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"COMAMLE WARLABLES AND APPLICATIONE " (T by Broww aod Chundui,
Chapter 1
SELTTIEN 2
1L fg} (W2 =D =il 28 =L == =7 — =2

IR BN el SN (E S BE Lo} X

1 1 L 1 |
- 3 I =] —— =11 = —1=121%L
..__} ‘I.-'I-Lrl ](:"lﬂ} '.u:{]..l[jill]:} I..'L‘b}

2. o) He(u)=Reli{z 1L =Re »1i)= -y=- Mo

i) amfiz]= ][’H[Jl'{'.l‘.‘ | fj‘}J - ]'m.[: P fr)=¥ =Rar

tmb
5

(ko) =(lee)lez) =fldzpbr{l+zkz =11+ i+ zil+2)

ml+r+o+e = blzds,
4 I o—fldi then £ —2r+ 2= (1=d  HI+H+ 2= 42272 2=k

& Toprwve thn muluplivaden s vonmuaatve, wrls

5 SR M =0y ey, g v a )

=Xy T = P, BN R R = (xR i, B = 50

6. @ Toverify the associalive law Dur wllilion, sl

(7 420 = oy 7 L0R )+ G g W o 5 o 3 [y - Mg 3 3+ L By )
=05 = )4 2, (3 y 0 R =0 H ) 0+ )
L E AR R N e T R N [E AR Y]
=i ok
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f&; "[u werily che distribukoee Law, wiils

2z e =3 . 30 Hr m = [ eix, 2 x.y + 5]
= XX+ KL =¥y, VL R o Ry a0 )
= {00 = Vi R = ¥k P R b KL T
=AY = My S b TR — P g FAR)
A LIRHEES LIRS ) AR

i

10, ‘Liw peoblem bere is oy solve the equetion 7° +2+1—4) far 2 =44,y by wriing
[, ¥HA, 0 A+ L =0,

gince
l_'n:l-- }lg + 2+ [ 2w =] — (LU

** tollows thal

A=y =x-1=0 and Zxviyp=i,

3y wriling tee secud oF Lese eyualions @ (Zx + Ny =0, v too that cither 241 =0 o
-0, If x=0, the firs' equabtiom becomeas 5™+ 5=1—10 which has ne real ook
iaceording bo the quadeztic formola). llence 242 =0, o 4 — L3, L thal case, the sl
equerian revaals that ¥* =3, pr y= 4372 Tons

1 ".,'rjl"-
2 — = -— =
2T LLY) [ 357
SECTION 3
1 fa 1+11‘+E—i={1+2:‘}{E+4i}+:1—l“-{ .*Si}= -5+1Eﬁ+—5—lﬂe‘__5_
TUO3=df 5 [(3-sOD+&) 0 (0-SD g 5 5
L1 & LY, !
flaf _ = = =2
(1 =1)2=elfF =] (=330 -1 2

for (L= —[l=idd—if — (=25 = -1,

2 Ja (—ly=-rsng i=(=lz=z14+{-1]=r 1=

B —— L Eoiog el
& z




b gz iz = alatam M - alliae by — 5 e ey )l = o[22 m 0] = (2, Wear
.r' N '1
nr ] J_ r r i
f. '1:2' =L, r_‘ l =aly| || |~ I:‘]| 1(_] = [1](i] EE!- wil, 7, =0,
L L2y ) WEr L Dy R WRAE LI CPLE MY
zz "zl ‘7, _E
ftf I,._-l":; '-_2 1-\.1 -: ‘_.I l"\.EIf‘ E-*
SECTION 4
L (@ 5= = =%- .r

e

M) g —(=v21h g = [F3.40)




fe) & ==&l z; = 1d)

fd,

X Troaqunlivies (32, 3oc. 4, ar=
Bozs Resl<Ild amd Iezs|Tmz 3502,

Theas arc obvious 10 we wribe thens as

waldEala’ +¥0 amd p21p 2400 400

A Inopder oo virify the mequality 21 = Rez +11cizl, we rewrie icin the follorring wr ysr
ST - 20 1y,
Sty o Ndl 4+ yE
L™= 2l + 1 2 0,
{xl=1p0F 20,

Lais last e 1 dbe inequality to be werificd is abeinosly teme since the le0-hand sz is a
Peulect syuars,




4. a} Rewnte lz=1+d=1es [g={l~i]=) Thisisthe circle centered at L= with radius 1.

8. {at

il

Tk shorad helies.

Wnte |g=dil$lz+ 3= 10 ai [z~ di+|zg —(=Ji)l= 1) 10 see that thig is (he locas of all
pointy 7 soch that e s of e distances Do 2 10 4 and —4i is 2 consfant. Such 3
cures 15 am ellipss woth foci 49,

Yol z=1l=lz+:l as ‘g~ 1= z~{—H o se= that thos ix the locus of 2ll pans 2 sach
It the distance frem ¢ bo | ois eheeays the same a5 the distanee tc =i, The cvove is,
then, the peroendienlar bissclor of the line sagment (o 1y

SECTTEN A
1L ia) P4¥=c+M=z-3F
it ==

ic)

i)

Ao ==l =i - fi-F =4 412345

K2T 4502 =132 #5112 = -1 2+ 52 =1 — 423 1 2g+ il

Rewwit: Reff w2 oa Re[r4 -y -1]=2, ar x=2. This iz 1he verdcal line
thoough the paint. 7= 2, shawn bolow.




(B Raowiile 122 =jl= us 2}2—%|=¢. ar z- ;’-1- Thit 5 the cikcle c2ntsend at ‘_!T‘r‘-"l“l

F
Fadiug X sIoven bdoree,

| —

Write 1 =r +fy and 5 =a; =y, Than

TR RN b T B R TR ey

=I:l:| — i) [{}'1 }'::]: ':J"L _ﬂ".]_{-"& _l.','F-_.;}—fj —&
aad

4% — Ly i P F %, ) 7 LT — i 3 Wk, | 5 Ty )
—Lrpe i Y= =0y - n)x, ) =EE,

() iz —EmRls =55 =5 o |22 ®m 7 T 2y

— —_— —_—
] K 5 — —-— LTIy S—. — e -_

7

-

1 ]
—fe =y =ma =T ) =rzr=1".
. .

l.“,-l ;l J: ;' =_j H

& | l= Izl _ 1l

oy 'l lmila

T 1hiz prablem, we $5ai use the cquailivs {see See. -1}

!:._:-

IRezlld amd |2+ +2js]g| |-

Sprcifically, whea Iz s 1,

Re(2 +7+ 7|8 L4+ 1€ 2417 HZ =2 lat e € 2414 T m 4
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L, Tarstwtite o' —d2° +3 =02 — 1z -3 Then ohscrve that whae |d= 2,

l2* = 12|11t = |2 - 1| =14 11=1

£ 32 |1271= Hj—|lzf=2| = 11 =31= L

Tous, when 12— 2,

124 47 + 8=t - - =2 1=

Consequently, when = lies on the circle 12=2,

11. ia)

12, (a)

-3zt +5

L 1

Clrt-azted

Frove that z ismal & $==z

(=) Soppnze thut ¥=>2 5o that x —-{v=x+i. This means e Zy=0. or y= 1
Tiws z— x4 —x, o g is real

(=) Boppose that z iztmal, sothat r=x+I0 Them T=5 0=~ ilumg
Proves that £ d8 nither rer] or pore imaginary & T =17

=) Supposc thal =z . Then (x—/¥ =lx +.!'_'_f'}z', ot j4r¢ =0 But thiz can be
only if either x =0t cr y=0, crpossibly x=y=0 Thas r iz cither real or pore
mmoginary.

‘=1 Supposc that 7 is cither —=ai or pure mmagmnary, B p i eeat sothat =, then
Tie i =75 If £ is pune imaginaty, aothar cmdy, then T o B =0 =27
We shall use mathemabcal induztion to shew that

gty — -+ =5 +5LH++E, 7 A S )

This is knooam when a=2 (S50, 51 Agsoming now thatin 12 ioe wshen o m g, e may
wHL

R AR P E o i s A
—T AL L
_E: +El+lh+.‘:-'m +'F'rr|.|'_'



th) T the same wiy, We can saow Liat

i

e

IEg-en, =0 Fae - E (h=d 3.

This 15 tree when n =2 (Sec $). Azsomicg -hat it is tus when = p, we wrike

:l'{l! Ill'::ﬂ'a"hfi - I:_z'-;.l" i - 11:2'1..” __‘:11:1 [ I‘E.'rl:l Eﬂll

ﬁﬁ m:!-'iru Flila " gl 110

14. Tre identites (See, 51 oF 1odf and Bez — =

;E ghalle us b wille lo—z — R as
(2= NE=Z2,)= R,
- (st &)

i = 2Rz, ) + 1, = &2,

15, Since :r:= am] _'f_ Yy . e Lypeibola & - ¥ o1 can e wailz o che tollcwing
i

waks
Fz+fY (=3}
L _| ] =L
L2, &
oyt o=, =2
Friats = Iz +2 1
4 4
1 g2 .
4' S
z' o+ =L
SECTEON Y

1, e Swice

i ™
to ]
a[g( ST c=arc: —arg -2 ~dr],
A

—_——

one. vilue of :ug{_l :—EE,:; is g— [— 'T], ar :: - Conseqoeady, ihe pringipal value is

e 2T o E_r__
: 4



LH

ffrt  Since -
argi~ =¥ — bangi~3 - ik

-
- = . 3 v .
ore valoe of arpiy 3 — 0" s ﬁ[—-ﬁ- |, o= —%. Sothe principal value is —m+ 2, or .
Fl

The soiulion 8= 7 of the equation e =11— 2 in the interval D% & <2x is promeually
evident it we rzcall thir &™ les on rha cirele [d= 2 and that .« — 11 is tka distance hatwsen
e pedoes 27 and 1, Ses Le Jpwe below,

N

We know from de Moivie's Lormnla that

(a8 @ 1 Fain @) = cos 38 +isind0,
ens’ B+ Jpos” B(idn 8 +3cce Agn " — (isin 6 = coe 18+ {sin36.
That 15,
feps’ = 3cos sin’ 03+ it3cos’ dsind- 50’ 81 — oz 38 4 isin 30,

Ry cquedng el s and then imapinary pars here, we aoive ot the desins) guurnednv
idlenmties:

fut cos it =cos? 8 —3ensAain’ & (5) Ain3f = dcos’ Ssinf —sin® 6.

Thete £=pr™ i5 any nanrers complex aumcher and # o negagive Inreger (s=-1,-2, .0
Aley. m= nwl 2. Bywrling '

- - 1 .
M0k =_:r'l€|ﬂﬁ = f‘" mi |
") y=—
and
iy | ] '1-1“‘ "‘ljﬂ iemiy _ 1 -
~ s ' R ) -
|: :i “[p -h_;- e r"e .

we see Wian (27) " =(z™", Thut *he defindion "=z can also be written ae
= {f"_}-L.




L

0.

First of 41!, given twa nonzern eamples mumbers g and &g, suppuss thait there sre complex

auriiers o ad ¢s such thes & = ey aml L=ob. Soe
lzl=e el amd il e, lley =l e,

1 follows thal [ 1=zl

Supposz, on the otker hesc, that we know only that [5l="2,]. W mey wrix

So-noxplig) and mo=rewniii)

T w2 inrodoee dhe jurn et

. - _
oo r;xp[if]%J and o _I;:i".[.l'rf B EﬂJ j

wr. find that.
4 H' ] 3 -
€5 = ‘:‘F""'J';Ia_i','m“rf ﬁ‘—zﬂtj = eaplif,j =z,
A
i 0 _
oy =" E;I[b[f % , —‘chp[—:dz—ﬂl) =reapl =z,
Thisl 1,

L=, and o o=e’.

Fe=1-r+ E!*""'FE-; then

Frmafm{lmg b =z 42 g 1 g

o,

o+l

Heooe £ = orovukd v =L Thalis,

s

Puming 7=c" (] « @ < 27y i= rhk {demtity, we have

1 — ghin Lo

T+6™ e g™ -
|

-,

el




Moo the reeal peot of the Jefl-baud side Texe 35 svidanly

l—cosd —cos 284 - +cosnd

and, 1o fimt Tha ral pan, of the ght-hesoosade, we weile Gl gnds e Locm

’_1£l ox f—iE]—m I.ﬂ.":'l-l:lﬁ
| explita-06] “NZ) TR TR )T
- P N oEN T EY
| = exp(id] ; 2 r:p‘. L ..J H]"[’ 3
wiiph becomss
uasE—f.sinE—muH‘H}B—im'.‘nﬂn"'ljﬁ _
2 Z : F
Vi i
-.l.-FSIﬂE

-1 3
(-1 ‘_:. a2 - cos [-n+1je]

.8
[sm— =510
2 i

A
AL E
.ﬂ..l]'l__"

I-

The et prex ok this is Slear.y

and we arrive at Fagrange’s Hgonomeiwic Menzty,

i+ 1A
tin
2 <l e,

1
1+ s @+ w2 0= Fpusnll ==+
o 2 g —
2
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SECTION &

1. {a; Since 2i— Zexp ;'L,’—,’ +2i | | =042, the desizod routs e
L s

-
'
(LY = afZaup| i EH:.F)—' =
P D |h4 ", , (& =010
That is, )
oy — W 2e " — *ﬁ'r’unﬂg I Eq'mE‘| = '#":"f—1-+ i ]'- 1+i
1 Il__ | 4 d_l-] "Ihvl:i. -"-E-‘ - +J
and

€ = {2 g s g, = —114).

g being he poogipal cool. These are skekcebed below,
’

<

e
B) Ohservethar 1 5=7 exp i —%+ 1#;:)] (& =0£L+2, ). Hence
N

e Lo "
(L—- :u'}u' = ‘.;'1 E.ll_l[l[—% +J;'1'J] (L =11}
“he principal (oGt 13
. . T . = .
my = 2T = -ﬁ[nnsi— fsin = '= Ny [RESNLE 'H:‘-,
a 0, A | va
and the otier vogt 25
.
L.::':"'.IEEE-T"E. II— f-z-ﬂj '!l
w2




I

je) Sinoe —16 = 1dexp[im — 202)] (kw0 +L12 .. 3, the meedad rooes are

(— eyt -E.rn{ £+£E} fEwmi] 20,

The primeips] vt it

|nll r a ﬁ\h 4 l E )
0y = n l.'.am— LD = —— Ay
2 M4 rifl uﬁ*«.ﬂ:J NI+

The alhet thrae roots ams
=2 e =t s R ==
£y =12 S AR~ ey ——l,l"i'-]-l-ll

erd

|:!=I.'.EE'-#.‘ Pierr '-.[I: £l = .~,|'_|~'| | i}—i)= .,‘11 =il

Th- four rectz are shown below,

_ ] o © 7 "1
i) l'-irstwrlm—ﬂ-h"j;:lh:xp[.i{—-;—:+2kﬁJ' (k=042 ) Then

. - "
(=F = a~f5i ! - E-I::.H.P\.J'| —% i i;-IEJ] {k 012,30
L

The principal rool is

T TR T 3 :
e _(-"-‘ll'ﬁ!'--i ) 2[1 _EJ= Ay,
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The plhers e
o =12 e i =1,

= miTide, M yre .
= B = =o(¥A )
6 2 e =0l = (144730

These roots are all showrn below,

3. fed Ry writing —1=lexplilo +2km)] (E=0,4147,. .0 we s2e it

- S Tk
E—l;":.eup[ _;-+—FF]
L kI
The pemcipal roalk s
=
. - H
to =" = cos— +isin— =
k) : 2
The nther two roots are
'-|_=f:'—-].
&1
(1t H —m T T | 1"- an
I.‘:—-h‘.r"'-"|I :g'i‘ﬂ; 'isz—Ean--ﬂ_

Al hres ol are showamn below,

LIl LN Aty S



1%

(%) Since 8=8explill+ 2431 (k=0 ELF2, ), the deaircd raots of B are
e
B 2 E-":P[E—F | (=0.17.54.5)
3 .
the principal anc being
Ca = "'lllE-

The otnors ans

5 » 2 i
Cy= 2" = -7,

— + 3
l:_._=I:'.'EE"']rs'—-|:'J——I .;jl,

e

Wil

: : 1 =nf¥
o, = [ E A ——,——':jf.

oo

‘Lbe thees cobe poots of the npmber 5, = =442 + 443 = Hcr.p[iéf- | e pyilerily
F

{E,J'” - 1.;-.:]3[ I+ﬁ | [ [E=10.13),

lin prarticular,

' “
£y = 2ex])| D [T 01400,
v o4 '




1B

—L+ g3

il

Witk the neet 07 dhe number ay = . e nhizin the orher 1wo roosa:

P il T S e R G N
= T

o= iy, =2+
[%

PR o L8 L SRS TLE £ LAY BT SRt
€y = gty Wby B = ) == 2 ‘J— 7 .

£ ru Letw dences any Bxed real sumber, In crdss te find <he bwo squae wots ol s+ in
sxpuneitial form, w wrile

A=la—il=va®+1 and - Acgiu+e.

Since
-+ = dexp{i{er+ 2817 A 1 I I

we sot that
(a+ir® =4 up[:‘[%+ .sm:ﬂ [k — 0.1

- -

Thar ix, e chsiived $ouace ropts ap

A ant AT = — e

ard h:g

h}tn

fh] s1mce o+ 0 lics above the roat anis we Enow that Q= e 0 Lhos O %

P o
X - fLE : ]
lells us thal .:-::ns| ?J =0 and su.'{i |2 @ Sinze cosex = :r—; il follaws that
b o A

o |'l+uus$_i_|'1+£_xﬂi+s

rol— = = ,
2V oz W20 A T yivA
and
g N-comee 1 [ 2 A2
gin— = =y, = -
2 2 W2l A A
Consequely,

fA+e  Ad—a
— AT =4 fA am-+r5mi].—|~m A o+ :
4| 2 NI

_i—f‘u iy =,
e
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6. The favr raors of the equaticn ' +4 =0 are the Zour fowd]) roul ol the nomber —4 Ta
Find thase toors, we write —& = dexpliir+24m)| (& =0,11,+2,, .} Then

. { ; — e e
(4] e yT r-rp[r' ;E + 5;:3)-‘ = Jg T HgReR (& =[h1,2.5)

To be specific,

. ‘- b 1 1
o -‘u'i.q“""=u"._‘-!Ln:cs£+Isin£ :*filr—u-+'—"—]+'
" 4 1 iz T

=t = d) = 110

0y = 0e =D =—-1—,

pyme ™ === 11
This enpbles us ¢ wriic

clrd=ir— iz etr oz ol
=[z-glz—a] [(z - Nz o]
= 1) e i) Wz —1) -7z =L} +F)
=[tz+ 07 1]z - 13" 1]
=I:::t+2.'.—1]{z"'—l=: 1 2).

7. et ¢ be uny xth et of untty ather than ity itsclf. With the aid of che wdendily (e
Exervise L0, Sec. 74, whondily {oe

1-7

Tz =2 -
i -2 {7 =],
we Find that
Tretetrter =128 170 g
t—r l-vc

% UOlmenve fus; tha,

Myt — |—'T."F SR

:'(H+2L1}]"= I G- T N W L D
m Ny . L, "
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e W 7 m '

Y = {;E exp 2=k} 1 exp 8 cxp ')

weore k£ =0,.2....m—1 Since de =e1

i =25
E:-H.-I ':.lii;_ﬂu]-zp--.-m—]}
B
1% Lhe sdrie an e st
aap 250 k=012 1t
s L m w=sUu Lo L H- 1

UL In mevenss wwben, we Find Gial (2 ) =0ty T

-

SECTTON 1

1 dwr Weoilgdz=2+i0%1 2z [~ {2 =iN£] o see that this ia tha ser of pointz insids and on the
coiclz cemtered af the pomat 2 =7 willi vadiye 1. [ is ner a domaln.

-1

v 3
‘B Wrie Zz+3k=4 83 1 _[_EJ %2 to sce thal the el i question voosise of ull puints

cxiedor 2 the cirl> with center at =372 and rading 2. iz a domain

-I-:'.h'h' -_ H

SRS
i e
=T
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frp Wrile buz =L as 23110 se that this s the half plana coasisung of sl poinis lying
ghove the horizottal Line =1 Tr #2 0 domair.

rdt The st Tmz =1 s sinpiy the herizosal line ¥ =1 It nar a domain.

3=

i A

(o, Thesel U€args 5% {z =0 is indicsred balow Tris med o dumeain.

(9 The set |z —+4:21d ¢ be written in the form (¥ — 47 -+ =2 +y?, which reduces W
¥<32  This sel, which 15 indicated below, is as¢ 3 domein. The set is also

-

prrmetrically pvidsat s nce it consists of all points £ such that the dislunge Letwesn g
aril 4 1% greater (han o equal to the distance berwean = and the ririgin.




20

4,

W} dheclpgurz of the st — S < arpz < {7210} is L codime plane.

i
.g:- Ak X
] B
LS G Ent i A

{Br We list wrike thz set 1Hezl=lzl as ld<+x"+3", or ¥ cx'—+ DBut -his last
ineayuality 15 the same as ¥ = 4, ar [yl 0, Hanze the elosize of the sct [Razl<lzl i the

EREita [lane.
3 T—f A
= Since —=i=iz=z—'-ﬂ. @ SRt Er(l}s;l CAm B writtan at ,.—:-'.l, 0T
a2F g a4y Lzt 2 x4y 2

(& =2xy=3*20.  Finally, by wumpletne te squaes, we areivs sf the neqnality

(1% — v 2 F, which deserbeg the circlz, wgether will s exlomon that 16 senlaned
el =1 with radinz 1. T closuee of this set is itselt,

g

[l b =

= i

=i R

i e

! . == i Tr ..-




& Simes ¢ w400 =t~ 0" {2, the sac Re(2™) s 0 can he wefmen as ¥ < o
Id<lxl. The closure of this se1 consist of the Hnes vy pogether with the ahedeod
mzgion shown below.

i

Since every pabygonal Ime joning = end , must contain at least nne point thet is netm 8, it
i chesr that £ is ool connecred.

5. We arc given that a sct § cootama cach of fs accornlarion podnts, The prablem hors is o
showor that £ maat he closed We dn dhis by contradicdon. We ler 2, he n howndory peine of

T wid puppose chat it a5 ol 3 point in 5. The Jact that 7, is a boundery peint mreany that
cwery neighborhosl ol 2; containg ab ksl one poinl o §; anc, sioce ;) o ool an &, we s
that every defeted noi phborhaod of 5 mosr conksin a1 l2ag on2 potnl in 5§ Thng 2z, I5 nn
aecamulaiivn point of S, and it follews tat o s a point i 5, Bt Lhis concadicis the fac
rhat r, lanorin 8. Wo may conelude, then, that sach boumdary print =, muet be in &, Thal
g, §is closcd.
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Chaptcr 2
SECTTON 11

. . I \ ;
I. fa) The fumcoon F{z) E;F' T3 i5 definzd everywhara in the izl 2mne sxcept an tha
potnts 1 =i, where £+l =1

1Y,
(&) Thefurcung izl = -"s.rg[—] iz defined thvughom the cntimr finite plans exoep for iha
r

poinL & = 1.

{#) The Imkadicn fiz) - Tt 1§ dzlame] zyverywhore in bs finbe cloe exven, Lot he
iti

imaginary axis. This b= hecansethe eqnetdan r—F =1 iz the same a3 =10,

j«f) The function Fixn =1 LHl 13 defined averywhare in rhe finive plane excepr on the

cirele = 1, where 114" = (L

F+r =-F
md ¥=

—, Wikt
2- [

3 Ug x=

Flom=x'—y' -2y +#ir-2x0

-2 =3 -
P P . — g+ TNz=E1
=———t+— =" bile-TI+Hr+I)-—T———
4 4 MR .

e 1 1 1

AN -
Pt ] L A SR 1

22 2

SECTIOMN 1Y

& Canzder the fitemon

v +ip 7
Jr{f:}—..'[;l =[;_:;J (e,

and if =", ¥,




a
Fa

Farif r=(x.x),

:r:+|.1.“'|' 14§ 1__
i [x ) ['-'E) =

Thiz showas thal f(z] las valoe 1 at all codaere ponls oo the m und maginary wxes bol
value —1 ol &l nonzery poitks an lhe Bne p=x, Thos the limit of ) as 2 temds 40 ()
canmal &Tisc.

10. 2] Trichnw thul IJm =1, wi usc g:clement (2), Sec. 18, and write

"“__ l'\.!
1v
. _;__.l 4 1
lim —=<— =Tim =1

ARy e

gh]  To aptabiizy e it lun =ac, wi rel3e g satenent {13 e, 10, and wiite

- [ 117

Lot

-lllil:l ]q':l—umi’?--]'%':ﬂ

fel To verly thal Ln A +1] =re, w2 alply staternss, 30, Sew 16, aod wols

[H= T

1

-1
Tn %, =limo—— =,
t— I‘Ii_” e=d - g

A

11. Inthis problem, we cansider the Fanclicn

e+ o

ad —ho L)
el ¢

=

fo)  Supposs thal «wdl Stammen (33, See. 16, <ools os that [u{ﬂ Tir)= s giDC3

Im . =:.-:.F-|-d""-t'-ﬂ.
:-ﬂl‘l




{5 Suppuse that ¢ 2 U bcatcmend (1) ey, 10, revedds thae [im Tiz)= = slnn-e

Emf

1 - o
bt = L AR LT
e . s

Also, we know fror statement (L, S2c. 1€, that [m] Tl) = n= gitks

l-m;- Lina fzﬂf—-u.
e dfe) ot b
SECTION 172
1. e U Fzy=320—2r+4d, tven
d 4. _d  d
(ad=—fdy w Zu b =3t D ek A = 322) - M+ D=6 -3
T * L et =3 -

B T Fiz) =(1=42"F, den

Fr=3(1- 1“;’:@ 42y =3 — 45 P (—Re)m -24x71 - AP

z—1 ( 1
'If n —a_-.n—.- :-— |[h'3]-.|
fe) fizr= et h:: IJ

2r+1) d- r—15— {:—l}i{?z-i-_}

"(z) — d LA 0 Bl €l
7z {2z+ 0" (e + 17 e+
. L+
M T fin ={ z:" = = Q) then
T d . = - 1.4 )
o et Y _ 42 20y = 04+ 2
“ @ o'

e VL ~(1+20] 2+ 2 050 -1
- - 3 |

L
= i




Y Ffioeliz iz, then
A= Flz+ A - Fig) —mmnd o 2BT
+Ar oz 2+ &)
Hance
. . Aw -1 L
Tuy— 1 = I.IIII: -
d. "We are given Wal Sz —plz )~ 0 and dhat Pz and gz, exist, whers #7020,
Accunling to the definibon of denvatire,
F g 1= lim, i) fim) = litny fiz) .
o i =nI=i
Sirnilatly,
g’lr]-lﬂ'ﬂ'&“} ly{'l: = hm ,E"|:.E:|.
T 'l- — zl) =Ty _3 - z}
Thme
i FE) o g A 5 =a) | ERSAY22) ey
e giz) e gEM () D g3/ (2 - ) &z
SECININ 22
1. 0 fini=T=x=-i Jum=x vr=-}.

Inusmuch s w, =y, =[==1 the Couciy-Riemann cquatlong are net sansTied
anywhere,

B} [led—=7=T=(x+0)=(x=)=D+i2Zw 50 ¢—0, v=2y.
Siace u, = v, =1 = . the Cauchy-Rigiman eyuadons amw oot sadsfied anywher.

(4] fi.'.:l=2x+f.:y1. Heme w =2, ‘.s=1;|.'1.
=v,=2d~lgy=i=1
nyE-v, = lm v p=l)

Sphsriuting v =0 inle xy =3, wehove = Thos the Canchy-Ricmann copzions do
mof hold erywhers.,

W FlRl=d T = Floasy - isiny) =& que v —ic" uiny. S0 p=e'cusy, v=—e"ain.
U =W, = e 008y ¢  cosy = Lot eogy =0 = cosy =0 Thus
y=Zaz fh=0.=L£2....0

£
&, —=v, ——¢giny =¢"siny.-> Ie*ainy ~0=tsiny = 0. Henue
v = (h=0+LEZ 3,

Bince thess are rwo different sets of values oI v, e Cauchy-Ricmsuu g lions auml
= satisfied anywhece.



M

1 I =
3ty frw= = =—= — —— 80
» A r T It oyt x4y
=3
= F = —
_.:I:" +.‘_1 -.I_..+}":'
dinye
}': T:; _EA"[' 1 7
== Al N, T —— = -V, x4y =,

Fiz) exists when =0, Musever, when z =10

-

Ll R > S i 2 b
':.-'|::+_'ft_:., I:xf+j’?}E l:-l'] I}II:I.E

PR3 BT E )

__fAx—a¥ _ iz¥ _ @F
x"+¥ ) (2EF ar(Ef

1
- —

A

B

) Flzi=a"+0% Heme w=a%and v=+", Now
W, ~v,=dr=ysmy=y o W= v =0l
S0 2y exists omly when v = v, and we find that

Fix+iy=wu o xd+iv(zxr=2x+ A= 2x,

fed Fi=rimi=ir+iedy =+’ 1lere u —Xx)pand ¥ = J':. We obzoove Jmd
sy, = rys2i—ry-4 and w, —-w, o=,
Hemee Fiz) exdsls ooy whes == 0 Tn D,

Filh=a (R +iv (0, Me i 0=

| ,
—ﬂcm4ﬂ]+-r[ iq_tlnfr'ﬁ:] == 00, Sinoe

r

u !

& 1 .
ru, = osdbmy, snd w, =-—zindd=—rr
r ;‘_1 ri




Fis analytic in its domain of delinifw, Furthsrmors,

f{i".:l_f-‘-ﬁ[ﬂ,.+1'1-?r}=ﬂ_*'[— d:::nndﬂ :'ijsin-ntﬂ]
[ o r .

-~

= S "(ors 4 —Ieind@) = - v,
r r=-

4 4 4

- e T Ok
g e z

{2 _.FI:E}="|J'FEW1="u"FC|"|H""I'.I"J;.ﬂT'Iﬁ o @ o+2x, Since

Wr a r B
-0 —=v, aml My ———sin—=-rr
2 A ’

Fiz analynic in itz domain of defcilion, Mersover.

Fle =, +iyyme [,j —ons 41 igs-_ug]

1 N 2 |
- (et e
_ 1 1

e T

fed  fizd=e Ycos{ni)—ie Ysinilm} (r 00«6 <27 Since

o v

ra, = —¢ Craduri=w, aml K, =—s"cnsiar) = —ry

Fiz analync in ity domnam of defiin tion, Alsy,

I- . . .=
Figi=e™® n,+w,_1=g“|-_” sin(lar) e cos(Ingg
r ¥

=r-.: [er cos(ln e}+re smﬂun] .ﬁE.J

q.l

£ When Fiz)=x"+i1—¥r. wehave ¥ — 2% and b= (1 - 31", Obweove tha

o=vmix e W oy =24 {l-yF =0 and . =, k=0,

I
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Evidcntly, rhen, the Canchy-Ritmann couaticns are satistied only wikg £ — 0 aod »— 1.
That 15, they hold only when g =i Hencs U wxpresdon

FiEi=a, b a e + )=

15 visid only when z= i tnowhich case we seethal 77— 1),

Here z and v denole U el and imuginery eompetents oF the fonotion § defined by means
of the egualivns

iF 2

' when 2w}
fzh=xy =

3 whan =0

MW

. Lt e T
LT it S S

Aty 1,:.:'+_~...I

wlhen £ =90, and the following cadcalations show thal
e L = (0 am] g (0000 = —v {000

ull + A Q) - (00) . A
Ax P

I, {':l.ﬂ_,- = J{-:_Tr

R0+ A - G
0, = Tim 2 T
uil'{ ; :I ..'.'.TEPU' .ﬁ:'.,,l !]"'.!'I'_,_-I ﬁ,l-’ ﬂ'!-

O+ A0 - R0} U

Al Ay

b, (0,00 = lim

w0 A — w0 - lim Ay _ L

- Ay

¥, W0y = b];i'.'_ﬁ]

Fuquutinns (1), Sec. 22, are

b -n sird =y,

=i, rsind+p o =y,
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Solving these simnltancons linsar syuaticns For w, and w_, we Lisd al
sin & oy

W= H e =, —— and & =k sin6- e .
¢ ' r

Likewize,

BN & . cos B
vo=vrosd-r,—— and v =wvsind e -
: P T r * s

Astume nuw that the Canchy Rirmann cqonriang in polae form,
FEL T VMo Hp T ¥
are galiaficd ar =, It follows har

sinf cna g . . cozd
tr, =, c08 i —n, —v, =V gind =, sind +1,
i r r

-y,

u, w g - vos & =¥, Ein -V oost = —t'.:,c-:r,sf-'--.r_, sin# ]——L-_.
F r L

fa) Write f{ry=m(r. )+, 8. Then mezall the polar foom
P, mvy,, f = Py
ol he Cyuchy-Bisianm apuetivos, which coalles us by rewrie the axpeession (See. 27
)= e O, + v,
Tor the derivaive of Fat 1 paint £ = (¥, B,) in the fallowing way:

Flz,)=2 ’Ll v,-v-fuu ~|——-f—-:'n5 i b= -i{u, +ivgk
r r ot ™ -



[x
|

M Cunsider oow 0e Junsion

W 1 1 1 _ 1 ) 1 i
flai=== Ej.;'—‘—t"- EMSE—umﬂ]—cm‘q—;‘ﬂ.ﬁ.
T F ¥ el r Fi
a8 =228 0 e UG
i

tha Tincl axprassten far Pz, ] 1n part {a) 2208 6s thas

fFiz=" =

:(__sm&f_l.EUhﬁ‘ Lfcoae {sing
- r

r ros &

ML g} W= consldsr o fmneriom Fix, §), whene

i iTd
1 v

Formal application of cre chain nile for molivanatble faaciong yields

X =

G _9F e _JF v _@FIN P 1D 'f’ﬂF+,.&.=]_
ﬁ"’ nl'-'_F r'?jl'a'_ &1‘&,2; :]‘r'['\ 25 Zhﬂ.r .cf’}

it Muw delae the vpzslor
5-' 1/ 7 iy
25%)

snzzrstrod by part g a.m:[lin:n:ﬂ.].- apply =Ll [unction fir) =wx, v 1 fvfa v
N ] LB
z[.:'i Ta 2oy
__]f o+ "...I_ir ~ II Iy 'I : i
7 i 4 '.""!.* ¥, = EI{F*’ —¥ |+ [1-', +”,-JJ-

of the Canchy-Riceaisn equations i, — o, v, —=v, &g salisliod. ths tells us al
olf { oz w [},



bl
SECTION 24

1 "m fizi=3x+y+i3y—x) is enlirs since
f— — ——

ee=35=r, and 4 =1--=v,

[B)  f{z} = sin xchsh ¥~ icos J:f@;_,: is entirg gince

W =oosxcodhyae, and o ssinrginhy = -,

i flal—e "HAx —fe oty = P ana + ai{=e " co8 ) is gline sinco

4 1

w,o=censx =mw, and v, =—¢ gy =,

il FOY = -2 TT s enlive since Hois the prodoct of U auire funs.dons

ploi=2 -2 md Al = e = e omsv-isinyy—e " cos v+ il—¢ Fsinyl.
| —
[

The functon gig enbire sinee 11 3 pelpoociz], and b is entre since
== cosy=v, and & o=-ealnye=ow

o

2. ' flzps n+ 'y is nowhers analytic s:nce
L' L

u=mv =ty=t and w,=—v, =2x=0,

which meame Lhul thes Cauchy Riemunn aqoatinonz bebd naby ar the peine z=(41,11 =

{ul Jlzi=e"s" —e(Josx+inna) = ﬂc::ui:_-l- ie"an g s avwhere wnalyt. sincs
[ 3 L
w, -V, =& sins =g siia = e viny == vnx =0

Al
Wo=—v, mpfonar=—2ansr=s 2efcosx =0 =2 case =1

I
Muore piecisely, the moots of e eyuatiun siny=9 e »x (p=011LF1,..] and
cospr = {—1Y 20, Conseguently, the Canzhy-Riemenn equalioas are ot sabistied
amywhers,

7o (o) Suppose that 2 function F{z) = wie i+ iv(x 0 ds analyoce and real-valued in g domain
L. Singe j{z) is real-valged, it bas the Jumm £ = wix,¥)+i0 The Couchy-Riemunn
eyualions o, = ved, = =¥, s become @, =i 2, =k and thiz means CGal oy, y)=a
whom o i3 2 (read) coostasl, {Sce fhe proof pf the thenrem o Sec. 23.) Bridenlly, then,
Flzi—a Thatis, f is censtant in J2




it
{5; Supposa that g lunchion f is amalyidc In o demain ™ end thar its modolns Fie) s
seustast theee, Writs [P0l =, »hore ¢ s 2 Greald comslanl. I o= we s al
Flz)="0 theoughoue In I, on the other hand, ¢ # 0 woe flrif —o @

o
fatal
Kince f{z) is anelytic and pever meoo in O, the conjugstz §i{z) must be analytic i £F.
Ezanple 3 in Sec. 24 then tells ns that {7 must be constant in £,

Ty =

SPCTTOM 25 -

1, ) It is scrmighiforwasc to show that v+ —0 wher wlx,»} —dal-yp o find a
Earrmonis SOMNANS Vv ¥ We SIAaT with x (r vis T -2y Kow

woEY, =Y, =i -lya W =2y — ¥+ @[T

W=, = —r =T a0 — 2 = plad = x? + e,
Consexpaenty,
vix ) =2y— ¥+ O =x -y -2y -
e} Lt is swanghiforomed o show that o, =& = bwhen w(x,y) — Zx—=x" +35°, Tofind
hammorgc cunjugals vl vl owe starl wilks W (x, y1=1 —9x" + 37 . Nuw

vo=v, = =230 4 2 ey =y -3y T L A,

sy = vy by = ey L= R U= pla) G

Cunzquaily,
vimyi=lyr—3cy+)’ +o

{z) Ttis soraighforeand 1o show thar o +u =0 whar sy y)=sinhrsiony. To [l &
bamuonie conjupate w0 wa atart with o Loy - ek ssiny, Now '

o=V, =% !-’lIlI =consh ST = 'I.?I:_'I'I_'!,r:]=—|:|:|5h FoOsy -l ‘iﬂl:l.}'
Then
M, ==Y, = sl rcusy =sinbhavosy — piat= pix)=0=plxi ¢

Canseciently,
Waot = —omllrcos v+,




i3

tdl Tcis straighifocware to show thes vy, +u, =0 when wx,y) -+ To Find »
L b

2y

harmanic conjugatz (x4 ), w2 santwill) g, Lo, v} = o= Wi
{x"+37)
ho=p =V =—1—tr=¢'.-[1 ) =- * I #h(x]
B h ] L} EI! -|-}I':]:' ,:'I' ‘::1 |_':|.'J -
Then
i z_ .2
B =—y = ,'1'1 }, == 1; L — )= i)l bl =r
i +yy x4+ '
Conscoquently,
x
W ¥=— —d,

Suppese that « and ¥ are Da: ooz congugeie: o & o 3 Jumain 72 This Dams thae
E'r.'r:“:,r 'Hl!,-='_'1"|a ternc] i:'::—"'I.J.n H!:—F,.
Hw-—v-V¥, uen,
wo=u =V, =—n +|'-|':__=ﬂ and w,=w,—V, =u, ~u -0

Hewxz: wiz,r)=rc. whore o is o {rzal) consman: (compere e proof of he thowem 0 See.
22) Thatis, v, v—Viey)=c
Suppoae thor e and v are harmenic conjngatcs of cach other ina demain T, Then
A AT I A R
1t bodleran juadily o Wess oyuaions .
by =0 o =0 and v =0 v —0

Consequenty, olx, ¥) and v(¥, ¥) most be constart theowgboul 5 (eompae the proof of the
theorem in Sec, 270

The Ceuchy-Ristnann equatons in polar coordinares are
th, =1, and w, =—rp,.
Niva

P, = vy =20t U T,
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My =—1¥, = M ™ TV,
Thue
P, LT, A N, W, TV

end, sincc v, =1, W hayv
3, _
viu e du,, =0,

which te the polar form of Taplace'a aqoation. To show tha v sabisies the saue equclc,
wi ehserve tha:

1 1
¥
Lind
TH, =1, =¥, =,
Smoex u, =&, then

U b by =g — M, —H, +hu, =1l

¥ s M =1Inr, then

1,-.]+r:£)+ﬂ=ﬂ_

x K
r'.u,,-l-m,lu“==r[--
S

Thiz tells ps thas the funcitico & — Lo as bgrmanic  the domain »2=0,0< <25 Nowir
- |

fellows from the Canchy-Riamann cquatinn xu, = v, amd te Jerivalivie g == lhal v —1,
r

thus wir 81— G+ ¢0r), where @[] is at present 2n arbivvay differcntizole funefion of r.
The other Cavehy-Ricniann equation #, ——rv, thea hecomes 0= —rd’(r),  Thar iz,
Al rad we ree thor @lri=o where © 15 an wloloay (real] comstant.  Hence
Wk A= e ois e harmuonis vonjup e of gir 80— lur
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Lhapter 3
SECTION 28

1. o) exp(2+dm)= Fexp(EIm)— =", suce eap(dIai) =-

',-.. 2+ﬂ-u1l!1'p—-f
o S A

— -,‘,'_[-‘jl.n-'-:--ll-\— ]lll”_ll+:|

EIP_H_ e | -.m-:-i-;snf]

fol waplo+ Ml =(Spalespml= —xpg. sinee sapm —-L

3.  Firawdie
expT) = expix — iy} = #%¢"" m of 20z — i siny,

where 7 =7 +Iy. Thiztells Jatha exp(fi=ulz, v} + l.l."{_:._}':ll; where
Wimpl —etuisy  wd  AWx ¥I=—a"siny.

Snppmn: that v Cadchy-Hiznann eguabiong M= v wl oy, —=v e wabslied 2L sonke
prin: r= x+iy. It is easy o> see thal, £o- the fomakms & and v here, tese equations becomea
ceey — 0 and sin v = 1), Dat e 23 06 valoe of v sabsfvng 1his pair of equationg, We max
sovglode that, ripce [He Cauchy-Riemasnn sqoacions fail ;o be sabsbed znywhere, the
Bunctian cxp{Th 18 not anclytic anjravhers.

4. The function {-rp[a Y i enrire since it is a COmpgitien of the emire finerdons ©° und expz:
and the chain mln fnr-ﬂfm vorives iells us thar

!

L a ﬂ! .
rirmﬂ": ]'“p[ﬁ}&f = 2zexp[z).
Alleniativelr, oo can show that ':.'-:1:-|:E1 :I- 15 CTLTE by wiikig

= cr.p[[;r + r}-}:] = !;.‘-'.E!-I:.I! - f:lcxp{i'ix}'}
=explc® — A doos(Zey) +ienpls” — ¥ Jeind 2oy}

-r ]

and wsing the Canchy-Renaon eyualivns, To be epecilic,

W, =2x :Jtp{f - f}cm-;!:rr] -1y enplz.t: -=;p'"j| sLn[2a) = r,
aml
= — Ejrtrp[:rt : };1] RS Y E:crp{.!f" - ;r'"}sim:hj'] = -



Fuillezrmere,
%:;p{z Vlmw, i, = A _1-}[13.1 pis® =yt icos(2ay)+ fexplx’ — 3 lain (EJ.:!.'ZIJ

=Zreapls™)

5. We first wdis
lexpiZe ki) mexp[2e v i(2v + 1] = &5

ansd
|ewptia®)| - fempl -2a5 41155 - 54— e,

Then, siue
|f::r|:[_'£z 1 i)k ern il forp(2e - i+ expiiz™],
it fallows that

’:.’-.p{!: 1 +e1]1l:.".!,'ji o LU

#.  First write
|=:IF (7 )= Irrpffx"l' 5}']'21, —IE:ID[LJF - A1t :”l:vl =exols’ — ¥

ad
explz 1=expie’ + '

Jie 1 — x40 it is clear that exple® — ¥y genpta® = °). Hone it tollows Eow
the ahowe thit

[-;.1:1;(:331 £ mp{lzlt 1.

7. Topmve that Jenp(—2z) < 1 = Raz > 0, wrie
|expi=tzy - Joxpi—2x =2y — sapi=2a),

T1 iz 1han clear thal the sciemend oo be prosad i3 the gime as ezpd -2z} < 1 = 2 >0, which is
obwious fecm the graph of the =xposental funcbon m eyculus.




o
Ll |

B fed Wiite ¢ —=2 as %" —2¢™. Lhis |2ils us Lhut

' =2 and y=m+led (n=041%2

That is,
r=In? and y={2g=lix {r=0tLE2, )

Hane:
2SN L TS TR A ’ (r=0k=1%2_.)

B W 2 =14 437 a5 &Te” = 205" fram whizo we ses that

£=2 and _v:§-+imr =Lz,
Thor 1%,
r. Z .
z=In? and y-— ..i'.r:+5]m: (=0t Ld,..0
\
Conscaquenitly,
i 1
e~ Inl+ lu+§]ni {nadFL¥2,. 2
b

fr) Wrine expils —T3=1 a5 #7775 m 12 and notz how it follows that

e =1 and Iy ={b+2an (pe+1,=2 )
Fvidendy, then,
1
¥== aad y—smm m=01112 0
and this means thal
7=, + B n=0+L%2,. L

9. This prakem 3 aclosdly o find a5l rmats of the cqoation

CALif ) = enpliTy,




3R

RI

11.

3.

Lo dw s, szi 2 =2 + v and rewnise e eguaion as
e =T
Murer, aucandings (e s ement in iolics ot e hagineing of See R in tie e,
e¥=¢' and -—-x=x-~ImT
whezre m may hove wmy ume of the values n=0.+" £1 . Thir
v={ and x=anx m=0+H -2
THr raoneR of the erigingl conation arz, tharaZooe,

T WA (=01l 12,0

fz) Supposc that o 15 real. Binge = ¢ gesy+ietsiny. ihiy means shat e smv=1{.
Moestover, ainee & iz never &oro, siny =00 Consequently, vy —aTin—0LLLZ,. .0,
tharig, Tmr=nw{n=021%2, . 1

it Onthe other hand, suppose thal < s pore imagingry, Tr Zollows thar cosy =00, or thar
y= L nmin=0.042, ) Theis, Ims=— +ax (n=UELEL, )

[

W xiar by writing

i _ T _x-np X .
=2 = - = , _
=z x4y Pyt

1

Broansa Be(e® )= ¢ cosy, 1t follows that

:

Rﬁlﬁ]‘.]= L’u"i.P

LI I x 0 ¥ )
— |[oosl ——— |=exp| T, ona . |
I+ L+ ¥t 1, 4y

Since &' s gngyliv in every domain de does 507 socciin she crigin, Tharrzn 1 In Sea. 38
ensares thar Reqs""* i barmonic in meh 2 domain.

.

I Fizi=wuix, v helx, 30 i ennlyric in some domain B, ther
2 = M (e, e T i v, yL

Since ¢ 15 & compasit.on ol Tungbvas ted wes snalyliv in 2, it foilews fom Theorem 1 in
307 20 that 1w coulponaut Douclivig

i, pi= 2" angvin, ) Ve ¥l =" ginvir v
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are harmouniy 1 B, Marsower, by Thoosom 2 in Sec. 25, ¥ir,3) i5 a kammonic cenjngare of
Bz,

14. The poobiern bere ix L ssiabdish the idaodty

{u]

(oM7) =axping)

(m=0,£L£3,..}

‘T shaw that it 8 wwue when =012 _. we use mathematicol indoetan, TL s

obyiausly trus whem n=0 Suppuse that i1 it uue whern r=2xr where m it any

cennegatve Inmger. Then

lexp ™t = (2Rp T (exn o) = OEp( M) enp s m oxpinr - o= explim 1,

) Bupposc now that 4 iE a negafive topcgsr e 5, 3 ) ondwrie m=—n=1k....
view of pad (ah
r 1 1
cxpzl = — = = Y L AN
exp ERP-E,J (expz¥  caphoz)  oxpl ono) F
SCCTOM M
- . - SN )
1. fa) Lazi-ef)=Inl—ai +/Agl-=f1=1ne —E:- =i -2-.!.
#) Log{l-i)=Wil=i'= Al =i) = In uz—§f=%mz-§f_
2. {8 loge=lre+i(t+2nsl =1+ 2nm (n= U, L2
Ml togi=Ini+ ."(;"r- ErmJ = [..’.n + %]H:I fn—ChELEZ,. .0
i) lng{ 1+-ﬂf]-l.n’-'—:l| +;.H:T|—]I12+2|}T+]] | (n=0.fLL%... %
3 ) (hserve that
Lol 169 = Logdn=In2 +-?;I
. !
. . & X
ELDE-:].-FI:I—I[JH'\,':. HI,}HIHE [ -i-L
Thus

Logll+i¥ =2Legil+é
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L

feaf

fer)

On (he uitber v,
Log{—1 +17 = [ dgl—21 =ln 3 =%
2z
arnl
. T " ir,
ALnog{ 1+1_:I~?{;n-.":4 —4—] by 2+ Tl.
Hahee
Logl-1+% = 2Lyt =1+,
Conguler the branch
‘
Ingr=lnr+ip F= U,E#' g;y:.
\ 4 £/

Smce

™y
]ug{i‘]}=l-:~gl:—l.]=1nl+fir—rr'.' and  2egf=2 14T =
- gy

we: Lind it bogdi®t — Blusé when thiz beanah of Ing r is taber.

Moy coneider the hranch

X Ll
lopgz =lnr—-id [ N —< g ;
§ PR TR

Har

logli*] = logi—li=Inl+ix=m and all‘lgc-?!mlﬂjfj Al

Henes, for this paricolar hmanck, npd') = Zlogi.

The two values of ° ars 2 and £ Ohesse that

logle™™ =Inl+ z'($+ nr } = Li".n: , ?i |2 m=04LE2 )
atnl
lowa 2% = 0]+ [Lj— + En.frJ = [{_1!: ~ 1+ ll]::.i i = 0,ELES,. N

ICorbining thede v 5273 of valoes, we T G

Lugfa™ —| Y }Jﬁ = DELEL,...)
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On the viber haod,

I. 1 qm L
E]ng.l = E[MH_ r[E+ 2n J’:)] - Il.u+ I,Jm- =011 Fd. .0

Thus :hz set vl valugs or lopl™*} i (he sume as the ser of veluss o : inpi, and we

104y Wit
- 1
logli**] — = logi.
Mote that
loglz*;=logt—Fy=Inl+ 7+ 208w — (2n+ 1k fe=1LL1Ld,...)
i 1hai
’-.’l-nj_::={lnl+f{.—?+2rurj:|={4n-l}m th=0LLES. )
S

Lvidently, then, the sar of valoes of lom(i*) iz nor the samc as the scr of walues of
2logl Thar s,

JoglEt1# 2iogl.

7, Ty joulve the squatict logz = xS 2, write expllogzl—explir f2), or 2 —=¢ " =f.

10, Sinee In(x* + ¥’ 1 i3 rhe seal anmponenr of any (anshaic) brnce of Xage, 103 harmonic in
vy doman 1hal does not 2ootaim the drgin, Thus can be vanhied dirgetly By weiking

u(r, vl =inix’ + 31 and showing tha u {z,v}+ u (e y)=10

1.

- SECTION 31

Supxes at Reg = Panc Hez >0 Thea

g = aeapid, amd =z, =ooap 9,

whare




The foct tha, =7 <& + 0, <1 ciables us (o owile
Liging ) — Logdio rdexp ik, + B —Inir 34 008, + 8,
= lary 48 14 (i, 08,1 — Logdr exp 8, )+ Logr,; exp i€, )

2= Lupz, +1ogs, .

4 Weure ashed 1o show in b doffzent ways that

ll.;-g| :'- |—1ug* -logs, 1z « .
L

-

e} Ome weay 15 w reler W e wwlatn i] =Wer — AR, I oAec T and will:
=

! M
45"

. L . . .
‘i Anothol way s i) Brel jhoer taal Iog] ~ |:—-|_|:|gz Nz ,.'_ﬂ:] To d_.:pﬂns_ WAL =
L

aril than
LY ol Lo m(“ . .
lia (— =l =™ J=Inf — i+i(~F+Inn =~[Inr+{d=Znul] — —logc.
=l } N [ W= log

wharg g— 11,10 ‘T his enables us v wge e relation

leglzzl=lugz +lugr

tnd et

—'-|--lr:lg[ l] lcg.g,+lng[‘ﬁ\| = logz —logz,.

l"-:_._. &

log

= =00

=1n '.+u|.rg[ I=|:]T1I:1h-!ugz1}- (Inl=,l 1dares, ) =log s —lupgz..




5. Tae prublew kae i W veoly tha

b

in—=l-2..%

zlll =ﬂ]{ ]ﬂgz
e A

pivi Wil it is velid when w=12..... Tu idv this, we pot me=—n, where n it a nogative

intogsr, Thea, since m is 2 positive inlcger, we may wse the relations z7' =1/ 1 and
Lig =¢"" Luwnla

2 - ‘T':n -l _ r-] _.]4
2=y = o g

"1 . - \ .
T m . _ - Tiuer
y[ Lm EE,J_; ﬂp{\ i MH.J “p[rz‘uh)‘

SECTINN 32
1. Incachpad bdow, nw( F] +2 .
fad [L4i1) —cxplzlogl +:)] - cxp{i[hnﬁ,, +1J :j:-q- n :;]]}

5"

H r
— | =2 -] 2
'H-’[E 1 (..1 +2ﬂ*rJ

= exp[— ‘: - rr]:.xp[;;ln 1.].

Sz A lakes oo all inbegoal values, (e tem —ins bhere cam be replaced by +2nx.
Tims
)= u:'.'l]:{—§+1au:]u:p(zlm 1].

i -1 = exp[-:;mgt—i:r] = eapH[mlH{rH Ermj} = cupf2a 1 1]

-

If
2 fad BV, = ﬂ'-":p[j]-_-ﬂgld_:' = EIF[jl In1 +‘.?_?:]] = :;i;p[m g\,‘
LY - R

i - hl
A A [-%{-1- 3 ,.'] = m:p['ir:ﬂ ..ng[; -:_ - ,Er]]} = Mpl':{ n(ln .- J,-ET?FJ!]
. - t E

= aXp{I ronp 3w = —exp(2r )L



dd

1 III. Y "
(o, BV (1=" — expldiLogil=i) =E.-p[44'| 1.1«’5-;'% | !=¢‘e"“”‘"
", _._!

=" e0s(41n~2 1+ sin(4ln 2V - " [cosiEln 2] + isiniZ ln L)),

ince —1+43F = 2657w may wrse

(=14 430 -_—Ex"{i]ngl:--l + 3} I-nxpi%[h 1+{2Tﬂ'+ In.ﬂrj]}

= anpf [ (27 2 1 (3 1 1) ] me 24T a3 + D)),

where n=011+7, . Ohsere: thar if n i3 cven, then 3=l it odd; and so
o iie+)m]= 1 On ahe other hesd, 7 # 33 add, 3n4] i cven; 323 this means that

expl(3e 1 1gf]=L So only two distinct vuluss of (—1+ 430" orire. Specifically,
{1+ 3" = 2242,
We vunsidas bere any nonesto complex mamber g in the eapunznlial Doz, = r, exp id,,

. . . — (BT
wher: -7 = 0, £ x. Accouding & Seg, 8, e priccipal value of £'™ is 4y mp[\(.!-—" i; and,
n
azonding 0 Sec. 31, that value 1

b r "
exp{ 3 Lows | = exe{ v, +18,) = espfin 5 e 2 a7 anp 10

Thiae DD EXPrRSSIONE 4Tz evidenly he mme,

Observe hal when ¢ — 345 s any Haed eiongles gunber, whee o=0,21L452,..., the
pimer © can be written as

¢ =erplcloyi} =ar-;p{{f1+ fﬂ'}! In1 +!|'f | ApIT 1!1”
L < M)

f"ﬁ L - o E
= E:tp’r-..':ll -_;--I- ing |+ iﬂ‘ -+ 2.‘.!11']] =0 L 42
LA ) v, whr
Thus
" L o .
- -.::I:p[-b[T EmrJ] TN | =

an: it is elez= thar &) i moltiple-valned orlzss B =0, or c iz teal  Moke thar the rostriction
reh ] 22 enomes thal |© gE oudliple-valued even wihen B=1,



SFLTTION] 33

The desirmd derivarives cic be found 1y writing

1., 5 N
=—{leT+ie ™| = =
o v ] > Cu5 Z
and
. 14 ] o
il:l.'lﬁ.f=ﬂ[f. ™ =-J'|f:‘i-.iill o _ql
& dz 2 ) 2w dr
| T - )
by L L — =i
3{ ) i 2 *
2.  Foom rho axprassions
. L o=k = £"_=
Sl = —— gl wosr— .
XF
we sedc tiat
i T s ot

A Bjguaucn {45, Ser. 33 is
Aabng aogr, =aindz, + 1,0 -sindz — 2,0

Lerchanging & and g9 here and using the fact that sin z is an gdd function, we havs
2cos 7, sin g, = @nlg + 5, ) - sinig, ~z. 0.

Auiduion o cowresponding sidss of diess lwo eguedivns mew vizLh

Mgz ensz, +oosr Eing, = 2einfxn 45,

sy, +5, ) =557 o8 +oosy sing,

Dillacmicatiog cech side of equation (33 3¢, 33, wilh iespevt W 2, we Lave

COBl2, 42 ) =008 Z QUL Z, =St T SINLT, .
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7.

10,

11,

fz) Fram the idecdty sin’ z +cos® 2 — 2, we Lave

X
mn'E . onetr 1 . .
o+ —— = . o l4dn  z=gpc"n

oYL TUstE uosc

'ﬁ::-'l M:" 0 r

=T Iy
11y I o 1 1
LT

——= 5, , o J+oot®r=cac’s,
sl 2 %¥m'T  sntw

From the expreesson

gin 7 = sinxcosh v+ roos.anh v,
w find that

sng’ = sm’ weosh™y 1 cod® xemh®
= sin® 4i | = sink® ¥) = (1 —gin” x}sinh?
= sin’ x +sinh” v,
Th enpression
ooy = o oosh y 4 mn vsinh
an the cvher hand, s s thal
lewmsz * —Lua” xuush® 3+ sin” 2 ainh? y
=cos” 3| +5inh? py+[1=yus® £anh® ¥

=0’ 7 | ginh' y

Since tinh® v 1z never ueyeive, ik ullows From Brercise 9 that

fa lsin zF 2sinx, or lslizl 2 )sigai
Jixd that
fin lemaz " oog’ 2, or leosd Zloos .

In ths pro®iem we shall use Wi shalities

. + . P . . i
leicx” =sin’z +ainh” ¥, leoss® =rog v L einh®y,
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fal Ohbserys Ual
vink? v =lgin A ~sin* x 2 dinzl
anil
lzinzl® = zin* ¥ +{cosh” y— 1) = cost b ¢ =71 —gin =]

S 1 - T
=gush® y—eu xS vozh”

i L] N . = I .
cinh” y<:gno Scosh® 7, v [sandA<|sinzl=cnshy

b On the obhet band,

smhz}r—lc:nsalz—n:a.sz.t Zlooeg”
and ) )
lens o @ ona® x — (oo™ y - Diaengh 5 - {1 ond t)

=cosh? p—sin® » Seost? iy,
Hence

sich® p£lcosz* Scosh? v, or  Isinh v £ o521 € zosh y,

13, By writing f(z]=sinZ <= 5IL 3 = 1) = s acosh v = foos 1 sinh ¥, we b

Floh = ulz, ¥+ hrin y),
nalel b

iy, y)=sinxcashy and wix ¥)=-—coscsinhy
H the Cauchy-Frmann &Juanons &, = v,, & = =1, aec to hold, 7 15 eagy 10 soc that
eatronshy =0 amd  sinxsinhy m i)
Singe cosh ¥ 35 nover zoro, it followa from the first of these equanona thet cnsx = O (bat 15,

2=Zpar (n—D&LL2 ..} Futhen:oss, emce ik 18 nonzero for 2ach of these waliey

of x, the aeennd equuicn tells us tha ginhy =0, or y=0. Thus ths Cauchy-Rizmenn
eqoations hobd oely ac the aounts

+nm fe=0tLE2. L

I

k|

Ewidently, then, thera Bs no acighbarhend of sny peisc fwon g=oat which £ = asalytic, and
we way aonchde that sin & is not analy ic anyrwhere.
The funtion F{z)=c08Z = 008 —iv) = cog.o ;0gh y + 50 KINh ¥ Can bo wTideh 15

Flei=wla i +ivinyh
whem
iy, vl megsxeushy amd wix Pi=sinx-nhy.
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If the Canchy-Rirmonn equadons &, =v,, &, = . hald, rhen

siwwycpshv—0U0 and gusxsinhy=0

¢ fhest of thess eyuations ells ws byl sinx =0, or x=nc(n="0=1+23..) B&inu=

coznpm el b follows hat snhyp=4U, w v~ Cuentequenly, the Ciuchy-Rismuann
equatinng hold anly when

el (r=0xLL2..L

Er thers is ne neighbochood throughout which F 15 analytic. and this means that coss is
nitwhers aalyLc.

16. (o Use eapressions 412), Sec, 33, o write

comiiz) = cas(—y 4+ ik} = cos vensh x — iz yainh x
and

cos{fT) = cosly — &x] = cosp vosh x — isin vy smh x.

This shuws Liar oo &) = cos(E] borall z,

s D exomasdun (L1, 3w 33, 0 wiils

sinifz =3[ —y + ix) = —§in yoaghx —foeg ysink x
and
sinlizd = sinfy+iv) s sinveosh ¥+ icosyeinh x.

Evidently, then, the eqeacion sind i) = Ain(EE) °R equivalent m the puir of eyualivo:

sinyocaoshz =0, cosysinbx =1

Since eoghx s never zern, the firar af thesz acucdons telis us tha sy =4,
Consequenthy, v=n7 a=0-LE2,...) Since ecesgs=(=1¥ »1L e secomd
squation -alls ws chat sizzx=1, or that x=7 S0 we w4y conciuce thal
izl = sinGE) IFand only iF e D1 dnmmawd (a=0=1L%2, )

17. Kewriting the equacion zing = cosh4 22 sinwceoshy+Tcos retoh y = enshd, we 538 Ll we

nxed 10 sndvz the pair vl equaliong

s xcosh y=coend, vasxginhy=10




14.

A

Loc zarg y. IF » =10, the first equahion becomes sina — gush 4, which muinnot be satisfied by
ary £ e smx sl and coshd =1l 55 wed), and the second 2quadon requrires -hot
wp s =1, lhms

" .
I—E-I-mr =043 )

Since
N
.-.'m[ - .-m\l -~
2 /
the £-4t aqoaticm then becomes (—L)" cosh y = cnshed, which cannol hold whee #isodd, I o
iz cxen, At fnllaws thot »=+4. Finally, ken, the oot of sing=cosh4 ars

1-—(%+En.‘:):|:4|' mei+] 2.}

-

Tie problem here is 20 find all raots of the equation eesz =17, We siarl by woliay thal
equaion a8 cosronshy —-isinxsinhy =2 Thugwe need bo solve the par of equations

e rcnshr= 3 zincgnhy=0

forx and y. We noi2 that yw() glnee eosr=2 § y=0, and thar is impegsible. 8o the
seeand in the poin of equations o bhx aalved <clle us that sinx =0, or that t=rnr
{(n=01L%2,.. % The first sguaticn then tels us diar (=11 ¢uch »= 2, anl, sigs cugh v s
adways positive, a musl be ¢ven. Thatis, x=2nx (a=0£L3Z,..). Bul (s means (hal
pighy = 2, 0r y=oodh™ 2. Crnseguently, te mots of the given aquation arz

g lam+fosh™ 2 tn=Nt1,%2, )

I'o express cosh '2. waich haz twa valuss, i 3 dillersol way, we begio wilk
y=cosh™ 2, orveshy =2, This tells us thet o + 27 =32 and, mwrring thia os

e =d(=" 1+ 1=0,

we may apply the quacdatic formula o obrin & =223, ar ¥— (2 143 Finally, with
the vbserativn hat

(2= 3T +T) | R
il -3y =| =i e |2 —IniZ +4T),
2-+3) "[ EIN ] YR 22D

wa ardve at this altemmadgwe form of the rooms

z= Ing il 3 in—DELEZ, .,
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SRCTION M

1. Tanlfind e derividives o siohr and soshr, we wrim

r - ] . : ot
iﬂﬂh? =i| £ =L |=£i‘:.‘.c_f—:}= L
e ar, 2, Zdr 2

a ) P"-'I-.F_:] 14 et —g
—CEl g = —— s = = 5inh £,
de [ 2 | 2 =
A, Llendty (7, Sec. 3 55 s 2+ wos” 7 =1 Heplacing 2 by iz hore and using the idzatsiag
sinfizl—isinh:  and  cos(is)=woshz,
we Find that P ginh* z +ongh’ a1, o
.2

cash z=si-h"a~L

Rlonliy {0k Jec, 33, 15 voel(g 4 2= 082 eosy, - Aing giny,, Roplacing 7 by iz, and
z. by Iz here, we buve cos[i(z + o0 = easil Jees (i) —aininsnlin) The =ams

sdendrtes that were used just ahave then kad m

coshiz, +z,) =wosh g sushz, —sinhz sinhy,.

6. Weorth to show that

[ztnh xl=leash < 2nghox

in oy difforens ways.

igd Mentuy {12), 320, 34, 05 Icosha® =giek ¥ o4 vas’y, Thms levshz® —sinh®x 207 and
mis wella na thar sinh’ ¥ <icothd’, o 'sinh S lcoshyl, U che other hand, smce
il =1 — foosh® = = T4 uus® v = cosh? x — (1 - cas® ) = cosh® x —sgin® p, we krerw that
icostz —cosh® x S 0. Conezguendy. fovsk o < cosh® x, or looshel S cosho,

¢8j Exercisc L11{&}, Sec. 33, talls us that Isinh M5 cozzl cush . Replaciiy z by iz et sl
recalling that cosiz = coshz and ap = =y + i, we oblain O desinad inzgualicss,

T fw Hssrvs il
LU L R 1] EP | B r -E [ 4 H
: - £t —g - - )
sinhlz =y = - e FEe ¢ -—:— = —sinhr.
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(kb Also,
snahiz + o) = L-:md] = f‘f'“ ‘11:_':1'3'_“ _-e 2—" : __ & -|: -z = _coshe
{r)  Prom pans (el and (B, v ind that
tanhiz+ ai)— sibit+m) _ =sinhs = stnh m tanh g,

ceshiz + Y —onshr  oner

& The z=ms of tha hyperhalic wr gent finctinm

wnh=
coshz

terthz =

are the same a8 e werogof swhz, wlueh are £ =nm (a=10,+1+2,..) The sinpulantes of

"
kanh z ace the 2epos of coshr,or 1= [‘1—; - N |l' m=10,+Lt%,... L
£ A

15, fmp Observe Wil since sinohz =4 ¢ii bes wolen &z sinhxeos y+icush x€n ¥ =, we noed

it

11 a31ve the ir of aquaticns
Eiegogy— 0, ceshsamy =1

IT x=f), the second of thess squanars decomes siny =10 and €6 ¥ =%+ tnw

in-0,4L2,..). Tlenge )
en (204 }Jm =0l )

If z=0, the first cgoation requices that zosy=0, or _'|-'=-%+HII!

(m=r=1+2 ) The sccond then becomes (=17 poshx = 1, Tt there 13 Do nonzera
value of o satfsfying this aqnaton, and we have no additional roots of sighz = 4§

Rewriting coshz= % as coshxcosy+idinhaginy — %, wre 5o that x and + must smbisTy
the podr i egoadans

ensh rensy -—1— ., Atnhxalny =1

-~




I s =1k e secoan) oguabivn i sadislicd and the ficst egoaticn necomes

1 oL .
l.'FIJE,'F_E. Thuz ¥ —ews ';=:I:§+3m1: (r=1,*+1+2,..) &nd this means “hat

3 | N .
f:[\!ﬂi;_—]m m=0tLt2 2
el
If &0, the serond equation tellsus that v = nar (= RALLLZ., .1 'Ihe List then
1 ) . . . .
becomes {—1) eoshe = 3 B . thos emgugion in = bis oo suluiion sines eoshx 1 for

#ll ¥ Thus no additional voots of coshz 2% are Ghtaarked.

whr

I, letws tewnile Gamhz ==1 ap coshxvosy +ivinhaydny=-2 The nroblam iz evidentdy o
sobve the pai- of equations

vishacoer— =3, winazamy=[
I = 0, ke sevomd eyuation & sstiefied and the firal redoces @ cosv=—3. Since thes
12wy r saleslving Bus eguetivo, oo oommls of eochz = -2 s
T x40, we find frem 1he seconsd equation that s =1, 6 y=ar (R=0.11,22...0

sloce cosar =(—107, & follnws Provm rhis B-%r coation rhat (—1)"coshy = -2 Bot ks
eyuation can held oy when # is odd, i which egae & —codh™ 2, Conse, vently,

c=oreh 24 2n+ 1N [r=0,+1.+2,

Recalling foom the-soi:iun ol Exencise 18, Ses 35, thal coash™ 2 = £ni2 ++/3), we 2o that
these rew can alse be wrillen os

=2+ V3 + e+ i - U LL LY.L
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Chapter 4
SRCTION 3T
:._ rl ) H I!,.' ] ". . .E arr .I ) I_ ]
2 tw [(s-ifdr=]i =l far=2if S oo 2inZ - s i
| L b L I 1 ] - -
wi B TR - - -
Ll P & - 1 E ' d9 E_ _ﬂ 1.
tin} !-f s [_"':Ju . |_4:f533 II.51113 j-]... h -|-EI

fob Simes 1@ “l=g *", we firnd it

-

t -z |1
Ig“":it:ftimff"’d::]imlﬂ J .l1im.[1_,_=-"]=l when Rez =
# Hﬂu e T — L L r

X The probicm here is bo verity Zhac

Ti'-ﬂl gy :"J WICD AT,
]

.,2“1‘-’ Wasn Mk A.

T da Uns, we wrk
e

I= e do= Teﬂ“-"i'w
r f

and glscrve thas when w2 x,

I=" e Al@ ‘|=-'r= I_ ) .1-_-=
Bm—n)), Um &) {im-—n)

Winn wt=n, [becomes
nr

i- ]dﬁ* = 2
1]

and Wi verificabon 1$ complets.

4, P ol all
] . E o
Ie' il Jef eosxdy ++'_[g‘ sl g ilx.
3 f n
Bul aisy,

*u.':u:]‘_fuﬁi-__l__f*'_[ 1-! I+£‘+I.1+Et
1l

F.Enl'::'df: A = 14 —_
! L+i L4 148 1= 2 2
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Couating the ccal pacts ind thon the imaginaoe pasts Gl |hzes twa expresgons, we find that

[ . l—ﬂ' x T
If COEY If = —m— g Jr‘sinzri::—-i-l-e ]
C 2 | 1

Comeider the Tunu:ivn witl= e' anul vbserve the
rx

_[ Wit =T€ﬂ: = (i r L. }.‘ =0l
’ ] i

i ]

Suce [mfcn2a— 0=l 2r o 2ur bor evely scal number ¢, 1t is clear thar there s 7 mmber
it e ingmenl Oz 3w aneh Sat

FE

Jwitidt =wicHza -0y,
”

a3y Suppose chot wiry is evan. Ty sinichtforeard to shew that w6 and vi(g) most be cven.
Thua

Jotedae = fretard-+i f vt =2 uigsdt + 26§ vint
a ‘a a o o

-7 iu{r,'!tir +fi v(r}ﬂ‘;] = Ej'w{ Eit.
2 3 o
Ft  Suppese, on tha noar haad, that «w{f) is odd Tt follews that «¢) and W7} are odd, and 54
__-[ Wi e -_jl tel 3 3kt +J'j'u{.*}¢1‘r =040 =0k
ronsider e Tinerans
P.t'x:l=ﬂ|:x+ - cos El'}*d’ﬂ' =012},

whoop =1 ¢ 21, Shixe

I.t +iy1 —x’umﬂ'lqu'x“ +(L— ¥ heos® B faf + (L= =),

it follows thr:
T (xy 5%£|x+ Pyl = -.;l:nsuﬁlrdﬁ' £ ilr[;m =1,



§F
L[]

SECTION 33
1. fu} S by wribng

F= fwimidad = [ui—shir 41 vi-t)dr
-k -k -

The subzlitebien €= - w gach ol hese two inteprais on the right ther vields

a ] P; ]
t = —[ut sptr—i| it — [u(myde+ t] vizhit = [w(ide.
k a )

1. a
Thel. is.
Far ) r~
{wi—sidr = [wizrie.
rhl San will
5 2 k
F= [wiede - Tuiiole+ij oelat
and then make the snbstizution ¢ = (7Y in each of Uk indeprals vn Ue dplil The msul.
i
fl A i
PSP AT LI ey PGt foiatre iz,
o] L o
Ther g,

£ L]
[wna =T wtptene o

3. Theclope of the line throegs cha poinea (fee) and JfF 6] in the £ plane iz

h—n
= )

G tha roadon of that line is



il

Solving rhis eqmuiiim {07 § one @n EwTie it os

- b=—u r+ﬁﬂ-bu

4 .
B-e A=
Since £=471) then,
pie o ST =B
[ I ﬁ_‘x ﬂ_u =

< iy =gl f)], whess gle)m (7] | i) and £ =$(F), then

A= PN - iie{ 7],

Benm
201y = 2 TG+ S G T = AT I )+ iy 4 TN
- .;1"1' v, ,q’-r ] '? 1' o, N
= Il = Tece () = Ta wi)E' (7).
T with= e amld F{z}=wix, ) —o8x, ¥), 2(7) = 2(r) + d1), we hove

(e = k), plen] -3 x0rh )

The eha.n cule ELUs 1s Baat

-'Er-":'-— X +ay arc -"f-h— v L oy
I'.'if ux _-T m__u'r' :..!"l

Endl s
win =z —u v x vyl

bk view of the Canchy-Fiemann cquadons &, =v, amd w, = —v,, then,
W= ey - Y - Y S e 10 )
The 13,
Wil = qp [l W] +iv Lede), y (D76 - i) = }'TE{Ij]z’IZ!J'

when £~ 4.
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| SELTITON 40

1. (o Let Cbe e ssmigheds z — 20 ey % 1 shewn helosy.

¥

4

)

X

;Tl'lf:n

‘].:!:- = j - F)zu*ffﬁ - z:_[(.ﬂ | 150

z,

[ (142

K.

1] T
=:Iz'[=ﬂ—_--ﬁj| ETICR W, P Wy, P
1 o

(] Mow et ho the semizircle rw 2 (o @2 28 just below.

r
- i

\NTa

'Ihis is the same a3 part (o), excea: foc the limits of int=gretion. Thus

- z+3
S

dr= zarf ] =i~ -2w—f— &) =4+ 2m.

(g) Finally,leb © denote the entirg girsle $ — 26 (DEH 247, [nthis case,
I -I'-FEJ: = da
v or
the valus Imere Beiing = surn ol e vl ges of the inlcgzals in parts (o) aod (O

2, {2 Theemis rzmlae®(ms@sin) Then

[z-D= _[{L+r" Dw"de =i J'e'“da _;[ ::} )

”

——{ o) _;(1—1}=-.1




b 3

o) 1= iz=rCsxsl), e

The funeucn wy be iotegraesd woond cthe eloscd path © is Filz] =M™ . We observe thar
e =*’-".:_-L1 =€, + L and lind the valves of the integeals along U individead Legs of the
aomare 17,

fi) Sioes O s e=x {0 =x =1},

1

. e ol - nfﬂ“.ir=.rr” 1
1 a
a

(k) St Ol r—14+v{f=E s,

. |
L_I e = .1'.'-J ey = a‘:i-’r"[ ey =1e"
l.

n
(i) Singe O 5 z =[l=a)rillls e
L] 1 i
-|L_! mr’!d‘z = ::J-{ﬂ“] !'_n!_—]._‘_h:.tl' :ﬂ_ﬂ_r} E-rrr‘irﬂ E!’_ -l
L b
fivh Sueae 1 2 = HI—yrihs 1),
P l
[, ™ e w iy = i ey <2
L] 'a Y
Finally, thom, gince
| e = me™d, +_|’f= ae ek +.[—J e N+ J"_. e d,

we Koz thar
j-:.' .ﬂ':!"".:.!; = 4ig" ol B




50
4. The path Ois the sum of Uie gihs

Crr=x+ie' { 1=r<C) and Coz=x+i’{D€r<1)
Using
Flel=lon ), aml Fi)=45=4x" on e,

we vy
. L L
| iz ='['_| Fieds o Lh_l"[::ldz = [ 42 - 32" +JE:.:;54,1+;34* el
L
a ] H
= _|' dx i 3 _I x| 4j'.-:‘-'dr +12:'J.x=':i¥
. =1 u n
ale]l, +i[#] +]x']; +1:'[,r“1|: L4 L+ 2= 2 50

5. The centour C has sokie paranetnic eprsentaton 2= o] (e <% k), whee z(d) = z, amd
ohl= gz, Thea

[ PR N

f,  Tointegrake the braneh

g"'"“'i - ﬂq_-.l-i]mz '[:l.t.l:* LY o TY TR

around the eucle Ciz — =% (112 82 XY, wrile

L -I*Iﬂk J‘ o "r-”"';"rir TE.I—H:.'WIH!.I Fe'ﬂfﬂ:f:]rf ] Ecﬂﬂ'ﬂ
g

¥

e - f1=e™].

n'l—., EL

7. Let € be e pusilively crientad circls lel=t, with parametric representelion
z=s" (02 82 ix, and 12t im and a beintegers. Thes

2# e
Li"f'lﬁ:‘f[ -ﬂ'l —.r“ J Ewbl b g
o r

R wie know froz Exercise 3, See, 37, thal

o e U when men
JE gl =,
. 2y when me=n




Bl

Cungya ey,

0 when 4l
[erafl
€ 2af when m4bl—a,

B, Mot that © is t1e right-hand hali of e cirele &% +98 =4, 5o, o0 €, x =4- 7. This

§17ZC89 {30 pArAMEelric TepEsenction & :=-|.|"-I ¥ ot ipi=2s e ) to be uzed here
Vith thut neprecentalic. we have

-

: ¢
.L_ Z ok _l[all"H_Pe —I'.THH;TL}’TH'J ¥

-

=£{—:4—Fjr#+f£[m -H-:-"]d.?

i - 2 1
L N N % T eph
1 -y ;1_;'4—;—1‘ w24

= difsim Ly — g =10 & —E-(HE] =4Ti.
Jsin ~¢L) (=1’ :[E ; T

0. Lar G hothevimel: 7=z, + fe™ (=2 #2041

jo) Ween e ELEDL

: N S 5
Jo el e (ke Rie" s — i [t

" : 25"
=—(e™ =¢ "] =i—sinnx =}
i 5

11. Inthis cese, whers e 19 any wp’ numbes other (han zera, the 5202 sleps 23 in Everniae 11ha;,
with 2 instead of &, yiod che reanlt

J-. E-n ) =i 28 sin(ea),
Lo il




&1

1L {a) The foncion F{r} is continucus on 3 swooth: arc ©, which has a parame-ag
reprosentaton @ =zif) (a5t 5 b) Excecdsc LY, Sec. 35, snables ns e writs

1) M
I."[fiﬂ]z'n_ldx =LF [Z( =+ Tehi o)) @' T,
where ) #

2 ry= =[] T4 AT}
Hut cxpmasion (14, 8o A8, wells us that

m{plerg T =2

& B
[ latletonds =[ 120 seiendn

iR Lmpposc thal O is any contoer ard “hat ) i3 pacoewise conlinwoma on 7. Since © ean
be hroken ur intr a finite chein of smont. arcs on which Fir) i= contmunus, the
dentity obfined in part [ 7)) temaing valid.
SECTION 41

1o T Che the arg cF b pinsie [om 2 ghown below.

-

:'J'I 2

Wilkow evalomaiimg the umiegral, el us [uad an upper boamd [
oels that if 7 iy a point on C,

J-—;.if”— Tu der (g, we
f:z _1

iz =& lzf1=1: = 0a® =l = 1 =1 =3,

L
-1 -1 3




1
Alan, the lengh ol Ois —1('111:]==r. S0, tking Mn%and L= F. wefind that
1 fu ]

.. i
EJ-”E |smr=2

2. The path (715 23 shewn in the figure Below, The midpoin of C .5 cleedy the c.osest paint g
7
i to the pogn. Th dirtance of tha m-dpoint frocn the oogn is clearly ﬁ. the kngnior &

heing ¥

-

e . WV . . 1 1
[lence if ¢ s oy poink oh O, 212 - Thig means that, for such a poact = —Fi 4,

o &i

Uonsequently, by taking M — 4 and £ =3, we have

idr
L

S M= 2y T
kil

3 The comwr £ the clsed winnzlar pech shown below,

|4 tiad an gpper bourc tor _L_laf‘ - E]Id:r|. we let 7 ha a point nn (C ond observe thal

|l —Flle®l 1 T m e 4 g




&3
Bul ¢* £1 sice x50, and the distance 4c® + ¥ ol (e nuin- z from 1he orighn 1% elamys
lags Whan or equal 10 4. Thug [e®=21£F whes z ison €. The length o7 (7 iz avidendy 122
Hance, by woilng M =3 amd L =12, we Fave

[ ie° - D] £ A2 = 60,

Mote that if 1zb= R (K> 2% rhan

1227 — =2 et =2 +1

ad
2t eIt vl =1 =1y T —1i!|z|1—4|:[,.?3-11{g=_43‘
Thya
| X a - i
I 2l W I ot (N
e R § BN E . A | [ . SRV TS

wher Izl= 8 (8> 2). Since the length of C, is R, then

1
[ 27 -1 s SR2K + 13 %[H“]
ez 57 + (B —L{A - &) (1 {1__]

arc :c iz clear that the vidus of the Ineegral rends to 2600 a8 & tends to miimury,

Hers Cp 3 e pogitively oo circle |z = R (R >1). 7z is & poim on ., then

Log=

1
L

_HnRHFH InR-l-IEIIE;anR
it R -

gine: —A <85 & Theleogth of O is, of cowse, 268, Cunseyuently, by Lakiog

T+1In R

M=

and [ =23xR,




fi

wo see iad
‘- Togs - n:—]nﬂ“l
JC‘T&L’. = ML .d-i'l-{ e
Simes
. At+tInk TR
,[‘E. R }‘_.._ 1 =0,

it fnllowes Lthi.

iy § H%Eaii:u

B—n v Ty z

I t"‘l he e pasidvely urizoled vick zl—p (0 < p 1), shown in Ltha fgurs elew, wd
cuppise Gt fiz) 1= anadvie mihe duk 14 S L

ars
Y

W ler ¢ repeesen L wany paricular vk

-
" =cap
N

lng:]:mp[—;flnr +:'E?]] = J.;r:.-cpi--z'-gj ir>,xed<+lm

| . ]

3f the power funclivn bers; and we now (hal, zinee F{Z) is condnugus oo @ cloged
Sogreded £iak |2l £1, there w3 nennepative conscanl M oguch Gl FAZ1E M o each point 2

[z ;{;u.—,‘_ To do this, we
X

in that Jisk. We are 3sked o hind an upper bound tar
obgerve that if zis A printan O,

= e
| .ﬂ.-'l A it ks "l,|'.l':"

Since dw lengih of the gath (O i3 Lxp, we may eongluds dtat

L2

e o F: ‘nf—lg—'-mﬂmwﬁ.

Mrne that, imsmoet 2 Moy idepsiadent ol 2. folows Geal

lim | rind=10

#
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ERCTHONM 45

1.

The function 2" (n = 01,2, ) hay the atiderivative 2™ fin+ 1) evarywhere in bz Gnire
plene. Consequendy, for ary conwur € from a paini 2, 10 a paint z,,

mrl ft-l-1_11+l=:l'l.+l

3 zﬂ-“ “ _|_n+1 -l 1 \
Aoy =" = ——. ™ b ] 111
.I-i.'-z ':L j" dz = LE; 4 "
Ll

o

Wi [ -0 R 5 T : :
e} IE":f::E J =" L ='+1=l+".
p = o T i
JE i 1
otk 2 _ ;‘_"“" e f-"'EM'I_E- [T“.I
i) J ED-E[_ I,;_-FI = 23111,[— = 23]_[[[—1- i,] -2 - - _E[.f‘“'j'f_.l —f_llf?"_l"-
- ry E;J_, 4 B /

I 1
=-|!—+1r.=' |'=—-'-|‘.‘=£'+—-
e 4 & ¢

1 f’,,-__lj"'.
— 2 = =——-—=
fe) J:{z 2 de == ] Rl

Kote the fumeion (z - g, ¥ (a=+1+2 ] elways hat an amtiderivative in any donaain that
does not contan the point 7 — 2. S0, by e theorem in Sec, 42,

L (2—z) V=

for avy closed ¢ontenr ), that docs not pass throcgl: .

Let £ denobr eny contour from z=-1u0 ¢ —] thal, except for itz end poin, lies abova the
read axis. LThis exercise asks us bo evao.yile the nlcrezal

L
Fa _I'z':m.
where £ dendies the i capad brunch

2! = axpliLogz) flel= —r=Arg: = x




6

An ancldervatve ol s Deasch caanot be wed sinee the bonch iz oo even delioed al
r=-L1 Bullhe integrand can e rrplaced by the brancli

#= exnfflug= {Izi =00 —% s ATRT o —

gmee it agrees with the itzzmnd along 0 szing oa omiderivacive of this new toanch, we
Can now Wit

1
X _ 1 i+l L 1 [ wpk HET Lt b
- R— | wm [ ] N -
! ]. T e el i ]

i+l
Poroperienrefigu—-in | e 4™
= - ma|l=¢™ = e
et e e
1+e7*F .,
=_;f-. -

SECTTON 468

T el of the cases pelow, the singularities of the inkerand Lie omtside & orinside ) and
31 The Imegrerd s amlyle oo the conlours and tetaeen them, Conzegqueutly,

J.'-'. Fizrdrm J-'-'.- Frryds,




¥

1 . .. [
WL ibe singulerities are the ponis & — i—.;,;‘,
W5

ful when flz)= TN

rd . ..
el W he vz = ——, the sinpalarings t =1 s — e bk
b n fiz) Nz (D) u ae at @ =1malns —02L22....)

=) When f{;}:ﬁ. he singularites are & 2 = 2l o w0 2L4+2, )

4. {3} Lo cedes i darfue tar Inregration foomula in Cuestion, we integate 2 banction e
apind th eloged reetrnEnlar petn shoom below,

x| i ai

Swe e lower Rozzootal leg 15 represented by z—x (=4 £ s <l Ume mtsgral oL
£ aloty dhat leg is

" g . |
:[a I‘Ia dx

S e Sppesite Gileckivm ol e wpper bomzoniaf leg hag parametni epress: . cdmn
=N+ & {—a = x< ), the iniceral of z"‘almgthnuppcrlcgis

v S i p oL o p oLk
-IE AL A J} P e fe * coslby gy + int IE-' © sin M de,

or s2aply
=24 -._[L!-’i cusdie gy,
-]

Siowe U right-hand vertical 123 b5 i2prssenled by c=g-+ iy {02 » 2 00, e ilegral of
e dlung il i3

fﬁ“*‘”‘&u- =g~ je:'" 6" dy.
a

r




fl

Fonally. suige the 02205ite Guevhon ol the IBft hand vermlaal 128 haz the raprseniation
7 — =g —r7 {0 = 1= i), the inlegral of e gy Wal verlval leg is
L ok
_J E-{"-rh.f.l'iﬂt? =—in ™" |ah tmjr‘{v.
i E

Aocording o e Cawcdip-Gounal theerzm, than

d . T , ) - [ A
ﬂjc” .::Et—Ee‘"je" r.:u.ai.&t.:ix_d.-ie"’Jﬁ":a"lq'rf}-—k"jJ',;T'E.!:asnr}.xﬂ".
v ¢ * a u '
atd iz redoces o - o !
\ :

- ]
[ condizde = e [ dr 2 o710 [ & sinZaydy.
{ o C

{1, We now [st 3@ =+« in the final zqucthes Th part fg). keeping in mimd the nown
intzzradon fomoula

j . &
# dy =
4 p
emed the Eac: thil
T b4 H - ;
¢ Hrj_[ﬁr s Zayefy|L 7 !j"’ dy—Dasa—e
ﬂ :
The rissmlt is
- fa
- Eﬂﬂ'-_'f:‘rﬂr=q'_jﬂ P
- 2

(o0}

6. We lat C demare rac enrre boundary of the semacircular region appeaning below., 1413 made
op of the lep & from the crigin in the poinc £ =1, the semicircular are (& that iz 50w, and
the ley C, [fom 2 =<1 wibe origin. Thos Cm + 07 +100




iy

W also let fz] be a coctinuous fuwlivn that 15 dsfined on 1as cloged semivircular region
by writthg F{U) = 0 and msing thez hncs

-

(2l h-Feaed®)
Flzl=nlry o b "J{E{E,

af the multiple-valued funtion z'”. Tha problem here is t evalwus the inwgre! of iz
arcund £ by evaloaling he imegrals alaog the individaal paths <, 0, and € and rran
ad:lmg the resulis. In cach case, we whke a pammarrie I_'E‘Fli‘ﬂ::l:jll:ﬂ.[.iﬂu Tur ke prth (ot a
relaied cne] and then nsc 2 by svaiuate e iniopral akmg the particn)ar pau.

o Ciz=187 (DErsSL) 1hen
- L . T
| ﬂtjf#ljwddr:l':rm-l _2
1 I o 3
iy 1 rml#P (0S5 %) The
3

x - " -
iglde = [ e datige—if e ™igm ey Lo | Ec 20
LT’F ! '.FE T ] 3{ 1=y =2l

o b S H

fift) —C,:z—nr;" (02 r%L, Then

1 l .
; r - = Ly, e — - "_ .'5_ . - _.'_2 r -_:I...
Lot s 1] 2

+
The degired resull is

Jfiodz= | flddcr || o | poded-2a-n+dizo

Ile: Cawcliy-Oanarsal thevrem does ner apply sinee F1x} s 0 Aaly s al e criping or even
Aefinnd on the mepative: imaginary aos.

SECTION 43
L. Iz hiz prrhlem, we ler © dencte the square conbour shown in the figere haow.

nE
&N

=3




0

' £ THT Y . e
o . s tmiay [¢7] ..o =2mi-E=2x

. COEZ icoszd F I +5) COfe AL -
ERE_ g 2mll S2¢ | Lot
O e e s ]z.z. ;)

: Tl /2 [E] [ lJ M
= —d?_'=2 —_ =2h R T '
fe) -[_ el Atr—i=Lf2) 2 lem 1 = E

o [ coshz onel ¢ -
ity .[.- ?" e J":':E _u-j."-r:l dz = 1 '-UE'LF‘] = —. L'l
: fanix /2y tan(z [ 2) gT-I. : ;

] s = _ I

E J Jde ‘L? II:I:] J{:I__I_'}}lﬂ - ZJ-I:-

n l = X I“|. L] 1 I::l'-|_|.
=.m 2a.E::.. T i =M Rer when --2-Cx, < 2.

Ty

Let O Jeneie G positively oviented citcks 1z =11=2, shown below,

) ‘Ihe Cauchy iveg=al Fonnola anables ug ba wrie

i o= e 1 iz 420 1N 1 ] ™
— = i =5 — 2| - | =—,
J-"-' 44 J!": (z=100z+2) = -3 ﬁml‘g:+EU — =3 1

it Applying the =xtznded form o the Canchy integial doctogla, we Save

f A dr _fl."[z+1:'}3”_1:rz'i' 1
ezt AP Siy—iVez=t e rooapt T &7 o2

=j_m_.{ -2 s —dw &
(p+2i7" ] o (Y ~ilEdaN 15

L.




7l

A Lzt € be the posic valy orienred giele 1d= 3. and comsider Ui Bunetion

& (odw ).

-, "

. [ IS _I_n

g‘_u.}:_J..—_._
Yooz=w

Wz wish to find g{whwhen w=2 aml when bl > 3 (522 the e below).

2

We olgerve tiat

o2
Ei] =L%}_¢E:2fﬁf1;g -z _E]:-E =2mid=fml

U the other hand, when 'w = 3, the Caucliy-Coeesac shaamm 1275 us fthar gw) = 0.

5. Soppras hai a Junclion f i analytic insids and on a simpls zlosed contoas © and that 2, is
nolon & I 2 bs inside O then -

FI’I‘ I . ' - - - " H
Lﬂ.gﬁ_r[%} and [ fladdz ”J fiz)ez -ITfT.-"-u:'-

— 3 JE Y - lel —
T Slo=ggry folo=g)7

) Fod [ L1z
o [

1=z, TR

The Canchy- Goursat thearem 1ells uzs thar this lest equation is alze valid when g, is sxerio
w4, each slde of the apendon being 0. “ e

7. L&t C be the wmt circle g — % (262 x), ond la 2 denme ary rasd constane  The
Coachy integral ormouli revenla dar

E":

JC§JE—J_E_“.:I.:=E::E ] w2




|
L

O the orharhand, the wared prramctoe repreacnoation o O gives us

e p[ﬂu Y.
j:. z 'd _ FJ‘

o
| fe ‘et =] ft‘ﬁ.pl’ﬂ{msﬂﬂsmﬂ &0

=i [aoed Mg = ; § 2% alaein §) + isintasin 66
-x

=¥

'n
- i Eln:*-illE fi'r:l.[.ﬂ o ﬂ:ld-ﬂ - J.'ﬂﬂﬁ'cl:lﬂ;ﬂsmﬂidﬂ.

Eguating these rvn divferam expressicns forth bragral j £ wehie
v
- J.a““‘sill[u i S +EJ e puslub.n €)dE = 2m
Then, by equat sy b imepinacy parts oo sach sils oo this sl egualion, we s al

x
n A - r
J.: coslasm IS =2x;

-n
£, ainca tha inlegrad 2ers 15 sven,

ja"‘“*‘ g L 5 R = a1,
n

8 Tzl The binvmaal tooniula eoables ug b woite

T R 1 '| —_ - e 2
Fder o .:I;r"- 1 11 ar ,.J ] b

We ro chat ows highest power of r appearing under the dedvative 15 2 and
differsadating itw vimes brings it down w r*. 5o F (z) iz a polynomisi of degree

fRb Wz L O denoae any positively oriented sivpls cloged conmoor seornonding 2 Tised puind
r. The Canethy dawegral formngla for dereatives tells ve chet

T It {jl_Jr N _ -
A Lt j‘"‘ P (n=Mld. X

Hance the pobynomiaks £, (z) % pon (&) can be wriden

G y
F,(z)- THm_L[‘T_H_P,:{a i =0,12,..)
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fed Mo shar

e N P b e Y Y VL U T
1:.'-'— 4-1 I‘:.f—].j'"i 3_1 :

Befercing to the Ffinal rosit in part (b)), e we bave

1 (s =1y | S I 1
. —dr=——. 2" =0,L2,...%
T S e« 1 BT m=0.L2,

0=

AL SITCC
E il L Ll Vi PR N TR U
(e 4 1™ ™ sl
we have
. {:i"—~l-' 1 ¢ =—1" 1 .
—1)m - g (=21 =[-11" =012
I - ?tqﬁ‘[-_l,‘.! I 1:]!'1-.] .E..i Iﬂ c _f+j_ 5 Iu{ } [ J E‘ﬂ LT ;

We are acked to thow Lt

rrig =t Li0E

A,
EIERER ],

fz}  Tn view nf the expreszion for #7 (25 i O lemma,

Fliz+azy- fig l 1 L] itads
Ar i (s—z—Az¥ I_'i'--z_‘.i‘ Ar

l 2=z As .

f
I.T_Jliﬁ r f. P"It{:j._ _:II- |:.ﬂ.|!].!f
Than
Fizh A o) L rfinds 1 o7 Zir—gi-ig 2
_— = Jels
Az rillﬁ.i'-r.}’ znf;-:s-a--,uf( o G [

| ‘|-1|'5 z)hr - f'l.i,_;

T TmAG—r-A G




'

i

N

We must siow Mol

L.

Ns—DAr— 3 | (Diad+ 21t
L[F{s—z—a.z:-’u—za‘ﬂ‘““‘f"" @ 1Ad) &

Tieew O, oF ML and L oare 25 10 the statement of e @a2ogise i e keat, The riargle
meruailly kells us diat

105 — e — 20AR 123 s— o arl +21AAT < 3 A + 20AH

Alga, = know Jrom the venliculion ol e expresdon for £'(z) in the lemma Uil
| — r— a7 = 4 —lfsl > O and this meons thar

lfw =g = A =2V | 2 (o =FAa| ¥l = 1
Thiz gives thet dedired Begoaliy.

If we et Ag temd w100 the ianqualiyy nbrained inopan (B wae find that

1 _l SiF —g)ag - 2an

Am : - fis)ds = (.
=l EJII: E{ﬁ“;'ﬁiﬂl‘:ﬁ-fﬁ' .;”: :I

This, wogelhzr with G1e resebt in peart {2}, yields e desided expression for §7{z].
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Chapier 5

SLECTION o)

1. Weere asked o show in bxQ wavs thal Ui spyusnce

Ir_l'\-..i
;‘,:-IHL-":; {n=L2..)

converges 1o =2 Une way kL nabs GOt The twd mgqucnces

"‘r'.'i_-:' nd :'In-l_ﬂ]:'l {J‘Izl..l...:'

Al ezl numbers converge ta -2 and 0, respectively, and then tw apply the tensmm in Sec.
1. Awather way is to obsorwe that I'.; -{—E;-| = i Thua far each 2% 0
n ’

i —[-1]-[::5 WIETIEVED H > &,

whirt my 13 aly pWitive inreger soch that 2 —L
N

2, Obmoethalit 2, =—3+45° o ) hen
=

—
£y lgd=qf 4+, 32
‘. 1! nl. +
Dyt, since
B, ~Args, 2 wm and O, =Ag:  —-r ir—123,..)

the sequena: B (a - L2,...0 da2s not enhvargs.

3. Suppose that Jiﬂ; =r. IhM s, for cach £, there s n positive intcger 7, such that

Iz, = 2l= £ whengwr A > m. In view of “he incquality (see Sec. 1)

Iz, d=lzl4z0,

feinilnwsdhar 2 izl < £ whepever nen,, Ihat i, Lmlz 1=lz'

A—a




M

4. The snrrratan Tema found in tie 2xampe ic 820 52 can be writen

Y -—— uhen lzl=l,

n-L =X
Tfwe put g= =", wher 0 # < 1 rao loft-hand cide heanmas

il'rc'?'r‘ :Er"e“’ - Er' L:GR.F:H-I-EE reginms,

=l vl Lol na=]l

ani the wghr-hand side tokes the fimo

Fe

* o 1-w" pe _roasd ¢ 1 iraind
I—re® 1—re™ L=l 2 o™i +r" I=Zrousdsrt

ThuiA

rong @ . rain @

{'r“ '{:sr-Eil'+:'" rfginnd = : ,
Lol VAEE E 1—TrcosB+ L-2roos@+ 7

=] am]

Equating the r2al parts on each sids bore and then the imaginary paris, we amive 41 the
gunmaron furmulns

rois i
1-2rcosd +r*°

: rovs @ —rt I
rrepsmld = — and " sinpd =
1—2reos@+ 0 g’

wy

il §

where 0= 7 < L Thewe [ommoulas eleady o) wheo r=40 L.

Suppose Hat E;. =5 To zhew tha E-n =5, woowritn zo=x -y, F= V0¥ and

appreal b e Mgt in Sec, 52, Rirst ol all, we nate that

z_.:ﬂ =X and iy_:f’_

xz] x=]
Then, fitwee E{—}*_} =—F_ it follows that
-1

= 19)= 2[5 -y )= X-iF=F

w1l

11

Tn =
LY




[

B. Sopposc that Z_:_ =45 and Ew_ = Lyonden W usa tha thevwiem in Bec. 57, we wote

n=l =,
z,,=1,.+5};- F=X+I¥ md Wy ="":.'_h',1 T =L+,

Muow
Ztl=x._ E_}',=F and l’:”;”‘l"l' El«'ﬁ—v.
=L =l

=l n=1
Bl
DA AWISXHD and Wiy -wl-F+V,

1t [ulluwe s Gral

PR{TAETNE NI SN EF N )

n=l

That iz
106, — @ by F i, = X RaE U+,
n-1
X
¥z, v 1=5+T
SECTHM 54

L] ' M
1. Replooe zhy £ in the known series

10 got

Then, mnkiplying rhrongh iis 1aa equation by 3, we have the J2zired resull:
- dntl

amil i‘z"“:lj

soodhiz im

il 2he )

{zl< w).

Cld o we




L
L (5 Replwcing = by z -1 in the known axpansion

- z_.
£ — ED; flade i,

wae hivs

o -
‘:__Ij:—i - E ':.-1- ;ll._. ﬂ.i'.’lﬂ: n-:_:l_
=i -
2
gz'_'&:”-]f:ﬂli{:;;]}‘_ g -
rmf :

1 Wewnnt i And the Mioslannin zerizs for the fyochon

imye—E_ o E.
Il '+0 3

I
L+iztru

T do this, we (st replece zhy —(2° /9% in the known cxpansion

S a¥y Ll

. LLH

o
=

(£}

a¢ well 85 115 enndition of vnlifity, to got

J. _ = I;_l-:lﬂ . _ =
1+ ."5‘]_2 fia 2 Nz <+,

u=

Thesi, if we mmlriply thromgh 1his fast 2quaticn by % we ave the dorired expunaon:

— |
Fiap=F o o {2l T

[ET TR
n=1] 3

6 FReplacing 2 b 2% in e repregontation

ﬂnz=§n:[ I‘u"i { gl o)
“ 2+ 1 ' '

nal

w hane

w 71.-:-?
diniz') = 3 (-1 — flal< ),

nx] [2” + l_:r-!




)
Since the coellicicnl of =" in the Maclanrin serics for a foochon fiziis F0NE e, this
§2aws fhat

fl-h_:l |:ﬂ:| =1 ‘-ﬁd _:F't'“'”l"ll:l} - l] If_r; - 'U.LE.._ "}.

. : | . )
L b funciian T haea sicgularity ab z— 1. 5o tie Taylor serizs abont £ m= F 38 veid wien

bz — il < /2, ap imdialed o the Cignare below.

T ol e s2cies, me sttt Dy woaling

1 i 1 1
—% {l=i=lz=i} 1=i l=i(z-D/0l-0

Tho suggesis that we replace zby (z—1) 3 - )i the koown expansionm

-I r
i e

A=l]
, l
and th=- mu!tiply through by s The deaircd Texlor series is then obtained:

L] .T

[ X -
[x—1il 2.
7 %{l“ﬂ“ﬂ (|x—il <42

The izaaly sinhfz — 77) = —sinhz and the perviodicity of zinh 7, with perind 2, @l os tha
ginhz = —sinh(z + ®y=—sin2(z ~ xi).

So, if w2 replace £hy r—a3 in the kaown r2presewtalion

e _tatl
=

ginhy = (lzhs )

2+ 1)




A
and rhen rnldply irough by =1, wa lind thol

oz —
fnag=-— Iz — mi< w].
' ; (2n+ L) ¢ ]

I3 Supposz it G lzl< 4 Then ) <lef 4 <L and we can use g kogwn expanizion
—=2z (o<1},

Ta e gpacific, wlen U<zl =4,

1 _1 @ _lssfaY_s=d _ 1 &7 1 58
E’?__"'_z' 4:El4_] -24.“! '43 '_n ™ dr Eﬂ*»:!'

4= ]—_-. LN

SECTION 5

. Wi may use the cxpanxion

e " izl o
ylIl E o B {2‘“_‘}'

L -% et L

This eudles us to wriks

LI DU SR R Y LR S~ el 1<l & =o),
1+ ..”-||l {:%[ } E-; (elel<

Feplacing o by n—1 in this last serics and then notng that

{_ I:IE—I - I:_I:Ill-l':_] :'? - I:_I::-!l ,




a1
wi yrive At cre desived expansion:

1 =1y
—.a L {1 <1< o9

1
4, The sagularitics of che fanction ﬂzi—-[—l—ma.l.lhupn'in:s ~m ] r=1 Henee

were arr Lamrent scrics in powers of £ for e dwmsing G elzl<l and 1<lp< s (see the
[1game belgwr],

T liad B seriss when (1 'zl L, recail that 1—1 =¥ " (e 1) and write
-z -]

e,
E
I
ﬁm! b
I
| =
[~ e
H‘
|
e
!‘li
|
| -
+
-|-.
[“"l
1
i
H
+
+
H |

-
i s valid when lole 1 T'> ind it, we recail

8 (&) Tha Maclsurim sedes fnr the funerinn o
ilne MacLagein s Lepvsentatiom B

1 g
—_= " iz <)

1 .
for =—— and write
l-z

r-1

L U T R o izl ).
D

e s l;lli S SRR SRR LI
-4 "y =i p=d




g2
B To find rthe Tl gecics for the same fonction when 1<)z, we reoull e

MMaclawin senes [or il was used inpan fal. Sinee

li .
—|-f_h:I¢,utma1-rmt-:
z

-

|
14+-=
+1 o A ’
—— i 4 —r—-[l+ ]E } —_
=1 1—= L .E.-'ll__ F_ ;z ;;
I z
— 1 = = 1
=YY oY — .
‘_:II-'=| EE.‘ ' ﬂi':.'ﬂ.“:l.
1 . ; .
T Tiwe i _J"{:;:J—m nag jscated stnpulacies st r=( and =7, a5 ndicawed i
l+z

the figure beluw. Hence e iz a Leamend sooes represznicdan for the domp - D <lgded

il alwo one Do U:g dgman) §«<ld= e which 15 exeror o che ol gl=1.

Te find each of these Lanrent serica, wa meall o Maclaurin series repressntation

'E e

qmi]
Fur tha demuin 0 <12< 1, we hoye
'’ - I- n .En-l 1 r_ (47 Jrr—:l .- A+l i, ]'
- . Al,--p n=l, =2 <

O tha nrher hang, when 1<zl ces,

I R T . T O T B o SR (R ol
'r[:]-j. ] __31[__*"] _E-‘m= ; Iwe] "
= 11 s S ey i
X

Tn this acennd 2xpansion, we havs used the facs thas (=107 1 — (=07 -(=1° — - 1"



R {a

o

10, ja)

k3

Lel g denal a real pwiuder, whers ~l<a < 1. Recalling thal
=3 izl I
Y e
crabley it o wie
I
z—ﬂ_: fnfzi ; uit”
aT
8o o . .
t-a E.F {lniwid= =],
Bulling z =¢" on each s:d2 ol tu: Umal resalt in part (=), we have

[ ]
i’ 1 s
—'l-ﬂ:nﬂ ni'
Bui

a a fons A — a}—Tsing c;ugﬂ*azwiﬂm&'
s*—a 1:955' :1]+1.5u1ﬂ l[-:mﬁ'-u]l—amnﬁ" 1-2acosf +4

T |
E "'"—ln cnsnﬂ'—lzg sinmé.
=1 L LN
Comteapently,
- acusd—at ad asind
a’cosafl = - aml & wnnf =
; | =Zacosbi+a* g, l-2a005 8 +a°

whEn =Lt L,

Ler rbe any fixed somplex number and C the mil gisgle w—e™ (=F <62 7] in Ge w

pliste, The farctoge
"
Jiwh= e:xp[i[w A
1 iy

has the ooz singelanty w =03 i b w plane.  That singolacny 18, of course, interine o
.88 showt In the figang below,




k4

k= olane

Huw (e functvon Fiw) has a Laurent series cepresan: lom in Wy Jbomizin [ <2l wles an
Accorfing W expressicu U3, Sec, 35, thea,

u:p[i Lw— —)] ;}':“r Tz " =zl ey,

where U coeficizots 4, (x are

b
1 E‘ip|: Iw ] |:|
SRy wal .
“'“sz o =041 E2

Using the parametriz mpresentation w =" (-2 < A< £ for <, letus cawrits
this cxpression fiw J (=) Ra T lowss

Eit_
j ':-::I _ ‘;i Eip[j {E = }-’ Eﬁ-u‘dﬁ — J—_ Tclplizsin.:l-le—iupd‘r )
x 7 : o et T
‘LAt s,
T Az — ';]F j:lpr-i{n¢ =55y dd re =0 £ L
Tk _‘

fh]  The lea sxpectdion Sk T (z)in poee fw; 2an be writlen as
J(zh= % J [cosirg —zsing) —dzin(nd — zaln ¢

=L: V" — e i#‘ . i ' \
QI_LUMLH-}} ssin@ilp o }‘sm{ﬁ-;l zain g

_lzj cosiug - 25N Qide = —=D T
2 n i




11,

That ie,
15T ;
fl2d==|cosing - o)
E! (e = Z5in )

85

=021 12,..).

i) The functicr F(z) is analyiic in son2 gnnolar domain centared at the onigin; anc the

usitcimle & 2= e (-n 2 ¢ £ 2 & contained in dh denmain, 25 shown below.

vl
/‘ S

‘(0
L
&

]
|

Fer each point ¢ in the arrular domadn, there is a Lancent sedes tepresentaticn

Flak= Eﬂ.z IE"I**

:-!I“—
whers
1 p filehd _ ety .
ﬂ"=2_mi.|:.: ™ rt.rm-u d'i‘ﬁ‘-—_'l_ﬂl!"'?f tag
and
1 pfimd 1T L) gy ot

Srastimring thess valaes of a, and 5, itio the scrics, we then haye

jE=¥— J,ﬂ:c'* gy Jn“w#—

rn-'il" --I"' -

ﬁ.z:n-i—;jr‘ "H¢+—E fj‘fe"][[r, ) [ﬂﬁ!’]w.

n L=

fn=0J.1..]

(n=L3..L




() Pul z— e inte Linal resull in pan fa) o et

fI'E' _]__ Jf!e"" IJP+_EJI{“¥1EW LI F-.rq[u-ﬂ .-f,;j?

l'l'i—'n

Fle¥y=— J JTe* it +—E j e yeodn(B - £)]dp.

T gl -n

||1"\

It witim Re fe7 5 then, equating the raal parts oo cach side of this last equation viclds

m:m-— J’uu;.- A -—1, |ul'l,5lrw'~[.'i!"ﬁ' V.

=y I._I

SECTIAAN 6l

1.

k=

Dif¥ecentiating, £ach side of the repressotzation

LEEE’ U;\:II
1 4 =1
wie fmd that
| o o o - o =
==y w2t 2 Y a1y (LT3
'I:I - f:r. Illt.m—-]- el ‘iz gﬂ Zl(ﬂ } i /
Anathzr differsagation goves .
L }:m I -}:wup_. =EH{'.H+1:|};" i-lf;,+p{u+2;,_ Uzl L.
EI] _!. "-u—:l d ITE] A

Replace sby P12 onveach side of the Madlaers seoes wpresentation ({Cxeccise 17

1 ]
|]—-a-‘l|3 lm+! 7 gl 1,
)

as well as im s cundikon of vaduliy. This yields the Tanreser seeics repres2nanon

1 ==L el o
D R e (lalz=1<ed

A
i




RY
3. Since the function Fiz)= 14z has asicgular peist al £ =10, its Taylor sarics aboot 7, = 2 js
valid in the opese dizh [2 - J= 2, a5 imdicuted in the Agues helow.

To find that serics. wiite

_L_=}3ﬂ (el

1 - n =L
Specifically,
1 1l (=27
—-== [—t—'{| fz—2< 2,
- LT -E
T
oo I
== ET;;-H —- 2 g —2l< 2.
: a-0 £

|_ ""1 ...|‘|' , - iyl
Sbr i) Yo SUPRL ) R (2 A<
Fa e i - 2 - ’
Thr
i,=li(- I‘l"rr:+l}!rz-2]l' [lz=2d=2,
Fods 70 v 2 ’

d. Consider the funcrion defined by the 2quaticns

& —1
Fizi=q ¢
1 whonr=10

when 7m0,




&8

Wilen ¢ 70, Sz} bas Ui power secms ve e sl
[ SR RS t
ﬂz‘,=l_[| P+ s f, i—l}-1+—+%+ -
e - ==

Since this -ppresenwticn cleariy halds when £ =90 ton, itis noreally volid for 2 2. Hence ¢
is anrire.

Led © D ow condour bvong in e cpen Jisk swe= 271 10 the w plane i, exbends O o
pant w — | tc a point w — z, as sivoen m the figurs below,

- L
AT \
3 C 4
|
LEN ! e [ I
~._\1~ ‘/
-.q_‘___ﬂ_.-"'
v Ais

According o Theorem L in Sec, 5%, wa can integrate the Tavlor series represencatiim

n——E{ul",I {w=1" (e =1l 1)

(I

Lo by lom aleng the convaur O, The

aw - . o = n n .
jr-:ilﬁgi_—_rfw—n df.--_;f—l‘.l L{w—ll dw.

B
J—H'=J”f—— [Lagw|! =Lapz—Lugl=Logz
W
ancl
L roa 2l |® e
j,,nwr_r*_jr.wvl}'d-ﬁ[ﬁ 1) ] -0
- 1 H4 L n+1l
Hezrn:
Logzr - L{ j rr=t Ei{v-h Te—li I,
rl .

and, ginee -0 =1 1) = UMY, this s heeomas

Lngr.—z,

Er

1 n+1

(z—LF dz 1ty




SECTTON 6l %
1. Thy singularities nf the functiva F[z)—

£
pro 1:‘ it at -z =0.2L The penblem here 15 1y

Mol the Lawrent saciea for Fthat is valil in the Punctmed disk [} =17 1, ahnws belowe

Vrc beginn by wexiasling (be Mnclancn series C2p st i s

) 1 L]
B =1 1!+E+§T+-" (1 h:}
aml
1
— ] e gomt el
- l=c4 1 '4n fale Ll
whiz 1 emable us o write
. i - 1
£ial +:+5;"+E:}+--- { rls 2}
amd
1 -I_-;I'l'" 5
pea il IR A S (Fates T

Muluplying these Jasr swo seties term by foom, we havs e Maciawin serias represanzaron

3 1 {

i —1+.ﬁ+?" +—EII

= -
-t _et

"—'
1. 5
=1y E——x° ——;:.]+--~.

£ [

which 15 valid when zl< L The Josired Laorenl saries i3 then oblsined Ey 1z albiplying each
side of the abeve representsion by -

Tt [ﬂ =zl L.




o
4o We know e Laurczt seg_es pepreserllalion

———— = — 11 RN
Canhe o IE- F fif-ﬂl

from Exampls 2, See. 1. Expression €3}, Se: 33 for the coxfficients f, ina Lanromt sorics

- | .
tells us that thes vozllicient b of — i this secrieg can be wrilicn
4

where i3 the cirde zlm 2, miken countzrolovkwis. 3ims {y == o then,

R -m(—-}—-,ﬂ.
mz2”zinh= ] 1

£ Tho problom haee is 1o vas mathemudval idusLan v veriby the diffsrenliation fomn 4

PR ] .
e = X S e w12,
et '\‘:r'l

Tha foomula is cloarly tme when &= 1 simce in thal case il becones
[Flga)]) — fAzkglzi Maiglz)

We tger acsuene that the formuln 14 wof when & = m and shuw huw, 25 4 gomscquemec, LEis

ros what w=m+1 Wea shul by wolig
[l ={[A(et] 1™ = g+ Fipin™

P LTI A LN e AT Ed] e

-E[ J g +§[ :}f:“'{f:}y':'"'j:[:]
[J; 1

g™t M

E[ ]fﬁ‘ (D™ M+ Y,

-0

o B[l e oo




A

01
THa-

"t +I" m ]_ ml ! _ fm-m J'-'!-I]
L& KL K -E (k- Dim—k+ 1) kXmel-k2 L k)

frid an

[Fizptzif ™" = Fizpg™™ :-}+E( X ]F‘ D (g0,

. rm+
Hk k

'Lhe desicred vedficaion i3 nirw complole.

]JI:J"\-H'l.I

L .
)iz ]f‘”lir.}a“”"""{z}-

W are given that  f{#) i an enties Toactioe represeated by a setics of the form

Flrl= 2+ + g+ (lzl 2a).

fa) Wk gir) = FLH=M amd obseove B

. -|b i.lll-' -
£ ltlrﬁ ‘m gz.:fﬂl . 3;“3' e {2k =),

Sz =g+
It 1= siraighiforesand 1o show that
glz)= FLAEI

gUigy= FLADL DR + F LR,
anwd

g7 (2= FLA N P+ 27 U@ RN+ L) ek

Thns

g0h=0, g0 =1 0 —da, me FT=120a )

ANC 0
FLAe =2+ 2 + 20l + 202"+ - {lgiez ),




b

it Procesding Lantally, we have

FTFizm Fimd @l F T + w [ Fieh] =
-_‘I_E"'il;{.t'hﬂ.;zg-h..}-rﬂ:l:z*ﬂﬁ? +%Ei+p|rz+ﬂ_ﬂ[:+ﬂﬁz +I;‘z3._.....]5_..u
=24 &z’ +ag’t I+ {a FI by e )

=z42a st - Her+a,

: a Co1n
sinz = zm =g 07 4| - = (2P {lzl< o,
3 . 6

) . . |
the resullio oarl fef, with o, =t and 9, = —E, tell= us that

e L,
ginfzin g, = TogE el 8e),

‘We noed o find the Brsi [our poneero cue[fvionts in e Mackiunin ssnes reprasentation

I " O
Y e £|z|4-:f].
vishe =gl ry
This representalion it valid o e sagd disk suwe he 2erog of coshg are the numbers
¢ . o L :
o= -::f-+ rm]_- (k= tl,*2, ), the pnes rearest n he osigin being ==/ Th: xaies
Lz

eeralna only even puwers ul 2 siove wosbiz is wo even lunctici, that i, B, =0
(=0 L2, .00 Tofind the serics, wa divide sha serom

4 + T -
LA | 1. 1 . 4+ : ;
coshr=l+t it el b2 =l e |zl o
2 41 g7l Iz 24 ”.I'EEIf L .|'
inta I, Tho ragaleis
.

h o
1 =l~—%;‘+i:"-£1-z*+--- [1d<=)

-ash e AT BT Y] Lo 2




] . .1_ : _5_ ol & . Ek‘
E‘hz -1 2|E 4IEL ﬁ!'-\_ k- - [|?|{ 2_;|-
Lince
]. E'- k] E. ] Eﬁ- " " -F:-
= et R A ) - Id<—
coshz = 1 4! cl L 2
Thiz wells us thal




Chapter 6

SECTIN: 04
1. [z} Letus woie

|
z
ok o4

)
z 1+a

:"l'{]—z+::;—z"+----|:l-I+;-f’+--- DAzl 1
F ‘g

‘Ihe reeidue at 7 = 0, which is the coefficienn of = | i clearly 1.

T
& W may uss Lthe capassLen
Pl Sy .
= E L T [l
sz =1 gg'q.g G'+ {lzl 2]
o Wl
1 1 1 1 1 11 1 1 1 11
rogl o gl l———— e — ———. — mrm i T o -
--..rc{:_ E[l 2 z"'+4' I 6 .:"+ ,] “ o2 .a:+4! P TS
() =] zfe -]
The mxidue at 3 =4, or cocfficient of =, is 0w seen to ke —=—
fc) Ofscrye e
it || B . 1 & i = . :
—Rlz=Fingfl=—{z—fr——+=——||2—=——+-- HEA R
Zz i i R T ETE L
_ . 1. . .. ) -
Sinwe e coefficiznt of = in this Laneent s225¢q is 0, the residuc ar zm i is O
of)  Yrite
catz _ L cose
ra t* alne
fd moall that
1 + 1 1
n:n:rs;;=]--§-+g—-—---—1-——f-+_z—---r- [ #l< =)
! 4] 24
atd
P SR
dtrmr {._|:_ -..my ‘.-'I (o e wma],
il 4t g 120




03
Dividing the gHes ik dog inoo the cne for so8z, we find thar

L e L2l ml

Thna

cot: 171 z & L L B
= SRR [ L. 1 - (C dde x),

Note thot the comdit.om af validlry for this sefes 3 dye w the faol |:"|:1L gty =0 when
cotr

=azim=011.22, ) Itia row svident that — = Lusqeshiluz —-- _ar z =,
P -H
(e; Recall mat
Pl
ginhz = i.H!-—1 +—-+ 12 oa)
ol
1
-1-_-H=1I::—z"+-- o= =)
Thets 15 1 Laarent seriss for the fungivn
ginh
S A &mmzq
{1-2%) Tz =z ,J

Bl i valid foe G<'zl< b Tn find i=, we s moitiply e Magluuio series Doy sioh s

1 [ ]
1-g°
1
[.nnh:][::—]:(zd-gz 1-1+z'— :1+:‘+z'+ }
—--+l:fl —l E
& 120%
..
+—r 4
* 7%
=+

:"‘ 5 - (A= 2=z 10,




a5
W' e then s2= that

_ohz __ 1 ?_L : i e 1),

=1

. finhz
Thiz £=nws that (he resiloe of ————c at » =015
4 Ll —) A

2. noeach part, O denolss the positvely vrenled circle =131

{fa) Tnasulons 1:, tﬂp{+—z} 7, wir n2ed he resicloe of the integrand o £ = 0. From

ha
by

the Laurem seriss
expl-2d 1. oz £ £ % 111 1 g '
Fi=ir _ | —=—4 ===+, —.___._+—I——+u- I:U"-'Jﬂ"-:‘“,':

7 AL a3, Frzoaa
wr sz 1 the requited residue 18 -1, Fhes

L-w dz = 2= = 2.

{c) lakéwisz, tn cvaloats the integral L_ z* e,:r.r.{ 1 Az, we raost find the residwe oF the
M'E.-'

imtrarand a1 » =00 Fhe Laurenr series

which is valid for O <ld« «a, 16ll5 us that t2¢ needed maidus is El- [Tance.

- 1 fiy =
Je [[..-a;,a 'u:,J 3




iD As Far the Inegral J .-1': wi nal The Towa oesidies of

z+1 o+l
] L]
-3z mWr-1

uneal ¢~ aodome 5t 2 =2 The 2zndueal z=0 eun e Tpand by ariting
1

][312]{_—]' - l] 1~/ 2}

r+1 n|"fz+1

Zr-Z) . or
LA T [ T AL
= -»--.1+—+I—I-u,
w22 202

which is valikd when {] <|z[< 2, g abscrving char the cocHicien: of — in thas Lasi
z

produel is —%. Tor vhtan e iduc al 7 =2, wa write

=

g+l  ig=204d | =—1-[l| 3 ~.|_ i
glz —21 -2 tfp- 2 2 -0 1+H{e—21%

- q ] - FF— ?
=1L1+ : ![I—E 2,2 ]
1 -2, s 2t

which is valid when 0 <tz — < 2, and nole vhar the copfficien of ——in rhis product
r-3

1
i —. Finadly, then, by the respdwe theoremn,

i S
- _—— = | =2y
Laz#._":.z Ef::{ i S
gy — ld'.i

3. Incack parcof thoy problem, O 1 the pesitnedy oudemied cicle 1:20= 1.

ia) T‘FJ’(’J‘ , then
1

oL 1 .

f[ ] __.L_ R S .i[1+-5+z'+-
7 S S A

when (F<izi< 1. Thiy el's o5 thar

"
| fiadde—2miRes o f 2 )=2mi(-1y= -2t
g =z g,




Yy
[} When _]"(-'!':l=1: 7. wa hirve

1 .71 | 1
_..F - = - — = | -zz+z‘—...
LRSS FAFL R Py
Tiaus
. . 1 1 _—
Fadz - ImBes— 1 — |=caiiMm= 1.

& =l E"" o’

. | I } I 15 1 N
(=t T fizi= -, it ollows hat --“F| -)=— Foric enily_ then,

7 N

. ] I . i
Jl.j'l:,':,ldz = l':rl':‘._&n!, ?_,f |~..1_J_ Xifly =2,

4. T denoe tha cirole (2 =1, taken counterclonkadsc,

L] T
o, The Maclanin szres ¢° = Ei',' { 21= ) coables us W wiike

TELE

a-

LEEF: O-g TR

PR _ - - .
i, EI]_:I{E + L|:1'E - Le*a”‘d{ = jr e E% tfz = ‘E’ﬁ jr = l:.q:l ;Ju.:,

fd  Hetewring to the Maclaorn series for «F oo agi. iel us wiils

u

" -"f]] sv1 1 5l e
zep «Z .-E-:‘,

MNow the = im this szoies ooccurs whed r~E—=1, ar k=n+l,

-

theorem,

L . L
L:" t“]{;;}ﬁ =1m el

The final resudt in part fre) thnd tedsees 0

J er]{z+‘!-}r!£-?.ﬂ ] #
< i, fnka—1Ii

m=0,L2,

o, Ly the rosidus

(n=0,.2...L




£ Wo are miven lwo polyaooials
Plrima, 1 g -yt + kg 2" (4, =
g

N ak bbb+ b p g™ (b, =),

wheze mzr+ 2.
T 12 srnightiorward o shaw that

1 P17g) Tt ! rag _|_ru+ﬂ>‘m—n-2 e

-—— — — ] - - ::i )

Pgilss) D™+ L™ B )

{ihserve that the numaraler hera @5, in focx, 2 Anlyhomial since m=—r=3 200 Also, since

b, =0, e quatienl oF these polvaciniels is represamied by a serigs of rhe form
& +d|z+-.'£1£1+---. Lhegk i,

: Blig
Z i

—dytdz -+ (0= R Y

Fljx
A we s that — ﬁ]'f—‘ has cegidwe [} 2 =10,
4'- L1
Suppose 00w chat all of the 22r05 ol Qiz) lis insidz o simple clnsed contowr C, and
wieurie UmE L 15 posiuvely oriesded, auwe P21/ {Xx) is analyric everpwhare in the finite
plare exgepl al e xerog 30 €(z), 3 lpllyws em e thenrem in Sec. 4 ood the residoe just
~ained that

Fizd o 1 AL,
Am- 0=
J“.@Eﬂ =*'[:” E(lr‘z}]
¥ © i negalively unenied, ins result iz still e since then
P{L _ f Ff-ﬂ
IE"["" 0
SECT-0M 65
1. fal From tho cxpatsion
P T
L 54 o
f-1+llizl-lar+ . { d =),

we sep Ldl

1 11,11
Eg.'lpt‘zr} r+l+ EE-FE-':.—:'P* 10 gl ),




L)

9,

{d!

fe)

The principal pard ol :expri] gt {he Bpulalst dngular poim 7 =41 5, then,

L

and x — [} i an cas2oial aingular paint of that fionctiaon.

3
F

The iselnesd singclic point of
NI I 1+z

it at r=-1 Since the pdncipal pact ot ==-1

invoives powers of £ 17, we hogin by shatving that
=gkl =2y == (o =2+l

This crahles 07t writs

vz b * -— "|
S Ol EI:ﬁ_l-‘"-1=4'_::,+LI—'.‘!+ :
14 2+l =1

. A | . ,
Nics the principal part iz il tha pivint x=—1124a J&mpls) pale.
z

The poinr == [+ is the i=clated singular pain of 22 and we can wii e
Z

ving 1 s 7 2 :
S T e S-SR [ - R R S 1 ol e,
e N TR ] ETRET E ’

The pringipa! pan here is evidendy O, anid s £ =0 is o eoovalke zingolar point o2 the

. sl
frmctinn = .

-
-

) . gnar _
The ixoliedd singula puill ol =— i 2 =4, 3oce
2

Lo g o
I:ﬂs'“'::l. 1-&5—4.51-—.1.?:.11—:;-+£L.—-”. (0 |zl =],

z  zh 24l STz ozl 4

w0ES

7

e pringipa part is l_ Toia means thal 1 =90 i3 a (simpk) pole of
z

L -1 . o i
~ wWr = e = find that the prizcipal pud ol at its
Upos wr ting d S TE we find that the principel pal o Py
zolated singular point z:= 2 is simaTy the fmetion itsclf. Thar polm is evidenlly & pele
"l arder 3.
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L o Thesimpalar pemtis £ =0, Sice

v ——t— = — -k e e kg -

A e )T T @ 6

when 0<lgl< =, we v m=1 and E=—% 2‘

fk] Hme the singular poant 1% also 5 — 00 Since

—_ 1_2 3 _F Y A | L
_—expide) _ L[] (HEH PR ‘]]

= T 3 31 &t 5[

T RN | S L | i B ey ¢ o —w E—wm s T EmEw

~pd
nhen Q<4< re, wezliave m=3 il E-—EJ—-—?:.
frh Lhe singriar poant of -‘HE_-]T;— — L The Taylor senes
PRSI O SE DU C s S U i 1l WA iLzh< o0}
anpldr = et e TR T = s E)
saahles us t0 wrie the Lawsne seriss
Eﬂ%ﬂ: 1. l -'-Ea. I -j-.i :.i -.-.-1 -—m |'uld _“':I.'l-l‘l
ey sy TRy R TR T e
.2 L,
Thuz m =2 and B=£'F=3E )
3. Sioee £ oamulyl al g, i bag a Taylor Senes epooscnwbon
.rz -,l: - . )
_.F{E}=f[i‘?;.}+%;'—}{z-:’.u}+ Ligby o+ ilz =zl &y,

Lz, g b desliziedd by moeains G M syuation

f f:-:]

giri=




4.

L2

fo) Suppose that Fiz )20 Then

£e)=— [m:-+”*“ s LB ]

P L F“":"' -r_mr{z':-"] u'-'-‘

= 1t

—lz- z,) - (0 bz =g l= 0
This shows thar g haga zimplz pole &t o, with ceaidue 12,0
fh]  Suppose, ol ke obver hand, that Jz,) — U, Than

by
glar= [*’ N =n,+—2tj‘—|:z )+ }

1

.-_.11- = .F-l'l'
=I]_-:-:’JI+J Hl:f.}(-':_'fj:ll"' -I:I:Iﬂ:—-!,fﬂ.;.]-

Since the principal part of 3 20 = is jusi I, the poink 2= U is a cemovadls sogulas
poring aof g

Wrirx the fonetinn
N ga'st
1= cemaaal =
Jig] IS (=]
F
[ —_ M'\.‘} - iy gﬂzi:
Jiz) ——— whaoe Mz = pyp2
slnwe e pnly suigidardyr of @0z] sl o=—af, @2} hor 0 Tyylor rerias represantaticn
.I'III - -
1|"_'II:3'}=¢[ﬂl}+.‘%t¢—g;]-£%[a_m'f +un {lz2=qu ~a)
ahxa: =gt Thns
r I1I ar ﬂ'\
fith= y ar]“[f “r+l':J = :—n1+&|: {z-mj-l---] D z—arl< 2al.
- !

tow siraphuorean! dillerenbaton eveals thar

. 160"y — Rer' e 16::[ iz® —dagiz —a®
i) - ——————— unl " )
~ 3 +m','|+ and iz {z 4 .f}.!]
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Cronssguently,

. r 'I"' L [ .
M ei) = —a'y, la)=-=, and "= |,
Thix rnables 115 © wrie

- J. 3. vl . ] an T
Hel= PR -a'r--z—i.:—m.l":":f—ﬂl:l' + ] 0<lz—cil<ia)

The procipal part of £arthe point 7 = oF i, then,

r afi e

r—@d (-2 (r—aiy.

SECTICN 67
1. fal Tha funcd I 7 2 - S 1 Wi Frot e ]
- tancdan i ¥ 1% A igolated singalar point at z =1, Woling Flz)= 1"

where @z)=7" +2, and observing that ¢iz) is analylc and nunese at = = 1, wa see
tar z=11dsn palz of orler m =1 and that the residug thers is B= &7 =3,

iy 1w wrils

e i & _
A= o )=[ ,f"i.]ﬁ. eyt~
3

L, . :
We soo that p= -5 isa singular paint of ! Sioce 9z} is analvic and nonzero a that

pouil flhag a pele of ovder =3 there, The reakdee 13

PO el L
21 15
fe} The funchon
TRpZ CAD 2
28 (e—mRe+ )

hizs podes ol onder m =1 arthe vas points £ =+ xf. The rasidus oc = 1 is

h - I
JEapm =l

—
= -
< W | -

R

andthe nnaol 2 = - 3 s

R=-=.-|.pl:-m','|: -1 i

'y = T —

-im  -Im  Irx




104

,_JH
X 2t Write the [unsiio _I‘"I_z)—ﬁ- el corgz € 2m a

' -

Jler= iI'_II_% where g =z""— i dr>0,0<argr < ia)

e

The fencticn ri2) i anadyiic teoughoot i domain of dsfinition, izdicated tn tog

b below
g ‘/"r‘!ﬂrﬂlcn
-.-_-.-.l'.-.-_df ¢ —
Wi bt} 3
Nlsn,
( Tpm (e o o 7 0 S e +isinZ =1ty
= = - =" = n:s- igif—=—
A Rl 4 42

Tis s=owg that the FuncBer Fbhas a pole of order m— ) gl 7 — =1, e residos Gere
belig

3=¢pn=5§.

{b; Write tha function fiz)= (Lﬂgf’]‘ ar
ooy Pl Logz
= wk = .
flz P whee  $lzl= Tl

Sroan this, 1t s clear that fiz) has a pole of wnder =2 at =z=i, SiraphHurwan

differeniiaizon then reveals the:
Lepz . =
Bes —=#({1=
Sy PO
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{v,) Write tha (unsdun
AL
z
fiz= : Dgl=00<argz =2 n)
I:.-I:j + I:_ L
A8
£ix) g%
fz = wherc 3
.r A, {.-"!'. T ﬁ‘. {.E | :....j
Binne
(240" =4

and
-—'ju__—h:nl.=_1 _ l' -||‘:.= o 1 E
1 a o H £ —E'i"‘—'—#: |
¥
I 1=
Res F=p{==-
S (x4 wiD T

fal W wish m2valnaw the fhespral
T .
e gy
wherg (is the circle ¢ —~20— 2, 12ke) in he coumtercloelwise diraotine. That circlz and
the mngubitics 2= 1. £ N vl dwe intcgrand ae shawm in the £ gore just helos.

A

Obszarve That tha point £ =1, which i3 the anly singularity enside C, i 2 sireple pole of
ihe inteprand wnd thar

ol o ~
Rag ___34. f+12 - 3..? + 2 _ l
bz -+ 42 - 2
Acconding to che residue theosa, (hen,

A+ 2 1 .
L PR z.n(:{] .
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i} LeLus eedo parl fo)ahen (i changed to Ix: Lhe pogiiively ariznzad circle | == 4. showm
in the figurs below.

Tn this cose, all ibres singularitiss 2=1, =3 of the intcerend arc imteriss e O W
already snow froon part @) that

s R

= {z—1ir* -9 2

[t 45, morerwet, tratghrintwend o 250w that

ek N Tt _ 15449
DR - Tz ) L2

'h.

and

R 3'31"2 3?:'1."! §Z -9
. - = .
RG-S G- Ng- 3 |,

Y]

The reswdue thenrent 1ow tells we il

f 32'+2 [\‘l LR 18 -ﬂt‘]_ﬂn
AT 2 1z 12 '

4. fup Lat L' denote the poswavely oncnbed carc.2 1zl = 2, mw] npbe (hat the megrand of the

iniegTa }ﬁﬁ fins simpularties ar z={and £ = -4 (See the figue wlow,
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Ty find the rsidue of the integrand at 2 — U, we roeull te 2vranaioa

i ol )

1. _:
and wite
1 | =1y .
- —_— T2 - [
Tiatd) 4;le+|’~'* } 4n Eﬂ :] zﬁ_‘m z (1 ezlz < 4,
Now the ccefficient of L here geens when n=2, and we 0o that
P
Er- L I
j‘-t-'-"’r?r ﬁ-t
Consejuentdy,
j =, .= :I.J r
4 Er+ 4) 64, 32

Lat us raplace Lhe oal £in part fe) hy the positively odented cicels [z +2 = J, conoered
—2 and with cudius 3. [1 is shown heloae

Wt almady kmeror from: pat (o) that

1 k3

Beg
~ T+ o

To nd the residee at —d, we o

- izl
(k-'l' "-1-} 7 —l: 4:! = ’

This talls us that z=—4 is a dmple pole of the integrand and chat the residoe theres is
(-4 =-1764. Consegoendy,

Eﬂ

LS O SR I O
}ﬂz'{:r+4:r_2 [ =t
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£ Letus pvaluits the incaral L% where € is the posifively cricared cirele. | 2
&1 ihree so.aed singalaritics £=0,4 ¢ of the inteprend are interior to O Ths desired
regichnes are

g CDShﬂ: _ED:_hM =1,
2zl ﬂ:a ||_| ol I "
E.cas u:ahrm _coshmz| 1
wioglr 1) alzddr]| 2
2] )
s vl sl _l
.._,-_:.[1- 0 miz-f ., €
"enszquenthy,
cosh Tz .( [ .h .
——— =i 1+ -+ [z im.
I arar s 2oy ey )=

In cach part af this problem, © dznotes the posiivaly onenied circle |z[= 3.

fed Tt is avadghrforwanl w show tha

i szl =

)_ (3+2c¥

(3a+ 2% _;_ |_
=142z + 5] 2l nil-zNEIEEE

Tus fonz g -lg H E lJ has a simpks pole ar =10, and
& Wi

(g +25° £
L'-:'.'::—I:'Eé; -h.-;!'z Enﬁe: —_;F| J:| EmkEIJ—E'm.

b} Libkewise,

.T'ﬂ - - e
it fiz)= c = Jc) T —I"I)= nk

A+l +2:5 7 2 et s et B

¢

;1 ‘fl-. j had e #imple poleae = =0 and we Tind hete that

EE AU = L F‘.E.q[—-f[ ] '(—— = -3r%,
CLi4+ il 2L }

Tae functios
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(ol Filly,
Al a -
if flal= 55 e i_r'£j= .
[+z £ rd il

P
Tha point z =0 is a polc of ordar 2 of :]?_I"i -1-]. The resklue & ¢(U), where

o L

.
[ ) P E—
S .

_ [J.'!',':-‘ k= - {z-l:;:".
(1+27¥

@]

i value o 7000 s 1, Su

:Hfhll , 1 l'\-\‘
- 1 - = =1 |.--.
Jr:.' 1+o e =dm RE‘ i ){z q Em‘ﬂ} A

)

SECTIIN %
1. fa) Write
| Pley
LA - =T+ 1= -5
csoz= prey cre. pil=1 and gz} — sz
S =

2=120 giM=sint=0, and F{0)=coaD=1<7,
r 2 {] musi he a simplz pols o7 ooy, with residus

i) 1

—_—m = wm T

g1

il From Excrmise 2, Sco. £1, we know thar

iy —i i - 1__l £ r )
LT 21-3!5+[|:3!:’_, 5!]z+-- (0 <lele )

ainee Uwe vosllicienl vl 1 hiera is L. itfellowstha z=0 is o gimpls pole of cscz, the
4
fesidus being L.
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SR

fer]

(&)

)

Wiz
c-siphz _p(z) _ .
Psinhg  gizy oo pl)=2-sithe and giz)= £ sinhz.
Sl
el —ati =0, (80 =0. and ' (7i)= " L0,
il Carlle wes Ll
Rm-a.'?sinhz= Em"! _E__i
v = xinhr g' ) ;TE T
Wwnn
expiar] oz
= — he i — ; - -
sinhz  giz) where  plz)—eaplzr; md glgymainhz,

L us edsy W0 e (]ial

nym= 1} hm . EXDIE ] -
K=s DhEt F’[ ) **—Bﬂp:ﬂﬂ:} and Wy ”_IE::H_,M_-:;;F[-M]}.

= gy gt =& ginhx g{—m1)

Evidendy, thea,

Pes m‘pf:ﬂ + Rex a.-tl;:{z:} o _o ERpU) | CRPUTR) g

=r zinhgy +-= ginh: 2
Wrie

Szl =‘ﬂ£. whele pizimz and gfx =cesg,
@iz}
Ohserve that
K
g ;+.-:;|:] =il _ 0] 20

Also, for the slated values gl n,

i R . .
F[,‘E-'-HEJ- 1+ﬁﬂ‘?’-’n anhd [3{%+ﬂﬂj'=—;i“(g+ﬂzjﬂ{_l}n-l "




W

"

Bo the fancran f(7) = —— fag pulex ol onder =1 5t cack of the pous
SF

=—+nT {n=0,2142,...}

T
r

B

The: comesprnding residuss ume

rq
T

|
LTay

Wik

1anh : = F. whee  pi=)=xinhs and g0 = coshe:.
zll

Bath p ad 4 are entire, and the. zores of g are (Sac, M

¥ ar ™
I— =+ng i im =0, £ LY
1 2 4

™
Tn additicn to the fact Ly q[[% — T |E) =10}, wo see that
K

.. . - p .
P[[E—Iﬁl'll']:ﬂ]'ﬂh, 'TH nﬁ}:icn:u:r—ﬂ{—l}‘ # [
L2 4. [ 2

Sa the poink ={%+mr}i i~ XL LY ore poles of ceder me=1 ol wah e, the

residus i cach case being

-

-.[;£+u“r|£]
F{_l'_,: ',.r__jn;-l‘.l"_

- o . =1
ﬁt[: ' H"FJI'J‘ Hor

2=
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4. Lot O be the posidvely oriemted circle (o= 2, shawn jusc halow.

i)

(&

d
\\d T

Tr evalmae [he integral J-Eta:.:d;:_. wiee write the inlegrand as

tan p=5"7  whore piz)eging and g7z) = cnsg,

and recull that e xeros of coss ane :=§+n:r (n=0tLEE, 0 Omly e of chase

zeeos, pamely =272, ara intedur 1o O, and they are e izolated singularities of
Lz imerior Lo O Olbseric that

B ) g Regmng= SCTE
e o L m)

Hence
[ sanadz ~ 2it=2 1) = —ari.
The probizm heee i3 to cvaluane the niegral J - E—. Ta du this, we »wnic the

sinh.?
intepramd a3

| plzh .
— =70 ohers ri=1 aml gizi=sinhiz.
sich2z gz Pz q

MNow ginhlr =0 when Ar=mm(n=0.2122 . ur whan

3:'—-—.- in=0ELEE,. .

Three of thase 7erns of sinh 2z, namely O amd £ % are loside £ and are chz isolaed

singularizizs ol O inlegiand that need o be considersd heee. Tt i3 aread ahtiorwaed Lo
shiowe thiat

I g 1 1

R |
= cinhdr q{ﬂ'\ seonh 2
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' 1 =p|,'_:ﬁ‘-'1]= 1 . L "__l
e=etginh le  gixi2)  deoshim) denssg X
el
fag L o PAmARI) S S |
= soginhl: @' T-mif2)  2coshf—ar  2cos—T) 0 2
Thues
N I 1‘]
e { - lm
i S PR

£,  Tha zmaple v.oszzd contour £ i ag cligwaran Lhe igume below.

-{.N +_i~|m'
L

Within C,, the fonction ;‘sli:n has iznlatrd singular-rizs at
z

=0l und r=4tnx m=L2,..,NL

To find the residue al £ =1, we eeall she Lyurend series For cecx dhal weas [ound in Exemcise
T Sec.al, amd wrks

| ] 111 1 1],
=—0CE0 =_'_+"""E+ _— -
Fuaz @ |z 3t l:l[i!'}l F }
LI A
P T L PR (LI F Ll o
26z Y 5!]z 0=




14

1
Lhis (=1s us that : gin has o pole of orfer 3 at =0 a=c that
z r

-

1
Bcs — =£.
=0 rsins &

As I the points z=dmx (n=L2 . N, wrie

I plz) _ .
-l [T =l oumul @i = .
£ iz el when plel =1 und gizk=2"sing

Siner

pllax) 120, gizaR]=0, and g {dnah— e cos gt = =1t 20,

1 Lollows thal

Ras ;l- S Y b :(:l{_
mane gt ying  o=1)"wtx* I m'r”

So, Ty the esidue leorsi,

i/ | 1 -1
J.=— .:.Ezzim[-ﬁu.-:z{i]f.

2. 1
¥l s SnR

Bewtiing this eqstsa i the foom

ne 12 didv. tanzg

X |:- ':Int"l - jr:'! n ﬂ:?_’

andd rpeallicg Lgin Exerciss 7, Sec. 41, that the vilue o the inlepal leve terds b o2 as ¥
:2rls b il nily, wed arcine at e dogswed sugavation ferooal:

1

H{'_lnr-l I
2=

2

= M

The path C bero 15 he pusiively ooented boundary of the recmngle wilh yetne: & Be
puinls L2and L2+ Vhe problem 1= 0 cvaluakes the inlemal

{ el
ozt — 1y 43




1%
The iaolansd singularitics af the intagrmad are the reras of the polyoomial

algl =g = 1% +3,

Sewin z thiz ml:,-nnrnm] oqual 1 pese snd solving for 2%, wa find thee ony zero ¢ of giz) has

the property =* =1+43%. L i aLnuLhimm ard to Ind the two squane oots of 1++73F and

also the wo squame roots f [--y f3i. These wo the foor zenas of (=), OAly twa of thoss
L2015,

NEWE M
=T =2 g =g _ T
o ) “ vz
Lz inyinle &8, Tley me shopwn in he figuee bebow,
—2 44 ¥
X
7
-1 i X

To find the residwes al 7, and —T, we wiilc the egrand of the inncgral 1o be evaloatcd as

| oz} z
- ==—""_ wiure =1 amd g{rl={z"—1¥ +5
'ﬁzl _ 'I:I;. +3 I?:.Ej WHiLCTE: P['F:I qi’] {. .

This plynnmiel gy is, of comrse, the zame g07) @5 above, henoe g(z;) = 0 Nuks, o, thal
rand g are analytic at gz, and that plz,) =0 Fimally, it i seeaighforward e chew that

yizy=4z{z* —1) and henee that
f?’(:f]=4:,;lif.f—1]'=- 2R L2 i
We may concluda, them, that 2, is o smple pok: of the inksgrand, widh resices

piz,) . 1
g ) =2l + 5N

Simnilar rexnlix are o he found o the singular poml =2, To be poeadie, il 5 easy b see Ll
4T E)m B =-qT2,) = WA +64Ti 20,

e regidoe of the otegrand a =%, beng
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Finelly, by the residue theorcn,

i mait I | T
J,_z" 1~,='_=£m' 5 ——t— p— [
St N3 O FOVE IO RS Ayd

T Wo ate given that flzd=1¢g(=)), where ¢ iz analyuc &t z,, @)~ 0, sl PAEREN
Thzze comndiilona on o tell us that ¢ bhas 2 wero of onder m=1 ai 7,  Henee
g = (2 —z kglzh where g s 2 fumtion that i3 anelyse end nansers /7 7 and <his cuables
s U writs

e WAED : l
JiZl=——=, where zi=—
{z— g, ¥ Lz 3F

S0 Fhas 2 pole of order 2 at z,, and

Res iz} = ¢'(zy) = - S0l
Igie, 1

BuL suge glz) —(z =7, ) ezl we knowr tha)
gzt ad  plel— iz — g ptiE+ 280,
Then, by settng 2=z, in these last two eguotivng, we find that
flz)=glm) and 4%z ) =227
Lunssyuenty, our expressiom for the residue af fat 7 can be put i te desired foom:;

Res figy ==L fed
= [g'(e ]

d w! Trrind he residee of the function @sc® 7 2k ¢ = L we wrils

- ]
B ———, wlae @iz} =sins.
LT iz}

Binon g i3 entire, ¢f00 =4, and ¢ {00 =1=), (he reayly in Bxercisz 7 213 na (hat

. MY
Resascto=— —L'ﬁ—“la —
i [g (|




. . . 1
ity Theresicie of tha func-ion -7 At 2 — 0 can be gliained by writing
gz | "

| 1
—=- .., whee gift=t+i.
I{ +;:#:I Iq( E.-'..It
Inasmuch asqis cntiee, 0=, and (07— 1 # U, we know rom Execcise 7 that

I Tl
Res—— , =- L1 o
= o+ ':.ijt [

I
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Chapter 7

SLCTION 72

. [ )
1. Tv cvaloate the intepral Jm, wWeantegrae e Junclivn Fis) == LI croveend dhe gimnt-
1

v+

closed eontanre showen balnw, whors B 1

-
c .
¥ X
7 £ F
Wi we it
& . -
-5 % om,
AT ol S o |
| 1
I _Frg R - = l.] =i'
T o | =l {_E_l:liz'l"lll o+l - Ei
Thus
i
ar s
:I;'.I =1 _jr“‘l‘"trt.—ll

Now If 718 2 podtt 08 O

le = 12— L= 7 -1

and £
T
ek f_ AR E -
R!
[izally, then
v e I r
-, - = .
J-P+L j.r +1 2

—r Q




The inlsyral I Ty can be evilusted using we tunclion Flgh—

simplk: .lus-ed mntau:a: o« Oxeteige 1 OHere

2

et

.
2 =1 o H _‘MBl
gl =+ 1 (z* +1]

1
where F=Hey =y, Sirge
Azt 4+ 1)

| ] . 1
= ghere &lpr= - ..
PR R P ey

we readily find tht B =§7() = ;r_, and <0

f.___.___. S
L1y 2 dnlay
Teisapoinen Cp we know L Easaise T it
I +1 281,
L
w

.}.L;{E'FJ.}:I‘E I .i=
i gz (& -1) (1_;

The d=sred resull i, e,

- .
;!_(;“H} _E’ u -lu’-+1f

=r
’ 4

We hegin

"F
_ \:—“3 a3 M — e

a the 7aroa of the polymomial £ + 1, which e

the fourth v ol =L, : ui toing el lwo of them ame below e real 1cws. In fact, (f we
consider the smple clesed vodom shicwp below, where £ 1, thal conigar coclosss anly

“ap A0 FOOTS
l :
M >
I-'-'“-Fﬂ = 1+du—|,-1?
amd




L2

e

dx u‘z -

L CTLY
where

B =Ees and B mTics ! :

=u rf +1 A |

‘Lhe methed of Theorem 2 in See. 0 [2lls uy Lha. = and =, ars zimnce pales of ul — and
2+

thar

L = E r
Brs—r—=—"1 md - A
arl 7, 4 * :.a: L, 4

since: £ = land 7y m 1. Furtharmore,

: [ A F J
B+B =g, +3)=—m i
S wzflﬂ:"— T,J] w2

Henes
j e _ v [
S+ 4T e te
Siner.
|'[ :iz = k i by
Caz 1 K -1
we llave
- . 4 T dx by
= g Qf =,
-l.r*—_l At '!,I*H. FRTY:
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2
4. We wish to evaloate the irtgral r[ 1‘.';& T We use te sumpls closed contour
_'l.' - X =i

showd helow, wham R 2

LW LW
T,

-
H

t find th idaes of the [upclicn fr)=-——"-—-— 21: its simpl le
We it find the racddass t [lunclicn Fiz) P 1: its simple poles
rmiand =12, They av

- r =|=—: ——l.-
Rearte) {’+i)f,r‘+411_- &

and
| Reaf 2 1 1
sReAFiLl s =
HI i '-”- :I {.!_ . ]:H:-: -+ lﬂ_!ﬁl 3!-
jj i)
¥ : z
x dr ot i _
' =1r
-];'1”” + L+ 4 L. Tl R
or

Jl'r sk J z* i
—H':'Iz +I:|,::_T'3 +I'-'|-J 3 Ve ,.:J +-]-II= +d-:| .

If z it 4 podnd oo (2, then

Azl =l =R =1 am I +dlzilA =-d =K -4,

Comeoruendy,
I i)
£ dz di E
. A = = Dy B —3 o
|j e TSR A PE N I
A b l R
and w meay ennclode tha:

f.. I Fdr _F

A it 1 4) i 0 j{_r +Liv+4) &
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- 2
5 b m!cgralI = .Wdi 2 ean b cvnlnarmd with the 21id of e bunc bon
Szl = z
Wt 4y

ampd 1he 2 mple closed cuntour shown baliow, where 22

¥
{:.l
X
W slart by weliog
2 + J
e L 3 )
L +- e — =2 ]
,J;':e*-‘+5}]|[xl+4l= »I::'n{,;-+y].[23_4:.- WiE+ 5 )
.
=23 ‘ B, = [cs al
'HI L2} ] {!' —"'.l:ll'z +-'-r| = =% :’E _y‘:l:,_ +"'1.}
Hiaw
. 7’ 1T 3
o [E+31}{31n4_‘|.3 JJ-:i 5'-.].'.'
Te find By, we write
£ @ _2
r F = T -h.lf — . .
Tl Sl L SRy T
Then
K, - NEH—E“_I
This tells us thet

I

X e

=

_ &

J

Fitea ly, since

2T

AT NN -4

- J::;

T u i vt 4 ar

ER-:.
-3 an & — e

W find that

x’ g

T = 5
L- ERET PR T

g RE

v L

J

TGRS ok T ITe

-u[ (x" =9Hx 4+ 4% TS
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In arde & shaw that

v I xAr i
et e2a+y 0

3

we ntesduce the fonction

™~

Fiz)= .

figd=
1K =D 2)

ani che simple closed conloor shesm below.

(thastve chat the singularizies of f(z) scc a1 3, z ==1+] and their conjugates —i,
¥ = —| - in e Jrwer half plene. Alan, IF 25> 5%, we see that

f_r:.f_udr-fc Fidde = 1itBy + R,

»
wie e
£ =Rep flol=—u—T—— > . - i3
tmg, i +1HE-3;,__| _— 10 140
ali?
. d L1
H:=-F-EEF'._'|-_ T =-—---i_
= {z+ij{?'+:‘.z+2]]w 10 5
E-icdenrly, then,
‘f : :E_J' 2dt
40 I]q_r’-l—a:r+2} 5 fee(F+ Nt 42+ )
Gince
] rdr = zds |.;_' .J.IE':E ..... a0l
Cola® + 1% + 20 4 2)] oo (P +1Ne -2, M2 -3 (B - 1R-—2F

s B 3w, this means tho
im XL ™
Ho - Lr‘+l“+'f+2::+,.,} 5
Thiz is the desieed result.
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8. Lbe problom heee b5 ro astablish ta intspration formula J' :i:c =% using the simple

0 X +1

olracd conoowr sheven Belew, where K= 1L

)

o . . . - L \ Co
Thooe B¢ arty one simgulrity of te Finedan fizy= -, namely 7, =¢™". L is inerdar
Ll

o -he elossd contour wher &1 According to e cegidee thecoem,

s e i : 1
—_ + + - ami Bea—o,
‘[T-z"+l e 2+ ‘F"-T:-:fj+l = T+l

whete the legs of the cleaed eontour o2 as indieaed in the figam, Sinee O hos prometnc
rpresentation s ([ vs ),

& 7 odr
Iu.,,=+1=-|;_.-'-‘+['

amil, sinee =C can be cpresented by z—re” o (DE P A

¥ c F
j ] i ____-l' az =_J' A - EI:mI[ ar .
ert 4] -] L N 4 = -1
Furtharnone,
I l H
Re: = = -
n T EEE P
Cionsaguenily.
t 2 A
I:'I_E.:':.'H']lj : o £
e+l A aro+l
Eut

de v L 2l

This gives us the desired result, with the vartable of integeation » ingicad of

e =.3F.d".' — e iy 23{.1““" _f_ﬂ..ﬂ} = Tsn(2nl 3] N

A

T or 2 Imi * I

L
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5. Loimand e e joteges. where GSmen The problem bews s W denva the inepracan

Comuly
P " T+l "
‘I- r - =—E$'\:| I,
I:.I-' 'I'I 2?‘: A

f¢) Thzzeros of the polynamial 1 + 1 coour when =™ = —1. Kifee

(3fk+ T

I:' -J:.l.lrl.]ﬂl - FEP[
.i.-l'l- |

I:.i':a ﬂ,],l..,,lﬂ: -1,

iLis clear that the zews of 2*" +1 53 S upper 2alf nlans aee

.f2k+l]f:]
: & =002 =1

£y, =uxpli
' P[ An

sind Lhal tere are aone on the roal axis.

i Wl e amd ol Thevrem 2 in Sec. 6%, wa find that

| i I.

I r
=z = L = Aln-nrrl = .
E=cy _\:1" + l ji,, ':_E.ﬂ -l Eﬂ "‘ E-k 1‘:'. I, 1: ..:.H I:I

-

. m+ |
Purting 1z me 'ﬂ'z £, WX CAD WHe
"

T P +13‘-‘Ff§:1—211 +1}]
T EFL2m 4D
:E"LP]_F—}-I;?;,F*-“IJ* [—#28 + L] = —eMEH 0,
Thus
dm
§ I =_Lefﬁhllw =012 n—1).

B
ey 7] 2n

L. wiew ol Uie idealily (tee Exercise 10, Sez )

'-TJ ]

AL N
- I-_-'-'.
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ﬂl rllﬂ.‘ _

1

1hen,
=l o n—| -
l‘ﬂzﬂfﬁ I;' ..J#E[l :I|E£= m ||:¢]._I.'.-I [ Hr
_, [ - T
PRI Sl an SIS B e
_ IEr-lI:__lu-_ 24: _ »
noo&ee™ o Ty pan

The roanine theorom 1= wx chat

r
x
I;.x:'+l I I.EF Z*:.!glii_._::az vk

" TH tu

¥ T 2t

LA R
Ohserva thicif £ s a pointon G, then

Z*1=F" and 2™ v 1z B -1,

Cnnsaqniy,
in | 2m =T !
z N . &= bw-mpl
et L — - —pdh
bﬂl::‘"'l'l I R_l_l Rz.r lr l_ l —."'”,
Rﬂn

and the desired integraticn formuola followa

1. The problem here s o cvalueo the integral

""""'—l-l

-u] +11""

where @ is any cral mumbec. W du dhis by Tolbnwing the sweps belgw,

-
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faj Let g dirst find the fone aerng nf T pelynemial

gt — [ —uf +1,
Solving the equation g{z) =0 for 2%, we chtain 2® = ati. Lhus twe of the zercs are

the squars s of & —i, and the other ren are the apaace woots of a—7 Py Bxercise
5, Sec, &, the two sqoare roos of A+7 are tie mpmbers

z :%{ra+a FRA=E) and -z,
L]

whpis A— v +L Sinee (25,17 =5 ~a+f—a—é 1 lwo sgaas o ol c—i, ue

eyridently

J—
=
-r

The fearr 22r0a 0f gi7) just obined are locoed 4n the plane in the fleure below, which
iells us that £, and —E, He ahwove the real pwis and that the pther o 22708 Ha below 4,

¥
&
=T Ty
o r
- [
—z, r

by Lel giz) denole the pobynomial in pact (x); and define the fonction

1
'} = \
=

which pecomes the micorand in the miceral o b pvaloated whear x= vy, The mahnd
developed In Bxerdse 7, See. £9, revenls deae #, ix o pede of peder 2 of £ To be

speciti:, we note that § is entiee and recall from part (o) that gl ) =0 Frothermare,
G =dz(y’ —a) and zp =g+, as pointed oot Abovs ia part fa). Consequenty,
#lig) = 45, (5 — 2y = 4z, =0, The axarcite ust mentionsd, 102ethar with the reiatons
g =a+iand i4a* =47, alse enables us to wnte the residus B of fat 2

q"z,) | DRg-se g -a_3Ma+)-a a-i_ a-d2e+3)
ALK (diz, )’ Iﬁfz:g“ Infa fin, n P 164%z,

A=
As for the point —T . Wi chscrve that

gi~z=—g7z) and §U{-zd=g izl
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&

Sincx gi-%1=01nd §'(—5,)=—a(z,)= 45, w0, the point —g, is aleo a pode of arder
2 af £ Wocower, if K, fenates the cozidue thege,

I Ay "V i ¢ "V B —
T T rar mel o - J TP | - Hl'
[¢7 %% To'a.]r  [fg'(z

Thars

R+& =B -B=2m5 =a,=11='1“'{
1

—a-+i2a° 1 7}

y

Wi now inteprae Fi70 areund the simple elnacd parh s the Sipore below, wheer
R >l | anc & denotss the semiciccular pordon of the sath The eesides thanese 12714

W Mk
[ s |, fizkie =208 + By,

i
‘T- _ .u‘:.:_ . __'__ﬂ_'i_[m|-_—c:+_i:[1a1+3} _J- ufz i
AUE ar I 4at | . T PraE

Tn arder b show that
lim [ . n
A==l [gid]”

we start with the nhsenvation that the pelysiesds! 020 can be faenmred ino the farm

gzt ={z—nhztz -5 X+,

X
ELl

Beralf now thar R >z, W zdsa painron . sothat 1d= R, tien

le—gl2lld="ell — R =l and e LE Izl al=1E 1 = & =zl




Thiis zi:ables us to sec hac 1giad & (M=, wiew z is en €. Thus

14,

1 | 1
[eal|
for 5iect points, gnd we amive at the inequeliny
[

J S P
Ce | g 2 [* Rl 4

s
whiah p3lls s thot the value af thiz intezral does, indmd, tond 13 d] a3 B rwenda o e
{uonscqoently,

o, | dx -z h|'—a+f.:za-+3:}

sl ey +iF :

|
Bt the integrand! her: i ¢ ven, wod

*-.I'

Ir__-u+j'{1£+_§§ 4.;'"_? i+ H It T ‘-J"H+u—r'.l"-"1-u
- r, |_ NAla+ifAa-na JA+a—ivad—a |

B, tha des: red resul; ix

-' E - I
—— 22 +5vwA+tatayAd-al,
! X —aj +1F ﬂ-.fl_"..i‘l ]

where A=+ +1.

SECTION T4

T f
The peoblem Fer 18 w0 ceanare thes inmerak l-{ £+“f]':r';"+ 5T whare a>h>0D Todo
A TAT

1
(' +aty + 0%
inzide the simpls +lased couowr shovwe below, where B> 4. The olber singolaribes ars. of
counss, in e Lower half plane,

this, we intoduecs the fonction £(z) = whose singpaririza of and Bi lra

Lr

L
Lk
o
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arentiting tn the resitue theprem,

Fir .
- p"p'l -—_ "
s +E|:f{,,. dz=2ritl +E )
where
L] T 1
B =Resif] 2= : T -——
[£=+ []i.:ll:lz + fr_]_:_“;i :..‘l!“:!'? —dd"
and
2 ] et
s[ﬂa}e"]— - - ]
h= (z" + a® )z + L) | Y Sh(a" - b u
Iaal i5,
k) h =h -a"
o {ﬂ T h
- —_——— = | (e,
J;,{.I +4:1|[.x + 84y ui-bﬂ.‘ Booay ,.J.;"I: e
or

o5 rdx x et g0 .
=—= |E _®* 4 r e
J[.: +a Xt +b A" -b B .-1] t_lf( etz

N, iF 7iza point on C,

| Fizi= M, where M = !

(B~ =5

et 12 = 2™ 1. Hence

o Ik
|RLJ.‘:,'T{'_J }E a hJHH.EE —_— .ﬂ."'l:.ﬁ'i h :I — 305t R b
B ir fnllivoes thet
T s ol g ( et g ’
1 A I, P PR — }E'}'D .
_J..I:I 'Lfrj{'rl'l'ﬂ : a* —b° " L L @ .

2. Thia problam 18 o ovpleam 170 intcaral f =
"
1

. L : s _ .
flg=— has the singwlarizies +f; and $0 we may wozgrate around e simple closzd
z

ﬂ::i:r. where g 20, Toe fincton

Labaut oo below, weheie XL
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Ye 5n wiih
[y frmic s,
whers
b ™ -2
.H_—"R i =E_"I —E F
‘E'Sff{{” ] :-I'IE.Jnr' i
Bence
3
.LA T = "j"*h‘ .
T
GOETY -
-[}*Tl‘“ we —R:Jf{:je ",
Sinen
1
[Fizl= M, wheo HE:R’Z =T
we i that
o I" "'H:r#i 'ﬂid .F -
Iﬂif,zk | if{z}s { T
and 50
fﬂll:iﬂ.l'it.: -
2 xr -1
That |5,
oo £
1]

.
To swalnatne the Inregraf IES—J-'E qia'r wr Flesr iatredd uee. the fonetian

T+ iz ¥z-G)

whee 3, =+ 3. The point £ lies abewve the x axis, and 5 les below il 1 we wre

R R

-z, r-5
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wr: s thes 7, is 1 simple pale of tre fanetion Fiz)e™ and that de coaespunding rsidue &

VHaxp(— 20T expl- 243)

2y 2

=)=

Mow consuder the simple 2lased conlour shown in the Haime below, where & = 3,

¥

Ca b Y

) I x

' - e
Intzgradng Fizre™ arcund e elosed commue, wz Lave

v = 2l - j Al dr,

..t

n '
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r=—iJ?iaasimplz pnle irtzrdor o O and the polne £ = -2 {3 axeedor m 47 Thins

. , )
S = Im By {-——-'—u-J : Ln[ ! ] —omi VL ER
za-i2| 2z 4 Sig =2 L0 T P A TV I

Z  Toevaluag the definite oozgeel in quesshon, Wi

.—\.l—|:l"
'L.ll
1

i AR j 1 n!z_J‘ dir g
_l1+.5h1*B' € fa_g o dogtagat 4l

1+
LA

whare (7 i “he positvely ariened omit circle [o=1. This cirele {5 shown belowe,
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Sobving the egmaion (7°)" — 607" )+ =0 for 2 with the aud of ths guadralc furmols, we
ol Ut U zgvoes of the peiy il 2% =627 +1 are the mbers ziach that 2% =32 242,

P -
Those reros ire. than, 2=y 3+ 247 and o= 23200 The fust lwo ol fiese zoos e
enerior o the circle, and the second vec are insids of iS¢ the cingulantics of the
integrand in nor contone indegral ane
5—ya—2dE ol m=-7,

indicuted in the [pwes. This means thic

- | .
_'[L+sin’ﬂ="‘m':ﬁ' LR,
whars
dix iz, H ; 1
— R - : - _— ! _
A A del =122 -% fA~Zyai=d G2
and
B =Res b _._TH__ 1 _ i
agt=frr bl Al o P A 2442
Since
. T o 4
Am(B + B =2x|- ‘.:]: i =l
'.'El _:l [ x 73 :.E Nk,
the desired mosult is
T -
_|- : = urzﬁr
_El+sm &

7. Lat €7 he ihe positively oriented onir gircle - rl=1. Tnview of the Disougia! [ovola (Se, 3)

_[qin"P:H--—an‘ul'EdH-—J.{q ; 'd:' |-1] J.L' 2 -..!..

Fam
ﬂ'_p-l‘l t, l} fz J Ak _E-].}‘E_Ii!i?_.

Awmi b

1 n IR
:'.J.!+|.i I.l'l' Z(L‘JI_”#I an-2k—_ -Hi"
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Naw ¢nch o7 these lust intagrmls has vilve zera saxespe when L=n:

L ridz=2r
Conscquendy,
L {ayi-D2s  {3n¥

L]
A= . - =
!siﬂ I...I'M [ I}‘.i {'iIF |:|d. -‘- n :_-ﬂ _}

SELTION 50

We are piven & funernn Fkar BB analymic nside and an e positivaly ceiented sitaple closed
cobor C, amd we aseume thal Fhas co zeros on O Alse, fhpan aorms £ (kw2 n)
ingide © whers each £ fof mulipliciny s, (82 the figues Below.)

s o

i} T

Tl olxjct Lere is b show that

LI CAPTIPn
Ly o= 2T

Ti iy i, wez ciomsider the fth zars and stait with e UasL thal
fo=ir—a )" pie),
wierg glz] 15 apalvoc ahd hohzero at 5. Prom this, it is siraigocforwand w show that

pfiey ey aple) oeyleomlress  ep(e) o zatz) | i
T

Fflal -z gl i giz) ez i—z
Jinge Lw Leom HL{ }“I hers has a ‘laylor seriss wpresenialivn at o, il [ellows thet EJ'F[E?;]
Lr P E
has o simple pule al 2z, aed Lt
FE_
Eﬁ]ﬂ {a:] LEk

Ao gpplicatcn of the residue Hi-:nrtm naw yiekds fha Jesmeal vesull
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f.

f2} To determing the number of aereg of che polynomigd 25 — 5294 »' — 37 Ineide the cipels

by

l&f= L we wribe
flzim 55 and piry= 4.5 =127
W then obserye lhat waen 2 is on e cinvle.
1A =5 und lgleNsiz®+id' + 212=4,

sy Lzl = lgizh vo e virdde and gines #r) has 3 zeros, couwnlug muliip isties,
inaida i, the theorem in fe0. A0 wiliis that the smm

el +gisi=2' =52 42" — 11

- wlsw b fuur aeros, counung moliplicides, nade e cicls

Lzt us write the polynamial 2¢” — 2%+ 32" =2, 4+ Y w5 tho qmm fiz)+ o0), whets
Flied=9 and pi)=ct -0 420 -2
Obscrve dul when = is rn the circle [zf=1,
|zl =9 and |elzls2e' +2 fF +2if+2 =2,

Since 1Fz4> #(71 an the ofrcle and singe Flz) has nu zeros inside ik, the som
Flel+ iz =22 =224 22" — 37— 9 hag nn 7oros there cither,

Lat O dengle e cirgle |zi= 2.

il

f&)

Ihz pelynomial 2 4021 + B can be wiitten 63 the sum of the polvmomials

Frrsd and glo=7'26,
i,

Sy =32 =3 and lgtrd=le* LRSIl +6= 32,

Sinee | Fizd>le(z)l on £ and fi) has 3 zeecs, counune muiipliciies, nside €, |
Fallows thet the adginal palynomial has 3 zerps, coueting muldplicities, inside C.

Lhe polynomial ¢ - 227 + Y% +7—1 can he writien as the sum of the polynomdals

=97 omd pisd=2"-257 4, -1
O €,

IFN -1 - 36 and Igtnimlz - 22" 42—l €1t 42 o+ 41— 35,




P

Binee | A0 >10{z0 oo C and fiz) has d zeros, coundng molr pHeides, indde O, it
Iplbows dhat the original polynomial bas & reros, countng wgltipic ties, inside

fz; The polynomial 2 +3*2* +2°+1 cau be wrilten ss e s of the polyaamials

fior=2 and gimiadzt igfad,
o

.fl:.-‘:}.=lz|5=32 anit  |glzll =137 +2° + e 34 P 1229

Sinze 1F(A] =1tz on & aod F120 has 5 seres, cocnting muldplicities, insida €, n
fallows that the o 21031 polynnmiat bag § =g, coonting moltiplicites, insico ©

10, The prehlem b is 1o Bivz an alwerative proof of the Tact that any polynomdal
Flay=ay+az+-+p 2" o’ i, =10,

where =1, has preelsely # zame sconting molunlicldes. Widot Toas of genaral:ty, we
may take «, =1 slnee

b
P(z)=a,:!{i~.-if+---+m—‘lz""+=." ]
Lat
Fizy=+" and gz =g Fort-oofa
Thzn let & be o lorge that

Bl e lapl e le, ..
Iz isapointonthe sirele Ol z= &, we find thet

lgtzi =ha, | +layllzb - 4w 2t ™ — gl +ia B+ - +la_ |R™
FIENY. Sl P S P D - (PR PN PY IS P T o
CRR™ = R ='2" =7z,

Since F{z) b precisc’y m zotod, coucting muhiplicivi=z, inside C and sinse £ can be madz
arbioanly largs, e desiond wesolt follgws,
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SECTTOM 82

1. Thesingnlariiics of the funchon

*
23

=

Firy=
are Uhe fuurth rools of 4. Thay are readily found o I

5 — 32 et T -0L2.%
‘dE '-."ir', - '-.I'E ad =37

oo the figme below, whaie ¥ > 2 md £ V7 + 7.

Tin= (wivAion
L | j o
f“ Fl:.f_]- -L:T E
-4

kag simplz poles at the poonts

Jﬁ:_".lrf. 5 ==, F=—v2, aud .r:——"."i";
nad

i R:S[f"j"{'_r}] - 2 Ky L - ; lf:"‘ai - i 1 o

1 W o]
T wm e —4 Al 45

=iy L Lon )
P 2 2 Z

. . - =
IE:!1|'Zl: g H: +f_|'q.l _:I_E-l\.__.

2 1

= coshv2; + cusd2r




L—l
3

Eupprse nirw chat s a point nn 02, and obdorve that

IA=l7+Re“1 < y+R=R+7 and ld=|F+ R 2 y~Rl=M=7:2.

1t follows B
1267 = 2* £ A K+ Y

End

I8' = 1 o =2 ({ = T =4 = 1),
Conseguoendy,

PF{II'Iﬂ,—;w—rU a5 R— =,

=71 -4

This cosures that

Jir=cosgh VI + cos w2

The polynomials in the Ceneminarce of

2i-2
i I+ 2a 450

Flri=
hfvesarns m ¥ & =1 and 2w -1+ 245, Lot na, then, werits

i ~2)
RN NERF N CE )

e F{sl=

where s =-1+2{ The puints —1, 5, and ¥ ree svidendy simole poles of ? Fis) with the
following residocs:

E'H':l:-i.'! ) w1

Al el

v

il — !
B, =Res|e*Fis)| = LJE_EE_ =(i _i‘],:.-tgﬂ-r
#=r (2 + 1t =5) 42 2.

:r|.¢r T i
B, = Reg[e*Fls)]= 425220
po (5, +IKF. - £,

=8 =|=4= ¢
777 )

e (Ay -2 }_ = _[1 i i
(g + L% -5} -
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T is cusy Lo 5o dhal

BT R B =_5_r+(';:—£'JIE"£E’+(; | ;\I"'_"‘»’_m
- E

r"'EfH — E-\.iii

]=z*um1r+amﬂ—ll

LA =

Now lot 5 e any poimt on cae semicirelz shown helow, whare P> 0 and B> % + .

Since
|daly + Rels v+ B Rey ond ldslv ) Be™I>y--Rl=R  pay5,
wz Zind that
e L 2A 2SR I+,
i 1l=1d H=R -9 -1>10,
g
8" 2o+ Sl= s—gylle—Fl 2 A-sIY 2| (R— 7V -5 ]I =ik
Thus

1 2r == al Sl +2

| Fls = s ;
=+ L~ 4+ 24 5l I':.H- rj_ll[':"':_?'}j‘ﬁ]

—5 4] g% =¥,

and we may conclode rha

SO e (En 3 Foosde -1
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4. The functon

Fisr= —_—, fa =
&

bes singulavities at ¥ =+ af. Su we consider the zimple cloced contoor shown below, wheie
yrland oo+,

fpon writing

[

. P{5] ¥ -
Fry=————  whern T = .
HRNE . o P SaiF

r

we soi that ¢fs) 3 analyhe and voncero al w; — wl. Heneo s, is o pole of moder me 2 of
Fis). Furthermorz, F{5; = #3731 pouts where FUed is amalytic. Consaquemly, 7, iy also
apole of e 2ol Fisd: and we know from expression (2, fa0 82 that

F.l.ﬂ!-:{ﬂ" F‘u}} +Rex iirr“ F{.{l] =32 Hr{n*"{hj + EJ;J']] )

- a=r

wheste L5 and &, ane he coefficients in the prine pal paer

h o, &

F—iaf  (r=giF

of Fixyar ot These coallBeients ars readily found weith Qe aid of e frsl swo terms in e
Larlur eies [or 7] ahemot 5, = 2l

Fla) - —— iy = — |

Lo Wi
P —all Plad) T [r—all + ]
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gD g,
(=)™ o=

{0 aly = uila 2at,

1.5 seaghitorvard o 10w el @zl =142 and $ai=0, and we toxd that i =0 amd
= 143, Hence
T a '.'
E.n:bfe' Fi.s,n]+R_Flps [e"F[.-rﬂ = ?R:’me{jll } —lcazat,
r - _.J

L=t F]
-

We zan, then, eoncfuds that
Flar=rooanr Coa 1],
priviced thal £z sauslses the dagired Foundedoess condition. &g Jor U condiion when
o s oA pom un G,
lal—l ¥ Rt s v =K+ ¥ oamd ld=ly + Re"|2 v - Rl= R— w3
and .his racans that
I~ + o’ S (R4 PP+ and 12+ 2027 2 (R—pF -4 200
Henes

iR+ +a
R ¥V —neF —+ 1) a5 R =p e,

| Py =

W ars given
Fisl = b ls]

serahy Wex <l

which has isolated singulait’es ab the poius

-1
Sl: =ﬂr j! ='-ﬂﬂ_:':':;l. and E,: —_ T

‘Lius buncbion bas e properly #iry= FiF) cnd an

. a
=1z

fuy="Ris["Fisl] +E{ Res [+"Fis|+ Res [e'mﬂ}.
= o=l -, am3, '

T o] B cexilue al &y =0, we wmiie

bl st reiere (o
& cogh g :’ll-l-a'i.iz:q-...} PRI F -




la1
Divizian af szries then reveals chit 9 s o v'mple pols of Ao wali readaz x; ad,

aceprding to expeesaun (), Sec. B2,

“["FIHI F.E.E.Ful} S

As for the pesidnea of F(e) sthe singmlar pointz & {z— L2....], we wrie

Fla)= ;[ L where  pigl=sinhivey md s} =5 cashs,

W e be 1har

piz,) =r'sin—{'3n-2um #U and  gixd -tk
forthermaoes, sinee

2'(x) = 23 uadhs + 5 snhae,
st Fird rhan

U L S - SO L S VT S P T | . ST S
AT 3 (111 3 ! T EII'I[H:".I.' EJ
Adn—1): s
=7 %[smnﬂ'cm% = COEr: ;rsm—J E’f-—;-—il =1¥id.

Li view ol Thaoven 2 i 32c. 08, then, &, isasimple pole of Fis®, and

ey 4 =" {2n - Ty
Rn:sFu =55 R :
g5y £ (2a=-17 B

A
&

Bapressicn (), Sec. 82, now givesus

H-l"'ﬂ E.-!"Fu 1'}] ]:iﬁn[.u"ﬂxj] =2 Rg{:j 3 fx“-i]h i (in iI‘l:'::l: !p[f {2n ; l}m]}

& {—l}" 2=y (2g-l1m
—— sin- - a03
% (2m -1 2 z
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Szzaming all of the above residues, w2 arnve 4l the Boal esanly

= [ "'En Iy (Ma-lime
A=z +— —t : A
Sl TJEI, S 3 Co§=—s. .

7. The function
1

FE)m——

s-oushis" "

where it is agread bl the Branch cot of 2 decs not Be along e uzgalve real anis, his

_n-1F
L

isclated simgularities at 5, — 0 and when coshle'™ V=0, oratthe peizss 5, =

{r =040 dhe poink £ 18 @ suupls pole of Fis, a3 12 scon by wiling

1 1 |

. _'.—— ry -
.rmah{s“'“ .r{ il P T IR TIN5 R Al T R

amd dividiong Hog lasl Jenumanswer inte 1. T Fret, the residue 35 Foond to be 1; and

eapressen (0, See, 43, wlls us thyl
Hea [f"'F{f}] = Res Fia)=1,
omldyy ELEM

A for the otner Bngulannes, we write

Fis ——‘:4"-}1 wheae  p0vy=1 and 000 = peosh#4).

HL‘I
Mg
plR}=12] and gis 11—
als, since
FAEN =%5”: sinhi s + coslifa ™y,
i i straighforwand W show o

ﬂ': — L - _ -
qiE0= _Lén-Dz ugﬂﬂ[:1r~§] _in-hz (—10" = .
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So eawh point £, 152 anpls pole of Fis) and
Flgt _4 N

RE‘:F[?] PO/ T —
giey ® -1

Consequendy, secording o cxpression () Jes. 53,

Res [¢ AL | = E.:ar.;l—% = 1’" f*"“lf"ﬂ (n=12..5
Fisally, daen,
7@ =Res{e A+ F Rea " Fia)],
] _

] 42 (-1 [ - n1a
Fi -_j+—§: exp| = : ,
H{J .’Iﬁ_lh-] "1' ]

E.  Hare we gro given the “unction

ool 1T coshizsf2)
F L
W= T F+ sinhiae 3y’

wrich has the propeny Fin = £ We consider firt the singulariios st #=4¢ [Tan

wribng
ﬁt:r] coeh(mef 2)

Fis]l=—— whaz: = ;

(5] . whox Hs) G isimhis 5

ae Jind thal, sines A7 =0, rthe point § i a reozgeable songulatty of Fis) |as Feorcige

375 Sec. 65]. and the same 35 true CF the poind =7 At each of these poinis, it follows that
The othcr singuwlaglize cueuwr when m5/2=nm

the residuz of £5F)0) 13 O,
=Lt Tubrd e residuss, we woks

fr=1,LZLL£2 ...} o al the points s =2/ [n

Fal= ! where  plsh= c:-sh[ ]a.n:[ g{;_’,l:-,'_,ra-l-l}gmh(-?i]
it} A



144
and mote it

rl2nlywooshinm) = coslum) = (=1F =0 and  gi2m_ 0,

Turthermores, since

. ~|= . E r'-Eh ey mh
Fi=( 113 cash ,,|+ Enmh(_TJ,

wa have
P T . . ¥
Uiy = {—au + li-gmmn[nm} = da* +l]-§cm{.u.i|:j - Eidw -l-}(—'l}’ m i
Thas
plni) i 1
2fr]m———— - . Far —
KA giamf) & Lnf-] - 0ELED. )
Exprzssiong {3y &l (] ic Sa2¢. 82 now wll 13 thae
Ee E[E“F{ﬂ] = Res s = E
= =l x
arxd
= ~ ) i Y : 1 I 4 l:-l:.i.Ej.?‘ F
Bagle™ Flo) [+ Res |27 Fis =1Fl'.n[e ""‘[——=—_-] - =1z
:-Iu.ll ] r:—"‘nI[ "r] - '11"!"-], - 4.": —r |: 1' 1 .1
The deyired Beeton of ¢ is, hen.
O R
T rridn =1
1, The imction
gnh(ze )
5= (e x 10,

slsiﬂhhhﬁ}
whete it it agresd that tie branch ot of < docs not lic aloug the nazanve real ands, has
isolated singmlaritles av £ =0 and when sohis™ =1, or ar the poinis §=—-n"g°
=12k The paint = =0isa pols of eacder 2 o Fir), w9 is seon by first writing

sinb o) - .-{'.'I'."IE"I‘-I:IE”!_:" { 3! lZJ':rJ'_r_*']ﬁ ."51+-_:- T E O+ LN+
Pl S SR ST e s e T 120+
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aid dividing the teries m the denominabor jly e sedes [nothe iemeeator. The resulf is

silla™®y 1 1, 1
. = e —f Y - e e
s gimh(s' ) I:‘ Eu 'L}.r *

In view plexpresston (1), Sec. B, tha.,
. 1 T l L]
R_,E:‘E [E“'ﬁ E.f]] - E{I —A)r = E;r(.r' -1+ xr

Artor tha sinpuladies y=—n"% (#=12,..), w woike

""‘7‘3'=% where  pis) =sinhins"™) and giy) — s inh(s™").

Dbszrvetoml pi-na 120 and gi-wf 27— 0. Alsu. s

g () =25 ginh(s"" )+ %.m“ cosh{s' ¢,

(freld< 21

it is casy to bog that g(-n’m ) w i), Suthe poimis 5 =-»4% [#=12,...), arc simple poks

of F(r), and

a - Y '||"'!'.1| I A+l
Ees Fisi= s/ = El?:illlt.l:ﬁ = —qz- . f) xim AT
-l aii'rl:i'} R T cazh{y ") . | o -ﬂ:l

Tooss, I yview vl sapression (3}, Sec, 52,

- 2 {-1r T
I]. - HF - - - ! 3
- F'! [E {.E_,l] —‘ ] pE £ LINFE Fin g

Finally, since
Fin—- F:Ena lgf.F{:_}] - E Eex :[,,_:.- Fix) I
= ul

FLE B

wrz arrivs al the caprosaion

l :2 — -, H Egca
Sl = Ex{x*—l}+m‘+ —,E{— :jﬁ —e " "  einnm

A=l

The funeisy

I —
™ ssuby

hag 19aiared singuloriciza ac the poinrs

f, =0 and I, =rmm, 5 =—wn (r-12,...).

(a — L.}

(m=1.1...)
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Mo

-~

I _ J- | _ ] L 1
ssndly = .5[.:'+ Eﬁ' +- --]- T 5.-;- — {1 =lpfe v,
and Civision o s series by 1 revenls that

. 1 {1 1 ’ |
Fith=— | = Smeee | — e — .. I
i [,r' p b h+ i <ld= T,

This shiws that s} has 2 wmovalde singulacgiy t 5. Buwiderily, then, =7 FEe) must alsg
Nawe g rmwovahls singooriop dere; anc so

Res[="Fis)] =0.

—
To Find the pes:dee of Fishat o, = ngi(n=12...% we write

L%y

where  pish=sioby—s and gig)—+* sinlia

Fish=

anhcd Fhgerac. that
plam=-—nm wi) gini}=0, and g'inmi=niel =1 =)
Lansequently, Fes) hisasirple poie s 5, and
Piwm)y _ =mt =1
FUiEm =)™ oz

Pee Fisl= tn— 12,0
=y

Since FLei= F(Fh, the poiits 5, are alse simpls polzs of Fiey and we may writs

I" a . f . - 1 " e x -
Hes Lr"FLﬂ]+ Res fa"ﬂ:.-l - ..b‘.::!_uu"‘ } = EREP ¥ (fonspT  sinnmy
ama, r=y, N HT } T J

e uFl
—. ainxE
(T4

- "t
=

Honee the drsired resall is
HUL me [c".F{.:}] + 1'-1 { 1}'._?5 |F|E " -[:}| - }EﬂE [a"F {4‘}]}.
- LE N

R |
g =—p =

Lt b7l
P
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11,74 cansidar hore e Jun L

zinh(xr]
sy + o’ Joosh s

Fleh= Nex=t),

2an—Lx .
where @ =0 and f# &, =-l--"--£--’-£ =120 Tha singalaritics of Fis} arcat

F=0, s=%s¥, and s=deirg (n=L2...)
Racanse the first lenu i e baclain g2 [ur anhixs) is xz, 1l i3 easy o see that 5=1 13
a remavnhle singulacity cf ¢ F( sl dhal
I}Ef [;"F{:}] — 1),
T fimd the residuz ol Fx) Al 2 — 6N, we wike

. ] ginbalry]
| h= -
#is) 5 — (i whare pls) sif+ cdjcoshs

(roin which # follows thatl 7= @ ot seaple pols =0l

sinhixad) s
aiZticoshied) =2@ cosa’

Ers fie) = M oh) =

Since F(s) = FI5Y, then,

. n isindqir | singr SLIL £ 837 DN
EI!S[E‘"FILS:l]+RI:‘-¢.[F. F‘{s}]-lﬂn[t—m'“'=21—31nm= —
LS =—c, A0 coad J 2 cas 0" 2090

A lor e esodees at s=e0f {n—L2,..J0 we put M) w e Eorm

m:=% where  pisimainh(e) and gis)=( + airicoshs

Seoe plia Sy =sinhizw D=ikinee 220 and gle 3 =90, Alsr, since

qisy =18 + e’ ) sinh s + {07 + a7 hoogh s,
wor Fimed thail
g iy = (—end + w'm fsinh o 0w o e — 6 Jaime, =0

1Xazee we hawe 3 Aimpl e pole ar x = 6, with regiduc

Ros F(s) = fucel o ____14dx
r=mt giend)  —m (o —ealising,
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CINHARRAL Y,

Res[e"Fis)+ Res [¢"F{n)| = 2be — et sl siuey, XN b )
Ty am i = T — e hain i, a2 i - n::r; E1M ]
' u J: ]
Eut sin s, =a:=1n(nf:—i‘]={—;}' . AN TH-3 means thad

IR e i
R:-ﬁ |-E.r£ Fl:j'}] n H.E-S [#I'L-I:E}] = E { .I._:" ) L :Ilf,r.l'_l...hﬂ.!nl ]
i S o 25— vl

Finally,

f{-::' - F}E’EF“ {.‘.."r'.p(.ﬂ::l] ¥ [Ii_lilﬂ :E'TFE-T }] - E."_"ﬁ [l.‘.""' Fisr.l}i-.:EL{EEj‘ ['I".'"FI:-TJ]'I' Rﬂ!" [-E 'F:-f]];l'.

d—=H,
Taal is,

fig= i3 ﬁl":smm | gi =1 sin e xRinan s
fer C s = S B

a




