Chapter 7
Laplace Transforms

Section 7.1
r s 1 1
. L{=lim| l-e¥di=lim—— =lim-(1-¢™")=~, §>0
T—od0 Toeo § T—eo g Ky
31y _ 1: LY St T T (=3t 3, 1 _ 1 =3l _ 4. 1 _—s=3)T
2. rfe }_}ggfoe e di=lim [ oV dr= lim-——e 0_}53s—3(1 e )
1
= , §> 3.
s—3
T T
3. L{te"}= }im JO te” e dt= }im . te"“*V'dt . For integration by parts, we will use
—(s+1)t
u=t du=dt, dv=e"""dt andv=— . Then we have
s+1
—(s+1)e |7 —(s+1)T
T —t 1 ¢ . =T 1 <
i [t = o] =] [Pt ary = lim{ =+ ——— (1)
T—e 90 Toe|  s+1 |0 s+17 Tl 541 (s+1)
1
= , s>—1.
(s+1)°
T
4. L{t-5}= }im JO (t—5)-e "dt. For integration by parts, we will use
u=t-5, du=dt, dv=e"dt, and v =— ©  Then we have
s
r (=5 1 (T-5eT+5 e[
lim | (1= 5)e™"dr=lim{ ————| +=[ ¢™dr{=lim -
T—9v0 T—oo Ky §s9Y0 T—e Ky Ky |0
1 5
=, 5> 0.
s s
5. L{f(1)} does not exist because lim te"V'e™ = oo forall s>0.
6. L{f(1)} does not exist because lime" ™ e™ = oo forall s> 0.

[—>00
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L{t-1}= J; (1= ) dr+ [ (1=1)e"dr .

) (2)

—st

(D): u=1—t, du=-dt, dv=e"dt, v=-%_ Then we have

S

—st 1 lefsf 1 1

- J dt=—+—e™"
(U s S

e

H=—(1-1)

5o

—st

(2): u=t-1, du=dt, dv=edt, v=— € Then we have

S
t—1 _ |7 1¢= e’
N=——e" +—| e Vdt=
@ s ' s'[l s
1 1 2
D+2)=—=—+—e", s>0.
S S S

£{(t=2)*y = lim [ (t=2)*-e™'dt. Using
T— 90

—st

u=(t—2)%, du=2(t—2)dt, dv=eds, and v =—°

, we have
s

‘ _ t_z 2 —st
tim [ (1-2)% ¢ di = 1im{%
T—0v0 T —co Ky

T
2 | 4 2 . ,
+ —jT(z— 2)e_”dt} ==+Zlim | (1—2)™"dr. Using
0o S 0 s  §T—>=J0

—st

parts with u=1t-2, du=dt, dv=e"dt, andv=—e , we have
)
4 2 e 1 Y| 4 4 2
T —(t—
lim (t2)2-6”dt:—+—lim{[l+—2e”j }:——2+—3, s> 0.
T—ee 0 S §Toe s Ky 0 s S s
T fstT 1 —S
1 L8t I B —€ 1 (o5 _ *ST:e
L{f ()} =lim | 1-¢™dr = lim —| =lim (" -eT)="—. 5>0.
L{f(D)}=
r —(=De[ 17 (T-De™" e —e™
lim| (t=1)-edt= lim{——— +—j e dt :lim{— + > }
T—oo 1 T—oo Ky . K T—oo Ky Ky
= e2 , §>0.
S
2 _ —st 1
Ly =1 edr=—"— ==(e"=e™), s£0; =1, 5=0.
S | S
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2
2 _ t—l —st 1 P 25 1 ‘
12, £{f(O}= Jl (t—1)-edt= —t=De” + —Jl e dr=—5—+ — (e’”‘ - e’“), s#0.

s | S s §

—st

13. j feldt u=1", du=nt""dr, dv=e"dr, and v =—— Then we have

S
Z,ne—st

S

n -1 _-s
+—jt” le™dt, s>0.
s

14 (a). Since lim " =0 and lime™ =1, limt"e™" =0.

t—0* t—0" t—0"
14 (b). Using L’Hopital’s rule:

n n-1

nt
: n_—st __ 13 . _ 1
limt"e™ =lim— =lim—_-=..= lim—,

f—>o0 o0 @ >0 g§@ t—o g" "

15 (a). Using 13 and 14,

net . n .. T 4 n n—
+—J.0 " e ’dt}:0+—hm J ! e™dt=—L{t""}, §>0.
s s

S T—oo

T
_tﬂ —st
L{") = lim{ ¢
§ 0

T—oo

15 (b).

2 2 3 3| 4 41
L{Yy=="L{ty==, L{y=—L{}y =, L{"}Y=—L{}=—,
S S | S ) S S
L{zs}zéz{f‘}:%, 5>0.
S S
m!

15 (¢). L{lm}zm, s>0.
S

16.  £{f(t)}= }irg{e-”(

—sCOSIt — a)sina)tj

T
s
= , s>0.
s+ oot

! ()
=———, s>0.
s+

0

s* + w*

17.  L{f()}= }irg{e-”(

—ssinwrt — a)coswtj

18. f(#)=cos(w(t—2)) = cos(wt)cos(2w) + sin(wt)sin(2w) . Using 16 and 17,

scos(2m) + wsin(2w)
s°+

L{f(O}= , 5>0.

19.  f(#)=sin(w(t—2)) = sinwrcos2w— coswtsin2w. Then we have

WCcoS2m— sSin2@
st + o’

, §>0.

L{f(D}=

s—3)sint—cost
(s=3)7+1

T—oo

T —
20.  £L{f®O}=lim JO e sintdr= lim{e(”)’( (

T
1 >3
=, S
(=37 +1
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T

21 L{ —1: T 7(S+2)t — 1
. f(}= }LIEJO e cosdtdt=1limse

T—oo

e[ —(s+2)cos4t+4sindt
(s+2)° +16

s+2

= §>-2.
(s+2)* +16
s 2 6 2 6
22. L{2e7'} = , §>=5. £{6ty=—, s>0.Then L{r(t)}=——+—, s>0.
s+5 S s+5 s
1 2
23. L{5e"} = ,s>=7. L{}=—, s>0,and L{2"}= , s>2.Then
s+7 Ky -2
5 1 2
Lr)y=——+—5+——, s>2.
s+7 s S—

24 (a). The function is discontinuous on 0 < ¢ < o because the one-sided limits do not exist at the
vertical asymptotes.
24 (b). The function is not exponentially bounded on 0 < f < oo.
25 (a). The function is continuous on 0 < 7 < oo,
25 (b). The function is exponentially bounded on 0 < 7 < co. | f (t)| <e',sowecantake M =1, a=1.
26 (a). The function is continuous on 0 < 7 < oo,
26 (b). The function is exponentially bounded on 0 < f < oo.
If f(t)=te”, then f’(t) = (2t—t*)e” =0 = t= 2, is a maximum point, so we can take
M= f(2)=4e”, a=0.

27 (a). The function is continuous on 0 < 7 < oo,

2t 1
<e*on 0< 1< oo,

27 (b). The function is exponentially bounded on 0 < 7 < oo, since cosh2¢ <

sowe cantake M =1, a=2.
28 (a). The function is piecewise continuous on 0 < ¢ < oo,
28 (b). Consider g(r)=te™', g()=1-1e'=0=t=1. .. t=1 is a maximum and
gi)<e ' = t<e’e’, 0< 1< oo, Since [[t]] <t, 0 < t< oo, the function is exponentially

bounded on 0 < ¢ < oo, taking M =e¢™'

,a=1.
29 (a). The function is piecewise continuous on 0 < ¢ < oo,
29 (b). | f (t)| <e”, and so the function is exponentially bounded on 0 < 7 < oo, taking M =1, a=2.

30 (a). The function is continuous on 0 < < oo,
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30 (b). The function is not exponentially bounded on 0 < 7 < oo because
f= e’ = letz’z’ and e ¥ > e% >4
e 4er 2 ’ '
31 (a). The function is discontinuous and not piecewise continuous on 0 <7< oo,
31 (b). The function is not exponentially bounded on 0 < # < co.
32 lim i dt= lim(tan_1 t‘T) = lim(tan_1 T) _r so the improper integral converges
' T—=d0 14+ £ Toseo 0] 15w 2’ prop g ges.
33 JT ! dt= lln(l + tz) ' = lln(l + T2) Since lim lln(l + T2) = oo, the improper integral
' 01+ 2 0 2 ' T—e ’
diverges.
34. }me OTe" cos(—e dt = }52 J‘lf —cos(u)du =J‘; cosudu = sin u|1) =sin(1), so the improper
integral converges.
o T, T2 1 1 ¢1? 1 2 1
35. j te” dt= lim_[ te” dt= lim e_”(— du) =lim—| e“du = lim—(l— e’ ) =—, so the
0 T—o0d0 T—e0d0 2 T—e D J0 Y 2
. 1
integral converges to 5
-1 1 2t
36. f(H=3Z {—2}:36 , t20.
1 1 -1 1 ~t
37. fO)=="2L" ¢+ L ——¢="2t+e "', t20.
s s+1
-1 | -1 1 =2t 2t
38. f(O=2L"——=¢+2L =2e¢ " +2¢” =4cosh(21), t=20.
s+2 s—2
q) 1 q) 1 (e
39. fO=Ly——¢—L {——r=¢€ —e ' =2sinht, 120.
s—1 s+1
Section 7.2
2 2 1 6 2 1
1. ,L{f(l‘)}:3(—3)+—2+—:—3+—2+—,S>O
s s s s s s
2 5
2. L{f(O)}=—-+—, s>1
s—1 s
3 L{f ()} ! + 3 >0
. =- , S
s $°+9
4 L{fy=eTLie" =", 5>3

3

S
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10.

11.

12.

13.

14.
15.

16.

17.
18.

19.

20.

21.

2e¢”°
3

N

L{f(Dy=e"L{’}=

, >0

. 11 11 1 S 1(1 Ky
L{Slnzwl}Z£{2—2cos(2wt)}=—-———'— —(;—m), s>0

2
= s>
s—5+2 (S+2)2

L{f(D}=L{25

>0

. 1.
L{sin3rcos3t} = L{Zsmét} = EEYE S

L{f(Oy=L{2(t=2)h(t-2) + 4h(t—2)}
= e_zs[l: {2t} + L{4}] = e_z‘{% + i}, s>0
5T s
£{e* cos3t} = L£{cos3r}| =2 >2
e’ co = L{cos3t 2T G710’ s

3-s

LUy = L{e (-1 = e fey =, s>3

S_ b
2 3 5

= >+ >+ , §>4
sos=4 - (s—4)" (s—4) (s—4)

L{f ()} = £{P+3145]

24
LYF(s)}= 3+§z3 =3+47, >0

L7YF(s)}=2sin5t+4e™, 120
£ HF(s)}=2e*cos3t, =0

L7Y{F(s)} = 5¢" % = %e”ﬁ, 120
L7Y{F(s)}=sin(3(t—2))h(t-2), 20

LHF$)}Y=e""Ph(t-2), 120

LHF(s)}=L l(%] = e’(4cos 3t— %sin3t), t=>0

L7{F(s)}= {2005(40— 3)+ %sin(4(t— 3))}h(t— 3), t=20

L7F(s)} = %((t— 3)"h(t—3)+2(t-5)" h(r-5))

4

=2(t=3)*h(r=3)+4(t=5)"n(r=5), =0
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-5 —3s

2. L{f(t)}=%, §>0

1.5
1.25

0.5
0.25

i
]
]
]
]
]
]
|

1 2 3 4 5

23, L{f(n}=e""

24.  f()=(t=1)h

, >0
+1

+h(t—1)—(t—3)h(t—3) - 3h(t— 3), and so

(
L{f(}=e (iz —)— (iz+%), s20 (=4,5=0)

S

[\S)

[T R
N

25, r{f(n}=

3(6_3—6_45)
26. L{f()}=——=, 520 (=9,5=0)
s

[ T
1 I S Sy R .
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27.

28.

29.

30.

31.

32.

f(O)==(t=1D)h(t=1)+ h(t—1) + (= 3)h(t— 3) + h(t— 3), and so

e e e e
—+ + + , 520 (=0,5=0)
S S S

L{f(O}=-
f(O)==(t=Dh(t=1)+h(t=1) + (t—=2)h(t—2) + (t—=2)h(t = 2) = (t— 3)h(t— 3) — h(t— 3), and

-5 -5 -2s —3s —3s
e e 2e e e

—+ +t— 5= , 520 (=1,s=0)
s S Ky K S

2
S

so L{f(D}=-

I
I
I
I
I
I
I
I
I
I
I
I
I
I
|

3

N

2

—s_2 —2s+ —3s
L= 520 (=0,5=0)
S

2
—_ 72v
e 1+e™*

S 0 S

Note: f(#)=1—h(¢—2) for all t except t=2.

Yy
1

L{f (= [ e di=- L 5#0 (=2,5=0)

0.8

t

[N P U UG U

1 3 4 5

o521 |‘ 1= o2

s+2 |o_ s+2

L{f(D}= J;e""’”’dt =— , s#22 (=1,5=-2)

l+e —e™

ﬁ{f(f)}=f, s>0

Note: f(f)=1+[h(t—1)— h(t—4)] for all t except t=4.
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33.

34.

35.

36.

37.

38.

39.

Y
2

1.75
1.5
1.25

0.5

1 2 3 4 5 6

—st 2

L{fOy==[ e di+ [ evdi=°

o
F(0)=(t=2)[h(t=2)= h(t=3)]+[A(t— 3) - h(t—4)]
= (t=2)h(t=2)=[(t=3) + 1]h(t = 3) + [h(t = 3) — h(t— 4)]

N

= (1= 2)h(t-2)~ (1= 3)h(t=3) - h(r—4) and z:{f(r)}=e_s_f_s—e 550
S S
£(0)= h(t=1)+ h(t—=2)=2h(r—3) and L{f(D)}= etem2e L0 =3 5=0
S

f(@0)=(e=1[a(r=1)= h(r=2)]+ G=[h(1-2)~ h(1-3)]
=(t—Dh(t—1)—[(t=2) +1]h(t=2) +[~(t=2) +1]h(t—2) + (t— 3)h(t— 3)

- —2s 25 25 -2s —3s -5 —2s —3s
e’ e e e e e e’'—2e " +e
and £L{f()}=—F——F5~— -—+ +—= 5 , 520 (=1s5s=0)
) Ky S Ky S Ky S

f(6)=1=0)[h() = h(t=1)]+2-1)[n(t=1) = h(t=2)] =1—t+h(t=1)+(t=2)h(-2), >0

1 1 - —2s
and L{f(t)}=———2+e +—, 520, =1, s=0
s s s s
Al AZ
F(s):s_3+s+1,andso A(s+1)+A,(s—3)=12and A, + A, =0, A —3A,=12. Thus
3 3 -t 3t
A =3, A,=-3,and F(s)= ———,andso f(f)=-3e"+3e”, t=0.
s—3 s+1
Al AZ
F(s)=—+ +2,andso A(s+2)+As=4and A + A, =0, 2A = 4. Thus
s s
2

A =2, A =-2,and F(s)=—-—

,and so f(t)=2-2¢", t>0.
s s+
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40.

41.

42.

43.

A A
F(s)= 24e‘55(§+ s+23)’ and so A(s+3)+A,(s—3)=1and A + A, =0, 3A —34A,=1.

1 1 1 1
Thus A = 3 A, == and F(s) = 4e‘55(——

),andso
s—3 s5+3

f(0)=4[e™ = ]nt-5), t20.

From (6), Table 7.1: £ {F(s)}= £ _1(52 3_ 9) =sinh 3t = f(¢)=8sinh(3(t—5))h(t—5), t=0.

3(1-5) _ _-3(1-5)

Answers agree since sinh(3(7—5)) = ¢ >
Al AZ -5
F(s)= + 10e™ and so A(s—3)+ A,(s—2)=1and A + A, =0, — 34 —2A, =1.
(s—=2) (s-3)
— 1
Thus A =-1, A, =1, and F(s)= 106‘{ + }, and so
s—2 s-3

f(r)=10(*" =™ )n(1-1), £20.

12
g(t)=12[h(t—1)~ h(t—3)],and so sY(s)— y(0) +4Y = — (e~ — ™). Therefore,
h)

Y= 2 12 (e‘s - e““), and so

. A A
Cs+4 s(s+4)

=— +—2_Thus
s(s+4) s s+4

A(s+4)+A,s=1and A + A, =0, 4A =1.Solving these simultaneous equations yields

+3(e_5—e"3s) l— ! . Thus
s s+4

1
A,=——, andsoY =

1
A=—,
4 4 s+4

y(t)=2e™ +3[h(t—1)— h(t=3)]-3[e™*“Ph(t—1)— e Ph(t-3)], 120.

—4s
g(t)= ¥ h(t—4) = %X (1 —4), and so sY — 1Y = ¢ <— . Therefore,
o

12 _—4s
Y= ! ;e ,and so ! = al + A, . Thus
s—1 (s=1)(s=3) (s—1)(s=3) s-1 s-3

A(s=3)+A(s—1)=1and A + A, =0, — 34, — A, =1. Solving these simultaneous equations

1 1 1 12 -1 1
yields A =——, A,=—, andso Y:—+e—e"4{—+ }.Thus
2 2 s—1 2 s—1 s-3

1
y()=e"+ 5612(—6’_4 + e3(t_4))h(t— 4), t>0.
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1
(s=3)(s=2)(s+2)

1
44. s°Y —5y(0)— y’(0)—4Y = 3 Therefore, Y = ,and so
S—

1 A N A, N A,
(s—3)(s+2)(s—2)_s—3 s+2 s=2

. Thus,

1 1 1 1 1 1
A=———— =—, A)=————— =—, A,=—————| =——_Therefore,
(s=2)(s+2)|_, 5 (s=3)(s-2)|_, 20 (s=3)(s+2)|_, 4
1 3t 1 =2t 1 2t
=ce’+-—e——e¥, 120
y() S¢ ¢ e

1
45. 5Y —5(0)—1-2(sY —0)—8Y = 1 Therefore,

S —

Y(s2—2s—8)—1=L:>Y(s2—2s—8):L+1:L,whichmeans that
1 1

§— s—1 §—
Y= il ,and so il = A + 4 + 4, . Thus
(s—1)(s+2)(s—4) (s—1D(s+2)(s—4) s—1 s+2 s—4
A1(52—2s—8)+A2(s2—5s+4)+A3(s2+s—2):s,and SO Alz—é, Azz—é, A3:%.
Finally, we have Y:l[ -1 + -1 + 2 },and S0 y(t)z—let—le_2’+ze4’, t>0.
Ols—1 s+2 s—4 9 9 9

d (] d — oo — oo —
46 (2). —F(9)=J3*~ (™) f(dr=[5~1e™* f (ndt =[5°e™ (tf (1) dr ==L {5 0}.

46 (b). L{f(r)}zL{tsmwt}:—i%z{sinwz}:—ii( @ 2)

20
1 -2 s
:—5(—1)(s2+a)2) QS)ZW’ §>0.
1

47. L U{: [J.: f(O')dG}dl) = L(J;f(o)da) = s_le(S), s> max{a,0}

8. o] rar}= o[ ryar- [ rart = EF(S) 3= %[F(s) ~3), s> max{a0}

1, 0<¢t<3 1,0<t<3
, and so the two

49 (a). f(t):h(t)h(?)—t):{ 0. 3<t ,and g(t)=h(t)—h(t-3)=

Py =

functions are equal for all 7# 3 and hence not identical.

3s

l— e
49 (b). L{f()}=L{g(t)}= Jj edt= Se , s#0; =3, s=0, and so the transformed functions

are identical.
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Section 7.3
L F)=2s B B
s—=1 (s=2)" s-2
2 F(S): 4 3 4 2 4 5 7t b
(s—=1)° (s=1)° s-1 (s-2)° s-2
3.0 F()=zyty B5tC
s s (s+1)"+9
A B
4 F(s): 2s+C
s—2 s +16
A A B B
5 F(s)=—5+——+——5+—
S (s—=3)" s=3 (s+3)° s+3
6. F(s)z A, i A +BZS+C22+BI‘§+CI
(s+4)" s+4 (324_1) s +1
7 F(s)z Bs+2C 4 Ds+2E
(s+4)" +1 (s+3) +4
s, Fl)e_ A, BstC | Bs+G

(=2 s=2 ((s+4)°+1) G+’ +1
9. f()=2¢", t=0

10.  f(t)==rt", t=0

3
11. F(s):4( - )+§( 2+9),andso f(t)=4cos3t+§sin3t, 120.
s

A B 25— 3 25— 3
2. Fs)=——+——. A== | Ciand B=2 = 1. Therefore, f()=e¢'+e”, 120.

s—=1 s-2 s=2|_ s=11_,

A B 3s+7 -2 3s+7 4
13, F(s)=———+—. A=— =—Z=land B=" =~ =2.Thus

s+3 s+1 s+1|_, -2 s+3|_, 2

F(s)= ! +Landso fl)=e " +2¢7", t20.

s+3 s+1

A Bs+C As+A+Bs’+C
14, Fl)=2+2—=22T272 T2 Thenwehave A+B=4, C=1,A=1, B=3.

s s +1 s(s”+1)

1 3s

Therefore, F(s)=—+ +———and so f(#)=1+3cost+sint, t>0.

s st+1 s7+1
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15.

16.

17.

18.

19.

A Bs+C
F(s)=—+ s+ .Then we have A+ B=3, C=1, and 4A=8,s0 A=2, B=1, C=1.Thus
s s
2 +1 1
F(s)==+ i and so f(1)=2+cos2t+—sin2¢, t>0.
s s +4 2
B,s+ Bs+
F(s)=—2 sz + 1; €I Then we have B, =0, C,=1, B,=6, C,=4.Therefore,
(s2+4) (S +4)
6s+4 1
F(s)=— + and so

(sz + 4)2 s +4
r . L. 1. 3 . 3. 1
f(t)=6[ —sin2¢ |+ 4| —[sin2¢—2tcos2t] |+ —sin2¢ = =tsin2¢ + —sin2¢— —tcos2t, t>0.
4 16 2 2 4 2

s (s=D+1_ 1 1

=17 (=1 (=17 (s—1)

1
F(s)= 7,80 f()—te’+5tze’,t20.

3 3 3
sY—3+2Y=26( 3 j,andthus Y= +26 > .
s> +9 s+2 7 (s+2)(s+9)
1 A B 1
> = + f+c,andso A= 2s =—.
(s+2)(s*+9) s+2 §+9 s2+9|_, 13
1 _ M 1-43(s* +9) _ —Ms(s*—4) _—M3(s=2) Bs+C Then
(5+2)(s*+9) s+2 (+2)("+9) (s+2(s*+9) (s°+9) sS49° ’
B:—i C—g and so
13’ 13

Y=

3126 (/3 JLos 2 ] j: 2 —6(23 j+4(23 j.Finally,we
s+2 s+2 13 549 13 s5+9) s+4+2 s°+9 s +9

have y(f)=9¢™ —6cos3t+ 4sin3t.

1
sY—1-3Y = 13( j,andthus Y=——+13—
s°+4 s—3 (s—3)(s +4)
A  Bs+ 3
52 — + ‘; C,andso A= 2S =—. Setting s=0 gives us
(s—3)(s +4) s—3 s +4 s*+4|_, 13
4
B+ —
1 4 1 1 3
O=——+ g C =—.Setting s=1 gives us —-— )+ 13.Solving for B yields
13 4° 13 2.5 5
—3 4
3 1 13° 13 2
B=—— andso Y= +13 13 —|— 13 )+2( 2 ).Finally,we
13 s=3 s=3 s°+4 s +4 s°+4

have y(t)=4e” —3cos2t+2sin2t.
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4 35°+4

4 A B
sY—-3+2Y=—,and thus Y = +— =— =—+— ,and so
s s+2 s(s+2) s(s+2) s s s+2
144 ‘44 4
C=3s 5 =4, A=3S = 2. Setting s=1 gives us z:2+B+—:>B:—1.
T, s+2 |, 3 3
2 1 . 21
Therefore, ¥ =———+ . Finally, we have y(t)=4e™ +2t-1.
s© s s+2
1 1 SR
sY—-1-3y = ,80 Y = +——— and thus y(t)=¢e” +te’'.
s—3 s—3 (s—3
+5 6
SY —s()—=2+3(sY —1)4+2¥ =—O— and thus ¥ = — + - :
s+1 (s+D(s+2) (s+D(s+2)
s +6s+11 A B C
> = + + 5, and so
(s+D7(s+2) s+2 s+1 (s+1)
+65+11 +6s+11
=% =3, C=¢ =6. Setting s=0 gives us
(s+D° | _, s+2 |,
11 3 3 2

E=5+B+6:> B=-2.Therefore, Y= 7 - Finally, we have

- -
s+2 s+1 (s+1

y(t)=3e" —2¢™" +6te".

8 25+6 8
Y-5(2)-6+4Y=—,s0 ¥ = + .
sY —5(2) 5:80 =4 SZ(S2+4)
8 A B Cs+D A(s* +4)+Bs(s* +4) + Cs’ + Ds’ 8
12 =S5t +t—a—> Y == ,and so
S(S+4) s s s +4 s (s +4) s(s +4)

we have B+ C=0, A+ D=0, 4B=0, 4A =8, which means that B=C=0, A=2, D=-2.

2 ) 2 ( 2
Then Y:Z( - j+3( . j+—2—( . )and y(f)=2cos2t +2sin2¢ + 2¢.
s +4 s“+4) s s +4

s s+1 s
5 ,80 Y = + 5. Therefore,

5?44 244 (s> +4)

Y —s(1)—1+4Y =

1 t
y(t) = cos2t + EsinZt + Zsin2t.

2
5 ,80 Y = S 5. Therefore,

s°+4 s°+4 (s +4)

s°Y —s(1)=0+4Y =

2 1 t
y(#) = cos2t + ﬁ(sinZI— 2tcos2t) = cos2t + gsin2t— Zcos2t.
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26.

27.

28.

29.

30.

31.

,and thus Y = ! = A + B + ¢ and

sY—S(O)—O—2(SY—0)"‘Y:S_2 (s=2)(s—1)7 s-2 s—1 (s=1)*’

1
(s=1)°

1
s—2|_,

1

1
so A= =—1. Setting s=0 gives us —5:—5—8—1:>B:—1.

=1, C=

s=2

1 1 1
Therefore, Y = - - ~. Finally, we have y(f)=e* —e¢' —te'.
s—2 s—-1 (-1

2
szY—1+2sY—0+Y:L, so Y= ! -+ ! ~. Therefore, y(t)=te™ Lo,
s+1 (s+1)° (s+1) 2

()= 6[h(t)— h(t— )|, and then we have s’ —s(1)— 3+9Y = é(1 —e™),s0
S

s+3 6

Y="—+—; )(l—e

s +9 s(s +9

m) 6 A Bs+C As"+9A+Bs>+Cs

s(s2+9)=?+ s 49 B s(s2+9) - Thus

2 2 3 2
A+B=0,C=0, A==, B=——,andso Y = 2S +— +(/——- 5 j(l—e_m).Then,
3 3 s+9 §s°+9 s 3 s°+9
. 2 2
y(t)zcos3t+s1n3t+5(1—cos3t)—5(1—0053(t—7r))h(t—7r)
2 2
:cos3t+sin3t+§(l—0053t)—§(1+0053t)h(t—7t).

g(t) = t[l —h(t- 2)] =t—(t—2)h(t—2)—2h(t—2), and then we have

2 11 —23_% -2 __ S 1 s\ 2 -2

sY—s(l)—O+Y—S2 e ,s0 Y s2+1+s2(s2+1)(1 e™) S(S2+l)e :
L S B _é+Bs+C_As2+A+Bs2+Cs ™

s2(52+1)_52 s°+1 . s(s2+l)_ S s(s2+1) S

A+B=0,C=0, A=—2 = B=2,andso

s 1 1
Y= +| - 1-e¢™)
s*+1 (sz s2+1)( ¢ [

y(t)=cost+t—(t—2)h(t— 2)—smt+sm(t— 2)h(t—2)—2h(t—2)+2cos(t—2)h(t—2)
=cost—sint + ¢ +[~(t—2) +sin(t - 2) - 2 + 2cos(t - 2)|a(t - 2)

j ~*. The inverse Laplace transform yields

=cost—sint + ¢+ [~ +sin(r—2) + 2cos(t—2)]h(r-2).

, , sy0+(y(’)+ocyo) 2s—1
Y—sy,—y,+a(sY—y)+pY=0=>Y= = ,
Y =80 = Yo + oY = o) ss+os+ Srst2 0

=1, B=2, y,=2, yi+ay, =y, +12)=-1= y; =-3.

S)’o+(y(’)+ayo) 3 ’
= ,SO a:09 :_4, :O, :3.
sS+as+ s°—4 P Yo Yo
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sy, t (y6 + ayo) ’
32. = ,soa=2, p=1, y, =1, y, =-2.
s’ +os+ B (s+1)? p Yo Yo
Section 7.4
2 4 —st 2 —st 4 3
1. T=4. 3] e dr— 3j e dr = 3[6 _ ]— l—e® et -] =2 (1-¢)
0 2 -s|, S S

3 (1 - e_zs)2 3(1-e™
Therefore, L{f}=— =— 25 |-

s 1—e™

1
! —st 2 —st eisr eis’ S —z8 - —Z8
2. T=2.3[ edi+] e dr:3_s0+_sl S(3-3e7wer—e™) =(3-2 )
3—2¢F—e® 3+4¢°
Therefore, £{f}= sl—e®) = si—e ™)’
2 4 3 ., 2734 3, 20 4 oy
3. T=4.-3] edi+2f e di==e ~ e tz ==(e™-1)= (=)

e +5eF -3 342

1
=—(-2¢™* +5¢™ - 3). Therefore, L{f}=

s ’ s(l - e“”) - s(l + e_zx) '
1 3 - —st|? 1 1
4. T=42f i+ [ edr=2"— +—{ ==(2-2e"+e e ™) ==(2-¢" =),
0 ! =S|, =S| S s
2—eF—e™ 2+et+e™
Therefore, = = .
erefore, LU = i Ze™) " e e it
1 2 2
5. T=2. _[1 te™dt + _[2(2 —t)e Vdt= —%(st +1)e™™| + lz(st +1)e™™| + ie’”
0 ! § o § TS

= —siz[(s+1)e_5 —1] +s—12[(2s+l)e (s+1)e ] [e_s B S] = iz(l—e_s)z. Therefore,

(=) e
2

L{f}=

2 —st b s Y L —e”’
6. T=2. _[1 (t—1)e dt:Joue “Ddu=e '[Oue du= 5

1]

e_s[l —(s+ l)e"s]

s (1 — e_zs)

Therefore, £{f}=
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1

7. T=2. J: (1 - tz)e’”dt = %[szf +2st+2— sz]e’” O
= s—13[(s2 +25+2— sz)e"s -2+ sz] = S—IS[(ZS +2)e "+ — 2] . Therefore,

_ [(2s +2)e™ + (s2 — 2)]
L= S3(1—€_2S) '

2

? ted = T -1 1-2s+Dhe™
8. T=2. [ te™dr=—5(st+De™| =—[@s+1)e ™ ~1]. Therefore, £{ f}:%,
’ § o s (l—e A)
n 242¢ 2
9. T==, L{f}= S
2 , 3
(s +4)(1—e zj
1+e™

10. T =2, L{f}z (sz +1)(1_e—27m) = (S2 +1)(1—e_7rs)

NN

Tt 27 371 471 b

11 T=1, [ e'edt= ei(m)tr_ 1 IRty _ 1—e
- T ferertae =t ==t s S
12 _y 2 l— e df = e 2 o (s 2 ~ 1 = o2 1 )
- TI= ’Jo( —e e dt= _S0+ T O_;( —e )—m( — )
1 1_6—2(s+1)
L{f}—;_m.
y
1
0.8
0.6
0.4
2 4 5 =
o L_{s(f_e—m)j:[1[67(“8_‘”+e‘2"“+e‘3“"+...)]

—ois =201 =3as
:Ll[e + + +...th(t—a)+h(t—2a)+...,
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14.

15.

16.

17 (a).

17 (b).

and so f(t) =1—t+ h(t=1)+ h(t—2) + h(t—3) + ...=1—t+ih(t—n).

n=1

y

1
0.8
0.6
0.4
0.2

T 2 3 4 5t
3 3¢ &
F(s)=5——"—— and sof(t) = 3[t—h(t—2) = h(t—4) = h(1—6)..]= 3| 1= > h(t—2n) |.
s© s(—e) —
1 1 e -2s l e —2s 1 oo e —2ns

Fls)=—-———=—— l—e X +e*—e®+e™+ . )=—+ > (-1

(S) 257 s 14+e™ 287§ ( ¢ ¢ ¢ ¢ ) 2s? ,12_}( ) 52
and so f(¢) = é— (t=2Dh(t=2)+(t—4)h(t—4)—(t—6)h(t—6)+ ...
= 24 D) (1= 2kt 2m).

n=l1

v

1
0.8
0.6
0.4
0.2

> 4 6 8 10 12°
5(10° 5(10°

% =rC,(t)- Sq. With g in kg and ¢ in days, we have % + 50((106)) q= (106 ) C.(t), where

' 0, L<t<1

LOSt<1 1
(1) = 2 c(t+1)=c,(1).Then 4+ L o—5¢(1), 0)=0.
5 dr 10

0.5 s
edt| 51— 2 5
sQ+0.10=5 JO =— =

I-e s
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17 (¢).

18 (a).

18 (b).

19.

20 (a).

1 1 -5 3 1 1
=50 —— l—e 2+e*—e 2 +e > +...|. Noting that L’l(—— j: 1—e ),
0 (S S+O.l)[ ] & s s+0.1 ( ¢ )
1

—0af r—
we have ¢(1) = 50[1 —e M~ [1 —e 1( 2JJh[I— l) + (1 — e_o'l(’_l))h(t— 1)- ] Thus for

2

1

50|:1—e_0'“ +e—0.1[t—5) _e—O.l(z—l)]’ 1< t<§

1<t<2, glt)= .
Q( ) _0.1[1_1) 3
50 _640-“ +e 2 _ e%).l(tfl) , — S t< 2
2
fo| e 1= 11
ms*X(s) = O'[— fo —° = X( )_L,_3. —= and
1 e 1_ m s 1+e 52

1 1 1 T , _aT
V(S)=SX(S)=&‘—2' »,~=&-—2(1—e”+.e_”—eé2 +)
m s l+e? m

AR WEWENE VR 1

L5l TH-T)

s = 2 Efe T (T )
R

2
m=1, f,=1, T=1, :—:M{ )z t—(t— 1)+ (-
]

5) 1y, B2l
x(Z)_E[t G e (16 16+16)_32 N

We know that ay+ by, +cy, = f.(t), i=1, 2. Therefore,

3
—(l—%)L:;:Z m /s and

”

a(cl)’1 +C2y2) +b(c1y1 +Czy2), +C(C1y1 +C2)’2) = Cl[ayf,'i' by1,+cy1] +c [a)’2 +by; +Cyz]
=cfitc,f,.
£{ay” +by’ +cy}=£{f}. Since

1
as’ +bs+c 25 +5s5+2

y(0)=0, y"(0)=0, (asz +bs+c)Y =F = ®(s)= . Comparing:

a=2,b=5,c=2.
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1 1
2000).If f(H=e', F(s)=—, Y(s)= . Since
(®). I £ ©= Y (25 +55+2)(s+1)
1 1 1| A B C
25" +55+2=2(s+2)(s+ %), Y(s)=— == + + . Then
2| (s+2)(s+D(s+ )| 2|s+2 s+1 s+4
1 2 1 1 4
A:— =—’B=— =—’C=— = — and
(s+D(s+)|_, 3 (s+2)(s+ )| _, (s+2)(s+1) - 3
1 -2t —t 2
N=—e—e'+=e .
y(1) 3e e 3e
1
21, f()=t,F(s)=—, y()=2(e" - 1)+ 1(e” +1),
s
2 2 1 1 2s+s)+257+2s+1 1
Y(s)=—"-"—"F+——F+—5= = . Since Y(s)=DP(s)F(s),
(s) s+1 s (s+1)2 s s2(s+1)2 sz(s+1)2 (5) (5)F(s)
1
d(s)=
(5) (s+1)°
1 1 1 A B C
22. From 21, ®(s)=—=.If f(1)=h(r), F(s)=— and Y(s)= =—+—H4
(5 (ary /@O, FO= O = G s Tse1 D)y
1 1 1 B 1
= 51 =1, C=- =-1. Setting s=1, —=1+———= B=-1. Therefore,
(s+D7|_, Sl 4 2 4
Y(s) ! ! = yH)=l-e'—te”’
§)=————— =l-e'—te.
s+l (s+D? 7
1
23 (a). s’Y+4Y=F,s0 ®=- )
(s +4)
2 2
23(b). F=—,s0Y=—/—77—=.
®) s s3(s2+4)
1
24 (a). s’Y+sY+Y=F ,s0o O=7—F5—.
(s +s+1)
2 o S T A DR T [
24.(b). | e fndr=[ e di-[ e dr="—| ~=—| ==(1-e) +=(e ¥ —e)==(1-e")".
0 0 1 =S|, s S s s
1— —5\2 1_ -5 1_ -5
Therefore,F:( €72)Y :( eﬂ), = (4 e2) .
sd—e™) s(l+e) sd+e (s +s+1)
1 1

2 _ — —
25(a). sY+4sY+4Y=F ,so q)_(s2+4s+4)_(s+2)2'
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Ly 1 ,Stl 1 o 1-(s+1)e™ 1-(s+1)e”
25 (b) j()te dt——F(Sl-i-l)e 0—?[1—(5‘4-1)8 ],SO F—m and Y = 52(1_6‘5)(S+2)
1
26 (a). sY—4Y=F,so D=7+—.
@ (s3—4)
1 s’+s-1 s +5—1

1
26(b). F=——+—=———_s0Y= )
®) s—1 8% s'(s—1) s*(s=D(s’—4)

1
27 (a). Y +4sY=F ,s0 ®=7—5—.
(s +4s)

s S 1
27 (0). F=aig o= (s +4)(s* +4s) (s +4)2 '

28. y +by +cy=f = sY —sy(0)— y’(0) + b(sY — y(0)) + cY = F . Therefore,

Yo + Yo + by, n F(S)

(s S+ Y =80 = Yo = bYs s> +bs+c s +bs+c
1 Sy, + syl +by)+1  s7+2s+1
f)=h(), F(s)=—=Y(s) = —> 0 0 = . Therefore,
f() @) () S () S +bs*+cs S+ 357 +2s

b=3,c=2, y,=1,y,+by,=y,+3=2=y, =-1.

:sy0+y0+by0+ Fls) .Iff(t)=e_t,F(s)=—1 and

29. Y > >
s +bs+c s“+bs+c s+1

(s+1)(sy0+y(’)+by0)+1_ s +s+1
(s+1)(s2 +bs+c) - (s+1)(s2 +4)

. Therefore,

b=0, c=4, and (s+1)(sy, +y§) +1= 5"y, +5y] + sy, + ¥ =" +s+1.Finally, y, =1, y;=0.

Section 7.5
_ ) _
cost s21+1
1 L t = -
Ry
te' 1
[(s=1)" ]
. . [ s+l ] [ s(s+1) ~
J e ' cos2t 4 e ' cos2t 1 (s+1)2+4 1 (s+1)2+4
2. Ly— 0 =SLy— 0 —10|=s 0 —10|= 0
dt , dt . 1 1 I s
t+e t+e 1 - +— 1 —+—-1
s s—1 ] s s—1 ]
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z_e
20=h(t=2) || |
2h(1-2) 267
K
_ i _
1 1 s
: 1 1
L J A A =—L t = -
0 -A § —t §
e e 1
| s(s+1) |
. eis
. sin(z—1)h(t—1) | 9+
e =21t e’ 2
s—1 s
P
S 1
2 2 1 1 1
L 3 ; 3 :L{[2e_’sint]}; =————_ Therefore, | 2¢ 'sint |.
s +25+2 (s+D)"+1 s(s+1) s s+1 -
1 —e
sS4

(11
) [ty
2e° 2sin(t—1)h(t—1)
s +1

= e* +2sint

£7Y(s)}=| 27 +3sint

£ =2e* +sint

5s—4
5 s—5 4 5 1 |s+4 -4 |5 2
sY—| |=AY,so Y=| | . Thus Y= =| 5 =3 | and
6 -5 s+4 6 ss—s| 5 s=5|6] |6s-5
' —s
4 A B - 1 44
since 55 =—+——=A=4, B=1and 65 5:§+—,wehave y(1)= ‘|
sS—s s s—1 sS—s s s—1 5+¢
4
0 s=5 4 0 1 |s+4 -4 |0 s*(s—1)
Y-0=AY+ = Y + =Y= = ,and
' M [—5 s+4} M —[ 5 s—sM st |1
s°(s—1)
4 A B 4 4 4 4
since :—2+—+L:>A=4,B:4,C=—4.then ==+———"

s(s=1) s s s—1 s(s—=1) s s s—1
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5 5 1 1 5 4

+~-———+————=—5+————. Therefore,

s s—-1 s-1 s s s s—1

s—5 -5 1 5
and — == + =—
s(s=1) s (=1 s(s=1) =
4.4 4
Yy =|S s s—1|5 —
) 2,4 4 y() [5t+4—4et}
2
s s s—1
1

2 s—5 4
11. sY=AY+| 3 ,so[ }Yz
+2

1

e 1 —3s+2

1 ?(s=1)(s=2)| s> =5s+3]
s

—-5s5s+3 A B C D 3 1 3
= e C 4 =+ = A=2, B=-—,C=1,D=-" 50
sS(s=1)(s=2) s° s s—-1 s-2 2 4 4

3 1 3 t+e' —e
y,=—t——+e'—=¢” Finally,we have y(t)={3 1 , 3 , |
2 4 4 —l——4e ——¢
2 4 4
1 s+2 -4 |3 1 3s=2
12. From 11, Y=——"7—"— = .
(s=D(s=2)| 3 s=5]2] (s=1)(s=2)|2s-1
3s—2 A B
Y = al = + = A=-1, B=4,s0 y,=—¢' +4e”.
(s—1)(s=2) s-1 s-2
2s—1 A B
Y, = > = + = A=-1, B=3,50 y, =—¢' + 3¢”'. Finally, we have
(s—1D(s=2) s—-1 s-2

—e' +4e
t)= .
y(0) {—e' + 3e2’}

2 s—1 -4 2 1 s—=1 4 |2
13. sY=AY+| |,s0 Y=| |. Thus Y=——F— .
0 1 s—1 0 (s—l) +4| -1 s=1(0

2(s—1)

=

C(s=1)7 +4

,80 ¥, =2¢'cos2t. Y, =

()= 2e' cos2t
W= —e'sin2t |

— = S0y, =—e'sin2t. Finally, we have
(s—1)7+a d
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14.

15.

16.

wo

3 s—1 —4 0 1 s—1 47 0
sY—| |=AY+ , SO Y= 3 | Thus Y=——— 1 1 31
0 s—1 Ios=1 1 (s—=1)"+4[ -1 s-1)7

(s—1)+% 3(s-1) 12
2 = 2 + 2
(s=1)"+4  (s=1)"+4  (s-D[(s=1)*+4

Y = ].For

12 A B(s—-)+C
= + 3
(s—D[(s—1)°+4] s=1" (s=1)°+4

, A=3, B=-3, C=0. Therefore,

3(s=1) 3 3(s=1) 3 .
Y = + - = ,s0 yv,=3e".Y,=0,s0 y,=0. Finally, we have
o144 =1 (s—1) 44 s—1 0 : - Y

o= % |

. dy [6 -3 5 5
Letting 1=7+1; T=¢—1, we have — = y, y|1:o: 0 .Then sY =AY + ol

dt |8 -5
s—6 3 5 1 s+5 -3 |5
Y= .Thus Y=——"— .
-8 s+5 10 sT—s—6| 8 s—-6]10
y = 55s=5 _ A N B — A=3, B=2,50 y =3¢ 2%,
(s—=3)(s+2) s+2 s-3

105s—-20 A B
Y, = S = + = A=8, B=2,50 y, =8¢ +2¢" Finally, we have
(s=3)(s+2) s+2 s-3

_ 36—2(1—1)_'_263([—1)
y(t)_ 8e—2(z—1)+263(z—1) :

> 110 s$+3 2 s 1 |s*=-3 =2 |s
sY—s| |- =AY, so 5 Y = .Thus Y=—; ) .
0 1 -4 s -3 1 sT—1| 4 s+ 31

s°—3s-2 A B Cs+D
1= 2 = + T3
(s=D@s+D(s"+1D) s+1 s—-1 s +1

= A=0, B=-1, C=2, D=1,s0

=—e' +2cost+sint.
3

B st +4s+3 _ s+3 A +Bs+C
2 =Ds+D*+1) (s=D(s* 41D s—1  s2+1

= A=2, B=-2, C=-1,s0

, ) i —e' +2cost+sint
y, =2¢' —2cost—sint. Finally, we have y(f)=| L
2e’ —2cost—sint
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1 1 1
1 -1 2 ss—-1 1 ) 1{s°+1 -1 |2
2y s _|s _ S
17. sY—{1 _JY+ 1 ,so[_1 S2+JY— l . Thus Y—S4[ : 21 l .
Ky s Ky
1 11 1 1 1 £t 1(1 1)
Y=—F|l+5——|,s0oyy=—f+—F-——t'=—-—+—.Y,=—| 5+5——|,50
! s4( 5 sj NS T T e i e T
1 1 5 4 2
y, ==t +—t'——t* =t——t—+—.Fina11y,we have
5! 2! 4! 120 24 2
S A
()= 120 24 "6 | 1 [F£-5r+208
Y= £t 2 120) -5 +607 |
120 24 2
2 2
) o |1 -1 5 s -1 1 »
18. sY—=s| |= Y+| 3|, s0 , [Y=|,% | Thus
1 1 -1 1 -1 s +1 1
- —+s
s s
) 2
1s"+1 -1 o 1 2 1 1 4 2 4 2
Y:—4 ) § YIZT(ZS+————S):—3+—5,SO y1=t—+t—=t—+t—.
s s—11+s s s s s s 41 21 24 2
S
t2+t4
1(2 1 1 1 ¢ 5 Tha
Y2=—4(—+s——+s3—s):—+—5,so y2=1+t—.Fina11y,wehave y(=|2 24|
s s S s S 24 t
1+ —
24
s—6 =5 0 2
19. sY-y0)=AY,so| 7 s+6 0 (Y=|-4|.Thus
0 0 s+2 -1
[ 5+6 5 0 i [ 25-8 |
s -1 s°—1 2 s —1
-7 -6 —4s5+10
y=|—— 2 0 |-4|=|5"—
s—1 s -1 | s —1
1 - -1
0 0 -
L s+2 | s+2
2s—8 A B
= il = + = A=5, B=-3,s0 y,=5¢" —3e¢'.
(s+1)(s=1) s+1 s-—1
—45+10 A B
= il = = A=-7, B=3,s0 y,=—-T¢"' +3¢".
(s+1)(s—=1) s+1 s-1
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-1
= ,50 y, =—e ' Finally, we have y(t {7(3 + 3¢’
s+2
F T T
s—1 s—1 0 0 s—1
1 1
20. sY=AY+| — |,so| 0 s+1 -1 |Y=| — |.Thus
s s
2 0 0 s=2 2
5 5
o T 1
s—1 s—1
1 1 1 1
Y=| 0 - | Y= 5,80 y, =te'
s+1 (s+D(s=2)| s (s—1)
1 2
0 0 )
L s=2 1L s
-2)-2 A B D 1 1
22 ABLC D L
sS(s+1)(s=2) s* s s+1 s-2 2 3 6
t+1 -t 1 2t
=t+———e ——e.
2TITTEC T
-2 A B 1 1 1 1
=3 =—+—+ = A=1, B=—, C=-—,s0 y,=t+———¢"". Finally, we have
s(s=2) = s s—=2 2 2 2 2
te'
1 1. 1,
N=|t+-——e'——
Y=l -3e e
1 1,
t+—-——e
L 2 2 J

21 (a). s —9s+18=(5s-3)(s—6)=0=A1=3, 6.

N a2 ], a2 1
21 (b). sY-y(0)=AY=Y=(sI—A) y,. Then —A T = A T ,and

2
Lo18[7 -1] [7 -1
detA” =~ | 18= = Thus A=(a") "= = .
18 18 184 2| |4 2

22 (a). sY, =AY, +G(s), sY, =AY, +Y, = Y, =(s[- A)"'G, Y,=(s[- A)"Y, and
Y, = (s — A)7G(s) .. Q(s)=(s[—A)".
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s—1 1 - 11s+1 -1
22 (b). (sI—A)={ ! S+J:>(SI—A)1=—2{ J and
- K

. 1{s+1 —1:||:s+1 —1} 1|:s2+2s —2s}
Q(S)Z(SI—A) =7 1 =7 .

s s—=1] 1 s=1| s 25 §*—2s
1 2 2 1
- s+2—— -t t+t—=
G(s)= f = Y,(s)=— 5: $ 2S 3S Therefore,
= Sl2+1-= —S+ =
2 5 4
s s s s
2t 28 7 A
R IRV
v,n=| 4,3 2= .
(0) 2t 3¢ P
4! 3! 12 2
3 3 -15
_ _|s+2 s—3|_|(s+2)(s-3)
23. Y = . 3[1} =787 3T ss-30 | Therefore,
s+2 s-3 (s+2)(s—3)
1 -15 -1 5
s=3 (s+2)(s-3)|_ afl 3 2| 410
| 5530 =(sl—A) s ,and so .l . =-A s . Thus
s—=3 (s+2)(s—3) 3
s[5 S
105 2| s 2 |_[6 -3
L5zl 5 5120 25| |8 5]
3 3 6
1 1 1
(s+2)* ! 2 (s+2° s Ao 142
24 Y=Y L Vo= 5| G(9)=] s |- Therefore, 1 =(sI—A) s |»and so
0 0 0 10
s+2 s+2
1 1T I 1
0 s+2 | — 0 s+2 0 ——
(s[— A)= S +12) S| =—s(s+2) S . N
10 | L 10 |- .
s+2 1 os+2 (s+2)
11 ]
S N A L SV |
1 0 s+2 0 2] 0 -2
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1
25 (). —V,(s)+RI, +Lsl, + R,(I, - 1,)=0, R,(, - 1,) t o TR +V,(s)=0.
S

'R +R,+sL -R, I v
1 '}:{ 1 },so
-R, R, +R, + o [12 -V,

1] 1 R +R +— R, v
I - 1 s Cs Vv .
2 (R+R,+sL)| R, +R, + - |-R, R, R +R,+sL] "2

Cs
1
1, 1 2-|-l 1| (s+1)° (s+1)~ s+l s st
25 (b). i = 1 s -1 =7 5 N = ) 1 S
2 (2+s)(2+)—1 1 2+s S aras+ ()] 2D [ (s)
K s+1 S
I(s)= ;3 =i(1)= ﬁe’t and
2(s+1) 4
-5 —(s+1)+1 -1 1 _ t .,
L(s)= = = + =>,lH)=——e +—e .
:(5) 2(s+l)3 2(s+l)3 2(s+1)2 2(s+1)3 (1) 4
Section 7.6
1. First, let o = t— A, and differentiation yields do =—dA . Then,

frg=] 1= 2gA)dr= [ f(0)s(i-0)-do)= [ st~ 0)f(0)do=g* .

2(). frg= jo’h(z— A)h(A)dA = jotldl -

1 1
2 (b). F:G=—,sof*g=f{—zj:t
R S

‘ 2o\ 11y ¢

3 . * = —_ 2 = —_——— = 4 —_—— | = —

(@. frg=] (t-A)2dA (t3 4]0 z(3 4] >
_1 A o2 2t
S N A {_5}_7‘6

‘ 31
4(a). frg= Oe(’_’”e‘”dﬂ. = (e’ € )

1 %o el 1 _*llL_ 1 _l -2
e T M g“‘{(s—1><s+2>}‘£{3(s—l s+2)}_3(6 )
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5@. f*g= j;(t— A)sinAdA = —tcos Af, — j;lsinﬂdl

=—t(cost—1)—(—AcosA + sini)|; =—fCcost+t+tcost—sint=t—sint

1 1 1 1 1
b)., F=—,G= ) SR S W) L s
6 (a). f*g=Jtsin(zf—/l)cosﬂdﬂuzljl[sint+sin(t—2/l)]a,’)u:l tsint+'|._r(sin6)(—ldo)
0 2Jo 2 t 2

t

) 1 t .
:—{tsmt+—0050' }:Esmt, where o =1t-2A.

2

—t

1 t
6(b). F=——, G=— ,sof*gzjjl{;}z—sint
S

s°+1 +1 (S2+1)2 2
t — 2[f 2
[[(e=2) =l 2’1) =%, 0<t<1
7(3) f>kg:J‘o(l‘_ﬂ’)[h(ﬂ’)_h(ﬂ’_l)]d;L = : (t_l)zl 1‘2 (t—1)2
_[(t—/l)dﬂ,—— — ,1<t<o0
0 2 . 2 2
l-¢”’ - 2 -1)°
7 (b). F=%,G=( ),sof*g=z:‘ I SO Gl PP
s s s s 2 2
11 1 1 1
s =1 s L Al T emne e
8 Pr*y=1"r , L1 =L 1
st Ls+1 sS(s+1)
;zl( ! — ! ; 21 =%+§+L:>A:1,B=—1,C:1.Theref0re,
(s—=D(s+1) 2\s—-1 s+1) s(s+1) = s s+1
t+l ——e
Pry= 2e 2e
t—1+e”’
1
t = 3
9. t*{ }=£_1 ss . L_l{%}=t—.Then we have
cost > s 6
sz(s2+1)
21 :é+Bi+C:>A:1,B:—1,C=0.£_1{1— 2S }zl—cost,
s(s +1) s sT+1 s s2+1
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3

t
SO t*{ ! }z 6 |
cost 1—cost

g(t) = th(H)— (t—2)h(t—2) - 2h(t-2), F(s):l’ G(S):iz e 2e*
S

2 b

S S S
1 -2s 2 -2s t2 t—22
0FG=2-" 2" Then frg=" "D 40 ) _a(1-2)n(1-2).
S s S 2 2
y
2
1.5
1
0.5
1 > 3 7t
-5 _ —2s —25_2 —3s+ —4s
F=G="% s0FG=5-""°_""%_ Then
S S

frg=(t=2)h(t=2)=2(t—3)h(t=3)+(t—4)h(t-4).

1_ —s —5_2 -2s —5_3 —2s+2 —3s
)= 50 FG=2""_"""°  Then
S S

F(s)=

frg=(t-Dh(t—1)-3(t=2)h(t—2)+2(t-3)h(t-3).

y
1
0.5
7 5 3 1 5t
0.5
1
1y 1 £r
LAy{t*¥t* 1y =| = | =—F,s0 t*t¥t=—=—0!
{ ; (sz) s° 51 120
1 A B 1 1
hrerey=— AL B L C usa=i =1 c=Land
s(s+1)(s+2) s s+1 s+2 2 2

IR _
h(f)*e ' *e?' =——e' +—¢

1
2 2



208 * Chapter 7 Laplace Transforms

1 A B D
= _+L+_Thus A:_laBZO’ C=

15. t¥e ' ¥y = < =—
e wed sS(s+1)(s=1) s s s—1 s+1

1 1

_ N 2 1 B

and t¥e " *e'= LN —4 4= t=_f4—(e'—e7").
s s—1 s+1 2( )

16. LLh(D) * h() * .. ¥ h(f)} :si" and L_l{;} _ (ntn__l)‘ .

n—1

=Ct* =>n=9, c=l .
(n—1)! 8!

n-1
17. Lie'*e'*. *e't= ! ~ L™ 1 —r= L =Cr'e™ . Thus
(s+1) (s+1"] (n=1)

n times

1
n=5 C=—, a=-1.
41

Therefore,

18. j(: sin(t— A)y(A)dA =t = sint* y. Therefore,
2 1 20s*+1) 2 2
—3=—Y:>Y:u:—+—3:>y(t)=2+t2.

s S

Ky s2+1 s

19. fe' = J; cos(t—A)y(A)dA = cost* y. Therefore,

(s+1)° s +1 s(s+1)° s s+l (s+1)° (s+1)

2 2
A=2, B=-2,C=0, D=—4,andsowe have Y =—— ——— T
s s+l (s+1)

5. Thus

Finally,
y()=2-2¢"—2¢%".

t 1 1
20. y(O- IO e yA)dA=t=y—e xy=1t Y- —1Y = — . Therefore,

§— S

1
5 Y=Y=— =—+—+ . -
s s—1 s(s=2) s s s=2 4 2

-hoh AL 1 ¢t 1,
Y=—"-+>=+—"—_ Finally, y(t)=—+—+—¢"".
y Tty Fmally, y())=-p 4o+ e

1_s—2 s—1 A B
- — 2

21. f;y("’”yu)dl:6f3=y*y=>Y2=(6)s—;=S—4=>Y:iS% and y(7) = 461,

1
—, D=—=
2 2
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1 2 2 2 25
2. SY=S-— _oy=:__=
s s (s+1) s (s+1)
=" +2s+ D)= Q2s+D)=(s+1)> = 2s+2-1)=(s+1)> = 2(s+1) + 1. Therefore,
£ r
Y:g—2 L2 =+ ! s l,s0 y()=2-2l " —2te” + —e” |=2-2{1-2t+— |e
s s+1 (s+1)° (s+1) 2 2
23. sY -0+ ! Y=1:>Y:l LZZ =é+i+%.Thus A=2, B=-2,C=-1, and
s+2° s s{ (s+1) s s+l (s+1)
2 2 1
Y=—"-———— ,80 y(t)=2—-2e¢" —te”".
s S+1 (S+1)2 y() e e
Ll 1 1 1 Ll 11 1 )1
24, sY- =—Y:>(s——)Y: =>Y=— :—(—+—) 50
21 s s 2 sc=112 2\s—1 s+1)2
1 1 1
1)=—(e'+e')| . |=coshy
y()==(e' +e )[2} cos {2}
11 11 tt t*
25. Y-l==F 5=2Y=-+==yt)=1+—=1+—
g st s s 8 y() 4! 24
1 1 1 -1 1
26. sY—(-D-Y=—=206-D=-1l+—-—-=YV= +— 5.
s” s—1 s7(s—1) s—1 s7(s—1)
1 A B D
3 2:—+—2+L+ >s=>A=2, B=1, C=-2, D=1.Thus,
ss=D° s s s=1 (s—1)
1 2 1 2 1 2 1 3 1
Y=+ "+ 55—+ =—4+S5-———+—=,% y(t)=2+1-3e" +1e".
s—1 s & s-1 (5—1)2 s s s—1 (s—l)2 () e T
Section 7.7
1 (a). j( +e)(t-2)di=1+¢
1 (b). j(1+e ’)5 2)dt =0 since =2 lies outside the integration interval.
2 cos2t
6(t+2) et -2
2
2
1(d). L(e +1) 8(1—1) [dr=] &> +1
6(t—3) 0
2. From Equation 7b, f #6= f(¢).
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1, 1 ) 1 3 ) 1 3
3. jo sin?[ (- to)]5(t— Ejdt = smz[n(E— toﬂ =7 sm{n(a— IOH =
1 T 1 1 1
0] ible t;: | ——t, |[=—=>-—-t,===1t,=—.
ne possible £, n(z 0) 375 h=3 0=y
5
4. [reu-2di=2"=8=n=3.
5. f()=1=h(1—1t)= h(t—1) for all t except t=1.
' , 1
6. g(t):J0 h(/l—l)d/lz{t_l’ > Therefore, g(r) = (t—1)h(t—1).
7. k=h(2—1t)—h(1—1t)=h(t—1)— h(t—2) for all ¢ except t=1, 2.
' 0, 0<t=<t, e 5
8. g(t):JOe o(t—t,))dt= e, p<t<on Therefore, 1, =2, e =¢~” = a=-1.

9 (a). (e_’y) =¢' = e'y=—¢'+C= y=-1+Ce'. From the initial condition, we have

y(0)=0=-1+C.Thus C=l and y=—1+¢".

1
9(b). s®-D=1= d=——.Therefore, ¢(t)=e¢".

S —

9(c). Prg= '[;e(”’”h(l)d/l =J e ar=e'(-e) =-1+¢'

10 (a). (e"y), =1=e'y=1t+C = y=te' +Ce'. From the initial condition, we have y(0)=0=C.
Thus y=te'.
10 (b). From 9b, ¢(¢)=¢".

*_’(t—/l)/l _zt ot
10 (c). ¢ g_joe ed/l_ejod/l_re.

11 (a). (e"’y) =te' =e'y=—te"' —e'+C= y=—(t+1)+ Ce'. From the initial condition, we have

y(0)=0=-1+C.Thus C=1 and y=e¢'—(t+1).

1
11 (b). s®—-®=1= ®=——. Therefore, ¢(t)=¢".

G—
11 (c). ¢p*g= J;e(’f’l)/’{dl:et(—ﬂe”l —e”l)‘; =e' —t-1

12. sY+Y:z+e"S:>Y: 2 +€ , 2 :é+i=>A:2,B:—2.Therefore,
s s(s+1) s+1 s(s+1) s s+1

y(t)=2-2¢"+e " Ph(t-1).
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13.

14.

15.

16.

o
|
|
|
1 5 3 t

4 5 6
-5 —2s
_ e
2S:>Y:

s+1 s+1

sY+Y=e"—e . Therefore, y(r)=e " h(t—1)— e n(r-2).

—s —3s
sY=e'—e™ = Y= Therefore, y(t)= (t— Dh(t—1)— (t— 3)h(t—3).
N N

Yy
3

2.5

1 2 3 4 5 6 ¢

21
s*+4n’
s—2 e’ 1 e’

+ =—+ :
s(s—2) s(s=2) s s(s—2)

(s +4m’)y =2ne ™ =V = ™. Therefore, y(r)=sin(2n(t—2))h(t-2).

Y —s=2(sY-D=e’" =Y =

1 1 1
! =é+ B :>A:—l, le. Therefore, Y =—+e'| ——+ and
s(s—=2) s s-2 2 2 s 2s  s(s—2)

1 1
H=1-=h(t—=D+—e*"Phit-1).
y(1) S M= +5e* " h(r=1)

Y
5

4
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17. (s2 +2s5+ 2)Y =e'=>Y=¢"' —— . Therefore, y(f)=e " sin(r—1)ha(r-1).
(s+1)"+1
1 -2s
18. szY—1+2sY+Y=e’2“:>(s2+2s+1)Y=1+e’2S:>Y: 5>+ ¢ 5. Therefore,
(s+1)° (s+1)
y(t)=te™ +(t—2)e " Ph(t-2).
Y
1
0.8
0.6
0.4
0.2
12 3 4 5 &°
11 B 41 [s—1 —1]
19. sY=AY+e’'| |=Y=e"(sl-A) .sI—-A= , SO
0 -1 s—1]
1 |s—1 2 [s—1 1 |1 2 ls—1
(sI—A)l— 3 .Then Y= =—°
s =2s| 1 s-—1 s(s—=2) 1 s-1]0] s(s-2)] 1
bt 1
s—1 :1+ 1 ’ 1 __2..2 s—1 _2..2 50
s(s=2) s s(s—2) s(s-2) s  s-2  s(s=2) s s-2

1 1
y, ()= 5(1 + ez(’_l))h(t— 1) and y,(t) = 5(—1 + ez('_l))h(t— 1). Finally, we have

1
—(1+ ) h(r-1)
Y(t): 12( ) .

5(—1 +e* M )n(1-1)

y2(t)
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20.

sY = AY + H e-sm = Y=(sI- A)lu(l)] - e[éﬂ sI—A= [s; 2 :J, 50

. 1 s—1 1
(sI-A) =———— . Then
(s—D(s=-2)] 0 s-2
| ) e’
v | ) Gahe-2) T 6-2) ‘
(s=1(s-2) s—2 1
s s(s—1)

1 A B 1
—_—=—+—+ ¢ =A=—,B=-1,C=
s(s—D(s=2) s s-1 s-2 2

1 1
y, ()= E—et +5e2’ -’ "h(t-1) and y,(1) =-1+e".

Y
12
10
8
6
4
2
/ t

1
27

s(s—1) s s—1



