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Preface

This collection of formulas constitutes a compendium of mathematics for eco-
nomics and business. It contains the most important formulas, statements and
algorithms in this significant subfield of modern mathematics and addresses
primarily students of economics or business at universities, colleges and trade
schools. But people dealing with practical or applied problems will also find
this collection to be an efficient and easy-to-use work of reference.

First the book treats mathematical symbols and constants, sets and state-
ments, number systems and their arithmetic as well as fundamentals of com-
binatorics. The chapter on sequences and series is followed by mathematics of
finance, the representation of functions of one and several independent vari-
ables, their differential and integral calculus and by differential and difference
equations. In each case special emphasis is placed on applications and models
in economics.

The chapter on linear algebra deals with matrices, vectors, determinants and
systems of linear equations. This is followed by the representation of struc-
tures and algorithms of linear programming. Finally, the reader finds formu-
las on descriptive statistics (data analysis, ratios, inventory and time series
analysis), on probability theory (events, probabilities, random variables and
distributions) and on inductive statistics (point and interval estimates, tests).
Some important tables complete the work.

The present manual arose as a result of many years’ teaching for students
of economic faculties at the Institutes of Technology of Dresden and Chem-
nitz, Germany. Moreover, the authors could take advantage of experience and
suggestions of numerous colleagues. For critical reading of the manuscript we
feel obliged to thank Dr M. Richter and Dr K. Eppler. Our special thank is
due to M. Schoenherr, Dr U. Wuerker and Dr J. Rudl, who contributed to
technical preparation of the book.

After successful use by German readers it is a great pleasure for us to present
this collection of formulas to the English auditorium. The translation is based
on the fifth German edition. We are greatly obliged to Springer-Verlag for
giving us the opportunity to publish this book in English.

The third English edition of this book was very popular both with students
and with practitioners. So we are very pleased to present this fourth, carefully
checked and extended edition. New topics are: rank statistics, analysis of
variance (ANOVA), analysis of covariance.

Finally we would like to emphasize that remarks and criticism are always
welcome.

Chemnitz / Dresden, Bernd Luderer
June 2009 Volker Nollau
Klaus Vetters
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Mathematical Symbols and Constants

Notations and symbols

N — set of natural numbers
Ny — set of natural numbers inclusively zero
Z — set of integer numbers
Q — set of rational numbers
R — set of real numbers
R" — set of nonnegative real numbers
R" — set of n-tuples of real numbers (n-dimensional vectors)
C — set of complex numbers
& — nonnegative number y (square root) such that y*> =z, 2 > 0
Y — nonnegative number y (n-th root) such y" =z, >0
zn: T; — sum of the numbers z;: 1+ 22+ ...+ 2,
i=1
T; — product of the numbers z;: x1-22-... Ty,
;ﬁl - 1-2-...-n (n factorial)

min{a,b} — minimum of the numbers a and b: a for a <b, b for a > b

max{a,b} — maximum of the numbers @ and b: a for @ > b, b for a < b

[2] — smallest integer y such that y >z (rounding up)

|x] — greatest integer y such that y <2 (rounding down)

sgn x — signum: 1 for x >0, 0 forx =0, —1 for x <0

|| — absolute value of the real number x: = for > 0 and —x
for x <0

(a,b) — open interval, i.e.a <x <b

[a, b] — closed interval, i.e. a <z <b

(a,b] — half-open interval closed from the right, i.e. a<z <b

[a,b) — half-open interval open at the right, i.e. a<z <b

<, > — less or equal; greater or equal

def

= — equality by definition
= — the left-hand side is defined by the right-hand side

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 1, © Springer-Verlag Berlin Heidelberg 2010



2 Mathematical Symbols and Constants

+, F — first plus, then minus; first minus, then plus

4 — for all; for any ...

3 — there exists. .. ; there is (at least one)...

pAgq — conjunction; p and g

pVyq — disjunction; p or ¢

p=9q — implication; from p it follows ¢

pE=q — equivalence; p is equivalent to g

-p — negation; not p

ae M — a is an element of the set M

ag¢ M — a is not an element of the set M

(Z) — binomial coefficient

ACB — A subset of B

] — empty set

Il 1l — norm (of a vector, matrix,. . .)

rank (A) — rank of the matrix A

det A, |A] — determinant of the matrix A

i — Kronecker’s symbol: 1 for i = j and 0 for i # j
lim a, — limit of the sequence {a,} for n tending to infinity
n—oo

lim f(x) — limit of the function f at the point xg

T—x0

lilm f(z) — limit from the right (right-hand limit) at the point xg
xlTo

liTm f(z) — limit from the left (left-hand limit) at the point
X |xTo

Ue(z*) — e-neighbourhood of the point z*

b

f@)],=[f@)], = f) - f(a)

Mathematical constants

m=3.141592653 589793 ...
e =2.718281828459045 ...

1°=0.017453292520 ... =

17 = 0.000290 888 209 . ...
1”7 =0.000004 848 137 . ..

™

180



Sets and Propositions

Notion of a set

set M — collection of well-defined, different objects

elements — objects of a set

a € M <= a belongs to the set M
a ¢ M <= a does not belong to the set M

description — 1. by enumeration of the elements: M = {a,b,c,...}
2. by characterizing the properties of elements with
the help of a sentence form: M = {x € 2] A(z) true}

empty set — the set which does not contain any element; notation: ()

disjoint sets — sets without common elements: M NN =

Relations between sets

Set inclusion (subset)

MCN < (Voz:zeM = xz€N)
MCNAN@BzeN:z¢ M)
PM)={X|X c M}

Properties:

McM

MCNANNCP = MCP
hcM VM

M subset of N (inclusion)
M proper subset of N

power set, set of all subsets
of the set M

reflexivity
transitivity

() is a subset of any set

e Other notation of a subset: M C N (proper subset: M C N).

Equality of sets
M=N < (Va: €M < z€N)

Properties:

MCNANCM < M=N
M=M

M=N — N=M
M=NANN=P — M=P

equality

order property
reflexivity
symmetry

transitivity

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 2, © Springer-Verlag Berlin Heidelberg 2010



4 Sets and Propositions

Operations with sets

MON={z|ze MANxzeN} intersection of the sets M and N;
contains all elements belonging both

to M and to N (1)

MUN ={z|z e MVzecN} — union of the sets M and N; contains
all elements belonging either to M or
to N (or to both of them) (2)

difference of the sets M und N; con-
tains all elements of M not belonging
to N (3)

complement to M with respect to 2;
contains all elements of {2 not be-

longing to M, where {2 is some given
basic set and M C 2 (4)

M\N={z|lze MANx¢ N}

CoM =M =0\M

3)

e Sets M, N for which M NN = () (M, N having no elements in common)
are called disjoint.

e Operations with sets are also called connections between sets.

Multiple connections

UMZ:MluMQUUMn:{$|HZE{1,7n}$EM1}
i=1

ﬂMZ:MlﬂMzﬂﬂMn:{$|VZE{1,7TL}$EM1}
i=1

De Morgan’s laws

MUN=MNN, MNONN=MUN (two sets)
U Ml = ﬂ M¢7 ﬂ Mz = U MZ (n sets)
i=1 i=1 i=1 i=1



Rules for operations with sets 5

Rules for operations with sets

Union and intersection

MUNNM)=M MN(NUM)=M
MU(NNUP)=(MUN)UP MN(NNP)=(MAN)NP
MUNNP)=(MUN)N(MUP)
MN(NUP)=(MAN)U(MnNP)

Union, intersection and difference

M\ (M\N)=MnN

M\ (NUP)=(M\N)n(M\P)
M\ (NOP)=(M\N)U(M\P)
(MUN)\ P =(M\P)U(N\P)
(MAN)\P=(M\P)N(N\P)

MNN=0 < M\N=M
Union, intersection and difference in connection with inclusion

MCN < MNON=M <~ MUN=N
MCN = MUPCNUP

MCN = MNPCNNP

McN < M\N=0

Union, intersection and complement

If both M C 2 and N C {2, then the following relations hold (all complements
taken with respect to §2):

D=0 =70
MUM = (2 MnNM=10
MUN=MNN MNN=MUN De Morgan’s laws, s. p. 4

(M)=M MCN < NCM



6 Sets and Propositions

Product sets and mappings

Product sets

(z,9) —  ordered pair; combination of the elements x € X, y € Y
in consideration of their order

(r,y) = (z,w) <= z=2 AN y=w — equality of two ordered pairs

XxY={(z,y)|lzre X ANyeY} — product set, Cartesian product,

cross or direct product

Cross product of n sets

HXi:XlXX2><...XXn:{("El,...,ﬁnHViG{1,...,R}Z$i€Xi}
i=1

XxXx..xX=X" RxRx...xR=R"
~ ~ - ~ ~ -
n times n times
e The elements of X1 X ... x X, i.e. (x1,...,2,), are called n-tuples, for

n = 2 pairs, for n = 3 triples; especially IR? denotes all pairs, R™ all n-tuples
of real numbers (vectors with n components).
Mappings (relations)

ACX xY - mapping from X to Y; subset of
the cross product of the sets X
and Y

Da={x e X|Ty: (z,y) € A} domain of A

Wa={yeY|3x: (z,y) € A} — rangeof A

A~ ={(y,z) | (x,y) € A}

reciprocal mapping; mapping in-
verse to the mapping A

o Let (z,y) € A. Then y is an element associated with the element z. A
mapping A from X to Y is called single-valued if for any element x € X there
is only one element y € Y associated with x. A single-valued mapping is called
a function f. The mapping rule is denoted by y= f(z). If both the mapping
A and the inverse mapping A~! (inverse function f 1) are single-valued, then
A (and f, resp.) are called one-to-one mapping (function).

Linear mapping

FOx 4+ py) = Af(x) + uf(y) — defining property of a linear mapping
(function), A, p € R

e The composition h(z) = g(f(x)) of two linear mappings (e.g. f: R" — R™
and g: R™ — IRP) is again a linear mapping (h: R"™ — IR?) denoted by
h=gof.



Propositional calculus 7

Propositional calculus
Sentences and sentence forms

sentence p — statement which expresses some proposition p
having the truth value “true” (¢) or “false” (f)

sentence form p(z) — sentence depending on a variable x; only after
substitution of a concrete name of x a truth
value results

e The determination of a truth value of a sentence form p(z) can also take
place by means of the universal quantifier ¥V (Vz: p(z); in words: “for all =
the sentence p(z) expresses a true proposition”) or the existential quantifier
3 (Jz: p(x); in words: “there is an x for which p(z) is true”).

Compound propositions

e The combination of propositions leads to new proposition defined with the
help of truth tables. Compound propositions are unary relations (negation),
dyadic relations (see the following table) or polyadic relations consisting of
the operators —, A, V, =, <.

o A tautology is always true, a contradiction is always false (independent of
the truth value of the partial sentences).

Unary Relation (truth table)

negation —p (not p) p p

~
~

Dyadic relations (truth table)

Relation read P t t f f

q tf ot f
conjunction p and q pPAq t f f f
disjunction porgq pVyq t t t f
implication p implies ¢ p=q t f t t
equivalence p equivalent to ¢ p<=q t f f t



8 Sets and Propositions

e The implication (“from p it follows ¢”) is also denoted as proposition in
“if..., then...” form, p is called the premise (assumption), q is the conclusion

(assertion).

e The premise p is sufficient for the conclusion ¢, q is necessary for p. Other

formulations for the equivalence are: “then and only then if ...

only if... (iff)”.

Tautologies of propositional calculus

pVop

(p=q) < (~q= —p)
(p=AN(g=r1)]= (p=7)
pA(p=q) =q

gN(—p=—q) =D

[(p1Vp2) A(p1 = @) A\ (p2 = q)] = ¢

Method of complete induction

”

or “if and

law of excluded middle
(excluded third)

law of contradiction
negation of the negation
negation of the implication
De Morgan’s law

De Morgan’s law

law of contraposition

law of transitivity

rule of detachment
principle of indirect proof

distinction of cases

Problem: A proposition A(n) depending on a natural number n has to be

proved for any n.

Basis of the induction: The validity of the proposition A(n) is shown for

some initial value (usually n =0 or n = 1).

Induction hypothesis: 1t is assumed that A(n) is true for n = k.

Induction step: Using the induction hypothesis, the validity of A(n) is

proved for n =k + 1.



Number Systems and Their Arithmetic

Natural, integer, rational, and real numbers
Natural numbers: IN = {1,2,3,...}, No ={0,1,2,3,...}

divisor — a natural number m € IN is called a di-
visor of n € IN if there exists a natural
number £ € IN such that n =m - k

prime number — anumber n € IN with n > 1 and the
only divisors 1 and n

greatest common divisor — g.c.d.(n,m) = max{k € NN such that
k divides n and m}

least common multiple - lcm.(n,m) = min{k € NN such that
n and m divide k}

e Every number n € IN, n > 1, can be written as a product of prime powers:

Tk

n=p -py’-... D, p; prime numbers, r; natural numbers

Integers: Z=4{...,-3,-2,-1,0,1,2,3,...}

Rational numbers: Q= {""|m € Z, n € N}

e The decimal representation of a rational number is finite or periodic. Every
number with a finite or periodic decimal representation is a rational number.
Real numbers: R

e The real numbers arise by “extending” Q by nonperiodic decimal numbers
with infinitely many digits.

k
r= > orig? - g-adic representation
j=—o0

g=2: dual g =8: octal g = 10: decimal representation

Conversion decimal — g-adic

1. Decompose the positive decimal number z: x =n+ 29, n € N, zp € R
2. Convert the integer part n via iterated division by g:
qo = n, qgj-1=q; - g+ry, 0<r; <g, i=12...
3. Convert the non-integer part xg via iterated multiplication by g:
g-Tj_1 =58+, 0<z; <1, j=12...

4. Result: o= (ry...rar1.5182...)4

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 3, © Springer-Verlag Berlin Heidelberg 2010



10 Number Systems and Their Arithmetic

Conversion g-adic — decimal (by means of » Horner’s scheme)
x=(rp...Tar1.5182...5p)g = (.. ((rkg + T-1)g +Th—2)g+ ... +712)g+ 71

+(. ((sp/g+sp-1)/g+sp-2)/g+ ... +51)/9

Calculation with real numbers

Elementary laws

a+b=b+a — commutative laws
a-b=b-a

(a+b)+c=a+(b+c) — associative laws
(a-b)-c=a-(b-c)

a+b)-c=a-c+b-c — distributive laws

(a4+b)(c+d) =ac+ bec+ ad + bd — multiplying out of brackets
a_ae — extension of a fraction (b, ¢ # 0)
b b-c
are_d — reduction of a fraction (b,c # 0)
b-c b
@ b axb ~addition/subtraction of fractions

c ¢ with equal denominator (¢ # 0)
a_ b a-dtb-c ~addition/subtraction of arbitrary
cd  c-d fractions (¢, d # 0)
Z . ccl = chl — multiplication of fractions (b, d # 0)
b c_ad — division of fractions (b, ¢, d # 0)
S b'd b-c o

Definitions
a; =ay+as+...+a, — sum of elements of a sequence

i=1

n
[Tai=ai-az-...-ay — product of elements of a sequence



Absolute values 11
Rules of operation
n n n n n
Z(az+bz)zzaz+zbi Z(C a‘l)_c Zal
=1 =1 =1 =1 =1
n m n n m
Ya;=n-a (for a; =a) > Do aij =)0 ) ai
i=1 i=17=1 Jj=1li=1
n n—1 n n—1
20 = ), Gl [T ai= ]I aina
i=1 1=0 i=1 i=0
n n n
[T a;)=c"]] a; [ ai=a™ (for a; =a)
i=1 =1 =1
Independence of the index variable
n n n n
> ai = ) ak II ai = II ax
i=1 k=1 i=1 k=1
Absolute values
Definition
xz for >0
|z| = — (absolute) value of the number x
—x for <0

Rules of operation and properties
|z| =z -sgna | — 2| = |z|

2] =0 <= x=0

z| _ |al
|-yl =[] - [y = fory#0
yl oyl
Triangular inequalities:
|z +y| < |z + |y (equality holds if and only if sgnx = sgny)

‘|:v| — |y|’ < ’CU + vy (equality holds if and only if sgnax = —sgny)



12 Number Systems and Their Arithmetic

Factorial and binomial coefficients

Definitions
nl=1-2-....n — factorial (n € IN)
n—=1)-...-n—k+1
(Z) _n (n 1) 5 (nk +1) — binomial coefficient (k,n € IN,
TETee k < n; read: “binomial n k” or
“n choose k”)
n for k<
or n
(Z) ={ kl(n—Fk)! - — extended definition for k,n €Ny
0 for k>n with 0! =1

O G- Q- O

Pascals’s triangle:

N
—0- v
n=1: 1 1 g %
v
n=2: 1 2 1 A
n=3: 1 3 3 1
n=4: 1 4 6 4 1
n=>=s: 1 5 10 10 5 1
Properties

( > ( k> — symmetry property

= ( ) — addition property

(0-)
()71 () (52) e

m

) ()= G ™)+ G (5) = (73)

e The definition of the binomal coefficient is also used for n € IR. In this
case, the addition property and the addition theorems are valid either.



Equations 13

Equations

Transformation of expressions
(a£b)? =a®=+2ab+ b? (binomial formulas)
(a+b)(a—10b)=a®—b?

(a4 b)3 = a3 4 3a%b + 3ab® £ b3 (a £ b)(a? Fab+v?) =a® £ 1?
a™ —o" n—1 n—2 n—312 n—2 | pn—1
b =a +a"" b+a"" b+ ...+ ab + 0",
a—
a#b,n=23,...
b\? b
2 +br+c= (x+ 2) te—, (completion of the square)

Binomial theorem

(a+b)m =3 (Z) ankpk

k=0
a4+ (" a” b+ + " ab™ 1t 4+ b7, neN
1 n—1

Transformation of equations

Two terms remain equal if the same rule of operation is applied to both of
them.

a=b = a+c=b+c, ceR
a=b = a—c=b-—c, ceR
a=b = c-a=c-b, ceR
azb,a;é():>C=C, ceR
a b

a=b = a" ="b", nelN
JERIPT RN a=>b for sgna=sgnb

a=—b for sgna= —sgnbd

Solving of equations

If an equation contains variables, then for some values of these variables it
can be true and for other values false. The determination of one or all values
of the variables for which a given equation is true is denoted as solving of
the equation.
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z=-" for a#0

a

ax+b=0 == x arbitrary for a=b=0
no solution for a=0,b#0

(x—a)(x—b)=0 = x=a or xz=b
(x—a)ly—b)=0 = (x=a and y arbitrary) or

(z arbitrary and y =)
Quadratic equation for real x :

x2+px+q:0 —

2
T = —g + \/p —q for p?>dq (two different solutions)
p

4
T=—, for p? =4q (one real double solution)
no solution for p? < 4q
Inequalities

Rules of operation

r<y Ny<z — <z (z,y,z,u,v € R)
<y — r+tz<y+tz
r<y AN z>0 == x-z2<yY-Z
r<y A z2<0 == T-z>Y-Z
O<z<y NO<u<wv = z-u<y-v

1 1
O<zx<y - >

Ty
T U x T+ u U

< ANy>0ANv>0 =
v Y Y+ v

Bernoulli’s inequality
I+z)">14+nx for  z>-1, neN

Cauchy-Schwarz inequality

= i=

i=1
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Finite sums
Arithmetic series:
a1 = ay +d = sp= ), a;=

Geometric series:

Ak+1 = q - Qg — Sn:iak:alq”—l (Q?él)
k=1 q—1
Special finite sums
sum value
1+243+...+n sn(n+1)
14+34+5+...+(2n—1) n?
24+4+6+...+2n n(n+1)
124224324+, +0n? gn(n+1)(2n +1)
1P24+32+52+...+(2n—1)? an(4n® —1)
22 4142 462 +...+(2n)? an(n+1)(2n+1)
13423433 +... +n? in?(n+1)?
B4+334+53+...+(2n—1)3 n?(2n? — 1)
22 +434+6%+...+ (2n)3 2n%(n + 1)?
antl -1
l+z+a2+.. +a” o1 (x #1)
cos ¥ —cos(n+ 3)x

sinx +sin2x + ...+ sinnx o
2sm2
sin(n + Sz) —sin 2
cosx + cos2x + ...+ cosnx . 2
281112

Powers and roots

Powers with integer exponents (a € R; n € N; p,q € Z)

Powers with positive exponent: a"=a-a-...-a, a’ =1
~ ~ -
n factors
1
Powers with negative exponent: a "= (a #0)

an
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Rules of operation
aP - a9 = gPta aP - bP = (a - b)P (aP)1 = (a9)P = aP9

a? _ aP a\P
w =Y bP:<b) (a,b#0)

Roots, powers with real exponents (a,b € R;a>0,b>0; m,n € IN)

n-th root: u= {/a — u

Rules of operation

Ya- Vb= a-b %‘:\/z (a>0,b>0)

¥/ Wa= 1/ Wa= "Ya Yam = (Ya)™ (a2 0)

. . 1 m "
Powers with rational exponent: a» = {/a, an = Yam
Powers with real exponent: a® = lim a%, qx € Q, lim ¢ ==z
—00 k—oo

e For powers with real exponents the same rules of operation as for powers

with integer exponents are true.

Logarithms

Logarithm to the base a: x =log,u < a* =u, (a>0,a# 1, u>0)

Base a =10: logou=Igu — DBriggsian logarithm
Base a =e: logeu=1Inu — natural logarithm

Rules of operation

log, (u-v) =log, u+ log, v log, (u) = log, u — log, v
v

1
log, u’ =wv-log,u 08a ¥ (a,byu,v>0; a,b#1)



Complex numbers

i i2=-1

z=a+bi, a,be R

— imaginary unit

Complex numbers 17

— Cartesian form of the complex number

zeC

z=r(cosp +ising) =rel? — polar (trigonometric) form of the com-
plex number z € C (Euler’s relation)

Rez=a=rcosyp
Imz=b=rsiny
|z] = Va2 +b2 =r
arg z = ¢

z=a—>bi

— real part of 2z

— imaginary part of z

— absolute value of z

— argument of z

— complex number conjugate to z = a+0bi

Special complex numbers

X
: +i
el =1, e 3

™ ™

;(11\/31)

+i +i 1

e 2 =4i, e 4:2\/2(111)
iiﬂ— 1

HT— -1, 6= (\/311)

Transformation Cartesian — polar form

Given a, b = r =+a2+ b2,

@ is the solution of cosp =

Transformation polar — Cartesian form

Given r, ¢ = a=r-

cos ¢,

imaginary axis

z=a+bi

a real axis

a .
, sinp=
r

b=r-singp
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Rules of operation

Given zx = ag + bri = ri(cos i + isinpg) = rkei%, k=12

21 k20 = (a1 ia2)+(b1:|:b2)i
21 2o = (a1a2 — blbg) + (a1b2 + agbl)i

21+ 22 = 1173 [cos(p1 + @2) + 1 sin(p1 + ¢2)] = rir el(1+e2)

=" feos(pr — o) + i sin(pr — o)) = el
22 T2 T2

zZ1 Z1%2 _ aias + biby + (G,le — albg)i (a22 n b22 - 0)

22 |22 aj + b3
1 z
M == 2 =

Solution of 2™ = a (taking of the root)

Representing the number a in the polar form a = rei*”7 the n solutions
located at the circle around the origin with radius {/r are

o+ 2km
1
zp=4{/re n | k=0,1,....,n—1.

The angles between the real axis and the radiant of these numbers are

©+ 2km
n

Intersection of the unit circle

In the figure the unit circle |z| =1 i 2 g )
is divided into 6 segments by the ;
solutions of the equation

6 H :
20 =1 0 Zae + e 21

yielding the points

leeoa 2’228137 zZ3 =€ 3,

; jan isn —i

za=¢e", zs=els, zg=els.



Combinatorial Analysis

Permutations

e For n given elements an arbitrary arrangement of all elements is called a
permutation. If among the n elements there are p groups of the same elements,
then one speaks about permutations with repetition. Let the number of ele-
ments in the 7-th group be n;, where it is assumed that n; +no+...+n, = n.

without repetition with repetition

n!
number of different Poiin, =

. P, =n! nl'nz'np'
permutations

ni+ne+...+np =n

The permutations of 1,2,3,4 (n = 4):

1234 21314 3124 4123

1243 2143 3142 413 2

1324 2314 3214 4213 Al =24
1342 2341 3241 4231 T
1423 2413 3412 4312

1432 2431 3421 4321

The permutations of 1,2,3 with repetition (n =4, n1 =1, no =2, n3g = 1)
1223 2123 2231 3122 Al
1232 2132 2312 3212 1'2;1—12
1322 2213 2321 3221
Arrangements

e Given n different elements and k places, an arbitrary assignment of the
elements to the places is called an arrangement (without repetition); this
corresponds to a sampling of k out of n elements taking into account the
order, 1 < k < n. If any of the n elements occurs arbitrarily often so that
it can be chosen several times, then one speaks about arrangements with
repetition.

without repetition with repetition
ber of diff = ™
number of different n (n _ k)! V: ok
arrangements
1<k<n

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 4, © Springer-Verlag Berlin Heidelberg 2010
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The arrangements of 1,2,3,4 to 2 places (n =4, k = 2):

12 21 31 41 Al

13 23 3 2 4 2 2; =12
14 2 4 3 4 4 3 ’

The arrangements of 1,2,3,4 to 2 places with repetition (n =4, k = 2):

11 21 31 41

12 2 2 3 2 4 2 9
13 2 3 33 4 3 47 =16
14 2 4 3 4 4 4

Combinations

e If there are chosen k out of n different elements, where 1 < k < n and
one does not take into account the order, then one speaks about a
combination (without repetition). If any of the n different elements occurs
several times, then one speaks about a combination with repetition.

without repetition with repetition
ck=("
number of different n =\ L k n+k—1
. . C/,’L pr—
combinations k
1<k<n

The combinations of 1,2,3,4 to 2 places (n =4, k = 2):
23 34
4
* ()=

The combinations of 1,2,3,4 to 2 places with repetition (n =4, k = 2):

— ==
= W N

2 2 33 44
2 3 34 4+42-1Y
2 4 ( 2 )‘10

— = =
[IENEGUR N



Sequences and Series

Sequences of numbers

A mapping ¢ : K — R, K C N, is called a sequence (of numbers) and
denoted by {a,}. For K = IN it consists of the elements (terms) a, = a(n),
n =1,2,... The sequence is said to be finite or infinite depending on whether

the set K is finite or infinite.

Notions
explicit sequence
recursive sequence
bounded sequence
increasing sequence
strictly increasing sequence
decreasing sequence
strictly decreasing sequence

convergent sequence
(to the limit g)

divergent sequence
properly divergent sequence
(to the improper limit

+o00 and —oo, resp.)

improperly divergent sequence

null sequence

alternating sequence

arithmetic sequence

geometric sequence

formation rule a,, = a(n) given
pg1 = @Gy Qp_1y .oy k)
FCeR: |a,| <C VneK
pt1 > an, Vn €N

pt1 > ap, YVneN

ant1 < a, VneNN

nt1 < ap, VnelN

The number g is called limit of the
sequence {ay,} if to any number € >0
there exists an index n(e) such that
|an—g| < € for all n > n(e). Notation:

lim a, =g or a, — g for n — co.
n—oo

sequence not having a limit

sequence for which to any number ¢
there is an index n(c) such that a,, >¢
(an < ¢, resp.) for all n > n(c)

sequence which does neither converge
nor improperly diverge
sequence tending to the limit ¢ =0

sequence the terms of which are alter-
natingly positive and negative

pt1 —an =d VYn € N, d=const

a
- q Yn €N, a, #0, g=const

an

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 5, © Springer-Verlag Berlin Heidelberg 2010
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e A number a is called a limit point of the sequence {a,} if to any number
€ > 0 there are infinitely many elements a,, such that |a, — a| < €.

Convergence theorems

e A sequence can have at most one limit.

e A monotone sequence converges if and only if it is bounded.
e A bounded sequence has at least one limit point.

e If @ is a limit point of the sequence {a,}, then {a,} has a subsequence
converging to a.

Convergence properties

Let lim a, =a, lim b, =0 and «,(3 € IR. Then:

n—0oo n—0oo

lim (aa,+08b,)=aa+ b lim a,b, = ab
lim ("= if by #0 lim |an| = |

lim a, = {/a for a,a, >0, k=1,2,...

n—oo

1
lim (a1 +4...4a,) =a A<a,<B — A<a<B

n—oo n -

Limits of special sequences

1
lim =0 im | =1, aeR
n—oo N n—oo N + «
. n . 1\"
lim ¥YA=1 for A>0 lim (1—1— ) =e
n—oo n—oo n
1\" 1 A\
lim (1— > = lim <1+ ) =e¢*, AeR
n—oo n e n—o00 n

Sequences of functions

Sequences of the form {f,}, n € N, the terms f, of which are real-valued
functions defined on an interval D C R are called function sequences. All
values © € D for which the sequence {f,(z)} has a limit form the domain
of convergence of the function sequence (it will be assumed that it coincides
with D).

e The limit function f of the sequence of functions {f,,} is defined by

f(x) = lim f,(z), =x€D.

n—oo
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Uniform convergence

e The function sequence { f,}, n € IN, converges uniformly in D to the limit
function f if for any real number £ > 0 there is a number n(e) independent
of « such that for all n > n(e) and all € D one has: |f(z) — fo(x)| <e.

e The function sequence {f,}, n € I, is uniformly convergent in the interval
D C R if and only if for any real number £ > 0 there exists a number n(e)
independent of x such that for all n > n(e) and all m € IN one has:

| frogm(z) — fu(z)| < € for all x € D Cauchy condition

Infinite series

s1 = ai
a1 +as+az+...= i ay partial sums: s2. = a1ta
) Sp = @1 +az+...+ay
e The infinite series io: ay, is called convergent if the sequence {s,,} of partial
sums converges. Thekli:nllit s of the sequence {s,} of partial sums is called the
sum of the series (provided it exists): nlingo Spn=8= ki ag
- =1

o0

e If the sequence {s,} of partial sums diverges, then the series Y ay, is said
k=1

to be divergent.

Criteria of convergence for alternating series

The series Z a, is called alternating if the sign changes from term to term.

An alternatmg series is convergent if for its terms a,, one has

Leibniz’s alternating

|an| = |an 1] for n=1,2,... and nlingo jan] = 0. series test

Criteria of convergence for series of nonnegative terms

A series of nonnegative terms a,, converges if and only if the sequence {s,}
of its partial sums is bounded above.

Let 0<a, <b,,n=1,2,...

o0 o0
If > b, is convergent, then Y a, is also convergent. compari-
n=t n=l son test
o0 &)
If > a, is divergent, then > b, is also divergent.

n=1 n=1
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Anp+1

a . .
If n+1§q,n:1,2,..., with 0<g¢<1 or lim <1,
An n—oo
oo
then the series Y a, converges;
n=1 ratio test
. . a .
TR >1,n=1,2,...0or lim o > 1, then it
anp n—oo  Ap

diverges.

If ¢Jap, <X\, n=1,2,...with0 <A <1or

oo
lim {/a, <1, then the series ) a, converges;

n—0o0 = Cauchy’s
. . root test
if ¥/a, >1,n=1,2,...0r lim a, >1,

n—oo

then it diverges.

Series of arbitrary terms

0o T
. . necessary criterion
o If the series > a, converges, then lim a,, =0 Y
= n—oo of convergence

(o]
e The series Y a, is convergent if and only if for every real number ¢ > 0
n=1
there is a number n(e) € N such that for all n > n(e) and for any number
m € IN one has:

|an + ant1+ oo+ Appm| <€ Cauchy condition

o0 oo
e A series Y a, is said to be absolutely convergent if the series > |ay]

n=1 n=1
converges.

o0
e The series Y a, is convergent if it is absolutely convergent.
n=1

Transformation of series

e If finitely many terms of a series are removed or added, then the conver-
gence behaviour does not change.
e Convergent series remain convergent if they are termwise added, subtracted
or multiplied by a constant ¢ € R:

o0 o0 o0 o0

ap=a, Y, by,=b = > (antby,)=axb, > ca,=c-a
n=1 n=1 n=1 n=1

e In an absolutely convergent series the order of the terms can be arbitrarily

changed. In doing so, the series is still convergent and the sum remains the

same.



Function and power series

Sums of special series

1 1 (_1)n+1
1— ... =In2

9 3:F + + n
P

R ITR P
oty +(_1)n+1+ "

35T T g 4
byt e A

9 Ty T T g T T g
U

22 1 32 T p2 6

1 1 (_l)nJrl 7.(.2
1— . =

92 Tge Tt T 12
T U U

32752 T op 12 T8
R 1 B
+ ot et b=
-y LDt

1! 2!2F” n! e
Lyt 4 L .=t
1-3 3.5 77 2n—-1@2n+1) 2
Ly by b L
1-2 2.3 77 T pm+1)
Ly by b 08
1-3 2.4 Tam+2) 4

Function and power series

Function series

25

An infinite series the terms of which are functions is called function series:

fu@)+ o)+ = g fu(@)

partial sums: s, (z) = > fi(z)
=1
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e The intersection of all domains of definition of the functions f; is the
domain D of the function series. This series is called convergent for some
value € D if the sequence {s,(z)} of partial sums converges to a limit
s(z), otherwise it is called divergent. All & € D for which the function series
converges form the domain of convergence of the function series (it is assumed
that the latter is equal to D).

e The limit function of the sequence {s,} is the function s: D — R defined
by the relation

lim s,(x) =s(z) = ki:o:l Jr(x)

n—0o0

o0

e The function series Y fi(z) is said to be uniformly convergent in D if the
k=1

sequence {s,} of partial sums converges uniformly » function sequences.

Weierstrass comparison test

o0
The function series Y f,(x) converges uniformly in D if there exists a
n=1

oo
convergent series Y a, such that VneN and Yz eD: |f,(z)] < ay.

n=1

e If all functions f,, n €N, are continuous at the point zy and if the series
o0

fn(x) is uniformly convergent in D, then the limit function s(x) is also
n=1

continuous at xg.

Power series

Function series the terms of which are of the form f,(z) = an(x — x0)",
n € Ny, are called power series with centre at xy. After the transformation
x = x — xo one gets power series with centre at zero, this is assumed in the
following. In its domain of convergence the power series is a function s:

oo
s(x) =ap+a1x+agx®> +...= > apa"
n=0

If this power series is neither divergent for all x # 0 nor convergent for all
x, then there exists one and only one number r > 0 called the radius of
convergence such that the power series converges for |x| < r and diverges for
|x| > r. For |x| = r a general statement cannot be made. (We agree to set
r = 0 if the power series converges only for z = 0 and to set r = oo if it
converges for all z € R.)
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Determination of the domain of convergence

a
Let b, = " land ¢, = *{/|an|. Then:
Ap41

{b,} is convergent = r= lim b,
n—oo

{bn} is properly divergent to +o0o = r =00

{cn} is convergent to zero = r =00
1

{en} is convergent to ¢ # 0 = r=

{cn} is properly divergent to +o00 = r=0

Properties of power series (radius of convergence r > 0)

e A power series is absolutely convergent for every number z € (—r,r). It
converges uniformly in any closed interval I C (—r,r).

e The sum s(z) of a power series is arbitrarily often differentiable in the
interval (—r,r). The derivatives can be obtained by termwise differentiation.
e In [0,¢] and [t, 0], resp., with |¢| < 7 the power series can also be integrated
termwise:

) o] & t’I’L+1
s(x) = apr” = §'(z) = na,z™ 1 and /s z)dx = an
(z) ngo (z) nZ::l 0 (z) ; nt1

oo oo

e If the power series Y ana™ and > b,z"™ converge in the same interval
n=0 n=0

(—v,v) and have the same sums there, then the two power series are identical:

anp =b, Yn=0,1,...

Taylor series

If the function f: D—IR, DCR is arbitrarily often differentiable at xq€ D,
then the following power series is said to be the Taylor series formed at the
point xg:

i f(”)(xo)

al (z —z0)", fO(z) = f(x) Taylor series
n=0 :

e If f is arbitrarily often differentiable in a neighbourhood U of the point zg
and if the remainder in » Taylor’s formula converges to zero for all x € U,
then the Taylor series has a radius of convergence r > 0 and for x satisfying
|& — 20| < r one has:

s £ (g
fy= 3 1)

al (x —x0)" Taylor expansion
n=0 .



28 Sequences and Series

Tables of power series

Domain of convergence: |z| < 1

function
(1+az)”

Vit

V14

power series, Taylor series

1+aw+a(a—l)x2+a(a—l)(a—2) 3,
2! 3!
1 11, 1-1:3, 1-1-3:5,
1+2x 2'4:10 +2-4-6$ 2-4-6-858 +..
1 1.2 1-2-5 1-2-5-8
1 - 2 3 44,
T3t T 3.67 T3.6.97 T 3.6.9.127

Domain of convergence: |z| < 1

function

1
(1+x)~
1
14z
1
(1+x)?
1
(1+x)3
1
V142
1
1+

arcsinx

arccos

arctanx

power series, Taylor series

ala+1) ,

o ala+D(a+2)
2! 3!

1—ax+ x° £ ...
l—ax4a?2—a3+at—a2®+...

1—2x 4322 — 423 + 52 — 62 £ ...

1

(a>0)

2n+1 +

2n+1 _

1=, (2:30-3-42% + 452 = 562" +..)
1 13, 135, 1:3.57,
Lt ) 4" 946" To.q.6.8%7 T
1.4 5, 1-4-7 . 1-4-7-10
1— 2 3 4 »
Tt e 6" T3.6.9"7 T3.6.9.127 T
1, 1-3 . 1-3-....(2n— 1)
Ty 3T T T T o ent 1)
T 1, 1-3-...-(2n—1)
2 2.3 2.4-....2n-(2n+1)

1 3 1 5 1 7 1 2 1
- — +...4 (=" n+
= L +5a: 7% +(-1) 2n+lx

+...
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Domain of convergence: |z| < co

function power series, Taylor series
: 1 3 1 5 1 7 n 1 2n+1
sin T g +5!(E o ...+ (1) (2n + 1)1 +...
1 2 1 4 1 6 n 1 2n
cos T 1—2!95 +4!(E ~a® +...4+(=1) (Zn)!x +...
e +1!x+2!x +...+n!aj + ...
- Ina In’a 9 n"a
a 1+ T+ i+ ..+ AR S
1! 2! n!
: 1 3 1 5 1 2n+1
sinh x a:+3!x +5!a: +'”+(2n+1)!x + ...
Lo 14 [
cosh x 1+2!95 +4!(E +...+(2n)!x +...
Domain of convergence: —1 < z <1
function power series, Taylor series

1 1 1 1
In(1l + z) ;E—2x2+3;103—4;104:|:...—|—(—1)"+1nx":|:...

Fourier series

Series of the form

> kmx kmx
s(z) = ap + ,;_1 (a;C cos } + by, sin ; )

are called trigonometric series or Fourier series. To represent a given function
f(x) by a Fourier series, it is necessary that f(z) is a periodic function, i.e.
f(z+2l) = f(x), and that the so-called Fourier coefficients ay, by, are equal
to

T

Symmetric functions

f even function, i.e. f(—z) = f(r) = bpy=0 for k=1,2,..
f odd function, i.e. f(—x)=—f(x) = ar=0 for k=0,1,2

y Ly een
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Table of some Fourier series

The functions are defined on an interval of the length 27 and continued with
the period 2.

_Jz for —m<z<T
|0 for z=m

sinx sin2x sin3z
2 +...
( 1 2 + 3 )

4 (sinx sin3x sinbdx
2 T 3 + 52 F...

™

y=lz| for —m<z<mw

T 4 cosx+cos3x+c055x+
2 7 12 32 52

—a for —w<x<0 4
Yy = a for O<z<m o« = -
0 for z=0,7

4o sinx+sin 3z +sin 5x
1 3 5

™

y = |sinz| for —r <z <7

1.3 + 3.5 + 5.7 + ...

_ 2 4 (cos2x cosdr cosbr 0
_7T s



Mathematics of Finance

Simple interest
Notations
p _
t —
Ky -
K -
Zy -
i _
T _

e The most frequently period considered is the year, but a half-year, quarter,
month etc. can be used either. The number of days per year or month differs

from country to country. Usual usances are

the actual number of days. In what follows, in all formulas containing the
quantity 7' the underlying period is the year with 360 days, each month

interest rate: 1 =

number of days

interest rate per conversion period (in percent)
time in units that correspond to the rate, moment
opening capital, original principal, present value
amount, capital at the moment ¢

simple interest earned in the term ¢

30 act act
60" 360" act’

having 30 days (i.e., the first usance is used).

Basic interest formulas

T=30-(m2—m1)+d2—d1

number of days for which interest is

where act means

Zi=Ko- L =Kyt

100
7 _Ko-i-T_K()'p-T
= 360 ~ 100-360
Ko — 10020 _ 7
p-t -1

100 Z,
p= Ky -t
. Zy
1=

Ko-t

102 _ 7
 Kop Ko-i

paid; m1, me — months; di, ds — days

simple interest

simple interest on a day basis

capital (at t = 0)

interest rate (in percent)

interest rate

term, time

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 6, © Springer-Verlag Berlin Heidelberg 2010
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Capital at the moment ¢

T
K =Ko(l1+i-t)=Kp (1 +1- 360) — amount, capital at the mo-

ment ¢
K K

Ky = o= . i T — present value

T+i-t 1+4i- 44

K, - K K, - K .
1= Kot 0 = 360- Ko - TO — interest rate
¢ Kn - KO t ti
= — term, time
Ko-1 ’
Kn - K .
T = 360 - Ko 0 — number of days for which
0- 1t

interest is paid

Periodical payments

e Dividing the original period into m parts of length 51 and assuming periodi-
cal payments of size r at the beginning (annuity due) and at the end (ordinary
annuity), respectively, of each payment interval, the following amount results:

1
R=r (m + m; : z) — annuity due
m—1 . .
R=r (m + 5 Z) — ordinary annuity

Especially m = 12 (monthly payments and annual interest):

R =r(12 + 6,5¢) — annuity due; R = (124 5,5i) — ordinary annuity

Different methods for computing interest

Let t; = D; M;Y; be day, month and year of the i-th date (i = 1: begin, i = 2:
end); let t = to — t1 describe the actual number of days between begin and
end; let T; denote the number of days in the ’broken’ year i; basis i = 365
oder 366.

method formula
30/360 t=1[360- (Y2 — Y1)+ 30 (My — My) + Dy — D;] /360
act/360 t = (ta —t1)/360

T T
L Y, Vi—1+ 2 .

t t t=
act/ac basis 1 basis 2

* If the term considered lies within one year, only the first summand remains.
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Compound interest

When considering several conversion periods, one speaks about compound
interest if interest earned is added to the capital (usually at the end of every
conversion period) and yields again interest.

Notations
— rate of interest (in percent) per period
— number of conversion periods
Ky — opening capital, present value
K, — capital after n periods, amount, final value
1 — (nominal) interest rate per conversion period: i = 1](9) 0
q — accumulation factor (for 1 period): ¢ =1+
q" — accumulation factor (for n periods)
m — number of parts of the period
d — discount factor
im,im — interest rates belonging to each of the m parts of the period
0 — intensity of interest

Conversion table of basic quantities

p ) q d 1)
. d 5
P P 100i  100(g—1) 100, " 100(e’ ~1)
P d 5
—1 _1
! 100 ! 4 1—d ¢
D ) 1 s
1 1
g T 100 o i 1—d ‘
D i g—1 _5
d d 1—
100 + p 14 q ¢
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Basic formulas

K,=Ky - (1+i)"=Ky-¢" — compound amount formula
K K
Ko = 1 " n = : — present value at compound interest,
(1+1) q amount at time ¢t =0
K, . .
p=100( ¢ 5 1 — rate of interest (in percent)
0
log K,, — log K|
n= 08 n 108 0 — term, time
logq
69 . .
n — approximate formula for the time
p within which a capital doubles
K,.=Ko-q1-q2... Qn — final value under changing rates of in-
terest pj, j=1,...,n (with ¢; = [5)
144 . . S
pr=100 —1 ) ~100(i—r) — real rate of interest considering a rate
1+7r . .
of inflation r

Mixed, partly simple and partly compound interest
K; = Ko(1+it1)(1 +4)N(1 +ity) — capital after time ¢

e Here N denotes the integral number of conversion periods, and ¢y, ¢, are
the lengths of parts of the conversion period where simple interest is paid.

e To simplify calculations, in mathematics of finance usually the compound
amount formula with noninteger exponent is used instead of the formula of
mixed interest, i.e. K; = Ko(1 + 1), where t = ¢; + N + ts.

Anticipative interest (discount)

In this case the rate of interest is determined as part of the final value (»
discount factor p. 33).

K- Ko K- K

d = —  (discount) rate of interest under antici-
K, K-t . .
patice compounding
Ko
K, = — final value
" (- ay

Ky=K,(1-d)" ~ present value



Compound interest 35

More frequently compounding

n-m

Kom=Ko-(1+ ) amount after n years when interest

rate is converted m times per year

i

im = — relative rate per period
tm = %/1+i—1 — equivalent rate per period
ioff = (1 +im)™ — 1 — effective rate of interest per year
Peff = 100 |(1 + P )™ —1| — effective rate of interest per year (in
100m
percent)

e Instead of one year one can take any other period as the original one.

e Compounding interest m times per year with the equivalent rate per
period %,, leads to the same final value as compounding once per year with
the nominal rate ¢; compounding interest m times per year with the relative
rate per period i,, leads to that (greater) final value, which results when
compounding once per year with the effective rate ieg.

Continuous compounding

Koo =Ko - e*™  —  amount at continuous compounding

§=1In(1+1) ~  intensity of interest (equivalent to the interest
rate )

i=el—1 ~  nominal rate (equivalent to the intensity J)

Average date of payment
Problem: At which date of pay- K1 K Ky

| | |
T T L

ment t,, equivalently the total debt 0 t to e t
K1+ Ko+. ..+ Kj, has to be payed?

liabilities to pay

simple interest:

Ki+Ko+...+ Ky — K K K
by = LRt ‘+ b 0, where Ky = p+ r
1 1+t 1+ ity
compound interest:
In(K;+...+ Ki) —In K K K
m:n( 1 Ky —In 07 where Ky = Lk
Ingq gt qtr

continuous compounding:

 In(Ki+...+ Kg) —In Ko

m 5 , where Ky= Kije % 4. .+ Kpe 0t
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Annuities
Notations
P - rate of interest
n — term, number of payment intervals or rent periods
R - periodic rent, size of each payment
q - accumulation factor: ¢ =1+ |0/

Basic formulas
Basic assumption: Conversion and rent periods are equal to each other.

-1
F;‘ue =R-q- 4 ] — amount of an annuity due, final value
q—
R m—1

pdue — ol a L present value of an annuity due

q q—

n_1
F,?rd -r.1 1 — amount of an ordinary annuity, final value
q—

R q¢q"—1
P,?rd = - ¢ 1 — present value of an ordinary annuity

q q—

due _ Rq - .

PLY = 1 present value of a perpetuity, payments at

4= the beginning of each period

R

P(?Ord = L — present value of a perpetuity, interest used

- as earned

1 g—1 1 R
n= log ( Ford. + 1) = -lo ~ term
log g g( " R logg ° R pord(q 1)

Factors describing the amount of 1 per period

due ordinary
amount of 1 .. " —1 " —1
. §1=q- s | =
per period nl q—1 nl qg—1
present worth gt =1 ¢ -1
of 1 per period In| = g (g—1) n] = (g —1)

Conversion period > rent period

If m periodic payments (rents) are made per conversion period, then in the
above formulas the payments R are to be understood as R = r (m + " - 4)
(annuities due) and R = r (m+ ™, "' -) (ordinary annuities), resp. These
amounts R arise at the end of the conversion period, so with respect to R
one always has to use formulas belonging to ordinary annuities.
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Basic quantities

Q| present value of 1 per period (ordinary annuity)

dn| — present value of 1 per period (annuity due)

Sp| final value (amount) of 1 per period (ordinary annuity)

S final value (amount) of 1 per period (annuity due)

G| — present value of 1 per period (perpetuity, interest used as earned)
doo| — present value of 1 per period (perpetuity, payments at the begin-

ning of each period)

Factors for amount and present value

o) = ‘4t ly pbo ol
n| ¢ ¢ ¢ qr q"(q—1)
T B T L
d qa ¢ qnt " g —1)
Sp| = l+g+¢*+...+q"! = qq_—ll
5 2, 3 n q" -1
S0 = 4T¢CHae+...tg = q-q_1
1 1 1 1
Yo T T e T -1
. 1 q
Upo| = 1+q—|—q2—|—.. = g—1

an| an| S”| Sn| q
a a o *n 5n| q" —1
n| n| q 1-+is | q(1+ds |) qmi
iy i qs,| Sl ¢ —1
a a a
n| L] n| L+is, L+ d5, q"d
a’n| an| Sn| q" —1
S . .. S| .
1-— ia, q(1— dan|) q i
g qan| a’n| s g qn—].
o tiay  1-dg, %l o a
1 1 . ..
q" 1+ I8, | 1+ dsn| q"

l—ian| l—dan|
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Dynamic annuities

Arithmetically increasing dynamic annuity

Cash flows (increases proportional to the rent R with factor 0):

R R(1+6)  R(1+(n—1)3) R R(146)  R(1+(n—1)3)

| | |
T T T > T T T L

0 1 n—1 n 0 1 2 n

R n—1
q—1 q—1

R q" —1
=l (1)
g —1) |1 q—1
R " —1
Tl_l _
q—1F +6<q—1 70}
R q" —1
RN R )
q"(qg—1) q—1

R ) R 1)
due _ q ord __
Fac _q—1(1+q—1>’ Foo _q—1<1+q—1>

Geometrically increasing dynamic annuity

F:L)rd

R Rb Rb  Rb! R Rb Rb" 1
0 1 2 "n—-1 n 0 1 2 e n
The constant quotient b = 1 + 7, of succeeding terms is characterized by
the rate of increase s.
due qn - bn due n
F7" = Rq- p o VFG F7%% = Rng", b=gq
R m—b"
P N S Pdue = Rn,  b=g
"=t qg=b
ord q"=b" ord n—1
Fn = R- b’ b#% Fn = an ; b:q
q—
pord . RoatmU e
" " q-—b " q
R R
pdwe = b<gq Pyd = , b<yg
q—b q—b
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Amortization calculus

Notations
p  — interest rate (in percent)
n  — number of repayment periods
S o
) interest rate: 1 = ),
q — accumulation factor: g =141
So — loan, original debt
S — outstanding principal after k£ periods

T, — payoff in the k-th period
Zj, — interest in the k-th period
A, — total payment in the k-th period

Kinds of amortization
So . .

e Constant payoffs: repayments constant: T, =T = 0, interest decreasing
n

e Constant annuities: total payments constant: A = A = const, interest
decreasing, payoffs increasing

o Amortization of a debt due at the end of the payback period: Ay = Sy - 1,
k=1,....n—1; A,=S5p-(141)

e In an amortization schedule all relevant quantities (interest, payoffs, total
payment, outstanding principal, etc.) are clearly arranged in a table.

Basic formula for the total payment

A =Ty + Zy - total payment (annuity) consisting of payoff
and interest

Constant payoffs (conversion period = payment period)

S
Ty = no — payoff in the k-th period
kE—1Y\ . . . .
Z=50-(1— " i — interest in the k-th period
So ‘ . .
A= "[1—=(n—k+1)i - total payment in the k-th period
n
k . - .
Sp=58-11— " — outstanding principal after k periods
Sot { 1 ( q"—1 n > }
P = n+1)a, | — q — — present value of all
n | Jau| g" \"(¢g—1)* g¢-1

interest payments
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Constant annuities (conversion period = payment period)

"g—1
A=5- a"(g=1) — (total) payment, annuity

q" —1
Alg" —1
So = (g ) — original debt
qn (q _ 1)
Ty =T1¢" 1 =(A—Sy-i)g" ! —  payoff, repayment
¢"—1 ¢"—1
S = SogF—A 1= So—T4 1 — outstanding principal
q— q—
Zy, = Spt —T1 (ql‘“1 -1)=A- TigF~!  — interest
1 . .
n= log g [log A —log(A — Soz)] — length of payback period,

period of full repayment

More frequently payments

In every period m constant annuities A are payed.

A
AM) = i payment at the end of each period
m—+ 5
A
Alm) = il payment at the beginning of each period
m—+ Ty

Especially: Monthly payments, conversion period = 1 year (m = 12)
A

Amon = 12 57 5i - payment at the end of every month
Am n — ay 1 t at the begi i fev y th
= - en € Degining or every mon

Amortization with agio

In an amortization with additional agio (redemption premium) of « percent
on the payoff the quantity 7} has to be replaced by Zf’k =T - (1 + 13()) =
Ty - fo. When considering amortization by constant annuities with included
agio, the quantities S, = Sy - fo (fictitious debt), i, = fl (fictitious rate of

«
interest) and ¢, = 1 + iq, resp., are to be used in the above formulas.
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Price calculus

Notations
P — price, quotation (in percent)
Knom — mnominal capital or value
Kieal — real capital, market value
n — (remaining) term, payback period
Dy Deff — nominal (effective, resp.) rate of interest
bn,nom; b, real — Dresent worth of 1 per period (ordinary annuity)
a=C—100 — agio for price above par
d=100-C — disagio for price below par
R — return at the end of the payback period
doff = 1+ Zi%fg — accumulation factor (effective interest rate)

Price formulas

Krea . .
P =100 - P ! — price as quotient of real and
nom nominal capital
N1
bn,real kZ::I qgff .
P =100- b =100-", — price of a debt repayed by
7,110 ql,c constant annuities
k=1
100
P= {n L by, real (1 - P )} — price of a debt repayed by
" Peff Peff constant payoffs
1 C]gff -1 .
P= _ -|p- 1+R — price of a debt due at the
e eff — end of the payback period
P =100 p- (peff)il — price of a perpetuity
100 a 100 d . . .
ps = (p — ) = p+ — simple yield-to-maturity;
C n C n

= approximate effective interest rate of a debt due at the end of the
payback period (price above and below par, resp.)

e Securities, shares (or stocks) are evaluated at the market by the price.
For given price C in general the effective rate of interest (yield-to-maturity,
redemption yield) can be obtained from the above equations by solving (ap-
proximately) a polynomial equation of higher degree (» p. 44).
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Investment analysis

Multi-period capital budgeting techniques (discounted cash flow methods) are
methods for estimating investment profitability. The most known are: capital
(or net present) value method, method of internal rate of return, annuity
method. Future income and expenses are prognostic values.

Notations
I — income at moment k
Ey — expenses, investments at moment k
Ch - net income, cash flow at moment k: Cj, = I, — E},
K — present value of income
Kg - present value of expenses
C - net present value, capital value of the investment
n - number of periods
P - conventional (or minimum acceptable) rate of interest
q - accumulation factor: ¢ = 1+ 180

Capital value method

no ]
Kr=5% ]Z — present value of income; sum of all present
k=04 values of future income
n FE
Kgp=>_ : — present value of expenses; sum of all present
k=0 4 values of future expenses

n C
c=5> : = K;—Kpg — capital value of net income, net present value
k=0 4

e For C = 0 the investment corresponds to the given conventional rate of
interest p, for C' > 0 its maturity yield is higher. If several possibilities of
investments are for selection, then that with the highest net present value is
preferred.

Method of internal rate of return

The internal rate of return (yield-to-maturity) is that quantity for which the
net present value of the investment is equal to zero. If several investments
are possible, then that with the highest internal rate of return is chosen.

Annuity method

W= n_ 1 — annuity (or capital recovery) factor
qn —
Ar=K;-Fy —  income annuity
A=Kg-Fxu —  expenses annuity
Ap=Ar—A — net income (profit) annuity

e For A; = A the maturity yield of the investment is equal to p, for Ay > A
the maturity yield is higher than the conventional rate of interest p.
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Depreciations

Depreciations describe the reduction in value of capital goods or items of
equipment. The difference between original value (cost price, production
costs) and depreciation yields the book-value.

n - term of utilization (in years)

A - original value

W - depreciation (write-down) in the k-th year

Ry, - book-value after k years (R,, — remainder, final value)

Linear (straight-line) depreciation

A - Rn ..
W = w = - annual depreciation
n

R,=A—k-w - book-value after k years

Arithmetically degressive depreciation (reduction by d each year)

wp=w —(k—1)-d —  depreciation in the k-th year
- A - Rn .
d=2."" ( ) —  amount of reduction
n(n —1)
Sum-of-the-years digits method (as a special case): w,, = d
wp=Mm—-k+1)-d —  depreciation in the k-th year
2-(A-R, .
= ( ) amount of reduction
n(n+1)

Geometrically degressive (double-declining balance) depreciation
(reduction by s percent of the last year’s book value in each year)

k
R,=A- (1 - ° ) - book-value after k years
100
n R'Il . .
s=100-[1— A - rate of depreciation
s s \ k-1
wp = A- 100 (1 — 100) — depreciation in the k-th year

Transition from degressive to linear depreciation

Under the assumption R,, = 0 it makes sense to write down geometrically
degressive until the year [k] with k = n + 1 — ' and after that to write
down linearly.
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Numerical methods for the determination of zeros

Task: Find a zero z* of the continuous function f(x); let € be the accuracy
bound for stopping the iteration process.

Table of values
For chosen values x find the corresponding function values f(z). Then one
obtains a rough survey on the graph of the function and the location of zeros.

Interval bisection
Given zy, with f(zr) < 0 and xg with f(zgr) > 0.

1. Calculate zp; = §(zr + zg) and f(2r).
2. 1If | f(xpr)] < &, then stop and take xj; as an approximation of x*.

3. If f(zar) < 0, then set xp := zpr (xg unchanged), if f(xar) > 0, then
set xr := xp (2 unchanged), go to 1.

Method of false position (linear interpolation, regula falsi)
Given zy, with f(zr) < 0 and xr with f(zgr) > 0.
TR —XJ,
f(zp) and f(xg).
Flaen) — flag)T (70 2001 08)
2. If | f(xs)| < &, then stop and take xg as an approximation of z*.

3. If f(zsg) <0, then set xf, := xg (zr unchanged), if f(zar) > 0, then set
xR := xg (x unchanged), go to 1.

1. Calculate zg =z —

e For f(xr) >0, f(xr) < 0 the methods can be adapted in an obvious way.

Newton’s method
Given zg € U(z*); let the function f be differentiable.

()

fk)

2. If | f(z41)| < e, then stop and take zj41 as an approximation of x*.
3.5et k:=k+1, goto 1.

1. Calculate zx41 =z —

o If f/(x) = 0 for some k, then restart the iteration process with another

starting point xg.

e Other stopping rule: |z, —zg| <& or |Tpi1 — ak| < e.

Descartes’ rule of signs. The number of positive zeros of the polynomial
n

> arx® is equal to w or w—2, w—4, ..., where w is the number of changes

k=0
in sign of the coefficients ay (not considering zeros).
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Basic notions

A real function f of one independent variable z € R is a mapping (rule of
assignment) y = f(x) which relates to every number x of the domain Dy C R
one and only one number y € R. Notation: f: Dy — R.

range - Wy={yeR|3ze Dy withy= f(x)}

one-to-one function —~ for any y € Wy there is one and only one x €
Dy such that y = f(x)

inverse function, — if f is a one-to-one mapping, then the map-

reciprocal function ping y — x with y = f(z) is also a one-to-one
mapping called the inverse function to f; no-
tation f~1: W; —R

Growth (monotony), symmetry, periodicity

increasing function - f(x x2) V1,20 € Dy, 21 < 29

decreasing function -

~

T (EQ) V$17$2€Df, 1 < X2

strictly increasing function — f(x1 x2) V1,20 € Dy, 21 < 29

) < S(
)= f(
) < S(
) > f(

strictly decreasing function

|
~

(EQ) Vay,xo € Df, r1 < X2

even function — f(-2z)=f(z) V2 € (-a,a)NDys,a>0

)=
odd function - f(—xz) =

(

(

(
(21
(=
(— —f(x)Vxe(—a,a) N Dy,a>0
(

periodic function (period p) — f(z+p) = f(z) Vo, +p € Dy

e c-neighbourhood of the point x* (= set of all points having a distance from
x* smaller than €): U.(z*)={z € R : [z —a*| <e}, >0

Boundedness

bounded from above function — I K: f(z) < K Va € Dy
bounded from below function — I K: f(x) > K Va € Dy
bounded function - 3K:|f(z)] <K Yz € Dy

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 7, © Springer-Verlag Berlin Heidelberg 2010
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Extrema
supremum — smallest upper bound K; sup f(z)
x€Dy
infimum — largest lower bound K; inf f(x)
€Dy

global maximum point — z*€ Dy such that f(z*) > f(z) Vo € Dy

global maximum — f(z*) = max f(x)
r€Dy
local maximum point - z* € Dy such that f(z*) > f(z) V& €
Df N Us(a:*)

global minimum point — 2*€ Dy such that f(z2*) < f(z) Vo € Dy

global minimum — f(z*) = min f(z)
x€Dy
local minimum point — 2% € Dy such that f(2*) < f(z) Vae
Df N UE((E*)

Curvature properties

convex function — fQwy+ (1= Naz) < A1) + (1= A) f(a2)
strictly convex function —  f(Azy + (1 — N)xa) < Af (1) + (1 — \) f(z2)
concave function = fQa+ (1= Na2) = Af(21) + (1= A) f(z2)
strictly concave function —  f(Azy 4+ (1 — N)aa) > Af(x1) + (1 — A) f(x2)

e The inequalities are true for any xi,z2 € Dy and arbitrary numbers
A € (0,1). Under convexity and concavity the inequalities hold also for A =0
and A = 1.

Representation of real functions
Zero — anumber g € Dy satisfying f(z9)=0

graph of a function — visualization of the points (z,y) =
(z, f(z)) associated with f in the
plane IR?, using a Cartesian system of
co-ordinates in general

Cartesian co-ordinate system — system in the plane consisting of two
co-ordinate axes orthogonal to each
other; horizontal axis (of abszissae)
usually x, vertical axis (of ordinates-)
usually y; the axes are provided with
(possibly different) scales
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Linear functions

Let a,b, A € R.

linear function — y = f(z) = ax

affine linear - y= f(z)=ax+b
function

Properties of linear functions

[y +22) = f(z1) + f(x2) f(Az) = Af(x) f(0)=0

Properties of affine linear functions

flar) = fla2) _ f<_2> —0, a0 £0)=1b

Tr1 — T2

e Affine linear functions are often simply denoted as linear functions.
e In an z,y-system of co-ordinates with uniformly scaled axes the graph of
a linear or affine linear function is a straight line.

Quadratic functions y = f(x) = axz?+bx +c (a #0)

VY
Discriminant: D=p>—14
p q D=0
. b c
with p= , ¢= D<0
a a
D>0
TRIA

Zeros
1
D>0: Tio = 9 (—p + \/D> two real zeros

D=0: T1 = X9 = — one double zero

D <0: 1o Zero
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Extremal points
a>0: one minimum point Xyin = —]2?
p

a < 0: onemaximum point Xpmax = —

2
e For a > 0 (a < 0) the function f is strictly convex (concave) and the graph
D
of f is a parabola opened above (below) with vertex (—]2), _a4 )
Power functions
Power functions y = ™, n € IN

4

Yy y=zx Y 1 y=a°
4 /
3 /
% // y=x
3 2 F 1 2 3 =z
/
9
II =3
1’ _4

Even and odd power functions
Domain: Dy =R
Range: Wr=R ifnodd; Wy = R" if n even

e If nis even, then y = 2" provides an even function, for odd n the function
y = 2" is an odd function (» S. 45).
e The function 2 =1 is a constant.

General power functions y =z, a € R, >0

Yy Yy
a<0 a=1

A

14+ a<l

General power function y = ¢
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Domain: Dy =R" ifa>0; D;={r|z>0} ifa<0
Range: W;=R" ifa>0; W;={y|ly>0} ifa<0

e For a= 711 the function y = zn = {/x is said to be a root function. It is
the inverse function to the function y = 2™ (for x > 0).
1

n’

e For special values of o the domain Dy is wider: Dy = R" (e. g. for a =
n odd) or Dy = R\{0} (e.g. for a« = —n, n € N).

e Due to ef(x) = a = const power functions are CES-functions » elasticity
(p. 68).

Polynomials

Functions y = p,(z): R — R of the kind
pn(2) = apna™ + an_ 12" '+ ...+ a1z +ag, a, #0, a; €R, neNg

are called entire rational functions or polynomials of degree n.
e According to the fundamental theorem of algebra every polynomial of
degree n can be represented in the form

product

Po() = an(z —21)(2 = 22) ... (2 = 2p1) (2 — 20) representation

The numbers x; are the real or complex zeros of the polynomial. Complex
zeros always occur pairwise in conjugate complex form. The zero z; is a zero
of order p if the factor (z — x;) in the product representation occurs p times.
Function values of a polynomial as well as the values of its derivatives can be
calculated as follows:

bn—1:=an, bi:=a;+1+abiy, i=n-2,...,0, pn(a) = ag + aby
’

Cp_9 :=bp_1, CiZ:bi+1+aCi+17 i=n—3,...,0, p(a):b0+aco

Horner’s scheme

anp Ap—1 an—2 e ag a1 ao
a — aby,—1 ab,,—o o abs abi  abg
bp—1 bp—2 bn_3 . b1 bo pn(a)
a — ACp—2 aCyp—3 . acy acy
Crn—2 Cn—3 Crn—4 . co Pl (a)

The following relation holds:

pn(x) = pnla) + (x —a) - (bp_12" L + by o2 2+ - + by + by)
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Fractional rational functions, partial fraction decomposition

Functions of the kind y = r(x),

~ pm(x)  ama™+ A1V + -+ a1z + ag

- - bl m 07 b’l’L 0
qn () bpx™ + by L+ -+ by + by am 7 7

r(x)
are called fractional rational functions, especially proper rational functions
for m < n and improper rational functions for m > n.

e An improper fractional rational function can be rewritten in the form
r(xz) = p(x) + s(x) by means of polynomial division, where p(x) is a polyno-
mial (asymptote) and s(x) is a proper fractional rational function (» product
representation of a polynomial).

zeros of r(x) — all zeros of the polynomial in the numerator, which
are not zeros of the denominator

poles of r(x) — all zeros of the polynomial in the denominator, which
are not zeros of the numerator as well as all com-
mon zeros of the numerator and the denominator,
the multiplicity of which in the numerator is less then
its mutiplicity in the denominator

gaps of r(z) — all common zeros of the polynomials in the numera-
tor and the denominator, the multiplicity of which in
the numerator is greater or equal to its mutliplicity
in the denominator

Partial fraction decomposition of proper fractional rational functions

1. Representation of the denominator polynomial ¢, (z) as a product of lin-
ear and quadratic polynomials with real coefficients, where the quadratic
polynomials have conjugate complex zeros:

@)= (—a)@-0)P... (22 +cx+d)7...

2. Trial solution

r(z) = = + Az +...F Aa + b + B
Cz—a (r—a)? 7 (z—a)® x-b (x—0D)>2
Bg Cix+ Dy Ofyl‘—Fny
+”.+("E—b)6+...+$2+6$+d+”. (22 + cx + d)7

3. Determination of the (real) coefficients A;, B;,Cy, Dy, ... :
a) Find the least common denominator and
b) multiply by the least common denominator.
c¢) The substitution of x = a,z =b, ... yields A,, Bg, ...
d) The comparison of coefficients leads to linear equations for the
remaining unknown coefficients.
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Exponential functions

y=a" - exponential function, a € R, a >0
a - base
x - exponent

Special case a = e:
y = e* = exp(x) - exponential function to the base e

Domain: Dy =R

Range: Wr=R"'"={y|y >0}

e The inverse function of the exponential function y = a® is the logarithmic
function y = log,  (» p. 52).

e Rules of operation » powers (p. 15)

e The growth of an exponential function with a > 1 is stronger as the growth
of any power function y = 2.

L Y VY
f(z)=a” f(z)=a”
/1 v ' \\ad
0 E 0 E
increasing decreasing
exponential function exponential function

Negative power

Using the transformation

1 T
a‘”z(), a >0,
a

the function values for negative (positive) powers can be obtained via func-
tion values with positive (negative) powers.

Basea, 0 <a<1

Using the rule
1
a” " =0" with b=,
a
an exponential function to the base a, 0 < a < 1, can be transformed into

an exponential function to the base b, b > 1.
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Logarithmic functions

y =log, x -
T — argument
a — base

Special case a =e:

logarithmic function, a€ R, a>1

y=Inzx — function of the natural logarithm

Special case a = 10:

y=Ilgz — function of the decimal (Briggsian) logarithm

Domain: D;=R"={z € R |z >0}

Range: W =R

e The value y = log, = is defined by the relation z = a¥.

e Rules of operation » logarithms (p. 15).

e The inverse function of the log-
arithmic function y = log, x is
the exponential function (» p.
51). Using the same scale on both
the z- and the y-axis, the graph
of the function y = a” is ob-
tained as reflection of the graph
of y = log, © with respect to the
bisectrix y = z.

Basea, 0<a<1

Using the rule

1
log, x = —log,z with b=
a

I

B

log, =

a>1

logarithmic function,
increasing

a logarithmic function to the base a, 0 < a < 1, can be transformed into a
logarithmic function to the base b, b > 1.
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Trigonometric functions

Due to the intercept theorems in congruent
triangles the relations between sides are equal.
In right-angled triangles these relations are
uniquely defined by one of the non-right an-

gles. By definition ¢ a
. a b

sinz =, cosx= |, X

c c

b

a b
tanx = | cotrx = .

b a

s

For angles z between 7 and 27 the line segments a, b are provided with signs
according to their location in a Cartesian co-ordinate system.

Translation and reflection properties

sin (5 +) =sin (5 — ) =cosx sin(m+x)=—sinx

cos (5 +x)=—rcos (§ —a) =—sinz cos(m+x)=—cosx

tan (5 +z)=—tan (5 —z)=—cotx tan(7+z) =tan z

cot (5 +x)=—cot (5 —x)=—tanx cot(m+x)=cotx

sin (% +2) =—cosw cos (% +z) =sinx

tan (% +2)=—cotx cot ()7 +2)=—tanx
Periodicity

sin(x + 27) = sinx cos(x + 2m) = cosx

tan(z + 7) = tanx cot(z + ) = cotx
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Special function values

Radian measure 0 5
Measure in degree 0° 30°
sin x 0 ;
cos 1 3V/3
tanz 0 é V3
cotx — V3

1 3 2
45° 60° 90°
L2 L3 1
2V2 2 0

1 V3 -

1 3V3 0

Transformation of trigonometric functions (0 < z < g)

sinx cos T tanx cotx
tanx 1
sinx — V1 —cos2z
V1 + tan? z V1 + cot?z
1 cotx
cosx \/1 —sin’z —
V1 + tan? z \/1+cot2x
sin x V1 —cos?z 1
tanx _
\/1 _sin22 cos T cotx
\/1 —sin?z cos T 1
cotx . —
sinx V1 —cos2z tan x
. sinx cosx , .
sin?z 4 cos®z = 1, tanz= (cosx#0), cotx= (sinz#£0)
CcoS sinx

Addition theorems
sin(z + y) =sinx cosy £ cosxsiny

tan(z + y) tanx £ tany
n(x =
4 1 Ftanztany

Double-angle formulas

. . 2tanx
sin2x=2sinx cosx= 9
1+ tan®x
2tanzx 2

1 —tan“x - cotr—tanx

cos(z £y)=coszcosy Fsinzsiny

_cotzcoty F1

cot(x £y)=
( v) coty £ cotx
1 —tan?z
cos 2z =cos? x—sin? = 5
1+ tan®z

cot?z—1 _ cotx—tanz

t 22 = =
cov et 2cotx 2
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Half-angle formulas (for 0 < z < )

LT \/l—cosac T \/l—cosx sinx
sin = tan = = =
2 2 2 1+ cosx 1+ cosx

T 1+ cosx T 1+ cosx
[0} = 9 cot 9 =

Powers of trigonometric functions

sinx
1—cosx 1—cosx

1—cosx

sinx

1+ cosx
sinx

55

1 1
sin? x = 2(1—(:08233) cos? x = 2(1+c052x)
. 3 : : s 1
sinz = (3sinz — sin 3x) cos® x = 4(3cosx+cos3x)
.4 1 4 1
sin® z = 8(3—46052x+cos4x) cos* x = 8(3+4c052x—|—cos4x)

Inverse trigonometric functions

e The inverse trigonometric functions are also denoted as arctrigonometric

or cyclometric functions. For example, from the relation x = siny we get the

function y = arcsinz (arc sine or inverse sine).

. arccot x
arcsine
arccos x
x arctan z 0
Domains and ranges
inverse trigonometric function domain
y = arcsinx —-1<x<1
Y = arccosx -1<z<1

y = arctanx

Yy = arccotx
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Hyperbolic functions

1
y =sinhx = 5 (e® —e™) — hyperbolic sine, Dy =R, Wy =R
1
y = coshx = 9 (e* +e™™) — hyperbolic cosine, Dy =R, W; = [1, 00)
y = tanhx = ¢ ;e — hyperbolic tangent, Dy =R, Wy=(—1,1)
et +e "
y =cothz = ¢ te — hyperbolic cotangent
er —e™"¥

Dy = R\{0}, Wy = (=00, —1) U(1,0)

Area-hyperbolic functions

The inverse functions to hyperbolic sine, tangent, cotangent and to the right
part of hyperbolic cosine are called the area-hyperbolic functions.
y = arsinh x — area-hyperbolic sine, Dy = R, W; =R

y = arcoshz — area-hyperbolic cosine,
Dy = [1700)7 Wy = [0, 0)

y = artanhz — are-hyperbolic tangent,
Dy = (—1,1), Wy =R

y = arcothx — area-hyperbolic cotangent,
Df = (—OO, _1) U (1700)7 Wf = R\{O}




Some economic functions

Some economic functions

Notation
x - quantity of a good (in units)
P - price of a good (in units of money per unit of quantity)
E - national income, national product (in units of money

per unit of time)

Microeconomic and macroeconomic functions

x = x(p)
p = p(x)
Up)==z(p)-p

k(z) = Kf)
kp(x) = [;f
k() = F0

S(E) = E — C(E)

demand function (price-response function); in
general decreasing; x — quantity demanded
and sold, resp.

supply function, in general increasing; x —
quantity supplied

turnover function (return function, revenue
function); dependend on price p

cost function as the sum of fixed and quantity
(or employment) dependent variable share of
the costs

(total) average costs; costs per unit

average fixed costs; fixed costs per unit

average variable costs; variable costs per unit

profit (operating profit)

(total) contribution margin
average profit; profit per unit

(macroeconomic) consumption function, ex-
penses for consumer goods; in general increas-
ing (E — see above)

(macroeconomic) savings function

57
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e The value of the average function f(x) = fgcx) belonging to the function f
is equal to the ascent of the ray running from the origin to the point (z, f(x)).
It describes that share of the function value which belongs to one unit of z.

e A point z satisfying the equation G(z) = 0, i.e. U(x) = K(x), is called the
break-even point. Apart from trivial cases, its determination (break-even anal-
ysis) is usually accomplished by means of numerical approximation methods.

e The profit per unit is equal to the difference of price per unit and costs per
unit: g(x) = p(x) — k(x). The contribution margin per unit is the difference
of price and variable costs per unit.

Logistic function (saturation process)

a
y=IW= e . f(t)
1+b

a,b,c>0

This function satisfies the relations oy (t)= 7;’; =pla—y) and ¢y =py(a—y) (»
differential equations), where p — proportionality factor, y — impulse factor,
(a—y) — brake factor.

e The rate of increase of(t) is at an arbitrary moment ¢ directly proportional
to the distance from the level of saturation a. The increase of the function f
is proportional to the product of impulse and brake factor.

Stock function (“saw-tooth function”)

Yy
. S
y:f(t):zS—T~t, S
(i — V)T <t <,

T>0, i=12,...

e At the moments T, i = 0,1,2,..., the warehouse is filled up, while in
the intervals [(i — 1)T, ¢T) the delivery takes place with constant in time
intensity.
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Gompertz-Makeham’s function (mortality law)
y=ft)=a-bt-c¥, abcecR, d>0

e This function satisfies the relation y' = p(t)y (» differential equations)
with proportionality factor (mortality intensity) p(t) = p1 + pa - d* = In |b] +
In|c|-Ind-d'. The reduction in the number of quicks of a population within
the interval [t,¢+dt] is proportional to the number of still living persons
y=f(t) at the age of ¢.

Trend function with periodic fluctuations

y=f(t) =a-+bt+c-sindt,
a,b,c,de R

0 a
e The linear trend function a + bt is overlapped by the periodic function

sin dt describing (annual) seasonal fluctuations.

Continuous (exponential) growth

The function
y=f(t)=ao-q*

describes the time-dependent growth behaviour (population, money stock
etc.); ag — initial value at the moment ¢ = 0, a — growth intensity.

Generalized exponential growth
y= ) =a+bd"
a,b>0, ¢g>1

/
e Both the function and its rate of change (rate of increase) gf(t) = J (»

p. 68) are increasing; moreover tlim 07(t) =1Ing.
—00
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Cobb-Douglas production function (one input factor)

The isoelastic (i.e. having a constant elasticity » p. 68) function
x=f(r)=c-r* c¢a>0

describes the connection between the factor input r of a production (in units
of quantity) and the output (produce; in may be different units of quantity;
> p. 114).

Limitational production function (one input factor)

a-r if r<r
p— pr— - b
v=1r) {b if r>p G070

e The mentioned production functions arise from production functions in-
volving several input factors by keeping all but one factor fixed (partial factor
variation).
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Limit of a function

If {z,,} is an arbitrary sequence of points converging to the point zy such

that x, € Dy, then the number a € R is called the limit of the function f

at the point zg if lim f(z,)=a. Notation: lim f(z)=a (or f(z) — a for
n— oo T—x0

T — ).

e If in addition to the above conditions the restricting requirement x,, > xg

(zn, < x0) is true, then one speaks about the limit from the right (from the

left). Notation: lilm f(x)=a (liTm f(x) = a). For the existence of the limit
x|xo Z|xo

of a function the limits from the right and the left must agree.

e If the sequence { f(z,,)} fails to converge, then the function f is said to have

no limit at the point xo. If the function values increase (decrease) without

any bound (émproper limit), then the notation lim f(xz) = co (resp. —o0)
T—x0

is used.

Rules of operation for limits

If both the limits lim f(z) =a and lim g(z) = b exist, then:

Jim (f(z) £ g(z)) =a£b, Jim (f(z) - g(2)) = a-b,
;phlgo chg) = Z, if g(z)#0, b#0.

0

L’Hospital’s rules for j

and ©
oo

Let f and g be differentiable in a neighbourhood of xy, let exist
lim /) = K (as finite or infinite value), and let g¢'(x) # O,

r—zy 9 (%)

lim f(z) =0, lim g(z) =0 or lim |f(x)] = lim |g(x)] = co. Then
T—xT0 Tr—xT( r—Xo

r—T0

the relation lim /®) = K holds.

s ) =

e The case r — oo is possible as well.

e Terms of the form 0 - oo or co—oo can be transformed into the form 8 or

= . Expressions of the kind 0%, 0c® or 1°° can be rewritten in the form 0 - co
by means of the transformation f(z)9(®) = e9(@)nf(=),

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 8, © Springer-Verlag Berlin Heidelberg 2010
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Important limits

1
lim =0, lim e* = oo, lim e* =0,
r—+oo I xr—00 r——00
lim 2" =00 (n > 1), lim Inz=o0, limInx = —oo0,
T—00 xr—00 z]0
J;"L
lim =0 (¢€R, a>0, neN), lim ¢* =0 (0<q¢q<1),
r—00 X r—00
[e% xr
lim ¢ =00 (¢ > 1), lim (1+ ) =e” (aeR)
—00 L—00 €
Continuity

A function f: Dy — R is called continuous at the point xo € Dy if

lim f(z) = f(xo).

r—x0
e Alternative formulation: f is continuous at the point xy if to any (arbitrarily
small) number € >0 there exists a number ¢ >0 such that |f(z)— f(z0)| <e
if |x—xo| <0.

e If a function is continuous Va € Dy, then it is said to be continuous.

Kinds of discontinuity

finite jump — lim f(z) # lim f(x)

x|xo zTxo
infinite jump — one of the two one-sided limits is infinite
pole - ‘ lim f(x)‘ = ’ lim f(x)’ =00

x|xo zTxzo
pole of order p € N~  point zg for which the limit lim (x — x0)? f(z)
T—xT(

exists, is finite and different from zero

gap = removable — lim f(z) = a exists, but f is not defined for
. . . T—x0

discontinuity z =0 or f(zo) #a

e A fractional rational function has poles at the zeros of its denominator pro-
vided that at these points the numerator is different from zero (» fractional
rational functions, p. 50).

Properties of continuous functions

e If the functions f and g are continuous on their domains Dy and Dy,
respectively, then the functions f + g, f — g, f-g and ! (the latter for
g(x) # 0) are continuous on Dy N Dy. !
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e If the function f is continuous on the closed interval [a, b], then it attains
its greatest value fiax and its smallest value fuin on this interval. Every
number between fiin and fiax is attained as a function value at least once.

Rules of operation for limits of continuous functions

If f is continuous, then lim f(g(x)) = f ( lim g(ac))

Special cases:

lim (f(z))" = ( lim f(x)>n7 lim af@ — a(wli‘i‘of(“) a0

r—x0 T—Tg T—T0

lim In f(z) :ln(lim f(;v)), if f(z)>0

r—x0 r—x0

Differentiation

Difference and differential quotient

Ay _ f(z+ Az) - f(x)

Az Ax = tanf3

flz+Az)
dy . fla+Az) - f(z) _
dz _Aligo Ax = tana

If the latter limit exists, then the function

f is called differentiable at the point z. In f(z)
this case, it is also continuous there. If f is
differentiable Va2 € Dy, then it is referred to
as differentiable on Dy.

The limit is called differential quotient or derivative and denoted by dy (or
x
d A
;J;, y'(x), f'(z)). The difference quotient z describes the angular coeffi-

cient of the secant through the points (x, f(x)) and (x + Az, f(x + Ax)). The
differential quotient is the angular coefficient of the tangent to the graph of

/ at the point (z, f(x)).
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Rules of differentiation

constant factor
sum rule
product rule

quotient rule

especially:

chain rule

differentiation by
means of the
inverse function

logarithmic
differentiation

implicit function

general exponential
function

function

y=f(z) given
as F(z,y) =0

u(@)"@ (u(w)>0)

derivative
a-u'(x), a — real

u'(z) £ 0 (x)

[v(x)]?
v'(x)
[v(z)]?
, , dy dy dz
w(z)v(@) (dx_dz . dx)

e Differentiation by means of the inverse function and logarithmic differen-
tiation are used if the inverse function or the function In f(z) can be differ-
entiated in an “easier” way as the original functions.



Derivatives of elementary functions

f(z)
¢ = const
T
xn
T
1
xn

arccot x

cosh x

cothx

arcoshx

arcothax

n {‘/mnfl

¥ (lnz + 1)

a®lna

S

sinh x

1 —coth®x

Va2 —1

2 -1

sinx

COST

tanx

cotx

arcsin x

arccos

arctanx

sinh x

tanh x

arsinhx

artanhx

Differentiation

cos T

—sinz

1+tan’x = 5
cos? x

—1—cot?’z=—

sin“ x
V1 — 22
V1 — 22

1422

cosh

1 — tanh?x

V1 + 22

1— 22

65
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Differential

For a function f which is differentiable at the point xy one has

Ay = Af(zo) = f(wo + Az) — f(w0) = ['(x0) - Av + o(Ax),

A
where the relation lim o(Az)

AT 0 holds. Here o(-) (“small 0”) is the Landau

order symbol.

The expression

dy = df (o) = f'(0) - Az

or

dy = f'(w0) - dx

Ay
occurring in this relation is called the
differential of the function f at the
point xg. It describes the main part of 70 2ot Az o

the increase of the function value when
changing the argument xy by Aux:

Af(zo) = f'(z0) - Az

Economic interpretation of the first derivative

e In economic applications the first derivative if often called the marginal
function. It describes approximately the increase of the function value when
changing the independent variable x by one unit, i.e. Ax = 1 ( » differential).
The background is the economic notion of the marginal function decribing
the increase of the function value when changing x by one unit:

Af(x) = flz+1) = f(x).

e The investigation of economic problems by means of marginal functions is
usually denoted as marginal analysis. In doing so, the units of measure of
the quantities involved are very important:

unit of measure of f/ = unit of measure of f / unit of measure of x
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Which units of measure do economic functions and their marginal

functions have?

u.q. — unit(s) of quantity, u.m. — unit(s) of money, u.t. — unit of time

function

f(x)

costs

costs per unit

turnover
(quantity-
dependent)

turnover
(price-
dependent)

production
function

average return
profit

profit per unit
consumption
function
savings func-
tion

unit of measure of marginal function

f

uam.
u.q.

uam.
u.q.

u.m.
u.t.

u.m.
u.t.

xT

u.q.

u.q.

u.q.

u.am.
u.q.

w.q.(?)

u.q.?

u.q.

u.q.

u.m.
u.t.

u.1m.
u.t.

f'(x)

marginal costs
marginal costs per
unit

marginal turnover

marginal turnover

marginal  produc-
tivity (marginal
return)

marginal average
return

marginal profit

marginal profit per
unit

marginal consump-
tion ratio (marginal
propensity to con-
sume)

marginal saving
ratio (marginal
propensity to save)

unit

of f'

u.1m.

u.q.

um./u.q.
u.q.

u.m.
u.q.

u.m.
u.m./u.q.

w.q.()
u.q.(2

w.q.M /u.q.?

w.q.

um./u.q.

um./u.q.
u.q.

100 %

100 %
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Rates of change and elasticities

Notions
A
; — average relative change of z (z # 0)
A Az) —
1(@) = flo+ Az) = f(z) — average relative change of f (differ-
Ax Ax .
ence quotient)
A 1
Ry(x) = 2(3:) . — average rate of change of f at the
. f(@) point x
A
E¢(x) = i(a:) . f(x ) — average elasticity of f at the point x
x x
= i . f ch f he point
or(z) = Aim Ry(x) = () rate of change of f at the point x;
rate of increase, growth rate
oy L R |
t(z) = Ahmo Ei(z) =2 ) (point) elasticity of f at the point x

e The average elasticity and the elasticity are independent of the chosen units
of measure for x and f(z) (dimensionless quantity). The elasticity describes
approximately the change of f(z) in percent (relative change) if x increases
by 1%.

e If y = f(t) describes the growth (change) of an economic quantity in de-
pendence on time ¢, then p(t) describes the approximate percentage change
of f(t) per unit of time at the moment ¢.

e A function f is called (at the point z)

elastic if |ep(x)] > 1 f(x) changes relatively stronger
than x,

proportionally elastic if |ef(x)] =1 approximately equal relative

(1-elastic) changes of x and f(x),

inelastic if |ef(x)] <1 f(x) changes relatively less

strong than x,

completely inelastic if ef(z)=0 in linear approximation there
is no change of f(z) when x
changes.
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Rules of operation for elasticities and rates of change

rule elasticity rate of change
constant  ecp(x) = ef(x) (ceR) ocf(x) = of(x) (ceR)
factor

sum Ervg(@) = f(z)gf((f)ﬁ((z))eg(z) 0f+g(T) = f(m)gf(f)ﬁ((z))gg(m)
product  ef4(x) = ef(x) +&4(2) 0rg(x) = 07(x) + 0g(2)
quotient er(x) = ep(x) —eg(x) or(x) = of(x) — 04(x)

Eomposite €fog(x) = €5(9(@)) - gg(x)  0fog(x) = g(x)or(9(x))ey()
unction

inverse ep-1(y) ! (y) 1
mvers -1y = o0r-1(Yy =
function ! er(x) d ef(z) - f(z)

Elasticity of the average function

f(x)

ef(z) =¢ef(z) =1 f — average function (f(z) = .

o If, in particular, U(p) = p-z(p) describes the turnover and z(p) the demand,
then due to U(p) = x(p) the price elasticity of demand is always less by one
than the price elasticity of turnover.

General Amoroso-Robinson equation
f'(@) = f(z) -er(@) = f(z) - (1 +ep(2))

Special Amoroso-Robinson equation

v = (14, )

T — price,

y = N(x) — demand,

N~1! — function inverse to NN,

U(x) =x-N(x) =V(y) =y - N~Y(y) - turnover,
V'’ — marginal turnover,

en(x) — price elasticity of demand
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Mean value theorems

Mean value theorem of differential calculus
Let the function f be continuous on [a,b] and differentiable on (a,b). Then

f() = f(a)
b

IS0

there is (at least) one number £ € (a,b) such that

Generalized mean value theorem of differential calculus

Let the functions f and g be continuous on the interval [a, b] and differentiable

on (a,b). Moreover, let ¢'(z) # 0 for any = € (a,b). Then there exists (at
£6) - fla) _ 1(©)

least) one number £ € (a,b) such that =

g(b) —g(a)  g'(§)

Higher derivatives and Taylor expansion

Higher derivatives

The function f is called n times differentiable if the derivatives f’, f" := (f'),
"= (7Y, f0) = (f DY exist; £ s said to be the n-th derivative
or the derivative of n-th order of f (n = 1,2,...). In this context f(© is
understood as f.

Taylor’s theorem

Let the function f be n + 1 times differentiable in a neighbourhood Ue(z0)
of the point z¢. Furthermore, let © € U.(xo). Then there exists a number £
(“mean value”) located between zy and x such that

1@) = @)+ @ —a) + T g
() (5 (nt1)
+ f n(' 0) ((E _ xo)n + f(n N 1()5;) (iC o x0)71+17

where the last term, called the remainder in Lagrange’s form, describes the
error made if f(z) is replaced by the indicated polynomial of degree n.

e Another notation (expansion at x instead of zg using the mean value x+(h,
0 < ¢ < 1) is given by the formula

@), @ IO, S @)

hn+1
1! 21 n! (n+1)!

fleth)=f(x) +
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e MacLaurin’s form of the Taylor formula (zo =0, mean value {z, 0<{<1):

e Dl

ARI(O N A (€

n+1
T ey ”

Taylor formulas of elementary functions (with expansion at the point

(EOZO)

function

COS T

In(1 + x)

1
1+

(1+z)"

Taylor polynomial

1 x? 28 z"
+ x4+ 91 + 3l +... .+ nl
Ina In"a ,
1+ r+ ...+ T
1! n!
333 x2n—1
_ » 1 n—1
Ty Ee DT oy,
22 gt 22"
1-— .. 1"
o Ty Tt D g
z? 28 z"
— . 1)nt
z—y F 5 T +(-1) N

Approximation formulas

remainder

es®

n+1
(n+ 1)!$

as®(Ina)"+!
(n+1)!

n+1

(1) CoSCT 5,11
(2n+1)!

-1 n+1 COSC(E 2n+2
D™ g £ o™

xn+1

(_l)n (1 + C(E)n+1

(_1)n+1

n+1
(1 + ()2 ‘

(nil> (1+<$)a7n71$n+1

For “small” z, i.e. for |x| < 1, the first summands of the Taylor polynomials
with g = 0 (linear and quadratic approximation, resp.) yield approximations
which are sufficiently exact in many applications. In the table one can find
the tolerance limits a, for which in case |z| < a the error made is € < 0,001
(» Taylor series).
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Table of approximation functions

function and its approximation tolerance limit a

! ~1l—uz 0,031
1+

1 T
~1-— 0,036y/n (x>0

vrea Sl Vi (@ >0)
sinr ~ x 0,181
tanx ~ x 0,143
a*~1+xlna 0,044 - (Ina)~!

Vidao~lt "
n
I+z)*~1+ax

2

cosz ~ 1 — 9”2 0,394
e*~1l+ax 0,044
In(l+z)~z 0,045

Description of function features by means of derivatives

Monotony
Let the function f be defined and differentiable on the interval [a, b]. Then

YV € [a,b = f is constant on [a, b]

YV € [a, b = f is increasing on [a, b]

fiz)=0

fiz) =20

f(x) <0 Vaelab <+  fis decreasing on [a,b]
f(x)>0 Vaelab) = fisstrictly increasing on [a,b]
fiz) <0

YV € [a, b = f is strictly decreasing on [a, b]

e The inverse proposition to the last two statements holds only in a weakened
form: if f strictly increases (decreases) on [a, b], then one has only f'(z) >0
(resp. f'(x) <0).
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Necessary condition for an extremum

If the function f has a (local or global) extremum at the point zg € (a,b)
and if f is differentiable at this point, then f/(xz¢) =0. Every point xg
satisfying this equation is called a stationary point of the function f.

e The above statement applies only to points where f is differentiable.

Boundary points of the domain as well as points where f fails to be dif-
ferentiable (breaks) can be extreme points either.

Sufficient conditions for extrema

If the function f is n times differentiable in (a,b) C Dy, then f has an
extremum at the point xzy € (a,b) if the following relations are satisfied,

where n is even:  f'(z9) = f(z0) = ... = fO® D (xg) =0, ) (x) #0.
For f(™(z0) <0 the point xg yields a maximum, for £ (zg)>0 a minimum.
e Especially:

f(xo)=0 A f"(z0) <0 = f has a local maximum at o,
f(xo)=0 A f"(z9) >0 = f has a local minimum at .

e If f is continuously differentiable at the boundary points a, b, one has

f'(a) <0 (f'(a) >0) = f has a local maximum (minimum) at a,

f'(b) >0 (f'(b) <0) = f hasalocal maximum (minimum) at b.

o If f is differentiable in the neighbourhood U (o) = {x | |xr—xzo| < e}, € > 0,
of a stationary point zg and the sign of f’ changes at this point, then zg is
an extreme point which is a maximum point if f/(z) > 0 for < z and
f(z) <0 for > zg. If the sign of the derivative changes from the negative
to the positive, we deal with a local minimum.

o If in U.(xg) the sign of f’ remains constant, then the function f has no
extremum at zg. In this case we have a horizontal inflection point.
Growth

e If on the interval [a, b] the conditions f/(z) > 0 and f”(z) > 0 are fulfilled,
then the function f growths progressively, while for f'(z) > 0 and f”(x) <0
the growth is said to be degressively.
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Curvature properties of a function

Let the function f be twice differentiable in (a, ). Then

f convex in (a,b) <= f"(x) >0 Vz € (a,b)
= fly) = flz) = (y—2)f(x) Va,y€(a,b)
f strict convex — f"(z)>0 Vaxe (a,b)
in (a,b) = fly) = fl@)>(y—2)f'(x) Vz,ye(ab,zty
f concave in (a,b) < f"(x) <0 Vz € (a,b)
= fly) - fl@) < (y—2)f(x) Va,y€(ab)

f strict convex — f"(z)<0 Vze (a,b)
in (a,b) = fly) = flz) <(y—2)f'(x) Vz,ye(ab),z#y

Curvature

The limit of the change A« of the angle o between the direction of a curve
and the z-axis in relation to the covered arc-length As for As — 0 is called
the curvature of a curve:

Ao
= 1. .
¢ Alglo As
presentation of the curve curvature C
"
Cartesian form y = f(z) f' (@) "
1+ (f"(@))?)

parametric form z = x(t), y = y(t)

e The curvature C' of a curve is equal to the reciprocal of the radius of the
circle which contacts the curve y = f(z) at the point P(z, f(z)).

e The curvature C is nonnegative if the curve is convex and nonpositive if
it is concave.
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Necessary condition for an inflection point

If the function f is twice diffentiable in the interval (a,b) and has a point of
inflection at x,, (point between intervals of convexity and concavity), then

f"(zy) = 0.

Sufficient condition for an inflection point

If f is three times continuously differentiable at (a,b), then sufficient for x,,
with f”(x,) = 0 to be a point of reflection is the validity of the relation

[ (@) # 0.

Investigation of economic functions, profit maximization

Notations
f(x) = /(@) — average function
x
1 (x) — marginal function
K(z) = Ky(x)+ Ky — total costs = variable costs + fixed costs
K
k(z) = (z) — total costs per unit
x
K, . :
ky(x) = (z) — variable costs per unit
x
G(x) =U(x) — K(x) - profit = turnover — costs
G
g(x) = ;) — profit per unit

e Due to f(1)=f(1), a function and its average function have the same value
for z=1.

Average function and marginal function

fl(x)=0 — f'(x) = f(x) (necessary optimality condition)

e An average function may have an extremum only at a point where it is
equal to its marginal function.

In particular: K/ (2,) = kuv(@m) = Ey min
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e At the point z,, of minimal average variable costs the marginal costs and
the variable costs per unit are equal (short-term bottom price, lower price
limit).

K’(l‘o) = k(l‘o) = kmin

e For minimal total costs per unit the marginal costs and the average costs
must be equal to each other (optimum costs; long-term bottom price).

Profit maximization in the polypoly and monopoly

Solve the extreme value problem G(z) = U(z)— K(z) = p-a—K(z) — max.
Let its solution be z*.

e In the polypoly (perfect competition) the market price p of a good is
a constant from the viewpoint of suppliers. In the monopoly (of supply) a
(decreasing) underlying price-response function p = p(z) is assumed to be
the total market demand function.

Polypoly; maximization of total profit

K'(z*) = p, K"(z*) >0 (sufficient maximum
condition)

e A polypolistic supplier obtains maximal profit by that volume of supply

x* for which the marginal costs are equal to the market price. A maximum

can exist only in the case if x* is located within the convex domain of the
cost function.

Polypoly; maximization of the profit per unit
' (x0)=k'(20)=0, ¢"(x0)=—k"(20)<0 (sufficient maximum

condition)

e The maximal profit per unit is located at the point where average costs
are minimal (optimum costs).

Polypoly; linear total cost function, capacity limit xg

*

r = 2o

e The profit maximum lies at the capacity limit. It is positive provided that
the break-even point (see p. 58) lies in (0, xp).

e The minimum of costs per unit and the maximum of profit per unit are
both located at the capacity limit.
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Monopoly; maximization of total profit

K'(z*)=U'(z*), G"(z*)<0 (sufficient maximum
condition)

e At a point of maximal profit marginal turnover and marginal costs are
equal to each other (Cournot’s point).

Monopoly; maximization of profit per unit

(%) =K' (2), g" () <0 (sufficient maximum
condition)

e Maximal profit per unit is achieved at the point & where the ascents of the
price-response function and the average cost function are equal.

Optimal lot size (optimal order size)

¢s — set-up costs (u.m.) per lot

¢; — inventory costs (u.m. per u.q. and
u.t.)

d — demand, inventory  decreases
(u.q./u.t.)

r — production rate, addition to stocks
(u.q./u.t.)

T — length of a period (u.t.)

x — (unknown) lot size (u.q.)

u.m., u.q., u.t. — units of money, quantity and time, resp.

e The rate of inventory decreases d as well as the rate of additions to stock
¢ > d are assumed to be constant. (For ¢ = d from a “theoretical point of
view” a stock is not needed.)

e It is to find that lot size x* for which the total costs per period consisting
of set-up and inventory costs will be minimal. The greater the production lot,
the lower the relative set-up costs, but the higher the inventory costs (related
to the average stock).

e The relevant quantities for the underlying model can be found in the
following table.
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Relevant quantities

to = . — production time of a lot
r
Ty = 2 — length of a production and inventory cycle
d . .
lpax = [ 1 — T — maximal inventory level
r
- d
l= (1 - ) o — average stock
r 2
D=d-T — total demand in [0, T
dT .
n= = — number of lots to be produced in [0, 7T
x x
D .
Cs(x)= " -cs — total set-up costs in [0, 7]
x

d
Cr(z) = (1 - r> : ; -¢r - T — total inventory costs in [0, 7]

C(z) = Cs(x) + Cr(x) — total period costs

Optimal lot size formulas

o= 2d05
Vo-9e

t

e If the whole addition to stocks takes place immediately at the beginning
of the inventory cycle (r — 00), then Imax = = (“saw-tooth curve”, » p. 58),
where

2d
Tt = \/ €s lot size formula of Harris and Wilson
cr

e When buying and storing a commodity being continuously used in a pro-
duction process, one obtains a similarly structured problem of optimal
order size: fixed order costs suggest a few, but large orders, while stock-
dependent inventory costs suggest more, but smaller orders.
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Indefinite integral
Every function F' : (a,b) — R satisfying the relation F’'(x) = f(x) for all

x € (a,b) is called a primitive of the function f : (a,b) — IR. The set of all
primitives {F'+ C' | C € R} is said to be the indefinite integral of f on (a,b);

C' is the integration constant. Notation: /f(;v) dz=F(z)+C.

Integration rules

constant factor /)\f(x) dr =\ / f(x)de, reR

sum, difference / [f(2) + g(2)] dz = / F(z)dz + / o(z) do

integration by /u(x)v'(x) dz = u(z)v(z) — /u’(x)v(x) dz
parts

integration by /f g (z)dz = /f(z) dz, z=g(x)
substitution

(change of var1able)

!/
special case / g'(@) dz =1Inlg(x)| + C, g(x) #0
fe) =1 o)
1
linear substitu- /f(ax +b)dx = CLF(aa: +0)+C, a,b € R,
i
o (F is a primitive of f) a#0

Integration of fractional rational functions

A ™ + Q1™+ a1z + ao
bpx™ 4 b1 L 4+ .. 4+ bz + by

Polynom division and partial fraction decomposition lead to integrals over
polynomials and special partial fractions. The partial fractions can be inte-
grated by the use of formulas from the » table of indefinite integrals. The
most important are (assumptions: z —a # 0, k > 1, p? < 4q):

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 9, © Springer-Verlag Berlin Heidelberg 2010
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/ dz =ln|lz—al+C

Tr—a

dz 1
/(x—a)k = -1 @—apr TC

d 2
/ ) . = arctan TP +C
T+ pr+q \/4q—p2 \/q p2

Az + B A 9 1 / dz
de = 1 B—- A
/x2+px+q T n(@ +px+q)+< 2 p> 2 4+ pr+q

Definite integral

The area A located between the inter-
val [a,b] of the z-axis and the graph of
the bounded function f can approximately
be calculated by summands of the form

z FEM) A with Az = 2 — (")

and 3 Az™ =b—a. T n)gn) ™ b w
=1 Lig

Passing to the limit for n — oo and Aa:z(-n) — 0, under certain assumptions
one obtains the definite (Riemann) integral of the function f on the interval
b

[a, b], which is equal to the area A: / flz)dz=A.

Properties and rules of operation

JECES

[ rwar= "

[ 2 giar = [ @i [ o
//\f da:—/\/f dr, AeR

[ swar= [“swars [ s

< [rees, ac

x)dz
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First mean value theorem of integral calculus

If f is continuous on [a, b], then there exists at least one & € [a, b] such that
b
[ H@yds=p-a©.

Generalized first mean value theorem of integral calculus

If f is continuous on [a, b], ¢ is integrable on [a,b] and either g(z) > 0 for all
x € [a,b] or g(x) <0 for all = € [a,b], then there exists at least one £ € [a, D]
such that

/ ' f)g(e) dr = 1) / @) |

If f is continuous on [a,b], then / f(t)dt is differentiable for z € [a,b],

where Fo) = [ f@)at = F@) = ().

Fundamental theorem of calculus

If f is continuous on [a,b] and F is a primitive of f on [a,b], then
b

/ f(x)dx = F(b) — F(a).

Tables of indefinite integrals

Fundamental integrals (The integration constant is omitted.)

power functions

xn—&-l

/a:"da:z (neZ,n#-1,z#0 for n<0)
JIOH_l

/wadx: (veR, a#—1, >0)

/;dx:ln|x| (z #£0)
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exponential and logarithmic functions

/azdx:a (aeR,a>0,a#1)
Ina

/exdx:ez

/lnxdxlenx—aj (x> 0)

trigonometric functions

/sina:da::—cosx
/cosxdx:sinx
/tana:da::—ln|cosx| (x#(2k+1)727)

/cotxdlen|sinaj| (x # km)

inverse trigonometric functions

/arcsinxdaj = 7 arcsinz + /1 — 22 (J¢| <1)
/arccosajdaj =z arccosz — /1 — 22 (Jz| <1)
1 2
arctanxz dx = x arctanx — 5 In(1 + )
1 2
arccot x dx = x arccot x + N In(1 + z*)

rational functions

/ dx ;
= arctan
1+ 22 .

dx 1+
/1—x2_1n\/1—x (Jlx] < 1)

dz x—1
/mz_1 n\/gc+1 (2 > 1)



irrational functions
/ dz .
= arcsinx
V1= g2
dx
= In(x + \/ 2 +1
/ V14 22 ( )

hyperbolic functions

/sinha:da: = coshzx
/coshx dx = sinhx
/ tanhz dx = Incoshz
/cothxdaj = In|sinh x|

area-hyperbolic functions

/arsinhx dx = rarsinhx — \/1 + 2
/arcoshx dx = x arcoshx — \/(Ez -1

/artanhx dz = zartanhz + _ In(1 — 2?)

A

/arcothx dz = zarcothr + _In(2* — 1)
Integrals of rational functions

— (ax + b)" Tt
/(ax+b) de = a(n+1)

d 1
/ i In|ax + b
ar+b a

Tables of indefinite integrals

([ < 1)

(] > 1)

(x>1)
(lz] < 1)

([ > 1)

83
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ar +b ar bf —ag
der = + In|fz+

/(ax+b()izvfa:+g):agibf (/ax(:—bdx_/fxﬁ—gdx>
/(x—ka)(xd—fb)(x—&-c) - (b—a)l(c—a)/xdfa
+(a—b)1(c—b)/xd+$b+(a—c)l(b—c)/xcfc

/ dx
ax? +bx +c

2ax +b

2
VA 2 arctan 4 52 for b2<4dac
ac — ac —
1 2ax + b 2ax + b
In(1— —In(1+ for 4ac < b?
Vb2 — dac ( /b2 —4ac) ( \/b2—4ac)>

/ dx
(az? + bx + c)ntl

B 20z +b (4n — 2)a / dx
-~ n(dac—b2)(az? +bx + )" n(dac—b2) | (az? +bx +c)n

/ rxdz
(az? + bx + c)ntl

B bx + 2¢ (2n —1)b / dx
(b2 —4dac)(az? + bz + ) n(b? —4ac) | (ax? +bx 4 c)n

arctan * for the sign +
a
1
/aQ(i:xQ = ClLS with S = 5 lnzti for the sign — and |z| < |a
1
(a #0) 5 n ta for the sign — and |z| > |al
T —a

/ dx B x n 2n —1 / dx
(a2 £ 22)"+t1  2na2(a? + 22)"  2na? (a? + 22)"

/ dz n 1 ) (a4 )2 . 1 arcta 2x Fa
= n I n
a3 + a3 6a2 a2 Far+122  42V/3 av'3
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Integrals of irrational functions

2 2
/\/(aa:+b)"da:= a(2+n)\/(ax—|—b)n+

N Vazr+b—+b

/ dz B Vb Var +b+ Vb

xvazr +b 9 o \/ax+b
V—b —b

/\/aa:+b —2\/aa:+b+b/
;E\/a;v+b

1
/\/a2 —a?de = 9 (310\/012 —22+a? arcsinfc)
a

/x\/aQ—a:de:—l\/(cﬂ—x?)?)

3
/ dl‘ ac. x
= arcsin
Va2 — 22 a
rdx
/a2 2
Va2 —z2 \/a .

(n# ~2)

for b>0

for b<0

/\/x2+a2dx: ; (x\/x2+a2+a21n<gg+\/$2+a2))

1
/33\/332+a2dx: 3\/(a:2+a2)3

d
/\/incg :ln($+\/$2+a2)

rdz

S22
Va2 + a2 _\/x ta

/\/a:Q_a2dx— ( \/332—a2—a 1H<$—|—\/x2—a2>)

/x\/x2 —a2dx = ;\/(552 — a2)3

85
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/ \/xjx_ o2 =In (x—|— \/xQ _ a2)

d
\/:Ea;—xaz =\/x2—a2

/ dx
Vaz? +bx +c
1
y ln‘2\/a\/ax2+b:r+c+2aac+b‘ for a >0
a

1 2 b
— arcsin o for a <0, 4ac < b?

V—a Vb2 — dac

rdz 1\/ 2 bt b / dx
= ax x+c—
Var2 +br+c  a 2a ) Vaz?+br+c

2 dac — b2
/\/aa:2+ba:+cdx: 6wj—H)\/axQ4—1)3:4—64— ac—b / dz
4a 8a Var2 + bz +c¢

Integrals of trigonometric functions
/ ! 1
sinardr = — cosax
a

1 1
/sin2 arder = x — sin 2ax
2 a

1 n—1
/sin" axdr = — ~ sin" 'axcosax + /sin”_2 ardr (ne€NN)
na n
n g L n n—1
2" sinardr = — 2" cosax + " cosaxdx (n € N)
a a
/ dx 1 ax
. = In ‘tan ‘
sinar  a 2
dx cos ax n—2 dx
T AT = -on—1 on—2 (n > 1)
sin” ax aln—1)sin" " ax n-—-1J sin" “ax

1 .
cosardr = sinax
a

1 1
/cos2 arder = x+ sin 2ax
2 4a
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1 . _ n—1 _
cos" axrdx = sin az cos™ ' ax + cos" 2 az dx
na n

1 . n 1.
2" cosardr = x2"sinax — 2" sinaz da
a a

dx 1 | ’t (ax L W)‘
= n (tan
COS ax a 2 4

de 1 { sin ax +(n—2)/ dz } (n>1)

cosar n—1 |acos" 1lax cos™ 2 qx

: 1 .
sinax cosax dx = s~ ax

. ) _ cos(a+b)xz  cos(a—b)x
sin ax cosbr dx = 2(a+b) 2(a —b) (lal # [0])

— Y Y Y Y~

1
/tanawdaj = — In|cosaz|
a
1
/tann ardr = tan" "' az — /tan”f2 azr dz (n#1)
a(n—1)

1
/cotaa:dx = In|sinaz|
a

1
/cot” ardr = — cot" tax — /cot”*2 az dz (n#1)
a(ln —1)

Integrals of exponential and logarithmic functions

1
e dr = e
a
1 n -
/ivneaw dr =  x"e% — " leaz dz
a a

/lnaxdx =zlnazr —z

In" 1
/nxdxz In" !y
T n+1

m—+1 1 n
/xm n"zde =" (Inz) " /xmlnnflxdx (m#£—-1,n#—

m+1 _m—|—1

87
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Improper integrals

Let the function f have a pole at the point = b, and let f be bounded and
integrable on any interval [a,b — €] such that 0 < ¢ < b — a. If the integral
of f on [a,b — ¢] has a limit for ¢ — 0, then this limit is called the improper
integral of f on [a,b]:

b b—e
/ f(x)dx = hIEo f(x)dx (integrand unbounded)

a

e If x =a is a pole of f, then analogously:
b b
/ f(z)dx = lim / f(z)dx (integrand unbounded)
a =10 Jote

e If x = cis a pole in the interior of [a,b], then the improper integral of f
on [a, b] is the sum of the improper integrals of f on [a, ¢| and [c, b].
e Let the function f be defined for x > @ and integrable on any interval

[a, b]. If the limit of the integrals of f on [a,b] exists for b — oo, then it is
called the improper integral of f on [a,o0) (analogously for a — —o0):

b

o) b b
/a flx)dx = blirglo/a f(z)dz, [m flx)dx = aEIPoo flz)dx

a

(interval unbounded)

Parameter integrals

If for a <2 <b, ¢ <t <d the function f(x,t) is integrable with respect to
b

z on [a,b] for fixed ¢, then F(t) = [ f(z,t)dz is a function of ¢ denoted as
a

parameter integral (with parameter t).

e If f is partially differentiable with respect to ¢ and the partial derivative
f+ is continuous, then the function F is differentiable (with respect to t), and
the following relation holds:

b
Pt) = dFdf) - / of g’t) dz .

e If p and ¢ are two differentiable functions for ¢ < ¢t < d and if f(z,t) is
partially differentiable with respect to ¢ having a continuous partial derivative
in the domain defined by ¢(t) < x < 9(t), ¢ <t < d, then the parameter
integral of f with boundaries ¢(t) and v (t) is differentiable with respect to ¢
for ¢ <t < d, where
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W (t)
F@t)= [ f(zt)dx =
w(t)
. (1) o
iy = Y

w(t)

da + F((), 00 (t) - F((), (1)

e Special case: F(z) = [ f(§)d¢ = F'(z) = f(x)

S—xy

Economic applications of integral calculus

Total profit

k(x) — marginal costs for x units of quantity;
e(x) — marginal turnover for = units of quantity

Consumer’s surplus (for the equilibrium point (xg,po))
o

Kg(zg) = E* — Ey = / pn(x)dx — 0 - po
0

pn & — p(x) — decreasing demand function, pg = pn (o),
FEy = x¢ - po — actual total turnover,
zo

E* = pn (x) da — theoretically possible total turnover

0
e Consumer’s surplus is the difference between theoretically possible and
actual total turnover. It is (from consumer’s point of view) a measure for the
profitability of a buy at the equilibrium point (but not before).

Producer’s surplus (for the equilibrium point (zg, po))
Zo
Pr(xo) = Ey — E* =g - po — / pa(z)de
0

pa:x — pa(x) — increasing supply function,

pN & — pn(z) — decreasing demand function,

pa(zo) = pn(xo) =: po defines the market equilibrium point;
FEy, E* — actual and theoretically possible total turnover, resp.

e Producer’s surplus is the difference between actual and theoretically pos-
sible total turnover. It is (from producer’s point of view) a measure for the
profitability of a sale at the equilibrium point (but not before).
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Continuous cash flow
K (t) — time-dependent quantity of payment,
R(t) = K'(t) — time-dependent cash flow,
« — continuous rate of interest (intensity)
ta
K, 1y = R(t)dt — volume of payment in the time in-
t1 terval [t1, 2]

ta
Ky, 4, (t0) = / e =t R(t)dt — present value at ty < t;
t1

R
K, 1) (to) = O[e"‘t0 (e —e*"2) — present value for R(t) = R = const

o0
Ky, (to) = / et R(¢) dt — present value of a non-restricted in
t time cash flow R(t) (“perpetuity”)
R
Ky (to) = e @(ti—to) — present value of a constant cash flow
a

R(t) = R non-restricted in time

Growth processes
Let some economical characteristic y = f(¢) > 0 be described by the following
features, where the initial value f(0) = yo is given:

e the absolute growth in a time interval [0,¢] is proportional to the length
of the interval and the initial value:

c
= y=f(t)= 2752 + Yo (¢ — factor of proportionality)

e the rate of growth J;/((f)) is constant, i. e. ];/((:)) =y

— y = f(t) = yoet (v — intensity of growth)
special case: continuous compounding of a capital

= K, = Kyelt (Ky=K(t) — capital at the moment t; Ky

— opening capital; § - intensity of interest)

e the rate of growth is equal to some specified integrable function (), i.e.
@) _ .

ES Y= f(t) = yoefot v(2)d= = yoe'_yt ,

1/t
where ¥ = i / ~(2) dz is the average intensity of growth in [0, ¢].
0



Differential Equations

General form of an n-th order ordinary differential equation

F(z,y,y,...,y"™) =0 - implicit form

y™ = f(z,y,y,...,.y" D) - explicit form
e Every n-times continuously differentiable function y(x) satisfying the dif-
ferential equation for all z, a < x < b is called a (special) solution of the
differential equation in the interval [a, b]. The set of all solutions of a differ-

ential equation or a system of differential equations is said to be the general
solution.

e If at the point x = a additional conditions are imposed on the solution, then
an initial value problem is given. If additional conditions are to be observed
at the points a and b, then one speaks about a boundary value problem.

First-order differential equations

y' = f(z,y) or P(x,y)+Q(z,y)y =0 or P(z,y)dr+Q(z,y)dy =0

e Assigning to every point in the x,y-plane the tangential direction of the
solution curves given by f(z,y) one obtains the direction field. The curves of
the direction field having equal directions are the isoclines.

Separable differential equations

If a differential equation is of the form
y'=r(@)s(y) or Plx)+Qy)y =0 or Plx)dr+Qy)dy =0,
then it can always be rewritten in the form R(z)dz = S(y)dy by means

d
of separation of variables. This means the substitution of 3" by Y and re-

x
arrangement of the equation. After “formal integration” one thus gets the
general solution:

[R@)dz = [Sy)dy = o) =) +C

First-order linear differential equations

r(z) # 0: inhomogeneous differential equation
r(x) = 0: homogeneous differential equation

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 10, © Springer-Verlag Berlin Heidelberg 2010
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e The general solution is the sum of the general solution y; of the associated
homogeneous differential equation and a special solution y of the inhomoge-
neous differential equation:

y(x) = yn(z) + ys()

General solution of the homogeneous differential equation
The general solution yp,(z) of y' + a(z)y = 0 is obtained by separation of
variables from which one gets the result

yn(z) = Ce~ Jalz)dz C = const

Special solution of the inhomogeneous differential equation

A special solution y,(z) of y' + a(x)y = r(z) can be obtained by setting
ys(z) = C(x)e™ S *@) = (yariation of constants). In doing so, for the function
C(x) one gets

C(z) = [r(z)e) “@dz qg

Linear differential equations of n-th order

an(x)y™ + ..+ ay(@)y + ao(z)y = r(x), an(z) Z0

r(z) # 0 — inhomogeneous differential equation,
r(z) = 0 — homogeneous differential eqquation

e The general solution of the inhomogeneous differential equation is the sum
of the general solution y;, of the associated homogeneous differential equation
and a special solution ys of the inhomogeneous differential equation:

y(w) = yn() + ys(z)

General solution of the homogeneous differential equation

If all coefficient functions aj are continuous, then there exist n functions yy,
k=1,...,n (fundamental system of functions) such that the general solution
yn(x) of the associated homogeneous differential equation has the following
form:

yn(r) = Crya(z) + Caya(x) + ... + Cpyn(z)

e The functions y1,...,y, form a fundamental system if and only if each of
these functions g is a solution of the homogeneous differential equation and
if there is at least one point g € R for which Wronski’s determinant
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y1(z) y2(z) Yn(T)
yi () ys(x) Yn ()
Wiz) = : : . :
ygn—l)(‘r) yén—l)(‘r) o yv(ln_l)(iv)

is different from zero. They can be obtained by solving the following n initial
value problems (k =1,...,n):
an @)y + ... + a1 (2)yl, + ao(ax)ye =0,

0, itk—1

(/L) y
To) = 1=0,1,...,n—1
i’ (@0) {17 i=k—-1

e (Lowering of the order). If a special solution § of the homogeneous dif-
ferential equation of the n-th order is known, then the substitution y(x) =
y(x) [ z(z) dx leads from the linear (homogeneous or inhomogeneous) differ-
ential equation of the n-th order to an equation of the (n — 1)-th order.

Special solution of the inhomogeneous differential equation

If {y1,...,yn} is a fundamental system, then using the approach
ys(x) = C1(x)yr(z) + ... + Cr(x)yn(x) variation of constants

one gets a special solution of the inhomogeneous differential equation by
determining the derivatives of the functions C1,..., (), as solutions of the
linear system of equations

le{ =+ ngé + ... + ynC’; = 0
yiCr + yholh + ..+ yCl = 0
y§n72)01 + yénfz)C'é + ...+ ySLTLiZ)C’;L = 0
(n=1) (n=1) cu (- _ 1)
1 1 + y2 2 + Yn n an (33)
Now the functions C1,...,C, can be calculated by integration.

Euler’s differential equation

If in the general linear differential equation of n-th order the coefficient func-
tions are of the form ay(z) = ara”, ap € R, k =0,1,...,n, then one obtains

anﬁC”y(”) +...+ aleyl + apy = T((E)
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e The substitution 2 = e¢ (inverse transformation ¢ = Inz) leads to a
linear differential equation with constant coefficients for the function y(¢).
Its characteristic equation is

apdA=1)...A=n+1)4+...4a XA —-1)+aXA+a =0
Linear differential equations with constant coefficients

any(“)+...+a1y'+ao=7”($), ag,...,an €R

e The general solution is the sum of the general solution of the associated ho-
mogeneous differential equation and any special solution of the inhomogeous
differential equation:

y(x) = yn(z) + ys()

General solution of the homogeneous differential equation

The n functions yi of the fundamental system are determined by setting
y = e (the trial solution). Let the n values \; be the zeros of the char-
acteristic polynomial, i.e. solutions of the characteristic equation

apAN"+ ... +aiA+ap=0

The n functions of the fundamental system associated with the n zeros Ay
of the characteristic equation can be determined according to the following
table:

kind of order of functions of the
the zero the zero fundamental system
simple e
A real
p-fold eMT petRt Pl
\ 4 b simple e sin bx, e cos bx
k=a 1
conjugate fold e sin bx, e sinbx, ..., xP~ e sin bz,
-fo
complex D
e cos b, re® cosbx, ..., xP71e cosbx

The general solution y;, of the homogeneous differential equation is

yn(z) = Cry(x) + Coya(x) + ... + Cryn(x)



First-order linear systems with constant coefficients

95

Special solution of the inhomogeneous differential equation

If the inhomogeneity r has a simple structure, then ys can be determined by
means of an approach described in the following table:

trial solution

r(z)

trial solution in the

ys(x) case of resonance
Apa™ + ...+ Az + Ag bpx™ 4+ ...+ b1z +bo If a summand of the
Ao e trial solution solves
the homogeneous
Asinwz differential equation,
] then the trial solution
Bcoswx asinwzx + bcoswx

is multiplied by = so
many times until no
summand is a solution
of the homogeneous
differential equation.

Asinwz + B coswzx

The above rule can
be applied only to
that part of the set-
up which contains the
case of resonance.

combination of
these functions

corresponding  com-
bination of different
trial solutions

First-order linear systems with constant coefficients

yi = auy + + ayn + 7m1(2)
.............................................. aij € R
y; = aniy1 -+ + ApaYn + T (33)
Vector notation
y=Ay+r with
Y1 Yi 1 () ail Q1n
y=|: |, y=|:|r=| | A=
Yn y; Tn(x) an1 Ann

e The general solution has the form y(x) = y,(x) + y,(x), where y,, is
the general solution of the homogeneous system y’ = Ay and y, is a special
solution of the inhomogeneous system y’ = Ay+r.
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General solution of the homogeneous system

Case 1 A is diagonalizable and has only real eigenvalues A\g, kK =1,....n
(multiple eigenvalues are counted multiply); let vy be the corresponding real
eigenvectors. Then the general solution of the homogeneous system is

yu(z) = C1eM%vy + ...+ CpeP®o,

Case 2 A is diagonalizable and has conjugate complex eigenvalues \p =
a+ (i, \g+1 = « — i with corresponding eigenvectors v, = a + bi, vy =
a — bi. Then in the general solution vy, the terms with indices k, £+ 1 are to
be replaced as follows:

y,(x) = ...+ Cre*®(a cos fr—bsin fz)+ Cri1e** (asin fx+bcos fx)+. ..

Case 3 A fails to be diagonalizable; let V' be the matrix describing the
similarity transformation from the matrix A to the Jordan normal form.
Paying attention to the dimensions nj of the Jordan blocks J(Ag, ng), k =
1,...,s, the matrix V' can be written column-wise:

V = (V11,3 Ulngye oy Vklye v s Uknpy v o5 Vsly e o s Vsn )-

Then the general solution of the homogeneous system is

T
y,(z) = ...+ CkleA’“zvkl -‘erQe)‘k‘T [l'vkl +v;€2} +...
N gL T
+ Oknke kT |:(nk B 1)|'Uk1 +...+ 1lvk’nk_1 + 'vknk:| + ...
alculation of the eigenvectors vy : — Mo B)vp =
Calculati f the e: A—-— )\ E 0

Calculation of the principal vectors vyj : (A — A\yE)vy; = vi j—1, where
J=2,...,nk

If complex eigenvalues occur, then one has to act as in Case 2.

Special solution of the inhomogeneous system

A special solution can be obtained by variation of constants or an trial so-
lution (» table p. 95), where in all components all parts of r(z) are to
be considered. Under resonance, the original ansatz has to be enlarged with
ansatz functions multiplied by x.
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First-order linear difference equations

Ay = a(n)y + b(n) (%)

A function y = f(n), Dy C Ny, is called a solution of the difference equation
() if Af(n) = a(n)f(n) +b(n) Vn € Dy, where Ay = y(n+ 1) —y(n) =
fn+1) = f(n).

e If {a(n)} and {b(n)} are sequences of real numbers, then () has the
solution

y = f(n) = o TLla(k) + 1+ 5 b(k)- T la()+ 1]+ b(n— 1)
k=0 k=0 I=k+1

Here f(0) = yo € R can be chosen arbitrarily, while

Tllatk + 1 ::{ Oyt loln L L2
k=0
ﬁ la(l) +1] :z{ [la(k+l)+1]""'[a(”—1)+1] izi:ii,

l=k+1

In the special case a(n) = a = const, b(n) = b = const the solution of the
difference equation (%) has the form

n—1
yo - [[lalk)+1] if b(n)=b=0
k=0
n—1
yola + 1)" + Z b(k)(a+1)" 1% if a(n)=a
k=0
y=f(n)= yola +1)" if a(n)=a,bn)=0
yola+1)" +b- (a+ 1) -1 if a(n)=a#0, b(n)=b
Yo+b-n if a(n)=0,b(n)="b

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 11, © Springer-Verlag Berlin Heidelberg 2010



98 Difference Equations

Economic models

y(n) — national income, n =0,1,2,...
¢(n) — consumption, n=20,1,2,...
s(n) — sum of savings, n=20,1,2,...

i(n) — investments, n=0,1,2,...

Growth of national income according to Boulding

Model assumptions:
y(n) = c(n) +i(n), c(n) = a+ Py(n), Ay(n) = ~vi(n)

« — part of consumption independent of income, a > 0
B — factor of proportionality for income dependent consumption, 0<g < 1

~v — multiple of investments by which the national income changes, v > 0

Ay(n) =~v(1—-By(n) —ay, n=0,1,2,... Boulding’s model

Solution: y=f(n)= lf,ﬁ' + (yo - lf,ﬁ’> (1+~1-p)"

e Under the assumption y(0) = yo > ¢(0) the function y = f(n) is strictly
increasing.

Growth of national income according to Harrod
Model assumptions:
s(n) = ay(n), i(n) = BAy(n), i(n) = s(n)

ay(n) — saved part of national income, 0 < <1

1] — factor of proportionality between investments and increase of
national income, >0, §# «

Harrod’s model

This model has the solution: y=f(n)=yo- (a)
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Ezekid’s cobweb model

Assumptions:
d(n) =a—pp(n), dn)=n d(n) — demand,
q(n+1) =+ dp(n) p(n) — price
a>0,3>0 v>0,0>0 q(n) — supply

It is assumed that supply and demand are in equilibrium.

- 5

Ap(n) = 7 - (1+ ﬁ)p(n), pO)=po. n=12..  OOweb
_ - a\"

Solution: y=p(n) = ;+g + (po - Z+g> (_5>

o —
e The quantity p(n) oscillates around the constant value p* = 3 +g. For
6 > [ the solution diverges, for § < ( the solution converges to the equilibrium

price p*.

) Gd 1 6d

¢(n+1)
d(n) d(n)
c(n+1) K
d(1) e(1) %‘
&‘ (2) d(2)

o C

C LN o

| | | - | | | >

p(1) p*  p(0) p(1) p(0) p(2)

Convergence Divergence

Linear second-order difference equations
An equation of the form
A%y + aAy + by = c(n), a,b,ce R (%)

is called a linear second-order difference equation with constant coefficients.
The term A2f(n) := f(n+2)—2f(n+1)+ f(n) is the second-order difference.



100 Difference Equations

e If ¢c(n) =0Vn =0,1,2,..., then the equation is called homogeneous,
otherwise it is called inhomogeneous.

e A function f with Dy C {0,1,2,...} is said to be a solution of the equation
(x) if A2f(n) +aAf(n)+bf(n)=c(n) Vn € Dy.

e The general solution of the linear inhomogeneous difference equation ()
is the sum of the general solution of the associated homogeneous difference
equation A%y + aAy + by = 0 and any special solution of ().

General solution of the second-order homogeneous difference equa-
tion

Consider the characteristic equation \?> +aX+b=0.

1
Its solution is determined from the formula A2 = —;L + 2\/ a? — 4b. De-

pending on the discrimant D = a? — 4b it can have two real, one real double
or two conjugate complex solutions. To represent the general solution of the
homogeneous difference equation associated with (x) one has to distinguish
between three cases, where C, Cy are arbitrary real constants.

1 1
Casel D>0: /\1:2(—a+\/D>, )\2:2<—a—\/D)
Solution: y=f(n)=Ci(1+ )"+ Co(1+ )"
Case2 D=0: /\1:/\22:/\2—; (a #2)
Solution: y=f(n)=Ci(1+N)"+ Caon(l+ \)"

Case 3 D<O0: o= — B:= _-D
Solution:
y = f(n) = CLI(L+a)? + B2} cosgn+ Ca[(1+a)? + A} singn

B

where tany = .
o

(a# —1) and ¢ = (= —1).

T
2
General solution of the second-order inhomogeneous difference
equation

The general solution of the inhomogeneous equation is the sum of the general
solution of the homogeneous equation and a special solution of the inhomo-
geneous equation (k). The latter can be obtained e. g. by means of the ansatz
method, where the corresponding ansatz functions depend on the concrete
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structure of the right-hand side ¢(n). The unknown coefficients involved are
determined by comparison of coefficients.

right-hand side trial solution
c(n) = apn® + ...+ ain +ao C(n) = Apn® + ...+ Ain+ Ay
¢(n) = acoswn + bsinwn C(n) = Acoswn + Bsinwn

(a#0 or f#w; see Case 3 on p. 100)

Economic models

y(n) — national income ¢(n) — consumption
i(n) — private investments H - public expenditure

Model assumptions (n =0,1,2,...)

y(n)=c(n) +i(n) + H the national income splits up into con-
sumption, private investments and public
expenditure

c(n)=ary(n —1) 0 < a1 < 1; the consumption is proportional

(multiplicator «1) to the national income of
the previous period

i(n)=azle(n) —c(n —1)] a2 > 0; the private investments are propor-
tional (accelerator as) to the increase of the
consumption

Samuelson’s multiplicator-accelerator model
A%y +(2—a; —aja)Ay+ (1 —a)y=H

Solution for H

QL < o < 1 y = f(n) + (alag)g(Cl cos gn + Cy sin pn)

:l—Oq

e The solution f oscillates
with decreasing amplitude

around the limit .
—a
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Linear difference equations of n-th order with constant coefficients

Yktn + On1Yktn—1+ ... + a1yr1 + aoyr = c(k) (k € N) (1)
e A linear difference equation of the form (1) with constant coefficients
a; €R,i=0,1,...,n—1, is of n-th order if ag # 0.

e The difference equation of n-th order (1) has exactly one solution y, = f(k)
if the initial values for n successive values k are given.

o If f1(k), f2(k),..., fn(k) are arbitrary solutions of the homogeneous linear
difference equation

Yktn + On—1Yktn—1 + ... + @1ys+1 + aoyr = 0, (2)

then the linear combination

f(k) = nfilk) + v fa(k) + ... + v fu(k) (3)

with (arbitrary) constants 7; € R, i =
homogeneous difference equation (2).
e If the n solutions f1(k), fa(k),..., fu(k) of (2) form a fundamental sys-

f0) f2(0) o Ja(0)
tem, loe. | oo # 0, then (3) is the general

filn—=1) fa(n—=1) ... fo(n—1)

solution of the homogeneous difference equation (2).

...,n, is also a solution of the

o If y;. s is a special solution of the inhomogeneous linear difference equation
(1) and yg, is the general solution of the associated homogeneous linear
difference equation (2), then for the general solution of the inhomogeneous
linear difference equation (1) the representation  yr = yrn + Yr,s holds.

General solution of the n-th order homogeneous difference equation

Solve the characteristic equation A" + a1 X" 1+ ...+a1A+ag = 0.

Let its solutions be A1,...,A,. Then the fundamental system consists of n
linearly independent solutions fi(k),..., fn(k), whose structure depends on
the kind of the solutions of the characteristic equation (analogously to »
second-order difference equations, p. 100).

Special solution of the n-th order inhomogeneous difference equa-
tion

To find a special solution of the inhomogeneous difference equation (1), in
many cases the ansatz method is successful, where the ansatz function is cho-
sen in such a way that it corresponds to the right-hand side with respect to
structure (» second-order difference equation, p. 100). The unknown coeffi-
cients contained are determined by substituting the ansatz function into (1)
and making a comparison of coefficients.



Differential Calculus for Functions of Several
Variables

Basic notions

Functions in R"

A one-to-one mapping assigning to any vector « = (z1, 2, .. ., xn)T €Dy C
R" a real number f(x) = f(x1,x2,...,%y,) is called a real function of several
(real) variables; notation: f: Dy — R, Dy C R"™.

Dy ={xecR"|JyeR:y=f(x)} ~  domain
Wy ={yeR|IxecDs:y=f(x)} - range

Graphic representation

Functions y = f(x1,x2) of two independent variables x1, zo can be visualized
in a three-dimensional representation by a (z1, x2,y)-system of co-ordinates.

The set of points (x1,z2,y)
forms a surface provided that
the function f is continuous.
The set of points (x1,x2)
such that f(z1,22) = C =
const is called a height line
or level line of the function
f to the height (level) C.
These lines are located in the
21, To-plane.

Point sets of the space R"

Let x and y be points of the space R" having the co-ordinates (21, ..., 2,)
and (y1,...,yn), respectively. These points can be identified with the fixed
vectors = (z1,...,7,) and y = (y1,...,yn)  directed to them.
n
x|z = /> 22 — FEuclidian norm of the vector «,
i=1

also denoted by |x| » vectors, p. 115

n
lzllh = > |z — sum norm of the vector
i=1

maximum norm of the vector x

[zlloo = max |z
i=1,...,n

|z — vy — distance of the points x,y € R"
Ucs(x)={yeR" | ly — z| <&}

e-neighbourhood of the point x, £ >0

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 12, © Springer-Verlag Berlin Heidelberg 2010
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e For the norms introduced above the inequalities ||z|c < ||z|2 < ||z|1 are
valid; ||| denotes an arbitrary norm, usually the Euclidian norm ||z||2.

e A point x is called an interior point of the set M C IR™ if there exists
a neighbourhood U, (x) contained in M. The set of all interior points of M
is called the interior of M and denoted by int M. A point x is called an
accumulation point of the set M if every neighbourhood U, (x) contains points
of M different from .

e A set M is said to be open if int M = M, it is called closed if it contains
any of its accumulation points.

e A set M C R" is called bounded if there exists a number C such that
lz]| < C for all x € M.
Limit and continuity

Sequences of points

A point sequence {x}} C R" is a mapping from IN to R". The components

of the elements xj, of the sequence are denoted by a:i(k), 1=1,...,n.
z= lim x;, <= lim |y —x|| =0 - convergence of the point se-
k—o00 k—o0 ..
quence {xp} to the limit
point

e A point sequence {x} converges to the limit point @ if and only if any
sequence {(Ei(k)}, 1=1,...,n, converges to the i-th component x; of x.

Continuity

A number a € R is called the limit of the function f at the point x if for
any point sequence {xj} converging to xo such that x, # x¢ and x, € Dy
the relation klim f(xx) = a is true. Notation: wlirr:}c f(x) =a.

—00 — Lo

e A function f is called continuous at the point xo € Dy if it has a limit at xg
(i. e. if for any point sequence converging to x( the sequence of corresponding
function values converges to one and the same value) and this value is equal
to the function value at xq:
lim f(x)=f(xzo) < lim f(xg) = f(xo) V {xx} with x — x
L—Io k—oo

e Equivalent formulation: f is continuous at the point xq if, for any number
€ > 0, there exists a number 6 > 0 such that |f(x) — f(x0)| < € provided
that ||z — x| < 6.

e If a function f is continuous for all @ € Dy, then it is called continuous
on Dy.
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e If the functions f and g are continuous on their domains Dy and D,
respectively, then the functions f+g, f-g, and ! are continuous on Dy N Dy,
g

the latter being continuous only for values @ with g(x) # 0.

Homogeneous functions

FQzy, .. x,) =AY f(x1,...,2,) VA>0

— f homogeneous of degree o > 0

flry, oo Amg,oooymn) = A% f(1, .., 20) YVA>0
— f partially homogeneous of degree o; > 0

«a = 1: linearly homogeneous
« > 1: superlinearly homogeneous
« < 1: sublinearly homogeneous

e For linearly homogeneous functions a proportional increase of variables
causes a proportional increase of the function value. This is the reason why
these functions are also called CES (= constant elasticity of substitution)
functions.

Differentiation of functions of several variables

Notion of differentiability

The function f: Dy — R, Dy C R", is called (totally) differentiable at the
point x if there exists a vector g(@o) such that

@0+ Az) = f(wo) —g(wo) Az _
A0 | A

e If such a vector g(xo) exists, then it is called the gradient and denoted by
V f(xo) or grad f(xo). The function f is said to be differentiable on Dy if it
is differentiable at all points € Dy.

Partial derivatives
If for f: Dy — R, Dy C R"™, at the point xy = (29,...,2%)7 there exists
the limit lim f@9, . 2 ad + Axi7xg+17 D I 2 P

Ax; —0 Ail ’

then it is called the (first-order) partial derivative of the function f with
aof dy

respect to the variable x; at the point @y and is denoted by P
€L

Ne=x," 0x;’
fIi (mo), or 6:E1f
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e If the function f has partial derivatives with respect to all variables at
every point x € Dy, then f is called partially differentiable. In the case if
all partial derivatives are continuous functions, f is said to be continuously
partially differentiable.

e When calculating the partial derivatives, all variables to which we do
not differentiate are considered as constant. Then the corresponding rules
of differentiation for functions of one variable (especially the rules for the
differentiation of a constant summand and a constant factor, » p. 64, 65)
are to be applied.

Gradient

If the function f : Dy — R, Dy C R", is continuously partially differentiable
on Dy, then it is also totally differentiable there, where the gradient is the
column vector formed from the partial derivatives:

V(@) = of () af(x) T B gradient of the function f at the
=\ ow, 0 b, point x (also denoted by gradf(x))

e If the function f is totally differentiable, then for the directional derivative

f/(w;,’,) _ ltll%l f(.’]: + t";) - f(.’]:)

(which exists in this case for arbitrary directions » € R"™), the representation
f'(x;r) = Vf(x) " holds, and V(=) is the direction of steepest ascent of
f at the point x.

e The gradient V f(xg) is orthogonal to the level line of f to the level f(xg),
so that (for n = 2) the tangent to the level line or (for n > 2) the tangential
(hyper)plane to the set {x | f(x) = f(xo)} at the point xy has the equation
Vf(xo) " (x — xy) = 0. Directional derivatives in tangential direction to a
level line (for n = 2) have the value zero, so that in linear approximation the
function value is constant in these directions.

Chain rule

Let the functions ur = gg(z1,...,2n), kK = 1,...,m of n variables as well
as the function f of m variables be totally differentiable at the points
x = (v1,...,2,) and w = (ug,...,un,) ", respectively. Then the compos-

ite function F(x1,...,2n) = f(g1(x1,---,Zn), -, gm(x1, ..., 2,)) is totally
differentiable at the point @, where
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VF(z)=G'(z)"Vf(u) =

F,, (x) 0z, 91(2) ... Oz, Gm () fui ()

F,, (z) D2, 91(x) ... On,gm(x)) \fun (W)

OF(x) " of g B . .
oz, = g B (g(x)) - oz, (x) — componentwise notation

Special case m =n = 2; function f(u,v) with v = u(z,y), v =v(x,y):

8f_6f'8u 6f'6v 8f_6f'8u 6f'6v
dr Ou Ox Ov Ox dy Ou Oy Ov Oy

e The matrix G'(x) is called the functional matriz or Jacobian matriz of
the system of functions {g1,...,gm}-

Higher partial derivatives

The partial derivatives are again functions and thus have (under suitable
assumptions) partial derivatives.

2
g fg’?) = fore,(x) = 88 <8g(w)> second-order partial
;0T Zj Li derivatives
3 2
"fl@) Fovmyan (@) = 0 (a / (w)> ~  third-order partial
0010y, ' Ay, \ Oxi0x; derivatives

Schwarz’s theorem (on commutativity of differentiation). If the partial
derivatives fy,»; and fi ., are continuous in a neighbourhood of the point x,

then the following relations hold:  fy,., (%) = fo,2,(x).

e Generalization: If the partial derivatives of k-th order exist and are contin-
uous, then the order of differentiation does not play any role when calculating
the partial derivatives.

Hessian matrix

Joro (@) fri(®) oo foym, (X) Hessian matrix of the

Hy(x) = Jrowr (®)  frpeo(®) oo foge,(x) | twice partially differ-

e entiable function f at
Jona (®) fopwo (@) oo fo,a, () the point @

e Under the assumptions of Schwarz’s theorem the Hessian matrix is sym-
metric.
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Total differential

If the function f: Dy — R, Dy C R", is totally differentiable at the point
xo (» p. 105), then the following relation holds:

Af(xo) = f(wo + Azx) — f(w0) = V(o) " Az+o(]| Az|)

A
Here o(-) is Landau’s symbol with the property lim ol A=) =0.

azso || Az
The total differential of the function f at the point xg

of

Vo) Ax = o

8x1(x°)dx1+”'+

(xo) dy,

describes the main increase of the function value if the increment of the n
components of the independent variables is dx;, i = 1,...,n (linear approxi-
mation); da; — differentials, Az; — (small) finite increments:

LU
Af@) =3 7 (@) A

=1

Equation of the tangent plane

If the function f: Dy — R, Dy C R", is differentiable at the point @, then
its graph possesses a tangent (hyper)plane at (xo, f(xo)) (linear approxima-
tion), which has the equation

(1) () =o o wms e

Partial elasticities

If the function f: Dy — R, Dy C R", is partially differentiable, then the di-
mensionless quantity €5 ., (€) (partial elasticity) describes approximately the
relative increase of the function value dependent from the relative increment
of the i-th component z;:

xT; i-th partial elasticity of the

€rai(@) = fo, (w)f(w) function f at the point x
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Relations involving partial elasticities

Z::l‘lagif) =a- f(z1,...,2n) -

i=1

Euler’s homogeneity relation;
f homogeneous of degree «

sum of partial elasticities
= degree of homogeneity

6f17z1(m) Efi,an (.’E)
(@) = €z (T) i Epya,(T) ~ matrix of elasticities of the
I functions flv"'vfm
€ fn a1 (T) € frmrn ()

e The quantities ey, ., (x) are called direct elasticities for i = j and cross
elasticities for 1 # j.

Unconstrained extreme value problems

Given a sufficiently often (partially) differentiable function f : Dy — R,
Dy Cc R"™. Find » local extreme points x¢ of f (p. 46); assume that @ is
an interior point of Dy.

Necessary conditions for extrema

xo local extreme point = Vf(xg)=0 < fy,(x9) =0, i=1,...,n
xo local minimum point = V f(x¢)=0 A H(xo) positive semidefinite

xo local maximum point = V f(x¢)=0 A H(xo) negative semidefinite

e Points @y with Vf(xp) = 0 are called stationary points of the function
f. If in any neighbourhood of the stationary point xy there are points x, y
such that f(x) < f(zo) < f(y), then x( is said to be a saddle point of the
function f. A saddle point fails to be an extreme point.

e Boundary points of Dy and points where the function f is nondifferentiable
are to be considered separately (e. g. by analysing the function values of points
in a neighbourhood of x(). For the notion of (semi-) definiteness of a matrix
> p. 121.

Sufficient conditions for extrema

Vf(xo) =0 A Hjf(xo) positive definite = x( local minimum point
Vf(xo) =0 A Hj(zo) negative definite = @ local maximum point
Vf(xo) =0 A Hjp(xo) indefinite = =z saddle point
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Special case n = 2

~

(x) = f(z1,22):

fl®o) =0 A A>0 A fr2,(x0) >0 = @ local minimum point

<1 4

(
f@o) =0 A A>0 A fo,0,(x0) <0 = x local maximum point
(

Vf(xg)=0 N A<O0 = x( saddle point

Here A = det Hf (o) = foy2,(T0) * faows (®0) — [frr2s(x0)]?. For A =0 a
statement concerning the kind of the stationary point g cannot be made.

Constrained extreme value problems

Given the once or twice continuously (partially) differentiable functions f :
D—R,g:D—R,i=1,....m<n, DCR", and let = (21,...,2,) .
Find the local extreme points of the constrained extreme value problem

f(x) — max / min

gi(x) =0, ..., gm(x)=0 (C)

e Theset G={x € D|gi(x) =0,...,9m(x) =0} is called the set of feasible
points of problem (C).

e Let the reqularity condition rank G’ = m be satisfied, where the m x
n-matrix G’ denotes the » functional matrix of the system of functions

{91,--.,9m}, and the m linearly independent columns of G’ are numbered
by i1,...,%m, the remaining columns being 4,41, .. -, in.-

Elimination method

1. Eliminate the variables x;,, j=1,...,m, from the constraints g;(z)=0,
i=1,...,m, of the problem (C): w;, = g, (@i, - Ti,)-

2. Substitute x;,, j=1,...,m, in the function f: f(x)=f(@i,,,,,--.. T4, )-

3. Find the stationary points of f (having n —m components) and deter-
mine the kind of extremum (» conditions on p. 109).

4. Calculate the remaining m components x;,, j = 1,...,m, according to
1. in order to obtain stationary points of (C).

e All statements concerning the kind of extrema of f remain in force with
respect to problem (C).
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Lagrange’s method of multipliers

1. Assign to any constraint g;(¢) = 0 one (for the time being unknown)
Lagrange multiplier \; e R, i=1,...,m.

2. Write down the Lagrange function associated with (C), where A =
Ay Am) T

L(z, ) = f(z) + § Nigi(x) .

3

3. Find the stationary points (zo, Ao) of the function L(z, X) with respect
to variables  and A from the (generally speaking, nonlinear) system
of equations

L, (x,A)=0, i=1,...,n; Ly, (x,A)=gi(x)=0, i=1,....m

The points &y are then stationary for (C).

4. If the n X n-matrix V24 L(xo, Ao) (2-part of the Hessian of L) is positive
definite over the set T={z€R" |Vgi(xo)'2=0,i=1,...,m}, i.e.

2TV2,L(xo,X0)z2>0 V2T, z#0,

then @ yields a local minimum point for (C). In case of negative defi-
niteness of V34 L(xo, Ao), To is a local maximum point.

Economic interpretation of Lagrange multipliers

Let the extreme point @ of the (perturbed) problem

f(x) — max / min;

C
gi(x) —b; =0, i=1,....m (Cp)

be unique for b = by, and let Ay = (A\?,...,A2)T be the vector of La-
grange multipliers associated with xy. Let, in addition, the regularity con-
dition rank G’ = m (see p. 110) be fulfilled. Finally, let f*(b) denote the
optimal value of problem (Cp) depending on the vector of the right-hand
side b= (by,...,by)". Then

of*

=)\
6[)@ (bO) - Aza

i.e., =AY describes (approximately) the influence of the i-th component of
the right-hand side on the change of the optimal value of problem (Cy).
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Least squares method

Given the pairs (z;,v;), i =1,...,N
(z; — points of measurement or time,
y; — measured values). Find a trend
(or ansatz) function y = f(x,a) ap-
proximating the measured values as
good as possible, where the vector a=
(a1,...,ap) contains the M parame-
ters of the ansatz function to be deter-
mined in an optimal manner.

N
e The symbols [z;] = > z; are denoted as Gaussian brackets.

i=1
N
. N2 . ~error sum of squares to be
5= l; (f (i, @) —y:)” — min minimized
g: (Flz,a) — v:) - of(zi,a) o _ Decessary conditions of minima
= i Yi daj (normal equations), j=1,2,.... M

e The minimum conditions result from the relations gfj = 0 and depend on
the concrete form of the ansatz function f. More general ansatz functions of
the kind f(x,a) with © = (z1,...,2,)" lead to analogous equations.

Some types of ansatz functions

f(z,a1,a2) = ar + azz — linear function
f(z,a1,a2,a3) = a1 + azz + agz? — quadratic function
M
flz,a) = > a;j - gj(z) — generalized linear function
j=1

e In the above cases a linear system of normal equations is obtained:

linear ansatz function quadratic ansatz function
N ar N +az-[] +a3-[27] = [yi]

ai - + az - |z = Y

1 R IR £ O 7 T e )
ai - |x;| +ag - |x7| = |TY;

1 (i) + az - [27] = [2iyi] ar-[22] + as - [£3] + as - [z2] = [22vi]

Explicit solution for linear ansatz functions
(2] [ys] — [wayi] - ] _ N [ziy] = @] - [yd]

“T N -2 TN 2] - (w2

3 K2
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Simplifications

e By means of the transformation x; = z; — \ [2;] the system of normal
equations can be simplified since in this case [z}] = 0.

e For the exponential ansatz y = f(z) = a; - €2 the transformation
T(y) = Iny leads (for f(x) > 0) to a linear system of normal equations.

e Tor the logistic function f(z) = a-(1+be“*)~! (a,b,c > 0) with known
a the transformation § = be™ = YV =In" ¥ =1Inb— cz leads to a
linear system of normal equations, when setting a; = Inb, az = —c.

Propagation of errors

The propagation of errors investigates the influence of errors of the indepen-
dent variables of a function on the result of function value calculation.

Notation
exact values — Y, T1,..., 2y withy=f(z)=[f(2x1,...,2p)
approximate values  — ¢, Z1,...,&,, where = f(Z) = f(Z1,...,Tn)
absolute errors - dy=y—vy, or;=T;,—w, i=1,....n

absolute error bounds — |dy| < Ay, [dx;| < Az, i=1,...,n

oy Oz
relative errors - y’ xZ’ =1,...,n
Yy T
) A ox; Ax;
relative error bounds — ’ y’ < y7 i < xz, i=1,....n
Y lyl " | @i |i

e If the function f is totally differentiable, then for the propagation of the
errors 0x; of the independent variables onto the absolute error of the function
f one has:

Ay =~ 1 (&) Axy + ...+ 0/(2) Az,
aiCl airn
—bound for the absolute error of f(Z)
Ay |21 0f(x)| Axy T, Of(®)| Awx,
~ | . U gL .
lyl 19 Oz | o g Oxp | ol

—bound for the relative error of f(Z)
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Economic applications

Cobb-Douglas production function

y=flx)=c-af*-ax3? ... a8 x; — input of the i-th factor

(c,ai,x; > 0) y — output

e The Cobb-Douglas function is » homogeneous of degree r = a1 +. ..+ ay,.
Due to the relation f;, (x) = &' f(x), i.e. €1, (x) = a;, the factor powers a;

are also referred to as (partial) production elasticities.

Marginal rate of substitution

When considering the » level line to a production function y = f(z1,...,zy)
with respect to the level yo (isoquant), one can ask the question by how many
units the variable x; has (approximately) to be changed in order to substitute
one unit of the k-th input factor under equal output and unchanged values
of the remaining variables. Under certain assumptions an implicit function
x = p(x;) is defined (» implicit function), the derivative of which is denoted
as the marginal rate of substitution:

i) = — Ju: () marginal rate of substitution
v = fur () (of the factor k by the factor 7)

Sensitivity of the price of a call option

The Black-Scholes formula Pon =P -®(dy) — S -e - d(dy)

with d; = O_\l/T {ln 1;. +T- (l + U; )] and dy = dy — o/T describes the price

P, of a call option on a share in dependence on the inputs P (actual price of
the underlying share), S (strike price), 7 (riskless rate of interest, continuously
compounded), T (remaining term of the option), o (variance per period of
the share yield), where @ is the distribution function of the standardized

22

normal distribution and ¢ its density: p(z) = \/1% ceT 2,

The change of the call price under a change Ax; of the i-th input (while
keeping the remaining inputs fixed) can be estimated with the help of the

Pca
partial differential 9 i Az;, where e. g.
Zi
aPCa o . . .
A= apu =®(d1) >0 — Delta; sensitivity of the call price w.r.t.
a change of share price P
Pca . . . .
A= 3011 = P.p(dy)-VT >0 - Lambda; sensitivity of the call price

w.r.t. a change of volatility o
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Vectors
a1
. vector of dimension n
a=1|: _ .
: with components a;
an
1 0 0 .

0 1 . basic vectors of the
et=\1.1, ee=|.1|,..., e,=1]" — co-ordinate system,
: : 0 unit vectors

0 0 1

e The space R™ is the space of n-dimensional vectors; R' — numerical axis,
R? - plane, R® - (three-dimensional) space.

Rules of operation

a1 Aay multiplication \a
\a = \ = : by a real
an Ay, number A - (A>1)
aq bl a1 + b1 .
atb_ T : addl‘mon3
: : : subtraction
U bn (07 + bn
ai by
n
a-b=| || |=>ab scalar product
’ ’ i=1
a'n b'll
a-b=a'b with a' = (ay,...,a,) other notation for the scalar
product; a' is the vector
transposed to a
a x b= (axbz — asbs)e; vector product (or cross
+(asb — aibs)ea + (a1by — asbi)es  product) for a,b € R?
n
la|=VaTa= /3 a? modulus of the vector a
i=1
e Fora=(ay,...,a,)" € R" the relation @ = ae; + ... + a,e, holds.

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 13, © Springer-Verlag Berlin Heidelberg 2010
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Properties of the scalar product and the modulus

a’b=b'a a'(Ab)=Xa'b, AeR
a'(b+c)=a'b+a'c [Aa| = |A| - |a] b
a'b=|al-|b|-cos¢ (a,becR? R? see figure)

a

la +b| < |a|+ |b] triangular inequality

laTh| < |a|-|b| Cauchy-Schwarz inequality
Linear combination of vectors
If the vector b is the sum of the vectors a, ..., a,, € R"™ multiplied by scalar
coefficients A1, ..., Ay € R, i.e.

b=MNai+...+ \apn, (*)
then b is called a linear combination of the vectors ai, ..., Gn,.
e Ifin () the relations Ay +Ao+...+ A\, = laswellas \; > 0,i=1,...,m,
hold, then b is called a convex linear combination of ai,...,a,,.
e Ifin (x) the relation Ay + A2 + ...+ A, = 1 holds, but A\;, i = 1,...,m,
are arbitrary scalars, then b is called an affine combination of ai,...,a,,.
e Ifin (x) the relations A; > 0,4 =1,...,m, hold, then b is called a conical
linear combination of ai,...,apn,.
Linear dependence
The m vectors ay,...,a,, € R" are said to be linearly dependent if there
exist numbers Aq,..., A, not all zero such that

/\1a1 + ...+ /\mam =0.
Otherwise the vectors a1, ..., a,, are linearly independent.
e The maximal number of linearly independent vectors in R™ is n.
e If the vectors aq,...,a, € R" are linearly independent, then they form a

basis of the space R", i.e., any vector @ € R" can be uniquely represented
in the form

a=MNai+...+\,a,.



Equations of straight lines and planes 117

Equations of straight lines and planes
Straight lines in R?

Ar+By+C =0 — general form VY

y =mx+n, m=tana — explicit form

y—y1 =m(z—=z1) — point-slope form b

Y=Y _ Y2—U1 @
n a

two-point form

xr — I To — T

=z + Na2 — x1) two-point form in parametric representation

—0 <A< 0
with &1 = (;v1>7 €Ty = (:v2>; cf. the two-
U Y2
point form of a straight line in R on p. 117
y _ : .
+ b= 1 — Intercept equation
a
mo — My intersection angle bet- I
tan g = - . 2
1+ mime ween two lines lq, lo
. l
Iy |l : my =ma —  parallelism !
1 .
l1 Lilog: mg=— — orthogonality
my

Straight lines in R?

point-slope (parametric) form: given a point Py (zo, 3o, 20) of the straight
line ! with fixed vector xy and a direction vector a = (as, ay, a)

_ by PO Aa
T =T+ \a flzgltl_)o_ y _ o i )\Zw ¢
—00 < A< 0 X y="Yo Y Lo
wise: z=2zy + Aa, T
0

two-point form: given two points P (z1,y1,21) and Pa(z2, Y2, 22) of the
straight line [ with fixed vectors 1 and x»

oy A(g—ay) NP T TN s
00 < A\ < 00 : Yy=u (Y2 y1
wise: z=2z1 +A(z2 — 21)
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Planes in R?

parametric form: given a point Py(zo, Yo, 20) of the plane with fixed vec-
tor @o and two direction vectors a@ = (az, ay,a.)", b= (by,by,b.)"

T =x9+ Aa + pub compo- = = xy+ Aa, + ub,
—0 <A< 0 nent-  y = yo +Aay + uby
—00 < 4 < 00 wise: z=2zp +Aa, + ub, 7
o) ‘(B

0
normal (vector) to the plane & = xg + Aa + ub:

n=axb

normal form of the equation of the plane (containing
the point Fp)

n.-x=D with D=n-xy, n=(4,B,C)"

componentwise: Az + By+ Cz =D n

Hesse’s normal form

cx—D
n-x —0
In|

) Az + By+Cz—D
componentwise: =
VA2 4+ B2 + (2

distance vector d between the plane n - x = D and
the point P with fixed vector p
n.p—D

d f—
nf2 "

shortest (signed) distance ¢ between the P
plane n - & = D and the point P with d
fixed vector p

5:n-p—D
n|
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Matrices

A (m,n)-matriz A is a rectangular scheme of m - n real numbers (elements)
aj,t=1,....m;j=1,...,m

a1 QA1n
A= T :(aij)z‘:l,...,m
Am1 .- Qmn j:17"'7n

i — row index, j — column index; a (m,1)-matrix is called a column vector
and a (1,n)-matrix is called a row vector.

e The row rank of A is the maximal number of linearly independent row
vectors, the column rank is the maximal number of linearly independent
column vectors.

e The following relation is true: row rank = column rank, i.e. rank (A4) =
row rank = column rank.

Rules of operation

A=B <= a;;=>0b;Vi] — identity
AA (ANA)i; = Aagj — multiplication by a real number
A+ B: (A+B);j =a;; £b; — addition, subtraction
AT (AT = aji — transposition
P
A-B: (A -B);,= Tgl airbr;  —  multiplication

Assumption: A and B are conformable, i.e., A is an (m, p)-matrix and
B is a (p,n)-matrix; the product matrix AB is of the type (m,n).

Falk scheme for b by b
multiplication of matrices : : : B
bp1 bpj bon
all . Aip
A a1 Qip e cij = ij aibr; C=A-B
r=1

Am1 e Amp
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Rules of operation (A, € R; O = (a;;) with a;; =0 V4, j — null matrix)

A+B=B+ A (A+B)+C=A+(B+C)
(A+ B)C = AC + BC A(B+C)=AB+ AC
(ANT = (A+B)T=A"+B'

A+ u)A=)A+ A (AM)B = A(AB) = A(AB)
(AB)C = A(BC) A0 =0

(AB)T=B"A" AT =xAT

Special matrices

quadratic matrix equal numbers of rows and columns

identity matrix I quadratic matrix with a; =1, a;; =0 for i#j

diagonal matrix D quadratic matrix with d;; = 0 for ¢ # 7,

notation: D = diag (d;) with d; = d;;
symmetric matrix quadratic matrix with AT = A
regular matrix quadratic matrix with det A #£ 0
singular matrix quadratic matrix with det A =0
inverse (matrix) to A matrix A~! with AA™" =
orthogonal matrix regular matrix with AAT =T

symmetric matrix with " Az > 0
Ve #0,zeR"

symmetric matrix with " Az >0 VaxcR"

positive definite matrix

positive semidefinite m.

symmetric matrix with " Az < 0
Ve #0,zeR"

symmetric matrix with " Az <0 YaxcR"

negative definite matrix

negative semidefinite m.

Properties of special regular matrices

I"=1 detI =1 I'‘=1
AI=TA=A A'A=T (AH1=A4A
(A HT =" ! (AB)"'=B'A™! det(A™h) = !
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Inverse matrix

A is the submatrix obtained from A by removing the i-th row and the
k-th column (» algorithms at p. 126)

Criteria of definiteness

e The real symmetric (n, n)-matrix A = (a;;) is positive definite if and only
if any of its n minors in principal position is positive:

............ >0 for k=1,...,n.

e The real symmetric (n,n)-matrix A = (a;;) is negative definite if and only
if the sequence of the n minors in principal position has alternating signs
starting with minus (or equivalent: if —A is positive definite):

(=D*| >0 for k=1,...,n.

e A real symmetric matrix is positive definite (positive semidefinite, negative
definite, negative semidefinite) if and only if all its eigenvalues (» eigenvalue
problems, p. 126) are positive (nonnegative, negative, nonpositive).

Determinants

The determinant D of a quadratic (n,n)-matrix A is the recursively defined
number

ailr ... Ain
D =detA = = ail(—l)H_l detAi1+...+ain(—1)i+’1 det A;,, ,

anl - .. Qpn

where A;i is the submatrix obtained from A by removing the i-th row and
the k-th column. The determinant of a (1, 1)-matrix is defined as the value of
its unique element. The calculation of a determinant according to the above
definition is said to be the Laplace expansion with respect to the i-th row.

e The same value D is obtained via expansion with respect to an arbitrary
row or column, especially to the k-th column:
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ail ... ain
D =detA = . = a,lj(—l)1+j det A1j+. . .—|—C(,nj(—1)n+j det Anj .

anl .. Gnn

Special cases (Sarrus’ rule)

n=2: n=23:
ailp a2 a3 aix; a2
air  a12 \ X X /
X a1 G2 a3 G21 A2
a1 a2 SoX XN
/ \ azy a3z asz G313
- + VAR AR A VI VN
- - - + o+ o+
det A = ajia22 — ar2a2 det A = a11a22a33 + a12a23a31 + a13a21a32

—@13G22031 — 411023032 — 12021033

Properties of n-th order determinants
e A determinant changes its sign if two rows or two columns of the associated
matrix are exchanged.

e If two rows (columns) of a matrix are equal to each other, then the value
of its determinant is zero.

e The value of a determinant remains unchanged when adding the multiple
of a row (column) of the associated matrix to another row (column) of this
matrix.

e If a row (column) of a matrix is multiplied by a number, then the value of
its determinant is multiplied by this number.

e The following relations are valid:
det A=det AT, det(A - B) = det A - det B,
det(AA) = A\"det A (A —real).

Systems of linear equations

The system of linear equations

ai1x1 +...+ aipxy, =01
Ax=b componentwise: ... oo (%)
Am1T1 + - - F O Tm = bm

is called homogeneous if b = 0 (componentwise: b; = 0 Vi = 1,...,m)
and inhomogeneous if b # 0 (componentwise: b; # 0 for at least one i €
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{1,...,m}). If (%) is consistent (i.e., it has a solution), then the set of all
solutions is said to be the general solution.
e The system (x) is consistent if and only if rank (A) = rank (A, b).

e In the case m = n the system (x) has a unique solution if and only if
det A # 0.

e The homogeneous system Ax = 0 has always the trivial solution & = 0.
e For m = n the homogeneous system Ax = 0 has nontrivial solutions if
and only if det A = 0.

e If x; is the general solution of the homogeneous system Ax = 0 and x4
is a special solution of the inhomogeneous system (x), then for the general
solution x of the inhomogeneous system (x) the following representation is
valid:

T =x, + Ts

Gaussian elimination

Elimination

In this phase, from the system of linear equations Axz = b with A being a
(m,n)-matrix at every step a (suitable) variable as well as a (suitable) row
is successively eliminated until the method terminates since further suitable
variables or further suitable rows cannot be found. In order to calculate the
values of the eliminated variables later on, the eliminated row is “marked”.

Algorithm (described for the first elimination step)

1. Find a matrix element a,q # 0. If a;; = 0 for all elements of the
matrix, then terminate the elimination. The variable x, is the unknown
to be eliminated, the row p is the row to be eliminated, a,, is called the
pivot element.

2. Generation of zeros in column g:

Subtract the 44 _fold of row p from all rows i, ¢ # p:

Upq
~ a; . .
aij::aij—azqam, j=1....,n; i=1,....,p—1Lp+1,....m
Pq
~ a
b; == b; — lqu i=1,....p—1L,p+1,....m
Gpq

3. Remove the row p from the system of equations and mark it.

4. If the remaining system of equations contains only one row, then the
eliminitaion terminates.
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Checking consistency
Consider the remaining system Az = b.

Case 1 A =0,b+#0 = The system of equations (*) is inconsistent.

Case 2 A=0,b=0 = The system of equations () is consistent.
Delete the remaining system.

Case 3 A+#0 = The system of equations (x) is consistent. The
remaining system consists of only one row.
Add this row to the rows marked in the pro-
cess of elimination.

Back substitution

The marked equations form a system with triangular matrix (in every equa-
tion the variables eliminated in the previous equations fail to occur).

Case 1 n—1 elimination steps; then (x) has a unique solution the compo-
nents of which are calculated step by step from the last to the first equation
of the system by substituting the variables already known and solving the
equation under review with respect to the only unknown contained.

Case 2 k < n—1 elimination steps; then (*) has infinitely many solutions.
A representation of all solutions is obtained by resolving the last equation
with respect to one variable and considering the remaining n — k variables
of this equation as parameters. Now the representations for the k eliminated
variables depending on these parameters are obtained step by step from the
last but one to the first equation analogously to Case 1.

Modifications of the Gaussian elimination

e If the considered system of equations is consistent, then by renumbering
of rows and columns it can be achieved that first a;; and, after k steps,
the element a1 x41 (i.e., the diagonal elements) can be chosen as the pivot
elements. In this case, after the process of Gaussian elimination the system
of equations has the form

Rxp + Sxy = c,

where R is a right upper triangle matrix (& — basic variables, &y — nonbasic
variables). The term Sy may fail to occur (in this case, there is a unique
solution). By an additional generation of zeros above the diagonal it can
be achieved that R = D (diagonal matrix) or R = I. In this case, back
substitution is not necessary.

e The » exchange method (p. 125) is another variant of the Gaussian
elimination.



Cramer’s rule

If A is a regular matrix, then the solution & = (1, ..

det Ay, ayy ... app—1 b1

k= det A

Exchange method

system of affine linear functions

Exchange method 125

a1 k+1 --- Qln
with A= ..o

Apn k+1 -« -+ Gnn

S xn) " of Az =bis:

vector representation

Y1 = anzi + + aintn + m
...................................... y=Ax+a

Ym = Am1x1 + ... + QupTn + A

Ui - dependent variable, basic variable (i =1,...,m)

Tk - independent variable, nonbasic variable (k =1,...,n)
a; =0 - function y; is a linear function

a=0 — the system of functions is called homogeneous

Exchange of a basic variable by a nonbasic variable

The basic variable y, is exchanged by the nonbasic variable .

Assumption: a,, # 0. The element a,, is called the pivot.

old scheme new scheme

xrp = Axy + a with

_ T _
wB_(yla"'vy'm) wB—(yl,...
T
xy = (21,...,2,) xy = (x1,..
STk o xg ... 1
Yi = cee Qi ooes Qg ... Q4 Yi = bzk
— Yp = .. Qpk .. Opg -.. Gp — Xg= ... bpp ...

auxil. tow ... bpr ... x ... by

xp = Bxy + b with

T ..

yYp—1,Lq, Yp+1,s- -+
-y Lg—1,Yps Tq+1, - -

!

Yp .-
big - .-

bpg .-

) "

)"
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Rules of exchange

1
A]. b =
(AD) b=
(A2) bpk::_apk for k=1,...,g—1,q+1,...,n bp::_ap
Apq pq
(A3) by = Qiq fori=1,...,p—1,p+1,....m
Upq

(Ad) bik = ai +bpr - ayq fori=1,...,p—1,p+1,...,m;
k=1,...,q—1,q+1,....n

bi :=a; + by - aiq fori=1,...,p—1,p+1,...,m

e The auxiliary row serves for simplification when using rule (A4).

Inverse matrix

If A is a regular matrix, then the complete exchange y < « in the homoge-
neous system of functions y = Ax is always possible. The result is = By
with B= A"
s )
y= A - x= A*
With the help of the Gaussian elimination the matrix A~' can be calulated
according to the following scheme:

(AlI) = (rrAa™

e This means: Write down the original matrix A and the identity matrix I
and apply the Gaussian elimination in such a way that A turns into I. Then
at the ride-hand side there arises the inverse matrix A=1.

Eigenvalue problems for matrices

A number X € C is called an eigenvalue of the quadratic (n,n)-matrix A if
there exists a vector r # 0 such that:

a1 + ...+ aprn = Arg
Ar = A\r COMpPONENtwWisSe: ...

A vector r belonging to the eigenvalue A and satisfying the above equation
is called an eigenvector of A. It is a solution of the homogeneous system of
linear equations (A — AI)x = 0.
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Properties of eigenvalues

o If r1,..., 7y are eigenvectors belonging to the eigenvalue A, then
r=air1+ ...+ apr;

is also an eigenvector belonging to A provided that not all «; are equal to

7Zero.

e A number A is an eigenvalue of the matrix A if and only if
Pr(A) :=det(A —AI)=0.

The polynomial p,,(\) of n-th order is called the characteristic polynomial of
the matrix A. The multiplicity of the zero \ of the characteristic polynomial
is denoted as the algebraic multiplicity of the eigenvalue \.

e The number of linearly independent eigenvectors belonging to the eigen-
value A is

n —rank (A — \I)
and is called the geometric multiplicity of the eigenvalue \. It is not greater
than the algebraic multiplicity of the eigenvalue .

oIf)\;,j=1,...,k,are pairwise different eigenvaluesand r;,j =1,..., k, are
the eigenvectors belonging to them, then the latter are linearly independent.

e A (n,n) diagonal matrix D = diag(d;) has the eigenvalues \; = d;, j =
1,...,n.

e The eigenvalues of a real symmetric matrix are always real numbers. Every
of its eigenvectors can be represented in real form. Eigenvectors belonging to
different eigenvalues are orthogonal to each other.

Matrix models

Input-output analysis

r=(r;) r; — total expense of raw material ¢
e = (eg) erx — produced quantity of product k
A = (ay) a;r — expense of raw material ¢ for one unit of

quantity of product k

r=A-e direct input-output analysis

e=A""1.r inverse input-output analysis (assumption:
A regular)



128 Linear Algebra

Composite input-output analysis

r=(r;) r; — total expense of raw material i
e = (eg) er — produced quantity of final product k
Z = (2j1) zjr, — expense of intermediate product j for one unit

of quantity of final product k

A = (aij) aj; — expense of raw material ¢ for one unit of quan-
tity of intermediate product j

r=A-Z-e

Leontief’s model

x = (x;) x; — gross output of product ¢
y=(yi) y; — net output of product 7
A = (ai;) a;; — consumption of product ¢ for the production
of one unit of quantity of product j
y=x— Ax
=I-A)1y Assumption: I — A regular matrix

Transition model of market research

m = (m;) m,; — market share of product i at moment T,
0<m; <1, m+...+mp=1

z=(z) z; — market share of product ¢ at moment 7'+ k - AT,
k=1,2,..., 0<z <1, z14+...+2z,=1
s =(8;) s; — market share of product 7 in stationary (time

invariant) market distribution; 0 < s; < 1,
sS1+...+s,=1

A = (ai;) a;j — part of buyers of product ¢ at moment 7" who will
buy the product j at moment T4+ AT 0 < a;; <1,

,j=1,...,n, Za” =1 for i=1,.
j=
z=(AMT
A is the matrix of buyers’ fluctuation and s a nontrivial solution of the
linear homogeneous system (AT —Is=0with s +...+ s, =1.
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Normal form of a linear programming problem

The problem to find a vector «* = (z},23,...,2%) " such that its components
satisfy the conditions

Q1171 + aer2 + ...+ ageT, < o

Q11 + Qp2T2 + ...+ QpnTn S Qi

Buizr + Piexa + ...+ Bintn > S

ﬂslxl + 652332 .+ ﬂsnxn Z ﬁs
Y111 + Y12T2 -t Y1nTn =M1

Ye1x1 + YeaZo oo+ VenTn = Vi

and a given objective function z(x) = c'x+cy =iz +cata+. .. +epry+co
attains its smallest value (minimum problem) or its greatest value (mazimum
problem) under all vectors ¢ = (21, 2,...,,)" fulfilling these conditions is
called a linear programming (or optimization) problem. The conditions posed
above are called the constraints or the restrictions of the problem. A vector
x = (x1,...,2,)" satisfying all constraints is said to be feasible. A variable
x; for which the relation x; > 0 (non-negativity requirement) fails to occur
among the constraints is referred to as a free or unrestricted variable.

e A linear programming problem is in normal form if it is a maximum or a
minimum problem and, except for the inequalities z; > 0,7 =1,...,n, there
are no further inequalities to be fulfilled:

z=c"x + ¢y — min / max; Ax=a, x>0 normal form

Transformation into normal form

Transform inequalities into equalities by slack variables s;:

Qi1T1 + Qoo + ..+ QinTy < =
011 + .+ QT + 8 = g, 520
Birx1 + Piexo + ... + BinTn > i =

Birz1 + .. + Bin®Tn — $i = Bi, 5i >0
Remove unrestricted variables by substitution:
x; free = x;:=u;—v;, u; >0, v;>0
Transform a maximum problem into a minimum problem or vice versa:

ZZCTw+co—>max = z = _z:(_c)T
)T

x*r — cop — min

z=c'x+cy — min = z:=—z=(—c) ©—cy — max

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 14, © Springer-Verlag Berlin Heidelberg 2010
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Simplex method

In order to perform the necessary transformations of the system of equations
one can either use the » Gaussian elimination (p. 123) or the » exchange
method (p. 125).

Basic representation

In the system of equations Az = a, z—c'x = ¢y (where A is a (m, n)-matrix,

xz,c € R", a € R™, ¢y € R) from each row a variable x; is eliminated.
From the normal form one gets the following relations when combining the
eliminated variables (basic variables) to the vector xp and the remaining
variables (nonbasic variables) to the vector x:

Gaussian elimination Exchange method
Z — max z — min
Izrg+Bxy = b mB:BmN+5
z+dTwN = dy z = JTmN+cio
zp > 0, zy > 0 zp >0, zxy >0
table: table:
B, ... TB,, Z TN, ... IN,_, = TN, ... ZN,_ . 1
1 0 bit oo bimm b1 T= b .. bipm b
10 bmt - bnem bm 2, = bmi ... bmn-m bm
0 ... 0 1 di ... doow do z=  di ... dp_m do

The z-column is usually omitted.

e If Ax = a has already the form Ixp + Bxy = a, then the following
~ ~ . ~T

relations hold: b=b=a, dy=dy=cj a+cy, B=—B,d' =—d =cLB—-c},

where ¢ = (cg, ).

e A basic representation with b; > 0 and b; > 0,7 =1,...,m, respectively,

is called a feasible basic representation or a simplex table.

Optimality criterion (simplex criterion)

From a simplex table satisfying the conditions d; > 0 and di > 0,i =
1,...,n —m, resp. (such a simplex table is called an optimal simplex table),
one can read off the optimal solution of the linear programming problem:

xp=b, =0, z-=dy resp. xp=0b, xx =0, 2" =dp.



Simplex method 131

Simplex method

Starting from a simplex table by means of the following algorithm one ei-
ther gets an optimal simplex table or one recognizes that the programming
problem is unsolvable.

Gaussian elimination

1. Choose an element d4, ¢=1,. ..,
n—m, such that d, <0. The ¢-th col-
umn is the pivot column. The vari-
able zy, will be the new basic vari-
able. If there does not exist such an
element » optimality criterion.

2. Consider all positive column ele-
ments b;; > 0. Choose among them
an element by, satisfying

by b
= min .

bpq big>0 biq
The p-th row is the pivot row. The
variable zp, is excluded from the
basis, the element by, is the pivot.
If there does not exist a positive col-
umn element b;4, then the problem
is unsolvable since z — oo.

3. Divide row p by by, and gener-
ate zeros in column zy, (except for
position p) by means of » Gaus-
sian elimination. This leads to a
new simplex table. Go to Step 1.

Exchange method

1. Choose an element Jq, qg=1,...,
n —m, such that d, < 0. The ¢-th
column is the pivot column. If there
does not exist such an element »
optimality criterion.

2. Find all negative elements Biq <0
of the pivot column. Choose among
them an element by, satisfying

bf) = min bf
—bpg  big<0 —big

The p-th row is the pivol row, the
element by, is the pivot. If there
does not exist a negative element
I;iq7 then the programming problem
is unsolvable since z — —oo.

3. Make an exchange of variables
rp, <= wy, by means of the »
exchange method. This leads to a
new simplex table. Go to Step 1.

o If at every iteration b, > 0 resp. b~p > 0, then the simplex method is finite.

e If in the optimal simplex table there is an element d, with d, = 0 resp.
Jq with qu = 0, then continuing the algorithm by Steps 2 and 3, one again
gets an optimal simplex table. The corresponding optimal solution can be
different from the former one.

k)

o If the vectors V), ..., x® are optimal solutions, then the convez linear

k

combination z* = \Mx™ + ... + \px® with >N =1land \; > 0,0 =
i=1

1,...,k, is also an optimal solution.
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Dual simplex method

Dual simplex table

A basic representation with d; >0 resp. CZj >0,7=1,....,n—m, is called a
dual simplex table.
e Starting from a dual simplex table by means of the following algorithm one

either obtains an optimal simplex table or one recognizes that the underlying
programming problem is unsolvable.

Gaussian elimination

1. Find an element b,, p =
1,...,m, such that b, < 0. Row p
is the pivot row. The variable zp,
is excluded from the basis. If such
an element does not exist » opti-
mality criterion.

2. Choose among all negative row
elements b,; < 0 an element by,
with

The variable xy, will be the new
basic variable, the element b, is
the pivot. If in the p-th row there
does not exist a negative element
bpj, then the programming prob-
lem is unsolvable since feasible vec-
tors fail to exist.

3. Dividing row p by b,, and gen-
erating zeros in column zy, (ex-
cept for position p) by means of
the » Gaussian elimination a new
dual simplex table is obtained. Go
to Step 1.

Exchange method

1. Find an element b,, p =
1,...,m, such that l~)p < 0. The p-
th row is the pivot row. If there
does not exist such an element »
optimality criterion.

2. Choose among all positive ele-
ments b,; > 0 of the pivot row a
bpg with

d, . d;
% = min .’
bpq bp; >0 bp]

The g-th column is the pivot col-
wmn, the element by, is the pivot.
If there does not exist a posi-
tive element I;pj, then the program-
ming problem fails to have feasible
vectors.

3. Exchanging the variables
rp, <= wn, by means of the
» exchange method a new dual
simplex table is obtained. Go to
Step 1.
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Generation of an initial simplex table

Starting from the » normal form of a linear programming problem with the
property @ > 0 the following algorithm leads either to a simplex table or
shows the unsolvability of the linear programming problem. If necessary, the
assumption @ > 0 can be ensured via multiplying the corresponding rows of
the system of equations Ax = a by the factor —1.

Gaussian elimination Exchange method

1. Add an artificial variable y; to 1. Rewrite the constraints in the
the left-hand side in all equationsi. form 0 = —Ax + a and replace the
In doing so, the following equations zeros on the left-hand side by arti-
arise: ficial variables y;. Then one gets

Iy+Azxz =a, where y= (y;) y=—Ax+a, where vy = (y;)

2. Complete the table by the ob- 2. Complete the table by the objec-
jective function z — e¢'x = ¢y tive function z = ¢"x + ¢ and by

d by th 1 tion h = . .
af,} y the auziliary function the auziliary function h = Z Y

> (—wi): =t

i=1
h+ > dgxp =00 with h = kzl Oper = 0o with
k=1 =
ok = Y. (—aik), 6o =) (—a;) 0 = l;(_a““)’ 00 = Z; @i
i=1 i=1 = =
The table obtained The table obtained
y z h x = x
I 00 A a y= -A a
o' 10 —C1 ... —Cp Cp = cl Co
0" 01 & ... 60 & h= 61 ... 6, b0

is a simplex table of the auxiliary is a simplex table of the auziliary
problem problem

NgE

~ m
h= > (-yi) — max h=>"y; — min
i=1 i=1

y+Ax=a, x>0, y>0. y=—Ax+a, >0, y>0.
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Gaussian elimination Exchange method
3. Solve the auxiliary problem by 3. Solve the auxiliary problem by
the simplex method. The optimal the simplex method. The optimal
table of the auxiliary problem has table of the auxiliary problem has
the form the form
T yg 2z h xy yy =
! Ny Yy 1
1 B =
1 Yp=
1 =
1 h= ho
1 ho

The z- and the h-column are usu-
ally omitted.

Case 1 In the case hg < 0 resp. ho > 0 the original problem is unsolvable,
since it fails to have feasible vectors.

Case 2 Ifhg=0and hy =0, respectively, and if not any artificial variable
is a basic variable, then after deleting the yy-columns and the auxiliary
objective function one obtains a simplex table of the original problem.

Case 3 If hg = 0 and hy = 0, respectively, but there are still artificial
variables in the basis, these variables can be made to basic ones by an ex-
change yp <= xy. If, in doing so, a table occurs in which the exchange
cannot be continued, then in this table one can remove the rows y ;= as well
as the yy-columns and the auxiliary objective function. After that one has
a simplex table of the original problem.

e Remark to Step 1: In rows i with a; > 0 already possessing a basic variable
Tr, aNrtiﬁcial variables need not be introduced. In this case the quantities d
and Jg, resp., are to be replaced by » (—air), do has to be replaced by > 3(—a;)
and dp by Y a;, resp. (summation only over those rows ¢ in which artificial
variables occur).

e Remark to Step 3: The y-columns can be removed immediately.

e The combination of Phase I (generation of an initial simplex table) and
Phase 2 (simplex method) is usually denoted as the two-phase method.
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Duality

Basic version of a linear programming problem

z(z) = ¢'x — max w(u) = a’u — min
Az <a <— ATu >c
x>0 u>0

Generalized version of a linear programming problem

z(;c, y) —c'x+ dTy — max w(u,v) =a'u+ b v — min
Ax+ By <a ATU—FCTUZC
— T T
Cx+Dy=> B'u+D v=d
x >0, y free u >0, v free
primal problem dual problem
Properties

e The dual to the dual problem is the primal problem.

o Weak duality theorem. If the vectors = and (x,y)', resp., are primal
feasible and w resp. (u,v) " are dual feasible, then z(x) < w(u) and z(zx,y) <
w(u, v), respectively.

e Strong duality theorem. If the vectors x* resp. (z*,y*)' are primal fea-
sible and u* resp. (u*,v*)" are dual feasible, and if z(x*) = w(u*) resp.
2(z*,y*) = w(u*,v*), then x* resp. (z*,y*)" is an optimal solution of the
primal problem and u* resp. (u*,v*)" is a dual optimal solution.

e A primal feasible solution x* resp. (z*,y*)" is an optimal solution of the
primal problem if and only if there exists a dual feasible solution u* resp.
(u*,v*)7 such that z(z*) = w(u*) resp. z(z*, y*) = w(u*,v*).

e If both the primal and the dual problem have feasible solutions, then both
problems have also optimal solutions, where z* = w*.

e If the primal (dual) problem has feasible solutions and if the dual (primal)
problem is unsolvable, since it fails to have feasible solutions, then the primal
(dual) problem is unsolvable due to z — +o00 (w — —00).

o Complementarity theorem (for the basic version). A primal feasible so-
lution x* is an optimal solution of the primal problem if and only if there
exists a dual feasible solution u* such that for all components of the vec-
tors *, Az* — a, u* and ATu* — ¢ the following relations (complementary
slackness conditions) are fulfilled:

z;=0 if (ATu"—¢);i>0 (Az* —a)i=0 if uj>0
u: =0 if (Ax*—a); >0 (ATu* —¢)i=0 if 27>0
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Shadow prices

If the primal problem (basic version) represents a production planning model
with profit vector ¢ and resource vector a, and if u* = (uf,...,u?)" is
the optimal solution of the corresponding dual problem, then under certain
assumptions the following assertion is true: an increase of the resource a; by
one unit implies the growth of the maximal profit by u; units (shadow prices).

Transportation problem

Statement of the problem

From m stockhouses A; with stocks a; >0, i=1,...,m, n consumers B; with
demand b; >0, j=1,...,n, are to be supplied. Knowing the transportation
costs which are linear with respect to the quantities of delivery having the
price coefficients c;;, the total transportation costs are to be minimized.

Mathematical model (transportation problem)

1=17=1
n
subject to Tij=aq, i=1,...,m
j=1
m
Zirij_ijj_]-v ,
1=1
zij >0 Vi,

e The (m,n)-matrix X = (z;;) of quantities of a good to be delivered from
A; to Bj is called a feasible solution (transportation plan) if it satisfies the
constraints.

e The transportation problem is solvable if and only if

3

i=1

n
a; = > bj saturation condition
=1

e An ordered set {(ix, ji)}>-, of double indices is said to be a cycle if

i1 =1 for k=1,3,...,20 -1,
Jk41 =gk for k=24 ...,21 -2, Joi = j1

e If by adding further double indices, the index set J4 (X )={(4,j) | x;; >0}
can be extended to a set Jg(X) not containing a cycle and consisting of
exactly m+n—1 elements, then the feasible solution X is called a basic
solution.
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Transportation algorithm

Starting point: basic solution X

1. Find numbers u;, @ = 1,...,m, and v;, j = 1,...,n, such that
U; + Vj = Cij V(Z,]) S Js(X) If Wij = Cij — Uj — Vj > 0 for
t=1,...,mand j=1,...,n, then X is optimal.

2. Choose (p,q) with wp, < 0 and find, starting from (i1, 1) := (p, q),
a cycle Z in the set Jg(X) U {(p,q)}.

3. Determine a new solution X by setting z;; := x;; + (—1)k+1g, for
(1,7) € Z, where x,s := min{z;,,, | (ix, jr) € Z,k = 2,4,...,2l}.
The new solution X is a basic solution associated with the double
index set Jg(X) := Js(X)U{(p,¢)} \ {(r,s)}. Go to Step 1.

Tabular representation of the transportation algorithm

The iterations of the transportation algorithm can be represented in the
following tabular form by placing only the variables z;; € X (boxed) with
(1,7) € Jg(X) and only the variables w;; with (i, j) ¢ Js(X). The remaining
variables z;j, (i,7) ¢ Js(X), and w;j, (i,7) € Js(X), not occurring in the
table are automatically equal to zero. The cycle for the considered example
is indicated by an rectangle.

U1 Vo e Vg e Um
U wi,1 12 T1q Wim
U2 w2,1 w22 . T2q . Tom
Up Tp1 Tp2 - Wpq < o ... Wpm
Um Tm1l Wm?2 e wmq e Wmn

A cycle with four elements

The values of u;, vy, w;; can be found starting with u; = 0 and proceeding
by following the boxes (cf. the table):

v = c12 (due to wiz2 = 0), vy = c14 (due to wig = 0), ug = czq — vy (due to
Waq = 0), Vm = Cam — U2 (due to wa,, =0), Up = ..., V1 = ..., Uy = ... €tcC.
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Suppose that in the table at p. 137 wpy < 0 and zp2 < 214 (so that in this
example x,s = Zp2). Then the next table will be computed as follows:

'Ul @2 PP Uq PP U'rn
Uy Wia Tip - T1q cee Dy,
ﬂQ 'U72,1 E)QQ e J,‘Qq e Tom
up Jf‘pl ’IDPQ e qu e ’ljjpm
Uy, Tml W2 s Wing s Wmn,

The values are Tp2 =0, Tpq = Tp2, Ti2 = T12 + Tp2, Tig = Tig — Tp2-
The quantities u;, v, w;; can be calculated in the same way as above, begin-
ning with u; = 0.

Rules for finding an initial basic solution

North-West corner rule

Assign to the nord west corner the maximal possible quantity of the good.
Remove the empty stockhouse or the consumer saturated and repeat the step.
Only in the last step both the stockhouse and the consumer are removed.

Rule of minimal costs

Assign to the cheapest transportation route the maximal possible quantity
of the good. Remove the empty stockhouse or the consumer saturated and
repeat the step. Only in the last step both the stockhouse and the consumer
are removed.

Vogel’s rule

For each row and column, find the difference between the maximal and min-
imal cost price coefficient. In that row or column, which is determined by
the greatest of these differences, assign to the cheapest transportation route
the maximal possible quantity of the good. Remove the empty stockhouse or
the consumer saturated and repeat the step, beginning with correcting the
differences. Only in the last step both the stockhouse and the consumer are
removed.
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Basic notions

Basis of a statistical analysis is a set (statistical mass) of objects (statistical
unit), for which one (in the univariate case) or several (in the multivariate
case) characters are tested. The results which can occur in observing a char-
acter are called the character values.

A character is said to be discrete if it has finite or countably many character
values. It is referred to as continuous if the character values can take any
value from an interval. The character values x1,...,z, concretely observed
are called the sample values, and (x1,...,z,) is a sample of size n. When
ordering the sample values, the ordered sample (1) < w2y < ... < Xy is
obtained, where Tmin = (1), Tmax =T (n)-

Univariate data analysis

Discrete character

Given: k character values ai,...,a; such that a; < ... < a, and a sample
(z1,...,2p) of size n
Hy(a;) — absolute frequency of a;; number of sample
values with character value a;, j =1,...,k
ho(a;) = ! Hy,(ay) — relative frequency of aj;

k
0<hn(a;) <1, j=1,....k > hnla;) =1
j=1

J
> Hp(a;) — absolute cumulative frequency, j =1,...,k
i=1
j . . .
> hn(a;) — relative cumulative frequency, j =1,...,k
i=1
F,(x)= > hp(a;) — empirical distribution function (—oco<z<o0)
Jraj <
Continuous character
Given: sample (z1,. .., x,) of size n and a grouping in classes K; = [x;;2;4),
j=1....m
251 — lower class bound of the j-th class
T — upper class bound of the j-th class
uj = y(xj1+x;,) — class mark of the j-th class
H; — j-th absolute class frequency; number of
sample values belonging to the class K;
h; = }LH j — j-th relative class frequency
F,(x)= >, h; - empirical distribution function (—oo < z < c0)
jixj <z

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 15, © Springer-Verlag Berlin Heidelberg 2010
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Statistical parameters

Means
n
=13 — arithmetic mean (average) for
=1 non-classified data
m
Ty =, 2 uiHj — arithmetic mean for classified
i=1 data
T(n+1 n odd
— (") .. .
Ty =1 , — empirical median
2[%‘(721) +l‘(g+1)] n even
= /r1-To... - xy (27 >0) — geometric mean

Measures of dispersion

R = Zmax — Tmin — range of variation
n

st= 1S (i —an)? — empirical variance for non-classified
i=1 data

2= 1 E( — Z(y))*H; — empirical variance for classified data
Jj=

s =1/s2 — empirical standard deviation

2= b ~ Sheppard’ tion (f stant
5. =5"—1, eppard’s correction (for constan

class length b)

s
v = — coefficient of variation (x, # 0)
x"l

~ n

d= !> |z; — Zm)| ~ mean absolute deviation from the me-
i=1 dian 53(“)

_ n

d= !> |z; — x| — mean absolute deviation from the
i=1 mean ,,

g-quantiles

. { %[x(nq) + T(ng+1)] ng €N

Ty = — g-quantile (0 < g <1)

T(|ng|+1) otherwise

In particular:
To.5 = T(n); To.os — lower quartile; To7s — upper quartile
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Empirical skewness
1 & 1 < 3
n Z(‘rl - irn)s n Zl(uj - Ql‘(n)) Hj
_ i=1 _ j=
g1 = B 3 g1 - 3
1 . 2
(n &= am) ) ( 3 (u; - w<n>>2Hj>
]:
(non-classified data) (classified data)
Empirical kurtosis
1\ 4 LSS (e ARy
LS (25 — ) n 2 (Ui — o)) Hj
- i=1 _ Jj=1
g2 = n 2 = 3 g2 = 2 = 3
1 _ 2
(n 1;(‘TZ iCn) > (711 Zl(uj — l‘(n))QH]>
j=
(non-classified data) (classified data)
Moments of order r (for non-classified data)
1 n
m, = " Z x; — empirical initial moment
=1
1 n
fiy = . 2;(1‘1 — )" — empirical central moment
1=
. N . n—1,
e In particular, one has my = x,, iz = s”.
n
Bivariate data analysis
Given: sample (x1,y1), ..., (Tn,yn) with respect to two characters z und

Empirical values

n
1 .
Ty = E T; - mean with respect to character x
n
=1

1 n
Y= Y yi —  mean with respect to character y
" i=1

141

Y
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Empirical values

empirical  variance
with  respect to
character x

®
8N
|
S
| —
—
7
&8
K
3
e
|
S
| o=
—
qwh
&
=0
|
3
&
SN
N—
|

empirical  variance
with  respect to
character y

w
[SANV)
|
3
—
—_
7
<
<
3
e
I
3
| o=
—_
RS
[~]=
g
|
3
<
S
N~
|

1 n
Sy = > (i) (i—y,) ~ empirical covariance

i=1

1 n

= <; myi—nxnyn>
Toy = b (—1<ry <1 — empirical coefficient
\/ 5252 of correlation

By = riy — empirical coefficient

of determination

Linear regression

The coefficients @ and b are referred to as empirical (linear) regression
n . n

coefficients if the condition > [y; — (G + bx;)]? = m'bn Sy — (a+bx;))?
i=1 ab =1

is satisfied.

y=a+br — empirical regression line (linear regression function)
2
. - S Say Sy
a=1vy, —bry,, b= "3 =ray\| o
SZE SZE

# = Ly b)) =2

— empirical residual variance
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Quadratic regression

The coefficients @, b and ¢ are called empirical (quadratic) regression
n ~

coefficients if they satisfy the condition Y (y; — (a + bx; + éx?))? =
i=1

min Z(yl (a + bx; + cx?))? They are the solution of the following

a,b,c ;—

bybtem of equations:

Q>

3

+
[«

M=
&8
+
(o}
M=
5]
=N

I

B
<

@
I
s
-
Il
-
-
Il
-

Q>
M=
=2
_|_

o>

M=
SH

_|_

>

M=

8
=0
I

M=

8

<

=1 =1 =1 =1
n .n n n
ay x; + byal o+ exal = Yaiu
=1 =1 =1 =1
y=a+br+ éx? — empirical (quadratic) regres-

sion function

n
2
=3 Z [ (a+ ba; + cx; )} — empirical residual variance

i=1

Exponential regression

The coefficients @ and b satisfying the condition > (Iny; — (In éa+bz;))? =
i=1

n
min > (Iny; — (Ina+bx;))? are called empirical (exponential) regression
a, =1

coefficients (where it is assumed that y; >0, i =1,...,n).

y = aeb® — empirical (exponential) regression function

n A Z(mi—acn)(lnyi— }L Zlnyi)
a=e" = : b= """ =
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Ratios
Given a basket of goods W consisting of n goods. Let the good ¢ have the
price p; and the amount ¢;, 7 =1,...,n.
Notations
Wi =mpi-q — value of good @

S Wi=> piq; — total value of the basket of goods W
i=1 i=1

Dirs Dit — price of good 7 in the basic period and in the given
period, resp. (= basic and actual price, resp.)

Gir bzw. Qi — amount of good ¢ in the basic and in the given
period, resp. (= basic and actual quantity, resp.)

Indices
mWV = Wit _ Pt~ g — (dynamical) measure of value of good i
Wiz Dir - Gir
n n
, Wi Z Pitqit value index of the basket of goods W;
I = — == — sales index (sale oriented) or consumer
S Wir Y pirGir expenditure index (consumer oriented)
i=1 . i=1
Z Pitqit
e =t — Paasche’s price index
> Dirgit
i=1
n
Z Pitqit
Lyt =" — Paasche’s quantum index
E DPitQir
i=1
n
Z PitQir
Ifff’p = lil —  Laspeyres’ price index
Z Pirqir
i=1
n
Z Pirqit
Ilj asg — =1 —  Laspeyres’ quantum index

n
E Pirqir
i=1
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e Paasche’s indices describe the average relative change of a component (price
or quantity) by means of weights (quantities or prices) of the given period.

e Laspeyres’ indices describe the average relative change of a component

(price or quantity) by means of weights (quantities or prices) of the basic
period.

Drobisch’s indices

The goods from a basket of goods are called commensurable with respect
to quantities if they are measured by the same sizes. For such goods the
following indices are defined.

n n
Z Pit " Git Z Pir * Qir Drobisch’s price index (p,. > 0);
IB;O’p = Zzln / Zzln = "' it describes the change of aver-
> it > Gir Pr age prices
i=1 i=1
n n
JDrostrT _ ¢:1p” i / i:1p” i Drobisch’s structure index re-
™t N n n ~ lated to basic prices
> Git > Gir
i=1 i=1
n n
Z Pit - qit Z Pit - Qir
IB;O’Str’t — =1 /Z_1 — Drobisch’s structure index re-

o

n
Qit > Gir lated to actual prices
=1

=1

e Drobisch’s structure indices are statistical parameters formed from ficti-
tious and nominal average prices.

Inventory analysis

A statistical mass considered within the period (¢4, tg) under review is called
a population of period data (stock). It is said to be closed if the stock before
ta and after g is equal to zero, otherwise it is said to be open. A statistical
mass occurring only at certain moments is called a period-based population
(e. g. accession mass, replacement mass).

Notations
B, — stock (in units of quantity) at moment t;, ta4 <t; <tg
By or B — initial and final stock at moment t4 and tg, resp.
Z; — accession mass (in units) in the time interval (¢;_1, ;]

A; — replacement mass (in units) in the time interval (¢;_1, t;]
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Stocktaking
Bj = Ba+ Zjy— Ay — stock mass at moment t; with:
Zijy = z]: Z; — sum of accession masses
z?
Ay = Z; A; — sum of replacement masses

Average stocks

7 1 i 7 ~average accession rate (with respect
m - ! to m time intervals)
i=
A= 1 i A ~average replacement rate (with re-
S m < spect to m time intervals)
i=
1 m average stock for m time intervals
B= Py ZBj,l(tj —tj—1) — (if the measurement of the stock is
m 0o possible at all moments of changes)

m—1
1 Bo(tl — to) Bj . (tj+1 — tjfl) Bm(tm — tmfl)

tm — to 2 +

average stock for m time intervals (if
— the measurement of B; is possible at

all moments ;)

In the case t;—t;_; =const Vj one has:

m—1 m—1

1 1 [ By By,
m Z J o m\ 2 + Z it 2
7=0 Jj=1
Average length of stay
B(t, —t B(t,, —t
v= ( ) = ( ) — closed stock

A(m) Z(m)

_2Bltw—to) __ 2B(tw —t)

v = T = open stock
A(m) + Z(m) Aim-1) + Z(m-1)

the second formula holds if accession and replacement occur at the
moment ¢,
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Time series analysis

By a time series y; = y(t), t = t1,t2,..., an ordered in time sequence of
values of a quantitatively observable character is understood.

Additive and multiplicative model
y(t) =T)+ Z(t)+ S(t) + R(t) resp. y(t)=T(t) - Z(t)-S(t)- R(t)

T(t) - trend component Z(t) — cyclic component

S(t) — seasonal component R(t) — stochastic component

Trend behaviour

T(t)=a+0bt —  linear trend
T(t)=a+0bt+ct? — quadratic trend
Tt)=a-b ~  exponential trend

e The exponential trend T'(t) = a - b® can be reduced by the transformations

T*(t) =InT(t),
a* =lIna,

b* =1Inbd
to the linear case T*(t) = a* + b*t.

Least squares method

This method serves for the estimation of the linear trend T'(t) = a + bt and
the quadratic trend T'(t) = a + bt + ct?, respectively (see p. 112).

Moving average methods

These methods serve for the estimation of the trend component by means of
n observation values y1, ..., Yn.

m odd
ng—l = 711(y1 +y2+~-+ym)
Tnz;»S = ’I’}l (y2 + 93 + e + ym+1)

T’I’L* m—1 = 711 (yn_m_l,_l 4+ ...+ yn)
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m even

T’S-&-l = nl@(éyl TY2 A+ Ym ;ym-&-l)

TZ’+2 = i(%m Tyz+ . T Ymyr + %ym+2)

Seasonal adjustment

For trend adjusted time series (without cyclic components) with given period
p and k observations per period the equations

yi=sj+ry  (i=1...k j=1,...,p)

provide an additive time series model with seasonal components s; the esti-
mations of which are denoted by 5;.

k
1
y»’S‘:kafj, Jj=1...,p — period mean
i=1
L 1
vy = >k ~ total mean
P4
J_
8j =Y — y — seasonal indices
yil - 51, yTQ — 52, ) yfp Sp

.................................. — seasonally adjusted time series

Exponential smoothing

For a time series y1,...,y: (in general, without trend) one obtains the fore-
casting 11 = oy +a(l —a)y;—1 +a(l —a)?y;_o+... for the moment ¢+ 1
in a recursive way via g;11 = oy, + (1 — @)y with g3 = y1 and a smoothing
factor a (0 < v < 1).

Impact of the smoothing factor « « large « small
consideration of “older” values little strong
consideration of “newer” values strong little

smoothing of the time series little strong
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Random events and their probabilities

A trial is an attempt (observation, experiment) the result of which is un-
certain within the scope of some possibilities and which is, at least in ideas,
arbitrarily often reproducible when remaining unchanged the external condi-
tions characterizing the attempt.

The set {2 of possible results w of a trial is called the sample space (space of
events, basic space). A random event A is a subset of 2 (“A happens” <
w € A is the result of the trial).

Basic notions

{w}, we 2 — simple events

(9} — sure event = event that always happens

] — impossible event = event that never happens

ACB — event A implies event B

A=B<+<= ACBABCA — identity of two events

AUB — event that happens if A or B (or both) happen
(union)

ANB — event that happens if A and B happen simultaneously
(intersection)

A\ B — event that happens if A happens but B does not
happen (difference)

A:=0\A — event that happens if A does not happen (comple-
mentary event to A)

ANB=( - A and B are disjoint (non-intersecting, incompatible)

Properties of events

AUN =1 ANN=A

AUpP=A ANP=10
AU(BUC)=(AUB)UC AN(BNC)=(ANB)NC
AUB=BUA ANB=BnNA
AUB=ANB ANB=AUB
AUA=1 ANA=10

ACAUB ANBCA

AN(BUC)=(ANB)U(ANC)  AU(BNC)=(AUB)N(AUC)

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 16, © Springer-Verlag Berlin Heidelberg 2010
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Field of events

o0
U A, — the event that at least one of the events A,, happens
n=1

o0
(| A, — the event that any of the events A,, happens (simultaneously)
n=1

N A, = U An, U4.=N 4, —~ De Morgan’s laws
n=1 n=1 n=1

n=1

e A field of events is a set € of events occurring in the result of a trial
satisfying the following conditions:

(1) ee, pee

(2)Ae¢ = Acc¢

(3)14171427...66 — UAn6€

n=1

e A subset {41, Ay,..., A,} of a field of events is called a complete system

n

of events if |J A; =2 and A;NA; =0 (i # j) (i.e., in the result of a trial
i=1

there always happens exactly one of the events A;).

Relative frequency

If an event A € € happens m times under n independent repetitions of a
m

trial, then h,(A) =  is called the relative frequency of A.
n

Properties of the relative frequency
0<h,(A) <1, hn(82) =1, hn(0) =0, hn(A) =1—h,(A)
hn(AUB) = hp(A) + hy(B) — hn(AN B)
hn(AUB) =hp(A) + h,(B) if ANB=10
ACB = hy(A) < h,(B)

Classical definition of the probability
If the sample space 2 = {wy,wa,...,wy} is finite, then for an event A the
quantity
number of w; with w; € A number of cases favourable for A
k number of all possible cases
is the classical probability of A.
The simple events {w; } are equally probable (equally possible), i.e. P({w;}) =

1
r 1=1,...,k (“Laplace’s field of events”).
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Properties of the classical probability
0<P(A4) <1, P(2) =1, P(®) =0, P(A)=1-P(A)
P(AUB)=P(A)+P(B) —P(AN B), ACB = P(A) <P(B)
P(AUB)=P(A)+P(B) if ANB=10

Axiomatic definition of the probability

Axiom 1: Any random event A € & has a probability P(A) satisfying
the relation 0 < P(A) < 1.

Axiom 2: The probability of the certain event is equal to one: P(£2) = 1.

Axiom 3: The probability of the event that there happens exactly one
of two mutually disjoint events A € € and B € € is equal to the sum of
the probabilities of A and B, i.e. P(AUB) = P(A) + P(B) provided that
ANB=0.

Axiom 3’: The probability of the event that there happens exactly one
of the pairwise disjoint events Ay, Ao, ... is equal to the sum of the prob-
o0

abilities of A;, i = 1,2,..., i.e. P( Al) = Z P(AZ) if A; N Aj =0,
=1 =1

1=

1 # j (o-additivity).

Rules of operation for probabilities
P(0) =0, P(AUB)=P(A)+P(B) - P(ANB)
P(A) =1-P(A), P(A\ B)=P(A) —P(ANB)

AC B = P(A) < P(B)

P(Al UAQU...UAn) = ZP(Az) — E P(Ail ﬂAiz)
i=1 1<ir<iz<n
+ > P(A;, NA;,, NAL) — ...+ (=1)"MP(A1NAsN...NA,)
1<i1 <ia<iz<n

Conditional probabilities

P(AN B)

For two events A and B with P(B) # 0, the expression P(A| B) = P(B)

denotes the conditional probability of A with respect to B.
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Properties

P(A|B)=1 if BCA P(A|B)=0 if AnB=1
_ P(4) . _

P(A|B)_P(B) if ACB P(A|B)=1- P(A|B)

P(A, UAs|B) = P(Ay | B) + P(As | B) if Ay N Ay =0

Multiplication theorem:
P(ANB)=P(B)-P(A|B)=P(A)-P(B|A)

General multiplication theorem:
P(Alﬂ...ﬁAn)
=P(4;) -P(A2| A1) - P(A3| A1 NAy)-...-P(A, | A1N...NA—1)

o If {Ay,...,A,} is a complete system of events, then the following two
formulas hold true.

Total probability formula

P(B) = 3. P(4)P(B| A)

i=1
Bayes’ formula

P(A;|B) = nP(Aj)P(BlAj) , j=1,....n

;P(Ai)P(B | Ai)

Here P(A;), ..., P(4,) are called the priori probabilities, while the quanti-
ties P(A1| B), ..., P(A, | B) are the posteriori probabilities.

Independence

Two events A, B are called independent if P(AN B) = P(A) - P(B) (multi-
plication theorem for independent events). As a corollary one gets

P(ANB)=P(A)-P(B) <= P(A|B)=P(4) for P(B)>0

The n events Ay, ..., A, are said to be pairwise independent if every two of
these events are independent, i.e. P(4; N A;) = P(4;) - P(4;) for i # j, and
completely independent if for any k € {2,...,n} and an arbitrary selection of
kEevents Ajy,..., Ai, 1 <iy <ig<...<ir <n,onehas: P(4;N...NA4;, )=
P(A4;,)-...-P(A;,).
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Random variables and their distributions

A random wvariable is a real-valued mapping X : 2 — IR defined on the
sample space {2 such that for all z € R one has {w € 2 : X(w) < 2} € €,
i.e., {X < z} is an event. The function Fx : x — Fx(z) € [0,1] defined
by Fx(z) = P(X < z), —o0 < x < 00, is called the distribution function
(distribution) of X.

Properties of the distribution function

lim Fx(z)=0 lim Fx(z) =1
Fx(zo) < Fx(x1) if 29 < a1 (Fx is monotonously non-decreasing)
lhi?ol Fx(xz+h) = Fx(z) (Fx is continuous on the right)

P(X =x0) = Fx(x0) —lfgrolFX(xo +h)

P(zo < X <z1) = Fx(21) — Fx ()

Plzg < X <uz) = l}grolFX(xl +h) —l}grOlFX(xo +h)
Plzog < X <x1) = Fx(z1) —l}grolFX(;EO + h)
P(X > z0) = 1 — Fx (o)

A random variable X is called discrete (discretely distributed; see below)
if its distribution function F'x is a step function (i.e. piecewise constant);
it is called continuous (continuously distributed) if Fx is differentiable (i.e.
dF

x(@) exists) » p. 155.
dx

Discrete distributions
If a discrete random variable X takes the values z1,2a,...,2, (z1 < ... <
Tp) TESP. T1,To,... (11 < T2 < ...), i.e. if %%Fx(a:k + h) # Fx(xy) for
k=1,2,..., then

Tk r1 T2 ...

with =1
P(X =x) p1 p2 .. zk:pk

is called the distribution table of X; pr, = P(X = xy) are the individual
probabilities of X, and x1, o, ... are the jump points of Fx.
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Notations
EX =Y zipi — expected value
b (assumption: > |zx|pr < 00)
k
Var (X) = Y (2 — EX)?px —  variance (dispersion)
k
= Ek; aipk — (EX)? (assumption: Y a2py < o)
k
ox = +/Var (X) — standard deviation
ox (EX #0) ~ coefficient of variati
EX coefficient of variation
ur =E(X —EX)" => (zry — EX)"pr — r-th central moment
k
(r=2,3,...)
_ M3 g S
Y1 (12)? /2 skewness
4
Yo = -3 —  excess
(12)?
Special discrete distributions
individual
probabilities pg EX Var (X)
. . Pr = P(X = l'k) =1 n n
d}scr.ete 1.1n1form le S 711 S 22— (EX)?
distribution (k=1,...,n) = =
binomial distri- * ny K n—k
= 1—
bution (0<p<1, (k)p (1=p) np np(1l —p)
n € N) (k=0,...,n)
hypergeometric * () (N M nil (1= x
distribution D = N ney L
(M <N,n<N) () X(1—N,1)
geometric distri- * pr = (1 —p)*~Ip 1 1—p
bution (0<p<1) (k=1,2,...) P p?
)\k
Poisson distri- * p, =" e
bution (A > 0) k! A A
(k=0,1,2,...)

* P(X = k) =px;

** max{0,n — (N — M)} <k <min{M,n}.
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Recursion formulas (pr+1 = f(pr))

—k
binomial distribution: " . P Dk
k+1 1—p
geometric distribution: (1—p)-pr
hypergeometric distributio n—k M-k
T metri 1stripution: . .
ypers k41 N-M-n+k+1 P*
Poisson distributi A
oisson distribution: .
k41 Pk

Binomial approximation (of the hypergeometric distribution)

_ L M)
=, MY <

e Consequently, for “large” N one has ~
where p=__.
P=N

Poisson approximation (of the binomial distribution)

. n e A .
nll{%o (k)pk(l—p) k= k!e A k=0,1,..., with
p=p(n), lim n-p(n) =X\ = const
ny I A
e For “large” n one thus has <k>p (1—-p)" "~ X e”", where \=mn-p.

Continuous distributions

dF
The first derivative fx(x) = (;1((;10) = F%(x) of the distribution function
x

Fx of a continuous random variable X is called the density (probability density
function) of X, i.e.

Fx(a)= | fx(t) dt.
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Notations

EX = [ zfx(z)dz — expected value of X (ass.: [ |z|fx(z)dz<oo)

Var (X) = [ (z —EX)*fx(z)dz = [ 2?fx(z)dz — (EX)?
~ variance (dispersion; ass.: [ 2?fx(z)dz < o)
ox =+/Var (X) — standard deviation
ox (EX #£0) — coefficient of variati
EX variation
pr = BE(X —EX)" = [ (2 —EX)"fx(z)dx
— r-th central moment (r =2,3,...)
M3 Ha
= — skewness = -3 —  excess
T T (2

Special continuous distributions

Uniform distribution

if a<ax<b

fla)=1{b-a

0 otherwise )
EX:a+b b_a, . ...........................

2

(b— a)? . -
Var (X) =
ar (X) 19 a b

Exponential distribution

0 if <0
f(x)_{)\e” if >0
1
EX =
A
1

Var (X) = )2
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Normal distribution, N (u, 02?)-distribution (—oco < p < 00, 0 > 0)

A

_(@—w)? L

f(a:) = \/21”72 -e 252 V2ro?

(o0 <z < )

EX =pu
_ 2 . . .
Var (X) =0 p-o 4 pto z
Standardized normal distribution
T) = -e 2 EX =0, Var(X) =1
@)= ()
Logarithmic normal distribution
0 if <0
= ]. nT—p 2
/() e_l 2t if x>0
V2ro2x
2 ,2 A
EX =eHrt? ez2""
V2ro?
Var (X)) = e2uto” (e‘72 —1)
S z
EX—O’X EX EX“FO’)(
Weibull distribution (a >0, b >0, —00 < ¢ < 00)
0 if z<e¢
flx) = 1 fe-e
b ("E;C)b L () it > e
b A
EX:c—l—a-I’( *I;l)
Var (X)=a® [ (%)= 1% (*}1)]
x

¢ EX—oxEX EX+0x
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Beta distribution (p >0, ¢ > 0)

P71 — x)17t

fo<z<l1
f(z) = B(p,q)
0 otherwise
Ex= ?
p+q
Var (X) = P4

(r+q)2p+qg+1)

t-distribution with m degrees of freedom (m > 3)

m+1

= F(m;rl) N —00 < x <00
f(x)_\/wmf(’g) <1+m> ( < x <o)

EX =0, Var(X)= nﬁz
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F-distribution with (m,n) degrees of freedom (m >1, n>1)

0 if <0
f(x) — F m—+n m n m_1
( 2 )mQTLZ;UzmML it e 0,
r(3) I (3) (ntma)™
A
N 1.0 (mym) = (50,20)
n—2

2712 m-+n—2 0.5
n—4 m(n—2)2

(n>5)

Var (X) =

x2-distribution with m degrees of freedom (m > 1)

0 if <0 i
)= m_q _=

fly=y wiles oo

221 ()
EX =m
Var (X) = 2m : :

EX EX 10 15

Random vectors
If X1, Xo,..., X, are random variables (over one and the same sample space
2), then X = (X1,...,X,) is called a random vector, and X3, ..., X, are its
components. The function Fx : Fx(x1,...,2,) = P(X1 < 21,...,X,, < z,)

with (z1,...,2,) € R" is said to be the distribution function of X.

Properties
lim Fx(z1,...,%i,...,2n) =0, i=1,...,n,
T;——00
lim Fx(z1,...,2,) =1
xr] — 00
Ly — 00
%%Fx(xl,...,xi—kh,...,ajn):FX(xl,...,aji,...,a:n), i=1,....n
Fx,(x)= lm Fx(T1,. ., Ti—1,T,Tit1s---,Tn), i=1,....n

J# (marginal distribution functions)
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Independence
X1,..., X, are called independent if for any (x1,...,x,) € R" one has
Fx(x1,...,2n) = Fx,(21) - Fx,(x2) - ...  Fx, ()

Two-dimensional random vectors

e The vector X = (X7, X2) is called continuous (continuously distributed) if
there exists a density (function) fx such that the representation Fx (z1,z2) =

r1 %2 . O’Fx(x1,z
f f fX(t17t2) dtldtg, ($17$2) S ]R,2 hOldS, 1. €. 8);1(8;2 2) = fX(;vl,;vz).

The random variables X; (with density fx,) and X5 (with density fx,) are
independent if fx(x1,22) = fx,(x1) - fx,(x2) for all (z1,z,) € R

e X = (Xi,Xy) is called discrete (discretely distributed) with individual
probabilities p;; = P(X; = xgi), Xy = xéj)) if X; and Xo are discretely
distributed with individual probabilities p; = P(X; = a:gi)), 1=1,2,... and
g =P(Xy = a:gj)), j =1,2,..., respectively. The random variables X; and
Xy are independent if p;; = p; - ¢; for all 7,5 =1,2,...

First moments of two-dimensional random vectors

expected value discrete continuous
EX1 szgz)pw f f l‘lfx(l‘l,l‘g)dl‘ldl‘g
T g —00 —00
EX2 szgj)pw f f l‘gfx(l‘l,l‘g) dl‘ldl‘g
i g —00 —00

Second moments of two-dimensional random vectors

variances discrete continuous

x EJ(l Dij T1 EJ(l Jx\(T1,T2 d$1d$2
- E(‘il E)(l) i g ! 00 —o0

Var (Xz) = o, ) 2 TP 2
E(Xs—EX»)’ 2@ —EXo)’pi; [ [ (22—EX2)"fx (21, 22) dwidas
= 92— 2 i g —00 —00
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covariance:

cov (Xl, X2) = E(Xl — EXl)(XQ - EXQ) = E(XlXQ) — EX1 . EX2

> Z(xgl) - EXl)((Egj) — EXo)pij — discrete distribution
i

| [ (x1—EX1)(v2—EX2) fx (21, 22) dzidas — continuous distribution

— 00 —O0

Correlation

cov (X7, Xs) _cov (X1, Xo)

correlation coefficient
/Var (X1)Var (X) 0X,0X,

PX1X> =

e The correlation coefficient describes the (linear) interdependence between
the components X; and X of a random vector X = (X1, X5).

° _1 S pX1X2 S 1
o If px,x, =0, then X7, Xy are called uncorrelated.

e If Xy, X5 are independent, then they are uncorrelated.

Two-dimensional normal distribution

1
X\ \T1,T2) =
fx (@1, 22) 27‘1’0’10’2\/1—p2
1 (x1 —m)? 2p(ﬂfl — )@z —p2) (22— 112)?
% e 2(1—=p?) o? 0109 o3

density of the two-dimensional normal distribution with —oco < p1, s < 00;
01>0,00>0, —-1<p<1l; —00<T1,09 <00

Moments:

EXy =1, EXo = po,
Var (X;) = 0%,

Var (X3) = 03,

cov (X1, Xo) = poro2

0
0

i
ity
LI
lllllZZ‘llZz?
0

%
02000
LTINS
'4{":"{‘:,l‘t"toto}ﬁi:&
BRI
e
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Sums of two independent random variables

e If Xy and X, are independent discrete random variables with probabilities
pi = P(Xlzzvgl)), i=1,2,...,and g; = P(ng;vg]))7 j=1,2,... then

P+ Xe=y)= Y pig;.
i,j:zgl)-&-:v(é]):y
©)

=14, 1=1,2,...and zy’ =7, j=1,2,..., then

If, in particular, acgl)

k
P(X1+Xo=k)=YP(X; =) P(Xo=k—1i), k=1,2,...
1=1

e If X, Xy are independent continuous random variables with densities fx,
and fx,, then Y = X; + X5 is a continuous random variable with density

@) = T fr@)frly - de.

e In general, the relation E(X;+ X2) = EX;+EX5 is true. Moreover, under
independence one has Var (X; + X2) = Var (X;) + Var (X3).

Examples of sums of independent random variables
e If X; and X, are binomially distributed with (n1,p) and (n2,p), resp.,
then the sum X; + X» is binomially distributed with (ni + ns, p).

e If X; and X5 are Poisson distributed with A; and Ao, resp., then the sum
X1 + X5 is Poisson distributed with Ay + As.

e If X; and X, are normally distributed with (u1,0%) and (2, 05), resp., then
the linear combination a3 X7 + a9 X5 is normally distributed with (o1 +
Qapia, 030} +a303), where a1, as € R.

o If X; and X, are y2-distributed with m and n degrees of freedom, resp.,
then the sum X + X» is y2-distributed with m + n degrees of freedom.

Products of two independent random variables

e If Xy, X, are independent discrete random variables with probabilities
pi = P(Xlzacgl)), i=1,2,...,and ¢; = P(ng;tg]))7 j=1,2,..., then

P(X1-Xo=y) = > Piq; -

i,j:xgl)ﬁv(é]):y

e If X, Xy are independent continuous random variables with densities fx,
and fx,, resp., then Y = X - X is a continuous random variable with density

dx
||

fr(y) :ji fxi (%) fx, (i)
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Sample

By a mathematical sample of size n chosen from a parent population Mx
one understands a n-dimensional random vector X = (X,...,X,,) the com-
ponents of which are independent and distributed like X. Every realization
x = (x1,...,2,) of X is called a concrete sample.

Point estimates

Task: To obtain suitable approximation values for unknown parameters 6 of
a distribution or for functions g : @ — g(f) one uses estimates.

A sample function t,=T,(x) depending on a concrete sample x = (x1, ..., 2y,)
and used for the estimation of € is called an estimating value (estimator) for
0; notation: ¢, = () = 6. The sample function T}, = T,,(X) = (X)) of the
corresponding mathematical sample X is called a point estimate or estimating
Sfunction.

Properties of point estimates
o T, is called unbiased for g(0) if ET,, = g(0).

o (T)n=1,2,... is called asymptotically unbiased for g(8) if lim ET,, =g(0).

o (T)n=1,2,.. is called (weakly) consistent for g(6) if the relation
lim P(|T,, — g(0)| < &) =1 holds (¢ > 0 arbitrary).

Estimators for expected value and variance

t .
5:??; t(ina ted estimator remarks
ted val _ I : :
ine](é; value =T, = N 2; T; (arithmetic) mean
1=
variance 52— %2 _ 1 i(x B EX)Q application only if
0% = Var (X) n T n 4 - ! EX is known
i—
1 n
52 =s% = 1 (z; — x,)*> empirical variance
n—

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 17, © Springer-Verlag Berlin Heidelberg 2010
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Further estimators

probabilities of .
an event p=P(A)

h,(A) is the relative
frequency of A

covariance 1 &

Oxy = Ti—T ;— empirical covariance
oxy =cov (X,Y) XY = n l;( i =) (Yi—Yn) p
correlation . Oxy empirical correla-
coefficient pxy PXY \/sg( 5%/ tion coefficient

Maximum likelihood method for the construction of point estimates

Assumption: A distribution function F' is known except for the parameter
0=(01,...,0,) cOCR?

e The function 0 — L(0;x) = p(0;x1) - ... - p(0;x,) = ] p(0;x;) is
i=1

called the likelihood function belonging to the sample © = (x1,...,2,),

where

(0;2;) = density fx (z:), if X is continuous
PP %) = individual probability P(X = z;) if X is discrete.

e The quantity @ = 8(x) = (:,...,0,) such that L(0;x) > L(8;x) for
all @ € © is said to be a maximum likelihood estimator for 6.

o If L is differentiable with respect to 6, then () is a solution of
Oln L(6; x)
00,

=0, j=1,...,p (mazimum likelihood equations).

Method of moments

Assumption: A distribution function F' is known except for the parameter
0=(01,...,0,) € ©CRP

This method for construction of point estimates is based on the relations
between the parameters 61, ..., 6, and the central moments p, (r =2,3,...)

as well as the expected value p of the distribution function F. By replacing
n

I 1
w by f= " lel and - by fi, = " Zl(xl — 1) resp. in these relations
1= i=
and solving the related equations, one obtains the moment-estimates 6; =
T;(T?Ll,m27...,mp) for 9j7j:].,...,p.
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Confidence interval estimates

Task: To assess the accuracy of the estimate of an unknown parameter 6 of

a distribution one has to construct intervals, so-called confidence intervals,
which cover 6 by a large probability.

e A random interval I(X) = [g,(X); go(X )] with g, (X) < go(X) for the
parameter # depending on the mathematical sample X = (X7,
such that

LX)
P(gu(X) <0< go(X)) 2c=1-a

is called a two-sided confidence interval for 6 to the confidence level €
(0<e<1).

e For a realization  of X the interval I(x) = [g.(x); go(x)] is called a
concrete confidence interval for 6.

o If g, = —00 or g, = 400, then [—o0; go(X)] and [g,(X); 0], resp., are
said to be one-sided confidence intervals with
P(0 < go(X)) 2e and P(0 = gu(X)) > e.

One-sided confidence intervals for parameters of the normal distri-
bution

for the expected value p :

o2 known: (—oo; Ty + 21—a \7”} or
o2 unknown: (—oo;xn +ln—1:1—a jn} or

for the variance o2

L o*2
w1 known: [0; " 25 }
Xn;a

n- 8*2

or 9 ; 00
Xn;lfa
(n—1)-s?

or 9 ; 00
anl;lfoc

n n

. Zl(l“z —p? st = Z:l(ﬂfz — x,,)%; for the
i= i=

quantiles zq, tm.q, in;q see tables 1 b, 2, 6 on p. 1811

—1)-52
1 unknown: l(); (n—1)-s ]

2
anl;a

n
Here z, = } > a;, 2
i=1
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Two-sided confidence intervals for parameters of the normal distri-
bution

for expected value pu :

o
o2 known: [ajn —Z1_a

g
2 \/na xn+zl—g \/TL:|

o2 unknown:

S S
|:3f'n - tn—l;l—‘; \/nv Tn + tn—l;l—‘; \/TL:|

for variance o2 :

n - 8*2 n - 8*2
© known: 5 S
[ Xna-g  Xnig
[ 2 2
K . (n—=1)-s% (n—1)-s
1 unknown: 5 ; 5
L anl;lfg‘ anl;g‘

n

1 — 1 1 <
Here z,, = " ;xi, s*2 = " Z(a:l —p)?, $? = Z(mz — x,)%. For
1=

n—1
i=1 i=1
the quantiles zq, tm;q, xfn)q see tables 1 b, 2, 6 on p. 1811

Asymptotic confidence interval for probability p = P(A)
to the confidence level e =1 — «

1 22 z(n—x 22
[gu;go]: T+ q_zq\/ ( )+ 1

« ) . .
Here g =1 — 5’ while x describes how often the random event A occurs in
n trials.
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Statistical tests

Task: Statistical tests serve for the verification of so-called statistical hy-
potheses concerning the (completely or partially) unknown distributions F
by means of corresponding samples.

Assumption: FF=Fy, 06O
e Null hypothesis Hy : 0 € Oy (C O);
o Alternative hypothesis Hy : 0 € ©1 (C O\ Op)

e A hypothesis is called simple if Hy : 0 = 0y, i.e. ©g = {0y}, otherwise it is
called composite.

e A two-sided statement of the problem or two-sided test (problem) is dealt
with if Hy : 0 = 0y and Hy : 0 # 0y (i.e. 0 > 0y and 6 < 0y). A one-sided
statement of the problem is considered if either Hy : 6 < 6y and Hy : 6 > 6
or Hy:0 >0y and Hy : 0 < 0.

Significance test

1. Formulation of a null hypothesis Hy (and an alternative hypothesis
H, if necessary).

2. Construction of a test statistic T = T(X1,...,X,) for a mathematical
sample. (In this case the distribution of 7" must be known if Hy is true.)

3. Choice of a critical region K* (part of the range of the test statistic
T being as large as possible so that the probability p* for the case that
T takes values from K* is not greater than the significance level o (0 <
a < 1) if Hp is true; usually: o = 0.05; 0.01; 0.001).

4. Decision rule: If for some concrete sample (z1,...,2,) the value ¢ of
the test statistic T (i.e. t = T'(x1,...,xy)) isin K* (i.e. t € K*), then
Hy is rejected in favour of H;. In the other case there is no objection to
Hy.

Decision structure

decision real (unknown) situation
Hy is true Hy is not true
Hy is rejected error of first kind right decision
Hj is not rejected right decision error of second kind

with P(error of first kind) < a.
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Significance tests under normal distribution

One-sample problems: Let ¢ = (x4, .

..,Zn) be a sample of size n chosen

from a normally distributed parent population with expected value p and

variance o2.

hypotheses assump-  realization ¢
Hy H, tions of the test
variable T'
Gauss test
a) 1= o, 1 7# Ho
2
g Tn — Ko
<
b) M Ho, > fo known o \/n
) p > po, < po
simple t-test
a) W= po, K7 Ho
2
g Tn — MO
b) u <
) 1= tio, 14> po unknown s vn
) 1> po, i< o
a) o’2=0}, 0’#o}
*2
2452 52 42 H n-s
b) o°<og, 0° >0} known O_g
c) 0?>03, 0?<o}
chi-squared test
of variances
a) o’=0}, 0’#o}
—1) -2
2¢ 42 52> g2 K (n
b) " <ag, 07 >0 unknown o2

c) 02208, o2< 0(2)

a) two-sided, b) and ¢) one-sided problems

distribution
of T

N(0;1)

(m=n-—1)

(m=n-—1)

critical
region

[t] = 21-¢
tZ Zl—a

t<—z1_q

|t| > tnfl;lfg‘
t > tnfl;lfa

t S _tn—l;l—a

Vo ot< Xifl;g‘

2
t Z Xn—l;l—cx

2
t é Xn—l;a
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Two-sample problems: x = (z1,...,z,,) and @’ = (2,...,z],) are sam-
ples of size ny and ns, resp., chosen from two normally distributed parent
populations with expected values p; and pg and variances of and o3, resp.
(T — test statistic):

hypotheses realization distribution critical

Hy H; of T of T region
Difference method (assumptions: x, ’ dependent samples, ny =ng=n,
D=X—X"eN(up,0%), pp = p1—p2, 03 unknown)

a) pp=0,up#0 p o disteibut [t] = tn—11-3

b) up <0, pup>0 Vn - CISLHIDHEON t>th—1;1-a
Sp m=mn-—1 '

C) KD ZO,,LLD <0 t S _tn—l;l—a

Double t-test (assumptions: x, ' independent samples, X € N(u1,0?),
X! EN(H27 U%)a O'% = U%)

a) P = 2, 1 7 fh2 T TT2) |t| 2 tmﬂ*%‘

b) 1 <pa, p1 > po % t,,-distribution t2tmi—a
nin

) f1 > fha, 1 < p2 X\/ml—&-rfz m=ny+ng—2 t<—tmi-a

(sg s. below) (m=nitns—2)

Welch-Test (assumptions: x, ’ independent samples, X € N(uy,0?),
X/GN(,U,%J%), U% # U%)

approximately
a) pu1 = o, fi1 7 o t,,-distribution It > tma—s
) b1 < g, i1 > pr 2 .2 2 (o2t 2 tm;1—a
C) 1> g, g < fho o ["1—1+ n2—1 } t<—tmi-a
s1/n1

CcC =
s3/ni+s3/no

F-Test (x, ' independent samples, X € N(u1,0%), X’ € N(ua,03),
{1, p2 unknown)

2_ 2 2., 2
a) 01 =03,01#0% Fpoymy-distrib. £ 2 Fmumai—g or
’ < .
S%/S% (m1=n1—1) t—thmz,l*g
2 2 2 2 mo =ng — 1
b) 07 <03,07>03 ( ) t> Fo gl —a
c)0?>03,07<03  s3/s? Frngomy-distrib. — £> Frpp il —a

a) two-sided, b) and c) one-sided problems; here ng,x() and s? denote sample
size, arithmetic mean and empirical variance, resp., of the k-th sample, k = 1,2,
while d and s2 are the arithmetic mean and the empirical variance of the difference
series d; =x; —x}, i=1,2,...,n formed from the values of the dependent samples.

Furthermore s, = v/ [(n1 — 1)s3 + (n2 — 1)s3](n1 +ns — 2)~1.
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Rank statistics

Task: If the distribution of a population Mx is unknown (also: approxi-
mately), then point estimates and statistical tests are not based on concrete

samples, but on concrete ordered samples. If @ = (x1,...,2,) is a concrete
sample from My, one orders its values xx, k = 1,...,n, in an increasing
sense:

;vg) <z <. <z,

The n-tuple g(x) = (xEP, Lo )) is denoted as a concrete ordered sample.
In an analogous manner, g(X) = (XT(Ll)7 e 7XT(L")) is an ordered mathematical
sample based on X = (X1,...,X,,). Now, if one transposes * = (z1,...,Zy,)

to (95511)7 . (n)) one can define for each zj of  a rank number (or: rank)
Rg (zx) in the following sense:

ri = Rg(zp) = s iff xp, = 2.
In an analogous manner,

Ry :=Rg (Xp) =s iff Xp=X{).

Rank correlation coefficients

Measures of dependence of two random variables X and Y based on a related
sample ((X1,Y1),...,(X,,Y,)) and their rank numbers Ry (w.r.t. X) and Sy
(w.rt. Y) are

P=1- n36— n kZ:l(Rk - Sk)Q Sg;zﬁz?élgsciir;i{cient
and
T— 2Q Kendall’s rank
n%—n correlation coefficient
with

LA 1, R; < Ry, 1, S; < S,
SN RSk, Ra= Sir =
@= Rk y {—1, R: > Ry, y {—1, S > S

i=1 k=1
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Rank tests

Significance test for testing the hypothesis “The random variables X and Y
are independent” (for n > 10)

1.

Null hypothesis Hp: X and Y are independent.

. Test statistic: P* = Py/(n—2)(1 — P2)~t (P* is asymptotically ¢-

distributed with n — 2 degrees of freedom for n — oo if Hy is true)

Critical region (o — significance level):
K*={t:|t| >tn 21-5}

Decision rule: For a concrete sample ((x1,91), - .., (n, yn)) one calculates
n

N n—2 6 5 ; .
p:p\/l_p2Wlthpzl—nB_n;(rk—sk).pr € K*, then Hy
is to be rejected. Otherwise there is no objection to Hy.

Wilcozon test (Mann- Whitney test)

1.

Null hypothesis Hy: Fx = Fy (Fx,Fy — continuous distribution func-
tions of two independent random variables X and Y') with the alternative
hypothesis Hy : Fy () = Fx(x — 0) for all z € R und 6 # 0.

Test statistic (for m >4, n >4, m+ n > 20):

mn
= UT%
mn(m+n+1)
12

Here U is the number of inversions by a common ordering of the samples
(X4,..., X)) with respect to X and (Y7,...,Y,,) with respect to Y in an
increasing sense. An inversion of X and Y occurs if X; > Y.

Critical region (o — significance level):

K*={t:]t| > 2 5}

Decision rule: Order all m + n concrete sample values z1,..., T,
Y1, - .-, Yn in an increasing sense and calculate the number u of the inver-
sions “z; > y;” foralli=1,...,mand j=1,...,n. If
mn
w—
t= 2 € K",
mn(m+n—1)

12

then Hj is rejected in favour of H;. In the opposite case there is no
objection to Hy.
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X-test (von der Waerden test)

1. Null hypothesis Hy : Fix = Fy (Fx,Fy — continuous distribution func-
tions of two independent random variables X and Y') with the alternative
hypothesis Hy : Fy (x) = Fx(x — 0) for all x € R und 6 # 0.

2. Test statistic (for m +n > 50):

X
T —
m—Tl-n:—l Q
with
- Rg(X;)
X = J
(s
and
1 fiasg 1 2
Q_ﬁn+n'§;[w(m+n+l>}’
where

e ) = ¢~ ! (¢ — distribution function of the standard normal distribution,
cf. Table 1a)
e Rg (X)) is the rank (rank number) of X; if Xy,..., X,,,Y1,...,Y,, are
commonly ordered in an increasing sense.

3. Critical region:

K*:{t:|t|>z_¢}

4. Decision rule: Order all m + n concrete sample values z1,..., T,
Y1,...,Yy in an increasing order, calculate Rg (x;), j =1,...,m, as well
as the following values (using Table 1a):

o(REE) Y (R0 Gy

m+n-+1 m-+n-+1

and

1 1
=o' =1,... :
¢<m+n+1> (m—|—n+1> (i=1....m+n)
If

m Re ()
t= = € K*,
m+n X 2
\/(m+nr)ryim—n z; |:¢ (7n+ln+1):|

then Hj is rejected. In the opposite case t ¢ K* there is no objection to
Hy.
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Analysis of variance (ANOVA)

Task: The analysis of variance is a statistical technique for analyzing mea-
surements, quantitative results of observations and experiments depending
on several kinds of effects (factors) operating simultaneously, to decide which
kinds of effects are important and to estimate the effects (factors). The Eisen-
hart classification is based on two models: the fixed (effects) model (Model
I) and the random (effects) model (Model IT).

Model I (one-way classification):

1. Task: Comparison of the means of several (univariate) populations given
by p different levels of a single factor A

2. Experimental design:

i k — replicated experiments
|
Yyir Y2 ... Yin,
levels of 2 Y21 Y22 oo Y2ny
factor A
P ypl yp2 oo ypnp
The values y;x, k = 1,...,n;; 4 = 1,...,p, are the results of an experi-

ment.

3. Mathematical model: The n (= n1 + ... 4+ n,) observed values y;;, are
considered as realizations of p mathematical samples (Y;,,..., Y, ), i =
1,...,p, with

Yik =p+o; + Ei (k‘ZI,...,ni,iZL...,p),

where:

e i € R (“general mean”),
e a; € R (“special effects”), e E;;, — independent normally distributed

random variables with E(E;x) = 0, Var(E;,) = 02, 0 > 0 (“observation
error”).

4. Null hypothesis Ha: aq = ... = o, (identity of effects of factors A in all
levels)
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5. Test statistic:

— SQA MQA SQA SQR
FonoP SQA_MQA . SQA . SQ
p—1 SQR MQR p—1 n—op
with
P ng
y. =1} Z Z (“total mean”)
Y. = ! Z Yik (“level mean”)
k=1
n; P
SQG = E E( ik — )2, SQA = Enl(Yz —Y..)Q
i=1 k=1 i=1
4 g
SQR = SQG—-SQA= S (Y —Y4)?
i=1k=1
6. Critical region:
T={t]t> prl,nfp;lfa}
(cf. Tables 4a and 4b).
7. Decision rule (analysis of variance table):
source of realization degrees of free-  realizations
variation of SQ. dom of 5Q. of MQ.
between treat- D saa
ment groups sqa = ; (v = y-)’ p—1 mga = 1
ithin treat- P o
Xlentmgr(l;flzs sq’r’:Z; kgl(y“@ - yi~)2 N-—p mqr = N‘ip
total sqg = sqa + sqr N—-1=
(p—1)+(N—-p)

Here y.., y;., mga, and mgqr are the realizations of Y., Y;., MQA and
MQ@QR resp. of a concrete experiment. The hypothesis Hy4 is rejected
(“the levels of factor A influence the results of the experiment”) if
mqa
1 ¢ k.
mqr

In the opposite case there is no objection to H 4.
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Model II (one-way classification):

1. Task: Analysis of random effects of a factor A in p levels with respect to
experimental results

2. Experimental design (see: Model I with n; = m = const)

3. Mathematical model: The observed or measured values y;; are considered
as realizations of p mathematical samples (Yi1,...,Yim), ¢ = 1,...,p,
with

Yie=p+Ai+Eyp (E=1,....m;i=1,...,p),

where:

o 1 € R (“total mean”)

e A; — normally distributed random variables (“random effect of the i-th
level”) with EAl =0 and EAZAZ/ = 51'1'/0'124 (5“/ =1fori= i/, 51'1'/ =0 for
i # i'; Kronecker symbol)

e F;;, — normally distributed random variables (“observation or measure-
ment error” ) with EE;x = 0, E(Eiy By ) = 8410k 0%, and E(Ejp Ay) =0
fori,i’! =1,....,p; k=1,...m.

4. Null hypothesis H: 6% = 0 (the variability of experimental data is not
influenced by the different levels of factor A)

5. Test statistic:
n—p SQA  MQA
p—1 SQR MQR

with n = pm (SQA, SQR, MQA, MQR see Model I with n; = m,
i=1,...,p)

f:

6. Critical region:
K*={t:t> Fyprnpioa)
(cf. Tables 4a and 4b).
7. Decision rule (analogously to Model I): The hypothesis H is rejected

(“the variability of experimental data is influenced by the different levels

of factor A”) if
At e g
mqr

In the opposite case there is no objection to H.
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Analysis of covariance

Task: The analysis of covariance is a statistical method which includes analy-
sis of variance, methods of analyzing the qualitative effects of some factors as
well as anaylsis of regression methods of quantitative effects of independent
variables to dependent variables.

1. Task: Analysis of the effects of two factors A and B (with p and ¢ levels,
resp.) with respect to experimental data Y influenced by a non-random
factor Z.

2. Experimental design:

) levels of factor B
Il k- 1 2 . q
1 (Y11, 211) (y12,212) -+ (Y1g) 219)
levels of
factor A
p (ypla Zpl) (yp27 Zp2) e (ypqa qu)
The values y;. (i =1,...,p; k=1,...,q) are the observed scores corre-

sponding to the i-th level of A and to the k-th level of B. The values z;
are the concrete values of the so-called concomitant variable Z.

3. Mathematical model: The n (= pq) experimental data y;; are considered
as realizations of mathematical samples Yi, (i =1,...,p;k=1,...,¢q) of
the form

Yie = po+ o + B + (2 — 2.) + cik
with the fixed values p, o;, i = 1,...p, B, bk = 1,...,q, v, 2 =

1 P
ZZzik and the independent normally distributed random vari-

Pe i =

ables g, with E(g;) = 0 and Var(e;,) = o2 for all i,k (u can be in-

terpreted as the “total mean”, «; as the special effect due to the i-th

level of A, B; as the special effect due to the k-th level of B and e;; as

experimental error).

P a

Without loss of generality one supposes >, «; = 0 and Y. B = 0. The
i=1 k=1

parameter y can be considered as a regression coefficient with respect to

random variables Y and Z.
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The following problems are solved by the methods of covariance analysis:

1. Find an unbiased estimator for ~.
2. Test the hypothesis H: vy = 0 and construct a confidential region for ~.

3. Test the hypothesis Ha : a; = 0,4 = 1,...,p (the effects of all levels of
factor A are equal), and Hp : B, = 0, k = 1,...,q (the effects of a evels of
factor B are equal).

One introduces the following sample functions (statistics) and expressions:

i=1 k=1 i=1 k=1
1< 1<
Y’L - ZK’(H 2. = Zzzk
" =1
1< 1<
Y= ZYik, ZE = Zzlk
P i=1
p q 9 P q 9
SQGy = > > (Y —Y.)%, sq9z = > > (2ik — 2.)
i=1 k=1 i=1k=1
SQAy =q Y (Yi —Y.)%, sqaz = q ) (2. — 2.)?
i=1 =1
SQBy = Z(Yk— 22 sqbzy = pz( zrp—2.)2

p q P q
SQRy => > (Y=Y =Y ,+Y )2 sqrz=> > (zi—zi—zp+2.)>
i=1 k=1 i=1 k=1

SQGyz =3 3 (Yie - Y.)(z — 2.)

i=1k=1

p

SQAyz=q 3 (Yi —Y )(2i. — z.)

i=1

SQByy = pki:l(Y,k Y )er—2)

p q
SQRyz=>, > Y=Y, =Y, +Y ) zix —2zi. —zr+2.).
=1 k=1
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1st problem:

SQRy z
) sqrz
Var(7) = sZrz‘ If the hypotheses Hy : a; =0,i=1,...,p,and Hp : B, =0,
k=1,...,q, resp., are true, then

The quotient v = is an unbiased estimator of v with the variance

5 _ SQRyz + SQAyz

. SQRyz+SQByz
YA and Ap =

sqrz + sqaz sqrz + sqbz
are unbiased estimators of v with

o? o?

Var(74) = and Var(yg) = .
() sqrz + sqaz (e) sqrz + sqbz
2nd problem:

The construction of a test statistic for the hypothesis H : v+ = 0 and a
confidential region for v is based on the sample function

Y=
V/Var3)
with

Gty = SRy — S5
T sgr.(pg—p—q)

which is ¢t-distributed with pg — p — g degrees of freedom.

3rd problem:
The hypotheses Hq and Hp resp. can be tested with the statistics

pg—p—q SQAy —7a(SQAyz +SQRyz)+7 - SQRyz

p_]- SQRY—’/Y\'SQRYZ
and
pg—p—q SQBy —75(SQByz+ SQRyz)+7-SQRyz
q—1 SQRy —7-SQRyz ’

which are F-distributed with (p —1,pg—p—¢q) and (¢ — 1,pq—p— q) degrees
of freedom, resp., if H4 and Hp resp. are true.
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Table 1a Distribution function @(x) of the standard normal distribution

x 0.00 0.01 0.02 0.03 0.04
0.0 .500000 503989 507978 511966 515953
0.1 .539828 543795 547758 51717 555670
0.2 579260 .583166 587064 590954 .594835
0.3 617911 621720 .625516 629300 633072
0.4 .655422 .659097 662757 666402 .670031
0.5 691462 .694974 .698468 701944 705401
0.6 125747 .729069 732371 735653 738914
0.7 758036 761148 764238 767305 770350
0.8 788145 .791030 793892 796731 799546
0.9 .815940 .818589 821214 .823814 .826391
1.0 .841345 .843752 .846136 .848495 .850830
1.1 .864334 .866500 .868643 870762 872857
1.2 .884930 .886861 .888768 .890651 .892512
1.3 903200 904902 906582 908241 909877
1.4 919243 920730 922196 923641 925066
1.5 933193 .934478 935745 936992 938220
1.6 945201 946301 947384 .948449 .949497
1.7 955435 956367 957284 958185 959070
1.8 .964070 964852 965620 966375 967116
1.9 971283 971933 972571 973197 973810
2.0 977250 977784 978308 978822 979325
2.1 982136 982571 982997 983414 983823
2.2 986097 986447 986791 987126 987455
2.3 989276 989556 989830 990097 990358
24 991802 992024 992240 992451 992656
2.5 993790 993963 994132 994297 .994457
2.6 995339 995473 995604 995731 995855
2.7 996533 996636 996736 996833 996928
2.8 997445 997523 997599 997673 997744
2.9 998134 998193 998250 998305 998359
3.0 998650 998694 998736 998777 998817
x 0.00 0.01 0.02 0.03 0.04

B. Luderer et al., Mathematical Formulas for Economists, 4th ed.,
DOI 10.1007/978-3-642-04079-5 18, © Springer-Verlag Berlin Heidelberg 2010
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Table 1 a (continued) Distribution function @(x) of the standard normal
distribution

x 0.05 0.06 0.07 0.08 0.09
0.0 .519938 523922 527903 531881 .535856
0.1 559618 563559 567495 571424 575345
0.2 .598706 .602568 .606420 .610261 .614092
0.3 .636831 .640576 .644309 .648027 651732
0.4 673645 677242 .680822 .684386 687933
0.5 708840 712260 715661 719043 722405
0.6 742154 745373 748571 751748 754903
0.7 173373 776373 779350 782305 785236
0.8 .802338 .805105 807850 .810570 813267
0.9 .828944 831472 833977 836457 838913
1.0 853141 .855428 .857690 .859929 .862143
1.1 874928 876976 .879000 .881000 882977
1.2 .894350 .896165 .897958 899727 901475
1.3 911492 913085 914657 916207 917736
1.4 926471 927855 929219 930563 931888
1.5 939429 .940620 941792 942947 .944083
1.6 950529 951543 952540 953521 .954486
1.7 959941 960796 961636 962462 963273
1.8 967843 968557 969258 969946 970621
1.9 974412 975002 975581 976148 976705
2.0 979818 980301 980774 981237 981691
2.1 984222 984614 984997 985371 985738
2.2 987776 988089 988396 988696 .988989
2.3 990613 990863 991106 991344 991576
24 992857 993053 993244 993431 993613
2.5 994614 994766 994915 995060 995201
2.6 995975 996093 996207 996319 996427
2.7 997020 997110 997197 997282 997365
2.8 997814 997882 997948 998012 998074
2.9 998411 998462 998511 998559 998605
3.0 998856 998893 998930 998965 998999

x 0.05 0.06 0.07 0.08 0.09
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Table 1 b  Quantiles z, of the standard normal distribution

q

0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9

Table 2

@OO\]CTJU‘%CO[\’H—A%

Zq

0

0.12566
0.25335
0.38532
0.52440

0.67449
0.84162
1.03644
1.28155

Quantiles t,,., of the t-distribution

0.9

3.08
1.89
1.64
1.53
1.48
1.44
1.41
1.40
1.38

1.37
1.36
1.36
1.35
1.35
1.34
1.34
1.33
1.33
1.33

1.33
1.32
1.32
1.32
1.32
1.32
1.31
1.31
1.31
1.31

1.31
1.30

1.29
1.28

0.95

6.31
2.92
2.35
2.13
2.02
1.94
1.89
1.86
1.83

1.81
1.80
1.78
1.77
1.76
1.75
1.75
1.74
1.73
1.73

1.72
1.72
1.72
1.71
1.71
1.71
1.71
1.70
1.70
1.70

1.70
1.68

1.66
1.64

q

0.91
0.92
0.93
0.94
0.95

0.955
0.96
0.965
0.97

0.975

12.71
4.30
3.18
2.78
2.57
2.45
2.36
2.31
2.26

2.23
2.20
2.18
2.16
2.14
2.13
2.12
2.11
2.10
2.09

2.09
2.08
2.07
2.07
2.06
2.06
2.06

2.05
2.05

2.04
2.02
2.00
1.98
1.96

Zq

1.34076
1.40507
1.47579
1.55478
1.64485

1.69540
1.75069
1.81191
1.88080

0.99

31.82
6.96
4.54
3.75
3.36
3.14
3.00
2.90
2.82

2.76
2.72
2.68
2.65
2.62
2.60
2.58
2.57
2.55
2.54

2.53
2.52
2.51
2.50
2.49
2.49
2.48
2.47
2.46
2.46

2.46
2.42
2.39
2.36
2.33

q

0.975

0.98

0.985

0.99

0.995

0.99865

0.999

0.9995

0.999767

0.995 0.999

63.7 318.3
9.92 22.33
5.84 10.21
4.60 717
4.03 5.89
3.7 5.21
3.50 4.79
3.36 4.50
3.25 4.30
3.17 4.14
3.11 4.02
3.05 3.93
3.01 3.85
2.98 3.79
2.95 3.73
2.92 3.69
2.90 3.65
2.88 3.61
2.86 3.58
2.85 3.55
2.83 3.53
2.82 3.50
2.81 3.48
2.80 3.47
2.79 3.45
2.78 3.43
2.77 3.42
2.76 3.41
2.76 3.40
2.75 3.39
2.70 3.31
2.66 3.23
2.62 3.16
2.58 3.09

Zq

1.95996
2.05375
2.17009
2.32635
2.57583

3.00000
3.09023
3.29053
3.50000

0.9995

636.6
31.6

8.61
6.87
5.96
5.41
5.04
4.78

4.59
4.44
4.32
4.22
4.14
4.07
4.01
3.97
3.92
3.88
3.85
3.82
3.79
3.77
3.75
3.73
3.71

3.67
3.66
3.65
355
3.37
3.29
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Tables

Table 3 Probability density ¢(z) of the standardized normal distribution

0,0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9

1,0
1,1
1,2
1,3
1,4
15
1,6
1,7
1,8
1,9

2,0
2,1
2,2
2,3
2,4
2,5
2,6
2,7
2,8
2,9

3,0
3,1
3,2
3,3
3,4
3,5
3,6
3,7
3,8
3,9

0,3989
3970
3910
3814
3683
3521
3332
3123
2897
2661

0,2420
2179
1942
1714
1497
1295
1109
0940
0790
0656

0,0540
0440
0355
0283
0224
0175
0136
0104
0079
0060

0,0044
0033
0024
0017
0012
0009
0006
0004
0003
0002

3989
3965
3902
3802
3668
3503
3312
3101
2874
2637

2396
2155
1919
1691
1476
1276
1092
0925
0775
0644

0529
0431
0347
0277
0219
0171
0132
0101
0077
0058

0043
0032
0023
0017
0012
0008
0006
0004
0003
0002

3989
3961
3894
3790
3653
3485
3292
3079
2850
2613

2371
2131
1895
1669
1456
1257
1074
0909
0761
0632

0519
0422
0339
0270
0213
0167
0129
0099
0075
0056

0042
0031
0022
0016
0012
0008
0006
0004
0003
0002

3

3988
3956
3885
3778
3637
3467
3271
3056
2827
2589

2347
2107
1872
1647
1435
1238
1057
0893
0748
0620

0508
0413
0332
0264
0208
0163
0126
0096
0073
0055

0040
0030
0022
0016
0011
0008
0005
0004
0003
0002

4

3986
3951
3876
3765
3621
3448
3251
3034
2803
2565

2323
2083
1849
1626
1415
1219
1040
0878
0734
0608

0498
0404
0325
0258
0203
0158
0122
0093
0071
0053

0039
0029
0021
0015
0011
0008
0005
0004
0003
0002

5

3984
3945
3867
3752
3605
3429
3230
3011
2780
2541

2299
2059
1826
1604
1394
1200
1023
0863
0721
0596

0488
0396
0317
0252
0198
0154
0119
0091
0069
0051

0038
0028
0020
0015
0010
0007
0005
0004
0002
0002

6

3982
3939
3857
3739
3589
3410
3209
2989
2756
2516

2275
2036
1804
1582
1374
1182
1006
0848
0707
0584

0478
0387
0310
0246
0194
0151
0116
0088
0067
0050

0037
0027
0020
0014
0010
0007
0005
0003
0002
0002

7

3980
3932
3847
3725
3572
3391
3187
2966
2732
2492

2251
2012
1781
1561
1354
1163
0989
0833
0694
0573

0468
0379
0303
0241
0189
0147
0113
0086
0065
0048

0036
0026
0019
0014
0010
0007
0005
0003
0002
0002

8

3977
3925
3836
3712
3555
3372
3166
2943
2709
2468

2227
1989
1758
1539
1334
1145
0973
0818
0681
0562

0459
0371
0297
0235
0184
0143
0110
0084
0063
0047

0035
0025
0018
0013
0009
0007
0005
0003
0002
0001

9

3973
3918
3825
3697
3538
3352
3144
2920
2685
2444

2203
1965
1736
1518
1315
1127
0957
0804
0669
0551

0449
0363
0290
0229
0180
0139
0107
0081
0061
0046

0034
0025
0018
0013
0009
0006
0004
0003
0002
0001



Table 4a
mi

ns\ 1
1 161
2 18.5
3 10.1
4 7.71
5 4.68
6 5.99
7 5.59
8 5.32
9 5.12
10 4.96
11 4.84
12 4.75
13 4.67
14  4.60
15 4.54
16 4.49
17  4.45
18  4.41
19 4.38
20  4.35
21 4.32
22 4.30
23 4.28
24 4.26
25 4.24
1
26 4.23
27 4.21
28  4.20
29  4.18
30  4.17
32  4.15
34  4.13
36 4.11
38 4.10
40  4.08
42 4.07
44 4.06
46 4.05
48  4.04
50 4.03
55  4.02
60  4.00
65  3.99
70 3.98
80  3.96
100 3.94
125 3.92
150 3.90
200 3.89
400  3.86
1000 3.85
oo 3.84

Quantiles of the F-distribution

Quantiles Fy,, m,;q of the F-distribution for ¢ = 0.95

2

200
19.0
9.55
6.94
4.64

5.14
4.74
4.46
4.26
4.10

3.98
3.89
3.81
3.74
3.68

3.63
3.59
3.55
3.52
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Table 4a (continued) Quantiles Fy,, .. 4 of the F-distribution for ¢=0.95

mi

ma 12 14 16 20 30 50 75 100 500 00
1 244 245 246 248 250 252 253 253 254 254
2 194 194 194 194 195 195 195 195 195 195
3 874 871 869 866 862 858 856 855 853 8.53
4 591 587 584 580 575 570 568 566 564 5.63
5 468 464 460 456 450 444 442 441 437 4.36
6 400 396 392 387 381 375 372 371 3.68 3.67
7T 357 353 349 344 338 332 329 327 324 3.23
8§ 328 324 320 315 3.08 3.02 3.00 297 294 293
9 3.07 3.03 299 293 28 280 277 276 2.72 271

10 291 286 283 277 270 264 261 259 255 254

11 279 274 270 265 257 251 247 246 242 240
122,69 264 260 254 247 240 236 235 231 230
13 2,60 255 251 246 238 231 228 226 222 221
14 253 248 244 239 231 224 221 219 214 213
15 248 242 238 233 225 218 214 212 208 2.07

16 242 237 233 228 219 212 209 207 202 201
17 238 233 229 223 215 208 204 202 197 1.96
18 234 229 225 219 211 204 200 198 193 192
19 231 226 221 215 207 200 196 194 1.89 1.88
20 228 222 218 212 204 197 193 191 186 184

21 225 220 216 210 201 194 190 188 1.82 1.81
22 223 217 213 207 198 191 187 185 180 1.78
23 220 215 211 205 196 1.8 184 182 1.77 1.76
24 218 213 209 203 194 18 182 180 1.75 1.73
25 216 211 207 201 192 184 180 1.78 1.73 1.71

12 14 16 20 30 50 75 100 500 o0

26 215 209 205 199 190 182 178 1.76 1.71 1.69
27 213 208 204 197 1.8 1.8 1.76 1.74 1.68 1.67
28 212 206 202 196 1.87 1.79 1.75 1.73 1.67 1.65
29 210 205 201 194 18 177 173 171 165 1.64
30 209 204 199 193 184 176 1.72 170 1.64 1.62

32 207 201 197 191 182 174 169 167 161 1.59
34 205 199 19 1.8 1.80 1.71 167 165 159 1.57
36 203 198 193 1.87 1.78 169 165 162 156 1.55
38 202 19 192 1.8 1.76 1.68 163 161 154 1.53
40 200 195 190 184 174 166 161 159 153 1.51

42 199 194 18 183 173 165 160 1.57 1.51 149
44 198 192 18 181 172 1.63 158 156 149 148
46 197 191 187 180 171 1.62 1.57 1.55 148 1.46
48 196 190 18 179 170 1.61 156 1.54 147 145
50 195 1.8 18 178 169 160 155 152 146 1.44

55 193 1.8 183 176 1.67 158 153 1.50 143 141
60 192 18 182 175 165 156 1.51 148 141 1.39
65 190 1.8 180 1.73 1.63 154 149 146 139 1.37
70 189 1.84 1.79 1.72 162 153 148 145 137 1.35
80 1.88 1.82 177 170 160 151 145 143 135 1.32

100 1.8 179 175 1.68 1.57 148 142 139 131 1.28
125 183 177 173 166 155 145 140 136 1.27 1.25
150 182 176 171 1.64 153 144 138 134 125 1.22
200 180 1.74 169 162 152 141 135 1.32 1.22 1.19
400 1.78 1.72 167 160 149 138 1.32 1.28 1.17 1.13
1000 176 1.70 165 158 147 136 130 1.26 1.13 1.08

oo 175 169 164 157 146 135 1.28 124 111 1.00



Quantiles of the F-distribution

Table 4b  Quantiles F;,, ;4 of the F-distribution for ¢ = 0.99
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Table 4b (continued) Quantiles F},, i, 4 of the F-distribution for ¢=0.99

Y12 14 16 20 30 50 75 100 500 oo
6106 6143 6170 6209 6261 6302 6324 6334 6360 6366
99.4 994 994 994 995 995 995 995 995 995
27.1 269 268 267 265 264 263 262 261 26.1
144 143 142 140 138 137 136 13.6 135 135
9.80 977 9.68 955 938 924 917 913 904 9.02

772 760 752 740 723 709 702 699 690 6.88
6.47 636 627 6.16 599 586 579 575 567 5.65
5.67 556 548 536 520 5.07 500 496 4.88 4.86
5.11  5.00 4.92 4.81 4.65 452 445 442 433 431
471  4.60 452 441 425 412 405 4.01 393 3091

440 429 421 410 394 381 374 371 362 3.60
416 4.05 397 386 3.70 3.57 349 347 3.38 3.36
396 3.8 378 366 351 338 331 327 319 3.17
3.80 370 3.62 351 335 322 315 311 3.03 3.00
3.67 356 349 337 321 3.08 3.01 298 289 287

3,55 345 337 326 310 297 290 286 2.78 2.75
346 335 327 316 3.00 287 280 276 2.68 2.65
337 327 319 3.08 292 278 271 2,68 259 257
330 319 312 3.00 284 271 264 260 251 249
323 313 3.05 294 278 264 257 254 244 242

3

DO = = = = = =
QOO U W OO0 ULk W=

21 317  3.07 299 288 272 258 251 248 238 2.36
22 312 3.02 294 283 267 253 246 242 233 231
23 3.07 297 289 278 262 248 241 237 228 2.26
24 3.03 293 285 274 258 244 237 233 224 221
25 299 289 281 270 254 240 233 229 219 217

12 14 16 20 30 50 75 100 500 00

26 296 286 278 266 250 236 229 225 216 2.13
27 293 282 275 263 247 233 225 222 212 210
28 290 280 272 260 244 230 223 219 209 2.06
29 287 277 269 257 241 227 220 216 2.06 2.03
30 284 274 266 255 239 225 217 213 203 201

32 280 270 262 250 234 220 212 208 198 1.96
34 276 266 258 246 230 216 208 204 194 191
36 272 262 254 243 226 212 204 200 190 1.87
38 269 259 251 240 223 209 201 197 186 1.84
40 266 256 248 237 220 206 198 194 183 1.80

42 264 254 246 234 218 203 198 191 1.80 1.78
44 262 252 244 232 215 201 193 189 178 1.75
46 2.60 250 242 230 213 199 191 18 1.76 1.73
48 258 248 240 228 212 197 189 184 173 1.70
50 256 246 238 226 210 195 187 182 1.71 1.68

55 253 242 234 223 206 191 183 1.78 1.67 1.64
60 250 239 231 220 203 188 179 1.7 1.63 1.60
65 247 237 229 218 200 18 1.76 1.72 1.60 1.57
70 245 235 227 215 198 183 174 1.70 1.57 1.54
80 242 231 223 212 194 179 170 1.65 1.53 1.49

100 237 227 219 207 1.89 174 165 160 147 143
125 233 223 215 203 1.8 169 1.60 1.55 1.41 1.37
150 231 220 212 200 1.83 1.67 157 152 138 1.33
200 227 217 209 197 179 163 153 148 1.33 1.28
400 223 213 204 192 1.74 158 148 142 125 1.19
1000 2.20 210 2.02 190 1.72 154 144 138 1.19 1.11

co 218 208 200 1.8 1.70 1.52 142 136 1.15 1.00



Table 5

R0l

0

N O O e W N =

0,904837
0,090484
0,004524
0,000151
0,000004

X 0.8

0
1
2
3
4
)
6
7
8
9

10
11
12
13
14
15

0,449329
0,359463
0,143785
0,038343
0,007669
0,001227
0,000164
0,000019
0,000002

Probabilities py, = A

0,2

0,818731
0,163746
0,016375
0,001091
0,000055
0,000002

0,9
0, 406570
0,365913
0,164661
0,049398
0,011115
0,002001
0,000300
0,000039
0,000004
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k
k!

0,3

0,740818
0,222245
0,033337
0,003334
0,000250
0,000015
0,000001

1,0
0,367879
0,367879
0,183940
0,061313
0,015328
0,003066
0,000511
0,000073
0,000009
0,000001

0,4

0,670320
0,268128
0,053626
0,007150
0,000715
0,000057
0,000004

15
0,223130
0,334695
0,251021
0,125510
0,047067
0,014120
0,003530
0,000756
0,000142
0,000024
0,000004

0,5

0,606531
0,303265
0,075816
0,012636
0,001580
0,000158
0,000013
0,000001

2,0

0,135335
0,270671
0,270671
0,180447
0,090224
0,036089
0,012030
0,003437
0,000859
0,000191
0,000038
0,000007
0,000001

e~ of the Poisson distribution

0,6

0,548812
0,329287
0,098786
0,019757
0,002964
0,000356
0,000036
0,000003

2,5
0,082085
0,205212
0,256516
0,213763
0,133602
0,066801
0,027834
0,009941
0,003106
0,000863
0,000216
0,000049
0,000010
0,000002

0,7

0,496585
0,347610
0,121663
0,028388
0,004968
0,000696
0,000081
0,000008

3,0
0,049787
0,149361
0,224042
0,224042
0,168031
0,100819
0,050409
0,021604
0,008101
0,002701
0,000810
0,000221
0,000055
0,000013
0,000003
0,000001
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/\k
Table 5 (continued) Probabilities p, = X e of the Poisson distribution

K 4,0 5,0 6,0 7.0 8,0 9,0 10,0

0 0,018316 0,006738 0,002479 0,000912 0,000335 0,000123 0,000045
0,073263 0,033690 0,014873 0,006383 0,002684 0,001111 0,000454
0,146525 0,084224 0,044618 0,022341 0,010735 0,004998 0,002270
0,195367 0,140374 0,089235 0,052129 0,028626 0,014994 0,007567
0,195367 0,175467 0,133853 0,091226 0,057252 0,033737 0,018917
0,156293 0,175467 0,016623 0,127717 0,091604 0,060727 0,037833
0,104196 0,146223 0,160623 0,149003 0,122138 0,091090 0,063055
0,059540 0,104445 0,137677 0,149003 0,139587 0,117116 0,090079
0,029770 0,065278 0,103258 0,130377 0,139587 0,131756 0,112599
0,013231 0,036266 0,068838 0,101405 0,124077 0,131756 0,125110

© 00 N O Ot = W N =

10 0,005292 0,018133 0,041303 0,070983 0,099262 0,118580 0,125110
11 0,001925 0,008242 0,022529 0,045171 0,072190 0,097020 0,113736
12 0,000642 0,003434 0,011264 0,026350 0,048127 0,072765 0,094780
13 0,000197 0,001321 0,005199 0,014188 0,029616 0,050376 0,072908
14 0,000056 0,000472 0,002228 0,007094 0,016924 0,032384 0,052077
15 0,000015 0,000157 0,000891 0,003311 0,009026 0,019431 0,034718
16 0,000004 0,000049 0,000334 0,001448 0,004513 0,010930 0,021699
17 0,000001 0,000014 0,000118 0,000596 0,002124 0,005786 0,012764

18 0,000004 0,000039 0,000232 0,000944 0,002893 0,007091
19 0,000001 0,000012 0,000085 0,000397 0,001370 0,003732
20 0,000004 0,000030 0,000159 0,000617 0,001866
21 0,000001 0,000010 0,000061 0,000264 0,000889
22 0,000003 0,000022 0,000108 0,000404
23 0,000001 0,000008 0,000042 0,000176
24 0,000003 0,000016 0,000073
25 0,000001 0,000006 0,000029
26 0,000002 0,000011
27 0,000001 0,000004
28 0,000001

29 0,000001
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Table 6 Quantiles sz;q of the x2-distribution

N 0.005 0.01 0.025 0.05 0.1 0.9 095 0975 0.99 0.995

1) 2 ) ) () 271 38 502 663 7.88
0.0100 0.020 0.051 0.103 021 461 599 7.38 921 10.60
0.0717 0.115 0.216 0.352 0.58 6.26  7.81 9.35 11.34 12.84
0.207 0.297 0.484 0.711 1.06 7.78 9.49 11.14 13.28 14.86
0.412 0.554 0.831 1.15 1.61 9.24 11.07 12.83 15.09 16.75
0.676 0.872 1.24 1.64 2.20 10.64 12.59 14.45 16.81 18.55
0989 1.24 1.69 2.17 2.83 12.02 14.07 16.01 18.48 20.28

1.34 1.65 218 273 349 13.36 1551 17.53 20.09 22.96

1.73 2.09 270 3.33 4.17 14.68 16.92 19.02 21.67 23.59

© 00 O Ui W N+

2.16 256 3.25 3.94 487 1599 18.31 2048 23.21 25.19
2.60 3.06 3.82 4.57 5.58 17.28 19.68 21.92 24.73 26.76
3.07 3.57 440 5.23 6.30 1855 21.03 23.34 26.22 28.30
3.57 411 5.01 5.89 7.04 1981 2236 24.74 27.69 29.82
4.07 4.66 5.63 6.57 7.79 21.06 23.68 26.12 29.14 31.32
4.60 523 6.26 7.26 8.55 2231 25.00 2749 30.58 32.80
514 581 691 7.96 931 2354 26.30 28.85 32.00 34.27
5.70 6.41 7.56 8.67 10.09 24.77 27.59 30.19 33.41 35.72
6.26 7.01 8.23 9.39 10.86 25.99 28.87 31.53 34.81 37.16
6.84 7.63 891 10.12 11.65 27.20 30.14 32.85 36.19 38.58

= = = e e e e e
© 00 O Ui W +—O

DO
o

743 8.26 9.59 10.85 12.44 2841 31.41 34.17 37.57 40.00
8.03 8.90 10.28 11.59 13.24 29.62 32.67 3548 38.93 41.40
8.64 9.54 10.98 12.34 14.04 30.81 33.92 36.78 40.29 42.80
9.26 10.20 11.69 13.09 14.85 32.01 35.17 38.08 41.64 44.18
9.89 10.86 12.40 13.85 15.66 33.20 36.42 39.36 42.98 45.56
10.52 11.52 13.12 14.61 16.47 34.38 37.65 40.65 44.31 46.93
11.16 12.20 13.84 15.38 17.29 35.56 38.89 41.92 45.64 48.29
11.81 12.88 14.57 16.15 18.11 36.74 40.11 43.19 46.96 49.64
12.46 13.56 15.31 16.93 18.94 37.92 41.34 44.46 48.28 50.99
13.12 14.26 16.05 17.71 19.77 39.09 42.56 45.72 49.59 52.34
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13.79 14.95 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67
20.71 22.16 24.43 26.51 29.05 51.81 55.76 59.34 63.69 66.77
27.99 29.71 32.36 34.76 37.69 63.17 67.51 71.42 76.16 79.49
35.53 37.48 40.48 43.19 46.46 74.40 79.08 83.30 88.38 91.96
43.28 45.44 48.76 51.74 55.33 85.53 90.53 95.02 100.43 104.23
51.17 53.54 57.15 60.39 64.28 96.58 101.88 106.63 112.33 116.33
59.20 61.75 65.65 69.13 73.29 107.57 113.15 118.14 124.12 128.31
100 67.33 70.06 74.22 77.93 82.36 118.50 124.34 129.56 135.81 140.18
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(1)=0.00004; (2)=0.00016; (3)=0.00098; (4)=0.0039; (5)=0.0158
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absolute value, 11, 17 binomial approximation, 155
accession mass, 145 binomial coefficient, 12
accumulation factor, 33 binomial distribution, 154, 155
accumulation point, 104 binomial formula, 13
addition Black-Scholes formula, 114
— of matrices, 119 book-value, 43
— of vectors, 115 Boulding’s growth model, 98
addition theorem, 54 boundary value problem, 91
affine combination, 116 boundedness, 45
agio, 40, 41 break-even analysis, 58, 76
alternative hypothesis, 167
Amoroso-Robinson equation, 69 call option, 114
amortization, 39 capital recovery factor, 42
amount, 31, 33 capital value method, 42
— of an annuity, 36 Cartesian product, 6
analysis of covariance, 176 cash flow, 90
analysis of variance, 173 Cauchy condition, 23, 24
annuity due, 32, 36 Cauchy’s root test, 24
annuity method, 42 Cauchy-Schwarz inequality, 14, 116
ANOVA, 173 CES function, 105
ansatz function, 112 chain rule, 64
ansatz method, 100, 102 character, 139
anticipative interest, 34 characteristic polynomial, 127
approximation, 108 x2-distribution, 159, 189
arrangement, 19 class bound, 139
asymptote, 50 class frequency, 139
average date of payment, 35 co-ordinate system, 46
average function, 58, 69 cobweb model, 99
average intensity of growth, 90 coefficient of determination, 142
average length of stay, 146 coefficient of variation, 140, 154, 156
average stock, 146 combination, 19

comparison of coefficients, 101, 102
base, 51, 52 comparison test, 23
basic solution, 136 complement, 4
basic variable, 124, 125, 130 complementary slackness condition, 135
basic vector, 115 complete induction, 8
basis, 116 complete system of events, 150
basket of goods, 144 completion of the square, 13
Bayes’ formula, 152 complex number, 17
Bernoulli’s inequality, 14 compound amount formula, 34

beta distribution, 158 compound proposition, 7
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concavity, 46, 74 difference set, 4, 149

conclusion, 8 differentiability, 105

confidence interval, 165, 166 differential, 66

confidence level, 165 — partial, 114

conformable matrices, 119 — total, 108

conjugate complex number, 17 differential equation, 91

conjunction, 7 — Euler’s, 93

consistent estimator, 163 — first-order, 91

consumer’s surplus, 89 — of n-th order, 92

consumption function, 57 — separable, 91

continuity, 62, 104 — with constant coefficients, 94

continuous compounding, 35 differential quotient, 63

contradiction, 7 differentiation, 63, 64

contribution margin, 58 direction field, 91

convergence, 21, 26, 104 directional derivative, 106

— absolute, 24 disagio, 41

— uniform, 23 discontinuity, 62

conversion period, 31 discount, 33, 34

convexity, 46, 74 discriminant, 47

correlation coefficient, 161 disjoint sets, 4

cost function, 57 disjunction, 7

costs per unit, 57 dispersion, 140, 154, 156

Cournot’s point, 77 distance, 103, 118

covariance, 142, 161 distribution, 153

Cramer’s rule, 125 — binomial, 155

criterion of convergence, 24, 26 — continuous, 155

critical region, 167, 169 — discrete, 153

cross elasticity, 109 — geometric, 154, 155

cross product, 6, 115 — hypergeometric, 154, 155

cumulative frequency, 139 distribution function, 153, 159

curvature, 74 — empirical, 139

cycle, 136 distribution table, 153
divergence, 21, 23, 26

data analysis, 139, 141 domain, 6, 45, 103

De Morgan’s laws, 4, 8, 150 domain of convergence, 22, 26

debt due, 39, 41 Drobisch’s index, 145

decimal representation of a number, 9 dual representation of a number, 9

definiteness of a matrix, 120, 121 duality, 135

delta, 114 dynamic annuities, 38

density, 155, 160

depreciation, 43 effective interest rate, 35, 41

derivative, 63 eigenvalue, 96, 126

— higher, 70 eigenvector, 126

— partial, 105 elasticity, 68, 108

Descartes’ rule of signs, 44 element, 3

determinant, 121 — of a matrix, 119

determination of zeros, 44 elimination method, 110

deviation, 140 empirical coefficient of correlation, 142

diagonal matrix, 120 equality of sets, 3

difference equation equation, 13

— first-order, 97 — characteristic, 94, 100, 102

— of n-th order, 102 — of the plane, 118

— second-order, 99 — of the straight line, 47, 117

difference quotient, 63 equivalence, 7
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error bound, 113

estimator, 163

Euler’s differential equation, 93
Euler’s homogeneity relation, 109 function sequence, 22

FEuler’s relation, 17 function series, 25

event, 149 fundamental integral, 81

— complementary, 149 fundamental system, 92-94, 102

— impossible, 149 fundamental theorem of algebra, 49
— sure, 149 fundamental theorem of calculus, 81

— proportionally elastic, 68
— quadratic, 47
— trigonometric, 53, 54

excess, 154, 156

exchange method, 125, 130
existential quantifier, 7
expected value, 154, 156
experiment, 149
exponential function, 51
exponential smoothing, 148
extremal point, 48
extreme value, 109, 110
extremum, 46, 73

Ezekid’s cobweb model, 99

F-distribution, 183-186
factorial, 12

fictitious debt, 40
fictitious rate of interest, 40
field of events, 150
fractional arithmetic, 10
frequency, 139, 150
function, 6, 45

— affine linear, 47

— area-hyperbolic, 56

— Cobb-Douglas, 60, 114
— concave, 46, 74

— continuous, 62, 104

— convex, 46, 74

— cyclometric, 55

— differentiable, 63, 105
— discontinuous, 62

— economic, 57

— elastic, 68

— entire rational, 49

— fractional rational, 50
— homogeneous, 105

— hyperbolic, 56

— implicit, 64

— inelastic, 68

— inverse, 45

— inverse trigonometric, 55
— linear, 6, 47

— logarithmic, 52

— logistic, 58

— monotone, 45, 72

— of several variables, 103
— partially differentiable, 106

gap, 50, 62
Gaussian bracket, 112
Gaussian elimination, 123, 130

generalized mean value theorem, 70

gradient, 105

graph of a function, 46
greatest common divisor, 9
growth, 45, 73

— exponential, 59

growth model, 98

growth process, 90

growth rate, 68

Harrod’s growth model, 98
height line, 103, 106

Hesse’s normal form, 118
Hessian matrix, 107
horizontal inflection point, 73
Horner’s scheme, 49
hypothesis, 167, 169

identity matrix, 120
imaginary unit, 17
implication, 7

inclusion, 3

independence, 152, 160
individual probability, 153
inequality, 14

infimum, 46

initial value problem, 91
input-output analysis, 127
integral

— definite, 80

— indefinite, 79
integration rules, 79, 80
intensity of growth, 90
intensity of interest, 35
interest, 31

interior, 104

internal rate of return, 42
intersection, 4, 149

intersection angle between lines, 117

interval bisection, 44
inverse mapping, 6
inverse matrix, 120, 121, 126
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investment, 42
isocline, 91
isoquant, 114

jump point, 62, 153

kinds of amortization, 39
kurtosis, 141

L’Hospital’s rule, 61
Lagrange multiplier, 111
Lagrange’s method, 111
lambda, 114

Laplace’s expansion, 121
Laplace’s field of events, 150
Laspeyres’ index, 144
least common multiple, 9
least squares method, 112, 147
Leibniz’s alternating series test, 23
length of stay, 146
Leontief’s model, 128
level line, 103, 106
likelihood function, 164
limit, 104

— improper, 21, 61

— of a function, 61

— of a sequence, 21

— one-sided, 61

limit function, 22, 26
limit point, 21

linear (in)dependence, 116
linear combination, 116

— affine, 116

— convex, 116, 131

linear interpolation, 44
linear programming, 129
loan, 39

logarithm, 16, 52
logarithmic function, 52
lot size, 77

lowering of the order, 93

Mann-Whitney test, 171
mapping, 6

marginal analysis, 66

marginal distribution function, 159
marginal function, 66

marginal rate of substitution, 114
matrix, 119, 120

— inverse, 120, 121, 126

— of buyers’ fluctuation, 128

— of elasticities, 109

maturity yield, 41, 42

maximum, 46, 73

maximum likelihood method, 164

mean, 140, 141

mean value theorem, 70, 81
measure of value, 144

median, 140

method of false position, 44
method of internal rate of return, 42
method of least squares, 112, 147
minimum, 46, 73

minor in principal position, 121
modulus, 115

moment, 141

— central, 154, 156

— first, 160

— second, 160

monopoly, 76

monotony, 45, 72

mortality law, 59

moving averages, 147
multiplication of matrices, 119
multiplication theorem, 152
multiplicator-accelerator model, 101
multiplicity, 127

negation, 7

neighbourhood, 73, 103

net present value, 42

Newton’s method, 44

nonbasic variable, 124, 125, 130
norm, 103

normal distribution, 157

— standard, 179-181

— standardized, 157

— two-dimensional, 161

normal form of a LP problem, 129
normal vector, 118

n-tuple, 6

null hypothesis, 167

null sequence, 21

number system, 9, 17
numerical method, 44

observation, 149
one-sample problem, 168
one-to-one function, 6, 45
optimal lot size, 77
optimal order size, 77
optimality criterion, 130
optimization, 129
ordered pair, 6

ordered sample, 139
ordinary annuity, 32, 36
original debt, 39
orthogonality, 117
outstanding principal, 39



Paasche’s index, 144
parabola, 48

parallelism, 117

parametric form

— of a plane, 118

— of a straight line, 117
partial differential, 114
partial fraction decomposition, 50
partial sum, 23, 26

Pascal’s triangle, 12
payment, 39

payoft, 39

period-based population, 145
periodic rent, 36

periodical payments, 32
periodicity, 45, 53
permutation, 19
perpetuity, 36, 41

pivot element, 123, 125, 131
point

— interior, 104

— stationary, 73, 109

point elasticity, 68

point estimate, 163

point sequence, 104
Poisson approximation, 155
Poisson distribution, 154, 155
polar form, 17

pole, 50, 62

polynomial, 49

— characteristic, 127
polynomial division, 50
polypoly, 76

posteriori probability, 152
power, 15, 48

power series, 26, 28

power set, 3

premise, 8

present value, 32, 34

— of a cash flow, 90

— of an annuity, 36

price, 41

price index, 144
price-response function, 57
primal problem, 135

prime number, 9

primitive, 79

principal vector, 96

priori probability, 152
probability

— classical definition of the, 150
— conditional, 151

— total, 152

probability density, 155

Index

producer’s surplus, 89
product representation, 49
product rule, 64

product set, 6

product sign, 10, 11
profit, 57

profit maximization, 76
propagation of errors, 113

quadratic equation, 14
quantile, 140, 181, 183-186, 189
quantum index, 144

quotation, 41

quotient rule, 64

radius of convergence, 26
random event, 149
random variable, 153, 159
range, 6, 45, 103

range of variation, 140
rank, 119

rank correlation coefficient, 170
rank number, 170

rank statistics, 170

rank test, 171

rate of change, 68

rate of growth, 90

rate of increase, 68

rate of interest, 31, 35

— equivalent, 35

— relative, 35

ratio, 144

ratio test, 24

reciprocal function, 45
reciprocal mapping, 6
recursion formula, 155
redemption premium, 40
redemption yield, 41
reflexivity, 3

regression, 142

regula falsi, 44

regularity condition, 110
remainder, 70, 71
removable discontinuity, 62
replacement mass, 145
residual variance, 142
resonance case, 95

root, 15, 48

rules of exchange, 126

saddle point, 110
sample, 139, 163

sample space, 149, 159
Sarrus’ rule, 122
saturation condition, 136

197
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saturation process, 58
savings function, 57
saw-tooth function, 58
scalar product, 115
Schwarz’s theorem, 107
seasonal adjustment, 148
seasonal component, 147
second-order difference, 99
sensitivity, 114

sentence, 7

separation of variables, 91
sequence of numbers, 21
series, 23

— absolutely convergent, 24
— alternating, 23

— uniformly convergent, 26
set, 3, 4

— bounded, 104

— closed, 104

— empty, 3

— open, 104

set inclusion, 3

shadow price, 136
Sheppard’s correction, 140
o—-additivity, 151
significance test, 167, 168
simple event, 149

simplex method, 130

— dual, 132

skewness, 141, 154, 156
slack variable, 129
smoothing factor, 148
solution

— of a difference equation, 97
— of a differential equation, 91

— of a system of linear equations, 123

— of an equation, 13
standard deviation, 154, 156
— empirical, 140
statistical mass, 139
statistical parameter, 140
statistical test, 167
stock, 145

stock function, 58

subset, 3

sum

— finite, 15

— of a series, 23

— of independent random variables, 162

sum rule, 64
summation sign, 10, 11
supply function, 57
supremum, 46
symmetry, 3, 45

system

— of differential equations, 95
— of functions, 125

— of linear equations, 122

— of normal equations, 112

t-distribution, 181

table of values, 44
taking of the root, 18
tangent plane, 108
tautology, 7

Taylor expansion, 70, 71
Taylor series, 27-29
Taylor’s theorem, 70
test, 167, 171, 172

test statistic, 169

time series analysis, 147
transition model, 128
transitivity, 3
transportation problem, 136
transposition, 119

trend component, 147
trend function, 59, 112
trial, 149

triangular inequality, 11, 116
two-phase method, 134
two-sample problem, 169

unbiased, 163
uncorrelated, 161
union, 4, 149

unit vector, 115
universal quantifier, 7

value index, 144

variance, 154, 156, 160

— empirical, 140

variation of constants, 92, 93
vector, 115

— feasible, 129

— random, 159

vector product, 115

von der Waerden test, 172

Weibull distribution, 157

Weierstrass comparison test, 26

Wilcoxon test, 171
write-down, 43
Wronski’s determinant, 92

yield-to-maturity, 41, 42

zero, 46, 47, 50
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