Chapter 4
Second Order Linear Differential Equations

Introduction

1 (a).

1 (b).

1 (c).

3 (a).

3 (b).

4 (a).

4 (b).

4 (c).

5 (a).

The block’s weight is W, = (0 5)*(2)(50) = 257 1b. Therefore, we have

251t =1(0.5)*(Y)(62.4). Solving for Y yields ¥ =1.60256 feet.

1 , 624 32
Yo=——, y©=0,and o = Pig _ Kﬁ =———=19.968. Therefore, ®= 4.469, and thus
4 pL W, L 50 2

1
our equation for y(¢) is y(#) = —Zcos(4.469t) .

The maximum depth to which the block sinks would be Y + |y0| =1.603 +.0.25=1.853 feet.

y(6)=Vsinar. Y +22 =2 =y, = 02— Y) =1.7759% ft.
(0] (0]
We know that the frequency of oscillation is given by @” = % We can see that the density

for the second drum is greater than that of the first. Since all the other variables determining @

would be the same for both drums, p, > p, means that @, < @,, which in turn means that

T, > T,. Thus the first drum bobs more rapidly.

By the same rationale as in the first part, L, > L, means that w, < w,, which in turn means that
T, > T,. Thus the first drum bobs more rapidly.

Yo=0,T=2

1 1 1
yézE ft. y(t)zESina)t, with - 2=2r=>w=r. .. y(t):Esinm,

114 114 3 _ 45
o =7 ’g:>W,,— ’g'Vzrc(—j -5=—4ﬂft3

“w,L oL 2
457\ 1 32
W, :62.4(—5”j—2—:62.4-2-8 ~1430.1 Ib.
4 Jrn° 5 T

Using the model provided, my” = mg— p,Vg. We can rewrite this equation with m in terms of

V and p: pVy” = pVg— p,Vg. Simplifying this equation and solving for y”, we have

y’'= (Mjg We need not restrict this equation to the motion of cylindrical objects.
p
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5 (b). Using these initial conditions, antidifferentiation yields the general solution

- 1 ,
y= (%]gzwo t+ Y.

p—p, 30-624

6. =-.51923.
P 624
t2

s 0=-51923. 32‘5 +0+99 = 8.307691* =99 = r=11.9166... sec.
Section 4.1
1. All the relevant functions are continuous everywhere, so Theorem 4.1 guarantees a unique

solution for the interval (—ee,c0).

3

2. t,=m. Since g(t)=tant, %<t< 7”

4
3. Dividing the equation by e’ yields the functions p(1)=0, g(f) = — ,and g(7) = o
e e

1
(=1
These functions are discontinuous at the points *1 and 0, and since #, = -2, the largest ¢-

interval on which Theorem 4.1 guarantees a unique solution is (—eo,—1).

4, p(t)=%, q(t)Z%, O0<t<3.

5. Y+y=0, y(,)=1y, Y ()= yo’ for any to,yo,yo,.

6. y” +%y =0, y(t,)=1y,, Y (t,) =y, t,>3, any y,,y, (not both 0).

7. y” +%+$ =0, -1<t,<5, y(t,) =y, y'(t,)= yOI. v, and yO, cannot both be zero.

8 (a). y”—y7+%2:0, t,=1. 0<t<oo,

8(b). (0)—t)+1=0.

8 (c). No.

9. Theorem 4.1 guarantees a unique solution on the interval (—4,4), so it is not possible for the
limit to hold.

10.  Theorem 4.1 guarantees a unique solution on the interval (—e,3), so it is not possible for the

limit to hold.
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11 (a). B
11 (b). D
11 (). A
11 (d). C

Section 4.2

1 (a). yl” =4e” =4y, and yz” =8¢ = 4y,, so both equations are solutions.

ezt 26721‘

1(b). W=
® 2e¢* 47

=-8#0, so yes, the functions do form a fundamental set of solutions.

1 (c). The general solution would be y =ce” +c,-2¢™". Differentiating yields y’ =2c.e”* —4c,e™ .

y(0)=c¢, +2c,=1and y’(0) = 2¢, — 4c, = -2, and solving these two simultaneous equations
1
yields ¢, =0 and ¢, = 5 Thus the unique solution for this initial value problem is y(f)=e™> .

-t

2(a). y, =2¢'=yandy, =e " =y,,s0bothequations are solutions.

2et eft+3

2(b). W=
() ¢! _e—t+3

=—4¢*>#0, 50 yes, the functions do form a fundamental set of solutions.

2 (c). The general solution would be y =c¢,-2e' +c,-e ", Differentiating yields y’ =2ce' —c,e”™"

y(=1)=2c,e” +c,e* =1and y’'(-1)=2c,e”' —c,e’ =0, and solving these two simultaneous

1
equations yields ¢, = 2 and ¢, = PR Thus the unique solution for this initial value problem is
e

t+1 —1-1

+
2 2

3 (a). 1y, isnota solution. y, is a solution.

()= ¢

4 (a). Both equations are solutions.

cost sint

4((b). W= =1#0, so yes, the functions do form a fundamental set of solutions.

—sint cosf|

4 (c). The general solution would be y = ¢,cost+ ¢, sint. Differentiating yields

’

y' =—c,sint+c,cost. y(%) =c,=1and y’(gj =—c, =1= ¢, =—1. Thus the unique solution

for this initial value problem is y(#) =—cost+sint.
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5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).

7 (a).

7 (b).

7 (c).

yl, =2¢% = 2y, and yl” =4e* = 4y,.Thus yl” — 4y1’ +4y, =4y, -8y, +4y,=0.
y, =2te* +e* andy, =41e* +2e* +2¢* = 41e* + 4¢* . Thus

y, —4y, +4y, =416 +4e* —8te* — 4¢* +41e* =0, and so both equations are solutions.

2t 2t

e te
2¢*  (2t+1)e”

=e* #0, 50 yes, the functions do form a fundamental set of solutions.

The general solution would be y = c,e” + c,te” . Differentiating yields
y' =2ce” +2c,te” +c,e’. y0)=c,=2and y’(0)=2¢, +¢c,=0=>c,=—4.
Thus the unique solution for this initial value problem is y(f) = 2e*' — 4te™ .

Both equations are solutions.
1 ¢

4= %e% #0, so yes, the functions do form a fundamental set of solutions.

le
The general solution would be y =c¢, + cze%. Differentiating yields y’ = %cze%.
y(2)=c,+c,e=0and y'(2)=4c,e=2= ¢, =4e™ and c, = —4. Thus the unique solution for

this initial value problem is y(#)=—-4 + 47 .

’ 1 t T ” 1 . (t = ” L[t T |
Vi =—cos(§+§) and y, =——sm(§+§).Thus 4y, +y1:—sm(5+§)+sm(5+§)=0.

2 4
= lCos(i - Ej andy, = —lsin(l - E) Thus 4y, +y,=— sin(l - E) + sin[l - E) =0
TR UIEY IR Ry ) 2 TRTTL TS 27 3)

and so both equations are solutions.

L[t T L[t T
SIH(E + 5) Sln[a - g)
W =

1 t ﬂ:j 1 t T
—cos| —+—| —cos| ———
2 2 3 2 2 3

1] . (t = r T ([t T ! T
=—|sin| —+ — |[cos| ——— |—sin| —— — |cos| —+ —
a3+ 3 ool 5 )53+ 3

1 t t 1 2
= —sin| —+ r + = —sin el #0, so yes, the two equations do form a fundamental set
2 2 3 2 3) 2 3

of solutions.

t t
The general solution would be y =¢, sin(a + %) +c, sin(z - %) Differentiating yields

, 1 (t nj 1 (r n)
Yy =—-¢,COS§ —+— +—C2COS - | .
2 2 3) 2 2 3
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8 (a).

8 (b).

8 (¢).

9 (a).

9 (b).

9 (c).

10 (a).

10 (b). W

10 (c).

Using the first initial condition, y(0)=c, sin(g) +c, sin(— %) =0, and so ¢, =c,. From the

1 1 1 1
second initial condition, y’(0) = —c, cos g —C,C08 I —c¢,+—c,=1.Thus ¢,=¢c,=2,
2 3) 2 3) 4 4

t t t
and the unique solution is y =2sin —+E +2sin LI = 4sin| — |cos T = 2sin i .
2 3 2 3 2 3 2

Both equations are solutions.
2¢' e

W =
e’ e

=2¢" 20,50 yes, the functions do form a fundamental set of solutions.

The general solution would be y =c,-2¢’ +c¢, -¢”. Differentiating yields y’ = 2c,e’ +2c,e”".
y(=1)=2ce +ce? =land y’(-1)=2ce”" +2c,e”> =0, and solving these two simultaneous
equations yields ¢, = e and ¢, = —e”. Thus the unique solution for this initial value problem is

y(t) — 2et+1 _ 62(1+1)'

’ 1 ” 1 ’ 1 ’” 1 ” 7 ” ’
y, = > A :—t—z, Y, :;, and y, =—I—2. Thus ty, +y, =ty, +y, =0, and so both
equations are solutions.
Int In3f
w=|1 1|= ;(lnt—ln3t) =t"'(Int—In3—Inf)=-1"In30 on (0,%), so yes, the two
t t

equations do form a fundamental set of solutions.
The general solution would be y =c¢,Int+c,In3t=(c, +c,)Int +c,In3. Differentiating yields

+
Y = % From the first initial condition, y(3)=(c, +¢,)In3+¢,In3=0, so ¢, +2¢, =0.

C1+6'2

From the second initial condition, y’(3)= =3. Thus ¢, =18 and ¢, =—9, and so the

unique solution is y=18In7—91In37, 0 <t < co.

Both equations are solutions.

Int In3
L0

t

—In3

#0, so yes, the functions do form a fundamental set of solutions.

The general solution would be y = ¢, -Int + ¢, -In3. Differentiating yields y’ = C—; +0.

y(1)=0+¢,In3=0 and y’(1) = ¢, = 3, and solving these two simultaneous equations yields
¢, =3 and ¢, = 0. Thus the unique solution for this initial value problem is

y(t)=3Int, 0 <t <o,
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11 (). y, =3y, =6t,y, =2, andy, =-2¢7.Thus %y, -1y, =3y, =%y, —ty, —3y,=0,
and so both equations are solutions.
£ -t
11 (b). W = 3t =1t+3t=4t#0 on (—,0), so yes, the two equations do form a fundamental
t t
set of solutions.
11 (c). The general solution would be y = ¢, —c,t'. Differentiating yields y’ = 3c,t* +c,t . From
the first initial condition, y(—1)=—c, + ¢, =0. From the second initial condition,
1
Y()=3¢c,+¢c,=-2. Thus ¢,=¢, = 5 and so the unique solution is
1 1
y=—=t +=t", —e0<t<0.
2 2

12 (a). Both equations are solutions.

e’ 27 ) ) )

12(). W= it =0, Therefore, the Wronskian calculation does not establish that y, and y,

—e ' 2e
form a fundamental set.
13 (a). yl, =1, yl” =0, yz, =-—1, and yz” = 0. Thus both equations are solutions.
t+1 —t+2 )

13(b). W= | LT —t—1+1t-2=-3#0, so yes, the two equations do form a fundamental set
of solutions.

13 (c). The general solution would be y = ¢,(t+1) + ¢,(2 — ). Differentiating yields y’ = ¢, —c,. From
the first initial condition, y(1) = 2¢, + ¢, = 4. From the second initial condition,
y'()=c¢,—c,=—1. Thus ¢,=1and ¢, =2, and so the unique solution is
y=t+1+4-2t=—1+5.

14 (a). Both equations are solutions.

sinzrt+ cosmt SNzt —cosmt
14 (b). W = ) .
TCOSTt—WSINT! TTCOSTTt+ SInTTt
=2msinmtcosmt + m(sin’ 7wt + cos’ wt) — 2w sinzwrcoswt + m(sin® 7wt + cos’ we),
=2m #0 so yes, the functions do form a fundamental set of solutions.
14 (c). The general solution would be y = ¢,(sinzt +coszt) + c,(sinzwt — coszt) . Differentiating yields

vy’ =mc,(cosmt—sinmt) + mc,(cosmt + sinzt) .

1 1
Y(E):Q"‘Cz:l andy’(a)z—ncl+7rc2=0:clzc2=l2.
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Thus the unique solution for this initial value problem is
y =3 (sinfzs + cosmr) + 3 (sinzwt — coszr) = sin7me.

15 (a). y, is not a solution. y, is not a solution.

—anoneod ™ e 1
16 (b). y—sm(2t)cos(4j+cos(2t)sm(4j 2\E(2c0s2t)+\5(sm2t).

Thus ¢, =

ﬁ and ¢, = %

17 (a). ' =2+1+In3t=1In3t+3,y" = % Thus *y” — 1y’ +y=t—3t—tIn3¢t+2t+tIn3¢t=0.

17(b). y=2t+t(Int+In3)=t(2+1In3)+¢tInt. Thus ¢,=2+In3 and ¢, =1.

18 (b). y=2cosh({)=¢"+e " =1-¢7 +(~1)(-2¢").
Thus ¢,=1and ¢, =—7.

19.  Substituting y, into the equation yields 9¢*" + 30e™ + Be’ =0; 3+ B=-9. Substituting y,
into the equation yields 9¢™ — 3ae™ + Be™ =0; - 3a+ 8 =-9. Solving the two simultaneous

equations gives us =0 and f=-9.

20 (). y,(O=1y[(=Ly[()=0, y,(t)=e"y,() =y (D =¢".
0+ p()-1+q(1)-t=0, ¢ + p(t)-e' +q(r)-e' =0
p+qt=0, e'(l+p+q)=0=p+g=-1

1 —t
(==l g=—r/ p=—:
(1=Dyq 9= PT

20 (b). Both p and q continuous on (—eo,1) and (1,00).

et

t
20 (c). W = : =(t-1De' W #0 on (-,1) and (1,0)

e

20 (d). Yes, W #0 on the two intervals on which p and q are both continuous.

2
sds
1

21. From Abel’s Theorem, we have W (r) = W(l)e_I‘ - =>WQ)= 4.{3_'f

22. Substitute, 4> +20e” + Pe* =0 =20+ f=—4.

=4e V=472,

Also, W=e¢"=p(H)=a=1. .o=1B=-6 (y"+y —6y=0).
23. p(t) =0. From Abel’s Theorem, W () = W (¢,), which is a constant. Therefore, W (4) = -3.

t
dv
.[rop s -1?

24, y'+py +3y=0, W=W()e " =e

d,
O E(t )=2t.
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Section 4.3

2
1(@. W)= ‘2 1‘ =0, so the two solutions do not form a fundamental set.

1
1 (b). Since > v, and y, satisfy identical initial conditions, we can conclude from Theorem 4.1 that
1 1
—Eyl(t) = y,(?). Therefore, Eyl(t) +y,(H)=0, —co< <00,

1
2@.Wem%

) 1‘ =1#0, so the two solutions do form a fundamental set.

2 (b). Yes (Theorem 4.7)

0
3@. WO=|

‘ =1#0, so the two solutions do form a fundamental set.

3 (b). From Theorem 4.7, the two solutions do form a linearly independent set of functions on

—oo<L <00,
0
4 (). WQ@Q)= 0 2‘ =0, so the two solutions do not form a fundamental set.

4 (b). By Theorem 4.1, y (1) =0. Therefore, 1-y,(#)+0-y,(f)=0 and y,(¢?),y,(¢) are linearly

dependent.

5 (a). yl” —4y, =4e” —4e” =0, yz” —4y,=4e —4e7 =0, s0 yes, both are solutions to the

differential equation.

50). y=ey M)=2e% y,)=e2,y, 1)=-2¢.

2 -2
e
2

5@ W=,

=—-4 #0, so the solutions do form a fundamental set.

”

@ 3~y =dfse) e =045y, =afe ) (267) =0,

6(b). y(2)=e,y (-2)=1te’, y,(-2)=-2e,y, (-2)=e.

-1

e e
6(). W(E=2)= e__1 o 1= 2#0, so the solutions do form a fundamental set.
2

7(@). ¥ +9y =-9sin(3(r—1))+9sin(3(r—1)) =0,

yz” +9y, = —9(200s(3(t— 1))) + 9(2005(3(l— 1))) =0, so yes, both are solutions to the

differential equation.
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7 ().

7 (c).

8 (a).

8 (b).

8 (¢).

9 (a).

9 (b).

9 (c).

10 (a).

10 (b).

10 (c).

11.

12.

13.

14.
15.

n(1=0,y"()=3,y,0)=2,y 1)=0.
0
w(a)= 3 0‘ =—-6#0, so the solutions do form a fundamental set.
y/=e(=2cost—sin?),y/’= e *'(3cost + 4sint)
yl” +4y/+5y,=e " (3cost+4sint—8cost—4sint+5cost)=0
v, =e ' (=2sint +cost),y} = e (3sint— 4 cos?)
yz” +4y,+5y,=e'(3sint—4cost—8sint +4cost +5sint) =0
MO =1,y (0)=-2,y,00=0, y, ©)=1.
1
W)= ‘ ) 1‘ =1#0, so the solutions do form a fundamental set.
v, +2y, =3y, =9¢ —6 =3¢ =0,
Y, +2y, =3y, =9¢"? — 672 _ 367072 = 50 yes, both are solutions to the differential
equation.
n@=e*y 2)=-3¢",y,2)=1y, (2)=-3.
—6 1
wWQ2)= 306 3‘ =0, so the solutions do not form a fundamental set.
|— e —
¥, =6y +9y, =P (9-18+9)=0
y, —6y,+9y,=e* "9t +6—6(3t+1)+91))=0
MW=Ly (2)=3,y,(-2)=-2,y, (-2)=-5.
1 -
W(=2)= ‘3 5‘ =10, so the solutions do form a fundamental set.
o (2 1] |2 1 .
[y1 yz] = [yl yz] |1 ; e 3#0,s0 {y1 yz} is a fundamental set.
2 1 2 1 o
[yl yz] = [y1 yz] ) 1 ; 1T 0, so {)71 yz} is not a fundamental set.
B 0 21710 2 .
[yl y2]= [yl yz] 1 -1 ; | -1 =-2#0,s0 {y1 yz} is a fundamental set.

The set is linearly independent since one function is not a constant multiple of the other.

=1In’* =2Int=2f,, so the set is linearly dependent (2f, — f, =0).
2 1 y 17 J2
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16.
17.
18.

19.
20.

21 (a).
21 (b).

21 (c).

22 (a).
22 (b).

23 (a).

23 (b).

24.

25.

26.

The set is linearly independent since one function is not a constant multiple of the other.
The set is linearly independent since one function is not a constant multiple of the other.
Set k,-2+k, - t+k,-(—t) =0 and evaluate at t=-10,1.
2 -1 —1|k of 2 -1 -1 B
2 0 0|k |=|0[. 2 O O:—2‘1
2 1 -1|k of 2 1 -1

‘:—4;&0.
1

Therefore, k, = k, = k; = 0 and the set is linearly independent.

fi=2,f,=sin’t, f, =2cos’ t. Therefore, 2f, + f,— f,=0 on —3< ¢<2,so the set is linearly
dependent.

fi=e', f,=2e", f, =sinht. Therefore, ; f, — 1 f, — f; =0, so the set is linearly dependent.

fi =1t f,=2t=2f,so the functions form a linearly dependent set.

fi =t f,=—t=~f,,so the functions form a linearly dependent set.

fi=1t,f,=1t—1.These functions form a linearly independent set since one function is not a
constant multiple of the other.

If f,=cf,, thenf, —cf, =0. Therefore, the set is linearly dependent.

Assume {f,,f,} 1s a linearly dependent set. Then

ko f;() + k, f,(1)= 0 with k and k, not both zero. Assume that k, #0. Then (1) =~($2) £,(1) on
the domain.

If f,=3f—-2f,, then 3f,— f,—2f, =0 on the domain. Therefore, the set is linearly
dependent.

Assume {f,,f,,f;} 1s a linearly dependent set. Then

k f,() + k, f,(t) + k, f,(t) = 0 with k,,k,,k; not all zero. Assume, without loss of generality, that

k #0.Then f,(n=—(2)£,(0-(%)A0.

Any set of functions containing the zero function is linearly dependent.

Consider {0, f,, f5,....f,}. Then 1-0+0- £, +0- f; +...+0- f, =0.

Suppose that f, = a,f, +a,f, and f, = b, f, + b, f,. Then (a,—-b,) f, + (a, — b,) f, = 0. Since the
functions are linearly independent, a, — b, =a,—b,=0; a,=b,, a, = b,.

On 0<t<oo, f,=|=t=f. .. f,— f,=0and{f,,f,} is linearly dependent.

On —o < t<oo, let k f, +k,f, = kt+k,||=0 and evaluate at

t==1. Then k +k,=0, —k +k,=0= k, =k, =0 and this is a linearly independent set.
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2 1
27.

S
-8 -1 -3
o2 1
Section 4.4

1(@. X+A1-2=(A+2)(A-1)=0.Thus y=ce™ +c,e'.
1 (b). y(0)=c,+c,=3,y(0)=—2c, +c,=-3. Solving these simultaneous equations yields
¢, =2 and c, = 1. Thus the unique solution to the initial value problem is y=2e™> +e'.

1(c). limy=ecoand limy=-co.

t—>—oco t—>o00
1 1 1,
2(a). A-1=0=>21= iE.Thus y=ce " +c,e.

2(b). y2)=ce ' +ce'=1,y'(2Q)=-1ce” +1c,e' =0. Therefore,

L1 e e’ . : s :
ce=ce’ = 5 =c = 5 and ¢, = o Thus the unique solution to the initial value problem is

~(1-2) (1-2)
e A+§e %

y=3
2 (c). ,lirEoy:wand }LIE)’:W-

3(@). A —42+3=(A-3)(A-1)=0.Thus y=ce’ +c,e'.
3(). y0)=c,+c,=-1,y(0)=3c, +c,=1. Solving these simultaneous equations yields
¢, =1and ¢, =—2. Thus the unique solution to the initial value problem is y = e —2¢".

3(c). limy=0and limy=-co.

4(@a). 222-5A+2=2A-1)(A-2)=0.Thus y=ce” +c,e”.
4 (). y0)=c,+c,=-1,y(0)=3c, +2c,=-5. Solving these simultaneous equations yields
¢, =2 and ¢, =-3. Thus the unique solution to the initial value problemis y = e’ — 3¢

4(c). limy=0and limy=—co,

5(@. A-1=A+1)A-1)=0.Thus y=ce +c,e'.
5(M). y0)=c,+c,=1,y"(0)=—c, +c,=-1.Solving these simultaneous equations yields

¢, =1and ¢, =0. Thus the unique solution to the initial value problemis y=e"".

5(c). limy=ecoand limy=0.

t—>—o0 t—

6(a). A +2A=A(A+2)=0.Thus y=ce ™ +c,.
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6 (b).
6 (c).

7 (a).
7 (b).

7 ().
8 (a).
8 (b).
8 (¢).
9 (a).
9 (b).

9 (c).

10 (a).

10 (b).

10 (c).

11 (a).

11 (b).

11 (c).

12 (a).
12 (b).

12 ().

13 (a).

y(=l)=ce’+c,=0,y'(-1)=-2c,e’ =2. Therefore, ¢,=—eandc,=1, and y=1-¢"""".

lim y =—co and limy =1.

A +52+6=(A+2)(A+3)=0.Thus y=ce +c,e”.
y(0)=¢,+c¢,=1,y"(0)=-3c, —2c, =—1. Solving these simultaneous equations yields
¢,=—1and ¢, = 2. Thus the unique solution to the initial value problem is y =—e™>' +2¢™.

lim y = —cc and limy =0.
f—>—oo0 f—>o0

AN =51+6=(A—-2)(A—-3)=0.Thus y=ce” +c,e”.
¢, +c,=1,2c, +3c,=~1.Therefore, ¢,=4 and c,=-3, and y =4e” —3e”".

lim y=0 and limy = —co.

AN —4=A+2)(A-2)=0.Thus y=ce ™ +c,e”.
y(3)=ce* +c,e® =0,y (3)=—-2c,e” +2c,e’ =0. Solving these simultaneous equations yields
¢, =0 and ¢, =0. Thus the unique solution to the initial value problemis y =0.

limy=0and limy=0.

paroe paren
822 —6A+1=(4A—-1)2A—-1)=0.Thus y=ce” +c,e”.

ce’ e, =4, Leeh +1c,e” =3 Therefore, ¢, =2¢” and c,=2¢”, and
y= 2¢" " +2¢"

Hm y=0and limy =c.

3

22 =34 =(A)2A—-3)=0.Thus y=c, +c,e> .
3
V(=2)=c,+c,e” =3,y (-2)= 5C2€_3 =0. Solving these simultaneous equations yields

¢, =3 and ¢, =0. Thus the unique solution to the initial value problem is y = 3.

limy=3and limy=3.

N —6A+8=(A—-2)(A—4)=0.Thus y=ce” +c,e*.

ce’ +c,et =2,2ce” +4c,e* =-8. Therefore, ¢, =8¢ and ¢, =—6e™*, and

y= 8@2(t_1) _ 664(1—1)

lim y=0 and limy = —co.

—>—oo [—>o0

A +41+2=0.Thus A=

—41£416-8
2

=-2% \/E and y= cle(_z_\“‘z)’ 4 Cze(—2+\e‘ 2)t )
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13 (b).

13 (©).

14 (a).

14 (b).
14 (c).

15 (a).

15 (b).

15 (©).

16.

17 (a).

17 (b).
17 (¢).

18 (a).

18 (b).

18 (¢).

19.

y0)=c¢,+¢,=0,y(0)=(-2- V2 )e, +(=2+ N2 )c, = 4. Solving these simultaneous equations
yields ¢, =—+2 and ¢, = /2 . Thus the unique solution to the initial value problem is

y =—\/§e(_2_ﬁ)t +\/§e(—2+\/5)t'

lim y = —cc and limy =0.

t—>—o0 t—>o0
4++16+4
2

N —42-1=0= A= =2++/5.Thus y= cle(z_“rs)' + czem”rs)’.

¢, +c,=1,(2-75)c, + (2 +/5)c, =2 ++/5 . Therefore, ¢,=0and ¢, =1, and y = eV

lim y=0 and limy = oo,

—>—oo [—>o0

1 . -
212_1:O.Thus l:iﬁ and y:cle KZ +C2e/\s2'

1 1
yO0)=c¢,+c¢,=-2,y(0)= _ﬁcl + ﬁcz =42. Solving these simultaneous equations yields

i

¢, =-2 and ¢, = 0. Thus the unique solution to the initial value problem is y =—2e¢

lim y = —cc and limy =0.

—>—oo [—>o00

Since lime™ =0, y(H)=ce™ +2, y(0)=c, +2=1=> ¢, =—1. Therefore,

yH=2-¢, P+or+B=AA+3)=a=3=0andy’(0)=y, = 3.

e—z Ce/lzt

=
W - p
—e' Ace™

= (A, +Dce™> ™" = 4¢* . Thus A, =3 and ¢ = 1. The second member of the

fundamental set is then y, =e”'.

A +0oAd+B=(A+1)(A-3). Therefore =-2 and B =-3.

The general solution is y = c,e” +c,e’" . Using the initial conditions, we have
y(0)=c¢,+c¢,=3,y(0)=—c, + 3¢, =5. Solving these simultaneous equations yields
¢, =1and ¢, = 2. The unique solution to the initial value problem is y =e™" +2¢”.

A +2A=0= A=0,-2. Graph (C) since it is the only equation admitting a nonzero limit as

t—> o0,

64 =51 +1=31-1)(2A-1)=0= A =—,—. Graph (B)

b

N | =

1
3
A —1=0= A=1-1.Graph (A).

Utilizing the hint given, we can make the substitution u(f) = y’(¢). The equation then becomes

u’ =5u" +6u=0.
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20 (a).

20 (b).

20 (c).

21 (a).

21 (b).

22 (a).

22 (b).

The characteristic equation of this new differential equation is A*—51+6=(1-3)(A—2)=0.

Thus u(f)= cl,eZZ + cz’e3’ = y’(¢). Antidifferentiation gives us

| |
y=—c e’ +=c,e" +c,=ce’ +c,e’ +c,.
2 3 ;

mx” + k' =0, mA +kA=mA(A+%)=0= l:—ﬁ,O. Thus x(f)=ce ™ +c,.
m

k
r_ _k “mt . — _ k. —_m — m
xX'=—--ce SO, =Xy, — o O =V 0= V,C = Xy Y,

m

mvg mv,

_k _k
x(=—"re " +x,+ S =x, + 2 (1—e).

mvy

limx(#)=x,+—".
t—>o0

N =—Q=A+QA-Q)=0.Thus r(t)=c,e™™ +c,e” . From the initial conditions,
r(0)=c, +c, =1, and r’(0) = —Qc, + Qc, = r; . Solving these simultaneous equations yields
1 -1 1 -1 : : .
¢ = E(ro -Q ro) and ¢, = E(ro +Q rO). Thus the unique solution is
1

1
r= 5(1’0 - Q_lro’)e_g’ + 5(1’0 + Q_lro’)eg’ = 1, cosh(Q) + Q'r/sinh(Qr) . When 7, =7/ =0,

r(#) =0 and the particle remains at rest at the pivot.

1 30(27)

rn=0,r=—,/(=3,Q= = 7. We need to find r when r(¢) = ¢ = 3. With this condition,
0 5 60

sinh(7tt) . Solved for ¢, t=1.44705 seconds.

—Ei k/ Y 402
12+%Z—QZ=O.Thus}ti= 1n (f")Jr

Q-
| —

we have r(f)=3=

and the general solution to the differential

equation is 7= c,e*" + c,e™. From the initial conditions, we have

¢, +¢,=0and A_c, + A,c, = rj . Solving these simultaneous equations yields

o' .zsinhB [W H
\/% |+ a0

r’
c,=—c, = 0 ,and thus r(7)=

) a0

1
m=R’k=R> ..— =— would decrease.
m R
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2
22 (¢). Q=20 =20(27r) /60 = ;r ) !

m
2 2
(ﬁj +40Q° = [16+4 4z =5.79139, i=2’ n=1
" 9 2m

1-e™ -25sinh[2.89594
()= ¢ 28Inh(289594 o) 03605¢m.
579189

k

I, —=4s"

23 (a). r= c2[el*’ - eb] where A, >0 and A_ <0 (from question 22). For the positive limit,

A :9:%(—£+ (%1)2+4§22J.Therefore

[\S]

2
2 2
Q+= (k) +4Qz,and§22+2£§2+(£) :(ﬁ) +4Q°. Then
m m m n

ZEQ: 3Q°, and K = gQ.

m m

Kk’ 25
23 (b). Using the relation reached in part (a), (—j +4Q°% = %QZ +4Q° = ZQZ' Therefore
m

\/W:%Q and A :%{_5_ (57) +4QZ}:%[—§Q—§Q]=—2Q.

1 3 Q ’ Q
),+:_[__Q+§Q]:_,andso r(t) = %o e? —e |,
21 2 2 2

Section 4.5
1(@. X +22+1=A+1)°=0.Thus y=ce ' +c,te”’.

t

1 (b). y' =—ce +c,(1-1t)e”". From the initial conditions, we have

ce' +c,e’ =land —ce™ +¢,-0=0, and thus ¢, =0 and ¢, = e. The unique solution is then

y()=te ",
1(c). limy=—coand limy=0.

2 (). 9A'—61+1=3A-1)>=0.Thus y:cle% +czte%.
2(b). y=2tce’ +e,(1+1)e”. ce+3ce=—2and Lee+2c,e=—3= ¢, =¢ ' andc,=—¢"'. The
unique solution is then y(#) = et = 1- t)e“i% .

2(c). limy=0and limy=—co.

1——o0 1—>

3(@). A +6A+9=(A+3)°=0.Thus y=ce ™ +c,te”".
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3(b). y =-3ce” +c,(1-3t)e”" . From the initial conditions, we have

¢,=2and -3¢, + ¢, =-2, thus ¢, = 4. The unique solution is then y(#)=(2+ 4f)e .

3(c). limy=—coand limy=0.

4(a). 2522 +20A+4=(51+2)*=0.Thus y=ce > +cte ™.
4 (b)- y, = _?che_%t + 02(1_ %)e_%t'

ce’+5c,e” =de”and Feel +(1-2)ce =—3¢7 = ¢ =—landc,=1.

t

The unique solution is then y(7)= (71— 1)e_% .

4(c). limy=—coand limy=0.

[—>—oo0 [—>00

t t

5(a). 41 —4A+1=2A-1)*=0.Thus y=ce? +c,te>.

2 ro: ..
5(). y'=—=ce?+c,(1+—-)e?. From the initial conditions, we have
y P 2 >

1 1 1 1 1 1
ce? +c,e? =—4 and Ecle2 + Ecze2 =0, and thus ¢, = —6¢ * and ¢, = 2e¢ *. The unique

t—1

solution is then y(#)=(—6+ 2t)e7 .

5(c). limy=0and limy=co.

6(a). A —4A+4=(A-2)"=0.Thus y=ce” +c,te”.

6 (). ce’—ce’=2and2ce”’ +(1-2)c,e”’=1= ¢,=—e” and ¢, =3¢’
The unique solution is then y(f) = (=1— 3£)e*"*™".

6(c). limy=0and limy=—co.

7 (). 16A*=8A+1=(4A—-1)>=0.Thus y=clez+cztez.
1
7 (b). From the initial conditions, we have y(0)=c, =—4 and y; = ch +c¢,=3.Thus ¢,=4,and so

1

the unique solution is y(#) = (-4 + 4t)ez.

7(c). limy=0and limy=-co.

8(a). A +2V2A+2=(1++/2)>=0.Thus y= cle_“@ + czte_‘@.
8 (b). ¢,+0=1and —~2¢c,+(1-0)c,=0=> ¢,=land ¢, =2
The unique solution is then y(f)=(1+ «/Et)e"‘@.

8(c). limy=-—coand limy=0.

—>—oo [—>o00
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5 5

5\’ 3, 3,
9 (a). ),2—5/l+6.25=(/1—5) =0.Thus y=ce? +c,te?.

5 3 513
9(M). y'= Eclezf + cz(l +— tjezl. From the initial conditions, we have

\S)

ce”—2c,e”=0and =ce” —4c,e” =1, and thus ¢, = 2¢’ and ¢, = €. The unique solution is

5
then y(1) =2+ e .
9(c). limy=0and limy=oo.

10 (a). 34 +2V32+1= (V34 +1)>=0.Thus y=ce = +cyte .
10(0). y'=Fee ™ +ey(l-)e ¢, +0=2v3and e, +(1-0)c,=3= ¢,=23and ¢, =5.

The unique solution is then y(7) = (2\/5 + St)e_‘%t.
10 (c). lim y=—coand limy=0.

t——c0

1. 2 -20A+a*=(A-a) =0.Thus y=ce” +c,te” . From the initial conditions and the graph

provided, y(0) = ¢, =0 and at the maximum, y” = c¢,(1+ ot)e” = 0. Solving for the ¢ coordinate

. . 1 1
at the maximum gives us ¢, =——=2, and thus o = 5
o
. . . . 1) - -
Solving for the y coordinate at the maximum givesus y,_._=c, (——je '=2c,e”' =8¢, and
(04

thus ¢, = 4. Finally, the equation for y(z) is y(¢) = 4te 2, and a = —%, ¥, =0, y; =4.
” 4 ’ 4 1
12.y"=0 ~o=0, y=yi+y,, y0)=y,=2, yA)=(p)H+2=0=y;=——.

1
Therefore, y(f)=—31t+2, =0, y, =2, y(’):_E'

t t

13. 42 +4A+1=(24+1)"=0.Thus y=ce > +c,te . From the first point given, we have

1 1 1
y(1)=ce 2 +c,e > =e 2.From the second, we have y(2) =c,e”' +2c,e”' =0. Solving these
1 2 y 1 2 g

t t

two simultaneous equations yields ¢, =2 and ¢, = —1. Finally, we have y(¢) = 2¢ 2 —te 2, and

_r 1 !

differentiation gives us y’=—e % — 5(2 —f)e 2. Thus y(0)=2 and y’'(0) =-2.
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[N /4

14 (a). y,=e'v,y,=e'v+e'V, y)=e'v+2ev' +e'v”. Therefore
(V" +20+v) - 2t+DHW +v)+(t+DHv=0=
W+ QRt=2t—-DV +(-2t=-1+t+1)y=10"-0v"=0;

2
’ t
u=v, u —t'u=0, (t_lu) =0, u=ct=>v=c— ..y,=te
2

t t2 t
14m). w= " =26 #0 on (~0,0) and (0,9).
e (" +20e
2t+1 t+1
14 (c). p(t)= —%, q(t) = 5 continuous on (—<,0) and (0,e0).

15@). y, =tv, y, =v+10’, y/=t0"+2v". Therefore

£av” +20) - v+ 1) +to=v” + v = £(tv” +v’) =0, and so

’ . C .. . . . ’
(tv’) =0, which means that v” = —. Antidifferentiation yields v = cln|t| +¢’, and thus
t

y, =t1nff.
t  tlnft
15 (b). W= e t #0 on (—,0) and (0,c0).
1 Inff|+1

15 (¢). p(t)= —1, q(t)= l2, continuous on (—e0,0) and (0,e0).
t t

16 (a). y, =vsint, y; =v"sint+ vcost, y;=v"sint+2v’ cost—vsint. Therefore
(v”sint+ 20" cost—vsint) — (2cot )(v'sint +vcost) + (1 + 2cot’ f)sinv =0 =
v”(sinf) + v’ (2cost— 2cot tsint) + v(—sinz— 2cot fcost + sint + 2cot” tsint) = 0
=v’sint=0=v"=0, v=¢t+c, ..y, =tsint.

sint tsint

16 (b). W = =sin’t#0 on (nz,(n+D7)n=....-2,-1,0,1,2,....

cost sint+zcost

16 (c). p(t)=—2cott, g(f)=1+2cot’¢, continuous on same intervals.

17 (). y,=(t+1)’0, y,=2(t+ Do+t +1)°0, y7=(t+1)>0” + 4(t + 1)V’ + 2v. Therefore
(t+ D" + 4@+ D’V +2(t+ D’ v—4[2(t + D0 + (1 + D)’V |+ 6( + 1)y
=(t+1)*v” =0, and so v” =0. Antidifferentiation yields v = ¢,(t +1) + ¢, , and thus
y, =+ 1)’.

t+1?> (@+1)’

17 (b). W= )
2t+1) 3(@+1)

=(t+1)* #£0 on (—eo,—1) and (—1,00).
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17 (¢). p(t)= _il’ q(t) = ——, continuous on (—eo,—1) and (—1,0).
t+

t+1)*’

2,

2 2
18(a). y,=e¢ ' v,y;="2te" v+e 'V, .
2 2 2 2 2
y/==2e""v+4tre v=2te V' =2te” V' +e V.

Therefore, V7 — 410 + (2 + 4 +41(20v + V) + R+ 4Hv=0=v"=0;

sv=cttc,, y,=te .

2 2

e te”
2 2 2
Dte" e =21

_of?

18 (b). W = =e " #0 on (—oo,00).

18 (c). p(t)=4t, g(t)=2+4+>, continuous on (—oo,c0).
19 (). y, = (1=2)*0, ¥} =2(t = 2)0+(t = 2)*V’, y/'=(t —2)*0" +4(t — 2)V’ + 2v. Therefore
(t=2)""+4( =2’V +2(t =20+ 2(t-2)’v+(t=2)’'V —4(t—2)*v =0, and so

”

v+

v’ =0.Thus ((r- 2)50')' =0, and antidifferentiation yields v = —

—L —+¢,
(t—2) 4t —-2)"

and thus y, = (1 - 2)7.

(-2 (-2~ 4
19 (b). W= =— —00,2 2,00),
9Mb). W 2—2) —2(i-2)" (t_z);tOon( ,2) and (2,00)
1 4 .
19 (¢). p(t)= E, q(t)=— TR continuous on (—,2) and (2,c°).

[N /4

20 (a). y,=e'v, ¥y, =e'v+e'V’, y)=e'v+2e'v’ +e'v”. Therefore
-1 -1
v”+21)’+v—(2+n7)(v’+v)+(l+n7jv:0:>

n_l n n t

4
V=0= (") =0V =c s v="21" Ly, =1

e[ t"et n—1 2t
20(b). W= | =nt""e".

e (nt"" +1")e'

Ifn=1, W #0 on (—eo,0). If n =22, W #0 on (—<0,0),(0,00).

-1 -1
20 (¢). p(t)= —(2 + nT), q(t) = (1 + nT)’ continuous on same intervals.
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Section 4.6

1 (a).

1 (b).

1 (c).

1(d).

1 (e).

2 (a).
2 (b).
2 (c).
2 (d).
2 (e).
3 (a).
3 (b).
3 (c).

4 (a).

4 (b).
4 (c).

5 (a).

5 (b).

2™ = 2(005% + ising) =1+iV3

—2:J2e7 M = —2\5(005? +1isin _Tn) =-2+i2

Q2=De ™ =2 -i)(-i)=-1-12.

! e’ L (cos7—n+isin7—n)———\6 —i—1
242 242 42 42

6 6
(\Ee"”“y =4¢"™ = 4(cos2?n + isinz?n) = 4[—% + zg] =-2+i23

2005(«51‘) +1i2 sin(«ﬁt)

2e cos(3t)—iZe ' sin(3f)

—Le[cos(t+ ) +isin(t + )] = Le* cost +iLe’ sint.

3/3e% cos(31) +i3+/3e* sin(3¢)

—%(cos 3mt+isin3m) = —%cos@m) - i@ sin(37t)

A +4=0,and thus A =+i2.

y = ¢, cos(2t) + ¢, sin(2t)

Yy’ =—2¢,sin(2t) + 2¢, cos(2t) . Using the initial conditions, we have
y(m/4)=c,=-2 and y'(m/4)=-2c, =1.Thus

¢ = _%, ¢,=-2,andy= —%cos(2t) —2sin(2¢).

2 +4-
/12+2/l+2=0:>/1=#8=—1ii.

_ ~t —t
y=ce ' cost+c,e sint
Yy =—ce ' cost—ce " sint—ce sint+c,e ' cost. y(0)=c¢, =3 and y'(0)=-c,+c,=—1.

Thus ¢, =3, ¢, =2, and y =3¢ ' cost+2e¢ 'sint.

9A* +1=0, and thus lzii%.

t . (1
y=¢ cos(g) +c, sm(g)
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5@. y'= —%cl sin(%) + %cz cos(%). Using the initial conditions, we have
V31 1 (1) 1 (3

n/2)=—c, +—c,=4 and y'(n/2)=——¢,| = |+=¢c,| — |=0.
y(w/2) 5 T4 y'(m/2) 305 )39

Solving these simultaneous equations gives us

¢, =243, ¢, =2, andy=2\@cos(§)+2sin(§j.
2+V4-8 1.1
-

6(a). 2421 +1=0= A=

— Xl _.

2
6(b). y= cle% cos(é) + czeé sin(é)
6(c). ¥ =4%cetcos(£)—Scetsin(4) +Sc,e’ sin(4) +Lc,e’ cos(4).
y(m)=—c,e > =1 and y'(-1)=—Lce?(=1) +Lc,e?(=1)=—1. Thus

c,=—-3e’, c,=—e?, and y=-3e cos(é) —e’ sin(é).

NG

7 (a). X +A+1=0,and thus l:—%ii

7(M). y= cle_g cos[% t] + cze_i sin[% t]

, 1t (Y3)) V3 (43
7). vy :—Ecle 2 cos, Tt —Tcle Zsin Tt

L (BB 2 (VB
——c,e *sinf —t|+——c,e cos| —1|.
2 2 2 2

I

Using the initial conditions, we have y(0)=¢, =-2 and y’(0)= —%cl + 762 =-2.
Solving these simultaneous equations gives us

¢ ==2, ¢, ==23, and y = —2¢ > COS(%& “he? sm[?&

—4+16-2
8 (a). /12+4/1+5=0:>/1=#:—2ii.

8(b). y=ce cost+c,e sint
8(c). y' =-2ce cost—ce ' sint—2c,e” sint+c,e” cost.
y(%) =c,e” =7 and )”(%) =—ce " —2c,e” =-2.Thus

T

P2 .
c,=e¢", c,=Le", andy=e " (cost+1Lsins).
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9(a). 94 +6A+2=0,and thus Az—%ii%.

=< (t < . (1
9(M). y=ce’ cos(g) +ce ’ sm(g)

1 - 1 - 1 1 -
9(). y=—=ce? cos(lj —-—ce’ sin(lj ——c,e’ sin(ij +—c,e’? cos(i). Using the initial
3 3) 3 3) 3 3) 3 3

1 1
conditions, we have y(3m)=—c,e " = ¢, =0 and y’'(3n)= —§c2e_’t =3 Solving these

t
. . . Y D L
simultaneous equations gives us ¢, =0, ¢, =—e", and y =—e *¢" s1n(—).

10 (). A +47°=0= 1 =+27i.
10 (b). y = ¢, cos(2m) + ¢, sin(27r)

10 (¢). y’ = —2mc, sin(2nr) + 27c, cos(2nt) .

1
)’(l):c1=2 and y’(l):27[C2:1:>C2:§

1
Thus y=2cos(2nr) + 2—sin(2n‘t).
T
11 (a). *=2+421+3=0,and thus A =~/2 i.
11 (b). y=c,e"* cos(r) + c,e” ¥ sin(t)
11 (c). y' =2¢e ¥ cos(t)—c,e’ sin(t) + 2c,e"* sin(t) + ¢,e” cos(r) . Using the initial conditions,

we have y(0)=¢, = —% and y'(0)=+/2¢, +c, =2.

Solving these simultaneous equations gives us

12 (a). I +72=0=> A= i%i.
12 (b). y=¢, cos(% t) +c, sin(% t)

12 (c). y' = _%Cl sin(% t) + %cz cos(%t).

Thus y = —2cos(% t) + 3sin(% t)
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

A = *i, so the characteristic equation must be A*+1=0.Thus a=0andb=1.

1 1
=y(n/4)=——-1and y. = y'(n/4) = —+1.
Yo = y(1/4) NG and y; = y'(1t/4) N

A =24, so the characteristic equation must be A*+4=0.Thus a=0and b= 4.
=y(n/4)=2 and y; = y'(w/4)=-2.

A =-2%1i,s0 the characteristic equation mustbe A* +4A1+5=0.Thus a=4 and h=35.
=y(0)=1landy, =y'(0)=-2—-1=-3.

A =1%£2i, so the characteristic equation must be (A—1)* +4=21>-21+5=0. Thus

1
a=-2andb=5.y,= y(n/6)—— gandy0 y(/6)_—5—%

A = +im, so the characteristic equation must be A + 7> =0. Thus a=0 and b = 1°.

= y(1/2)=—1 and y, = y’(1/2) = —/3m.
y=sint+cost, so ¢ =0 and B=1. Rcosd=1and Rsind=1, so R=+/2 and 5:§.Thus

y:ﬁcos(t_g).

y=cosmt—sinmt, soa=0and f=m. Rcosd =1 and Rsind =—1, so R=+/2 and 5:%.

Thus y= «Ecos( t_?j
y:e’cost+«@e’sint, soazlandﬁzl.RcosSzlandRsinéz«@,so R:2and5:§.

Thus yz«@e’cos(t—g).

y:—e"cost+xﬁe" sint, so ¢ =—1 and B=1. Rcosd = —1 and Rsind =+/3 , s0
R=2and o =2?n. Thus y:2e"cos[t—2?nj.

y=e ' cos2t—e 'sin2t,s0 ¢ =—2 and f=2. Rcosé=1and Rsind=—1, so

7
R=+2and 6= %E Thus y=~/2¢™ cos(2t— Tn)

2

WPZCOSGIJ, a=0, b=%, Yo =2, % =0.

3 ] 3
y(®)= COS(Et_ %j’ a=0, b= Z’ Yo = COS(%} Vo = ESin(%j .
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25.

26 (a).

26 (b).

26 (c).

27 (a).

27 (b).

27 (c).

28.

29.

)’(t)=%cos(2t—%tj, a=0,b=4,y, :%COS%’ Yo :Sin%t
—utu’—40’ u
R rpl+o’=0. A=—H -3 -
a 2 2 Vo —u?

LB
2
y=ce cos(\/a)2 ' t) +ey e sin( )
y0)=c¢ =2, y(O)———Cl"‘\/w L, =

y=e ' 2003(\/a)2—”72t)+ ‘u “Tt)

4w 20
O = 0= o’ - 2\/a)2—“ Vo’ -
ot (a+iB)t 1 (a—iB)t ot 1 (a+iB)t 1 (a—iB)t
e’ cosft=—e +—e , e“sinfit=—e —-—e
21 21
11
[e“’ cospft , e s1nﬁt] [ (a+iB)e , (e=if) % 23
2 20
1 1 -~ _
., _2_1 _2_1' 1 1
detA=——,s0 A 2 =
i 1 1 i =i
2 2 i
(o+ip)t (a—iB)t ot o - 1 1]
[e , e ]z[e cosfr , e s1nﬁt] ~ |,s0
i =i
P = 0% cos Bt +ie® sin Bt and € * P = e cos Bt — ie” sin Bt

From Abel’s Theorem, a=0 .. y=c,cos3t+c,sin3t.

—4i+\-16-20
2

X +4i2+5=0,and thus A= =i, —5i. Thus y=c,e" +c,e”™"
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Section 4.7

~9.8(10)
0030

2(b). my”+ky=0, y”+326.67y=0, y(0)=0.07, y(0)=0.

2(a). ky=mg, k =3266.67 N /mor 32667 N /mm.

2 (c). a)z\/%=18.0739..., Y =c,CosWt +c,sinar.
y(0)=0.07, c,0=0=¢,=0 .. y=0.07cos(18.07397).
3. my” +ky=0, y(0)=0, y’(0)=2. The general solution to this differential equation is

y=c, cosat+c,sinwt, where @ = \/z . From the initial conditions, we have
m
, 2 . L 2 .
¥(0)=¢, =0 and y’(0) = wc, =2, and thus ¢, = — . The unique solution is then y = —sinar.
0] (0]

2 k . .
We know that y  =02=—,s0 w=10= 20" Solving for k yields k =2000 N/m.

0]

4. T=4(3-3)=2s.

1 1
4(0b). f=—==— Hz, o=2nf=m rad/s.

T 2
4 (c). R=3;the first maximum occurs at
3 (5 3) 1 n .
t:Z_(Z_Zj:Z .’.@(%)—62():}5:2, y=3COS(7Z'l‘—z) cm.
, ) RY/4
4(d). y(0)=3cos(%)=2.1213..cm, y (O):—37rsm(—%):$:6.6643..cm/s.

5@. my”+w +ky=0withm=10, y =7, k=100, y(0)=0.5, y’(0) =1. Thus with numerical
constants the initial value problem reads y”+0.7y"+10y =0, y(0)=0.5, y’(0)=1.

5(). A +0.74+10=0,and thus A =-0.35+i3.14285 = —c¢ +if3. The general solution is then
y=ce " cos3.14285t + c,e > sin3.14285¢ . From the initial conditions, we have
¥(0)=¢, =0.5 and y’(0) = —0.35¢, +3.14285¢, = 1. Solving these simultaneous equations
yields ¢, =0.5 and ¢, = 0.37386. Thus the unique solution to the initial value problem is

y=e"""(0.5c0s(3.14285¢) + 0.373865in(3.14285¢)). lim y(t) = 0, which means that the

damping dissipates the energy of the system, causing the motion to decrease.

—y £y’ —4mk
6 (). my”+pw +ky=0, mA’+yA+k=0= A= Y W

. Critical damping: y* = 4mk.
2m
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6 (b).

7 (a).

7 (b).

7 (c).

8 (a).

y=ce ' +cyte ™, y(0)=c, =0, y(0)=c, = 4.

v 2
y'(H)= 62(1— %t)e ' y'(t)=0 whent, = 7m

2
y(tm)zcz—me_lz— R N
14 2 7

m=1 slug, y=16¢" =5.886..1b-sec/ fi, k = Z— —8.6614..1b/ ft.
m

—y 2y’ — dmk

my” + 9 +ky =0 with y(0) = y,, y(0)=0. mA> + YA +k =0, and thus A = :

m
—y— |y -4 —y 4y —dmk
YAy dmk and A, = YNy = dmk

. The general solution
2m 2m

We can rewrite this as A, =

to this initial value problem is y = ¢,¢™ + c,e™". From the initial conditions, we have

y(0)=¢, +c, =Yy, and y'(0)=A,c, + A,c, =0. Solving these simultaneous equations for

. A -2 . Lo
¢, and ¢, givesus ¢, = 220 4nd ¢ = —Ado , and thus the unique solution is

A‘z _)“1 2‘2 _/11

(/’Lze’l" — /116/121)
)“2 - )‘1

y= Yo -

2 2 2 2
Y Yy —4mk 4 Y —4mk 4 Y —4mk
),lﬂ,zz[————}[——+ =37 2

2m 2m 2m 2m 4m 4m
dmk k b 2k .
AA, = mz =—=A,="=- . Therefore, limA,=0.
4m Ay yr—dmk =
Then, since A, + 4, = 2(_—7/) = —l, limA, = lim(—l - /12) = —oo,
2m m r—e roe\ m
Aeht — Qe Aett et
lim y(¢) = lim| | =2—2— |y, |= y, lim|| ==—— ==
gy H»H 2, ]yO} y%oﬂxz—a, PR
Zzl 1
=y, 0— limll—1 = yo[— m} =y,. As damping increases, the motion becomes suppressed,;
Yoo 2 —
z

the system “locks up” and tends to stay at its initial displacement.

—y Y’ -4
y+p +y=0, y0)=1, y’(0)=0, lz+j/l+1=0=>l=%

b

You=4=0=7,,=2.

crit
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8 (b).

1 2 3 4 5 t

The plots are consistent. For a fixed ¢, y is tending toward y, =1 as ¥ increases.

4

k
9. For this problem, we must make ( =-— and pLLg = — . The volume of the drum is
m p m

5 2
V= n(aj 8 =507 cubic feet. Therefore,

&:Welghtof?qulv.vol.ofwater:5071(62.4):1.634. E:&§:1.634-(2)=6.535 =
P weight of drum 6000 m pL 8
A - N _05 ke
and -=-=0.15", m=5kg. k=32675 N/ y=05 /S
—y Ay’ —4mk
10.  my”+9 +hky=0, y0)=0, y'O) =y, mA +7A+k=0= A= ;/ e
m

2 bl
" 2m

dmk—y°
10 (a). Underdamped: A =-a+if3, or=- ﬂ:@

y=ce“cosft+ce”sinft, y0)=c, =0, y0)=Pc,=y; - y(H)= %e‘“’ sin fr.

Critically damped:
y=ce H roe H y0)=¢, =0, Y0)=c, =y -~ y()=yje ' = yre .

Y 1 > y N
Overd d A=—4"—+— —dmk =———+ L
verdampe 5 5 \NY m 5 e

y=ceM +c,e™, ¢, +c,=0, Ae, +Ac, =y, =(A,—A)c, s.c,= —(/1 )i]l) =—c,.
2 1

I I R e =
P [e/llz_elzt]y(/):yz—e wl| _p Van? +eVen y(f)
27 M 2

()=

. — &t . inh(xt . i
10(b). As y > 7,.. e ™ —e 13 and use: Tim 2 ) _ t, hmM: ‘

crit? ) X 10 X
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Section 4.8
1(@). y,=3,y,=0,0-23)-33t-1)=-9r-6+3=-91-3.
1(b). ¥-21-3=(A-3)(A+1)=0,and thus y.=ce” +c,e’.
1(c). y=ce " +c,e’ +3t—1.From the initial conditions, we have
y(0)=c¢,+c,—1=1and y’(0)=—c, + 3c, + 3= 3. Solving these simultaneous equations yields
¢ :g and ¢, =%,and SO yz%e" +%e3’ +3t—1.
2(b). y.=ce " +ce’.
2(c). y=ce ' +ce’ - %62’.
y0)=c¢,+c,—3=1and y’'(0)=—c,+3c,-3=0=>¢, =% andczzé,andso
y=2e¢ " +1e¥ -1,
3(a). y,=8e", yr=32¢", "(32-8-2(2))=20e"".
3(). ¥-A-2=(A-2)(A+1)=0,and thus y.=ce” +c,e’.
3(c). y=ce " +c,e’ +2e* . From the initial conditions, we have
y(0)=¢,+c¢,+2=0and y’(0)=—c, + 2c, + 8 =1. Solving these simultaneous equations yields
c,=landc,=-3,andso y=e"' —3e” +2¢".
4(). y.=ce ' +ce.
4(c). y=ce ' +c,e’-5.
y(=1)=ce' +c,e?=5=0andy'(-1)=—c,e' +2c,e>=1= ¢, =3¢ and ¢, =2¢*, and so
y =3¢ 422 -5,
5(@). 2+Q2t-2)=2t.
5(M). X+A1=AA+1)=0,and thus y. =ce " +c,.
5(c). y=ce ' +c,+t—2t.From the initial conditions, we have
y()=ce ' +c,—1=1and y’(1)=—c,e”' +2—2=-2. Solving these simultaneous equations
yields ¢, =2e¢ and ¢,=0,and so y =2¢™"" + 1> - 2¢.
6(). y.=ce +c,.
6(c). y=ce ' +c,—2te".
y0)=c¢,+c,=2and y’'(0)=—c,—-2=2=c¢,=—4 andc,=6,and so y=—4e™ +6—2t¢".
7(a). y,=2-2sin2t, y, =—4cos2t, —4cos2t+ (2t +cos2t) =2t— 3cos2t.
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7(b). A*+1=0,and thus y. =c,cost+c,sint.

7(c). y=c,cost+c,sint+2t+cos2t. From the initial conditions, we have
y(0)=c¢,+1=0 and y’(0)=c, +2=0. Solving these simultaneous equations yields
¢,=—land ¢, =-2,and so y =—cost—2sint+ 2t +cos2t.

8(b). y.=c,cos2t+c,sin2t.

8(c). y=c,cos2t+c,sin2t+2e"".
y(m)=c¢,+2=2and y'(r)=2¢,+2=0=¢,=0and ¢,=—1,and so y =—sin2¢t+2¢"".

9(a). 10—2(10(t+1)+10(t+1)* =10-20¢—20 + 10¢* + 20 + 10 = 107°.

9(b). F-24+2=0, soA=1%i,andthus y.=c,e cost+c,e'sint.

9(c). y=ce' cost+c,e'sint+5(¢+1)>. From the initial conditions, we have
y(0)=c¢,+5=0and y’(0) =, + ¢, +10=0. Solving these simultaneous equations yields
c,=-5and c,=-5,and so y =—5¢' cost—Se'sint+5(¢+1)*.

10 (b). y. =c,e' cost+c,e'sint.

10 (¢). y=c,e'cost+c,e'sint+2cost+sint.
y(%)= c,e’ +1=1and y(%)= —cie? +ce’ —2=0=¢,=-2¢ " and ¢, =0, and s0

y=-2¢'""?cost+2cost+sint.
’ 1 2 t ” 1 2 t t2 ‘ ] 5 . tz , .
11 (a). yP:E(2t+t )e', yP:E(2+4t+t )e', and E+2t+1 e _z.i(ztﬂ )e +Ee — o'

11 (b). XY-2A1+1=(A-1)>=0,and thus y. =ce’ +c,te'.

2
t e ..
11 (c). y=ce' +c,te' + Ee’. From the initial conditions, we have

y(0)=¢,=-2and y’(0) = ¢, + ¢, =2. Solving these simultaneous equations yields

t2
c,=—2andc,=4,and so y=-2e¢" +4te' +—¢".
2

12 (b). y. =ce' +cyte'.

12 (c). y=ce' +c,te' +1" +4t+10+cost.
y0)=c¢,+10+1=1and y’(0)=c,+c,+4=3=c¢,=-10and ¢, =9, and so
y=-10e' +9te' + > + 41 +10 +cost.

13.  First, y, = qu+ a,v . Now we have

yp+p)y, +q(t)y, = al(u” + p(Hu’ + q(t)u) + az(v” + p(t)v’ + q(t)v) =ag +a,8,
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

; I 1 1 2
e +2t+5=2[26 +1] 3t Thus y, = 2ul+§u3.

de —2=22¢" —1~1] +—[3t]. Thus y, = 2u, +%u3.

1 1 1 1 1 1
coshtzEe’+Ee_t:4[2e +1] [Ze‘t—t 1]+— 3t]. Thus y, = 4ul+—u2+ Us.

47712
Differentiation gives us y/, =2e* —2t, y% = 4 —2. From the given differential equation, we

have g(f)=4e* —2+2e* —2t—e” +1*=5e" +1" —2t-2.

| . . . .
Differentiation gives us y, =3+—1 2, y, —Zt * From the given differential equation, we

2
1 _3 1 _1 _1 1 _3
have g(t)=—zt2—2(3+5t2j:—6—t2—zt2.

Differentiation gives us y;, =3, y, =0. From the given differential equation, we have
gt)=1-0+¢"-3+2-3t=3¢" +6t.

e
1+1¢

Differentiation gives us y; = . From the given differential equation, we

” 1
P T T )

have g(f)=-— >+In(1+1), t>-1.

1
(I1+9

Differentiation gives us y;, =—sint, y, =—cost. From the given differential equation, we have
g(H)=—cost—sin’ ¢+ 2Jfjcos = (2[f|— 1) cost —sin’ ¢

A-D(A-2)=A-31+2=0= o=-3, f=2.Differentiation gives us

v, =—4e™, yr =8¢ and so g(r) =8¢ —3(~4e™) +2(2¢7) =247,
A=-10=A+DA=0, s0 L’ +A1=0and or=1, B=0. Differentiation gives us

yp=2t, y,=2,and so g(t)=2+2t.

A-1>=X-21+1=0= a=-2, B=1. Differentiation gives us

v =(+21)e', i =(£ +41+2)e',and so g(t)= (£ +41+2)e" —2(r* +21)e' + e’ =2e'.
A=1+i=(A-1)"=—-1, so =21 +2=0and o = -2, B=2. Differentiation gives us

v, =e' +cost, y,=e' —sint, and so

g(H)y=e' —sint— 2[e’ +cos t] + Z[et + sint] =e'—2cost+sint.

A +4=0= o =0, B=4.Differentiation gives us y, =cost, y’ =—sint, and so

g(t)=—sint+4(—1+sint) = 3sint—4.
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Section 4.9
1(@. X-4=0=y.=ce” +c,e”

1(b). y,=AL+At+A, y,=2At+A, y,=2A,.

1
o =4y, =2A,—4(AF + At+ A) =41 = A, =—5,A1 =0,A, =-1.

Therefore, y, =—1* - %
1(c). y=ce ™ +ce” -+ —%
2(a). y.=ce " +c,e”
2 (b). ypz—%sin2t.
2(c). y=ce ' +c,e’ ——sin2t

3(a). A +1=0= y.=c,cost+c,sint
3(b). y,=Ae, y,=Ae, y,=Ae'.

yp+yp=2Ae" =8¢ = A=4. Therefore, y, = 4e'
3(c). y=c,cost+c,sint+4e’

4 (a). y.=c,cost+c,sint

2 1
4(b). y,= —getcost+ge’ sint.

. 2, 1, .
4 (c). yzclcost+czsmt—§e cost+§e sint.

5(@). (A-27=0= y, =ce +c,te”

5(). y,=Are”, y,=QAf +2A0e”, y7 =(4Ar +8At+2A)e™ .

2

1 t
yr—4y,+4y,=e’ = A= 5 Therefore, y, = 562’

2
5(). y=ce’ +c,te’ + Ee”

6(a). y.=ce’ +c,te”

1
6®d). y,= gcos2t+2.

1
6(c). y=ce’ +c,te’ + gCOSZt +2.
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7 (a).
7 (b).

7 (c).

8 (a).
8 (b).
8 (¢).
9 (a).
9 (b).

9 (c).

10 (a).
10 (b).
10 (c).

11 (a).

11 (b).

11 (c).
12 (a).

12 (b).

12 ().

13 (a).

N +2242=0=A=-1ti=y.=ce 'cost+c,e ' sint
Vo =AL + AL+ AL+ A, v, =3AL +2At+ A, Yyl =6At+2A,.

3 3 1
VA2V, 42y, =02 A =0A =T A =D A=

1 3 3
Therefore, y, = Et3 - Etz + Et

_ . 1
y=ce 'cost+c,esint+—t —=t +=t
2 2 2

_ 5 2t
Ve =ce’ tcye
vy, =—te' +e'.

5 2t t t
y=ce tce —te +e .
_ —t -t 2
Yo =Ce cost+c,e  sint

v, =Ae + Acost+ A, sint, y, =—Ae — Asint+ A, cost,

yr=Ae " —Acost—A,sint. y, +2y, +2y, =€ +cost= A, =1,A =
1 2
Therefore, y, =™ +gcost+gsint

- o | 2.
y=ce 'cost+c,e sint+e +—cost+—sint
5 5

Ve =ce ' +c,
yp =26 =617 +12t.

y=ce ' +c, +2t -6t +12¢.

t

1 L
2/12—5/1+2=(2/1—1)(&—2)=0:>/1=5,2:yc =ce? +ce”

1

Vp = Aoteyz. Substituting into the differential equation yields y, = 2te? .

t t
— 2 2 2
y=ce?* tce” +2te

Ve =ce ' +c,
1 H_1 "
=——cost+ —sint.
Yp 5 B

1 1
. )
=ce ' +c,——cost+—sint.
y=q 27 )

t t

IN—6A+1=(BA-1)>=0=>y. =ce® +c,te?

1
5 b

A

2
5
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1

t
i 1 .+
13 (b). y, = (A + A,t*)e? . Substituting into the differential equation yields y, = gt3e3
s s 1
13 (c). y=ce® +c,te’ + gt3e3
14 (a). y.=ce cost+c,e” sint

5 e
14 (b). =ft——+—.
(b). vy, 4 >

-t

- o . 5 e
14 (c). y=c,e ' cost+c,e” s1nt+t—Z+7,

15(@). Y +4A1+5=0=2A=-21i= y.=ce ' cost+c,e " sint

15 (b). y, = Ae™™ + B,cost + B, sint. Substituting into the differential equation yields

1 1
=2¢" + —cost+—sint.
Yp 3 3

_ o . _ 1 1.
15(c). y=c,e ' cost+c,e sint+2e™ +geost+osint

16 (a). y.=ce ' +c,e’
16 (b). y, = Ae ' cost+ Be ' cost+ C,t* + Cit+ C, + (D, + D,)e™
= Ae ' cost+ Be ' cost+ C,t° + Cit + C, + Dit’e™ + Dyte™
17 (a). y.=c,cos3t+c,sin3t
17 (b). y, = A, + At + Ay)cos3t+t(B,* + Bt + B, )sin3t + Ccost + Dsint
= (A, + AP + Ajt)cos3t + (B,r’ + B’ + Byt)sin3t + +Ccost + Dsint
18 (a). y.=c, +c,e'
18 (b). y, = (AL + At+A)+ (B, + Bt+B,))e' = At + At + Ajt+(B,t° + Bt’ + Byt)e'
19 (@). X'=21+2=A-1>+1=0; y. =ce'cost+c,e'sint
19 (b). y, = Ae”'cos2t+ Be ' sin2t+ Cit + C, +e”'(Dt + Dy)cost + e (Et + E,)sint
20 (a). y.=ce' +c,e’’
20 (b). y, = Ate' + Bte™ + Ce* + De™
21 (a). y. =c,cos2t+c,sin2t

21 (b). Using sin(2¢) = 2sintcost and cos(2(2¢)) =2cos* 2t —1,
1 1 1
sintcost + cos* 2t = Esin2t + 5 + §c0s4t. Therefore,

v, = Atcos2t + Btsin2t + C + Dcos4t + E sin4t
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22 (a).
22 (b).
23.

24.

25.

26.

27.

28.

29.

30.
31 (a).
31 (b).
31 (c).
31 (d).
31 (e).

32.

32 (a).

Ye =c¢,8in2t+ ¢, cos2t

yp=Ae + B+ Ce”

(A+1)(A-2)=A-1-2=0,s0 =—1and B=-2. y” -y’ —2y = 4¢, which leads to the
general solution of y=ce™ +c,e” —2¢+1.

AMA+1)=2+21=0,s0 =1and B=0. y” +y =, which leads to the general solution of

2
y:cl+cze_’+3—t.

(A+2)(A+2)=A+41+4=0,50 a=4and B=4. y” + 4y’ +4y="5sint, which leads to

: § o 4 .
the general solution of y=c,e™ +c,te™ — gcost + gsmt.

1
o=0and f=1, yzclcost+czsint+t—gsinZt.

A=-1%i2, so (A+1)° =—4 and thus 2> +21 +5=0. Therefore. ¢=2 and f=5.

t

y”+2y"+5y=8e", which leads to the general solution of y =ce™ cos2t+c,e”’ sin2¢t+2e".
Since y, = t(At+ A,) + Byte™ , we know that 1 and ¢ are solutions and A>— 31 =0, and thus
oo=-3and B=0.

Since y, = Ajte” + Byte™ + Cit+ C,, we know that e* and ¢ are solutions of the
homogeneous differential equation. This means that A =42,s0 (A +2)(A-2)=A"-4=0, and
thus ¢=0and B=—4.

We know that cos2¢ and sin2¢ are solutions and A* +4 =0, and thus =0 and 3=4.

Graph C

Graph E

Graph A

Graph B

Graph D

W, =200 [b. The weight of an equivalent weight of water is W, = 8(62.4)=499.2 Ib.

200 p, 4992

32
m, = =— . Note: =2496= @’ = 2.496(—) = o =39.936.
p 200 2

10
Y + @ty = ~sinar, y(0)=0, y'(0)=0.

b



Chapter 4 Second Order Linear Differential Equations * 85

32 (b). y.=c,cosmxt+c,sinwx, y, = Atcoswt + Btsinwr
y; = Acoswt — wAtsint + Bsinwt + wBtcoswt = (A + wBr)coswt + (B — wAt) sinwt

Y, = wBcoswt— (A + wB1)sinwt — WA sint + (B — wAt) coswt

. . 10 .
y;’ + a)zyp = WBcoswt — WASIin @t — WA sinwt + WB cos @t = —sinwt .

m,
10 5
Therefore, B=0, A=— =— and
20m,, wm,
Yy =c,cosmt +c,sinwt — tcoswt, y(0)=c, =0, y'(0)=wc, — =0=c,=——.
wm, wm, w'm,

5
y=——sinwt— tcosat, 0=6.3195 sec”', m, =6.25 slug.

wm, wm,
32 (c). Before being put into motion, the block is floating with a depth Y submerged, where
62.4(4)Y =200 = Y =0.80128...ft. Therefore, the model is valid if
—0.80128...< y<2-0.80128. From the graph, y =—0.80128 att=7 sec.

ARV, \3/ \/ 5 7118 ©
-0.5
1 -4
-1

33y 4 p0yp +q0)y, =W+ ")+ p()(W +iv') +q(O(u+iv)
= (u” + p(Hu’ + q(t)u) + i(v” + p(tyv' + q(t)v) = g,(1) +ig,(?). The real and imaginary parts

must be equal on both sides of the equation, so
u” + p(Hu’ +q(Hu= g,(r) and v” + p(t)v" + q(t)v = g,(1).
34 (a). y'—y=e", y,= Ae'™, Y, = i2Ae™, V= —4Ae™

, , . 1
—4Ae” —Ae” = = A= s

. 1 1 1
34 (b). Ae™' = —g(cos2t+ isin2f) = u= —gCOSZt, v= —gsin2t.

35 (a). y, =iAe", yy=—Ae". —Ae" +2iAe" + Ae" =2iAe" =e€",50 A= Y —é and y, = —ée”.
i
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] . 1. ] 1. 1 .

35(b). y, =—é(cost+is1nt):Esmt—écost.Thus uzasmtandv:——cost.For the real function,

” ’ 1 . 1 1 . . . .

u” +2u +u=—551nt+2 Ecost +§s1nt:cost.F0r the imaginary function,

i1 1) 1 .

v7+2v"+v=—cost+2| —sint |——cost=sint.

2 2 2

’ . it ” it it it it 1 1 it

36 (a). y, =iAe", y, =—Ae". —Ae" +4Ae" =¢ :>A:§ and yP=§e .

1 1 1
36 (b). y, = 5(cost+ isint) = u= o8t v= gsint.
37 (a). y, = A(l+i2f)e™, yy=(i2+i2—41)Ae™ = (=4t +id)Ae™ . (-4t +id)Ae™ +4Ate™ =e™, s0

] I .
A=——and y,=——te'”.
g NPTy

' . ‘. ¢ t . t
37 (b). y, = —it(cos2t +isin2¢) = Zsm2t + i(—zcos%). Thus u= Zstt and v = —ZCOSZI. For the
t
real function, u” +4u=cos2t—tsin2¢+ 4(2 sin2tj = cos2t . For the imaginary function,

v’ + 4y =sin2t + tcos2t— 4[£cos2t) =sin2¢.

-1 —(4-i2 1
_ l):——+i—and

38 (). v, =—i2Ae™ ™, v/ =—4Ae™™ . (—4—iQD)Ae P = = A= =
@- ¥ e ( ) A+i2 20 570

1 1 1 1 1 1
38 (b). y, = (——+ i—)(cos2t— isin2t) = u=——cos2t +—sin2¢t, v = —sin2t + —cos2z.
5 10 5 10 5 10

39 (a). yj =(1+i)Ae", y7=(1+0)" A" = 24" . 24" + Ae™ = ) 50

1 1-i2 1 2 ;
* and Vp = (g—i—)e(”’)t.

T1+i2 5 5
I 2 1 2 1 2
39 (b). y, =(——i—je’(cost+isint)=e’(—cost+—sint)+ie’(—sint——cost).Thus
5 5 5 5 5 5

1 2 1 2
u= e’(gcos r+ gsin tj and v = et[g sint— gcos tj. For the real function,
” 4 2. (1 2. ‘ . :
uW+u=e gcost— gsmt +e gcost + gsmt = ¢’ cost. For the imaginary function,

, _,(2 i.) ,(_2 Lj_f.
v7+v=e'| —cost+—sint |+e cost+—sint |=e'sint.
5 5 5 5
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Section 4.10

1 (). y.=c cos2t+c,sin2t

L o) cos2t sin2¢ | uf 0 u/ 112cos2t —sin2t 0 —sin® 2t
b). —2sin2¢ 2cos2t | u) | |2sin2¢ 50 W, | 2|2sin2t cos2t |2sin2¢| |sin2rcos2t |

sin’2¢

t 1
Antidifferentiation gives us u, = > + gsin4t and u, = . Thus

t 1 1
yp = —50052t+ gsin4tcos2t+ Zsin3 2t and

. t | |
y=c,c082t+c,sin2t— EcosZt + gsm4tcos2t + Zsm3 2t.

1(c). y,=Atsin2t+ Btcos2t, y, =(A—2Bt)sin2t + (B +2Ar)cos2t,
yp =(—4B—-4Afsin2t+(4A—4Bt)cos2t. —4Bsin2t+ 4 Acos2t = 2sin2t, and thus

1 1
A=0, B= 5 and y, = > tcos2t. Combining the particular solution with the

complementary solution gives us y = C,cos2t+ C,sin2t— écos2t.
To reconcile, y, = £sin4tcos2t + +sin’ 2¢ = +sin2tcos’ 2¢ + +sin’ 2¢ = +sin2¢. Therefore, the
solution in (b) can be written y = ¢, cos2t+ (c, + }4)sin2¢— écosZt.

2(a). y.=c,cost+c,sint

cost sinf | u 0 u/ | |cost —sint| O —sint o o
2 (b). . , = ,s0| , |=| . = . Antidifferentiation gives
—sint cost | u, sect u, sint  cost | sect 1

us u, = Injcos# and u, = t. Thus y, = (cost)Incos4] + tsint and
y=c,cost+c,sint+ (cost)In(cost) + tsint, since cost>0 for —Z<t<Z.
2 (c). Method of undetermined coefficients is not applicable.

3(a). y.=ce +c,te

e' e’ u 0 ’ 1 (2 +2t)e" =t |0 -5e’
3. |, N g R I (7 +2e)e’ —rer O] 175 .
e (t +2t)e u, t u, | 2te —e' e |t le—z
2

r 1
Antidifferentiation gives us u, = (5 +t+1le" and u, = —Ee”. Thus

2
t _ I _
Vp :[—2 +t+lje ’e'—Ee '‘Pe'=t+1and y=ce' +c,t’e' +1+1.
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3 (c).
4 (a).

4 (b).

4 (c).
5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).
7 (a).

The method of undetermined coefficients is not applicable.

_ -t t
Y =C€ + c,e

e’ e |u 0 u| 1le —e'| 0 1 L .y )
o=l ksl Ll=21 L, L1 L |=| 5 | Antidifferentiation gives us
—e e U, l+e! u, 2 e e I+e' 2 14e!

—t 1

1 I, 1 - e w1 e .
ulz—Eln(1+et)andu2:—Ee +51n(1+e ). Thus yP=—71n(1+e)-5+Eln(l+e )

e’ 1 ¢
and y=ce " +ce’ ——In(1+e')-—+—In(1+e™").
y=a 2 > ( ) R ( )
The method of undetermined coefficients is not applicable.
Ve =ce e

1 2t
e’ e ful [0 w| 1le —e' 0| |75¢ . L
_ , 1= 1580 ,1==| _ I . Antidifferentiation gives us
- e |u; e w,| 2le’ e’ |e 1
2

1, t 1 t _ 1 t
=——e” and u, = —. Thus =——e¢'+—¢'and vy=ce ' +c.e'——e +—¢".
y, = Ate', and differentiation gives us y, = A(1+1)e' and y; = A2+ f)e’. Then we have
1 t t
AR+ 1)e' — Ate' =¢',and so A= 5 r= 5e’, andy=Ce™ +C,e' +5ef.

. .. . _ t
To reconcile, the solution in (b) can be written y =c,e™ +(c, — /i)e' + Eet.

y, = t*. Use Reduction of Order to obtain y,(7). y, =t’v, y,=2tv+ V', y7=2v+4n" +v"

Therefore,
’ 2..m ’ 2.m ’ 2_7\7 ’ kl kl
v+4n" + 1tV =4y =20+ 2v =0= 1tV + 20" = (V) 2V =S = v=——+k,.
t t

Using v=rt", y,=t, y. =t +c,t.

2 ofuw] [0 U/ 11 =] 0] |2 . L
=0, [so| == > . |=| ", | Antidifferentiation gives us
2t 1] w 1+12 U -2t ot L+ 1+17

1 t
u, =tan"'tand u, = —Eln(l+ t*). Thus y, = tztan‘lt—aln(l+ ) and

Lt
y=ct’ +c,t+ 1t tan lt—aln(1+t2).

The method of undetermined coefficients is not applicable.

_ t t
Yo =ce +cyte
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e te' u | [0 w | 1 |(t+De" —te' |0 |-t o
7 (b). , B S o I (O B ey . ) e . Integrating gives us
e (t+1)e' | u) e u, | e —e e |e 1

2 2 2
Vp = —Ee’ +1e' = Ee’ and y=c,e' +c,te' +Ee’.
7(c). y,=At’e",and differentiation gives us y = A(t2 + 2t)e’ and y; = A(t2 +4r+ 2)e’. Then we
have A(f* +41+2)e' —2A(£ +21)e’ + Ar’e' = ¢', and so

1 t2 t 1 t t2 1
A=E, yp=7e, and y = die' + d.te +Ee.

8(a). y.=c,cosbt+c,sin6t
8 (b) cos6t  sin6bf | u/ 0 u | 1|6cos6t —sin6r| O — e b
b). —6sin6t  6cos6t | u} | | csc’ 6t 50 W,| 6| 6sin6r cos6r | csc6r| —os |

1 1
Antidifferentiation gives us u, = gcot(&) and u, = —50802(60 . Thus

| 1 1 1
Vp = £c05(6t)cot(6t) - Ecsc(6t) and y = ¢, cos6t+c,sin6t + gcos(6t)cot(6t) - Ecse(6t) .

8 (c). The method of undetermined coefficients is not applicable.

9 (a). y.=csint+c,tsint

5 (b) sint tsint ul 0 ul 1 |[sint+rcost —tsint| O —1
. . = . » SO = . . = .
cost sinz+tcost | u) | |tsint u) | sin’t| —cost sint | sint t

3 2 3 3 3
.1 .. . t t ro. ro. .
Antidifferentiation gives us u, = 3 u, = 5 Vp = —gsmt + Esmt = gsmt, and

3
y=c¢ sint+cztsint+gsint.

9 (c). The method of undetermined coefficients is not applicable.

10 (a). y. =cit+c,tinltl

0. | tnl Tur] |, © o [ 1wl +1 il (0=l
|1 Inff 41w ;1n|f’ w, |t -1 t ;1n|f| nlg |

Antidifferentiation gives us u, = —%(ln|t|)3 and u, = %(ln|t|)2. Thus

¥y =——(Inft)’ + < (1nft)’ = é(ln|t|)3 and y:clt+c2t1n|t|+é(ln|t|)3.

z L
3 2
10 (c). The method of undetermined coefficients is not applicable.

11 (a). y. =ct+c,e
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t e | u 0 u 1 |e =—¢ 0 —e' . .
11 (b). , 1= L so |, = - L= . Antidifferentiation
1 e |u,| [(t=1)e wy| (t=1e'|-1 ¢ |(t—1)e t

. , r , P, . (7 t
gives us u, =-—e, uzzzs yp=-tle +Ee ;and y=c¢it+c,e + E_t e .

11 (c). The method of undetermined coefficients is not applicable.

t ‘2

12 (a). y.=ce” 4 c,te”

2 2 u 0 ’ =2 -t - 0 _t3
o). ¢ =] o | e U2 e BT
=2te™"  (1-2t)e™" | U, e u, 2te”’ e’ |te t

4 3 4 4
. 1 .. . t t o r. 42
Antidifferentiation gives us u, = 1 and u, = 3 Thus y, = —Ze T4 e =—¢" and

. A
y=ce' +cyte’ + Ee” .
12 (c). The method of undetermined coefficients is not applicable.
13 (a). y, =(r—1)*, and using reduction of order we have y, = (r—1)’v . Differentiation yields
v, =2(1=1)v +(r—=1)*v" and y7=2v + 4(t— )" + (t—1)*v”. Then we have
(=1 +4(e=1)v" +2(e=1)*v = 4(t=D[2(r= v + (1= 1)°v’| + 6(t=1)*v = 0. Thus
(1—1)*v” =0, and antidifferentiation of v =0 gives us v = k,(t—1) + k,. Then y, = (r—1)",

and so y, =c,(1—-1)" +c,(r-1)°

P () }m: e

2(r-1) 3(r—1) | 5 (1) |

-

t

u} ! [3@_1)2 P S B I P

;= = . Antidifferentiation gives us
LU, 2(t-1) (-1 1 (=1

T (=1 t

L (t— 1)4

(t-1)"

- 1 ) 1 5 1 3 1 1 1 r 1
=(r=1)"+=(-1)7, uy=—=(1=-1)"==(=1)", y,=(t=1)+=—=(1-1)—>=———,
%()2()% 2()3())’p()22()323
1
and y=c,(1—1)" +¢,(1—1)° +é—§.

13 (c). The method of undetermined coefficients is not applicable.
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14 (a).

14 (b).

14 (c).

15.

16.

17.

y, =e'. Use Reduction of Order to obtain y,(7). y,=e'v, y;=e'v+ev’, y/=e'(v+2v +v”)

Therefore, v7 +2v' +v—(2+2)v +1)+(1+ 2 =0=1"-2v" =0

t3
SEV)Y =02tV =k=v= k3 +ks

Using y, =te', y,=ce' +c,te’.

e' e’ uy 0 u | | +3t)e e |0 -<
t 3 2Nt N R ER s | 2 t t A
e (+3t)e' | u, e u, 3t —e e e 37
2 t_l 2 t2 t2
Antidifferentiation gives us u, =—— and u, =——.Thus y, =——e' ——¢'=——¢" and
6 3 6 3 2
2
— 1+ t3 r_ - t'
y=ce tote——e
The method of undetermined coefficients is not applicable.
’ O ’ ’ O —m
U u 1 -
[yl, yﬂ[ 1}=[ } :>[ 1}=—{ yz, yﬂ[ }: W |. Antidifferentiation yields
Vi Yo Uy 8 w| W=y » |8 put4
w
Dy (A Ny,(A
BN O GO PN LG0T g AU R IO ) WP
W) W (L) W ()
(O3 (D) = 3, (D), ()
and y=cy, by, + | S T ]gwdz. Y(0)=¢,y,(0) +¢,y,(0) = y, and

Y 0)=c,y, (0)+c,y, (0) =y}, since y,(0)= y;(0)=0.
cos2t sin2t
—2sin2t 2cos2t

For this problem, we have y, = cos2t, y, =sin2t, and W = =2.Then we

rsin2tcos2A — cos2tsin2A
have y, = J.O >

o=0, B=4, y,=0, y;=0.

g(A)dA = %J.Ol sin(2(t— A))g(A)dA. Since y =y,,

—t t

For this problem, we have y, =e¢™, y,=¢', and W = =2.Then we have

—e' e
)

) = J-t[e’e —e'e

t A
. 5 ]g(l)d/l = JO sinh(z— A)g(A)dA . Thus we can see that y=e™' + y,, and so

o=0, B=-1, y,=1, yj=-1.
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1 ¢
18. For this problem, we have y, =1, y,=¢, and W = ‘O 1‘ =1. Then we have

Yp :J;[t—)»]g(/l)dl.Thus we can see that y=t+y,(f),andso =0, §=0, y,=0, y,=1.

Section 4.11

1 (a).

Ve =€, CO8M,t + ¢, SInW,?

1 (b). Casei: w#®,. y, = Acoswt+ Bsinwt, and differentiation yields

2 (a).

2 (b).

yi =—w’Acosot— @’Bsinwt. Then we have (a)02 - a)z)Acosa)t + (a)02 - a)z)B sinwt = F cosat,

F F
and thus B=0 and A=———. The particular solution is then y, = —5——cosar.
— Q)

0 0

Caseii: : w=w,. y, = Atcosw,t + Btsinw,t, and differentiation yields
yp = w,Bcosw,t— a)O(A + a)OBt) sinw,t — w,Asinw,t + a)O(B - a)OAt) Cosm,t

= (2a)oB - a)ozAt) cosw,t + (—2a)OA - a)02Bt) sinw,t. Then we have

2w,Bcosw,t —2m,Asin®,t = F cosw,t, and thus A=0 and B= . The particular solution is

0

F .
then y, = Etsmwot.
0

10-98
=mg, k= =1000N/_.
ky=mg, k=008 Vi

10y” +1000y = 20cos(107); y” +100y =2cos(107), y(0)=0, y’(0)=0.
v, = Atcos(107) + Btsin(10¢) and differentiation yields
vy =(20B —100A¢)cos(107) + (—20A — 100B¢)sin(10¢) . Then we have

1
y, +100y , =20Bcos(101) — 20 Asin(107) = 2cos(10t) = B = 0 A=0,and
t t
SOy, = —Osin(IOt) ,and y = ¢, cosl0z+c,sinl0z+ Bsin(lOt). From the initial conditions, we

t
have y(0)=c, =0 and y’(0) =10c, =0 . Thus the unique solution is y = Esin(lOt).
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2 (c).

3 (a).

3 (b).

3(c).

4 (a).

4 (b).

There is no maximum excursion.

. Y. /\ .
B i

10-9.8

=mg, k= 2 ~1000N/_.
ky=mg, k=008 m

10y” +1000y =20e™"; y” +100y =2¢™', y(0)=0, y'(0)=0.

v, = Ae”’, and differentiation yields y, = Ae™". Then we have Ae™' +100Ae " =2¢ ™', and so
2 2
A=—,y,=——¢',and y=c cosl0z+c,sinl0r+ ——e . From the initial conditions, we
101 101 101

2 2 2 1( 2
h 0)=c¢,+—=0and y’(0)=10c,———=0,and th =———andc,=—|—|
ave y(0)=c, 01 and y’(0) C, 01 and thus ¢, ™ and c, 10(101)

2 1
Thus the unique solution is y = ﬁ(_ cos107 + EsinlOt + e").

~0.035m.

max

ly

10-98
=mg, k= =1000N/_.
ky=mg, k=008 Vi

10y” +1000y = 20cos(8¢); y” +100y =2cos(87), y(0)=0, y’(0)=0.
yp = Acos(87) + Bsin(8¢) and differentiation yields y}, =—-64 Acos(8f) — 64 Bsin(8¢). Then we

1
have y;’ +100y, = 36 Acos(81) + 36Bsin(8r) = 2cos(81) = A= TS B=0,and
1 . 1 . .
SOy, = Ecos(8t) ,and y =c,cosl0z+c,sinl0z+ Ecos(i%t) . From the initial conditions, we
1 , 1 . ..
have y(0)=c, + T 0 and y’(0)=10c,=0= ¢, = g T 0. Thus the unique solution is

1 1
y = =g 008100 + -2 cos(81).
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4(). |yl =0.11m.

y(t)
0.11

0.05

-0.05

5(a). See 3 (a)
5(). On0<t<m: y”"+100y=2, y(0)=0, y’(0)=0. y, = A, and differentiation yields y, =0.

1 1 1
Then we have 0 +100A =2, and so A:%, Vp :%,and y=c100510t+czsin10t+5.From

1
the initial conditions, we have y(0)=c, + 0 =0 and y’(0)=10c, =0, and thus
1 . o 11
¢,=——— and ¢, = 0. Thus the unique solution is y = ————cos10z. At
50 50 50

1 1 10
t=m, y(m)= S0 Ecos(lmt) =0 and y’(m)= %sin(mn) =0. Then we have
y”+100y =0, y(n)=0, y'(nt)=0 for t> 7.

y=c¢,cosl0t+c,sinl0t = y(r)=c¢, =0, y’(w) =10c, =0. Thus y =0 for this region.

iz0.04m.

5. bl = 0

|
6. y = 0.1sin(7t) sin(77t) = 0.1[5 (cos(67mt) — cos(87rt))} =0.05[cos(67t) — cos(8]
Therefore, y. = Acos(6rt) + Bsin(67r) and k =(6m)*. If y , = Acos(87) + Bsin(87) , then
m
2 . 2 ) 20
—(87)°[ Acos(87) + Bsin(87t)| + (67)°[ Acos(87r) + Bsin(87t)| = —cos(87r) .
m

20 1 20
Therefore, (—64 + 36)n’A="—, (-64 +36)7°’B=0= A=— —= >
m

287° m Intm

and £= 3612, — 52 =005=m=1447.kg, k= 36m*m=5142857..N /m.
m Tn°m
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7 (a).

7 (b).

8 (a).

8 (b).

9 (a).

2y” +8y” +80y=20cos8¢, y(0)=0, y’'(0)=0. For the complementary solution, we have

A +4A+40=0, and so A =-21i6. Thus y. =c,e cosbt+c,e ' sin6t. For the particular
solution, we have y, = Acos8¢+ Bsin8t, and differentiation yields y;, =—-8Asin87+8Bcos8¢ and
yp =—064Acos8t—64Bsin8¢. Then we have

—64 Acos8t— 64 Bsin8t + 4(—8 Asin8z+ 8Bcos8¢) + 40(Acos8¢ + Bsin8f) =10cos8¢. Solving for

3 1 3 1
A and B yields A = 2 and B = 5 Thus y=c,e™ cos6t+c,e " sin6t — %COSSI + gsin8t. From

3
the initial conditions, we have y(0)=c, — 0 =0 and y’(0)=—2¢, + 6¢, + % =0. Solving these

. . . 3 13
simultaneous equations yields ¢, = 20 and ¢, = “60’ SO

3 13 3 1
y=-——e " cosb6t——e ' sinbt———cos8¢+—sin8t.
20 60 20 5

3 1
For sufficiently large ¢, y(7) = —%COSSI + gsin8t, and so the limit does not exist. This equation is

called the steady state solution.

Yo =ce 2 cos6t + c,e sin6t. For the particular solution, we have y, = Ae”™’,

10
Y7 +4y +40y, =10e” :>A—4A+4OA:10:>A:§. Thus

. 10 _ L .
y=ce ' cosbt+c,e sinbt + Ee '. From the initial conditions, we have

10 , 10 10 5
y(O)=c1+§:0 and y (0)=—2c1+6c2—§=0:>c1=—5, TR

10 5 : 10 _
y= —Ee”’ cos6t— me_z’ sin6z + 37 ‘.
limy(#)=0.
f—o0
Yo =ce 2 cos6t + c,e sin6t. For the particular solution, we have y, = Acos6t+ Bsin6¢, and

differentiation yields y;, =—-6Asin67+6Bcos6t and y, =—-36Acos6t— 36Bsin6z. Then we have
—36Acos6t—36Bsin6t + 4(—6Asin6¢ + 6B cos6¢) + 40(Acos6t + Bsin6¢) = 10sin6¢. Solving for

30 5 30 5
A and Byields A=—= and B=——.Thus y=ce " cos6t+c,e” sinb6t——cos6t +——sin6¢.
74 74 74 74

30 30
From the initial conditions, we have y(0)=c, — £ =0 and y’(0)=—2¢, + 6¢, + E7) =0.
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9 (b).

10 (a).

10 (b).

11 (a).

30
Solving these simultaneous equations yields ¢, = e and ¢, = E7R so

30 30
e cos6t + ie‘z’ sin6t — —cos67 + 75—4sin6t.

Y= 74 74

30 5
For sufficiently large ¢, y(7) = —ﬂcos 61+ ﬂsin 6¢, and so the limit does not exist. This equation
is called the steady state solution.
On 0<t<7:

Yo =ce” cosbt + c,e ' sinbtr. For the particular solution, we have y b= L. Thus
4

_ o 1 . .
y=ce ' cosbt+c,e ' sinbt + 1 From the initial conditions, we have

1 , 1 1
y(O)=c1+Z=0 and y (0)=—2c1+602203c1=—z, czz—ﬁ.

1 1 1 1 1 1 1
y:__e—2tCOS6t__e—ZrSin6t+_, y E :_e—ﬁ+_, yl E :__e_ﬂ+_e_ﬂ:0.
4 12 4 2 4 4 2

On 5 <t<oo:

y=de ™ cos6t+ d,e ' sin6t. From the initial conditions, we have

T w1 - (T x _x
y(z) =—de" = Z(l +e ) and y (5) =2de™ —6d,e™ =0

=d = —i(e” +1), d,= —é(e” +1). y= —%(e” +1)[e‘2’ cos6t+%e"2’ sin6t].

limy(#)=0.

26 +4/48° - 4w,
y” +28y" +w,’y = F cosm,t, y(0)=0, y'(0)=0. A= 5 ¢ =-§+iJw, -5 . Thus

ye=ce™ (:os(ma)o2 - 52) +ce” sin(t«/a)o2 - & ) yp = Acosm,t + Bsinw,t, and differentiation
yields y’, = —m,Asinm,t + w,Bcosm,t and y} =—-m,’Acosw,t— w,"Bsinw,t.

Then we have y} +28y, +@,’y, = 26[—(00A sin@w,t + a)OBcosa)Ot] = F cos®,t. Solving for

A and B yields A=0 and B= . Thus

260,

F
y=ce™® cos(tw/a)o2 - 52) +c,e” sin(twla)o2 - 52) + Y;

W,

sin@w,t .
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F
From the initial conditions, we have y(0)=c, =0 and y’(0) = 02«/6002 -5+ % =0.Thus

& 2_ o
F F|sinoy ¢ ’sm(t«/a)o —5)

¢,=0andc,=—————,and so y=—; _
1 P28 w, -8 28| o, N
FlAo, =8 sinwyt— we™ sin(t«/(oo2 - 52) F N()
11 (b). First, let us rewrite y = — =———.Touse
2 soyo,} -8 2 D(6)

L’Hopital’s Rule to find the limit, we need

w2 (0)02 - 62)_% (—26) sin@,t + a)ote_& sin([m)

a5 2

I ! dN
~oe cos( e, = 87 S (0 =8) 2(28)1. Thus £ 0+ @ytsineyr+0 as 5-0.

dD 1 - dD
i wy\@," — 8 + dw, '5(‘002 — 52) 2(—26). Thus 25 w,” as § — 0. Therefore,
FN@®) F .
im——_= tsin@,t.

50" 2 D(6) 2(00

F sinw,t |
11 (c). For sufficiently large ¢, y = 25 S D, . Knowing m and k means that we know @, = K .
, m

of the steady state solution and knowing F' = —, we

Therefore, by measuring the amplitude

3|

0

can determine O.

12 (a). y” +28) +,’y = Fcoswt, y(0)=0, y'(0)=0.

ye=ce™ cos(tm ) +ce” sin(t«/a)o2 - & ) yp = Acos@,t + Bsinw,t, and differentiation

yields y’, = —m,Asinwt + wBcoswt and y” = —w,’Acoswt— o,’Bsinwz.
Then we have

Vi 428y, + @y, = (6002 - a)lz)[Acos wt+ Bsinw,t] +28[~w,Asinw,t + ®Bcoswyt| = F coswt .

2 2
2(% 2—2601 )F > and B= ; 22502),F
(@) - @) +(26,) (@0, - @) +(20,)

y=ce™® cos(mcoo2 - 52) +c,e” sin(z‘«/a)o2 - 52) + Acosm,t + Bsinw,t . From the initial conditions,

we have y(0)=c, +A=0 and y'(0) = —8c, + ¢,y @, =8> +®B=0.

Solving for A and B yields A = - . Thus
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0A+wB

2

Thus ¢,=-Aand c, =— 5
@, —

and so

5 [(a)02 - a)lz)cosa)lt + 20w, sina)lt] -

(@, - colz)2 +(26a,) Jo -8

- | —
Fe™® > {((002 _ wﬂ)cos(tm) n [5((002 _ wlz) ‘o (250)1)] Sln(tW)}

12 (b). Using 8(w,” — @) + @, (26m) = 8(@,” + &),

F Foo sin(z‘w/a)o2 = 52)
lim y(1) = —— 280, sinwy - ———1[260,’]
@~ (26a,) (26w,) Vo, -8

_ F {sin(oot s sin(twa)(f - 62)}

- 2_5 @, \/a)o2 -6

12 (¢).
lim y(#) = %{(woz - colz)coswlt} - Lz{(wo2 - wlz)cosa)ot}
S o ar) (o -0)

F

= z—z){coswlt— cosa)ot} = (

((1)0 - o, ’

o7 (002) {cosa)ot— cosa)lt}.

13 (a). mx” =—kx— mgcos(%), x(0)=-10, x’(0)=0.

. g k 150 5 L
13 (). x"+—x=——"-—. —=+——=732s". Thus the complementary solution is

Xe=¢ cos(t\/i)+c2 sin(t@). X, =A4A, so %A:—%, and so Az—% and

xX=c cos(t\@) +c, sin(t@) - %

1
From the initial conditions, we have x(0)=c, - ﬁ =-10 and x"(0) = v32¢, =0. Thus

1 1 1
¢ :ﬁ—IO, ¢,=0,and xz(ﬁ—m)cos(t 32)—$.
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13 (©).

14 (b).

15.

1
Differentiation gives us x’(¢) = N32 (10 - ﬁ) sin(t«/@ ) . We need x” when x =0, so

1

cos(r/32) = [ . Solving for sin(ry/32)= 9971, and so x’ = 52416/ .
=10
ﬁ

Letting x and y represent horizontal and vertical coordinates which have their origin at the mouth o

the “cannon,” we have y” =—g, y(0)=0, y(O)—\/5 and x” =0, x(0)=0, X(O)_\E For the y

. s
initial value problem, we have y’ =—gt +— «5 and antidifferentiation yields y = —% + ff Settin

: 2v I : . L
y =0 gives us t=0, —2. Substituting the second value for ¢ into the solution of the initial value

8
2 2
) v v v, Vv (52.416)
roblem for x gives us x(z =—°t=—0«5—°=L=—=85.857ft.
P * Y
v 307 5 1
(). =gy +C, -=0+C = v’ =-2gy+900, v(2) = (900 —128)* =/772 ft /sec.
z k 772 k
(). === (y=2P - gy -2 +C,, C, === v> == (y=2)* = 2g(y—-2) + 772
2 2m 2 m
k k € 708
v(3)=0=20=——-2g+772=—=T772-64=708, m=--=k=——=1.3828 Ib/ ft.
m m 32 16(32)
1 1 1
V= Ld— — j Do 17+ L1 10)=0, 17(0)=0. and therefore 17 + 1= e
dt C 4 dt

1 t t

V. =5sin3¢t, sol” +—1=15cos3t.Thus /. =c, cos(—j +c, sin(—j and I, = Acos3t+ Bsin3t.
4 2 2

Differentiation gives us I, = —-9Acos3t—9Bsin 3¢, and then we have

1 1 12
(—9 + ZjAcos 3+ (—9 + Z)BsinBt =15cos3¢t. Thus B=0and A= —7 ,and so
12 t () 12 . ..
I, = —7cos 3tand I =, cos 5 + ¢, sin 5 — 7003 3¢t. From the initial conditions, we have

12 1 12 12 t
I(O)=c1—7=0 andl'(0)=562:0.Thus ¢, = = andc,=0 and I($)=— 7 (cosa—cos?st)
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16.

17.

18.

1 1 t t
I"+—1= av, .V.=10te™", soI” +—1=10te”". Thus I. =, cos(—) +c, sin(—j and
4 dt 4 2 2

I, = (Ar+ B)e™" . Differentiation gives us I, = (At—2A + B)e™', and then we have

1 24
At—2A+B+Z(At+B):—10t+10:>A:—8, B:—?.

24 t t 24
Thus, I, =| -8t—— |e" and I = ¢, cos| — |+ c,sin| — [+| —8¢—— |¢” . From the initial conditions,
i 5 2 2 5

24 1 24 24 32
we have I(0)=¢,——=0and I’'(0)=—c,—8+—=0.Thus ¢,=— and ¢, = — and
s 277 5 b7 5

I(H)= ﬁcos(lj + Esin(ij - (8[ + %je'r .
5 2 5 2 5

V 1 dv 1 1 dl
I :—+—J. V(A)dA + C——, and then we have CV” +—=V’'+—-V =—_V(0)=0, V'(0)=0.
R L~o dt R L dt

1 1
R=1kQ, L=1H, C= E'LLF’ andso V" +2V' +2V =2 CZ*‘ . For this problem,

t
dl 2+\J4-8

d; =2¢"". For the complementary solution, we have A = _# =—1=x1i,and

so V. =ce cost+c,e 'sint. V, = Ae”’, and substituting this into the original differential equation,

[ =1-¢'=2

". From the initial

we have A—2A+2A=2.Thus A=2,andso V =ce ' cost+c,e " sint+2e
conditions, we have V(0)=c¢, +2=0 and V’(0) =—¢, + ¢, —2=0. Solving these simultaneous

equations yields ¢, =—2 and ¢, =0, and so V =—2¢ " cost+2¢ .

dl dl
V742V +2V =2 d; , V(0)=0, V’(0)=0. For this problem, /, =5sint = 2 dts =10cost. For the

complementary solution,V,. = c,e”' cost + c,e" sint.

V, = Acost+ Bsint, V, =—Asint+ Bcost, V,’=—Acost— Bsint, and substituting this into the
original differential equation, we have (—2A + B)sint+ (A +2B)cost=10cost = A=2, B=4.
Thus, V =ce ™ cost+c,e' sint+2cost+ 4sint. From the initial conditions, we have

V()=c, +2=0and V'(0)=—c, + ¢, + 4 =0. Solving these simultaneous equations yields

c,=—2andc,=-6,and so V =—2¢ ' cost—6e 'sint+2cost+4sint.



