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Preface to the German edition

The idea for writing this book crystallized from an interest in methods of short-wave asymp-
totics and symplectic geometry. Later followed a course about theoretical optics, which gave
me great pleasure. This pleasure turned out to be lasting, and so the present book arose from
several revisions and extensions of the original manuscript.

Indeed, there are many reasons to present the venerable and traditional field of optics in a
new form. The discovery of lasers, the steady progress of powerful data-processing systems,
and the development of new materials with unusual optical properties have all revolutionized
the field of optics.

Lasers are light sources of unprecedented intensity and coherence, without which such
new branches as nonlinear optics and holography would have been impossible. Computer
technology allows the processing of optical signals and the construction of diffractive optical
devices, which have already taken their place next to common lenses and mirrors. Glass-fiber
cables, compact disks, and simple holograms are proof that the products of the new kind of
optics have already entered our daily life.

However, not only have experimental physics and technology experienced rapid progress,
but also we have seen the development and application of new theoretical methods in optics:

The modern theory of nonlinear dynamical systems has found many applications in nonlin-
ear optics. Here we meet bifurcation and chaotic behavior as well as dispersion-free solutions
of nonlinear integrable systems.

The adoption of the concepts and methods from the theory of stochastic processes for the
description of fluctuating light wave fields turned out to be extremely fruitful. In this way,
stochastic optics became a new branch of theoretical optics; the notion of coherence found
a more profound formulation, and today applications for image processing and correlation
spectroscopy have become standard routines.

Progress in the theory of short-wave asymptotics within the framework of symplectic ge-
ometry not only led to an improvement of the WKB method and to a better understanding of
the quasi-classical limit of quantum mechanics, but “symplectic optics” also allows a deeper
insight into the geometrical structures of the realm between wave optics and ray optics, into
the nature of caustics, and into the theory of diffraction.

These overwhelming developments in the applications and the theory of optics have led
to a considerable number of publications in recent years. However, these presentations, of-
ten written in the form of an experimental textbook, either provide a summary of methods,
phenomena, and applications of modern optics, or they describe, in the form of a monograph,
special parts of experimental, applied, or theoretical optics.

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5
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The present book attempts a coherent and concise presentation of optics, emphasizing
the perspective of a theoretician. However, it is not meant to be a textbook on mathematical
physics, but tries instead to mediate among different positions:

For the experimentalist, the applied physicist, and the theoretician, this book aims to pro-
vide a unification and a deeper understanding of the theoretical background, and, for those
who are interested, a first access to the corresponding mathematical literature. The theoreti-
cally or mathematically inclined reader is introduced to the “applications” and the manifold
phenomena related to the theory of light. What, in my opinion, makes optics so particularly
attractive is that in this field the path between theory and phenomena is shorter and more
straightforward than in other physical areas.

In order to remain comprehensible for the above-mentioned group of readers, I have as-
sumed as little as possible previous knowledge. The book requires only basic knowledge about
Maxwell’s equations and the underlying elementary vector analysis, a certain familiarity with
the essential properties of Fourier transformations, and the simplest phenomena of the propa-
gation of waves and wave packets, in particular the notion of group velocity.

In short, this book pursues the following three aims:

e provision of a theoretical overview;
e theoretical extension and introduction to the fundamental mathematics;
e presentation and interpretation of many important optical phenomena.

A look at the table of contents reveals that, in particular, this third aim has not been neglected:
the description of manifold phenomena in crystal optics, nonlinear optics, geometrical optics,
diffraction theory, diffraction optics, as well as statistical optics and coherence optics will
provide this book with a solid frame.

Unfortunately, certain choices and limitation of the material turned out to be unavoidable. I
decided to include only a short presentation of those optical phenomena which depend mainly
on quantum theory or the particle picture of light. In particular, this refers to quantum optics
and the theory of lasers, as well as the interaction of light with matter, like the photoelectric ef-
fect, the Compton effect, pair creation and bremsstrahlung, and, finally, applications of optics
in atomic and molecular spectroscopy.

In this way, the presentation of the material in this book could be structured as a straight-
forward development of the content of Maxwell’s equations:

Chapter 1 contains some historical remarks, with an emphasis on the development of the
wave theory of light and the description of Newtonian optics.

Chapter 2 develops in a brief and concise form the electrodynamics of media and it is
shown how the influence of polarizable media can be taken into account by the introduction
of the additional fields D and H. We will describe the causality and passivity conditions of
media and their influence on the conductivity and susceptibilities.

The following four chapters are devoted to the propagation of waves in homogeneous but
not necessarily isotropic media. Chapter 3 serves as an illustrative introduction to the general
theory of wave propagation in elastic media; in particular, we will explain the notions of a
wave surface and a ray surface, which will turn out to be essential for the coming chapters.
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Chapter 4 summarizes the basic concepts of the theory of crystal optics. Among other
things, we will discuss double refraction, conical refraction, and reflection and refraction at
interfaces between homogeneous media.

Chapter 5 deals with the interesting phenomena related to electro-, magneto-, and elasto-
optical properties, while Chapter 6 is devoted to nonlinear optics. It contains a summary of the
most important nonlinear optical phenomena, the theory of nonlinear waves, and the coupling
of three waves. We will describe the phenomena of frequency doubling, parametric amplifi-
cation, self-focussing, momentum contraction, phase conjugation, wave conduction in glass
fibers, and optical solitons.

The following five chapters deal with the propagation of waves in isotropic but not nec-
essarily homogeneous media. In general, this is a very difficult problem, which includes,
amongst other things, the theory of most optical elements. The necessary tools will turn out
to be the short-wave asymptotics and the theory of diffraction. Although the presentation will
remain on an elementary level, we also want to provide the necessary foundations for the
advanced mathematical theories.

In Chapter 7, we describe the transition from wave optics to geometrical optics and develop
a formal analogy between classical mechanics and geometrical optics.

Chapter 8 is devoted to geometrical optics. Special emphasis is put on the presentation of
matrix methods and the relation to linear symplectic transformations. Additional subjects are
the impossibility of perfect optical instruments, and Seidel’s theory of aberrations.

Chapter 9 contains a general geometrical treatment of short-wave asymptotics, in particu-
lar a geometrical theory of caustics. In this context we will explain the notions of characteris-
tic equations, transport equations, focal points, Lagrangian submanifolds, and Maslow index.
There the interested reader will find a short introduction to symplectic geometry.

In Chapter 10, we will discuss the theory of diffraction, in particular the principles of
Huygens and Fresnel, Fraunhofer diffraction, and image processing in Fourier space. Two
sections at the end of this chapter contain an introduction to the theory of Morse families and
Fourier integral operators.

Chapter 11 describes briefly the foundations and applications of holography, a particularly
attractive branch of diffraction optics.

Chapter 12 concludes this book with a summarizing presentation of statistical optics. The
central subject is a description of the wave field by stochastic processes, which, in a natural
way, leads to the notions of the various correlation functions. As applications, we will explain
correlation spectroscopy, dynamical light scattering, speckle effect, and image processing by
filtering.

It is my sincere hope that this book will give the beginner a comprehensible introduction
to the subject of theoretical objects and, at the same time, will convey to the advanced reader
many interesting insights.

Finally, it is my pleasant duty to thank all those who have helped me, often essentially,
during work on this book: First of all I should like to thank the students who attended my
lectures. Their attention and interest has always been encouraging for me, and I owe them
thanks for many helpful suggestions. Furthermore, I am very grateful to former members of the
Institute for Theoretical Physics for their constructive criticism and comments, in particular
J. Barth, W. Bischoff, C. Emmrich, M. Forger, T. Filk, D. Giulini, P. Gl68ner, C. Kiefer,
M. Koch, A. Miinnich, K. Nowak, H. Steger, and A. Winterhalder, as well as E. Binz from
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the University of Mannheim. C. Heinisch from Kaiserslautern has, with great patience, set the
manuscript in KTEX.

Two persons I should like to mention with special thanks: E. Meinrenken was one of the
attendees at my lectures. Later, he dealt intensively with the theory of short-wave asymptotics.
The final mathematical sections in chapters 9 and 10 owe much to the presentations in his
diploma thesis. Furthermore, he carefully looked through the preliminary versions of chapters
7 to 10. I am also grateful to G. Jerke from the VCH publishing company. His constant interest
in the development of this book, his personal efforts, and countless valuable suggestions went
far beyond what one can usually expect during such a book project. Finally, I should like
to thank the VCH publishing company, in particular R. Wengenmayr, for their pleasant and
confidential cooperation.

Freiburg, April 1994 Hartmann Romer



Preface to the English edition

With the appearance of the English edition, I am glad to see my book becoming accessible
for a wider public. On the other hand, being cut off from my mother tongue in a matter of
personal importance, I cannot conceal a feeling of alienation and loss of power. Fortunately,
the English edition provided an occasion for a substantial augmentation by four new chapters
on quantum optics, a subject of rapidly increasing fundamental and technical importance.

In the presentation of quantum optics, it is not my ambition to compete with available
comprehensive monographs on this subject. Rather, and in accordance with the spirit of this
book, I aim at a concise and coherent account, bringing out the basic structures in a clear and
conceptually (not necessarily mathematically) rigorous way.

Chapter 13 deals with the quantization of the electromagnetic field and with a description
of its quantum states, in particular coherent and squeezed states. For the theory of operators
on quantum states, I use the opportunity to introduce the notion of star products, one of the
central subjects of research in our group in Freiburg. I think that star products are a very useful
and simplifying tool in quantum optics, which should be more widely known.

Chapter 14 is concerned with the detection of light fields: homodyne detection, interfer-
ometry and photon count statistics.

Chapter 15 is devoted to the interaction of light and matter. It contains central subjects like
the Jaynes—Cumming model, three-state systems, the theory of the micromaser and the Paul
trap, and of forces enacted on matter by light.

In chapter 16, I give a brief introduction into the fascinating subject of testing basic fea-
tures of quantum theory by methods of quantum optics. “Gedanken” experiments have become
feasible in this field. Quantum computers are a particularly interesting emerging application.

It is my pleasant duty to thank those people who have helped me to realize this English
edition. In the first place I thank Thomas Filk, who not only translated the twelve chapters of
the German edition and did the typing of the whole book, but also contributed valuable advice.
Thanks are also due to the attendees at my lectures on quantum optics for their enthusiasm
and valuable feedback.

Very helpful contributions also came from Kerstin Kunze, who was responsible for the
exercises accompanying my course. She, and also Stefan Jansen and Svea Beiser, carefully
proofread the last four chapters. I had many useful conversations with Stefan Waldmann.
Finally, I would also like to thank my colleagues H. P. Helm, H. Reik and M. Weidemiiller for
kind interest, encouragement and helpful suggestions.

Freiburg, April 2004 Hartmann Romer



1 A short survey of the history of optics

Until the beginning of the seventeenth century, our understanding of the nature and properties
of light evolved rather slowly, although, in contrast to electrical phenomena, for example,
optical phenomena are straightforward to observe.

Ever since ancient times we have known about the straight-line propagation of light, which
is most obvious in the shadows cast from a light source. From this observation, the ancient
Greeks already developed the concept of straight light rays. This idea, however, was intimately
entangled with the theory of “seeing rays”, which were emitted from the eyes and palpated,
with the help of light, visible objects like feelers.

Another well-known fact was the equality of the angles of incidence and reflection for
light rays, and Hero of Alexandria was able to attribute this law to the more general principle
of a shortest path for light. Common optical devices were the gnomon as well as plane and
curved mirrors and lenses. At least since ancient Roman times, magnifying glasses were in
use.

Concerning the nature of light, different concepts were put forward. The “atomists” fol-
lowing Democritus (about 460-371 BC) and his less well-known predecessor Leucippus
(about 480-??7? BC) believed that all objects consisted of atoms traveling through empty space.
All changes could be attributed to the movements and rearrangements of atoms. In this view,
light rays were considered to be a flux of light particles traveling in straight lines and freely
through empty space and which could penetrate transparent bodies. The different types of
colors were explained by different shapes or sizes of these atoms of light. Later the Roman
Lucretius (about 96-55 BC) formulated a systematic summary of the atomistic viewpoint in
his savant poem “De Rerum Natura”.

In clear contrast to these ideas was the opinion of Aristotle (384—-322 BC), which he for-
mulated in his treatments on the soul (“De Anima” II,7) and the senses (“De Sensu” III). For
ontological reasons the concept of empty space as an existing non-being was unacceptable for
Aristotle. For him, light was not a substance or body but a quality; to be more precise, the actu-
ality of the quality of the transparent. The mere potentiality of the transparent is darkness. The
transition from the potentially transparent to the actually transparent happens under the influ-
ence of fire or the shining bodies of Heaven. The primarily visible quality of objects is their
color. Colors are qualities which, like light, become actual in bodies that are not completely
transparent but only participate in the nature of transparency to a certain degree. Therefore, it
seems natural that Aristotle calls light the “color of the transparent”.

As is commonly known, the mainstream thinking in Europe did not follow the atomistic
view for many centuries. In particular, the simple and plausible color theory of Aristotle was
of far-reaching influence and initiated, amongst others, the color theory developed by Goethe.

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5



2 1 A short survey of the history of optics

Throughout the Middle Ages, the atomistic philosophy was only known from discussions
among the Aristotelians and as an object of polemics for the Early Fathers. It was not until
1417, after Poggio Bracciolini (1380-1459) had recovered a hand-written document of Lu-
cretius, that a first-hand presentation of the atomistic ideas was available.

During the long era following the end of the ancient world up to the beginning of the
seventeenth century, the efforts for a better understanding of the nature of light saw but a few
highlights.

In the moslem Near East one of the outstanding scientists was Ibn al Haitham (963-1039),
in Europe known by the name Alhazen. He found that the assumption of Ptolemaeus (about
100-170) about the proportionality of the angles of incidence and reflection was an approx-
imation that only holds for small angles. Furthermore, he succeeded in giving a precise de-
scription of the functioning of the human eye.

Roger Bacon (1215-1294) knew quite well about the properties of lenses and concave
mirrors and is regarded as the inventor of the camera obscura. Even more important is the
invention of spectacles around 1299 by Salvino degli Armati from Florence. At the end of
this chapter, the reader will find a table of important names and dates related to the history of
optics.

The breakthrough in the seventeenth century was initiated by the invention of new opti-
cal instruments. In 1600 the Dutch maker of spectacles, Zacharias Janssen from Middelburg,
built the first microscope. This instrument was continuously improved during the seventeenth
century and allowed a glimpse into a world that remained out of reach for the naked eye.
The same holds for the telescope, which, according to most sources, was invented by the
Dutch Hans Lippershey around 1608. News of this discovery spread fast throughout Europe
and caused Galileo Galilei (1564—1642) in 1609 to construct his telescope. In 1611 Johannes
Kepler (1571-1630) published the drawings of his telescope using a convex lens ocular.

Finally, in 1621, Willebrord Snell (1591-1626) found the correct law of refraction and
thereby solved one of the fundamental problems in geometrical optics after more than 1500
years. Even Kepler had tried to attack this problem and failed. In its present form the law of
refraction was published by René Descartes (1596-1650) who, in 1644, derived it from his
bizarre theory of light, which we will discuss later. He also found the right explanation for
the rainbow. In 1657, Pierre de Fermat (1601-1665) derived the law of refraction from the
principle of least time, which assumed the propagation of light inside optically dense media
to be slower than outside.

After the discovery of the law of refraction, mathematicians like Carl Friedrich Gauss
(1777-1855), William Rowan Hamilton (1805-1865), and Ernst Abbe (1840-1905) took over
and continuously improved the theory of geometrical optics. Hamilton based his theory on
Fermat’s principle, and it was only later that he applied his methods to the realm of analytical
mechanics. During his lifetime it was in particular the discovery of conical refraction that
made him famous.

The scientifically very fruitful seventeenth century saw also the discovery of many funda-
mental optical phenomena: In his book ‘“Physicomathesis de Lumine, Coloribus et Iride”,
which appeared in 1665 after his death, the Jesuit clergyman Francesco Maria Grimaldi
(1618-1663) described the phenomenon of refraction; double refraction was found in 1669
by Erasmus Bartholinus (1625-1698); and the phenomenon of polarization was discovered by
Christiaan Huygens (1629-1695), who described the effect in his “Traité de la Lumiere” in
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1690. However, in contrast to the phenomenon of double refraction, he was not able to explain
it. Finally, we should emphasize Olaus Rgmer (1644—-1710), who in 1676 determined the ve-
locity of light from the delayed appearances of the eclipses of the moons of Jupiter during a
period of increasing distance between Jupiter and the Earth.

Concerning the understanding of the natures of light and color, three different concepts
competed during the seventeenth century. Still of great influence and part of the canonical
teaching at universities was the philosophy of Aristotle, which coined, for example, the ideas
of Kepler.

Others, like Robert Boyle (1627-1691), followed the ancient atomistic view and vehe-
mently propagated a corpuscular theory of light. Boyle, for example, related the various colors
to different velocities of the light particles.

A third group, the so-called “plenists”, differed from the atomists in their objection to the
existence of empty space. For them, light was in some obscure way related to flows, vortices,
and waves; they assumed the global existence of a continuous, space-filling medium for the
propagation of an action. These ideas laid the foundations for the wave theory of light, which
later, in the nineteenth century, became the dominant view in science.

Because of its great influence on the philosophy of the seventeenth century, the plenistic
theory of Descartes is of special importance. Any form of corporeal substance is a “res ex-
tensa”, characterized by its principal property of extension and occupation of space. A physical
vacuum would be a contradiction in itself.

Descartes distinguished three types of matter, which differentiated from the primordial
homogeneous bulk substance: a very tiny, subtle matter that one may identify with an ether; a
so-called spherical matter consisting of small impenetrable spheres; and finally the third type
of bulk matter from which the large material bodies in our world are formed. All three forms
of matter fill space completely, and any action between material substances can be traced back
to a “mechanical origin”, which for Descartes consisted only of collisions or direct contacts.

According to Descartes, light constitutes an action of pressure exerted onto the spherical
matter by the subtle matter, which is in constant motion. Because the spheres are in direct
contact and of infinite rigidity, light propagates with infinite velocity. Refraction can produce
colored light, if the spheres of the second type of matter are set into rotation through a deflec-
tion of the propagation direction. From his model, Descartes was able to derive Snell’s law of
refraction. Descartes explained the planetary rotations about their own axes as well as around
the Sun “mechanically” as vortex-like movements of the subtle matter, which in turn would
carry along the third type of matter.

Descartes did not trust in the truth of sensations but was convinced that thinking and reason
were the only sources of reliable knowledge. The general influence of his program to math-
ematize the natural sciences was great. However, especially in England, people like Francis
Bacon and Isaac Newton objected to his way of gaining knowledge by pure speculations. His
mechanical models were considered to be artificial, lacking justification based on experience,
and without any power of explanation or prediction. On many occasions Newton emphasized
his disapproval of “hypotheses”, which to a large extent may be seen as his response to the
Cartesian philosophy.

In his “Physicomathesis”, Grimaldi comes much closer to a wave theory of light than
Descartes. He not only describes the phenomena of diffraction on small objects, including
color fringes and the brightening in the center of the shadow, but he also mentions the phe-
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nomenon of interference (although he did not use this word) behind two closely neighboring
apertures, and the colors appearing in the reflection of light from surfaces with densely spaced
grooves. He also observed deviations from straight-line propagation of light and called them
“diffractions”. Grimaldi compares the propagation of light with the floating of a fine liquid,
but he does not draw far-reaching conclusions from this picture. The long-winded, roundabout
style of his writing strongly diminished the influence of his work. Often the distinction of flow,
vortex formation, and real propagation of light waves is not obvious, but he makes the com-
parisons with spherically spreading water waves and the propagation of sound. He interprets
the variety of colors as the undulations of a fluid, which are as versatile as the handwriting of
different people.

It was Robert Hooke (1635-1703) who formulated a real wave theory of light. He consid-
ered light as the propagation of a longitudinal wave in an ether. In his “Micrographia” from
1665, he describes the appearance of color at thin films, and he seeks an explanation in the
reflection of light at both sides, the front as well as the back side of the film. As he and his
contemporaries were lacking the notion of interference, he was not able to complete this ex-
planation. The appearance of color in the refraction of light is explained by wave fronts, which
after refraction are no longer parallel to the direction of propagation. In general, colors were
described as modifications of white light.

In his “Traité de la Lumiere”, Christiaan Huygens developed the well-known principle
now bearing his name, according to which at every point of space the passing light excites
elementary waves (or wavelets). Using this picture he derived a simple and convincing ex-
planation of Snell’s law of refraction, which to the present day is contained in almost every
school textbook. The most brilliant triumph of this model was the quantitative description of
double refraction in calcite by assuming spherically and ellipsoidally shaped wavelets.

Most surprisingly, Huygens model is not really a wave theory. His wavelets are rather to
be compared with wave fronts or shock waves, from which the resulting wave fronts may be
reconstructed as the envelope. They are not related to some kind of periodic motion.

In his Traité, he does not elaborate on the problem of colors, although his comments on
Newton’s color theory indicate his preference for a color theory based on two or three primary
colors.

We should now emphasize the contributions of Isaac Newton (1643—1724) who, for a long
time, eclipsed all other natural philosophers not only because of his deciphering of the laws
of motion and gravity but also for his contributions to the field of optics. Almost all lines of
developments enter and sometimes even interfere in his works on optics, and nowhere else are
the contradictory aspects of the wave and corpuscular theory of light more obvious than in his
person.

With full justification, Newton is generally considered to be the representative for the
corpuscular theory of light. In this aspect, he rather represented a minority of those scholars
who were involved in the progress of optics at this time. Newton has often been blamed that
under the pressure of his authority the breakthrough of the wave theory was delayed until the
nineteenth century. However, a deeper look reveals that such an oversimplified judgment of
Newton’s role is inappropriate.

Like his development of the infinitesimal calculus and theory of gravitation, one can trace
back the works of Newton on optics to his earlier years, in particular to the eminently fruitful
time between 1665 and 1667, which he spent in his birth town Woolsthorpe after the University
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of Cambridge had to be closed in the aftermath of the plague. Newton mainly published his
results related to optics during the first four decades of his life.

As is well known, the starting point of his investigations of prismatic colors was the prob-
lem of chromatic aberrations in lens telescopes. He was convinced that it was impossible to
correct the chromatic aberrations of lenses, which led him to the construction of a mirror
telescope. This brought him the Membership of the Royal Society.

In 1672 his revolutionary article “New Theory about Light and Colors” appeared in the
“Philosophical Transactions”, the publication organ of the Royal Society. In this article New-
ton reports in a concise but lively style about his famous experiments on the decomposition of
white light. His conclusion was that white light is composed of components of different colors
and refractivities. These components cannot be further decomposed by a prism and cannot be
modified by other means. However, it is possible to compose white light from these compo-
nents. The colors of bodies can be explained by their varying reflection or absorption of the
different colors contained in white light. His theory of an infinity of basic colors that cannot
be viewed as a modification of the original white light was considered as revolutionary and
led to fierce and controversial discussions.

Never again in his writings did Newton formulate his ideas as frankly and unprotected as
he did in those thirteen pages. In his later publications, in particular in his main works, Newton
preferred the unassailable but rigid form of a mathematical treatment with definitions, axioms,
and propositions.

Three reasons may have been responsible for this caution: First, Newton tried to avoid
scientific arguments, which he hated but with which he nevertheless saw himself confronted
all the time. His relationship with Robert Hooke, for instance, consisted of a decade-long
chain of wearing quarrels. Second, Newton had a general and constantly growing distrust
in argumentation of the Cartesian type. Third, his position on the interpretation of physical
phenomena often remained open because he himself could not make up his mind regarding a
final opinion.

However, in a series of papers and lectures presented to the Royal Society around 1675/76,
Newton cautiously commented on his view about the nature of light, emphasizing his aversion
to hypotheses and clearly distinguishing facts from explanations.

The most important physical content of this works lies in the description of Newton’s rings,
as they are called today. These are concentric colored rings that become visible when a slightly
curved convex lens is placed onto a plane glass plate. Only much later did it become clear that
these rings result from the interference of light waves that are reflected at the boundaries of the
thin layer of air between the two glasses. For the coming 130 years, the precision of Newton’s
observations was unparalleled; they later allowed the precise determination of the wavelengths
of different colors. In this context Newton even surpassed Hooke whose special field was the
color phenomena at thin layers.

From Newton’s explanations it seems obvious that at that time he considered the existence
of an ether, through which the waves could propagate, as very likely. “If I had to assume a
hypothesis as true,” he says, “it would be this one.” The ether is a medium with a large density
outside of material bodies but only a diluted density inside where it is displaced by other
forms of substance. The ether not only mediates the electric and magnetic forces but also the
excitations traveling in nerve fibers and — particularly surprising for Newton — the gravitation
between material bodies. As we shall see in a moment, the ether also has an influence on the
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propagation of light. In order to fulfill all these different functions, the ether was thought to be
a complicated mixture of several components.

Although the ether is able to vibrate, we should not, according to Newton’s opinion, iden-
tify the nature of light with these ether undulations. The reason Newton mentions this is that
for him the straight propagation of light is not compatible with a wave theory. Indeed, this was
a fundamental problem at a time when a mathematical treatment of wave theory, the principle
of interference, and, in particular, the method of Fourier analysis were not at hand. It was
only 150 years later that Fresnel found a way out of this dilemma using his method of zone
constructions.

Therefore, Newton saw himself forced to ascribe a corpuscular character to light. He ex-
plained the phenomena of refraction and total reflection by assuming that the light particles
were dragged into spatial areas of diluted ether. According to his opinion, the velocity of light
should be larger in transparent matter as compared to the ether between the bodies. In addition,
violet light should consist of smaller particles because they are easier to deviate and therefore
refracted more strongly. With these ideas, Newton opposed Fermat and Huygens.

When light particles traversed the interfaces between bodies or passed near such an inter-
face, they would trigger undulations of the ether “like a stone thrown into water”, and these
denser and thinner parts of the ether, which propagate faster than light itself, had somehow
to react back onto the motions of the light particles. Newton explicitly mentions the work of
Grimaldi and explains the colored borders and fringes when light is refracted at edges or small
objects as the interaction of light particles with excited ether waves.

This sophisticated theory of ether waves as a kind of “guiding waves” for light provided
a qualitative and quantitative explanation for Newton’s rings. Newton’s only assumption was
that the light particles, after hitting the interface, were either predominantly reflected or they
passed through the interface, depending on whether they had hit a density peak or a density
minimum of the excited ether waves. This also explained why light was sometimes reflected
and sometimes diffracted at interfaces. The radius of Newton’s rings allowed a precise de-
termination of the wavelengths of the ether waves that were triggered by light particles of
different colors.

Newton was well aware of the advantages inherent in the wave theory of light and he even
proposed to relate the wavelengths of the ether undulations with the color of light. He knew,
and he clearly states, that the color and dispersion phenomena of light as well as Newton’s
rings could be explained by both a wave theory and a corpuscular theory. As we have seen,
it was the problem of understanding the straight-line propagation of light that led Newton to
favor a corpuscular theory.

In 1704, almost 30 years later and one year after the death of Robert Hooke, Newton pub-
lished his extensive work on the nature of light in his book “Opticks”. The first Latin version
followed in 1706, and the second English edition in 1717. Compared to his earlier writings,
one finds characteristic changes in the form of representation as well as in his opinion.

For his “Opticks” he chooses the form of a mathematical treatment, like he did in the
“Principia” from 1687. However, in contrast to the “Principia”, he derives his results more
by induction, starting from the phenomena and proceeding to their mathematical description.
When Newton developed his theory of gravitation and experienced the sometimes nasty dis-
cussions about fundamental principles, his aversion to Cartesian-like explanations by hypothe-
ses grew. In his famous “Scholium Generale” at the end of the ‘“Principia”, Newton refused
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to supplement a hypothetical interpretation for his action at a distance, which describes the
gravitational forces. The second book of the “Principia” is mainly devoted to a disproof of
Descartes’ vortex theory of the motion of planets. The ether itself appears as an, at best, un-
necessary auxiliary hypothesis, which he rather considers to be disproved by the observed
phenomena. Already the first sentence in “Opticks” reads: “It is not my intention to explain in
this book the properties of light by hypotheses, but only to state them and to confirm them by
calculation and experiment.”

For the interaction between light and matter, observed in the reflection, diffraction, and
refraction of light, he prefers a description “free of hypotheses” in terms of an action at a
distance between the particles of light and matter. A derivation of Snell’s laws of refraction,
assuming an attractive force between light and matter, is already contained in the fourteenth
section of part I of the “Principia”. Once more, the velocity of light must be larger inside a
medium than for the vacuum.

“Opticks” consists of three parts: Book I contains an extended and systematic descrip-
tion of Newton’s theory of colors, including his quantitative explanation for the colors of the
rainbow.

Book II is devoted to the colors appearing in thin layers and he tries to use this theory
also for an explanation of the colors of material bodies. The excellent observational data were
already contained in the treatments of 1675/76. The explanation of these phenomena by guid-
ing waves in the ether is replaced by a formal description, neutral with respect to hypothetical
interpretations: The theory of “fits”, as he called them, the tendencies for a light particle to
be reflected or to pass through an interface, is developed in propositions XII-XX of the sec-
ond book. For instance, in proposition XII one finds: “Each light ray, when passing through
a diffracting surface, acquires a certain property or disposition which reappears in the further
course of the ray in equal intervals and by which it easily passes through the next diffracting
surface, and is slightly reflected between each recurrence of this property.” Whether a light
ray is reflected or diffracted at an interface depends on the momentary disposition of easy
reflectibility or easy transmissivity. In proposition XIII Newton speculates that light might
acquire these changing dispositions already with its emission. From the radius of Newton’s
rings one can determine the recurrence intervals of these dispositions in air and water. For
an explanation of these dispositions, Newton considers a hypothesis neither as necessary nor
as proven, however, in proposition XII he mentions the model of ether undulations “for the
reader”, beginning with a characteristic remark: “Those who are not willing to accept a new
discovery unless it is explained by some hypothesis may assume, for the time being, that ....”
A description that is free of any hypotheses concerning the dispositions consists for Newton
in undulations that are produced in material substances by forces at a distance between light
and matter particles and then react onto the light.

In book IIT of “Opticks”, Newton describes his observations related to the refraction of
light at small objects and edges. This is followed by an appendix where Newton poses some
problems, which, in his opinion, are not yet sufficiently understood. He also includes general
comments on the nature of light, its interaction with matter, and also on subjects of natural
philosophy, which go far beyond the realm of optics. These famous “queries” allow a glimpse
into Newton’s personal thoughts, interpretations, and doubts. From the way he poses the ques-
tions, it is usually not difficult to deduce the answers that Newton favored.
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Newton’s view about these subjects was everything else but settled, which manifests itself
in the increasing number of queries added to each new edition, and by 1717 the edition of
“Opticks” contained 130 queries. The first questions aim at an interpretation of the phenomena
of reflection, refraction, and diffraction according to the ideas described above. Of special
interest are the questions from 25 to 31, which were first included in the edition of 1706.
The questions 25 and 26 describe double refraction of light in calcite. In this context Newton
explains the phenomenon of polarization. For an explanation, Newton assigns a third quality
to light, in addition to color and periodic dispositions, and which he calls the “sides” of a light
ray.

The “sides” should be considered as a kind of orientation of a light ray that is perpendicular
to the direction of propagation. A light ray hitting the surface of a calcite crystal may be
diffracted in an ordinary or an extraordinary way, depending on the orientations of the sides
relative to the crystal. A rotation by 90° around the direction of propagation will exchange
ordinary and extraordinary diffraction. Newton explains his ideas by pointing out that the
force between two magnets also depends on their relative orientation. His theory of sides
already contains many essential ingredients of today’s theory of polarization. However, with
respect to a quantitative description of the extraordinary diffraction at calcite, Huygens’ theory
of wavelets remained superior.

In questions 27 and 28 Newton makes a thorough effort to falsify the wave theory of light.
He emphasizes the straight-line propagation of light signals and compares it with the sound
of a cannon or a bell, which could be heard also behind a small hill. And he summarizes all
arguments disfavoring the existence of an ether. In question 29 he establishes his corpuscular
theory of light: differences in color correspond to differences in the size of light particles;
refraction, reflection, dispositions, and sides are explained by an action at a distance between
light and matter.

Newton’s enigmatic character reveals itself in that the 1717 edition of the “Opticks” con-
tains new questions 17 to 24, where his ether theory from 1675 and 1676 reappears, including
an ether hypothesis for gravitation, while at the same time the other questions rejecting and
disproving the ether hypothesis still remain.

People have sometimes tried to mark Newton as an early pioneer of quantum mechanics,
arguing with his aversion against hypotheses, his emphasis on the importance of observation,
and his way to use the wave theory and corpuscular theory of light side by side. These attempts
should be considered as inappropriate and unhistorical. But anyhow, Newton’s free and cau-
tious use of hypotheses differs much from the dogmatism of his successors, who certainly
retarded the development of optics during the eighteenth century.

Today, in quantum theory, the relationship between wave and corpuscular theory has found
a subtle solution in terms of complementarity. However, it would be wrong to consider the con-
troversies between the respective proponents of wave and corpuscular theory as superfluous.

First, even from today’s perspective we would use the wave picture for a proper description
of reflection, refraction, diffraction, and double refraction; second, the propagation mechanism
of light quanta, which is determined by absorption and re-emission, differs in many ways from
the propagation of light particles, which should be slower in vacuum than in a medium; and
third, the equation for the quantum field, which, within the framework of quantum electrody-
namics, describes both the electromagnetic waves and the photons, is a wave equation.
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With respect to the fundamentals of optics, nothing essential happened during the eigh-
teenth century. However, we should mention two practical achievements: first, the construc-
tion of achromatic lenses, which Newton considered to be impossible, first in 1733 by the
amateur Chester Moor Hall (1704-1770) and again in 1757 by John Dolland (1706-1761);
and second, the discovery of aberration by James Bradley (1692-1762) in 1725. Aberration
refers to the apparent change in the position of a star due to the movement of the Earth, and
it was considered to be a confirmation of the corpuscular theory of light, because it found a
simple and straightforward explanation within this framework.

The nineteenth century saw the second period of a rapid evolution of optics, at the end of
which the nature of light was understood to be a transverse electromagnetic wave phenome-
non. In 1801, the ingenious Thomas Young (1773-1829), who also contributed considerably
to the deciphering of the hieroglyphs by suggesting the identification of the “cartouches” or
“royal rings” around the kings’ names, formulated the principle of interference of waves and
explained, as an immediate application, the diffraction of light. Building on the work of New-
ton and his at that time still unsurpassed accuracy of measurements, Young proposed a wave
theoretic explanation of Newton’s rings together with a determination of the wavelengths of
light. In 1809 Etienne Louis Malus (1775-1812) discovered the polarization of light in the re-
flections at mirrors, which led to a small crisis for the wave theory of optics. His observations
led to the compelling conclusion that light, if really of wave-like character, must be transverse,
which seemed to contradict the prevailing opinion according to which the propagation of light
in a matter-free space was only possible for a longitudinal wave. For this reason even Malus
himself judged his discovery to be a confirmation of the corpuscular theory. It took another
eight years until Thomas Young, in 1817, ventured to interpret light as a transverse wave.

Essential progress in wave theory is due to Augustin Jean Fresnel (1788-1827). His zone
construction, published in 1818, solved the long-standing problem of explaining the straight-
line propagation of light. Together with Dominique Jean Francois Arago (1786-1853), he
showed in 1819 that two light rays with perpendicular polarization planes do not interfere.
Starting from a theory of transverse waves, not only was Fresnel able to derive the formulas
which today bear his name and which allow the exact determination of the intensities for the
reflected and refracted parts of light, but also he completed the subject of crystal optics as a
theory of propagating transverse waves in anisotropic crystals. Of similar importance is his
work on the theory of diffraction, which was further pursued by Joseph Fraunhofer (1787—
1826), whose formal concepts were finally completed by Gustav Robert Kirchhoff (1824—
1887). These successes of wave theory remained unmatched by any corpuscular theory of
light. One of the last and tenacious proponents of corpuscular light theory was Jean Baptiste
Biot (1774-1862). He looked for a mechanistic explanation of Newton’s fits in the form of
prolonged and rapidly rotating light particles, which could penetrate through a surface if they
hit the surface with their spiky heads, and which were reflected if they hit the surface with
their flat sides. The final decision in favor of wave theory was the measurement of the velocity
of light in water by Jean Bernard Léon Foucault (1819-1868), which in 1850 definitely proved
that the speed of light inside a medium is slower than in the vacuum.

Based on the preliminary work of Michael Faraday (1791-1867), James Clerk Maxwell
(1831-1879) derived his fundamental equations of electrodynamics, which imply the exis-
tence of transverse electromagnetic waves propagating with a fixed velocity, the velocity of
light. The final experimental detection of these waves by Heinrich Rudolf Hertz (1857-1894)
in 1888 made optics a branch of electrodynamics.
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The theory of electrons developed by Hendrik Antoon Lorentz (1853-1928) allowed the
explanation of optical properties of matter in terms of electromagnetic concepts. The deriva-
tion of Fresnel’s equations from electrodynamics is also due to Lorentz. In addition, we owe
him essential contributions to the solution of the ether problem.

The final coup de grdce for the notion of an ether in its traditional form came in 1905,
when Albert Einstein (1879-1955) formulated his theory of special relativity. The famous
experiment by Albert Abraham Michelson (1852-1931) and Edward Williams Morley (1838—
1923) did not reveal any measurable motion of the Earth with respect to the ether, as one
would have expected according to the ether hypothesis.

Just when the final victory of the wave theory of light seemed complete, Max Planck
(1858-1947) explained, in 1900, the spectral energy distribution of a black body using his
quantum hypothesis. In 1905 Albert Einstein (1879—1955) took up the concept of energy
quantization and applied it to the hitherto unexplained photoelectric effect. In his interpre-
tation, Einstein went far beyond the ideas of Planck in that he described light as consisting
of single energy quanta, so-called photons, thus assigning particle-like properties to light. The
development of quantum theory at the beginning of the twentieth century finally led to a deeper
understanding of the nature and the properties of light.

The discovery of the laser, the advance of the computer, the rapid development of holog-
raphy and diffractive optics, the development of new materials, in particular materials with
special nonlinear properties, as well as the sophistication and expansion of theoretical meth-
ods has led to a new revolution of optics during the past few decades. At present, optics can
be considered as a particularly strong and growing branch of physics.

Table 1.1: Important people and events for the evolution of optics.

Euclid “Katoptrik” (first scientific epos), general
(about 300 BC) ideas about optics
Ibn al Haitham

(AD 963-1039)

R. Bacon discovery of the camera obscura
(1214-1294)

S. degli Armati 1299 discovery of spectacles
Z. Janssen 1600 the first microscope
H. Lippershey 1608 construction of the first telescope

(1587-1619)

G. Galilei 1609 telescope
(1564-1642)

J. Kepler 1611 telescope
(1571-1630)
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Table 1.1: continued

W. Snell 1621 formulation of the law of refraction
(1591-1626)

R. Descartes 1637 “La Dioptrique”, theory of the rainbow,
(1596-1650) law of refraction

P. de Fermat 1657 derivation of the law of refraction, principle
(1609-1665) of temporally shortest path of light

F. Grimaldi 1665 “Physicomathesis de Lumine, Coloribus et Iride”,
(1618-1663) discovery of diffraction

E. Bartholinus 1670 discovery of double refraction

(1625-1698)

C. Huygens 1678/90 “Traité de la Lumiere”, wavelets, explanation of
(1629-1695) double refraction, discovery of polarization
R. Hooke 1665 “Micrographia”, wave theory, colors of
(1635-1703) thin layers
I. Newton 1668 construction of the mirror telescope,
(1643-1727) 1672 “New Theory about Light and Colours”,
1675/76 lectures about Newton’s rings,
1704 “Opticks” (Latin 1706, 2nd English edn. 1717),

mirror telescope, theory of colors, component
theory of white light, colors of the rainbow,
Newton’s rings, polarization, diffraction,
corpuscular theory

O. Rgmer 1676 measurement of the speed of light
(1644-1710)

J. Bradley 1725/28 stellar aberration of the light of fixed
(1692-1762) stars and its explanation

C. M. Hall 1733 construction of achromatic lenses
(1704-1770)

J. Dolland 1757 construction of achromatic lenses

(1706-1761)

F. W. Herschel 1800 discovery of infrared radiation
(1738-1822)
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J. W. Ritter
(1776-1810)

W. H. Wollaston
(1766-1828)

E. L. Malus
(1775-1812)

D. Brewster
(1781-1858)

T. Young
(1773-1829)

C. F. Gauss
(1777-1855)

J. Fraunhofer
(1787-1826)

J. A. Fresnel
(1788-1827)

D.J. F. Arago
(1786-1853)

W. R. Hamilton
(1805-1865)

G. R. Kirchhoff
(1824-1889)

R. W. Bunsen
(1811-1899)

H. Fizeau
(1819-1896)

J. B. L. Foucault
(1819-1868)

H. von Helmholtz
(1821-1894)

1801

1801

1809

1815

1801

1817

1814/15
1821/23

1818
1819
1821722

1859

1883

1859

1849

1850

discovery of ultraviolet radiation
discovery of ultraviolet radiation
polarization by reflection

Brewster’s angle

development of interferometry,
interpretation of light as a transverse wave
geometrical optics

Fraunhofer lines,

development of diffraction theory

Fresnel’s zone construction,

Fresnel’s equations,

development of diffraction theory
polarization, color phenomena, interference

geometrical optics, conical refraction

spectral analysis, together with R. W. Bunsen,

diffraction theory

spectral analysis, together with G. R. Kirchhoff

terrestrial measurement of velocity of light

measurement of velocity of light in media

theory of aberrations of optical instruments
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Table 1.1: continued

E. Abbe theory of resolution of optical instruments
(1840-1905)

J. C. Maxwell 1862 Maxwell’s equations, fundamentals of
(1831-1879) electromagnetic light theory

L. G. Gouy phase change at caustics

(1854-1926)

A. Sommerfeld rigorous solution of diffraction problems
(1868-1951)

H. Hertz 1888 detection of electromagnetic waves
(1857-1894)
W. C. Rontgen 1895 X-rays

(1845-1923)

H. A. Lorentz electron theory of optical properties of matter
(1853-1928)

M. Planck 1900 light quanta

(1858-1947)

A. Einstein 1905 theory of photon effect, special relativity
(1879-1955)

A. A. Michelson 1880 interferometer, Michelson—-Morley experiment

(1852-1931)

D. Gabor 1948 holography
(1900-1979)

T. H. Maiman 1960 laser
(1927- )

C. H. Townes 1964 Nobel prize for the development of lasers
(1915- )

A. M. Prochorow
(1922—- )

N. G. Basow
(1916- )




2 The electrodynamics of continuous media

2.1 Maxwell’s equations

The complete classical theory of electromagnetic fields is contained in Maxwell’s equations.
Along with Lorentz’s equation for the electromagnetic force, they describe all the phenomena
arising from interactions between electromagnetic fields and matter as long as quantum effects
may be neglected. They also form the foundations for theoretical optics.

In a general form, independent of any given system of electromagnetic units, Maxwell’s
equations can be written in the form:

V-E = ﬁ’ 2.1
€0
0B

E = —x— 2.2

V x vt (2.2)
V.B =0, 2.3)

OFE
V X B = ko (j + EOW) . (2.4)

Here, E denotes the electric field vector (or electric field strength), B the magnetic induction,
p the electric charge density, and j the electric current density. The force per unit volume
acting on the electric charge density p and the electric current density j is given by the law for
the Lorentz force:

f=pE+rjxB. 2.5
The constants €, k, and ug entering eqs. (2.1)—(2.18) can be understood in the following way.

e ¢p has to be present in eq. (2.4), because, taking the divergence of eq. (2.4) and using
eq. (2.1), one obtains
dp
—+V.-B=0. 2.6
T (2.6)
e The constants « in eqgs. (2.2) and (2.5) have to be identical in order to guarantee the
validity of the general law of induction. The induced tension in a conducting loop L is
proportional to the change

d
d=— [ df-B
i

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5



16 2 The electrodynamics of continuous media

of the magnetic flux through the loop, and the change can be due either to a time variation
of the magnetic induction or to a deformation of the loop. In this latter case, the induced
tension is an effect of the Lorentz force.

e Looking at egs. (2.1) and (2.5), we see that € fixes the units of the electric charge, charge
density p, current density j, and electric field E.

e The unit of magnetic induction is either given via eq. (2.2) by fixing  or via eq. (2.4) by
fixing pok.

o This double determination of the unit of B implies that there must be a relation between
the constants €, pp, and «. Indeed, setting p = 0 and 7 = 0, taking the rotation of
eg. (2.2), and using eq. (2.4), one arrives at a wave equation:

2
nz,uoeoﬁE — AE =0. 2.7)
We see that
2 o 1
K-€ofo = C_27 (28)

where c denotes the speed of light in vacuum,; € is called the vacuum permittivity and o
the magnetic permeability of vacuum.

In particular, we should mention two commonly used systems of units:
e The SI system, also called the MKSA system, for which

1
B foc?

N
k=1, po = 4m X 1077 — €0 2.9)

A2’

e The Gaussian system, also called the MKS system, for which

1 1
K= - ,LLO:47T, €= -
c 4

In this system, E and B have the same dimension.

Equations (2.1) and (2.4) contain the electric charge density and current density, which is why
they are referred to as the inhomogeneous Maxwell’s equations, while the other two are called
the homogeneous Maxwell’s equations.

Maxwell’s equations assume a slightly simpler form if we introduce two new fields, the
electric displacement density D and the magnetic field vector H:

D = ¢kFE,

1 (2.10)
H=—B.
Ho
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This leads to:
V.D =p, 2.11)
OB

E=—x— 2.12

V %X K BT ( )
V.-B=0, (2.13)

D
VXH:fi(j—i-aa—t). (2.14)

The homogeneous equations remain unchanged, while the inhomogeneous equations now con-
tain the new fields D and H.

We shall see later that this form of Maxwell’s equations also remains valid when we look
at electrodynamics in continuous media. In this case, however, the fields E, B, p, and j
should be interpreted as quantities that are averaged (or smeared) over volumes that are small
compared to macroscopic scales but large compared to molecular scales. Furthermore, the
fields D and H will no longer be given by eq. (2.10).

Finally, we want to draw some helpful conclusions from Maxwell’s equations. Derivations
may be found in any textbook on electrodynamics.

1. The energy density p¥ and the energy flux density S of the electromagnetic field are
given by

1 1
pP=2E2y -~ B~ (E-D+B-H),

2 240 2

, . (2.15)
—FEXB=—-FE X H.

) K

S

2. The density p!” and the current density j7, of the ith component of the momentum of the
electromagnetic field may be expressed as

p = keo€ijp Ej By, = keijpD; By, (2.16)
p 1. 5 1 /1 _,
Jix = —1ik = €0 §E 5ik —ELE,)+—|=-B 5ik- — BBy,
Ho \ 2
1 1
= iE'Déik*Eka‘i’iB‘H(sik*Bin- 2.17)

3. The homogeneous equations (2.2) and (2.3) can be solved by introducing a scalar poten-
tial ® and a vector potential A:

B=V X A,

(2.18)
E=-Vo - H%.
ot
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For any function Y, the transformed potentials

A=A+ Vy, =P — /{?9_1( (2.19)

define the same fields B and E. These gauge degrees of freedom may be used to impose
on A and ® the Lorentz gauge condition:

1 0%
— 5 =0 (2.20)

Inserting eq. (2.18) into the inhomogeneous Maxwell’s equations (2.1) and (2.4) yields

1 62 p
o= (=L _Alo=2L
o= (g 8)0= 5

V-A+

2.21
OA = Lo A)A= j .
o\ 2 ot2 — ol
The retarded solutions to these equations are
1 t—|x —a'|/c,x’
fD(t,a:) — /d3x/ p( |"B w|/c,a:)
4meg |z — x|
1
= = [ dt' B2 Grer(t — ',z — ') p(t', )
€ ' , (2.22)
Alt,x) = @/dgx’J(t_ [z = &'|/e, @)
4 |z — x|
= /»Wo/dt’ B2 Grer(t —t',x — ') j(t', x),
where
11 1
Gret = —— 1T 6 t— _|$| (2.23)
47 || c

is the retarded Green’s function for the wave operator [].

2.2 Molecular vs. macroscopic fields

The subject of optics is the investigation of the interactions between light and matter. However,
in bulk matter there always exist a huge number of charged particles. The number of particles
per cm® ranges between roughly 6 x 10%° and 6 x 1023, depending on whether the matter
is in a gaseous or condensed state. Furthermore, due to the fast motion of the particles, the
electromagnetic fields vary strongly as a function of space and time. A microscopic descrip-
tion of these molecular fields seems hopeless. Any information processing system would be
cracked by the task of storing the data of 102 particles. Furthermore, nobody could possibly
be interested in all these data, which is why such a description is even undesirable.
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On the other hand, what is observable and of general interest are the macroscopic fields
obtained by averaging the molecular fields over space-time regions with a space-like extension
of L and a time-like extension of 7' > L/c. Such averaging procedures eliminate the rapid
field fluctuations present on microscopic scales and lead to macroscopic fields that are eas-
ier to observe and easier to handle analytically. In general, spatial averaging already implies
averaging with respect to time-dependent fluctuations. The wavelengths of visible light are
centered around 5 x 105 cm. For L = 10~% c¢m, a volume of V = L3 still contains between
103 and 108 particles. Hence, even for wavelengths corresponding to the ultraviolet region, it
is meaningful to take averages. Not before approaching wavelengths in the X-ray region do
we have to adopt a different form of description.

Formally, the averaging of some molecular quantity Amo| to a macroscopic quantity A =
(Amor) is achieved by the following operation

T
(Amol(t, ) = A(t,z) = %IVI /Tdt’ /V d3x’A(t -tz —x), (2.24)

where V' denotes the spatial volume of averaging. More generally, we can choose an arbitrary
function f(¢', «’) with the following properties: it vanishes outside the space-time volume V/,
it is almost constant inside this volume, it rapidly drops to zero close to the boundary of the
volume, and it is subject to the normalization condition

/ dt’ / B f(t', ) = 1. (2.25)
For such a function we may define the average of a quantity by the following prescription:

(Amot(t, 7)) = A(t, ) = / ar / B f(F ) Amar(t — @ — ). (226)

This operation of taking averages commutes with linear operations like differentiation and
convolution.

In particular, Maxwell’s equations as well as egs. (2.18)—(2.22) also hold for the averaged
electromagnetic fields, charge and current densities, and potentials.

In general, two types of charge carriers will be present in a medium:

1. freely moving charges like conduction electrons in metals or ions in electrolytic solutions;

2. bounded charges whose motion is confined to the vicinity of some resting position by
some binding force.

If an additional electric field is applied, the freely moving charged particles will travel through
the medium. This produces an electric current and leads to electrical conductivity. Those
charges which are bounded to their ionic cores will experience only a small displacement,
resulting in an electric and magnetic polarization of the medium.

In the following sections, we shall first consider the case of free charges and later the case
of bounded charges. We shall find that the equations for averaged quantities are comparatively
simple, and the presence of the material medium becomes manifest only in certain material
functions like conductivity, or electric and magnetic polarizability.
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The requirement of causality for the response of a material medium to a disturbance ex-
erted by an external field as well as a so-called passivity condition will lead to severe con-
straints on the possible form of the material functions.

First, we shall assume the medium to be at rest, i.e. the mean velocity of the bounded
charges vanishes. Only in the last section of this chapter shall we drop this assumption.

2.3 A simple model for the electric current

The theory of electrical conductivity is part of solid-state physics and statistical mechanics.
In the present context, we will restrain ourselves to a simple model developed around 1900
by Paul Drude in his attempts to describe electronic conductivity. If we want to describe elec-
trolytic solutions, the freely moving electrons are to be replaced by ions. We will not discuss
the (largely analogous) theory of ionic conductivity.

For the ith conduction electron carrying a charge e and being in an electric field E, we
assume the following equation of motion to hold:

d’Ui
T

where the influences of the ionic cores and the other conduction electrons have been taken
into account globally by a friction term (v;. The microscopic current density is given by

Fmol(t, ) = Zevi(t) §(x — x;(t)). (2.28)

¥ Cv; = eE, (2.27)

Averaging over a volume of size L? leads to the macroscopic charge density
Jj(t,x) = envp(t, ) = pvp(t, x), (2.29)

where n denotes the number of conduction electrons per unit volume. Here p = en is the
macroscopic charge density and

1
vo = — Zk: vr (2.30)

is the so-called drift velocity, an average velocity that is superimposed onto the random motion
of the conduction electrons. The sum in eq. (2.30) extends over all conducting electrons in the
volume L3 where we take the average. If FE is almost constant for scales of order L, the
average of eq. (2.27) leads us to the generalized Ohm’s law:

¢ ne?

0 . .
&g + E_j = WE = wSEOE. (2.31)

For reasons that will become clear soon, the quantity

2
wp = || — (2.32)
meo
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is called the plasma frequency. For copper we find wp = 10% s, For a static field E the
solution of eq. (2.31) yields the static current density

n62

Jj(x) = TEO(m) = 0oEo(x). (2.33)

Here oy is called the static conductivity. For copper (1/eg)og = 5 x 1017 s71. A simple
argument shows us a connection between the coefficient of friction ¢ and the mean free flying
time 7. We assume that the field E constantly accelerates the conduction electrons, where
a = e/mE, until they are stopped in a collision with other particles. The overall directed
part of their velocity, which is superimposed onto their thermal agitation, has the form shown
in fig. 2.1 and we obtain vp = (e7/2m) Eq. Therefore, (/m = 2/ and

2
ne‘r 1 5

T = §eowp7'. (2.34)

go —

For copper one finds 7 = 10714 s.

vk

Figure 2.1: Illustration of the regular part
of the velocity. The period of the graph de-
e T ! termines the mean free flying time 7.

We obtain the standard form of Ohm’s law for static potential differences U = FEI as
follows. For a wire with cross-section F' and length [, the current [ is given by

U
I ZjF = UoFE = OoFT, (235)

from which we get for the resistance R = U/I = [/ogF. For currents and fields with a

periodic time dependence, E = Ege ! and j = Jo et the general form of Ohm’s law
(2.31) yields
2
(— — iw) j= eowSE
-
or
2
€oTwWs /2
j = ofw)B = T 70 (2.36)

= = FE
1 —iwr/2 1 —iwr/2

For w < 1/7 22 10 571, the dynamical conductivity satisfies o(w) = 9.
The physical meaning of the quantity wp will become clear when we take the divergence
of Ohm’s law in its generalized form



22 2 The electrodynamics of continuous media

Wenow use V - j = —0p/0t and V - E = p/eg and find

Pp  20p
— + = =0.
A T
Hence, the charge density inside the conductor dissolves exponentially with a decay time 7
while it oscillates with the plasma frequency wp.
For not too large frequencies (w < 10 s~1) we can write Maxwell’s equations (2.1)—
(2.4) describing the physics inside a conducting material in the form:

v.E-=-£
€0
B
VXE:—Ka—,
ot (2.37)
V-B =0,
1 OF
VXB—H#000E+@§.

Application of the operator V x for the case p = 0 leads to

DE-:(l - —A)E:—ﬂaE

2 ot? coc? Ot
s 5B (2.38)
o0
= (02 ot? ) eoc? Ot

This is the so-called telegraph equation.

For w < o0o/ep, we can neglect the term (1/c¢?)(0%/0t?) as compared to
(00/€0c?)(0/0t), and we obtain a diffusion equation:

o9 OF
AE=——. 2.39
€oc? Ot (2.39)

The solutions of these equations describe the behavior of field strengths inside conducting
materials. As a simple example, we look for a solution of the form E(t,z) = e”'“!E(z) and
find 0?E(x)/02? = —i(0ow/eoc?) E(x), i.e.

fogw 1 —1

The sign must be chosen in such a way that the solution decreases inside the conductor and
we obtain

E(t,z) = Eo exp (—wt - 3(1 - 1)) : (2.40)

where

2
d=ci] 250 2.41)
ooWw
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is the penetration depth. We see that the damping is stronger for large frequencies than for
small frequencies. For very high-frequency fields, E' and j = 0o E can be neglected almost
everywhere except at the surface of the conductor. This phenomenon is called the skin effect.

For copper the penetration depth d as a function of wavelength A = 27¢/w is summarized
below:

A I cm 1m 100 m 10 km

d 2x107*mm 2x10"°mm 0.02 mm 0.2 mm

If w is large enough, such that the wire radius r satisfies d < r, the alternating current
resistance becomes

E(z) = Eo exp[—(z/d)(1 —i)]
e 1
= I= 2777“00/ dz E(x) = 27r Eg 09 dﬁ
o _

2rrogd 1

=U
l 1—i’

which implies

et —1) B T
R= e = Roll =)y, (2.42)

where Ry = 1/(mr?00) is the static resistance; R is a complex quantity (with an additional
inductivity), and, in contrast to the static case, 1/R is proportional not to the cross-sectional
area but to the circumference.

The heat generated by the electric current per unit time and unit volume is given by W =
7 - E, which for the static case becomes W = O'()Ez.

2.4 Dispersion relations and the passivity condition

We used a simple model to derive the expression for the dynamical conductivity in eq. (2.36),

o(w)

00

= i (2.43)

In general, the relation between field strength E and current density j is more complicated.
In the following, we will discuss a linear dependence between E and j. Such behavior should
be realized if the electric fields E are not too strong and if the conductivities are finite (i.e. not
for the case of superconductors).

If 5 and F are spatially constant and the properties of the medium are time-independent,
the most general linear relation between these two quantities is of the form

1
Ji(t) = T / dt’ G (t — ') Ex(t'), (2.44)
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where ;1 (t — t') is some matrix-valued function (or distribution). The time independence of
the properties of the medium is expressed by the fact that 5;; is only a function of the time
difference, t — t'.

The current density j(¢) can only depend on the field E(t') in the past, i.e. for ¢’ < ¢,
which leads to the causality condition:

gijt—1t)=0 for t—t <0. (2.45)

Furthermore, &;; is real-valued.
For the Fourier transforms,

= —/dw}i(w)e*i“’t,

Ei(t) = 7on / dw E;(w) e, (2.46)
iwt

ﬁit:— dw o (w) e™"'“",
()= o= [ dwoulw)
the convolution theorem yields the following relation between 7 and E:

Ji(w) = o (w) Eg(w). (2.47)

The reality condition for 7;; implies, for the Fourier transform,

oik(w / dt G;p, '“’t, (2.48)

the condition
o5 (W) = oir(~w). (2.49)

Due to the causality condition, namely &;;(t) = 0 for t < 0, the integral over ;5 (t) extends
only over positive time values, ¢ > 0. This implies that, even for complex values of z = w+in
with 7 > 0, the integral

At G4, (t) et (2.50)

oiklz m/

exists and is a holomorphic function in the upper half-plane for = Im z > 0. For the so-
defined function 0% (2), a generalized reality condition holds:

07(2) = o (—2"). (2.51)

Any function o (z) holomorphic in the upper half-plane satisfies Cauchy’s integral formula:

oir(z) = i/ dz’ Uik(z,>7 (2.52)
c

27 2l —z
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Imz
/.—)"_____"H-..\
5
/ \\ Figure 2.2: The integration contour C' runs
I.r' ‘\.I along the real axis and is closed by a semicir-
J‘ \ cle in the upper half-plane, which in the limiting
o = Re z case becomes infinitely large.

where C' denotes an integration contour as shown in fig. 2.2: C' extends along the real axis and
is closed by a semicircle in the upper half-plane, which in the end becomes infinitely large.

Furthermore, if o(z) — 0 for |z] — oo (sufficiently fast) and Im z > 0, the contribution
from the infinitely large semicircle vanishes and we obtain

oinlz) = — / w22 (2.53)

2mi w -z

On physical grounds the vanishing of o(z) for large values of z seems reasonable, because
one would expect the current 3 to be negligible for infinitely high frequencies of E, as the
motion of the electrons can no longer follow the rapidly changing field. The expression we
derived from our simple model,

a(z)

1 —izr/2’

has this feature and, in addition, for 7 > 0 satisfies the reality and the holomorphy conditions.
Writing z = w + ie with € > 0 we recover the function o, (w) for real arguments in the
limiting case € — 0:

(W) = / IO (2.54)

== . 12 . .
2mi J_ w —w—1e

(Expressions of this type are always to be understood in the limit € — 0.)
The integrand contains the distribution

1 w —w . €

— = + .
Ww—w—ie (W —w)?+é? l(w’—w)z—l—ez

(2.55)
It is easily verified that for an arbitrary test function ¢ the following identities hold:
. /
iy [ dw (W —w)2+e

and
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The last equation defines the distribution P(1/(w’—w)), which is also called the Cauchy prin-
cipal value of 1/(w’—w). For the divergent integral | dw’ ¢(w’)/(w'—w), it tells us to take the
integration limits symmetrically from both sides to the singularity at w’ = w. The divergent
part of the integral thus vanishes. The result of this calculation may be summarized in the
well-known formula:

;, = +ird (W — w). (2.56)
w —w —1ie w—w

If we insert this formula into the integral representation of o, (w), eq. (2.54), and separate the
real and imaginary parts, o;x(w) = Re 0y (w) + iIm o, (w), we obtain

Reoik(w) = %/dw’P (w’ 1_ w) Im o (w')
]' / 1 /
Imoy(w) = —— [ dw'P | — Re oy (w').

™ W —w

(2.57)

Because of these so-called dispersion relations, the function o, is already determined by its
real or imaginary part alone.

In the derivation of the dispersion relations we only made use of the causality condition
and a sufficiently rapid decay of o(z) for large values of z in the upper half-plane. This last
condition may even be relaxed when we divide through some function f(z) (e.g. a polynomial
function) and derive dispersion relations for o(z)/f(z).

Dispersion relations are of fundamental importance because they are intimately related
to linear causal dependences. We shall see more examples soon. The dispersion relations are
sometimes also called Kramers—Kronig relations.

The Joule heat j - E generated by the current per unit volume and unit time cannot be
negative. Therefore, the integration over time yields

/dtj(t)~E(t) = \/LQ_W /dt/dt’ Ei(t)oi(t —t")Ex(t') > 0. (2.58)

This is the so-called passivity condition of the medium. It expresses the fact that, eventually,
the medium can only absorb energy but not emit. The implication of the passivity condition
for oy (w) is most easily expressed in terms of the Fourier transforms and follows when we
chose the electric field to be periodic: F;(t) = Re {E; e~ '“t}. Taking the average over one
period should result in a non-negative value for the Joule heat. Making use of the following
identity,

(Re{Ae ™'} Re{Be “'}) = 1 Re{AB"}, (2.59)
yields
(Re{E;e " Re{op(w)Ep e “t}) = % Re{E}oir(w)Ex} (2.60)
= i{Eoin(w)Ex + Eio}y (W) ES} = § Ef (o + 0}) Ex > 0. '

Therefore, the matrix

+ *
Tik T 0y, = Oik + O
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must be positive. In general, one can show that because of Onsager’s symmetry relations for
irreversible thermodynamic processes, the matrix o;; has to be symmetric. This leads to the
following form of the passivity condition:

Re ;i is positive semidefinite.

The relation derived from our model,

)

) 20
(W) =Ouy 5

satisfies this condition for og > 0.

2.5 Electric displacement density and magnetic field
strength
In addition to the conduction electrons, the influence of the molecular cores is also important.

Although their charges cannot move freely, their presence gives rise to the phenomena of
electric and magnetic polarization. Let

dmol (t, ) Z@ t,z) and  Amol(t,x) ZA t,x) (2.61)

be the scalar and vector potentials, respectively, corresponding to the molecular cores. Ac-
cording to egs. (2.22) and (2.23) the gauge potentials for a single molecular core, written in
the Lorentz gauge, are given by

gi)u(t ZC) — L/d?:m/ pu(tf \33733'|/c,a:’)

4eg | — /|

o (2.62)
Ay(t,w) _ "{MO /d3 /Ju(t_ |11—(E |/C,$).
47 |x — x|
Let x,, be the center of mass for molecule v (see fig. 2.3). Expanding
e —2'|=|lc -z, +x, — 2| =|z -z, — 2"
up to first order in " = |&’ — x, |, we obtain (see fig. 2.3)
qv 1 1 329(751/ ret) L — Ly
Ameody, (t,x) = —~— —p,(tyret) V - -
71'60(]5 ( :E) | — y| pu( ret) |.’13 —«'13;/| s ot |.’13 —-’BV‘
Op(t, at 1 1
A (te) = Opltvred)/0F “m,(tyret) X V (2.63)
K40 |z — x| K |z — x|

1 0m(t, ret) T — T,

]

KC ot |le — x|
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where we have used the following relations and definitions:

qQ = /de’ pu(t, '), total charge of v,
p,(t) = /de’ (' —x,) pu(t, '), electric dipole moment of v,
(2.64)
K . L
m,(t) = 3 /d3x’ (' —x,) x j,(t,x'), magnetic dipole moment of v,
T—x .
turet =1t — M, retarded time.
c
maolecule v
., =x'-x,
e _r L —__,:? x
3 -f" Figure 2.3: The coordinate system cho-
x, e .-' sen for the determination of the electric
/,,;/,/"‘ displacement density and the magnetic
o field strength.

Furthermore, in the derivation of the expressions for ¢, and A, we have made use of the
following identities:

dp

5 (2.65)

) ) ) ) ) )
Vi (wiji) = ji — @i and Vi (T35 ji) = Tijr + 2rfi — ximra_f7

and neglected quadrupole terms and terms of higher order.

The molecular densities for the charge, the electric dipole moment, and the magnetic
dipole moment are given by

Pmol = Z qu 6(3) (:l: - :l:,,(t))
Prol ZP £) 6P (@ — @, (1)) (2.66)
Mo = Zm ) 6@ (x — x, (1)).

If, in the formulae for the molecular potentials,

dmol(t, ) = qu,,tac and Amol(t, ) = ZA (t,z),

we replace the fields ¢, and A, by the expressions of eq. (2.62), the averaging procedure
needs special care. We do not necessarily obtain the molecular potentials ¢mo) and Amel by
applying the retarded Green’s functions Get to the molecular densities in eq. (2.66). Two
mutually related problems turn up in this context:
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1. We have

[ o o= o= 2o ZJ?%% (@'~ (t— o — @'|/c)

|z — /| |z — /|

Integration over the J-function yields a contribution at a value of x’ for which the argu-
ment of the d-function vanishes: ' = x,, (tre), Where to = t — |& — @’|/c. Because
of the identity

/ / Ny 1 / : Iy
/d3x g(@')é(h(z)) = |det(8hi/8x;)(aﬁ6)\g($0) with h(zg) =0,

we also have to take into account a determinant, which in our case is of the form
D=1+0(v/c),

where v denotes the typical velocity of the molecular cores. As we assumed the medium
to be at rest, we may write D ~ 1. Furthermore, the next-to-leading-order term, O(v/c),
will not contribute to the temporal average because the number of cores entering a given
volume is, in the average, equal to the number of cores leaving it.

. As the §-function in eq. (2.66) is time-dependent, we cannot simply conclude that

OP ol /0t = Z Op.(t)/0t 5(3)(33 —x,(t))

and

Mo = Zam 1)/0t 6@ (x — , (1)).

However, the additional terms depending on the derivative of the d-function are again
suppressed by factors of v/c and cancel in the average.

In view of problems 1 and 2, we may write

1 pmol (tret; ')
t _ d3 ! ret>
dmol(t, ) dreg / v |z — /|
1 3 1
471' /d , {Pmo'( ety ') -V’ |z — |
1 OP ol Tz —x
Z t N — )
+ c ot (I’et?x) |$_w,‘ + (ZS
1 e, x') — (V' - P Het, T
= 47{_60 /dax/ me'( retvw) aj( m/| mOl)( retvw) +6¢7 (2.67)
and similarly
Amol(t fL') =
P ! 1 "x M t !
K‘/J“O /d3 / 8 m0|/6t)( retam ) Tw(_/";)q(v X mol)( retam ) _|_6A (268)

Here, d¢ and 6 A denote contributions that are small or cancel in the average.
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The last steps in eqs. (2.67) and (2.68) involve a partial integration. Note that in the final
expressions the operator V', occurring in the terms (V' - Pyor) and (V' X M o), only acts
on the second argument ', but not on the retarded time.

In addition to the charge density pmol, the scalar potential ¢mq) also contains a polarization
density pmor = —(V - Pror), which is due to the fact that during the process of polarization
some charges may be expelled out of a volume element (see fig. 2.4, left).

.- : -.;P ] B C;)
: 5 | HL fe |

Figure 2.4: (Left) Charges are expelled out of a volume element of the medium due to polariza-
tion. (Right) Representation of the magnetic dipole moments by a ring current.

Two polarization terms contribute to the electric current: an electric polarization current
OPmo1/0t, which corresponds to the displacement of charges in time-dependent polarization
processes, and a magnetic polarization current (1/x)(V x M mor), whose origin becomes
obvious when we represent a magnetic dipole moment by a ring current (see fig. 2.4, right).

Taking the average of egs. (2.67) and (2.68), we finally obtain the macroscopic potentials ¢
and A, expressed in terms of the macroscopic densities p, j, P = (Pmol), and M = (M mq1):

/ AN /. ! /
B(t,r) = / a3y Allren ™) — (V- P)ltrer, ™) (2.69)
4meg |r — /|
o / / / / / /
At,r) = L/j: / dgr,y(tret,r)+(aP/at)(t,et;r_) :l|(1/ﬁ)(v X M) (ter, 7).

In these expressions, we have also taken into account further contributions to the average
charge and current density due to the charges and currents of additional conduction electrons
that have been brought into the medium.

From these potentials we can derive the averaged electric and magnetic field strengths,

E=—V(I>—,‘-;aa—1;1 and B=VxA,
which automatically satisfy the homogeneous Maxwell’s equations:
V xE= —n%—? and V-B=0. (2.70)
Furthermore, because of eq. (2.69), we obtain in the Lorentz gauge (2.20)
oo :V-E:%(p—V-P),
DA:VxB—128E:nuo<j+ap)+u0VxM. e
Kc? Ot ot
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Introducing new field quantities

1
H:=—B-M and D :=e¢FE+ P, (2.72)
Ho
we can write the inhomogeneous Maxwell’s equations in the form:
. 0D
VXH:IQ(]—FE) and V-D =p. (2.73)

We can see that, phenomenologically, we can take into account the influence of a medium
by introducing new field quantities D, the electric displacement density, and H, the magnetic
field strength (not to be confused with the magnetic induction B). P and M are called the
electric and magnetic polarization (density), respectively. Note that with our convention, E is
not equal to D nor is B equal to H, even for vacuum, although M = P = 0. For the vacuum
these identifications are sometimes made if Gaussian units of measurement are used. However,
our definitions have the advantage that they are independent of the chosen unit system and that
the inhomogeneous Maxwell’s equations assume their simplest form.

For given j and p, the field quantities are determined by Maxwell’s equations (2.70) and
(2.73) only if the functional dependences of D and H on E and B are known:

D=D|E,B], H=H[E, B

In general, D and H may have complicated dependences on the global space-time behavior
of the fields E and B. However, for E and B not too large, we can expect, within a good
approximation, the relations between D, H and FE, B to be linear.

Under a parity transformation  +— —u, the fields D and E change sign: E(x) =
—E(—x), D(x) = —D(—x); whereas for B and H we have: B(x) = B(—x), H(xz) =
H(—x). Therefore, in a linear approximation, D will only depend on E and H will only
depend on B, at least, if the medium itself when averaged over small spatial regions is invari-
ant under parity transformation & — —x. As long as we are allowed to assume the applied
fields to be homogeneous over regions containing many molecular cores, we can neglect their
spatial dependence and write the linear relation, as described in section 2.4, in the form

Pi(t) = dt’' X (t — ') Ex(t'), D;(t) = eoEi(t) + Pi(t)

\/7
/thMm EYHW(t),  Bi(t) = po(Hi(t) + Mi(t).

After a Fourier transformation we get:
ﬁz(w) = Xik(w)EOEk(w)7
Di(w) = €n(w) e Ep(w), (2.74)
€ix(w) = dir + xin (W),

and
M;(w) = xmik(w) Hi(w),
Bi(w) = pik(w) poHr(w), 2.75)
pik(w) = ik + Xmir (@)
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The quantities x;x(w) and ;. (w) are called the electric and magnetic susceptibilities, re-
spectively, and €;; and p;y are the relative electric and magnetic permeabilities, respectively.
Sometimes the expression relative dielectric tensor is also used for ;.

For a stronger spatial dependence of the fields, the inhomogeneity may be taken into ac-
count by including also the first spatial derivatives of E and H. Before we discuss the prop-
erties of the material quantities introduced above (x, xm, €, and p), we want to draw some
simple conclusions from Maxwell’s equations for media:

V-D =p, V-B =0,

. 9D OB (2.76)
VXH:H(J‘FE), VXE——K]E.

1. At an interface (with normal vector IN) between two different media, the quantities
N-B and N x E,

the normal component of B and the tangential component of E, are continuous. If the
interface carries neither a surface charge nor a surface current, then

N-D and N x H
are also continuous.

2. If p = 0 and 5 = 0, the energy balance contained in the fields and the medium assumes
the form

oD 0B
. E-—+H —=0. 2.77
V-S+ 5 + 5 0 (2.77)

Here, S = (1/k)E x H denotes the Poynting vector. For this case the continuity condi-
tions at the interface also imply the continuity of IV - S. No energy is assembled in the
interface.

3. If p =0 and 3 = 0, the momentum balance reads

o p

P _ YT, =0, 2.78
6tpz J ( )
where pf’ = k(D x B); is the momentum density and

T,; = E;Dj + H;B; — 3(D - E)§;; — 3(H - B)J;; (2.79)

is Maxwell’s stress tensor. Here, we have assumed the relations between D and E and
between H and B to be independent of .
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2.6 Index of refraction and coefficient of absorption

This section contains a first discussion of the propagation of waves in media. The simplest
but most important case is an isotropic medium, for which we have €;;(w) = d;;¢(w) and
pij(w) = 6;p(w). Furthermore, we assume j;(w) = o(w)E;(w) and p(w) = 0. Given these
conditions we look for wave-like solutions of Maxwell’s equations (2.76). We make the fol-
lowing ansatz,

E = E, e—i(wt—ka:)7 B =B, e—i(wt—kw)’

: ) (2.80)
D= DO e—l(wt—km)’ H = HO e—l(wt—km),
an insert it into Maxwell’s equations, obtaining
k-D=0, k-B =0, (2.81)
kx H= —kwenkE, k x E = kwB, '
where
io(w)
nw) = e(w) + (2.82)
Eow

Now the conductivity contributes to the complex generalized electric permeability 7). For very
large frequencies, the distinction between free and bound charges becomes less obvious. In
general, k will be complex for real w, so that for some directions the waves will decay expo-
nentially.
Furthermore, we have
2

kx (kx E) = kwk x B=rwuuok x H = —unw—zE,
c
kx(kxE)=k- (k-E)—-kE=—kE,
from which

w2

. w w
K = = ie. k= Z\/n,u = Ep(w). (2.83)
We decompose p(w) with respect to its real and imaginary parts:

p(w) = V(@) = n(w) + ix(w). (2.84)

Without loss of generality, we can choose w > 0 and consider the propagation of waves in the
z direction. The sign of the square root in (2.84) should be such that n(w) > 0. For this case
E(t, z) assumes the form

E(t,z) = Egexp(—iwt + ikz)

= Egexp (iwt + En(w)z - wn(w)z)
c c

= Egexp {—Hin(w) (z _ )} exp (—fn(w)z) . (2.85)

n(w)
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This describes an exponentially damped wave propagating in the positive z direction with a
phase velocity of cpn(w) = ¢/n(w). The real part n(w) of eq. (2.84)
c

(w) = m (2.86)

is called the index of refraction or refractive index of the medium. The imaginary part x(w) is
related to the coefficient of absorption «(w) of the medium:

a(w) = —k(w). (2.87)

w
c

Now we want to convince ourselves that indeed x(w) > 0. Essentially, this is a conse-
quence of the passivity condition for the conductivity,

Reo(w) > 0,
as well as the passivity conditions
Imwpu(w) >0 and Imwe(w) >0

for p1(w) and e(w), which we shall derive in the next section. These conditions imply that the
imaginary parts of both n(w) and p(w) are positive. Thermodynamic stability even allows us
to deduce that 77(w) and p(w) must lie in the first quadrant of the complex plane, and in this
case +/nu(w) must also lie in the first quadrant. Many of the substances that are important in
optics even have p(w) = 1, so that p(w) = n(w) + ik(w) =~ /n(w) lies in the first quadrant
due to the passivity conditions.

These arguments may be generalized to anisotropic linear media, for which the conductiv-
ity and the permeabilities are tensors. Also in these materials the real part of the conductivity
0i;(w) and the imaginary parts of ¢;;(w) and y;;(w) contribute to the absorption.

In any resistor we find energy dissipation due to heating and, therefore, it seems obvious
that conductivity implies absorption. A certain degree of absorption cannot be avoided in a
material medium, because the real and imaginary parts of ¢;;(w), p;;(w), and €;;(w) cannot
be chosen arbitrarily but are related through dispersion relations — see also the next section for
a discussion of 1;;(w) and €;; (w).

Depending on the relevance of absorption one distinguishes two disciplines in optics:

(A) Metal optics: Absorption due to conductivity is predominant and the imaginary parts of
pij(w) and €;;(w) are large. Wave propagation inside these media is not possible and,

therefore, the subject of metal optics mainly deals with surface phenomena or thin layers
of absorbing materials. In this book we will not enter into the subject of metal optics.

(B) Optics of transparent media: In these media, conductivity and absorption are negligible
and wave propagation is possible.

Looking at the optics of transparent media, the following distinction turns out to be useful:

B1) Homogeneous and isotropic media: their treatment is simple and almost covered by the
considerations in this chapter.
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B2) Homogeneous and anisotropic media: they are the subject of crystal optics, which we
will discuss in chapter 4.

B3) Inhomogeneous and isotropic media: they are the subject of geometrical optics and the
theory of diffraction — their theoretical treatment is one of the central themes of this book.

B4) Inhomogeneous and anisotropic media: they turn out to be of less practical importance,
and their general theoretical treatment is difficult and still not completely worked out —
in this book, we will only consider the most important special cases of reflection and
refraction at an interface between two anisotropic homogeneous media.

2.7 The electromagnetic material quantities

In the following discussion of the quantities
(W) =0 + xa(w)  and k(W) = dik + XMk (W),

we will concentrate on the electric susceptibility y;x(w). The properties of the magnetic sus-
ceptibility xm ik (w) are similar and, as long as we neglect ferromagnetic substances, the values
of xmix(w) are much smaller than the values of the electric susceptibility. Ferromagnets are
not transparent and are of no relevance for the optics of transparent media. For simplicity, we
will assume in the following that u(w) = 1.

The electric polarization

_ /dt Rin(t — ') Ep(t') (2.88)

can only depend on Fj(t') for ' < t. As the discussion about conductivity in section 2.4
revealed, this causality condition implies that

Xij(z r/dteXp (izt)Xi5(t)

is holomorphic in the upper z plane. Furthermore, we would expect that for large frequencies
the polarization is small, which leads us to

Xij(2) = 0. (2.89)

11m
|z| =00, IMm2z>0

In section 2.4 we saw that from this condition we can derive the dispersion relations:
1 / 1 /
Re Xk (w) = p dw' P o —w Im x5 (w')

Imxzk = —7/(1(4.) ( ) Rexij(w'),

(2.90)
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and from eq. (2.90) we get

Xik(w) = Re xir(w) +1Im xik(w)

- %/dw’ [P (%) +imé(w’ —w)] Im y;r(w’)

W —w

- l/dw’ Tm xix (W) (2.91)

T W —w—ie’

As X is real, we have x;x(w)* = xik(—w). Therefore, Im x;x(w) is an odd function of w
and Re ;. (w) is an even function. If we make use of these properties, the dispersion relations
assume the form:

/

1 [ 2w
Re xir(w) = ;/0 dw'P (m> Im i (w'). (2.92)

In section 2.6 we saw that the dispersion relations establish a connection between the fre-
quency dependence of the refractive index and the absorption of a substance. This explains
the expression “dispersion relation”.

In order to derive a passivity condition for y;i(w), we start from the balance relation
satisfied by the energy

oD 1 0B?
V-S+F - —+ ——— =
+ ot + 2up Ot
Because D = ¢ E 4+ P, we may rewrite this equation in the form

op

T (2.93)

LY S (E—OEZ + LBZ> = [ S.df +/ Az E-
dt Jy 2 240 ov v

From this equation we learn that the electromagnetic energy of the fields inside a volume

V' decreases either by emission of radiation or by polarizing the medium. We would expect

that, if we apply a time-dependent electric or magnetic field that vanishes for ¢ — o0, the

medium can only absorb but not release energy (otherwise it would not have been in a stable

equilibrium state). This leads us to the passivity condition

/_ b E(t) al;ft) > 0. (2.94)

The equality sign holds if and only if there is no absorption and/or dissipation of electromag-
netic field energy. Written in terms of the periodic fields

El(t) = Re{El e_iwt}, and Pl(t) = Re{Xik (W)GOEk: e—iwt}
so that

aP;(t)
ot

= Re{xi (w) (—iw)eo Ex e 7'},
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we obtain the passivity condition in Fourier space after taking the time average,
Re{ E7 xik (w)(—iw) Ex } = Im{ Ej wxr(w) By }
= Ef{(w/21) [xir(w) = X5 (@)} Ex = 0 (2.95)

(compare the derivation of eq. (2.60)). Hence, (w/21)[xx(w) — x&;(w)] is a positive semidef-
inite matrix, and the matrix ;x is Hermitian for case that there is no absorption.
In an isotropic medium, we have x;x(w) = x(w)d;x, and the passivity condition reads

Imwy(w) > 0. (2.96)

This condition is compatible with the reality condition Im y(—w) = —Im x(w), from which
we can deduce the even stronger statement that

Imzx(z) >0 for Imz>0 (2.97)
in the upper half-plane.
This result follows from the integral representation
1 I !
x(z) == / dw’ L,X(w ) (2.98)
0 w —z

which leads to

tmex(z) = / dw’Imx(w’)Im{ - }

w —z
1 , ;o W Imz

=— [dv'Imy(w')—— >0 for Imz>0. (2.99)
T |w" — 2|2

So, zx(2) is holomorphic in the (open) upper half-plane H* and maps H™ onto itself. Such
functions are called Pick functions. If f(z) and g(z) are Pick functions, so are f(z) + g(z)
and f(g(2)).

So far we have concentrated on the behavior of x;x(z) as a function of the complex ar-
gument z. However, we can also make some general statements about the symmetries of the
matrix x;x(z) with respect to the indices 7 and k. The static case w = 0 is particularly simple.

Due to the reality condition,

Xik (W) = Xir(—w),
Xik (0) is real. Furthermore, already from thermodynamic arguments we obtain the symmetry
Xik(0) = xxi(0). (2.100)

Indeed, following our arguments in connection with the discussion of the passivity condition,
we may conclude on the basis of the energy balance that the change in internal energy U of
a medium, as a response to changes in the thermodynamic variable P, the entropy S, and
maybe further variables X, is of the form

dU=TdS+E-dP+) & dX,. (2.101)
(6%
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For the free energy F' = U — T'S we find

dF = —SdT + E-dP + ) £, dX,. (2.102)
This implies that
E; = oF . (2.103)
OP; ) 1 «

The linear theory considered before yields
c0Ei = x5 (0) Py
and therefore
1 OE; 0°F 1
X 0) =z =\ 3555 = — Xz (0). 2.104
EoXm ( ) E)Pk (8PZ E)Pk T X €0 Xi ( ) ( )

This proves the symmetry of Xi_kl and, hence, of ;. Strictly speaking, one has to distinguish
the susceptibility at constant temperature and the susceptibility at constant entropy, which is
given by

1 15, [ 0%U
o Xik (0)—(7333& - (2.105)

Both are symmetric. The requirement of thermodynamic stability implies that €;5(0) is posi-
tive definite.

For the non-static case we have w # 0, and the symmetry of ;x(w) can be derived from
the more general symmetry principles for the kinetic coefficients of Onsager and Casimir,
which follow from microscopic time reversion invariance. Therefore,

Xik(w) = Xri(w), (2.106)
and the passivity condition simplifies to the statement that
Im wy;i (w) is positive semidefinite. (2.107)

In particular, ;1 has to be real for vanishing absorption.
If ;% also depends on an external magnetic field or on some other parameter that changes
sign under time reversion, the Onsager—Casimir relations require

Xik(B,w) = xxi(—B,w). (2.108)
For the absorption-free case we find

Xik(Ba w) = Xlti(Bv w) - X;k(*Baw)a
and therefore

ReXik Baw = ReX’Lk _B7w )
( ) ( ) (2.109)
Im xik(B,w) = —Im yu(—B,w).
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2.8 The oscillator model for the electric susceptibility

As we did for the electric conductivity, we now want to formulate a simple microscopic model
for the electric susceptibility. For this purpose we imagine the electrons of a molecular core to
be bounded elastically to their equilibrium position. Again, the interaction with other charge
carriers is effectively described by a friction term. Under these conditions, the equation of
motion of an electron in an external electric field F' becomes

0’z ox
m (W + 275 +w0:1:> =ekF, (2.110)

which for a periodic field, F' = Fy e~ leads to the solution

e 1

r=— 55—
m wg — w? — 2wy

The total dipole moment, p = Zizzl ex;, of Z electrons in a molecular core is now given by

_Ze2 1
P=n Wi — w? — 2iwy

F =: a(w)eF. (2.111)
Here a(w) is the molecular polarizability. For w close to wp, this quantity is large and purely
imaginary. This rather crude oscillator model may be improved by a quantum-mechanical
calculation where the periodic field F is treated as a time-dependent disturbance:
L e fr
- = . 2.112
o(w) €0 m = w2 — w2 — 2wy, ( )

The resonance frequencies w, correspond to the excitation energies above the ground state:
hw, = B, — Ejp.

The quantum-mechanical oscillation intensities f, = (2m/h)w.|(E,|Q3|Eo)|? can be de-
rived from the matrix elements of the position operator (J3. They are a measure for the cou-
pling strength of an oscillation mode with frequency w.. to the external field. They satisfy the
Thomas—Kuhn sum rule Y, f. = Z.

Let n be the number of molecular cores per unit volume. The polarization density is then
given by

P =np =na(w)e F. (2.113)

If we were allowed to identify the field strength F at the position of a molecular core with the
averaged field strength E, we would find an electric susceptibility of x = na. However, F' is
the average field strength at the position of a molecule, while FE is the average field strength
within a small volume, independent of there being a molecule or not. It is only for very small
densities n (e.g. in gases) that we may set approximately £ = F'.
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In general, within the framework of a linear theory, the difference between E and F' will
be proportional to the polarization density P:

F =E +1(P), (2.114)

where r denotes some linear mapping. If we also assume the molecular polarizability o to be
a general linear mapping, we obtain

P = nega(E + r(P)),

ie.

P = (1 — nepar) tnega( E)
or

x = (1 — neoar) tna (2.115)
and

nazx(l—l—reox)_l. (2.116)

For an isotropic medium, one can show that
r(P)=_-—P, 2.117)

so, for this case,

lef%na
- X
1+ 3x

Setting x = € — 1, the last equation becomes

no

e—1
e+2

(2.118)

noa =

Wi

This is the well-known Lorentz—Lorenz formula.

For our simple model, o(w) is obviously a Pick function for v > 0. As the function f(z) =
nz/(1 — egrnz) is also a Pick function, y satisfies the passivity and causality conditions. The
reality condition is also fulfilled.

2.9 Material equations in moving media
Up to now the material equations for isotropic media,

j=oE (2.119)
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and

1
D =eeoE, H=—B, (2.120)
Ko

have only been formulated for the case of a medium at rest. The generalization to moving me-
dia is a surprisingly difficult problem, which is not only of fundamental interest. The solution
of this problem is only possible within the relativistically covariant formulation of Maxwell’s
equations.

Maxwell’s equations,

B
V. -B =0, VXE:—H%—t, (2.121)
OF
V-Ezﬁ, V X B = ok (j—l—eo—), (2.122)
€0 ot
can be written in the following relativistically covariant form:
aﬂﬁl“’ =0, (2.123)
O™ = Kpoj”, (2.124)
where we have introduced the current 4-vector
J* = (pc, ), (2.125)
the antisymmetric field tensor
0 —F1/ke —Ey/ke —FE3/ke
+E1/I<LC 0 —B3 +B;
uv _
= +E;/kc +DBs 0 -B; ’ (2.126)
+E3/ke —-B; +B; 0

and the dual field tensor
ouv . 1 _uvpo
o= §e“ Ly

For a medium at rest, the inhomogeneous Maxwell’s equations (2.122) have to be replaced
by

D
V.-D=p, V><Hz/1<j+aat). (2.127)

For a relativistic formulation we must introduce one more field tensor:

0 —keDy —keDy —keD3
+reDq 0 —H3 +H>
wr _
G = +kecDy,  +Hj 0 —Hq (2.128)

+keDs3 —H> +H; 0
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The inhomogeneous equations now read
0,G" = Kkj". (2.129)

The homogeneous equations (2.123) and (2.121) remain unchanged.
For a relativistically covariant formulation of eqs. (2.119) and (2.120), we first define the
(local) velocity vector of the medium:

1
u? = (ve,yv with = (2.130)
(ve,vv) V= e
We start with eq. (2.119), which generalizes to
1
gH - —Zu“u,,j” = —rou, F"". (2.131)
c
In the rest of the system we have v = (c¢,0). For 4 = 0 we obtain an identity, and for

1 = 1,2,3 we recover the material equation j = o E. Since eq. (2.131) is relativistically
covariant, it holds in any inertial system.
For an arbitrary reference system, the ;4 = 0 component of eq. (2.131) becomes

pc — zuyj” = ﬂv-E,
¢ c

and for 4 = 1,2, 3 we obtain
.1 i
J— Zvuyj” =vo E+ykov x B.
c
Solving the first equation for u, ¥ and inserting the result into the second equation yields
. v (v
j=pv+oy [E77(7~E>} + oryv X B. (2.132)
c \c

The first term on the right-hand side of this equation is a contribution from convection, the
second term generalizes the relation between 7 and E to moving media, and the third term is
the contribution of the Lorentz force.

We now come to eqgs. (2.120), which hold in the rest of the medium. With u* again denot-
ing the velocity vector of the medium, these equations become

~ 1 ~
u, G" = K?cPeequ, FM, u, G* = ——uy, FM. (2.133)
Ko

We solve these relations for G#*” making the following ansatz, which takes into account the
transformation and symmetry properties of ['/V:

GM = aF" + ﬁz(u“upF’”’ —u"u,FPH). (2.134)
c
The dual tensor for this ansatz reads

Gr — B 4 Cﬁzewmupur P (2.135)
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The coefficients a and 3 are determined by inserting eqgs. (2.134) and (2.135) into eq. (2.133):

1
o= —,
0
i L 1 (2.136)
B =Kk Peeg — — = — (e—).
Mo Mo K
(The last equation follows from x?c?eqpo = 1.)
For vacuum we have e = y = 1,1.e. 6 = 0 and
1
GH = —FH, (2.137)
Ho
i.e. indeed
1
D = ¢FE and B=—H.
Ho
Finally, we rewrite eqs. (2.134) and (2.136) in a three-dimensional notation:
1 1
D = ¢ [Jr’}/z (6):|E
K w
2
1 1
7"}/260 e——|v(v-E)—~%ke (e—— ) v x B,
c w K
(2.138)

e 1 ) 1
+ 2<e—>v(v-B)+7f£eo(e—>v><E.
HocC 2 2

For the limiting cases v = 0 or ¢ = 4t = 1 we recover the well-known relations. Furthermore,
we notice that for v # 0 the medium becomes anisotropic and B contributes to D, and E
contributes to H.



3 Linear waves in homogeneous media

In this chapter we will consider some fundamental aspects of linear wave phenomena, in
particular the propagation of light waves in transparent media. Because of their intuitive appeal
and the similarities with optical waves, we will first discuss elastic waves in solids.

3.1 Elastic waves in solids

We consider oscillations due to elastic deformations of a solid. The fundamental field quantity
for such deformations is u(¢, ), the displacement from the equilibrium position of a mass
element of the body. After the deformation, the squared distance between two neighboring
mass elements with equilibrium positions « and  + Az will be given by

ou' 2
(A.’L‘li)z _ (sz 4 axkAxk>

) out  OuF ) ou? ou’
— (A i\ 2 i AztA k el
(A') +(8xk+3xl) TAT 5k o
For small absolute deformations, the relative deformations will also be small and we have
Ou’/0x* < 1, and we can neglect the last term in the eq. (3.1). Hence, the distortions are

described by the symmetric tensor

AzF Az (3.1

Uik = %(@Uk + Opuy). 3.2)

Instead of 9/0z*, we will often write simply 9;. (For Cartesian coordinates, the position of
the indices is irrelevant, and we can position the indices freely.)

In order to derive the equation of motion for small elastic deformations, we start from the
Lagrangian density

L=T-U,
where the kinetic energy density is given by

T = 30" M,s0° = 34 - Mu, (3.3)
and the density of the potential energy by

U= 30u" K u® = 30u- K 0;u. (3.4)
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Here, M and K% are constant 3 x 3 matrices, which should satisfy the condition that the
potential energy density is positive semidefinite. The quadratic ansatz for the potential energy
density also takes into account the following aspects:

(a) Translational invariance: it is not the displacement u® itself that enters the equations but
the relative displacement 0;u;.

(b) Hooke’s law: for small displacements, the elastic stress is proportional to the distortion.

In complete analogy to the Hamiltonian principle in classical mechanics with finitely many
degrees of freedom, where one starts from a Lagrange function L(g, ¢) and an action func-
tional S[g] = [ dt L(g, ¢), we also obtain in this case the equation of motion from the La-
grange density £ by a variation of the action functional

S[u] = / dt / d3x L(u, w, dyu). (3.5)

The variation of S[u] yields

oL oL
3 _ _ .
/dt/d { Ou + -l +aaiu581u}
oL oL
_ 3 .
_/dt/dx{at<8a5u)+a<a&u5u)

L (O 00k 4 0L
ou  oton oo )

With the help of Gauss’s formula we can convert the first two terms in the integral to boundary
terms. The requirement that the solution should be a stationary point of the action leads to the
equation of motion:

0 oL oL oL

Like in classical mechanics, we can derive the conservation of energy as long as £ does
not explicitly depend on time. Indeed, from

0 . oL . oL. oL _ .
Eﬁ(u, U, ju) = Su b + o + Wiu&u,

and using the equation of motion (3.6), we obtain

O, (O0LN, JOL. (5 0L\, 9L,
ot ot 0u o0 "\ %000 )" T 900"

0 (0L, (0L,
=a\aa®) "%\ )

0 (oL . oc .
8 (%) (24) o o

Hence
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from which we can read off the energy density

oL
pp = —10—L (3.8)
ou
and the energy current density
- oL
' = i 3.
S 90, U (3.9)
If L =T — U is given by egs. (3.3) and (3.4), the equation of motion reads
M,sii* — 0, K 0;u® = M,iis — ;0L = 0. (3.10)

The components of the elastic stress tensor o, are equal to the rth component of the force onto
a surface with a normal vector pointing in direction ¢:

;ou
" 88Lu7‘

= K9 0ju®. 3.11)

ag

For the energy density we find
pp = 3u-Mu+ 30u-K79;u=T+U, (3.12)
and for the energy current density
St =4 K" 0ju. (3.13)
Written in matrix notation, the equation of motion becomes
Mii — K" 9;0;u = 0. (3.14)

This is a generalized wave equation, for which we find solutions in the form of plane waves
by making the following ansatz:

u(t,x) = ve Wik (veC3). (3.15)
Inserting this ansatz into the equation of motion leads to an eigenvalue equation
(Kij kzk] — sz)'v = O7
g (3.16)
det(K” kzkj — sz) =0.

The following properties of the solutions can be read off immediately:

(a) The eigenfrequencies w, (k) (o« = 1,2, 3) are, as a function of k, homogeneous of first
order, i.e. wo (Ak) = Aw,, (k) for A > 0.

(b) We can choose the components of the corresponding eigenvectors v, (k) to be real num-
bers, i.e. for an eigen-oscillation, w(¢, ) points into a fixed direction. For v, (k) and
v(k) we find an orthogonality relation: v, (k) - Mwvg(k) = 0 for a # .
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The most general solution to the wave equation can be expressed as a superposition of
eigenfunctions:

ult,z) =3 / Bk [An (k) B 4 B (k) e Wy (k) b= (3.17)

where A, (k), B, (k) € C.

If the functions A, (k) and B, (k) are distributed around some mean value ko with vari-
ance | Ak, the solution separates into three wave packets whose centers move with (in general
different) group velocities

wqo = Vwy (k) (3.18)

k=ko

Furthermore, w,, is the average flux velocity (S)/(pg) for the energy of a solution. Indeed,
from

K'ikikjv, (k) = Mw?v,(k),
one obtains, after taking the derivative with respect to k; and scalar multiplication with v, (k),
the following expectation values:
i 1 ij 1 a“f(zx 1,2
(S") = Jwavq - KV kjvo = 190 5p Vo - MU = 305 Waiva - Mvq (3.19)
and

2

(pE) = 3WAVa - Mg + 304 - K kikjv, = 2wiv, - Mu,. (3.20)

[e%

3.2 Isotropic elastic media

Within Hooke’s approximation, the density of the potential energy of a deformed solid is a
quadratic function of the quantities

ik = 5(Oiup + Opuy),
which implies that it has the form

U= LNijsuirujs, (3.21)
where the coefficients \;,.;, are subject to the symmetry relations:

Airjs = Arijs = Nirsj = Ajsir- (3.22)

If we combine the symmetric pairs of indices, (7, ) and (j, s), into indices A and B, we obtain
a symmetric matrix \4p of elasticity coefficients, where A and B can assume six different
values. A symmetric 6 X 6 matrix can have 21 independent elements, so, in general, there are
21 elasticity coefficients.
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For an isotropic solid, ¢/ should be rotationally invariant and the number of independent
elasticity coefficients reduces to two:

2
A A
U= §(uii)2 + puiguix = 3 (Z Uu‘) + uZuikuik. (3.23)
i ik

If we distinguish volume-changing and volume-preserving deformations, we may also write

I
g

1 1 = 1
Uij ij — 30ijUkk + 305Ukl = Wij + 305 Ukk,

(3.24)
U = Fk(ui)? + P,

with k = A + %,u. The coefficients A\ and p are called Lamé coefficients. The condition

U>0 implies >0 and rk=A+3u>0. (3.25)
The elastic stress tensor follows from 06U = o, 0u;p:

Oik = KOsk + 20 (Wi, — 303Uy (3.26)
In particular, we find

Tii = 3KU4;.

Solving for the relative displacements we get

1 1 1
ik — _52 rr = ik — _51' rr | - 3.27
Uik = g -0ik0 + o (U K~ 30ik0 ) (3.27)

This is Hooke’s law for an isotropic medium.
We find the relation between A, p and the well-known elasticity moduli by considering
special types of deformations, for example the following:

(a) Homogeneous compression (o, = pdik):

1
Ui = 3_Ka'rr5ik
and
oV 1
rr — S, — —Orr, 3.28
u =0 (3.28)

hence « is the bulk modulus.

(b) Shearing (012 = 021 = p, 0;;, = 0 otherwise):
Ul = U1 = 3 sina = —p, u;r = 0 const. (3.29)

where « is the shear angle and p turns out to be the shear modulus.
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(c) One-sided expansion (011 = p, 0;; = 0 otherwise):

Al 1 1 1
Ul = ——=\gzt5|P=%=D

l 95 3u E

(3.30)

upp = s = (— — —

22 = Uz = | g~ 611 D.
Hence, £ = [(1/9x) + (1/3u)]~t is Young’s modulus, and the shear contraction
0 = —ugz/ug1 is given by
13k —2p

=_ . 3.31
773 3K+ 1 ( )

Hence, from &, p > 0 it follows that: —1 < o < 1/2. In practice, we even have o > 0, which
implies 3\ = 3k — 2u > 0.

A straightforward calculation leads from eq. (3.10) to the wave equation for an isotropic
elastic medium. If we assume the following simple form for the kinetic energy density,

T — %puZ, (3.32)
we obtain

pil; — Oor; =0,
hence

pil; — AO;Opug, — 2u0kug; = 0, (3.33)
ie.

pt — (A + p)V(V - u) — pAu = 0. (3.34)
The exponential ansatz u(t, ) = v e~ '(“*~*®) Jeads to the eigenvalue equation

(k2555 + (A 4 wkik; — pw?dijlv; =0, (3.35)
from which we can determine the following eigenvalues and eigenvectors:

o Transverse oscillations (v1 » orthogonal to k)

wip = \/gk7 with phase velocity — ¢f = % = \/g (3.36)

e Longitudinal oscillations (v3 collinear to k)

[x+2 A+ 2
ws = |2 withvelocity ¢ = 4| o 2H (3.37)
p p

From A, i > 0, we obtain the following inequality for the propagation velocities of the longi-
tudinal and transverse waves:

a> V2. (3.38)

Indeed, seismograph measurements of earthquakes detect longitudinal waves first.
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3.3 Wave surfaces and ray surfaces

Now we return to the general wave equation (3.14). For fixed w, the eigenvalue equation
(3.16),

f(w, k) = det(K7k;k; — Mw?®) =0, (3.39)

can be interpreted as an equation for the wave vector k. This leads to a surface in R® which,
for elastic waves, consists generally of three shells, because for each k there exist three eigen-
frequencies w,, (o = 1,2, 3). From

of

Vf(wa<k)7 k) = %kaa(k) + (ka)(wa(k)ﬂ k) =0, (3.40)

we can deduce that the three group velocity vectors, w, = Vjw,, are orthogonal to this
surface. Frequency w(k) is a homogeneous function of first order in k, i.e.

k- Viw(k) =w(k) or
ke w (3.41)

— =n-s=1
w c

)

where we have introduced some reference velocity c¢ such that the vectors n and s become
dimensionless. The physical interpretation of n and s is the following:

e The vector n = k c¢/w points in the direction of the wave vector k, and its absolute value
is given by |n| = kc/w = ¢/cp, where ¢p is the velocity (to be more precise, the phase
velocity) of the wave corresponding to k (and w(k)). This ratio of velocities is called the
refractive index (or index of refraction) and n is a vector that tells us the refractive index
for the corresponding directions of k. The surface defined by

g(w,n) = det(KYn;n; — Mc?) =0 (3.42)

is called the wave surface. As w(k) is a homogeneous function of order 1 in k, g(w, n)
does not depend on w.

e The vector s = w/c is called the ray vector. It is parallel to the normal vector of the
wave surface, (V,,g)(w, n), and normalized by the condition n - s = 1. We have seen
that, for elastic media, cs is the group velocity and also the velocity of the energy flux,
which in general is not collinear to the direction of k.

If we choose some point in 0 € R® and draw, for a fixed frequency w, the corresponding
ray vectors s for any direction, we obtain a multi-shelled surface,

h(w, s) =0,

the so-called ray surface. The ray surface describes the flux of energy for all directions,
i.e. it represents the form of wave fronts that would result from a point-like disturbance at
the origin 0. By definition, s is perpendicular to the wave surface and n-s = 1. Therefore,
we obtain the ray surface from the wave surface by a simple geometrical construction (see
fig. 3.1). For each point nn on the wave surface, we draw the tangent plane, construct the
line perpendicular to this plane through the center of the wave surface, and normalize this
line such that n - s = 1.
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——ray vector for n

V4 _-tangent plane at point

."; P \‘. .~ unit circle
lll .r /-'
l |.

. ~wave surface

\ / Figure 3.1: Construction of the ray

£ - surface from the wave surface.

Wave surface and ray surface are “dual” to each other: the above construction applied to
the ray surface leads back to the wave surface. For a proof of this statement, we consider the
variation dn of some n along the wave surface. Hence, dn is tangent to the wave surface and
by definition of s we have s - dn = 0. On the other hand, from n - s = 1 we obtain

s-m+n-és=mn-6s=0, (3.43)

which means that n is orthogonal to the ray surface. The normalization condition, n - s = 1,
is symmetric in n and s. Therefore, n may be constructed from the ray surface in the same
way as s from the wave surface.

Examples

1. For the one-component wave equation
u — Aij(‘)iaju =0 (’U,(t, 33) GR), (344)

where A;; is some symmetric positive definite matrix, the wave surface has the shape of
an ellipsoid:

Because n-s = 1, the ray vector s; = oV f = 2aA; ;n; is determined to be s; = A, ;n;,

from which we get n; = A '

ij Sj» where Aij is the inverse matrix of A;;. Hence, the ray
surface is given by

h=A'sis; —1=0, (3.46)

which is the ellipsoid inverse to the wave surface. We can easily verify the interpretation
of the wave surfaces as an image of the shapes of the wave fronts, because the wave
equation (3.44) admits solutions of the form

u(t, x) = ‘G(L;Fd), (3.47)



3.3 Wave surfaces and ray surfaces 53

where R = 4 /Ai_jlxixj , and g is an arbitrary function of one variable. In particular,

1 elw/oR
B vdet A R

satisfies the equation

G.(z) (3.48)

(A5j0i0; + ? | #)Go(®) = —4mé().

2. The wave surface for an isotropic elastic medium follows from egs. (3.35)—(3.37):

2 & 2 & ?
flw,m) = (n ——2) (n ——2> =0. (3.49)

Ct

This describes a sphere of radius n; = ¢/c¢ and a second sphere (which has to be counted
twice because the transverse waves are degenerate) of radius ny = ¢/c¢t. The ray surface
consists of spheres with radii s; = ¢;/c and sy = ¢t/c.

In the following chapters we will meet further examples of wave surfaces and ray surfaces.
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4.1 The normal ellipsoid

In this chapter we will discuss the propagation of light in transparent isotropic and anisotropic
media, especially in crystals. Compared to electrical effects, we can neglect magnetic phe-
nomena and will always assume ;5 = d;, 1.e. B = ugH.

Under these conditions, the optical properties of a medium are determined by the permit-
tivity tensor €;;(w) = €;;(w). If absorption effects are negligible, ¢;;(w) is real and positive
definite; the same holds for the inverse tensor ei_jl (w), with €;; (w)ej_k1 (w) = k-

Associated with the tensor ¢;;(w) is the so-called Fresnel’s ellipsoid:

Ep(w) ={zcR® |z e(w)x = z/6;;(w)x; = 1}. 4.1

Even more important for a visualization of the optical properties of a medium is the normal
ellipsoid or index ellipsoid, associated with the inverse tensor ei_jl (w):
Ex(w) ={xeR? |z - (w)x=1}. 4.2)

The electric energy density satisfies

o 1 o €0 o 1 1
pel—2E D = 2E e(w)E—QEOD e (w)D,

and therefore Er(w) is equal to the set of all vectors E for which pg = €(/2, and Ex(w) is
equal to the set of all vectors D for which po = 1/(2¢). The two ellipsoids are dual to each
other in the sense of chapter 3: the normal vectors on Er determine the direction of D, and
the normal vectors on Ey determine the directions of E.

We can choose an orthogonal system of principal axes, for which €;;(w) and e;jl(w) be-
come diagonal:

6j(w) = €i(w)dij, €5 (w) = m%v (4.3)

The eigenvalues €;(w) are called principal values of the electric permeability. By convention
we let their labels increase with their values:

0<6(w) <ew) <e(w). 4.4)

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
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Adopting the principal axes as a basis, the equations for Fresnel’s ellipsoid and the normal
ellipsoid simplify significantly:

e1(w)z? + e2(w)y? + e3(w)2? =1,

22 yz 22 4.5)
d =1.
an €1(w) + ea(w) + e3(w)

The axes of these ellipsoids have lengths 1/1/€1(w), 1/1/€a(w), 1/+/€e3(w), and /€1 (w),

Ve (w), \/e3(w), respectively (see fig. 4.1).

Figure 4.1: Circular cuts through an ellipsoid.

In general, not only the principal values ¢;(w) but also the directions of the principal axes
depend on the frequency; in this case we speak of a dispersion of the axes.

However, if certain directions are distinguished due to the symmetry of the crystal lattice,
the principal axes are fixed; and two of the principal values are equal if the crystal lattice is
invariant under rotations around some axis with an angle © # 180°. According to increasing
symmetry, one distinguishes seven crystal systems, for which the details are summarized in
table 4.1.

The notations for the principal axes are as follows:

G dispersion of the axis: this is the general case; the direction of the axis depends on the
frequency;

F fixed axis: the direction of the axis does not depend on the frequencys;

D degeneracy: there are at least two axes of equal length; due to the degeneracy, the direc-
tions of these axes are to a certain degree arbitrary, but the space spanned by the axes of
equal length is fixed.

In addition, Table 4.1 names the symmetry of the translational lattice and the shape of the
normal ellipsoid.

We shall soon need to investigate intersections of the normal ellipsoid with planes through
the center. The intersection of an ellipsoid E, given by

£L’2 y2 22

A_%+A_§+A_§:1 A < Ay < Ag,

)

with a plane H : miz + mey + msgz = 0 is an ellipse with principal axes a; < ag. The
lengths of the principal axes of this ellipse can be identified as the extremal points of the
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Table 4.1: Crystal systems and their normal ellipsoids.

Crystal system Symmetry of the lattice Principal Normal
axes of €;; ellipsoid
Triclinic General parallelepiped GGG Unequal
axes
Monoclinic Parallelepiped with one edge FGG Unequal
orthogonal to a parallelogram axes
Orthogonal Rectangular parallelepiped FFF Unequal
= orthorhombic axes
Trigonal Cube, stretched along a diagonal FDD Rotational
direction of a body ellipsoid
Tetragonal Rectangular parallelepiped with FDD Rotational
quadratic base ellipsoid
Hexagonal Hexagonal-prismatic FDD Rotational
ellipsoid
Cubic Cube DDD Sphere

central distance functional restricted to an i-dimensional subspace R:

A; =min max |x|]=max min ||
Ri @ ERNE Ri-¢ gz €RI-INE

) (4.6)
a; = min max |x|.
RiC H ¢ ER‘NENH
From this representation we can easily verify that
Ay <ap <Ay <ag < As. 4.7

Of special importance in optics are those intersection planes for which the intersection with
the normal ellipsoid is a circle. The normal vectors for these planes are called optic axes.
From inequality (4.7) we deduce for circular intersections: a; = as = As. The orientation

of such planes can be obtained by calculating the intersection of the ellipsoid
2?2 2
Zo4 g 4
2t

with the sphere
2 +y? + 22
A3

Taking the difference of these two equations gives

Y I Nl
AL A7) T AR AR

=1
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So the planes with a circular intersection contain the 2-direction, and the angle 6 between their
normal vectors and the 3-direction is given by

1/A2 — 1/A32

tanf = + m

4.8)

For the general case A; < Ay < Ag, there are two circular intersections that are mirror
images of each other. For this reason, crystals with €; < ey < €3 are called optically biaxial
(see fig. 4.1).

If at least two of the principal axes have equal length, the two circular intersections coin-
cide. Crystals for which €; = €3 < €3 or €1 < €2 = €3 are called optically uniaxial. Finally,
for a sphere, all intersections are circular. According to our crystal classification in table 4.1,
the crystals belonging to the first three systems are biaxial, those belonging to the fourth to
sixth systems are uniaxial, and the crystals belonging to the cubic system are identical to
completely isotropic substances with respect to their dielectric properties.

4.2 Plane waves in crystals

We consider Maxwell’s equations (2.76) for p = 0 and 7 = 0 and make an exponential ansatz
for the quantities £, D, B, and H:

E = Eyexp[—i(wt — k- )],

Furthermore, we assume that u;;, = 6%, i.e. B = ugH, and obtain

TL'BOZO, n-D0:O, (49)
n X By = ckBy, n x Hy = —ckDy. (4.10)

Here, n = (¢/w)k is the vector of the refractive index defined in chapter 3, and the first two
equations follow from the last two. For convenience, we will suppress the lower index “0” in
Ey, Dy, By, and H. Eliminating B yields

nx (nx E)=ckn x B=—c?k*uyD =n(n-E) —n’E. 4.11)
Making use of D; = ;1 (w)eo Ex and ¢?k2eopg = 1, we obtain the eigenvalue equation

P20 — ning — € (w)] By = 0. 4.12)
The equation for the wave surface is now given by

f(w,m) = det[n?6;; — niny, — eip(w)] = 0. (4.13)

Due to the frequency dependence of €;;, w will no longer be homogeneous in k.
Although our arguments are easily generalized to the case of complex ¢;;, we shall restrict
ourselves to the most important case of negligible absorption, i.e. real €;;(w) = €x;(w).
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Under these conditions, we may choose the eigenvector components E,(f) of the eigen-
value equation to be real-valued, which, remarkably, implies linearly polarized eigenwaves.
Setting Ey, = (1/ eo)e,;jl D;, the eigenvalue equation assumes the equivalent form

[n2ei_,€1 (w) — ninrer_kl (w) — 6;1 (w)nyng — d;1] Dy, = 0. (4.14)

We have added an extra term e;l n,ng Dy, which vanishes since n - D = 0. In this way we
may choose the matrix, for which we search the eigenvectors, to be symmetric, which implies
that different eigenvectors D and D are mutually orthogonal.

In order to determine the ray surface, we first prove that the average value of the Poynting
vector,

(8) = iE x H, (4.15)

is perpendicular to the wave surface. Indeed, taking the variation of Maxwell’s equations
(4.10),

kedD = 6H xn+ H X én,
kcdB=0nx E+nxJ{E,

and inserting Maxwell’s equations once more, we obtain
ke(E-6D+ H -0B) =ke(B-0H + D -0E)+2in-(E x H).

From the symmetry of ¢;;, we can conclude that - §D = D - §E. Furthermore, because
B = ugH,wehave H - 6B = B - §H, and, therefore,

sn-(E x H) =0. (4.16)

Now we prove that the vector for the energy flux velocity divided by c,

s = Tom)e (4.17)
with
(pp) = (E-D+ H - B), (4.18)

satisfies the normalization condition s - n = 1. Therefore, it is equal to the ray vector. Indeed,
from eqs. (4.9) and (4.10) we find
kcE-D=E-(Hxn)=n-(ExH),
keH-B=(nxE)-H=n-(Ex H),
from which we get s - n = 1. As a side result we see that also for anisotropic media, in the

average, the electric and magnetic energies of plane waves are equal. From the equality

1 1 1 1
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we obtain

s-H =0, s-E=0,
1 1 (4.20)
sxD=—H, sxB=—-——F.
KC KC
Comparison with Maxwell’s equations reveals that the wave surface and the ray surface are
related by the following exchanges:

n < s, B~ H, E — D, €if ei_kl. 4.21)

The relative orientations of the vectors E, D, n, s, and B for a plane wave may be
illustrated in a simple diagram (see fig. 4.2). According to what we have just derived, E, D,
s, and n are perpendicular to B and, therefore, lie in the same plane. Furthermore, n and D
are mutually orthogonal; the same holds for s and E.

A 5
"k
\ a - I
\ i e
el L. .
/ Figure 4.2: Relative orientations of the vectors B,
"8 -H H,FE,D,n,and s.

Notice that, in general, in an anisotropic medium the vector perpendicular to the wave
vector k is no longer E but D.

Now we want to study the eigenvalue problem for plane waves in crystals in more detail.
In this context it will turn out to be useful to choose the coordinate axes along the directions
of the principal axes of €;;(w). The corresponding equation for the wave surface follows after
a short calculation:

0= f(w,n) = det[n®8;; — ninj — €;;(w)]
=n?(e1n? + ean3 + e3n3) (4.22)
—{n?ei(e2 + €3) + niea(er + €3) + nies(er + €2)} + erezes.

This equation is of second order and not, as one might suspect from a 3 x 3 determinant, of
third order in the quantities n?. The technical reason for this behavior is the degeneracy of
the matrix n?d;; — n;n;. The wave surface contains only two shells due to the fact that an
electromagnetic wave can only have two independent polarization directions.

For n fixed, there exist two, in general different, frequencies; and for fixed w and given
direction of the wave vector k, there exist two values for the refractive index |n|. An exception
are the double points where the two shells of the wave surface intersect and the two values of
the refractive index for a given direction of k coincide.
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To determine the polarization directions of the eigenwaves, we start from the eigenvalue
equation (4.14) for D:

n?c Y(w)D —n[n-c ' (w)D] = D. (4.23)

We know that nn - D = 0, so the components of D lie in the plane perpendicular to n. Let P
be the orthogonal projection onto this plane, i.e. P, (D) = D, = D, and P, (n) = 0. We
apply P, to the eigenvalue equation (4.23) and obtain the new eigenvalue equation

1
[PJ_G_l(w)PJ_]DJ_ = FDJ_. (4.24)

Introducing a basis (e, )qa=1,2 in the plane perpendicular to 7, we may write this equation in
the form

(eag(w) — % 5aﬁ> Dg = 0. (4.25)

The (mutually orthogonal) eigenvectors of this equation are the polarization vectors of the
eigenwaves. Equation (4.24) admits a nice interpretation in terms of the normal ellipsoid,

D ¢ Yw)D=1.

If we restrict this equation to vectors D orthogonal to n, i.e. if we intersect the normal
ellipsoid with the plane n - D = 0, we obtain the following equation for an ellipse:

D, P el(wP D, =1.
The principal axes of this ellipse are determined by the eigenvalue equation (4.24),

1
[PLeil(w)Pl}DL = EDL

After scalar multiplication with D, and using the equation for the ellipse, we see that the
eigenvalues n are equal to the lengths of the principal axes of this ellipse.

We can now summarize the construction of the polarization vectors D and the correspond-
ing refractive indices for an eigenwave propagating along a given direction n/|n| = k/|k|
with frequency w (see fig. 4.3): Determine the intersection of the normal ellipsoid with the
plane perpendicular to n. The orientations of the principal axes of the resulting ellipse are
equal to the directions of the polarizations of the eigenwaves, and the lengths of these axes
yield the corresponding indices of refraction. From the normal ellipsoid we can also construct
the vectors E and s corresponding to the polarization vector D: FE is perpendicular to the
normal ellipsoid at point D; s lies in the plane spanned by n, D, and E, is orthogonal to E,
and is normalized by s - n = 1.

If we replace the normal ellipsoid by Fresnel’s ellipsoid, E - e(w)E = 1, and n by s, we
first obtain the ray vectors s and the polarization vectors E of the eigenwaves, and in a second
step the vectors D and n.

Of special importance are those directions n/|n| for which the sections with the normal
ellipsoid are circles; these are the optic axes. In this case, the polarization vector D may be
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Figure 4.3: Construction of the eigensolutions using the
normal ellipsoid.

chosen arbitrarily in the plane perpendicular to n, and for a given orientation of n, we only
have one value for the refractive index, n = /€3 (€; <e2<e3). Obviously, these special vectors
n correspond to the double point on the wave surface where the two shells of the surface
intersect. According to section 4.1, there are no more than two optic axes for the non-cubic
case. Therefore, these two shells of the wave surface intersect at one or two pairs of diametric
points, and not, as one might suspect, along a one-dimensional curve.

Similar relations hold for the ray vector and the ray surface.

If we allow ¢;;(w) to be complex, the eigen-directions D) are also complex and the
eigenwaves are elliptically polarized. One can show that in this case there are no self-intersec-
tions of the wave surface. However, if Im €;; < Re €5, the polarization ellipses are stretched
to a very oblong shape, almost like a line, and for certain directions the two shells of the wave
surface approach each other closely.

In the following two sections we will discuss in more detail the propagation of light in
isotropic crystals that are optically uniaxial or biaxial. The most important results that we will
encounter in this context are summarized in table 4.2.

4.3 Optically uniaxial crystals

In the cubic case, ¢;; = e(w)éij, the equation for the wave surface, eq. (4.22), degenerates to
en —2¢2n% + 3 = e(n? — €)? =0, (4.26)

and we obtain a sphere that counts twice. The refractive index n = /€ is independent of the
polarization and the direction of propagation, and the ray vector s = n/n? is always parallel
to n. There exist also eigenwaves with circular and elliptical polarization.

More complicated, but also more interesting, is the case of optically uniaxial crystals,
€1 = €5 = €. Such a crystal is called positive if €35 > €, and negative for €3 < €, (see
fig. 4.4). The normal ellipsoid is a ellipsoid of revolution, and the 3-axis coincides with the
optic axis. The wave surface (4.22) simplifies to

ng(q_ni + egng) — {ei(es+ GJ_)ni + 2636J_n§} + 63_63
= (n2 — Q_)(GJ_’I’L%_ + ngg — 6J_63) =0, 4.27)

where n? = n? + n3. This corresponds to a sphere of radius /e together with a circum-
scribed or inscribed ellipsoid of revolution with axis lengths 1/, /€3, 1/, /€3, and 1/, /€.
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Table 4.2: Properties of isotropic and anisotropic crystal systems.
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Isotropic Anisotropic
Uniaxial Biaxial
Crystal Cubic Trigonal, tetragonal, Orthorhombic, mono-
systems hexagonal clinic, triclinic
Polarization  Arbitrary elliptic Only linear polarization, Only linear polarization,
of eigen- polarization except for n parallel to except for n parallel to
waves the optic axis one of the two optic axes
Ray Normal propa- Generically, one ordinary Generically, two extra-
vector s gation of light: ray with s parallel ton and  ordinary rays, s is not
s is always parallel ~ polarization orthogonal to parallel to n
ton the principal plane and one
extraordinary ray: s is not
parallel to n, polarization
in the principal plane
Refraction Snell’s law of Generically, double refrac- Generically, double refrac-

refraction holds

tion; one ordinary ray
satisfying Snell’s law of
refraction, and one extra-
ordinary ray, violating
Snell’s law of refraction

tion; two extraordinary rays
both violating Snell’s law;
conical refraction if n is
parallel to an optic axis

The waves corresponding to the sphere and the ellipsoid are called ordinary and extra-

ordinary waves, respectively, and we also talk about ordinary and extraordinary rays. For the
ordinary ray, s is always parallel to n, like in the isotropic case, while for the extraordinary
ray, s and n have different directions.

The plane spanned by the optic axis e and the vector of the refractive index n is called the
principal section. The polarizations of the ordinary and extraordinary waves can be deduced
from the construction of the normal ellipsoid, as described in the previous section. The normal
ellipsoid is an ellipsoid of revolution with axis lengths /e, /€1, and /€3. The section of
the normal ellipsoid with an arbitrary plane through the center yields an ellipse perpendicular
to n. The length of the axis perpendicular to the principal section is always n = /e ; the
other axis of the ellipse lies within the principal section.

As one might expect from symmetry considerations, the polarization of the ordinary wave
is perpendicular to the principal section, while that of the extraordinary wave is parallel to
the principal section. These statements may also be derived analytically from the following
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Figure 4.4: Wave surfaces for positive and negative optically uniaxial crystals.

representation of the eigenvalue problem (4.14) for D:

n? —n?)/eL +1 0 0 Dy
0 (n%—n2)/ej_+1 0 Dg =0.
0 0 (n% —n?)/es+1 Ds

For the ordinary ray we have s = n/e . Without loss of generality, we can place n into
the 1-3 plane and obtain, from the equation for the wave surface, for the extraordinary ray
2 2
n n
St S
€1 €3

=1 (4.28)

Because s is perpendicular to the wave surface and s - n = 1, we obtain

ny ns

51 = —, §3 = —, (429)
€3 €]
such that
tanf =L = @ tang = 2 2L (4.30)
ns €] €] S3

where (3 and 3’ are the angles between the optic axis e3 and n and s, respectively. Further-
more,

iz _cs’B sin” 8. 4.31)
n €1 €3

We should comment on the following special cases:

1. m parallel to the optic axis. The principal section degenerates to a straight line; the or-
dinary and extraordinary waves have the same phase velocity ¢/,/e, and the same ray
vector s = e3/,/eL. There exist elliptically polarized eigenwaves and, for a linearly
polarized wave, the orientation of the polarization remains unchanged.
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2. m orthogonal to the optic axis. For the ordinary and the extraordinary rays we have:
No = /€1, Ne = /€3, 8o = n /e, and se = n/es. The ordinary and the extraordinary
rays have the same direction but differ with respect to their group and phase velocities.
An initially linearly polarized wave will, in general, become elliptically polarized due to
the different propagation velocities of the two polarization components within the crystal.

In general, s, and s, are not parallel. For a fixed orientation of n and fixed w there exist two
rays. When a ray with given wave vector k hits the surface of an anisotropic crystal, there will,
in general, appear two refracted rays. This phenomenon is called double refraction.

4.4 Optically biaxial crystals

For the case of optically biaxial crystals with €; < €2 < €3, the wave surface is more com-
plicated. We may visualize its form by calculating its intersection with the coordinate planes.
So, in eq. (4.22),
2 2 2 2 2 2
n(exn] + eans + e3n3) — nier(ea + €3) — niea(er + €3)
— ngég(ﬁl + 62) + €1€2€3 = 0,

we set n; = 0, ny = 0, and ng = 0, one by one. For example, the intersection with the 1-2
plane is given by

n?(e1n? + ean3) — niei(ex +e3) — n3ea(er + €3) + ereaes

= (n® —e3)(e1n? + ean3 — e163) = 0. (4.32)

Hence, the intersection consists of a circle and an ellipse. Because of the ordering €; < ez <

€3, the ellipse lies inside the circle for ng = 0. For ny = 0 the circle lies inside the ellipse;
and for ny = 0 the ellipse and the circle intersect at two opposite pairs of points (see fig. 4.5).

Figure 4.5: Wave surfaces for optically bi-
axial crystals.

These intersection points are just the four double points of the wave surface, and the cor-
responding directions (in the 1-2 plane) are just the optic axes of the crystal, for which the
intersections with the normal ellipsoid 2% /e + y* /€2 + 2% /e3 = 1 consist of circles and the
two eigenvalues are degenerate. Indeed, the intersection of

2 2 2 2

n n:e n ns
1 =+ A and 1 + 3
€9 €2 €3 €1

=1
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yields

i.e.

M tang = i\/il/el “le i\/L” —a) (4.33)

ns 1/62—1/63 o 61(63—62)7

which agrees with the result obtained in section 4.1.

The shells of the ray surfaces intersect transversely only at isolated points. Therefore, in
the vicinity of the intersection points, they are cone-like such that the tips of the two cones
coincide. The orientations of the ray vectors are given by the normal directions of the wave
surface. As fig. 4.5 illustrates, there are infinitely many ray vectors that correspond to the
singular vector n 4 that sits at the double points and is directed towards the optic axis. All
these ray vectors lie on the surface of the cone. The optic axis n 4 itself lies on this surface,
and, because of the degeneracy of the eigenmodes under rotations around the optic axis, the
intersection curve of this ray cone with a plain perpendicular to the vector n 4 has to be a
circle. This agrees with the construction, described in section 4.2, of the vector s from the
normal ellipsoid, if the intersection is circular. The projection of the ray cone onto the 1-3
plane is shown in fig. 4.5. In this plane the two ray vectors are

1
st =—(n;,ng) and @ = (ﬂ, @> . (4.34)
€2 €3 €1

From this representation we easily obtain the cone angle in the 1-3 plane. For an optically
uniaxial crystal, the ray cone degenerates into a single ray.

The non-uniqueness of ray vectors for a given normal vector 1 4 leads to the remarkable
phenomenon of inner conical refraction, which may be phrased as follows (see also fig. 4.6,
left): Suppose we are given a biaxial crystal whose surface is cut perpendicular to its optic
axis m 4. A thin ray of unpolarized light hits the surface of this crystal parallel to 12 4. In this
case the wave vector will be parallel to n 4 also inside the crystal, and there will be a whole
cone of corresponding ray vectors. The light leaving the crystal at the opposite side will be
concentrated along the surface of a circular cylinder.

There also exists the phenomenon of outer conical refraction: The ray surface consists of
two shells and a whole cone of wave vectors corresponds to the exceptional direction s 4 (see
fig. 4.6, right).

4.5 Reflection and refraction at interfaces

The phenomena of reflection and refraction, which may occur when an arbitrary, not nec-
essarily electromagnetic, wave hits the interface between two different media, can be quite
complicated, in particular for non-isotropic media. We shall first derive a general idea of the
phenomena that we might expect.
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Figure 4.6: (Left) Principle of inner conical refraction. (Right) Principle of outer conical refrac-
tion.

As the incoming waves consist, in general, of a thin ray bundle which hits the interface
only in the vicinity of a point, we may, for simplicity, assume the interface to be flat with
normal vector IN. Furthermore, any ray bundle can be interpreted as a superposition of plane
waves.

Therefore, without loss of generality, we represent the incoming wave as a plane eigen-
wave v, expli(k - © — wt)], which approaches the interface from medium 1.

The outgoing waves will then be linear combinations of eigenwaves. First, we want to de-
termine the possible frequencies and wave vectors (wj, K, WY, k") of the reflected waves, re-

¥
turning into medium 1, and the refracted waves, entering medium 2, respectively (see fig. 4.7).

L N
k k
A/ _sinterface
ky
i k) Figure 4.7: The different wave vectors
involved in the reflection and refraction
at the interface between media 1 and 2.

There are certain continuity conditions for the displacement of the waves that hold every-
where on the interface and for all times. As one might easily convince oneself, these conditions
are only fulfilled if for all waves the frequencies as well as the longitudinal components, which
are tangential to the interface, are equal:

w=wj = w)j
, " for all 3, ~. (4.35)
ki =k =k
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We still have to determine the transverse components (k%t and k:ﬁ;t) of the wave vectors, which
are perpendicular to the interface.

The tips of the wave vectors in both media, 1 and 2, have to lie on the wave surface
corresponding to the frequency w. If the wave surface has IV shells, there are exactly IV wave
vectors in each medium, i.e. kj3 (@ = 1,...,N) and k) (y = 1,..., N). Their tangential
components are given by k; and their components parallel to the normal N have the same
sign as the normal component k; of k in medium 2 and the opposite sign in medium 1.

Denoting the corresponding eigen-amplitudes in medium 1 and 2 with v, vg, and w,, we
arrive at the following ansatz:

N
medium 1 v = v, expli(k - ¢ — wt)] + Z Anpvgexpli(ky - & — wt)],
p=1
N (4.36)
medium2 u = Z Ba~ywy expli(k] - & — wt)].
y=1

The coefficients A, g and B, , can be determined from the continuity conditions along the
interface.

For some values of k;, it may happen that there are less than N eigenmodes with real
normal components k; or kj. In this case the solution of the wave surface equation yields
complex values for k} or k', which correspond to exponentially decreasing waves. A famous
example of such a situation is the phenomenon of total reflection.

Because all the involved wave vectors share the same component parallel to the interface,
they are coplanar. In general, however, the corresponding ray vectors s, s;}, and s’/ are not
coplanar.

After these preliminary remarks, we now discuss the reflection and refraction of electro-
magnetic waves at an interface between two not necessarily isotropic media.

In this case the wave surface consists of two shells, i.e. N = 2, and for the general case we
would expect two reflected and two refracted rays. The continuity conditions at the interface
require the continuity of the tangential components of E and H:

N x (E, — Ey) =0,

4.37)
N x (Hl—HQ) :0,
as well as the continuity of the normal components of D and B:
N - (Dy—Ds) =0,
(4.38)

N .- (B, - B,) =

Taking into account Maxwell’s equations, the continuity conditions (4.38) already follow
from (4.37):

kx E =rkwB, kx H =—rwD. (4.39)

Scalar multiplication of these equations with IN yields the required result.
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So, we are left with the continuity conditions of the tangential components of E and H.
They imply also that the normal component of the Poynting vector, S = (1/x)E x H, is
continuous. Indeed, this follows also from physical reasons, as otherwise energy would be
accumulated in the interface.

Using Maxwell’s equations (4.39) as well as the material equations B = pouH and
D = ¢yeE, we may express all other fields in terms of E (or H). Thus, we can try an ansatz
of the following type to solve the problem:

2
medium 1 E = e, expli(k - — wt)] + Z Aupelyexpli(kyy - @ — wt)],
) o=t (4.40)
medium2 E = Z Bo~ €l expli(k -  — wt)].
p=1

Here e, e%, and ef; are polarization vectors.

For a fixed value of a, the four coefficients A, g and B, s can be calculated from the four
independent continuity conditions (4.37).

In this way we can determine the directions as well as the intensities of the reflected and
the refracted rays.

4.6 Fresnel’s equations

In this section we will explicitly perform the calculation for the simplest case where both
media are isotropic and free of absorption:

1 _ 2 _ _ _
€,; = €10ij, €; = €20ij, n1 = /e, ng = /€.

We also assume that y1}; = p3; = ;.

For this case the wave surfaces degenerate to spheres (counting twice), both eigenmodes
of oscillation are degenerate, and we have k| = k; =: k' and k] = k) =: k" . Furthermore,
the ray vectors corresponding to the wave vectors are parallel to k" or k" (see fig. 4.8).

Figure 4.8: Reflection and refraction at
an interface between two isotropic and
absorption-free media 1 and 2.
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Since

k) =k, =k

k| = K| = ny =, K| =ny 2, (4.41)
C C

we obtain for

the

k / k//
sina:u Sina’:M, sinﬂ:|—l‘

LN k| k|
reflection law

a=dao (4.42)

as well as Snell’s law of refraction

ny sina = ng sin . (4.43)

Furthermore, we obtain from (4.41)

For

K, = —k,,
(4.44)

Bl = b2 = 1 =\ (n3/nd) 2 — 17 = by (n3/nd) — sin® .

ny > no there are no solutions of the condition n4 sin a > no with a real value of k}': this

describes the case of total reflection at the interface in front of an optically thinner medium.

1.

Finally, we calculate the ratios of intensities. For this purpose, we distinguish two cases:

Transverse polarization. The vector E of the incoming wave oscillates perpendicularly
to the so-called plane of incidence spanned by k and IN. Hence, it oscillates parallel to
the interface. It turns out that in this case also the vectors E’ and E” of the refracted and
reflected waves are perpendicular to the plane of incidence. If we denote the components
of the electric field vectors that are perpendicular to the plane of incidence by E, E’, and
E”, the continuity condition for the tangential component of the electric field vectors
reads

E+E —E" (4.45)

The vectors H, H', and H"” of the incoming, reflected, and refracted waves, respectively,
oscillate in the plane of incidence and orthogonal to their corresponding wave vectors.
Because of eq. (4.39), their lengths are given by

1
H= kE =" p,
fiokw fokC
H = ni B H" — &E//
poke poke

and the continuity of the tangential components of the magnetic field vector leads to the
condition

niEcosa —niE cosa = nayE” cos . (4.46)
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2. Polarization in the plane of incidence. The E vectors oscillate in the plane of incidence,
and the H vectors are orthogonal to the E vectors. In this case one finds for H, H’, and
H”, as well as E = (poke/ny)H, B’ = (poke/n1)H', and E” = (poke/ni)H" the
continuity conditions

H+H/ — HN7
ni1 no no

1 1 1
(—H — —H’) cosa = —H" cos 5.

Solving for E’ and E" yields, for the case of transverse polarization,

£’ N1 COS @ — N cos 3

pt pry = s
E 71 COS & + Mg COS
! 2cosf (4.47)
E" 2n1 cos a
T —= — =
) Ny cos a + ny cos 3’
and, for the case of longitudinal polarization,
£’ N9 COS @ — Nq cos 3
PlL= (= = 3
E N9 COS & + M1 COS
? 1€08 /3 (4.48)
B 2n1 cos a
Tl = — =

E No cosa + nycos 3

Equations (4.47) and (4.48) are called Fresnel’s equations.

For the Poynting vectors, we obtain the relations N - § ~ EHcosa ~ niE?cosa,
N -8 ~niE?cosa,and N - 8" ~ nyE"? cos 3, from which we can easily calculate the
reflection and transmission coefficients:

e F perpendicular to the plane of incidence

(m cosa — ma cosﬁ)2 sin?(a — f3)
Tt = =

nicosa+mngcosf) sin?(a + 3) (4.49)
b 4nq1ns cos o cos (3 _ sin2asin 23 '
7 (nicosa+ngcosB)2 sin?(a+ 6)
e F in the plane of incidence
(Tlg cosa —nq cosﬂ>2
Ty =
N5 COS ¢ + nq cos 3
_ (sin2a —sin2f 2_ tan?(a — f3) (4.50)
~ \sin2a +sin23/)  tan®(a+ 3) .

o 4n1ns cos acos 3 - 4 sin 2asin 23
"7 (npcosa+nicosB)?  (sin2a +sin26)2
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Obviously, r; +t; = 1+ ¢, = 1. For a« + 8 = 7/2, we have sin 2« = sin28 and r; = 0.
The corresponding angle ap is called the Brewster angle; it is determined by the relation
tan ap = na/ny. The ray that is reflected at an angle v is polarized transversely with respect
to the plane of incidence.

If the direction of the incident wave is orthogonal to the interface, the two cases degenerate
into one, and we obtain

2

- 4

r= (”1 ”2> ;= (4.51)
ny + ngy (n1 + n2)

If we have the situation of total reflection, the refracted wave is exponentially damped, cos 3
becomes purely imaginary, and |E’/E| = 1. In this case r; = r; = 1. The totally reflected
wave is phase-shifted relative to the incoming wave, while the refracted wave, according to
egs. (4.47) and (4.48), is always in phase with the incoming wave. For an “ordinary” reflected
wave, only the phase differences Ay = 0 and Ap = 7 occur.

4.7 The Fabry—Perot interferometer

The Fabry—Perot interferometer is one of the most precise instruments in optics and has nu-
merous applications. Its principle is based on the multiple reflection of plane waves. The
simple arrangement of this interferometer consists of two highly planar and parallel interfaces
which are partly transparent and partly reflective for incoming light (fig. 4.9). Let the optical
distance between the two planes be d.

\
.rr'fl
ﬁﬂ}f h
MY Y

g I'||||'f‘
A 2 Figure 4.9: Principle of a Fabry—Perot interfero-
meter.

We determine the transmissivity of the total apparatus for a plane wave that hits the first
interface almost from above with an amplitude E.

We denote the transmission amplitude for this wave at the first interface by 7, and the
transmission amplitude for a wave that hits the second interface from above by 7. Further-
more, p is the reflection amplitude of both interfaces for waves that hit the surfaces from
between the two planes. For small incident angles we may neglect the influence of polariza-
tion.

Before the wave leaves the apparatus from below, it could have been reflected at the inner
interfaces 2n times. The total amplitude leaving the apparatus is given by

oo

E' =) E,, (4.52)
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with E,, = 11 [p? exp(2ikd/cos §)]" 12 E, where 2ikd/cos 6 is just the phase difference after
two transitions of the distance between the two plates. From

p* = rexp[2id(k, 6)] (4.53)
and

© =08 +ikd/cos b, (4.54)
we obtain

E e g (4.55)

T1- r exp(2ip)
and the total transmissivity of the apparatus is given by

1

T(k,0) = z
(k,0) = 17| |1 — rexp(2ip)|?

(4.56)

If the reflection coefficient has a value close to » = 1, the transmissivity 7T'(k, #) exhibits a
sharp peak at p(k, 0) = mm (m integer).

The condition ¢ = mm may be realized for fixed & either by changing the distance d, or by
varying the incident angle . For a so-called Fabry—Perot etalon, separation d is fixed. Usually
it consists of a highly plane-parallel glass plate with mirrored sides such that the reflection
coefficient r is close to r = 1.



5 Electro-, magneto- and elastooptical phenomena

An electric or magnetic polarization of some medium may be due not only to an applied
electromagnetic field but also to other external influences, like e.g. mechanical deformations.
Furthermore, a material may exhibit spontaneous polarization without any external influence.
In this chapter we will describe some of the more important polarization effects of this type,
but we will restrict ourselves to electric polarization. First, we will discuss effects of zeroth and
first order, i.e. electric polarization that is spontaneous or depends linearly on some external
influence. Later we will also consider effects of higher order.

5.1 Polarization effects up to first order — optical activity

We use the following ansatz for the electric displacement density of the medium:
Di(w,x) = Pi(o) + eij(w)eoEj(w, ) + Aijr(w)ujp(w, x)
+%jk(w)eo 3kEj(w,ac) 4+ (51)

This ansatz includes the following:
e A spontaneous polarization Pi(o). Materials for which Pi(o) # 0 are called pyroelectric.

e A linear dependence on an electric field. Here ¢;; is the dielectric permeability, which we
have already discussed in detail.

o A linear dependence on the distortion tensor u = %(8]- uy, + Ok u; ). Materials for which
Aijk = Aikj 7 0 are called piezoelectric. Piezoelectricity is known from quartz crystals,
which become polarized under distortions. This phenomenon is used in technology to
generate very stable oscillating circuits.

e A linear dependence on the gradient of the electric field. The so-called natural optical
activity is an example of such an effect. When we derived the dielectric material equa-
tions, we made the assumption that the applied fields were homogeneous for a volume
containing many molecular cores. The condition was |k|d < 1, where d is the typi-
cal molecular distance. The contribution proportional to 0, F;(w, ) is a first correction
term to this homogeneity assumption and is particularly important for rapidly fluctuating
fields. On the other hand, for very large wavenumbers, |k|d > 1, the phenomenologi-
cal theory of material properties, obtained by averaging over many molecules, becomes
meaningless. In this case we are dealing with the scattering of electromagnetic waves at
spatially distributed single molecules.
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The tensor quantities Pi(o) , €5, Aijk» and ;55 are strongly constrained by the spatial symmetry
of the medium (which we take to be infinitely extended): the tensors must be invariant under all
transformations, which corresponds to a spatial symmetry of the medium. For translations, this
is a trivial condition. However, those combinations of rotations and reflections — i.e. elements
of the improper rotation group O(3) — which leave the medium invariant are more restrictive.
For instance, if a point reflection * — —a belongs to the symmetries of the medium, the
quantities Pi(o)
this operation.

, Aijk, and ;55 vanish, because a tensor of odd order changes its sign under

There are a total of 32 different subgroups of O(3), the so-called point groups, which
transform a spatial translational lattice into itself. This corresponds to the classification of
crystals according to the 32 crystal classes.

On the other hand, the seven crystal systems follow from the classification of crystals ac-
cording to I c O(3), the symmetry group of the translational lattice. Obviously, the symmetry
group I of a crystal is a subgroup of the symmetry group I' of its translational lattice. If
I’ = I", the crystal is called holohedral. In general, a crystal with symmetry group I'” belongs
to the crystal system for which the lattice has the smallest possible symmetry group I' 2 T".

For PZ-(O) # 0, the symmetry group I ¢ O(3) can only contain rotations around no more
than one axis and it should not contain any reflections at planes orthogonal to this axis. Pyro-
electricity is only possible for 10 of the 32 crystal classes.

The constraints for piezoelectric crystals are less restrictive. Piezoelectricity is possible for
all pyroelectric crystals as well as for 10 more classes, making a total of 20 crystal classes.

Next we consider the polarization effect linear in 0y F; and look for the constraints that
correspond to the symmetry principles of the kinetic coefficients and the passivity condition
for the quantities ;jx(w). In general, the symmetry condition may be written in the from

/ d3z P(x) - 0E(x / 3z 6P(x) - E(x). (5.2)
For our case it follows that

/d?’m OE; viji(w) OpEj = /d3x E; viji(w) 00 Ej,
and after partial integration we obtain

Yijk (W) = —Yjir(w). 5.3)

The passivity condition (2.94),

/dt/d%E-%—PZO
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implies for a harmonic time dependence:
Re/d3x (—iw)Evip1(w) O By, = Im/d3x E}wyiki(w) O, Ey
w 3 * *
=3 d*z [E7 ik (W) O By — By (w) O ER]

w
= Z/dg FYikl(w) O By — Ef v (w) O E]

= / Bz B Tm{wyix (w)} 6, E), > 0. (5.4)

Therefore, in the absence of absorption, we find ~;x;(w) to be real. In this case the relation
between the fields E and D for plane waves, taking ordinary dielectric permeability into
account, may be written as

Di(w) = [eir(w) + iyint(w)kileo Ex
= [eir(w) +i(w/e)vir(w)ni]eo By, (5.5)

where ¢, (w) is real. In addition to the dielectric permeability, we find a k-dependent imagi-
nary part. As v;x;k; is antisymmetric with respect to the indices ¢ and k, this term can also be
written in the form

Yiktki = €ikrgr- (5.6)

Here g, is the so-called gyration tensor, which depends on the wave vector k; or the vector of
the refractive index n; = (¢/w)k;:

gr = griny- 5.7

The matrix g, is also constrained by the symmetry of the medium. For an isotropic medium
or a cubic crystal we have

gri = const. X .. (5.3)

For a detailed description of the eigenwave solutions it is helpful to introduce the ten-

sor (;i, which is the inverse of the Hermitian tensor €;; + i€;x-g,-. For most cases we have
-1

|g|7 |G| < |6ik|7 |€ik- >

Gik = 6;161 + i€ Gy, 5.9
where
€ikrGr = *6”16337‘97‘ skl (5.10)

Projecting the eigenvalue equation (4.23), n?¢(w)D — n[n - {(w)D] = D, onto the plane
orthogonal to n, we get

(6o ados) Da =0 (@5=1.2
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or
1, 1
EQB—I-IEQBGT — ﬁ(sag Dﬁ =0. (5.11)

In the two-dimensional space orthogonal to n, we choose a basis such that e;é becomes

diagonal. Denoting the diagonal elements by 1/n2 and 1/n2, we obtain the following eigen-
value equation:

1/n? —1/n? +iG, D, _0
—iG, 1/n3 —1/n? Dy |

Here, G, is the component of G that is parallel to nn. The eigenvalues are

1 1/1 1 1/1  1)\°
L GE AR (I L LN R 5.12
2<n%+n3> \/4<n% n3)+ w 612

and the eigenvectors satisfy

Dy =ip+ DY,

where

1|1 1 1 1\?
- |- B 4G2 | . 5.13
P = 3G, |n2 ﬂ/( >* " G139

From these results we deduce that D2i / DljE is purely imaginary, the eigenwaves are el-
liptically polarized, and the axes of the polarization ellipses are collinear to the principal ori-
entations of e;é. Because of the relation pyp_ = —1, the polarization ellipses of the two
eigenwaves are related to each other by a rotation of 90°.

In general, the effect of the imaginary part, i¢;; G, is small, i.e. p; < 1, and the polar-
ization ellipses are extremely prolonged and almost resemble linear polarizations.

However, this is no longer true if the eigenvalues of e;ﬂl coincide. If ¢;;, = €d;1, this is the
case for all nn. The term i¢;; G- leads to a qualitatively different behavior because it reduces
the symmetry. Writing 1/n? = 1/n3 = 1/n% = 1/¢ we now obtain

1 1
— =+ G, and p+ = FL. (5.14)
ni Ny
The eigenvectors are circularly polarized and have different phase velocities. Furthermore,
due to eq. (5.10), we have in first approximation

1
Gi = ——1 94 (5.15)
Un)

and, because of the symmetry of the medium, g; = an; and G,, = a/n{ (compare eq. (5.8)).
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Plane-polarized waves can be written as a superposition of waves with a circular polariza-
tion. If a plane-polarized wave passes through such a medium, the different phase velocities
of the right- and left-circular components lead to a phase shift between the two planar compo-
nents and to a rotation of the plane of polarization.

Let us consider a wave propagating along the 3-axis and being plane-polarized along the
1-direction. Then we have

D1 — %A(eik+z +eik_z) — Aeikz COS(KJZ),

. . . (5.16)
Dy = LiA(—e+7 + elh-7) = Ae*sin(k2),
where
w w w
ki = —ny = =(ng F 3G,nj) = =(ng F 3a),
c c c
w
k=3(ky +ko)= "o, (5.17)
K = %(m—k_):—%%. (5.18)
Hence, the angle ¢ between the plane of polarization and the 1-direction is given by
o=ry= 22 (5.19)
c 2

This rotation of the plane of polarization is called the natural optical activity of a medium. As
we discussed at the beginning of this section, this phenomenon can only occur if the medium
is mirror-asymmetric.

For instance, tartaric acid is a molecule existing in two different forms that are mirror
images of each other. Living organisms only produce one of these “enantiomorphic” forms.
A solution of natural tartaric acid is an isotropic medium that exhibits optical activity. The
rotation of the plane of polarization per unit length is proportional to the concentration of the
solution and can be used to measure this concentration. The sense of rotation of the plane of
polarization around the direction of propagation k/k is independent of k. Hence, if a plane-
polarized wave passes through a medium in both directions, e.g. because it is reflected at the
far side, there will be no net change of polarization.

5.2 Polarization effects of higher order

For many situations of theoretical and practical importance, terms of quadratic or even higher
powers in the external influences on the electric polarization are crucial. In general, these terms
may be incorporated by letting the coefficients €;;, A;jx, and v;;5, introduced in section 5.1,
depend on these external influences in first or higher order. In the present context we restrict
ourselves to a discussion of the particularly important dependence of the electric permeability
€;1; ON various quantities.

First of all we look at the dependences on distortions and shear flows. Finally, ¢;; may also
depend on the electromagnetic fields E and B. For very intense radiation, such a dependence
on the field strengths can lead to measurable effects, which we will partly discuss later in the
context of nonlinear optics. Here we will only consider special nonlinear effects, where an
applied homogeneous electromagnetic field changes the optical properties of a medium.
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5.2.1 Dependence on distortions

The most general linear dependence of the quantity €;; on the distortion u, is of the form

(O) + gijrsur& (520)

€ij = €

The effects are particularly dramatic for a medium that is isotropic in its undistorted state.
In this case the distortion may lead to an asymmetry and double refraction. On placing the
distorted medium between two polarization filters with orthogonal polarization directions, the
distortions become directly visible upon illumination. This effect is used in material sciences
to study the strength and breaking of materials. For an isotropic medium we have

€ij(w) = 6(0)(5ij + A1 (W) urpij + Ao (w) (Uij — OjUyr).

The term with coefficient A\; leads to small changes of the isotropic refractive index, while
the term with coefficient Ao gives rise to a qualitatively different anisotropic behavior of the
medium. Coefficients A\, and \s are called elastooptical constants.

5.2.2 Dependence on shear flows

Anisotropy effects may also be produced by shear flows in a fluid. If v(w, x) is the flow field
for an incompressible fluid, the most general linear ansatz is of the form

e = D8 + (87]" + %> + o (avi - ‘%’“) . (5.21)

dzk ' Oxi dzk  Oxi

The last term on the right-hand side (with coefficient ;12) vanishes after a transformation to a
suitable local reference system. Within the framework of classical mechanics, it can be shown
that this implies o = 0; however, quantum effects allow for o ## 0. In any case, we find, in
general, that 1o < 111. The anisotropy effect related to p # 0 is called Maxwell’s effect.

5.2.3 Influence of electric fields

We start with a discussion of the influence of electric fields. A linear relation between €;; (w)
and E is of the following form:

eix(w) = 65—2) (W) + ajgr Er. (5.22)
The effect related to this type of dependence is called the Pockels effect. The tensor cv g, is
constrained by the same symmetry conditions as the piezoelectric tensor.

Effects quadratic in E are not subject to any symmetry constraints of the medium. They
are most easily observed in isotropic and mirror-symmetric media, which for symmetry rea-
sons do not exhibit a Pockels effect. In this case, a quadratic dependence is related to a qual-
itative change of the behavior of the medium. A second-order dependence on E is of the
following type:

eir = (€0 + BE®)6;, + aEE},. (5.23)
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The second term is crucial, because it leads to optical anisotropy, while the first term, /BE25“C,
only induces an unimportant change of the isotropic dielectric permeability.

Due to the additional term aE; Eg;, the electric permeability €, is no longer invariant under
arbitrary rotations but only under rotations around an axis parallel to the field vector E. In the
presence of a homogeneous field, a formerly isotropic medium shows the optical properties of
a uniaxial crystal. This leads to the so-called Kerr effect: double refraction under the influence
of an electric field. The optic axis is parallel to the direction of E and the principal values of
the refractive index are given by ¢; o = ¢(®) and e3 = ¢(©) + aE2.

Both the Pockels effect and Kerr effect are utilized for rapid switching or modulation of
laser beams, for instance. The principle of a Pockels cell is simple (see fig. 5.1). A medium is
placed between two orthogonal polarization filters. The transparency of the system for a light
ray can be influenced by an external field applied to the medium.

e
I’?—k | o
'-\.i | I : iy
T
crossed polarizers  © Figure 5.1: Principle of a Pockels cell.

5.2.4 Dependence on magnetic fields

Very interesting phenomena occur if the dielectric permeability €;;, depends on a homogeneous
magnetic field. General symmetry requirements for the kinetic coefficients imply that

i (w, B) = egi(w, —B), (5.24)

and therefore a term linear in B has to be antisymmetric in ¢ and k. The passivity condition
(2.94) now reads

;[eik(w, B) — ¢;,(w, B)] is positive semidefinite.
i

Hence, for a transparent medium, €5 (w, B) must be Hermitian but not necessarily real. Split-
ting into real and imaginary parts,

€ik(w, B) = € (w, B) + i€} (w, B), (5.25)

we see that the real part is symmetric in ¢ and k, and even with respect to B, while the
imaginary part is antisymmetric and odd:

cip(w, B) = €;(w,B) = € (w,—B),
(5.26)
€ix(w, B) = —€};(w, B) = =€ (v, = B).
Keeping only the linear approximation in B changes only the imaginary part:

ein = € 4 i€ipngr, (5.27)
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where

gr = grsBs. (5.28)
For the isotropic case we have

eir = €8 + aeip, By (5.29)

The discussion of optical properties follows closely that on natural optical activity. If we
apply a magnetic field B to a medium, which in the absence of an external magnetic field is
isotropic, then the plane of polarization of a plane-polarized light beam with a wave vector
k = (w/c)n that is not orthogonal to B will be rotated by an angle

W n-B

= aB,z= RB,z with B, = . (5.30)
2cng no

This rotation of the plane of polarization, discovered by Michael Faraday in 1845, is called
the Faraday effect. The Faraday effect constituted the first hint pointing to a relation between
optics and electromagnetism. The constant R is called Verdet’s constant. Despite the math-
ematical analogy between this effect and the treatment of natural optical activity, we should
emphasize the following differences:

1. There are no symmetry constraints for the Faraday effect. In contrast to n, the vector B
does not change sign under point reflections. Therefore, the term ;- B, is compatible
with reflections.

2. Changing the direction n of the beam also changes the sign of B,, and thereby also the
orientation of the plane of polarization. If a beam passes through the medium in both
directions (being reflected in between), the magnitude of the effect doubles.

On a microscopic level, the Faraday effect can be explained as follows. In the presence of
a magnetic field, the charges in a medium not only oscillate but also rotate with frequency
wr, = eB/m (the Larmor frequency). Therefore, depending on the orientation of the circularly
polarized light, the medium reacts differently.

For n - B = 0, the Faraday effect is absent. In analogy to the Kerr effect, one can now
observe an effect quadratic in B, which is called the Cotton—Mouton effect.
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6.1 Nonlinear polarization — combination frequencies

In the previous chapter we mentioned certain effects that occur in homogeneous media, which
we could attribute to the field dependence of the dielectric constant ¢;;(E, B). However, up
to now we have confined ourselves to the influence of homogeneous, time-independent (or
slowly varying) fields on €;;. In this case the equations for the wave fields remained linear and
could be solved easily.

Yet, if the field strength of the wave field itself reaches a scale where the dependence of the
dielectric tensor ¢;; on these fields becomes noticeable, we enter the realm of nonlinear optics:
the wave equations become nonlinear, thus allowing for a vast number of new phenomena,
which we will discuss in this chapter.

The electric field strengths of light waves coming from ordinary sources reach values of
about 100 V/m, and they induce charge displacements inside materials that are of the order of
10~'* cm and thus small compared to typical atomic distances of about 10~® cm. For these
values, the polarization depends linearly on the electric field strength.

However, for field strengths of about 10 V/m and charge displacements of the order of
10~'% cm, nonlinear effects may become important. Such values of the field strengths are
common for laser beams and may also be found in glass-fiber cables where large radiation
powers pass through very small cross-sections.

Nonlinear effects in the magnetic permeability 1;; as well as nonlinear dependences on
the magnetic field strength B turn out to be less important and will not be considered here.

We will restrict our discussion to the dependences of the dielectric tensor on the elec-
tric field strength E and on the displacement tensor u;;. For nonlinear contributions that are
not too large, it is helpful to make a Taylor expansion in E and u;;. We write the electric
polarization as the sum of a linear and a nonlinear term,

P, = xijeoEj + Nijrujr + P, 6.1)
and take into account the following contributions for the nonlinear quantity P’ (E, u):
Pz/ = BB + oy By EyEp 4 - -
+ gistEjurs + gijk:rsEjEk:urs + gijklrsEjEkElurs + - (62)

The case a;j, # 0 is not possible for isotropic media. Invariance under point reflections
requires all material tensors of odd order to vanish.

The presence of nonlinear terms has far-reaching consequences, the most important one
being the loss of the superposition principle for solutions of the wave equation. A further
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unpleasant side-effect for practical calculations is that for a harmonic time dependence we
have to work with the real fields E = FEjcos(wt + ¢) instead of the complex exponential
function.

If the incoming field F;,u;; exhibits a harmonic time dependence of frequency w, the
nonlinear polarization P’ also contains higher harmonics 2w, 3w, due to identities like

cos?(wt) = 5[1 4 cos(2wt)],

1
2
1

6.3
13 cos(wt) 4 cos(3wt)], (6.3)

cos®(wt) =

and so on, as well as time-independent contributions. This leads to phenomena like frequency
multiplication and optical rectification: a signal of frequency w generates signals with fre-
quencies that are multiples of w as well as a time-independent signal.

More generally, let us consider the case in which the incoming fields consist of several
frequency components wy, wa, w3, .. .. Due to identities like

cos(wit) cos(wat) = {cos|(wy + w2)t] + cos[(w1 — wa)t]}, 6.4)

cos(wit) cos(wat) cos(wst) = {cos[(w1 + wa + ws)t] + cos[(wy + w2 — w3)t]
+ cos[(w1 — wa + w3)t] + cos|(wy — wa — ws)t]},
(6.5)

and so on, the polarization P’ also contains the combination frequencies of {w;}:
Ve =D ewi, (6.6)
i

where €; = +1.

Because of the nonlinear polarization P’, an incoming wave with frequency w gener-
ates higher harmonics with frequencies 2w, 3w, as well as a rectified signal. Due to the fre-
quency dependence of the refractive index, these signals will propagate with different veloci-
ties. Therefore, a spatially concentrated signal tends to “diverge” inside a nonlinear medium.

In eq. (6.2) a term of nth order in E; and of mth order in u;; corresponds to a nonlinear
coupling of n + 1 electromagnetic waves and m sound waves.

After quantizing the wave motions, a wave with frequency w and wave vector k will be
associated to quanta with energy E' = fw and momentum p = hk. The quanta of the electro-
magnetic wave field are called photons, and those of the sound wave field are phonons. Hence,
the nonlinearities describe interactions of n 4 1 photons with m phonons.

If we associate positive frequencies with outgoing quanta and negative frequencies with
incoming quanta, the combination law (6.6) translates into the conservation of energy for all
quanta taking part in the interaction.

The typical frequencies of light and sound waves are in the range of 10*® Hz and 103-
10° Hz, respectively, and thus differ by many orders of magnitude. The difference in wave-
lengths of 1075 cm and 10-0.1 cm, respectively, is also large, but, due to the different propa-
gation velocities, not quite as impressive.

Because of these differences in scale, the effects related to the term &; s F/ju, in €q. (6.2),
which is linear in E; and u,, are in general not treated as part of nonlinear optics, since 1,5
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may be considered to be quasi-constant compared to F;. Nevertheless, we will discuss these
effects in this chapter.

We should also mention that the nonlinear polarization P’ and the electromagnetic waves
induced by the nonlinearities give rise to further combination waves, and we may expect all
higher combination frequencies

Qpny = Z n;W; (n; integer) 6.7

of the original frequency w to contribute. Only for the case of small nonlinearities may one
hope that the higher combination frequencies are suppressed compared to the lower ones.
These relations will we studied in the next section.

6.2 Nonlinear waves in a medium

In the absence of external charges and currents, Maxwell’s equations inside a medium assume
the form

V.-D =0, V.-B=0,

(6.8)
V><H:/<8—D7 VXEZ*FEa—B.
ot ot
We neglect magnetic effects and set B = poH. Applying V x to the fourth equation and
using the third one yields

0?°D

2

(6.9)
Like in eq. (6.1), we separate linear and nonlinear contributions in D (E) but neglect distortion
effects and write

Di = EijeoEj + PI/(E) (610)
With 2 ugeq = 1/c? we obtain

9*P/(E)
o2 -

On the left-hand side of eq. (6.11) we find a wave operator for a linear medium; the nonlin-
earity is represented by the term on the right-hand side, which deprives the wave equation of
its linearity. The nonlinear wave equation (6.11) is much too complicated to be solvable in
general.

Next we will assume a series of specializations and approximations by which we hope to
arrive at a closed solvable system of equations, which still describes the important aspects of
the general problem. The first assumption is as follows:

— € =2 —Vi(V-E) — AE; = —kpo (6.11)

e The wave propagates only along the 3-axis; there is rotational invariance around the
3-axis, and the fields E and P’ are transverse to the 3-axis.
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This assumption will be satisfied if, in a linear approximation, the medium is optically uni-
axial and the optic axis is the 3-axis (compare section 4.3). With this assumption, eq. (6.11)
simplifies to

€ 82 Ei 32 Ei 2 321:)1/

202 02 TH e

(i=1,2). 6.12)

Furthermore, we make the following assumption:
e The nonlinearity is only quadratic, i.e.

P! = aivE,E,  (i,j,k=1,2). (6.13)

The following assumption is more drastic:

e The nonlinearity is small enough that, to a good approximation, the fields E; and P/
contain only three frequencies: the fundamental frequencies w; and wo as well as their
sum ws = wi + wa.

This corresponds to the ansatz:

3 3
Ei=) E, P =3) P, (6.14)
v=1

v=1
with
E®(t,2) = Re{ EY (2) elkvz—wut)},

| 6.15)
P/“ (t,2) = Re{PY(z) ellkvz—wrt)}

for v = 1,2,3, where k, = [\/e(wy)/c]wl, = (\/E/c)w,,. Because of eq. (6.13), the fre-
quency parts P’ “~ are given by

Pi/wg —_ Re{amkE?lE]% ei(klz+k2z—wgt)}7
Pt = Re{a BSER* el (Formhezmently (6.16)
pv? = Re{ozijkE;’E,i* ei<k3z—k1z_“2t)}.

For v = 3 the equations following from these assumptions for the frequency components in
eq. (6.12) read

82 i(ksz—ws
(—kg - @) Re{E}(z) elksz—wst)}
= k2 pow? Re{ijp B} (2) B2 (z) el(kF12thez—wat)y (6.17)

Similarly for v = 1, 2. This is a system of ordinary differential equations for E¥(z). In addi-
tion, we assume that the following holds:
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e The variations of the amplitudes EY(z) are small for distances of about a wavelength
such that

5,

0z

)

o?
’@Ei (2)

and the following approximation is valid:

0? : 0 .
525 (2) elthvz—wnt) — (—k?, + 2ik, &Ei”) ellhvz—wit) (6.18)

This leads to
: 8E;3 i(ksz—wst) 1,2 2 1772 Ji(ki1z+kaz—wst)
Re q iks3 B e\mermw@stl b = — Sk pows Re{ayn B B e 39 (6.19)

and similarly for v = 1, 2.
Our final assumption is as follows:

e The phases of the quantities in brackets on both sides of eq. (6.19) differ approximately
by d¢ = m. This is known as the rotating phase approximation and corresponds to the
assumption of a fixed phase relation between E*” and the nonlinear polarization P, “".

This last condition permits us to change to complex quantities, since eq. (6.20) also holds for
the imaginary part:

dE? i K*pow?

17,2 JizAk
OéijlcEjEke 5

dz 2 ks

dE} i K*pow? . s

= - 2 ‘:1) Ly B3 B2 o710k, (6.20)
dEi2 i’QQPJO‘Ug 3lx  —izAk

The quantity Ak = ky + ko — kg is called the phase mismatch.

The system of egs. (6.20), describing the so-called three-wave interaction, is of fundamen-
tal importance for a model-based discussion of the influence of nonlinearities that are not too
dominant. A phase mismatch Ak # 0 tends to “smear out” the oscillations on the right-hand
side of eqgs. (6.20) and to suppress larger values of the amplitudes ). We will come back to
this point in the next section. Complete phase matching, Ak = ki + ko — k3 = 0, can be
interpreted in a particle picture as momentum conservation of the photons participating in the
interaction.

If the above-mentioned simplifications are not justified, e.g. if the nonlinearities are too
dominant, one has to go back to the full system of nonlinear oscillation equations. Under cer-
tain circumstances all complexities of nonlinear dynamics may show up: extremely sensible
dependence on the initial conditions, chaotic behavior, strange attractors, sudden qualitative
changes of the behavior as a result of minor changes in external parameters, and much more.
However, the subject of nonlinear dynamics is not the topic of this book, and for details the
reader is referred to the literature given at the end.
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Surprisingly, there is a class of nonlinear partial differential equations whose solutions
exhibit no chaotic behavior and can be constructed explicitly. In most cases these are spe-
cial differential equations in one space and one time coordinate. The simplest example is the
nonlinear Schrédinger equation for a complex function (7, ¢):

3%/1 >’y 2
— +2 =0. 6.21
We will study this equation in more detail in section 6.8. The nonlinear Schrodinger equa-
tion can be used to explain such phenomena as self-focussing and automatic phase matching
(see sections 6.3 and 6.6). One can easily verify that eq. (6.21) has a certain class of special
solutions:

2bexp{—2i[2(a2 — b?)7 — a(]}

cosh[2b(¢ — 4aT)] (6.22)

wO(Ta C) -

These solutions correspond to so-called solitary waves: |1)o(7, )| describes a spatially con-
centrated signal of width 1/2b propagating with a velocity v = 4a without changing its shape.
The width of the signal decreases with its height.

The possibility of non-decaying, spatially constant excitations is remarkable in itself. The
effects of dispersion and nonlinearity, each supporting the tendency of a signal to diverge, just
compensate in this case.

Even more remarkable is the fact that eq. (6.22) admits /N-soliton solutions for arbitrary
values of N. In the limit ¢ — —oo, these solutions describe IV spatially separated signals of
the form (6.22) with, in general, different widths and velocities. Letting time evolve, the faster
signals will overtake the slower ones. When two signals approach each other, they become
distorted for a moment but regain their original shape after separation. In the limit ¢ — oo, the
solution corresponds to separated signals again.

This property of shape conservation already suggests that an infinite number of conser-
vation laws underlie eq. (6.21). A detailed analysis confirms this suggestion. The nonlinear
Schrodinger equation even has the property of complete integrability: like in the case of inte-
grable systems with finitely many degrees of freedom, the conservations laws can be used to
determine all solutions of the equation.

Another example of a completely integrable nonlinear wave equation is the sine—Gordon
equation:

0? 0?
(87&2 — 6) @ +singp =0. (6.23)

The fundamental non-trivial solutions of this equation are the so-called kink and anti-kink
solutions:

e —
p+(t,r) = —4arctan exp (i%) . (6.24)

Their asymptotic behavior is given by

limy 400 04 (t, ) = —2m,

6.25
limg 400 04 (¢, ) = 0. (625)
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These solutions resemble upward or downward steps, smeared out with a width /1 — v2. The
transition from one asymptotic value to the other happens mainly in a region around x =
xo + vt. There are solutions with N kinks and N anti-kinks; furthermore, there exist breather
solutions: bound states of kinks and anti-kinks oscillating around their common center. The
simplest breather solution is given by

n(tsi
pp = 4arctan | tan « M . (6.26)
cosh(z sin a)

An application of the sine—Gordon equation is the theoretical treatment of self-induced trans-
parency (see sections 6.3 and 6.6).

As a final example for a completely integrable equation, we mention the general three-
wave interaction:

0A3 0A3 .

Tt Ty A

9A 0A, . .

—atl + vy —31’1 = 1A3A2, (627)
9A Y

5t t gy il

Equation (6.20), describing a general three-wave interaction, can be brought into the above
form if each of the waves E* has fixed polarizations.

The interested reader will find details about the huge field of completely integrable systems
in the references at the end of the book.

6.3 Survey of phenomena in nonlinear optics

We begin our discussion of special nonlinear optical effects with a survey of those phenomena
which are to be expected if the nonlinearities are not too strong.

In table 6.1, the effects are ordered according to the powers of E; and u;; as they occur
in the nonlinear polarization P;. The second column summarizes the “static” effects already
discussed in section 5.2. In this case only the (quasi-)static external fields Ei(o) and uz(-?) give
rise to nonlinear contributions, while the wave field E; still enters in a linear way. The third
column contains the most important “dynamic” effects, which are nonlinear in the wave fields.

The phenomena related to the terms quadratic in E are also called three-photon phenom-
ena, because this case describes the coupling of three electromagnetic fields; the phenomena
related to terms cubic in E are so-called four-photon phenomena. The effects linear in £ in
the third row are usually not considered as part of nonlinear optics.

The phenomenon of frequency doubling occurs when light with some frequency w enters a
nonlinear medium. The nonlinearity of the medium causes the emergence of higher harmonics
with frequency 2w. This phenomenon is used to generate coherent light in frequency ranges
that are not directly accessible for lasers, because of the lack of suitable materials.

Parametric amplification can occur when a pumping wave of frequency ws and a signal
wave of frequency w; pass through the medium simultaneously. Under suitable circumstances
the signal wave gets amplified within the nonlinear medium. Furthermore, a so-called idler
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Table 6.1: Effects of nonlinear polarization.

Static Dynamic

P~ E? Pockels effect Frequency doubling, optical rectification;
two-photon absorption;
parametric amplification

P ~E® Kerr effect Frequency tripling, three-photon absorption;
intensity dependence of the refractive index,
self-focussing; phase matching;
self-induced transparency, optical bistability

P' ~ Eu Elastooptical effects, Brillouin scattering
electrostriction

P’ ~ E3u Stimulated Brillouin scattering

wave of frequency wy = w3 — w; is generated. What distinguishes parametric amplification
compared to other amplification mechanisms is its extremely low noise. One can also imagine
optical control elements, which, in analogy to transistors, are based on light instead of electric
currents. At present a completely new area of applications seems to be emerging and photonics
is about to become the optical analogue of electronics. In the following section we will discuss
the phenomena of frequency doubling and parametric amplification in more detail.

Two-photon absorption is of special importance in spectroscopy. Two beams of light with
frequency w enter the medium from opposite directions and induce electromagnetic transitions
with excitation energy AF = 2hw. The advantage of two-photon spectroscopy is that the
otherwise annoying Doppler broadening related to inner movements inside the absorber are
suppressed. A further possibility is multiple absorption.

Effects trilinear in E' show up in an intensity dependence of the real and imaginary parts
of the refractive index. We shall describe the corresponding phenomena later. The imaginary
part of the refractive index, i.e. the absorption coefficient, can depend on the intensity due to
a saturation effect: the levels that get excited by absorption processes are already occupied. In
this case one observes a decrease of the absorption coefficient.

Brillouin scattering is an inelastic scattering effect where electromagnetic radiation and
sonar vibrations are coupled. Classically, this corresponds to a distortion dependence of the
refractive index. In a particle picture, a photon of frequency w and a phonon of frequency wg
merge to a photon of frequency w + wg:

hw + hws — h(w + ws).

Spectroscopically, one observes an anti-Stokes line with increased frequency. On the other
hand, the creation of a phonon may lead to a Stokes line with lower frequency:

hw — hws + A(w — wg).

If the light couples to molecular vibrations instead of lattice vibrations, one speaks of Raman
scattering. Stimulated Brillouin scattering (and stimulated Raman scattering) consist of an
interaction of several photons with oscillation quanta.
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The reader may wonder why we have omitted, in table 6.1, a row with P/ ~ E2u. This
would correspond to processes of the following type:

hwq + hwy — h(wl + wo — ws) + hwsg,
2hw — h(2w — wg) + hws.

Because of the huge scale differences between wg on the one side and w; and ws on the other
side, these processes correspond to a parametric amplification with an additional coupling to
lattice vibrations, or to an almost frequency doubling with the participation of an oscillation
quantum. Such processes do not have any obvious applications.

6.4 Parametric amplification and frequency doubling

A quantitative discussion of the process of parametric amplification starts from the fundamen-
tal equations (6.20) for a three-wave interaction. No relevant information is lost if we assume
a fixed polarization direction for each of the three waves.

A simple rescaling of the remaining components of E*, E? and E? leads to the equations:

s

dz = iAlAQ eiZAk7

dA T —iz

d—; = (A5 A0 #Ak, (6.28)
dAy s px —iz

E = 1A1Age Ak.

To relate these equations with the situation of parametric amplification, we identify A3 with
the intensive pump wave, A; with the signal wave to be amplified, and A5 with the additional
idler wave (see section 6.3).

We may assume |A3z| > |Ai1],|Az]|. In this case 0A3/0z is small of second order, i.e.
As is almost constant. Without loss of generality, we further assume Aj to be real. For the
resulting simplified system of equations,

dA )
d_l — IASAS e—lek7
dj* (6.29)
2 _ —iAgAl eizAk'7
dz
we make the substitutions
u=A;e*2%/2  and = Aje FAR/2Z (6.30)
and obtain a system with constant coefficients that is easily solved:
d
d_u = %iAku +iAswv,
# (6.31)
dv

FP —iAsu — %iAk .
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For the solution with initial conditions A3(0) = 0 and A;(0) # 0 we find:

Ay (z) = A1(0) (cosh(/\z) - 12A_)\k sinh()\z)> olFAk/2
(6.32)

As(z) = iAl(O)% sinh(\z) e#2k/2)

where

A= /A2 - L(AR)2.

The exponential increase of A;(z) expresses the amplification. For non-vanishing phase mis-
match Ak = ki + ko — k3, we find additional oscillations.

We now come to the phenomenon of frequency doubling. In this case we have w; = wy =
w and wg = 2w, and in addition A; = As, such that eq. (6.28) simplifies to

dA3 — IA% eizAk

dcf (6.33)
1 P Ax —i

T - iA7 Age™ 128k,

We are looking for a solution with initial condition A3(0) = 0, because the higher mode
wave is supposed to be produced inside the medium. From eq. (6.33) we immediately see
that, initially, A; changes only very slowly while the amplitude A3 gradually increases.

Let us first limit our discussion to this initial region where we can assume A; to be con-
stant. There we find

dA : iz
(T; = 1A42(0) e'#AF, (6.34)
ie.
) eizAk‘ -1

Hence, we obtain for the intensity I3 ~ |A3(2)|? of the higher harmonics:

¥ sing(zAk/2).

(6.36)

For Ak # 0 we find an oscillating dependence on z, while the height of the maxima increases
as (Ak)~2.

The oscillations caused by the phase mismatch Ak # 0 suppress a strong increase of
the amplitude As, so that the initial region just considered usually extends over the entire
nonlinear medium. The oscillations of I5(z) can be observed directly, when we direct a high-
intensity light beam of frequency w onto a plate of variable thickness z and measure the signal
leaving with frequency 2w.
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In the following we will consider the case Ak = 0. So, we solve

dA3 . dAl C A%

E = IA%, E = 11411437 (637)
with the initial condition A3(0) = 0. We may assume A; (0) to be real, because if A;(z) and
Ay (z) are solutions of (6.37), so are e!*A;(z) and e?® A3(z) for arbitrary values of . Now
dA3(0)/dz is purely imaginary. We set B1(z) = A1(z) and B3(z) = —iA3(2), i.e.

dB; ., dB,

— =B —— = —B|Bs. 6.38
dz v dz 1o (6.38)
Solutions with initial conditions B3(0) = 0 and B;(0) > 0 are real for all values of z, because
they are also the unique solutions of the real system dBs3/dz = B%, dB,/dz = B;Bs.
Equation (6.38) can be solved by using the conservation law following from eq. (6.38):

d
L (BiB} + BsBj) = 0. (6.39)

Obviously, the conserved quantity is proportional to the total intensity. From
Bi(2) + B3(2) = I = B} (0),

we obtain

— =J]-B? 4
e 3, (6.40)

and because B3(0) = 0 we find that

Bs(z) = B1(0) tanh[zB1(0)],

(6.41)
Bi) = \/BEO)~ B6) = B0)

We observe that Bs(z) increases monotonically and, in the limit z — oo, approaches B (0),
while B(z) decreases monotonically and approaches zero.

For a sufficiently thick medium, the total intensity is transformed into the second harmonic
with double frequency. This transformation proceeds faster if the intensity I = B?(0) is larger.

6.5 Phase matching

After we have convinced ourselves of the importance of phase matching Ak = 0 in nonlinear
optics in order to get good results for a combination signal, we now want to describe how
to realize phase matching. We will discuss this problem in the concrete context of frequency
doubling. For this example of a three-wave interaction we have w; = wy = w, k1 = ko = k,
and the matching conditions for the frequencies and wave vectors read

w3 = 2w and ks = 2k.
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Hence, the wave vectors are parallel. As we did in chapter 3, we introduce the vectors for the
refractive index, i.e. ny = n(w;) = kic/w and n3 = n(ws) = ksc/ws, and obtain the
phase matching condition:

n, = ng or n(w) = n(2w). (6.42)

The dispersion of the refractive index implies in general that [n(w)| # n(2w), and
eq. (6.42) is not easily realized. The equality of the vectors for the refractive index means
that the wave surfaces defined in chapter 3 for the frequencies w and 2w must intersect at the
point n(w) = n(2w). For optically uniaxial crystals, the wave surfaces consist of the ordinary
contribution — a sphere — and the extraordinary contribution — an ellipsoid of revolution that
just touches the sphere from inside or outside. Figure 6.1 shows that indeed intersection points
of the ordinary and extraordinary contributions of the wave surfaces can occur for different
frequencies.

optic axis
_— Faf2a)
_Fofw) Figure 6.1: A cut through the wave surfaces for the frequencies w
and 2w for an optically uniaxial crystal. Here nn denotes the vector
T Felu) for the refractive index; and Fo(w), Fo(2w) are the ordinary and
~—F, (2u) Fe(w), Fe(2w) the extraordinary shells of the wave surfaces for
the frequencies w and 2w, respectively.

The ordinary surface for the frequency w intersects the extraordinary surface for the fre-
quency 2w at point nn. Hence, for this choice of n, we find phase matching. In general, how-
ever, the corresponding ray vectors S,(w) and s¢(2w) do not coincide. As fig. 6.2 illustrates,
an incoming regular beam with frequency w has the effect that light with frequency 2w will
be emitted all over the plane spanned by s,(w) and s.(2w).

5, (2w}
e
Figure 6.2: The ray vectors n = so(w) || 7 and se(2w)
= " for the ordinary and the extraordinary rays.

This flaw does not occur if the ordinary wave surface for the frequency w and the extra-
ordinary wave surface for the frequency 2w meet by chance at just one point n, because in
this case n, s,(w), and s (2w) are parallel (see fig. 6.3). Fortunately, this degenerate case can
be realized for some materials, e.g. in a KDP (potassium dihydrogen phosphate) crystal at a
wavelength of A = 0.5145 um. Fine tuning makes use of the temperature dependence of the
refractive index. According to section 4.3, the linear polarizations of the ordinary wave with
frequency w and the phase-matched extraordinary wave with frequency 2w are orthogonal.
(As linear polarized waves have vanishing angular momentum in the propagation direction,
balance of angular momentum is also guaranteed.)
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optic axis
- P

\__ - Fyfw)
; —F, (2uw)

Wy Ry F, fw) Figure 6.3: A cut through the wave surfaces with frequencies w
L7 . (20} and 2w for the degenerate case. The notations are as in fig. 6.1.
- The vectors so(w) and se(2w) are equal.

The phase matching condition n(w) = n(2w) implies that the propagation velocities for
the wave with frequency w and the first harmonic with frequency 2w must coincide. This re-
quirement can be easily visualized. A wave with frequency w generates permanently, by non-
linear polarization along its trajectory through the medium, a higher harmonic with frequency
2w. If the fundamental wave and the higher harmonic have different propagation velocities,
the higher harmonic generated at different points gets out of phase and they cancel each other
due to interference.

6.6 Self-focussing, optical bistability, phase self-modulation
We now turn to a discussion of those phenomena which are trilinear in £},
Pl/ = OéijklEiEkEl; (643)

i.e. the four-photon processes. In contrast to three-photon processes, the existence of such
couplings does not depend on any symmetry properties of the medium. The relevant effects
are already contained in the most symmetric case,

P! = aE|E|?, (6.44)

which, for an isotropic medium, implies an intensity dependence of the refractive index n of
the form

n=1/€0 + a|E? = Ve +a/2 G(O)ME|2+"',

i.e.
n=ng+nl+---, (6.45)

where n; can be real or complex; the real refractive index as well as the absorption coefficient
can depend on the intensity.

Unlike in the previous sections, we will now restrict ourselves to a qualitative discussion of
the phenomena and will not enter into detailed model studies (like, for example, the nonlinear
Schrddinger equation or the sine—Gordon equation) but refer to the literature listed at the end
of the book.

We first consider a real refractive index and assume n; > 0, i.e. the refractive index
increases with increasing intensity. This case is more important and more frequent.
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We now suppose that an intense bundle of parallel rays is directed onto such a medium.

Figure 6.4: Intensity profile of a light ray perpendicular to

r the direction of propagation.

The intensity will be perpendicular to the direction of propagation and will decrease from

inside to outside, as indicated in fig. 6.4.

Since the refractive index decreases with distance from the center of the beam and since,

according to Snell’s law of refraction, the direction of the beam is refracted into the direction
Vn, i.e. toward an increasing refractive index, the incoming bundle of rays will contract in
the direction perpendicular to the ray (fig. 6.5). For obvious reasons, this effect is called self-

focussing.

Figure 6.5: Self-focussing of a light beam in a non-
linear medium.

A large incoming intensity can lead to a vast contraction factor and an extremely high
energy flux density. The field strength may reach values that are sufficient for ionization pro-

cesses and for the destruction of the nonlinear material.

Instead of a longitudinally extended ray bundle, we now consider a light pulse that is
concentrated in the longitudinal direction. At the front and rear ends of the pulse, the intensity
and the refractive index are smaller and thus the propagation velocity is larger. As the front and
rear parts of the pulse propagate faster than the middle part, there is a tendency for the pulse
to change its shape, as indicated in fig. 6.6. While the pulse is passing through the medium,
its front side will become flatter while its rear side will become steeper. This nonlinear effect

is called phase self-modulation.

/

Figure 6.6: Changing pulse shape by phase self-modulation.

- 7
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Let us now investigate how the spatial Fourier transform of the pulse changes inside a
medium. The non-constant refractive index leads to a change of wavelengths such that the
bandwidth Ak, of the signal broadens as a function of k.. We can even say more: due to the
different slopes of the sides, the smaller wavenumbers &, will contribute more to the front side
and the larger wavenumbers to the rear side.

(Superimposed on the nonlinear effect is the normal linear dispersion effect, which leads to
a diverging pulse, because the propagation velocity depends on the wavelength; however, this
effect does not change the bandwidth Ak, and, therefore, does not interfere with the nonlinear
effect.)

After the pulse has passed through the nonlinear medium and acquired the shape just
described, one can, in a second step, use a suitable device to give the pulse a narrow spatial
concentration along the z axis by allowing the shorter wavelengths from behind to catch up
with the longer wavelengths in front. This is possible, for example, by letting the distorted
pulse traverse a medium with anomalous dispersion where the propagation velocity decreases
as a function of the wavelength.

Practically, the second step is achieved by reflection at two refraction gratings. As one
can see in fig. 6.7, the gratings reflect the longer wavelengths through a larger angle, thereby
retarding them due to the longer distance.

e e Figure 6.7: Reflection at two refraction gratings
delays waves with larger wavelengths.

The total factor for the longitudinal contraction reached by such methods can be of the
order of 100. For wavelengths of about A == 6 x 10~% mm, one can obtain in this way pulse
durations of the order of femtoseconds (10717 s).

In section 6.3 we have already mentioned that for very high light intensities the absorp-
tion coefficient can dramatically decrease as the result of saturation effects. We now describe
briefly how this effect can be used for the construction of an optically bistable device.

A medium showing saturation behavior for absorption is placed between the two étalons
of a Fabry—Perot interferometer and the setup is illuminated by light with intensity I,. We
have already discussed the theory of the Fabry—Perot étalons in section 4.7, but now we have
to take into account the absorption of the medium in order to determine the transmission of
the device. From the derivation in section 4.7 it is obvious that this can easily be achieved
by replacing the reflection coefficient 7 in eq. (4.56) by rt?, where t denotes the intensity
decrease for one passage as well as a possible phase shift. From eq. (4.55) we now obtain for
the emitted intensity I :

1

———5—510 =: T'(t)1o. 6.46
11— re2et2iv2 © ()10 (6.46)

I = |nml?
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For the present discussion, ¢ depends on the intensity I’ inside the étalons immediately in front
of the medium, and we learn from the calculation in section 4.7 that [; = |T2t|2,[ ’. Therefore,
we obtain the following relation between I; and Ij:

Iy=1 (6.47)

T(t(I))

For small values of I, T is almost independent of ;. The same is true for very large values of
I, when t has reached its saturation value |¢| ~ 1. In these two regimes, the relation between
Iy and I, is almost linear.

In between, (11 ) and T'(¢(1;)) increase as a function of I;. In general, the relation between
I, and Ij is no longer monotonic but follows the pattern sketched in fig. 6.8. If we start from
small values and gradually increase the intensity of Iy, the transmitted intensity I; initially
also increases continuously. However, at a value Iy = Ay it will suddenly jump from A; to
By, and from there on increase again continuously as a function of I;. If now I is decreased,
also I; will decrease continuously first, but then make a jump at Iy = By < Ag from B}
to Af.

-

PI{I

Figure 6.8: Optical bistability.

Hence, we find bistability and a hysteresis effect in the relation between Iy and I;. The
arrangement just described corresponds to an optical switch element for which the variation
of Iy induces jumps between two stable branches of I (Ip).

6.7 Phase conjugation

A plane mirror reflects a plane wave in such a way that only the direction of propagation is
reversed, while surfaces of constant phase remain planes. An incoming plane wave u(t, x) =
e I(w=k®) becomes a reflected wave (¢, ) = Re (“+k®) where R has a fixed amplitude
and phase. In a similar way, a spherical mirror reflects a matching spherical wave into itself:
u(t,x) = (1/r) e «@t=k7) is transformed into (¢, ) = (R/r) e 1@tk ") (see fig. 6.9).

In general, given a wave u, (t, ) = e "' A(x) '?(®) = e~ 1@y (z) with fixed frequency
w, arbitrary amplitude A(x), and phase ¢(x), we define the so-called phase conjugated wave
to be:

ul (t, ) = e W A(x) e TP®) = e TIWC (1) = e WYX (). (6.48)
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// / ffi / fronts at a plane mirror and a
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The surfaces of constant phase of u(¢, ) and u°(¢, x) have the same shape, but the directions
of propagation of u(t,z) and u°(t,x) are reversed. For the Fourier transform we use the
identities

uy, (z) = (27)73/2 / APk e* e, (k),

w

W (@) = () = (2m)3/2 / Bl ek (k)
= (20 [ o),
and obtain

s (k) = s, (—k). (6.49)

w

One might ask if it is possible to construct a mirror that transforms any wave u,, (¢, ) into
Rut (t, ), i.e. each incoming wave is reflected into itself (fig. 6.10). In order to reflect a wave
without changing its shape, such a phase conjugating mirror has to adapt itself automatically
to the shape of any incoming wave surfaces. In this section, we will show how such a mirror
can be realized with the help of nonlinear media. An eye looking into such a phase conjugating
mirror would only see its own pupil.

phase conjugaling
mirrar

Figure 6.10: Reflection at a phase conjugating
Mirror.

Of course, the main reason for the broad interest in this construction is not based on this
effect, but because it helps to undo the distortions that a light wave experiences during its
passage through an irregular medium (fig. 6.11).

For instance, refraction at spatial density fluctuations will stretch a highly concentrated
light bundle in the atmosphere. This expansion becomes broader if the light bundle runs back
after being reflected at an ordinary mirror, but it is compensated if it has been reflected at a
phase conjugating mirror.
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Figure 6.11: Compensation of
the distortions of wave fronts af-
ter reflection at a phase conju-
gating mirror.

We consider a wave u,, (¢, &) entering a nonlinear medium. The relevant mechanism for the
production of a phase conjugated wave Ru¢ (¢, x) consists of stimulated Brillouin scattering,
i.e. the interaction of a light wave with (ultra-)sound waves previously excited by the wave
itself. The following explanations anticipate some knowledge about refraction and holography,
which we will study in a later chapter and which may be skipped in a first reading.

The wave u,(t,x) is refracted at ultrasonic waves which are always present in the
medium. Refraction occurs, because ultrasonic waves consist of density fluctuations and re-
fractive index is density-dependent. Since the refraction takes place at a moving grating, the
refracted wave shows a small frequency shift |Aw| < wes /¢, where ¢ is the velocity of sound
and c is the velocity of light. The sign of the frequency shift depends on the propagation di-
rection of the ultrasonic wave: Aw is positive when the ultrasonic wave approaches the wave
Uy, (t, ). For a refraction exactly in the backwards direction, a special effect occurs. First,
in this case the frequency shift is maximal (while it vanishes in the forward direction); and,
second, the interference of the refracted wave and the incoming wave produces “beats”, i.e.
modulated amplitude patterns that travel through the medium with velocity =£c;.

By electrooptical interaction the pattern of the electromagnetic beats generates a corre-
spondingly shaped ultrasonic wave, which again amplifies the backward refraction and thereby
itself. This self-amplification eventually leads to a spatial phase lattice consisting of ultrasonic
waves, which mimics the shape of the wave surfaces u,, (¢, ) and results in a conjugated wave
by backward refraction.

A different and frequently used method is based on the working principle of holography.
It utilizes the so-called degenerate four-wave interaction, a special case of stimulated Bril-
louin scattering, which is also mediated by sound waves. A planar reference wave ug(t, )
and a phase conjugated plane wave uf(t, ) are directed simultaneously and from opposite
directions into the medium (see fig. 6.12). The wave pattern generated by the superposition of
the reference wave ug (¢, ) and the additional object wave u(t, ) produces a phase lattice of
analogous shape, which resembles a kind of volume hologram.

Figure 6.12: Phase conjugation by de-
generate four-wave interaction.
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The wave ug serves as the reconstruction wave and produces holographically the conju-
gated wave u®. The production mechanism is stabilized and amplified by the fact that the
superposition of ug and u© generate the same phase lattice.

If we compare the above considerations with our discussion on holography in chapter 11,
we notice that:

e the transition from an amplitude to a phase lattice does not fundamentally change the
mechanism of holography, and,

o if the reconstruction wave is phase conjugated, the principal wave generated holographi-
cally is also phase conjugated to the object wave.

6.8 Fiber optics and optical solitons

Compared to radio waves, light waves have a frequency and bandwidth that are several orders
of magnitude larger. Therefore, light waves are particularly suited for the construction of infor-
mation transmission channels of very high capacity. Given a typical bandwidth of 5 x 10'2 Hz,
information transmission rates of 10'2 bit/s become possible.

Optical information transmission uses glass fibers. Today’s systems reach transmission
rates of about 10% bit/s; systems with transmission rates of 102 bit/s use optical solitons and
are presently being developed.

The basic structure of a glass fiber is always the same (fig. 6.13): a core with a diameter of
3-50 um is placed inside a cladding of 150-200 wm diameter. By suitable doping, e.g. with
GeQo, one can arrange that the refractive index of the core glass is smaller than that of the
cladding. Depending on whether the change of the refractive index between core and cladding
occurs stepwise or gradually, one speaks of step profile (or step index) fibers or gradient profile
fibers, respectively.

core cladding

Figure 6.13: Beam trajectories for step profile and gradient profile fibers.

A light beam traveling through the core and having only a small inclination with respect to
the fiber axis will remain in the core region of the fiber. In step profile fibers it will be totally
reflected at the interface between core and cladding, while in gradient profile fibers it will be
bent back toward the center of the core due to the decreasing refractive index.

The signal in the fiber is digitized, i.e. it consists of a series of short pulses. However, a
disturbing influence may come from the so-called mode dispersion: beams that are inclined
relative to the axis of the cable traverse a longer trajectory compared to beams parallel to the
axis. Differences in the transition times can lead to a broadening of an initially short pulse.
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In gradient profile fibers, by a suitable choice of the refractive index profile n(r), one can
arrange that this time delay along the longer trajectory is compensated due to the decrease in
n(r) and the corresponding increase in velocity for larger values of r. This method is generally
used in today’s glass-fiber cables, and yields a reduction of mode dispersion by a factor of 100;
the temporal broadening of the pulses amounts to about 0.5 ns/km.

Two minima in the absorption coefficients of glass confine the practically used wavelength
regimes to two windows at 1.3 um and 1.55 pm.

If the diameter of the core is reduced to only a few micrometers, the just described prop-
agation and mode dispersion in terms of ray optics is no longer valid. In this case, a wave
theoretical treatment is necessary and one has to solve the following equation:

2
(A + nQ(r,w)(;) u=0. (6.50)

In cylindrical coordinates the ansatz
u(r, ¢, 2) = Xm(r) e e 6.51)
leads to the equation

d2 1d 2 2
(G2 vy~ o #2005 = K2 () = [AG) ~ Bl () = 0. (652

We look for eigenmodes ., () of the differential operator A(w?) that are regular at r = 0

and decay sufficiently fast for 7 — oo. They correspond to the discrete eigenvalues x2, (w?):

AW Xum(r) = K2, (W) Xom(T) (v=1,2,...; m=0,%1,...). (6.53)

#i L)

ki
Figure 6.14: Dispersion relations for two different
modes.

w

The dispersion relation, which gives us w as a function of k&, follows from the equation
K2, (w?) = k2. Figure 6.14 shows the graphical solution of w as a function of k. We see the
following:

e In general, we find a different dispersion relation for each eigenvalue x2,,(w?). This
corresponds to the phenomenon of mode dispersion in the language of wave optics.

e For very small values of k2 < x2,(0), no wave can propagate. For large values of k2,
several or even many modes are possible.
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e Mode dispersion can be avoided completely in so-called single-mode fibers. The dimen-
sions of these fibers are such that only the fundamental mode with eigenvalue x3,(w?)
is possible. Single-mode fibers have very small core diameters, because the distance be-
tween eigenvalues increases as the core diameter becomes smaller and, eventually, only
one mode is allowed in the wavenumber range for k.

Common single-mode fibers use a step profile for n(r). Let us investigate the propagation
behavior in single-mode fibers in more detail. The disturbing mode dispersion is completely
absent, but, because of the dependence k2 = kg (w2), there still exists a small dispersion
effect, which is called chromatic dispersion, because it is the frequency dependence of the
refractive index that contributes. We write the dispersion relation in the form:

k= f(w). (6.54)
The derivative of f is given by f/(w) = dk/dw = (dw/dk)71, i.e.
1
o 7 6.55
) vg(w) (59

where v, (w) denotes the group velocity, which also depends on the frequency, a phenomenon
called group velocity dispersion. Depending on whether dv, (w)/dw is positive or negative,
we speak of normal or anomalous group velocity dispersion. Obviously,
1 dog
"w) = —— —=. 6.56

e =g (6.56)
As we have already mentioned in section 6.2, nonlinearities can compensate the chromatic
dispersion if the nonlinear wave equation admits soliton solutions. We now show that the wave
propagation in single-mode fibers with nonlinear behavior can be described by the nonlinear
Schrodinger equation.

For k and w fixed, a monochromatic wave may be written as

u = x00(r) e i(wt—=f(w)z)
In general, a propagating wave is of the form u = xoo(r)E(t, 2). For E(t, z) we can assume
a one-dimensional nonlinear wave equation of the type (6.12), where now we replace the third
and fifth assumptions of section 6.2 by this one:

e E(t,z) can be written as
E(t,z) = exp{—iJwot — f(wo)z]}e(t, 2) (6.57)
with slowly varying e(¢, z).

In particular, this implies that only small frequencies and wavenumbers contribute to the
Fourier transform of e(¢, z). Using the Fourier transform E(w, k), the nonlinear wave equation
reads:

1 —i(wt—kz)[1.2 2 In o /
Red — [ dw [ dke [k — f*(w)]E(w, k) p = —=5 P'(E). (6.58)
2 ot2
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The above assumption allows for the approximation
k> — f2(w) ~ 2kolk — f(w)] = 2ko[Ak — f(wo)Aw — L f"(wo)(Aw)?],  (6.59)
with kg = f(wp), such that eq. (6.58) now becomes

Re{ie—i(wo—koz)Qko/dw/dke—i(Awt—Akz)
21
[k = ') A = 3" ) A1)}

= Re {zhoem 09 (D i ) 2+ ) B ) et

82
=-—P(E
sl (B)-
Along similar lines as in section 6.2, we finally obtain the equation:
0 10 0?
—i (& + @&) e(t,z) + £ f" (wo )a se(t,z) = ale(t, 2)%e(t, z). (6.60)
The following simple substitutions,
f"(wo)z
= (2 —v,t - _
¢ VT (= Ug )s T 27_3 )
(6.61)
0.0 = | o e(r, ()
7 [f"(wo)| 77
lead to the nonlinear Schrédinger equation:
w oy 2
— + == — 2¢ =0. 6.62
-t e V[ (6.62)
Here, ¢ = —1 for anomalous group velocity dispersion (i.e. f” < 0) and ¢ = +1 for normal

group velocity dispersion.
The case f” < 0 is realized for a single-mode fiber. Written in terms of the new variables
(6.61), the soliton solution (6.22) of the nonlinear Schrodinger equation reads:

2- "
- (2 — vgt) + 4i(a® — b?) / 52
Vg To 27,

—vgt  2af"z
cosh {2()( TgTo 12

In practice, one tries to implement frequency matching: the phase of v is time-independent
because E(t, z) oscillates with frequency wp. So we set a = 0 in eq. (6.63) and obtain for the
form of the soliton:

exp [—

Y(t,z) =2b (6.63)

—2ib% f"2
exp | ——5—
7o

t2) =2 .
vt 2) cosh {Zb(z - vgt)]
VgTo

(6.64)
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This is a spatially concentrated pulse-like excitation that propagates through the glass fiber
without any change of shape and with group velocity v.. The height of the pulse is larger for
smaller width.

Such solitons can be used in single-mode fibers as dispersion-free signal pulses. They
allow for transmission rates of about 10*2 bit/s.

The case € = 1 in the nonlinear Schrédinger equation is also of physical importance. It can
be used for a detailed discussion of momentum contraction, which we described in section 6.5.
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7.1 Introductory remarks

Common to all optical systems is that light passes through an inhomogeneous medium where
the inhomogeneities, like lenses and mirrors, are suitably shaped according to their purpose.
Having so far studied the propagation of waves in homogeneous but possibly anisotropic me-
dia, we now will turn to the discussion of inhomogeneous media. Most of the time we will
assume that the inhomogeneous media are pointwise isotropic. On the other hand, anisotropic
media often exhibit a crystalline structure or at least a certain short-range ordering of their
atoms and thus are piecewise homogeneous.

Common everyday optical phenomena are often determined by the fact that the wavelength
of the light is small compared to the dimensions of the optical systems and, in many cases,
even small compared to the typical length scale of its inhomogeneities. Indeed, the wave-like
features of light are often hidden to such an extent that, for centuries, Newton’s corpuscular
theory, which treated light as a flux of small particles, lasted in mainstream scientific thinking.
Only in sophisticated experiments is the wave-like character of light revealed by interference
and diffraction phenomena. Quite a different matter is that, due to the wave—particle duality,
light also exhibits particle-like properties, which dominate its behavior at very short wave-
lengths and low intensities.

Since the wavelengths of light are tiny with respect to the size of normal optical systems,
the relevant solutions (¢, x) of the wave equation are locally given by plane waves. This
approximation holds for spatial regions that are large compared to the wavelength but small
compared to the typical dimensions of the system. Therefore, the amplitudes and the propaga-
tion direction of a wave will not change considerably within a distance of several wavelengths.
As a generalization of the expression for a plane wave with fixed frequency w and a wave vec-
tor of absolute value k = w/c,

—i(wt—k-x) —ik(ct—mn-x)
)

ug(t, ) = poe =ppe

we write u(t, ) in the following way:
up(t, ) = @p(x) @ =et, (7.1)

The (real) function S(x) determines the phase of the wave at «, and the function @ () (also
real) fixes the amplitude of the wave. We assume that the variations of ¢y () as a function
of  are much smaller than the variations of the phase k.S (x). To be more precise, we require
that S(x) is independent of k, and for large values of & the following expansion for ¢ () is
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Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
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valid:
1 1
or(x) = po(x) + Esol(w) + ﬁpz(w) +oee (7.2)

This ansatz for u (¢, ), which we will insert into the wave equation, is fundamental for the
short-wave approximation in optics. The second fundamental tool in this context is the method
of stationary phases, which we will discuss in chapter 10.

Before we apply the short-wave expansion to Maxwell’s equations, we want to list some
important comments on the ansatz for uy (¢, ).

1. The function S(x) is sometimes called the eikonal function, because of its relevance for
the theory of imaging in geometrical optics. The surfaces S(x) = const. are surfaces of
constant phase. Their shape depends crucially on the chosen solution. Expanding around
x = xg with S(x) = S(xg) + (& — xg) - VS(xg) + --- and comparing with the
expression for a plane wave, we observe that

ki(iL‘o) = If’n(il:o) = kVS(:Bo) (73)

is the local wave vector in x, which is perpendicular to the surface of constant phase
through @(. Furthermore, n(xg) = VS(x) is the local refractive index vector and
S(xo) = n/n? is the local ray vector with S - n = 1.

For a plane wave we have S(x) = n - & with n = const., and the surfaces of constant
phase are planes. On the other hand, when u (¢, ) describes the propagation of a point-
like disturbance starting at & = 0, the surfaces S(x) = const. are, for not too large values
of |z|, spheres or ellipsoids, which may be more or less distorted and can be viewed as a
generalization of the ray surface.

2. Taking superpositions of solutions of the type uy (¢, ), where the frequency is concen-
trated in a small band around k, one can convince oneself that the surfaces S(x) = const.
are also surfaces of shell-like concentrations of shock-wave solutions. The energy of such
solutions is mainly concentrated within a small region around S(x) = const.

3. Surfaces of constant phase, S(x) = const., also determine the directions of the en-
ergy flux. In locally isotropic media the energy flux is parallel to the local wave vector
k(xz) = kn(x) and, hence, always perpendicular to the surfaces of constant phase. In
this way light rays result as the orthogonal trajectories to the phase surfaces. In optical
experiments, these light rays are directly observable as stretched out wave packets. In-
deed, the energy of a wave packet always follows the direction of the energy flux vector.
The uncertainties of a wave packet in space and wavelength (Az and Ak, respectively)
satisfy the general uncertainty relations:

1 Ak Ax 1
Ak Az > = _— > 7.4
T3 or k x = 2kz (74)
Within the validity range of the short-wave approximation, one can construct wave pack-
ets for which the uncertainty orthogonal to the energy flux vector may be neglected. The

trajectories of these packets coincide with the light rays.

The theory of the light-wave field that results from keeping only the leading order in 1/k is
called geometrical optics.
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7.2 Short-wave expansion of Maxwell’s equations

In a locally isotropic medium, Maxwell’s equations for fields with a fixed frequency w and
vanishing charge and current densities, p = 0 and j = 0, read

eV - (eE) =0, woV - (uH) = 0,

(7.5)
V x H = —iwkeep E, V x E =iwkuuoH,

with D = egeE, B = popuH, € = e(w, ), and pn = pu(w, x). We insert the ansatz described
in section 7.1 into these equations,

E(t,x) = e(x) kS @) —ct]
H(t,m) — h(az) eik;[S(w)fct]7

with k = w/c. Taking into account that

V x E=(V x e+ikVS x e) e*S@~cfl,

. (7.6)
V-E =(V-e+ikV§ . e)eklS@)—ct
we obtain
eVS:—i <e.E+V,e>7
ik €
h.vsz__i (h-ﬂ—i—v-h),
ik # 17

1
(VS x e — pugkch) = _EV X e,

1
(VS x h + eeprce) = —%V x h.
1
The right-hand sides of these equations should be negligible in leading order for £k — oco.
“Dangerous” are only those situations for which the expressions following —1/ik become
unusually large. For normal optical systems this can happen

e in the immediate vicinity of edges, where the amplitudes e and h as well as € and
depend strongly on the space variable x, and

e close to focal points or, more generally, caustics where the light rays get concentrated
such that the amplitudes e and h become very large.

Apart from these two situations, which we will investigate later, we can trust the approxi-
mation of geometrical optics and assume for £ — oo:

e-VS =0, h-VS=0,
(7.8)
VS x e = pugkch, VS x h = —eegkce.
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These equations resemble the result we obtained by making a plane-wave ansatz for the solu-
tion of Maxwell’s equations, where now V.S plays the role of nn. Eliminating e or h leads to

VS x (VS xe)=—eue
or
(VS)? =n?  with  n?(w,z) = eu. (7.9)

This partial differential equation for the eikonal function S(x) is called the eikonal equation.
Different solutions for this equation correspond to different wave fields. The physical meaning
of the eikonal equation is that the local propagation velocity is given by ¢(z) = ¢/n(x).

In leading order of £ — oo, the following expressions for the time-averaged energy density
and Poynting vector S are easily determined:

€€ " 1 "
<pel>—TOe-e :4—“(e><h)~VS,
mag\ __ w LRt — L *\ — (el
(p"€) ==~ h-h" = —(exh") - V5= (),
(") = (p°) + (™), (7.10)
1 o %
(S) = o Re(e x h™) = S (e-e")VS
c c vs I
= ﬁ(ﬂﬂvs = ﬁ<pE>T =-V§.

We make the following observations:
e The average electric and magnetic energy densities are equal.

e Energy flows along the direction of the vector V S, i.e. perpendicular to the surfaces of
constant phase and along the direction of the local wave vector.

e From the eikonal equation we see that o = (1/n)V S is a unit vector, and, therefore,
I := |[(8)| = (¢/n){p"). Hence, the velocity of the energy flow is indeed equal to the
local phase velocity ¢/n.

Notice that, in leading order of k, there is only the eikonal equation for the phase kS,
and there are no restrictions for the amplitudes e and h. By choosing e and h properly, we
can generate solutions which, in leading order, correspond to sharply bounded rays that are
everywhere parallel to V S. The requirement of energy conservation,

I
vV{(S)=V (ZVS) =0,
yields

1 1 I
nAS+VS-V<n) =0, or AS+VS-Vin <n> =0. (7.11)
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As we have seen, the light rays are the flux lines (7) of the vector field V S. They satisfy
the differential equation:

dx

2z _og 12
o VS (7.12)
Along the light rays @ (7), we obtain for eq. (7.11):
I
AS@(r) + L n (-) = 0. (7.13)
dr n

Notice that along the rays the intensity change is determined by the divergence of the flow
field V S. Integrating both sides we get

L2 = L@(0) exp (— /OT dr’AS(m(r’))) . (7.14)

n n

For the simplest case, n = 1, we find that S(x) = |z| is a rotationally symmetric solution of
the eikonal equation. Now,

- (L'T—Tw(o) x(T)| =17
VIR T T gy 0
and
AS(e(r) = fiy = 7
Therefore,
I(z) = I(zo) @ (7.15)

This describes the well-known quadratic decrease of the intensity as a function of distance.

If we had followed the same arguments for an anisotropic medium, the short-wave ex-
pansion would have been much more complicated. For each point, we would have obtained
two different local eigensolutions with different propagation velocities, as we have seen in
chapter 3. For this reason, the calculation would have involved two different eikonal functions
corresponding to the two orientations of the principal polarizations.

7.3 The scalar wave equation

We now turn to the short-wave expansion for the scalar wave equation:

(n%:) & _ A) u(t,z) = 0, (7.16)

¢z 0Ot?

which follows as the equation of motion from the Lagrangian density

2 £ u X 2
c:% [” (2 ) (%) - (Vu(t,:c))ﬂ . (7.17)

C
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As explained in chapter 3, this leads us to the following energy density and energy current
density:

1|n 2
PP = B [2 + (Vu(t,a:))zl )
(7.18)
8
S = Vu(t, ).
The ansatz u(t, x) = u(x) exp(—iwt) yields Helmholtz’s equation:
. w
(k2A+n (x )> u(x) =0  with k;:;. (7.19)

Writing u(z) = ¢ () e*3®), with ¢ (x) = @o(x) + (1/k)@1(x) + - - -, we obtain

0 (%A + nQ(w)> u(x) (7.20)

<k2 Apy, + 5 Vgak VS + kk AS — pr(VS)? + n2<pk> elks,
Thus we find in zeroth order for 1/k — 0:
(VS)? =n?, (7.21)

and in first order:

©oAS + 2V S Vg = 0,
AS +VSVinp3 =0, (7.22)
V(pgVs) =

So we get the same eikonal equation as we did for Maxwell’s equations. The equation of first
order is called the transport equation.
Looking at the expressions for p™ and S, we find in leading order of 1/k — 0:

Uy = 30’k eg,  (S) = kP g VS = *<p By VS (1.23)

(p -

Hence, the transport equation describes the energy conservation and is identical to the energy
balance condition for Maxwell’s equations. So, as long as we do not have to take into account
information about the polarization of light waves, which in any case depends strongly on
the details of the system, the scalar wave equations provide, in first order of 1/k, the same
information about phases and intensities as Maxwell’s equations. Therefore, the following
discussion will be based on the scalar wave equation.

Along a light ray, where de/dT = V S, we find in particular:

wo(x(7)) = wo(x(0)) exp <—; /OT dr’ AS(m(T/))) . (7.24)
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Let us consider a system of rays,

dax(xg, 1)

z(wo,7)  with T = VS(a(zo,7)), (7.25)
T
with initial condition
z(xo,0) = xo. (7.26)

The mapping ¢ — g-(xo) = x(xo, 7) defines a one-parameter family of (locally) invertible
mappings from R3 into itself. The Jacobian 7 (zo, 7) = det(dz!(xo, 7)/0x}) is a measure for
the distortions of volumes under these mappings. As is well known, J satisfies the following
differential equation:

147 B
g =V VS=As (7.27)

Therefore,
J(xo,T) = exp (/ dr’ AS(m(H))) ,
0
and instead of eq. (7.23) we can also write

o (2(0))

po(x(r)) = @)

(7.28)

We note that now the conservation of energy reveals itself as a 7 independence of the following
integral:

/ g 9o (g- (0))2.

7.4 Phase surfaces and rays

From a solution of the eikonal equation (V .S)? —n? = 0, a system of rays is obtained that are
trajectories orthogonal to the level surfaces determined by the condition S(x) = const. (see
fig. 7.1). On the other hand, we will see later that we can reconstruct a solution of the eikonal
equation from a system of rays with suitable initial conditions on a single level surface. As
[(1/n)V S| = 1, the equation

no =VS (7.29)

determines a field o of unit vectors. Hence, if we choose the arc length s as a curve parameter
for the light rays, they satisfy the following differential equation:

dx
it o(x(s)). (7.30)
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Figure 7.1: For a solution of the eikonal equation one obtains a
system of rays that are orthogonal trajectories to the level surfaces
of constant phase.

A simple calculation shows that

d dx d d 1

1 1
—V(VS)?=—V(n)’=Vn. 7.31
2n (V) 2n (n) " ( )
Therefore, light rays are always curved towards the direction of increasing values of n. From
V x (no) =V x VS =0, (7.32)

we find that the integral

xr
/ no -dx
YZo

is independent of the path ~ that connects g with &. This implies that the phase S(x) assumes
a well-defined value at each point. From V x (no) = 0 we can also derive Snell’s law of
refraction. We assume that n jumps from n; to no at some interface, but is constant otherwise.
By choosing a closed path v (see fig. 7.2) which traverses the interface at two points and runs
parallel to the interface in the regions where n = ny and n = no, we obtain

/dmn-o':O7
.

and thus
1 1
N0y = N209,

where o7, are the components of o} and o parallel to the interface. Indeed, since 7 , =
sin 0 2, where 6, o are the angles between the rays and the normal to the interface, we find

nysinf; = ny sin 5. (7.33)

One may object to this derivation of the law of refraction, because the sudden change of
n seems to contradict the applicability of the approximation underlying geometrical optics.
Indeed, we know that refraction always comes together with reflection. Geometrical optics
cannot predict the relative intensities of refracted and reflected waves.
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ay o,
n, o
—
| E—
n; ;92 Figure 7.2: Geometrical illustration of Snell’s law of
d refraction.

Fy

7.5 Fermat’s principle

Evaluating the path-independent integral,

VS~d:E:/ na-da::/ na’d—wds:S(w)—S(wo), (7.34)
0% @

YZo o 0 ds

along some arbitrary path v and making use of the inequality

o d—m <|o] d—m =
ds — ds| 7
we obtain
x x
/ naodacg/ nds. (7.35)
Yo Yo

Equality holds only if the path « corresponds to a light ray, which, of course, always points
into the direction of o such that in this case o - (de/ds) = 1. This leads us to Fermat’s
principle:

Among all trajectories «y running from xg to x, the trajectories that are realized by
light rays yield the smallest possible value, S(x)— S (), for the integral ffwo nds.

From Fermat’s principle we easily derive the law of refraction as well as the law of reflection.
Fermat’s principle has the following geometrical interpretation. Apart from the natural-
length element

ds? = &;4,; dr2, (7.36)
we define on R? a new light-length element:
di? = n?(x)ii;dr? = n? ds?. (7.37)

With respect to the natural-length element, the arc length of a curve x(t) is given by

to
So1 = / ds = Vi? dr. (7.38)

t1

However, expressed in terms of the light-length element, we find

to
oy = / dl = / n(z(r)Va? dr. (7.39)
ty
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Geodesics are the shortest connections between two points. With respect to the natural-
length element these are just straight lines. However, with respect to the light-length element,
the geodesics are light rays. Due to the relation n(x) = ¢/c(x), the length

l:c/%:cT (7.40)
vy

is proportional to the time that a light ray needs to travel along the path ~. Since the frequency
w is fixed, 7" is proportional to the number of oscillations as well as to the sum of the local
wavelengths along ~y. Therefore, Fermat’s principle is sometimes stated in the following way:

A light ray runs from x; to x5 along the path that is traversed in the least time.

Fermat’s principle is a further example of the relevance of variational principles in physics.
The analogy between geometrical optics and mechanics is based on the fact that both theories
can be formulated in terms of variational principles.

7.6 Analogy between mechanics and geometrical optics

There exists a close analogy between the eikonal equation in optics and the Hamilton—Jacobi
equation in mechanics, as well as between light rays and the trajectories in a mechanical
system. Just as a reminder for the reader, we briefly describe the Hamilton—Jacobi theory for
a mechanical system with the following Lagrange function:

Lz, &) = sm(x) i, — V(x). (7.41)

The canonical momenta are

oL
Oy

Di = Mk T, (7.42)

and the Hamiltonian,
H(z,p) = piti(x,p) — L(z, &(z, p)),
is given by
H(z,p) = tmy'pipr + V. (7.43)

Here, m; kl denotes the elements of the inverse matrix of (m;;). Hamilton’s equations of mo-
tion, namely

oH . OH
o Y Bm

—Pi (7.44)

are equivalent to Lagrange’s equation of motion,

doL oL _
dt 0 Oz
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The Hamilton—Jacobi equation is the following partial differential equation:
H(z,VS)=im;' 0,50,S+V = E. (7.45)

If S is a solution of the Hamilton—Jacobi equation, we obtain the trajectories x(t) of the
system as the orthogonal trajectories of the level surfaces of S' in the following way. The
momentum p; (t) = m;;&;(t) is given by

pi(t) = 0;S(x(t)). (7.46)

So in general it is not &; but p; that is orthogonal to the level surfaces of S. (If m;; = md;,
as in most cases, & and p are parallel.) As a proof of this statement we first verify

i = 5= mi_jlpj, ie.indeed  p; = my;;, (7.47)
Pi
and then calculate
dp; d . d . _
ar = E (mijxj) = E 825 = X ak(?ZS = mkrl (“),«S 8]@815
= 10;(my} xS 0,9) — 3(9;m;}) 0rS 9,
= -0V — 3(0;mp,}) 0 S 0.
= —(0:H)(z, p). (7.48)

So, the trajectories orthogonal to the level surfaces of S are, in the way described above,
solution curves of the mechanical system. In chapter 9, we will see in a more general context
that also the reverse statement is true: all solution curves are orthogonal trajectories to the
level surfaces of S. The function S is closely related to the action [ d¢ L(z, &), if one chooses
for (t) a solution of the equation of motion. Indeed,

/tdt’L(w,:'c) - /tdt’ [p-&— H(x,p))

t() tO

:/p~dm—E(t—t0):S(:I:)—S(:EO)—E(t—t'). (7.49)

The fundamental idea of using the Hamilton—Jacobi method in order to find solutions of
the equation of motion consists in determining sufficiently many solutions of the Hamilton—
Jacobi equation and then calculating all orbital curves as orthogonal trajectories. We now write
the eikonal equation (VS)? = n? in one of the following equivalent forms:

1

1 2 2 _
(a) (V8 —gn" =0,
(B) %(VSF - %n =0, (7.50)
1 » 1
€)  55(V8)-5=0

In all three cases we can identify the equation as the Hamilton—Jacobi equation of an ap-
propriate mechanical system, and the three equations differ merely by their choice of time
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coordinates. In addition, we find for all three cases £ = 0 such that S is the action func-
tional. (A different version of the analogy between optics and mechanics uses the so-called
extended phase space where ¢ and (—E) are introduced as additional position and momentum
coordinates.) Table 7.1 itemizes the analogy in more detail.

Table 7.1: Analogy of light rays and orbital curves of mechanical systems.

(A) (B) ©
m=1, Vz—%n2 m=n, V:—%n m=n?, Vz—%
L=1d? ¢ Ln? L=1ni®+ in L=1n%241

2 2 2 2
p n P n p 1
H=%2%" _ 2 g=2 _T g=r_ __
2 2 2n 2 2n2 2
dz dx 1 . dx p
L _i=p=vVSs Lo, = Z_i=2
ar - r=P=V ds P~ 7" T
4] = n 6= |5 vs| - 4l = -
E=3i&*—1n*=0 E=ini®—in=0 E=3in’&*—-1=0
d’x 1 9 d dx d > dx 1.0 2

In all three cases, the value of || follows either from p = V.S and the eikonal equation,
or from £ = 0, and the law of refraction follows from the conservation of the momentum
component parallel to the interface between the media.

The action S and the momentum p are the same in all cases. Therefore, we obtain the
same light rays with different parametrizations, and the relations between the parameters 7, s,
and [ are:

dr 1 dl

ds n’ ds "

In addition, we should make the following comments on the systems (A), (B), and (C):

(7.51)

(A) This system has the closest similarity to a normal mechanical system with a space-
independent mass, and it was the basis for the particle theory of light. It turns out that
the particle velocity is proportional to n, i.e. it is larger in a denser medium. However,
the observed propagation velocity of light is proportional to 1/n, which contradicts the
concept of a particle.

(B) In this case, the curve parameter is the natural arc length in ordinary space. The equation
of motion is identical to the equation we derived for light rays in section 7.4.

(C) Now, the curve parameter [ = [ nds corresponds to the “light length”, i.e. the length
with respect to the metric which occurs in Fermat’s principle and which is proportional
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to the running time of light. This metric differs from the natural flat metric ds? by a
conformal factor n2, which changes the distances but not the angles; for this reason it is
called conformally flat. With [ as the curve parameter, dz/dl is equal to the phase velocity
of light. However, the price to pay is a position-dependent “mass” m = n?(z), which
makes an interpretation as a normal mechanical system in the sense of a corpuscular
theory difficult.

For none of the systems (A)—(C) is Fermat’s principle equivalent to the corresponding
mechanical variational principle. However, the equation of motion for system (B),

d dx

is just the equation for geodesics with respect to a light metric n? ds> = di? and with s as
curve parameter. Indeed, from

de\?
5/nds:5/n — ) dt=0
dt
we obtain
da > de/dt  déx
0= vn — | dx+n . dt
/ (dt) V(dz/dt)2 dt

de déx d dx
2/[Vn-ém—&—na-?}ds:/ds[Vn—&(n£>]5m20.

Fermat’s principle,

5/n@dt:o,

has the advantage that it is completely independent of the parametrization t. Of course, for
geodesics one finds again that

/w nds = S(x) — S(xo). (7.52)

0

The mechanical analogy of Fermat’s principle in optics is the principle of Maupertuis: The
orbits for fixed energy

follow from the variational problem:

5/ V(B = Vmiy dat dat = 0. (7.53)

For the determination of light rays we have to set £ = 0, due to the eikonal equation.
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8.1 Fermat’s principle and focal points

We have seen that in the framework of Fermat’s principle we may, independently of the
parametrization, describe light rays connecting a point x; with a point x5 as geodesics for
the conformally flat light metric dI? = n?ds?, i.e. as the curves x(t) with x(t;) = 1,
x(ty) = x4, for which the length

l12:/:2nds:/:2 n(x(s))ds:/: n(z (b)) ((j;:)Zdt @.1)

is stationary. If the two points x; and x5 are sufficiently close, there exists exactly one shortest
light ray connecting &1 and x», and the stationary value

1) = S(zy, @) (8.2)

corresponding to this geodesic is a minimum. Up to a factor k, S (a2, 1) is the phase differ-
ence between point x; and point &2, and it may also be interpreted as the variational functional
of a mechanical system. The minimal distance S(xs, 1) between x5 and a1 with respect to
the light metric is proportional to the minimal time for the light to get from x; to xs.

For larger distances between x; and 2, there may be several light rays of equal length
S(x2, 1) that connect the points @1 and 5. If there exists an r-parameter family of light
rays of equal length connecting points «; and x2, the points x; and x5 are called focal to
each other of rth order. In particular, ; and x, are called conjugated if they are focal of
second order. In this case there exists a cone with tip point x;, which has a non-vanishing
cone angle such that all rays through x; and within this cone meet again in x- (see fig. 8.1).
Hence, conjugated points x; and x5 are mapped onto each other by the light rays.

Figure 8.1: Two points are called conjugated if all the rays
emitted from one point within a cone of non-vanishing cone
angle meet again at the opposite point.

We obtain an image in an optical instrument when all rays starting from special points x;
meet again at the points conjugated to x;.

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5
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If a light ray on its way from a point @; to a point x5 passes through a point x/ that is
focal to a1, then this light ray is no longer a minimal geodesic from x; to xs. Indeed, as
fig. 8.2 shows, there exist shorter connections between x; and x5, like, for example, the curve
xr1 — T3 — T4 — X3. To construct such a shorter connection, one only has to choose points
x3 and x4 close enough to each other, such that the light ray from x3 to x4 is the unique
minimal geodesic from x3 to x4.

R g
=il ?
/ o o Figure 8.2: A light ray passing through a
R focal point is not a minimal geodesic.

8.2 Perfect optical instruments

We now will investigate the possibility of constructing a perfect optical instrument, where, for
each point x, all rays leaving & meet again at a point ' conjugate to x. We shall assume that
a’ is the first focal point of & along each ray on its way from « to «’; this implies that the rays
running from « to &’ have minimal length. We will see that the construction of perfect optical
instruments is subject to strict limitations.

Figure 8.3: Imagery in a perfect optical in-
strument: x5 should not lie between x> and

’
Xx; xIy.

Let us consider a minimal light ray running from @, to the first conjugated point /. Be-
tween @1 and x} there will be a second point &2 on this light ray (see fig. 8.3). In a perfect
optical instrument, the light rays leaving from @2 meet at the first point &, which is conju-
gated to x5. Obviously,  also lies on the light ray passing through @1, 2, and x| . However,
this point @} is located beyond the point «}, and not between o and x}. Indeed, if x/, was
between a2 and x, the geodesic from x; to x} would not be minimal, as we have just seen,
which contradicts our assumption.

Figure 8.4: Imagery of three points in a perfect optical
instrument.

Let us now look at the image of three points @1, 2, and x3 in a perfect optical instrument.
Figure 8.4 shows that

5(15/2,332) + 5(332,331) = S(x/Q’xll) + 5(33/1,331),
S(xhy, x3) + S(x3, @2) = S(xh, Ty) + S(xh, T2).
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By taking the sum we obtain
S(x3, @) + S(x2, 1) = S(xh, xh) + S(xh, ) + S(x), 1) — S(zh, x3). (8.3)

As a next step, we subdivide the triangle 1, x5, 3 into a polygon by inserting more and
more points, and take the limit to a smooth curve. This leads us to the following statement:
For a perfect optical instrument, let & be the mapping that associates to each point x its
first conjugated point @’ = ®(x). Furthermore, let v = x(t) be a curve from ; to @2 and
v = ®(xz(t)) be its image under ®. With this notation, the lengths S[y] and S[y’] of the
curves 7 and +/, respectively, as measured in the light metric, satisfy

S[Y'] = S[y] + S(xh, x2) — S(x}, x1). (8.4)

Hence, the difference S[y’] — S[y] depends only on the initial and final points v and +'.
Because of eq. (8.1) we have

sl - bl = [ at n(@(w(tm\/@ —n<x<t>>M
= /:2 dtw (:L'(t), i—f)

= S5(@(x(t2)), z(t2)) — S(@(2(t1)), z(t1))- (8.5)

Here, the integrand, ¥(x,dx/dt) = ¥(x, —dx/dt), is a homogeneous function of degree

one in the argument da/d¢. Since the integral over ¥ depends only on the initial and final
points of the curve, the integrand is an exact differential:

dx dx

v t),— | =—"

<m( ) dt) dt

Because U(x,dx/dt) = +¥(x, —da/dt), we find VF = 0. We just proved the following
statement:

V E(x(t)).

For a perfect optical instrument, the optical length of each curve ~ is equal to the

length of its image ®(~y). The optical distance S(x, x’) between a point x and its

image point ' = ®(x) is independent of x.
The proof outlined above is due to Carathéodory; it remains true even if we require the less
stringent condition that the perfect optical instrument shall map all points inside a small open
subset U onto an open subset ®(U) by ray bundles with a non-vanishing opening angle.

If the refractive indices in U and ®(U) are constant and equal, the mapping ® can only be

a congruence, i.e. a combination of rotations, mirror reflections, and translations, without any
change of size. Such a mapping is easily realized by a simple system of flat mirrors.

8.3 Maxwell’s fish-eye

The n-dimensional sphere S™ C R is defined to be the set

5"={(£1,-.-,§mC) Z§§+C2=1}- (8.6)
=1
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On this set we define the metric

ds? = 3 (dg)? + [ACO)F = 3 (@j + 1“22) e, de. 8.7)

i=1 i,j
where £2 = Y7 | &2, This metric is induced by the natural metric on R" "1, restricted to S™.
Geodesics on S™ are the great circles on S™, i.e. the intersections of S™ with hyperplanes
through the center of the sphere. All great circles passing through one point P of the sphere
intersect again in P’, the antipodal point of P. This fact can be utilized for the construction of
a perfect optical instrument, as follows.

x Figure 8.5: Stereographic projection of a sphere.

We define the stereographic projection of a sphere S (excluding the north pole) onto R3
by the following mapping (see fig. 8.5):

x 1-— %a:z
= 77 = - 8.8
¢ 1+ a2 ¢ 1+ a2 (88)

A simple calculation verifies that the stereographic projection is a conformal mapping. Indeed,

(da)*

m. (8.9)

ds =) (&) + [d¢(§)] =

i=1

The mapping (8.8) maps the sphere S™ with metric (8.7) (excluding the north pole) onto R™
with metric (8.9). Geodesics are mapped into geodesics. In particular, one property of the
sphere is preserved under this mapping: all geodesics through one point meet in a conjugated
point.

Therefore, if (by an additional trivial scale transformation) we choose the spatial depen-
dence of the refractive index n(x) to be of the form:

 1+x2/a?’

we obtain a perfect optical instrument called Maxwell’s fish-eye. It was discovered by J. C.
Maxwell in 1858 in a different context. The light rays in Maxwell’s fish-eye are the images of
great circles under a stereographic projection and, therefore, are also circular. (Only the great
circles passing through the north and south poles correspond to straight lines in R3.) As for
|z| — oo the refractive index n(x) = ng/[1 + (x?/a?)] tends to zero, a physical realization
of Maxwell’s fish-eye is possible only in parts.
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In general, a manifold with the property that for each point P all geodesics passing through
P meet again at the first conjugated point P’ is called a Blaschke manifold or a Wiedersehen
manifold (literally a “meet again” manifold). According to a conjecture of Blaschke, any n-
dimensional Wiedersehen manifold is isometric to S™. A proof of this conjecture exists only
forn = 2.

One can show that all conformal transformations of R3 can be generated from rotations,
mirror reflections, translations, and inversions at the unit sphere. Therefore, Maxwell’s fish-
eye is, apart from trivial systems consisting only of plane mirrors and assuming Blaschke’s
conjecture to be right, the only perfect optical instrument.

8.4 Canonical transformations and eikonal functions

As is well known, the time evolution in a Hamiltonian system is given by a canonical trans-
formation, which means the following. Suppose we are given a phase space

P={(z,p) | z,peR’}, (8.10)
on which we consider the 2-form:

w:dzc/\dp:Zd:Ei/\dpi:—deidxi:deidpi. (8.11)

Then w is closed: dw = 0. Solving Hamilton’s equations of motion for the initial data (x, py),
we obtain the following paths in phase space P:

@ (z9,p,) (1) = (z(t),p(t)) with (0, P0) = P(2,p,)(0)- (8.12)
They define a family of mappings
Dy Pr— P7 (wO,po) L (I)t(mOapO) = @(mo,po)(t) = (mt7pt)a (8.13)

and we have
dxo rdpy = dxzi Adp,. (8.14)

Equation (8.14) is just the defining property of a canonical transformation ®,. [In general, a
manifold M with a non-degenerate 2-form w with dw = 0 is called a symplectic manifold.
According to a theorem of Darboux, we can define on any symplectic manifold M local co-
ordinates (x;, p;) such that w = > dz’ A dp;. See chapter 9 for more details about symplectic
manifolds.]

In section 7.6 we have seen that light rays can be identified as the orbits with energy £ = 0
of suitable mechanical systems. The Lagrange function of the mechanical systems can be any
of the three functions listed in table 7.1:

.92 2 -2
Ly = 1a% 4+ in?, Ly = tni® + in, Lz =

L L n’z® + 1, (8.15)

1
2

and, because of Fermat’s principle (eq. 8.1), we may also take

L4 = n\/;
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Therefore, to any system of geometrical optics we can assign a phase space P = {(x, p)}. In
all cases we have

_ 0L _
P=%:~

no, (8.16)
where o is a unit vector along the direction of the light ray.
For an arbitrary parameter ¢ along the light ray, the mapping

Dy : (0, pg) — Pi(®0, o) = (24, P,)

is a canonical transformation.

A canonical transformation can always be constructed from a generating function. In order
to see how to get such a function, we consider the following 2-form on the Cartesian product
P x P of the phase space with itself:

Q =dxordp, —dx Adp. (8.17)

If (x, p) is obtained from (g, p,) by a canonical transformation ®, we find {2 = 0. Moreover,
given a transformation ® : P — P, we consider the graph of ®:

graph ® = {(xg, p,), ®(xo,py)} c P X P. (8.18)

® is a canonical transformation if and only if {2 vanishes on the submanifold graph ® of
P xP.

We now assume that it is possible to introduce (xq, x) as local coordinates on graph ®.
This will always be the case for our geometrooptical system, when a light ray traveling from
Zo to x is uniquely determined by its initial and final points such that, in particular, p, and
p are already determined by ¢ and . This condition is fulfilled as long as x and x are not
focal with respect to each other. Written in the coordinates (xg, ), we find for graph ®:

QO =dxordpy —dzrdp = d(p(x, o) - dz — po(x, o) - dg) = 0. (8.19)
Therefore, there exists, at least locally, a function S(, () such that
p-dx —py-dzy = dS(x, xo), (8.20)

i.e.

0S oS

P:a—wa po:_a—xo' (8.21)

Indeed, for the cases of classical mechanics and geometrical optics, we already know such
a function S(x, x): it is the action functional or eikonal function S(x,x() introduced in
chapter 7, which gives us the optical distance between the points &g and x. This function
S(@x,xg) is also called the point characteristic or point eikonal, and it is a solution of the

eikonal equation (V,5)? = n?.
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When x and x are conjugate points, it is more appropriate to introduce the initial position
x( and the final momentum p as local coordinates on graph ®. Indeed, in this case, a light ray
should be uniquely determined by x( and p. Now,

0 = dao rdpy — dz A dp = d(—x(p, o) - dp — po(p, xo) - do),
and there exists a function M (p, x), the so-called mixed characteristic, for which

oM oM

dM(pa$0):*w~dp*p0'd;vo, i.e. :Eifaipa pozfaiwo.

(8.22)

The function M (p, x) follows from the point characteristic S(x, x¢) by a Legendre trans-
formation from the variable «x to the variable p:

M(pa :BO) - S($(pa $0),$0) —P- m(pv $0)a

oM _ 95 95 dx  Odx _ 05 _ (8.23)
dxrg Oxy Ox Ox P oxg  Oxy Po: .
oM 0S Oz Ox

= — —T—p.— = —x.
op oz Op Pop
If, in an environment of & and x, the light rays are straight lines, one obtains the
mixed characteristics from the point characteristics by a simple geometrical construction:
M(p,xo) = S(x',xg), where «’ is constructed from « by going back along the ray with
momentum p to the point where p - ' = 0 (see fig. 8.6).

[ >

/
Y ot J

Figure 8.6: Construction of the mixed characteristics from the point characteristics.

Introducing p, and p as coordinates on graph ®, we obtain the angle characteristic or the
angle eikonal:

T(p,py) = S(zo(p, o) (P, Py)) — P (P, Py) + Py - To (P, Py)- (8.24)
We find that
or or

- - = x,. 2
p x, opg MO (8.25)

One obtains additional eikonal functions by Legendre transformations with respect to arbitrary
coordinates x;, p; Or Zq;, Po;-
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On the other hand, from the procedure just described, it should be obvious that for a given
eikonal function F' one can reconstruct a canonical transformation ® such that the variables
of F' are coordinates on graph ®. For instance, from

8S(w,:c0) 785($,$0)

p= o ) Dy = oz )
solving for p and «, we obtain a canonical transformation
($7p) = (I)(:ECMPO)'
If the generating functions of the canonical transformations
P ("Blapl) U ("BQapQ)a
U : (@2, p,) — (23, p3)
are known, we can easily determine the generating functions of the combined transformation:
Uod: (xy,p) — (x3,p3)-
For point characteristics one obtains
S31(®3, 1) = S32(x3, T2) + S21(2, T1), (8.26)
where x5 has to be determined from the condition

08532 n 0521
81132 6sc2

=0. (8.27)

This is a consequence of Fermat’s principle. It means that a ray which, on its way from x; to
a3, passes through x- will not have a kink at x-.
For mixed characteristics one finds

Msi (3, p,) = Msa(x3,ps) + To1 (P2, P1), (8.28)
with
OM- T
2, I (8.29)
Op,y Opsy

This condition implies that a ray is continuous.

8.5 Imaging points close to the optic axis by wide spread
ray bundles
We have seen that no “interesting” perfect optical instruments exist. Therefore, we now want

to investigate the possibility of imaging at least certain curves or planes using optical instru-
ments.
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Figure 8.7: Imaging some segment I of the optic
axis near zo = 0 onto some other segment I of the
axis near z = 0.

In this context we will mainly deal with the following situation, which is of greatest prac-
tical relevance: there should exist an optic axis, i.e. a straight light ray such that the optical
arrangements are rotationally symmetric with respect to this axis as well as mirror-symmetric
with respect to planes containing this axis.

We first discuss the problem of imaging a segment I of the optic axis around the point
zo = 0 onto some other segment I of the axis around z = 0 (see fig. 8.7). If each ray
emanating from some point in I arrives back at the optic axis at a point in I, we can easily
show by restricting a suitable eikonal function to the submanifold ¢y = yo = « = y = 0 that
the transformation

(207p0) — (f(ZO,pO)yg(ZO,pO)) = QD(ZOapo) = (Z7p) (830)
is canonical, i.e.

af o af o
dzoadpy = df ndg = (Osz 87;(]0 - 571;7:) 52}) dzo A dpo,

and thus

_— - — — =1. 31
0z Opo Opo 0z (8:31)

Here, py = ng cosfp and p = n cos @ are the components along the optic axis of p, and p,
respectively.

Now we require that, at least up to linear terms in 2z and zg, the interval Ij is mapped onto
1, i.e. in the linearized approximation,

z = f(20,p0) = a(po)zo + b(po),

(8.32)
p = g(20,P0) = c(po)zo + d(po),
the following statements hold:
e b(pg) = 0, because zo = 0 is mapped onto z = 0;

e a(pp) = a independently of py, because all rays passing through zo will meet at the same
point z.

Since the image mapping is a canonical transformation (eq. 8.31), we obtain
a(c'(po)zo +d'(po)) = 1,

ac' (po) = ' (po) =0,
d =1/a.
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Therefore, ¢(pg) = ¢ = const. and d(py) = (1/a)po, i.e.
z=a- %,
p=c-20+d-po, (8.33)
ncost = c-zg+d - ngcosby,

where ad = 1. Hence, the canonical transformation is linear. Multiplication of the equations
yields

zp = zncosf = aczg + adzgng cos g = aczg + zgng cos g,
which holds for all 6. Because 6y = 0 implies 6 = 0, we find that
Zn = aczg + z2ong.
Subtracting and using the identity 1 — cos§ = 2 Sin2(%9) we finally obtain
Zn sin2(%9) = Zong Sing(%ﬁo). (8.34)

This so-called Herschel’s condition is a necessary condition for an image mapping from I,
onto I, mediated by ray bundles with a non-vanishing opening angle, to exist. Herschel’s
condition has many solutions.

X5 3

[ Zp=0 | Zy=1
Figure 8.8: Imaging a small surface segment Fy orthogonal to the optic axis at zo = 0 onto a

surface segment F at z; = [.

Next we consider image mappings from a small surface segment Fjy orthogonal to the
optic axis at zp = 0 onto a surface segment I} at z; = [ (see fig. 8.8). Choosing z as the ray
parameter we can rewrite Fermat’s principle in the form:

l 2 2
dx dxo _
5/0 dzn\/1+(—dz> +(—dz) =0.

We easily see that, with the conjugated momentum

OL dz;/dz
n

ox; P17 2 2
o ¢ d:cl dxg
1 et e’

0z \/ Jr(dz> +(dz)

the transformation

= nsinb;,

(wmpo) = (f(x()apo)?g(x()apo)) (8.35)
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has to be canonical. Here x and x as well as p, and p are vectors orthogonal to the optic
axis. Taking into account the axial symmetry as well as the mirror symmetry, we obtain in
linear approximation in xg:

z = A(|po|)xo + B(|po|)Po,
P = C(|pol)xo + D(|py|)Po,

where (2, p) and (xo, py) are called ray coordinates at z; = [ and zp = 0. The requirement
that, independently of p), the point & is mapped onto x implies again that

A(|lpg]) = A = const., B(|pyl) = 0,

and linearity follows from the canonical character of the mapping:
C = const., D =1/A.

So we find the following:

xr = ACL'(),
(8.36)
p = Czo+ Dp,.

Due to the symmetry of the problem, we may choose all vectors to be in the zz plane such
that

x = Axo, nsinf = Cxg + Dngsin 6.

Multiplying the two equations together and neglecting AC'xZ, which is small compared to the
other terms, we find Abbe’s sine condition (discovered first in 1864 by R. Clausius and again
in 1874 by H. von Helmholtz, and once more rediscovered and applied by E. Abbe in 1879),

rnsin f = xgngsin g, (8.37)

to be the necessary condition for the existence of an image mapping from F{, onto F. There
are many ways for Abbe’s sine condition to be satisfied. Two points zp and z; on the optic
axis, for which Abbe’s condition is satisfied for two surface segments Fj in zp and F} in 2o,
are called aplanatic points. One can show that, apart from “trivial” perfect instruments, no
more than one pair of surfaces can be mapped onto each other.

8.6 Linear geometrical optics and symplectic
transformations

We consider two surfaces, Fy and F', which are transverse to a reference ray (see fig. 8.9). A
nearby second ray emanating from Fp at £y with momentum p, will traverse F' at point x
with momentum p. The transformation

(330,p0) — (va) = ‘I’(wmpo)



132 8 Geometrical optics

; q Figure 8.9: Linearization around a refer-

F, [ ence ray.

is canonical. As long as we only consider rays close to the reference ray, we can linearize
the canonical transformation around x and p,. Linear canonical transformations are called
symplectic transformations.

It is worth while to study these transformations in general. For this purpose, we first intro-
duce the fundamental concept of a symplectic vector space.

Definition 8.1. A symplectic vector space (V, J) is a vector space V together with a non-
degenerate antisymmetric bilinear form J defined on 'V .

In this section, V' will be a symplectic vector space over R. Notice, here and in the following,
the close analogy with a Euclidean vector space on which a symmetric positive definite (and
thus non-degenerate) bilinear form is defined.

Definition 8.2. Let W c V be a subspace; then W is defined by W+ = {z | J(z,w) = 0
SforallweW}.

We find that dim W + dim W+ = dim V and W+ = W. In general, however, we have
W WL £ {0} and W + W+ # V, which is different from the Euclidean case.

Definition 8.3. A subspace W cV is called symplectic if J, restricted to W, is non-degen-
erate.

In this case, W+ nW = {0} and V = W @ W, and from W+ = W we can deduce that
also W+ is symplectic.

Definition 8.4. A subspace W c V is called isotropic if J vanishes identically on W.
This condition is equivalent to W c W=,

Definition 8.5. A subspace W cV is called co-isotropic if W+ c W.

Definition 8.6. A maximally isotropic subspace is called a Lagrangian subspace.

This means that ze W+ = xzeW, i.e. W+ cW, and therefore W = W-. In particular,
we have 2dim W = dim V/, and because there are always symplectic subspaces we find that
symplectic vector spaces are always even-dimensional.

Definition 8.7. An isomorphism S : (V1,J1) — (Va, J2) is called symplectic if J>(Sv, Sw)
= Ji(v,w) for all v,we V. A symplectic isomorphism S : (V,J) — (V,J) is called a
symplectic transformation. The set of symplectic transformations of V forms a group Sp(V).

The linearization of a canonical transformation  mentioned at the beginning of this section
will be the most important example of a symplectic isomorphism for us. In this case, V; and V5
are the variations around (g, p,) and ®(xg, p,), and J; and J> are given by the 2-form w in
eq. (8.11) at the points (xo, p,) and ®(xo, py) of the phase space. Mathematically speaking,
there is a symplectic isomorphism 75, ® : T;;, P —— T ,,) P of the tangent spaces.
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Theorem 8.1. For any symplectic vector space of finite dimension, there exists a symplectic
basis (e1,...,en, fi,..., fn) such that T (e;,e;) = T (fi, f;) = 0 and T (e;, f;) = dij.

Proof: Choose e; # 0 arbitrary and f; such that J(eq, f1) = 1. Then f; exists because J is
non-degenerate. Now proceed by induction. Let W be the symplectic subspace spanned by e
and fi, consider W+, and construct es and f2 as above, etc. O

Again we see that symplectic vector spaces are even-dimensional. We can easily con-
vince ourselves that, for any subspace W cV, we can find an adapted symplectic basis
(e1,---,€n, f1,- -, fn) such that

(e1y. oyl f1yeeoy fs) where n>r>s>0

is a basis of W. This leads to the following relations:
W symplectic <= r = s,
W isotropic <= s = 0,
W co-isotropic <= r = n,
W Lagrangian <= r =n, s=0.

With respect to a symplectic basis, [ is represented by a matrix

(23)

where 1 is the n X n unit matrix. The theorem given above implies the isomorphy of all
symplectic vector spaces of the same dimension. With respect to a basis, a symplectic trans-
formation is represented by a matrix S that satisfies

tSTS =7J or tg=g8 171

The eigenvalues of a symplectic transformation satisfy:

det(S — A1) <= det(*S — A1) =0,

= det(JST'T T — A1) =0,
<= det(AS —1) =0,
— det[S — (1/M)1] =

So, if A is an eigenvalue of a symplectic transformation, so are 1/ and (because of the reality
of S), Aand 1/\.

The series of powers S™ of S is bounded only if all eigenvalues of .S lie on the unit circle
(see fig. 8.10). If all eigenvalues of S are simple and lie on the unit circle, this property also
holds for all symplectic transformations S’ in a sufficiently small neighborhood of S.

As is well known, orthogonal transformations R have determinant det R = +1. However,
for a symplectic transformation .S, we always find det S = 1. This follows immediately from
the defining property of a symplectic transformation:

J ='8J8=7.
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Figure 8.10: Only if all eigenvalues of S lie on the unit circle is
the series of powers S™ of S bounded.

Indeed, using the 2n-dimensional totally antisymmetric e-tensor we can define the quantity
D= €i1i2~~i2n—1i2n"7i1i2 e L71'271—11'%

and we obtain
e / e . . . . .. ) . . . . .« .. . .
D - D - 61112'“2271,7112'” Sjlll S?z’!L/LQ?L J]l]Z ‘7.]27L71]2n
= €j1j2...Jan-1J2n det S L7j1j2 T ~7j2n—1j2n
=detS - D.

Interpreted in a coordinate-free notation, this is just the invariance of 7 A --- A J. For dim V'
= 2, the symplectic group Sp(V) is equal to the group SL(V') of linear mappings with deter-
minant 1. The eigenvalues of .S can be determined from the equation:

A+ AtrS+1=0.

The series S™ is bounded if tr S < 2 and unbounded if tr S > 2.

8.7 Gaussian optics and image matrices

Now we consider systems with one optic axis, which are the most relevant applications of
symplectic mappings. For a ray with a small inclination relative to the optic axis, we obtain a
symplectic mapping that associates the coordinates of the penetration point and the inclination
of the light ray for a plane F{, perpendicular to the optic axis at the point 2y to the coordinates
of the penetration point and the inclination of this light ray at the plane F' at the point z on the
optic axis:

x = Axy + Bp,,

8.38
p = Czo+ Dp,, ( )

where A, B, C, and D are linear mappings R? — R2.

Because of the rotational symmetry around the optic axis and the mirror symmetry at
planes containing the optic axis, A, B, C, and D must be constants (A = a1, B = b1,...).
The only constraint is ad — bc = 1. This approximation to geometrical optics is called Gauss-
ian optics. If we assume the vectors x, o, p, and p, to be all in the zz plane, the transfor-
mation of the ray coordinates can be represented, in the linearized approximation, by a 2 x 2
matrix

b
T10: <Ccl d)
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with det T79 = 1:

T a b xo)
= . (8.39)
(P> ( ¢ d) (Po
For small inclination angles € and 8y, we can write:

Po = ng sin by ~ ngby, p=nsinf =~ nb.

If we denote by T’ the mapping from plane Fj to plane F, and by T5; the mapping from F}
to Fy, the combined matrix Ty = 151 o T represents the mapping from Fj to Fb.

If b = 0, we find x = az( independently of py. All rays through x( (with small inclination
angle relative to the axis) pass through x. In this case the planes are mapped onto each other
pointwise and are mutually conjugated. Then a = 1/d is the enlargement of this mapping.

If ¢ = 0, we have p = dpy independently of x(. Rays that are parallel in Fy remain
parallel in F'. In this case, T} is called telescopic, because a telescope adjusted to infinity has
this property.

Two different basic elements serve as components of a general optical system of lenses
and mirrors:

e Interspaces with constant refractive index n (fig. 8.11).

B

Figure 8.11: The interspace with a refractive index n as
; ! an optical unit element.

In this case we have
l
P2 = p1, 96221714—19:9614-5171,

and the optical matrix for such an interspace is given by

SL:(l L) with L:i, (8.40)
0 1 n

where L = [/n is the so-called optical length.

e Refracting surfaces (fig. 8.12). (A mirror can also be treated like a refracting surface if
the optic axis is reversed.) We confine the discussion to surfaces that are rotationally
symmetric and have the optic axis as their normal. Furthermore, we assume the rays to
be close to the axis.

From fig. 8.12 we read off:

Ty = T1, ni(o —61) = na(a — 62),
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a;sgf arll—ﬂz
FEl

a L Figure 8.12: A refracting surface as an optical element.
™ The same considerations apply for mirrors if the optic
— axis is reversed.

i.e.
ng — N1
xg = 1, p2 =p1+ (ng —ny)a=p; + 7o
1 0 Ny — Ny
B _ _
S <B 1), B= "2, (8.41)

where B = (ny — n1)/R is called the dioptric power (refractive power) of the surface.
We now list some examples of combinations of these basic optical elements.
1. Combination of optical units:

Strogle = ghatle = gB o g2 — Bt B2, (8.42)

In particular, if we consider a thin lens as a system with two refracting surfaces of negli-
gible distance apart, we obtain

1 0 . 1 1 1
Sf<_1/f 1) with f—(n2n1)<R2Rl>. (8.43)

We find

76)=6) = o)
p I —z/f+p)
i.e. ' = x; only the inclination changes.

2. Interspace—thin lens—interspace system:

For Ly = f we find

0 f
H12 = (—1/f 1—L1/f>’

i.e. o = fp1. Hence, all parallel rays with inclination p; will pass through the single
point x5 = fp; in the “back focal plane” behind the thin lens at a distance f. In particular,
rays parallel to the axis (having inclination p; = 0) pass through the back focal point
X9 = 0.
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For L; = f we find

1=Ly/f f
512( _1/2f 0>7

i.e. po = —x1/f. All rays passing through the point z; in the “front focal plane” will
be mapped, independent of their inclination, into parallel rays with inclination p; =
—1/fx1. Those rays passing through the front focal point ;7 = 0 will be parallel to the
axis behind the lens. These circumstances may be used for a geometrical construction of
the image mapping by a thin lens (see fig. 8.13). The two planes I} and F5 are conjugated
1fL1 + L2 — (Lng)/f = 0, or
1 1 1
I + L T (8.45)

This is the famous lens formula.

I-j' \
x; Figure 8.13: Imaging by a thin lens.

3. Lens—interspace—lens system:

_ qgfeeLaft l_L/fl L )
S21 = 5SS _<—1/f1—1/f2+(L/f1f2) 1-L/fs )" (846)

The resulting dioptric power (refractive power) is given by

11,1 L
frcs B fl f2 f1f2

A converging lens in combination with a diverging lens of opposite power results in a
converging system.

(: # for fi=—-fo= f) : (8:47)

4. Normal form of optical systems:

(a b> with ad —bc=1
c d

is the optical matrix of a Gaussian system that maps the ray coordinates (x1, p; ) in plane
F1 into the ray coordinates

(172) B (axl + bpl)
D2 cr1 + dp2

in plane F5.
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We now will assume that ¢ # 0, i.e. the system is non-telescopic. Telescopic systems can
be reduced to non-telescopic systems by combining them with a fixed lens mapping.

A look at eq. (8.44) tells us that any non-telescopic image matrix can be written in the
form So; = 51257 512 with uniquely determined values for f, L1, and Ls. On the other
hand, there are uniquely determined values for i; and hsy such that

b)) 6 )= )=

with f = —1/c.

This observation admits the following interpretation. Consider the front principal plane
H,, which is located behind F; with optical length hy and the back principal plane
located in front of F5, with optical length ho. For this case, the Gaussian mapping of
rays from H; to H, is simply the mapping S/ of a thin lens with f = —1/c. Hence,
knowing the position of the principal planes allows for a simple construction of the ray
mapping. The front and back focal planes, By and B-, are at a distance f in front of H;
and behind Hs, respectively. Rays parallel to the axis are transformed into rays through
the back focal point, and rays passing though the front focal point are transformed into
rays parallel to the axis (see fig. 8.14). The lens formula 1/L; + 1/Ls = 1/ f holds, if
Ly and Lo are interpreted as the distances from the two principal planes.

1
0

—ho
1

a b
c d

1
0

—hy
1

1 0
-1/f 1

Figure 8.14: Location of the principal planes H; and H> as well as the focal planes B; and B>
in the normal form of an optical system.

From the general form of a non-telescopic Gaussian optical matrix,
1—Ly/f L1+L2—L1L2/f>

_ qLigfqLla _
G=5758 ‘( 1/f 1 Ly/f

and considering the case in which F; and F» are conjugated (L; + Lo — L1 Lo/ f = 0), one
finds the longitudinal magnification

o dlg no dL2

UTAL T ALy
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Indeed, from ALy + dLs — (L1/f)dLs — (L2/f)dLy = 0 we obtain

dLy  1-—(L2/f)
ALy~ 1= (L/f)’

o M2 L= (La/)
ni 1—(L1/f)
On the other hand, the transverse magnification is given by
T2 1 L2 1
Vy = — = -_—— =,
k X1 f 1- Ll/f
and we find
Ve = @ ’Ut2.
ny

This proves that Herschel’s condition,

z1n1 sin2(91/2) = 2Ny sin2(92/2)7
and Abbe’s sine condition,

r1n1 sinf; = xano sin by,

are incompatible for 6; # 65, because they yield

ny sin2(91/2)

U = — — )
no sin?(6y/2)
ny sin 6

Vg = — — )
Ny sin By

ie v # (na/ nl)vt2 for 0, # 0. This fact agrees with the non-existence of non-trivial perfect
optical instruments, for which the two conditions should be fulfilled.

8.8 Lens defects and Seidel’s theory of aberrations

As we have seen, in Gaussian optics the mapping of the ray coordinates from plane Fj to F’
is given by

T = axo + bpy,

with ad — be = 1. (8.48)
P = cxo + dpy,

Within the Gaussian approximation the eikonal functions S¢ (x, o) and M¢(p, o) can be
determined up to irrelevant constants by solving for x, x( and p, x(, respectively:

(dx — x),

S o=

1
Dy = g(w —axy), p=
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and since 0S¢ /0x = p and 0Sqg/0xy = —p,, we find that

1
Sa(x, xg) = %(de —2x - xo + ax?) + const. (8.49)

Obviously, S is only defined for b # 0, i.e. when F' and Fjy are not conjugate. Similarly, one
finds

1 1
Po= (P —cxo), @ = (@0 +bp),
and since OMq/0p = —x and OM¢/0xo = —p,, we obtain for the mixed characteristics
within the Gaussian approximation:
1 2 2
Mc(p,xo) = —2—d(b19 +2p -z — cxp). (8.50)

Mg is defined even for b = 0. In a similar way we get

Ta(p.po) = —2%(611)2 ~ 2pp, + dp}). (8.51)
We now assume that, in a Gaussian approximation, the planes Fj, and F' are conjugated
and we want to determine systematically the defocussing effect of the next-to-leading terms.
This is called Seidel’s theory of aberrations.
A suitable quantity for this purpose is the mixed characteristic M (p, &), which we write
in the form

M(p7 mO) = MG(p7 wO) + Ml(p7 EB())
1
= ﬁ(cmg —2p - xy) + Mi(p, x,), (8.52)

where M, contains terms in p and xy which are of higher than second order. (Since Fj and
Fy are conjugate, we have b = 0 in the Gaussian approximation.) Because of the rotational
invariance of the system, M can only depend on the invariant terms u = wg, v = p2, and

w = 2x - p. The lowest non-trivial contributions in a Taylor expansion of M are of the form
Mi(p,®o) = —[1Fu?® + 1 Av? + 1(C — D)w? + $ Duv + 3 Euw + 3 Bvw). (8.53)

Note that, due to the rotational invariance, there are no terms of third order. From this we get

oM OMg OM; 1
e = Ax == Azx. 8.54
ap op op TG + Ax d-’Bo + Az ( )

xr =

While x = (1/d)x is independent of p, the expression Ax = —9M; /Op will, in general,
depend on p such that the system is no longer focussing. The deviations will increase with
increasing xy and p. A short calculation gives

oM,

A =

= [Bu+ §Bv+ 3(C — D)wlzy + [Av + Du + § Bw]p. (8.55)



8.8 Lens defects and Seidel’s theory of aberrations 141

The relevance of the different contributions becomes most obvious in polar coordinates for p:

xy = (70,0),  p=p(cosp, siny),
ie.
U = xg, v =p°, w = 220p COS P,
and
Azy = Ap? cos g + 1 Bp?mo(2cos® ¢ + 1) + Cpx cos p + Exj, ©56)
Azy = Ap®sinp + 2 Bp*zgsin ¢ cos ¢ + Dpad sin . .
Here we have ordered the terms according to increasing powers of xo and decreasing powers
of p.
e The first term,

Azt = Ap®p, (8.57)

is called spherical aberration. 1t is independent of x( and can be suppressed by a small
aperture such that only rays that are almost parallel to the axis can pass.
e The second term can be written in the form

(AzB, AzB) = %szxo(Z + cos 2¢p, sin 2¢p). (8.58)
Keeping zo and p fixed, which may be realized by a screen with a circular aperture,
(Azf, Azf) describes a circle of radius § Bp®zo and central point (2 Bp*z,0). If p
is varied within the interval 0 < p < p, one obtains a picture like that in fig. 8.15. The
corresponding image defect increases with zgp? and is called coma (presumably because
of its similarity with a comet).

Figure 8.15: Coma is a type of aberra-
tion that deforms the image of a point in a
characteristic way.

e The third term,

(Axlc, AxQC) = ng(C’ cos p, Dsiny), (8.59)

is called astigmatism (“having no point”). Keeping z¢ and p fixed, (Az{, AzS) de-
scribes an ellipse, which degenerates to a circle for C' = D. If one tries to improve
focusing by a small displacement L of the image plane, one finds

(A2, Azk) = ((Cxf + L)pcos, (Dzg + L)psing) . (8.60)
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As long as C' # D, the two terms Az|® and Az cannot vanish simultaneously. As
a result of astigmatism, the image of xy is not a point but consists of two mutually
orthogonal image lines of length 2|C' — D|x2p. Their respective distances from x are
—Cx% and — D22

e Finally, the last term in eq. (8.56) has the form
Ax = Ex%:co. (8.61)

It is independent of p and thus does not influence the focussing properties of the system.
However, it results in a distortion of the image. A rectangular net is mapped onto a
distorted net like the ones shown in fig. 8.16. Depending on the sign of E, one speaks of
a barrel distortion (E > 0) or a pin-cushion distortion (E < 0).

Figure 8.16: Barrel distortion (left)
and pin-cushion distortion (right) of a
rectangular lattice.

Any of the above-mentioned aberrations can be avoided or suppressed by a suitable construc-
tion of the optical system.

Apart from these geometrical lens defects, we also have chromatic aberration, i.e. a distur-
bance of the image by a wavelength dependence of the refractive index. It can be suppressed
by combining different glass types. Furthermore, there are distortions due to diffractive effects,
which are beyond the realm of geometrical optics.



9 Geometric theory of caustics

In this chapter, we will first generalize the discussion on short-wave asymptotics to more
general partial differential equations. Then we will give a brief introduction to the geometric
theory of characteristics, Lagrangian manifolds, and caustics.

9.1 Short-wave asymptotics for linear partial differential
equations

Let

i i ) )
H (x —Ea) = A(z) + ; (‘E) Aiy i (8) v 5 ©.1)
be a general linear differential operator of order /V acting on scalar functions
u:R" — C.

If, in the differential operator, we replace all derivatives —(i/k)(9/0z7) by p; € R, we obtain,
for z,p e R™, a function H(z, p) : R?™ — C, which is called the symbol o f; of the differential
operator. We shall always assume that H(x,p) has a zero in p for any x € R™. For a linear
differential operator, H(z,p) is a polynomial in p. However, one may generalize the above
considerations to so-called pseudo-differential operators, for which H(x, p), as a function of
x and p, should not increase too rapidly.

For commutators of differential operators we find the important identity:

1
O[A,B] = E{UA’O—B} + O(k),

where {0 4,05} is the Poisson bracket of the symbols. This relation is fundamental for the
theory of the classical limit of quantum mechanics.
We are interested in the asymptotic behavior of solutions of the partial differential equation

H (J:, —%3) u(z) =0 9.2)

for large values of k. As explained in chapter 7, we insert the following ansatz into the differ-
ential equation:

: 1
u(@) = @) e, (@) = po(@) + per(e) + - 9.3)

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5
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In this way we find differential equations for the quantities .S and ;. We will discuss the first
two orders in 1/k explicitly.

The ansatz (9.3) is well known in the theory of quasi-classical approximations to quantum
mechanics and goes by the name of the WKB ansatz for the wave function. In this context, the
variable k is replaced by 1/, the inverse of Planck’s constant. The relation between classical
mechanics and quantum mechanics is the same as the one between geometrical optics and
wave optics.

If, for arbitrary £ € R™, we define the operator

0
D= fj%, 949
j

we obtain immediately that

_%Deiks — eikSDS,

. 2 .
(;D> olkS — gikS <(DS)2 - ;D25> , 9.5)

(1) s 2 fsy -1 (S)osromrs o ().

Furthermore, Leibniz’s rule tells us

(%D) oy, eifS (9.6)

) i[fr i 1
— (kS {(DS)TgOk - <2) (DS)T72DQS<,O;€ — %T(Ds)rilD@k + 0O <k‘2) } .

In the explicit calculation of H (x, —(i/k)d) s e*°, we encounter terms of this form, and we
finally obtain
H (x, —18) o e
k
= H(z,08)00— = |z —— ——— — =
¢ { (@, 05) 0 k [2 OpiOp; Ox‘Ox’ o+ Op; Ox*
1 1
+ 3 H(z,08)01 +0 (k—2) } . 9.7)

In zeroth order we find the so-called characteristic equation
H(xz,0S8) =0, 9.8)
and in first order the transport equation

OH (x,08) dpo(x) n 1 0?H(x,08) 02S(x)
Op; ozt 2 Op;Op; Ox'0xI

po(x) = 0. 9.9)
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The special case we discussed so far is Helmholtz’s equation,

- (%A + %n2> u=0, 9.10)

and it is of special importance for optics.
In this case, the symbol function is given by

H(z,p) = ip* — in% 9.11)
The characteristic equation,
$(VS)2—in? =0, 9.12)

is the eikonal equation, and the transport equation reads
VS - Vo + 5p0AS = 0. (9.13)

It agrees with eq. (7.22) given in chapter 7.
The solutions of the characteristic equation (9.8) and the transport equation (9.9) can be
obtained from the Hamiltonian system of ordinary differential equations:

9H(z,p) . OH(z,p)

opt ! Ox?
On the other hand, a solution of the characteristic equation leads to solutions of the Hamilton-
ian system, which again shows the connection between wave theory and classical mechanics.
In the next section we shall see that the following problems are intimately related.

i,i

A) Solution of the linear partial differential equation of nth order:

H (x,—%@) u =0,

for large values of k.

B) Solution of the characteristic equation, i.e. the nonlinear partial differential equation of
first order:

H(z,05) =0,
as well as the transport equation.

C) Solutions of the nonlinear system of ordinary differential equations:
. OH . 0H
€T = 3_;0’ p= T o)
which are sometimes called the characteristics for the differential equation A.

These relations will be explained in the following sections. As an aside we note that this theory
can be generalized to linear partial differential equations for m-component vector functions:

u:R" — C™.

However, for this complicated case, one has to introduce m eikonal functions S;
(i=1,...,m).
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9.2 Solution of the characteristic equation

In this section, we will describe the relation between the solutions of Hamilton’s equations,

_ OH )

-0

T = ap;” pi = ot 9.14)
and the characteristic equation

H(z,08) =0. 9.15)
For Helmholtz’s equation (9.10), the corresponding Hamiltonian system,

T =p, p=1vn? Le. &=1Vn? (9.16)

is just the “equation of motion” for light rays. In general, the following theorem holds.

Theorem 9.1. Let S(x) be a solution of the characteristic equation H(x,0S) = 0, and
let (x(7), pi(T)) be a solution of the Hamiltonian system i* = OH /Op;, p; = —OH /dx*
with initial conditions: x°(0) = z¥, p;(0) = po; = (05/0z%)(x0). Then, along the solu-
tion trajectory, we have p;(t) = (95/02")(x*(7)). Furthermore, S(x(1)) = S(x(0)) +
i dr' il (7).

Proof: We consider the path Z(7), which follows from the differential equation

i OH (_, . 05 _
F =5 (30, St
with the initial condition Z(0) = z;. In addition we define

- oS -
pi(r) = 5 5(@(7))  suchthat  pi(0) = poi-

We will show that (Z(7),p(7)) is also a solution of the Hamiltonian system. Because the
solutions of ordinary differential equations are determined uniquely by the initial conditions,
we have (1) = Z%(7) and p;(7) = p; (1) = (05/02)(x(7)).
The first part of Hamilton’s equations,
3 oOH
z(r)=
(7) = 5

(#(7), p(7)), ©.17)

follows immediately from the definition of Z* and p;.
From the eikonal equation, H (x, 0S) = 0, we obtain by differentiation

OH OH 028

=0.
8pj

So, the second part of Hamilton’s equation is also satisfied:

~ doS,..  0°S . 0°S(x) OH (. 9S OH
Pi= 300" = Gwioa ~ 0w 0w dp; (”5 %@")) = gm P O19)
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For Helmholtz’s equation we have & = p, i.e.
&(r) = VS(z(7)); (9.19)

once more we find the light rays to be the orthogonal trajectories to the surfaces of constant
phase.

Conversely, we can use the solutions of the Hamiltonian system for solving the “initial
value problem” of the characteristic equation.

|I_ -
L
f'i‘tx Figure 9.1: Construction of a solution of the eikonal equation from an (n — 1)-
/; dimensional hypersurface.

Let F' be an (n — 1)-dimensional hypersurface in R™ defined by the equation Sy(x) = 0
(see fig. 9.1). Introducing local parameters y € R" 1, the surface can be written in the form
x = x(y) such that we have Syp(z(y)) = 0 identically in y. For each point z(y) on F we
define p(y) = (0So/0x)(x(y)). Furthermore, the Hamiltonian function should vanish on F":
H(z(y)),p(y)) = 0.

We now consider solutions of the Hamiltonian system that start from the point z(y) € F’
with initial momentum p(y), i.e. functions £(7, y) and 7 (7, y) for which

) = S €Ay, Sy =G En ). 020

and

€0 =), 7(0.9) = (1) = 20 (aly).

We now assume that 9¢/07(0, y) is nowhere tangential to F'. In a certain neighborhood of
the initial surface F, each point « € R™ lies locally on exactly one trajectory £(7,y). For not
too large values of 7, the mapping

§: (1) — &(my) eR” 9.21)
is invertible and smooth, i.e. it is a diffeomorphism. Under these conditions the Jacobian ma-
trix

23

0
i (Ta y)7 ceey WOU y)) (922)

De(r) = (G (ra 5

Loyt
is an invertible n X n matrix and the Jacobian determinant

J(7,y) = det DE(7,y) 9.23)
satisfies J (7,y) # 0.
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If the values of T become larger, the mapping £(7, y) may no longer be a diffeomorphism;
in particular, there may be “critical” points 79, yo where J (70, yo) = 0. This case, where paths
&(7,y) with infinitesimally neighboring parameter values y intersect at a point & (79, yo), will
be of interest in our discussion of caustics.

Right now, we only consider a neighborhood of F' where £(7, y) is a diffeomorphism.

As an identity in 7 and y we find

H((r,y),7(1,y)) =0, 9.24)
because for 7 = 0 this is a consequence of the initial conditions, and

_OH. OH. OHOH OHOH _

Differentiation with respect to y yields

OH 0 0H 0
%(5(7—7 y)7 ﬂ—( ))85 + a_p(g(Ta y)a 7T(7—7 y))a_;r =0. (925)

The idea for solving the characteristic equation using the solutions &(7, y), (7, y) consists
in constructing the solution S(x) from the curves £(7,y) which start at the surface F', such
that the level surfaces of S have 7 (7, y) as their normal. For this purpose, we make the ansatz

So6(r) = S(E(ra) = [ dr'wlr' ) 55 (7). 0.26)
If we can prove that

o8

%(5(7, y)) =7(&(1,y)), 9.27)

we have also proven (because of eq. (9.24)) that .S is a solution of the characteristic equation
with the initial condition S(z(y)) = So(z(y)) = 0. The chain rule gives us

) o€

5,008 = (E) o (9.28)
and

0 0¢

3506 = (5) o (9.29)
Since D¢ is invertible, we only have to prove that

0 o€

5008 =m5" (9.30)
and

2505:77%. (9.31)

dy
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Identity (9.30) follows immediately from the definition of S (eq. (9.26)). Concerning
eq. (9.31), we first find for 7 = 0:

2 50€(0.4) = 2-S(+0) = 5-So(e) = P 5 = 709 T 0.0)

due to the initial condition, and it remains to prove that

o0, o€
b= 7 (7ay)

However, we have that

90 9 9
or 51/ °t= 3_y 8—5 °c
85 (because of eq. (9.30))
ay n e q. 9.

_omOH 0 ¢

e because of Hamilton’s equations
=y op | "oroy (becau quations)

~OH 0¢ 9 9¢
~ w0y + a7 (because of eq. (9.25))
on 0¢ 0 0¢

= E 8_y + WE 8_y (because of Hamilton’s equations)

O¢
~or ( 8y>

which completes the proof. O

We find a second useful geometrical interpretation of our solution of the initial value prob-
lem for the characteristic equation by reformulating the problem not in position space but in
the 2n-dimensional phase space:

P={(z,p)|z,peR"}.

A submanifold A c P is called isotropic if the 2-form

w= Xn:dzi/\dpi = —deidxi
i=1

vanishes on this submanifold. This implies that, with respect to the bilinear form w(p), the
tangent space 7, A to A is an isotropic subspace (in the sense of section 8.6) of the tangent
space 1}, P of P for all p € A. An isotropic submanifold A of P with (maximal) dimension 7
is called a Lagrangian submanifold.

To the (n — 1)-dimensional initial manifold F' = {z | So(z) = 0} = {z(y)} we associate
the following (n — 1)-dimensional submanifold of the phase space:

F={ (st Srwn)} < ©32)
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F is isotropic, because on F' we have

pidat = 90 (a(y) da'(y) = dSo(z(v)),

and therefore

7=
For the same reason, the manifold

Ap ={(&(r,y),7(r,y))} C P, (9.33)

which one obtains by combining all solution curves of the Hamiltonian system starting on F,
is a Lagrangian submanifold of P:

i dzi|AF —mde = 85

For any fixed value of 7 = 79, the (n — 1)—d1men51onal submanifolds

Fr, = = {(&(70,y), m(70,9)) } (9.34)

are isotropic and we have 130 =F.

This formulation of the initial value problem of the characteristic equation suggests the
following important generalization: Not every (n — 1)-dimensional isotropic manifold can be
written as

ﬁ - {((ﬂ,p)

A counter-example is the following (n — 1)-dimensional manifold associated to a given point
zo€eR™:

Fy = {(z,p) | © = 0, H(x,p) = 0}.

This manifold is also isotropic, because dxi‘ = 0.

S
So(z) =0, p= 8;} (9.35)

Again we can use the solution trajectories starting on f‘mo,

E(ry),n(r,y),  £0,9) =z, 7(0,9)=ply),  H(zo,p(y)) =0,

for the construction of a Lagrangian submanifold A, and for the determination of a solution
S(z,xo) of the characteristic equation. However, S(z, o) will no longer be differentiable at
the point x = xg.

In this case, one considers all curves £(7, y) emanating from a point x instead of a mani-
fold F' and constructs the solutions of the eikonal equation as the level surfaces of .S orthogonal
to 7(7,y) (see fig. 9.2).

For Helmholtz’s equation, this solution S (&, () is just the point characteristic. Because
(VS)? = n?, we find in a vicinity of & = x the solution S(z, o) to be of the form

S(@, o) = n(xo)|x — wo| + R(x, x0), (9.36)

where R(x, x) is regular at x = ¢ and R(xg, o) = 0.
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Figure 9.2: A solution of the eikonal equation, which is orthogonal
to the momenta of all characteristics emanating from a point xo.

9.3 Solution of the transport equation

A solution of the transport equation,

OH dpo 1 0°H 928 -
o, (z,09) o | 29p, 0p, (z,09) W@o(ﬂﬁ) =0, (9.37)

with the initial value problem

vo(z(y)) = ¥(y), (9.38)

can also be constructed (at least locally) from the solutions ({(7,y), 7(7,y)) of the corre-
sponding Hamiltonian system.
Obviously, the first term in eq. (9.37) can be written as

d Do OE* 0H 0
(€)= S G () = 56 0S(E) 5 ©) ©.39)

K2

The second term in the transport equation is closely related to the distortion of the volume
element J (7, y) = det DE(T, y) due to the flux
0¢ OH
—= = ——(£05(¢)). 9.40
5 = 5 (95() 9.40)

As is well known, the relative volume distortion is given by the divergence of the vector field
on the right-hand side, i.e.

1d7 & 0H O*H 9*H S

Therefore,
1 0°H 0°S L d&vJ 1 0*H

1 05 1 , 41
20p;0p; 0x* 0xd /T dr 2 Op; Oz’ 41

and for the transport equation along the paths (7, y) we can write

d 1 dVT 1 0°H
ar (V008 + g0 o€ = 5, (95Ot

or

4 (Tg008) 1 °H
dr (\/790005) 28pi8:13i

(§,05(8))-
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By integration we find

wo(&(T,y)) =

VI0,y) Ty OPH /
SIED 0] [ ar o (66 ) 05 )
(9.42)

For the eikonal equation and, more generally, whenever the operator H (x, —(i/k)0) is for-
mally self-adjoint, the term 3 (9?H /Op; dz") in eqgs. (9.41) and (9.42) vanishes.

In this case, up to terms of order 1/k2, we obtain for the equation H(x, —(i/k)0)u = 0
the solution

VIOE) ))) eH56e) 9.43
e o 0@ : 0.43)

which is valid as long as £(7, y) is a diffeomorphism. In this formula, 7(x) and y(x) are values
for 7 and y that are uniquely determined by the condition £(7(z), y(x)) = «. Notice that the
amplitude tends to infinity at the critical points where J = 0.

Looking again at Helmholtz’s equation, the equation for (d/dr)+/7 simplifies to

| VT

which is in agreement with the result we obtained in section 7.3. Energy conservation makes
the factor 1/4/7 in the solution plausible.

As we explained in the previous section, we can construct the solution from the isotropic
submanifold

u(r) =

Fﬂﬁo = {(-T,p) | Tr = xo,H(xo,p) = O}
We obtain a function
G(z,x0) = A(z, x0) kS (@) (9.45)

which for x # x( solves the equation
H (x —ia) G(z,20) =0 (9.46)

up to terms of order 1/k? and which has a well-defined singularity at z = z.
These relations will now be studied in more detail for the case of Helmholtz’s equation:

1 n?

For a constant refractive index, n(x) = 1, the light rays passing through x are given by

6(7_7 p) =xo + 7P, 71—(7—7 p) =D, p2 = 17 (947)
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that is, S(x¢,x9) = |& — xo|. For 7 # 0 the mapping &(7,p) is a diffeomorphism and
J(7(x), p(x)) = const. x (x — x0)2. So we find

1

——_¢lkl@=ol (9.48)
|iL’ — (l?o|

Go(z, o) =
which is even defined globally as long as © # x( and which, for x # x, is an exact solution
of Helmholtz’s equation (not only up to terms of order O(1/k?)). Taking into account the
singularity at @ = x(, one finds

(A + k?)Go(, xy) = —476(x — x0). (9.49)

Hence, G(x, z() is the Green’s function for Helmholtz’s equation.
If n(x) # const., we find similar relations. Close to = @ one obtains S(x,xg) =

n(xo)|x — xo| 4 regular terms, and /J (7(x, p(x))) = const. X |& — x| 4 regular terms.
Therefore, at x ~ x(, the function

G(x,xo) = A(z, x0) kS (@.@o) (9.50)

agrees with the “free Green’s function” G (x, xo) up to regular terms and is (at least locally
and up to non-leading terms in k) the Green’s function for Helmholtz’s equation, which in the
vicinity of * = x resembles an outgoing spherical wave.

At this point we will not proceed with a discussion of the equations for the quadratic and
higher orders in 1/k, which one obtains by inserting the ansatz (9.3) into the wave equation
(9.2). The initial value problem for these equations can also be solved by integration along the
characteristics £(7,y), 7(7, y).

9.4 Focal points and caustics
We now turn to a discussion of the situation in which the mapping

£:(1y) — &(1,y) R, 9.51)

constructed from the solutions of the Hamiltonian system, is no longer a diffeomorphism. In
this case, the solution curves (£(7,y), 7(7,y)) were defined by the condition that their initial
points at 7 = 0 are located in an (n — 1)-dimensional isotropic submanifold of phase space,
F c P. We have already mentioned two special cases:

(i) We start from an (n — 1)-dimensional surface of constant phase in space, F =
{z | So(x) = 0}, and construct the following (n — 1)-dimensional surface in phase
space:

F= {(z(y)m(y))

Solar)) = 0. ply) = 22 (e (y»}, ©0.52)

where we require H (z(y), p(y )) = 0. Here z(y) is a point of the (n — 1)-dimensional
surface F' = {x | So(z)} = 0, and p(y) points into the normal direction of F.
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(ii) In this second special case:

F = Fyy = {(2(y).0(v)) | 2(y) = x0, H(x(y), p(y)) = 0}. 9.53)
The initial point in space is fixed.

Those points x = £(7, y) for which
J(r,y) =det DE(1,y) =0 (9.54)

are called focal points of F, ‘and the set of all focal points, i.e. the set 3 of all critical values
of &, is called the caustic of F.

If x = £(7,y) is not a focal point, we know from the implicit function theorem that the
mapping ¢ is a diffeomorphism from at least a small neighborhood of the parameter point
(7, ) into a small neighborhood of x.

On the other hand, a focal point is characterized as the intersection point of neighboring
trajectories £(7,y) with infinitesimally different values of y. Neighboring initial points are
mapped onto the same point. However, the mapping (£(0,y), 7(0,y)) — (£(7,y), 7(7,y)) is
a canonical transformation, because it describes the time evolution of a Hamiltonian system,
and according to Liouville’s theorem such a mapping is volume-preserving in phase space.
Therefore, a contraction in position space must be accompanied by a stretching in momentum
space. In particular, if the Jacobian [J (7, y) vanishes at a critical point, the directions of the
different intersecting trajectories have to diverge. But as (7, y) is perpendicular to the wave
fronts, the different wave fronts will exhibit an irregular behavior at a focal point.

M}L tii

. _-t:“:::-_wz_x @:—_J--\/@)

Xg

™
~

Figure 9.3: A focal point for a surface F and for a point zg.

Fig. 9.3 sketches what happens in the above-mentioned cases (i) and (ii). In case (i), the
focal points of F' are also referred to as the focal points of F', and in case (ii), one speaks of
the focal points of point xy, which coincides with our convention of section 8.1.

The order of a focal point x = £(7, y) is defined to be n — r, where r = rank DE(T,y) is
the rank of the Jacobian matrix. Finally, for the curve segment for fixed y,

C={&(ny |0<T <7},

we define the Morse index 1(C) to be the number of focal points on C multiplied by their rank.
Here we assume that the end-point £ (79, y) is not focal.

Now we want to discuss the role of focal points and caustics in geometrical optics in more
detail. For a fixed value of y, the paths £(7,y) are geodesics with respect to the light metric
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dl? = n?ds?. Furthermore, we have { = 7, and according to eq. (9.19) the surfaces of con-
stant phase are perpendicular to the rays. Focal points are convergence points of neighboring
light rays. Focal points of lenses are focal points of order two.

Let C be a geodesic from x( to x, and such that z is not a focal point for z. If u(C) =
0, the path C is the shortest path from z to x. This is no longer the case for u(C) > 0.
For p4(C) = 0, the second variation [ (C) of the arc length is a positive definite quadratic
functional; in general, ;1(C) is just the dimension of the space where [" (C) is negative definite.
In a way, one may interpret ;(C) as the number of independent short-cuts for the geodesic
C. These relations form the basics of the so-called Morse theory, an interesting mathematical
area combining geometry and variational calculus.

Now, let F' be of the form (9.52). The fundamental principles of geometrical optics are
most obvious when the refractive index, n(x), is constant: n(x) = 1. In this case, Hamilton’s
equations read

E=m, =0, ie. £€=0 (9.55)

(see fig. 9.4). The light rays are straight lines perpendicular to the surface F' and can be written
as

&(r,y) ==(y) + N(y)7, (9.56)

where x(y) € I, and N (y) is the unit normal vector of F' at point x(y).

\ Figure 9.4: Focal points for a surface F' for n = 1.

The Jacobian matrix D&(T,y) has the form

ox ON Oz 8N> . ©.57)

De(r) = (N G5 4G 5+ o

The zeros of the Jacobian determinant are most easily determined by multiplying D&(7, y) by
the matrix

A= (N 0z Oz ) . (9.58)

Loyt ay?

Here Oz /0y* and dx/dy? are tangent vectors for F' and orthogonal to IN. So we know that
det A # 0 whenever y' and y? are a parametrization of F. We may even assume A to be
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positive definite. Since N - (0/0y’)z = 0 and N - (0/dy;)N = 1(9/9y")N? = 0, the
matrix ADE has the form
1] 0 0
0 ox Ox n ox ON |- (9.59)
—_— —— T*{ P
0 ayL ayk ayL ayk

Hence, we have reduced the problem to an investigation of the (2 x 2) matrix:

Oz Or i
oyt Oyk T Oyt Oyk

where we have used 0 = (9/0y*)[N - (0/0y")x]. In eq. (9.60), g;x is positive definite and
determines the metric on F'; it is called the first fundamental form of F'; and Ly is called the
second fundamental form of F.

By a suitable choice of parameters 3, we can arrange that, for any given point, g (y) =
d;1; an additional orthogonal transformation will make L;; diagonal. The two diagonal ele-
ments of L;j, are just the two principal curvatures, 1/ Ry and 1/ Ra, of the surface:

1— (7 R1 0
Dik:( (0/ ) 1(T/RQ)>. 9.61)

Dy, = = gik — T L, (9.60)

Note that the focal points of F' are just the centers of curvature of F'. Therefore, the Morse
index of a light ray C emanating from a point x(y) € F into a direction perpendicular to F
is just equal to the number of centers of curvature of the area segment around z(y) on C:
0<u) <2

Qualitatively, the situation does not change much if n(x) is not constant and the light rays
are no longer straight lines. The “centers of curvature” are merely determined by the geodesics
with respect to a different metric. In general, however, a light ray may pass through several
caustics, i.e. the case p(C) > 2 is also possible.

9.5 Behavior of phases in the vicinity of caustics

Looking at the local solution,
J(0,y(x))
T (1(x),y(z))

it is obvious that the amplitude gets very large close to a caustic, because J(7(x),y(x))
vanishes there. From the equation derived in section 9.3,

u(z) = P60, 5 4.0 (15 ). ©.62

1dJ 0’H 0’H 925(¢)
—— = ——(& 08 —(&,09(8)) —== 9.63
Far = oo © 05O + 5 5 (€05() 55 0.63)
which simplifies within the framework of geometrical optics to
2
147 _ o5 =AS, (9.64)

J dr ~ 0xi ot
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we see that because of 7(7,y) = (05/9z)(&(7,y)), the term (Om; /0x?)(£(T,y)) approaches
infinity at the caustics >: At non-focal points x, the direction of the ray 7 is determined
by x. At focal points zg, rays converge from different directions such that close to x( the
derivative (07 /0z) becomes very large and approaches infinity at the focal point. This leads
to a diverging amplitude.

The expression for u(x), given in eq. (9.62), is no longer valid on a caustic. However, we
can learn from this expression that there will be a rapid change of the phase — in the limit
k — oo even a jump — due to the change of sign of 7 when a caustic is crossed. At a focal
point of order r, the determinant .7 has an r-fold zero so that one expects for 7 ~1/2 a phase
factor (—1)" = exp(—imr/2). This phase factor has to be taken into account when the point x
on aray C lies beyond the first focal point.

F Figure 9.5: There may be several light rays from F' to x.

Furthermore, in general, there may be more than one ray emanating from the initial mani-
fold F to the point = (fig. 9.5). In this case, the local solution u(x) generalizes to

-3 wj 0.3 >>))|e<—iﬂ/2>ﬂ-wo<£<o,yj<x>>>eiksfm@(%z)- 009
(rj(z

Here the sum runs over all solutions (§(7, y;), (T, y;)) of the Hamiltonian system, for which

(€(0,y;),m(0, ) e F

are located on the isotropic initial manifold and for which
§(75, ;) = =

In eq. (9.65), p; denotes the Morse index of the curve segment
Ci={&(ry) | 0<7 <7},

and
S](l') = /0 ' dT/W(Tlayj)é(T/ayj)

is just the action along C;. This expression for u(x) is valid whenever = does not lie exactly
in the caustic for F.

The change of phase when a light ray traverses through a caustic was first observed by
L. G. Gouy in 1890. In Fresnel’s mirror experiment, a point-like source P illuminates two
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Figure 9.6: Sketch of the experiment of Gouy.

mirrors, which are inclined to each other at a very small angle (see fig. 9.6). One observes two
close-by mirror images, P, and Ps, of the point source, together with a system of interference
fringes resembling the pattern of interfering spherical waves emanating from P; and P5. If one
of the mirrors is replaced by a cylindrical mirror whose axis is parallel to the cut line between
the two mirrors, the interference pattern is shifted in exactly the way one would expect from a
phase shift of a plane wave of 7/2, depending on whether one looks at the pattern in front of
or behind the focal line of the mirror. If the second mirror is a spherical mirror, the change in
the interference pattern corresponds to a phase shift of 7.

9.6 Caustics, Lagrangian submanifolds and Maslov index

We will see that the geometrical interpretation of the wave equation involving the phase space
P, the isotropic (n — 1)-dimensional initial manifold

F={2(y),p(y)} = {(£(0,y),7(0,))} c P,

the isotropic (n — 1)-dimensional manifolds

ﬁTo = {(5(7—7?/)777(7—’ y)) ‘ T = TO} c P,

and the Lagrangian manifold
Ap ={(&(r,y),m(1,y))} c P

is particularly suited for the description of the caustics of F. _
If 7(1,y) = det D&(7,y) # 0, ie. if x = £(7,y) does not lie on the caustic of F', the
transformation (7,y) — £(7,y) is a local diffeomorphism, and instead of (7,y) we may as
well choose 2 = £(7,y) to be the local coordinates on the Lagrangian manifold A z. In other
words, if z = £(7,y) does not lie on the caustic, the projection
&), 7(7y)) — &(7,9)

pr: Az — R", (9.66)
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2 Figure 9.7: Phase space description of caustics.

of Az onto the position space R™ is a local diffeomorphism. Looking at the problem this way,
the caustic 3 ¢ R™ turns out to be the set of critical values of the projection pr.

The set X c Az of points ({(7,y), 7(7,y)) for which J(,y) = 0, and for which ¢ is not
a local diffeomorphism, is exactly the set of critical points of pr, and the caustic 3. results as a
projection from ¥ : pr(X) = X (see fig. 9.7). If

(xO(Tv y)a ’/TO(Tv y)) - (x()vp()) = (x(l)v LR xgap(lJa s 7p2) ex (967)

is a critical point of pr, the components of = are no longer permissible as coordinates on
A . For zq a focal point of order one, there will exist local coordinates for a neighborhood

of (xo,po) € Az that are of the form (py,2?,...,2™), and z; will be a function of these
coordinates, z* = z!(py,2?,...,2™), such that (9z'/dp1)(pY,...,z5) = 0. Depending on
the sign of (9x'/dp1)(pY, 22, ..., xY), it is, at least locally, possible to say when a point

(x,p) € Ag \ X is on the “positive” or “negative” side of Az.
For generic A, the following general result due to Maslov holds:

e The set of critical points SeA 7 consists of (n — 1)-dimensional submanifolds and
boundary components of dimension (n — 3), (n — 4), .... There is no component of
dimension (n — 2).

e X divides A # into a positive and a negative part.

Let 5 now be a path in A z with initial point (21, p;) and final point (x2, p2), which either
does not intersect 3 at all or which intersects it transversely, i.e. with a non-vanishing angle
(see fig. 9.8). For each point (z%, y®) in the intersection of ¥ with X, we define n,(7) = £1,
depending on whether 7 traverses the critical subset % in (z%, p®) from the negative to the
positive side of Az or vice versa. The Maslov index fi(7) of the path 7 is now defined by

iA) = na(¥), (9.68)

where the sum runs over all intersection points of 7 with .

It seems plausible, and can indeed be proven, that n2(7y) does not change under continuous
deformations of 7 as long as the initial and final points remain fixed. In defining the Maslov
index, one can even get rid of the transversality requirement for the intersections of 4 with .

In particular, let 4 be of the form

3 ={(&(r,y),7(1,9) |0 < T < 70, ¥y = Yo},
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then the projection

y=pry={{(r,y) [0 <7 <70, y=1y0}

is a “light ray” in R", and for positive definite (9>H/dp; Op;) we have

In this case, the Maslov index of 7 is equal to the Morse index of . However, a general path
in Ap cannot be projected onto light rays in R™, which makes the Maslov index an important
generalization of the Morse index.

The expression for the solution u(z), which we presented in section 9.5, becomes ill-
defined for x € ¥. The geometrical theory of caustics, which we have just discussed, helps in
the explicit construction of the solutions close to caustics. The strategy is briefly described
below:

1. One chooses a suitable Fourier transform such that one can represent the wave equation
H(xz,—(i/k)V)u(x) partly in position and partly in momentum variables, i.e. using the
variables

(p17l'27 s 7xn)'

2. In the new variables, one makes a short-wave expansion,

S 2 .n
u(pl,xg,...,x") = cp(pl,mQ,...m”) elkS(p1,a”,..a™)

and calculates S and © up to order 1/k.

3. By performing the inverse Fourier transformation, one can represent the solution in posi-
tion space.

For Lagrangian manifolds, Arnol’d has determined normal forms for 3 and ¥ when they can
be represented, up to equivalence, as polynomials of order < 6. For these cases, the strategy
just outlined yields standard integral expressions for u(z) in the vicinity of a caustic.
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9.7 Supplementary remarks on geometrical short-wave
asymptotics

Up to now we have kept the presentation of the geometrical optics of short-wave asymptotics
and the geometry of caustics as elementary as possible and have deliberately made no use
of elaborate concepts from differential geometry. For the interested reader, in this section
we want at least to sketch the differential geometric formulation and generalization of the
results obtained up to now. Some supplementary remarks concerning the geometric short-
wave asymptotics will follow.

Concerning the mathematical tools, the interested reader is referred to textbooks on differ-
ential geometry. However, we should emphasize that this section as well as sections 10.8 and
10.9 of the following chapter will not be needed for the rest of this book.

In the preceding sections we proceeded from the phase space

P={(z,p)| z,peR"} =R*"

on which the symplectic form
w= da'rdp; (9.69)
i=1

is defined. The generalizations of these “flat” phase spaces are symplectic manifolds:

Definition 9.1. A symplectic manifold (P,w) is a (C°°-) manifold P, on which a closed and
nowhere degenerate 2-form w is defined. That is, dw = 0, and the antisymmetric bilinear form
w(m) on the tangent space T,, P of a point m is non-degenerate for all m € P.

Symplectic manifolds always have even dimensions.

Definition 9.2. A smooth bijection ® : P +— P is called a symplectic transformation or
canonical transformation if w is kept invariant (i.e. if ®*w = w).

Already in chapter 8 we mentioned the following theorem:

Theorem 9.2 (Darboux’s theorem). Every point of a 2n-dimensional symplectic manifold
(P,w) has a neighborhood U on which one can choose coordinates x*, p; such that the sym-
plectic 2-form w assumes the form (9.69).

Because of Darboux’s theorem, the results obtained for P = R?" hold locally for any
symplectic manifold. The notion of a Lagrangian submanifold (see section 9.2) also applies
to arbitrary symplectic manifolds.

If we want to generalize the short-wave asymptotics for linear differential operators from
flat space R™ to an arbitrary manifold @, or if we want to consider mechanics on an arbitrary
configuration space (), the corresponding phase space is just the cotangent bundle T*() of the
manifold Q.

The cotangent space T7; @ of () at a point g € () is the dual space of the tangent space T;,Q).
If we denote by z the local coordinates on @, the differentials da’ provide a basis for all
cotangent spaces in the validity range of the coordinates.
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So, we obtain coordinates on 7*(@Q by complementing the coordinates x*(g) of a point g
by the components p’ of the cotangent vectors v = Y | p* dz’(g) in q.
The projection

TQ — Q (9.70)

is defined in such a way that each cotangent vector at a point ¢ is associated to its base point
q. Using coordinates x and p, we simply have

m(z,p) = x. 9.71)

On 7@ is defined a canonical 1-form # which in coordinates x and p reads

6= Zpi dz®. (9.72)

Independent of coordinates, we can define the 1-form 6 by the following identity, which should
hold for every (¢, ) e T*@ and every v e TT*Q:

0(g,0)(v) = a(mv). (9.73)

In a natural way we can make the cotangent bundle 7 () into a symplectic manifold by intro-
ducing the closed and nowhere degenerate 2-form

w = —de. 9.74)

The coordinates x and p turn out to be Darboux coordinates on 7*() because
w=—df = fdz p; da’ = Z dz’ A dp;. 9.75)
i=1 i=1

In general, (P,w) is called exact symplectic if w is not only closed but even exact, i.e. if a
I-form 6 exists such that w = —d6f. Hence, in a natural way cotangent bundles are exact
symplectic manifolds. The symplectic manifolds we will encounter in this book will always
be cotangent bundles.

The asymptotic expansion of solutions of linear partial differential equations on mani-
folds @ can always be formulated on P = T*@Q. The symbol function H (z,p), defined in
section 7.1, now becomes a function on 7*Q. If S : @ — R is a function on @, the 1-form

ds: Q — TrQ (9.76)
is a function with values in 7). Writing the characteristic equation (9.8) in the form
HodS=0 9.77)
also leads to an interpretation on 7%(Q).
Hamilton’s equations,

oH oH
= b = —— 78
op; D Oz (9.78)

i,i




9.7 Supplementary remarks on geometrical short-wave asymptotics 163

are the equations of motion on 7*(Q). As we described in section 7.2, one obtains a La-
grangian submanifold A ¢ 7*(Q by starting from an isotropic (n—1)-dimensional submanifold
FcH™! (0) and solving Hamilton’s equations (9.78). The only requirement needed is that the
solution curves of eq. (9.78) leave ﬁ, i.e. that the vector field

OH 0H
Xy = (a_p’ _8_q> (9.79)

is transverse with respect to F.As in section 9.6, 3 is the set of critical points of the projection

7m: A — @, and the caustic ¥ = 7(X) is the set of critical values of 7. Away from the critical
points, A has the form

A= {(Lp)

p= 6—5} cT*Q, (9.80)
ox

where S is a solution of eq. (9.77). S can also be generalized to a function S on A where

Som=23. 9.81)

Even the amplitude g in the short-wave expansion of the solutions of the partial differential
equation may be reinterpreted as a function ¢ on the Lagrangian manifold A c T*@Q.

Because of eq. (9.39), the transport equation (9.37) appears in this view as the projection
of an equation on A. For given initial values for ¢ on the isotropic (n — 1)-dimensional sub-
manifold F ¢ H~? (0) nT* @, one obtains ¢ on A along the solution of Hamilton’s equations
(9.78).

Therefore, the entire short-wave expansion “lives” on A rather than on (). In the sequel of
eq. (9.41), it turned out to be convenient to extract from ¢, the square root of the Jacobian
determinant 7. Using a coordinate-free geometrical language, this suggests the use of so-
called half-densities on A. This means the following: We first define an r-density on an n-
dimensional vector space V' as a complex-valued function p : A"V — C on the nth exterior
power of V, having the homogeneity property

p(tv) = [t|"p(v) (9.82)

for v e A"V . Because A"V is one-dimensional, the r-densities form a one-dimensional vector
space Q,-(V). By definition, half-densities on V have » = 1/2. Let M be an n-dimensional
manifold, then the half-density bundle

Qjo(M) = | QT M) (9.83)
meM

is a complex line bundle on M with obvious topology. Half-densities on M are sections of the
bundle 2, /5(M); they may be interpreted as square roots of n-forms on M.

These considerations suggest the interpretation of the asymptotic expansion of the solution
as a half-density on A. However, this is not sufficient, because the phases that occur in the
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expansion (9.65) and are due to crossings of the critical set ¥ or the caustics ¥ have not yet
been taken into account.

It turns out that we have to introduce an additional line bundle on A, the so-called Maslov
bundle M (A). A Maslov bundle is a vector bundle over A with a complex one-dimensional
fiber C. However, this time the structure group is Z4 and it contains the information about the
additional phases.

So, the asymptotic solution is a section in the tensor product €2,,/5(A) @ M(A) of the
bundles of half-densities and the Maslov bundle over A. The asymptotically leading part of
the so-defined solution is called the symbol of the solution u(z). The relation of this definition
with the notion of a symbol of differential operators will be explained in section 10.9.

We want to sketch briefly the definition of a Maslov bundle M (A) and, in this context,
comment on a second way to introduce the Maslov index /i(¥) of a path ¥ in A. Additional
information may be found in the literature for this chapter, in particular in the book and article
of Guillemin and Sternberg and in the thesis of Meinrenken. First, however, we have to explain
briefly the invariants of Lagrangian subspaces L c V' of a symplectic vector space (V, 7).

Any two Lagrangian subspaces L, L' ¢ V can be transformed into each other by a sym-
plectic transformation. A pair of Lagrangian subspaces L1, Ly c V can be transformed into a
second pair L}, L ¢ V only if dim(Ly n Ly) = dim(Lj n L}). For a triple of Lagrangian sub-
spaces L1, Ly, L3, there exists exactly one more invariant apart from the four dimensions of
the intersections Ly n Lo, L1 n Ly, Lon Lg, and Ly n Lo n Lg. This invariant is the signature
s(L1, Lo, L3) of the quadratic form B defined on the exterior direct sum L; & Ls & L3 by

B(z1, 12, x3) = J (21, 22) + T (22, 23) + T (v3, 71). (9.84)

The signature s(Ly, Lo, L3) is locally constant and depends piecewise continuously on L1,
Loy, and L3. Now, let A ¢ T*() be a Lagrangian submanifold. At each point m € A we consider
three Lagrangian subspaces of the corresponding tangent space 1., 7*Q of T*Q:

1. Ly, is the space of vertical tangent vectors at 7*(Q) in m c T*@Q. By a simple identifi-
cation we find Lq,, = T;:(m)Q, where 7w : T*Q — (@ is the projection of the bundle

Q.
2. Loy, = T A s the tangent space at A in m.

3. Lg,, is an auxiliary space transverse to L1,, and Loy,: L3y, 0 L1y, = L3y, 0 Loy, = {0}

Let L3, be the set of suitable auxiliary spaces at point m € T*(Q), i.e. the set of Lagrangian
subspaces of T,,T*(Q that are transverse to L1,, and Lo,,.

For a sufficiently small open neighborhood U/ c A, we can choose the mapping m +— Lg,,
to be continuous. Furthermore, there exists a covering A of A of such neighborhoods. The
fiber M (m) of the Maslov bundle M (A) in m € A is defined as follows: M (m) is the complex
one-dimensional vector space of all mappings

¢ : £3m —C
with the property

¢( ém) = EXp{iiTF[S(le, L2m7 L3m) - S(L1m7 L2m> gm)]}w(LBm) (985)
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for all LY, L3y, € Lan,. Indeed, the properties of s guarantee that this defines a complex line
bundle over A with structure group Zy.
In order to define the Maslov index for a path 7 in A,

ﬁ:[ovl}*)/\a

we proceed from the above-mentioned covering .4 of A. By choosing sufficiently many inter-
mediate points,

O=to<t1 <---<tp=1,
we can always arrange that
Y([ti-1,t]) < Us

lies within the covering A for a suitable Uj.
The Maslov index fi(7) is now given by

- S(lea L2m7 LUi

1@ = =25 [s(Lim, Lam, L) i) sy (9.86)

k
m=%(t:)

i=1
One can easily show that this construction is well defined, i.e. that it is independent of the
choice of covering and the choice of intermediate points. In section 10.8, we will describe an

alternative way to define the Maslov bundle M (A) and the Maslov index fi(7).



10 Diffraction theory

10.1 Survey

Deviations from geometrical optics related to diffraction phenomena are due to the wave-like
nature of light; they are the subject of classical diffraction theory that we want to discuss in
the present chapter.

In section 10.2, we will start with some considerations concerning the principles of Huy-
gens and Huygens—Fresnel. The starting point will be the concept of a wavelet from which
any wave field can be reconstructed as long as at least one single surface of constant phase is
known. Huygens’ principle leads to the reconstruction of all surfaces of constant phase from
a given initial surface. As we shall see, this is a consequence of the eikonal equation for the
phase of a wave field. In addition, the principle of Huygens—Fresnel allows the reconstruction
of the total wave field, not only the surfaces of constant phase or wave front.

In section 10.3, we will gradually develop the method of stationary phases, which is one
of the fundamental tools in the treatment of wave fields with small wavelengths.

Kirchhoft’s identities for the solutions of the scalar wave equation as well as the justifica-
tion of the Huygens—Fresnel principle will be given in section 10.4. In applying the method of
stationary phases to the integral representation of Kirchhoff, we will recover the short-wave
expansion of the wave field derived in the previous chapter.

The theory of diffraction resulting from Kirchhoff’s identities making an approximate
ansatz also due to Kirchhoff will be the subject of section 10.5. The geometrical boundaries of
shadows follow from Kirchhoff’s diffraction integral using the method of stationary phases.
We will also describe the approximations to Kirchhoff’s theory derived by Fresnel and Fraun-
hofer.

Sections 10.6 to 10.8 contain applications of the diffraction theories of Fresnel and Fraun-
hofer. In the two final sections, 10.9 and 10.10, we will give more details about the symplectic
geometrical theory of wave fields. In particular, we will discuss the fundamental notions of
Morse families and Fourier integral operators.

10.2 The principles of Huygens and Fresnel

A quite illustrative and helpful concept for the description of wave fields turns out to be the
notion of wavelets, a form of elementary waves that are solutions corresponding to a point-like
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Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5
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disturbance of the wave field. For a constant refractive index they are given by

eik\mfw'\

G = 10.1
O(m7w) |w_m/|7 ( )
while in more general cases the Green’s function
Gz, ') = Az, ') F5®) (10.2)

is to be considered as the wavelet.

Huygens’ principle allows a geometrically intuitive construction of the surfaces of constant
phase (see fig. 10.1). Starting from a surface Fj of constant phase, we consider each point of
Fy as the origin of a new wavelet. All other surfaces of constant phase are now obtained as the
enveloping surface of the family of phase surfaces of these wavelets. We shall show that this
form of Huygens’ principle indeed follows from the eikonal equation for S.

Fo

Figure 10.1: Construction of wave fronts as the envelope of wavelets ac-

A cording to Huygens’ principle.

Consider a family of real-valued functions on R"”,

fa(z) = f(z,0), (10.3)

which depend on r < n parameters «. We define the envelope F'(z) as the unique function
which, for all z € R™, coincides in zeroth and first order with one of the functions in our family.
Hence, for all z, the level surfaces of F'(z) are tangential to one of the level surfaces from our
family.

The envelope function F'(z) has the general form

F(z) = f(z, a(2)), (10.4)

where «(x) tells us which of the functions from our family are tangential to F'(x). The condi-
tion of being tangential reads

oF - af
a_x(x) - %(x,a) aa(a)
Because
OF \_0f O (o 20
ax (.’L’) - ax (x,a) a:a(z) + aa (x,a(x)) ax )
we find
af Jda

%(% a(z)) 9 0,
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which for the non-degenerate case implies that
of
e

Therefore, we can determine «(z) by inverting this equation.
For our purpose, the wave front Fy will be given by Fy = {xo(y)} such that S(xo(y)) =
So. The family of wavelets with center on Fj is now

(z,a(x)) = 0. (10.5)

Sy(x) = So + S(x, @0 (y)), (10.6)

where y assumes the role of the family parameter. The enveloping condition reads

oS 0xg
, 2=, 10.7
e @ 0(1) - (107
i.e. py = —0S5/0x¢ has to be perpendicular to the surface F,. However, this is just the initial

condition for the characteristics that we used in section 9.2 for the solution of the initial value
problem of the eikonal equation:

7(x)
S(@) = S(aolw@) + [ dr'w(ryla) - 6 y(@)
= S0+ S, 20 (y(@))). (108)

Huygens’ principle can also be justified starting from Fermat’s principle. Later, Fresnel gen-
eralized Huygens’ principle of wavelets by showing that it is possible not only to reconstruct
the surfaces of constant phases but also to find a wave solution by superimposing all wavelets
emanating from some fixed surface of constant phase. Such a construction helped Fresnel to
understand why light in a homogeneous medium propagates along straight lines despite its
wave-like nature. This problem had been the reason why Newton eventually rejected the wave
theory of light in favor of a corpuscular theory (see chapter 1).

Let us consider a spherical wave originating from x( (see fig. 10.2). The wave surfaces
are spherical shells. The problem consists in explaining why an observer in x sees only light
rays coming along the straight line connecting « and x( but not light coming from, say, y,
although this point also emits a wavelet.

e N
/ ? P;}
) II
| A
| e |E 1y '%r
",. \ \.\?L'
\

N / . :

i N Figure 10.2: Construction of Fresnel’s zones.

Fresnel solved this problem by imagining spherical shells centered around = with radius
rn, = nA + p and looking at the intersection lines with the spherical wave surface, which
in this way are decomposed into so-called Fresnel zones (A = 27 /k is the wavelength). All
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points in a given zone Z,, have the same distance p+ (n — 1)A < r < p+ nA from @ and can
be considered as the origin of wavelets of the form

eiklwfy‘
Cr(x) oyl

(yeZy).
Here, C' denotes an as yet unknown normalization constant and x() an inclination factor
that takes into account that the strength of the spherical wave in y may depend on the angle
x between the normal direction of the wave surface and the direction & — y. From the inner
to the outer boundary of a Fresnel zone, the phases of the wavelets change by just 27. For
small wavelengths, the zones are also small, and it becomes plausible that, by interference,
the wavelets from the outer half of each zone just cancel with the wavelets from the inner
half of the following zone. Just the contributions from the inner half of the first zone and the
outer half of the last zone remain. Both are very small for small A, which explains the almost
straight propagation of light.

However, we do not observe the backward wave emanating from the last zone. Fresnel
took this into account by assuming the inclination factor to vanish, k() = 0, for x > /2.

Hence, the principle of Huygens and Fresnel corresponds to the assumption of an identity
of the form

eiklw_w(y)‘

u(z) =C [ df(y) s(x)u(z(y))

S 10.9
e e —z()] (109)

where we have to integrate over some wave front Fj.
For a test of this assumption, we calculate the integral for a spherical wave and the surface

|y| = const., |&| > |y|. For k(x) = 1, the integral can be calculated explicitly by elementary
methods:
ikly|  giklz—yl
e e
c df(y) =~
ly|=R ly| |z -yl
ik|y| 1 ik (22 2_9 <+ \1/2
—27C S |y|2/ deosy PR +y W‘”fgi ] (10.10)
ly| -1 (22 + y? — 2zy cos x)
27, elkl| ;
= 1 — 2ik|y| )
The best way to reproduce u(x) is by setting
ik i
C=— = ——. 10.11
2m A ( )

This coincides with an observation already made by Fresnel, according to which the phases
of the wavelets must lag behind the phases of the primary wave by 7 /2. Furthermore, the
intensity is weighted by a factor 1/\. (From the ansatz, it is obvious that C' must have the
dimension of an inverse length.) However, the expression we have just calculated contains an
unwanted “backward” wave coming from the rear side of the sphere, the phase difference with
respect to the forward wave being of the diameter of the phase surface. It must be eliminated by
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a suitably chosen inclination factor. Now the phase surfaces are given by spheres |x| = const.,
like one would expect from Huygens’ principle.

In the coming sections we will attack the problem of the range of validity of the Huygens—
Fresnel principle.

10.3 The method of stationary phases

The principle of Huygens and Fresnel as expressed in eq. (10.9) leads one to consider integrals
of the general form

I(k) = /d”y f(y) e*sW), (10.12)

In particular, we are interested in the behavior of these integrals in the limit & — oo. Intu-
itively, one would expect that for larger values of k the expression e*5(¥)  considered as a
function of y, becomes increasingly oscillatory such that the integrand will vanish in the av-
erage for most regions in y space. An exception to this argument will be neighborhoods of
stationary points yg of the function S(y). In the limit & — oo they should yield the dominant
contributions to I (k). Using three lemmas as intermediate steps, we will now confirm this in-
tuitive argument and derive a leading-order expression for I (k). In order to avoid convergence
problems for the integral, we will assume f(y) to have compact support.
We shall prove first the following corollary:

Corollary 10.1. If S(y) has no stationary point in the support of f, i.e. in the closure of the
set of points where f(y) # 0, then I1(k) decreases faster than any power of k:

Jim ENI(k)=0  forall N >0. (10.13)

Proof: We consider the differential operator

11 B
D= SO d; Sayj (10.14)

By assumption, S has no stationary point in the integration region and we find everywhere

|0S(y)||* = 0:S 8 # 0,

so D is indeed well defined. D is chosen in such a way that D e!*¥ = e*S_ The proof now

follows after partial integration:
I0) = [ vy () DY 5

1
/dn D|(N+1)f)( Je ikS(y) — O(W)’ (10.15)
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where the “adjoint” operator D' is defined by

( 0;5 > . (10.16)

1
TE_— _J=
D=3 %\ Taspe

ik 7

O

According to Corollary 10.1 it is sufficient to restrict the integration to small regions, each of

which contains only one stationary point of S(y). The error thus made vanishes faster than

any inverse power of k. The integral is additive in the contributions from the stationary points

up to terms vanishing faster than any power of k~~. As a warm-up for the general case, we
first consider one-dimensional integrals of the form

/ dt g(t) M2,

We have the following corollary:

Corollary 10.2. If g(t), ¢'(t), and ¢" (t) are bounded, the integral

10) = / dt g(t) e=M/2
exists for A\ # 0, Re A > 0, and is holomorphic for Re A > 0.

Proof: The idea of the proof consists of a two-fold partial integration such that the integral

to 5
/ dt g(t)e /2
t1

assumes a form where we can easily estimate its asymptotic behavior for large values of |¢1 ]|
and |¢3|. Because of

—)\t2/2 —_ _i i —)\t2/2 10.1
e v dte , (10.17)

we find

2 2 1 \d _,p
dt a(t —\t?/2 :/ dat (- = a4 —a?)2
/t1 g(t)e ) 9 ;e

1 t2 1 t2 g\’ 2
4 1 dt (_) —At2/2
Y . D) /t1 i)

1 —At2/2 " 1 (9)’ —A2/2
- t - =z
g(t)e 7)o@ .

Y
1 t2 1 197 .
+ 52 dtL(i) ] M2, (10.18)
t1

The uniform convergence of all terms for A # 0, Re A > 0 and the holomorphy for Re A > 0
are obvious. O

g(t) e—)\t2/2

2

ty
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Furthermore, we write

9(t) = g(0) + [9(t) — g(0)] = g(0) + th(?) (10.19)
and show the following corollary:

Corollary 10.3. For A # 0, Re A > 0 we have

/OO dt g(t) e /2 — 27”9(0) [1 +0 (i)} , (10.20)

where, by definition, 1/v/A = 1/+/|\] e 7%/2 when X is written in the form X = || e'¥.

Proof: The proof is straightforward. First, for real A > 0:

/)52 dt exp(—Mt?/2) = \/27/\.

According to Corollary 10.2 we may continue to complex values of A # 0, Re A > 0. Fur-
thermore, for Re A > 0 we have:

o 2 1 > d 2 1 © 2
/ dtth(t)e M /2 = __/ dth(t) — e M /2 = _/ dt b e /2,
—0 AJ s dt Ao

and the final integral is of the same type. g

We now come back to our integral

/ A"y f(y) e*SW).

We determine the contribution of one integration domain U that contains only one stationary
point yg of S: (05/0y*)(yo) = 0. In addition, we assume that the stationary point ¥ is regular,
i.e. the matrix of second derivatives,

" 928

(o) = m(yOL

(2

should be invertible: det S”(yo) # 0. In a sufficiently small neighborhood U’ e U, we can
introduce coordinates 2 with y(0) = yg such that in U’ the function S(y(z)) assumes the
form

S(y(2)) = S(yo) + 3Q(2) = S(yo) + 3(=2f — - =2 + 2}y + -+ 23).

We now have to determine

/ dz | J(2)|f(y(2)) exp[5ikQ(2)],
y(z)eU’
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where J = det 0y(z)/0z is the Jacobian matrix of the transformation. Because Q(z) has only
one stationary point z = 0, the error from extending the integration domain to the whole of
R™ vanishes faster than any inverse power of k. We only have to continue |.J|f(y(z)) in some

way to R”.
Furthermore,
0 oS 0y’
and thus
1 02 H?
+6,s = 397 950 Q(z) = 97 020 S(y(2))
%S oy' oy* oS o%y?

- Oyt Oyk (v(2) 0z" Oz° + Oyt (v(2) 02" 0z’
At the stationary point 3o = y(0) we have 95/dy" = 0 and, therefore,
[det S”(yo)| [ (0)]* =1,
ie.
|7(0)| = |det S” (yo)| /2. (10.21)

Putting all the results together we finally find the following theorem:

Theorem 10.1. Let f be a function with compact support and let S have only finitely many
regular stationary points y; within the domain of f. Then

[ syerse
_ (2%)n/2 Z exp[i(ﬂ/él) SignS//(yj)] Fy:) ik S () + @(k:_n/Q_l). (10.22)
vj |det S” (y;)]

Here, sign S” (y;) equals the number of positive eigenvalues minus the number of negative
eigenvalues of S” (y;).

As an example for the method of stationary phases, we consider the integral

elk(yl+lz—yl)
R
lyl=y [yl |z -yl

which we already calculated in the last section. The stationary points of S(y) = |y|+ |z — y|
can be read off fig. 10.2: S(y) is

minimal at Yo = Ma:, such that |yg, | + |z — yo1| = ||,
x

maximal at Y, = — T, such that |ygs| + |2 — ygo| = 2]y| + |x].
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If we define the 3-axis to be along x and introduce y; and ys as new coordinates, the
matrices of second derivatives are given by

||
S"(Yyo1) =~ L
y|(|z| ‘;‘Iy\) (10.23)
S =1
Wo2) = =1l + o)
such that, finally,
y ) _2mi e ey o(_). (10.24)
/Iy—y wle—ul  k Jal | ) i

In this case the method of stationary phases even yields the exact result (10.10). The two
stationary points correspond to the forward and backward waves.

10.4 Kirchhoff’s representation of the wave amplitude
Let u(x’) be a solution of Helmholtz’s equation:
[A" + E*n?(x)u(x’) = 0;
and let G(x, ') be the Green’s function describing an outgoing wave for x ~ x’:
[A" + E*n?(2')]|G(x, ') = —4nd(xz—2').
The following identity holds:
V'{u(x\V'G(z,z') — G(z,z')V'u(z')}

=u(z)A'G(z,x") — G(z, 2" )A'u(x)
= u(z)[A" + E*n?(2)]G(x, x') — G(z, 2" )[A + E*n?(2)|u(z)

= —4ru(z’)d(z—2'). (10.25)
Integration over some compact domain W with boundary W yields
u(x) =0 forax ¢ W,
1
u(x) = o df {u(z\V'G(z,z') — G(z, ') V'u(z')} forxzeW. (10.26)
T Jow

Here, the orientation of d ' is such that it points into W.

This identity for u holds for any Green’s function of the operator A + n2k?2. In particu-
lar, if we use the Green’s function Gp(«, ) for Dirichlet boundary conditions, defined by
Gp(x, ') = 0 for ' € OW, the second term in the integral vanishes and we see that u(x) is
already determined by its value on OW.

For physical applications there are more interesting domains than compact domains, e.g.
half-spaces or the regions outside closed surfaces (fig. 10.3), which we can think of as limits of
compact domains. We first add a boundary in the form of a half-sphere or sphere of radius R
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) o)

" r *\ . Figure 10.3: Two different non-compact domains where
shifed toinfinlty .~ Kirchhoff’s representation of wave fields is applied.

and then take the limit R — co. The contribution of this boundary tends to zero for R — oo,
if u(x) satisfies the so-called radiation condition. This condition means that u(x) describes
only outgoing waves, which is guaranteed if, for large values of |x|, the function u(x) can
be represented as a superposition of outgoing spherical waves whose centers are all located
inside a certain compact domain. For physically relevant situations, the radiation condition is
always satisfied. In this case, the representation of u () in terms of the values of v and n- Vu
on the boundary W, which is due to Kirchhoff, also holds for non-compact 1.

Even apart from the fact that OW is an arbitrary surface and not necessarily a surface of
constant phase for u(x), Kirchhoff’s representation of u(x) differs, at first sight, essentially
from the ansatz

u(m):/ df' Cr(x)u(z)G(z, z'), (10.27)
ow

which forms the basis of the Huygens—Fresnel principle.
The similarity reveals itself when we insert into Kirchhoff’s integral the ansitze of the
short-wave expansion:

u(z) = a(x) @), Gz, x') = Az, a') eF5@="), (10.28)

For both cases, the derivative of the exponential yields a factor k and thus the leading terms.
The other terms may be neglected as long as the amplitude varies more slowly than the
phases, e.g. if |z|, ||, and |& — &'| are large compared to the wavelength A and if caustics
are avoided.
Under these conditions we obtain from eq. (10.26):

ik

u() = ” B df’ (@) A(z, a:/)[V/S(iL', z') — V’¢(w')] cikle(z)+S(z.2")]
— o [ VSt - Vo) G, (10:29)
47 1%

Because ¢(x') and S(x, ') are solutions of the eikonal equation, we have
\V'S(z,2")| = |V'¢(z')] = n(z'). (10.30)

In order to compare with the Huygens—Fresnel principle, we now assume that the phase ¢ (')
of u is constant on OW. In this case we have df’ - V'¢ = df'n and df’ - V'S(x,2’) =
—df"ncos x(x'), where x(x') is the angle between the normal of the surface and the ray
direction of G(z, x') at point &’ € 9W . [The relations become particularly simple for the free
case, G(x, ') = e'F1®=2'l /| — x|, where the rays are straight lines.] We obtain

ik 1+ cos x(x)

u(x) = —— df' n(z") 5

o7 o u(x")G(x, x"). (10.31)
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We now see that the Huygens—Fresnel principle holds for small wavelengths where the short-
wave expressions (10.28) hold. Each wavelet contributes with a weight —(ik/2m)n(x’) =
—i/A, and, in particular, there exists a phase shift of — /2 with respect to the primary wave.
The inclination factor is x(x) = 3(1 + cos x). It differs from the inclination factor used by
Fresnel but it also leads to a suppression of the backward wave.

Applying the method of stationary phases to Kirchhoff’s integral (10.29) leads to inter-
esting insights. Let y € R? be a parameter for the surface. Then the condition for a stationary
point of ¢(z’(y)) + S(x, x'(y)) reads

ox’

[V'o('(y)) + V'S(x, 2'(y))] - oy 0. (10.32)

Therefore, the vector

Vo' (y) + V'S(x, ' (y) = p.(2'(v) — P& (z, ' (y))
=n(z)[ou(z'(y) — o&(z'(y))]

has to be perpendicular to W at point (x’(y)). Here, o, is the ray unit vector of the function
u(z’), and o, is the ray unit vector for the Green’s function. There are two ways to fulfill this
stationarity condition.

(a) Forward wave: p% = pg.

(b) Backward wave: p, and pg are symmetric with respect to the surface normal IN
(fig. 10.4), and in this case we find

N - (p, +pE) =0,

10.33
df' N - (p, +pg) =df" - (V'¢—V'S) =0. (1039

Py
N
f:5 Figure 10.4: Orientation of the wave normal for the backward wave.

Thus, the special form of the integrand in Kirchhoff’s integral (10.29) guarantees that the con-
tributions of the stationary points leading to backward waves vanish within the approximation
of stationary phases. Only contributions of type (a) remain.

The condition of stationarity, p,, = pq, implies that for & — oo only those light rays
which traverse OW continuously and without kinks contribute to the wave u(x) at point .
If OW is a surface of constant phase for u, i.e. if ¢(a’) is constant on OW, then pg =
—V'S(x,x') is perpendicular to W, and the only contributions to the amplitude at = are
from those rays which we employed in chapter 9 in order to find the solution of the initial value
problem of the wave equation. For these rays we have x = 0 and the inclination factor equals
unity, k(y) = 1. They traverse the phase surface W at exactly those points &' (y;) € OW
whose distance S(x, ' (y;)) from , measured in the light metric, is stationary.
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We can indeed convince ourselves that the method of stationary phases applied to Kirch-
hoff’s integral yields the expression for u(x) that we obtained in section 9.5. In particular, the
phase factor exp(—imu;/2) in eq. (9.65) is identical to the phase (—i) exp[(Fim) sign S” (y;)],
where
_ 9%S(x, %' (y))

o Oyioyk

Here p; is just the number of focal points on the light ray between «’(y;) and x. According
to our discussion in section 9.4, the focal points of order r are the “centers of curvature” of
OW, and these, in turn, are the points where the eigenvalues of S” change sign, which leads

to a jump of 27 in the signature of S”. We reconfirm this last statement once more for the case
where the light rays are straight lines, i.e. where S(z, '(y)) = | — «’(y)|. The relation

(S" ()i

. ' (y)—x Oz

- | — = -=— =20 10.34
oy " o) oy (1039
implies that N = (z — &’)/|x — /| points into the normal direction and thus
0? , 0%z’ 1 ox' ox'
oyogr 1© W) ooyt Tw—@(y)] oy O
1
_ gin — Lin (10.35)
|z — ']

is again proportional to the matrix we already encountered in section 9.4.

The value |4;| > 2 is possible because the action S is primarily defined on the Lagrangian
manifold Agy; and may be multivalued in position space. Therefore, the light ray may pass
through several focal points.

Finally, we want to consider the important and illustrative special case of a system that is
symmetric around its optic axis and where we may confine our discussion to rays close to the
axis and with small inclinations relative to the optic axis (fig. 10.5).

4 Y
T'/,’ ( 5| 7+
‘ '\\ | Figure 10.5: Kirchhoff’s integral for a Gaussian optical
P / F system.

Let F' and F be two non-conjugated planes with an optical separation z measured along
the optic axis. As we did in chapter 8, we use the following ray coordinates: y’ and y are
vectors in F' and F, respectively, and p’ and p are the two components of the ray momenta
perpendicular to the optic axis.

The image matrix from F’ to F will be given by

/
(y> - (“ b> <y> with ab—ecd=1, b#£0. (10.36)
p c d)\p
According to eq. (8.8.2) the point characteristic reads
1
S(y,y) = 5 (dy* — 2y -y +ay'®) + 2, (10.37)

2
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and the Green’s function

G(y,y) = a(y,y’) @)
is given by
/ n 1 ik 2 / /2 .
Gly,y')=(-1) 5 oxXP %(dy -2y -y +ay' ) +ikz ). (10.38)

The pre-factor a(y,y’) = (—1)"/b = [det D&(T,p')]~/? follows from the conservation of
the energy flux as well as from the form of the light rays, which close to F can be written as

&(r,p') = (ay’ +bp’ + (1 — 2)p, 7).

In eq. (10.38), n denotes the number of planes that are conjugated to F' and are located be-
tween F’ and F; because y1 = 2n, we find e~ 17#/2 = (—1)".
Eventually, Kirchhoff’s integral assumes the form

i ik
up(y) = *ﬁ(*l)” ””/d2y UF/(y’)exp<2b(dy —2y-y' +ay ))- (10.39)

Note that for coinciding F and F’ (i.e. for 2 = 0, a = d = 1, and b — 0) one indeed obtains
Ur = UFp’.

10.5 Kirchhoff’s theory of diffraction

The typical arrangement of a diffraction experiment is depicted in fig. 10.6. The light from
some source hits a screen S, through which it can pass only at certain apertures. The light
wave is observed on a surface F behind the screen (as seen from the source). There may be
optical components like lenses or mirrors in front of and behind the screen, i.e. the refractive
index need not be constant.

Figure 10.6: Principle arrangement of a diffraction experiment.

Within the framework of Kirchhoff’s diffraction theory, the screen together with its aper-
tures is identified with the boundary OW of some domain W. Kirchhoff’s identity,

u@) = 3= [ W) VG - Glaa) Vala'), (10.40)
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provides a relation between the value of w at some arbitrary point € W and the values of u
as well as the normal derivatives of u on the boundary OW. Since the screen might have a
reactive influence on the light wave due to diffraction, the values of v and N - Vu on W
are not known from the beginning. The light is diffracted at the screen and will be deflected.
Immediately behind the screen these effects may be assumed to be small enough such that the
wave u(x) there is given by geometrical optics. In this sense, Kirchhoff’s diffraction theory
makes the following assumption about the behavior of u and IN - Vu on the dark side of OW:

On the screen we have u(x’) = N - Vu(a’) = 0. Within the apertures of the
screen, u(z’) and N - Vu(x') coincide with the light wave that would be there in
the absence of the screen.

According to Kirchhoff’s theory, in W/ we have
u(x) = o / df [w(x"\V'G(z,z') — G(z, 2" ) V'w(x'))], (10.41)
™

where the integral is to be taken over the apertures A of the screen and w(x') is given by the
undisturbed wave of the light source.

Strictly speaking, this ansatz is not consistent. If one calculates u(x) according to for-
mula (10.41), one finds a non-vanishing amplitude on the screen, which, however, is small.
Furthermore, we are only dealing with a scalar amplitude and, hence, dismiss all diffractive
phenomena related to the polarization of light. There exist extensions of Kirchhoff’s theory
for vector fields (which we will not elaborate further in this context), but the intensities are
reproduced quite well by the scalar theory. For some rare cases the boundary value problem
corresponding to a diffractive arrangement is exactly solvable. It turns out that Kirchhoff’s
theory describes the situation close to the geometrical boundaries of the shadows, where the
most interesting effects are to be expected, quite successfully.

If we replace the screen S by a complementary screen S’, where the apertures and the non-
transparent parts just exchange places, the sum of the corresponding amplitudes u and u’ are
given by an integral over the total boundary W, and from Kirchhoff’s identity we obtain

u(z) + v (x) = ug(x), (10.42)

where ug(x) is the undisturbed amplitude in the absence of the screen. For each point  where
uo(x) vanishes we find equal intensities:

lu(z)]> = [u'(z)]>. (10.43)

If, for instance, the light coming from the source is sharply focussed at a point x{, on the
observer’s surface F, the intensities for the two arrangements are equal everywhere on F except
at the image point @{,. This equality of diffraction phenomena for complementary screens is
known as Babinet’s principle.

We now proceed with a more detailed discussion of Kirchhoff’s formula (10.41). Once
again we employ the ansitze

w(z) = a(x) oikd(@) and G(z,2') = Az, =) oikS (@)
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and disregard the derivatives of a(2’) and A(x, '), and we obtain:

u(x) = %/ Af’ a(x') Az, ') [V'S(z, x') — V'¢(a')] eFe@)+5@2D] - (10.44)
A

In leading order of k this disregard is well justified, but it also holds if the amplitudes a(x’)
and A(x, ') within the apertures do not vary much within the distance of a wavelength. This
should be true if there are no focal points of w(x’) or G(x, ') within the apertures, which
in any case would contradict the idea of a diffraction experiment. Therefore, the expression
above should not be identified with the leading term of a short-wave expansion of u; in par-
ticular, the wavelength does not necessarily have to be small compared to the dimensions of
the aperture. It is just this case for which we expect formula (10.44) to describe the deviations
from geometrical optics.

We obtain the behavior for & — oo by applying to eq. (10.44) the method of stationary
phases. If there exists a light ray from the source to the point « on F which intersects the
boundary OW at a point &’(x) € A of the aperture, then, for & — oo, u(z) is given by the
undisturbed amplitude in the absence of a screen. For all other cases, u(x) decreases for
k — oo faster than any power of k. These domains on F just correspond to the regions of
geometrical light and geometrical shadow. From the discussion in section 10.3 we also know
that the error introduced by changing the functions in front of the exponential function in the
integral outside a certain small neighborhood of the stationary point «’(x) decreases rapidly
for increasing values of k. Therefore, the x’ dependence of those pre-exponential factors is
negligible even if the dimensions of the apertures are not so small that an essential change of
these quantities is impossible anyhow.

The z’ dependence of V'S(z, ') = —p(z,z’) and V'¢(x’) = py(z’) can be estimated
even more precisely. The derivatives of these quantities with respect to @’ are of the order of
the curvature of the wave fronts of w and G(x, ') at point «’. They are small if there are no
focal points of w or G inside the aperture, and if the source and the observation point & are
sufficiently far away from the screen.

Furthermore, we can neglect the &’ dependence of A(x,x’) and V'S(x, ') in the pre-
exponential terms. The quantities a(z’) and V'¢(z’) are allowed to have stronger variations,
because we want to include the description of an important generalization of diffraction where
the apertures may have a varying transparency, like, for example, a slide.

Figure 10.7: Diffraction at an amplitude or phase object.

Furthermore, variations of the optical density along the aperture may introduce additional
changes in phase (see fig. 10.7). However, these changes are with respect to the tangential
direction and they drop out in df’ - V'¢. Depending on whether the variation in amplitude or
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phase is dominant, one speaks of an amplitude object or a phase object. Our expression for
the diffracted wave is now of the form
ik i N i /
u(x) = —;—A(m ' (x))(cos xo + cosx)/ df’ a(z) eFP@) gikS@aD) (10 45)
4 A

Here, x( and x are the angles between the wave normals of w and G, respectively, and the nor-
mal of the surface A. For a better understanding of the influence of the aperture, we introduce
quantities that describe the modification of the incoming wave by the aperture. Immediately
in front of the aperture w will be given by

w(z') = ap(z') e*oo®") (10.46)
and immediately behind we write w in the form
w(z') = a(@) e*®) = qo(x) F @)t (g) ) (10.47)

Here t(x') is the transmission and (') is the phase modulation.
With these quantities we can write for u:

ik
u(@) = — - A2, (@))ao(@, 2/(2))(cos xo + cos Y)
/ df' k@) g(g) okloo(@)+S @], (10.48)

In general, the factors in front of the integral vary only weakly as a function of @, and the
interesting quantity that we now want to study is

/ df' t(a') e# (@) ibloo(a)+5(@.a')

,/ df’ P(a') eFleo(@)+5(@x)] (10.49)
aw
Here we have introduced the so-called pupil function on OW:
t) @) for xeA,
P(x) = (10.50)
0 for x¢A.

If A is a simple hole, we have P(x') = 1 for ' € A and P(x’) = 0 for ' ¢ A.

The optical transmission function K (x,x) is defined to be the wave u(x) that would
emerge behind the diffracting screen if the source in front of the screen were a point source
located at x:

K(:B,:Bo) = 47‘r df [ (15/,130)V’G(m7w’) . G(w,w’)V'G(w’,mo)]
= —%A(w @' () A(z' (z), 20) (cos xo + cos X)

></ df’ P(z') e[S @o)+ 5] (10.51)
oW
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Obviously, K is the Green’s function which takes into account the influence of the screen. In
particular, we find for a constant refractive index in front of and behind the screen:

Cloo’ ciklz—a'|
e
and
K 2o) = =) |f- —a/(x)| ( = X)
X/ df' P(a) k(@' ol +le—a'l) (10.52)
ow

The transmission function K (x,xo) characterizes the imaging properties of an optical
instrument by describing the image of a point source. In an optical instrument, the inclination
angles are usually restricted to small values by circular apertures. Effectively, the diffracting
aperture is given by the pupil, which may be a really existing or merely imaginary aperture
providing the lateral limits for the rays.

In order to determine the function

/ df’ P(x oikldo (= )+S(w’w')]’ (10.53)
we choose a reference point x(, in the aperture and make a Taylor expansion in &:
' =z + £
This Taylor expansion exists if there are no focal points within the aperture. We find
do(x') + S(z,x’) =: V(') (10.54)
1 82\11(330)

— W(h) + [po(wh) — Plah @)E + 55 E€" +
The quadratic term is negligible if
82
k
oz’ Ox
As we have seen, the second derivatives of W are of the order of 1/ R or 1/R, the curvatures

of the wave fronts. If we characterize the dimension of the aperture by d, the above condition
reads

k
,k§§ < 2.

11
k (R ) d<2r  or  AR> % AR > d2. (10.55)
0

The case for which a linearization of the phase W is justified is called Fraunhofer diffraction;
otherwise we speak of Fresnel diffraction.
For instance, for a constant refractive index we find

1/1 1
&' — 0|+ | —2'| =R+ Ro+ (No—N)-&+ = ( + >£2

Ry R
C(N-€?  (No-€)?
2R 2Ry’
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where

/! /
Ty — Xo Tr—x
0 0 N=2_"0

10.56
R 7 ( )

Ry =z — x|, R=lz—xp, No=
The radii of curvature are just the distances of the source and the observer from the aperture.
The second derivatives of S(x, ') with respect to &’ vanish if « lies in the focal plane or,
more generally, in the focal surface of the optical instrument behind the screen. Indeed, for
this case we know from our discussion in chapter 8 that

/ ! aS /
P@a)=-5 ;=p() (10.57)

is independent of the point ' € A (see fig. 10.8).

Figure 10.8: If F is focal with respect to A, then p’(z, ")
does not depend on .

So the conditions for Fraunhofer diffraction are fulfilled if the observation point & and the
source xg are both located in a focal plane with respect to A. In this case, the image of xg
lies in the image surface F. These conditions are also fulfilled if F is a focal surface and A is a
surface of constant phase of w(a’).

Fraunhofer diffraction is the simplest and most important form of diffraction phenomenon.
If the aperture A is located in a plane, the function

Ux) = / d%¢ p(¢) elklPo—p(@)]¢ (10.58)

is now simply the Fourier transform of the pupil function. Up to weakly varying factors, the
same also holds for the wave solution u(x) and the optical transmission function K (x, xg).
The Fourier transform of the pupil function manifests itself in the spatial diffraction pattern
in the focal plane F. We shall see soon that this feature gives rise to attractive methods to
manipulate the image of an optical instrument.

10.6 Diffraction at an edge

Before we turn to the phenomenon of Fraunhofer diffraction, we first want to discuss an ex-
ample where Fraunhofer’s approximation is not applicable. Let the screen S have the shape of
a half-plane, i.e. the aperture A is also a half-plane. Assume that the screen is illuminated by a
point source located at x(. For convenience we place x, S, and F as shown in fig. 10.9: S will
be in the 1-2 plane and the edge is oriented along the 2-axis. For an everywhere constant
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5 F Figure 10.9: Diffraction at an edge.

refractive index, the wave is, up to almost constant factors, given by

v = [ ag [ Z aé (10.59)

xexp{ik [\/z%+£f+§§+\/z2+($1 —51)2+($2—§2)2}}~

If « is close to the boundary of the geometrical shadow, the value of £ for which the
exponent becomes stationary is also small; and for zg, z > |€|, we expand the exponent in
terms of &, because the main contribution to the integral stems from small values of . Up to
second order this expansion yields

Vg + G+ 8+ V2 + (11— &) + (22 — &)?
£+ n (1 —&1)% + (22 — &)?
220 2z '

=x9+2z+ (10.60)

Therefore, if we were to omit all terms quadratic in &, the integral would be divergent. Includ-
ing the quadratic terms we obtain

Uz, 22) = oiklzot+z+(ai+a3)/22] /OO e, olk[—p2g2+(65/2R)]

y / e, omat (€ /2R
0

where p; = x1/2, p2 = x2/z,and 1/R = 1/x9 + 1/z. From

(& ik 5 ikRp?
ik (55~ 6) = gple — Ro? = T
we find
2 2
U(xy,22) = exp [ikz (xo +z+ %)}
% /C>o e, o(ik/2R)(&2—Rp2)* /Oo ¢, olik/2R)(€1—Rp1)* (10.61)
—00 0

The first integral yields the constant /27 R/k ¢/™/# and is independent of p, = 25 /2. For the
second integral we obtain

/Oo ¢ e(k/2RE _ | [ /OO dn e"/2,
—Rp1 k —VkRp,
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The function
1 [,
F(1) = C) +15() = <= / dny /2 (10.62)

is called Fresnel’s integral.
For the final result we get

R . 23 + 23 x
_ ir/4 : 1 2 _ 1
U(z1,z2) 27r—k e exp [1k (azo + 272(% n 22))} F ( VEkR ~ ) . (10.63)

The variation of the intensity, |U|?, is solely due to the factor |F(—VkR (z1/2)) }2. Special
values for Fresnel’s integral I are F'(—oc0) = /™4 and F'(0) = £ '™/4. The function

o0) = PO~ F@) = [ dner™”
0
satisfies

b(—v) = —p(v),  d(oc) = £ LA

Im§ vl

— Red (v}

Figure 10.10: (Left) Cornu spiral. (Right) Diffraction image of an edge.

Making a plot of the curve (Re ¢(v), Im ¢(v)) with curve parameter v we obtain a graph
that is called a Cornu spiral (fig. 10.10, left). From this plot we can immediately read off the
behavior of the intensity I(z;) = |U|? for the diffraction pattern at a half-plane depicted in
fig. 10.10 (right). The distance between the geometrical border of the shadow and the first
maximum of this curve is of the order z/v/kR.

10.7 Examples of Fraunhofer diffraction

For Fraunhofer diffraction we have seen that the diffracted wave is given, up to insignificant
factors, by the Fourier transform of the pupil function:

Uzx) = /d2£ P(&) el Po—P)E, (10.64)

Here, po’ and p’ are the momentum vectors of the incoming and outgoing waves, re-
spectively. The « dependence enters because of the « dependence of p’(x) (see fig. 10.11).
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5 Figure 10.11: Fraunhofer diffraction.

If « is located in the focal plane F of the optical system behind the screen, which in linear
approximation may be represented by an optical matrix

a b
c d)’
we can write

x=af+bp.

In addition, because F is supposed to be the focal plane, we have a = 0 and the optical
matrix is of the form

(¢ )= (s 3)

xTr
x = fp, p = I

i.e.

In the following we will assume that p, = 0 (the case p{, # 0 only leads to a trivial displace-
ment of the diffraction pattern), and we consider diffraction at apertures of various shapes.

10.7.1 Diffraction by a rectangle

In this case the following hold:

From

a/2 _ .
/ d¢ e—ikp/ﬁ _ %(e—ikp/a/Q B e+ikp'a/2) _ sm(k:p’a/2) a

—a/2 ikp (kp'a/2)
_ sin(p'a/A)
(p'am/N)
we obtain
. / . /
y — Snmiar/y) sin(@haxr/y) (10.65)

(Pham/X) (phaam/N)

The intensity is proportional to |U|?.
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For a — o0 one obtains diffraction by a slit. The diffraction pattern is homogeneous
along the 2-axis. Along the 1-axis we find a distribution like the one shown in fig. 10.12. The
minima are equally separated by Ap = \/ay, and the first minimum is found at p,, = \/ay,
in accordance with the elementary theory of diffraction by a slit.

141,

"“’J- 2 Figure 10.12: Diffraction pattern for a slit.

10.7.2 Diffraction by a circular aperture

In this case we have:
€| < a.

We make a transformation to polar coordinates,
§1 = pcosp, p/1 = pcos,
€2 = psing, Py = psiny,
where p’ - € = pp cos(p — 1), and obtain

a 2m
U = / dpp/ dy elFpp cos(p—v)
0 0
The integral does not depend on ¢ and can be expressed by a Bessel function:

a 2J1 (kpa) . 2J1(2mpa/ ) .

— e g ) (10.66)

U= 27T/ dp pJo(kpp) =
0

For large values of v, the zeros of J; (v) become equally spaced with separation 7. The first
zeros are at

v = 1227, vy =2337, vy =3.247. (10.67)

The diffraction pattern consists of a bright circular area surrounded by a concentric system of
alternating dark and bright rings (see 10.13). The first minimum is found at

m A
Pm = 7"7 =0.61—. (10.68)
a

This diffraction pattern was first derived by G. B. Airy and is of fundamental importance in
the theory of optical instruments. For such a system, the pattern is determined by the diffrac-
tion by circular apertures. Therefore, in the plane where, according to the laws of geometrical
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b1,

i Figure 10.13: Diffraction pattern for a cir-
— ;1 2 cular hole: the Airy function.

optics, a sharp image would appear, the transmission function K is always an Airy function,
2.J1(v)/v. Additional geometrical aberration effects should be convoluted with the Airy func-
tion.

For the image of a point-like source, the resolution of optical instruments is limited by the
finite radius of the central maximum of the Airy function. We can estimate the smallest resolv-
able separation of point sources by requiring that the maximum of one image just coincides
with the minimum of the second.

AL AT
— {4 |
\/ f J '\j

-

Figure 10.14: (Left) Principle of a telescope. (Right) Resolution of a microscope.

In a telescope (the principle is shown in fig. 10.14, left), it is the front aperture that leads
to diffraction. Therefore, the smallest resolvable angle between two stars at infinity is given
by p, = 0.61 \/a.

For a microscope, it is the front lens with focal length f that yields the main diffractive
effect (fig. 10.14, right). The distance between primary object and front lens is roughly equal to
f. The wave fronts of two neighboring points with separation r are inclined towards each other
at an angle of the order of p = r/f. Therefore, a rough estimate for the smallest resolvable
distance yields

f

m = 0.61)\ =. (10.69)
a

10.7.3 Arrangements of several identical structures

For several diffracting apertures or, more generally, diffracting structures, which are located
at different positions, the pupil function is given by

N
P(&)=> Py(&—r;),
j=1



190 10 Diffraction theory

where P, is the pupil function of a single structure. In this case

. / N B /
U= / PP e P E = ; / dZEPy(§ —rj)e hPE

N
- (Zei’w""j> / 4% Py(g) e P
j=1
N
=Up- Yy e heim (10.70)
j=1

The diffracted wave is the product of a factor Uy describing the diffraction at a single structure
and a factor A = Zévzl e~ FP"75 that depends on the positions of the various structures. We
discuss two particularly important cases for the spatial distribution of diffracting structures,
namely a random distribution of many structures and a regular lattice arrangement (see fig.
10.15), and then consider the case of diffraction at two circular holes.

(a) Random distribution (fig. 10.15a)

The average intensity is given by I = (|A|?)ave |Uo|?, where

N
(AP ave = < > ek '("”‘J‘)> : (10.71)

,y=1 ave
For a random spatial distribution, all the terms in this sum with 7 # j will mutually cancel
each other and we obtain (|A|?) ... = N; thus

I=N|U|* = NI. (10.72)

The result is the diffraction pattern of a single structure, but with N-fold intensity. We can
observe this effect when we look at a light source through a misted window, where the small
water droplets act as diffracting structures. Another example is the halo around the Moon on
not completely clear nights. The diffracting structures do not need to be located in a plane,
because our theory also holds for light diffraction at centers that are randomly distributed in
space.

—ep
D
=]

Figure 10.15: Diffraction by (a) randomly distributed structures and (b) by a regular lattice.
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(b) Regular lattice (fig. 10.15b)

In this case, 7y, n, = n1a1 + ngag (0 < n; < N; — 1), where a; and a, are fixed lattice
vectors. The sum of the geometric series yields

N;—1 Ny—1
A= Z efik:p'-alnl Z efikp'-agng
7’L1=0 7’L2=0
B e—ikp/~a1N1 1 e—ikp’uzNg 1 1073
- e—ikp’-a1 -1 e—ikp’-ag -1 ( . )
and
A2 = sin?(Ny7p’ - a1 /) sin?(Nymp' - (12//\). (10.74)

sin?(7p’ - a1 /) sin?(7p - az/N)

For a linear arrangement, N2 = 1 and the second factor drops out. For a spatial distribution, a
so-called spatial lattice, we obtain a third factor of the same type.

The minima of | A|? are located at integral values of m; = (N;p’-a;)/\, where 0 < m; <
N;. The values m; = 0 and m; = N; correspond to maxima. For increasing values of N,
these so-called principal maxima become increasingly steeper and smaller (the width is of the
order 1/N;), and for large N; they are considerably higher than the so-called secondary or
side maxima between the principal minima. In this case, the total intensity

I=|Uo?|A)? (10.75)

is sharply concentrated at the principal maxima of |A|2. This property is used for the con-
struction of diffraction gratings (N2 = 1 and N; = N large), where the resolution A/ A\ for
different wavelengths is given by A\/AX = N.

For a spatial lattice, the principal maxima are determined by Bragg’s condition: p’-a; /A =
M;, wheret = 1,2, 3.

(¢) Two circular holes

Finally, we discuss diffraction at two circular holes of radius a separated by a distance r > a.
In this case N1 = 2 and N» = 1, and U is given by

(27 /A 2 /
U? = |Up)? M = 4|Up|? cos? ™r 7 (10.76)
sin(mp'r/A) A
where |Up|? is Airy’s diffraction pattern. The resulting diffraction pattern is shown in

fig. 10.16: the circles of Airy’s pattern are traversed by parallel stripes of maxima and minima.

10.8 Optical image processing in Fourier space

We now consider an optical system that maps the object plane S, where the pupil function P (&)
is defined, onto the image plane B (fig. 10.17). This mapping associates to P (&) an amplitude
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Figure 10.16: Diffraction pattern of two circular holes.

and phase distribution P'(£) = e'®vP(v€) in the image plane B, which differs from P(£)
only by a (positive or negative) scale factor v and a net phase «. This follows from the fact
that the mapping from S to B is stigmatic, and the optical distance between conjugated points
is always equal. The pre-factor v is a consequence of the conservation of the total intensity.
Located between S and B is the focal plane F, where (up to a scale transformation) we find the
Fourier transform P of P as the amplitude and phase distribution of the wave function. Placing
a screen at F will allow us to see directly | P|? as the intensity distribution. Hence, the part of
the optical system that is located between F and B effectively induces a back-transformation
from the Fourier transform P to the original pupil function (up to scale factors).

Figure 10.17: Imaging the object plane S onto the
image plane B. When S is described by the pupil
function P, we find in the focal plane F, up to a scale
factor, the Fourier transform P.

Strictly speaking, because the plane F can never have an infinite extension, the components
of P(p) are cut off for large values of p. This is just another way to understand the restrictions
on the resolution of a system due to diffraction effects.

Denoting by P(p) the Fourier transformation of P(£), we find the following well-known
relations between a function and its Fourier transform:

(i) P(€+a) and ePeP(p),
(i) ¢®€P(¢) and P(p—b),
(i) P(a€)  and (1/a®)P((1/a)p),
(iv) P*(¢)  and P*(-p).

(10.77)

These relations may be interpreted as follows:

(i) A translation of P corresponds to a simple phase shift of the image at F, while the inten-
sity distribution | P|? remains unchanged.

(i1) A linear phase shift in & of the pupil function P corresponds to a translation of the image
atF

(iii) A dilation of P corresponds to a contraction of P: the smaller the structure at S, the more
extended it appears at F.
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(iv) If Pisreal at S (or has a fixed phase), like e.g. for an amplitude object that is illuminated
from a direction perpendicular to S, we have |P(p)|? = |P(—p)|?, i.e. the diffraction
pattern is mirror symmetric around the origin.

The image at B can be influenced by placing suitable filters in plane F, which either induce
specific phase shifts or suppress certain Fourier components with a template.

For a better understanding, we consider P(p) for various pupil functions. If S consists of
a simple large hole without any primary object, we have P = 1 and ﬁ(p) = const. X §(p). In
the plane F, we only observe a central maximum at the origin. Figure 10.18 shows the Fourier
transforms for simple line and net structures as well as for a lattice structure with additional
imperfections.
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Figure 10.18: The Fourier transforms for various pupil functions. One can eliminate the inter-
fering structures in (d) by placing a special mask at F that allows only the Fourier transform of
the lattice to pass through it.

If we mask the Fourier components corresponding to P at plane F, we can eliminate the
image of P at plane B. In principle, any unwanted structure can be suppressed by a suitable
mask. We obtain such a mask by placing the structure as a pupil function at plane S and
making a photograph of its image on plane F. In this way, we can suppress the irritating raster
in a newspaper picture. We can eliminate the disturbing spots in fig. 10.18(d) with the help of
a mask that has small holes where the maxima of the Fourier transform of the lattice net are
located. Placing a circular aperture at F around the center and making the radius of the hole
smaller, the lattice pattern in the image of the pupil function becomes gradually diffused and
eventually vanishes.
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We can learn from (iii) that, in general, a filter whose transparency decreases with in-
creasing distance from the center will suppress the higher Fourier components and thus the
smaller structures. The result is a less pronounced contrast. On the other hand, a filter at F
with increasing transparency away from the center enlarges the contrast of the image at B.

An interesting effect is achieved by a mask that suppresses the central maximum at p = 0.
In the absence of a mask, uniformly dark regions at B result from interference of the homo-
geneous background field stemming from the central maximum with the other structures. If
the central maximum is masked, these previously dark regions become light. Sharp transitions
between dark and light areas at S will be visible as linear structures at B.

Many microorganisms are phase objects when we consider them as optical structures.
They are uniformly transparent but according to their structure their inner refractive index
exhibits modulations. Such phase objects are described by pupil functions of the form

P(¢) = Aele®) A = const. (10.78)

The Fourier transform \15 |2 usually corresponds at F to a structured intensity distribution,
which, after Fourier back-transformation, returns to a uniform intensity distribution at B. In
order to make phase objects observable at B, one first has to transform them into amplitude
objects. For biological objects, this is often achieved by coloring, which, however, usually
kills the organism. A better solution consists in processing the image at F.

Since the phase differences are small, we may assume that kp(€) < 1. The general case
can be treated in a similar way with only a manageable increase in effort. Up to first order in
ke we obtain

P(§) = AlL +ikp(€)],  ie.  [PP=]AP[L+O(K*¢?)],
and the intensity variations are of the order of k?¢?2. The Fourier transform of P is given by
P(p) = A[4n?5(p) + ik@(p)]. (10.79)

There are various methods to manipulate P, three of which are as follows.

(a) The dark-ground method

An opaque disk placed in the center of F removes the central maximum. The resulting distri-
bution on F is given by

P'(p) = 14k3(p).
from which we obtain after a back-transformation to the plane B:
P'(&) = iAky(§).

If no phase object is present, we have (&) = 0, and B appears dark. In front of this dark
background the phase object is visible as the intensity distribution

[P'(€)1* = Alk*(€).
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(b) The phase contrast method

This was developed by F. Zernicke (Nobel prize, 1953). A transparent filter in the center shifts
the phase of the central maximum by +7/2 or —7/2. Now,

P'(p) = A[+47%i6(p) + ik(p)),
and the back-transformation leads to
P/(€) = LA[£L + kp(&))-
The intensity,

[P'12 = |AP{1 £ 2kp(€) + [k (€))%},

exhibits a modulation of ¢ (€) in first order. The phase object becomes visible as an amplitude
object at B.

(¢) The Schlieren method

In practice, a higher intensity for dark-ground or phase contrast microscopes is achieved not
by using plane waves for the primary illumination but by using the congruent light from ring-
shaped sources. In this case, the zeroth-order maximum at F is also ring-shaped and can be
manipulated by a ring-shaped mask.

A variant of this method, already discovered in 1864 by August Toepler, is the so-called
Schlieren method (the word “Schlieren” refers to the German word for streaks or striae), which
is of special importance in fluid dynamics. With this method one can make visible the streaks
— small variants of the refractive index — in a fluid.

In this arrangement a small fluid-filled cell is placed at S. A knife-edge is introduced in
the focal plane and covers about one-half of the image at F. When the edge approaches the
focal point, the streaks become perceptible in the form of cloudy structures on the screen B,
and their spatial and temporal fluctuations are easily observed.

10.9 Morse families

We have already mentioned at the end of section 9.6 that in the vicinity of caustics it can be
helpful to generalize the simple ansatz

u(m) — eikS(x)(pk(x)

of the short-wave asymptotics into an integral ansatz of the form

k r/2 )
u(z) = ( ) d"a e @) g, (1, a). (10.80)
o

2

In the preceding sections, integrals of this type have occurred on several occasions. The
integration runs over r parameters (a1, ...,a,), and in order to avoid convergence problems
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we assume that the integrand has compact support as a function of a. The method of stationary
phases reveals that for & — oo only the points in

Ms = {(%a)

%(m;a) = 0} cQxR" (10.81)

contribute. Furthermore, we shall always assume that the r x (r+n) matrix of second deriva-
tives has rank r,

rank 5
Oat OaJ

2
a' dx

If this regularity condition is fulfilled, Mg is an n-dimensional submanifold of ) x R", and
the set

oS oS
AS:{(z,p)ep‘%(x,a):&p:%(x,a)} cP (10.83)

is a Lagrangian submanifold of the phase space P = (T*Q).
The 2-form w = Y dz? adp; = —d(>_ p; dz*) vanishes on Ag, which is an immediate
consequence of the fact that on Ag we have

Zpi dz’ = Z gf; dz* = dS.

Furthermore, the regularity condition (10.82) guarantees that A g has maximal dimension n.

If a Lagrangian manifold Ag and a family of functions S(x;a) are related in the way
described by eq. (10.83), S(z;a) is called a Morse family for Ag. For a given Lagrangian
submanifold A, there exist many Morse families S that locally parametrize A, i.e. for which
locally A = Ag. It turns out that in the vicinity of a caustic of order r one needs at least r
auxiliary parameters a; and that there always exists a local parametrization with r parameters.
In many cases one chooses certain momentum coordinates p as auxiliary parameters.

A Morse family S(z; a) is a generalization of the generating function S () of a Lagrangian
manifold Ag. Indeed, away from the caustics, Lagrangian manifolds are always of the form

Ag = {(m,p)’p: %Ef)}. (10.84)

In chapter 8 we have seen that the graph of a canonical transformation & : P — P is a
Lagrangian submanifold of P x P if we equip P x P with the symplectic form

Q=Y da'adp; — > daf adpo;. (10.85)

Also, S(x, zo; a) is a Morse family for a canonical transformation ® if .S is a Morse family
for graph @. This is a generalization of the generating function of a canonical transformation.
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The following composition rules hold:

e If Sy (xo;a) is a Morse family for A ¢ P and Sa(z, zo; b) is a Morse family for a canoni-
cal transformation ¢ : P — P, then

S(z; xg, a,b) = Sa(x, xo;b) + S1(x0;a) (10.86)

is a Morse family (with auxiliary parameters xg, a, and b) for the Lagrangian manifold
®(A) c P, which is the image of A under the mapping ®.

o If So(x,xz1; a) is a Morse family for &5 : P — P and S1(x, z1;b) is a Morse family for
®, : P — P, then

S(x,x0;21,0a,b) = Sa(x,21;0) + S1(21,20;0) (10.87)

is a Morse family (with parameters 1, a, and b) for the combined canonical transforma-
tion &5 0 ®; : P — P.

The proofs of these statements follow from the conditions of stationarity:

0S(x; xo, a,b)
0= 2220 %0
8.%‘0
0S5 (x, xo; 051 (xo;
_ 983w, x03a) n 1(zosa) L@ 40,
8900 8560 (10 88)
0S(x, xo;x1,a,b) ’
O =
81’1
o 852(%961;(1) a51(961,!130;19) - (2) (1)
B 61‘1 * 8$1 - h +p1 ’

Finally, the Maslov bundle M (A) and the Maslov index of a path ¥ in A can be defined
using Morse families. We have seen that both are related to the phases associated with a
crossing of caustics.

The contribution of a stationary point ag to the integral in eq. (10.80) is of the form

u® (I) — exp[(17r/4) sign S(/L/a (l’, (10)] eik:S(x;ag)
| det S (x; ao)|

o(x,ap). (10.89)

The phases of the asymptotic expansion are given by the signature of the matrix

%S
(Saalw,a0))i; = M(I,ao)- (10.90)

Now, let n € A and denote by S(n) the set of all Morse families parametrizing A in some
neighborhood of n. The fiber of the Maslov bundle M (A) at point m € A is defined to be the
set of all mappings

Y :8(n)— C
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with the property that, for all S (x;a), Sa(x;a’) € S(n), we have

: 2 2
P(S1) = exp {II [sign <88;1> — sign (‘;jj)] } »(Sa). (10.91)

We can now define the Maslov index fi(7) for some path 7 in A as follows. Let 5 : [0, 1] —
A be a path in the Lagrangian submanifold A. We choose points 0 =ty < t; < --- <t =1
such that, for some suitable Morse families S;, we have J([t;—1t;]) c Ag,. We now define

k

() = -2 > s (%S (3(6)) — sign (%2?%-_1)))] | (10.92)

The proof of the equivalence of this definition with the definition given in chapter 9 is quite
elaborate.

10.10 Oscillatory functions and Fourier integral operators

In this section we will introduce the concept of oscillatory functions and Fourier integral
operators. This will be done in a slightly simplified form and without claiming mathematical
rigor. These notions fit exactly the needs of theoretical optics.

Let  be a manifold. If a function f : ) — C can be written as a locally finite sum of
integrals of the form

r/2
I(z, k) = ( K > /dra FS@ ) (2, a), (10.93)

2

it is called an oscillatory function on Q.

As in the previous section, we assume that ¢y (z, a) has compact support with respect
to a and that S(x;a) is a Morse family that locally parametrizes a Lagrangian submanifold
A cT*@. In this case one speaks of f as an oscillatory function associated to A.

Local finiteness means that for each point = € () only finitely many terms of the form
(10.93) contribute to the sum. In section 9.7 we have seen that it may be useful to generalize
this definition slightly in such a way that f assumes values in the product €2, 5(A) @ M(A)
of half-density bundles and Maslov bundles. Expanding with respect to stationary phases, one
notes that in the limit k£ — oo the integral (10.93) really “lives” on the manifold

95(z;a) = 0} c@xR"

MSZ{(%@) 90

or, similarly, on the Lagrangian submanifold Ag that one obtains from Mg by the following
injection (“Lagrange immersion”):

is:MS —>A5CT*Q

0S(x;a)

(10.94)
(z,a) — (3:7836) eT*Q.
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More precisely, in the limit k¥ — oo it is only the intersection of Mg with the support of
¢ (z,a) and its image under ¢g that matters:

is(Mg nsupp i) = F(I). (10.95)

This Lagrangian submanifold F'(I) c Ag is called the frequency set of the oscillatory integral
1.1f f is a locally finite sum of integrals I; of the form (10.93), the frequency set on which f
“lives” is given by

< UF(Ii)' (10.96)
i
If, for some function

g=e " x(x), (10.97)

the intersection of the set

0
My = {(x,p) TESUPPX, p = ajj} cT*Q (10.98)
with the set F'(I) is empty, Theorem 10.1 on stationary phases tells us that the function
n/2

A(k) ={I,g) ( ) /d"z I(z, k)g(x) (10.99)

k (n+r)/2 '

— <2 ) /dnx draelkS(x;a)flkw(m)wk(mja)X(x)
s

will vanish in the limit & — oo faster than any power of £~V In this sense I is concentrated
on F(I). For an arbitrary oscillatory function f, the frequency set F(f) is defined in such a
way that for M, n F(f) = () we have

Jim E~N(f,g) =0  forall N >0. (10.100)
m

The requirement that the integrand in eq. (10.93) has compact support with respect to a is
still too limiting. We can get rid of it by considering locally finite sums of integrals (10.93) also
with respect to a. This idea is behind the following definition of an oscillatory distribution.

Definition 10.1. Let A = {U,} be a locally finite covering of T*Q with open and relatively
compact sets Uy,. Furthermore, let A c T*Q) be a Lagrangian submanifold. The locally finite
sum

F=Y fa (10.101)

is called an oscillatory distribution associated to A if f,, are oscillatory functions associated
to A with compact support and F(fo) c Us.
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Also for oscillatory distributions the concept of a frequency set remains meaningful. The
asymptotically leading part o (f) of f, which we obtain by the method of stationary phases, is
called the symbol of f or sometimes the principal symbol.

Let OF(Q) be the space of oscillatory functions with compact support in ). A linear
operator

K : OFy(Q) — OFo(Q),

(10.102)
(Ku)(x) = /d”x’K(%m')u(x’)

is called a Fourier integral operator if the integral kernel K (z, ) is an oscillatory distribution
on ) x Q. The integral kernel K is associated to a canonical transformation ¢ : T*Q — T*Q
if K(x,2’) is associated to the Lagrangian submanifold graph ® c 7*Q x T*Q. In general,
the integral kernel K (x,2") of a Fourier integral operator is the sum of integrals of the form

E\" ; /
I(z,2') = <2—> /d”pdrae‘kp(z_m )o(z, 2’5 a).
m
We now discuss some particularly important examples of Fourier integral operators for the
case Q = R".

(a) Unit operator
Its kernel is

Ks(z,2') = ( k ) /d”peikp'@*“”) =6z —a'). (10.103)

2
The Morse family S(x,2’; p) = p - (x — 2’) parametrizes the Lagrangian manifold
F(Ks) = A ={((z,p), (z, —p))} cT"Q x T"Q. (10.104)

As a graph A corresponds to the identity transformation. The asymptotic expansion is
trivial. At the stationary point we have (0.5/9p) = 0, i.e. S(z,«’; p) = 0, and we find

27

o(Ks) = ( i ) . (10.105)

(b) Invertible point transformation ' — h(x’)
Now, the kernel is given by

n/2
Kp(z,2') = (;) /d"peik”'[””*h(m W= §(x — h(2)). (10.106)

For the frequency set we find

F(Kn) = Ap = {(h(z'), p), (2, —(0h/0x")p)}, (10.107)
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which corresponds to the graph of the following canonical transformation:

®: (2,p) — (h(x), (22)_1]9). (10.108)

Again

k n
Ky)=(—1] . 10.10
() = (57 ) (10.109)
(c) Differential operator H (x, —(i/k)0)

This is like that used in section 9.1. We have

(Hu)(z) = H (:v —%8) (%)n/z / d"p e *i(p)

k n/2 " N
~(5)  [awer o

k" ' /
~(5) [ [arwee ),
™

from which we obtain for the kernel of the operator:

E\" , /

Ky(z,2') = <2> /d”pe‘kp'@-w VH (z,p). (10.110)
s

In this sense, differential operators are also Fourier integral operators. The Morse family

S(x,x';p) = p- (x — a’) is the same as for the unit operator §(x — z').

Hence, all differential operators are associated to the canonical unit transformation; further-
more, S(z,’;p) vanishes on Ag. These two properties even characterize the set of pseudo-
differential operators among all Fourier integral operators.

Obviously, the symbol of H is

oy = <ﬁ> H(z,p), (10.111)

2m
and it agrees, up to a trivial factor, with the symbol of H that we defined in section 9.1. This
justifies the name “symbol” for the asymptotically leading term.
The following elementary operations involving oscillatory functions and Fourier integral
operators seem close at hand:

1. Application of a Fourier integral operator K to an oscillatory function u with compact
support.

2. Composition of two Fourier integral operators K; and K, for which the composition
K o K5 is also a Fourier integral operator.
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A third operation might be less obvious:
3. Transition to the adjoint KT of a Fourier integral operator.

It is possible to formulate a so-called symbol calculus which, for given symbols or, more
generally, for asymptotic expansions of K7, Ko, and u, allows one to determine the symbols
of the asymptotic expansions of Kju, K o Ko, K", and K . The calculations we performed
in chapter 9 in the context of asymptotic expansions are examples of such operations. The
symbol calculus is closely related to the notion of star products, which will be explained in
chapter 13.

Recalling what we have said in the previous section 10.9 about Morse families makes the
following statements obvious. Let the Fourier integral operators K and K5 be associated to
the canonical transformations ®; and ®,, respectively, and let u be an oscillatory function
with compact support associated to A ¢ T*Q. Then

e Kju is associated to the Lagrangian submanifold @ (A), the image of A under ®;
e K; o K is associated to the canonical transformation ®; o ®,.
Furthermore, the frequency sets satisfy the following locality property:
F(Kju) c®1(F(u)).

A brief look at the content of the previous and the following chapters reveals that the subject
of theoretical optics as a theory of wave fields is packed with oscillatory functions and Fourier
integral operators.



11 Holography

11.1 The principle of holography

In the previous chapter, notably in section 10.3, we have seen that for fixed frequency w = kc
a solution u(x) of the wave equation

(A + k*n?)u(z) =0 (11.1)

is already determined by its values on a surface S, at least under the condition that the solution
satisfies the radiation condition at infinity.

Now let u(x) be the (monochromatic) wave radiating from some object G. If one could
generate a wave on S that coincides completely, in amplitude and phase, with u(x) on S,
an observer B behind S would not be able to distinguish this wave from the original wave
u(). In particular, the observer can see the image of G from different perspectives. If the
amplitude and phase of u(x) are only produced on a segment A of S, the wave of G can only
be reconstructed for a certain range of volume angles for the observer B (fig. 11.1).

A\
@ | \I\ \Il \llt \IRIR
11 Y
{ L. ]
G {J\_‘\Q}\j\i\\}H Figure 11.1: Superposition of an object wave and a reference
SR B

wave during the taking of a hologram.

In principle, the reconstruction of a wave for such a range of volume angles could be
realized by illuminating a special type of slide, placed in the aperture A of the screen, with
a planar wave. The transparency of this slide should reproduce the amplitude of the wave,
and the optical thickness of the slide should reproduce the phase of the wave on S. However,
technically such a slide is almost impossible to realize, because it is difficult to measure the
phase of u at a point.

Using a special trick, however, holography comes quite close to this ideal. The idea is
to superimpose the primary wave u(x) emanating from the object with a reference wave
up(x) = age*o® (with k} = k?). Denoting by & some coordinates on S, the intensity of
the superposition ug () + u(x) on S is given by

1(€) = |uo +ul®
= laol® + agu(€) exp(—iko - €) + agu® (€) exp(+iko - €) + [u(€)[*.  (11.2)

We assume that the intensity of the reference wave on S is much higher than the intensity of
u(€), so that the term |u(&)|? in I(£) can be neglected.

Theoretical Optics. Hartmann Romer
Copyright (© 2005 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40429-5



204 11 Holography

If we place a photographic film at S (or A), the blackening of the film will be proportional
to the intensity I and the developed film will exhibit a complicated pattern of bright and dark
structures, whose transparency is given by

(&) =1 —~1(¢), (11.3)

and which for the naked eye has no obvious similarity with the object G.

This slide is now placed at A and illuminated from behind by a reconstruction wave
up(x) = a1 e'*1T_ TImmediately behind the film, which is often called a hologram, the wave
will be

w(§) = t(&§)u(€)
= a1(1 = laol*) exp(iks - §) — yaragu(€) expli(ks — ko) - €]
— yajaou® (&) expli(k1 + ko) - &]. (11.4)

We first set k1 = k(. Within a certain region for the volume angle set by the aperture A, an
observer B will observe a diffracted wave that is the superposition of three amplitudes:

1. a wave elko'®;

2. a wave that coincides up to a constant factor with the wave u(x) coming from the object
G; and

3. awave that differs by a factor —ya; ag €**0¢ from the complex-conjugate wave u* on A.

Next we assume that at A the direction of the reference wave is inclined with respect to
the preferred direction k¢ /k of the wave vector for the object wave w. In this case, the three
waves are concentrated around different wave vectors in Fourier space, which are

1. k= ko,
2. k = kg, and
3. k=k(kg +2ko)/|kc + 2ko|.

For an observer B the waves arrive from different directions. Within a certain volume an-
gle around kg /k the observer only perceives one wave that is (almost) not superimposed
by the other waves and is indistinguishable from the object wave u(x). Thereby one can re-
construct, at least in certain regions of the volume angle, the total wave field v and thus a
three-dimensional picture of G.

In other directions one can observe the reference wave or the complex-conjugate wave.
This conjugate wave gives the observer a picture of G that is inverted in a bizarre form. First,
because of the factor ezik'ﬁ, this picture seems to come from a different direction. Second,
because of complex conjugation, there is an inversion of phase shifts. This has the effect
that the front and back parts of G seem to be perspectively inverted, while at the same time
the image of the intersections of the different parts of G seem to have the correct spatial
relations. Because of these irritating effects, the image of the complex-conjugate wave is rather
annoying; however, since ¢(£) is real it cannot be avoided.
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There are other situations for which the construction of phase conjugated mirrors produc-
ing the complex-conjugate wave u*(x) for a wave u(x) are of great interest (see chapter 6).

It is also interesting to observe that in a certain way any part of the hologram contains the
full information about the object G. Indeed, using only a part of the hologram corresponds to
a smaller window A and thus to a smaller region of volume angles where G is visible. One
can think of a hologram as a planar diffraction grating whose diffractive image reproduces a
given object G.

There are no principle changes for the case in which the reconstruction wave and the
reference wave are different. For k1 = aky, the image of G appears in a different color and
seems to be reduced by a factor a. If the directions of ko and k; are different, the image of G
also appears in a different direction.

From the arguments given above it should be obvious that the reference wave and the
reconstruction wave do not have to be planar. Also suitable are waves ug and u; that on A
have the forms ug (&) = ao(€) exp[iky(€)] and u; (&) = exp(iq - €)ug (&), respectively, with
only weak variations of ag(€).

11.2 Modifications and applications

Ever since its discovery by Dennis Gabor (Nobel prize, 1971) in the late 1940s, the importance
of holography has increased substantially due to steady technological progress. The biggest
technical problem consists in keeping the phase differences of the wave field stable among
the different points of the aperture A during the exposure of the hologram, because otherwise
there will be no sharp interference image. The necessary “coherence” of the wave field can
only be achieved by laser light, and the brief exposure times can be realized with pulsed high-
power lasers and highly sensitive photographic emulsions. The progress of this development
is revealed by the fact that holographic portraits already exist.
The basic arrangement described in the last section can be modified in many ways:

1. Apart from the amplitude holograms described above, phase holograms are also in use.
In this case it is not the transparency that is influenced by the exposure of a film but the
refractive index, such that the hologram produces a spatially modulated phase shift of
the reconstruction wave. For a phase hologram, the transmission ¢(£) in eq. (11.3) has to
be replaced by t(£) = exp[ivI(&)] = 1 + iyI(€), with vI(€) < 1. Up to an irrelevant
factor of —i, one obtains the same conditions as for an amplitude hologram.

2. The reference wave can also consist of spherical waves whose radius of curvature at A
is adjusted to the radius of curvature of the wavefronts of the object wave. This reduces
fluctuations in the distances between the maxima and minima of the intensity distribution
1(¢) for different parts of the hologram and thereby diminishes the demands for the
resolution of the emulsions.

3. Colored spatial pictures are produced by the superposition of holograms for different
colors.

4. Using the same method, any surface, not only a screen S, in the line of the radiation of
some optical instrument can be used for the reconstruction of the wave field in amplitude
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and phase. Of special importance is the reconstruction in the focal plane F behind the
screen (see fig. 10.17). In this case it is not the pupil function P that is reconstructed
on S but its Fourier transform P. In this way the given resolution of the photographic
emulsion can often be used more efficiently. Such holograms are called Fourier transform
holograms.

5. Instead of transparent holograms, reflecting holograms are also possible.

6. Holograms can also be generated by ultrasound waves. In the arrangement shown in
fig. 11.2, a sound wave is reflected at some submerged object G and interferes with a
reference wave of a second correlated sound source. This produces a hologram of ripples
at the surface, which can be observed by the reflection of laser light and provides an
“X-ray” image of G.

“W”\ v
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We now want to describe briefly a few special applications of holography.

Figure 11.2: Principle of acoustic holography.

11.2.1 Observing small object deformations

The idea is to compare the holograms of a deformed and an undeformed object, which can be
done in several ways:

e Make a double exposure of a film with the holograms of the undeformed and the de-
formed object.

e Produce a hologram of the undeformed object first and place it at the aperture A; the
object remains in its position and the reference wave also remains unchanged. Now the
hologram of the undeformed object is illuminated by the wave field of the deformed
object.

In both cases the deformations will show up in the interference patterns of the image seen by
the observer B.

o If the object oscillates elastically with small amplitudes during the exposure time, the
holographic images reveals nodes and anti-nodes of the vibration.

11.2.2 Holographic optical instruments

When we illuminate a film from one side with a spherical wave and from the other side with a
plane reference wave and record the resulting interference pattern, we obtain a hologram that
focuses the reconstruction wave into one point, i.e. which acts like a converging lens.

In this way or, more recently, using computer-generated holograms, one can manufacture
optical elements that are light and flat and are able to generate any given wave field.
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11.2.3 Pattern recognition

If a substructure g(&) is part of some pattern f(&) at some position &, (see fig. 11.3), the
convolution

(F+19)(€) = o= [ &nrtmg(n &) = hie) (11s)

exhibits a steep maximum at £ = £, where Ig(&) := g(—&). Due to the convolution theorem,
a Fourier transforms leads to

F(k)Ig(k) = h(k).

;O
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Figure 11.3: Searching for a substructure g in some
pattern f.
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When we place a Fourier hologram of Ig in the focal plane F and use this as a filter for
the interference pattern of f, the function h(k) shows up as the irradiation distribution (see
fig. 10.17). After a Fourier back-transformation one observes bright spots in the focal plane B
at all places where the structure g occurs in f.

11.3 Volume holograms

There is no need to restrict the recording of the intensity I(x) = |u(x) + ug(x)|? of the
interference field of the reference wave uy and the object wave u to the plane of a single
film; one can also produce images within a certain volume. Suitable media are thick and light-
sensitive emulsion layers or crystals of potassium bromide (KBr), where the exposed parts
produce colored centers with variable transparency. Also in use are ferroelectric crystals like
lithium niobate and potassium tantalate niobate. They react to exposure with a change of the
refractive index and one obtains a spatial phase object.

Such a volume hologram can be visualized as a stack of planar holograms. In contrast to the
case of planar holograms, it is now important that the reference wave and the reconstruction
wave are equal up to a constant factor, otherwise the holographic images of the different planar
holograms in the stack would be “off beat” and would in the average almost everywhere cancel
each other by interference.

Alternatively, a volume hologram can be described as a spatial lattice that is constructed
in such a way that the Bragg diffraction field represents a given object.

Like for planar holograms, the calculations for volume holograms are also easily per-
formed. A monochromatic reconstruction wave u; (z) = a; e'®1"® with frequency wy = c |k |
illuminates a volume with a certain distribution ¢(x) of scattering centers. A scattered wave
G, (x — «’) emanates from a center at point ' with the same frequency w, which is pro-
portional to both ¢(x’) and the value u; (x’) of the reconstruction wave at point «’. The total
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scattered wave is proportional to
w(x) = (27r)_3/2/d3m’t(:c’) k' G (@ — o). (11.6)

(In addition there exists the unscattered primary wave a} e'¥1'®.)
The Fourier transform of the scattered wave follows from the convolution theorem:

w(k) =tk — k1)G., (k). (11.7)
Since w(x) is (almost) monochromatic, we have
@(k)=0 for |k|# % (11.8)

In a volume hologram the distribution ¢(x) results from illuminating the light-sensitive
volume with the interference pattern of the reference wave uo(z) = ae'®*0'® and the object
wave u(), both monochromatic with frequency wy = ¢ |ko|:

I(x) = |uo (@) + u(=)[? (11.9)
= |ao|? + aju(x) e T L qgu*(x) e*0® + |u(x)|?.
As we did before, we neglect the term |u(zx)|? and find

t(k) = const. x 6(k) — vaitu(k + ko) — yaou* (ko — k).

According to eq. (11.7), the Fourier transform of the scattered wave w(x) generated from this
function has the form

(k) = [const. X 0(k — k1) — yaiu(k + ko — k1) — vaot* (ko + k1 — k)]G, (k).

The first term is a contribution to the unscattered direct part of the reconstruction wave, and
as such of no further interest. If ky # £k, the other two contributions vanish for almost
all values of k and only produce reflections in certain directions, which have little to do with
the original wave u(x). They are easily identified and separated. Indeed, G, (k) is sharply
concentrated around |k| = w;/c such that for k # w;/c we have in good approximation
G, (k) = 0. Furthermore, we also have that &(k + ko — k1) = 0 for |k + ko — k1| # wo/c
and a*(ko + k1 — ki) = 0 for |k0 + k1 — ki‘ #* (UQ/C.

Figure 11.4: The support of w(k) as the intersection of two
spheres.

The relationships become clear when we take a look at fig. 11.4. For kg # +k;, the
scattered light is concentrated on the surfaces of cones that result from the intersection of two
non-concentric spheres. On the other hand, if ky = k1, and thus also wy = w1, we have

w(k) = [const. x 6(k — k1) — yaju(k) — vyapu™ (2ko — k)]éwl(k)
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Because éwl (k) is rotationally invariant, it only contributes a constant factor. Apart from
the direct unscattered wave, there are two scattered waves, the first of which differs from the
object wave only by a constant, and the second of which is concentrated on the surface of a
cone. For k1 = —kq it is the phase conjugated wave u*(—k) that dominates.

The fact that reference and reconstruction waves must have the same wave vector kg = k;
is more of an advantage than a disadvantage. In this way, several volume holograms can be
recorded with different values of ky on one and the same light-sensitive volume. In the re-
construction, only that hologram becomes visible for which the reference vector kg coincides
with the one offered by the reconstruction vector.

This leads to attractive possibilities for optical data storage with extremely high storage
density and convenient decoding methods. By recording a volume hologram simultaneously
with three reference waves whose wave vectors coincide with respect to their direction but
not with respect to their value, one obtains a colored three-dimensional picture. For the recon-
struction one can illuminate this hologram even with white light, as the correct wave vectors
are filtered out automatically. Simple volume holograms can be found almost for free.



12 Coherence theory

12.1 Coherent and incoherent light

In all our previous discussions on optics, we have not been concerned with the origin of the
light wave fields whose behavior in different optical systems we wanted to study. The wave
fields we considered were always monochromatic; sometimes they consisted of plane waves
and sometimes the wave fields emanated from a point-like center of disturbance. In any case
they possessed the property of complete temporal and spatial coherence: the phase of a field
at point g at time ¢y determined the phase for all other times ¢ at the same point; likewise,
the phase at ¢( at point &y determined the phases at all other points x for ¢;.

However, not even a single free atom radiates ideal monochromatic light. On the contrary,
the excited states responsible for the emission of light have a lifetime 7. of about 10~8 s, which
corresponds to a wave train of length [, = ¢7. = 3 m. Associated with the finite lifetime 7. is
a frequency uncertainty Aw = 1/7. of the emitted radiation. For an atom interacting with its
environment, the so-called coherence time 7. and the coherence length l. = c7. may even be
much shorter.

In addition, a common light source consists of a very large number of atoms and
molecules, which radiate almost independently. Under these circumstances, for a fixed time %
and close to the light source, there should be no perceptible correlations of phases for the wave
field at different locations; and for a given point x( the information about the phase should be
lost after the coherence time 7.

On the other hand, interference phenomena like diffraction with a visible pattern of max-
ima and minima are only possible if the phase differences exhibit a certain temporal and spatial
stability. These interference phenomena were observed long before the development of lasers,
where atoms and molecules produce correlated radiation. These effects are due to the fact
that, far away from a radiating source, a (slight) spatial coherence emerges all by itself. In or-
der to understand this phenomenon, let us consider a source with spatial extension d’, whose
molecules radiate uncorrelatedly in a small frequency band of width Aw around @.

An observer separated from the source by a distance R > d' performs measurements
within a volume of linear dimension d < R (see fig. 12.1). Let £} and &, be two points within
the source and let R+-&; and R+ &, be two points close to the observer. For each of these two
points, the observer measures the path length difference for the radiation emanated at points
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- Rz £, from distant sources.

¢, and £:

ARy = Ry — Rovr = \/(R+€1 — &)’ - \/(R+€2 - &),

12.1)
ARy = Riy — Royr = \/(R+€1 — &) — \/(R+£2 —&5)2.

The observer will find spatial coherence if the path length differences for the radiation from
different points of the source are small compared with the wavelength of the radiation:

- - 2 2
ARy — ARy <X,  where A= % — e (12.2)
w
In lowest non-vanishing order a Taylor expansion in &, &,, &, and &, yields
_ 1, I e\ L dd’
ARll o ARQ/ _ 7(62 £1) R(€2 £1) -0 < i ) , (123)

where £+ denotes the component of £ perpendicular to R. So the coherence condition reads
dd' < AR (12.4)

or, equivalently,

A A
d< o d < o (12.5)
Here,
d d
a= g and o = R

are the angles at which the source is seen by the observer and at which the observer is seen by
the source, respectively.

The typical angle at which we see a star is about 0.005” (arc-seconds), which for A =
5 x 10~7 m corresponds to an extension of d ~ 20 m. Table 12.1 lists the coherence radius
d for three typical distant light sources. Light sources are often radiating surfaces. In this
case the coherence volume has the dimensions I, = c7. in the ray direction and d = \/a/
perpendicular to the ray direction.

In the coming sections, we will develop a detailed quantitative formulation of the concept
of coherence, which, in particular, incorporates the random character of a wave field of a
natural light source.
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Table 12.1: Coherence lengths for distant sources.
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Largest fixed star

(Betelgeuse) o =0.047" d~2m
Source with o =1" d~10cm
Light source of 5 mm as seen

from a distance of 100 m o ~ 10" d~1lcm

12.2 Real and analytical signals

This section will provide some tools for the later treatment of non-monochromatic wave fields.
Up to now, we have mainly considered monochromatic waves of the form

ug () with k= f,
c

v, (t, ) = et

where uy () is a solution of Helmholtz’s equation,

[A + E*n?(z)]ux(x) = 0.

(12.6)

12.7)

Linear superposition gives us the most general solution of the wave equation,

1 02
(0—2712(33)@ — A) 'U(t, ZC) = O,

in terms of a temporal Fourier representation

1 .

v(t,x) = — | dwe “tuy(x).

(ha) = — | (a)
In a similar way, from the Green’s function
Gr(x,x') = Az, ') eikS(@z’)
for Helmholtz’s equation, we obtain the Green’s function
1 .

G(t N — d —1th /

(t,z,x) 27r/ we k(x,x’)

_ Alz, 2 /dwe—iw[t—(l/c)s(m,m’)]
2

1
= A(z,x’) 5<t — =S(x, a:’)) ,
c
which satisfies the equation

62

(CiQnQ(w)— - A) Gt ,2') = 4r5 ()0 (z — ).

ot?

(12.8)

(12.9)

(12.10)

(12.11)

(12.12)
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Here G(t, x, x') is just the retarded Green’s function of the wave equation: the time at position
@ is retarded with respect to a source at ' by a running time (1/¢)S(x, «’). In particular, we
obtain for the vacuum, n(x) = 1:

Go(t,z,x') = ﬁé(t - %\:c - w’|> . (12.13)

Of course, for physical solutions of the wave equation, v(t, «) is real, which we will in-
dicate in the following by an index “r”. We slightly change the notation such that the Fourier
representation reads

1 .
Vit ) = — [ dwe TV (w, ). (12.14)
(o) = — | (@)
Since v" is real, the Fourier transform satisfies
v (w,x) =07 (—w,x)". (12.15)

Hence, the total information about v" is already contained in the values of the Fourier trans-
form v for positive frequencies. It is convenient to introduce complex fields whose Fourier
components vanish for negative frequencies. We define

1 [ : 1 [ :
v(t,w)zﬁ/o dwe*’“tir(w,m):ﬁ/ dwe ™ (w, ), (12.16)

where

_ Y (w, x) for w >0,

w, x) = { 0 for w < 0. (12.17)
Obviously

vt ) = v(t, x) + v(t, x)", (12.18)

and we immediately recover v* from v. The complex function v(¢, ) is called the analytical
signal, which is justified by the fact that, due to the absence of negative frequency components,
v(t, ) as a function of ¢ can be analytically continued to a holomorphic function on the lower ¢
half-plane. According to our discussion in section 2.4, applied to analytical signals, we observe
that the real signals

vi(t,x) = v(t,x) + v* (¢, x),

vi(t, ) = —i[v(t, x) — v*(t, x)] (12.19)

are related by dispersion relations, i.e. they are Hilbert transforms of each other, and v can be
written in terms of v* or v'.

From now on we shall always assume that complex signals v(¢, ) do not contain any
negative frequencies. If the integral

[ttt
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exists, unitarity of the Fourier transformation implies that

/dt|v(t,:c)\2 _ /dww(w,m)ﬁ (12.20)
or, more generally,

/dtv(t—l—T,acl)v*(t,wg) = /dw e T (w, 1) (w, x2). (12.21)

However, we are mainly interested in signals like v(¢,z) = e~ “'uy(x), for which the
integrals do not exist. Therefore, we are only allowed to perform calculations with temporally
averaged intensities of the form

N )
I(x) = lim 2—/ dt |Ju(t, x)|*. (12.22)

For a more rigorous treatment we will use signals with a “cut-off”,

i ta) = v'(t, @) for |t| < T, (12.23)
’ 0 for |t| > T, '

which are confined to the interval [—T, T]. Indeed, a stationary signal is an idealization, be-
cause no signal acts for an infinite time. For each finite value of T', we have

1 > 1 >
g | dterlr e te) = o [ dwe T (.05 (w.22), (1229

and we can expect that the limit 7" — oo exists. We introduce double angle brackets to denote

the temporal average of a quantity:

T4>oo

(At)) = lim — / dt A(t (12.25)
With this notation the equation above can be written in the form:

(VT (t+7, 1)V (E,22)) = /dwe T Jim LTUT(W 1) 7 (w, x2). (12.26)

t—o0 2

Using the simplified notation v (t) = v(¢, 1), which we shall adopt frequently in this
chapter, we obtain for the analytic signal v(¢, x):

(or ¢+ 7) 3 (0)

Z%Eﬁoﬁ/ [ G [ G e T )
—l(JJ w —iwT 1

:Taoo‘/ or ,_27'('/ dte Mte ﬁvlT(w)UQT(w)'
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From the identity

T

lim dte 1@ = 275 (w — W),

T—oo J_p
we find

(St + ) vi(t /dwe T (w), (12.27)
where

- . 1 _ -

Ip(w) = Tlgréo ﬁvlT(w)ng(w). (12.28)

Here I'y5(w) satisfies the conditions I'y5(w) = I'; (w) and I'y5(w) = 0 for w < 0. This rather
formal calculation can be justified rigorously. For a light wave field that does not contain
any additional static field, we have ((v1(¢))) = 0. We shall always assume that the temporal
average of v vanishes. From

/ dt ’Ul = —’UlT(O) (1229)

we can deduce that ﬂ(w) can only be weakly singular for w — 0, which then implies
<<7)1 (t + T) UQ

. N Cier 1o~
= lim 1(w+w )te iwr -

~ I
Him dt/ Ner: m o ()P ()
/dw/dw S(w+w) e lwr hm U1T( )oar (W)

/dwe “”Thm ﬁvﬂ( w)var(—w)

= 0,
because v17 and V21 do not contain any negative frequencies. From v" = v 4+ v* we get
(it +7)v3(t)) = (uL(t +7) 3 () + (V1 + 7) v2(t))- (12.30)

In particular, for 1 = x5 and 7 = 0 the mean intensity at x; is given by
I(1) = ([vi (1)) = 2 {va ()i () = 2/dw T (w). (12.31)

Sol; (w) has the meaning of a spectral density for the intensity. For 7 # 0 we obtain
3 (it +7)vi(0) = Re (vi(t +7) vi(t))
= Re / dwe T (w). (12.32)
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12.3 The light wave field as a stochastic process

A natural light source consists of many atoms and molecules whose microstates cannot be con-
trolled by observation. Therefore, light signals v(t, ) at given space-time points will be more
or less random. In other words, for each space-time point (¢, ) there exists a random vari-
able V (¢, ) whose distribution depends on the characteristic properties of the light source.
Hence, in our description of the light field we are dealing with a collection of uncountably
many random variables or, more precisely, a random function V (t, ). Expressed in a math-
ematical language, the wave field should be described by a stochastic process. Each actually
existing wave field v(t, x) is a realization of the stochastic process, and the probability distri-
bution characterizing the stochastic process determines the relative probabilities of different
realizations.
As for all random variables A, we can consider the expectation value (A). Of special
interest are the expectation values
F(tlvwla cos by @i g1, @rg1, - By ‘En)
= <V(t1, .’1}1) s V(tr, azr)V*(t,‘_H, $T+1)V*(tn, 33n)>, (1233)

which are called generalized correlation functions. We will often use the simplified notation
Cion(ty, o tn) = (Vi(ty) - Ve () Vi (B Vi (E0))- (12.34)
The following is a list of a few particularly important special cases:
() Tio(t+7,t) = Vit + 1) V5 (¢) the covariance function,
() Tqa(t,t) = (VA(t) Vi*(t)) > 0 the intensity function,

Flg (t+7’, t)
[Caa (t47)]/2[Too (1))
Independently of further specifications, every random variable C' satisfies the inequality

(¢ C) =0,
and writing C' = /(B*B) A + ¢'¢/(A* A) B we find

(C*C) = 2(A*A)(B*B) + \/{A*A) \/(B*B) (Y A*B + e " ¥ B* A) > 0.
From this we obtain the fundamental inequality

(AB*)| < \/{A*A) \/(B*B). (12.35)

The equality sign holds for the case Cy = A/\/(A*A) + e¥*°B/\/(B*B) = 0. Setting
A =Vi(t+ 7) and B = V,(t) this inequality implies

(iil) y12(t+7,t) = the correlation function.

Ty (t+7,8)|> < Tyy (t+7, t4+7)Taa(t, )
or

0 < Jyia(t+7,t)[ < 1. (12.36)
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We now summarize some additional properties of stochastic processes that describe the
light wave fields in which we are interested.

(A) Because each realization v(¢, ) satisfies a linear wave equation and because expectation
values are linear, the generalized correlation functions satisfy the same wave equation
with respect to all of their arguments, e.g.

( C(2 )g—; - A) (V(t, ) V*(t',a")) = 0. (12.37)

(B) Each realization contains only non-negative frequencies; in particular, we have that
(V(w,z)) = 0 for w < 0. As we have seen in the last section, we may require this
property without loss of generality.

(C) (V(t,x)) = 0. This only implies that we deal exclusively with oscillating fields without
any static contributions. From (B) and (C) we also find

<V(t1, a:l) V(tQ, 332)> = <V* (tl, iL‘l) \% (tg, w2)> =0. (1238)
(D) The stochastic process is stationary:

<‘/i(t + Tl) T VVT(t + TT) T*+1(t + Tr+1) T Vr:k(t + Tn)>
— (VA Velm) Vi () -+ Vi (7). (1239)

So, the generalized correlation functions depend only on time differences. In particular,
we will use the following notation:

Flg(t+T, t) = Flg(T, 0) =: Flg(T),

(12.40)
I'yi(t, t) =T'11(0),
and
IT12(7)] < +/T'11(0) v/T'22(0), (12.41)
0 < y12(7) < 1. '
For a real signal we find
Io(r) = (VE(t+ 1) V5 (t)) = 2Rel'12(7),
12(7) = (Vi( ! ) V3 (1)) 12(7) (12.42)
I'11(0) = (Vi()%) = 2I'11(0),
and
1"1‘
0<~,=Rey = _Dh(m) <1 (12.43)

Nanvar.
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(E) The stochastic process is ergodic, which means that for (almost) all realizations we may
replace the expectation value { - ) by the temporal average {( - ):

(it +71) v+ 7)) = (Vi(m1) -+ Vi (). (12.44)

In other words, we may think of an ergodic process as a motion for which the state of a
system approaches, for sufficiently large time-scales, any given state arbitrarily closely
and arbitrarily often. Ergodic systems contain incommensurable frequencies.

Because of ((A(t))) = (A(t+to))), an ergodic process is always stationary, which makes
(D) a consequence of (E).

One more important consequence of ergodicity will be emphasized in particular. A simi-
lar calculation as in the previous section, which takes into account the stationarity of the
process, yields

* . 1 r *
Pia(r) = (A4 D)V (0) = Jim o [ aee+0) V3 (0)

T—o00
_ / dw e 7T (w), (12.45)
where
Fra(w) = Jim o (Vi () Vir (@)

In particular,
Ty (1) = (V(t+7,@) V*(t, ) = / dwe 7Ty (w),
where

~ 1 ~ -
I (w) = lim 5T Vit (w) Vip(w)) > 0. (12.46)

T—o0

For a stochastic process we may replace the expectation values by time averages. In this case
we have already seen that I'1q (w) is the spectral density of the time average of the intensity.
This is the content of the Wiener—Khinchin theorem:

Theorem 12.1 (Wiener-Khinchin theorem). The covariance function
T11(7) = (it + 1) o5 () = Vit +7) V' (1)) (12.47)

and the spectral intensity distribution I'11(w) are Fourier transforms of each other.

The Wiener—Khinchin theorem may be used to determine the spectral distribution fll(w)
by measuring I';1 (7). So, with the help of time measurements, we can measure the widths of
spectral lines even when the resolution of an ordinary spectrometer turns out to be insufficient.

Because I'15(w) = 0 for w < 0, the real and imaginary parts of I'15(7) are related by
dispersion relations.
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In a quantum theoretical treatment of the radiation field, the quantities V (¢, ) and
V*(t,x) correspond to the annihilation and creation operators of light quanta. The expec-
tation value

(V(t1,x1) ... Vi (tn, xn)) = Te{pV(t1,21) - -V (tn, xn)}

becomes the quantum-mechanical expectation value of the quantum field in a (mixed) state
characterized by a density matrix p. Also in a quantum-mechanical treatment, the properties
(A) to (D) remain valid. Quantum expectation values will be dealt with in chapter 14.

12.4 Gaussian stochastic processes

In this section, we will discuss a stochastic property that can be attributed to many light wave
fields. In many cases, we are allowed to treat the field V (¢, ) as a Gaussian stochastic process,
at least within a good approximation. Before we can explain the consequences of this property,
we have to define Gaussian random variables.

Let Z; (1 = 1,...,n) be a set of stochastic variables. Without loss of generality, we may
assume these variables to have vanishing mean values: (Z;) = 0.

The variables Z; are simultaneously Gaussian distributed if their probability density is of
the form

1 1,4
w(z) = — e 2745, 12.48
() = (1248)
Here, z = (21,...,2n), 2+ Az = 223:1 ziAi;jz5, (Aij) is a positive definite symmetric
matrix, and N is a normalization factor that guarantees that [ d"zw(z) = 1. We can diago-
nalize (A4;;) by a suitable coordinate transformation, in which case the normalization integral
becomes a product of one-dimensional Gaussian integrals:

2
/dze—%”g == (12.49)
a

In this way we can determine the normalization factor to be N = (27)™/?(det A)~'/2, so that
we finally obtain

™

AN
w(z) = <det 2—> e 274z, (12.50)

By a simple translation z; — z; + ¢;, we can define Gaussian distributed random variables
with non-vanishing expectation value. According to the central limit theorem, we can expect
the variables Z; to be Gaussian distributed if the randomness of their distribution is the con-
sequence of many independent additive influences. For instance, elementary error calculus is
based on the assumption of a Gaussian distribution.

The generalized covariances,

(Zi, -+ Z; ) = /d"z 24y -z, w(2),
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are most easily obtained from the generating function

, 1 oy
F(i) = JZy . — dr ]-z—gz-Az'
)= 1% = [ e
Indeed, taking derivatives with respect to j yields

_ 9. ..9
ajl 8.]7"

(Ziy - Zi,) F(j)

j=0

We calculate F'(j) by making a quadratic completion and obtain
F(j) = e 4,

where A1 is the inverse matrix of A. This immediately leads to
(Z:iZy) = Ay,

i.e. the covariances of second order are simply given by the components of the inverse matrix
(A;x)~ L. For a Gaussian distribution the higher covariances are already determined by the
covariances of second order, e.g.

(ZiZwZnZs) = A A + AT ALT + AT AL

In general, all odd covariances vanish and all even covariances can be represented as sums of
products of second covariances.

For us, this property — factorization of the higher covariances into second-order covari-
ances — will be the most important feature of Gaussian stochastic processes. As a side remark

we mention that, if Z; (¢ = 1, ..., n) are Gaussian variables, then also the stochastic variables
obtained by a linear transformation,
Wi =Y CriZi,
i

are simultaneously Gaussian distributed, and

<W2Wk> = Z CierS<ZrZs>~

r.k

The stochastic process {V"(t,x)} is called Gaussian if for any value of n and any n
space-time points (t1, 1), . .., (t,, €, ) the random variables

Vr(thwl)a R Vr(tna xn)

are simultaneously Gaussian distributed. In a similar way we define an analytic Gaussian
process V (t, x).

Due to the factorization property of generalized covariances and the additional relation
(ViVa) = (V*V5) = 0, the covariances for which the numbers of V and V* differ all vanish:

(Vi VaVi .. V) =0.
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If V' (¢, ) is a Gaussian stochastic process, the linearly transformed process

W(t,x) = /dt//dgl‘/K(t—t/,w,J:/)V(t/,il:/)

is also Gaussian and we find

(W (t1, 1) W™ (t2, x2))

/dtl/dtz/dxl/dx2

x K(t1—t), 1, ) ) K* (ta—th, @, xh) - (V (1], ) )V* (15, x})).

From these relations it should be obvious that properties (A) to (D) from section 12.3 and, if
K is not too singular, also property (E) apply for W if they apply for V.

These invariances under linear transformations are of great importance for the light wave
fields V (¢, ) that we consider. Indeed, because V (¢, x) satisfies a linear wave equation and
contains no negative frequencies, V (¢, x) depends, for arbitrary values of ¢, linearly on the
initial values V (to, ). Therefore, V (¢, ) is Gaussian if the process V (o, ) is Gaussian for
any time to. Since V (¢, x) is already determined linearly by the values V (¢, z(y)) on a two-
dimensional surface F, it suffices for V' to be Gaussian on F. If the source of the light wave
field is a glowing surface F, e.g. the filament of a bulb or the surface of a star, the different
parts of this surface radiate in a completely uncorrelated way, and for arbitrary times and
points @1,...,x, on F the variables V(t1, 1) ...V (t,,x,) are simultaneously Gaussian
distributed. On F we even have (V (t1,21)V*(t1,x2)) = T'(0, 21, z2) = a(x1) 6(x1 — x2).
A Gaussian process on F, for which the covariance function is proportional to a d-function, is
called white noise.

If the radiation from the source on F corresponds to white noise, the process V (¢, x) will
not necessarily remain a white noise process for arbitrary values of ¢. However, it will always
remain a Gaussian process. In particular, the total information about the process is already
contained in the covariance function I'12(7). A Gaussian stochastic process can always be
transformed into a white noise process by a suitable linear transformation of the variables.

Laser light is an example of a non-Gaussian stochastic light field. In this case, the higher
generalized covariance functions contain new information that is independent of the second
covariance functions. We shall come to these questions in chapter 14.

12.5 The quasi-monochromatic approximation

Some of the considerations concerning the coherence of a light wave field simplify consider-
ably when, due to the nature of the light source or a suitable filter, only frequencies within a
small region around a mean frequency w are relevant. In this case, the coherence time 7. is
large and we can derive an approximate expression for I'1o(7) that is valid as long as 7 < 7.
We start with an exact definition of the coherence time 7. and the spectral width o,.

If V (¢, ) is stationary, we cannot define 7. as an average decay time of the signal, but
only as the decay time of the correlation 11 (7) at a given space point.
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2

Due to the relation 11 (7) = ~71(—7), then |v7;(7)|* is an even function. We normalize

this function such that the integral is unity:

N = [drhm@P = [ R,

Furthermore,

1
T= N/dTTh/H(T)\Q =0.

We define
1
Tc2 = N/d772|%1(7)|27
1 -
o= N/dww|711(w)|2, (12.51)

1 -
ol = N/dw (w—w)* (W)

Indeed, for almost monochromatic light, not only (|V; (w)|) but also

lim (Vs (0)]?)

~
T—o0

F11(w)
are sharply peaked around w. One can show that
1
TeOw 2 5+ (12.52)

In quantum mechanics this relation is known as the uncertainty relation. Equality holds when
|711(7)|? is a Gauss function:

ly11(7)|2 = const. x e™7 /27 (12.53)

The covariance function I'12(7) is given by
Iia(7) = /dw Iyp(w)e . (12.54)

Since we assume that flg(UJ) is sharply concentrated around w, it is helpful to consider the
quantities

T 5(7) = /dw [o(w)e i@, (12.55)

The value of |T'12(w)| is markedly different from zero only within a region of width o,,. For
0,7 < 1,1ie. 7 < T, the 7 dependence on the right-hand side is negligible and can be
replaced by its value at 7 = 0. Thus, for 7 < 7., we get

einFlg(T) = Flg(O),
F12(T) ~ e_lerlg(O).
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This expression is called the guasi-monochromatic approximation for I'12(7). The 7 depen-
dence of exp(iw7)I'12(7) is much slower than the time dependence of the wave field. In
interference experiments, the coherence lengths are often of the order of centimeters while
the differences in the path length of interfering rays are of the order of a wavelength. In these
cases the quasi-monochromatic approximation is legitimate.

Introducing the notation

einFm(T) = |T12(7)] elz(m) — p1a(7) eiam("')’

where «15(7) and p12(7) are slowly varying functions, the monochromatic approximation
may also be written in the form

Tio(r) & pira(0)eilon2 @7 (12.56)

Quasi-monochromatic approximations exist also for the higher generalized covariance func-
tions.

12.6 Coherence and correlation functions

We have seen that the value of the correlation function
<V(t+7-7 381) v (tv x2)>

= = 12.57
712(7-) ’Y(T,ml,mQ) <‘V(t,w1)|2>1/2 <|V(t7w2)‘2>1/2 ( )

is bounded by
0<|ya(r) <1, (12.58)

and 11 (0) = 1. The interpretation of y12(7) becomes obvious when we investigate the limit-
ing cases y12(7) = 0 and |y12(7)| = 1.

If, for space-time points (t+7, 1) and (¢, x2), we find (7, 1, x2) = 0, there are no
correlations whatsoever between the values of the wave field at these two points. If, even
more, we have v(7, @1, x2) = 0 for all points ©; # @2, the wave field is totally incoherent
and I assumes the form of white noise:

I(7, @1, x2) = ad(x1 — T2). (12.59)

However, as we have already mentioned and as we shall see again soon, there is a certain
amount of coherence even for a surface source producing white noise.

Next we assume that for two space-time points (t+7, &) and (¢, 2 ), the correlation func-
tion is unity:

‘,Y(Ta A w?) =L

In this case, the equality sign holds in the correlation inequality (12.35). This implies, as we
have shown in section 12.3, that for the random variables V (t+7, 1) and V (¢, x2) a relation
of the following type holds:

V(t+T,(B1) _ eia(r,mhwg) V(t7w2)
o1 02
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Here 075 = (|V(t,212)[%), and a12(7) = a(r, 1, 2) is a fixed phase (i.e. not random).
Indeed, in this case

<V1 (t + T) ‘/2* (t)> ia(r,z1,22) <|‘/2(t)|2> ia12(7)

= = e — 7 T —e
712(7—) o109 O'% )

and «a12(7) is just the phase of v12(7) (which is why we adopted the notation of the previous
section). For the two space-time points, the two phases have a fixed difference and, therefore,
are strictly correlated. In the extremal case, |y12(7)| = 1 for all values of 7, 1, and x5:

%(tl) ‘/Q(tQ) icyg

g1 g2

Evaluating this equation for other pairs of space-time points, we see that a3 = a2 + Qos,
and when we choose a reference point (g, xg), we find @15 = a9 — @, i.€.
Vl(tl) e—iaw = V2(t2) —iago
01 02

On both sides of this equation we find the same random variable A with (|A|?) = 1 and which
no longer depends on the space-time point. Therefore,

V(t,x) = /([V(t,2)]2) 2 4, (12.60)

and the only stochastic element is given by the space-time-independent stochastic variable A.
In particular, the phase differences between the field values at any two space-time points are
fixed. So, |y12(7)| = 1 corresponds to the case of complete coherence of the wave field. This
suggests defining |y(7, x1, 2)| as the degree of coherence, where |y(0, 21, x2)| characterizes
the spatial coherence and |y(7, 1, 21)| the temporal coherence at a point ;. This interpre-
tation is confirmed by the following experiment, which also provides a method for measuring

Y12(7)-

phase shifter

Il Figure 12.2: Principle of Young’s interference experiment.

We are talking about Young'’s interference experiment (fig. 12.2). A screen with two tiny
apertures at points &1 and x5 is placed into the wave field. We assume that the screen does not
change the field in any essential way at the apertures. The interference of the two excitations
emanating from x; and x5 is observed at point x behind the screen, and the optical path
lengths S(x, 1) and S(«, x2) will be denoted by s; and s, respectively. The excitation at
point x is now given by the stochastic variable

W(t,x) = a1V (t—s1/c,x1) + a2V (t—sa/c, x2). (12.61)
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The coefficients a; and ay only depend on the size of the apertures and are, as explained in
section 10.3, purely imaginary due to the Huygens—Fresnel principle. The average intensity at
point x is proportional to
(W (t,2)[?) = lail{[V (. 21)?) + a2V (¢, 22) )
+ lax| laz[{(V (t=s1/c,®1) V*(t—s2/c, x2))
+ (V(t—so/c,x2) V*(t—s1/c,x1))}.
The first two terms on the right-hand side are proportional to the intensities [ m(sc) and

I® () which we would observe if only one of the apertures were present. The third term
describes the interference. Expressed in terms of the intensities, we obtain

I(@) = IV(@) + 1) (@) + 2,/ 1D (@) \/I?) (@) Rey(7, 21, 22), (12.62)

with 7 = (s3 — $1)/c. We see that Re (7, 1, x2) is directly observable: x; and x5 can be
varied by changing the position of the apertures, and 7 can be changed either by shifting the
observation point x or by placing a phase shifter behind one of the apertures.

Now Im (7, x1,x2) can be determined from dispersion relations or simply by shifting
the phase of the light fields at one of the holes by 7 /2. In the quasi-monochromatic limit the
7 dependence is particularly simple. Using the notations of section 12.5, we have y15(7) =
p1o(T) e~ @ Hia12(7) and thus

Re 712(7') =~ ,ulg(O) COS[OClQ(O) — ET],

(12.63)
Im y12(7) = p112(0) sin[a12(0) — @7].

For &1 = x5, the quantity ~11(7) = (7, 1, 1) can also be measured directly in an interfer-
ence experiment, as indicated in fig. 12.3. In this case, the excitation at point @, is split into
two rays (e.g. by a semitransparent mirror), which are later, after both rays have traversed paths
of different lengths, reunited for interference at point . According to the Wiener—Khinchin
theorem, we can determine from such a measurement of 711 (7) the quantity 11 (w), which
allows a precise measurement of a spectral intensity distribution with an extremely sharp peak.
The smaller this peak, the smaller are the variations of 11 (7) as a function of 7, which makes
it easier to measure.

Figure 12.3: Measuring 11 (7).

The result (12.62) for the intensity can be rewritten in the form
I(@) = [1 = Pya(n)] (I +1®)
+ 2 (M) {ID + I 4 2/ T /1@ cos[agz(r) — @]} (12.64)

This remains valid even when the aperture is not tiny, as long as (7, 1, x2) does not es-
sentially vary along the diameter of the aperture. One can easily show that in this case 7(1)
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and I(®) are the diffraction intensities for each of the two apertures. In general, the spatial de-
pendence of the correlation 712(7) is small compared to the spatial dependence of the signal
V(t,x).

Equation (12.64) confirms our interpretation of |y12(7)| as the degree of coherence. There
are two contributions for the intensity I(x):

e An incoherent part, which is simply the sum of the two input intensities without further
interference. This contribution is weighted by 1 — |y12].

o A coherent part, for which the excitations are added, and the intensity equals the square
of the total signal. For instance, for av;5 — w7 = 0 we find

Teon = (VIO + V1),

The presence of the second part reveals itself in an interference pattern varying with x. The
visibility of this pattern is defined by

Trax — I
_ Zmax min 12.65
v Imax+Imin’ ( )

where I, and Iy;, are the extremal values of I corresponding to cos(ay2 —@T) = £1. For
this quantity we obtain

2V T\ T(2)
V= NOFYOR 7121, (12.66)

and, in particular, for I(1) = J(2):

V= |mal (12.67)

12.7 The propagation of the correlation function

We now assume that on a surface F' the covariance function
Lia(r) = Vit +7) V5 (7))

is known and we pose the problem to determine I'15(7) for all points in space. This problem
is solvable because the covariance function satisfies the wave equation and we can apply the
Huygens—Fresnel principle. Taking the Fourier transform of the signal with respect to time,
V(w, x), we can write Kirchhoff’s identity (10.41) in the form

~ 1 ~ ~

V(w,z) = 4—/ df' {V(w, 2" \V'G,(z,2') — Gy (z, ") V'V(w,2')}.  (12.68)
T JF

For | — «’| > A, from eq. (10.44) we obtain

V(w,x) = :l—lk/Fdf' (cos x + cos xo) V(w, &' )Gu(x, x'), (12.69)

78
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where o and y are the inclination angles of the normal wave vectors of V(w, x) and G, with
respect to the normal directions of F'. In our case, xo is a random variable, and in order to
avoid a random inclination factor we replace the Green’s function G, (x, ') by the Dirichlet
Green’s function Gp,, (x, '), which satisfies

Gpu(z, ') =0 for z' eF. (12.70)
The second term in eq. (12.69) now vanishes and we find
~ ik ~
Vw,z) = /df’V(w,:c’) V' G (@, 2). (12.71)
T

If F is a plane, we obtain G'p,, from G, by applying the reflection principle:

Gpuw(z, ') = G (2, 2') — G, (x,2"), (12.72)
where x” follows from x’ by reflection on F. Given

Go(x, ') = A(m,x') 5@
we get

Gpw(z, ') = A(z,2') glkS(@a’) _ Az, z'") kS(@a") (12.73)
On F we have ' = &, and for |z — 2’| > ) we obtain

(n-V)Gp(z,z') =2(n- V)G, (x,z),
ie.

~ 2ik -
V(w,x) = —L/ df' V(w,z') cos x G (x, ). (12.74)
47 F
This expression differs from the one we obtained before merely by the replacement
(cosx + cosxp) — 2cosx. In leading order of k, both expressions are identical. So we
assume that

V(w,x) :/ df AV (w, 2" )Gy (z, x'), (12.75)
F
with an inclination factor A = —(i/\) cos x. Inserting the covariance function yields
Foenaa) = [ dffdfs MASTw. o), 2))Culen,a))Glenal). (1276
F

and after a Fourier transformation

D(r, @1, x2) = dw f(w,a:l,acg) e lwr

27
— [ afids mns A2 A (w2 0))

F
x T(1 = S(z1, @) /c + S(@2,23) /¢, @, ). (12.77)



12.7  The propagation of the correlation function 229

This expression simplifies further when we make the following assumptions:

e The quasi-monochromatic approximation holds:

1 1
T — ESM/ —+ 5522/ < Te. (12.78)

e On F the function I'(7, &, %) corresponds to white noise:

D(r,a), xh) = I(r,}) 6P (x] — ). (12.79)

For a distant filament lamp or a fixed star, both observed through a filter, these assumptions
are satisfied. We then find

Drenas) = [ dfi MAjA(enal)4" (@)
F
X I(w,a}) - e @Ir=(1/)S1+(1/e)Sayr] (12.80)

For a very distant object we have A; = Ao, and we may put slowly varying quantities in front
of the integral:

F(T, Iy, 332) = A((El, QEIO)A*(CL'Q, 33/0)

X / dfl |API(w,x)) - e @lr=(1/e) 1 +(1/¢) o] (12.81)
F

The average intensity at point x; is proportional to
00,z1,x) = |A(m1,mg)|2/ df' |APT(w, 2'). (12.82)
F

So, we obtain as the final result for the normalized correlation function:

_ fF df/ |A‘2I(w, m/) e(iﬁ/c)[S’(wl,w')fs'(wg,w')]

[ df [API(w, z') (12.83)

7(07 Ty, $2)

This expression resembles a diffraction integral in which the pupil function has been replaced
by the intensity distribution |A|?I (i, 2’). This fact is known as the van Cittert-Zernicke the-
orem:

Theorem 12.2 (van Cittert-Zernicke theorem). In the quasi-monochromatic approxima-
tion, the correlation function (0, x1, x3) for the radiation of a white planar source, consid-
ered as a function of x1, resembles the diffraction field of an aperture centered around x5 and
with pupil function |A|*I(w, ).

For a very distant source we may in addition apply Fraunhofer’s approximation, i.e. we may
expand the exponent up to linear terms in x,:

“S(@a) — S (@aa!) = o+ ikpyy - €, (12.84)
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and we get
112 fF d2§ |A|21(D, 6) elkPi2-€
JREIAPI(@, €)

If, for instance, the source consists of a homogeneous radiating circular disc of radius p, the
function (0, 1, 2) assumes the form of an Airy function:

v(0,x1,x2) =€ (12.85)

(0,1, x2) = e¥122.J; (v) /v,

12.86
with v =kpp = kpd/R. ( )

Here, p = d/R is the angle at which the two points x; and @5 (with |1 — x2| = d) are seen
from a source at a distance R = |z 2 — (.

12.8 Amplitude and intensity interferometry

12.8.1 Amplitude interferometry: Michelson interferometer

As we have seen in section 10.7, the resolution of a telescope is limited by the diameter of the
frontal aperture d. The smallest angle « that can just be resolved is of the order

a=2N/d.

The Michelson interferometer is an arrangement by which one can achieve a virtual effec-
tive aperture diameter of up to 10 m. The principal features are shown in fig. 12.4. The light
from the observed astronomical object falls on two mirrors, which are separated by a distance
d. Two additional mirrors direct the rays into a telescope and map them into the focal plane.
The distance d can be changed.

por

—%
“mirror phase shifter
T |
d | | —
T e Aocal plane
| e Figure 12.4: Principle of a Michel-
__—-L————-j/ son interferometer.

We first consider the case of a single point-like object, such as a distant star with a small
radius. If the mirrors are circular, we will see in the focal plane the diffraction image of two
circular apertures of distance d, which is an Airy pattern, traversed by straight interference
fringes (see section 10.6). The distance between the straight interference fringes is of the
order fA/d.

Suppose now that we observe two point-like objects, say, a binary system, having a very
small angular distance «.. Due to the different incidence angles there will be a relative phase
shift at the two mirrors, which in turn results in a relative displacement of the diffraction
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patterns transverse to the straight fringes by a distance fo. If we now vary d, the distance
between the straight fringes changes, and for A\/2d = « the maximum of the image of one
component lies on top of the minimum of the image of the other component, which results in
the minimal visibility of the straight fringes part of the interference pattern. In this way, even
very narrow binary systems can be resolved.

The Michelson arrangement is useful not only for the resolution of binary systems but
also for measuring the diameters of stars. In this case we should think of the object as a small
disk-like luminosity distribution with a small angular diameter «.. At first sight one might
expect that for such an object the straight interference fringes would be completely smeared
out; however, this is not the case, and the best way to understand this phenomenon is via the
van Cittert—Zernicke theorem.

Both mirrors receive the same intensity of light from the star having angular diameter «.
According to section 12.6, this leads to an intensity distribution in the focal plane that is given
by

I(z) = 21(1)(m)[1 + Revy(r, @1, x2)], (12.87)

where @1 and x5 are the positions of the two mirrors and |x; — x2| = d is their distance
apart. 1) resembles an Airy distribution. But according to the van Cittert—Zernicke theorem
we have

{10 —iTT JPEIAPI(@, &) e*Pi2€
JEAPI@,€)

Thus, the correlation function ;2 (7) directly measures the Fourier transform of the intensity
distribution. On the other hand, according to eq. (12.87), it is directly observable when we vary
a1 and x- and record the changes in the interference pattern. In this way we can determine not
only the apparent diameter of the source but in principle even the total intensity distribution.

For a disk-like source like a fixed star, 712 is described by an Airy distribution:
2J1 (mda/N)

mda/X

where d is the separation of the mirrors and « is the apparent diameter of the star. The inter-
ference pattern has minimal visibility if the following condition is fulfilled:

mda/\ = 1.22m, ie. a = 1.22)\/d. (12.90)

v(T,x1,T2) =€ (12.88)

Y12(0) ~ (12.89)

By varying d, one can determine the diameters of large fixed stars. For instance, already in the
1920s this method yielded the value ov = 0.047” for Betelgeuse.

The problem in Michelson’s method lies in the extremely high demands for the stability of
the arrangement. The distance between the two mirrors must be kept stable within fractions of
the wavelength of light, which is difficult to achieve, in particular, when it should be possible
to direct the instrument towards different stars.

12.8.2 Photon correlation spectroscopy

This stability problem is avoided by the so-called intensity correlation spectroscopy, first pro-
posed in 1957 by R. Hanbury Brown and R. Q. Twiss (fig. 12.5). What is measured in this
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method are the correlations in the intensity fluctuations of the object signal at two distant
points ; and xs:

ALs ~ (Vi = (Vi2l?). (12.91)

Cables conduct the two intensity signals to a correlator, which measures the correlations. The
demands for mechanical stability are low. Furthermore, the intensity varies much slower than
the signal itself, making the measurement of (AJ; Als) really manageable.

1y

AL ALY
Figure 12.5: Principle of intensity correlation

33 x, I spectroscopy.

Using the tools derived up to now, we can easily understand the principles of the method
of Hanbury Brown and Twiss. Because the wave field of an extended object can be consid-
ered (almost) as a Gaussian stochastic process, we can determine the correlation function
(A Al) using the factorization properties mentioned in sections 12.3 and 12.4:

(ALADL) ~ (VT (t+7) = (ViV)] [V2 V5 (8) — (V2V5)])
= N +n)V(E+7)Va(t)V5 (1) — (ViVi) (VaVy)

= (Vi(t + V5" (@) (Vi (t + 7)Va(t)) (12.92)
+ (Vi) (VaVy) — (ViVi) (Vi Vy)
= [T1a(7) .

Hence, the correlation of the intensity fluctuations is a direct measure for the absolute value
of the covariance function I'15 (7). The phase can easily be calculated within the quasi-mono-
chromatic approximation, whereas, in general, it is determined by dispersion relations. This
leads us to the surprising result that, via the van Cittert—Zernicke theorem, we can determine
the shape of the source of a wave field by correlation measurements of intensity fluctuations.
At least in principle it should be possible to determine the shape of an egg frying in a pan by
measuring the intensity correlations of the sound.

Due to the extremely low intensities, the practical realization of this method has to rely on
correlation measurements of photon counting rates in photomultipliers. This will be described
in chapter 14.

Intensity correlation spectroscopy is mainly used in radioastronomy using radio waves. In
this case, several radio telescopes, often thousands of kilometers apart, are connected for the
measurement of the intensity correlations.

12.9 Dynamical light scattering

Stochastic wave fields do not always have their origin in some stochastic source — they can also
be produced by reflection, refraction, diffraction, and scattering of coherent waves at stochastic
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structures. An example of such a situation is the speckle effect, which we will describe in the
next section.

Dynamical light scattering refers to the scattering of light at stochastically distributed
scattering centers. Here, we want to describe in a simple way how we can obtain information
about the shape and the dynamics of the distribution of these scattering centers by measuring
correlation functions.

Let us first consider a single scattering center located at a point x;(¢) at time ¢. To simplify
matters, we restrict the discussion to scalar wave theory. An incoming plane wave e~ («t—F-x)
will produce a scattered wave emanating from a;(¢). Like we did in section 11.3, we make
the following ansatz for the scattered wave under the condition that |v;(¢)| = |&;(t)| < ¢

. . eik|w7mi(t)|
v(t,x) = Ae Whelk® (12.93)
|z — (1))
For large distances from the scattering center we find approximately
elklzl .
v(t,x) = A = e Wt gmig@i(t) (12.94)
T
where
p T
g=k —k:kﬁ—k. (12.95)
x

[Strictly speaking, the factor k in eq. (12.95) has to be replaced by the quantity k' = k + Ak,
taking into account the Doppler shift. However, for |v;|/c < 1 and g # 0, the difference is
negligible.] For several stochastically distributed scattering centers, the locations X ;(t) are
stochastic variables and the stochastic scattered wave field is given by

ik|x|
Vit,z)=A°

= o—iwt Z el Xi(t) (12.96)

From this we find for the covariance function:
(V(t, )V (', z)) = |A? D e =) (e ialXu®=X, ()], (12.97)
4,7

For the simplest and most common cases, the quantity |A|? is simply a constant. In general,
|A|? is proportional to the differential cross-section for the scattering at a single scattering
center.

Let w;;(¢,¢'; &, ") be the simultaneous position distribution on R* x R3, which corre-
sponds to the joint probability that we find center ¢ at time ¢ close to « and center j at time ¢
close to «’. Then

(e71a X=X (D)) — / d3z / Ba’ wi (' z, x') e 71T @), (12.98)

Setting

wij(t,t'sz, ') = Cy(t—t , x—a'), (12.99)



234 12 Coherence theory

we find that the expectation value (12.98) is proportional to the spatial Fourier transform of
the so-called pair distribution function C;;(t—t', x—x'):

(V(t, )V (', 2)) ~ [AP D e =) Oyt q). (12.100)
,J

(The x dependence on the right-hand side of eq. (12.100) is hidden in the momentum trans-
fer q.)

If, instead of discrete point-like scattering centers, we are considering a random scattering
density distribution p(t, x), eqs. (12.96) and (12.100) are replaced by

ikl .
Vit,z)=A elwl e_‘”t/d3x'p(t,m')e_lq'm (12.101)
and
V(t,z)V*(t' @) ~ |A2 e =) Ct—t' q), (12.102)

where now C (t—t', q) is the spatial Fourier transform of the covariance function:
Ct—t',xz—2') = (p(t,x)p*(t', x")). (12.103)

The structure function C (7,q) contains information about the space-time correlations of
the scattering centers. The quantity (V (¢, )V *(¢', x)), which is proportional to C(7, q), can
be measured directly with the methods described in section 12.6. However, in many cases, a
more accessible quantity to measure is the Fourier transform:

I(W',q) = /dTei“’/T<V(t,w)V*(t+T, x))

~ |A\2/dr W=7 O(7, q). (12.104)

According to the Wiener—Khinchin theorem (12.47), I(w’, q) is proportional to the spectral
density of the scattered radiation that is observed at a momentum transfer g, i.e. the differential
cross-section of the inelastic scattering with frequency change Aw = o' — w.

Instead of measuring (V (¢, 2)V* (', x’)), it is often more convenient to measure the cor-
relations of intensity fluctuations, which are proportional to (A|V (¢, z)|?A|V (¢, x)|?) and
which, for a Gaussian stochastic process, contain the same information as (V (¢, ) V*(¢', x'))
(see section 12.8).

This general discussion about the scattering of waves at stochastically distributed centers
can be applied not only to the scattering of light, but also, for example, to the scattering of
neutrons in matter. Here we mention just a few of the numerous applications:

1. Scattering of light by a dilute solution of polymer molecules. The scattering centers are
the segments of long chain molecules. Because the different segments within the chain
have different positions along the chain, the scattering centers are not equivalent. The
structure function C;;(7, q) depends on the dynamical behavior of the polymer chain,
like, for example, the degree of stretching or entanglement. We can treat the scattering of
light by macromolecules in dilute solutions or by colloidal solutions of small particles in
a similar way.
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2. Dynamical pair correlation functions of material media. In this case the scattering cen-
ters are the molecules of a gaseous, liquid, or solid medium. In general, the molecules
may be considered as equivalent such that the indices 7 and j in eq. (12.100) can be omit-
ted. The pair correlation function C'(0, z—x’) determines the thermodynamic properties
of the medium, while C(7,z—a') contains information about the relaxation behavior
following a disturbance or about transport coefficients such as the thermal conductivity,
the diffusion constant, or the viscosity.

3. Light scattering at density fluctuations in a transparent fluid. This is an example of scat-
tering by a continuous distribution. Basically, the scattering occurs at fluctuations of the
refractive index, but these are mainly due to density fluctuations. C(0, 0) is related to the
isothermal compressibility; the 7 dependence of C (7, q) is damped exponentially and
characterizes the relaxation after a disturbance of the density distribution. Close to the
critical point the density fluctuations are long-ranged and long-lived.

There are two types of density fluctuations in stationary media:

o thermal fluctuations due to temperature variations and thermal expansion — they are
damped by thermal conduction; and

e mechanical fluctuations, i.e. sound waves, which are damped by inner friction and
thermal conduction.

Associated with these two density fluctuations one observes two different kinds of max-
ima in the temporal Fourier transform I(w’, q) of C(7, q):

e a so-called Rayleigh peak at w' = w, whose width is determined by the thermal
conductivity; and

e two so-called Brillouin peaks at the Doppler-shifted positions w’ = w =+ ¢;|q|, where
¢ 18 the velocity of sound — the width of the Brillouin peaks depends on the viscosity
of the medium.

4. X-ray spectroscopy of crystals. With respect to the metric in a crystal lattice, the equal-
time pair distribution C(0, z—a") is spatially periodic, i.e. C(0, q) is concentrated in the
form of a ¢-function on a reciprocal lattice with discrete values of g (see section 10.7).
From the structure function C(7,q) one can determine the form and the dynamics of
the crystal lattice. In many cases, however, one is less interested in the structure function
itself than in the factor | A|? in eq. (12.102), which characterizes the shape of a single scat-
tering center. The complicated molecules to be investigated are crystallized such they are
aligned and periodically distributed. The structure function C(0, g) serves the purpose to
concentrate the intensity of the scattered light along the directions of the discrete maxima
of C(0, q).
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12.10 Granulation

When laser light is reflected from a diffuse surface F”, the produced radiation field exhibits
a speckled structure that can be seen by the naked eye. This phenomenon, called the speckle
effect, is a nice application of the results we obtained in this chapter.

Let the laser light have a fixed frequency w. Due to the random irregularities on F”, a sto-
chastic wave field V(w, ') (x’ € F') is generated right in front of F”. On some other surface
F there will be, according to eq. (12.68) or (12.75), a linearly transformed field V (w, ) with
x € F'. In particular, if I is the focal plane of the imaging system, the linear transformation is
a Fourier transformation. In general, the wave field on F’ will be close to Gaussian or even
white noise. Therefore, there will be a Gaussian wave field also on F', which, however, for
most cases is not white noise.

The wave field on F is called the objective speckle pattern and has to be distinguished
from the subjective speckle pattern, which refers to the speckle pattern on the retina of our
eye. Diffraction effects at the pupil of the eye contribute to the subjective speckle pattern.
Only if F' is the focal plane of some optical system may the objective and subjective speckle
patterns be identified, but even in this case diffraction effects in the eye can make things more
complicated: in some cases one perceives finer granules within each coarse grain.

We now consider the intensity distribution of the objective speckle pattern on F'. For a fixed
point x € F, the distribution of the complex amplitude V(w, x) will be a two-dimensional
Gaussian distribution of the form

1 .
w(v) = 55 e (12.105)
Writing v = v; + ivg we get

1 .
w(vr, v) dvg dvy = e~ T2 o] dJo] dy

1
= 3% e 107297 Qo) d, (12.106)
where |[v]? = v} + v3.
So the distribution of the intensity I = |v|?/2 at point = € F is simply given by an expo-
nential function:

L1, (12.107)

v =1

where the average intensity is (I) = o2, and for the variance of I one obtains

o? = (I)2. (12.108)

Notice that I = 0 has largest probability. The grain size of the speckle pattern is given by the
correlation length of the intensity distribution.

According to eq. (12.92) and the van Cittert—Zernicke theorem (12.88), it is the correlation
function v(0, 1, x2) on F that is relevant. If the illuminated surface on F” is circular with
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diameter d, there will be an Airy distribution and the grain size is given by

D = 1.223L, (12.109)

where L is the distance between F” and F.

Apart from being a disturbing side-effect, the speckle effect also has many useful applica-
tions in measurement technology. It is used, for instance, to make visible tiny displacements
or to observe the flow fields in fluids that have been dotted with small scattering particles. We
will now explain the principle of such experiments for the particularly nice example of speckle
interferometry of stars.

Irregularities in the density and humidity of the atmosphere lead to the scintillation of
starlight. Due to these effects, the observed light of a star seems to have spatial and temporal
fluctuations. The spatial extension of these inhomogeneities is of the order of 0.1 cm to 10 cm,
and the lifetime is about 0.1 s. Starlight is coherent enough to produce a speckle pattern, which
can be photographed if the exposure time is sufficiently short. The film then exhibits a speckle
distribution I; ().

Two close-by stars produce an intensity distribution of the form

I(x) = Ii(z) + ph(x + d), (12.110)

which consists of two similar distributions that are slightly shifted with respect to each other.
The factor p accounts for the different luminosities of the stars.

For the Fourier transform, which can also be realized optically by the methods described
in chapter 10, we find

I(k) = L(k)(1 + pe*d), (12.111)
ie.

1I(K))? = | (K)]?[1 + p* + 2pcos(k - d)]. (12.112)
From the width of the pattern of stripes traversing the distribution |I(k)|2, one can determine
the size of d and thus the angular distance of the two stars.

12.11 Image processing by filtering

Often a signal suffers interference by random influences. This leads to the problem of undoing
the disturbances as far as possible and recovering the undisturbed signal. The so-called Wiener
filter is one tool for this purpose.

As a concrete example, we think of an image that can be described by a two-dimensional
intensity distribution I () with & € R, We assume I(x) to be a stochastic process (see sec-
tion 12.3).

A stochastic disturbance () will be superimposed onto the distribution I () and what
we observe is the sum of the two:

Z(x) =1(x) + X(x). (12.113)
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We can measure the covariance function,
Czz(x —y) = (AZ(z)AZ(y)) (12.114)

with AZ(x) = Z(x) — (Z(x)), as well as (Z(x)). Furthermore, we assume that we know
the characteristic features of the disturbance 3,

Cex(z —y) = (AX(x)AX(y)) (12.115)

and (X(x)). For instance, & may be white noise.
In eqgs. (12.114) and (12.115) we have assumed [ and X to be translation-invariant. Fur-
thermore,

Crs(x —y) = (Al(x)AX(y)) =0, (12.116)

i.e. the signal I and the disturbance X are uncorrelated.
As an estimator [ for an optimal reconstruction of the signal I, we take a stochastic process
that results from the observed signal Z by a linear transformation:

(@) = (h2)(@) + w(@) = % /d2y W@ — y)Z () + w(@), (12.117)

where again we have assumed translation invariance.
The non-stochastic quantities h and w are not yet known and will be determined from the
condition that the expectation value

2={(I-1)?% = </d2x [I(x) — f(:c)]2> (12.118)

- < [ 1@~ 5 [ @it -n)2) - (o) >

becomes minimal. This expresses the idea that, in the average, I is an optimal reconstruction
of 1. Variation with respect to w yields

(1@)~ (12)(e)) ~ w(@) = (@) = [ @yhie - )2(0) ) ~ul@) =0, (12119
i.e.
wl@) = (1(@)) - (HZ)(@) = (1)) ~ 5 [ Cyhle—w)(Zw). 12120
Variation with respect to h leads to the condition
0= ([I(@) — (hZ)(@) - w(=)]Z(y). (12.121)
Inserting eq. (12.120) we find
0= ([AI(@) - (hAZ)(@)]AZ(y))

~Crale—y) - [ Puble - w)(AZ@AZ(E)

1
=Ciz(z—y) — g/d%h(w—u)sz(u—y). (12.122)
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This is a linear integral equation for h. In new variables, it may be written in the form

1
Crz(x) = 7 /de hx —y)Czz(y). (12.123)

This equation is referred to as the Yule—Walker equation. Taking into account eqs. (12.113)
and (12.116) we obtain

Crz(x) = Cri(x) = Czz(x) — Cxx(x), (12.124)

which contains only known and measurable quantities.
Due to the assumed translational invariance, the Yule—Walker equation for % can be solved
easily by Fourier transformation and applying the convolution theorem:

+ oy _ Czz(k) — Cus(k)

h(k = (12.125)
(k) Ca ()

Hence, we have found a “filter” for an optimal linear estimator for the reconstruction of the
signal. This is called the Wiener filter.

12.12 Polarization of partially coherent light

We cannot describe the polarization effects of a stochastic light wave field using a scalar
analytical signal V (¢, ). If we want to include these effects, we have to describe the three
components of the electric field strength by three analytical stochastic signals E;(¢, x). Now,
the covariance function, (E;(t+7, 1) £} (t, z2)), assumes values in a matrix.

We restrict ourselves to the important case in which the wave field is observed only at one
point x; we set 7 = 0 and assume that the propagation of light occurs along the 3-axis. In this
case E's = 0, and the polarization can be described by a 2 x 2 matrix:

_ ((E1EY) (E1E3)\ (S Si2
S(<E2E}> <E2E§>)<Szl 522)' (12.126)

Obviously, S11 > 0, Sa2 > 0, and S12 = S%,, i.e. the matrix S is Hermitian: S = ST. Any
Hermitian 2 x 2 matrix may be written in the form

S — S0+ s1 82 +1is3
82—133 So — S1

) —slts-o (12.127)
where

1 0 0 1 0 i
01=(0 _1>7 02=(1 0), 0—3=<_i 6) (12.128)

are the well-known ¢ matrices. (Compared to the standard notation used in quantum mechan-
ics, the labeling is different in order to be consistent with the convention used in optics.) The
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parameters Sg, S1, Se, and sz characterize the polarization and are called the Stokes param-
eters. Our first aim will be to reveal their meaning. The allowed values for sy and s are not
completely arbitrary but are subject to the conditions sg£s; > 0,1i.e. sg > 0, and, in addition,
we can deduce from the correlation inequality that
2
[(EvE5)|” < (B EY)(E2Es),
S12821 < 511592, (12.129)
det S = 511522 — 312521 = Sg — S2 Z 0.

The determinant of .S is non-negative, which leads to an additional constraint for the Stokes
parameters:

s0 > |s| == s. (12.130)
The trace of S,
Tr S = (E1E7) + (B2 E3) = 23, (12.131)

is proportional to the average intensity. A rotation around the 3-axis,

R(0) = (cose —sin9>7

sin 0 cosf
transforms S' into
SE = R(0)SRT(9). (12.132)
Since
Tr S® = Tr(R(9)SRT(0)) = Tr(SRTR) = Tr S, (12.133)

the intensity remains unchanged, as was to be expected.
Some more operations that one can perform on the wave field using matrices are as fol-
lows:

e A phase shift by a phase i of E; relative to Eo by a so-called compensator, which
consists of small plates cut from an optically uniaxial crystal. Such a compensator can be
represented by a matrix

el¥/2 0
K - ( 0 e*id}/? .
We find

Sn eMSl?) (12.134)

Sk = K(¢)SK+('(/}) = (e—iw52l So

and, of course, Tr S = Tr S¥.
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e Propagation through a polarization filter. In this case the E vector is projected onto the
polarization direction n = (cos,sin,0) of the filter. A polarization filter is repre-
sented by a projection operator

PO = (gmpeoms s )’ (12139
which satisfies Pt () = P(09) = P%(4). We find

S¥ =psp
and in this case

TrS¥ = Tr(PSP) = Tr(SP?) = Tt SP < Tr S, (12.136)

because part of the intensity is absorbed by the filter.

We can directly determine all the matrix elements of S by intensity measurements using com-
binations of polarization filters and compensators. For instance,

Tr SP(0) = S11 = s0 + s1,
Tr SP(mw/2) = Soa = 50 — 1, (12.137)
Tr SP(m/4) = $(S11 + Sao + S12 + S21) = so + o,
Tr(K(m/2)SK* (7 /2)P(m/4)) = 5(S11 + S22 +1S12 — iS21) = 50 — s3.
For a better understanding of how the information about the polarization is hidden in the
matrix S, we first consider some special cases:

1. Completely unpolarized light. There is no preferred direction and there is no correlation
between the different components of E. So

2

2. Strictly planar polarization. Now, E is already completely determined by E; and shares
the same phase as Fjy:

E1 = AFE, (A real),

S = (E\E¥) <i1 ‘32> . (12.139)

For this case we find det S = 0 and s3 = 0.

3. Strictly elliptical polarization with the axes of the polarization ellipsoid in the 1-2 direc-
tion. For this case also, E5 is completely determined by E; and there is a phase difference
between the two components of +7/2:

E| = +iAFE, (with A > 0),
S 1 LA
S:<E1E1> <:F1A A2 ),

Again, we find det S = 0.

(12.140)
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4. Strictly elliptical polarization with arbitrary direction of the axes. This follows by apply-
ing a rotation.

For all cases of strict polarizations we find det S = 0. It turns out that any polarization matrix
S can be written uniquely as the sum of a completely unpolarized and a completely polarized
part:

S =Sy + 5. (12.141)

In order to find this splitting, we observe that S has the eigenvalues A\; o = sg + |s| = so £ s,
and that det(S — A1 21) = 0. Therefore, S = A1 21 + (S — A1 21). The requirement that the
diagonal elements of S — A; 21 shall not be negative leads to the unique splitting

S:(soo—s SOOS>+<82+}9;3 S§+z3) (12.142)
The intensity of the polarized part is

I, =TrS, =2s (12.143)
and for the unpolarized part we find

I, =TrS, =259 — 2s. (12.144)

So, the degree of polarization is given by

I, S
= —— 12.145
p Ip +Iu So ( )

Indeed, we obtain 0 < p < 1, where the extremal values correspond to the completely un-
polarized and the completely polarized cases. Having found the degree of polarization, we
now want to extract the type of polarization. For this purpose we consider the transformation
behaviour of the Stokes parameters under a rotation R(#). We find the following replacements:

S0 — S( = S0,
51— 87 = 81 cos(20) — sgsin(26),
8o — 85 = 818in(20) + s cos(20), (12.146)
83 — S3,
5 5.

Making a rotation by an angle 6y, where
tan(20p) = —sa/s1, (12.147)

we can arrange s, = 0 such that the polarized part assumes the form of eq. (12.140):

/ : 2 2 3
sp:(‘”.sl 153,):(5i 51+ 82 el 2). (12.148)
—183 §— 87 —1s3 SF /ST + 83
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Therefore, the polarized part describes

e a linearly polarized wave for s3 = 0, and

e an elliptically polarized wave for s3 # 0, where the sign determines the rotational direc-
tion along the polarization ellipsoid.

The directions of the axes of the polarization ellipsoid are given by
tanfy = —sa/s1,

and the ratio of the absolute values of the axes is

g S—+/s1+ 53
2= VHTH (12.149)
s+ /87 + s3

The values s; = sy = 0 imply a circular polarization and s = \/s? + 53, i.e. s3 = 0, a linear
polarization.



13 Quantum states of the electromagnetic field

13.1 Quantization of the electromagnetic field and
harmonic oscillators

The quantization of the free electromagnetic field can be reduced to the quantization of an

infinite system of uncoupled harmonic oscillators. So, we first have to recapitulate the quanti-

zation of a simple harmonic oscillator.
A simple classical harmonic oscillator is defined by the equation of motion

md+kq=0 (13.1)
with solution
q(t) = acos(wt) + B sin(wt) (13.2)

and the frequency w given by w = 1/k/m. Replacing k by w, we obtain for the conserved
energy

2

m mw
E=—¢ 2 13.3
54 + 5 4 (13.3)
and for the classical Hamiltonian
2 2
Hy=2 T 2 (13.4)
2m 2

For quantization, the momentum p = mgq and the position ¢ are replaced by operators P
and () with

B
[P,Q] = oL (13.5)

giving the Hamilton operator:

P2 mw?

H=_— . 13.6
o T 5 ¢ (13.6)
Rescaling P and @ to dimensionless quantities, we obtain
1 P S mw \°
H=hw|- - — 13.7
2 () +2(V59) | 32
= hw(3X3 + 2X7). (13.8)
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The eigenvalues and eigenstates of H are obtained in a purely algebraic way. We introduce
the operator

1
a=—(X1+iX 13.9
\/§( 1 2) (13.9)
and its adjoint
1
at = —=(X1 —iXy). 13.10
\/5( 1 2) ( )
From
(X1, Xo] =11, (13.11)

we immediately obtain
[a,a™] = 1. (13.12)

Here a and a™ are called the annihilation operator and the creation operator, respectively,
and

_ L + _ L et
le\/ﬁ(aJra ), ng\/ii(a a™) (13.13)

are called the quadratures associated with a and a™. In terms of a and a™, the Hamilton
operator H becomes

H = hw(ata+3). (13.14)

The eigenvalues and eigenstates of N = a™a are easily obtained in the following way. Let
|v) be a state with

Nly) =vly),  (vv) =1,
then
Nal|v) = aNv) + [N, d]|v) = (v — 1)a|v),
{av|av) = (vlaTav) = v, (13.15)
and
Na"lv) = [N,a"]lv) + a"Nlv) = (v + 1)a™|v),
{atv|atv) = (v|aaTv) = v + 1. (13.16)

So, a™ and a raise and lower the eigenvalue of N by one unit. Because NN is a non-negative
operator, v has to be a non-negative integer n.

Starting from a ground state |0) with a|0) = N|0) = 0, (0|0) = 1, we can obtain the
excited states

In) = 0) (13.17)
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with N |n) = n|n), which are also eigenstates of H:
Hln) = hw(n + 3)[n). (13.18)

Harmonic oscillators in f-dimensional space can, by linear transformation, always be re-
duced to f decoupled harmonic oscillators with

hwi(a a4+ 1), (13.19)

Il
Il M&s
-

where
lar, am] = [a;",a}}] = 0, [ar, a] = 0. (13.20)

The normalized eigenstates are

+
e ymgy =
N \/_ \/_
<n1,...,nf|n'1,...,n'f> = 5”1nr1 ~~-5nfn/f (13.21)
Hny,...,n Zﬁwl nl—l— )1, ..., np).

From eq. (13.7) we see the following. Different harmonic oscillators with different values
of mw give rise to different quadratures X and X7 of the form:

X =e"Xy, X}, =e "Xy, (13.22)
and different annihilation and creation operators

a’ = acoshr 4 a*t sinhr,

(13.23)
o't = asinhr + at coshr.

These X1, X}, d/, and a’ * also fulfill the commutation relations (13.11) and (13.12). Another
linear transformation conserving the commutation laws is a rotation of the quadratures:

X] = X1co80 + Xosiné,
(13.24)
X5 =—X1s8in6 + X5 cos b,

or
d =ae? T =qatel. (13.25)

The transformations (13.22) and (13.23) are called Bogolyubov transformations, and every
linear inhomogeneous transformation preserving Hermiticity properties and the commutation
laws is a product of rotations, Bogolyubov transformations, and translations o’ = a + a1,
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a't = a™ + a*1. For r degrees of freedom, the linear transformations preserving relations
(13.20) are symplectic transformations.

An irreducible representation of the commutation relations (13.20) with Hermitian opera-
tors X1; and Xo; is uniquely defined up to a unitary equivalence

d =U%alU, o =U"atU (13.26)

with unitary U. The exact form of U will be determined later.
Let us now turn to the quantization of the free electromagnetic field. Its energy is given by
eg. (2.15) (making use of eq. (2.8)):

1 , 2,2
E:/ Bo (g2 B2 :/ Bz (g2 g2 (13.27)
v 2 2410 v 2 2

Here, we assume the fields to be restricted to a (possibly large) rectangular volume V = ABC
of edge lengths A, B, and C'. Expressing B and E by the potentials A and ¢ according to
eg. (2.18) and inserting the Coulomb gauge condition

V-A=0, ¢p=0 (13.28)

on the potentials, we obtain
E = / 3z [%eoﬁzAQ + 1PK%e(V x A)?. (13.29)
1%

Now
(V X A)2 = le]vZAJ — VZAJVJAl
= vl(AJVZA] - Ajvin) - AjAAj + A]V]V,AL

Hence, by partial integration,
E= / A3z (Leor?A” — Le2k%e A - AA). (13.30)
v

Choosing a complete orthogonal system of eigenfunctions u;(x) of the non-negative operator
—A with

Au; = —k‘f’ul, / Uy - U, Bz =6
1%

(depending on the boundary conditions on V') we have

Alt,z) =Y a(t)w(®),
. l (13.31)
A(t,o) =) ai(tw(e),

.



13.1 Quantization of the electromagnetic field and harmonic oscillators 249
and

E = Z Leok?d? + Legr?wia?) (13.32)
l

with the frequency w; = k;c.
The quantization is now straightforward. The Hamiltonian is

Goli wj
H = Z(QEORQ 5 Qz) (13.33)

Notice that the electric field contributes to the kinetic energy and the magnetic field to the
potential energy.
Comparing with eq. (13.7) we immediately read off the annihilation and creation opera-

tors:
1 €or2wy 1
= — 7P s
a 7 < Qi +1y/ L
B eom2wl /
o Golizwlh

in terms of which

(13.34)

H=> hwlafa +3) (13.35)
l

Application of a;" , to an energy eigenstate |0) raises the energy by Aw; and corresponds to the
creation of an electromagnetic or light quantum of energy hw;. It is natural to assume that
the ground state |0) with no light quanta has energy zero. Hence, we replace H by the final
Hamiltonian

H=> hwafa (13.36)
l

of the electromagnetic field.

The operators of eq. (13.34) refer to the Schrodinger picture in quantum mechanics, where
the time dependence resides in the states. In field theory, it is more common to work in the
Heisenberg pictures, where states are time-independent and operators time-dependent. The
relationship between Heisenberg and Schrodinger picture operators is given by

Ap(t) = e/MHt g o=(/MHE (13.37)
and with eq. (13.36) this gives

a(t) = ape @1t af (t) = af e (13.38)
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The quantum vector potential is given by the operator

[ h [ e @ty (z) + a; et wituf(z)]
Ag(t,x) = L L
H( ) zl: €0K2wl \/5

=AM 4 A, (13.39)

The annihilation and creation parts A™®) are Hermitian conjugates of each other.
One easily derives the field operators for the electric and magnetic fields. For example,

alt,2) Z\/m (@) e~ — o () ]
ﬁ

— B (13.40)

The operators A (¢, :c) and B (t7 ) annihilate a photon localized at the point x, whereas
A (¢, x) and E7) (¢, ) create a photon at the point .
The quadratures

1
—(a; +a}"), Xoi =
V2
play an important role in quantum optics.
To finish this section, we give examples of the precise form of the basis functions u; ().
For periodic boundary conditions we have

Xy = (a1 — af)

1
iv2

eikl~:c

with

kl: (27Tl1 27712 27‘1’[3

T’?’T)’ li,lo,l13 € Z

and €; - k; = 0. The €; contains polarization information. For a basis we need two orthogonal
vectors €;. Periodic boundary conditions correspond to running waves: a photon has energy
hw; and momentum hk;.

For standing waves, we can take

egl) s1n(k(l)m1) cos(kél)xg) COS(k§Z)$3)
8
w(x) = ABC eél) cos(kg )sin(kél)xg) COS(kél){Eg) (13.42)
(l) cos(kg )xl) COS(kél).’Eg) sin(kgl)xg)
with
A’B’C

L 7y wl
b= ) = (L)

and k; - ¢, = 0. This time, the sign of the momentum of one light quantum is undetermined.
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In quantum mechanics, there are no privileged harmonic oscillators, and one pair of cre-
ation and annihilation operators is as good as any other.

For a quantized electromagnetic field, on the other hand, the above set of creation and
annihilation operators is physically distinguished. Nevertheless, Bogolyubov transformations
play an important role in connection with so-called squeezed states, which will be defined in
the next section.

In quantum optics, quite often a considerable simplification applies for the electromagnetic
field, because only a finite, small number of modes contributes.

13.2 Coherent and squeezed states

In the previous section, we mentioned that the inhomogeneous linear transformations, which
preserve the Hermiticity properties and the commutation laws of the creation and annihilation
operators and of the quadratures, can be realized by unitary transformations. We now give
explicit expressions for these unitary transformations.

e We start with translations (Galilean transformations). For « € C we define a unitary

operator

D(a) = e’ —a"a, (13.43)
We readily see that

Dt (a)aD(a) = a + «a, DT (a)atD(a) = at +a*. (13.44)

(For a proof, we replace a by «t, differentiate with respect to ¢, and observe that both
sides of eq. (13.44) solve the same linear differential equation and coincide for ¢ = 0.)

For the quadratures we find

*

a+a* a—a
DT (a)X1D(a) = X, + ., DY (a)XyD(a) = Xo + . (1345
() X1D(a) 1 NG () X2D(a) 2 2 ( )
Using the well-known identity
oA B — oATB e%[A,B]’ (13.46)

which holds whenever the commutator [A, B] commutes with A and B, we can write
D(«) also as

+

2 *
D(a) = e zlalfgaat g—a%a (13.47)
e We now turn to rotations. For the unitary operator

R(O)=e "% (9 eR) (13.48)

RY(0)aR(0) =ae ™,  RY(0)a*R(0) =at e, (13.49)
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and, hence,
1 . .
RT(0)X1R(A) = Xjcosf+ Xosinh = ﬁ(aeﬂ(’ +atel?),
] (13.50)
RTY(0)XoR(0) = —X;sinf + Xycos0 = ——(ae ' —atelf),
iv2
The time evolution operator
U(t) = e—iwatat _ —(i/h)Ht (13.51)

is, of course, a phase space rotation operator with § = wt.

Finally, we consider Bogolyubov transformations. For r € R we define the unitary oper-
ator

B(r) = o3I (X1Xa+ X, X1) (13.52)
and obtain
BT (r)X1B(r) = X;e™", BT (r)XeB(r) = Xpe" (13.53)
or
BT (r)aB(r) = acoshr —atsinhr,
(13.54)

B*t(r)atB(r) = a* coshr — asinhr.

Written in terms of a and a™, the operator B(r) assumes the form

B(r) = es7la®—(a™)?] (13.55)
A slight generalization of eq. (13.55) is the so-called squeezing operator:

S(€) = e2[€70’ €@l Gith ¢ e C. (13.56)
For ¢ = re'?, we infer from eq. (13.49) that

S(€) = R*(0/2)B(r)R(0/2) (13.57)
and

S*(€)aS(¢) =acoshr —atesinhr, (1358)

S*(&)atS(€) = at coshr —ae ¥ sinhr.

Coherent states are of utmost importance in quantum optics. For a € C we define the normal-
ized coherent state (with respect to the pair @ and a™) by

la) = D()|0), (13.59)
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with D(«) from eq. (13.43). This means that |«) is just a Galilean-transformed ground state.
Of course, |a) = D()|0) is annihilated by the transformed annihilation operator a':

a' = D(a)aD"(a) =a — a,
(a — a)|a) = D(a)aD™ (a)D(a)|0) = D(a)a|0) = 0.

In other words,
ala) = ala), (13.60)

and |«) is an eigenstate of the annihilation operator a with eigenvalue a.. (We notice that the
spectrum of a is the whole complex plane, whereas a™ has no eigenstates at all.)
With eq. (13.47) we can write |«) in the equivalent form:

|a> = e—%|a|zeaa+ |0>

o0
1 o @ (ah)"
— ¢ zlel E:T@
n=0 ’

N S
— o3 2 13.61
;ml ) (13.61)

(see eq. (13.17)). Hence,

(n|a) = ezl % (13.62)
and the probability of finding n photons in a given state |«) equals
2n
. |a\' o—lal® (13.63)
n.

This means that in a coherent state |«) the photon number is Poisson distributed with mean
value and variance, respectively,

(ny=lal*>,  on=lal. (13.64)

For oz # (3 the coherent states |«) and |3) are not orthogonal. Instead, with eq. (13.61),
we find

(Bla) = ez (1ol +181%) (g|ef"a gaa™ | (13.65)
and, using eq. (13.60),

(Bla) = o~ s(lal?+8)+8"a _ (—3(lal’+|8]* = a—a" - ata™F) (13.66)
Thus

(Blay = e~ 2la=flP+5(5Taa’s) (13.67)
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and
|(Blay[? = e~lo=0F, (13.68)

The overlap of |a) and |3) decreases exponentially with | — 3|2
Further useful consequences of eq. (13.61) are the following identities:

2 0 1 2 0 a*

+ — 2‘0{‘ +§|a| = J— _
atla)y =e 30 |a) (8& + 5 ) la), (13.69)

1 0 a*\"
\n> = ﬁ (@ + 7) ‘Oé> azo, (1370)
and
1 2 9™ O 2
— —lev| o]

(m|Cn) mme Do Bam © (a|C ) - (13.71)

The set of {|«)} of all coherent states is over-complete in the Hilbert space H. One finds
1
— [ & =1
- [ @alayal =1,
1
w=—/¥mwmm, (1372
0l) =+ [ da(ola)alu),

where d2a- = dag dag, with ar and ag being the real and imaginary parts of o, respectively.
The identity

8)= 1 [ @alayals) = | [ ajaye e seieaen (13.73)

reveals that the coherent states are not linearly independent.
For a proof of the important identity (13.72), we show that for normalized eigenstates |m)
and |n) of a™a we have

1
—/&MMMQW:@W (13.74)
7r
Indeed, according to eq. (13.62), we have
1 2 2 —|o¢|2
= [ d*a(m]a)(aln) = d , (13.75)
m
and this integral is easily evaluated, e.g. using polar coordinates in the ar vs. ar plane, to
yield &,

We also mention a useful formula for the trace of an operator A:

TrA= l/d2a<oz|A|oz>. (13.76)
71'
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For a proof we calculate

TrA= Z(n|A|n> = Z % /d2a (n|Ala){a|n)

N %/d% > _(aln){n|Ala) = %/d% (a]Ala).

Coherent states remain coherent under time evolution with the operator U (¢). From eq. (13.51)
we get
Ut)|a) = e U @) e U (1)0)
= e lolfgoaTe ™ |0).
Thus,

—iwatat ‘a>

e = |ae ), (13.77)

Coherent states are the ground states of a translated oscillator. A translation of the oscilla-
tor potential can be achieved by adding a linear term:

D D E\? E?
V== —Eg==2(q¢q-=) - —.
g 1 T 2<q D) 2D

Thus, a coherent state of a harmonic oscillator can be prepared by starting from the ground
state of an untranslated harmonic oscillator, then adiabatically switching on a linear term such
that one always stays in the ground state of the varying Hamiltonian and then suddenly switch-
ing off the linear term.

From eq. (13.59) it is also clear that coherent states should be generated by any interaction
Hamiltonian linear in @ and a™ or X; and Xs. Indeed, a time-dependent classical current
distribution J (¢, ) interacting with the electromagnetic field via the interaction Hamiltonian

Hy = /dsx J(t,x) - At,x)

will radiate off an electromagnetic field in a coherent state. In practice, coherent states of the
electromagnetic field are produced by a laser working well above threshold.

Squeezed states are just coherent states constructed with the squeezed annihilation and
creation operators:

ag = S(€)as*(€),  af =S(&aTST(€), (13.78)
with the squeezing operator S(&) as defined in eq. (13.56). The squeezed vacuum state

10,€) = 5(£)[0) (13.79)
is annihilated by a:

agl0,€) = 0. (13.80)
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With
De(a) = ™% ~*"% = §(£)D(a) ST (), (13.81)
the normalized squeezed state |, £) is defined by

|, §) = De(a)[0,€). (13.82)

A simple calculation yields

|, §) = S(&)D()S*(£)S(6)]0) = S(€)D(a)[0) = S(€)]a).
Hence,

|, &) = S(&)|a), (13.83)

and squeezed states are obtained from coherent states simply by applying the squeezing oper-
ator S(§).
Obviously, the overlap relations (13.67) and the completeness condition (13.72) are also
valid for squeezed states for a fixed squeezing parameter £. The time evolution as described
—i + . .
by U = e ¢ for the squeezing operator .S(€) yields

U®)SEU*(t) = S(§e™"). (13.84)
Thus, squeezed states remain squeezed states under time evolution:
U(t)|e, &) = |ae™™", e ). (13.85)

The squeezing parameters will change with time.
The photon number distribution

Wn.ae = |[(nla, &) (13.86)

is a complicated and rapidly varying function of n. For instance, it is immediately clear from
eq. (13.79) that

wn.0.6 = |(n|0,8)[? (13.87)

vanishes for odd n.

Squeezed states are oscillator eigenstates for translated oscillators with modified stiffness.
Starting from the ground state of an unperturbed harmonic oscillator, they can be created by
first adiabatically switching on and then suddenly switching off a perturbation term in the
Hamiltonian, which is quadratic in @ and a™ or X; and X». Quadratic interaction Hamiltoni-
ans should generally give rise to squeezed states. In practice, squeezed states are manufactured
in a routine way by nonlinear optical devices that produce photon pairs.

We conclude this section with the important discussion of uncertainty relations for the
quadratures X; and Xs. Let us define

(X)), =TrX;p (i=1,2) (13.88)
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to be the expectation values of the quadratures in any (pure or mixed) quantum state p. With

AX, = X; — (Xi), (13.89)
we can define the uncertainties of the quadratures by the variances

0%, = ((AX;)%),,. (13.90)
We have the uncertainty relation

OX1p0Xap = % (13.91)

For instance, for the oscillator states |n) we calculate
a+at

K = (|5

and likewise for (X5),, = 0. Then
X = (| X7|n) = (nl5(a+a™*)?In)

= L(n|[a® + (a")* + aa™ + atd]|n) = $(n|(1 4+ 2a*a)|n) =n+ L.

1

\/§<n|n—|— vn+1=0

1
n> = ﬁm\n— 1)vn +

Likewise

SN S 1390

1
OX n0Xon =N+ 3-

We see that the uncertainties are equal and that the uncertainty relation is saturated with an
equality sign for the ground state n = 0.

This symmetric saturation also holds for coherent states, which, after all, are only trans-
lated ground states:

0%a = (al(AX;)*|a) = (0|DT (@) (AX;)*D(a) |0)
= (0|X?|0) = ox,0 = 1/V2. (13.93)

Conversely, let us investigate under what circumstances the uncertainty relation (13.91) is
saturated. Starting from any state with density matrix

p=> wili) (Wi, (13.94)

we form
0< <(AX1 iAXz) (AX1 JriAX2>>
OX1p OXap 0X1p 0Xsp p
_ Zwi <¢i (AX1 _iAX2> (AXl _HAX2>’¢Z_>
2 OX1p 0Xap 0X1p 0Xap

_ <(AX1)2 L (axa)? [AXl AXQD

2 2 ?
TX1p 9Xup OX1p OXap

1

=2— —.
0X1p9X2p
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Equality ox,,0x,, = & can only hold if p = [¢)(1| is pure and if |¢/) is the unique state
satisfying

(AX1

O0X1p

+ 2iAX20X1p> |yp) = 0. (13.95)

This means that |¢)) has to be the ground state with respect to the pair

o = i AX,
\/i O_A)(lp\/i

1 AX,
't = — | /= —iAXsox,,V2 ]|,
V2 \ o, V2 S
or, equivalently, a coherent state with respect to the pair

1 X,
o = — 7+1X20X1\/§ ,
\/§ (O’leﬁ r

1 X,
ot == —— —iXq0ox, V2.
\/§ (O’leﬁ P

Summarizing our results, we see that the uncertainty relation for X; and X is saturated if and
only if p is a pure state which is either a coherent state or a squeezed state generated by a pure
Bogolyubov transformation. One readily evaluates

+ iAXQO'le\/i> s

0‘%{12&7’ = <O¢,7"|[X1’2 - <a,r|X1’2|a,r>]2|a,r>
= (a|B*(r)[X12 — (o, 7] X1 2|, 7)]* B(r)|a)
= (o[ X 127" = (a, 7| X1 2|a, 7))
= (al[X1 26" — (a| BT (1) X1 2B(r)|o)]*| )

= e (a|[X1 2 — (a] X1 2| )| )
=eT¥0% .= 2T
1,2
Hence,
1 1

ar = —— d ar=—=¢€". 13.96
ox, \/56 an X, \/56 ( )

The saturation of the uncertainty relation for X; and X5 is symmetric, with ox, = ox, =
1/v/2, exactly for coherent states. Equation (13.96) justifies the name “squeezed states”.

For more general squeezed states with complex squeezing parameters, an additional rota-
tion is involved. In this case, the uncertainty relation is not saturated for X; and X5, but for
the rotated quadratures

X1(¢) = Xy cosp — Xasin ¢ and Xo(¢) = Xy sing + Xz cos ¢

with suitable rotation angle ¢.
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In summary, coherent and squeezed states are exactly those states which are as close as
possible to classical states, because they have minimal uncertainties.

One can visualize the situation by a plot (fig. 13.1), in which for a given state p the ex-
pectation values (X 2), are plotted and the uncertainty is indicated by an uncertainty area of
minimal measure > 7 /4. For coherent states the area is minimal and circular, for Bogolyubov-
transformed states the area is minimal and elliptic with axes parallel to the main axes, and for
a general squeezed state one has minimal rotated elliptical areas.

(Xzlp (Xa)p

a (X)p b Xy

Figure 13.1: (a) Uncertainties for the quadratures in an arbitrary state. (b) Uncertainties for the
quadratures in coherent and squeezed states.

One notices that the uncertainty relation for X; and X, gives rise to an uncertainty relation
for the amplitude and the phase of a = (1/v/2)(X; + iX>) and, hence, of a light wave. By
choosing a suitably squeezed state one can reduce the uncertainty of either amplitude or phase,
taking into account an increased uncertainty of the conjugated quantity.

13.3 Operators, ordering procedures and star products

All operators acting on states of the electromagnetic field are functions of the creation and
annihilation operators af and q; or, alternatively, of the quadrature operators X;; and Xjs.
Quantization is a procedure that associates operators f(a, a™) to classical functions f(a, ™).
For functions like f(a, a*) = a?a*? ordering problems arise. Should one define f(a,a™) by
a?a*? or aataa® or (a®at? + a*?a?) or otherwise? It is desirable to adopt an ordering
procedure that associates to every function f(«,a*) a unique operator (Op f)(a,a™) such

that
Op(c1fi +cafa) =c1 Op f1 + 2 Op fo and Opl=1. (13.97)

Using a Fourier representation
1 o aw
ﬂawf)z;@/dﬂﬁﬁ“*ﬁaf01ﬁﬂ, (13.98)
or, with a = (1/v/2)(z1 + ix2) and 3 = (1/v/2)(y1 + iya),

R
flons) = oo [ @yemem fy, ), (13.99)
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we see that it suffices to define Op f for the exponential functions

fap=(a, ) :== elfa”—F"a) forye (X1, 22) == el(@1y2—y172) (13.100)

For polynomial functions p, Op p is then obtained by differentiating Op f3g- with respect to
( and *, and for more general functions f one can use eq. (13.97) to define Op f.
Let us now list five frequently used ordering procedures:

1. Normal ordering
Opy fag = e P, (13.101)
All creation operators are placed to the left of all annihilation operators. For instance,
Opy(a?a*?) = at2a?.
The expectation value between coherent states is easily found to be
(@|Opy fla) = f(a,a”). (13.102)
In particular,
(0[Opy f10) = £(0,0).
2. Anti-normal ordering
Opya fag =e P 2efe" (13.103)

This time, all creation operators are placed to the right.

For this ordering, one finds from eq. (13.97) and the completeness relation (eq. (13.72))

for coherent states
1 —B*a at 7 *
Opaf = 1 [@adac ™ la)ale™ f(5.57)

T2

= %/dgﬂdzae‘ﬁ*”ﬁ“*f(ﬁ,ﬁ*)\a><a| (13.104)

%/d2a|a>f(a,a*)<a\.

3. Standard ordering
Ops fyry, = €241 e 01Xz, (13.105)

All operators X9 are placed to the right of all operators X;. This procedure is most
common if X5 is the differential operator X3 = —id/dx and X is multiplication by x;.
Then Opg f is a differential operator with all derivative operators placed to the right.

4. Anti-standard ordering

Opas fyyy = €152 eMi2X0, (13.106)
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5. Weyl ordering
Opy fag- =" "2 = D(p), (13.107)

This is a very important ordering procedure, where D((3) is the translation operator of
eq. (13.43). Equivalently, we have

ODyy fyry, = €21 70120, (13.108)

The Weyl ordering corresponds to a complete symmetrization over all orderings in which
polynomials in a@ and a™ can be written. For example

Opw(aa®) = 3(aa™ + a™a)
and

Opw(a?a™®) = %(aQaJr2 +aaTaat 4+ aaa + ata®aT +ataaTa + a2a?).

For real functions f, Opy f, Opy f, and Opyy f are Hermitian. This is in general not true for

Opg f and Op,g f.
For f # g we have Opy f # Opy g; hence Opy has an inverse, and a non-commutative

but associative so-called star product *x can be defined by

f #x g=Opx"(Opx f Opx 9). (13.109)

From eq. (13.97) we see that the star product is linear in its factors and that
1 xx f = f xx 1 = f. Different ordering procedures give different but related star products.
Indeed,

fxx 9= Sy ((Sxvf) *v (Sxv9)), (13.110)

where

Sxy f = Opy' Opx (f).

Due to eq. (13.98), star products are already completely determined once we know fgg- *x
fry=» With fgg« and f,,~ given by eq. (13.100). For instance,

fﬁﬁ* KN f'y’y* _ Opﬁl(eﬂa+e_ﬂ*a e’ya+e_,y*a)
= Opy ! (elPHMa’g= (0" +77)a o=0"7)

_ 0B o(BHmet =87+

9 9
= fgg~ exp (8_a %> f“/’Y*' (13.111)

Here the arrows over 0/0a and 0/dc* indicate that 9/0a* acts to the right on f~ and 0/0c
acts to the left on f3g-. So, quite generally, we obtain

9 9
N g—feXp<%aa*>g
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and, analogously,

f*a g= fexp

J *s g = fexp <i o a) g, (13.112)

i(9 9 @9 9
_ e 9 9 93, 13.11
Jexp l2 (8951 Oxa  Oxg 8301)] g (13.113)
The Hermiticity property
(fx g9)"=¢" = f* (13.114)

holds for X =N, A, W, but not for X =S, AS.

Opy and xx are invariant under phase space rotations (eq. (13.24)), for X =N, A, W, and
invariant under Bogolyubov transformations for X = S, AS, W. Hence, also in this respect
Opwy and *yw represent the most symmetric case.

The non-commutativity of the star product comes from the non-commutativity of Op f
and Op g, which is regulated by Planck’s constant /. In our treatment we have scaled out % in
order to have simple commutators [a,a™] = 1, [ X1, X5] = i1.

The & dependence can be visualized by replacing everywhere

+ *
a 4 a X9 o} N o
a— —, o ——, Xio——F, a——= o — . (13.115)
Vh VR TP Vh Vh Vh
The A will reappear in our formulas. The star product *w will look like
ih(9 9 9 9
i
= - . 13.116
Jw g fexpl2 (8361 Oxy  Oxo 8331)]9 ( )

In lowest non-trivial order in /i, the commutator will be given by the Poisson bracket

frw g — g =w f=1R{f, g} + O(R*), (13.117)

where O(h?) indicates terms of higher order in /. The same property is true for the other star
products:

fox g — gxx [=1i0{f,g} + O(R?). (13.118)

For an operator A that is already ordered according to the ordering procedure X, one im-
mediately reads off the inverse f4 = Op‘,}1 A. A problem arises if A is not properly ordered.
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In general, Opy ! A can be obtained in the following way. The starting point is the fundamental
identity:

L D+ (p)D(a) = 6@ (a - p) (13.119)
s
or
1 . .
o T (Xt Xam) X22Xa)) = 5z, — 335 1), (13.120)
™

which can be verified by direct calculation with eq. (13.76). Then, every operator A can be
represented in the form

A= %/d%D(ﬂ) Tr(D*(3)A)

1 . .
— /d2ﬁeﬁa+_5 o Ty(e= P +67a 4) (Weyl). (13.121)
T
This gives A in Weyl ordered form. Reordering e®*" —57 we also find
1 x »
A== /dQQ ethe’ o=fa Tr(e™#" @ efa” A) (normal)
T
1 2 —B%a BaT —Bat _B%a :
=— [ d°Be e’ Tr(e e? “A) (anti-normal)
T
— i /deei(X1yzfX2y1) Tr(efi(xll’?*X?yl)A) (13.122)
27
=5 /de et X1z o 1Xoy1) (o FiX2y1 o7 X1u2 4) (standard)
™
1 ) ) . .
=5 A2y e~ Xevn o1 X1v2) Ty (e 71Xy ¢1X2u1 4) (anti-standard).
™

From eqs. (13.121) and (13.122) we immediately read off the inverses Op)}1 (4):
1 . gw .
Opy (4) = Wa(a,0”) = — / d?g el —F e Ty(e=Pa’ 57 4)
1 . .
= WA(‘T17:L.2) — E /d2y el(w1y2—my1) ’I\I.(e—l(lez—Xzyl)A)
1 . e .
Opy'(A) = Qa(e,a®) = - /d%eﬁ“ —0Te (el e emPe” A) (13.123)
1 . gx «
Opx!(4) = Pa(a,a%) = — / 20" =B Ty(e=But o' 4
1 . . i
Ops—l(A) = QA(xla-T2) — 7 /d2y el (@1y2—z271) Tr(engyl e—1X1y2A)

1 : . .
OPRH(A) = palanyaa) = 5 [ dPyclesmeom) Ty(e X oo ),

In the above equations, Wy is called the Wigner function of the operator A. It plays a fun-
damental role in quantum optics and quantum mechanics. Almost equally important are the
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so-called P and @ functions P4 and Q4. From eqgs. (13.102), (13.104), and (13.122) we see
Qala, ™) = (a]Ala) (13.124)

and

A=t /d2a |o) Py (. (13.125)
s

For positive A, Q4 is also positive. This is in general not true for the other functions in
eq. (13.123). Equation (13.124) reflects the remarkable fact that, due to the over-completeness
of coherent states, an operator A is already determined by its diagonal elements («|A|c).

By definition of the star product, eq. (13.109), Op)}1 (AB) is given by star products:

Wap = Wa sw Wp, Qap = Qa *n @B, (13.126)
Pyp = Py *a P, DAB = PA *AS PB, gAB = QA *A 4B-

[The symbol oy of a differential operator H introduced at the beginning of section 9.1 and
in section 10.10 should just be identified with g5 = le(H) = oy, and we have o =
o4 *s op,and o4, 5] = (1/ik){0a,0p} corresponds to eq. (13.118).]

Reordering the exponentials under the traces in eq. (13.123), we can observe how the
different functions Wy, P, Qa, pa, and g4 are related to each other:

W(B,6%) =ezIP°Q(8,8%),  Pa(8,58%) =" Q(8, 5%, (13.127)
and, hence,
Qa =e2Wy, Py =e 25Wy, (13.128)

with the operator S = 9% /da da*. Similarly,

: 2 : 2
qa = exp (— - 0 ) Wa, pa = exp (i g ) Wy. (13.129)

2 Oxy Ox 2 Ox1 Oxq

From this we derive interesting and important identities for the trace of operators:

TrA= l/d20z (o] Aler) = l/d20¢QA(04,04*)
71' 71'
= l/dzoze%SWA(oz,a*) = l/dzozeSPA(oz,a*) (13.130)
71' ™

1 1
= —/dZaWA(a,a*) = —/anPA(a,oz*),
m ’/T
where the last line follows because all the derivatives in .S integrate out. Likewise,

TrA= zi/d%c Wa(z1,x2) (13.131)
Y

1 1
= %/depA(thQ) = %/d%%(whwz)



13.3  Operators, ordering procedures and star products 265

Moreover,

TrAB = l/d?aWAB = l/cl%yWA sw Wp = l/d%WAWB, (13.132)
Y i ™

because the derivatives in the star product integrate out, and

1 1 1

Tr AB = —/anWAWB = —/d2ae—%SQA e"29Qp (13.133)
T T
1 2 -S 1 2 1 2

=— [ da(e”Qu)Qp =~ | "aPaAQp = = | d"aQaP5.
T T T
Similarly,

1 2 1 2 1 2

TrAB=— [ d°2WyWp = — [ d°zqapp = — [ d°xzpags. (13.134)
2w 2w 2w

Equations (13.133) and (13.134) also follow from eqs. (13.121) and (13.122).

Far beyond quantum optics, the theory of star products is a rapidly developing branch
of mathematical physics and differential geometry. We defined star products on the simplest
phase spaces P = R? and P = R?". More generally, star products can be defined on so-called
Poisson manifolds P, whose defining property is the existence of a bilinear Poisson bracket
{f, g} for any smooth complex-valued functions f,g : P — Con P: f,g € C>°(P), with the
usual properties of Poisson brackets:

) {f.9} + {9/} =0,
(i) {f,gh} ={f,9}h +9{f,h},
(i) {f,{g,h}}+ {9, {h, F}} +{h.{f,9}} = 0. (13.135)

Symplectic manifolds as defined in chapter 9 are special Poisson manifolds.
In order to avoid convergence problems in expressions like eq. (13.116), one goes over to
formal power series in an indeterminate \ (eventually meant to be replaced by 7). Let

F0) = falp)A" (13.136)
n=0

be a formal power series in A with coefficients in C°°(P). We denote the set of all such formal
power series by C'°°(P)[[A]]. Then a star product on a Poisson manifold P is a (bilinear)
associative product

+: CF(P)[[A]] x C=(P)[[N] — C=(P)[[A]]

(f,9) = f 9= _ A"My(f,q), (13.137)

n=0

with the following properties:

(i) Mo(f,g9)=fg, ie. fxg= fg[l+O(N)],
(i) Mi(f,g)—Mi(g,f)=i{fr9}, ie frg—gx*f=iM[fg}l+OWN)],
(i) 1+f=f*1=f. (13.138)
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Normally, also the following locality property for the supports of f, g and f * g is postulated:

(iv) supp f * g C supp f Nsuppg. (13.139)
A star product is called Hermitian if
(V) fxg=7xf. (13.140)

The star products defined in this section are all local, and *vy, *Nn and *ag are Hermitian.

13.4 The Q, P, and Wigner functions of a density operator

Let the state of the system be described by a density operator

p=>Y wilv)(Wsl, p=0, Trp=1 (13.141)

The functions Q,(«, a*), P,(c, a*), and W, (e, o*) are often simply called the @, P, and
Wigner functions of the system.
For a suitably ordered operator A = Opy f, the expectation value

(A), =TrpA (13.142)
can be simply expressed by
1 * *
Ovxt)y =+ [ Pafaan)Blaa)
1 * *
Opaf)y =3 [ Eafla,a)Qyaa’), (13.143)

vl =+ [ daf(aa’)Wyaa’).

These equations follow immediately from eqs. (13.132) and (13.133). For Q, (¢, a*) we have
(eq. 13.124)

Qp(a, ™) = (alp|a) > 0,
%/dQQQp(a,a*) =1, (13.144)
Qula,a®) =D wilalth)(Wila) < 1.

We have already mentioned that positivity will in general only hold for @), but not for P, and
W,. We shall soon see that |IW,| is bounded but not | P,|. Let us calculate the functions Q,,
P,, and W, for some typical and important density operators. We start with evaluating Q) ,.

e Pure coherent state. From eq. (13.68) we immediately get (compare eq. (13.124))

Qpy (v, @) = {aly){rla) = e7lo=7F (13.145)

The result is a Gaussian function.



13.4 The Q, P, and Wigner functions of a density operator 267

Also for a squeezed state we would have found a Gaussian, but this time with different vari-
ances for o7 and ais.

o Pure number state. From eq. (13.71) or directly from eq. (13.70) we obtain for a pure
number state

)ne'”'zQw,a*)

y=y*=0

=L glel”, (13.146)

o Thermal state. A thermal state is described by the density matrix
Pt = = anm (13.147)

with

hw + 1 e” ™
= — Z = T —Taa
T kT’ re 1—e 7’ A

The expectation value (N) = TraTapyy, is given by

-7

0 e
N)y=——InZ= . 13.148
(V) ar 1—e7 ( )
Expressing e~ 7 by (V) we can cast pyy, into the form
pun = <N>+1;0<<N>+1> m)nl.
Now,
Qi (o, ) = (a|pwn|a) = anQ\n) a,a”)
1 |o?
= — . 13.149
<N>+16Xp( ) (1

It is now an easy task to compute also W, and P, for the same set of density states. From
eq. (13.127) we see that we can start out from the Fourier transform Q, (5, 3*), multiply by
elB°/2 or el81” and then calculate the inverse Fourier transform. The result is as follows:

o Coherent state.

Wiy (a,0%) = 2e722°  Pi(a,a%) = 16@ (a — 7). (13.150)
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o Number state.

—|~|2 2 n
Wiy(aa) =2 (G0 ) et oot

n!  \ Oy oy g
WP g n T=y"=0 (13.151)
€ 2
P *) — 5@ (o —
|TL> (Oé,Oé ) ™ n| (a’y a’y*> € (0[ 7) ’YZ’Y*:
o Thermal state.
1 |o?
Wth(a,a*) = — exp(—7>,
N)y+ 2 Ny +3
(V) + 3 (V) +3 (13.152)

Pafasa’) = 5 Xp<<“_N'>>

One notices that the distribution W, is narrower than @, and that P, is narrower than W,,.
Let us visualize the dependence on A by introducing dimensional quantities «, o™, and
X1 2 according to eq. (13.115). We define dimensional @), P, and W functions by

QM (a,a”) = %Q (i o« ) ,

N
1 a of
WM (a,a*) = =W (—7 —) , (13.153)
) = WA R
1 a af
PW(a,a*) = = P (—, —> .
) =5 PO Vi
These functions are normalized to
1 1 1
—/anQgh) = —/d2aW,§ﬁ> = —/anP,gm =1, (13.154)
0 T T
and eq. (13.144) turns into
0< QW™ <1/h. (13.155)

For the Wigner function, we can use its invariance under Bogolyubov transformations and
employ also non-symmetric rescalings:

T1 — KT1, X9 — Ta/Kh. (13.156)
The state p is said to have a classical limit p if

Jim Wi = lim QY = lim PP = (13.157)

exists and if p.; is a classical state, i.e. a non-negative distribution on phase space.
A glance at eqs. (13.145)—(13.152) reveals that p, = |v) (7| has the classical pure state

pyale,a®) =6 (a —7) (13.158)
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as a limit. Also ptp, converges to the classical canonical distribution,

w w|al?
13.1
Prhel = kT exp( kT )’ (13.159)

whereas, not surprisingly, p,, = |n)(n| has no classical limit.
If the classical limit exists, the limit of the expectation values is given by the classical
expectation value:

}Lii%{Tr(pOpX = /dQde(a,a*)f(oz,a*). (13.160)

Negative values of W, and P, are a quantum feature of these functions and will disappear in
the classical limit.

We now discuss the properties of the Wigner function W,(x1,x2) in some more detail,
this time in terms of the quadrature coordinates x; and x». Integrating

1 : _
W, (w1, 22) = %/d2ye‘(w1y2_“y1)Tr(e_‘(lez_Xzyl)p) (13.161)

over xo we obtain a é-function:
/dxz W(w1,22) = /dzy ei1¥2 §(yy ) Tr(e~"(Frv2=Xavt) p)
= /dy2 el T1V2 Ty (e~ X1v2 ), (13.162)
Using eigenstates |z} ) of X; we can write
Tr(e X192 ) = /dz’l(x’1| e X1y 0ty (13.163)

and rewrite eq. (13.162) as
[ e Wtariaz) = [ dyo [ dag e a4 o)

—2r [ o} d(ar - o) (a4 o)
= 2m{x1|plz1) > 0.

The result is just the probability distribution for the measured values of the quadrature X, up
to a factor 27. In the same way,

/dxl W,(x1, x2) = 2m(xz2|p|z2) > 0. (13.164)

Although W, (1, x2) is not a proper positive distribution function, its marginals are so.

The Wigner function is invariant under all squeezing transformations. For instance, we
could have based all our calculations on rotated quadratures. Thus, the probability distribution
for the rotated quadrature X is obtained by integrating out the complementary variable:

2m{xg|p|ze) = /d2x 0(xg — x1cosb + xosinb) W(xzq, z2). (13.165)
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Reordering e~ 1(X1v2=X211) ip eq. (13.161), we derive another frequently used form of the
Wigner function:

1 . . .
Wz, 22) = %/dee“fwrml—%yw‘z)Tr(e—1X1y2 e X2u1 ) (13.166)

1 : 1 : :
2 ! A(@1Y2—22y1 —5Y1Y2) /) | a—iX1Y2 LiX2y1 /
o d?y | da el 2192) (g | e € plzy)

2 I ol(@1yz =221 — Fy1y2—a1y2) () | o1X2Y1 [
o dy/dxle 2 w2 (ah|e play).

Observing that e'X2¥1 is a translation operator for X1, we can continue:
1 . ’
Wan,a2) = o / &y / day el(Prv a3 (51 g |l
- /dyl /dxll 8(x1 — 2y — jy1) €7 (@] + i |plat)

= /dy1 e 2V (g + Ly |plzy — Lun). (13.167)

Notice how the quantum uncertainty relation between X; and X reflects itself in a slight
smearing of (z1|p|z1) around the diagonal. From eq. (13.167) we can derive a bound for
W (21, x2) using Schwartz’s inequality:

W (zq,22)| = Z/dyl e 2V (1 + Sy ) (Wil — $y1)
d o\ 1/2
Szwi (2/% <$1+%¢i> )
o\ 1/2
o[-
<2 (13.168)
So,
W (x1,20)] <2 and  [W®(z1,25)| < 2/h. (13.169)

The equation of motion for the density operator is the quantum Liouville equation,

d .
ih—p=[H 13.17
ihgp [H, p], (13.170)
where
H = OpwH (13.171)

is the Hamilton operator. For the Wigner function W,gh), eq. (13.170) means simply

d 1
GV = (H ew WP — Wy H). (13.172)
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In lowest order in & this goes over into the classical Liouville equation,

d

_C:H7C7
il {H, pa}

with the Poisson bracket on the right-hand side (compare eq. (13.118)).
For a stationary state p we have

[H,p] =0, H oww WP — W sy H =0, {H,pa}=0. (13.173)

This equation can be solved order by order in & using the short-wave asymptotic methods of
chapters 7-10, where the parameter k controlling the short-wave limit has to be replaced by
1/h.

The star product formalism yields considerable simplifications. For an energy eigenstate
p = |EY(E|, with H|E) = E|E), eq. (13.173) simplifies to

Hp=Ep, Hxw WM =EWM. (13.174)

For a pure stationary state, the short-wave ansatz eq. (7.1) corresponds to a WKB ansatz for
the Wigner function:

W,Sn) = RWU/PS 4 O sy E-/PS (13.175)

where

. . 2 . 3
E(i/ﬁ>5=1+%s+%<%> S s S+%<%> S ww S kw S+ ...

=y (1) grwn (13.176)
ra h

is the star-exponential function, which coincides with the normal exponential function if .S
depends only on x.

In lowest order, { H; pci} = 0 means that p.; has to be constant along the classical solu-
tions of the equation of motion. If, in addition, the energy has a sharp value, p] is concentrated
on the orbits of energy E. For higher orders in £, this concentration will be somewhat soft-
ened, and W, will have appreciable values only in some small neighborhood of the region
{(21,22), H(x1,22) = E} in classical phase space, where the possible values of E are given
by the Bohr—Sommerfeld quantization condition.

If the energy does not have a sharp value but is concentrated in a neighborhood of £, then,
again, W, will show the same concentration about the energy level surface corresponding to
the energy E.

For the canonical thermal density operator p = (1/Z) exp(—H /kT'), we have, of course,

1 1
W, = EE*H/’CT with Z = 2—/d2xE*H/kT. (13.177)
i

The scalar product of two states |) and [¢)) is given by

{el$)? = Tr(pgppy) = /d% Wigy Wiy (13.178)



272 13 Quantum states of the electromagnetic field

The integrand is often concentrated on a small overlap region of the supports of WI(Z; and

m(h) and the integral can be evaluated by the method of stationary phases described in chapter
8. For details, see the comprehensive and lucid presentation of Schleich, mentioned in the
literature list.



14 Detection of radiation fields

14.1 Beam splitters and homodyne detection

A beam splitter is a linear optical device by which an incident beam of light is partially trans-
mitted and partially reflected (see fig. 14.1).

b Figure 14.1: Principle of a beam splitter.

Usually, one considers two incident beams directed in such a way that their reflected and
transmitted rays can interfere. In the simplest and most important case, all four beams involved
are unimodal, i.e. each of them contains only one mode of the radiation field. (In the following
we shall assume that all of them have the same frequency.)

The beam splitter will now realize a linear transformation between the annihilation opera-
tors a and b of the incident modes and the corresponding operators a’ and b’ of the outgoing
modes:

a' =tia+ b, b = tyb + raa, (14.1)
and, hence,
at =tiat +rivt, b =t5b + ria. (14.2)

There are no Bogolyubov transformations involved, because we have assumed that the beam
splitter contains no nonlinear optical components.

Theoretical Optics. Hartmann Romer
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ISBN: 3-527-40429-5
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More generally, we can consider linear transformations
My

a; = a,Cy;, (14.3)
r=1

M1 Ml

+o_ — + .+ -

a;" = E afCy = E Clia; (1,7 =1,..., Ma).
s=1 s=1

The commutation relation [al, a;*] = J;; leads to

(CTC)ij = 635, (14.4)
whereas energy conservation or, equivalently, photon number conservation,

M, Mo

Zaj‘ar = z:afa’17
r=1 i=1
gives
(CCT)ps = bys. (14.5)

Altogether this implies that C' has to be a unitary square matrix and M; = Ms. Matrix C' can
be implemented by a unitary transformation U of the Hilbert space Ut a,U = ), a;C;,, and
U leaves the vacuum invariant.

For the beam splitter, we must have M; = M, = 2 and we see that, even if there is only
one incident beam, we cannot neglect the second mode b in quantum optics. If only one beam
is incident, the second incoming state is the vacuum state of the mode b.

For the beam splitter, “unitarity” means

[t1]? + [r1|? = [t2]* + [r2]® = 1,

tl’f; + 7’1153 = tlTT + th; = 0.

(14.6)

The precise values for the reflection and transmission coefficients depend on the physical
details of the beam splitter.

Redefining the phases of the four modes a, b, a’, and b’ changes the phases of the coeffi-
cients:
(Ba=bar),

r — ry e rog — Toe

i(6p—0y7)
)

t1—>t1€i t2—>t26

i(6b—6a/)

In this way, the matrix

i ™
ry  l2
can be cast into the symmetric form:

(& D)2

ith0 < T < 1. 14.7
ry by -7 T) e = (14.7
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For simplicity, we shall restrict ourselves to the discussion of the symmetric beam splitter with
the symmetric matrix:

1 1 +i
% <+i 1) (14.8)
and
@ = (a+ib) V=L (b+ia)
V2 | V2 | (14.9)
1 1 '
o it oLt et
at = ﬁ(a ib™), b \/i(b ia™).

From this, it is easy to derive the corresponding transformation of the quantum states caused
by the beam splitter.
The total vacuum state |0),|0), remains a total vacuum state: |0),]0), = |0)4/|0)s . For
one-photon states we have, for instance,
1

i
ﬂ|1,o>ab - Em, Dap = |1,0) 00 (14.10)

The transformation of |ny, na) 4y is easily evaluated. Particularly simple laws apply for coher-
ent (or squeezed) states, e.g.

|17O>ab e

|@)alB)o = le, B)ap — ‘%(aﬂﬁ), ¢1§(ﬂ+ia)>ab = |, B)ar- (14.11)

Coherent states remain coherent but with transformed coherence parameters.
Even if the second ray is a vacuum state, we have

l, 0 (14.12)

> ‘ 1 i >
ab 7 | T EQ, —zQ
\/§ \/§ ab
with both components present.
A beam splitter can be used for measuring unknown states. Suppose that the state of the

light field in the Heisenberg picture is given by the product of a coherent state |a), and an
unknown state p, with respect to the operators a and b:

Pab = ) aa (| ® pp. (14.13)
The photon number operators N, and [Ny on the outgoing side are given by
Ny =d'ta = L[aTa+bTb+i(a™b—bTa),
(14.14)
Ny =V = LaTa+b"b—i(ath—bTa)).

In the difference

AN/ = Na/ — Nb/ = i(a+b — b+a), (1415)
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half of the terms cancel out. It is convenient to measure N,/, Ny, and AN’ by counting
outgoing photons.
The expectation value in the state pgp is simply
(AN"),., = (i(a*b — ab™)),, (14.16)

Pab
or, with a = |a e!?,

<AN/>Pab = ‘Oé|<b 671(9,%7‘-) + b+ ei(eféﬂ)>pb
= V21altXo- gl (14.17)

Remarkably enough, we obtain the expectation value of a rotated quadrature with respect to
the operators b and b*. By means of a phase shifter for the oscillator b, we can vary @ in a
controlled way and thus measure the expectation value of all rotated quadratures.

The detection scheme just described is called homodyne detection. The name refers to
the fact that a and b belong to equal frequencies, otherwise one would talk about heterodyne
detection. Homodyne detection only works if the operators of the incoming states are phase
locked, i.e. they must have a stable time-independent phase difference.

When we try to calculate the expectation value ((AN')?), . we first obtain terms like
aatbtb, where a™ stands to the right of @ such that the expectation value in the coherent state
|a) has to be calculated by reordering:

<aa+b+b>pab = <a’+abb+>pab + <[a7a+]bb+>pab
= (1+[a)(bb"),,-

In the strong oscillator limit, || >> 1, the commutator terms can be neglected and we have

b

((AN")?),,, = 2\al2<X§_%ﬂ>p
and

AN = 2|a\2a§(9 L (14.18)
“1x
In particular, the probability distribution for the measured values of AN’ directly gives the

probability distribution for the measured values of X,_ gt

AN’
Woy (Tg—17) = (To— 1|l Tg— 1) = Wy, (m) : (14.19)

In terms of the Weyl function W (x1, z3), we have

1 .
Wp, (29) = %<m9|pb|x9) = /dzx d(x1 cos b+ xosinf — xg) W, (x1, x2). (14.20)

If w(zp) is known for all # and for all values of x4, then the Weyl function W,, (21, x2) is
completely known.
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In eq. (14.20), w,, (z¢) is just the Radon transform of the Weyl function W (x1, z2). In
general, the Radon transform of a function f : R™ — R is defined by

(Rf)(n, k) = /d”x d(n-xz—k)f(x). (14.21)

The Radon transform (R f)(n, k) is just the value of the integral over f along the hyperplane
{z | n-x = k}. Inversion of the Radon transform is achieved by Fourier transformation with
respect to k:

/dk * A (Rf)(n, k) = /d"m/dk e 5(n -z —k)f(x)
= / dnz 4™ f(x) = f(An)(2m)"/2. (14.22)
The inverse Fourier transform of f(An) gives f(x). Now,
w,, (x9) = (RW,,)(n, k)  with n = (cosf,sinf), k= z, (14.23)

and W,, can be obtained by inverting the Radon transform.

In analogy to computer tomography imaging of the human body, which also makes es-
sential use of the Radon transformation, one talks about tomographic reconstruction of the
Wigner function.

With the so-called eight-port interferometer, it is even possible to measure two comple-
mentary quadratures. The arrangement consists of a combination of two homodyne detectors
and is depicted in fig. 14.2.

as, |0) ay Dy
I
al "
ai, o) ay Dy
s !
1G4
ah /2
/
Ay
I
Az
D2 al2l a’27pﬂ2
Figure 14.2: Principle of an eight-port
1" .
D3 aj as, |0) interferometer.

There are four incoming rays corresponding to oscillators a1, as, a3, and a4, and four
outgoing rays with oscillators af, a4, a¥, and a/j, whose photons are measured in detectors
Dy, Dy, D3, and D,. The incoming state is prepared as

p= ’|a1| el ay a1<|a1| ei0| @ Pay @ |0>a3 as (0] ® 10}, a4 (0], (14.24)
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a coherent state with adjustable phase for a;, a state p,, for ag which is to be analyzed, and
vacuum states for a3 and a4. In one arm there is a device that shifts the phase by 7 /2.
We have:

[a}, ] = [a;",a}"] = 0, [a}, a}"] = &, (14.25)
laf,a] = [a/*,a*] =0,  [a,d}F] =6 '
We readily calculate:
" ]‘ / s ! " 1 ! s
az = ﬁ(aerlag), az = ﬁ(a3+1a2),
1 . (14.26)
i
a’l"ﬁ(allf 4); aﬁf:ﬁ(aiﬁalﬂ
The photon number operators N/' = a} " a/ all commute, and we obtain
AN23 — N/ — NV = i(a’+a’ _ a/+a/ )7
2 3 2 (3 — a3 03 (14.27)

_ " " __ I+ 1 I+ 1
ANy = Ny — NJ = —(ay"a}y + ay a)).

a1| > 1, we may replace a; by a; and ai” by o, and replace

In the strong oscillator limit,
a1 * a3 by a, and obtain

1
ANz — ——=(aqay™ + afah)

V2

1 1
= f—(ala; + afag) + —(alaj[ — ajay)

2 2
o |
= W[—Xe(az) + Xoy 17 (a4)];
1 *
ANy — —ﬁ(alaf + ajal)
= +§(o<1a;' —ajag) — §(a1ai + ajay)
|as |

- %[XH%W(@) — Xog(a4q)].

In this approximation, ANo3 and ANy4 still commute. Furthermore, in expectation values
with vacuum states for a3 and a4, we may omit the parts with a4 and a;f.
Finally, for the expectation values with respect to a state and in the limit || > 1 we may
always replace
a1 |a |
ANQg — —|—X9 a9 AN14 — —X 1_(ag).
\/§ ( )7 \/i 9+27r( )
So, in this limit, we obtain two complementary rotated quadrature operators associated to
as, which do not commute but in the strong oscillator limit are equivalent with respect to
expectation values for states of the form of eq. (14.24).
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Measuring the joint count distribution of A No3 and A Ny4, we can readily measure

Qpay = (€lPas1€),

where & = (1/v/2)(z1 + iz2).

14.2 Correlation functions and quantum coherence

In chapter 12, we have already discussed in some detail the importance and properties of
expectation values of products of stochastic fields. Most of the content of chapter 12 can be
literally taken over to expectation values of products of quantum fields with the caveat that
this time the order of the non-commuting quantum fields has to be respected.

Keeping as close as possible to the notations of chapter 12, we denote by V() = V (¢, )
and V*(z) = V*(t,x) the annihilation and creation parts of the operator for the electric
or magnetic field (eq. (13.40)) which, just like the stochastic fields V and V* of chapter 12,
contain only positive and negative frequencies, respectively.

Indices related to polarization information will be suppressed. The operator I (z) = I(t, x)
= V*(z)V (x) will be proportional to the energy density, the photon number density, and the
intensity of the field.

Quite generally, we shall consider expectation values

T (21, .. w9n) = (V@) - VT (@0)V(@ng1) - V(an)), (14.28)
=Tr{pV " (21) VT (@n)V(2nt1) -+ V(wza)}

associated to a given density matrix p. Expectation values with a different number of creation
and annihilation operators are less important and will not be considered. The reason why we
prefer normal ordering for the expectation values will become clear in the next section.

In addition, we shall need normalized expectation values:

F(n) (.I‘l, e ,.I:Qn)

[F(l)(xl’ xl)}1/2 ce [1‘(1)(3;27“ x%)]l/2

F(n)(l‘l, e ,.I:Qn)

- (I(x1))1/2 - (I(29n))/? (14.29)

Here +(™) is called the coherence function of order n. The functions

’y(”)(zl, ceey Top) =

T (21,0, Ty xy) = (V1) - V(@) V() - Vi),  (14.30)

and
T2y, @y Ty e, 1)
(n) _ 1 ybmy Ln, s b1
YNy, o Ty, Ty ey 1) = (14.31)
(I(z1)) -+ (I(zn))
will turn out to be of particular importance. We have
F(”)(xl,...,xmxn,...,xl) >0, (14.32)

because this quantity is the expectation value of a positive operator of the form AT A.
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From Schwarz’s inequality

[(ATB),|> < (AT A) (BT B),, (14.33)
we obtain the inequalities
\I‘(")(xl, o Ton)]? < F("’)(xl, ey Ty Ty e e, X)
X T (Zop, ..oy Tty Tt 1y - -+, Tan), (14.34)

and, analogously, for the normalized expectation values (™). In particular,

T (21, 22)|2 < TW (21, 21) T (29, 22),

(14.35)
[y (@1, 22) < 1.
[There is no corresponding bound for the higher coherence functions (™ .] If
Y (@1, 20)] = 1, (14.36)

the state p is said to be first-order coherent. This condition was analyzed in detail in chapter
12. For the quantum fields it means that in all expectation values in the state p, we can replace

V(zg) = c(xe, 1)V (21), VT (zg) = c* (22, 21)V T (21), (14.37)

with ¢(x2, 1) € C. Just as in the classical case, this is a very close relationship of the phases
of the field at different points.
More generally, we can define coherence of higher order n if

W™ (@1, 22,) =1 for n < ng, (14.38)
and perfect coherence if
\7(") (T1,. . Ton)] =1 for all n. (14.39)

[If the state p contains at most ny photons, then, evidently, *y(") (z1,...,22,) = 0forn > ng.]
If p is a multi-mode coherent state

p = |v){v| with V(x)|v) = v(z)v), (14.40)
then we have
T (21,0 22,) = @V (21) - V(@) V(@n41) - V(zan)|v)
=v"(x1) U (@p)V(Tpp1) - 0(T2n). (14.41)
This complete factorization of the expectation values immediately implies perfect coherence
to all orders and explains the name “coherent state”.

The quantum field V' (z) obeys the same equations of motion as the classical field. Every-
thing that was said in chapter 12 about the propagation of the classical field, including the van
Cittert—Zernicke theorem, remains true in the quantum case.

Again, in most cases of importance, the state p will be stationary and the functions

(™) (zy,...,x2,) will depend only on time differences. In particular, (I(z)) will be inde-
pendent of time. The Wiener—Khinchin theorem remains valid.
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14.3 Measurement of correlation functions

The expectation values F(”)(:ch vy T, Tp,...,2T1) can be measured directly by counting
photons near the space-time points z1, . . ., ,. Suppose that a photon detector is placed at the
point x; in space. Detection of a photon means its absorption by the detector, followed by
a cascade of ionization processes. Thus, the interaction Hamiltonian of the detector and the
electromagnetic field will be proportional to the annihilation operator V' (x1). The transition
probability w(x1) per unit time from an initial state |¢) to a final state | f) will be proportional
to

wFi(22) ~ [V @)D = GV @)V @)le). (14.42)

Now, the final state |f) will not be registered, and the total probability per unit time of an
absorption of a photon from the initial state |4} is

w' (@) ~ Y w! (@) ~ ({V (@) V (21)]3)- (14.43)
f

In many cases, the initial state |¢) is not precisely known and has to be described by a density
matrix p = Y, p;|i)(i|]. Then the total detection probability per unit time is

wy(r1) = Tr{pV T (21)V(21)} = <V+(3:1)V(x1)>p = F(l)(xl,xl). (14.44)

Quite analogously, for n photon detectors, n annihilation operators will be relevant, and
the joint probability for detecting photons at x4, ..., z, in time intervals Atq, ..., At, will
be w(xy,...,x,) Aty - - - At,, with

Wy (T1s e ey Ty) ~ (V@) VT (@n)V(2n) - - Vi(x1)),
O TR (14.45)

If coherence up to order ng holds, eq. (14.38) will tell us
Wp(T1,y ..o, Zn) = Wp(x1) -+ Wwp(xy) for n < ny, (14.46)

and the photon counts at different space-time points will be statistically uncorrelated up to
order ng.

The correlation function I'V) (21, x2) for different arguments x and x5 can be measured
by interference as explained in connection with Young’s interference experiment in chapter 12.
If an interference device guarantees that at some point z we have V () = a1V (x1)+asV (z2),
then T(!)(zy, 25) can be obtained by measuring (V*(x)V (z)),. Generalizing Young’s inter-
ference scheme, one can, at least in principle, also measure I'(x1, . . . , €2, ) with all arguments
different.

Let us treat a simple example in somewhat more detail, which will illustrate the descrip-
tion and understanding of the Michelson stellar interferometer and the Hanbury Brown and
Twiss intensity interferometer in the framework of quantum optics. Suppose that the field
V() consists of only two modes of equal frequency w and wave vectors k and k', with
|k — k'| < |k + K'|. This is an idealization for a light source consisting of two point sources
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and observed from a very large distance. The field V' (¢, «) will then be given by (compare
eq. (13.39)):

V(t, @) = By(ape  @F2) 4 gy e i(@I-R2)), (14.47)

An idealized Michelson stellar interferometer will measure
(VF (1) + VE(@2)][V(21) + V(x2)])p
= (VF(z1)V (1)), + (VT (22)V(22)), + 2Re (VT (21)V (22)),
= (I(z1)) + (I(x2)) + 2Re TV (21, 25), (14.48)

the same quantity as also measured by Young’s interference experiment. With eq. (14.47) the
interesting part of eq. (14.48) will be

2Re (V' (21)V (22)),
— 2|Ew|2 Re{<a;:ak>p e+iw(t17t2)fik-(mlfcc2) _|_ <a;:/ak’>p eiw(tlftg)fik'-(cclfmg)
+ <a;€i-ak/>p eiw(tl—tg)—i(k:-ml -k’ m2)< /ak'> 1w(t1—t2)—i(k/-m1—k~m2) } (14.49)

If p is a coherent state, all four terms in eq. (14.49) will contribute. But in most cases of interest
non-vanishing expectation values have equal numbers of creation and annihilation operators
for each mode separately. This is seen to be the case for a thermal state py}, or if p is a photon
number eigenstate |ng, ng ) and also for phase diffused laser light. Assuming in addition that

<aZak>p = <az/ak’>p = (N),, (14.50)
and taking t; = ¢4, we obtain
2Re (VT (21)V (22)),
=2|E,[*(N) {coslk - (x1 — @2)] + cos[k - (z1 — =2)]} (14.51)

= 4B (N), cos{5[(k + k') - (x1 — @2)]} cos{3[(k — k') - (w1 — @2)]}.

The factor cos{%[(k — k') - (x1 — @2)]} allows for a precise measurement of a small angle
between k and k'. The precision is limited by the first factor cos{1[(k + k') - (x1 — @2)]},
which varies rapidly with 1 —a 5 and imposes strong requirements on the mechanical stability
of the interferometer.

In the arrangement of Hanbury Brown and Twiss, one measures correlations in joint count
rates (V1 (z1)V 1 (22)V (22)V(z1)),, making use of the lack of second-order coherence.
Again, keeping only contributions with paired annihilation and creation operators and assum-
ing t; = to, we obtain with eq. (14.47)

(VH(@)V T (22)V (22)V (21)) (14.52)
= |E, | { azzai (az?ai,) +2<a;ga;§,akak/>p Re(1+e—i(k—k’)‘(ml_m2))}
and, assuming
(afar), = (afan), = (N),,
((agar)?)p = ((afar)®), = (N?),, (14.53)

(agaxagar )y = (N)3,
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we find

(VF (@) VT (22)V (22)V (21)),
=2|E,[*((N?), = (N), + (N)2{1 + cos[(k — k) - (1 — x2)]}). (14.54)

Notice the absence of the cumbersome rapidly varying term in eq. (14.51). If p corresponds to
the state |15, 15) with exactly one photon in each mode, eq. (14.54) reduces to

T3 = 2B, [*{1 + cos[(k — ) - (@1 — 22)]}. (14.55)
For Poissonian light and phase diffused laser light we have

<N2>p - <N>i = <N>p
and

@

Poisson

(21, X2, 29,21) = 2|Ew\4<N>F2,{2 + cos[(k — K') - (21 — x2)]}, (14.56)
and for thermal light, for instance, starlight, we find that

(NZ) = (N); = (N); +(N),

holds and
T3 (1, 22,22, 21) = 2| B, [{(N)2{3 + cos[(k — k') - (z1 — a2)]}. (14.57)

The discussion in chapter 12 shows how the shape of the light source can be determined
from a measurement of T (1, z5) or T (z1, 29, 2, x1) even if the source contains more
than just two modes ay, and ag’.

Interferometers can be used not only for detecting the properties of incoming light fields.
It is also possible to assume the light field to be known and to use interference effects to
detect distortions of the interferometer device. In this case a sensitive dependence on 1 — x2
as visible in eq. (14.51) is the highly desirable effect responsible for the sensibility of the
instrument. A first example for this use of interferometry was Michelson’s interferometer,
originally devised to detect contractions due to motion through the ether.

A more recent and very attractive application of interferometry is the construction of grav-
itational wave detectors. Gravitational waves propagate with the speed of light and are emitted
by any arrangement of masses with a time-dependent quadrupole moment. Unfortunately, un-
der normal circumstances, the radiated power is so low that direct detection of gravitational
radiation is extremely difficult. Indirect evidence for the existence of gravitational radiation
was, however, obtained from observing the energy loss in the double pulsar PSR 1913+16.
Strong gravitational radiation is to be expected from collapsing gravitating objects like super-
novas or coalescing black holes. Detecting gravitational waves will open a new window for
astronomy.

Gravitational waves are wave-like perturbations h,,,, of the space-time metric g,,, :

Guv = Gory + - (14.58)
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Their effect is a relative length change of the order of magnitude |k, |. More precisely, trans-
verse to the direction of propagation of a gravitational wave, one has a relative dilatation of
order |h| in one perpendicular direction and a contraction of the same size in the other.

This effect can in principle be detected with a Michelson interferometer (fig. 14.3). The
challenge lies in the smallness of the effect. A theoretical estimate yields |h| ~ 10721, With
AL = Lh, for L = 100 km this corresponds to AL = 10~14 cm, less than the diameter of an
atomic nucleus. One may ask how the surface of a mirror in an interferometer can possibly be
defined to such precision, but, fortunately, the surface is composed of many atoms, leading to
an averaging out of the effects of individual atoms and, more importantly, only displacements
of the surface matter rather than the precise definition of its position.

L <— Resonators
Laser 1
beam L | 1 |
]
Beam l |
splitter

Figure 14.3: Michelson’s interferometer.

The minimal detectable AL = hL is approximately given by

AL~ iAG, (14.59)
2w

where ) is the wavelength of the light in the interferometer and A# its phase uncertainty.

The frequency of the gravitational wave to be detected is of the order of magnitude of 10—
10000 Hz, which corresponds to wavelengths of 30 000 to 3 km. Optimal resolution would
require the dimension of the instrument to be about half a wavelength, but dimensions ex-
ceeding a few kilometers are not feasible for Earth-based interferometers, yet are planned
for space-based instruments. The largest instruments that have been built, like the German—
English project GEO 600 near Hannover, the American LIGO, and the French—Italian VIRGO,
using all the tricks of interferometry, have reduced the phase uncertainty to the limit of the
quantum theoretical phase uncertainty oy. As we saw in section 13.2 (compare fig. 13.1), for
unsqueezed light, this is given by

P —— (14.60)

The average photon number (N) = (a™a) is determined by the power P of the laser light and
the averaging time ¢, which has to be smaller than the period of the gravitational wave:

_ P

(N) =1

(14.61)
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Thus, oy can be made very small by increasing the power. The main limiting effect for phase
resolution will then be the quantum phase uncertainty of the vacuum mode entering into the
unused port of the beam splitter in the interferometer. By illuminating the unused port with
phase squeezed laser light, phase locked to the main beam, this phase uncertainty can be
further reduced.

The sensitivity of the interferometer can be increased enormously by placing resonators in
its arms. This way, the arm length L is replaced by the effective arm length L.g = RL, where
R is the number of reflections in the resonators. The setting with two arms may be replaced
by a ring-like device (a Sagnac interferometer).

14.4 Anti-bunching and sub-Poissonian light

In this section, we shall discuss the properties of the count statistics of photons detected at a
fixed given point . We shall consider stationary states p such that

(I(t, $)>P = <V+(t7 z)V(t, w)>P
is independent of ¢, and that

(VT(t+r,2)V(t, z))

YO ((t+r, ), (t, ) = T, £ = yM(7) (14.62)
and
(V+(t,w)V+(t-|Z;&ZL‘;>(£+T,:c)V(t,as))p _ 7(2)(7') (14.63)

depend on 7 but not on .
In quantum field theory, the photon count correlation function (14.63) differs from the
intensity correlation function

(I(t+r,x)I(t,x)), (VT(t+r,2)V(t+T,2)VT(t,2)V (L, ),

(I(t, ) - (I(t,2));

=: g (r), (14.64)
whereas for commuting classical stochastic fields, as discussed in chapter 12, %2) (1) and
g® (1) coincide.

Schwarz’s inequality for ¢(?)(7) together with the stationarity of p yield

(P(t47, @) (P4, 2)),* (@), _

I(t, @))? - (I(t,®))?

9@ (1)] < 92(0). (14.65)

Hence, for commuting fields or if the non-commutativity is negligible, we also have
(1) <~2(0). (14.66)

Equation (14.66) is called the bunching condition. It means that the probability for two con-
secutive counts at times ¢ and ¢ + 7 is maximal for 7 = 0; in other words, counts have a
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tendency to aggregate. (By our derivation we see that eq. (14.66) is not a reflection of the
boson character of the photons. Bunching may also occur for fermions — for instance, for neu-
trons.) If the non-commutativity of the fields is not negligible, we may have the classically
forbidden inequality:

3 ()] > +2(0). (14.67)

This is the anti-bunching condition. It means that for small E photons show a tendency to seg-
regate: the probability for detecting one photon immediately after another one is suppressed.
Anti-bunching may occur for fluorescence light. Fluorescence light can be emitted by an atom
only after excitation from the ground state to an excited state. The emission of two immedi-
ately subsequent photons is suppressed because, before the next emission, the atom has to be
excited again.

Our next task is the investigation of intensity and photon count variances at one and the
same space-time point (¢, ). From eq. (14.65) we see that

(Pt2) _ (I2(t, @), — (I(t, x)))

2
900 = g (62)2
([t x) — U(t,2)),)*),
=1+ It x))2 > 1. (14.68)

If the non-commutativity of the field is negligible, the classical inequality

7?(0) > 1 (14.69)
will hold. For genuine quantum states, also

7@(0) <1 (14.70)
will be possible.

To see the significance of egs. (14.69) and (14.70), it is convenient, though not necessary,
to assume that the light is sufficiently monochromatic and well collimated such that only one
mode contributes. In this situation, g(*)(0) and (*)(0) simplify to

g (0) = W (14.71)
and
7?(0) = % (14.72)
Now,
+®(0) = <a+([a+<,aa+];;;a+)a>p _ <a+aa+<z>+pa;%<a+a>p
N, - (N), (NP, = (NZ)2+(N)] — (N),
g (V)2
- <(AN><?;’>% Ne 14, (14.73)
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Hence, the sign of ((AN)?), — (N), determines whether 7(?)(0) > 1 or 7(2)(0) < 1. If the
count statistic of the photons is Poissonian, then ((AN)?), = (N),. If the count distribution
is broader, with larger variance, we are in the super-Poissonian case with

(AN)?), > (N), and  ~P(0) > 1; (14.74)
and if the distribution is narrower, we have the sub-Poissonian case with
((AN)Y), < (N), and  ~P(0) < 1. (14.75)

Sub-Poissonian light is a genuine quantum effect and classically impossible. We already know
and can immediately read off from eq. (14.72) that coherent light is Poissonian.
If p = |n)(n| is a pure number state, then we are in the extreme sub-Poissonian situation:

(ANY?=0 and AP (0)=1- S (14.76)

(V)
From this and also from eq. (14.73) it is evident that strongly sub-Poissonian light must
have a small mean photon number (/N),. For sub-Poissonian light, the distribution function
P,(a, ™) of section 13.4 cannot be everywhere positive. Indeed, from eq. (13.143) we learn

that ,
[/d2 a*a)*Pla, a* (/dQCkaOlP(Oza)>

(2) (0) = +1

= ﬁ [1 /d2 (a*a)?P(a,a*) — (ata)?| +1
= ﬁ ! /d2 (a*a — (aTa))*P(a, a*) + 1.

If P(av, a*) > 0 everywhere, we have v(2)(0) > 1.
For amplitude squeezed light we find that

(AN)?), <(N)

because the variance of N is smaller than for coherent light. Hence, also amplitude squeezed
light is sub-Poissonian.

The ratio
_{(AN)?),
=",

is called the Fano factor of the state p. Sub-Poissonian light corresponds to f, < 1.

The Fano factor changes when light falls on a beam splitter. If the beam splitter is described
by eq. (14.1), and if the light corresponding to the operator « is in the state p, and the light
corresponding to the operator b is in the vacuum state, then it is an easy exercise to show that
the outgoing light rays with the operators ¢’ and o’ are in the states p,s and p, with Fano
factors

1 - fpaf = (1 - fp)|t1|2,
1- fpb/ =(1- fp)|7"1‘2-

In other words, the beam splitter pushes the light closer to the Poissonian case.

Iz

(14.77)
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15.1 The electric dipole interaction

The main subject of this chapter is the detailed description of a system consisting of an atom
in a light field. The Hamiltonian

H= Hlight + Hatom + Hint = HO + Hint (151)

will consist of two parts pertaining to the light field and the atom plus an additional interaction
part. For each part we shall make simplifying assumptions, which could be lifted stepwise in
later refinements.

(a) We assume that only a finite number M of modes contribute to the field, hence
M
Hygne = h Y _ Qa7 a,. (15.2)
y=1

(b) Only a finite number of discrete energy eigenstates of H, ., is effectively accessible.
This, in particular, means that we neglect the center-of-mass motion of the atom and

disregard ionization processes. Let {|p;}} (i = 1,..., N) be an orthogonal system of
eigenstates,
Hatom“pi> = El|90z> = muz"pz% (153)

ordered such that
Wi > wj for 7 < j. (15.4)

In the subspace spanned by the states |, ), an operator C' can be written in the form

C = le{wilCles) (el = Y Cijois. (15.5)
i i,
The operators
aij = |pi) (w5l (15.6)
satisfy
0ijOrs = 04r0is-
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In a matrix representation with respect to the basis {|;) }, 0;; is a matrix with the entry
1 at position (¢, 7) and O entries elsewhere. Now H,tom Will be of the form

M
Hatom = Z h/wigii- (15.7)
i=1

(c) The interaction between the atom and the field will be the usual Schrédinger picture
dipole interaction Hamiltonian

Hint = D . E(l‘o), (158)

where D is the dipole operator D = > , e4Q 4 of the atom composed of the position
operators of its constituents, and E(xg) is the electric field operator from eq. (13.40).
This, in particular, implies that the field does not change appreciably over the diameter
of the atom. This is true if the wavelengths of the radiation field are much larger than the
atomic diameters.

If the center-of-mass motion of the atom were taken into account, the field E(x) would
also enter at points & # x. Under these hypotheses, Hiy,; will be

Hine = Y Mgjioi504 + g5 05, (15.9)
4,7,
with
- [hw
hg; = \/;;@PilDlmuw(wo)- (15.10)

So, altogether, our Hamiltonian will be given by

M N
H = Z thaj/'av + Z hwlcr“ + Z h(gzjcrijav + g?j*ajiaj/')
y=1 1=1 6,0,y
= Hy+ Hyy. (15.11)

Starting from a different field—atom interaction, for instance from an electric quadrupole or
magnetic dipole interaction, we would have arrived at a Hamiltonian of the same form. What
really matters is the locality of the interaction and the feature that the field enters only linearly.

The time evolution of the system is described by the unitary time development operator
U (t), which solves the differential equation plus initial condition:

ih%U(t) = HU(t), U(0)=1. (15.12)

We also consider the free evolution operator Uy (t) with

ih%Uo(t) = HolUp(t),  Up(0) =1. (15.13)
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In the interaction picture, the important object will be the evolution operator
Ui(t) =Ug ()U(1),  Ui(0) =1, (15.14)

which satisfies
d

lhdt Ui(t) = HiUi(t) (15.15)
with the interaction operator
Hi(t) = Uy (t) Hint U (t). (15.16)
In our case we obtain
Hi(t) = Z h(gzjaijaq, elwimwi =2t g;-yj*ajiaj/' e_i(“’f’_”j_gv)t). (15.17)
4,3,y

The various terms in Hy will give rise to particularly large transition probabilities between
different atomic levels if the resonance conditions are fulfilled:

AZ]‘ = (w; —wj; — Q) =0. (15.18)

The quantities AJ; are called detunings.

In the rotating phase approximation, which will be adopted from here onwards, only in-
teraction terms are kept in which an excitation of the atom is associated with the annihilation
of a photon and a de-excitation with the creation of a photon. This corresponds to neglecting
faster oscillating terms with larger detunings in eq. (15.17). The final Hamiltonian with which
we shall work will then be

H= Z hQyat Tay + Zhw i + Z (950150, + gzj*ojiaj) (15.19)
1<J,y
with
Z h gzja”av Akt +g Uﬂa+e ‘Agjt). (15.20)
1<J,y

The rotating phase approximation has already been employed in chapter 6 and has turned out
to be a good and valuable approximation in many circumstances.

Strong fields interacting with the atom can sometimes be treated as classical fields. This
corresponds to replacing the operators a~, and ai in eq. (15.20) by complex numbers o, and
aj. Thus, in the semiclassical approximation, we have

Hyge = Y h(gloi0 €205 + gl 0ji0 e 401, (15.21)
1<jyy
Now, the total Schrodinger picture Hamiltonian for the atom in the field will be time-

dependent:

Zhwlau + Z h guowaw —iQyt —&—g” aﬂa* el t) (15.22)

i 1<J,y
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The quantities 0}, ;= g;’j o, are called complex Rabi frequencies. Quite frequently, the ex-
perimental arrangement is such that only resonant terms with vanishing detuning are relevant.
In this case, Hy and Hj . are time-independent. In particular, the evolution equation (15.15)
with Hy g is just a system of linear differential equations with constant coefficients, which
can be solved explicitly with standard methods. We shall return to this case in a later section.

The minimal case M = 1, N = 2 of a one-mode field interacting with a two-level system
is of particular importance as a theoretical laboratory and also approximately realized in many
experiments. With a slight change to the more standard notation

1 0 0 1 0 0
03 =011 — 022 = 0 —1)° 0+ =012 = 0o o0/’ g-=021= |4 R
(15.23)

040_ =011, O_04 =09, |03,04]==+204, o304++o0r03=0, (15.24)

the Hamiltonian of eq. (15.19) assumes the form
H = hQa a+ %hwcrg +hgora+ hg*o_at, (15.25)

with w = w1 — ws.

To arrive at eq. (15.25), we have subtracted a constant %(wl + wy)1 from H. Equa-
tion (15.25) is called the Jaynes—Cummings Hamiltonian. Because of its great importance,
we shall devote to it a section of its own (section 15.4).

The interaction Hamiltonian of the Jaynes—Cummings model is

Hy = h(ga+a 24 gfo_a” e_iAt), (15.26)
with

A=w-Q. (15.27)
In the semiclassical case, the evolution equation for

Hige = h(goza+ At 4 grato_ e_iAt) (15.28)

_ 0 gae® N o aiagy (0 ga\ _iincss
_h((ga)*e‘i“ o )= (go)* 0 )% "

can be solved in a closed form. Indeed, with [03,04] = £204, it is easy to see that H 4 in
eq. (15.28) is also the interaction Hamiltonian of the simple time-independent Hamiltonian:
H = 1hAos + hlgaoy + (ga)*o_]. (15.29)

Here H can be rewritten as

_ 1A go \ A/2A go/A Y\
H_h<(g2a 1 ) _hA((goz)*/A CAJ2A = hAY, (15.30)

with

A =/3A%+[gal? and =1
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Now the exponential function exp[—(i/%) Ht] can be readily evaluated to

e~ W/MAL — o5(At) -1 —isin(At) - X. (15.31)
Furthermore,

Up(t) = e3'Aost o= (/M AL (15.32)
and

U(t) = o™ 2973t Uy (t) = e~ 31%73t o= (/WAL (15.33)

So, finally, we obtain for the full time evolution operator of the semiclassical Jaynes—
Cummings model:

cos(At) — ié sin(At) eI —i9? sin(At) e 2
Ut) = 2A A
7 Xé sin(At) 21 |:COS(At) + i% sin(At) 21

(15.34)

The occupation probabilities for the two levels are given by w1 2 = |c1 2(¢)]? with

ci(t) c1(0)
=U(t , 15.35
(o) =vo (20 (1535
and wy 2(t) will oscillate periodically with period 2A. This result differs radically from the
one we shall obtain for the full Jaynes—Cummings model.

Quite generally, the time evolution of a mixed state p of our system will be determined by
the quantum Liouville equation:

d

—p=_—_[H 15.36

3P = 7 Al (15.36)
where H can be any one of the Hamiltonians described in this section. In realistic situations,
the system will not be closed, and there will be losses by evading photons or occupation of
states not explicitly included into the model. These effects can be dealt with phenomenologi-
cally by introducing a Hermitian non-negative damping operator I' and replacing eq. (15.36)
by

d 1 )
3P = 5 [Hopl = 5o+ pD). (15.37)

This equation guarantees that p remains Hermitian and positive. The losses are visible from
the identity

%Tr(p) = —Tr(pl') <0. (15.38)
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This decrease of Tr p may be canceled by adding another term to eq. (15.37):

d 1
—p=—[H,p| - L(Tp+pl) + TV/2pr/2. (15.39)
dt ih

Equation (15.39) is a simple example of a rich class of equations of motion of so-called Lind-
blad form:

d 1
7= ol =3 ) AViTViph+ D VeVt (15.40)

which are known to be the most general linear equations of motion for p preserving Hermitic-
ity and positivity and keeping p = 1 fixed.

15.2 Simple laser theory

Lasers are a crucial part of any experiment in quantum optics. It was only with the advent of
the laser that quantum optics could start to develop. The functional principle of the laser is
easily described.

Light is emitted by the transition from an excited level with energy E3 to another level
with energy Fs. The light-emitting medium is placed in an optical resonator such that the
emitted light triggers further stimulated transitions from E'3 to E5. If the resonator is correctly
tuned, there will be feedback, and the medium will emit light of strong intensity in a coherent
way. In order to maintain stationary conditions, the upper level E3 has to be continuously
repopulated by a process of optical pumping: by absorption of pumping energy from a third
level E, direct or indirect transitions are induced, which stabilize the occupation number of
the level E3.

The details of a quantitative description are complicated and strongly dependent on the
actual type of laser. Indeed, laser theory and technology have developed into a wide and im-
portant field of its own. Here we shall content ourselves with the description by simple rate
equations, which allow the understanding of the laser principle under very general conditions.
In our presentation, we follow H. A. Bachor. For details we refer the reader to the rich litera-
ture on lasers — for instance, the comprehensive monograph of A. E. Siegman.

Consider M atoms with three levels. The numbers of atoms in the states F, F5, and E3
are denoted by M, Mo, and Ms, respectively. We refer to J; = M1 /M, Jo = My /M, and
J3 = M3/M as the relative occupation numbers. Let n = n. /M be the number of photons
with energy E'3 — E5 per atom. The strength of the pumping process and the rate of induced
transitions between F3 and F» are characterized by positive constants IT and G, respectively.
Finally, we introduce positive constants 32 and -y2; describing the rate of spontaneous transi-
tions from E3 to E5 and from E5 to F, respectively, and a positive constant « taking account
of photon losses from absorption and from leaving the resonator.
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Es, Js
7 S
V32
Es, Jo
II
V21
—1 Figure 15.1: The electronic levels taking part in
Ey, 1 laser action.

The validity of the following rate equations is immediately clear from fig. (15.1):
d.Jy

I

a J1 4+ v21J2,

dJ.

d7t2 = G(J3 — J2)n + v32J3 — Yo1J2, (15.41)
dJ.

ditg = *G(Jg — Jz)n — ’732J3 + I1Jq,

% = G(Jg - JQ)TL — KN.

Equations (15.41) describe a nonlinear dynamical system for the quantities J; (¢), J2(t), J3(t),
and n(t). The conservation law

d

S J) =0 (15.42)
is a consequence of eqs. (15.41), and the constraint

Ji+J+J3=1 (15.43)

can be consistently imposed. Stationary solutions are found by equating the left-hand sides of
eqs. (15.41) to zero and solving for J1, Jo, J3, and n. Two solutions are found, one withn = 0
and one with

O(yo1 —y32) 1 I1(y21 4 7¥32) + 721732

n= - — . 15.44
K(2IT + 721) G (211 4 ~21) ( )

The second solution, which corresponds to continuous operation of the laser, is only physical
if n > 0, which requires 21 > ¥32.

In fact, y21 > 732 is necessary for spontaneous depletion of the state E», without which
stimulated transitions from E5 to F» would rapidly come to an end. In addition, for a positive
stationary value of n, the pumping strength II must be larger than a critical value IIj. If the
pumping rate were too low, the occupation number of E5 would be too small for a steady
operation of the laser. This threshold behavior of II is evident from eq. (15.44), because for
very small II the negative term on the right-hand side will dominate.
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The last equation of (15.41) tells us that stationary light emission n > 0 requires an
occupation number inversion J3 > J;. Contrary to the thermal equilibrium distribution, the
occupation number of the higher state E's must exceed the occupation number of Ej.

Depending on the relative values for the spontaneous lifetime 735 and the loss rate , one
can distinguish three types of lasers:

o Type 1: 35 > K, e.g. dye lasers;
o Type 2: 35 & K, e.g. visible gas lasers;

o Type 3: v32 < K, e.g. solid-state and semiconductor lasers.

A complete quantum-mechanical treatment of the laser is complicated. Two main approaches
are possible.

In the first alternative, one considers a generalized quantum Liouville equation of the type
eq. (15.37), where the density operator p may also depend on space and describes a quantum
system consisting of a radiation field plus atoms or molecules with at least three levels. Suit-
able stochastic extra terms in the Hamiltonian may be introduced to describe the influence of
external noise perturbations.

Alternatively, one may consider a Heisenberg equation of motion for the occupation num-
ber operators of the various levels and for the photon field number operators. If additional
external noise terms are introduced, the dynamical equation to be solved will be a Heisenberg—
Langevin equation.

A quantum-mechanical treatment will yield the fluctuations for the observables of the laser
and will allow for a precise determination of the quantum state of the emitted light field. Not
surprisingly, sufficiently far above the pumping threshold Il, this state turns out to be very
close to a coherent state, because the stimulated emission of the atoms in the laser is well
correlated under these conditions.

15.3 Three-level systems and atomic interference

In this section, we shall concentrate on the interesting effects of the coherent superposition of
atomic eigenstates on transitions mediated by the electromagnetic field. The minimal arrange-
ment to study such phenomena is an atomic three-level system with two possible electromag-
netic transitions. There are three different configurations, which are depicted in fig. 15.2: a A
configuration with one upper level and two nearly degenerate lower levels; a V' configuration
with one lower level and two nearly degenerate upper levels; and a cascade configuration.

Consider the spontaneous decay of a system in the V' configuration prepared in a super-
position state

1) = c1 e 1) + o e pg). (15.45)

The transition amplitude to |p3) will be a superposition of two terms with different frequen-
cies, and the occupation probability w3 (t) of the state |p3) will contain a beat mode term with
an oscillation in the difference frequency w; — wy. The same oscillations can be observed in
the counting rate of photons emerging from the transition. This typically quantum interference
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Figure 15.2: The level configurations for three-level systems.

phenomenon is completely analogous to the interference pattern in the quantum-mechanical
double-slit experiment: two possible pathways through two different holes interfere to give the
typical pattern. The interference disappears if “which path” information is available telling us
through which hole the particle reached the screen. In the same way, the beat mode in the tran-
sition will disappear if there is information about the excited state from which the ground state
was reached, for instance by a precision measurement of the energy of the outgoing photons.

Quantum beats were first observed in the so-called Hanle effect, where a coherent super-
position of two states with different magnetic quantum numbers is produced by interaction
with an electromagnetic field transverse to the original quantization axis. Interference phe-
nomena of transition amplitudes are also visible in induced transitions. By forcing the system
into a suitable superposition state, it is even possible to suppress transitions completely by
destructive interference of transition amplitudes. In this way, absorption can be blocked for
A configurations and emission for V' configurations. The corresponding superposition state is
also called a dark state or a trapped state.

Such phenomena can be discussed in a simple exactly solvable model. Consider the semi-
classical interaction picture Hamiltonian Hi g of eq. (15.22) with a three-level system and
two interaction terms with an external classical light field that is tuned to resonance such that
the detunings vanish. Then Hj . is of the form

Hygse = Q2012 + Q3013 + Q5091 + Q3031)

0 Q Qs
=nl 0 0], (15.46)
Q 0 0

where, this time, we have not insisted on a special ordering of the atomic levels and
Qs = (g12012)™, Qs = (g13013)", (15.47)

are the complex Rabi frequencies of their complex conjugates. They can be adjusted by chang-
ing the phases and intensities of the external radiation fields.
The matrix (15.46) is the matrix representation with respect to the energy eigenstates

1 0 0

lp1) =101, lpa) =111, los) =10 ], (15.48)
0 0 1
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of the unperturbed atomic Hamiltonian

w1 0 0
Ho=h| 0 wy O
0 0 w3

The eigenvalues \; and eigenstates |¢;) of eq. (15.46) are readily determined:

1 0
>\1 = Oa |’¢)1> = ﬁ QS )
_QQ
1 Q
Ao = Q, - Q. 15.49
1 —Q
No= -0 )= —= [ 5],
3

with

Q= /[0 + Q. (15.50)

Then, with respect to the basis |11), [1)2), |¢3), the time evolution operator
Ul(t) _ e—(i/h)HIt

is given by the matrix:

1 0 0
Ut)~]10 e 0 |, (15.51)
0 0 eiQt
and with respect to the basis |©1), |p2), |@3), we have
Q2 cos(Qt) —iQ€ sin(§2t) —iQ€Q3 sin ()
1 . .
Ur(t) ~ O —i0Q5 sin(Qt)  [Q23]% + [Q2]? cos(Qt)  Q23Q3[cos(2t) — 1]
—i0Q3sin(Qt)  QQ3[cos(Qt) — 1] Q2] + |Q3]2 cos(Qt)

(15.52)
In our model, the trapped state without transitions to other states is just given by
1 0

V1) = = Q3
Q —Q,
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Let us mention two different methods to prepare the trapped state |17 ).

1. Adiabatic population transfer. One starts with Q23 = 0; then the trapped state is given by
|1)1(23=0)) = —|p3). The system is prepared in the eigenstate |p3) of Hy, which can be
easily achieved. Now one slowly switches on (23 by increasing the resonant external field
with frequency wy3. According to the adiabatic theorem, the system will remain in the
eigenstate |11 (€23)) of Hy(Q3) with eigenvalue A; = 0, which is always a trapped state
corresponding to the instantaneous value of €23. (If one subsequently slowly switches off
5, one will have achieved an adiabatic transition of the state from |p3) to |¢2).)

2. Combination of pumping and decay. A pair of atomic levels can also be forced into a
trapped state by optical pumping. The difference frequency of the two levels is irradiated
with high intensity. The emerging coherent superposition of the two states can also be
described as a superposition of the trapped state and a state orthogonal to it. The trapped
component will survive because of its stability, whereas the orthogonal component will
decay.

An ensemble of atoms in a trapped state is called phasonium, a substance with many surprising
properties.

In what follows, we shall describe several phenomena originating from the coherent su-
perposition of atomic states in as simple a way as possible. A more detailed description based
on an equation of motion for the density operator p similar to eq. (15.37) can be rather com-
plicated. For details we refer the interested reader to more comprehensive monographs like
Scully and Zubairy.

15.3.1 Electromagnetically induced transparency

This is the effect of preventing absorption by forcing the system into a trapped state from
which or into which transitions are blocked. Then the so prepared phasonium will be transpar-
ent for the frequency that belongs to the blocked transition. In our simple model of eq. (15.46),
this effect can be understood in the following way.

92

92

(@) (b)
Figure 15.3: Configurations for electromagnetically induced transparency.
We assume the system to be in one of the configurations depicted in fig. 15.3. We apply

strong pumping between the levels w; and we, i.e. irradiation of high-intensity light with
frequency |w; — ws|. In our model, this corresponds to the situation |Qa] > |Q3].
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From egs. (15.49) and (15.50) we see that in the limit Q3/Q2 — 0 the eigenstates of H
are given by

0 . 1 . —1
1) = 0 o2y = —= | /1] |, i) = —= | 25/
Q|0 va Va7
(15.53)

This means that there are no transitions between |¢3) on the one hand and any linear combi-
nation of |p1) and |p2) on the other. Indeed, in the same limit we have

COS(lQQ|t) —1(92/|Qg|)$1ﬂ(|ﬂ2|t> 0
U(t) = | —i(Q5/|Q0) sin(|Q2t) cos(|Qa]t) 0. (15.54)
0 0 1

For small but finite values of 23/, we can easily evaluate the transition rates:

e Consider first the situation of fig. 15.3(a). Assume the system to be in the state |¢3). Then
the occupation probabilities of the levels |¢1) and |p2) are given by eq. (15.52)

2
sin?(Qt) < 1,

Q.
wn®) = Gl = |2
(15.55)

2
wa3(t) = |<<p2|U1(t)|<p3>!2 = |Qg|24 [cos(Qt) — 1]? < 1.

e For the configuration of fig. 15.3(b) we assume that the system is initially in the state
|1) or |p2) (or any superposition of the two). Then we readily find

w31 (t) = w1z (), w3a(t) = was(?),
with wy3(t) and w3 (t) as in eq. (15.55).

Hence, in any case, absorption from the lower state(s) is suppressed. To get an intuitive feeling
for this result, we notice that, for small ¢, transitions between |p1) and |p3), irrespective of
the values of {25 and 23, will have a small probability

’wlg(t) = 'lUgl(t) ~ t2.

Direct transitions between |p2) and |p3) are impossible in our model. They have to go via
the state |1 ). Correspondingly, eq. (15.52) tells us that, for small ¢, the transition probability
is even smaller:

W23 (t) = W32 (t) ~ t4.

Now, due to strong pumping, there are fast oscillations of the system between the states |1 )
and |p2). As a consequence, the state will have already switched between |p1) and |p2) before
any transition of either of these two states to the state |©3) can have occurred with sizable
probability.
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15.3.2 Refractive index enhancement

In chapter 2, we saw that absorption is determined by the imaginary part of the refractive index
and that at resonance the refractive index is purely imaginary. A little bit off resonance, both
the real and the imaginary parts are large. It is now possible to suppress absorption by means
of trapped states and at the same time to maintain a large real part of the refractive index. This
can be achieved, for example, by a weak additional occupation of the excited level.

In this way, phasonium may be transparent and show very large refraction at the same
time.

15.3.3 Lasing without inversion

In section 15.2, we saw that a lasing transition with positive gain requires population inversion:
the occupation of the higher level must dominate the lower level. Otherwise, the resonant light
field would induce more absorption from the lower level than emission from the upper level.

Now, if the lower level is replaced by a doublet of states forced into a trapped state, ab-
sorption may be blocked and lasing will be possible without inversion. In our simple model,
we consider the system to be in the A configuration of fig. 15.2(a). We assume the initial state
to be given by

C2

V2

(compare eq. (15.49)). For later time ¢, the state will be

[9(0)) = c1lthr) + calwr) = c1|vn) + —=(|2) — [¥3)) (15.56)

(1)) = erlypn) + %(\W eI — Jpg) ). (15.57)

The occupation probability for the upper state |p1) will be
2 —i i 2
wi(t) = (1) = Lcaf*|e Qt—l—em‘ = 2|y |? cos? (). (15.58)

For small ¢, this is a decreasing function of ¢, which means lasing with a positive gain irrespec-
tive of the values of ¢; and co. Now, for |¢1| >> |e2], the lower levels are much more populated
than the upper one, and we have lasing without inversion.

15.3.4 Correlated emission laser

This is another application of coherent superposition that we would just like to mention. Spon-
taneous transitions from the upper to the lower of the two lasing levels usually occur randomly
and uncorrelated. They are a source of noise for the emerging laser light, which is present even
if other sources, for instance due to noisy pumping, have been suppressed. If now the upper
level of a laser is replaced by a doublet of states prepared in a coherent superposition, sponta-
neous emission will be correlated just like induced emission, and noise will be further reduced.
This device is, for instance, applied in gravitational detectors.
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15.4 The Jaynes—Cummings model

The Jaynes—Cummings Hamiltonian (eq. (15.25)),

H = nQata+ thwos + h(goya+ g o_a™)
= Hy + h(gora+ g o_a™), (15.59)

describes an extremely instructive model system. On the one hand, it captures many charac-
teristic physical features of systems with interacting matter and radiation; on the other, the
associated quantum-mechanical problem can be solved in closed form. With the notation of
section 15.1, we can write the eigenstates of the free Hamiltonian Hj as

In,i) =n) ® |y (i=1,2) (15.60)
with
Ho|n,2) = (hQn — $hw)|n, 2),
Ho:n, 1§ = EhQn + zhwin, 1; (15.61)
The quantity
Cri=atat oy (15.62)

is conserved because excitation is associated with absorption of a photon and de-excitation
with emission of a photon. C'; can be interpreted as the total excitation degree of atom plus
photons. One readily verifies that

[H,C4] =0. (15.63)

The states |n, i) are eigenstates of C1:

Cl|na 1> = (Tl + l)‘n7 1>a
: (15.64)
Cin,2) = (n — 3)n, 2).
The eigenvalue (n — 1) is two-fold degenerate for n > 1:
Ci|n,2) = (n — YHn,2),
n,2) = (n—3)In,2) (15.65)
Ciln—1,1) = (n — 1)|n—1,1),
whereas for n = 0 the only eigenstate |0, 2) with
C110,2) = —1]0,2) (15.66)

is the unique ground state of H:

H|0,2) = —1hwl0,2). (15.67)
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Another conserved quantity is
Cy = %AO’g +gora+gio_at, A=w-—1Q, (15.68)
but there is a relation between H, C1, and Cs:
H = hQCy + hCs. (15.69)

The conservation of C; facilitates the diagonalization of H. Eigenstates of H can be as-
sumed to be eigenstates of C'. In the two-dimensional eigenspace of C} that belongs to the
eigenvalue n — % (n > 0), the eigenstates of H are of the form

) = bp_1.1|n—1,1) + by, 2|n, 2). (15.70)

The Hamiltonian (15.59), restricted to this eigenspace of C1, is given by the matrix

-1+ 1 LA
a7 Y j2w \/ﬁgl =h(n—3HQ1+h| 2 \/159 , (1571
NG nQd — jw Vvngt —3A

which can easily be diagonalized to give the eigenvalues and eigenvectors of H. We find

[Wns) = by 4 In—1,1) + bjs o[n, 2), (15.72)
with

bi = __1(1A:FA7L) bi Ziﬁg

n,2 Ny 2 ) n=11 7 Ny )

Ay =/ 782 +nlgf?, (15.73)

Ni =202 F AA,,
and

HW}ni> = hQni|wni> (15.74)
with

Qny = (TL - %)Q + Ay (15.75)

For g # 0, this spectrum differs from the spectrum in eq. (15.61) of Hy, a phenomenon
known as the dynamical Stark effect. From these results, one immediately calculates the time
translation operator U = exp[—(i/h) Ht].

In view of the importance of the Jaynes—Cummings model, we derive U (¢) also in another
way, which gives us additional insight. Just as in the semiclassical case of section 15.1, the
interaction Hamiltonian Hy of eq. (15.26) can be written as
At

+

efiAt)

+g'o_a

= e3¢ (g5 0 + g*o_at) e 1A (15.76)

Hy = h(ga+a e
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(compare eq. (15.24)). In view of eq. (15.16), eq. (15.76) means that Hj is also the interaction
Hamiltonian for the Hamiltonian

. 1A a
H = 1hAos+ h(gosa+go_at)=hCy=h| 2 7 (15.77)
gtat —3A
such that
Up(t) = e2ifost o= (/M AL (15.78)
and
U(t) = Up()Ui(t) = o—iQ(aTatgos)t (—(/WHL _ —iQC:t (—(i/h)Ht (15.79)

Here H is time-independent and ¢~ (1/ mHt can be evaluated in the following way. First we
have, using eq. (15.24):

1.\2
(EH) =1A’1 4 |g|*(010-aa™ + 0_0rata) (15.80)

[ 1A% +gl*aat 0 (AT 0
= e 2 4 =: R =: A%,
0 1A% 4 [g]*ata 0 A2

where the operators

Av = 187 T [glPaa,

(15.81)
A =/1A% 4 |g]2ata
satisfy
Riln) = /582 + [g2(n + 1) |n) = Apialn),
(15.82)
A_|n) = \/2A2 +|g]>n|n) =: A,|n).
Then
1. 2n R Agn 0
—H| =A"=("F
(3) (5 )
1. 2n+1 1 ..
- H — 7HA2n
(w) =
and with eq. (15.77)
Ur(t) = (15.83)
|:COS(A+t) — ié Al sin([\.ﬁ)] el —iga Al sin(A_t) e3iAt
2 A, A_
1 ~ 1 ~ A ]. ~ 1: :
—ig*at - sin(A t) e 24 {cos(A_t) +i= = sin(A_t)| e"21A¢
Ay 2 A
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As a first check, we verify the stability of the ground state

o2 =)o (}).

i.e.
Ur(1)|0,2) = [cos(LAt) + isin(2At)] e~ 21440, 2) = |0,2). (15.84)

Writing the state at time ¢ as

oo

(1)) = len—1.1(B)In—=1,1) + e a(t)[n, 2)], (15.85)

n=0

with c_1 ;1 = 0 by definition, we find that eq. (15.83) is equivalent to
Cn—11(t)\ a b cn-1.1(0)
( Cn2(t) ) - (—b* a* en2(0) )7 (15.86)

a = [cos(Ant) — i(A/2A,,) sin(A,t)] e2 At
b= —igy/n (1/A,) sin(A,t) e2i2.
and where A,, is defined in eq. (15.73).
One immediate consequence of eq. (15.84) or (15.86) is spontaneous emission. The state

|0,1) consisting of no photon and the atom in the excited state is not stable. Rather, for
6071(0) =1land 61,2(0) = O,

with

co.1(t) = [cos(At) — i(A/2A) sin(Aqt)] eiAE)

1 15.87
c12(t) = —ig*(1/A1) sin(At) e~ 214¢ ( )

With eq. (15.86), it is an easy task to calculate the occupation probabilities from the initial
values:

W1 (1) = |cn1()]? and Wn2(t) = |cna(t)]?. (15.88)

The probabilities for the occupation of the atomic states are then

wi(t) =Y wea(t) and  wa(t) =Y wna(t), (15.89)
n=0 n=0

whereas the probability for the presence of n photons is

wh(t) = wp1(t) + wp2(t). (15.90)
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To simplify our expressions, we assume that at time ¢ = 0 the atom is in the excited state;
hence wy, 2(0) = 0. Then

AQ
wn)l(t) = (COSQ(AnJ'_lt) + W Sinz(An+1t)) wnyl(o),
el (15.91)

2
= |g‘ nsin2(Ant)wn_171(O).

wn)g(t) = A2

One checks that in fact
wy(t) + wa(t) = 1, (15.92)

and after a short calculation one obtains

W (t) i= wi(t) — wa(t) = 1 — 2ws(t)

0 2
1
=1-2)" lol*(n+1) sin®(Ay41t)wn,1(0)

n=0 n+1
=1
— Z e [LA% 4 |g[*(n + 1) cos(2A,11t)]wy 1 (0). (15.93)
n=0 " n+l

The quantity W (t) = w1 (t) — w2 (t) is called occupation inversion (see fig. 15.4).

Wit}
L

Te

Figure 15.4: Occupation inversion as a function of time.

In the quasi-classical treatment of section 15.1, we found a periodic behavior for W (t).
In the Jaynes—Cummings model, W (t) is only periodic if the initial distribution w, ; has a
sharp photon number nyg. If, on the other hand, wy, ; is a distribution with mean value (V') and
variance oy, the time behavior of W (¢) will be totally different, and will coincide with what
is actually observed.

First, W(0) = 1. Now, W (t) contains many periodic components with different frequen-
cies 2A,, 1 1. The fast oscillations with typical frequency 2A 4, will fall out of phase after
some time has elapsed. After a collapse time T, the inversion will be very small due to de-
structive interference of the different periodic modes. The uncertainty relation between time
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and frequency allows one to estimate the collapse time T¢ as
1 N 1
2(A<N>+1+UN - A<N>+1_UN) 40N(8An/an)|<N>+1 '

Tc = (15.94)
After an even longer time Ty, the periodic oscillations, which after all have discrete frequen-
cies, will be in phase again, and the inversion will again assume a larger value. This phenom-
enon is called inversion revival. Collapses and revivals will alternate periodically. Revival is a
purely quantum-mechanical effect of the discreteness of the photon number. A good estimate
of the revival time is

oA,
2TR(A(N)+1 - A(N)) = QTRT = 2m. (1595)
"k
With A,, from eq. (15.73)
oA, |g|2
= 15.96
on 2A, ( )

and

A 2 A2
T =2r e = g\ age O
g M (15.97)

7. A VI(AY/AgP) + (N) +1
C=gp = .
2|glPon 20n|9|

If the initial distribution is Poissonian with o = (N)'/2, for (N) > 1 one obtains

A2 1

To=4|14—— —.
4lg|*(N) 2|g]|

(15.98)

We conclude this section with a short discussion on the interesting limit of strong detuning:

A > gl (N). (15.99)
Then
A lg?n 1
A=+ 1052 )
A glance at eq. (15.83) or (15.86) shows that to leading order
Alim Up(t) = 1. (15.100)

Not surprisingly, transitions are suppressed for very strong detuning. In next-to-leading order,
we can approximately insert into eq. (15.83):
lg1?

<cos(f\+t) —1i AA sin([\yﬁ)) e2™ ~ exp (ig(a+a + 1)t>,
AL A

(15.101)

<cos(f\_t) +1 AA sin(f\_t)> e 218 & exp (i|g2a+at>,
2A A

whereas the off-diagonal elements are still negligible.
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With these approximations, U;(t) becomes the time evolution operator for the effective
Hamiltonian

2
Heg = h%(agoﬁ'a +011), (15.102)

and Uy (t) will produce slow variations of the relative phases of the excited states. This effect
is exploited in a variety of experimental setups.

15.5 The micromaser

Micromasers and microlasers owe their existence to the spectacular progress in the construc-
tion of electromagnetic resonators. The decay time of the electromagnetic field is much longer
than the interaction time with atoms inside the resonator, which means that photons can be ab-
sorbed and re-emitted many times before they get lost by dissipation.

The micromaser is the first and most advanced example of such a device. A microwave
field in a cavity is tuned to be in resonance with a transition between two Rydberg states of the
hydrogen atom. Rydberg states are excited states of the hydrogen atom with large principal
quantum numbers. They are ideally suited for experimentation in this field for at least three
reasons:

1. The transition frequencies between Rydberg states lie in the experimentally convenient
microwave range. For instance, the transition frequency between the frequently employed
levels 63 p3 /2 and 61 d3 /5 is 21.5 GHz.

2. The strength of the interaction with the electromagnetic field is proportional to the transi-
tion dipole moments, which are excessively large for Rydberg states. The diameter of an
excited hydrogen atom and its transition dipole elements are proportional to n2, which
leads to transition probabilities of the order of n*. A few photons will already suffice to
saturate a transition.

3. Rydberg atoms can conveniently be prepared and detected by electric field ionization. If
a homogeneous electric field E is applied to a hydrogen atom, then the Coulomb field,
in which the electron of the atom is bound, is deformed and lowered in the direction
—FE. As aresult, atomic levels that are bound states without the field E become levels in
the continuum, and formerly bound electrons are pulled out of the atom. If the field E is
increased, weakly bound electrons with higher principal quantum numbers n are liberated
first and more strongly bound electrons later. Alternatively, by properly adjusting the
strength of E, one can liberate electrons in states with n > ng for any given ng, whereas
electrons with n < ng remain bound.

Working with a cavity in the microwave regime also brings about a technical difficulty:
disturbing thermal photons have to be suppressed by cooling the device to very low tempera-
tures. Inserting numbers into Planck’s formula

1

Ngh = Sho/RT 1 (15.103)
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one finds iy, = 1.5 at T = 2 K and w = 21.5 GHz, still too high for ambitious purposes.
Nowadays, 7' = 0.3 K and n = 0.054 have been achieved.

The principle of a micromaser is simple. A ray of hydrogen atoms prepared in one of two
Rydberg states is velocity-selected and injected into a cooled microwave cavity tuned to the
transition frequency between the two atomic levels. Inside the cavity, the atoms can emit or
absorb a photon by interacting with the electromagnetic field. The atoms pass through the
cavity and, after they leave it, their state of excitation is measured by two electrostatic field
ionization detectors, the first one tuned to the upper level, and the second one tuned to the
lower level.

Long decay times of several seconds can be achieved for the field in the resonator, and the
intensity for the atomic beam can be so low that on average less than one atom is present in
the cavity.

If the atoms enter the cavity in the excited state and if the cavity field is initially in the
ground state, then the atoms traversing the cavity will deposit their energy as photons in the
cavity until, due to the inevitable losses, some saturation point is reached.

The device is a minimal realization of a laser (or rather maser) arrangement. An electro-
magnetic field is built up by stimulated emission of photons by a small number of excited
atoms. As opposed to an ordinary laser, the radiation in the cavity cannot be coupled out, be-
cause this would spoil the quality of the resonator. The atoms traversing the cavity play a dual
role, both producing and detecting the field in the cavity. The photon statistics in the cavity is
very interesting and shows many non-classical features.

The theory of the micromaser uses the Jaynes—Cummings model described in the previous
section. The velocity-selected atoms spend a controllable time 7 in the cavity. During this
time-span, the dynamics of the two-level system in interaction with the cavity field is well
described by the Jaynes—Cummings Hamiltonian of eq. (15.25).

The equation of motion for the density operator is of Lindblad type and given by eq.
(15.40), where H is the Jaynes—Cummings Hamiltonian, and dissipation by photon losses is
accounted for by an additional term

L, =—Lc(Am+ 1) (atap+ pata —2apa™)
— sciun(aatp + paat — 2a% pa). (15.104)

Phenomena like collapse and revival of the occupation inversion can be observed in the micro-
maser. In the next section, we shall describe how the micromaser may be used for “quantum
state engineering”, the preparation of a given state of the electromagnetic field. Other applica-
tions for experiments on the foundations of quantum theory will be described in chapter 16.

Recently, also microlasers working in the regime of visible light have become feasible.
Two different arrangements are currently in use. One of them takes profit from the fact that
mirrors of extremely high reflectivity, formerly classified and reserved for military purposes,
have become available. This allows the construction of optical resonators of sufficiently high
quality for a microlaser. The difficulty of weaker coupling due to smaller transition dipole
elements in the optical regime is overcome by making the spatial dimensions of the resonator
very small. A glance at eqs. (13.42) and (15.10) will reveal that this increases the coupling
strength. Fortunately, thermal photons are less of a problem in the optical regime and the
requirements for cooling are very mild.
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Another arrangement uses modes of the light field propagating along the inside of a glass
sphere, which can be excited by a laser. They are called “whispering gallery modes” in analogy
with the famous acoustic phenomenon in the gallery of St. Paul’s Cathedral in London.

15.6 Quantum state engineering

In this section, we shall describe techniques for the measurement and preparation of atoms and
electromagnetic states. We concentrate on the state space of the Jaynes—Cummings model: a
two-state atomic system and a one-mode electromagnetic field. Measurement and preparation
are intimately related in quantum theory, because every measurement implies a projection on
a state possessing the measured value with certainty.

Let us first turn to two-state atomic systems. The eigenstates |¢1) and |p2) of the free
Hamiltonian H are easily prepared by an energy measurement. The problem is the prepara-
tion of an arbitrary superposition:

l) = cilp1) + calpa), 1] + [ea]* = 1. (15.105)

This can be achieved by first preparing the system in the state |p7) and then applying an
appropriate unitary transformation. Such a transformation can, for instance, be realized by
the time evolution operator of eq. (15.34) of the quasi-classical Jaynes—Cummings model.
In practice, the system initially in the state |p;) is brought into interaction with a classical
external wave field for a controlled time interval ty. By adjusting ¢, and the parameters g,
« and A properly, arbitrary values of ¢; and ¢y can be obtained. The relative phase between
c1 and co can also be changed by allowing the system to evolve under the free Hamiltonian
operator . Preparation and measurement of states of the electromagnetic field are more
difficult because it is harder to exert controlled influences on them. In chapter 14, we saw how
homodyne detection can be applied for state measurements.

The micromaser may be used for both measuring and preparing the field in the cavity. A
given cavity field can be analyzed by injecting atoms into it, allowing them to interact with the
field for a controlled time, and then measuring the state of the atoms. In the time dependence
of the inversion, collapses and revivals can be seen, and eq. (15.93) teaches us that the photon
number statistics can be read off from the Fourier transform of the inversion function W ().

Electric field states of the cavity with given photon number n can be prepared in the
micromaser in the following way. Individual excited atoms are passed through the resonator,
which is initially in its zero-photon ground state. The excitation level of the atoms leaving
the resonator is measured, and, every time an atom leaves the cavity in a de-excited state, an
additional photon has been deposited in the resonator. If photon losses by dissipation can be
neglected, states of given photon number have been prepared.

The deposition of photons can be discussed quantitatively in the Jaynes—Cummings model.
For zero detuning A = 0, eq. (15.91) gives

w2 (to) = sin®(gv/nto) (15.106)

for the probability w, 2(to) that an excited atom raises the photon number in the oscillator
from n — 1 to n within an interaction time ¢g.
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Equation (15.106) shows that an n-photon state can be prepared even without measuring
the excitation state of the outgoing atoms. One just has to fix ¢y such that

sin[g\/(n + 1) to] = 0. (15.107)

Then it is not possible to raise the photon number from n to n + 1. If eq. (15.107) is fulfilled,
one says that the maser is in an upwards trapping state. In this case, one just injects excited
atoms into the micromaser with the cavity field initially in the ground state. Some atoms will
increase the photon number, some of them will not, but the increase will stop when the photon
number n is reached.

There are also downwards trapped states of the laser, in which a de-excited atom cannot
pick up a photon. They provide another mechanism for number state preparation.

A more ambitious aim is the preparation of a state

N N
W)= dMm), Y 1P =1, (15.108)
n=0 n=0

of the resonator field, which is an arbitrary superposition of number states up to photon num-
ber N.

The mechanism we are going to describe makes essential use of the fact that the eigenstates
of the Jaynes—Cummings model as given by the equations following eq. (15.72) do not have
sharp values of photon and atomic excitation number but show entanglement between atomic
and electromagnetic quantum numbers. Moreover, a product state |n,7) (n = 0,1,...;1 =
1, 2) will evolve into an entangled state.

Consider now a general state

2 oo
W) =D cniln. i) (15.109)

i=1 n=0

in the Jaynes—Cummings model. If a measurement of the atomic state gives the result |p) =
a1]p1) + azlpa), the state | ) of the field—atom system is reduced to a state

o0

) = (afenr + abena)|n) (15.110)

n=0

of the cavity field. Now, |¢)) is a coherent superposition of photon number states. The strategy
for photonic state preparation is now the following.

Let the cavity be initially in its ground state. An atom is injected in a superposition state
o)D) = agl) lo1)+ aél) |2) and interacts with the cavity for a time ¢;. When the atom leaves
the cavity, its excitation state is measured. When the atom is in the upper state, the cavity will
still be in its ground state; when it is in the lower state, the cavity will be in a superposition of
its ground state |0) and its first excited state |1). In the latter case, a second atom is injected in
a different superposition state, interacts for a time ¢, and is detected after leaving the cavity.
If this second atom is found in the lower state, one may proceed; otherwise the run will be
rejected and one starts again from the beginning.
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Proceeding in this way, after IV steps the state of the cavity will be a superposition of the
first IV excited states like eq. (15.108). By choosing the values ¢;, aﬁ”, and agl) properly, one

can give the coefficients d%N) in eq. (15.108) the desired values.
Let us follow these steps analytically by using eq. (15.86) for the case A = 0 and g > 0.
After time ¢, the states |n, 1) and |n, 2) will have evolved into
In, 1) — cos [gy/(n+1)t] |n,1) —isin [gy/(n+ 1) t] [n+1,2)
= n+1(t) |1’L, 1> + SnJrl(t) |n+1> 2>7
In,2) — —isin [gy/nt] [n—1,1) + cos [gy/nt] |n,2)
= 5,(t) [In—1,1) + Cy(t) |n, 2).

(15.111)

Now, in the first step we have
alV10, )+adM10,2) — ol ey (#1)]0, D+alP Sy (#1)[1, 2)+aV Co(t1)]0, 2). (15.112)
After measurement and projection onto |p2), this reduces to
1) = a8y (8)]1) + P10y = d(V]0) + iV |1). (15.113)

One notes that, after normalization, arbitrary superpositions of |0) and |1) can be produced.
Let the cavity state after the (N — 1)th step be given by

N-1
W,)(N—l) — Z d;N_1)|n>. (15.114)
n=0

Time evolution yields
)Y @ <a5N 1) + 0™ |2))
— Z AN LM C 1 (Ex) 1, 1) + S (En) 041, 2)]
+ a<N>[ S(tn)In=1,1) + Cu(tx)In, 2)]}, (15.115)

and, after projection onto |p2),

BN — Zdw (a1 (tw) 1) + a8V C(tn) ) }

_ Z AN ). (15.116)

It is not difficult to see that, for suitable dglN_l), agl\;), and ty, arbitrary superpositions

(eq. (15.108)) can be produced.
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We conclude this section with an example of state preparation, in which the Jaynes—
Cummings model with strong detuning is employed. We start out from a state

1 & 1 &
|¥) = 7 > enln) @ (Je1) + lg2)) = ﬁgcn(ln, 1) +[n,2)). (15.117)

n=0

Applying the time evolution of eq. (15.102) of the Jaynes—Cummings model with large detun-
ing yields

|T) — L iC" {exp(—i@(n—&— 1)t> [n, 1) —&—exp(i@nt) In 2}} . (15.118)
\/i n=0 A 7 A ,

Projection of the atomic state onto

1 gl? ) }
= — |exp | —i——t + 15.119
00 =75 [exp (15t fon) + o) (15.119)
yields the photonic state
1 gl? gl?
|w):§zn:cn {exp (—1Tnt [n) + exp 1Knt [ny]| . (15.120)
Choosing
B o—hiar
Cn:—e 2
V!

corresponds to an initial coherent state of the electromagnetic field:

1
V) =—|8)® + . 15.121
v) \/§|5> (Ie1) + lp2)) ( )
Then the emerging state |1)) of eq. (15.120) will be

) = 3(|Be) + |Beh)), (15.122)

with 6 = |g|?/A. This is a superposition of two coherent states. Now, coherent states are as
close as possible to classical states, and the superposition comes close to the superposition of
classical states. In analogy to the famous “Schrodinger’s cat” paradox, where a superposition
of two states of a cat, one dead and one alive, is considered, the states of eq. (15.122) are
called Schrodinger cat states.

15.7 The Paul trap

Nowadays, experiments with individual atoms have become feasible. This progress was made
possible by the construction of traps that confine single atoms to a small volume where they
can stay and be observed for weeks and months while their interaction with radiation can be
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studied and quantum transitions can be observed in detail. lons are usually stored by means
of electric fields acting on their charge, whereas neutral atoms are stored in magnetic fields,
which act on their magnetic moment.

For trapping and observing an atom or ion, it is desirable to reduce its kinetic energy. Major
progress has been made in this direction with laser cooling, a technique that allows the tem-
perature in the trap to be reduced to a few microkelvins and even provides another mechanism
to confine neutral particles. The principle of laser cooling is quite simple. Electromagnetic
radiation is directed into the trap at a frequency slightly below the resonance frequency of
the confined particles at rest. An outgoing particle experiences Doppler-shifted radiation and
can be excited by absorbing a photon from the radiation. Thereby, it obtains an inwards di-
rected momentum. Subsequently, the particle will be de-excited by radiating off a photon into
a random direction. On average, the net effect of absorption and emission will be an inwards
directed kick applied to the particle. In this way, a dramatic reduction of the momenta of the
particles in the trap and temperatures in the microkelvin range can be achieved. If, in addition,
the faster particles are allowed to escape from the trap by “evaporation”, temperatures in the
nanokelvin range are reached. For a large number of confined Bose particles, Bose—Einstein
condensation was observed.

The theoretical description of the confinement of a two-level atom or ion in a trap is closely
analogous to the Jaynes—Cummings model of sections 15.1 and 15.4.

We start out with a simple model and will apply refinements later. So, we assume that the
particle is confined by an isotropic oscillator potential with frequency wg and treat the one-
mode electromagnetic field interacting with it as a classical field. The interaction with this
field is assumed to be a dipole interaction. The model Hamiltonian for this situation is given
by

2 2
H= ;;M + %QQ + $hwos + Hin
= Hewm + Har + Hing = Ho + Hint,

(15.123)

where Hcyp describes the motion in the oscillator potential, and Har the two levels of the
particle. For a homogeneous running classical light wave, the interaction Hamiltonian with
the classical field has the form

H} = h(agoy e iwrt—kQ) 4 o* g ei(“’Lt_k'Q)), (15.124)

1

and for a standing classical light wave we have

HS

11

« = 2hg(aoy + a¥o_) cos(wit) sin(k - Q), (15.125)

where wry, is the frequency of the classical (laser) radiation.
Introducing the creation and annihilation operators

1 MWR . 1
bt = - P,
\/§< n QT Ao )

1 Mu)R . 1
b = — P
2( RN )

(15.126)
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as in section 13.1, the Hamiltonian assumes the form
H = hwr(b™b+ 3) + $hwos + Hiy, (15.127)

with

E-(b+b")

Hiy =h {agau. exp(—iwrt) exp [i S on

+ a*g*o_ exp(iwrt) exp [—i M on k- (b+b") } (15.128)
or
H;, =2hg(aoy + ao_) cos(wrt) sin ( Mo k-(b+ b*)) ) (15.129)
The quantity
h
= 15.130
n O Mwn ( )

is called the Lamb—Dicke parameter.

The typical amplitude d of the harmonic oscillator in low states of excitation is of the order
of d ~ /h/(2Mwg), and the Lamb-Dicke parameter is the ratio d/\ of the amplitude and
the wavelength of the electromagnetic radiation.

In the interaction picture, the interaction Hamiltonian Hy = UJr H;,+Uy can be calculated
just like in section 15.1:

HY = h{ago expli(w — wy)t] explin(be " + b" ") + h.c.}
= hagoy @™t D(ine“rt) + he., (15.131)
where D(in e“=?) is just the displacement operator of eq. (13.43). For the standing wave we
obtain

H} = —ihgcos(wrt)(aos ' +a*o_ e ") [D(in ') — D(—ine'“=")]. (15.132)

The form of H;*® shows that atomic transitions are in general associated with both multiple
emission and absorption of vibration quanta, called phonons, which here play the role of the
photons in section 15.1.

At this level of generality, there is no place for a rotating wave approximation, yet. Some-
times, special approximation apply, which we spell out for the running wave case, leaving the
completely analogous case of the standing wave for the reader.

1. For small |n| < 1, the so-called Lamb—Dicke approximation applies. Only the first two
terms of the exponential in eq. (15.131) are kept:

Hi = hagoy ellw—wr)t (1 +in-be Wrt Lin. bt ei“’Rt) + h.c. (15.133)
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Sometimes, a rotating wave approximation will apply, which consists in keeping only the
interaction term with the slowest oscillation. If |w—wy, —wg | is minimal, the rotating wave
approximation gives the Jaynes—Cummings model (with phonons rather than photons):

Hi ~ hago,n - bel@ wr—wr)t L p ¢ (15.134)

If, on the other hand,

w — wr, + wr| is minimal, the resulting interaction Hamiltonian is
Hi ~ hago,n - bt ellwwrter)t 4 ¢ (15.135)

This is the anti Jaynes—Cummings model, which is also exactly solvable. The conserved
quantity that guarantees solvability is the difference

C_1:= —Loy +b%b (15.136)

between the atomic and phononic excitation numbers. An excitation of the atom is asso-
ciated with the emission of a phonon.

2. In the interaction Hamiltonian (15.131) it may also be a good approximation to keep the
term with the slowest variation. If, for some integer s, |w — wy, — swr| is minimal, we
obtain

in - bIsl
Hi = hagfu% ellwwL=swr)t L ¢ (15.137)
s|!
where for positive s the annihilation operator b enters and for negative s the creation
operator b enters. This is the exactly solvable s-phonon Jaynes—Cummings model or
the s-photon anti Jaynes—Cummings model, where an atomic excitation is associated
with the absorption or emission of s phonons, respectively. The conserved quantity is

Cy = Lsos + bb. (15.138)

The Hamiltonian Hcyy of eq. (15.123) for the center-of-mass motion is unrealistic, because
an electrostatic or magnetostatic oscillator potential cannot exist. In fact, the potential V' has
to obey Laplace’s equation

0? 02 0?
AV=|l—S+=—=+=—|V=0 15.139

(833% + Oz + 8303) ( )
and hence cannot have a minimum. Not all of its second derivatives can be positive. The

most general quadratic potential V' with rotation symmetry about the 3-axis and fulfilling eq.
(15.139) is of the form

V= 31Mf(a? + 23 — 223). (15.140)

For at least one direction, this is repulsive. The way to achieve confinement nevertheless is to
replace the constant f by a periodic function f(¢) with f(¢) = f(¢+7'), which can change sign
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and will periodically interchange the attractive and repulsive directions. For the discussion of
this mechanism, we can treat the three directions separately and consider the equations:
Z10+ f(t)z1,2 =0, Z3 —2f(t)xzs = 0. (15.141)
The function f(t) is normally chosen to be of the form
f(t) = A+ Bcos(wy,t). (15.142)

The resulting equation is called Mathieu’s equation. The equation for z3 is obtained from the
equation for z; by the replacements A — —2A4 and B — —2B.
Now, let €1 () and ex(t) be any two solutions of the equation

i+ f()x=0 (15.143)

with periodic f. Then €1 (¢+7") and ez (t+7") are also solutions and must be linear combina-
tions of €7 (¢) and e3(¢):

61(t+T) mi1 mi2 61(t)
= . 15.144
( €2 (t+T) mo1 moo €2 (t) ( )
By a suitable choice of a basis of solutions, one can (generically) diagonalize the matrix in
eq. (15.144) and construct multiplicative solutions €, () and €, (t) with

€200 =1 and e, (t4T) = 2T, (1), (15.145)

Such multiplicative solutions are called Floquet solutions, and the quantities p o are the Flo-
quet exponents. If both Floquet exponents are real, the solution is stable; if one of them has

an imaginary part, an instability for ¢ — oo will occur. For eq. (15.143) we have p1; = —po,
because for any two solutions of eq. (15.143) we have

d . .

a[el(t)Q(t) —e2(t)ér(t)] =0, (15.146)

and inserting €,,, and ¢,,, gives
€y (BT ) e, (t+T) — €4, (E4+T )€y, (24+T)
= et e, ()6, () — €y ()€, (2)]
=€, (1)€,, (1) — €, (1) €y, (2). (15.147)
Moreover, if f(t) = f(—t), as for the choice in eq. (15.142), then, with €, (0) = 1, we find
e_u(t) = eu(—1). (15.148)
For real u, which is the stable case of interest, we also have
e_u(t) = €eu(t)". (15.149)
Every Floquet solution can be written in the form

eu(t) = ele, (), (15.150)
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with periodic e, (t). Hence,

eu(t) = > et (15.151)

n=—oo

If eqs. (15.148) and (15.149) are fulfilled, the coefficients ¢, are real and é,(0) is purely
imaginary.

The parameters A and B in eq. (15.142) can be chosen such that the solution of
eq. (15.141) is stable in all directions. In fact, eq. (15.143) with f from eq. (15.142) can
be written in the form

—i& — [|B| 4 B cos(wy,t)]z = (A — |B|)z. (15.152)

One recognizes the Schrodinger equation in a periodic nowhere-positive potential, and the
stable regions correspond to the energy bands.
To perform the transition to the interaction picture for the Hamiltonian (15.123), with

p f(®)

= oap TMT (@ +Q5) - MF(H)Q3 (15.153)

Hom

instead of the simple oscillator Hamiltonian, we have to solve the equations of motion:

1 . 1

Qi(t) = = [Qi(t), Hom),  Pi(t) = —[Pi(t), How). (15.154)

It will suffice to treat only one component:

Qt) = %, Pt)+Mf(t)Q(t) =0 (15.155)
P(t) = MQ(t), Q)+ f(H)Q(t) = 0. (15.156)

These are the same equations as the classical equations of motion. The solution of eq. (15.156)
is best presented in terms of quadratures,

MWR 1
X1(t) = t), Xso(t) = ———=P(1), 15.157
and annihilation and creation operators,
b(t) = X1(t) +iXa(t), bt (t) = X1(t) — iXa(t). (15.158)

As opposed to eq. (15.123), the frequency wg is not given by the Hamiltonian but rather an
arbitrary reference frequency that can be chosen for convenience. Changing wr corresponds
to a Bogolyubov transformation. In terms of the quadratures, the equations of motion are

Xit)+fOX1(t) =0,  Xoft) = in(t). (15.159)
WR
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It is now easy to write down the solution of eq. (15.159) with the initial values X;(0) = X1
and X2(0) = Xs. Let €(t) be the solution of eq. (15.143) with the initial values

(0)=1,  &0) = iwg. (15.160)
Then
X1(t) = X1 Ree(t) + XoIme(t),
Reé(t) Im €(¢) (15.161)

X2(t) = X1 w +X2 w ’
R R

and

“R , (15.162)
b (t) = Lb+ [e(t) - i é(t)} +1p {6*(7&) - i é*(t)} .
In particular,
b(t) + b (t) = be* (t) + bTe(t). (15.163)

By choosing iwr = €,,(0), one can achieve that the solution € is a Floquet solution €,,.
The commutation relations

[(X1(t), Xo(t)] =1, [b(t), 6" (t)] =1 (15.164)

are a direct consequence of eq. (15.146).
Using the results of section 13.2 we see that the time evolution is given by a combination,

R(0:(2))B(r(t))R(02(t)), (15.165)

of phase space rotations and Bogolyubov transformations.
The interaction Hamiltonian can now be immediately written down as

Hi = hago, e @~ D(ine(t)),

) ) (15.166)
H; = hagcos(wit) (o4 € + o_ e ) [D(ine(t)) — D(—ine(t))].
Comparing with egs. (15.131) and (15.132), we see that the only change from the simple to the
time-dependent oscillator is the substitution e/“®* — ¢(¢). All the subsequent approximations
can be performed in complete analogy. One only has to keep in mind that, in searching for the
lowest frequency terms, the contribution of the Floquet exponent w also has to be considered.
The simple time-independent oscillator potential in eq. (15.123) may be considered as an
effective time-averaged approximation of the more realistic time-dependent confining poten-
tial.
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15.8 Motion of a two-level atom in a quantized light field

In the previous section, we discussed the quantum-mechanical motion of an atom or ion in
a confining classical field. Now the quantum mechanics of the center-of-mass motion of an
atom in the quantized field of an electromagnetic wave will be considered. The transition to
a classical wave field will be straightforward. The electromagnetic field will interact with the
atom and exert a force on it because the atom can be excited by the absorption of photons.
We simplify our discussion by taking a one-mode electric wave field in resonance with the
transition frequency of a two-level atom. The resulting model will be a slight generalization
of the Jaynes—Cummings model. The structure of the Hamiltonian in the Heisenberg picture
will be
P2
H = hmata+ thwos + o7 TP EQ. (15.167)
The new term as compared to eqs. (15.3) and (15.7) is the kinetic energy term p? /2M of the
center-of-mass motion of the atom. Here D is the dipole operator of the atom, and, in contrast
to eq. (15.8), the atom is not assumed to be in a fixed position. So, the electric field E has to
be taken at the position @ of the center of mass of the atom.
Expanding the field E into creation and annihilation operators, and also applying the ro-
tating phase approximation, we obtain

2

P
H = mata+ Lhwos + ar + hg(Q)ora+ hg*(Q)o_at

= hQata + %hwcrg + Hiys. (15.168)
This Hamiltonian differs from the Jaynes—Cummings Hamiltonian in eq. (15.59) in two re-
spects: first, the kinetic energy of the atom contributes; and secondly, the coupling,

ho(Q) = u/% w(Q) (01| Dlpa). (15.169)

depends on the position of the atom. The position dependence is given by the shape of the
mode function w(Q). For a standing wave, u(Q) will have a constant, position-independent
phase, and g(Q) can be made real by a simple rotation of a and a™. In the following, and for
simplicity, we shall assume g(Q) to be real. The total excitation degree C = a™a + %03 is
still conserved. The transition to the interaction picture is now readily performed. Assuming
A =w — Q =0, we obtain

2

H = % + hg(Q)(ora+o_a™). (15.170)

Note that we have lumped the kinetic energy into the interaction part. The evolution equation,
d
ihE\\I/(t)) = Hi|T (1)), (15.171)

in the interaction picture will be written in the basis

{In) @ |¢i) @ |z}, n=0,1,2,..., i=1,2, zeR> (15.172)
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of the Hilbert space H of the system, where, as before, n and ¢ describe the state of the wave
field and the excitation state of the atom, respectively, and |x) is an eigenstate of the position
operator Q. Writing |n, i, ) for [n) ® |p;) ® |x), the state vector |¥(t)) will be of the form

2 00

|T(t)) = Z Z /d3x @, (2 t)m, j, '), (15.173)
j=1m=0

and eq. (15.171) will turn into

o d . .

1h&<n,z,m|\11(t)> = (n,i,x|H|V(t)) (15.174)
or

. d h?

lh&@n,l(%t) = *mﬁ@n,l +hyv(n+1) g(@)Pngr2(x, 1),

(15.175)

o d K2
171&@”,2(33, t) = _mA(I)"’Q + hv/ng(x)®,—11(x,t).

Here A is, of course, the Laplace operator. Exploiting the real-valuedness of g(x), we can
decouple the system of eq. (15.175) by introducing

q)i (ZC, t) = q)n—l,l(wa t) + (I)WL,Q("B, t) (15176)
and obtain
ihicbi(m t) = —h—ZAfbi + hiv/n g(x)E (x, ) (15.177)
dt n I’ 2M n n ) . .

Equation (15.177) is a Schrodinger equation for the position wave functions ®;(x, ¢) of the
atom. The potential term %iy/n g(x) is determined by the shape of the mode function of the
wave field. As is to be expected, the potential is proportional to /7 and, hence, to the expecta-
tion value of the amplitude of the electromagnetic field. The classical limit for the electromag-
netic field is obtained by simply replacing n and n £ 1 by a fixed large value N proportional
to the intensity of the classical field. In the classical wave field, the atoms will experience a
force proportional to Vg(x).

Equation (15.177) is fundamental for any discussion of the interaction of matter with elec-
tromagnetic wave fields. For a treatment of laser cooling, the leakage of the electromagnetic
field into different modes has to be represented by a loss term in the equation of motion for
the density operator p.

Equation (15.177) is also the starting point for the rapidly developing field of atom optics.
It is a wave equation for the Schrodinger amplitude of the atom similar to the wave equation
for the electromagnetic field in a diffractive medium. The quantity 1/n g() is in close analogy
to the index of refraction.

By suitably shaping the wave field mode function u (), one can construct mirrors and
beam splitters for atomic rays. With a mode function w(x) periodic in the 3-direction, an
atomic Fabry—Perot interferometer can be constructed. Atomic beam splitters can be used to
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build atomic Mach—Zehnder interferometers and eight-port interferometers. Atom interferom-
eters have the perspective to achieve even better resolution than optical interferometers. Note
that, in atom optics, light and matter have exchanged their roles: in light optics, matter is used
for shaping light wave fields, while in atom optics, matter wave fields are manipulated with
light.



16 Quantum optics and fundamental quantum theory

In quantum optics, experiments with single photons and atoms have become feasible. This
opens the way for direct tests of basic features of quantum theory, which until recently only
enjoyed the status of “Gedanken” experiments. Atomic transitions can be monitored, the mea-
surement process can be investigated, and entanglement correlations can be observed in detail.
Quantum computers are one of many spectacular applications in sight. They represent the ul-
timate state of miniaturization, where the components of a computer are of atomic size. Novel
quantum algorithms may speed up certain calculations, like factorization into prime numbers,
dramatically beyond the limits of normal computation.

16.1 Quantum entanglement

Entangled quantum states give rise to particularly drastic genuinely quantum-theoretical phe-
nomena. We have met entanglement already on several occasions, for instance in connection
with the Jaynes—Cummings model. This section is devoted to a more systematic treatment of
entanglement.

Let us assume that the Hilbert space H of a quantum system X is the tensor product of two
Hilbert spaces H1 and Ho:

H ="H1 ® Hs. (16.1)

Such a tensor product decomposition will be natural if ¥ is composed of two subsystems ¥
and X5 with Hilbert spaces H1 and Hs, respectively. A tensor product decomposition also
arises if the system has independent commuting degrees of freedom, such as excitation and
center-of-mass motion of an atom.

A state | ) in H with

V) =lp)@[d)  and o) € Hi, [¢) € Ha (16.2)

is called a product state or a decomposable state. Generally, states in 7 are not product states
but only linear combinations of product states, so-called entangled states. Every state in H
can be represented as a superposition of product states. Let {|p;) }icr and {|¢;) }je.s be or-
thonormal bases of H; and H, respectively. Then {|¢;) ® [1);)}icr, jes is an orthonormal
basis of H, and every vector in H can be written as

0) =" cijlei) @ ). (16.3)
0,J
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Notice that a state can be called “entangled” or “decomposable” only with respect to a given
tensor product decomposition (eq. (16.1)).

If A is an observable on H; and B is an observable on Hs, we can define a product
observable A ® B by

(A B)|¥) = ci;Alpi) ® Blghy). (16.4)
i,j
Again, we can distinguish between decomposable and non-decomposable, entangled observ-
ables with respect to the tensor product decomposition (eq. (16.1)).
A mixed state on H = H; ® Ho is given by a density operator p on H. This p is called a
product state if

p=p1® pa, (16.5)

where p; and py are density operators on H; and Hs, respectively, and otherwise it is called
an entangled state. The partial traces Tr; and Try with respect to the factors H; and Ho are
uniquely defined by the properties

Tri(A® B) = (Try, A)B, Tra(A® B) = A(Try, B). (16.6)
For
C= " cinjrlei) @ [br)(o;] @ (1, (16.7)
i,7,k,r
we have
TryC = cipirlr)(Wel,  TraC = cinjiloi) ;. (16.8)
i,k,r N

Obviously, we have

TI'1 TI‘2 C = TI‘Q TI‘1 C= Z Cikik = TrC.
i,k

If p is a density operator on H, then Try p and Tr; p are density operators on H; and Ho,
respectively. They are said to arise from p by reduction to H1 and Ho.

Let us now consider in detail the simplest case of two-dimensional Hilbert spaces H; and
Ho with bases {|¢1), |v2)} and {|11), |2) }. The space H = H; ® Ho is four-dimensional
and has an orthonormal base {|@;) @ |1);) }i j=1,2. There exists another orthonormal basis of
‘H consisting of the following entangled states, the so-called Bell states.

|®1) = 7(|801>® [Y2) — |@2) @ [¥1)),
|®2) = 7(|801>® |V2) + |p2) @ [¥1)),
f (16.9)
|®3) = 7(|801>® Y1) — |o2) @ [¥2)),
|q) = (|801>® Y1) + |o2) @ [¥2)).

S\
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Consider the observables

A1 = [p1){p1] — lw2){p2l,
Ag = [P1)(P1] — [2) (2],

on H; and Ho, which have |¢1) and |11) as eigenstates with eigenvalue 1 and |p2) and |1)2)
as eigenstates with eigenvalue —1. The Bell states are not eigenstates of A; ® 1 or 1 ® A,; but
if these observables are measured in a Bell state, there is a strict correlation of the outcomes
of the measurements. If and only if a measurement of A; ® 1 gives the result +1, then a
measurement of 1 ® Ay will also give 1 for |®5) and |P4) with certainty, and F1 for |P4)
and |P3).

This is a typical example of so-called entanglement correlations for measurements per-
taining to the subspaces H; and Hs, which occur if the measurements are applied to an entan-
gled state. These entanglement correlations are particularly striking if subsystems described
by H; and H are spatially separated by a large distance. A measurement on one subsystem
will immediately have a bearing on the result of a measurement on the other subsystem. It is
highly implausible that this correlation is caused by an instantaneous interaction at a distance
between the two subsystems. This would violate the laws of relativity physics, and we shall
adopt for our following discussion the hypothesis of locality that such interactions are impos-
sible. Then we are forced to attribute the correlations to the entangled state itself and admit
interactionless correlations as a fundamental feature.

Before we proceed, we shall consider physical realizations of Bell states. First, let H; and
Ho be the state spaces of two particles with spin 1/2, where only the spin variables of the
particles are considered. Taking the quantization axis in the 3-direction, |p1) and |p2) will be
given by

(16.10)

1 0
oslpr2) = £lp12), o3 = (O 1) ;

and likewise for [1/) and |¢)5). The observable m - o = n,0y +no09 +n303, withn? = 1, on
‘H1 will have the value +1 if the spin is oriented in the +n direction and —1 if the spin points
in the —n direction. With these assignments, the Bell state |®) will be the singlet state and
the other three Bell states are triplet states of the two-spin system.

The next example is fundamental for quantum optics. Let the system consist of two pho-
tons of given momenta and let H; and Hy be the two-dimensional Hilbert spaces of their
polarization degrees of freedom. For H o, let e, and e, be two vectors orthogonal to the
momentum of the photon, and let |z}, |y) be the planar polarization states along the line given
by e, and e,, respectively. We have (z|y) = 0, and in the basis {|x), |y)} the observable with
value +1 for |z) and —1 for |y) is given by

(1 0
0'3—0_1.

States with oblique planar polarization in the directions (1/v/2)(e, =+ e,) are given by
1

1
\ﬂ<xiy>> — 5 () 1), a6.11)
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and they are eigenstates of
n=(13):
1 0
States of right and left circular polarization are given by

\R>:%<|x>+i|y>> and [L) = — () = i) (16.12)

Sl

and are eigenstates of

0 —i
0'2:<i 0)

A linear polarization in the line given by n = (cos 6, sin #) is measured by the operator

cos(20) sin(20)
( sin(20) — cos(20) > ) (16.13)

The Bell states of eq. (16.9) assume the form

|@1) = %(IR>®IL> IL) @ |R)) = l\—f(lx>®|y> ly) @),
1
@) = E(IR> ®|L) +|L) ©|R)) = 7(Ix> ® |z) +1y) ©[y)), o
|®3) = %(IR> ®|R) - L) @|L)) = %(I@ ® |y) +ly) @ |2)),
) = —=(1R) ® |R) + L) ® L)) = —=(la) ® 2) — ) @ [y)).

S
Sl

The directions x and y can be replaced by any two orthogonal directions x’ and 3, and the
form of the Bell states will remain unchanged. The various states of polarization of a photon
can easily be transformed into each other with the devices described in chapter 12.

Bell states can nowadays be produced in a routine way. The first example were the photons
arising from the decay of positronium into two photons. They have energies in the y-radiation
range of 0.5 MeV and are difficult to handle. Nowadays, entangled photon pairs are obtained
from downward conversion. This is the inverse process of frequency doubling as described
in chapter 6. A crystal with nonlinear optical properties converts photons of frequency w into
photon pairs of frequency w/2. Such photon pairs can be conveniently manipulated and used
for entanglement experiments.

We conclude this section by showing that instantaneous entanglement correlations cannot
be used to transmit signals with superluminal velocity. This, of course, strongly supports our
locality assumption. Consider any density matrix p on H = H; ® Ho and let A and B be two
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observables on H; and Ha, respectively, with spectral decomposition
AzZaiPi, B:ijQj,
@ J
PiPj = 6i; B, QiQj = 0i;Qi, (16.15)

> Pi=1y,, > Qi =1,
i J

The observables A ® 1 and 1 ® B are commensurable and can be measured simultaneously.
The probability of measuring the pair (a;, b;) of values of A and B is given by

wii? = Te(P @ Q)p = Try(P;) Tra(1® Q;)p = Tra(Qy) Tri (P @ 1)p. (16.16)
Ifonly A ® 1 or 1 ® B is measured, the probabilities for the result a; or b; are

fwz(l) = TI‘(PL‘ ® 1)p = Trl(Pi) Tr?(p)7

@ (16.17)
w;” =Tr(1® Q;)p = Trz(Q;) Tr1(p).
From eq. (16.15) we see that
w =3 WP, Zw(l 2 (16.18)

J

Imagine, now, that a measurement of B has yielded the result b;. The probability wfllj) that a
subsequent measurement of A will yield a; is given by

w'h? = W'D, (16.19)

ij i|j w;

Evidently, we have
> w;;; =1. (16.20)

The w(l ) may depend strongly on j, which just describes the entanglement correlations. If,
however, the outcome of the measurement of the observable B is unknown to an observer
measuring A, the observer will see the distribution

o) = Zwm @) — Zw(”) : (16.21)

This means that the observer measuring A cannot decide from the probability distribution ob-
tained whether a measurement of B has been performed or not. So, no signal can be transferred
by measuring B.
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16.2 Bell’s inequalities

In classical physics, precise knowledge of the state of a system X determines the result of
every measurement performed on X. This fact is often formulated as the principle of realism:

The outcome of every measurement is predetermined by an objective feature of the
state of the system.

In quantum theory, a quantum state in general only allows for statistical predictions of mea-
surement results. Moreover, there are complementary observables, such as position and mo-
mentum or different components of angular momentum, which cannot simultaneously have
sharp values in any quantum state. If the principle of realism is maintained also for quantum
theory, indeterminacy and complementarity of quantum theory have to be interpreted in the
following way:

1. The stochastic features of quantum theory are due to incomplete knowledge of the “true”
state of a quantum system. In other words, a quantum state, in which the outcome of some
measurement is always uncertain, only gives incomplete information about the “true”
state of the system. In this sense, the quantum-mechanical description is incomplete,
even if complete information about the “true” state may be inaccessible.

2. The measurement of an observable disturbs the “true” state in such a way that the result
of a measurement of a complementary observable is uncertain.

In a famous article that appeared in 1935, Einstein, Podolsky, and Rosen sharpened the argu-
ment for the incompleteness of quantum theory by considering pairs of particles in an entan-
gled state.

Imagine two particles that are widely separated. Assume the system to be in an entangled
state such that the results of a measurement of an observable A for the two particles are strictly
correlated. In other words, the value a(2) for A measured at particle 2 strictly determines the
value a(!) for A measured at particle 1. If we adopt the locality principle of the previous sec-
tion, a measurement of A at particle 2 cannot influence the state of the well-separated particle
1. Assume furthermore that the same strict correlation also holds for another observable B
that does not commute with A. As an example we can take a Bell state (eq. (16.14)) and let A
and B correspond to linear polarization measurements of two oblique directions x and z’.

Now we measure the observable A on particle 1 and B on particle 2. Under the assumption
of locality, the A measurement does not disturb the B measurement, and the principle of
realism allows us to interpret the result of the B measurement as information about the real
state of particle 1. Repeating the A and B measurements many times, we can measure a joint
distribution function of the values of the incommensurable observables A and B for particle
1. Such a quantity is not defined in ordinary quantum theory, which, assuming locality and
realism, thus gives an incomplete description of the true state of particle 1. A complete theory
would be a theory with local realistic hidden parameters describing true states such that a
quantum state corresponds to a statistical ensemble of true states.

For a long time it was believed that such hidden parameter theories were empirically in-
distinguishable from ordinary quantum theory. Quite surprisingly, J. Bell in 1964 came out



16.2  Bell’s inequalities 329

with his inequalities on correlations or measurement results, allowing one to test the hypoth-
esis of locality and realism experimentally. The experimental results obtained thereafter are
all in accordance with quantum theory and strongly disfavor or exclude local realistic hidden
parameter theories.

Consider again a well-separated two-particle system and three observables A, B, and C,
each of which can be measured on both particles and can assume only two values, a;, b;,
¢i (i = 1,2). Let the system be in an entangled state with strict correlations between the
measured values for the observables A, B, and C for the particles 1 and 2. For example, we
can take a system of two spin-1/2 particles in a Bell state (eq. (16.14)) and take the observables
A=a-0,B=>b-0,C = c- o, which have eigenvalues £1 and measure the spin component
in the direction of the unit vectors a, b, and c. Alternatively, we can consider a two-photon
system in a Bell state and the linear polarization variables o («), o(3), and o (), with

_ ( cos(20) sin(26)
o(0) = (sin(?&) —cos(20)) ’ (16.22)

which have eigenvalue +1 if the linear polarization points in the € direction and —1 if it is
directed orthogonal to #. Assuming local realism, the pair probabilities for particles 1 and 2,
w(a;, b;), are also probabilities for the joint distribution of values of A and B for particle 1.
Now by elementary probability theory

w(a;, bj) = w(as, bj, ci) +w(ai, by, cg) < w(as, cx) + w(by, cx), (16.23)

where ¢; = ¢ and ¢; = ¢;. Evaluating these probabilities for the observables o (), o(3),
and o () for the Bell state

92) = —=(1a) 1) + Iy}  |y)) (1624)
we obtain
w(ar, br) = (Pa|5[1 + o ()51 + o (B)]|2) = ;[1 + cos(2(a — §))]
= 1cos?(a — B) = w(as, ba), (16.25)

w(ar,bo) = w(as, br) = [1 — cos(2(a — B))] = %sinQ(a - f).
The inequality eq. (16.23) implies that

w(ay, b)) <w(ay,er) +wby,ca), (16.26)
but, choosing a = 0, 5 = 7/6, and v = /3, we obtain

w(ay,b1) = %, w(ay,c1) = w(by,c2) = %, (16.27)

and the inequality eq. (16.26) is violated. This violation is confirmed by experiment.

This is a really spectacular result of “experimental philosophy”. The inequality (16.23) is
derived using only the postulates of locality and realism. Its violation means that both of these
intuitively natural properties cannot be true for quantum theory. If one insists on locality, then
the realistic interpretation of measurement results on correlated pairs as results on one of its
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members is not justified. It is not legitimate to assume that the result of a measurement on a
quantum system is predetermined by (however unknown) features of the “true state” of the
system. There is no way to consider the quantum state as an incomplete description of a true
state. The measured value in a quantum system is in general not predetermined but created by
the act of measurement.

Equation (16.23) is just one single example of a large family of Bell’s inequalities deriv-
able under the hypothesis of local realism. One frequently used inequality employs correla-
tions for four observables A, B, C, and D, which can have two values +1. Under the assump-
tion of local realism, the correlation (ab) should be given by

(ab) = /d)\ p(N)a(N)b(A), (16.28)
where )\ denotes the “real state” and p(\) is a probability distribution with p(\) > 0 and
[ dX p(X) = 1. The quantity

S = {(cb) + {cd) + (ab) — {(ad)

/dAp HeW)[b(A) + dA)] + a(M)[b(A) — d(A)]} (16.29)
obeys the inequality

S| < 2, (16.30)

because |a(N\)| = [b(A\)| = |c(A)| = |d(N)| = 1 and, hence, either b(A) + d(\) = 0 or
b(A\) —d(X) = 0.
On the other hand, the quantum theory of the two-photon system described above gives

(ab) = (Pa]o(a) ® 0(B)|P2) = cos(2(a — 3)) (16.31)
and, with« = 0, § = /8,y = n/4, and § = 37 /8, we obtain
S =2v2>2. (16.32)

Again, quantum theory predicts a violation of local realism in accordance with experimental
findings.

The inequalities of Bell type imply correlations and probabilities of measurement results.
More recently, Greenberger, Horn, and Zeilinger gave a first example of a system for which a
single measurement can distinguish between quantum theory and local realistic theories.

Consider the three-fold tensor product of a two-dimensional Hilbert space Hy with basis
|o1)s |@2), and 03] 2) = £|p1.2). On H = Hy ® Ha ® Ha we define the observables

A =01 ®02® 0y, A =09 ® 01 ® 02, A3 =09 Q09 ® 01. (16.33)
These three observables mutually commute with each other, for instance

AjAy = ApA1 =03 ®03®1, (16.34)
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and can be simultaneously diagonalized. One readily sees that
1
V2

is the only state in H with

|¥) (Ip1) ® 1) @ 1) — lw2) ® |p2) @ [p2)) (16.35)

A1) = As|T) = Aq|W) = |). (16.36)

This implies that for the observable

B:01 X o1 Qo1 (1637)
we have
B|U) = —|0), (16.38)

because B = —A; A5 As. } 4
According to a local realistic reasoning, in a true state the values ng) and sg), 1=1,2,3,

for the observables o7 and o must be predetermined for each of the three particles. Altogether

there are eight combinations for the values of sgi) and sg) for which the three variables

a; = sgl)sg)sgg), az = sél)sf)ség), az = sgl)sg)s?) (16.39)

all have the value unity. We list the allowed combinations in Table 16.1. In all of these combi-
nations we have

b=siMslPsl® = 41, (16.40)

just the opposite to the value obtained from quantum theory.

Table 16.1: Allowed combinations such that a; = 1

Particle 1 Particle 2 Particle 3
5(11) 5(21) ng) 5;2) S53) Sgs)
+1 +1 +1 +1 +1 +1
+1 +1 -1 —1 -1 -1
-1 -1 +1 +1 —1 -1
-1 -1 -1 —1 +1 +1
+1 —1 -1 +1 —1 +1
-1 +1 +1 —1 -1 +1
-1 +1 —1 +1 +1 —1
+1 -1 +1 -1 +1 —1

The GHZ (Greenberger—-Horn—Zeilinger) state |¥) of eq. (16.35) can in principle be con-
structed both for systems of three photons and for systems of three spin-1/2 particles. Mean-
while, other GHZ states with four particles have also been proposed. The actual preparation
of a GHZ state remains an experimental challenge.
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16.3 Quantum erasers and measurement without
interaction

In the well-known double-slit experiment, the interference pattern of particle detection prob-
abilities on the screen is produced by the interference of two amplitudes v (x) and )2 (x)
corresponding to the transition of the particles through slits 1 and 2:

w(x) ~ F1(x) + (). (16.41)

[33] No interference
«@ \
}— Interference

Micramasers

e

Mask Screen Mask Screen

Figure 16.1: Double-slit experiment and quantum eraser.

The interference pattern disappears if “which path” information (which determines
through which of the holes the particles actually passed) is available. A conceptually very
clear although not yet realized way to achieve this is to perform the double-slit experiment
with incoming excited atoms and to place micromasers in the vacuum state in front of each
of the holes. The micromasers are tuned such that an atom passing them becomes de-excited
with unit probability and is not deflected in any way by the micromaser. Then an atom will
leave a photon and “which path” information in one of the two cavities, and the interference
pattern on the screen will disappear. On the side of the screen, the total state of the atom and
the two micromasers will be given by

~%mwmw%mwmx (16.42)

and because of the orthogonality of the resonator states |1, 0) and |0, 1), we have indeed

~ 31 (@) + [va ()], (16.43)

without interference. Note that it is not necessary to look up in which of the cavities the photon
is really to be found. For the vanishing of the interference pattern, it is sufficient that the
“which path” information is available in principle. By removing the separating wall between
the two cavities, the “which path” information can be destroyed and the interference pattern
reappears. This is the principle of the so-called quantum eraser.

After removing the separating wall the state is

x
V2

¥)

e |

L% (1) () + [1)a(2)], (16.44)
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and

) |

~ gl (@) + (). (16.45)
The “which path” information can be erased when the atoms have already passed the double-
slit mask and are on their way to the screen.

One can even go one step further. Introducing the symmetrized and anti-symmetrized
states

B2 = (L0 EDD)  and vale) = Sl (@) el (1646
we can write the state |¥) of eq. (16.42) in the form
1
¥)~ 75 [[@4)0+(2) +[@-)p—(2)]. (16.47)

Rather than determining in which cavity the photon is found, one can measure whether the
two cavities are in the state |® ) or |®_). After such a measurement, the distribution on the
screen will be

ws(z) ~ 3|Ys|® = §l1(z) £ a(z)]* (16.48)

A measurement of |® ) or |®_) erases the “which path” information and, correspondingly,
w4 (x) shows an interference pattern. The interference patterns w () are shifted with respect
to each other such that

slws (@) +w_(@)] ~ 5[ [ (@) + 2 (@)?]. (16.49)

The sum shows no interference pattern. If an observer at the screen knows the result of the
|1 ) measurement, he will observe the distributions w (). If he does not know the result,
he will observe the distribution of eq. (16.49) without interference. But even after measuring
this distribution, the interference can be recovered. If the observer has carefully registered the
order and position of the atoms impacting on the screen and if, in hindsight, he learns about
the outcomes of the |®4 ) measurements, he can perform a classification of the atoms hitting
the screen into a (4) class and a (—) class. Sampling the distributions of the classes separately,
he will rediscover interference.

Quantum erasers have been realized in various forms. In 2002, S. P. Walborn, M. O. Terra
Cunha, S. Pddua, and C. H. Monken (2002 Phys. Rev. A65, 033818) for the first time con-
structed a quantum eraser based on the double-slit experiment. It works with polarized pho-
tons.

In addition to a pair of orthogonal linear polarization states |z),
thogonal pair

y), another oblique or-

|x’>:%<|x>+|y>>, ') =
|w>:%<|x'>+|y’>>, W) = (") — Iy/)),

(16.50)
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of polarization states, as well as circular polarization states

1 / ot _L 2 — il
IRy = ) i), 15 = —5(2) —ily) (16.51)

are employed. The “which path” information is provided by two differently oriented \/4 plates
immediately behind the holes, which are described by unitary operators U; and Uy with

Urlz’) = |2'), Uily') =ily’),
1]z’ | ) 1ly') =1ly) (16.52)
Uzl2’) =il2'), Ualy') = y).

Hence,
Uilx) = R, U Yy) = L7
1|z) | ) 1ly) | ) (16.5%)
Us|z) = i|L), Ualy) = i|R).

An incident photon in the polarization state |z’) or |y') emerges from the double-slit ap-
paratus in the state

W) = [2") (1 +ithe)  or  |U,) = |y)i(vr — ivh). (16.54)

These states carry no “which path” information and show complementary interference pat-
terns.
On the other hand, planar polarization states |z) or |y) emerge as

W) = |R)¢1 +i|L)e or  |U,) = |L)by +i|R)ts. (16.55)

Now the polarization state of the photon carries the “which path” information and there is no
interference pattern:

1) 17 = [ 1) [P ~ 1] + [aa] (16.56)

The “which path” information can be erased by placing polarization filters with equal orienta-
tion behind the A\/4 plates.

Polarization analyser E

Mo interference (

\.

Interference <

L'"-\—-\_n..\r_..h___‘

Entangled photon pair

Mask Screen

Figure 16.2: Double-slit experiment and quantum eraser with entangled pairs.
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A more elegant realization of an eraser employed by the authors mentioned above uses
an entangled photon pair in a Bell state (see fig. 16.2). One photon falls on the double-slit
instrument, and the other one is free for further measurement and manipulation. The Bell state

|®) = f(IJC) ® |z) +ly) ©y)) = T(IJC y@le) +1y) @ ly) (16.57)

is transformed into

W) = ) ® (R)ws +i| L)) +

NG f@
1

= 75|$’> ® (l2")v1 + |2")ive) + ﬁly’> ® (Iy")ivy + [y')1)2)

) @ (IL)Y1 +1|R)y2)

i%W@MHMMM+%WWW%WWWWzUﬁ$

The state |¥) gives no interference pattern on the screen because it carries “which path” infor-
mation. Measuring the zy polarization of the additional photon yields the states |¥) and |¥,)
of eq. (16.55), which still carry “which path” information, whereas measuring the 'y’ polar-
ization gives the states |¥,/) and |¥,/), for which the “which path” information is erased.
As above, this measurement can be delayed, or its results can be used later to recover the
interference pattern.

Measurement without interaction is another very surprising and interesting application
of “which path” information. Consider a Mach—Zehnder interferometer with two symmetric
beam splitters as depicted in fig. 16.3. Let the beam acquire a phase jump of 7/2 on each
reflection and no phase jump on transmission.

1 dark

2 bright

Figure 16.3: Mach—Zehnder interferometer.

Then, by destructive interference, an incoming photon will never emerge at the “dark”
port 1 but always at the “bright” port 2. Now we block one of the paths by placing an absorber
with 100% efficiency in it. (In the original proposal, the absorber is a bomb that explodes
when it is hit by a photon!) The absorber now provides the “which path” information because
the blocked path cannot be used. With the absorber, 50% of the photons will emerge at each
of the ports 1 and 2.

Imagine now that an observer at the ports 1 and 2 does not know whether the absorber is
in place. With 50% probability no photon will arrive at port 1 or 2. In this case (and also from
the explosion!) the observer knows that the absorber was there and was hit by a photon. With
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50% probability the observer will see a photon at either port 1 or 2 and with 25% probability
each. If the photon arrives at the bright port 1, the observer cannot tell whether the absorber is
in place. However, if the photon arrives at the dark port 1, the observer knows that the absorber
was there, although he also knows that it was not hit by a photon. So, with 25% efficiency it
is possible to secure the presence of the absorber without hitting it with a single photon.

The detection efficiency can even be pushed arbitrarily close to 100% by the following
device (see fig. 16.4). Take a cavity with mirrors on both ends, which is divided into two
halves by an asymmetric beam splitter with high reflectivity. A photon oscillating back and
forth will meet the beam splitter at regular time intervals.

I Beam 11

splitter Figure 16.4: Detection without interaction.
Let

e=(5) ma o= (])

be the states representing a photon in, respectively, the left-hand part I and right-hand part 11
of the resonator. Let the photon be initially in part I. The beam splitter will be represented by
a unitary matrix U of the form

U= (.C(?W lsm‘p). (16.59)
ising cosgp

Now, evidently, the Nth power of U will satisfy

UN(D:e”WG), UN(_1>:e_iN“"(_i>, (16.60)

1 cos(Ny)

N _

U (0> = (isin(Nap) . (16.61)
This means that the probability of finding the photon in part I of the cavity after IV interactions
with the beam splitter is given by

and

wi(N) = cos*(Ny). (16.62)

Choosing ¢ = 7/2N, we have wi(N) = 0.

Now we place an absorber into part II, which absorbs a photon in part II with 100%
efficiency and on absorption gives a clear signal (for example, an explosion). Then the lack of
this signal corresponds to a measurement asserting that the photon is still in part I. After the
first interaction, the probability for this is

™
wi(1) = cos® p = cos? (ﬁ) , (16.63)
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and after N interactions with the beam splitter

wi(N) = [cos (%)}m (16.64)

Now

o [ ()] 1

Indeed,

s ) = s (5

71'2
=N |1l— —— -
|t

2 1
Sp—e (N> |
Hence, wi(N) can be pushed arbitrarily close to 1 as opposed to wy(N) = 0. This means that
from wy (V) # 0 we can tell with certainty that the absorber is in place and that we can detect
the absorber with arbitrarily high efficiency without hitting it with a single photon.

The mechanism to achieve limy_,o, Wi (IN) = 0 is known by the name of the quantum
Zeno effect. It is possible to suppress a quantum-mechanical transition by repeatedly mea-
suring whether it has occurred. The device just described can in principle be improved to
photograph an object without a photon hitting it or to take an X-ray picture with zero radiation
doses.

16.4 No cloning and quantum teleportation

In quantum theory, it is, at least in principle, possible to prepare any prescribed admissible
quantum state of a system 3. On the other hand, the identification of an unknown state |1} of
3] is subject to severe restrictions, because a measurement is always connected to a projection
of |¢) onto some subspace and, hence, generically with a change of |¢)) such that |¢) cannot
be completely reconstructed from the result of a measurement.

If the system is known to reside in one of the eigenstates of an observable

A= lpdailpil,  ai#a; for i #j, (16.65)

then a measurement of A can identify this eigenstate. But in general, applying a measurement
of A to an unknown state |¢)) will identify a component of [¢)) in exactly one of the direc-
tions |¢p;), whereas all other possible information about |¢) is lost after the measurement. If
and only if the state |¢)) can be produced repeatedly as many times as desirable, then, by an
appropriate sequence of measurements, |1)) can be determined to arbitrary precision. Related
to this situation, quantum theory excludes the existence of a “state measurement apparatus” in
the same sense that measuring devices exist for position or momentum.
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To see this, let us briefly enter into the formal quantum-theoretical description of the mea-
surement of an observable A like eq. (16.65). The Hilbert space of the system “measuring
apparatus plus measured system 3" is a tensor product

H =Hap @ Hs. (16.66)

Let |®) € Hap be the zero state of the measuring apparatus. For an ideal measurement of the
observable A, the interaction with the measuring apparatus is described by a unitary operator

U:H—MH, (16.67)
such that

U(I®) ®[pi)) = [Pa,) @ |3) (16.68)
with

(@g;|Pa;) =0 for a; # a;. (16.69)

An initial pure product state

T) = |®) @ ) cili) (16.70)

will go over into an entangled state

W) =UIW) =) il ®a,) @ 1), (16.71)

(2

and after reduction to Hap, the density matrix will be

p=Tro W)W = [®q,) il *(Pa, |, (16.72)

which just contains the standard quantum-theoretical probabilities w; = |c;|? to measure the
value a;.
A “‘state measurement apparatus” would have to correspond to a unitary operator U with

UlW,) = U(|®) ® |¢)) = [Pp) @ [¢) (16.73)
for all |¢) € Hx and

(i [P,) =0 for [p) # [¢). (16.74)
Such a unitary operator cannot exist, because for (p|¢’) # 0 we would have

(| W) = (pl") #0 but (UW,|U¥,) = 0. (16.75)

The so-called no-cloning theorem imposes another serious limitation on manipulating quan-
tum states.
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Theorem 16.1 (no-cloning theorem). If a state |p) € Hy can be prepared, it can also
be prepared many times. It is, however, impossible in principle to build a universal “state
doubling” or cloning machine that transforms every state |¢) € Hsy into a doubled state
lp) ® p) € Hy ® Hs.

Proof: The proof of this important theorem is simple. A cloning machine would have to cor-
respond to a linear operator V' with

V(®) @ ) = D) @ |p) @ |p) forall |p) € H. (16.76)
Such a linear operator is impossible because it would have to fulfill, on the one hand,

V(®) @ (le1) +[02))) = V(I®) ® 1)) + V(@) @ |p2))
=19") @ |o1) @ |p1) + |2") @ [02) @ [p2), (16.77)

and, on the other hand,

V(12) ® (Je1) + lp2))) = 127) @ (I1) + |02) @ (1) + |ip2)- (16.78)

Obviously, egs. (16.77) and (16.78) cannot be identical for arbitrary |p1), |p2) € Hs. There
are variants and generalizations of the no-cloning theorem to mixed states. O

The impossibility of cloning is very deeply rooted in the foundations of quantum theory. In
fact, if an unknown polarization state of a photon could be cloned, then the cloning could be
repeated many times and the state could be converted into a classical light ray whose Stokes
parameters, as described in chapter 12, could be measured, thus determining the unknown
polarization state completely.

The no-cloning theorem only excludes a universal cloning machine cloning any unidenti-
fied state. States that can be identified by a single measurement can be cloned. If, for instance,
the state is known to be a member of an orthonormal system, a measurement of the observable
Ain eq. (16.65) will identify it, and subsequently it can be prepared as many times as desired.
Indeed, for an orthonormal system {|p;) };c 7, there exist unitary operators

U:[Y) ®lei) — lei) ® |gi)- (16.79)

In view of the limitations described above, it may be surprising but satisfying to hear
that an unknown state |¢) € Hx can at least be transported from one place g to another
place g» without analyzing it (at the expense of annihilating it at ¢;). The mechanism, which
makes essential use of entanglement, goes by the name of quantum teleportation. Let us first
describe it for a two-dimensional Hilbert space Hs, where |¢1) and |p2) are an orthonormal
basis of Hs.
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First, one of the four Bell states in Ho & Ha,

) = %uw ® [2) — p2) ® [01)),
1
1B2) = —=(lp1) ® [i2) + [i02) @ [i01)),
? (16.80)
B3) = (1) @ o) — 2} @ loa)),
) = %uw ® lo1) + | 02) ® [ip2),

is produced such that one member of the entangled pair remains at ¢; and the other one is sent
to ¢o. For definiteness, we take the state |®,). Next we go over to the state

1
) = |p) @ |P4) = E(I@ ® |p1) ® 1) + [0) ® [p2) ® |2)) (16.81)
€ Ho ® Ho @ Ho,
where
o) = c1]p1) + calw2) (16.82)

is the unknown state to be teleported and assumed to reside at the place ¢;. Expanding the
state |U') in a Bell state basis with respect to the first two factors of the tensor product, we see
that | ') is also given by
[T) = 3{|P1) ® (—c2lpr) + cilp2)) +[P2) ® (c2lgr) + caf2))
+[®3) ® (c1lp1) — c2l@2)) + [Pa) @ (cr]e1) + calp2))}- (16.83)
Now the observer at g; performs a measurement with respect to the Bell state basis in the first

two factors. Depending on the outcome of this measurement, the state |¢);) at g2 will be the
following:

for |®y): [v1) = —caler) + erlp2) = Urle),
for [®s): [th2) = c2l1) + c1lp2) = Ualp),
(16.84)

for [®3): 1h3) = c1lr) — calp2) = Usly),

for [®4): |14} = c1lp1) + calp2) = Usl) = |9).
The states |¢;) (i = 1,...,4) differ from the unknown state |¢) to be teleported by unitary
transformations U; (i = 1,...,4), which are independent of |¢). Now the observer at ¢
informs the observer at go about the outcome ¢ = 1, ..., 4 of his Bell basis measurement by a

normal classical communication channel and asks him to apply a unitary transformation U{l
to the state |¢);) present at ¢o. As a result, the state |¢) will be present at g2, but no longer
atqr.

Notice that the states |¢;) (i = 1,...,4) are not orthogonal. If they were orthogonal, they
could be distinguished by a single measurement, the classical information channel would be
superfluous, and the apparatus could be used to transmit information faster than light.
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For state spaces of arbitrary dimension /N, this teleportation scheme can be generalized
in the following way. Let (|¢,,))n=1,... N be a basis of the Hilbert space H. The orthonormal
system

2

@) = Z C™M05) ® [@54m) (16.85)

with
¢ = o2 /N

generalizes the Bell state basis to an orthonormal basis of Hy ® H . The sum j + m is to be
understood modulo m. The states |®,,,,) can be written in the form

|(I)mn> = (1 29 Umn)|¢)00>7 (1686)

where the unitary operator U,,,,, with

Unnlps) = " [0m) (16.87)
is the product

Unn = Sm Py (16.88)
of a phase operator

Pules) = ¢ @) (16.89)

and a shift operator

Smlei) = 1@j+m)- (16.90)

Teleportation is now performed by projecting

N

T) = J) @ [@o0) = Y _ cklor) @ [@oy0) (16.91)
k=1
€ HN @ Hy @ Hn

onto |®,, ,,) in the first two factors of the three-fold tensor product. Then the state left at go
will be

|¢m,n> = chc_kn|@k+m> = Um,—n|<p>a (16.92)
k

and |¢) can be recovered at g2 by on demand undoing the unitary transformation U, _p,.
Again, the states |1, ) are not orthogonal.
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16.5 Quantum cryptography

In quantum theory, a measurement of an observable will in general change the state of the
system. More precisely, if the system is known to reside in an eigenstate of an observable A,
the subsequent measurement of a complementary observable B will change the state. The fact
that a measurement will in general leave a trace can be used to establish communication chan-
nels for which an eavesdropper can be recognized with arbitrary efficiency. Such channels are
ideal for handing over information like the key for data encryption for future communication
which is itself meaningless but must be transmitted such that eavesdropping can be excluded.

An emitter E measures at random one of several complementary observables A, B, C, ...
of a quantum system 3, thus preparing the system in an eigenstate of the observable just
measured, and subsequently sends the system to a receiver R. Just for definiteness, we assume
that the emitter sends photons to R and that the observables are planar polarization observables
along or orthogonal to one of several mutually oblique directions.

The emitter does not tell which observable he measured each time and what the results
of the measurements were. The receiver performs measurements with the photons arriving at
him whereby he also chooses at random each time one member of the same set of comple-
mentary observables. After the transmission of a large number of photons, E and R exchange
information about which observable they measured for each photon. This may be done by a
public insecure channel. If they happened to measure the same observable, their results, which
they still keep secret, are guaranteed to agree unless some eavesdropper or any other distur-
bance has intervened. To exclude such an unwelcome incident, they use part of the photons
for which they measured the same observable as a control by comparing the results of their
measurements, possibly even in public. If there are no discrepancies for a sufficiently large
number of cases, they can be sure that no disturbance has occurred, and they can use the re-
sults from the other photons for which they measured the same observable to fix the key they
wanted to exchange.

If there are discrepancies, they must suspect that an eavesdropper has performed mea-
surements on the exchanged photons. Not knowing at the time of his measurement which
observable the emitter had chosen, the eavesdropper will inevitably have taken the wrong ob-
servable many times and will have changed the photon states. In this case, E and R reject their
data and try to communicate again.

The communication system can be improved by taking photon pairs in a Bell state rather
than single photons. The emitter produces Bell states, for instance,

1
E

keeps one of the photons, and sends the other one to the receiver. Now, at least in principle,
the photons can be stored and the measurements can be performed when they need a common
key. This will reduce problems with the safe storage of a secret common key.

The transmission of information and the check for eavesdropping can proceed as de-
scribed. If E and R measure the same observable, they are guaranteed to find the same result
unless some disturbance or intervention has occurred.

The use of photon pairs in a Bell state opens up an additional possibility to secure oneself
against eavesdropping. The complementary observables may be chosen such that a maximal

|@2) = —=([2)]2) + [9)[y), (16.93)
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violation of a Bell-type inequality results. Now E and R may use the photon pairs for which
they measured different observables to check whether the violation of the inequality is still
maximal. The intervention of an eavesdropper will be detectable from deviations from maxi-
mal violation.

As an example, let us consider the Bell inequality

w(a1,b1) < wlay,er) +w(by, ca), (16.94)
derived and explained in section 16.2. For photon pairs in a Bell state |®5) we found

w(ay,by) = tcos?’(a—pB) and  w(ay,bo) = isin®(a—B). (16.95)
The inequality is maximally violated for a = 0, § = 7 /6, and v = 7/3:

T =w(ay,b) —w(ay,c1) —w(by,ca) = %. (16.96)

If an eavesdropper has performed a measurement of any polarization observable X at one of
the photons in the Bell state, the state will subsequently be given by the density matrix:

p=3lz) @ lz)(z|® (=] + 5ly) @ |y) (y| @ (yl. (16.97)

From this we readily obtain the new pair probabilities

wx (a1,b) = 3(cos? a cos? B + sin® a sin” ), (16.98)
wx (ai,b) = %(COSQ a sin? 8 + sin® a cos? 3),
with
wx (a1,b1) + wx (a1, b2) = 3, (16.99)
as necessary. With « = 0, 8 = 7/6, and v = 7/3 we have
Tx =wx(a1,b1) —wx(ar,c1) —wx(by,c2) = 5 — & — % =—L. (16.100)

Bell’s inequality is not violated any more. So, even if the eavesdropper does not intervene each
time, his activity will be noticed by a reduction of the value of T below 1/8.

In fact, the interactionless detection mechanism described in the previous section can be
interpreted such that the absorber in the right-hand part of the cavity is a measuring instrument
detecting the presence of a photon there. Even an unsuccessful measurement leaves a trace
betraying the existence of the measurement apparatus.

16.6 Quantum computation

From a bird’s eye perspective, a classical computer is a large collection of /V classical two-
state systems, called bits. Denoting the state of each bit by 0 or 1 € Zs, the total state of a
computer, which also includes program and data, is given by an /N-tuple:

(x) = (21,...,2,) € ZY. (16.101)
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With the addition,

0+0=1+1=0, 0+1=14+0=1, (16.102)
and the multiplication,

0-0=0-1=1-0=0, 1-1=1, (16.103)
7 is a field and Z» an N-dimensional vector space over Zs with 2N different vectors. Some-
times it is advantageous to identify () with the integer

ne =Y an_1-;2", 0<n, <2V, (16.104)

and to label the state by the number n,, : () = n,.
Computation consists in repeated application of Boolean functions,

f:zy -7y, (z) — (f(2) = (fi(2),..., fn(2)), (16.105)
to the state (). The component functions f; are Boolean functions,
fi: ZY — Zy, (16.106)

with values in Zo, to which we can restrict ourselves for the following discussion.
There are exactly four Zs-valued Boolean functions of one argument, namely the constant
functions with values 0 and 1, the identity function and the negation function:

NOT(z) = 2 = z + 1. (16.107)

There are 2* = 16 Boolean functions of two arguments, for instance,

AND(z,y) =z ANy = zy,
OR(z,y) =z Vy=2x+y+ xy,
NAND(z,y) = ~(z Ay) = zy + 1, (16.108)
NOR(z,y) = ~(zVy) = (z+ 1)(y + 1),
XOR(z,y) =2z VyA-(zAy) =z +y.

There are 2™ Zs-valued Boolean functions of n arguments. Every Z,-valued Boolean function
can be constructed from the basic functions A, V, and —, for example:

f(x,y) = foo A~z A-yV for A~z AyV fio Az A=y V fu Az Ay,  (16.109)

from which the generalization to an arbitrary number of arguments is immediate.
Because of the identity

xVy=-(-zA-y), (16.110)
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the set of basic functions can be reduced to two functions A and —. It can even be reduced to
the single function NAND, because

-z = NAND(z, z),
x Ay = -NAND(z,y) = NAND(NAND(z,y), NAND(z, y)). (16.111)

We have mentioned these simple facts of Boolean algebra just in order to contrast them
to the more complicated quantum computation. Quantum computers will eventually arise if
the miniaturization of the computer elements is pushed to its extreme. The fundamental unit
of a quantum computer is a quantum bit or qubit, a quantum system with a two-dimensional
Hilbert space Hs. Let |0) and |1) be an orthonormal basis of 2. The quantum state space of
a qubit consists of a continuous infinity of states, which are given by Hilbert space vectors

l©) = col0) + ¢1]|1) # 0, c1,c0 € C, (16.112)

such that for a # 0, |) and a|) label the same quantum state. In this way, the set of quantum
states of a qubit turns out to be isomorphic to the two-sphere S?. A quantum computer is a
large arrangement of /N quantum bits and the total set of states of the quantum computer is
described by the 2V -dimensional Hilbert space:

HEN =Ho®---®@Hy (N factors). (16.113)
An orthonormal basis of H$ N is given by the vectors
|CE>:‘$17...,£L‘N>:|1'1>®"'®|1'N>7 x; € Zo. (16.114)

The states associated to the basis vectors are called Boolean quantum states.
Computation is a quantum-dynamical process that consists of repeated application of uni-
tary transformations:

U:HEY — HEN. (16.115)

A unitary transformation is called “Boolean” if it transforms Boolean quantum states into
Boolean quantum states.

Just as in the classical case, it is desirable to identify a set of generating transformations
from which all unitary transformations can be obtained. Thus U is called a 1-bit transformation
if it acts on only one factor in the tensor product H? N , and an n-bit transformation if it acts
on (at most) n factor bits. Using elementary matrix theory, one can show that every unitary
transformation of HSZ’ N can be generated by 1- and 2-bit transformations.

The 1-bit transformations are of the simple form

U=1® -1Vl -1, (16.116)

where V' is a unitary 2 X 2 matrix. Boolean 1-bit transformations are given by the identity
V =1 and by

V=X= <(1) (1)) . (16.117)
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Here, X describes quantum negation. In general, 1-bit transformations are not Boolean. Par-
ticularly important is the Hadamard transformation:

1 1
H|0) = —(]|0) + 1)), H|l) = —(|0) — |1)), 16.118
|0) ﬁ(HH) 1) ﬂ(|>|>) ( )
"o 1/vV2  1/V2
T\NV2 —1V2)
Another important 1-bit transformation is the phase transformation:
1 0
Z = <0 _1) . (16.119)

The most important 2-bit transformation is the checked not transformation Uy, defined
by

or
Ucx|0,0) = |0, 0), Ucn|0,1) = [0, 1),
Ucn|1,0) =|1,1), Ucen|1,1) =|1,0).

Depending on the value of the first “control” bit, the second bit is left intact or negated. Ucy is
a Boolean transformation. It can be shown that the special 2-bit transformations Ucy together
with the total set of 1-bit transformations already generate all unitary transformations of H3 N
So, for the realization of quantum circuits, one only has to worry about 1-bit transformations
and Ugn.

For example, the Bell states are obtained by applying C' = Ucn (H ® 1) to the basis states

|z, y):

C10,0) = Uen f(|0 ,0) +11,0)) = 7(|0 ;00 +11,1)),
C10,1) = Uox —=(10,1) + [1,1)) = —=(10.1) + [1,0)).
\[ \[ (16.121)
C‘LO> Ucn \[('0 ,0) — ‘170>) = %('07(» - ‘la 1>)7
1
C|1,1) = Uen f(|0 1) —1,1)) = %UO’ 1) —[1,0)).

The four Bell states can be transformed into each other by applying to this first factor a nega-
tion and/or phase operator only to their first factor. This is the essence of dense quantum cod-
ing. Two bits of classical information can be transmitted by manipulating only one quantum
bit.

For every n-bit transformation

Vi HS" — HY", (16.122)
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one can define a checked version V : ng)(m'l) — ’H?(nﬂ) by

YTy e ey Ti)s for y=0,
Vely; o1, ..o, o) = | > (16.123)
) @ V|1, .., 20), for y=1.

In this sense, Ucn is just the checked version of the negation transformation X.

Classical Boolean functions f : Zé\’ — 7. are never invertible for N > 1. Hence, it is
not possible to associate to them unitary transformations V; : H5"™ — HS™ in an immediate
way. This can, however, be achieved by means of the Toffoli construction. Let f : % — Z3'
be a classical Boolean function. Then

Uy - O™ gy ®tm)
is defined by

Urlz) @ |y) = |z) @ |y + f()), (16.124)
for

) € HY",  |y), 1 f(2)) € HE™

Here Uy is unitary and Boolean. This construction guarantees that a quantum computer, re-
stricted to Boolean states, can simulate every classical computer. Being members of an or-
thonormal set, Boolean states can be measured and cloned just like classical states.

The real power of quantum computing reveals itself only if non-Boolean states and oper-
ators are employed. To see this, let us start with the state

1
W) = gn75 D lo) € HEY, (16.125)

z€ZY

which is the starting point for many quantum computations. The state |¢)) is easily prepared
by applying the Hadamard operator to each factor of |0) = |0) ® - - - ® |0) (n factors):

1
) = 3375 D |v) = HN|0) = H|0) @ - @ H]0). (16.126)

The state |¢)) is not Boolean but separable. Applying Uy of eq. (16.124) for m = 1 to |¢) ®
|0) € H?<N+1) gives

Url) ©10) = 537z 3 1) @ 1(2). (16.127)

This result is remarkable, because it shows that by one application of U the function f has
been simultaneously evaluated for all values of x. This feature of quantum parallelism is the
essence of the power of quantum computation.

Quantum parallelism, of course, has its price. The state Us|1)) @ |0), the result of the
computation, is, in general, not Boolean and can be neither copied nor completely read off
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by a single measurement. One would think of repeating the calculation and the measurement
of the result many times, but this would amount to giving away the advantage of quantum
parallelism.

The art of quantum computation consists in steering the computation and in performing
the final measurement such that the result gives as much useful information as possible. A
single measurement can identify a component of the measured state in the direction of a given
subspace. This may be sufficient to answer questions about several interesting global features
of the result. Also, by choosing the measured observable appropriately, the largest component
is found with the highest probability.

Using quantum parallelism, Fourier transformation can be performed faster than with any
known classical algorithm. Let f(n) = f,, be a complex-valued function defined for integer
0 < n < 2. The Fourier transform f,, is defined by

2N _1

3 1 : wi/2N
fn=5n7 > (M fm with =€/ (16.128)
m=0
The inverse transformation is given by
1 -
fr = sz_mnfm' (16.129)

Even for the so-called fast Fourier transform algorithm, the computation time increases ex-
ponentially with N. To describe the quantum algorithm, we represent the basis states |x) for
x € 7 by non-negative integer numbers as described above:

|z) = |n.) = |n). (16.130)
Fourier transformation is performed by the unitary operator

2N 1

1
FoHEN - HEN  with  Fln) = oN/2 Z ¢ m). (16.131)
m=0

Indeed,

F(anm)) = 2]% D M falm) =Y faln).- (16.132)

The calculation time grows polynomially with [V, in fact only a bit faster than V.

If f,, = fnyk, this periodicity reflects itself in a concentration of fn at positions n = kr,
which can be detected with high efficiency by a suitable quantum measurement.

Fast period determination by quantum computation is the core of Shor’s quantum algo-
rithms for factorizing large numbers M into prime factors or for finding the discrete logarithm
2 such that ¢® = d mod p. For all known classical algorithms for these problems, the compu-
tation time grows exponentially with the size (i.e. the number of digits) of the numbers, but
for Shor’s quantum algorithms the growth is only polynomial.
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This is also of extreme practical importance, since the security of so-called public key
encryption schemes relies on the intractability of such problems. Let us briefly describe the
essential idea of Shor’s factorization algorithm for large M. Take some number a and deter-
mine ng # 0 such that

a™ —1=0mod M. (16.133)
This is quickly done with a quantum computation of the period of the function

f(n) = fn=a" (16.134)
If ng turns out to be even, ng = 2myg, then

(a®™ — 1) = (a™ — 1)(a™ + 1) = 0 mod M. (16.135)

Hence, at least one of the factors (a™° — 1)(a™° + 1) will have a common divisor d with M,
which can be quickly determined with the classical Euclidean algorithm. If d < M, a factor
of M has been found. If d = M or ng is odd, one tries a different number a. The search for
a suitable a can be shown to lead to a positive result after a few trials with high probability,
unless M is the power of a prime number: M = p". This case can be separately excluded with
a fast classical algorithm.

Another important quantum algorithm of very promising prospects is a quantum search
algorithm faster than any known classical search algorithm. The searching time for one item
among n items is only O(y/n), whereas it is O(n) for classical search algorithms.

Quantum informatics and quantum computing are new fields whose quick development
promises many surprises. On the theoretical side, all of informatics has to be reconsidered
under the aspect of quantum theory. Much work has gone into the theoretical analysis of
quantum channels for information transfer. A key feature is the investigation of the role of
entanglement as a resource of quantum information theory. Even a fully satisfactory measure
for entanglement in mixed states is still lacking. The comprehensive monograph of Nielsen
and Chuang gives a very good overview of the field of quantum informatics.

A lot of progress has been achieved recently in devising quantum algorithms for error cor-
recting and repair. Self-correction of errors is indispensable already in classical computing.
Quantum states are even more vulnerable than classical two-state systems. In particular, en-
tanglement, which is so vital for quantum computation, has a tendency quickly to get lost by
“decoherence” as the effect of a small interaction with the environment of a system. For some
time, it was widely believed that the problems related to decoherence were insurmountable.
The advent of quantum correction algorithms was very encouraging in this respect.

On the experimental side, much work is in progress on the implementation of various
components of future quantum computers. Here we only list some of the strategies being
followed:

e Perhaps most advanced are linear ion traps in which several two-state ions are confined
and are manipulated by letting them interact with laser light. For the realization of a two
qubit gate like the controlled NOT gate, two ions have to be brought into contact such
that their interaction depends on their states. Arrangements with a small number of qubits
have been realized in this way.
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Atoms can also be confined in a regular standing laser light field, which, as described
in section 15.8, exerts a force on them. Such a standing wave field may act as a regular
lattice with atoms sitting at various lattice points. Computing may consist in changing
the excitation states and/or the positions of atoms on this lattice.

Nanostructures on the surface of a crystal on which individual atoms can be moved and
manipulated provide another promising possibility.

Also electromagnetic fields in cavities may serve as arrangements of qubits.

Nuclear magnetic resonance can address spin variables in a solid or liquid material by
microwaves. In order to obtain a signal of sufficient size, a qubit has to be represented by
an assembly of several spins. In this sense, one might dispute whether nuclear magnetic
resonance really provides an implementation of quantum computing in the strict sense.

Quantum dots are point-like defects in semiconductors, which can be individually excited
and de-excited. There are many promising techniques to manufacture architectures of
quantum dots. The main problem will be to control their interactions with each other and
with the environment.

So far, only small numbers of quantum bits can be controlled. A quantum computer should
contain at least about 100,000 of them. This is still a challenge for the more remote future.
The more modest aim of building a quantum simulator for several quantum systems of interest
containing a few dozen qubits is still demanding but may be reached sooner.
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Field operators 250
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Floquet solutions 317

Flux velocity 48
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Fourier transform holograms 206
Fourier transforms 192
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Fraunhofer, Joseph 9
Frequency doubling 89, 92
Frequency multiplication 84
Frequency set 199

Fresnel diffraction 183
Fresnel zones 169
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Galilean transformations 251
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Gauge degrees of freedom 18
Gauss, Carl Friedrich 2
Gaussian distribution 220
Gaussian optics 134
Gaussian system of units 16
Generalized correlation functions 217
Generating function 126
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Geodesics 116
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Glass fibers 101

Gouy, L. G. 13, 157

Gradient profile fibers 101

Graph of a function 126

Gravitational wave detectors 283

Gravitational waves 283

Green’s function 153
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Grimaldi, Francesco Maria 2

Group velocities 48, 51

Group velocity dispersion 103

Guiding waves 6

Gyration tensor 77

h dependence 262, 268

Hadamard transformation 346

Haitham, Ibn al 2

Half-densities 163

Hall, Chester Moor 9

Hamilton’s equations of motion 116, 146
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Hamilton—Jacobi equation 117
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Hanbury Brown and Twiss interferometer 281

Hanbury Brown, R. 231

Hanle effect 297

Harmonic oscillator, classical and quantum
245

Heisenberg picture 249

Helmholtz equation 112, 145
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Herschel’s condition 130

Herschel, F. W. 11

Hertz, Heinrich Rudolf 9

Heterodyne detection 276

Hexagonal 57

Hologram 204

Holography 101, 203

Holohedral 76

Homodyne detection 276

Hooke’s law 46, 49

Hooke, Robert 4

Huygens’ principle 168

Huygens, Christiaan 2

Huygens—Fresnel principle 169, 171
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Idler wave 89
Image 121
Inclination factor 170
Index ellipsoid 55
Index of refraction 34, 51
Intensity correlation spectroscopy 231
Intensity functions 217
Interference 226
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eight-port 277
Fabry—Perot 72, 321
Hanbury Brown and Twiss 281
Mach-Zehnder 335
Michelson 230, 284
Sagnac 285
Inversion revival 307
Isotropic submanifold 149
Isotropic subspaces 132
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Jaynes—Cummings Hamiltonian 292
Jaynes—Cummings model 302
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Kepler, Johannes 2

Kerr effect 81

Kink solution 88

Kirchhoff’s diffraction theory 179
Kirchhoff’s integral 175, 179
Kirchhoff, Gustav Robert 9
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Lagrange’s equation of motion 116
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Lagrangian submanifold 149
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Lamb-Dicke approximation 315
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Lamé coefficients 49
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Light rays 108
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Magnetic field strength 31
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Maxwell’s equations 15
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Morley, Edward Williams 10 Phase conjugated wave 98
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Morse index 154, 157 Phase conjugation 99
Morse theory 155 Phase contrast method 195
Phase holograms 205
Natural optical activity 75, 79 Phase matching 93
Newton’s rings 5 Phase mismatch 87, 92
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No-cloning theorem 338 Phase objects 182
Nonlinear optics 83 Phase self-modulation 96
Nonlinear Schrodinger equation 88, 104 Phase space 125
Normal ellipsoid 55 Phase velocity 50
Normal ordering 260 Phasonium 299
Phonons 84
Occupation inversion 306 Photon count correlation function 285
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Optically biaxial 58 Point eikonal 126
Optically uniaxial 58 Poisonnian light 283
Opticks (Newton) 6 Poisson bracket 143, 265
Order of a focal point 154 Poisson manifolds 265
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Parity transformation 31 Poynting vector 32
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Public key encryption schemes 349
Pumping wave 89
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Pure coherent states 266
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Pyroelectricity 75
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Quantization 259

Quantum bit 345
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Quantum parallelism 347
Quantum state engineering 310
Quantum teleportation 339
Quantum Zeno effect 337

Quasi-monochromatic approximation 224

Qubit 345

Rabi frequencies, complex 292
Radiation condition 176
Radon transform 277
Raman scattering 90
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Random function 217
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Ray coordinates 131
Ray surface 51
Ray vector 51
Rayleigh peak 235
Reality condition 24
Realization of a stochastic process 217
Reconstruction wave 204
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Rontgen, W.C. 13

Rotating phase approximation 87,291
Rydberg states 308
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Sagnac interferometer 285
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Scalar wave equation 111
Schlieren method 195
Schrodinger picture 249
Schrodinger cat states 313
Second fundamental form 156
Secondary maxima 191
Seidel’s theory of aberrations 140
Self-focussing 96
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Shear modulus 49

Shor’s quantum algorithms 348
Short-wave approximation 108
SI-system 16

Side maxima 191
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Signal wave 89
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Sine—Gordon equation 88
Single-mode fibers 103

Skin effect 23

Snell’s law of refraction 70, 114
Snell, Willebrord 2

Solitary waves 88

Sommerfeld, Arnold 13
Speckle effect 236
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Spherical aberration 141
Spontaneous emission 305
Squeezed states 255
Squeezing operator 252
Standard ordering 260
Star product 261
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Stark effect, dynamical 303 Transverse magnification 139
State measurement apparatus, impossibility of Trapped states 297
337 Triclinic 57

Stationary stochastic process 218 Trigonal 57
Step profile fibers 101 “True” state 328
Stochastic process 217 Twiss, R. Q. 231
Stokes line 90 Two-photon absorption 90
Stokes parameters 240
Stress tensor, elastic 49 Uncertainty relation 223, 257
Stress tensor, Maxwell’s 32 Unitarity of a beam splitter 274
Strong oscillator limit 276 Unitary transformations
Structure function 234 Bogolyubov transformations 252
Sub-Poissonian light 287 rotations 251
Super-Poissonian light 287 translations 251
Susceptibilities 32

electric 35 Vacuum permittivity 16

magnetic 35 Vector potential 17
Symbol 143, 164, 200, 264 quantum 250
Symbol calculus 202 Verdet’s constant 82

VIRGO 284
Visibility 227
Volume holograms 207

Symplectic basis 133

Symplectic isomorphisms 132
Symplectic manifolds 125, 161
Symplectic subspaces 132
Symplectic transformations 132, 161
Symplectic vector spaces 132

Wave equation 16

Wave operator 18

Wave surface 51

Wave theory 6, 107

Wave—particle duality 107
Wavelets 167

Weyl ordering 261

“Which path” information 297, 332
Whispering gallery modes 310

Telegraph equation 22
Telescope 2, 189
Telescopic mapping 135
Tetragonal 57

Thermal light 283
Thermal states 267 White noise 222
Thomas=Kuhn sum rule 39 Wiedersehen manifold 125
Three-photon phenomena 89 Wiener filter 237
Three-wave interaction 87, 89
Time development operator 290

Wiener—Khinchin theorem 219
Wigner function 263

Toepler, A. 195 WKB ansatz 144,271

Toffoli construction 347 Wollaston, W.H. 12

Tomographic reconstruction 277

Townes, C.H. 13 X-ray spectroscopy 235
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Transmission 182 Young’s interference experiment 225, 281

Transmission coefficient 71 Young’s modulus 50

Transmissivity 73 Young, Thomas 9

Transparency, electromagnetically induced Yule-Walker equation 239
299

Transport equation 112, 144 Zernicke, F. 195
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