we shall see hereafter that in the solution of

Archytas the same conceptions are made use of and the

same course of reasoning is pursued, which, in the hands

of his successor and contemporary Menaechmus, led to the

discovery of the three conic sections. Such knowledge
and inventive power surely outweigh in importance many
special theorems.

Cantor, indeed, misconceiving the sense of the word

TOTTOQy supposes that the expression ^geometrical locics'

•'5 The solutions of the Delian problem attributed to Plato, and by ]\Ie-

naechmus, are founded on this theorem.
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occurs in this passage. He says :
* In the text handed

down by Eutocius, even the word tottoq, geometrical lociis^

occurs. If we knew with certainty that here Eutocius

reports literally according to Eudemus, and Eudemus lite-

rally according to Archytas, this expression would be

very remarkable, because it corresponds with an import-
ant mathematical conception, the beginnings of which we
are indeed compelled to attribute to Archytas, whilst we
find it hard to believe in a development of it at that time

which has proceeded so far as to give it a name. In

our opinion, therefore, Eudemus, who was probably fol-

lowed very closely by Eutocius, allowed himself, inj his

report on the doubling of the cube by Archytas, some

changes in the style, and in this manner the word "
loctts,"

which in the meanwhile had obtained the dignity of a

technical term, has been inserted. This supposition is

supported by the fact that the whole statement of the pro-
cedure of Archytas sounds far less antique than, for in-

stance, that of the attempts at quadrature of Hippocrates
of Chios. Of course we only assume that Eudemus has,
to a certain extent, treated the wording of Archytas freely.
The sense he must have rendered faithfully, and thus the

conclusions we have drawn as to the stereometrical know-

ledge of Archytas remain untouched.' '*

This reasoning of Cantor is based on a misconception
of the meaning of the passage in which the word tottoq
occurs ; tottoq in it merely means place, as translated above.

Though Cantor's argument, founded on the occurrence of
the word tottoq, is not sound; yet, as I have said, the
solution of Archytas involves the conception oi geometrical
loci, and the determination of a point by means of their

intersection—not merely
' the beginnings of the concep-

tion,' as Cantor supposes ;
for surely such a notion could

38
Cantor, Vorlesungen iiber Geschichte der Mathematik, p. 197.
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not first arise with a curve of double curvature. The first

beginning of this notion has been referred to Thales in the

first part of this Paper^' (Hermathena, vol. iii. p. 170).

Further, Archytas makes use of the theorem of Thales—
the angle in a semicircle is right. He shows, moreover,

that
jLiO

is a mean proportional between ad and di, and

concludes that the angle i/ua is right : it seems to me, there-

fore, to be a fair inference from this that he must have seen

that the point fx may lie anywhere on the circumference of

a circle of which ai is the diameter. Now Eutocius, in his

Coim7tentaries on the Conies of Apollonius,^* tells us what

the old geometers meant by Plane Loci, and gives some

example of them, the first of which is this very theorem.

It is as follows :
—

* A finite straight line being given, to find a point from

which the perpendicular drawn to the given line shall be a

mean proportional between the segments. Geometers call

such a point a locus, since not one point only is the solu-

tion of the problem, but the whole place which the circum-

ference of a circle described on the given line as diameter

occupies : for if a semicircle be described on the given line,

whatever point you may take on the circumference, and

draw from it a perpendicular on the diameter, that point

will solve the problem.'

Eutocius then gives a second example—*A straight

line being given, to find a point without it from which the

37
Speaking of the solution of the buiscono alia scuola di Platone ; G.

' Dehan Problem '

by Menaechmus, Johnston Allman
(
Greek Geometry

Favaro observes: ' Avvertiamo es- from Thales to Euclid, Dublin, 1877,

pressamente che Menecmo non fu egli p. 171) la fa risalire a Talete, appog-

stesso I'inventore di questa dottrina giando la sua argumentazione con va-

[dei luoghi geometrici]. Montucla lide ragioni.' Antonio Favaro, Notizie

{Histoire des Mathematiques, nouvelle Storico-Critiche Sulla Costruzione delle

edition, tome premier. A Paris, An. Equazioni. Modena, 1878, p. 21.

vii. p. 171), e Chasles {Apergu Histo- ^8
ApoUonius, Conic, ed. Halleius,

rique. Bruxelles, 1837, p. 5) la attri- p. 10.
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straight lines drawn to its extremities shall be equal to

each other
'—on which he makes observations of a similar

character, and then adds : 'To the same effect Apollonius
himself writes in his Locus ResoltLtus, with the subjoined

[figure] :

" Two points in a plane being given, and the ratio

of two unequal lines being also given, a circle can be

described in the plane, so that the straight lines in-

flected from the given points to the circumference of the

circle shall have the same ratio as the given one."
'

Then follows the solution, which is accompanied with a

diagram. As this passage is remarkable in many respects,

I give the original :
—

To Se rpiTov tCov kwi'lkwv 7repte;^€t, f^rjcrl, TroXXa. Kol TrapdSo^a Oewp-^-

fxara ^pT^cri/Aa irpos ras crw^ccrets twv (JTepewv tottoiv. 'ETrtTreSovs

TOTTOvs Wo^ TOLS TraXatots yeoj/x€T/Dats AeyetJ/, ot6 twv Trpo^XrjfjidTwv ovk

d(f> cvos crr}fi€Lov [xovov, dXX' airb TrXetovoiv ytVerat to TroL-qjia' oXov Iv

CTTtTafei, T^s evOeias So9eLa-7]<; 7r£Trepa(Tfxivr]<; evpetv tl arrj/xelov d<^' ov
r]

d)^OiZ(Ta KadeTos CTri rrjv SoOelcrav fxia-q dvaXoyov ytVerat rdv TjxyjixdTwv.

ToTTOV KaXoVCFL TO TOIOVTOV, OV fJiOVOV ydp €V CrrjpLO-OV k(TTL TO irOLOVV TO

Trpo/SXtjfjLa, dXXd tottos oAos ov e^^et rj 7repL(f>€peia tov Trepi hidfxeTpov ttjv

Sodelaav ev6a,av kvkXoV idv ydp ctti Trj<; SoOeLo-yjs ev6eias rjfxiKVKXiov

ypacfifj, oirep av cttI Trj<; Trept^epetas XdfSr]^ arjjxeLOV, koI (Itt' avTov

KdOeTov dydyr]<s cTrl Trjv hidjx^Tpov, iroirjo-^L to Trpo/SXrjOev .... o/AOtov

Kai ypaffiCL avTos AttoXXwvlos ev t<Jj dvaXvoynevo) totto), ctti tov vttokci-

fxevov.

Avo oouevTwv arrjfjLetoiv iv CTriTreSo) Koi Aoyov SoOevTCi avtVoov ivO^iwv

ovvaTOV iaTtv iv tw cTrtTreSw ypd.ij/aL kvkXov SidTe ras aTro twv hoffivTwyf

o-rjfj.eio)v Ittl Trjv Trept^epetav tov kvkXov KAwp,eVas evOeias Aoyov 6_)(€iv

tov avTov T<2 SoOevrt.

It is to be observed, in the first place, that a contrast is

33
Heiberg, in his Litterargeschicht- inroKelfievov, a statement which is not

Itcke Sfudien iider Euklid, p. JO, reads correct. I have interpreted Halley's
Tt) viroKel/j.evov, and adds in a note that reading as referring to the subjoined

Hallcy has unoKfi/xfUQi, in place of rh diagram.
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here made between Apollonius and the old geometers (ot

TToXatoi jiwfiiTpai), the same expression which, in the second

part of this Paper (Hermathena, vol. iv. p. 217), we found

was used by Pappus in speaking of the geometers before the

time of Menaechmus. Secondly, on examination it will

be seen that loci, as, e. g., those given above, partake of a

certain ambiguity, since they can be enunciated either as

theorems or as problems ; and we shall see later that, about

the middle of the fourth century B. c, there was a discus-

sion between Speusippus and the philosophers of the Aca-

demy on the one side, and Menaechmus, the pupil and, no

doubt, successor of Eudoxus, and the mathematicians of

the school of Cyzicus, on the other, as to whether every-

thing was a theorem or everything a problem : the mathe-

maticians, as might be expected, took the latter view, and

the philosophers, just as naturally, held the former. Now
it was to propositions of this ambiguous character that the

term porism, in the sense in which it is now always used,

was applied
—a signification which was quite consistent

with the etymology of the word.*" Lastly, the reader will

not fail to observe that the first of the three loci given above

is strikingly suggestive of the method of Analytic Geo-

metry. As to the term to-koq., it may be noticed that Aris-

taeus, who was later than Menaechmus, but prior to Euclid,

wrote five books on Solid Loci [p\ (rrepeol roTrot)." In conclu-

sion, I cannot agree with Cantor's view that the passage
has the appearance of being modernized in expression :

^^
TTopiCeffdai, to procure. The ques- Amongst the ancients the word porism

tion is—in a theorem, to prove some- had also another signification, that of

thing; in a. problem, to coJtstruct some- corollary. See Heib., Liit. Stud, ilber

tiling; in z porism, to find sovaQi\img. Eiikl., pp. 56-79, where the obscure

So the conclusion of the theorem is, subject of porisms is treated with re-

Sirep eSei Sej|a£, Q. E. D., of the pro- markable clearness,

blem, fcep eSet iroi^cai, Q. E. F., and *i
Pappi, Collect., ed. Hultsch, vol.

of the porism, 'iirep eSei ivpeTv, Q. E. I. ii. p. 672.
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there is nothing in the text from which any alteration in

phraseology can be inferred, as there can be in the two

solutions of the 'Delian Problem' by Menaechmus, in

which the words parabola and hyperbola occur.

The solution of Archytas seems to me not to have been

duly appreciated. Montucla does not give the solution,

but refers to it in a loose manner, and says that it was

merely a geometrical curiosity, and of no practical import-

ance.''- Chasles, who, as we have seen (Hermathena,
vol. iii. p. 171), in the history of Geometry before Euclid,

copies Montucla, also says that the solution was purely

speculative ;
he even gives an inaccurate description of the

construction—taking an arete of the cylinder as axis of the

cone"—in which he is followed by some more recent

writers." Flauti, on the other hand, gives a clear and full

account of the method of Archytas, and shows how his

solution may be actually constructed. For this purpose it

is necessary to give a construction for finding the intersec-

tion of the surface of the semi-cylinder with that of the

tore generated by the revolution of the semicircle round

the side of the cylinder through the point a as axis; and

also for finding the intersection of the surface of the same

semi-cylinder with that of the cone described by the revo-

lution of the triangle ottS : the intersection of these curves

gives the point k, and then the point i, by means of which

the problem is solved. Now, in order to determine the

point (c,
it will be sufficient to find the projections of these

two curves on the vertical plane on aS, which contains the

axes of the three surfaces of revolution concerned, and

which Archytas calls the parallelogram of the cylinder.

*2 ' Mais ce n'etoit-1^ qu'une cuiio- torn. i. p. 188.

site geometrique, uiiiquement piopre k *^
Chasles, Histoire de la Geo7ne-

satisfaire I'esprit, et dont la pratique trie, p. 6.

ne S9auroil tiier aucuii secouis.'— ^* ^. ^. Hoefer, Histoire des Math.,

Montucla, Histoire des Mathimatiques, p. 133.
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The projection on this plane of the curve of intersection of

the tore and semi-cylinder can be easily found : the pro-

jection of the point k, for example, is at once obtained by

drawing from the point «, which is the projection of the

point K on the horizontal plane aj3S, a perpendicular t^ on

aS, and then at the point ^ erecting in the vertical plane a

perpendicular ^)j equal to ik, the ordinate of the semicircle

qkS', corresponding to the point t; and in like manner for

all other points. The projection on the same vertical plane

of the curve of intersection of the cone and semi-cylinder can

also be found : for example, the projection of the point k,

which is the intersection of ok and jk, the sides of the cone

and cylinder, on the vertical plane, is the intersection of

the projections of these lines on that plane ; the latter pro-

jection is the line ^r/, and the former is obtained by draw-

ing in the vertical plane, through the point e, a line £y

perpendicular to aS and equal to Qfx, the ordinate of the

semicircle )3/x^, and then joining av, and producing it to

meet ^tj ;
and so for all other points on the curve of inter-

section of the cone and cylinder.*^ So far Flauti.

Each of these projections can be constructed by

points :
—

To find the ordinate of the first of these curves cor-

responding to any point ^, we have only to describe a

square, whose area is the excess of the rectangle under the

line aS and a mean proportional between the lines aS and

a^, over the square on the mean : the side of this square is

the ordinate required." In order to describe the projection

of the intersection of the cone and cylinder, it will be suffi-

cient to find the length, o^, which corresponds to any ordi-

**
Flauti, Geonietria di Stto, terza Again, since o5 : ot : : a* : a|,

edizione. Napoli, 1842, pp. 192-194. ^^.^ ^ave also

but aS'= aS ; therefore, |-(}-= o5 . ai - «i^. k'T = «S . (Vo5 . o|
-

o|).
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nate, ^jj (= t/c), supposed known, of this curve ; and to effect

this we have only to apply to the given line ac a rectangle,

which shall be equal to the square on the line %r), and

which shall be excessive by a rectangle similar to a given

one, namely, one whose sides are the lines aS and ai—
i. e. the greater of the two given lines, between which the

two mean proportionals are sought, and the third propor-
tional to it and the less."

Now 0^ = €)/, aud €j/ : |7) : : ae : a| ;

we have, therefore,

iv-

lience
a\^

= )8€^
- 6^- ;

ae-

since 0€ : j| : : as : o|.

But j|2
= a| . {aS

-
o|) ;

hence we get

I'?
= -^ • a|-

- a5 . a| ;

and, finally, since

aS : afi : : afi : ae,

we have

|rj2=
—,.a|2-a5. a|.
a;S-

The equations of these projections

can, as M. Paul Tannery has shown

{Surles Solutions du Problhne de Delos

par Archytas etpar Eudoxe, Memoires
de la Societe des Sciences Physiques et

Naturelles de Bordeaux, 2e serie, tome
"• P- 277)> be easily obtained by ana-

lytic geometry. Taking, as axes of co-

ordinates, the line a5, the tangent to

the circle oy85 at the point a, and the

side of the cylinder through the point

a, the equations of the three surfaces

are :
—

the cyUnder, x- \- y"^
= ax;

the tore.

x'i + y^JrZ^ = a-\/x^+y';

the cone,

^-+^^- +
22-^-^

^2^

where a and b are the lines a5 and ojS,

between which tne two mean propor-
tionals are sought.

We easily obtain from these three

equations :

A-
'Jx'i+y-''

=
\/ab'i,

first mean proportional between b

and a
;

^/x^+y^ + z^ = \/^>
second mean proportional between b

and a.

We also obtain easily the projections

on the plane of zx of the cur\'es of in-

tersection of the cylinder and tore—
z- = aVx (Va - \/x) ;

and of the cyKnder and cone,

z-= — X- — ax.

These results agree with those ob-

tained above geometrically.
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So much ingenuity and ability are shown in the treat-

ment of this problem by Archytas, that the investigation

of these projections, in itself so natural/^ seems to have

been quite within his reach, especially as we know that

the subject of Perspective had been treated of already by

Anaxagoras and Democritus (see Hermathena, vol. iv.,

pp. 206, 208). It may be observed, further, that the con-

struction of the first projection is easily obtained ;
and as

to the construction of the second projection, we see that

it requires merely the solution of a problem attributed to

the Pythagoreans by Eudemus, simpler cases of which we

have already met with (see Hermathena, vol. iii., pp. 181,

196, 197; and vol. iv., p. 199, et sq.). On the other hand,

it should be noticed— 1° that we do not know when the

description of a curve by points was first made; 2° that

the second projection, which is a hyperbola, was obtained

later by Menaechmus as a section of the cone; 3° and,

lastly, that the names of the conic sections—parabola^ hyper-

bola, and ellipse
—derived from the problems concerning the

application, excess, and defect of areas, were first given to

them by Apollonius."

Several authors give Archytas credit for a knowledge

of the geometry of space, which was quite exceptional

and remarkable at that time, and they notice the pecu-

liarity of his making use of a curve of double curvature

—the first, as far as we know, conceived by any geome-

ter ; but no one, I believe, has pointed out the importance

of the conceptions and method of Archytas in relation to

*8 'La recherche des projections sur rique.' P. Tannery, loc. cit. p. 279.

les plans donnes des mtersections " See Hermathena, vol. iii. p. i8r,

deux a deux des surfaces auxiliaires est, and n. 61 : see, also, ApoUonii Conica,

a cet egard, si naturelles que, si Ton ed. Halleius, p. 9, also pp. 31, 33, 35 ;

pent s'etonner d'une chose, c'est pre- and Pappi Collect., ed. Hultsch, vol.

cisement qu' Archytas ait conserve d ii. p. 674; and Procli Co7nm., ed.

sa solution une forme purement theo- Friedlein, p. 419.
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the invention of the conic sections, and the filiation of ideas

seems to me to have been completely overlooked.

Bretschneider, not bearing in mind what Simplicius
tells us of Eudemus's concise proofs, thinks that this solu-

tion, though faithfully transmitted, may have been some-
what abbreviated. He thinks, too, that it must belong to

the later age of Archytas—a long time after the opening
of the Academy—inasmuch as the discussion of sections of

solids by planes, and of their intersections with each other,
must have made some progress before a geometer could
have hit upon such a solution as this

;
and also because

such a solution was, no doubt, possible only when Analysis
was substituted for Synthesis.^"

Bretschneider even attempts to detect the particular

analysis by which Archytas arrived at his solution, and,
as Cantor thinks, with tolerable success.^-^ The latter

reason goes on the assumption, current since Montucla,
that Plato was the inventor of the method of geometrical

analysis—an assumption which is based on the following
passages in Diogenes Laertius and Proclus :

—
He [Plato] first taught Leodamas of Thasos the ana-

lytic method of inquiry.^^

Methods are also handed down, of which the best is

that through analysis, which brings back what is required
to some admitted principle, and which Plato, as they say,
transmitted to Leodamas, who is reported to have become

thereby the discoverer of many geometrical theorems.^^

50 Bretscli. Geom. vor Eukl., pp.
53 UidoZoi U Sfius TrapamovTaf /c«\-

I5I> 1 52. KicTTt) jxkv 7} dta Trjs dyaXxiaeus eV dpxv""
Cantor, Geschichte der Mathe}}ia- ijjioXoyovixivnv dvdyovaa Th Cvrov/xevov,

til', p. 198. ^y Ka\ 6 HAaTwv, Sis (paffi, AicuSd/j-avri
^- Ka\ TTpuTos rhv Kara. t))v avdXvffiv irapiSwKev. dip" ris Kal iKilvos ttoWwv

TTis (T)rri(xec»s rp6iTov el(Tr)yri(rttTo Aew- Kara. yeui/jLeTpiav evper^s ItTTop-qTai 76-
^dixavri T^ Qaai(f. Diog. Laert. iii. 24, reVflat. — Procl. Comvi,, ed. Fried.,
ed. Cobet, p. 74. p. 211.
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Some authors, on the other hand, think, and as it seems

to me with justice, that these passages prove nothing more

than that Plato communicated to Leodamas of Thasos this

method of analysis with which he had become acquainted,
most probably, in Cyrene and Italy."* It is to be remem-

bered that Plato—who in mathematics seems to have been

painstaking rather than inventive—has not treated of this

method in any of his numerous writings, nor is he reported
to have made any discoveries by means of it as Leodamas
and Eudoxus are said to have done, and as we know

Archytas and Menaechmus did. Indeed we have only to

compare the solution attributed to Plato of the problem of

finding two mean proportionals—which must be regarded
as purely mechanical, inasmuch as the geometrical theo-

rem on which it is based is met with in the solution of

Archytas—with the highly rational solutions of the same

problem by Archytas and Menaechmus, to see the wide

interval between them and him in a mathematical point of

view. Plato, moreover, was the pupil of Socrates, who
held such mean views of geometry as to say that it might
be cultivated only so far as that a person might be able to

distribute and accept a piece of land by measure.^^ We
know that Plato, after his master's death, went to Cyrene
to learn geometry from Theodorus, and then to the Pytha-

goreans in Italy. Is it likely, then, that Plato, who, as far

as we know, never solved a geometrical question, should

have invented this method of solving problems in geometry

^1
J. J. de Gelder quotes these pas- celeberrimum Geometram, quern hanc

sages of Diogenes Laertius and Proclus, rationem reducendi quaestiones ad sua

and adds :

' Haec satis testantur doc- principia ignora\isse, non vero simile

tissimum jSIontucla methodi analyticae est (Bruckeri, Hist. Crit. Phil., torn. i.

inventionem perperam Platoni tribuere. p. 642)
'—De Gelder, Theonis Smyrnaei

Bruckerum rectius scripsisse existimo ; Arithm., Praemonenda, p. xlix. Lugd.
scilicet eos, qui Platonem hanc me- Bat.

thodum invenisse volunt, non cogitare, ^=>'X.Qno^\\oi\,Memorab., iv. 7 ; Diog.
ilium audivisse Theodorum Cyrenaeum, Laert., ii. 32, p. 41, ed. Cobet.

VOL. V. P



210 DR. ALLMAN ON GREEK GEOlfETRY

and taught it to Archytas, who was probably his teacher,

and who certainly was the foremost geometer of that time,

and that thereby Archytas was led to his celebrated solu-

tion of the Delian problem ?

The former of the two reasons advanced by Bret-

schneider, and given above, has reference to and is based

upon the following well-known and remarkable passage of

the Republic of Plato. The question under consideration

is the order in which the sciences should be studied :

having placed arithmetic first and geometry— i. e. the

geometry of plane surfaces—second, and having proposed
to make astronomy the third, he stops and proceeds :

—
" 'Then take a step backward, for we have gone wrong

in the order of the sciences.'

* What was the mistake V he said.

' After plane geometry,' I said,
* we took solids in revo-

lution, instead of taking solids in themselves ; whereas

after the second dimension the third, which is concerned

with cubes and dimensions of depth, ought to have fol-

lowed.'
' That is true, Socrates ; but these subjects seem to be

as yet hardly explored.'
'

Why, yes,' I said,
' and for two reasons : in the first

place, no government patronises them, which leads to a

want of energy in the study of them, and they are difficult ;

in the second place, students cannot learn them unless

they have a teacher. But then a teacher is hardly to be

found ; and even if one could be found, as matters now

stand, the students of these subjects, who are very con-

ceited, would not mind him. That, however, would be

otherwise if the whole State patronised and honoured

this science ; then they would listen, and there would be

continuous and earnest search, and discoveries would be

made
;
since even now, disregarded as these studies are
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by the world, and maimed of their fair proportions, and

although none of their votaries can tell the use of them,
still they force their way by their natural charm, and very

likely they may emerge into light.'
*

Yes,' he said,
' there is a remarkable charm in them.

But I do not clearly understand the change in the order.

First you began with a geometry of plane surfaces ?'

*

Yes,' I said.

' And you placed astronomy next, and then you made a

step backward ?'

*

Yes,' I said,
' the more haste the less speed ;

the

ludicrous state of solid geometry made me pass over this

branch and go on to astronomy, or motion of solids.'

*

True,' he said.

' Then regarding the science now omitted as supplied,
if only encouraged by the State, let us go on to astro-

nomy.'
' That is the natural order,' he said."^^

Cantor, too, says that '

stereometry proper, notwith-

standing the knowledge of the regular solids, seems on

the whole to have been yet [at the time of Plato] in a very
backward state,'" and in confirmation of his opinion quotes

part of a passage from the La7vs.^^ This passage is very

important in many respects, and will be considered later.

It will be seen, however, on reading it to the end, that the

ignorance of the Hellenes referred to by Plato, and de-

nounced by him in such strong language, is an ignorance—
not, as Cantor thinks, of stereometry

—but of incommensu-
rables.

We do not know the date of the Republic, nor that of

the discovery of the cubature of the pyramid by Eudoxus,

^^
Plato, Rep. vii. 528 ; Jowett, The tik, p. 193.

Dialogues of Plato, vol. ii. pp. 363,
^^

Plato, Zt?§-^j, vii. 819, 820
; Jowett,

364. The Dialogues of Plato, vol. iv. pp.
^'^

Cantor, Geschichte der Mathema- 333, 334.

P 2
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which founded stereometry/^ and which was an important
advance in the direction indicated in the passage given
above : it is probable, however, that Plato had heard from

his Pythagorean teachers of this desideratum ; and I have,

in the second part of this Paper (Hermathena, vol. iv.,

pp. 213, el sq.), pointed out a problem of high philosophical

importance to the Pythagoreans at that time, which re-

quired for its solution a knowledge of stereometry. Fur-

ther, the investigation given above shows, as Cantor re-

marks, that Archytas formed an honourable exception to

the general ignorance of geometry of three dimensions

complained of by Plato. It is noteworthy that this diffi-

cult problem—the cubature of the pyramid—was solved,

not through the encouragement of any State, as suggested

by Plato, but, and in Plato's own lifetime, by a solitary

thinker—the great man whose important services to geo-

metry we have now to consider.

V.

Eudoxus of Cnidus®"—astronomer, geometer, physician,

lawgiver—was born about 407 B. c, and was a pupil of

Archytas in geometry, and of Philistion, the Sicilian [or

Italian Locrian], in medicine, as Callimachus relates in his

Tablets. Sotion in his Siiccessioits^ moreover, says that he

also heard Plato ; for when he was twenty-three years of

*9 It should be noticed, however,

that with the Greeks, Stereometry had

the wider signification of geometry of

three dimensions, as may be seen from

the following passage in Proclus : ^

ii.\v yecofxerpia Siaipflrai irdXiv ets re

T^v tTriireSov Oewpiav Kal t^u crrepeo-

nerpiav.
—Procli Comfn., ed. Fried.,

p. 39 : see also tbid., pp. 73,

116.

'^^

Diog. Laert., viii. c. 8; A. Boeckh,

Ueher die vierjdhrigen Sonnenkreise

derAlten, vorziiglich den Eudoxischen,

Berlin, 1863.
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age and in narrow circumstances, he was attracted by the

reputation of the Socratic school, and, in company with

Theomedon the physician, by whom he was supported, he

went to Athens, where—or rather at Piraeus—he remained

two months, going each day to the city to hear the lectures

of the Sophists, Plato being one of them, by whom, how-

ever, he was coldly received. He then returned home,

and, being again aided by the contributions of his friends,

he set sail for Egypt with Chrysippus—also a physician,

and who, as well as Eudoxus, learnt medicine from Philis-

tion—bearing with him letters of recommendation from

Agesilaus to Nectanabis, by whom he was commended to

the priests. When he was in Egypt with Chonuphis of

Heliopolis, Apis licked his garment, whereupon the priests

said that he would be illustrious [ivdo^ov], but short-lived.®^

He remained in Egypt one year and four months, and

composed the Octa'cteris^"—an octennial period. Eudoxus

then—his years of study and travel now over—took up
his abode at Cyzicus, where he founded a school (which

became famous in geometry and astronomy), teaching there

and in the neighbouring cities of the Propontis ; he also

went to Mausolus. Subsequently, at the height of his

reputation, he returned to Athens, accompanied by a great

61 Boeckh thinks, and advances Plato, vol. i., pp. 120-124.

weighty reasons for his opinion, that ^^ The Octaeteris was an intercalary

the voyage of Eudoxus to Egypt took cycle of eight years, which was formed

place when he was still young—that is, with the object of estabhshing a cor-

about 378 B. c. ; and not in 362 B. c, respondence between the revolutions of

in which year it is placed by Letronne the sun and moon ; eight lunar years of

and others. Boeckh shows that it is 354 days, together with three months

probable that the letters of recommen- of 30 days each, make up 2922 days :

dation from Agesilaus to Nectanabis, this is precisely the number of days in

which Eudoxus took ^\dth him, were of eight years of 365^ days each. This

a much earlier date than the miUtary period, therefore, presupposes a know-

expedition of Agesilaus to Egypt. In ledge of the true length of the solar

this view Grote agrees. See Boeckh, year : its invention, however, is attri-

Sonnenkreise, pp. 140-148; Grote, buted by Censorinus to Cleostratus.
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many pupils, for the sake, as some say, of annoying Plato,

because formerly he had not held him worthy of attention.

Some say that, on one occasion, when Plato gave an enter-

tainment, Eudoxus, as there were many guests, introduced

the fashion of sitting in a semicircle."^ Aristotle tells

us that Eudoxus thought that pleasure was the summiim
ho7ium ; and, though dissenting from his theory, he praises

Eudoxus in a manner which with him is quite unusual :
—

* And his words were believed, mi ore from the excellence

of his character than for themselves; for he had the repu-
tation of being singularly virtuous, aw^^wv : it therefore

seemed that he did not hold this language as being a

friend to pleasure, but that the case really was so.'" On
his return to his own country he was received with great
honours—as is manifest, Diogenes Laertius adds, from the

decree passed concerning him—and gave laws to his fel-

low-citizens ; he also wrote treatises on astronomy and

geometry, and some other important works. He was
accounted most illustrious by the Greeks, and instead of

Eudoxus they used to call him Endoxus, on account of the

brilliancy of his fame. He died in the fifty-third year of

his age, cz'rc. 354 b. c.

The above account of the life of Eudoxus, with the ex-

ception of the reference to Aristotle, is handed down by
Diogenes Laertius, and rests on good authorities.''^ Un-

fortunately, some circumstances in it are left undetermined

as to the time of their occurrence. I have endeavoured to

present the events in what seems to me to be their natural

63 Is this the foundation of the state- librarian of the library of Alexandria
;

ment in Grote's Plato, vol. i., p. 124
— he held this office from about 250 B.C.

' the two then became friends
'

? until his death, about 240 B. c. Her-
6* Aristot. £ik. N'ic, x. 2, p. 1172, mippus of Smyrna. Sotion of Alex-

ed. Bek. andria flourished at the close of the
65 Callimachus of Cyrene ;

he was in- third century B. c. Apollodorus of

vited by Ptolemy II. Philadelphus, to Athens flourished about the year 143

a place in the JNIuseum
;
and M'as chief b. c.—Smith's Dictio/iarv.
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sequence. I regret, however, that in a few particulars as to

their sequence I am obliged to differ from Boeckh, who
has done so much to give a just view of the life and career

of Eudoxus, and of the importance of his work, and of the

high character of the school founded by him at Cyzicus.
Boeckh thinks it likely that Eudoxus heard Archytas in

geometry, and Philistion in medicine, in the interval be-

tween his Egyptian journey and his abode at Cyzicus.*^®

Grote, too, in the notice which he gives of Eudoxus,
takes the same view. He says:

—'Eudoxus was born in

poor circumstances ; but so marked was his early promise,
that some of the medical school at Knidus assisted him to

prosecute his studies—to visit Athens, and hear the So-

phists, Plato among them—to visit Egypt, Tarentum

(where he studied geometry with Archytas), and Sicily

(where he studied to. larpiKu with Philistion). These facts

depend upon the nivuKsg of Kallimachus, which are good
authority' (Diog. L. viii. 86)."

Now I think it is much more likely that, as narrated

above, Eudoxus went in his youth from Cnidus to Taren-

tum—between which cities, as we have seen, an old com-
mercial intercourse existed*^®—and there studied geometry
under Archytas, and that he then studied medicine under

the Sicilian [or Italian Locrian] Philistion. In support of

this view, it is to be observed that—
1°. The narrative of Diogenes Laertius commences with

this statement, which rests on Callimachus, who is good

authority ;

2°. The life of Eudoxus is given by Diogenes Laertius

in his eighth book, which is devoted exclusively to the

Pythagorean philosophers : this could scarcely have been

so, if he was over thirty years of age when he heard Archy-

tas, and that, too, only casually, as some think
;

^^ Boeckh, Sonne?ikreise, p. ij^g.
^s Hermathena, vol. iii. p. 175:

6' Grote, P/ato, vol. i. p. 123, n. Herod., iii. 138.
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3°. The statement that he went from Tarentum to

Sicily [or the Italian Locri] to hear Philistion, who pro-

bably was a Pythagorean—for we know that medicine was
cultivated by the Pythagoreans—is in itself credible

;

4°. Chr3'-sippus, the physician in whose company Eu-
doxus travelled to Egypt, was also a pupil of Philistion in

medicine, and Theomedon, with whom Eudoxus went to

Athens, was a physician likewise ; in this way might arise

the relation between Eudoxus and some of the medical

school of Cnidus noticed by Grote.

The statement of Grote, that ' these facts depend on the

Ilu'aicfc of Kallimachus,' is not correct
;
nor is there any

authority for his statement that Eudoxus was assisted by
the medical school of Cnidus to visit Tarentum and Sicily :

the probability is that he became acquainted with some

physicians of Cnidus as fellow-pupils of Philistion.

The geometrical works of Eudoxus have unfortunately
been lost

;
and only the following brief notices of them

have come down to us :
—

[a). Eudoxus of Cnidus, a little younger than Leon, and
a companion of Plato's pupils, in the first place, increased

the number of general theorems, added three proportions
to the three already existing, and also developed further

the things begun by Plato concerning the section [of a

line], making use, for the purpose, of the analytical
method ;

'^^

[b). The discovery of the three later proportions, re-

ferred to by Eudemus in the passage just quoted, is at-

tributed by lamblichus to Hippasus, Archytas, and
Eudoxus ;

"*

[c). Proclus tells us that Euclid collected the elements,
and arranged much of what Eudoxus had discovered.''

69 Procl. Comtn., ed. Fried., p. 67: nulius, pp. 142, 159. 163.

see Hermathena, vol. iii. p. 163.
'i Procl. Connn., ed. Fried., p. 68 :

'0 Iambi, hi Nic. Arithm., ed. Ten- see Herjiathena, vol. iii. p. 164.
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[d). We learn further from an anonymous scholium on

the Elements of Euclid, which Knoche attributes to Pro-

clus, that the fifth book, which treats of proportion, is com-

mon to geometry, arithmetic, music, and, in a word, to all

mathematical science
;
and that this book is said to be the

invention of Eudoxus [Ev'Bo^ov tlvoq tov nXarwroc SfS'ia-

KaXov) ;"

{e). Diogenes Laertius tells us, on the authority of the

Chronicles of Apollodorus, that Eudoxus was the disco-

verer of the theory of curved lines (tupav re to irepl tuq KUfx-

TTvXag ypafinag) ;

"

(/). Eratosthenes says, in the passage quoted above,

that Eudoxus employed these so-called curved lines to

solve the problem of finding two mean proportionals be-

tween two given lines
;

"^ and in the epigram which con-

cludes his letter to Ptolemy III., Eratosthenes associates

him with Archytas and Menaechmus ;"

{£). In the history of the ' Delian Problem
'

given by
Plutarch, Plato is stated to have referred the Delians, who

implored his aid, to Eudoxus of Cnidus, or to Helicon of

Cyzicus, for its solution
;

'^

[h). We learn from Seneca that Eudoxus first brought
back with him from Egypt the knowledge of the motions

of the planets ;

" and from Simplicius, on the authority of

Eudemus, that, in order to explain these motions, and in

particular the retrograde and stationary appearances of

the planets, Eudoxus conceived a certain curve, which he

called the Ju'ppopede ;'^

'^Euclidis^/d'w., ed. August., vol. ii. Heib., iii. p. 112. Some writers trans-

p. 328 ; Knoche, Untersiichungen, &c., late Qiovtios in tliis epigram by
'

divine,'

p. 10: see Hermathena, vol. iii. but the true sense seems to be ' God-

p. 204. fearing, pious' : see Arist., p. 214, sup.
'3

Diog. Laert., viii. c. 8, ed. Cobet,
"^

Plutarch, de Gen. Sac. i, Optra,

p. 226. ed. Didot, vol. iii. p. 699.
'1 Archim., ed. Torelli, p. 144; ed. " Seneca, Quaest. Nat., vii. 3.

Heiberg., iii. p. 106. ""
Brandis, Scholia in Aristot., p.

"^ Archim., ed. Tor., p. 146 ;
ed. 500, a.
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[t). Archimedes tells us expressly that Eudoxus disco-

vered the following theorems:—

Any pyramid is the third part of a prism which

has the same base and the same altitude as the

pyramid ;

Any cone is the third part of a cylinder which has

the same base and the same altitude as the

cone.'^

(/). Archimedes, moreover, points out the way in which

these theorems were discovered : he tells us that he himself

obtained the quadrature of the parabola by means of the

following lemma :
— * If two spaces are unequal, it is pos-

sible to add their difference to itself so often that every
finite space can be surpassed. Former geometers have

also used this lemma
; for, by making use of it, they proved

that circles have to each other the duplicate ratio of their

diameters, and that spheres have to each other the tripli-

cate ratio of their diameters
; further, that any pyramid is

the third part of a prism which has the same base and the

same altitude as the pyramid ;
and that any cone is the

third part of a cylinder which has the same base and the

same altitude as the cone.'*°

Archimedes, moreover, enunciates the same lemma for

lines and for volumes, as well as for surfaces.®' And the

fourth definition of the fifth book of Euclid—which book,
we have seen, has been ascribed to Eudoxus— is some-

what similar.*- It should be observed that Archimedes

'9 Archim., ed. Torelli, p. 64 ;
ed. vaT6v iaTiv virepex^^" ""afrbs rov irpoff-

Heib., vol. 1. p. 4. reOeuTOs tSiv nphs SAAijAa Keyo/xevoov.
80 Archim., ed. Tor. p. i8;ed. Heib., Archim., ed. Tor., p. 65 ;

ed. Heib.,

vol. ii. p. 296. vol. i. p. 10.

^^''ETt Se Tuv aviauv ypafxp.Siv koL tSiv ^3 Xhis definition is—
aviauiv iiTKpaveiiov Kal rSiv avicrwv are- A6yov ex^"' '"'p^s &\Ar)\a fieyedr)

peuu rb /J-e'iCof ^oS i\d(T<rovos virepexftv Aeyerai, & Svvarat KoWaTrAaffiaCS/j.iya

ToiovT(ji, o (rvvTideiu.(Vov avTo eauT(fl Sv- a.\\r)\o3v vivepixm'.
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does not say that the lemma used by former geometers was

exactly the same as his, but like it : his words are :
—

bixolov

T(jj 7rpoeipr]fxiv(jo \rt/.i/xa tl Xa/jifdavovTeg iypaf^ov.

Concerning the three new proportions referred to in {a)

and [d), see the first part of this Paper (HerjMATHENA, vol.

iii., pp. 200, 201). In Proclus they are ascribed to Eudoxus ;

whereas lamblichus reports that they are the invention of

Archytas and Hippasus, and says that Eudoxus and his

school (o£ irepX EvSo^ov /naOifinaTiKo]) only changed their

names. The explanation of these conflicting statements,

as Bretschneider has suggested, probably lies in this—that

Eudoxus, as pupil of Archytas, learned these proportions

from his teacher, and first brought them to Greece, and

that later writers then believed him to have been the in-

ventor of them.*^

For additional information on this subject, and with

relation to the further development of this doctrine by later

Greek mathematicians, who added four more means to the

six existing at this period, the reader is referred to Pappus,

Nicomachus, lamblichus, and also to the observations of

Cantor with relation to them.^*

The passage [a] concerning the section {-rrepl rj)y ro/mji')

was for a long time regarded as extremely obscure : it was

explained by Bretschneider as meaning the section of a

straight line in extreme and mean ratio, sech'o aurea, and

in the first part of this Paper (Hermathena, vol. iii.,

p. 163, note) I adopted this explanation. Bretschneider's

interpretation has since been followed by Cantor in his

classical work on the History of Mathematics,^^ and may
now be regarded as generally accepted.

A proportion contains in general four terms ; the second

and third terms may, however, be equal, and then three

83 Bretsch. Geom. vor Eukl. p. 164. p. 70. Cantor, Gesch. derMath. p. 206.

s*
Pappi Collect., ed. Hultich. vol. i.

*5 Ibid. p. 208.
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magnitudes only are concerned : further, if the magnitudes
are lines, the third term may be the difference between the

first and second, and thus the geometrical and arithmetical

ratios may occur in the same proportion : the greatest line

is then the sum of the two others, and is said to be cut in

extreme and mean ratio. The construction of the regu-

lar pentagon depends ultimately on this section—which

Kepler says was called scciio aurca, sectio divina, and pro-

portio diviiia, on account of its many wonderful properties.

This problem, to cut a given straight line in extreme and

mean ratio, is solved in Euclid ii. ii, and vi. 30; and

the solution depends on the application of areas, which

Eudemus tells us was an invention of the Pythagoreans.

Use is made of the problem in Euclid iv. 10-14; and the

subject is again taken up in .the Thirteenth Book of the

Elements.

Bretschneider observes that the first five propositions

of this book are treated there in connexion with the ana-

lytical method, which is nowhere else mentioned by Euclid ;

and infers, therefore, that these theorems are the property
of Eudoxus,**^ Cantor repeats this observation of Bret-

schneider, and thinks that there is much probability in the

supposition that these five theorems are due to Eudoxus,
and have been piously preserved by Euclid." Heiberg, in

a notice of Cantor's Vorlesunpen ilber Geschichte der Mathe-

matik, already referred to, has pointed out that these ana-

lyses and syntheses proceed from a scholiast:**® the reason-

ing of Bretschneider and Cantor is, therefore, not con-

clusive.

f'"
Bretsch., Geom. vor Eukl. p. i68. elements d'Euclide (xiii. 1-5). EUes

^^
Cantor, Gesch. der Math., p. 208. proviennent d'un scholiaste, ce qui res-

^^ Rev. Ci-it., &c., 16 Mai, 1881, p. sort, d'ailleurs, de ce que, dans les

380. 'P. i8g et siirtout, p. 236, M. C. manuscrits, elles se tiouvcnt tantot

parait accepter pour authentiques les juxtaposees aux theses uiie a une, tan-

syntheses et analyses inserees dans les tot reunies apres le chap. xiii. 5.'
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There is, however, I think, internal evidence to show
that these five propositions are older than Euclid, for—

1. The demonstrations of the first four of these theo-

rems depend on the dissection of areas, and use is made
in them of the gnomon—an indication, it seems to me, of

their antiquity.

2. The first and fifth of these theorems can be obtained

at once from the solution of Euclid ii. 1 1 ; and of these two

theorems the third is an immediate consequence ; the solu-

tion, therefore, of this problem given in Book ii. must be

of later date.

These theorems, then, regard being had to the passage
of Proclus quoted above, may, as Bretschneider and Cantor

think, be due to Eudoxus
;

it appears to me, however, to

be more probable that the theorems have come down from

an older time ; but that the definitions of analysis and

synthesis given there, and also the aAAwe (or alitcr proofs),

in which the analytical method is used, are the work of

Eudoxus. "''

As most of the editions of the Elements do not contain

the Thirteenth Book, I give here the enunciations of the

first five propositions:
—

Prop. I. If a straight line be cut in extreme and mean

ratio, the square on the greater segment, increased by half

of the whole line, is equal to five times the square of half of

the whole line.

Prop. II. If the square on a straight line is equal to

five times the square on one of its segments, and if the

^"^ I have since learned that Dr. Hei- that these definitions are due to Eu-

berg takes the same view ; he thinks doxus is probable. Zeitschrift fiir

that Cantor's supposition
—or rather, as Math, und Phys., p. 20

; 29. Jahrgang,

he should have said, Bretschneider's— i. Heft. 30 Dec. 1883.
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double of this segment is cut in extreme and mean ratio,

the greater segment is the remaining part of the straight

line first proposed.

Prop. III. If a straight line is cut in extreme and mean

ratio, the square on the lesser segment, increased by half

the greater segment, is equal to five times the square on

half the greater segment.

Prop. IV. If a straight line is cut in extreme and

mean ratio, the squares on the whole line and on the

lesser segment, taken together, are equal to three times the

square on the greater segment.

Prop. V. If a straight line is cut in extreme and mean

ratio, and if there be added to it a line equal to the greater

segment, the whole line will be cut in extreme and mean

ratio, and the greater segment will be the line first pro-

posed.

From the last of these propositions it follows that, if a

line be cut in extreme and mean ratio, the greater seg-
ment will be cut in a similar manner by taking on it a

part equal to the less ; and so on continually ;
and it re-

results from Prop. III. that twice the lesser segment ex-

ceeds the greater. If now reference be made to the Tenth

Book, which treats of incommensurable magnitudes, we
find that the first proposition is as follows :

— ' Two unequal

magnitudes being given, if from the greater a part be taken

away which is greater than its half, and if from the re-

mainder a part greater than its half, and so on, there will

remain a certain magnitude which will be less than the

lesser given magnitude
'

; and that the second proposition
is— * Two unequal magnitudes being proposed, if the lesser

be continually taken away from the greater, and if the

remainder never measures the preceding remainder, these
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magnitudes will be incommensurable'; lastly, in the third

proposition we have the method of finding the greatest

common measure of two given commensurable magni-
tudes. Taking these propositions together, and consider-

ing them in connexion with those in the Thirteenth Book,

referred to above, it seems likely that the writer to whom
the early propositions of the Tenth Book are due had in

view the section of a line in extreme and mean ratio, out

of which problem I have expressed the opinion that the

discovery of incommensurable magnitudes arose (see Her-

MATHENA, vol. iii., p. 1 98).

This, I think, affords an explanation of the place occu-

pied by Eucl. X. I in the Elements, which would otherwise

be difficult to account for : we might rather expect to find

it at the head of Bookxii., since it is the theorem on which

the Method of Exhaustions, as given by Euclid in that

book, is based, and by means of which the following theo-

rems in it are proved :
—

Circles are to each other as the squares on their

diameters, xii. 2 ;

A pyramid is the third part of a prism having the

same base and same height, xii. 7 ;

A cone is the third part of a cylinder having the

same base and same height, xii. 10
;

Spheres are to each other in the triplicate ratio

of their diameters, xii. 18.

Now two of the foregoing theorems are attributed to

Eudoxus by Archimedes ;
and the lemma, which Archi-

medes tells us former geometers used in order to prove

these theorems, is substantially the same as that assumed

by Euclid in the proof of the first proposition of his Tenth

Book : it is probable, therefore, that this proposition also is

due to Eudoxus.
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Eudoxus, therefore, as I have said (Hermathena,
vol. iv., p. 223), must be regarded as the inventor of the

Method of Exhaustions. We know, too, that the doctrine

of proportion, as contained in the Fifth Book of Euclid, is

attributed to him. I have, moreover, said (Hermathena,
loc. ctt.) that ' the invention of rigorous proofs for theorems

such as Euclid vi. i, involves, in the case of incommen-

surable quantities, the same difficulty which is met with in

proving rigorously the four theorems stated by Archimedes

in connexion with this axiom."-*" In all these cases the

difficulty was got over, and rigorous proofs supplied, in

the same way—namely, by showing that every supposition

contrary to the existence of the properties in question led,

of necessity, to some contradiction, in short by the rcdiidio

ad absurduvi'^^ {airaytu^i} tie a^vvarov). Hence it follows

that Eudoxus must have been familiar with this method of

reasoning. Now this indirect kind of proof is merely a

case of the Analytical Method, and is indeed the case in

which the subsequent synthesis, that is usually required as

a complement, may be dispensed with. In connexion with

this it may be observed that the term used here cnraywyfi
is the same that we met with (Hermathena, vol. iii.,

p. IQ7, n.) on our first introduction to the analytical me-

9" 'C'etait encore par la reduction k

I'absurde que les anciens etendaient

aux quantites incommensurables les

rapports qu'ils avaient decouverts entre

les quantites commensurables' (Carnot,

Reflexions sur la Mitaphysiqiie du

Calcul Infiiiiteshnal, p. 137, second

adition : Paris, 1813).

If the bases of the triangles are com-

mensurable, this theorem, Euclid vi. i,

can be proved by means of the First

Book and the Seventh Book, which

latter contains the theory of proportion
for numbers and for commensurable

magnitudes. It is easy to see, then,

that this theorem can be proved in a

general manner—so as to include the

case where the bases are incommensu-

rable—by the method of reductio ad

ahsurdum by means of the axiom used

in Euclid x. i, which has been attri-

buted above to Eudoxus: see pp. 218

and 223.
"'

Carnot, ibid., p. 135.
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thod ; this indeed is natural, for analysis, as Duhamel re-

marked, is nothing- else but a method of reduction.^^

Eutocius, in his Commentary on the treatise of Archi-

medes On the Sphere and Cylinder, in which he has handed

down the letter of Eratosthenes to Ptolemy ill., and in

which he has also preserved the solutions of the Delian

Problem by Archytas, Menaechmus, and other eminent

mathematicians, with respect to the solution of Eudoxus

merely says :

* We have met with the writings of many illustrious

men, in which the solution of this problem is professed;

we have declined, however, to report that of Eudoxus,

since he says in the introduction that he has found it by
means of curved lines, KOfxTrvXiov ypaixf.iMv : in the proof, how-

ever, he not only does not make any use of these curved

lines, but also, finding a discrete proportion, takes it as

a continuous one
;
which was an absurd thing to con-

ceive—not merely for Eudoxus, but for those who had to

do with geometry in a very ordinary way.'"
As Eutocius omitted to transmit the solution of Eudoxus,

so I did not give the above with the other notices of his

geometrical work. It is quite unnecessary to defend

Eudoxus from either of the charges contained in this

passage. I will only remark, with Bretschneider, that it

is strange that Eutocius, who had before him the letter of

Eratosthenes, did not recognise in the complete corruption

of the text the source of the defects which he blames.^^

We have no further notice of these so-called curved

lines : it is evident, however, that they could not have been

any of the conic sections, which were only discovered later

by Menaechmus, the pupil of Eudoxus.

92 '

L'analyse n'est done autre chose p. 41).

qu'une methode de reduction' (Du-
93 Arcliim. ed. Tor., p. 135, ed. Hei-

hamel, Des Methodes dans les Sciences berg, vol. iii. p. 66.

de Raisonnement, Premiere Partie,
si Bretsch. C^owz. zw £'2^^'/. p. 166.

Vol.. V. Q
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There is a conjecture, however, concerning them, which

is worth noticing : ]\I. P. Tannery thinks that the term

Ka/inrvXai jpafijiiai has, in the text of Eratosthenes, a par-
ticular signification, and that, compared with, e. g. the

KanirvXa To^a of Homer, it suggests the idea of a curve

symmetrical to an axis, which it cuts at right angles, and

presenting an inflexion on each side of this axis. Tannery
conjectures that these curves of Eudoxus are to be found

amongst the projections of the curves used in the solution

of his master, Archytas ; and tries to find whether, amongst
these projections, any can be found to which the denomi-

nation in question can be suitably applied. We have seen

above, p. 204, that Flauti has shown how the solution of

Archytas could be constructed by means of the projections,
on one of the vertical planes, of the curves employed in

that solution. I have further shown that the actual con-

struction of these projections can be obtained by the aid of

geometrical theorems and problems known at the time of

Archytas ; though we have no evidence that he completed
his solution in this way. Tannery has considered these

curves, and shown that the term k. 7., in the sense which
he attaches to it, does not apply to either of them, nor to

the projections on the other vertical plane; but that, on
the contrary, the term is quite applicable to the projection
of the intersection of the cone and tore on the circular

base of the cylinder."^

The astronomical work of Eudoxus is beyond the scope
of this Paper, and is only referred to in connexion with

the hippopede {h). I may briefly state, however, that he

was a practical observer, and that he '

may be considered

as the father of scientific astronomical observation in

Greece'; further, that ' he was the first Greek astronomer

who devised a systematic theory for explaining the periodic

"5
Tannery, Sur les Solutions du rrohlciiie de Delos ;par Archylas et far

Eudoxe.
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motions of the planets ';='" that he did so by means of geo-

metrical hypotheses, which later were submitted to the test

of observations, and corrected thereby; and that hence

arose the system of concentric spheres which made the

name of Eudoxus so illustrious amongst the ancients.

Although this theory was substantially geometrical,

and is in the highest degree worthy of the attention of the

students of the history of geometry, yet to render an

account of it which would be in the least degree satisfac-

tory would altogether exceed the limits prescribed to me ;

I must, therefore, refer my readers to the excellent and

memorable monograph" of Schiaparelli, who with great

ability and with rare felicity has restored the work of

Eudoxus. In this memoir the nature of the spherical curve,

called by Eudoxus the hippopede, was first placed in a clear

light : it is the intersection of a sphere and cylinder ; and

on account of its form, which resembles the figure y,
it is

called by Schiaparelli a spherical lemniscate.^^ A passage

in Xenophon, De re eqiiestri, cap. 7, explains why the

name hippopede was given to this curve, and also to one of

the spirics ()j iTnToirtdn, fua nov (nrnpiKMv ovaa)^^ of Perseus,

which also has the form of a lemniscate.

I have examined the work of Eudoxus, and pointed out

the important theorems discovered by him ;
I have also

dwelt on the importance of the methods of inquiry and

96 Sir George Cornewall Lewis,' A ^^ Procl. Comm. ed. Fried., p. 127.

Historical Survey of the Astrottomy of With respect to tlie spiric lines, see

the Ancients, p. 147, et sq. : London, Knoche and Maerker, Ex Prodi suc-

1862. cessoris hi Euclidis elementa commen-

*' G. V. Schiaparelli, Le Sfere Omo- tariis definitionis quartae expositionem

centriche di Eudosso, di Calippo e di quae de recta est linea et sectionibus,

Aristotele (Ulrico Hoepli : Milano, spiricis commentati sunt J. H. Kno-

1875). '^''"'" ^^ ^- y- ^^C'^^^^^'"-^^ Herfordiae,

93 See Schiaparelli, loc. cit., sec- 1856.

tion V.
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proof which he introduced. In order to appreciate this

part of his work, it seems desirable to take a brief retro-

spective glance at the progress of geometry as set forth in

the two former parts of this Paper,.and the state in which

it was at the time of Eudoxus, and also to refer to the phi-

losophical movement during the last generation of the fifth

century B. C. :
—

In the first part (Hermathena, vol. iii., p. 171) I attri-

buted to Thales the theorem that the sides of equiangular

triangles are proportional ;
a theorem which contains the

beginnings of the doctrine of proportion and of the simila-

rity of figures. It is agreed on all hands that these two

theories were treated at length by Pythagoras and his

School. It is almost certain, however, that the theorems

arrived at were proved for commensurable magnitudes

only, and were assumed to hold good for all. We have

seen, moreover, that the discovery of incommensurable

magnitudes is attributed to Pythagoras himself by Eude-

mus : this discovery, and the construction of the regular

pentagon, which involves incommensurability, depending
as it does on the section of a line in extreme and mean ratio,

were always regarded as glories of the School, and kept
secret ; and it is remarkable that the same evil fate is said

to have overtaken the person who divulged each of these

secrets—secrets, too, regarded by the brotherhood as so

peculiar that the pentagram, which might be taken to re-

present both these discoveries, was used by them as a sign

of recognition. It seems to be a fair inference from what

precedes, that the Pythagoreans themselves were aware

that their proofs were not rigorous, and were open to

serious objection :

^°°
indeed, after the invention of dialec-

i"" A similar view of the subject is Societe des Sciences physiques et na-

taken by P. Tannery, De la solution turelles de Bourdeaux, t. iv. (2^ serie),

geometrique des prohUmes du second p. 406. He says :
— ' La decouverte de

degre avant Euclide. Memoires de la I'incommensurabilite de certaines Ion-
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tics by Zeno, and the great effect produced throughout
Hellas by his novel and remarkable negative argumenta-

tion, any other supposition is not tenable. Further, it is

probable that the early Pythagoreans, who were naturally
intent on enlarging the boundaries of geometry, took for

granted as self-evident many theorems, especially the con-

verses of those already established. The first publication
of the Pythagorean doctrines was made by Philolaus ; and

Democritus, who was intimate with him, and probably his

pupil, wrote on incommensurables.

Meanwhile the dialectic method and the negative mode
of reasoning had become more general, or, to use the words

of Grote :
—

' We thus see that along with the methodised question
and answer, or dialectic method, employed from hencefor-

ward more and more in philosophical inquiries, comes out

at the same time the negative tendency—the probing, test-

ing, and scrutinising force—of Grecian speculation. The

negative side of Grecian speculation stands quite as pro-

minently marked, and occupies as large a measure of the

intellectual force of their philosophers, as the positive side.

It is not simply to arrive at a conclusion, sustained by
a certain measure of plausible premise—and then to pro-
claim it as an authoritative dogma, silencing or disparag-

ing all objectors—that Grecian speculation aspires. To
unmask not only positive falsehood, but even affirmation

without evidence, exaggerated confidence in what was

only doubtful, and show of knowledge without the reality
—

to look at a problem on all sides, and set forth all the diffi-

culties attending its solution—to take account of deduc-

tions from the affirmative evidence, even in the case of

conclusions accepted as true upon the balance— all this

gueurs entre elles, et avant tout de la des lors, etrs un veritable scandale

diagonale du carre a son cote, qu'elle logique, uiie ledoutable pierre d'acliop-
soit due au Maitre ou aux disciples, dut, pement.'
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will be found pervading the march of their greatest think-

ers. As a condition of all progressive philosophy, it is not

less essential that the grounds of negation should be freely

exposed than the grounds of affirmation. We shall find

the two going hand in hand, and the negativ^e vein, in-

deed, the more impressive and characteristic of the two,

from Zeno downward, in our history.'
^'''

As an immediate consequence of this it would follow

that the truth of many theorems, which had been taken for

granted as self evident, must have been questioned ;
and

that, in particular, doubt must have been thrown on the

whole theory of the similarity of figures and on all geomiC-

trical truths resting on the doctrine of proportion : indeed

it might even have been asked what was the meaning of

ratio as applied to incommensurables, inasmuch as their

mere existence renders the arithmetical theory of propor-
tion inexact in its very definition.^"'

Now it is remarkable that the doctrine of proportion is

izvice treated in the Elements—first, in a general manner,
so as to include incommensurables, in Book v., which tradi-

tion ascribes to Eudoxus, and then arithmetically in Book

vii., which probably, as Hankel has supposed, contains the

treatment of the subject by the older Pythagoreans."^ The

twenty-first definition of Book vii. is— '

ApSnoi avaXoyov

iiaLv, OTuv 6 rrpwrng rov cevripov koX 6 rpiTog tov rerapTOV

ItJUKiQ \i TToWaTrXaaiog, rj to avrb pspog, rj to. aiira pipy].

Further, if we compare this definition with the third,

fourth, and fifth definitions of Book v., I think we can see

evidence of a gradual change in the idea of ratio, and of a

development of the doctrine of proportion
—

I. The third definition, which is generally considered

""
Grote, History of Greece, vol. vi. and Ratio in the English Cyclopaedia.

p. 48. '03 Hankel, Gesch. der Math., p.
'"* See the Articles on Proportion 390.
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not to belong- to Euclid,'*'^ seems to be an attempt to bridge
over the difficulty which is inherent in incommensurables,
and may be a survival of the manner in which the subject

was treated by Democritus.

2. The fourth definition is generally regarded as having
for its object the exclusion of the ratios of finite magni-
tudes to magnitudes which are infinitely great on the one

side, and infinitely small on the other : it seems to me,

however, that its object may have been, rather, to include

the ratios of incommensurable magnitudes; moreover, since

the doctrine of proportion by means of the apagogic me-

thod of proof can be founded on the axiom which is con-

nected with this definition, and which is the basis of the

ineUiod of exhaustions, it is possible that the subject may
have been first presented in this manner by Eudoxus.

3. Lastly, in the fifth definition his final and systematic
manner of treating the subject is given.^°^

Those who are acquainted with the history of Greek

philosophy know that a state of things somewhat similar to

that represented above existed with respect to it also, and

that a problem of a similar character, also requiring a new

method, proposed itself for solution towards the close of

the fifth century B. C.
; and, further, that this problem was

solved by Socrates by means of a new philosophic me-

thod—the analysis of general conceptions. This must

have been known to Eudoxus, for we are informed that he

^"^
A(^7os la-rX Zvo fxijiOCov 6/noye- nothing geometrical by means of aritli-

viiv rj Kara nri\tK6rriTa trphs &\A7]\a metic. . . . Where the subjects are so

iroia (rxeVij. See Camerer, Eudidis different as they are in arithmetic and

elementoru7ti libri sex priores, torn ,ii. geometry we cannot apply the arith-

p. 74, et sq., Berolini, 1824. metical sort of proof to that which
'"5 In connexion with what precedes, belongs to quantities in general, unless

we are reminded of the aphorism of these quantities are numbers, which

Aristotle— ' We cannot prove anything can only happen in certain cases.'

by starting from a different genus, ^.^. Anal. post. i. 7, p. 75, a, ed. Bek.
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was attracted to Athens by the fame of the Socratic School.

Now a service, similar to that rendered by Socrates to phi-

losophy, but of higher importance, was rendered by. Eu-

doxus to geometry, who not only completed it by the

foundation of stereometry, but, by the introduction of new

methods of investigation and proof, placed it on the firm

basis which it has maintained ever since.

This eminent thinker—one of the most illustrious men
of his age, an age so fruitful in great men, the precur-

sor, too, of Archimedes and of Hipparchus—after having
been highly estimated in antiquity,^'"' was for centuries un-

duly depreciated;^"' and it is only within recent years that,

owing to the labours of some conscientious and learned

men, justice has been done to his memory, and his reputa-

tion restored to its original lustre.'"^

Something, however, remained to be cleared up, espe-

cially with regard to his relations, and supposed obligations,

to Plato.^"^ I am convinced that the obligations were quite

1°^ E. g. Cicero, de Div. ii. 42,
' Ad

Chaldaeorum monstra veniamus : de

qtiibus Eudoxus, Platonis auditor, in

astrologia judicio doctissimorum homi-

num facile princeps, sic opinatur, id

quod scriptum reliquit : Chaldaeis in

praedictione et in notatione cujusque
vitae ex natali die, minime esse creden-

dum': Plutarch, noti posse suav. vivi

sec. Epic. c. xi. Ei/5(^|^ Se kuI 'Apxi-

/j.7jSei Ka\ 'iTnrdpxtf ffvvej/dovffiw/JLey.

'°' As evidence of this depreciation
I may notice—Delambre, Histoire de

VAstroncmie ancieiine ' L'Astrono-

mien'a ete cultivee veritablement qu'en

Grece, et presque uniquement par deux

hommes, Hipparque et Ptolemee' (torn.

i. p. 325) : 'Rien ne prouve qu'il [Eu-

doxe] fut geometre
'

(torn. i. p. 131).

Well may Schiaparclli saj-
— '

Questa

enorme proposizione.' Equally mon-

strous is the following :
— '

it is only

in the first capacity [astronomer and

not geometer] that his fame has de-

scended to our day, and he has more

of it than can be justified by any ac-

count of his astronomical science now
in existence.' De Morgan, in Smith's

Dictionar}-.
1P8

Ideler, ueher Eudoxus, Abli. der

Berl. Akad. v. J. 1828 and 1830: Le-

tronne, sur les eci-its et les travaux

d'Etcdoxe de Cnide, d'apres M. Lj/d-

wig Ideler, journal des Savants, 1840 :

Boeckh, Sonnenkreise der Alien, 1863 :

Schiaparelli, le Sfere Omocentriche,

&c., 1875.
109 Even those, by whom the fame of

Eudoxus has been revived, seem to

acquiesce in this.
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in the opposite direction, and that Plato received from

Eudoxus incomparably more than he gave. As to his

solving" problems proposed by Plato, the probability is

that these questions were derived from the same source—
Archytas and the Pythagoreans. Yet I attach the highest

importance to the visit of Eudoxus to Athens ; for although
he heard Plato for two months only, that time was suf-

ficient to enable Eudoxus to become acquainted with the

Socratic method, to see that it was indispensable to clear

up some of the fundamental conceptions of geometry, and,
above all, to free astronomy from metaphysical mystifica-

tions, and to render the treatment of that science as real and

positive as that of geometry. To accomplish this, how-

ever, it was incumbent on him to know the celestial phe-

nomena, and for this purpose—inasmuch as one human life

was too short—he saw the necesssity of going to Egypt, to

learn from the priests the facts which an observation con-

tinued during many centuries had brought to light, and
which were there preserved.

I would call particular attention to the place which

Eudoxus filled in the history of science—with him, in fact,

an epoch closed, and a new era, still in existence, opened.""
He was geometer, astronomer, physician, lawgiver, and

was also counted amongst the Pythagoreans, and versed

in the philosophy of his time. He was, however, much

11'' This has been pointed out by lement philosophe, Eudoxe de Cnide

Augusta Comte :
—

'Celle-cipaseconde fut le dernier theoricien embrassant,

evolution scientifique de la Grece] com- avec un egal succes, toutes les specu-

men9a pourtant, avec tons ses carac- lations accessibles a I'esprit mathe-

t&res propres, pendant la generation matique. II servit pareillement la

anterieure a cette ere [la fondation du geometrie et I'astronomie, tandis que,
Musee d'Alexandrie], chez un savant bientot apres lui, la specialisation de-

trop meconnu, qui fournit une transi- vint deja telle que ces deux sciences ne
tion normale entre ces deux grandes purent plus etre notablement perfec-

phases theoriques, composees chacune tionnees par lesmemesorganes.' Poli-

d'environ trois siecles. Quoique nul- tique Positive, iii., p. 316, Paris, 1853.

VOL. V. R
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more the ?na?i of science^ and, of all the ancients, no one

was more imbued with the true scientific and positive

spirit than was Eudoxus : in evidence of this, I would point

to—
1°. His work in all branches of the geometry of the

day—founding new, placing old on a rational basis, and

throwing light on all—as presented above.

2°. The fact that he was the first who made observation

the foundation of the study of the heavens, and thus be-

came the father of true astronomical science.

3°. His geometrical hypothesis of concentric spheres,

which was conceived in the true scientific spirit, and which

satisfied all the conditions of a scientific research, even

according to the strict notions attached to that expression
at the present day.

4°. His '

practical and positive genius, which was averse

to all idle speculations.'
"^

5°. The purely scientific school founded by him at

Cyzicus, and the able mathematicians who issued from

that school, and who held the highest rank as geometers
and astronomers in the fourth century B. C.

"We see, then, in Eudoxus something quite new—the

first appearance in the history of the world of the man of

science
; and, as in all like cases, this change was effected

by a man who was thoroughly versed in the old system.
"-

^11
Ideler, and after him Schiapa-

relli : this appears from tlie fact testi-

fied by Cicero {vid. supra, n. io6), that

Eudoxus had no faith in the Chaldean

astrology which was then coming into

fashion among the Greeks
;
and also

from this—that he did not, hke many
of his predecessors and contemporaries,

give expression to opinions upon things
which were inaccessible to the observa-

tions and experience of the time. An

instance of this is found in Plutarch

{non posse suav. viv. sec. Epic, cxi.,

vol. iv., p. 1138, ed. Didot), who re-

lates that he, instead of speculating, as

others did, on the nature of the sun,

contented himself with saying that ' he

would willingly undergo the fate of

Phaeton if, by so doing, he could

ascertain its nature, magnitude, and

form.'

"2 Eudoxus may even be regarded as

i
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It is not without significance, too, that Eudoxus se-

lected the retired and pleasant shores of the Propontis as

the situation of the school which he founded for the trans-

mission of his method. Among the first who arose in this

school was Menaechmus, whose work I have next to con-

sider.*

in a peculiar manner uniting in. him-

self and representing the previous phi-

losophic and scientific movemen t ; for

—though not an Ionian—he was a

rian cities
;
he then went to study under

the Pythagoreans in Italy ; and, sub-

sequently, he went to Athens, being

attracted by the reputation of the

native of one of the neighbourin;^; Do- Socratic school.

*
[The Bibliographical Note, refeiTed to in page i86, will be given in the

next No. of Hermathena.]

GEORGE J. ALLMAN.





>y.\





l^From 'Hermathena', No. XII. i886. {Vol. VI. pp. 105-130.)]

GREEK GEOMETRY FROM THALES TO
EUCLID.*

DiNOSTRATUS was brother of Menaechmus, and is men-

tioned by Eudemus, together with Amyclas and Menaech-

mus, as having made the whole of geometry more perfect.'

The only notice of his work which has come down to us

is contained in the following passage of Pappus :
—

* For the quadrature of the circle a certain curve- was

employed by Dinostratus, Nicomedes, and some other more

recent geometers, which has received its name from the

property that belongs to it ; for it is called by them the

quadratrix (rtrpaywi't^ouaa), and its generation is as fol-

lows :
—

' Let a square a^yS be assumed, and about the centre y
let the quadrant' j3tS be described, and let the line yjS be

* The previous portions of this Paper The following works have also been

have appeared in Hermathena, Vol. published : EucHdis Elementa, edidit et

s/iii., No. V.
;
Vol. iv., No. ,vii. ;

and Latine interpretatus est J. L. Heiberg,

Vol. v., Nos. X. and xi. Dr. Phil., vol. iv. libros xi.-xiii. con-

Since the publication of the last part tinens, Lipsiae, 1885 ; Die Lehre vo7t

the two works announced in the note den Kegehchnitten int Altertum von

on the title (Hermathena, Vol. v., Dr. H. G. Zeuthen, erster halbband,

p. 403) have appeared : Autolyci de Kopenhagen, 1886.

Sphaera quae 7novetur Liber, De orti- ' See Hermathena, vol. v. p. 406 (a).

bus et occasibus Libri duo : una cum *
7po^^^. The Greeks had no spe-

scholiis antiquis e libris manuscriptis cial name for ' a curve.'

edidit Latina interpretatione et com- 3
Treptc^e'peta, arc. ' Ex recentiorum

mentariis instruxit F. Hultsch, Lipsiae, usu irfpicpfpeiav id est partem aliquam

1885 ; Diophantos of Alexandria. ; A totius circuli circumferentiae, Ernestum

Study in the History of Greek Algebra, Nizze, Theodosii interpretem, secuti

by T. L. Heath, Cambridge, 1885. plerumque arcian interpretati sumus.'
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moved so that the point 7 remain fixed, and the point j3
be

borne [[along the quadrant /StS : again, let the straight line

j3a, always remaining parallel to the line 78, accompany
the point j3 while it is borne along the line jSy ; and let the

line 7j3, moving uniformly, pass over the angle /37S—that

is, the point j3 describe the quadrant )3f8—in the same time

in which the straight line /3a traverses the line /3y
—that is,

the point /3 is borne along ^y. It will evidently happen

that each of the lines 7/3 and ^ia will coincide simultaneously

with the straight line 78. Such then being the motion, the

straight lines j3a, ^y in their motion will cut one another in

some point, which always changes its place with them
; by

which point, in the space between the straight lines ^37, 7S,

and the quadrant {iil, a certain curve concave towards the

same side such as j3i)0,
is described ; which indeed seems to

be useful for finding a square, which shall be equal to a

given circle. But its characteristic property is this :
—if any

line, as ynt, be drawn to the circumference, as the whole

quadrant jStS is to the arc tS, so is the straight line ^y to

rjX ;
for this is evident from the generation of the curve. '^

(Autolyci de Sphaera quae movetur *
Pappi Alexandrini Collectionis quae

Liber, de ortibus et occasibus Libri supersunt, ed. Hultsch, vol. i. pp. 250,

duo, ed. F. Hultsch, Praefatio, p. xiv. 252.

Lipsiae, 1885.)
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Pappus has, moreover, transmitted to us the property

of the quadratrix, from which it received its name, toge-

ther with the proof. It is as follows :
—

' If a/J7S be a square, and jSsS be the quadrant about the

centre y, and the line ^i^O be the quadratrix described as in

the manner given above
;

it is proved that : as the quadrant

gtj3 is to the straight line [Sy, so is /Sy to the straight line

yO. For if it is not, the quadrant h\i will be to the line jSy

as /Sy to a line greater than yB, or to a lesser.

' In the first place let it be, if possible [as /Sy], to a

greater line jk ;
and about the centre y let the quadrant ^jjk

be described, cutting the curve at the point rj ;
let the per-

pendicular i]\ be drawn, and let the joining line yjj be

produced to the point t. Since then : as the quadrant Sa/S

is to the straight line /Sy, so is /3y
—that is y8

—to the

line
yic,

and as yS is to yic, so is the quadrant j3eS to the

quadrant Z,^k (for the circumferences of circles are to each

other as their diameters),^ it is evident that the quadrant

Z,r]K is equal to the straight line /3y. And since, on account

of the property of the curve, there is : as the quadrant jSeS

is to the arc eS, so is /3y to tjA ;
and therefore : as the qua-

drant ^jjK is to the arc rjK, so is the straight line j3y to the

line ^\. And it has been shown that the quadrant 6/k is

equal to the straight line /jy ;
therefore the arc rjic will be

equal to the straight line rjA, which is absurd. Therefore it

is not true that : as the quadrant jStS is to the straight line

j3y, so is j3y to a line greater than yB.'

'Further, I say, that neither is it to a line less than y0.

For, if possible, let it be to yic,
and about the centre y let

the quadrant tfJ-K be described, and let the line Kn be drawn

at right angles to the line yS, cutting the quadratrix at the

point };, and let the joining line yj; be produced to the

5 ' Hoc theorema extat V propos. 1 1 aequales anguli insistunt inter se esse

et VIII propos. 22 ; simul autem scrip- ut radios.' {Ibid. p. 257, n.)

tor tacite efficit circulorum arcus quibiis



108 DR. ALLMAN ON GREEK GEOMETRY

point f. In like manner then to what has been proved

above, we show that the quadrant ZfiK is equal to the

straight line jSy, and that : as the quadrant /BeS is to the

arc cS—that is, as the quadrant Z,jjik.
to the arc juk

—so is the

straight line jSy'to the line j/k. From which it is evident

that the arc juk is equal to the straight line k^/, which is

absurd. Therefore it is not true that : as the quadrant /3fS

is to the straight line jSy, so is /Sy to a line less than 7^.

Neither is it to a greater, as has been proved above ; there-

fore it is to the line yd itself.'*'

Pappus continues— ' This also is evident, that if a third

proportional be taken to the straight lines By, 7)8, the

straight line [thus found] will be equal to the quadrant

jSfS; and four times this line will be equal to the circum-

ference of the whole circle. But the straight line, which is

equal to the circumference of a circle, being found, it is

evident that a square equal to the circle itself can be easily-

constructed : for the rectangle under the perimeter of a

circle and its radius is double of the circle, as Archimedes

proved.''

Pappus also relates that Sporus justly found fault with

this curve, for two reasons :
—

° Ibid. pp. 256, 258. "Laos iar\ rpiycifco opdoyoivlcf, oh t] fiev
'' Paulo aliis verbis Pappus id theo- (k rod Keurpov iari fita twv irepl rijv

renia enuntiat atque ipse Archimedes opdriv, f) 5e ir€pifj.erpos ttJ Aonrj]. {/du/.

cjrculi dimens. propos. i : nas kvkAos p. 259, n. 2.)
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1,
' It takes for granted the very thing for which the

quadratrix is employed ;
for it is not possible to make one

point move from j3 to 7 along the straight line jSy in the

same time that another point moves along the quadrant

/itS, unless the ratio of the straight line to the quadrant is

first known, inasmuch as it is necessary that the rates of

the motions should be to each other in the same ratio.'

2. 'The extremity of the curve which is employed for

the quadrature of the circle—that is, the point in which the

quadratrix cuts the straight line yS—is not found ; for when

the straight lines yjS, /3a, being moved, are brought simul-

taneously to the end of their motion, they coincide with the

line 78, and no longer cut one another—for the cutting

ceases before the coincidence with the line aS, which inter-

section on the other hand is taken as the extremity of the

curve, in which it meets the straight line aS : unless, per-

haps, some one might say that the curve should be con-

sidered as produced—just as we suppose that straight lines

are produced—as far as aS
;
but this by no means follows

from the principles laid down
;
but in order that this point

6/ may be assumed, the ratio of the quadrant to the straight

line must be presupposed.'

He then adds, that ' unless this ratio is given, one

should not—trusting to the authority of the inventors—
accept a curve, which is rather of a mechanical kind (jriv

ypajjifxriv fir]\aviKUJTiQav ttwq ovaav).
®

Sporus was a mathematician whose solution of the

Delian problem has been handed down by Eutocius in his

Commentary on the treatise of Archimedes On the Sphere

and Cylinderf this solution, he tells us, is the same as that

of Pappus, which precedes it in Eutocius, and which is also

given by Pappus himself in the third and eighth books of

8 Ibid. pp. 252, 254. mentariis Eutocii, ed. Heiberg, vol. iii.

'
Archiniedis, <7/6va omnia aim com- pp. 90, 92.
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his Collectio7ts}^ M. Paul Tannery thinks that Sporus was
the teacher, or an elder fellow-pupil of Pappus, and places
him towards the end of the third century of our era

; and,

further, he identifies him with Porus (Sporus) of Nicaea,

the author of a collection entitled 'A/otrrrortXtica Krjpjo (see

Hermathena, vol. iv. p. 1 88), which contained, according
to M. Tannery, extracts from mathematical works relating to

the quadrature of the circle and the duplication of the cube, as

also a compilation in relation to the Meteorologies ofAristotle.

M. Tannery is of opinion, moreover, that the historical works

of Eudemus were driven out of the field at an early period

by compilations from them, that the History of Geometry in

particular did not survive the fourth century, and that this

Collection of Sporus was the principal source from which

Pappus, Simplicius, and Eutocius derived their informa-

tion concerning these two famous geometrical problems.^'
In any case, it seems to me probable that a valuable

fragment of the History of Geometry of Eudemus is pre-
served in the extracts from Pappus given above, whether

they have been taken by Pappus from that History, or

derived second-hand through Sporus [Porus].
On examining the demonstration of the property of the

quadratrix given above, we see that the following theorems

are required for it :
—

{a). The circumferences of circles are to each other as

their diameters.

(3). The arcs of two concentric circles, which subtend

the same angle at their common centre, are to each other

as the quadrants of those circles.

1"
Pappi, Op. cit., vol. i. p. 64, sq., Bordeaux, pp. 70-76, 257-261, 1882.

vol. iii. p. 1070, sq. Cf. Pour Vhistoire des lignes et sur-
'1 Sur les fragments d'Eudeme de faces courbes dans Patitiqtiite. Bul-

Rhodes relatifs d Vhistoire des matJie- letin des Sciences Matliem. et Astro-

tnatiques ; also, Sur Sporos de Nicee ; nom., z*" serie t. vii.

Annales de la Faculte des Lettres de
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This theorem is an immediate consequence of Euclid,

vi. 33 :—

[c). In equal circles, angles at the centre have the same

ratio to each other as the arcs on which they stand.

We see, further, that the following assumptions are

made in the proof:
—

1°. An arc of a circle less than a quadrant is greater

than the perpendicular let fall from one of its extremities

on the radius drawn through the other ;

2°. And is less than the tangent drawn at one ex-

tremity of the arc to meet the radius produced through the

other.

We notice, moreover, that the proof is indirect ; and it

is, indeed, as Cantor has remarked, the first of the kind

with which we meet.^^ We have seen, however, that

Eudoxus must have been familiar with this method of

reasoning (see Hermathena, vol. v., p. 224) ; and we
know that Autolycus of Pitane, in Aeolis, who was a con-

temporary of Dinostratus, makes use of the argument :
—

oTTto tariv uTOTTov, or acvvarov, in many propositions of his

book rifpi KLVOviiitvr}Q (Tcpaipag.^^

We see, too, that the investigation of Dinostratus,

which gives a graphical solution of the determination of

the ratio of the circumference of a circle to its diameter, is

a complement to the work of Eudoxus, for the problem
which was solved by means of the quadratrix arose natu-

rally from the theorem that circles are to each other as the

squares on their diameters.

It is to be observed, then, in the first place, that the

problem which is solved above by means of the quadratrix

is, in reality, the rectification of the quadrant, and that it

1-
Cantor, Geschich. der Math., p.

i-''

Autolyci, O^. ctt, pp. 12,4; 14,

213. 7; 24, 14; 32, 4; 8, 17; 22, I.
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is taken for granted that the quadrature of the circle—
from which the name of the curve is derived—follows from

its rectification. Secondly, we see that in order to make

this inference the theorem—the area of a circle is equal to

one-half the rectangle under the circumference, or four

times the quadrant, and the radius—must be assumed.

This theorem is equivalent to the first proposition of

Archimedes, Dimensio circuit, referred to above. Lastly, it

is noteworthy that the rectification of the quadrant is

obtained by means of principles which are substantially

the same as those assumed by Archimedes, and adopted

by all geometers, ancient and modern."

It seems to be a legitimate inference from this that

these axioms must be referred back to Dinostratus, and

most probably to Eudoxus.

Pappus, no doubt, in two places
—

v., prop ii, and viii.,

prop. 22—proves that the circumferences of circles are to

each other as their diameters,'^ and, in each place, makes

the proof depend on the theorem cited above. He adds,

however, in the former proposition:
— 'The same maybe

proved without assuming that the rectangle under the

diameter of a circle and its periphery is four times the

circle. For the similar polygons, which are inscribed in

circles, or circumscribed about, them, have perimeters

which have the same ratio to each other as the radii of the

^^ ' Nous partirons, poiir la solution courbe tout concave du meme cote, est

de ce probleme [de la rectification des plus grand que sa corde, et en meme

combes], du principe d' Aixhinicde, temps moindre que la somme des deux

adopte par tons les geometres anciens tangentes menees aux deux extremites

et modernes, suivant lequel deux lignes de Tare, et comprises entre ces extre-

courbes, ou composees de droites, mites et leur point d'intersection.'—
ayant leurs concavites toumees du Lagrange, Theo7-ie des Fo7ictions Ana-

meme cote et les memes extremites, lytiques, p. 218. Paris, 1813.

ceUe qui renferme I'autre est la plus
^^

Pappi, Op. cit., vol. i., pp. 334,

longue. D'oii il suit qu'un arc de 336; vol. iii., pp. 1104, 1 106.
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circles, so that also the circumferences of circles are to

each other as their diameters/

Bretschneider thinks that the criticisms of Sporus are

not of much importance, and says that they only come to

this :
— ' That the quadratrix cannot be constructed geo-

metrically, but is obtained only mechanically by means of

a series of points, which must then be joined by a steady

stroke of the free hand.'^" It seems to me, however, that

these criticisms are just; and that Sporus and Pappus are

right in maintaining that the description of the curve

assumes the very thing for which the quadratrix is em-

ployed/'
Bretschneider shows that the theorem from which the

quadratrix derives its name can be easily obtained by
the infinitesimal method,

*

by means of the proportion

jStS : 78 : : tS : r/A, from the observation that the nearer the

radius 75 approaches to 78, the more nearly does the sector

7£S approach to a triangle similar to the triangle 7X17 ;
and

therefore, for the limiting case, where yz and 7S coincide,

the ratio to : rjA actually passes over into that of 7S : -^0.'

He adds :
— ' Such considerations have often served the old

geometers as means for their discoveries, but are never

used as proofs. The latter are always given through the

reductio ad absurdum, which, indeed, allows no trace of the

way followed in the inquiry to be recognized.''^ This

observation is both just and important.

The same remark has been made by M. P. Laffitte, who

points out that, in the establishment of any truth, there are

1"
Bretschneider, Geo^n. v. Eukl., p. tion of the curves themselves assumes

g6. the point which their use is to deter-

i'' 'Various other modes might be mine.'—English CyclopcBdia, sub. v.,

found of making either of these curves Quadratrix.

[the quadratrix of Dinostratus and the is
Bretschneider, Geont. t. Eukl., p.

quadratrix of Tschirnhausen] square the 1 54.

circle
;
but the fact is that the descrip-

VOL. VI. I
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two parts (or operations) which, he says, have not been

hitherto sufficiently distinguished :

i"". The invention or the discovery of the proposition.

2°. Its proof.

And he further observes, that, after the discovery has been

arrived at, the proof is often furnished by the method ex

ahsiirdo}'^

In a former part of this Paper (Hermathena, vol. iv.

pp. 220, sq.)^ I gave reasons in support of Hankel's opinion

that the Hippias referred to by Proclus, in connexion with

the quadratrix, is not Hippias of Elis."° As I mentioned,

however, in giving them, I had not then read Cantor's

defence of the common opinion ; but, on reading it subse-

quently, I was much struck with the force of his argu-

ments, and introduced them in a note—the only course

then open to me. M. Paul Tannery, in a Paper, the first

part of which was published in the Bitlletin des Sciences

Matheniatiques et Astronomiques^ Octobre, 1883, and en-

titled,
* Pour I'histoire des lignes et surfaces courbes dans

'5 p. Laffitte, Les Grands Types de organic motion to a geometrical dia-

VHutnatiite, vol. ii., pp. 308, et sq. ; gram ;
and the description of tlie qua-

p. 328, et seq. dratrix requires such a motion.

20 For convenience of reference I 3. Pappus tells us that :

' For the

quote them here :
—

quadrature of a circle a certain line was

1. Hippias of Elis is not one of those assumed by Dinostratus, Nicomedes,

to whom the progress of Geometry is and some other more recent geometers,

attributed in the summary of the his- which received its name from this

tory of geometry preseiTed by Proclus, property : it is called by them the qua-

although he is mentioned in it as an dratrix.'

authority for the statement concerning 4. With respect to the observation

Ameristus [or Mamercus]. The omis- of Montucla, I may mention that there

sion of his name would be strange if he was a skilful mechanician and geometer

were the inventor of the quadratrix. named Hippias contemporary with

2. Diogenes Laertius tells us that Lucian, who describes a bath con-

Archytas was the first to apply an structed by him-
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I'antiquite,'
^^ has criticized the reasons advanced by me

against the common opinion :
—

With reference to argument i^, he replies :
— ' This omis-

sion is sufficiently explained by the discredit under which
the sophists laboured in the eyes of Eudemus; and the list

in question presents a much more remarkable one—that of

Democritus.'

With reference to 2°, he says :
— < This observation is

not accurate. An indefinite number of points of the

quadratrix, as near as one wishes, may be obtained by the

ruler and compass ; and it is doubtful whether the ancients

sought any other process for the construction of this curve.'

M. Tannery continues :
— ' The authority of Diogenes Laer-

tius is, moreover, so much the less acceptable, inasmuch as

he speaks in express terms of the solution of the Delian

problem by Archytas. Now, Eutocius [Archimedes^ ed.

Torelli, pp. 143-144) has preserved to us, on the one side,

this solution, in which there is not any employment of an

instrument; and, on the other side (p. 145), a letter, in

which Eratosthenes states that,
"

if Archytas, Eudoxus,

&c., were able to prove the accuracy of their solutions,

they could not realise them manually and practically, ex-

cept, to a certain extent, Menaechmus, but in a very
troublesome way."'^-

' The Mesolahe of Eratosthenes is, in fact, the oldest

instrument of which the employment for a geometrical
construction is known. This text indicates that, before

Menaechmus, people were not engrossed with the practical

tracing of curves ; whilst the inventor of the conic sections

would have tried, more or less, to resolve this question for

the lines which he had discovered.'

As to these observations of M. Tannery, I admit that

'^^ Bulletin lies Sc. Math, et Astron.,
22 gee Hermathena, volume v.,

2^ serie, vii. i (1883), pp. 279 sq. p. 195.

I 2
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Diogenes Laertius is not a safe guide in mathematics, as

indeed I noticed in the first part of my Paper (Herma-
THEEA, vol. iii., p. 167, n. 16). In quoting him, I certainly

did not mean to convey that, in my opinion, Archytas
had actually traced the curve, used in his solution of the

Delian problem, by any mechanical means
;
and I agree

with ]\I. Tannery that the letter of Eratosthenes is quite

decisive on that point. At the same time it is evident that

the conception of a curve being traced by means of motion

is contained in the solution of Archytas, to whom, along

with Philolaus, his master, and Eudoxus, his pupil, the

first notions of mechanics are attributed. And with re-

spect to the quadratrix itself, although, as M. Tannery

remarks, an indefinite number of points on the quadratrix,

as near as one wishes, can be obtained with the ruler and

compass, yet the conception of motion is no less involved

in the nature and very definition of the curve.

In reply to my observation 3°, ]M. Tannery says :
—

' The divergence of the accounts given by Proclus and by

Pappus is easily explained by the difference of the sources

from which they drew. All that the former says of curves

is undoubtedly borrowed from Geminus, an author of the

first century before the Christian era ; and his language

proves that Geminus was acquainted with a writing of

Hippias on the quadratrix, and regarded him as the in-

ventor of this curve, though he was aware that Nicomedes

also was engaged with it.' M. Tannery continues:—'As

to Pappus, he quotes Geminus only apropos of the works of

Archimedes on mechanics. He does not appear to have

borrowed anything from him for geometry, particularly in

the part which is concerned with curved lines and sur-

faces ;

' and adds:—'One can scarcely doubt but that

Sporus was the source from which Pappus has derived

what he says on the quadratrix.' We have noticed this

above.
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With reference to 4°, M. Tannery says:
—'The exist-

ence of the Hippias referred to in it is by no means proved,

for the writing in question seems to be only a pure fancy;

but in any case it is impossible to think of any geometer

posterior to Geminus, or even, as it seems to me, to Nico-

medes.'

The suggestion which I made concerning Hippias, the

contemporary of Lucian, was thrown out by me without

sufficient consideration in reply to the observation of

Montucla. Later, I became aware of the ideal character

of that writing, and that it was the work of a pseudo-

Lucian.^^

The result of the whole discussion seems to be : that

the quadratrix was invented, probably by Hippias of Elis,

with the object of trisecting an angle, and was originally

employed for that purpose ;
that subsequently Dinostratus

used the curve for the quadrature of the circle, and that its

name was thence derived. This seems to be Cantor's view

of the matter.'-^ M. Tannery tells us that he, too, had at

first interpreted the passage of Pappus in the same way as

Cantor; but that, on further consideration, he thinks that

it is open to grave objections. He says :
— ' In the first

place, the text of Geminus in Proclus clearly supposes that

the name of the curve had been given to it by its inventor,

Hippias. On the other hand, it is evident that the prac-

tical use of the curve implies the construction of a model

cut in a square, having the quadratrix in place of the

hypotenuse, and which could be applied, like omxprotractor^

to the figures under consideration. Consequently, the

determination of the intersection of the curve with the axis

at once becomes necessary; and the problem is not, in

-3 See Zeller, History of Greek Phi- E.T.

lotoplty from the earliest period to the -^ Cantor, Geschichte der Mathema-

time of Socrates, vol. ii., p. 422, "• 2, tik, pp. 167 and 212.
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reality, so difficult that we should think that Hippias was

incapable of perceiving its relation to the quadrature of the

circle. Finally, the fame of this last problem was at the

time sufficiently great to lead Hippias to borrow from it

the name of his curve, rather than from the problem which

he had, without any doubt, considered in the first place.'"

These views of M. Tannery seem to me to be quite

inadmissible, and are indeed quite inconsistent with what

we know of Greek geometry (see Hermathena, vol. iv.,

p. 22 1 et seq. ;
vol. v., p. 223 elseq.).~'^ The problem solved by

means of the quadratrix must, as stated above, be regarded
as the natural complement of the work of Eudoxus ;

and it

is significant, therefore, that the solution was effected by

Dinostratus, who probably was his pupil. Nor does the

finding of the point of intersection of the curve with the axis

necessarily involve the determination of tt ; for, as seems to

be suggested by Pappus, the required point might be re-

garded as determined by the production of the curve. The
nature of the proof, too, which is indirect, appears to me to

be post-Eudoxian. Should it be said that the theorem re-

quired for the determination of tt was obtained first by the

infinitesimal method, I would reply that it was not likely

that this was done by Hippias of El is, who was a senior

contemporary of Democritus. If, then, the text in Proclus

supposes that the name of the curve had been given to it by
its inventor, it follows, in my opinion, that this could not

have been Hippias of Elis, 1 am, however, on the whole,

disposed to accept Cantor's view as given above.

25 Bull, des Sc. Math, et Astron., 2« liess, und Cantor p. 209 die moglich-

serie, vii., i. p. 281. keit zugibt, hebt Allman, Greek Geo-
-'^ Cf. Heiberg, Griechische und ro- metry &c. II. p. 221 ff. mit recht

mische Mathematik, Philologus, 1884, hervor, dass wir nicht berechtig sind,

Jahresherichte, p. 474 :

' Wahrend diese methode fiir alter als Eudoxus zu

Haiil^el p. 121 ff. die exhaustions- halten.'

methode auf Hippoluates zuriickgehen
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Pappus has preserved the name, and given some account

of the work, of one other great geometer, who was a prede-

cessor, and probably a senior contemporary of Euclid—
Aristaeus the Elder. We have no details whatever of his

life.

The passages in Pappus relating to him are as fol-

lows :
—

[a)
' That which is called 6 avaXvo/nevog [tottoc]," that is,

the department of mathematics which treats of analysis, is,

in short, a certain peculiar matter prepared for those who,

having gone through the elements, wish to acquire the

power of solving problems proposed to them in the con-

struction of lines ; and it is useful for this purpose only. It

has been treated of by three men—Euclid, the author of

the Elements, Apollonius of Perga, and Aristaeus the

elder—and proceeds by the method of analysis and syn-

thesis.
'•''

Pappus, having defined analysis and synthesis, pro-

ceeds to give a complete list of the books, arranged in

27
[tJttos] o KaXovfxevos avaXvS/jLfuos. the subject. This also is one of those

tSttos, 'locus, i. e. quicquid aliqua ma- things wliich have their result in rela-

thematicarum parte comprehenditur : d tion to something else. For the know-

acTTpovofxovfxevos tottos, vi. 474, 3 ; 6 ava- ledge of this is necessary in the highest

\u6/jLevosr6iTos,vii.b~2,4.' Index Grae- degree for -rhv h.vaXv6fx.ivov rSirov as

citatis, Pappi, Op. cit., voluminis iii., it is called ;
and how much value 6

tomus ii., p. 114.
"
6 avaK. tStt., locus di'aA.. tcStt. has in mathematical science,

de resolutione, id est doclrina analy- and the kindred science of optics and

tica.'' Ibid, sub voce, avaXiinv, p. 5. music, has been defined elsewhere, and

Compare what Marinus says on the that analysis is the discovery of a proof,

same subject in his Commentary on the and that it helps us to the discovery of

Data of Euclid : things similar, and that it is more im-

' What is the value of the treatise portant to possess the analytical faculty

about Data ?
' than to have many proofs of particular

' Tlie datmn having been divided in things.' Euclidis Data, ed. CI. Hardy,

a general way, and as far as is sufficient p. 13. Cf. Pappi, Op. cit., Appendix,

for the present need, the next point is p. 1275.

to state the the utihty of treatment of 28
Pappi, ibid, vii., vol. ii. p. 634.
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order, which are contained in the tott. avaX. He enume-

rates thirty-three books in all, amongst which we find 'five

books of Aristaeus on Solid loci
'

('Aptaratou Toirixyv aTti^iCjv

irivTi) : the remaining books, with the exception of two by-

Eratosthenes concerning means [Trspl fnaoT^rojv Suo), were

written by Euclid and Apollonius.^^

[d]
*

[These plane problems then, are found in the tott.

avaX., and are set out first, with the exception of the means of

Eratosthenes
;
for these come last. Next to plane problems

order requires the consideration of solid problems. Now,

they call solid problems, not only those which are pro-

posed in solid figures, but also those which, not being

capable of solution by plane loci, are solved by means of

the three conic lines, and so it is necessary to write first

concerning these. Five books of the Elements of Conies

were first published by the elder Aristaeus, which were

written in a compendious manner, inasmuch as those who
took up the study of them were now able to follow

him].'^"

[c)
*

ApoUonius, completing Euclid's four books of

conies, and adding four others, published eight volumes of

conies. But Aristaeus, who wrote the five volumes of solid

loci, which have come down to the present time, in con-

tinuation of the conies [^ApKyraiog Sk, og jiypa(p£ to. juixpi tov

vvv avadidopeva aTipeiov tottwv Tev\y) £ (Tvvs\ri rolg KU)viKo7g),

called [as also did those before ApoUonius] the first of the

three conic lines, the section of the acute-angled cone
;

the second, the section of the right-angled cone ; the third,

the section of the obtuse-angled cone. But since in each

of these three cones, according to the way in which it is

cut, these three lines exist, ApoUonius, as it appears, felt

a difficulty as to why at all his predecessors distinguished

29
Ibid., p. 636. The spaced words are supplied in trans-

^^
Ibid., p. 672.

'

Ttt ^eV—767po^- lation.

fxiva, interpolatori tribuit Hultsch.'
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by name the section of an acute-angled cone, which might
also be that of the right-angled and obtuse-angled cone ;

and, again, the section of the right-angled cone, which

might also be that of the acute-angled and obtuse-angled

cone ;
and the section of the obtuse-angled cone, which

might also be that of the acute-angled and the right-angled

cone. Wherefore, changing the names, he called that

which had been named the section of the acute-angled

cone, the ellipse ; the section of the right-angled cone, the

parabola ;
and the section of the obtuse-angled cone, the

hyperbola—each from a certain peculiar property. For the

rectangle applied to a certain straight line in the section

of the acute-angled cone is deficient {eXXdwei) by a square ;

in the section of the obtuse-angled cone it is excessive (uTrtp-

/3aXXf<) by a square ; finally, in the section of the right-

angled cone the rectangle applied (Tra^oa/BaAAo/itvov) is

neither deficient nor excessive.

'

[But this happened to Aristaeus, since he did not per-

ceive that, according to a peculiar position of the plane

cutting the cone, the three curves exist in each of the cones,

which curves he named from the peculiarity of the cone.

For if the cutting plane be drawn parallel to one side of

the cone, one only of the three curves is generated, and

that one always the same, which Aristaeus named the

section of that so cut cone.]'^^

[d]
' But as to what he [Apollonius] says in the third

book, that the locus with three or four lines has not been

completed by Euclid—for neither he himself, nor anyone

else, could [solve that locus] by those conical [theorems] only

which had been proved up to the time of Euclid, as also he

himself testifies, saying that it was not possible to complete

it without those things which he was compelled to discuss

31
Ibtd., p. 672, 1. 18-p. 674, 1. 19. buit Hultsch.' Cf. Procli, Comm., ed.

'1. 12. TovTo S'eTradfv (scil. 6 'Apia- Friedlein, pp. 419, 420. See albo

Taloy)
—

1., 19. Toij.7]v interpolatori tri- Hermathena, vol. v. p. 417.
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before-hand—[as to this, Euclid, approving of Aristaeus as a

worthy mathematician on account of the conies which he had
handed down, and not being in haste, nor wishing to lay
down anew the same treatment of these subjects (6 St EvkXu-

Srig cnrocs\6iuivog tov 'Apiaratuv uEinv ovra
l(p' oig i]St] vapaEeSivKfL

KioviKo'ig, Koi /ij) (pda(Tag jj fiij deXriaag tTriKaTaftaWecrOai tovtcjv

T7)v avTiiv TTQayfxaTiiav)
—for he was most kind and friendly

to all those who were able to advance mathematics to any
extent, as is right, and by no means disposed to cavil, but

accurate, and no boaster like this man A p o 1 1 o n i us—wrote
as much as could be proved by his conies: sc. those of
Aristaeus concerning that locus—not attributing any
finality to his demonstration, for then it would be neces-

sary to blame him, but, as it is, not at all
;
since Apollo-

nius also himself, w^ho left many things in his conies

unfinished, is not brought to task for it. But he Apollo-
nius has been able to add to that locus (rw tottw) what
was wanting, having been furnished with the ideas by
the books already written by Euclid on the same locus

(tteoi tov tottov), and having been for a long time a fellow-

pupil of the disciples of Euclid in Alexandria, from which
source he derived his habit of thought, which is not unsci-

entific. Such is this locus with three or four lines, on which
he plumes himself greatly, adding, that he knew that he
owed thanks to him who first wrote about it.]'^-

{e) We learn from Hypsicles that Aristaeus wrote a

book on the Comparison of thefive regular solids, and that

it contained the theorem :

' The same circle circumscribes

the pentagon of the dodecahedron and the triangle of the

32
Ibid., p. 676, 1. 19-p. 678, 1. 15. tribuit Hultsch,' Ibid. p. 677. As

'
1. 25. o 5e Ei/cAetSris

—
p. 678, 1. 15, Hultsch says,

' the writer of this passage
ToiovTos iffTtv, scholiastae cuidam his- has employed a feeble and awkward
toriae quidem veterum mathematico- manner of expression'; and it is difficult

rum non imperito, sed qui dicendi ge- to see the exact meaning of it. The
nere languido et inconcinno usus sit, spaced words are supplied in translation.
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icosahedron, these solids being inscribed in the same

sphere'. Hypsicles says, further, that ' this theorem is

also given by Apollonius in the second edition of his Com-

parison of the dodecahedro7i with the icosahedron^'^ which
is : The surface of the dodecahedron is to the surface of the

icosahedron as the dodecahedron itself is to the icosahe-

dron ; since the perpendiculars from the centre of the

sphere to the pentagon of the dodecahedron and to the

triangle of the icosahedron are the same'.^*

The foregoing extracts lead us to form a high opinion
of Aristaeus, and to see that he was one of the most impor-
tant geometers before Euclid. We have, therefore, great
reason to regret the total loss of his writings.

In the passage {a) Aristaeus, Euclid, and Apollonius
are named as the three authors on the doctrine of analysis.

This passage shows, further, the value that was attached

by the ancients to the five books of Aristaeus on solid loci^

which was one of the works—indeed one of the higher
works—included in the tott. ava\. From the passage (b) it

would appear that Aristaeus published also a work on the

elements of conies in five books—an abridgment introduc-

tory to the study of solid loci. Of his work on solid loci it

is, moreover, stated in [c] : 'AptaraToe o£, 6c yijpa(pa ra fxexpt

Tov vvv avacicofAeva crrfpcwv tottwv Ttv\^r\ i
av\>i')(ji] ToXg kwvlkolq.

This passage admits of several interpretations :
—

1. That the work on solid loci was intended as an exten-

sion of the theory of conies
;

2. Aristaeus first wrote the rowoi GTepioi in five books,

and then, to facilitate the study of them, he wrote the

KMviKo. GTotx^tla
— an epitome—also in five books

;

3. Tolg KiDviKo'ig might possibly refer to the conies of

Euclid.

23 TTfVTe (rxrj/uaToji' (TvyKpicTis. book is in reality the work of Hyp-
•**

Euclid, Book xiv., Prop. 2. This sides.
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We learn further from {c) that Aristaeus gave to the

conic sections their original names, those by which they
were known before ApoUonius.^^ From [d] we learn that

Euclid praised the conies of Aristaeus, whom he valued

highly, and from the words
£(/>' mq jJSrj TrupaBtcwKBL kwvikoTq,

and (pOuaat;, it has been concluded that he was a predecessor,

and probably a senior contemporary of Euclid.^''

We have seen that the passage (d) is regarded by
Hultsch as an interpolation. In this Heiberg agrees, and

infers thence that Aristaeus wrote only one work on the

conic sections—tottoi anpioi in five books—and holds that

the generally received opinion that Aristaeus, besides the

five books tottoi arspeoi, had written five more books kojviko.

aToixt'ia is not sufficiently well founded. He says :

* The

only passage which can be adduced for it, Pappus vii.,

p. 6725 II • »1" /ii^v ovv avaSedoimtva kiovikmv arot^^ttwi' Trporepov
'

Apiaraiitv rov irpta^ivTipov i rtv^r], wq av t'l^r] SvvciToTq ovai roTq

TUVTU TTapaXapl^avovcnv eTriropioTapov ytypapptva, is rightly

rejected by Hultsch as not genuine,' and continues, 'It

occurs in a perfectly wrong place where Apollonius Trspl

vivatwv is referred to, is objectionable in many respects in

point of language, and contains nothing but what a reader

of Pappus already would find in him
;
I believe, therefore,

that we, in the words p. 672, 4-14, have a scholium which

originally stood in the margin after p. 672, 16, and later

fell into the text in a wrong place : the scholiast has then

called the five books tottoi aTepeoi, here incorrectly aToix^'ia

KwviKu. And even were the passage genuine (and only

misplaced) the probability would be then that Pappus here

by GTOixtia kwviko. had meant the tottoi'.
^^

With this conclusion of Heiberg I cannot agree. In

the first place, it should be observed that the passages of

Pappus enclosed by Hultsch in [ ] are to be considered

2= Cf. Hermathena, v., pp. 416,
36

J. L. Heiberg, Studien uber Eu-

417- X'/af, p. 85.
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as interpolations for reasons of style, not of substance.

The passage referred to was either written by Pappus him-

self (as Cantor and others assume), or it originated with

an experienced commentator (scholiast), whose statements

in other passages also are acknowledged as correct—or, to

doubt which there is no occasion ;
or else these scholia

contain remnants of the tradition of the mathematical

school of Alexandria, and this tradition must be considered

on the whole as correct, so long as the contrary is not

proved."
In the next place, Heiberg is not correct in saying

that '
it is the only passage which can be adduced for it.'

The same statement is made expressly in the text of Pappus

himself, a few lines lower down, in the passage quoted

above: 'ApjuTatoc Se, oc yijpcKpe to. jU£\|0(
tov vvv arnStSo^fia

(TTtpewv TOTTwv TEV^^ij £ avvexr) ToXg KU)vtico~iQ (p. 672, 1. 20).

Heiberg tries to obviate this objection by interpreting ctui-e y'I

as meaning :

' which stands in connexion with the doctrine

of the conic sections—depends on it'.-^' In passage [d),

moreover, the conies of Aristaeus are, I think, directly re-

ferred to in the words : Sta tCjv Ikhvov \_'ApiaTa7ov^ Kio}'tK(1)v.

Heiberg, further, says that the interpolation, or scholium,

occurs in a perfectly wrong place ; but, as he shows, it has

to be placed only two lines lower. My view of the matter is

that given above, p. 123, 2 :
—Aristaeus first wrote the tottoi

aTEotoi in five books, and then, to facilitate the study of

them, he wrote the elements of Conies—an epitome—also

in five books.

3'' It is certain that Pappus had a

school. It may, therefore, be assumed

that one—or perhaps several—of his

pupils had taken notes of his lectures ;

and that these notes, arising thus from

the oral exposition of Pappus himself,

were worked out further by his pupils,

and formed Commentaries, which were

then written on the margin, and subse-

quently received into the text, of the

work which has come down to us as

Ua-Kirov (TwayiDyfj. These Commenta-

ries are easily recognized by their style,

but as to their contents, they must be

considered to be of almost equal autho-

rity with the undoubted text of Pappus.
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The Conies of Aristaeus, no doubt, do not appear in the

list of books contained in the so-called tottoq avaXvnuivoQ ;

neither do those of Euclid : they were both replaced by the

Conies of Apollonius in eight books.

We have seen that Aristaeus wrote a work on the com-

parison of the five regular solids, and that it contained the

theorem : The same circle circumscribes the pentagon of

the dodecahedron and the triangle of the icosahedron, these

solids being inscribed in the same sphere {e).

If we examine the proof of this theorem as given by
Hypsicles, we see that it depends on the following theo-

rems :
—

1. If a regular pentagon be inscribed in a circle, the

square on a side, together with the square on the line sub-

tending two sides of the pentagon, is five times the square

.
on the radius of the circle ;

2. If the line subtending two sides of a regular penta-

gon be cut in extreme and mean ratio, the greater segment
is the side of the pentagon. Euclid, xiii. 8

;

3. The side of a regular decagon inscribed in a circle

is the greater segment of the radius cut in extreme and

mean ratio
;

4. The square on the side of a regular pentagon in-

scribed in a circle is equal to the sum of the squares on the

sides of the regular hexagon and decagon inscribed in the

same circle. Euclid, xiii. 10
;

5. If an equilateral triangle be inscribed in a circle, the

square on the side is three times the square on the radius.

Euclid, xiii. 12 ;

6. The square on the diameter of a sphere is three times

the square on the side of the inscribed cube. Euclid, xiii. 15 ;

7. The line subtending two sides of the pentagon of a

dodecahedron inscribed in a sphere is the side of the cube

inscribed in the same sphere ;

This follows from (2) taken with the corollary of xiii. 17 :
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If the side of the cube be cut in extreme and mean ratio,

the greater segment is the side of the dodecahedron
;

8. The square on the diameter of a sphere is five times

the square on the radius of the circle by means of which

the icosahedron is descried— t. e. the circle circumscribing

the pentagon which forms the base of the five equilateral

triangles having for common vertex any vertex of the icosa-

hedron. Euclid, xiii. i6, and Corollary.

From the fact that ' the work of Aristaeus on the Com-

parison of the regular solids is the newest and last that

treated, before Euclid, of this subject,' Bretschneider infers

that ' the contents of the thirteenth book of the Elements is

a recapitulation, at least partial, of the work of Aristaeus'.^'*

This supposition of Bretschneider receives, I think, great
confirmation from the above examination, which shows

that the principal propositions in Book xiii. of the Elements

are required for the demonstration, as given by Hypsicles,

of the theorem of Aristaeus, This theorem, moreover,

goes beyond what is contained in the Elements on this

subject.

Further, one of the four problems treated of by Pappus
in the third book of his Collection is the inscription in the

sphere of the five regular polyhedra. M. Paul Tannery has

thrown out the suggestion that it is probably taken from

the Comparison ofthe five figiires by Aristaeus the elder, but

has given no reasons for his opinion.^^ In support of this

conjecture I would put forward that :
—

I. Pappus concludes his treatment of the subject by

saying that ' from the construction it is evident that the

same circle circumscribes the triangle of the icosahedron

and the pentagon of the dodecahedron inscribed in the

same sphere,'^- which is the theorem of Aristaeus, and ex-

38 Geom. V. Eukl., p. tyi. Sciences Phys. at Nat. de Bourdeaux,
'^'^ UArithmetique des Grecs dans 2<' Serie. Tome iii., p. 351, 1880.

Pappus, Memoires de la Societe des *o
Pappus, Op. cit., vol. i., p. 162.
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expressed, moreover, in nearly the same words as in

Hypsicles ;

2. Pappus says in Book vii., as we have seen, p. i ig, that

the works in the roTrog avaXvofxtvoq
—of which the roVot crrtpeot

of Aristaeus is one—proceed by the method of analysis and

synthesis ;
and it is to be observed that the investigation

in Pappus of the problem, 'to inscribe the regular solids,'

is made by the analytical method ;"

3. Pappus, moreover, in Book v., treats of 'the com-

parison of the five figures having equal surface, viz. the

pyramid, cube, octahedron, dodecahedron and icosahedron,'

and says that he will do so,
' not by the so-called analytic

method, by which some of the ancients (rwi/ iraXaiMv) found

their proofs, but by the synthetic method arranged by him

in a more perspicuous and shorter manner'—k^r]Q ^l tovtoiq

jpaipojuav, wc v-m^a^ofxtQa., rac avyKpiaiig twv 'lar^v eirKpaveiav

l)(6vT(vv TTivre (Txriij.aru)v, 7ri;/ja^a'Soc t£ ko.) kv[5ov kuI OKTUidfjov

^wdeKueSpov re koI HKOcraiBfjov, ov dia rfjc avaXvriKTig Xeyoiuivrjc

Otwpiag, Si rjc '^vioi twv TraXuuov liroiovvTO rag a-rroSti^sig, aXXa

Em Trig Kara avvOeaiv aywyTiig Inl to aaipiartpov kol avvTOfiu)Tipov

vn' epov SiiCTKevaapivag.

The theorem of Aristaeus can be proved in the following

simple manner :
—

If a regular dodecahedron be inscribed in a sphere, the

poles of its faces will be the vertices of a regular icosahe-

dron inscribed in the same sphere ; and, conversely, the

vertices of the dodecahedron will be the poles of the faces

of the icosahedron. Now let R be the pole of the circle cir-

cumscribing the pentagon ABODE of the dodecahedron,

and let S and The the poles of the circles circumscribing

the two other pentagons of the dodecahedron which have

the vertex A in common : then A will be the pole of the

circle circumscribing the triangle 7?^^ of the icosahedron.

"
Ibid., pp. 142-162.

«
Jbid., pp. 410, 412.
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Now, if the points R and A be joined to O, the centre of the

sphere, the lines OR, OA so drawn will be at right angles

to the planes ABODE, and RST respectively : let them

intersect these planes at the points P and Q respectively.

Then the two right-angled triangles ORQ, OAP—having

equal hypotenuses OR, OA, and common angle ROA—will

be equal in every respect; therefore OP = OQ and AP =

BQ. But AP and BQ are the radii of the circles circum-

scribing the pentagon of the dodecahedron and the triangle

of the icosahedron, and OP, OQ are the perpendiculars

drawn from the centre to these two planes.

In the first part of this Paper (Hermathena, vol. iii.,

pp. 194 S(/.),
we saw that 'the Pythagoreans were much

occupied with the construction of regular polygons and

solids, which in their cosmology played an essential part

as the fundamental forms of the elements of the universe' :**

and in the second part (PIermathena, vol. iv., pp. 213 S(/.),

^3 These Pythagorean ideas—which

were adopted by Plato TlKdTwv Se koI

iv rovrois Trv9ayopl(ei (see HERMA-

THENA, vol. iv., p. 213, n. 75)
—

played

such an important part in antiquity that

they gave rise to the belief, related by

Proclus, that Euclid '

proposed to him-

self the construction of the so-called

Platonic bodies [the regular solids] as

the final aim of his systematization of

the Elements'. (See Hermathena,
vol. iii., p. 164). This has been no-

ticed by P. Ramus, who says :

' Nihil in

antiqua geometria speciosius visum est

quinque corporibus ordinatis, eorumque

gratia geometriam ut ex Proclo initio

dictum est, inventam esse veteres illi

crediderunt
'

; but he adds :

' At in totis

dementis nihil est istis argutiis inep-

tius et inutilius'.*

It may be interesting to some of the

readers of this Paper to know that

VOL. VI.

William Allman, M.D., Professor of

Botany in the University of Dublin

(1809- 1 844), and father of the writer,

in a Memoir entitled : An attempt to

Illustrate a Mathematical Connexion

between the Parts of Vegetables (read

before the Royal Society of London in

the year 1811), put forward the hypo-

thesis that the minute cells in the young

shoots of vegetables are of the dode-

cahedral form inDicotyledonous plants ;

and of the icosahedral form in Mono-

cotyledonous plants ;
and that by means

of this hypothesis he accounted for

the prevalence of the number 5, and

the exogenous growth in the former,

and of the number 3, and the endoge-

nous growth in the latter.

*
(Petri Rami Scholarum Mafkematica-

rum, Libri unus et triginta. Francofurti,

15QQ, p. 306.)

K
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I pointed out a problem of high philosophical importance
to the Pythagoreans, which, in my judgment, naturally
arose from their cosmological speculations, and which

required for its solution a knowledge of stereometry, and

also the solution of the famous problem : tofind two mean

proportionals between two given lines. In the same part

(p. 215) I indicated the men who first solved this problem,
and laid the foundation of stereometry ;

in the two follow-

ing parts (Hermathena, vol. v., pp. 190 sq., pp. 212
sq..,

and pp. 403 sq.) I examined their work; and finally in this

portion we have seen that Aristaeus wrote works on the

conic sections and on the regular solids, and, further, that

he is specially mentioned as one of those who cultivated

the analytic method—the method by the aid of which these

discoveries were made, as stated in Hermathena, vol. iv.,

p. 215. Aristaeus may, therefore, be regarded as having
continued and summed up the work, which, arising from

the speculations of Philolaus, was carried on by his succes-

sors—Archytas, Eudoxus, and INIenaechmus. These men
were related to one another in succession as master and

pupil, and it seemed to me important that the continuity

of their work should not be broken in its presentation.

GEORGE J. ALLMAN.

Queen's College, Galway.
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'

HermatHENA', No. XIII., 188;. {Vol. VI., pp. 269 278.)

GREEK GEOMETRY FROM THALES TO
EUCLID.*

VII.

AT
the close of the last part of this Paper I pointed out

the connexion between its several parts, and stated

the reasons for the order which I followed. This order was

founded on the belief that the true history of Greek

geometry was most correctly represented by exhibiting
in an unbroken series the work done by Archytas and

his successors. This course of proceeding led to the tem-

porary omission of at least one geometer, who had greatly
advanced the science.

Theaetetus of Athens, a pupil of Theodorus of Cyrene,
and also a disciple of Socrates, is represented by Plato, in

the dialogue which bears his name, as having impressed
both his teachers by his great natural gifts and genius.

All that we know of his work is contained in the following
notices :

—

The previous portions of thisP^per Notice sur les deux Lettres Arithme-

liave appeared in Hermathena)' Vol. tiques de Nicolas Rhahdas (texte Grec et

iii., No. V. rVol. iv., No. vii.
* Vol. v., traduction), par M. Paul Tannery (Ex-

Nos. X. and xi. •'and Vol. vi., No. xii. trait des notices et extraits des manu-

Within the last year the following scrits de la Bibliotheque Nationale,

works have been published : Euclidis &c., tome xxxii., v^ Partie), Paris,

Elementa, edidit et Latine interpre- 1886.

tatus est J. L. Heiberg, Dr. Phil., vol. Anew journal, devoted io the History

iii. librum x. continens, Lipsiae, 1886; of Mathetnatics, has been founded this

Die Lehre von den Kegelschnitten im year by Dr. Gustaf Enestrom, ofStoclc-

Altertum, von Dr. H. G. Zeuthen, holm:—BibliothecaMathematica,^om-

zweiter halbband, Kopenhagen, 18SC; nal d'Histoire des Mathematiques.
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[a). He is mentioned by Eudemus in the passage quoted
from Proclus in the first part of this Paper (Hermathena,
vol. iii. p. 162), along with his contemporaries Archytas of

Tarentum, and Leodamas of Thasos, as having increased

the number of demonstrations of theorems and solutions

of problems, and developed them into a larger and more

systematic body of knowledge ;

^

{h). We learn from the same source that Hermotimus
of Colophon advanced yet further the stores of knowledge

acquired by Eudoxus and Theaetetus, and that he dis-

covered much of the *

Elements,' and wrote some parts

of the 'Loci'r

[c). Proclus, speaking of the collection of the 'Ele-

ments' made by Euclid, says that he arranged many
works of Eudoxus, and completed many of those of

Theaetetus ;

^

[d]. The theorem Euclid X. 9 :
— ' The squares on right

lines, commensurable in length, have to each other the

ratio which a square number has to a square number ;

and conversely. But the squares on right lines incom-

mensurable in length have not to each other the ratio

which a square number has to a square number; and

conversely
'—is attributed to Theaetetus by an anonymous

Scholiast, probably Proclus. The scholium is :
—tovto to

Otwprjiua QtaLTy'fTHOv jcrnv tvpy^f-ia KaX fjLifxvr]Tai avTOv UXaTUJV tv

QeaiTijTt^, aXX Iku /xtv fxepiKwrepov iyKiirai [iKKurai], ivTcivda Bl

Ka96Xov ;^

{e). In the passage referred to, Theaetetus relates how
his master Theodorus—who was subsequently the mathe-

matical teacher of Plato—had been writing out for him

1 Procl. Comm. ed. Friedlein, p. 66. dus Diadochtis zii Euclids Elementen,
• I'bid. p. 67. p. 24, Herford, 1865 ; cf. F. Coraman-
3 Ihid. p, 68. dinus, Euclidis Elementorum Libri
*
Knoche, Untersuchiingen i'lber die xv., tina cum Scholiis antiquis, fol.

nfii aufgefundenen Scholien des Pro- 129, p. 2, Pisauri, 16 19.
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and the younger Socrates something about squares:^ about

the squares whose areas are three feet and five feet, show-

ing that in length they are not commensurable with the

square whose area is one foot^ [that the sides of the squares
whose areas are three superficial feet and five superficial

feet are incommensurable with the side of the square
whose area is the unit of surface, t.c. are incommensu-
rable with the unit of length], and that Theodorus had
taken up separately each square as far as that whose

*
ITepl Svvd/xecii' rt i^ixiv @i6Soi}po5 ode

fypacpe, Trjs re rpiiroSos Tre'pi Kal irevrt-

TToSof a.iTO(palvaiv '6ti /x'fiKei ov ^vfj./j.erpoi

T7) TToSiai'a- Ii^ mathematical language

Sifa/xis signifies
'

power,' especially the

second power or square. In the passage

(e), however, the word seems not to be

used steadily in the same signification,

and in 148 A it certainly means 'root.'

M. Paul Tannery considers that the pre-

sent text of Plato is corrupt, and that in

it divafiis (power) should be replaced

throughout by hwafxivt] (root). Pro-

fessor Campbell [Theaetetus of Plato,

p. 21, note) thinks that '
it is not clear

that in Plato's time this point of ter-

minology was fixed.' But, on the other

hand, J. Barthelemy Saint-Hilaire be-

lieves that the expression, Sui'o^is, was

probably invented by the Pythagoreans

(^Metaphysique cVAristote, tome ii. p.

156, note 16). In support of this view-

it may be noticed that the term Swd/xei

is used in its proper signification

throughout the oldest fragment of

Greek geometry—that handed down

by Simplicius from the History of

Geometry of Eudenms on the quadra-

ture of the lunes (see Hermathena,
vol. iv., pp. 196-202 ; and, for the

revised Greek text, Simplicii in Aris-

totelis PhysicoriDii libros qiiatuorpriores

commeiitaria, ed. H. Diels, pp. 61-68,

Berlin, 1882)
— and is so used, for

the most part, in paragraphs which,

according to the criterion laid down in

Hermathena, vol. iv., p. 199, note

44, must be regarded as genuine.

Now since Eudemus, in this fragment,

gives an analysis of the work of Hippo-

crates, and, moreover, frequently refers

to liim by name, it is probable that, in

l)arts at least, he quoted the work on

lunes textually, and that the word

dwdim, which occurs throughout, must

have been used by Hippocrates, who we

know was connected with the Pytha-

goreans, On the whole then it seems

to me probable that Plato had not

fully grasped the distinction between

the terms Swoyuir and Swa/xtv-q ;
and

that in this is to be found the true

explanation of the obscurity of the

passage.
^

fXTjKei ov ^ii/xfifrpoi ttj iroSiaia. See

Euclid X., Def. I. '2,v/xfj.eTpa /xeyedri

Aeyerai to tijj avT(^ ixirpcf /xirpovfxfpa,

acrxifxixiT pa Se, Siv fi-qSki/ eVSe'xfTa:

KOtphu fxsTpov jiveo'dai. 2. Evde7ai

Svvd/xeL ffvixfxer poi elcriv, tJraf to,

air avTwif TeTpdjicva TtjD avTqi X'^/"V

/ueTpTjToi, aavixixirpoi Se, orav rols

arr auTuv TeTpaytivois fnjSev ivSexV'^^

X'l'pioi' Koivhv jiierpov yepeffdai.
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area is seventeen square feet, and, somehow, stopped there.

Theaetetus continues :—' Then this sort of thing occurred

to us, since the squares appear to be infinite in number,^

to try and comprise them in one term, by which to desig-

nate all these squares.'

Socr. ' Did you discover anything of the kind ?

'

Tlicad. * In my opinion we did. Attend, and see

whether you agree/

Socr. ' Go on.'

TJicact.
' We divided all number into two classes :

comparing that number which can be produced by the

multiplication of equal numbers to a square in form, we

called it quadrangular and equilateral.'*

Socr. *

Very good.'

Theact. ' The numbers which lie between these, such as

three and five, and every number which cannot be pro-

duced by the multiplication of equal numbers, but becomes

either a larger number taken a lesser number of times, or

a lesser taken a greater number of times (for a greater

factor and a less always compose its sides); this we likened

to an oblong figure, and called it an oblong number [ttpoiluiki]

apiOfiov).
^

'

tVtlSr) &vnpoi Th vXrieos al SwdndS rb fvdv yTrapx*' WMMfl ««2 rhnfpKptpti,

((paifovTO. Cf. Eucl. X., Dt'f. 3: Kal rh ntpmuv Ka\ dpriov apiBfxif, Kalro

rovToiv uTTOKei/ifVoif Se'iKvvTai, otl ti) irpwrov Kol avvdtTov Koi IffSirKevpov koL

npoTeQeicrri evdeia inrdpxo^ff'-v (vdelai iT€p6fj.i!}Kis (see Euclid, vii., Dff. 7, 0,

TtXridei &Tretpoi (TVfxfiiTpoi Ti Ka\ aavfj./xe- 12, 14). Plato's expression is tauto-

Tpoi al /xiV iJ.7}KeL fxivov, al 5e Ka\ logous.

Zwdun. '
'''^v Tolvvv nera^v tovtov, wu /col ra

' Tuv aptOixhv vavTa Si'xa Si(\dfio/j.(v. rp'ta Ka) to. TreVre Ka\ was os aSiivaros

Tuv fxiv ^wdf-iiuov iaov IcraKis yiyveadai "iaos la-dKis yiviaBai, d\\' 7) T:\ilwv

TOO rtTpa-yufCfj -rh <rx7)Ma aTTfiKacrauTss iAarToudKis 7) eAdrTwv TrAeovdnts ytyvt-

mpdy(t>v6v re Ka\ ia6iT\evpov izpocrtliTo- Tai, /xfl^iov 5e Ka\ (\aTTwv ad irAfvpa

ufv. Cf. Eucl. y\\., Def. 19: rtrpd- avrou TTipiKa/x^dvn, tijS Trpo/XT]Kfi aZ

ywvos apid/xos iariv b Iffdnis Xcros ^ (TXT^/uaTi dwdKaaaVTis Kpoj.ii]K-t) aptdfxhw

[6] {/TTo Svo '[aaiv apid)xSiv inpuxoiJ-ivos : iKa\i(Taniv. Cf. Euclid, vii., Drf. \~ :

also Aiistollc, Anal. Post. i. 4 : oiov "OTav 5e Zvo apid/xol no\Aair\acnd(ravT(s
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Socr. *

Capital ! What next ?
'

Theaet. ' The lines which form as their squares an

equilateral plane [square] number we defined as n^Koq

[length, i.e. containing a certain number of linear units],

aWyjAovs Troioiai Tiva, 6 ytvo/xevos ini-

ireSos KaKilTai, TrAeupal 5e auTov ol

TToAXairAoo'JOffocTes oAAt/Aous apiBfioi.

From the time of Pythagoras— to

whom the combination of arithmetic

with geometry was due—the properties

of numbers were investigated geome-

trically. Thus composite numbers

(orvvdeToi) were figured as rectangles,

whose sides (irAivpal) are the factors.

Similarly, prime numbers (irpuTot) were

represented by points ranged along a

right line, and were hence called linear

{ypap.ixtKol) not only by Theon of

Smyrna [Aritlim. ed. de Gelder, p.

34), and Nicomachus (Nicom. G.

Introd. Arithm. ii. c. 7), but also by

Speusippus, who wrote a little work On

Pythagoreati munhers (see Theologu-

mena Arith/netica, ed. Ast., p. 61).

Prime numbers were also figured as

rectangles whose conmion breadth was

the linear unit, and they are thus re-

presented in this passage.

In geometry ri trepSfxT^Kis signified

a rectangle, and was so defined by

Euclid, Book i. De/. 22 : twv 5e

T(TpaTr\ivpa)v (Txiy/UaTccv nrpdycovov

HfV iariv, 'o tcr6n\evp6v re (CTti kuI

opBoycivtov, (TfpofXTjKes Si, S opdoytuviov

/xeV, ovK IcrSTrKevpov 5f. Cf. Hero,

De/. 53; Geom. pp. 43, 52, 53, &c.,

ed. Hultsch
; Pappi Alex. Collect., ed.

Hultsch, vol. i., p. 140. Euclid does not

use the term eTep6/j.r]Kfs in his Elements,

hut irapaWnKiypa/xnov opdoycivtov. It is

now generally recognised that he de-

rived the materials of his Elements

from various sources : the term erepS-

/xTjKes may thus have been preserved in

his work : or, else, he thought it better

to avoid the use of this term, as it was

employed in a particular sense. When
the sides of the rectangle were expressed

in numbers, irpofiT^Krjs
was the general

name for an oblong. In the particular

cases where the sides of the oblong

contained two consecutive units, as—
2> 3'> 3) 4 ; ^'C., the term €Te/jo^^]«:rjs

was employed, inasmuch as the lengths

of the sides were of different kinds, I.e.

odd and even
;
whereas in a square they

were of the same kind, either both

odd, or both even (see the first part of

this Paper, Hermathena, vol. iii.,

p. 188, note 85). It should be ob-

served that Avhen a square is con-

structed equal to an oblong of this

kind {kTfp6fxi)K(s), its side must be in-

commensurable
;
but in certain cases the

side of the square, which is equal to an

oblong of the former kind (irpoVrjKcj)

{e. g. whose sides are 8, 2 ; 3, 27 ; and so

on) is commensurable. The two words

are used in this passage in their strict

signification, and are not, as M. Paul

Tannery thinks, synonymous (seeDom-
ninos de Larissa, Bulletin des Sciences

Mathematiques, t. viii., 1884, p. 297).

Professor Campbell remarks :
' these

terms
\Trpoix-r]K7\s, irepo/xriHTjs'} were dis-

tinguished by the later Pythagoreans
'

{loc. cit., p. 23, note). This is mis-

leading, for it seems to imply that

they were not distinguished by the

early Pythagoreans.
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and the lines which form as their squares an oblong num-

ber (tov iTipojuLVKti)
we defined as Swantig inasmuch as they

have no common measure with the former in length, but

in the surfaces of the squares, which are equivalent to

these oblong numbers. And in like manner with solid

numbers.' '"

Socf. * The best thing you could do, my boys, or any
other man.'—[Theaetetus, 147 D-148 B.J

(/). We learn from Suidas that he taught at Heraclea,

and that he first wrote on 'the five solids' as they are

called."

Eudoxus and Theaetetus, then, were the original think-

ers to whom—after the Pythagoreans
—Euclid was most

indebted in the composition of his 'Elements.' In the

former parts of this Paper we have seen that we owe to

the Pythagoreans the substance of the first, second, and

fourth Books, also the doctrine of proportion and of the

similarity of figures, together with the discoveries respect-

ing the application^ excess^ and defect of areas'^—the subject

^" oVat fx\v ypaijiij.a\ rhv la6ir\evpov nesian W ar.

Ka\ eiri'TreSoc apiO/xhu TeTpayoiyiCovai,
'

Theaetetus, of Heraclea in Pontus,

/iij/cos wpiixa/j.eda, o(rai Se jhv krepoixriKyi, philosopher, a pupil of Plato.' Sub v.

5ui/a/A6is, ws fjLTjKei ixiv oh ^vfifierpovs
It has been conjectured that the two

(Kelvais, To'ts S'iirnrfSoLs h Swavra^- Notices refer to the same person. Mak-

KalireplTo. (XTepea aWo toiovtov. Cf. ing every allowance for the inaccuracy of

Euclid, vii., Dt-f. i8 : 'orau 5e rpe7s Suidas, this seems to me by no means

apiSfMol woWaTTKaa-iaffaures oAA.7JAous probable. It is much more likely that

Troiwairiva, 6 yevSfxeuos (TTepeds ((TTiv, the second was a son, or relative, of

TTKevpal Se avTov ol TToWairXacndaai'- Theaetetus of Athens, and sent by him

T6J aWrjAovs apidixoX. Solid numbers to his native city to study at the Aca-

(o-Tspeol) were also treated in the little demy under Plato.

\\ ork of Speusippus referred to above ^- By this method the Pythagoreans

{'J'heol. Arith. loc. cit.). solved geometrical problems, which
'1 '

Theaetetus, of Athens, astrono- depend on the solution of quadratic

mer, philosopher, disciple of Socrates, equations. For examples of the

taught at Heraclea. He first wrote method see Hermathena, vol. iii.,

on " the five solids
"

as they are p. 196 ;
vol. iv., p. 199, note 45.

called. He lived after the Pelopon-
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matter of the sixth Book : the theorems arrived at, how-
ever, were proved for commensurable magnitudes only,
and assumed to hold good for all. We have seen, further,
that the doctrine of proportion, treated in a general manner,
so as to include incommensurables (Book v.), and, conse-

quently, the re-casting of Book vi., and also the Method of

Exhaustions (Book xii.), were the work of Eudoxus. If we
are asked now—In what portion of the Elements does the

work of Theaetetus survive ? We answer : since Books vii.,

viii., and ix. treat of numbers, and our question concerns

geometry; and since the substance of Book xi., contain-

ing, as it does, the basis of the geometry of volumes, is

probably of ancient date, we are led to seek for the work
of Theaetetus in Books x. and xiii. : and it is precisely
with the subjects of these Books that the extracts [d), {e)y

and (/), are concerned.

Having regard, however, to the difference in the man-
ner of expression of Proclus in

[c]
:
— ' Euclid arranged

many works of Eudoxus, and completed many of those of

Theaetetus'—we infer that, whereas the bulk of the fifth

and twelfth books are due to Eudoxus, on the other hand
Theaetetus laid the foundation only of the doctrine of

incommensurables, as treated in the tenth Book. In like

manner from (/") we infer that the thirteenth Book, treat-

ing of the regular solids, is based on the theorems

discovered by Theaetetus ; but it contains, probably,
' a

recapitulation, at least partial, of the work of Aristaeus'

(see Hermathena, vol. vi., p. 127).

From what precedes, it follows that the principal part
of the original work of Euclid himself, as distinguished

from that of his predecessors, is to be found in the tenth

Book.^^ De Morgan suspected that in this Book some

'3 See Heiberg., Litterargeschicht- von den Untersuchungen des Theiitet

liche Studien nber Eicklid, p. 34 : vervollkoramnet ; also, da Theatet sich

' Nach Proklus hat er [Euldid] vieles besonders mit Inkommensurabilitat imd

VOL. VJ. U
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definite object was sought, and suggested that the classifi-

cation of incommensurable quantities contained in it was

undertaken in the hope of determining thereby the ratio

of the circumference of the circle to its diameter, and

thus solving the vexed question of its quadrature.'* It is

more probable, however, that the object proposed con-

cerned rather the subject of Book xiii., and had reference

to the determination of the ratios between the edges of the

regular solids and the radius of the circumscribed sphere,

ratios which in all cases are irrational.'^ In this way is

seen, on the one hand, the connexion w^hich exists between

the two parts of the work of Theaetetus, and, on the other,

light is thrown on the tradition handed down by Proclus,

and referred to at the end of the last part of this Paper,

that ' Euclid proposed to himself the construction of the

so-called Platonic bodies [the regular solids] as the final

aim of his systematization of the Elements.'

We are not justified in inferring from the passage in

Theaetetus
{e), that Theodorus had written a work on

*

powers
'

or '

roots,' much less that the contribution of

the Pythagoreans to the doctrine of incommensurables

was limited to proving the incommensurability of the

diagonal and side of a square, z. e. of^/^."^ Theodorus,

Irmtionalitat beschaftigte, darf wohl See also P. Tannery: UEducation

einiges von dem sehr umfangreichen Platojiicienne, Revue Philosophique,

und vollstandigen X Buclie dem Euk- Mars, 1881, p. 225; La Constitution

lid selbst angeeignet werden, was und des Elements, Bulletin des Sciences

wie viel, wissen wir nicht.' jMathematiques, Aout, 1 886, p.

Professor P. JMansion, of the Uni- iqo.

versity of Ghent, informs me by a letter » The English Cyclopaedia, Geometry,
of the 4th March, 1887, that for several vol. iv., 375; Smith's Dictionary of

years past he has pointed out this re- Greek and Roman Biography and

suit—the originality of the tenth Book Mythology, Eucleides, vol. ii., p.

of the Elements of Euclid—to his 67.

pupils in his Course on the History of i3 See Bretschneider, Geom. v. Euhl.,

Mathematics. His manner of proof is p. 148.

substantially the same as that given
Js See P. Tannery, op. cit., pp. 188,

by me above. 189.
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who was a teacher of mathematics, is represented in the

passage merely as showing his pupils the incommensura-

bility ofy^3, /5, . . , v^i7, and there is no evidence that

this work was original on his part. On the contrary, the

knowledge of the incommensurability oiy/^, at all events,
must be attributed to the Pythagoreans, inasmuch as it

is an immediate consequence of the incommensurability of

the segments of a line cut in extreme and mean ratio,

which must have been known to them, and from which
indeed it is probable that the existence of incommensu-
rable lines was discovered by Pythagoras himself (see

Hermathena, 'vol. iii., p. iq8, and vol. v., p. 222).

There are, moreover, good reasons for believing that

the Pythagoreans went farther in this research than has
been sometimes supposed ;

indeed Eudemus says ex-

pressly :
'

Pythagoras discovered the theory of incom-

mensurable quantities [tCjv uXo-y^v TrpajfxaTuav). Further,
the lines ^^ 3, / 5, . . . would occur in many investigations
with which we know the Pythagoreans were occupied :

—
1°. In the endeavour to find the so-called Pythagorean

triangles, i, e. right-angled triangles in rational numbers;
2°. In the determination of a square, which shall be

any multiple of the square on the linear unit, a problem
which can be easily solved by successive applications of

the ' Theorem of Pythagoras'—the first right-angled tri-

angle, in the construction, being isosceles, whose equal
sides are the linear unit, the second having for sides about

the right angle the hypotenuse of the first (y/ 2) and the

linear unit
;

the third having for sides about the right

angle ^^3 and i, and for hypotenuse 2, and so on
;

3°. In the construction of the regular polygons, for the

third triangle in 2° is in fact the so-called ' most beautiful

right-angled scalene triangle' (see Hermathena, vol. iii.,

p. 194).

4°. In finding a mean proportional between two given

U2
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lines, or the construction of a square which shall be equal

to a given rectangle, in the simple case when one line is

the linear unit, and the other contains 3, 5, . . . units.

The method followed in this Paper differs altogether

from that pursued by most writers. The usual course has

been to treat of the works of Archytas, Theaetetus,

Eudoxus, Menaechmus, &c.—the men to whom in fact, as

we have seen, the progress of geometry at that time was

really due—under the head of ' Plato and the Academy.'
This has given rise to an exaggerated view of the services

of Plato and of the Academy in the advancement of mathe-

matics
;
which is the more remarkable because a just

appreciation of the services of Plato in this respect was

made by Eudemus in the summary of the history of

geometry, so frequently quoted in these pages :

'

Plato, who came next after them [Hippocrates of

Chios, and Theodorus of Cyrene], caused the other

branches of knowledge to make a very great advance

through his earnest zeal about them, and especially geo-

metry : it is very remarkable how he crams his essays

throughout with mathematical terms and illustrations,

and everywhere tries to rouse an admiration for them in

those who embrace the study of philosophy,'
"

The way in which Plato is here spoken of is in striking

contrast to that in which Eudemus has, in the summary,
written of the promoters of geometry.

'' Tl\a.Tu:v S' €7rl tovtols yevS/xevos, Kols Aoyois KaTcarvKydiaas koI iravraxov

lnyiffTT]!/ inoirtaeu iiriSocriv to, t€ &\\a rh wepl avra 0av/j.a twv <pi\offO(pias

fiadrjfxaTa Kol ri^v yew/j.erpiav Xa^eTu avrexo/J-evwu iTreyeipaii'. Proclus, oJ>.

5(a tV ""epl avrh <rirovSr)v, os irov StjAcJs cit., p. 66.

iffTi Koi Ttt (rvyypd/xiJ.aTa to7s fxadrifiaTL-

GEORGE J. ALLMAN.

Queen's College. Galway.
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GREEK GEOMETRY FROM THALES TO
EUCLID.*

VI.

MENAECHMUS—
pupil of Eudoxus, associate of

Plato, and the discoverer of the conic sections—is

rightly considered by Th. H. Martin^ to be the same as the

Manaechmus of Suidas and Eudocia,
' a Platonic philoso-

* It is pleasing to see, as I said in

the last number of Hermathena,
that :

' The number of students of the

history of mathematics is ever increas-

ing ; and the centres in which the

subject is cultivated are becoming

more numerous
;

' and it is particu-

larly gratifying to observe that the

subject has at last attracted attention

in England. Since the second part

of this Paper was pubhshed Dr.

Heiberg, of Copenhagen, has com-

pleted his edition of Archimedes :

Archimedis Opera Omnia cum Com-

mentariis Eutocii. e codice Floren-

tino recensuit, Latine vertit notisque

illustravit J. L. Heiberg, Dr. Phil,

vols. ii. et iii. : Lipsiae, 1881. Dr. Hei-

berg has been since engaged in bring-

ing out, in conjunction with Professor

H. Menge, a complete edition of the

works of Euclid, of which two vo-

lumes have been published : Euclidis

Elementa, edidit et Latine interpre-

tatus est J. L. Heiberg, Dr. Phil,

vol. i., Libros i-iv continens, vol.

ii., Libros v-ix continens, Lipsiae,

1883, 1884. As HeJberg's edition of

Archimedes was preceded by his

Quaesiiones Archimedeae, Hauniae,

1879; so, in anticipation of his edition

of Euclid he has published : Litterar-

geschichtliche Studien iiber Euklid,

Leipzig, 1882, a valuable work, to

which I have referred in the last part

of this Paper. Dr. Hultsch, of Dres-

den, informs me that his edition of

Autolycus is finished, and that he

hopes it will appear at the end of this

month (June, 1885). The publication

of this work—in itself so important,

inasmuch as the Greek text of the

propositions only of Autolycus has

been hitherto published—will have,

moreover, an especial interest with

regard to the subject of the pre-

Euclidian geometry. The Cambridge

Press announce a work by Mr. T. L.

Heath (author of the Articles on '

Pap-

pus
' and ' Porisms '

in the Encyclo-

pcedia Britantiica) on Diophantus ; a

subject on which M. Paul Tannery

also has been occupied for some time.

The following works on the history

of Mathematics have been recently

published :
—

Marie, Maximilien, Histoire des

Sciences Mathematiques et Physiques,

Tomes I-V, Paris 1883, 1884. The

first volume alone—De Thales a Dio-
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pher of Alopeconnesus ; but, according to some, of Pro-

connesus, who wrote philosophic works and three books

phante—treats of the subject of these

Papers. It is, in my judgment, in-

ferior to the Histoire des Mathema-

tiques of LI. Hoefer, notwithstanding

the errors of the latter, to which I

called attention in Hermathena, vol.

iii. p. i6i. For the historical part of

this volume M. IMarie has followed

]\Iontucla without making use, or even

seeming to suspect the existence, of

the copious and valuable materials

which have of late years accumulated

on this subject. Referring to this,

Heiberg {Philologus XLIII. Jahres-

berichte, p. 324) says :
' The author

lias been engaged with his book for

forty years : one would have thought

rather that the book was written forty

years ago.' M. Marie commences his

Preface by sajang :

' The history that

I have desired to write is that of the

filiation of ideas and of scientific

methods
;

'

as if that was not the aim

of all recent enlightened inquiries.

Hear what Hankel, in BuUettino Bon-

compagni, V. p. 297, seq., says: La
Storia delta 7natematica non deve sem-

plicetnettte enumerare gli scienzati e i

loro laTori, ma essa deve altresi esporre

lo sviluppo interna detle idee che veg-

nano netta scienza (Quoted by Heiberg
in Ptiilologus, 1. c).

Gow, James, A S/iort History of
Greek Mathematics, Cambridge, 1884.

This history, as far at least as geome-

try is concerned, is not, nor indeed

does is pretend to be, a work of inde-

pendent research. UnHke M. Marie,

however, Mr. Gow has to some ex-

tent studied the recent works on the

subject, ,ind the leader will see that

he has made much use of the first and

second parts of this Paper. On the

other hand, he has left unnoticed

many important publications. In par-

ticular, the numerous and valuable

essays of M. Paul Tannery, which

leave scarcely any department of an-

cient mathematics untouched, and

which throw light on all, seem to be

altogether unknown to him. Essays

and monographs like these of M.

Tannery and others are in fact, with

the single exception of Cantor's Vor-

lesungen iiher Geschichte der Mathe-

matik, the only works in which progress

in the history of ancient mathematics

has of late years been made : Bret-

schneider's Geometric vor Euklides

and Hankel' s Geschichte der Mathe-

tnatik are no exceptions ; for the

fonner work is a monograph, and the

latter, which was interrupted by the

death of the author, contains only

some fragments of a history of mathe-

matics, and consists in reality of a

collection of essays. Should the

reader look at Heiberg's Paper in the

Philologus, XLIII., 1884, pp. 321-346
and pp. 467-522, which has been re-

ferred to above, he will see how nume-

rous and how important are the

publications on Greek mathematics

which have appeared since the open-

ing of a new period of mathematico-

historical research with the works of

Chasles and Nesselmann more than

forty years ago.

A glance at the subjoined list of

the Papers of a single writer—M. Paul

Tannery—relating to the period from

Thales to Euclid, will enable the reader
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on Plato's Republic' From the following anecdote, taken

from the writings of the grammarian Serenus and handed

to form an opinion on the extent of

the literature treated of by Dr. Heiberg.

Memoires de la Societe des Sciences

physiques et naturelles de Bordeaux

(zf Serie).
—Tome r., 1876, Note sur le

systeme astronomiqued'Eudoxe. Tome

II., 1878, Hippocrate de Chio et la quad-
rature des lunules ; Sur les solutions

du probleme de Delos par Archytas
et par Eudoxe. Tome iv., 1882, De
la solution geometrique des problemes
du second degre avant Eudoxe. Tome
v., 1883, Seconde note sur le systeme

astronomique d'Eudoxe ; Le fragment
d'Eudeme sur la quadrature des lunules.

Bulletin des Sciences IMathhnatiqiies
et Astro7iomiqnes.

—Tome vil., 1883,

Notes pour I'histoire des lignes et sur-

faces courbes dans I'antiquite. Tome
IX., 1885, Sur I'Arithmetique Pytha-

gorienne. Le vrai probleme de I'his-

toire des Mathematiques anciennes.

Annates de la faculte des lettres de

Bordeaux.—Tome IV., 1882, Sur les

fragments d'Eudeme de Rhodes rela-

tifs ^ I'histoire des mathematiques.

Tome v., 1883, Un fragment de Speu-

sippe.

Revue philosophiqtie de France et

de retranger, dirigee par M. Rihot.—
Mars, 1880, Thales et ses empnints a

I'Egypte.

Novembre, 1880, Mars, Aout et

Decembre, 1881. L'education Pla-

tonicienne.

' Theonis Smyrnaei Platonici Liber

de Astrono7nia, Paris, 1849, p. 59. A.

Bockh
(
Ueher die vierjdhrigen Sonnen-

kreise der Alien, Berlin, 1863, p. 152),

Schiaparelli {Le Sfere Oinocentriche di

Eudosso, di Caltippo e di Arisiotele,

Milano, 1875, p. 7), and Zeller {Plato

and the Older Academy, p. 554, note

(28), E. T.), hold the same opinion

as Martin : Bretschneider {Geo7n. vor

Euklid., p. 162), however, though

thinking it probable that they were

the same, says that the question of

their identity cannot be determined

with certainty. Martin and Bret-

schneider, both, identify Menaechmus

Alopeconnesius with the one refer-

red to by Theon in the fragment {k)

given below. Max C. P. Schmidt {Die

fragmente des Mathematikers Men-

aechmus, VhWologus, Band XLii. p. 77,

1884), on the other hand, holds that

they were distinct persons, but says

that it is certainly more probable that

the Menaechmus referred to by Theon

was the discoverer of the conic sec-

tions, than that he was the Alope-

connesian, inasmuch as Theon con-

nects him with Callippus, and calls

them both /uaOrj^aTjKoi. Schmidt,

however, does not give any reason

in support of his opinion that the

Alopeconnesian was a distinct person.

But when we consider that Alopecon-

nesus was in the Thracian Chersonese,

and not far from Cyzicus, and that

Proconnesus, an island in the Propon-

tis, was still nearer to Cyzicus, and

that, further, the Menaechmus referred

to in the extract {k) modified the system

of concentric spheres of Eudoxus, the

supposition of Th. H. Martin
{I. c.)

that this extract occurred in the work

of the Alopeconnesian on Plato's Re-

puhlic in connexion with the distaff

of the Fates in the tenth book be-

comes probable.
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down by Stobaeus, he appears to have been the mathe-

matical teacher of Alexander the Great :
—Alexander re-

quested the geometer Menaechmus to teach him geometry

concisely ;
but he replied :

* O king, through the country
there are private and royal roads, but in geometry there is

only one road for all.'^ We have seen that a similar story

is told of Euclid and Ptolemy I. (Hermathena, vol. iii.

p. 164).

What we know further of Menaechmus is contained in

the following eleven fragments :^—
{a). Eudemus informs us in the passage quoted from

Proclus in the first part of this Paper (Hermathena, vol.

iii. p. 163), that Amyclas of Heraclea, one of Plato's com-

panions, and Menaechmus, a pupil of Eudoxus and also

an associate of Plato, and his brother, Dinostratus, made
the whole of geometry more perfect.*

{b). Proclus mentions Menaechmus as having pointed
out the two different senses in which the word element,

GToixHov, is used.^

[c).
In another passage Proclus, having shown that

many so-called conversions are false and are not properly

conversions, adds that this fact had not escaped the notice

of Menaechmus and Amphinomus and the mathematicians

who were their pupils.^

[d] In a third passage of Proclus, where he discusses

"^

Stobaeus, Floril., ed. A. Meineke, jecting the anecdote, and, indeed, it

vol. iv. p. 205. Bretschneider [Geom. seems to me that the probability lies

V. Eiiklid., p. 162) doubts the authen- in the other direction, for we shall see

ticity of this anecdote, and thinks that that Aristotle had direct relations with

it may be only an imitation of the the school of Cyzicus.

similar one concerning Euclid and ^ The fragments of Menaechmus have

Ptolemy. He does so on the ground been collected and given in Greek by
that it is nowhere reported that Alex- Max C. P. Schmidt (/. c).

ander had, besides Aristotle, Menaech- *Procl., Comm. ed. Friedlein, p. 67.

mus as a special teacher in geometry.
^
Ibid., p. 72.

This is an insufficient reason for re- ^
Ibid., pp. 253-4.
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the division of mathematical propositions into problems
and theorems, he says, that whilst in the view of Speusippus
and Amphinomus and their followers all propositions

were theorems, it was maintained on the contrary by
Menaechmus and the mathematicians of his School (ot Trcpi

MivaixfJ-ov fia9r]fxaTiKoi) that they should all be called prob-
lems—the difference being only in the nature of the question

stated, the object being at one time to find the thing sought,

at another time, taking a definite thing, to see either what

it is, or of what kind it is, or what affection it has, or

what relation it has to something else.''

{e). In a fourth passage Proclus mentions him as the

discoverer of the conic sections. The passage is in many
respects so interesting that it deserves to be quoted in full.

'

Again, Geminus divides a line into the compound and

the uncompounded—calling a compound that which is

broken and forms an angle ; then he divides a compound
line into that which makes a figure, and that which may be

produced ad infinitum, saying that some form a figure, e. g.

the circle, the ellipse (0U|O£oc),* the cissoid, whilst others do

not form a figure, e.g. the section of the right-angled cone

[the parabola], the section of the obtuse-angled cone [the

hyperbola], the conchoid, the straight line, and all such.

And again, after another manner, of the uncompounded line

one kind is simple and the other mixed
;
and of the simple,

''Ibid., pp. 77, 78. original name for the ellipse (Nogle

8 '

b dvpeSs (the door-shape, oblong ;
Puncter of de graeske Mathimatikeres

of. Heron Alexandr., ed. Hultsch, Defi- Terminologi, Philologisk-historiske

«z7. 95,p. 27 : TrotoCo-ao'xwafli'Poe'Ses)- Sam funds Mindeskrift, Kjobenhavn,

It is called by Eutocius, Comm. to 1879, p. 7). With relation to the

Apollon. p. 10: iK\ii-i^iv,%v Ka\ Qvp^lv same term, Heiberg, in his Litterar-

KuAovfft, and is used several times in geschichtliche Studien uber Euklid,

Proclus.' So Heiberg, who adds that in Leipzig, 1882, p. 88, quotes a passage

one passage it occurs in an extract from of the iaiv6ixeva of Euchd which had

Eudemus, and says that we may per- hitherto been overlooked : eoi/ yap

haps assume that we have here the kwvos ^ Kv\ivSpos eTriTreSy T/iTjfl^ ixr}
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one forms a figure, as the circular
;
but the other is indefinite,

as the straight line ; but of the mixed, one sort is in planes,

the other in solids ; and of that in planes, one kind meets

itself as the cissoid, another may be produced to infi-

nity ; but of that in solids, one may be considered in the

sections of solids, and the other may be considered as

[traced] around solids. For the helix, which is described

about a sphere or cone, exists around solids, but the conic

sections and the spirical are generated from such a

section of solids. But as to these sections, the conies

were conceived by Menaechmus, with reference to which

Eratosthenes says
—

' Nor cut from a cone the Menaechmian triads'
;

but the latter [the spirics] were conceived by Perseus, who
made an epigram on their invention :

'Perseus found the three [spirical] lines in five sections,

and in honour of the discovery sacrificed to the gods.'

* But the three sections of the cone are the parabola, the

hyperbola, and the ellipse ; but of the spirical sections one

kind is inwoven, like the hippopede ;
^ and another kind is

Kaph. t})v Paffiv, 7] TOfx^ ylyvfTai o^vycc- of a shield of such a shape, and of an

viov Ktivov To/xi), tJtis iffrlv ofioia dvpe^, ellipse, may have been thence derived.

ed. D. Gregory, p. 561 ; and says that ^ tuu Se (nreipiKwy to^uwc t) fiiv ianv

OvpeSs was probably the name by ifjLirewKeyfjifvri, eotKvTarriTov'lTnrovTreSri.

which the curve was known to Me- The hippopede is also referred to in

naechmus. It may be observed, how- the two following passages of Proclus

ever, that an ellipse is not of the i) lirwoireSTi, /j.ia ruv cmeipiKuv oZcra (ed.

shape of a door, neither is a shield, Fried, p. 127), and Kairotye ?; kkto-o-

which is a secondary signification of eiSijs /xia outro irotd yaiviav koI tj Ittwo-

6vpe6s ; the primary signification of ireSr] [ibid. p. 128). In Hermathena,
the word is not 'door', but 'large vol. v. p. 227, I said that a passage in

stone' which might close the entrance Xenophon, De re equestri, cap. 7, ex-

to a cave, as in Homer [Odyssey, ix.) ; plains why the name hippopede was

such a stone, or boulder, as may be given to the curve conceived by Eu-

met with on exposed beaches is often doxus for the explanation of the motions

of a flattened oval form, and the names of the planets, and in particular their
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dilated in the middle, and becomes narrow at each ex-

tremity ; and another being oblong", has less distance in the

middle, but is dilated on each side.' '"

[/). The line from Eratosthenes, which occurs in the

preceding passage, is taken from the epigram which closes

his famousletterto Ptolemy III., and which has been already

more than once referred to. We now cite it with its con-

text.

/xrySe cru y 'Ap)(yT€(o SiKT/Ai^^ava epya KvXtvSpiov

St^r/ai, ..."

[g).
In the letter itself the following passage, which has

retrograde and stationary appearances,

and also to one of the spirics of Per-

seus, each of which curves has the

form of the lemniscate. The passage

in Xenophon is as follows :
—'iTriraa-iav

S' iiraivoviJi.fv rr]v ireSriv Ka\ovfiei/riV iir'

a/xpoTfpas yap tos yvadovs <rTpe<pi(T8at

e0i(fi. Kol rh fj.fTa0a.\\f<xdai 5e tV
liTiraaiav ayadhv, 'iva afji<p6Ttpai al yvdOoi

Kar eKarepov ttjs liriratTias iffd^wvTat.

'Eiraivov/jLev 5e Kal tV erepo/ji-nKri nedrju

fxaWou TTJs KVKAoTepovs. Ibid. cap. 3.

Tovs yt mV erepoyvddovi ixr}vvfi fiey Kal

7] Tre'Sij KaKovfjifVr} ttrnaffia, . . . This

curve was named 7r«5rj from its resem-

blance to the form of the loop of the

wire in a snare, which was in fact

that of a figure of 8. Some writers

have given a different, and, to me it

seems, not a correct, interpretation of

the origin of this term. Mr. Gow, for

example (A Short Histoiy of Greek

Mathematics, Cambridge, 1884, p. 184),

says :

'

Lastly, Eudoxus is reported to

have invented a curve which he called

(TTTroTreSTj, or " horse fetter," and

which resembled those hobbles which

Xenophon describes as used in the

riding school.' In the next page Mr.

Gow says :

' Eudoxus somehow used

this curve in his description of plane-

tary motions, . . .

' This is not cor-

rect : the two curves were of a similar

form—that of the lemniscate—and,

therefore, the same name was given

to each ;
but they differed widely geo-

metrically, and were quite distinct

from each other. See Knoche and

Maerlcer, £x Prodi successoris in

Euclidis elementa commentariis defi-

nitionis quartae expositionem quae de

recta est linea et sectionibus spiricis

commentati sunt J. H. Knochius et

F. J. Maerkerus, Herefordiae, 1856,

p. \i^ et seq. ;
and SchiapareUi, Le

Sfere Omocentriche di Eudosso, di

Callippo e di Aristotele, Milano, 1875,

p. 32 et seq.

^"Procl. Coww. pp. Ill, 112.

" Archimedes, ex. rec. Torelli, p.

146 ; Archim., Opera, ed. Heiberg,

vol. iii., p. 112.
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been already quoted [Hermathcna^ vol. v., p. 195), is found :

* The Delians sent a deputation to the geometers who
were staying with Plato at Academia, and requested them
to solve the problem [of the duplication of the cube] for

them. While they were devoting themselves without stint

of labour to the work, and trying to find two mean propor-
tionals between the two given lines, Archytas of Tarentum

is said to have discovered them by means of his semi-

cylinders, and Eudoxus by means of the so-called curved

lines. It was the lot of all these men to be able to solve

the problem with satisfactory demonstration, while it was

impossible to apply their methods practically so that they
should come into use

; except, to some small extent and

with difficulty, that of Menaechmus.' ^"

[Ji).
The solution of the Delian Problem by Menaech-

mus is also noticed by Proclus in his Comfnentary on the

Timaeus of Plato:—'How then, two straight lines being

given, it is possible to determine two mean proportionals,

as a conclusion to this discussion, I, having found the solu-

tion of Archytas, will transcribe it, choosing it rather than

that of Menaechmus, because he makes use of the conic

lines, and also rather than that of Eratosthenes, because

he employs the application of a scale.' ^^

(z). The solutions of Menaechmus—of which there are

two—have been handed down by Eutocius in his Com-

mentary on the Second Book of the Treatise of Archi-

medes On the Sphere and Cylijider, and will be given at

length below.^*

^'^ Ibid. ex. rec. Torelli, p. 144; matikers Menaechmus, V\nlQ\oga.s,yl\i.

ibid. ed. Heiberg, vol. iii. pp. 104, p. 75. Heiberg (Archim. Opera, vol.

106. iii. Praefatio v.) also gives this pas-
i^Procl. in Platonis Timaeum, p. sage, but his reference is to p. 353, ed.

149 in libro iii. (ed. Joann. Valder, Schneider.

Basel, 1534). I have taken this quo-
1*
Archim., ed. Torelli, pp. 141 et

tation and reference from Max C. P. seq. ; Archim., Opera, ed. Heiberg,

Schmidt, Die fragmente des Mathe- vol. iii. pp. 92 et seq.
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(/). We learn from Plutarch that ' Plato blamed Eu-

doxus, Archytas, and Menaechmus, and their School, for

endeavouring to reduce the duplication of the cube to

instrumental and mechanical contrivances ; for in this way
[he said] the whole good of geometry is destroyed and

perverted, since it backslides into the things of sense, and
does not soar and try to grasp eternal and incorporeal

images ; through the contemplation of which God is ever

God'.>^

The same thing is repeated by Plutarch in his Life of
Marcellus as far as Eudoxus and Archytas are concerned,

but in this passage Menaechmus, though not mentioned

by name, is, it seems to me, referred to. The passage is :
—

' The first who gave an impulse to the study of mecha-

nics, a branch of knowledge so prepossessing and cele-

brated, were Eudoxus and Archytas, who embellish

geometry by means of an element of easy elegance, and

underprop by actual experiments and the use of instru-

ments, some problems, which are not well supplied with

proof by means of abstract reasonings and diagrams.

That problem (for example) of two mean proportional

lines, which is also an indispensable element in many
drawings :—and this they each brought within the range
of mechanical contrivances, by applying certain instru-

ments for finding mean proportionals {fxeaoypacpovg) taken

from curved lines and sections {KOfxTTvXijjv ypan/xujv kqI

Turifidriov). But, when Plato inveighed against them with

great indignation and persistence as destroying and per-

verting all the good there is in geometry, which thus ab-

sconds from incorporeal and intellectual to sensible things,

and besides employs again such bodies as require much

vulgar handicraft : in this way mechanics was dissimi-

lated and expelled from geometry, and being for a long

1* Plut. Qiiaest. Cotiviv. lib. viii. ^- 2, i
; V\vX. Opera, ed. Didot, vol. iv. p. 876.
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time looked down upon by philosophy, became one of the

arts of war,' '^

[k). Theon of Smyrna relates that 'he [Plato] blames

those philosophers who, identifying the stars, as if they

were inanimate, with spheres and their circles, intro-

duce a multiplicity of spheres, as Aristotle thinks fit to do,

and amongst the viatJiematiciaiis, Menaechmus and Cal-

lippus, who introduced the system of deferent and resti-

tuent spheres (oJ raq /xlv (papovaa^, TUQ Se avtXiTTOvaag

it<Tr}yi](TavTOj.

The solutions of Menaechmus referred to in (t) are as

follows :
—

* As Menaechmus.
* Let the two given straight lines be a, c ; it is required

to find two mean proportionals between them :
—

' Let it be done, and let them be j3, 7 : and let the

16 Ibid. Vila Marcelli, c. 14, sec. 5 :

Plut. Opp., ed. Didot, vol. i. pp. 364,

5. The words k. 7. in this passage

refer to the curves of Eudoxus (see

Hermathena, vol. V. pp. 217 and

225) ; Tyu. refers to the solution of

Archytas, and also, in my judgment,

to the conic sections. Instead of tjx.

we should, no doubt, expect to meet

ro^iuv ;
but Plutarch was not a mathe-

matician, and the word, moreover,

occurs in a biographical work : to this

may be added, that in one of the Deji-

nitions of Heron {Def. 91, p. 26, ed.

Hultsch), we find r/t^^ua used for sec-

tion.

" Theonis Smyrnaei Platonici Liber

de Astronomia, ed. Th. H. Martin,
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straight line Srj, given in position and limited in S, be laid

down
;
and at S let 8 ^, equal to the straight line y, be

placed on it, and let the line 6^ he drawn at right angles,
and let ^0, equal to the line /3, be laid down : since, then,

the three straight lines a, ft, y are proportional, the rect-

angle under the lines a, 7, is equal to the square on j3 :

therefore the rectangle under the given line a and the line

7, that is the line S^, is equal to the square on the line /3,

that is to the square on the line ^0 ;
therefore the point

lies on a parabola described through S. Let the parallel

straight lines Ok, 8/c be drawn : since the rectangle under

ft, y is given (for it is equal to the rectangle under a, t),

the rectangle k ^ is also given : the point 6, therefore, lies

on a hyperbola described with the straight lines k 8, 8 ^ as

asymptotes. The point 9 is therefore given; so also is

the point ^.

* The synthesis will be as follows :
—

*Let the given straight lines be a, e, and let the line Sri he

given in position and terminated at S; through S let a para-

bola be described whose axis is S rj and parameter a. And
let the squares of the ordinates drawn at right angles to Sfj

be equal to the rectangles applied to a, and having for

breadths the lines cut off by them to the point S. Let

it [the parabola] be described, and let it be S 0, and let the

line Sk [be drawn and let it] be a perpendicular; and with

pp. 330, 332, Paris, 1849. The crcjyaTpai Menaechmus (Theon. Smym. Liher de

av€\iTTov(Tai were, according to this Astron. Dissertatio, p. 59). Sirapli-

hypothesis, spheres of opposite move- cius, however, in liis Commentary on

ment, which have the object of neu- Aristotle De Caelo (Schol. in Aristot.

tralising the effect of other enveloping Brandis, p. 498, b), ascribes this modi-

spheres (Aristot. Met. xii. c. 8, ed. Bek- lication to Eudoxus himself. Martin

ker, p. 1074). This modification of (/. c.) thinks it probable that this hypo-

the system of concentric spheres of thesis was put forward by Menaechmus,

Eudoxus is attributed to Aristotle, but in his work on Plato's Republic, with

we infer from this passage of Theon reference to the description of the dis-

of Smyrna that it was introduced by taff of the Fates in the tenth book.

VOL. V. 2 F
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the straight lines k S, S ^ as asymptotes, let the hyperbola
be described, so that the lines drawn from it parallel to

the lines K^,^t shall form an area equal to the rectangle

under a, t : it [the hyperbola] will cut the parabola : let

them cut in 0, and let perpendiculars 0(c, 0^, be drawn.

Since, then, the square on t,Q \s equal to the rectangle

under a and S^, there will be : as the line a is to Z,B, so is

the line Z,B to Z,^. Again, since the rectangle under a, e is

equal to the rectangle OZ,^, there will be : as the line a is

to the line Z, B, so is the line ^ S to the line s : but the line a

is to the line ^ B, as the line ^ is to ^ S. And, therefore :

as the line a is to the line ^ B, so is the line ^ B to (^S, and

the line ^ S to £. Let the line /3 be taken equal to the line

B ^, and the line y equal to the line S Z, ;
there will be,

therefore : as the line a is to the line /3, so is the line /3

to the line y, and the line y to e : the lines a, j3, y, £ are,

therefore, in continued proportion ;
which was required to

be found.

Otherwise.

' Let a /3, /3 y be the two given straight lines [placed] at

right angles to each other ; and let their mean propor-
tionals be Sj3,j3£, so that, as the line y /3 is to /3 S, so is the
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line j3 S to 3 £, and the line (3 £ to j3 a, and let the perpen-

diculars 8 ^, 6 ^ be drawn. Since then there is : as the line

7 ^ is to |3 S, so is the line /3 S to /Be, therefore the rect-

angle yjSf, that is, the rectangle under the given straight

line [7 j3] and the line j3 £ will be equal to the square on

j3 8, that is [the square] on e ^ : since then the rectangle

under a given line and the line jS £ is equal to the square

on f ^, therefore the point Z, lies on a parabola described

about the axis /3 f. Again, since there is : as the line a /3 is

to /Be so is the line /Be to j3S, therefore the rectangle

a/3S, that is, the rectangle under the given straight line

[a /3] and the line /3 8, is equal to the square on e /3, that is

[the square] on cZ', the point Z, therefore, lies on a para-

bola described about the axis /3 S : but it [the point ^] lies

also on another given [parabola] described about [the

axis] /3 £ : the point Z, is therefore given ;
as are also

the perpendiculars ^S, ^e: the points §, c are, therefore,

given.
' The synthesis will be as follows :

—
* Let a /3, /3 7 be the two given lines placed at right

angles to each other, and let them be produced indefi-

nitely from the point j3 : and let there be described about

the axis /3 e a parabola, so that the square on any ordinate

[^e] shall be equal to the rectangle applied to the line

liy with the line /Be as height. Again, let a parabola be

described about S /B as axis, so that the squares on its ordi-

nates shall be equal to rectangles applied to the line a^.
These parabolas cut each other : let them cut at the point

Z, and from Z, let the perpendiculars ^S, Z,£ be drawn.

Since then, in the parabola, the line ^e, that is, the line g/B

has been drawn, there will be: the rectangle under 7/B, fii

equals the square on /3S: there is, therefore: as the line

7)3 is to /BS, so is the line 8/3 to ^^. Again, since in the

parabola the line Z^S, that is, the line e/3, has been drawn,

there will be: the rectangle under 8/3, /B a equals the

2 F 2
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square on f/3 : there is, therefore: as the line Sj3 is to /Be,

so is the line jSc to /3 a ;
but there was : as the line S/3 is to

[5t, so is the line yjS to /38: and thus there will be, there-

fore : as the line y(5 is /3S, so is the line /3S to /3e, and the

line (3 e to (5a; which was required to be found.'

Eutocius adds— ' The parabola is described by means of

a compass {dia(5vTov) invented by Isidore of Miletus, the

engineer, our master, and described by him in his Com-

mentary on the Treatise of Heron On Arches {Ka/xapiKiov).'

"We have, therefore, the highest authority
—that of

Eratosthenes, confirmed by Geminus, [e)
and {/)

—for the

fact that Menaechmus was the discoverer of the three

conic sections, and that he conceived them as sections

of the cone. We see, further, that he employed two of

them, the parabola and the rectangular hyperbola, in his

solutions of the Delian Problem. We learn, however,

from a passage of Geminus, quoted by Eutocius in his

Commentary on the Conies of Apollonius, which has

already been referred to in another connexion (Her-
MATHENA, vol. iii., p. 169), that these names, parabola
and hyperbola^ are of later origin, and were given to

these curves by Apollonius :
—

* But what Geminus says is true, that the ancients (ot

TraXcuoi), defining a cone as the revolution of a right-angled

triangle, one of the sides about the right angle remaining

fixed, naturally supposed also that all cones were right,

and that there was one section only in each—in the right-

angled one, the section now called a parabola, in the ob-

tuse-angled, the hyperbola, and in the acute-angled the

ellipse ; and you will find the sections so named by them.

As then the original investigators [lipxaiwv) observed the

two right angles in each individual kind of triangle, first

in the equilateral, again in the isosceles, and lastly in the

scalene ; those that came after them proved the general
theorem as follows:—"The three angles of every triangle
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are equal to two right angles." So also in the sections of

a cone ; for they viewed the so-called " section of the right-

angled cone
"

in the right-angled cone only, cut by a plane
at right angles to one side of the cone

;
but the section of

the obtuse-angled cone they used to show as existing
in the obtuse-angled cone

; and the section of the acute-

angled cone in the acute-angled cone ; in like manner in

all the cones drawing the planes at right angles to one
side of the cone

; which also even the original names them-
selves of the lines indicate. But, afterwards, Apollonius
of Perga observed something which is universally true—
that in every cone, as well right as scalene, all these sec-

tions exist according to the different application of the

plane to the cone. His contemporaries, admiring him on
account of the wonderful excellence of the theorems of

conies proved by him, called Apollonius the " Greai

Geometer.'" Geminus says this in the sixth book of his

Review of Mathematics.'^'^

The statement in the preceding passage as to the ori-

ginal names of the conic sections is also made by Pappus,
who says, further, that these names were given to them by
Aristaeus, and were subsequently changed by Apollonius
to those which have been in use ever since.^** In the writ-

ings of Archimedes, moreover, the conic sections are

always called by their old names, and thus this statement

of Geminus is indirectly confirmed.-''

i^Apollonii Co7iica, od. Halleius, ^ojjgjijgj-g [JSlogh Puncicr af de

p. 9. graeske Matheniatikeres Teriiiinologi,
^8

Pappi Alexand. Collect, vii. ed. Kjobenhavn, 1879, p. 2) points out

Hultsch, pp. 672 et seq. Mr. Gow that '

Only in three passages is the

(Op. cit.), p. 186, note, says: 'That word ?AA.€n//i5 found in the works of

Menacchmus used the name "section Archimedes, but everywhere it ought

of right-angled cone," etc., is attested to be removed as a later interpolation,

by Pappus, vii. (ed. Ilultsch), p. 672.' as Nizze has already asserted.' These

This is not conect
;
the name of Mc- passages are : 1°. irep\ KtavoftSewy, ed.

naechmus does not occur in Pappus. Torelli, p. 270, ed. licibcrg, vol. i.
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It is much to be regretted that the two solutions of

Menaechmus have not been transmitted to us in their ori-

ginal form. That they have been altered, either by Euto-

cius or by some author whom he followed, appears not

only from the employment in these solutions of the terms

parabola and hyperbola, as has been already frequently

pointed out,-' but much more from the fact that the lan-

guage used in them is, in its character, altogether that

of x\pollonius."

Let us now examine whether any inference can be

drawn from the previous notices as to the way in which

Menaechmus was led to the discovery of his curves. This

question has been considered by Bretschneider,'^ whose

hypothesis as to the course of the inquiry is very simple

and quite in accordance with what we know of the state of

geometry at that time.

We have seen that the right cone only was considered,

and was conceived to be cut by a plane perpendicular to a

side
;

it is evident, moreover, that this plane is at right

angles to the plane passing through that side and the axis

of the cone. We have seen, further, that if the vertical

angle of the cone is right, the section is the curve, of which

the fundamental property
—expressed now by the equation

pp. 324, 325; 2°. ibid. Tor. p. 272,
^^

First, as far as I know, byReimer,
Heib. id. p. 332, 1. 22

; 3°. ibid. Tor. Historia problematis de cubi diiplica-

p. 273, Heib. id. p. 334, 1. 5. Hei- tione, Gottingae, 1798, p. 64, note,

berg, moreover, calls attention to a ^"
e. g. irapafioKi], vwep^oK-fi, aavixir-

passage where Eutocius {Conim. to twtois, i^uv, opOia irAfvpa. The origi-

Archimedes, nepl acpaipas koI KvXiuSpov nal name for the asymptotes ai eyyia-Ta

II. ed. Tor. p. 163, ed. Heib. vol. iii. is met with in Archimedes, De Conoi-

p. 154, 1. 9) attributes to Archimedes dibus, &c. (at eyytcrra ras rod d/xjSAu-

a fragment he has discovered, con- ywviov kwvov rofias, ed. Heiberg, vol. i.

taining the solution of a problem p. 276, 1. 22
;

and again, o» iyyiara

which requires the appUcation of €ir0eja«, k.t.A., id. p. 278, 1. i). See

conic sections, among other reasons Heiberg, A'(7_§'/^ /"mw^^., &c., p. 11.

because in it their original names are ^^ Bretsch. Geom. v. Eiikl. pp. 156

used. et seq.
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y* = p X—was known to Menaechmus. This being pre-

mised, Bretschneider proceeds to show how this property
of the parabola may be obtained in the manner indicated.

Let DEF be a plane drawn at right angles to the side

AC of the right cone whose vertex is A, and circular base

BFC
;
and let the triangle BAG (right-angled at A) be the

section of the cone made by the plane drawn through AC
and the axis of the cone. Let the plane DEF cut the cone

in the curve DKF, and the plane BAG in the line DE. If,

now, through any point J of the line DE a plane HKG be

drawn parallel to the base BFC of the cone, the section of

the cone made by this plane will be a circle, whose plane
will be at right angles to the plane BAC ; to which plane

the plane of the section DKF is also perpendicular ;
the

line JK of intersection of these two planes will then be at

right angles to the plane BAC, and, therefore, to each of

the lines HG and DE in that plane. Let now the line DL
be drawn parallel to HG, and the line LM at right angles

to LD. In the semicircle HKG the square on JK is equal

to the rectangle HJG, that is, to the rectangle under LD
and JG, or, on account of the similar triangles JDG and

DLM, to the rectangle under DJ and DM. The section of

the right-angled cone, therefore, is such that the square on

the ordinate KJ is equal to the rectangle under a given

line DM and the abscissa DJ.
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Bretschneider proceeds then to the consideration of

the sections of the acute-angled and obtuse-angled cones

and investigates the manner in which Menaechmus may-
have been led to the discovery of properties similar to those

which he had known in the semicircle, and found in the

case of the section of the right-angled cone.

Let a plane be drawn perpendicular to the side AC of

an acute-angled cone, and let it cut the cone in the curve

DKE, and let the plane through AC and the axis cut the

cone in the triangle BAC. Through any point J of the line

DE let a plane be drawn parallel to the base of the cone,

cutting the cone in the circle HKG, whose plane will be at

right angles to the plane BAC, to which plane the plane
of the section DKE is also perpendicular. The line JK
of intersection of these two planes will then be at right

angles to the plane BAC ; and, therefore, to each of the

lines HG and DE in that plane, draw LD and EF
parallel to HG, and at the point L draw a perpen-
cular to LD, intersecting DE in the point IVL We have

then

HJ : JE : : LD ; DE

JG : JD : : EF : DE ;

therefore,

HJ . JG : JE . JD : : LD . EF : DE^.

But, on account of the similar triangles

DEF and DLM,

EF : DE : : MD : LD.

Hence we get

HJ . JG : JE . JD : : MD : DE.

But in the semicircle FIKG

JK2 = HJ.JG; J

therefore,

JK2 : JE . JD : ; MD : DE,

that is, the square of the ordinate JK is to the rectangle
under EJ and JD in a constant ratio.
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The investigation in the case of the section of the obtuse-

angle cone is similar to the above.

Bretschneider observes that the construction given for

MD in the preceding investigations is so closely connected

with the position of the plane of section DKE at right angles
to the side AC that it could scarcely have escaped the

observation of Menaechmus.
This hypothesis of Bretschneider, as to the properties

of the conic sections first perceived by Menaechmus, which

properties he employed to distinguish his curves from each

other, seems to me to be quite in accordance as well with

the state of geometry at that time as with the place which

Menaechmus occupied in its development.
A comparison of these investigations with the solution

of Archytas (see Hermathena, vol. v. p. 196, and seq.) will

show, as there stated, that ' the same conceptions are made
use of, and the same course of reasoning is pursued' in each

[id. p. 199) :

In each investigation two planes are perpendicular to

an underlying plane; and the intersection of the two

planes is a common ordinate to two curves lying one in

each plane. In one of the intersecting planes the curve is

in each case a semicircle, and the common ordinate is,

therefore, a mean proportional between the segments of

its diameter. So far the investigation is the same for all.

Now, from the consideration of the figure in the underly-

ing plane—which is different in each case—it follows

that :
—in the first case—the solution of Archytas—the

ordinate in the second intersecting plane is a mean pro-

portional between the segments of its base, whence it is

inferred that the extremity of the ordinate in this plane
also lies on a semicircle ; in the second case—the section

of the right-angled cone—the ordinate is a mean propor-

tional between a given straight line and the abscissa ;

and, lastly, in the third case—the section of an acute-
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angled cone—the ordinate is proportional to the geometric

mean between the segments of the base.

So far, it seems to me, we can safely go, but not farther.

From the first solution of Menaechmus, however, it has

been generally inferred that he must have discovered the

asymptotes of the hyperbola, and have known the property

ot the curve with relation to these lines, which property

we now express by the equation xy = (^^ Menaechmus

may have discovered the asymptotes ; but, in my judg-

ment, we are not justified in making this assertion, on

account of the fact, which is undoubted, that the solutions

of Menaechmus have not come down to us in his own

words. To this may be added that the words hyperbola

and asymptotes could not have been used by him, as these

terms were unknown to Archimedes.

From the passage in the letter of Eratosthenes at the

end of extract {g\ coupled with the statement of Plutarch

(/), Bretschneider infers that it is not improbable that

Menaechmus invented some instrument for drawing his

curves.-^ Cantor considers this interpretation as not impos-

sible, and points out that there is in it no real contradiction

to the observation in Eutocius concerning the description

of the parabola by Isidore of Miletus." Bretschneider adds

that if Menaechmus had found out such an instrument it

could never have been in general use, since not the slightest

further mention of it has come down to us. It appears to

me, however, that it is more probable that Menaechmus

constructed the parabola and hyperbola by points, though
this supposition is rejected by Bretschneider on the ground
that such a construction would be very tedious. On the

other hand, it seems to me that the words of Eratosthenes

would apply very well to such a procedure. We know, on

the authority of Eudemus (see Hermathena, vol. iii.,.

2< Ihid. p. 162. 2° Geschich. der Math. p. 211.
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p. i8i), that 'the inventions concerning the application
of areas

'—on which, moreover, the construction by points
of the curves y^^px and xy=<f depend—'are ancient

afiyala, and are due to the Pythagoreans' -y^ it may be fairly

inferred, then, that problems of application were frequently
solved by the Greeks. And we have the very direct tes-

timony of Proclus in the passage referred to, that the

inventors of these constructions applied them also to the

arithmetical solution of the corresponding problems. It

is not surprising, therefore, to find— as Paul Tannery" has

remarked—Diophantus constantly using the expression

TrapajSaAAftv -Kapa in the sense of dividing.*^

'^^Procl. Comm. ed. Fried, p. 419.
^'' De la Solution Geometrique des

Problemes du Second Degre avant

Euclide (Memoires de la Societe des

Sciences phys. and nat. de Bordeaux,

t. iv., 2^ Serie, 3'= Cahier, p. 409.

Tannery (Bulletin des Sc. Math, et

Astron. Tom. iv., 1880, p. 309) says

that we must believe that Menaech-

mus made use of the properties of the

conic sections, which are now expressed

by the equation between the ordinate

and the abscissa measured from the

vertex, for the construction of these

curves by points.
28 In a Paper pubHshed in the Philo-

logus [Griechische und romische nia-

thematik, Phil. XLIII, 1884, pp. 474, 5),

Heiberg puts forward views which

differ widely from those stated above.

He holds :
—that it is not certain that

Menaechmus contrived an apparatus

for the delineation of the conic sec-

tions : that the only meaning which

can be attached to Plato's blame (/)

is, that Archytas, Eudoxus, and Me-

naechmus had employed, for the du-

plication of the cube, curves which

could not be constructed with the rule

and compass ;
and that the passage of

Eratosthenes merely says that the

curves of Menaechmus could be con-

structed, and not that he had found an

apparatus for the purpose. Heiberg

says, moreover, that it cannot be

doubted that the Pythagoreans solved,

by means of the application of areas,

the equations, which we now call the

vertical equations of the conic sec-

tions : but while admitting this, he

holds that there is no ground for in-

ferring thence that these equations

were employed for the description of

the conic sections by points ;
and says

that such a description by points runs

counter to the whole spirit of Greek

geometry. On the other hand it seems

to me that Tannery is right in believ-

ing that the quadratrix of Dinostratus

(the brother of Menaechmus), or of

Hippias, the contemporary of Socrates,

was constructed in this manner (see

Bulletin des Sc. Math, et Astron.

Pour Vhistoire des lignes and Surfaces

Courbesdans VAntiquite, t. Vll. p. 279).

Moreover, the construction of the para-
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The extracts from Proclus
[b], [c] and [d) are interesting

as showing that Menaechmus was not only a discoverer in

geometry, but that questions on the philosophy of mathe-

matics also engaged his attention.

In the passages [c]
and [d], moreover, the expression

ol Trepi Mivai\fxov fxaOrjfiaTiKoi occurs—precisely the same

expression as that used by lamblichus with reference

to Eudoxus (see Hermathena, vol. v. p. 219)—and
we observe that in (d) this expression stands in con-

trast with 01 irepl 'Eirtvannrov, which is met with in the

same sentence. From this it follows that Menaech-
mus had a school, and that it was looked on as a matJie-

matical rather than as a philosophical school. Further,
we have seen that Theon of Smyrna makes a similar

distinction between Aristotle on the one side and Me-
naechmus and Callippus on the other {k). Lastly, we
learn from Simplicius that Callippus of Cyzicus, who was
the pupil of Polemarchus, who was known to, or rather

the friend of (yi^wpf/itf)* Eudoxus, went with Polemarchus

to Athens, in order to hold a conference with Aristotle on

the inventions of Eudoxus, in order to rectify and perfect

them.'*

When these statements are put together, and taken

bola and rectangular hyperbola by Xei av^Kan^'ioi, to. v-irh tov Y.v^6t,ov

points depends on the simplest pro- evpedevTa avv t^ 'ApiaTOTf\et SiopOov/xe-

blems of application of areas— the vos re kuI -KpocravaiTKripaiv.
—Scholia in

Tvapa^oKi] without the addition of the Aristot. Brandis, p. 498, b. Callippus

vTTfp^oXT} or eWfiirais. and Polemarchus, as Bocldi has re-

'•' The passage is in the Co7nmentary marked, could not have been fellow-

of Simplicius on the second book of pupils of Eudoxus : Callippus, who
Aristotle, De Caelo, and is as follows :

— flourished circ. 330 B.C., was too young.

iipTirai Kol '6ti irpwros EvSo^os 6 Kvibios The meaning of the passage must be

itrefiaXe rats Sia tuv aviXiTTovaHv as stated above. Bockh conjectures

Ka\ov/x4viDu ff<paip&v virodfaecri, KdWiir- that Polemarchus was about twenty
nos 5e d Kv^iKTjfhs UoKefjLapxv ffvfrxo- years older than Callippus. See Son-

\daas Tcfi EvSo^ov yvwpi/xcji, Kol /uer' nertJcreisc, p. 155.

iKilvov e»s ^\Oi\vas iXdtii', T(fi 'ApiffroTi-
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in conjunction with the fact mentioned by Ptolemy, that

Callippus made astronomical and meteorological obser-

vations at the Hellespont/" we are, I think, justified in

assuming that the reference in each is to the School of

Cyzicus, founded by Eudoxus, whose successors were—
Helicon (probably), Menaechmus, Polemarchus, and Cal-

lippus.

From the passages of Plutarch referred to in (/) we see

that Plato blamed Archytas, Eudoxus and Menaechmus
for reducing the duplication of the cube to mechanical con-

trivances. On the other hand the solution of this problem,
attributed to Plato, and handed down by Eutocius, is purely
mechanical. Grave doubts have arisen hence as to whether

this solution is really due to Plato. These doubts are in-

creased if reference be made to the following authorities:—

r Eratosthenes, in his letter in which the history of the

Delian problem is given, refers to the solutions of Archy-

tas, Eudoxus, and Menaechmus, but takes no notice of

any solution by Plato, though mentioning him by name ;

Theon of Smyrna also, quoting a writing of Eratosthenes

entitled 'The Platonic,' relates that the Delians sent to

Plato to consult him on this problem, and that he replied

that the god gave this oracle to the Delians, not that he

wanted his altar doubled, but that he meant to blame the

Hellenes for their neglect of mathematics and their con-

tempt of geometry." Plutarch, too, gives a similar account

of the matter, and adds that Plato referred the Delians,

who implored his aid, to Eudoxus of Cnidus, and Helicon

of Cyzicus, for its solution." Lastly, John Philoponus, in his

^°
(paans airXavwv affrtpaiv Kal avva- Gelder, Lugdun. Bat. 1827, page

yuiyii eiri(Ti]fjLaaiwv, Ptolemy, ed.Halma, 5.

Paris, 1819, p. 53.
32 Plutarch, de GenioSocratis, Opera,

31 Theon. Smyni. Arithni, ed. dc ed. Didot, vol. iii. p. 699.
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account of the matter, agrees in the main with Plutarch,

but in Plato's answer to the Delians he omits all reference

to others."

Cantor, who has collected these authorities, sums up the

evidence, and says the choice lies between— 1° the assump-

tion that Plato, when blaming Archytas, Eudoxus.^ and

IVIenaechmus, added, that it was not difficult to execute the

doubling of the cube mechanically; that it could be effected

by a simple machine, but that this was not geometry ;
or

2° the rejection, as far as Plato is concerned, of the com-

munication of Eutocius, on the ground of the statements of

Plutarch and the silence of Eratosthenes ;
or lastly, 3° the

admission that a contradiction exists here which we have

not sufficient means to clear up.^*

The fact that Eratosthenes takes no notice of the solu-

tion of Plato seems to me in itself to be a strong presump-

tion against its genuineness. When, however, this silence

is taken in connexion with the statements of Plutarch, that

Plato referred the Delians to others for the solution of their

difficulty, and also that Plato blamed the solutions of the

three great geometers, who were his contemporaries, as

mechanical—a condemnation quite in accordance, more-

over, with the whole spirit of the Platonic philosophy—we

are forced, I think, to the conclusion that the sources from

which Eutocius took his account of this solution are not

trustworthy. This inference is strengthened by the fact,

that the source from which the solution given by Eudoxus

of the same problem was known to Eutocius, was so

corrupt that it was unintelligible to him, and, therefore,

not handed down by him.^*

33Johan. Philop. ad Aristot. Analyt. post. i. 7.

^*
Cantor, Geschich. der Math.., p. 202.

35 See Hermathena, vol. v. p. 225.
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The solution attributed to Plato is as follows :
—

*As Plato.

*Two straight lines being given to find two mean pro-

portionals in continued proportion.

K

'H

M

A

* Let the two given straight lines a
(3, jSy, between which

it is required to find two mean proportionals, be at right

angles to each other. Let them be produced to S, ?. Now
let there be constructed a right angle Z H 6, and in either

leg, as ZH, let a ruler KA be moved in a groove which is in

ZH, so as to remain parallel to H9. This will take place
if we imagine another ruler connected with 9|H and

parallel to ZH, as 9M. For the upper surfaces of the

rulers ZH, 0M being furrowed with grooves shaped like a

dove-tail, in these grooves tenons connected with the ruler

KA being inserted, the motion of the ruler KA will be

always parallel to H9. This being arranged, let either

leg of the angle, as H9, be placed in contact with the

point 7, and let the angle and the ruler be moved so far

that the point H may fall on the line (5 8, whilst the leg

H 9 is in contact with the point y, and the ruler KA be in

contact with the line jSe at the point K, buc on the other

side with the point a : so that, as in the diagram, a right
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angle be placed as the angle ySt, but the ruler KA have

the position of the line ea. This being so, what was re-

quired will be done ; for the angles at S and t being right,

there will be the line 7/3 to /3S, as the line Sj3 to jS c, and

the line e/3 to /Ba.'^"

The instrument is in fact a gnomon, or carpenter's

square, with a ruler movable on one leg and at right

angles to it, after the manner of a shoemaker's size-stick.

If this solution be compared with the second solution

of Menaechmus it will be seen that the arrangement of the

two given lines and their mean proportianals is precisely

the same in each, and that, moreover, the analysis must

also be the same. Further, a reference to the solution of

Archytas (see Hermathena, vol. v. pp. 196 and 198 [b))

will show that the only geometrical theorems made use of

in the solution attributed to Plato were known to Archytas.
Hence it seems to me that it may be fairly inferred that

this solution was subsequent to that of Menaechmus, as his

solution was to that ot Archytas. This, so far as it goes,

is in favour of the first supposition of Cantor given above.

On account of the importance of the subject treated of

here, I will state briefly my views on the matter in ques-

tion :
—Menaechmus was led by the study of the solution

of Archytas, in the manner given above, to the discovery
of the curve whose property [avfnrrwfia] is that now defined

by the equation y""
= px. Starting from this, he arrived at

the properties of the sections of the acute-angled and of

the obtuse-angled right cones, which are analogous to the

well-known property of the semicircle—the ordinate is a

mean proportional between the segments of the diameter.

Having found the curve defined by the property, that its

ordinate is a mean proportional between a given line and

^^Archim.ed.Torellijp. 135; Archim, in this solution and that of Menaech-

Opera, ed. Heiberg, vol. iii. pp. 6G et mus from Heiberg's edition of Archi-

seq. I have taken the diagrams used medes.
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the abscissa, Menaechmus saw that by means of two such

curves the problem of finding two mean proportionals
could be solved, as given in the second of his two solu-

tions, which, I think, was the one first arrived at by him.

The question was then raised—Of what practical use is

your solution ? or, in other words, how can your curve be

described ?

Now we have seen in the former parts of this Paper that,

side by side with the development of abstract geometry by
the Greeks, the practical art of geometrical drawing, which

they derived originally from the Egyptians, continued to

be in use : that the Pythagoreans especially were adepts
in it, and that, in particular, they were occupied with

problems concerning the application {irapalSoXi]) of areas,

including the working of numerical examples of the same.

Now any number of points, as near to each other as we

please, on the curve y'^
= px, can be obtained with the

greatest facility by this method
;
and in this manner, I

think, Menaechmus traced the curve known subsequently

by the name parabola
—a name transferred from the opera-

tion (which was the proper signification of irapafioXri) to

the result of the operation. We have seen that the same

name, 7rapa(5oXri, was transferred and applied to division,

which was also a transference of a name of an operation

to its result.

Having solved the problem by the intersection of two

parabolas, I think it probable that Menaechmus showed

that the practical solution of the question could be simpli-

fied by using, instead of one of them, the curve xy =
a-, the

construction of which by points is even easier than that

of the parabola. There is no evidence, however, for the

inference that Menaechmus knew that this curve was the

same as the one he had obtained as a section of the obtuse-

angled cone; or that he knew of the existence of the asymp
totes of the hyperbola, and its equation in relation to them.

VOL. V. 2 G
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Let us examine now whether anything can be derived

from the sources, which would enable us to fix the time of

the Delian deputation to Plato—be it real or fictitious.

We have seen that Sotion, after mentioning that Eu-

doxus took up his abode at Cyzicus, and taught there and

in the neigbouring cities of the Propontis, relates that

subsequently he returned to Athens accompanied by a

great many pupils [iravv iroWovq irepX kavrov t^ovra /za^ijrac),

for the sake, as some say, of annoying Plato, because

formerly he had not held him worthy of attention (Her-

MATHENA, vol. V. pp. 2 1 3, 2 1 4). We leam, further, from

Apollodorus that Eudoxus flourished about the hundred

and third Olympiad—B.C. 367—and it is probable, as

Bockh thinks, that this time falls in with his residence

at Cyzicus. Now the narrative of Plutarch—that Plato

referred the Delians to Eudoxus and Helicon for the

solution of their difficulty
—points to the time of the visit

of Eudoxus and his pupils to Athens, for— 1° as we know
from Sotion, Plato, and Eudoxus had not been on good
terms ; and 2° it is not probable that, before this visit,

Helicon, who was a native of Cyzicus and a pupil of Eu-

doxus, as we learn from the spurious 13th Epistle of PlatOy

had become famous or was known to Plato. Bockh

assumes, no doubt rightly, that the visit of Eudoxus and

his pupils to Athens, and their sojourn there, took place

a few years later than Ol. 103, i—B.C. 367; so that it

occurred between the second and third visits of Plato to

Sicily (368 B.C. and 361 B.C.)." To this time, therefore, he

refers the remarkable living and working together at the

Academy of eminent men, who were distinguished in

mathematics and astronomy, according to the report of

Eudemus as handed down by Proclus. Now, amongst
those named there we find Eudoxus himself, his pupil

3' Bockh, Sonnenkreise, &c., pp. 156, 157.
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Menaechmus, Dinostratus—the brother of Menaechmus
—and Athenaeus of Cyzicus ;

^^ to these must be added

Helicon of Cyzicus—more distinguished as an astronomer

than a mathematician—who was recommended to Diony-
sius by Plato/^ and who was at the court of Dionysius
in company with Plato at the time of his third visit to

Syracuse.^"

I quite agree with Bockh in thinking that all the

pupils of Eudoxus and the citizens of Cyzicus, whom we
find at Athens at that time—even though they are not

expressly named as pupils of Eudoxus—belonged to the

school of Cyzicus : and I have no doubt that to these

illustrious Cyzicenians the fame of the Academy—so

far at least as mathematics and astronomy are concerned
—is chiefly due.*^ It is noteworthy that Aristotle, at the

time of this visit, so famous and so important in conse-

quence of the impetus thereby given to the mathematical

sciences, had recently joined the Academy, and was then

a young man ;
and it is easy to conceive the profound im-

pression made by Eudoxus and his pupils on a nature like

that of Aristotle ; and an explanation is thus afforded as

well of the great respect which he entertained for Eu-

doxus, as of the cordial relations which existed later

38 See Hermathena, vol. iii., p. far as these were at all ripe for philo-

163. sophy, Pythagoreanism, then in its first

39
Epist. Plat. xiii. and most flourishing period, most pro-

^^^
Plutarch, Dion. bably hindered the spread of Pla-

*' Zeller says :
' Among the disciples tonism, despite the close relation

of Plato who are known to us, we find between the two systems
'

{Plato and

many more foreigners than Athenians : the Older Academy, E. T. pp. 553

the greater number belong to that seq.). Zeller gives in a note a hst of

eastern portion of the Greek world Plato's pupils, in which all the dis-

which since the Persian War had tinguished men of the School of

fallen chiefly under the influence of Cyzicus are placed to the credit of

Athens. In the western regions, so the Academy.
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between him and the mathematicians and astronomers of

the school of Cyzicus.^-

GEORGE J. ALLMAN.

Queen's College, Galway.

*2 Aristotle was bom in the year

384 B.C., and went to Athens 367 B.C. :

after the death of Plato (B.C. 347)

Aristotle left Athens and went to

Atameus in Mysia, where his friend

Hermias was dynast. When he was

there he may have renewed his re-

lations with the distinguished men of

the School of Cyzicus, which was not

far distant. It is quite possible that

Menaechmus may have been recom-

mended as mathematical teacher to

Alexander the Great by Aristotle ;
and

we have seen that Polemarchus, who

was known to Eudoxus, and CaUippus

of Cyzicus, who was a pupU of Pole-

marchus, went together to Athens to

hold a conference with Aristotle on

the hypothesis of Eudoxus, with the

view of rectifying and completing it.

END OF VOL. V.
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