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INTRODUCTION

This volume is the record of a 1985 week-long Joint Summer Research Con-
ference on Algebraic Geometry, held in Arcata, California. The conference,
organized by Michael Artin, Barry Mazur, and myself, focused on three current
developments in our field:

1. The work of J-M. Fontaine and W. Messing linking p-adic étale cohomology
with crystalline cohomology.

2. Diophantine conjectures motivated by hyperbolic geometry.

3. Arakelov theory and its generalization to higher dimensions.

A majority of the lectures given at the conference fell clearly into one of
these categories: the lectures of Messing concerned the first topic, those of
S. Kobayashi, S. Lang and P. Vojta the second, and those of H. Gillet, C. Soulé
and L. Szpiro the third. Other talks at the conference, such as those of G.
Anderson, R. Livné and J. Silverman, cannot be so neatly classified.

The manuscripts assembled for this volume include six speakers' contribu-
tions, plus four additional papers which do not correspond to talks at the
conference:

1. A. Beilinson's article on Height Pairings, frequently cited during
the conference, which has been unpublished until now.

2. An updated version of notes by P. Deligne and D. Husemoller on Drinfel'd
modules which were written several years ago but never published.

3. A new manuscript of Deligne, "Le déterminant de la cohomologie,'" which
grew out of a letter of Deligne to Quillen that was discussed by Gillet in his
lectures at the conference.

4, J-P. Serre's letter to J-F. Mestre (July, 1985) concerning mod p
representations of Gal(@8/@) which arise from modular forms. The "epsilon' of
this letter is the extra information needed to realize G. Frey's idea that
Fermat's '"Last Theorem" follows from the conjecture that every elliptic curve
over @ is a factor of some Jacobian JO(N). I am currently preparing a manuscript
which should prove a slightly weakened version of "epsilon," thus in fact estab-
lishing the link which was hoped for by Frey. For precise conjectures which

ix



b INTRODUCTION

predict that all irreducible mod p representations of Gal(8/8) with odd deter-
minant arise from mod p modular forms, see Serre's article, Sur les representa-
tions modulaires de degré 2 de Gal(-&—/ﬂ), Duke Math. J. 54, 179-230 (1987).

Kenneth A. Ribet

UC Berkeley Mathematics Department
Berkeley, CA 94720 USA

March 30, 1987
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Height pairing between algebraic cycles
A. Beilinson

Introduction
1. Height ﬁairing in geometric situation (global construction)
2. Local indexes over non-archimedean places
3. Local indexes over € or R
4, Height pairing over number fields
5. Some conjectures and problems

Introduction

Let X be a smooth projective variety over Q;A assume that .its
L-functions L(HJ(X), s) satisfy the standard analytic continuation
conjectures. Let CHi(X) be the gfoup of codimension 1 <cycles on X
modulo rational equivalence, and CHi(x)oc CHi(X) be the subgroup of
cycles homologous to zero on X(C); in particular CH’(X)O = Pic®(X)(0).
The conjecture of Birch and Swinnertcn-Dyer claims that at s = 1 the
function L(H1(X), s) has zero of order rk CH1(X)° with the leading

coefficient equal to the determinant of Néron-Tate canonical height
pairing multiplied by the period matrix determinant up to some rational

multiple (we do not need its exact value in what follows). As for the
other L-functions, Swinnerton-Dyer conjectured [20] that the function
LE*"1(x), s) has at s = i (=the middle of the critical strip) the
zero of order rk cHi(X)o. The aim of this note is to define the canon-
ical height pairing between CHY(x)® and cydi® ¥+1=1 410 41at coin-
cides with the Néron-Tate one for i = 1 and whose determinant multi-
plied by the period matrix determinant should conjecturally be equal up
to a rational multiple (of the nature I cannot imagine) to the leading
coefficient of L (#2171
occur in Riemann-Roch type theorems 3 1a Arakelov-Faltings (see [15]).

*
(X), s) at s =1 ). This pairing should also

.
) In fact our height pairing is defined on a certain subgroup of

CH'(X)O; under the very plausible (=of rank of evidence far higher
then B-SwD) 1local conjectures this subgroups should coincide with the

whole CH'(X)°.
© 1987 American Mathematical Society



2 A. BEILINSON

The paper goes as follows. To motivate the basic construction, we
begin with the simpler geometric case: here our base field is a field
k(C) of rational functions on a smooth projective curve C. Then the
height pairing <,> comes from the global Poincare duality on J{£-adic
cohomology. We may compute <,> in terms of local data round the
points of C : if 'a1. a2 are cycles with disjoint supports that are
homologous to zero on X @ k(C) and ve C is a closed point then

the local link index <a1. a >v is defined, and we have

2

>:Z<a
veC

(*) <a >

a 2°v

17 32 10 @
In the arithmetic situation, when the base field is a number field,
the global construction fails due to the lack of appropriate cohomolo-
gy theory. But we may still define the local indexes <,>v numbered
by the places of the base field, and then use (%) as the defini-
tion of <,>. These indexes are defined using ¢ -adic cohomology for
non-archimedean v and using the absolute Hodge-Deligne cohomology
(see [2], [3], [19]) for archimedean ones; in case of pairing between
divisors and zero cycles they are just Neron's quasifunctions ([17],
[13),022))

We may also consider the intersection pairings. In the geometric
case this is just the usual intersection pairing between the cycles of
complementary dimensions on the regular scheme xc proper over C. 1In

the arithmetic case the role of xc plays the A-variety X = (X,,w):

2!
where X2 is a regular scheme projective over Spec 2 and & 1is a
Kahler (1,1)-form on X2 ®R (see [15]). We define the correspond-
ing Chow groups CH'(X) and the R-valued intersection pairing bet-

ween CHi(X) and CHdimX'i(X). This construction was independently

found by H. Gillet and Ch. Soulé [10].

The final § contains some conjectures and motivic speculations
about algebraic cycles, heights, L-functions and absolute cohomology
groups.

The different construction of height pairing was proposed by S.
Bloch [6]; I hope that our pairings coincide.

I would like to thank S. Bloch, P. Deligne, Yu. Manin, V.
Schechtman and Ch. Soulé for stimulating ideas and interest.



HEIGHT PAIRING BETWEEN ALGEBRAIC CYCLES 3

§1. Height pairing in geometric case

(global construction)

In this § k will be an algebraically closed field, and'e will
be a prime different from char k.

1.0. First recall some basic facts about the intersections. Let
Y be a smooth projective scheme over k of dimension N + 1. The
intersection of cycles defines the ring structure on Chow group CH*(Y).
This, together with an obvious trace map CHN”

Ne+l-

(Y) — @, determines

the intersection pairing (,) : CH (Y) @ cH¥*'"1(y) — 0. We also nave

HZ(N*J)(Y’

étale cohomology ring and the trace 0‘(N+1)) —+ O, . The

[
class map cl : CH'(Y) — HZ' (Y, 0‘(~ )) is compatible with these
structures, so we may compute (,) using ¢ -adic cohomology classes.

In particular, (,) factors through CH*(Y) := Im(CH (Y) —» HZ'(Y,Q‘('))).
One hopes that the following standard conjectures hold

- the obvious .map CH'(Y) @ 0. — Hz' (Y, D‘ (+)) should be injective,
so CH'(Y) [+ ] should be finite-dimensional .@-vector spaces (this
is obviously true in char 0)

—

- {,) should be non-degenerate on CH (Y) @ @

- CR’ ® 0 and (,) should satisfy hard Lef‘schec.z and Hodge-index theo-
rems.

- Finally if k 1s an algebraic closure of a finite field, then one
should have cu’ 0.0 = ET!' ® 0. More precisely, for an Yo/Fq,

Y, @k = Y, the group CH'(YO) @ oc should coincide with invariants

of Frobenius in Hz'(\.', 0.(-)) (Tate's conjecture).

1.1. The height pairing arises in a slightly different situation.
Fix a smooth projective irreducible curve C over Kkj; let 36 C be
its generic point, and ; /2 be some geometric generic point. Now
let X be a smooth projective N-dimensional 2 -scheme, and X

)’( 'i be its geometric fiber. Choose some projective scheme

over C with the generic fiber X; for an open U e C put
=f7"'(U). Now take j : UeseC s.t. U is affine and !TIU is

] =
a

1=l
-0

smooth. Put H p(X, 0, (#)) tz Im(Hg(X , G (*)) — H'(Xy, §(#))); the

¢ t
Poincaré duality on xv induces the perfect pairing between
H;.(X, o (*)) and Hff*z"tx, 0‘(N¢1-‘)). We'll see in a moment that
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this groups and pairing depend only on X itself (and not on the
choice of particular model XC/C). To do this consider the smooth

sheaf R"’Tl,v,(ol) on U and its middle extension J° :=
J*R.-1FIV'(°¢) on C. The Poincare'duality along the fibers of
defines the perfect pairing <,> : J'@IN*2"° — g (-N) in nb(c,o' )
and so the same-noted perfect duality <,> : H1(C, 30 HI(C. 32N‘2'3

— Q, (-N=1), Clearly both '3' and <,> depend only on X (and not on

)
X ). .
c ) . 1 .
Lemma 1.1.1. We have H!.(X,'Q-‘(')) = H (C, J(*)) and <,> coin-
cides with the duality on H!' induced by the pairing between H‘(xv)
d .
an H(XV)

Proof. I'll prove only the first statement since the second is
immediate. Since U is affine, the Leray spectral sequence for I
degenerates and reduces to two-step filtrations on H;(Xv) and

B'(x,) with factors Gr_,(H) = BZ(U, R T2qr (0,0), Gr_ (K -

1 o =1

- 1 v =1 . -
H (U, R (4°) = H (U, R fr*(oa)). Gr (H') =

1
4

T, (8,))) = 8,7, q.e.d. =

T ,(Q)) and Gr_,

HO(U, R ) (g)). So Hy(X, ) =Im (K (U, B"7'f () —=
g, »°7°

For a moment put H (X, §) := lim H (X, Q) = lim H°(U, R¥, (Q,)),

. ° . . i ) 1
H (X, oe) := Ker(H (X, 0‘)—4H(Xi, g )) = 1._1.£1H(U,R ,

Clearly H.,(X)c H (X)% H(X) and this groups depend on X only. Now

o=1

i, ().

consider the cycles on X; we have the class map «cl : CH (X) —=

u2* (x, g (+)), put CcH(X)° s c17 (82" (X, 6,(+1)°) to be the sub-

group of cycles whose intersection with generic geometric fiber is ho-
mologous to zero.

Key-lemma 1.1.2. One has ci(ch’ ()% e H:..(X, 0‘(')).

Proof. The problem is local round the points of C (and exists
only at points of bad reduction). So let Qv be the generic point of
a henselisation of C at some closed point:. ?v be a separable clo-
sure of ?" y am;i x?"= X x?b, st = X x?. . g‘e have to sho: that
whenever a e CH (x%) is a cycle s.t. cl ae H (X&, 0‘(°)) 3=
Ker(HZ'(X2 , 0‘(-)) —_— H2 (x-?- , 0‘(-))) then ¢l a 1is zero. But

v »
y2 (xz", Q‘(.))O s HZ'”(X—-'v Q'(. '”)Gali./2" According to [9]
th.1.8.4. the weights on this group are »1. Since the class of an

algebraic cycle has weight zero, we are done. n
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Now, by lemma, we may define the height pairing

<,>: CH ¢ (x)° x e ()0 0, by means of class map followed by

the duality between H;..

One may conjecture that this pairing is @-valued and independent
of £ ;3 of course this is obviously true in char 0, and also true in
any char if i = 1 (for the.discussion of this see §2). The variant
of standard conjectures claims that CH (X)® :=1In (cH*(x)° @0 —

H‘!"'(X, 0' (+))) should be finite-dimensional Q-vector space, that this
groups satisfy hard Lefschetz, the form <,> should be non-degenerate
on them and satisfy Hodge-index theorem. If k = a:l_gib_x:aic closure of
finite field, then one should have ci'(x)° @0 = ca'(x)°.

Problem. Consider the case dim 2/k > 1.

1.2. The both types of pairings - the intersection and the height

one - are related as follows. Suppose that we have ¢ : XG —e C s.t.
Xc is regular projective with generic fiber X. Define Cl-i.()(‘;)o 3=

Ker(CH'(Xc) — H°(C, Rz'ﬂ,(oc(-))) to be the subgroup of cycles whose
intersection with any geometric fiber of § 1is homologous to zero.
The restriction map CH'(XC) — CH" (X)), a v~ a maps CH'()(‘:)o into
CH'(X)O and we have an obvious

Lemma 1.2.1. For any ameCH'(X )0, a

s e cE"*'""(x )° one has

2¢C (]
(am, azc) = <a;, ay> ]
One may suppose that the image of CH (X under the restriction

map coincides with CH'(X)O; see §2 for details.

)O

§2. Local indexes over non-archimedean places

In this § we'll define the local pairing between cycles, and will
show how to decompose the global pairings of the previous § into the
sum of local ones.

In what follows Cv will be any strictly henselian trait with the
generic point ?v ’ the special point sv, and an algebraic generic

geometric point 'lv’ Xv will be a smooth projective scheme over 7 v

of dimension N, and xv iz X will be its geometric fiber;

. xT
{ will ve a prime # char s. v

2.0. Let me start with the local intersection pairing. Let Xe be
a regular projective scheme over CV with the generic fiber Xv and

the special one XS. If ac is any cycle on xc of codimension d
v

o~
then one has its classes cl {ac ) in cohomology groups with supports:
v
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2d

~
the universal one CJN(aGy) & Hy suppa, (xcv, Q(d)) =
v

2d ~
HE®(X. , X.~ suppa. , @(d)) and the € -adic one cl, (a. )&

M Cc C C Q C

v v v t v
2d .
Hsuppac (Xcv, Ot(d)). clearly clM — Cl% under canonical map
v
(see [18], [3]).
:Zd1 d2
Now let a1cv€ (Xcv), az¢: :Z (Xcv) be two cycles on xcv
of supports Y,Cv, YZCV respectively such that d' + d2 = N+ 1 and
Yiv n YZV:= Y1C;\ Yzcvr\ Xv = 0. ‘Define the intersection index
. ~ -

(aICv’ aZCv)v € Q to be the image of clM(a1cv) v clM(aZCv)t
2N+2 2N+2 Tor 9

H (X~ , Q(N+1)) by H (X~ , Q(N+1)) ——= H (c_,e(1)) = Q.
M Y1“Y2 Cv M Xs Cv M s, Vv

We may replace here -HM by £ -adic cohomology; since HM —_— Hq

commutes with any canonical map, we'll get the same answer.

If we are in a global geometric situation 1.2, then for any clos-
ed point s, of C we may consider the henselisation Cv of C at
s, and thus get our local situation. If a1c, a,c are cycles on

have disjoint supports on X, then for any s we

X s.t. a,, a v

C 2

get local intersection index (a1c, azc)v and clearly one has

Lemma 2.0.1. (a5, 8,0} = z (a o a5l [ ]

2.1. Now let us consider the local components for height pairing.
Let a,, a,, a € ::di(xv). be a cycles on ‘Xv; put Y, = supp a;
Ui = Xv - Yi' Suppose that d1.+ d2 = N+1, Y1n Yz = @ and both

2d;
cl(ai) € H (Xv, 0‘
index <a1, 32>ve % . The intuitive picture for <,a'is following:

(di)) are zero. In this situation one has link

from the homotopy point of view ?v +is a circle round s, and XV

is 2N+1 -dimensional topological manifold fibered over this circle,

a are Zdi-codimen§ional cycles on it that doesn't intersect and ho-

i
mologous to zero; the link index <a1. az>v is the intersection num-
ber of a, and the chain that bounds a,. Here are the number of

exact definitions of <a1, 32>v; the proof of their equivalence is

left to the reader. In what follows L € HZGF‘(Ui; (di)) are

9,
~
classes that bound a; this means that o e cl(al) under the

2d;-4

2d;
boundary map H (U;) — ﬂyi‘(xv).
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Lemma-definition 2.1.1. The following definitions of <a1, az)v
are equivalent.
a) <a,, a,>, 1is the image of o, v cila,) by HI*' (U, ,0 (N+1))
1 “2%v T : 1 2 Ya 1’
2N+1 L3 Y
— H (XV, Q‘(Nn)) — H (yv, 0‘4(1)) = 0‘

b) <a,, a,>, 1is the image of & V¥ & , by H2N(U,A U,,0, (N+1))

2 4
=
—_— HZN“(XV, Oe(NH)) -—'—*—0‘; here the first arrow comes from the

Myer-Vietoris exact sequence for the covering U1U U2 = xv

c) Choose a projective f: XC — Cv with the generic fiber X

v v’
24 2d -2N !
,B1é H’T-Ats yuy (Xc, Qc(d1)) and }326 Hll"(s oy (XC s Rllog(dz-N))
v 1 v v 2 v
s.t. the restriction of Pi on xv coincide with gl(al) and the
: 2d,
image of 131 in H (Xcv, Q‘(d1)) is zero (e.g. you may take PI

to be the boundary of -(1 in Xc ). Then <a
v

2 ! : _
of pv p, by Hr,(sv)(xc', RETQ, (1)) ——-Hsv(cv, 0 (1)) = ¢ ®

1 52>v is the image

This way we get link pairing between the cycles with disjoint sup-
ports; clearly 2.1.': b) shows that this pairing is bilinear and sym-
metric. Now we are going to show that it behaves well under the action
of correspondences. To do this first let us see that the above defini-
tion may be easily generalised to the case of arbitrary many cycles.
Namely let a8y ceey 3, be cycles of codimensions di on XV s.t.
zdi = N+1 and N Y, = 0 (here Y, = supp a, Ui_= X,~NY,)  assume
that at 1&'st one of them is homologous to zero in X. Choose a non-emp-
ty subset SC{1,...,n} s.t. for any J € S the cycle aj is homologous

to zero, and for ay € S some o, € n29; '1(UJ, Ql(dj)) that bounds
aJ. Define <a,‘,...,an>v to be Tr[a(‘\éﬂi)v(‘_\‘ltﬂ;)];here

9: H'(!"Ui) — g ¥y v U") is the differential in the spectral se-
ies jes

quence of the covering {Uj}iés of Jys Uj‘ and

We have the following easy generalisation of 2.1.1:
Lemma 2.1.2. If at least two of a, are homologous to zero, then
<a1,...,an>v depends on IR RERTL only (and not on the choice of
S and cLJ.) | ]
Clearly in this case the pairing is also bilinear and symmetric.
Now we may look at correspondences. Consider two schemes X

x2v of dimensions N N

1v’

10 Ny, a cycles a,; of codimensions di on
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xiv and a cycle b of codimension d3 on X,v,x x2v' Assume that

both a, are homologous to zero, d, + d, + d; = N, + N, +1 and
p;1(supp a1)n supp b N p;1(supp az) = @ (here p, are projections

X1y X Xy, — xiv" Then 2.1.1 implies

. .
Lemma 2.1.3. <p1(a1), b, pz(az)>v = <b(a1), 52>v = <a1, b(a2)2v [ |

Here b(a1) is tEe image of a, under the action of corresponden=-
ce b. (Note thatin1(a1) and b doesn't intersect properly, then
the cycle b(a1) is not defined inqunique way, but it has correctly
dffined class in the cohomology group'with support in pz(supp bn
Py (supp 51)) that suffice for our purposes.)

The lemma shows for example that the computation of <a,, a,>, in
case when one of ay is algebraically equivalent to zero, may be re-
duced to the computation of link index between a zero cycles on a
curve.

Our pairing behaves in a usual way under the change of the base
field. Namely let ?yﬁ_?b be a degree n extension, xv is a sche-
me over Qv and Y« is one over ?V" Put Xv,= Xv _?b, and Y be

v
Yv‘ considered as a scheme over ?v . We have the obvious arrows

Zx,) e Z'ix,),  Z(x,) = Z'(x,) and the follouing holds (re-

call thatRis separably closed):

Lemma 2.1.4. Let a be cycles on X and b the ones on Y ,

v i v
<b,, by>, [ ]

i

Then <a1, a >V = 1/n <a a >v"<b1' b,>

2 2 27wt

In particular by means of first formula we may define the height

1

pairing between cycles on X 7 .4 this pairing is clearly Galois-in-
variant. v '

Let us relate local link pairings with the global height pairing
of §1. Assume that we are in global geometric situation of 1.1. hs
in 2.0 to each closed point on C corresponds the local picture over
corresponding local field 7 v Lét a,, 8 be cycles on X of co-

2
dimensions d, s.t. d, + d, = N+1 and suppa, A suppa, =6, If a

1 2
belongs to CH *(X)° then 1.12.shows that ay is homologous to zero on
any Xv' So the link index (a1,a2>v is defined, and it is easy to see
that the definition 2.1.1.c implies the formula (*#) from the introduction:
Lemma 2.1.5. We have <a,, a,> = = <a,, ay>, (sum over all clo-
sed points of c). BB

i

Finally let me compare the local pairings from 2.0 and 2.1. Suppo-

se that we are in a situation 2.0. Put CH'(XC )@ 1= Ker(CH'(Xc ) —»
2 - v v
H (Xcv. Oe(-)). Let a1cv, aZCv be cycles on xcv as in 2.0; as-

sume that both a are homologous to zero on Xv (here

i ai i=
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. S0 lies.
'10,“ Xv) Then 2 ¢ implies

Lemma 2.1.6. If one of a °

.
ic, also belongs to CH‘(va) , then

(amv, azcv)v = <a;, 8>, . &
This is local analog of 1.2.1. In particular in this situation
<a1, 32>v &€ © and doesn't depends on the choice of & # char k.

2.2. Here are some conjectures about local pairings. Put
. o, _ . — 2 .
CH (XV) := Ker (CH (Xv) H (X’-., Q()))
Conjecture 2.2.1. One has CHi(xv)o = Ker (CHI(XV) — HZI(XV.

oc(i))) i.e. any cycle whose intersection with a generic geometric
fiber is homologous to zero is homologous to zero on Xv [

Lemma 2.2.2. This conjecture is true in following cases:

a. Good reduction case.

b. For cycles algebraically equivalent to zero (in particular the ca-
se 1 =1 and 1 = N).

c. Geometric case.

Proof. a is obvious; c¢ was proved in 1.1.2; b may be reduc-
ed using correspondences to the case of zero cycles oh curve, where it
follows, say, from 2.2.6b. B

Remark. The conjecture would follow if one knows the information
on weights on H'(X%: ot) similar to those one has in geometric case.
If Yv is a p-adic local field, then the thing we need is the usual
conjecture on poles of local L-multiples.

Conjecture 2.2.3. The local link pairing is Q-valued and inde-
pendent of & # char k.

Lemma 2.2.4. This conjecture is true:

a. In good reduction case.

b. In case char s = 0.

c. When one of the cycles is algebraically equivalent to zero (in
particular for the pairing between divisors and zero cyclés).
Proof. b is obvious; a and ¢ follow from 2.2.6, for ¢ use

correspondences to reduce to 2.2.6b. a
Suppose that we are in a situation 2.0. Clearly the restriction

arrou CH'(X, ) — CH'(X,) maps ca'(xcv)° into CH'(x,)°.

Conjecture 2.2.5. CH (XC )® —w CH (Xv)o. | ]

Clearly 2.2.5 implies both 2.2.1 and 2.2.3.

Lemma 2.2.6. This conjecture is true
a. In good reduction case.

b. If xv is a curve.

Proof. a is obvious; b follows from the well-known fact that
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the intersection matrix between components of the special fiber is al-
most negative-definite. @

The property, 2.2.6b together with 2.1.6, shows that in case of
zero cycles on a curve our link index coincides with Néron's local sym-
bol; using the correspondences one may see that the same is true for the
pairing between divisors and zero cycles in arbitrary dimensions (or
you may directly verify that <,>v satisfies the conditions of Néron's
theorem [12].) For the review of heights on curves together with the
study of importaﬁt examples see [7].

We wish to use the formula 2.1.5. for varieties over number field
as the definition of left-hand side, just as Neron did in the case of
divisors and zero cycles. The only thing that remains to be defined is
the link index for archimedean local fields.

§3. Local indexes over € and R

In this § our base field will be € or R
3.0. We have the following dictionary (see [2] for notations and
details)

Non-archimedean case Archimedean case
(? v is the spectrum of a

(9 v : Spec € or Spec R)
p-adic local field )

Gal 2 v/ Qv-modules R-mixed Hodge structures
ftale cohomology groups Ordinary cohomology groups
H'(Xz , G, (*)) of the geo- H’<xv(c), R(*)) with Delignes
metric fiber with the Galois mixed Hodge structure
action
Etale cohomology groups Absolute Hodge-Deligne cohomo-
B (X, €, (%)) Iogy groups H; (X, R(*))
Canonical arrow Canonical arrow
H.(Xv, (%)) — H”(¥v, R(%)) — H,(xv, R(%*))
H (XV, oc(*)) . CH (XV(C), R(®))

21 21

Note that the canonical arrow H (Xv, R(i)) — H (Xv, R(i)) 1is

injective; so whenever we have an algebraic cycle homologous to zero
as topological cycle it has zero class in H . This shows that the
analog of conjecture 2.2.1 is obviously true in archimedean case
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(this is one of the sides of the fact that smooth proper varieties
have "good reduction" at archimedean places from the Hodge-theoretic
point of view). We may translate the definition 2.1.1 a or b using
the above dictionary to define the link index in our situatioﬁ. Namely,
this way for any two cycles a;, a, on xv of codimensions d1, d2
s.t. d, + d2 = N*i, the supgorts of ai doesn't intersect and both

1
are homologous to zero, we get the link index <a1, az> € R. The

a
I:mmas 2.1.1 (a&>™» b)), 2.1.2. - 2.1.4. remain true, toget;er with
their proofs, in our situation. )

3.1. Now let me sketch the definition of the analog of intersec-
tion index a la Arakelov; since this will not be needed in the main bo-
dy of the paper I'11 omit the details. The similar construction was
found by H. Gillet and Ch. Soulé [10]. The role of the model xcv of
xv over the ring of integers of ' p-adic field plays now (in our ar-
chimedean situation) the Kéhler metrics «w on X  (see [15]). Let us
define the R-vector space Zi(xv, @ ) - an analog of the group
Z‘(xcv). In what follows for €& H'(X,, €) we denote by & its
W -harmonic representative, and for a cycle ze Z (Xv) @R let J‘z
be its S -current. Say that a current o is i-Green current if it is

R(i -1)-valued of type (i-1, i-1) and for certain (unique)

dpe Z1x,) @® one has dBw = 3;‘ - 1% ,; say that « is re-
gular if it is of C* -class off the support of o £ A (regular)
Green current o is trivial if & = OV * O  for certain (C™ -class)

current vV . Put Z' (xv, & ) to be the factorspace of i-Green currents
modulo trivial ones (you may take all Green currents or regular ones
only - this doesn't changes 'Z‘(xv,w )). For o€ 'Z,i(xv,w ) let
i-1,1i-1 2i-2
B

the (only) class such that for any W -harmonic 2(N-i+1)-form ¥ one

o€ BT L R(1-1)) (e (x,) n #2;7%(x , R(1-1)) be

i
‘has )‘*“’ = xfd;v. One may see that the arrow 7, (Xv,u) —_—
v v

Hi’“i"(xv, R(1-1)) @ Zi(xv) ® R, £ +— ( o, d‘ ), 1is isomorphism.

This direct sum decomposition of 'Z 1()(v, ¢ ) 1is analogous to the
decomposition of 'Zi(xc ) into the sum of the group of cycles support-

ed in the special fiber and the group of cycles that intersect the spe-
cial fiber properly.
Here is an important example of Green current; we'll need it in
n® 4.1. For a scheme S put Ci(S) = Qy@'(Q ): an element ¢ C"{S)
cfla..,.i



12 A. BEILINSON

is a finite number of invertible meromorphic functions ‘f’ defined

at the generic points of codimension i subschemes 9 (this is

“1-1,1_term of Quillen's spectral sequence for K./(S)); we have the

exact sequence Cl17'(s) ﬂrzi(s) —= cH%(S) —= 0. Now in. our si-

E

. —
tuation for (¢ ct 1()(v) we have Green current div(¥) defined

by fdTvigray =§ glOghf?l-\)’z § clearly (dlv g ), = divy.

This way we get an arrow div : ci"'(xv) —_— Z'(xv, w ).
Now let me define the intersection index. Let a,é€ Zd‘(xv,u )

a,€ Zd&(xv,w ) be elements such that d, + d2 = N+1 and the sup-

1
ports of a;, are disjoint. Put (a,, az)v = J (d1A6'a" +
v

Jla ~ az'n) € R (here d q is a regular Green current that rep-

1f
resents aI). One may see that (a1, az)v so defined is independent of
the choice of « that (,)v is symmetric, and in case when both
a

1

are homologous to zero one has (a.l, az)v = <a”., 52f>v' In

if
N = 1 case this construction coincides with the original Arakelov one

[1] (see also [13]).
§4. Height pairing over number fields

Let us return to the global situation. In this § our base field
K will be a finite extension of @; let E be an algebraic closure
of K, ‘2 = Spec K, 72 = Spec 'E For any place v of K denote by
KV the corresponding local f'ield, and by ? v the spectrum ofl(:?ma-
ximal non-ramified extension of KV. Define the real number r(v) to
be log (number of elements in the residese field of K ) for non-ar-

chimedean v, and r(v) = 1 for l(v = R, r(v) = 2 for Kv = C.

4.0, Let X = XK be a N-dimensional smooth prbjective variety

over K; put CHY(X)° := Ker(CH'(X) —w HZi(xi. g (1)), catix) -
catixysenix)® e a“(x-z. Q, (1)). We'll assume that for any non-archi-

medean v the ?v-scheme Xv = X x y v satisfies the conjectures
2.2.1 and 2.2.3.

Remark 4.0.1. a. If you do not wigh to assume this, then change
the notations and put celx)© = Im(CHi(Xz)o — cHi(X)); here Xg
is certain regular model of X over the ring of integers of K (we
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suppose that it exists) and cal(xz)°< CHi(Xz) is a subgroup of cyc-
les whose intersection with the fiber of X5 over any prime is homo-
logous to zero. It is easy to see that CH"'(X]O so defined is inde-
pendent of choice of particular model Xz. . According to conj. 2.2.5.
this CHY(X)° should coincide with the above one. )

b. The same thing happen§ with the definition of groups H}:(x,
o(j))z, i € 2j (see [2]); namely we may define them in two ways.
The first one: assume the existence of Xz and take the definition

: i .= )
[2) (8.3). The second one: put Hy(X, e(3))y =y grimexer(HM(x’MJ“

—_— HI(Gal OPIQ;'. Hi_‘(xc , 0’(;]))) ;s here el# p and the arrow under
r .
the bracket is canonical map H;‘(x, Q(j)) —» Ker(Hi(Xo.-, 0‘(1)) —_—
3
i ool - i-1
H (xﬁr, Q!(j))) = H (Gal op/qf"‘; H (xﬁr' D‘(J)). According to (2] conj.

8.3.3 these two definitions should give the same HM(X, O(J))z . &

Let a,, a, be a cycles on X of codimensions d1, d2 s.t.

d; + d, = N+1, both clla,) € cu%i(x)° and supports of a,

intersect. For any place v we get the corresponding objects on Xv.

This way we get the rational numbers <a1, az>v for non-archimedean

doesn't

v (according to 2.2.1. and 2.2.3, or, if you prefer 4.0.1, according

to 2.1.6) and real numbers <a a_2>v for archimedean v. Note, that

are zero. Put <a

«"
all but finitely many <a 2>v

%r(v)<a1, a2>v € R.

10 a 10 a2> t=

Lemma-definition 4.0.2. There exists unique bilinear pairing

o N+1=s

<,> : CH'(X)° x cH (x)°

—= R s.t. <cl a cl a,> = <a

17 2

if supports of ai doesn't intersect. . Nelos

Proof. By moving lemma any pair of classes in CH , CH may
be represented by non-intersecting cycles, so it remains to‘prove that
i (the bi-
linearity is obvious). This reduces to the proof that <a1. az> =0
whenever a, is rationally equivalent to zero. To see this choose a

correspondence b between P1 and X s.t. b(0) = a,, b(es) = 0.

<a1, a2> depends only on rational-equivalence class of a

If the supports of cycles p}({0) - (es)), b, ps(az) intersect by an

empty set (here Py ¢ P1 x X —» P', X are projections), we may app-

ly 2.1.3. to see that <a
done by standard arguments with product formula. If not (this means
that suppa, n Z # ¢ , where 7 := {(supp b N p;_1(0))v (supp bhp:1(¢))
D supp a, is a d1-codimensiona1 subset in X), then you can move

a, a little (in the same rational equivalence class) to get az' s.t.

10 3 > = <{0) - (em), t"b(az)> and we are

supp az'nz = 6. Then, by above, <a,, aé> = 0 and by the same argu-
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1 3> = <ay, a£>, q.e.d. W

This is the desired heightépairing. Here are its first properties,

ments <a

that follow directly from the corresponding local properties plus mov-
ing lemma.

4.0.3. Let Y be another variety, and b € CH‘(X x Y) be a cor=-
respondence. Then for a & CH'*(X)°, a, e CH™(Y)°, 1, « i, +d=

dim X + dim Y « 1, one has <b(a1), a2> = <a

4.,0.4. The height pairing between divisors and zero cycles coin-
cides with the one of Néron [17], [13].
4.0.5. The pairing <,> doesn'"t depend on the choice of the base

t
10 b(az)>.

field: if you'll consider X as a scheme over Q@ this will give the
same pairing between cycles.
4.0.6. Let K'/K be an extension of degree n. Then

CH (X)° ® € e CH (X, )° @0 and for a & CH (X )° one has

i K
<a,, a2>K = 1/n<a1, a2>K, By means of this formula you may define

-the height pairing on CH (XE)O; this pairing is Galois-invariant.
The following lemma is a particular case of the conjecture 5.6.
Lemma 4.0.7. Let a € CHi(X)° be a cycle such that a 1is algeb-

raically equivalent to zero and, under some point K&pC, the

image of a under the Abel-Jacobi map CHi(Xc) —a-Ji(xc) is zero (here
yj' is i-th Griffiths Jacobian). Then a lies in the kernel of height
pairing.

Proof. Consider a correspondence b between a curve C and X such
that a = b(ac) for certain a, e CH’(C)°'= J(C)(K). Let A e J(C)
Nel-iix)0). According
to 4.0.3 to prove our lemma it suffice to show that aC lies in an
orthogonal complement to A (under the usual self-duality on J(C));
clearly we may consider the situation over €. But there we have the

arrow b : JN’1'1(KC) — J(CC) between interm@diate Jacobians that

commutes with Abel-Jacobi map, and so thN'1'i(X¢) > A

be the abelian subvariety generated by tb(CH

c* The condi-
tion of lemma claims that a. lies in the orthogonal complement to

thN”'i(xc) and so to A. We are done. B

Remark 4.0.8. In fact the height pairing between cycles algebrai-
cally equivalent to zero may be canonically reduced to the Neron-Tate
pairing. Namely for fixed K & € consider the Abel-Jacobi images of
cycles on Xc algebraically equivalent to zero. They form an abelian

subvariety Ai in Qi(xc); it is easy to see that Ai is defined



HEIGHT PAIRING BETWEEN ALGEBRAIC CYCLES 15

over K. The duality between Ji(xt) and’ JN”'i(xc) defines the
pairing between AL and AY*'"!. ‘This pairing gives rise to the Ne-
ron-Tate pairing between Ai(Kv) and AN”'i(K) that may be identifi-

ed with the height pairing by means of Abel-Jacobi map.

4.17. In the rest of the § I'll sketch a construction of the Ara-
kelov-type global intersection pairing'on A-varieties. The similar
construction was found by H. Gillet and Ch. Soule’; I refer to their
paper [10] for details. Let (X , W) be an A-variety [15], i.e. a
regular scheme X projective over Spec Z together with Kahler met-

rics «w on X Let Zi(xz,w )CZi(XR,w )ozi(xz) be the sub=-

R’
group of elements (a, b) such that a, = b R* We have the natural map

S i1 i i

v : ct (Xz) —_ 7 (Xz, w ); denote its cokern:l by CH (Xz.
- o Jiv ie -

There is an obvious exact sequence Ci 1()(2) _d.ix-b Bt i 1()(R,R(l.-ﬂ)

w ).

— culixg,w ) T culixg) —= 05 nere ¢'7T(x,)° iz Ker(aiv:

¢t lixy) —= Z tx ). Put cHU(X,, @ ). iz Ker €= Coker aive.

Note that the map div® coincides with the composition ci“(x,)° —
2i-4 r 2i-1 _ opli-t,i-t
HM (X,, Q(i)) — H” (xa, R(i)) = H (Xﬁ,m(i-ﬂ), where the

first arrow comes from Quillen's Spectral sequence and r 1is regulator
map (see [2] n 6). According to [2] conj. 8.4.1.b Ei_;/o(clq(xz)o)*

cig(cat™T(x,)) 1s a z-lattice in gi-t,1-1

CHi(Xz, W e should be equal to the product of _(7m aiv°) ® R,ﬁnmc

(le' R(i-1)), so

(= maximal compact subgroup) and R-vector space Eﬁi”(xo) @R.
Now let a, & zd4(x2, w ) aye zdl(xz, @ ) be two cycles such
that d1 + d2 = N+1 and supports of aif‘ doesn't intersect on Xo

(or XR)' Put (a,, a,) := (a,, a,), + Zp (log pa,, az)p (see 2.0,
3.1.). One may see that this formula defines the pairing
(y) 2 CHd-‘(XZ, ) ® CHd‘ (Xz, ) —= R. It has the following proper-

ties: @ (,) 1is symmetric () the image of d’ﬁ°(ci’1(xz)°)'m in

i .
CH'(X,, w ), lies in the kernel of (,) ® if both f(ai)e
cH%(x,)° (see 4.0.1.), then (a,, a,) = <K(a,), Wa,)> @ Let
a, € cud (Xy, @ ), be the image of T, ¢ H"”i”(xﬁ, R(i-1)); then

j ~ s N+1
(a1, az) = a,. (Note that 2 and 4 imply that for i ¢ 3 the

Qrn
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R-subspaces in 11031 generated by Im div° and CH1'1(X0)

doesn't intersect; this fits into above conjecture on CHi(XI, @)L ).

In the next § the conjectures will be formulated for the pairing
<,>; but some of them have sense for (,) also. To find such a variants
of them is an exercise for the reader.

§5. Some conjectures and problems

Let X be a smooth projective N-dimensional scheme over €. As-
sume for X the local conjectures 2.2}1, 2.2.3, and also assumg the
standard conjectures about analytic continuation and functional equa-
tion for L(H'(X), s)

Conjecture 5.0 (Swinnerton-Dyer). The groups CH (X)° are fini-
tely generated and rk CHi(X)o = order of zero of L(H21-1(X). s) at
s = i [

The only fact I know supporting this conjecture off the B=-Sw=D

case (i.e. 1'= 1 case) is Bloch's calculation for the Jacobian of
a quartic curve, see [4].

Lemma 5.1. (modulo the conjecture 5.0) The canonical arrow

cEV(X)e — Alb (X)(0) is isomorphism up to torsion.
Proof. It is clear (e.g. by norm map considerations) that the
arrow is epimorphic up to torsion so it suffice to see that the ranks

are the same. According to 5.0. we have rk CHN(X)° = ords=N L(HZN-1(X).
s) = ord__, L(H'(X), s) = rk CH'(X)° = rk Pico(X)(@) = rk Alb(X)(e),
since Pic® 1is isogeneous to Alb and HZN'1(X)(N-1)”—" H1(X) ]

In view of Roitman's theorem on torsion zero cycles (see e.g. [7]
lecture 5), the statement of 5.1 is equivalent to the following.

Conjecture 5.2. For any smooth projective 2 over @ the Chow
group of zero cycles of degree zero on X coincides with Alb(&)(T)®

Note that according to Mumford's theorem ([16), [7] lecture 1)
the situation radically changes if there are parameters in the base
field (see the discussion below), so it would be very interesting to
try to handle 5.2. in any non-trivial particular case. For example,
whether every zero-cycle of degree zero on K3 over e is rationally
equivalent to zero?

Conjecture 5.3.a.(hard Lefschetz). Let e ] CH‘(X) be the class

—_— e = s

of a hyperplane section. Then for i (N + 1)/2 the arrow

e N+1-21 CHi(X)° ® 0 — CH Netl-i
b. Let y be a smooth N-d;mensional affine scheme over @, and, as in
the proper case, put CHl(y)°:=Ker(CHl(y)-——rH§l (y ®¢C,2(i)) . Then one

should have cul(y)®=0 for i>dim y+1. M-
3

(X)° @ @ is isomorphism
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For a;, a, & R say that. a,~ a, if they differ by non-zero ra-

tional multiple. Consider the height pairing <,> between R-vector

spaces cil(X)e @ R and CHNf1'i(X)° @ R. Denote by det<,>, its

Nel=

i
determinant in some rational baseses of catixye @ Q, CH 1(X)° @ 0;
clearly det <,>i is correctly defined equivalence class of real num-
bers (we assume rk CH (X) .is finite, see 5.0) and det<,> ~

i
det<’>N*1-i’

)

*
Conjecture 5.4. a) The height pairing is non-degenerate,.

b) det <,>i, multiplied by the determinant of the period matrix
for Hzl_l(x) (see [21]), is equivalent to the leading coefficient.

in Taylor serie expansion of L(Hzl-l(x), s) at s=41i. B

Conjecture 5.5. (Hodge-index). Assume 5.3 and consider the primi-
tive-cycle decomposition. Then the form <., § Nt1'm> is definite of

sign (-‘I)i on the primitive i-cycles (i E%l). -

For i =1 5.4a and 5.5 is the well-known positively property
of Neron-Tate height, and 5.4b is the weak form of Birch-Swinnerton-
Dyer conjectufe. )

Note that 5.4a together with 4.0.7 imply tﬁe following generali-
sation of 5.1. ’ :

Lemma 5.6." (modulo 5.4). The Abel-Jacobi map CHI(X)® —=
j;(xc) is injective up to torsion on the subgroup of cycles algebrai-

*)

cally equivalent to zero. B

It would be natural to suppose that Abel-Jacobi is injective on
the whole CHi(X)° ® @ but I have no definite reason for this.

Now I am going to formulate the motivic versions of 5.0 and 5.4.
To do this I need to assume.

Conjecture 5.7. The usual intersection pairing

CHi(X)° X CHJ(X)° —_— CHi*J(X)° is zero up to torsion. ]

This is a particular case of the [2], conj. 8.5.1. Note that its
geometric analog follows directly from Leray spectral sequence conside-
rations (since Hj of the affine curve are zero for. j > 2). Modulo
5.4 the conjecture 5.7 is equivalent to

Conjecture 5.8. For any three cycles a; € CHdi(x)", Zd1 =
N + 1, one has <a,, a,, ay> = 0. a

Clearly 5.7. implies that a correspondence homologous to zero
acts in a trivial way on the CH ()°-groups. This shows that we may

*
) This conjecture has been formulated independently by S.Bloch [6].

This conjecture has been formulated independently by S.Bloch[5](1.4).
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define CH'()° groups for Grothendieck's motives. More precisely, con-
sider the category M of motives over @ with coefficients in T

for the theory of algebraic correspondences modulo homological equiva-
lence. For any 1 we have 0-linear functor CHi()° on M with va-
lues in finite dimensional @-vector spaces, such that Cﬂi(}ax))° =
ca‘(x)n ® © where M(X) is motive of a smooth projective variety X
(see [2] for details). Note that now (due to 5.7) the conjecture 5.3.
is implied by the standard conjectures on algebraic cycles. We get al-
so the © ® R-valued height pairing between CH'()°-groups of a moti-
ve M and its dual; according to 5.4. this pairing is non-degenerate.
Denote by det.<,>(M) its determinant in the GQ-baséses of CH'()°;

i
this is an element of (0 ® R)* correctly defined up to Q-multiple.

Also for any motive M we have 0 @ o, [Gall-modules H (M, o) and
teo C-valued L-functions L(a (M), s), According to Gross's
conjecture , for i & 2 all the C-valued components of L(H (M),s)

(these components are numbered by embeddings Q& €) should have the

same order of zero at i. Denote it by ordiL(H (M), s); so we have

ord;L(H (M),s)

L(H (M), s-1) = £ (H (M), i).(s-1i) + 0(s-i) for some

{(u (M), i)€ (T @ R)*. The following conjecture generalises 5.0 and
5.4z

Conjecture 5.9. We have ord,L(KZ""(M), s) = aimgeul(m)e and

4£(H2i_l(M), i) = deti<,>(M), multiplied by the determinant of the period

matrix for H2X"l(M) (see[21]) (up to a multiple from o*). W

See the beautiful computations of Gross-Zagier [11] in favor of
this.

Recall that according to standard conjectures on algebraic cycles
the category M is abelian sehisimple. This semisimplicity implies
that any additive functor dn M, e.g. CH ()e°, H.(, 0‘) , is exact. On
any motive M we have the colevel filtration N. defined by NJ(M) =
the sum of components of M that occure in some M(Y)(®), where Y
is projective smooth scheme of dimension §j. It is easy to see that
in case M = M(X) the corresponding filtrations on CH (M(X))° =
CH' (X)° ® 8, H (X, @) are Njca'(x)° = {cl a: there exists Y,Suppac
YeX s.t. codim Y 3¢=j and a is homologous to zero in Y} (in

particular N1 = cycles algebraically equivalent to zero),

. (. ; i ezd o =
NETX, Q) = {o : there exists Y& X s.t. codim Y 33 and ,X-Y 0}.

Now 5.9. claims that the rank of Gr?(CHi(X)°) equals to the order of
N.2i-1

zero of L(GPJH (X), s) at s = i. This sharpened form of Swinner-
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ton-Dyer conjecture was first found by Bloch [5] (1.3). Note that this
conjecture for J = 1 also implies 5.6. (see [5] (1.4)).

5.10. In the rest of the paper I will try to discuss some general
conjectural framework for motives, regulators and the like.

A. Motivic sheaves. One hopes that for any scheme S and an app-
ropriate commutative ring A (say A =Z ,ZA , @, @) there exists cer-
tain abelian -A-category M(S, A) of (mixed) motivic (perverse} A-sheav-
es over S together with corresponding derived category DM(S,A).
This categories should resemble very much the categories of mixed
f -adic sheaves;

- there should be inner @ and Hom .

- there should be Tate sheaves Q"(i); the Tate twist M »—e M(i) =
Me ﬁéi) is automorphism of M{S,4)

- for any morphism S1 — 32 of finite type there should be the cor-

- ! between DM(Si)

- for A > @ there should be canonical weight filtration W. on the

responding functors: f,, %, f

objects of M(S,A) such that any morphism is strictly compatible
with W, and any Gry(M) is semisimple.

All this things should behave the sahe way as in mixed € -adic si-
tuation. One should also have realisation functors r on M(S) and
DM{S) with values in mixed £ -édic sheaves, or Hodge sheaves (if 'S
is an R-scheme, see n"E below)... If A > @ this realisation func-
tors should be exact, faithful on M(S), and should commute with all
the above structures. Note that such r induces the morphism between
corresponding {absolute) cohomology groups: say .r : H (S, M(¥)):=

M
If S = Spec k, k 1is a field, and A > @, then the category of
semisimple objects in M(S,A) should be equivalent to the category of

Extico,(0), M(%)) — Exti(g,, rn) (%)) = Hi(s, r_(m(0)).
@ ]

Grothendieck's A-motives over k constructed by means of algebraic
correspondences modulo homological equivalence.

B. Relations with K-theory and relative cycles. The cohomology
groups H (S, AM(')) form 1Poiqcar€~ duality theory with supports: in

the sense of Bloch-Ogus. The corresponding canonical map q;(s,o(*)) —_
—_— H'(s,o“(*)) should be isomorphism if S 1is regular (recall that
H;(S.o(')) is a part of K,(S) ® @ and the canonical map comes from
the Chern character). All the canonical maps H;' — H; where H;
is 6 -adic, Hodge-Deligne or some other cohomology, should coincide
with H, (S,0(*)) = H'(S,0,(%)) 2 H’(S,q!(‘)) = n}(s,o(-)).

More precisely, for S regular there should exist the Atiyah-
Hirzebruch type spectral sequence converging to K ,(S) with second term
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H'(S, z“(')); it should degenerate up to factorials at E, (one likes
to have the same picture for arbitrary singular S, but this possibly for-
ces to replace M(S) by more clever category of properties I can't ima-
gine) .Note that for a smooth varieties over a field S. Landsburgll2]has
found a spectral sequence of such a type using relative cycles machi-
ne; hopefully it should coincide with the conjectural spectral sequence
above. V. Schectman (report on Landsburg's work, February 1983) and
S. Bloch [23] independently have shown that Landsburg's E, form Poin-
caré duality theory with supports and Bloch [23] has shown that Lands-
burg's spectral sequence degenerates at E, up to torsion. Note that
for i< 0 one should have Hi(S,AZ;(')) = 0 (as Ext® in a t-cate-
gory) ; the corresponding property for Landsburg's E2 remains unproven
(it was conjectured independently by Ch. soulé and the author [31,
[18]).

C. Application to algebraic cycles. Let us see what B gives be-

ing applied to cycles (compare with [7], lecture 1). For regular X
one should have HZi(X, Z&(i)) ] CHi(X). Let S be regular and % : Xs
—— S be a smooth projective map. We should have the Leray spectral
sequence Eg’q = #P(s, Rrig, (1)) =» Hp*q(xs,zzu(i)) that degenerates

up to torsion. So on any H'(XS,.z;(i)) we have canonical filtration

¥ s.t. cr;’_ﬂ"(xs, 9, (1)) = #P(s, R""PRo (1)), (Note that CH ()° in

the main body of the paper is Y°CH°()). 1In particular CHi(Xs) is
controlled by relative motivic cohomology of X with numbers ¢ 2i.

The group gZCHi(XS) is something like "nonrepresentable" part
of CHi(XS): if S is of finite type over Z ' or @, then any element
of g 2 is zero‘at any E-poinb_of S. More precisely, assuming S af-
fine of finite type over 2 we may describe the filtration F° as
follows. Just as in £ -adic situation for M e M(S) one should have
HJ(S,M) =0 for J > dim S. Moreover, for any Jj £ dim S there
exists certain Tc¢ S, dim T = j, such that Hj(S,Ml > HJ(T,MLF ).

This shows that ¥ JcH'(xg) = N Ker(CH (Xg) —= CH (X;)).
Te S
dim T =j-1

Now assume that S is a spectrum of a field. For any smooth projec-
tive YS of dimension i-1 one has CHl(Ys) = 0, so in particular

any Hzl-t(s,ﬂlf 0 (#)) is zero. For a motive M over S define
YN

the level filtration N on M by formula NIM := N (M —R%, o).
dim g

e
The above shows that HZi"(S;Rcﬁk,qH(i)) = w2i-t(s, (ni-

Ker
Y=j
i 1R¢]'x,0ﬂ)(i)).
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In particular this groups are non-zero for €= 21,...,1 only.

D. The structure of H ( ,Ay(*)). Consider the complexes
RP( ,A“(i)) = R Hom(A“(O). A“(i)) Zariski locally. These are the com-

plexes A“(i) in the derived category of sheaves on the big Zariski

Zar
topology together with canonical commutative multiplication

A“u;wﬁ By (3l By(ied). We have H'(S,A (1)) = H'(Sy, ).

r’Aa“‘)Zar
The following properties of A“(i) should hold:

(1) AM(“Zar = A & z“(uz“; A“(i)z“‘ are zero for 1 < 0

»
(ii) 2(1) 2 0,‘[-1]; for any 1 > O the complex 2“(1)

M Zar Zar

is acyclic off the degrees 1,...,1

(111) If k is a field then H(Spec k, 2,(1),, ) = k'HROT ()
o
the isomorphism induced by the product 2,(1) y
o zZar —— 2“(1)2“. So

the sheaf Hi(za(i) ) coincide on regular S with the sheaf of Mil-

Zar
nor's K-functors (and the whole Z“(i)z” -is something like non-abeli-

an left-derived functor of KMnnor)

(iv) If k 1is a field, then there exists a canonical differential
o (* ) (Do -
bigraded algebra 0“( ) that represents 0“( )m(ﬁa( ) is the Sulli

van's minimal model of Q(*)) such that 5“'(') = A'(j..>1 1. so

6;1(') is standard chain algebra of the graded Lie coalgelﬁra
131 51(1). This conjecture is due to Schechtman. . It is closely rela-
ted to the conjecture that we may compute H' (Spec k, q.{!.) ) as th.'s
not in the whole category M(Spec k), but in the far smaller category
MTate (Spec k) of objects with all irreducible constituents isomorphic
to some Tate's modules. '

(v) (Etale descent). We may consider the analogous complexes

A“(i)ét on the big étale topology; if 1 : Zar — Et is a canonical

Note, that one should have usual

morphism, then A“(i)ét = "A“(i)Zar‘

étale descent for A“(i) only in the trivial case A > Q. In gene-

Zar
ral one hopes that AJC(“Zar = csi”"“u(“ét and also

I-liHRa,A“(i)ét = 0 (this "Hilbert theorem 90" property was found in-

dependently by S. Lichtenbaum [14]; his paper also contains some dis-
cussion on this subject). '

(vi) (Finite coefficients). Let & be prime to characteristics
of our schemes. The theorem of Suslin on K-functor of an algebraically
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closed fields dictates that one should have (%h)y‘(i)ét = %h(l)ét.
So, by (v), one should have (%”)M(“Zar = TR, %.(i). In particu-
lar, if k is a field, then HJ(Spec K, (Z,e-)“(.l)) is zero for j 3 i,

and coincides with HJ (Gal E/k, Z/e.(i)) for J & i. The ‘n°B implies
that we should have the corresponding spectral sequence that conver=-
ges to K. (Spec k,%-). R. Thomason noticed (letter from 10-5-1984)
that such a spectral sequence degenerates at 82 if  upgnc k, and so
the usual Atiyah-Hirzebruch spectral sequence for K/g* top also
should degenerate - this thing is unknown yet. Anyway, it is easy show
that Heine!Sr ZA%(1)) 1= H'(’S'zar, RY, ZyN1)) form the Poincaré
duality theory with supports, and so we gave the characteristic classes

i i
with values in this groups; note that Hfine(s' z/e~(i)) = CH (S)/g" .

It would be of interest to construct explicitely the category of “"fine
étale z/e" -sheaves" or "fine I/Zﬂ—(}alois modules" such that Ext's
between Z/éu(i) give Hf'ine'

E. Hodge sheaves. For a scheme S over € or R one should
have a category wg of Hodge sheaves, analogous to the category of
mixed °¢ perverse sheaves. At a moment one definitely knows what
lisse Hodge sheaves on smooth varieties are (the pure ones are Grif-
fiths's polarisable variations of Hodge structures, and in the mixed
case we have the definition of Steenbrink and Zucker);the attempts to
define the whole ‘”3 as wellas to define the functors f .. etc. are
quite painful. This contrasts much with the clear étale cohomology si-
tuation, where all the constructions are quite simple and natural. Thus
the Galois action on étale cohomology groups comes from the Galois sym-
metries of étale site. It would be marvellous if one may do Hodge theo=-
ry in a parallel way. Namely, whether there exists the " R-site"

*
Topa(S) ) of S together with the action of the group G’ (see

% .
[81) ! such that the R-Hodge sheaves on S would be the G, -shea-
ves on Topa(S)? Thus the cohomology of Topn(S) with values in a
constant sheaf R should coincide with the usual cohomology of S with

real coefficients, and the natural action of G' on them should give

* .
) Topn(s) should have somewhat a probabilistic nature.
"8
! G, is a real proalgebraic group such that the category of real

*
representations of G coincides with the category of {R-Hodge

structures.
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the usual Hodge structure. Passing back from T°Hm to the usual topo-
logy (on the level of cohomology groups this means restoring of the in-
tegral structure) breaks the dese symmetry.- o

F. Absolute cohomology with compact supports. Let now S be a
scheme over & . For any M €& DM (S) there should exist "absolute coho-

mology groups with compact sgpports" H; (S, M) with the following pro-
perties
(i) For any f : S — S' one should have H;(S, M) = qwﬂf!(M)).
(ii) Let S = Spec Z . For M€ M (S,Z) one should have an exact
sequence .. —H(S, M) — H'(S, M) DoH) (M@ R) — HZ(S, M). wnere r
is a regulator map. So for M of weight 3 0 all H;(S, M) are zero;
for M of weight -1 the only non-zero H‘ may be the discret group

H:(S, M); for M of weight ¢-2 the only non-zero H, 1is Hf(s, M),
this group is compact for M # q;(1) and Hf(s,!;(1)) = R. The Euler-
Poincaré volumes of this Hf should be related with the values of L=~
functions, and the height pairing should coincide with Hl(s, M) ®

1 2
H (S, M°) — HG(S, IAH)).
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INTRODUCTION

In Deligne [1971], two-dimensional £-adic representations of Gal(Q/Q)
are attached to 'new" holomorphic modular forms of weight at least two on the
Poincaré upper-half plane, or equivalently, to certain automorphic representa-
tions of the adéle group GchAQ) . The correspondence preserves L-functions.
This theory depends on the properties of moduli varieties of elliptic curves
with given level structure. These varieties have a canonical structure over
Q and the £-adic representations are realized in the f-adic Hl of certain
sheaves.

Drinfel'd [1973] transports the theory to the function field case by
introducing the concept of elliptic module, which we call a Drinfel'd module,

to replace elliptic curves.

Fixed notations throughout the article

C - absolutely irreducible projective and smooth curve over ]I‘q .
® - a closed point of C.
F - the function field ]Fq(C) of C over IFq .

A - the ring HO(C -w,Oc) of functions regular on C - .

F, - the completion of F at « with valuation ring .0 .
C, - the completion of the algebraic closure of F, .
II"q - the finite field of q elements.

Relative to the function field F over ]Fq , we will define Drinfel'd
modules of rank r in the first chapter. Briefly, these are A = HO(C -m,Oc)
module structures on the additive group in characteristic p given by
polynomials in Frobenius whose degree is a certain multiple of the rank r.
The term elliptic module, which is Drinfel'd's original term, is used for
Drinfel'd modules of rank 2 for these are objects which correspond clos.ely to

elliptic curves. In fact, we have the following dictionary:
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elliptic curve elliptic module (rank 2 Drinfel'd module)
Q mq(c) = F

infinite place fixed place

z A = 82 -=,0)

'scheme scheme over A

n division point I division point for I an ideal of A

n level structure I level structure

moduli space moduli space

lattice in C discrete A-modules -

Most of the above dictionary is explained in chapter 1. Elliptic curves
over the complex numbers € can be interpreted as classes of certain lattices
in €. In chapter 2 we describe Drinfel'd modules over C_, in terms of
discrete A-modules in C_ defined over A . Drinfel'd modules defined over
F_ , the algebraic closure of F_, can be also described by lattices in ¥ _,
and the lattices with Galois invariance properties correspond to Drinfel'd
modules over intermediate fields between F_ and 1_“00 .

For elliptic curves, indeed for more generally polarized abelian varieties,
and for Drinfel'd modules there are moduli problems for familiés of these
objects and moduli spaces. From the point of view of Shimura varieties, basic
information about such moduli problems is collected in triples (F,G,h') con-

sisting of:
- a reductive group G over a global field F ,
- a conjugacy class of maps h': Gm - G.

The above dictionary extends further with the following examples of triples

(F,G,h') for the corresponding moduli problems over F :

AL 0

polarized abelian varieties (rank g) ( . CS;)Zg ,( g ))
0 I
g

. X0
elliptic curves (Q, GL, , (0 1 ))
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}\Il 0
Drinfel'd modules (rank r) (F ,GLr ,( )
' 0 I
r-1
A0
elliptic module (F s GLy 5 (0 1)

A critical step in the theory over Q was the calculation of the
cohomology of the complex analytic variety of C-valued points on the moduli
scheme and the comparison with the £-adic cohomology. In the function field
case Drinfel'd puts a rigid analytic structure on the C_-valued points of the
moduli scheme, calculates a rigid analytic H! for certain simple sheaves, and
compares this nl with the £-adic Hl . This rigid analytic space is the
quotient of a C_-analogue of the Poincaré upper-half plane by a discrete group
I' , and the cohomology is in the middle of a short exact sequence with sub-
group Hl(r) and quotient the space of coclosed l-cochains on the tree of
PGL(Z,CM) invariant under I' . This in turn is interpreted in terms of repre-
sentations. Finally, the various representations in Hl are sorted out with
a congruence formula which is analogous to the'Eichler-Shimura congruence
formula. These considerations are carried out in chapters 3 and 4.

In chapter 5 the global results on automorphic forms for GL(Z,AF) are
applied to a local result conjectured by Langlands. For a local field K of
equal characteristic p , there is a natural bijection between irreducible
admissible representations of GL(2,K) and two-dimensional representations of
the Weil group W(K/K) . The global theory of automorphic forms given by
elliptic modules applies only to representations T =®V€C 'Irv where m_ is
the special representation.

In the form of private letters Drinfel'd has a new theory of 'shtuka"
which handles all automorphic forms on GL(1) and GL(2) over a function
field. Even so it seems that elliptic modules are still worth consideration
because the theory for r =1 and r = 2 may extend easier for general r
than the corresponding theory of '"shtuka" which depends on the Selberg trace
formula. Another method to relate automorphic forms to f-adic representations
is in Drinfel'd [1983]. Recently, elliptic modules were used to describe
modular forms in the function field case, see D. Goss [1977].

This article grew out of lectures by P. Deligne at the I.H.E.S. in the

Winter-Spring of 1975 and a lecture in Bonn during the period of Karneval, 1975.
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CHAPTER 1. ALGEBRAIC THEORY OF DRINFEL'D MODULES

In terms of the notations in the introduction, a Drinfel'd module is an
A-module structure on the additive group G, 1in characteristic p. There is
a theory of division points and isogenies of Drinfel'd modules which parallels
closely the corresponding theory for abelian varieties. Drinfel'd modules have
a characteristic v, which is a valuation of F = IFq(C) over I'Fq , and they
exhibit a singular and sometimes supersingular behavior at v when v # © ,
Again, we are reminded of elliptic curves in characteristic p.

Drinfel'd formulated and solved a moduli problem for Drinfel'd modules
with prescribed level structure. The constructions take place entirely with
affine schemes making the existence of the moduli elementary compared with the
existence question of the moduli scheme for elliptic curves with level struc-
ture. We introduce Drinfel'd's modification of the notion of level structure
which allows for a clearer analysis of level structures at singular and super-
singular points for the cases of both Drinfel'd modules and elliptic curves.

See additional remarks 1.

§1. ENDOMORPHISMS OF THE ADDITIVE GROUP

The additive group (functor) G, over a ring R 1is represented by the
polynomial ring R[X] in one variable with structure morphism
a: R[X] — R[X] @, R[X] given by o(X) = X® 1+ 1®X . A morphism
["H Ga—-b Ga of the underlying schemes over R 1is given by a polynomial
$(X) ER[X] where ¢*(a(X)) = a(d(X)) for a(X) € RIX] , and this morphism ¢
preserves the group scheme structure if and only if ¢(X) is additive, i.e.
¢ (X+Y) = ¢(X) + ¢(Y) .. Composition ¢ of morphisms ¢ and | is repre-
sented by substitution ¢(P(X)) , and the sum of two morphisms G, — Ga is

represented by the sum of two polynomials.

For example, ¢(X) = axpl is additive where p 1is a prime number and
pa =0 in R since the binomial coefficient (p‘:) is divisible by p for
0<m<pl. For afield k of characteristic 0 the only additive poly-
nomials are of the form ¢X , ¢ €k , but fof a field k of characteristic
p > 0 the additive polynomials are easily seen to be of the form
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2 n
- pt _ P P4, ... P
o) = ] a X agk + a;X° + a X + +a X .

If Y(X) is a second additive polynom.ial, then
P p"
VO = Vagh + b(a®) + e+ h(a X )

is also additive.

(1.1) DEFINITION. Let k be a field of characteristic p > 0. The
twisted polynomial ring k{t} 1is k ®L z[1] with the twisted tensor product

algebra structure satisfying the commutation rule
i
@Rhe®d) = amP @H

We denote a® Ti simply by ari in k{t} , and then the commutation
rule becomes Ta = aPT .

Let k denote a field of characteristic p > 0 in tﬁe remainder of this
section.

(1.2) PROPOSITION. The function 6 which assigns to an additive poly-
nomial ¢(X) = aOX + alxp + e+ anXpn the element ;1;(2() = ag + at + e+
a,T" € k{t} is an isomorphism  6: End, (G,) — k{t} of rings.

) i pd
The proof follows from the observation that the relation (axp )p =

J i+ . 3 oa. .
aP xP becomes tlatl = aP ‘ri+J under 6 . Note that the multiplicative

structure on Endk(Ga) is substitution of additive polynomials and on k{T}
the twisted polynomial multiplication.

We have two degree functions deg: E“dk(Ga) —Z and d: k{t} =2
defined by the relations deg(aOX + alxp + e + anxpn) = p® and
d(ao +a. T+ «++ + an‘rn) =n where aj # 0. The following relations hold for

1
¢»p €End, (G) and a,b € k{t}

deg (¢) deg(¢)deg () s deg(¢ +yY) < max(deg(¢),deg(}))

and
d(ab) = d(a) + d(b) s d(a+b) < max(d(a),d(b)) .

We have height functions ht: Endk(Ga) —+Z and ht: k{1} — Z defined

h n
by the relations ht(ahxp + oo + anXp ) =h and ht;(ah'l‘h + eee 4 an'rn) =h
where a, # 0. Clearly, ht(¢) = ht(6(¢4)) . The following relations hold
ht(¢y) = ht(d) + ht(¥) and ht(ab) = ht(a) + ht(b) for ¢,P EEndk(Ga) and
a,b € k{t} .
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We have substitutions 3,: End, (G;) — k and 3: k{t} — k defined by

the relations

ao(EaiXpi) = a, and 8(2 airi) = 3,

where 80 is the derivative at the origin and 9 the value at the origin.
Clearly 23(8(9)) = Bo(¢) for ¢ € Endk(Ga) .
Finally, the following properties of additive polynomials seem to have

been known for some time.

(1.3) PROPOSITION.. Let HC Ga(k) be a finite subgroup, and form the
polynomial PH(X) = T—rheﬂ(x_h) . Then PH(X)‘ is an additive polynomial,
so I’H (S Endk(Ga) with deg(PH) = Card(H) , and we are able to recover

H = ker(PH) (k) , the set of all x € k with PH(x) =0.

PROOF. To show that PH is additive, consider QY(X> = PH(X +Y) - PH(Y) in
k(Y)[X] . Since H is a subgroup, QY =0 on H and further deg(QY) =
deg(PH) = Card(H) . Thus PH(X) and QY(X) are monic polynomials of the
same degree equal to Card(H) and each equal to zero on HC kC k(Y) . It
follows that PH(X) = QY(X) = PH(X +Y) - PH(Y) , 1.e. PH is additive, and the

other statements hold which proves the proposition.

(1.4) REMARK. As a kind of converse of (1.3) observe that for an additive
polynomial f: G3— G, over k , the set H of x€ k with f(x) =0 is a
subgroup of G,(k) with Card(H) dividing deg(f) . If k is algebraically
closed, then deg(f) = pht(f)'Card(H) , and that the group morphism
f: Ga(k) — Ga(k) is surjective for f # 0. Since ht(f) = 0 if and only if
Bo(f) # 0 , we see that ao(f) # 0 implies that deg(f) = Card(ker(f)) over
an algebraically closed k.

§2. DEFINITION OF DRINFEL'D MODULE OVER A FIELD

We return to the basic notations of the introduction, in particular
A= HO(C -°°,0C) , and let k denote a field of characteristic p. Before the
definition we make some remarks which point out the natural limitations of the
definition.

(2.1) REMARK. Since Endk(Ga) isomorphic to k{t} is an integral domain,
and since A 1is a Dedekind domain, any ring morphism A — Endk(Ga) is either
injective or has image contained in the constants k C k{t} . The second case

being relatively trivial means that we will be interested in morphisms which
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are injective (or faithful).

To the rational point ® , we have associated an absolute value lem on

the function field F with TF as residue class field with q, a power of

Qe

q and the absolute value normalized such that
a€ACF.

al|, = Card(a/a) for

(2.2) REMARK. For an injective ¢: A — Endk(Ga) the composite

A2 Eng (G,) %8> 2 denoted lal = deg(9(a)) satisfies llabl = lallbl and
la +bll € max(llall,|lbll) from properties of deg . Since lal 2 1 for a # 0
and for some a , llall > 1 , the relation la/bll = llall/Ibll for a/bEF
defines an extension of |all to F as an absolute value. Since Jall > 1

for all aE€ A, a # 0 , the absolute value |llxll on F must be equivalent to

Ix|, , i.e. lxll = |x| for some r >0 and all x€EF.

In fact, r > 0 is a natural number, but we defer the proof of this until
the next section, see (3.3), and introduce the following basic concept which
Drinfel'd called an elliptic module. )

(2.3) DEFINITION. For a natural number r > O , a Drinfel'd module over
a field k of rank r for the pointed curve (C,®) over ]I‘q is a morphism
of rings
p: A ——r Endk(Ga)

such that G is isomorphic to G, and lall = deg(¢(a)) = |a]; = (Card(a/a))*

for all nonzero a &€A.

Let Algk denote the category of commutative k-algebras R , and let
ModA denote the category of A-modules. To a Drinfel'd module ¢, we associate
a functor

E: Algk — ModA

which assigns to a k-algebra R its underlying additive group Ga(R) together
with the A-module structure defined by requiring ¢(a)(R) to be scalar multi-
plication by a on Ga(R) . Observe that the functor E determines tb , and
frequently we refer to E as the Drinfel'd module instead of ¢ . We will

denote ¢(a) by just ¢, occasionally.

(2.4) DEFINITION. Let ¢: A— Endk(G) and ¢': A — Endk(G') be two
Drinfel'd modules. A morphism u: ¢ — ¢' is a morphism u: G — G' such

that d>£‘lu = u<13a for all a &€ A. A nonzero morphism is called an isogeny.
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Equivalently, u is a morphism of functors E — E' associated to ¢
and ¢' . Thus Drinfel'd modules over k form a category with the composition

of morphisms being evident.

(2.5) DEFINITION. Let ¢: A — Endk(G) be a Drinfel'd module and form
80¢: A — k where 30
origin. The Drinfel'd module ¢ has characteristic « provided 30¢: A—k

: Endk(G) — k is the value of the derivative at the

is injective and has characteristic v , a valuation of F over IFq different

from o, provided AN m,. = ker(30¢) .

Since ker(30¢) is either zero or a maximal ideal of A , every Drinfel'd

module has characteristic « or some "finite" v # .

(2.6) REMARK. If wu: ¢ — ¢' 1s a nonzero morphism (isogeny) between
two Drinfel'd modules, then ¢ and ¢' have the same rank and the same

characteristic.

(2.7) REMARK. The definition (2.3) of a Drinfel'd module can be formu-
lated in terms of a (A,Endk(Ga))-bimodule N which is free of rank 1 over
Endk(Ga) and satisfying the condition llall = (Catd(A/a))r for a€A,a#0.
The choice of a basis element for N identifies N with Endk(Ga) .

§3. DIVISION POINTS

As with abelian varieties, division points of a Drinfel'd module play a
basic role in structure and moduli problems. We continue with the notation
E: Algk —_— ModA equal to. the functor associated to a ring morphism
¢: A = Endk(Ga) .

(3.1) DEFINITION. For a€ A (usually a # 0) the subfunctor EaC E
of a-division points is ker(¢a) . For an ideal I C A the subfunctor
EIC E of I-division points is naGI ]-:a .

1f al,...,ar generate an ideal I in A , then EI = Ealﬂ cee N Ear .

(b) = Eb . Since

E, =E if and only if a = 0 , the same holds for ideal EI = E 1if and only

only for nonzero ideals 1.

So in particular for a principal ideal (b) we have E

if I =0 , and essentially we consider EI

More explicitly, for any k-algebra R, the A-submodule EI(R) consists of
all x € E(R) such that ax = 0 for any a € I . This shows that we can

view E_. as a functor defined E_: Algk — Mod

I I A/T
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Again as with abelian varieties, EI(E) will be a free A/I-module for I
prime to the characteristic of E . For the case characteristic « this is no
restriction on I and for characteriétic v corresponding to the maximal
ideal P, in A it means 1C P, . In order to prove this assertion we will
use the following lemma on torsion modules over a discrete valuation ring V
with local uniformizirg parameter 7 . For a V-module L let £(L) denote

its length and 7 : L — L the action of the scalar ™ on L.

L:
(3.2) LEMMA. Let L be a V/m°"-module.

(a) We have 2£(ker(ﬂ‘£l)) > () .
(b) For nonzero L , the equality holds in (a) if and only if L 1is a

free V/Trzm-module, and in this case ker(ﬁ?) is a free V/m™-module.

PROOF. We can decompose L as the sum of modules N isomorphic to V/‘rri
with 0<i<2m. For N= V/‘ni (0 < i< 2m) observe that

v/t

of length i for i <m
ker(’rrtz) =

Trl_m(V/TTi) of length m for m< i .

In both cases 2£(ker(7r§)) = 2+inf(i,m) > i = £(N) so that (a) holds. Also
N is free, i.e. i = 2m if and only if 22(ker(ﬂ$)) = L(N) , and ﬂm(V/ﬁzm)

is isomorphic to v/m™ as V/m"-modules which proves (b).

In the following basic structure theorem for EI(E) over the algebraic
closure k of k , we also settle the question left at the end of (_2.2).
Note that the above definitions apply to any morphism ¢: A — Endk(Ga) of

rings.

(3.3) THEOREM. If ¢: A — Endk(Ga) is a monomorphism of rings, then ¢
is a Drinfel'd module of rank r > 0 for an integer r . Moreover, for an
ideal I relatively prime to the characteristic of ¢ , the A/I-module EI(E)

is free of rank r.

PROOF. By (2.2) there exists a real number r > 0 with deg (ba = Catd(A/a)r
for all a €A, a#0 . If 3yp, =0, then by (1.4) degd, = Card E, (k)
and also

Card Eaz(i) = deg(¢a2) = deg(¢a)2 = CardEa(E)2 .

For each irreducible element T of A prime to the characteristic of ¢ ,

which is a local uniformizing parameter of Ap =V ,we apply lemma (3.2) to the
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V/7r2m~modu1e E 2m<i€) to prove that E m(E) is a free A/m"-module of rank d
ki m
where

Card(E , (@) = deg(6 ) = Card(a/m™" .
ki

From this we deduce that r 1is an integer and so ¢ is a Drinfel'd module of
rank r .

‘Next, for any nonzero a € A the primary components of Ea(E) are of the
form Eﬂ_m(lz) , so free A/T™-module of rank r , from which we deduce that
Ea(lZ) is a free A/a-module. of rank r. Finally, if I is an ideal of A
prime to the characteristic of ¢ , then there exists another ideal J in A
with A =1+J and IJ = (a) , a principal ideal prime to the characteristic.
Then A/a = A/I @ A/J , and E, = EI® EJ as functors. Since Ea(IZ) is free
of rank r over A/a , it follows that EI(E) is free of rank r over A/I ,

and this proves the theorem.

(3.4) REMARK. It remains only to consider for a Drinfel'd module E of

rank r and characteristic v # © , the A/T"-modules E n(E) where v(m) = 1.
ks
In this case 30¢» i = 0 for all i , and by the discussion in (1.4), the
T

endomorphism ¢Tr has a height h where deg(¢_n) = ph-Card E"(lz) , Or more
generally

deg(s ) = (deg4 )" = (CardE (@) = p™ucardk (@) .

Hence again by applying lemma (3.2), we see that E n(12) is a free module of
™
rank r-h <r over A/mT® . As finite group schemes over k , we have a

splitting when k is separable

0 et
E = E X E
=] i ol

where Ee; is étale of rank r -h and EOi is infinitesimal of rank h .
m ks

" (3.5) DEFINITION. The height of a Drinfel'd module E of characteristic
v # ©® is the height of ¢TT where T is an irreducible with wv(m) =1 .

Since (m) 1is uniquely determined by v , the height is well defined.

(3.6) REMARK. Let E be a Drinfel'd module of rank r and character-
istic v. Let h be the height when v = © ., For an irreducible 7 of A ,
let AL be A localized at m . Then l_l'_l)nn E-nn(k) is a divisible Aj-module

which is isomorphic to
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(F/A,n,)r for ™ prime to the characteristic,

(F/Aﬂ)r_hb for v(m =1 .

§4. ISOGENIES

Recall that for a Drinfel'd A-module (¢,E) over k and any field
extension k* of k , the group E(k*) has a given A-module structure. For
two Drinfel'd A-modules over k and u € k{t} with u # 0 , the additive
u: ¢ — ¢' 1is an isogeny if and only if the additive wu: E(k) — E"(k) is
A-linear. This follows from the fact that two polynomials are equal if and
only if their associated polynomial maps k —> k are equal. The kernel of
u: E(k*) — E'(k*) is the A-module ker(u) (k*) where ker(u) 1is the scheme

kernel of wu: ¢ — ¢'

(4.1) Separable isogenies. An isogeny u: ¢ — ¢' 1is separable when
u(X) = bOX + blxp + o0+ bsxps where b0 # 0 . Then u is determined by
ker(u)(k) a finite A-~submodule of E(k) up to constant factor. For a finite
A-submodule H C E(k) , we form PH(X) = TTHEH
Drinfel'd A-module ¢' such that ¢;PH = PH¢a for all a€ A .

If a.ker(u)(k) =0 for a # 0 , then we can form the isogeny v with

(X~-h) , and there is a unique

kernel u(ker(d)a) (k)) and vu = ¢a . Note t‘hat such a nonzero a € A with
asker(u)(k) = 0 always exists for u # O since it is a finite A-module. When
u 1is separable, we can always choose v to be separable too. By the same
construction, if u: ¢ — ¢' and w: ¢ — ¢" are separable isogenies such
that w(ker(u)(k)) = 0 , then there is a separable isogeny v: ¢' — ¢" with
w = vu where ker(v)(k) = u(ker(w)(k)) .

(4.2) Purely inseparable isogenies. These are of the form 1 € k{t} or

X = xpi . Since ¢ari = Ti¢a in k{t} 4s equivalent to all coefficients of
¢a being in IF i it follows that a purely inseparable isogeny exists only
when the characteristic v of ¢ is unequal to « , and in this case pl is
a power of q, where q, is the cardinality ofithe residue class field of v .
The finite group scheme ker(tl) = Spec(k[t]/(tp )) . This case corresponds

to a purely local kernel.

(4.3) REMARKS. Let H be a finite subgroup scheme of G, , and let ¢
be a Drinfel'd module structure on G, . Then H is the kernel of some

isogeny u: ¢ — ¢' if and only if H is stable under the action of A and
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0 if the characteristic = «
loc

h
Spec(k[t]/(t:cl )) if the characteristic = v and
q = q, = Card(F(v))

For any isogeny u: ¢ — ¢' there exists an isogeny v: ¢' — ¢ and a €A

with d)a = vu .

Let &(u) denote the degree of the additive polynomial u € Endk(E) .

The function &: Endk(E) — Z also prolongs under extension of scalars to

End, (E) ——— End, (E) ®A F End, (E) ®A F

L |

z Q Q

(4.4) REMARKS. We study the A-algebra Endk(E) with & using the
following properties of §: Endk(E) ®A F,—Q:

(1) 8(u) 20 and 6(u) =0 if and only if u =10 .
(2) 6&(auw) = lalls(u) for a€F .

(3) 8(u+v) < max(§(u),8(v)) .

(4) 8(vu) = §(v)8(u)

Moreover, End(E)C— Endk(E) ®A F_, will be seen to be a discrete A-module in
this normed vector space over F_ , see (4.9)(2). The main step will be to
show that End(E) 1is a finitely generated A-module. For this we use the

following two lemmas.

(4.5) LEMMA. Let A"C XCF. where X is a discrete A-module. Then
X 1is finitely generated.

PROOF. For all i observe that m:', +AC Fﬂ° has finite index, e.g.

k{1/t] + tik[[t]] C k((t)) has index Card(k)!. There exists an i with
XN (m:'_‘)n =0 since X 1is discrete, and thus X embeds in (Fm/m:;)n and
X/A® embeds in (F_/ml+A)" which is finite. Since (X :A®) is finite and
A" is finitely generated, it follows that X is a finitely generated A-module.

(4.6) PROPOSITION. For a finite dimensional subspace V over F of

End (E) ®A F , it :follows that V N End(E) 1is a finitely generated A-module
which is projective.
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PROOF. For V, = F & V, it follows that X = End(E) NV = End(E) NV, ,
and we can assume that S generates V and so V_ or replace V by a
smaller subspace. Let XyseresXy be a basis of V_ with xie X . Then
with this basis AnC XC F: = Vm , and we are reduced to the previous lemma
since End(E) is a discrete subspace of End(E) ®A F_. To see that

X = VM End(E) is projective, we have only to remark that it is flat since it
is torsion free over a Dedekind domain and finitely generated flat modules are

projective over a Noetherian ring.
(4.7) COROLLARY. The A-module End(E) 1is projective.

PROOF. Let W =11 W, where W=End(E)®, F and dim W, is finite.
Then Xi = End(E) N Wi is projective by (4.6) and the restrictions of the
projections W — Wi to fi: End(E) — Xi define a morphism

f: End(E) = 1 1 Xi onto a projective module with ker(f) = 0. Hence End(E)

i
is projective.

'For estimates on the rank we use the following lemma.

(4.8) LEMMA. Let a €A be prime to the characteristic of E . Then
End(E) ® A/a — End(E,) 1is injective.

PROOF. If w € End(E) and w(ker(¢a)) = 0 , then as in (4.1), it follows that
w = vqba , and wIEa = 0 implies w € End(E)a .

Now we summarize all the basic results in the following theorem-and

remarks.

(4.9) THEOREM. Let E be a Drinfel'd module over an algebraically closed
field k of rank r . The

(1) End(E) 1is a projective A-module of rank < r2 , and
(2) Endk(E) ®A F, 1is a field in which End(E) embeds as a discrete

A-module of this normed space over F_ .

PROOF. (1) The fact that End(E) is projective is contained in (4.7) and
the injectivity of End(E) ® A/a — End(E,) coming from (4.8) bounds the rank
by r? since E, 1is an A/a-module of rank r for a prime to the character-
istic.

(2) The existence of ¢ on Endk(E) ®A F proves that it is a field,

and since F_/F is a separable extension Endk(E) ®A F_ is also a field.
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The subspace where § = 0 on Endk(E) ®A F_ is zero since
dimF End(E) ®A F_ = rank(Endy (E)) .

©

(4.10) REMARK. With the notations of the previous theorem, the ring
Endk(E) is commutative for E of characteristic « and further its

rank < r .

(4.11) REMARK. For a place v of F we denote by D_(E) = lim E, .,
v —n (V)
and then the Tate module would be by definition

TV(E) = Hom(Fv/Av,Dv(E)) .

Then End(E) @A AVL-> End TV(E) = End Dv(E) , and the cokernel is without

torsion as an Av-module.

§5. DRINFEL'D MODULES OVER A BASE SCHEME

Recall that locally free sheaf of rank 1 and invertible sheaf are the

same notions, for which we use also the term line bundle.

(5.1) DEFINITION. Let S be a scheme in characteristic p . A Drinfel'd
module over S of rank r is an invertible sheaf L and a morphism or rings

¢: A — End(L) such that locally over open sets where L is trivial
_om pi m _ r .
¢a(x) = Xi=0 aiX where p lall and a is a unit. We say that ¢a is

strictly of degree pm .

In order to analyze the condition that a is a unit, we use the

following lemma.

(5.2) LEMMA. Let R be a ring with p =0 and ¢.,§,f € R{T} where

fé6 = yYf , ¢ = XI;I:o ai’ri with ay a unit, Y = :.]=0b
M

f = i=0 ciT1 . Then the leading coefficient ¢

i
iT with bN a unit, and

M is either a unit or zero,

and so f 1is either zero or strictly of degree < M.

PROOF. Comparing the coefficients of TM+N in the relation yYf = f¢p , we
N_ M N-1 M, _ .
deduce bNCM = cydy ©f cM(chM -aN) = 0. Since bN is a unit, this can

be written

N-1 M, -1\ _
CM(CM -aNbN) = 0 .
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_ N-1_ M
Thus either ¢y =0 or cy =aunit with ¢y = = aN/bN .

The next lemma is a version of the Weierstrass preparation theorem.

(5.3) LEMMA. Let R be a ring with p=0. If ¢ = 2?___0 ai‘ri where

M1t By are nilpotent, then after a change of coor-

N 1
1=1 %"

ay is a unit and a

dinates with o(T) = 1 + ) such that

@M (@ = ‘an;ri = '@

1

with a;{ a unit.

The coefficients c are chosen by decreasing induction.

N2SN-1° " Sl
(5.4) REMARKS on the definition (5.1). An alternative form of the
definition of a Drinfel'd module over a scheme S 1in characteristic p 1is to
give E/S a group scheme locally isomorphic to G, and a morphism of rings

¢: A — EndS(E) with degree ¢a = lIa[l:; locally over S .

Using lemma (5.3), we can put an Os-linear structure on E such that the
action of some 4)3 for llal > 1 is locally given by a polynomial expression
with highest coefficient a unit and of degree llalI: . Using lemma (5.2) and
the relation ¢a¢b = ¢ab = ¢b¢a , it follows that all ¢r].; are given locally
by polynomials of strict degree IIbII: . Questions of Os—linearity need only
be checked over closed subschemes Spec(R) “> S where R 1is a local Artin

ring.

(5.5) Analogue of characteristic.’ The function ar— 8°¢a defines a

morphism A — OS of rings and hence a morphism of schemes S — Spec(A)
For a closed point s €S , the Drinfel'd module Lg over the field F(s)
has characteristic 6(s) € Spec(A)

§6. LEVEL STRUCTURE AND THE MODULI SPACE

Let I be an ideal in A , let V(I) denote the set of prime ideals
of A containing I , and let E/S be a Drinfel'd module of rank r over §
with characteristic morphism 6: S — Spec(A) . Then form the finite flat
group scheme EI/S = r\ael kerS(E 2, E) of rank equal to Card(A/I)r .

The scheme EI/S is étale outside the characteristics which divide I , i.e.



42 PIERRE DELIGNE and DALE HUSEMOLLER

over 87l(Spec(V) ~V(1)) C s .

In the most elementary sense an I-level structure on a Drinfel'd module E
should be an isomorphism o (I']'/A)r — EI over S , and in fact, this
definition works very well away from characteristics dividing I . In order to
deal smoothly with characteristics dividing I, we are led to the following
definition of Drinfel'd which has also an analogue for elliptic curves with

level structures.

(6.1) DEFINITION. An I-level structure on a Drinfel'd module E/S of
rank r 1is an A-linear morphism

a: (1At —s E;

such that for all i in I-l/A the corresponding sections ofi) of EI have

the property that as divisors on E

(a(i)) = (E;) .
iéZ(I'l/A)r I

Locally E 1is isomorphic to G, , and in this case EI is defined as the

kernel of a polynomial map P: G, — G, vwhere

PCX) = 1] X -a®) .
1e(17l/a)

Let F; denote the contravariant functor from schemes to sets which
assigns to a scheme S the set of isomorphism classes of Drinfel'd modules

over S of rank r with I-level structure.

(6.2) THEOREM. Let I be an ideal in A with Card V(I) >1. The
functor Fi is representable by an affine scheme of finite type over A.

PROOF. For x € V(I) it suffices to show that the functor restricted to the
category of schemes over Spec(A) -{x} 1is representable. Then for a scheme
S over Spec(A) - {x} , and a Drinfel'd module E over S with an I-level
structure, the choice of nonzero elements for the I-level structure gives a
trivialization of E . Over these local pieces E 1is given by coordinates of
¢a for each a € A and elements o(i) for 1 € (I']'/A)r subject to the

relations:
(@) <bad’b = ¢b¢a °
(b) The léa‘ding coefficient of d)a is invertible.
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() ¢, (@(i)) = 0.
@ P = TTEX-oa@) .

All of these relations are affine in nature and can be represented by an affine
scheme.
The book of Katz-Mazur [1985] carries the construction of moduli spaces

of elliptic curves using Drinfel'd's definition of level structure.



44 PIERRE DELIGNE and DALE HUSEMOLLER

CHAPTER 2. ANALYTIC THEORY OF THE AFFINE MODULES OF DRINFEL'D

The group of points of an elliptic curve over the complex numbers is of
the form C/L where L 1is a lattice over Z (so of rank 2) in € . There
is a similar assertion for Drinfel'd modules of rank r . The group of
Go-valued points is of the form Cm/L where L 1is an A-lattice (discrete
A-module) ofrank r in C_ .

The description of Drinfel'd modules in terms of lattices gives a calcula-
tion of the moduli space of Drinfel'd modules over C, in terms of a quotient
GL(r,A)\MonFm(F;,ij . This is similar to the quotient GL(Z,Z)\Monm (IRZ,C)
which classifies elliptic curves plus a differential form. In the last section

an adélic description of the points of this moduli space is given.

§1. EXPONENTIAL FUNCTION ASSOCIATED TO A LATTICE

Let X be a subset of a complete nonarchimedean value field K such that
0E€ X and B(a,r) N X is finite for any ball B(a,r) C K around a of
radius r > 0. Then the Euler product

t
eg(®) = ¢ a-%H

YEX -{0}

defines an entire function eyt K — K with zeros on X , because the
hypothesis implies lzf.mYEx - {0} t/Yy = 0 from which we deduce that ex(t)
converges uniformly on any ball.

By changing f and t by scalar factors, we can assume that the power
series expansion of an entire function has the form f£(t) = 20<n antn where
[ai! <1, |ai| <1 for 1i<r , and larl =1 ; when f is nonconstant, also
r > 0 . By solving congruences modulo powers of the maximal ideal of F , we
can factor

r-1

f(t) = (tT4c tT T 4-——=+c_ )(b,+b
b4 0

L EHo——) .

1

If, in addition, K is algebraically closed, then it follows that every non-

constant entire function has at least one zero. Thus the Euler product ex(t)
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is the unique entire function, up to a constant factor, with one simple zero

at each point of X and no other zeros.

(1.1) DEFINITION. A subgroup L of the additive group of a complete
value field K is called a lattice provided the intersection L M B(a,r) is
finite for any ball B(a,r) .

When K is of characteristic p , then pL = 0 and the torsion group L
is a limit of finite subgroups H , i.e.
L= limy finitect? -
t
If the above Euler expansion ex(t) =t TFYGX_{O}Q - 7) is additive,

i.e. ex(x+y) = ex(x) + ex(y) for any x,y €F , then X 1is clearly a
lattice and ex(t) is its exponential function.

(1.2) PROPOSITION. Let L be a lattice in a complete value field K of
characteristic p. Then eL(x +y) = eL(x) + eL(y) for any x,yEK.

PROOF. Since L = lim

H finiteCLH » it follows that uniformly on any ball

eL(t) = lim .

e (t)
—+H finitecL H

Each eH(t) is additive since it equals c-T_ThEH(t -h) which is additive
by 1(1.3). Thus eL(x +y) = eL(x) + eL(y) since it is a limit of functions

eH(t) satisfying this property.

(1.3) REMARK. If L is a lattice in a complete value field K , and if
AE K", then AL is a lattice also and the exponential function eL(t) of
L determines the exponential function of AL by e)‘L(,t) = keL(A'lt:) . The
lattice AL is called the dilation of L by A €K®

Two lattices L and L' are in the same dilation class provided L' = AL
for A €K' . We always normalize the exponential function so that

eL(t) = t + (higher order terms) .

§2. CHARACTERIZATION OF DRINFEL'D MODULES OVER C_

Lattices T C C_ such that alCT for a €ACC, with the induced
scalar action by a € A are also A-modules, which we call A-lattices. A

dilation AI' of an A-lattice T 1is again an A-lattice for X € C; , and we
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can speak of dilation classes of A-lattices.

Given an A-lattice T in Co s we form the ring morphism
r T
¢ : A— Endc (Ga) where d)a

o0
mutative diagram

for a €A is defined by the following com-

°r

0 - I Coo cm —_— 0
°r

0 T + Gy ~ C, 0

For AI' , the relation ¢2F(e)‘r.(t)) = e)\r(at) becomes in view of (1.3) simply

¢2F(Aer(x‘1t)) = dep(arley or x'1¢zr(xer(:)) = ep(at) . This implies that

I AT
¢a—¢a for AEC, .

(2.1) THEOREM. The function, which assigns to each A-lattice T , the
ring morphism ¢P: A — Endc (Ga) defined above, is a bijection from the set
oo

of A-lattice dilation classes in C, determined by I' which are projective of
rank r onto the set of isomorphism classes of affine A-modules ¢a over C
of rank r with 3¢8 =a.

PROOF. First we calculate ket(¢:) . This is isomorphic to ker(¢£er)/l" =
ker(era)/l" , and ker(era)/[‘ is isomorphic to a~1 ker(er)/I‘ = a-1r/T. Hence
ker(¢£) is isomorphic to (A/f:-1)r since T 1is projective of rank r , and
moreover deg(¢l;) = Card(A/a)Y . Thus T — d)r is a well defined function -
from dilation classes of A-lattices projective of rank r to isomorphism

‘o
follows from er(t). = t + (higher terms) , and ¢2F = M»g)\_l from the calcula-

tion preceding the statement of the theorem.

classes of affine A-modules over C_ of rank r . The property 3¢a =a

To show T +— ¢>F is'a bijection, we consider an affine module
$: A — Endcw(Ga) of rank r and construct an additive entire function
e: C, — C_ such that ¢a(e(x)) = e(aX) and e(t) = t + (higher terms). Then
the corresponding A-lattice T is the set of x €C, with e(x) =0.

The first step is to show that there is a unique formal solution
e(t) € k{{1}} such that ¢ (e(x)) = e(ax) for a given a €A with
¢a(‘r) = ao+--- +as'l‘s and a = a, #0,1. Thf condition ¢a(e(x)) = e(ax) is
equivalent to d)a(e(a'lx)) =e(x) =)

we derive from the relation

(Tor)(Teyma™) = Teg”

P s
0<i eyxt . Equating coefficients of T,
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i _,n
the formula e, = zi+j =n aieJl.) aP , and hence the inductive definition for the
coefficients e, starting with e =1
i n
=t § ol -p
en(l a )y = izlaien_ia

This shows both the existence and uniqueness of e(T) .
The second step is to show that for this e(T) , the relation ¢.D(e(x)) =
e(bx) holds for any b € A. Consider

GebH = @pea ™ = 4, 6,ebHa T .

From the expression it follows that e and ¢beb‘1 both satisfy the relation

¢aea'1 = e , and from the uniqueness assertion in step one, it follows that
ebe=eb for any bE A . n

Next we have to show that e(x) = 20<nenxp is an entire function.
Assume in the inductive definition of e(x) that |a] > 1 and write the above

recurrence formula for e as

n

Pt s pt
e (a -a) = 1.2-:131%'1 for n2>s

Then |a] » |en|p“n < max1<i<s{lai|p—nrn-i} . where T = Iejlp-j . For @
such that 1/|a] < 8 <1 and any n > fixed ngy , each term [ai_|p-rl <l+e,
and it follows that

r S 0¢ max r__. .

n 1<i<s ™

-—1_ _ p—n .
Since 20<n r < 15 max{ro,...,rs} » we see that r = [enl — 0, which

proves that e(x) is an entire function.
Finally, we calculate ¢a for this e(x) where I equals the subset of
x € C, with e(x) = 0. We have

¢ (x) = a.x 1 - X
2 vea‘lr/r-{o}( em)

since ¢a(x) =0 on a"ll"/I‘ . Thus the degree of ¢a equals Card(a-lI'/I‘) =
Card(T'/a) = (Card(A/a))r .  This proves the theorem.

For our future considerations I-level structures will play a basic role
where I 1is a nonzero ideal in A . This leads to the following definition.



48 PIERRE DELIGNE and DALE HUSEMOLLER

(2.2) DEFINITION. Let Y be a projective A-module of rank r. For a
nonzero ideal IC A an I-level structure is an isomorphism a: Y/IY — /0t

of A-modules (or free A/I-modules).

An isomorphism Y/IY 2, (A/I)r is equivalent to an isomorphism

vy 2 (17 1/a)T since v = ! ®A u . In the case Y =T an A-lattice
of rank r and the affine A-module E = ¢r: A — Endc (Ga) corresponding to
T' by (2.1), we calculated ker(cbg) = a"lI‘/l" and thus the subfunctor

= M ;
EI acl ker(d)a) C_ E has the form

B = [)atr = 1o
a€l

Thus we immediately deduce the following assertion.

(2.3) PROPOSITION. Using EI(Cw) = I_]T/I' , we have that an I-level
structure on the affine A-module E = ¢I‘ is the same as on I-level structure

on the projective A-module T .

§3. DISCRETE MODULES IN A VECTOR SPACE OVER A LOCAL FIELD

The following preliminaries are needed in the next section in order to

parametrize A-lattices in C  as homogeneous spaces.

(3.1) NOTATIONS. Let A be a discrete subring of a local field K with
field of fractions FC K. We assume that K/A 1is a compact abelian group.

(3.2) EXAMPLES. (1) A=ZCF=QCK-=R.
(2) A=Z+fRCK=Q(/-d) for d>0 ,d CZ square free and FCK=C.

(3) A

- - -1 - -1
Fylt]l CF = qu-(t) = Tyt ) CK = Fq((e D).

4) A ]Fq[c-oo] CF= IFq(C-w) = ]Fq(C)C K=F_  where C isan affine

curve and F_ is the completion of F at = .

Of course (3) is a special case of (4),and (4) is the case of interest in this
part.

For any finite dimensional vector space V over K , the topology is well
defined and.given by a norm. A subgroup H in V is discrete provided there
exists a neighbgrhood N' of 0 in V with N'NH=0. If N+NCN',
then N+xﬂN+y =@ for x,y€EH if and only if x =1y.
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For an A-module H , the rank of H , denoted rkAl-I , 1s dimK(K ®A H) .

(3.3) PROPOSITION. Let H be a discrete A-module contained in a finite

dimensional K-vector space V. Then

rk, (H) < dim, (V)

PROOF. Let xl, ceey
vector space W=K«HC V. Then

X denote a set of elements H forming a basis of the

L = &, @ - @ax CHCWCV

Since H 1is discrete in V , there exists-a neighborhood N' of 0 €V with
HNN' =0 and a neighborhood N with N+ NCN' . Now N+L is a neigh-
borhood of 0 in V/L intersecting H/L only at 0. Thus H/L is a
discrete subgroup of V/L and of the compact abelian group

WL = kx, @ "-@Kxn/Axl@--'@Axn

Thus H/L is finite and n = dim,(F ®A L) = dim,(F ®A H) = dimW " which in

turn implies rkA(H) = dimF(F ®A H) < dimKVa This proves the proposition.

(3.4) PROPOSITION. Let H be a projective A-submodule contained in a
finite dimensional K-vector space V. Then H 1s discrete in V if and only
if 6: K®A H— V is injective.

PROOF. Assume H is discrete in V. Then H C im(8) C V is discrete and so
rkA(H) < dimK(im(O)) by (3.3). On the other hand, for any H , we have

rkA(H) = dimK(K®A H) > dim (im(8)) .

Hence dimK(K ®A H) = dimK(im(e)) and so 0 is injective.

Conversely, assume that © 1is injective. There exists H' with H@ H'
free, and a free module A" C K® is a discrete A-submodule. Hence H is
discrete in K®A H , and since 6 1is injective, H 1is discrete in V. This

proves the proposition.

(3.5) REMARK. Let C be the completion of the algebraic closure of K.
Then for every projective A-module P with rkA(P) < [C :K] there exists an

A-monomorphism

P—C
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such that P 1is discrete in C , i.e. by (3.4), the induced K®A P—C is
injective.

In example (1), 2 = [C:K] and free modules P of rank < 2 over Z can
be embedded as discrete subgroups of € = C. In examples (3) and (4),

[Cm : Fm] = © and all projective modules embed as A-lattices of C_ .

§4. MODULI SPACES AS HOMOGENEOUS SPACES (LOCAL THEORY)

Now we return to the notations of the article where F = ]Fq(C) R
A= D?q[C-w} s F, completion of F at ® , and C, the completion of the
algebraic closure F, of F_ . Let K denote F_ a local field as referred
to in §3 where A C K 1is discrete and K/A compact. We denote points in
projective space ]Pr_l(Cw) by their homogeneous coordinates SRS A
We begin by parametrizing F-vector subspaces or equivalently free A-lattices

in C, .

(4.1) PROPOSITION. The function f£: C:\(Home(F:,Cw) -{0}) — Ipr—l(cw)
given by f(u) = u(el) HEER] :u(en) where e, = (0,...,1,...,0) 1is a bijection

which restricts to a bijection
*
c, \MonF (F:,Cw) D — lPr_l(Cm) — U (E, -rational hyperplanes) .
]

PROOF. A nonzero element u olf Home(F:,Cm) is detemi:ed by its values
(u(el),...,u(er)) on the canonical basis elements e € F, . A dilation of u
yields a dilation of the r-tuple (u(el),...,u(er)) = (xl,...,xr) . Next,
(al,...,ar) € ker(u) C F; if and only if Zi=1 asx,
(al,...,ar) #0, (xl,...,xr) is on the F_-rational hyperplane with equation

=0, i.e. for

a + eee+ax = 0 .
r'r

1*1

This proves the proposition.

For an A-module Y projective of rank r , we have embeddings and
. . o .
isomorphism Y —F_ ®A Y=F_  and GLA(Y) — GLF(Fw ®A Y) = GL(r,F,) coming
from the tensor product. By taking the image of Y or F_ ®A Y , and using

(3.4), the following horizontal arrows are well defined functionms.

(4.2) PROPOSITION. Let Y be a projective module of rank r over A.

The following diagram is commutative and the horizontal arrows are bijections
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A-sublattices of C
Mqu:(rm®AY,cw) /6L, (¥) —————— w(

isomorphic to Y

A-sublattices of C
isomorphic to Y

*

—_——
C\Mon (F&), Y,C,) /GL, (Y) .
modulo dilations in Co

r-dimensional
F-vector subspaces

Mon \(F,®, ¥,C,_)/GL(r,F) ———————
[ of Cw

r~dimensional F-vector
subspaces of C_

C:\MonF (F,®,¥,C,) /GL(r,F) ————— .
o modulo dilations in C_

Now putting (4.1) and (4.2) together along with (2.1), we obtain the
following assertion. Let PZ denote the set of isomorphism classes of pro-

jective A-modules of rank r .

(4.3) PROPOSITION. Usirig the previous notations, we have the following
bijections

(lpr—l(cao) — U (F_-rational hyperplanes)) /GIfA,(Y)

" A-sublattices of C
Cm\MonF (Fm®AY,Cw)/GLA(Y) ———— {isomorphic to Y *
@ modulo dilations in C_ B

and taking disjoint unions

.Y_LEJF'(IPr'l(Cm) — U (F-rational hyperplanes))/GLA(Y)

A-sublattices of C, of rank r
modulo dilations in C¥

|

isomorphism classes of affine
A-modules ¢, over Co of
rank r with 3¢a = a

*
}lzlif Cm\l‘{oan(Fm@A ¥,C,) /6L, (¥) ———
A
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(4.4) REMARK. In the case r =1, Po(Cw) - (F_-rational hyperplanes) is
a point, and (4.3) is a statement about bijections between sets with one point.
We will be interested particularly in the case r = 2 1in latter parts. If
a X, + ayx, = 0 where a;,a, € F_ , then X P X, = -ay a; (S IPl(Fw) . Thus
we have

IPl(Cm) - (F-rational lines) = IPl(Cw) - IPl(Fw) .

The next step is to modify (4.3) to include the case of A-lattices with
I-level structure. For a projective A-module Y of rank r the projection
Y — Y/IY includes a group morphism GLA(Y) — GLA(Y/IY) which has kernel
GLA(Y,I) . In the following two statements we have a restatement of (4.2) and
a modification taking into account I-level structures. Fix an I-level struc-
ture

gt Y/TY —— (A/DT .

(1) Each monomorphism u: F.»®AY — C,, determines a lattice u(Y) C C,
and an I-level structure ao((u|Y)’1) modI) = o on u(Y) where
u[Y: Y — u(Y)C. C, . Moreover, all A-sublattices of C, » isomorphic to Y

together with an I-level structure, come by this construction.

(2) Two monomorphisms wu,u': Fm®AY — C,, determine the same lattice in
C, if and only if there exists h € GLA(Y) with u' = uh. They determine
the same lattice in C_ with I-level structure if and only if there exists
he GLA(Y,I) with u' = uh.

This leads to the following modification of the previous proposition.

(4.5) THEOREM. Let I be a nonzero ideal in A , and use the previous
notations. We have the following bijections:
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‘LJ'i-(]Pt-l (C,) — U (F_-rational hyperplanes)) /GLA(Y ,I)

YEPA

a: T/ — (17l/mF
modulo Aut of Y

A-sublattices of C,

of rank r with an I-level

structure modulo dilations

| ¢} Wony (E.®, ¥,6,) /6L, (¥,1) —==— ’
YePA in C:

a: Iy — 7wt
modulo Aut of Y

isomorphism classes of affine A-modules b,
over C, with I-level structure and of {
rank = r with 3¢, = a

or more briefly the bijection

@t (c) /6L, (Y,1) ==+ M (C,)
@, 1) EPE(D) AR =

_ r
= IPr_l(Cw) - U (F_-rational hyperplanes), also MI

xr -
Here Q(C) = P,
is the moduli functor for affine A-modules rank r .with I-level structure, and
PZ(I) is the set of ordered pairs (0,Y) with YE P: and

a: /vy — (171/4) is an isomorphism.

§5. MODULI SPACES AS HOMOGENEOUS SPACES (ADELIC THEORY)

The basic bijection describing M;(Cm) in (4.4) involves only the local
field at « . In this section we will describe M;(Cw) using all the primes
of F together with M;'(Cw) . This adélic description is closely related to

the adélic description of vector bundles on a curve which we recall now.

(5.1) REMARKS ON VECTOR BUNDLES. Over any ring space X = (X,09) a
vector bundle E of rank n 1is a (locally free) sheaf on X 1locally
isomorphic to 0; . If X 1is a nonempty open set of the curve C over IFq s
for example X = C - {»=} , then a vector bundle of rank n can be described
as a family (V’Lv)vex where X 1s an n-dimensional vector space over
F= IFq(C) and each L, 1is a free module of rank n contained in V over

the local ring O(v) at v . We assume that there exists a basis ESERERTE
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of V over F and a finite set S C X with

L, = O(V)xl +oeee O(V)xn

for all vE€ X - S . The basis X,;,...,X
1 n
on X-S . If YyseeeoVp is any other basis of V , then

is called a trivialization of V

yj = Zai’jxi and X, = __)]:bj,iyj

where (aij)’(bij) G‘GL(n,Ov(v)) for all but a finite number of v . Hence
every basis of V 1is a trivialization of V over some X - T where TC X
is finite.

To an Ox-sheaf E , locally isomorphic to 0; » we assign V = E, where
N is the general point of C. The O(V)-submodule LVC V 1is defined by
trivializing E|(X-S) on an open set X~S around v with xl,...,xne v
and requiring for all w&€X - S with S finite that

L, = 0%+ + 0

These lattices which come up in the above description of a vector bundle
can be identified with certain homogeneous spaces. Let F, denote the com-
pletion of F at v € X with valuation ring Ov . Then using matrix trans-
form between basis of a lattice in a vector space F or Fg , we have the

following commutative diagram of bijections:

GL(n,F)/GL(n,0 )) —==—> {O(V)-lattices in F}
) R
GL(n,FV)/GL(n,Ov) _— (Ov-lattices in F:} .

(5.2) Homogeneous space description of trivialized vector bundles

A vector bundle E with a trivialization is described by (Fn,Lv) for
vE X where L, = Ot(lv)C F* for all vEX -S where S 1is finite. Thus
the vector bundle trivialized on X - S is determined by a finite set of
lattices LVC F' for vES . This leads to the following bijections:
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trivialized over X-S§
n-dimensional vector bundles on X
all up to isomorphism

[ T6L(n,F )/GL(n 0 ) _
vES

VecS(X) GL(n F ) x | GL(n,0 )/ GL(n,0 )

veX-§ veX

where the vertical arrow is a homeomorphism of locally compact spaces.

At points of S we can consider a A-level structure on the vector bundle
E relative to a positive divisor A supported on S . This is just an
isomorphism of the sheaf E/E(—A) = E®0 0/0(-0)) — (0/0¢(-A))® . 1In terms of
the description of E with the data (Fn,Lv) this is an isomorphism
Lv/ﬂ's(v)Lv — (0(;]) /ns(v)o(v))n where s(v) = ord(v) (A) and L is a local

uniformizing parameter of O(V) and hence Ov . If we denote by

GL(n,0,,0) = ker(CL(n,0,) — GL(n,0 /150 ))

veEX
as follows for supp(A) C S :

and K(n,A) =T 1 GL(n,Ov,Av) , then the previous diagram becomes modified

trivialized over X~-S

"!—[" ~ n-dimensional vector bundles
v GL(n’FV)/GL(n'OV’AV) on X with A-level structure

all up to isomorphism
Vec, (X;4) | l GL(n,F,) x ] GL(n,0,)/K(n,4)
§ VEX-S

Now we consider two special cases for X namely X=C and X = C - {=}

and remove the condition that the vector bundle is trivialized.

(5.3) Vector bundles on C.

The product in the numerator of Vecs(x) or VecS(X;A) is one of the
terms in the inductive limit which defines the adéle group GL(n,AF) where

GL(n,A.F) = 1im l GL(nF)x T GL(nO)
veC -8

Hence considering vector bundles with A-level structure and trivialization over

some open set C-S of C where Supp(A) C S, we obtain the bijection
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vector bundles of dimension n
with a A-level structure and
trivialization off the Supp(A)
all up to isomorphism

GL(n,A;) /K(n,A4)

Since the various trivializations are all related by the action of GL(n,F) on
basis, we have the following quotient of the previous bijection

igsomorphism classes of
GL(n,F)\GL(n,A.F) /K(n,A) ——— In-dimensional vector bundles
on C with A-level structure

(5.4) Vector bundles on C-{=}.

The product in the numerator of Vecs(X) or VecS(X;A) for X = C - {=}
is one of the terms in the ]igx which defines the finite adéle group
GL(n,A:.) where Alf-‘ = 3®A F and A = 1,5£J A/J, the limit being taken over
ideals JCA. A divisor A can be described as an ideal IC A, and the

group K(n,A) is given by
K(n,d) = ker(GL(n,ﬁ) - GL(n,K/KI))

which we also denote by GL(n,K,I) to avoid confusion with the previous case

discussed in (5.3). As before we obtain in the injective limit the bijection

vector bundles of dimension n on

£ 2 — C -{»} with a A-level structure
—_——
GL(n,Ap) /GL(n,4,1) ’and trivialization off the Supp(A)
all up to isomorphism .

On the affine C - {»} with coordinate ring A = HO(C -{=},0) a vector
bundle of dimension n is just a projective module Y of rank n over A.

Now we combine the previous bijection with
C:\MonFm(F;,Cw) = Qr(cm) = ]Pr-l(Fw) —U{F_-rational hyperplanes}
We have a bijection

(GL(r,AD /GL(x,R,1)) x 27(C,)
vector bundles Y on C-® of
rank r with a trivialization < over F, up to dilations in

and a A-level structure all up c
to isomorphism ‘o '

monomorphisms F:, — C,
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The trivialization of Y is a basis of Y ®A F over F which defines an
embedding Y — F:, as a discrete A-submodule. When this embedding is composed
with a monomorphism, F:;'——» C, yields an A-sublattice of C, of rank r with

an I-level structure modulo dilations in C: .  Hence by (4.5) we have a map
, f N r r
(GL(r,AF)/GL(r,A,I)) x Q(C) — MI(Cm)

where the fibres correspond to the various bases of Y ®A F over F. Hence
factoring out by the action of GL(r,F) yields the ad&lic description of

r

i (c,) -

(5.6) THEOREM. The above map induces a bijection
GL(x, IINGL(r,AD) x 97 (C,)/6L(r A, 1) = ML (c,)

(5.7) REMARK. The quotient space descriptions in (4.5) and (5.6)
generalize to any open compact subgroup HC GL(r,A) to give the C_-valued
points M;(Cm) of a moduli scheme M'H H

M.;(Cw) = GL(r,F)\GL(r,Af,) x QF(C)/H adelic version

= | £ o (Cm)/(xHx—l n GL(r,F)) local version .
xH EGL(r,Ap) /H

The moduli scheme M.; arises from H-level structures on Drinfel'd modules.
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‘CHAPTER 3. THE RIGID ANALYTIC MODULI SPACE

Now our aim is to describe the rigid analytic structure on the C,-valued
points of the moduli space. These points were parametrized by a quotient of
Qt(Cm) by a discrete group in 2(4.5). The rigid analytic structure on
the. moduli space is a quotient of the rigid analytic structure on Qr(Cm) .

In order to define the rigid analytic structure on Qr(Cw) , we make use

of a natural mapping

xr
o€ 1

A QF(C)) — I(FL)
onto the rational points I(F;)Q of the geometric realization I(I";';)]R of the
building I(F;) of the group PLG(r) over the local field F_ . The
admissible open sets of the rigid analytic structure are inverse images by )\-1
of certain open neighborhoods of skeltons in I(F:;)m.

In this discussion we indicate how both Qr(cw) and the building I(F:)

are p-adic analogues of real symmetric spaces.

§1. NORMS ON VECTOR SPACES OVER A LOCAL FIELD

(1.1) NOTATIONS. Let K be a local field with valuation ring R,
maximal ideal p = Rw , and q = Card(k) where k = R/RT . We normalize lal

-ord(a) so that |u] = q'l and |Kx| = qz . We consider

on K as |a| =q
finite dimensional vector spaces over K , and thus the closed unit ball and
unit sphere are compact. If V 1is of dimension m over K , then a lattice

is any R-submodule M free of rank m.

(1.2) DEFINITION. A norm on a vector space V over K 1is a function
a: V— TR satisfying:

(a) a(x) 20 and oafx) = 0 if and only if x =0 .
(b) o(ax) = |aja(x) for a€K and x€ V .
(c) o(x+y) < sup(a(x),o(y)) for x,y EV .

A norm is called integral provided a(V) = |K] = {0} U qz and rational provided
aMCcQ.
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1f a(x) <a(y) , then axiom (c) can be strengthened to the equality
a(x+y) = aly) = sup(a(x),o(y)) .

If o is anormand t > 0 , theﬁ the dilation to is a norm, and we
denote by N(V) the set of dilation classes of norms on V.

(1.3) EXAMPLE (I). For a basis Xgse e Xy of V and real numbers
ra>0 ,..., r >0 the function
0 m

alagrg + cov +ax) = sup(r0|a0| ,...,rmlam|)

is a norm on V. In fact, every norm can be described by this formula. This
is proved by induction'on m by considering a nonzero linear form X: V — F
and choosing x5 # 0 in V such that xi— |X(x)|/o(x) defined on the com-
pact projective space IP(V) takes its maximum at X - Then V = Fxo@ ker(A)
for which on ker(A) the inductive hypothesis applies. See Goldman and
Iwahori for the details.

(1.4) EXAMPLE (II). The norm Oy associated to a lattice M in V is
given by the formula OLM(x) = inf{1/lal: ax € M} .

Observe that M is the unit ot.M—ball in V of all x€ V with ouM(x) <1,
and for x # 0 we have OLM(x) = q"™ where pm = {a €F: ax € M} . For two
lattices L and M the inclusion LC M holds if and only if aL(x) > aM(x)
for all x€ V. )

For nonzero c¢ € F we have (xcM(x) = (1/lc[)aM(x) for all x €V , and
in particular, ot,m(x) = un(x) . Finally, if Koot sXp is a basis of a
lattice M over R, then

oylagxg + <o+ +ax ) = sup{IadI yeres lam|} .

Thus this example is a special case of (1.4).

Going back to a(ax,+«:- +amxm) = sup(rolaol ,...,rm| am]) , we see that

X
070
replacing Xy by exy for ¢ # 0 replaces T by ri/Ic:I . In particular,

Xy replaced by nsxi leads to r; replaced by qs'ri . Hence, by rescaling

the basis vectors, we can always require the constants T, to be in an ‘interval
of the form [r,qr) or (r,qr] for some given r > 0. So when
a(v) = {0} U qz , we can choose the x

next proposition.

4 with each r, = 1, and this gives the
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(1.5) PROPOSITION. The following are equivalent for t > 0 and a norm

0 on a vector space V :
(1) o= o0y for some lattice M ,
(2)° a(V) = [F|+t , and
(3) alagxy + e- +ax) = tesup(|ag| ..., Ja |) for some basis

xo,...,xm of V.
Now we wish to study to what extent the. representation
a(aoxo +oeee + amxm) = sup(r0|ao| yeees rm|am])
for a norm o is unique by renormalizing and reordering so that

qQ 21, 21, 2 s 21 ?rm>l.

0 1 m-1

1 and cyclic

Then the basis elements are unique up to multiplication by 1ri
permutation. The requirement that T > 1 removes this ambiquity, and further
after a dilation of o we can assume that ro = q . The set of values
a(v) = {0} U quOU qurm » and thus the numbers r, are uniquely
determined by o . They make up the set o(V) N (1,q] when we require T > 1.

With these notations, consider the lattices Ly for 1 =m,m-1,...,0 where

-1 -1
Rxo+---+in+R'n xi+1+---+R1r X , for t1>r1+1
1'..1 =
Lit1 s for 1y =i
and L =Rx, + -+ + Rx_.
m 0 ™

(1.6) LEMMA. The lattice L, is the open ball B(O.qri) .

i
PROOF. For x = ja.x, € V clearly x € L, if and only if ]ajI <1 if
j<1i and ]aJ.[ <q if j > i, or equivalently, rj]aj[ < 1 for j <1
< i .
and rJ,IaJ.| ary for §> i Now assume that r; > r,. , and we see that
both inequalities are equivalent to rj|aj| < rq. Hence, x € Li if and
only if a(x) < qr; - If L= Tige then Li = Li+1 , and so the result
holds by induction from m to O.

Finally, we obtain the following structure theorem.
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(1.7) THEOREM. Let o« be a norm on a vector space V with
a(V) M (1,q] =S , and for r&€ S , let L(r) = B(0,qr) an open ball. Then

dim V 2 Card(S) and o = sup (ro. ).
res  L(r)

PROOF. As in (1.3), we can choose a basis XgseoosXy of V with

alag,xg + ovr +ax) = sup(rolaol ,...,rmlaml)
and q 2 r, 2 r, 2 e 2 r 2 1. The T exhaust the set S with possible
repetitions and thus dimV > Card(S) .
By (1.6) the lattice 1Li = L(ri) for 1!'1 > riy 1s given by
Li = Rx0 + eee + in + Rm X4 + +«¢+ +RmW X, . The norm 0y = aL(ri) is
given by

\ - -1
o (agrg+otr+a x ) = sup(]aol ,...,lai| , q 1|ai+1[ seeesq |am|) .

and since tq_ll | <« , it follows that

3541 14112041

a(x) = sup(roao(x) yeaey rmctm(x)) = s;ps(r-uur) =) .
r

This proves the theorem.

§2. THE BUILDING FOR PGL(V) OVER A LOCAL FIELD

We continue with the notations (1.1) in this section. The dilation
(or homothety) class {L} of a lattice L {is the set of all lattices AL
where A € FX in the vector space V. Observe that {L} is the set of all
TriL for i in the integers.

Let PGL(V) denote GL(V)/(scalars) for a vector space V.

(2.1) DEFINITION. Let V be a vector space over the local field K.
The building I(V) for the group PGL(V) over K 1is the simplicial complex
whose vertices are dilation classes {L} of lattices L in V , and whose
simplexes {VO,. ..,vn} are sets of vertices where after reordering v; T {Li}
with Ly > Ll> cre > L > Ly .

Observe that the ordering of the vertices VgreeesVy such that repre-
sentatives L; (S v, can be chosen with Ly > 0 > Ln > Ly is unique up to
the action of the cyclic group on n+1 elements inside the symmetric group.

The simplicial complex I(V) has dimension equal to dimV-1, and each

simplex is contained in a top dimensional simplex (one whose dimension equals



62 PIERRE DELIGNE and DALE HUSEMOLLER

dim I(V) ). For dimV = 2, the building I(V) 1is one dimensional, a graph.

In fact, I(V) is simply connected and hence a tree. Each vertex v = {L} is
contained in (m+1) 1-simplexes {v,v'} corresponding to the m+1 lattices
L' with L>L'> L.

This building I(V) is a special case of the buildings (immeubles) which
have been associated to general semisimple groups over a local field by Bruhat
and Tits. These simplicial complexes are contractible, and the vertices are
in natural bijective correspondence with the cosets of PGL(V)/(maximal com-
pact subgroup K). Here K is the image of GL(L) in PGL(V) for a lattice
L of V. This description together with other features suggest that I(V)
is an analogue of the symmetric space for real Lie groups.

Now recall some generalities on geometric realizations as applied to I(V).
The geometric realization I(V)]R is the subset of (tv) c T—rveI(V)[O’I]
such that {v: t, # 0} is a simplex of I(V) and zv t, = 1. For each sim-
plex o = {vo,...,vn} of I(V) its geometric realization |0I C I(V)]R is
the subset of (t:v) (= I(V)]R with t, =0 for v ¢ o . As a subset of

IRn+1 S o] is compact, we give I(V) the inductive (weak) topology where M
is closed in I(V)]R if and only if M N |o| 1is closed in |o| for each
simplex o of I(V) . We will make use of the dense subset I(V)Q - I(V)IR
consisting of (ty) with each tve Q. The set I(V)z C I(V)Q of (tv)
with each tve Z can be identified with the set of vertices of I(V) .

The function which links the considerations of this section with those of
the previous section is 0: I(V)IR — N(V) from the geometric realization of
the building to the dilation classes of norms on V as follows: Let
c = {VO,...,vn} be a simplex and t = (t,) € |o] be a point. We can choose
an ordering O = (vo,...,vn) such that ty > 0 and lattices Li € vy with
LO > Ll S el > Ln > 'rrL0 . Then 6(t) =0 where o = sup(qti+”.+tn-uLi).

(2.2) THEOREM. The function 6: I(V)IR — N(V) is a well-defined
bijection which carries the vertices I(V)z onto the set of classes con-
taining integral norms and I(V)Q onto the set of classes containing rational

norms.

PROOF. The function 6 1is a bijection by (1.10), the structure theorem for

norms. In that theorem we proved that each norm o has a unique representa-

L

+eeott
m

tion a = sup(rouLo,...,rmct ) where q = T > T Z e 2 rm> 1 wup to

t

dilation. =qtl =
ilation. Let r,=q or ti logq(ri/r ) . Then (to,...,tm)

i+l
determines the unique point in I({L0 yeens Lm})l which maps to a under 6.

The remaining statements are clear from the formulas relating the ti's and



SURVEY OF DRINFEL'D MODULES 63

and ri's . This proves the theorem.

§3. METRIC ON THE BUILDING

We continue with the notations of (1.1) in this section.

(3.1) DEFINITION. Let V be a vector space over the local field K.
For two norms «,8 on V , we define the distance p(u,R) between o and B
by the following equivalent formulas:

p(a,8) = log ( sup  a(x)/B(x) +log(  swp B /a(x))
Nxev,x#0 Nyev, x40

= 1log sup a(x)/B(x)) = log inf a(x) /B(x)
q(xev,x#o ) q(xev,x#o )

(3.2) REMARK. From the first formula for p(a,B) we see that p(a,B) =
p(B,a) , and from the second form it follows that p(x,8) = 0 , and
p(e,B) = 0 if and only if B = teq for some t > 0. Moreover, for tl >0
and ty >0 we have p(tla,tze) = p(a,B) , and thus

" o{al,{B) = p(a,B)

is well defined on dilation classes of norms on V. Finally, it is easy to

check the triangle inequality

p(a,Y) < p(a,B) + o(8,Y)
using the relations of the form

sup a(x)/B(x) = sup a(x)/B(x)s  sup B(x) /Y (x)
XEV ,x #0 XEV, x#0 XEV ,x #0

Hence p 1is a metric on the space N(V) of dilation classes of norms on V.
Note from the definition of p that if tla € B < t,o on V, then
p(a,B) < logq(tl/tz) .

(3.3) EXAMPLE. Let M be a lattice in V. Then the integral norm o
is defined as in (1.4), and

M

M = {x€EV: o (x) < 1} and ™ = {x€evV: o (x) < 1}

Thus M -T™ 1is the unit otM—sphere of all x with aM(x) =1 in V. More-

over, since every xE€ V , x # 0 , is proportional to some x' with
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OLM(X') =1, we deduce that

p(oc,oaM) = 1og< sup Ot(x)) —log< inf Ot(x))
NyeM-m Nyxem-m

For two lattices M and N in V , there exists a natural number r

. r T < of < qF
with M DTN and N DTM so that OLM\qOLN and OtN\an. We obtain
p(aM,otN) € 2r . For a more precise calculation, we reorganize the hypothesis

in the next proposition.

(3.4) PROPOSITION. Let M DN D 7'M be lattices in V where
™DHND 1M . Then r = ploy,o)

< < qF <
PROOF. From o, S o S qroy we deduce that p(aM,aN) €r. Since ™PN,
we have x € (M-T™) NN and therefore OLN(X) £1. Thus
r.H‘N D ™™ , there
exists x EM-TM with x € 7Ty and so o:N(x) > qf . Thus

—logq(infxeM - OLN(X)) >0. sSince mTHNPHM and T

>
1°gq(squeM—ﬂM aN(x)) 2 r. By the example (3.3) it follows that

P (050 2 r and hence Plays0y) =1 .

(3.5) COROLLARY. A set of lattices MO""’Mr , or equivalently, a set

of integral norms Qs e aly (for example oy = Oy ) , determine a simplex
i

in the building I(V), or N(V) if and only if p(a,,a,) =1 for i # j.
z S |

PROOF. Arrange, after reordering and dilation, the lattices as follows:

i i-1
Mg DM, De-- DM, DM DTM with M DM . Then

1= p(OLM s0y ) 241 by (3.4), so i =1, and the classes {Mi} form a simplex.
0 T

Conversely, p(ai,uj) =1 for i# j when the classes determine a simplex

again by (3.4).

§4. THE MAPPING FROM THE p-ADIC SYMMETRIC SPACE TO THE BUILDING

Now we return to the basic situation of the function field F = IFq(C) of
the smooth curve C/]Fq , the local field F, at « on the curve, and Cm
the completion of the algebraic closure of F_ .

The simple critical observation is the following: For
z = (2z),..-,2) €CL the function on F,

a = (a)l—-—>az(a) = 'zlal+...+za

rr

3
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is a norm on the F_-vector space F; provided |z + o0 + zrar| =0

a
11
implies that a = (al,...,ar) = 0. This is the case exactly for

z € C:; — {al11 F -rational hyperplanes} .

Further, for ¢ €C, and z €C. the relation a,, = Ic[uz , which is a
dilation of norms, holds and this leads to the following definition.

(4.1) DEFINITION. The building map A defined on the p-adic symmetric
space Qr(Cw) to the building N(F:) = I(F:;)m of the group PGL(r,Fm) is
given by

z = (Zj)E QF — A(z) = dilation class of a, -

For a representative r-tuple (zl,...,zr) =2z of z€ QF , Wwe represent

A(z) as the norm 0, » i.e.
)\(z)(al,...,ar) = ]zlal + oo+ zrarl .
Note, since ]Cﬁ[ = q@ , in fact A: Qr(Cw)—b I(F:;)Q .

(4.2) PROPOSITION. The building map Ar Q7(C,) — I(F:)Q is GL(r,F)-

equivariant for right actions. In particular, it is also GL(r,F)-equivariant.

PROOF. For s € GL(r,F_) we view the matrix as acting on the left and ats
the action on the right. The norm A(z) acted on by s on the right is
A(z)s , or for a € FL , it is A(z)(s(a)) = [<zlsa>| = |<ztsla>[ = A(zta)(a) .

Thus A(z)s = )\(zts) which proves the proposition.
For a subgroup [I'C GL(r,F,) we have a quotient building mapping
At @ (C /T —— T(ED /T CIED /T

In the case T 1is a certain subgroup of GL(r,A) this is a mapping of the
corresponding moduli space associated with I' to a quotient of the bu:flding

by the discrete group T .

(4.3) REMARKS. The building map A is useful for several purposes.
First, the sets A—l (ball around a vertex or simplex) can be used to describe
the rigid analytic structure on the p-adic symmetric space. In the special

case r = 2 so that I(Fi) is a tree T , we will describe a topological
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model for QZ(CQ) =C,-F, and the map A: C_, - F — T. This is used to
calculate the cohomology of QZ(COO)/F . There are some coverings of T/T
which induce back to admissible covers of Qz(Cw) /T , and these give rise to a
spectral sequence which could be thought of as the Leray spectral sequence of
the map )‘I‘: QZ(COD)/I‘ — T/T . In this case H*(T/I‘) is just the cohomology
of the group T .

In order to illustrate further what is involved in defining the rigid
analytic structure, we must calculate p()\(z),(xA) where A is the standard
lattice OiC F; . Since any other lattice is A wup to the action of GL(r,F))
and since both p and X are GL(r,Fw)—invariant, this calculation leads to
p(X(z),aL) for any vertex o -
By (3.3) we have

D()\(z),uA) log ( sup lalzl+---+arzr|) - logq( inf lalzl+--~ +arzr[)

Naes aes
where S(A) = A - mA , the set of all (al,...,ar) € F:; with all lai[ <1
and at least one Iai| =1,

Thus we see that p()\(z),OtA) < s 1if and only if for all a,b € S(A)

1 < |alzl+"'+arzr| < qr
qs |blzl+'-- +btzrl

In the case Izll > |zl >+e+>|z | with all ratios ]zi|/]zj[ ¢ & for

i =3j , we have
PO, 0y) = log (lz1/]z )

by an easy straightforward calculation. When some of the ratios
Izi|/[zj| € qz the calculation of p()\(z),aA) is more complicated, and in
fact, it is at the basis for the structure of Qr(Cm) as a rigid analytic

space.

§5. FILTRATION OF THE 1-DIMENSIONAL p-ADIC SYMMETRIC SPACE

In this section we study the case r = 2 in detail where QZ(Cw) =

]Pl(Cm) - IPl(Fw) =C, - F_ . We use the notation  for C,-F, = QZ(C )

o o0
where u€EQ is u€C, and T = I(Fi) is the building which in this case
is a tree (a contractible l-dimensional simplicial complex). The building map

A: @ — T 1is given by
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Au)(a,b) = |a+bul ,

and we wish to study

sup A la +bul
P(A(w),0p) = log 1nf(aLb)ES()la+bu1
4 Intea by sy

p(A(1/u) »0)

in terms of congruence properties of u relative to elements of F, . This is

formulated by using the following notion.

(5.1) DEFINITION. For u Ecm we define the irrational absolute value

of u to be ]u]ir = :i.nfaeF |u-a] .
(=]

Observe that this is just the distance from u to F_C C, - The
following pruperties are easily deduced from the definition.

(5.2) PROPOSITION. The irrational norm satisfies the following:
(1) For u€c,, Iulir =0 if and only if u€EF_ .
(2) For uE€C, and c EF, we have [cuI:.Lr = Icl-lu[ir
(3) For |ul@ ¢® and u€EC, it follows that ’u,ir = |u] .

(4) For |u] =1 with residue class u Gﬁq the irrational norm
lulj, = lul =1 if and only if UEF - F .

From the previous section we see for |ul ¢ qz that p(A(u) ,uA) =
logq(max(lul,l/]ul)) which for |u] <1 becomes simply p(A(u) ,aA) = -1ogq|ul.

(5.3) PROPOSITION. The distance from A(u) to the standard vertex o
in the tree T 1is given by

A

-logqlulir for |ul €1
oA (uw),ap) =
_1°gq|l/"'ir for |u| >1 .

F. F = .
PROO or the case |u| <1, we have sup(a’b)es(A)]a+bul 1 since
|a+ub| < max(lal,Ibleul) <1 and [1+0-ul =1 . Further,

infpyesmlatbel =inf oy oqlatbul =g qletu] = oy,

since |u| < 1. Hence, we have

PO ,oy) = log @/uly ) = -logq|u|ir .
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For the case |u| » 1 observe that p(A(u) ) = POM(L/),0,) =
—logqll/ul by the first part. This proves the proposition.

Now we are in a position to describe the inverse image in Q of closed
balls arbund the standard lattice vertex * = oy First, some notation for
resi;lue class reduction —r: Oco° — Eq or r: ]Pl(Cm) — IPl(ﬁq) . We choose
a cross section s: IPl(IFq) — IPl(Cw) with s(0) = 0 and s(®) = © such
that rs is the identity on lPl(ﬁq) .

(1) Clearly u€ A-l(*) from (2.2) if and only if ""'ir =1, This
gives the following relations for 2yl 0: ,

‘00
X

iy = r‘l(ﬁ: - F)

fuec,: Jul =11 = U fu€c: Ju-s®] <1}
L€,

0. = U B(®,1
o Een‘q

B (c)) - | J_ B(s(m,o)

nen’l(mq)

where B(v,c) 1is the open ball of radius c¢ around v in C, for v # o
and B(=,c) = {»}U{u€cC: u| >1/c}C P (C) .

(2) For the closed ball B*(*,c) with 0< ¢ <1 observe that

B*(*,c) C open star of the vertex * = OtA in the tree T . 1In this case
ALE* ) = P(c) - B(s(n),q™®)
»C), = 1% U s(n),q s
nelPl(Fq)

and again the inverse image 1is ]Pl(Cm) minus (q +1) balls, but this time
of slightly smaller radius q~© < 1. Now we see the relation between these
balls and the edges of the tree coming out from the vertex & = oy - All the
points of B(s(n),1) - B(s(n),q ©) project to the edge corresponding to

n €P,(Cy) -

(3) As the radius ¢ of the closed ball B*(*,c) approached 1 1in the
tree, we come to (q+1) new vertices each with q new edges coming out as

¢ increases in 1< c¢< 2. In the building we have the pictures
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B*(%,1)
N

4
A /‘7

\
N /

~l-

(for q=2) (for q=3)

In terms of )\—l(B*(*,c)) this means that as ¢ increases to 1 and through
[1,2) , that B(s(n),q”¢) will decrease in size and at the moment c¢ = 1 , it
will split into q balls of radius q¢ for ¢ € [1,2) each parametrized by
T, around the points s(n) + s(F,l) where (n,El) (S lPl(Fq) x E‘q so that
for ¢ € [1,2)

=1, * -
Vet e = B(s(m) + (,)7,a™)
M,E)) en%)(rq) xF, !

Note for ¢ <1 that B(s(n),q”%) = B(s(n) + s(El)ﬂ,q‘C) .

The general result follows by‘the same considerations as above and proved
using P(A(u),*) = -logql uirl for |u| €1 and the relation between |u| and
|“lir .

(5.4) THEOREM. With the above notations associated with A: QZ(CN) — T
we have, for ¢ € [m,m+l) where m is an integer > 0 , the following

-1 m
A T(B(*,¢)) = I, (C) - U B(s(E,) + -+ +s(E )T ,q7C)
L Ee® (F) x> © m
q q
where & = (EO,EI,...,Em) with Eo € lPl(l?q) and Ei € IFq for 1 <i<m.
Thus for m ¢ <m+1 it is the projective line minus (q 4—1)qm balls

of radius q~¢. We have the following picture of IPl(Cw) - {these balis}
for q=2:

radius q-c radius q-c radius q-c

c € [0,1) c €[1,2) c €1[2,3)
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(5.5) REMARK. Each A-I(B(*,c)) has the natural structure of a rigid
analytic space. In this way the increasing union of the Anl(B(*,c)) , which
is IPl(Cm) - l'Pl(Fm) has the structure of a rigid analytic space.

(5.6) REMARK. We have the following intuitive picture of the

"topological" space ml(cm) - IPl(Fm) . For each vertex of the tree T we
take a copy of

P, (C) - {q+1 open discs indexed by the edges with that vertex}
and for each edge we take a copy of an annulus
IPl(Cw) — {2 open discs}

Now for each edge we glue the two boundary circles of the associated annulus

onto the two boundary circles in the spaces
]P]_(Cm) — {q+ 1 open discs}
associated to the vertices of the edge respectively. The result is similar to

the boundary of a tubular neighborhood of the tree T embedded in Euclidean

space.
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CHAPTER 4. COHOMOLOGY OF THE MODULI SPACE

The aim of this chapter is to calculate the étale cohomology of the
moduli spaces Mi . This is done in two steps. First, we describe the rigid
analytic cohomology of QZ(Cm) in terms of coclosed cochains on the building,
which in this case is‘a tree. This consists in determining the rigid cohomol-
ogy of IP1 minus a finite union of discs and then using a patching argument
over the edges of the tree with a compatibility condition at each vertex. The
étale cohomology of the moduli space, which by comparison is isomorphic to
the rigid analytic cohomology Hl(Qz(Cm)/I‘) of the analytic moduli space, is

the middle term of a short exact sequence

0 — #Hr) — B @? () /m) — wr@? e T — 0

where T 1is the discrete subgroup of GL(2,F) corresponding to the I-level
structure. Finally, the actlon of the inertia subgroup of Gal(F /Fw) ,
provides an isomorphism of H (Q (o )) onto H Ty .

§1. GENERALITIES ON THE COHOMOLOGY OF RIGID ANALYTIC SPACES

For a complete nonarchmedian field K with separable algebraic closure

i

Ky we make the following definitions of Hi = Hrigid for a rigid analytic

space X over K and i = 0,1. We do this using the étale cohomology groups

for the coefficients Z/n and W, where n_l is in K.

(1.1) DEFINITION OF HO. In both cases of coefficients HO(X,Z/n) =
0 0 0
Het(XS,Z/n) and H (X,u,) = Ho, (Xg,uy) where Xg = X@< K

Recall that H:t(x,un) can be described as pairs (L,$) , up to an
evident isomorphism, of an invertible sheaf L on X and an isomorphism

B 0x=> Ln® with the group structure given by tensor product. Further
Hit(xs,un) lp H ¢((X®L,u ) for KCLCK, and [L:K] finite. These

definitions have meaning for rigid analytic spaces.
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(1.2) DEFINITION OF Hl . The group HI(X,un) is the group under tensor

product of pairs (L,$) , up to isomorphism, of an invertible sheaf L on X
1 1
and an isomorphism ¢: OX&» ? . Moreover, H (Xs,un) = 1—1131(' H (X®K',un)

where KC K'C Kg and [K' : K] 1is finite.

Both HO and Hl are clearly functors under rigid morphisms.
This cohomology has the following properties which we state without any

complete proofs.

(1.3) PROPOSITION. If X = wan for W a projective variety or an
affine curve over K, then Hi(ws) = Hi(xs) for i = 0,1 , and coefficients
H, and Z/n .

This follows from the GAGA-type theorems of Kiehl. The projective com-~
parison theorem implies the affine curve comparison theorem since a covering
of 0X< ]z] <r of order n prime to p extends to a ramified covering of
|z] <r.

(1.4) PROPOSITION. If f: X— Y is a finite étale morphism of rigid
analytic spaces with Galois group C of order prime to n , then
Hl(Y,un) — Hl(x,un)c is an isomorphism.

This is easy from the definitionms.

(1.5) PROPOSITION (Kummer sequence). We have an exact sequence over a

rigid analytic space:
0 0,,% n 0, 4% 1 1,4% 0 1, 4%
0 — H (kp) —> H (0p) — H (0p) —> H (1) — B (0p) — H (03) .

(1.6) PROPOSITION. Let {xi}iEI be an admissible open covering of a
rigid analytic space X with nerve of dimension £ 1 , then there is an exact

sequence

0 — 8,1y — TTe0x, u) — I#l RO Nx, 1)
L4] )

Cﬂl(x,un) — !1 Hl(xi,un) —_— #I Hl(xinxj.un)
i43
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§2. COHOMOLOGY OF §(C,)

Using the generalities of the previous section and some specific informa-

tion, we are able to make the following calculation.

(2.1) PROPOSITION. Let DO,...,
in IPl(Cm) of radius in [Cm[ . Then for the rigid analytic space
X = lPl(Cm) - (DOU---UDm) we have for n prime to p :

Dm be m+1 pairwise disjoint open discs

@ @&,z = z/k

® HELu) = @
for X = x@Fm L

PROOF. (a) This is a question of connectedness of discs in IPl(Cm) over
any finite extension of F_ . Since X L,)D:LU---UDm = ]Pl(Cw) - D0 is a disc
and hence connected, and since the spherical boundaries of Di are connected,

it follows that X is connected.

(b) For this, first observe that the rational fuctions without poles on
X are dense in HO(OX) . Next, if f is a rational function without zeros or
poles on X , then there exists c €F_ with supxexlcf(x) -1] <1, and

hence, cf = gl' for some g¢& HO(O;) . For S, equal to the boundary of Di .

i
we have an isomorphism

1 . * L
(X1 ) /m(Fa/ (F)™) —— O F (84 u) /Am(Fy/ (F)™
i=
since Hl(O}’Z) = 0 in the Kummer sequence where every divisor on X -is prin-

cipal. Now S, is a special case of the more general X, and Hl(si’un)/

i
im((F:/(F:)n) = Z/n . This reduces to the assertion that zj is not an nth
power for n fj which follows by writing zj = £ , ||f || =1, and reducing

modulo the maximal ideal. Hence we have the short exact sequence

0 — EA/(ED™ — B (1) — @/m" —0 .

Now pass to the separable algebraic closure of F_ through finite extensions

to see that Hl(Xs,un) = (Z,/n)m . This proves the proposition.

Now we can describe the cohomology of Q = 92 (C_) using the following

notion.
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(2.2) DEFINITION. Let M be an abelian group, and let B be a graph
(1-dimensional simplicial complex) with B, the set of oriented edges. The
group of l-cochains cl(B,M) is the subgroup of c € T_TeeB M such that

e

c(-e) = -c(e) , and the group of coclosed (harmonic) l-cochains gl(B,M) is
the subgroup of c € Cl(B,M) such that zeee(b) c(e) = 0 where the sum is

over ' e(b) the set of edges ending at b , and this holds for each vertex b

of B.

The group of l-chains Cl(B,M) is the quotient group of “_'LeEB M
e
divided by the subgroup generated by e - (-e) , and the group of coclosed 1-
chains _lil(B,M) is the quotient of Cl(B,M) by the subgroup generated by
zeee(b) c(e) for each vertex b of B.

(2.3) PROPOSITION. We have isomorphisms
0@? /n) =—2Z/ d wt e = wi(r,z/
B0 (¢ 2/m) == Z/n  an @ (e u) = 1H(T,2/n)
which are compatible with the action of GL(2,F,) and Gal(Fw’s/Fw) . Here
2
A: Q°(C,) — T onto the tree where GL(2,F ) acts, and Gal(Fm’s/Fw) acts

trivially which induces an action on ﬂl(T,Z/n) .

PROOF. We write X = U X where I 1is the set of vertices and edges of

i€l i
T. If i 1is a vertex v, then X is A-l(B*(v,1/3)) , and if i is an
edge e , then Xi is X_l(e*) where e* = e - Uv B(v,1/4) with the union

taken over all vertices of T . The nerve of this covering has vertices I
and is sk(T) the first barycentric subdivision of T . Let IOC I be the
subset of i& I corresponding to the edges, choose isomorphisms

Hl(Xi,un) — Z/n by (2.1), and choose orientations for each i € I0 .

Then the composite

o) — TTat@ ) — TT etau) — TT 2/
ie1l ie IO iGIO

is seen, with (1.6), to be an isomorphism Hl(x,un) - §_1(T,Z/n) . It is
injective by (1.6), and the image set corresponds exactly to those functions,
extended to be alternating on all ordered edges, satisfying the condition of

being coclosed. This proves the proposition.
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§3. A SIMPLE TOPOLOGICAL MODEL

To illustrate further the patching technique used in the previous
proposition (2.3) and the ideas which go into the calculation of the cohomology

of QZ(COO) /T, we consider maps of surfaces onto a graph.

(3.1) DEFINITION. A map f: X——» B from a surface (real oriented 2-
manifold) onto a graph is called regular provided f is proper and

(1) f—l(open l-simplex) = 52 - (2 disjoint closed discs) ,

(2) f-l(open star of a vertex) = 82 - (v(b) disjoint ciosed discs)

where V(b) 1is the number of l-simplexes of B incident to b .

Observe that the projection £ of the boundary X of a tubular neigh-
borhood N of B C ]R3 is an example of such a regular map f: X— B . The
1(b) where Vv(b) = 1.

Now a cross section s: B— X of f: X— B always exists and leads to

boundary 39X of X 1is the disjoint union of £

two split short exact sequences

H, (
0 — ker Hl(f) - Hy (X) Hy (B) 0
1 w1 1
0 H (B) H™(X) coker H (f) — 0 .
The terms ker H (f) = E2 = H.(B H (F)) and coker Hl(f) = Eo’l =
1 0,1 071 . 2

HO(B,ﬁl(F)) are part of the spectral sequence of the map f: X — B and
f-il(F) and ﬁl(F) are systems of coefficients on B whose structure is clear
from axioms (1) and (2) .

(3.2) REMARK. Following the argument of the proof of (2.3), we have short
exact sequences using the groups g_l(B,Z) and §_1(B,Z) introduced in (2.2)

H, (£)

0 — K, (8,2) — H (%) H, (8) 0

and

at ()

0 u*(B) ihx) —— wlB.2) — 0 .

For each edge e EBe of B, let Xe = f_l(open e) , and observe that
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H) (£)
L 1, (x) H (%) H,(B) — 0
e EB,
and 1
0 ate) ), gl > TT ulexy)
e €B,

are exact sequences. We choose generators of Hl(Xe) and Hl(Xe) such that
the generator for Hl(xe) and for Hl(x_e) are negatives of each other in
Hl(x) .

In the case of the previous section B was a tree so that Hl(B) =0 and

Hl(B) =0 , and thus EI(B,Z) = Hl(x) and Hl(X) = gl(B,z) are isomorphisms.

(3.3) REMARK. For a regular map f: X — B of a closed surface onto a
finite graph we have rk Hl(X) = 2-tkHl(B) and the homology group Hl(B) is
isomorphic to ker Hl(f) e gl(n,z) . The same statement holds in cohomology.

This assertion follows from the fact that the symplectic homology pairing
Xey on Hl(x) is nonsingular, but xey restricts to zero on either of the
direct summands ker Hl(f) or HI(B) = imHl(s) for a section s of f.
These isotropic submodules are then maximal isotropic and thus of the same

rank.

(3.4) REMARK. Let f: X — B be a regular map of the surface X onto a
graph B which has a finite subgraph Bo such that B -B, 1is the disjoint

union of m half lines L

0

1""’Lm . Then each f_l(Li) is a topological
punctured disc, and X 1is a closed surface with m points deleted. We define

the cuspidal cohomology H% of B and X by

H}®) = ker(a'(s) — H'(B -By)

and
H(®) = ker(®'(®) — v (X-£1(8))) .
The cohomology exact sequence in (3.2) becomes
1 1 1
0 —— H,(B) — H{(X) — E!(B,Z) —0

where g‘,l(B,Z) is the subgroup of EI(B,Z) consisting of ¢ = (ce)eeB with
e

cg =0 for e in B-By. Again rkH}(B) = rkg}(B,z) , and H%(B) and

_li];(B,Z) are isomorphic.
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§4. COHOMOLOGY OF THE MODULI SPACE WITH FIXED LEVEL STRUCTURE

With the map QZ(COO) — T onto the tree, we were able to analyze the
cohomology of QZ(CM) in (2.3). The simple topological model is contained in
(3.2). Now we consider a subgroup I of GL(2,A) and study the cohomology of
T\QZ(Cw) using F\QZ(COO) — I\T , the mod ' building map.

The Leray spectrai sequence of this map is the covering space spectral
sequence whose terms in lowest degree yield the exact sequence with coeffi-
cients in Z/n or 1

n

0 — B\ — vhe?(c)) — w @ )l — v\ .

The Hl groups for the graph T'\T and the rigid analytic space r\nz(cw) are
defined by coverings and the building map induces coverings.

Under the hypothesis that I acts on T with stabilizer subgroups of
points only p-groups ( p prime to n), the groups H¥(T\T) = BH¥(T) are just
the cohomology groups of T w1th coefficients in u, or Z/n . Further,
since T 1is a tree, we have H (T) =0. We obtaln a short exact sequence
whose last term H (Q (Cw)) is isomorphic, by (2.3), to E_l(I‘\T)I" the group
of I'-invariant coclosed cochains on T with values in u;l or Z/n. This

gives the following result.

(4.1) PROPOSITION. For a congruence subgroup AI’C GL(2,A) of the ideal
I C A, which acts on the building T with p-groups for stabilizer subgroups,

the mod ' building map yields the cohomology exact sequence

0 — 1l — vl Pe)) — e mTeut — o
or with coefficients in Z/n
0 — u'(N\1,2/0) — B QL @F /) — gl(r,z/n)r®u;1 —0 .

In order to obtain a useful cohomology, we have to look at a compactifica-
tion of F\QZ(C ) or M (C ) , or equivalently a neighborhood of infinity.
As in the previous sectlon the cuspidal cohomology H (M ®F ,Z/n) is the
subgroup of Hl consisting of classes equal to zero on some neighborhood of
infinity, or equivalently, of classes with image in E! (T,z/n), ®un , i.e.

coclosed T'-invariant cochains with support compact modulo I'.

(4.2) REMARK. Let IOC Gal(l“00 s/Fw) be the inertia subgroup. In the
short exact sequence of (4.1), I0 acts trivially on the subgroup and quotient

group (the associated graded group). Then (0,x) M ox -x defines a map
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I, x Hl(Mi ®r, _.z/n) — B (T\1,2/n) which is bilinear and Cal(F, JED -

’ n ’
equivariant. Identifying vy with IO/I0 as Gal(Fw’s/Fm)-modules, we factor
this map through

w @ (rz/m @t — vl \T2/0)

- (4.3) PROPOSITION. Under the assumptions of (4.1) the short exact

sequence of (4.1) restricts to
0 — N (\1,2/0) — BIE®E, _,2/m) — Hi(1,2/m) @ — 0
! , !
In the limit over n = Zi the map of (4.2) induces

1 r 1
H(T,Z)), — H (I\T,Z,)

This map is an isomorphism after tensoring with Ql .

This proposition is the analogue of (3.4). Finally, we incorporate the
isomorphism into the exact sequence to obtain a description of H} of the

level I-moduli space as follows with the next definition.

(4.4) DEFINITION. The special representation SPga1 is the two-
dimensional representation of Gal(F, S/Fm) through Z x Zz(l) generated by
- ’
(¢,0) and (O,u) with ¢ud 1. uq” . This representation is given by

1 0 11
(¢,0) —r ( _1) and 0,u) |-—>< )
0 q 0 1

This two-dimensional representation has an invariant one-dimensional sub-

space, and it allows us to give another interpretation of (4.3).

- (4.5) THEOREM. Under the assumptions of (4.3) we have an isomorphism of
Gal(Fw'S/Fm)-modﬂles

MOGOF, Q) = ENTp) @seg,

In the next chapter, we intepret this isomorphism in terms of automorphic
forms on the adéle group.

The proofs of the related results on abelian varieties can be found in
[SGA 7, p. 20, exposé I].
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CHAPTER 5. APPLICATIONS TO RELATIONS BETWEEN AUTOMORPHIC FORMS
AND GALOIS REPRESENTATIONS

In this chapter we calculate thi limit cohomology H = I'EPH Hl(MfI’al.) as
a representation of GL(2,A ) X Gal(F/F) . This representation decomposes into
a direct sum of T & o(m) where T=m® SPeL(2,F ) and o(m) is a two-
dimensional Galois representation with U(T\‘)ID = SPg.q ¢

This defines a certain map T+ O(T) which is given in §2 and studied
further in §3 with the congruence formula for the Frobenius action on the two-
dimensional Galois représgntation. In the last section we sketch the proof of
the local Langlands' conjecture in characteristic p for GL(2) . This is a

proof of a local result using a global theorem.

§1. COCLOSED 1-COCHAINS AND THE SPECIAL REPRESENTATION

For any XE€ P (F ) Wwe denote the quotient linear map by Y H F2 — F /X s

and observe that if L 1is a lattice in Fi , then Y (L) is a lattlce in

ca/X . TFor an ordered l-simplex 3 = (Lyg>L)) in I(F ) =T , the opposite
simplex -2 is represented by (Ll >'IrL0) , and WYX(LO) = YX(TTLO)C Yx(Ll) C
Y, (LO)
Yg(mLg) = Yg(L) or Yy(L,)) = Yg(Lg) -

are lattices in the l-dimensional space FOZO/X so that either

(1.1) NOTATIONS. For an ordered l-simplex 2 of the tree T = I(Fozo) .
z+ | -
_1>et: P(a) denote the subset of X € IP]_(Fw) with YX(Ll) = YX(LO) where
a= (LO>L1) .

From the above remark we see that IPl(Fm) = P(:) V] P(-Z) is a partition
of the projective line. If '50,...,-53 are all the ordered l-simplexes issuing
from a vertex {Lo} , then P, (F) = P(3 yu - UP(TA’ ) is also a partition
of the projective line. Thus P(-ao) = P(al) (W LJP(a ) 1is a partition of
any P(a) which leads to the assertion that the P(a) generate the Boolean
algebra of open compact subsets of IPl(Fw) .

(1.2) REMARK. The end or boundary points of the tree T = I(Fczo) are’

given by half infinite simplicial paths. Fixing a vertex L, of T , we

0
assign to each point X € ]Pl(Foo) a sequence of lattices
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m-1
LO>L1> >Lm>Lm+l>--- with Lm>Lm+1>1TLm and L D Ly

satisfying YX(Li) = YX(Li+l) for 1 2 0. All half-infinite simplicial paths

from L, arise this way and each one determines an end of T .

0

(1.3) NOTATIONS. For a group M we map the coclosed cochains of T into
the M-valued measures on IPl(Fw) by ¢ b= H, where uc(P(g)) =c@@) . The
map is defined El(T,M) — Meas(]Pl(Fm) LM) .

For the ordered l-simplexes 30,...,35 issuing from a vertex, we have
=d - -> e >
uC(P(—aO)) = uc(P(al)) + + uC(P(as))

from the coclosed condition c(-go) = c(31) + oo + c(f:-x’s) . This relation is
sufficient to show that uc is a finitely additive set function on the family
-of compact open subsets of lPl(Fw) . From the partition ]I’l(Fm) = P U P(-D)

we obtain uc(]Pl(Fm)) = 0 so that uc has total mass equal to zero.

(1.4) PROPOSITION. The function ¢ > uc is an isomorphism
y_l(T,M) — Meas(IPl(Fm),b'i)0 of the M-valued coclosed cochains of T onto the

M-valued measures of total mass zero.

PROOF.. The inverse of cb—u_  is given by ut— °y where cu(ﬁ) = u(e@)) .
The coclosed condition for cu follows from the finite additivity and total
mass zero by the relations made explicit in (1.3). This proves the proposition.

Now the measures on IPl(Fm) are linear functionals on the space ¢ of
locally constant functions on n’l(Fm) . This space Cm(lPl(Fw)) is an
important representation space under translation by GL(2,F ) on ]Pl(Fm) .
This representation is related to the special representation of the group
GL(Z,FOO) . It is the key link between cohomology as described by coclosed

cochains and representation theory.

(1.5) DEFINITION. Let D be a ring of scalars. Then the special
representation sp (or sp(D)) of GL(Z,Fm) (with values in D) is defined
on the module VSp = Co(;(IPl(Fw)',D) /D where D also denotes the subspace of
constant functions and the action of GL(2,F ) 1is given by translation of
functions (sf)(x) = f(s_lx) for f € COS(TPl(Fw) ,D) , x € TPl(Fm) , and
s €GL(2,F) .
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(1.6) PROPOSITION. The function c Llc of (1.5) is an isomorphism
_k_l_l(T,D) — HomD(Vsp,D) , the algebraic dual.

PROOF. This is immediate from (1.5) and the fact that Meas(]Pl(Fw),D) is the
algebraic dual of Cm(IPl(Fw) ,D) .

Now we use the group action on VSp to obtain still another version of

the previous two propositions.

(1.7) PROPOSITION. The function y(£f,s) > y(f,e) = ¢(f) defines an

isomorphism

Hom ) (VgpsC (BL(2,,))) — Homy(Vgp,D)

GL(2,F,

with inverse ¢(f) > Y(£f,s) = ¢$(sf) .

PROOF. The GL(2,F_)-morphism condition on y(f,s) for s,t€ GL(Z,Fw) takes
the form Y(tf,s) = Y(f,st) . Setting s =1 , we obtain ¢(tf) = Y(f,t) and
the two maps are inverse to each other. )

We use the notation L(GL(2,F)) for Cm(GL(Z,Fw)) . Let T be a sub-
group of GL(2,F) . It acts on the tree T , the space IPl(Fw) , the repre-

sentation Vg, and its dual V;p , and also on GL(2,F ) . Hence the

P
isomorphisms of (1.4), (1.6) and (1.7) restrict to isomorphisms

EI(T,D)I‘ —=— Hom.D(Vsp,D)r +=— Hom,

oL(2,F,) Vep L(CL(Z,ED /D)

Now we assume that I 1is a subgroup of GL(2,A) of finite index. For each
parabolic P over the global field F of GL(2) with unipotent radical U ,
we form fp(x) = fueulrnvf(xu)du . Note that U is conjugate to

1 *
}(0 1) by an element of GL(2,F) .

(1.8) DEFINITION. A function f on GL(2,F) /T 1is cuspidal provided
fP(x) = 0 for all parabolic P of GL(2) over F. Let LO(GL(Z,Fw)/I‘)
denote the subspace of cuspidal f € L(GL(Z,Fm)/I‘) .

For f€& L(GL(Z,Fw) /TY which is the image of an element of Vsp by a

homomorphism in. Hom )évs_p,L(GL(Z,Fm)/F)) , the function f is cuspidal

GL(Z,F
if it has compact suppeort modulo T and the center of GL(2) . This gives

the next proposition.
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(1.9) PROPOSITION. The above isomorphism

ﬂl(T,D)F ——— Hom

(2, ) (Vsp L(CLQ2,F) /TY)

restricts to an isomorphism
11,007 ~= Hom (VgL (GL(2,F.) /T))
= 0 GL(2,F_ )" 'SP’70 oo ’

where recall gl(T,D)I,' denotes the coclosed cochains which are I'-invariant

and have compact support modulo T .

§2. LIMIT COHOMOLOGY AND AUTOMORPHIC FORMS

Recall in 2(5.7) we have an adelic and a local description of the Co-
valued points M.;(Cw) of the moduli scheme M.; for open compact subgroups
HC GL(r,ﬁ) . Our aim in this section is to relate Qz-valued automorphic forms

. 1,2 = .
to the limit cohomology linga H!(Mﬂ(cm) ’Ql) using the isomorphism in (1.9) and
the cohomology calculation (4.5). For this we make use of the special repre-
sentations SPg,; » See Ch. 4(4.5), and SPGL(Z) , see (1.5), with values in

Qf. , the algebraic closure of the f-adic numbers.

(2.1) DEFINITION. The space LO(GL(?.,F)\GL(Z,AF)) of cuspidal auto-
morphic forms with values in (_12 consists of functions
f: GL(Z,F)\GL(Z,AF)—>'QZ such that

(a) f 1is invariant by an open compact subgroup,
(b) the GL(Z,FM)-transforms of f generate a finite direct sum of
irreducible representations, and

(¢) f 1is cuspidal, i.e. fU(F)\U(AF)f(ux)du=0 for all x where
U consists of matrices
1 *
(0 1) *

For a function f satisfying (a) and (b) in (2.1), we have that f is in Lo

if and only if it has support compact modulo the center of GL(2,F) .

Now we are prepared to relate cohomology and automorphic forms. In (1.9)

for a group D of scalars, we studied an isomorphism
o: B (T,D V_ ,C (GL(2,F
: B (T,D) — HomGL(Z,Fm)( sp»C (GL(2,F,),D))

which preserved the action of GL(2,F ) and restricted to certain submodules
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as an isomorphism. We apply this now to the case D = Cw(GL(Z,Aé) ,(-12) and

obtain an isomorphism

8: H'(T,C(GL(2,A0),8))) —=— Homgy , o y (Ve ,CT(GL(2,AD) X GL(2,E,),8y))

Using the two coset space descriptions of M.; , see 2(5.7), and the
cohomology calculation 4(4.5), we have a restriction of this 6 to SH where

GH is canonical on the associated graded group and defined

8, H!I(MH,(‘JQ) =, HomGL(z’Fm)(VSP,LO(GL(Z,F)\GL(Z,Ag,) X GL(2,E,) /1)) ® spg,

as (Centralizer (H) in GL(Z,AF)) X Gal(F /F_) -representations. For this we

©,8" oo
use the calculation

1 _ coclosed cochains of T
H'(MH’QE) = 1 £ invariants by xHx~! N GL(2,F){ ® P
' xH € GL(2,Ap) /H {with compact support

coclosed cochains on Gal(Z,Af) X T
= linvariant by H and GL(2,F) with{ ® 8Pgat
compact support s

which maps by the restriction €, of 6. Observe that invariance by H
implies that the function is locally constant on GL(Z,Ag,) .

Now we assemble all the isomorphisms GH together with the transfer
morphisms M'ﬂ — MxHx'l to define an isomorphism in the limit. This limit

isomorphism is one of the main results of the theory.

(2.2) THEOREM. With the above notations the limit of the GH defines an
isomorphism of GL(Z,AF) X Gal(F_ /F ) -representations

0,8’ "o

B = Lin H{04,Tp) — Hong ) o ) (Vg Lo(GLE2,E) GLE2,AD)) @ spgy

A basic result in the theory of automorphic forms for GL(2) , see

[J-L, prop. 11.1.1], is that the representation of GL(Z,AF) on Lo decom—

poses with multiplicity one
Ly (GL(2,F)\GL(2,4p)) = [ m
0 el

where I is a set of irreducible admissible representations of the adélic
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group GL(2,AF) . Noweach TETI is of the form T = ®v"v where m, is an
irreducible admissible representation with a GL(Z,OV)-invariant vector for

almost all v . From the theorem we have the next corollary.

f
(2.3) COROLLARY. As GL(Z,AF) . Gal(Fw,S/Fm) modules, we have an

isomorphism

== T€ II@.wm= sp [(VC;)w TTV) ® spcal]

and as GL(2 ,A;) R Gal(FS/F) modules we have a mapping T > O(T) of two-
dimensional Gal(FS/F)-modules such that G(ﬂ)lGal(Fm’s/Fm) = SPg. and an

isomorphism

H— @ [( ® "v) ® 0(11')] .

TEN ,m_=sp- v#e

The mapping 7+ 0(T) 4is a form of the reciprocity mapping of class
field theory between automorphic representations equal to the special repre-
sentation at * and Galois representations of dimension two equal to the

special representation at « .

§3. PROPERTIES OF THE CORRESPONDENCE T b o (T)

Let Il denote the set of representations 7 in Il with T, = SPGL(Z) ,
and let I denote the set of compatible families of f£-adic representations o
of Gal(F/F) which are two dimensional and irreducible for all £ # p , and

let I denote the 0 €I with Oy = SPg, -

From (2.2) and (2.3) we have a function still denoted T p—r o(m) defined
I,— I, . For an irreducible representation T of GL(2,AF) , let W,
denote the scalar action defined by T restricted to the center of GL(Z,AF) .

Also we use the reciprocity map from abelian class field theory
Gal(F/F) — GL(1,F)\GL(1,Ap)

so that for a l1-dimensional character X of the ideal class group we have a

character X of Gal(F/F) by composing with the reciprocity map.
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(3.1) PROPOSITION. For T k= O(T) we have
(1) om®xXx) = o(m ®X_l for X a l-dimensional character.

(2) deto(m) = w;l(-l) for the central character Wy

PROOF. (1) Observe that m®o(m) = (T®X) @ (a(m) ®X_1) is a subrepre-

sentation of H from which the first assertion follows.

(2) This relation is rather involved to work out completely. For this
one uses the cup product in cohomology and the alternating bilinear form that
it defines on H. In a group GL(2) define s’ = s/det where this is the

contragredient relative to the alternating form so that

sx A [det(s)]_lsy = sAYy

For T a representation on V , st 7(s') is isomorphic to the dual repre-
sentation, see [Deligne 1973, pp. 102-3] for references. For a form ¢y with
P(m(s)x,m(s")y) = P(x,y) we have

Y(me)x,m(s)y) = w (8)Y(x,y) ,

and ¥ is unique up to a constant factor. One has yY(x,y) = w,"(-l)lb(y,x) .
These considerations are coupled with properties of the cup product form to
yield the stated relation.

Now we are in a position to study the relation between 7 and c(’rr)v]l)v
for all v such that GL(Z,OV) leaves a l-dimensional space of the repre-
sentation space of “v invariant. Then T, = Indg(xl,xz) (unitary), and it
is classified by a quadratic polynomial T2 - a,T + b, with roots )il(‘vrv)
and XZ(TTV) , called the Hecke polynomial. Such a place v 1s called
unramified.

Further, if c:(ﬂ')v is unramified, then it is characterized by the

characteristic polynomial of Frobenius Fr This is also a quadratic poly-

v *
nomial T2 -a\',T + b"’ . The basic result, which we sketch, is the following

theorem.

(3.2) THEOREM. For a place v such that T, and c(‘rr)v are unramified,
the Hecke polynomial of Ty twisted by |det:(s)|]'/2 equals the characteristic

polynomial of Frobenius.

PROOF. By an Eichler-Shimura type congruence formula

2
(Fr )" - a (Fr)) +b = 0
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This congruence formula is proved, as in the case of elliptic curves, by con-
sidering Drinfel'd modules mod v and the action of Frobenius.

Next, from (3.1) and the considerations related to alternating forms, we
deduce that by, = b; since b", = det 0(T) . Hence for roots o and B of
the Hecke polynomial, we see that o, or o,00 or B, are the characteristic
roots of Fr, . The condition on the constant terms of the polynomials implies

that the roots of the characteristic polynomial of Fr, are o and B .

§4. LOCAL LANGLANDS' CONJECTURE IN CHARACTERISTIC p

Now we sketch the steps in the proof of the local Langlands' conjecture in
characteristic p for GL(2) which was outlined in a letter from Deligne to
Drinfel'd dated 1/21/1975.

(4.1) The map p+=+ m(p) . Let p be a two-dimensional representation of
W(K/K) and the local Weil group of the local field K in characteristic [
We can take K = F, for a function field F. Since the Artin conjecture is
true for Artin L-functions in the function field case, see A. Weil [1948], we
can apply [J-L, proposition 12.6, p. 408] to obtain m(p) from a global auto-

morphic representation.

(4.2) Injectivity of p = m(p) . This is corollary (1.7) of proposition
(1.6) in Gelbart and Jacquet, "A Relation Between Automorphic Representations
of GL(2) and GL(3)" [ 1978 ]. 1It is an argument on GL(2) x GL(2) which
uses corollary 19.16 of [J].

(4.3) Surjectivity of p+— m(p) . As with the injectivity, this depends
on the local result that e(m® X) depends only on Wy for X very ramified,
see [J-L, proposition 3.8(iii), p. 116] and €(V®X) depends only on det V
for X very ramified, seé [Deligne, 1973, proof of 4.16, p. 546]. Now con-
sider global 7m and o(m) = 0 given by (3.2). Here T and o have the same
global L and € factors and the same local L and € factors at all,
v@gs , where S is finite. We wish to prove that L, and €, are equal for

all v. The global functional equations and product formulas have the form

TJL@®x = TTle,ar®0T TL,Gox" @w)
and
TJL,@e®0 = TTe @@0T L EOx ®u) .
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Now divide the one expression by the other using the equality for vg s
to obtain

TTelm®x = TTel@®x

vES vES

where €'(T) = €(T) @ Xml)/L(T)) . Now choose a global X which equals 1
at a fixed A0 €S and which is very ramified at w €S - {vo} .  Then
sv', =€, depends only on the central character and determinant. Hence both

sides are equal at wE S - {vo} , which implies e‘; (m) = E", (0) . From this
0 0
we recover sv(ﬂ) = ev(c(ﬂ)) and Lv(Tr) = Lv(o('n)) for all v .

For a finite set S = (vo,...,vm} of places and local discrete series
representations 1Ti at vy » one can prove by looking at a quaternion algebra
ramified at each place of S that there is a global representation 7T with

=7, and with T and T, differing by an unramified twisting for

v0 0 vy i

i=1,...,m. Using (3.2), we form 0 = o(T) and define p = cv . Then
0

[o o d Tl'o = m(p) has the desired property giving surjectivity.
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Le déterminant de la cohomologie

par P. Deligne

Le présent article a pour origine une lettre & D. Quillen, datée du 20 juin
1985. Dans cette lettre, j'exploitais la philosophie d'Arakelov pour "calculer"
la torsion analytique d'un fibré vectoriel métrisé sur une surface de Riemann
(avec métrique) en terme d'intégrales de quantités élémentaires - tout au moins
dans le cas plus facile des fibrés virtuels de dimension 0. Une description
de 1'énoncé obtenu est donnée au paragraphe 1.

En essayant de comprendre la démonstration, ainsi que G. Faltings [5], H.
Gillet et C. Soulé [7], je me suis apergu que cette lettre établit des bribes
d'un programme peut-étre plus intéressant que le théoreéme, dont il éclaire la
démonstration. Ce programme est exposé au paragraphe 2. Pour f : XY un
morphisme projectif d'intersection compléte relative, la formule de Riemann-
Roch donne des informations sur 1'image directe f, : KO(X) > KO(Y) . En parti-
culier, elle domne une formule pour clRf*E = cldetRf*E , pour E un fibré vectoriel sur
X . Un fibré en droite est connu quand il est connu (& isomorphisme unique prés)
localement. Si on peut "préciser" la formule de Riemann-Roch pour c detRf E
en un isomorphisme canonique entre det Rf,E (ou une puissance tensorielle fixe
de det Rf,E) et un autre fibré en droite, le probléme de construire cet iso-
morphisme est local. On acquiert le droit de se localiser sur Y au prix de
travailler avec des objets & isomorphisme unique prés plutot qu'ad isomorphisme
prés. Les résultats plus précis obtenus coltent aussi une débauche de diagrammes
commutatifs et des cauchemars de signes. Ils ne s'appliquent qu'a la premiére
classe de Chern. Pour interpréter de méme Riemann-Roch pour ch™ Rf, , il faudrait
sans doute se battre avec des n-champs. Je recule devant cette idée mais j'espére
que la philosophie de Grothendieck [9] et le cas n =1 peuvent étre un guide
heuristique utile. De méme: en K-théorie, le langage des espaces de lacets
infinis est plus efficace que celui des n-catégories de Picard commutatives
qu'envisage Grothendieck, mais une variante catégorique des deux premiers étages
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de la tour de Postnikov de BQA  (§4) peut aider & comprendre ce qui se passe.

Le paragraphe 2 expose ces idées, et un analogue a la Arakelov, avec mé-
triques.

Dans 1'analogie entre "métrique hermitienne sur un fibré vectoriel" et
"structure entiére", je tiens, au contraire de S. Arakelov [1][2] et G. Faltings
[5], & pouvoir travailler avec des structures hermitiemnes quelconques. Le pa-
ragraphe 3 fait de la propagande pour ce point de vue.

Le paragraphe 4 étudie la catégorie V(A) des objets virtuels d'une caté-
gorie exacte A . Cette catégorie est un avatar des deux premiers étages de
la tour de Postnikov de BQA . Son introduction nous permettra de cacher de
nombreux signes. Au paragraphe 5, on en introduit un analogue 3 la Arakelov,
pour les fibrés métrisés sur un espace analytique complexe X . Cette catégorie
incarne une théorie de classesde Chern secondaires & la Bott-Chern [4] et fournit
des applications R du Kl de la catégorie des fibrés holomorphes sur X
dans 1'espace des (p-1 , p-1) formes d'd"-fermées modulo formes d' ou d"
exactes.

Enfin, les paragraphes 6 4 11 donnent la preuve du théoréme décrit au paragra-
phe 1, selon'les lignes indiquées au paragraphe 2, avec quelques disgressions.

Exposer 1'heuristique des paragraphes 2 et 3 est mon excuse pour présenter
des résultats incomplets, avec des démonstrations qui ne sont parfois que des
esquisses et une généralité pas toujours optimale.

Le présent texte doit beaucoup & 1'influence de nombreux mathématiciens. Je
suis particuliérement conscient de celles de A. Grothendieck et D. Quillen (§4,
d'anciennes conversations & Bures), D. Quillen [13], C. Soulé (§5) et S. Arakelov
(§3). Je prie ceux que j'oublie de m'en excuser. Dans la lettre 3 D. Quillen,
je n'utilisais que D. Quillen [13]. La démonstration donnée ici est simplifiée
et rendue plus naturelle par 1'usage des résultats plus forts de J. Bismuth et
D. Freed [3] and D. Freed [6] (1.22).
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1. Description du théoréme principal.

1.1 Rappels: déterminants ([10]).

Pour V un espace vectoriel, on pose
det V := d/km v V.

Pour V* un espace vectoriel 2/(2)-gradué, on pose
det(V¥) := (detV*) @ (detv )’ .
On applique la méme régle aux espaces vectoriels Z-gradués, en posant Vs
) V21 ,V =1 VZi*]‘ . Il nous sera commode de noter Le(—l) le dual d'un espace
vectoriel de rang un. Avec cette régle,
det V* = ?(det vi)('l)i .

Pour éviter les problémes de signes, il est preférable de définir det V
comme 1'espace vectoriel gradué d%n V placé en degré dim V , et de définir
1'isomorphisme de symétrie

ot Sy
par la régle de Koszul (1'isomorphisme naif fois (—1)CIl 2 » pour L; en degré
d:.L ) . L'isomorphisme
det(V) ® det(W) — det(V 8 W) :
(elA. cone) 8 (A, .Afm)"" €A .Ae AL AL AL

donne alors lieu a un diagramme commutatif

Vewu det(V @ W) det(V) @ det(W)
b e e
Wev det(W @ V) = det(W) @ det(V) .

Notons 1 1'espace vectoriel gradué de rang 1 et degré O trivial. On définit
L_1 comme un espace vectoriel gradué de rang 1 muni d'un isomorphisme L @ L~
*1. Ceci définit L' & isomorphisme unique prés. L'isomorphisme LI @
L=LeL =*1 faitde L 1'inverse (L'})™" de . pour plus de détails,
cf 4.1. Pour un complexe K , la définition de 1'isomorphisme

det K = det H*K

. .
et ses proprietés ne posent avec ces regles aucun cauchemar de signes.
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1.2 Rappels: torsion analytique ([14]).

Soient X une surface de Riemann compacte, munie d'une métrique hermitienne
g , et U un fibré vectoriel holomorphe sur X , muni d'une structure hermitienne
h . Notons ﬁ}l( le fibr(é) en droites de sections locales holomoox;phes les 1-
formes holomorphes et € ’q(v) le faisceau des (0,q)-formes C & valeurs dans
V . Nous normaliserons comme suit la structure préhilbertienne sur TI'(X , Q ’q(t/))
définie par g et h . (a) On regarde g comme la donnée d'une structure hermi-
tienne sur QX . (b) Le produit scalairewest 1'intégrale d'une densité sur X .
(c) Localement, sg.)o a est une section C de longueur un de Qx et que v, est
une section de Q (V) (resp Bi = Yivi une section de £ (V)) , cette densité
est
-1
2mi
_1 -
pour <, B> g (VL vy A

pour <v1 , v2> (V1 N V2>h CAT B

Rappelons que pour z = x + iy , on a ;—}a- dz/\d—z-=% dx Ady .

Les groupes de cohomologie de V sont ceux du complexe 3 de v :
7, 0w — rx , S0 .
Les structures préhilbertiennes des I'(X , Qoq(V)) induisent des structures hermi-
tiennes sur H (X,V)=> Ker(3d) et Hl(X,V)-: coKer(3) ¢ Im@)JT = Ker(3*) . De 14,
une structure hermitienme < , >O sur det H*(X,V) . Soient A les valeurs
propres # 0 de a* 3 , comptées avec leur multiplicité, et det'(3*3) := m,

exp(-£'(0)) , oi t{s) est le prolongement analytique de ZAJ-._S . la torsion
analytique de V est la structure hermitienne
=1
*= *
<y >y, 1= det’ (@) T <, 3
sur det H*(X,V) . On veut la calculer.

Un facteur T a été introduit dans la définition de la structure préhilbertienne
de T(X, @ (V) pour assurer la validité du lemme suivant.

Lemme 1.3 La torsion analytique est compatible & la dualité de Serre.

Soit V' := Hom (V , 9)1() . la dualité de Serre est une dualité entre Hq(X,V)
et Hl_q(x,l/') . Elle induit un isomorphisme

(1.3.1) det H*(X,V) = det H*(X,V')

~ e
qu'on veut prouver etre une isometrie.
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Le morphisme
#x,0) @ B UX,v) — ¢

est le composé du cup-produit et du morphisme trace H(X,V) @ Bx,0) »

X,vevv)» HI(X s nx)_T_r.. C. Si H*¥X, 9,)1() est calculé par le complexe
3, Tr est 2—11'-1-_- fois 1'intégration sur X (& un signe dépendant des conventions
préds, sans importance pour 1.3). La dualité de Serre est donc induite par la

dualité tz}r—ifx aABR entre les complexes 3 de V et V' et 1.3 en résulte.

1.4 Calculer det H*(X,L) .

La régle suivante permet d'attacher & deux fibrés en droite L et M sur
X un espace vectoriel de rang un <L , M> . (a) Deux sections méromorphes a
diviseurs disjoints % et m de L et M définissent un élément non nul
&, m> de <L, M>. (b) Quand on change & ou m, ona

(1.4.1) KEL , md> = £(div m) <L , m>
<8, fm> = f(div £) <2 , m> .

Si vP(JL) est la valuation de % en P (i.e 1l'ordre du zéro, ou -1'ordre du
pole), on a divl:=§vp(£).?;onaposé
f(an . P) := nf(P)np .

Que les régles (a) (b) soient cohérentes équiyaut au théoreme de A. Weil que pour
deux fonctions méromorphes a diviseurs disjoints, on a f(div g) = g(div f) .

Pour L un fibre en droite sur X , posons
det HY(X , L - 0) := det H*(X,L) © (det H¥(X,0)) " .
De fagon purement algébrique, on définit un isomorphisme
1.4.2)  @etmx, L-0N®=c L0 @) .

Ces constructions sont valables sur un corps de base quelconque, voire sur
une base quelconque.

1.5 (Calculer la torsion analytique.

Si les fibrés en droites L et M sur X sont mmis de métriques hermi-
tiennes, on définit comme suit une structure hermitiemne sur <L , M> . Notons
I | une longueur carrée et posons f[Zni B] = Ini f[Pi] . Pour des sections
méromorphes £ et m comme en 1.4, on definit
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(1.5.1)  1log [|<L,m>| = [ 51];-—id'd" log ||2]| . log |lm|| + log ||&]| [divm]

+ log ||m|| [div 2] ,
ou d'd" est pris au sens des distributions.

Supposons X et L munis de métriques hermitiennes g et h comme en
0.1. On munit 0 de la structure hermitienne triviale (<1 , 1> =1) . On dispose
d'une structure hermitienne "torsion analytique" sur det H*(X , L - 0) ~ , déduite
de celles de det H*(X,L) et det H*(X,0) .

Notre résultat principal est que (1.4.2) est une isométrie, le membre de
gauche étant muni de la structure hermitienne torsion analytique et celui de droite
de la structure (1.5.1). Rappelons qu'une métrique sur X est vue comme une
structure hermitienne sur Qx .

Concrétement, ceci signifie qu'une construction purement algébrique permet
d'attacher 3 des sections méromorphes i diviseurs disjoints £ et m de L
et Lo (@) un &lément nonmul <%, m> de (det H¥(X , L - 0))% | avec une
variance (1.4.1), et que la longueur carrée de cet élément, pour la métrique tor-
sion analytique, est donnée par (1.5.1).

1.6 Pour prouver 1.5, nous utilisons le calcul par D. Quillen [13] et D. Freed
[6] de dérivées logarithmiques secondes de la torsion analytique en fonction de
paramétres. Quand L est une déformation de 0 , i.e.est de degré O, un argument
direct, ne requéront pas la normalisation 1.2, est possible.

Pour traiter le cas des fibrés de degré # O , il nous faut prouver un résultat
analogue a 1.4, 1.5, plus compliqué, pour les fibrés vectoriels de dimension quel-
conque. Un fibré vectoriel a deux invariants discrets: sa dimension et son degré.
Ces invariants sont additifs par somme directe. Traiter le cas des fibrés vectoriels
permet de prouver 1.5 3 une constante A(X,g)deg L prés, oi A(X,g) ne dépend
que de la surface de Riemann X et de sa métrique g . La compatibilité i la
dualité de Serre domne A(X,g) =1 .
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2. Programme.

2.1 Incarner une intéggale de classes de Chern.

Soit f: X > S un morphisme de schémas, propre, plat et purement d'une
dimension relative N . Soient I un ensemble fini d'indices, Cli) (p>0,igl)
des indéterminées, avec CE de poids p , P un polynome isobare de poids N + 1
en les C‘i) a coefficients entiers, vy des fibrés vectoriels sur X , de classes
de Chern cg = cp(vi)» et intégrons sur les fibrés de f 1le polynome P(cli))
en les classes de Chern des v; pour obtenir sur S

(2.1.1) c = Jx/s P(P(vy)) .

La définition (2.1.1) a un sens dans divers contextes. En cohomologie &-
adique (2 inversible sur S) , on a

cer(s, z,)) .

Pour S séparé de type fini sur € , et en théorie de Hodge mixte, ¢ est une
classe de cohomclogie entiére purement de type (1,1) [mise en garde: je n'en

ai pas de démonstration avec la généralité dite; que P(cp((/i)) est purement

de type (N+ 1, N+ 1) résulte de (P. Deligne, théorie de Hodge III, Publ.

Math. IHES 44 (1974) p 5-78, 9.1.1 et 9.1.2); reste a voir que le morphisme de
Gysin IX/S est un morphisme de structures de Hodge mixtes de gtk (X, Z(n))
dans Hk(S,Z) ; pour X et S lisses, la dualité de Poincaré raméne les propriétés

de J'x /s 3 celles, connues, de 1'image inverse].

Pour X et S quasi-projectifs et lisses sur un corps algébriquement clos,
on peut travailler dans les anneaux de Chow. Dans ce cas, ¢ est une classe
d'équivalence linéaire de diviseurs.

Dans tous les cas, la classe c est candidate & étre la premidre classe
de Chern d'un fibré en droites sur S . Quand on peut travailler dans les anneaux
de Chow , ¢ est déjd la classe d'isomorphie d'un fibré en droite.

Probléme 2.1.2. Dans la situation 2.1, construire "fonctoriellement" un faisceau
inversible IX/SP (Vi ,1€I) sur S, ayant c comme premiére classe de Chern.

A cause des difficultés de signes auxquelles donne lieu ce probléme, je pré-
férerais y supposer I totalement ordonné. Parmi les fonctorialités voulues,
ona :
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(2.1.3) Soit (Vect is)X la catégorie des fibrés vectoriels sur X et des iso-
morphismes de fibrés vectoriels. Alors, Ix S P est un foncteur de la catégorie
(Vect is)i dans la catégorie Pic (S) des faisceaux inversibles sur S et de
leurs isomorphismes. Il est compatible aux changements de base S' + S .
(2.1.4) Soient j€1I, Pj le polyndme de poids N
1

P, := (rg V. -p+1)C0 3 _p

J pzzl J J cP .
(localement constant sur X) et nj 1'entier (localement constant sur §)

.= P
ny 'rX/S' Pj(c ;) .
Pour Li des faiscaux inversibles sur S, on a
P = p(cP P 1
P(cT(V; 8 £*L )) = P(e(V,)) + 1 Pj(c (Vi)) . frc (Lj)
modulo le carré de 1'idéal engendré par les f*(cl(Lj)) , d'ol

1
IX/S P(cp(Vi 8 £4L)) = IX/s P(cp(Vi) + 1 n, ¢ @ .

Pour ) une section sur S de 0% , ceci améne & demander que 1'automorphisme

de multiplication par A sur Vj agisse sur IX/S P(Vi) par X .

(2.1.5) Additivité en P . Pour P =P' + P" , on veut un isomorphisme canonique

~ ' "
Tgis B o lgys B O Igyg B

(2.1.6) Additivité par suites exactes. Pour 1'énoncer, il sera commode de poser
C;=1. Pour a€1I, soit Ili déduit de I en dédoublant a en a' et a" .
Soit Py le polyndme en des Ci (i€ Il) obtenu en remplagant dans P chaque

CP par | C:, C:., (r, 8 >0) . Soit enfin une suite exacte
a r+s=p
0V U U >0
a a a

et posons Va. =V, V , :=V" . On veut un isomorphisme canonique entre

IX/SP(Vi » 1 €I) et IX/SPI(.Vi y i€ Il) .

Dans les cas qu'on sait traiter, la définition de cet isomorphisme pose des
problémes de signes. Ils disparaissent dans la version affaiblie suivante, relative
4 un seul des foncteurs Ls P.

(2.1.7) Invariance par semi-simplification. Soient des suites exactes 0 » Vi -
Vi + l/;.: +0 et svi 1= Vi ® VY . On veut un isomorphisme canonique

IX/SP(Vi,i€I)=I

sl » 1€D) .
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Plus précisément, on définira au paragraphe 4 la catégorie des fibrés virtuels;
chaque fibré v définit un fibré virtuel [V], chaque suite exacte courte V' +
v » v" définit un isomorphisme [v] = [v' @ v"] et on veut que le foncteur IX/SP
se factorise par un foncteur i, /s P défini sur la catégorie des fibrés virtuels:

Iys P )= ig/s P (v,
(2.1.8) Identités entre classes de Chern.

L'exigence "additivité par suites exactes" combine 1'invariance par semi-
simplification et une formule pour I, /s P appliqué 3 des vy dont 1'un est
une somme directe. Cette formule reléve la formule donnant les classes de Chern
d'une somme directe. De méme, les formules pour les classes de Chern d'un produit
tensoriel, d'un dual ou d'une puissance extérieure devraient se relever en isomor-
phismes canoniques. Pour qu'un tel formalisme soit utile, il faudrait aussi
déterminer les diagrammes commutatifs auxquels ces isomorphismes donnent lieu.

2.2 Incarner la composante de degré 2 de Riemann-Roch

Soient f: X *» S un morphisme propre et lisse, purement d'une dimension
relative N, V un fibré vectoriel sur X et Ty /s le fibré tangent relatif.
La formule de Riemann-Roch s'énonce

(2.2.1) ch R, V = L{/S ch (1) . T (Ty,o) .

La composante de degré deux au membre de -gauche est la premiére classe de
Chern du faisceau inversible det Rf, V sur S . Soit Rls\]+1 la composante
dedegré 2(N + 1) de ch(V) . Td(Tx/S) . C'est un polynome universel de poids
(N + 1) en les classes de Chern de V et de Tyss I1 est a coefficients
ratiomels. Si le probléme 0.1.2 était résolu, on pourrait poser le

Probléme 2.2.2 Trouver un entier M (tel que M.RRy ., soit un polyndme a coeffi-
cients entier en les classes de Chern de V et %{/S) et construire un isomorphisme
canonique de fibrés en droites sur S
2.2.2.1) (et BE, N = 1 (MRRL IV, Ty )

Un tel isomorphisme préciserait la composante de degré deux de (2.2.1).

Pour V=V'@® V", 1'additivité (2.1.6) doit fournir pour le second membre
II(V) de (2.2.2.1) que

II(V) = II(V') & II(V") .
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On veut que

-~

(2.2.3) cette additivité est compatible & celle du premier membre de (2.2.2.1).

Il n'est pas.nécessaire d'attendre la solution de (2.1.2) pour se poser des
cas particuliers de 2.2.2. Par ailleurs, pour U de forme particuliére, on peut
dorner un sens 3 la question 2.2.2 pour M un entier tel que M.RRN+1 ne soit
pas 3 coefficients entiers. Voici des exemples

2.2.3. Soient V; (1 {i¢N+2) des fibrés virtuels de dimension 0 : v, =

1
[——l} ' " A . . (o] =
Vi Vi avec Ui et Vi de méme dimension. On a ch (Vl) 0 et

ch(@ v;) = 1nch (vi)

est un polyndme en les classes de Chern des V] et des v; de poids >N +2.
Comme polynome de poids N + 1 en les classes de Chern des Vi, V‘].'_ et ’I‘X /s
la composante de degré 2(N +1) de ch(® Vi) . Td(TX/S) est identiquement nulle.
Ceci améne & désirer une trivialisation canonique de

det Rf*@(/i .

En d'autres termes, et sans mentionner de fibré virtuel: pour PC [1 , N+ 2],
soit D, le fibré en droites

D, := det RE, (& v: @ ig v3)
On veut un isomorphisme canonique entre le produit tensoriel des Dp pour #P
pair et le produit tensoriel des Dp pour #P impair.

Dans le méme esprit, si I = Io8 I L I, est un ensemble fini d'indices,
que les v; = V]!_ - t/; sont des fibrés vectoriels virtuels sur X (i €I) ) que
dim V]!‘ = dim V] pour i € I1 ou I2 et qu'un isomorphisme @ det V]!.'—’
det U;i' est donné pour i € I2 , on désire une trivialisation canom.ique de y
det Rf, (8 vi) dés que ", o+ 2. #12 >N+1. Eneffet, ona ch (vi) =c (vi)
=0 pour i€ I2 .

Prendre garde que la définition de det Rf, V pose des problémes de signes;
les compatibilités désirées pour les isomorphismes canoniques conjecturés ci-dessus
en donnent lieu a de pires.

2.3 Métriser.

Si V est un espace vectoriel sur » la fagon la plus simple de se donner

103

une norme sur V est de se donner un Zp—module libre V. € V , tel que le morphisme

0
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Qp [ V0 + V soit un isomorphisme. On pose
. -1
llv il = inf {JIxll |2 v € Vp}

En termes géométriques, V est un fibré vectoriel sur Spec (Qp) et V, un pro-
longement de ce fibré sur le schéma Spec(Zp) .

D'aprés Arakelov, si V est un espace vectoriel complexe, il y a lieu par
analogie de regarder une structure hermitienne sur V comme un prolongement de
V -fibré vectoriel sur. Spec(L)- & un objet mythique qu'il ne coiite rien de nommer
Spec(@)” . Si S est un schéma lisse sur € , une métrique kahlérienne sur
S est & regarder comme un prolongement S de S sur "Spec() " . Si V
est un fibré vectoriel sur S , une structure hermitienne sur V est a regarder

-~

comme un prolongement de V de S & S . J'omet des grains de sels.
Appliquons cette philosophie & 2.1 et 2.2.

2.4 Soit f: X+ S un morphisme propre et lisse entre schémas lisses sur € ,
purement d'une dimension relative N . Soient I et P comme en 2.1. Si le
probléme 2.1.2 est résolu, on dispose d'un foncteur Ix s P attachant & une famille
de fibrés vectoriels v, sur X un fibré en droite I s P (Vi , 1 €I) sur

S .

X/

Probléme 2.4.1 Si les Vi sont mmis de métriques hermitiennes 8 » définir

une métrique hermitienne sur le fibré en droites /s P (Vi ,1€I).

IX
Soit V un fibré vectoriel holomorphe. Pour g une structure hermitienne

sur V , les formes de Checn gp(V,g) sont des (p,p)-formes formées de classes

de cohomologie les classes de Chern cP(V) . Les exemples qui peuvent etre traités

conduisent 3 exiger:

Exigence 2.4.2 La métrique 2.4.1 vérifie
1 - p
e IygP W, 1€D = fx/s Ple(vy »g)) .
On notera que X et S n'ont pas été supposes munis de métriques. Pour

définir une métrique sur I g P ((/i , i €I) , seule doit importer la donnée

X/
de métriques sur les vy -
Remarque 2.4.3 On exige bien sir que la métrique 2.4.1 soit de formation compatible
& tout changement de base S' + S . Prenmant pour S' un point, on voit que le
essentiel est celui d'une base réduite & un point. Ecrivons I; ou simplement
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Pour X propre et lisse de dimension N et les v, des
T pour IX/Spec((l:) Prop i
fibrés vectoriels sur X , I P( Vi i € I) est un espace vectoriel complexe de
rang un, canoniquement attaché aux U . I1 s'agit d'attacher a des structures
hermitiennes sur les Vi une structure hermitienne sur cet espace vectoriel.

On se restreint a ce cas S = Spec(E) dans la fin de 2.4.

Remarque 2.4.4 Prenons S réduit a un point et fixons X et les v, » L'exi-
gence (2.4.2) impose comment la métrique sur I P(l/i , 1 € I) change quand on
change la structure hermitienne sur les Vi . Supposons en effet que des structures
hermitiennes g (t) sur les V, dépendent d'un paramétre t € R . Fixons e

#0 dans IP(V; , 1€1I) et soit h(t) la longueur carrée |le|] de e pour

la métrique définie par les structures hermitiennes gi(t) sur les V i Soit

A 1la droite affine standard, de coordonnée z , et soit sur A le fibré trivial
XA :=X x A de fibre X . Soit vy le fibré sur XA image inverse de Vi .

On munit Vv, de la métrique qui au-dessus de z €A est 8; (zz) . Appliquant
(2.4.2) a ceéte famille, on obtient une formule pour 3 log h(zz) On a

39 log h(zZ) | =23 logh lt=0

z=0
et (2.4.2) détermine donc la dérivée de logh en t =0 . Translatant en t ,

on obtient la dérivée de log h en tout point. Intégrant, on détermine le rapport
h(1)/h(0) . On vérifie que le nombre obtenu ne dépend pas des chemins gi(t)
reliant les gi(O) aux gi(l) .

Remarque 2.4.5 Soit a € I et supposons que V, soit une extension:
o=V >V +V">0.
a a a

Une structure hermitienne g sur V, en détermine alors sur U; ¢ la structure
induite g' , et sur V" : la structure quotient g" . Il n'y a pas lieu de
considérer (V:a , g;) s (Va , ga) s (V; ) g;) comme une suite exacte "sur X
au-dessus de Spec(L) ™ au sens d'Arakelov. Moddle: pour S  un schéma sur
Spec(Zp) , de fibre générale S sur @ , une suite de fibrés vectoriels sur

ST Q+V' >V ~>U">0 peut otre exacte sur S sans 1l'étre sur S , méme si
elle 1'est aux points génériques de la fibre spéciale.

Si les U sont munis de métriques, et que s(/ = Vi pour i#a, sl/ =
vy ® V" , i1 n' y a pas lieu d'espérer que 1' 1somorphJ.sme (2.1.7) entre I P (V s
i€ I) et IP (sV , 1€ I) soit une 1sometr1e, pour sV muni de la metr:.que

1 "
8 @ &
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Les exigences (2.1.3) & (2.1.6), (2.4.2) d*terminent uniquement le rapport
entre les métriques de IP(Vi ,i €I) et de II:"(sVi , 1 €I) . Fixons en effet
a €1 et considérons la famille algébrique d'extensions de V; par V; déduite
de V, par image inverse par \ : U; -> V; (A€Q) :

0~ U; > Va > l/; +>0

I teld]l #

0~ Ve'l-b Va[)\]» V;»O .
Par 2.1.7, IP(Ui ,1€1I) =~ IP(sVi , i € I) ne change pas pour Ua remplacé
par Ua[).] . Pour X #0, ¢[A] est un isomorphisme de Va[x] avec U, . L'au-
tomorphisme correspondant de IP((./i , i €I) se calcule par 2.1.6, 2.1.4. Si
ga“] est une métrique sur Ua[A] s 2.4.4 permet alors de calculer comment varie
avec \ la métrique correspondante de IP(V; , 1€ I) , tant que A #0 . On
récupére le cas A = 0 par passage i la limite et, pour A =0 , va[x] est
vy ®vy .
2.5 Soient f: X+ S un morphisme propre et lisse entre schémas lisses sur € |,
purement d'une dimension relative N , V un fibré vectoriel sur X et TWS le
fibré tangent relatif. On suppose U et Ty /s munis de structures hermitiennes.
I1 y a peut-3tre lieu de supposer que la structure l_ulermitieme de TX /s fournit
une structure kahlérienne sur chaque fibre Xg :=f "(s) de f . La réponse &
(2.5.2) ci-dessous dictera la bonne hypothése.

Sous ces hypothéses, on dispose ([14]) d'une métrique (la "torsion analytique")
sur le fibré vectoriel det Rf, V . Elle est de formation compatible 3 tout change-
ment de base. On la suppose correctement normalisée, cf 1.2, 1.3.

Si les problémes 2.1, 2.2, 2.4 sont supposés résolus, on peut poser le

Probléme 2.5.1 L'isomorphisme 2.2.2 est-il une isométrie?

On notera que pour ce probléme, 1l'exposant M de 2.2.2 est sans importance.
Remplacer M par 2.M 1libdre 2.5.1 des questions de signes qui hantent 2.1 et

2.2.
Notons gl (V) et gl (TX/S) les formes de Chern de UV et de TX/S
par les métriques données. Avec les notations de (2.2.2), une réponse positive

4 (2.5.1) implique, par 2.4.2, une réponse positive a la
Question 2.5.2 A-t-on

1

c det Rf, v = Jx/s RRy, (e*(n) , g*(Tx/s)) ?

définies
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Si j'ai bien compris, 2.5.2 a été prouvé par J.M. Bismut et D.S. Freed lorsque
N=1 ([3], [6]), i.e.pour X une famille de courbes paramétrées par S . Ils
ont obtenus des résultats analogues en toute dimension (et dans des situations
non holomorphes), mais j'ignore si leurs résultats couvrent 2.5.2.

Inversément, si 1'égalité 2.5.2 vaut universellement (pour N fix&), 1'argument
2.4.4 montre que la validité de 2.5.1 est indépendante des métriques sur UV et
TX /s ¢ le logarithme du rapport de similitude de 1'isomorphisme 2.2.2 est une
fonction F sur S, indépendante des métriques de U et Ty/s » de formation
compatible & tout changement de base. Toujours sous 1'hypothése 2.5.2, on a

—_— d'd" F=0 (de sorte que F est constante si S est compacte connexe,
ou si S, supposée algébrique, est connexe et qu'on peut prouver F bornée).

— Si V est une extension : O+ V' >V +> V" >0, F pour V est la somme
de F pour V' et V" (cf 2.4.5).

Une compatibilité 3 la dualité de Serre assurera que pour X connexe de dimension
N et V' :=Hom (V, Siz) le dual de Serre de v

F(X,V) = (-1 )N"1

F(X,v') .

Dans le cas des courbes (N = 1) , ces propriétés suffisent 3 assurer que la fonction
F est de la forme

F(X,V)

[}

rg(v) . G(X) ,
donc nulle sur les fibrés virtuels de rang O , comme annoncé en 1.5.

2.6 Soulé me dit que 2.5.1 est trop optimiste. Il espére seulement 1'existence
d'une classe caractéristique correction (TX/S) de TX /s telle que le rapport
des métriques soit localement constant sur S , donné par

exp(fx/S correction (Txls). ch(V) .
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3. Analogies.

3.1 La théorie d'Arakelov est basée sur 1'analogie entre

(a) €, muni de sa valeur absolue ||z]| = 2z , et

(b) un corps valué complet non archimédien non discret K . On note A 1'anneau
de valuation de K (c'est a dire l'ensemble des x € K tels que ||x|| < 1) .

On suppose la valuation v discréte, d'ensemble de valeurs Z , on note t

une uniformisante (v(t) = 1) et on définit le nombre q par ||x|| = q-v(X) .
L'analogie fait correspondre & v(x) la quantité log ||z|| . Parfois, il faut
supposer le corps residuel fini, de nombre d'éléements q . On veut remplir la
case "?" du tableau

Schéma sur € , éventuellement Schéma sur K , éventuellement
muni de données auxiliaires muni des mémes donndes. ewiliaires.
(fibré vectoriel, ...) .

Schéma sur Spec(V) ,
prolongeant le précédent.

Le cas particulier K = C[[t]] suggére une troisiéme colonne: famille analytique
de schémas, paramétrée par un petit disque épointé D* , et extension de cette
famille au-dessus du disque D .

On explique ci-~dessous, sous la forme d'un texte sur deux colonnes, comment
parfois remplir la case "?". Dans la premiére (resp seconde) colonne, le corps
de base est € (resp K),

3.2 Soit V un espace vectoriel de dimension finie.

On suppose V muni d'une On suppose V muni d'une
structure hermitienne. On pose A-structure (un A-module libre
llv|l = <v,v> . V,CV avec V, @, K SV). On

pose ||v|| = inf {{r]] | veva} .
on a vl = 1t vl -

I1 y a parfois lieu de regarder une norme ultramétrique ||v|| quelconque
comme 1'analogue d'une structure hermitienne. Dans une base convenable et pour
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des réels a; > 0 convenables, une telle norme s'écrit

llvll = supCay [lv;ID -
Pour qu'elle corresponde 3 une A-structure, il faut et il suffit qu'elle soit &
valeurs dans ||K|| c R . Pour K' une extension galoisienne finie de K ,la
restriction & V est une bijection des normes ultramétriques sur V' := V@K',
invariantes par Gal(K'/K) , avec les normes ultramétriques sur V . Ceci permet
d'interpréter une norme ultramétrique sur V avec log ||v|]| € @.log q pour
tout v €V comme la donnée d'une A'-structure Gal(K'/K)-invariante sur V' ,
pour K' assez grand.

3.3 Soit X un schéma propre et lisse sur € (resp K) .

La donnée d'une structure La donnée d'un schéma propre XA sur
hermitienne sur le fibré tangent Spec(A) de fibre générale X définit
de X fait de X une variété une distance d sur X(K): si x et
riemannienne et permet de y n'ont pas méme réduction modulo (t) ,
définir une distance d(x,y). d(x,y) =1. Si x et y ont meme

réduction, on prend leur distance dans
une carte affine Y € A" les contenants.

A droite, une A-structure en fournit une aprés toute extension finie K' de
K, d'od une métrique sur X(K) . Pour X une courbe et XA normal, 1'important
n'est pas cette métrique, mais le nombre d'intersection de deux sections
(fractionnaire, cf Mumford, Publ. Math. IHES 9 (1961) p 5-22, II(b) p 17).

Une A-structure normale XA en définit une aprés toute extension finie des

scalaires (normaliser X OA A') et pour 8 5 8, € X(K') = XA' (A') , on pose
(51 , SZ)K = 1/[K":K] . (s1 , 52) . Ce nombre est indépendant de K' (assez grand
pour que les s; soient dans X(K')) et définit (s1 , SZ)K pour sie X()‘.-(') .

Ona (s , SZ)K >0, avec (s >0 si et seulement si les s, ont meme -

10 5k
réduction.

3.4 Soit E un fibré vectoriel sur X .

Une structure hermitienne sur Soit X, propre sur Spec(A) prolon-
E définit, pour chaque x € X, geant X et EA un fibré vectoriel
une structure hermitienne sur sur XA prolongeant E . Soit x €
la fibre E, de E en x. X(K) . C'est 1'image de x, € XA(A)-:-»

X(K) et xK E, est une A-structure
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De méme pour x € X(K') , K' une extension finie de K . Si le prolongement
X, domine X, et que E, est 1'image inverse de E, , ()(A » Ey) et x EA)
dé{inissent les mémes structures entiéres sur les E (x 3 X(K) , ou X(K') , ou
X(K)) . Soit I 1'ensemble ordomné filtrant des prolongements propres de X sur
Spec(A) et Ent(F,i) 1'ensemble des prolongements de E sur i (pris i un iso-
morphisme qui est 1l'identité sur E prés) . On définit une A-structure sur F
comme un élément de la limite inductive Ent(E) des Ent(E, i) . C'est 1'analogue
d'une structure hermitienne C. .

Soit I* 1'ensemble des prolongements propres normaux. Disons qu'un ouvert
U de X, dans I* est gros s'il contient X et les points génériques de la fibre

A
speciale. Si XA et XA sont dans I* et que XA domine XA , il existe un
gros ouvert UAC XA tel que ¢@: XA > XA induise un isomorphisme de (p-l(UA) avec

UA . Soit Ent*(E,i) 1'ensemble des germes ce prolongement de E sur un gros ouvert
de i € I* (germe selon le filtre des gros ouverts). £i XA domine XA et que

U} est un gros ouvert de XA , il existe un gros ouvert UA de XA avec UA 2

® 1(UA) 3 U, et la restriction définit Ent*(F , X;) * Ent*(E , X,) . Certaines
métriques hermitiennes singuliéres ont pour analogue des éléments de la limite projec-
tive Ent*(f) des Ent* (F,i) . Pour X connexe, soit X(1) 1'ensemble des anneaux
de valuation discrétes B du corps des fonctions ratiomnelles sur X qui sont anneau
local d'un X, propre normal en un point générique ae la fibre spéciale. Un é&lément
de Ent*(E) equivaut a la donnée, pour chaque B dans X(1) , d'une B-structure

sur la fibre geénérique £, de E/X.

Exemple 3.4.1 Soit D un diviseur sur X .

Sur 0(D) , on définit une Prolongeons 0(D) de X & xu(xA -D)
structure hermitienne en recollant 0(D) sur X & ¢ sur
singuliere par ||1]| =1 X, - D (ils sont egaux a 0 sur 1'inter-

section X - D) . Ces prolongements defi~
nissent un élément de Ent*(0(D)) .

Un élément E de Ent*(E) sera dit regulier sur un ouvert U de X, contenant
X s'il existe un prolongement EU de E sur U telle que, pour_tout @ XA >
XA dominant XA s E et ¢* coincident sur 1'intersection de ¢ 1U avec un gros
ouvert. L'élément ci-dessus de Ent*(0(D)) est régulier sur X, - D .

3.5 Dans la fin de ce paragraphe, X est une courbe propre et lisse. Soit L un
faisceau inversible sur X.
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Supposons L muni d'une structure
hermitienne h . La forme de Chern
FL,h , ou Fh , ou simplement F est
localement '
S S
F := 52> d'd" log lIsl|

pour s une section locale holomorphe

Soit L AW prolongement de L &
xA , propre et plat sur Spec(A) ,
prolongeant X , supposé normal. Soit

C 1'ensemble de composantes irréducti-
bles de la fibre spéciale réduite et,
pour DEC , soit n(D) la multiplici-

té de D dans la fibre spéciale. Soit
inversible. FL , ou simplement F , la fonction

n(D) degy, (L|p) sur C.
On a

degL=JxF. deg L= [ FD) .
beC

Pour simplifier, on supposera dorénavant X, régulier.
Se donner une structure Les prolongements de 0 a X, s'identi-

hermitienne sur le fibré
en droites trivial (¢ revient

-

4 se donner la fonction réelle

sur X

L := -log ||1]

Par analogie, sur € , on appellera encore

fient, par E+— O(E) , aux diviseurs
concentrés sur la fibre spéciale. Pour
E = Im(D)D , notons la fonction
sur C: LE(D) = m(D)/n(D) . La fonction
constante L =1 correspond au diviseur
"fibre spéciale”.

diviseur E concentré sur la fibre spé-

ciale une métrique LE sur 0, ou la fonction I..E correspondante, et multiple

de la fibre une métrique constante sur 0.

3.6 Soient E et F deux diviseurs concentrés sur la fibre speciale. Leur nombre

d'intersection (E,F) :=

e N

2ni

an
[¢tos llgearar 108 il z

=IXLEFF

Intégrand par partie, on
obtient (E,F) =

)it i j

DY 1g, H(X, , Tor(0, , 0))

= = X( - X! -
X(0g 8 0p) = X(0,) - X{0; & O(-F))

=1 LE(D) F(IF)(D)

Soit < wun ordre total sur C et, pour
D' # D" dans C , soit c(D‘TD") :
(n(D")D' , n(D")D") > O . Utilisant que
Fqﬁst nul pour un diviseur F multiple
de la fibre, on obtient (E,F) =

111
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BT . - _ - 1o R
A [ @ 108 1l @ 10 il 1 el Q) - LN - 1) -
De 13 résulte que la forme ( , ) est symétrique semi-définie négative et que, si

X est connexe, son noyau est réduit aux multiples de la fibre spéciale.

3.7 Un diviseur compactifié E La construction E ~+(diviseur B, sur
est la donnée d'un diviseur B X , prolongement O(E) de O(EK)) iden-
sur X et d'une structure hermitienne tifie un diviseur sur XA a un diviseur

sur O(EG:) - Soit encore Ly := -log el . E, sur X muni d'un prolongement a
Deux diviseurs compactifiés E et F sont XA du faisceau inversible O(EK) sur

disjoints si Ly et Lg sont a supports X .
disjoints.

Si Eﬂ: =1 n, Pi . ia fonction réelle LE est C  hors des Pi , avec une
singularité en n, log zz en chaque Pi . Si d'd" est pris au sens des distribu-
tions, la forme de Chern FE de O(Em) est
F =;1Ti dd'iy + ) n, 691 .
Si E et F sont deux diviseurs compactifiés avec Eg et Fd: disjoints,
on définit leur nombre d'intersection par

-1 1
(E,F) Fm{ddLE'LF + LE[FE] + LF[EG:]

= IFO(E) clp ¢ Lg (RG]
(notation [ ] de 1.5.1). Ce produit d'intersection est caractérise par sa symér.tie,

son additivité, le fait qu'il est donné par IFELF pour F 3 support dans la fibre
spéciale et que (E,F) =0 pour E et F disjoints.

Analogue: Si les diviseurs E et F sur XA ne se coupent que sur la fibre
‘spéciale, le nombre d'intersection (E,F) est encore défini. Si F est & support

dans la fibre spéciale, on a
(E,F) = L F gy (€) - L(C) .
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4. Objets virtuels.

Dans ce paragraphe nous montrons comment attacher a chaque catégorie exacte
A([12] p91) la catégorie de ses objets virtuels V(A) . Cette catégorie est un
avatar, a la Grothendieck [9], des deux premiers étages de la tour de Postnikov
de 1'espace de lacets infinis de groupes d'homotopie les Ki(A) de Quillen.

4.1 Rappelons qu'une catégorie de Picard est une catégorie P , non vide, dont
toute fldche est un isomorphisme, munie d'un foncteur + : P x P> P et d'une
contrainte d'associativité pour + (Saavedra [15] I 1.1., Mac Lane [11]) et
telle que pour chaque objet P les foncteurs X+ P +X et X+ X + P soient
des autodquivalences de P . Ces axiomes impliquent 1'existence d'un objet unité
0 . (Saavedra [15] I 1.3), unique & isomorphisme unique prés, et que chaque objet
X admet un opposé: un objet -X muni d'un isomorphisme X + (-X)=* 0 . Un

tel objet est unique & isomorphisme unique prés.

Une catégorie de Picard commutative est une catégorie de Picard munie d'une

contrainte de commutativité compatible 3 la contrainte d'associativité (Saavedra
[15], I 1.2, Mac Lane [11]). Dans une telle catégorie, on sait définir la "somme"

d'une famille finie (Xi) d'objets, avec les propriétés habituelles. Mise

iel
en garde: pour X =Y , l'isomorphisme de symétrie X + Y > Y + X n'est en général
pas 1'identité. Ce n'est pas inquiétant: on a la méme chose pour la somme directe

d'espaces vectoriels.

Le foncteur X+ -X est muni de la donnée de compatibilité & + suivante:
1'isomorphisme (X +Y) + ((-X) + (-¥)) = X+ (X)) + (Y +(-¥))=0+0=0
fait de (-X) + (-Y) un opposé de X + Y . Cette donnée est compatible a 1'asso-
ciativité et 3 la commutativité. Le foncteur X+ -X est involutif: par symétrie
de + , 1'isomorphisme X + (-X) = O définit un isomorphisme (-X) + X =0 qui
fait de X 1'opposé de X : X —(-X) .

Mise en garde: lé diagramme

(4.1.1) ((=X) + X) + (X)

(-X) + (X + (X)
I I
0+ (X) ==(X) ==(X) +0

n'est en général pas commutatif. A cause de (4.1.1), il faut &tre prudent quand
on ecrit un isomorphisme par = et qu'on soumet ce = aux régles du calcul algébrique.
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Posons A - B := A + (-B) . D'un isomorphisme ¢ entre A et B + X, noté

A =3B+ X, on déduit par addition de (-X) aux deux membres un isomorphisme
A-X=B+X-X=B. Ajoutant X , on trouve un isomorphisme ¢Z:A=B+X
qui differe en général de 1l'original. Par la suite, nous attacherons en principe
3 un isomorphisme A - X = B 1'isomorphisme A = B + X qui lui donne naissance
par addition de (-X) .

Soit P une catégorie de Picard commutative. Nous noterons no( P) (resp
nl(P)) le groupe commutatif des classes d'isomorphie d'objets de P (resp le
groupe commutatif des automorphismes de 0) . Le foncteur Y+ X +Y , évalué
en Y =0, identifie nl(P) au groupe des automorphismes d'un quelconque objet
X de P . En particulier, chaque objet X définit e(X) € 'nl(P) :  1'automor-
phisme de symétrie de X + X . On vérifie que ¢ : TIO(P) > ﬂl(P) est additif.
Le défaut de commutativité du diagramme (4.1.1) ci-dessus est e(X) et les iso-
morphismes ¢, et g, ci-dessus différent par e(X) . Du point de vue de [9],
P correspond & un espace de lacets infini n'ayant que deux groupes d'homotopie
consécutifs non nuls et € est 1'action du générateur du groupe d'homotopie stable
n 8D =2/2) .

Exemple. La catégorie P des fibrés en droites gradués sur un schéma S , avec
la contrainte de commutativité donnée par la régle de Koszul. Les objets de P
s'identifient aux paires (a,L) , 2 un entier localement constant sur S (i.e.
a €r(S,2)) ,L un faisceau inversible. On a (a,L) + (b,M) = (a +b ,L 8 M)
et le morphisme de symétrie est &m+— (-l)ab mi . Ona m= r(s,2) x Pic(S),
m = I(s,0%) et e((a,1)) = (-1)® . L'objet O est (0,0) . L'opposé de A
dans P se notera A-l . Pour A = (a,L) , on 1'identifiera a (-a,Lv) par
la domnée de 1'isomorphisme évident

(-a,t¥) + (a,1) = (0, ¥ 8 1) = (0,0) ,
i.e.par (-1)® fois la donnée de 1'isomorphisme évident

(a,1) @ (-a,L")=> (0,0) .
4.2 Soit A une catégorie exacte. Pour définir les groupes K;A » Quillen [12]
construit une catégorie QA de mémes objets que A . En terme de la réalisation
géométrique BQA de QA ([12] §1) , munie du point base 0 definit par un objet

zéro 0 de A, la catégorie V(A) des objets virtuels de A admet la description
suivante:
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(a) un objet de V(A) est un lacet de point base O de BQA ;
(b) une fléche de N a Yy est une classe d'homotopie d'homomotopies de

1 a Y, (avec respect du point base).

La composition des lacets fait de V(A) une catégorie de Picard. La somme
directe dans A induit une opération ® dans QA et ® : BQA X BQA > BQA
fait de BQA un H-espace associatif et commutatif. De 15, une contrainte de
commtativité pour + : notant O le lacet trivial, on a un isomorphisme dans
V(A)

(4.2.1) Y 0Y2=(Y1+0)@(0+Y2)=(Y1®0)+(00Y2)=Y + Y,

1 1 2

et la commutativité de ® fournit la contrainte

(4.2.2) LIRS P PSR PR STl P A
Elle fait de V(A) une catégorie de Picard commutative, avec pour i =0, 1
ni(V(A)) = Ki(A) .

4.3 Voici une description plus algébrique de V(A) . Soit (A, is) la catégorie
d'objets ceux de 4 , et de fléches les isomorphismes de A . Pour P une catégo-
rie de Picard, considérons les foncteurs [ ]: (A , is) * P, munis de données

(a) (b) ci-dessous soumises aux axiomes (c) (d).

(a) (donnée d'additivitd) la donnde pour toute suite exacte courte | : A' +

A > A" (A' > A monomorphisme admissible, A > A" épimorphisme admissible) d'un
isomorphisme {z} : [A] - [A'] + [A"] , fonctoriel pour les isomorphismes de suites
exactes.

(b) pour les objets zéro de A , un isomorphisme [0] » O .

(¢) Soit ¢: A>B un isomorphismgf, et I la suite exacte 0 + A > B (resp

A >B~>0). Alors, [¢] (resp [¢p] ~) est le composé

[A]W {0] + [B] SN (8]

— —_
(resp  [B]77j™ [A] + [0] —5 (A1) .
(d) (associativité) Pour C muni d'une filtration admissible & trois crans:
C>B2A D0, le diagramme d'isomorphismes (a)
[C}] ————— [A] + [C/A]
v

12
[B] + [C/Bl— [A] + [B/A] + [C/B]
est commutatif.



116 P. DELIGNE

On notera que (c) détermine uniquement la donnée (b). Il nous sera souvent
commode d'omettre (b) et de modifier (c) en

(c') (compatibilité aux zéros) il existe une donnée (b) vérifiant (c).

Si la catégorie de Picard P est commutative, nous dirons qu'une donnée
d'additivité (a) est commutative, ou compatible 3 la commutativité si pour A =
A' ® A" , les suites exactes courtes I :A >A>A" et [': A">A~> A
donnent lieu a un triangle commutatif

[A'] + [A"]—————[2"] + [A"]
(4.3.1) {z} {z'}
[A' & A"]

Pour chaque catégorie de Picard P, les foncteurs [ ] : (A,is) + P munis
d'une donnée d'additivité {} vérifiant (c') (d) forment une catégorie. Un argu-
ment standard montre qu'il existe un systéme (P, [ ], { }) universel, noté
(™M , L1, {1}, tel que pour chaque P , cette catégorie de foncteurs [ ]
soit équivalente & celle des foncteurs additifs P™ P . Nous allons esquisser
la vérification de ce que la catégorie P niverselle est V(A) . La donnée
de commutativité de V(A) sera caracterisée par la compatiblité de [ ] i la
commutativité. :

4.4 Esquisse. Appelons groupoide de Picard indexe par un ensemble I la donnée
de

(a) pour x,y € I , une catégorie P, dont toute fldche soit un isomorphisme;

y’x
(b) Pour x,y,z €I , une composition °: P x P <> Pz < telle que tout P
9’ 3 -,
dans Pz v (resp Py x) le foncteur X+ PoX (resp X+ XoP) soit une équiva-
’ i
lence;

(c) une donnée d'associativité pour o (vérifiant 1'axiome du pentagone).

Soit Q ume catégorie. Considérons les groupoides de Picard P indexés
par Ob(Q) , mmis des données suivantes: (e) pour toute fléche ¢: x~>7y ,
[¢] dans P x est domné; (f) pour toute paire de fléches composables I =
(fpl s <Pz) , isomorphisme {}: [(pz o qu] = [Lp2] ° [(pl] est donné; on exige
qe pour trois fleches composables, le diagramme
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log ° g 9] = oz o9yl o Loy
lpgl © [0y o @11 = [9,] o [o,] o [¢,]

soit commutatif (compatibilité entre associativites).

Pour P un groupoide de Picard sur Ob(Q) , les données (e) verifiant (f)
forment une catégorie. Un argument standard assure 1'existence de (P“m , 01,
{ }) universel, i.e. tel que pour tout P la catégorie des foncteurs T compatibles
4 0 de P dans P soit équivalente par T+ T[ ] , a celle des donnes
(e) vérifiant (f). Notons II ce groupoide de Picard universel.

La description simpliciale de " et T, montre que pour tout objet g
de Q, ]'{q est la catégorie de Picard des lacets de point base q dans BQ

’
et des classes d'homotopie d'homotopies entre lacets.

Supposons donné un objet q de Q et, pour chaque objet x , une fléche
o« de q vers x . Pour tout systéme (P, [ ], { }) , les foncteurs [a 1.
U, [ax] identifient les P ) a vr q et il revient au méme (&quivalence
de 2-catégories)de se donner un systéme (P, [ ], { }) ou un systéme du type
suivant. Une catégorie de Picard P , munie de: (i) pour tout ¢: x*y , un
objet [¢] de P ; (ii) pour toute paire [= (9 » 9,) de morphismes composables,
un isomorphisme {]} : lo, ° <4>1]-;>[<92] ° [q;l] . Cette donnée est supposée compati-
ble a 1'associativité. Enfin (iii) des isomorphismes [ax] ~0.

Soient A une catégorie exacte et Q = Q(A) . Pour tout monomorphisme admis-
sible i : A+ B (resp épimorphisme admissible j : B * A) notons comme dans
[12] v, (resp j!) la fléche correspondante, dans Q(A) , de A dans B .

Pour (p. un isomorphisme, on écrit simplement ¢:= ¢, = (!p_]')! . Fixons un objet
zéro O et notons zy et z les morphismes ‘A>0 et O+A. Il restea

vérifier que pour Q = Q(A) muni de q :=0 et des @ := z)!( , une donnée (P,
(i) 2 (iii)) comme ci~dessus équivaut a une domée (P , (a)a(d)) comme en 4.3.
Rigoureusement, "vérifier" signifie "construire une équivalence de 2-catégories".

4.5 Soit (P, (i) a (iii)) . Pour tout objet A de A » posons [A] = [z;\! .

Pour tout isomorphisme ¢: A~>B, ona 9zy) =z, et cpzA‘;i = ZB La premiere
égalité fournit par (ii) un isomorphisme [¢]lz,] = [z,] et par (iii) un isomorphisme
[¢p] ~0 . La deuxiéme égalité fournit alors par (ii) vn isomorphisme encore noté ¢
de [A] avec [B]. On vérifie que cette construction définit un foncteur de (A,is)
dans P .
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Soit u: A+ B dans Q(A) , i.e.un isomorphisme de A avec un sous-quotient

BZ/BI de B. Pour i 1'inclusion de B1 dans B, le diagramme de Q(A)

: . B . . .
est commutatif, et i , z.l = z? . Ce diagramme fournit donc dans BQA une homotopie

1.

2 -1 !
du lacet (z]?) 1 u z; avec le lacet (z!l) z' , i.e un isomorphisme [u] = [B1

Si on remplace (B, , i) par (B}, i") représentant le meme sous-objet de B ,
et que ¢: B1 e Bi est 1'unique isomorphisme tel que i'¢ = i , on vérifie que
le diagramme

[ul
z X
] . (8;]

(3,

est commutatif. La construction u+— [u] est ainsi détem%née a isomorphisme
unique prés par le foncteur [ ] : (A,i8) *P. Pour u=12, : 0+B, ona
B = 0 et les isomorphismes (iii) proviennent d'un isomorphisme [0] ~ O .

Soit dans A une suite exacte courte admissible 1 :
Ac._i_.. B .__.J_;.> c.

Elle définit dans QA  un diagramme commutatif
.t
———ey B

c
]z‘f z! Ii!
0

—_—hA A

et i! z,A = z,B et j! z! = z]!3 De 13 une homotopie dans BQA entre les lacets
(z1)-1 zé et (z!A)-l z}\ (z(!:)-1 z.é , i.e.un isomorphisme {]} : [B] ~ [A] + [C] .
On vérifie que les conditions (c') (d) de 4.3 sont vérifides par P , le foncteur

A [A] et les isomorphismes {}}.

Réciproquanent, soit (P, [1,1{}) comeen4.3. Pour u: A+ B un
morphisme dans Q(A) , i.e un isomorphisme de A avec un sous-quotient BZ/Bl
de B, on pose [u] := [Bll . On dispose d'un isomorphisme [z?] =[0]l=0.
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Soit un morphisme compose

A—— p—"—¢
u (resp v) est un isomorphisme de A (resp B) avec un sous-quotient BZ/Bl
(resp C3/CO) de B (resp C) . Soit Ci 1'image inverse dans C,C C de Bic
B~ C3/C , de sorte que vu est 1'isomorphisme A-='->132/B1 ~—>C2/C1 . Ona [u] =
[51] , [vl = [CO] , [w] = [Cl] et la suite exacte courte 0> C. > C;>B >0
fournit un isomorphisme [vu] = [C,] = [C\] [B;] = [vl[u] . Les conditions de
(i) & (iii) sont vérifiées, et cette construction est inverse de la précédente.

4.6 Variante. On peut encore définir V(A) par le probléme universel suivant,
variante de celui considéré en 4.3. On veut une catégorie de Picard munie de

(a') 1la donnée pour tout objet A de A d'un objet [A] de P ; (b') la donnee
pour chaque suite exacte courte admissible £ : A'“—A—>A" d'un isomorphisme
{z} : Al » [A'] + [A"] , ces données satisfaisant & 1'axiome: (c') pour tout
diagramme commutatif

A< BC c'
\l
C
1\3'
AI
avec (A,B,C'),(B,C,A),(A,C, B') (etdonc (C', B',A')) des
suites exactes courtes admissibles, le diagramme

[Cl———— [A] + [B']

l

[B] + [A']——[A] + [C'] + [A']
est commutatif.

C'est apparemment plus simple que 4.3, mais il est périlleux de ne pas imposer
@ priori la fonctorialité pour les isomorphismes. Avec cette définition, il ne
serait pas évident d'emblée que des catégories équivalentes donnent lieu a des
icatégories d'objets virtuels équivalentes. On ne pourrait plus appliquer [ ]
3 un objet défini 3 un isomorphisme unique pres. C'est pourquoi dans (c') apparait
C' , non B/A,... . On vérifie toutefois que (a') - (c') equivaut a (a) - (d) :
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pour Z un objet zéro, on reconstitue (b) : [Z] » 0 en considérant la suite
exacte courte Z >Z +>2Z et pour ¢: A+ B un isomorphisme, on reconstitue
[¢] en considérant la suite exacte Z » A » B . On vérifie (a) - (d) .

4.7 Pour X muni d'une filtration admissible finie F , un usage itéré de 4.3
(a) fournit un isomorphisme dans V(A) : [X]—Z>Z[Gr?;.(x)] . Pour X muni d'une
bifiltration admissible, le diagramme

~

leed (01 (%] —=— JlGrk (0]

| |

i j i
E[Gr:F Gry, X1 E[GrG Grp (0:0])]

est commutatif. On le déduit par récurrence sur la longueur des filtrations du
lemme suivant

Lemme 4.8 Soit un diagramme commutatif & lignes et colonnes des suites exactes

courtes admissibles

N

PRS-

o ot ol 7o N
'SY;

/)
<

n
e S e ameie ™

Le diagramme
Ly [X) I1x,]
3 i
i) L)

est commutatif.

Preuve: Si xi = X% =0,ona X-= X; @ )é et le lemme se réduit & (4.3.1).
Dans le cas genéral, il s'agit de comparer les isomorphismes de [X] avec la

somme des [Xg] definis par les filtrations

1 1 1

(=4
X1CX X"’chx et

x%cxlcxléxlcx,
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de quotients successifs les xg . Ces filtrations commengant toutes deux par
xi =X NX et finissant par Xl + x1 , on se raméne au méme probléme pour
X

+X1/X1n}(1 , i.e au cas ou X%=X%=0 .

4,9 Pour A dans A, soitu le morphisme diagonal de A dans A® A, et v:
(a,b)—>a-b de A®A dans A . La suite O*AQAGAXA*O est exacte
admissible et 1'automorphisme de symétrie de A ® A induit 1'identité (resp
-1) sur le sous-objet (resp le quotient) A de A® A . On en déduit que
e(A) est défini par 1'automorphisme de [A] induit par -1 .

4.10 La catégorie dérivée Db(A) est le quotient de la catégorie triangulée

des complexes bornés 3 homotopie prés KP(A) par la sous-catégorie épaisse des
complexes acycliques. Si P est une catégorie de Picard commutative, munie de
[]: (A,is) » P vérifiant 4.3 (a) & (d) et (4.3.1), les arguments de [10]
fournissent une extension encore notée [ ] de Db(A) dans P . Le cas universel
fournit

[1: (Db(A) , is) —— V(4)

4.11 Un foncteur exact T: A > B induit T: QA » QB . La définition topologique
de V(A) (4.2) fournit donc T: V(A) + V(B) . En termes catégoriques, [ ] o

T : (A,is) » V(B) est muni de données 4.3 (a) & (d), donc défini un morphisme

de catégories de Picard V(A) » V(B) . Ce morphisme induit les morphismes définis
par T: K,(A) = m(V(A)) » K;(B) = m,(V(B)) pour i=0,1. Enparticulier,

si T induit des isomorphismes Ki(A) - Ki(B) pour i=0,1, T induit une
équivalence V(A) » V(B) .

Une catégorie exacte et sa duale ont meme catégorie Q , donc memes catégories
d'objets virtuels. En termes catégoriques: un foncteur exact contravariant
T: A~ B définit encore T: (A,is) » V(B) muni de donnée (4.3 (c) a (£f), d'ou
encore T: V(A) »V(B) . Pour u: X+ Y un isomorphisme, Tu: [TX] » [TY]
est [Tu—ll .

Un foncteur biexact ®: A x B+ C définit
V(A) x V(B) » V(C) ,
distributif par rapport 4 + . On prendra garde a la trappe suivante.

(a) Soit 8: Py XPy>P un foncteur distributif par rapport & + entre catégories

de Picard commutative. Par définition, celd signifie que, 3 X ou Y fixe,
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X @Y est un morphisme de catégories de Picard commtatives, et que tout diagramme

in e Y.

5 Ix @ ZYj)

Idx; e Yj)———i%j X @Y,

est commutatif.

Si -Y est l'opposé de Y , 1'isomorphisme
XY +X8-Y=X@(Y+-Y)=X80=0

fait de X8 -Y l'opposé de X 8Y: X® (-Y)— ~(X 0 Y) . De méme, (-X) %
Y=/ -(X9Y).

(b) Le diagramme

(-X) 8 (Y)— -((-X) 8 Y)
2

(X8 (-Y))—)/ ——-(X8Y) =X08Y

n'est en général pas commutatif. Son défaut de commutativité est (X 8 Y) .
La vérification est laissée au lecteur.

4,12 Comme illustré par 4.11, les fonctorialités connues pour les K, fournissent
en général -avec la méme construction- une fonctorialité pour les catégories d'objets
virtuels.

Pour S un schéma, soit Vect(S) 1la catégorie exacte des fibrés vectoriels
sur S . Pour S noethérien, soit Coh(S) la catégorie abélienne des faisceaux
cohérents sur S . On pose K(S) = V(Vect(S)) et K'(S) = V(Coh(S)) . Le résultat
analogue pour les Ki ([12] 7.1) montre que K(S) * K'(S) est une équivalence
pour S régulier (et séparé). De méme, si f: X > S est un morphisme lisse,
ou simplement a fibres réguliéres, et que X est quasi-projectif, la catégorie
des faisceaux cohérents sur X plats sur S (ou simplement de Tor-dimension
finie sur S) donne lieu aux memes groupes K , et aux memes objets virtuels,
que Vect(S) .

Un morphisme de schémas f: X > S définit f*: K(S) *K(X) . Si f est
propre et plat et X quasi-projectif, il definit aussi f,: K(X) > K(S) . Si
Vect'(X) est la catégorie exacte des fibrés vectoriels sur X avec Rif*V =0
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pour i > O, il résulte en effet du dual de [12] §4 cor.3 que Ki(Vect’(S))—->
Ki(Vect(S)) . Le foncteur f, induit un foncteur exact de Vect'(X) dans Vect(S)
et on définit f, comme le composé

K(X) = V(Vect (X)) V(Vect'(X)) —5 V(Vect(s)) = K(S)

(cf [12] 7.2.7).

4.13 Exemple Soit X un schéma. Lerang rg(V) d'un fibré vectoriel V sur

X est un entier localement constant sur X , i.e.une section de TI(X,Z) . Le
déterminant det(V) de V est le fibré en droites gradué puissance extérieure
maximale de V , en degré rg(V) , i.e, avec les notations de4.l (exemple), det(V)
= (rg(V) , %V V) . Pour chaque suite exacte courte

Vie——V—HV" ,
on dispose d'un isomorphisme
det(V') 8 det(V")—— det(V) :

localement, pour (e}) (1 <{i¢n) unebasede V' et (ef) (1¢1ig¢m une
base de V", avec e relevé en g'i' dans V" ,

...Ae! AL A" )b el AL AR A BTAL.. AS" .
(eiA Aen) 2] (e1 Aem) elA en/\ elA /\em

Les conditions de 4.3 sont vérifiées. La propriété universelle de K(X) = Vect(X))
assure donc une factorisation de det par un foncteur, encore noté det , de

K(X) dans la catégorie de Picard P des fibrés en droites gradués. Si U =

v' ® y" , les suites exactes (' VU—y" et ">y —>y' donnent lieu a

un triangle commutatif

det(V') ® det(v") — 28 4ot (1) @ det(v')

det (V)
Le foncteur det est donc compatible 3 la commutativite: C'est ce qui justifie
de définir la contrainte de commutativité de P par la regle de Koszul.

Si X est le spectre d'un anneau local A , ona Ky(A) =Z et Kl(A) =
A* . Tl en résulte que dans ce cas det K(X) * P est une equivalence.

Si X est régulier, le foncteur K(X) > K'(X) est une équivalence (4.12).
De 13, une extension du foncteur det de Vect(X) a Coh(X) :
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Coh(X) — K'(X) «—K(X)— P
Plus généralement, sur X quelconque, on dispose ([10]) d'une extension de det
3 la sous-catégorie D, ¢(X) de la catégorie dérivée D(X,0) : complexes bornés,
de tor dimension finie et d'e=-présentation finie (= sur X noethérien: a coho-
mologie cohérente).
4.14 1la catégorie de Picard P des fibrés en droites g:adués est un quotient
de 1a catégorie de Picard des fibrés virtuels, et les foncteurs ® et dual passent
au quotient. Pour le dual, on définit le foncteur dual par

(nyLv) )

dual (n,L)
avec la compatibilité évidente & la somme

dual (A + B) = dual (A) + dual (B) .
Pour U un fibré vectoriel, 1'isomorphisme

det(yY) = dual (det(V))

est défini par la condition que des bases duales locales STEREETICH et el' seees

er'1 de v et ¢V définissent des bases duales elA Aen et ei/\ Aer'l

de Rv et AvY . Pour toute suite exacte ye— y—=" de suite exacte transposée
V'V VV— V'V | le diagramme

det(VV) —— det(v"Y) ® det(V'Y) —— det(v'V) ® det(v")

dual det(V) - dual (det v' © det v") - dual det(y') @ dual det(y")
(o en premiére ligne apparait Koszul) est commutatif.
Pour le produit tensoriel, on pose

8b CTY

(a,L) 8 (b,M = (ab ,L O M ),

on définit det(V) @ det(W) ——det(V 8 W) par
(A eee ea)ﬁb 8 (£A... Afb)eé—" A des e; ® fj en ordre lexicographique.

I1 faut alors définir

1]

A8 (B+C) ~ABB+ABC
par 1'isomorphisme évident,

(A+B)8C=A8C+BOC
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avec wn signe (-DY , N=ab SEL et
A8B-B@A
avec un sige (-, y = 2L DL
Les foncteurs A passent aussi au quotient.

Pour K dans la catégorie dérivée, de tor-dimension finie et de dual kY,
on a encore

det(”) = dual det(K) .
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5. Fibrés métriques virtuels.

5.1 Soit X un schéma lisse de type fini sur € . Pour abréger, on appellera
métrigue sur un fibré vectoriel V sur X une structure hermitienne sur V .

On se propose de définir la catégorie KM(X) des fibrés métriques virtuels sur
X . Trois définitions, avant d'énoncer ses propriétés essentielles. On notera

K(X) la catégorie des objets virtuels de la catégorie exacte des fibrés vectoriels
sur X . On notera M(X) la somme sur p des groupes
W& := {(p-1 , p-1) - forme réelle sur X}
{celles dans Im(d') + Im(d")]
La fibre d'un morphisme de catégories de Picard commutatives f: A + B est la
catégorie des objets de A munis d'un isomorphisme f(a) ~0 . Si f est fidéle,

les objets de cette catégorie fibre n'ont pas d'automorphismes non triviaux et
onappelle encore fibre le groupe des classes d'isomorphie d'objets de la catégorie
fibre.

(i) On veut disposer d'un foncteur d'oubli
w: KMX) » KX)

(un morphisme de catégories de Picard commutatives) fidéle, surjectif sur les
classes d'isomorphie d'objets et de fibre M(X) .

La donnée de KM(X) muni d'un tel foncteur d'oubli équivaut a celle d'un
morphisme u de catégorie de Picard commutative de K(X) dans la catégorie de
Picard commutative des M(X)-torseurs. Voici comment. Etant donnés KM(X) et
w, on attache & x dans K(X) 1l'ensemble u(x) des classes d'isomorphie d'objets
v de KM(X) , munis d'un isomorphisme w(v) ~x . C'est un M(X)-torseur. Réci-
proguement, si u est donné, on définit un objet de KM(X) comme étant une paire
(x,g) d'un objet x de K(X) et d'une métrique virtuelle ge u(x) sur x .

Vu la définition de K(X) comme solution d'un probléme universel, il suffit,
pour construire u , d'attacher a chaque fibré vectoriel V sur X un M(X)-
torseur W(V) , et de construire pour u des isomorphismes 4.3 (a) obéissant
au formalisme de 4.3.
(ii) Un fibré métrique (V,g) doit définir un fibré métrique virtuel [V,g]
avec w({V,gl) = [V] . En d'autre termes, une métrique g sur V doit définir
une métrique virtuelle [g] sur [V] . Si V est une somme directe: V = V' + V"
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ona (V] = [V'1+ [Vv"] , w(IV]) = w([V']) + u([V"]) et la métrique virtuelle
définie par g , somme directe orthogonale de g' et g", doit étre la somme
de [g'] et [g"] .

(iii) Un fibré métrique virtuel v doit définir une forme de Chern ch(v) ,
avec les propriétés suivantes.

(a) ch([v,gl) = ch(V,g) ,

avec au second membre la forme définie par [4] représentant la classe de cohomo-
logie ch(V) (caractére de Chern).

(b) ch(v1 + v2) = ch(vl) + ch(vz) .
(¢) Pour v muni de w(v) ~O0 , défini par a € M(X) ,
- L g

ch(v) = T d'd"a
5.2 Une théorie 5.1 equivaut A une théorie secondaire a la Chern Bott [4]. Expli-
quons ce qui est requis.

Supposons donnée une théorie 5.1. Si g et h sont deux métriques sur

un fibré V , par (II), elles définissent [g] et ([h] dans w([V]) . Définissons
8(g ; h) €M(X) par
(5.2.1) [g] = [h] + &(g ; h) dans u([V]) .

Si V est extensionde V" par V' etque g, g' ,g" sont des métriques
sur V, V' et V', définissons $(g; g' , 8") € M(X) par

(5.2.2) lg] = [g'] + [g"] + (g ; g, g") dans w([V]) .
On a

(5.2.3) S(gy 5 8y) +8(gy 5 8y) = 8(g; 5 &)

(5.2.4) gy 5 8 » 8)) ~ 98y 5 8y » 8)) =

8(gy 3 gz) - 8(g; s gy) - 8(g » &)

(5.2.5) Soient V=V, 2 VPV, DV = {0} et g(i,j) une métrique sur

Vi/Vj (i1<j). Ona
8(g(0,3) ; 8(0,2) , g(2,3)) + 8(g(0,2) ; g(0,1) , g(1,2))
= 8(g(0,3) ; g(0,1) , g(1,3)) + 8(g(1,3) ; 8(1,2) , g(2,3))
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(les deux membres valant [g(0,3)] - [g(0,1)] - [g(1,2)] - [&(2,3)])
(5.2.6) pour V=V @V,
&g' ®g" ;8 ,8)=0
(5.2.7) ch(V,g) = ch(V,h) + 7or d'd" &(g,h)
(5.2.8) ch(V,g) = ch(V',g') + ch(V",g") + E}I—id‘d“ &g 5 8'»8") -
Réciproquement, des fonctions § vérifiant (5.2.3) a (5.2.8) fournissent
une théorie 5.1. Pour V un fibré vectoriel, on définit w(V) comme étant le
M(X)-torseur, unique 3 isomorphisme unique prés, muni de
{métriques sur V}———[—l—> wv)
vérifiant (5.2.1). L'existance est garantie par (5.2.3).
Pour V extension de V' par V', on définit
') + (V) —— u(v)

comme étant 1'unique isomorphisme pour lequel (5.2.2) est vrai. L'existence est
garantie par (5.2.4). Que ces isomorphismes obéissent au formalisme 4.2 résulte
de (5.2.5) et (5.2.6) pour V' =0 ou V' =0 . Le foncteur u fournit donc

u: K(X)—— (torseurs sous M(X)) ,
compatible 4 la commutativité grace a (5.2.6). Comme expliqué en 5.1, la donnée
de u équivaut 3 celle de KM(X) , munie de w .

Le groupe KMO(X) des classes d'isomorphie d'objets dans KM(X) est engendré
par les (V,y) , V fibré vectoriel et Y ¢ u(V) , avec les relations suivantes:

(a) (V,Y) - (V,Y') ne dépend que de Y - Y' dans M(X) ; (b) pour V extension
de V' par V', si &(g; g',8") =0, alors (V,[g]) = (V',[g']) + v, [g"]) .
Les conditions (5.2.7) (5.2.8) équivalent donc & 1'existence de

ch: KMO(X)————> formes
vérifiant 5.1 (iii).
5.3 Supposons données des fonctions & comme en 5.2, donc une théorie 5.1.
Le facteur direct Ml(X) de M(X) est le groupe additif des fonctions réelles

sur X et, par passage au quotient par p?l Mp(x) , le foncteur u fournit un
foncteur § de K(X) dans les M (X)-torseurs. Pour tout x dans K(X) , soit
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v(x) 1'ensemble des métriques sur le fibré en droite det(x) . On en fait un
(X)-torseur en définissant la métrique h +a (a€ Ml(x)) par
||sl|h+a = ”Sllh . exp(a) ,
ou || || désigne la longueur carrée. Les conditions suivantes (5.3.1) (5.3.2)
sur & assurent 1'existence d'un unique isomorphisme u —wv (un isomorphisme
de morphismes de catégories de Picard) qui, pour g une métrique sur un fibré
V, envoie [g] e w([V]) sur la métrique de det(V) = det[V] déduite de g .

(5.3.1) I Nger g / I Nger n = expC6’(&,h))

(5.3.2) Si V est extension de V' par V' et que la métrique g sur V
induit g' sur V' et a pour quotient g" sur V', ona

1

§(g; 8,8 =0.

Pour V un fibré vectoriel, (5.3.1) assure l'existence d'un (unique) isomor-
phisme de M(X)-torseurs u ([V]) » v([V]) qui & [g] associe la métrique de
det(V) définie par g . La condition (5.3.2) assure que les données 4.2 coincident
pour -;I et v .

Dit avec moins de précision: si (5.3.1) (5.3.2) sont vérifiés, une métrique

virtuelle sur x définit une métrique sur det(x) . La premiére classe de Chern
est respectée.

Remarque 5.4 Soient mo(x) le groupe des classes d'isomorphie d'objets de

KM(X) - et KMl(X) le groupe des automorphismes d'un quelconque objet. Que le
foncteur d'oubli: KM(X) + K(X) soit fidéle, surjectif sur les classes d'isomorphie
d'objets et de fibre M(X) fournit une suite exacte

(5.4.1) 0+ K (X) » K (0 % MX) » W(X) » Ky(X) * 0 . La définition de la
fléche 3 est qu'un automorphisme u € KI(X) d'un objet se transforme une métrique
virtuelle y en vy + 3u . L'existence de ch sur KMO(X) assure que la fléche -
9 est 3 valeurs dans le noyau de d'd" .

Cette suite exacte suggére que KM(X) est une version tronquée d'une catégorie
_@(X) s'envoyant dans K(X) par un foncteur d'oubli non fiddle.

Soit AP 1le complexe de composantes les Allz :={(2p - k - 2)-formes réelles
sur X , modulo celles dans F° ® TP} , avec pour différentielles d , et soit
Mk(x) la somme des Mi(x) 1= Hk(Ap) . Il devrait exister des groupes ﬁ4i(X)
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donnant lieu 3 une suite exacte longue
(5.4.2) MK SR > KO >,

et KM(X) aurait pour groupe de classes d'isomorphie d'objets KM,(X) = RM (X) ,
pour groupe des automorphismes de O 1'extension Eml(x) de KMl(X) .

5.5 Une théorie de classes de Chern secondaires vérifiant (5.2.3) a (5.2.8) et
(5.3.1) (5.3.2) est contenue, pour 1l'essentiel, dans [4]. Une variante de 1'approche
de [4] m'a été signalée par C. Soule.

Expliquons comment définir 6&(g ; h) vérifiant (5.2.3) .

Rappelons la définition de ch(V,g) . Soit VYV =V' 4+ V" ¥' . y-=> s21’()(V) ,
V" : V> Q (V) la connection métrique de V (Vg =0, V" =3") . Elle se grolonge
“en Vi QFx(V) > Qk*(V) vérifiant V(ax) = da.x * oVx (% = (_l)dega) et V
est un endomorphisme Q**-linéaire de Q**(V) , la multiplication par une 2-forme
K de type (1,1) 3 valeurs dans End(V) . On a
ch(V,g) = Tr exp (% K) .

Supposons que g dépende de t € T . Ci-dessous, T sera une variété diffé-
rentiable, mais il serait plus naturel de se placer dans le cas universel ou
T est 1l'espace des structures hermitiennes sur V . La donnée de g(t) est
cdled'une structure hermitienne sur 1'image inverse per de V sur XxT.
Le complexe de de Rham de X x T est trigradué: nombre de dz , de dz et
de dt , et la différentielle extérieure se décompose en d =d' + d" +
les chp(V,g(t)) dans szp’p(x) fournissent une forme de type (p,p,0) , notée
chP(v,g) , sur X x T .

Nous allons construire (cf [4]) une forme réelle AP , de type (p-1, p-1,
1) , telle que
dp chP(v,g) = 5i-d'dr AP
et une forme BP , de type (p-2 , p-1, 2) telle que
d,r AP = q'pP + complexe conjugué .

Ces formes sont de formation compatible & tout changement d'espace de paramétres

T1 + T . Pour ch un chemin de t ET & t € T , correspondant a des métriques

g(0) et g(l) sur V, on pose

(5.5.1) Pg1) , g(0)) := J AP
ch
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Si chl et ch2 sont deux chemins de g(0) & g(1) et que chl - ch0 est

le bord d'un cycle H, on a
1 AP - I 2Ap =d'[ 2P + complexe conjugué
'ch ch H
L'espace de toutes les formes hermitiennes sur V étant contractile, (5.5.1)
définit sans ambiguité 6P(g(1) , g(0)) € WP(X) .

5.6 Pour chaque valeur de t , on dispose de la commnection métrique V de V.
Les composantes V' et V' de V se prolongent en V' et V' : s‘z***(prIV) >
Q***(prifv) , de type (1,0,0) et (0,1,0) , vérifiant V'(ax) = d'a.x £ aV'x
et V'(ax) = d"a.x * aWx (&= (_1)dega) . On dispose aussi d'une connection
d1 "dans la direction T" : pri‘V > QOOl(per) exprimant que prIV est une image
inverse: d; prf(v) =0 . Soit d2 la connection "dans le sens de T" caractérisée
par
dT(V,w) = (dlv,w) + (v,dzw) .

La métrique identifie priV 3 prié (antidual de V) , et d, correspond au

de l'antidual. Les di se prolongent en cli t QkER(V) > Qik(V)  avec
di(ax) = cht.x * a.dix . Soit L := d2 - d1 . C'est un endomorphisme (au sens
Z/2-gradué) du **-module Q¥**(V) , défini par une (0,0,1)-forme & valeurs
dans End(V) . '

On a, les [ ] étant pris au sens Z/2-gradué

vlevlad=d el q)=1v, 4,0 =0

Soit L 1'algdbre de Lie (au sens 2/2-gradué) librement engendrée par des éléments
impairs V' , V', , d, soumis aux relations précédentes: [V' , V'] = [V |
vl=1q d1] =14, , 4] = [v", d1] = [v', dzl =0 . Elle est trigraduée,

les générateurs étant de degrés respectifs (1,0,0) (0,1,0) et (0,0,1) pour 4

et d, . Elle admet pour quotient 1'algébre de Lie (Z/2-graduée) commutative

de base d' , 4", dT (avec V'b—>d' , V"F— 4" , dil--> tLr) . Soit

L = Ker (Lo-—> L', q", dT)) .

Pour toute situation (X ,V, T, g sur X xT) comme ci-dessus, Lo
agit sur Q¥**(V) et L agit par endomorphismes Q***-linfaires (au sens Z/2-
gradué): on dispose d'un morphisme de Lie

L ——r Q¥**(End(V)) .
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Soit P une forme invariante de degié k sur g ol  n- est le rang de
V. Soit &p la forme linéaire sur Sym g, telle que P(x) = lp(xk) . Etant
invariante, &p définit une section du dual de Symk End(V) . Les puissances
symétriques étant prises au sens Z/2-gradué, on en déduit

c(p, ) : Symk(L)—-» Q***(Symk EndV) —— Q¥**
Par invariance, c(P, ) est nul sur [L , Symk(L)] . L'actionde Ly sur L
induit une action de Ly sur Symk(L)/[L , Sym L ] . Cette action se factorise
par LOIL ="', d, d> . Le morphisme

k

cp ¢ Sym(L)/IL, yka ] ik

commite & d' , d" et dy - C'est un morphisme de tricomplexes. Les formes que

nous considérons sont dans 1'image de cp et les calculs essentiels se feront

dans Symk(L)/[L . Syka ] , indépendamment de P .
Soit V =V' 4+ V", Soit dans L
K= = §[0,7] = [v',7"] ,

de type (1,1,0) . Ona [7,7°] =0 (Bianchi) et donc [V',K] = [v",K] =0 .
Soit

L:=d, - dl s
dans L, de type (0,0,1) . Soit dj =’%(d; +d)) . Ona
[ L) = %ldy +d) , dy - )] = %14, , 4,] - [, , 1) =0
ldgKl = -(1v',v"] , dg] = =[v* , [v",4,1] = [v* . [v' , ;1]
C-(v', [v*,Li] + [V, [v',L])
puisque d0=d1+‘1L=d2-55L.

Dans la sotm;e des Symk(L)/[L s Syka 1, on a donc

dTepr= [d. , expK] =epr.[do,K]
%(-adv' adv" + adv" adv') (expK.L)

-d'd" (expK.L)
dT(epr.L) o= [do , expk.L] = exp K.[dO,K].L
exp K. %[-adv' adv" + adv" adv')(L).L

% {-adV'(exp K.[V",L].L) + exp K.[V",L][V',L]
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+adV"(exp K.[V',L].L) - exp K.[V',L][V",L]
=% {-d'(exp K.[V",L].L) + d"(exp K.[V',L].L)}
Pour Py la forme invariante de degr® k Tt(xk) ,ona

- k .k
c(P, » exp K) := c(Pk , 'E!) = (-2mi)" ch (V,g) ,
d'ou
chk(v ) = L grg c(P, exp(—i K).L) et
dr 28) = Jmi k'’ 2

dple(B, , e K).L) = § g d'(e(®, , exp( ok K).[7,L].1)

+ complexe conjugué.
Ceci fournit les formes AP et BP de 5.5.

Remarque 5.7 La construction 5.6 ne dépend pas des propriétés particuliéres de
ch(Vv,g) . Pour toute forme invariante P , si cP(V,g) est la forme P(-z—:% K)
correspondante, elle fournit cSP.(g,h) vérifiant

= Logigr
cp(Vs8) = cp(V;h) = 52=d'd” 8,(g,h) .

peg - Sp v O ot

(5.7.1) ém(g’h) = CP(Vnh) GQ(g,h) + 6P(g’h) ‘Cq(v:g) .

Ona ¢

Noter que dans M(X) , on a
L ogges = L ggv .
(5.7.2) GP . d'd 5Q T d‘d GP . 5Q :
ceci assure la symétrie en P et Q du membre de droite.
Pour la forme de Chern
- (==L
ch(V,g) = Tr exp’ (377 K,
8(g,h) est domné par intégration de
- =L
oi exp et le produit sont pris au sens de la composition dans M(V) .
Remarque 5.9 Pour la somme de deux fibrés, on a
ch(v; 8V, , g ©8,) =ch(V; , g) +ch(V, , g) et
G910 g 0, , b 0h) = &g h)+ &, by
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Pour le produit tensoriel, on a
, ) ch(V1 8 V2 8 8 82) = Ch(Vl ’ 81)- Ch(Vz » 82) et
5.9.2 _
8(g; "] g, h1 ] hz) = ch(V, , lﬁ) ds(g2 s hz)
+8(g; » b)) ch(V, , g))
(cf 5.7.2 pour la symétrie en v, et V).

Sur le fibré en droite trivial @ , soit 1 (resp u.l) la métrique pour laquelle
|l1]] vaut 1 (resp la constante u) . On a

(5.9.3) §(u.1,1) = logu .

Tensorisant (V,g) avec 0 muni de ces métriques, on déduit de (5.9.2) (5.9.3)
que pour une constante u ,

(5.9.4) §(ug,g) = ch(V,g) log(u) .

Noter que ch(V,ug) = ch(V,g) , que, comme il se doit, d'd"é§(ug,g) = O mais que
§(ug,g) est en général non nul.

Remarque 5.10 On vérifie facilement que dans 1l'algébre de Lie L , les éléments
de T-degré O sont réduits aux multiples de K . Dans le tricomplexe

symS/IL 5 sym'L 1,

seul Kk est donc de T-degré O . On peut montrer que pour £ > 0 , la partie
de T-degré % est d' et d"-acyclique. Pour % =1, il en résulte que la
formule donnée pour §8(g,h) est essentiellement unique.

5.11 Expliquons comment définir &(g ; g',g") (cf 5.2). Si on impose (5.2.4),
il suffit de traiter le cas ou la métrique g sur V induit la métrique g’
sur V' et a pour quotient g" sur V' . Pour g' et g" ainsi choisis, posons
8(g) := 8(g ; &',8") .
La condition (5.2.4) se réduit a
'G(gl) - 8(gy) = s(g) 5 8,) - 6(g) ; 83) - 8(g] ; 85)
et (5.2.6) & ce que pour une somme directe orthogonale, 8(g) =0 .

Soient A € €, V, 1le pull-back de l'extension V par A VTS W”

v v v 0
| Jot0) Ix
0 \'a \4 v 0
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et V')" 1'image inverse par o(A) de 1l'orthogonal V' de V' dans V . Notons 8,
la métrique sur V)‘ , induisant 8' et . 8" sur V' et V' et pour laquelle \7'}: est
1'orthogonal de Vl . Pour =0, o0na (Vo,go) =(V',g') & (V",g") . Ceci améne
2 postuler que 8(g,) >0 pour A>0 . Pour X #0, o(A) est un isomorphisme.
Soit g()) la mitrique o(A)(g,) sur V. Ona 8(g,) =6(g(1)) . la formule (5.11.1)
pour h=g() , donc h'=g' et h"= H).”-lg“ , impose
6(2) = Lin §(8,80) - 8" , A7
A0

= lim 6(8,8(2)) - log [|A|| ch(v",g")
A0

(appliquer (5.9.4)). Montrons qu'une telle limite existe.

les g(\) forment une famille paramétrée par * de métriques sur V .
En terme de la décomposition, comme fibré C ,de V en V' Vv evv,
ona g(A) =g'® ||)\||—1g" . Notant pr" 1la projection sur V" , on calcule
que la 1l-forme L 3 valeurs dans End prl*V , sur X x T* , est

L = -d log ||A]| . pr"
Calculons la courbure K, de (Vk s gx) . En terme de la décomposition,
.l ~ ~

comme fibre' C , de V, emn VVOVI—V V" ,ona g =g @g",etla
connection V)‘ =V! + V' est

A
(a" A.a) (v' o)
* "\o a v T\Fer v

o1

ot « dans £ Hom(V',V') détermine la classe d'extension de V . De 1i, notant
K' et K" les courbures de (V',g') et (V',g") et V la connection de Hom(V",
Vl) ’
K' = [|A]joa* AV (a)
K)\ =\ -
VA )] K" ~[|A] a*a
Pour X # 0, la courbure K(1) de (Vx,g)‘) est 1l'image par o(A) de
et 8(g()) , g) se déduit donc par intégrationde 1 & A de

Tr(-exp(zr K(V) . d log [IA]|.pr")

Ky

= Tr(-exp(z K- pr”) -d log 1Al

La quantité & intégrer est le produit par d 12% [IA]] d'un polynome en ||A||

dont le terme constant est la trace de -exp T K") . A cause de ce terme constant,
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1'intégrale diverge pour A + O , avec une divergence en -log ||A] . ch(V",g") .
La limite qui doit définir &(g) existe donc, et

(5.11.3) 8(g) = I (Tr(exp( K Jpr") - I‘r(exp( K"))) . dlog ||A]l .

Plus précisément, nous définissons ¢&(g) par (5.11.3). L'espace M(X)
(un quotient) n'étant pas nécessairement séparé, la définition par passage a la
limite n'a en effet qu'une valeur heuristique.

5.12 Pour vérifier les propriétés (5.2), il est plus commode d'utiliser une autre
construction des fonctions & qui m'a été signalée par C. Soulé. L'idée est

la suivante. Pour tout schéma lisse X , X et son produit X x A1 avec la droite
affine ont mémes I(i . Ce fait, pour i = 0,1 , implique que le foncteur

pr’l“ ¢ K(X)=—— KX x Al)

est une équivalence. Les foncteurs s*: K(X x Al) + K(X) pour s une section
de X x A1/X sont donc tous naturellement isomorphes. En particulier, pour

V un fibré vectoriel sur X x A1 , les [s*V] sont naturellement isomorphes.
Soient i, et i; les sections X » X x {0} et X+>Xx {1} , et Vo= iV,

V1=1fV.

Supposons provisoirement qu'un formalisme 5.1 est donné. Si g; est ume
métrique sur V; , les [g;] sont des métriques virtuelles sur [V ]= [V 1,
et [go] - [gll € M(X) est défini. C. Soulé propose que, lorsque V est prolonge
en un fibré encore noté V sur X « Bt » [ggl - [gI] est donné par la formule
suivante. On choisit une. metrlque g sur V suyi' X xP" , induisant & et
8 - d'ol une forme de Chern ch(V,g) sur X xP J.nduisant ch(V, go) et
ch(V,gl) sur X x {0} et X x {1} - et

(5.12.1) [gO] - [gll = -Ix P ch(v,g). log(||zl||/|lz-1]])
X
Notons D(g0 gl) le membre de dron:e. L'identité sur IPl
2_111 d'd" log(||z]|/||z-1|]) = &(0) - &(1)
assure que ‘
(5.12.2) . ch(V, , g) - ch(V, , g) = 7r d'd" Dlg; » &) -

Soit W un fibré sur X et prenons V=prfW. Ona V,=V, =V et
V définit 1'isomorphisme identique de [V0] = [W] avec [V1] =Wl . Ssi &

et g sont deux métriques sur W , et que la métrique g sur pri¥ sur X xP
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induit g, sur X x {0} et g sur X x {1} , ce qui précéde améne C. Soulé
3 prendre comme fonction 8(gy 5 gl) de 5.2 la fonction
(5.12.3)  D(gy; &) := -[ 1, h(V,g) . logCllzlI/llz-1])) -

XxP /X
Soit W un fibré sur X extension de W' par W' . Les W, (comme en

5.9) sont les restrictions aux X x {A} d'un fibré V sur X xAl . ona Vo =

WeW ,V, =W e V définit 1'isomorphisme naturel

W= [W' @ W] = [W] + [W] .
En dehors de la section O , les % de 5.9 fournissent un isomorphisme ¢ de
V avec pri' W . Nous noterons encore V le prolongement de V & X xP~ auquel
o se prolonge. Si s: 0(-¥x{0}) » 0 est 1'inclusion naturelle, V est défini

par le diagramme cartésien

0 pr*w' pr*w pr*u” 0
I | s
0 — pr' —— V— pr*W" @ o(-xx{0}) —— 0
Si une métrique g sur V induit des métriques g sSur V, =W et g, @
gy Sur vy = W' ® W' , ceci améne C. Soulé 3 prendre comme fonction (g g(') ,
") de (5.2) la fonction
(12.0)  Dlgy i g . &) | en(v,g) . Log(lzll/||z-1]D) -
. A X
D'aprés (5.12.1), les exigences (5.2.7) et (5.2.8) sont remplies.
Les définitions de D(g, » g) (5.12.1) et (5.12.3) (5.12.4) dépendent d'une
métrique g interpolant des métriques données au-dessus de X x {0} et X x
{1} . si on change g , on modifie ch(V,g) par un d'd"a , ol « a une restriction
nulle 3 X x {0} et X x {1} (utiliser 5.5, ou (5.12.1), avec X remplacé par
X x ]Pl). Dans 1'identité
Jd'd"a. log(|lz||/||z-11]) = d‘[ d"a. log(]|z||/|lz-1])
w [a. @togCllzll/llz-L)
+ ]a. d'd"log(||z||/llz-1|])
(intégrales selon les fibrés de X x ]Pllx , prises au sens des distributions),

le troisiéme terme est nul. Les seconds membres de (5.12.1) (5.12.3) (5.12.4)
sont donc définis sans ambiguité dans M(X) .
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5.13 Comparons les constructions 5.6 et (5.12.3). Soit V un fibré vectoriel
sur X et g une métrique sur son image inverse sur X X IIP1 . Décomposons la
forme cp(prfV , g) , pour P un polynome invarian]lf de degré p , selon le type
(0,0) , (1,0) , (0,1) , (1,1) dans la direction P :

cP(pr{V , 8 =c+A+B+D.
La forme cp étant fermée de type (p,p) , on a
(5.13.1) dprc +dy A=dpy c+dpB=0,dB=dyA=0
(5.13.2) dpy B+ dy D=dp A+ dgD=0.
La construction 5.6, elle, fournit une (p~1 , p-1 , 1)-forme E avec
= L g gr
(5.13.3) d]pl c 1 dX dX E,
et des (p-1,p2,2) et (p-2,p-l, 2) formes F, et F2 avec
= q" t
(5.13.4) dp1 E = d"F +d'F, . .
Décomposons E en E' + E" selon le type dans la direction de P~ . Les formes
" e e "nt " =d4'F" - 4! s 2 L A
-dx E', dX,E , —d]PE + Fl fllPE . dX F, , multipliees par 7L, verifient
les identites (5.13.1) (5.13.2) verifiees par A, B, D . Ceci suggere
(5.13.5) 2ti A=-dg B'  2miB=dy E"
= w o g1 = gt "
2mi D d]'PE dsz —d‘E +dXF1
On vérifie que tel est bien le cas. Aprés un changement de variables, (5.13.3)
donne pour les metriques g et & portées par V sur X X {o} et xx {=}
D(gy 5 &) = - D.log ||z|
fo X xPL/X .
Modulo Im(d') et Im(d") , ou exactement si la metrique au-dessus de X x

{z} ne dépend que de ||z|| , auquel cas F =F=0, 1'intégrale au second
membre vaut -— fois

2mi &
- 1 ' " o_ e [ = - ' _Z - E" gl_z_
]X Bl %(dp) B - dj E') log izl [ LE = B &

=-I%E(i‘_z-d7‘)=IiEds
z

et D(g0 ; 8;) est la moyerme des G(go , 8&,) calculés pour les rayons allant

de 0 a =.

5.14 Vérifions les identités 5.2 pour D . Pour (5.2.3), on munit pr} V. sur
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X ><:|P1 d'une métrique g induisant g; sur Xx {i} ({1 =1,2,3) ;ona
{

D(gi H gj) = -J ch . log(z-i/z-j)
et on utilise que log(ab) = log a + log b .

Pour (5.2.4), on considére sur X x]P1 le fibré (5.11, 5.12) qui interpole
entre V' @ V" (sur X x {0}) et V (sur X x {1}) , et son image inverse sur
XxP'x 2 . on prend une métrique g qui interpole en (0,0) et (1,0) €
e, gy @8 et g ,eten (0,1) et (1,1), g @g et g . Soit ch
la forme de Chern. Il s'agit de comparer

ch.log(||z|| /R~ 1]|) - ch.log(||z|/]lz - 1]
Ix x Pl x {o}/x &Izl I Jx xP' x {1}/x

[ enaogCllalziz - 1. 2 ara ogCleli/fle - 11D

XxP x P /X
et .
[ L entoglell/lie - 1D - | 1 eh.LogCllell/le = 2l
x x {o} xP /X x x {1} xP/x
= ch.l ell/lle - 1|]) . ——d'd"l( / -1l .
[ a g cntosClel/le = 2l - 524 ere dosClzllz - 1

Modulo Im(d') et Im(d") , on passe de 1'un a 1'autre par une intégration par
partie.

Prouvons (5.2.5). Soit W le sous-faisceau suivant de 1'image inverse de

V sur XxP xP . Si z, t sont les coordonnées de P x P , on ne touche
pasd V endehorsde z=0 ou t =0 . L3, on ne prend que les sections d'image
dans pr*(V/V ) d1v151b1e par z et d':.mage dans pr*(V/V ) divisible par

z et t. Sur P x {1} (resp {1} x B ), onobtient le flbre interpolant entre
Vet V/V2 e V2 (resp V/V ® Vl) . Sur I]E.’ Ly {o} , on interpole entre V/VL
8V, et V/V, OV, /V, °Vz sur {0} xP" , on interpole entre V/V. , 97,
et V/V ] V /V 0 V2 Prenant une métrique g interpolant les metrlques données,

et procédant comne dans la preuve de (5.2.4), on obtient (5.2.5).

Prouvons (5.2.6). la définition de D demande de considérer sur X x P

le fibre pr{V’ ] prgV“(—X x {o}) , isomorphe a per' ® pra‘V"(-X x {=}) , et
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une métrique g quiestg' ® g" sur X x {0} et X x {1} . On peut prendre g
invariant par Zl— 1 - Z et la nullité de D résulte alors de l'antiinvariance
de log(l|z||/|1 - z]]) .

Enfin, 5.2.7 et 5.2.8 résultent de (5.12.2). L'argument heuristique de 5.11
devrait permettre de comparer (5.11.3) et (5.12.4).

5.15 Esquissons la vérification de (5.12.1), la base heuristique des formules
avec lesquelles nous avons travaillé. Soient 10 et :_1 les inclusions de

X dans X xP par x+* (x,0) et x+— (x,1) . L'isomorphisme considéré en
5.12 entre les foncteurs if et if : K(X xP) +K(X) est caractérisé par
la propriété de donner lieu & 1'isomorphisme évident si appliqué & pr*V ou a

1
pr*V & 0(-Xx {»}) . Il définit une trivialisation du M(X)-torseur u(iﬁ x) -

l-l(li{ x) pour tout x dans K(X xPl) . Cette trivialisation est caractérisée
par sa compatiblité 3 + , et que c'est 1'évidente pour un pr’{V ou un prIV
8 0(-X x {»}) . La trivialisation correspondante de u(igv) - u(:i.‘i‘V) , pour

V un fibré vectoriel sur X x¥P , est caractérisée par les mémes propriétés

de normalisation, et une compatibilité aux suites exactes courtes 0 > V' + V »
V'+>0. Si g, g' et g" sont des métriques sur V, V' et V" , cette com

patibilité s'écrit, pour la formule proposée (5.12.1),

Dgy » 8) = D& » &) -~ Dgy » &) = Dlgy 5 &) » &) ~ e, ; 8 » &),
et se prouve par un argument semblable & celui prouvant 5.2.4 (5.14). La norma-
lisation se déduit, comme 5.2.6, de 1'antisymétrie de log(]|z||/||z - 1||) par
z—1-z. '
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6. Intégrale d'un produit de premiéres classes de Chern.

6.1 Soit f: X+ S un morphisme de schémas propre, plat et purement de dimension
relative N . Le programme 2.1, pour P le polyndme Cp "t Oy demande la
construction d'un foncteur (pour les isomorphismes) Ix /s P(Ul seees VN+1) attachant
4 N+ 1 fibrés vectoriels sur X un fibré en droites.sur S . Dans tous les
contextes usuels, la premiére classe de Chern d'un fibré V ne dépend que de

det(V) . Ceci améne & se concentrer sur le cas ou les V, sont des fibrés en

i
droites. Si on sait traiter ce cas, on posera

(6.1.1) Iy/s P(:/1 seesy VN+1) = IX/S P(det(l/l) yeues det(VN+1))

Pour notre théoréme principal, on a besoin du cas o N=1 et od X est
une famille de courbes lisses paramétrées par S . Dans ce cas, le foncteur requis
a été construit dans SGA4 (XVIII 1.3). Comme dans SGA4, nous le noterons <L , M) .
Pour S spectre d'un corps k , on peut en dommer la description directe
suivante. On définit <L , M> comme 1'espace vectoriel de rang un sur k , engendré
par des symboles <% , m> pour % et m des sections rationnelles de L et M,
4 diviseurs disjoints, avec les relations

f(div(L)) <2 , m>

"

{8, fm>
(6.1.2)

]

(£, md = £(div(m)) <& , m> .-

Que la construction ne s'effondre pas se raméne au théoréme de Weil que, pour
f et g deux fonctions ratiomnelles sur X & diviseurs disjoints, on a ([16]
IIT §4)

f(div(g)) = g(div(£)) .

La construction de SGA4 est plus compliquée, plus instructive et reprouve le théoréme
de Weil.

Sur une base quelconque, la méme construction marche, pour autant qu'on se
localise pour la topologie étale: le faiscesu des sections locales de <L , M)
est le faisceau de 0-modules engendré par des sections locales <& , m> avec
les relations (6.1.2), avec f£(div(2)) interprété comme une norme: pour D un
diviseur de Cartier relatif, on pose £(D) := ND/s(f). On a f(l'.)1 + Dz) = f(Dl)’

f(Dz) . On écrit div(R) = D1 - D2 et on pose f(div(R)) = f(Dl).f(Dz)'1 .

Pour L =0(D) , et 1 1la section canonique de O(D);ma 1, fm =
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ND/S(f) . <1, m> . De l3, un isomorphisme
(6.1.3) <o) , M = ND/S M
avec <1 , md>r ND/S(m) . Pour la définition de ND/SM , voir 7.1,

Au paragraphe 8, on indiquera, avec des esquisses de démonstrations, comment
traiter 1'intégrale d'un produit de premiéres classes de Chern dans un cas plus
général.

6.2 La définition 6.1 rend claire la définition d'isomorphismes de bimultiplicativité:

(Ll [} L2

<L, M@ M)>

s M =Ly, 8L, , W

AL, M

R

>eLL, M,

1 "
"et de symétrie

L, My—=><M, L>.
Pour L =M , l'isomorphisme de symétrie (un automorphisme de <L , L)) est la
multiplication par (-1)%°8 L (sca4 XvIII 1.3.16.6) .

6.3 Sur € ,si L et M sont mnis de structures hermitiennes, on définit une
structure hermitiemne sur <L , M> par
63D logllceml| = 5 [a'a" Logllel Logllal

' + log(||m|]) [div(2)] + log(]|L]]) [div (m)] .

oi d'd" est pris au sens des distributions et oi [ ] est comme en 1.5. Regrou-
pant les deux premiers termes, on obtient la formule équivalente

(6.3.2) log|Kka,m|| = [FL doglimi] + log(||%]) [div(m)]

qui. cache la symétrie mais rend claire que le second membre vérifie 1'identité
log||(£4,m>|| = logl||<k,m>|| + logl||£(div(m)}||

requise par (6.1.2) pour que (6.3.1) soit légitime.

6.4 Justifions cette définition par 1'analogie du §3. Dans le cadre du §3, 2e

colonne, soient L et M deux faisceaux inversibles sur XA et 2 , m des sections

ratiommelles sur XK , & diviseurs disjoints. Elles définissent une base <% , m>

de <L, M OA K. Soient D et E 1les diviseurs de £ et m , vus comme sections

ratiomelles de L et M sur XA: on a sur XA des isomorphismes de faisceaux

munis de sections ratiomnelles (L, 2) = (0(D) ,1) et (M, m)
~(0(E) , 1) . Avec ces notations, la valuation de <£ , m> est le nombre d'inter-



LE DETERMINANT DE LA COHOMOLOGIE 143

section (D,E) . Pour le prouver, on se raméne 3 supposer div(f) fini sur A
et on utilise que <L , M> = Ndiv(l)/Spec A(M) .

Dans 4.3, & et m définissent de méme des diviseurs compactifiés (3.7) et
-log||€m>|| est leur nombre d'intersection.

6.5 Soient ¢ et Y deux fonctions C avec ¢+Y=1. On suppose ¢ (resp
¥) mul au voisinage de div(%) (resp div(m)) . Une intégration par partie permet
de récrire (4.3) sous la forme

(6.5.1) logjl< ,m>|| ={Fi log||m||. ¥ +[FM Jlogl|2ll. @
1

v | log||2]l . log|im|f. d'¢
1 ' "
v oo | @ toglinll - t0gllzll. av

Cette formule m'a été indiquée par O. Gabber. Elle rend claire que la définition

de la métrique de <L , M> garde un sens pour L et M munis de métriques singu-
lidres, pour autant que leurs singularités soient disjointes. On définit une métrique
siggggiére comme la donnée, bou:c toute section locale inversible, d'une fonction
généralisée (distribution) logl||s|| , avec logl||fs|| = logl|s| + log||f]] . On

ne tient pas & ce que ||s|| ait un sens.

La formule 6.3 peut encore s'exprimer comme suit. La section & de L ,
de diviseur D , fournit un isomorphisme de L avec O(D) , transformant £ en
1 . Avec sa métrique, L est isomorphe au produit tensoriel de 0(D) , avec la
métrique singuliére pour laquelle ||1|| =1 (cf 1.3.4) et de 0Q , avec la metrique
singuliére pour laquelle ||1]| = ||%]] . La métrique de <L , M> est caractérise
par sa compatibilité a la bimultiplicativité, a la symétrie, et par les regles
suivantes:

(i) si 0(D) est mmi de la métrique singuliére pour laquelle |[1|] =1 , 1'isomor-
phisme (6.1.3)

) , #> = NyW)
est compatible aux métriques.
(ii) Ona <0, 0>=C et la métrique de <(0,g) , (0,h)> est celle pour laquelle
-log||1|| est le nombre d'intersections des "diviseurs concentrés sur la fibre
spéciale"(3.5, 3.6) définis par g et h .

6.6 La définition 6.3 s'étend trivialement au cas o S est un schéma lisse de
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type fini sur € , plutdt que Spec(C) . Dans ce cadre, le résultat suivant est
crucial

Proposition. Soient ' _c_l(L) et gl(M) les formes de Chern des fibrés en droites
métrisés L et M . La forme de Chern du fibré en droite métrisé <L , M> est
donnée par
i
(6.6.1) &L, w) = jx/s ¢, (LA cl(M) .
Rappelons que la premiére forme de Chern est donnée par
1 g
A o]
pour £ une section locale inversible de L (et |[&] = <2,2>) .

g =

On notera que (6.6.1) a un sens pour L et M munis de métriques singuliéres
de lieux singuliers disjoints. Par additivité des deux membres de (6.6.1), il suffit
(cf 6.5) de traiter les deux cas suivants: (a) L est 0(D) , pour D un diviseur
étale sur S , et sa métrique est la métrique singulidre pour laquelle ||1|| =
1;(b) L et M sont isomorphes & 0 . Dans le cas (a), c,(L) est le courant
défini par le cycle D : pour toute forme B sur X, IX/S gl(L)A g est la trace
de D 3 S de la restrictionde B a D . Ceci est compatible au fait que
<L , M> est, avec sa métrique, la norme de D & S de la restriction de M
2 D. Dans lecas (b): L=0, avec |[1}] =g et M=0, avec |1fj =h,
le fibré <L , M> est trivial, avec

1 "
log ||1]| = m[ s d'd"log g. logh ,

d'ou
1 " 1 'qv 1o
T d'd" log|l1|| = ) Ix/s d'd"log g d'd"log h

o (LA ¢, (M) .

X/s 1 1

6.7 Arakelov et Faltings fixent sur la courbe X une densité positive u de
masse totale 1 et appellent admissible une métrique sur un fibré en droites dont
la forme de courbure est proportionnelle & u . A un facteur prés, un fibré en
droites a une et une seule métrique admissible. Pour D un diviseur, il existe

donc sur O(D) une et une seule métrique admissible tel que

J 108 121l w =0



LE DETERMINANT DE LA COHOMOLOGIE 145

Si 0(D) est muni de cette métrique, et L d'une métrique admissible, 1'isomor-
phisme (6.1.3)

() , L> = ND(L)

est une isométrie: pour £ une section rationnelle de L inversible sur D ,
<1,2> correspond 3 ND(JL) s

log||<L,8|| = [ F, . log |[1]] + log|l2|l [div(1)]

et 1'intégrale au second membre est nulle par hypothése, tandis que le second terme
est logl|¢||[D] .
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7. <L , M> et cohomologie.

7.1 Normes. Pour g: S'=> S fini et plat, le morphisme norme N, st B o§, >
0% induit un foncteur norme de la catigorie de Picard Pic(S') des faisceaux
inversibles sur S' dans Pic(S) . Pour L un faisceau inversible sur S' ,
de faisceau de sections inversibles L* , sa norme NS' /s (L) est un faisceau
inversible N sur S muni d'un morphisme de faisceaux Ng, /st B« L¥ > N*
. - ) i
vérifiant NS'/S (u g) : ~NS'/S (u) NS'/S (2) . Le couple (N, NS'/‘-}‘ est unique
3 isomorphisme unique prés.
Pour FO et Fl des fibrés vectoriels sur S' de méme rang, on dispose
d'un isomorphisme canonique
(7.1.1) det(g, FO - 8 Fl) = NS'/S L‘let(F0 - Fl) , i.e X
_1 -
F =
det g, Fy @ (det g, Fl) St /s (det Fo @ (det Fl) )
compatible & la localisation sur S , et caractérisé par le fait que pour tout

isomorphisme wu: Fl > FO , les trivialisations des deux membres déduites de u

se correspondent. De tels isomorphismes u existent localement sur S et que
(1.1) ne dépende pas du u choisi exprime que pour v un automorphisme de F1 ,
on a
det(v , g, Fl) = NS'/S det(v , Fl) .
Plus généralement, pour g: X + S quelconque et E sur X , S-plat, a support
S' fini sur S, on définit
NE/S: 8y 05— 0§ : u— det(u, g,E) ,
un foncteur norme correspondant et un isomorphisme

(7.1.2) det (g, FBF - g,E8F ) = NE/Sdet(FO -F)

Montrons que (7.1.1) provient d'un isomorphisme fonctoriel en v , fibré virtuel
de rang partout nul sur S'

(7.1.3) det g,v = NS'/S det v .

Définissons un foncteur Ngr des faisceaux inversibles gradués (a , L) sur
S' dans les faisceaux inversibles gradués sur S par

Ngr(a , L) i= (Trg, g (a) , det 8,0% 8 Ngy gl ) -
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La donnée de compatibilité & + évidente sur ce foncteur est compatible & la commu-
tativité et a l'associativité. Pour E un fibré vectoriel sur S' , directement
ou par (7.1.1), on a un isomorphisme

det g,F = Ngr det E

et cet isomorphisme est compatible i 1'additivité en E des deux membres. Il
se prolonge donc en un isomorphisme fonctoriel en v virtuel:

(7.1.4) det g, v = Ngr det(v)

qui, pour v partout de rang O donne (7.1.3).
De méme, (7.1.2) provient de

(7.1.5) det g, (£ @ v) = NE/S det(v)

pour v de rang O .

Supposons g plat de dimension relative 1 . Si E est localement le conoyau
d'un morphisme u: On - ot avec det(u) fibre & fibre non diviseur de zéro,
det u est 1'équation d'un diviseur de Cartier relatif div(E) ne dépendant que
de E : 1le fibré en droites det E est trivialisé en dehors de S' , la section
trivialisante d se prolonge & X et div(E) est définipar d=0. Ona
NE /s = Ndiv(E) /s pour le morphisme norme, donc pour le foncteur norme.

Soient g: X + S propre et plat purement de dimension relative un et D
un diviseur de Cartier relatif. Pour tout faisceau inversible M sur X , on
a

<0(D) , M> -—”——ND/S(M) DAL, m i N ()

/S
En d'autres termes, pour tout faisceau inversible L et toute section & de L ,
fibre & fibre non diviseur de zéro, on a

AL, M>—— Ndiv(n)/S(M) D KL, m>— N (m) .

div(2)/s
Construction 7.2 Soient f: X + S, propre, plat, purement de dimension relative
1, Eo et E1 deux fibrés vectoriels sur X , partout du méme rang, et F, et

0
F1 de méme. On a

(7.2.1) <det(Ey - E}) , det(Fy = F,)> =det £,((E) - E) ® (F) - F

1 1))
Le langage des fibrés virtuels nous sera utile pour ne pas noyer 7.2 dans
un océan de signes.
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Au membre de gauche, E. - El est le fibré virtuel somme de [Eo] et de
1'opposé de [EI] . Le fibré en droites gradué det(EO - E) est det(g)) @
det(El)_l . Il est de degré O car EO et E sont de méme rang et on 1'identifie
au fibré en droites sous-jacent. Soit u: I:'1 > EO et notons E, le complexe
El -> EO (degrés -1 et 0). On a det(E,) = det(EO - El) . Si u est un monomor-
phisme, son conoyau E est de Tor-dimension finie; la projection de EO sur E
est un quasi-isomorphisme de E, avec le complexe réduit & E en degré 0 , d'od

un isomorphisme
(7.2.2)  det(E) = det(E,) = det(Ey - E)) = det(E,) det(E)™" .

I1 est déduit par addition de det(El)_1 aux deux membres de 1'isomorphisme det(Eo)
= det(El) det(E) défini par la suite exacte courte E1 -+ EO +E . Sur l'ouvert

ol u est inversible, les deux membres de (7.2.2) sont trivialisés, et les triviali-
sations se correspondent: & gauche, E = Q0 et det(E) est donc trivial. A droite,
u induit det(u): det(El)L» det(EO) . On note encore det(u) la trivialisation
correspondante de det(EO - El) .

Au membre de droite, (EO - El) Q (FO - Fl) est un produit tensoriel d'objets
virtuels. Quels que soient u: E, » EO et v: Fl »> FO , c'est le fibré virtuel
défini par le complexe E, @ F_ (noter que c'est la "difficulté" 4.11 (b) qui
rend ceci possible). S'il existe u et v qui soient des monomorphismes, avec
det(u) et det(v) fibre a fibre non diviseurs de zéro et non simultanément nuls,
de conoyaux E et F , u et v définissent un isomorphisme d'objets virtuels

(7.2.3) (&

et cette trivialisation définit une trivialisation du membre de droite de (7.2.1).
Notons a(u,v) 1'isomorphisme (7.2.1) par laquelle cette trivialisation correspond
3 la trivialisation <det u , det v> du membre de gauche.

SE)R(Fy-F) =g, 0Fl=[eeFl=0,

Supposons seulement disposer de u: E; > E, avec det(u) fibre & fibre
non diviseur de zéro. On a par 7.1 un isomorphisme

det £,((Ey = E}) @ (Fy - F ) =det £,(E 8 (Fy ~F))) = Ngyo g /g det(Fy = F )
et det u identifie <d?t(EO -E), a Ndiv(E)/S( ~) . Ceci 1deqt1f1e les
deux membres de (7.2.1) a N,. det (F, - F,) , d'ou un isomorphisme a(u)

div(E)/S 0 1 ,
entre les deux membres. On vérifie aussitot que si a(u,v) est defini, il coincide

avec a(u) .
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Aux deux membres de (7.2.1), les Ei et les F i jouent des rdles symétriques.
Par symétrie, v: Fl > FO définit donc afv) avec ofu,v) = o{v) quand ofu,v)
est défini.

Etant donnés trois fibrés EO »E et E, ,ona

(1.2.8)  (Fy-E) = (g = E) + (E) - E))

et une additivité pour les deux membres de (7.2.1). Si on dispose de u': E >
EO et u": EZ > E1 de composé u , 1'isomorphisme (7.2.4) coincide avec celui
défini par la suite exacte courte

coker(u")— coker(u)— coker(u') .

On en déduit que a(u) , «(u') , o«(u") sont compatibles & 1'additivité des deux
membres de (7.2.1). Si on dispose seulement de u et u" , soit u' le morphisme
ratiomel wu"l et définissons a(u') comme étant 1'isomorphisme entre les deux
membres de (7.2.1) tels que a(u) , o(u') , a(u") soient compatibles & 1'additivité.
Pour f: Ej *E, sans diviseur de zéro, a(u') est le méme, calculé avec u

et u" ou uf et u"f . Ceci permet de définir a(u') pour u': E1 > Ey w
isomorphisme sur un ouvert dense fibre d fibre et contenant fibre & fibre les points
non de Cohen Macaulay: localement sur S (pour la topologie étale), il existe

E2 sur X et u": t:'2 > E1 tel que u'u" soit u'g_lrl:orphisme, et deux tels sont
coiffés par un méme troisiéme; prendre Ez =E QL avec L ample. Que ce
soit possible localement sur S suffit, car la définition d'une fléche (7.2.1)

est un probléme local sur S .

S}nnétriquement, un morphisme ratiomnel v: F1 > FO analogue & u': 51 >
EO définit un isomorphisme (7.2.1) a(v) . Montrons que, quels que soient u:
El"EO et v: Fl"F0 v
dense et contenant les points non de Cohen-Macaulay, on a a(u) = a(v) . Les com-

rationnels (isomorphisme sur un ouvert fibre & fibre

patibilités a 1'additivité et a la localisation sur S ramenent a supposer u

et v des morphismes avec div(u) et div(v) disjoints. Dans ce cas, &(u) =
a(u,v) = &(v) . Il en résulte que o(u) (resp a(v)) est indépendant de u (resp
v): c'est 1'isomorphisme 7.2.1

Variante 7.3 L'isomorphisme (7.2.1) provient d'un isomorphisme biadditif, fonctoriel
en des fibrés virtuels de rang O

(7.3.1) <det u, det v> =det f, (W8 V) .
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I1 s'agit de montrer que pour tout isomorphisme de fibrés virtuels (FO - Fl)
—~>(F(') - Fi) , les isomorphismes (7.2.1) donnent lieu & un diagramme commutatif

(det(EO - El) , det(Fo - F1)> det f*((EO - El) 2] (F0 - Fl))

- 1 - 1 - | - ]
Sdet(fo El) , det(FO F1)> det f*((EO 51 Q (FO Fl))
(et de méme, symétriquement, pour E remplagant F) .

On se raméne & supposer qu'il existe u: £, > £, non diviseur de zéro et au méme

1 0
probléme pour 1'isomorphisme

det £, (E 8 (Fg=F))— Np /s det(Fy - F))

1
traité en (7.1.4) (7.1.5).

7.4 Pour u et v virtuels de rang O , det(u @ v) est trivialisé: localement,

u et v sont isomorphes & O et la trivialisation est définie aussi bien par

un isomorphisme u— O que par un isomorphisme v >0 (pour un énoncé plus général,
voir 4,14) . Pour f: X > S comeen 7.2 et u, v, w de rang O, on a donc

un isomorphisme

(7.4.1) det £,(u@v@wW) =ddetu, det(vOwd>=1.

-

Cette définition fait jouer un role spécial a u , mais 1'isomorphisme obtenu est
symétrique en u, v et W : on se raméne a supposer u , v et w définis par
E -E ,F -F ,6 -6 111 exi : E »E : 16, +
0 1 Fo 1 % 1 etqullf)usfe a 1-> 0,\b Fl*Fo,c G1

GO de déterminants non diviseurs de zéro a diviseurs deux a deux disjoints. On

trouve que 7.4.1 est déduit de 1'isomorphisme
coker (a) 8 coker (b) @ coker (c) =0
ou E,F, 6 jouent des rdles symétriques.
Construction 7.5 Soit f: X > S une courbe sur S , propre, plate et d'intersec-

tion' compléte relative. Le fibré en droites sous-jacent au fibré en droites gradué

det Rf, (L -0) := det Rf,L @ det Rf*!.'f'1 donne lieu & un isomorphisme
(7.5.1) (det RE(L - NP = <« Louly .

Pour tout fibré vectoriel F sur X , de dual de Serre Hom(F , w) , la dualité
de Serre

RHom(RE,F , 0) [-1] = Rf, Hom(F , w)
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donne lieu a un isomorphisme entre les fibrés en droites sous-jacents aux fibrés
endroites graduds det Rf,F et det Rf, Hom(F , w) , (situés en degrés différant
par un entier pair). De 13, un isomorphisme

det RE,((L - 0) 8 (ul™" - 0) = det RE, w. (det RE,L) ™ . (det RE W)™ | et re,0
= (det R, (L - 0982

et on applique 7.2.1.
7.6 les deux membres M de 7.5.1 donnent lieu & des isomorphismes canoniques
(7.6.1) M(LOM) = M(L) & M(K) © <L , WP

et (& gauche, dualité de Serre)

(7.6.2) M(L6w) = M(L) .

Nous utiliserons que les isomorphismes(7.6.1) (resp (7.6.2)) des deux membres se
correspondent par (7.5.1). L'usage essentiel, en 7.11, ne le requiert qu'au signe
prés.



152 P. DELIGNE

8. Intégrale d'un produit de premiéres classes de Chern. Cas général (esquisse).

8.1 Avec les notations de 6.1, et comme expliqué en 6.1, il s'agit d'attacher
4 des faisceaux inversibles L (0¢<i¢N) sur X un faisceau inversible
vey L > sur S . Nous supposerons X projectif sur S . Pour S réduit

0 .
3 un point, on peut définir (LO seses LN> comme 1'espace vectoriel engendre par
des symboles <% JlN> pour les Li des sections méromorphes dont les divi-

seurs ont une intersectj.on vide, avec les relations suivantes. Si 0 ¢ i (N,
et que les div(f.,) (j # i) ne se coupent qu'en un nombre fini de points, défi-
nissant un O-cycle Iaa P, = g dlv(l ) , on veut

(8.1.1) <2 £1 > = Hf(P ) 2> .

0 rres By aeees By By seees By
Le fait que <&y 5.0y £N> n'est défini que si 1l'intersection des div(%,)

est vide, et que (8.1.1) n'est imposé que si 1'intersection des div(2.) (j # i)

a un sens en tant que O-cycle, crée une difficulté inessentielle. Si on la néglige,

il est clair que deux quelconques <£l.1 seney > sont proportionnels: joindre

<£1 seees R’N+1> a <m1 seany mN 1> par une cﬂ;ine de <n serey n;) 0<ag

N +1) avec n, = R’i ou m; , enne changeant a chaque étape qu'un seul argument.

Si deux chalnes coincident sauf pour une valeur de a , qu'elles imposent le meme
rapport (m>/<8> 1= dmy 5., LTI IPPI résulte du théoréme de Weil f(div g)
= g(div f) sur une intersection de (N - 1) diviseurs. Ne changeant qu'un n®

4 la fois, on peut passer d'une chaine a une autre en un nombre fini d'étapes.

Toutes les chalnes imposent donc le méme rapport <m>/{L> . Pour que la construction
ne s'effondre pas, il faut encore vérifier que, pour <md/<L)> ainsi calculé, on

a bien

1) (Cn>/<m>) (Km>/<R>) = <n>/<8> .

Sipourun i (0¢i¢N) ona g = m =n, =:s, avec div(s) = A - B, l'asser-
tion se réduit a (1) pour (&, ,.., Ki yeens % N 0 (M sees m seens "N) et
(n yeees ﬁ oo nN) sur A et B. Chcus:,ssant une secuon méromorphe s
de L0 s on se raméne 3 ce cas en comparant £ := (L. ,..., & ) a & :=(s, !,1

JLN) et de méme pour m et n : il faut une compat:l.b111té entre rapports
dans le carré

<!IL> _— (Jl|'>

(my ——— <m'>
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Joignant & & m par une chalne, on peut supposer que !LJ. = mj sauf pour une
valeur i de j . L'assertion se raméne alors a une question analogue sur 1'inter-
section des div(ll,j) (j#0,4i) ,i.e.aucas N=0 ou 1 déja traité.

8.2 Bouchons les trous de cet argument. Pour éviter de parler de sections méro-
morphes, il y a intérit 3 introduire un faisceau inversible trés ample X tel

i

ue les L, © X soient aussi trés amples. Au lieu d'une section méromorphe 2
q i
de Li , on prendra des sections lLi de L, @ X et ﬂ.‘i de X, supposées locale-

i
ment non diviseur de zéro.
Formellement, 2, = 2; / l; et div(ﬂ,i) = div(z]!.) - div(z;) . On a gagné
que div(l]!_) et div(l;) sont des diviseurs de Cartier.

Une chalne de £ & m peut contenir des n interdits, i.e. avec une inter-
section des div(n]!_) V] div(n_ji) non vides. Pour obvier & ce probléme, on pose

A>/<md> = (KRY/KXD)/(Xmd>/Lx>)

pour un r choisi assez général et le membre de droite défini comme en 8.1. Avec
cetterégle (1) est clair. L'indépendance de r résulte de 8.1 (1) pour % , r ,

r, e¢m,r,r ,avec r et r, assez généraux.

1
L'hypothése "assez général" a un sens et suffit a faire marcher les arguments
si le corps de base est infini. Le cas d'un corps de base fini demande de plus

1

une descente galoisienne.

Un autre probléme est le sens a attribuer a une intersection de (N - 1)
div(%;) . On veut que ce soit une courbe a laquelle on puisse appliquer le théoréme
de Weil. Le plus simple ici est de ne considérer que des systémes £ = (R ,...,
JLN) s by = (li » %;) telsque chaque %) ou & soit non diviseur de zéro sur
toute intersection de div (13) + div (R,'__!') (j#1) .

Ainsi modifié, 1'argument 5.1 fonctionne encore sur une base S , pour autant
quon %g localise pour la topologie étale sur S . Dans 5.1.1, le produit des
f(Pq) est a remplacer par la norme de f , de 1'intersection des (div(l:j) -
div(e")) (j#i) & S . L'intersection considérée est un revétement fini et
plat virtuel de S .

8.3 Supposons que S = Spec(f) , que X est lisse et que les Ly sont munis de
métriques. On définit une métrique sur <Ly seees Ly par la formle suivante.

Soient Qi = 1]!_/ 1; comme en 5.2, avec Di 1= div (lj'_) et Dj := div(ﬁ'i') lisses
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et les D; et D; (0 <i ¢{N) en position générale. Pour J ¢ [O,N] , soit
D(J) 1'intersection des D, := D! - D" . On aura a intégrer sur D( J) . Par
définition, une intégration sur D(J) est la somme sur les J; €J des (-1)M1
R ' . (i€ - w (s
ID(J,Jl) ,oi D(J, Jl) est 1'intersection des Dj( j€ey Jl) et des Dj (j€

Jl) . On pose

(8.3.1) logfl®y sees 22l = 1 JD(J) o

ou la somme porte sur les JCI , J# I et ol, pour un j(J) quelconque dans
[0,N] - J , o est le produit des S aa dogllll (GEI, 5# D) et

de logHJL.(J)“ . La forme o, dépend du choix de j(J) mais non son intégrale.

J
Le d'd" est pris au sens des distributions. On a encore (cf (4.3.2)).

f 1
(8.3.2) logllay »e-en a2l = O<§<N JD(]i,N]) J.<’\ig(Lj) < loglig,ll -

Cette construction se généralise au cas oi X est projectif et lisse sur
S de type fini sur € .

8.4 Les constructions 8.1 a 8.3 sont symétriques en les L; : pour toute permuta-
tion o de [0,N] , on dispose de

a(0) : <Ly peeey LO =T Ly seens Loy -
Si Li =L, (avec i # j) et que o est la transposition qui échange i et
j,ona a(o) = (-1)" avec n un entier localement constant sur S . Cet entier

N
/s

ainsi qu'on le vérifie par réduction au cas N =1 .

est

1 A 1
c (Li) AL j c (‘1<) s

Proposition 8.5 Pour X lisse sur S , supposé lisse de type fini sur € , et
les L, mnis de métriques, on a
él(ao seees L) =1r A gl(Li)
X/s

Comme en 6.6, on se raméne au cas ou chaque L; est soit un (D) , avec
D lisse, muni de la métrique singulidre pour laquelle [|1f| =1 , soit est isomorphe
a 0. Lecas oﬁunLi est utn ((D) se raméne & un énoncé analogue sur D :
on a une isométrie

<0(D) , L1 sesey LN>= (Ll senny LN) sur D .

Le cas ou tous les Li sont isomorphes & ( se traite comme en 6.6.
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9. IC2 et isomorphisme de Riemann-Roch

9.1 Soit f: X » S propre et plat purement de dimension relative 1 . Pour

P le polyndme C'2 , 2.1 nous demande de construire un foncteur (pour les isomor-
phismes) Iy C° des fibr(zis vectoriels sur X vers les fibrés en droites sur

S . La classe de Chern c“ vérifie

(9.1.1) cZ(E) =0 pour E derang 1, et
(9.1.2)  A(E) = c2(E") + 2y + ey e

pour E une extension de E" par E' . Ceci conduit a vouloir 1'existence d'iso-
morphismes canoniques

2
(9.1.3) IX/SC (E) =0 pour E derang 1 ;

9.1.4) L CE) = Iy C(E") 6 Iy, C2(E") @ det(E') , det(£")> .

9.2 Considérons la catégorie de Picard commutative suivante:

objets: triples (n ,L , M) od n €T(X,Z) (un entier localement constant sur
X) , ou' L est un faisceau inversible sur X et ou M est un faisceau inversible
sur S ;

fléches: isomorphismes ;

addition des objets: (n' , L' , M') + (0" , L" , M") est le triple (n' +n" ,
L' OL" , M oM <L , L™) .

Définissons 1'isomorphisme d'associativité (ap + AZ) tA =AY (A2 + A3) .

= i = = ' '
Posons A, (n:.L Ly s M) (E=1,2,3), (A1+A2)+A3 (', L', M)
et A1+(A2+A3)=(n" , L" ,M") . Ona

n‘=n1+n2+n3=n“
L'=(L19L2)9L3=L19(L29L3)=L

M =(M1@M29<L1 s L2>) 9M3@<L19L2 s Lgd

M'=M10(M2@M ® <L L3>)8(L1,L L)

3 2 2 3

et la bimultiplicativité de < > jointe aux isomorphismes usuels d'associativité

teiz e’ . i £ 1 "
et de commtativite pour ® identifient tant M' que M" a gMi ] igj < Li , L j) .
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Définissons 1'isomorphisme de commutativité c:A1 + A2 = A2 + A.l . Posons
A.=(ni,Li,Mi) (i=1,2),A1+A2=(n’ , L' ,M'),A2+A1=
L , Mu) . Ona

"= + =
n n1 n2 n
Lr=L ®L ,Ll"=L_@L et

1 2 2 1
Lt » L" est % 2. — (- l)nlnzg I3
172
21
M= M@ M) @KLy, L)
M = M2 [] Ml %] (L2 s L1> et

N
2)P-'-'( 1) mzemle(ﬂ.z, 2.1>

avec N = IX/S n1n2(cl(L1) + c]'(LZ)) . Ce signe est justifié par le

M' > M est mlemzﬁﬂ.l s L

Lemme 9.2.1 Les données d'associativité et de commutativité ci-dessus sont compati-

bles

R e R

a<1z)+\ /A2+0(13)

A+A +A

Posons Ai = (ni , Li R Mi) , c(i) =c¢ (Li) et soit N( , ) 1l'exposant de (-1)

dans la définition de l'action de o( , ) sur la troisiéme composante. Calculons
. . . -

les 1miiges d'une section locale s <21 » 2,2> (JLl s 13> <R,2 : 23> m mymy de 1la

troisiéme composante de Al + A2 + A3 . Les m, jouent un role de figurants

et on les omettra de la notation. Pour calculer o(1,23) (s) , on recrit

S =y, hk> (R

_ _1yN(1,23)
0(1,23) (s) = (-1) ( ) oy s 292 <8y 5 290
_ N(1,23
= (-1) Ay s 2> <y 5 4y > <9,3 > 1>
Pour calculer (o(1,2) + A3) (s) , on récrit s = Gy a2 <JL1 12 y > Par
N(1,2) 1“2
a(1~2) <11 > Ly> donne (-1) <1?.2 , 11> et IL11L2 donne (-1) 2211 ,
d'ou
N(1, 2) )
(0(1,2) + A3) (s) = (-1) Gy 4 > <K(-1) By s L

N(1,2) + fn1HZC(3)

= (-1) Uy, 8>, B>,

2’73 1

L.

3
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A~

De meme,

(a, + a(1,3)) K, , 4> <Ry Ay <Ry z3>)

- (—I)N(1’3) + fn1n3c(2)

I1 reste 3 vérifier une congruence modulo 2

N(1,23) = N(1,2) + fnlnzc(S) + N(1,3) + _|‘n1n3c(2) .

i

Avant intégrationde X & S, on a en effet
ny(ny +n) (e(l) +c(2) + c(3)) = nlnz(c(l) +¢(2)) + nynye(3)
+ n1n3(c(1) +¢c(3)) + nynue(2) .

Pour la deuxiéme composante, on retrouve la compatibilité entre assodativité
et commmutativité pour les faisceaux inversibles graduds. Ceci termine la preuve
de 9.2.1.

La vérification, plus facile, des autres axiomes de catégories de Picard commu-
tatives est laissée au lecteur.

9.3 Une version précisée de (9.1.4) est qu'on veut que le foncteur E - (rg(E) ,
det(E) , Iy /SC (E)) se factorise par un morphisme de catégories de Picard commutative
des fibrés virtuels sur X dans la catégorie 9.2 - la compatibilité & + prolongeant
celle de

(fibrés virtuels) —— (rg(E) , det(E)) .

On veut de plus une compatibilité i tout changement de base S'/S (i.e. un morphisme
de préchamps en catégories de Picard commtatives de £, K(X) vers le champ sur

S de catégories 9.2) . La proposition suivante est un résultat d'existence et
d'unicité pour un tel foncteur IC2 , mmi de données additionnelles et satisfaisant

a des axiomes additionnels. On y suppose f lisse. Localement sur S pour la
topologie étale, X est alors quasi-projectif et un faisceau cohérent Q sur

X de Tor-dimension finie sur S définit un fibré vectoriel virtuel [Q] sur

X . Onposera IC,(Q) := ICZ([Q]) .

Proposition 9.4 Soit f comme en 9.1, supposé lisse. A isomorphisme unique prés,
il existe un et une seul foncteur IC2 , muni, de fagon compatible a tout changement
de base, de données du type suivant.

(i) Le foncteur T: E+—> (rg(E) , det E, ICZ(E)) est muni, pour chaque suite
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exacte courte E' + E » E" d'un isomorphisme T(E) ~ T(E') + T(E") . Cette donnée
prolonge la donnée analogue pour Er—(rg E, det E) , et est compatible & 1'asso-
ciativité et a la commtativité: T se factorise par un morphisme de K(X) dans
la catégorie de Picard commutative 9.2. -

(ii) Pour L un fibré en droites, ICZ(L) est trivialisé.
(iii) Soient s une section de X/S , Q' un fibré en droites sur S , Q=s0Q" .
Soit L un fibré en droites sur X prolongeant Q (i.e. tel que Q' = s*L) .
La suite exacte courte -

0~ iL(-s(8)) > L> Q »0
et (i) fournissent un isomorphisme

IC,(L (=s(8)) 1C,(@) <L(-5(S)) , det (@)> = IC,(1)
d'od par (ii) et parce que det(Q) = 0(s(S)) un isomorphisme

ICZ(Q) s*(L(-s(S))) =0, i.e.

16,(@ = (s*Q) ™" s¥0(s(s))
On exige que cet isomorphisme soit indépendant de L .
Remarques: (a) La condition (iii) n'est pas conséquence de (i) (ii). En effet,
sion modifie les données de trivialisation (ii) par un facteur Ai(deg L) , elle
ne reste vérifide que si nk—A(n) est de la forme nt— A" .

(b) La formulation de (iii) utilise que, par (i) , T est prolonge

a K(X). Soient‘L1 et L2 deux fibrés en droites munis d'un isomorphisme S*Li =Q.

Comparons les présentations Q = Li/Li(-s) a 0>E~> L,eL,>Q~>0.

D'aprés 4.8 appliqué au diagramme des 9

LGs) > L (li

v o
E,L ®L>Q
b=t -6,

le diagramme
T(L1 ® L2) = T(Ll) + T(Lz)

T(E) + T(Q) = T (-5)) + I(,) + T(Q)

est commutatif. L'isomorphisme



LE DETERMINANT DE LA COHOMOLOGIE 159

T(Ll) - T(Ll(-s)) =T(Q) = T(L1 ] L2) = T(E)

est donc déduit des isomorphismes T(L, ® LZ) = T(Ll) + T(LZ) et T(E) = ’1‘(L1
(-s)) + T(L ) : 1les soustraire membre & membre. En termes ol seuls apparaissent
des fibré vectorlels, (iii) affirme la commutativité du diagramme

T(Ll) - T(Ll(-s)) = T(Ll) + T(Lz) - T(E) = T(LZ) + T(LZ("S))

Cs*(@ T s*0(s(s))

(c¢) Nous écrirons la preuve sous 1'hypothése que S est le spectre d'un corps
algébriquement clos et que X est connexe. Le cas général se traite de méme :
remplacer "point" par "section" et parsemer de "localement pour la topologie étale".
Nous donnerons ensuite une seconde preuve de 1'existence, sans cette hypothése
simplificatrice.

9.5 Preuve de 1'unicité Tout fibré vectoriel E admet une filtration 0 C Fl C
..cF i E , avec Fi un fibré vectoriel de rang i localement facteur direct
dans E. On peut construire une telle filtration comme suit. Si E est de rang
<1, il n'y a rien a faire. Sinon, on choisit un fibré en droite L . Si L
est assez négatif pour que E @ L_1 soit engend:cé par ses sections, une section
générale s ne s'annulle nulle part et définit f£:L > E localement facteur direct.
On prend F; = f(L) et on recommence avec E/F1 . Si une filtration F est domnée
et qu'on construit G par le procédé précédent, général, et avec L chaque fois
choisi assez négatif, ¥ et G seront en position générale au sens suivant. En
dehors d'un ensemble fini S de points, F et G sont opposées: il existe une
décomposition E =& L; avec F = Q Ly » G, = i% L; - Au voisinage de chaque
s €S, il existe une seule valeur a de i (1<ax d) pour laquelle F ®

si—i 41 he soit pas tout E, et coker(F 8 G Sd-a+l + E) est ponctuel de rang
1. Au voisinagede s, (E, F, G) est alors isomorphe au modéle suivant:
le faisceau modéle M est le sous-falsl.eau de 0(s)” de sections les (f.1
fd) avec f; dans 0 pour i#a,a+1l et fa , fa+1 de mémes parties polaires.
Les filtrations F , G sont induites par les filtrations opposées évidentes (cf.
ci-dessus) de O(s)d .

o

Notations 9.5.1 Pour F et G deux filtrations en position générale de E ,

nous utiliserons les notations suivantes: Li = F Nec i+ ° E' ej_ , S 1l'en-
semble des points o F et G ne sont pas oppasees, a(s) 1l'entier i tel que

F 8 G =i +1—ﬁ~ Een s , QS les faisceaux ponctuels de rang ur, avec QS localisé
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en s , donnant lieu 3 la suite exacte
O»E’»E»S?SQS»O.

Pour L un fibré en droite, soit T(L) = (1 ,L , 0) dans la catégorie 9.2.
Pour Q ponctuel de rang un, en s , soit T(Q) = (0, 0(s) , (s*Q)_l ] TS) ,
ol T, est 1'espace tangent en s . Pour une suite exacte 0+ L(-s) + L + Q »
0 , on définit
(9.5.2) T(L(-s)) + T(Q) == T(L)
par la fléche évidente L(-s) ® 0(s) * L et par

(s7Q)7" 8 1 8 <L(-5) , det Q> 0
défini comme suit: det Q = 0(s) , <L(-s) , det Q> = s*L(-8) = s*L ® s*)(-s) =
s*Q @ mslms , et on prend 1'isomorphisme évident
-1 2
(s*Q) ~ 8 Ts 8 s*Q 8 ms/ms >0 .

Soient Tl et TZ deux foncteurs (rg E, det E , ICZ(E)) comme en 9.4.

Pour E de rang 1, ladonnée (ii) definit un isomorphisme Ti(E) =T(f) . Pour

Q ponctuel de rang un, et L un fibré en droites muni d'un isomorphisme Qs =
LS , soit Ti(Q) 3 T(Q) 1'isomorphisme rendant commutatif

T,(L(-9) + T,(@ > T,(1)

W-s) +TQ) “>TC) .
D'apres 9.4 (iii), il ne dépend pas du choix de L .
Pour F une filtration de £ de quotients successifs des fibrés en droites,
soit ((F) 1'isomorphisme composé
7@ = [T (6 B) = Daere) = Dryee) = @)
somme, rel 9.4 (ii), des T, (GriE) = erlE) = IZ(GrfE) .

Soit E.C E avec un quotient ponctuel de rang un, en un point s :

1
0->E1->E->Q-»O

La filtration F de E induit une filtration, encore notée F , de E1 . Sauf

pour une valeur, a , de i, on a GrE(El)-lv GrE(E) . Pour i=a,ona

F
0— Gr; El——> GrFiE—‘—’ Q— 0.
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Appliquant 4.7 aux filtrations F et E DE' 2 {0} de E, on trouve un diagramme
commtatif dans K(X) :

[E] ———— X[Grif]

I
(g1 + [Q=(fler; £ ) + [a]

(fléche verticale droite déduite de [GrEEI] +[qQ] = [GrzE]) . Passant par le
coin supérieur droit, on trouve que §(F) est compatible aux

T, ([£]) = [ T,([6} £ 1) + T,([QD) = | T(6r] £) +T(Q) -

Passant par le coin inférieur gauche, on en déduit une compatibilité entre O§(F)

pour E et El:
(0¥ 1 (p)

O(F!
T, (E) + T(Q)—I)Z(El) + T(Q)
(fléches verticales: additivité de 'I.‘i pour E1 > E->Q et Ti(Q) =T(Q)) .

Montrons que §(F) est indépendant de F . Deux filtrations etant toujours
en position générale par rapport a une meéme troisiéme, il suffit de vérifier que
O(F) = 0(G) si F et G sont en position générale. On passe de E a E' (no-
tations 9.5.1) par une suite de modifications du type considéré plus haut., Il
suffit donc de prouver que ((F) = §(G) pour E' , i.e. pour une somme % L
munie des deux filtrations opposées évidentes. Cela résulte de ce que T, et

1

T, sont supposés compatibles & la commutativité:

It (L) — I, (L)

F
T. (E,) TZ(EI)

11
)‘T].(Li) —_— )'TZ(L]'.) .

Les ¢(F) déefinissent un isomorphisme de foncteurs Tl'—N' T, , compatible
aux trivialisations 9.4 (ii). Pour verifier qu'il est compatible a 1'additivité

par suites exactes E1 > E > E2 , prendre F avec E1

9.6 Preuve de 1'existence Nous allons prouver 1'assertion 9.4 d'existence par

=1'undes F_.
a
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une méthode suggérée par la preuve 9.5 de 1'unicité. Pour simplifier la rédaction,
on continue a supposer X comnexe sur k algébriquement clos.

Soient E un fibré de rang d sur X et F une filtration de E de quotients
successifs des fibrés en droites. On pose

T(E , F) := ] T(Grf E)

Soit Elc E avec Q := E/E, ponctuel de rang un. Pour chaque valeur de i
sauf une, on a GriE—; GrFi‘E . Pour la valeur exceptionnelle, i = a , on a une

1
suite exacte courte Gri.::E1 > Grzf +Q et (9.5.2) fournit un isomorphisme

(9.6.1) T(E , F) = '1‘(131 , F) + T(Q) .

Soient L un fibré en droites s et t , deux points distincts, Qs = 1/1(-s)

et Qt = L/L(-t) . On vérifie que le diagramme d'isomorphismes (9.5.2) (= (9.6.1))
T(L) —————— T(L(-s)) + T(QS)
(9.6.2)
T(L(-t)) '+ T(Qt) — T(L(-s-t)) + T(QS) + T(Qt)

est commutatif.

Soient Q1 et Q2 ponctuels de rang 1, de supports des points distincts, E'
le noyau d'un épimorphisme de E dans Q1 + Q2 et I:'i := Ker(E = Qi) . Soit
a(i) 1'entier tel que GIZ(i)Ei - Gra(i)E ne soit pas un isomorphisme. Le diagramme
d'isomorphismes 9.6.1

(9.6.3) E , F) ——— T(E, » F) + Q)

UE, , F) + Q) — T(E' , F) + ]r(ql) + 7))

est commtatif. Si a(l) # a(2), c'est trivial (plutot: exprime que les contraintes
d'associativité et de commutativité de la catégorie 9.2 sont compatibles). Si
a(l) = a(2) , cela résulte de (9.6.2).

Soient F et G comme en 9.5.1, dont nous reprenons les notations. Itérant
la construction (9.6.1), on obtient un isomorphisme

TE , F) = M(E' , F) + [ T(Q) =2T(Li) + 1 T(Q,)

et de méme pour G . L'itération suppose le choix d'un ordre total sur S mais
il résulte de (9.6.3) que 1'isomorphisme obtenu n'en dépend pas. Le membre de
droite étant le méme pour F et G , on obtient un isomorphisme
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(9.6.4) T(E , F) —— T(E , G) .

Disons que deux filtrations F et G sont adjacentes si il existe a tel
que Fi = Gi pour i #a etque F et G induisent sur F +1/Fa_1 des filtra-
stalas (6T (D)) + T(F_ /F,

F) , de méme pour G , et 1'isomorphisme (9.6.4) pour Fa+1/Fa-1 = Ga+1/Ga—1 fournit

tions en position gfnérales. Ona T(E , F) =

(9.6.5) T(E , F)— T(E , G) .

Soient Q ponctuel de rang un, localisé en s , et E le noyau d'un épimor-
phisme de E dans Q . Dans divers cas ou cela a un sens, les isomorphismes (9.6.1)
et (9.6.4) (resp et (9.6.5)) donnent lieu & un diagramme commtatif

(E , F) T(E; > F) + T(Q)

(9.6.6) I |
T(E , G) —— T(E, , G) + T(Q)

Cas 1: F et G en position général, et, avec les notations 9.5.1

sous-cas (a): s ¢S et , pourun a, L Q est non trivial si et seulement
si i=a

sous-cas (b): s €S et , pourun a, Li + Q est non trivial si et seulement

si i=a ou a+1l
sous-cas (c): s€S eten s, E1=E' .

Cas 2: F et G adjacentes, avec F, # G, et, posant F, =F_ (E)/F (),

F= Fa+1(E)/Fa-1(E) , on a soit

sous~cas (a) (b) (c): Fl + F n'est pas un isomorphisme et F , muni des filtrations

F, G etde F1 est justifiable des cas 1 (a) (b) (c)

sous—cas (d): F™F , i.e. Fa+1(El);> Fo41(E) ou F_ (E) ne s'envoie pas
isomorphiquement sur Fa_l(E) .

Le cas 1 (a) se déduit de (9.6.3) et le cas 1 (c) est la définition de 9.6.4.
Prouvons 1 (b). Appliquant 9.6.3, on se raméne & supposer que FE = OLi . On se
raméne aussi au cas oi d = 2 . Soient L=F1 s M=G1 . Ona L ~QS~MS .
Ona T(E, F) = T(L) + T(M) , T(E , G) = T(M) + T(L) , (9.6.4) = symétrie. On
a T(I:'l , F) = T(L(-s)) + T(M) , T(E1 , G) = T(M(-s)) + T(L) et (9.6.4) est
T(L(=s)) + T(M) = T(L(-8)) + T(M(-s)) + T(Q) = T(M(-s)) + T(L(-s)) + T(Q) = T(M(-s))
+ T(L) . Il s'agit de vérifier la commutativité du diagramme



164 P. DELIGNE

T(L) + T(M) — @(L(-8)) + T(M)) + T(Q) — (T(L(-s)) + T(M(-s))) + T(Q) + T(Q)

I I
T(H) + T(L) —(TC) + T0 (-5))) + T(Q)— (T(M(-s)) + T(L(-s)) + T(Q) + T(Q)

(a droite, symétrie pour T(L(-8)) + T(M(-s))) . Elle résulte de ce que 1'auto-
morphisme de symétrie de T(Q) + T(Q) est 1'identité.

Les cas 2(a) (b) (c) se raménent a 1 (a) (b) (c) et 2 (d) est trivial.

Soient F , G en position générale et reprenons les notations (9.5.1). Pour
chaque permutation ¢ dé {1 ,..., d} , soit Fc la filtration de E , de quotients
successifs des fibrés en droites, qui induit sur E' la filtration par les
i?a"c(i) . Pour 1 la transposition de deux entiers consécutifs, Fa et FG_r sont

.adjacentes. Pour o= (1,...,d) (resp (d,..., 2)), Fo =F (respG) . Joi-
gnons F a& G par une chaine F = F(0) , F(1) ,..., F(N) =G de F_ , avec
F(i +1) adjacent & F(i) .

Lemme 9.6.7 L'isomorphisme (9.6.4) est le composé des isomorphismes (9.6.5) :
T(E , F(0)) » T(E , F(1)) » ... » T(E , F(\)) .

Pour s €S, si E = Ker(E » Qs) , onvérifie que (9.6.6) s'applique &
E|CE etaux paires de filtrations (F , G) (cas 1 (b)) ou (F(i) , F(i + 1))

(cas 2) . Ceci raméne 1'énoncé pour E au méme énoncé pour E. Itérant, on
por

1
se raméne au cas trivial oi E = oL, .

Lemme 9.6.8 Pour F , G, H trois filtrations en position générale (en un sens
qui sera précisé), le triangle d'isomorphismes (9.6.4)

T(E ) G) —_T(E N G)

T(E , H)
est commutatif.

Le cas oi E est de rang ¢ 1 est trivial. Supposons E de rang 2 et prenons
omme hypothése de position générale que F , G, H sont deux a deux en position
générale avec des lieux exceptionnels disjoints. Soit P le fibré en droites
projectives P(EY) . Les droites F G1 , 10
g by de P/X . L'hypothése de position générale est qu'elles ne se coupent

Hl définissent trois sections £

que deux 3 deux, et transversalement. Si fl et g1 se coupent en p au-dessus

de s € X, la modification, en s , qui remplace E par E1 = F1 + G1 , remplace
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P par un contracté de 1'éclaté de P en p : contracter le transformé par de
la fibre en s . Aprés cette modification, la trace Hl(-s) de H sur E

reste, en s , un supplément de Fl et G1 . Dessin sur P :

hy 1 h].
81 8
i g P éclaté: | 81 / r contracté: T
1 a1 L\
X § S .

Soit Q := E/E1 . Par définition (ou 9.6.6, cas 1 (b)) ,le diagramme
T(E , F)———— T(E , G)

T(E' , F).+ (Q) — T( £' , G) + T(Q)
est commutatif. Par 9.6.6 (cas 1 (a)) ,

T(E ,F) — T(E , H)

T(E ' , F) + T(Q) — T(E' , H) + T(Q)

1'est egalement et de méme pour G et H . La commutativité 9.6.8 pour E équivaut
donc 3 la méme commutativité pour E' . Itérant cette construction, on se raméne

a supposer les sections f1 ) 81 s hl de P disjointes. Cela signifie que E =
L+ L, avec F1=L+0,G1=0+L ,H1=imagediagonalede L . Traitons

ce cas. Pour M un sous-fibré en droites de E localement facteur direct, la
troisiéme composante de T(E , filtration par M ) est <M , E/M > , d'élément
typique <a , b> avec a (resp b) une section rationnelle de M (resp E/M ) .
Pour b une section rationnelle de E d'image b dans E/M , on écrira encore
<a , B> pour <a, b> . Avec ces notations, les isomorphismes du triangle 9.6.8
induisent sur la troisiéme composante des T(E , *) , la seule qui pose probléme,
les isomorphismes suivants. Pour a et b des sections rationnelles de L &
diviseurs disjoints, on a

<(a,0) , (0,b)> — <(0,b) , (a,0)>
I

<(a,0) , (b,b)> <(0,b) ',| (a,a)>
+ +

<b,b) , (a,0)> = <(b,b) , (0,-a)> <(a,a) , (0,b)>
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car le signe (-1)N , N=1.1, (deg L + deg L) est +l . La commutativité (9.6.8)
affirme donc que dans <L , L> ona

<a,b> = <b,-a> .

deg L deg L

On a en effet <b,-a> = (-1) <b,a> et <a,b> = (-1) <b,a> .

Supposons maintenant E de rang » 3 et prenons comme hypothése de position
générale que F et G sont en position générale et que, pour une chaine F(i)
comme en 9.6.7, H est en position générale avec chacun des F(i) , et opposé aux
F(i) aux points exceptionnels pour (F , G) . La factorisation 9.6.7 raméne 9.6.8
au lemme suivant

Lemme 9.6.9 Pour F et G adjacentes et H en position générale par rapport
4 F etd G, etopposé a F et G aux points exceptionnels pour (F , G) ,
le triangle d'isomorphismes 9.6.4 et 9.6.5

(E , F) ————— T(E, G)

\

T(E , H)
est commutatif.

Soit a l'entier tel que F # Ga . Pour i#a,a+1, soit Li = Fiﬂ

' i = = . F_ G _
Hyq4 - fS[o;v.t: F=F "8 de rang 2, et L = F,NH s 10= Gan
Hy e o L = F g0 Hy , les tracesde F_, G et FHd'aG su_:F F . Ehcdeho;_-{s
d'un nombre fini de points, on a E=9Li9F,F=L 6L =L &L =L &L ,

et F, G, H sont donnés de fagon évidentes en terme de ces décompositions.

: : L : : :
On laisse au lecteur le soin de verifier qu'en les points exceptionnels s ,
on a soit

(a) E= QLiG) Foet F , LG , LH sont en position générale dans F (cas oien s

F =G , F_ n'est pas un supplémentaire de H L »0u G, n'est pasun supplé-

a a a d-a+’
mentaire de H;  ..)
(b) F. n'est pas un supplémentaire de Hy .., pour

i
(b1) i
Si s est dutype (b) et que E =E en dehors de s et vaut OLi ®F en s,

=a-1,M)i=a+1l,(M)ita,a-1,a+1l.
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(9.6.6) s'applique & £, C E etd (F,G) , (F,H , (G, H . L'assertion
(9.6.9) pour E équivaut donc a la méme pour E . Pour , 8 n'est plus excep-
tionnel, ou est du type (a) (si s était du type (bl)). Le cas ol tous les points
exceptionnels sont du type (a) se raméne aurang deux, déja traité.

Fin de la preuve d'existence. Soient F et G deuxfiltrations de E. On définit

(9.6.10) T(E, F) = T(E, G)

comme le composé des isomorphismes (9.6.4)
T(E, F) = T(E , H) =~ T(E , G)

pour H en position générale par rapport 3 F et G .

D'aprés (9.6.8) appliqué a (F, K, H') eta (G , H, H') , deux filtra-
tions H , H' donnent lieu au méme isomorphisme (9.6.10) si (F , H,H), (G,
H, H') sont en position générale, donc toujours. D'aprés (9.6.8) (resp 9.6.9),
1'isomorphisme (9.6.10) coincide avec (9.6.4) (resp (9.6.5)) si ce dernier est
défini. Les isomorphismes (9.6.10) forment un systéme transitif d'isomorphisme
et on note T(E) 1la valeur commmne des T(E , F) . Pour une suite exacte courte
E' > E + E" , une filtration F avec &' = F_ pour un a définit un isomorphisme

T(E) = I(E , F) = T(E' , F) + T(E" , F) = T(E') + T(E") .

Cet isomorphisme est indépendant du choix de F (comparer deux F par une chaine
de filtrations adjacentes). C'est une donnée 9.4 (i) sur T . Pour E de rang
un, F est unique et T(E) = T(E , F) = T(E) déja défini, d'od une donnée 9.4
(ii) vérifiant 9.4 (iii). La troisiéme composante de T est le foncteur Ic,
voulu.

9.7 Autre preuve de 1'existence.

Si v est un fibré virtuel de rang zéro et de déterminant trivial sur X :
cho(v) = chl(v) =0, ona chz(v) = -cz(v) et la formule de Riemann-Roch s'écrit

!

fv= I - Cz(v) .
rgk 5

Soit R(v) = (v - 0
9.7.1) v=20

)-(detv=-0). Ona

T8V 4 (det v - 0) + R(V)

et, appliquant c* a 1'égalité correspondante dans Ky » on obtient ChOR(v) =
R =0, ZR(v) = (v) .
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Ces formules suggérent de définir

(9.7.2) IX/SCZ(E) :

det £,(-R(E))
det £,((det E - 0) - (£ - 08F)) |

et plus généralement, pour v dans K(X) , IX/SCZ(V) = det £,(R(v)) .

Etudions 1'additivité en v des foncteurs v— 08 ' et vi— (det v - 0) ,
et par 13, par 9.7.1, de v+ R(v) .

Pour n et m deux entiers, définissons

(9.7.3) oM g oM = M

par (X; seees xn) . (y1 yeees ym)v——-r (xl seees Xy Yy oseees ym) . Soit (2)

la catégorie de Picard commutative d'ensemble d'objets TI'(X , Z) , de fléches les
isomorphismes identiques, et d'addition + . Alors, v+ rg(v) et n+ [On]

(muni de 9.7.3) sont des morphismes de catégories de Picard. Le premier est compatible

N ci s . nm
a la commutativité, le second non: il s'en faut de €(0) . Le foncteur wv—
rg(v

[o )] a donc pour défaut de compatibilité 4 la commutativité
Org(v) + OBV BV, 8V
(9.7.2) \ 9.7.2)
or8(vHw)
1'élément E(O)rg(v) rg(w) de K » représenté par 1'automorphisme (_l)rg(v) rg(w)
de 0.

Pour L et M deux fibrés en droites, plusieurs définitions d'un isomorphisme
d'objets virtuels

(9.7.4) (LOM=-0)=(L=-0)+(M=-0)+(L-0)8(M=-0)

sont possibles ((-0) ® (-0) ~ 0 & droite, ordre des [4 3 gauche) . Les iso-
morphismes obtenus différent par €(0) . On choisit la définition pour laquelle,
si L=0(D) et M=0E) (d'ou 0(D) -0 = [OD(D)] , «.) et que D et E
sont disjoints, 1'isomorphisme obtenu est déduit des 1'isomorphismes 0D+E(D +

E) = OD(D) ] OE(E) et de la trivialisation

(0(D) - 0) (O(E) - 0) = 9(D) @ 0 (E) = O

(car les supports sont disjoints). L'isomorphisme 9.7.4 a les compatibilités suivan-
tes & 1'associativité et 3 la commutativité (on omet les signes 8):
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(9.7.5) LMN - 0
(L=0)+ (MN = 0) + (L - 0)(MN - 0) (LM = 0) + (N=0) + (LM = O)(N = 0)

(L=0)+M=-0)+ (N=0)+(L=-0)(M=0) +(L=-0)(N=-20)+(M=-0)N=-0)
+ (L= 0)(M=-0)N-=-0)

(IM=-0) —— (L=-0)+ M=-0) +(L-0)(M-0)
(9.7.6) | |
(M - 0) —— (M=0) +(L=-0)+ (M=-0)L-0)

Pour le foncteur v+—(det v - ¢) , l'isomorphisme det(v + w) = det(v) 8
det(w) et (9.7.3) fournissent
(9.7.7) (det(v +w) -0) = (det v -0) + (det w - 0) + (det v - 0) (det w - 0)
et pour cet isomorphisme une compatibilité a la (9.7.5) & 1l'associativité. Par
contre, det n'étant pas compatible & la commutativité, (9.7.7) ne 1l'est pas non
plus: il s'en faut de 1'élément de K représenté par 1'automorphisme (_1)rg(v) rg(w)
de det(v +w) .

L'isomorphisme (9.7.1) et les compatibilités a 1'additivité (9.7.3) (9.7.7)
fournissent pour R(v) un isomorphisme

(9.7.8) R(v +w) = R(v) + R(w) - (det v - 0) (det w - 0) ,

avec une compatibilité a 1'associativité (cf 9.7.5) mais non a la commutativité:
défaut e(det v det w - o)rg(v)rg(w

Le fibré virtuel R(v) est fibre a fibre de rang et de degré nul, donc d'Euler-
Poincaré nul et le fibré en droite gradué det f,R(v) est de degré O . Par appli-
cations des foncteurs det, f, et "-", (9.7.8) et (7.3) fournissent un isomor-
phisme

(9.7.9)  IyePv + W = I Pw) 8 I (W) @ <det v , det w>

X/S X/S N
avec défaut de compatibilité i la commutativité (-1) ,

N= J'x/s rg(v) rg(w) (cl(v) + cl(w)) .

On en déduit une compatibilité 3 1'additivité pour
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vi—(rg(v) , det(v) , IX/SCZ(V))

qui fait de ce foncteur un morphisme de catégories de Picard commutatives de
K(X) dans la catégorie 9.2. De 13, une donnée d'additivité pour E +(rg E ,
det E , IX/SCZ(E)) . Pour E de rang 1, R(E) est trivialisé, d'ol une donnée
9.4(ii). On vérifie qu'elle vérifie94(iii). Ceci achéve la deuxiéme preuve de
1'existence.

9.8 Appliquons det f, & (9.7.1):

2. -1
/s V)

D'aprés (7.5), le second facteur est une racine carrée de <detv,detv @ w;{}s> .
D'aprés Mumford [17] § 5 , det Rf, 0 est une racine douziéme de <w , wd

On obtient ainsi des isomorphismes de Riemann-Roch:

(9.8.1) det £, v = det RE,0"8 V @ det f,(det v - 0) © I

Théoréme 9.9 Soit X propre et lisse sur S , a fibres géométriques connexes.
Pour v dans K(X) , on a des isomorphismes:

(i) Si v est derang O, et de det(v) trivialisé:
_ 2
det £, v = IX/SC (v)
(ii) Si v est de rang O ,
02 -1 2, =2
(det £,v) = <det v , det v @ ("X/S> Q IX/SC w)
(iii) En général,

(det £, V% -

<w , w>8rg(v) Q (det v , det v @ w;}s>e6 ® IX/SCZ(V)-IZ .
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10. Méetriser IC™ .

10.1 Soient X une variété analytique complexe, £ une suite exacte courte
E' » E +» E" de fibrés vectoriels sur X , h une métrique sur £ et h' , h
les métriques induite et quotient sur E' et E" . Au §5, nous avons rappelé
la définition d'un "terme correctif" Gl(h) := 8 (h ; h' , h") dans M(X)
vérifiant

bl , m) = an'C e, n) v anl(er , 0+ S @d ) .

2
Les formules 61 =0, c2 = -ch2 +%(<:hl)2 donnent que

A(E,h) = c2(E',h') + cH(E' , h') cT(E",h") + c2(£",h") - zlﬁ-d'd"éz(h)

et d'aprés (5.11.3), avec les notations de 5.11,

2.0 (0 -1
62(n) = ]1 5L Clllaa) d Loglal

=L
T 2m

N 0,1 "
(oi @EQ (Hom(E" , E'))

Tr(a*A o)

Théoréme 10.2 Soit X une courbe projective non singuliére. Il est possible,

s

d'une et d'une seule fagon, d'attacher a chaque fibré vectoriel métrique (E ,h)
sur X  une métrique sur 1'espace vectoriel de rang un IXCZ(E) de sorte que

171

(i) Pour E de rang 1, on obtient la métrique 1 sur l'espace vectoriel IXCZ(E) =

C.
(ii) Pour toute suite exacte courte E' + E > E" , définissant un isomorphisme
Icz(f) = IC,(E") ICZ(E") Kdet E' , det E"> ,

si x 4 gauche correspond & y 4 droite, les longueurs carrées sont liées par
lI=ll = llyll exp (a) avec

a

2mi JX Tr(a*A o)

(notations de 10.1).

10.3 Unicité: Soient (E, h) et F une filtration de E de quotients successifs

des fibrés en droites: O CFlc CFd = E. Lla définition de IC2 fournit

un isomorphisme
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_ F F
Ic, () = i§’j ery(6) , 6ry(e) >

et un usage itéré de 10.2 (i) (ii) détermine le rapport entre la metrique 10.2
4 gauche et le produit des métriques & droite, lorsque chaque Gr; est muni de
la métrique hi déduite de celle de E . Ce rapport exp(a) est le ;uivant.
Le fibré virtuel [E] est canoniquement isomorphe & la somme des [Gr;(E)] ,
et la métrique virtuelle [h] est la somme des [hi] plus un terme correctif
§. Ona
a= -J 82
% .

Avec paramétres, si f: X * S est une famille de courbes projectives non
singuliéres paramétrée par S , E un fibré vectoriel sur X muni d'une métrique
~h et que F est une filtration comme plus haut de E , la construction ci-dessus

fournit une métrique gF sur I CZ(E) . D'apres 10.1, le terme correctif intro-

X/s
duit dans 10.2 (ii) assure que

Cz(f) , gF) est 1'intégrale J. de

1
Lemme 10.4 La forme de Chern c¢ (I X/s

c“(E, h) .

X/s

10.5 Existence. Il s'agit de montrer que la métrique gF ne dépend pas de
F . Soient F et G deux filtrations. Pour toute application g(z) de €
dans 1'espace des métriques, 10.4 donne

dra" log(gF(z)/gG(z)) =0 .-
Il en résulte (cf 2.4.4) que uw(F , G) := 1og(gF/gG) est indépendant de la métrique
g . Pour trois filtrations F , G, H, ona u(F, H) =u(F, G) +u(G, H) .
Pour voir que u = 0 , il suffit donc de le vérifier pour F et G en position
générale. Ce cas se réduit a celui o F et G sont adjacentes (cf 9.6.7), puis
au cas oi E est de rang deux.

Pour E de rang deux, la donnée d'une filtration F équivaut a celle d'un
fibré en droites LcCE localement facteur direct. Que les fibrés L et M
correspondent a des filtrations en position générale F , G signifie qu'il existe
un diviseur réduit E et un isomorphisme ¢ entre L et M sur E tel que

L® MC ECL(E) ® ME)

et que les sections locales de E soient les (2 ,m) , avec &Lrespm) section
locale de L(E) (resp M(E)) et & et m de méme partie polaire (rel. ¢) .
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Les suites exactes L > E > M(E) et M > E » L(E) fournissent des isomorphismes
(10.5.1) o <L, M(E)> = ICZ(E)

(10.5.2) ag * M, L(E)> - ICZ(E) .

On laisse au lecteur le soin de vérifier le

Lemme 10.6 Soient % et m des sections de L et M . Supposons que 2 et

m ne s'annullent pas sur E , donc définissent <% , m> € <L , M(E)> et <m, &> €
<M, L(E)> . Si 2|E et m|E se correspondent par ¢ , alors, au signe prés,

<2, m> et <m, 2> définissent le méme élément de IC“(E) .

La métrique gF sur ICZ(E) correspond par (10.5.1) 3 la métrique de <L , M>
modifiée par un terme correctif, et log j|aF(< 2, m>)||gv est la somme de (a) 1'inte-
grale qui apparait dans la définition de ||<2,m>| , () les termes ponctuels
qui y apparaissent, (c) 1'intégrale qui définit le terme correctif.

Choississons un recouvrement X = U UV avec Ucc X-div(L) -div(m) et
VccX-E. Il existe une métrique g sur E telle que, sur U, g soit
invariante par 1'automorphisme de E qui échange % et m, que, sur V, L L M,

que localement sur V , soit ||&]| =1, soit |lm]| =1, et que ||&|| = ||n]| =
1 sur E. Pour une telle métrique, les termes ponctuels (b) sont nuls, les
intégrands dans (a) (c) sont nuls et log ||aF<JL, mll, = logIIaG<m s 2>||gG par

symétrie. Ceci termine la preuve 10.5 et celle de 10.2.
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11. Le théoréme.

11.1 Soient X une courbe projective et lisse sur € et E un fibré vectoriel
sur X . Si wy et E sont munis de métriques h et g , les deux membres de
1'isomorphisme de Riemann-Roch 9.9

812 8(-12)

(11.1.1) (det HX(X , E)) =<w , w8 g (det £ , det E® m;(}s>% cZ(v)

8 Iy/s
sont métrisés. A gauche, la métrique “torsion analytique", normalisée comme en
1.2. A droite, le produit tensoriel de métriques (6.3) et (10.2). Pour x , a
gauche, correspondant & y , 3 droite, soit

OX ,E, h, g) = log(lIx||/]Iyll) .

Rassemblons les informations dont on dispose sur ¢ . Si X et E dépendent
de paramétres, i.e.si on part de f: X+ S et de E sur X, (11.1.1) correspond
a un isomorphisme de fibrés en droites. Si /s et E sont métrisés, la premiére
forme de Chern de det Rf,E , pour la métrique "torsion analytique" a été calculée
par [3] [6] . Elle est donnée par la formule de Riemann Roch, au niveau des
formes, et coincide donc (6.6.1) (10.4) avec la premiére forme de Chern du membre

de droite. On conclut:
(11.1.2) En présence de paramétres, la fonction § sur S vérifie
d'd"¢p =0 .

Pour E=E' ® E" et une métrique g sur E somme directe orthogonale de
métrique g' sur E' et g" sur E" , l'isomorphisme (11.1.1) est compatible
d 1'additivité des deux membres,et les métriques sont compatibles & 1'additivité.
On a donc
(11.1.3) ¢, E h, g =0 E' ,h,g) +0X, £ ,h,g).

Enfin, la compatibilité a la dualité de Serre pour les fibrés en droites
donne
(11.1.4) X, L,h,g =0KX, w’, h,hey.

11.2 Comme expliqué en 2.4.4 , (11.1.2) implique que ¢(X ,E, h, g) ne dépend
pasde g et h. Posons (X ,E) :=0(X ,E, h, g) . Si E extension de

E" par E' , la somme directe E' ® E" est une limite de fibrés isomorphes a

E . Par (11.1.3), on a donc
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O, B) =X, E') + Ox, E")
de sorte que §(X , E) ne dépend que de la classe de E dans KX) . Ona
K°(X) = Pic(X) x Z
(les seuls invariants stables d'un fibré sont sa dimension et son déterminant).
A X fixé, la fonction (X , E) se factorise donc par Pic(X) x Z . Etant additive,
elle est de la forme
OX , E) = a(X) rg(E) + b(X) deg(€) .

et (11.1.2) affirme que a et b sont des fonctions pluriharmoniques sur 1'espace
de module des courbes.

La compatibilité a la dualité de Serre (11.1.4) équivaut & b(X) =0 .

11.3 En genre g# 1, 2, une fonction pluriharmonique est constante: en tout
genre, 1'espace de modules M des courbes de genre g vérifie H(M ,R) =0 ,

de sorte qu'une fonction pluriharmonique réelle ¢ est la partie réelle d'une
fonction holomorphe f . Pour g# 1, 2 M admet une compactification (normale)

M avec M - M de codimension >2, f se prolonge & M et f est donc constante.
On a prouvé:

Théoréme 11.4 A un facteur exp(a(X) rg()) prés , (11.1.1) est une isométrie.
Ona d'd"a=0 et, engenre g#1, 2, a(X) ne dépend que du genre de X .

Remarque 11.5 En genre 1 , on vérifie que ¢ = 0 . Ceci laisse penser que,
pour une constante ¢ , on

a(X) = ex(X)
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p- ADIC PERIODS AND p- ADIC ETALE COHOMOLOGY
Jean-Marc Fontaine and William Messing1

Introduction

Classically, the relation between the Betti and de Rham cohomology of a projective
and smooth variety defined over a number field is expressed in terms of the periods and
via Hodge theory. We shall present evidence indicating that, in a precise sense, there is
an analogous relation between étale and de Rham cohomology.

Let E be a number field , E an algebraic closure of E, and X be a proper smooth
variety defined over E. Fixa prime number p and ¢ (resp. § ) a place of E (resp. E)
lying over p (resp. p). LetV = Het(XE, Qp) viewed as a representation of the
decomposition group associatedto §# and D = HDR (X) ® E? endowed with its Hodge
filtratign. In [31], Tate proved that, if m = 1 and X has good reduction at p, then setting
C= E? , C ® V admits a Hodge-Tate decomposition; and conjectured that this holds
for all m without the good reduction hypothesis. Faltings has recently announced a proof
of this conjecture [9].

Changing notation, we are led to consider K a characteristic zero, non-archimedian
local field of residue characteristic p and X a proper, smooth variety defined over K. We
continue to denote by V (resp. D) the associated p -adic étale (resp. de Rham)
cohomology of X. Using a basic result of Tate [31] and Dieudonné theory, Grothendieck
proved in [21] that, if X has good reduction, then, form =1, V viewed as a representation
of Gal (R /K) determines D endowed with its Hodge filtration and its "Frobenius
structure” (coming from crystalline cohomology) and conversely. This mutual
determination was not direct or explicit (but rather used the intermediary of the
p- divisible group associated to the Albanese variety of X) and Grothendieck raised the
problem of finding an explicit recipe for passing between V and D as well as the problem
of obtaining similar results for m 2 2. This is his problem of the mysterious functor. The
case m = 1 was resolved by one of us in [11,14] and a conjectural recipe in the case of m
> 2 was also given in [14].
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We summarize here the progress that has been made towards establishing the
"crystalline conjecture” of [14] and, in addition, indicate some applications. Intuitively the
idea is that, just as p- divisible groups serve as the bridge connecting V and D when
m = 1, an appropriate "generalized p- divisible group” should serve to connect them for
m 2 2 as well. In the following this intuition is not made explicit but rather we use the
concepts and techniques which have developed from it.

The paper is divided into three sections. In the first, we state our main results and
give both arithmetic and geometric applications. In the second, we introduce the
syntomic topology and explain how to calculate crystalline cohomology using it, as well
as give an essentially complete proof of the main part of Theorem A (of part I). In the
third, we define certain sheaves S!, for the syntomic (or syntomic-étale topology) which
intuitively can be thought of as an "intelligent version" of Symky,pn and give an outline
of how our main result, (theorem B of part I) is proved.2

1. Crystalline Representations and the Construction of p -Adic Etale
Cohomology

Throughout this paper, p is a fixed prime number, k a perfect field of characteristic
p , W its ring of Witt vectors, K the fraction of field W, ¢ the absolute Frobenius of K
(o(x) = xP) as well as (abusively) the induced automorphism of W (resp. K). Let K be
an algebraic closure of K, G = Gal (K/K), I the inertia subgroup, Qp(1) the one
dimensional Qp-vector space Qp ®z, Hom (Qp/Zp, K*), x the cylotomic character
giving the action of G on Qp(1).

1. Crystalline Representations

1.1. A p-adic representation is a topological Qp-vector space equipped with a
continuous linear action of G. The dimension of the representation is the dimension of
the underlying space.
A filtered module is a K-vector space D equipped with
i) an exhaustive, separated decreasing filtration indexed by Z (i.e. a family of
K-subspaces Fil'D satisfying Fil'D o Fil'*1D, UFI'D =D, NFil'D =0),
i) a Frobenius, i.e. an injective o-semilinear endomorphism

¢:D->D

2We assume that p # 2 in the third section. In terms of the "main case" of
thforem B, namely when p > dim(X), this is not a restricition, because for
H"'s the result is known.
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The dimension of the filtered module is the dimension of the underlying K-space. With
the obvious definition of morphism, the filtered modules form a category which is additive
(but not abelian), Qp-linear, has direct sums, tensor products, kernels, cokernels and in
which the notion of short exact sequence can be defined. If D is a finite dimensional
filtered module, then the dual vector space is endowed with a natural structure of filtered
module, denoted DV.

1.2. EXAMPLE : Let X be a proper, smooth variety defined over K and let X=X®K;
foreachme N, Hg: (X, Qp) is a finite dimensional p- adic representation. We denote
the direct sum of these spaces by Hg(X) and (for brevity) the mth summand by Hg: (X).

We say that X has good reduction provided there exists a proper smooth
W-scheme X such that X ® K= X. If Xy is the special fiber of X, then K % Hg,'is (X/W)
is endowed with a (bijective) Frobenius and is canonically isomorphic to HgR (X/K), and
thus is endowed, by transport of structure, with a filtration, the Hodge filtration. Thus, we
obtain a filtered module, Hg:is(X), which by [19], is independent of the choice of X. As
above, we denote the direct sum of these by Hs(X).

1.3. For any commutative ring A, let A, = A/p"A Let D¢ be the ring of integers of K
and B be Dk ;. Thering, W,(Dg), of Witt vectors of length n with coefficients in
Ok is endowed with an action of G and a Frobenius. We view W,(Dk ) asa
W, -algebra via the composite
o™ " = _

Wp— W, —— W, (0k)

We define a surjective homomorphism of W, -algebras
0h: Wo(Bk ) — DOk

by 6 (@, - s 8y.1) =8, + ...+ p"™1 &P,

(where & e Di  is any lifting of a;). Note 6, commutes with the action of G.

Denote by WRP (D) the divided power envelope of the ideal Ker (8p)
(compatible with the natural divided powers on (p)) and by J,, ( D) the corresponding
divided power ideal. Thus we have an exact sequence

0— Jn(Ok) —WEP Br) — B n — 0
By functoriality G acts on this sequence and since ¢(Ker (8,)) C Ker (6) + p-Wn(ﬁf )
it follows that ¢ extends to WRP(SR)

1.4. For any n 2 1 we have a commutative diagram of W-algebras



182 JEAN-MARC FONTAINE and WILLIAM MESSING

- en+1 -
Wn,10@k) ————Bknw

Wh®k) ——— Bk n

where the right vertical arrow is reduction modulo p" and vy (a,,..., a,) = (ab.....al.,).
Note v, extends to the divided power envelopes.
We define Bgig =K @ Ii{p W,'?P(Dg ); this is a topological K-algebra endowed
W

with a continuous action of G and the structure of a filtered module. The filtration is

defined by
e [Béis HrsO
e the image of K @ lm JI1 (B%)  ifr>0,

where JU (9 ) denotes the rth divided power of J,, (O )-

1.5. Foranyn21,if ee upn(R) and % isits image in 5; , the element

[B]=( %.,0,.,0) € Wh(OK ) belongsto 1 +J, (Og) and hence log([ €] ) is an
element of W,?P ( ég ). This construction defines a homomorphism

T (K)—— WPP (97 ) and passing to the limit, we obtain an embedding

Qp(1) — Biris - We view Qp (1) as included in Bgris Via this map (which is G
compatible) and, if t denotes any non-zero element of Qp (1), we define B to be
Béis [t7"]. G acts on By, ¢(t) =p~'- 1. Finally, we extend the definition of the filtration
to By by setting

FIl Bog = \J TSFIMS B,

cris
1.6. Let D be a finite dimensional filtered module. We say D is weakly admissible it
there is a lattice M in D such that Zp” "¢(MNFil'D) = M. The category of weakly
admissible modules is stable under sub and quotient objects, extensions, tensor
products and taking duals; it is abelian and in fact a Qp-linear, neutral tannakian
category (cf. [12,24]).

If D is a weakly admissible filtered module, we set

V(D) ={ x € Fil%(Bys ? D)|o(x)=x} .
This is a p -adic representation of dimension at most that of D. We say D is admissible

provided these dimensions are equal. Conjecturally, all weakly admissible modules are
admissible.
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If Vis a p -adic representation, we set
D(V) = (Byis ® V)G .

This is a filtered module of dimension at most that of V. We say V is a crystalline
representation if these dimensions are equal.

1.7. PROPOSITION ([12,13,16]): The category of admissible filtered modules (viewed
as a full subcategory of the category of weakly admissible modules )} is stable under sub
and quotient objects, tensor products, taking duals, extensions. Any weakly admissible
module whose filtration has length less than p (i.e. such that for some |, FillD =D,
Fill*PD = 0) is admissible. The functor V induces a ®-equivalence between the category
of admissible filtered modules and the category of crystalline representations. The
functor D is a quasi-inverse functor.

2. Crystalline Representations and Etale Cohomology

2.1. Let X be a proper, smooth K-variety having good reduction; we say X is
admissible i He,i(X) is admissible. We conjecture that any such X is admissible. One
has the following partial result.

2.2. THEOREM A: i) The product of two admissible varieties is admissible; the
standard cellular varieties (P",Grk’N, ... ) are admissible.
iy If X is a variety having good reduction and if one of the

following conditions holds

a) p > dim(X),

b) X is a curve or an abelian variety,

c) there is a proper smooth model X/W with torsion-free
Hodge cohomology and with ordinary [4] special fiber,
then X is admissible.

Statement i) is a consequence of the Kiinneth formula, the stability of admissible
modules under tensor product and the fact that certain "elementary" filtered modules
(e.g. S'= K with ¢ = p/- o, Fill = K, Fil*! = 0) are admissible. In cases b) and c) statement
ii) is established in [14,16]. We shall indicate the proof in case a) in 11.2.7,2.8 (also see
[22] when X is projective).

2.3. The main interest of Theorem A derives from:
THEOREM B: There are defined on the category of admissible varieties
canonical and functorial isomorphisms (compatible with multiplicative structure
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and cycle classes) of p-adic representations (resp. filtered modules)

V(HerigX) = Het(X)

D(Hg(X)) = Heig(X)
and consequently B s ® Hio(X) = Big ® Hgy(X)

K %
REMARK: If X has good reduction, then in fact the conclusion of the theorem is valid for
HM provided m < p.
We shall give the idea of the proof of theorem B in IIL6. Here are several

applications of theorems A and B.
3. "Arithmetical” Applications

a
3.1. Hodge-Tate Decomposition. Let C = K and forany re Z set
Cn=C® Op(1 )®" . For any admissible X, we have canonical, functorial isomorphisms

compatible with ring structure and cycle classes
m m . . :
C ® Hg(X) =@ C(-j) ® H™(X,Q}) .
j=0 K

This isomorphism is obtained by writing gro(B.;s ® H;':(X)) = gr(Bis ® HQiS(X))
and using the fact [12], that gr'B;s = C(r)

REMARK: This result was conjectured by Tate for all proper, smooth varieties over K
and had been proved in many particular cases [1,4,5,7,15,22,31]. Recently Faltings has

announced the result in the general case [9].

3.2. Action of Tame Inertia. Let V be a G-stable lattice in Hgt'(X) and V be the
semi-simplification of V/pV; with respect to the action of I. Then, if X is admissible, the
action of I (through its tame quotient) is given by characters of the form

%y (o +Pin +-+0" ihy) where h > 1 and x,, is a fundamental character of level h, i.e. a
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character of I with values in Fyn which factors through Fy, (where 12m = lim Fr. F,
-

being the subfield of p’ elements of k) and extends to an isomorphism Fn 3 th. Then
the integers ij satisfy 0 < ij <m.

This follows from a general property of the crystalline representations associated to
filtered modules satisfying Fil°D = D, Fil™1D = 0, cf [13]. This result had been
conjectured by Serre [30] and proven by Raynaud for m = 1, [27], and Kato in a more
precise form provided dim (X) < p- 1 and the special fiber Xy is Hodge-Witt [22].

3.3. Bounds for the Discriminant. With the same notation as in 3.2, let H,, be the kernel
of the representation of G on V/p"V, L, = K Hn and f)Ln,Kthe corresponding different.
Then, with the valuation v of L,, normalized so that v(p) = 1, we conjecture that
V(DLn/K) <n+m/(p-1). Form =1 thisis proven in [17]. The general case should follow
from theorem B because this inequality should hold for any crystalline representation.
This is true at least when n =1 and m < p-1, cf [18].

As a consequence, by using methods analogous to thase which prove there is no
non-trivial abelian scheme over Z [17], one deduces the following result:

If X is a proper, smooth variety over Q which has good reduction everywhere, and if
i,je Nand satisfy i #,i + j <3, then Hi(X.Q§( ) = 0. In particular, if the dimension of X is at
most three, all its cohomology is algebraic [18].

3.4. Image of the Galois Group.

PROPOSITION: Let X be an admissible variety and let G, be the Zariski
closure of the image of 1 in GLy™M y,.

i) The image of 1 is open in Go(Qp) (for its topology of p-adic Lie
group );
iy Gy is a connected group.

The first property is a consequence of the fact that H;‘(X) is a Hodge-Tate
representation [29]. The second property holds for any crystalline representation. It
implies that if V is any I-stable subquotient of Hg;'(X), then the action of I on the
determinant of V is via ™ for some r> 0. For m = 1 this was proven by Raynaud [27].
Note that the fact that H;','(X) is Hodge-Tate implies this last result only up to
multiplication by a character of finite order.

4. Geometric Applications

4.1. Etale Cohomology of the Special Fiber. Let X be a proper smooth W-scheme such
that X=X is admissible. The specialization map induces an isomorphism:
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* - ~
Het(xkl Qp) —_— Het(X)I .

This follows because the source is naturally identified with the fixed points of ¢ in

Heris(X) ® Frac (W('k)) and the isomorphism of theorem B transforms this into the target.
When m = 1, this holds even if K is not absolutely unramified and with Qp replaced by Zp.
Can it be proven for m 2 2 and K an arbitrary local field by "purely” étale cohomological
methods? What is the local analogue of this result?

4.2. The Crystalline Discriminant. Assume p = 2 and that k is algebraically closed. LetY
be a proper, smooth k-variety of even dimension d. Set H.s(Y) =K ‘% Heris(Y/W).

In [25], Ogus defines an invariant, the crystalline discriminant, to be the Legendre symbol
of the reduction mod p of p0™d<®0>.<q 0> where o is a generator of the determinant of
Hg,is(Y)(-dlz) which is fixed by ¢. Further, he gives a conjectural formula for this in terms
of the L-adic Betti numbers of Y.

Suppose now that Y admits a lifting to W whose generic fiber X is admissible. by
theorem B, « is then identified with an element of the determinant of Hgt(X)(d/Z). It now
follows immediately from the Hodge index theorem that Ogus' crystalline discriminant
conjecture is true for Y.

4.3. Absolute Hodge and Absolute Tate Cycles. Let X be a proper smooth variety
defined over an algebraically closed field E of characteristic zero. Recall [25], an
element & of Filf H%g (X) is said to be absolutely Tate provided there is a smooth
Z-algebra R C E, a proper, smooth model of X, Xg, defined over R, having locally-free
de Rham cohomology, an element &g e Hg{, (XR) giving back & and such that, for any
perfect field of finite characteristic k, and any homomorphism R —%— W, the image of
Er Ew € HBE (Xy) satisfies oGEw) = p" &y. Given such a g, fix R as above; then, for
almost all p, p > dim (X),and we may choose a to be an injection. Extending o to the
algebraic closure of Frac(R) in E and applying theorem B, we see that &, defines an
element of Hg Xk, Q ()&, which by the proper base change theorem we may view
as an element ip of H2[(X, Qp(r)). Conjecturally, [25], there is an absolute Hodge
cycle y = (Ypr.(¥y) ¢ prime) SUCh that § =ypp. Itis reasonable to conjecture that y,, is equal
to !’;p forall p for which ép is defined (and in particular that Ep is independent of all
the choices made).

4.4. Transcendental Results. Let X be a proper, smooth W-scheme such that
dim (X4) < p. The proof of theorem A (part ii a) cf. 11.2.6, in fact shows that Hpg(X) is an
obiect of the category MFy;, [32], and that the Hodge to de Rham spectral sequence for X



p-ADIC PERIODS AND p-ADIC ETALE COHOMOLOGY 187

degenerates at E4. If X is projective, as a consequence of the hard Lefschetz theorem
for crystalline cohomology, [23], one deduces its validity for the Hodge cohomology of
Xy (morphisms in MFy; are strictly compatible with the filtrations). It follows that hid = hii
for Xk. Now if X is any proper, smooth variety over a characteristic zero field E, we can
choose R, X, ®:R——W (where p > dim X) as in 4.3 and immediately deduce the
degeneration of the Hodge to de Rham spectral sequence (for X) at E,, the hard
Lefschetz theorem for the Hodge (or de Rham) cohomology of X (assuming X is
projective) and, as Gabber suggested, using Hironaka, the Hodge symmetry even if X is
"only" proper. The proof of part ii a of theorem A in fact gives the following result: if Y is a
smooth variety of dimension < p defined over k and Y is liftable to W,, then there is a
canonical semi-linear quasi-isomorphism between @ Q{[-j] and Qy . Recently, Deligne
and lllusie, [8], have found an incredibly elementary explicit proof of this fact and
Raynaud has deduced from this a proof of the Kodaira-Nakano vanishing theorem for Y.
By using the same method as above, this gives an algebraic proof of the result, valid
for any X/E as above.

11. p -Adic Hodge Structures
1. The Syntomic Site, Crystalline Cohomology and the Cartier Isomorphism

1.1. Recall, [35], that a morphism f: X——— S of schemes is locally a complete
intersection provided, locally on X there is a regular closed immersion into a smooth
S-scheme through which f factors. A morphism is said to be syntomic provided it is flat
and locally a complete intersection. This terminology is due to Mazur.

Let Y be a scheme. The big (resp. small) syntomic site Ygy) (resp. Ysyn) of Y
consists of the category of Y-schemes (resp. the full subcategory of the Y-schemes Z
such that Z—— Y is syntomic) endowed with the topology (cf. [33, exposé 1V]) generated
by the surjective syntomic Y-morphisms of affine schemes. The big site is functorial in Y;
for the small site there is the "usual" difficulty, cf. [34] or [2]; nevertheless cohdmological
calculations can be made using either.

1.2. For any k-scheme Z we write Bﬁ"S(Z) = HO((ZW)gris: Ozwn); this is a commutative
W, -algebra endowed with a Frobenius endomorphism, ¢.

1.3. PROPOSITION: The functor Z —— BS8(Z) is a sheaf on the big syntomic site of
Spec(k). Forany k-scheme Y, H*(Ygyn, OS™) is canonically isomorphic (compatibly
with Frobenius Jto  H*((Y/W,))eie» Dyn)-

The first statement follows easily from the fact that given a divided power thickening
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U¢—T and a syntomic morphism U'— U we can, locally on U', find a lifting to a
syntomic morphism T—T. The second statement follows easily from this plus the
explicit description of crystalline cohomology in terms of the de Rham complex of a
divided power envelope.

1.4. REMARK: If A is a k-algebra, we denote by WEP (A) the divided power envelope
(compatible with the standard divided powers on V-W,(A)) of the ideal formed of all
(ags--1@n.1) € Wp{A) such that af = 0; this notation is consistent with that of 1.1.3 when
A= 6,2. Passing to the associated sheaf for the Zariski topology, we find a natural
homomorphism: WBP(A) —— D&8(A), defined exactly as in 1.1.3. One verifies that if
the Frobenius of A is surjective then WRP(A) —=— DC"(A) and this implies that the

~

associated sheaf for the syntomic topology, WEP, is isomorphic to eg'iS.

1.5. We now restrict attention to the small syntomic site of k. If n and n' are integers such
thatn>n'21,and n-n'=c, there is an epimorphism, denoted generically by v,
Dﬁ"s—-—> O g'.'"s, which is induced by the map W,(A) —W,,(A) given by

(@gs--r8n.) — (@2°,....a,.4%° ). Using some standard facts about divided power
envelopes of local complete intersections, it is shown that B is flat as a W,-algebra.
Thus, given integers n', n" 2 1, we find a short exact sequence

) T ) v )
0— D3 —— D . ——> B0

where is defined by ix = p ™% if % is a lifting of x in OS!iS,. .

1.6. Let D, be the "structure sheaf" on Spec(k), i.e. B4(Y)= r(Y.Oy) for any k-scheme Y.
There is an epimorphism of syntomic sheaves @ﬁ"s —— B, and the kernel J,is a
divided power ideal. Forany re N, let J,I7 be the rth divided power of J, . The J,I1 form
a decreasing filtration of D5,

B5is =y Moy, =4,y @,
and their intersection is zero. By an elementary calculation of the divided power

envelopes of certain complete intersections, it is easy to check that forr < p-1 the
natural map Sym"(J;/ J,18)) — J,Vy,I*1is an isomorphism, cf. 1.7.
For any integerr> 1, let TT” be the kernel of the composite mapping

¢ v .
cris 5 pcris sp)cris
r+1 Br«l Br .

Set 'I\f"’ = DCI”S. There are two homomorphisms of 'I\f” in B‘f’is :
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(i) v, is the composite  T§™> — Defs —— D
(i) a o-semi-linear homomorphism, ?,, defined by ?,(x) =y if ¢(x) = n(y).
Let F" 95 = Imy,, F, 0" =Im ?,. and set F, BD§™ =0.
One verifies that for all r € N, F' B o F*19$" and F,.,0% c F, B§ and that
?, induces a o-semi-linear isomorphism:

fr: Fr Oﬁris JEr+H B'fris ~ Fr Bﬁ'ﬁs/ Fr.1B"iris

1.7. PROPOSITION:

i) For all r, FFO$s= g, .

iy UF, D% =D .

Working locally for the syntomic topology, we are lead to consider a k-algebra A of
the following type. Let (P4,...,Py) be a regular sequence in a polynomial ring k[Xy,...,Xp].
Let A be the quotient of the perfection of this polynomial ring by the ideal generated by
Py....Pg. If m denotes the image in A of the pth root of Pjin Kk [Xy,....Xp] » then one

checks that

B (A) =WRP(A) = ® Ay (). Yom,(mg) -
my,...Mge N
and that J,I"(A) is the sub-A-module of D57 (A) generated by the Vi, (1) Vg () With

Zm; 21, and that, if A= A/(ny,...,mg) then

gl o Zym1(1t1)...ymd(1td) .
m1 ++md =r

Let n'; be a p"" root of r; in Aand let ; be the image of
(,0) € Wy q(A) in WRR, (A) = DF (A). Aso(®;)=pl, (&) wefindthatifxe A
and Xe DS (A)isaliftingand = mj=r, then 0= )?ym‘( 1?1)...ymd( ) is a lifting of
U = XYy, (4).. Yy () in Deris (A) which satisfies:

¢(G) = (p!)rq’()’(\)nm"--nmd’Ypm‘(7?1)---Ypmd( ﬁd)
(where ny, = (pm)¥/(p!)™m! is a p- adic unit).
This immediately gives statement ii). Using this calculation one shows inductively that
F,B‘i’is A= & Aypm‘(n1)‘.. Yom d(‘ltd) and this easily gives the proposition.

}:mjsr
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2. Crystalline and de Rham Cohomology

2.1. Letsbe aninteger > 1. If i: Spec(k)gyy ——Spec(Ws)gyy then one verifies that
ix is exact. We shall (by abuse of notation) continue to write DS for i DS") restricted to

Spec(Ws)syn. Denote by Dg the "structural sheaf" on Spec(Ws)Syn and for any n <s set
On= Bs/p".es. There is a homomorphism of Wy-algebras
B5*——0,

which, in terms of Witt vectors, is induced by the homomorphism Wy(®1) — B, given
by (@gs.-18n.q) —> &P L p™1ap,, where éi is a lifting of gjto Op: this homomorphism
was considered in the special case of D , in 1.1.3. This is an epimorphism of
sheaves and its kernel J,, is a divided power ideal whose rth divided power we denote by
Ji.
For all n <'s we thus have a decreasing filtration

peris =5y =Jlls ..
and N JW1 = (0). Forn =1, the just defined J,I"is the direct image by i of the J,[1
of the preceding paragraph.

One checks that the JI1] are flat as sheaves of W,-modules and thus if n',n" ¢ N and
n' +n" <s we have a short exact sequence
0— I —salr] L —— il —0 .

2.2. Let Yg be a smooth Wg-scheme of dimension d and (for n <s) set Y, = Yg ® W,
and let DE,"""S (resp. JY“[’I) be the restriction to (Yg)gyn Of Ogrs (resp. JI1). Denote by
o the evident morphism of sites

o Ys,syn—Ys zar -
PROPOSITION: There are canonical isomorphisms (for 1 <n <s)

i) R D ¥ s—=—Q} .
i) for r e N, Roy Jy [1—=— 0, Q\, (where 6, QY =0-...00-Qf —..)
and Ray (Jy, 11/ 9y [*1) —=— QY [-1].
This is an easy consequence of the fact that crystalline cohomology can be

calculated using the syntomic site and (of course) Berthelot's fundamental comparison
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theorem between crystalline and de Rham cohomology, [2].

2.3. Since ¢(J4) = 0 it follows that ¢( JI11 ) € p- BSr provided r<p -1. Let r and n be two
integers which satisfy r<p -1 and n+rss. Ifx e Ji1and Ke JIf is a lifting then
¢X=p"§ with ¥« BZYs and the image of §in B is well-defined (independent of the
choice of £ and ¥'). We thus obtain a c-semi-linear map

o Jil—— pgis
REMARK: Observe that for n = 1, ¢,J,[**11 = 0 provided r<p-1 and since
Sym™(J 4,8 —=— J,lJ, I+ "] we see that ¢, is determined by ¢, and thus may be
defined provided s 2 2. When r=p -1, this no longer applies, but nevertheless, we may

define a map J, P, Pl — D¢ directly using only ¢,.

2.4. Fixtwo integers t and n such thatt <p -1 and n+t <s. Let A, be the cokernel of the
injective map .

t t
oJll—— oyl
r=1 r=0

given by (Xq,....x) F—> (X1,Xp"P Xy,e--X4-P Xy.1, -P Xp). Since ¢.1(x) = poy(x) if x € JIT ,
the maps ¢, induce a semi-linear map

o ALl—s pgris .
LEMMA: ¢ (AY) =FDY™ andthe kernelof § is isomomphicto J [+,

This is proved by induction on t, the case t = 0 being obvious. We have

t1
Ay = (@ J, [N+ @ g 1Y
=0
and it is clear that the following diagram commutes:

J1[ 1] ¢t > F‘B tiris

f . .
J1[t] /J1[t+1] t BF(G?"S /FH Dcl:ns .
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lft+1<p,as ¢1(J,['+1]) = 0, we immediately find a short exact sequence
o) R Jilt“] aAt' 5 F! G‘i’is——ao

where J,[*11— AY is the map x — ((0,...,0)x)). it +1=p, we still have

O(AR") =F,, B$™ and if x e J,[P!, one checks easily that there is ay e O™ such that
¢p_1(x) = 0,(y) and that the image of y in D‘i’is /J, is independent of the choice of y.
Denoting this image by B(x) we define a morphism J,Pl — A P! by

X — ((-B(x),...,0),x) and obtain as above the short exact sequence fort = p -1 also.

REMARK: Ift=p -1, we can also use the remark of 2.3 to define a map
Py g Pl — F_ , which lifts f, ; and is defined in terms of ¢,. This gives an
isomorphism
‘1 -~
20 J1[r]/J1[ r+1} an-1 Bciris .
r=0

2.5. From now on by abuse of notation we will write HM(F) for Hm(Ys,syn-F) ifFisa
syntomic sheaf on Yg. The exact sequence, deduced from 1.7,

0— F,. B8 — F, 05— J 1,1+ — 0

yields a long exact cohomology sequence and thus isomorphisms

H""(FJ._1 99 —— Hm(FiDﬁ"S) provided Hm'1(J1“1/J1U+‘1) =HM, L1/, li+) = 0.

By 2.2 this is equivalent to the vanishing of HM"1 'j(Q{I) and HMj (Q{',l) and hence holds
provided j > inf(m,d). This condition insures that Hm(Fj_,Bc"is) =HM (D‘i’is) . Similarly, if
we consider the short exact sequence of 2.4, we obtain sufficient conditions for the map

induced on cohomology by ¢ to be injective (resp. bijective). We summarize:

LEMMA: The mapping H™AY, ) —sH™(OS") induced by ¢ is injective if m<tand
bijective if d<t. If t=inf(m,d), HT(F DS ) ——— HM(DSs).
As a consequence of this we see that if Y, is a smooth scheme over W, of
d e el
dimension d < p, then the natural map @ J,[/J,[™1]— B induced by ¢ if d < p-1
r=0

(or as in the remark of 2.4 if d = p-1) is a quasi-isomorphism. This implies:

COROLLARY: If X is a smooth k-scheme of dimension < p, which is liftable to
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Wy, then each choice of lifting defines in the derived category a
quasi-isormorphism :
® QJ[-l ——Q%

If X is proper, then its Hodge to de Rham spectral sequence degenerates at Eq.

REMARK: A completely elementary and explicit proof of this last result has been given
by Deligne and lllusie [8], who in addition obtain interesting results about the liftability of
smooth varieties of dimension < p.

2.6. THEOREM: Let Ygbe a proper, smooth Wg-scheme whose special fiber has
dimension d. For all m20 and all pairs (t,n)e N2 which satisfy

a) inf(m,d) <t < p-1

b)1<n<st
we have

i) The mapping o induces a semi-linear isomorphism

H™(Ys syn Al ) —— HM(Yg gyn, BF®) .
ii) The exact sequence

t t
0— @JW—) QJ[‘{]———)A},‘—-—)O
r=1 r=0
induces an exact sequence

t t
0— @ HMUI) — & HMYI) —HM(AL )— 0 .
r=1 r=0

We prove this by induction on m (it being clearly true for m = -1). First, we show that
the map induced by &, HM(A!, ) —sHM(DS"s), is injective. To do this we use an
induction on n, the case n = 1 having been established in the lemma of 2.5. Suppose n
2 2; the flatness of the J{i's as Wj,-modules implies that of Al and thus we have a
commutative diagram with exact rows:

0—— A%, —— At——A{— 0
|5 |7 |3
0 N eﬁri_s1 5 B({:’ris 5 B(iris 50 ;
which induces another such diagram:
HM YA —— HM™(AL ) > HM(AY) > HM(AS)

HM-1@5%) —s HMO,) — HMO5S) — HMETS) .

As the left hand vertical arrow is an isomorphism and the second and fourth vertical
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arrows are injective, it follows that the third vertical arrow is injective too.
Thus Igy, H™ (A}) < lgy, H™ (9&™). The induction hypothesis implies the
exactness of the sequence

t t

0— ® HMUIM) — & HMJLN) — HM(AY)
r=1 r=0

Thus Igy, HM (©¢rs) = low, HM) < IanHm (A}) giving an equality between these

lengths and the two assertions of the theorem follow for m.

2.7. COROLLARY: Let s eN U{e} and let Yg be a proper smooth (formal) scheme
on Wg (with the convention that W,, = W) whose special fiber has dimension d.

i) If n (finite ornot ) <s-inf(m,d) and if inf(m,d) <inf(p-1,s-1), then, forall r,
the mapping

Hm(Yn,czrn Q;(n) - Hm(Yn,cer‘Yn)

is injective,

i) under the same hypothesis, HS'R(Yn) endowed with the filtration defined by
H™ (Yn 62Qy,) and the mappings ¢, H™ (Yn,o2ry, — HDR(Yn) is an object of
the category MFy of [32].

ii)if d<p-1and if n(finite or not) <s-d, the Hodge to de Rham spectral
sequence

E\M=H™(Yn.Q¥ ) = Hpg(Yn)

degenerates at Ej.

Let t =inf(m,d). When s is finite statement i) follows from the injectivity of

t t
SHMI) — @ HM(JllT)
r=1 r=0
and iii) follows from i). Assertion ii) is equivalent to the exactness of the sequence
t t - )
0—-——)@Hm(dlr{])-——)®Hm(JH])—¢> Hm(Dﬁ"s) 0 .
r=1 r=0

The case where n = s = < follows from this by passing to the limit.

2.8. REMARK: i) When Y is projective this result was obtained by Kato [22].
ii) Assertion ii) of 2.7 enables us to define a canonical splitting of the
Hodge filttration of H?R(Yn), the Wintenberger splitting, [32]. Further, one may associate

to HS‘R(YH) a representation of G, cf. [13]. When n = s = - we obtain the weak
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admissibility and hence, by [13] the admissibility of K \% HB’R(YN).

I11. p -Adic Periods and the Syntomic-Etale Topology
1. The Sheaves g}',and Crystalline Cohomology

1.1, We shall work in this paragraph on the site Spf(W); gy Whose objects consist of
all W-schemes on which p is locally nilpotent, this category being endowed with the
syntomic topology. For any X in this category, we denote by X, its reduction modulo p”
and we recall that we have sheaves D, DS, J,, JI1 defined as follows:

B,(X) =l(X,, Oy,)

O™ (X) = B5™ (X1) = HU(X ;W p)erie: Oxy,)

Jp = Ker (D" —D),)

JI =t divided power of J,, .
Recall that Dﬁ"s is endowed with a o-semi-linear endomorphism ¢, the Frobenius, and

we define §;| as follows

ar m_¢- P’ cris
S;, =Ker (JIl———BF*) .
Thus we have a short exact sequence (denoting by Bﬁ"s" the image of ¢-p')

o-¢

0— 8" — J12F , getisr__,0
LEMMA: D& / BSs is killed by p.
Thjg is proved by explicit (laborious) computations using the fact that
O¢is = WPP (cf. 11.1.4) and that for an appropriate finite extension L of K, there is an
explicitly constructed element u e WRP() 4) suchthatu e JIP-11 and ou=pP~u.
(Viewing u in WRP(®R), it is the reduction modulo p” of tP1/p e HEs (D /W), where t
is a generator for the Tate module Zp(1) inside this ring.)

1.2. Let X be a proper, smooth W-scheme and X = X ® Ok - Using the fact that
syntomic n~10rphisms can, locally, always be lifted modulo a nilpotent ideal, it follows that
H*( X S5), HY(X 1, ), H¥( X, DE), HY( X, Dgrsr) are all independent of
the choice of m > n and we will denote them by H*( X, S!) (resp...). Further, given any
projective system of sheaves of Zp-modules ('5:,,)n »1 we will write

H*()‘(,’Ezp) = lim HYX.E )
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HY(X, IFQP) = op?pH*( X, sz) .

1.3. PROPOSITION: i) H*( X, B¢%) = WOP (§2) ® HESR(Xp)
ii) H* (X Oms) cns%HBR(XK) .

Statement ii) follows immediately from i); statement i) is the Kiinneth formula for
Heris(Xn ® Bk W) and is proved by an elementary computation using the de Rham
complex of a divided power envelope as well as the fact that Spec(B‘) has trivial
higher cohomology, [16].

1.4. LEMMA: i) H*(X, acm') =H*X, ecriS)

ii) there is an integer | (/ndependent of n)such that pl kills the
cokernel of H*(X, BC";S N —s H* (x,ag"s').
The first statement follows immediately from the lemma of 1.1 while the second statement
follows from the fact that the cokernel of HBR(X) — HBR(Xn) is killed by a power of p
independent of n, together with statement i) of the proposition of 1.3.

1.5. Denote by « the morphism X, — X,,. One verifies directly that Rin*JL’] =0
forj>0, and that one has a short exact sequence on X, o

0—s @ Jli ® IO ) — @ Ji ®Jm(OKn)——)n* Wi —so0 .
i+=r+1 =r

n n
i1

PROPOSITION: i) If the dimension of X, is strictly less than p, then forany m
FilWRP( 8c) ® HPR(X,) —=— HM(X . JI1)
i) Fil' (B335 ® HpR (X)) —=— HM(X, Ji) .
The first statement is an immediate consequence of the degeneration of the

Hodge to de Rham spectral sequence (for X)) at Eq because then the long exact
cohomology sequence associated to the above short exact sequence will decompose
into short exact sequences. The second statement is a consequence of the fact that
® HM+I(X, Jyl) ® Fill lim W 2P ®p — ea Hm(X JE ® Fill lim WPP(5x)
iH=r+1
[1=3]

_has its kernel killed by some power of p.

1.6. THEOREM: Assume X is admissible and let r>m. The sequence
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0—> Hm(>'<,§gp)—> HM(X, Jif! ) — HM(X, B 1sr) — 0
is exact.
COROLLARY: With the above hypothesis we have (for r>m) an exact sequence
- ~ . -p' m
0— HM(X, 85, ) —> Fil(Bls ® HI (X)) — 22 HT (X, ) — 0

The corollary follows immediately from the theorem and 1.3 and 1.5. For the proof
of the theorem we use the following:

LEMMA: If Xy is admissible and r>m then there is an s20 such that the
- -pf -
cokernel of Hm(X,JE’;)——E—p—)Hm(XDE";S) is killed by pS.

The lemma implies the theorem for m = 0 and thus, if m > 1, it suffices to verify the
exactness of the sequence obtained by omitting the right hand zero.  Using the lemma
together with 1.4.ii) it is easy to check that there is an integer s' such that for any n the
kernel of HM(X,8) — HM(X,J1M) is killed by pS. Assuming this, an elementary and
standard argument gives the theorem.

2. An Indication of the Proof of the Lemma of 1.6

. ~ -pl ~
2.1. LEMMA: For i 20 coker(Fil'(im WEP Br) LA SN lim WBP (Bk)) is killed
by pl.
This follows from the lemma of 1.1 but may also be proved directly.

2.2. Recall we have defined in 1.1.6. "admissible filtered module ". If D is such a
module, then we have B ® V(D) = B % D (in a manner compatible with filtrations,

Frobenius and the action of G) .

2.3. PROPOSITION: /f D is admissible , then the map

Filo(Byr ®D)—21 5B, ®D
is surjective.

This follows immediately from 2.1, and implies that for any i € Z,

. o
FilBys ®D)—22 3B, ®D is surjective.

2.4, PROPOSITION: /f D is admissible and satisifies Fil°D =D, Fil+1D = 0, then
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Fil@L,, ®D)—2P B! . @D is sujective.

cris
This is proved by a computation, using the basic property of

B that tBs = {x € Bl 9" e Fil' B, Vr}. In fact the proof yields the fact that
V(D) ctiBYs ®D.

2.5, LetD satisfy the hypothesis of 2.4 and choose (cf. [12,14]) a strongly divisible lattice
Min D.
PROPOSITION: There is an integer s >0 such that the cokernel of

1 ~ = / o~ . .
Fil'(li(E: wPP@R)® M)—¢-—"—> lim WRP([BR) ®Mis killed by pS.
This is proved by a long involved computational argument, which we do not
attempt to elucidate here.

2.6.Let Mc HgR(X)/torsion be a strongly divisible lattice, chosen sufficiently small so
that the left hand vertical arrow in the following commutative diagram is defined:

Filfim WRP®) @M LA im WRP(®z) @M

: . o
Image of HM(X, Ji1 ) in AN HM(X, Og";s Ytorsion
HM(X, B'ZJ";S )torsion

As the upper horizontal and right hand vertical arrows both have cokernels killed by fixed
powers of p, the lemma of 1.6 follows.

2.7. REMARK: The proof actually shows that the results of 1.6 are valid provided
r 2 inf(m,length of the Hodge filtration of HB"R(XK)).

3. The Sheaves S,

3.1. The natural epimorphism JIf, — JWinduces a map S, — SF . We denote its
image by SI. It follows easily from the lemma of 1.1 that for m 2 n+r th»s image coincides
with im( Sr — Sr ). The following is obvious:

LEMMA: H*(X,SED) = H*()_(,SEP) .

Notice that we have natural maps S}, x S, — S{+" which endow @ S with the
r20
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structure of an associative, commutative Z/p"Z-algebra with unit. We now define
amap ppn— S as follows: Forany W-algebra A, we write A, , ; as a quotient of the
polynomial ring over W, _; and let 15 be the corresponding divided power envelope so
that we have an epimorphism H— Anyq- Let Te Doea liting of an element of

P e 14 J,,4(A) and its logarithm log( £P""') is well-defined. We

ppnn(An +1)- Thenq
define in this way a homomorphism Ppn+1(A) — Ppn+1(Ap, 1) — Jp,4(A) and it is clear
that the image is contained in §,}+1(A), as well as that the image of u,p(A) is contained in
Ker ( §,}+1(A)—> S}(A)). Passing to the associated sheaves, we thus obtain a map

upn-—->S,1.

3.2. PROPOSITION: If Ais a p-adically separated and complete flat W-algebra,
suchthat Aqis a syntomic k-algebra, then pgn(A) —=—>S[(A).
This may be proved by explicit calculations using the Artin-Hasse logarithm.

4. The Syntomic Etale Site

4.1. We will say that a morphism L. — U of p -adic formal schemes over SpiW is
syntomic provided LL, —— U}, is syntomic for all n 2 1. Recall that if L is a complete
non-archimedian valued field with ring of integers ®, then we may associate to any
formal scheme of finite type over O, a rigid analytic space over L, its generic fiber, cf.
[28]. If & is any (finite type) formal B -scheme we define the syntomic -étale site of ,
denoted sy ot s follows: Objects are morphisms LL —s % which are syntomic,
quasi-finite and have étale generic fiber (in the sense of rigid geometry). We shall be
primarily concerned with the following situation. Given X our proper smooth W-scheme
and X=X ®Dg, let § = X = lim X, (so here L = C).

PROPOSITION: /f for any n=1,idenotes the inclusion )_(n —_ 3 then i, is
exact for the syntomic -étale topology.

It suffices to show that, if CL is a p- adically complete W-algebra and (L, — B is
syntomic and quasi-finite, then, locally, we may lift B to Bsuchthat 4 —s Bis
syntomic, quasi-finite with étale generic fiber. If B = Qn[X1 s Xgl(fq,e . fg). then we may
replace B by B' = CL[Yq,....Ygl(f;(X)....f4(X)) where X; —s Y™ defines the map
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B— B and we lift B'to B' = QL {Yy,...,Ygh( T(YP™) + pn.Y;), where T, lifts .
REMARK: By abuse of notation, we will write SY, instead of i, S}, where i:X,,,— -

4.2 We introduce also the syntomic -étale site of X, where objects are morphisms
U— Xwhich are syntomic, quasi-finite and with U ® K étale. We have then

_A
morphisms (where & = X)

% —I——-) X (]—3X|Z
and these induce morphisms of topoi: j: Xg et—— Xsyn-ets it Fsyn-est— Xsyn-er
The definition of  is obvious since the category of schemes étale over X is a full
sub-category of the category underlying the syntomic-étale site of X. The definition of
iy is determined by i*F(Spec F(Spf B) where Spec(B) is an affine object of the
syntomic-étale site of X and B= l|m By,. The definition of i* is more subtle and

requires some preliminary results.

4.3. PROPOSITION: Let Spec(A) be Zariski open in X, = A= lim Aq

and 4 —s B be a syntomic, quasi-finite morphism (where B is a p-adically
separated, complete algebra) with étale generic fiber. Then there IS a syntomic,
quasi-finite morphism A —— B with étale generic fiber such that B B

If we write B=C {Xq,-..: XgH(Py....,P4) where the Pj's are restricted power series
and if we take polynomials Qj,...,Qqin A[X;,...,X4] which are congruent to the P's
modulo p" for some r>> 0, then B = A[Xj,...,Xgl/(Qy....,Qq) satisfies B B [17). The
facts that B is finitely presented and Bis p -torsion-free imply that B is p -torsion-free.
Ifj is the jacobian, then for some g e B, jjg=p". lfwe write g =¢g' +p™*'g" withg' e B,
g e B, thenjg' = p"(1 - pg") and 1 - pg" e B so replacing B by B[1/1 - pg"] we force the
generic fiber to be étale. It now follows that A—— B is flat and hence this morphism
satisfies all the conditions of the proposition.

We refer to a B as in the above proposition as a decompletion of B

4.4. If B is as constructed in 4.3, then we denote its henselization with respect to p by
BN. Itis now easy to show using the results of [26], that this ring depends only on B and
neither on the choice of A —— BB noron the choice of B. We define the inverse image
functor i*, applied to a  on Xsyn-6t’ by sheafifying the preshea Bi— J(8") where
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this last term is defined as the (filtered) inductive limit, I_i)m Z],(B'), the limit taken over

R

B— B

all commutative diagrams:

where B—— B' is étale.

Now notice that given a B' such as in the diagram, then the pair B' and By
constitute a covering of B. This implies that the following diagram is cartesian for any
sheaf A on Xgyn.gt

A A

.

i*i*ﬂm)——»i*i*i*i*/tl

and hence, just as in the case of the étale topology, we deduce:

PROPOSITION: The functor Ll |-—>(i*Ll, j*LL o) establishes an equivalence of
categories between sheaves on )_(syn,ét and the category of triples (’F,R,a)
consisting of a sheaf ¥ on %syn_ét, a sheaf R on Xg g and a morphism
¥ ——i*j,3. The functor i, is exact as is the functor j| defined by
ji3) = (0.R,0). For any sheaf A we have an exact sequence

0—sjifd— Ad—sii*d—0 .
REMARK: Itis useful to note that given X' — X a syntomic, quasi-finite morphism
with étale generic fiber, there is a canonical decomposition X' = X', L1 X', where X', is p-
adically separated and on X', p is invertible.

5. Construction of the Sheaves ;&;

5.1. We construct sheaves, )8»;, on )_(syn_ét such that i*,&;, =87,

j*;&; =2Z/p"Z(r). By 4.4 this is equivalent to defining a map a: S, — i*}. Z/p"Z(r).
Given K —— B, Band BN asin 4.3 and 4.4, it suffices to define a map

S, (]3) — Z/p“Z(r)(Bh[‘I/p ). lf we descend A to an A, defined over B, L a finite
extension of K in K and we descend B also, then we may write B = liT) B; where

B;=B, ® BLi where L, runs through the finite extensions of L contained in K.
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Then 8}, (B) = S}, (B, = S}, (Byyr) = im S}, (B, 0,0 In addition, we have
Bh= lim Bh and thus Z/p"Z(n(BN[1/p]) = lim Z/ph2(r)(BY[1/p]). Thus, we may "work

at finite level" and it suffices to define amap S/, (B, ) — Z/p"Z(r)( B [1/p]).

We change notation, and now write A for a smooth, p- adically separated ) -algebra, B
for a p- adically separated syntomic, quasi-finite A-algebra having étale generic fiber.
Further, we may assume that if = is a uniformizing parameter for 9 that A/nAis an
integral domain. Thus, A is endowed with a valuation, v(a) = max{jla e =l A}, inducing its
p- adic topology. Let B= B, = A. Because

no(Spec(BM1/p])) = mo(Spec( Bl1/p1)).[10], we may work with B. B[1/p]is an étale
CL[1/p J-algebra, and thus is a finite product of integral domains, each of which is regular
and hence normal. We write B[Up] =B, x..xB;. EachB;isa Tate algebra,

o
and we denote by Bj the subring of elements whose spectral norm is at most equal to 1,
]
cf. [6]. Each Bj is integrally closed in Bj and hence is a p- adically separated normal

domain which contains the image of Bin B;. We have a natural map

t o
st(B,.)— H1S'n (B/p™").
. 1=

Assume now without loss of generality, that L contains u.pn(k) so that
! w\®
2p"z)Biitip1= T (upn (R
j=
o —
Thus, to define o, we must define a map S! (Bj)——> Mpn (K)®r.
5.2. Since Bj is a W[, ]-algebra, where { is a primitive p"th root of 1, we have a

natural map

—_ o o
Hpn (K)®' — Sym(upn(B)) — S, (B/p™")
where the last map is induced from Hph — S},,cf. 3.1. We refer to this
homomorphism as the natural homomorphism .

THEOREM: Let Cbea W[{ ]-algebra which is a normal domain and such that p
is not invertible in C. Set r=(p-1)a+bwith ab=20,b<p-1and let
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c=a+ op(a!). Then there is a functorial isomorphism of Mpn (K)®" onto

St (C/p™") such that the natural homomorphism is p° times this isomorphism.
We indicate the definition of this isomorphism. Let (§;)4 be a generator for the

Tate module Zp(1 )©Og) and lette HY,q (Spec(ﬁ,z)/W) be the corresponding element.

Consider the element u = t1/p e FilP"1 HZ, (Spec(ﬁK‘)NV) and let t,, (resp. u,,) be the

image in WPP (é,z). In fact, they belong to WPP(W[¢ J/p”). Then

toy.(u,) € SL(WIL,Vp™ ) andif al = p° @ &, thent! = a' p°tby, (u,). The

homomorphism g1 (K)®— S, (C/p™" ) is now defined by sending £&" to a'tdy,(u,)

viewed as an element in S} (C/p™" ).

5.3. From the theorem, the definition of o is immediate. There is an alternative
procedure for defining .. Namely, in the notation of 5.1, we let E be the fraction field of A,
a discretely valued field, and C be the completion of the algebraic closure of E For

each j=1,...,t we choose an embedding of Frac(Bj) into C which induces an

o o
embedding of Bj- into O¢. Thus, we obtain a map from S ( BJ- p™ )to SH(BC nur)-
2
But the field C contains C = K and is completely analogous in the sense that, if

B...isthe ring associated to the perfect closure of k(X;), then C plays the role of C.
cris 1

Thus, the results of [14] can be applied in this context, and they imply that
SHOC e = Hpn (K)® .

6. Construction of p- Adic Etale Cohomology

6.1. We shall indicate how the above results allow us to prove theorem B of 1.2.3. Recall
X is a proper, smooth W-scheme such that Xk is admissible. For any admissible filtered
module D and any integer i write V(D) for { x € B_;;® D | ¢(x) = p'x, x e Fil}. Multiplication
by t induces an isomorphism V(D) - V,,1(D) which can be viewed intrinsically as a
canonical isomoprhism V(D)(-) —— V; {(D)(-i-1). Assume

D =Fil°D and Fil*'(D) = 0. Then, the proof of 2.4 gives the fact that

V{(D) = { x € FilB%;; ® D) | ¢x = p'x}. Applying this with D = H((X) and taking

r 2 inf(m, length of the Hodge filtration) we obtain from 1.6 and 3.2 an isomorphism

(where we write V" (X) for V, (Hoi(Xk)))
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tvi m
HM(X,S5) = VI'(X) .

2d
Note that, since X is admissible, @ V: (X)(-m) is an anti-commutative graded algebra
m=0

which satisfies Poincaré duality, cf [12,14]. We wish to prove that for r and m as above
V{(X) —=— Hgy (XR, Qu(r)-

6.2. PROPOSITION: The natural map H*()_(syn_e‘,)&;1 ) ——>H*(%syn_e,, Sh)is an
isomorphism.

By 4.4 this is equivalent to the assertion that H*(j! Z/p"Z) = 0. But using the exact
sequence

00— | ZP"Z— ZPp"Z— iy ZIP"Z— 0

and recalling that i, is exact, we see that this is equivalent to the fact that
H*()—(Syn_et, Z/p"Z) —=— H*(Fgyn.e Z/P"Z). Analysis of the proof of Grothendieck's
comparison theorem, [20], shows that we may replace syn-et by étale in this last

assertion. Now the proper base change theorem for étale cohomology yields the
desired conclusion.

6.3. Using 6.1 and 4.1 we see that the map a constructed in 5 permits us to define a map
B: V" (X) —— Hg (XR, Q1)

PROPOSITION: The morphism B is an isomorphism.

Since source and target have the same dimension, it suffices to show B is injective.
The morphisms B are compatible with the multiplicative structure. Thus, using Poincaré
duality on the source, it suffices to show that on V33(X), B is injective (here dim(Xy= d).
After replacing W by a finite unramified extension, we may assume that X has a
W-valued point, x. Its crystalline cohomology class satisfies ¢(cl(x)) = p? (cl(x)) and
cl(x)  FildH24(Xk). Thus it suffices to show B takes this crystalline cycle class to the
corresponding étale cycle class. Let us blow up the point x in X to obtain X with
exceptional divisor equal to P§; 1. Observe that )?K is admissible and that the étale
cohomology of Xi¢ injects into that of i;. Hence it suffices to prove that BY takes
the crystalline class of a point to the étale cycle class. Since the exceptional divisor has
self-intersection equal to - H, where H is a hyperplane in P, 1, it follows that the class of
a point in either theory is given by - ¢,(@x (1 ))d. Thus, it suffices to show B transtorms
the crystalline Chern classes of a line bundle into its étale Chern class. To verify this, we
recall that the crystalline Chern class (relative to W) is defined using the "exponential
sequence”:
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0—1+J,— D — P, —0

log 1

o
while the étale Chern class ("modulo p" ") is defined using the Kummer sequence:

"
0—> )Lpn—>Gm———) G, —0 .
But, working over W, the Kummer sequence maps to the expg‘nential sequence,

since there is the natural map B}, — ogﬂS* givenby { —— §P" where { (locally) lifts
¢. Hence, the desired compatibility follows from the fact that S} = Upn.

6.4. REMARK: Combining our techniques with those of Kato, [22], we can prove, even if
K is no longer assumed absolutely unramified, that, if X is a proper and smooth
Ok-scheme, then, forr<p-1andi<r, we have

HI(X, Sf) —— H.(Xi, Z/p"Z(r)).  There remains though, the problem of relating the
source to crystalline cohomology. When e = 1 this has been done and thus, using [13],
we obtain the fact that, for m < p - 1, the invariant factors for H:; (X, Z/p"Z) coincide
with those of HQR(Xn), and in particular that for m < p - 1 the invariant factors of the
torsion in H;? (X Zp) depend only on the special fiber.
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1. CLASSICAL INTERSECTION THEORY.

Before discussing intersection theory on arithmetic varieties,
I want to review the basic ideas of 'classical' intersection
theory on varieties over fields. For detailed definitions and
further references, I recommend the book [Fu].

If X 1is a smooth variety over a field, which for simplicity
we suppose equidimensional, let us write Zp(X) for the group of
codimension p cycles on X and CHP(X) for the Chow group of
codimension p c¢ycles modulo rational equivalence. The graded
group CH'(X) = » CHP(X) can be made into a ring, the Chow ring.

There are severag methods of constructing this ring structure, the
most old fashioned (i.e., a 30 years old!) of which I shall now
sketch. We start by considering two cycles [Y] and [Z]. where Y
and Z are integral subschemes of X, .of codimension p and gq
respectively, which intersect properly, i.e.. so that every com-
ponent S of Y A Z has codimension p + q. Then

Y] - (2] = £ ug(¥.2)(s)

where uS(Y,Z) is the intersection multiplicity of Serre ([Se]
ve). If pn=2¢ n(v,] and ¢ =¢ mJ[ZJ] are cycles such that
Yi and Z intersect properly for all i and J, thern we define
n-¢ by requiring that the product is bilinear. In order to de-
fine a product

cHP (x) e cad(x) — caP*Y(x)

it is sufficient to know two things:

a) Every pair a e CHP(X), B e CHq(X) of rational equiva-
lence classes may be represented by a pair s ¢ 7P (x),
ne z9(X) of algebraic cycles which meet properly.

b) The class of B.n e CHp+q(X) depends only on the pair
(a,B), not on the choice of representative cycles & and
n. For this it is sufficient to know that if =' 1is
rationally equivalent to 7 and also intersects g pro-
perly, then £'.q and £.n are rationally equivalent.

It follows from the moving lemma, as proved in [R1l] that every
smooth, quasi-projective, variety over a field satisfies a) andb).
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Let me also mention that there are now other methods for doing
intersection theory available; deformation to the normal cone and
Bloch's formula (involving higher algebraic K-theory). These
methods are frequently more powerful than the moving lemma.

In order to get numerical data from the ring structure on
CH*(X), one uses the degree map CH'(X) —> Z (for n=dimX),
which is defined only if X 1is projective (or more generally,
complete) over a field k. Composing the degree map with inter-
section product, one has the intersection pairing (for p+q=dimX):

<, >:cHP(x) @ cad(x) — z.
The degree map is defined at the level of O-cycles by:
deg : 23(x) —> 2
£ ng[Py] —> £ n, [k(P;) : k].

If X 1s complete, then the degree of a O-cycle on X depends
only on its rational equivalence class. However, if X 1is not
complete this fails to be true; e.g. the cycle [{0}] on the affine
line Ai = Spec(k[x]) has degree 1 but is the divisor of the
rational function x, and is therefore rationally equivalent to
zero.

If all we are interested in is the intersection pairing, then
the following proposition gives us a direct route to its construc-
tion, at the cost of some geometric content.

PROPOSITION. Let Y,Z be two subschemes of codimensions p and
q respectively of a complete nonsingular variety X over k.
Then

d
ALz = g (-1 aim (Hi(X,_T_o_z;:x(mY.@z))).

Note that we do not suppose that Y and Z intersect properly.

PROOF. Let KO(X) be the Grothendieck group of locally free co-
herent sheaves of nx modules on X3 since X 1is nonsingular
this is isomorphic to the Grothendieck group of all coherent
sheaves on X. Let FpKO(X) be the subgroup generated by classes
of coherent sheaves having support of codimension at least p in X.
So [8y] € FPK (X) and [e,] ¢ quo(x). Now K. (X) 1is a ring,
with
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d 1 O
(ml.M] = £ (-1)"[Tor;"(m.n)]
i=0
and admits a trace or Euler characteristic map

X :KO(X) —> 2

d :
¥t [n] > izo(-l)idimk(Hl(X,m)).

Note that Hi(X.m) is finite dimensional since X 1is complete.
Following [SGA 6] and [Gl], we know that.the filtration F'KO(X)
is compatible with the product structure, i.e.,

x (x) . P (X) « P % (x)
0 0 0
hence there is an induced product on the associated graded

orPK,(X) e GrqKO(X) — orP*% (x).
Also, since Fd+lKO(X) = 0, GrdKO(X) = FdKO(X). There are maps
for p2>o0
o : CH? —> orP(x)
[Z] - [@z]
which are compatible with both the product structures on domain
and codomain (op. cit), and with the degree map:
w(n) . »(2)
deg(g) . g ¢ cHi(x).

e(n-g)
v(e(g))

Hence if n = [Y] € CHP(X), # = (2] e CHY(X) for p+q = dim(X).

]

<n,%> = dez(n.¢
v(w(n-2))
v(e(n) . o(e))

1]

d ®
(-1)3x(zor M (ny.0;))

«
&~

o

J
)

X
g

(-1)"*J aim, w'(x.Tor

]
n il

o,.0,)).
1.3=0 vz

QED

REMARK: If k = Fq is . a finite field, and V 1is a finite dimen-
sional k vector space,
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dim vV = logq(#(v)).

here 1ogqa =x 1if qx = a, Hence we can rewrite the formula of
the proposition as

4 ®
A2 = £ (1) 0gq(4(r) (X.Zor M0y 05))).

Note also that the degree map Zd(x) —> Z can be defined in a
similar fashion:

deg(z ny[Py]) = € n; log,(#k(P,)).

2. ARITHMETIC VARIETIES.

Suppose now that X, rather than being a variety over a field
is an arithmetic variety, by which I mean a scheme, flat and of
finite type over spec Z; 7:X —> Spec(Z). If X has dimension
d, we can view X as a family of (d-1) dimensional varieties
XF, one for each homomorphism from 2Z to a field F. 1In particu-
lar for each nonzero prime p in Z we have the closed fibre
Xp = Xp over (p), as well as the generic fibre XQ.

If K 1is a number field, and &K the ring of integers in K,
we can also consider arithmetic varieties which are schemes flat
and of finite type over Spec(&K).

If we want to do intersection theory on a nonsingular (=
regular) arithmetic variety, we run into two problems. The first
is that, as yet, no one has succeeded in making CH*(X) into a
ring unless X 1is a surface or is smooth over Spec(hK) for
&K* the ring*of integers in a number field. However one can make
CH (x)Q(= CH. (X) ey Q) into a ring (7G-S 2]). The second, and
more serious, obstacle is to construct an appropriate degree map.
Since an arithmetic variety does not have a ground field we could
start with the remark at the end of section 1, and define by an-
ology, a homomorphism, for d = dim(X):

deg : z3(X) —— R
£ n(p] —> Tn, 1og(#k(Pi)) .

However this homomorphism is not compatible with rational equiva-
lence. To remedy this we must introduce cycles (at <), an idea
which we will discuss in the next 4 sections.
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3. RINGS OF ALGEBRAIC INTEGERS.

The lack of a degree map is first apparent for X = Spec(Z)
itself. A codimension onz cycle on Spec(Z) 1is a finite formal
sum

e
]

- £ nylp]
and -

n
deg(e) = £ n loz(p) = lea(Tp P).

ue]
|

Since Z 1is a P.I.D. any sg;h cycle is the divisor of a 'func-
tion' in Q, namely f = Tip ¥. Following A. Weil, this defect is
remedied by adding a point "at <" to Spec(Z). More generally,

if K 1is a number field let X = Spec(@K). let

X=X [vl,...,vri+r2} where each vy is a compl$x+§onjugacy
class of embeddings K c C. Let 2z (X) =z (X) @R L 2 wnere

ri+r, : *
we take R to have basis vl,....v and if f e K

L SR
—_— 1,=
define div(f) ¢ Zz*(X) to ve
o ri+r,
div(f) » w a,[v,]
121 it
where

a = -1oglvi(f)|.

Let CHY(X) be the quotient of 21(X) by the subgroup of divi-
sors of the form div(f). WNow, define the degree map

ez : ZH(X) — R

by deg(e » © ai[vi]) = deg(e) + © ay deg[vi] for r ¢ Zl(X). where
deg([vil) =1 or 2 depending on whether v, is real or comp-
lex.

LEMMA. deg factors through CHI(X).

PROOF. This is Jjust a fancy way of stating the product formula
c.f. [We]l.

A more familiar description of CHl(i), at least for number
theorists, is given by
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PROPOSITION. Let @K be the ring of integers in a number field
K. If X = Spec(&K), then

1) cHY(X) ~ K"\ GL;(A) / U where Ay is the ring of
adeles of K, so GLl(AK) is the group of ideles,
U 1is the maximal compact subgroup of the ideles and
K* is embedded into the ideles via the diagonal map.

ii) There is an exact sequence:
s r.+7r -
og >R 2 — crt(X) —> clleg) —> 0

where p 1is the classical regulator map and Cl(nK)
is the ideal class group of K.

iii) The kernel CHl(i)O of the degree map CHl(i) —> R
is a compact Lie group.

PROOF. 1) First observe that if K 1is a local field, and G 1is
the maximal compact subgroup of K*, then G/K* is isomorphic to
Z if K 1is non-archimedian and to R if K 1is archimedian.
Hence for K global, GLl(AK)/U is isomorphic to the group of
cycles on SBEE(@K)' and under this isomorphism the image of K
is the group of cycles rationally equivalent to zero.

ii) Noting that CHl(Spec(@K)) is just fancy notation for the
ideal class group Cl(@K). and that

*

&g = Ker(div : K —> Zl(Spec(&K))).

the result is an elementary computation.
111) From i1) one sees that there is an exact sequence
r.+r _
og —> R 2 — cn(X) — cul(x) —> o.
Now observe that CHl(X) = 01(@K) is finite and tha; t¥e image of
the regulator is a discrete cocompact subgroup of R 2 (see
[L] for example).

The group CHY(X) 1is naturally isomorphic to Pic(X), the
group of rank 1 projective ox modules L. equipped with Hermi-
tian metrics on Lv =L 8 C for each v:K —> C which are

“K

preserved under the o-linear isomorphism Lv ~ Lav where
g:C—> C 1is complex conjugation.

This leads naturally to defining a vector bundle on X as a
projective @K module P together with a hermitian metric on
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P eg C, invariant under complex conjugation (note that this means
that the corresponding fundamental form is anti-invariant). The
set of isomorphism classes of rank n vector bundles on SEEE(&K)
is the double coset space

L, (K) \ CL,(Ag) / U

where U is the maximal compact subgroup of GLn(AK).

4. GREEN'S CURRENTS.

Suppose that X is an equidimensional compaet complex mani-
fold. The space AP'%(X) of €™ complex valued differential
forms on X of type (p,q) has a natural topology ([DeR],$9).
The topological dual of this space is the space ”p,q of complex
valued currents of cotype (p,a). If d = dim X, there is a
natural injective map

d-p,d-
ASP AR — 0y (%)

o —> (bl ans)

with dense image. We therefore write np'q(x) = ﬂd-p,d-q(x).
thinking of elements of this space as differential forms of type
(d-p,d-q) with coefficients which are distributions in the sense
of Schwartz ([Sch]). The operators 2, a3 on forms then extend
to currents, and one can compute the cohomology of X with
currents instead of forms.

If Yc X 1is a closed codimension p analytic subspace,
then one can associate a current BY e 8PP(X) to Y by

a|Y ae Ad-p‘d'p(x).

6Y ra —> fY
The integral makes sense since Y, even though it may be singular,
has a triangulation. Note that bY is a real current in the
sense it takes real values on forms with real coefficients. If

B is a form, then B A 5Y is defined:

B A 6Y:a—>_[Y(6Aa)|Y.
In particular, pABy = B (viewed as a current).

If X 18 provided with a Kahler metric h, recall that the
subspace wP'%(X) < AP'%(X) consisting of harmonic (p,q) forms
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is canonically isomorphic to Hp'q(x,c) and that there is a pro-
jection operator H: P 3(x) —> ¥ 4X). If YecX isa
closed analytic subset, then H(BY) is the harmonic representa-
tive of the fundamental class of Y in ®P'P(X,R). (The real
coefficients are possible because bY and H(GY) are both
real).

Suppose that ¥ e o™(X), (A%(X) = o #»°*4X)) 1s a current
L p+a=n
which is closed (i.e., a¥ = 0 and dY = 0) and cohomologous to

zero (i.e., @3B such that ¥ = (3+3)B). Then (see [G-H], p.149)
there exists a solution, in n“’z(x), of the equation

"

The difference of two such solutions u', u" may be written:

u' -u" =3+ WP+ w

where a,B € m“’3(x) and ¢ 1is.a harmonic form. Hence if we
require that u be antiharmonic, i.e., Hu = O, then u is
unique up to addition of terms the form 3a + 38.

DEFINITION. If Y c X 1is a closed analytic subset of codimen-
sion p 1in the Kahler manifold (X,h), an admissible Green's
current for Y 1s an element e #°71.P~T(x) wnhich is an
antiharmonic (i.e., H(gY) = 0) solution of

1

Fydu="0 - H(B

Y Y)'

Note that any two admissible Green's currents for Y differ by a
current of the form aa + 3p. Also since #% 33 is a real ope-
rator, and ©, and H(BY) are both real, g, can be chosen to
be real (see [G-H], p.l49). If we do not require By to be
antiharmonic, we shall refer to it as simply a Green's current
for Y. Note that any Green's current differs from an admissible
one by a harmonic form.

LEMMA., If Y, X are as above, there exist admissible Green's
currents 8y of Y which are C™ outside of Y.



218 HENRI GILLET

PROOF. Use the construction of the Green's current given in
[G-H], p.149, together with the fact that the Green's operator
associated to a Kahler metric has kernel which is C™ off the
diagonal, see [DeR], (Th.23).

5. THE CHOW GROUPS OF AN ARAKELOV VARIETY.

Now let 7 : X —> Z be a regular arithmetic variety which we
suppose has complete generic fibre XQ. If X has dimension d,
then X(C) is a complex manifold of dimension (d-1) equipped
with an anti-holomorphic (and hence orientation reversing) involu-
tion Fas induced by complex conjugation.

DEFINITION. i) An (Arakelov) compactification of X consists of
a choice of Kahler metric h on X(C) which is invariant under
Fea, or equivalently, suc& that the associated real Kahler form
w, is anti-invariant: F_ e« = -w. We write X= (X, w).

ii) A codimension p cycle on X = (X, w) consists of a pair
(g,2) where £ is a codimension p cycle on X and a 1is a
harmonic form which is real, of type (p-1,p-1) and such that
F:ﬁa = (-1)P"la. we shall write up-l,p-l(xn) for the space of
such forms.

Suppose that W < X 1is an integral (i.e., reduced and irre-
ducible) subscheme of codimension (p-1) and let f ¢ k(w)* be
a non-zero rational function on W. Then the divisor div(f) of
f 1is a codimension p cycle on X, see [Ful], ch.l. The set of
complex points W(C) of W 1is either empty or a codimension
(p-1) analytic subset of X(C), in the latter case 1log|f| 1is an
L~ function on the nonsingular locus of W(C), hence defines a
current i,log|f| on X(C). Let H(i,log|f|) be the (p-1.p-1)
component of the harmonic projection of this current. (Of course
this depends on the choice of Kahler metric, see [de R]). Observe
that H(1i,log|f]|) ¢ up-l'p-l(Xh); the key point is that if we
write

(X1 0z 0(X(C)) —> 0,4, (X(C))
for the natural map, then (since Fio =1)
Fopu([X] 0 a) = (-1)%[X] n FL_a.

Now we can extend the notion of divisor to the Arakelov setting.
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DEFINITION., i) .For f ¢ k(w)*. W c X an integral codimension
(p-1) subscheme, set

div(f) = (aiv(f), -H(i,log|f]))

in 2P(X). Here H(i,log|f|) 1is understood to be zero if
W(C) = g.

11) Define CHP(X) to be the quotient of ZP(X) by the
subgroup generated by all cycles of the form div(f).

Before stating the next theorem, I want to describe the 'Kl-
type' Chow groups CHp’p-l(X). If X 1is a noetherian separated
scheme, then CHP(X) can be described as the cokernel of the map

d: k(w)* —> A

D m
weX(P'l) xex(p)

where x(i) is the set of points x ¢ X such that (x} has
codimension 1 in X (i.e., the Krull dimension of @ x 18 i).
This homomorphism forms part of a complex ([Q],$7) with

7P (%) = » Z 1in degree p:
xeX p
p-1 D
... > Kk(x) T 2 kW) Px) —> o0
xex(P'Q) wex(p'l)

where K,k(x) is the group defined by Milnor ([Mi]) and the map
dp'l is essentially a sum of Tame symbols ([Q]. p.98). We write

c#P P7L(x) = Ker(aP)/In(dP™1).

Up to torsion, CHp_l'p(X) is a subquotient of K,(X). Jjust as
cHP(X) 1s a subquotient of KO(X) ([So]). We can now describe
the relationship between CHP(X) and cuP(X).

THEOREM. Let X be a regular arithmetic scheme with generic

fibre projective over Spec(Q). For p 2 0, there is an exact
sequence

oP™HP(x) £ WP L Pl(x ) s onP (%) €5 crP(x) —> o.

PROOF. (Sketch) e 1is the forgetful map, e(g, @) = 2, while
1(w) = (0O,w). It is easy to see that Ker e = Im 1. while the
kernel of i 1is the image of the map
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~ P p-1,p-1
p : Ker(d®) — v (XR)
T (£} —> ¢ - H(3,, log|f |)
a a a a* a

where f_ e k(wa), w, Dbeing the generic point of W . and
Jog t Wy —> X. We need to show that ? vanishes on the image of

dp_l(a) for ace Kg(k(Z)) where Z c X 1is a codimension (p-2)
integral subscheme. It suffices to show therefore that for
£, ¢ k(2)%,

‘s(dp-l({fvg})) = 0.

One may reduce to the case where f and g have no divisors in
common, in which case one may show that z(dp'l([f.g})) is the
harmonic projection of the current

J*(l°g|f|5div(g) - IOg‘gladiV(f))

(here J:Z(C) —> X(C) 1is the natural map) which is zero by
Stoke's theorem.

6. THE INTERSECTION PAIRING.

I now want to sketch the construction. for a nonsingular pro-
Jective Arakelov variety X = (X,w) of dimension d, of the pair-
ing

<., >: cHP(%) e cudP(X) — R.

First, observe that any integral subscheme Z < X 1is either
'horizontal' i.e., flat over Spec Z, or vertical, i.e., con-
tained in a closed fibre. Hence we may decompose ZP(X) as a
direct sum ZP(X)h o Zp(x)v, so that every cycle ® is written
uniquely as the sum h + %y of a horizontal cycle and a vertical
cycle.

Since the generic fibre XQ of X 1is a smooth proJective
variety over a field, the moving lemma holds for cycles on XQ,
hence if %, are cycles on X, £ 1s rationally equivalent to a
cycle g', such that gﬁ and U meet properly on XQ. In par-
ticular if g and p are cycles of complementary codimension on
X, ¢ 1is rationally equivalent to a cycle g' such that the in-

tersection of #' and n 1is supported on a finite number of
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closed fibres. Now suppose that (g,a) and (n,B) are cycles in
7P (%); z%(%) respectively, with p+q = d, such that 5, and n
do not intersect on the generic fibre. Then we define the inter-
section <(g,a), (n.,B)> as the sum of four terms:

<(2.a),(n.B)> = <B.m>p + <T,m>
+ <g.8> + <a.n>.

Note that we set <a,B> = 0.

We now discuss each term separately:

First, <g,n>f. Since tn and ™ have empty intersection
Xq, e and n can be written as sums ¢ n1[21] and ¢ mJ[YJ]
where Z1 and Y are integral subschemes of X, with Zi ny
contained in a finite number of closed fibres. We then write

J

<g,m> = £ nym <z, Y >

Now suppose € = [Z], n = [Y] with Z NY as above. Then be-
cause X 1is projective over .Spec(Z) and Z A Y is contained in
a finite set of closed fibres,

(]
H (X, Tor X (07.64))

is a finite abelian group, and is zero for 1 or J > d. Now
set

4 6
<Z,¥>, = igd (-1)i+d log(#Hi(X.TorJX(nz.&Y))).

’

Next, observe that g restricts to X(C) to give a codimen-
sion p chain, thus an element of Hep(x(c).z), while B defines
a class in H292P2(x(¢),R). Since X(C) is 2d-2 dimensional
as a manifold, we can intersect these two classes to get a number,
which we call <g,B8>. We define <a,n> analogously. Finally,
we turn to the <=,n2n term. This only depends on the restric-
tions of g and n to X(C), hence on 8, and n,. Writing
&, == ni[Zi], L mJ[YJ], then

By = £ nym<Zy Y0

and we define

<Zy. Y, = -fzi(c) oy, -
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Notice that since Z,(C) N ¥ (C) = 4, gYJ is ¢™ on zy(c).
(see §4).

THEOREM. The intersection number described above induces a pair-
ing, for p > O,

cHP (%) @ cudP(X) — R

if X = (X,w) 1is an equidimensional nonsingular projective
Arakelov variety of dimension 4.

The key point is to show that the pairing respects rational
equivalence. This involves, in part, a special case of Serre's
conJecture on intersection multiplicities, see [G-S1]. [G-S2].
{Se], [R2].

It 1s natural to ask two questions. The first is, to what
extent does this pairing depend on the choice of metric? Suppose
that (X,w]) and (X,w2) are two different Arakelov compactifi-
cations of the same arithmetic variety (which we suppose satis-
fies the assumptions of the theorem above). Then there is a
canonical isomorphism:

8 1 CH (X.wy) ——> CH (X, wyp)
8 : (2,0) —> (2,Hy(a) +3H,(H, (e3) - g})).

Here g% are the Green's currents of Z with respect to wy
for i = 1,2, while Hi are the corresponding harmonic projec-
tions. Note that while @ preserves the exact sequence of §5,
it mixes the 'finite' and 'at infinity' parts of CH*(i).

PROPOSITION. If X satisfies the conditions of the theorem, and
Wy 6wy are two Kahler metrics on X(C), then the isomorphism

8 1 CH (X,w;) —> CH'(X,w,)
preserves the intersection pairing of the theorem.

PROOF. A manipulation using Stoke's theorem.
If we let CH:(X) be the kernel of the map
ca* (%) — u™(x(c))
(z,h) —> H(2Z),
then we get a pairing, for p+q = d,
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cHE(X) @ cH2(X) —> R
which factors through a pairing
AP(x) @ A%(x) — R

where AP(X) = CHE(X)/HP-l’p-l(XR) is the subgroup of CHP(X)
consisting of cycles homologically equivalent to zero, and this
pairing does not depend on the choice of Kahler form . This
pairing is the Beilinson height pairing, which generalizes to all
the Chow groups the Neron height pairing (the case p=1,
q=d-1). See [Be].

The second question regarding CH*(X) is whether it has a
ring structure. The obvious product fails to be assoclative be-
cause a wedge product of harmonic forms is not in general har-
monic. However if X is a hermitian symmetric space (i.e., a
product of complex Grassmannians) equipped with an invariant
metric, the harmonic forms are the invariant forms and form a sub-
ring of A"(X). 1In that case one can show that CH (X) 1is an
associative ring.

7. VECTOR BUNDLES AND CHARACTERISTIC CLASSES.

DEFINITION. If X = (X,w) is an Arakelov variety, Pic(X) 1is the
group of (isometric) isomorphism classes of hermitian line bundles
on X having harmonic curvature. (Such an (L, || ||) is said to
be admissible). The following generalizes the resutt of Arakelov
[Ar] for surfaces. ’

PROPOSITION. Let X = (X,w) be a projective nonsingular Arakelov
variety. Then there is an isomorphism

¢, : Pie(X) —> cul(X).

PROOF. If (L, || ||) is an admissible hermitian line bundle, and
s € T(X,L) then we define div(s) = (div(s),-H(logl|/s|)) ¢ Z1(%).
If s' e r(X,L), is another section, s' = fs for f ¢ k(X)*. and

div(s') = div(f) + div(s).

Hence (L, || ||) —> div(s) gives a well defined map
Pic(X) — CHl(i). It is easy to see that C; 1s an isomorphism.
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This result is the starting point for a theory of Chern
classes. One approach might be to have a definition of admissible
hermitian vector bundle (E, || ||) which would have Chern classes
Cy(E, I 1) e cal(X). See Manin's artcile [Ma] for some discus-
sion of what admissibility might mean. However, the problems
with CH*(i) discussed at the end of §6, make tt difficult to
see how such a theory might work.

A different approach is suggested by the following result of
Deligne. First define Pic(X) to be the group of isomorphism
classes of hermitian line bundles, with no requirement of admissi-
bility; note Pic(X,w) < Pic(X) for any .

THEOREM (Deligne, [De]). Let X be a regular proper arithmetic
surface. There is a pairing

ple(x) @ Ple(X) —> R

which for any choice of X = (X,w) restricts to Arakelov's pair-
ing on Pic(X).

DEFINITION. 1) If X is a regular projective arithmetic variety
7ZP(X) 1is the subspace of ZP(X) ® np-l'p-l(Xh)/(Im 3+Im3) con-
sisting of pairs (®,g) such that

1 a3z = -

Haag-ﬁ, w

£

for w some C® form (necessarily real and closed of type

(p,p)).
i1) If W e X 1is an integral subscheme and f£ e k(W)". then
set

alv(e) = (div(f); 1,log|f])

where 1:W(C) —> X(C) is the inclusion.
111) Define CHP(X) to be 2ZP(X) modulo the subgroup gene-
rated by elements - div(f).

PROPOSITION; If X 1is a regular projective arithmetic variety,
there is an exact sequence

cHP P l(x) £ Ap'l'P‘l(xR)/Im(a,'S)-» CHP (x) = GHP(X) —> 0

where p 1is the regulator of Beilinson ([Be]); note p has image
in
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Hp-l.p-l(xn) c AP'l-P‘l(xR)/Im(a.S)-

PROOF. Same argument as in §5.

While these groups are larger than the CH*(X). they have the
great advantage:

THEOREM. Let X be a regular projective arithmetic variety.
Then
i) ﬁf(x)q is an associative ring.

1) If £:Y —> X is a morphism between such varieties,
there is a pullback map:

" c“ﬂ*(x)Q — c“H*(Y)Q
and (f-g)* = g*f* when defined.

iii) If X 1is smooth over the ring of integers in a number
field, then f* and the ring structure are defined without ten-
soring with Q.

iv) If f£:X —> Y is proper, there is a natural map
f*:éh*(x) —_— éh*(Y) so that £, and £* satisfy the projec-
tion formula.

PROOF. The basic idea for i) is to define

(g,g)(n,h) = (2.h, B,h + guw)

S

l -
where 7T ?¥3dh = Bh W .

These groups éh* are a plausible target for Chern classes.
For if (E, || ||) 1is a hermitian vector bundle, and s, e I'(X.E)
for 1i=1,...,n are n sufficiently general sections then
ck(E) has two types of representatives: C forms w)y obtained
from the curvature of the canonical unitary connection of E, and
cycles o defined by the degeneracy of the sections {sij of

E. Now 60 and w) are homologous currents, so we can ask if
k
there is an canonical solution (modulo Im 3 + Im 3) of

1 -
71 23 = Bak T @y
and hence a class (qk,u) 3 dhk(x). This 1s by analogy with the

existence of a canonical solution of

F = w (& ) - wlde ()
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for two different hermitian metrics on || ||, see ([B-C]).
If (L, || ||) is a hermitian line bundle, s ¢ I'(X.L) and
w=curv(L, || ||), we know that
L 10gls|| = © -
71 ~©8 = Pqiv(s) ~ ¥

so 1t is reasonable to set
& (L, 1) = (atv(s),1oglls]) e Ci'(x).

It is also reasonable to require that if the Whitney sum formula
hold for orthogonal direct sums. The surprise is:

THEOREM. On the category of regular quasi-projective arithmetic
varieties having projective generic fibre there exists a unique
theory of Chern classes for hermitian vector bundles:

8 (E. I 1) e da*(x)
C.(E, 1 IN=¢ 5K(E- i
k>0
for (E, || ||) a hermitian bundle on X (i.e., E 1is a vector

bundle on X, equipped with a hermitian metric over X(C) in-
variant under Fcc) with the following properties.

i) Functoriality
If f:¥Y —> X, then

- * *a
C.(e (E, I NN)=f7CAE, Il 1),
ii) Normalization. If (L, || ||) is a hermitian line bundle,
51(L, [l II) is the class previously defined.

iii) Whitney sum formula. If =* denotes orthogonal direcy
sum:

E((, 111D (7, I11)) =C.(®, LI E(F, 11 11).

iv) Twisting. If (E, || [|) is a hermitian vector bundle,
and (L, || ||) a hermitian line bundle, then
CEer, ([Ilelll)=C(r Il l)*Cz. Il )

where * is the product defined in [SGA 6], Exp. 0,1.16.

Notice that if a vector bundle E 1is equipped with twometrics
']l ana | [|* then
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8 (B, 111D -8 (E I 1) = (0.8)

where B € Ap'l’p'l/Im(a,S), i.e., we obtain a solution for the
equation

3 298 = w (B, 11D - g (1)

describing the fact that two Chern forms for the same bundle are
cohomologous. A canonical solution for this equation was origin-
ally described by Bott and Chern ([B-C]), and the two solutions
coincide.
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DIOPHANTINE PROBLEMS IN
COMPLEX HYPERBOLIC ANALYSIS

Serge Lang

ABSTRACT. We discuss two results concerning holomorphic maps into
hyperbolic complex manifolds, or hyperbolically imbedded manifolds.
One is an extension of a theorem of Noguchi, dealing with the uniform
convergence of certain sequences of mappings; the other is a theorem
of Cartan, the Second Main Theorem of Nevanlinna theory in the context
of maps into projective space and the complement of certain hyperplanes.
We improve Cartan's theorem by giving a better form to the ramification
term.

0. INTRODUCTION. After Manin's proof of the Mordell conjecture in the
function field case [Ma], Grauert not only gave another proof, but also gave
an idea for still another over the complex numbers, which developed from
Grauert-Reckziegel [G-R] to Riebesehl's recent paper [Ri].

On the other hand, in [L 2], partly motivated by similar considerations
(1ike [Ko], Theorem 3.2 of Chapter V), I conjectured that a hyperbolic
variety is mordellic, i.e. has only a finite number of rational points in
every finitely generated field over the rationals. "Hyperbolic" here means
Kobayashi hyperbolic [Ko]. As usual, the conjecture has a function field
analogue. Noguchi has written recently a series of papers dealing with the
function field case, under various hypotheses, and especialiy in the last one
he pushes Grauert's idea ﬁuch further, in the context of Kobayashi hyperbo-
Ticity.

I first review some definitions concerning hyperbolic spaces, and then
prove an extension of Noguchi's theorem. I discuss afterward more precisely
(and technically) in what ways it is an extension, and I also indicate how it
is related to the Mordell conjecture. This is of interest to arithmeticians,
but the extension also takes place in the analytic context of a theorem of
Kwack, which we shall also recall.

In the second part of the paper I state an extension of a theorem of
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Cartan [Ca] having to do with diophantine questions in the context of
Nevanlinna theory. Vojta [Vo] had the great insight to draw an analogy
between the Second Main Theorem of this theory and the theory of heights,
Roth's theorem, Schmidt's theorem, and the Mordell conjecture as well as
other diophantine questions of algebraic number theory. I shall indicate
briefty how the extension of Cartan's theorem fits in Vojta's program.

1. HYPERBOLICITY AND NOGUCHI'S THEQOREM. Let X be a complex space
and let D be the unit disc with its hyperbolic metric. The Kobayashi semi
distance dX is defined as follows. Given x, y € X we consider finite
sequences of holomorphic maps

fiD =——> X, (i=T1,...,m),

points p;, q; in D such that fi(qi) = fi+1(pi)’ and f1(p1) = X,
fm(qm) = y. In other words, we join x to y by a chain of holomorphic
discs. We Tlet dD be the hyperbolic distance on D. We define the
Kobayashi semi distance to be

m
dy(x,y) = inf Z dg(pi,qi)
i=1

where the inf is taken for all choices of such chains of discs joining x to
y. If for instance X = C then dx(x,y) =0 for all x, y. It is immediate
that holomorphic maps are Kobayashi semi distance decreasing. Furthermore, if
X =D then the Kobayashi semi distance is the usual hyperbolic (Poincaré-
Lobatchevsky) distance.

We say that X is Kobayashi hyperbolic if dX is a distance, that is
dx(x,y) » 0 for x#y.

Let X be a complex subspace of Y. We say that X is hyperbolically
imbedded in Y if X 1is hyperbolic, and given two sequences {xnf, {yn}
in X converging to points x, y in X respectively, if dX(xn’yn) —> 0
then x =y.

Let Z be a complex manifold. By a length function H on Z (or on
its tangent bundle TZ) we mean a function

H: TZ == R
220
such that H(v) 9 0 for all vé&TZ, v#0, and

H(cv) = lcl H(v) for ¢ €C.
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Finally we require that H be continuous. The norm associated with a
hermitian metric is a length function.

If H s a length function, then we can define the length of curves in
the usual way, and we can then define a semi distance dH, whereby dH(x,y)
is the inf of the Tengths of curves joining x to y.

If Y s a complex space rather than a complex manifold, then one can
define the similar notion for Y, either by accepting to imbed Y globally
in a complex manifold (which is 0K in all the applications I know of), or by
localizing the construction of a length function, using only such local
imbeddings. I don't want to go into such technical details at this point.

It is easy to show that if X is hyperbolically imbedded in Y, then
there exists a length function H on Y such that dH s dX on X. If X
is relatively compact in Y, then for every length function H, we have
dH <<dX, the sign <& meaning that there exists a constant C > 0 such
that dH £ Cdx. In other words, the Kobayashi distance on X is bounded
from below by a hermitian distance on an ambient global complex manifold.

Let d be a distance function on a set, which is thus a metric space.
Then one associates with d the Hausdorff measure ,x? for every positive
integer m. Suppose now that M is a complex hermitian manifold of dimension
m, with its positive (1,1)-form e, and volume form A= &™/m!. Then
we also have the measure /{‘1 associated with S , and it is a fact that

_ 2m
Pa= Pa-
where d 1is the Riemannian distance associated with the hermitian metric.
This is basically standard for euclidean space, and the proof for manifolds
is essentially the same.

We shall also need a foundational fact due to Lelong [Le 1] and [Le 2].
For an elegant exposition, see also Griffiths [Gr], p. 13.

LELONG'S THEOREM. Let Pon be the eu§1idean measure induced on an
m-dimensional complex subspace X of C'. Let X be the closure, and
assume that X-X Tlies outside the ball B(Ro), say centered at the
origin. Assume that 0 &€ X. Then for r<& Ro we have

2m
"Zm(xr) Z: Vo™

where Vom is the Lebesgue volume of the unit ball in R
Xr = XN B(r) 1is the part of X in the ball of radius r.

Zm, and
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Next we recall Kwack's theorem as extended by Kobayashi and Kiernan.
Iﬂ§>K3-THE0REM, KIERNAN-KOBAYASHI-KWACK. Let A be a divisor with
normal crossings on a complex manifold M. Let X &€ Y be a relatively
compact hyperbolically imbedded complex subspace. Then every

holomorphic map

f: M-A ——> X

extends to a holomorphic map of M into VY.

This theorem was proved by Kwack [Kw] when X =Y is compact. In this
case, A can be arbitrary, no assumption on the nature of the singularities
is needed since one can extend the map to M-Sing(A), then to M-Sing(Sing(A)),
and so forth. Kobayashi introduced the concept of "hyperbolically imbedded",
and generalized Kwack's result to the case when X is hyperbolically imbedded
in Y, and A is non-singular. Kiernan treated the case when A has simple
normal crossings {normal crossings for short), cf. [Ko 3] p. 93 as compared
to [Ki 3]. The method of proof is the same as Kwack's, and part of the
method goes back to Grauert-Reckziegel.

THEOREM 1. Let:

X € Y be a relatively compact, hyperbolically imbedded complex subspace;

M be a complex manifold of dimension m;

A be a divisor with normal crossings in M.

Let
fn: M-A =3 X

be a sequence of holomorphic maps, which converges uniformly on compact
subsets of M-A to a holomorphic map f: M-A —> X. Let ?n, f be
their holomorphic extensions from M into Y. Then the sequence { ?n}
converges uniformly to ¥ on every compact subset of M itself.

Before we give the proof, we point to the example when M =D is the
unit disc, A is the origin, so M-A =D* is the punctured unit disc.
Then m = 1, the Hausdorff measure associated with the Kobayashi distance on
D* is 2-dimensional, and is the hyperbolic measure. Observe that the
Hausdorff measure of punctured discs around the origin tends to 0 as the
radius tends to 0. This is easily proved by representing the disc as the
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quotient of the upper half plane, and using the hyperbolic measure on the
upper half plane.

We shall now prove the theorem. The question of convergence arises in
the neighborhood of a point a & A. Without loss of generality, we may
assume that complex coordinates Zys...52, are chosen such that

M=", a=0, and A is defined by zq002, = 0.

Assume first that A 1is defined by zy = 0, so

Neighborhoods of G are given by

_ m-1 .
Uk,r'QVk"Dr with 0 & r < 1.

We et S'I/k denote the circle of radius 1/k. Let f(0) = Yoo We Tet W
denote a small open neighborhood of Yo in Y. We can identify W& B(y°,1)
with a complex subspace of a ball of radius 1 in some QN. We write
coordinates of z € Qm as

z = (z,2') with z; € D and 2' € Qm'1.
If the sequence z?n} does not converge uniformly on some neighborhood of
0, then we can pick W as above such that, given k, r there are iﬁfim‘te'ly
many n for which

i:n(uk,r') ¢ W.

For each w € B(yo,1) and t > 0 we let B(w,t) be the open ball of
radius t and center w, and we let S(w,t) be the sphere of center w
and radius t. There exists k‘J and " such that

?(Q”ko x Qr:;]) < B(y,,1/8)

simply by the continuity of f. Since {fn} converges uniformly to
m-1 :
on s]/k X Qro , there exists a subsequence {fnk} and a sequence
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_ iz;(} of points z; € QT;] such that
Tim z& =0

and

(1) £, (817020 & By, 1/4)

@ T, @0z & Bly,.).
Hence for each k g ko there is a point 21 € QVK such that

(3) the point X = ?nk(z“(,zl‘() Ties on S(y°,1/2).
Let

E = ?nk(gwk,z;() n B(x,,1/8).

Then Ek is a one-dimensional complex subspace of B(xk,1/8). We note that

f (SUk,zl'() lies outside B(xk,'l/8). By Lelong's theorem, it follows that
thé euclidean measure of Ek satisfies

2 =
co§ ,"euc(Ek) for all k = 1,2,... .
On the compact set B(yo,'l) N Y all length functions are equivalent, i.e.
each is less than a constant times the other, so the corresponding distance

functions are equivalent, and so are the corresponding Hausdorff measures. If
H 1is a length function on Y, with distance dH’ we let:

ki
&

Then we get

2-dimensional Hausdorff measure defined by dH’ restricted to X;

2-dimensional Hausdorff measure defined by dX on X.

,”zuc(Ek) § C'I,‘fl(Ek)‘

= 1 2 — 2
Let EE =E - fnk(O,zk). Then rH(Ek) = l.lH(E"'(‘). Note that Eﬁ C X.

Since dH<<dX on X because X 1is hyperbolically imbedded in Y, it
follows that
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rﬁ(Ek) £ G pL(ED,

where § is the Hausdorff measure associated with the Kobayashi distance
dx. On the other hand, since

is distance decreasing from dy , to dy, it follows that

2 2 1
PED § C3Puealli oz

But D* s imbedded on (g*,zi) in M-A, and the imbedding is Kobayashi
distance decreasing. Therefore we obtain the final inequality

2 . 2
Poiallijozid € G pr (0 —> 0 as k —> o.

This contradicts the first inequality in this successive chain, namely that

Cog ,“zuc(Ek)’ and concludes the proof of the theorem in case A = D* x 2m—1.

The case when A = Q*p x Qm-p is then done'by induction, since the
sequence { ?n & converges uniformly to ¥ on compact subsets of

g*p-1 x Qm-p+1' This concludes the proof of the theorem.

The theorem was formulated by Noguchi for sections in a proper family.
An analysis of the proof showed that the hypothesis of having sections was
irrelevant, and that Noguchi's arguments applied without change to arbitrary
maps as formulated above. For the formulation in terms of sections, see below.

let w: X=—=P Y be a proper holomorphic map of complex spaces. We
view T as representing a family of complex spaces TT'](y) for y € VY.
One wants conditions under which the set of sections Sec(Tr) 1is locally
compact for the compact open topology, that is given any sequence of sections,
there exists a subsequence which converges uniformly on every compact subset
of Y.



236 SERGE LANG

Suppose that 11'1(y) is hyperbolic for all y &€ Y. Then for every
point y &Y there is an open neighborhood V which is hyperbolic (in fact
some closed subspace of a polydisc chart) and such that 'rr"(v) is hyper-
bolic. This follows immediately from Brody's criterion for hyperbolicity [Br]
which he proves is an open condition. Since a holomorphic map, in this case a
section, is Kobayashi distance decreasing, it follows that a family of
sections

£V — (V)

is equicontinuous, and satisfies the hypotheses of Ascoli's theorem, so is
locally compact. This is the Kobayashi hyperbolicity version of Grauert's
original idea, pursued by Riebesehl in the context where "hyperbolic" means
"negative Gauss curvature" in some form, so one could call it "Gauss
hyperbolic". Riebesehl falls short of analyzing what happens at "bad" points
y € Y, when the fiber ﬂ'](y) is not Gauss hyperbolic. Noguchi made
substantial progress by proving the following theorem.

NOGUCHI'S THEOREM [No].” Let R be a Riemann surface (complex manifold
of dimension 1), and let

T8 —> R

be a proper holomorphic map. Let S be a discrete subset of R, E’E
Jlet R=R-S. Let X= T (r) and Tr: X—> R the restriction
T to X. Assume:

=4

(a) For all y € R the fiber 'rr'1(y) is hyperbolic.

(b) For each point y & R-R there is an open neighborhood V such
that n"](\l - {y}) is hyperbolically imbedded in 'rr'1(v).

Then the set of sections Sec(TF) is locally compact.

This follows in the manner described above. Actually, Noguchi formulates
a version with a higher dimensional base, and a divisor with normal crossings
in the base where the fibers may be bad. He then defines the notion of
(X, ,R) being hyperbolically imbedded in (X, ,R), and gets the theorem in
that case. For simplicity of formulation, in order to rely on the standard
definition of hyperbolically imbedded, I limited myself to the case of a
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one-dimensional base, which is the essential case for applications to the
Mordell type problems.

Noguchi also proved in the case of surfaces fibered by curves whose
generic member has genus at least 2 that there always exists a model satis-
fying the hypcthesis of the above theorem. The existence of such a model
remains open in the case of "higher dimensional hyperbolic fibers.

Suppose that for the proper map

T: X —>»Y

given y €Y, the fiber T '](y) is hyperbolic, or there exists a neighbor-
hood V of y which is hyperbolic, and such that '](V - Eyj) is hyper-

bolically imbedded in T '1(V). Then the set of sections is Tocally compact

by Noguchi's theorem.

Suppose in addition that X, Y are projective. Then the set of
sections is compact, and the projective degrees of the sections are
bounded.

This is the desired conclusion corresponding to Mordell's conjecture, that the
heights of rational points are bounded in the case of number fields, cf. [L 1].
We are thus led naturally into the second part of this paper.

2. ON CARTAN'S THEOREM. Let F be a field with a family of absolute
values { ;S. If a € F* then we write llaﬂv for a suitably normalized
multiplicative absolute value, and

v(a) = -log lall, .

We assume that the set of absolute values satisfies the product formula, that
is for a # 0,

1]
-
-

] l Uall,
v

or in additive terms,

u
o
.

;Z:: v(a)

v
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let P = (ao,...,an) e g"(F) be a point in projective space, with projective
coordinates aie F. We define its height

n(p) = Z Tog max “aiuv‘
v i

Examples. (Cf. [La 4], Chapter III, §l and §3.) Let F be a number
field, and let { v& be the set of absolute values extending the ordinary
absolute value on Q, or a p-adic absolute value. Normalizing ﬂalk suitably
the product formula holds (Artin-Whaples).

Let F be the function field of a projective variety X, which we
assume non-singular for simplicity. Say X is defined over an algebraically
closed field, or even (. To each irreducible divisor W on X we have the
associated order function

vw(f) = ordw(f)deg(w),

where ordw is the order at - W, and deg(W) is the projective degree. Again
the product formula holds.

As a third example, we start from Vojta's remark that Jensen's formula is
the analogue of ‘the product formula. Thus let r be a fixed positive number,
and et F be the field of meromorphic functions on the disc Qr’ For each
6 we have the absolute value

"f“G,I" = If(re1g)l, SO Vg‘r(f) = _]og lf(re"g)l'

We allow oo to be a value. Given a point a € Qr we have the absolute
value such that in Togarithmic form

vy p(F) = (ord, f)1og|§|.

The factor log lr/al is a normalizing factor, 1like log p in number theory
when p 1is a prime number. Let Cs be the leading coefficient of f in
the power series expansion at 0. Then we also let

vo(f) = -Tog legl.

Strictly speaking, Yo is not quite a valuation, but let that pass. Then
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Jensen's formula is the sum formula (fixing r). If f # 0 then

21
{ vo 0 :_fr £ D v (D) =) = 0.
0 2€D,

The theory of the height (as function of r) associated with this sum formula
is, by definition, Nevanlinna theory.

In the number field case, it is easily proved that a set of points of
bounded height is finite. In the second example, called the function field
case, bounding the height, i.e. the projective degree, implies that the
points lie in a finite number of Chow families.

The Mordell conjecture (Faltings' theorem) was (is) that if X is a
curve of genus at least 2 defined over a number field F, and say in
projective space, then its set of rational points X(F) in F has bounded
height - and therefore is finite.

My conjecture is that if X 1is a projective variety defined over F,
and hyperbolic in some imbedding of F 1in the complex numbers, then again
the points of X(F) have bounded height, and so X(F) is finite.

In Nevanlinna theory, given a holomorphic map f: { —> X into some
projective variety, bounding the height of the map implies that the map is
constant.

In each case, finding conditions under which the height is bounded is
regarded as an end in itself. Such conditions amount conjecturally to
conditions of "hyperbolicity", in one form or another.

I shall now discuss the Nevanlinna case at greater length. The height
of a map

f: c—>p"

is usually denote by Tf, S0 Tf is a function of r. Suppose that f
is represented by coordinate functions (fo,...,fn) where fi are entire
functions without common zeros. Then the height Tf is given by
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2n
Telr) = f log max llf“1.ll9,rgg - log max lfi(o)].
0 i 2n i

We call this the Cartan height, since Cartan defined it in 1929 [Ca]. It
is similar to the Weil height in number theory (also defined by Siegel at
about the same time). More generally, if f is represented by meromorphic
coordinates (go,g.l,...,gn) then the Cartan height is equal to

2n
de
Te(r) = 3‘ Tog max [] 9.} = - log max |c
f )  oillo,r o i€eM 91"

+ z log max flg,ll, .
: ,

aéQr

where the indices 1€&M in the term with the leading coefficients ¢ )

are taken in an appropriate subset of all indices. This height Tf i; inde-
pendent of homogeneous coordinates, because if we change (go,...,gn) by
multiplying with a meromorphic function h, then all the max in all the terms
of the formula change by 1log ||hHV, where v ranges over vgs Vg» and

-log lch]. The sum of these is 0 by Jensen's formula, i.e. by the sum
formula. Cartan also observed that if f 1is a meromorphic function, and
(1,f) is the corresponding map into gl, then

T(],f) = Tf + 0(]),
where here Tf is the "characteristic function" defined by Nevanlinna for

meromorphic functions. The height satisfies similar properties to those in
number theory, better codified in this case than by the analysts. First:

Llet f and g: (=2 g“ be two holomorphic maps and g = Aef
where A s a projective linear transformation. Then

Tf = Tg + 0(1).

We just defined the height of a map into projective space. More generally
we can define the height of a map into an arbitrary projective variety. We
Jjust state what goes on without proofs.
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Let f: ¢ ———3% X be a holomorphic map into a projective variety. To
each Cartier divisor D on X one can associate a function Tf,D of
real numbers 2Z 1, depending only on the linear equivalence class of
D, and uniquely determined up to a bounded function by the following
properties. [The notation 0(1) always refers to r —» ®.]

H1. Themap D b—> T¢p 1s_a homomorphism mod O(1).

H2. If E is very ample, and ¥ L 4 g" is one of the
associated imbeddings into projective space, then

TeE ™ Tyor * o(1),

where T‘I’°f is the Cartan-Nevanlinna height.
In addition, the height satisfies further properties as follows.

H 3. For any Cartier divisor D and ample E, we have

Tf,D = O(Tf,E)'

H4. If D is effective and f meets D properly, then TfD 2> -0(1).

x
o
N

The association (f,D) b— T, , is functorial in (X,D). In
other words, if \: X ~—3 Y 1is a morphism of varieties, and.
D=v"'D' where D' is adivisor on Y, then )

Ts,0 = Tyof 0

Other properties of the height can be copied from those of number theory, cf.
for instance [La 4], Chapter 4, §1, §2, §3, including the analogue of
Weil's theorem, namely Proposition 2.1 of that chapter.

Next we come to the definition of other functions in Nevanlinna theory.
Let X be a projective variety. Let D be an effective Cartier divisor on X,
represented locally for the Zariski topology by regular functions. Say on a
Zariski open set U, D is represented by the function % - This means
U= (¢)]U. A Meil function is a function

Ap: X - supp(D) ——» R
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which is continuous, and is such that if D is represented by ? on U, then
there exists a continuous function o(: U——» R such that for all
x ¢ supp(D) we have

Ap(x) = -log ()] + &(x).

The difference of two Weil functions is the restriction to X-supp(D) of a
continuous function on X, and so is bounded. Thus two Weil functions differ
by 0(1). If L is a line bundle over X and s a holomorphic section
whose divisor is D, and r is a metric on L, then for instance

Ap(x) = -Tog |s(x)|
plx gl L,

is a Weil function associated with D.

Suppose that f(C) is not contained in D. This is equivalent with the
fact that f meets 5 discretely, i.e. in any disc gr there are only a
finite number of points a € D,. such that f(a) € D. Given a Weil function
)D associated with the effective divisor D, we define the proximity
function

X i9,, do
me(r,D) = (f(re'™)) & .
f g D ar

Then XD and mf(r,D) are additive in D mod 0(1).
Let D again be an effective divisor. We let
D, = £ 1(D)
f

as a divisor on (, which exists by our basic assumption that f meets D
discretely. If D 1is represented by @ on U, and f(a) & U, then we let

A’f(a,D) = N (a,Dg) = ord (@°f) (Z 0 since D is effective)

Note that ¢eof is a holomorphic map of C into __l?]. Then we define

r
Ne(r,D) = -2- vf(a,D)1og,3l + A(0,D)10g r.
aegr
a#0
Thus Nf(r,D) can be viewed as the "r-degree" of the divisor Df, with the
weighting factors log [r/a] similar to log p in number theory when p is
a prime number.
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We call Nf(r,D) the integrated counting function. It is additive in D
and ; 0 for r g 1. It measures the zeros of f in D.

Finally we define the height, or Cartan-Nevanlinna height, to be

Tf(r,D) = mf(r‘,D) + Nf(r,D).

This is well defined mod 0(1).

We extend Weil functions, the proximity function and the integrated
counting function to all Cartier divisors by additivity.

FIRST MAIN THEOREM. If D = (@) is linearly equivalent to 0, then
Tf(r,D) =0(1), i.e. Tf(r,D) is a bounded function of r.

This is proved first for f‘ (Nevanlinna) and in general by functoriality.

The SECOND MAIN THEOREM 1is today only a conjecture.

CONJECTURE. Let D be an effective divisor with normal crossings on a

projective non-singular variety X. There exists a divisor D' having
the following property. Let f: € —>X be holomorphic such that
f(g) ¢ D'. Let K be the canonical class. Let E be ample. Then

mf(r,D) + Tf(r,K) § 0. (log r + log Tf(r,E)),

exc

where Oexc means the usual 0 with the exception of r lying in
a set of finite Lebesgue measure.

Only very special cases of this conjecture are known today, essentially
for maps into projective space or Grassmanians, in a linear situation.
Furthermore, a ramification term is missing in the above inequality, but
should be present in the same way that it is present in Nevanlinna's theory
in the one-dimensional case. We now state one of the basic known results.

THEOREM 2. Let f = (f_,...,f;): L —> P" be a holomorphic map, with
fo""’fn entire without common zeros. Assume that the image of f is
not contained in any hyperplane. Let H],...,Hq be hyperplanes in
general position with gq S n+2 (meaning any n+1 are linearly

independent). Let W(f) = w(fo,...,fn) =W be the Wronskian. Let H




244 SERGE LANG

be any hyperplane. Then

q
me(r,Hk) - (M)TE(rH) + N (r,0) & Ogy (Tog v + Tog Te(r),
k=

where Oexc has the usual O meaning, for r —>»o but r lying
outside some set of finite Lebesgue measure.

This theorem is due to Cartan [Ca] except for the term Nw(r,o),

which constitutes an improvement. Cartan has in its place a term also
reflecting the ramification, but depending on the hyperplanes H1,...,Hq. This
is the "wrong" structure for this term, which should reflect only the ramifica-
tion of the mapping f, independently of the divisor D, which in this case
is ZE: Hk‘ For n =1, the theorem is due to Nevanlinna who started it all.

As an example of a diophantine application, we show how a theorem of
Borel is an immediate consequence of Cartan's theorem.

COROLLARY. Let 9ys--450, be entire functions without zeros (so units
in the ring of entire functions). Suppose that

gyt...4g, = 1.

Then 9ys--1s9, are linearly dependent.

Proof. Let g: g—#g"" be the map (gy,...,9,). Let xq,....x
be the homogeneous variables of g"". Let Hk be the hyperplane X, = 0
for k=1,...,n and Xptoootx, = 0 for k =n+l. Then g does not meet
these hyperplanes. Hence mg(r,Hk) = Tg(r,Hk) +0(1) for k =1,...,ntl.
The canonical class is the class of nH for any hyperplane H. If 9ys--90,
are linearly independent, then by Cartan's theorem

n

(n+1)Tg § nTg + Oexc’

Hence Tg(r) = Oexc(1og r), and it is then easy to show that all coordinates
915---49, are polynomials, so are constant since g; is a unit for each i.
This concludes the proof of the corollary.

Cartan's theorem itself is proved according to the Wronskian technique
apparently first used by Nevanlinna, also in connection with Borel's theorem.
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Vojta [Vo] has translated the Second Main Theorem into a similar
conjecture for a height inequality in algebraic number theory. He shows how
theorems like those of Roth, Schmidt, Faltings, and conjectures 1ike those of
Hall, Lang, Lang-Waldschmidt, and what is neither, 1Tike Fermat's Last Theorem,
would follow (or more or less follow) from his translation. The "more or less"
is due to the presence of an exceptional set, similar to the exceptional set
of r of finite Lebesgue measure in Nevanlinna theory. For details, the
reader can read Vojta's extensive exposition.
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Cubic Exponential Sums and Galois Representations

RON LIVNE

0. Introduction The ¢-function of an algebraic variety over a number field
is always conjectured to be expressible in terms of automorphic forms. The ex-
amples for which such a description is known, however, are very few. Generally
these are varieties with an explicit uniformization, or varieties known to be re-
lated to them by an algebraic correspondence. We shall discuss here one variety
of a different type. For n > 1 set

Wo={(z1,...,20) €P* 1| D 2, =Y zf =0}.

Let n(z) = ¢/?*J[%.,(1 — ¢") where ¢ = exp(2miz) be the Dedekind eta-

n=1
function, and define

¢(2) = (2 - T(3)) (n(2)n(22)n(52)* n(102)°) ,
where T'(m) is the m’th Hecke operator. We will show

0.1 PROPOSITION. ¢ is the unique newform of weight 4 and level 10 with
trivial character.

0.2 THEOREM. Let ¢(s) be Riemann’s ¢ function. Then

¢(s)¢(s — 1)¢(s — 2)¢(s — 8)~B*¢(s — 4)*3¢(s — 5)¢(s — 8)¢(s = 7)
L(¢,s - 2)

The proof of the theorem is based on the cohomological interpretation of the
¢-function. The varieties W,, arise in connection with a conjecture of Birch [B]
about the average distribution of cubic exponential sums. The cohomology of
W,, was calculated, and Birch’s conjecture proved, in [L|. We recall this in Section
1 and obtain the numerator of ¢(Wjq,s). To calculate the denominator we use a
criterion of Serre (theorem 4.3), based on Faltings’ method, for the equivalence
of 2-dimensional, 2-adic Galois representations with even trace. The case when
the trace is not even was previously treated by Serre in a letter to Tate and his
1984 course at the College de France. In a letter to C. Schoen Serre explained
how to use that criterion to determine the ¢-function of a certain threefold.
The present results of Serre are described in section 4. They are used to prove

§(W10,8) =

Bat-Sheva Foundation fellow
© 1987 American Mathematical Society
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theorem 0.2 up to Euler factors at 2, 3, and 5. The theorem then follows from
Carayol’s results [Car]. We also remark that while the Tate conjecture would
imply the existence of an algebraic correspondence between Wi and a variety
with an explicit uniformization (of the Kuga-Sato type), I have not been able to
construct any such.

Next, let v(p), for any prime p, be the eigenvalue of T(p) acting on ¢. Set
a(z) = n(8z)%n(40z). We will prove

0.3 THEOREM. a. o s form of weight 2%, level 820 and character xg.
b. o is an eigenfunction for all the T(p?).
¢. The Shimura correspondence maps o to ¢ @ x—1.

Together with the previous results this implies a conjecture of Atkin [A] (con-
jecture 1.5 below). ;

The proof of 0.3a uses the Deligne-Serre theory. Next, machine calculations
show that

T(p*)e - (2)r(p)e

vanishes to a high order at co for p =3 or 7 < p < 81 and hence must be zero.
Theorem 4.3 and Shimura’s correspondence of forms of half integral weight to
forms of integral weight then give 0.3b and 0.8¢c. Serre’s results are described in
section 4. I would like to thank Coates, Katz and Ribet for helpful conversations,
and Serre for allowing his work to be described here and for numerous suggestions
to improve the manuscript.

1. Cubic exponential sums and W, We recall results of [L]. For a,b € Z
and a prime p put

B(a,b,p) = Z exp (m(ams + bz))
z(mod p) P
If pta |B(a,b,p)| < 2,/p (Weil) and it is natural to ask for the distribution in
p of )
B(a,b,p
= 6, = — 2277
zp = cosfp 7 '

where 8, € [0, 7]. For a #0

B(a,0,p) =2Re (g;(p)(%)s) ,

where gs(p) is the cubic Gauss sum. Hence B(a,0,p) = 0 if p = 2(mod 3) and
one has the deep

THEOREM ([HB-P]). The 0,% are uniformly equidistributed over
p = 1(mod 3).

When ab # 0 one expects equidistribution with respect to the Sato-Tate
measure

AT = %sinzﬁdﬂ = %V 1 — 22 dz, where z = cosé.
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Equivalently, let 45-7. be the n’th moment of dpS-7
0 n odd

1
”f—T=/ I"dﬂs_T= ) .
- T (7)) n= 2R

and denote the number of primes < X by 7(X). One can then make the
CONJECTURE. Suppose ab# 0. Then for any n > 0

W(IX) )3 (B(;;/l;_;p))" —l

p<X

As this seems out of reach presently, Birch proposed the
1.1 CONJECTURE. For n > 0 and even

1 Bla,b,p)\" S-T
plp-1) > ( 25 ) poo ko

a,b(mod p)
aZ0(mod p)

Of course one can make this conjecture for n odd as well. More precisely set

Vale)= D  Ble,bp)"
a,b(mod p)
aZ0(mod p)

0 n odd
Jnlp) = 1 (2R R+1\ R
m(R) -1 - EL)pR n=2R,
and
En(p) = Vn(P) - fn(p)'
Birch [B] proved that
1.2 E.(p) =0 for n=2,4,6 and 8, and conjectured that
1.3 Ejz2(p) = 11pEjo(p) (for p > 5) and that

14 Eio(p) = —(p - 1)p*v10(p),
where 710(p) is an integer satisfying |v10(p)| < 2p%/2. Atkin subse-
quently made the

1.5 CONJECTURE. Forp>5 T(p%)a= (lpi—) TMo(p)a, with a as before.

The connection between the varieties W,, and conjecture 1.1 is elementary. In
fact we have
1.6 PROPOSITION. V,(p) = —p™ + p% + p*(p — 1) ¥ W, (IF},).
The proof is routine, see e.g. [L], lemma 4.1.
When n is odd W, is nonsingular in characteristic p > n. The Lefschetz
hyperplane theorem then gives that
E.(p)=p%*(p-1)Tr Frob,|H" -3 (W, x spec Fo,Q),
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and Deligne’s bounds give conjecture 1.1. On the other hand when n = 2R
the singular locus T = Tog of Wag is not empty. Suppose p > R > 2. Then
T consists of %(Z,f) ordinary double points, and the blow up Wzn = BlyWyp
is nonsingular. Using Schoen’s Hodge theoretic results |[Sch] the cohomology of
War was determined in |L, giving in this case

(1.7) Ear(p) = -p%(p- 1) TrFrobpinR"s(Wm x spec IFp, @),

and again conjecture 1.1 for n = 2R follows from Deligne’s bounds. It turns out
that many Hodge groups of Wzg and W,, for n odd vanish, which gives
+ 4
p* En(p), where a =a, = ?-3—] ,

by Mazur’s results on Hodge and Newton polygons. Moreover, for R > 3

—~ 2R-1 _ R -
dim H2R (Wyg_s) = 2—3 L 2(2 1).

R-2

This is in accord with 1.2 for n = 6 or 8, and proves 1.4. To get 1.3 put
z; = z; + Tp+; and w; = I; — Tr4s for 1 < 7 < R. The equations defining

W3r then become
Zz. =0 and BZziw? = —Zz?

Hence, for every z1,...,2gr satisfying Y 2 = 0 we have a quadric in the
w;’s. It is easy to conclude that *W,g(F,) can be expressed in terms of
*Y(F,), i=1,....R, where for any R

(1.8) YR={(z1 ..... zp. A) " Zz‘zo and A2:3RHZ‘(ZZ?)}'

When R is even Y; is rational, as can be seen by setting z; = z 2! for ¢ > 2.
Working this out for R = 8 gives 1.3.

We remark in passing that it is possible to analyze the action of the symmetric
group, acting on W,, by permuting coordinates. on cohomology. This gives that
for 5< R<10 H2R-3(W,g x spec@.Q,) is a sum of two dimensional Galois
representations. The general problem of understanding the Galois representation
on H2R-3(W,p x spec @, Q;) will be discussed elsewhere. The other cohomology
groups of War are spanned by algebraic cycles rational over Zi{1/R!]. Their
dimensions have been calculated in L. In terms of L-functions, this gives

1.9 THEOREM. Sett =% T = 1(3%), h = (A5 (’F). Then

- I1255 % s(s — )™
War,s) = = 0
(a) s(War, s) L(H?R-3(W2g x specQ, Q;), 8)

(b) ¢(Wzp,s) = Hizfo_xs'(s - 1)
) L(H2R-8(W2R x specQ, Q1), s)
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where do = dap-3 =1, dr-2 =dr_-s =1+t+ h and d; = 1+t otherwise,
whereas
er-2=h—1t, er-1 =h and e¢; = 1 otherwsse.

PROOF. Up to Euler factors for primes < R (a) is proven in [L]. Observe
that ¢(s — ¢) is the L-function of a compatible system of Galois representations
associated to the i’th power of the cyclotomic character. But two compatible
systems of Galois representations whose L-functions agree up to finitely many
primes must have isomorphic semi-simplifications, and each compatible system
determines its L-function. We thus see that the left and the right sides of (a)
above agree. (b) follows from (a); see the proof of lemma 4.6 in [L].

1.10 COROLLARY. To prove theorem 0.2 we need only to show that
L(H" (Wo x spec@, @), ) = L(¢, - 2)

This will be done in Section 3.

2. The Shimura Correspondence Let us now prove proposition 0.1.
The vector space Sy(I'o(5)) is 1-dimensional, spanned by r(z) = (n(z)n(52))*,
and S4(To(10)) is 3-dimensional {Sh1]. T((10) has 4 cusps, represented by
00, 1/2,1/5 and 0. For d/10 the order of n(dz) at the cusps is given by the
table ‘

| o 1/2 1/5 0
n(z) | 1/24  5/24  2/24  10/24
7(22) | 2/24  10/24 1/24 5/24
n(5z) | 5/24 1/24  10/24 2/24
n(10z) | 10/24  2/24  5/24  1/24

Recall now the following theorem of Newman:
THEOREM ({N]). Suppose di|N andr, € Z for i =1,...,n. Assume

a. 2 ry = 0.
b. [1d}' € (@%)3.
c. h(z) =[] n(diz)™ has integral order at each cusp of T'o(N).
Then h(z) descends to the quotient and defines a meromorphic function on

Xo(N).

Abusing language, it follows that h(z) = 5(z)~3n(22)7(52)"19(102)% is a
function on X(10). Hence r(z), r(2z) and r(z)h(z) are modular forms of weight
4 for T'o(10). In fact, they clearly have no poles in the upper half plane, and
their orders at the cusps are given by the table

| o 1/2 1/5 0
r(z) 1 1 2 2
r(22) 2 2 1 1
r(z)h(z)| 2 1 2 1
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which shows that the three functions constitute a base for S4(I'c(10)). Expanding
gives

r(z)h(z) = ¢®* - ¢* — 2¢* + ®-q +4¢°+6¢°+ ...
and it is easy to verify that
(2.1) $=(2-T(3)(rh) = g+2¢° - 8¢° + -+

is indeed the normalized newform in S4(Io(10)). Proposition 0.1 follows.
The next step is the following

2.2 LEMMA. Let g(z) = n(42)n(20z). Then g€ SPe*(Io(80), x-20)-

PROOF. It.is well known that

n24z) =Y xaa(ndg™ = Y ¢V - D ¢ Hence

n>C n=1(mod 12) n=7(mod 12)
2. gn? 2 g2
g(z) - z Z q(m 6n?)/6 _ Z q(m sn?)/6
n=1(mod 6) [ m=n(mod 12) m=n-6(mod 12)

Z Z 1)iq (n+j)?+55° , where m = n + 6.

n=1(mod 6) J

Let K =Q(v/—=5), O = Ok the ring of integers of K, 0 : K — K the non
trivial automorphism, N : K — Q the norm, and Oy the completion of 0 at
the prime above 2. The class number of O is 2. Let xo : Aj /K>* — {+1} be
the non-trivial unramified character. Set # = 1+~ /=5. Then 0 = Z| and
02 = Z; 7). Let w: 0, — {=1} be the character of conductor (2). Note that
N(a—br) = (a+b)2+5b%, so that for a,b € Z; a-+br € 0, if and only if a+b
is odd, and then w(a ~ bx) = (=1)°. It follows that

gz2) = Y wlu)gV.

uEl+n0

There are two extensions, x and x’, of w to a character (of finite order) of
IAf /K™ unramified outside 2. They have order 4 and satisfy x' = x = x° and
2 = (x")% = xo. Denote the class of an ideal I ¢ O by |I], and let @3 stand
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for an ideal of norm 8 in O. Then

Y o wN@w = Y x(N(I)
u€l+nO (I,m)=1,[I]=1
x(I) +x°(1)

X Ny

(I,m)=1

2| X xNn s T N

(I,m)=1 (Jme)=1
(with J = I°)
1 - -
L0 8) [1- x(ps)8™* + 1 - x(p§)3~]
= L(x, 8), since x(ps) has order 4,
and this proves the Lemma, by [SD], (7.2.1).

2.3 REMARK. The Galois representation attached to g is dihedral of type
D,. The extension of @ it defines is L = Q(¢,/=5,+/1+ 27). One way to see
this is as follows.

1. K(i)/K is unramified, so that L > K(¢) and L is the Galois closure
over Q of a quadratic extension F /Q(z), cut out by a quadradic character
¥ l‘\;(i)/Q(i)" — {+1}. Again by [SD], (7.2.1), we may suppose that
the conductor of ¢ is 2(1 + 2¢).

2. The extension F/Q(t) is ramified at most at (1+1) and (1+2¢). Hence
F = Q(i){(z), where zZ = 1+ 21, i(1+ 2i), (1 +4)(1+ 2) or
(1 + 2)(1 + 21). _

3. ¥((3)) = -1 and %((1 — 27)) = 1. Hence only z2 = 1 + 2¢ is possible.

We can now prove 0.3a. By Jacobi’s triple product identity

2

7(82)° =D x-a(n)ng™,
so that 7n(8z)% € S3;2(T'0(64),x1) by [Sh 2|. From the dimension formulas
of [C-O] we see that 64 is the exact level of 7(8z)® (compare [Tun]). Hence

a(z) = n(8z)3g(z) has level 320 and character x_20 x1 X—4 = X5, as claimed.
To continue we now need the standard

I

2.4 PROPOSITION. Let N be an integer divisible by 4 and k an odd inte-
ger. Denote the genus of Xo(N) by g and the number of cusps by c. Suppose
f € Skj2(To(N),x). Then f =0, or

ordeo f < (29 -2+ c)k/4—c+1

PROOF. Let I = 4ordx. Then f! € Si;;2(To(N)). Since 4/N there are no el-
liptic elements in To(N), so that the kl/4 (symmetric) differential
w = f'(dz)¥/4 has no poles in the upper half plane. At a cusp ¢ # oo we have
ordew > ! - kl/4, and ordeow = lorde f — kl/4. Hence
(29— 2)kl/4 = deg(w) = D ordyw> (c— 1)(I - ki/4) + ! ordeo f — kl/4,

z€Xo(N)
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proving the proposition.
Recall that since 4| N

29-2+c=N/8 H(l +1/p) and ¢= H/\(N,p)
p/N p/N

where

(1+1/p)pus(N)/2  if y,(N) is even

AN, p) =

2p(vs(N)-1)/2 if vp(N) is odd
(see !Sh1j, |C-O}). In particular for N = 320 there are ¢ = 24 cusps and
29— 2+4c =96 For f € S5/2(T'0(320),x) we therefore get that orde f < 97
or f = 0. By machine it is easy to verify that

(2.5) ordeo (T(p*)a — x-4(p)v(p)a) > 98 for p=38 or 7< p < 31

Indeed, let us expand a(z) = Y ang™. It is easily seen that a, = O unless
n = 8(mod 8). Hence to verify 2.5 above, it is enough to calculate
(98 + 5)/8]31% = 11532 such a,, and Atkin |A] has already gone much fur-

ther (we nonetheless confirmed this!). Hence for p=3 or 7 < p < 31

T(p*)o = x-4(p)¥(p)e

The space S5;2(I'0(320),xs) is 60-dimensional by [C-Oj, and it has a basis
B1,...,Beo diagonal for all the T(p?). Writing @ = 3 a;3; we see that the only
a; # 0 are the coefficients of those of the f; which satisfy

T(p?*)B; = x-4(p)¥(p)Bi for p=3 or 7T< p< 31,

so that by :Sh2]|,
T(p)Sh(8.) = x-4(p)v(p)Sh(4:)

for these p, where Sh{(4;) is the image of 5; under the Shimura correspondence.
Denote by p2(¢), p2(8.) the 2-dimensional 2-adic Galois representations associ-
ated by Deligne [D” to ¢ and to Sh(8;). Since the level of Sh(5;) divides 320 we
see that these representations are unramified outside 2 and 5 and furthermore
satisfy

a. detpz(Bi)(Froby) = detpz(¢)(Frob,) for any prime p # 2,5

(in fact this determinant is the third power of the cyclotomic character).
b. Trpz(Bi)(Frob,) = Trpa(¢)(Frob,) for aprime p=3 or 7< p < 31.
c. For p =3 the above trace is even (see 2.1).

For 2-dimensional, 2-adic Galois representations unramified outside 2 and 5
it turns out that if their trace is even for Frobs it is always even (proposition
4.10). In our case we see that the traces of p2(¢) ® x-1 and p2(f;) are even.
We now invoke the crucial theorem 4.3: if the traces and determinants of such
representations agree for sufficiently many Frobenius elements, they are equal
for all p # 2,5. Proposition 4.11a guarantees that the set {Froby}, for p =
3 or 7T < p < 31 suffices for this purpose. This shows that p2(¢) ® x-; and
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p2(Bi) when a; # 0, all have isomorphic semi-simplifications. Going back to the
corresponding f§; we see they all have the same eigenvalues for all the T(p?) for
p # 2,5. We conclude that o is an eigenform for these T'(p?) with the same
eigenvalues, which shows that Sh(a) = ¢ ® x_;, proving the rest of theorem 0.3.

2.6 REMARK. It is possible to prove theorem 0.3 without the use of Galois
representations, but this seems to require either knowing a base for S4(I'¢(160)),
(where Sh(B;) must lie by results of Niwa), or at least knowing how many
Fourier coefficients of a form in this space determine it. One could then proceed
as above, but with a much heavier calculation. The method we chose, therefore,
seems the most convenient.

3. The L-function To be able to apply theorem 4.3 we first prove the
following

3.1 PROPOSITION. #Wyo(IF,) is even for p > 5.

PROOF. The symmetric group Sio acts on Wjo by permuting coordinates.
The orbit of a point P € IP® consists of an odd number of points if and only
if P is fixed by a 2-Sylow subgroup H of S;o. We may assume H is the stan-
dard-one, generated by (12), (13)(24), (15)(26)(37)(48) and (9,10). But then
there are precisely two points on Wyo(F,) fixed by H when p > 5, namely
(0,0,0,0,0,0,0,0,1,-1) and (1,1,1,1,-1,-1,-1,-1,0,0). The proposition follows.

3.2 COROLLARY. Forp>5 Tr Frob, | H (W10 x spec Q, Qi) is even.

PROOF. By theorem 1.8b
7 .
#Wio(IFp) = Y p' — 84p® + 42p* — Tr Frob, | H'(Wyo x specQ, Q1)
+=0
= Tr Frob, | H7 (W), x spec Q,Q;)(mod 2)
(this is a congruence between integers!) g.e.d.
PROOF OF THEOREM 0.2. Let p = {p;} be the compatible system of two
dimensional Galois representations attached to H7(W;, x spec Q,Q2). Then
1 pis unramified outside 2,3, and 5, since Wm has good reduction modulo
p>5.
2 Trp = 0(mod 2) by 3.2.
3 By Poincaré duality det p = x7, where x is the cyclotomic character.
On the other hand let p' = x%p(g), with p(¢) = {pi(¢)} the compatible system
of two dimensional Galois representations, attached to ¢ by Deligne (ID]). Here
1’ p’ is unramified outside 2 and 5.
2’ Trp' = 0(mod 2). Indeed by 4.10 we need only to verify that

Tr p'(Frobs) = x*(Frobs)Tr p(¢)(Frobs) = 32(—8) (see 2.1)

is even (compare section 2).
3’ Again det p' = x*det p(¢) = x7.
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By 4.11b it will follow that L(p2, 8) = L(p5, 8) up to Euler factors at 2, 3 and
5 provided Trp(Froby) = Trp'(Froby) for 7 < p < 73. This was easily verified
on a machine, by calculating V;o(p) and using 1.7 for the left hand side, and by
expanding ¢ for the right hand side. Atkin’s calculation |A] is an independent
confirmation, since we now know theorem 0.3.

As in the proof of theorem 1.9 we obtain that p and p’' have isomorphic
semi-simplifications so that L(p,s) = L(p',s) = L(p(¢),s — 2). But by [Car|
L(p(#), 8) = L(¢,8). Theorem 0.2 follows.

3.3 REMARK. It follows from theorem 0.2 that p is unramified at 3. One
might try to prove this directly, since such a proof would eliminate the need for
proposition 3.1 and reduce the number of primes needed to be checked. However
in characteristic 8 the variety Wy, acquires new singularities, such as (&)1, =
(-1,-1,1,1,1,1,1.1,1,1). Using Y5 (see 1.8) one can obtain a scheme Z over
Zs whose special fiber Zp has only ordinary double points and which satisfies
dim H3(Zo, Q2) = 2 = dim H3(Z x Q4,Q2). However the local invariant cycle
theorem, which would imply H3(Zo, Q2) ~ H3(Z x specQg, Q2)", where Ig is
the inertia group, is not known in the mixed characteristic case. Therefore we
must content ourselves with our global proof that p is unramified at 3.

4. A theorem of Serre on Galois representations We describe here,
with some additions and generalizations, results of Serre communicated in let-
ters [LFS1-3] and conversations. They are based on “Faltings’ method” |F],
which gives, in principle, a way to verify the equivalence of two l-adic repre-
sentations. Serre’s result is an instance of this method, and gives a simple and
easily checkable criterion in a special case.

The following terminology will be useful.

4.1 DEFINITION. A subset T of a (finite dimensional) vector space V is
non-quadratic (respectively non-cubic ) if every homogeneous polynomial of degree
d = 2 (respectivelyd = 3) on V which vanishes on T vanishes on V.

Observe that if T is non-cubsic it is a fortiori non-quadratic, and that the image
of a non-quadratic (respectively non-cubic) subset T C V under a surjective
linear map is non-quadratic (respectively non-cubic). In case V is a vector space
over Z/2Z we moreover have

4.2. A function f : V — Z/2Z is represented by a homogeneous poly-
nomial of degree d if and only if ZIC{O.....d) J(Tics ) = 0 for any subset
{vi}lo CV , and f(0) = 0.

4.3 THEOREM. Let K be a global field, S a finite set of primes of K, and E
a finite extension of Q2. Denote the mazimal ideal in the ring of integers of E
by p and the compositum of all quadratic extensions of K unramified outside S
by Ks. Suppose py,pz : Gal(K/K) — GL2(E) are continuous representations,
unramified outside S, and furthermore satisfying
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—

. Trpy = Tr p2 = 0(mod p) and det p; = det pa(mod p).

2. There exists a set T of primes of K, disjoint from S, for which

i.  The image of the set {Frobs}icr in (the Z/2Z-vector space)
Gal(Ks/K) 18 non-cubic.

ii. Tr pi(Frob;) = Tr pz(Frob;) and det py(Frob;) = det pa(Frob;) for

allteT.

Then py and pa have isomorphic semi-simplifications.

—

Recall first that the Frattini subgroup G* of a finite p-group or a pro-p group
is defined by the natural exact sequence

4.4. 1—G*— G — G®/(G®) — 1
where G2, in the pro-p case, stands for the separated abelianization.

4.5 LEMMA. Let G be a finite 2-group and T C G/G* a non-quadratic
subset. Assume each t € T has a lift to an element of order 2 in G. Then
G*=1.

PROOF. Assume G* # 1. Then G* contains a subgroup N of index 2 which
is normal in G. The assumptions of the lemma still hold if we replace G by
G/N, except that now the Frattini subgroup has order 2.

We may thus suppose that G* ~ Z/2Z. The extension 4.4 (with p = 2)
cannot be trivial, since the Frattini subgroup of G/G* x Z/2Z is 1. Let
q € H>(G/G",Z/2Z) be its class. The assumption of the lemma means that
g, restricted to each subgroup (t), for t € T, is trivial. It is well known that
H*(G/G*,Z/2Z) is a polynomial algebra over the Z/2Z -vector space G/G*.
In particular ¢ may be considered as a quadratic homogeneous polynomial.
As such it is non-trivial and yet vanishes on the non-quadratic subset T, a
contradiction.

4.6 REMARKS. a. The analog of lemma 4.5 for a prime p # 2 is false: the
group of unipotent, n X n upper triangular matrices over JF, is non-abelian for
n > 3 yet has no element of order > p.

b. It is certainly possible to write the above proof without using any cohomology.

We shall use Faltings’ method to prove the following

4.7 PROPOSITION. Let G be a pro-2 group which is topologically finitely
generated, and let E be a finite extension of Q2 with ring of integers O and
mazimal ideal p. Suppose py, pz : G — GL3(E) are continuous representations
and ¥ C G a subset satisfying

a. The tmage of T in (the Z/2Z-vector space) G/G* is non-cubic.

b. Trpi(o) = Trpz(0c) and det py(0) =det pz(0) foralloe .
Then py and p; have isomorphic semi-simplifications.
PROOF. Since G is compact it preserves a full lattice in E? when acting via

either p;, for © = 1, 2. Since O is a discrete valuation ring such a lattice is free
over 0. Hence we may assume that p;(G) C GL2(0).
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Set k = O/p and pick any g € G. As {k*| is odd and G is a pro-2 group
det pi(g) = 1(mod p), and for the same reason Tr pi(g) = O(mod p).

Set Mz = Matzx2(0). For g € Glet p: G — Mz x Mz be the map
p(9) = (p1(9), p2(g)). and let M be the (linear) O-span of p(G). Clearly M is
a sub-algebra with unity of M2 x Mz, free of rank < 8 over 0, and spanned by
{rlg)|lg € G} as an O-module.

Let R = M/pM and denote the image of an element ¢ € G in R by g. Set
I'={g§lg€ G}. Then ' C R* and R is a k-algebra, spanned as a k-vector space
by I', and satisfying dimx R < 8. We will show the following

ASSERTION. R is spanned over k by {5lo € TU {l}}

PROOF. Let 0 € £. We first claim that 2 = 1 in . To see this set
d = det p;(0) = det pz2(0),t = Tr p1(0)} = Tr p2{(c). By the Cayley-Hamilton
theorem (for two by two matrices!) we have p(c0)? = tp(o)—d(I,I) in Max Mz,
where I is the identity matrix. Since (I,I), p(c) and p(o)? belong to M this
equality holds in M. Reducing modulo ¢ M we obtain 2 = 1 in R, sincet € p
and d = 1(mod p) as explained above. Hence & = 1 in T as well, as claimed.

We are now in a position to apply lemma 4.5. Since G/G* — ['/T* is
surjective, the image of ¥ in I'/T* is certainly non-quadratic. By lemma 4.5
I'* =1 and hence T ~ (Z/2Z)" for some r.

In particular we see that I' is commutative; since I' spans R, R is a commu-
tative ring. Let r € R be any element and write r = qur kyv , with ky € k.
Then r2 = (T k2)1. Hence r2 = 0 or else r is invertible.

It follows that R is a local Artin algebra over k with maximal ideal

P = {re Rjr* =0},

and R/P ~ k. We claim that P* = 0: if not, pick z;,...,74 € P such that
[1z: #0. Let Ty, ..., Ty be variables, and set

Ro = kiTy,...,T/(T?, ..., T?).

The map of k-algebras Ry — R defined by T; — z; would then be well-
defined and injective, but dimgRo = 16 > 8 > dimx R, a contradiction. Observe
in passing that I + 4 belongs to P for any v € T, since (1 + )2 = 0.

Let a: R — Z/2Z be any additive map satisfying a(1) = 0. We claim
that the restriction of a to I' is a homogeneous cubic polynomial with respect to
the (multiplicative!) Z/2Z vector space structure of I'. Indeed by 4.2 we need
only verify that for any subset {v}}_,cT

Y oI = «(JI+%) = o,
Ic{o,...8} €I $=0

but [Jio(1+ )€ P* = 0, proving the assertion.
Now let a : R — k be a k-linear map such that a(¢) = 0 for any 0 € TU{1},
and let f: k — Z/2Z be any additive map. Since the image of £ in G/G*



CUBIC EXPONENTIAL SUMS AND GALOIS REPRESENTATIONS

is non-cubic, {&lo € £} is non-cubic in T'. By the above Bla(y)) = 0 for any
4 € T, so that a(y) = 0 as well. Since the k-span of T is all of R, a = 0. This
proves that {&|oc € ZU{1}} spans R as a k- vector space.

From Nakayama’s lemma we now see that the O-span of
{rlo)le € TU{1}} is all of M. In particular let & : M —+ O be the map
a(a,b) = Tra — Tr b. It is clear that o is O-linear and that (J, I) = 0. By
assumption, a(p(o)) = O for any o € X. It follows that a = 0, and in particular
Tr p1(g) = Tr p2(g) for any g € G. This concludes the proof of the proposition.

4.8 REMARK. Serre proved proposition 4.7 for K = Q, E = Q. and assum-
ing that X surjects onto G/G*. He suggested to merely assume that the image
of ¥ in G/G* is non-quadratic. Surprisingly, this turns out not to be sufficient.
Here is a counterexample: set

() (30 - (3

and define 0; = (a,a), 02 = (b,b) and o3 = (c,—c). Let G be the closure of
the subgroup generated by ¢, 0, and os in GL2(Z;)? and let p; denote the
projection on the 2’th coordinate, ¢ = 1,2. Put

L = {01,03,0,02,03, 01083, 0203}-

Then det p; (g) = det pz(g) for any g € G and Trp;(0) = Trpz(0) forany o € .
One checks that, in the notation of the proof of 4.7

Mz{(z,y)EPxPln:——yEZP} where

P= {(: :) € Matz,s(Zs) | 21c, 20— d }

that R = M/2M ~ Z/2Z |T,,T;,Ts | /(TZ, TZ, T#) under the map sending T;

to &; +1, that G/G* ~T ~ (Z/2Z)% with basis 1+ T}, 1 = 1,2,3, and that
the image of X in I' is therefore non-quadratic. However

woen=((12) - (22)).

so that Tr p;(010205) # Tr p2(010203). Hence p; and p; do not have isomorphic
semi-simplifications.
PROOF OF THEOREM 4.3. Let k be the residue field of E and

x : Gal(K/K) — k>

a character satisfying x? = det p;(mod p) fori = 1,2. Such a ¥ exists and is
unique since |k*| is odd. Denote by x : Gal(K/K) — E* the Teichmiiller
lift of x. Then

det(pi(g)x " (g)) = 1(mod p)
and
Tr(pi(9)x " (g)) = O(mod p)
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for any ¢ € Gal(K/K), i = 1,2. It follows that the image G of Gal(K/K)
in Matyyx2(E)? under the map g — x'l(g)(ﬂl(g),ﬂz(g)) is a pro-2 group.
Applying proposition 4.7 to G with the two projections to GL2(E) in place of
p1 and p; gives the theorem.

4.9 REMARK. In case the field K in theorem 4.3 is a totally real number
field the conditions Trp(c) = 0 and detp(c) = —1 are in fact equivalent for
any representation p : Gal(K/K) — GL(2, E) and any complex conjugation,
i.e. an element o € Gal(K/K) of order 2.

From now till the rest of the section let K = Q, E = Q,. We will use the
notation of theorem 4.3. We are interested in the cases when the set of primes
of ramification is S = {2,5} or S = {2,8,5}. First we have

4.10 PROPOSITION. Suppose p: Gal(Q/Q) — GL2(Qz) is unramified out-
side S = {2,5} and Trp(Frobg) = 0(mod 2). Then Trp = O(mod 2) identi-
cally.

PROOF. Let j: Gal(Q/Q) — GL2(Z/2Z) be the reduction modulo 2 of
p, and denote by L the extension of Q cut out by Ker 5. If Trp # O(mod 2),
L is & cyclic cubic extension or an Sg extension of @, unramified outside 2 and
5. The case L/Q cyclic is manifestly impossible. In fact by {Bu], appendix 4,
p. 109, L must be the splitting field of f(z) = 23 — 22 + 2z + 2 = 0. Since f
modulo 3 is irreducible Frobs has order 3 in Sy = Gal(L/Q) ~ GL2(Z/2Z).
Hence Trp(Frobg) =1 in Z/2Z, a contradiction.

Let S be given as in theorem 4.3. We shall say that a set of primes T, disjoint
from S, is sufficient for S if T satisfies condition 2a of the theorem.

4.11 PROPOSITION. a. T = {3,7,11,13,17,29,31} is sufficient for
S = {2,5}. Moreover 31 can be replaced by co, where Frob,, means complez
conjugation. -
b. T = {7,11,13,17,19,23,29,31,41,43,53,61,71,73} iz sufficient for
S = {2,8,5}. Here we can replace 71 by oco. :

PROOF. For s € SU{-1} consider the homomorphism f, : Gal(Qs/Q) —
Z/2Z defined by f.(g) = (x.(g) + 1)/2, where x, is the quadratic Galois
character cutting out @(,/a). The map F = (f‘).es :Gal(Qs /Q) — (Z/22Z)",
where r = |S|+1, is an isomorphism. It is convenient to think of x, as a Dirich-
let character, so that x,(Frob,) = (%) for a finite prime t € T, x,(Froby) =
("Tl) fors € S,and x_1(Frobs) = —1. Condition 2a for the given T’s follows
then by explicitly writing down {F(t)}:er in each case. In fact in case a this
last set is all of (Z/2Z)" — 0. In case b it is non-cubic.
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Lettre a J.-F. Mestre

Ceillac, 13 Aoiit 1985
Cher Mestre,

Je vais essayer de dresser une liste des conjectures (ou “questions”) que 1’on peut
faire dans la direction “formes modulaires - représentations galoisiennes”.

Si f est une forme modulaire (mod p) sur I'o(N), de poids k, fonction propre des
opérateurs de Hecke Ty, pour p' ne divisant pas N, et & coefficients dans Fp, je noterai
py lareprésentation de Gal(Q/Q) & valeurs dans GLy(F}) correspondant & f. Et je dirai
qu’une telle représentation est “modulaire”; et je dirai aussi, si j’en ai besoin, qu’elle
est “de niveau N et de poids k”. La question la plus ambitieuse que ’on pourrait se
poser serait de donner un critére portant sur une représentation

p: Gal(Q/Q) — GLy(F,)

qui permette d’affirmer que cette représentation est bien modulaire de niveau N et de
poids k. J’y reviendrai & la fin de cette lettre. Pour ’instant, je vais me concentrer sur
les problémes que pose le poids 2. C’est ce dont on a besoin, si I’on veut prouver que
“Weil + € => Fermat”.

1. Les conjectures sur les formes de poids 2

1.1, Je commence par une conjecture d’aspect assez innocent, ou ’on part d’une
forme modulaire, et ol ’on “diminue” son niveau:

C; - Soit p une représentation modulaire ! de poids 2 de niveau N,;N;,
avec (N1, pNz) = 1. Si p est non ramifiée en tous les diviseurs premiers de Ny,
alors p est modulaire de poids 2 de niveau N; (i.e. on “peut enlever N;”).

(Je précise que tous les énoncés Cy, Cy, . .. sont des conjectures.)

Noter que j’ai supposé que p ne divise pas N;. L’énoncé C; n’est donc utile que
pour le premier cas de Fermat (plus précisément, Weil + C; = 1° cas de Fermat.)

Attention & ceci: Cj ne signifie pas que la forme modulaire f de poids 2 sur I'o(N)
telle que p = p; “provient” de I'o(Nz), i.e. est une “vieille forme”. Cela signifie
simplement qu’il existe une forme modulaire f' sur I'y(N32), mod p, fonction propre des
opérateurs de Hecke, qui donne lieu & la méme représentation p. En général, les facteurs

1ici, et dans toute la suite, je suppose p absolument irréductible, pour éviter des ennuis avec les séries
d’Eiseinstein, cf. Remarque 1.1.

© 1987 American Mathematical Society
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locaux de f' relatifs aux diviseurs premiers de N seront différents de ceux de f (ils
sont imposés par les valeurs propres des Frobenius de ces nombres premiers).

11 y a de nombreux exemples numériques (nous en avons vérifié ensemble un certain
nombre) ol ’on peut tester C;. J’ai donc une certaine confiance en Cjy.

Remarque 1.1. - La conjecture C) serait fausse si j’acceptais les représentations
réductibles. Exemple: prenons p = 5, N = N; = 11, de sorte que la représentation
1@ x (x = caractére cyclotomique Gal(Q/Q) — F}) est modulaire de poids 2.
Cette représentation est non ramifiée en 11. On devrait donc pouvoir “enlever” 11 de
son conducteur, si C; s’appliquait. Mais ce n’est pas possible vu que I'g(1) n’a pas
de série d’Eiseinstein en poids 2 (cet ennui disparaitrait si I’on convenait que la série
d’Eiseinstein Ep4; “est de poids 2mod p”. Peut-étre faudrait-il faire cette convention,
i.e. modifier la notion de poids? Je n’y ai pas sérieusement réfléchi.)

1.2. On suppose maintenant que N = pN', avec (p, N') = 1, et I’on désire enlever
p de N, ce que ne permettait pas C;. Pour cela, on va regarder ce qu’est ’action de
inertie en p dans la représentation p = py (ol f est sur I'o(N) et de poids 2, comme
d’habitude). On peut prouver que la représentation p, restreinte au groupe d’inertie I,
de p, est de I’un des types suivants:

a) I, — Fy; — GLy(F), ot I, - F}, est le “caractére fondamental de niveau
2”, au sens de mon article dans Invent. 1972; je dirai que ce cas est celui du “niveau
2”. On démontre qu'’il se produit si et seulement si la valeur propre de f par U, est 0.

b) Une extension (¥ ;) du caractére unité (en quotient) par le caractére cyclotomique
X (en sous-objet). Une telle extension est classée par un élément de K*/K*P, ol K est
P’extension non ramifiée maximale de Qp; la valuation de K définit un homomorphisme
K*/K** — Z/pZ, &0l un élément canonique? e € Z/pZ attaché a ’extension. (Dans
le cas que vous connaissez bien, ol f provient d’une courbe elliptique de conducteur N,
cet élément e n’est autre que 1’ezposant de p dans le discriminant du modéle minimal
de la courbe, réduit mod p - & moins que ce ne soit son opposé, je n’ai pas le temps
de faire le calcul ...) Lorsque cet invariant e est 0, je dirai que p est “peu ramifiée en
p”. Cette notion peut d’ailleurs se présenter d’autres fagons: elle est équivalente, par
exemple, & ce que la représentation p se prolonge en un schéma en groupes de type
(p, p) fini et plat en p.

(De fagon générale, je crois qu’il y aurait intérét a introduire le terme “p est finie
en p” pour dire que p se prolonge en un schéma en groupes de type (p,p) fini et plat
en p. C’est le cas par exemple dans le cas a) ci-dessus.)

Si f est de niveau N', il est clair que p est finie en p, donc est soit du type a), soit
du type b) peu ramifié. La conjecture C; dit que la réciproque est vraie:

C; - Soit p une représentation modulaire (absolument irréductible) de
poids 2 de niveau N = pN' avec (p,N') = 1. Si p est finie en p au sens
ci-dessus, alors p est modulaire de poids 2 de niveau N'.

2pas tout 3 fait canonique! Il dépend d’une certaine identification. Mais sa nullité, ou non nullité, est
vraiment canonique.



LETTRE A J-F. MESTRE 265

Cette conjecture parait bien plus accessible que Ci. Je ne serais pas surpris que le
cas ol p est de type a) (niveau 2) soit déja dans la littérature, sous une forme un peu
déguisée. Quant au cas b) peu ramifié, Mazur devrait pouvoir le démontrer ...

Quoiqu’il en soit, il est clair que:

Weil +C}; + C; => Fermat.

1.3. On pourrait supposer que N = p*N’, avec (p, N') = 1, et vouloir “enlever
p*” du conducteur de la représentation. Je n’ai pas suffisamment d’exemples de ce cas
pour é&tre siir de la conjecture & faire. L’énoncé le plus naturel serait essentiellement le
méme que Cy, i.e.:

Cs - Si p est modulaire de poids 2 de niveau N, et si p est finie en p, alors
p est modulaire de poids 2 de niveau N'.

On n’en a pas besoin pour Fermat.

2. Conjectures générales sur les représentations

J’ai fait ces conjectures en 1974, mais je n’en ai publié qu’une forme édulcorée, en
me bornant au niveau 1 (Astérisque 24-25, 1975, p. 109-117). Voici la forme la plus
optimiste:

2.1. Définitions et conjectures

Je pars d’une représentation

b i Gal(@/Q) — GL(V),
oll V' est un espace vectoriel de dimension 2 sur F,. Le déterminant

detp : Gal(Q/Q) — F,

est un caractére de degré 1. Je supposerai que ce caractére est impair, i.e. que
det(p(c)) = —1, ot ¢ est la multiplication complexe, vue comme élement de Gal(Q/Q).
(Formulation équivalente: les valeurs propres de p(c) sont 1 et —1.)

Sous sa forme la plus brutale, la conjecture dit :

C4 -La représentation p est modulaire.

On a envie de préciser ¢a, en donnant le niveau, le caractére (car il s’agira de formes
“de Nebentypus”) et si possible le poids.

Commengons par définir le niveau (i.e. le conducteur d’Artin) de p; ici, ’hypothése
dimV = 2 ne joue aucun réle. On copie Artin, mais en se bornant aux nombres
premiers # p. Autrement dit, si ! # p, et si G; (£ = 0,1,...) désignent les groupes de
ramification en ! (dans le groupe G = Im(p), disons), on pose

0 :
n(l)=Y. g—; codimV %,
=0
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avec g; =|G;|.
C’est I’exposant du conducteur. Le conducteur lui-méme est bien siir:

N =N =T]r®
i#p

Par définition méme, il est premier a p.

Passons & la définition du caractére e. On constate facilement que le conducteur
de det(p) est de la forme N' ou pN', avec N' divisant N. On en déduit sans mal que
det(p) peut se décomposer de fagon unique sous la forme

det(p) = ex* 7,

ol x est le caractére cyclotomique Gal(Q/Q) — F; C F;, ol € est un caractére
(Z/NZ)* — F} (vu comme caractére de Gal(Q/Q), bien sir), et oul k est un élément
de Z/(p — 1)Z tel que e(—1) = (—1)* (i.e. k et € ont la méme parité).

[Noter le cas un peu effrayant p = 2, ol la condition det(p(c)) = —1 est vide du fait
que —1 = 1!, et ot x = 1. J’y reviendrai.]

Je peux maintenant préciser Cy ainsi:

Cjs - La représentation p (supposée de déterminant impair) est modulaire
de niveau N, caractére ¢, et poids k€ Z/(p— 1)Z.

(Autrement dit, elle provient d’une forme modulaire sur T'o(N) & coefficients dans
F,, de type (k,€), pour un certain poids k appartenant & la classe voulue dans Z/(p —
1)Z.)

C’est vraiment une conjecture trés optimiste (Deligne, en 1974, était trés sceptique).
11 est difficile de la tester, vu que nous ne savons guére construire des représentations
autrement qu’avec des formes modulaires. J’ai tout de méme vérifié un certain nombre
de cas (par exemple ¢ = 2, ol GL(V') = Ss, ce qui conduit & des corps cubiques - qui
peuvent étre totalement réels, ca marche quand méme).

Voici quelques exemples qu’il serait intéressant d’étudier:

Exemple 1 - On part d’une courbe de genre 2 sur Q, qui donne lieu & une
représentation (modp) de degré 4, quel que soit p. On choisit p de telle sorte que
la représentation soit extension de deux représentations de degré 2 (ga doit se produire
de temps en temps, je suppose - et ga ne doit pas étre trop difficile & tester). Les
représentations ainsi obtenues sont-elles modulaires?

Exemple 2 - On prend ¢ = 4, de sorte que SL(V) = As. Se donner p revient
donc & choisir un corps quintique & groupe de Galois As (si ’on prend € = 1). Si ce
corps est imaginaire (et si la conjecture d’Artin est vraie), il y a une forme modulaire
correspondante, et Cj est vraie; inutile donc de tester ce cas. Mais si le corps quintique
est totalement réel, on ne peut pas appliquer cet argument. C’est ce cas qu’il faudrait
examiner sur des exemples, car cela permettrait peut-étre de contre-exempler Cs pour
p = 2. Vous devriez en parler & Buhler.
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(Je précise ce qu’il faudrait faire: partir d’un corps quintique totalement réel K, &
groupe de Galois A;, et non ramifié en 2 (pour simplifier). Calculer le conducteur N
de la représentation correspondante. Chercher s’il existe une forme modulaire de poids
2 (cf. ci-dessous) sur I'g(N), & coefficients dans F4, qui donne cette représentation.
Si N n’est pas trop grand, cela devrait pouvoir se faire, vu qu’il s’agit de calculs en
caractéristique 2.)

2.2. Le poids

Vous remarquerez que la conjecture Cs ne précise pas exactement le poids k, mais
seulement sa classe mod(p — 1). Il devrait étre possible de faire mieux, en fonction
du type de ramification en p de la représentation p. La question est liée, d’une part
aux caractéres fondamentaux de mon article d’Inventiones, d’autre part aux “cycles
de Tate” décrits dans N. Jochnowitz, TAMS 270 (1982), p.253-267. Je n’ai pas envie
d’entrer la-dedans pour le moment (il faudra bien que je le fasse un jour - ou que
quelqu’un d’autre s’en charge. ..). Je vais me borner au cas du poids 2:

Cs - Dans les conditions de Cs, supposons k = 2 mod(p — 1), et supposons
p absolument irréductible. Alors, pour que ’on puisse choisir k égal 4 2, il
faut et il suffit que la représentation p soit finie en p, au sens de 1.2.

Cette conjecture entraine les conjectures Cy et Cy de la partie 1. Elle est bien
plus forte: & elle seule, elle suffit @ entrainer Fermat, sans que 1’on ait besoin de Weil!
C’est dire qu’elle est probablement trop optimiste: il faut essayer de la démolir par des
contre-exemples. . .

(Autre conséquence de la conjecture: inexistence de schémas en groupes finis et
plats sur Z, de type (p,p), et irréductibles.)

Une derniére remarque, avant d’aller mettre cette lettre a la boite: je n’ai pas précisé
ce que j’entends par “forme modulaire mod p” sur I'o(N); est-ce quelque chose qui est
défini seulement en caractéristique p, ou est-ce la réduction (modp) d’une forme en
caractéristique 0?7 Ce n’est pas pareil; vous savez bien qu’il y a une forme modulaire
de niveau 1 et de poids 1 (mod2), & savoir “a;”, et aussi une forme de niveau 1 et de
poids 2 (mod 3). Mais je crois que la différence entre les deux est de nature trop triviale
pour que cela ait de I'importance, tant qu’on se borne aux représentations absolument
irréductibles (mais je ne Vai pas vérifié: c’est juste un sentiment!). Notez d’ailleurs que
ce probléme ne se pose guére que pour Cg, ou I’on précise le poids.

Bien & vous, et bon séjour & Arcata,

J.-P. Serre

P.S - Vous pourriez étre surpris par la formulation de Cj, oli I’on se place en niveau
premier & p. 11 faut se rappeler que toute forme modulaire sur ['o(p® N) est p-adiquement
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sur ['o(NN): cela se voit par voie géométrique (cf. par exemple Katz, probablement dans
LN 350 et 601), ou par voie élémentaire (j’ai donné I’argument, dans le cas particulier
N =1, dans LN 350 pour o = 1, et pour a > 2 dans ’Ens.Math. 22 (1976), p.227-
260). Mais, bien sir, cette réduction de niveau entrafne en général une augmentation
du poids. Le cas le plus simple est celui des formes de poids 2 sur I'o(pN) qui deviennent
de poids p + 1 mod p sur I'o(N).
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A SURVEY OF THE THEORY OF HEIGHT FUNCTIONS
Joseph H. Silverman!

ABSTRACT. In this paper we give a brief survey, without proofs, of some of
the main facts and Diophantine applications of the theory of height functions.
The following topics are covered.

1. Weil heights

2. Metrized line bundles )

The degree of a metrized line bundie

The modular height of an abelian variety

Canonical heights on abelian varieties

The difference of the Weil and canonical heights

Lower bounds for the canonical height

Specialization theorems

PRI U

1. Woeil Heights. The Weil hewght of a point in projective space is defined by the
following formula.
h: P@) — R
h(x) = h([xg,..,xpl) = I/[K:Q] T [Ky:@,] 1og max { |xj| }
veMy 0<isn
Here K/@ is any number field such that x € P™(K), and Mg is a complete set of
inequivalent absolute values on K normalized in the usual manner (cf. [5]).
Let K/@ be a number field, let V/K be an (irreducible, projective) variety,
and let L € Pic(V) be a very ample line bundle on V. Choose an embedding
@ :VoP" correspondingto L. (l.e. o * Bp(1)=L.) Then we define the We//
helght on V correspending to L by compesitien,
h: V() — R

hL(P) = h°¢L(P) .
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Then, writing an arbitrary line bundle L € Pic(V) as a difference of very ample line
bundles, L=l e Lz" , we define
hy = hL] - hLz
The principal facts about Weil height functions are summarized in the

following theorem.
Theorem 1.1. Lot V/K be g variety defined over a number field.

(a) For every line bundle L € Pic(V), the Weil height hy Is well-defined up to
0(1) (7.e. up to addition of a function bounded on N(K). )
(b) (Additivity) If L=L, e Ly, then
hy = by, b, 0L .

(c) (Finiteness) Let L €Pic(V) be an ample line bundle. Then for any constants
C,d, the set

{ PeV(RK) : h(P)<C and [K(P)KJs<d }
contains only finitely many points.

(d) (Positivity) Let L €Pic(V), andlet BC Y be the set of basepoints of L.
Then

hL(P) 2 0( 1 )
for all PeV(K) with P £B.
(e) (Functoriality) Let f:W —N be & morphism of varieties, and let L € Pic(V).

Then

hee, = hpof + OC1) .

Proof. {a),(b),(e) [4, ch. 4, thm. 5.1]
(c) [4, ch. 3, thm. 2.6]
(d) [4, ch. 4, thm. 5.2]

2. Metrized Line Bundles. Let V/K be a variety, and let L € Pic(V). We say

that L is a metrized /ine bundle if it comes equipped with a v-adic metric || [}, on
L e K, for each infinite place veM*.

Example 2.1. Let A/K be an abelian variety of dimension g, and consider the
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sheaf of holomorphic g-forms on A/K, which we denote by
wak = A9 @lax
We make wp,x into a metrized line bundle as follows. For each v €M™, and

each a€HO(A,wp x o Ky), define [jall, by
9 ¥
By - [0 | ang ]
A(Ry)

3. The Degree of a Metrized Line Bundle. Let R be the ring of integers of K,
and let M be a line bundle on Spec(R). Thus M is a projective R-module of rank 1.
As above, we say that M is a metrized line bundle if it comes equipped with a

v-adic metric on M epK, for each v€M™. If M is a metrized line bundle, then

we define the degréo of M by the formula

degM = log#Mip, - T (K@) log [l -
VCNKN

Here x € M is any non-zero element of M. One easily verifies, using the product
formula, that deg M is well-defined independent of the choice of x.
Now let V/K be a variety, L € Pic(V) a metrized line bundle, and P € V(K).

Choose a model V/Spec(R) for V/K, and extend L to a line bundle L € Pic(V) and P

to a section Pel’(Spec R). Then P*L € Pic(Spec R), so we can calculate its
degree.
Proposition 3.1. With notation as above,

K:@] h (P) = deg P’L + o0O(1) .

(Here the 0(1) naturally depends on the choice of VW and L , but is independent
or P.)
Proof. [14, prop. 7.2]
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4. The Modular Height of an Abelian Yariety. Let A/K be an abelian variety,
let @/Spec(R) be a Néron modeil for A/K, and let s € Q(R) be the zero section.
Recall (example 2.1) that we have defined a metric on the line bundle

wa/m Ky = Wak %Ky
for each v € M¢®. We can thus compute the degree of the metrized line bundle
st("(l./R € Pic(Spec R). Define the moadular height of A7k by the formula

n(AK) = /g degs*wasp -
Note that h(A/K) is not independent of the field K, since the Néron model @ may
change drastically under field extension. However, it is not hard to check that if
@/R has everywhere semi-stable reduction, then h(A/K) will not change under
field extension.
Example 4.1. Let £/@ be an elliptic curve, and choose an isomorphism

E(C)= C,zﬂ:z for some T in the upper half-plane. Further, let Jg/q be the

minimal discriminant of E/@ (cf. {13, VIII §8]), let q = eZ™T, and et
alt)=(2m)712 g TI(1-q"2* be the usual modular form. Then

120(E/@) = log |Ogsgl - log (la(T)l(Im ©)B) .
(There is a similar formula for arbitrary number fields. See, e.g.,
[14,prop. 1.1].)

The two most important facts about the modular height are given by the

following two theorems, which were used by Faltings in his proof of the isogeny and
Shafarevich conjectures. .

Theorem 4.2. Lot A/Q be the moaull space of principally polarized sbelisn
varieties of dimension §, and let hy be a Well helght function on A corresponding
to & fixed embedding A c PV, For A/Q an abelian variety and N a principal

polarization on A, let (A N) be the corresponding point of A.
There exist constants c¢i> 0 such that for a1/ abelian varieties A/IK having
everywhere semi-stable reduction and all principal polarizations n_ on A/K,
¢ ha(J(A,N)) = ¢z < h(A/K) < c3zhg(i(A,R)) + ¢4 -
Proof. [4],[1]



A SURVEY OF THE THEORY OF HEIGHT FUNCTIONS 273

Corollary 4.3. For every constant C, there are only finitely many
K- jsomorphism classes of abelian varieties AIK satisfying h(A/K) < C.
Proof. [4],[1]

Theorem 4.4. Let A/K be an abelian variety. There are constants ¢,d,
depending on AIK, such thatif ¢: A—B /s an isogeny of abelian varieties over K
with deg(e) 2 d, then

h(B/K) < h(A/K) + c.
Proof. [41,[1]

5. Canonical Heights on Abelian Varieties. Let A/K be an abelian variety,
and let LePic(A). If L is symmetric (respectively anti~symmetric) we define
the canonical height on A relative to [ as follows.

ﬁL : A(R) ——— R
nZ n(nP) if [-1)*L =L
RL(P) = Limit {
n=e Lyl n(P) if L=t
For a general line bundle, we define the canonical height by additivity,
~ ~ ~
= +
b= ¥ * e

Theorem 5.1. (Néron,Tate) Let A/K be an abelian variety, and let L € Pic(A) be
a symmeétric, amplé line bu(vdla.

(a) Ry 7s a positive definite quadratic form on A(K) ® R.

(b) RL = h + 0(1).

Proof. (a) [5, ch. 5, thm. 7.2]
(b) [S, ch. S, thm. 3.1]

Both parts of theorem 5.1 give rise to interesting questions. Part (a)
suggests the problem of determining the minimum value of ﬁ,_ on the non-torsion
points of A(K), while part (b) leads one to inquire how the O(1) bound for the
difference SL - h depends on the abelian variety A. These questions will be

discussed in more detail in the next two sections.
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6. The Difference of the Weil and Canonical Heights. The O(1) bound in
theorem 5. 1b depends on the abelian variety A. Inthe case of elliptic curves,
Dem‘janenko [2] and Zimmer [17] have given estimates for this bound in terms of the
coefficients of a given Weierstrass equation. Zimmer obtains the following precise

estimate.

Theorem 6.1. Lol E/K be an elliptic curve given by & Weierstrass equation
E:y2=x3+ax+b.
Let L be the line bundle corresponding to this embedding. (I.e. L =L(3(0)). )
Then for all P € E(R),
[LP) = h(Ix(P),y(P),11)| < % n(la3,b2,1]) + 61l0g2 .
Proof. [17]

There is a similar result for abelian varieties, due to Manin and Zarhin (7].
They estimate the difference between RL and hy for a particular embedding
described by Mumford [8].

More generally, one can consider an algebraic family of abelian varieties,
and ask how the difference h - hy varies from fiber to fiber. Thus let A/K and
T/K be projective varieties, and let m: A—T be a morphism such that almost all
fibers are abelian varieties. (I.e. There is a non—empty Zariski open subset
TOcT suchthat A% =m"1(T0) is an abelian scheme over T2.) Let L €Pic(A),
and for each t € T(K), let L(t) be the restriction of L to the fiber A(t) =1 '(t).
Finally, fix a Weil height h}: on T corresponding to an ample k€ Pic(T).

Theorem 6.2. (Silverman-Tate) With notation as above, there are constants
C)1Co such that for all t € TOR) and all P e A(t)K),

| ALy = n(PY | <« cyhy(t) + ¢y
Proof. [11]

7. Lower Bounds for the Canonical Height. Let A/K be an abelian variety,
andlet L €Pic(A) be a symmetric, ample line bundle. Then for all P € A(K),
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ot

theorem S.1a says that A(P) 2 0, and further A(P) =0 if and only if P € Aigps.

One might ask for a lower bound for non-zero values of h.

Conjecture 7.1 (Lang-Silverman) Let A/K be an abelian variety, and /et

LePic(A) be a symmetric, very ample line bundle. There is & constant ¢ > 0,

depending only on dim(A) and K, such that for all non-torsion points P € A(K),
AL(P) 2 ch(AK) .

In words, this conjecture says that if A is arithmetically complicated (as
measured by h(A/K)), then non-torsion points are also arithmetically complicated
(as measured by h(P).) The following special case is known for elliptic curves.
(See also [12] for another special case dealing with twists of a fixed abelian
variety.)

Theorem 7.2. Llet E/X be anelliptic curve, andlet L =L((0)) €Pic(E) ve tre
line bundle corresponding to the divisor (Q). There is a constant ¢ >0, depending
only on [K:Q) and the number of primes of K for which the j-invariant of € is not
Integral, such that for all non—torsion points P € E(K),

AL(P) 2 ch(EK) .
In particular, conjecture 7.1 is true If one restricts attention to elljptic curves with
intégral j-invariant.
Proof. [10]

Lower bounds such as those given in theorem 7.2 have applications to the
problem of giving quantitative versions of classical finiteness theorems in
Diophantine geometry. For example, theorem 7.2 plays a crucial role in the proof

of the following version of Siegel’s theorem for elliptic curves.

Theorem 7.3. Lel E/Q be an elliptic curve given by a minimal Weierstrass
equation

yz+a‘xy+a3y = X3+82X2+84X*66 .

Let S be a finite set of primes of Z, andlet Zg be the ring of S-integers of Q.
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Further, let
r(E) = rank E(Q@);
E(Zg)= { PEE(@) : x(P)€Zg } ;
S(E) = 1+ #{peZ: ordp(JE)<0} .

There exists an absolute, effectively computable constant C, such that
$E(Zg) « CTEIE) +8S+1

Proof. [15]

8. Specialization Theorems. In section 6 we discussed how the difference of
the Weil height and the canonical height varies for points lying on an algebraic
family of abelian varieties. If the points themselves also form a (one-dimensional)
algebraic family, then one can say quite a bit more. Thus let C/K be a (smooth,
projective) curve, and et : A—C be a family of abelian varieties. (I.e. For
some non-empty Zariski open subset C°c C, A®=1"1(C%) is an abelian scheme
over CO.) Let L€Pic(A/C). Note that the function field K(C) comes equipped with a

standard set of absolute values satisfying the product formula, and so for any
section P € A(C), we can compute the canonical height RL(P). Further, for any
te CO(K), we have a point P(t) € A(t), and so can compute its canonical height
relative to L(t) = LIA“). The next theorem gives a relation between these two

canonical heights. (It generalizes results of Dem’janenko [3] and Manin [6}, which
deal with the case that the family m: A — C splits as a product, A=A’ xC.)

Theorem 8. 1. With notation as above, let ¥ € Pic(C) be a line bundle of degree

1. Then
ﬁL(t)(p(t))
Limit — = A (P).
t € CO(K) ht(t)
hg(t)_)“’

Proor. [11]

Continuing with the above notation, notice that for each t € C(K), we have a

specialization homomorphism,
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Op = A(C) — A(t)(R) P — P(t) .

Néron [9) proved that this map is frequently injective. Theorem 8.1 can be used to
prove the following strengthening of Néron's result.

Theorem 8.2. Wi/th notation as above, assume that the framily m: A—C has no
constant part. (l.e. the K(CY/K (race of A Jszero.) Then

{ teCOR) : o /s not injective }
Is a set of bounded height. In particular, for any number d, o /s injective for al/

but fimitely many points of the set
u o) .
[LKl<d
Proof. [11]

In the special case that w: A—C {s a family of elliptic curves, Tate has
given a stronger version of theorem 8.1; and his proof will work in the general
case provided one can construct a sufficiently nice compactification of the Néron
model of an abelian variety. (See[5, ch. 12, §3,4,5]).)

Theorem 8.3. (Tate) With notation as above, assume that n:A—C Js a family
of elliptic curves. (I.e. the fibers A(t) have dimension7.) Let P € A(C).
Then there is 8 . € Pic(C) @ Q, depending on P and L, such that for all t € C(K),

fy(P()) = m(t) + 0(1).

Corollary 8.4. (Tate) W/th notation as above, /et & € Pic(C) be & /ine bundie
of degree 1. Then for all t € C(K),

ALy (P(D)) = A (P) hy(t) + O(VATD)) + (1) .
Proot. [16]
BIBLIOGRAPHY

1. P. Deligne, “Preuve des conjectures de Tate et Shafarevich [d'aprés G.
Faltings)®, Séminaire Bourbaks (1983/84), no. 616.

2. V.A. Dem‘Janenko, "An estimate of the remainder term in Tate’s formula®,
Mat. Zametkr 3 (1968), 271-278; Math. Notes 3 (1968), 173-177.



278 JOSEPH H. SILVERMAN

3., "Rational points of a class of algebraic curves®, /zv. Akad.
Nauk SSSR Ser. Mat. 30 (1966), 1373-1396; A/MS Trans/. (2) 66 (1968), 246-272.

4, G. Faltings, "Endlichkeitssatze flr abelsche Varietdten Uber Zahl-
kérpern®, Jnvent. Math. 73 (1983), 349-366.

5. S. Lang, Fundamentals of Diophantine Geometry, Springer-Verlag, N.Y.,
1983.

6. J. Manin, "The p-torsion of elliptic curves is uniformly bounded”, /zv.
Akad. Nauk SSSR Ser. Mat. 33 (1969), 433-438.

7. J. Manin and Y. Zarhin, "Heights on families of abelian varieties®, /ath.
Sbornik 89 (1972), 171-181; Math. USSR Sbornik 18 (1972), 169-179.

8. D. Mumford, “On the equations defining abelian varieties”, fnavent. Math. |
(1966), 287-354.

9. A. Néron, "Problémes arithmétiques et géometriques rattachés a la
notion de rang d'une courbe algebrique dans un corps®, Bu//. Soc. /Math. France 80
(1952), 101-166.

10. J. Silverman, "Lower bound for the canonical height on elliptic curves®,
Duke Math. J. 48 (1981), 633-648.

11. —__, "Heights and the specialization map for families of abelian
varieties®, J. Reine Angew. Math. 342 (1983), 197-211.

12. —__, "Lower bounds for height functions®, Jukte /Math. J. 31
(1984), 395-403.

13. —_, The Arithmetic of £lliptic Curves, Springer-Verlag, N.Y,
1985.

14. ___________, °The theory of height functions® and “Heights and elliptic

curves”, Arithmetical Geometry, Springer—Verlag, to appear.
15. —_, "A quantitative version of Siegel’s theorem®, to appear.

16. J. Tate, "Vartation of the canonical height of a point depending on a
parameter*, Amer. J. of Math. 105 (1983), 287-294.

17. H. Zimmer, “On the difference of the Weil height and the Néron-Tate
height®, Math. Zert. 147 (1976), 35-51.

DEPARTMENT OF MATHEMATICS
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
CAMBRIDGE, MA 02139



Contemporary Mathematics
Volume 67, 1987

PRESENTATION DE LA THEORIE D'ARAKELOV

Lucien SZPIRO

Nous reprenons ci-dessous un manuscrit non publié datant d'avril 1983.
Essentiellement un mois avant que G. Faltings prouve la conjecture de Mordell,
j'avais estimé nécessaire d'écrire une dizaine de pages résumant un séminaire
a Columbia que nous avions organisé avec S. Lang et P. Hriljac. I1 y a deux
raisons pour finalement publier aux comptes-rendus de 1'école d'été d'Arcata
sur la géométrie arithmétique ces quelques pages :

1) On voit dans ces notes et surtout dans les conjectures du §V qu'un des buts
de la théorie d'Arakelov est d'obtenir un 'Mordell effectif'. On sait que
Faltings a démontré la conjecture en question, bien que de facon non effective.
I1 dit cependant lui-méme que 1'idée d'Arakelov lui a permis de 'penser'' le

probléme.

2) Ces notes étaient destinées aux participants du séminaire mais ont un peu
circulé. Aprés le coup d'éclat de Faltings, on m'a souvent demandé une telle
introduction; je pense qu'elles peuvent servir a cet effet.

Nous avons en outre '"actualisé' dans les huit notes présentées a la fin de
ce travail les conjectures du §V.

RESUME DE LA THEORIE D'ARAKELOV ET DE SES DEVELOPPEMENTS')

Dans ce résumé, j'ai essayé de mettre en lumiére les propriétés 'géomé-
triques" de la théorie des intersections d'Arakelov sur une surface
arithmétique. A cet effet, j'ai pens€ qu'il était utile de développer
clairement (?) le §1 qui ne semble pas connu sous cette forme. Les pro-
priétés les plus ''géométriques' qu'on obtient sont :

- le théoréme de 1'index (P. Hriljac, G. Faltings)
- le lemme 4 (-(E.E) 4g(g-1)) 2 (“5(/0'“5(/0)
le théoreme d'existence de Faltings (L.L)>0 degL>0 ;

alors L™ a une section d'Arakelov nour m>>0 .

ﬁ
£
~
<
o
S~
<
>
~
(o)

(*) Le 29 avril 1983 - Columbia Université, New-York

© 1987 American Mathematical Society
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Par contre le lecteur doit se méfier des propriétés non "géométriques"
(Rmq page 6, Z page 7 et le terme supplémentaire dans la formule
(9)"). Le plan est le suivant :

I. Degré, Riemann-Roch, dualité pour les fibrés inversibles hermi-
tiens sur un anneau d'entiers algébrique

II. La théorie des intersections d'Arakelov (métriques permises)
III. Formule d'adjonction et Théoréme de Riemann-Roch
IV. Le théoréme de 1'index
V. Questions et analogies
Bibliographie.

I. DEGRE, RIFMANN-ROCH,’DUALITI% POUR LES FIBRES INVERSIBLES HERMITIENS SUR UN
ANNEAU D'ENTIERS ALGEBRIQUES.

K un corps de nombre de d°n , O son anneau d'entiers, D 1la valeur
absolue du discriminant
r = # places réelles

r,= # places complexes

Q)=r1 places réelles et T, places complexes t.q o€@ et T complexe
alors G¢Q

Un faisceau inversible compactifié sur 0 est un module projectif L de

Tang 1 sur 0 mmi pour tout ¢ d'un produit scalaire hermitien sur L =L % K
(I(0 =R ou € selon ...).

PicC (9) est 1l'ensemble des classes d'isométries des faisceaux inversibles
compactifiés. On a la suite exacte suivante

n+2

0— R / 1og 0

— Picc(O) —C(0) — 0

Un diviseur compactifié est un élément de la forme D=I n, vl + = A lo]
cED
ol Y est un idéal premier de 0 , n,€Z (zéro p.p.t.v) et Acém

£€K  Div(f) = (f) = v () [v] - £ log |[f||0[0]

o ||£] s est la valeur absolue si o réelle, la valeur absolue au carré si
o complexe.

DEFINITION 3.- Ie degré du diviseur compactifié D ci-dessus est égal d :
) n, log N(v) + Z A, .

En particulier la formule du produit domne fe€K deg(f) =0 .
On notera P(0) 1le sous-groupe de Divc(O) engendré par les (f)
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PROPOSITION 1.~ On a un isomorphisme canonique
Dlvc(O)/P(O) —_— chc(()) .
On va expliciter 1'application inverse :
Soit L un faisceau inversible compactifié, s€L domme 0 —> L par
1—>s , on identifie ainsi par 1l'application duale L-1 a un idéal ag de 0 .
Ona:

) deglL Nay)
egL = log ———
I

DEFINITION 4.- Sott LePic (0) H°(L) = {s€L| |[s| s 1 vo}.

Exemple : H°(0) = 0+u(0) (racines de 1'unit€).

LEMME 1.- S2 degL< O alors H°(L) =0

LEMME 2.- S¢ degL=0 et H°(L) # 0 alors L~0 avec sa métrique canonique
Uiy =m

Ces deux lemmes sont conséquences faciles de (2) .

DEFINITION 5. x(L) = - log vol(]Rn/L) le volume étant mesuré grdce aux métriques

de L . On voit facilement la formule de Riemann Roch [X(L) =degL + X(O)J 3.

T
2! a2
2"vol (L)

T2

X' (L) = log (vol(L) = : vol(]Rn/L) .

On a par exemple X'(0) = -T, log f—r + 12 logD) 1'introduction de X' se
justifie par le lemme suivant :

LEMME 3.- (Minkowski). S¢ degL 2-X'(0) alors H°(L) #0

Démonstration. On a tout fait pour appliquer le lemme de Minkowski sur les
points d'un réseau dans la boule “5”0 $1 vo ! L'interprétation géométri-

que de X' est agréable : Si Lt est obtenu en multipliant les métriques par
1/t ona X'(L)= lim #H°(Lt)/tn n

N—o
11 est maintenant plus facile et plus économique que dans la littérature
de montrer le théoréme suivant en jouant le lemme 3 contre le lemme 1 ou 2.

THEOREME 1.- (Minkowski-Hermite).

a) st n>1 alons D>1
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b) log 0" est de rang T;+T, -1
c) CR(0) est fini
d) 1'ensemble des corps des nombres K' de degré m fizé sur K et dont
le _support du discriminant relatif DK' /k est fixé, est fini.
Pour illustrer je montre a) (c'est 13 qu'on est plus économique).
Lemme 3 contre lemme 1 donne d-y'(0)20
2 T
si 1,70 p'/2 @2 C.Q.F.D
1; 2 ; il existe alors des nombres réels >0
apeee o tel qu'il n'existe aucune unité u de 0 t-¢ o = |uli et

1 X -
L log oy = i (il est facile de voir que 1log 0 est discret dans R 1).

si r2=0 alors r

Prenons alors L isomorphe 2 (0 comme module mais tel que ||1H1 =ay
si x'(0) =0 ; alors L a une section (lemme 3), et est de degré O
(¢ log o; = 0) ce qui contredit le lemme 2 (L n'est pas isométrique a 0 ).

DEFINITION 6.- Le faisceau dualisant wpy est égal d la différente inverse
i.e wy = Homz 0,Z) . On met sur (wc)o la métrique duale de celle de 0 .
On a donc log Vol(wo) = -logvol(0) <.e :

Xy =x(0)
ou encore par R.R.

4) deg wy = -2 x(@® .

Remarque. On aurait pu faire la méme théorie pour 0 un ordre d'un corps de
nombres.

II. LA THEORIE DES INTERSECTIONS D'ARAKELOV SUR LES SURFACES ARI'I'I-M?TIQUES
(Métriques permises).

Soit X—f>0 une surface arithmétique i.e X est un schéma régulier. £

est un morphisme projectif dont la fibre générique est une courbe de genre vy
sur K . Au vue de I il est naturel de considérer les fibrés de rang 1 sur
X munis pour tout ¢ € @ d'un produit scalaire hermitien <,>‘J sur les

fibres de Lc -_— X(J =X0 Kc . I1 faut cependant imposer une condition sup-

plémentaire dont 1'idée est due a Parshin.

On choisit des mesures dua sur )(c t.o .

3 f Xcdu =1 V¥o et on impose la condition suivante sur la courbure de la

métrique sur L
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(6) g 33 log ||sll, = degL du Vo (deglLs= degly/X)

C'est un théoréme a la Hodge que pour tout choix de mesures du0 satisfai-
sant (5) on peut résoudre 1'équation (6). En fait si degL= 0 1la théorie de
Hodge dit directement qu'on peut choisir des cocycles de valeur absolue 1. Com-
me on peut en choisissant une métrique sur un fibré L° de degré >0 résoudre
facilement (6) en prenant du = Z—I—T—r 39 log “so“/deg L, ° il reste a résoudre
une équation aux dérivées partielles Af =p avec p =0 et A un
"opérateur auto adjoint'. C'est alors classique.

On définit donc le groupe des classes d'isométries de fibrés hermitiens

satisfaisant (6) : Pic C()(,duq) . On a une suite exacte :

0— RM72 x—> Pic_(X,du ) —> Pic(X) — 0 .

/log 0

DéFINITION 6.~ Un diviseur compactifié de X est une sonme formelle
z nY[Y] + I )\G[XO] ou nYS z |, )‘ce R , Y est un diviseur réduit irré-
ductible de schéma X (nY=O p.p.t. Y) .

Si feK(X) est une fonction rationnelle on pose
=1 v () Y]~ Ixclogllfllodug X1 .
DéFINITION 7.- Soit D un diviseur irréductible de X , soit L€Picc(X,duo)

deg Ly = (L. O0) ()]

Si D est horizontal le degré est celui du paragraphe I, si D vertical
(voir Rmgq a).

PROPOSITION 2 (Arakelov [Al).- L'accouplement (L . OX(D)) est symétrique.

COROLLAIRE.-  (L.(f)) = O pour toute fonetion rationnelle £ sur X

Pour gofter le sel de ces choses, il faut expliciter un peu.
Si L est dans Pic(X,du) et sef,L on lui associe le diviseur compac-
tifié Dy

D =sg-1(flog lIsll du ) [X 1

ol sg est le diviseur schématique associé 2 s ('a distance finie').
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Si D est un diviseur sans composante a 1'infini et si on écrit
D=2 n; P, sur une cloture algébrique de K on a :

(8) (L'.OX(D)) = logN (snD) -g Ei:ni IOgHS(Di”o'

- deg D .g Jlog||s]| ; duo

Remarques. a) si D est contenu dans une fibre de f disons D — £
alors on a

(' (L.0y(D) = deg Lyp . logN (V)

b) Si E; et E, sont deux sections de f:X—0 si la section
de X(Ei) satisfaisant a
log |sj[ du =0 VYo
alors (E,.E,) =1logN (E;nE)) -g log |s, (P [, -

c) Les deux propriétés de s vues en b) permettent d'identifier

~—

85(Py,P)) = log |s1(PZ)]cJ = -log |52(P1)](J
a une fonction de Green. On trouvera dans Gross [G] un trés

agréable traitement des fonctions de Green .

d) Si P(X,du) indique le groupe des diviseurs principaux, on a en

vertu du corollaire de la proposition 2 un isomorphisme canonique

—

Pic(X,du) :=eD1vC (X)/ P(X,du)
I1 est facile maintenant de vérifier la proposition suivante :

PROPOSITION 3.- Soit- Spec 0' —> Spec 0 un morphisme fini de degré n

1
X' —£5 0" 1a résolution des singuiarités de X, 0'  (Abhyancar, Lipnan)

' ’ - P . .
(du c )Ge(?)' L'extension évidente des (duo)oe(l alors on a 8¢ w : X' —> X

(m*L . ™M) = n(L.u)

pour tout couple d'éléments de Pic(X,du) .

Remarques ennuyantes

i) Si D, et D2 sont deux diviseurs compactifiés de X sans composantes com-
mumes (méme a 1's) les composantes locales 2 1'e des (D1.D2) n'ont aucune
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raison d'étre positive. En fait si on impose [log |s(P) lc du, =0 et
degL>0 sef,L il y a des points algébriques sur K tels que

log |s(P)|O>O 11
ii) Si on a un morphisme y-Is x sur 0 les formules attendues pour
. . o1
(m*L.m*M) ne sont valides que si on prend dpy = Fegw mduy .

On verra plus bas qu'on a un choix canonique de métriques sur chaque X et qui
ne satisfera pas cette derniére formule.

III. FORMULE D'ADJONCTION ET THEOREME DE RIEMANN-ROCH
Soit Wy /0 le faisceau dualisant (schématique) relatif de f:X-— 0

Ses ''fibres a 1'infini" sont Q;( /) On veut faire un choix "raisonnable"
pour les métriques sur les Q;( (et donc pour les duo) . Considérons le pro-
duit XKX XK pour chaque choix de duCr et tout couple de points rationnels
P,Q P#Q de X(K) . La fonction G (P,Q) =expg (P,Q) =|(s,(Q], = |sQ(P)|0

définit une métrique hermitienne sur Ox XX (Ac) (A = diagonale), par
o o
restriction au fibré normal. On a donc une métrique sur Q;( . Le probléme
o

est de savoir pour quels duc elle est permise (i.e satisfait (6)).

.. g

THEOREME 2 (Arakelov [A]).- Les métriques duo = ;— I WA ('ﬁi , Ol (wi) est
i=1

f

une base orthonormale de H°(Xa,§2]x ) pour (w,n) = X WAT| , sunt les seules
o] ()

pour lesquelles la formule d'adjonction suivante est vérifiée : soit E une

section de p:X— 0 alors

9 (wX/o.OX(E)) = -(E.E)

On voit facilement que du0 est induite sur )((I par la métrique plate sur
la jacobienne J(Xc) pour tout plongement XG ——»J(XU) .

sur (0 . Si par exemple on a un diviseur D=E1 +E, E; sections S4 la
section de (y(E;) donnant E; (i.e [ log |s;| du; =0) ona

(wy g -0x(D)) +(D.D) = logv (dp ) -z log [s; (P, + log |s,(P)[ ob dp,
est le discriminant relatif de D sur ¢ (dD/O = Homo(oD,O)) .

Remarquons cependant que si D est contenu dans une fibre de f:X— 0 1la
formule d'adjonction géométrique reste vraie a la multiplication par log N(Y)

pres.
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A partir de maintenant, sauf mention du contraire, les X seront toujours
munies des métriques duc du th.2 que nous appellerons canoniques.

Soit D un diviseur horizontal et effectif de S . Ecrivons, sur une
cléture algébrique K de K Dp=zn;P; P eX(K) . Soit wp/g = Hom,, (0,,0)

la différente relative inverse. I1 est utile d'énoncer la formule suivante qui
est uh corollaire immédiat des définitions et de la formule (9).

Formule d'adjonction.~ (uy o-Ox(D)) + (D-D)=log|Nlup, o) -2 .i.g (P;,PyInmy (9"
17)

Soit D wun diviseur effectif de X . Posons (G. Faltings [G])

max max v
AD) = A £, OX(D) ® A (R'f, OX(D)) . Pour chaque o, )‘(Do) est muni d'une

métrique hermitiemne grace aux deux formules suivantes
D) A0y = €O AKXl )  HX,0) mnide [y wan
X'o ~ e 0”0 X, “Mn

b) si P€X(Kc) )\(Dc) = )\(DG-P) 3] OXO(DU)/P

DEFINITION § (G. Faltings [F]) x(D) = - log —OLAOD
# torsion R f*OX(D)
Nous définissons alors d°A(D) = x(D) - (d°D+1-g) x(0) (10).
I1 est facile de voir que si E est une sectionde f:X— 0 ona

d°(A(D+E)) = d°x(D) + (D -E) + (E.E) .

THEOREME 3 (Riemann-Roch).-
X(D) = } (D.D-K) +X(0y)

N o ’ = = *
ok K est un diviseur d'Arakelov tel que 0y(K) wy =Wy /0 Qf W,

La démonstration de ce théoreéme est formelle a partir de ce que 1l'on sait.
Elle se fait de la facon suivante : (c'est encore un bénéfice du §1 en utili-
sant (10)).

(0) 1la formule est vraie pour X(()X) .

(I) 1la formule se comporte bien par changement de base Spec @' — Spec g,
il suffit pour le vérifier d'appliquer la proposition 3 et de noter
que (m*D . diviseur contenu fibre except. de 7 ) = O.

(II) 1a formule est vraie pour D si et seulement si elle est vraie pour
D+E ol E est une section (appliquer le th.2).

(ITI) la formule est vraie pour D si et seulement si elle est vraie pour
D+F ol F est contenu dans une fibre.
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On voit donc que si ox(D) = oX(D') dans Pic(X,dp) x(D) = X(D') et donc
que si on a une seule place a 1'infini A(D) et A(D') donnent le méme €lé-
ment dans Picc(o) . On ne sera donc pas étonné du résultat suivant :

PROPOSITION 4 (G. Faltings [F1).- S2 ()X(D)E OX(D') dans  Pic(X,du) alors

A(Do) et A(D(’j) sont isométres pour tout o

La démonstration se fait avec 1'idée de la these de G. Kempf [K]. Il suffit
de démontrer la proposition 4 pour une surface de Riemann X et un faisceau
inversible L muni de métriques permises pour les du canoniques et
d°L = g-1 . Soit J_,
g-1 sur X , & 1le fibré de Poincaré sur J -1 xX , q la projection
J .

g-

la "jacobienne' des faisceaux inversibles de degré

X X—> Jq__ , alors il existe des fibrés vectoriels G et F (de rang g

1 1

en fait) et ¢: G —— F sur J_]

on ait la suite exacte : (A. Grothendieck)

tel que pour point Q de JU_1

0 — HO(X,2(Q) — G(Q — F(Q — H'(X,£(@Q) — 0

de plus on sait (D. Mumford) que 1'application ¢ induit

O——-% G® % F — oJ —> 9 —> 0 ou 9 est le diviseur théta, i.e les
faisceaux inversibles slga:égiaux de degré g-1 . Donc AEWQ) =0 7 1(- 8) /Q

Le faisceau 0 Jg_1(-6) est muni canoniquement d'une métrique dont-la courbure
est exactement proportionnelle au duy canonique. La métrique de Faltings sur

A(Q)) est donc bien celle-1a.

trique canonique du , L un faisceau inversible sur X muni d'une métrique
permise pour du . Supposons que deg(L) >0 alors pour tout €>0 , il existe

m tel que pour tout mzm0 on ait
2
vol({s €HO(X,L™™| J ||s|l dus1}) 2 e

Le volume dans le théoréme 4 est bien entendu pris par rapport a 1'élément
de volume canonique sur H° (X,Lsn) dont 1l'existence est assurée par la pro-
position 4.

Ce théoréme est le plus fin de ceux que j'ai indiqué jusqu'ici. Un géométre
algébriste ne sera pas étonné du corollaire suivant :

permises duc . Soit L un élément de Pic(X,duo) tel que (L.L)>0 et
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deg(L) >0 , alors pour m suffisamment grand, il existe SE€ f*Lsm tel que
[ 10g|[sll; du SO pour tout o

i.e S correspond d un diviseur d'Arakelov effectif.

Démonstration. Pour avoir Ilogl[s“gduq <0 il suffit de vérifier

— . N em
S lIslly dugs1 . Soit B = 0)€<0 Byo O By o= {SEHCLLD | []Is]l du )

par le lemme de Minkowski (lemme 3 au §I), il suffit d'assurer que

Vvol(B ) 2 2(m degL-g+1)n vol(£,L"™ comme R1f,, 1™ -0 pour m>0 . Le

théoréme de Riemann-Roch permet de conclure en prenant dans le théoréme 4
n

e< Z(L'L) .

IV. LE THEOREME DE L'INDEX

Le théoréme suivant permet de comparer les intersections d'Arakelov aux hau-
teurs de Néron-Tate.

'I_@I_{_f-)is_ (P. Hriljac et G. Faltings).- Soit f:X—> 0 une surface arith-
métique munie de ses métriques canoniques duG . Soit (, ) la forme
d'intersection d'Arakelov sur Pic(X,du ) et q la forme bilinéaire de
Néron-Tate sur la jacobienne de Xy . Pour tout diviseur de degré zéro sur
X notons @(D) wune combinaison linéaire de composantes de fibres de
f:X—0 telle quee (D+@MD).F) =0 pour tout F composante d'une fibre.
Alors on a pour tout couple (D,E) de diviseurs de degré zéro sur X

lan o+om.B - -q,B) K:@ |

Ce théoréme, fondamental pour ce qui suit, se montre en comparant les fonc-
tions de Néron locales aux composantes locales des intersections d'Arakelov.
C'est la partie substantielle de la thése de P. Hriljac (*). Comme on sait que

la forme bilinéaire de Néron-Tate est définie positive sur Jac (XK) /torsion

on déduit aisément, du théoreme 5, le théoréme suivant qui est 1'exact analo-
gue du théoreme de 1'index de Hodge pour les surfaces algébriques. (1)

?@R_@_@_@ (P. Hriljac, G. Faltings).- La signature de la forme d'intersection

d'Arakelov posséde un et un seul signe + .

(*) La démonstration est reproduite dans la prochaine édition du
livre de S. Lang [L] , cf. aussi [G] .
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Remarquons que la démonstration méme du théoréme 6 ne fait appel qu'aux
diviseurs de degré zéro sur X et qu'on voit ainsi que le théorgme de 1'index
est vrai pour la forme d'intersection d'Arakelov sur Pic(X,du o) dés que les
duc satisfaisant a (5).

Avec le théoréme 6 et le corollaire du théoréme 4, on peut commencer a
"mimer'' les démonstrations géométriques qu'on trouve par exemple dans [S].
Par exemple le lemme suivant qui se trouve dans [S] (exposé III §3, proposition
2) :

LEMME 4.- Soit f:X—> 0 une surface arithmétique munie de ses métriques
canoniques. Soit D un diviseur effectif d'Arakelov sur X . Alors on a

(1) (uyy, - wy/o) de8D s (ug/y - D) 4g (8- 1)

Démonstration. On peut facilement vérifier qu'il suffit de montrer la formule
pour D sans composantes verticales, gz22 , et méme D une section E de
f:X—= (0 . On écrit alors le théoréme de 1'index pour W0 E , F

ou F est une fibre a 1'infini. Compte tenu du théoréme d'adjonction on obtient

2
U ¥x0 B 2g-2

det -E2 E2 1 20

2g-2 1 0

Ce qui donne (12). Notons la formule pour E _section

13 (“’X/o‘ "“X/O) < -(E.E) 4gr(g- 1)

COROLLAIRE (G. Faltings [F1).- Soit f:X—>(0 une surface arithmétique
de genre g21 alors, st on munit X de ses métriques canoniques, on a

Bien entendu si g=1. Uy /0 provient de 0 et a donc self-intersection
zéro. En genre supérieur (mx /C U /C) = 0 caractérise, dans la situation
géométrique, les fibrations isotriviales (cf. [.l\]2 et [S]).

Nous n'avons pas dans la situation arithmétique de notion de fibration iso-
triviale. Ce qui lui ressemble le plus est la multiplication complexe. La



290 LUCIEN SZPIRO

démonstration, due a G. Faltings, de ce corollaire est élégante, nous 1l'in-
diquons ci-dessous.
Soit T, tel que (mx/o(rol:))2 =0 ou F estune fibre a 1'infini. Pour

tout r>r et n>0 (mx /O(rF) )Qn correspond a un diviseur d'Arakelov
effectif par le corollaire du th.4 . On a donc par le lemme 4, en faisant
tendre r vers T,

(“’X/O . “’x/o) (2g-2) ((‘”X/o /0 +r,(2g-2))2g(2g - 2)

Comme (wX/O . “’X/O) + 2r°(2g- 2) = 0 on obtient (mX/O . “’X/O) g(“’X/O . ‘”X/O) !

V. QUESTIONS ET ANALOGIES

Les questions que je pose ci-dessous sont motivées par la solution du
probleme de Mordell que j'ai donnée dans [S]. Elles ont toutes pour objet de
majorer, minorer, ou interpréter les deux nombres d et (mx 10°% /0)

(cf. ci-dessous)

g
d=deg A £, W0 = " log vol (f*wX/O) -g x(0)

le volume sur (f*mx /0)0 = H° (Xc,n)gc) étant calculé pour la forme volume
associée au produit scalaire hermitien IX WAR = <w,n> .

Si Wy ...wg est une base de f, Wys Sur 0 (aprés changement de base on a

vol(0)®

d = log

n — 14 1/2
(2 det(g fxcwi/\mc))

1) Questions sur d¥d°f* wx/0

.1a) Interpréter exp(-d) en fonction de la distribution pour qu'un idéal
premier Vv de 0 soit tel que la réduction X(v) ne soit pas ordinaire
(cf. [S] IIL.5).

.1b) Montrer que dz0 (2).
.1c) sontrer que ds‘g(%— L log Nv - X(0) +«;—s,,,) ol S=1'ensemble des
VES

places de 0 ol X a mauvaise réduction et s, une contribution des
places oe€@® (cf. [F] et plus bas) (3).

2) Questions sur @y, .ty )

2a) Interpréter la condition (wx /0 wx /O) =0 (par exemple (wx /0 .wx /O) =0
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implique-t-il quand X est semi-stable que X est lisse et qu'il existe
un point rationnel E -aprés changement de base- tel que (E.E) =0 ?)
.

2b) Donner une borne supérieure pour (UJX 10 Wy /0) de la forme

1 .
( . ) <8g(g-1)(5 £ log N(V) - x(0) +v,) (X semi-stable)(5) .
Ux/0-vxpo? = °8TET1 T & o8 NV T X K 5

3) Question sur les points rationnels

3a) Donner une borne effective pour |hy(P) - (wy /O‘Ep)! en termes de g ,
Set 0 et d ou hy(P) est la hauteur naive du point P pour une

base “’1"‘wg de H°(XK,QXK) et Ep la section de f:X—> 0 cor-

respondante.

3b) Montrer qu'il existe -aprés changement de base- une section de

f:X—> 0 telle que (mX/o.E) =-(E.E)s(d° + I logN(V) +s_) [K:Q]
VES

(cf. [S] dém. du th. 3 pour 1l'utilisation de la classe de Kodaira-
Spencer a cet effet dans le cas géométrique). (6)

Relations entre ces questions

- G. Faltings dans F a introduit un nombre s tel que
(wx/o.wx/0)= 12d-8-s_  (Riemann-Roch 2) ol §= vzes n, log N(v) pour
X—> ( semi-stable et N;=nombre de points singuliers dans la fibre de v .
Ceci explique les relations entre 1c) et 2b). Par le lemme 4 on voit que
3b) implique 2b).

- Par la construction de Parshin-Kodaira (cf. [P] ou [S] III 8 Prop. 2) 3b)
ou 2b) implique la conjecture de Mordell par théoreme de 1'index
(cf. [S] III 8 Cor. 2)(7) .

- On aimerait aussi montrer qu'il n'y a pas de courbe lisse de genre 22 sur Z

8.

yores )
(1) Cette comparaison a aussi été démontrée par Gross dans [G].

(2) P. Deligne a domné dans son exposé n°616 (nov. 83) au Séminaire Bourbaki

un contrexemple & cet énoncé pour la courbe elliptique a multiplication
complexe par vV-=3.

(*) Le 15 octobre 1985.
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(3) C'est cette quantité (appelée hauteur modulaire) qui a été montrée ne pren-
dre qu'un nombre fini de valeurs quand K et S sont fixés par G. Faltings
dans sa preuve de la conjecture de Mordell. Une borne effective de la
nature indiquée en 1 c) n'a toujours pas été prouvée (cf. les notes (5)
et (6)).

(4) et (5) Deux ans apres, j'estime que les formules 1 c), 2 b) et 3 b) sont un
peu naives. Il serait plus conforme a la réalité de rajouter des '"e" .

Par exemple, pour la conjecture ''des petits points'' 3b), je dirais aujour-
d'hui : pour tout €>0 il existe un point PEXK(K) et un réel C(K,e)
tel que la section Ep correspondante satisfasse :

2
-E

exp(—R—)sC(K, ) T Nw)'*E .
K@) : K ves

En particulier, la technique de la classe de Kodaira-Spencer S , appli-
quée en genre 1 donne sur les corps de fonctions pour une courbe elliptique
semi-stable sur une courbe C complete degA= 12 degw < ((2g(C)-2)+s)6
ol A est le discriminant et s le nombre de points de C dont la fibre

est singuliére . L'analogue sans € est déja faux sur Q ou on peut
trouver (tables d'Anvers) une courbe elliptique semi-stable telle que

-—-g—}gg ﬁ =7,8... N étant le conducteur (analogue de S ) .

Conjecture : soit E une courbe elliptique semi-stable sur un corps de

nombres K de conducteur N et de discriminant A , alors pour tout
€ >0 il existe un réel C(K,e) tel que

ASCCK,e)N*E

Une conjecture plus faible est : sous les mémes hypotheses, il existe une
constante c(K) ne dépendant que de K t.q As NC(K) .

Cette conjecture implique celle de Fermat ! (appliquer 1'astuce de Frey).

(6) On sait que G. Faltings a démontré la conjecture de Mordell un mois apres
que j'aie écrit ce manuscrit. Sa démonstration (merveilleuse) ne donne
cependant pas de borne effective pour la hauteur des points rationnels.

(7) J-M Fontaine a montré en 1984 qu'il n'y a pas de variété abélienne sur Z .
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