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How to read this book?

This volume contains the supplements for the translation presented in the first
volume. The supplements aren’t made to be read alone.

Indeed, Volume I contains an English translation of a VIIth Century Sanskrit
commentary written by an astronomer called Bhaskara, and an extensive Intro-
duction to the text. Because Bhaskara’s text alone is difficult to understand, I
have added for each verse commentary a supplement which discusses the linguis-
tic and mathematical matter exposed by the commentator. These supplements are
gathered in the present volume (Volume II), which also contains glossaries and the
bibliography. The two volumes should be read simultaneously.

Abbreviations and Symbols

When referring to parts of the treatise, the Aryabhatiya, we will use the abbrevi-
ation: ‘Ab’. A first number will indicate the chapter referred to, and a second the
verse number; the letters ‘abcd’ refer to each quarter of the verse. For example,
‘Ab. 2. 6. cd’ means the two last quarters of verse 6 in the second chapter of the
Aryabhatiya.

With the same numbering system, BAB refers to Bhaskara’s commentary. Mbh
and Lbh, refer respectively to the Mahabhaskariya and the Laghubhaskariya, two
treatise written by the commentator, Bhaskara.

] refer to the editor’s additions;
} indicates the translator’s addition;

(
() provide elements given for the sake of clarity. This includes the transliteration
of Sanskrit words.






Supplements

The first part of Bhaskara’s commentary on the mathemathematical chapter of
the Aryabhatiya ( e.g. his introduction to the chapter and the two first verse com-
mentaries) has not been given any supplements. However, explanatory footnotes
with references to secondary literature have been provided with the translations.



2 Supplements

A BAB.23

A.1 Arithmetical squaring and its geometrical interpretation

In answer to an ambiguous objection?:

ayatacaturasraksetradisu vargakarmano ’‘stitvat tesam
asamacaturasranam api vargasamjnaprasangah|

(Objection) Because a square operation exists in rectangular fields, and
so on, there is the possibility for the name ‘square’ to be (given to) fields
which are not equi-quadrilaterals also.

Bhaskara prescribes the construction of a square made by the diagonals of four
rectangles?. This diagram, as seen in Figure 1, supposedly “shows” that the arith-
metical squaring of the length of a diagonal corresponds to the area of a square.

Figure 1: Bhaskara’s diagram
a b

Several difficulties arise concerning this objection and the following paragraph.
First of all, the objection concerns the action of naming “square” (varga) fields
that wouldn’t even be equilateral quadrilaterals. Bhaskara does not answer directly
on this point?.

Secondly, an expression used by Bhaskara when describing the construction of this
field remains open to several interpretations. The description starts in this way?:

samacaturasraksetram alikhya astadha vibhajya . . .
When one has sketched an equi-quadrilateral field and divided (it) in
eight ...

I [Shukla 1976; p. 48, lines 9-10]

2[Shukla 1976; p. 48, lines10-16]

3We can notice, however, that even if he states before that the object samacaturasra (equi-
quadrilateral) has the name varga (square), he in fact never uses the latter for a geometrical
object. A varga in his commentary is always the result of the arithmetical operation of squaring.

4[Shukla 1976; p. 48, line 10]
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The question is then: how should one understand the expression
“as/dtadha vibhajya® ?

Implicitly, as can be seen in Figure 2, the editor considers that the square con-
structed has sides that measure 8.

Figure 2: Bhaskara’s diagram in Shukla’s edition
e :

ufcdra: 3

The understanding of the expression astadha vibhajya (cut into eight) would then
be that the rectangles are drawn by cutting into the sides of the squares. However
the diagram that can be seen in our photographic copy of mss D, does not show
such a square. This may be seen in Figure 3.

Figure 3 Bhaskara S dlagram in a manuscrlpt

>’¥CE-_@_¢:= (@)w_g.)

Sy e

b«ésw

Another understanding of the expression could be to count the sub-surfaces, cut
into the square whose sides measure 7, by the four rectangles and their diagonals.
This is illustrated in Figure 4.
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Figure 4: Counting sub-surfaces

Indeed these cuts draw eight right-angle triangles. The square in the middle would
be left out because it is not considered in Bhaskara’s reasoning. However, because
one needs to omit the innermost square, this interpretation remains unsatisfactory.

Finally, one can consider that once the square whose sides measure 7 is constructed,
the four rectangles and their diagonals are drawn in eight strokes. These strokes
are illustrated in Figure 5.

None of these alternative interpretations prevents the expression from remaining
quite enigmatic.

Returning to the problems occurring in the paragraph at stake we can note that
the meaning of the objection remains ambiguous. We do not know what is a
‘vargakarman’ (square-operation): Is it the numerical squaring of any length?

Certainly, Bhaskara’s goal is to discuss the geometrical meaning of the squaring of
a length, as when previously he discussed the nature of the karanz operation®. We
believe that the expression vargakarman used in the objection does not concern
the squaring of any length, but only that of a diagonal or hypotenuse (karna).
Neither the questioner nor Bhaskara mentions the fact that this could be true for
any length.

Indeed, it is surprising that his answer to the objection does not concern the
arithmetical square of the side of any geometrical figure. His first reply runs as
follows:

5See the introduction to the ganitapada.



A. BAB.2.3 )

Figure 5: Counting strokes

naisa dosah| tesv api yo vargah sa samacaturasraksetraphalam)|
This is not wrong. In these (fields) too, a square is the area of an equi-
quadrilateral field.

The demonstrative (tesu) refers to a list of fields given in the objection (rectangles,
etc.). Bhaskara’s drawing illustrates the squaring of the diagonals of a rectangle.
He adds, referring certainly to a right-angle triangle:

tribhuge 'py etad eva darsanam, ardhayatacaturasratvat tribhujasyal
Just this exposition (darsana) (exists) in a trilateral (tribhuja) also,
because a trilateral is half a rectangle.

Even though this discussion does not concern directly the “Pythagoras Theorem”®
it is closely related to it.

Let us look at Figure 1 page 2 again. The area of the square in the middle can be
seen as the square of the diagonal of the rectangle (c?). But we can also consider
the area of the first drawn square. This is equal to the square of the sum of the two
adjoining sides of the rectangle ((a + b)?). Now if we cut off the areas of the four
triangles that corner this big square, we obtain once again the area of the square
in the middle. The area of each triangle is half the area of one rectangle (4 x %b)
“because a trilateral is half a rectangle”. So we then see that ¢* = (a+b)% —2 x ab.

6Quotation marks are used to indicate that the name is a convention with a story to it, and
that we do not consider that Pythagoras is the real discoverer of this property of right-triangles.
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From which the formulation of the “Pythagoras Theorem” (stated in Ab.2.17.ab),
algebraically ¢? = a2 + b%, may be deduced.

Even though Bhaskara does not elaborate this reasoning, it is noteworthy that
the diagram he describes can be used in a geometrical demonstration of the
“Pythagoras Theorem”.

Figure 6: Ganesa’s ‘proof” of the ‘Pythagoras Theorem’

One can note that the “Pythagoras Theorem” was known and used by the au-
thors of the $ulba-sutras, who considered it always in a rectangle. Ab.2.17.ab. as
interpreted by Bhaskara, on the other hand, is almost systematically used in ref-
erence to a right-angle triangle. Concerning such a type of field before the time of
Bhaskara, Datta & Singh are of the opinion that it was known by Apastamba who
used it in a proof of the “Pythagoras Theorem””. However, no such field appears
in any of these two authors’ works. Its existence is deduced by Datta & Singh
through the fact that its properties are used by Apastamba and Baudhyana, in
the procedure for enlarging squares.

A similar type of field is known to have been presented for proofs or verifications
of the “Pythagoras Theorem” after the time of Bhaskara I, by Bhaskara II® and
by some of his commentators (namely Ganesa)?. But only the triangular part is
considered with different lengths. This is illustrated in Figure 6.

In this diagram, the area of the interior small square whose sides are equal to b—a
(so the area is (b — a)?) is increased by the area of the four triangles whose sides
are a and b (the area of each triangle is therefore %b ). This gives the area of the
big square whose sides are the hypotenuse of the four triangles (in other words:
? = (a—b)2+4(%) = a® + b%). This last reasoning uses also the fact, mentioned

by Bhaskara I, that ‘a trilateral is half a rectangle’.

"[Datta&Singh 1980; p.134-135]
8[Jain 1995; p.57]
9[Srinivas 1990;p.39)
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A.2 Squares and cubes of greater numbers
A.2.1 Squaring

Bhaskara quotes a rule (included in Shukla’s list of quotations from other works
[Shukla 1976; Appendix V, p.347]) to square numbers with more than one digit.

antyapadasya ca vargam krtva dvigunam tad eva cantyapadam)|

Sesapadair ahanyad utsaryotsarya vargavidhaul|

When one has made the square of the last term, one should multiply
twice that very last term|

(separately) by the remaining terms, shifting again and again, in the
operation for squares||

The procedure is elliptic for we do not know how it was carried out practically.
How were the successive computations set down? Where did the final square ap-
pear? And some expressions are ambiguous. Indeed, the statement ‘shifting again
and again’ (utsarya utsarya) can have a double meaning. It may refer to the suc-
cessive multiplications of the doubled last term with the following digits, or to
the repetition of the process itself, considering one after the other the digits of
the number to be squared. Even though we have considered, in the reconstruction
of the procedure reflected in Table 1, that the shifting refers to the iteration of
the process itself, it most probably should be understood as explaining both the
iteration of the process and the iteration of the shifting.

If the ambiguity and ellipticity make the verse difficult to read, one should not
neglect the simplicity of the algorithm stated in such a way. Its core is pointed
out; it is a succession of squarings and doublings.

This is how, step by step, we reconstruct the squaring process (for a.10%+5.10+c):
Step 1 Squaring the last digit (a2.10%);

Step 2 Computing the successive products of 2 times the last digit with the re-
maining digits (2ab.10 and 2ac.10?);

Step 3 Adding the successive products, according to their respective powers of 10
to the partial square (a?.10* + 2ab.10% + 2ac.102);

Step 4 Erasing the last digit, and “shifting”. Then starting the process again, until
no more digits of the initial number are left. (Reiterating the process with
the number .10 + ¢, then ¢, considering each time the partial square found
in Step 3).

This hypothetical construction is illustrated in Table 1. Comparing it with other
processes known in Sanskrit mathematical literature would have enabled us to
justify the way we have presented it. For instance, as the process begins by squaring
the last-term, we have inferred that this involved erasing the term that previously
entered with that label into the process.
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Table 1: Squaring: a heuristic presentation

Rule

Example: squaring 125

Squaring a.10% + b.10 + ¢

‘When one has
made the square
of the last term’

12 is the square of
the last digit. This is
how one would have set
down the number:

a®.10* is computed

‘one should mul-
tiply twice that
very last term
(separately) by

2x2=4and 2 x5 =
10. When adding these
numbers according to
their respective powers

(a.10%)% + 2a102(b.10 + ¢)

the remaining | of 10, the disposition
terms’ obtained would be:
1 2 5
1 5 - - -
‘Shifting again | Erasing the digit which | 5.10 + ¢ is now the number to
and again’ previously started the | be squared
computation:
2 5
1 5 - - —

‘when one has
made the square
of the last term’

2% = 4 is the square of
the last term. When
adding this quantity
according to its power
of 10 to the partial

square  found, the
disposition  obtained
would be:

2 5

1 5 4 — -

(a.10%)% + 2a10%(b.10 + ¢) +
(b.10)2
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‘one should mul-
tiply twice that
very last term
(separately) by

(2x2) x5 =20 is com-
puted. When adding
these values according
to the respective deci-

(a.10%)% + 2a10%(b.10 + ¢) +
(b.10)% + 2b10.c

the remaining | mal places, and placing
terms’ them:
2 5
1 5 4 -
+2 0 -
15 6 0 -
‘Shifting again | When erasing the
and again’ digit ~ which  previ-
ously  started  the
computation:
5
156 0 —

‘when one has
made the square
of the last term’

52 = 25. When adding
this value to the partial
square found according
to its power of ten, and
placing it:

)
1 56 2 5

(a.10%)2 + 2a102(b.10 + ¢) +
(b10)2 4 2b10.c + 2

The process ends here
as there are no more
digits. The square ob-
tained is: 15625

(a.102 +b.10 + ¢)?
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A.2.2 Cubing

No extensive rule for cubing is given by Bhaskara in his commentary to the latter
part of Ab.2.3. Cubing appears in the text as a natural extension of squaring. He
quotes the beginning of a verse that recalls the structure of the verse he gave for
the squaring of numbers:

atrapi yesam "antyapadasya ghanam syat” ityadi laksanasutram, tesam
ekadimam ghanasankhya vaktavya

In this case also, the cube-numbers of those (digits) beginning with 1
are to be recited (by those) whose rule which is a characterization is
‘the cube of the last place should be, etc.’.

We can, however, infer the successive steps of the procedure involved, some of
which may have seemed to the practitioners part of the natural process of com-
puting (cubing a.10 + b):

Step 1 Cubing the last digit (a3.103);

Step 2 Computing the successive products of 3 times the square of the last digit
with the remaining digits (3a?b.10%); and adding the successive products,
according to their respective powers of 10, to the partial cube (a®.10® +
3a%b.10%).

Step 3 Computing the successive products of 3 times the last digit with the squares
of the remaining digits (3ab*10); and adding the successive products, accord-
ing to their respective powers of 3, to the partial cube (a.10® + 3a2b.10% +
3ab®10).

Step 4 Erasing the last digit, and “shifting”. Then starting the process again, until
no more digits of the initial number are left. The partial cube considered being
the one found in Step 3.

This hypothetical computation is illustrated in Table 2.

Table 2: Cubing 63

Hypothetical rule The cubing of 63 The cubing of a.10 + b
cube the last digit 63 = 216. The disposition | (a.10)?
would be:
6 3
216 — — —
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Table 2: Cubing 63

11

Considering the suc-
cessive product of
3times the square of
the last digit with
the remaining digits

As 3 x 62 x 3 = 324, the
disposition would be:

6 3
216 - — —
3 2 4 - -
Adding according to the
respective decimal places

of each digit:

(a.10)% + 3a?10%.b

3 times the last digit
with the square of
the following digits

[=p}

3

2 4 8 4
1 6

|

Adding according to the
respective decimal places
of each digit:

6 3
2500 2 -

6 3
2 4 8 4 - -—
Computing succes- | As 3 x 6 x 32 = 162, the | (a.10)> + 3a?10%.b +
sively the product of | disposition would be: 3a10.62

Erasing the last digit

25 00 2 —

Considering that the num-
ber to cube is b.
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Table 2: Cubing 63
Cubing the next | As 3° = 27, the disposi- | ¢.10> + 3421020 +
digit tion would be: 3a10.6 + b3
3
2500 2 —
2 7
Adding according to the
respective places of each
digit:
3
2500 47
As there are no more
digits the process | 250047 (a.10 + b)?

ends here. The cube
found is therefore:

A.3 Squaring and cubing with fractions

The number a+g is noted in this edition of Bhaskara’s commentary in the following

a
way'0: b .

Cc

This is what is called in this part of the text ‘a fraction’ (bhinna).

The computation of the square of fractions is described here in two sequences.

Firstly:

bhinnavargo 'py evam eva| kintu sadrsikrtayos chedamsarasyoh prthak
prthag vargam krtva chedarasivargenamsarasivargasya bhagalabdham

bhinnavargah)

The square of fractions is also just like this. However, when one has made
separately the squares of the numerator and denominator quantities,
that were made into the same kind, the result of the division of the
square of the numerator quantity by the denominator quantity is the
square of the fraction.

100ne should keep in my mind that this is the way manuscripts note fractions. Moreover, the
notations adopted in manuscripts may have been different from those used by Bhaskara, more

than 1000 years earlier.
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Secondly:

chedagunam samsam iti|
‘(the whole number) having the denominator for multiplior increased
by the numerator’

Probably the expression used in the first sequence: ‘...(the numerator and de-
nominator) are made into a same kind’, refers to the operation described in the
second sequence. This operation transforms the fractionary number given in the
problem into a fraction with just a denominator and a numerator. Indeed, if we
consider simultaneously the general notations we have adopted and the quantity
(6 + %) treated in detail by Bhaskara in Example 2, we can infer the following

computation':

a|6
b |1
c|4
becomes (‘(the whole number) having the denominator for multiplior’)
ac | (6 x4)
b 1
4

‘increased by the numerator’

ac+b|(6x4)+1
c 4

2 2
If we follow then, the first sequence for squaring fractions: (ac;; b) 2452

The numerator is then divided by the denominator:

(ac+b)? =q.c? +r | 625 =39 x 16+ 1

q | 39

The result obtained is noted as a fractionary number: r | 1
2

c” | 16

No rule is given concerning a whole number decreased by a part, however such a
fraction appears in Example 2.

The cubing of fractions is, as is the case for the cubing of whole numbers, referred
to briefly as a mere extension of the process for squaring fractions. Please see Table
3 for how we guess this was carried out.

H'We do not know how the intermediary steps were presented, this whole presentation is
therefore arbitrary.
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Table 3: Cubing a fraction

Example 4 of BAB.2.3.cd is stated as follows:

satpancadasastanam tavadbhagair wvihinaganitanam| ghanasankhyam wvada
visadam yadi ghanaganite matir visadal|

4. Say, clearly, the cube-number of six, five, ten and eight that are computed
as decreased by their respective parts|

If (you have) a clear knowledge in cube-computations||

The fractions considered in the text are, for us, of the following form:

6—% :5+%
-z =4+3
10—%:9+1%
85 =741

This set of numbers, which is equal in value to the one above, is set down:
5 4 9 7
5 4 9 7
6 5 10 8

Let us consider the process involved in the cubing of the last fraction of this
7
example: 7
8
This column of numbers, representing the number 7 + %, should be first trans-
formed
into a form with numerator and denominator only.

That is into 683
Then, the cubes of the numerator and denominator are made separately.
The hypothetical steps followed for cubing 63 (the result found is 250047) are

illustrated in Table 2.The cube of 8 (512) is given in the resolution of Example
3 of BAB.2.3.cd.
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Table 3: Cubing a fraction

Dividing the cube of the numerator by the cube of the denominator:

250047 _ 191
510 — 4884 513,

488
191 .
512

which corresponds to the last column set down as a result:

B BAB.2.4-5

B.1 Extracting square-roots
B.1.1 Square and non-square places

The procedure of square root extraction rests upon a categorization of the places
of the decimal place-value system (defined in AB.2.2). Aryabhata distinguishes
square (varga) and non-square (a-varga) places. A square place is one which stands
for an even power of ten (e.g. 10°,102,10%,...). A non-square place stands for a
power of ten which is not a square (e.g. 10*,103,10°,...).

Bhaskara substitutes for it his own categorization. He considers the places where
the digits forming the number whose root is to be extracted are to be noted. He
counts them from right to left, distinguishing between places associated to an even
number and places associated to an odd number. The place for the digit whose
power of ten is 10 is the first to be counted, therefore the so-called “square” places
are found for all odd numbers of places, and the so-called “non-square” places for
all even numbers of places. This is for instance how both categorize the places
associated to 625 (whose square-root is extracted in Example 1 of BAB.2.4 and
whose extraction is illustrated in Table 412:
0dd(3) pair(2) odd(1)

102 10! 10°

v av v

6 2 5

B.1.2 The procedure

The detail of the procedure and how precisely it was carried out is not known to us.
A heuristic reconstruction is given in Table 4. In the following, we will consider

12For a brief analysis of the way the rule is composed see the Introduction in Volume I section
2.3.
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12For a brief analysis of the way the rule is composed see the Introduction in Volume I section
2.3.
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that the digits forming a number are ordered from left to right: the first digit
being the one standing in the highest place. The steps that we have reconstructed
— some of which may have seemed so natural that it wasn’t deemed necessary to
state them — may be summed up as follows:

Step 1 Probably by trial and error, find the biggest square (a?) smaller than the
first digit. (Or the biggest square smaller than a two digit number, if the last
digit does not fall on a place standing for a square power of ten).

Step 2 Subtract it from the last digit, and substitute the difference in place of
the former digit. The square-root of this square (a) is the last digit of the
square-root sought.

Step 3 Considering the next place to the right, divide the number formed by
considering all the digits to the left of that place (that place included) by
twice the partial square-root obtained.

Step 4 Replace the dividend by the remainder of the division. The quotient is
considered here to be the next digit of the square-root sought. In fact it is
either the quotient or the quotient increased by 1, which is the next digit of
the square-root to be extracted. Bhaskara never goes into the detail of his
root extractions, therefore we do not know if he was aware of such a step.

Step 5 Considering the next place to the right, subtract from the number formed
by all the digits to the left of that place (that place included) the square of
the quotient. Replace that number by the difference. Re-iterate the process
starting from Step 3. The process ends when one cannot shift to the right
anymore.

Among the steps that are neither mentioned by Aryabhata nor by Bhaskara, we
can list:

e The way the square-root of the first digit (or two-digit number when the last
digit of the number whose root is to be extracted falls in a non-square place)
is found is not mentioned.

We can note here that both Aryabhata and Bhaskara, by not indicating how
the procedure starts, seem to emphasis its iterative quality.

e The place where the successive digits of the square-root extracted are placed
is not mentioned. Later authors have indicated that they should be noted on
a separate line. Bhaskara may be referring to such a line when he comments
on the compound stanantare (in a different place) used in Ab.2.4:

sthanad anyasthanam sthanantaram, tasmin sthanantare tasya lab-
dhasya malasamgnal yatra punah sthanantaram eva na vidyate,
tatra tasya tatraiva malasamjnal

A place other than the (given) place is a different place ; in this
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different place, the quotient has the name root. When, however,
a different place precisely does not exist, then that (quotient) has
the name root in that very place (where it was obtained).

There are two ways of understanding this sentence: it may refer to the shifting
to a different place in the decimal place value notation used to set down the
digits. It may also here indicate a separate space on the working surface where
the digits of the square-root extracted appear progressively as the process
follows its way. The sybillin last sentence of this paragraph, in both cases,
refers to the way the process ends. If it concerns the space where the digits of
the square-root extracted appear, it may mean that in the case of a square-
root found at once (as for digits or two digit numbers) no separate space is
needed. Among the other steps not specified by Aryabhata or Bhaskara we
can note:

When the division is performed, the remainder replaces the digits that for-
merly entered the division as dividend. This may have been a regular feature
of the division procedure!3.

The way that the intermediary operations of placing the remainder, the result
of the subtraction etc, are noted and how they interplay with their respective
powers of ten is not indicated either. This may also have been a feature of
computation considered as self-evident.

Table 4: Extracting the square-root of a three digit number

Aryabhata’s rule Example: extracting the | Extracting the square-

square root of 625 root of A = (a.10 + b)?

When subtracting | The biggest square smaller | A — @2.10° is com-
the square from the | than 6, which is the digit in | puted. .10 is the
square (place) the “highest square place”, is | partial square-root

4. So that 2 is the first digit | extracted.
of the square-root to be ex-
tracted. This is how the num-
ber may have been set down:

vooav v
6 2 5
-4 -
2 2 5

13See for instance [Datta&Singh 1938; p.152]
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Table 4: Extracting the square-root of a three digit number

Aryabhata’s rule

Example: extracting the

square root of 625

Extracting the square-
root of A = (a.10 + b)?

One should divide,
constantly, the non-
square (place) by
twice the square-
root.

22 is considered to be in the
‘non-square’ place. Twice the
partial square root is 2 x 2 =
4. One performs the following
division:

22 2

= 5+ 1
5 is the quotient, it is the sec-
ond digit of the square-root
to be extracted. The partial
square-root is, at this point:
25. The remainder of the di-
vision of 22 by 5 is set down
in the place of the previously
written digits:

av v
2 5

b is computed as the
quotient of the division
of the two higher dig-
its by a?. Then A —
a?.10? — 2abl10 is set
down. a.10 + b is the
partial square-root ex-
tracted.

The quotient is the
root in the next
place. When sub-
tracting the square
from the square

The quotient is 5. The next
place being a square-place,
one subtracts the square of 5.

av v
2 5
—52
0

A—a?.107 —2ab10 — b2
is computed.

The
found is

square-root

25

a.10+b

B.2 Extracting cube-roots
B.2.1 Cube and non-cube places

As for square-root extraction, the cube root extraction procedure uses a catego-
rization of the places of the decimal place-value system: there are cube (ghana)
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and non-cube (aghana) places. They form an ordered set. Aryabhata’s rule refers
to a first and a second non-cube place. In BAB.2.5., Bhaskara glosses as well:

atra ganite ghana ekah, dvavaghanaul
In this computation, there is one cube, two non-cube (places).

These names correspond to the respective power of tens of the places: a cube
place is a place whose power of ten is a multiple of three (e.g. 10°,10%,10, ...);
a non-cube place is a place whose power of ten is not a multiple of three (e.g.
10%,10%,10%, ...). The place for 10° is considered to be a cube place. The second
non-cube place is the second from the right in the sub-triplet of the ordered set
made of (a cube place, a non-cube place, a non-cube place).

This categorization is illustrated with the number 1728 (whose cube-root is ex-
tracted in Example 1 of BAB.2.5 and whose extraction is shown in Table 5):

103 102 101 100
g a—g a—g ¢
1 7 2 8

B.2.2 The procedure

We do not know precisely how each step of the procedure was carried out. We have
presented heuristically a reconstruction of the procedure in Table 5, although this
would need to be justified and be compared with other procedures known to us
from the Sanskrit tradition. In this reconstruction, the digits of the number whose
cube-root is considered are considered from left to right. The first digit is therefore
the one which stands for the multiple of the highest power of ten.

Step 1 Find, probably by trial and error, the biggest cube smaller than the first
digit. (Or smaller than a two-digit/three digit-number if the first digit of the
number whose root is extracted does not fall on a place whose power of ten
is a cube.)

Step 2 Subtract the cube from the first digit (or from the two-digit/three-digit
number). Replace the digit (resp. two-digit/three-digit number) by the dif-
ference. The cube-root of the subtractor is the first digit of the cube-root
sought.

Step 3 Shift by one place to the right. Compute the product of three times the
square of the partial cube-root obtained. Divide the number obtained by
considering all the digits to the left of this place (this place included) with
the previous product. Erase the number and replace it with the remainder
of the division. The quotient is considered to be the next digit of the cube-
root sought. In fact once again, this may not be exactly the right digit and
one may have to increase by one or by two so that the computation remains
correct. However we do not know if this step was carried out in such a way.
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Step 4 Considering the next place to the right, compute the product of three times
the square of the quotient with the partial cube-root obtained before Step 3.
Subtract from the number obtained by considering all the digits to the left
of that place (that place included) the product. Replace that number with
the difference obtained.

Step 5 Shift by one place to the right. Subtract from the number obtained by
considering all the digits to the left of this place (this place included) the
cube of the quotient obtained in Step 3. Reiterate the process starting with
Step 3. The process ends when one cannot shift to the right anymore.

Among the steps that are neither mentioned by Aryabhata nor by Bhaskara, we
can list:

e The way the cube-root of the first digit (or two/three-digit number when the
last digit of the number whose root is to be extracted falls in a non-cube
place) is found is not given by either of the two authors. This step involves
finding the greatest cube smaller than that digit (or two/three-digit number).

Once again, this may be a way of emphasizing the iterative quality of the
procedure.

e The space where the successive digits of the cube-root extracted are placed is
not referred to. Later authors have indicated that they should be noted on a
separate line. If this was suggested elliptically in the commentary to Ab.2.4.,
it may then be assumed here.

e We include in this list an elliptic formulation:

The square of (the quotient) multiplied by three and the former
{(quantity) should be subtracted from the first (non-cube place)

Though nowhere explained the “former (quantity)” is the partial cube-root
obtained, before the computation of the quotient (the quotient obtained be-
fore Step 3 in our presentation).

e The fact is that when the division is performed, the remainder replaces the
digits that formerly entered the division as dividend. As in the process de-
scribed in BAB.2.4., this may be a regular feature of the division procedure.

e The way that the intermediary operations of placing the remainder, the result
of the subtraction etc, are noted and how they interplay with their respective
powers of ten is not indicated. This may also be a feature of the computation,
considered as so usual that it was not thought to have to be described.
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Table 5: An example of the procedure for extracting the cube-root

Aryabhata’s rule

Example: extracting the

cube-root of 1728

Extracting the cube-
root of A = (a.10+b)3

‘And  the cube
(should be
subtracted)  from

the cube place’

The digit in the “cube place”
is 1, the highest cube smaller
than 11is 13, it is subtracted in
the cube placed, and replaced
by the result:

g a—-g a—g g
1 7 2 8
-1 _ — —
0 7 2 8

1 is the first digit of the
partial cube-root extracted.

A — (a.10)? is com-
puted. .10 is the first
digit of the cube-root
extracted.

One should divide
the second non-
cube place by three
times the square
of the root of the
cube

The digit in the second non-
cube place is 7. The square of
the root of the former cube is
12

7
—=2x3+1
3 X 34

The remainder of the division
of 7 by 3 replaces the digit of
the “second non-cube place”:

g a—-—g a—g g
7 2 8
1 2 8

12 is the partial cube-root ex-
tracted.

b is found as the quo-
tient of the division of
the digit of the sec-
ond non-cube place by
3a2. A — [(a.10)3 —
3a2102.b)]is computed.
a.10 4+ b is the partial
cube-root extracted.
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Table 5: An example of the procedure for extracting the cube-root

Aryabhata’s rule

Example: extracting the

cube-root of 1728

Extracting the cube-
root of A = (a.10+b)3

The square of
(the quotient)
multiplied by 3
and the former
(quantity)  should
be subtracted from
the first (non-cube
place)

The “former quantity” con-
sidered here is the first digit
of the cube-root found: 1, the
quotient of the division of 7
by 3is 2 x 3 x 22 x1 = 12.
This is subtracted:
g a—-g a—g g
1 2 8
-1 9 _

oo

A — (a10)® —
3a?10%.b — 3a.10.6?)] is
computed.

and the cube from
the cube (place)

The digit in the cube-place is
8. The cube of the quotient is
23,

g a—g a—g

—93
0

The process ends here as
there are no more digits. The
cube-root extracted is 12.

A — [(a10)® —
3a2102.b — 3a.10.b%) —
b3] is computed. The
cube-root extracted is
a.10 +b

C BAB.2.6

C.1 Area of a triangle

Aryabhata’s rule, according to Bhaskara’s interpretation’

4 concerns a general case:

Ab.2.6.ab. The bulk of the area of a trilateral is the product of half the
base and the perpendicular]|

This can be understood as follows:

4Because Aryabhata uses the compound samadalakoti or “halving upright”, probably this

rule was intended originally only for equilaterals and isosceles.
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Figure 7: Equilateral and isoceles triangles

E
E

As illustrated in Figure 8, let M NO be a triangle. If M D is the height issued from
M and falling on the base NO, then the area 4 of M NO will be
_NO

A TXMD.

C.1.1 Equilaterals and isosceles triangles

Bhaskara gives in his commentary to Example 1 of Ab.2.6.ab a property of equi-
lateral triangles:

samatryasriksetre samaivavalambakasthitih iti
‘In an equi(lateral) trilateral field the location of the perpendicular is
precisely equal.’

In other words, in an equilateral triangle any height sections the corresponding
base into two equal segments.

This is also stated for isosceles triangles:

dvisamatryasriksetrasyapi ‘samaivavalambakasthitih’ iti
For an isosceles trilateral also, ‘the location of the perpendicular is pre-
cisely equal.’

This property is used along with Ab.2.17 which states the so-called ‘Pythagoras
Theorem’ to justify the following procedure:

Problem Knowing the length of the sides of an equilateral or isosceles triangle,
find its area. Let EF'G be such an equilateral triangle illustrated in Figure
7, which also shows an isoceles triangle.
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Step 1 Compute the length of any height in the case of an equilateral, issued from
the vertex in the case of an isosceles triangle.

Using the property stated above, if FK is the perpendicular issued from D

onto F'G, we know that
EF

Bhaskara specifies when quoting Ab.2.17:

‘ya$ ca eva bhujavargah kotivargas ca karnavargah sa [Ab.2.17] iti
bujakotyor vargau karnavargah| tena bhujavarge karnavargac chud-
dhe sesam samadalakotivargah

‘That which is the square of the base and the square of the height
is the square of the hypotenuse’.

Therefore, the square of the hypotenuse is (produced with) the
squares of both the base and the height. Hence, when the square
of the base is subtracted from the square of the hypotenuse, the
remainder is the square of the perpendicular. . ..

In other words
EK?=EF? - FK?=EG? - KG*.

Step 2 In the cases observed, the square found for the length of the perpendicular
is not perfect — i.e, its square root cannot be extracted without an approxi-
mation. Therefore, the length of half the base is squared so that it can enter
the rule given by Aryabhata. In other words FTcz is computed.

Step 3 The rule given in the verse is applied:

oo B FG g [EK? x FG>.
4 4

The square-root expression is written here to recall the double meaning that
the word karani may take here.

C.1.2 Uneven triangles
Bhaskara uses the following property of the lengths of any triangle:

bhujayor vargavisesah tayor va samasavisesabhyasah

tribhujaksetre abadhantarasamasavisesabhyasbhavati

In a trilateral field the difference of the squares of the two sides, or the
product of the sum and the difference of the two, is the product of the
sum and the difference of (its) different sections of the base.
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Figure 8: Any triangle
M

In other words:
Let M NO be any triangle such as is illustrated in Figure 8, let M D be a height.

The sections of the base are the two segments N D and DO for the sides M N and
MO. The first sentence of this paragraph may be translated in our algebraical
language as

MN? — MO?* = (MN + MO)(MN — MO) = (ND + DO)(ND — DO)

The last equality, which may also be stated as MN? — MO? = ND? — DO?, is
easily derived from the “Pythagoras Theorem”.

Bhaskarra then writes:

bhumya abadhantarasamasapramanaya vibhajya labdham bhumav eva
samkramanam)|

When one has divided by the base whose size is the sum of (its) different
sections, a samkramana is (applied) to the same base together with the
quotient.

Dividing the above equalities by the base:

MN? - MO* (ND + DO)(ND — DO)

NO NO
Since the base is the sum of its segments, NO = ND + DO, then
MN? — MO?
——————— =ND-DO.
NO

In the samkramana operation, stated in Ab.2.24, this quantity is considered under
the name “quotient” (labdha):
MN? — MO?

=——————=ND-DO.
T NO 0]
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It is used along with the size of the base, NO = ND + DO, which is the quantity
that is ‘increased or decreased’. The samkramana operation can be understood,
then, as the computation of the two following quantities:

" NO +x
2
and
NO —x
v=——.
2
One can easily check that
u=ND
and
v = DO.

With either one of these different segments of the base, it is understood that one
can follow the method described above for equilateral and isosceles triangles to
reckon the perpendicular’s length, and from there compute the area of the triangle.

The different steps of the procedure to be followed are therefore:

Problem Knowing the lengths of the sides of triangle M NO, find the area.
Step 1 Compute

_ MN 2 - MO?
T=—No
Step 2 Use a samkramana in order to find the lengths of the two different sections
of the base:
N
NO+= _ np.
2
NO —
% _ po.

Step 3 Find the length of the perpendicular by either one of the following com-
putations:
AD? = MN? - MD* = NO? - DO?.

Step 4 The area is

o MDxNO* 5 [MD?xNO?
4 4
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Figure 9: An equilateral pyramid with a triangular base
A

C.2 Volume of a pyramid
C.2.1 General rule

The rule given by Aryabhata, in the second half of verse 6, is interpreted by
Bhaskara as giving the volume of a triangular based equilateral pyramid. We may
relate the relation given here as follows:

Given an ABCD pyramid, illustrated in Figure 9, AH is the perpendicular issued
from A onto the triangle BDC. If the area of BDC is A, then the volume V of
ABDC is

Vz%AxAH.

This formula for the volume of a pyramid is incorrect.

The correct formula is 1

Although we do not know why and how Aryabhata derived this wrong relation,
we can make the following hypothesis: the solid equilateral is probably seen as
deriving geometrically from the area by the same process that derives from two
lines a surface. This continuity between the two-dimensional field and the three-
dimensional field may be the key to the relation given here. As Ab.2.6ab. derives
the area of an equilateral triangle by the product of half the base and the height,
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the volume of the pyramid seems to be derived by half its base (which is here the
area of an equilateral triangle) and its height.

C.2.2 A srngataka
Bhaskara gives the following description and explanation'®:

ardhvabhuja ki nama ksetramadhye ucchraya iti pratyaksam| sa ca tirya-
gavasthitasya $rngatakaksetrabahoh karnavadavasthitasya kotih| bhuja
karnamaulaksetrakendrantaralam

It is obvious (pratyaksa) that the so-called “upward-side” is a height in
the middle of the field. And that is the upright-side (koti) for the side of
a Srngataka field which is located obliquely as an ear, (while) the base
is the intermediate space in between the root of the ear and the center
of the field.

Let ABCD be an equilateral triangular based pyramid as represented in Figure
10. Let AH be the height issued from A and falling onto the triangle BC'D.

Figure 10: A Srﬁgataka
A

D

AC' is what is called the ear (karna), it is also the hypotenuse of AHC. AH is
what is called the upward-side (ardhvabhuja) of the srngataka. It is defined at the
beginning of the commentary of this half-verse:

15[Shukla 1976; p.48, lines 8-10]
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urdhvabhuja ksetramadhye ucchraya
The upward side is a height in the middle of the field.

And this sentence is recalled at the beginning of the text quoted above.

sa ca tiryagavasthitasya srigatakaksetrabahoh karnavadavasthitasya kotih!'®
and that is the upright-side for the side of a srrigataka field which is lo-
cated obliquely as an ear....

CH, in the above quoted text, is called the base (bhuja).

In the resolution of Example 1, Bhaskara writes:

labdho ‘ntahkarnah [karanyah] 48| ayam eva karnah

ardhvam avasthitatribhujalksetrasya bhujal|

The inner ear obtained is 48 [karanis]. This very ear is the [base] of the
trilateral [field] located upwards.

So that here CH is referred to both as an inner-ear (antahkarna) — that is as the
hypotenuse of CB’H — and as the base of the right-angle triangle AHC. The word
base has been added in brackets by the editor as all manuscripts, except one, omit
this word.

The first text quoted in this section is the part of the commentary where the word
Srngataka appears for the first time. Because it is used in examples to refer to
the pyramid itself, we understand it as the name of an equilateral pyramid with
a triangular base with a perpendicular issued from one top to the center of the
triangular base.

C.2.3 A Rule of Three

The computation of CH, from which the upright side AH may be computed, rests
upon the proportional properties of similar triangles.

Bhaskara states such properties by formulating them through a Rule of Three:

tadanayane trairasikam- yadi tribhujaksetravalambakena
tribhujaksetrabahur labhyate tada tasyaiva
tribhujaksetrabahudalasankhyakasyavalambakasya

kiyan bahur iti

When computing that (base), a Rule of Three: ‘If the side of a trilateral
field is obtained with the perpendicular of that very trilateral field,
then for the perpendicular whose amount is half the side of the (initial)
trilateral field, how much is the side?’

This can be understood as follows, as illustrated in Fig 11, next page.

16 Two manuscrits read koti. However it is also the upright-side (koti) of the right-angle triangle
(AHC), which would be in accordance with the regular use of the word.
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Figure 11: Rule of Three

The triangles BB'C' and B’C'H are similar:
BB :CB=CB' :CH.

So that in other words
CB x CB’
CH= ———.
BB’
Because BDC is an equilateral field, CB’ = %. CB’ is thus ‘the perpendicular
whose value is half the the side of (initial) trilateral’.

If the lengths considered are karanis, the square of such an equality is considered.

C.2.4 The procedure followed

Problem Knowing the side of an equilateral triangular based pyramid ABCD,
find its volume.

Step 1 If AH is the perpendicular issued from A onto BCD, then with a Rule of
Three we know that
_ CBxCPB

CH BE

If CB is a karani, in which case BB’ may be one, the following computation
is in fact carried out:

CB? x CB"?
2 _
CH™ =  BB?
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Step 2 Then we use Ab.2.17ab, from which we know that:

karnakrteh bhujavargavisesah urdhvabhujavargah
The difference of the square of the base and the square of the
hypotenuse is the square of the upright side.

So that

AH? = AC? — CH?.

Step 3 Then according to the rule given by Aryabhata here, as Bhaskara specifies:

ardhamityatra karanitvad dvayoh karanibhiscaturbhirbhago hriyate
Since (the rule uses the expression) “half”, because two are karanis,
one should divide by four karanzs.

1 1
V2 = ZA2 x AH? & VY2 = 5A? x AH?2.

D BAB.2.7

D.1 Area of a circle
D.1.1 The general rule
Aryabhata gives the following rule:

samaparinahasyardham viskambhardhahatam eva vritaphalam|

Ab.2.7.ab. Half of the even circumference multiplied by the semi-diameter,
only, is the area of the circle]

In other words, for a circle of circumference C and diameter D, the area A is

according to this definition:

C D
A_§X§‘

D.1.2 Procedure used in examples

Problem Knowing the diameter D of a circle, find its area A.

Step 1 Using the values given in Ab.2.10, and a Rule of Three, find the (approxi-
mate) circumference C of the circle.

ADb.2.10 states that a circle of diameter 20 000 has a circumference of 62832.
Bhaskara indicates:
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...trairasikena vaksyamanaviskambhaparidhi
pramanaphalabhyam...

...by means of a Rule of Three, with as measure and fruit (quantities),
the diameter and the circumference to be told [in Ab.2.10]...

setting down a Rule of Three as described in BAB.2.26:

The measure quantity The fruit quantity The desire quantity
20 000 62832 D

Then the fruit of the desire, the circumference (C) is

o _ Dx 62832
~ 20000

The result obtained, if it is not integer, is in the form of an integer with a
fractional part (see the procedure described in the Annex on BAB.2.3).

Step 2 Having thus the diameter and the circumference, one can then compute

the area according to Aryabhata’s rule:

A=—x

¢ D
2 27

The result obtained is an approximation, as Aryabhata states that the ratio given
in verse 10 is one. Bhaskara does not stress this point here, on the contrary, he
insists, rightly, that the procedure, given in all its generality, is accurate.

D.2 Volume of a sphere

D.2.1 General rule

Aryabhata gives the following rule:

tannijamaulena hatam ghanagolaphalam niravasesam||

Ab.2.7.cd. That multiplied by its own root is the volume of the circular
solid without remainder.

In other words, for a sphere whose volume is V, whose diametral subsection has
an area A, the volume would be

V=AxVA.

Bhaskara reinterprets the rule as follows, because in most cases the square-root of
the area cannot be obtained exactly:
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tat punah ksetraphalam mulakriyamanam

karanitvam pratipadyate yasmat karaninam mala/mapeksitam|
tatahpunar apt karaninam akaranibhih samvargo nastits
ksetraphalam karanyate| evam ayam artho ’rthad avasiyate
ksetraphalavargah ksetraphalena gunita iti|

On the other hand, that area becomes a karant when being made into a
root (malakriyamana), because a root is [required] of a square (karanz).
However, also, as there is no product of a karani by a non-karani, the
area of the field is made into a karani/the area of the field is squared
(karanyate). Consequently, the following meaning is understood in fact:
the square (varga) of the area of the field is multiplied by the area of
the field.

Following Bhaskara’s interpretation, with the same notation as before, this is the
computation to be used:

V2= A% x A.

Bhaskara discusses another rule, dismissed as “practical” (vyavaharika):

vyasardhaghanam bhittva
navagunitam ayogudasya ghanaganitam|

When one has halved the cube of half the diameter and multiplied
by nine, the computation of the volume (ghanaganita) of the sphere
(ayoguda lit. iron ball) (is obtained) |

In other words, for a sphere whose volume is V, whose diameter is D, the ‘practical’

volume would be
v 9% (£)3

This relation given by Aryabhata for the volume of a sphere is incorrect, as well
as the one quoted by Bhaskara. The correct rule is, if the diameter of the sphere
is D =2R:

4 2
V=§7TR3:§><DX.A.

We do not know how this rule was derived, nor why this specific wrong relation
was considered. As in the case of an equilateral triangular based pyramid, it may
have been linked to the conception of the geometrical derivation of the solid from
the surface: that of the “product” of a height on the disk.
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D.3 Procedure followed in examples

Problem Knowing the diameter D of a sphere, compute its volume.

Step 1 Compute the area, A of the diametral section, according to the procedure
described above.

Step 2 If the area is a perfect square, compute
V=AxVA.
If not, compute
V2= A% x A.

If the quantities obtained are not integers, the result has the form of an
integer with an additional fractional part.

Once again, as this supposes the computation of the area, which is obtained with an
approximate ratio, even if the relation was correct, the answer obtained would have
been an approximation. However, Bhaskara once again insists that Aryabhata’s
rule is accurate, whereas the above mentioned “practical” relation is not.

E BAB.2.8

E.1 General rule

Aryabhata gives a rule that can be summed up as follows: If ABCD is an isoce-
les trapezium whose heights, AH, EG, BI are always equal to one another, as
illustrated in Figure 12,

Figure 12: An isoceles trapezium
A E B
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then: AB x EG
X
EF = AB+CD
CD x EG
Fa = AB+CD
and the area A is: A
A G x AELCD)

E.2 Description of the field

Bhaskara replaces, to a certain extent, Aryabhata’s terminology by his own. For
instance, the uneven sides of an isoceles trapezium (AB and CD in Figure 12),
are paraphrased by the commentator in the following way'”:

ke te? parsve| bhur ekam mukhami taram
What are those? The sides. One side is the earth, the other the face.

Bhaskara also explains the unusual technical term svapatalekha (a line on its own
falling)18:

svapatalekha nama antahkarnayoh sampatasya

bhumukhamadhyasya cantaralam

Svapatalekha is the name of the inner space (delimited by) the intersec-
tion (sampata) of the two interior ears and the middle of (respectively)
the earth and the face.

He refers elliptically to these segments, by using the word sampata ((the line(s)
whose top is) the intersection)'?, sampatagra ((the line(s)) whose tops is the inter-
section? and also with the compound karpavalambakasampata ({the lines whose
tops are) the intersection of the perpendicular and the (interior) ears?!. We can
note that previous translators of the Aryabhatiya seemed to have confused svapata
(a falling of one’s own) and sampata (an intersection). Thus Kaye?? translates the
compound svapatalekha as if it was sampatalekha: “the lines from the point of
intersection”. P. C. Sengupta?? follows by giving the following translation, which
is not literal: “the distance of the point of intersection of the diagonals from one

17[Shukla 1976; p.63]
18[Shukla 1976, p. 63]
19[Shukla 1976;p.63, lines 2 and 19]
20[Shukla 1976; Example 1, p.63]
Shukla 1976; p. 63, line 19]. Please refer also to the Glossary for the translations we have
adopted of these terms.
22[Kaye 1908; p. 121]
23[Sengupta 1927; p.16]

21[
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of the parallel sides”. Both Clark?* and Shukla?® seem to understand svapata as
relating to the orthogonality of the segments, and add the other understanding of
the compound in parenthesis. In all cases, there is no ambiguity concerning the
segments that this compound refers to.

The correspondence between Aryabhata’s technical terms for the sides of a trapez-
ium and Bhaskara’s are given in Table 6.

We can note here that if such segments are mediators for isoceles trapeziums this
is not the case for any trapezium. When Bhaskara comments on the fact that they
“fall in the middle” of the earth and the face, he thus restricts his description to
the case of these trapeziums.

E.3 Bhaskara’s interpretation

At the end of his general commentary on the verse, before the resolution of exam-
ples, Bhaskara gives an explanation, which may very well be a proof of the two
rules given by Aryabhata:

samyagadistena®® likhite ksetre svapatalekhapramanam
trairasikaganitena pratipadayitavyam)|
tatha trairasikenaivobhayaparsve karnavalambakasampatanayanam)|

The size of the ‘lines on their own fallings’ should be explained with the
computation of a Rule of Three on a field drawn by (a person) properly
instructed. Then, by means of just a Rule of Three with regard to the
two sides which are a pair, the computation of (the line whose top is)
the intersection of the diagonals and the perpendicular (is made).

Indeed, as illustrated in Figure 13, the triangles ABF and CFD are similar.
Therefore

EF _FG __EG

AB  CD AB+CD’

Such ratios are always given, in Bhaskara’s commentary, as a Rule of Three.
They are not stated explicitly here. One Sanskrit expression is rather difficult to
understand here: trairasikenaivobhayaparsve . Indeed we have translated it in this
way: “by means of just a Rule of Three with regard to the two sides which are a
pair”. The compound wubhayaparsve should most usually be understood as: the
side of both. We couldn’t make much sense of all this. ..

24[Clark 1930; 27]: “the perpendiculars (from the point where the two diagonals intersect) to
the perpendicular sides”.

25[Sharma&Shukla 1976; p.42): “the lengths of the perpendiculars on the base and the face
(from the point of intersection of the diagonals)”.

26Reading this instead of samyaganadistena of the printed edition.
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Table 6: Names for the sides of a geometrical figure, as illustrated in Figure 12,
given by Aryabhata and Bhaskara.

Segments | Sanskrit names used by | English Translation
Aryabhata
AH, EG, BI | ayama height
AB, CD vistara, parsva width, side
EF, FG svapatalekha The ‘lines on their own
falling’
Segments Sanskrit names used by | English Translation
Bhaskara
AC, BD parsva, karna side, ear
AB mukha, vadana face
CD bhu, bhumi, dhatri, wva- | earth
sudha
AD, BC antahkarna, karna interior ears, diagonals
AH, EG, BI | ayama, vistara, dairghya height
AH, EG, BI | avalambaka perpendicular
EF, FG svapatalekha The ‘lines on their own
falling’
sampata The (lines whose top is)
the intersection (of the in-
terior ears)
sampatagra The (lines) whose top is
the intersection (of the in-
terior ears)
karnavalambakasampata (The lines whose tops
are) the intersection of
the perpendicular and the
(interior) ears
HC, ID bhuja The base
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Figure 13: Fields inside a trapezium

A E B
/A
F
[ O 1
C H G I D

He further adds:

purvasatrenatra dvisamavisamatryasraksetraphalam darsayitavyam |
vaksyamanasutrenantarayatacaturasraksetraphalaanayanam anena va...
Here, with a previous rule (Ab.2.6.ab) the area of isoceles and uneven
trilaterals should be shown. Or, with a rule which will be said (Ab.2.9.)
the computation of the area of the inner rectangular field (should be
made)

As illustrated in Figure 12, a trapezium can be seen as the sum of several triangles
(AFC, CFD, AFB and BFD) or as the sum of two right angle triangles (AHC
and BID) and a rectangle (ABIH).

Furthermore, Bhaskara distinguishes the case of isoceles trapeziums (which may
even have three equal sides as in Example 3) from the case of uneven trapeziums,
in the types of problems that may be solved by such a rule, the latter recquiring
a beforehand knowledge of the height of the trapezium. The procedure given by
Aryabhata, in this case, only concerns the area.

In fact the part of the rule which computes the area of the trapezium is analyzed by
Bhaskara as being applicable to any quadrilateral. To state this property Bhaskara
needs to specify the terminology he is using. He therefore distinguishes what he
calls ‘uneven quadrilaterals” (visamacaturasra, i.e a non-isoceles trapezium), from
what is called with the same name in other treatises (i.e. any quadrilateral). To
do so he actually states a definition of what is trapezium:

atra ca yad upadisyate tasya yav avalambakau tau tulyasankhyau
The two perpendiculars of the (field) which is instructed here (in Ab.2.8)
have the same value.

He then can write the above mentioned property:
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atha yad ganitasastrantaraupadistavisamacaturasraksetra.m

yac cehaupadiSyate tayor dvayor api phalanirdeso

py anenopadesena Sakyate [kartum]|

Now (concerning) that uneven-quadrilateral-field explained in a differ-
ent treatise on mathematics and that (field) which is explained here (i.e
fields which have equal perpendiculars), the specification of the area of
these very two (types of fields) can be [made] with this instruction (i.e.
the one given in Ab.2.8.cd) as well.

E.4 Procedure followed in examples
E.4.1 Isoceles trapezium

Problem Knowing the sides, face and earth of an isoceles trapezium, find the two
lines on their own falling and its area.

Step 1 Find the height, considering an inner right angle triangle using Ab.2.17.ab.
As illustrated in Fig 12, considering triangle AHC or BID we have

C’H:ID:%,

and

EG? = AH? = AC? — HC?,
or

EG? = BI? = BD? — ID?.

In all examples here, the value found for the square of the height is a perfect
square.

Step 2 Compute according to Aryabhata’s rule the two segments of the height:

AB x EG
EF = AB+CD’
CD x EG
F&=ap+cp

Step 3 Compute according to Aryabhata’s rule the area of the trapezium:

A:Ewa.
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E.4.2 TUneven trapeziums

In this case, the height should already be given. Then both Step 2 and Step 3 of
the previous procedure can be followed.

F BAB.2.9

F.1 Ab.2.9.ab

Aryabhata gives the following general rule:

sarvesam ksetranam prasadhya parsve phalam tadabhyasah)
For all fields, when one has acquired the two sides, the area is their
product|

This is interpreted by Bhaskara in three ways: It is first read as giving a procedure
to compute the area of rectangles. Then it is understood as a way of verifying the
areas of the fields for which Aryabhata has already given procedures that allow a
computation of the area. Finally, it is read as a method to find the area of any
field.

F.1.1 Procedure for the area of a rectangle

The area of the rectangle may be seen as a direct application of the method given
by Aryabhata here, as the area is a product of its width (vistara) and length
(ayama). Bhaskara seems to admit that this is a very well-known fact. A verse
quoted in the general commentary states:

vyaktam phalam ayate yasmat

since in rectangles the area is obvious

However, the first example of the commentary concerns rectangles.

F.1.2 Verifications

All the procedures given previously by Aryabhata to compute the area of given
fields can be seen as products of two quantities. Bhaskara re-reads these procedures
as therefore producing the areas of rectangles having the same area as the initially
computed field. He gives a name to this reasoning, it is called pratyaykarana. Liter-
ally this word means “producing conviction”. This we would translate as “proof”
or “demonstration”. However, historians of science seem to have all understood
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by Aryabhata here, as the area is a product of its width (vistara) and length
(ayama). Bhaskara seems to admit that this is a very well-known fact. A verse
quoted in the general commentary states:

vyaktam phalam ayate yasmat

since in rectangles the area is obvious

However, the first example of the commentary concerns rectangles.

F.1.2 Verifications

All the procedures given previously by Aryabhata to compute the area of given
fields can be seen as products of two quantities. Bhaskara re-reads these procedures
as therefore producing the areas of rectangles having the same area as the initially
computed field. He gives a name to this reasoning, it is called pratyaykarana. Liter-
ally this word means “producing conviction”. This we would translate as “proof”
or “demonstration”. However, historians of science seem to have all understood
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this word as meaning verification?”. We have adopted the commonly used trans-
lation of this word.

We have discussed the nature of this reasoning as a verification in our thesis?®
giving two hypotheses on the nature of the reasoning elaborated here. The first
hypothesis is that the reasoning considers the ability to find a rectangle with the
same area as the field whose area is verified. This would interpret Ab.2.9.ab. as
giving an essential property of plane geometry as conceived by Bhaskara: all fields
can be transformed into a rectangle bearing the same area as the original field?°.
Another hypothesis would be to consider that a method was known starting with
a given field to construct a rectangle with the same area. By then computing the
area of such a rectangle, the area of the initial field would be verified. Bhaskara
would then explicitly define arithmetically the link between the sides of the initial
field and the newly constructed rectangle, explaining the validity of the procedure
of construction.

These are hypotheses. We have here described the procedure followed formally, as
they appear in the text.

a Verifying the area of trilaterals

a.l equilaterals The idea is that the area of such triangles is equal to the rec-
tangle whose sides are respectively the height and half the corresponding base, as
illustrated in Figure 14.

Figure 14: An equilateral triangle and a rectangle with same areas

Problem Knowing the length of a side in an equilateral triangle, find the rectangle
which has the same area and compute the area.

Step 1 Draw the triangle. Compute as described in BAB.2.6.ab. the height and
half the base.

27See [Hayashi 1995; p. 72-75], who also analyses the use of the term in this text, and in
non-mathematical texts. One can also see [Shukla 1976; intro p.liv]

28See [Keller 2000; I p. 104-127]

29This is exposed by T. Hayashi in [Hayashi 1995]
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Step 2 Draw the corresponding rectangle. The area is the product of both.

The case of the isosceles is not treated. Bhaskara just adds:

evameva [dviJsamesu, visamesu ca)

(The computation) is just like that in isosceles and uneven (trilaterals
also).

b Uneven trilaterals Two methods are given. The first proceeds just as in the
case of equilaterals, and therefore considers that any trilateral’s area is equal to
the area of the rectangle having for length and breadth respectively the height
and half the base. We have given an illustration of this mathematical property in
Figure 15, although no such drawing is in the text itself.

Figure 15: Any triangle has the same area as a rectangle whose sides are one height
and half the corresponding base

N

half the base

The second procedure is as follows, and is illustrated in Figure 16:
Step 1 Compute the sections of the base (BD, DC) created by the given height
(AD) as described in BAB.2.6.ab.

Step 2 Compute the areas of the two rectangles (AEBD and AFDC), having
drawn the corresponding figure. Halve the given areas.

Step 3 The area of the triangle is the sum of the half-areas of the rectangles.
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Figure 16: Any triangle has the area of two half rectangles
E A F

F.1.3 Circles

There is no illustration, but the following rule, is given:

vrttaksetre viskambhardha vistarah, paridhyardham ayamah,
tad evayatacaturasraksetram

In a circular field, the semi-diameter is the width, half the circumference
is the length, just that (gives) the rectangular field.

As we have noted before this rule seems a reinterpretation of the arithmetical rule
for computing the area of a circle as the product of two quantities, and, as an
arithmetical explicitation of the link between the segment and circumference of a
circle and the rectangle having the same area.

F.1.4 Trapeziums

Oddly, an isosceles trapezium is presented by Bhaskara as part of the group of mis-
cellaneous fields (prakirpaksetra). This may be due to the fact that the trapezium,
as represented in a diagram, is considered here horizontally>C.

A trapezium has the same area as a rectangle having for sides, respectively its
perpendicular and half the sum of its parallel sides (or faces: mukha and prati-
mukha).

Problem Find the area of a trapezium whose two parallel sides and height is
known.

30We have discussed the sometimes implicit orientation of fields in [Keller 2000; I. p.228-230]
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Step 1 Compute half the sum of the parallel sides.

Step 2 The area of the trapezium is equal to the area of the rectangle having for
sides half the sum of the parallel sides and the height, therefore the area is
their product.

F.1.5 A drum shaped, two dimensional figure

This field, illustrated in Figure 17, is characterized by a separation (vyasa) or
width (wvistara), corresponding to its smallest height (a) and its two parallel sides
(mukha; b and ¢, which are equal in the only given example).

Figure 17: A two dimensional, drum-shaped field

dairghya
vyasa
mukha € vistara a b |mukha
d

According to Bhaskara, the area of this field is the area of a rectangle having for
bte

sides respectively d and 2T+a31. Therefore, its area A is

b+

5 ta

A=4dx 5

This corresponds to the area of two trapeziums having a common parallel segment.
In other words:

= X — X

2 2 + 2 2

The diagram illustrating the solved example of this related text, in the edition, is
a figure formed with two arcs (represented in filligrane in Figure 17): this may be

A:d at+c d a—i—b.

31The computation described by Bhaskara shows that the two sides can have different lengths.
In the written example, even though the two sides are equal, Bhaskara writes: mukhayoh samasah|
(The sum of the faces.) And afterwards he considers its half. He therefore computes: %b. In the
computation of the following value he proceeds likewise.
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Figure 18: A two-dimensional tusk field

vistara
a

due to a deformation of the approximative straight lines often seen in the diagrams
of palm-leaf manuscripts.

F.1.6 A two dimensional tusk-field

A tusk field, as illustrated in Figure 18, is characterized by a width (vistara, a),
a belly (udara, b) and a back (prstha, c). Its area is considered to be equal to the

rectangle whose sides are (b+ ¢)/2 and a/2. Therefore the area, A, of such a field

1S
b+c
= X

a
A 5 3

We do not know how this formula was found, but we can note that it presents
an analogy with the formula giving the area of a circle. The area of such a field
is known to have been studied in later mathematical texts. Some times it is con-
sidered as made of two arcs of a circle32.

F.2 Ab.2.9.cd

Aryabhata states in the second half of verse 9 that the chord that subtends an arc
of 60 degrees is equal to the radius. This is illustrated in Figure 19.

F.2.1 Rasis

A radi, as can be seen in Figure 19, is 1/12th of a circle, or 30 degrees. Bhaskara

seems to consider the arc made of two rasis as a field of its own. As we have
stated in the Introduction, a circle is seen by Bhaskara not so much as a disk —

32[Datta&Singh 1979; p.168 sqq]
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Figure 19: The chord of a sixth part of the circumference, which is the chord
subtending two rasis, is equal to the radius

Two rasis
or a two rasi field =~ @ A\

is the 6th part of the . ardha-jya
circumference "’ <~ half-chord

of one rasi

this is the idea of Prabhakara — then as the couple formed by a diameter and a
circumference. In the same way, a two-rasi field, even if the word “field” (ksetra)
conveys the idea of extension, would be restricted to the arc.

F.2.2 Half-chords

The vocabulary used in Bhaskara’s commentary is confusing; but it makes sense
in regard to the notion we use today of the sinus of an arc: If « is the measure of
an arc measuring one rasi, in a circle of radius R, half the chord of 2« is called by
Bhaskara the half-chord of a. It corresponds precisely to Rsina, where an Rsinus
is the product of the sinus with the given radius. In other words:

chrd(2a)

5 = Rsina.

F.2.3 A pair of compasses

Bhaskara describes here, very briefly, a pair of compasses. The sentence where he
does so, can be understood in various ways. For instance, the word vartz could
refer to a piece of wood, a paint brush or some chalk. And the word sita could
be a past participle (has been secured) or mean the color white. So that the same
Sanskrit sentence

asmin ca viracitamukhadeSasitavartyankurakarkatena alikhite chedyake
yat sadbhagajyayah ardham tat raseh ardhajyal

can be read in at least five different ways. For instance as:
And in this diagram, which is drawn with a compass with a white and

sharp chalk (sitavartyarikura) fastened to the mouth-spot (mukhadesa),
that which is half of the chord of a sixth part is the half-chord of a rasi.
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or as

And in this diagram, which is drawn with a compass with a secured
(sita) and sharp paint brush (vartyankura) fastened to the mouth-spot,
etc.

Hence several images of compasses rise from this sentence. The interpretation we
have adopted rests upon Parameévara’s descriptions of a pair of compasses, which
we have discussed in the supplement for verse 13.

F.2.4 Fields within a circle
Figure 20: Fields seen inside a circle, whose circumference is divided in six equal
parts

Two rasis /

or a two rasi field " / A\

is the 6th part of the m . ardha-jya
circumference " <«— half-chord

of one rasi

Bhaskara describes in the commentary several fields within a circle. The term
“chedyaka”, which we have translated by “diagram” as it is used with this sense
in the Mahabhaskariya, an astronomical treatise written by our commentator, is
only used in this commentary to refer to the figure whose drawing is described
in BAB.2.1133. Verse 11 of the chapter on mathematics is closely linked to this
one: it is the place where the application of such a relation will become clear in
Bhaskara’s commentary.

G BAB.2.10

G.1 Aryabhata’s verse

Ab.2.10 relates a given diameter (measuring here 20000 units) to an approximate
circumference (62832). Bhaskara insists on the fact that an approximation of the
constant ratio linking the diameter of a circle (2R) and its circumference (C'), which
we call 7, is given here. A procedure to compute the diameter or circumference of

33Please see the supplement for this commentary for an illustration of the particular diagram
it may refer to.
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any circle is deduced from this verse. It rests on a Rule of Three. The steps of the
procedure to be applied in the case of the circle follow those of any Rule of Three,
and are not exposed here.

With our notations, we can state the rule given by Bhaskara as follows. If a circle
whose circumference is C' and diameter is 2R, then:

If 2R is known, approximately,

2R x 62832
20000
If C is known, approximately,
oR C x 20000
62832
or 62832
~ 22095 34
T s = 3, 14167

According to Afzal Ahmad3®, this value derives from the computation of the
perimeter of a regular polygon of 256 sides inscribed in a circle.

G.2 The “ten karanis” theory

Bhaskara exposes in this part of his commentary another set of rules that may be
ascribed to Jain authors. All are given in a dialect of Sanskrit. They are exposed
in order to refute the first of these rules, which gives an alternative computation
for the circumference of a circle. These rules have been discussed in [Shukla 1972].

The different steps of this refutation are given in the following subsection3¢. We
will only unravel here the mathematical contents of each of these rules.

First rule vikkhambhavaggad sagunakarant vattassa parirao hodi
[viskambhavargadasagunakarani vrttasya parinaho bhavati|]
textbfThe karan? which is ten times the square of the diameter is

the circumference of the circle]

To understand simply the mathematical idea of a karani, one may consider
it as a square root, although this is, to a certain extent, a heuristic trans-
position in our modern language. This rule can be formalized as follows: if
C is the circumference of a circle, and 2R its diameter, this verse gives the

computation
C =+/10.(2R)? (1)

34For commentaries on approximations of 7 in India, see [Datta 1926], [Hayashi&Kusuba& Yano
1989], [Hayashi 1997b]

35[Ahmad 1981]

36 An analysis can be found in [Keller 2000; I p.120-126]
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7 is thus approximated as v/10.

The Jain canonical works, known to us as preceding the time of Bhaskara,
such as the Suryaprajiiapti (or Suryapannati), use this value for 737, It is
usually considered that such an approximation derives from the computation
of the perimeter of a regular polygon with 12 sides, inscribed in a circle®.

Second rule The second verse stated is:

ogahimam vikkhambham?® egahena samgunam kuryat|

catiguniassa tu mulam jiva savvakhattanam|

[avagahonam viskambham avagahena® sargunam kuryat|

caturgunitasya tu malam sa jwa sarvaksetranam||/

The diameter decreased by the penetration should be multiplied
by the penetration|

Then the root of the product multiplied by four is the chord of all
fields||

The same verse, except for the last quarter, is given in verse 180 of the Jain
work Jyotiskarandaka, an exposition in the line of the Suryaprajiapti*®.

With the same notations as before, as illustrated in Figure 21, if a is the
penetration (avagaha)*?, j (jya), the chord, then

Jj=+v4(2R — a)a. (2)

This may be linked to the second part of verse 17 of the Aryabhatiya:

17cd. In a circular (field) (vrtta), the square of the half chord,
that is certainly the product of the arrows (Sarasamvarga) of
two bowsl|

Let C be a circle of diameter AB and CDFE a chord as illustrated in Figure
22, then we can understand the verse as

DE? = AD x DB.

The two “bows” are thus the two arcs formed by CE, whose arrows are CD
and DF.

If j =2DF, and DB = a, so that AD = 2R — a, then we have

(j>2:(2R—a)a<:>j= VAQ2R - a)a.

2

37See [Dattad&Singh 1979; p. 152-154], [Hayashi 1997a; p. 12], [Sarasvati 1979; p. 62sqq]
38[Sarasvati 1979; p.65]

39The edition reads wvikkhambha.

40The edition reads avagahena.

41[Sarasvati 1979; p. 63, note 4]

420r the “arrow” ($ara), these two expressions refer to the same segments.
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Figure 21: The field described in Bhaskara$ refutation
East

tth

j
R
—/
W

Figure 22: The figure illustrating the rule of the second half of Ab.2.17
E

We can note that although this verse is quoted along with verses that are
refuted, the fact that it can be seen as another formulation of Ab.2.17ab.
shows that what is questioned by Bhaskara is not this procedure, which was
probably considered correct, but precisely the value v/10 used for the ratio
of the diameter to the circumference of a circle.
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Third rule isupayaguna jwa dasikarani bhaved viganiya padam)|
dhanupatta ammikhatte edam karanam tu aavvam|

[isupadaguna jwa dasakaranibhir*® bhaved vigunya** phalam*?|
dhanuhpatte $min ksetre etat karanam tu jnatavyam|/

The chord with the quarter of the penetration as multiplier once
multiplied by ten karanis will be the area|

In that field which is a strip like a bow, this procedure should be
known||

In other words, with the same notations as above, the area of a segment b of
a disk is a
b:ijX\/IO. (3)

As before we do not know from where this computation was derived. We can
note that it is consistent with the computation of the area of a circle.

Fourth rule Then a rule to sum karanis is stated:

atvatti a dassakena i malasamasassamotthavat]

ovattanayaguniyam karanisamasam tu naavvam|

[apavartya ca dasakena hi mulasamasah samottham yat|

apavartanankagunitam karanisamasam tu jnatavyam)|/

When one has reduced (the two karanisto be summed) by ten,
then, the sum of the roots (of the results is taken). That which
arises from the same (sum) (i.e. it is squared) is|

Multiplied by the digits of the reducer (i.e. ten), (the result is a
karanT; in this way) the sum of (two) karanis should be known. ||

K. S. Shukla gives the following formulae for this verse (in the introduction

p.lvi)
Va+ Vb= 10(\/3*\/5) (4)

This is used when both 4 and % become perfect squares. So that the two
“y/” symbols used over these quantities do not represent their irrationality
but a successful procedure of root extraction. Brahmagupta, a contemporary

43 Although the plural instrumental ending makes sense Sanskritwise, it does not have any
parallel in the prakrta verse.

44 Likewise, if the substitution of the vowel u for the vowel a in viganiya makes sense mathe-
maticaly (the verb instead of meaning ‘to compute’, becomes‘to multiply’, it doesn’t seem to be
based on any phonological evidence.

450nce again phala is more meaningful than pada, but isn’t supported by phonology.



52 Supplements

of Bhaskara, gives a rule to sum karanis which is more general then this one,
but follows the same ideaf.

Fifth rule Jyapadasarardhayutih svaguna [dasasariguna karanyas tah)|
The sum of a half arrow and (its) quarter-chord, multiplied to
itself, [with ten as a multiplier, these are the karanis (that
measure the back of the bow field)]|

In other words, with the same notation as before, considering that an arc
p (prstha) of a circle is computed knowing a chord j, and its arrow (or
penetration) a

p=1/10 (i+;)2. (5)

We do not know from where this computation derives. It differs from those
generally found in Jain canonical texts?”. As this was rightly pointed out
to me by Pr. Johannes Bronkhorst, this procedure is obviously false: if one
adds the two complementary bow fields of one same chord (considering a and
2R — a , one obtains the according circumference only if the chord is equal
to the radius (e.g. if j = 2R).

G.3 Steps used to refute the “ten karanis” theory

The global refutation is made of two separate refutations. The first one arrives at
an impossibility of applying a given procedure — and the overall argument has to
do with the expression of karanis as numbers. In the second refutation, the result
obtained is absurd.

The aim of the refutation is to discard v/10 as an exact value of w. The second
refutation, in fact, shows that it is an extremely rough approximation. Bhaskara
proceeds by taking specific counter-examples. His reasoning rests not on the pro-
cedure quoted to compute the circumference of a circle, but on others that also
use v/ 10 as an approximation of 7. (Namely those that we have transcribed as for-
mulas (3) and (5)). He does not discuss the validity of these procedures as such,
but seems to assume that, as they use the approximation he seeks to discard, this
is the reason why they are faulty*®. We present here the different steps that the
two refutations take.

First refutation In the first refutation, Bhaskara attempts to compute the area of
a circle as the sum of its interior fields. Though this is his program he does

46See [Hayashi 1997]

47See [Datta&Singh 1979; p.160sqq] and [Sarasvati 1979; p.63-64]

48For a more thorough analysis of the types of reasoning involved in the refutation see [Keller
2000; T p.120-126 |
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not, apparently, follow it to the end. He takes a specific case, in the form of
a versified problem.

He then uses the procedure that we have transcribed as formula (3) to com-
pute the areas of four bow-fields. They are obtained as karanis. In order to
sum the areas first of the bow fields, then of the interior rectangle he uses a
rule that we have transcribed as formula (4). When trying to sum the areas
of the bow fields, which amounts to ‘ka.1210’ (or 11y/10) and the area of
the rectangle, which amounts to ‘ka.2304’ (or 48) he cannot obtain a simple
number: in other words, he cannot write 11v/10 + 48 as a single irrational
quantity. Bhaskara states:

dhanuhksetraphalasamasaraser asya ca karanisamasakriyaya
samasyamane rasyor asamksepatal

When summing, with the method to sum karanis, the quantity
which is the sum of the areas of the bow fields and this (i.e, the
area of the rectangle), both quantities are unsummable.

And this seems sufficient to show that an impossibility arises because of the
use of v/10. Takao Hayashi proposes to understand that as the area was
considered to be the product of the circumference with the quarter of the
diameter, the result obtained for the area of a circle should be written as one
number and not as a non-reducible sum of karanis.

However, if this was the case, wouldn’t the procedure used to sum karanis
be what should have been under discussion?

We do not know if considering this procedure as part of the “ ten karanis
theory”, and thus considering it to derive from the use of this value for an
approximation of 7, it was to be discarded. We do not have an instance in
another context in which Bhaskara attempts to sum karanis.

Second refutation Bhaskara gives two counter examples for which the rule tran-
scribed as formula (5) gives a value for the arc higher than that of its corre-
sponding chord. This contradiction is commented upon by Bhaskara, twice,
with some irony. The computation transcribed as formula (5) also uses v/10
as a value for m, and therefore this procedure is seemingly refuted and not
the one given for the circumference of the circle. Implicitly, Bhaskara assumes
that the absurdity arises because the value for 7 is a very rough approxima-
tion.

Bhaskara concludes this refutation assuming that he has thus showed the impos-
sibility of finding an exact procedure to compute the circumference of a circle
knowing its diameter.
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H BAB.2.11

Bhaskara, in his commentaries on verses 11 and 12, aims at showing how the
table of sine difference given by Aryabhata in verse 12 of the first chapter of the
Aryabhatiya is derived. This is not explicit in his commentary on verse 11, but
becomes clear as we read BAB.2.12.

In this section, in a first part we will discuss Bhaskara’s interpretation of Ab.2.11.
In a second part we will explain the procedure he gives and in a third part we will
discuss Bhaskara’s remark concerning a chord equal to the arc it subtends.

H.1 Bhaskara’s understanding of Ab.2.11.

In Ab.2.11. Aryabhata just alludes to a geometrical situation (a circle whose cir-
cumference is first divided in quarters; trilaterals and quadrilaterals, related to
arcs in a given quadrant...), in which half-chords should be computed, but he does
not give any precise procedure. Both a geometrical context, namely a diagram,
and a procedure followed within this diagram are supplied by the commentator.

H.1.1 “The quarter of the circumference of an even-circle”

The first quarter of verse 11 locates the procedure within a quarter of a cir-
cle (samavrttaparidhipada). The expression used in the verse to name a circle:
samavrtta, means “even circle”. It is probably opposed to an “elongated circle”
(ayatavrtta), which is an ellipse. Bhaskara as he comments on the compound, in-
dicates that what is considered is not the quarter of the disk but the quarter of
the circumference. We will see how the procedure he provides uses several charac-
teristics of the quarter of the circumference.

A rasiis, in this case?®, a standard unit when considering a uniform subdivision

of the circumference of a circle: it corresponds to 1/12th of the circumference, or
1/3rd of the quadrant.

Bhaskara states explicitly that the quadrant is convenient for it contains a whole
number of rasis, and that all the half-chords computed in one quarter are equal
to those of other quarters.

H.1.2 “Trilaterals and Quadrilaterals”: the diagram

The procedure Bhaskara gives may be understood as four sub-geometrical proce-
dures used, within a diagram, to compute the length of a half-chord. This proce-
dure will be described in a section below.

Bhaskara describes the construction of a diagram, very precisely, so that we can
reconstruct it ourselves. Such a diagram is illustrated in Figure 23.
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Figure 23: The diagram prescribed by Bhaskara

/[

We note that in India the East (parva) is in front, the West (pascima) is behind,
the North (uttara) is on the left and the South (daksina) on the right. The cardinal
directions are represented in the diagram of the printed edition of the commentary,
but may not have been present in the manuscripts.

The procedure Bhaskara describes derives half-chords from right-angle triangles
and a square that can be seen within the diagram he has prescribed. This is
illustrated in Figure 24.

Figure 24: The trilaterals and the quadrilateral used by Bhaskara

Y

We note that rectangles appear also in this diagram: it is possible that Aryabhata

49For the different meanings that rasi can bear, please see the Glossary.
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himself did not restrict his idea of “quadrilaterals” to the square considered by
Bhaskara.

H.1.3 Chords and half-chords.

This may be recalled here: Let there be a whole chord (jya) subtending an arc
3. Half the chord subtending f is called the half-chord (ardhajya) of the arc /2.
This half-chord corresponds to the Rsinus (R times the sinus) of 3/2.

This can be quite confusing as we read Bhaskara’s commentary and is important
to bear in mind. In fact Bhaskara himself often omits the word ardha (half) when
he refers to a half-chord. In later works jya or jiwa alone name the half-chord®.

A bow-field involves both a chord and a half-chord of a given arc, and also an
“arrow” ($ara) which is ascribed to the arc of the half-chord. The arrow in the
case of a bow-field of two unit-arcs is illustrated in Figure 25.

Figure 25: A bow-field of two unit-arcs

Arrow of
one unit-arc

Whole chord of

two unit-arcs Half-chord of

one unit-arc

The arrow is a segment that Bhaskara uses in the diagrammatic procedure de-
scribed below.

Chords and half-chords were first introduced in Bhaskara’s commentary on the
second half of verse 9. This half-verse states that the chord subtending one sixth
of a circle is equal to the radius of the circle. He also introduces in this commentary
of verse the arc corresponding to one twelfth of a circumference, which is called a
rasi. Thus with the second half of verse 9 we know that in any circle, the half-chord
of one twelfth of the circumference is equal to half the radius. The result given
by this verse is fundamental for Bhaskara’s diagrammatic procedure, since it is on
the basis of this chord that all other chords (and their corresponding half-chords)
will be deduced.

50For remarks of later Sanskrit authors on the links between a chord and a half-chord see
[Datta&Singh 1983; p. 40]
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H.1.4 Equal or even unit-arcs?

Bhaskara gives here a particular interpretation of the compound samacapa, used
in Ab.2.11: “sama” would be a reference to the fact that only half-chords of an
even number of unit-arcs (capa) are to be produced by means of this procedure®!:

Jyavibhagena samavrttaparidhau khandyamane tribhujac caturbhujat
ca ksetrat samacapajyardhani nispadyante, na visamacapajyardhanil
tani visistany eva parigrhyante, dvicaturastasodasadvatrimsadityadini
dvigupauttarani|
“the half-chords of an even (number of) unit-arcs” are produced “from
a trilateral and a quadrilateral field”, and not half-chords of an uneven
(number of) unit-arcs.

Just those particular ones, which are doubled successively, are understood:
two, four, eight, sixteen, thirty two, etc...

Furthermore, Bhaskara glosses the word tu (“and”) in order to add all the even
arcs that this first interpretation omits:

‘tu’dabdat dvicatussadastadasadvadasacaturdasadini cal
And, due to the word ‘tv’ (and), two, four, six, eight, twelve, fourteen,
etc... (are understood.)

Two pieces of information are given to us in this part of the commentary.

First of all, we understand that Bhaskara assumes that the quadrant is divided by
equal arcs.

Indeed, “equal arcs” could be another interpretation of the compound sama (equal)-
capa (arc or unit-arc); this translation has been adopted by most of the translators
of this verse with the exception of P.-S. Filliozat in [Filliozat 1988a]. Aryabhata’s
idea may have been to insist that the arcs were equal, as for instance T. Hayashi
has understood it in [Hayashi 1997], since the use of sama in the Aryabhatiya does
not corroborate this interpretation of Bhaskara’s as “even”®2.

As we have recalled above, the second half of verse 9 considers the twelfth-part of
the circumference of a circle, which is called a rasi. The twelfth-part of the circum-
ference, or the third part of the quadrant, is the first, and most rough, subdivision
(or partition, vibhaga) of the circumference that is considered by Bhaskara in the
diagrammatic procedure.

What is called a “unit-arc” here is a given arc which produces a uniform subdivi-
sion of the circumference of a circle.

51[Shukla 1976; p. 77, line 15 sqq.] B
52 All occurrences of the word in the Aryabhatiya convey the meaning of “equal” or “unifor-
mity”.



58 Supplements

In his commentary, Bhaskara, does not use the word capa (given by Aryabhata) to
name the unit-arcs considered but substitutes for it the word kastha. The unit-arcs
called kastha considered in the procedure, are always an even subdivision of rasis
(i.e. 1/2,1/4, 1/8th of a rasi).

Table 7 gives the relations between rasis, degrees and the number of unit-arcs
considered.

Let us stress here that Bhaskara’s interpretation of the compound leads him to
understand that the diagrammatic procedure works only for half-chords of an even
number of unit-arcs. As we will see in the next section, half-chords of an uneven
number of unit-arcs can be derived from the diagrammatic procedure, and indeed
they are, but when they are produced they stop the iteration of the process and
indicate that a new procedure or a new field should be considered, in order to
go further. Deriving a new half-chord with the half-chord of an uneven number
of unit-arcs, with the given procedures, would indeed produce half-chords of a
non-integer number of unit-arcs. This is probably why such a limitation is put
forth.

The iterative aspect of the process is given by Aryabhata with the expression
yathestani (as many as one desires).

H.1.5 “On the semi-diameter”

Bhaskara explains in three reasonings that complete one another how he un-
derstands the expression “the production of half-chords on the semi-diameter”:
First, the radius is fundamental because the trilaterals and the quadrilateral con-
sidered each have at least one side which is the radius. Secondly, the biggest value
possible for the half-chord (the Rsine) is the radius. Finally, the radius as the
chord subtending one sixth of the circumference is the first numerical input that
starts the procedure.

H.2 The steps of the diagrammatic procedure

As we have explained above, the procedure described by Bhaskara uses four dif-
ferent procedures, that each rest upon right-angle triangles and a square that
can be drawn inside a circle. These are specific fields that are drawn along the
uniform subdivision of the circumference into equal unit-arcs. In the procedures
described by Bhaskara, even subdivisions of rasis are considered. However the dia-
gram whose construction is described in the commentary only considers a circum-
ference subdivided by whole rasis. Thus the diagram prescribed in the commentary
is archetypical, it does not represent the effective triangles considered.

The four sub-procedures described in a diagram may be explained as follows®3:

53The notations adopted are those used by Takao Hayashi in his article on Ab.2.12, [Hayashi
1997a)
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Table 7: Number of rasis, unit-arcs and degrees
For each application of the diagrammatic procedure, Bhaskara considers even sub-
division of rasis. This table gives the correspondence between the subdivision of
rasis considered, the three successive unit-arcs considered and the length in degrees
of the arc considered.

ra$is | degrees | unit-arcs 1 | unit-arcs 2 | unit-arcs 3
1/8 3,75 - - 1
1/4 7,5 - 1 2
3/8 11,25 - - 3
1/2 15 1 2 4
5/8 18, 75 - - )
3/4 22,5 - 3 6
7/8 26, 25 - - 7
1 30 2 4 8
9/8 33,75 - - 9
5/4 37,5 - 5 10
11/8 | 41,25 - - 11
3/2 45 3 6 12
13/8 | 48,75 - - 13
7/4 52,5 - 7 14
15/8 | 56,25 - - 15
2 60 4 8 16
17/8 | 63,75 - - 17
9/4 67,5 - 9 18
19/8 | 71,25 - - 19
5/2 75 5 10 20
21/8 | 78,75 - - 21
11/4 82,5 - 11 22
23/8 | 86,25 - - 23
3 90 6 12 24
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Let 3x 2™, m being any integer, be the number of unit-arcs « in which a quadrant,
of radius R, is divided (the quadrant then measures 3 x 2™«). A quadrant contains
T

three rasis (r), so that = 2™a (or @ = 5). Let J; be the Rsine (jya, R times

the sine) of icr, 0 < 4 < 3 x 2™. This is illustrated in Figure 26.

Figure 26: A quadrant with half-chords
The arc A;A;1+1 = a, the arc AgAzyom = 3 X 2™,

A3x2m
a
Ajtl
Vip [ A T
Ji
R
Ag 1
— L o
S; Jaxo ™

procedure 1 Uses Ab.2.9.cd which states that the semi-diameter is equal to the
whole chord of one sixth of the circumference (two rasis). In other words, R
is the whole chord of 2m*+!a.

Then
R
J2m == 5

This is the half-chord which can always be known and from which the itera-
tion of the process may start.

For instance, in the first series of half-chords computed by Bhaskara, the
unit-arc is half a rasi, so that with our notation m = 1. Bhaskara shows that
R is the whole chord of four unit-arcs, and therefore its half is the half-chord

of two unit-arcs®:

54[Shukla 1976, p.79, lines 7-8]
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atralekhye vyasardhatulya caturnam kasthanam [parpaljyal tadardham
dvikasthajyal

In this drawing the [whole] chord of four unit-arcs is equal to the
semi-diameter. Half of that is the (half-)chord of two unit-arcs.

Procedure 2 With a known half-chord J;, considering the right-angled triangle
formed by R, J; and J3xom_;, as illustrated in Figure 26, using Ab.2.17ab

J3xom_; is computed:
J3xom_; =/ R? — JZ.

For example, in the first series of half-chords computed by Bhaskara, the unit-
arc considered is half a rasi (m = 1). From the half-chord of two unit-arcs
(J2) computed with procedure 1, the half-chord of four unit-arcs, illustrated
in Figure 27, is computed according to the following geometrical reasoning®®:

tadardham dvikasthajya| sa ca 1719| esa bhuja, vyasardham karnah
iti, bhujakarnavargavisesasya malam avalambakah| saiva caturnam
kasthanam jyal sa ca 2978

Half of that is the (half-)chord of two unit-arcs. And that is 1719.
This is the the base, the semi-diameter is the hypotenuse, therefore
the perpendicular is the root of the difference of the squares of the
base and the hypotenuse. That exactly is the (half-)chord of four
unit-arcs. And that is 2978.

Another right-angled triangle considered is illustrated in Figure 28, as when

Bhaskara, with the same unit-arc, computes the half-chord of five unit-arcs®®:

esa bhuja, vyasardham karnah| bhujakarnavargavisesasya

malam kotih| sa ca paricanam kasthanam jya, sa ca 3321,
visamatvad ato jya notpadyante|

This (the half-chord of one unit-arc) is the base, the semi-diameter
is the hypotenuse. The perpendicular is the root of the difference of
the squares of the base and the hypotenuse. And that is the (half-)
chord of five unit-arcs. And that is 3321. Because (the number, 5,
of unit-arcs) is uneven, no (half-)chords are produced from this.

As indicated in the last remark of the above quotation, if J3xom _; is a half-
chord of an uneven number of arcs (i.e 3 x 2™ — 4 is uneven) then no new
half-chord is derived with procedure 3. If this is not the case, procedure 3 is
followed.

Procedure 3 With two known half-chords J; and J3xom_;, J i is computed. A
segment called the arrow (Sara) of ¢ unit-arcs (or the arrow of the half-chord

55[Shukla 1976; opcit. lines 8-9]
564dem, lines 11-13
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Figure 27: A quadrant subdivided in half rasis
half a rasi
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of 4 unit-arcs.), and noted here \S;, is considered. By definition:
Si = R — J3xam 4,

as illustrated in Figure 26. This computation considers the right-angled tri-
angle formed by 5;, J; and the whole chord of i, using Ab.2.17.ab.:

LT

B 2

Once J% is obtained, procedure 2 is used with J%.

For instance, in the above example, Bhaskara, as illustrated in Figure 27,
considers the right-angled triangle formed of the half-chord of two unit-arcs
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Figure 28: Right-angled triangles in a circle
half-chord of five unit-arcs

1 2 3 4
/ / 5
J
&50 P
Sl
I$ . /‘b
\S'x
3
Q)
&
J
> 3
2

(J2), the arrow of two unit-arcs (Se = R — Jy4) and the whole chord of two

unit-arcs, from which he deduces the half-chord of one unit-arc®”:

etam vyasardhad visodhya Sesam dvikasthasarah,
Saradvikasthajyavargayogamulam karnah|

saiva dvikastha[parnaljya ca 1780)|

ardham asyah kasthasyaikasya jya, 890

When one has subtracted this (i.e the half-chord of four unit-arcs)
from the semi-diameter, the remainder is the arrow of (the half-
chord of) two unit-arcs. The hypotenuse is the root of the sum of
the squares of the arrow and the (half-)chord of two unit-arcs. And
that precisely is the [whole] chord of two unit-arcs, which is 1780.
Half of that is the (half-)chord of one unit-arc, 890.

From this half-chord of one unit-arc, with procedure 2 he deduces, as in the
text quoted as an illustration in the description of procedure 1, the half-chord
of five unit-arcs.

Procedure 4 Uses the fact that the diagonal of the square in the middle of the
diagram, whose sides are equal to the semi-diameter (R), is the whole chord
of three rasis which is the whole chord of the quadrant itself. By using the
“Pythagoras theorem” he can deduce the value of a half-chord.

57[Shukla 1976; idem lines 9-11]
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In other words

V2R?
5

If m = 1, then the half-chord of an uneven number of unit-arcs is obtained
and no new chord is derived from the value found for .J3.

J3xgm-1 =

When the unit-arc considered is half a rasi, then m = 1, Bhaskara computes
as follows, the half-chord of three unit-arcs (illustrated in Figure 28)%8:

antahsamacaturasraksetre vyasardhatulya bahavah)

tasya karno vyasardhayor vargayogamalam)|

tac ca 4862| asyardham trayanam kasthanam jyal sa ca 2431

In the interior equi-quadrilateral field the sides are equal to the
semi-diameter. Its diagonal is the root of the sum of the squares of
two semi-diameters. And that is 4862. Its half is the (half-)chord
of three unit arcs. And that is 2431.

The last relation shows — as one should compute /2 — that the square-roots given
in this part of the commentary are systematically approximated.

This is illustrated in Table 8.

A similar table is given in [Hayashi 1997a], p. 402, where the line Jx; gives the
approximate results according to the computation described in BAB.2.11. I do not
find the same values as those given in this table (furthermore we have distinguished
the approximate whole chords found from the half-chords that are deduced from
them). This may be due to difference of approximations in the respective pocket
calculators we have used to do these computations. Consequently the discrepan-
cies of more than 0.5 do not always agree: although we both find discrepancies
corresponding to the values of Jg ~ 1215, J7; ~ 1520 and Ji5 ~ 2978. As explained
by T. Hayashi in the above quoted article the three discrepancies observed may
be explained by the fact that Bhaskara here is explaining how the table of sine
difference given in Ab.1.12 was derived.

H.2.1 Additional Remarks

We can note that the restriction of the iteration of the procedure (from procedure
2 to procedure 3) to the half-chords of an even number of unit-arcs is probably
due to the fact that it is always the Rsine of a whole number of unit-arcs that is
considered. If ¢ were uneven then J., computed by procedure 3, would give the
half-chord of a non-integral number of unit-arcs.

The order in which the four procedures are applied in the diagrammatical pro-
cedure is illustrated in Table 9. Furthermore, Bhaskara seems to consider always
an additional half-chord, since he systematically counts one more in the set of

584dem, lines 15-17.
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Table 8: Bhaskara’s given values and approximations

The results in bold indicate a discrepancy of more than 0.5 between the result
stated in the commentary and the square-root obtained with an approximation
of 1072. Arcs are considered in degrees. In his commentary on the following verse
(BAB.2.12) Bhaskara comments on the process he uses when approximating quan-
tities: for an integer obtained with an additional part smaller than a half the integer
itself is used as an approximation; for an integer obtained with an additional part
bigger than a half, the next integer is used as an approximation.

Arc in de- | value given | Approx. Half-chord Given value
grees by Bh for | value at a || (Rsin) de- | of Rsin
the whole | range of || rived
chord 1072
7,5 450 449,94 Rsin3, 75 225
15 898 897,65 Rsin7,5 449
22,5 1342 1340, 65 Rsinl1,25 671
30 1780 1779, 50 Rsinlh 890
37,5 2210 2210, 15 Rsinl8, 75 1105
45 26300 2631, 31 Rsin22,5 1215
52,5 3040 3041,55 Rsin26,25 1520
60 3438 - Rsin30 1719
67,5 3820 3821, 05 Rsin33,75 1910
75 42876 4185, 85 Rsin37,5 2093
82,5 4534 4533,81 Rsindl, 25 2267
90 4862 4862, 07 Rsin4b 2431

The discrepancies observed in the above table can be understood by the fact that
the whole chord should be even: halved, it should produce a half-chord which is
an integer.

Half-chord (Rsin) | Given value | Approximate value
Rsind8,75 2585 2584, 68
Rsinb2, 5 2728 2727, 49
Rsin56, 25 2859 2858, 63

Rsin60 2978 2977, 40
Rsin63, 75 3084 3083, 74
Rsin67,5 3177 3176, 57
RsinT71, 25 3256 3255, 58

Rsin75 3321 3320, 80
Rsin78, 75 3372 3371, 88
Rsin82,5 3409 3408, 55
Rsin86,25 3177 3176,57
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Table 9: Order of derivation of the half-chords in the diagrammatic procedure

procedure Half-chord derived [unit-arc 1 unit-arc 2 [unit-arc 3
1 Jom Jo Jy Jg
2 Joym+1 Ja Jg J16
3 Jom—1 J1 Ja Ju
2 J5xom-1 Js J10 J20
3 applied with Jom-1 Jom—2 - J1 Jo
2 J11xgm—2 - J11 J22
3 applied with Jom-2 Jom-s - - Ji
2 Jagxam-3 - - J23
3 applied with J5yom-1 Jgyom—2 - Js Jio
2 Jrxgm—2 - Jz J14
3 applied with Jgyom-2 J5yom—3 - - Js
p2 J19xam-3 - - J19
3 applied with J;jyxom-2 J11xom-3 - - J11
2 gives J13X2mfs - - - J13
3 applied with J;yom-2 J7yam—3 - - J7
2 Ji7xam=3 - - Ji7
4 J3yom—1 J3 Js J12
3 J3><27n,72 - J3 Js
2 Jgxom-2 - Jg Jig
3 applied to J3yom-2 J3om—3 - - Js
2 Jo1x2m-3 - - J21
3 applied with Jyyom-2 Jgsom—3 - - Jy
2 Ji5x2m-3 - - J15

half-chords obtained. This most probably is the half-chord which has for length
the radius.

If we look at the geometrical aspect of the procedures applied, and especially
at what the balancing between procedure 2 and procedure 3 effectively does, we
can notice that procedure 2 always produces a segment orthogonal to the one
it derives from. Procedure 3 produces the segment of a hypotenuse from which
another orthogonal side may be produced.

The graphic aspect of the process is illustrated in Figure 29, in the case where
the unit-arc corresponds to half a rasi; and in Figure 30, in the case where the
unit-arc corresponds to a quarter of a rasi.
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Figure 29: Geometrical representation of the half-chords derived for a unit-arc
equal to half a rasi
The number between () indicates the order in which the half-chord is derived.
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Figure 30: Geometrical representation of the half-chords derived, when the unit-arc
is a quarter of a rasi
The number between () indicates the order in which the half-chord is derived.
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H.3 A chord of the same length as the arc it subtends

Bhaskara states here his dissension with another scholar, Prabhakara, concerning
the existence of an arc having the same length as the chord it subtends. He quotes
a verse:

Because of its sphericity (golaka-$arira) (a sphere) touches the earth
with the hundredth part of its circumference |

In Lalla’s Sisyadhzvrddhida (VIIIth or early IXth century according to Pingree,
beginning of Xth century and before the middle of the XIth century according to
Billard) and in the Siddhantasiromani by Bhaskara IT (1150 A.D.) similar opinions
are stated. We can note that the sphere, and the great circle of such a sphere, seem
here to be confused or at least collected in the same idea.

Bhaskara, however, states that this arc, which can be assimilated to its chord, is the
96th part of the circumference. The 96th part of the circumference corresponds
to the unit-arc measuring one eighth of a rasi. The half-chord of such an arc
is computed by Bhaskara as measuring 225. Now according to the procedures
described in BAB.2.10 giving the ratio of an arc to its subtending chord, we can
show that because of the type of approximations used for extracting the square
root, both the whole chord and the arc measure 225 as well.

225 appears thus as the smallest unit for which computations of arcs and chords
could be carried out by Bhaskara. Aryabhata’s sine difference table starts with
the value 225.

I BAB.2.12

In Ab.2.12, Aryabhata gives a method to compute a series of Rsine differences.
Several understandings of this verse have been discussed by historians of mathe-
matics, following different commentators of Aryabhata. They have all been listed
in [Hayashi 1997a; p.398-399]. Takao Hayashi himself gives a new interpretation, in
this article (p. 399 sqq), of this verse based on Nilakantha’s (born 1444) interpre-
tation. The particularity of Bhaskara’s (mis)understanding is — beyond a specific
grammatical and semantic analysis of the rule which brings forth a specific pro-
cedure — to link it with the preceding verse. This analysis disqualifies the rule in
his eyes. This interpretation, however, is ascribed by Bhaskara to Prabhakara, a
scholar of whom we do not have any work but whose interpretations of Aryabhata’s
rules are often discussed in this commentary.

We will not discuss here, for mere lack of time, how several such interpretations
can arise from Aryabhata’s verse®®. Such a thread, as it would highlight the inter-
pretation a commentary ascribes to a given rule, would be of great interest.

59Indeed, this would involve reading the Sanskrit commentary of each author and analyzing in
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In this section, we will first explain Bhaskara’s understanding of this verse, indi-
cating here and there and in no way exhaustively, alternative interpretations given
by other commentators. In a second part we will give the different steps of the
procedure he prescribes, and the method of approximation he uses. In a brief last
section we will comment on the last sentence of this commentary, which deals with
Rversed sines.

I.1 A specific interpretation of the rule

This way we have translated Bhaskara/Prabhakara’s understanding of Ab.2.12:

prathamac capagyardhat yair anam khanditam dvitiyardham)|

tatprathamajyaardhamsais tais tair anani Sesani|

The segmented second half-(chord) is smaller than the first half-chord
of a (unit) arc by certain (amounts) |

The remaining (segmented half-chords) are smaller (than the first half-
chord, successively) by those (amounts) and by fractions of the first
half-chord accumulated.||

I1.1.1 Segmented half-chord of unit-arcs

What Bhaskara calls a “segmented half-chord of unit arcs” (capajyardhaccheda
or capajyardhamsa) is the object of the computation here, a difference of Rsine.
Indeed the difference of two Rsine, can be seen, geometrically, as a segment of the
largest of the two half-chords considered. This is illustrated in Figure 31.

In this verse, as in Bhaskara’s commentary, the half-chords form an ordered set:
the half-chord of one unit-arc is called “the first half-chord (of a unit-arc)”, the
half-chord of two unit-arcs is called “the second half-chord (of two unit-arcs)” and
so on. Numerically, the set of half-chords considered is the one that was derived
in BAB.2.11 for a unit-arc measuring 1/8th of a ragi.

“Segmented half-chord” is Bhaskara’s interpretation of one expression of Arya-
bhata’s verse: khanditam dvitiyardham (the segmented second half-chord), that he
glosses as follows:
khanditam dvitiyardham, khanditam parvaryabhihitachedyakavidhinag chinnam
“The segmented second half (chord)”, (it) is segmented, (in other words)
the second half-chord of (unit) arc is cut (chinna) by means of the dia-
grammatical rule (chedyakavidhi) told in the previous arya (verse).

The use of chinna here might be a pun. Chinna obviously glosses khandita, both
can have the meaning of “divided”, “segmented”, “cut”. Only in BAB.2.11 no

what way, syntactically, semantically, and mathematically, this interpretation has been derived.
Takao Hayashi, in the above mentioned article, just presents what the final reading amounts to,
and provides a mathematical analysis of them.
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Figure 31: K;11 appears as a “section” or segment of J; 1
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“segmented” half-chord, i.e. no sine difference is obtained. But the word translated
as “diagram”, chedyaka, uses the same verbal root, ChID-, as chinna. So that we
can understand the use of this word as both referring to the fact that the sine
difference using the second half-chord is obtained with a diagrammatic method
(by taking the difference of the half-chords obtained by the procedure described
in BAB.2.11), and that it is a segment of a half-chord.

The first half of the verse, as Bhaskara understands it, therefore compares the
first half-chord with the difference between the first half-chord and the second
half-chord.

In other words, using the same notations as those used in our supplement for
BAB.2.11: Let 3 x 2™ be the number of (unit) arcs, «, a quadrant is divided in,
Ji is the Rsine of i, (0 < i <3 x2™). And let for ¢ > 1, K; = J; — J;—1 be the
Rsine differences (khanditam ardhajyam). (This is illustrated in Figure 31)

Bhaskara therefore understands the first half of the verse, as concerning the dif-
ference J; — Ko.

We can note here that Bhaskara understands the expression capajyardha in the first
quarter of the verse as meaning “the half-chord of one unit-arc”. Nilakantha, with
a different interpretation of the same compound, understands it, in T. Hayashi
words, as meaning “the first half-chord, which is (approximately equated to) the
(corresponding) arc (a)”. The first half-chord considered in Aryabhata’s table is
225, a value that we have noted in BAB.2.11 corresponds to what Bhaskara calls
“a chord equal to its arc”.
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I.1.2 “Certain Amounts”

Bhaskara considers this difference between the first half-chord (which is the half-
chord of one unit arc), and the difference between the first half-chord and the
second half-chord (J; — K3) always in a plural form.

This arises from his interpretation of the instrumental plural relative pronoun of
the first half of the verse: yais. We have translated it as: “(is smaller) by certain
(amounts)”.

Glossing this term, Bhaskara writes (p. 83, linel4):

yair unam yavadbhir amsair unam apraptasadrsam
(The second partial half chord) “is smaller by certain (amounts)”, (it)
is smaller, that is shorter (than the first half-chord), by certain parts.

But when he computes this difference (p. 84, line 4), he writes:

prathamam capajyardham idam chedyakena nispannam 225| dvitiyam
capajyardhac chedam 224 etat prathamacapajyardhad ekenonam)|

This first half-chord of (unit) arc produced with a diagram is 225. The
second partial half-chord of (unit) arcs is 224. This is smaller than the
first half-chord of (unit) arc by one.

So that the “parts” or “certain (amounts)” given in the plural form, amount, in
this case, to one unit. Evidently here, Bhaskara’s interpretation is not consistent
with what he computes.

This plural form may be, however, understood less literally: It can be seen as an
elliptic formulation used by Bhaskara to indicate that the difference of the two
first half-chords (J2 — J1), should be considered in a plural form. Indeed, the idea
of a “plurality of amounts”, a way of indicating a number which is higher than
one appears p. 83, line 16:

yavadbhih prathamacapagyardhad dvitiyacapajyardham uanam tavantas
taih parigrhyante

... they understand so many (amounts), by means of which the second
half-chord of (unit) arcs is less than the first half-chord of a (unit) arc.

We can also understand it as expressing a general case: it is only in the table
computed here that J; — K> is unity.

If we do not accept these hypotheses, we will then conclude that this plural form
is certainly due to Bhaskara’s misunderstanding of Aryabhata’s rule. In fact the
relative plural pronoun most probably is to be ascribed to the second half verse.

I.1.3 “fractions accumulated”

The second half of the verse states, as Bhaskara understands it, that this first dif-
ference J; — Ko, and “fractions of the first half-chord accumulated” (prathamacapa-
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gyardhamsa) when subtracted from the first half-chord give the remaining Rsine
differences.

Bhaskara is quite elusive in his general commentary on what these fractions are.
He states that the first half-chord is their denominator:

prathamagjyardhamsas ca prathamajyardhena bhagam hrtva labdha yatha
pancamsah, sadamsah

And a fraction of the first half-chord is what has been obtained when
one has divided by the first half-chord, just like “a fraction of five” (one
fifth) and “a fraction of six” (one sixth).

He also indicates that their is an “accumulation” of these fractions: this should
be understood as meaning that they are added. These are the only two elements
that are explained by Bhaskara in his general commentary. It is by following the
effective computation of the first five Rsine differences that we get a clear idea of
the computation he bears in mind, as we will see in the next section.

I.2 Understanding the procedure

Now, with the same notations as before, let 3 x 2™ be the number of (unit) arcs,
a, a quadrant is divided in, J; is the Rsine of ai, (0 < i < 3 x 2™). And let for
i>1, K; = J;— J;—1 be the Rsine differences (khanditardhajya). The computation
of a given K1, knowing K; may be understood as follows:

Step 1 “The segmented second half-(chord) is smaller than the first half-chord of
a (unit) arc by certain (amounts)”: Consider J; — K.

Assuming
J1 = 225,

Ky = Joy — J; = 224.

Then
J— Ky = 1.

We have noted above that even though this difference is considered to be
one, it is always referred to in a plural form. This may indicate that this
interpretation of Aryabhata’s verse has a flaw. It may also be an elliptic
formulation, where the plural, in fact refers to J, — Jy, or an indication that
the computation considered here is a particular one: considered in all its
generality, J1 — K5 can be higher than 1.

Step 2 Compute a “fraction of the first half-chord”, that is the quotient of the sum
of the first half-chord and of all the partial half-chords already computed (all
the K;,2 < j < 1) with the first half-chord. In other words, compute

Ji+ Z iz:QKn
J1 '
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If the non-integer part of the quotient is greater than a half, approximate the
quotient by adding 1.

This step is not given in Aryabhata’s verse, nor in Bhaskara’s general com-
mentary. When computing, for example, the 4th sine difference, knowing that
K3 = 222, Bhaskara writes:

trayanam samyogah 671| asya prathamacapajyardhena
bhagalabdham ardhadhikena trini rupansi

The sum of the three (partial half-chords) is 671. The division of
that with the first half-chord of a (unit) arc (is made), the quotient,
because it is greater than one half, is three unities.

In other words J; + K3 + K3 is considered (J; = K; being the short-cut
adopted for the brackets.) We then have

Ji + Ko + K3 = 225 4 224 + 222 = 671.

Then a process of approximation is clearly described. In this case, the quo-
tient considered is

Ji+Ky+ Kz 671 221
K = — - = _—
4 A =905~ 2T 35

As ggé %7 the whole quotient is approximately considered to be equal to 3.

Step 3 “The remaining (segmented half-chords) are smaller (than the first half-
chord, successively) by those (amounts) and by fractions of the first half-chord
accumulated.” In other words:

I+ LK,
Ki+1:J1_{ 2321 Z 2 }

TAY K=

Because

we would have

N
Kit1=J— {(Jl — K») — Z;—zji}
as stated in [Hayashi 1997a; note 5 p. 399).

For example, when computing the fourth sine difference, Bhaskara writes:

taih purvalabdhais ca tribhir anam prathamacapajyardham
caturthajyardham bhavati| tac ca 219

The fourth (partial) half-chord is smaller than the first half-chord of
(unit) arc, by these (three) and by the previously obtained fractions,
and that is 219.
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In a previous computation, the approximate quotient was given

J1+ Ko

~ 2.
J1
So that here

Ji+ Ks
J1

S+ K+ K3
J1

Ky=J1— (1 — Kz2) — ( ) —( )-

Or numerically:
Ky=225-1-2-3=219.

This process is reiterated in order to obtain all K;’s for 1 < i <3 x 2™.

For a mathematical analysis of this computation, please see [Hayashi 1997a).

1.3 Rversed sine
Bhaskara ends this verse by declaring;:

eta evotkramenantyad arabhyotkramajyah
These (partial half-chords, added) in the reverse order beginning from
the last, are the utkramajya (Rversed sine).

Although he does not elaborate, we can notice that since R = Jsxom, the last
sine difference corresponds to R — J3xom_1 which is the Rversed sine of the arc
a(3 x 2™ —1). By summing the differences of the half-chord in reverse order, we
obtain in this way successively R — J3xom_2, R — J3xam_3 etc. This (the segment
R — J;) is what bears the name utkramajya or Rversed sine. This segment is
often used by Bhaskara with other names: it is the arrow (sara) of the half-chord
of @(3 x 2™ — 1) in BAB.2.11 for instance, or the penetration (avagahin) when
considering two intersecting circles, as we can see in the commentary on verse 18.

J BAB.2.13

J.1 What Bhaskara says of compasses

A pair of compasses appears among the tools quoted by Aryabhata in this verse.
Aryabhata calls compasses a bhrama “a rolling (object)”. Bhaskara calls it a
karkata or karkataka, literally a “crab”. In his commentary on verse 13 Bhaskara
gives only a brief explanation of this object®:

60[Shukla 1976; p.85]
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60[Shukla 1976; p.85]
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bhramasabdena karkatakah parigrhyate| tena karkatakena samavrttam
ksetram parilekhapramanena parimiyate|

With the word bhrama a pair of compasses (karkata) is understood.
With that pair of compasses an evenly circular field is delimited by the
size of the out-line (parilekha).

Elsewhere he is slightly more specific. Thus in his commentary on the latter half
of verse 9 of the chapter on mathematics, he writes5!:

asmin ca viracitamukhadesasitavartyankurakarkatena alikhite chedyake. . .
And in this diagram, which is drawn with a compass (karkata) for
which a sharp stick (vartyankura) secured (sita) at the mouth spot
(mukhadesa) has been arranged. ...

As we have noted in our supplement for verse 9, according to the meanings we
give to vartr (or vartika; usually the wick of a lamp, a paint-brush or chalk) and
to sita (has been fastened, white color), different readings of this description are
possible, and hence different images of compasses appear. We also do not know
what is a compass’ “mouth spot” (mukhadesa). The same difficulties arise when
we read the short description in Bhaskara’s commentary on verse 1162:

tatha ca paridhinispannam ksetram karkatakena viracitavartikamukhena
likhyate

And thus a field produced by a circumference is drawn with a pair of
compasses whose opening (mukha) has a sharpened stick (viracitavar-
tika).

We have adopted the improbable reading of varti (or vartika that we have read
as a synonym of the first) as “stick” by accepting Paramesvara’s interpretation of
the compound vartikankura.

J.2 Paramesvara’s descriptions of a pair of compasses

Paramesvara is a well known as a prolific astronomical commentator of the XVth
century%?. He wrote commentaries on Bhaskara II’s works as well as on the Arya-
bhatiya®*. He also wrote a direct and a super commentary on Bhaskara I's Maha-
bhaskariya and a direct commentary on the same author’s Laghubhaskariya®®.

The following excerpt has been extracted and translated from his own commentary
to verse 13 of the mathematical chapter of the Aryabhatiya®®:

61[Shukla 1976, p.71]

62[Shukla 1976; p.79)

63See [CESS, Volume IV; pp. 187-192]

64The first edition of the Aryabhatiya was published with his commentary: [Kern 1874]
65[Sastri, 1957]

66Kern 1874; p. 32]
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“With a bhrama, that is, with an instrument (yantra) called a karkata
a circle should be brought about. This is what has been stated:

Having acquired any straight stick (yasti), having bound it, firmly, with
a cord on its upper-part at the throat-spot (kanthapradesa), having also
split (it, vertically) from the lower tip to the throat, (and thus) having
made two sticks ($alaka), one should make their two tips sharp ones. In
this way is produced a karkata instrument having an under mouth (or
opening adhomukham). Having further fixed a stick in the space be-
tween the (previous) two sticks one should make a pair of compasses hav-
ing a revolving opening (vivrttasya). Having made the karkata’s opening
equal to the semi-diameter of the desired circle by moving up and down
the stick which lies in the intermediate space, having laid the tip of one
stick on the central spot of the circle to be brought about, having laid
the other tip on the spot on circumference of the circle one should turn
the karkata. That is the desired circle.”

An even more detailed description of the making of a karkata can be found in
Paramegvara’s super commentary to Govindasvamin’s commentary of the Maha-
bhaskariya. When glossing on verse 1 of the 3rd chapter of this treatise, which de-
scribes the circular, flat setting where a gnomon should be placed, Govindasvamin
writesS7:

evam dharatalasya samatvam avagamya
mukhavinyastavartikarnkurasobhina karkatena vrttam alikhet|

Having, in this way, brought evenness to the ground’s surface, one
should draw a circle with a pair of compasses (karkata) beautiful with
a sharp stick (vartikankura) inlaid at its opening.

Notice that Govindasvamin uses the compound wvartikarikura which is almost the
same expression that we have found difficult to read in the Aryabhatiyabhasya:
Bhaskara used the compound wvartyarnkura, and once the word wvartika, probably
as a synonym of varti. Paramesvara glosses the compound used by Govindasvamin
extensively®®:

“With the word karkata an instrument fit for bringing about the out-
line (parilekhana) of a circle is meant. In this case, having acquired any
evenly circular stick (yasti), having bound (it) firmly above its middle at
the throat spot (kanthapradesa) with a string (rajju), and so on, having
furthermore split (it) at its root, one should make it in such a way that
below the throat (akantha) there are two equal sticks (Salaka). After-
wards one should make the tip of (each) stick a sharp tip (tiksnagra).
This is called a ‘karkataka’.

67[Sastri ; p.103-104]
8idem.
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The intermediate space between is called “the compasses’ mouth (or
opening)” (karkatasya). Afterwards, having taken another stick (salaka)
whose width is bigger than the compasses’ sticks ($alake), and whose
length is several angulas, having cut its two tips, with a knife, one
should make a revolving opening (vivrttasya). In this way, a stick hav-
ing a mouth (mukha) at its two (tips) is called a vartikankura (a sharp
stick).

Furthermore, having made a revolving-opening-pair of compasses, hav-
ing placed transversally the sharp stick in its opening, one should place
the two sticks of the compasses on the two mouths (a@sya) of the sharp
stick. In this way, having acquired an instrument called a karkata adorned
with a sharp stick placed at (its) mouth (mukha) one should draw a
circle with it. Having made the compasses’ opening equal to the semi-
diameter by moving the sharp stick up and down, having fixed one
stick ($r7iga) in the middle of the circle one should turn the other one
all around. When made in this way, the desired circle appears.

Or else, with the word vartikankura another instrument is meant. When
one has placed two iron sticks on the tips of the two sticks of a pair of
compasses, that is vartikankura. A line is made with that.”

We have given a tentative illustration of Parames$vara’s two representations of
compasses in Figure 32.

Almost 800 years separate Paramesvara’s and Bhaskara’s commentaries. Most
probably compasses underwent technical changes during that lapse of time. Para-
mesvara has left us a quite precise testimony of what he considered a pair of
compasses. Bhaskara, on the other hand, never seems to have been prolific on this
subject. We have therefore, rather than letting our imagination run free, echoed
Paramesvara’s compasses in our translation of Bhaskara’s descriptions.

K BAB.2.14

We will study here the meaning of Aryabhata’s verse, attempt to understand the
astronomical extension Bhaskara gives to it, and finally will indicate what we can
understand of the different gnomons described by Bhaskara.

K.1 Aryabhata’s verse

Verse 14 runs as follows:

Sankoh pramanavargam chayavargena samyutam krtval
yat tasya vargamulam viskambhardham svavrttasyal|
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