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OPTICAL WAVEGUIDE TRANSITIONS

Most useful integrated optical waveguide devices use a series
of waveguide transitions where the cross section of the wave-
guide structure changes in the direction of propagation. In
the Mach Zehnder interferometer and in the directional cou-
pler, both of which are commonly used, waveguide branches
are used on both sides of a phase shift region to form an elec-
trooptic modulator or switch. The performance of these de-
vices depends on how well the transitions perform their in-
tended function. To understand and optimize device
performance it is therefore useful to be able to predict the
transmission characteristics of waveguide transitions.

These characteristics are completely defined by Maxwell’s
equations. By using a computer approach, such as the beam
propagation method (1,2), computer-generated solutions for
each particular geometry of interest can be obtained. This ap-
proach has the advantage of providing accurate results for
specific cases. However, computer approaches can be tedious
and require multiple iterations to provide design guidance.

An alternative approach is the local normal mode formal-
ism (3,4), an extremely powerful prediction tool. Coupling be-
tween local normal modes is caused by variations of wave-
guide parameters in the direction of propagation. With this
formalism, the transmission properties of most waveguide
transitions can be shown to depend on a few aggregate pa-
rameters which make most devices easy to understand and
design. Under certain approximations, analytic solutions can
be obtained to describe the amount of power transferred be-
tween these modes. These solutions can then be used to pre-
dict the performance of transition structures. The drawbacks
of the local normal mode formalism include its inability to
handle more than a limited number of modes (usually two),
its inability to account for radiation, and its generally approx-
imate representation.
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Figure 3. Electric field profiles for the first two normal modes of a
three-layer waveguide. Normal modes are used in the modeling of
transition structures.
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Figure 1. Waveguide branching structures. In (a) the waveguide
branch is used to divide optical power or to separate normal modes.

yields electric-field profiles, shown in Fig. 3. These field solu-In (b) the separating waveguide is used to separate the outputs of
tions are called the normal modes of the waveguide. In Fig. 3two closely spaced channels.
the geometry and optical wavelength are assumed such that
the structure supports two normal modes. We will identify
the first or symmetric mode as �i and the second or antisym-

In general the local normal mode formalism is useful for metric mode as �j. These modes have propagation constants
understanding the behavior of waveguide transitions and for �i and �j.
giving approximate design information. Computer solutions
are useful for more precise results, looking at the effects of Local Normal Modes
radiation, and in cases where a two-mode formalism cannot

By definition the normal modes of a structure are orthogonal,be employed.
i.e., they satisfy the orthogonality condition

SEPARATING WAVEGUIDES AND HORNS
∫ ∞

−∞
�i(x)�∗

j (x) dx = 0 (1)

The most common waveguide transition structures are sepa-
where x is the coordinate transverse to the waveguide. Inrating waveguides (also called branches) and horns. A sepa-
waveguide transitions in which the waveguide layer thick-rating waveguide may be a waveguide branch, as shown in
nesses or indices vary in the direction of propagation (z), Eq.Fig. 1(a), or the separating region of two closely coupled wave-
(1) is no longer true and one cannot strictly speak of the nor-guides, as in Fig. 1(b). Waveguide branches are known as
mal modes of the structure. Instead, we introduce the conceptpower dividers or mode splitters, depending on whether input
of a locally normal mode (5) as suggested in Fig. 4. At a wave-power is divided between output arms of the branch, or
guide position z0, consider the waveguide parameters at thatwhether the output power is predominately in a single output
position, and solve for the normal modes of the structure asarm of the branch. Waveguide horns are used to change the
if it did not vary with z. These normal mode solutions aredimensions of channel waveguides and to couple from planar
then said to be the local normal modes of the actual varyingguides to channel guides, as shown in Fig. 2. To provide a low
waveguide structure at the position z0. The local normal modeloss transition, the horn must operate such that the input
representation will now become a function of z.mode propagates through the structure without cumulative

In contrast to the normal modes of a fixed structure, thepower transfer to higher order modes. Obviously any of these
amplitudes of the local normal modes in a varying waveguidestructures may be operated in reverse.
structure are not necessarily constant. Power transfer occurs
between the local normal modes of a varying structure, and
the magnitude of that power transfer will depend on the rateLOCAL NORMAL MODE FORMALISM

Normal Modes

For a simple three-layer waveguide structure a solution of
Maxwell’s equations for the guided modes of the structure
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Figure 4. A local normal mode is defined by replacing the slowly
varying waveguide structure at z0 (solid line) with a structure con-
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stant with z (dashed line), and obtaining the normal mode solutions.
Local normal modes are used as approximations to normal modes inFigure 2. A channel waveguide horn is used as a transition struc-

ture to connect single-mode and multi-mode sections of waveguide. transition structures.
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Figure 5. Abrupt transition at which the waveguide separation in-
creases at a plane. This model represents a section of a branching or
separating waveguide.

of change of the geometry of the structure. This rate of change
can be either slow or fast, yielding adiabatic or abrupt transi-
tions, respectively.
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ADIABATIC AND ABRUPT TRANSITIONS

Figure 6. Uncoupled mode field profiles for waveguides at large sep-
aration. Linear combinations of these modes can be used to representA slow or adiabatic waveguide transition is defined as a tran-
the normal modes of the coupled waveguides with finite D3.sition between two waveguide structures that takes place suf-

ficiently gradually with propagation distance z so that negligi-
ble power transfer occurs between the local normal modes, as

guides. It can also be used to provide an approximate repre-they propagate from one structure to the other. In an adia-
sentation for the normal modes of coupled waveguides (3,4).batic transition, power injected in a given local normal mode

If D3 is the separation between the two coupled waveguideswill stay in that mode throughout the transition. The local
of Fig. 7, the coupling coefficient between them is assumed tonormal mode may change its shape as the geometry changes,
be of the formbut coupling to other local normal modes is assumed not to

occur.
K = K0e−γ3D3 (2)The opposite extreme is a fast or abrupt transition in

which a transition between two waveguide structures is made
where K0 is a constant and �3 is the transverse component ofso abruptly that the maximum amount of power transfer be-
momentum in the region between the waveguides. The differ-tween the local normal modes occurs, consistent with the ge-
ence in the guide propagation constants, at large separation,ometry of the two waveguide structures. The limiting case of
is �� � �a � �b. We introduce the coupled waveguide parame-an abrupt transition is one that occurs at a plane, perpendicu-
ter X:lar to the direction of propagation of the modes. A plane or

step transition is illustrated in Fig. 5. Power transfer between
local normal modes at a step transition can be readily calcu- X = �β

2K
(3)

lated from a consideration of boundary conditions at the tran-
sition. We show below that, in this approximation, power transfer

between local normal modes at an abrupt transition between
COUPLED-MODE THEORY REPRESENTATION
OF NORMAL MODES

For separating or branching waveguides, we will be dealing
with two waveguides which can each independently support
a single mode but which are sufficiently close to each other so
that the optical fields of the two guides overlap in some re-
gion. The waveguides are then said to be coupled because
transfer of optical power between them can occur. We first
define the modes of the guides when they are uncoupled; that
is, the separation between the guides approaches infinity so
that optical coupling between them does not occur (Fig. 6).
Then, if the waveguides are denoted a and b, the uncoupled
mode field profiles are denoted by �a � �ia and �b � �ib, and
their propagation constants by �a and �b, respectively. These
are the normal modes of each guide considered separately and

D3

(a)

(b)

Ψi Ψjare called the modes of the uncoupled waveguides.
Coupled-mode theory (6–8) is a perturbation approach Figure 7. Coupled waveguides at finite separation. The coupled

which uses the modes of the uncoupled waveguides to de- mode theory representation of the normal mode field profiles is shown
for �� � 0.scribe optical power transfer between two coupled wave-
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separating waveguides is a function only of the change in X where the element Sj1i0 denotes scattering from mode i inci-
across the transition. dent on side 0 to mode j exiting from side 1, and so on. Equa-

For finite D3 the normal modes of the coupled waveguide tion (7) defines power division from a normalized input mode
system of Fig. 7 can then be expressed as a linear combina- to the normalized output modes at a transition. For example,
tion of the uncoupled modes �a and �b for mode i incident on side 0(�0 � �i0), the output fields on

side 1 are Si1i0�i1 in mode i, and Sj1i0�j1 in mode j. The total
output field is�i ≈ d�a + e�b (4a)

� j ≈ −e�a + d�b (4b)
�1 = Si1i0�i1 + Sj1i0� j1 (8)

Normalization is provided by d2 � e2 � 1. Since the normal
modes should be orthogonal, Eq. (1) applies. However, this Reciprocity and energy conservation require S to be symmet-
becomes an approximation due to the overlap of the uncou- ric and unitary (9). Then Sxy � Syx and the unique elements of
pled modes for finite D3. The constants d and e are given by Eq. (7) can be represented by

d =
{

1
2

[
1 + X

(X 2 + 1)1/2

]}1/2

(5a)

e =
{

1
2

[
1 − X

(X 2 + 1)1/2

]}1/2

(5b)

[
Si1i0 Si1 j0

Sj1i0 Sj1 j0

]
=

[
(1 − P)1/2e jφi1i0 P1/2e jφi1 j0

P1/2e jφ j1i0 (1 − P)1/2e jφ j1 j0

]
(9a)

with

φi1 j0 + φ j1i0 − φi1i0 − φ j1 j0 = ±π (9b)
The difference in normal mode propagation constant, ��ij �
�i � �j, is

where P is the power transferred between the local normal
modes in the waveguide transition. Note that P( j � i) � P(i�βij = 2K(X 2 + 1)1/2 (6)
� j). Equation (9b) provides the necessary relationship be-
tween the phases of the elements of the scattering matrix.

As an example of the coupled-mode theory representation These equations then totally define the scattering matrix for
of the normal modes, the case of �� � 0 is plotted in Fig. 7.

a general waveguide transition that supports two normal
In this case X � 0, so e � d. The normal modes are made up

modes. For adiabatic transitions P � 0 and phases are imma-of linear combinations of the uncoupled modes, with equal
terial. For abrupt transitions between separating waveguidesamplitude.
we will see subsequently that power transfer and phases canThe coupled-mode theory representation of the normal
be calculated analytically simply from a knowledge of themodes outlined here is useful in that it provides an analytic
change in X at the transition. For intermediate transitions,representation with a direct dependence on the waveguide pa-
between adiabatic and abrupt, power transfer and phasesrameters. However, it is an approximation, and assumes ei-
must be calculated numerically for each case.ther that the coupling is weak, or that the waveguides are not

too dissimilar.
Power Transfer at Abrupt Transitions

Next we show how the scattering matrix approach can beSCATTERING MATRIX FORMALISM
used to calculate P, the power transferred between local nor-
mal modes at an abrupt transition (10,11), for separatingFour Port Model for a Waveguide Transition
waveguides. Figure 5 shows a model abrupt transition, where

In treating waveguide devices with arbitrary transitions it is two separating waveguides increase their separation by an
useful to develop the scattering matrix for a generalized four- amount �D3 across the boundary. Propagation is assumed in
port junction (9). With this approach one can derive output the direction of increasing z and the regions before and after
equations for any device involving two normal modes. Con- the boundary are denoted by 0 and 1. Since the local normal
sider a four port model of a general junction where modes i modes of a separating waveguide structure are characterized
and j may enter or exit on sides 0 or 1. The waveguide transi- by the parameter X, the abrupt transition can be character-
tion may be any one or two guide structure, and may be adia- ized in terms of the parameter X before (X0) and after (X1) the
batic or abrupt, or intermediate between these two cases. The transition. An input mode i is assumed. The input mode
modes on a given side may coexist in the same waveguide, �0 � �i0 is given by Eq. (4a), with d,e given by d0,e0. The out-
may be in separate waveguides, or a mode may have its power put modes are given by Eqs. (4a) (for �i1) and (4b) (for �j1),distributed between two waveguides. Back reflections, radia- with d,e given by d1,e1. The total output field is
tion, and losses are neglected, so that only forward scattering
is accounted for. The scattering matrix S can be defined by
(10): �1 = (1 − P)1/2e jφi1i0 �i1 + P1/2e jφ j1i0 � j1 (10)

For a plane boundary there is no accumulated phase across
the boundary. We can pick three phases to be zero and the
fourth must be chosen to satisfy Eq. (9b). This choice is re-
lated to the boundary conditions, and may be chosen consis-
tent with the boundary conditions from a knowledge of
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Here a(z) is the amplitude at a point z, �(x,z) is the x-de-
pendent field distribution, � is the mode propagation con-
stant, and � is a phase constant. Boundary conditions for TE
modes require Ey and Hx to be continuous across the step.
This requirement leads to a set of coupled amplitude equa-

Table 1. Sign Rules for Mode Coupling at Abrupt Transitions

X increases i0 � i1 � j1
j0 � j1 � i1

X decreases i0 � i1 � j1
j0 � j1 � i1

tions given by

whether X is increasing or decreasing across the boundary by

Aj1e− jα j1 = cij Ai0e− jαi0 + cjjA j0e− jα j0 (14a)

Ai1e− jαi1 = ciiAi0e− jαi0 + cjiA j0e− jα j0 (14b)
using the sign rules given in Table 1.

whereThe desired result is obtained by imposing the require-
ment of continuous transverse electric fields across the
boundary, that is, �0 � �1. This yields cij ≈ Ii0, j1√

Ii0,i0Ij1, j1

(15)

and I�,� � �����dx, for �,� � i,j. In Eq. (14), A� is the mode am-P = ( f1 − f0)2

( f1 − f0)2 + (1 + f1 f0)2 (11)
plitude a� normalized by a mode amplitude that corresponds
to unity power. Values of cjj and cii are obtained by the appro-

where f 0 � e0/d0 and f 1 � e1/d1, and f (X) is given by priate substitution of i and j in Eq. (15), and cji � �cij, a conse-
quence of power conservation. These equations are appro-
priate for a single step. By dividing a transition into manyf = e

d
= −X + (X 2 + 1)1/2 (12)

small steps and iteratively applying these equations one can
determine the output mode amplitudes, and thus powers, for

For symmetric steps (about a centerline), Eq. (11) is inde- the entire transition. The only requirement is that the fields
pendent of step size. For asymmetric steps, Eq. (11) is valid throughout the structure are known. Later, we will show that
for small step sizes. approximate analytic expressions for cij can be obtained, so

The approach developed in this section may be used to ob- that specific knowledge of the fields can be avoided.
tain the output equations for any device (12) composed of di-

Differential Formrectional couplers, interferometric sections, and combining
and separating branches, so long as the branches are as- By transforming the coupled amplitude equations of Eq. (14)
sumed to be abrupt. It allows one to keep track of modal into differential equations we can obtain coupled mode equa-
fields, and thus modal power, throughout the device, by seri- tions for the local normal modes (15). These equations can be
ally treating each transition, phase shift, or coupling section. used to show that transitions shaped in a particular way have
This formalism may be used to demonstrate how devices are analytic solutions, within the approximations made. Alterna-
affected when transitions assumed abrupt may in fact not be. tively they can be numerically solved themselves. The coupled
For devices with transitions intermediate between adiabatic amplitude equations can be expressed
and abrupt this approach may still be used to develop output
equations, but power transfer and mode phase changes in the
intermediate transitions must be computed with a numerical
technique.

Aj1 =
∑

γ

cγ iAγ 0, γ = i, j (16a)

Ai1 =
∑

γ

cγ jAγ 0, γ = i, j (16b)

which relate the transmitted local normal mode amplitudesCOUPLED AMPLITUDE EQUATIONS
on side 1 of a small step to those incident on side 0. The am-
plitudes are now considered to be complex so that Ai � �Ai�Single Step Model
exp [�j(�iz � �i)]. We generalize to a step in which an unspec-

One commonly used numerical approach to treat waveguide ified parameter p varies from p to p � �p across the step.
transitions is to divide the transition into a series of small Thus, p may be the channel width in an expansion horn or
abrupt steps, connected by regions of constant waveguide pa- the waveguide separation in a separating waveguide struc-
rameters, and calculate the mode propagation through this ture. We expect that cij will be proportional to the change �p
idealized geometry (13,14). For the single step of Fig. 5, the across the step, and remove this dependence by defining a
waveguide modes of interest are assumed to be incident on new coefficient Cij

side 0, and the transmitted mode amplitudes are computed
by imposing boundary conditions at the interface, i.e., the
transverse field components must be continuous.

Cij = lim
δp→0

( cij

δp

)
(17)

For two transverse electric (TE) guided modes, i and j, elec-
For a small step cjj � cii � 1, cij � �cji � Cij�p, and Eq. (16) cantric fields can be written as
be written as

dAj

dz
= Ci j

dp
dz

Ai − jβ jA j (18a)

dAi

dz
= −Cij

dp
dz

Aj − jβiAi (18b)

Ey = a(z)ε(x, z)e− jα(z) (13a)

where

a(z) = βz + φ (13b)
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which are the differential equations describing coupling be- COUPLED MODE THEORY REPRESENTATION OF Cij AND ��ij

tween the local normal modes. These equations will be re-
ferred to as the coupled normal mode equations. The coupled normal mode equations developed previously

show that coupling between local normal modes in a transi-
tion structure is governed by the coupling coefficient betweenAnalytic Solutions
them, Cij. Since we have analytic representations for the local

For specifically shaped transitions the coupled normal mode normal modes from coupled mode theory, we can use these
equations have an analytic solution (15,16). If Cij dp/dz � 0, representations to calculate an analytic expression for Cij

no power transfer between local normal modes occurs and the (11,17). This is done here for the separating waveguide struc-
evolution of local normal mode i is described by a phase fac- ture of Fig. 5, where the separation between guiding struc-
tor exp[�j�z

0�idz�]. Consider reduced mode amplitudes ai � tures is increasing across the step. From Eqs. (15a) and (17)
Ai exp[j�z

0�idz�] and aj � Aj exp[j�z

0�jdz�]. The variation of p we have
with z is determined by the shape of the transition. For a
shape such that

cij = Cij�D3 ≈
∫ ∞

−∞
�i0� j1 dx (23)

where the parameter p is replaced by �D3, the increase in

dp
dz

= γ

(
�βij

Cij

)
(19)

separation between the two guiding regions across the step.
Also, �i0 refers to �i before the step on side 0, and �j1 referswhere ��ij � �i � �j and � is an arbitrary constant, Eq. (18)
to �j after the step on side 1. Equation (23) is solved by sub-becomes
stituting the coupled mode representation for the normal
modes, yielding

Cij = γ3X
2(X 2 + 1)

(24)

daj

du
= γ ejuai (20a)

dai

du
= −γ e−jua j (20b)

which gives Cij as a function of X. This result is valid for sym-
where u � �z

0 ��ijdz�. Equation (20) is a set of conventional metric branch shapes. For asymmetric separating wave-
coupled mode equations with constant coefficient � for the guides, there will be a geometric contribution to Cij, which is
amplitudes ai and aj. These equations have the solution for not included in Eq. (24). For separating waveguides, ��ij is
aj given by Eq. (6).

BRANCHES
aj = ai0

2γ√
(4γ 2 + 1)

e ju/2 sin
[

1
2

(
√

4γ 2 + 1)u
]

(21)

The separating waveguide of Fig. 1(b) and the branchingfor the initial conditions ai � ai0 and aj � 0 at z � 0.
waveguide of Fig. 1(a) can be described in an equivalent man-The quantity � is a measure of the strength of the coupling
ner if the parallel waveguides in Fig. 1(b) are sufficiently closebetween the local normal modes. For small � the amount of
for the normal modes to have power in both guiding regions.power converted to mode j has a maximum value of
We will assume this to be true and from now on will refer
generically to both structures as branches. Branches fall into
two categories, depending on whether �� is or is not identi-

Pmax
j

Pi0
= (aja

∗
j )max

ai0a∗
i0

= 4γ 2

4γ 2 + 1
(22)

cally zero. For �� � 0, it follows that X � 0 throughout the
structure and no power transfer occurs. The normal mode

Adiabatic structures should be designed with � � 1, while shapes are defined by Eqs. (4) and (5) and each normal mode
abrupt structures need � � 1. The approach considered here always has its power evenly divided between the two arms of
is valid if the principal coupling occurs between mode i and the branch. Subsequently we will discuss the case �� � 0, for
mode j, and coupling to other modes can be neglected. linear and shaped branches.

Minimum Length Structures Linear Branches

Abrupt structures tend to be short and transition length is Linear branches have been treated both by coupled amplitude
not a problem. However, adiabatic structures tend to be very equations using the small step approximation (14) and by nu-
long and it is of great practical interest to design minimum merical integration of the coupled normal mode equations
length structures. The shape described by Eq. (19) holds (18). As noted previously branch behavior can be separated
(dp/dz)(Cij/��ij) constant throughout the length of the transi- into two classes, power dividers and mode splitters. Power
tion. This results in a constant pressure or tendency for mode dividers tend to divide input power between the output arms
conversion between local normal modes everywhere (16,17). If of the branch. In mode splitters output power is predomi-
we consider averages over mode interference effects, this nately in a single output arm of the branch, and the output
should produce a transition which is as short as it can be for arm selected depends on which input normal mode is excited.

Power dividing and mode splitting behavior is illustrated ina given amount of allowed mode conversion.
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branch behavior depends only on the parameter ��/��3 and
the variation of X(z) in the branch. This simple result is a
consequence of constant � in the linear branch. Eq. (26) can
be integrated to obtain output mode amplitudes and phases.

Shaped Branches

As discussed previously the analytic solution to the coupled
normal mode equations may be used to define a shaped
branch with interesting properties (17). It has analytic solu-
tions so that its behavior may be easily understood, and it
can provide design guidance for minimum length structures.
As assumed, we take p � D3 in Eqs. (18) and (19). Coupled
mode theory approximations for ��ij and Cij are assumed. For
branch angle � (no longer a constant or necessarily small), Eq.
(19) becomes

Φ

θ

a

Φb

Φa

D3
Ψi

Ψi

Φb

Φ–   a

Ψj

Φb

Ψj

(a)

(b)

Figure 8. The limiting behavior of (a) mode splitting and (b) power
tan

(
θ

2

)
= 1

2
dD3

dz
= γ

�β

γ3

(X 2 + 1)3/2

X 2 (27)

dividing branches for single local normal mode input i or j. The mode
splitting branch separates the local normal modes; the power dividing

This result can be integrated to give the branch shapebranch divides input optical power while maintaining relative phase
between the branch arm outputs.

cos(tan−1 X0) − cos(tan−1 X ) = 2γ�βz (28)

Fig. 8 for input normal modes i and j. By using the approxi- which is plotted in Fig. 9 for different values of X0. In order
mations of coupled mode theory, it has been shown (14) that to satisfy Eq. (27) with a constant �, the branch angle � be-
operation as a mode splitter or as a power divider depends on comes very large when the ratio Cij/��ij is small, at the begin-
whether ning and ends of the branch. In an actual device these large

angles would have to be moderated to avoid excessive radia-
tion losses. The minimum value of � is

�β

θγ3
> 0.43 or

�β

θγ3
< 0.43 (25)

Operation will be as a mode splitter if the first limit holds,
and as a power divider if the second limit holds, where � is the

θm = 33/2 γ�β

γ3
(29)

full branch angle. The validity of this dependence has been
demonstrated for calculated branch output using the coupled
amplitude equations (14), and by experimental branch results
for Ti : LiNbO3 channel waveguides (19).

This dependence on the quantity ��/��3 can also be dem-
onstrated by transforming the coupled normal mode equa-
tions to a form appropriate for a linear branch (18). For a
branch with separation D3 between the arms, we have � �
dD3/dz, for small angles. The coupling coefficient K is given
by Eq. (2), with D3 � 0 at z � 0. Then, from Eq. (3), X can be
expressed as X � X0 exp[�3D3] where X0 � ��/2K0 is the value
of X at z � 0. The coupled normal mode equations [Eq. (18)]
with p � D3, and with the reduced mode amplitudes intro-
duced previously, can be written for constant � as

5
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Figure 9. Normalized plot of branch arm separation versus direction

daj

dX
= 1

2(X 2 + 1)
ai exp[− ju(X ,X0)] (26a)

dai

dX
= − 1

2(X 2 + 1)
aj exp[ ju(X ,X0)] (26b)

where

u(X ,X0) = �β

θγ3

∫ X

X0

√
X ′2 + 1
X ′2 dX ′ (26c)

of propagation z for shaped structures with initial conditions X0. The
shape is symmetric about a center line between the two guiding re-

In Eq. (26) we have used coupled mode theory representa- gions. This shaped structure maintains a constant level of power
transfer between normal modes throughout its length.tions for ��ij and Cij. It is clear from this representation that
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which occurs at X � �2 where the coupling effects are the
strongest (Cij/��ij is a maximum). The branch length (lb) is
given by taking D3 � 0

lb = 1

2γ�β
√

X 2
0 + 1

(30)

Adiabatic operation with smaller values of �, therefore, corre-
sponds to longer branches. Cumulative power conversion from
mode i to mode j is given by Eq. (21)

a2

ai bj

a1
1

2

(a)

a

a

b

–b

1

2
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|Aj |2
|Ai0|2

= 4γ 2

4γ 2 + 1
sin2

[
u
2

√
4γ 2 + 1

]
(31a)

with

u = 1
2γ

(tan−1 X − tan−1 X0) (31b)

Figure 11. The use of superposition to solve a more complicated
branching problem. In (a) unequal amplitudes a1 and a2 are incidentwhich is a function of � and X0. This result allows one to cal-
on an ideal power dividing branch in reverse. In (b) the originalculate power transfer for a shaped branch. The interference modes are decomposed into a new set with in-phase amplitudes, a,

term approaches �1/2 for large values of � and X, that is, at and out-of-phase amplitudes, b, which combine to form output normal
the branch output in the abrupt limit. modes i and j.

In the shaped structure defined previously, � is a measure
of the strength of the coupling between local normal modes
and is held constant in the structure. In a linear branch, � � already available (11). For example Fig. 11 shows the case of
�Cij/��ij becomes z-dependent and a plot of � versus z shows power incident on an ideal power dividing branch with �� �
where mode coupling takes place in the branch. To demon- 0, from the branch arms. We assume unequal powers incident
strate the length advantages of shaped structures we compare with amplitude a1 in guide 1 and a2 in guide 2 (a1 � a2), but
in Fig. 10 plots of � versus z for comparable shaped and linear with equal phase [Fig. 11(a)]. We introduce a new set of mode
adiabatic branches. The linear branch has a constant � equal amplitudes a and b defined by a1 � a � b and a2 � a � b, and
to �m [obtained from Eq. (29)] for the shaped branch. The decompose the original set of modes into a new set with equal
branches are chosen so that they produce comparable mode in-phase (a) and equal out-of-phase (b) amplitudes, as shown
conversion. The length advantage for the shaped device is in Fig. 11(b). The in-phase mode amplitudes will combine to
clear. However, as noted before, the shaped devices may have form local normal mode i in the output waveguide, and the
to be modified to maintain acceptable radiation loss, which out-of-phase mode amplitudes will combine to form local nor-
may somewhat reduce their advantage. mal mode j. Conservation of power will show that the output

amplitudes of modes i and j are related to the input ampli-
Superposition of Solutions tudes by ai � �2a and bj � b. Problems of this kind can of

course be worked out more formally using the scattering ma-For a single normal mode incident on a branch, its behavior
trix approach developed earlier.can be understood in terms of the local normal modes of the

structure, as in Fig. 8. For more complicated cases, with more
Current Branch Designthan one mode incident, or with propagation reversed in the

branch, outputs can be obtained by superposition of solutions The overwhelming majority of branches and separating wave-
guides in current use in integrated optical devices are abrupt
power dividers. Because these branches are so short (a few
hundred microns in Ti : LiNbO3), there is no incentive to use
anything other than a linear branch. Adiabatic mode splitting
branches are seldom used due to the long length required
(5–10 mm in Ti : LiNbO3) for good adiabatic operation. One
important exception is the design of the active branching
modulator (18,20) which is used in switch matrices (21,22)
and in the digital switch (23). As shown in Fig. 12 the active
branching modulator is a symmetric branch with electrodes
placed to symmetrically raise and lower the index in opposing
arms in a reversible, push–pull fashion. With no voltage ap-
plied, �� � 0, and the device acts as a power divider. In one
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of its switch states a positive voltage is applied and the asym-
metric index change makes �� large, so the device acts as anFigure 10. The parameter � is plotted versus z for shaped and linear
adiabatic mode splitter. By reversing the sign of the appliedbranches designed to be mode splitters. The magnitude of � shows

where power transfer between normal modes occurs in each branch. voltage, the asymmetric index change reverses, and power ex-



362 OPTICAL WAVEGUIDE TRANSITIONS

creasing coupling problem between the modes as W increases
in a linear horn with constant �. A solution to this problem is
to shape the horn as described subsequently.

For an analytic solution to the coupled normal mode equa-
tions using a shaped horn (16), the required horn shape is
obtained by substituting p � W in Eq. (19). Using the expres-
sions obtained for ��ij and Cij in that result yields the local
horn angle � (Fig. 13)

θ ≡ 1
2

dW
dz

= −γ
4π

3
λg

W
(34)

where � is a constant. The shape of this horn will be parabolic
with

���
���
yyy
yyy

��
��
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��
��
��

yy
yy
yy

θm

W = (2αλgz + W2
0 )1/2 (35)Figure 12. Active branching modulator with a shaped structure: �m

is the minimum angle in the branch. A voltage is applied to the center
electrode relative to the outside (grounded) electrodes, creating index where W0 is the horn width at z � 0 and � � �8��/3. The
changes of opposite polarity in the arms of the branch. The branch is solution of power transfer from initial mode i to mode j is
driven to a mode splitter configuration, in which the input mode exits given by Eq. (31a), with u given by (2�/�)ln(W/W0).
one output arm. Switching is achieved by changing the polarity of the Arguments for the length efficiency of this shape are the
applied voltage. same as those made earlier for the shaped branch. With a

parabolic shape � � 2Cij�/��ij remains constant throughout
the horn, and the strength of mode coupling between i and j
is evenly distributed along the length. This is not true for

its the other arm, giving switching action. Minimizing the other horn shapes where � will be a function of z. For the
length of this adiabatic device has generated considerable same amount of mode conversion, in horns with the same
theoretical and experimental (24) interest, with the shaped expansion, the parabolic horn should be shorter than other
branch solution (25,26) playing a significant role. shapes, within the approximations made.

WAVEGUIDE HORNS
DIRECT COMPUTATIONAL METHODS

Waveguide horns cannot make use of the coupled mode theory An alternative to the coupled mode theory approach is a di-
results for two coupled waveguides. However, the coupled rect computational approach which calculates the propaga-
normal mode equations do apply with p � W, the waveguide tion of light through a waveguide structure by applying an
width. In a horn we are generally interested in adiabatic appropriate computational scheme to the wave equation. One
propagation only, as typically one wants to expand the width only needs to assume the geometry of the index distribution,
of a channel waveguide while maintaining power in the low- which may vary with z, the input field, and any approxima-
est order mode. For symmetrical horns coupling between the tions inherent in the computational scheme employed. Entire
first and second local normal modes does not occur (as the devices including a variety of transition structures can be cal-
overlap integral is zero), and we will be concerned with cou- culated, given sufficient computer resources. Although a num-
pling between the first and third order modes. First we give ber of suitable computation schemes exist, only the more com-
expressions for ��ij and Cij appropriate to this problem (16). monly used beam propagation method (BPM) (1,2) will be

The value of ��ij can be approximated from the dispersion discussed here. The BPM is a split operator method used to
relationship for a channel waveguide. The propagation con- solve the scalar homogeneous Helmholtz equation. It effec-
stant difference for channel modes of different orders (first
and third) in the x direction, but of the same order in the y
direction (Fig. 2), is

�βij = 2πλg

W2 (32)

where �g � 2�/�0 is the modal wavelength in the guide for the
first order mode. Also, Cij can be obtained from a consider-
ation of boundary conditions at a small step, and is given by

Cij = − 3
4W

(33)����
����

W0 W 

θ

x

zfor a step increasing with z. These results are valid in a wide
channel where the modes are far from cut off. The ratio Figure 13. Parabolic channel waveguide horn. Using the parabolic

geometry allows one to analytically calculate horn transmission.�Cij/��ij� increases as W increases. This will result in an in-
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