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Fitting classes and injectors

7.1 A non-injective Fitting class

After B. Fischer, W. Gaschiitz, and B. Hartley’s result about the injective
character of the Fitting classes of soluble groups (Theorem 2.4.26), and bear-
ing in mind the extension of the projective theory to the general universe
of finite groups, it seemed to be reasonable to think about the validity of
Theorem 2.4.26 outside the soluble realm. It was conjectured then that if
§ is an arbitrary Fitting class and G is a finite group, then Injz(G) # 0.
In the eighties of the last century, a big effort of some mathematicians was
addressed to find methods to obtain injectors for Fitting classes in all finite
groups. These efforts were successful for a big number of Fitting classes and
they will be presented in Section 7.2. In this atmosphere, the construction of
E. Salomon [Sal] of an example of a non-injective Fitting class caused a deep
shock.

Salomon’s construction, never published, is based in a pull-back construc-
tion of induced extensions due to F. Gross and L. G. Kovécs (see Section 1.1).
The aim of this section is to present the Salomon’s example in full detail.

We begin with a quick insight to the group A = Aut (Alt(6)). Let D denote
the normal subgroup of inner automorphisms D = Alt(6) of A. It is well-
known that the quotient group A/D is isomorphic to an elementary abelian
2-group of order 4 and A does not split over D, i.e. there is no complement of
D in A (see [Suz82)).

If w is an involution of Sym(6), the symmetric group of degree 6, then {(u)
is a complement of Alt(6) in Sym(6) and the element u acts on Alt(6) as an
outer automorphism.

Likewise, Alt(6) = PSL(2,9) but Sym(6) % PGL(2,9) (see [Hup67, pages
183 and 184]). There exist elements of order 2 in PGL(2,9) which are not

in PSL(2,9) (for instance the coclass of the matrix in the quotient

-1
group GL(2,9)/Z(GL(2,9)) = PGL(2,9)). If v is one of these involutions,
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310 7 Fitting classes and injectors

then (v) is a complement of PSL(2,9) in PGL(2,9) and the element v acts on
Alt(6) = PSL(2,9) as an outer automorphism.

The subgroup B = D(u) = Sym(6) and the subgroup C' = D(v) =
PGL(2,9) are normal subgroups of A of index 2. Clearly A = BC and
BNnC=D.

Let S be a non-abelian simple group. If z is an involution in S, define the
group homomorphism

a1: B— S such that Ker(ay) = D, B = (x),
Put |S: Im(aq)| = |S|/2 = n1, and consider the right transversal
71 = {31 = 1752u"'78’n1}7
of Im(a1) in S and the transitive action
p1: S — Sym(n)
on the set of indices 7y = {1,...,n1}. For each ¢ € Z; and each s € 5,
8i8 = x; 8;, for some x; s € Im(a1) and i*"" = j. Write Pg = P < Sym(nq)
and consider the monomorphism (see Lemma 1.1.26)
A= )\Tl S — Im(al) Zpl Ps,
defined by s* = (T1,85- -3 Tn,,s)s"t, for any x € S, and the epimorphism

d12W1:sz1 P5—>Im(a1)2plPs

defined by ((br,...,bp,)7)™ = (B51,...,b22)7, for by,...,b,, € B and 7 €

" ¥ng
Ps. Write My = Ker(ay) = D™ = Alt(6)™.
Construct the induced extension G1, defined by «; (see Definition 1.1.27),
EM:1— M — G285 —1
Recall that

Gi={weW,:w™ =sM forsome s € S},

and
o1: G1 — S defined by w’* = s, where w* = M
The following diagram is commutative:
EM\: 1 M, G —=> S 1
lid J J,Al
E: 1 M, [ — Im(ay) p, Ps —— 1
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Then, applying Theorem 1.1.35, G splits over M7, since B splits over D.

For the group C' we repeat the previous arguments to construct a similar
group Gs. Let T be a non-abelian simple group. If y is an involution in T,
define the group homomorphism

ay: C — T such that Ker(az) = D, C*? = (y).
Put |T : Im(az2)| = |T|/2 = na, and consider the right transversal
To={t1 =1,ta,...,tn,}
of Im(as) in T and the transitive action
p2: T — Sym(ng)

on the set of indices Zo = {1,...,ns}. For each i € 7o and each t € T,
tit = y;+t;, for some y;; € Im(az) and it = .

With the obvious changes of notation, construct the induced extension
defined by as as in Definition 1.1.27. Then, for G2 = {w € Wy = C,, Pr :
w® = t* for some t € T} and o9: Go — T defined as above, we also have
that the following diagram is commutative

02

E>\2: 1 Mg GQ T 1
Jid J' l)\g
Ey: 1 Moy W —2 Tm(ag) 2, Pr — 1

Then, again by Theorem 1.1.35, G2 splits over My since C splits over D.
Finally, consider the homomorphism a: A — S x T such that b® =

(b*1,1), ¢ = (1,¢*2) for any b € B, ¢ € C. Then, Ker(a) = D and Im(a) =

Im(cy) X Im(ag). Put |[S x T : Im(a)| = @% = myng, and consider the right

transversal of Im(a) in S x T’

T =T xTs
= {(Slvtl) = (171)7 (SlatQ)a teey (Slatn2)7 (527t1)a (327t2)7' ) (Snwtﬂz)}'

The transitive action p: S x T'— Sym(ning) on the set of indices Z = 77 x
Iy = {(1,1),...,(n1,n2)} (lexicographically ordered) gives P = (S x T)* =
PS X PT.

Consider the monomorphism

A=Ar: SxT —Im(a), P,
defined by

(57 t)A = ((ml,sv yl,t)7 (:El,sv y2,t)7 sy (xnl,sa yng,t))(sv t)p
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for any s € S, t € T, the epimorphism
a:W=A,P—Im(a), P

defined by

a

((a(lvl), a(172), ey a(nl,nz))T) = (a‘()‘l,l), a‘()‘l,Q), e 7(J,(()‘nhnz))T

for a1y, a1,2), -+ G(ny sy € A and 7 € P, and write M = Ker(a) = Dt =
Dmmn2 o2 Alt(6)™1 "2,

Construct the induced extension defined by the homomorphism a: A —
S xT:

o

EX: 1 M G SXxT ——m—1
Jid J J)\
E: 1l M W —2Im(a)y, (Ps x Pr) — 1
Then,

G={weW=A4,P:w”=(s,t)* for some (s,t) € S x T}

and 0: G — S x T defined by w? = (s,t) such that w® = (s,t)*, for all
w € G. Now applying Theorem 1.1.35, the group G does not split over M,
since A does not split over D.

Every element w € W can be written uniquely as

w = (a(1,1)7 ) a(n1,n2))(7—17 7'2)
where a 1),(1(1 2> O(ny my) € Aforall (4,5) € Z, 7 € Ps and 7o € Pp. If
w € G, and w* = (s, ))‘ then

(au 1)+ a’(nl nz))(ﬁ,ﬁ)
= w >\
= (33‘1 sy Y1, t (xl,sayQ,t)a ey (xnl,sa yng,t))(svt)p
and a‘(li o= (xi,s,Y51), for all (i,7) € Z, sP* =1 and ¢t = 7.

Proposition 7.1.1. The group W possesses subgroups W1y and Wy which
are isomorphic to Wy and Wy, respectively.

Proof. Let Wy be the subset of all elements w in W such that

L.oag1) = ag2) =+ = Qi) forall e =1,... ny,
2. ag ;) € B, for all (4,7) € Z, and
3. T2 = 1.
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Then W,y is a subgroup of W and the map ;: Wi — Wy such that
((b1,..., bnl)T)q’b1 is the element w € Wy such that

L.oag1) = a2 =+ = Qiny) = bi, foralli =1,...,ny,
2. 1 =7and 5, =1,

is a group isomorphism. Put M) = M{pl.
A similar argument and construction holds for Wa. g

Proposition 7.1.2. The group G possesses two subgroups which are iso-
morphic to Gy and G, respectively.

Proof. Consider the subgroup G (1) = W(;) N G and note that
Gy = {z € Wy : 2% = (s,1)* for some s € S}.
Note that the kernel of the group epimorphism
oqy =om: Gay — 5,

where m1: S x T — S is the canonical projection, is M) = Mf”, as in
Proposition 7.1.1. Define the group homomorphism

Br =1yt Gy — W,

where ¢(1y: G(1y) — Wy is the canonical inclusion and ¢; as in Proposi-
tion 7.1.1.

Consider an element & = (a(1,1),- -+, (ny,nz))(71,1) € G(1y. Then, if 2% =
(s,1)*, we have that s”* = 71 and als ;= (xi5,1) € Sx1,foralli =1,...,n,
ie. agy ) € B and af‘ilj) =ux;,, foralli=1,...,n;. Observe that

% = (s5,1)* = ((]JLS, 1), (x1,6,1) -, (@Tny s, 1))(5"1, 1),

and
_ —1_ -1 aq
(e} L « «
gt = oo = g = ((aq1), -5 G, 1))T) T =
« o
= (a(il)7 ... ,a(;hl))ﬁ = (T1,5,- -, Tny,s)8 =

— S)\l _ (S, 1)71'1>\1 _ l,(ﬂrl)q — $0(1>>\1.

Then the diagram

1 M1 G(l) I(1) S 1
lld lﬁl J/)\l
1 M, Wi — s Im(ay) 0, Py —— 1

is commutative.
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By the universal property, Theorem 1.1.23 (2), we have that Gy is iso-
morphic to G;.

Analogously we can proceed with G; and it appears a subgroup G (z) in
W) which is isomorphic to Ga. a

Let S and T be two non-abelian simple groups. Recall that the class § =
Do(5,T,1) composed by the trivial group and all groups which are direct
products of the form

Sy X X Sy X Ty X oo X Ty,

where S; =2 5, T; 2T,1<i<n,1<j<m, for some positive integers n and
m, is a Fitting formation (see Lemma 2.2.3).

Theorem 7.1.3. Let S and T be two non-abelian simple groups. Suppose that
S and T satisfy the three following conditions:

1. no subgroup of S is isomorphic to T,

2. no subgroup of T is isomorphic to S, and

3. either S or T are isomorphic to no subgroup of a direct product of copies
of the alternating group Alt(6) of degree 6.

Consider the Fitting formation § = Do(S, T, 1). Then the group G, constructed
above, has no §-injectors.

Proof. The group G possesses two subgroups, S and T, which are isomorphic
to S and T, respectively. Write G/M = (Hy/M) x (Hy/M), with Hy /M = S
and Hy/M = T. Observe that SM/M = S/(SNM) = S, since SNM = 1, by
condition 3. If (Hy/M)N(SM/M) = 1, then the group G/H; = T would have
a subgroup isomorphic to S, and this is not possible by Condition 2. Hence
H, = SM. A similar argument with T and H, leads to Hy = TM. Both H,
and Hy are maximal normal subgroups of G.

We observe that Maxg(SM) = {U : UM = SM,U = S}. If U €
Maxg(SM), then U N M = 1 by condition 3. Since U € § and UM < SM,
we have that U 2 S and UM = SM.

Similarly Maxg(TM) ={V : VM = TM,V = T}.

Suppose that X is an F-injector of G. Then, the subgroup XNSM = Ry is
F-maximal in SM. Hence Ry = S. Likewise, XN TM = Ry = T. Hence Ry X Ry
is a normal subgroup of X and Ry X Ry 22 S xT. Moreover, (R1 X R2)NM = 1.
Since |G| = |M||S x T| = |M||R; x Rs|, we conclude that Ry x Ry is a
complement of M in G, i.e. G splits over M. But this is not true. Therefore
the group G has no §-injectors and § is a non-injective Fitting class. a

Remark 7.1.4. The simple groups S = Alt(7) and T' = PSL(2, 11) satisfy the
above conditions 1, 2, and 3.
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7.2 Injective Fitting classes

We have proved in Corollary 2.4.28 that every Fitting class § is injective in
the universe §6&. In fact, in the attempt of investigating classes of groups,
larger than the soluble one, in which there exist §-injectors for a particular
Fitting class §, the first remarkable contribution comes from A. Mann in
[Man71]. There, following some ideas due to B. Fischer and E. C. Dade (see
[DH92, page 623]), it is proved that in every N-constrained group G, there
exists a single conjugacy class of 9-injectors and each HM-injector is an
M- maximal subgroup containing the Fitting subgroup. A group G is said to
be N-constrained if C(F(G)) < F(G). It is well-known that every soluble
group is M-constrained (see [DHI2, A, 10.6]).

In [BL79] D. Blessenohl and H. Laue proved that the class £ of all quasin-
ilpotent groups is an injective Fitting class in €. In fact they prove something
more (see [DH92, IX, 4.15]).

Theorem 7.2.1 (D. Blessenohl and H. Laue). Every finite group G has
a single conjugacy class of Q-injectors, and this consists of those Q-mazximal
subgroups of G containing F*(G).

In the decade of the eighties of the last century there was a considerable
amount of contributions to obtain more injective Fitting classes. P. Forster
proved the existence of a certain non-empty characteristic conjugacy class
of Y-injectors in every finite group in [For85al. Later M. J. Iranzo and F.
Pérez-Monasor obtained the existence of injectors in all finite groups with
respect to various Fitting classes, including a new type of 9-injectors. Their
investigations, together with M. Torres, gave light to a “test” to prove the
injectivity of a number of Fitting classes. Some of the most interesting res-
ults obtained from this test have been published recently by M. J. Iranzo, J.
Lafuente, and F. Pérez-Monasor. Their achievements illuminate the validity
of a L. A. Shemetkov conjecture saying that any Fitting class composed of
soluble groups is injective.
We present here some of the fruits of these investigations.

Proposition 7.2.2. Let § be a Fitting class and G be a group.

1. A perfect comonolithic subnormal subgroup E of G is an §-component of
G if and only of EGz /G5 is a component of G/G5.

2. If E is an §-component of G, the F-mazimal subgroups of E containing
E5 are §-injectors of E.

Proof. 1. Let E be a perfect comonolithic subnormal subgroup of a group G.
Suppose that E is an F-component of G. Then N(E) is a subnormal
§-subgroup of G, i.e. N(E) < G5. Therefore EG/Gy is isomorphic to a
quotient group of E/N(FE), and then EGz/Gz is a quasisimple subnormal
subgroup of G/Gz. Conversely, if EGz/Gz is a component of G/Gg, then
E/(ENGj) is a quasisimple group. Since E is subnormal in G, Bz = ENGj
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by Remark 2.4.4. If ¥ € §, then E is contained in G, contrary to supposi-
tion. Hence Bz < Cosoc(E). Moreover, Cosoc(E)/Ez = Z(E/Ej). Therefore
N(E) = [E, Cosoc(E)] < Ez. Hence N(E) € §.

2. Suppose E is an §-component of G and V is an §-maximal subgroup of
E such that Ez < V. Since N(E) < Ez < Cosoc(F) and Cosoc(E)/N(E) is
abelian, F is the §-injector of Cosoc(G). Moreover, V' N Cosoc(E) is normal in
Cosoc(E) and then is a subnormal §-subgroup of E. Hence V' N Cosoc(E) = Ex
and V is an §-injector of E. a

Proposition 7.2.3. Let K be a subnormal subgroup of a group G. If E is an
§-component of G such that E is not contained in K, we have that [K, E] <
N(E).

Proof. Denote M = Cosoc(E). By Theorem 2.2.19, the subgroup K normal-
ises E. Therefore K normalises M. Clearly K is subnormal in KF and KM
is normal in K E. Since K N E is subnormal in the comonolithic group F and
FE £ K, we have that K N E < M. Therefore

[K,E] <[KM,E]<KMNE=MKnNE)< M.

Hence
[K,E,E|=|E,K,E] <[M,E]=N(E)

and the Three-Subgroups Lemma (see [KS04, 1.5.6]) yields that [E, K| =
[E,B, K] < N(E). 0

Now we are ready to state and prove the result of Iranzo, Pérez-Monasor,
and Torres.

Theorem 7.2.4 ([IPMT90]). Let § be a Fitting class and G a group. Let
{E1r,...,E,} be a set of F-components of G which is invariant by conjugation
of the elements of G. For each i = 1,...,n, let J; be an F-injector of E;.
Consider the subgroup J = (J1,...,Jn).

Then Injz (Ng(J)) € Injz(G).

Proof. Note that, by Proposition 7.2.2 (2) and Proposition 7.2.3, J is a normal
product J = J; - - - Jp,, and therefore J € §. Let H be an F-injector of Ng(J).
We have to prove that for any subnormal subgroup S of G, the subgroup
H NS is Fmaximal in S. To do that we consider an F-subgroup K of S such
that H NS < K and argue that HN S = K.

We may assume without loss of generality that the §-components Fi, ...,
FE,, are those contained in S, for m < n, and the other ones are not in S. This
implies that {F1, ..., E,,} is a set of §-components of S which is invariant by
conjugation of the elements of S.

Observe that J < Ng(J)z < H. Therefore, for any ¢ = 1,...,m, we have
that

J<JNE, <HNE,<HNSNE; <KNE; €F,
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since K N F; is subnormal in K. Therefore
Ji=JNE;=HNE;,=KnNE,;,

since J; € Maxz(E;), i =1,...,m.
Observe that if © € K, for every i € {1,...,m}, there exists an index
j€A{l,...,m} such that

JP=(JNE) =KNE' =KNE; =J.

Choose now j € {m+1,...,n}. Applying Proposition 7.2.3, it can be deduced
that [J;,S] < [E;,S] < N(E;) < J;. This is to say that S normalises J; for
every j € {m+1,...,n}. Therefore

K <Ng(Jy...Jm) < Ng(J).

Hence HNS < K < Ng(J) and then HN S = HNNg(J).
The subgroup Ng(J) is subnormal in N¢(J). Since H € Injz(Ng(J)), we
have that HN S € Maxg(Ng(J)). This implies that H N S = K, as desired. O

Theorem 7.2.4 is a crucial result when proving the injectivity of a Fitting
class by inductive arguments: with the above notation, if Injg(Ng(J)) =+ (),
then the group G possesses §-injectors. Equipped with this theorem we can
obtain several results of M. J. Iranzo, J. Lafuente, and F. Pérez-Monasor in
[ILPMO03] and [ILPMO04], which go much further on the theorems about the

existence of injectors.

Lemma 7.2.5 (see [ILPMO3]). Let G be a group and m a preboundary of
perfect groups. Set B = Fit(Cosoc(Z) : Z € m).

1. If XY € bu(G), then
a) Cosoc(X) = X, [ X, Y] < XNY and (XY )y = XYy,
b)) X 2Y if and only if XGu /Gy #YGs/Gs.
2. Suppose that by (G) = {X1,..., X} # 0 and write E = En(G); then
G,)EZXl...Xn andEcB = (Xl)%...(Xn)sB,
b)) E/Ey =2 X1/(X1)s X -+ X X,/(Xn)»s is a direct product of non-
abelian simple groups.

Proof. la. By definition of B, we have that Cosoc(X) € 9. Assume that

X € ®B. Then X € s,,(Cosoc(Z) : Z € m), by [DH92, XI, 4.14]. But this is

not possible since m is subnormally independent. Therefore Cosoc(X) = Xs.
Trivially, if X =Y, then [X,Y] < X NY. Suppose that X # Y. Observe

that, since m is subnormally independent, we have that X £ Y andY £ X. By

Theorem 2.2.19, Y normalises X and X normalises Y. Hence [X,Y] < XNY.
If X #Y, then X NY < Cosoc(X) N Cosoc(Y) = X N Yes. Moreover,

XYs NY Xy = (X ﬂYX&B)Y% = (X OY)X%Y$ = XnYn
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and then
XY/X@Y&B = XY%/X%Y% X YX%/X%Y%

is a direct product of non-abelian simple groups. Since (XY )ms/XpYys <
Z(XY/XpYy) by [DHO2, IX, 1.1], we conclude that (XY )y = Xo Vas.

1b. Observe that XGp /Gy = X/(X N Gy) = X/Xp is a non-abelian
simple group. Suppose that X # Y and XGgu/Gs = YGx/Gx. No-
tice that [X,Y] < X NY € B, and then, XGp /Gy = (XGxs/Gx) =
[(XGn/Gx,YGy/Ge] = [X,Y]Gy/Ges = 1. This is a contradiction.

Part 2 follows immediately from 1. O

Lemma 7.2.6 (M. J. Iranzo, J. Lafuente, and F. Pérez-Monasor, un-
published). Let § be a Fitting class and n a subclass of b(F). Then

Fit(§,n) =F - Fitn = (G € € : G = Gz Ea(G)).

Proof. Let G be a group. If X € b,(G), then clearly Cosoc(X) = X5.

Write X = (G € € : G = GzEw(G)) and 9 = Fitn. For each group G,
the subgroup E,(G) is in Fitn, i.e. Eq(G) < Gy. Therefore X C § - Fitn C
Fit(F,n). Let us prove that X is a Fitting class.

If G € X, then G/Gz 2 E,(G)/Ew(G)5 is a direct product of non-abelian
simple groups by Lemma 7.2.5 (2b). Let N be a normal subgroup of G. Then
bu(N) C by(G). Thus, if ba(N) = {X1, ..., X, }, then

NGS/Gg = Xng/Gg X e X XTGg/Gg

and then N = NNNGz = NNX; ... X, Gz = NNE,(N)Gz = E,(N)N; € X.
If N and M are normal subgroups of a group G = NM and N, M € X,
then G = NM = Nz E,(N)Mz E (M) < Gz Eo(G). Hence G € X.
Therefore X is a Fitting class. It is clear that § and n are contained in X.
Hence X = Fit(§, n). O

Lemma 7.2.7. Let T be a Fitting class such that € = T&. Consider § =
TP = Fit(Cosoc(X) : X € b(%)). Then b(T) = b(T) C b(3F).

Proof. Let G be a group in b(%¥). Then G is a comonolithic perfect group
and Cosoc(G) € §. If G € §, then G € s, (Cosoc(X) : X € b(T)) by [DH92,
XI, 4.14]. This is to say that there exists a group X € b(%) such that G is a
proper subnormal subgroup of X. In particular G € ¥, and this contradicts
our assumption. Hence G € b(F). O

Theorem 7.2.8. Let ¥ be a class of groups. The following statements are

equivalent:

1. ¥ is a Fitting class such that € = 6.
2. = (G € €: Gx €7F) for a pair of Fitting classes X and § such that
F=XNgJAU.

In this case, for each group G, we have Gz = Co(Gz/G5z).
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Proof. 1 implies 2. Set m = b(%), and consider the Fitting classes § = T> and
X = Fitm. Clearly § C XN ¥. Since ¥ = TG, we have that m = b(%) C b(F),
by the above lemma. Then we can apply Lemma 7.2.6 and conclude that

X =Fit(§,m) = (G € €: G =Gz En(GQ)).

If G € XNFY, then G/Gz = En(G)/(En(G) N G5) and this group is abelian
and a direct product of non-abelian simple groups, by Lemma 7.2.5 (2b).
Hence G € §, and then § = X N 2.

Set H = (G € €:Gx €F). lf agroup G € H\ T, there exists a subnormal
subgroup N of G such that N € m. Thus N < Gy € § C %, and this is a
contradiction. Hence $) C €. Conversely if G is a group in ¥ and N = Gx,
then N = NzEn(N). But since T is a Fitting class, En(G) = 1 = En(N).
Then N € §. Therefore G € $. Hence $ = ¥.

2 implies 1. We see that, under these hypotheses, the class ¥ is a Fitting
class. Let IV be a normal subgroup of a ¥-group G. Clearly Nx < Gx € §, and
then N € €. Consider now a group G = NM such that N and M are normal
T-subgroups of G. Then Nx, Mx € § and the subgroup F = NxMx € §. By
[DH92, IX, 1.1], we have that Gx/F < Z(G/F), and then Gx € XNFA = 3.
Therefore G € ¥. Thus, ¥ is a Fitting class.

Suppose that N is a normal S-subgroup of a group G, such that G/N € 2L.
Then Nx € §. Since Gx/Nx = Gx/(NNGx) 2 NGx/N € 2, we have that
Gx € XNFA =F. Therefore G € T. This implies that T = TE.

Finally, observe that in this situation § = XN%T. Therefore Gz = Gz N Gx.
Thus Gx < C(Gx/Ggz) = C. Obviously (C N Gx)/G5 is an abelian group
and then Cx = CNGx € §, since § = XNFA. Therefore C € T and C = Gx.

O

Corollary 7.2.9. Let ¥ be a Fitting class such that T = %&. Then
Fit(b(T)) N T = T".

Proof. Set m = b(%) and consider again the Fitting classes § = T® and
X = Fitm. By the above arguments, if a group G is in X N ¥, then G =
Gz En(G) € %. Hence En(G) € %, and this implies that E,(G) = 1. Thus
G € §. Therefore XNT = 3. a

The following proposition is motivated by a result due to W. Gaschiitz
(see [DH92, X, 3.14]).

Proposition 7.2.10. Let § and & be two Fitting classes in the same Lockett
section such that § C &. For each group G denote

b: Go /Gy — (G G')/ (G5

the natural epimorphism. If p is a prime divisor of |Ker(¢)|, then 6, # &.



320 7 Fitting classes and injectors

Proof. Observe that Ker(¢) = (Ge/Gz)N(G/Gz) . Let p be a prime divisor of
|Ker(%)| and suppose that 86, = &. If P/Gy is a Sylow p-subgroup of G/Gy,
then P € §6, C 6, = &. Since § and & are in the same Lockett section
and § C &, the groups P/Py and Gg/Gg are abelian, by [DH92, X, 1.21].
Thus P’ < Py and PN G is a normal subgroup of Gg. Hence P’ NGg € §
and P’ N Gg is subnormal in Gg. Therefore P’ N Gg < (Gg)z = Gz. Then
then

(P/G3) N (G/G3) N (Gs/G) < (P/G) N (G/Gg) NZL(G/Gg) < (P/Gg)

by [Hup67, IV, 2.2]. Thus, (P/Gz) N (G/Gz)' N (Ge/Gz) = 1 and this con-
tradicts the choice of P. a

Lemma 7.2.11. Let ¥ be a Fitting class such that & = T. Then
TCTCT=T"

Proof. By [DH92, X, 1.8], we have that ¥ = T*. If X € b(%), then X is perfect.
By Proposition 7.2.10, X5 = X5 _. Then Cosoc(X) € T, and T C T,. O

Theorem 7.2.12 (see [ILPMO4]). Let ¥ be a Fitting class such that TG =
%. The correspondence § — § - Fit(b(T)), for every Fitting class § €
Sec(TP, %), defines a bijection

Sec(T",T) — Sec (Fit(b(T)), T - Fit(b(%)))

whose inverse is defined by & — BN T, for every & € Sec(Fit(b(f)),T-
Fit(b(%))).

Moreover, the restriction of this bijection to the Lockett section Locksec(¥)
gives a bijection

Locksec(T) — Locksec (T - Fit(b(%))).

Proof. Set m =b(%), M = Fitm, B =3I> and R =T - M.

If § € Sec(B,T), then F - M is a Fitting class by [DHI2, XI, 4.7] and
Lemma 7.2.6. Obviously § - 9t € Sec(M,R) and F C F-MNT. Let G be
a group in §-9MNZ. Then Gop € MNT = B, by Corollary 7.2.9. Hence
G = GgGgm €F. Thus, F=F -MNZ.

On the other hand, if & € Sec(9M,R), then TN G € Sec(B,T) by Corol-
lary 7.2.9 and (¥ N &) - M C &. Let G be a group in &. Then Ggx = Gzne
and, since ® C R, we have that

G = GsGon = GzneGon € (Tﬁ@) - M
and then ® = (TN &) - M.
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Hence it only remains to prove the properties of the second bijection. We
have to prove that fR is a Lockett class and R, = T, - M.

If G and H are groups, then it is clear that Eq, (G x H) = Eq(G) x En (H).
Since ¥ is a Lockett class, by Theorem 7.2.11, we also have that (G x H)z =
G+ x Hs. Hence

(GXH)ER: (GXH)TEm(GXH) :GQEm(G) X HTEm(H) :Gm XHg)q,

and fR is a Lockett class.

Let () denote the largest Fitting subclass of SR which has a generating
system of perfect groups. Then 9 C s(R) C R.. Hence T, - M C R,. On the
other hand, for an arbitrary group G, we have that

[Gx, G) = [GsGom, G] = [Gs,G][Gom, G] < Gz, Gon,

by [DH92, X, 1.3]. Hence ¥, - M € Locksec(PR) by [DHI2, X, 1.21]. Therefore
T, - M = R, and we conclude the proof. |

Lemma 7.2.13. Let T be a Fitting class such that T = %6.

1. Set M = Fit(b(T)). If U is an M-subgroup of a group G containing Gan,
then U is a subgroup of GonGx.
2. The class T - Fit(b()) is a normal Fitting class.

Proof. Denote m = b(%) and B = TP.
1. We can assume that G ¢ ¥ and then by,(G) = {X1,...,X,} is
a non-empty set and En(G) = X;---X,, < Gon < U. Hence by (U) =
{X1,.., Xn,..., Xy}, for n <t,and E(U) = En(G)L, for L = X, 41 -+ X;.
As in the proof of Theorem 7.2.8, Gop = G En(G) and U = U En (U).
Since X; € Us for each index ¢, we have that [Ux, X;] < UsN X; < (X))
Thus

[En(G),Us] = [X1,Us] - [Xn, Us] < (X1)m - (Xn)s = En(G)s,

by Lemma 7.2.5 (2a). Analogously, by Lemma 7.2.5 (1a), [X;, L] < X; N L <
(X;)m, for each i. Hence [Ew(G), L] < En(G)x. Therefore

[Gon, Us L] =[G En(G), Up L] < G [En(G), Us|[En(G), L] < G

By Theorem 7.2.8, Up L < Gz and U = Uy E(G)L < En(G)Gz = GopGs.

2. To see that the class B = T - 91 is a normal Fitting class consider a
group G and suppose that U is an PR-subgroup such that Gy < U < G. By
Statement 1, Upy < GonGxz = Gsx. On the other hand, using the arguments
of the proof of Statement 1, [En(G),Usz] < Uz NEpw(G) < En(G)s. Then

[ng,Uf;(] = [G% Em(G),U‘I] < G%[Em(G),Ufz] < Gwp Em(G)% < Gswp.

Hence Ug < CG(Ggﬁ/G%) = Gg, by Theorem 7.2.8. Thus, U= Ugszg < Gg)r{
and U = G. a
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Lemma 7.2.14. If T is a Fitting class such that T = 6, X is a group in
b(%¥) and § € Locksec(%), then Xz is not F-mazimal in X .

Proof. If § € Locksec(%), then, in particular, T C § € T by Lemma 7.2.11.
Moreover b(%) C b(F) by [DH92, XI, 4.7]. Since X € b(%), then Cosoc(X) =
Xz. Suppose that Xz is F-maximal in X. Consider a soluble subgroup Y/ Xz
of X/Xz. Then Y € 6 = F, and by maximality of Xz in X, we have that
Xz = Y5. Since § € Locksec(%), the quotient Y/ X5 is abelian, by [DH92, X,
1.21]. Then X /X5 is soluble, and this is a contradiction. ]

Theorem 7.2.15 (see [ILPMO04]). Let T be a Fitting class such that T =
T6. If § € Sec (T, T - Fit(b(T)) ), then

1. 9 is an injective Fitting class;

2. 9 is a normal Fitting class if and only if $ € Locksec (‘3: - Fit (b(‘I) ))

Proof. 1. Write m =b(%), F=FNH and & =F- Fitm. If H € §, then
H = HzEn(H), by Lemma 7.2.6, since $ C T-Fitm. Thus, Hr € HNT = 3.
Hence H = Hz En(H) € § - Fitm = &. Hence $) C 6.

To see that § is injective, let G be a group and let us prove that G possesses
$H-injectors. If by (G) = 0, then G € T. Hence Gz = Gg. Since § € Locksec(%)
by Theorem 7.2.12, the quotient G/Gg is abelian. Therefore G is a normal
H-injector of G.

Assume that by (G) # 0. Since Gg is a normal subgroup of G we can
assume that by (Gg) = {X1,..., X} and b (G) = {X1,..., X}, for r < n.
If r = n, then Gy = Gz En(Gy) = GzEn(G) = Gg. By Theorem 7.2.12,
® € Locksec (T -Fit (b(2)) ) Since, by Lemma 7.2.13, T-Fit (b(%)) is a normal
Fitting class, we deduce that so is &, by [DH92, X, 3.3]. Therefore Gg is
B-injector of G and Gg is $H-injector of G.

Now assume that r < n. Fix an index i € {r + 1,...,n}. Clearly, X; is
a perfect comonolithic group such that X; ¢ $. In addition, Cosoc(X;) €
9, by virtue of Lemma 7.2.11. In particular, X; is an $)-component of G,
By Proposition 7.2.2, X; possesses $)-injectors. Consider H = H,41--- H,,
with H; € Injg(X;) (note that H; normalises Hj, 4,5 € {r +1,...,n}, by
Lemma 7.2.3). By induction on the order of G, if Ng(H) is a proper subgroup
of G, then Ng(H) possesses $H-injectors. Then G possesses $H-injectors by
Theorem 7.2.4. Therefore we can suppose that H is a normal subgroup of G.
Then H; is a normal subgroup of X; and then H; = Cosoc(X;) = (X;)g. Thus
(Xi)s is an §-maximal subgroup of X;, which contradicts Lemma 7.2.14.

2. It is shown in Theorem 7.2.12 that T-Fit m is a Lockett class. Moreover,
by Lemma 7.2.13, it is a normal Fitting class. If ) € Locksec(¥ - Fitm), then
£ is also a normal Fitting class by [DH92, X, 3.3]. For the converse, consider
$) ¢ Locksec(%-Fit m). Observe that (T-Fitm), = T,-Fit m, by Theorem 7.2.12
and then Fitm Z $. Let X be a group in m \ $. Then X is a perfect and
comonolithic group and Cosoc(X) € HNT = F. Hence Xz = Cosoc(X). Since
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% . is contained in §, it follows that § € Locksec(%). By Lemma 7.2.14, X5 is
not §-maximal in X. Therefore §) is not a normal Fitting class. O

Corollary 7.2.16 (see [ILPMO04]). If § is a Fitting class in Locksec(S),
then § is injective.

Proof. If § € Sec(6,,6 - Fit(b(&))) = Sec (6., 8" - Fit(b(&)) ), then § is
an injective Fitting class. In particular if § € Locksec(G) = {§ : 6. C F C
S = 6*}, then § is injective. |

Remarks 7.2.17. The example of a non-injective Fitting class in Section 7.1
affords counterexamples to possible extensions of Theorem 7.2.15:

1. Fitting classes §) € Sec(‘Zb7 Fit (b(‘I))) need not be injective;

2. if ¥ = %6, then Fit (b(‘Z)) need not be injective;

3. Fitting classes § € Sec(%T", Fit(b(%)) ) need not be normal. There are
normal Fitting classes which does not belong to Sec (Kb, Fit (b(‘I)) )

Proof. Let S and T be non-abelian simple groups such that po(S,T,1) is a
non-injective Fitting class.

1. Let R be a non-abelian simple group and consider the regular wreath
product W = (S x T)R. Then W is a perfect comonolithic group (see [DH92,
A, 18.8]). Hence m = (W) is a preboundary and T = h(m) is a Fitting class
such that T = T& by Theorem 2.4.12 (3). Note that T> = Fit(Cosoc(W)) =
Do (S5, T) is not injective.

2.If m = (5,7,1) and T = h(m), then T = TS and Fit(b(T)) =
Do(S,T,1) is a non-injective Fitting class.

3. Let ® denote the class of all direct products of non-abelian simple
groups. Let E and F be any two non-abelian simple groups. The regular
wreath product W = E F is a perfect comonolithic group. Set m = (W),
T = h(m) and § = &.D. Then I = py(E,1) C §H. Moreover, § is the
smallest normal Fitting class, by [DH92, X, 3.27], and then $ C T - Fit (b(‘}f))
by Lemma 7.2.13. If R is a non-abelian simple group, R 2 F', then the regular
wreath product G = E{R € T. The base subgroup is E% = G and G/Gy = R
is non-abelian. Therefore T, ¢ 6, by [DH92, X, 1.2]. Clearly Fit(b(T)) =
Fit(W) € $. Note that T is not normal. O

Corollary 7.2.18. If § is a Fitting class such that §& = §, then § is inject-
we. In particular, the class & of all soluble groups is injective.

Corollary 7.2.19. A group G possesses a single conjugacy class of S-inject-
ors if and only if G is soluble.

Proof. Applying Theorem 2.4.26, only the necessity of the condition is in
doubt. Assume that a group G possesses a single conjugacy class of
G-injectors. Let p and ¢ be two different primes dividing the order of Es(G)



324 7 Fitting classes and injectors

and let P and @ be a Sylow p-subgroup and a Sylow g-subgroup of Eg(G)
respectively. Applying Proposition 7.2.2 (2) and Theorem 7.2.4, there exist
G-injectors V and W of G such that P <V and Q < W. Since V and W are
conjugate in G and Eg(G) is normal in G, it follows that VN Eg(G) contains
a Sylow g-subgroup of Fg(G) for each prime ¢ dividing |Eg(G)|. Therefore
Es(G) is contained in V and so Eg(G) = 1. This yields that G is soluble. O

Theorem 7.2.20. Let X be a class of quasisimple groups and consider the
class
R(X) = (G : every component of G is in X).

Then R(X) is an injective Fitting class.

Proof. Let X be a class of quasisimple groups and denote £ = (X). We first
prove that R is a Fitting class.

If G € R and N is a normal subgroup of GG, then every component of N is
a component of G. Hence every component of N is in X and then N € R.

Suppose that a group G is product G = NM, where N and M are normal
RK-subgroups of G. Let E be a component of G. Assume that F is not contained
in M and E is not contained in N. Applying Proposition 7.2.3, it follows that
FE centralises M N. Hence F is central in G. This is a contradiction. Therefore
either E is contained in M or E is contained in V. Hence E belongs to X. It
implies that G € R.

Let E be a component of a group G € RG. Then E € KG. Since FE is
perfect, it follows that E € K. Hence & = K6 and therefore R is injective by
Corollary 7.2.18. O

Let & be a Fitting class as in Theorem 7.2.20. By Proposition 2.4.6 (5)
and Proposition 2.4.6 (2), FoRo G = Fo R for each Fitting class F. Hence we
have the following:

Corollary 7.2.21. Let X be a class of quasisimple groups and consider the
class R = R(X) as in Theorem 7.2.20. Then § < R is an injective Fitting class
for any Fitting class §.

Note that [For87, 2.5(b)] is a consequence of the above corollary.
In the following, we describe another injective Fitting class, the class of
all F-constrained groups.

Proposition 7.2.22. Let § be a Fitting class. In a group G, the following
statements are equivalent:

1. C¢(G3) < Gy,
2.F*(G) € 5.

Proof. 1 implies 2. Suppose that E is a component of G such that £ £ Gg.
Then [Gg, E] = 1, by Proposition 7.2.3. Therefore E < Cg(Gg) < Gz. This
contradiction yields E(G) < Gg.
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Denote 7 = char §. Applying Proposition 2.2.22 (2) we have that F*(G) =
F(G)E(G) = O (F(G)) O« (F(G)) E(G). On the other hand, the normal -
subgroup O, (F(G)) NGy is a nilpotent 7’-group. Hence O (F(G)) NG =1
and then O (F(G)) < C¢(Gz) < Gg. Therefore O (F(G)) =1 and F(G) =
O-(F(G)) € 3. Then F*(G) € 3.

2 implies 1. Since F*(G) € §, it follows that F*(G) < Gg. Thus, by
Proposition 2.2.22 (4),

Ca(G5) < Ca(F(@)) < F*(G) < G, 0

Corollary 7.2.23. Let § be a Fitting class. Let G be a group such that
Ca(Gz) < Gg. Then for any subnormal subgroup S of G, we have that
Cs(Sz) < S;.

Corollary 7.2.24 ([IPMS86]). Let § be a Fitting class and m = char§. For
any group G, write G = G/ O.(G) and adopt the “bar convention:” if H < G,
then H = H O/(GQ)/ O (G).

The following statements are pairwise equivalent:

1. C4(Gy) < G,

2. E( ) €S,

3.F(GQ) €.
Definition 7.2.25. For a Fitting class §, a group G is said to be F-con-
strained if G satisfies one condition of Corollary 7.2.24.

Note that every group is Q-constrained by Proposition 2.2.22 (4) and a
group G is M-constrained if Co(F(G)) < F(G).

Corollary 7.2.26. Let § be a Fitting class. The class of all §-constrained
groups is an injective Fitting class.

Proof. Let X be the class of all quasisimple §-groups and consider the Fitting
class & = R(X). A group G is §-constrained if and only if E(G/ O (G)) € 3.
This is equivalent to say that every component of the group G/ O,/ (G) € X.
This happens if and only if G/ O,(G) € &, or, in other words, if and only if
G € &,/ ¢ R. Therefore the class of all §-constrained groups is the Fitting class
¢, o R. By Corollary 7.2.21, is an injective Fitting class. a

Recall that the first result of existence and conjugacy of Di-injectors in
a universe larger that the soluble groups is due to Mann working on
N-constrained groups [Man71]. Theorem 7.2.1 proves that every group,i.e. every
Q-constrained group, possesses a unique conjugacy class of Q-injectors. Thus
it seems that for every Fitting class §, the property of being an §-constrained
group is closely related to the conjugacy of §-injectors. In general the equival-
ence does not hold as we observed in Corollary 7.2.19 inasmuch as the class
G of all soluble groups is properly contained in the class of all G-constrained
groups (which is the same as the class of all M-constrained groups). For Fitting
classes § such that Mt C § C Q, we have the following result.
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Proposition 7.2.27 ([IPM86]). Let § be a Fitting class such that M C § C
Q

If G is an §-constrained group, then

1. G possesses a single conjugacy class of §-injectors, and
2. the §-injectors and the Q-injectors of G coincide.

Conversely, if G is a group such that the Q-injectors are in §, then G is
an §-constrained group.

Proof. Let G be an §-constrained group. Then, since char§ = P, we have
that F*(G) = Gz, by Corollary 7.2.24. Let V be an Q-injector of G. Then
V is an Q-maximal subgroup containing F*(G) [BL79]. Observe that, since
F*(G) < Vi, we have that

Cy(V3) < Cv (F*(G)) <F'(G) < V5,

and V is an F-constrained group. Thus V = F*(V) = V5 and V is an
F-maximal subgroup of G.

If S is a subnormal subgroup of G, then V' NS is an Q-injector of S. Since
§ is contained in £, we have that V' NS is F-maximal in S.

In order to obtain the conjugacy of all §-injectors of G, it is enough to
prove that each §-injector of G is an Q-injector of G. Let H be an F-injector
of G, then H is an F-maximal subgroup of G containing Gz = F*(G). Hence
H is an Q-subgroup of G containing F*(G) and there exists a Q-injector V
of G such that H < V. By the previous arguments, V = H.

The converse is obvious. O

Lemma 7.2.28. Let $ and § be Fitting classes and let G be a group such that

Ca(Gaoz/Gs) < Gooz-
Let J be subgroup of G containing G goz. Then

1. J € Maxgoz(G) if and only if J/Gg € Maxz(G/Gg).
2. J € Injg,5(G) if and only if J/Gg € Injz(G/Gg).

Proof. The condition Cg(Gge3/Gg) < Gz is equivalent to Cq(Gg) < Gy
for the quotient group G = G/Gg. Let S be a subnormal subgroup of G.
By Corollary 7.2.23 we have that Cg(S3) < Sz, for S = SGg/Gy,. But, since
S = GgNS, we have that S = §/Sg. Therefore, for any subnormal subgroup
S of G, Cs(Spe5/Se) < Spoz-

Let K be a subgroup of G such that Ggoz < K. Observe that Gy < K
implies that Gg < Kg N Ggoz. On the other hand Ky N Ggoz is @ normal
$H-subgroup of K and then of G5, i.e.

Ko NGaog < (Goog)s < Gy

and therefore Gg = Kg N Ggoz. Thus [Kg, Gaez] < Gg. This implies that



7.2 Injective Fitting classes 327
Ko < Ca(Gao5)/Gs < Goo

and then Gg = Kg.
Using this fact, the proof is a routine checking. a

Corollary 7.2.29. Let § be a Fitting class containing the class of all nilpotent
groups M. Assume that every §-constrained group possesses §-injectors.
Then, for every Fitting class 9, the class $ ¢ § is injective.

Proof. We have to prove that Injg,s(G) # 0 for every group G. Let G be
a minimal counterexample. First we notice that a subgroup F is an $H¢
§-component of G such that N(E) € $ if and only if EGy /Gy is a component
of G/Gg such that EGg /Gy ¢ §.

Let &€ = {E1,...,E,} be the set of all § ¢ F-components of G such that
N(E;) € $ and suppose that £ # 0. For J; € Injg.z(E;), i = 1,...,n,
construct the product J = Jy---J,. If Ng(J) is a proper subgroup of G,
then Injg.z(Ng(J)) # 0, by minimality of G. Since the set & is invariant
by conjugation of the elements of G, we can apply Theorem 7.2.4 and then
Injg,5(G) # 0. This contradicts our assumption. Therefore .J is a normal
subgroup of G and then each J; is normal in E;, for ¢ = 1,...,n. This implies
that J; < Cosoc(E;).

Let P/(E;)s be a Sylow subgroup of E;/(F;)g. Then P € $ ¢ §. Observe
that, since J;/N(E;) < Z(E;/N(E;)), the subgroup P is normal in PJ;.
Then PJ; € $H ¢ §. By maximality of .J;, we have that P < J;. Since this
happens for any Sylow subgroup of E;, we have that E; < J;, which is a
contradiction. Hence £ = () and every component of G/Gy, is in §. Therefore
E(G/Gg) € §. This implies that G/Gy, is F-constrained, i.e. Cq(Ggo5)/Gq <
Ggoz by Corollary 7.2.24 . By hypothesis, the group G/Gg, possesses
S$-injectors. By Lemma 7.2.28, the group G possesses §) ¢ F-injectors. This is
the final contradiction. g

Corollary 7.2.30 (M. J. Iranzo and F. Pérez-Monasor). Let § be a
Fitting class such that M1 C § C Q. Then, for every Fitting class 9, the class
HoF is injective.

In particular, the class M of all nilpotent groups is injective (P. Forster

[Fér85aj).

Observe that €./, = &,91. This leads us to the following.
Corollary 7.2.31. Let 7 be a set of prime numbers. The Fitting class €N,
1s injective.

In particular, for any prime p, the Fitting class €, &, of all p-nilpotent

groups 1s injective.

Remark 7.2.32. Let p be a prime. We say that a group G is p-constrained if
G is & p-constrained group. M. J. Iranzo and M. Torres proved in [IT89] that
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a group G possesses a unique conjugacy class of p-nilpotent injectors if and
only if G is p-constrained. Moreover, in this case,

Inj@p/GP(G) ={0p »(G)P: P € Syl(G)},

and the p-nilpotent injectors of G are the p-nilpotent maximal subgroups of
G containing O, ,(G).

Theorem 7.2.33 ([IPMS88]). Fuvery extensible saturated Fitting formation
18 injective.

Proof. Assume the result is false and let G be counterexample of least order.
Clearly 7 = char § = n(F) and M, C § C &, since § is saturated.

Assume the result is false and let G be counterexample of least order.
Since G possesses F-injectors if and only if G/ O,/ (G) possesses F-injectors,
it follows that O,/ (G) = 1. Also, since § is an extensible homomorph, G has
F-injectors if and only if G/Gz possesses §-injectors. Therefore Gz = 1.

Consider, as in Theorem 7.2.4, the set &€ = {E1,...,E,} of all
F-components of G and suppose that £ # (). Observe that, since Gz = 1,
the §-components of G are just the components. Let ¢ = 1,...,n. Then every
$-maximal subgroup J; of E; containing the §-radical of F; is an §-injector
of E; by Proposition 7.2.2 (2). Consider the subgroup J = (Ji,...,J,). By
Theorem 7.2.4, we have that J is normal in G. Moreover, J is an §-group.
Hence J is contained in Gz and then J; = 1. This implies that E; € &,
and, since E; is subnormal in G, we obtain that E; = 1. Then E(G) =1
and F*(G) = F(G) = 0:(F(G)) x O (F(G)). But O(F(G)) < G5 =1 and
O (F(G)) < Ox(G) = 1. Hence F*(G) = 1. This contradiction proves the
theorem. O

It is not difficult to prove that every extensible saturated Fitting formation
§ is of the form

g= (G : all composition factors of G belong to § N 3).

The most popular extensible saturated Fitting formations are the class
&, ™ a set of primes, and the class & of all soluble groups.

Applying the above result, every finite group possesses & -injectors. In
general, if V' is an & -injector of a group G, then V' is a maximal 7-subgroup
of G containing O, (G); but |G : V| need not to be a 7’-number. If G possesses
Hall m-subgroups, in particular if G is soluble, then the & -injectors of GG are
the Hall 7m-subgroups of G.

Concluding Remarks 7.2.34. There are many other injective Fitting classes
closely related to the ones presented in the section. For instance, for each
prime p, let us consider the class &,+,, the p*p-groups, defined by H. Bender
(see [HB82b]). This is the class composed by all groups G factorising as G =
N Cg(P) for any normal subgroup N and any P € Syl,(N), where Cg(P)
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is the largest normal subgroup of Ng(P) acting nilpotently on P. A group
G € €,«, such that OF(G) = G is said to be a p*-group and the class of all
p*-groups is denoted by €,-. The class &, is an injective Fitting class and, in
fact, any Fitting class § such that &,-, C § C €,-&,, is injective (see [IT89]).

Other examples of injective Fitting classes are the class€,Q of all
p-quasinilpotent groups and the class O = (G : G/ Cg (Op(G)) €6y) (see
[MP92]). These classes satisfy the following chain

€, C €y, C €6, C OF

where all containments are strict.
Finally let us mention the contribution of M. J. Iranzo, J. Medina, and
F. Pérez-Monasor in [IMPMO01] that, using that the class &, is injective, proves
that the class of all p-decomposable groups is an injective Fitting class.
Bearing in mind Salomon’s example in Section 7.1 and the results of the
present section, the following question arises:

Open question 7.2.35. Is it possible to characterise the injective Fitting
classes?

7.3 Supersoluble Fitting classes

It is well-known that the product of two supersoluble normal subgroups of
a group need not to be supersoluble. In other words, the class 4 of all su-
persoluble groups is not a Fitting class, although 4 is closed for subnormal
subgroups. This failure is the starting point of two fruitful lines of research.

1. Obviously the direct product of supersoluble subgroups is always super-
soluble; hence the study of different types of products, with extra conditions,
such that those special products of supersoluble subgroups give a new super-
soluble subgroup makes sense; following these ideas a considerable amount
of papers has been published in the last years dealing with totally permut-
able products, mutually permutable products, ... (see, for instance, [AS89),
[BBPR96a])

2. On the other hand we can analyse the properties of supersoluble Fitting
classes, i.e. those Fitting classes contained in the class i of all supersoluble
groups. This investigation was encouraged by the excellent results obtained
in metanilpotent Fitting classes due to T. O. Hawkes, T. R. Berger, R. A.
Bryce, and J. Cossey (see [DH92, XI, Section 2]).

The question of the existence of Fitting classes composed of supersoluble
groups was settled by M. Menth in [Men95b]. In this paper he presented a
family of supersoluble non-nilpotent Fitting classes. These Fitting classes are
constructed via Dark’s method (see [DH92, IX, Section 5]). Terminology and
notation are mainly taken from [DH92, IX, Sections 5 and 6] and the papers
of Menth [Men94, Men95b, Men95a, Men96].
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Following Dark’s strategy, we start with a identification of the universe
of groups to consider. Let p be a prime such that p = 1 (mod 3), and n a
primitive 3rd root of unity in the field GF(p). The universe to consider will
be the class 6,63.

Now the ingredients are:

1. The key section k(G) of a group G € 6,63 is k(G) = OP(G).
2. The associated class X. Consider the groups

T={(a,b:a? =V’ =]a,b,a,a] =[a,b,a,b] =[a,b,b,b] =1)

and
V=(Ts:5°=1,a°=a",b°=0b").

These groups have the following properties:

a) |T| = p®, T" = Zy(T) and the factors of the central series are T/T" =
Cpx Cp, T/ Z(T) = Cp, and Z(T) = Cp, x Cy;

b) Z(V) = Z(T') and the conjugation by s induces on T//T’ the power
automorphism x — z™, on 7"/ Z(T) the power automorphism z —
2", and centralises Z(T);

c) every extension of T' by an elementary abelian 3-group is supersoluble;
in particular V is supersoluble.

Let Uy be the class of all finite groups G which can be factorised as

G = XY where

a) X = O0,(G) is a central product of copies T; of T' (the empty product,
i.e. the case O,(G) = 1, is admitted);

b) Y € Syl;(G) and for every index ¢, we have that Y/ Cy (T;) = C3 and
[T)(Y/ Cy(T3) = V.

3. The class B = DP(Vy) = (G € 6,63 : k(G) € Vo).

The following result is due to Menth. We quote it here without proof.

Theorem 7.3.1 ([Men95b, 4.2]). The class U = Fit(V') is the Fitting class
generated by V. If G € U and write P = O,(G), Vo = OP(G), and C =
O3 (ZOO(VO)), then

1. G is supersoluble;
2. F(G) = PC and G/ F(G) is an elementary abelian 3-group;
3. G = Cp(Y)Vy for every Sylow 3-subgroup Y of G;
4. Soc(G) < Z(G).
Moreover, U is a Lockett class ([Men94, 2.2]).

This supersoluble Fitting class is contained in 6,&3. The above construc-
tion can be generalised to include examples of supersoluble Fitting classes in
6,6, for other odd primes ¢. In [Tra98], G. Traustason gives an example of
a supersoluble Fitting class in &,8&,. This class is also constructed following
Dark’s strategy.
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In contrast with metanilpotent Fitting classes, supersoluble Fitting classes
are extremely restricted in additional closure properties. This is also proved
by M. Menth in [Men95a]. In this section we will present the most relevant
results of this paper.

Lemma 7.3.2. Let G be a supersoluble group. Then, Fit(G) is supersoluble if
and only if Fit(G) C lform(G).

Proof. Denote & = lform(G). Since G is supersoluble, & C {{. Hence Fit(G)
is a supersoluble Fitting class.

For the converse, observe that since G is supersoluble, the quotient group
G/ Oy ,(G) is an abelian group of exponent e(p) dividing p—1 for each prime p
by [DH92, 1V, 3.4 (f)]. Applying Theorem 3.1.11, the saturated formation & is
locally defined by the formation function f, where f(p) = form(G/ O, ,(G)),
if p divides |G|, and f(p) = 0 if p does not divide |G|. It is rather easy to
see that f(p) = A(e(p)), where A(m) denotes the class of all abelian groups
of exponent dividing m. Since f(p) is subgroup-closed for all primes p, the
formation & = LF(f) is subgroup-closed by [DH92, IV, 3.14]. Hence the class
Fit(G) N & is s,,-closed.

Let X be a group which is the product of two normal subgroups Ny, Ny of
X such that Ny, N2 € Fit(G)N&. For each prime p, we have that X/ O, ,(X)
is the normal product of Ny Op ,(X)/Op p(X) and Ny Op (X)) Opr p(X).
Since X € Fit(G), then X is supersoluble and so X/ O, ,(X) is abelian by
[DH92, IV, 3.4 (f)]. Moreover, for i = 1,2, we have that

N; Oy p(X)/ Op p(X) = Ni/ Oy n(N;) € A(e(p)),

since N; € LF(f). Hence X/ O, ,(X) € A(e(p)). Hence X € &. This is to say
that the class Fit(G) N & is Nyp-closed.

Therefore Fit(G) N & is a Fitting class containing G. Thus, Fit(G) C
lform(G). O

Lemma 7.3.3. Let X be a group such that the regular wreath product W =
XC' is a supersoluble group for some non-trivial group C'. Then X is nilpotent.

Proof. Suppose that the result is false and let X be a counterexample of min-
imal order. Then X is a non-nilpotent group and the regular wreath product
W = X C is a supersoluble group for some non-trivial group C. Denote
by X the base of group of W. If Y is a subgroup of X, denote by Y the
corresponding subgroup of X?. Let N be a minimal normal subgroup of X.
Then (X/N)1C = W/N*% by [DH92, A, 18.2(d)]. Moreover (X/N)C is su-
persoluble. By minimality of X, we have that X/N is nilpotent. Since X is
non-nilpotent, it follows that X € b(M) and so X is a primitive group. Since
X is a supersoluble non-nilpotent primitive group, then X possesses a unique
minimal normal subgroup Y which is a cyclic group of prime order, ¢ say,
and Z(X) = 1. Then Y! is a minimal normal subgroup of W by [DH92, A,
18.5(a)]), and W is primitive by [DH92, A, 18.5(b)]. In particular, the order
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of the minimal normal subgroup of W is a prime. Note that the order of Y
is ¢/°!. This contradiction proves the lemma. a

Theorem 7.3.4. Let § be a supersoluble Fitting class. Assume that X is a
group and p is a prime such that the reqular wreath product X 1C), € §. Then
X is a p-group.

Proof. Set G = X1 C, € §. We can assume, without loss of generality that
§ = Fit(G). By Lemma 7.3.2, § C lform(G). We can apply now some results
due to P. Hauck (see [DH92, X, 2.9 and 2.10]) to deduce that X! P € § C
lform(G), for every p-group P.

Suppose further that X is not a p-group. Then there exists a prime divisor
q # p of | X|. Since X ! C}, is supersoluble, it follows that X is nilpotent by
Lemma 7.3.3. Therefore X = Oy ,(X).

Applying Theorem 3.1.11, lform(G) = LF(f) is locally defined by the
formation function f, where f(r) = form(G/ O, .(G)), if r divides |G|, and
f(r) = 0 if v does not divide |G|. Then P € f(q) for all p-groups P. Hence
S, C flg) = form(G/ Oqzyq(G)).

Observe that for every natural number e, the class 6,(,6) = (G € 6, :
exp(G) < p°) is a subformation of &,. Hence form(G/ Oy 4(G)) has infinitely
many subformations, and this contradicts the theorem of R. M. Bryant, R. A.
Bryce, and B. Hartley ([DH92, VII, 1.6]). O

Fitting classes with the property of Theorem 7.3.4 are called abstofiend by
P. Hauck. This term is translated into English as repellent (see [DH92, X, 2,
Exercise 4]).

Proposition 7.3.5. Let § be a Fitting class of soluble groups. Suppose that
the group G is a semidirect non-direct product G = [N]A of the normal sub-
group N by a q-subgroup A, q a prime. Suppose that A induces the automorph-
ism group A* on N and consider the semidirect product G* = [N]A*. Then
GeFifand only if G € 5.

Proof. First observe that A* = A/C4(N) and C = Cy4(N) is a normal
subgroup of G. Thus, the group G* = G/C is an epimorphic image of G.
Moreover, since the semidirect product is non-direct, C # A.

Suppose that G € §. Then &, C §, by [DH92, IX, 1.9], and G/N = A € §.
Moreover NN C = 1 and G/NC = A* is nilpotent. By Lemma 2.4.2, the
G*2G/CeF.

The same arguments show that G is in §if G* 2 G/C € §. O

Proposition 7.3.6. Let § be a Fitting class and suppose that G is an §-group
such that G is the semidirect product G = [N](s) where N = Ny x -+ x Ny,
N; normal in G, 1 < i < n. Let o; be the automorphism of N; induced
by conjugation of s. For each i = 1,...,n, consider a copy N; = N; and
construct the semidirect product H; = [N; x N;](s), where s induces on N; the
automorphism 0;1. Then H; € §.
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Proof. Without loss of generality, we can argue with the normal subgroup V;.
Consider the direct product N* = Ny x N x---x N,, and a cyclic group (t) such
that (s) 2 (t). Construct the semidirect product G* = [N*]({s) x (t}), where
N; and all factors N; are normal in G* and the operation of s and ¢ on the N;
is as follows: s centralises N and acts on N; in the same way as o0;; ¢ centralises
N1, operates on N; in the same way as o, for 2 < i < n and on N; as o1. Since
N; € §, we have that Ny € §. Therefore (N*,s) = (N*t) 2 N; x G € 3.
Then G* € §. The normal subgroup (N*,st™1) of G* is an F-group. Finally,
observe that H; = (N; x Ny,st™!) and this is normal in (N*,st~1). Hence
H, €5. O

Remarks and notation 7.3.7. Let p and g be different primes, p odd, such that
q divides p — 1. Let e and r be natural numbers.

1. Recall that Aut(Cpe) = Cpe-1(,—1) (see [DHI2, A, 21.1]). Each natural
number m, with ged(m,p) =1 and 1 < m < p° can be uniquely written
in the form m =tp+k, for 0 <t <p® ! —1and 1 <k < p— 1. The pair
(t, k) uniquely determines the automorphism o(¢, k) of the cyclic group
Cpe = (x) of order p¢, defined by x7(tF) = gtr+k — gm.

2. Therefore there exists an automorphism a = o(t, k) of Cpe of order g.
This means that n = ¢tp + k # 1 is an integer such that n? = 1 (mod
p°). Moreover any automorphism of Cpe of order g is of the form o' for
1<t <q—1.If z is a generator of the cyclic group Cpe, then 2o =gn'

3. Let X, be the direct product of r copies of the cyclic group of order p°.
Construct the semidirect product G, = [X,]C of X, and a cyclic group
C = (s) & C, where s raises all elements of X, to the same n-th power.
If {x1,...,2,} is a set of r generators (a basis) of X,, observe that all
subgroups of the form (x;,s), for ¢ = 1,...,r, are isomorphic to E(q|p®)
(see [DH92, B, 12.5]).

Lemma 7.3.8. Consider the Fitting class, Fit(G,), generated by the group
G.. For any natural number k, let Hi, = [Xi|C denote a group which is a
semidirect product of the homocyclic abelian group Xy of exponent p°® and
rank k > 1 by a cyclic group C = (a) such that « is an automorphism of Xy,
of order q and det(a) = 1. Then Hy, € Fit(G,).

Proof. The prime ¢ is a divisor of p — 1 and then ged(q,p) = 1. By [DH92,
A, 11.6], Xy has a direct decomposition X3 = Xjq) X -+ x Xp(,) into {()-
admissible subgroups Xj,(;) with the following properties for each i = 1,. .., s:

1. Xy is indecomposable as a (a)-module;
2. Yy = X))/ P(Xk(i)) is an irreducible GF(p)(a)-module.

The finite field GF(p) contains a primitive ¢-th root of unity n. This implies
that every irreducible representation of the cyclic group C, over the field
GF(p) is linear ([DH92, B, 8.9 (d)]). Therefore Yy, ;) = C,, foreachi =1,...,s.
Therefore Xj,;) = Cpe for each @ = 1,...,s. This is to say that there exists a
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basis of Xj such that the action of a on X}, according to this basis, can be
written as a diagonal matrix diag(n*t,...,n*~1 n*), where A = —(\; +---+
Ak—1)-

Consider the homocyclic group Xj4,—1 of exponent p® and rank k+r —1
and fix a basis {z1,..., 2k, Y1, ., Yr—1} Of Xpgr_1. Foreach j=1,... k—1,

consider the extension L; = [Xji,_1](c;) of Xp4,—1 such that x;” = x?k",

. . A
7 =, ifle{l,....k}\{j}, and ys? = y?", for s =1,...,r — 1. Consider
Q.

also the extension Ly = [Xjq,_1](ax) of Xgyr—1 such that 2" = xgx, 't =
ap, ifle{l,...,k—1}, and yo* :y?k, fors=1,...,7r—1.
In other words, the action of the automorphism o; on Xy, ,_1, in the fixed

basis, can be written as a diagonal matrix

o = diag(1,...,1,n% 1,...,1,n% ... nh), if1<j<k-1,
N—— ——— —— —
j—1 k—j r—1
and
ag :diag(l,...,l,n)‘,...,n/\).
—— ———
k—1 r

Hence, for all j = 1,...,k, we have that L; = G, x X;_; and therefore
L]' S Flt(Gr)

Set L = [Xgqr—1){a1,...,a). Clearly L is a normal product of Ly, ..., L.
Hence L € Fit(G,). Consider the product

k
: AL A Ae—1 oA
a:Haj:dlag(n tnt? o ntt ot 1)
j=1 v

r—1

and the normal subgroup Lo = [Xp4,r—1]{a) of L. Identify X} = (x1,...,xx)
and observe that the subgroup (X, «) is isomorphic to Hy and Ly 2 Hy x
X,_1. Therefore Hy, is isomorphic to a subnormal subgroup of L. Hence Hy, €
Fit(G,). |

Lemma 7.3.9. Let o be any nontrivial automorphism of X, of order a power

of ¢ and write G = [X,]{(a). Then G4 € Fit(G).

Proof. If the order of « is ¢ and m > 1, then the order of a?” ! s q.
Since (X,,a?" ') is normal in G, then (X,,a?" ') € Fit(G). Therefore
we can assume that the order of a is ¢. As in Lemma 7.3.8, there ex-
ists a basis {x1,...,2,} of X, such that the matrix of « with respect to
this basis is diagonal and a = diag(n™,...,n*). Since a # id, not all
A; are equal to 0. Without loss of generality we can assume that A\; = 1.
As a consequence of Proposition 7.3.6, the class Fit(G) contains the group
E, = [X4](61) which is an extension of X, by the automorphism (; such
that in a fixed basis of X, has a diagonal matrix expression as follows:
By = diag(n,n=1,1,...,1). Clearly, this group is isomorphic to Ez = [X,]{32),
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where the automorphism (> in the fixed basis of X, has a diagonal matrix ex-
pression 3o = diag(1,n%,n72,1,...,1). Hence F, belongs to Fit(G). Therefore
the class Fit(G) contains the extensions of X, by the automorphisms 3;, for
j=1,...,q— 1 such that in the fixed basis have diagonal matrix expressions
as follows:

By = diag(n,n"*,1,...,1)
By = diag(1,n%,n"%,1,...,1)

Bq—1 = diag(1,...,1, nd=1 n)

Thus Fit(G) contains the extension of X, by the automorphism

q—1
i=1

and then G, = [X,](8) € Fit(G). O

Lemma 7.3.10. Let X be a homocyclic group of exponent p° and let G =
[X]Q be a semidirect non-direct product of X and a q-group Q.

1. If ¢ > 3, then Cpe 1 Cy € Fit(G).

2. If ¢ = 2, then Fit(G) contains the extension of X4 by {(«a, B8), where «
and 8 are automorphisms of Xy, i.e. members of the group GL(4,Z/p°Z),
such that in a fived basis {x1, 2,23, 24} of X4 have matriz expressions

0010 -1

0001 -1
1000~ A= 1
0100 1

3. In both cases 1 and 2 the Fitting class Fit(G) is not supersoluble.

Proof. By Proposition 7.3.5, we can assume that ) is a group of automorph-
isms of X. Since the semidirect product is non-direct, there exists an element
s € Q which is a non-trivial automorphism of X of order a power of g. It is
clear that [X](s) is subnormal in G and then H = [X|(s) € Fit(G).

By Lemma 7.3.9, we have that Fit(G,) C Fit([X](s)) C Fit(G). By
Lemma 7.3.8, the class Fit(G) contains all extensions of a homocyclic group
X of exponent p° by a € Aut(X) of order ¢ such that det = 1.

1. Suppose that ¢ is odd. Observe that the regular wreath product Cpe1Cy
is isomorphic to a extension of the homocyclic group X, of exponent p® and
rank ¢ by an automorphism o of order ¢ whose action on X, has matrix
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0100...00
0010...00
0001...00
0000...00
0000...01
1000...00

whose determinant is (—1)?~! = 1. Hence C, 1 C;, € Fit(G).

2. Since « and (8 have both order 2 and determinant 1, the extensions
(X4, o) and (X4, ) are in Fit(G). The group (a, () is isomorphic to a dihedral
group of order 8. Therefore the extension H = [X4](a, §) is a subnormal
product of (X4, ) and (X4, 3) and then H € Fit(G).

3. In Case 1, the Fitting class Fit(G) is not supersoluble by Theorem 7.3.4.

In Case 2, suppose that the group H is supersoluble and consider the
Frattini quotient Yy = X, /®(X4). The group H* = [Yy](«, ) is an epimorphic
image of H and then H* is supersoluble. Denote Yy = (y1, Y2, ys,y4), where
yi = ;P(Xy), for i = 1,2, 3,4. Now the respective actions of a and [ on the
4-dimensional GF(p)-vector space Yy have the same matrix representation,
but now considered in GL(4,p). Let N be a minimal normal subgroup of H*
contained in Yj. Since H* is supersoluble, the group N is cyclic, N = (y) say.
This is to say that y is an eigenvector for a and for 3. Since y is an eigenvector
for 3, then either y = 27" z3? or y = x53z)*. But then y is not an eigenvector
for a. Hence H is not supersoluble and Fit(G) is not a supersoluble Fitting
class. O

Theorem 7.3.11. If § is a supersoluble Fitting class, then every metabelian
§-group is nilpotent.

Proof. Assume that the result is not true and let G be a metabelian non-
nilpotent F-group of minimal order. Note that N = G’ is abelian. For every
element x ¢ N, N(z) is a metanilpotent normal subgroup of G. If N(z) were
a proper subgroup of G for each element x € G, then G would be nilpotent.
This would contradict the choice of G. Therefore G = N (x), for some element
x ¢ N. By the same argument, we can assume that z is a g-element for some
prime g. Clearly N is not a g-group and G = O, (N)Q for some Q € Syl (G)
such that € Q. The subgroup Gy = Oy (N)(z) is subnormal in G. Hence
Gy € §. If Gy were nilpotent, then G = NGy would be a product of two
subnormal nilpotent subgroups and therefore G would be nilpotent, contrary
to supposition. The minimal choice of G implies that G = Gy, i. e., we can
assume that N is a ¢’-group. We also may suppose that x is of order q. For
a prime p with p # ¢, the subgroup O,(N) is normal in G. If O,(N)(z) is
nilpotent, then z centralises O,(N). In this case G = N*(z) x Op,(N), where
N* is the Hall p’-subgroup of N. By minimality of G, N*{x) is nilpotent. Thus
G is nilpotent, and this contradicts our choice of G. Hence, we can assume
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that N = Ny x --- x N, where N; € Syl, (N), for all primes p; dividing
|N|, and z induces on each N; a non-trivial automorphism o;. Since = does
not centralise N1, it follows that x does not centralise some chief factor of G
below Nj. This implies that g divides p; — 1 since G is supersoluble.

Consider the semidirect product H = [P]C, where P = Ny x Ny, with
No =2 Ny, and C = (z). Suppose that = induces on N; the automorphism o4
and on Ny the automorphism 01_1. By Proposition 7.3.6, we have that H € §
and H is non-nilpotent.

By [DH92, A, 11.6], we have that Ny has a direct decomposition Ny =
Aq(g) X -+ X Aoy with the following properties for each ¢ = 1,..., k:

1. Aj() is indecomposable as a C-module;
2. Aj0)/P(Ai()) is an irreducible GF(p;)C-module;
3. Aj(o) is homocyclic.

Note that A;)/P(A;()) is a faithful C-module and so its dimension is
1 because ¢ divides p; — 1 ([DH92, B, 8.9 (d)]). Therefore A;qy = Cpe for
each i = 1,..., k. Moreover = induces on each Aj;q) an automorphism o L
Analogously N1 = Ay X -+ X Ay, Aijq) = Cpe for each i = 1,...,k and
x induces on each A;(;) the automorphism o;. By Lemma 7.3.6, we have that
[A1(0) X A1(1)]C € §. Hence Lemma 7.3.10 implies that § is not supersoluble.
This contradiction proves the theorem. a

Theorem 7.3.12. Let § be a supersoluble non-nilpotent Fitting class. Then
S is not closed with respect to any of the operators Q, s, and Eg.

Proof. Assume that § is a Q-closed non-nilpotent supersoluble Fitting class.
Let H be a supersoluble non-nilpotent F-group of minimal order. Then H/N is
nilpotent §-group for every minimal normal subgroup N of H. Consequently
H € b(M) and so H is a primitive group. Then, by Theorem 1, N = Soc(H)
is a minimal normal subgroup of H and N = Cg(N) and N is cyclic of
prime order. In particular, H is metabelian. This contradicts Theorem 7.3.11.
Therefore the class § is not Q-closed.

Suppose that § is an Eg-closed supersoluble non-nilpotent Fitting class.
Since § is composed of metanilpotent groups we can apply the theorem [DH92,
X1, 2.16] to conclude that § is s-closed. Applying Theorem 2.5.2, § is a sat-
urated formation. In particular, § is Q-closed. This contradiction proves that
T is not Eg-closed. Note that § cannot be subgroup-closed either. O

Recall that a Fischer class is a Fitting class § satisfying the following
property: if G is a group in § and H/K is a normal nilpotent subgroup of
G/K for some normal subgroup K of G, it follows that H € §. These classes
were originally introduced by Fischer in the soluble universe. If § is a Fischer
class of soluble groups, then the §-injectors of a soluble group are exactly
the Fischer §-subgroups, which are the natural duals of Gaschiitz’s covering
subgroups (see [DH92, IX, Section 3]).
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Corollary 7.3.13. Let § be a supersoluble non-nilpotent Fitting class. Then
T is not a Fischer class.

Proof. Assume that § is a Fischer class. We shall prove that § is subgroup-
closed. Suppose that this is not true and let G be a group of minimal order such
that G € § but M ¢ §F for some subgroup M of G. Among the subgroups of
G which are not in §, we choose M of maximal order. Clearly M is a maximal
subgroup of G. If G’ is contained in M, then M is normal and so M € §,
contrary to supposition. Consequently, G = M G’. Since, by [DH92, VII, 2.2],
M has prime index, it follows that M /M NG’ is a cyclic group of prime order.
Note that G’ is nilpotent and M N G’ has prime index in G’. This implies
that M NG’ is normal in G’. Therefore M N G’ is normal in G. Since § is a
Fischer class, we have that M € §, contrary to the choice of M. Then § is
subgroup-closed. This contradicts Theorem 7.3.12. Consequently, § is not a
Fischer class.

Since metanilpotent Rg-closed Fitting classes need not be Q-closed, the
exclusion of the Rg-closure cannot be argued in the same way. What Menth
shows is that the supersoluble Fitting class U introduced at the beginning of
the section is not rg-closed.

Theorem 7.3.14. The class U is not Rg-closed.

Proof. We will use the notation introduced at the beginning of the section.
Let us consider the direct product W = V x V¥ of two copies of V. The
diagonal subgroup D = {(z,2%) : * € V} of W is isomorphic to V. The
subgroups A = {(z,1) : # € T'} and B = {(1,2%) : « € T’} are normal in
W and AN B = (1,1). Observe that the subgroup G = (A, D) is a semidirect
product G = [A]D = [B]D and G/A = G/B = V € Y. Next we see that

G ¢ .
The element (s,s%) is a 3-element and then (s,s¥) € OP(G). Hence the
commutator [(a,a?®),(s,s¥)] = (a,a?)""! € OP(GQ) and also (b,b¥)""! €

OP(Q) for the generators a,b of T. Therefore D is contained in OF(G). There
exists an element ¢t € T \ Z(T') such that t* = t7* . Hence [(¢,1),(s,8%)] =
([t,s],1) = (t"°=1,1) € OP(G). Since n is a primitive cube root of unity
in GF(p), we have that p divides n® — 1 but ged(p,n? — 1) = 1. Therefore
(t,1) € OP(G). Then [(t,1), (a,a?)] = ([t,a],1) and [(¢,1), (b,0%)] = ([t,b],1)
are in OP(G). Then A < OP(G). Therefore G = OP(G) and the group G is
p-perfect.

Observe that the subgroup Z(T) x Z(T)¢ is a subgroup of Z(0,(G)) of
order p?. If we suppose that G € U, then G € U; and then O,(G) is a central
product of copies of T'. Since |0,(G)| = p®, we need exactly two copies of T,
Ty, T, say, such that [Ty N Ty = p?. Therefore Z(Ty) = Z(Tz) = Z(0,(G))
has order p?. This contradicts the previous observation. Hence G ¢ 0. We
conclude then that U is not rRg-closed. O
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Let § be a Fitting class of soluble groups. If 7 is a set of primes, § is said
to be Hall-m-closed provided that whenever H is a Hall m-subgroup of G and
G € §, then H € §. The class § is said to be Hall-closed if it is Hall-w-closed
for all sets of primes .

Theorem 7.3.15. Every metanilpotent Lockett class is Hall-closed.

Proof. Assume that the result is false and let § be a metanilpotent Fitting
class that is not Hall-closed. There exists a set 7 of primes and a group G € §
such that G has a Hall m-subgroup H ¢ §. Set F = F(G), and let py, ...,
P be the prime divisors of |F|. Then F is the direct product of its Sylow
pi-subgroups P;, 1 < ¢ < n, and G/F is nilpotent. Having numbered the
primes suitably, there is an integer k (1 < k < m) such that pq,..., py are
elements of m. Note that £ < n because otherwise H would be subnormal
in G. Then P=HNF = P, P,. The quotient H/P is isomorphic to a
subgroup of G/F and therefore nilpotent. Hence H/P is generated by cyclic
subgroups (x;P). At least one of the subgroups (P,x;) is not an F-group.
Let us choose H* = (P,z) such that |H*| is of minimal order. Then HZ
is a normal maximal subgroup of H*. Now we replace G by G* = (F, ),
because G* € § and H* is a Hall m-subgroup of G*. Set Q = P41 --- P,. We
define a direct product D = (P, z1) x (@, x2), where (P, z1) is a copy of H*
and (Q,z2) is a copy of Q(z). Then K = PQ(x1x2) is a normal subgroup
of D isomorphic to G*. Hence K is contained in Dz = (P,x1)z X (@, z2)3.
Since |(P,xz1) : (P,x1)5| = P and |(Q,z2) : (Q,x2)5| = p, it follows that
|D : D3| = p?. However |D : K| = p. This contradiction proves the theorem.
O

Not every supersoluble Fitting class is a Lockett class ([Men96, Example
1]). In the following we shall prove that every supersoluble Fitting class is
contained in a supersoluble Lockett class.

Theorem 7.3.16. Fvery supersoluble Fitting class is contained in a supersol-
uble Lockett class.

Proof. Assume that § is a supersoluble Fitting class. If G € §*, then D =
{(g,971) : g € G} is a subgroup of (G x G)z by [DH92, X, 1.5, 1.9]. Therefore
D is supersoluble. Since G is an epimorphic image of D, it follows that G is
supersoluble. Therefore §* is a supersoluble Lockett class. a

7.4 Fitting sets, Fitting sets pairs, and outer Fitting sets
pairs

This section has two main themes. The first is connected with Fitting sets
and injectors. The second subject under investigation is the localised theory
of Fitting pairs and outer Fitting pairs developed in [AJBBPROO].
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As mentioned in Section 2.4, the theory of Fitting classes has been enriched
by the introduction of Fitting sets by W. Anderson in [And75]. Recall that
a subgroup H of a group G is an injector of G if H is an F-injector of G
for some Fitting set F of G. One the most important motivating questions in
the theory of Fitting sets is to determine which subgroups are injectors. Some
results in this direction are presented in [DH92, VIII, Section 3]. There Doerk
and Hawkes proposed the problem of describing injectors of soluble groups
without explicit use of the concept of a Fitting set.

This problem is complicated by the general nature of injectors: there are
likely to be many Fitting sets for a given group, often leading to different sets
of injectors. For example, the set of injectors of a soluble group includes all
its normal subgroups, all its Hall subgroups, and all its maximal subgroups
[DH92, VIII, 3.5]. An injector A of a finite soluble group B must have rather
strong properties that can be described without direct reference to Fitting
sets: AN K must be a CAP subgroup of K and pronormal (see [DH92, Sec-
tion I, 6]) in B for each normal subgroup K of B [DH92, VIII, 2.14]. However,
these properties are inadequate to characterise injectors [DH92, Exercise 2,
p. 553]. We present here the best attempt to accomplish that task. This char-
acterisation, unpublished at the moment of writing this, was communicated
privately by its authors, R. Dark and A. Feldman ([DF]), to us.

If G is a group, denote by Inj(G) the set of all injectors of G. The following
result is a very useful characterisation of this set. Recall that if H is a subgroup
of G then

sp HY = {S < G : S is a subnormal subgroup of HY, for some g € G}.

Lemma 7.4.1 ([DH92, VIII, 3.3]). Let G be a soluble group and H a sub-
group of G. Then any two of the following statements are equivalent

1. H € Inj(G)
2.5, HC is a Fitting set of G.
3.5, HS is the smallest Fitting set of G which contains H.

Lemma 7.4.2. Suppose S and T are pronormal subgroups of a soluble group
G and z, y € G. If S and T are subnormal in (S,T) and S* and TY are
subnormal in (S*,TY), then there exists z € G with S = 5% and TV =T*>.

Proof. Let X be a Hall system of G which reduces into (S, T'). Applying [DH92,
I, 6.3], S and T are normal in (S,T) = ST. By [DH92, I, 4.21], X reduces
into both S and T. Analogously, S* and T¥ are normal in (S*,TY) = S*TY.
Then by [DH92, I, 6.11], S*TY = (ST)* for some z € G. This implies that X'*
which reduces into (ST)?, reduces into the subnormal subgroups S* and S*
and TY and T# of that group. But the pronormality of S and T then implies,
by [DH92, 1, 6.6], that S* = S* and TY = T*%, as claimed. O

Now we prove a result that will supply the inductive step in our eventual
characterisation of injectors:
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Theorem 7.4.3. Let G be a soluble group and suppose H is a subgroup of G
and M is a normal subgroup of G. Assume that the following condition holds:

Whenever S is a subnormal subgroup of H, g € G, S9 < HM and
S1=HNSIM is subnormal in H, then S1 and SY9 are conjugate in
J = (51, 59). (7.1)

Then

1.if S is a subnormal subgroup of H, then S is pronormal in Ng(SM) and
2.if HM € Inj(Q), then H € Inj(G).

Proof. 1. Let g be an element of Ng(SM), so that SIM = (SM)9 =SM.
Note that if S is subnormal in H, then SM is subnormal in H M, and therefore
S1=HNSIM =HNSM = S(HN M) is subnormal in H. Applying (7.1)
with ¢ = 1 yields S and S; = S(H N M) are conjugate. Now, by order
considerations, S = S;. By (7.1) then, S and S9Y are conjugate in (S, S9); i.e.
S is pronormal in Ng(SM).

2. Suppose that S and T are subnormal subgroups of H and a,b € G with
5% and T? normal in S*T*. By Lemma 7.4.1, it suffices to find an element w
such that ST is subnormal in H". Now SM and T'M are subnormal sub-
groups of HM and S*M and T°M are normal in Y = S*T°M = S*MT*M ,
and because HM € Inj(G), there exists ¢ € G such that Y is subnormal in
(HM)® = H°M. Let Hy = H¢ and Sy = S°. Note that condition (7.1) still
holds when H is replaced by the conjugate Hy. Replacing S and g by Sy and
¢ 'a we have Sy is subnormal in Hy, S§ = S* < HyM, and S§M = S*M is
normal in Y which is subnormal in HyM. Hence S§M is subnormal in HyM,
and S} = Hy N S§M is subnormal in Hy. Then by (7.1), S; and S are con-
jugate in (S;,8?%) < S°M < Y. Similarly, Ty = Ho N T*M is subnormal in
Hy, and T? is conjugate in Y to T}; hence there are elements =,y € Y such
that S¢ = % and T} = T°.

Now S*M = HoM N S§M = (HyoN SSM)M = S;M and then Y <
Ng(S*M) = Ng(S1 M), and if follows from Assertion 1 that S is pronormal in
Y. Similarly, T} is pronormal in Y. We also have that S; and 7 are subnormal
in (S1,71) and S7,TY normal in STT}. By Lemma 7.4.2, there exists z € Y
with S¥ = S7 and T} = Tf. Hence S*T® = S¥T} = (S171)* is subnormal in
Hi = H, so setting w = cz yields our result. a

Now we are ready to prove that two properties that do not involve Fitting
sets are equivalent to that of being an injector. Not surprisingly, conjugation,
which is crucial to the definition of Fitting set and normality (and there-
fore indirectly, subnormality) play an important role in these properties. In
particular, for convenience we introduce the following definition:

Definition 7.4.4. If H and X are subgroups of a soluble group G and g € G,
we say H is (X, g)-pronormal if HN X and H9 N X are conjugate in J =
(HNX,HINX).
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Note that H is a pronormal subgroup of G if and only if H is (G, g)-
pronormal for all g € G.
We now can prove:

Theorem 7.4.5 (R. Dark and A. Feldman). Let G be a soluble group, and
suppose that H is a subgroup of G. Then any two of the following conditions
are equivalent:

1. H is an injector of G;

2. whenever H< K < G, g € G, and X and X9 are subnormal subgroups
of K, then H is (X, g)-pronormal;

3. whenever M/N is a chief factor of G which is not covered by H, S is a
subnormal subgroup of H such that HNN < S, g € G, and S9 < HM
with Sy = H N SIM subnormal in H, then Sy and S9 are conjugate in
J =(51,99).

Proof. 1 implies 2. Suppose that H is an F-injector of G for some Fitting
set F of G. Then, with K and X as in 2 and J as in the definition of (X, g)-
pronormal, H is an Fg-injector of K by [DH92, VIII, 2.13], and then HNX is
an Fx-injector of X by [DH92, VIII, 2.6], and hence H N X is an F-injector
of J by [DH92, VIII, 2.13] again. Similarly, HY is an Fxs-injector of K9, and
X is subnormal in K9 by hypothesis, and then H9 N X is an Fx-injector of
X, and H9 N X is an F-injector of J. Thus by Theorem 2.4.26, H N X and
HY9 N X are conjugate in J, establishing 2.

2 implies 3. First observe that, in these hypotheses, we certainly have
that H avoids M/N. With X = M, we see that H N M and HY N M are
conjugate in J = (H N M,H9 N M), and then (H N M)N and (HY N M)N
are conjugate in JN. But JN/N < M/N, which is abelian, and it follows
that (HNM)N = (H? N M)N. This holds for all g € G because X = M is
normal in G, and then (H N M)N is normal in G. Since H does not cover the
chief factor M /N of G, we have that (HNM)N < M. Then (HNM)N = N,
establishing the result.

Assume the hypotheses of 3 and take X = SY9M. Then X is subnormal
in H9M and X9 ' is subnormal in HM. Also, X < HM, and X = HM N
SIM = (HN SIM)M = S1M is subnormal in HM. Moreover, H N X =
S1 by definition, and H9 N X = HINSIM = SI(HY N M), which equals
S9(H9 N N) inasmuch as HY avoids M/N. But H N N < S by hypothesis,
and then HIN N < 59, and H9N X = 59. Thus 2 yields that S; and SY are
conjugate in (S1,59), as claimed.

To see that 3 implies 1, we pass through an intermediate Step 4.

4. Whenever M/N is a chief factor of G which is not covered by H, and
such that Coreq(H) < N < M < (HY), and S is a subnormal subgroup
of H such that HNN < S, g€ G, and S9 < HM with Sy = HNSIM
subnormal in H, then S1 and S9 are conjugate in J = (Sy,59).
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It is clear that 3 implies 4. Hence we have to prove that 4 implies 1.

Note first that if C = Coreg(H), it is easy to see that if 4 holds for
H < @, then 4 also holds for H/C < G/C. Moreover, if H/C € Inj(G/C),
then H € Inj(G) by [DH92, VIII, 2.17]. Thus it suffices to prove that if 4 holds
for H/C in G/C, then H/C € Inj(G/C), and we may assume that C' =1, i.e.
H is core-free in G.

We proceed by induction on the index [(HY) : H|. If (H®) : H| = 1,
then H = 1 inasmuch as H is core-free. In this case H is obviously an injector
of G. Hence we may assume that [(H®) : H| > 1. Let M; be a minimal normal
subgroup of G such that M; < (H%). Since H is core-free, H does not cover
M. We see next that because 4 holds for H, it also holds for H Mj.

Suppose that M /N is a chief factor of G which 1 < M; < Coreg(HM;) <
N < M < ((HM;)%) = (HS) and M/N is not covered by HM;.

Now suppose that ¢ € G and S is a subnormal subgroup of HM; such
that HM; NN < S, g € G, and 89 < (HM;)M with S; = HM; N SIM
subnormal in H My,

Consider S = HNS. Then S is subnormal in H. Since My < HM;NN < S,
then S = HM,; NS = (HNS)M; = SM;, and then S9M = SIM. Observe
alsothat HNN=HNHM NN < HNS =S5 and S9 <59 < HM. Finally,
it is clear that S; = HNSIM = HN (HM; N S9M) = HN S, is subnormal
in H.

Thus the hypotheses of 4 hold, implying S; and SY are conjugate in J =
(S1,89). Moreover, S = SM;, and S9 = SIM;, and S; = HM; N SIM =
(HNSIMYM, = S;M;, and J = (S1,59) = JM;. Hence S; and SY are
conjugate in J.

Observe that [(HY)| = [((HM;)%) : HM,| < |[(H®) : H|. Thus the in-
duction hypothesis implies that HM; € Inj(G). To complete the proof, we
apply Theorem 7.4.3 (2) with M = M;. With N = 1, and by 4 applied to
the chief factor My /N, Condition (7.1) of Theorem 7.4.3 holds. Thus, The-
orem 7.4.3 (2) shows that H € Inj(G). O

Corollary 7.4.6. Let G be a soluble group. Suppose that H is an injector of
G and M a normal subgroup of G. Then H N M is pronormal in G.

Applying [DH92, VIII, 3.5], a maximal subgroup of a group is always an
injector. Hence, in particular, in a soluble group the intersection of a maximal
subgroup and a normal subgroup is pronormal in the group.

By [DH92, VIII, 3.8] every normally embedded subgroup of a soluble group
is an injector. In the following we give a proof of this fact using Theorem 7.4.5.

Corollary 7.4.7. Suppose H is a normally embedded subgroup of a soluble
group G. Then H € Inj(G).

1

Proof. Assume that H is normally embedded in G, H < K < G, and X, X9
are subnormal in K for some g € G. We shall show that H is (X, g)-pronormal.
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First we show that H N X and HY N X are locally conjugate in X. For an
arbitrary prime, p, let P € Syl,(H); let Py € Syl,(K) such that Py N H = P.
Because X is subnormal in K, P1 N X € Syl,(X), by [DH92, I, 4.21]. Also,
H N X is subnormal in H, and PN X = PN (HNX) € Syl,(HNX). Now H
normally embedded in G implies P € Syl ((P“)), and P < (P¥)N P, < (PC),
and then P = (PY) N P;. Because (P%) N X is normal in X, (P; N X) N
((PY) N X) € Syl,((PY) N X). But ((PY)NnX)N(PNX)= (P NP)N
X = PN X € Syl,(HN X). Hence any Sylow p-subgroup of H N X is a
Sylow p-subgroup of (P%) N X. By similar arguments, P9 € Syl,(H?) implies
PINX € Syl,({(P7))NX) = Syl,((P€) N X) and PYNX € Syl,(HY N X).
Thus we have Sylow p-subgroups of H N X and HY N X that are Sylow
p-subgroups of the same subgroup of X, and they are conjugate in X, as desired.

Now note that (P%)NX is normal in X, and since this works for all primes
p, HNX and H9N X are normally embedded in X. Thus HNX and H9NX
are locally pronormal [DH92, I, 7.13] and therefore pronormal [DH92, I, 6.14]
in X. Thus H N X and H9 N X are locally conjugate and locally pronormal
subgroups in X, and they are conjugate in X [DH92, I, 6.16]. Finally, the
pronormality of H N X in X implies that H N X and HY N X are conjugate
in their join; i.e. H is (X, g)-pronormal, establishing the result. O

Let § be a Fitting class. Blessenohl and Gaschiitz [BG70] introduced the
notion of §-Fitting pair which turns out to be useful for the construction of
normal Fitting classes in the Lockett section of F.

We need to deal with arbitrary (possibly infinite) groups. Hence if we
denote a group by G, we are assuming that the group G is finite. Otherwise,
we put G.

Definition 7.4.8. If N and M are groups, an embedding is a group mono-
morphism v: N — M.
If N¥ is a normal subgroup of M, then v is said to be a normal embedding.

Definition 7.4.9 ([BG70]). Let § be a Fitting class. An F-Fitting pair is
a pair (d,A) which consists of a group A and a family (dy € Hom(U, A) :
U e 8) such that for each mormal embedding v: U — V € §, the assertion
dy = vdy holds.

It can be proved that in this case {(g)%¢ : g € G,G € F} is an abelian
subgroup of A ([DH92, IX, 2.12 (b)]). Hence, without loss of generality, we
may assume that A is abelian.

In the same paper, Blessenohl and Gaschiitz gave examples of Fitting
pairs and proved the following result, which remains valid in the general finite
universe.

Proposition 7.4.10 (see [DH92, IX, 2.11]). Let § be a Fitting class and
let (d,A) be an F-Fitting pair. Then the class R = Ker(d, A) of all groups
G € § such that G4 =1 is a normal Fitting class such that . CR C §.
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Lausch [Lau73] showed that every non-trivial normal Fitting class in the
soluble universe can be described as the kernel of a Fitting pair. He also
described a universal §-Fitting pair, leading to the so-called Lausch group.
He carried out the construction for the case § = &, but as Bryce and Cossey
pointed out in [BC75], Lausch’s method applies to an arbitrary Fitting class
(see [DH92, X, Section 4] for details).

J. Pense, in his Dissertation [Pen87], generalised the concept of an
$-Fitting pair to that of outer §-Fitting pair.

Definition 7.4.11 (see [Pen88]). Let § be a Fitting class. An outer
S-Fitting pair is a pair (d, A) which consists of a group A and a family (dU €
Hom(U,A) : U € §) such that for each normal embedding v: U — V € §,
there exists an inner automorphism o of A such that dya = vdy .

Obviously, if A is an abelian group, then an outer §-Fitting pair is just an
$-Fitting pair.

Pense extended the definition of a Fitting set to an infinite group by requir-
ing it to mean a set of finite subgroups closed under conjugation and under
the usual operations of taking normal subgroups and forming finite normal
products. He also introduced the concept of F-Fitting sets pair (d, A), where
A is an abelian group, to develop a local version of the Lausch group in certain
type of groups ([Pen87]).

Definition 7.4.12. If N and M are finite subgroups of G, a G-embedding
is a group monomorphism v: N — M which is the restriction to N of an
inner automorphism of G.

If N is a normal subgroup of M, then v is said to be a normal

G-embedding.

Definition 7.4.13. Let F be a Fitting set of a group G. An F-Fitting sets
pair relative to G is a pair (d, A) which consists of a group A and a family
(dU € Hom(U,A): U € .7-") such that for each normal G-embedding v: U —
V € F, the assertion dy = vdy holds.

Note that, in our definition of F-Fitting sets pair, we do not require that
A is an abelian group. An outer F-Fitting sets pair is defined as follows:

Definition 7.4.14 ([AJBBPRO0O0]). Let F be a Fitting set of a group G.
An outer F-Fitting sets pair relative to G is a pair (d, A) which consists of a
group A and a family (dU € Hom(U,A) : U € .7-') such that for each normal
G-embedding v: U — V € F, there exists an inner automorphism o of A
such that dyo = vdy, .

If § is a Fitting class, then Trz(G) is a Fitting set of the group G, and if
(d,A) is an (outer) F-Fitting pair, then the pair (d, A), for (dy € Hom(U, A) :
U € Trz(G)), is an (outer) Trz(G)-Fitting sets pair relative to G.
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Definition 7.4.15. Two outer F-Fitting sets pairs (d;, A;), i = 1,2, are equi-
valent if there exists an isomorphism o: A1 — Ao, such that for each U € F,
there exists ay € Inn(Asz) such that doy = diyoay.

In [AJBBPROO], P. Arroyo-Jordd, A. Ballester-Bolinches, and M. D. Pérez-
Ramos made a complete study of outer Fitting sets pairs. In the sequel, we
will present the main results of this paper.

To begin with, we point out that there are some differences between Fitting
pairs and Fitting sets pairs. We shall show two of them.

Remarks 7.4.16. 1. In Definition 7.4.9 of Fitting pair, the group A can be
assumed abelian without loss of generality. This is not true for Fitting sets
pairs in general.

Let G be the alternating group of degree 5, G = Alt(5), and F the trace
in G of the Fitting class § = ©3656,. In other words, the Fitting set F is
composed of all subgroups of G of prime-power order, and the normalisers of
the Sylow 5- and 3-subgroups. Consider the symmetric group S = Sym(3) of
degree 3. If X is a subgroup of prime-power order of G, then put dx: X — S
to be the trivial homomorphism: x4% = 1 for all z € X. If P € Syl;(G) and
N3 = Ng(P), then put dy,: N3 — S to be a homomorphism such that
P = Ker(dy,) and Im(dy,) = ((12)). If Q € Syl;(G) and N5 = Ng(Q), then
put dy,: N5 — S to be a homomorphism such that @ = Ker(dy,) and
Im(dy,) — ((23)).

The pair ({dg : H € F},S5) is an F-Fitting sets pair relative to G.

Observe that S is not abelian and S = (k%% : H € F, h € H).

2. Pense [Pen87, Kollollar 3.30] shows that if (d, A) is a outer Fitting pair
with A finite, then it is equivalent to a Fitting pair. This is not true for outer
Fitting sets pairs.

Let Q = (z,y : 2* = 1,22 = y%,2¥ = 27!) be a quaternion group of
order 8 and fix a subgroup C = (z) of order 4 of Q. The set of all subgroups
of C' is a Fitting set F of @. The inclusion ¢: C — @ induces a family of
monomorphisms between the members of F and @. The pair (¢, Q) is an outer
F-Fitting sets pair relative to ). The inner automorphism a, of @ induced
by y gives a normal Q-embedding of v: ¢ — C such that 2¥ = ! and
Loy = VL.

If (¢, Q) were equivalent to a F-Fitting sets pair (d, A), there would exist
an isomorphism 1 : @ — A such that for each subgroup T of C' there would
exist ap € Inn(A) such that dr = tpbar. Since de = vde, we have that
x? € Ker(d¢). But tcthac is a monomorphism and therefore do # totbac.
Thus (¢, Q) cannot be equivalent to an F-Fitting sets pair (d, A).

The following result is the “Fitting sets” version of [Pen87, Satz 3.2].

Theorem 7.4.17. Let (d, A) be an outer F-Fitting sets pair relative to G
and let H be a Fitting set of A.
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1. The collection Hd~! = {U € F : U € H} of finite subgroups of G is a
Fitting set of G.

2. IfU € F, then Upgr = (U%)3) " .

Proof. 1. If N is a normal subgroup of U € Hd ™!, then N~ is conjugate in
A to the normal subgroup N% of U% € H. Thus N € Hd ™.

Assume that N7 and N5 are subgroups of G which are normal in T' = N1 Ny
and N; € Hd~ !, for i = 1,2. Then 797 = N{iTNgT and NidT is normal in 797,
for ¢ = 1, 2. Moreover, NidT is conjugate in A to NidN"', for ¢ = 1, 2. Therefore
T € Hd™!. )

2. Let C' = ((UdU)H)dU . By Statement 1, C is a normal Hd~!-subgroup
of U. If M is a normal subgroup of U, with M € Hd~', then M9 € H and
it is conjugate in A to M. Hence M < (U9 )y and then M < C. O

Definition 7.4.18. For an outer F-Fitting sets pair relative to G, (d, A),
and a homomorphism p: A — B, we define the induced outer F-Fitting
pair relative to G, (dp, B), by (d)r = dry, for every T € F.

The next theorem provides a criterion for the Fitting sets constructed by
means of outer Fitting sets pairs to be injective.

Theorem 7.4.19 ([AJBBPRO0]). Let G be a group and denote by Eg the
Fitting set composed of all finite subgroups of G. Let (d, A) be an outer g -
Fitting sets pair relative to G. Suppose that F is a Fitting set of A and the
pair (d, A) satisfies the following condition:

For each G-embeddingv: V — U, forU,V € Eg such that Urg—1 <
V¥, there exists n € Inn(A) such that vdy = dyn. (7.2)

Let X € Eg. If the group X9x possesses a single conjugacy class of
F-injectors, then X also possesses a single conjugacy class of Fd~l-injectors.

Proof. Let X be a subgroup of G and assume that T is an F-injector of
Xdx Denote by U = Td4x". We shall see that U is an Fd~l-injector of X.
Since T is an F-injector of XX it follows that (X*)r is a subgroup of
T. Hence Xrqg-1 = ((de)g)d;(l by Theorem 7.4.17 (2) and it is contained
in U. By property (7.2) there exists a € A such that (U%)® = U?x. Since
T = U ¢ F it follows that U € Fd~".

Let N be a subnormal subgroup of X and suppose that UNN <W < N,
where W € Fd~'. Since N is a subnormal subgroup of X, it holds that
Nrg1=NNXzgqg1 < NNU < W. By (7.2), the subgroup W9 is conjugate
in A to W9 which is in F. On the other hand, since (d,A) is an outer
Ea-Fitting sets pair relative to G, there exists § € Inn(A) such that dy is
dx0 restricted to N. Hence WV is conjugate in A to W?x. Consequently
Wix € F. Now Ker(dx) < Xgq-1 < U. Hence (U N N)% =T N N9 which
is contained in W9 < N9x_Since T is an F-injector of X9 and Wex € F,
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it follows that T N N9x = Wdx_ Therefore W < U and U NN = W. This
means that U is an Fd~!-injector of X.

Suppose now that X has a single conjugacy class of F-injectors. Let U
and U be two Fd~-injectors of X. A straightforward proof using analogous
arguments provides that U?* and U9 are F-injectors of X% . By hypothesis,
there exists # € X such that U = (U*)%x . Since Ker(dx) < UNU, it follows
that U = U”. 0

The rest of the section is devoted to construct injective Fitting sets using
outer Fitting sets pairs. We shall give some examples of outer Fitting sets
pairs which are local versions of the outer Fitting pairs constructed in [Pen88,
Sections 4 and 5]. These local constructions provide further information and
show that Fitting sets pairs are worth investigating.

Our first example leads to a p-supersoluble Fitting set, p a prime, in every
group. This Fitting set is dominant in the set of all p-constrained groups (see
Definition 2.4.29).

Example 7.4.20. Let G be a group and let J be a simple group. Suppose
that ng is the largest natural number such that |J|"¢ divides |G|. Denote
by Dj(ng) the direct product of ng copies of J. If ng = 0, we agree that
D;(ng) = 1. Let A;(ng) = Aut(Dy(ng)) and Os(ng) = Out(D,(ng)). It is
known that

1. if J is non-abelian, then A ;(ng) is isomorphic to the natural wreath
product

Aj(ng) 2 Aut(J) that Sym(ng) and  Oj(ng) = Out(J) tat Sym(ng).
2. if J = C,, for a prime p, then
Ay(ne) = GL(p,ng).

Also let Dy be the restricted direct product of countably infinitely many
copies of J and let A ; = Aut’(D ) be the group of all automorphisms of D ;
with finite support Denote O ; the group of outer automorphisms of D ; with
finite support.

Let § and & be two Fitting classes such that & C §.

1. ([Pen88, Theorem II]) For any group G and any chief series I' of G
through Gz and Gg, let D ;(I',§/®) be the direct product of all the J-chief
factors of I' between Gz and G, taken in the order of occurrence in I
We consider this group as the subgroup of D consisting of the first direct
components of D ;. The group G operates on every such D (I, Gz/Gs) and
by identical continuation also on D ;. This action defines a homomorphism

dég/®:G—>AJ.

Then the pair (dJ’S/"j, A ;) is an outer E-Fitting pair. This is called the chief
factor product Fitting pair.

The construction is dependent on the inherent choices only within equi-
valence of outer Fitting pairs.
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2. (JAJBBPROO, Ex. IV]) Let G be a group. Let £ denote the Fitting set
composed of all subgroups of G. For each T' € &g, i.e. for each subgroup T  of G,
we consider a chief series Iy of T' through T and Ts. Let D ;(I'r) be the direct
product of all the J-chief factors of T taken in the order of occurrence in I7.
We consider this group as the subgroup of D ;j(ng) consisting of the first direct
components of D j(n¢g). T acts by conjugacy on D;(Ir) and in trivial way on
the rest of components of D j(ng). This action defines a homomorphism

d;ﬁ/@: T — Aj(nag).

Then the pair (d‘]’g/"'z’7 AJ(ng)) is an outer Eg-Fitting sets pair relative to G.
This is called the chief factor product Fitting sets pair relative to G.

The construction is dependent on the inherent choices only within equi-
valence of outer Fitting sets pairs.

Remark 7.4.21. With the above notation, if F is a Fitting set of A, then
§ = Fd~ ' is a Fitting class defined by the chief factor product Fitting pair
by [Pen87, Satz 3.2]. Then Trz(G) is the Fitting set of G defined by the chief
factor product Fitting sets pair relative to G (see Theorem 7.4.17).

There exist Fitting sets associated with chief factor product Fitting sets
pairs which cannot be obtained in this way.

Let G be a group and p a prime dividing |G|. Following the notation the
above example, we take J = (), the cyclic group of order p, § = € the class of
all finite groups, and & = (1), the trivial class. Let ng be the natural number
such that p™¢ is the order of a Sylow p-subgroup of G. Then D;(ng) is an
elementary abelian p-group of order p"¢ and A;(ng) = GL(ng,p). Denote
by (d, GL(ng,p)) the chief factor product Fitting sets pair relative to G of
Example 7.4.20 (2), that is d = d%»¢/(1),

Let F = {U < GL(ng,p): U < Z(GL(ng,p)) }. Since Z(GL(ng,p)) is a
normal subgroup of GL(n¢, p), it is clear that F is a Fitting set of GL(ng, p).
By Theorem 7.4.17 we have that F; = Fd~! is a Fitting set of G.

It is proved in [AJBBPROO0, Ex. VI]) that there exist groups G for which
Fz is not the trace in G of any Fitting class. In particular, F is not the trace
in G of the Fitting class obtained by the inverse image of a Fitting set of A,
through the chief factor product Fitting pair.

We study the Fitting set Fz in a group G. We assume that ng # 0. For
any subgroup B < G, write p™8 the order of a Sylow p-subgroup of B. If

r € B, then
de _ M(‘x) 0 ,
0 Iig—ng

where M (z) € GL(np, p) is the matrix of the action of  on the p-chief factors
of a fixed chief series of B.

If B € Fz, then 292 = \I,,., for some non-zero scalar A of GF(p). Hence,
the p-chief factors of B are simple and all of them are B-isomorphic. In particu-
lar, Ker(dp) = Oy ,(B). Moreover, B/ Ker(dg) is a subgroup of Z(GL(ng, p))



350 7 Fitting classes and injectors

and then it is isomorphic to a cyclic group of order dividing p — 1. If B
does not contain any Sylow p-subgroup of G, then B is p-nilpotent; that is,
B = Ker(dp).

Note that all p-nilpotent subgroups of G are in F. If H is a subgroup of
G, the order of a Sylow p-subgroup of H is denoted by |H]|,.

Lemma 7.4.22. Let H be a subgroup of G. Assume that H is a p-soluble
group of p-length at most 1. Then:

1. Hr, is the unique Fz-mazimal subgroup of H containing O, ,(H); in
particular Hr, is the unique Fz-injector of H.

2. If |H|, < p™?, then Hr, = Oy ,(H).

3. If |H|, = p™, then Hz, 1is the set of all m € H such that m has scalar
action on the direct product of the p-chief factors of H in a chief series
of H.

Proof. 1. Let M be an Fz-subgroup of H containing O , f H).We claim that
M is normal in H, so that the conclusion is clear.

Since the p-length of H is smaller than or equal to 1, then M/ O, ,(H)
is a p’-group. Consequently the p-chief factors of H are completely reducible
GF(p)M-modules. Hence the direct product of the p-chief factors of H in a
chief series of H, viewed as a GF(p) M-module in the natural way, is GF(p)
M-isomorphic to the direct product of the p-chief factors of M in a chief series of
M. Since M € Fz, then M has scalar action on the above mentioned direct
product of the p-chief factors of H. Therefore [M, H] < Op ,(H) < M. In
particular M is normal in H.

2. If |H|, < p"°, it is clear that Hz, is p-nilpotent and then Hr, =
Opr p(H).

3. Assume now that |H|, = p"¢. Denote by S the set of all m € H such
that m has scalar action on the direct product of the p-chief factors of H
in a chief series of H. It is clear that S is a normal subgroup of H contain-
ing O, ,(H). Note that the p-chief factors of H are completely reducible as
GF(p)H r,-modules and also as GF(p)S-modules because Hx, and S are nor-
mal subgroups of H. Moreover, since |H|, = p™¢ we can easily deduce that
S € Fz and also that S = Hr,. O

Recall that the class €,/&, of all p-nilpotent groups is injective, and a
group G possesses a unique conjugacy class of &, &,-injectors if and only if G
is p-constrained (see Corollary 7.2.31 and Remark 7.2.32). Moreover, in this
case,

Ije s, (G) = {0 (G)P : P € SyL,(G)},

and the p-nilpotent injectors of G are the p-nilpotent maximal subgroups of
G containing Oy ,(G).

Lemma 7.4.23. Let H be a p-constrained subgroup of G such that |H|, =
p"e. Suppose that M is an Fz-mazimal subgroup of H containing Oy ,(H).
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1. There ezists a p-nilpotent injector I of H such that I = Oy ,(M).

2. Moreover, M is the Fz-radical of Ny (I) and is the set of all elements
m € Ng(I) such that m has scalar action on the direct product of the
p-chief factors of Ny (I) in a chief series of Ny (I).

Proof. Suppose that |M|, < p™©. In this case since M € Fz, we have that
M is a p-nilpotent group and then M is contained in a p-nilpotent injector,
X say, of H, because Op ,(H) < M. But clearly X € Fz, which implies
X = M. In particular M = O,/ (H)H, for some H, € Syl,(H), which is a
contradiction. Consequently there exists a Sylow p-subgroup H, of H such
that Op p(H)Hy < Op ,(M). But I = Oy ,(H)H), is a p-nilpotent injector

of H, which implies that I = O, ,(M).
Observe that I < M < Ng(I) and I = O, ,(Ng(I)). Since Ny (1) is a p-
soluble group of p-length at most 1, the conclusion follows from Lemma 7.4.22.
O

Theorem 7.4.24. Let H be a p-constrained subgroup of G. Then H has a
unique conjugacy class of Fz-injectors. Moreover, the Fyz-injectors of H are
exactly the Fz-mazimal subgroups of H containing O, ,(H), or equivalently,
the Fz-radical of H.

Moreover, we have:

1. If |H|, < p"©, then the Fz-injectors of H are exactly the p-nilpotent
injectors of H.
2. If |H|, = p™e, then the set of Fz-injectors of H is exactly

Injz, (G) = {(Nu(D) 5, : I € Injg e, (H)}

In particular, the Fz-injectors of H are the subgroups composed of all
elements m € Ng(I) such that m has scalar action on the direct product
of the p-chief factors of Ng(I) in a chief series of Ny (I), where I is a
p-nilpotent injector of H.

Proof. Note that if |H|, < p"¢, then the Fz-subgroups of H are exactly
the p-nilpotent subgroups. On the other hand, if |H|, = p"¢, it is clear by
Lemma 7.4.23 that the set of Fz-maximal subgroups of H containing O, ,(H)
is exactly the set {(NH(I))fz : I € Inj ¢, 6, (H)} which is a conjugacy class of
subgroups of H. Since O, ,(H) < Hz,, we deduce that this set also coincides
with the set of all Fz-maximal subgroups of H containing Hr,.

Therefore the Fitting set Fz is dominant in the set X = {H < G :
H is p-constrained}. O

J. Pense ([Pen87, 4.14]) presented a type of Fitting classes, constructed by
means of Fitting pairs, with respect to which every finite group has a unique
conjugacy class of injectors. An improved version of this result is presented
in [Pen90c]. We shall show in the sequel that Pense’s result is actually a
particular case of a more general one.
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Definition 7.4.25. Let G be a group and let S be a perfect comonolithic group
whose head is isomorphic to a simple group J. Let L be the subgroup generated
by all subnormal subgroups of G isomorphic to S

L=(T:T is subnormal in G and T = S)

and let
M = (Cosoc(T) : T is subnormal in G and T = S)

(which is a normal subgroup of L by Theorem 2.2.19). The factor group L/M
is called the S-head-section of G.

By Theorem 2.2.19, L = Ty - - - T,,,, where all T; are normal subgroups of
L and T; =2 S. Note that if S a perfect comonolithic subnormal subgroup
of a group which is the join of two subnormal subgroups S; and Ss, then
either S is contained in S or S is contained in Sz ([Wie39]). This implies
that T; N M = Cosoc(T;) and then T;M/M = J. Hence L/M is a group in
the Fitting class Fit(J) generated by J, i.e. L/M is isomorphic to a direct
product of copies of J, by Example 2.2.3 (1).

Example 7.4.26. Let G be a group and let S be a perfect comonolithic group
whose head is isomorphic to a simple group J. Let D;(ng), As(ng), §, and
& be as in Example 7.4.20.

1. ([Pen88, Theorem III]) For any group G fix an embedding of the
S-head-section of Gz/Gg as the first components of D ;. Then G operates on
D via this embedding, and therefore we have a homomorphism

Hg”’g/@:G*)AJ.

The pair (H%3/®, A ;) is an outer &-Fitting pair.

2. ([AJBBPROO, Ex. V] )

For each subgroup T of the group G, we fix an embedding of the S-head-
section of Tz/Te as the first components of Dj(ng). Then T operates on
D(ng) via this embedding, and therefore we have a homomorphism

h;,s/as: T — As(ng).
Denote by &g the Fitting set of all subgroups of G. Thus the pair
(1557 A5 (nc))
is an outer E5-Fitting sets pair relative to G.

Let S be a perfect comonolithic group whose head is isomorphic to a non-
abelian simple group J. Consider the Fitting classes § = €, the class of all
finite groups, and & = (1), the trivial class. Write H°/® = HS. Then it
appears the outer €-Fitting pair, (H*°, A ;) say. Consider the projection from
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A to Oy and let (H5,0) be the induced outer Fitting pair from the pair
(Hsa AJ) .

Analogously, if we consider the projection from A ;(ng) onto Oj(ng) =
Out(DJ(ng)) and let (hs, OJ(n(;)) be the induced outer Fitting sets pair
relative to G from the pair (A%, A ;(ng)).

Theorem 7.4.27. With the notation introduced above, let F be a Fitting set
of Oy(ng) all whose elements are subgroups of the base group of O;(ng) and
let T = F(ﬁs)_l be the Fitting set corresponding to the pair (izs, OJ(nG)).

If Out(J) is soluble, then each subgroup of G has exactly a conjugacy class
of T -injectors.

Proof. Note that for every subgroup B of O;(n¢g), the F-injectors of B N
Out (J)!, where Out(J)? is the base group of Oj(ng), are exactly the
F-injectors of B. Therefore each subgroup of Oy (n¢) possesses a single conjugacy
class of F-injectors by Theorem 2.4.26. Then it is enough to show that the
pair (;LS, OJ(ng)) satisfies the property (7.2) of Theorem 7.4.19.

Write f = hS. Let v: V. — U be a G-embedding between subgroups
U and V of G such that Ur < VY. We consider Ly /My and Lyv /My the
S-head-section of U and V' respectively. It is clear that Ly /My is the S-head-
section of Ly and so LéLU =1€F.Then Ly € Ff~' =T and Ly < U7 and
so also Ly < V¥, This implies that Ly < Ly+». Now suppose that there exists
a subnormal subgroup X of V¥ such that X & S and X is not subnormal in
U. Then, for any subnormal subgroup T of U such that T' = S, we have that
X and T are normal in X7, by Theorem 2.2.19, and then [X, T] < Cosoc(T).
Hence [X, Ly| < My. Therefore X < Cyv (LU/MU) < Cpy (LU/MU). Since
Cy(Lu/My) < Ker(fy) < Ur < V¥, it follows that X is subnormal in
Cuy(Ly/My) and also is in U, contrary to supposition.

Therefore the S-head-section of V¥ coincides with the S-head-section of U
and then it is conjugate to the S-section of V. By construction of the Fitting
sets pair, it follows that there exists n € Inn(OJ(ng)), such that vfy = fyn.

O

Now we deduce the aforesaid result of J. Pense.

Theorem 7.4.28 ([Pen90c]). Let S be a perfect comonolithic group with
head J. Consider the outer Fitting pair (H®,0;). Let F be a Fitting set in
the base group of Oy and let § = F(ﬁs)’l be the corresponding Fitting class.
If the outer automorphism group of J is soluble, then every finite group has
exactly a conjugacy class of §-injectors.

(n copies)

—_—~
Proof. First of all, note that A ; = lim,, (Aut(J X - X J)) and so A is
the (restricted, natural) wreath product lim,, (Aut(J ) tnat Sng with base
group Aut(J)%. Then Oy is A ;/Inn(J)? with base group Out(J)".
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For each group G we consider O;(ng) as a subgroup of O ;. With respect
to the outer Eg-Fitting sets pair relative to G, (hS,OJ(ng)) and for each
subgroup T of G, we have

(t)ﬁqs- — (ﬂﬁi € 0;(ng) <0y for every t € T.

Therefore it follows that Trg(§) = (Tro',(nc)(]:))(ﬁs)_l. Applying The-
orem 7.4.27, G has a conjugacy class of §-injectors. O

Recall finally Schreier’s conjecture, whose validity has been proved using
the classification of finite simple groups, which states that the group Out(J),
of all outer automorphisms of a non-abelian simple group J, is always soluble
(see [KS04, page 151]).





