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Welcome to Complete Mathematics!

Complete Mathematics aims to give you a broad mathematical
experience and a firm foundation for further study. The book will
also be a useful source of reference for homework or revision for

students who are studying a mathematics course.

This book is primarily aimed at students who do not have teacher
support. Consequently, the explanations are detailed and there

are numerous worked examples. Throughout this new edition are
author insight boxes which provide additional support, including
memory aids and tips on how to avoid common pitfalls. Also new
to this book are end of chapter summaries of all the key points and

formulae.

Access to a calculator has been assumed throughout the book.
Generally, a basic calculator is adequate but, for Chapters 20 and

21, a scientific calculator, that is, a calculator which includes the
trigonometric functions of sine, cosine and tangent, is essential. Very
little else, other than some knowledge of basic arithmetic, has been

assumed.

To derive maximum benefit from Complete Mathematics, work
through and don’t just read through the book. This applies not only
to the exercises but also to the examples. Doing this will help your

mathematical confidence grow.

The authors would like to thank the staff of Hodder Education
for the valuable advice they have given.

Trevor Johnson, Hugh Neill, 2010
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Only got a minute?

Mathematics is probably the most versatile subject there
is. It has applications in a wide range of other subjects
from science and geography through to art. In science,
without mathematics there would be no formulae or
equations describing the laws of physics which have
enabled the technology that we use each day to develop.
Mathematics enables psychologists to find out more about
human behaviour, looking for correlations between sets
of statistics. Doctors and pharmaceutical companies use
mathematics to interpret the data resulting from a drug
trial. An understanding of mathematics is essential in
architecture and engineering. Mathematics is also used to
model situations such as the stock market or the flow of
traffic on motorways.

As well as being a useful subject, mathematics
is also intrinsically beautiful. Many famous artists like
Kandinsky and Escher used mathematics as a basis for

their work — Kandinsky made extensive use of geometry



in his paintings and Escher is famed for his complicated
tessellations and optical illusions. Mathematics also
occurs naturally — in nature there are many examples
of mathematical patterns and symmetry. For example,
the patterns on the wings of a butterfly or moth are
symmetrical, and the pattern of seeds on a sunflower
head, the scales of a pinecone and the spiral of a snail’s
shell all follow the same sequence of numbers — called
the Fibonacci sequence.

Maths really is ubiquitous and having an
understanding of the basics of mathematics is invaluable

to many — arguably all — aspects of modern life.

Only got a minute? x1il
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Only got five minutes?

The word ‘mathematics’ originally comes from the Greek for
knowledge and science. To most people maths means arithmetic —
addition, subtraction, multiplication and division — which are the
building blocks for maths. Without these we couldn’t interpret large
sets of data, solve an equation or work out the area of a shape.

We live in a technological age and mathematics underpins all of
this technology — without mathematics none of the luxuries of
modern life that we all take for granted would be possible. It is
hard to think of an aspect of modern life that is not reliant in some
way on technology and therefore mathematics. Mathematics is
also intrinsic to many careers: civil engineers rely on mathematics
to work out whether the bridge they are building will actually
support a given load and surveyors use trigonometry to calculate
the distance between two points. Also, insurance companies use
complex probability tables for their life assurance policies, the
self-employed will need to use percentages to file their tax returns,
while pharmacists use formulae to work out the correct dosage for
a particular drug and sportspeople are constantly using forms of
intuitive mathematics.

Many people lack confidence in mathematics and feel that they are
not very good in this subject. For some reason it seems acceptable
to say, ‘Oh, ’'m hopeless at maths’, in a way that would not be
accepted about reading or writing. This lack of confidence is often
rooted in negative experiences when at school — not ‘getting’ a
difficult concept, new idea or solution to a problem. However,
without realising it, every day we are using maths. Working out
which box of cereal is best value for money involves proportion.
Placing a bet on a horse requires an understanding of probability.
Calculating the best mobile phone tariff involves using simple
formulae. Working out how much tax you should pay for your



tax return needs a good grasp of percentages. When reading the
newspaper we are bombarded with statistics — results of surveys,
charts and graphs — which we need to be able to interpret so that
we can make informed choices about our daily lives.

Maths is also fun, a fact which is often forgotten! Most newspapers
run a daily maths type puzzle: Sudoku, Futoshiki and Kakuro are
three popular puzzles which involve numbers, logical thinking and
problem solving skills. So millions of people ‘do’ maths everyday
purely for enjoyment and the feeling of satisfaction you get from
solving a difficult puzzle. Researchers are discovering more and
more health benefits from solving the ubiquitous brain training
maths style puzzles. Many of these puzzles are not only fun but are
also positively good for you. Recent research suggests that keeping
the mind stimulated with activities such as Sudoku and crossword
puzzles may help prevent Alzheimer’s disease and can improve
your cognitive abilities.

In today’s society being numerate is at least as important a skill

as being literate. The key mathematics skills — such as basic
numeracy and problem solving — are essential to many careers and
highly valued by employers. Being proficient in mathematics has a
positive impact on career development and employability, as well
as self-esteem. Complete Mathematics takes you through worked
examples and has carefully graded exercises designed to improve
confidence and problem solving skills.

Only got five minutes?
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10 Only got ten minutes?

Was mathematics already there just waiting to be discovered or
did we invent it? Mathematicians continue to debate this seemingly
simple question — many believing that mathematics, like science, is
discovered and not simply made up; that there are universal laws
which govern mathematics which hold true no matter what system
you use for writing down the numbers. Other mathematicians
believe that we manufactured mathematics and then discovered
patterns and laws based on the rules that we had already set.

Whichever view you hold there is no doubting that mathematics

has a long history. Even the most basic communication between
people may involve some form of mathematical discourse. When
prehistoric man came back to his tribe with news of a herd of
mammoths, he would have to relate the number in the herd, the
distance, the direction, where they were travelling, at what speed —
all of these relied upon his mathematical skills as well as those of his
tribe. This vital communication could literally be a matter of life or

death.

Over the centuries, more formal mathematics was needed and
many different systems of writing numbers have been used. We
assume that our use of ‘base 10’ is almost absolute, whereas, of
course, it isn’t. An intelligent alien species with two or twelve or
even fifteen digits would invariably use a different system. In fact,
base 2 or binary — a number system which only uses the digits 1
and 0 - is behind the programming used by all modern computers.

As mathematics developed, so the number system changed. For
example, the number 60 is written as LX using Roman numerals
while the Babylonians used base 60, but with only two symbols,
one meaning 1 and one meaning 10. The Babylonians also began to
develop the use of zero as a place holder, as did to some extent the
Ancient Greeks. However, it was in India that the number system
that we use today, including the use of zero as an indicator of an



empty place (e.g. in 4086) as well as a value in its own right, was
first used. Hindu mathematicians were also the first to really begin
to develop the concept of negative numbers.

As the human race became more evolved so our need for more
complicated numbers developed — prehistoric man would not
have had much use for decimals or negative numbers. As well as
integers, the idea of parts of a whole has developed over many
hundreds of years. The Babylonians created a system of fractions
in about 2000 BC as did the Ancient Egyptians four hundred
years later. The word ‘fraction’ comes from the Latin fractus
(broken) and fractions were often called ‘broken numbers’. The
Romans used fractions which converted easily to hundredths to
calculate taxes; a natural progression from this type of fraction is
percentages — a percentage is a fraction expressed in hundredths.
The word ‘percentage’ is derived from the Latin per centum, which
means ‘per hundred’. Percentages today are used in a wide variety
of contexts from finance to nutritional guidelines.

Once a system for writing numbers was found it was natural to
then go on to solve more complicated problems including those
which might lead to an equation to solve or a formula to write
down. Mathematicians in Ancient Egypt and Babylon were able to
solve many types of equation, which were expressed in words or
drawings. In Greece, Diophantus (c. 275 Bc), who has been called
the ‘Father of Algebra’, used a form of symbolism, although the
notation in use today did not appear until the seventeenth century.

Another important branch of maths is geometry, which is the
study of angles, points, lines, surfaces and solids. Geometry
probably originated in Ancient Egypt, where it was applied

to land surveying and navigation. Indeed, the name ‘geometry’

is derived from the Greek for ‘earth measure’. It was the Greek
mathematician, Euclid, who developed the foundations for
geometry — he first defined basic geometrical concepts including
angles. Early civilizations had an understanding of angles, and
trigonometry which was used in navigation, surveying and
astronomy. There is evidence that the Egyptians used trigonometry

Only got ten minutes?
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to help them build their pyramids and today it is used in a variety
of fields such as surveying, engineering and even music.

One of the most important modern applications of mathematics

is in statistics and probability. Statistics deals with the collection,
organization and analysis of data, often, but not always, numerical
data. Starting with pictorial records on the walls of cave dwellings,
the collection and recording of data is as old as civilization itself.
Before 3000 Bc, the Babylonians gathered information about
crops and trade and so, centuries later, did the Egyptians and the
Chinese. The word ‘statistics’ itself is derived from the Latin word
statisticus, meaning ‘of state affairs’. Today, an understanding

of how data is handled and interpreted enables us to make more
informed decisions in our everyday lives.

The study of probability has its origins in the mid-sixteenth century,
when mathematicians attempted to answer questions arising in
gambling. One hundred years later the Frenchmen Blaise Pascal

and Pierre de Fermat developed probability theory — in effect,

the laws of chance. Today, probability is widely used in science

and industry, its applications ranging from genetics and quantum
mechanics to insurance.

Today mathematics is more relevant than ever — its applications are
wide ranging and impact on most aspects of our lives. Complete
Mathematics aims to help you improve your knowledge and
understanding of mathematics. The key to improving your maths is
practice — this is a book to be worked through and not simply read.
Have the confidence to try out different strategies, make jottings
and re-read the examples. Don’t be put off by large or ‘difficult’
numbers — change the numbers to simplify the problem and then
ask yourself how you should approach this new simpler problem.
Working through this book will improve your mathematical
confidence, knowledge and understanding. Whatever your reasons
for studying mathematics, the authors hope you enjoy the process!
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In this chapter you will learn:

» about place value

» about the four operations of arithmetic

» about the order in which arithmetic operations should be
carried out

e about some special numbers.

1.1 Introduction — place value
Over the centuries, many systems of writing numbers have been
used. For example, the number which we write as 17 is written as

XVII using Roman numerals.

Our system of writing numbers is called the decimal system, because
it is based on ten, the number of fingers and thumbs we have.

The decimal system uses the digits 0, 1, 2, 3,4, 5,6, 7, 8, 9.
The place of the digit in a number tells you the value of that digit.

When you write a number, the value of the digit in each of the first
four columns, starting from the right, is

thousands hundreds tens units
3 6 5 2

1. Number



Thus, in the number 3652, the value of the 2 is two units and the
value of the 6 is six hundreds.

The decimal system uses zero to show that a column is empty.

So 308 means three hundreds and eight units; that is, there are no
tens. The number five thousand and twenty-three would be written
5023, using the zero to show that there are no hundreds.

Extra columns may be added to deal with larger numbers, the
value of each column being ten times greater than that of the
column on its immediate right. It is usual, however, to split large
numbers up into groups of three digits.

You read 372 891 as three hundred and seventy-two thousand,
eight hundred and ninety-one.

In words, 428 763 236 is four hundred and twenty-eight million,

seven hundred and sixty-three thousand, two hundred and
thirty-six.

1 What is the value of the 5 in each of the following numbers?

(a) 357 (b) 598 (c) 5842 (d) 6785
2 Write these numbers in figures.
(a) seventeen (b) seventy
(c) ninety-seven (d) five hundred and forty-six

(e) six hundred and three  (f) eight hundred and ten

(g) four hundred and fifty  (h) ten thousand

(i) eight thousand, nine hundred and thirty-four

(j) six thousand, four hundred and eighty

(k) three thousand and six
3 Write these numbers completely in words.

(a) 52 (b) 871 (c) 5624 (d) 980

(e) 7001  (f)35013  (g) 241001 (h) 1001312
4 Write down the largest number and the smallest number you can

make using

(@) 5,9and 7 (b) 7,2,1and 9.



5 Write these numbers completely in words.
(a) 342 785 (b) 3783 194
(c) 17 021 209 (d) 305 213 097
6 Write these numbers in figures.
(a) five hundred and sixteen thousand, two hundred and nineteen
(b) two hundred and six thousand, and twenty-four
(c) twenty-one million, four hundred and thirty-seven thousand,
eight hundred and sixty-nine
(d) seven million, six hundred and four thousand, and thirteen

1.2 Arithmetic — the four operations

In this book, the authors assume that you have access to a calculator,
and that you are able to carry out simple examples of the four
operations of arithmetic — addition, subtraction, multiplication and
division — either in your head or on paper. If you have difficulty with

this, you may wish to consult Teach Yourself Basic Mathematics.

Each of the operations has a special symbol, and a name for the
result.

Adding 4 and 3 is written 4 + 3, and the result, 7, is called the sum
of 4 and 3.

Subtracting a number, 4, from a larger number, 7, is written 7 — 4,
and the result, 3, is their difference.

Addition and subtraction are ‘reverse’ processes:
4+3=7and7-4=3.

Multiplying 8 by 4 is written 8 x 4, and the result, 32, is called the
product of 8 by 4.

Dividing 8 by 4 is written 8 + 4, or £, and the result, 2, is called
their quotient.

1. Number



Multiplication and division are ‘reverse’ processes:
4x2=8and 8+4=2.

Sometimes divisions are not exact. For example, if you divide
7 by 4, the quotient is 1 and the remainder is 3, because 4 goes
into 7 once and there is 3 left over.

Exercise 1.2 gives you practice with the four operations. You
should be able to do all of this exercise without a calculator.

1 Work out the results of the following additions.
(a) 23 +6 (b) 33+ 15 (c)45+9 (d) 27 + 34
2 Find the sum of
(a) 65,24 and 5 (b) 27,36 and 51.
3 Work out the following differences.
(a)73-9 (b) 49 - 35 (c) 592 - 76
(d) 128 — 43 (e) 124—-58  (f)171-93
4 Find the difference between

(a) 152 and 134 (b) 317 and 452.
5 Work out
(a)5x9 (b) 43 x 7 (c) 429 x 6 (d) 508 x 7
(e) 27 x 11 (f) 12 x 28 (g) 13x 14 (h) 21 x 21
6 Find the product of 108 and 23.
7 Work out
(a)375+5 (b) 846 + 3 (c)1701+7  (d)1752+8
8 Find the quotients and the remainders for the following
divisions.
(a)8+3 (b) 23+5 (c)101+8

1.3 Order of operations

Sometimes you will see a calculation in the form 8 — (2 x 3),
where brackets, that is the symbols ( and ), are put around part



of the calculation. Brackets are there to tell you to carry out the
calculation inside them first. So 8 — (2 x 3) =8 — 6 = 2.

If you had to find the answer to 8 + 5 — 3, you might wonder
whether to do the addition first or the subtraction first.

If you do the addition first, 8 + 5 -3 =13 - 3 =10.
If you do the subtraction first, 8 + 5 — 3 =8 + 2 = 10.
In this case, it makes no difference which operation you do first.

If, however, you had to find the answer to 3 + 4 x 2, your answer will
depend on whether you do the addition first or the multiplication first.

If you do the addition first, 3+ 4 x 2 =7 x 2 = 14.
If you do the multiplication first, 3 +4 x 2 =3+ 8 = 11.

To avoid confusion, mathematicians have decided that, if there

are no brackets, multiplication and division are carried out before
addition and subtraction. Such a rule is called a convention: clearly
the opposite decision could be made, but it has been agreed that the
calculation 3 + 4 x 2 should be carried outas 3 +4 x2=3+8=11.

There are a number of these conventions, often remembered by the
word ‘BiDMAS’, which stands for

Brackets,
Indicies,
Divide,
Multiply,
Add,
Subtract.

This is the order in which arithmetic operations must be carried out.

Most calculators have the ‘BIDMAS’ convention programmed into
them, and so automatically carry out operations in the correct order.

1. Number



Insight
When a calculation involves just multiplication/division or
addition/subtraction, then you can carry it out in any order.
It often helps to reorder a calculation to make it easier to
perform. You must keep the operation with its original number.

For example,2 x24 x5 +3=2x5x24+3=10x24+3 =
10 x 8 =80

....................................................................................................

................................................................

: Example 1.3.1

Carry out the following calculations.
(a)5x(6-2)  (b)(10+2)=4  (c)20-3x5
(d)24+-6+2 (e)4x(8-3)+2

(a)5x(6-2)=5x4 brackets first
=20
(b) (10+2) ~4=12+4 brackets first
=3
(c) 20-3 x5=20-15 multiply before subtracting
=5
(d)24+6+2=4+2=6 division before addition
()4x(8-3)+2=4x5+2  brackets first
=20+2 multiply before adding

................................................................

Try the calculations in Example 1.3.1 on your calculator to see if it
uses the ‘BiDMAS’ convention and carries them out correctly.

In each part of question 1, use the ‘BIDMAS’ convention to carry out the
calculation.

1 (@) (3+4)x5 (b)3+4x5 (c)(7-3)x2
(d)7-3x2 (e)(12+6)+2 (f)12+(6+2)
(g) 20 -4 +1 (h)3x5+4x2 ()4x(7-2)+6
()6x4-2x8 (k)24 (4+2)—1 (1) (7+3)x (9-2)
(m)10+(8+4)+3 (n)9+5x(8-2) (0)15+3-16+8
(P)5+6x3—1 (@ (5+6)x3-1 ()5+6x(3-1)



1.4 Problems which use arithmetic

In Exercise 1.4, you have to decide which arithmetic operation to
use. If you are not sure, it can sometimes be helpful to think of a
similar question with smaller numbers.

................................................................

Example 1.4.1

An egg box holds six eggs. How many eggs boxes are needed to pack
500 eggs, and how many eggs are there in the last box?

You need to find how many sixes there are in 500. If you use a
calculator you get 500 + 6 = 83.333 333 3.

This means that 84 boxes are needed. 83 full boxes hold 83 x 6
eggs, which is 498 eggs. So there are 2 eggs in the last box.

.
................................................................

Insight
Whether you need to round up or down depends on the context
of the question. In the last example, you rounded up as you
needed 84 boxes altogether. The answer to the question: ‘How
many pens costing £6 each can be bought for £5002 is 83, as
83 x £6 = £498. So there is not enough money to buy 84 pens.

....................................................................................................

1 In aschool, 457 of the pupils are boys and 536 are girls. Work out

the number of pupils in the school.

How many hours are there in 7 days?

3 The sum of two numbers is 3472. One of the numbers is 1968.
Find the other number.

4 The product of two numbers is 161. One of the numbers is 7.
Find the other number.

5 A car travels 34 miles on one gallon of petrol. How far will it travel
on 18 gallons?

N

(Contd)
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6 How many pieces of metal 6 cm long can be cut from a bar 117 cm
long? What length of metal is left over?

7 Abox holds 24 jars of coffee. How many boxes will be needed to
hold 768 jars?

8 At the start of a journey, a car’s milometer read 34 652. After the
journey, it read 34 841. How long was the journey?

9 There are 365 days in a year. How many days are there in 28 years?

10 A coach can carry 48 passengers. How many coaches are needed

to carry 1100 passengers? How many seats will be unoccupied?

1.5 Special numbers
The numbers 0, 1, 2, 3, 4, . . . are called whole numbers.

The numbers 1, 2, 3, 4, . . . are called natural numbers. They are
also called counting numbers or positive whole numbers.

The numbers ..., -3,-2,-1,0,1, 2, 3, ... are called integers.
These are the positive and negative whole numbers, together with 0.

The natural numbers can be split into even and odd numbers.

An even number is one into which 2 divides exactly. The first six
even numbers are 2, 4, 6, 8, 10 and 12. You can tell whether a
number is even by looking at its last digit. If the last digit is 2, 4,
6, 8 or 0, then the number is even. The last digit in the number
784 is 4, so 784 is even.

An odd number is one into which 2 does not divide exactly; that is,
it is a natural number which is not even. The first six odd numbers
are 1,3, 5,7, 9 and 11. You can tell whether a number is odd by
looking at its last digit. If the last digit is 1, 3, 5, 7 or 9, then the
number is odd. In other words, if the last digit is odd, then the
number is odd. The last digit in the number 837 is odd, so 837

is odd.



A square number is a natural number multiplied by itself. It is
sometimes called a perfect square

or simply a square, and can be .. R oo
shown as a square of dots. The first o e oo e e
four square numbersare 1 x 1 =1, 9 16
2x2=4,3x3=9and4x4=16 Figure 1.1

(Figure 1.1).

To get a square number you multiply a whole number by itself.
So the fifth square number is 5§ x 5 =25.

A triangle number can be .
illustrated as a triangle of dots ° o
(Figure 1.2). The first four triangle .o T o

numbers are 1, 3, 6 and 10.

1 3 6 10
NN NS
Each triangle number is obtained +2 +3 +4

from the previous one by adding Figure 1.2

one more row of dots down the

diagonal. The fifth triangle number is found by adding 5 to the
fourth triangle number, so the fifth triangle number is 15.

A rectangle number can be shown as a ceco e v
rectangle of dots. A single dot or a line eeeeee e
of dots is not regarded as a rectangle. 12 12
Figure 1.3 shows the rectangle number 12 Figure 1.3
illustrated in two ways.

A cube number can be shown as a cube of dots (Figure 1.4).

The first three cube numbers are 1,

8 and 27 which can be written

1=1x1x1,8=2x2x2and A

27 =3 x 3 x 3. To get a cube number B!

you multiply a whole number by 1 8 27
itself, and then by itself again. Figure 1.4

So the fourth cube number is

4 x4 x4 =64.

1. Number
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From the list 34,67, 112, 568, 741 and 4366, write down

(a) all the even numbers,

(b) all the odd numbers.

Write down the first ten square numbers.

Write down the first ten triangle numbers.

Write down the first ten rectangle numbers.

Write down the first ten cube numbers.

From the list of numbers 20, 25, 28, 33, 36 and 37, write down

(a) all the square numbers,

(b) all the triangle numbers,

(c) all the rectangle numbers.

The difference between consecutive square numbers is always the

same type of number. What type of number is it?

The sum of the first two triangle numbers is 4 (=1 + 3).

(a) Find the sums of three more pairs of consecutive triangle
numbers.

(b) What do you notice about your answers?

Find the sums of the first two, three, four and five cube numbers.

What do you notice about your answers?

(a) Write down a rectangle number, other than 12, for which there
are two different patterns of dots. Draw the patterns.

(b) Write down a rectangle number for which there are three
different patterns of dots.

(c) Write down a rectangle number for which there are four
different patterns of dots.

1.6 Multiples, factors and primes

Figure 1.5 shows the first five numbers 1X8=8
in the 8 times table. The numbers on the g i g _ ;2
right, 8, 16, 24, 32 and 40, are called 4%8=32
multiples of 8. Notice that 8 itself, which 5Xx8 =40
is 1 x 8 or 8 x 1, is a multiple of 8. Figure 1.5



The factors of a number are the numbers which divide exactly into
it. So, the factors of 18 are 1, 2, 3, 6, 9 and 18. Notice that 1 is a
factor of every number and that every number is a factor of itself.

................................................................

Example 1.6.1
Write down all the factors of (a) 12, (b) 11.

(a) The factors of 12 are 1, 2, 3, 4, 6 and 12.
(b) The factors of 11 are 1 and 11.

................................................................

Insight
It is easy to find all the factors of a number by looking
for pairs of numbers that multiply to give that number. For
example, 1 x 18 =18,2 x 9 =18, 3 x 6 = 18, so the factors
of 18 are 1,2, 3, 6, 9 and 18.
The number 11 has only two factors and is an example of a prime
number. A prime number, sometimes simply called a prime, is a
number greater than 1 which has exactly two factors, itself and 1.

Thus, the first eight prime numbers are 2, 3, 5, 7, 11, 13, 17 and 19.
Insight

2 is the only even prime number.

Is 1 a prime number? The number 1 has only one factor
(itself), and so it is not a prime number since the definition
states that a prime number must have two factors.

....................................................................................................

1 Write down the first five multiples of 7.
2 (a) Write down the first ten multiples of 5.
(b) How can you tell that 675 is also a multiple of 5?
(Contd)
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Write down all the factors of 20.

(a) Find the sum of the factors of 28, apart from 28 itself.

(b) Comment on your answer.

Write down all the factors of 23.

(a) The number 4 has three factors (1, 2 and 4). Find five more
numbers, each of which has an odd number of factors.

(b) What do you notice about your answers to part (a)?

Write down the four prime numbers between 20 and 40.

2 is the only even prime number. Explain why there cannot be any

others.

Write down the largest number which is a factor of 20 and is also

a factor of 30.

Write down the smallest number which is a multiple of 6 and is

also a multiple of 8.

Write down the factors of 30 which are also prime numbers.

(These are called the prime factors of 30.)

Write down the prime factors of 35.

The prime factors of 6 are 2 and 3. Find another number which has

2 and 3 as its only prime factors.



THINGS TO REMEMBER
The decimal system uses the digits 0, 1, 2, 3,4, 5,6, 7, 8, 9.

Sum means the result of adding two or more numbers
together.

Difference means the result of subtracting a smaller number
from a larger number.

Product means the result of multiplying two or more numbers
together.

Quotient means the whole number resulting from the division
of two numbers i.e. when 14 is divided by 3, the quotient is 4
and the remainder is 2.

The order operations should be performed in can be
remembered using the mnemonic BIDMAS, which stands for:
> Brackets } Work out any brackets first...

> Divide then any division or multiplication
> Multiply | ™ Yy p
> Add N .

> Subtract} ... lastly, any addition or subtraction.

Natural numbers or counting numbers or positive whole
numbers are the numbers 1, 2, 3,4, . ..

Integers are the numbers . ..,-3,-2,-1,0,1,2,3, ...

Even numbers are exactly divisible by 2, and are the numbers
2,4,6,8, ...

Odd numbers are not exactly divisible by 2, and are the
numbers 1,3, 5, 7, . .

Square numbers are the result of multiplying a natural number
by itself. They include the numbers 1, 4, 9, 16, . . .

1. Number 13



Triangle numbers can be shown as a triangle of dots. They
include the numbers 1, 3, 6, 10, . . .

Rectangle numbers are any number that can be shown as a
rectangle of dots.

Cube numbers can be shown as a cube of dots. The first three
cube numbers are 1, 8 and 27.

The multiples of a number are the answers to that number’s
times table. So the multiples of 4 are 4, 8, 12, 16, 20, . . .

A factor of a number is any number which divides exactly into
that number. Every number has 1 and itself as factors. The
factors of 10 are 1, 2, 5 and 10.

Prime numbers are numbers with exactly two factors. The first
five prime numbers are 2, 3, 5, 7 and 11.



...............................................................................................

In this chapter you will learn:

» about different types of angles

* howto measure and draw angles
» angle facts and how to use them
« about parallel lines

e about bearings.

2.1 Introduction

The study of angles is one branch of geometry, which is concerned
also with points, lines, surfaces and solids. Geometry probably
originated in Ancient Egypt, where it was applied, for example,

to land surveying and navigation. Indeed, the name ‘geometry’ is
derived from the Greek for ‘earth measure’.

It was Greek mathematicians, notably Euclid, who developed a
theoretical foundation for geometry. He began his classic treatise
Elements with definitions of basic geometrical concepts including
angles, the subject of this chapter.

2. Angles
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2.2 Angles

Figure 2.1 Figure 2.2

An angle is formed when two straight lines meet, as in Figure 2.1.
The point where the lines meet is called the vertex of the angle.
The size of the angle is the amount of turn from one line to the
other, and is not affected by the lengths of the lines. The angles
in Figure 2.2 are all equal.

If you begin by facing in a certain

direction and then turn round until Q

you are facing in the original direction
again, as in Figure 2.3, you will have
made a complete turn (or revolution). Figure 2.3
One complete turn is divided into

360 degrees, which is written as 360°.

In a half turn, Figure 2.4, therefore, there are 180°. In a quarter
turn there are 90°, which is called a right angle. It is often marked
on diagrams with a small square, as shown in Figure 2.5. If the
angle between two lines is a right angle, the lines are said to be
perpendicular.

L

Figure 2.4 Figure 2.5

Apart from angles of 90° and 180°, all other sizes of angles fall into
one of three categories, shown in Figure 2.6.



Obtuse Reflex
Acute

Figure 2.6

An angle which is less than 90° is called an acute angle.
An angle which is between 90° and 180° is called an obtuse angle.
An angle which is greater than 180° is called a reflex angle.
Insight
A useful memory aid is ‘a-cute little angle’ to remind you that
angles less than 90° are acute.

....................................................................................................

There are three ways of naming angles.

One way is to use a letter inside

the angle, as with the angle marked :
x in Figure 2.7. Usually, a small =
letter, rather than a capital, is used. Figure 2.7

In Figure 2.8, the angle could be called angle B, but you should do
this only if there is no risk of confusion. The symbols £ and A are
both used to represent ‘angle’, so angle B could be shortened to
/B or B. It could be argued that there are two angles at B, one of
them acute and one of them reflex, but you should assume that the
acute angle is intended unless you are told otherwise.

Alternatively, the angle in Figure 2.8 could be called angle ABC (or
angle CBA). You could shorten this to ZABC or ABC. The middle
letter is always the vertex of the angle.

A

.

Figure 2.8
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How many degrees does the hour hand of a clock turn in 20 minutes?

Work out the size of the angle the second hand of a clock turns

through in 1 second.

3 Work out the size of the angle the hour hand of a clock turns
through in 35 minutes.

4 Work out the size of the angle the second hand of a clock turns
through in 55 seconds.

5 Work out the size of the angle between South and West when it is
measured (a) clockwise, (b) anticlockwise.

6 Work out the size of the angle between West and North West
when it is measured (a) clockwise, (b) anticlockwise.

7 State whether each angle drawn below is acute, obtuse or reflex.

(a) (b) (c) (d) (e)

8 State whether each of the following angles is acute, obtuse or
reflex.
(@) 172° (b) 203° (c) 302° (d) 23°

9 Use capital letters to name the angles x, y, z and t in the figure.

M B ;c

2.3 Measuring and drawing angles

N =

It is a good idea to estimate the size of an angle before you try to
measure it, as this will prevent you from giving answers which are
not sensible. For this purpose, it is really only necessary to decide
whether an angle is less than 90°, between 90° and 180°, between



180° and 270°, or greater than 270°. With practice, you will
probably be able to estimate an angle to within about 20°.

To estimate the size of the angle in Figure 2.9, notice that it is less

than 90°. It is also more than half a right angle (45°), but nearer to
45° than 90°. A reasonable estimate is, therefore, 50° or 60°.

AN

Figure 2.10

Figure 2.9

The reflex angle at O in Figure 2.10 is between 270° and 360°. It is
easier to estimate the size of the acute angle and then to subtract it

from 360°.

The acute angle at O is about a quarter of a right angle, about 20°
or 30°, so an estimate for the reflex angle at O is 330° or 340°.

To measure or draw an angle accurately, you use a protractor. The
outer scale goes clockwise from 0° to 180° and the inner scale goes

anticlockwise from 0° to 180°.

A 80

B
Figure 2.711

To measure the angle ABC in Figure 2.11, place the base line of the
protractor on the line BC with the centre of the protractor over the

2. Angles
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vertex B. Read from the scale which has its zero on BC, that is,

the outer scale. The size of angle ABC is 45°.

Insight
Always estimate the angle first. So if you mistakenly use the
inner scale and give 135° as your measurement, you should see
that this is not sensible, as angle ABC is acute.

....................................................................................................

1 Estimate the size of each of the angles and then measure them.
Trace the angles and extend the lines so that you can use your
protractor to measure the angles as accurately as possible.

2 Draw angles with each of the following sizes.
(@) 73> (b) 246° (c) 109° (d)281° (e) 172°

2.4 Using angle facts

You should be able to measure and draw angles to within one or
two degrees. Note, however, that many of the diagrams in the rest
of this chapter are not drawn accurately but they are still helpful,
even when you find solutions by carrying out a calculation.

This section deals with situations which use angle facts, most of
which you met in Section 2.2.

X

71° ¢
- 78°
14 z P Q

Figure 2.12 Figure 2.13

20



There are 90° in a right angle. In Figure 2.12, ZXYZ = 90°, so
a+ 71°=90° giving a = 90° — 71° = 19°. Two angles whose sum
is 90° are complementary.

The angle made on a straight line is 180°. If there are two or

more angles on a straight line, then their sum must also be 180°.
This fact is usually stated as angles on a straight line add up

to 180°. In Figure 2.13, PQ is a straight line, so ¢ and 78° add up
to 180°. Thus, ¢ = 180° - 78° = 102°. Two angles which add up to
180° are called supplementary, so 78° and 102° are supplementary
angles.

There are 360° in a complete turn. The angles in Figure 2.14, when
added together, make a complete turn. They are called angles at a
point. So the angles at a point add up to 360°.

Therefore 117°, 122° and e add to 360°. 117° + 122° = 239°,
e=360°-239°=121°.

When two straight lines cross, as in Figure 2.15, four angles, a, b, ¢
and d, are formed. Since a added to b makes 180°, and ¢ added to
b also makes 180°, it follows that a = c. Similarly, b = d.

122°

117°

Figure 2.14 Figure 2.15

The angles a and c are called vertically opposite. The angles b
and d are also vertically opposite. The argument in the previous
paragraph shows that vertically opposite angles are equal.
Insight
You can think of a pair of scissors: as the angle between the
handles increases, so does the angle between the blades.

....................................................................................................
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1 Find the size of each angle marked with a letter. Where they occur,
AB and CD are straight lines.

35°
a b c 69°
23° 32° A B
Q) (b) (c)
790\~ 136° 64,
75°
59¢ d 63° {
A B e 149°
(d) () (f)
C B i
68°
63° g 51° j
b
A D
(2 (h) (i)
. . . . B C
2 Inthe diagram, is ZAOD a straight line? 97°
Give a reason for your answer. 370 45°
A 0 D

2.5 Parallel lines

The word ‘parallel’, derived from the Greek, means ‘alongside
one another’. Straight lines are parallel if they are always the
same distance apart. Parallel lines never meet, no matter how
far they are extended. Straight railway lines, for example,

are parallel.

/ %;ersal

Figure 2.16 Figure 2.17



In diagrams, arrows are often used to show that lines are parallel.
(See Figure 2.16.) A straight line which crosses two or more parallel
lines is called a transversal. Figure 2.17 shows a transversal.

Figure 2.18 Figure 2.19

In Figure 2.18, a transversal cuts a pair of parallel lines. The pair
of shaded angles are called corresponding angles and are equal to
each other.
Insight
You will see from Figure 2.19 that the corresponding angles
form an ‘F-shape’. Looking for such a shape may help you to
find pairs of corresponding angles.

0 000000000000000000000000000000000000000000000000000000000000000000000000000000000ssssssscscsssosnss

Other pairs of corresponding angles have been shaded in
Figure 2.20.

A A |,
dq A )
/ / 1

Figure 2.20

In Figure 2.21, a transversal cuts a pair of parallel lines. The pair of
shaded angles are alternate angles, and are equal to each other.

Figure 2.21 Figure 2.22 Figure 2.23

Insight
The characteristic ‘Z-shape’ in Figure 2.22 can help you spot
alternate angles.

6 000000000000000000000000000000000000000000000000000000000000000000000000000000s0sssssssscsosssosnss

2. Angles 23



24

In Figure 2.24, the angles marked a and b are Kb

equal because they are corresponding, and Ci

the angles marked b and c are equal because !

they are vertically opposite. So the alternate /

angles g and c are equal. Figure 2.24
Example 2.5.1
Find, with reasons, the sizes of the angles marked a and b.
Angles a and 120° are vertically \\*{200 :
opposite, so a = 120°. 0\3\ -3
Angles a and b are corresponding, .

so b=120°. b\—\

................................................................

1 Write down the letter of the angle which is (i) corresponding to
the shaded angle, (ii) alternate to the shaded angle.




2.6 Bearings

In some situations, compass bearings,
based on North, East, South and
West, are used to describe directions.
For navigation, three-figure bearings
are used. A three-figure bearing is the
angle always measured clockwise
from North. When the angle is less
than 100°, one or two zeros are
inserted in front of the angle, so that
the bearing still has three figures.
Thus, East as a bearing is 090° and
South is 180°. The directions of the
four bearings 032°, 143°, 227° and
315° are shown in Figure 2.25.

................................................................

Example 2.6.1
The bearing of B from A is 074°. Find the bearing of A from B.
It is important to draw a rough sketch.

Start by putting A on the paper with the line
due North through A, and then put B on the
diagram, together with the line due North
through B.

The bearing of A from B is the reflex angle at 4
B and is therefore 180° + x. But the angle x is
alternate to the angle of 74°, so x = 74°.

Therefore the bearing of A from B is 180° + x = 254°.

................................................................

................................................................................................

Insight
There are plenty of mnemonics to help you remember the order
of the compass points. Never Eat Slimy Worms is one example.

................................................................................................

cese

cese
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Make a tracing of the figure and extend
the lines. Then, using your protractor, find D
the bearings of A, B, C and D from O.

B
Draw accurate diagrams to illustrate these bearings.
(a) 083° (b) 126° (c) 229° (d) 284°
Express the following directions as three-figure bearings.
(a) West  (b) North East  (c) South West (d) North West
Express the following directions as three-figure bearings.

(b)

The bearing of B from A is 139°. Find the bearing of A from B.
The bearing of D from C is 205°. Find the bearing of C from D.



THINGS TO REMEMBER

An angle is formed when two straight lines meet.

The vertex of an angle is the point where the lines meet.
A right angle is a quarter turn, which is 90°.

An acute angle is an angle which is less than 90°.

An obtuse angle is an angle which is between 90° and 180°.
A reflex angle is an angle which is greater than 180°.

A protractor is used to measure angles accurately.
Complementary angles are two angles whose sum is 90°.
Supplementary angles are two angles whose sum is 180°.
Angles on a straight line add up to 180°.

Angles at a point add up to 360°.

Vertically opposite angles are equal.

Perpendicular lines cross at right angles.

Parallel lines are straight lines which are always the same
distance apart. Parallel lines never meet.

A transversal is a straight line which crosses two or more
parallel lines.

2. Angles



» Corresponding angles on a transversal are equal to each other.
These are sometimes called F-angles.

» Alternate angles on a transversal are equal to each other.
These are sometimes called Z-angles.

» A three-figure bearing is the angle measured clockwise from
North. So an angle of 27° from North corresponds to a
bearing of 027°.




...............................................................................................

Fractions

In this chapter you will learn:

» about equivalent fractions

*  howto compare fractions

* howto add and subtract fractions

*  how to multiply and divide fractions.

3.1 Introduction

The word “fraction’ comes from the Latin fractus (broken) and
fractions were often called ‘broken numbers’. For many centuries,
the numbers 1, 2, 3, 4, etc. met humanity’s needs and, although the
Babylonians developed a system of fractions in about 2000 Bc, it
was 400 years later that the Ancient Egyptians produced the first
thorough treatment.

3.2 What is a fraction?

A fraction is one or more equal parts of a whole.

In Figure 3.1 overleaf, the left circle has been split into 4 equal
parts (quarters) and 3 of them are shaded. The fraction of the circle
which is shaded is 2. The top number, 3, is called the numerator

and the bottom number, 4, is called the denominator. One of

3. Fractions
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the four parts is unshaded, so the fraction of the circle which is

unshaded is .

If you were asked what fraction of the circle is shaded in the
middle circle in Figure 3.1, you might give £ as your answer, as the
circle has been split into 8 equal parts and 6 of them are shaded.
Similarly, in the third circle, the fraction 12 is shaded.

Figure 3.1

You might say that it is obvious from Figure 3.1 that the three

fractions 3, & and 1% are equal. You would be right: they are equal

in value and they are called equivalent fractions. You can write
3_6_12

4787 16"

You could get ¢ from 2 by multiplying both the numerator
and the denominator of 2 by 2, that is, 325 = £. You can get 22
by multiplying the numerator and the denominator of 2 by 4.
Similarly, 3, 43 and 4% are three more fractions equivalent to 3.
In general, if you multiply the numerator and the denominator
of a fraction by the same number, you will obtain a fraction

equivalent to the original.

1 What fractions of these shapes are (a) shaded, (b) unshaded?

N

If 2 of a shape is shaded, what fraction is unshaded?
If 2 of a shape is shaded, what fraction is unshaded?
4 From £,2,2 and £, write down a fraction with

(a) a numerator of 5, (b) a denominator of 8.

w



5 Write down five fractions which are equivalent to
@3 () ()% (d) 3

6 Complete 2= and 2 =.1Is Z larger than £?

3.3 Which fraction is bigger?

If two fractions have equal denominators, it is easy to see which
fraction is the larger. For example, § is clearly larger than 3.
You only have to compare their numerators and see that 5 is
larger than 3.

To find which is the larger of 2 and 3, make lists of fractions

equlvalent to 2 and to 3. Such hsts are 2=4=-5-2%-D-,
and +=£= 192 == ;g . In each list there is a fraction w1th

: Yy s 3.9 63 2
a denominator of 12: 2 =2 and 2 = 2. So 2 is larger than 2.

A quicker method is to convert 2 and 2 to equivalent fractions with
the same denominator, in this case 12, because 12 is the lowest
number which is a multiple of both 3 and 4. This number, 12,
is called the lowest common multiple of 3 and 4.
Insight
If the lowest common multiple of the denominator is not
obvious, you can find a common denominator by multiplying
together the two denominators. For example, to compare
- and § you can convert them to equlvalent fractlons
with denomlnators of 10 x 8 = 80. So & =% =3¢ and

5 _ 5x10 __ 7 5
3 =213 =3 therefore % is greater than

....................................................................................................

3.4 Simplifying fractions
The fractions 2 and & are equivalent. To show this, start with

2 and multlply both the numerator and the denominator by 4.
Alternatlvely, start with £ and divide both its numerator and
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its denominator by 4. In general, by dividing both the numerator
and the denominator of a fraction by the same number, you obtain
a fraction which is equivalent to the original fraction. This process
is called cancelling.

If the numerator and denominator of a fraction have no common
factors, the fraction is said to be in its simplest form or in its lowest
terms. So 2 is the simplest form of ¢ but -+ is not the simplest form
of 12, because 2 is a factor of both 4 and of 10. If you divide the

300
numerator and the denominator of = by 2, you obtain %, which is

in its simplest form.

To find the simplest form of 12 in a single step, you must find the
highest number which is a factor of both 12 and 30, which is 6,
and then divide both the numerator and the denominator by 6.

1 Which fraction is larger?
(@ 2ort (b)2or (c)Zorg (d)jor=
(€)Forg (f)gorsz (ghgorg (h)3ors

9
2 Put these fractions in order of size starting with the smallest.
@33% B35
3 Complete each of the following.
@i=7 O f-7 ©%=;
4 Complete each of the following.
@5== B)F=* (z=*
5 Find the simplest form of each of the following.
@t O ©F @3
@F NE @z M3
6 Find the simplest form of each of the following.
@7 () (o) 1‘2 (d) 5
@z OF @ 03



3.5 Improper fractions

Figure 3.2 shows that there are 6 thirds

in 2 wholes, that is, ¢ = 2. Notice also

that & simplifies to %, so 2 = 2. You can

think of the fraction line as a division

sign, s0 6 +3=%.Hence 6 +3=4=2=2, Figure 3.2

A fraction such as £, in which the numerator is greater than the
denominator, is called an improper fraction. All the fractions you
have met so far in this chapter have been proper fractions, in which
the numerator is less than the denominator.
Insight

Improper fractions are also called ‘top-heavy’ fractions.
If the denominator divides exactly into the numerator the improper
fraction is equal to a whole number, but this doesn’t always
happen.

Figure 3.3 shows that there are 7 quarters
in 12, that is, 2 =12. The number 13 is

called a mixed number, because it is a
mixture of a whole number and a proper m m
fraction. To change Z to a mixed number, w w
think of it as 7 + 4. Since 4 divides into

7 once with a remainder of 3, the whole Figure 3.3
number is 1 and the numerator of the

fraction is 3. The denominator, 4, of the fraction is the same as in
the improper fraction.

© 6 0 6 6660000000000 0000000000000 00000000000000s0000000ss000 000

Example 3.5.1

Change ' to a mixed number.

Think of % as 14 + 3. Then divide 14 by 3 to get 4 with a remainder
of 2. Hence ' =14 + 3 =42,

I R I R I I I I R I I I I R I T A S A S P P Y
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.
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If you want to change an improper fraction which is not in its
simplest form to a mixed number, express it in its simplest form
and then change it to a mixed number.

To change a mixed number such as 3% to an improper fraction,
you need to work out how many fifths there are in 32. There are
S fifths in 1, so there are 3 x 5 = 15 fifths in 3. Adding the extra
2 fifths gives 17 fifths, which is . So 32 =42

==

You would write down this process as 32 =32 =

s

1 Write each of the following as a whole number.
@% ®BF (@F [@F

2 Write the following as improper fractions in their simplest forms.
(@3 (b)12

3 Change the following to mixed numbers.
(a)13+5 (b)19+4 (c)25+6 (d)15+8
(e) 5 () < @5 mF

4 Change the following to mixed numbers in their simplest forms.
@% G)F (% (@I

5 Change the following to improper fractions.
(@) 23 (b) 45 (c)3; (d)53

3.6 Adding and subtracting fractions

Just as it is easy to order fractions with equal denominators,
it is easy to add and subtract them.

Figure 3.4 shows that 2 + 2 = 3; that 3 2>
is, you add the numerators but you

do not add the denominators. 2 + 2 is Z

not equal to 2 + 2 = 2 The fraction 2 7

is in its simplest form but sometimes Figure 3.4



you will be able to simplify your answer. You should do so if
you can.

You can also subtract fractions with equal denominators. For
the first but, as Wlth add1t1on, the denominator stays the same.

If fractions have different denominators, convert them to
equivalent fractions with equal denominators. To add £ and 4, for
example, convert both to equivalent fractions with denominator
20, the lowest common multiple of the denominators 5 and 4.
(See Section 3.3.)

17

3.1_1 .5 _ 17
Then5+4_20+20_20'

© 6 6 6 6660000000000 0000000000000 0000s0ee0 0000000000000

Example 3.6.1
Work out 55 + 21.

Adding the whole numbers, 5 +2 =7.
The lowest common multiple of the denominators 2 and 3 is 6.

ThenZ+1=24+3=483-1 and, as a mixed number Z =1

1
6 6°

Finally, adding the two sums 7 + 1{ = 8..

D R I R I I R I e I I I I R R P S )

I R
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You can use the same method for some subtractions.

© 6 6 6 6660000000000 0000000000000 0000s0ee0 0000000000000

Example 3.6.2
Work out 42 —12.

Subtracting the whole numbers, 4 — 1= 3.
The lowest common multiple of the denominators is 15.

Thenf-2=0-2=109-1 and42-13=3+1 =31

15 15 15’

D R I I R I I R R R R R I
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If you try to use this method with 4% — 12 the subtraction 7 — 12

arises, so that you have to subtract a larger fraction from a smaller.
There are ways around this difficulty, but the safest is to start

by changing both mixed numbers to improper fractions. The
disadvantage of this method is that the numerators can get large.

................................................................

Example 3.6.3
Work out 43 — 1.

As improper fractions 43 =2 and 15 =

The lowest common multiple of the denominators is 15.

23 _ 5 _69_ 25 _69-25_ 44 _ >14
Thens 3715 15 15 2

................................................................

Work out the following. Give every answer in its simplest form.

1T @z3+35  (B)7+2 (C)—+— (d) 5+
(e)%+% (f) %'l'% (g) 0t 10 (h)_+_
2 @4-3 B33 @33 @i 3
3 (3+5  (b)g+3 (€)5+3 (d)s+2
@3+3 ()g+3 @s+%  (h)g+3

4 (a)221+3% (b)42+12 ()51+23 (d)15+32
5 (a)35-1F (B)4i-27 (35-23 (d)45-

3.7 Multiplication of fractions

Multiplication by a whole number is the same as repeated addition.
Thus, 3 x2=3+3 and 2 x2=2+2 =% The numerator, 3, has
been multiplied by the whole number, 2, but the denominator is
unchanged. A common error is to multiply both the numerator



and the denominator by 2 but this gives a fraction, £, which is
equivalent to 3.

................................................................

Example 3.7.1
Work out 2 x 8.

Multiplying the numerator by the whole number, § x 8 = 2.

As a mixed number 4> = 62, which, in its simplest form, is 62.

................................................................

The multiplication £ x 2 is illustrated in Figure 3.5, \ 5>
where you can see that £ of the total square is 2
shaded. Thus 4 x 2 = . This suggests that to multiply V

two fractions you multiply the numerators and then

you multiply the denominators. Figure 3.5

Multiplying a fraction by a whole number is similar to multiplying
one fraction by another fraction. Writing the whole number as
an improper fraction, with the whole number as the numerator
and 1 as the denominator, enables you to write, for example,

10 3 _ 3 10 _ 30 _ 15 __ 1
10 as = Then;x10—7x7—7—7—73.
To multiply two mixed numbers, change them to improper
fractions.

................................................................

. Example 3.7.2

Work out 25 x 12,

................................................................

3.8 Fractions of quantities

One half of 10 is obviously 5. Therefore 1 of 10 is 5.
Butdx10=

2
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This suggests that, in mathematics, ‘of” means multiply. You can
use this to find fractions of physical quantities.

................................................................

* Example 3.8.1

- Work out 2 of 27 miles.

of 27 =2 x 27 =2 x 27 =5} =18, 50 £ of 27 miles is 18 miles.

................................................................

Work out the following. Give every answer in its simplest form.
1 (@)2x5 (b)tx15 (c)2x10 (d)40x%

2 @x7 B)5xg (gxsi (x5

w

(@) 2315 (B)15x25 (c)25x35 (d)gx25
(€)43x5 () x1z  ()15x3  (h)4x33

I

(@) z0of 30 (b) 2 0of 56 (c)2of 45 (d)2 of 44

(Y, ]

(a) 2of 48kg (b) 2 of 70cm (c) £ of 60 litres

3.9 Division of fractions

The calculation 12 + 3 means ‘what do you multiply three by

to get 12?° Similarly, 5 + 1 means ‘what do you multiply one
half by to get 52’ There are 2 halves in 1; so there are 5 x 2 = 10
halves in 5.

By first writing the whole numbers as an improper fraction,
S5+1=3+1=10.



However, you also know that 5§ x 2 =3 x2 =1 =10. This suggests

that dividing by 1 is the same as multlplymg 2.

Now think about 6 + 2. This means ‘how many times do you
multiply 2 to get 6?° First notice that 4 x 3 =12 =1, so you multiply
2 by 4 to get 1, so you must multiply 2 by 6 x 4 to get 6. Therefore

This suggests a way to divide one fraction by another. You turn the
second fraction upside down and multiply the first fraction by it.

© 6 6 6 6 66600000 0000000 0 008 s s 000000 s e 0000 ssese 000 sssee 000 ssee e e e s

Example 3.9.1
Work out (a) 2+2, (b)1+4

4!

sseeeccccsssss s

The result of dividing a number into 1 is called the reciprocal
of the number. So 2 is the reciprocal of £. You can also work
out that % is the rec1pr0cal of 303 and are reciprocals of
each other.

0000000000000 000000000000000000000000000000000000000000000000000000000000000000000sosssssssssscssses

Insight
To find the reciprocal of a fraction you can simply turn it
upside down. Notice that when you multiply a number by its

reciprocal the result is 1. For example, 3 x + =1.

0000000000000 0000000000000000000000000000000000000000000000000000000000000000000scsosssssssssscssses

Note that, as with multiplication, mixed numbers must always be
changed to improper fractions before dividing.

© 6 6 6 6660000000000 00000000000 ss0e0000sses0000ssse 000 ssse 00 00

: Example 3.9.2 i
: Workout 3]+ X
! . 7. 12 _ 84 _ 3
b 3777 2% 7T =6. 1
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cese

cese

Work out the following. Give every answer in its simplest form.

1 (a)2+3 (b) 43 (c)6+2 (d)2+2
2 @5+3 (b) £ +2 (c)Z+2 (d)2+¢
(e)§+3 () G+ (&) +35 (h) 5+
3 (@)2;+15  (B)25+33 ()25+5  (d)3+4;
(€)255+15 (1327  (g5+7% (h)22+2

3.10 A number as a fraction of another number

Fractions are a useful way of comparing two quantities.

For example, 90° is often called a { turn, because there are

360° in a complete turn and £ = 4 in its simplest form. Similarly,

45 minutes is 2 hour, as there are 60 minutes in an hour and £ =2
in its simplest form. The numerator and the denominator must be
in the same units.

................................................................

: Example 3.10.1

Express, in its simplest form, 36 minutes as a fraction of 2 hours.

There are 120 minutes in 2 hours. The required fraction is 25 = 2.

................................................................

................................................................................................

Insight
When you write one quantity as a fraction of another,
you must make sure that they both have the same units of
measurement. So in the above example it would be incorrect
to say that the answer is 3¢, since one quantity is in minutes
and the other in hours.

................................................................................................



[0}

Express the first quantity as a fraction of the second. Give each
answer in its simplest form.

(a) 8 minutes, 1 hour (b) 15 hours, 1 day

(c) 5 days, 2 weeks (d) 48 seconds, 2 minutes
(e) 50 minutes, 2 hours  (f) 6 days, 3 weeks

(g) 60 cm, 1 metre (h) 18 hours, 4 days

(i) 70 cm, 2 metres (j) 14 hours, 1 week

On a jury there are 8 women and 4 men. What fraction of the jury
are women?

Find a fraction which is halfway between 2 and 4.

Two fifths of the employees in a company drive to work, one third
travel by bus and the rest walk. Find the fraction who walk.

Last Friday, Tony worked for 71 hours. Express this time as a
fraction of a day.

The sum of two mixed numbers is 6 2. One of the mixed numbers
is 22. Work out the other one.

The product of two fractions is ;. One of the fractions is ¢.

Work out the other one.

An angle is £ of a turn. Express this in degrees.

When a petrol tank is Z full, it contains 5 gallons. How many
gallons does it hold when full?

3. Fractions
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THINGS TO REMEMBER

» A fraction is a type of number written as a numerator over a
denominator.

» Equivalent fractions are fractions that are equal in value.

» Cancelling is when you divide both the numerator and
denominator of a fraction by the same number, in order to
make another fraction equivalent to the original.

» A fraction is in its lowest terms or simplest form when it can
no longer be cancelled, i.e. when there is no number (other
than 1) that divides exactly into both the numerator and
the denominator.

» The lowest common multiple of two numbers is the smallest
multiple that both numbers have in common.

» A proper fraction has a numerator which is less than the
denominator. For example, 3.

» An improper fraction has a numerator which is greater than
the denominator. For example, Z.

» To add or subtract fractions:
Step 1 Write them as equivalent fractions with the same
denominators.
Step 2 Add or subtract the numerators, leaving the
denominator as it is.

» In mathematics, ‘of” means multiply.

» To multiply fractions you multiply the numerators and then

you multiply the denominators.

For example, Z x 2 =12,




» The reciprocal of a number is the result of dividing that
number into 1.

» To divide one fraction by another you turn the second

fraction upside down and then multiply the first fraction by it.

For example, Z +2=1x3 =321

3. Fractions 43
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...............................................................................................

Two-dimensional shapes

In this chapter you will learn:

» about different types of triangles and polygons

* howto use the angle sums of triangles and polygons
* howto construct triangles

» about the symmetries of triangles and polygons

* about tessellations.

41 Introduction

Two-dimensional shapes are flat shapes, such as squares and
circles. They are also called plane shapes; the geometry which deals
with them is called plane geometry. Thales of Miletus, a Greek,
laid the foundations of plane geometry in the sixth century BC.
About 200 years later, Euclid’s Elements contained a complete,
rigorous treatment of it.

4.2 Triangles

The simplest two-dimensional shape is the triangle, a three-sided
shape with three angles (Figure 4.1). As a triangle made of rods
cannot be deformed, it is widely used in buildings and other
structures.



a c a c a C

Figure 4.1 Figure 4.2 Figure 4.3

Draw a triangle on paper and label its angles a, b and c; see

Figure 4.2. Tear off the corners and fit angles a, b and ¢ together,
as in Figure 4.3. They fit along a straight line. From Chapter 2, the
three angles on a straight line add up to 180°,so a + b + ¢ = 180°.
This suggests that the angle sum of a triangle is 180°.

However, this demonstration only works for the triangle that you
drew. It does not show that the sum of the angles in a triangle is
180° for any triangle. To do that, you need a proof.

>

In Figure 4.4, the side AB of triangle ABC
has been extended and, at B, a line has Ea
been drawn parallel to AC. Angles £, g - AW

and b lie along a straight line, so Figure 4.4
f+g+h=180°.

As angles g and e are alternate, g = e. As angles b and d are
corresponding, b = d. (See Section 2.5.) So f+ e + d = 180°.

Therefore the angle sum of a triangle is 180°.
The triangle in Figure 4.5 is acute-angled, as its angles are all less

than 90°. An obtuse-angled triangle (Figure 4.6) has an obtuse
angle, and a right-angled triangle (Figure 4.7) has a right angle.

Figure 4.5 Figure 4.6 Figure 4.7

4. Two-dimensional shapes
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There are three other types of triangle. An equilateral triangle
has three equal sides and angles. As the angle sum is 180°, each
angle is 180° + 3 = 60°. In Figure 4.8, the marked sides show that
they are equal.

A
60°

AB0° | B60°\

Figure 4.8 Figure 4.9 Figure 4.70

An equilateral triangle has 3 lines of symmetry, shown dotted in
Figure 4.9. If the triangle is folded along one of its lines of symmetry,
one half of the triangle will fit exactly on top of the other half. An
alternative name for a line of symmetry is a mirror line, as one half
of the triangle is a mirror image, or reflection, of the other half.

An equilateral triangle has rotational symmetry of order 3. This is the
number of ways a tracing of the shape will fit on top of itself without
turning it over. In Figure 4.10, the point of the triangle about which
the tracing paper turns is called the centre of rotational symmetry.

A triangle which has two equal sides is called an isosceles triangle.
In an isosceles triangle the angles opposite the equal sides are also
equal (see Figure 4.11). The reverse is also true: if two angles of

a triangle are equal, then the sides opposite them are also equal,
so the triangle is isosceles. ‘Isosceles’ is a Greek word, meaning
literally ‘equal legs’.

NN

Figure 4.11 Figure 4.12 Figure 4.13




An isosceles triangle generally has one line of symmetry (Figure 4.12)
and rotational symmetry of order 1. That is, a tracing of the triangle
will fit on top of itself in only one way. In the special case when the
isosceles triangle is equilateral, it has three lines of symmetry.

................................................................

Example 4.2.1
In Figure 413, find the sizes of the angles marked a and b.

The triangle is isosceles, so the angles opposite the equal sides are
equal, and a=67°.

As the angle sum of the triangle is 180°, b = 180° — 2 x 67° = 46°.

................................................................

Triangles with no equal sides and no equal angles are scalene
triangles. They have no lines of symmetry and rotational symmetry
of order 1.

In questions 1-9, find the size of each of the angles marked with
letters. In some questions you will need to use facts about angles from

Chapter 2.The triangles are not drawn to scale.
1 3
48° 54°
51° a d
4 5 6
S
e f 118° . b

(Contd)
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132°

10 One of the angles of an isosceles triangle is 74°. The other two
angles are x and y. Find two possible pairs of values for x and y.

11 One of the equal sides of an isosceles triangle is extended, and the
angle between the extended side and the other equal side is 40°.
Find the angles in the triangle.

4.3 Constructing triangles

Given three suitable measurements, you can make an accurate

drawing of a triangle with a ruler, a pair of c

compasses and a protractor. If the corners, or

vertices, of the triangle are labelled A, B and C, A

as in Figure 4.14, the length of the side joining A B

A and B is denoted by AB. Figure 4.14
Example 4.3.1

In triangle ABC, AB =3 cm, AC =2.5 cm and BC = 2.7 cm. Make an
accurate drawing of the triangle.

Choose one of the sides, say AB, as the base, draw a line 3 cm
long and label its ends A and B. Set your compasses to a radius of
2.5 cm and, with the point on A, draw an arc (part of a circle).
With the point of the compasses on B draw a second arc of
radius 2.7 cm (see Figure 4.15) to cut the first arc at C. Draw a
line from A to C and a line from B to C to complete triangle ABC.
See Figure 4.16.



Figure 4.15 Figure 4.16
You can construct a triangle if you are given the length of one side
and the sizes of two angles. If necessary, you can, of course, work
out the size of the third angle of the triangle.

You can also construct a triangle if you are given the lengths of
two sides and the size of the angle between the two given sides.

If you are given two sides and an angle other than the included
angle, you can sometimes construct two different triangles from the
information. (See Exercise 4.2, question 9.)

If you are given three angles whose sum is 180° and no side, you
can construct an infinite number of triangles from the information.

In questions 1-7, make an accurate drawing of the triangle ABC.

AB=42cm,AC=3.7cm,BC=3.1cm.
AB=3.6cm,AC=28cm,BC=5.2cm.

AB = 4.3 cm, angle A = 59°, angle B = 42°.

AB = 4.8 cm, angle A= 124°, angle B = 21°.

AB = 4.3 cm, angle A = 25°, angle C = 27°.

AB=5.1cm,AC =4.8 cm, angle, A = 43°.

AB = 4.5 cm, BC =3.9 cm, angle B = 136°.

What happens if you try to construct a triangle ABC with
AB =6 cm,AC =3 cm and BC = 2 cm? Find a rule which tells
you whether, given three lengths, it is possible to construct a
triangle with sides of these lengths.

ONOOUVTAWN-=

(Contd)
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9 Triangle ABC has AB =5.7 cm, angle A = 46° and BC = 4.6 cm.
Construct two different triangles from this information.
10 Construct a triangle ABC with angle A = 68° and angle B = 49°.

4.4 Quadrilaterals

A quadrilateral is a shape with four straight sides and four angles.
You can investigate the sum of the angles of a quadrilateral in a
way similar to the one you used for a triangle.

Draw a quadrilateral and label its angles a, b, ¢ and d (Figure 4.17).
Tear off the corners and fit the angles together at a point (Figure
4.18). From Chapter 2, the angles at a point add up to 360°. This
suggests that a + b + ¢ + d = 360° and that the angle sum of a
quadrilateral is 360°.

AN S
%

Figure 4.17 Figure 4.18 Figure 4.19

To prove this, draw a diagonal of a quadrilateral, dividing it into
two triangles (see Figure 4.19). The angle sum of each triangle is
180°, so the angle sum of a quadrilateral is 360°.

A square is a quadrilateral with four equal sides and four right
angles (Figure 4.20). A square has 4 lines of symmetry (Figure 4.21),
and rotational symmetry of order 4.

[T T =

Figure 4.20 Figure 4.21 Figure 4.22 Figure 4.23



A rectangle has four right angles and its opposite sides are equal
in length (Figure 4.22). A rectangle has 2 lines of symmetry
(Figure 4.23), and rotational symmetry of order 2.

7L

Figure 4.24 Figure 4.25 Figure 4.26

A parallelogram has opposite sides which are both parallel and
equal in length (see Figure 4.24). A parallelogram has no lines of
symmetry, and rotational symmetry of order 2.

A rhombus (Figure 4.25) is a parallelogram with equal sides. It has 2
lines of symmetry (Figure 4.26), and rotational symmetry of order 2.

[N N O

Figure 4.27 Figure 4.28 Figure 4.29 Figure 4.30

A trapezium (Figure 4.27) has one pair of parallel sides. It generally
has no lines of symmetry and has rotational symmetry of order

1. An isosceles trapezium (Figure 4.28), in which the non-parallel
sides are equal in length, has one line of symmetry.

A kite (Figure 4.29) has two pairs of adjacent sides with equal
lengths, like two isosceles triangles with their bases joined. A kite has
1 line of symmetry (Figure 4.30), and rotational symmetry of order 1.

In the figure, work out the size of the angle marked x.

Write down the names of two quadrilaterals with vy

rotational symmetry of order 2.

3 Write down the names of three quadrilaterals
whose diagonals cross at right angles.

4 A quadrilateral has m lines of symmetry. Write down all the
possible values of m.

5 A quadrilateral has rotational symmetry of order n. Write down all

the possible values of n.

N =

(Contd)

4. Two-dimensional shapes

51



6 Construct an accurate drawing of quadrilateral ABCD from the
information given below. All lengths are in centimetres.
(a) AB=3.7, ZA=78°AD=2.1,BC=3.1,CD = 46.
(b) AB =49, ZA=114°,BD =5.7,CD = 3.9,BC = 3.2.
(c) AB=4.1, ZBAD = 98°, ZABD = 34°,CD = 2.9, BC = 4.6.
(d) AB=3.8,AD =2.9,BD = 4.5, /BDC =31°,CD = 4.7.

4.5 Polygons

A polygon is a shape with three or more
straight sides. To calculate the angle sum
of a polygon, split it into triangles. For the
five-sided polygon in Figure 4.31, choose
any vertex, draw as many diagonals as
you can from that vertex, in this case two,
splitting the five-sided polygon into three triangles. The angle sum
of a triangle is 180°, so the angle sum of the five-sided polygon is
3 x 180°, or 540°.

Figure 4.31

In general, the number of triangles into which you can split a polygon
in this way is two less than the number of sides of the polygon.

The table shows the angle sums and the names of some polygons.

................................................................

Number Name Number Angle sum
of sides of triangles in degrees

3 Triangle 1 180

4 Quadrilateral 2 360

5 Pentagon 3 540

6 Hexagon 4 720

8 Octagon 6 1080

10 Decagon 8 1440

A polygon whose sides and angles are equal is called regular. You
can find the size of each angle of a regular polygon by dividing the
sum of its angles by the number of its angles.



................................................................................................

Insight
Be careful: when a question says ‘pentagon’ it means a
five-sided shape and not necessarily a regular pentagon.

................................................................................................

4.6 Interior and exterior angles

So far in your study of polygons,
the angles you have been given or
have had to find have been inside

Exterior
angle

Interior
.the pplygon. These angles are ca.lled R ang:e
interior angles. If you extend a side, E T
as in Figure 4.32, the angle outside 3
the shape is called an exterior angle. Figure 4.32

There is a surprising fact about the sum of the exterior angles of a
polygon. Suppose that you are walking round the polygon, starting
from A and facing B. Walk to B, and when you get there, turn
from the direction BP to the direction BC. Now walk to C, and
when you get there, turn from the direction CQ to the direction
CD. Continue in this way, until you come back to A, and you turn
from AT to face B, and you are back where you started, and facing
in the same direction. On the way, you have turned through an
angle equal to the angle sum of the exterior angles, but you have
also turned through 360° because you are facing the same direction
as before. Moreover, this argument applies to any polygon, not just
the pentagon in Figure 4.32.

Therefore, the sum of the exterior angles of any polygon is 360°.

This fact is often useful in questions involving regular polygons,
because the exterior angles of a regular polygon are all equal.

................................................................................................

Insight
In Figure 4.32 you can see that the interior angle and exterior
angle of a polygon lie on a straight line. It follows that at a
vertex the exterior angle + the interior angle = 180°.

................................................................................................
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Example 4.6.1

Work out the size of
(a) each exterior angle,
(b) each interior angle of a regular pentagon.

(a) A regular pentagon has five equal exterior angles whose sum is
360°, so each exterior angle is 360° + 5 =72°.

(b) At each vertex, interior angle + exterior angle = 180°.
Thus every interior angle is 180° —72° = 108°.

................................................................

................................................................

Example 4.6.2

The size of each exterior angle of a regular polygon is 24°.
(a) Calculate the interior angle of the polygon.
(b) How many sides has the polygon?

(a) As each exterior angle is 24°, the interior angles are each
(180 — 24)°, which is 156°.

(b) The sum of exterior angles is 360° and each exterior angle is
24°, so the number of sides is 360 + 24 = 15.

................................................................

4 Work out the sum of the angles of a 12-sided polygon.
5 Work out the sum of the angles of a 15-sided polygon.
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Work out the size of each angle of a regular pentagon.

Work out the size of each angle of a regular decagon.

Work out the size of each angle of a regular 18-sided polygon.

The size of an interior angle of a polygon is 109°. Work out the size

of the exterior angle at the same vertex.

10 Work out the size of each exterior angle of a regular hexagon.

11 Work out the size of (a) each exterior angle and (b) each interior
angle of a regular 12-sided polygon.

12 The size of each interior angle of a regular polygon is 140°. How
many sides has the polygon?

13 The size of each interior angle of a regular polygon is 168°. How

many sides has the polygon?

O 0w ~N»

4.7 Symmetries of regular polygons

You already know that an equilateral triangle (a regular polygon with
3 sides) has 3 lines of symmetry and that a square (a regular polygon
with 4 sides) has 4 lines of symmetry. Figure 4.33 shows the lines of
symmetry drawn on regular polygons with 5, 6, 7 and 8 sides.

Figure 4.33

In general, the number of lines of symmetry of a regular polygon
and the order of rotational symmetry of a regular polygon are both
the same as the number of its sides.

4.8 Congruent shapes
If you make a tracing of one of the triangles in Figure 4.34 overleaf
you will find that the tracing will fit exactly on top of each of the

other triangles.

4. Two-dimensional shapes
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Figure 4.34

The triangles in Figure 4.34 are exactly the same shape and size
and they are said to be congruent.

If you turn the tracing paper over and the tracing fits exactly on

top of a triangle, that triangle is also congruent to the original one.
Use tracing paper to check that the triangles in Figure 4.35 are also

congruent.

Figure 4.35

Shapes other than triangles may also be congruent to each other.

1 Write down the letters of the pairs of congruent shapes in the
diagram.

IO [ A
ON[T OO




4.9 Tessellations

Figure 4.36 shows how regular hexagons can
fit together without any gaps and without
overlaps. Bees’ honeycombs are
an example of this.
Figure 4.36
Shapes which fit together like this are said to
tessellate and the tiling patterns they make are called tessellations.

‘Tessellate’ and ‘tessellations’ are derived from the Latin word for
the small square stones used to make mosaic patterns.

Each interior angle of a regular hexagon is 120° so three corners fit
together to make 360°.

QEA &3

Figure 4.37 Figure 4.38

Figure 4.37 shows how equilateral triangles tessellate. (In fact, all
triangles tessellate.) Each angle of an equilateral triangle is 60° so
six corners fit together to make 360°.

Regular octagons do not tessellate but a combination of regular
octagons and squares will tessellate, as Figure 4.38 shows. Each
interior angle of a regular octagon is 135° and two of these corners
fit together with a right angle to make 360°. This does not guarantee
that the regular octagons and squares will tessellate, but if it were
not true, they certainly wouldn’t tessellate.
Insight

There is a wide variety of beautiful tessellations, ranging

from intricate Islamic mosaics to the work of the Dutch artist

M. C. Escher.

0000000000000 00000000000000000000000000000000000000000000000000000000000000000s0sososssssssssscsascs
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Draw diagrams to show how each of these shapes tessellates.
Show at least six shapes in each diagram.

(a) isosceles triangle (b) square

(c) parallelogram (d) kite

Without drawing, explain why rectangles tessellate.

Without drawing, explain why regular nonagons (nine-sided
polygons) do not tessellate.

Draw a diagram with at least ten shapes to show a tessellation
using a combination of regular hexagons and equilateral triangles.
Explain, without a drawing, why it may be possible to make a
tessellation using a combination of equilateral triangles and
regular 12-sided polygons. Then, using a drawing, show that the
tessellation is possible.



........................

.........................

THINGS TO REMEMBER

.............

.............

....................

.....................

Scalene or All angles less than
acute-angled | 90°
triangle

Scalene or One obtuse angle
obtuse-
angled
triangle

Scalene or One right angle
right-angled
triangle

Isosceles 2 equal sides and
triangle angles

1 line of symmetry

Equilateral
triangle

3 equal sides

All angles 60°

3 lines of symmetry
Rotational symmetry

of order 3

(Contd)

4. Two-dimensional shapes
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.............

.............

Quadrilateral

....................

.....................

Any 4-sided shape

Square

4 equal sides

4 right angles

4 lines of symmetry

Rotational symmetry
of order 4

Rectangle

Opposite sides equal
in length

4 right angles

2 lines of symmetry

Rotational symmetry
of order 2

Parallelogram

Opposite sides
parallel and equal in
length

No lines of symmetry

Rotational symmetry
of order 2




..........................................................

............................................................

Rhombus 4 equal sides

Opposite sides
parallel

2 lines of symmetry

Rotational symmetry
of order 2

Trapezium One pair of parallel
sides
No lines of symmetry

Rotational symmetry
of order 1

Isosceles One pair of parallel
trapezium sides

Non-parallel sides are
equal in length

1 line of symmetry

Rotational symmetry
of order 1

Kite Adjacent sides with
equal lengths
) 1 line of symmetry

Rotational symmetry
of order 1

4. Two-dimensional shapes 61



» This table shows the angle sums and the names of some

polygons.

Number Name Number Angle sum
of sides of triangles in degrees
3 Triangle 1 180
4 Quadrilateral 2 360
5 Pentagon 3 540
6 Hexagon 4 720
8 Octagon 6 1080
10 Decagon 8 1440

» A regular polygon has all sides equal and all angles equal.

» The sum of the exterior angles of any polygon is 360°.

» The sum of the exterior angle and interior angle at a vertex
is 180°.

» Congruent shapes are exactly the same shape and size.

» Shapes which fit together without overlapping or leaving
any gaps tessellate and the resulting tiling pattern is called
a tessellation.




...............................................................................................

Decimals

In this chapter you will learn:

» about place value in decimal numbers

* howto convert between decimals and fractions
*  howto add and subtract decimals

*  how to multiply and divide decimals

« about terminating and recurring decimals.

5.1 Introduction

The invention of decimal fractions, usually called simply decimals,
was a gradual process. It started around the twelfth century and was
completed in 1585, when Simon Stevin, a Flemish scientist, published
a treatment called La Disme (English title: The Art of Tentbs).

Stevin’s symbolism was, however, very complicated and, although
numbers written with a decimal point had first appeared in

print in 1492, decimals were not generally adopted until the late
seventeenth century. In fact, even today, the symbolism is not
standardized. While the United Kingdom and the United States use

a decimal point, many European countries use a comma instead.

Although Lord Randolph Churchill, Sir Winston’s father, complained
that he ‘never could make out what those damned dots meant’, the
use of decimals brought many benefits, including making commercial
processes easier and, in mathematics, the development of logarithms.

5. Decimals
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5.2 Place value

In Chapter 1, you saw how, in the decimal system, the place of a
digit in a number tells you the value of that digit. The value of the
digit in each of the first three columns is

hundreds tens units

Each value is 75 of the value on its left. You can continue this
pattern to the right of the units column with column values of
tenths, hundredths and thousandths.

The value of each digit in the number 654.739, which is read
as six hundred and fifty-four point seven three nine, is shown in
the table.

Hundreds | Tens | Units tenths | hundredths | thousandths
6 5 4 . 7 3 9

The decimal point acts as a marker which separates the whole-
number part from the part which is less than 1.

For example, the value of the 7 is 75 and the value of the 9 is TG -

The number 654.739 has three decimal places. The digit 7 is in
the first decimal place; 3 is in the second decimal place and 9 is
in the third.

With decimals which are less than 1, it is usual, but not essential,
to write a zero on the left of the decimal point. Thus, you write
0.53 rather than .53 to draw attention to the decimal point.

If two decimal numbers have equal whole-number parts, you
can find which is larger by comparing their tenths digits, their
hundredths digits and so on. For example, 4.23, which has a tenths
digit of 2, is greater than 4.19, which has a tenths digit of 1. It does
not matter that 4.19 has a greater hundredths digit than 4.23.



................................................................

Example 5.2.1
Which decimal fraction is greater, 0.506 or 0.512?

Start from the decimal point and work to the right. The tenths digits are
equal. 0.506 has a hundredths digit of 0 and 0.512 has a hundredths
digit of 1. As 1is greater than 0, 0.512 is greater than 0.506.
The symbol > means ‘is greater than’. Example 5.2.1 shows that
0.512 > 0.506. The symbol < means ‘is less than’. Thus 0.506 < 0.512.

................................................................................................

Insight
It can be confusing to decide whether you should use < or >
between two numbers. Remember that the smaller end of the
symbol points towards the smaller number, so 6 <7 or 9 > §.
Or, think of the symbol being an ‘open mouth’ which opens
towards the greater amount.

................................................................................................

1 Write these numbers in a table like that on the opposite page and,
in each case, state the value of the digit 3.
(a) 174783  (b) 936.214 (c) 472.329 (d) 579.038
2 Write down the value of the underlined digit in each of these
decimal numbers.
(a) 23.045 (b) 7.81 (c) 0.892 (d) 0.019
3 (a) How many decimal places are there in the number 231.67?
(b) Write down the digit which is in the second decimal place.
4 (a) How many decimal places are there in the number 0.609?
(b) Write down the digit which is in the second decimal place.
5 Find the greater decimal fraction of each of these pairs.
(a) 0.899,0.901 (b) 0.702,0.72
(c) 0.01,0.009 (d) 0.101,0.909
6 Write down the largest number from this list.
2365 5362 5632 5236 3.625
7 Write down the smallest number from this list.
0.786 0876 0.678 0687 0.768
(Contd)
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8 Write these numbers in order of size. Start with the smallest.
1.32 1302 1.203 2.31 1.23

9 Write these numbers in order of size. Start with the smallest.
0.190 0910 0.109 0901 0.019

10 Insert either < or > between each of these pairs of number to give

a true statement.
(a) 4.76,6.47 (b) 5.72,5.27
(c) 0.39,0.4 (d) 0.03,0.029

5.3 Converting decimals to fractions
You can use place value to convert decimals to fractions.
For example, 0.7 = L and 0.4 = 2.

The fraction 15 is already in its simplest form, but you can simplify
75 to get 0.4 = . (See Section 3.4.)

You can extend this method to numbers, such as 0.37, with two
digits on the right of the decimal point.

=3 4L 7 - 30 ., 7 _ 37
0'37_ 10 + 100 — 100+100 ~ 100

You can write decimals of this type straight down as ‘hundredths’.
You should always give your final answer in its simplest form.
The fraction 3% is already in its simplest form, but the simplest
form can be a fraction with a denominator smaller than 100.

For example, 0.45 = ;& which is 55 in its simplest form.

Similarly, numbers with three digits on the right of the decimal point
may be written straight down as ‘thousandths” and then simplified,
if possible. For example, 0.139 = £2%, which cannot be simplified.
When you convert a decimal number greater than 1 to a mixed
number, the whole-number part stays the same and you convert the
decimal fraction to a fraction. For example, 5.3 = 52.



5.4 Converting fractions to decimals 1

If the fraction has a denominator which is 10, 100, 1000, etc., you
can use place value to convert the fraction directly to a decimal.
For example, 25 =0.27.

Even if the fraction does not have 10 or 100 or 1000 as its
denominator, you can sometimes convert it to an equivalent
fraction which does. (See Section 3.2.) For example, 2 =4-=0.15.

When you convert a mixed number to a decimal, the whole-
number part stays the same and you convert the fraction to a
decimal fraction. For example, 423 = 4-5 = 4.06.

The methods you have met so far in this section apply only to
fractions with a denominator of 10 or 100 or 1000 or with a
denominator which is a factor of one of these numbers. Later in
this chapter you will meet a method which may be used to convert
any fraction to a decimal.

1 Convert each of these decimals to a fraction in its simplest form.
(a) 0.6 (b) 0.1 (c) 0.48 (d) 0.39
(e) 0.09 (f) 0.179 (g) 0.125 (h) 0.003

2 Convert each of the following to a mixed number with the fraction
in its simplest form.
(a) 3.8 (b) 4.22 (c) 54.75 (d) 23.048

3 Convert each of these fractions to a decimal.

(@) © (b) o () % (d) o0
(e) -1 (f) 2 (g) 2 (h) 2
(i & () o (k) 2z O %
4 Convert each of these mixed numbers to a decimal.
(@) 6 (b) 935 (c) 5705 (d) 15

(e) 82 (f) 1235
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5.5 Addition and subtraction
If you line up the decimal points underneath each other, adding
and subtracting decimals is very similar to adding and subtracting

whole numbers.

For example,

with whole numbers and with decimals
354 3.54

2432 + 2432 +
2786 27.86

................................................................

Example 5.5.1

Workout (a)9.7+6.83 (b)12.4+072 (c)0.71+6.092

(@) 97 (b) 12.4 (c) 0.71
6.83 + 0.72 + 6.092 +
16.53 1312 6.802
Insight

You may find it helpful to put in zeros to the right of the
last digit, so that all the numbers have the same number of
decimal places. For example, in Example 5.5.1 part (a), you
can write 9.7 as 9.70, which helps you to align the decimals.

....................................................................................................

................................................................

Example 5.5.2
Workout (a)69-24  (b)123-47  (c)19.04-6.2

(a) 6.9 (b) 123 (c) 19.04
2.4 — 47 - 62 —
45 76 12.84

................................................................



If the calculations are more difficult than those given, you should
use your calculator.

1 Work out the answers to the following questions.

(a) 32+47 (b) 8.6+4.52 (c) 9.82+0.48
(d) 238+027 () 9.7-3.4 (f) 243-75
(g) 2637-192 (h) 324-1757 (i) 6+47

(j) 9-68 (k) 12-0.12 () 7.9-453

(m) 7.6-3.749 (n) 3.86-0372 (o) 8.4+3.685
2 Work out the difference between 8.43 and 9.2.
3 The judges awarded a skater the scores 5.8, 5.7, 6, 5.4, 6 and 5.9.
Work out the skater’s total score.
4 The runner-up in a 100-metres race had a time of 10.37 seconds,
which was 0.09 seconds behind the winner. Find the winner’s time.

5.6 Multiplication of decimals

To multiply a decimal by a whole number
less than 10, you should set out your
working so that the decimal point in the

answer is directly below the decimal point 3.6
in the question. Then you can do the _4x
14.4

multiplication as if you were multiplying two
whole numbers together. For example, the
working for 3.6 x 4 is shown on the right.

To multiply decimals by 10 or 100 or 1000, there are some simple
rules, which you will remember more easily if you see how they are
obtained. The diagram illustrates 32.69 x 10.

Hundreds  Tens Units o tenths hundredths

e
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The digits have moved one place to the left, as their place values
are 10 times bigger but, when the result is written down without
the column headings as 32.69 x 10 = 326.9, it looks as if the
decimal point has moved one place to the right.

Using one of these rules, you can write down the result of multiplying
a number by 10 without working. For example, 5.732 x 10 = 57.32.
Your answer may be a whole number. For example, 38.7 x 10 = 387.

Multiplication of a decimal by 100 may be approached in a similar
way. For example, 4.173 x 100 = 417.3.

................................................................................................

Insight
You may have learnt the rule ‘to multiply by 10, add zero’, but
this rule works with whole numbers and not with decimals.
For example, 0.5 x 10 = 5 not 0.50. Moving the digits one
place to the left works for both whole numbers and decimals.

................................................................................................

The multiplication of two decimal numbers may be introduced by
converting them both to fractions. For example, to work out 0.3 x 0.7,
write it as -5 x %. Using the method you met in Section 3.7, the
result is 2L which as a decimal is 0.21; that is, 0.3 x 0.7 = 0.21.
Notice that 3 x 7 = 21. Notice also that 0.3 and 0.7 each have

one decimal place and that 0.21 has two decimal places; that is,
the number of decimal places in the answer is the same as the

total number of decimal places in the question. This approach
enables you to write down the answers to similar products, such as
0.6 x 0.5 = 0.30, which may be written as 0.3, and 0.3 x 0.2 = 0.06
(not 0.6).

................................................................

: Example 5.6.1

¢ Write down the answer to
() 0.6x09 (b)05x0.8 (c)0.3x0.3

(a) 0.6 x0.9=054 (b)0.5x 0.8=0.40 (or 0.4)
(c) 0.3x0.3=0.09

................................................................



To work out a more difficult product, such as 0.4 x 0.27, you
could convert each decimal to a fraction and multiply them:

4 x 2 =98 which is 0.108 as a decimal, so 0.4 x 0.27 = 0.108.
There is a better method: 4 x 27 = 108. Also, 0.4 has one decimal
place, 0.27 has two decimal places and 0.108 has three decimal
places. So, again, the number of decimal places in the answer is the
same as the total number of decimal places in the question.

This suggests a general method for multiplication involving
decimals.

Step 1 Ignore the decimals and multiply the numbers together.

Step 2 Find the total number of decimal places in the numbers
you are multiplying.

Step 3 The answer must have the same number of decimal places.

Here the steps are used to calculate 0.07 x 0.008.

Step 1  The calculation is 7 x 8 = 56.
Step 2 0.07 has 2 decimal places and 0.008 has 3 decimal places,
so the answer must have 2 + 3 = § decimal places.

Step 3 The answer has five decimal places, therefore
0.07 x 0.008 = 0.000 56.

................................................................

: Example 5.6.2
© Writethe answersto  (a) 0.02 x 0.04 (b) 0.05 x 0.8
(a) 0.02x 0.04=0.0008  (b) 0.05 x 0.8 = 0.040 or 0.04

................................................................

If one of the numbers you want to multiply is a whole number, you
must remember that a whole number has no decimal places.

If the calculations are any more complicated than those given so
far, you are advised to use a calculator.
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1 Work out
(a) 47 x6 (b) 17.8 x5 (c) 1837 x 8 (d) 0.403 x 3
2 Write down the answers to

(a) 821 x 10 (b) 0.6 x 10 (c) 0.47 x 10

(d) 0.702 x 10 (e) 283 x 10 (f) 0.0041 x 10

(g) 5.218 x 100 (h) 0.83 x 100 (i) 0.4 x 100

(j) 0.0007 x 100 (k) 46.36 x 1000 (1) 3.9 x 1000
3 Complete these.

(@) 0.21 x..= 21 (b) 6.71 x ..=67.1

(c) 7.98 x ...= 7980
4 Write down the answers to
(a)o.9x0.7 (b) 0.6 x 0.5 (c)0.2x0.4
(d) 0.1 x0.3 (e) 0.07 x 0.3 (f) 0.03 x 0.02
5 Work out
(@)3.7x14 (b) 0.28 x 0.41 (c) 6.8 x 0.37
(d) 0.084 x 0.47 (e) 9.3 x37 (f) 0.049 x 23
1 litre = 1.76 pints. How many pints are there in 6 litres?
1 gallon = 4.5 litres. How many litres are there in 8 gallons?
8 1 metre = 100 centimetres. How many centimetres are there in
8.32 metres?

N O

5.7 Division of decimals

To divide a decimal by a whole number less than 10, you should,
as with multiplication, set out your working so that the decimal
point in the answer is directly below the decimal point in the
question.

Then you can do the division as if you

were dividing one whole number by 5)13.5
another. For example, the working for 2.7
13.5 + 5 is shown on the right.



To divide decimals by 10 or 100 or 1000 you can use simple rules
which are the opposite of the ones you used for multiplication by
these numbers. The diagram below illustrates 574.6 + 10.

Hundreds  Tens Units o tenths hundredths

T T T

The digits have moved one place to the right, as their place values
are one tenth of what they were, but when the result is written
down without the column headings as 574.6 + 10 = 57.46 it looks
as if the decimal point has moved one place to the left.

Using one of these rules, you should be able to write down the result
of dividing a decimal by 10 without any working. For example,
34.19 + 10 = 3.419. You may need to write zeros to show that
columns are empty. For example, 0.93 + 10 = 0.093.

To divide a decimal by 100 you move the decimal point o places
to the left, and to divide a decimal by 1000 you move the decimal
point three places to the left.

To divide by a decimal, write the division as a fraction, as the line
in a fraction may be thought of as a division sign. (See Section
3.5.) Then, by multiplying by 10 or 100 or 1000, convert it to an
equivalent fraction with a whole number for the denominator,

as you already know how to divide by a whole number. The
numerator does not have to be a whole number.

For example, to divide 0.12 by 0.3, write it as a fraction % .
Then multiply both the numerator and denominator by 10 and
obtain 2, which you can evaluate to get the answer 0.4.

If the calculations are any more complicated than those given so
far, you are advised to use a calculator.

5. Decimals
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: Example 5.7.1

* Work out 2.8 + 0.04.

. Asafraction, 2.8 + 0.04 = 2% Multiplying both the numerator and
: denominator by 100, 28 = 250 Finally, 22 = 70.

................................................................

1 Work out
(@)o.2+4 (b) 19.23 + 3 (c)2382+6 (d) 0.469 + 7
2 Write down the answers to

(@)37.5+10 (b) 457.2 + 10 (c) 0.093 + 10
(d)7.13+ 10 (e) 0.34 + 10 (f) 652.8 =100
(g) 2.5 + 100 (h) 0.37 + 100 (i) 0.003 + 100
(j) 17.2 = 100 (k) 33.8 = 1000 (1) 0.071 + 1000
3 Complete these.
(@)3.7+..=037 (b) 0.9 =+ ...=0.009
(c) 7.9 = ..=0.079
4 Work out
(@) 39.92 =+ 2 (b) 199.5 + 7 (c) 0.624 + 4
(d)7.28 + 8 (e) 257.6 =+ 70 (f) 10.8 = 300
(g) 43.75 + 50 (h) 2.618 + 400
5 Work out
(a) 0.36 + 0.4 (b)3+0.2 (c) 4.8 + 0.06
(d) 0.021 + 0.7 (e) 9 +0.03 (f) 4 + 0.08
(g) 7.38 - 03 (h) 3.384 + 0.09

6 A length of cable 18.48 metres long is cut into 4 equal pieces.
Work out the length of each piece.

7 A pile of 100 sheets of paper is 2.1 centimetres high. Work out the
thickness of each sheet of paper.

8 In completing one lap, a runner covers 0.4 kilometre. How many
laps does she complete in a 10-kilometre race?

5.8 Converting fractions to decimals 2

In Section 5.4, you saw how to convert certain types of fractions
to decimals. There is a general method which you can use to



convert any fraction to a decimal. You have to think of the line in a
fraction as a division sign. So, for example, 3 means 3 + 4.

You can write as many zeros 4) 3.00
as you like on the right of the 0.75
decimal point.

The decimal 0.75 is called a terminating decimal, because it divides
out exactly and the decimal terminates or stops, after two decimal
places in this case.

To convert a mixed number to a decimal, you leave the whole number
unchanged and use the division method to convert the fraction.

................................................................

- Example 5.8.1
Convert 37 to a decimal.
If you divide 7 by 8 you get 0.875, so £ = 0.875.

Therefore 3% =3+0.875=3.875.
Not all fractions give terminating decimals when you convert them.
Using the division method with  , for example, you find that the
decimal repeats itself, and 3 = 0.666..., where the three dots means
that the sixes repeat for ever.

This kind of decimal, which keeps repeating, is called a recurring
decimal. To avoid writing down the same figure repeatedly, you
can write it in a shortened form, using dot notation, with a dot
above the repeating figure. The decimal 0.666... then becomes 0.6.

................................................................

Example 5.8.2

Convert ¢ to a recurring 6)5.0000
decimal and write it in dot 0.8333
tation. .
notation s_083

................................................................
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Sometimes, more than one number repeats. When this happens, dots
are placed above the first and last figures in the repeating group.

The fraction {;, for example, wrltten as a decimal is 0.272 727 ..
which you write as 0.27. Similarly, 2= 0.459 459 459... =0. 459

When writing recurring decimals in dot notation, you must make sure
that you place the dots over the first and last of the group of numbers
that repeat. So, for example, 0.58216216216... is written as 0. 58216.

When you convert a mixed number to a recurring decimal, you
place the dots above the decimal part and leave the whole number
unchanged, so that, in dot notation, 7.7777... is 7.7.

In Section 3.3, you saw how to compare the sizes of fractions
using equivalent fractions. Although this method will work for any
fractions, it would not be ideal for comparing fractions with large
denominators such as 1 and 13 . It is much easier to convert each
of these to a decimal using a calculator. The full calculator reading
for 15 + 1915 0.789 473 684, and for 18 + 23 it is 0.782 608 696,
but you only need to go as far as the third decimal place to see that

the first decimal is greater than the second, so 13 > 35

1 Convert each of these fractions to a decimal and state whether it
is a terminating decimal or a recurring decimal.

@i ()3 () 5 ds (o3

2 Using a calculator, convert each of these fractions to a recurring
decimal and write it in dot notation.

@%F  B)x () (d) =
@z MOx @& ®

3 Write each of these recurring decimals in dot notation.

(a) 0.8888... (b) 0.7121212..  (c) 0.367 367...
(d) 0.456 896 89..  (e) 18.01818..  (f) 0.564 356 43...
(g) 9.3999... (h) 263.6363...



Insert < or > between each of these pairs of fractions to make a
true statement. You should use a calculator.

@Fs  ORHE @5 (d) 2,5

11773 197723 171 21

Use a calculator to put these numbers in order, smallest first.
(a) 5.8, 5%,5.77,5.78, 5%
(b) 3.1, 31,3.01,3.09, 3%

1’

(c) 4-%,4.084,4.083, 4% ,4.085

12 23

16

5 and

Find a decimal with three decimal places which is between
1L . Convert your decimal to a fraction in its simplest form.

(a) Convert these fractions to recurring decimals.
T T T T
(b) How many figures are there in each of the recurring groups?
(c) Comment on the figures in the recurring groups.
(a) Which denominators of the fractions 1,%,+, ..., 55, 35, When
converted to decimals, give rise to terminating decimals?
(b) Comment on the numbers in your answer to part (a).

(Hint: find the factors of each denominator.)

5. Decimals
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THINGS TO REMEMBER

» Each digit in a number has a place value, as shown in this
table:

Hundreds | Tens | Units tenths | hundredths | thousandths
1 2 4 |. 1 0 7

» The decimal point acts as a marker which separates the
whole-number part from the part which is less than 1.

» The symbol > means ‘is greater than’. The symbol < means
is less than’.

» You can use place value to convert a decimal to a fraction.
_ 708 _ 177
For example, 0.708 =555 = 355

» To convert a fraction to a decimal, divide the numerator by
the denominator. So =3 + 4 =10.75.

» When adding or subtracting decimals, remember to line up
the decimal points underneath each other. You may find it
helpful to write in zeros to the right of the last digit, so that
all the numbers have the same number of decimal places.

» To multiply decimals:
Step 1 Ignore the decimal points and multiply the numbers
together.
Step 2 Find the total number of decimal places in the numbers
you are multiplying.
Step 3 The answer must have the same number of decimal
places.




» To divide by a decimal:

Step 1 Write the division as a fraction.

Step 2 Multiply by 10 or 100 or 1000 to convert to an
equivalent fraction with a whole number for the
denominator.

Step 3 Divide the numerator by the denominator.

» A terminating decimal has a finite number of decimal places,
so the decimal ends or terminates.
For example, 0.25 and 0.245 556 are terminating decimals.

» A recurring decimal has digits that keep repeating without
terminating. You can use dot over the repeating digits to write

down a recurring decimal. o
For example, 1L =0.459 459 459... = 0.459.

37

5. Decimals 79



80

...............................................................................................

Statistics 1

In this chapter you will learn:

» about the collection of statistical data

* howtodraw and use pictograms, bar charts, pie charts and
line graphs

* howto draw and use scatter graphs

» about correlation

» about discrete and continuous data.

6.1 Introduction

Statistics is the branch of mathematics concerned with the
collection, organization and analysis of data, often, but not always,
numerical data. This chapter deals with the first two of these three
aspects of statistics, with particular emphasis on the presentation
of data. The analysis of data, using a variety of statistical averages,
will be found in Chapter 22.

Starting with pictorial records on the walls of cave dwellings,

the collection and recording of data is as old as civilization itself.
Before 3000 Bc, the Babylonians gathered information about
crops and trade and so, centuries later, did the Egyptians and the
Chinese. The Greeks held censuses, for taxation purposes, as early
as 594 Bc but the Romans were the first to gather a wide range of



population, financial and agricultural data about their empire. The
word ‘statistics’ itself is derived from the Latin word statisticus,
meaning ‘of state affairs’.

The first real statistical study of population, Observations on the
London Bills of Mortality, was published in 1662 and statistical
methods subsequently assumed increasing importance, especially in
the natural and social sciences.

Today, important decisions in many fields are made on the basis
of statistics, although this reliance does have its critics. Benjamin
Disraeli believed ‘There are three kinds of lies: lies, damned lies and
statistics.” Rex Todhunter Stout held a similar view: “There are two
kinds of statistics, the kind you look up and the kind you make up.’

6.2 Collection of data

You can collect statistical data in three ways: by referring to
existing source material, such as newspapers; by carrying out an
experiment; and by conducting a survey. A survey might involve
a whole population, as in a national census, but, to save time and
money, it is more likely that you would survey part of the whole
population, called a sample.
Insight
In statistics, it is important that a sample should be as
representative of the whole population as possible in order
to avoid bias. For example, if you wanted to find out what
proportion of the population is trying to reduce their carbon
footprint, then conducting a survey of people on a climate
change rally would produce a bias in your results.

00 00000000000000000000000000000000000000000000000000000000000000000000000000000000sossssssssssosnsas

A data collection sheet or tally chart is used to organize the data
from a survey. You can use it to collate data from completed
questionnaires or you can record information directly onto it.
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For example, you can record the colours of 30 cars in a table.

Colour Tally Frequency
Red ol 13
Blue | 4
White W

Black Wl 8

To make the tally marks easier to add up, group them in fives,
drawing the fifth mark across the first four. The total of the tally
marks for each colour is called the frequency, which is shown in
the right-hand column. With this extra column, the table is called a
frequency table. A frequency table need not have a column for the
tally marks.

6.3 Pictograms

Data are often easier to understand if you present them in
diagrammatic form. One example is a pictogram (or pictograph),
in which you use pictures to show information. The frequency
table below shows the numbers of cars using a car park on five
days. You can illustrate the data in a pictogram by using the
symbol # to represent 10 cars.

You can find how many symbols you need to represent the number
of cars on each day by dividing the number of cars by 10 to get 3,
5,4.5,4.7 and 2.2. The pictogram is shown in Figure 6.1.



Number
of cars

Monday 30 Monday £ o 550

Tuesday 50 Tuesday T 550 550 5o 5
Wednesday | 45 Wednesday ofiin offin ofin offin of
Thursday 47 Thursday  «fiin ofiin o offin o
Friday 22 Friday flip ofitp 4

Day Cars using a car park

Figure 6.1

Only complete symbols are needed to represent the numbers of cars
on Monday and Tuesday but, for each of the other days, parts of a
symbol are needed in addition to complete symbols. You must use
your judgement to draw the parts of symbols as accurately as possible.

6.4 Bar charts

Pictograms are attractive but time-consuming to draw and it
can be awkward to draw parts of a symbol. A bar chart is a
simpler way of showing information. Figure 6.2 is a bar chart
showing the information about the parked cars in which the
bars are drawn vertically. You could, if you wish, draw the bars
horizontally instead as shown in Figure 6.3.

Monday
The number

The number of of cars
cars using a car park using a

]
]
60 Wednesday :l car park
]
]

Tuesday

Thursday

Friday

Friday

Number of
cars
33
Monday :l
Tuesday
[
]
H

Wednesday
Thursday

Number of cars
Figure 6.2 Figure 6.3

These two bar charts therefore show the same information.

6. Statistics 1
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Which version you choose may ultimately depend on which you
prefer, and the space you have available.

1 Thirty-two men were asked how they travelled to work. Their
results are shown in the table. Complete the table.

How they travel Tally Frequency
Walk Ll

Car i

Bus M

Train W

2 The numbers of children in 26 families are given below.

351 12 4 1 2 2 3 1 41
3 2 5 2 1 2 3 1 4 3 1 2 4
Collect this information in a frequency table.

3 The dress sizes of 25 women are shown in the frequency table.

Dress size 10 12 14 16 18 20

Number of women 1 5 7 6 4 2

Draw a pictogram to show this information. Use a symbol to
represent one woman.



4 The numbers of students in three classes are shown in the table.

Class Number of students
History 20
Geography 23
Art 31

Draw a pictogram to show this information. Use one symbol to

represent 5 students.

5 The numbers of televisions in 100 houses are shown in the table.

Number of televisions | Number of houses
0 2
1 35
2 39
3 24

Draw a pictogram to show this information. Use a symbol to

represent 10 houses.

6 The pictogram shows numbers of aircraft in four airlines.

Airline

Number of aircraft

Fresh Air
Air Britain
Easy Flight

Superjet

A A

A A -

AN AN A A o 4
A A A AR RS

A represents 10 aircraft. Find the number of aircraft in each

fleet.

(Contd)
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7 The table shows the numbers of goals scored by ice hockey teams.

Number of goals

Number of teams

3

6

Draw a bar chart to show this information.

8 The passenger capacities of five types of Boeing aircraft are shown
in the table. Draw a bar chart to illustrate this information.

Type of aircraft

737

747

757

767 777

Passenger capacity

106

426

195

252 281

9 100 men and 100 women in each of six age groups were asked if
they wore spectacles. The numbers of men and women who said yes
are shown in the table. Draw a bar chart to show this information.

Age group

(years) 15-24 25-34 35-44 45-54 55-64 65+
Number of 31 33 38 74 88 90
men

Number of 37 42 44 79 87 89
women

10 The bar chart shows the lengths, in years, of the reigns of six
British monarchs. Find the length of each of their reigns.

60
Length of
reign (years) 40

20

>

George | :|

George Il

= >
5 5
o I}
o} o}
S (G}
Monarch

Wiltiam v { ]

Victoria



6.5 Pie charts

Information is often illustrated by means of pie charts. Pie charts
show the proportions in which a quantity is shared out. You can
draw a pie chart for the data about the car colours on page 82.
The 30 cars are shown by a full circle, with an angle of 360° at

its centre. One car is shown by an angle of 360° + 30 = 12°. The
13 red cars are shown by an angle of 13 x 12° = 156°. You find the
other angles similarly, getting 48°, 60° and 96° for the blue, white
and black cars. With a protractor, draw the pie chart in Figure 6.4
with these angles at its centre. The ‘slices’ into which the circle is
divided are called sectors.

The pie chart on its own does Colours of cars
not tell you how many cars there
were of each colour; it shows the
proportion with each colour.

Red Black

An alternative method for finding

the angles is to use fractions. For

example, 13 of the 30 cars are red,

so the angle representing these cars is Blue
% of 360° = % x 360° = 156°. Figure 6.4

White

The first method is more straightforward to use if the total number
of items is a factor of 360. If the numbers are more awkward the
fraction method is easier. Where appropriate, give angles to the
nearest degree.

................................................................................................

Insight
The three-dimensional pie charts and bar charts available in
many software packages may look attractive, but are often
misleading. A ‘slice’ at the front of a three-dimensional pie
chart may appear to have a greater volume than it should,
while a ‘slice” at the back will be foreshortened and appear
too small.

................................................................................................
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Example 6.5.1

The pie chart shows information about eye colours of

150 people.

(a) What fraction of the people have grey eyes? Give your fraction in
its simplest form.

(b) How many people have brown eyes?

Green
Brown

Grey
2y

Blue

(a) The fraction is 25 which is 2 in its simplest form.

(b) The number of people with brown eyes is 22 x 150 = 64.

This answer is given to the nearest whole number.

................................................................

1 The table shows how a woman spent 24 hours. Draw a pie chart to
show this information.

Activity Sleep Work Leisure Meals Travel

Number of hours 8 7 6 1 2

2 The favourite types of food of 60 people are shown in the table.
Draw a pie chart to show this information.

Type of food | English Italian Indian Chinese  Greek

Number of 11 9 19 14 7
people




3 A football team played 38 matches. They won 20, drew 11 and
lost 7. Draw a pie chart to show this information.

4 Helen watched television for
3 hours 15 minutes. The figure
gives information about the
programmes she watched.

(a) How long did the news last? Quiz <
(b) How long did the film last?
(c) For what fraction of her

time did Helen watch sport?

Give your answer in its

simplest form.

Sport News

Film

6.6 Line graphs

The points plotted on the grid in Figure 6.5 show the temperature
every four hours throughout a day.

30 30
O 25 . O 25 ,\
(0] ()] /
£ 20 o g 20 \
© ©
o 15 o 15
o Q.
5 10 ° 5 10 / s
2 . = >
AN
T T
0 0 >
0 5 10 15 20 25 0 5 10 15 20 25
Time after midnight (hours) Time after midnight (hours)
Figure 6.5 Figure 6.6

As the temperature changes gradually, you can join the points with
straight lines. You then obtain the line graph in Figure 6.6.

Line graphs are often used to show data obtained over a period —
these are sometimes called time-series graphs. You can use a line
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graph to read off values between those actually plotted. For example,
from Figure 6.6, you can estimate the temperature at 2 p.m. as 22°C,
but you must recognize that this can only be an estimate.

Joining points with straight lines is only appropriate when a
quantity is changing gradually. You have to be even more careful
about predicting future data by extending such a line graph.

The points plotted on the grid in Figure 6.7 show the average
number of hours of sunshine each day in Budapest in six months
of the year.

10

7.5 7.5

5

251 25

Hours of sunshine
L]
Hours of sunshine

0 > 0 I
¥ <& @’0‘ & @fzﬁ N ¥ & @‘b‘ & be* S
Month Month
Figure 6.7 Figure 6.8

Points in between the plotted points have no meaning. A bar chart
or a vertical line graph, as in Figure 6.8, would be a suitable way of
showing this information.

When a quantity is changing gradually, rather than fluctuating, the
plotted points may be joined either with straight lines or with a
curve.

................................................................

Example 6.6.1

The temperature, in °C, at five-minute intervals of a pan of hot
water cooling down is shown in the table.

Time (min) 0O 5 10 15 20 25 30
Temperature (°C) (100 60 42 33 28 25 23




(a) Plot the values in the table and join the points with a curve.

(b) Use your graph to estimate

(i) the temperature of the water after 9 minutes,
(i) the time when the temperature was 66°C.

(a) The graph is an example of a cooling curve.

(b) (i) Reading up from 9 on

the time axis and across
to the temperature axis,

the temperature at
9 minutes was 44°C.

(ii) Reading across from 66

on the temperature axis

and down to the time
axis, the temperature
was 66°C after

4 minutes.

Temperature (°C)

h

100

BO_A

60

40 =5

20

\“\0\

0
0

5)

10 15 20 25 30
Time (min)

................................................................

1 The height, in centimetres, measured every two days over a
12-day period, of a plant grown from seed is shown in the table.

Time (days)

2

4

8

10

12

Height (cm)

2

11

13

14

(a) Draw a line graph to show this information.
(b) Use your graph to estimate the height of the plant after five days.

2 A tray of water was placed in the freezing compartment of a fridge.
In the next hour, the temperature, in °C, of the water measured
every ten minutes. The temperatures are shown in the table.

Time (min) 0 10 20 30 40 50 60
Temperature (°C) | 21 13 7 5 4 3 2
(Contd)
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(a) Draw a cooling curve for the water.
(b) Use your graph to estimate
(i) the temperature after 5 minutes,
(ii) the time when the temperature was 9°C.

A girl's height, in centimetres, measured every two years up to the
age of fourteen is shown in the table.

Age(years) | O 2 4 6 8 10 12 14
Height (cm) | 54 67 89 105 115 120 124 137

(a) Draw a line graph to show this information.
(b) Use your graph to estimate her height when she was aged five.

The population, to the nearest million, of the USA every 20 years
from 1900 to 1980 is shown in the table.

Year 1900 1920 1940 1960 1980
Population 76 106 132 179 227
(millions)

(a) Draw a line graph to show this information.
(b) Use your graph to estimate
(i) the population in 1930,
(ii) the year in which the population reached 200 million.

London’s average monthly rainfall, in millimetres, in the first six
months of the year is shown in the table.

Month Jan Feb Mar Apr May Jun

Average monthly |45 28 40 39 50 48
rainfall (mm)

Draw a vertical line graph to show this information.



6.7 Scatter graphs

Scatter graphs show if there might be a relationship between two
sets of data. For example, to investigate the relationship between
women’s heights and their weights, the data shown in the table
were collected.

Height | 167 | 152 | 175|163 | 164|169 | 155|171 | 160 | 156
(cm)

Weight |66 |54 |72 |63 67 |69 |57 |72 64 |61
(kg)

You can record the data in the table 1
on a grid, using height on one axis = 80 /
and weight on the other. This kind of ;, 70 *
graph, shown in Figure 6.9, is calleda 2 60 2/
scatter graph. = 5 A

o
Notice the zig-zags on the axes. They 0 150 160 170 180
are put there to show that the axes are Height (cm)
not graduated evenly up from zero. Figure 6.9

You can, by eye, draw a straight line, called a line of best fit, which
passes near all these points. This line does not have to go through
any of the points, although it can. There should be roughly equal
numbers of points on each side of the line.

If you can draw a line of best fit, then there may be a relationship,
called a correlation, between women’s heights and their weights.

Weight increases as height increases; when one quantity increases
as the other increases, the correlation is called positive correlation.

Correlatio