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LARGE-SCALE AND DECENTRALIZED SYSTEMS

The size of a system is a subjective notion, and so is the no-
tion of large-scale systems. In the following we will take a
pragmatic view, and consider a system large whenever it is
conceptually or computationally attractive to decompose it
into interconnected subsystems. Typically the subsystems are
of small size and can be solved efficiently. The individual solu-
tions can then be combined in some way to obtain a solution
for the overall system.

If the system is decomposed along the boundaries of the
physical subsystems, the subsequent analysis may produce
important information about the interplay between subsys-
tems behavior and the nature of interconnections. It may,
however, be computationally inefficient. To reduce the compu-
tational effort, one should develop universal decomposition
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techniques, which need not be constrained by physical bound-
aries of subsystems, but may lead to efficient solutions of
large problems utilizing modern computer architectures. With
that in mind, our first objective will be to describe several
decomposition schemes that can either be used as precondi-
tioners for decentralized control design, or can serve to speed
up computations involving the control of large-scale systems
(usually through the use of parallel processing).

To efficiently decompose a large-scale system, it is gener-
ally convenient to represent it in the form of a graph. De-
pending on whether or not the graph is weighted, we can
roughly distinguish between two broad classes of decomposi-
tion algorithms. In problems where weights are not assigned
to edges of the graph, decomposition schemes typically exploit
topological properties such as structure and sparsity to obtain
an appropriate partitioning (1-8). Whenever possible, it is
also useful to incorporate any existing information regarding
the physical attributes of the system (such as hierarchical
structures or repetitive blocks that are built into the design).
Decomposition algorithms of this type are commonly applied
for solving large sparse systems of linear equations, and a
number of them have been successfully utilized in paralleliz-
ing control-related computational problems.

A conceptually different class of algorithms arises when
the system is viewed as a weighted graph. In this case the
partitioning strategy changes significantly, since we can now
utilize edge weights to identify weakly coupled subsystems
and establish hierarchical relationships between them. De-
composition schemes based on this approach have found nu-
merous applications not only in parallel computing, but also
in decentralized control design. In the following sections par-
ticular attention will be devoted to the epsilon decomposition
algorithm (9-11), due to its efficiency and simplicity; in this
context, we will also examine the concept of overlapping, and
its application to the control of large-scale systems.

Our second objective in this paper will be to provide the
motivation and describe the basic ideas and techniques for
decentralized control of dynamic systems. The accumulated
experience in controlling large complex systems suggests
three basic reasons for using decentralized control structures:
dimensionality, information structure constraints, and uncer-
tainty (6). By decomposing a system of large dimension into
subsystems, a designer can devise decentralized strategies for
solving control problems that would be either impractical or
impossible to solve using a single centralized controller. Fur-
thermore, in a large complex system where databases are de-
veloped around the plant with distributed sources of data, a
need for fast control actions in response to local inputs and
perturbations dictates use of distributed (that is, decentral-
ized) measurement and control structures.

A restriction on what and where the information is deliv-
ered in a large system is a common structural constraint in
building controllers and estimators. A good example is the
standard automatic generation control in power systems,
where the decentralized schemes are used to reduce the cost
of communication that would be demanded by a centralized
control strategy spread over distant geographical areas.

In modeling and control of large systems, it has been long
recognized that models of subsystems can be obtained with
increasing levels of accuracy and versatility. The essential un-
certainty resides in the interconnections between the subsys-
tems, since these interconnections are often poorly known in
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Figure 1. Bipartite graph B.

both deterministic and stochastic terms. One of the reasons
for using decentralized control strategies is their inherent ro-
bustness to a wide variety of structured and unstructured
perturbations in the subsystems and their interconnections.
Furthermore, the strategies can be made reliable with respect
to both interconnection and controller failures involving indi-
vidual subsystems.

Epsilon Decompositions

A natural way to introduce epsilon decompositions is to con-
sider the system of linear algebraic equations

Ax =0 D

and its solution by the Jacobi iterative method (12). In this
context, the epsilon decomposition algorithm will be used to
permute matrix A into a form that ensures rapid convergence
to the solution.

The algorithm itself is remarkably simple—given a matrix
A = (a;) and a value of parameter € > 0, all elements satis-
fying |a;| = € are set to zero. The resulting sparsified matrix
is then permuted into a block-diagonal form, and all the vari-
ables in the same block are considered to be strongly coupled.
After such a permutation, the matrix A can be represented as

A=A, +€A, (2)
where Ap is block-diagonal and all elements of A. are less
than or equal to one in magnitude. The following example

illustrates how such a permutation can be identified, and sub-
sequently utilized to iteratively solve Eq. (1).

Example 1. Consider the matrix

1 005 2
A=]001 1 0.1 3)
01 01 2

and the corresponding bipartite graph B in Fig. 1, in which
vertices y; and «x; are connected if and only if a; # 0. If we
remove all edges that correspond to elements |a;| = 0.1, we
obtain the subgraph B¢ shown in Fig. 2. It is easily seen that
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Figure 2. Subgraph B«
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Figure 3. Components of B«

the vertices and edges of B¢ can now be regrouped into two
disconnected components, as indicated in Fig. 3. The permu-
tation defined by the vector p = (1 3 2) now produces a ma-
trix which satisfies Eq. (2), with € = 0.1 and

1 210 0 0:05
Ap=101_210|, A;=[.0_011. (4)
0 01 01 1:0

The impact of weak coupling is easily seen when Eq. (1) is
solved using the Jacobi iterative method

X1 =%, —AptAx, —b)  (k=0,1,...) (5)
Namely, if the original matrix A of Eq. (3) is partitioned so

that

1 005:0
Ap=1001__1 :0 (6)
0 0 !2

we obtain || — Ap'Al, > 1, and the process diverges; on the
other hand, the partitioning in Eq. (4) obtained by epsilon
decomposition results in rapid convergence.

Overlapping Epsilon Decompositions. Given a matrix A and
a particular choice of parameter e, there is no guarantee that
A can be permuted into the form shown in Eq. (2). The obvi-
ous remedy in such cases is to repeat the decomposition with
a larger value of €; alternatively, we can use the concept of
overlapping. The following example illustrates the basic ideas
behind overlapping epsilon decomposition.

Example 2. Consider the following matrix

x % €
A=|e * ¢ (7
€ % %

where all entries larger than € in magnitude are denoted by
*. The corresponding bipartite graph B¢ is given in Fig. 4, and
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Figure 4. Subgraph B«
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it is easily verified that no permutation can produce weakly
coupled diagonal blocks. On the other hand, if repeated verti-
ces are allowed, we obtain the expanded bigraph B¢ in Fig. 5,
which now has two disconnected components. This transfor-
mation corresponds to a rectangular permutation matrix V,
which is uniquely defined by the ordering of x and y vertices
in the graph. Specifically,

VA = AV (8
where
* x € 0
- 0
i— € x € ©)
e 0 % =%
e 0 € =%
and
1 0 0
0 1 0
V= 0 0 1 (10)
0 1 0

It is easily verified that the expanded matrix A now has an
epsilon decomposition in the sense of Eq. (2).

Scaling. Another issue that arises in the practical applica-
tion of epsilon decompositions is that elements of the matrix
A can widely vary in size. In such cases it may not be possible
to find a meaningful value for €, and row scaling needs to be
utilized to obtain a more uniform distribution of element val-
ues. This process is demonstrated by the following example.

Example 3. Let matrix A be defined as

10 5 03
A=1]01 02 0.02 (11)
45 1 100

In this case € = 0.3 is obviously not a feasible choice, since
the entire second row would be eliminated. However, if each
row is scaled by the element with the maximal absolute value,
we obtain

A=Ay +eA, (12)
X1 Y1
xp ) v
X3 Y3
2@ 2

Figure 5. Expanded subgraph B<.
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where € = 0.1 and

1 05:0 0 003
Ap=105_1:10|, Ac=|.0.__.0_:1 1| 13
0 01 045 0.1} 0

Note that in this case A can be represented only as A =
Ap + A¢ (without e€), but scaling does identify block-diagonal
dominance, since

11—
IA"Acl = €lA, Acll < 1 (14)

This feature is frequently used to enhance the convergence of
the iterative process in Eq. (5).

Structural Decompositions

By their very nature, epsilon decompositions are ideally
suited for iterative solutions of Eq. (1). In contrast, there is
an entire class of decompositions that are aimed at solving
Eq. (1) directly; in this approach, no matrix entries are dis-
carded, and the decompositions are designed to achieve cer-
tain desirable structures. A structure that is of particular in-
terest in the analysis and simulation of large-scale systems is
the bordered block-diagonal (BBD) form shown in Fig. 6. The
appeal of this structure lies in its inherent potential for paral-
lel computation, a feature that has been widely exploited in
different areas of engineering.

Numerous algorithms have been developed for permuting
a matrix into the BBD form, based on diverse concepts rang-
ing from node clustering (2) and diakoptics (1,13) to various
forms of graph dissection (3,4,7). Despite their obvious differ-
ences, all these methods have a common goal in identifying a
minimal border that induces a block-diagonal structure in the
rest of the matrix. The border size is an important issue in
the solution of the system in Eq. (1), since the computation
time depends heavily on the number of nonzero elements in
the border.

In this section, we will briefly describe three methods for
obtaining BBD structures. We begin our analysis with the
classic nested dissection algorithm of George and Liu (3).

Figure 6. The BBD matrix structure.

6 2 4

Figure 7. The undirected graph.

Nested Dissection

Nested dissection is a typical representative of BBD decompo-
sition methods. It is relatively simple algorithm, in which the
matrix is assumed to be structurally symmetric and can
therefore be represented by an undirected graph. The follow-
ing example illustrates the decomposition procedure.

Example 4. Let us consider the structurally symmetric ma-
trix

1 2 3 4 5 6 7
1/« = 0 0 % % O
21 x * % 0 x 0
310 * x x 0 0 =
410 = * x 0 0 =% (15)
51« 0 0 0 x x O
6l = 0 0 x x O
7\0 0 = x 0 0 =«

and the corresponding undirected graph in Fig. 7. The basic
idea of nested dissection is to arrange the vertices of this
graph into a rooted level structure, such as the one in Fig. 8.
To achieve optimal results, this structure should have as
many levels as possible, which is assured by choosing an ap-
propriate vertex as the root (14,15).

Once a rooted level structure is formed, the nested dissec-
tion algorithm identifies the “middle” level (in this example,
vertex {2}) and removes it from the graph, so that two discon-
nected components are left. The middle level is then placed in
the border, as illustrated in Eq. (16). In general, this proce-

5 Level 0
1 6 | Leveli
2 Level 2
3 4 | Level3
7 Level 4

Figure 8. A rooted level structure.



dure can be recursively repeated on each of the remaining
blocks:

5 1 6 3 4 7 2
5/« x %10 0 0:0
1|« = «x10 0 0 Dk
6% * x E 0 0 O Ji *
31070 0T % ¥ ik (16)
4(0 0 0% x = D
710 0 0ix x x10
2\0 x x *x x O 15 *

The nested dissection algorithm was found to be very suc-
cessful for matrices with a regular structure (such as those
arising in the numerical solution of partial differential equa-
tions using finite elements). However, this decomposition is
much less effective for systems such as electric circuits, where
the matrix structure is typically highly irregular (4). Several
different solutions where proposed to alleviate this problem,
dating back to the work of Sangiovanni-Vincentelli et al. (2).
We now describe two recent decomposition algorithms, which
have been successful over a wide range of matrix structures.

Decompositions Using Eigenvectors of Graphs. The idea of
eigenvector decompositions was introduced by Pothen et al.
(5), and is based on the Laplacian matrix of a graph. This
matrix is defined as

Q=D-A amn
where A is the adjacency matrix of the graph, and D is a diag-
onal matrix whose entries represent vertex degrees. It can be
shown that matrix @ is always positive semidefinite, with at
least one zero eigenvalue; the smallest positive eigenvalue of
@ is denoted \,, and the corresponding eigenvector is denoted
by X,. The decomposition procedure can now be summarized
as follows:

1. Compute eigenvector X,, and determine its median com-
ponent x;.

2. Partition the vertices of the graph in the following way:
for any vertex i, if x; < x;, set i € A; otherwise, i € B.
In this way, the vertices will be partitioned into two
approximately equal sets, A and B.

3. All the edges connecting sets A and B constitute an edge
separator, H. The objective now is to find a minimal ver-
tex cover for H (that is, the minimal number of vertices
that need to be removed so that all edges in set H are
removed). This vertex cover constitutes the separator,
which appears in the border of the BBD structure.

4. Repeat steps 1-3 on the remaining components after
the separator is removed.

Decompositions based on eigenvectors of graphs were
found to be effective and applicable to a wide range of matrix
structures. However, for large matrices computing the second
eigenvector can be difficult, if not impossible. This consider-
ation has motivated the development of the balanced BBD
decomposition (11,16), which is described next.
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The Balanced Bordered Block-Diagonal Decompositions. The
balanced BBD decomposition algorithm is recursive and con-
sists of two basic steps.

Step 1. Select a maximal allowable block size N,,. Given
this choice, move as many vertices as necessary to the
border so that each block has size = N,,,.. A typical situ-
ation after this step is shown in Fig. 9.

Step 2. The border is obviously too large after the first
step; consequently, in step 2 we reconnect border verti-
ces one by one. In this process, the next vertex to be
reconnected is always the one that results in the small-
est increase in block sizes (such an algorithm is called
greedy). The process continues as long as there are at
least two blocks left (in other words, it terminates when
we establish that the next reconnection will result in a
single block).

Once two diagonal blocks and an initial border have been ob-
tained, steps 1 and 2 are repeated on each block (which makes
the algorithm nested); the local borders are then added to the
initial border. This procedure continues until we obtain a de-
sired number of diagonal blocks of approximately equal size
(hence the term “balanced”).

Advantages of this algorithm are its execution speed and
numerical simplicity, which result from the fact that only the
sizes of blocks are considered, not their contents. In addition,
since all diagonal blocks are balanced in size, the workload
can be evenly distributed across different processors; this fea-
ture is critical for an efficient parallel solution of Eq. (1).

To illustrate the effectiveness of this decomposition, in
Figs. 10 and 11 we show how it is applied to a highly irregular
matrix that arises in the modeling of the US electric power
network.

DECENTRALIZED CONTROL: AN EXAMPLE

The underlying idea of decentralized control is decomposition.
A dynamic system is considered as an interconnection of sub-
systems, which have independent inputs and outputs. A satis-
factory performance of the overall system is achieved by con-
trolling each individual subsystem using local feedback,
whereby local inputs are connected to local outputs (or
states).

Figure 9. Situation after step 1.
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Figure 10. A model for the US electric power network (5300 X 5300).

To introduce the decentralized control problem, let us con-
sider the two inverted pendulums interconnected by a spring
as shown in Fig. 12. The control objective is to keep the pen-
dulums upright by using the inputs u; and u,. After lineariza-
tion around the equilibrium state 6, = 6, = 0, the equations
of motion are

ml%0, = mglo, — ka®(6; — 6,) + u,

s , (18)
ml®0, = mglh, — ka”(6y — 0;) + uy
0

1000 |- e H
2000 [~ o
- W ‘Ai
3000 |- -l 4
i
4000 |- e -
w17 |
5000 = U N

RS T ol A WY S R AT T |
0 1000 2000 3000 4000 5000

Figure 11. The matrix after a balanced BBD decomposition.

Figure 12. Inverted pendulums.

When the state and input vectors are chosen as x = (6,, 6,
6, 6,)7 and u = (u,, u,)”, the interconnected system is repre-
sented by the state equations

o 1, 0 0 0 .0
2 H 2 !
g _ ka1 ko Lo
S: B N N L T A u
’ o 0 Oi 0 1 0 i 0
ka? i g ka? Pl
ml2 Oi 1 mi2 0 1 ml2
(19)

In choosing the feedback control laws to achieve the objec-
tive, the information structure constraint is essential: Each
input u; and u, can depend only on local states x; = (6;, 6,)7
and x, = (6, 6,)7 of each individual pendulum. In other words,

U =uq(xq), Ug = Ug(xy) (20)

Since the system S is linear, a reasonable choice is a linear
control law

uy = —kTx,, uy = —klx, (21
where feedback gain vectors
k= (ku’klz)T» ky = (k21»k22)T (22)

need to be selected to stabilize S, that is, to keep the pendu-
lums in the upright position. When the two pendulums are
considered as two subsystems

. 0 1 0

S;: X = |:a 0} X+ |:ﬂi| Uy
0 1 0

S, : x2=|:a O:|x2+|:ﬂi|u2

the overall system breaks up into two interconnected subsys-
tems as

S: . |0 1 4 0 . 0 0 n 0 0
: n=1, ol® 5 u,+e 0 x;+e y 0 Xg
B 0

(23)

where a = g/l, B = 1/ml?% v = a*k/ml? and e = (a/a)’



By choosing the decentralized control of Eq. (21), we effec-
tively intend to stabilize the interconnected system S by sta-
bilizing the two subsystems in Eq. (23). This turns out to be
a robust control strategy, since it can produce an overall
closed-loop system that can remain stable despite the essen-
tial uncertainty about the height a of the spring. This uncer-
tainty is represented by the normalized interconnection pa-
rameter e, which can take any value between 0 and 1. When
an interconnected system is stabilized in this way, it is said
to be connectively stable (6).

By using the control law of Eq. (21) in Eq. (23) we obtain
the closed-loop subsystems as

3 . 0 1
: X = x
! ! o — Bkyy  —Bkyy !

(25)
N 0 1
S, : Xy = X
? 2 L‘ — Bkyy —.Bkzz:| ?
and the overall closed-loop system becomes
g . 0 1 . 0 O . 0 0
DXy = x,+e x;+e x
! o—Bkyy  —PBkyy ! -y 0 ! y 0 2
. 0 1 . 0 0 . 0 0
Xy = Xy +e x; +e x
2 a — Bkyy  —PBhRyy 2 y of™1 -y 0 2
(26)

It is interesting that the system in this example belongs to
the class of interconnected systems that can always be stabi-
lized by decentralized feedback. A decentralized control law
can be chosen to connectively stabilize the closed-loop system
S even if the spring is shifting up and down the length of the
pendulums in an unpredictable way. The class of decentrally
stabilizable systems is described next.

INTERCONNECTED PLANTS AND CONTROLLERS
To describe representations of plants, which are required in
the design of decentralized controllers, let us consider a linear

system

S: x=Ax+ Bu

27
y=Cx 27
as an interconnection
S: X% =Ax; +Bu; + Z (Aijxj —|—Bijuj)
je
(28)
y;, =Cx; + ZCl-jxj, ie V"
jen
of N subsystems
S;: x; =Ax; +Bu; @29
y; =Cx;, ie N

where x(t) € R", u(t) € R™, y(t) € R are the state, input,
and output of the subsystem S; at a fixed time ¢ € R, all ma-
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trices have proper dimensions, and 1" = {1, 2, . . ., N}. At
present we are interested in disjoint decompositions, that is,

x = (xfxg .. .,xIT,)T

u= @l ul, . ul)? (30)
T T T\T

Yy = (ylsy2”"’yN)

where x(t) € R*, u(t) € R", and y(¢) € R are the state, input,

and output of the overall system S, such that
R* =R"1 x R"2 x --- x R"~N
R™ =R™ x R™2 x ... x R™N

Rl:Rll XRZZ X...leN

(31)

A compact description of the interconnected system S is

S: Xx=Apx+Bpu+A,x+Bou
(32)
y=Cpx+Cpx
where
A, =diag{A; Ay, ... Ay}
Bj, = diag{B;,B,,...,By} (33)
Cp = diag{C,,C,, ....Cy}
and the coupling block matrices are
Ac = (Alj)7 Bc = (Bij), Cc = (Cij) (34)

The collection of N decoupled subsystems is described by
S, : Xx=Apx+Bpu
D D D 35)
y=Cpx

which is obtained from Eq. (32) by setting the coupling matri-
ces to zero.

Important special classes of interconnected systems are in-
put (Be = 0) and output (Cc = 0) decentralized systems, where
inputs and outputs are not shared among the subsystems. In-
put—output decentralized systems are described as

S: X=Apx+Bpu+Ayx 36)
y=Cpx
where both B: and C. are zero. This structural feature helps
to a great extent when decentralized controllers and estima-
tors are designed for large plants.
A static decentralized state feedback

u=—-Kpx 37)
is characterized by a block-diagonal gain matrix
K, = diag{K;,K,, .... Ky} (38)

which implies that each subsystem S; has its individual con-
trol law

—K.x

i i ie N (39)



216 LARGE-SCALE AND DECENTRALIZED SYSTEMS
with a constant gain matrix K;. The control law u of Eq. (37),
which is equivalent to the totality of subsystem control laws
of Eq. (39), obeys the decentralized information structure con-
straint requiring that each subsystem S; is controlled using
its locally available state x;. The resulting closed-loop system
is described as
S:  i=(Ap-BpKpx+Agx (40)

When dynamic output feedback is used under decentralized
constraints, then controllers of the following type are consid-
ered:

C;:

i

z;=Fz;+ Gy,
u;, =—-Hz,— Ky;,

s

(41)

ie.

which can be rewritten in a compact form as a single decen-
tralized controller defined as

Cy,: z=Fpz+Gpy
D D D (42)
u=—-Hpz - Kpy
where
Z:(Z{’Zg‘,_._’zzy\})T, yz(y{’yg”yly\})T
u= @l ul, .. ut)? (43)

are the state z € R, input y € R/, and output z € R™ of the
controller Cp. By combining the system S and the decentral-
ized dynamic controller Cp, we get the composite closed-loop

system as
S&CD : |:x:| _ |:AD —BDKDCD +AC —BDHDi| |:xi| (44)
z F, z

GpCp

DECENTRALIZED FEEDBACK STRUCTURES

Before a search for stabilizing decentralized feedback begins,
it is necessary to determine whether such a feedback exists
for a given plant. It is well known that if there are no restric-
tions on the information structure of the linear system S of
Eq. (27), it can be stabilized if and only if the uncontrollable
or unobservable modes of the system are stable. However,
this is not the case when information constraints are present
and the plant has unstable decentralized fixed modes.

Fixed Modes
Let us consider the system S of Eq. (27) in the form

S: x:Ax+Zéiui

eV

(45)

Yi =C;x,

i e N
where only the inputs and outputs are partitioned as in Eq.
(28), but the state (and thus the matrix A) is considered as a
whole. Either the subsystems are ignored for technical rea-
sons, or there are no natural or useful decompositions of the
system into interconnected subsystems. In this case, the con-
trollers C; described in Eq. (41) still use local measurements

y; and inputs u;, but are collectively responsible for the stabili-
zation of S. The closed-loop system is

. i| [A-BK,C -BH,][x
S&C,, : u_[ 6. F) MZ} (46)

The basic result of Ref. 17 states that the closed-loop system
S&C, is stabilizable by decentralized controllers C; if and
only if the set of decentralized fixed modes

Ap=[oeA-BK,C)= [\ o <A - ZBiKiC‘i> (47)
k) Ky...Ky ie

lies in the open left half plane. This result includes the inter-

connected system of Eq. (44) in an obvious way.

A simple characterization of decentralized fixed modes was
provided in Ref. 18. For any subset .# = {i;, . . ., ip} of the
index set .1, let .#¢ = {j;,. . ., jn_p} denote the complement of
4 in /", and define

(48)
Ciy_p

Then a complex number A € C is a decentralized fixed mode
of S if and only if

rank A~_M B, <n (49)
Cpe O
for some .¥ C ./". Thus, the appearance of a fixed mode can

be attributed to a special pole—zero cancellation, which can-
not be removed by constant decentralized feedback. However,
under relatively mild conditions, such fixed modes can be
eliminated by time-varying decentralized feedback.

Structurally Fixed Modes

Graph theory serves as a suitable environment for both con-
ceptual and numerical analysis of large-scale systems (6), be-
cause it allows the designer to take advantage of the special
structural features of a large system before attempting a
costly quantitative analysis. In particular, the theory is suit-
able for handling the lack of exact knowledge of system pa-
rameters by considering the existence rather than the true
value of a connection between any two variables in the sys-
tem (19).

A graph-theoretic characterization of controllability was
introduced by Lin (20). He established that in an uncontrolla-
ble pair (A, B), loss of controllability is either due to an insuf-
ficient number of nonzero parameters (indicating a lack of
sufficient linkage among system variables), or due to a perfect
matching of system parameters. In the former case, the pair
(A, B) is structurally uncontrollable in the sense that all pairs
having the same structure as (A, B) are uncontrollable. By
describing the structure of (A, B) using a directed graph,
structural controllability can be checked via efficient graph-
theoretic algorithms (6). In this context, a pair (A, B) is struc-
turally controllable if and only if:



1. The system graph is input-reachable, that is, each state
variable can be reached along a directed path by at
least one input, and

2. The system graph has no dilation, that is, there exists
no subset of state variables whose number exceeds the
total number of all state and input variables directly
affecting these variables.

The concept of structurally fixed modes represents a general-
ization of the idea of structural controllability (21). Let D =
(7, &) be a directed graph associated with the system S of
Eq. (27), where 7" = 7% U & U % is a set of vertices corre-
sponding to inputs, states, and outputs of S, and ¢ is a set of
directed edges corresponding to nonzero elements of the sys-
tem matrices A, B, and C. To every nonzero a; there corre-
sponds an edge from vertex x; to vertex x;, to every nonzero
b; an edge from u; to x;, and to every nonzero c; one from x;
to y;. Given a feedback pattern K, which adds a feedback edge
from y; to u; for every k; = 1, one obtains a digraph Dz = (7
¢ U ¢'g) that completely describes the structure of both the
system S and the feedback constraint specified by K, a special
case of which is the decentralized constraint. In this case, per-
missible controllers have the structure

Cr:  Zi=Fz+) gy,
Jjes; (50)
U = _hiTZi - Zkijyi
i<

where 7; = [k, = 1}
If we choose a gain matrix K to conform with the feedback
structure K, then the set

Ag = ﬂ o (A — BKC) (51)
K

can be conveniently specified as the set of fixed modes with
respect to the decentralized feedback structure constraint de-
fined by K. It is fairly easy to show (6) that the system S can
be stabilized by the constrained controller Cx if and only if
Ag is contained in the open left half plane. To characterize
Az as in Eq. (49), let us consider the index sets . C .# = {1,
2, . . ., M} and replace J€ by 7 = U,c,c_#;, where /€ now
refers to the complement of .¥ in .7 .

In order to formulate graph-theoretic conditions for the ex-
istence of structurally fixed modes, let us recall that two sys-
tems are said to be structurally equivalent if they have the
same graph. Then, a system S is said to have structurally
fixed modes with respect to a given feedback structure K if
every system structurally equivalent to S has fixed modes
with respect to K. “Structurally fixed” is a generic concept:
Having structurally fixed modes is a property of a class of
systems sharing the same graph. Most importantly, if a sys-
tem has no structurally fixed modes, then it either has no
fixed modes, or the fixed modes can be removed by arbitrarily
small perturbations of system parameters. This means that if
a system has no structurally fixed modes for a given K, then
(generically) it can be stabilized by a controller with a gain K
and structure K, decentralized structure being a special case.

It was shown in Ref. 21 that a system S has no structurally
fixed modes with respect to a feedback pattern K if and only
if:
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1. All state vertices of Dz are covered by vertex disjoint
cycles, and

2. No strong component of Dz contains only state vertices,
where a strong component is a maximal subgraph
whose vertices are reachable from each other.

How this graph-theoretic criterion can be used to choose a
minimum number of feedback links that avoid structurally
fixed modes is explained in Refs. 6 and 22.

STABILIZATION

It has been common practice to use decentralized control in
the stabilization of large interconnected systems. Each sub-
system is stabilized independently using local feedback, and
stability of the overall system is established using the Matro-
sov—Bellman concept of vector Liapunov functions. While a
vector Liapunov function may offer more flexibility and com-
putational simplicity than a scalar one, it remains inherently
conservative. The use of vector functions, however, has been
justified by the presence of uncertainty in the interconnec-
tions, which can cause a breakup of the system during opera-
tion along the subsystem boundaries. The method of vector
Liapunov functions is a natural tool for making decentrally
controlled systems robustly stable to interconnection failures,
that is, connectively stable (6).

Vector Liapunov Functions

Let us assume that the plant is governed by linear time-in-
variant equations

N
S: X, =A;x; +Bu; + Zeiinjxj, ie N (52)
=1

which are an obvious derivative of Eq. (28) save for the inser-
tion of the interconnection parameters e; € [0, 1]. The param-
eters are coefficients of the N X N interconnection matrix
E = (e;), which are used to model the uncertain strength of
interconnections.

To stabilize S we use the decentralized control laws of Eq.
(39) to stabilize each individual closed-loop system

S, :

I X =@A@,—-BK)x;, ie. N (53)
This is presumably a relatively easy task, because the subsys-
tems have low dimensions. Stability of each decoupled closed-
loop system follows from a subsystem Liapunov function
v;: R — R,. These individual functions are then stacked up
to form a vector Liapunov function v(x) = [vi(x1), vs(xy), . . .,
vy(xy)]?. Finally, the vector Liapunov function is used to form
a scalar Liapunov function V:R" — R, of the form

V) =dTv (54)

where d = (dy, dy, . . ., dy)' is a positive vector (d; > 0, i €
7). The Liapunov function V(x) is utilized to establish stabil-
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ity of the overall closed-loop system

N
S: A =Ax+) ejAx;, i€ N (55)
j=1

where A, = A, — BK,.
Taking the total time derivative of V(x) with respect to S,
after lengthy but straightforward computations (6), we get

Vx), < —d"Wz (56)
where z = (|, [leall, . - -, [eal)”, and W = (w,) is the aggregate
matrix defined as

wij _ o i Bii (57)

J
Typy QA
The positive numbers «; depend on the choice of v/’s, and the
nonnegative numbers (3; are bounds on interconnection matri-
ces A;. The binary numbers e; are elements of the N X N
fundamental interconnection matrix E = (e;), which define
the nominal structure of S,

1 ifS;actsons;

;= (58)
0 if'S; does not act on S,

It is a well-known result (6,19) that:

The interconnected system S is connectively stabilized by
decentralized control u; = —Kyx;, i € ./, if the aggregate ma-
trix W is an M matrix.

A matrix W = (w;) with nonpositive off-diagonal elements
is an M matrix if and only if there exists a positive vector d
such that the vector

c=Wd (59)
is a positive vector as well, and stability of S follows by the
standard Liapunov theorem involving V(x) > 0 and V(x)s < 0.
The connective property of stability, which requires stability
to hold for all £ = E, is concluded from the fact that W(E) =
W(E) element by element, and W is an M matrix whenever
W is.

Epsilon Decompositions

Epsilon decompositions are ideal preconditioners for the sta-
bilization of large-scale systems using decentralized control
and vector Liapunov functions (6,9). To see this, assume that
C = 0 and form the augmented matrix

A B
M:[O 0} (60)

for the system S of Eq. (27). By applying the epsilon decompo-
sition to M and regrouping the variables, we get S as

N
S: x;, =Ax; +Bu;, +¢ ZAljxj—l—Bijuj , 1te
i—1
A
(61)

By applying the decentralized feedback of Eq. (39), we obtain
the closed-loop system as

=

X, rte N (62)

i

S: xizAixi—l—e A,

—

.~

where A; = A; — ByK,. In this case, the aggregate matrix
W = (w;) is defined as

J— ai? i = .]
Wy = .. (63)
_éﬁljv L#]

We recall (6) that if the threshold € is sufficiently small, then
W is an M matrix: The smaller the absolute values of w;/’s,
the easier it is for W to satisfy the M-matrix conditions. We
note, however, that the smaller € is, the smaller the number
of subsystems will be, implying a smaller reduction in the
dimensionality of the stability problem via decomposition.

Decentrally Stabilizable Systems

Vector Liapunov functions provide only sufficient conditions
for stability of interconnected systems, and one may search in
vain for stabilizing control. For this reason, there are a num-
ber of results aimed at identifying classes of interconnected
systems which can always be stabilized by decentralized
feedback.

The most popular (but also the most restrictive) conditions
for decentral stabilizability are the matching conditions (23),

ImB; > ImA; (64)

These conditions simply imply that the interconnections may
be made to enter the subsystem through the input matrices
B;, that is, we have

N
S: xi =Aixi +Bz <ui + ZeijDijxj> , Le (65)

which means that A; = B.D,; for some matrices Dj;.

Nonmatching conditions for decentral stabilizability of sin-
gle-input subsystems have been considered in Ref. 24. The
system S is described as

S: X =Ax; +bu; + Z e;Ax;, et

Jjen

(66)

where, without loss of generality, the subsystem pairs (4;, ;)
are assumed to be in the controllable canonical form. For each



interconnection matrix A;, define an integer

max{q —-p :a’zq 7é O}s ALJ 7é 0
n, A. =0

ij

(67)

m; =

Thus, m; is the distance between the main diagonal and a
line parallel to the main diagonal that borders all nonzero
elements of A;. Given an index set ¥ C ./, let_7 denote any
permutation of .7. Then, the following holds:

The system S of Eq. (66) is stabilizable by decentralized
state feedback u; = —kf x;,i € ., if

Y m;—1)<0

ies
Jes

(68)

for all ¥ and all permutations ¢

In the special case of matching conditions, m; = n; — n,.
The condition in Eq. (68) was obtained via vector Liapunov
functions, and therefore guarantees decentral stabilizability
even when the elements of the interconnection matrices A;
are bounded nonlinear time-varying functions of the state x.

There are a large number of results that characterize
wider classes of decentrally stabilizable systems (e.g., Refs.
24-27), most of them surveyed in Ref. 6. Some of the results
broadened the scope of the given framework to include multi-
variable systems, time delays in the interactions, time-vary-
ing models, and stochastic perturbations. Especially interest-
ing are schemes for decentralized output control, which
utilize dynamic output controllers or decentralized estimators
for reconstruction of the state of the overall system from the
subsystem state estimates.

Robustness. There are many useful and interesting proper-
ties of systems stabilized by decentralized feedback. First,
stability of decentrally controlled systems can tolerate nonlin-
earities in the interconnections; the nonlinear interconnec-
tions need not be known, since only their size must be limited.
Once the closed-loop system § is shown to be stable, it auto-
matically follows (6) that any nonlinear time-varying version

Sy: & =Ax,+htx), ic. A (69)

of S is connectively stable, provided the conical constraints

N
h, @&, 0l <> egyllxl,  ie N (70)
j=1

on the interconnection functions A;:R X R* — R" hold for all
(t, x) € R X R". This robustness result is useful in practice
because, typically, either interconnections are poorly known,
or they change during the operation of the controlled system.
Obviously, the result includes the case when the interconnec-
tion parameters e; are considered as nonlinear time-varying
functions e¢;: R X R* — [0, 1].

Connective decentralized stabilization was considered by
Tan and Ikeda (28) and, when applied to robotic manipula-
tors, by Stoki¢ and Vukobratovié¢ (29), Mills and Goldenberg
(30), and Mills (31). New results in robust design of decentral-
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ized control have been obtained by Chen et al. (32,33), Zhang
et al. (34), and Hassan et al. (35).

Since the introduction of multiple control system concepts
for reliable stabilization (36), there have been numerous pa-
pers dealing with controller or sensor/actuator failures. Solu-
tions to this problem in the algebraic setting were given by
Vidyasagar and Viswanadham (37), Ozgiiler (38), Tan et al.
(39), and Giindes and Kabuli (40); relying on adaptation, by
Cho et al. (41); using 7., by Veillette et al. (42), Medani¢
(43), and Park and Bien (44); and in the context of linear qua-
dratic control by Veillette (45). An application of the multiple
control system concept to reliable control of steam generators
was offered by Wu and Lin (46).

There are a number of interesting recent results concern-
ing fixed-gain designs of decentralized control for intercon-
nected systems. In Ref. 47 a stabilization scheme was pro-
posed in the parameter space of linear systems, which was
formulated in the standard framework of convex program-
ming. This opened up the possibility of using a variety of con-
cepts and algorithms available in the linear matrix inequali-
ties approach (48) for robust decentralized designs. A
promising result is the decentralized quadratic stabilization
of interconnected systems (49), which can be reduced to an
I control problem (see also Refs. 50 and 51).

There is a large body of literature on decentralized control
design using frequency-domain methods, which is based on
the work of Rosenbrock (52). The initial results were obtained
in Ref. 53 and further developed in Refs. 54—56 using the M-
matrix theory and block-diagonal dominance. Parametriza-
tion of decentralized stabilizing controllers by the fractional
representation approach was considered in Refs. 57-60. Fi-
nally, we should mention a number of books (61-65) where a
wide variety of useful methods and techniques can be found
for the design of stabilizing decentralized control.

ADAPTIVE CONTROL

Decentrally stabilizable systems with suitable interconnec-
tion structures can (always) be stabilized by using local states
or outputs, often employing high-gain feedback. How high the
gains should be depends on how strong the interconnections
are. More often than not, it is difficult, or impossible, to pre-
dict and limit the size of the coupling among the subsystems,
implying that fixed-gain controllers may be incapable in stabi-
lizing the system. In such cases, one has to use adaptive con-
trollers, which can adjust the gains to values needed for over-
all stability (66).
Let us consider a single-input, single-output version of S,

S: X% =Ax; +bu; +Pu,;
¥ =¢ix; (71)
w; = Q;x;, e

where x; € R%, u; € R, and y; € R are the state, input, and
output of the subsystem S,, and v; € R™ and w; € R are the
interconnection inputs and outputs of S; from and to other
subsystems S;, j € ./, which are related as

v, =h;(t, w), ie N (72)
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The crucial restriction on the functions A;:R X R' — R™ is
that they are bounded:

N
Ik &, w)ll <y Byllw; | (73)
j=1

where ; are nonnegative, but unknown, numbers. The matri-
ces A; and vectors b; and ¢; defining the subsystem S; are not
specified, except for the fact that pairs (A;, b;) are controllable
and that pairs (A,, ¢;) are observable. The uncertainty about
the triples (A;, b;, ¢;) compounds the essential uncertainty
about the overall system S caused by our ignorance of the
interconnections.

The control objective is to force each state x;(¢) of S; to track
the state x,,(¢) of the corresponding reference model

M, : Xy = ApiXmi + 0,07
. T (74)
Ymi = Cmi¥mis et

where r; € R is the external (reference) input. To achieve this

objective, we assume that there exist subsets .¥ C ./ and
J = .1"— 7 such that
P, =b,pT, ies
i i . . ) (75)
Q; =4q;¢; . te t

for some constant vectors p; € R™ and q; € R%, which are
matching conditions requiring that either incoming distur-
bances enter through the control channel or outgoing distur-
bances pass through the measurement channel. These condi-
tions, as shown in Ref. 67, make the system stabilizable by
high-gain decentralized feedback, and are crucial for the ad-
aptation scheme to work.

The basic requirement of the adaptive regulator is to drive
the state of the overall system S to zero. For this purpose, the
local control laws are chosen as

(76)

where 6; € R" is the time-varying adaptation gain vector. To
arrive at suitable adaptation laws 6,(¢), we choose A,,’s as (sat-
isfactorily) stable constant matrices and set

6, = —R,(kTx)x;,, ie. N (717)
where R; and k; are appropriate constant matrices and 6,(¢,)
is finite. Finally, the closed-loop system is

S: % = A,,; +b,0])x; + b,pTh,

. r (78)
¢; = —R;(k; x;)x;,

ie N

where ¢; € R" is the ith parameter adaptation error defined
as ¢; = 0, — 6%, and 6 is a model-matching constant parame-
ter vector. We denote the solutions of the closed-loop system
S by (x, P)E; to, x0, ¢o), where x = (xI, xf, . . ., x}) and ¢ =
(¢f, #5,. . ., $%)". Relying on the decentral stabilizability con-
dition of Eq. (75), Gavel and éiljak (66) established the follow-
ing basic result:

The solutions (x, ¢)(&; to, xo, ¢y) of S are globally bounded,
and x(¢; to, x, ¢p) — 0 as t — .

The adaptive stabilizability conditions, which are based on
structural restriction in Eq. (75), allow the controller gains to
rise to whatever level is necessary to ensure that stability of
the subsystem overrides the perturbations caused by inter-
connection fluctuations, so long as they are finite. The bound-
edness part of the above result ensures the boundedness of
the adaptation gains and therefore the realizability of the de-
centralized adaptive control scheme.

The above basic result has many extensions. In the state-
tracking problem, the state x(¢) of the plant S follows the
state x,,(¢) of the reference model M despite the change in the
size and shape of interconnections. Furthermore, the steady-
state tracking error e(t) = x(t) — x,(t) can be made as small
as desired. When the subsystem models are known, which is
often the case in practice, the adaptive decentralized scheme
extends to multiinput, multioutput subsystems with added
simplicity in implementation; the scheme requires only one
adaptation parameter per subsystem. Under relatively mild
conditions the scheme can accommodate output feedback con-
trollers as well.

Since the initial work on adaptive decentralized control by
Hmamed and Radouane (68), a wide variety of schemes have
been developed. Unmodeled dynamics with fast and slow
modes in the subsystems was considered by Ioannou and Ko-
kotovié (69). The use of input—output models was initiated by
Wiemer and Unbehauen (70) for a discrete-time problem of
decentralized adaptive control. A state-space approach to the
same problem was proposed by Reed and Ioannou (71) as well
as Kamoun et al. (72) and Yang and Papavassilopoulos (73).
Motivated by models of mechanical systems, Shi and Singh
(74,75) considered higher-order interconnections with polyno-
mial bounds. Poor transient behavior of the standard adap-
tive schemes, which is caused by insufficient knowledge of
subsystem parameters, can be improved by exchanging the
output signals between individual subsystems and assuming
weak coupling (76).

A major drawback of the early adaptive decentralized
schemes was the relative-degree restriction on the subsys-
tems. This restriction was first removed by Ortega and Her-
rera (77) by using the concept of higher-order tuning. The
same result was later achieved by Wen (78) by applying the
integrator backstepping procedure. The original scheme of
Gavel and Siljak (66) was extended by Lyon (79) to the case
when the relative order of each subsystem does not exceed
two. Due to the high-gain nature of the adaptive scheme pro-
posed in Refs. 66, 80, a variable-structure decentralized con-
trol (81,82) became a logical candidate for improving the de-
sign. Sasaki et al. (83) developed a variable-structure version
of their decentralized adaptive scheme for control of distrib-
uted systems.

Input—output models with relay-type controllers were used
by Brusin and Ugrinovskaya (84); see also Refs. 85 and 86. In
Refs. 87 and 88, coordinate transformations have been uti-
lized to broaden the class of systems that can be stabilized by
decentralized adaptive control. Indirect adaptive schemes
have been proposed by Wen (89) and Spooner and Passino
(90). Finally, a partially decentralized adaptive control has
been developed in Ref. 91.

OVERLAPPING DECENTRALIZED CONTROL

In a wide variety of natural and industrial systems, subsys-
tems share common parts (6). In these cases, for either con-



ceptual or computational reasons it is advantageous to use
overlapping decentralized control. We will use the overlap-
ping epsilon decomposition to provide a justification for such
a practice.

Let us consider a linear constant system

S: x=Ax+Bu (79)
where x € R*, u € R™, and the block matrices
A _Apl Ay Bt 0.
A=|€Ay ! Ay €Agq |, B=|0:0 (80)
€A1 Agy  Agg 0 i Bj

are decomposed along the dashed lines defining the two over-
lapping subsystems. By using a linear transformation

i=Vx (81)
where V is the i X n matrix
I, 0 0
0 I, O
= 2
\% 0 I, 0 (82)
0 0 I

and the identity matrices are compatible with the blocks of
A, we get the expansion of S as

S: x=Ai+Bu (83)
where x € R", i = n, + 2n, + ng, and nq, ny, n3 are dimensions

of the square matrices A;;, Ay, and Ajs. The system matrices
are

A=VAU +M, B=VB+N (84)
and
[, o o0 o
U=|0 I, i, ©
|0 0 0 I
[0 %Am —%Am 0 (85)
Mo 0 A, —3545 O
0 —3Ap 34y O
[0 —3A5 345 O
N=0
Then, the expansion S of Eq. (83) has the form
Ay Ap : 0 €Ay By, : 0
- N €Ag; Aggt 0 €Agg | . 0: 0
S: x= Ay 0 TAy A, x4+ 0o u (86)
€Az; 0 1Ay Ay 0 i By,

where the dashed lines delineate two disjoint subsystems, so
that we can write the expansion S as

S: i= [-‘L}}l-i-fél%} i+ FILE--B-} u (87
A ;]
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It is crucial to note from Eq. (87) that the expansion S of
Eq. (86) has an epsilon decomposition, while the original sys-
tem S of Eq. (80) does not. Decentralized stabilization
schemes can now take advantage of the weak coupling among
the two subsystems, and use local feedback to stabilize the
expansion S by independent stabilization of the two subsys-
tems. It is easy to show that stability of the expanded system
S implies stability of the original system S.

The circle of ideas and methods surrounding the overlap-
ping decompositions and control structures have been orga-
nized into a general mathematical framework known as the
inclusion principle (6). In a wide variety of problems arising
in the theory and practice of large-scale systems, the principle
produced interesting conceptual insights and useful solution
procedures (92—-98).

OPTIMIZATION

Despite considerable efforts and a large number of new re-
sults in the theory of large complex systems, the fundamental
problem of optimal decentralized control has remained un-
solved for over two decades. The simple reason has been the
fact that the decentralized information structure constraints
have not been successfully incorporated into any of the stan-
dard optimization frameworks. Neither Pontryagin’s maxi-
mum principle nor Bellman’s dynamic programming can han-
dle the lack of complete state observation, a difficulty
recognized by Fleming (99) as far back as the late sixties. For
this reason, there have been a large number of results relying
on pragmatic suboptimality concepts, which have capitalized
on effective solutions of robustness issues in the subopti-
mality framework (6).

The standard practice has been to optimize each decoupled
subsystem using linear quadratic (LQ) control laws. Then,
suboptimality of the interconnected closed-loop system, which
is driven by the union of the locally optimal LQ control laws,
is determined with respect to the sum of the quadratic costs
chosen for the subsystems. Under relatively mild conditions,
suboptimality implies stability. Furthermore, the degree of
suboptimality, which is computed with respect to the globally
optimal union of decoupled subsystems, can serve as a mea-
sure of robustness with respect to a wide spectrum of uncer-
tainties residing in both the subsystems and their interac-
tions. It has been shown (100) how the classical measures of
gain and phase margins, as well as the gain reduction toler-
ance, can be incorporated in the decentralized LQ control of
large interconnected systems.

Recently, a solution to the optimal decentralized stochastic
control problem has been offered in the classical optimization
framework of Lagrange (101) relying on the constrained opti-
mization approach proposed in Ref. 102. The principal idea is
to redefine the information structure constrains as differen-
tial equations, and attach Lagrange multipliers to each con-
straint to obtain sufficient as well as necessary conditions for
optimality of decentralized control laws. The multipliers are
functions of time and state, and, because of the role they play
in the optimization process, they are termed the Lagrange—
Liapunov multipliers. The sufficient conditions are formu-
lated in terms of the Hamilton—Jacobi-like equations and are
proved by using the method of global optimization (103). In
contrast, the necessary conditions of optimality, which are de-
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rived very much in the spirit of the Fleming’s result, require
the solution of a two-point boundary value problem with a
minimum condition of the Pontryagin type.

Let us present the main idea of this new development with
a minimum of technical elements. A system S, which is com-
posed of N interconnected subsystems, is described by a sto-
chastic differential equation of Ito’s type,

S: dx; = <Aii(t)xi +B;t)u;t,x)

n (88)
+ZAij(t)xj> dt +C;(t,x)dw;, i€V
J#i
With the system S we associate a quadratic cost
1 X
J = B ‘. : ] Q; (t)x; + u] R;(t)u;1dt (89)
i=1"%

The design objective is to determine a control u(¢, x) that
drives the system S optimally with respect to cost J and, at
the same time, satisfies the essential information restriction
that the control law u; at each individual subsystem can uti-
lize only the locally available state x;. More precisely, we have
the following problem:

Determine a control u(¢, x) that minimizes the functional J
with respect to the system S under the decentralized informa-
tion structure constraints
(90)

u; = u; (¢, x;), e N

By reformulating the constraints in Eq. (90) as differential
equations

du;(t,x) _

Py 0, e N

91

where the vector x’ is the state vector x without the state x; of
the ith subsystem, we can append Eq. (91) to the equations of
motion in Eq. (88) and use the standard Lagrange optimiza-
tion framework in the manner suggested by Pontryagin in his
maximum principle and by Bellman in his version of the
Hamilton—Jacobi equation. When the additional assumption
of Gaussian state evolution is added, the optimality condi-
tions obtained in the new approach provide a feedback struc-
ture for decentralized control, which involves Riccati-type
equations in the same way as in the classical regulator theory
of Kalman (104). This fact is expected to play a major role in
applications of optimal decentralized control to complex inter-
connected systems.
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