Chapter 5
Higher Order Linear Differential Equations

Section 5.1

1-5

Verify by substituting into differential equation.

6. Discontinuities for the relevant functions exist at t=-3,—1,3.
1

y” - T g y” +1In(¢+1)y’ +costy =0; Initial condition at r=0. —-1<7<3.

7. Discontinuities for the relevant functions exist at t=—1 and nm + g Since t, =0, the largest
interval on which Theorem 5.1 guarantees a unique solution is —1< < r .

8. Discontinuities for the relevant functions exist at =14 and * g (tz - 16) y P +2y” + 'y =sect;
Initial condition at r=3. —<1<4.

9. There are no discontinuities for the relevant functions and z, = 0. Thus the largest interval on whic
Theorem 5.1 guarantees a unique solution i1s —oo < f < oo,

10.  y¥-5y"+4y=0; X' -5 +4=(A-1)(X-4)=0 A=-11,-2,2.

11. A =2=2A-DA+1)=0,s0 1 =0, +1.

12. V7 =2y =y +2y=0; =22 -A+2=2A-2)-(A-2)=(A-2)(A*-1)=0
A=-1,1, 2.

13. A -2241=F-1D’=A-D’A+1)*=0,s50 A ==I.

Section 5.2

.1 .. . c
1 (a). y” =0, and antidifferentiation yields y” =c¢,, y'=¢,t+c,, andy = Eltz +c,t+cy.

1 (b).

1 ¢t ¢

W=0 1 2{=2#0,and thus the three functions form a fundamental set of solutions.
0 0 2
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10.

1 e e
W=0 ¢ —-'l=12)=2#0.
0 e e
1 ¢+ e
W=0 —e'|=e”" #0, and thus the three functions form a fundamental set of solutions.
0 0 ¢
1 t cost sint
0 1 —sint cost 5 .
W = . :1'1-(cos t+sin t):l;tO.
0 O —cost -—sint
0 O sint —cosf
1 ¢t ¢!
W=0 1 —r?*=2t#0, t>0,and thus the three functions form a fundamental set of solutions.
0 0 2°
1 Int ¢
W= ' 24=1-3t")=3r"#0, t>0.
0 —r* 2

y=c, +c,e' +cie’, and differentiation yields y"=c,e' —c,e™ and y” =c,e’ +c;e”". From the
initial conditions, we have y(0)=c, +c,+c¢,; =3, y'(0)=c¢,—c,;=-3,and y"(0)=c, + ¢, =1.
Solving these simultaneous equations yields ¢, =2, ¢, =1, and ¢, =2, and so the unique solution
is y=2—e'+2¢".

t

y=c tettee’, y)=c,+c,+ce' =4, y()=c,—ce' =3, y"()=ce' =0
" c;=0,c,=3, ¢c,=1and y(r)=1+3¢.

y=c¢, +c,t+c,cost+c,sint, and differentiation yields y’ =c, —c,sint +c, cos?t,

y”=—c,cost—c,sint,and y”’ =c,sint—c,cost. From the initial conditions, we have

T T T T T
y(z): (o '|'C25+C4 = 2+TC, y,(gj: Cy,—C3 = 3, y”(;): —Cy :—3, and ym(zj: Cq =1.
Solving these simultaneous equations yields ¢, =-1-m, ¢, =4, ¢, =1, and ¢, = 3, and so the

unique solution is y =—1—m+4¢+cost + 3sint.

9

1 1
y=c1+c2t+c3t_1, y’=c2—c3t_2, y”:2c3t_3, y(2)=c1+2c2+5c3=—1, y’(2):c2—Zc3:5

” 2 1 3 1 1
y (2)25032—5 = ¢;=-2, 0225—5=1, Cl+2(1)+5(_2):_1 = ¢, =-2

y=-2+1t-21",
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

y=c, +c,Int+c,t*, and differentiation yields y’ = c,t”' +2c,t and y” =—c,t + 2c,. From the
initial conditions, we have y(l)=c¢, +c, =1, y'()=c¢, +2¢, =2, and y”(1)=—c, +2¢, =—6.
Solving these simultaneous equations yields ¢, =2, ¢, =4, and ¢, =—1, and so the unique solutior
iIs y=2+4Inr—1t.

y”—=y"=0; p,(6)=p,(t)=0. Abel’s theorem predicts W (1) = W (¢,).

If t,=—1, then W ()= W (-1) = constant. From exercise 2, W (t) = 2.

p, (D)= p,(1)=1, and so Abel’s Theorem predicts W (f) =W (0)e™" with 7, =0.From Exercise 3,
W) =e"'=W(0)e " since W(0)=1.

yP+y”=0; p, (= p,(t)=0. If t,=1, Abel’s theorem predicts W (f)= W (1) = constant. Fron

exercise 4, W(t)=1.

13

3 ER 1
P, (= p,()= . and so Abel’s Theorem predicts W (£) =W (1)e " = W(l)eHUm_lnl]} = wd

l3
with #, =1. From Exercise 5, W (f)=2t" =W ()t since W (1)=2.

2. .m

1
ty”+ty”"—=y'=0; p, ,()=p,(1)= o With #, =2, Abel’s theorem predicts

W (1) = W(2)exp{ Jlds}— W (2)expl—Int +1n2} = W(2)exp{ln(2j} sz)
From exercise 6, W (f)=3¢t" .. W(2)— 3 and W ()= 2@

Poa(D=p,()=-3. W(0)= W(])e‘f(‘”"*‘ _ 0D

t

P, (=p,(H=sint. W(@)=W() exp{—J sin sds} =0 since W(1)=0.

1
1 —.rs_lds _1
pn_l(t):p2(t):;. W) =W(de =3, t>0.

p_(D=p,(H=0. - WH=W(1)=3.
W —-u=0,50 ¥ —1=(A+1)(A—-1)=0. Then we have u=ce™ +c,e’ =y’ . Antidifferentiation

yields y=—ce” +c,e’ +¢c, = Ae” + Be' + C(1).

22(a). u=y"; u+u'=0, ¥+1=0 = A=0,-1 wu=y =c +ce”’

y=ct—ce te, = oftce eyl

22(b). v=y" Vv +v=0 = v=y"=ke' = y =—ke'+k, = y=ke +kt+k,.
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23.

24 (a).

24 (b).

25 (a).

25 (b).

v’ +v=0,s0 we have v =, cost+c,sint= y”. Antidifferentiation twice yields

y=—c,cost—c,sint+c;t+c, = Acost+ Bsint+Ct+ D.

1 2 ¢

W=0 2t 4 = 1-[24t3 - 8t3] =16¢". Note that W (0) =0 but W (¢) is not identically zero on
0 2 12¢

(=1, 1). If y”+ p,(£)y” + p,(t)y =0 were to have 1, >, ¢* solutions with p,(1), p,(¢)
continuous on (—1, 1), we would contradict Abel’s theorem. ... No.

If y=1, theny” + p,y” + p,y’ =0 is satisfied for any p,, p,.

Ify=¢, y'=2t, y"=2=0+2p, +2tp,=0= p, +tp, = 0.

Ify=1', y/=4r, y" =128, y” =24t =241t+128p, +4t’'p,=0= 6+ 3tp, + £’p, = 0.

3
t 1 0 1|3 -1|0
Therefore, | , P = = Py =— , = /l‘2 )
©© 3t]p,| |6 p,| 20| t|-6 —%

Both functions fail to be continuous at 1=0.
Differentiation yields y’ =c,e' —c,e” and y” = c,e' + c;¢”" . From the initial conditions, we have

y0)=c¢,+c,+c, =0,y (0)=c,-c, =f,and y”(0)=c, +c, = 4. Solving these simultaneous

1 1
equations in terms of ocand B yields ¢,=a—4, ¢, =2+ Eﬁ’ and ¢, =2- Eﬂ Then we have

1 1
y(t)=(ax—-4)+ (2 + Eﬁ)et + (2 - Eﬁ)e"’ . Since the third term goes to zero as ¢ gets large, we

must set @ =4 and 8 =—4 so that the first two terms also become zero (for all 7).

y will be bounded on 0 <7< e if f=—4 (o can be arbitrary). No choice of o and 8 will produce

. . . 1 1 .
a solution that is bounded on —co < f < oo since 2 + 5 Band 2— 5 B cannot simultaneously be zero.

Section 5.3

2
.o _r . . t
Antidifferentiation yields y = c, + ¢t +¢,t°. Since #,=0,we have y, =1, y,=1, and y, = 5 from
the initial conditions provided.
y=c e tt+et’, y=c,+2c,t, ¥ =2c,
tv=1 y:c+c,+c;=1 ¢,+2c,=0, 2¢;=0 .. ¢,=1, ¢c,=¢;=0, y,(1)=1.

Vi ¢ +c,+c; =0, ¢, +2¢c,=1, 2¢;,=0 = ¢,;=0, c,=-1, ¢,=-1, y,(1)=1-1,
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5 (a).

5 (b).

5 (c).

6 (a).
6 (b).

6 (c).

1 1 1
Vi ¢ te,+c;=0, ¢, +2¢;=0, 2¢;=1 = 0325, c,=-1, 01:5 y3(t)=z(t—1)2

e
nm=1 y,(n=1-1, y3(t):5(t_1) .

Since #,=0,we have y,(0)=c,+c¢; =1, y/(0)=c,—c,=0, and y,’= ¢, =0 from the initial
conditions provided. Thus ¢, =1and ¢, =c; =0, and y,(¢)=1. Similarly, we have

v,0)=c +¢;=0, y,(0)=c,—c;=1, and y7= ¢, =0 from the initial conditions provided. Thus
c,=land ¢, =c,=0,and y,(r)=t. Finally, we have

v;(0)=c, +¢;=0, y;(0)=c,—c,; =0, and y=c, =1 from the initial conditions provided. Thus

t

¢,=-landc,=c;=1,and y,(£)=-1+1t+e".
y=c tettce, y=c,—cie, y=ce’’

1

1. -1 _ -1 _ -1
t,=1 ¢ +tc,+tce =1, c,—ce =0, cye

=0 = ¢ =L c¢,=¢;=0, y(=1

Vi e, ee =0, c,—ce =1 e =0, ¢;=0, ¢, =1, ¢, =1, y,(=1-1

Vi ¢ te, e =0, c,—ce' =0, ce'=1 = c;=e, ¢c,=1, ¢,=-2, y;()="2+t+e "
yO=1 y,0)=t-1, y,()=-2+t+e"".

{Cosh t, 1—sinh¢, 2 +sinh t} is a solution set.

1 1 1 1 1 1
COShl=0'1+5€t +Ee_’, 1—sinht:1—§e’ +Ee_’, and 2+sinht=2+—¢' ——¢'. Thus

0 1 2
1 1 1
A=|— —— =
2 2 2
11 1
12 2 2]
IR L N L
detA=0 12 21 —1% 21 +2% 12 :%;to, so the three functions form a fundamental set.
2 20 2 20 2 2

{1— 2t, t+2, e_(”z)} is a solution set.

1-2t=11-2-t+0-¢7", t+2=2-1+1-t+0-¢7", e " =0-1+0-t+e7-¢”"

1 2 0
A=|-2 1 0
0 0 e

detA=e?(5)=5¢>#0 .. fundamental set.
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7 (a).

8 (a).

8 (b).

8 (¢).

10.

11.

12.

13.

14.

- _ 1+l . — -1, :
y, =1+ tand y, =—— are solutions. However, y, = (t+1) 'is not a solution and so
1

t+1 1 . .
{1 +1, — (t+1) 1} is not a solution set.

{2t2 -1, 3, ln(t3)} is a solution set; In(#’) = 31n.

2t —1=—=1-1+0-Int+2-#, 3=3-1+0-Int+0-7*, 3lnt=0-1+3-Inr+0- ¢

-1 30
A=|0 0 3
2 00

-1 3
detA= —3{ 5 0} =18#0 .. fundamental set.

Setting ¢, -1+ c,t+c,t* =0 and evaluating at t=-1, 0, 1 we have

¢,—c¢,+c;=0, ¢,=0,and ¢, +¢, + ¢, =0.Thus ¢, =c, =c, =0, and the three functions are
linearly independent on the interval.

e l+c, (1+D+c,(1+t+)=0 = (c,+c,+¢;) 1+(c,+¢;) t+c, =0
The argument of 9 leads to ¢, +c¢, +¢; =0, ¢, +¢; =0, ¢;=0 = ¢,=¢c,=¢;=0

*. linearly independent on —oo <t < oo,
Setting ¢, cos’ ¢+ ¢,2c0s2¢t +c,2sin’ t =0 and using the identity cos’¢—sin® = cos2t, we have
c,cos’ t+ 2c2(cos2 t—sin’ t) +2c,sin’ t= (c1 + 2c2)cos2 r+ (—2c2 + 203) sin’t=0. Taking

¢, =1, ¢, =1, and ¢, =2 to be one nontrivial solution, we can conclude that the three functions are
linearly dependent on the interval.

o +20) + e, (et + 1) + ey (t+ o) =, +(2¢, + e, +¢3)t+(c, + ae;) =0

o 1jc, 0 5

¢ =0, 00,+c;=0, c,+oc, =0 or [1 G}LJZ[O} det=0o" -1

*. linearly dependent on —oo< < oo if ¢ = %1 and linearly independent on —eo < f < oo otherwise.
(nontrivial c¢,, ¢; if oo==1).

On 0<t< o0,

f|+1=1¢>+1. Then we have

2 2 _ 2 _
cl(t + 1) + cz(t - 1) +cyt= (c1 + cz)t +cyt+ (c1 - cz) =0.Thus ¢, =c,=c, =0, and so the three
functions are linearly independent on the interval.

On —e<t<0, tt| +l=—F+1= 1(t|t| +1)+1(#* = 1) +0(£) =0, and so the three functions are

linearly dependent on the interval.
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15. Since the three functions are linearly independent on half of the interval (see 13), the functions are

linearly independent on the entire interval.

Section 5.4

l1(@. A-41=0

1 (). X—4A=A(A+2)(A-2)=0.Thus A1 =0, £2.

1(c). y=c,+ce” +cye’, since the roots are distinct.

2(a). A+ -1-1

2(b). XA+D-A+D)=(A-1)A+)=0 A=-1,-1,1
e’ te e'

2(c). y=ce ' +eyge +ee’y W=le' (I-nHe’ €=
e’ (2+ne’ €

—t

e '[3-2t]-te'[-2]+e'[2—t-1+t]e? =€ [3-2t+2t+1]=4e” 0
3(@). A+AX+41+4=0
3(b). X+ +4A+4=2A+1)+4(A+1)=(V+4)(A+1)=0.Thus A=-1, +:2.

e’ cos2t sin2¢
3(c). y=ce ' +c,c082t+c,sin2t,since W =|-e”"  —2sin2t 2cos2t{=10e” #0.
e’ —4cos2t —4sin2f
4 (a). 164" —8A* +1
1 1 1 1
4®). (420-10=0; A=——,——, -, =
®) ( ) 2 2 2 2
e te”” e te”
_ Lo (_L) o Lph (1+L)e/2
4 (¢). =ce " +cte” +ce” +c,te” = * ? . 2,
O ymacrare Tractre Lt (CleR)et det (1+4)e”
N o e
1 0 1 0 1 0 1 0 1 0 1 O
L s o1 11 o111 3
W)= S = =1-1| 2 |%0
Lo 7101 oo 1 2 2
it bs o oo
5(). 164" +84° +1=0
5(b). 164° +87° +1= (44 +1) =0. Thus lzié,ié.
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5 (c).

6 (a).

6 (b).

6 (c).

7 (a).
7 (b).
7 (c).
8 (a).
8 (b).

9 (a).
9 (b).
9 (c).
9 (d).

t t .t .t . .
y=c COSE + cztcosa +c, smE + c4ts1n5. To verify this,

cos(é) tcos(é) sin(é) tsin(é)
1 . t t t . t 1 t t t t
. - E SIH(E) COS(E) - 5 SIH(E) ECOS(E) Sll’l(g) + ECOS(E)
=1 t | N ! .
W cos(é) - sm(é) -7 cos(%) ~2 sm(5) cos(;) ~2 sm(E)
1 3 t 3 t t 3 t 1 t 3 1 t t
g sm(;) —ZCOS(E) + g sm(;) - gCOS(E) - Z Sln(g) - —COS(E)
0 0 O
1
0 5 0 0
1
WO=LL o o (=0 1 5|=-#0
) 3 1 0 — 31
0 % %0 8
A -1
P=e® = A =¢", k=0,1,2; A=1 7%, 7 =1, —1+i£, —1—i£

2 2 2 2

C o (BY L (43
y=ce +c,e *cos TI +c,e ?sin TI

=2 -2+2=0

=28 -24+2=2(A-2)-(A-2)=(A+1)(A-1)(A-2). Thus A=2, +1.
y=ce " +ce’ +cye’, since the roots are distinct.

A +16

A =-16=16"2 = 2 =25 [=0,1,2 3; A =27 =2+i2, A, =
2 =2 +iN2, Ay =2 =—\2—i\2, A, =2e"F =\2—i2 o A=+2+i2
y=ce V¥ cos(«/it) +c,e sin(«/at) +c,el cos(x/it) +c,e’ sin(«/it).
A +41=0

A +4A=A(A +4)=0.Thus =0, £i2.

y=c¢,+c,co82t+c,sin2t

Differentiation gives us y’=—2c,sin2¢+2c,cos2¢ and y” = —4c, cos2t— 4¢, sin2¢. From the initial

conditions, we have y(0)=c, +¢, =1, y'(0)=2c, =6, and y”(0) =—4c, =4 . Thus

¢,=2, c,==1,and ¢; =3,and so y =2—cos2t+ 3sin2¢

10 (). Y +32+31+1=(A+1)°
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10 (b).
10 (c).
10 (d).

11.

12.

13.

14.

15.

16 (a).
16 (b).
17 (a).
17 (b).
18 (a).
18 (b).
19 (a).
19 (b).
20 (a).
20 (b).

21.

A=-1,-1,-1

y=ce ' toyte +ete

y(0)=0, y'(0)=1, y"(0)=0

y=—ce ' +c,(1-e”" + c3(2t— tz)e_’, V' =ce ' +e,(2+ e + c3(t2 — 41+ 2)6"’

y0)=¢,=0, yY0)=c,=1, y"(0)=c,(-2)+¢;(2)=0 = c;=¢,=1 y= (t+ tz)e"’

X (),2 + 9) = A" +94’ =0. Thus the differential equation is y'’ +9y” =0, and so

a,=0, a,=9, g=0,and aq,=0.

y=ccosttc,sint+c,cos2t+c,sin2e; (P +1)(A+4)=A +52+4=0

yY+5y"+4y=0; a,=0,a,=5,a=0, a,=4.

(A-1)°(A+1)=(2- 1)2 = A* =2A% +1=0. Thus the differential equation is y*'—2y” +y=0, an

soa, =0, a,=-2, a,=0,and g, =1.

y=ce 'sint+c,e” cost+ce’ sint+c e’ cost; A=-1%il, 1+il.
A+1=iDA+1+i)=A+1)>+1=2+21+2; A-1-iDA-1+i)=A-1)*+1=1-21+2
(B +22+2) (R =24 +2)= (R +2) — 48 =2 + 42 +4— 42 =2 +4=0
y P +4y=0; a,=0, a,=0, a,=0, a,=4.

(A-1)"=2A*—42* + 62> — 44 +1=0. Thus the differential equation is
y—4y” +6y” -4y’ +y=0,andso a,=-4, a,=6, a,=—4, and q, = 1.
n=>5

{1, t, e', cost, sint}

n=>5

{e’, e' cos2t, e'sin2t, e ' cos2t, e’ sin2t}

n=3§

{sint, cost, tsint, tcost, t*sint, t*cost, e'sint, e’cost}

n="17

{sint, cost, tsint, tcost, e', te', t2e’}

n=4

{1, 7, e}

n=1, a=1, y(t)=Ce™
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22. n=1,a=%2; y +2y=0, y(t)=Ce"
23.  n=4,a=0, y(t)=c,+ct+c,t’ +c,t

24. n=2,a=4, y’+4y=0, y=c,cos2t+c,sin2t.
. 3V3 . .
25.  Three values for A must be 3 and — 5 t zT. Using these values to reach the characteristic

equation gives us (A —3)(A +31+9)= 2"+ 32 +91 -3 =91 —27= 1’ -27. Thus
n=3and a=-27.

Section 5.5
1(@. X-A=AUA+1)(A-1)=0.Thus y.=ce” +c, +ce’.
2t

1(b). y,=Ae”,and substituting this into the original differential equation yields (8A—2A)e* =e™.

2t

1 1
Thus A=— andsoy, =—e"".
6 r=%

1
1(c). y=ce ' +c,+ce' + geh
2(@). y,=ce ' +c,+ce
2(b). y,=At+Bcos2t+Csin2t, y, = A—2Bsin2t+2Ccos2t, y” =

~4Bcos2t-4Csin2t, y,” =8Bsin2¢—8Ccos2t

. 8Bsin2t—8Ccos2t— A+2Bsin2t—2Ccos2t=4 +2cos2t

10B=0,-10C=2,-A=4 .. A=-4, B=0, C:—%; yp:—4t—§sin2t

1
2(c). y=ce ' +c,+tce' - 4l—gsin2t

3@). A-A=2A2A+1)(A-1)=0.Thus y.=ce” +c, +cse’.

3(b). y,=t(At+ B)= Af’ + Bt. Differentiation yields y}, =2At+ B, y, =2A, and y’=0, and
substituting into the original differential equation yields 0 —2A7— B = 4t¢. Thus
A=-2and B=0 andsoy, =-2¢.

3(c). y=ce ' +c,+ce =28

4(a). y,=ce’+c,+c,e

4(b). y,=Ate, y,=A@+De', y7=At+2)e', y)'= A(t+3)e';

y;”—y’pzA[t+3—t—l]e’=—4e’ = 2A=—4 or A=-2 ..y, =-2t
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4 (c).
5 (a).
5 (b).

5 (c).
6 (a).
6 (b).

6 (c).

7 (a).
7 (b).

7 (c).

8 (a).
8 (b).

8 (¢).

9 (a).

9 (b).

y=ce ' +c,+ce =2t

X +2=2(A+1)=0.Thus y.=c, +c,t+ce".

y, = Ate”". Differentiation yields y;, = Al—1te™", yy = A(t—2)e”’, and y;'= A(-t+3)e”", and
substituting into the original differential equation yields A(—z+ 3+ ¢t—2)e™' = 6¢"'. Thus

A=6 andsoy, =6te".

y=c +c,t+ce +6te

A=2=0,1=0,0,1; y =c +cyt+cse

y,= Ae™™, Y, = —2Ae™, Y= 4Ae™, Y= —8Ae" . (-8A—4A)e T =47

1 1,
A:—g, Y, =—§e

y=c +e,ttce’ — ge_z’

=22 +2=2A-1)"=0.Thus y. =c, +c,e’ +cyte'.

y, = t(At+ B) + Ct’e¢' = At’ + Bt + Ct’¢' . Differentiation yields

vy =24t+B+C(F +21)e', yy =2A+C(* +41+2)e’, and y)’= C(£ + 61 +6)e’, and
substituting into the original differential equation yields

C(* +61+6)e =2[2A+C(r* + 41+ 2)e' |+ 24+ B+ C(* +21)e" = 1+ 4e'. Thus

1 1
A:E,B:2, and C=2 andsoy, =Et2+2t+2tze’.

1
y=c, +ce' +este’ + 5 £ +2t+2t%"
A =3V +31-1=(A-1)’=0; y. =ce +c,te' +c,t’e
y, = AP,y = A( +37)e', v/ = A + 61 +61)e’, y'=A(r’ +97 +181+6)e’

o Al 972 +18146-3(r + 610 +61) + 3(F +38) = e’ =12¢' = A-6=12; y, =27

y=ce' +c,te' +ct’e’ +2t%"
1 3 _! 3 _t 3
A —1=0.Thus 1=1, _Eiig’ and so y. =ce’ +c,e 2cos(gt]+c3e 2 sin(gtj.

y, = Ate'. Differentiation yields y, = A(t+1)e’, y7 = A(t+2)e', and y)’= A(t+ 3)e’, and

substituting into the original differential equation yields A(t+ 3—t)e' =¢'. Thus

1 1,
Azg andsoy,,zgte.
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o 3 <o f3 )1
9(). y.=ce +cue *cos Tt +cse ?sin Tt +§te

. i(mw+2km in 1
10 (a). ' +1=0, A’ =—-1=¢"""", /1k=e( %, }tl:eé=5+ig,

1 3 ; 3 , 3
Ay=—1, A, =—— i£; y,=ce’ +c,e” <:os(£ t] +cy e sin(£ ]
22 2 2

10 (b). y, = Ae' + Bcost +Csint, y’, = Ae' — Bsint + Ccost, y, = Ae' — Bcost— Csint,
y7'=Ae' + Bsint—Ccost .. Ae'+ Bsint—Ccost+ Ae' + Bcost + Csint=

1
C=--,

=¢'+cost & 2A=1, B+C=0,-C+B=1, A= B=%, 2

1

2’
1,1 1

Yy —Ee +5COSt_581nt

o (BY) L (BY
10 (c). y=ce " +c,e*cos| —t|+c,e”sinf — 1t |+—e' +—-cost——_sint
2 2 2 2 2

11 (a). =42 +44=A(A1-2)"=0.Thus y, =c¢, +c,e” +cyte®.
11 (b). y, = A + AP + At + A))+ (B’ + Bt + B )e™
= At + AP + AP + A+ (Byr* + Bt + Byt )e™
12(). =3V +31-1=(A-1)’=0  y =ce' +c,te' +c,t’e
12 (b). y, = Ar’e" + Be' cos3t + Ce' sin3t + D
13(a). A'—16=(A"+4)(A-2)(A+2)=0, A =+2, +i2, and so
Ve =ce ' +c,e’ +c;c082t+c, sin2t.
13 (b). y, =tAt+A))e’ +1(Bit+B,)e™ +(Cit+ C,)cos2t+ (Dt + D, )sin2¢
14 (2). ' +82+16= (A +4) =0 - A==i2, 02
Y. =¢,C082t+c,Sin2t + ¢, tcos2t + ¢, tsin2t
14 (b). y, = (At + Ay)cos2t+ (Bt + B, )sin2t
15 (@). A =1= (P +1)(A+1)(A-1)=0.Thus y. =ce” +c,e’ +c,cost+c,sint.
15 (b). y, =t At+Ay)e” +HCt+C,)cost+ (Dt + D, )sint.
16.  y=c +ot+ce’ +4sin2t;, F(A-2)=A-21=0; y”-2y" =g

”__
P

. a=-2,b=0,c=0. y, =4sin2¢, y, =8cos2t, y7 =-16sin2t, y

—32cos2t.
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Substitute: —32cos2¢—2(—16sin2t) = g(¢)
wa=-2,b=0, c=0, g(f)=-32(cos2t—sin2t).

17. (lz + 4)(),— 1)=2"—A+41—4=0. Therefore, g(t)=y” —y” +4y' —4y. y,=¢,and
differentiation yields y;, =2¢, y, =2, and y,’=0. Then we have
g)=0-2+4(2t)—4r =-4r +8t—2and a=-1, b=4, c =—4.

18. y=cl+czt+c3t2—2t3; A =0, y” =g, yp=—2t3, y’p:—6t2,
yy=-12t, y7'=-12; a=b=c=0, g()=-12

19. y=c tct+ c3t3 +¢*,and so 1, 7, £ are solutions of the homogeneous equation.
0+0+0+c-1=0,50¢c=0.0+0+bt-1=0,50b=0. £ -6 +at’(61)=0, soa=—1.
£'y” —t’y" =g and y, =1t",s0 g(t)=1"-241t— 1121 =12¢*.

20. y=ct+c,t’ +ett +2Int;  t, 12, t* are solutions of homogeneous equation.

0+0+bt+ct=0 . b+c=0,0+a’Q)+b20)+c()=0 - 2a+2b+c=0

(t4), =47, (t4)” =127, (t“)m =241, (240 +ar’(127) +bi(41) + ¢(r*) =0
24 +12a+4b+c=0 .. ¢c=—b = 2a+b=0 and 24+12a+3b=0
Sob=-2a = 24+12a—-6a=0 = a=-4, b=8, c=-8

3.

r'y” —4r’y” +8ty’ — 8y = g(1)

2 2 4
@iy ==, @In)" ===, @y =

4 2 2
t3(t—3]—4t2(—t—2)+8t(7)—161nt=g = g=28-16Int

a=-4, b=8, c=-8, g(t)=28-16In(r), r>0.

21 (a). The three solutions can be verified by substitution.

2 4 ’

A A 7 0
21 (b). |1 2t 47 |uf|=| O |where y, =tu +u, +t'u,. det= 1247 — 87|~ 1[12¢* - 2¢*| = 6¢*.
0 2 127 | u g

o ¢ ¢
’ 3 1 1 -7 5 1 -2
R e P
. |6t "6 3
t7g 2 12t
t 0 t4 |
u, = 0 47| —=—=1"g|3¢*|=-=1"g,
61" 3] §
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t £ 0 L | 1
and u; =1 2t O o = gt_7g[t2] = gt"sg. g= 212, Making this substitution,
0 2 g
il h 3 7
antidifferentiating the three u” equations yields u, =——1 2, u, = gt 2,and u, = _ﬁt 2. Thus
L 2 3 2 7 16 L
=——1¢ 2(t)+=1 2(¢*)— =1 2(') =—— 2. Finally, we have the general solution:
Vo (+3502(0)= 5702 (0) =5 y g

1
_ 2 4 2
=ctt+c,t” +cit — t-.

y 1 2 3 21

-1 -2

2 2
22.  g=2t, ul’zgt = =g wy=—17 = u,=1"

’ 1 -4 1 -3 2 1
u3:§t = u3:—§t ; yngllnt+t—§t

2 1 2
y=clt+cit +citt +Stint+t——t = ct+c,t’ +cytt +=tint
; 3 9 3

1 I 2 1
23. g=1t +2t"+1,and so u/ = 3 t"z(t3 +21 + 1) = gt + 3 + 3 ¢, and antidifferentiation yields

o2 1
w=—+-t——t

1 1 1
Sy === - (t3 +21% + 1) =———¢"'——¢7, and antidifferentiation yields
6 3 3 2 2 2

1 1 1 1 1
U, =— é —Inzr+ 1 U= 6 a (t3 +217 + l) =% £+ 3 £+ 6 ¢, and antidifferentiation yields

1 1 1
7 z—gt_l _gt_2_ﬁt_4' Thus

o2 1 t 1 1 1 1
Vo=t —+=t——t" +t2(———lnt+—t2)+ t4(——t1 ——tz——t*‘J
6 3 3 2 4 6 6 24

~g” #*Int. Finally, we have the general solution:

1 1
y=ct+c,t” +eyt’ —Eﬁ—g—zzlnt.



