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EDITOR'S PREFACE

The volume you are holding is a rare treasure chest of old, once secret,
and always useful things. It is also immortal—it will never go out of
date. Thirdly, it is universal—a magical passport between cultures,
sacred and scientific, provincial and foreign, ancient and modern.

Six books from the Wooden Books series have been combined to
produce Quadrivium, plus 32 new pages for good measure. We have
tried to minimize repetition due to overlap in the original books but a
few instances remain here and there. Also, since this is a transatlantic
edition, we have opted for a mixture of English and American spelling
and punctuation. If this upsets some readers, we apologize.

A volume of this scope involves bringing together the work of many
people. Thanks to Sally Pucill, Richard Henry, Adam Tetlow, John
Michell, John Neal, Dr Paul Marchant, Robin Heath, David Wade, Dr
Khaled Azzam, Malcolm Stewart, Polly Napper, Geoff Stray, Dr Moff
Betts, John Neal, Prof Scott Olsen, Richard Heath, Matt Tweed, Mark
Mills, Prof Robert Temple, Stephen Parsons, Nathan Williams, Charlie
Dancey, and Tracey Robinson for their help and contributions.

Thanks to the additional Wooden Books series editors, George
Gibson of Walker & Bloomsbury in New York, and Daud Sutton in
Cairo. Thanks finally to Prof Keith Critchlow for the foreword, and
to the authors themselves, Miranda Lundy, Daud Sutton, Anthony
Ashton, and Dr Jason Martineau.

John Martineau



The TETRATKYS of the Pythagoreans augmented by the 1.AMBDA
of the Timacus, Plato kept three nusmbers back, only revealing
seven: 1, 2, 3, 4, 8, 9, and 27, as related to the planets.
Pebbles or khalix svere the Greck norm for mathematics.



FOREWORD

The Quadrivium was first formulated and taught by Pythagoras as the
Tetraktys around s00Bc, in a community where all were equal, even
materially and morally, and where women had equal status to men. It
was the first European schooling structure that honed education down
to seven essential subjects, later known as the seven liberal arts.

Education comes from the Latin educere meaning ‘to lead out’,
pointing to the central doctrine that Socrates, under Plato’s pen,
elucidated so clearly-—Knowledge is an inherent and intrinsic part
of our soul structure. The Trivium of language is structured on the
cardinal and objective values of Truth, Beauty and Goodness. Its three
subjects are Grammar that ensures the good structure of language,
Logic for finding truth, and Rhetoric for the beautiful use of language
in expressing truth. The Quadrivium arises out of the most revered
of all subjects available to the human mind—Number. The first of
these disciplines we call Arithmetic. The second is Geometry or the order
of space as Number in Space. The third is Harmony which for Plato
meant Number in Time. The fourth is Astronomy or Number in Space
and Time. All these studies offer a safe and reliable ladder to reach the
simultaneous values of the True, the Good, and the Beautiful. This in
turn leads to the essential harmonious value of Wholeness.

Our soul, which is proven to be immortal by Socrates in the Phaedo,
comes from a position of complete knowledge prior to being born
into the body. Re-membering—the point of education—1iterally
means putting the separate members back into a wholeness. The goal



of studying these subjects was to climb back (up) to Unity through
simplification based on the understanding gained by engaging in each
area of the Quadrivium. The goal lay in finding their source (traditionally
this was the sole purpose of the search for knowledge).

In his discussions on the ideals of education, Socrates reveals his
model of the continuity of consciousness. This was as a ‘line’ drawn
vertically reaching from the beginnings of conscious knowledge in
Estimations right up to the climax of consciousness as Noesis which is
Unified Understanding. Beyond this is the indescribable and ineffable.
There are significantly four stages {another quadrivium or Tetratkys)
given by Socrates” division of the ‘Ontological line’. The first division
is between the Sensory world and the Intelligible world. These are
fundamental, as between Mind and Matter. Next each of these is
divided. This is where Estimations can be divided from Opinions—
even correct opinions but still based on sensory experience. Above
the first divided line we move into the Intelligible world of the Mind
and we find ourselves in the ‘truth-bearing’ realm of the Quadrivium.
This is now objective knowledge. The final topmost division of the
intelligible is Nous or Pure Knowledge itself where the knower, the
known, and the knowing become One. This is the goal and source
of all knowledge. Thus, time and wisdom tested, the Quadrivium
offers the sincere seeker the opportunity to regain their own inner
understanding, and the integral nature of the universe and themselves
as an inseparable part.

Arithmetic has three levels: the materially Numbered, Mathemati-
cians’ Number (indefinite), and Ideal or Archetypal Number complete



at 10. Geometry unfolds in four stages: The non-dimensional point,
which moves to become a line. This in turn moves to become a plane.
Finally it achieves solidity as the tetrahedron. Harmony, which is equally
the nature of the Soul, as Music has four ‘scales’. The pentatonic, the
diatonic, the chromatic, and the shruti. The word Costos was originated
by Pythagoras, and means ‘order’ and ‘adornment’. This last was their
way of describing the heavens we see as being an ‘adornment’ of pure
principles, the number of the visible planets relating to the principles of
proportional harmony. The study of the ‘perfection’ of the heavens was
a way of perfecting the movements of one’s own soul.

Students of the Quadrivium include; Cassiodonus, Philolaus,
Timaeus, Archytus, Plato, Aristotle, Eudemus, Euclid, Cicero, Philo
the Jew, Nichomachus, St. Clement of Alexandria, St. Origen, Plotinus,
Tamblichus, Macrobius, Capella (the most entertaining version available),
Dionysius the Areopagite, Bede, Alcuin, Al-Khwarizmi, Al-Kindi,
Eriugena, Gerbert d’Aurillac, the Bretheren of Purity, Fulbert, Ibn
Sina (Avicenna), Hugo of St. Victor, Bernardus Silvestris, Bernard of
Clairvaux, Hildegard of Bingen, Alanus ab Insulis, Joachim of Fiore,
Ibn Arabi, Grosseteste (the great English scientist), Roger Bacon,
Thomas Aquinas, Dante, and Kepler.

We finish with a quote from the Pythagoreans, through the Golden
Verses: “And thou shalt know that law ... established the inner nature
of all things alike”, and another from Jambilichus: “Not for your sake
was the world {cosmos) generated——but you were born for its sake”

Keith Critchlow
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Gregor Reiscl's sixteenth-century engraving showing Pythagoras using
a medieval counting board to form the numbers 1,241 and 82 {right)
while Boethius caleulates using the Indian numerals we are familiar
with mday ([r,ﬁ) In the center is Arithmetie, with the two geometric

progressions 1,2,4,8, and 1,3,9,27 appearing on her dress.




SACRED
NUMBER

The Secret Qualities of Quantities

Miranda Lundy

with additional material by Adam Tetlow & Richard Henry






INTRODUCTION

What is number? How do we distinguish the one from the many, or,
for that matter, the two from the three? A crow, disturbed by four men
with guns going to hide under its tree, will fly away and carefully count
them home again from a distance, one by one, tired and hungry, before
returning safely to its nest. But five? Crows lose count at five.

We all know certain things about certain numbers: six circles fit
around one, there are seven notes in a scale, we count in tens, three
legs make a stool, five petals form a flower. Some of these elementary
discoveries are actually the first universal truths we ever come across, so
simple we forget about them. Children on distant planets are probably
having the same experiences of these elementary quanta,

The science and study of number is one of the oldest on Earth,
its origins lost in the mists of time. Early cultures wrote numbers
in pottery markings, weaving patterns, notched bones, knots, stone
monuments, and the numbers of their gods. Later systems integrated
the mysteries under the magical medieval Quadrivium of arithmetic,
geometry, music, and astronomy—the four liberal arts required for a
true understanding of the qualities of number.

All science has its origin in magic, and in the ancient schools no
magician was unschooled in the power of number. These days the lore
of sacred number has been usurped by a tide of quantitative numbers,
not covered in these pages. Book I of Quadrivium is a beginner’s guide
to mystic arithmology, a small attempt to unveil some of the many
secret and essential qualities of number contained within Unity.

I1



THE MONAD

orne unity

Unity. The One. God. The Great Spirit. Mirror of wonders. The still
eternity. Permanence. There are countless names for it.

According to one perspective, one cannot actually speak of the One,
because to speak of it is to make an object of it, implying separation
from it, so misrepresenting the essence of oneness from the start, a
mysterious conundrum.

The One is the limit of all, first before the beginning and last after
the end, alpha and omega, the mold that shapes all things and the one
thing shaped by all molds, the origin from which the universe emerges,
the universe itself, and the center to which it returns. It is point, seed,
and destination.

One is echoed in all things and treats all equally. Its stability among
numbers is unique, one remaining one when multiplied or divided by
itself, and one of anything is uniquely that one thing. One is alone, all
one, and no thing can exist to describe it.

All things are immersed in the shoreless ocean of Unity. The
quality of oneness permeates everything, and while there is nothing
without it, there is also no thing within it, as even a communication
or idea requires parts in relationship. Like light from the Sun or
gentle rain the One is unconditional in its love, yet its majesty and
mystery remain veiled, and beyond apprehension, for the One can
only be understood by itself. It is alone, all one, and no thing can
exist to describe it.

One is simultaneously circle, center, and the purest tone.

Iz






DUALITY

opposites

There are two sides to every coin, and the other side is where the
Dyad lives. Two is the otherworldly shadow, opposite, polarized, and
objectified. It is there, other, that not this, and essential as a basis for
comparison, the method by which our minds know things. There are
countless names for the divine pair.

To the Pythagoreans, two was the first sexed number, even and
female. To develop their appreciation of twoness, they contemplated
pairs of pure opposites, such as limited-unlimited, odd-even, one-many,
right-left, male-female, resting-moving, and straight-curved. We might
also think of the positive and negative charge in electromagnetisin, and
the in-and-out of our breathing.

The dyad appears in music as the ratio two to one, as we experience
a similar tone an octave higher or lower, at twice or half the pitch. In
geometry it is a line, two points, or two circles.

Linguistically when speaking of both parts of something working as
one we use the bi- prefix, as in bicycle or binary, but when the divisive
quality of two is invoked, words begin with the prefix di-, thus discord
or diversion. The distinction between self and not-self'is one of the first
and last we generally make.

Modern philosophers, if they stop to think about twoness, can get
little further than the ancients. All experience a left and a right, front
and back, and up and down through two eyes and two ears. Men and
women alike live under a Sun and a Moon, sometimes remembering
how miraculously balanced they seem, the same size in the sky, one
shining by day, the other by night.

14
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THREE

s a crowd

Male in some cultures, female in others, three, like a tree, bridges heaven
and earth. The Triad relates opposites as their comixture, solution, or
mediator. It is the synthesis or return to unity after the division of two
and traditionally the first odd number.

The third leg of a stool gives it balance, the third strand of a braid
makes a plait (knots can only be tied in three-dimensional space).
Stories, fairy tales, and spiritual traditions abound with portentous
threes, juggling past, present, and future with the knower, knowing,
and the known. As birth, life, and death, the triad appears throughout
nature, in principle and form. The triangle, trinity’s most simple and
structural device is the first stable polygon, defining our first surface.

In music the ratios 3:2 and 3 :1 define the intervals of the fifth and its
octave, the most beautiful harmonies other than the octave itself, and
the key to ancient tunings. Three is the first triangular number.

The vesica piscis formed by two overlapping circles (opposite top leff)
immediately invokes triangles. An equilateral triangle in a circle defines
the octave, so that the area of the ring {below left) is three times that of the
small circle. Below center we see Archimedes’ (287—212 8¢) favourite
discovery—the volumes of the cone, sphere, and drum are in the ratios
one to two to three.

16
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QUATERNITY

two pairs

Beyond three we enter the realm of manifestation. Four is the first born
thing, the first product of procreation, two twos. The Tetrad is thus
the firse square number other than one, and a symbol of the Earth and
the natural world.

Four is the basis of three-dimensional space. The simple solid
known as the tetrahedron, or ‘four facer’, is made of four triangles, or
four points or spheres and is as fundamental to the structure of three-
dimensional space as the triangle is to the plane.

Four is often associated with the material modes of manifestation,
Fire, Air, Earth, and Water, and a square around a circle defines a
heavenly ring whose area is equal to the enclosed circle (opposite top right).
The solstices and equinoxes quarter the year, horses walk on four legs,
and other earthly fours abound.

Four as static square is echoed by the dynamic cross. The interplay of
cross and square is encoded within the traditional rite of orientation for a
new building, where the sunrise and sunset shadows from a central pillar
give the symbolic east-west axis. The principle of quadrature is universal,
appearing in ancient Chinese texts and the writings of Vitruvius. It
survives today in the term guarters, referring to the districts of a city.

All everyday matter is appropriately made of just four particles:
protons, neutrons, electrons, and electron neutrinos.

Four appears in music as the third overtone, 4:1, which is two
octaves, and also as the ratio 4:3, known as the fourth, which is the
complement of the fifth inside the octave,

18
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PHIVE
life itself

The quality of five is magical. Children instinctively draw fivefold
stars, and we all sense its phizzy, energetic quality.

Five marries male and female—as two and three in some cultures, or
three and two in others—and so is the universal number of reproduction
and biological life. It is also the number of water, every molecule of
which is a corner of a pentagon. Water itself is an amazing liquid crystal
lattice of flexing icosahedra, these being one of the five Platonic solids
(below, second from right), five triangles meeting at each point. As such,
water shows its quality as being that of flow, dynamism, and life. Dry
things are either dead or they are awaiting water.

Fives are found in apples, flowers, hands, and feet. Our nearest
planet, Venus, goddess of love and beauty, draws a lovely fivefold
pattern about Earth as she whitls around the Sun {opposite top left).

Our most universal scale, the pentatonic, is made of five tones {the
black keys on a piano), grouped into two and three. The Renaissance
demand for intervals involving the number five, like the major third,
which uses the ratio 5:4, produced the modern scale.

Five is the diagonal of a three-by-four rectangle. However, unlike
threes and fours, fives disdain the plane, waiting for the third dimension

to fit together to produce the fifth element.
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ALL THINGS SIXY

the hex

The Hexad, like its graceful herald the snowflake, brings perfection,
structure, and order. The marriage by multiplication of two and three,
even and odd, six is also the number of creation, with a cosmos made
in six days a common theme in scripture.

The whole numbers that divide other numbers are known as their
factors, and most numbers have factors that sum to less than themselves,
and so are known as deficient. Six, beautifully, is the sum and product
of the first three numbers, and its factors are also just one, two, and
three, these summing to six and so making it the first perfect number.

The radius of a circle can be swung through its circumference in
exactly six identical arcs to inscribe a regular hexagon, and six circles
perfectly fit around one. After the triangle and square the hexagon is
the final regular polygon that can tile perfectly with identical copies of
itself to fill the plane.

The three dimensions make for six directions: forward, backward,
left, right, up, and down, and these are embodied in the six faces of a
cube, the six corners of an octahedron and the six edges of a tetrahedron.
Six occurs widely in crystalline structures such as snowflakes, quartz,
and graphite, and hexagons of carbon atoms form the basis of organic
chemistry. Just add water.

The well-known Pythagorean 3-4-5 triangle has an area and a
semiperimeter of six. Six is also the pentatonic octave in music.

Insects creep and crawl on six legs, and the honey bee arranges its
dry, waxy secretions into an instinctive hexagonal honeycomb.

22
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THE HEPTAD

seven sisters

Seven is the Virgin, standing quite alone and having little to do with any
of the other simple numbers. In music a scale of seven tones emerges as
naturally as its sister five-tone scale. These are the white keys on the piano,
producing the seven modes of antiquity, a universal pattern. Like all
numbers, seven embodies the number preceeding it; spatially it functions
as the spiritual center of six, as six directions emanate from a point in space,
and six working circles surround a seventh restful one in a plane.

The Moon’s phases are widely counted in four sevens with a
mysterious moonless night or two completing its true cycle.

Our eyes perceive three primary colours of light—red, green and
blue—which combine to produce four more~—yellow, cyan, magenta
and white. According to the ancient Indians, a vertical rainbow of
seven subtle energy centers, or ‘chakras’, runs up our bodies. Today we
understand these as the seven endocrine glands.

The seven planets of antiquity, arranged in order of their apparent
speed (opposite, upper center), make amazing connections with metals
(opposite, upper leff) and the days of the week (opposite, upper right): Moon-
D-silver-Monday, Mercury-§-quicksilver-Wednesday, Venus-$-
copper-Friday, Sun-(O-gold-Sunday, Mars-&-iron-Tuesday, Jupiter-
%wtinil"hursday, and Saturn—"’ylead—Saturday (see too page 305).

There are seven frieze symmetries, seven groups of crystal structures,

and seven coils in the traditional labyrinth (all shown opposite).
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EIGHT

a pair of squares

Eight is two times two times two, and as such is the first cubic
number after one. As the number of vertices of a cube or faces of
its dual, the octahedron, eight is complete. At the molecular level
this is displayed by atoms, which long to have a full octave of eight
electrons in their outermost shell. A sulphur atom has six electrons
in its outermost shell, so eight atoms get together to share electrons,
forming an octagonal sulphur ring.

Within architecture the octagon often signifies the transition
between Heaven and Earth, as a bridge between the square and the
circle. A spherical dome often surmounts a cubic structure by way of a
beautiful octagonal vault.

Eight is particularly revered in the religion and mythology of
the orient. The ancient Chinese oracle, the I-Ching, is based on
combinatjons of eight trigrams, each the result of a twofold choice
between a broken or an unbroken line, made three times. Depicted
opposite is the ‘Former Heaven Sequence’, said to represent the ideal
pattern of transformations in the cosmos. Note how each trigram is the
complement of its opposite.

In religious symbolism, the eighth step is often associated with
spiritual evolution or salvation. This may result from the fact thatina
seven-tone scale the eighth note is the octave, twice the pitch of the first
note, and so signals the movement to a new level.

In the modern world, computers think in delightful units called
‘bytes, each made of eight binary “bits’,

All spiders have eight legs and all octopi have eight tentacles.

26






THE ENNEAD

three threes

Nine is the triad of triads, the first odd square number, and with it
something extraordinary occurs, for the first nine numbers can be
arranged in a magic square where every line of three in any direction
has the same total (opposite center). This ancient number pattern was first
spotted four millennia ago on the shell of a divine turtle emerging from
the river Lo in China.

Three times three is one more than two times two times two, and the
ratio between nine and eight defines the crucial whole tone in music, the
9:8 seed from which the scale emerges, as the difference between the two
most simple harmonies in the octave, the fifth 3:2, and the fourth 4:3.

There are nine regular three-dimensional shapes: the five Platonic
solids and the four stellar Kepler-Poinsot polyhedra (see Book 111).

Nine appears in our bodies as the cross-section of the tentacle-
like cilia, which move things around our surfaces, and the bundles of
microtubes in centrioles, essential for cell division (below).

Nine is the celestial number of order, and many ancient traditions
speak of nine worlds, spheres, or levels of reality. Cats know. They
have nine lives, dress to the nines whenever possible, and seem to spend

most of their time on cloud nine, wherever that is.
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TEN

fingers and thumbs

The fact that humans have eight fingers plus two thumbs must have
worked in ten’s favour, as cultures as various as the Incas, the Indians,
the Berbers, the Hittites, and the Minoans all adopted it as the base for
their counting systems. Today we all use base ten. Ten is the child of
five and two, and unsurprisingly the word fen derives from the Indo-
European dekm, meaning ‘two hands’.

Ten is particularly formed as the sum of the first four numbers, so
I+2+3+4=10, a fact of profound significance to the Pythagoreans who
immortalized it in the figure of the Tetraktys (black dots, opposite center)
and called it Universe, Heaven, and Eternity. As well as being the fourth
triangular number, ten is also the third tetrahedral number (fower, opposite
right), a fact that lends it great importance as a simultaneous building
number of both ewo- and three~-dimensional triangular form.

Ten is formed from two pentagons and ten life-invoking pentagons
sit perfectly around a decagon, and pna, appropriately as the key to the
reproduction of life, has ten steps for each turn of its double helix, so
appears in cross-section as a tenfold rosette (opposite top leff).

There are ten Sephiroth in the Jewish Kabbalah’s Tree of Life (fower,
opposite left} and tenfold symmetry was often used in Gothic archi-
tecture (opposite top right).

Plato believed that the decad contained all numbers, and for most
of us today it does, as we can express just about any number we care to
think about in terms of just ten simple symbols.

30
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ELEVENSES

measure and the Moon

Eleven is a mysterious underworldly number—in German it goes by
the appropriate name of Elf. Eleven is important as the first number
that allows us to begin to comprehend the measure of a circle. This
is because, for practical purposes, a circle measuring seven across will
measure eleven halfway around (opposite top left).

This relationship between eleven and seven was considered so
profound by the ancient Egyptians that they used it as the basis for the
design of the Great Pyramid. A circle drawn around the elevation of
the Great Pyramid has the same perimeter as that of its square base.
The intended seven-elevenfold conversion between square and curve is
demonstrated by numerous surveys.

The ancients were obsessed with measures, and the number eleven is
central in their metrological scheme. Shown opposite is the extraordinary
fact that the size of the Moon relates to the size of the Earth as does three
to eleven, What this means is that if we draw down the Moon to the
Earth, as shown, then a heavenly circle through the Moon will have a
circumference equal to the perimeter of a square around the Earth. This
is called ‘squaring the circle’. Quite how the old druids worked this out
we may never know, but they clearly did, for the Moon and the Earth
ate best measured in miles, as shown. A double rainbow also magically
squares the circle (see page 78).

Eleven, seven, and three are all Lucas numbers, sisters of the
Fibonacei numbers, new numbers forming from the sum of the previous
two numbers. The Fibonacci sequence begins 1, 1, 2, 3, 5, 8, whereas the
Lucas sequence begins 2, 1, 3, 4, 7, 11.
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THE TWELVE

heaven and earth

Twelve is the first abundant number, with factors one, two, three, four,
and six, summing to more than itself. Twelve points on a circle can join
to form four triangles, three squares, or two hexagons (opposite center).
As the product of three and four, twelve is also sometimes associated
with their sum, seven.

Twelve enjoys the third dimension and is the number of edges of
both the cube and the octahedron. The icosahedron has twelve vertices,
and its dual, the dodecahedron (literally ‘cwelve facer’) has twelve faces
of regular pentagons. Twelve spheres fit perfectly around one to define
a cuboctahedron. We will meet these polyhedra later.

In a seven-note scale, notes increase as a pattern of five tones and
two halftones. In modern tuning the five tones are divided to create a
scale of twelve identical halftones, the well-tempered twelve tone scale
we all hear every day.

Curiously, the next most simple Pythagorean triangle, after the
three-four-five, has sides of five, twelve, and thirteen units.

Twelve is often found arranged around a central solar hero, and there
are many twelve-tribe nations. In ancient China, Egypt, and Greece,
cities were often divided into twelve districts, and, of course, there are
usually twelve full moons in a year.

The material universe is today understood as being made of three
generations of four fundamental particles, twelve in all.
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COVENS AND SCORES

into higher mumbers

Thirteen, the coven, beloved of the ancient Maya, and central to the
structure of a deck of cards, is a Fibonacci number expressed in the
motions of Venus, for whom thirteen years is eight of our own, and lest
you think it unlucky, remember the teacher of twelve disciples is the
thirteenth member of the gang, as the thirteenth tone in the chromatic
scale completes the octave.

Fourteen, as twice seven, and fifteen, as three fives, each have unique
qualities but begin to demonstrate how non-prime higher numbers tend
to be perceived in terms of their factors.

Sixteen is 2 x 2x 2% 2, the square of four (itself a square).

Seventeen keeps many secrets. Both Japanese haiku and Greek
hexameter consist of seventeen syllables, and Islamic mystics often refer
to it as particularly beautiful.

Eighteen, as twice nine and thrice six, and nineteen, a prime number,
both have strong connections to the Moon (see page 42).

Twenty, a score, the sum of fingers and toes, is a base in many cultures.
Finger~counting, as in the example shown (epposite), was widespread in
medieval European markets. In French eighty is still quatre-vingt (four
twenties) and the ancient Maya used a sophisticated base-zo system (glyphs

Sfor 119 shown below).

There is not enough space here to cover every number in detail, but
interesting facets of higher numbers appear in the glossary of numbers
at the back of the book (see pages 364—366).
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THE QUADRIVIUM

the qualities of quanta

Another word for a whole number is a quantum and the Quadrivium is
an education in the behaviour of simple quanta. The purest study of
quanta deals in factors, ratios, triangular, square, and cubic numbers,
prime and perfect numbers, and the way numbers appear in sequences
like the Fibonacci and Lucas sequences. We will meet many of these
ideas as we go along, but dividing the unity of space and time also
throws light on to the nature of quanta in these media.

For instance, opposite we see some of the limits placed by space
on number. Allowing only perfect polygons there are three regular
grids (opposite top leff), five regular solids (fop right), eight semi-regular
grids (center leff) and thirteen semi-regular solids (center right). These
numbers, 3, 5, 8 and 13 are an interesting bunch, and we will meet
them again in this book.

The numbers of music unfold as simple ratios between periods or
frequencies {{ower, opposite): 11 {unison), 2:1 (the octave), 3:2 (the fifth),
and 4:3 (the fourth). The frequency of the fifth differs from that of the
tourth as 9:8 (the value of the tone which gives rise to the scale).

The way number unfolds in space and time requires that we study
the manifest cosmos, and the traditional subject of study here is the solar
system. However, we could also add the beautiful simplicity of the
periodic table, the quantum behavior of the subatomic realms, or the
organisation of other natural phenomena with discrete elements.

Numerical facts of space and time are universal. They may or may
not play the same tunes in the nearest intelligent galaxy, but they will
agree that fifths sound lovely, and recognize five simple solids.
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GNOMONS

ways of growing

Aristotle observed that some things suffer no change other than
magnitude when they grow. He was describing the principle the Greeks
referred to as ‘gnomonic growth’. Originally a term for a carpenter’s
tool, a gnomon is defined as any figure, which, when added to another
figure, leaves the resultant figure similar to the original. Contemplation
of the gnomon leads to an understanding of one of nature’s most common
principles, growth by accretion. Structures such as bones, teeth, horns,
and shells all develop in this way.

The ancients had a general fascination with patterns and progressions
created by whole-number ratios. Examples are triangular, rectangular,
square, and cubic numbers (opposite top, and see too pages 358 and 367); also
Plato’s lambda, or lambdoma, which produces the full range of musical
ratios; and the proportional rectangles used in Greek design where each
subsequent rectangle is built on the diagonal of the previous one (opposite
center). The Fibonacci sequence is a more recent discovery, bue relies on
the same principle of gnomonic growth. The drawing below shows a
cutaway cross section of the Aztec temple of Tenayuca, revealing five
gnomic reconstructions, made every 52 years, when their calendar,
inherited from the Mayans, was reset and all buildings renewed.
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TIME AND SPACE

cosmology and manifest number

Looking around us, there are numbers that particularly manifest in the
heavens around Earth. These are covered in detail in Boox V1, but we
will introduce a few here. There are, for instance, twelve full moons in a
solar year, but the twelfth falls eleven days short of the end, which means
that a twelve-moon year, like the Islamic calendar, slides slowly against
the solar year, coming round again after 33 years, three elevens.

Other Sun-Moon marriage numbers are 18 and 19; as eclipses repeat
after 18 years, and full moon dates repeat after 19 years. Stonchenge
displays this as 19 stones in its inner horseshoe. Two full moons occur
every 59 days, and Stonehenge records this in its outer circle of 30 stones,
one of which is half-width, suggesting 29.5 days per moon.

Venus draws a fivefold pattern around Earth every eight years
allowing us to draw an amazing diagram (opposite center). In those eight
years there are almost exactly 99 full moons, nine elevens, the number
of names or reflections of Allah in Islam. Jupiter draws a beautiful
elevenfold pattern around Earth (opposite top).

The numbers of many longer cycles, such as the Great Year, or
precession of the equinoxes, are also rich in secret qualities. Each great
month, such as the Age of Pisces, or Aquarius, lasts 2,160 years, also the
diameter of the Moon in miles. Twelve great months give the ancient
Western value of 25,020 years for the whole cycle.

The ancient Maya were superb stargazers. Their calendar syn-
chronized not just the Sun and Moon, but also Venus and Mars. They
worked out that 81 (or 3 x 3 x 3 x 3) full moons occur exactly every 2,302
{or 8 x 13 x23) days, an astonishingly accurate gearing.
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BABYLON, SUMER, AND EGYPT

early number systems

Around 3,0008c the Sumerians developed the earliest writing we know
of, and with it a base-60 number system (see page 356). A particularly
useful number, 60 is divisible by 1, 2, 3, 4, 5, and 6.

Working in base-60 gives number patterns different from our
modern base-10 system; a Sumerian clay tablet impressed with a
cunciform, ‘wedge-shaped’, stylus shows the 36 times table opposite.
Their base-60 system survives today as our measurement of cycles and
circles with 60 seconds in a minute, 60 minutes in an hour, or degree,
and 6x60=360 degrees in a circle.

Ancient Egyptian numerals were made of characters standing for 1,
10, 100, and so on. An example of Egyptian arithimetic is their method
of multiplication, which uses repeated doubling followed by selective
addition to find the answer.

The ancient vision of number is a musical one in which every
number inverts in the mirror of Unity, two becoming a half, three
becoming a third, and so on. In base-60 this reciprocation is especially
beautiful, as all multiples of 2, 3, 4, 5, and 6 become simple fractions.
For example, 15 becomes a quarter. The Babylonians inherited and used
this system to invoke their gods.

Egyptian fractions used a mouth hieroglyph (below), while fractions
of volume were represented using the Eye of Horus.
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ANCIENT ASIA

manipulating in tens

In China a written decimal system with 13 basic characters has been used
for more than 3,000 years (see page 356). Another particularly beautiful
system of writing numbers is the suan f or sangf rod notation, complete
with a small zero, used in China, Japan, and Korea in some form since
at least 2008c (below). Later, the famous Chinese abacus replaced rod-
numeral counting boards. The speed of its operators, particularly in the
Far Bast, is legendary, and it is still in widespread use today.

India has an ancient numerical tradition. Number is prominent in
many of its scriptures, and Indian cosmology uses huge numbers rivaled
today only by those of modern physics. Indian numerals originate with
the Brahmi sytem of numerals, with 45 characters for the numbers 1 to
90,000. In time the speculations of Indian mathematicians required a
new system combining the first nine number names with powers of ten.
Rapid and elegant calculation techniques and the description of very
large numbers resulted in some astonishing calculations.

The zero also emerged, to denote an empty decimal power without
confusion. Indeed, it is from India that we received, via the Arabs, our
modern decimal place value system.
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The number 9,360 on various counting boards
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GEMATRIA

talking numbers and secret codes

The Phoenicians used a very neat twenty-two letter consonant alphabet
to encode the sounds of their tongue. In time this script was adopted by
most Mediterranean peoples and through its Latin variation came to be
the alphabet that we use today.

Gematria uses letters as number symbols, so language becomes
mathematics. Important canonical, geometrical, musical, metrological,
and cosmological numbers are defined by many key terms in ancient
texts. First appearing Wideiy in ancient Greece, gematria was sub-
sequently adapted to Hebrew and also to Arabic, where it is known as
abjad. A simplified system also exists in all three languages using the
same values without the zeros,

The example below shows two related phrases connected through
an identical sum. It gives some idea of the magical and simultaneous
resonance between words and numbers that any literate and numerate
reader would have experienced, since for more than 1,000 years
gematria was not merely an occult specialty but the standard way of
representing numbers.

This secret science is still used today by mystics and sorcerers who
use its connections between words, phrases, and number for their
mystical significance and talismanic power.

L JTmIIonSpm[ . L i ; ,L L Iounwnoowdom B

‘ TO AFION HNEYMA 1 O 8 0 I'[HI'I—I 2OPIAZY -
L 300.70 " 1.3.10.70.50 80.}0.).480_.4(}.1 - T 80838 . 200.70.300.30.1.200 -,
870 1342 576 - v .99 U981

48



ARCHAIC
PHOENICIAN

ateph
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GREEK

alpha
beta
gamma
delta
epsilon
drgamnn
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theta
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ARABIC
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alif

ba

jim
dal

ha
waw
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{a

ya

kaf
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ayn
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sad/dad
qal
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ta

tha
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90
100
200
300
400
500
600
700
800
200
1,800

The Greek systen includes the disused letters diganona and gqoppa in their original order and reinserts the disused

sens at the ond. Likewise the Hebrew systent uses five special end of word' letter forms to reach aoo. In the Arabic

system the fetters or b, 9o, 300, 800, 900 & vooo differ in the West and the East of the Islamic world.
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MAGIC SQUARES

when it all adds up

Magic squares are a fascinating way of arranging numbers, and there
are whole books about them and their secret uses. The magic sum of
any square is the same whichever line is added.

Seven magic squares are traditionally associated with the planets
(opposite). The three-by-three square is Saturn’s, and the squares increase
by one order as they descend through each planetary sphere to reach the
Junar nine-by-nine square. Elegant patterns of odd and even numbers
occur in these squares (shaded in the diagrams). Each planet also has a magic
seal based on the structure of its square, a useful code for wizards.

A magic square is an example of a permutation, ordering things in
a set in a particular way. There are eight ways to sum to fifteen using
three numbers from one to nine, and all eight ways are present in the
three-by-three magic square.

Other totals found in magic squares are worth a second look. The
Maya would surely have delighted in the fact that the eight-by-cight
square has the magic sum of 13 x20, while the solar line total of eleventy-
one gives an ominous 666 square suin.

With gematria as an additional magical key, words and magic
squares naturally interweave in the secret world of spells and other
talismanic arts (see example below).
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MYTH, GAME, AND RHYME

numbers we grow up with

Some of our earliest experiences with number occur by way of games,
rhymes, stories, and cultural myths, many of which are treasure troves
of hidden pumerical relationships.

Ancient forms of language were regularly number-based, so in
poetry we find triplets {three lines of verse), quatrains {verses of four
lines), pentameters (lines with five stressed syllables), hexameters (lines
with six stressed syllables), and haiku (a three line poem of seventeen
syllables: five, seven, then five; compare with the 17-note scale page 196).

Games, like myths and stories, can store information. The sum of
a pack of playing cards, counting jack, queen and king as 11, 12, and
13, is 364, which with the joker produces 365, the number of days in
a year. The cighteens and nineteens of the Chinese game of Go echo
the cycles of the Sun and the Moon (see page 42). These ancient games
reflect eternal principles, suggesting larger cosmic games, also with
number at their center.

Many games are dependent upon number for their structure and rules.
Imagine a game of poker played by people who couldn’t count higher
than three! Below are two examples of knight’s tours from chess, both of
which produce magic squares when numbered in sequence.
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MODERN NUMBERS

the dawn of complexity

When the ancient Greeks proved that the diagonals of squares could not
be expressed as fractions, it is said to have caused a crisis in their ranks, a
little fike the terror still experienced roday by many people faced with
a square root symbol, V.

The last 400 years of human thought have transformed our
conception of number. After the adoption of Indian numerals and the
zero, the next piece of witchcraft was the invention of negative numbers,
creating a number line which vanished in two directions. Negative
numbers were helpful but created a conundrum: square a negative
number and it becomes positive—so what are the square roots of
negative numbers? Mathematicians realized that there was another
entire number line, of the square roots of negative numbers, which they
called imaginary numbers, labeled today with an f (so  is the square root
of minus one). Numbers today live on a number plane, with a real part
and a complex part. Interestingly, it is the play between imaginary
and real numbers that effortlessly produces the beautiful complexity of
fractals and chaos theory, models of the recursive shapes and processes
we find all around us in nature.

With the decimal system we use today, we can describe numbers
like 1, or pi, the ratio between a circle’s circumference and its
diameter, with great accuracy. However, some of the most beautiful
objects in modern mathematics simply employ repeated fractions
which would have been familiar to the ancients. These capture the
complex essence of square roots, the Golden Section ¢ or M, pi 1, and
the exponential growth function, e.
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ZERO
nothing left to say

Zero has been left until last, because in a sense it is not actually a number
at all, just a mark representing the absence of number. It is perhaps for
this reason, and the horror many theologians had of it, that nothing
took such a long time to emerge as something at all, and in quite a few
sensible cultures it never did.

A symbol for zero has been invented independently at least three
times. The Babylonians in 4008c¢ started using the shape of two wedges
pressed into clay to act as an ‘empty place’ marker in their sexagesimal
numerals, ‘no number in this column’. On the other side of the world,
and nearly a thousand years later, the Mayans adopted a seashell symbol
for the same function.

The circular form that ‘nothing’ assumed under the Indians reflected
the indentation left in sand when a pebble used for counting is removed.
Thus our modern zero, inherited from the Indians, began as the visible
trace of something no longer there.

Like one, zero probes the borderline between absence and presence.
In early Indian mathematical treatises it is referred to as Sunya, meaning
‘void’, calling to mind the abyss, the ultimate unknowable, the pregnant
ground of all being.

It is perhaps appropriate that our zero takes the form of a circle,
itself a symbol of one, and that our one takes the form of a short line
between two points. As acknowledged in gematria, each number
already contains the seed of its successor within it, and the symbols for
zero and one strangely combine to create the Golden Symbol ¢, a fitting
thought with which to end this book.
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INTRODUCTION

Sacred Geometry charts the unfolding of number in space. It differs
from mundane geometry purely in the sense that its moves, concepts
and products are regarded as having symbolic value and meaning. Thus,
like good music, the study and practice of geometry can facilitate the
evolution of the soul. As we shall see, the basic journey is from the single
point, into the line, out to the plane, through to the third dimension
and beyond, eventually returning to the point again, watching what
happens on the way.

These pages, Boox It of Quadriviun, cover the elements of two-
dimensional geometry—the unfolding of number on a flat surface.
The three-dimensional geometrical story is then told in Boox 111. This
material has been used for a very long time indeed as one introduction
to metaphysics. Like the elements of its sister subject, music, it is an
aspect of revelation, a bright indisputable shadow of Reality and a
creation myth in itself.

Number, Music, Geometry, and the study of patterns in the Heavens
are the four great Liberal Arts of the ancient world dealing with quanta,
or whole numbers. These simple universal languages are as relevant
today as they have always been, and may be found in all known sciences
and cultures withoue disagreement. Indeed, one would expect any
reasonably intelligent three-dimensional being anywhere in the universe
to know about them in much the same way as they are presented here.

Just above the entrance to Plato’s Academy was a sign: “Let none
ignorant of geometry enter here.” So let’s do some research.
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POINT, LINE, AND PLANE

none, one and two dimensions

Begin with a sheet of paper. The point is the first thing that can be
done. It is without dimension and is not in space. Without an inside or
an outside, the point is the source for all which now follows. The point
is represented (below) as a small circular dot.

The first dimension, the line, comes into being as the One emerges
into two principles, active and passive (below right). The point chooses
somewhere outside of itself, a direction. Separation has occurred and
the line comes into being. A line has no thickness, and it is sometimes
said that a line has no end.

Three ‘ways” now become apparent (oppositc):

i) With one end of the line stationary, or passive, the other is
free to rotate and describe a circle, representing Heaven.

il) The active point can move to a third position equidistant
from the other two, thus describing an equilateral eriangle.
it} The line can produce another which moves away until
distances are equal to form a square, representing Earth.

Three forms, circle, triangle and square have manifested. All are rich
in meaning. Our journey has begun.
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votate a line

srove a vertex

translate a line

create a civele

produce a square



SPHERE, TETRAHEDRON, AND CUBE

from two to three dimensions

Although this book concerns itself primarily with the plane, the three
‘ways’ of rotation, movement of a verfex, and translation of an object,
ate here taken one step further, into three dimensions {opposite):

1) The circle spins to become a sphere. Something circular
remains essentially circular (fop row).

ii) The triangle produces a fourth point at an equal distance
from the other three to produce a tetrahedron. One equilateral
triangle has made three more (central row).

iif) The square lifts a second square away from itself until
another four squares are formed and a cube is created (lower rouw).

Notice how the essential division into circularity, triangularicy and
squareness from the previous page is preserved.

The sphere is a symbol of the cosmos and the totality of manifest
creation. Very large and very small things in nature tend to be
spherical. Einstein discovered that a point in four dimensions (i.e. you
here and now) is a sphere expanding at the speed of light, and all we
can see of the entire universe is inside an event-horizon sphere. The
cube represents the Earth.

The sphere possesses the smallest surface area for its volume of any
possible three-dimensional solid whereas, amongst regular solids, the
tetrahedron is the opposite.

A tetrahedron is in fact hiding in a cube—if you draw a single
diagonal line on every face of a cube so that they join at the corners,
you will have defined the edges of a tetrahedron. Try it
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ONE, TWO, AND THREE

playing with circles

Get a ruler, compass, something to draw with and something to draw
on. Draw a horizontal line across the page. Open the compass and
place the point on the line. Draw a circle (top).

Where the circle has cut the line, place the compass point and draw
another circle, leaving the compass at the same opening as before. When
one circle is drawn over another like this so that they pass through each
others’ centers, then an important almond shape, the vesica piscis, liverally
“fish’s bladder’, is formed. Itis one of the first chings that circles can do.
Christ is often depicted inside a vesica. Two equilateral triangles have
been defined (opposite center).

A third circle can be added to the line as before, normally on the
other side of the forming circle, this simple act defining all six points of
a perfect hexagon (lower, opposite). Alternatively, the third circle can be
added as shown below to produce an elegant triangular form.

Circles thus effortlessly produce perfect triangles and hexagons.
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SIX AROUND ONE

or twelve or even eighteen

The six points of the hexagon give rise to the flower-like pattern shown
below. Alternatively it can be drawn by ‘walking’ a circle around
itself—something most children have done at school, whether under
instruction or just playing with a compass.

We are now secking the lower diagram opposite, and need the
centers of the six outer circles. One way is to extend the Hower, lightly
drawing the six circles shown dashed in the top diagram above, to give
us the six centers. Otherwise we can draw straight lines as shown in the
lower diagram. Both ways work.

We can now see that six circles fit around one. We can push glasses,
coins or tennis balls together to see it, yet it is extraordinary really. ‘Six
around one’ is a theme which the Old Testament of the Bible opens on,
with the six days of work and the seventh day of rest. There is indeed
something very sixy about circles.
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TWELVE AROUND ONE

how to draw a dodecagon

As one produces six, so six produces twelve. Here the arms of a six-
pointed star extend from the flower to intersect the outer rims of the
six circles. Beautifully, this forms a perfect overall division of space
into twelve parts (shown opposite). The twelve-sided polygon is called a
dodecagon, which means literally ‘twelve sided’.

The dodecagon is also made from six squares and six equilateral
triangles fitted around a hexagon—can you see them all opposite? In
addition, the shape divides into its factors, three, four and six, as four
triangles, three squares, and two hexagons (fower, opposite row).

Shown below is the three~dimensional version of the same story. A
ball naturally fits twelve others around it so that they all touch the center
and four neighbours. You see this arrangement in apples and oranges
in every market stall. The shape made is called the cuboctahedron and
is closely related to the tetrahedron and cube we saw on page 67. Most
crystals grow along these lines.

Twelve is the number which fits around one in three dimensions in
the same way that six fits around one in two dimensions. The New
Testament is a story of a teacher surrounded by twelve disciples.

e
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THE FIVE ELEMENTS

a brief foray into the third dimension

Although covered in depth in Boox 11 of this volume, it is worth
mentioning here that there are just five regular three-dimensional solids.
Each has equal edges, every face is the same perfect polygon and every
point is the same distance from the center. Known as the five Platonic
Solids, they were recognized in the British Isles two thousand years
before Plato——4,000 year-old carved stone sets of them have been found
at stone circles in Aberdeenshire, Scotland (below, from Critchlow).

The first solid is the tetrahedron, with four vertices and four faces
of equilateral triangles, traditionally representing the element of Fire.
The second solid is the octahedron, made from six points and eight
equilateral triangles, representing Air. The Cube is the third solid,
eight vertices and six square faces, representing Earth. The fourth is
the icosahedron, with twelve points and twenty faces of equilateral
triangles, the element of Water. The last, and fifth, element is the
dodecahedron, which has twenty vertices, representing the mysterious
fifth element of Aether.

Notice how beautiful the dodecahedron is, and how it is made of
twelve pentagons, perfect five-sided shapes.
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CIRCLING THE SQUARE

the marriage of heaven ard earth

The circle is the shape traditionally assigned to the Heavens, and the
square to the Earth. When these two shapes are unified by being made
equal in area or perimeter we speak of ‘squaring the circle’, meaning that
Heaven and Earth, or Spirit and Matter, are symbolically combined, or
married. Fivefold Man exists between sixfold Heaven and fourfold
Earth and Leonardo da Vinci'’s image (oppesite) also shows how a man’s
span equals his height, that this measure equals seven of his feet and
other important ratios.

As we saw earlier (page 33), the Earth and the Moon square the circle,
tor if the Moon (diameter 3) is drawn down to the Earth (diameter r1)
then a heavenly circle through the Moon (dotted, below cetiter) has radius 7,
and so circumference 44, the same as the perimeter of the square around
the Barth. This works because 71, which relates the circumference of a
circle to its diameter is practically 2%. In Leonardo’s image the Moon
would fit above the man’s head.

Also shown (below left and right) is a simple construction for a square
using ruler and compass. Octagons soon follow.
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THE CANON
3, 7 and 11

The squaring of the circle by the Moon (size 3) and the Earth (size 11) is
also manifest in the geometry of a double rainbow, whose two beautiful
bows at 41.5° and 52.5° precisely draw the same diagram (below, from
Martineau)—a marriage of Heaven and Earth indeed!

A portal door, of Gerum Church in Gothland, Sweden (opposite)
encodes 3 by 11. Three elevens is thirty-three and Irish and Norse
myths abound with tales of 33 warriors. Jesus dies and is resurrected
aged 33, and the Sun takes 33 years for a perfect repeat sunrise. Seven
also works with both 3 and 11. Ttis an old secret that the Earth’s tilt, often
hidden in sacred art as the tilt of a holy head {the Virgin Mary’s or the
Buddha’s), is easily produced as the diagonal of a rectangle 3 wide and 7
high. Finally 1% is the ancient Egyptian value for half of .

The Sandreckoner’s diagram (opposite) is a unique way of dividing a
rectangle’s edge into harmonic fractions (after Malcolm Stewart).
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Above and below: The Sandreckoner’s diagran:.
Simply by joining corners to the centers of sides,
a square’s edge may be exactly divided into 3, 4,

5, and above, 7 and 11 equal parts, which makes

it an extremely useful device. The initial lines
also produce a plethora of whole number lengths,
areas, and shapes, including a mudtiude of

Pythagorean 3-4-5 triangles at various scales.
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PYRAMID PI

a marriage of everything

There is perhaps no more famous a geometric object on Earth than the
Great Pyramid at Giza in Egypt with its strange passages and enigmatic
chambers. The five diagrams opposite show:

1. The square of the height is equal to the area of each face.

2. The Golden Section in the pyramid, = 1.618 (see page 36).

3. Piin the pyramid. Pi, or T, defines the ratio between a
circle’s circumterence and its diameter (3.14159...).

4. The pyramid squaring the circle (see page 76).

5. A pentagram defining a ‘net’ for the pyramid - cut and fold!

Geometry means ‘Earth-measure’. The Pyramid functions as a
ridiculously accurate sundial, star observatory, land surveying tool and
repository for weights and measures standards. Written into the design
are highly accurate measurements of the Earth, detailed astronomical
data and these simple geometric lessons.

A 3-4-5 triangle fits the shape of the King’s Chamber (below) and
also gives the angle of slope of the second pyramid at Giza. Halfway
between the two slopes is 51.4°, one seventh of a circle.
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a map of the Earth
squeare of height = area of face

T

the Golden Section in the pyramid pi in the pyramid
cosine of slope = 0,618 perimeter = 2x height

circumference of civele on height constructing the pyramid from a
= perimeter of pyramid base prentagram drawn in a cirle



HALFLINGS AND THIRDLINGS
defined by triangles and squares

An equilateral triangle (opposite top leff), or two nested squares (opposite
top right) both do the same thing—the circle inside each of these figures
is exactly half the size of the surrounding circle. This is a geometrical
image of the musical octave, where a string-length or frequency is
halved or doubled.

Appropriately, the three-dimensional equivalent of the triangle, the
tetrahedron, defines the next fractional proportion, one third, as the
ratio of the radius of the innermost sphere to that of the containing
sphere (opposite, bottorn leff). Two nested cubes, or two nested octahedra,
or an octahedron nested in a cube (opposite, bottom right) all produce one
third too. The geometric third is musically equal to an octave plus a
fifth in harmonic notation. Thus two dimensions quickly define a half,
and three dimensions a third.

A close but not perfect marriage is between five and eight (below),
whose geometries often play with one another. In both these diagrams
the inner circle could be the size or orbit of the planet Mercury if the
outer circle is taken as being the size or orbit of the Earth.




ad quadratum

ad triangulim

B )

= an equilateral triangle defines two
civeles, one Jialf the size of the other

two nested squares define two circles,
~ again one half the size of the other

; © ad euboctum
a cubre and actabedron again define 7
: an insphere one thivd of the outsphere

ad tetratum <

the sphere inside a tetrabedron is one
third of the size of the sphere outside
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THE SHAPES OF SOUNDS

and three quarters

Geometry is ‘number in space’, music is ‘number in time’. As we shall
see in Booxk IV, basic musical intervals are simply elementary ratios, 1:1
(unison), 2:1 (the octave), 3:2 (the fifth), 4:3 (the fourth) and so on. The
difference between the fourth and the fifth, which works out at 9:8, is
the value of one tone. Musical intervals, like geometrical proportions,
always involve two elements in relationship, two string-lengths, two
periods (lengths of time) or two frequencies (beats per length of time).
Simple ratios sound and look beautiful.

We can see musical intervals as shapes by swinging a pen in a circle
at one frequency, and a table in an opposite circle at another frequency,
the device being called a fiarmonograph. Shown opposite are two patterns
from near-perfect intervals. The octave (upper) draws as a triangular
shape, the fifth (fower} a pentagonal form.

In the spirit of the previous page, two octaves, or a quarter, can be
exactly defined by two triangles, four squares, or, intriguingly, by a
pentagon in a pentagram (below).
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THE GOLDEN SECTION

and other important roots

A pentagram inside a pentagon is shown opposite. A simple knot,
carefully tied in a ribbon or strip of paper and pulled tight and flattened
out makes a perfect pentagon. Try it some time!

In the main diagram opposite you can see that pairs of lines are each
dashed in different ways. The length of each such pair of lines is in the
Golden Section ratio, 1:¢, where ¢ {pronounced ‘phi’) can be either 0.618
or 1.618 (more exactly 0.61803399...). The books in this volume use the
lower case ¢ for 0.618 and the upper case @ for 1.618.

Importantly, ¢ divides a line so that the ratio of the lesser part to the
greater part is the same as the ratio of the greater part to the whole. No
other proportion behaves so elegantly around unity. For instance, 1+
1.618 is 0.618, and 1.618 % 1.618 =2.618. So one divided by ® equals ¢ (or
<> minus one), and ¢ multiplied by ¢ equals @ plus one!

The Golden Section is one of three simple proportions found in the
carly polygons (Jower, opposite). With edge-lengths 1, a square produces
an internal diagonal of V2 {the square root of two), a pentagram @, and
a hexagon 3 (the square root of three). Many familiar objects from
cassettes to credit cards and Georgian front doors are ® rectangles. vz
and V3 are found widely in crystals, while @ appears predominantly in
organic life, possibly due to the flexible icosahedral nature of water
and other liquids. All three geometric proportions are employed in
good design, along with harmonic ratios.

Neighbouring terms in the Fibonacci Series: 1, 1, 2, 3, 5, 8, 13, 21, 34,
55 ... (adding each pair of numbers to get the next) approximate ¢ with
increasing accuracy. For the keen, ¢ =Y%({s-1) and ®=%{{s+1).
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SOME SPECIAL SPIRALS

and how to draw them

Spirals are marvellous forms which nature uses at every scale. Three
have been selected for this book, all of which give the impression of a
spiral from multiple ares of circles.

The first is the Greek Ionic volute shown top left. This is quite hard
to draw and the secret lies in the small ‘key’ shown above it. The dotted
lines in the main drawing show the radii of the arcs and give clues to the
centers. It's not as hard as it looks!

Regular spirals such as the one shown top right also need a key. This
can simply be two dots {the easiest), a triangle, a square, a pentagon, or
a hexagon (us shown). The more points you have the more perfect the
spiral will be. Here’s how to do one with just two dots. Draw two dots
quite close together and draw a semicircle centered on one starting from
the other. Now, keeping the pen in the same place, open the compass a
bit wider, moving the point to the other dot and continue in the same
direction, drawing another semicircle. Repeat this a few times and a
spiral will appear. It sounds harder than it is—if you try it you will
soon get the idea. The bigger the key the wider the coils. Now look at
the lonic volute key again—-can you see what is happening?

The bottom picture shows a Golden Section spiral, one of the family
of exponential spirals which are common throughout the natural world.
A Golden Section rectangle has the special property that removing a
square from it produces another Golden Section rectangle, and the
Golden Section spiral is formed by removing successive squares and
filling each with a quarter arc.
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Greek lonic Volute Spival Regrlar Spiral
with secret key of compass positions above based on a hexagon of compass positions

Golden Section Spival in a Golden Rectangle
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HOW TO DRAW A PENTAGON

and a golden section rectangle

The method of construction of a pentagon shown opposite is perfect
and is from the Almagest of Ptolemy (d. ca. 168 AD).

Draw a horizontal line with a circle on it. Keeping the compass
opening fixed, place the point at «1> and draw the vesica through the
center of the circle. Now open the compass wide and draw arcs from «1
»and <2 to cross above and below the circle. Use a straight edge to draw
the vertical through the center of the circle. Next draw the vertical
through the vesica to produce «3>. With the point of the compass at 3
» swing an arc down from «4» at the top of the circle to give «5». With
the point at <4 swing through 5> to give two points of the pentagon.
With the point of the compass on these new points in turn, swing from
the top to find the last two points of the pentagon.

A Golden Section rectangle, widely used in painting and architecture,
is constructed from the mid-point of the side of a square (helow).
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THE HEPTAGON

seven out of three

Divide a circle into six and draw the primary equilateral triangle. Find
the midpoints <1» and «2» of the triangle’s two upper arms and drop ewo
lines down to give two points <3» and <> on the base of the triangle, and
two on the bottom of the circle. Finally, from the top, swing through
the four points on the triangle to give the last four points of the seven
on the circle.

Although it is impossible to draw a precise heptagon using ruler
and compass alone, you can do it perfectly using seven equal rods or
matchsticks (shown below left). This wedge is an exact fourteenth of
a circle, so you need two of them for a one seventh division. More
ancient rough solutions use a cord with either six knots or in a loop with
thirteen (below center and right).

The ancient builders were amazing surveyors. Avebury stone circles
in England are positioned exactly at latitude 51.4°, one seventh of a circle
up from the equator. Luxor in Egypt is at a laticude exactly halfway
between Avebury and the equator. Mecca meanwhile is at the northern
Golden Section latitude between the two poles.
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THE ENNEAGON

nines and magic lozenges

The construction shown opposite divides a circle into a near-perfect
nine from an initial six—pointed star using three centers.

The digits of many special numbers sum to nine: 2,160 or 7,920 for
instance, the diameters of the Moon and the Earth in miles; or 360 and
666, and pentagonal angles like 36, 72, and 108. In fact, all multiples of
nine add up to nine. Nine is three times three, or three squared. Many
tribal cultures speak of nine wotlds, or nine dimensions.

The golden Bush Barrow lozenge found near Stonehenge (below
leff) has internal angles of 80° and 100°, suggesting nine-fold geometry.
Sunrises and sunsets at the latitude of Stonchenge vary over 80°, and
moonrises and moonsets over 100°, so this was a useful object.

Not for beginners is the obscure fact that a sphere-point enneagon
{or nine coins arranged in a perfect nine-sided figure) can contain two
more spheres which exactly touch (below right).
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RABATMENT

and the rule of three

Painters have a whole bag of secret tricks to help them produce the
perfect picture. Students of composition are taught ‘the rule of three’,
where a canvas is divided in three horizontally and vertically, into nine
small versions of the original rectangle (below leff). The four intersections
produced are excellent places to choose as focus points in the design and
are used by many artists. By contrast, items placed on center-lines seem
contrived in the composition, too obvious.

Another trick is to draw a square within your rectangle and use the
lines produced as focal axes (below center). This is called rabatment. In
Golden Section rectangles the space left over from a square is another
Golden rectangle. The process may be continued indefinitely.

Occult centers (below right) are found by using the diagonals of a
rectangle, and right-angled triangles with the other corners.

Dividing a line into 2 or 3 parts uses the first few steps of the Fibonacci
sequence, 1, 2, 3, 5, 8, 13, 21, and so on, where adjacent terms home in
on the Golden Section 0.618. Some painters use % divisions or even the
Golden Section itself. Opposite we see two wonderful examples of
rabatment at play. Botticelli uses 2 Golden Section rectangle reduced
by rabatment in stages to compose his painting, while Grimshaw uses a
rectangle between @ and ¥2, with halves and Golden lines as guides.
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Above: Botticellis Birth of Venus. A Golden Section vectangle with interior squares define
the havizon, spine, navel and other featweres. Below: John Atkinson Grimshawss Ivis fairy
is positioned using center lines and golden divisions. The faivy exists in half the painting,




SIMPLE TILINGS

repeating patterns over an infinite surface

A regular tiling (or tessellation) of the plane occurs when the same regular
polygon is used to fill the plane, leaving no spaces. Only three of these
are possible (shown below). A semi-regular tiling allows for more than one
type of polygon but insists that each vertex is the same. For example, in
the central pattern opposite every vertex is a meeting of two hexagons
and two triangles. Eight semi-regular tilings are possible and all are
shown opposite (though the top left and top right grids opposite are left
and right-handed versions of each other and count as one).

Some designs can be filled in further. As shown on page 73,
dodecagons are just made of hexagons, triangles and squares, and
hexagons are simply collections of triangles. As we shall soon see,
triangles and squares can go on to do the most amazing things together.
What of the other regular polygons? Octagons only tile with squares
{opposite top center). Pentagons do not fit together happily on the plane,
preferring the third dimension (see pages 74—75).

Heptagons and enneagons stand aloof.
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FURTHER TILINGS

further fun in the bathroom

There are twenty demi-regular tilings (where two vertex situations are
permitted) and most of these, and a few other interesting ways to tile
the plane, are shown on these two pages.

These tessellations form the basis for pattern construction in many
traditions of sacred and decorative art across the world. They can be
found underlying Celtic and Islamic patterns and in the natural world
they appear as crystal and cellular structures. William Morris used
them widely for his repeat wallpaper and fabric designs. Their uses are
limited only by your imagination!

On the next page we see one of these grids put to use.
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THE SMALLEST PART

reversible stencils and rotatable blocks

Many of the semi and demi-regular grids can be reduced to a simple
square or triangular unit which can then be reflected or rotated to
recreate the whole pattern. Often these repeat triangles or squares are
surprisingly small. It is worth remembering, however, that in practical
applications it is often easier to rotate a printing block or stencil than it
is to reflect it—and in such cases one has to double the stencil or carve
a larger block.

The design shown opposite is based on one of the grids on the
previous page (see if you can find which one). It is produced by rotation
and reflection of the primary unit (below righf). Once this basic unit has
been identified, all that you need to do is draw this minimum amount
{opposite top) to be able to create the entire design.

Squares and equilateral triangles can both be halved to produce
smaller triangular units (below leff). But, again, take care and think about
what you are doing; for instance you cannot do this with the example
shown opposite—can you see why?
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The smallest unit of the
pattern below, drawn at
the same scale, and showing
the grid lines which have
informed its design.
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Notice how leaves and petals
have been positioned along
the edges of the tile, with

the centers of flowers at the
centers of rotation poinks,




SYMMETRY

regular and beautiful

Symmetry means ‘measuring together’, and things are termed sym-
metrical when they possess harmonious proportions, often between
repeated elements. Elements may be repeated in a number of different
ways: displaced, reflected, rotated, spiraled, scaled, stretched, folded, or
multiple combinations of these.

Symmetries can be manifest {clear) or occult (hidden). For example,
the balanced weights below (center) hint at the equations of mathematics
and physics that model the hidden symmetries which underlie the
physical world. Symmetry is the subject of an entire book in this series,
and the images below and opposite are suggestive rather than complete.
Apart from the symmetries listed above, there are also topological
or mapping symmetries (helow right), branching symmetries, fractal
symmetries (where parts are images of the whole), crystal symmetries,
clectron orbital symmetries, aperiodic symmetries (see Li symmetries, page
120), radial symmetries, permutation symmetries, series symmetries { for
example phyllotaxis, see page 324) and species of assymmetries.

It is important to realise that geometry and harmony are themselves
metely forms of symmetry, especially in the way their products are
appreciated as aesthetic. The plot of a film or novel can likewise be
thought of as symmetrical, as can notions of fate or justice.

‘Measuring together’ can indeed mean many things.
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[SLAMIC DESIGNS

stars are born from subgrids

Islamic patterns speak of infinity and the omnipresent center.

For the pattern opposite, start with six circles round one, developing
a grid of overlapping dodecagons from triangles, squares and hexagons
(see pages 73 and 99). The key points now are halfway along the side of
every polygon. These are joined up in a special way and extended as
shown in the top part of the diagram. Many beautiful patterns are
sitting in every simple subgrid, just waiting to be pulled out.

The subgrids themselves are rarely shown in traditional art. They
are considered part of the underlying structure of reality, with the
cosmos overlaid—cosmos’ means ‘adornment’.
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A CHURCH WINDOW
not far from the Isle of Man

A piece of church window masonry is shown opposite. The design
speaks of the implicit trinity in unity. It is a very beautiful design and
remarkably satisfying to draw. See if you can follow its construction
from the diagram below, which begins with the enclosing circle. Notice
how every detail is defined by the geometry.

Draw a large circle and divide it into six. In this circle draw a large
triangle and inscribe a circle to fie inside it. This gives the centers of
three touching circles (the center-lines of the tracery). Notice how these
circles do not touch either the outer circle or the center of the window.
A small circle (at the bottom of the image below) then assists in giving the
width of the stone tracery itself, enabling the inner, middle and outer
edges of tracery to be defined.

Now see if you could draw the tracery on the next page.
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TREFOILS AND QUATREFOILS

the geometry behind tracery

Everything is made of light, all matter is, and without matter there
would be no sound. Atoms and planets arrange themselves in geo-
metrical patterns. How profound then is a window, which allows the
passage of light into an otherwise dark space.

The designs of church windows follow many rules, forms and
traditions, and some clues are given on these pages. The casiest to draw
are the three quatrefoils (bottom row of this page).

The south window of Lincoln cathedral with its striking double

vesica is shown opposite, and below it three famous and very early west
windows, from Chartres, Evreux and Rheims cathedrals. A good
balance is kept between line and curve.
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STONE CIRCLES AND CHURCHES

vesicas in action for over 4,000 years

Four flattened stone circles are shown opposite with their consistent
geometry as discovered by Professor Thom. On the left are examples of
the type-a shape, on the right type-ss. The vesica-based constructions
are also shown (see page 68 for vesica).

Shown on this page is the ground plan of Winchester Cathedral.
An interplay of simple vesica-based triangular and square systems, ad
triangufum and ad quadratum, underlies the plans of many ecclesiastical
buildings (see fop row page 83).

The design of a sacred building, whether church, stone circle or
temple, requires the designer to marry the universal symbolism of
the geometrical moves he or she is making with the specific religious
language. Local factors also go into the cauldron, for example Sun, star
or Moon rise and set positions, or nearby sacred hills, springs or leys.
Below we see Winchester Cathedral’s axis pointing 72° from north,
creating a magical magnetic pentagram.
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DELIGHTFUL ARCHES

how to draw a few of the many

Arches take remarkably similar forms all over the world and a few are
shown here. Living trees often make the best arches.

The top row opposite shows five two-centered arches. Their span
has been divided into 2, 3, 4, 5, and 5 again. The straight dotted lines
show the radii of their arcs. The heights of arches can vary but for
these five their heights are defined by a rectangle which gives a musical
interval, thus 2:3, 3:4 and so on (page 84).

The second row of arches opposite are four-centered. The curve of
the arch changes at positions given by the solid line. Ideas for defining
their heights are also given.

The bottom two arches opposite are a horseshoe arch, which can
also be pointed, and a pointed arch. The pointed arch scems to turn
up—"the return™>—but the lines are actually dead straight.
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A CELTIC SPIRAL

Euclidean geometry in ancient Ireland

The design shown opposite comes from a four inch bronze disc found
on Loughan Island in Northern Ireland, and dated to around 2000 years
ago. It is an exceptionally beautiful example of the carly Celtic style.
As we have already seen with stone circles and arches, the seamless
conjunction of multiple arcs can be highly aesthetic and it reached its
perfection in the early Celtic period.

Many early Celtic pieces show evidence of compass use and the
final drawing for this disc required no less than 42 separate compass-
point positions! It is thought that the master artists who created these
designs started with a basic geometric template, such as a touching
circles pattern, then sketched their forms before returning to geometry
to tighten everything up so that their curves all became arcs, sections
of circles. This gives a tautness to the curves. In this way intuition and
intellect work together.

The lower sequence of pictures shows how to plot arcs through
points. The first diagram shows an arc centered on «oo. 'We want the
arc to change effortlessly at <a» and then pass through <». What do
we do? Find the perpendicular bisector between points @ and < by
opening the compass, describing two equal arcs from «> and «b, and
drawing the line through their intersections (lower, opposite center). This
cuts the «a-o line at a new point «o» which then becomes the center we
were looking for (fower right).

All of the beautiful curves in the Loughan Island disc are drawn and
tautened in this simple and elegant manner.
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o - The idea that circles or aves of civeles are the only truly heavenly curves finds its
- way into many philosophies of sacred art. The technique above may be used in any
o application to refine a curvy sketch or design and give it that elusive magical quality.
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LT SYMMETRIES

formed in time

Li symmetries are so familiar to us that we almost don’t notice them.
They surround us and pervade the natural world, but it was only in the
1950s that these enigmatic forms of symmetry began to be understood
as self-organising systems through the pioneering work of Alan Turing.
The Chinese, however, have been studying them for millennia, and it
is from them that they get their name.

Li symmetries may be distinguished from static symmetries in that
they are primarily caused by the interaction between processes and
materials. For instance the repeated action of wind over sand produces
the familiar ribbing of sand dunes, a symmetry which can occur at
different scales. Likewise, the action of heat on wet clay creates crack
patterns which also closely ressemble the layout of many towns and
cities, even down rto relatively small details such as the width of the
roads (see David Wade'’s illustrations oppositc),

Li symmetries extend into animal markings, stretch patterns such as
tree barks, cloud patterns, and many other areas of nature.

Next time you are out and about, see how many you can spot!
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THE SEVENTEEN SYMMETRIES

from slide, spin and mirror

The Arab alchemist Jabir ibn Hayyan, known in the West as Geber,
regarded 17 as the numerical basis of the physical world.

Using a very simple sample design the next three pages explore
the three basic operations of rotation, reflection and sliding. These,
combined with the three regular tilings, give seventeen ‘wallpaper’
or plane symmetry groups which are shown below, opposite, and on
the next page (after Critchlow). The final facing page shows the seven
possible frieze symmetries derived in the same way.

This visual key can be very useful when creating repeats for fabric or
pottery patterns (see foo pages 102—103). ‘Patterry, by the way, comes from
the Latin word pater, meaning ‘father’, in the same way that ‘matrix’
comes from mater, meaning ‘mother’.

Remember, not all stencils can be turned over {reflected) without
making a mess, so choose your repeat units with care.

And on that rather practical note this dense little book on one
of the oldest subjects on Earth has now reached its end. I hope you
have gleaned enough ideas from it to create something good, true and

beautiful next time you get designing!
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INTRODUCTION

Imagine a sphere. Itis Unity’s perfect symbol. Each point onits surface is
identical to every other, cquidistant from the unique point at its center.

Establishing a single point on the sphere allows others to be defined
in relation to it. The simplest and most obvious relationship is with the
point directly opposite, found by extending a line through the sphere’s
center to the other side. Add a third point and space ali three as far from
each other as possible to define an equilateral triangle. The three points
lie on a circle with radius equal to the sphere’s and sharing its center,
an example of the largest circles possible on a sphere, known as grear
circles. Point, line and triangle occupy zero, one and two dimensions
respectively. It takes a minimum of four poines to define an uncurved
three-dimensional form.

This section of Quadrivium charts the unfolding of number in three-
dimensional space through the most fundamental forms derived from
the sphere. A cornerstone of mathematical and artistic inquiry since
antiquity, after countless generations these beautiful forms continue to

intrigue and inspire.

13t



THE PLATONIC SOLIDS
beautiful forms unfold from unity

Imagine you are on a desert island; there are sticks, stones, and sheets
of bark. If you start experimenting with three-dimensional structures
you may well discover five ‘perfect’ shapes. In each case they look
the same from any vertex {corner poine), their faces are all made of the
same regular shape, and every edge is identical. Their vertices are the
most symmetrical distributions of four, six, eight, twelve, and twenty
points on a sphere (below).

These forms are examples of polyhedra, literally ‘many seats’ and,
as the earliest surviving description of them as a group is in Plato’s
Timaeus, they are often called the Platonic Solids. Plato lived from
427 to 347 BC, but there is evidence that the Platonic Solids were
discovered much earlier.

Three of the solids Lkave faces of equilateral triangles—three,
four, or five meeting at each vertex——and have names deriving from
their number of faces; the tetrahedron is made from four, the octakedron
eight, and the icosahedron twenty. The 3-4-5 theme continues with the
common cube, with its six square faces, and the dodecahedron with its
twelve regular pentagonal faces. Over the pages which follow we will
get to know these striking three-dimensional forms better.
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THE TETRAHEDRON

4 faces : 6 edges : 4 vertices

The tetrahedron is composed of four equilateral triangles, with three
meeting at every vertex. les vertices can also be defined by the centers
of four touching spheres (lower, opposite right). Plato associated its form
with the element of Fire because of the penetrating acuteness of its
edges and vertices, and because it is the simplest and most fundamental
of the regular solids. The Greeks also knew the tetrahedron as puramis,
whence the word pyramid. Curiously the Greek word for fire is pur.

The tetrahedron has three 2-fold axes, passing through the
midpoints of its edges, and four 3-fold axes, each passing through one
vertex and the center of the opposite face (below). Any polyhedron with
these axes of rotation has tetrahedral symmetry.

Each Platonic Solid is contained by its circumsphere, which just
touches every vertex. The Solids also define two more spheres: their
midsphere, which passes through the midpoint of every edge, and
their insphere, which is contained by the solid, perfectly touching the
center of every face. For the tetrahedron the inradius is one third of the
circumnradius (fower, opposite leff).

edge on : 2-fold face on : 3-fold frow vertex ; 3-fold
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THE OCTAHEDRON

§ faces : 12 edges : 6 vertices

The octahedron is made of eight equilateral triangles, four meeting
at every vertex. Plato considered the octahedron an intermediary
between the tetrahedron, or Fire, and the icosahedron, or Water, and
thus ascribed it to the element of Air. The octahedron has six 2-fold
axes passing through opposite edges, four 3-fold axes through its face
centers and three 4-fold axes through opposite vertices (befow). Solids
combining these rotation axes display octahedral symmetry.

Greek writings attribute the discovery of the octahedron and
icosabedron to Theaetetus of Athens (417-3698¢). Book x1m1 of Euclid’s
Elements (see page 144) is thought to be based on Theaetetus’ work on
the regular solids.

The octahedron’s circumradius is bigger than its inradius by a
factor of V3 (see page 377). The same relationship occurs between the
circumradius and inradius of the cube, and between the circumradius
and midradius (and the midradius and inradius) of the tetrahedron.

The tetrahedron, the octahedron and the cube are all found in the
mineral kingdom. Mineral diamonds and common flucrite crystals
often form octahedra.
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THE ICOSAHEDRON

20 faces : 30 edges : 12 vertices

The icosahedron is composed of twenty equilateral triangles, five
to a vertex. It has fifteen 2-fold axes, ten 3-fold axes and six s-fold
axes (below), known as icosahedral symmetry. When the tetrahedron,
octahedron, and icosahedron are made of identical triangles, the
icosahedron is the largest. This led Plato to associate the icosahedron
with Water, the densest and least penetrating of the three fluid elements:
Fire, Air, and Water.

The angle where two faces of a polyhedron meet at an edge is
known as a dihedral angle. The icosahedron is the Platonic Solid with
the largest dihedral angles.

If you join the two ends of an icosahedron’s edge to the center of
the solid an isosceles triangle is defined—the same as the triangles chat
make up the faces of the Great Pyramid at Giza. Opposing edges of an
icosahedron form Golden Section rectangles (see page 152).

Arranging twelve equal spheres to define an icosahedron leaves
space at the center for another sphere Just over nine tenths as wide as
the others (fower, opposite right).
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THE CUBE

6 faces : 12 edges : 8 vertices

The cube has octahedral symmetry (below). Plato assigned it to the
element of Earth due to the stability of its square bases. Aligned to our
experience of space, it faces forwards, backwards, right, left, up, and
down, corresponding to the six directions North, South, East, West,
zenith, and nadir. As we saw in Book I of this volume, six is the first
perfect number, with factors adding up to itself (1+2+3=6).

Add the cube’s twelve edges, the twelve face diagonals and the four
interior diagonals to find a total of twenty-eighe straight paths joining
the cube’s eight vertices to each other. Twenty-eight is cthe second
perfece number (1 +2+4+7+14=28).

Islam’s annual pilgrimage is to the Kaaba, literally Cube, in Mecca.
The sanctuary of the Temple of Solomon was a cube, as is the crystalline
New Jerusalem in Saint John’s revelation. In 4308c the oracle at Delphi
instructed the Athenians to double the volume of the cubic altar of
Apolio, whilst maintaining its shape. ‘Doubling the cube’, as the
problem became known, ultimately proved impossible using Euclidean
geometry afone.

edge o 1 2-fold from vertex : 3-fold face on : 4-fold
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THE DODECAHEDRON

12 faces : 30 edges : 20 vertices

The beautiful dodecahedron has twelve regular pentagonal faces, three
of which meet at every vertex. Its symmetry is icosahedral (befor).
Like the tetrahedron, or pyramid, and the cube, the dodecahedron
was known to the early Pythagoreans and was commonly referred to
as the sphere of twelve pentagons. Having detailed the other four solids
and ascribed them to the elements, Plato’s Timaeus says enigmatically
“There remained a fifth construction which God used for embroidering
the constellations on the whole heaven.”

A dodecahedron sitting on a horizontal surface has vertices lying
in four horizontal planes which cut the dodecahedron into three parts.
Surprisingly, the middle part is equal in volume to the others, so each
is one third of the total! Also, when set in the same sphere, the surface
areas of the icosahedron and dodecahedron are in the same ratio as their
volumes, and their inspheres are identical.

‘Fool’s Gold’, or iron pyrite, forms crystals much like the dodecahedron,
but don't be fooled, their pentagonal faces are not regular and their
symmetry is tetrahedral.
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A SHORT PROOF

are there really only five?

A regular polygon has equal sides and angles. A regular polyhedron has equal
regular polygon faces and identical vertices. The Platonic Solids are the
only possible convex regular polyhedra. In book xim of his Elements Buclid
of Alexandria (ca. 325265 B¢) proves that each of these five convex
regular polyhedra can be constructed, and concludes by demonstrating
that there are no other possibilities.

At least three polygons are needed to make a solid angle. Using
equilateral triangles this is possible with three @, four b and five
around a point. With six the result lies flat «b. Three squares make a
solid angle «e», but with four ¢ a limit similar to six triangles is reached.
Three regular pentagons form a solid angle «g>, but there is no room,
even lying flat, for four or more. Three regular hexagons meeting at
a point lie flat ¢/, and higher polygons cannot meet with three around
a point, so a final limit is reached. Since only five solid angles made of
identical regular polygons are possible, there are at most five possible
convex regular polyhedra.

The angle left as a gap when a polyhedron’s vertex is folded flat
is its angle deficiency. René Descartes (1506—1650) discovered that the
sumn of a convex polyhedron’s angle deficiencies always equals 720°,
or two full turns. Later, in the eighteenth century, Leonhard Euler
(r707-1783) noticed another peculiar fact: in every convex polyhedron
the number of faces minus the number of edges plus the number of
vertices equals two.
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ALL THINGS IN PAIRS

platonic solids two by two

What happens if we join the face-centers of the Platonic Solids? Starting
with a tetrahedron, we discover another, inverted, tetrahedron. The
face-centers of a cube produce an octahedron, and an octahedron creates
a cube. The icosabedron and dodecahedron likewise produce each other.
Two polyhedra whose faces and vertices correspond perfectly are known
as cach other’s duals. The tetrahedron is self~dual. Dual polyhedra have
the same number of edges and the same symmetries.

The illustrations opposite are stereogram pairs. Hold the book at
arm’s length and place a finger vertically, midway to the page. Focus
on the finger and then bring the central blurred image into focus. The
image should jump into three dimensions!

Dual pairs of Platonic Solids can be married with their edges
touching at their midpoints to give the compound polyhedra shown
below. Everything in Creation has its counterpart or opposite, and
the dual relationships of the Platonic Solids are a beautiful example

of this principle.
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AROUND THE GLOBE

in elegant ways

Plato’s cosmology constructs the Elemental Solids from two types of
right-triangular atom. The first atom is half an equilateral triangle,
six of which then compound to produce larger equilateral triangles;
these go on to form the tetrahedron, octahedron and icosahedron. The
second triangular atom is a diagonally halved square, which appears in
fours, making squares which then form cubes.

The Platonic Solids have planes of symmetry dividing them
into mirror image halves; the tetrahedron has six mirror planes, the
octahedron and cube have nine, and the icosahedron and dodecahedron
have fifteen. When the tetrahedron, octahedron and icosahedron are
constructed from Plato’s triangular atoms, paths are defined which
make their mirror planes explicit. The cube however needs twice as
many triangular divisions as Plato gave it (fop row) to delineate all its
mirror planes (riiddle row).

Projecting the subdivided Platonic Solids onto their circumspheres
produces three spherical systems of symmetry. Each spherical system is
defined by a characteristic spherical triangle with one right angle, and
one angle of one third of a half turn. Their third angles are respectively
one third of a half turn (fop row), one quarter of a half turn (middle row)
and one fifth of a half turn (lower row). This sequence of %4, ¥, and %
elegantly inverts the Pythagorean whole number triple 3, 4, 5.
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ROUND AND ROUND

lesser circles

Any navigator will tell you that the shortest distance between two
points on a sphere’s surface is always an arc of a great circle. When a
polyhedron’s edges are projected onto its circumsphere the result is a set
of great circle arcs known as a radial projection. Opposite, the left hand
column shows the radial projections of the Platonic Solids with their
great circles shown in dotted line.

A spherical circle smaller than a great circle is called a lesser circle.
Tracing a circle around all the faces of the Platonic Solids set in
their circumspheres generates the patterns of lesser circles shown in
the middle column. The apocryphal book x1v of Euclid’s Elements
proves that when set in the same sphere, the lesser circles around the
dodecahedron’s faces (fonrth row) are equal to the lesser circles around
the icosahedron’s faces {fifth row). The same is true of the cube (second
row) and the octahedron (¢hird row) as a pair.

Shrink the lesser circles in the middle column uncil they just
touch each other to define the five spherical curiosities in the right
hand column. Many neolithic carved stone spheres have been found
in Scotland carved with the same patterns as the first four of these
arrangements (see page 74). The dodecahedral carvings of twelve circles
on a sphere, some 4,000 years old, are the eatliest known examples of
man-made designs with icosahedral symmetry.

Large lesser circle models can be made from circles of willow, or
cheap hula-hoops, lashed together with wire, string, or tape.
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THE GOLDEN SECTION

and some intriguing juxtapositions

Dividing a line so that the shorter section is to the fonger as the longer
section is to the whole line defines the Golden Section {below). The
Golden Section proportion is an irrational number, inexpressible as a
simple fraction (see pages 54 and 377). Its value is one plus the square root
of five, divided by two——approximately 1.618. It is represented by the
Greek letter @ (phi), or sometimes by T (far). ¢ has intimate connections
with unity; & times itself (&) is equal to b plus one (2.618.. ), and one
divided by & equals &> minus one (0.618...). It is innately related to
fivefold symmetry; the heavy lines in the pentagram below form a
continuous series of Golden Section relationships.

Remove a square from one side of a Golden Section rectangle and
the remaining rectangle will also have sides in the Golden Section. This
process can continue indefinicely and establishes a Golden Section spiral
(below right). Remarkably, an icosahedron’s twelve vertices are defined
by three perpendicular Golden Section rectangles (opposite rop). The
dodecahedron is richer still. Twelve of its twenty vertices are defined
by three perpendicular * rectangles, and the remaining eight vertices
are found by adding a cube of edge length & (fower, opposite).







POLYHEDRA WITHIN POLYHEDRA

and so proceed ad infinitum

The Platonic Solids fit together in remarkable and fascinating ways; the
appendix on page 376 shows many relationships. The upper stercogram
pair opposite shows a dodecahedron with edge length one. Nested
inside it is a cube, edge length @, and a tetrahedron, edge length V2
times the cube’s (see page 377). The tetrahedron occupies one third of
the cube’s volume,

In the lower stercogram pair opposite, the six edge midpoints of
the tetrahedron define the six vertices of an octahedron. As well as
halving the tetrahedron’s edges this octahedron has half its surface area
and halt'its volume, perfectly embodying the musical octave ratio of
1:2. Similarly the twelve edges of the octahedron correspond to the
twelve vertices of a nested icosahedron. The icosahedron’s vertices cut
the octabedron’s edges perfectly in the Golden Section (see page 146 for
instructions on how to make these stereagram images to jump into 3-D).

Imagine these two sets of nestings combining to give all five
Platonic Solids in one elegant arrangement. Since the outer dodeca-
hedron defines a larger icosahedron by their dual relationship, and the
inner icosahedron likewise defines a smaller dodecahedron, the nestings
can be continued outwards and inwards to infinity.

The tetrahedron, octahedron, and icosahedron, made entirely from
equilateral triangles, are convex deltahedra. There are only five other
possible convex deltahedra, all shown lower, opposite.
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COMPOUND POLYHEDRA

a stretch of the imagination

The interrelationships on the previous page generate particularly
beautiful compound polyhedra. Fix the position of an icosahedron,
and octahedra can be placed around it in five different ways, giving
the compound of five octahedra (top leff). Similarly the cube within
the dodecahedron, placed five different ways, generates the compound
of five cubes (top right). The tetrahedron can be placed in the cube
two different ways to give the compound of ewo tetrahedra shown
on page 146. Replace each of the five cubes in the dodecahedron
with two tetrahedra to give the compound of ten tetrahedra (middle
left). Remove five of the tetrahedra from the compound of ten, to
leave the compound of five tetrahedra (middle right). This occurs in
two versions, right-handed or dextro and left-handed or laewo; the
two versions cannot be superimposed and are described as each
others’ enantiomorphs. Polyhedra or compounds with this property of
‘handedness’ are described as chiral.

Returning to the cube and dodecahedron, and this time fixing
the cube, there are two ways to place the dodecahedron around it.
The result of both ways used simultancously is the compound of
two dodecahedra (fower leff). In the same way the octahedron and
icosahedron pair gives the compound of two icosahedra (lower right).
Many other excraordinary compound polyhedra are possible, for
example Bakos' compound of four cubes is shown on page 128.
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THE KEPLER POLYHEDRA
the stellated and great stellated dodecahedron

The sides of some polygons can be extended until they meet again,
for example the regular pentagon extends to form a five-pointed star,
or pentagram (below). This process is known as stellation. Kepler had a
great fascination with polyhedra (see for example page 306} and proposed
the application of stellation to them, observing the two possibilities of
stellation by extending edges, and stellation by extending face planes.
Applying the first of these to the dodecahedron and icosahedron (below)
he discovered the two polyhedra illustrated opposite and named them
the larger and smaller icosahedral hedgehogs!

Their modern names, the stellated dodecabedron (opposite top) and
the great stellated dodecahedron (lower, opposite), reveal that these
polyhedra are also two of the face stellations of the dodecahedron.
Each is made of twelve pentagram faces, one with five, the other with
three to every vertex. They have icosahedral symmetry.

Although its five sides intersect each other, the pentagram has equal
edges and equal angles at its vertices and so can be considered a non-
convex regular polygon. Likewise, these polyhedra can be regarded as non-

R

convex regular polyhedra.
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THE POINSOT POLYHEDRA

the great dodecahedron and great icosahedron

Louis Poinsot (1777-1859) investigated polyhedra independently of
Kepler, rediscovering Kepler’s two icosahedral hedgehogs and also
discovering the two polyhedra shown here, the great dodecahedron
(top) and the great icosahedron (lower). Both of these polyhedra have
five faces to a vertex, intersecting each other to give pentagram vertex
figures. The great dodecahedron has twelve pentagonal faces and is
the third stellation of the dodecahedron. The great icosahedron has
twenty triangular faces and is one of an incredible fifty-eight possible
stellations of the icosahedron (often numbered as fifty-nine including
the icosahedron itself). These stellations also include the compounds
of five octahedra, five tetrahedra, and ten tetrahedra.

A non-convex regular polyhedron must have vertices arranged like
one of the Platonic Solids. Joining a polyhedron’s vertices to form new
types of polygon within it is known as faceting. The possibilities of faceting
the Platonic Solids produce the compounds of two and ten tetrahedra,
the compound of five cubes, the two Poinsot polyhedra (helow leff) and
the two Kepler star polyhedra (below righ). The four Kepler-Poinsot
polyhedra are therefore the only non-convex regular polyhedra.
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THE ARCHIMEDEAN SOLIDS

thirteen semi-reqular polyhedra

The thirteen Archimedean Solids (opposite) are the subject of much of
the rest of this book. Also known as the semi~regular polyhedra, they have
regular faces of more than one type, and identical vertices. They all fit
perfectly within a sphere, with tetrahedral, octahedral or icosahedral
symmetry. Although their carliest attribution is to Archimedes, Kepler
seems to have been the first since antiquity to describe the whole set
of thirteen in his Harmonices Mundi. He further noted the two infinite
sets of regular prisms and antiprisms {examples below) which also have
identical vertices and regular faces.

Turn one octagonal cap of the rhombicuboctahedron by an eighth
of a turn to obtain the pseudo-rhombicuboctahedron (below). Tts
vertices, while surrounded by the same regular polygons, are of fwo
types relative to the polyhedron as a whole.

There are fifty-three semi-regular non-convex polyhedra, one
example being the dodecadodecahedron (below). Together with the
Platonic and Archimedean Solids, and the Kepler-Poinsot Polyhedra,
they form the set of seventy-five Uniform Polyhedra,

seudo
heptagonal prism heptagonal antiprism ,.;,0,,,;,t-gfbom;wd,.o,, dodecadodecalicdron
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FIVE TRUNCATIONS

off with their corners!

Truncate the Platonic Solids to produce the five equal-edged
Archimedean polyhedra shown here. These truncated solids are the
perfect demonstration of the Platonic Solids’ vertex figures: triangular
for the tetrahedron, cube and dodecahedron, square for the octahedron
and pentagonal for the icosahedron. Each Archimedean Solid has one
circumsphere and one midsphere. They have an insphere for each type
of face, the larger faces having the smaller inspheres touching their
centers. Each truncated solid therefore defines four concentric spheres.

The five truncated solids can each sit neatly inside both their original
Platonic Solid and that Platonic Solid’s dual. For example the truncated
cube can rest its octagonal faces within a cube or its triangular faces
within an octahedron.

The truncated octahedron is the only Archimedean Solid that can
fill space with identical copies of itself, leaving no gaps. It also conceals
a less obvious secret. Joining the ends of one of its edges to its center
produces a central angle which is the same as the acute angle in the
famous Pythagorean 3:4:5 triangle, beloved of ancient Egyptian masons
for defining a right angle.
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THE CUBOCTAHEDRON

14 faces : 24 edges : 12 vertices

The cuboctahedron combines the six square faces of the cube with the
eight triangular faces of the octahedron. It has octahedral symmetry.
Joining the edge midpoints of either the cube or the octahedron
traces out a cuboctahedron (shown below as a stereogram pair).
According to Heron of Alexandria (to~75 ap), Archimedes ascribed
the cuboctahedron to Plato.

Quasiregular polyhedra such as the cuboctahedron are made of two
types of regular polygon, each type being surrounded by polygons
of the other type. The identical edges, in addition to defining the
faces themselves, also define equatorial polygons. For example the
cuboctahedron’s edges define four regular hexagons (fower, opposite
center). The radial projections of quasiregular polyhedra consist entirely
of complete great circles (lower, opposite leff).

Twelve spheres pack around an identical thirteenth to produce
a cuboctahedron (lower, opposite right). Greengrocers use this system
to stack oranges in offset hexagonal layers. Known to chemists as
hexagonal close packing each sphere is surrounded by twelve others,
their centers defining a strong lattice of tetrahedra and octahedra.
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A CUNNING TWIST

and a structural wonder

Picture a cuboctahedron made of rigid struts joined at flexible
vertices. This structure was named the jitterbug by R.. Buckminster
Fuller (1895-1983), and is shown opposite with the rigid triangular
faces filled in for claricy. The jitterbug can be slowly collapsed in
on itself in two ways so that the square ‘holes’ become distorted.
When the distance between the closing corners equals the edge length
of the triangles, an icosahedron is defined. Continue collapsing the
structure and it becomes an octahedron. If the top triangle is then
given a twist, the structure flattens to form four triangles which close
up to give the tetrahedron.

Geodesic domes are another of Buckminster Fuller’s structural
discoveries. These are parts of geodesic spheres, which are formed
by subdividing the faces of a triangular polyhedron, usually the
icosahedron, into smaller triangles, and then projecting the new
vertices outward to the same distance from the center as the original
ones (below). A distant relative of the geodesic sphere is the popular
Renaissance polyhedron of seventy-two sides known as Campanus’

sphere (below right).
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THE ICOSIDODECAHEDRON

32 faces : 60 edges : 30 vertices

The icosidodecahedron combines the twelve pentagonal faces of the
dodecahedron with the twenty triangular faces of the icosahedron.
Joining the edge midpoints of either the dodecahedron or the
icosahedron traces out the quasiregular icosidodecahedron (both are
shows below as a stereogram pair). Its edges form six equatorial decagons,
giving a radial projection of six great circles (lower, opposite leff).

The earliest known depiction of the icosidodecahedron is by
Leonardo Da Vinci (1452-1519) and appears in Fra Luca Pacioli’s (1445~
1517) De Divina Proportione. Appropriately this work’s main theme is
the Golden Section, which is perfectly embodied by the ratio of the
icosidodecahedron’s edge to its circumradius.

Defining the icosidodecahedron with thirty equal spheres leaves
space for a large central sphere that is Vs (see page 377) times as big as the
others (lower, opposite right).
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FOUR EXPLOSIONS

expanding from the center

Exploding the faces of the cube or the octahedron outwards until they
are separated by an edge length (below) defines the rhombicuboctahedron
(opposite top leff). The same process applied to the dodecahedron or
icosahedron gives the rhombicosidodecahedron (opposite top righ). The
octagonal faces of the truncated cube, or the hexagonal faces of the
truncated octahedron, explode to give the great rhombicuboctahedron
(fower, opposite leff). The decagonal faces of the truncated dodecahedron,
or the hexagonal faces of the truncated icosahedron, explode to give
the great thombicosidodecahedron (lower, opposite right),

Kepler called the great rhombicuboctahedron a truncated
cuboctahedron, and the great rhombicosidodecahedron a truncated
icosidodecahedron. The two truncations he refers to, however, do not
produce square faces, but V2 and & rectangles respectively.

These four polyhedra have face planes in commeon with either
the cube, octahedron and rhombic dodecahedron (see page 179), or the
icosahedron, dodecahedron, and rhombic triacontahedron (see page 179),
hence the prefix ‘rhombi-" in their names.
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TURNING

the snub cube and snub dodecahedron

The name ‘snub cube’ is a loose translation of Kepler’s name cubus
sipus, literally ‘the squashed cube’. Both the snub cube and the snub
dodecahedron are ¢hital, occurring in dextro and laevo versions. Both
versions are illustrated opposite with the dextro versions on the right.
The snub cube has octahedral symmetry, and the snub dodecahedron has
icosahedral symmetry. Neither has any mirror planes. Of the Platonic
and Archimedean Solids the snub dodecahedron is closest to the sphere.

The rhombicuboctahedron (previons page) can be used to make a
structure similar to the jitterbug (see page 169). Applying a twist to this
new structure produces the snub cube (below). Twist one way to make
the dextro version and the other to make the laevo. The corresponding
relationship exists between the rhombicosidodecahedron and the
snub dodecahedron.

The five Platonic Solids have been truncated, combined, exploded
and twisted into the thirteen Archimedean Solids. Three-dimensional
space is revealing its order, complexity and subtlety. What other
wonders await?
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THE ARCHIMEDEAN DUALS

everything has its opposite

The duals of the Archimedean Solids were first described as a group by
Eugene Catalan (1814—1894) and are positioned opposite to correspond
with their partners on page 163. To create the dual of an Archimedean
Solid, extend perpendicular lines from its edge midpoints, tangential to
the Solid’s midsphere. These lines are the dual’s edges; the points where
they first intersect each other are its vertices. Archimedean Solids have
one type of vertex and different types of faces, their duals therefore
have one type of face but different types of vertices,

The two quasiregular Archimedean Solids, the cuboctahedron and
the icosidodecahedron, both have rhombic duals which were discovered
by Kepler. The Platonic dual pair compounds (pages 146, 166, and 170)
define the face diagonals of these rhombic polyhedra, which are in
the ratios ¥2 for the rhombic dodecahedron and ® for the rhombic
triacontahedron. Kepler noticed that bees terminate their hexagonal
honeycomb cells with three such ¥2 rhombs. He also described the
three dual pairs involving quasiregular solids (below), where the cube is
seen as a thombic solid, and the octahedron as a quasiregular solid.
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MORE EXPLOSIONS

and unseen dimensions

Exploding the rhombic dodecahedron, or its dual the cuboctahedron,
results in an equal-edged convex polyhedron of fifty faces (opposite top
right). Meanwhile, the exploded rhombic triacontahedron, which is
identical with an exploded icosidodecahedron, has one hundred and
twenty-two faces (lower, opposite right).

Ludwig Schlifi (1814—1895) proved that there are six regular four-
dimensional polytopes (generalisations of polyhedra): the s-cell made
of tetrahedra, the 8-cell or fesseract made of cubes, the 16-cell made
of tetrahedra, the 24-cell made of octahedra, the 120-cell made of
dodecahedra, and the 600-cell made of tetrahedra.

The rhombic dodecahedron is a three-dimensional shadow of the four-
dimensional tesseract analogous to the hexagon as a two-dimensional
shadow of the cube. Ina cube two squares meet at every edge. Ina tesseract
three squares meet at every edge. Squares through the same edge define
three cubes (shaded below, with an alternative tesseract projection).

Schlifi also proved that in five or more dimensions the only regular
polytopes are the simplex, or generalized tetrahedron, the hypercube, or
generalized cube, and the orthoplex, or generalized octahedron,
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INTRODUCTION

Many of the drawings in this book were produced by a simple scientific
instrument known as a harmonograph, an invention attributed to
a Professor Blackburn in 1844. Towards the end of the nincteenth
century there seems to have been a vogue for these instruments.
Victorian gentlemen and ladies would attend soirées or conversaziones,
gathering round the instruments and exclaiming in wonder as they
watched the beautiful and mysterious drawings appear. A shop in
London sold portable models that could be folded into a case and taken
to a party. There may well be some of these instruments hidden in
lofts throughout the country.

From the moment [ first saw drawings of this kind I was hooked:
not only because of their strange beauty, but because they seemed to
have a meaning-—a meaning which became clearer and deeper as |
found out how to make and operate a harmonograph. The instrument
draws pictures of musical harmonies, linking sight and sound.

However, before going any further T feel 1 should issue a health
warning. If you too are tempted to follow this path, beware! Tt is both
fascinating and time-consuming.

I should acknowledge my debt to a book called Harnonic Vibrations.
It was coming across this book in a library soon after the end of the
second world war that introduced me to the harmonograph. Seecing
that the book had been published by a firm of scientific instrument
makers in Wigmore Street I went one day to see if they were still there.
They were, though reduced merely to making and selling projectors.

H



I went into the shop and held up my library copy of the book for the
elderly man behind the counter to see.

“Have you any copies of this book left?” I asked him.

He stared at me as though I was some sort of ghost, and shuffled
away without a word, returning in a few minutes with a dusty, unbound
copy of the book.

“That’s marvelous,” I said, “how much do you want for it?”

“Take it”, he said, “it’s our last copy, and we're closing down
tomorrow.”

So I have always felt that someday I must write this book.
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THE DISCOVERY OF HARMONY

on passing a blacksniith

To understand what the harmonograph does we need first to glance at
the elements of musical theory.

Pythagoras, some 2,500 years ago, is credited with discovering that
the pleasing experience of musical harmony comes when the ratio of
the frequencies consists of simple numbers. A widely recounted story
tells how taking a walk he passed a blacksmith's shop. Hearing familiar
harmonies in the ringing tones of the hammers on the anvil, he went in
and was able to determine that it was the weights of the hammers which
were responsible for the relative notes.

A hammer weighing half as much as another sounded a note fivice as
high, an octave (2:1). A pair weighing 3:2 sounded beautiful, a fifth apart.
Simple ratios made appealing sounds.

The picture opposite shows experiments the philosopher went on to
make (from Gafurio’s Theorica Musice, 1492), as he found that all simple
musical instruments work in much the same way, whether they are
struck, plucked or blown.

Deeply impressed by this link berween music and number, Pythagoras
drew the metaphysical conclusion that all nature consists of harmony
arising from number, precursor to the modern physicist’s assumption that
nature conforms to laws expressed in mathematical form. Looking at the
picture you will see that in every example, hammers, bells, cups, weights
or pipes, the same numbers appear: 16, 12, 9, 8, 6, and 4. These numbers
can be paired in quite a few ways, all of them pleasant to the ear, and, as

we shall see, also pleasant to the eye.
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THE MONOCHORD OF CREATION

a singular string theory

There are seven octaves in the keyboard of a ptano and nearly eleven in
the total range of sound heard by the average person. The highest note
of each octave has a frequency twice that of the first so the frequencies
increase exponentially, on a scale beginning at 16 cycles per second
(16 Hertz) with the lowest organ note and ending with about 20,000 per
second. Below 16 Hz we experience rhythim. A range of ten octaves
represents about a thousandfold increase in frequency (210~ 10%),

There is a hint here of what we can think of as the ‘great monochord’
of the universe, also on a scale, this time stretching from a single
quantum fluctuation at the bottom, to the observable universe at the top,
passing through the various ‘octaves of atom, molecule, quanticies of
solid, liquid and gaseous matter, creatures great and small, planets, stars
and galaxies. Here too the scale is exponential, but usually measured in
powers of ten, and covering a range of more than ro°.

Robert Fludd’s 17 century engraving (opposite) tells a similar story:
the musical scale follows the same exponential principle underlying the
design of the universe.

‘ »-["Ti}e ;'_l"':?‘
" E P Observable -
- Human ; Uanverse - F
Aote Lo e

Whale

; celf

Molecule

: Evenr Uk
Tt

Twrezon

Gakiaes

deom " Gunt SV
ot Ay L‘f'u‘:g‘::\ Gy
o O ochistdrs

. S Grain -
SO ofsand

[N

e B i L S

o 1 ¢ 3 15 2
Metry (0 I i [ I o o w0 w0 10

10



(..a
: : - \\.\r..
PR 4 ...‘nﬁmodod» &+ n.WbM\.

-

i rawd T
HIFO,0 1 “o.rmwu '

ma ﬁ
ik R C R LTSI gt _wmw

o EQ.—

W o

meomohw\\\.\ ’

197



OVERTONES AND INTERVALS

harmonic ratios in and outside the octave

How are musical scales constructed? Listen very carefully as you pluck
a string, and you will hear not only the main note, or fonic, but also a
multitude of other harmonics, the overtones.

The principle is one of harmonic resonance, and affects not only
strings and ringing hammers, but columns of air and plates too.
Touching a string with a feather at the halfway or third peint, as shown
below, encourages regularly spaced stationary points, called nodes, and
an overtone can be produced by bowing the shorter side. The first three
overtones are shown opposite.

Musicians, however, need notes with intervals a little closer together
than the overtone series, which harmonize within an octave. The lower
diagram opposite shows the overtone series on the left, and the intervals
developing within the octave on the right, in order of increasing
dissonance, or complexity.

“All discord harmony not understood” wrote Alexander Pope.
The brain seems to grasp casily the relationships implicit in simple
harmonies, an achievement bringing pleasure; bue with increasing
complexity it falters and then fails, and failure is always unpleasant. For
most people enjoyment fades as discord increases, towards the end of the
series opposite. And, as we shall see, that is where the harmonograph
drawings fade too.
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TONES AND HALFTONES
the fourth and fifth get their names

Pythagoras’ hammers hide a set of relationships dominated by octaves
(2:3), fafths (3:2) and fourths (4:3). The ffth and fourth combine to make
an octave {3:2 x 4:3 =2:1), and the difference between them (3:2 +4:3) is
called a tone, value 9:8.

A natural pactern guickly evolves, producing seven discrete nodes (or
notes) from the starting tone (or toric), separated by two halffones and five
tones, like the Sun, Moon and five planets of the ancient world.

The interval of the fifth (3:2), the leap to the dominant, naturally
divides into a major third and minor third (3:2=5:4 % 6:5), the major
third essentially consisting of two tones, and the minor third of a tone
and a halftone. The thirds can be placed major before minor (fo give the
major scale shown in the third row opposite), or in other ways.

Depending on your harmonic moves, or inelody, different tunings appear,
for example two perfect tones (9:8 x9:8+ 81:64) are not in fact the perfect
major third 5:4, but are slightly sharp as 81:80 (the sputonic or syroptic comma,
the Indian shruti, or comma of Didymus), more of which later.

Simple ratios, the octave and fifth, have given rise to a basic scale, a
pattern of tones and halftones and, depending on where in the sequence
you call home, seven modes are possible {see page 382).

Fourtlt Forrth
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DERIVING THE SCALE

monochord, tetrachord, and major chord

The pure ratios of fourth, fifth and octave make up the paradoxical
trinity of the Pythagorean Tetrachord, simple yet curiously mystifying,
in that here the two notes of the sounded octave become as one. Thus
a fifth up is a fourth down, and vice versa (see illustration, page 194), and
four notes, within the unity of the octave, become three. The reflexive
relationship of these pure tones forms the basis of Western tonality, and
from them is derived the major scale {opposite top).

When the fourth is dropped an octave, the fundamental, or tonic,
now becomes its fifth. This results in the circle of Aifths, in which each
new tone is the second overtone (i.e., fifth) of its predecessor {fower,
opposite). The fundamental, C, is Hanked by the subdominant F, and
dominant, G. When tonic and fourth are sounded together, the tonic, I,
is undermined by, and almost subsumed into the subdominant, IV. The
three constituent elements of the Tetrachord, in their delicate balance,
have defined the way we hear and understand music.

Scales can be derived from various basic principles. The harmonic
scale consists of the third octave of the overtone series, CD EF3 G A
Bb B C. In Indian music Saraswati, Goddess of music and science, has
a raga containing seven of these eight notes. Indian tunings, however,
extend to 22 tones, or shrutis, to allow for the syntonic comma, 81:80 (see
page 194), From these tones, seven notes are chosen. The Persian gamut
of 17 tones includes the seven white notes on a piano plus the black
notes, which are split down the middle, for sharps are not flats (below).
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ARRANGING THE HARMONIES

the potwer of silence

The simple ratios of the primary overtones and undertones can be
plotted on an ancient grid known as a lambdoma (opposite top), after che
greek letter A Some intervals have the same value (e.g., 8:4=6:3=4:2=
2:1), and if lines are drawn through these it quickly becomes apparent
that the identities converge on the silent and mysterious ratio o:0, which
is ‘outside the diagram’,

A further contemplative device used by the Pythagoreans was
the Tefrakiys, a triangular arrangement of ten elements in four rows
(1+2+3+4=10). The basic form is given opposite lower left, the first
three rows producing the simple intervals. In another lambdoma (fowwer,
opposite right), numbers are doubled down the left side and tripled down
the right, creating tones horizontally separated from their neighbours by
perfect fifths. After the trinity {1, 2 and 3) notice the numbers produced,
4, 6, 8,9, 12, and then look again at the picture on page 189.

Below we see a fuller range of monochord positions, with the
overtones on the right, and intervals on the left (see pages 193 and 195).




Dythagorean wmd wedieval trnings, called -, recognized ne trae intervals except for valios
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LISSAJOUS FIGURES

sound made shape

In the mid nineteenth century a French mathematician, fules Lissajous,
devised an experiment: He found that if a small mirror was placed at
the tip of a tuning fork, and a light beam aimed at it, then the vibration
could be thrown on to a dark screen. When the tuning fork was struck,
a small vertical line was produced and if quickly cast sideways with
another mirror it produced a sine-wave (below).

Lissajous wondered what would happen if instead of casting the
wave sideways he were to place another tuning fork at right angles to
the first to give the lateral motion. He found that tuning forks with
relative frequencies in simple ratios produced beautiful shapes, now
known as Lissajous figures.

On the screen (opposite top), we see the octave (2:1) as a figure of eight,
and below it various phases of the major and minor third. These were
some of the first fleeting pictures of harmony, which were doubtless
familiar to Professor Blackburn when he devised the harmonograph.







THE PENDULUM

keeping time

A fundamental law of physics (in one formulation) states that left o itself
any closed system will always change towards a state of equilibrium
from which no further change is possible.

A pendulum is a good example. Pulled off center to starg, it is in a state
of extreme disequilibrium. Released, the momentum of its swing carries
it through nearly to the same point on the other side. Asit swings it loses
energy in the form of heat from friction at the fulerum and brushing
against the air. Eventually the pendulum runs down, finafly coming to
rest in a state of equilibrium at the center of its swing,

Going back soo years, Galileo, watching a swinging lamp in the
cathedral of Pisa, realized the frequency of a pendulum’s beat depends
on its length: the longer the pendulum the lower the frequency. So
the frequency can be varied at will by fixing the weight at different
heights. Most importantly, as the pendulum runs down, the frequency
stays the same.

Here, therefore, is a perfect way to represent a musical tone, slowed
down by a factor of about a thousand to the level of human visual
perception. For a simple harmonograph two pendulums are used to
represent a harmony, one with the weight kept at its lowest point,
while the weight on the other is moved to wherever it will produce
the required ratio.

As we shall see, the harmonograph combines these two vibrations
into a single drawing, just as two musical tones sounded together
produce a single complex sound.
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TWO HARMONOGRAPHS
lateral and rotary

In the simplest version of the instrument two pendulums are suspended
through holes in a table, swinging at right angles to cach other.
Projected above the table, the shaft of one pendulum carries a small
platform with a piece of paper clipped to it, while the shaft of the other
pendulum carries an arm with a pen.

As the pendulums swing the pen makes a drawing that is the resulc
of their combined motion (see left side opposite). Both pendulums begin
with the same length, furcher drawings can be obtained as one is then
shortened by sliding the weight upwards and securing it with a clamp
at various points. The harmonic ratios can be displayed in turn,

By wsing three pendulums however, two circular, or rotary,
movements can be combined, with fascinating results {see ripht side
apposite). Two of the pendulums swing at right angles as before, but are
now both connected by arms to the pen, which in all rotary designs
describes a simple circle.

Sicuated under the circling pen, the third and variable pendulum is
mounted on gimbals, a device familiar to anyone who has had to use a
compass or cooking stove at sea. Flere it acts as a rotary bearing, enabling
the pendulum carrying the table to swing in a second circle under the pet.
As the pen is lowered the two circles are combined on the paper.

A further source of variation is also introduced here, for the two
circular motions can swing in the same (concurrent) or opposite
(countercurrent) directions, producing astonishing drawings with very
different characteristics (see appendices on pages 384—38s).
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SIMPLE UNISON 1:1

and the arrow of fime

The simplest harmonograph drawing is produced when both pendulums
are the same length and the cable is stationary. With the pen held off
the paper both pendulums are pulled back to their highest points. One
is released, followed by the other when the first is at its mid-point. The
pen is then lowered on to the paper to produce a circle developing into
a single spiral.

If the two pendulums are released together then the result will be a
straight diagonal line across the paper, the ‘closed’ phase of the harmony,
as opposed to the circular ‘open’ phase. At intermediate phase points
elliptical torms appear (befoiw).

The running-down of harmonograph pendulums is an exact parallel
to the fading of musical notes produced by plucked strings, and can
also be thought of as graphically representing the ‘arrow of time (sece
opposite), with the unchanging ratios of the frequencies representing the
eternal character of natural law. The characteristics of the drawings
result from the meeting of the running-down process with the ‘laws’
represented by the various frequency ratios. We see that music, like the
world, is formed from unchanging mathematical principles deployed in
time, creating complexity, variety and beauty.
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The inexorable divection of change, linked to the agpmmetry of time {before-now-after), was
vividly described by e sciontist. Arthur Bddington (1882-1044) as ‘the arrow of time!
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NEAR UNISON

lateral phases and beat frequencies

A source of pleasing variety in harmonograph drawings comes from
small departures from perfect harmonies. This seems to involve a
principle widespread in nature as well as in the work of many artists.
There is a particular charm in the near-miss.

An example from music suggests itself here. When two notes are
sounded in near unison, the slight difference in their frequencies can
often add richness or character to the sound. The two reeds producing
a single note in a piano accordion have slighely different frequencies,
the small departure from unison causing ‘beats’, a subtle warbling or
throbbing sound (see page 383).

Set the weights for unison and then shorten the variable pendulum
slightly. Swing the pendulums in open phase, producing a circle rurning
into an increasingly narrow ellipse and then a line. If the pen is allowed to
continue, the line will change into a widening cllipse, a circle, and a line
again at right angles to the first. And so on. The instrument is working
its way through the phases of unison shown on page 206,

If the variable pendulum is then further shortened in stages, a series
of drawings like those opposite will be produced. The repetitive pattern
represents ‘beats” with increasing frequency as the discrepancy between
the notes widens. Eventually the series fades inco a seribble that is a
fair representation of discord, though even here there is 2 hint of some
higher-number pattern.

For most people this fading of visual harmony occurs at about the
same point as the audible harmonies fade.
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ROTARY UNISON 1:1
eggs and shells

At first this is disappointing: unison in contrary motion produces 4
straight line across the paper, like the closed phase of lateral unison.
From concurrent motion there comes a mere dot that turns into a line
struggling towards the center, pen and paper going round together.

However, changing to near-unison is richly rewarding, In contrary
motion come a variety of beautiful, often shell-like, forms with fine
cross hatchings. For best results lift the pen off the paper well before
the pendulums reach equilibrium.

Surprisingly, from concurrent near-miss motion there come various
spherical or egg-shaped forms. To produce an ‘egg’ the pen should
be lowered when it is dawdling at the center. It then spirals its way
outwards, reaching a limit before returning as the pendulums run
down. Because the lines toward the perimeter get closer together, the
drawing appears three-dimensional.
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THE LATERAL OCTAVE 2:1
figures of eight and wings

After unison the next harmony to try is the octave. Here there is a
technical difficulty, for the variable pendulum has to be very short, and
because of the greater amount of friction involved runs down quickly.
The trick is to add a weight to the top of the invariable pendulum, which
slows it down (see page 183). The variable pendulum can then be longer.

Unfortunately this means that for the octave, and other ratios where
one pendulum is going much faster than the other, the theoretical markers
have to be ignored, and the right point found by trial and error.

With one pendulum beating twice as fast and at right angles to the
other, the octave in open phase takes the form of a figure-of-cight (a
coincidence), repeated in diminishing size as the pendulum runs down.

If both pendulums are released ac the same time to produce the
closed phase, the result is a cup-shaped line that develops into a
beautiful winged form with fine cross-hatchings and interference
patterns. Small adjustments produce striking variations.

The octave is the first overtone (sec page 192).
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THE ROTARY OCTAVE 2:1

hearts and triangles

From rotary motion with a 2:1 ratio come some of the most beautiful
of all harmonograph drawings: simple, graceful and often surprising.
Remember, all that is happening here is that two circular motions, one
almost exactly twice as fast as the other, are being added together.

Contrary motion produces a trefoil silape with many fine variations
(right hand images opposite). Starting with a smaller size or amplitude in the
faster rotation produces a triangle, or pyramid.

The octave in concurrent motion produces a heart-shaped form
with a simple inner loop (below left and left hand cohusnn opposite). Here
there is a link with the ancient tradition of the music of the spheres, for
this is the shape an observer on Uranus would ascribe to the movement
of Neptune, or vice-versa. This is because the planets orbit the Sun
concurrently, Uranus in 84 years and Neptune in 163, approximately
performing an octave. The planet Mercury sings a perfect octave all
by itself, as one of its days is two of its years (see BOOK VI in this volutne for
muich more on relationships such as these).

Near-misses in the ratios of rotary drawings set the designs spinning
(lower, opposite row).
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THE LATERAL FIFTH 3:2

and the second overtone 3:1

Next to be tried is the harmony of the fifth, intermediate between
the simplicity of unison and octave and the more complex harmonies
that follow,

It will be seen from the open phase drawing opposite that the fifth
has three loops along the horizontal side and two along the vertical.
The number of loops on each side gives the ratio, 3:2. Looking back
at the octave, there are two loops to one, and with unison there is
only one ‘loop’, however you look at it. This is the general rule for all
lateral harmonograph ratios, and if a harmony appears unexpectedly
+ during experiments, it can usually be identified by counting the loops
on two adjacent sides.

The fifth also appears as 3:1, the second overtone, a fifth above the
octave (see open and closed phase drawings of 3:1 o1t page 187). Drawing ratios
outside the octave may require a twin-elliptic harmonograph (see page
387). The phase-shifted pair below are stercographic; if you go cross-
eyed they will jump into 3-p.
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THE ROTARY FIFTH 3:2

encircled hearts and fives

The ‘loudness’ of musical tones is represented on the harmonograph
by amplitude, the relative sizes of the two circular motions. In rotary
drawings this is much more important than phase, which simply orients
the whole design on the page.

The third drawing below shows a rotary fifth in contrary motion
where the higher-frequency, faster moving, pendulum has much the
wider swing. In the ‘spiky’ drawing to its right it is the other way round.
At equal amplitude all lines pass through the center (see table on page 385).

The top four drawings opposite show rotary forms of 3:2, concurrent
on the left, and countercurrent on the right. The second row shows the
effect of a near-miss in the harmony, which makes the patterns spin.

The lower two images opposite are from the 1908 book Harnionic
Vibrations. They show the second overtone, 3:1, a fifth above the octave
(3:1=2:1x3:2), concurrent on the left, countercurrent on the right.

With concurrent pictures, the number of swirls in the middle is
given by the difference between the two numbers of the ratio. So the
concurrent patterns for the primary musical intervals 2:1, 3:2, 413, 5:4,
and 5:6 all have a single heart at their center.

G,

o)

218



219



THE FOURTH 4:3

with thirds, sixths, and sevenths

By now it will be evident that each harmony displays its own distinct
aesthetic character. Unison is simple and assertive. The octave
introduces an emphatic flourish, and the fifth, while still fairly simple,
has added elegance.

With the fourth the pattern becomes more complicated, though
the design is still recognisable without counting the loops. The upper
diagram opposite shows the fourth in open phase, the lower in closed
phase. An increasing sophistication becomes apparent, and some of the
closed phase and near-miss variants have a strange exotic quality.

Introducing the perfect thirds of diatonic tuning increases the
complexity. The major third {§:4) is found below the fourth, the inter-
val between them, a diatonic halftone, working out as 4:3 + 5:4 = 16:15.
A fourth and a major third (4:3 x 5:4) produce the major sixth, 5:3, a
minor third (6:5) below the octave and a minor tone (10:9) above the
fifth. Likewise, a fourth and a minor third {4:3 x 6:5) create the minor
sixth (8:5), a major third (s5:4) below the octave and a halftone (16:15)
above the fifth.

A fifth and a major third (3:2 x 5:4) produce the major seventh, 15:8,
while 2 fifth and a minor third (3:2x 6:5) give the minor seventh, 9:5.
These are the elements of the diatonic, or just, scale.
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FURTHER HARMONICS

seven limit and higher number ratios

As the numbers in the ratios increase it becomes harder to distinguish
the harmonies one from another at a glance: the loops have to be
counted, and slight variations produce little of aesthetic value. A typical
example, 7:5, is shown opposite top.

Rotary motion produces a series of increasingly complex drawings,
influenced by relative frequency, amplitude and direction. In contrary
motion the total number of Joops equals the sum of the two numbers of the
ratio. With concurrent motion the nodes turn inwards, and their number is
equal to the difference between the two numbers of the ratio.

The contrary drawings below show a fourth (4:3), another fourth,
a major sixth (5:3) and a major third (5:4). The lower pictures opposite,
drawn over a hundred years ago, show unequal amplitude drawings of
the perfect eleventh 8:3 (an octave and a fourth) and the ratio 7:3 which
is found in seven-limit jazz tuning (not covered in this book).

Two octaves and a major third (4:1 % 5:4) equal s:1, the fourth
overtone, which differs from four fifths (3:2)* as our friend 80:81, the
syntonic comma {see page 194). In mean tone tuning, popular during the
Reenaissance, this misfit was ironed out and the fifths were flattened
very slightly, to 5% or 1.4953, falling out of tune to please the thirds

and sixths.
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AMPLITUDE

circles, polygons, flowers and another circle

Much variation can be obtained from a rotary ratio by having unequal
sizes in the two circular motions. Opposite we see two frequencies
related by a major sixth (5:3). A lower frequency note begins to be
influenced by, combines with, and is then more or less replaced by a
higher frequency one. When the two notes are at equal volume the
lines all pass through the center (see pages 386~387). Notice that the
sequence is not symmetrical.

Below we see the first three overtones. For the spikiest shapes simply
invert the amplitudes. For polygons, square them first.

If you have ever played with a ‘Spirograph’, the harmony is
determined by the cogging ratio, and it is the amplitude which is
adjusted when you change penholes on the wheel.
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TUNING TROUBLES

the Pythagorean comma

Leaving the harmonograph drawings and returning to the principles of
music, you may have noted that musical intervals do not always agree
with one another. A famous example of this is the relationship between
the octave and the perfect fifth (3:2).

In the central picture opposite, a note is sounded in the middle at
o, and moved up by perfect fifths to give the sequence ¢, 6, b, 4, E, etc.
(rumibered opposite, each turn of the spiral representing a perfect octave). After
twelve fifths we have gone up seven octaves, but the picture shows
that we have overshot the final octave slightly, and gone sharp. This is
because (34)'* ~ 129.75, whereas (2)'=128. The difference is known as the
Pythagorean comma, proportionally 1.013643, approximately 74:73.

If you kept on spiralling you would eventually discover, as the
Chinese did long ago, that 53 perfect fifths (or Lii) almost exactly equal
31 octaves. The first five fifths produce the pattern of the black notes on
a piano, the Eastern pentatonic scale (see pages 272 and 380).

The smaller pictures opposite show repeated progressions of the
major third (5:4), the minor third (6:5), the fourth (4:3), and the whole
tone (9:8), all compared to an invariant octave.

It’s strange. With all this harmonious interplay of numbers you
would have expected the whole system to be a precisely coherent
whole. It isn’t. There are echoes here from the scientific view of a
world formed by broken symmetry, subject to quantum uncertainty
and (so far) defying a precise comprehensive ‘theory of everything’. Is
this why the ‘near miss’ is so often more beautiful than perfection?
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EQUAL TEMPERAMENT

changing keys made easy

Although early tunings enabled many pure harmonics to be played, it
was hard to move into other keys, one could only really change siode (see
page 382). Musicians often had to retune their instruments, or use extra
notes reserved for specific scales (classical Indian tuning uses 22 notes).

In the sixteenth century a new tuning was developed which revo-
lutionized Western music and which predominates today. The octave
is divided into twelve fixed egual intervals, each chromatic halftone being
1.05946 times its neighbour (27, roughly 18:17).

The twelve equally spaced notes are arranged in a circle below.
Six (flat) wholetones now make an octave, as do four (very flat) minor
thirds, or three (sharp) major thirds. The Pythagorean comma vanishes,
as do alf perfect intervals except the octave—it’s a clever fudge which
allows us to change key easily. It is slightly ‘out of tune’ and we hear
it every day.

Triads are chords of three notes. Opposite top we see major and minor
triads involving the note c, in the key of c. Use the mastergrid (opposite,
below) to navigate the equal-tempered sea, and perceive any 3-4-5 triad (a
chord of three notes) in three distinct keys (affer Malcolm Stewart).

wholetongs mingr thirds major thirds _‘ﬂtfzs

and seventiis and mafor sixths amd miner sixelis and fourths
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THE KALEIDOPHONE
squiggles from a vibrating rod

Despite the invention of equal temperament, scientists continued to
investigate pure ratio harmonics. An interesting nineteenth century
precursor to the harmonograph was the kaleidophone, invented by Sir
Charles Wheatstone in 1827. Like the harmonograph, it displayed
images of harmonies.

The simplest version of the device consists of a steel rod with one
end firmly fixed into a heavy brass stand and the other fixed to a small
silvered glass bead, so that when illuminated by a spotlight a bright
spot of light is thrown upon a screen placed in front of it. Depending
on how the kaleidophone is first struck, and then subsequently stroked
with a violin bow, a surprising number of patterns can be produced (a
Sfew are shown opposite).

The kaleidophone does not behave like a string, as it is only fixed
at one end. Like wind instruments, which are normally open at one
end, the mathematics of its harmonics and overtones are slightly
more complicated than the monochord or the harmonograph and the
positions of the nodes are more variable (the lower images opposite show
sotne early overtones).

Other versions of the kaleidophone used steel rods with square or
oval cross-sections to give further patterns. ‘Wheatstone used to refer
to his invention as a ‘philosophical toy, and indeed, as we look at these
patterns, it is easy to feel wonder at their simple beauty.

To make your own kaleidophone, try fixing a knitting needle into
a vice and sticking a silver bead or cake decoration ball to the free end.
Use or make a bright point light source.
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CHLADNI PATTERNS

vibrating surfaces

So far we have only considered vibrating strings and other simple
systems, but surfaces also can be made to vibrate, and they too can
display harmonic or resonant patterns.

In 1787 Ernst Chladni found that if he scattered fine sand on to a
square plate, and bowed or otherwise vibrated it, then certain notes,
generally harmonics of each other, each gave rise to different patterns
in the sand on the plate. As with the harmonograph, other disharmonic
tones produced a chaotic mess. Sometimes he found that further patterns
could be created by touching the side of the plate at harmonic divisions
ofits length (shows below). 'This created a stationary node (like the feather on
page 192). Later work revealed that circular plates gave circular patterns,
eriangular plates triangular patterns and so on.

The six pictures opposite are from Hans Jenny’s book Cymatics,
one of the seminal texts on this subject. The vibration picture appears
gradually, the sand finding its way to stationary parts of the plate as the
volume steadily increases through the sequence.
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RESONANCE PICTURES

and how to sing a daisy

A more complete set of Chladni figures is shown opposite, all two or
fourfold because they were produced on a square plate.

Below, however, we see some circular pictures. They were photo-
graphed by Margaret Watts Hughes, a keen singer, in the 1880s on an
ingenious device called an eidophone, which consisted of a hollow base
with a membrane stretched across it and a tube attached to its base with
a mouthpiece at the other end. As Mrs. Hughes sang diatonic scales
down the tube, fine lycopodium powder scattered on the taut membrane
suddenly came to life, bouncing away from some places and staying still
at others, producing shapes which she likened to various flowers.

Yet again, we see recognisable forms and shapes appearing from
simple resonance and harmony.
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INTRODUCTION

Music is the art medium that communicates interiority, being only
perceived by the ears, and received by the mind. A strict approach
to understanding music will consequently always have something
lacking as music theory, in essence, is primarily descriptive and not
prescriptive. The tendencies and practices in music are only observed
and cataloged upon analysis, after the fact. It is the hearts and minds
of human beings that shape and weave melodies, harmonies, and
rhythms together into meaningful tapestries, imbued with the interior
landscapes of their immediate experiences.

Much of the theory in this book is based upon the European
classical tradition, starting around the early 18th century. The content
is designed to get you started in understanding the relationships of the
tones and rhythims, and in unpacking the inherent properties of sound
in the process, and then, perhaps, music in general.

For the purposes of this book all principles are presented assuming
equal temperament, the prevalent tuning system for over 300 years.
The word ‘tone’ and ‘note’ may sometimes be used interchangeably,
but generally ‘tone’ refers to the audible sound, and ‘note’ refers to the
written symbol. Other terms can be consulted in the glossary.

I hope this book will reveal how the underlying harmonic template
of sound acts as an organizational framework from which the fabric of
music is woven, inﬂuencing our perception of accord, discord, tension
and release, telling a story, making a journey.
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WHAT IS MUSIC?

and all that jazz

Music is ... a mother’s luflaby. It gives sound to our feelings when we
have no voice, words when we are silent. In it we praise, love, hope,
and remember. In the breath of the soul, the contours of the path of a
hummingbird in flight, and the wind that carries it; music shapes and
shivers into endless colours, nuanced and diverse, and eternally creative.
It is Spirit taking form.

Music is carried by the vibrations of molecules of air, like waves
upon an ocean. It perhaps uniquely captures and conveys the interior
landscape of one human mind to another, holding our tears and sweat,
pain and pleasure, packaged as pacans and preludes and etudes and
nocturnes. It is the texturization of the deliquescence of time, the ebb
and flow of mood and meaning. It ruminates, vacillates, contemplates,
and stimulates.

In music we organize and fantasize, arranging the elements of
music—welody, rhythm, and harmony—into meaningful shapes and
patterns. Its rhythms move our hands, feet and bodies to the pulses of
the universe. Its harmonies breathe with the exploratory intricacies
and curiosities of relationship and proportion, consonance, dissonance,
assonance, and resonance. Its melodies flitter into flights of fancy,
weaving woe and wonder.

When music is married to language, then what is spoken becomes
song, elevating the intentions and entreating us to listen more deeply,
making the profane sacred. Music soothes the soul, and the savage
beast. Orpheus mystifies creatures and trees, changing the course of
rivers, outplaying the Sirens’ song with his lyre. Radha and Krishna
play the flute and dance jubilantly.
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Temple OF Music by Robert Fludd (1574~ 1637 ). At lower left Pythagovas discovers that the vatios of hamimer
sweights correspend to the octave, fifth, and fourth. On the wall lower vight the basic vhythms are notated along a
bass staff. Above these are the three kinds of hexachords, the six-note scales of medieval nusie. To the left of this is the
tanthda, a matrix of note relationships and ratios going back to Plato, The upper diagonal pertion of that region is a
diagram of intervaliic distances between pitches in the scale. Running vertically further left is the monochord, Above
the diangonal matrices is an actual composition putting all these practices into a musical structure.
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EPIGRAMS AND DIALECTICS

ideas in sound

When music parallels language, it often chooses devices that resemble
epigrams or poetic devices. Take the epigram ‘Live, Love, Learn.” This
collection of words, when arranged together, takes on an emergent
inter-associative meaning that transcends the individual parts.
Notice the alliteration of ‘L’s, and the use of ‘learn’ in the sequence to
diffuse the rhyming scheme of the first two words, and close the set.
Additionally, all three words are monosyllabic, and can be used both
as conceptual infinitives (to live, to love, to learn) and as imperatives
{Live! Love! Learn!).

In both music and language the components of epigrams are often
synthesized or unified through paradox, an essential quality for having an
aesthetic response and remembering the phrase. In music notes rise and
fall, are consonant and dissonant, staccato and legato, or push and pull
one another, these fundamental dualities representing the paradoxical
nature of reality itself. Small pieces of meaning are arranged from them
into larger forms based on their structure, and, perceiving this unity
of opposites, the listener is temporarily removed from the dualistic
separated stream of everyday life into the realm of unificacion.

The ‘Happy Birthday’ melody epigram (see opposite) undergoes
various permutations and transformations but retains its fundamental

characteristics, and thus stays satisfyingly recognizable to the end.
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ACOUSTICS AND OVERTONES

from one note fo seven and beyond

Any sound that can be perceived as a pitch or tone will have some
periodicity in it, vibrating at a regular frequency with a specific
mixture of overtone amplitudes (see opposite), creating a distinctive
timbre. An oboe, sitar, or piano can all play the same tone, yet sound
different. The vowels A, &, 1, 0 and v are created by the trapping or
releasing of overtones with the shape of the mouth and lips.

The other component of sound, noise, has no periodicity—a
hammer striking, a finger plucking, a bow scraping, the sound on a
television with no signal. Bands of noise are named by colour (white
noise, pink noise, gray noise), and are part of the musical sounds an
instrument can produce. The noise component of a sound can be
compared to the consonants in language, with drums as plosives,
shakers as fricatives, and cymbals as sibilants.

Essentially, musical sound can be described much in the way
language sound can: a combination of tones that vary overtone content
with a noise component that initiates the sound, sometimes continues
it, and occasionally also closes it, the function of consonants, with an
organizing rhythm and form.
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UNDERSTANDING SCALES

streets and stairways

A scale is a collection of discrete tones that are a subset of the pitch
continuum and that normally climb an octave in a certain number of
steps, often seven. Most of the unique and beautifully diverse musical
scales from around the world owe a large part of their heritage to the
overtone series and use the fifth, the first tuned note, as the fundamental
unit. Fifths are piled up, one atop another, and then transposed back
down to a single octave. Thirds can also be prioritized to derive a scale
(e.g. mean tone tuning) and a myriad of other methods all sculpt the
different tuning systems that have emerged—each of them trying to
solve the problem of locking a fluid, infinite curve or spiral into a grid or
circle. The scale becomes a playground for a melodic drama unfolding
the relative tensions of these overtones with the tones between them.

The basic stations are: 1-3-5-1, the major chord consisting of root,
third, and fifth, created by the overtones 2:1 {the octave, the only note
that when reached gives the distinctive impression of the fundamental
tone below it, the same, yet different), then from 3:1, the fifth, which
has the next quality of sameness, though it is in fact a different pitch
entirely. Then 4:1, another octave, then s:1, which becomes the third,
generally conveying the major or minor quality of a chord, scale,
or melody. Many s-note and 7-note scales utilize this underlying
structure, and in many variations, but the fundamental struccures are
1-2-3-5-6 (pentatonic) and 1-2-3-4-5-6-7 {the major and various other
scales). Seven is born from five.

A 7-note scale in a 1z-note environment means that § notes will
always be missing. In Middle-Eastern systems 7 notes are chosen {in
performance) from 17; in India 7 are chosen from 22.
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MEET THE INTERVALS
and the circle of fifths

A musical interval is the distance between two tones, and although
tuned slightly differently from culture to culture, the same intervals
are broadly found all over the world. Intervals can be thought of in
two ways: the first is as an ever-contracting series of simple frequency
ratios, so that the first interval (the octave) is a 2:1 relationship, the
second (the fifth) is 3:2, and the third (the fourth) is 4:3. Then follow
the wajor third of 5:4, the minor third of 6:5, the second of 9:8 or 1019, and
yet smaller intervals, with names like the quarter tone, shruti, li, comma,
apotome, and microtone, depending upon the era and culture.

The second way of looking at this series is to compare intervals
to the fundamental to which they all relate. This approach results
in an octave (2:1), a fifth (3:1), another octave (4:1), a major third
(5:1), another fifth (6:1), a seventh (7:1), another octave (8:1), a second
(9:1), a third (10:x), and a tritone (11:1), ctc. If the first view is relative,
with each partial compared to its nearest neighbour, then the second
view is absolute, as intervals take an absolute value compared to
the fundamental. Both views are useful when taking an analytical
approach to the construction of musical scales and the melodies that
ultimately derive from them.

Notice the octave, fifth, and major third appearing in both
systems. All scales around the world broadly contain these intervals
in some form, with their precise tuning revealing slight variations and
nuances in instrument construction and cultural tastes. Those using
the first approach tune their instruments and derive their scales by the
relationship of each overtone to one another, while others using the
second approach relate intervals to their fundamental.
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Above fefits The cocle of fifths is a diagram of conmon tones. Clvomatic notes (shavps wd flats) arc added in the onder of perfect
fifths fo preserve the whoke and half stp relationships in the mujor scale budle upon any note. Any conseeutive seven fifths on the cirle
yiekt all the notes m any one of the twelve major seales. Accidentals occur whenever an alteration to @ scale ninst be made to proserve
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Above right: A table of the intervals present o the key of C mistjor, the white netes on @ pian,
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BASIC RHYTHMS

nieter and the big beat

Rhythm is the component of music that punctuates time, carrying us
from one beat to the next, and it subdivides into simple ratios just like
pitch. Even in seemingly complex rhythms an underlying structure
based on groupings of divisions into 2 and 3 is often perceptible. The
march and the waltz are thus nodes in the subdivision of rhythm, and
the tensions created by polyrhythms and syncopation push and pull againsc
the gravity of these nodes, just as individual musical notes do in a scale.
All of this happens through time, creating a framework of epigrams,
disclosing their plight or journey, existing within a system of rules.

Rhythmic structures are organized into medastres for the purpose of
notation, which denote time parceled into groups of beats. In 4/4, each
measure has four beats marked by quarter notes, which often show up
in groups of four measures. Within most rhythms a pulse of strong and
weak beats, or strong and weak parts of beats, also exists, and chords
are placed in each measure at either the anacrusis or the ictus, ‘between’
or ‘upon’ the beats, to convey harmonic movement and reinforce the
sense of tonality. The unfolding and varying of the resulting tensions
and releases through time is responsible for much of the emotive and
expressive power of rhythm.

The rate at which events pass is also a crucial component of any
thythmic texture, often measured by beats per minute (gem). A pulse’s
subdivisions are partly meaningless without knowing its rate or fempo.

by 40 largo 60 adagiv  F6  andante 108 medemato 120 allepe 168 preto 200
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strong and weak beats. Shown here are some of the most basic anes, bult upen 2 and 3, simple and compound.
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TONE TENDENCIES

tension and release

Because of the powerful gravity and stability of the stations of the
scale, notes that deviate from these are perceived as transitional. Whole
and half steps, and even minor and major thirds, all manifest varying
degrees of tension, which is then released when a station is reached, or
when transitional notes are traded for less dynamic transitional notes.
Additionally, notes that are farther from a stopping point or station are
less active or dramatic in relation to it than adjacent ones. Minor scales
have basically the same set of tensions as major scales (see page 274).

A further level of complexity occurs in music that has chord
progressions and modulations, as the set of tensions can change. Here
the initial root, third, and fifth of a chord (and scale) are the stations, with
the rest of the tones intermediary, but as the chord changes, the root,
third, and fifth of the new chord become the new stations, or secondary
stations. However, without an actual modulation, the importance of
the primary set of relations is not lost in memory, and a tiered set of
relationships is created. Since chords can be constructed with any note
of the scale as a root, they can both take on the same stable or transitional
aspects as the roots upon which they are built already possess, and
contain their own subset of stations, forming two tiers of stability or
instability working at any given moment. The genius of 2 good melody
involves the understanding of these two tiers of relationships, and the
skillful implementation of manipulating expectation and result against
those natural tensions, based largely upon the utilization of memory,
incorporating expectation and fulfillment.
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Albover The main theme of the 2nd movement of Becthoven’s Pathdtique Sonata in Ab Mjor with Kedaly hand signs. The
accidentals (E-natuval in bar 5 and A-natral in bar 7) act as temporary leading tones, so they weecive the ‘i hand.

Above; Intermediary tones each cone in varying flavewrs, The second can be either lowered, natural, or raised; the
Sfourth can only be natral or raised, If it wore fowered it would become the thind, Dhe sixth can come in three flavowrs,
but the seventls is also limited, for it can ondy be lowered or natural, If it were to be vatsed it wonld become the octave,
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BASIC HARMONIES

triangles and triads

The major triad, which occurs naturally in the harmonic series as a pair
of thirds (a major, then a minor, adding to a fifth), is the foundation
of tertial music (chords constructed in thirds) around the world, the
perfect fifth and major third being, after the octave, the most stable
and resonant intervals, derived from the overtones.

Moving a note from the bottom to the top of a triad creates an
inversion (below), with the same notes, but with a new bass. Notice
how major triads in first inversion have two minor intervals, giving
them an opposite flavour. The same holds true of minor chords, which
in their first inversion sound markedly major, since two of their three
intervals are major. Diminished and augmented chords are often said
to be rootless, as they have no stable fourth or fifth.

Inversions conspire to strengthen or weaken the importance of the
root. In root position the fundamental intervals are all in place as in
the overtone series, the bottom note receiving the identity of the chord
built upon it. In the first inversion, the third of the chord is in the
bass but has no strong intervals above it to emphasize its importance.
Instead, the root, now at the top, is supported by a perfect fourth just
below it, another strong architectural interval. The same is true with
the fifth in the bass, the second inversion, where a perfect fourth again
supports the root. The combined notes thus always point to their root
position, stacked in thirds.
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BASIC MELODY

steps and leaps, contour and gesture

A melody is created by the succession of tones through time. Step by
step, note by note, an outline is formed, a path carved. Gestures appear,
like the inflections used in speech, or the dialectic of rising and falling
tones, or the contrast of high and low notes. A distant leap feels large
and grandiose, a small one more fluid and gentle. Curved or jagged
contours can be suggested.

Melodies are normally a mixture of small steps and larger leaps, witha
leap in one direction inducing a yearning for completion by a step in the
opposite direction, leaving a gap to be filled in. The continuous nature
of melody means that when notes stray far, the listener, following the
path to find out where it leads, likes them to remain connected and
return. This is often manifested by a rhythmic intertwining of tones
in and out of the stations of the scale.

The expressivity of a melody comes in part by the tension and release
of the intermediary notes of the scale, their rhythmic placement on a
strong or weak beat intensifying or diminishing their effect. Sometimes
a melody can act as two melodies, by leaping up and down, thus
alternately maintaining two independent threads, each on their own
pitch level (or register). Other melodies rely on pitches predominantly
rising or falling for their effect.

Melodies in vocal music are either melismatic, with many pitches to
one syllable, or syllabic, with one pitch per syllable.

Silent pauses, or rests (caesura) are essential to melodies. They allow
time for breath, reflection, and interaction with the music. Listeners
wait for the next event, suspended, anticipating. A well-placed rest in
a theme can be a powerful musical moment.
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Abwove: Melodies are casily expressed visually, They seave between the strong stations of the scale and the weaker,
transitional parts, which contribute to the tensionality and expressive shape of any melody.
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abvays accented). When they ocour on stvong beats, they compete more strongly with the stations to convey the harmony,

N Yy R
7 ey v W W | | Y 1T ) ; 11 Tl
y A _ [T || - il sl il
[ fanY i | | 1] 1L 4 |
g I 11 ! i il £ 1]
Trill Tirn Grace nofe
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CHORD PROGRESSIONS

tonic, dominant, and subdominant

Chords take on the identity of the station upon which they are built,
reinforced by the tone tendencies, so that as the chords move in a
progression or succession, they push and pull on their neighbours,
reinforcing the key. As notes in a chord collaborate to emphasize one
pitch, all chords collaborate to strengthen or weaken the tonic.

The strongest progressive motion a root can have is a fifth, either
downward or upward, highlighting the close kinship and relative
gravity of three consecutive pitches on the circle of fifths. The most
basic chord movement then is tonic (1) to subdominant (1v) to deminant (v)
and back to tonic (v), although otber triads in the scale can substitute
for these three basic functions without sacrificing wholly the function
or temporal meaning of their placement (below). 1and i share 3 and
5, so can substitute for each other. Likewise, fi and 1v share two tones,
as do vi and 1, and v and »ii°. The more common tones, the smoother
and more gradual the harmonic motion.

There are essentially three states in tonal harmonic progression:
starting, departing, and returning, which are repeated and cycled to
reinforce the tonic. Chords with more symmetrical intervals (thirds)
are unstable or require resolving, and have a dominant function, while
harmonies having perfect fourths and fifths (the only asymmetric
intervals) are more restful and are non-dominant.
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INSTRUMENTATION

the textures of timbre

Musicologists identify six basic types of musical instrument:
membranophones (membranes), chordophones (strings), idiophones
{struck), metallophones (metallic), aerophones (air), and electrophones
(electronic).

Wind instruments generally have an open end, and often a conical
shape to release sound into the air. Wind can be moved through a
narrow space to vibrate a reed, or two, or sound can be generated by
the buzzing of lips (blowing through a tube), as with brass instruments.
Strings can be either plucked or bowed, and can resonate in sympathetic
accord with other strings. Percussion instriments move air quickly,
abruptly, and noisily, and have membranes and means of striking them.
They provide contrast to the smooth, sustained tones of melody and
harmony, punctuating with shakes, sizzles, tingles, and rings. All
cultures utilize percussion in their music, and many brass and stringed
instruments reveal the algorithmic spiral or curvature of pitch. Some
cultures also believe instruments contain animal souls that sing when
the gut or skin vibrates. Many instruments resemble the structures of
the ear, both being part of the vibration duality, instruments generating
and the ear receiving. The voice can imitate most (the basic ranges of male
and female voices are shown below).
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MORE COMPLEX RHYTHMS

dynamics, articulation, elocution, and syncopation

Sounds evolve over time, and envelopes (below) use three basic phases
(inception, continuation, and closure) to characterize different qualities
of volume over time. Staceato notes have a short and detached quality,
tenuto notes are slightly lengthened to connect them (in legato fashion)
to those nearby, while an accent indicates a strong start to a tone,
emphasizing its initiation.

Piano and forte are soft and strong indications used to suggest volume
or amplitude. The pianoforte (piano) was so named for its ability to
play both loud and soft, in contrast to earlier keyboard instruments,
the harpsichord and clavichord, which could not.

Articulations and dynamics in music notation shape passages
and contribute to the sense of character and mood, whether playful,
doleful, whimsical, or aggressive. Articulations affect the presence of
noise in the instrument, acting as consonants upon vowels,

Opposite are shown dotted rhythms, used in triple notation.
Notice the dot to the right of the note, rather than above or below it
(as with staccato). Rhythms continue to complexify and subdivide in
syncopation and polyrhythms (see oo page 396).
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FORM AND STRUCTURE

where am I going and how did I get here?

Musical structure tends to unfold in parts or sections. An idea, mood,
or motif is first presented before something arrives that changes or
contrasts it, while nevertheless relating to it, creating a sense of unity
and, ultimately, arrival or return. This unfolding pattern also helps
orient the listener in time, so that, using their attention and memory,
they can tell where they are in the musical texture. Without it
they would be adrift in a sea of unrelated ideas, and some music is
intentionally composed this way for that very effect.

Most people go through vicissitudes of emotion in their life, leaving
home, going out into the world, having adventures, and ultimately
returning home. A life’s journey is like a musical composition, born
into the world from nothing, living for a time in form and structure,
dancing spontaneously on the edge of chaos and order, and then finally
returning. In this respect Western music tends to be more linear,
Eastern music more cyclical.

Musical time can be visualized as a storyboard (below), each segment
expressing the essence of a particular character, meaning, intention,
and purpose of a section or movement. Frequently these sections
are ordered with consideration for the attention span of the listener,
in varying degrees of c:omplexity and engagement, like a ceremony
involving invocation, meditation, and dance.
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MORE COMPLEX HARMONIES

sevenths and their inversions add suspense

Continuing to stack thirds beyond the triad yields major, minor, or
diminished sevenths, with their dynamic pull toward the tonic. As the
root and fifth of a chord provide architectural structure, the third and
seventh provide feeling and flavour, push and pull. Sometimes referred
to as guide tones, they lead the movement of harmony from chord to
chord, adding to the intensity of the forward drive, The presence of
two guide tones in a chord maximizes this, e.g. the dominant 7, whose
third and seventh often resolve to the tonic root and third.

Hollow suspended chords, where the third is replaced with its junior
or senior note, are shown below. Similarly add chords take on a colour
without compromising any of the three basic notes of the triad, the 2,
4, and 6 sweetening the overall sonority.

If the lowest tone is kept constant, as chords move around it,
then we are in the presence of a pedal point, so named because of the
ability of the organ to sustain bass tones played with the feet while
changing harmonies played with the hands on the keyboard, keeping
a central bottom tone in place, which may or may not be the root of
the chord. In fact, a pedal point doesn’t have to belong to the chord at
all, differentiating it from an inversion.
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TONALITY AND MODULATION

there's no place like home

Tonality, or the sense of being in a particular key, is most easily created
by sounding the 1-1v-v-1 pattern (see pages 260—261).

The tonic chord has the same function as the tonic note of the scale.
It is the place where things begin and end, and to which all things
relate. In tonal music the leading tone is always used to point to the
tonic, and, as with the circularity of the scale, all other stations of the
scale and their chords serve either to strengthen or weaken the relative
gravity of the tonic, departing or returning.

The mighty tonic, however, can be destabilized. Chords other than
the tonic can be strengthened by the introduction of their respective
leading tones (the third of any dominant chord, a half step below a
root). Notes outside of the key can make an appearance to point to
other roots as possible tonics. The sense of a second key can emerge.
If this happens within the appropriate time, and with the repetition of
the 1-1v-v-1 chords of the new key, then a full modulation occurs, and
a new tonic is formed. Without these affirmations, the movement is
temporary, and only a fonicization has occurred.

After a time, the ear may become accustomed to the new key, but
tonal music often returns to the first by reinstating the changed note,
creating the sense that we never really left. Before long, a relationship
of keys emerges, reflecting the relationships of chords, which in turn
reflect the relationships of the individual tones in the scale.
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Right: I this basic I-IV-V-I progression, note how
the tritone, or diminished fifth formed between

the wnstable keading tone B and wpper Fof G7,
contracts inward fo the stable roet and third, joined
by the upwird srovesent of the dominant in the
bass. This maxinzes the finality and reality of the
chowd in the I position being the tre howe,

Left: Cadences (endings). A cadence in nusic
works smuely the sane tay as prctuation in
language. “The authentic cadence has a strong
degree of finality dice to its leading tone and its
voot reselving to the fowic, The plagal cadence is
subfler, lacking the active drive of the dominant,
the A-men’” in much Eropean sacved music. A
deceptive cadence resolves sonieplace other thaw the
expected vesolution, the tonic, often @ surprise. The
half cadenee is open ended, ending on the dominant,
sometines with an imtervenng tonic chord i 2nd
tnversion to frcighten the ecxpectation of resolution.
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MODAL, TONAL, DRONAL

world systems and scales

In every musical scale there is a much-used primary set of tones,
and a smaller secondary set, used to colour the first. Basic primary
pentatonic, five-note scales form the backbones of many scales around
the world (below), the most simple deriving from four consecutive
fifchs. Other scales follow the gravitational forces of the stations, and
use chromatic alteration to communicate tension and emotion. Scales
with more half steps can be tighter, filled with introversion, chromatic
complexity, and pathos, while more diatonic scales can be extroverted,
simple, affirming, and expansive.

There are essentially three kinds of pitch organization. Modal music,
which does not modulate, uses leading tones liberally, sometimes not at
all; harmonic movement is possible, and chords can be borrowed from
other scales. In tonal music, which does modulate, the five secondary
tones not used in the major scale have a relatively fixed relationship to
the primary set, determined by the circle of fifths, # 4,67, 45,5 1,b 3,
each temporarily suggesting the scale to which the secondary tones act as
leading tones. These accidentals only last for the measure in which they
occur, and are restored in subsequent measures, sometimes followed by
a courtesy accidental as a reminder. Dronal music has no harmony, the
scale itself being the harmonic universe, so the intervals all relate solely
to the still point, the drone, with a full chromatic range available.
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Inmodal e, the donunant chond need not
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THE THREE MINORS

natural, harmonic, and melodic

The active role of leading tones in harmonic music creates complexities
for minor keys. The natural dominant chord in minor is not a major
chord, and the need for a leading tone necessitates altering it, and the
scale from which it is built.

In the case of natural minor, we are in the presence of the Acolian
mode, which occurs naturally as the relative to any major scale, started
a third lower. Raising the third in the dominant chord, the seventh of
the scale, creates harmonic minor, altered for harmonic purposes. The
scale that results from this, however, contains an audible gap between
the flacted minor 6th and the natural major 7th, an augmented second,
which does not always work melodically, sounding like an interval
from non-Western music. To smooth out this melodic gap, the 6th
scale degree is also altered, raised, so that the ascent in minor resembles
a major scale in its upper four notes. This is melodic minor, which is
sometimes said to have two forms: ascending and descending, raising
and lowering the 6th and 7th accordingly. In fact, descending melodic
minor is identical to natural minor. Triads of the three minors are
shown below.
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MORE INTERVALS
the big get bigger and the small get smaller

Just as chords are invertible, so too are their constituent intervals. 3rds
invert to become 6ths, and 7ths become 2nds. Inverted major intervals
become minor, inverted diminished intervals become augmented, and
vice versa. Inverted intervals have the same basic function as their
non-inverted counterparts, but possess a greater sense of uncertainty.
Composers play with them by further raising and lowering them. For
example, extending a major 6th yields the interval of an augmented
6th, identical in sound to a minor 7th, but functioning quite differently.
Remember that spelling counts, and that a minor 7th tends to resolve
inward, while an augmented 6th tends to resolve outward—big gets
bigger and small gets smaller. Similarly, contracting a minor 7th
yields a diminished 7th, the same as a major 6th, but again functioning
wholly differently. As a major 6th is likely to fall by a whole step to the
sth, or rise to the major 7th, a diminished 7th almost always falls by a
half step. Spelling and syntax indicate behavior and directionality.

Shown below are the only three possible octatonic or diminished
scales, since they are symmetrical. They fall into the repeating pattern
of halt-whole or whole-half. Also shown are the only two wholetone
scales, built entirely of whole steps. They can evoke a mysterious sense
of ambiguity and the unknown.
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* Left: Enfrrmonicisme & Chromaticism,
Combining the civde of fifths with the
spival of fifths produces all of the possille
735 spellings for the 12 nates, Rementber
fhere are 7 members q!"r.hc scaly,
- ABUDEFG, and 5 chroma {colowrs)
~for cach, “The outerntost and imermiost
spellings are varely used { By, Ex, b,
J6). Whenever a dwomat alteration
st be wiade to a scale, an accidental
“is correspendingly used (a lowered flat is
double flat, ¢ m:miﬂ:il is natural,
a fowered sharp is nataral, a raisad
wataral is sharp, wnd a yaised dharp

is dutdle sharp).

- This diagrant is of equavalenee betwen
5}:LH:HQ and assuntes equal tempentment, .
“= It should not be confuised with a common
“diagron desonstrating tuning prebiems
ereafed by tie Pythagorean Comma
= (covered in BOOK IV of this volunte ).
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FURTHER MELODIC ELEMENTS

epigrammatic development

Humans are fundamentally pattern-based beings, and artists world-
wide, visual and acoustic, have used this fact to manipulate audiences
for centuries. Anidea or epigram is articulated, before undergoing a
series of transformations, being reinforced or denied. The unfolding
of this drama of denial and acceptance is the narrativity of music, and
is played out in three basic ways:

Repetition, or thesis. The easiest thing for an epigram to do is to assert
itself, and this is accomplished by repetition. Repetitions are helpful
because they are highly orienting for the audience in the context of a
given narrative. They are the anchors of time.

Contrast, or antithesis. The drama begins. A new epigram is present-
ed, possibly seeming to contradict the previous one, and creating the
tension of a new set of opposites. A completely contrasting epigram,
with no epigrammatic transference, is a denial.

Variation, or synthesis. A reconciliation of the two poles of repetition
and contrast, sometimes viewed as a fulcrum. (below).

Melodies, songs, and symphonies all use these three degrees of
epigrammatic transference; from total (repetition), through partial or
transformative (variation), to none (contrast). The mind absorbs the
meaning of each new idea, comparing it to recent and distant events.
Attempting to cognize the parts produces anticipation, which may be
afirmed or denied. Narrative artists exploit this faculty to create their
books and movies, melodies, and thythms.

@utrast
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COMPLEX CHORD PROGRESSIONS
getting out of the box

To develop a richer harmonic palette and get out of the 1-1v-v-1 box, a
more complex structure can be developed by borrowing chords from a
parallel scale, thus facilitating longer excursions.

Because it is the root of a chord that imparts its functionality, we can
freely substitute other chords built upon the same scale degree {opposite
top) and still preserve the harmonic essence. So a major subdominant
{1v) can be substituted for a minor one (i#), or a minor mediant (i) can be
replaced with a major mediant (b m) and its inflections (b 1mr+). As long
as basic cadences occasionally occur to reinforce a tonic, chords can be
borrowed relatively freely.

The dominant seventh chord is well-suited for substitution because of
its symmetrical tritone (see below). When the root shifts by a tritone, the
3rd and 7th of each chord exchange places. The spelling of this interval
changes enharmonically to preserve the syntax, but the sound is the same.
In fact, as we move around the circle of fifths with seventh chords, the
3rd and 7th of each chord exchange places and slip and slide by steps,
often referred to as step progressions or guide tones, a reciprocity that
maximizes the forward drive of harmonic motion. In most chords, it
is the root, 3rd and 7th that are sufficient to communicate the harmonic
function, so when voicing chords, the sth can frequently be omitted, since
it only reinforces the tonic structurally. If, however, the sthis altered ($ or
b , augmented or diminished), then its colour is included as well.

G7 <tritene> DV Dt <5 GY <5 Cf? DuS G cwgf?
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AROUND THE WORLD

in four songs

Every system of musical notation is essentially a set of instructions
for the implemention of sounds through time. In each case they are a
kind of time-line, tracking sonic events, and in the case of songs, their
marriage to words, Lines, dashes, slashes, curves, numbers, letters, dots,
and circles all are used to mirror the up and down inflections, gestures,
and shapes of melodies.

Earlier in history, music was an entirely oral tradition, much like
storytelling, another narrative art form. As humanity spread and grew,
new methods were needed to communicate music to more people.
Eventually, notation helped bring music into the homes of everyday
musicians, and preserve it for future generations to enjoy. This parallels
the development of the printing press, with the same advantages
facilitated by that invention. Since we all have basically the same set
of musical and linguistic sounds available to us, these various notation
systems (four examples shown opposite) have a great deal in common. They
all indicate the placement of rhythms, the association of notes with
syllables of language, and the melodic contours, as well as the overall
form of the composition.

In India, because of the complexities of tuning, there are 22 possible
tones, allowing for purer acoustic relationships, with simple whole-
number ratios between them. Scales are derived from the overall set,
depending upon the raga desired. Bach 7-note that or mela has a distinct
flavour, not unlike the Western modes with its siwaras (Sa, Re, Ga, Ma,
Pa, Da and Ni) born from the twenty-two shrutis.
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ADVANCED HARMONIES

rascals and spices

Because the dominant chord is the chord of hope and anticipation,
chromatic added tones are easily accommodated to add more intervallic
complexity. This in turn strengthens the urge to resolve, which can
either be fulfilled or denied for the manipulation of tension and release.
Extensions can also be added to any of the four chord qualities: major,
minor, diminished, or augmented.

It is the non-chord tones or non-station notes that provide the
colouring of the essential chord qualities. When they are voiced next
to nearby stations, they are considered an ‘added’ effect. When these
colour tones are transposed an octave higher, they become the gths,
t1ths, and 13ths, which are generally arrived at by stacking thirds.
From the root, we pass through the 3rd, sth, 7th, gth, 1rth, 13th, and
conceivably beyond (opposite top). These pitch arrangements can yield
some startlingly complex harmonic structures, yet the bottom three
members of the stack still retain their identity, and imbue the whole
edifice with a basic flavour. Music since the end of the 19th century has
explored these expanded harmonic possibilities, particularly jazz.

Sixth chords are a category of harmonies with chromatic alterations
that don’t fit into the usual parallel major/minor borrowing structure,
sometimes referred to as vagrants. They are alterations of the
subdominant chord, decorating the dominant.

An example of chord notation with extensions is shown below.

MISTY (4) Ebmaj7 [ B6m9  Ef3 | Afmajt | Afmo  DA3#11
Efmajr c7#9 |Fm7 Bf7  lGm7 cufo | Fmr  BOI3M
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Left. Tonres van be stacked on tog of a chord beyond the root, 3nd,
5th, 7eh, and octave julfhu mmphmhuymdmu(hmgib structure
and mtervallic flavows, The higher these toves, the less functional and
ngore colorrful they become. Aswe continue to stack, we assupic
each new note Delow is included, so @ 9th chord includes the 7th,
If the extension is not stacked, then it i ‘adeded (see page 268).
Somse examples ave shown above.

DHOT b Fho7 G A7 Bb co7 Db
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Aboves Mudtiple vesolutions of the dintaished 7th chrord. Beeause the diminished chord is completely symimetrical, comprised
entively of miner thinds and tritoves, any and all of its pitches can funetion as potential voots. In each example the same four nofes
it cach isversion yield a stightly difforent enharmenic pelling of the same duninished chord, proserving the syntax of thinds. Each
tone has an opportunity to e a f:‘:irﬁng tonte, enaed resolve sipwards by a ha[{s!qa and can fhrrgﬁn'c reselve !afum"]:assibfc chonds,
These restlfmg four roots themselves in s spellant a diminished chord, it from cosceutive mivor thinds ( E-G-By-Da ).
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11 @ D @ % certain flavours, their corvelates, wp one octave, the 9th,
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9 @ l @ D @ 8 natterl, or raised. Al tones above the ectave corvespond

to the tenes within the octave, with sevon steps added.

Above:
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ADVANCED FORMS
getting organized

Musical forms are often mixed and matched, with historical hybrids
commonplace. Molecular binary and ternary units can be combined
and compounded to yield more complex structures, these storyboard
squares being used flexibly as general templates.

Attention tends to be highest at the outset of a composition, so
music often contains the most intellectually demanding material at
this time. An initial tempo will be lively (allegro), perhaps preceded
by a slower introduction. Middle movements are often contemplative
and reflective, a break from the first movement. Finales are generally
light, playful, and dance-like. This common template derives from
Baroque dance suites, which were an assemblage of these different
moods, variously extroverted and introverted.

There is a general format in the rhetorical unfolding of a complex
form: exposition, contrast, development, and summation, and
occasionally transformation. Often there is a climax, or a series of
them with progressively higher peaks and summits, finally followed
by a coming down, unraveling, or denouement.

Sonata form reached its apex in the Classical era and is still in use
today. It possesses a fixed relationship of keys and themes. After
an introduction, a theme is presented, followed by a contrasting
theme. The two themes are then deconstructed and combined in a
development section, often tonally unstable or ambiguous, after which
the two themes return, a recapitulation. However, the second theme,
while first presented in the dominant {or at times another related key)
now returns in the tonic key, tying together the journey of contrast
and differentiation.
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PUTTING IT ALL TOGETHER

conceive, create, and compose

Perceiving music as an unfolding of epigrams, molecules of meaning,
unities of opposites, allows for a new appreciation of its narrative
quality. It becomes possible to perceive or even measure the rate of
transference as the music unfolds, and to appreciate more deeply the
way in which the drama is reinforced or denied, by seeing the very
mechanisms by which it accomplishes those things. Degrees of contrast
and repetition can be measured, and most importantly variation and
transformation can be understood as a kind of evolution. Like the
stations of the scale and the pulse, epigrams also have gravity, and
what happens in between them communicates part of the drama of
the intentionality of the transference; its story, its plight. And in the
most skillful hands, our souls follow suit.

In melody these nuances are most easily heard in the large variety of
scales found around the world. Although they all possess some forms of
fifths and thirds, it is the notes between that convey the real meaning,
tension and release, the distances of those ‘between’ tones, and how
they are rhythmically placed. Again, in rhythm, though there is often a
predictable pulse, what happens in the spaces in between is much more
complex, and can suggest tensions against the different beats, based
on their relative distances from the pulse. These epigrams, melodic
and rhythmic, can then be arranged into larger coherent structures,
compositions, also unifying opposites, and so music is born.

The music we love is the drama of the transference of epigrams,
opposites in interplay, unfolding, repeating, contrasting, and most
importantly, varying, through melody, harmony, and rhythm.
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Abover A Chapin Prelude. Thekey is A, the tempo Andanting, a little walking pace, the wicter %, to be played dolee
{sweetly). Curved lines (sturs) imdveate the phvases. The melody Deging with a pickup on beat thee, and commences in the
st complete seaswre. As E¥ chond suggests the keyof A, The C3 in smeaswoe 1is an appoggiativa, along with its dotted

rrytion followed by e repeated chonds, the primary epigram for this little piece. O boat thvee of meastore 2 is a pair
of escape tones, followed by a pair af appoggiaturas in measwre 3. The harmony proceeds from V to I, completing one full
phtse. Measure 5 again discloses the first epigram, with the appogeiatara on beat 1, doubled, now with a derminant 9t
chord, elaborating the carlier dowinant 7th. The 3nd, GZ, is now nuissing. The second phyase completes the first by measure
8. Measwre 9 beging the first ploase again, & Iteral wepetition, Measire 11 sounds mach like measure 3, veneed shightly
Irigher i vange, but vesolves to the surprising sccondary domsinant FE7, the densest chord wr the picce. Now et is time to head
honte, I measure 13 there i a passing toe ou beat 1, followed by the falling 761 of B winer; and @ voicing of the dominant
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widely spaced, with the tonic at the top, Tetting 1s know the wasic has indeed finished.
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Clisb up a ilf at midday on your birthday every year and look at
the Sun. Each year Venns will be three-eighths of the way further
round the Sun, drawing a perfect ectagram over eight years.
Naow look at the diagram ot page 43



A Little Book of

IN THE SOLAR SYSTEM

John Martineau



Su~N MOON EARTI

MERCURY

MARS

CERES JUPITER SATURN

URANUS NEPTUNE PLUTO

A useful set of glybhs for the planets drawn by calligrapher Mark Mills,
each made from Sun, Moon and Earth and used throughout this book,



[INTRODUCTION

Biological life is now thought to have appeared on this planet not long
after its formation. It seems that the bacterial seeds for the process may
have flown in on the tail of a comet or meteor. Speculation is again rife
about life under the surface of Mars, on Jupiter’s icy moon Europa and
indeed anywhere the sacred substance of liquid water is known to exist.
The latest plots of the universe depict a structure eerily resembling a
vast neural network, suggesting the possibility of a cosmic mind, an
ancient idea currently undergoing a renaissance.

The science of the cosmos has changed immeasurably since the
Greek and medieval visions of circles of planetary spheres. But despite
all recent scientific advances the Earth remains a modern mystery. No
convincing theory yet exists to explain the miracle of conscious life, nor
the numerous cosmic coincidences which surround our planet. Perhaps
the two things are related. This book is not just another pocket guide to
our solar system, for it suggests there may be fundamental relationships
between space, time, and life which have yet to be understood.

These days we scan the skies listening for intelligent radio signals
and looking for other planets similar to our own. Meanwhile, our
closest planetary neighbours make the most exquisite patterns around
us, in space and in time, and no scientist has yet explained exactly why.
Is it really all just a coincidence? Why are the Sun and the Moon the same
size in the sky? How come Venus plays the same numbers around us as
plants display on Earth? Read on and see what you think.
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GALACTIC DUST

the well-tuned universe

There’s a lot going on in the universe. We can now see as many stars
within our space-time horizon-bubble as there are grains of sand on
Earth. Our planet and we ourselves are made from reorganized smoky
stardust, a fact long taught by ancient cultures. We now know that
stardust itself is made simply from fizzballs, highly tuned fickering
whirlpools of light, long ago squeezed together deep inside stars. We
ourselves live in between the little and the large, in a time and a place in
the universe where things have condensed, crystallized, built up, tuned
in, and settled down.

Just how special are we and our Earth? Funnily enough, scientists
are currently puzzling over the strange fact that the whole universe seems
special. There is exactly enough material in the universe to stabilize it,
and the ratios between the fundamental forces seem specifically organised
to produce an amazingly complex, beautiful, and enduring universe.
Fiddle with any of the constants, even slightly, and you get a universe of
black holes, insubstantial fizzballs, or other lifeless set-ups. Is this design
or coincidence? Perhaps our universe is the child of successful parents,
who imparted this structure. Maybe the whole quantumly entangled
show really is conscious, as Plato taught.

The story of the search for order, pattern, and meaning in the cosmos
is very old. The planets of our solar system have long been suspected
of hiding secret relationships. In antiquity students of such things
pondered the Music of the Spheres, today they similarly experiment with
the simple precision of Kepler’s, Newton’s and Einstein’s laws.

Who can guess what will come next?
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THE SOLAR SYSTEM

spirals everywhere

Our solar system seems to have condensed from the debris of an earlier
version some five billion years ago. A Sun ignited in the center and
remaining materials were attracted to each other to form small rocky
asteroids. Lighter gases were blown out by the solar wind to condense
as the four gas giants, Jupiter, Saturn, Neptune, and Uranus while in
the inner solar system asteroids grew into planets, the final pieces flying
into place with more and more energy as the sizes grew (many still have
molten cores today from these collisions). Orbital resonances pushed
and pulled planets into new orbits and our solar system eventually took
the form of stable disk we see today.

The plane of the solar system is tilted at roughly 30° to the plane
of the galaxy and it corkscrews its way around the arm of the milky
way. The picture (oppesite top, after Windelius & Ticker) is schematic of
the motions of the four inner planets.

Another way to picture the solar system is by thinking of space-time
as a rubber sheet with the Sun as a heavy ball and planetary marbles
placed on it (lower, opposite, after Murchie). This is Einstein’s model of the
way matter curves space~-time and helps visualize the force of gravity
between masses. If we flick a tiny frictionless pea onto our sheet, it
could easily be captured by one of the marbles, or be spun around a few
times and spat out, or settle into a fast spinning elliptical orbit halfway
down any one of the worm-holes. Like a planet, the further the pea
gets down the funnel, the faster it must circle to stop itself going down
the tube. Also, the faster it spins the heavier it gets and the slightly
slower its clocks run.
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RETROGRADE MOTION

running kissing around

Ancient astronomers who watched the sky from Earth noticed that
apart from the Sun and Moon there were five easily visible points of
light which moved across the stars. These are the planets, which seem
to move around the earth roughly following the Sun’s yearly circle,
the ecliptic or the stars of the zodiac. If only life was this simple! Watch
planets for any length of time and, far from moving in any simple
way, they lurch around like drunken bees, waltzing and whitling. As
two planets pass, or kiss, each appears to the other to retrogress or go
backwards against the stars for a certain length of time.

The diagram below shows Mercury’s pattern around a tracked
Sun over a year as seen from Earth (affer Schultz), and opposite we see
Cassini’s 18" century sketch of the movements of Jupiter and Saturn as
seen from Earth. In ancient times hugely complex systems of circles and
wheels were called into play to try to mimic these planetary motions
(opposite, below), culminating in the Ptolemaic system of 39 deferents and
epicycles, used to model the motions of the seven heavenly bodies over
two thousand years ago.
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CALENDARS

synchronizing the Sun and Moon

The Sun and Moon may appear perfectly balanced in the sky, but in
practice they play a complex pattern which has vexed many cultures
over many years. The 29.53 days that occur between full moons are
modeled in the Chinese calendar by having alternating months of 29
and 30 days. Similarly, at Stonehenge we find 29 full-width stones and
one half-width stone in the sarsen circle to represent 29.5 days.

Many devices hide calendrical themes. For instance a pack of
playing cards can be viewed as four seasons, each of 1+2+3+4+5+6+7+
8 + 9+ 10+11+ 12+ 13 =01 days, 364 in all, with the joker as the 365" day.
The Tarot likewise conceals secrets, as the Moon and Sun are assigned
to the numbers 18 and 19, which, as we shall see on page 131, are indecd
the two numbers which best define the calendar.

Perhaps the most extraordinary system ever devised for marrying
the heavenly cycles to earthly endeavours is the series of intermeshed
calendars developed by the ancient Maya. By gooap they had modeled
most of the visible solar system with just three cycles: the 365-day Haab,
260-day Tzolkin and enigmatic 819-day cycle. Geoff Stray’s incredible
diagram opposite is a testimony to just how far scientists are prepared
to go to make it all make sense.
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THE SECRET OF SEVENS

planets, metals and days of the week

A short four hundred years ago the diagrams opposite still formed the
cornerstone of cosmological scientific and magical thought across the
western world, as they had done for many thousands of years. Today
these emblems of the sevenfold system of antiquity appear as quaint
reminders of an alchemical cosmology now buried beneath newly
discovered planets and physical elements.

There are seven clearly visible wandering heavenly bodies, and they
may be arranged around a heptagon in order of their apparent speed
against the fixed stars. The Moon appears to move fastest, followed by
Mercury, Venus, the Sun, Mars, Jupiter, and Saturn (top lef). Planets
were assigned to days, still clear in many languages, and the order of the
days was given by the primary heptagram shown (top right). In English,
older names for some planets (or gods), were used, thus we have Woran’s
day, Thor’s day, and Freya’s day.

In antiquity the seven known metals were held to correspond with
the seven planets, their compounds giving rise to colour associations.
Venus, for example, was associated with the greens and blues of
copper carbonates. Students of alchemy would often ponder these
relationships as they forged ever more subtle things. Incredibly, the
ancient systemt also gives the modern order by atomic number of these
metals! Follow a more open heptagram to give fron 26, Copper 29, Silver
49, Tin 50, Gold 79, Mercury o, and Lead 82 (lower left after Critchlow &
Hinze). The electrical conductivity sequence also appears round the
outside starting with Lead.
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GEOCENTRIC OR HELIOCENTRIC

Earth or Sun at the center

The extraordinary Ptolemaic world of epicycles and deferents lasted a
surprisingly long time. Despite its complexity it ‘saved appearances’
and was also said to save souls. Ellipses were in fact studied by early
Greek mathematicians such as Appollonius, and as early as 25038c
Aristarchus of Samos was proposing a system of planets orbiting the
Sun. However, it was not to be, and for one and a half thousand years
the Barth remained in the center of the universe, just as we experience
it, as the Ptolemaic system was handed down from the Greeks to the
Arabs, and then back to the West again.

Four early systems are shown opposite (after Koestler), and each sphere
of each diagram is to be understood as having its own attachment of
epicycles and eccentrics. Copernicus, despite in 1543 placing the Sun
in the center (top left), remained a devout epicycle man, increasing the
number of invisible wheels from the Ptolemaic 39 up to an amazing 48.
In the late sixteenth century Tycho de Brahe desperately tried to keep
the Earth stationary in the center of the universe (bottomn leff), whilst
an early Greek mode] by Herakleides, like a later version by Eriugina,
attempted a compromise.

During the 1600s the Sun became the center of the solar system and
many people began to forget that planets sometimes move backwards.
The modern model of the Solar System (lower, opposite} has the planets
{including an asteroid, Ceres), orbiting the Sun in ellipses, cach planet’s
ellipse slowly spinning to create a torus or orbital ‘shell” over time.

This basic model was first conceived by Johannes Kepler in 1506 and
it is to his ideas that we now turn.
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KEPLER'S VISIONS

ellipses and nested solids

Kepler noticed three things about planetary orbits. Firstly that they are
ellipses (so that a + b= constant, lower, opposite), with the Sun at one focus.
Secondly, that the area of space swept out by a planet in a given time
is constant. Thirdly, that the period T of a planet relates to », its semi-
major axis (or ‘average’ orbit), so that 1%} is a constant throughout the
entire solar system.

Looking for a geometric or musical solution to the orbits, Kepler
observed that six heliocentric planets meant five intervals. The famous
geometric solution he tried was to fit the five Platonic Solids between
their spheres (opposite, and detailed below).

In recent years, far from diminishing Kepler’s vision, Einstein’s laws
actually showed that the tiny space~time effects caused by Mercury’s
faster (and therefore heavier and time-slowed) motion when nearer to
the Sun create a precessional rotation of the ellipses over thousands of
years, thus reinforcing Kepler’s shells.
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THE MUSIC OF THE SPHERES

planets playing in tune

In ancient times the seven musical notes were assigned to the seven
heavenly bodies in various symbolic arrangements (opposite top). With
his accurate data, Kepler now set about precisely calculating these long
imagined Harmoniae Mundi. He particularly noticed that the ratios
between planets’ extreme angular velocities were all harmonic intervals
(opposite center, after Godwin). More recently, work by Molchanov has
shown that the entire solar system can be viewed as a ‘tuned’ quantum
structure, with Jupiter as the conductor of the orchestra.

Music and Geometry ate close bedfellows and Weizsacker’s theory
of the condensation of the planets (opposite after Murchie & Warshall)
throws yet more dappled light on to these elusive orbits. It might
appear fanciful were it not for the fact that two nested pentagons (below
leff) define Mercury’s shell [09.4%], the empty space between Mercury
and Venus [99.2%}, Earth and Mars’ relative mean orbits [go7%],
and the space between Mars and Ceres [00.8%], while three nested
pentagons (below right) define the empty space between Venus and Mars
[09.6%] and also Ceres and Jupiter’s mean orbits {99.6%).
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BODE'S LAW AND SYNODS

harmonics and rhythmic kisses

There have been numerous attempts to discover patterns in the orbits
and periods of the planets. A basic logarithmic graph (opposite top) shows
clear underlying order (after Ovendon & Roy).

A famous system is the 1750 Titius & Bode Rule: To the series o, 3, 6,
12, 24, 48, 96, 192 & 384, four is added, giving 4, 7, 10, 16, 28, 52, 100,
196 & 388, These numbers fit the planetary orbital radii really quite
well {except for Neptune). The formula predicted a missing planet
at 28 units between Mars and Jupiter and on 1* January 1801 Piazzi
discovered Ceres, the largest of the asteroids in the asteroid bel, in the
correct orbit.

The length of time it takes a planet to go once round the Sun is
known as its period. Sometimes periods occur as simple ratios of each
other, a famous example being the 2:5 ratio of Jupiter and Saturn [99.3%).
Uranus, Neptune and tiny Pluto are especially rhythmic and harmeonic,
displaying a 1:2:3 ratio of periods, Uranus’ and Neptune’s adding to
produce Pluto’s [9o.8%).

Like a whirlpool, inner planets orbit the Sun much faster than outer
planets and the table (opposite, below) shows the number of days between
two planets’ kisses, passes or near approaches, properly called synods.
Does Earth experience any harmonics? Well, we have two planetary
neighbours, Venus sunside and Mars spaceside and the figures reveal
that we kiss Mars three times for every four Venus kisses [00.8%|. So
an ultraslow 3 against 4 polyrhythm or a deep musical fourth is being
played around us all the time!
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THE INNER PLANETS

Mercury, Venus, Earth and Mars

Our solar system can be thought of a series of thin rotating rings, each
slowly settling down. Divided by an asteroid belt into two halves, the
inner region sports four small rocky planets quickly orbiting the Sun,
while the outer half has four slow huge gas and ice planets.

The Sun has still not given up its secrets. Mostly Hydrogen and
Helium, and an element factory, it is also a giant fluid geometric magnet,
15 million®c at its core, 6,000°¢ at the surface. It blows a particle wind
through the entire solar system and its sunspots and huge solar flares
affect electronics on Earth.

Mercury is the first planet. Mostly solid iron, it is a cratered,
atmosphereless wotld, 400°c in the sunshine, -170°c in the shade.

Venus is second, a cloud-shrouded greenhouse world. On the
surface the temperature is a staggering 480°c and the carbon-dioxide
rich atmosphere is ninety times denser than Earth’s. An apple here
would be instantly incinerated by the heat, crushed by the atmosphere
and finally dissolved in sulphuric acid rain.

Earth is the third planet, the one with life and one moon.

Mars is fourth, a rocky red world, just above freezing. Ice caps
cover the poles under a thin atmosphere. River beds suggest that Mars
may once have had oceans but they are long gone now, and today dust
storms regularly envelop the planet for days. Huge dead volcanoes, one
three times larger than Mount Everest, stand witness to a bygone age.
Mars has two tiny moons.

Beyond Mars is the Asteroid Belt, and, beyond that, the giants.
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MAKING SENSE OF THE PICTURES

a few tips on appearances

Seen from Earth, day or night, the Sun moves slowly to the left against
the stars (right in the southern hemisphere), taking a year to return to
the same star. The Moon swiftly circles around in the same direction
every month, taking 273 days to return to a star. Venus and Mercury
oscillate around the Sun, coming and going, as the Sun itself slowly
trundles around its yearly circle. Imagine standing on Venus—the Sun
moves faster against the stars and Mercury is closer, whirling round the
Sun like a fairground waltzer.

Every pair of planets creates a single dance. It doesn’t matter which
of the two you stand on, your partner’s dance around you will be the
same. lt is a shared experience. Mercury’s evolving waltzes with Earth
and Venus are shown (opposite top). Earth and Mercury roughly kiss
22 times in 7 years, though the ancient Greeks also knew of a more
accurate 46 year, 145 synod cycle. Mercury and Venus are beautifully
in tune after just 14 kisses.

Shown lower, opposite is the Golden Section, ¢ or phi. Tt is found
throughout every pentagram and in the Fibonacci series of numbers
(opposite), which starts with 1, 2, 3, 5, 8 and 13, all numbers we will see
in the inner planets. The Golden Section is essentially 0.618, but since
one divided by it is 1.618 (which is the same as adding one to it), and 1.618
tines 1.618 equals 2.618 (the same as adding one more), it often takes any
of these values. The Golden Section is found throughout organic life
forms; it is the signature of life, and, as we shall see, highly accurately
present in the inner solar system too.
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MERCURY AND VENUS' ORBITS

a very simple aide-memoire

There are few things more simple than a circle. With Kepler’s discovery
of the ellipses, and Newton and Einstein setting them spinning, the
planetary orbits can be thought of as orbital ‘circles, centered on the
Sun, with the eccentricity thickening the circle slightly, or giving the
spheres a shell (see Kepler's diagram, page 307).

One of the very first things you can do with circles is to put three
of them together so that they all touch. Amazingly, the orbits of the
firse two planets of the solar system are hiding in this simple design. If
Mercury’s mean orbit passes through the centers of the three circles then
Venus’ encloses the figure {oo.9%].

This is a simple trick to remember—you see it all around you all the
time, in the home, in design, art, architecture and nature. Every time
you pick up three glasses or push three balls together you create the first
two planets’ circular orbits, to an extraordinary degree of accuracy.
There must be a reason for this beautiful fit between the ideal and
the manifest, but none is yet known and these kinds of problems are
currently out of fashion; perhaps a bright 21% century scientist will find
an answer—unti} then it remains a ‘coincidence’.

The triangle is one emblem of the musical octave 2:1, and Mercury
performs a delightful solo on this theme, as one Mercury day is exactly
two Mercury years, during which time the planet has spun on its own
axis exactly three times. Thus the very first planet plays the very first
harmonies and draws one of the very first geometrical shapes. We have
started with one, heard a two, and seen a three.
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THE KISS OF VENUS

our most beautiful relationship

Other than the Sun and Moon, the brightest point in the sky is Venus,
morning and evening star. She is our closest neighbour, kissing us every
584 days as she passes between us and the Sun. Each time one of these kisses
occurs the Sun, Venus and the Earth line up two-fifths of a circle further
around-—so a pentagram of conjunctions is drawn, taking exactly eight years
[99.9%], or thirteen Venusian-years [09.0%]. Notice the Fibonacci numbers
again, 5, 8, and 13, which govern most plant growth on Earth. The periods
of Earth and Venus are also closely related as ¢ : 1 [o9.6%].

Seen from Earth this harmony appears as Venus whirling around the
trundling Sun drawing an astonishingly beautiful pattern. In the diagram
(opposite top) four eight-year cycles are shown, so 32 years. The small loops
are made when Venus in her closest dazzling kiss seems briefly to reverse
direction against the background Stars (show below, as seen from Earth).

The fivefold nature of Venus and Earth’s dance extends to their
closest and furthest distances from each other, as Venus’ perigee and apogee
ate defined by two pentagrams (lower, opposite). The body of space one
draws around the other is thus sized 1:¢* [99.98%].

All these diagrams also apply to Venus’ experience of Earth.
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THE PERFECT BEAUTY OF VENUS
the things they don't teach you at school

With the Sun in the center, let us Jook at the orbits of Venus and the
Earth. Every couple of days a line is drawn between the two planets
(below left). Because Venus orbits faster she completes a whole circuit in
the same time that the Earth completes just over a halficircuit (below
center). If we keep watching for exactly eight years (or 13 Venusian
years) the pattern opposite emerges, the sun-centered version of the
five-petaled flower on the previous page.

The ratio between Earth’s outer orbit and Venus’ inner orbit, i.e.
their home, is intriguingly given by a square (below right) [99.0%|.

Venus rotates extremely slowly on her own axis in the opposite
direction to most rotations in the solar system. Her rotation period
is precisely two-thirds of an Earth year, a musical fifth. This closely
harmonizes with the dance opposite so that every time Venus and Earth
kiss, Venus does so with her same  face pointing at the Earth. Painta spot
on Venus’ surface as she passes in front of the Sun, and every time she
lines up with the Sun again as seen from Earth the spot will be pointing
at you again. Over the eight Barth years of the five kisses, Venus spins
on her own axis twelve times in thirteen of her years (from Kollerstrom).
All beautiful musical numbers.
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PHYLLOTAXIS
the spiral of life

Life on Earth uses one set of numbers above all others. Phyllotaxis is
the study of the way leaves are arranged along a stem, and also describes
other features of plants such as flowers, seed heads, and fruits. The
key to phyllotaxis is the Fibonacci sequence 1, I, 2, 3, 5, 8, 13, 21, 34, 3
and so on, where adjacent terms define the Golden Section increasingly
well, present in pentagrams, which we have met before.

It is a simple fact that most plants on Earth produce alternate leaves
at Fibonacci fractions of a full rotation. For example, some plants
produce leaves along a stem every Y rotation, in hazel and beech trees
the angle is 14, in apricots and oak trees it is %, in pear and poplar trees
it is %, and in almond and willow trees it is %s. Pineapples display s-,
8- and r13-armed spirals. Count the number of buds along a sprig of
pussy willow and you will find a spiral of 13 buds in 5 turns.

Humans use the same numbers (in a fourfold manner). We have 5
fingers/toes in each quarter, a pattern repeated in our mouths as 5 milk
teeth in each quarter, replaced by 8 adult teeth, 13 in all per quarter.

The most common number of petals in flowers is s, and the most
comumonly used phyllotaxis numbers in plants are s, 8, and 13.

As above, so below—for these are also the numbers of Venus!




Fbonaca B7&Y

13 left

Above left: 83 phyilotaxis. New unit clements
appear along an Avehimedean spiral every 1375°
Above right: W Hefweister's space-jostling wiodel of
phyllotaxis based on Leonardo Da Vinei's suggestion
that phyllotaxis optimizes aceess to dew and sunlight.
Left: Pineapples display lovely 5:8:13 pliyllotaxis as 5
near-hovizontal spirals, 8 45° spivals and 13 verticals.
Below: Many seed heads display phyllotaxis as a result
of the piyllotaxis implicit in the petals of their flowers,
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MERCURY AND EARTH

yet more phives and eights

Mercury and Earth’s physical sizes are in the same relation as their mean
orbits! Various five and eightfold overlays are shown opposite which
proportion the orbits and sizes of these two planets.

The diameter of Mercury’s innermost orbit is suggested by the
pentagram incircle {top leff) [p0.5%] and also happens to be the distance
between the mean orbits of the two planets [99.7%].

The diagram bottom right expands on the three touching circles of
page 317. Eight circles centered on Venus orbit produce Earth’s mean
orbit [90.09%]—the eight years of the five kisses perhaps?

Mercury, Venus, and Earth display a peculiar coincidence: If we
work in units of Mercury’s orbital radius and period, then Venus’ period
times 2.618 is Earth’s orbital radius squared [99.8%]. Mercury’s dance
around Earth also produces its synodic year of 115.9 days. Richard
Heath recently discovered that this is 2.618 times a musical fifth times a
full moon [99.9%}—a musical fifth is 3:2; 2.618 is ©* (or 1.618x 1.618), and
there is a full moon every 29.53 days.

Earth’s and Saturn’s relative orbits and sizes are given by a fifteen-
pointed star (below), which also produces the tilt of the Earth.
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THE ALCHEMICAL WEDDING

three to eleven all round

From the surface of the Earth, the Sun and the Moon appear the same size.
According to modern muggle cosmology this is *just’ a coincidence, but
any good wizard will tell you the balance between these two primary
bodies is clear proof of very ancient magic.

The size of the Moon compared to the Earth is 3 to 11 {99.0%].
What this means is that if you draw down the Moon to the Earth,
then the circle through the center of the heavenly Moon will have a
circumference equal to the perimeter of a square enclosing the Earth.
As we saw on page 78, this proportion is also present in every double
rainbow you see. The ancients seem to have known about this, and
hidden it in the definition of the mile {opposite, after Michell & Ward).

The Earth-Moon proportion is also precisely invoked by our two
neighbours, Venus and Mars (Venus shown dancing round Mars below).
The closest :farthest distance ratio that each experiences of the other is,
incredibly, 3:11 [99.0%}. The Earth and the Moon sit in between them,
perfectly echoing this beautiful local spacial ratio.

3:11 happens to be 27.3% and the Moon orbits the Earth every 27.3
days, the same period as the average rotation period of a sunspot.

The Sun and Moon do seem very much the unified couple.







CALENDAR MAGIC

just three numbers do the trick

Recent work by Robin Heath has revealed simple geometrical and
mathematical tools which suggest order and form within the Sun-
Moon-Earth system. Imagine we want to discover the number of
full moons in a year (somewhere between 12 and 13). Draw a circle,
diameter thirteen with a pentagram inside. Its arms will then measure
12.364, the number of full moons in a year [99.95%].

An even more accurate way of doing it is to draw the second
Pythagorean triangle, which just happens to be made of s, 12, and 13
again, the numbers of the keyboard, and of Venus (page 320). Dividing
the 5 side into its harmonic 2:3 gives a new length, the square root of
153, 12,360, the number of full moons in a year [99.999%).

The Moon seems to beckon us to look further. We all know that
six circles fit around one on a flat surface (6 and 7). Twelve spheres pack
perfectly around one in our familiar three-dimensional space (12 and
13 again). We seem to be moving up in sixes. Could eighteen time-
spheres fit around one in a fourth dimension of time? Incredibly, all of
the current major time cycles of the Sun-Moon-Earth Systemn turn out
to be accurately defined as simple combinations of the numbers 18, 19,
and the Golden Section.

The Golden Section is evident in the pentagram, the icosahedron,
the dodecahedron and all living things. The orbits of the four inner
planets all display its presence. Its values 0.618, 1, 1.618 and 2.618 added
to the magic number 18 produce 18, 18.618, 19, 19.618, and 20.618, which
then multiply together as shown opposite.
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TWO ANCIENT TECHANIQUES
FOR FINDING THE NUMBER
OF FULL MOONS IN A YEAR

18 YEARS = THE SAROS ELCLIPSE CYCLE wan
(SIMILAR BCLIPSES WILL OCCGUR AFTER 18 YEARS)

18.618 YEARS 2 REVOLUTION OF THE MOONS NODES e
{THE MOONS NODES ARE THE TWO PLACES WHERE THE SLIGHTLY
OFFSET CIRCLES OF TIHE SUN AND MOONS ORBITS CROSS)

19 YEARS = THE METONIC CYCLE san
{5 THERE IS A FULL MOON ON YOUR BIRTHDAY THIS YEAR - THERE
WIH.L BE ANOTHER ONE ON YOUR BIRTHDAY IN 19 YEARS 'I'lf\\E).

THE ECLIPSE YEAR = 18,618 x 18,618 DAY S wan
(THE CCLIPSE YEAR 1S THE TIME IT TAKES FOR THE SUN TO RETURN
TO THE SAME QNE OF THE MOONS NOPES [T 15 18,618 PAYS SORT
OF A SOLAR YEAR wmas THERE ARE 19 ECLIPSE YEARS IN A SAROS])
12 FULL MOONS5 = 18,618 x 19 DAY S men
(12 FULL MOONS 15 THE [LUNAR OR ISLAMIC Y EAR)

THE SOLAR YEAR = 18,618 x 19.618 DAY S wawn
(THE SOLAR YEAR 15 THE 385.242 DAY YEAR WE ARE USED TO)

13 FULL MOONS = 18,618 x 20.818 DAY S wan

(13 FULL MOONS 1S ANOTHER 18,618 DAY S AFTER THE SOLAR YEAR)




COSMIC FOOTBALL

Mars, Earth and Venus spaced

The next planet out from Earth is the fourth planet, Mars. Kepler
had tried a dodecahedron spacing the orbits of Mars and Earth and an
icosahedron spacing Earth from Venus (see page 306), and, coincidentally,
it turns out he was very close to the mark.

The dodecahedron (made of twelve pentagons) and the icosahedron
(made of of twenty equilateral triangles) are the last two of the five
Platonic Solids {see Book IiI of this volume). They form a pair, as each
creates the other from the centers of its faces (below). Opposite,
they appear in bubble form inside Mars’ spherical mean orbit. The
dodecahedron magically produces Venus’ otbit as the bubble within
(opposite top) [99.98%], while the icosahedron defines Barth’s orbit through
its bubble centers (lower, opposite) [99.9%).

In the ancient sciences the icosahedron was associated with the
element of Water, so it is appropriate to see it emanating from our
watery planet. The dodecahedron represented aether, the life force, here
enveloping lively Earth, and defined by her two neighbours.

332






THE ASTEROID BELT
through the looking glass

We have reached the end of the inner solar system. Beyond Mars lies a
particularly huge space, the other side of which is the enormous planet
Jupiter. Itisin this space that the Asteroid Belt is found, thousands of
large and small tumbling rocks, silicaceous, metallic, carbonaceous, and
others. There are spaces, Kirkwood Gaps, in the asteroid belt, cleared
where orbital resonances with Jupiter occur. The largest gap is at the
orbital distance which would correspond to a period of one third that
of Jupiter.

The largest of the asteroids by a very long way is Ceres, comprising
over one third of the total mass of all of them. She is about the size of
the British Isles and produces a perfect eighteenfold pattern with Earth
(see page 403).

Bode’s Law predicted something at the distance of the asteroid belt
(see page 310), but it was Alex Geddes who recently discovered the weird
mathematical relationship between the four small inner planets and the
four outer gas giants. Their orbital radii magically ‘reflect’ about the
asteroid belt and multiply as shown below and opposite to produce two
enigmatic constants.

VexUr = 1.204 MexNe VexMa = 2.872 MexEa
MexNe =1.208 EaxSa SaxNe = 2.876 JuxUr
EaxSa = 1.206 MaxJu (Ve xMaxJuxUr = MexEaxSa xNe)

The asteroid belt is unlikely to be the remains of a small planet as no
sizeable body could ever have formed so close to Jupiter.
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THE OUTER PLANETS

Jupiter, Saturn, Uranus, Neptune, and beyond

Beyond the Asteroid Belt we come to the realm of the gas and ice giants,
Jupiter, Saturn, Uranus, and Neptune.

Jupiter is the largest planet, and its magnetic field is the largest object
in the solar system. Ninety percent hydrogen, it is nevertheless built
around a rocky core like all the giant planets. Metallic hydrogen and
then liquid hydrogen surrounds this core. The famous Red Spot is a
storm, larger than Earth, which has raged now for hundreds of years.
Jupiter’s moons are numerous and fascinating: One, Io, is the most
volcanic body in the solar system; another, Europa, may have warm
oceans of water beneath its icy surface.

The next planet is Saturn, with its beautiful system of rings.
Saturn’s structure beneath its clouds is much the same hydrogen and
helium mix as Jupiter. A large number of moons have been discovered,
the largest of which is Titan, a world the size of Mercury with all the
building blocks for life.

Beyond Saturn is Uranus, which orbits on its side. Winds gust on
the equator at six thousand times the speed of sound.

Next is Neptune, like Uranus an ice world of water, ammonia and
methane. The largest moon, Triton, has nitrogen ice caps and geysers
which spew liquid nitrogen high into the atmosphere.

Finally, tiny Pluto, and, beyond that, the primordial swarm of the
Kuiper Belt. Then, stretching a third of the way to the nearest star, the
sphere of icy debris and comets of the Oort Cloud.
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FOURS

Mars, Jupiter and massive moons

An asteroid belt and 550 million km separate Mars’ and Jupiter’s orbits,
further than Earth is from the Sun. Jupiter is the first and largest of
the gas giants, the vacuum cleaner of the solar system. If Jupiter had
gathered only slightly more material during its long and ongoing
formation its internal pressures would have turned it into a star and we
would have had a second Sun.

The top diagram opposite shows a simple way to draw the orbits of
Mars and Jupiter from four touching circles or a square [99.98%]. Itisa
proportion commonly seen in church windows and railway stations.
Shown below, on this page, is a pattern from the same family, which
accurately spaces Earth’s and Mars’ orbits {99.0%].

Jupiter has four particularly large moons. The two largest, Ganymede
and Callisto, are the size of the planet Mercury and produce one of the
most perfect space-time patterns in the solar system. An observer living
on either moon would experience the motions of the other in space and
tirne as the beautiful fourfold diagram shown opposite.







OUTER MOONS

harmonic patterns

Four groups of moons orbit Jupiter. The first two groups have four
moons each and look very like a model of the whole solar system—four
small inner bodies followed by four big outer bodies. The second group,
of four particularly large moons, the Galileans, is further divided into
two small rocky worlds, Io and Europa, then two gas and ice moons the
size of planets, Ganymede and Callisto.

The grouping into fours is striking. Each of the four groups has its
own general moonsize, orbital plane, period and distance from Jupiter
(the inclinations of the four orbital planes of the four groups even add
up to 9o°, a quarter of a circle [99.0%]).

Saturn has over thirty moons, most shepherding and tuning the
amazing rings with the larger bodies tending to be further out. Far
beyond Saturn’s rings, however, are three moons—the gigantic Titan,
tiny Hyperion and, further out still, Tapetus.

Opposite are shown some harmonic patterns: two from _]upiter’s
largest moons, two experienced by Saturn's giant moon Titan, and two
experienced by Neptune, the outer planet of the solar system.

Dischords are rare. The solar system seems to enjoy harmony.
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JUPITER'S GIANT SEAL

huge hexagrams and affirmatory asteroids

Jupiter, the largest planet, was king of the ancient gods, Zeus to the
Greeks. A delightful feature of its orbit is its pair of asteroid clusters.
The Trojans are two groups of asteroids which move round Jupiter’s
orbit, 60° ahead of it and 60° behind (opposite). This partnership
perpetually moves round the Sun as though held in place by the spokes
of a wheel. The positions of the Trojan clusters are known as the
Laplace Points, with Sun, Jupiter, and Trojans forming gravitationally
balanced equilateral triangles.

Just for the fun of it, if we now join the spokes as shown opposite
then three hexagrams can be seen to produce Earth’s mean orbit from
Jupiter’s [99.8%]—a very easy trick to remember. Earth and Jupiter’s
orbits are thus lurking in every crystal. Another name fora six-pointed
star made of two triangles is a Star of David or Seal of Solonon.

Exactly the same Earth-Jupiter proportion may be created by
spherically nesting three cubes, or three octahedra, or any threefold
combination of them {e.g., below). If the outer sphere is Jupiter’s mean
orbit then the inner one is the sphere of Earth’s mean orbit. By Jove!
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THE GOLDEN CLOCK

Jupiter and Saturn seen from Earth

Jupiter and Saturn are the two largest planets of the solar system and
ruled the outer two spheres of the ancient system. In ancient mythology,
Saturn was Chronos, the Lord of Time.

The top two diagrams oppoesite show the close 5:2 ratio of their
periods. Top left we see their dance; the beautiful threefold harmonic
is immediately apparent, spinning slowly because of the slight miss
in the harmony. From Earth, this pattern is seen as an important
sequence of conjunctions and oppositions of Jupiter and Saturn, who
kiss every 20 years. Top right we see the hexagram created by these
positions—with conjunctions marked on the outside of the zodiac and
oppositions marked inside. The planets move anticlockwise around the
dashed circle of the ecliptic, starting at twelve o'clack, Jupiter moving
faster than Saturn.

The lower diagram shows the relative speeds of orbit of Earth,
Jupiter and Saturn. We start with the three planets in a synodic line
at twelve o'clock. Earth orbits much faster than the outer planets and
makes a complete circuit of the Sun (365.242 days) and then a bit more
before lining up with slowcoach Saturn again for a synod after 378.1
days. Three weeks later it lines up again with Jupiter {after 308.9 days).
Richard Heath recently discovered that the Golden Section is defined
here in time and space to a stunning 99.09% accuracy! The two giants of
our solar system thus focus the Golden Section on us, in space and time,
reinforcing the geometry of life on Earth.

Less importantly, Saturn takes the same number of years to go round
the Sun as there are days between full Moons [09.5%].
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OCTAVES OUT THERE

threes and eights again

If you ever want to incorporate Jupiter, Saturn and Uranus’ orbits
into a window or floor design the diagram opposite might help. An
equilateral triangle and an octagram proportion the outer, mean and
inner orbits of the three largest planets. Tiny inaccuracies are visible but
the fit is excellent overall, memorable, and adequate for many practical
purposes. It is a spiky inversion of the touching circles solution for the
first three planets (see page 325, lower right).

One way of depicting the musical octave (a halving or doubling of
frequency or wavelength) is by an equilateral triangle, as the inscribed
circle has a diameter half that of the containing circle.

Another rule of thumb is to remember that if Jupiter’s orbit is 6, then
Saturn’s is 11 [99.0%|, twice the Moon :Earth size ratio (page 326).

Saturn’s orbit also happens to invoke T or pi—twice (below): Its
radius is the circumference of Mars’ orbit [00.0%] and its circumference
is the diameter of Neptune's orbit {99.9%].
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GALACTIC GEOMETRY

to the stars and beyond

As we move further out triangular geometries prevail (fwo shown below
[09.9%]). Uranus and Neptune, like Saturn, both have mysterious ring
systems with clear spaces at Kirkwood distances where particles orbit at
periods harmonic with one or more moons. Uranus’ bright outer ring
has a diameter twice that of Uranus itself [99.9%], echoing the orbits of
Uranus and Saturn, and Neptune’s innermost ring is two-thirds the size
of its outermost [90.0%]. These proportions beautifully invoke the local
timing, as Neptune’s orbital period is twice that of Uranus, and Uranus’
is two-thirds that of Plato, an outer reflection of the inner harmonic
1:2:3 we saw with Mercury.

One of the most obvious symmetries of modern cosmology occurs
in that the Milky Way, i.e. the plane of our own galaxy, is tilted at
almost exactly 60° to the ecliptic or plane of our solar system (shown
horizontal opposite) [99.7%]. What is more, every year the Sun crosses the
galaxy through the galactic center, and being alive in these times means
this happens on midwinter’s day. Like many of the images in in these
pages you may need to study this to get it!
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ICE HALOS

rainbows where planets lie

On certain still afternoons, if you are lucky, you will see a pair of
rainbow spots left and right of the Sun. Known as ‘Sun dogs’, these
are the first elements to appear of an ice halo—a thin rainbow circle
around the Sun. Caused by light passing through ice crystals high in
the atmosphere, Sun dogs appear 22.5° left and right of the Sun, just
outside the bright 22° halo. Sometimes, a second larger halo appears
46° from the Sun, with a distinctive arc on top, the whole arrangement
looking strangely similar to the ancient glyph for Mercury.

Amazingly, these two ice halos beautifully match the mean orbits of
the inner two planets Mercury and Venus seen from the surface of the
Earth. This means that when you look at a double ice halo, you really
are seeing the spheres of the mean orbits of Mercury and Venus, hanging
in the sky. There they are! The same two ice halos also function as a
diagram of the relative orbits of Venus and Mars.

This is an extraordinary coincidence. What is going on? Every
circle fits. Sunlight and ice crystals paint rainbows for orbits. The Sun
and Moon appear the same size in the sky. Our closest neighbour Venus
dances s-fold around us in 8 years or 13 of her years, while below on
Earth plants also dance 5, 8 and 13. These coincidences are focused on
us, here, and now, a planet of conscious observers. Perhaps Newton’s
and Einstein’s laws are only part of the answer. Is consciousness also
part of the equation? Do observers lense reality in some way?

Plato writes that things are more perfectly organised than we can
ever imagine. How do you balance a Sun and a Moon? Could we in
fact be living in a conscious quantum holographic universe?
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Above: The two circles we most commonly see around the Sun depict the mean orbits of the only
two planets between us and the Sun. This incredible coincidence only works for observers on
Earth, and suggests that the fact of these halos being observed from Earth may have played some
part in the overall quantum holographic resonance of the solar system. From Flammarion, 188s.
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THE STARRY SIGNATURE

circumstantial evidence for life on earth

Despite all the scientific discoveries over recent centuries we are
today possibly as far from understanding what we are doing here as
the ancients were from being able to build a pocket calculator. The
ancients, however, pondered consciousness deeply, and held that the
soul was particularly nourished by the applied arts of geometry and
music. Through these arts they carefully investigated the relationship
between ‘the One’ and ‘the Few’, for in music there are only so many
notes in tune, and in geometry only so many shapes that fit.

This book has shown simple and beautiful examples of harmony
and geometry in the solar system. The Golden Section, long associated
with life, and conspicuously absent from modern equations, plays
lovingly around Earth. Does this in some way have something to do
with “why we are here’, and if so could these techniques be used to
locate intelligent life in other solar systems?

I hope you have enjoyed reading Quadrivium, and that the cosmos
has been beautified or transmuted in some way as a result of what you
have learned. If you ever need reminding that there may be a little
more magic to our origins than modern cosmology can yet offer, then
just remember the kiss of Venus and the words of John Donne:

Man hath weav’d out a net, and this net throwne
upon the Heavens, and now they are his owne.
Loth to goe up the Hill, or labour thus
fo goe to Heaven, we make Heaven come to us.
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EARLY NUMBER SYSTEMS

The ancient systenis below afl use small sets of eharscters to represent a imited range of numbers. ‘Those from the

ancient Mediserranean repeat marks like a tlly stick to make some numbers while the Chinese

sstem combines the

characzers for one to nine with characters meaning 10, 100, 1,000 and 12,000, In all these systems a number such as
57 would be written as the character (or characters) for 50 followed by the character for 7 with no place value,
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Early Roman
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PLACE VALUE NUMBER SYSTEMS

Svstems of nunrerals that use positon or lace value to signify the magnitude of a ghen digh ae fews anel fae between. The
earfiest such system is Sumerin cuneiform, Stylus impressions in chy are regreted to niake ghps for 1 59, with plce
walue clenoting kanger aumbers. Laer the Babylonians introduced an empty place” marker effectively making the firstaero.

TTMYHRNHFF KKK KT «F

¥ ? i 5 G 7 3 9 10

3

by

T ny hassd Yy
W V <<<m 23 36000 7 w60+ 39 = 7,659 ﬁ Q '1;?’ 9 3000+ 0w 60« 7 = 32,407
2 7 32 9 0 7

“The Maya independently discovered plice value and the use of zero, Their base 20 sysiem & usuatly written vertically.
Digits in the 3rd place are not 20 but 18 times those in the second, probably because of the calencrical use ol 360.

. VO AR L S L LA A ] 12360 '::' A% 7:2‘)0
3 7 % ! = 17 360
t p] 3 4 5 G 7 ] 9 1o s 3y petnnad : “. N
eese + b G 20
. he  een weer o et 2L ZRR ZIAD <o = _ 19 < 6
. 4 e s T
1t 12 13 14 15 b1s] 17 18 19 [ 35,0490

Ear Fastern rocd numersds alternate two versions of nine glyphs. The small Indian zero was adopted in the 18th ceatory,

Do mem T momom =k (=]

J_ 1 1 =|1o [oT=T

3
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-

1160 47 30

Our owh number system orignaes in Indian Brahmi numertls. From the Gh century onwards variaticns of the first 9
Brahmi digits were userl with a small dircular zero in a plice value system. “Fhis system was passed wo Europe by the Arabs.

—_—= E 4+ h L 7 ] 15t Century Numerals (from Beabmi}
1o ¥ g 2 0 s 6\ o BihCenury Nagari (Central Indiay

TR - t}‘ £ § v A F © 10th Century Eastern Arbic (Hindi)

1 % F & 4 h ~ 3§ 9 Hih Century Europe {from Ghubar)
2 ¥ ¥ ¥ 4 of v £ % o Comemporary Nagan

LU S o T T " T S Contemporary Arabie (Hindi)

1 2 3 4 5 6 7 8 9 0 Comemporay Buropean/nternational
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PYTHAGOREAN NUMBERS

o @ o ©
e 0 0 0 O

Triangular Numbers
sumi of numibers

1424344,

L36inIs..,
EJ ClOIDO
S QI 0
D L 000
© 9 0 a0
20 0 o 0
Square Nunibers

suni of odd numbers
1434547 +9+..,
14,916, 25 ..

Pentagonal Nunibers
split inta threes
I444 7+ 10413+ ..
1,5,12,22, 35, ...

The 3-4-5 Triangle
areat 6, previmeter 12
enclosed civcle diameter 2

Centered Triangudar Nums

triangles increase by 3
1+3+6+9..
L4, 10,19..

[ S W S
B &

le]

ey

C

Centered Square Nums
sqquares increase by 4
T+ 4+ 8+124 ..

151325,

Cunterd Pentagona! Nums
wp five more
1+5+10+15+..

L, 6,16, 3}, 6.

Tite 5-12-13 Triangle
area 30, perimeter 30
enelosed circle dianieter 4

<

o<

o< g4
efgﬁ%ﬁf

Tetrabwedral Numbers
s Uftl'iﬁ"gl(!ﬂl' NS,
1+346+10..

L,4,10,20..

£

E::

& lg-lo-
G~ L@T 1D+
HPIP1a8

Cuebic Numbers
Ialxel, 2x2x2,

3x3x3 dx4x4q ..

1,827 64 ..

Square Pyramidal Nams
square by square
T+ 4+84106+..
1,5, 14, 30,55 ...

Rectungular Numtbers
twice t‘rfuugu!nr HHms,
alse 2+4+6+8..,
2,6,12,20...

Square Numbers
as sunt cy‘Lwo ucynccnf
triangular numbers,
here 10+ 15 = 25

Cenitered Hexagonal Nums

center and six triangles
I+Gr 12408+,
L7 19, 37, 61...

The 8-15-17 Triangle
wrea 60, perimeter 40
ertclesed civele diameter 6

The 7-24-25 Triangle
arca 84, perimeter 56

enclosed civele diameter 6



EXAMPLES OF GEMATRIA

Ancient Greek and Christian gematria;

THEQYE XPIZTOE

Jesus) 8483 (Christy 1486
S88 - L480 2368 = 3:.5:8

KaI O APIOMOE AYTOY XEL | j404
(And lis number is 666) )

=2368

TO ATION TINEYMA |, TTAPA OEOY _ |54

{The Hely Spirity 1080 (Trom God) 660

H A0EA TOY OEOY IZPAHA
(Glory of The God of Israely

OO0

ZEYE
{Zeus) 612
ATOAANN

(Apollo) 1861
Z0H
(lifey 815

= |74

EPMHZ i
(Mennes) 335
i ZETE 80
(Zeus) 012
4 KAPIIOL
{Fruit) 471

isto

e S —

7000

HAIOE (Sun) = 318 BIOE (iile) = 282
0063 as magniflicd Unity

TAPOENOE (Virging = 315
ZYAON (Cross) = 61
O QECQE [EPAHA
(The Godl of Istael) = 703
IX@OZL (Fish) = 1219
TOTHP (Saviour) = 1408

The Divine Name YHWH as Tetracrys;

y

=10

i =10+5= 15
1A Y =0+5+6=3
077 ces+b+3=2

T Havalt e Wasy = 25
A gowell (lcis) = 16
717 yitveH (He shalt hey = 30

Some Hebrew correspondences:

gt L., naaw
EKHAL (Cney ) AHAVAH (Loved
andd their sum = 26 = YITWH
el mn
ADAM = KHAWAE  YHWH
1 1
YAYEN {wine) o 80D (secret)

or i1 pio perifes!
Hebrew letter names and their worals;

UK AEPH TDR T LAMED
T3 412 8ET M % MEM
Sn% Th CIMMEL 733 1O NUN
N7 43 DMET D 120 SAMEKH
I TH 130 AVIN
W2 VOV D 85 D
TT 67 ZAYIN YTX 104 TSaDE
MM A HET 4% M4 QUF
Y 419 TET W) i RESH
T2 YO T 360 SHIN
03 W0 KoF IR 06 Tav

Every number contains the seed of the
next so ihe rudes of gematria allow a
difference of I in comparisons,
Fractional paris in geomelvic measuies
and retios can be rounded either way.
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Talisman with magic sum of 66, the
abjad total for the Divine Name Allah:

Al
W 20126(19

W 20222

RIENENEE N
MENIESN

W
=1

Some names of God in abjad order;

A 66 Allab

Sb 13 BAQI Erarlasing
fb 1 A @alerer)
Sk 65 DAYAN gudeey
200 A Guidey
Sy WALl (Fried)
‘_;j 37 ZARI (Purifier)
3-8 HAQ (Truth)
25 TAHR U
Jes 130 YASSIN (Chich
‘_;3’0/ 1L KAFL(Sufficienty
e 125 LATIE Subtley
e MALIK (Ring)

JF 26 NURGighy
e 180 SAML{AN Hearing)
G5 10 AL (Most Hight
79 489 BATAH (Revealer)
Sae? 134 SAMAD (Breenaly
2B 305 QADIR (Powerfuly
w2 RAB{Lord)

C“” 60 SHAF (Heaber)
w408 CTAWAB (Oft Forgiving)
<ab o3 THABIT (Suabley
S 731 KHALIG (Creator)

,{ 2 92i DHARIR (Rememberer)
JLe LK DAR (Chastiser)
A 1306 DHAHIR (Apparenty
gsb 1285 GHAFUR (Forgiving)



FURTHER MAGIC SQUARES

A magic square &5 nommal il it uses whole numbers from 1
to the square of &is order, and shuple il its only propenty is
rows, columns and main diagonals adding o the magic sum.
The normal magic square of orler-3 is unique apart from 8
possible reflectons and rotations or aspects (4 delow.

AT 0{Fp2 2191 {942
91911 11519 HERE 3517
AR 8134 6|18 11140

1 the aumbers in 4 magie square sum symmetrically sbout the
center, for example 2 + 8,7 + 3, the square is asociated
(notsimple), the number priss ate complementary,

Thete are 880 order-$ normal magic squares, o count
magic squares mathensaticians cetate/reflect them so the wp-
left cellis as smaall as possible with the cell 1 its right less than
the cell below,  Complementay sumbers in noml order4
sequares formy 12 Drdleney patteris (4 shotent belor).

qgfc_/c_ R qlp|alp INEAL I
exelatet (15611712 “lolae] [12]16[312
xS | 1310136 ajpiale; (81501
dom\a UEIEIE dTeldl™] njola]~
graup ! pronp it
oiglpl IRIERES elelelel [1fw[s]1s
&§% [HIRECE AL RREEE
edieNe | 197162 5|ale _Z_ HENE
HEILIRIERE s|e]e AREIE
mronp I grop IV

‘The 48 Group 1 squaees are panedicgonal, the 6 broken
diagonals formed by opposite sides wrapping round o meet
each other abio sum magically (belore foft anl center),

Order< pancliagonal magic squares are also 1nost-perfect,

ISR NINT
INNBEEE
2[5
« [FE e
BIERMNEE
rfiintim

any 2-by-2 square, including wrap arouneds, adds © (he magic
sam (abore might).  Oply nomal pandiagonal squares of
doubly-even order ¢, 8, 12....) can be most-perect.
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There are 275,303,224 normal order3 magic squares.
Crlers5 is the Towest order of magie squares that can be both
pandliagonal andl associated (one shoten bere).  There are
36 essentially cifferent panciiagonal orderS magic squares,
each produces 99 varations by peamuting rows, colunns and
diagonals for a wotal of 3,600 pandiagonal order-5 scpares, It
is not known how many normal order-6 magic squares there
are. Order-6is the first addiyeven arder, divisible by 2 but not
by 4, the Tardest squares te constrect, [0S Smpossile for a
normal order-6 sguare to be pandiagonal or assodiated.
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To consteuct 1 magic square of doubly-even order, place
the numbers in sequence from wp Jelt as below. Using the
pattern shown exchange every number on a marked diagonal
witl its complement and you lave s magic square,

To make a magic square of any odd ordler place 1in the
10p middie cell and place numbers in sequence up and 10
the right by one cell, waapping wp/botom and right/efi
as necessary. When a previously fillee cell is reached move
down one call insteadd. ‘The cential eelt will contain the micldle
number of the sequence and the diagonals will add 1o the
nagic sum (cilternative fill pattent below vight),
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Two magj

sqquare with the original orders multiplied together.

squaares combine 1o make 1 compasition magic

Pl T 217106 1619680
151|916

G pTs
wistEs Y1511 1281 6i] 0
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Make copies of the first squaze (feffy as if each were a cell
in the second square (center). Sublzact 1 lrom cach cell in the
second! squeare and multiply by the sumber of cells in the fisst
sopare (fghiy. Add these w each cell in the large square.

1

103

10

W

A bimagic squace is sl magic if all its numbers ae

seuared.

This cne has a magic sum of 369.

Each 33

section also has this sum, The squared” magic sunyis 20049,
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To make 1 bordered magic square add double the order,
plus 210 the cefls of a noraid magie seeare and make a border
of the highestdowest numbens in the new sequence.

In 3 dimensions we find the surprising possibility of magic
cubes, There are 4 order3 normd magic cubes (2 sborm
frefotes cach has 48 aspects. Al rows, columns, pilkus and the
four fong diagonals from oppasite vertiees sum o 42,

fven more remakably magic figures in S-dimensions,
ence considered impossible, were first discovered by John

Hendricks whe sketched a magic tesseract, or 40 cabe, in
19';(] Below is one of 38 normal order-3 magic tesseracts.

bovderved square

Infaid square

indeid dicmond

A magie square within another that doesn't fallow the
2

highestdowest number border rule i an irfaiel magic square.
Mso possible are Adlaid magic dianonds and embedded

magic squares (orders 3 & 4 i order-7 below).
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SOME NUMBERS OF THINGS

1
One One (Universal).

2
Trwo Forces (Taoist): Receptive (), Active (vang).
Tweo Perspectives (Universal): Subject, Object,
Two Polarities (Geography): North, South,
Two Polarities (Pbysics): Positive, Negative,
Tivo Principles (Metapbysics): Essence, Substance.
Two Regents {Alchemy): Queen, King.
Two Sides Lefi, Right.
Two Tribal Types (Authropology): Seltler, Nomad.
Tuwo Truths (logicy: Analytic (a priori), Syathetic g posteriord).
Two Ways of Knowing (Refigion): Esoteric, Exoteric,

3

The Great Triad (Taoisty: Heaven, Man, Farth,

The Holy Trinity {Christian): Father, Son, Holy Ghost.

Three Alchemical Stages (Alchen)): Blackening
{nigredoy, Whitening (albedo), Reddening (ribedo).

Three Aspects of Knowledge (Greek): The Knower,
Knowing, The Known,

Three Dialectic Phases: Thesis, Antithesis, Synthesis.

Three Dimensions (Physical): Medial, Lateral, Vertical.

Three Fates (Greek): Spinaer (Clotho), Measurer
(Lachesis), Cutier {Atropos).

Three Furies (Greek). Avenging Murder (Tisiphone),
Jealousy (Megaera), Unceasing Anger (AMecio).

Three Generation of Quarks (Physicsy: Up & Down,
Charm & stange, Top & Bottom.

Three Graces (Greek)y: Splendour (Aglia), Mirth
Eupbrosyre), Good Cheer (Thalia).

Three Guaas (Hindue): Fire {red), Water (white), Earth (black).

Three Kingdoms {Medieealy: Animal, Vegetable, Mineral,

Three Modes (Asirofogry: Cardinal, Fised, Mutable.

Three Parts of the Atom (20 C): Proton, Neutron, Flecton.

Three Paris of a Sylfogism {Arisiotley: Premise, Universal
Principle, Conclusion,

Three Primary Colonrs (Light): Red, Green, Blue,

Three Principles (Aichemy’y: Sulphur, Mercury, Salt.

Three Qualities (Christian)y: Faith, Hope, love,

Three Regrlar Tilings (Geomeny): Triangles, Squares,
Hexagons.

Three Revolutionary Virtnes (French): Libeny, Equalicy,
Fraternity.
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Three Stages (Hindr): Creating (Brabina), Sustaining
(Vishant), Destroying (Shiva).
Three Stages of the Soul (Jain); Inenst, Intemal, Supreme.

4

Four Beautifud Harmonies (Music); Unison, Octave,
Fifth, Fourtl, AR arse from ratios involving the frst four
numbers.

Four Castes (Hinduy: Holy (Brabminy, Herole (Rshairiva),
Business (Veisyer), Scrvant (Shuelra).

Four Caunses (Aristotle): Formal, Material, Efficient, Final.

Four Directions (Conunony; North, South, East, Wost.

Fonr Elentents (Western): Fire, Farth, Air, Water,

Fonr Forces (Modern): Elecoomagnetic, Strong Nuclear,
Weak Nuclear, Gravitational.

Fonr Humonrs (Western): Sanguine, Choleric, Fhlegmatic,
Melancholic,

Fonr Levels of Psyebe (fing): Beo, Shackow, Anfma/Animus, Self

Four Modes of Pysche (fungy. Feeling, Thinking, Sensing, Intuiting,

Four Noble Truths (Buddbism): The Truth, Cause,
Cessation and Path to cessation of suffering.

Four Seasons (Weslern): Spring, Summer, Autumn, Winter.

Four Types of Liferature (Wesiern): Romance, Tragedy,
frony, Comedy.

5
Five Autmals (Chinese): Scaled, Winged, Naked, Turred,
Shelled.
Five Divections and Colours (Chinese): Fast (green) ,
South (red), Cemer (vellow), West (white), North (hlack).
Five Elements (Chinese): Fire, Earth, Metal, Water, Wood.
Five Elements (Buddbist): Void, Water, Earth, Fire, Air,
Five Nates (Chinsey: Black keys on 1 piano.
Five Orders of Architecture (Westers): Tuscan, Doric,
Tonic, Corinthian, Composite.

Five Parls of the Personality (Foypiian): Name, Shade,
Lif force (Ka), Character (Bery, Spirit (Akh = Ka + Ba.
Five Platonic Softds (Unfversal): Terrahedron, Cetabedron,

Cube, Teosahedron, Dodecahedron.
Five Poisons (Buddibisty; Conlusion, Pride, Envy, Hatred, Desire.
Five Precepts (Buddbist). Respect for Life, Respeet for
Property, Chastity, Sobriety, Speaking the Truth,
Five Senses (Common): Sight, Hearing, Touch, Smell, Taste.
Five Sounds (Chinesey: Calling, Laughing, Singing,
Lamenting, Moaning.



Five Smells (Chinese): Goatish, Buming. Fragrnt, Rank, Roten.

Five Tasles (Chinese): Sour, Biter, Sweet, Spicy, Salty.

Five Virtues {Buddbist): Kintaess, Goodness, Respect,
Economy, Altruism.

Five Virties (Chinese): Benevolence, Propriety, Good Faith,
Righteousness, Knowledge.

6

Stx Days of Creation (Abrehamicy: Light, Finmament, Land &
Vegetation, Heavenly Bodies, Fish & Birds, Animals & Man.

Six Directions (Conmmeny: U, Down, Left, Righy, Front, Back.

Six Kingdoms (Moders): Aichaebacteria & Bactesia (pro-
karyoles). Protista, Fangi, Plantae & Animalia (euktaryoles).

Six Perfections {Buddbismy: Giving, Morality, Paience,
Energy, Meditation, Wistom.

Six Reactions (Chemistiy): Synthesis & Decomposition,
Combustion, Single & Double Displacement, Acid-Base.

Six Realws (Hinedu & Budddbisry: Gods, Hells, Human,
Hungry Ghosts, Demons, Animals,

Six Regular Polytopes (G-Dimensional Solidsy: Simplex,
Tesseract, 16-Cell, 24-Celi, 120 Cell, 600-cell.

7

Seven Border Geometries (Universal): There arg seven
possible kinds of border symmetry.

Seven Chakras (Hindi): Root (4 petals), Sacral (6}, Solar
Plexus (103, Heart (12), Thioa {16), Brow (2), Crown (1000},

Seven Deadly Sins amd their Seven Comtrary Vivtues
{Christicor), Humility against pride, Kindness against
cnwvy, Abstinence against gluttony, Clastity against Lust,
Paticnce against anger, Liberulity against envy, Diigence
against stoth,

Seven Endocrine Glamds {Medicaly: Pincal, Piuitary,
Thyroid, Thymus, Adreml, Pancreas, Gonads,

Seven Heavenly Bodies and their Days (Anicient): Moon
(Mom), Mercary (Wed, Venus {Fri), Sun (Sun), Mars
(Tues), Jupiter (Thurs), Satrn (Sat),

Seven Levels of Self (Anthroposophy)y: Physical, Etheric,
Asteat, Fgo, Manas, Buddhi, Arma,

Seven Liberal Avis (Western): 1ogic, Rhetoric, and Grammar
(Hvivim); Number, Music, Geometry, Cosmology
(Queadrivium).

Seven Metals (Ancient): Silver, Mercury, Copper, Gold, Iron,
“Fin, Tead.

Seven Modes (Greek): Tonian, Dorian, Phrygian, Lydin,
Myxolydian, Aeolian, Locrian: using just the white keys on
a plano, these refer 10 the sevennote seale staring with €,
D, E, T, G, Aand B, respectively.

Seven Stages of the Soul (Suff): Compulsion, Conscience,
Inspiration, Tranguility, Stbmission, Servant, Perfected.
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Seveir Virtnes (Christian): Faith, Hope, Chasity, Fortitude,
Justice, Prudence, Temperince.

8
Eight Semi-Reguliar Tiltngs (Geomelry): In the plane,
Eight Inunorials (Tacisty: Youth, Ok! Age, Poveny, Wealth,
The Populace, Nobility, The Masculine, The Feminine.
Eight Limbs of Yoga {Yedic): Morlity (Yma), Observances
(Niyeona), Postures tAsans), Breathing (Pranayana), Con-
centration (Dbarane), Devotion (Dhyana), Union (Samadhi),
Fight Trigrams (FChing): Chi'en (Heaven, Creative), Tt
(Augsiction, achievement), 17 (Awareness, heauty), Chen
(Action, movementy, San (Following, Penetmtion), Kean
(Dange, Peril, Ken (Stop, Rest), Kun (Earthy, Recepive).
Lighifold Path (Buddbisty: Right View, Right Speech, Riglt
Action, Righ Livelihood, Righe Efort, Right Mindlulness,
Riglt Concentration.

9

Nhwe Muses (Greek); History (Clo}, Asteonomy (Erania),
Tragedy (Mefpomene), Comedy (Fhalia), Dance
(Ferpsichorey, Songs to the Gods (Polylysmiiet), Epic Poetry
(Calliape’, Love Poewry (Fraio), Lyric Pocity (Ederpe).

Nine Orders of Angels (Westerny: Angels, Archangels,
Vinues, Powers, Principalities, Dominazions, Throne,
Cherubim, Seraphim.

Nie Personalities (Middle-Fasterny: Perlectionist, Giver,
Achicver, Tragic Romaric, Observer, Contradictor,
Enthusiast, Leader, Mediator,

Nine Regular Polybedra (Universal): The fire Platonic
Sofidls ples the four sieflated polyhedra the grea, the
steflated, and the geeat stellated dodecahedra, and the
great icosahedron.

Nine Semi-Regular Tilings (Universaf): Although there
are eight stmdard paterns, one of these has different
left- and right-handed versions, making nine in all,

10

Ten Commandments (Christianifyy: Honour Mother, Father
& Sabbath, No other gods, Graven images, Blaspheming,
Kifling, Adultery, Siealing, False witness, Coveting.

Ten Levels (Bruddbismy: Jovous, Swinless, Light-
raaker, Radiant, Resilient, Tuming toward, Far-going,
Linshakeable, Good Miad, Cloud of Dharma.

Ten Opposites (Pythagorasy: Limited:Unlimited,
Quld:Tven, Singularity:Plurality, RightLeft, Male:-Female,
Resting:Moving, Straight:Curved, Light:Dark, Good:Bad,
Square:Oblong

Ten Sephiroth (Kahbalal): Ketber, Cholmab, Binab, Chesed,
Gebrab, Tipheareth, Netzach, Hod, Yesod, Melieth.
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SELECT GLOSSARY OF NUMBER

The Ist triangular, square, pentagonal, hexagongl,
tetrahedrml, ectahedral, cubic, Fibonacci, Lucas num.
The Ist even (female) num, The planet Mercury's
day is exacily two of its vears. Uranus orbital radius is
two of Satums, Neptune's peried is twice Uranus',
The Tst Greek odd (masculing) num, 14 2. There are
three regular tilings of the plane. After three yeurs the
Moon closely repes dts phases in the calendar, In
cngineering triangulation creares stability.

The 2nd square num, 22 =2x2=2+2, Numof
vertices ancl faces of a retethedron. Every integer is
the sun of at most 4 squares.

Sum of the 1st male andt female nums, 12+ 22 Five
notes in the pentatenic scale. Five Platonic sofids, The
5th Fiboracei num and the 2nd pentagonal num,

The 3rd triangular num as 6 = 1+ 2 + 3. The facorial
of 3, written 3! = 1 % 2% 3, Aves and semi-perimeter
of the 3445 triangle. The ficst perfect num. (sum of
its factors). Flges on a tetrahedron, faces on a cube,
vertices of an octzhedron, Six regular 4D polytopes.
There are seven fricze symmetries.  Seven notes
in the traditional scale, Seven endocrine glinds in
humans. Sum of spots on opposite sides of a dice.
Seven tetrominos (Teris). <ith Lucas num.

The 2ndt cube, 2% =2 x 2 x 2 = 8, Faces on an
octahedren, vertices on o cube. The 6th Fibonace
num. Eight senv-cegular tilings. Bits ina Byte,

The square of three. 32+ 3% 3= 13+ 23, There are
nine regular polyhedra and nine semi-regular tifings
of the plane if you include the chiral pair. In base 10,
the digits of all multiples of ¢ evenwally sum o 9.
The dth istngular and 3rd teteahedral aum, = 12+ 32,
11 dimensions unify the four forces of physics. The
Sth Lucas num, Sunspot cvcle in vears.

12 notes complere the equak-tempered scale. The
Jrd pentagenal nem. 12 spheres touch a central
one as the cuboctahedran. Num of vertices of an
icosahedron, faces of a dodecahedron, edges of both
cube and octahedron. Petals of the heast chakea,
The 7th Fiboracei num. There are 13 Archimedean
polyhedra. Appears as the octave (13th note}, and in
the 3-12-13 triangle. Locusts swarm every 13 years.
The 3r¢l square pyramidat num = 12+ 224 3% Num
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20

21

22

23

24

25

27

28

29

30

31

32

33

of fines in 2 sonnet {octave, quartet, coupler),
Triangular num. Sum i loes ofa 3 * 3 magic square,
Balls in a snooker triangle,

Hoand 42 Perimeter and area of 4 4 % 4 sOuare.
Petals of the theoat chakrn. Alse 52-3% which means
16 coins can be arranged 45 a square 5 by 5.

The number of 2D symmetry groups. 19 + 29,
Syllables in Japanese Hatku (5 + 7+ %), Tones in
Arabic tuning,

The rumber of years in 2 Suros eclipse oyele before vou
get a eclipse of the same kind near the same plice.
The number of years in the Metonic cycle, After 19
years full moons recur on the sume calendar dates.
The game of Go features a 19 by 19 grid,

The sum of the fisst 4 riangular numbers, Num of
faces in an icosahedron, vertices in 2 dodecahedson,
Lays in a Mayan month, Amino zeids in humans.
The &th tigngular andt 8th Fibonaeed num. 3 % 7,
Letters in the Italian adphaber,

Max, num. of pieces ino which g cake can be cut with 6
slices. Channels i the Kabbalah, Zetiers in the Hebrow
alphabet. Major Arcangin Farat. Tones in Indian waing,
Chromosome paies make a human,

Spheres can touch one in -0, Teters in Greek alpha-
bet, #l=1x2x3 x4,

5= 324 42 25 mised 1o any power ends in 25,
The only number 1o sit between a square and a cube.
Num of ferrers in Tatin and English alphabess,

3B =3%3%3. The number of nakshatras into which
the ecliptic s divided in Hindu lunar cosmolagy.
The 2nd perfect num, sum of its factors. Triangular.
Num of leters in Arabic and Spanish alphabers.

A Lucas num, the series goes 1,3, 4,7, 11, 18, 29 erc.
Letters in Norwegian aiphabet.

Edges on both dodecahedia and icosahedra. Aren and
perimeter of a Pythagorean 3-12-13 idangle. The Moon
orbits the Earth at a distance of 30 Farth diameters.
Planes of existeace in Buddhism. A Mersenne prime,
of the form 27 - 1, where # is prime,

25, The smallest Sth power besides 1. Num of crystad
classes. Num of Facth diameters to reach the Moo,
1420+ 30+ 4. Num of vertebrae in the human
spinal column, carrying 33 pairs of nerves, 12053



34
35

36

37

38

39

40

42
45
46

52

55

58

59
60

61
64

ises in 33 years, Largest num which cannot be
represented s sum of clistint triangular sums,

The sum in the lines of a 4 % 4 magie square,

Sum of Pythagorean harmonic sequence 12:9:8:6.
Also the sum of the first five wiangular nembers,
135 23 + 3% Sth triangular and 6th square rumber.
First number wlhicly is seuare and iangubar,

The heartofthe 131,222, ., 600,777, 888 sequence. 37
moons in 3 years, Stages of the Buddhist bodhisatva,
38 can he wriiten s 1he sum of o odd numbers i
10 dilferent ways. Each pair contains a prime. Largest
number with this propery.

There are 39 hand pasterns when a deck of card s
divided between four people, as i bridge.,

The pumber of fingers and wes of 2 man and
woman together. #0 Spheres can ouch one in 3
dimensions.

The expression *-x + 41 prodaces a sequence of 40
consecutive primes, from <41 all the way 11681

‘The sum in the lines of a3-D 3% 3 % 3 magic square,
Triangolac, sum of 110 9. Sum of lines in Sudoku,
Towal number of chromosomes in uman cell nucled,
23 from mum, 23 from dad.

Num of lewers in sanserit alphabet, perals of all
chakeas excluding crown.

Num of playing cieds ina pack. Num of human weth
aver lifetime (4 % 3) childven’s + (4 % & adult. The
Mayan catendar round was 52 years, at which point
the 268 day Teotkin and the 365 day Haab reset,
Highest riangutar & Fibonacet num {others 1, 3, 21).
Also stuare pyramidal 1+4£94 16+ 25,

Station stones ar Stonehenge. Useul for eclipse pre-
dliction. 7% 8, The productof 1+ 2+ dand 1 2 2x 4,
Tetrahedil. Minor Arcana in ‘Trot.

There is one stellation of 2 pentagon or hesagon, two
of 2 heptagon o octagon, three for an enncagon.
There are no stelladons of 3 ewahedron or cube,
one of an octzhedran, (hree of a dodecabedeon ..
but there are 58 stellations of an icosahedron.

There are two lull mocns every 59 days. Prime,

3% 4 % 5, Basts of Sumerian and Babvlonian
counting. Smuflest number divisible by 1 through 6.
Codons specily aming acids in human mRNA,

Eight squared, four cubed and 26 Num of hexagrams
in the I-Ching, sguares o a chess-board, 64 codens
specify amino acids in human DNA,

The swm in the lines of a3 % 3 magic square. The fisst

365

73

76
78

81
89
91

92

97

99
100
108

111

126G
121
125
128

144
133

169
{75
206
216

number that is the sum of twoe squares in two ways as
B=legi=te

‘The Hindu Indra fives for 71 eons.

Spheres can touch one in 6 dimensions, 36073, 72
names of God in Kabbalah, 1 Hfetime = | precessional
‘Great Day' or 360th of a Great Year = 72 years, The
Rule of 72: How long will it whe for my money 0
double? I interest rate is 6%, then it will tike 7273 =
12 vears, You can alse use 71 and 70,

73 Trolkin = 52 Haab in the Mavan calendar. 73 i3
365/3 and appears i ancient year-clocks,

Years between sightings of Halley's comet.
Complete Tarot, 22 major and 36 minor Arcand.
Triangiar, sun of Lie 12, Number of presents in /2
Days of Christmas,

The square of nine, 3%, There are 81 stable clements,
Pibonacet number common in sunflowers.

Aquarter of ayear, 7 % 13, Syuare pyrmadial, sum of
first & squares.

Blements can occur in nawre; ail cthers appear
fleetingly under laboratory conditions.

Thete are 97 leap years every 400 years in the
Gregorian calendar Number of cacds in e
Minchiale Tarot, 78 cards (see 78) plus lour virtues,
four elements and 12 signs of zoding,

Names of Allah. 99 full moons oecur in 8 years.

10 % 10 in any base.

11 % 22 % 33, The Sun diameter is 109 times Barth's,
and its distance from Farth is 107 Sun diams. Num
of Hindu and Buddhist prayer beads,

The sum in the lines of 4 6% § mapic squaze. Nom of
Moon diameters between Moon and Earth,

%223 x4 x5, Triangulr and wetmahedral.

The square of eleven,

The cube of five,

2. the largest num not the sum of distinc
SQuAres,

The square of 12, Only square Fibonacet num,

The number of fishes in the netin St John's Gospel,
XKLL =13 est= e atrdte 3=
the square of the number of full moons n 4 year,
Archimedes” approgimation for V3 was 265/153

‘The sepiave of thireen.

The sum in the lines of a7 * 7 magic square.

Bones in an adult human body,

Plao's nuptial number. The smallest cube that s the
sum of three cubes, 6 = 33 = 43+ 35 Twice 108,




219
220

235
243

256
260

284
300
343
354
360
361
364

365

369
384
400

432

486
496
504
512

540
576
584
648
666

720
729

780
873
880
1,000
1,080

1,225
1,331
1,461

There are 219 3-D symmetey groups.

Member of the smallest amicable pair with 284, the
factors of euch summing to the other,

The number of full moons in & 19-year Metonic cycle.
35, Appears in the leimsi, the Pyithagarean halltone
250:243 bewween the third and fourth notes.

2 In computers, the maximum value of a byte.
The Mayan Tzolkin, 20 % 13 = 260 days. Magic sum
of 8 x 8 mugic squarc.

Amicable with 220, summing with it 1o 504,

Babies are born with 300 hones,

The cube of 7.

Days in 12 full moons. Lunar or Islamic vear,

3x 4% 5% 6. Degrees inacircle, Days in a Mayan Tup,
The square of 19. A Chinese Go hoard is 19 by 19.
The number of pips on a pack of playing cards,
counting J=11, Q=12, K=13. Also=4x 7x 13
The Mayan Haab, consisted of 18 months of 20 days
each, plus five days added on (Wayeb) 10 make 365,
Magic sum of 9 x 9 magic square,

Root number for Pythagorean musical scale,

The Sun is 400 times kurger than the Moon, and 400
times further away.

72x 6. 108 x 4. Second note in Pythagorean scale,
9/8 up from 38.

Pythagorean major third, two tones up from 384.
The third perfect num, sum of its factors.

Txgx9

2%, Fourth, 4:3 {or 9/8 x 9/8 x 256/243) up from 384,
The cube of 8.

There are 340 double doors to Valhalla. Half 1080,
Perfect fifth, 3:2 up from 384. 242

Venus' synodic period in days, = § % 73,
Pythagorean sixth, 3:2 up from the second (432).
Sum of numbers 1 to 36, Yang principle in gematria,
The sum of the first six Roman numers (1 V X1.€ D).
Gl=1x2x3x4{x35x6=8x9x10 2x360,
Pythagerean seventh, 3:2 up from the third (486), The
cube of 9. 30 or 272, Appears in Plato’s Repaehlic.
Mars” synodic peried, in days, = 13 x 60,
W2+ 30+ 41+ 50+ 61

Num of substantially different 4 % 4 magie squares.
The cube of 10 in any base,

2 %33 %5, Canonical. Yin principle in gematria,
Radius of Moon in miles.

“The second triangular and square num. 35°

The cube of 11,

There are 1401 days in 4 years.

1,540
1,728
1,746
2,160

2,187
2,392

2,920

3,168
3,600
5,040

5,913
7,140
7,200
7,920
8,128
10,000
20,736
25,770

25,920

26,000
31,680
40,320
45,045
86,400
108,000
142,857
144,000
248,832
362,880
365,242
432,000
864,000

1,296,000
1,728,000
1,872,000
3,628,300
4,320,000
39,916,300
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One of only five triangular AND teraledral nums.
The cube of 12. Cubic inches in a cubic foot.
Cancnical. The sum of 666 and 1080.

720 %3, Canonical. Diameter of Moon in miles, Years
ina precessional ‘great month’ or astrelogical age,
3,

=8 x 13 x 23. The Maya dliscovered that 37 = 81 full
moons occur every 2392 days o astonishing accuracy.
=584 x 5 = 365 » 8. The nuntber of days it takes
Venus to deaw its pentigonal pattern around Barth,
2% 32 x 11 Cancnical num, Factors add to 6660,
The square of 60. Seconds in an hour or degree.
Radlivs of Farth inmiles. 7= 1x2%3x4x5x6x7
=T7x8x9x% 10, Combined raclii of Farth and Moon,
T+ 204314 40450+ 6L+ T

Fargest triangular and wetrahedsal num.

Mayan Katun, or 20 Tuns of 360 days.

Dizmeter of Eartly in miles. = 720 x 11,

The fourth perfect number, sum of its factors,

A myrind.

1Zx12x 2% 12

Current value for precession (seems to be slowing,
stggesting the Sun forms a binary system witls Sirius).
12 % 2160, Years in the ancient western count for the
precessional cvele of astrological ages.

Mayan precessional figure.

Perimeter of a squace drawn around earthy, in miles.
Bl=1x2x3x4x5x6x7x8

The first triangular, pentagonal and hexagonal num,
Number of seconds in a day.

One season of a Kali Yuga,

The repeating part of all divisions by seven.

Days in 2 Mayan Bakiun of 20 Katuns.

122,

Malso=2x3x31x7

Days in 1008 yewrs. Feet in one equatorial degree.
The Hindlu final and corrupt Kali Yuga period, in vears.
The Hindu third phase of creation, the semi-corrupt
dwapara yuga, in yeass.

The Hindu secordary Treta Yuga period, in years. =
3 % 432000,

The Hindu inititory and highly spiritual Satya Yuga
periad, in yeas. = 4 x 432000,

Years in the Mayan long count {ends Dec 2012).
i0halso 6 % 7, or3tx s x

The Hindu Mahayuga, a complete cyde of Yugas, 1
Buddhist Kalpa.

114, also 5040 x 7920.



Primes

FURTHER NUMBERS

= =R - E 2 £ B - = s
= F & O OFE o = = &S S SB = = =

1 1 t 1 ; I { 1 H 1 1 1 i ] 1

2 3 4 3 4 5 3 2 4 i B g 5 1 3

3 & 9 12 10 3 13 ] 10 19 7 3 1] 2 4

B i0 {U ] 19 3 235 12 20 i [¢] 91 30 ki 7

5 15 25 33 3 41 41 2 3 83 125 159 35 b 1

4 21 36 31 i6 6l 61 30 36 {6 216 4dl H 8 i8

7 28 9 T G 83 83 42 g4 231 33 339 10 13 15

8 6 64 91 85 13 13 50 120 Hi o 3512 8% 2 21 47

9 ES] 81 17 1 I E SR E 1 72 5 a89 79 1241 285 34 70

¢ 35 169 145 136 181 181 P} 0 670 1000 172 383 33 123

i1 o6 121 17 166 221 220 B3] 86 89 1331 331 500 69 ]

12 8 M4 210 199 265 263 132 4 1156 1728 058 630 14 12

13 91 169 247 23 33 313 156 455 169 2197 3925 819 233 52}

14 w5 19 287 7§ 363 365 182 60 1834 2744 4941 1033 51 843

15 20225 330 A6 421 421 K 680 2255 3D 6119 1240 610 1364
th 136 256 376 301 481 81 240 816 2730 4006 T 196 987 2207
17 133 289 41 409 35 e 372 969 3BT 43 9000 1785 1597 357t
18 171 320 4T 460 61y 613 A0 180 3891 5§32 074 219 2584 5778
9 W36l 332 14 685 083 342 1330 4379 0859 12681 2470 4181 9349
n 2100400 390 571 761 761 380 150 3340 sooe 1859 2870 6763 15127
2] 231 a4 681 03 Bil Bt 420 1771 6181 9261 17261 5311 10946 2476
22 235 At 715 694 025 923 462 2024 TIO6 10648 19909 3795 17711 39003
23 76 329 782 60 1013 1013 6 300 3119 12147 22815 324 38657 4079
24 300 576 Bs2 829 03 L0S 552 2000 9224 13R24 25991 4900 -i0368 Hi3682
25 325 635 915 %] 1201 1201 600 2925 10423 1562% 20449 5525 023 167761
26 31676 1000 9% 1301 1301 650 3 1726 17576 33201 6204 121393 271443
27 8729 1080 1054 1405 140 702 365 13131 19683 37259 6930 196418 439204
] 00 T8 1162 135 1313 1513 56 4000 14644 21952 41035 77 317811 0647
0 435 Bl 147 1219 1025 1625 812 495 10269 20389 46341 8555 1220 1149851
B 65 900 1335 1306 1741 1741 870 4060 18010 27000 31380 9455 B3040 1B6040H
21 496 961 126 139 1861 1861 930 356 19871 29701 36791 1016 1346269 3010349
32 538 1024 1530 1489 1985 1983 952 5984 21856 327 62559 LHH0 2178309 -BY0847
33 361 1089 1017 1585 2183 X3 56 6345 23969 33937 68703 12529 3524578 7881196
3 95 130 177 1684 2245 2245 1122 0 2623 29304 8241 13685 ST02887 1272043
33 630 1225 1820 1786 2381 238: 190 TI0OR50% 42873 82179 14910 9227465 20033239
6 666 1396 1936 1B 2321 250 1260 B436 316 46656 89531 10206 14930332 33385282

I3571113 1719 23 29 31 3743 47 53 3961 67 71 73 79 83 8997 101 103 107 509 113 127 131 137 139 149 151 157 163 167 173 179

181 191 193 197 199 211 223 227 220 233 239 241 251 257 263 269 273 277 281 283 203 307 311 313 317 331 337 247 349 333 359 367

373 370 383 389 397 401 409 419 421 431 433 439 443 449 457 461 463 467 479187 491 199 503 309 521 523 541 347 357 563 $59 571
377 387 593 599 601 607 613 617 619 631 641 643 647 633 659 601 673 677 683 691 701 08 718 727 733 739 743 751 757 761 769 773
TB7 797 809 811 821 823 827 829 839 853 837 839 663 877 881 883 887 907 911 919 929 937 941 947 953 967 971 977 953 991 997 1009
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RULER & COMPASS CONSTRUCTIONS

The small selection of constructions shown here,
taken from Ruder & Compass by Andrew Sutton, are
given o assist the keen student of Sacred Geometry,
They use o simple code. Line an means draw the
straight line thet fiasses through » and v Segment
is used in place of fine for the section of a straight
line defined by two endpoints. Chrele o-a means
drane a circle centered at o and passing through a.

Circle raelins an center o means draw a cirele of
compess opening length an contered at o, Arc is
used in place of circle for drawing only part of the
circle, Sometimes, extra points are given o help
improve accuracy when drawing, for example, fine
acit, or ¢irele v-ap Newly found points are noted in
brackets. Qecasionaily 2 line made possible by new
points is assumed drawn, and merely noted.

Bisecting an angle:
I. Arc center O (4, B); 2. Ares A-B, B-A
(), aliernatives shown dashed; 3. Ling OC;
LAQC = LBOC = T/ ZAOB

Copying an angie on a given line:
. Arc center O {A, B); 2. Arc radius OA
center ©{C); 3. Arc radius AB center C (D};
4. Ling PD; ZCPD = £AQB

TN

Perpendicular biseclor
oit & fiven segment AB:
1. Arcs of equal radius
cenrers A, B (C, D);
2. Ling CD

perpendicular through a
point P on a line:
1. Circle center P (4, BY;
2. Arcs of equal radius centers
A,B(C, D); 3. Line CPD

(o]

.
A\_”/ e

Perpendicular through
a point P on a le:
1. For any point O not on the line,
circle O-F {4); z. Line AO (B);
Line PB is perpendicular 1o line AP




7 =
L0
1
“ta fa Ay /u
Parallel through a given point P: rarailel tine througls a given point P:
1. Arc any suitable radius conter P (4); 1. Are O-D any switable conter O (A, B);
2. Ave same vadius center A (B); 2. Arc rading AP center B {C);
3. Avc same radius conter B (C); Line PC is paraliel to line AB

Line PC is paraliel to line AB

CL" T3
P

A B

Ko
parallel tine at a given distance: ——
1. Arcs radius equal to given distance,
centers any two poists A, B on the A
line; 2. Line touching arcs as
shown is parallel to AB Tangent 1o a gircle;
1. Line OP {A); 2. Arc radius PA

conter O (B); 3. Arc B-O (live CPD);
Ling CPD i taugjent to civcle at P

M
Incenter & incircle of @ trigngle: Circumcenter & ciraimncivle of o triangle:
1, Bisect ZCAB, £ABC, ZBCA (0); 1. Per]. bisectors on AB, BC, CA {O);
2. Perp. to BC through O (D); 3. Cirde O-D 2. Cirele O-ABC
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G ]
A
]; i g
P

A
<D
Regular octagon in @ circle: Regular dodecagon in a circle:
1. Line through center O (A, B); 2. Arcy A-B, 1. Line througl center O (A, B);
B-4 (line CEFD); 3. Arcs A-O, E-0Q, -0, 2. Ares A-B, B-A (line CEFD);
B0 (G, 1,1, T} 4. Lines GI, HJ & complete 3. Ares A-O, E-O, B-O, F-O & complete
C c

O

"Was s
/k .

K
D D D
Square in a circle: Square around a civcle: Square set erthogonally
1. Line throwgh center O 1. Line through center O (A, B); an @ given line:
(A, B); 2. Arcs A-B, B-A; 2. Aves A-B, B-A (line CED); 1. Circle center & o the line
3. Line CD & complete 3. Circle radins AE center (A, BY; 2. Arcs A-B, B-A
O & complete line CEED); 3. Arcs A-O,

B-Q, E-O, F-O & complete
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D

D

Square an @ given side;
1. Ares A-B, B-A {Line CED);
2. Arc E-AB (F);

Doubling a square:

T. Extend CB, CD;
3. Arcs B-C, E-

A iy —
2N
\/F H\/
a4
s} " l R

Halving a square:
1. A¥s A-BD, B-AC, C-BD,
D-AC (R to H); 2. Lines

2. Arcs C-A (B, ¥);
C (G) & complete;

3- Lines AF, BE & complere To lalve square GRCF include dotred lines EG, FH & complete
I vz v3 7L S/ S B B
A ] K G i
\ | |
/ / \ / {
C o F H i
I # £
Root rectangles from a square:
. Extend AB, CD; 2, Arcs A-D, B-C (R, P & V2 rectangle);
1. Ares AT B-E (G, B & V3 rectangle) ... and so o
AN H o A B
= e >
Vi F\\ \ \ H
3" i \/\ z N
/ A = A
cl .~ G D e
\ / \
: /< < b

Diagonal & reciprocal of @ vectangle:
1. Line BC; 2. Find midpoint of AC (E); 3.
semicircle B-AC (F); 4. Line AF{G); 5
Are radins CG eentey A (line GH}

Root pectangles in a square;
T, Lines AD, BC; 2. Arcs C-AD, D-BC
(Yine EF & V2 vectangle}; 3. Lines ED, FC
{Yine GH & ¥/ rectangle) ... and so on
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FLAT-PACKED POLYHEDRA

If a polyhedron is ‘undone’ zlong some of its edges and folded flat, the result is known
as its nee. The carliest known examples of polyhedra presented this way are found in
Albreche Diirer’s Painter’s Mannal, from 1525. The nets below are sealed such that if
refolded the resulting polyhedra would all have equal circumspheres.

4 IAVAVANON

tetrahedron trincated tetrahedron
— . 1
STAVAVAVARR O° &@5;?
octahedron Irjmmred' ocra:edmn
—m:tbc f trincated cube
KB L5560 @)
icosahedron truncated icosahedron
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DT g

dodecahedron truncated dodecahiedron
N p %
/ - s
VAR VA SVA X
enboctahedron icosidodecahedron
¥ B H

»

i@ NARARARS \: %

I R Livi_ N\
rhembicnboctaliedron rlronibicosidedecahiedron
i N i éU
great rhombicosidodecaledron

snub cribe suuh dodecahedron
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ARCHIMEDEAN SYMMETRIES

The diagrams below show the rotation symmetries of the Archimedean Solids and the
two Rhombic Archinedean Duals.

DO A

truncated tetrahedron

DO &

P8,

truncated octahedron truncated icosahedron
truncated cube truncated dodecaliedron
@ R
euboctahedron
NG —
rhombicuboctahedron ritombicesidodecaliedron
great thombicuboctahedron great rhombicosidodecahedron
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<7 3
: ' )
o ) £
Gl
stuh ciebe snub dodecahedron
rhombic dodecahedron rhombic triacontahedron

THREE-DIMENSIONAL TESSELATIONS

OFf the Platonic Solids only the cube can fill space with copies of itself and leave no gaps.
The only other purely ‘Platonic’ space filling combines tetrahedra and actahedra., One
Archimedean Solid, the truncated octahedron, and one Archimedean Pual, the rhombic
dodecahedron, are also space filling polyhedra.

truncated octahedra rhombic dodecaledra
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EACH EMBRACING EVERY OTHER
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PLATONIC SOLIDS FORMULA

A recurring theme in the metric properties of the Platonic Solids is the occurrence of the
irrational numbers < {the Golden Section), and the square roots ¥2, ¥3, and V5. They are

surprisingly elegant when expressed as continued fractions;

3= - 5=2 A
¥ oy y5 vl

P o=+ b V2= 14l 3
24[1 i;,,

140 24

v

A
-+

Their decimal expansions to twelve places, rogether with thar of T are;

® = 1.618033988750 V2 = 1.414213562373 {3 = 1.732050807569
{5 = 2.236067977500 1= 3.141592653590

The table below gives volumes and surface areas for a sphere radius 1, and Platonic Solids
edge fength s, Also included are the proportional pathways joining cach vertex o every
other in the Platonic Solids.

Volume Surface Area Number of Pathways, Length

Sphere »}‘R r3 47r? n/a
Tetrahedron %S 3 V352 6 edges, s
Octahedron “—,535 3 24352 12 edges, s

3 axial diagonals, V25
Cube 53 6s? 12 edges, 5
12 face diagonals {inscribed tetrahedra), Y25
4 axial diagonals, 35
Teosahedron %(13253 By3s2 30 edges, s
30 face diagonals, (s
6 axial diagonals, H{2+1)s
Dodecahedron ‘%é(l) 453 34(25+1045)s? 30 edges, s
B 60 face diagonals (inscribed cubes), s
60 interior diagonals (inscr. tetrahedra), ¥2 (s
30 interior diagonals, #%s
10 axial diagonals, ¥3 ths
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PO LYHEDRA Symnetry * Vertices Edyes Faces Faces

D ATA (rotal) {types)
Tetrahedron Tetr. 4 G 4 4 triangles
TAB LE Crbe Qe 8 12 6 6 squares
QOctahedron Oect. G 12 8 8 triangles
Deodecahedron Icos. 20 30 12 12 pentagons
Teosahedron Icos. 12 30 20 20 triangles
Stellated Dodecahedron [cas. 12 30 12 12 pentageams
Great Dodecahedron Icos. 12 30 12 12 pentagons
Great Stellated Dodecahedron Tcos, 20 39 12 12 pentagrams
Great Icosahedron Icos. 12 30 20 20 triangles
Crboctahedron Oct. 12 24 14 8 triangles
6 squares
Teosidodecahedron Lcos. 30 69 32 20 triangles
12 pentagons
Truncated Tetrahedron Tetr, 12 18 8 4 triangles
4 hexapons
Truncated Cube Oct. 24 36 14 8 triangles
G octagons
Truncated Octahedron Oct. 24 36 14 6 squares
8 hexagons
Truncated Dodecahedron Icos. 60 90 32 20 triangles
12 decagons
Truncated Teosahedron lcos. 60 90 32 12 pentagons
20 hexagons
Rhombiciboctahedron Qet. 24 48 26 8 triangles
18 squares
Great Rhowibicuboctahedron Oct, 48 72 26 12 squares

8 hexagons
6 octagons
Rhombicosidodecaledron leos. 60 120 62 20 wriangles
30 squares
12 pentagons

Great Rhombicosidodecahedron lcos. i20 180 62 30 squares
20 hexagons
12 decagons
Sunb Cube Qcr,-"" 24 60 38 32 criangles
6 squares
St Dodecaltedron Tcos.-™ 60 15¢ 92 80 triangles

12 pentagons

* Symmetries: Tetrahedral: 4 x 3-fold axes, 3 x 2-fold, 6 wivror planes. Octahedral: 3 x d-fold axes, 4 x 3-fold, 6 x 2-fold, 2 mirrar planes.
Teosabiedral: 6 x 3-fold axes, 10 x J<fold, 15 x 2-fold, 15 mirror planes.

*%The snieh solids have 1o mireor plaves.,



L ane
Inradins
Circumrading

0.3333333333
0.5773502692
0.5773502692
0.7946544723
0.7946544723

0.4472135955
0.4472135955
0.1875924741
(.1875924741

0.8164965809
0.7071067812
0.9341723590
0.8506508084
0.8703882798
0.52223290679
0.9458621650
0.6785983445
0.8944271910
0.7745966692
0.9809163757
0.8385051474
0.9392336205
0.9149583817
0.9308680249
0.8628562095
0.9523198087
09021230715
0.825%9425910
0.9659953695
0.9485360199
0.92459410063
(.9825566436
0.9647979663
0.5049441875
0.9029870683
0.8503402074
0.9634723304
0.9188614921

**% Eront the polyhedron’s conter, the inradins is measured to the varions face-centers, the snidradits to the edge

Midradins ™
Circumradins

0.5773502692
0.8164965809
0.7071067812
0.93417235%0
0.8506508084

0.5257311121
0.8506508084
0.3568220898
0.5257311121

0.8660254038
0.9510565163
0.9045340337
0.9596829823
0.9486832981
0.9857219103
0.9794320855
0.9339488311

0.9764509762

0.9746077624

0.9913166895

0.9281913780

0.9727328506

aha

Edge Length

Circuniradius

16329931619
1.1547005384
1.4142135624
0.7136441795
1.0514622242

1.7013016167
1.0514622242
1.8683447179
1.7013016167

1.000000G000
0.6180339887
0.8528028654
0.5621692754
0.6324555320
G.3367628118
0.4035482123
0.7148134887

0.4314788105

0.4478379596

0.2629921751

0.7442063312

0.4638568806

Dihedal
Angles ™"

70°31'44"
90°00'00"
109°28'16"
116°33'54"
138°11'23"

116°33'54
63°26'06"
63°26'06"
41048'37"

125°15'32"
14203721"

70°31'44¢
109°28'16"

90°060'00"
125015'52n
109°28'16"
12501552
116°33%54"
14203721
13801123
14203721
135°00°00"
144°4408"
125015!52"
135°00°00"
144°44'08"
148°16'57"
1599054 1"

14293721"
148°16'57"
159°05'41"
142°5%'00"
153°14'05"
152°55'48"
164°10'31"

idpoints, & the circ

Central
Angle ™™

109°2816"
70°3144"
90°00700"
41°4837"
63°26'06"
11693354
63°26'06"
138°11723%
116°33%54"
6Q°00"00"
36°00'00"
50°28'44"
32°39'00"
3e°52'12"
19°23'15"
23°16'53"
41°52'55"

24955104"

25°52'43"

15°06'44"

4304127

2694917

ditss fo vertices.

0% Loy Archimedean Solids the farger difiedral angles are Jound between smaller pairs of faces,
*axk The centmil avgle is the angle formed ar the center of a polyhedron by joining the ends of aw edpe to that center.



SOME FEATURED TUNINGS

fin i HHE i hit HES ii fhir

wnic  hafone 2nd  oin ded oy 3ed -th vitene th mindth maj6th min7ik my7th  cclae

e Temp. Cents () 100 200 300 400 500 600  FOG 8OO 900 1,000 L1100 1,200

o W BT e OB M 3B e
Pentatonic 1/1 9/8 4/3 32 27/16 2/t
I (35 (495,03 (020 5.5 £1.260)

Perl Fifths, 3.2

. Tourths, 1.3

e W W D620} Qe OB el 290243
Pythagorean 1/1 9/8 BL/64 473 372 27716 243/128 211
i (203,93 GHTH 98 (702.00 (903.9) (L1008} (3,200

Perl. Fifths, 32

P Forths, 13

P A e e L L R P 1 L R [ L TN

Metjor o h - i
piatonic /1 9/8 SV T 0 5 158 2
)] (2039 (380.3) gL (702 {434 -) (LOBE3Y (1200}
Ferf Fidths, 3:2
P FPourths, 43
R i P, Min 3nls, 65
SN 1L I B Ty TS LIy - e v P
pitaior 98 65 i3 3285 95 21

o) 2B GnBe (550} (RS e £ 0170 {5,200

Ferd. Fifths, 3 2

P Fourths, 4 3
P Min Juds, 63

S Re [ e Pt D AN S



SELECTED MUSICAL INTERVALS

Cenls

Intereal
t:1 0
32805:32708 0
2048:2025 19.6

81:80 245
331441:524288 235
126:125 11.1
23:24 7
236:243 90.2
13%:128 922
16:15 1117
2187:2048 113.7
2725 133.2
108 1824
9:5 039
87 2312
7.6 2669
32:27 2941

Name

Unison

Schisma

Diaschisma

Syrionic Conna
Pytbagorean Comina
Hesis

Minor Diatonic Halftone
Leimme, Pytbag. talfone
dajor Chroma

Major Dictonic Helftone
Apotone

Lerge Leftma

Minor Tone

Mejor Tone

Sepiimal Tore

Septitnal Minor Third
Prihag, Minor Third

16:9

995

19:8
23128

7020
792.2
8137
§84.4
903.9
968.8
996.1
L0176
10883
L1098
1,200

Perfect Minor Third
Perfect Major Third
Pythag. Major Third
Perfect Fourth
Septimal Tritone
Dicitonic Tritone
Pythag. Tritone
Perfoct Fifih

Prthag. Minor Sixth
Diatonic Minor Sixth
Perfect Major Sivth
Pytheg. Major Sixth
Harmonic Seventh
Pythag, Minor Seventh
Diatonic Minor Seventh
Diatonic Major Seventh
Pribag. Major Seventh
Octere

Like the off-center division of the octave into fifths and fourths, shavps are not flats, giving rise to five more nofes,
making secenteent i alf (found in midedle-castern tunings). Morve completely, we may think of the seven notes of
the scate as moving across heelee ‘regions’ of the octare, falling into the hwenty-tico positions of Indian tiring.
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THE GREEK MODES

Modern
anies

Jonian
Major

Dorian
?ﬁrygl’au
Lydian
Myxolydian

Reolian
Naniral Minor

Locrian

The Seven Modes rf Antiquity

A A A A, ¢ d ¢f g a be
do e mifa se la rido t 2 34 5 & 78§
AEAAAA d e g a be d
re mifa so (o tide re 1 23 4 5 65 8
At A A A ef g o b d ¢
mifa so la rido e omi 13 3 4 s& p 8
A AN f g a be d of
fa so o tido re mifa 1 2 3 45 6 78
A A A A g » be d of g
so o tido re wmifa s 1 2 34 5 6 8
AN A A a be d of g a
fa tido e mife so o 1 23 4 56 &
A A A A b d ef g a b
tido re mifa so fa ot 13 % 4% & 7 2

Ancient
Greek Names
.C_yrﬁ'an
‘Pﬁiygl‘m:
Dorian
Syntolydian
Jonian

Azolian

Myxolydian

The white notes on a piano give the seven notes of the seven modes of ancient Greece.

Medieval eranseription errors have left us with modern names which don't fic the

ancient ones. Each mode, or scale, has its own pattern of tones and halfrones, only two

surviving as our major and natural minor scales,
Other scales include modal pentatonics which forbid halftones, the harmonic minor
with its minor 3rd and 6th, 123+ 4 5 65 7 8, and maity others.
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HARMONIC CONSTANTS AND EQUATIONS

The ratios and intervals in this book concern frequencies, normally expressed as cycles
per second, or Hertz, Classical tuning sets C at 256 Hz. Modern tuning is higher, fixing
A at 440 Hz. The period T of a wave is the reciprocal of its frequency f: T'= 1/f
The speed of sound in dry air is roughly 331.4 + 0.6T: m/s, where Te is the
temperature in degrees celsius. Its value at room temperature, 20°¢, is 343.4 m/s.
Gravitational aceeleration on earth, g, is 9.807 m/s*.

Frequency of a 1 gravitational acceleration

Pendulum, 2r - pendulum length

Fundamental frequency 1 string tension

of a tensioned string. 2 = string length ~f string mass + string length
Resonant frequency speed of sonnd area of opening

of a cavity with an opening. 2% volume of cavity = length of opening
Fundamental frequency of speed of sound

an open pipe or cylinder. 2 = length of cylinder

The beat frequency between f, and f, is the difference between chem, f, = f, = fi.

The ratio a:b converts to censs {where a > b}: (log(a)-log(b)) x (1200 + log2).
To convert cents into degrees multiply by 0.3,

Clapping in front of a rise of steps produces a series of echoes with a perceived
frequency equal to »/2d, where v is the speed of sound, and 4 is the depth of each step.
Clapping in a small corridor width w produces a frequency #/w.

The arithnretic and harmonic means are 6 : 8 - 9 .12
central to Pythagorean number theory.

. ) g 2
The arithmetic mean of two frequencies a : ﬂfg B fA:‘B : B
separated by an octave produces the fifth o .
. . g ic .. Arithmetic .
between them {3:2), the harmonic mean A : {,}:4':,2’]':'5 i ﬂqj em: : B

producing the fourch (4:3).
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TABLES OF HARMONOGRAPH PATTERNS

Overtone and simple ratio harmonics are shown below and opposite, arranged in order of
increasing dissanance down the page. Open phase drawings display their ratio as the number
of loaps counted across and down. To find the ratio of a rotary drawing, draw both forms,
cancurrent {both circles in the same direction)and contrary (in opposite direetions). Count the
loops in each, add the two numbers together and divide the total by two. This gives the larger
ratic number. Subtract this from the contrary total to give the lower ratio number. Rotary
figures for the ratio a:b will have b-a loops when both circles are concurrent, and a+5 loops
when they are contrary. The designs shown here were all made with equal amplisudes.
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BUILDING A HARMONOGRAPH

o Tabdle
7 pg Cimbals  Clanp

e Lever \, i1
2T o

ANYONE seriously interested in making a harmonograph should con-
sider going straight for the three-pendulum macdel,

The table must he highly rigil and firm on the floor, otherwise the
movements of the weights will be distorted. Tsuggest it should be shout
90 cm above the floor, 60 x 30 cm for two pendulums, 60 5 60 ¢m for
three, and some 2 om thick with an apron all round, about 8 e deep.

Legs should be about 6 ca square, splayed outsards and pointed a
the bottom.  One way of ackieving the splay is 1o fix wood or metal
brackets in: the comers undler the table each side of the diagonals and
holt the legs between them. Afier adjusting the legs to give the correct
splay they can then be fixed in position with screws thraugh the apron,

To save space, slice off the able as along the doued line, Three
tegs are not quite so stable, but work fairly well,

The platform earrying the paper should be light and rigid, fixed w the
pendulum with a countersunk screw. A size of 22 5 16 em will conve-
niently take half an Ad sheet secured by a rubber bant or small clip.,

Al sizes suggested are maxima, but a scaled down version will stll
work if it is carefully made.

Ifyou ace temprecl to make a harmonograply, start with the weights,
for the instrument will only be satisfacrory if these are really heavy and
vet easy to adjust. 1 s good iea o make about ten of, say, two
kilos each, so the loadings can be varied. They should be about 8cm in
diameter, with 1 central hole, or better with a slot for easier handling,
Either cast them yourself from lead or ready-mixed cement or have
them made by a metal smallware dealer or friendly plumber,

The shafts should be made from wood dowel, about 1.5 cmvin diameter
(metal rods are liable to benel, distorting the drawings), marked off in cm,

Clamps can be obained from suppliers of laboratory equipment.
For some of the drawings op weiglis are needed, held in place by
clamps. Clamps can also be added o pendulum tops for *fine wning’,
with one or more metal washers added,

The simpler kind of bearing consists of brass strips bolted into 2 slot
in the pendulum and filed o shanp edges 1o rest in grooves each sicle,

In a bearing fnvolving less friction the pendulum is eneased at the
fulcrum in a herizonzal block of hardwoud with vertical bolis each side
filed to shazp points and resting in dints in metal ples. I drilling the
farge hole in the block is too difficuly, it can be made in two halves,
each holtowed out w take the shaf and holted together.

Rotary motion needs gimbals. Here the grooves for the pesdulum
are filed in the upper side of u ring (e.g. 4 key-ring) while the under side
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has grooves a rightangies 1o the upper ones, The lower grooves fit on
two projecting sharp edges (brass stips), each enclosed between tvo
picces of wood fixed 10 the table, With the akermative hearing  krge flat
washer should be used with depressions 1o take the sharp points.

Pen arms shoukd be as light as possible 1o minimize "top-hamper’.
They are easily made from balsa-wood strips sold by model-making
shaps, using balsa cement and scowch tape. For two pendulums the
arm can be fastened o the shaft with pinched-off needles, and the pen
jammed into 2 hole at the other end. For three pendutums the side
picces on the arm should enclose its shaft Ermly but not oo tghtly and
be held gently witl a thin rubber band. One of the arms holds the pen,
while the ether is held by protruding needles pushed in backwards ane
secured (gently) at both ends by the rubber bands.

‘Fhere may well e better, more sophisticated ways of deing all this,
Al suggestions welcome,

An additional filing is needed 1 lock o rotary pendulum go that
the instrument can be used with just the two single-axis pendulums,
This can be done by mouating two brackets on the tble near the
rotary pendulurs with holes te take a lang horizontal bol {slightly to
one side) to which the shaft can be clampedl.

Pens should be fine, light and free-flowing.  Most stationers and
shops selling draughtsmen’s and artists’ materials offer a variety (avoid
ball or thick fibre pens). For best
results use shiny ‘art’ or ‘imitaion
art' paper, erdinary copy-paper for
preliminiry experinents.

1 the pen is left on the paper to
the end there is usually an unsightly
bloh. To avoid this, mount a short
piltar on the tble with an adjustable
lever cartying a1 piece of thin dowel
placed under the pen am, By rais-
ing the dowel gently the pen is lified
off the paper without jogging it.
This device shouldl also be used
before the pen is lowered to the
paper, By watching the pen you can
see what pauern is heing made, and
nudge it one way or the other by
pressure on the pendutums,

Tor ratios outside the octave, such
as 41, you may need jo ay another
harmonograph such as Goold's twin-
elliptic pendulum {right).
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GLOSSARY OF MUSICAL TERMS

Accldental - Any of the five symbols (bb, b, nat, #, %) tha
fower o raise a pitch by one or two alfiones, uswally used o
alter or restore a key.
Addel - An intermediiany or non-chord tone added 1 a chord for
flavouring or colour, usually 4 Zad, ath, 6th, 9th, 11th, or 13t
Anacrusis - A pickup or upbeat, preceding a metrically
strong downbea.
Appoggiatira - A dissonant wne that oeours on a strong
beat. and then resolves 1 a consomance or chord tone, it
Jeans' against the consonance and then relises ino it
Angmented - Used 10 describe an interval or chord. With
{ntervals, it indicates a perfect or major interval raised one
halfione, with chords, it indicates « major triad with 2 raised
fifth.
Binary Forw - A basic A-B strocture in musical form, often
cach conteasting section repeats.
Cadence - A gesture or assembly of notes and rhythms that
suggest 1 sense of closure, pause, or finality 1o a musical
phaise or secrion.
Caesura - A pause or rest.
Cambiata - Adissonance formula that s a double neighbour
group, effectively 2 wne and its tvo Hanking wnes, above
andd below.
Chord - Three or more tones sounding ogether s an inde-
pendent entity, They are often spelled fargely in thirds, te
primary core being a triad,
Chromatic - colovsful. used 16 indicate music using haif
tones, aceiientals, or the entire 124o0ne collection, contrasied
with dliaonic.
Clef - A symbol placed at the beginning of the staff thar ingli-
cates where piiches are 1o be placed on the lines and spaces of
the staff, the three types belng the G-clef, F-clef, and C-clef.
Consonance - The relative stabitity of a musical ierval,
generalynot regairing sesofution, contested with dissonance.,
Most often octaves, fifths, fourths, thivds, and sixths.
Connterpoint - The simultaneity of independent lines,
which are coheremt horizonsally and ventically, adbering
to strict rufes sbout consonance and dissonance, with
historical varianee.
Crescendo - A gradual increasing in volunse and intensity,
indicated by an expanding hairpin in musical notation.
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Decrescende - A gradual decreasing in volume and intensity,
indlicated by 2 contracting hairpin in musical notation,
Diatonic - A scabe comprised of seven different contiguous
tones, with a specific reltionship of whole and half steps,
often wsed to describe major and minor. Conteasted with
clromatic. Also describes music tat adheres to this scale.
Diminished - sed w deseribe a musical interval or chor,
cither the lowering of a perfectintesval by one halfione, ora
izl with a minor thicd and diminished Afth,

Dissenance - One or more musical intervals that suggest
instability, most often secondds and seventis, and tend 10
require some form of resolution 1w a consomince,
Dominant - The scale degree a ik above wroot or wnic of
akey, also a powerful staton of the seale, that often sugeests
its own resolution, back 1o the torie. Often it is present in
acadence.

Dronal - Music that s primarily melodic and rhythmic,
ficking harmonie movement, with all seale tones relating to
adrone or still point,

Epgrant - As used in this book, 2 musical motive or iea tha
s just enough particulrity and indivicluality to constitate
recognizable shape and identity, often functioning as a basic
building block of an entire composition.

EschappEe - Escape wne, a dissorance on 1 weak pare of
the beat that is approached by step, followed by a leap w2
consonance in the opposite direction,

Extension - Tones ahove the octave added o a chord w
enrich its overall colour without aliegdng its function, slways a
Gth, Lith, or 13th. Also known 25 1 "tension.”

Flat - A symbel used to indicare 2 fowering of s natural by one
haifione. Also used (o deseribe a wne that is wned stightly
under piteh.

Forte - A symbol in dynamics used w indicae music to be
played ‘strongly” or loudly, contrasted with piano.

Fricative - A friction-based consomant in spoken language,
suchas F, V. Hoand TH.

Guide Tone - Uswally the 3nd and 7th of a chord, acting
45 feading tones that maximize the forward motion of 2
harmonic progression,

Half Step - Sce Halftone,

Harmonic Hinor - One of the three tpes of minor seales,



in which the Gth scale depree is lowered and the 7th scale
dlegree is vaised, 1o llow for the dominant chord 1 be migjor.
Thus it bas the interval of an augmented second between the
6th and 7th,

Harmonics - B1ch of the component wones of the overtones
seties, whicl imbue the lowest tone, the findamental, with
timbre or colour, each being mathematically refated o it
in whole-number ratios, 1x, 2x, 3x, gradually increasing in
frequency, Many string andd wind instraments ¢an be played
in such a way (0 revent these softer upper ones,

Harmony - The reltionship of 4 vertical arangement of
tones when sounding fogether, alse ¢ chord, and the way in
which chords relate and are organized through tme,

Tetus - A metrie accent or sicong beat, often o downbeat,
Interval - The distance between wo pitches.

Tnversion - With musical intervals, it is the operation of ok
ing; the botrom nete and placing it at e 1o, so 4 2nd vields
a7th, 3rd n Gth, 4tha Sth, and so o0, [nharmeny, itindicates
thar a note other than the root of the chord is n the bass.
Kep - Acollection of pitches that reinforce one note as a wnic.
Thereare 12 asjorand 12 minor keys in Western music, each
built upon ene of the 12 notes, with sharps and Hags added
accorlingly to preserve whole steps and hadf steps.

Key Signature - The global inssruction indicating which
notes aze 16 be raised or lowered i 2 composition to pre:
serve and express a particular seale, placed at the beginning
of a staff before the meter and after the clef,

Leading Tone - The seventh scale degree ol any scale, most
aften a hadf seep below the tonic.

Legato - A musical instruction io play the notes in 2 con-
nected and smooth fashion, with no breaks in between,
Major- Indescribing musical imervals, this indicates the 2nd,
3ret, Gth, and 7th as they occur natuzally in the major scale,
In deseribing chords, 2 triac that is made up of a perfect ifth,
and in bewween a maor third, placed above the root, Con-
trasted with minor. Also descdbes an overall scale or key
flavour, always referring to the third of the scale.
Meastredar - & parcel of musical time, segmented by the
meter, in which one complete grouping is delimbted. In
natation, 2 measure is separaied by @ ling on either side.
Mediant - The third seale degree of any scale,

Melismatic - Yocal music that has two or more pitches
assigned 10 one syllible.

Melodic Miner - One of the tiee minors, i this seale the
otk and 7th scale degrees are altered 10 appesr as they do
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in the major scale to heighten the upward movemeni (o the
tonic. Often a descending vession alse exists as an unaleered
version of the nwural minor,

Melody - The succession of tongs in time, arrenged in a
mezningful patiern, which can be of varying lengths,

Meter - A paitern of rhythmic groupings indicated by a
fraction, in which the numerator indicates the number of
peas per measuee, and the denominuor indicates the type of
sulivisions to receive the beat {quarter, cighth, sisteenth).
the wo basic loras of meter are duple and wriple.

Minor - In describing musical intervals, this indicates 2 major
interval lowered by a halfione or helf step. I harmony, 4
chord that is made up of a perfect filth, and in between a
minor third, placed above the root. Contasted with major,
Also deseribes an overall seale or key flavour. Western mu-
sic idlentifies three wpes of minors, raural, harmonic, and
melodic,

Modal - Music thar wilizes scales other than major and
winar, such as Phrygian, Borian, Lydian, ee. (see pp. 8-9).
Gfen this tvpe of music does not modulate,

Mocdulation - A changing of key or seake in which the tonul
center moves, and the secidentals required for one scale are
introduced 10 alter the previous one. This is most easily
conveved by 1 FIVASE harmonic formala,

Nettreral - Anaccidental dhat cancels asharp, fag, double sharp,
or double flat, corresponding o the white notes on the pidno.
Nattural Minor - The Acolian mode, this is the ninor scale
without any aterations toits 6th or Tth seale degreces,
Neighbour Tone - A non-chord tone that exists sbove o
helow a chord tone as s enporsey dissonance and decoration,
usaally on a wenk beat

Octatonic - An cight-note scale, most often referring o
diminished scales.

Orertone Serfes - Anaturalacoustic phenomenon oceurring
wherever a vibration of a striing or air through a pipe oceurs,
“The tengtir of the vibradon increasingly subdivides, yielding
vibrations or frequencies higher in scund than the larges:
vibration,  These arrange together o form tmbre, and
communicate the identity of the sourd. Also responsible for
the vowels in spoken fanguage.

Passing Tone - An intermediary tone between o chord
tones, ustaily a dissomance, occurting on & weak beat.
Pentatonic - A five-note scale, most ofien referring w the
first five fifths when artanged together, 1-2-3-56. Alser the
Black notes on the piano.




Perfect - A musical interval of an octave, 5th, dth, fand
unison}, which most closely resemble the Arst acoustic
intervits of the overtone series.

Plane - A musical instruction indicating music 1o be plaved
‘sofily” or quictly. Contasted with forte,

Plosives - An explosive sounding consonant in spoken
bnguage, ofienz B, 2D, Goor Q.

Polyrbytbms - The simultaneous use of two different
ehythmic paztemns that do not directly relate w0 one-another,
also called ‘cross rhythms,”

Register - A specific region of the entire pitch range of an
instrument, voice, or piece of music.

Rbyihm - The temporal accangement of movement, quite
often possessing o pulse.

Root - The bottommast pitch of 2 triad or chord, which
conveys its function ane identity in (e context of 3 harmonic
progression. This is always discoverable by arranging the
notes into closely voiced thirds.

Rounded Binary - A musical structure in the form ABA,
where the last A s a shorter, rencated version of the first,
Halftone - A half step, the smallest interval in Western
traditional music, Two adjacent notes on the piano, whether
white or bluck.

Sharp - Asymbol used to indicare a raising of 2 navural by one
hathone, Also used to describe a tone that is wned slightly
ghove pitch.

Sibilants - A type of icative consonant in spoken language,
at higher frequencies, often resembling 2 hissing sound, suels
us S, and Z.

Sonata - As vsed inthis book, specifically a formal procedure
which presents two contrasting themes, the second being in
a key other than the tonie (often the dominant), followed
by a modulatory and free development section, and then a
recapitulation in which the twe themes are presented again,
andd the second theme is restored w the tonic key.
Staceeto - Amusical instruction indicating notes to be phived
in 4 detached fashion, usually masked by 2 small dot above
or below the note.

Subdominamt - The fourth scale degree, o fifth below
the tonic, and a whole step below the dominant. It ofien
functions as 2 departure from the tonic and a preparation
for the dominang,

Snbmediant - The sixth scale degree of any seale, a third
below the 1onic.

Subtonic - The seventh scale degree of any scale, most often
awhele tone below the tonic (see Leading tone).
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Superfonic - The second seale degree of any scale, a siep
above the wnic.

Suspension - A chord i which the third is held or suspended
from resolving as the rest of the tones resolve, prepared in the
previous chord. In medern music, the suspension needs no
prepartion, nor rescfution.

Syllabic - Yocal music thas has only one pitch assigned 1o
asyllable.

Syncopation - A thythmic procedure by which strang beats
ace: shifted o weak beats, temporarily obscuring the sense of
pulse ormeter. The use of syncopation is one of the sirongest
indicators of musical styles around the world.

Tenpo - The rate or speed of a musical performance
through time.

Tenulo - Amusical instruction indicating notes thag are o be
played in asustained or extended fshion, usually marked by
2 ling or dash above or below the note.

Ternary - Amusical structure in the form ABA, where the Jast
Ads generatly 2 complete repedtion of the first,

Tonal - Music using the principles of tonic-dominant
relationslips, predominantly the major and minor systems
prevalent in Western music,

Tonic - The home or resting point of u scale, the strongest
point of graviey to which all ether tones n the scale relste,
the first scale degree.

Tonicization - A remporary suppoet of and pointing w0 1
tonal center other than the tenic, but not frmly confirmed,
which only oceurs in 2 modulation.

Transposition - A moving of the notes of a composition up
or down from one key to another, while keeping the refutive
ingervals ntact.

Triad - A three-note structure, arranged in thisds, and
resulting in one of the four chord types: major, minor,
diminished, or augmented.

Tritone - A diminished 3th, or augmented dth, made
of three whole tones, or six halftones.  The largest
symmetrical interval in the Western scale, it divides the
octave perfectly in half, and is #ts own inversion.  Often
utilized in a dominant 7th chord (represented by the
fourth and seventh scale degrees of a major scale), it has
powerful forward drive toward reselution by contraction
or expansion, and is in fact the liberating force tat unlocks
the puzzie of waality by pushing and pulling into and out
of one key ime another,

Whole Tone - Also 1 whole step, comprised of wwo half steps
or halftones.



SOLFEGE & MNEMONICS

SOLFEGE/SOLMIS ATION

Uf Re MiEa 50f La 51 Ut
Gumina-Ut « Gamif

T st fascls, d’@gm - fibris,
}-muﬁ‘ tuorom, Sobve foffﬂﬁ, a-Gif veatum,
Sa—ncft tohanes

(B*m CENTURY PLAINSONG O JOHN THE Bmu—r)

In the West, thyee Systems fave coolvoed and are in e !od?l_y:

wixed Do
Do Re Mi‘Fa So La 5i Do
A[vautnéﬂ: ‘good' v those with frg’ut fnl‘rﬁ,
. also ufc C:EE& nsZm .
Disadvanfages: on can bave 1p fo 5 so
s %.':'6?/ b, nat, ¥, x) !
seven different fey fyfﬁggﬁmﬁam

Movable Do, chromatic syllatles:

Do Di Re Ri Mi Fa Fi 50 51 La Li "Ti Do AScEwDiNG
Do 'Fi "0 La Le S0 5¢ Fa Mi M Re Ra D0 DESCENDING
Advantages: Wlnstrates tonic-dominant Do-Se
ﬂﬁ;ﬁowﬁff; clearls {Ermr‘gﬁ wajor and Psmfft[ minan,
one syllalificaéion ﬁ’: alf seales

MNEMONICS

For THIRDS!

TREBLE CLEE, LINES!
Every Geood Boy Tooes /Fine
Every Good Doy Deserves Enfye
Elephants Got nig Dirty Feet
Ewply Garfuge Bg?ar: Dad wligs

TREsL: CLEE, SPACES:
7EeAsCSE, Etn Aliways Comes Easy

Bass CLET, LINES!
Great Big Dandefions sly asay
Geod Bays Do Tise Always
Good Boys Deserve Trdge pryf
Geat Big Deer from Alaska
Greal Bi§ Dags from America
Granuy’ Boots Don't it Asnfy

BASS CLET, SPACES?
Al cars 2at Gas
Al cows Eat Grass
Al chififren Baf Guw

for FrrTHS AND FOURTHS!

Give Doratf:y An Easter Bashet For christuas

Disadvantages: Obscseres selafive ninor ﬁﬁtﬁamﬁ:’p Brenks
downe with chromadic pAssgess e, o aug3, o Hima

Movable Do, La minor, chromatic syllabfes:
Magont
Do Di Re RE Mi Fa F 50 51 La Li Ti D6 AscenminG
Toe T Te La Le Se St Fa Mi Me Re R4 DO DESIENDING
Muion:

La Li'TE Do D Re Ri MiFa i 50 51 La ascawvowve
La Le 5¢ 5¢<Fa Mi Mt Re Ra Do ‘T ‘T Lat DrsceNpinG
Advantages: Reveals the modal and bistorical
relativity of major ard minor
Disdvantaes Masks fam’c«cﬁmimnt Po-50 rrﬁvfiemﬁif,
breaks down in swinor chromatic psinges i no a1y5, dine3,

seven different modt gfg

For christnas Give Dom?f A Easfer Bashet
fr_éring Binds Enjoy A }Jrft;j gruf Green Comn‘y.ri;{c
Birds Enjoy A Delightful Grees: Countryside Elying

A dodecabiedyal wapping of the twefve netes of
the scale which preserves the tritone oppositions
fifécations shown in the circle of fifths,
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BASIC MUSICAL NOTATION

Staff — the Lattice oy matrix that holds

———  okes and vests in ffacz o
T‘rrgft Cfgf ~ n&o Erwwn asG Cfgf; o
its inner spimf encireles G
% Bass Cfgf — afso known as¥ Cfg{. Ay
its inner :Irimf engireles
- Alto clef — also fnown asc % y
~Y ' .
wherever the feaf: weet s middle ¢
ﬁ Tenor Clef - also fnown as Ac}ef: !
B iddle ¢ is o 304 bigher than ALl clef
oo TR Pereussion Clef — for thythwic notation A
ﬁﬂmm 'frftf'ff@ J
- ]‘fl Ned SErments
— Ledgrr Lines ~ fines drawn above and
== lelow dhe staff to extend the fu’fcﬁ range o
cods — 4 si npost imficatirg an cnd?'tg, -
$ placed i 2’ score, and at the end
Seesto ~ 4 Jl;gufa.ff imﬁmting a vefurn, gﬂ‘m -
% after the 5eginnitg, 4s 4 D.3, (Da Segno)
i| r! Rc;mf— fiﬁcfarmrﬁeﬁi;, im{‘mﬁn‘g startand 8
- R va
4] gf refmt: Hsic
. 5™
7 Repeat— repeat previous bar 150
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Eermata ~ ffam{ over 4 tofe o vest, ndie
mﬁng fitne sfoﬂring mammmri_ﬁf

Trill — an orwament, o;ciffafirg fcfmfex{:
by with the ot above or lelow

Trifl — an ornament, oscillating once o
twice with the note above or felow

Up Bow — for strings, an fszun{ fow di-
ection

Down Bow — for strings, o dowward bow
direction

Martflato — (very marked) o stromg

accent of pitictuation
Staceato ~ o brief, detached articulation

Hearmoniz ~ indicates an overtone to be

f}ﬁ_zyec{ in fﬁw of the fundsmental

Aceent/Mareato — a gmwmf demarcation,
ot as strong ds martellato

Tennto ~ an indicafion to maxintize and
connest the duration of the note

8va/svf — f@r totzs an octaye Etgﬁzr or
lower Bhan written note

15va/15v6 — Pfgy 10fes (190 octaves Egﬁer
or (ower thar written note
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stem

Ml

it
1
E
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Dottedxeote - adils balf the value of the
Hotz to the note

Double Dot — adds balf the value of dhe
sote to the note, and then Ea_ff r_Jf at

ﬁrffggiam{o — the chord is to be volled

Grace Note — smaller, unmeasured
decovative note, can come in groups

Tremolo — indicates a nofe epeoting
or w'ﬁmfing mfzi{fy

3 slur ~ [egﬂfo fjb'ﬂm'rg, connected
© wofes. 7Fo strims: one bow divection.

For winds and brass: one breath

Tie — wnifes e durations gf fivo nofes
fagetﬁsr into one across a beat or bmrfine

15t and 20 End'ings — these are form
indications that provid for alternate
cmﬁng; fm‘ chﬂfﬂf miLsic

th Slash — (Effm used in lead
sheets, indicates the flow of eats

cut Time/ Alla Breve — indieates 2/2

~te,
L
)

PP Tignissimo, very sgﬁ‘

P viang, soft

mp  Mezzopins, medium soft
mf Mezzo-forts, medison strong
S Eort, strony, foud

S dortissimg, very strony

sfe Sforzands ~ o foreeful accent

=" Cresendo — increasingly fonder
T Dustestendy - increasingly softer

pedaf ~ mf‘dgar fiano notation,
iudicates fo press and release
the sustain fwd'qf

Doulle Bmfﬁrm[) — indicates

the en;{ing of & seore

=
=

€ common Time — indicates 4/4

Double Bar — indicaes the

em{itg of & section

fa o
]
i

2 = at it 2 4 ©
3 ) i i
v 7 Y i !
six_tyfmr{ﬁ fﬁirysccom{ sixteenth n}ﬁfﬁ quarter Falf whle
5rr::h{m£mm'guavtr r&mimniﬂunvrr Jcmiilmvrr quaver crofehet winting swifve UK
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SUN &

PLANETS

The Sun - O
Mercury g
Venus  §
The EBarth  +
Mars 3
Ceres ¢
Jupiter 2,
Saturn h
Chiron (%
Usaniis iﬁ
Neptune ¥
Plhito §

MOONS

{a selection)
Eanl's
Mars’ E’;
Jupiter’s ,}_
Sahirm's +)

{106 km)
46.00
107.48
147.09
206.62
446.60
740.52
1,352.2
1,266.2
2,741.3
44444
4,435.0

Naiue of
Satellite

The Moen

Phaolos

Deintos

Io
Eriropa

Ganymede

Calfiste

Teilrys
Diviie
Rhea
Titar
fapetus

{100 )
53791
108.21
149.60
227.92
413.94
778.57
1,433.5
2,050.1
2,872.46
4,495.1
5,869.7

Mean Orbital — Onbital - Eecontricity  Inclivation
of Orbit (%) fuean) foni (107 by

Periliclion Mean Orbir - Aphelion Eecomtriciry

(10 oy

69.82  0.205631
108.94  0.006773
152,10 C.016710
24923 0.093412
381.28 0.078%
816.62  {.048393
15145 0.054152
28339 038316
30036 0047168
4,545.7  (.0085859
73043 0.24881

Indivation Perihelion  Oibital  Tropical
of Orbit Lowgitude  Peviod Year
{ilegrecs} filegrecs) fays) filays)
70049 77436 87969 87.968
33947 13153 224701 224.695
O 10295 365.256  365.242
18506  336.04  686.980 686973
10.58 41 16801 1679.5
13053 14753 43325 43306
24845 92432 10,7392 10,7469
0.9352 33958 18518 18512
0.76986 17096 30,685 30589
17692 4497t 60,190 59,800
17.142 22407 90,465 90,388
Diameter  Mass

Radists (109 tm) Period dags)  of Orbit
3684.8 273217 (.0549
9,378 0.31891 0.0151
23,459 1.26244 0.0005
421.6 1.7691 (L.004
6709 3.5512 0.009
1,070 7.1546 0.002
1,883 16.684 0.007
294 66 1.8878 <{0.001
377.40 27369 0.0022
527.04 45175 M0
12218 15.945 0.33

35613 79.330 0.0283

308

5145

1.08
L7

0.04
0.47
0.21
0.51

L.86
0.02
0.35
.33
147

3475 73,490

[oe]
!\J I
[

0.0106
0.0024

3643 8930
3130 47,970
3,268 148200
4,806 107,600

1060 622

1,120 1,100
1528 2310
5,150 134,550
1436 1,590



Rotation  Average
Period  Day Length
{hours} {iours}

600 - 816 -
1407.6 42220

-58325 28020

23934 24.000

24623 24660

9.0744  9.0864

9.9250 99259
10,656 10.656

58992 58992

-17.239 0 17.239
16,11 16.11

-153.29 15328
MOONS

Urannis Zﬁ
Nepmne's
o)

Phtta’s gF

{fronnnued)

Equatorial
Diameter
fhan}
1,392,000
4,879.4
12,103.6
12,756.2
0794
960
142,964
120,536
208
51,118
49,528
2390

Name of
Satellite

Mirmda
Ardel
Unibriel
Titania
Cheron
Protens
Tritont
Nereid

Cliaron

Polar
Dianieser

fhot
1,392,600
4,879.4
12,103.6
12,713.6
6750
932
133,708
108,728
148
49,946
48,652
2590

Mean Radins
Orbit (107t} Period days)

129.39
19102
266,30
4359
583,52

H7.65
35476
55413

2.0

Axial Mass Folume — Swiface Surface
Tilt Gravity  Pressure
(egrecs) (0% k) (167 k) ) fhars)
725 1,989,100 1,412,000 2740 0.000868
001 03302 006085 370 negl
177.36 43085 092843  8.87 92
2345 39736 1.083 9.78 1.014
HBA% 064185 016318 369 0.607
war, 000087 0000443 negl  negl.
3130 18986 143128 2342 1004
2673 568.40 827.13 8.96 100+
7 0000006 0000024 negl.  negl
9777 §6.832 08.33 8.09 100+
2832 10243 62.54 11.06 100+
12253 00125 000715 038 negl.
Omital  Eoenricity Inchination  Diameter
of Orbit  of Orlit (9 finean) )
14135 0.0027 422 2357
25204 0.0034 (.3 5789
41442 0.0050 0.36 5847
§.7059 0.0022 0.14 7889
13.403 0.0008 0.10 7614
11223 1oo04 0.55 193
-3.8769 0000016 157.35 2,15
360.14 0.7512 7.2 30
6.3873 <0.001 <0.01 1,186

30 avorupd Sanern, 21 around Uranus and 8 around Neptane, There are probably wany niore.

399

Towp.
(Hsean)
1)
5305
167
464

fitd
-195
-215

-223

Mass
{101 iy

65
1,340
1,170
3520
300

3
21470
20

1,900

Only the major moons of the gas giants are given. In 2001 there were 28 known moons arnnd Jupiter,

There are 29.5306 days benween full moons on Barth.  Cosmology cant serfously improve your fealth,



PLANETARY TUNINGS

Mescome Vewos  Enm Mass  Joemen  Swromw Umsnos Nersz Puro Moon MoowSm Da

Perion {Yeans) 024085 b2 1 188y w8k 458 8403 16470 24700 cofods o070 o0y
Aubime Freg. Hz 4r27 23 n6le ez 8358 4785 20736 2044 1025 2oz 22743 418

Octave No. 30 2 2 3 16 37 1 40 0 Eh) 2 24

AuntaLe Toxe D A c D B D Ge A C G: A G
Tusig Prcy Ha £33 4240 200 4367 G662 44304 43037 42287 4526 w486 92033 43502
Viststs Freq. 10%Hz 6oy 4865 £986 6305 4037 602 450 4650 6188 4627 soo  gljo

Licnr Oct. No. 72 7 b 75 77 70 o H| 82 il 70 G5
WaveceneTi 043 0816 o5 047 03 04fr ofls  obys o480 obd  esop 0,702
Covon b oumge Begren B wd  Huo eompnd wmged  the  auend g antge-red

acapted fram fhe Cosmic Getave by Nans Cousto

TABLE OF ANCIENT MEASURES

Ej;qtf:&'i AssvRian [serian Romay E&‘;’ig;‘ Eucusn  Guepk Pemsix Bewoc Susenax E;géﬁ‘é E:l}\?r?}w Russtan
Assyrian 09 H 6164 13/16 ofle 78 6y
lezmian 091429 64/83 i win /i iy 5t6 3
Roman  0.96 ®is  nlwe I who s 8
Coxson Ecverian - 097959 15/ solqp I 48l 20fa 6/7
Ewgrisi: 1 /g iy i 1536 0/ s ghoe % 6h
Greex 102857 87 o8 shy o a6hs Sy ufs 06 /10
Persian 105 6 e gls8 1 1950 5f10
Beteic  1.07143 ishy 25y sl | nls e
SuMERIAN  1.09714 6/5 /7 1615 1 1425
Ewouist Arcaasc  1ain 10f9 2827 1 1536 20/
Rovar Eevrrian  1.14286 5/4 e 87 10fy 615wy 303 1 1839
Russan  1.16667 26 10/9 2f20 iy 1

400



ANCIENT METROLOGY

Geomerry means Tarth measure’ and the measures of
antiqaity form a single global system wned 1o the size of the
Farth and Moon, They are finked by fmctions, both internally
s divisions and auttiples of thefr measures (see table bolony,
and externally berween meklules (see table by fobn Neal lorcer,
opposite}. For example Assyrian and Greek measures are in
the ratio 9:10, while Roman and Greek comyrare as 2433, 50
that Assyrian andl Roman ace 15:16. The Belpic foot &5 6:5 of
and 9:8 of the Roman, The names of the various
maodules are often misteading as systems were regularly used
simultaneousty. Note the use of hammonic intervals.

it was Newton who reignited modens interest in ancient
metrology, Seeking a9 accusite vabue for the size of the Farth
he tumed o the taditon that the Jewish ‘sacred” cubit was a
fraction of the Earth's radius (icis the 10 millionth part). In the
years that foflowed, meticulous surveys of Egyprian and Greek
sites by John Greaves, Francis Penvose, and William Flinders
Petrie revealed smealt but regular vatiations in the individual
modutes. Persie and, Jeer, Livio Stechini noted that measures
regularly varied around the 170th and 5580t pars. John Michell
andd Joha Neal bxer refined and explained these.

‘The fitst variation in values vesults from the difference

Digzr - Iscr Pae Hawo
Dwir = 1 Wit ¥
Iner = 4fy t 13 iy
Pam = 4 3 ; 34
Havp = 164 I ;! 1
Sean = 12 9 3 94
Foor = 16 12 4 3
Cuprr = 24 It 6 92
Step = 0 10 i 152
Yamp = It 16 12 9
Pace = 8o 60 20 15
Fatiow = 96 b 24 18

Sean

112
ifg
1
sh
i
H4!

10f3

20y

401

hetween the two values of 7 i the ancient workd, 25/8
and 2277, which works out as 175/176. Vitruvius deseribes
a1 Roman odometer as having wheels four [eet in diamercy
which mark a length of 12,5 feet on each revolution. Thus,
although measured i the shorter Roman foot, a teuer distance
would bave been found in the same mmber of longer Roman
feen, Jonger by 176/173. The fraction shows up elsewhere, for
instance te shekie, orradivional Japanese foot, which 1o this
dlay refares i the Engish s 175:176,

The secomd variation may be derived from the non-
sphericat shape of the Earth, The ancienss were aware thas
the equatomtal rdius exceeds the polar radius, meaning that
degrees of Jatitude over the surface shorten towards the
poles. The ratio between polarmcanequinorial values was
modetled in the ancient survey as 880:882:883, explaining the
ofien noted 4490:441 varkaion in pacticular units (sometimes
termed e long' and short” foot). The mean radius oeeus
around 519, known as the meridian depree,

These conversions kept linear measures Barmonic ©
angular ones. For instance one second of arc at the Farth's
surface a the meridian degree is 100 Greek feet. The English
{and LSy mike is likewise geodenie fee page 327).

Foor  Cuwr  Smr Yao  Pace  Famzom
e gy il 148 1o 1ot
tha B e e e 2
14 e e iz e iy
1 2y Al 1y thy /18
iy i e e 3 A
I 23 2f5 113 s 1/6
2 1 s e 3
52 sh | 5/5 iy s
3 2 6/4 I s iz
5 10/3 2 511 I 56
] 4 1af¢ 2 6/5 I



DANCES OF THE PLANETS

QOO

MLERECURY - NENUS MLRCURY « LARTH MERCURY « maRs
5% ) éz‘?

MLRCURY - CLRLS MERCURY - JUMITER MERCURY - SATURS

WVESNUS - DARTIE WEMSUD - MARS VEAUS - CERES
VENUS JUPITER VESNUS - SATURN EARTH - MARS

402



o
\QQ 0 QQQ_9999

LARTH - SATURN

EARTH - URANUS MARS - CERLS

Cogg.09” ’

MAKRS Y CIFRON CLRLS - JUMTLR

.

ST

CLRLS - SATURMN CLRES - CHIROS SUPITER « SATURN

403



AET
b,

JUPHTER - URRANUS JUFITER - NEPTUSNL JUPITER - T"LUTO

)

SATURN - UlANUS SATURS - NLP1TUSL SATURMN- TPLUTO

AN
Y Ny

CIMRON - URANUS CHIRQN « NEPTUNL. CIHNRON - PLUIT O

URASNUS - SLPTUSNSE URANUS - PLUTO SNEFTUSNL - PLUTO

404



INDEX

Key entrics are itaficized, sequences with —, and
onceasional references over vaious pages with ~

abundant number, 34

acoustics, 246

acther, 74, 332

ages, zodineal, 42

alchemy, 122, 304, 302; alchemical wedding, 328

Aliah, oumber of names of, 42, 99

alphabets, table of ancient 49

amplitude, 184, 214, 218, 222, 224, 246, 204, 384

aperiodic symmesrics, 104, 118; see also L symacetrics

arches, 114

Archimedes, 10, 166, 365

Archimedean solids, 138-39, 16263, 16473, 372~75

architecture, 26, 30, 90, 318; five orlers of, 362

arcs, 22, 88,90, 114, 150; in Celsic art, 116

Avistotle, 49, 362

asteroid belt, 298, 312, 354, 334--30, 338: see aiso Ceves

asteroids, 298, 342,

atom, 22, 26, 110, 148, 190, 362

atomic numbers of metaly, 304

Babvlonian, number system, 44—43, 30, 337, 365

Dars, measures of music, 233, 289, 339

base, numeric, see number systems

bea [requendies, 208, 383

Deats, musical 84, 252, 258, 263, 279, 288, 388, 389, 390; of
pendulum, 84, 202

hinagy form, 267, 388, 390

hinary star system, 306

Bode's law, 312, 334

cadence, in mwsic, 27071, 279, 280, 388

ealendar, 302, Azzec, 40; Chinese, 302; Islamic, 42; Mayan,
42,302, 357, 365; Moon phases in, 330, 304

carbon, 22

cards; plaving, 32; wret, 302, 364, 365

cathedral; Winchesier, plan of, 112; windows in, 130

cells; division in humis body, 28 in honeycomb, 176

405

Celtic art, 16, 100

cenis; number of e in musical intervals, 381, 383

Ceres, 300, 310,312, 334

chakras, 24, 93, 363, 365

chess, 32, 365

Ching, 28, 34, 46; number systems, 46, 52, 283, 336

Chladni patterns, 23236

chords, 228, 248, 23457, 268-71, 388; major, 196,
228-29, 248, 2506, 389; 1onic, 260, 270~73; dominant,
308~74, 254, 388; subdominant, 260, 280, 350; minor,
228-29, 356, 269~84, 389; inversions of, 256, 269; in
devedopment of polyphony, 199, 246, 279

chiromatic notes, 36, 228, 248-49, 251, 272, 279, 277,
281, 284, 388, 391; <h. scale, see scale, twelve note;
chromaticism in composition, 240, fllustration, 358

church modes, see modes, musical

church windows, 108-110, 338

churches, 78, 112,

circle, 11~34, 6i-73, 82-84; of ilths, 196, 250, 260, 271,
272,277, 286, 394 preat ¢, 150, 100, 170; incircle, in
pentagram, 326; motion of harmoenograph, 20408,
14, 218, 224, 384; lesser ¢, 150; from ovbital elipses,
318; rainbow ¢. around sun, 330; of halfiones, 228, 270;
see also squaring the circle, stone circles

circling the square, 76

cireumference, 22, 32, 34, 76, 80, 328, 346

circumradivs, £34, 136, 170; circamradii of polyhedra,
table, 379

circumsphere, 134, 148, 130, 164, 372

clock, "golden, of Jupiter and Sawm, 344

cotowrs, 28 harmonics of plainetary periods, 400

coman, syranic, 194, 222, 38%; Pythaporcan, 22628,
377; in muysical intervals, 230

cone, 10

conjunction, of Sun, Venus and Earth, 320; of Jupiter and
Satarn, 344

CONSCIOUSNESS, < , 290, 330, 352

constants, 296; harmonic, 383; in planetary orhits, 308, 334

constructons, square, 370; pentagon, 91; hexagon, 69-71;
heptagon, 93 octagon, 370; enneagon, 95; dotecagon,




73, 370; spirals, 89; painters grids, 96; Islamic, 107;
Celtic, 109; geometric, 368-363

Copernicus, 306

counterpeint, 279, 388

counting hourds, 8, 4647

crystals, 22, 72, 136, 142, 330

cube, 00-07, 7475, 132-33, 136, 140—41, 178; cubic
numbers; eight, 26, 93, 199, 364; others, 199, 364-66

cubit, 400

cuboctabedron, 16667

Curwen hand signs, 235

dances, of the planets, 402-404

decagon, 30,72

deferents, and epicycles, see epicycles

deltabedra, 134

demi-regular tlings, 100

Descartes, René, Lid

diatonic, musical definition, 388

Didymus, comma of, see comma, synlonic

diminished; intervals, 251, 269, 271, 276, 280, 388; chods,
236, 268, 284, 388, 390 fifth, see tritone; scales, 276

divections: two, 54; four, Rve, 362; six, 22, 44, 140, 363

discord, 208, 241

dissonance, 192, 242, 245, 251, 259, 277, 279, 384, 388, 359

DNA, 3¢, 305

dedecagon, 72-3

dodecahedron, 132~33, 14243, 332-33, 391

dome, geadesic, 168

dominant, see chords

doubling the cube, 140

duals, Pitonic, 146-147; Archimedean, 17677

dhuglity, 14, 16; opposites in music; 244, 278, 288

&, mathenatical constant, 34

Earth and Moon, relative sizes, 32-33, 328-29

eccentricity, of orbits, 306, 313, 318, 337

eclipse, 42, 303, 329, 331

echiptic, 300, 344, 348,

Egypt; Great Pyramid, 32, 80; number systems, d4:
number, 34, 78, 362; geometry, 164

Linsiein, Albent, 66, 296, 298, 308, 318, 352

electrical conductivity sequence, 304

elements, anciens, 18, 20, 74, 134, 136, 138, 267, 304, 362,

clements, chemical, 314, 365

enantiomorphs, 156

enharmonic, equivalents in music, 257, 277, 280, 285

enneagon, 94-93

epicycles, profemaic, 300, 306

equal temperament, 34, 228, 240, 277

equator, 92, 349, 366, 401; galactic, 349

cquinoxes, 18; precession of, see precession

Euclid, $; Buclidean geomeury, 116, 140; Hemens, 136,
144,150

Euler, Leonhagd, 144

Fibonacci series 32, 36, 38, 40, 86, 96, 316, 320, 324, 364,
363, 307

fifth, division, 148

fifth, musical, 16, 18, 28, 38, 82, 84, 187148, 194, 196,
198~226, 243, 24647, 248, 250, 254~-88, 322, 326,
3062, 360, 381~-91: diminished, see tritone; see also
circle of fifths

flas, in music, sez sharps and fats

forces, four in physics, 362, 364.

fourth {musical), 18, 28, 194.98, 220~60, 362, 366, 381;
augmented, see ritone; in planctary orbits, 312

fractals, 54, 104

frequency, 38, 82, 84, 188, 346, 383; of aucible tones,
240; of pendulum, 202; of planets’ orbital harmonics,
400; spectrum theoughour universe, 190; see also
ovettones, beat frequencies

full moons, 34, 42, 331, 328, 329

fundamental, tene, 248, 250, 256, 383, 389; see also drone,
001, tonic

Galileo, 202

galaxy, geometry of, 348

games, 52

gematria, 48—9, 50, 56, 359, 366

geometry, refationships to music, 84,

glyphs, numerical, 36, 356-57, for plinets, 24, 204

gnomoens, 40

golden section, 34, 80-81, §6-47, §8~90, 92, 96-97, 118,
138, 152-53, 134, 170, 316-17, 324, 330, 3d4—43, 352,
377, secrangle, 85~90, 96-97, 138, 152; spiral, 41, 89

gravity, 295; in music; rhythmic, 252; tomai, 254, 266, 270,
390; structural, 268



Grear Pysamid, 32, 80, 138;

Greek motles, see modes, musical

Greels, ancient, 3-5, 40, 48, 54, 88, 134, 136, 198, 306,
316,342, 362, 363, 364, measures, 400, 401; musical
instraments, 203

wricls, regular, 38, 98, 100, 102, 106; see ako tilings

haiku, 36, 52, 364

halos, ice, 330

halftone or halfstep, 34, 228, 245, 249, 251, 254, 257, 270-
273, 276, 285, 381, 388, 389, 390

Havmonite Munds, 310 see also music of the spheres

Harmonices Mundi, Kepler, 162

harmonics, In music, see overtones; in metrology, 401; in
solar system, 310, 312, 330, 340, 344, 348, 400

harmonograph, 84, 188, 204--05; tble of paterns, 384-
383, building, 386-87

harmeny, 3, 5, 104, 188, 192, 224, 234, 242, 259, 208, 280,
320, 340; wble of, 397; debinition, 389; of the spheres,
340; see also music of the spheres

heliveentrie, model of solar system, 306

heptagon, construction of, 92-93

hexachords, see scates

hexagon, 6871

icosahedron 743, 13233, 13839, 332-33

icosidedecahedron, f70-471

imaginary numbers, £, 34

instruments, musical 188, 262-03, 264, 389; ranges of, 240

intervals, musical, 16, 193, 198, 206223, 218, 250,
38800 table of, 351 and overtones, 192, 247; iny solar
system, 308, 310, 400; in mewrclogy, 401

inversions, of chords, 256, 269

tslamic, designs, 100, 106-107; vear, 331, 300

Jesus, and disciples, 36, 72
Jupiter, 338, 340, 34247

Kepler, Johannes, 8, 118, 158, 160, 162, 172-706, 296, 304;
Kepler's Shells, 308, 310, 318, 532,350

Kepler-Poinsot polyhedra, 28, 138-161, 162

kevboard, musical 20, 24, 34, 190, 240, 249, 362, 363

keys, musical, 228, 251, 260, 270, 289; changing key, 228,
280, 28687, minor keys, 274; key signatures, 251, 273;

Kirkwood gaps, 334, 348
kiss, of Venus, 320; of other planets, 300, 312, 316, 344,
402-404; see afso synod

lamibxla, 2, 243

lambdoma, 2, 40, 19899, 243

Leonarelo Da Vinc, 76, 170, 325

Li symmetries, 120

light, 24, 110, 290; and sound waves, 200, 234
line, 4,3, 14, 26, 64, 131

liquids, geometric structures in, 26, 124
Lucas sequence, 32, 38, 364, 367

nigic squares, 28, 3051, 52, 360-61

Mars, 314, 332, 338

Mercury, 82, 300, 310, 314, 316, 318, 326,

metals, 24, 30, 304, 310, 369

metrology, ancient, 401

micwinter solstice, 348

Milky Way, 208, 348

mnenomics, 391

matlal music, 272

modes, musical, 24, 194, 196, 249, 275, 282, 363, 382, 389,
modulation, musicat, 254, 270

maonochord, 196, 196, 198, 230, 243

month, grear 42, 366

Moon and Earth, relative sizes, 32--33, 328--29

Moon, phases of, 24, 364

moons; of oster plinets, 340; wble 398-99

music, 38, 84, 188, 242; of the spheres, 214, 296, 310, 400

natual minor, 274, 382

Newton, ismac, 206, 318, 330, 332, 401

node, harmonic, 192, 194, 222, 230, 232, 252; of Mooen,
303, 331

notation, musicat, 392393

number systems, 30, 36, 356--57; Ching, 46; Indian, 36;
Mayan, 44, 357

numbers, lists of 362-367; Pythagorcan, 358

octagon, 20, 76, 98

actagram, 292, 327, 346

octabedron, 22, 26, 7475, 82-83, 132--33, 136-37
octatonic scale, 276, 389



cetave 1438, 82~84, 154, 188~203, 212~28, 240~37,
209, 284, 318, 346, 362, 364, 381, 383, 387, 388, 390, 400

appositdons, of Jupiter and Saturn, 344

orbits, periods of, 313, elliptical 308

auter planets, 336, 340, 344

overtones, 18, 192, 198, 212~30, 26, 248, 250, 256, 265,
384, 389, 390; overtone serdes, definition, 389; see afso
frequency, harmonics

partils; see overtones

pacticles, fundamental, 18, 34

pedal, note in music, 268

pendulum, 202-03

Penrose, staircase, 349; tling, 118

pentagon, 20, 86, 90, 118

pentageam, 84, 86, 91, 112, 158, 164, 316, 320, 330, 324, 326

pentatonic scale, see scales

perfect, number, 22, 140; magic squares, 360

period, of pendulum, 202-03; of musical notes, 240; of
planets, 308, 312, 320~400; of wave, 383; petals, of
flowvers, 11, 103, 324; of chakras, 364, 365

phase, of moon, 24, 364; of pendulum patterns, 184, 200,
205~12, 216-20, 384

phi, 20, 86, 118, 152, 316, 326; see afso goiden section

phyllotaxis, 104, 324

Pl 54, 76, 346, 377; in the Great Pyramid, 80; in ancient
metrology, 401

pitch, pitches, 14, 26, 243, 246, 248, 252, 238, 260, 262,
272,275,279, 283, 284, 285, 388, 389, 390; of phinets'
harmonics, 400; congert pitch A, 383; ranges of
instruments, see range; see afso frequency

plang, 5, 18, 6

Plato, 2, 164, 366; cosmology, 148; number, 30, 365;
gnomic growth, 40; lumbda, 243

platonic solids, 20, 28, 74, 13703, 144~74, 308, 332,
362~04, 375; formudae 377;

paetry, form and rhytha in, 36, 52, 244, 233, 364

Poinsot polyhedra, 160, 162

poing, single, 3, 12, 24, 63~68, 131, T4 tonic as *still
point’, 272-73, 388

poles, north, south, galactic, ecliptic, 349

polyhedron, 144, 160, 162, 168, 372-79; nets, 372-73;
data table, 378~79; four dimensional, 178

polyphony, development of, 199, 246

408

[recession, of equinoxes, 42, 36566

puime numbers, 36, 38, 367

prism, anc anti-prism, 162

proportion, 3, 40, 52-86, 104, 152, 170, 242

Prolemaic, epicycles and deferents, 306, 300

Prelemaic system, 300, 306

peramid, 134, 142, 214; pyramidal numbers, 364, 363

Pythagoras, 3,3, 8, 188, 194, 227, 243, 363

Pythagorean, tuning, see tuning; scale, 199, 366, 380;
trinngles, 358 nunbers 358

Prthagoreans, 2,9, 14, 30, 142, 198

quantum 190, 296, 310, 350; uncertainty, 226
quarter, 18, 44, 84, 88, 148, 324, 340, 305; ¢, notes in
music, 232, 263, 389; quarter tone, 230

cabatment, 96; see etlso golden section

rainbow, 32, 78, 328; chaleras, 24; sun dogs, 350

range, of musical instrements, 240; of human voice, 262

rectangles, 114, proportional

resolution, in music, 271, 281, 283, 388, 390

reseiiinee, 48, 192, 232, 294, 242, 298, 334, 351

rerrograce motion of planets, 300

shythm, 190, 242, 246, 252, 258, 264, 275, 288; table of,
396; notation of, 243, 253, 264, 265, 282, 289; in solar
system, 312, 400; see afso lempo

root, in music, 256, 260, 268, 271, 280, 388, 389, see afvo
54, <o, drone, funclimentl, wonic

ruler and compass constructions, 36871

Sa, in Indlian music, 255, 282; see afso fundamental, root,
tonic.

Sandeeckoner’s diagram, 79

Saturn, 298, 300, 312, 326, 336, 340, 344, 346, 348

scale, table of, 304; five note (pentatonic), 20, 22, 226,
248, 272, 364, 380, 382, 389; six note (hesachord), 243:
seven note {digtonic ewe), 24, 26, 34, 194-96, 199, 248,
23160, 27475, 282, 363, 366, 380~89; cight note
(octatonic), 276, 389; wwelve note (chromatic), 34,
30, 249, 277, 391; seventeen note (Arabic), 248, 381,
twenty-0we note {Indiany, 796, 228, 248, 282, 381

seconxl, musical interval, 195, 250, 233, 274, 365, 380, 390

seventh, musical interval, 123, 195, 220, 250 274, 366, 381,
388-90; chord, 268, 280, diminished, 268



sharps and flats, in music, 249, 231, 277, 381, 350~%0

solfege; do, re, mi.. 255, 275, 304

solstice, alignment with galaxy, 349

spiral, 8589, 116, 152, 226, 277, 298, 324,

square, nunibers, 358, 367; roon, 54, 377

squaring the circle, 32, 76, 80, 328

shrat, see comma, Syntonic

stone circles, 42, 74, 112,302

Stonehenge, 42, 56, 302

string length, divisions, of, 82, 84, 192, 198, 247, 383, 389

subdominaar, submediant, subtonic, see chords

substitution of chords, 260, 260, 281, 263

Sun and Moon, coincidence of sizes, 328, 350

sun dogs, 350

SURSpoL, rotation period, 328

supertonic, 390; see afso second, musical interval

suspension, musicad, in geneal, 238, 268; suspended
chords, 268, 279, 390

symmetry, 104; Li, 120; Archimedean, 374; groups, 122

sympathetic vibration, 234, 202; see also resonmance

syncopation, 232, 264, 390

synodlic year, 303; Farth, Mercury, 316, 320

synods, 312, 316; Barth and Satuen, 344 Jupiter and
Satura, 345

tempo, 232, 253, 266, 289, 390; see afse rhythm

tension, ind release in music, 241, 254, 238, 272~88

ternary form in music, 267, 286, 390

tessellutions, 98101, 375, see afso grids

tesseract, 178

tetrackord 196

tetrthedron, 18, 22, 6607, 74, 82, 13233, 13435

tetrakys, 30, 198

third, musical interval, 20, 194~99, 220~28, 248~74, 284,
28580, 366, 381, 388~90; minor, 200, 226, 228, 250,
254~30, 208, 381, 358~89

titing, demi regulzr, 100; from blocks, 102; pentagonal,
118; semi regular, 98 tessellation, 98; three
dimensional, 375

tile, of Farth's axis, 78, 320; of planets’ orlits, 313, 337,
398-99; of galactic plane, 348

timbre, 246, 262, 359

tonal, 390; tonal center, see tonic

tonality, 260, 270, 272, 277, 390

tone, 12, 14, 194; major, minor, 381; tendencies, 273, 254

tonic, note, 192, 194, 245, 270, 289, 389, 390; chord
260, 268~73, 280, 289; key, 286, 390; se¢ also drone,
fundamental, root

wrefoil, quatrefoil, 110, 214

triad, 16, 28 362; in music, 228, 236~71, 388, 390; minor,
274

wiangle, 64~68, 82, 84, 108, 256, 318; Pythagorean, 343
triangle, 18, 22,79, 80, 364, 378; 5-12-13 wriangle, 330,
364

wriangular numbers, 40, 358, 367

witane, 196, 25031, 27183, 381, 390, 391

Triviuny, 3, 38, 363

Trojans, asteroids, 342

wuacations, 164

tuning, 16, 34, 194, 230, 256 380-81, 383; Arabic, 196, 364;
Dintonic, 193, 220, 228, 241, 380; Indiun, 196, 228, 282,
304, 381; mean tone, 222, 248; Pvthagorean, 195, 380,
three—limit, 199; ‘tunings’ of plancts, 400

unison, 38, 84, 182, 203, 206~12, 216, 220, 251, 362, 381,
390; near unison, 208

units of measure, metrology, 400-01

Universe, 12, 30, 60; s design, 190, 293; anthropic; 290;
seacenric vs heliocentrie 300; quantum holographic,
330; stability of, 290

Venus, 42, 310, 314~22, 326~30, 352; kiss of, 320

vesica, 16, 28, 68, 90, 110, 112

vibeaion, 200, 202, 230, 232, 242~62, 389; see also
sympathetic vibration

Vitruvian o, 77

voice, human, 234, 262

volume, ol solids, 16, 142, 154: table of, 377; of tone, 224,
232, 264

vowels, 234, 246, 264, 389

wavelength, 346, 400; see also frequency

week, days of, 24, 93, 304

whole-tone, scale, 276

vear, 30; ecliptic, 303; great, 42; solar, 42; syaadic, 303,
320; ecliptic, 303; Venusian, 320, 322

2e10, 40, 54, 37
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