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Preface

From September 13 to 17 in 1999, the First China-Japan Seminar on
Number Theory was held in Beijing, China, which was organized by the
Institute of Mathematics, Academia Sinica jointly with Department of
Mathematics, Peking University. Ten Japanese Professors and eighteen
Chinese Professors attended this seminar. Professor Yuan Wang was the
chairman, and Professor Chengbiao Pan was the vice-chairman. This
seminar was planned and prepared by Professor Shigeru Kanemitsu and
the first-named editor. Talks covered various research fields including
analytic number theory, algebraic number theory, modular forms and
transcendental number theory. The Great Wall and acrobatics impressed
Japanese visitors.

From November 29 to December 3 in 1999, an annual conference
on analytic number theory was held in Kyoto, Japan, as one of the
conferences supported by Research Institute of Mathematical Sciences
(RIMS), Kyoto University. The organizer was the second-named editor.
About one hundred Japanese scholars and some foreign visitors com-
ing from China, France, Germany and India attended this conference.
Talks covered many branches in number theory. The scenery in Kyoto,
Arashiyama Mountain and Katsura River impressed foreign visitors. An
informal report of this conference was published as the volume 1160 of
Sturikaiseki Kenkyiisho Kokyiiroku (June 2000), published by RIMS, Ky-
oto University.

The present book is the Proceedings of these two conferences, which
records mainly some recent progress in number theory in China and
Japan and reflects the academic exchanging between China and Japan.

In China, the founder of modern number theory is Professor Lookeng
Hua. His books “Introduction to Number Theory”, “Additive Prime
Number Theory” and so on have influenced not only younger genera-
tions in China but also number theorists in other countries. Professor
Hua created the strong tradition of analytic number theory in China.
Professor Jingrun Chen did excellent works on Goldbach’s conjecture.
The report literature of Mr. Chi Xu “Goldbach Conjecture” made many
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people out of the circle of mathematicians to know something on number
theory.

In Japan, the first internationally important number theorist is Pro-
fessor Teiji Takagi, one of the main contributors to class field theory. His
books “Lectures on Elementary Number Theory” and “Algebraic Num-
ber Theory” (written in Japanese) are still very useful among Japanese
number theorists. Under the influence of Professor Takagi, a large part
of research of the first generation of Japanese analytic number theorists
such as Professor Zyoiti Suetuna, Professor Tikao Tatuzawa and Pro-
fessor Takayoshi Mitsui were devoted to analytic problems on algebraic
number fields.

Now mathematicians of younger generations have been growing in
both countries. It is natural and necessary to exchange in a suitable
scale between China and Japan which are near in location and similar
in cultural background. In his visiting to Academia Sinica twice, Pro-
fessor Kanemitsu put forward many good suggestions concerning this
matter and pushed relevant activities. This is the initial driving force
of the project of the First China-Japan Seminar. Here we would like to
thank sincerely Japanese Science Promotion Society and National Sci-
ence Foundation of China for their great support, Professor Yuan Wang
for encouragement and calligraphy, Professor Yasutaka Ihara for his sup-
port which made the Kyoto Conference realizable, Professor Shigeru
Kanemitsu and Professor Chengbiao Pan for their great effort of promo-
tion.

Since many attendants of the China-Japan Seminar also attended the
Kyoto Conference, we decided to make a plan of publishing the joint
Proceedings of these two conferences. It was again Professor Kanemitsu
who suggested the way of publishing the Proceedings as one volume of
the series “Developments in Mathematics”, Kluwer Academic Publish-
ers, and made the first contact to Professor Krishnaswami Alladi, the
series editor of this series. We greatly appreciate the support of Profes-
sor Alladi. We are also indebted to Kluwer for publishing this volume
and to Mr. John Martindale and his assistant Ms. Angela Quilici for their
constant help.

These Proceedings include 23 papers, most of which were written by
participants of at least one of the above conferences. Professor Akio
Fujii, one of the invited speakers of the Kyoto Conference, could not
attend the conference but contributed a paper. All papers were refer-
eed. We sincerely thank all the authors and the referees for their con-
tributions. Thanks are also due to Dr. Masami Yoshimoto, Dr. Hiroshi
Kumagai, Dr.Jun Furuya, Dr. Yumiko Ichihara, Mr. Hidehiko Mishou,
Mr. Masatoshi Suzuki, and especially Dr. Yuichi Kamiya for their effort

PREFACE xi

of making files of Kluwer LaTeX style. The contcjn'ts include several
survey or half-survey articles (on prime numbers, lelSOI" problems and
Diophantine equations) as well as research papers on various aspects of
analytic number theory such as additive problems, Dlophar}tlne approx-
imations and the theory of zeta and L-functions. We believe that .the
contents of the Proceedings reflect well the main body of mathematical
ivities of the two conferences.

aCt"Fﬁ:,lSecond China-Japan Seminar was held from March 12 to 16, 2001,
in lizuka, Fukuoka Prefecture, Japan. The description of this conference
will be found in the coming Proceedings. We hope that the prospects of
the exchanging on number theory between China and Japan will be as
beautiful as Sakura and plum blossom.

April 2001

CHAOHUA JIA AND KOHJI MATSUMOTO (EDITORS)
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ON ANALYTIC CONTINUATION
OF MULTIPLE L-FUNCTIONS
AND RELATED ZETA-FUNCTIONS

Shigeki AKIYAMA

Department of Mathematics, Faculty of Science, Niigata University, Ikarashi 2-8050,
Niigata 950-2181, Japan

akiyama@math.sc.niigata-u‘ac.jp

Hideaki ISHIKAWA

Graduate school of Natural Science, Niigata University, Tkarashi 2-8050, Niigata 950-
2181, Japan
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Keywords: Multiple L-function, Multiple Hurwitz zeta function, Euler-Maclaurin
summation formula

Abstract A multiple L-function and a multiple Hurwitz zeta function of Euler-
Zagier type are introduced. Analytic continuation of them as complex
functions of several variables is established by an application of the
Euler-Maclaurin summation formula. Moreover location of singularities
of such zeta functions is studied in detail.

1991 Mathematics Subject Classification: Primary 11M41; Secondary 32Dxx, 11Mxx,
11M35.

1. INTRODUCTION

Analytic continuation of Euler-Zagier’s multiple zeta function of two
variables was first established by F. V. Atkinson [3] with an application
to the mean value problem of the Riemann zeta function. We can find
recent developments in [8], [7] and [5]. From an analytic point of view,
these results suggest broad applications of multiple zeta functions. In [9]
and (10], D. Zagier pointed out an interesting interplay between positive
integer values and other areas of mathematics, which include knot the-
ory and mathematical physics. Many works had been done according to
his motivation but here we restrict our attention to the analytic contin-
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uation. T. Arakawa and M. Kaneko [2] showed an analytic continuation
with respect to the last variable. To speak about the analytic continu-
ation with respect to all variables, we have to refer to J. Zhao [11] and
S. Akiyama, S. Egami and Y. Tanigawa [1]. In [11], an analytic con-
tinuation and the residue calculation were done by using the theory of
generalized functions in the sense of I. M. Gel’fand and G. E. Shilov. In
(1], they gave an analytic continuation by means of a simple application
of the Euler-Maclaurin formula. The advantage of this method is that
it gives the complete location of singularities. This work also includes
some study on the values at non positive integers.

In this paper we consider a more general situation, which seems im-
portant for number theory, in light of the method of [1]. We shall give
an analytic continuation of multiple Hurwitz zeta functions (Theorem
1) and also multiple L-functions (Theorem 2) defined below. In special
cases, we can completely describe the whole set of singularities, by us-
ing a property of zeros of Bernoulli polynomials (Lemma 4) and a non
vanishing result on a certain character sum (Lemma 2).

We explain notations used in this paper. The set of rational integers is
denoted by Z, the rational numbers by Q, the complex numbers by C and
the positive integers by N. We write Z<, for the integers not greater than
€. Let x; (i =1,2,...,k) be Dirichlet characters of the same conductor
g=>2and B (1 =1,2,--- k) be real numbers in the half open interval
[0,1). The principal character is denoted by xo. Then multiple Hurwitz
zeta function and multiple L-function are defined respectively by:

Ck(sl"--,sk,ﬂl’--')ﬂk)

1
= X e EE e O

0<n; <-<nj

and

x1(n1) x2(n2)  x(nx)
> , (2)
nsl n52 nsk
O<ny<<ng 1 2 k
where n; € N (i = 1,...,k). If R(s;) > 1 (i = 1,2,...,k— 1) and
R(sk) > 1, then these series are absolutely convergent and define holo-
morphic functions of k complex variables in this region. In the sequel
we write them by (x(s|8) and Li(s|x), for abbreviation. The Hurwitz
zeta function ((s, @) in the usual sense for « € (0, 1) is written as

Li(sty. o yske X1y o xk) =

= 1
C(&a):}i_;)(n_:a_)s = §+(1(s|a),
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by the above notation. |
yWe shall state the first result. Note that 8; — Bj+1 = 1/2 for some j

implies ﬁj_1 - ﬁj # 1/2a since ,Bj € [01 1)~
Theorem 1. The multiple Hurwitz zeta function (x(s|B) is meromor-
phically continued to C* and has possible singularities on:

J
sk =1, Zsk-i+1€ZSj (]=2’3a’k)

i=1
Let us assume furthermore that all B; (i = 1,...,k) are.rational. If
Br-1 — Bk is not O nor 1/2, then the above set coincides with the set of
whole singularities. If Bx—1 — Br = 1/2 then
sp=1
Sk—1 + sk = 2,0, -2,-4,-6,...

J
Zsk—i+1€Z5j fOTj=3,4,...,k

i=1
forms the set of whole singularities. If Br—1 — Br =0 then

Sk=1
Sp_1+ sk =2,1,0,—-2,—4,-6,...

J
ZSk_i+1€ZSj fOTj:3,4,...,k

i=1
forms the set of whole singularities.

For the simplicity, we only concerned with special cases and det(?r-
mined the whole set of singularities in Theorem 1. The reader can easily
handle the case when all 8; — Biy1 (i = 1,...,k — 1) are not necessary
rational and fixed. So we have enough information on the locatlor} of
singularities of multiple Hurwitz zeta functions. For the case of multiple
L-functions, our knowledge is rather restricted.

Theorem 2. The multiple L-function Li(s|x) is meromorphically con-
tinued to C* and has possible singularities on:

J
sp=1, Zsk_,;_H €Z<; (1=2,3,...,k).
i=1

Especially for the case k = 2, we can state the location of singularities
in detail as follows:
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Corollary 1. We have a meromorphic continuation of Lo(s|x) to C2.
Ly(s|x) ts holomorphic in

{(81,82) e C? l 81+82¢ZSQ, S # 1}
if x1=X0, X2=Xo0
{(s1,52) €C? | s1+ 52 € Zey, s2# 1} (3)
f x1#x0 Xxe=
{(s1,82) € C? | s1+s2€Z<1} if X2 # Xo,

where the excluded sets are possible singularities. Suppose that x, and x2

are primitive characters with x1x2 # xo. Then Lo(s|x) is a holomorphic
function in

{(81,32) € C? l 81+ 82 #0,-2, -4, —6,-8,... }

i xixe(-1) =1,
{(81,82) € C2 l S1 + 82 76 1,—1,-—3,—5,-—7, AN }

¥ xixe(-1)=-1,

where the excluded set forms the whole set of singularities.

(4)

Unfortunately the authors could not get the complete description of
singularities of multiple L-function for k£ > 3.

2. PRELIMINARIES

Let N1,N2 € N and 7 be a real number. Suppose that a function

f(z) is [ +1 times continuously differentiable. By using Stieltjes integral
expression, we see

> sea= [ s
N14n<n<N; Nitn ’
N>
:[V1+nf dl"_[f(x Bl( )]N1+17

N, -
+ / £ (z)Bi(z)dz

Ni+n

where B](x) = Bj(x — [z]) is the j-th periodic Bernoulli polynomial.
Here j-th Bernoulli polynomial Bj(z) is defined by

B
—I—ZO J(x

—

On analytic continuation of multiple L-functions and related zeta-functions 5

and [z] is the largest integer not exceeding z. Define the Bernoulli
number B, by the value B, = B,(0). Repeating integration by parts,

> = [ fe)da+ G0N+ FN 4By

Loqy
+Y ((;2 ;; (Brs1fOUNz) = fO (N +m)Braa ()

(__1)l+1
S+

/Nz fEHY () By (z)dz. (5)
Ni+n

When 1) = 0, the formula (5) is nothing but the standard Euler-Maclaurin
summation formula. This slightly modified summation formula by a pa-
rameter 7 works quite fine in studying our series (1) and (2).

Lemma 1. Let

(I)I(S|N1 +ﬂ»0f) =

and

s(s+1)(s+2)...(s+r—-1) if r>1
(s)r =<1 if 1=0
(s—1)7! if r=-1

Then it follows that

r () (8)r _ .
N§<n( +Oz)3 =r; (T:—ll)' (N1 + a + )5 ®)(s | N1 +1,0)

with
®y(s | Ny +m,@) < Ny D,

Proof. Put f(z) = (z + «)~%. Then we have fO(z) = (=1)7(s)r(z +
a)™%". So from (5),
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2. (nja)s - [1is(m+1a)s—1]N2

N14n<n<N2 Ni+n

n 1 1 Bi(n)
2(N2+a)s  (Ni+n+a)

_ zl: (8)r Br 11 _ Br+l(77)
(r+ I\ (Ne+a)str (Ny +n+a)str

r=1

1 N o (8)i+1
- T /M+n BHI(:C)‘(Q: n a)s+l+ldx‘
When Rs > 1, we have

> 1! 1 By(n)
Nimen Mt @) s=1(Mi+a+n)s! (M +n+a)
l ~
B”'+1 (s)r
-® N
z r+1 (N1 + a+n)str Hs | Ni+n,a)

as Ny — oo. When §Rs < 1, if we take a sufficiently large [, the integral
in the last term ®;(s|N; + 7,a) is absolutely convergent. Thus this
formula gives an analytic continuation of the series of the left hand
side. Performing integration by parts once more and comparing two
expressions, it can be easily seen that ®;(s | Ny+7,a) < Nl_(mHH). O

Let Ay, x,(j) be the sum

g-1 gq- ol —as
ZZ 1(a)xa(az) B (=)
a,1= : q

Lemma 2. Suppose x1 and x2 are primitive characters modulo q with
X1x2 # Xo. Then we have: for 1 < j

o it (L 1\] o

Aali) = {2 CTORLOTRD) (P xa-D =1,
0 if (=1 xax2(-1) = -1,

where T(x) is the Gauss sum defined by T(x) = Z;})X

Proof. Recall the Fourier expansion of Bernoulli polynomial:

(u)e21riu/q )

" e27riny
B; — i i
i) = =3t Jv}l—r»noo Z (27min)7 (6)
n=—M
n#0

On analytic continuation of multiple L-functions and related zeta-functions 7

for 1 < j, 0 <y < 1except (j,y) = (1,0). First suppose j > 2, then the
right hand side of (6) is absolutely convergent. Thus it follows from (6)
that

a1 o-! L ox exp[2min®iT22]
Aniali) = 3 3 xaaxa(ar) | = Y st
a1=1az=1 n;;go

Since
q-1 .
> x(u)e?™ ™/ = 3(n)r(x)
u=0

for a primitive character x, we have

X1(n -n)7(x1)7(x2)

Aarald) = =7 Z 27rm)3 '
n#0
n=-—00

from which the assertion follows immediately by the relation 7(%) =
x(=1)7(x). Next assume that j = 1. Divide Ay, ,(1) into

Ay x2(1) = Z’Xl(al)XZ(@)Bl ( — a2> Z xixz2(a1)Br  (7)

a;=1

where Z' taken over all the terms 1 < aj,a9 < g — 1 with a; # a2. The
second sum in (7) is equal to O by the assumption. By using (6), the
first sum is

Z,XI(al)X2(a2)Bl (al -q— a2>

M exp[2min uzez]

/ .
=Y xale)xa(ez) Jim | = > 2min

n=—M
n#0
q—1 ¢-1
Z > x1(a1)x2(a2) exp[an 2]~ Z x1x2(a1)
_ lim a1=1a2=1 a1=1
M—»oonz_M 2min
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Using Zg;ll x1x2(a1) = 0 again, we have

5 alenatan) B (22)

q

__1 lim f: Xl(n)iz(—f;)T(xl)T(m)

21
n=—M

Hence we get the result. O

We recall the classical theorem of von Staudt & Clausen.

Lemma 3. ]
By, + Z - s an integer.
p
p—1|2n
Here the summation is taken over all primes p such that p — 1 divides
2n.

Extending the former results of D. H. Lehmer and K. Inkeri, the
distribution of zeros of Bernoulli polynomials is extensively studied in

[4], where one can find a lot of references. On rational zeros, we quote
here the result of [6].

Lemma 4. Rational zeros of Bernoulli polynomial By,(z) must be 0,1/2
or 1. These zeros occur when and only when in the following cases:

B,(0)=Bp(1)=0 nisodd n>3 (8)
Bn(1/2) =0 nisodd n>1.

We shall give its proof, for the convenience of the reader.

Proof. First we shall show that if B,(y) = 0 with v € Q then 2y € Z.
The Bernoulli polynomial is explicitly written as

Ba(z) = Zn: (:) Bya"*.

k=0
Let v = P/Q with P,Q € Z and P, Q are coprime. Then we have

pPn - n k
-G = nB P* ) (k> By P"FQR L
k=2

Assume that there exists a prime factor ¢ > 3 of Q. Then the right
hand side is g-integral. Indeed, we see that B; = —1/2 and ¢By is g-
integral since the denominator of By is always square free, which is an

On analytic continuation of multiple L-functions and related zeta-functions 9

easy consequence of Lemma 3. But the left hand side is not g-integral,
we get a contradiction. This shows that Q must be a power of 2. Let
Q = 2™ with a non negative integer m. Then we have

n n
_25—1 — _nPn—l + Z (:) BkPn—kzm(k—l)-f—l'
k=2

If m > 2 then we get a similar contradiction. Thus @ must divide 2, we
sce 2y € Z. Now our task is to study that values of Bernoulli polynomials
at half integers. Since By(z) = 1 and By(z) = z — 1/2, the assertion is
obvious if n < 2. Assume that n > 2 and even. Then by Lemma 3, the
denominator of 13, is divisible by 3. Recalling the relation

B(x+1)— By(z)= n:z"‘], (9)
we have Tor any intepger
B (m) 13, (mod Z).
T'his shows 13, (i) / (. The relation
Ba(1)2) = (2" "= 1)1, (10)
implies that,
B,(1/2) #0 (11)
for n > 2 and cven. We sce that 13,(1/2) is not 3 integral from Lemma

3 and the relation (10). Combining (9), (11), we have for any integer m
and any ceven integer no > 2

B, (1/2 +m) #0.

It is casy to show the assertion for the remaining case when n > 2 is

odd, by using (9) and (10). O

3. ANALYTIC CONTINUATION OF
MULTIPLE HURWITZ ZETA FUNCTIONS

This section is devoted to the proof of Theorem 1. First we trcat the
double Hurwitz zeta function. By Lemma 1, we see

1
n1+(ﬁlz—;iz)<n2 W
I -
= Z BT-’-(T"(f'll_)'IBZ) (’nl ‘E’SZ)T)Sz—%—r - (I)l(s'Z l n; + ﬁl - '62”32)' (12)
. 1
r=-1
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Suppose first that 8; > B. Then the sum 3

. 148, —By<n, MEANS
2 ny<ny» S0 it follows from (12) that HH P

WL

~ 1 1
Ga(s]B) = ) Z (ng + B2)s2

1 ni<na

3

1

NE

1 1
L (n1+ By)® E (na + Bo)%2

n1+(B1—-B2)<n2

— 1 { 21: Br1(61 - B2) (s2)r
| (n1+ )% (r+ 1)1 (ng+ G52t

n

8

n r=-1

—®y(s2 | n1 + 61 -ﬂz,ﬂ2)}~

Suppose that 8; < B,. We consider

_5 1 -1
Ca(s | B) —RIZ:I AT R >ob )

n1<ng

Noting that t‘he sum Zn1+[31—ﬁ2<n2 means Y, ..., we apply (12) to the
second term in the braces. For the first term in the braces, we use the
binomial expansion:

1 = 1 < (_l)m(s2)m ,8 —,3 m
(n1+ B2)2  (ng + By)% (:L:,O ml (nf +ﬁ1) + Ru+1)
(14)

with R, < n}’“. By applying (12) and (14) to (13), we have

Bri1(B1—B2)  (BL—Ba) (s2)r
+Z( (r+1)! r! ) (n1 + Br)setr

= ®(s2|n1+ By — B2, B2) — @%}
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Recalling the relation (9) and combining the cases 81 < 2 and 5 > B,
we have

1
so—1

Ca(s|B) = Ci(si+s2—1]|p1)

!
' Z;) ErJr(t"(f-;l;!ﬁzz(32)?‘<l(31 +so+7|B)

_ i @} (s2|n1 + B1 — B2, f2)

n=1 (nl + ﬂl)sl (15)
where
®y(s2|n1+ B — B2, B2) if By > Bo
B (s2|n1 4 P1 — B2, B2) =  ®y(s2|n1 + B1 — Ba, B2) + (nll—{:gl)sz
if 81 < B2

The right hand side in (15) has meromorphic continuation except the
last term. The last summation is absolutely convergent, and hence holo-
morphic, in R(s; + s2 +1) > 0. Thus we now have a meromorphic
continuation to R(s; + s2 + 1) > 0. Since we can choose arbitrary large
I, we get a meromorphic continuation of {»(s | 3) to C2, holomorphic in

{(81,82) €C2 I 82 # 1, s1+ 89 #2,1,0,—1,—2,—3,‘..}.

The exceptions in this set are the possible singularities occurring in
(s2—1)"! and

B, 1(B1 — B2)

(,,. + 1)| (32)1'C1(31 +s2+7T | 61) (16)

Whether they are ‘real singularity’ or not depends on the choice of pa-
rameters 3; (i = 1,2). For the case of multiple Hurwitz zeta functions
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with k variables,

Ce(s1, -y sk | By, -, Br)

oo

_ 1 1
=2 (n1+ Br) 2 (n2 + B2)%2

ni=1 ni<na

1 1 1
Z (Mk—1 + Br—1)%-1 {Sk — 1 (ng_y + Br—1)%1

Ng-2<Ng—]

Br1(Bk-1 — Br) (8k)r
* Z (r+1! (ng—1+ Broq)t"

— @7 (sk | nk—1+ Br—1 — ﬁk,ﬂk)}
1

i Ck—1(81,---78k-2,8k—1+8/c—1 | Brs- s Br-1)

+Z T+17I‘3:i_ﬁk)(3k)r

X Ce-1(81, -+, Sk—2,Sk—1 + Sk + 7| B1, - -+, Br-1)
B 3 @} (sk | k-1 + Be—1 — B, Br)
(n1+ B1)%t ... (ng—1 + Br—1)%-1"

0<n1<na< - <ngq

Since

Z 7 (sk | nk—1+ Br—1 — B, B)
(n1+ B1)51(n2 + B2)%2 ... (nk—1 + Br—1)%-1

=i R(sk)+k-3

<<Z kln

N1 k-1

0<ny < <ng_

with L = R(sk-1) + 3 1<j<k—2m(s;)<0 R(8:), the last summation is con-
vergent absolutely in

L=k+2+R(se-1) +R(sk)+ Y. R(si) >0
1<j<k-2
R(s;)<0
Since | can be taken arbitrarily large, we get an analytic continuation
of (x(s | B) to Ck. Now we study the set of singularities more precisely.
The ‘singular part’ of (»(s | B) is

G(s1+s2—-1]8) < (52)r Br11(B1 — B2)
sp—1 +§031+32+r—1 (r+1)

o~
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Note that this sum is by no means convergent and just indicates local
singularities. From this expression we see

S9=1, 81+ 89 € {2,1,0,—1,——2,—3,—4,...}

are possible singularities and the second assertion of Theorem 1 for k = 2
is now clear with the help of Lemma 4. We wish to determine the
whole singularities when all 3; (i = 1, ..., k) are rational numbers by an
induction on k. Let us consider the case of k variables,

l

uis19) = 30 TPy,

X Ck—1(81,- -+, Sk—2,Sk—1 + Sk + 7| B1, - .. Br—-1)
3 Z Q7 (sk | nk-1+ Br—-1 — B Br)
(n14B1)%t ... (k-1 + Br—1)%-1"

r=-—1

0<n1 < <ng_q

We shall only prove the case when fx_; — B = 0. Other cases are left to
the reader. By the induction hypothesis and Lemma 4 the singularities
lie on, at least for r = -1,0,1,3,5,7,...,

sk=1, sg1+sptr=1,
Sk—o+ Sp_1+sk+r=2,0,-2,—4,-6,...

and
Sk_j+8k_j+1+"'+3k+7‘€Z§j, forj >3

in any three cases; Br_o — Bx—1 = 0,1/2, and otherwise.
Thus
sp=1, sSp_1+s,=2,1,0,—2,—-4,—6,...

and
Sk—j+1 t Sk—j42+ -+ Sk € ZL<j, for 7 >3

are the possible singularities, as desired. Note that the singularities of
the form
Sk—9+ Sg-1+sx+r=1,-1,-3,-5,...

may appear. However, these singularities don’t affect our description.
Next we will show that they are the 'real’ singularities. For example,
the singularities of the form si_g + sx_1 + sx = 7 occurs in several ways
for a fixed n. So our task is to show that no singularities defined by one
of the above equations will identically vanish in the summation process.
This can be shown by a small trick of replacing variables:

81 =1U1,...,8k—2 = Ug—2, Sk—1+ Sk =Uk-1, Sk = Ug
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In fact, we see that the singularities of

Ck(ul’“ oy Uk—2,Uk—1 — Uk, Uk | /817-" 7/6’9)

appear in

(ug)rCk—1(u1, - . .y Ug—2, ug—1 + 7| B1, . .. Be—1).

'\ B, (Be-1 - B)
Z (r +11)!

r=-1

By this expression we see that the singularities of (x_1(uy,...,ux—1 +
r| B,...0Bk-1) are summed with functions of uy of different degree.
Thus these singularities, as weighted sum by another variable u, will
not vanish identically. This argument seems to be an advantage of [1],
which clarify the exact location of singularities. The Theorem is proved
by the induction. O

4. ANALYTIC CONTINUATION OF
MULTIPLE L-FUNCTIONS

Proof of Theorem 2. When Rs; > 1 for i = 1,2,...,k, the series is
absolutely convergent. Rearranging the terms,

x1(n1) xk(nk)

S1 Sk
m<o<ne M L
g-1 ¢-1 q-1
=sl++sk§:§: §X101X202 - Xk (ak)
a1=1az=1 ap=1

1
Z<m1+4 2 Gy

m1=0 mi+ a1-a2 <ma
q

1 1
Z (mk.—l + ak(;l)sk_l Z (mk + %)Sk

Gk_2-0k_1 Gp_1-0% q
—q—<mk_1 mg-1+ k q <my

Mmi—2+

By this expression, it suffices to show that the series in the last brace has
the desirable property. When a;—a;;1 > Oholdsfori =1,...,k—1, this
is clear form Theorem 1, since this series is just a multiple Hurwitz zeta
function. Proceeding along the same line with the proof of Theorem 1,
other cases are also easily deduced by recursive applications of Lemma

1. Since there are no need to use binomial expansions, this case is easier
than before. O
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Proof of Corollary 1. Considering the case k = 2 in Theorem 2, we see

ZXz(az
La(s | x) = ————‘“;2_1 L(s + 83— 1,x1)

gsits2 Z Z x1(a1)xa(az2)

a1=1az=1
L Br+1(a_1:22)

X {;} _(_1"+—1)—(82)TC(81+32+T ——)
X, Pysp|my + BTHR —z)}

' q
a
(ml + ..al)sl

m1=0

We have a meromorphic continuation of La(s|x) to C2, which is holo-
morphic in the domain (3). Note that the singularities occur in

q-1
> xala2)

az=1

L(s1+s2—1,x1)
S9 -1

and

Elazz_lxl(m x2(a2) r(+1i_ z )(32) C(s1+ sa+1, %).

If x2 is not principal then the first term vanishes and we see the ‘singular
part’ is

i Axixo (T +1) (52)r ‘
= (r+1)! s;+s2+r—1

Thus we get the result by using Lemma 2 and the fact:
L(n,x) #0

for n > 1 and a non principal character . O

As we stated in the introduction, we do not have a satisfactory answer
to the problem of describing whole sigularities of multiple L-functions
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in the case k > 3, at present. For example when k = 3, what we have
to show is the non vanishing of the sum:

q-1 q

-1 gq-1
~ a3 — a ~ as — a
YT xl(anm(aa)x:«x(as)&lﬂ( 1 2) Brm( 2 3),
2=1laz=1 q q

ar=1a

apart from trivial cases.

References

(1] S. Akiyama, S. Egami, and Y. Tanigawa , An analytic continuation
of multiple zeta functions and their values at non-positive integers,
Acta Arith. 98 (2001), 107-116.

[2] T. Arakawa and M. Kaneko, Multiple zeta values, poly-Bernoulli
numbers, and related zeta functions, Nagoya Math. J. 153 (1999),
189-209.

(3] F. V. Atkinson, The mean value of the Riemann zeta-function, Acta
Math., 81 (1949), 353-376.

[4] K. Dilcher, Zero of Bernoulli, generalized Bernoulli and Euler poly-
nomials, Mem. Amer. Math. Soc., Number 386, 1988.

[5] S. Egami, Introduction to multiple zeta function, Lecture Note at
Niigata University (in Japanese).

(6] K. Inkeri, The real roots of Bernoulli polynomials, Ann. Univ.
Turku. Ser. A I37 (1959), 20pp.

[7] M. Katsurada and K. Matsumoto, Asymptotic expansions of the
mean values of Dirichlet L-functions. Math. Z., 208 (1991), 23-39.

[8] Y. Motohashi, A note on the mean value of the zeta and L-functions.
I, Proc. Japan Acad., Ser. A Math. Sci. 61 (1985), 222-224.

[9] D. Zagier, Values of zeta functions and their applications, First Fu-
ropean Congress of Mathematics, Vol. I1, Birkhauser, 1994, pp.497-
512.

[10] D. Zagier, Periods of modular forms, traces of Hecke operators,
and multiple zeta values, Research into automorphic forms and
L functions (in Japanese) (Kyoto, 1992), Surikaisekikenkyusho
Kokyuroku, 843 (1993), 162-170.

[11] J. Zhao, Analytic continuation of multiple zeta functions, Proc.
Amer. Math. Soc., 128 (2000), 1275-1283.

ON THE VALUES OF CERTAIN
¢-HYPERGEOMETRIC SERIES II

Masaaki AMOU

Department of Mathematics, Gunma University, Tenjin-cho 1-5-1, Kiryu 376-8515,
Japan

amou@math.sci.gunma-u.ac.jp

Masanori KATSURADA

Mathematics, Hiyoshi Campus, Keio University, Hiyoshi 4-1-1, Kohoku-ku, Yoko-
hama 223-8521, Japan

masanori@math.hc.keio.ac.jp

Keijo VAANANEN
Department of Mathematics, University of Oulu, P. O. Box 3000, SF-90014 Oulu,
Finland

kvaanane@sun3.oulu.fi

Keywords: Irrationality, Irrationality measure, g-hypergeometric series, g-Bessel
function, S-unit equation

Abstract As a continuation of the previous work by the authors having the
same title, we study the arithmetical nature of the values of certain g-
hypergeometric series ¢(z; q) with a rational or an imaginary quadratic
integer ¢ with |g| > 1, which is related to a g-analogue of the Bessel func-
tion Jo(z). The main result determines the pairs (¢, a) with o € K for
which ¢(a; g) belongs to K, where K is an imaginary quadratic number
field including q.

2000 Mathematics Subject Classification. Primary: 11J72; Secondary: 11J82.

The first named author was supported in part by Grant-in-Aid for Scientific Research (No.
11640009), Ministry of Education, Science, Sports and Culture of Japan.

The second named author was supported in part by Grant-in-Aid for Scientific Research
(No. 11640038), Ministry of Education, Science, Sports and Culture of Japan.

17



18 ANALYTIC NUMBER THEORY

1. INTRODUCTION

Throughout this paper except in the appendix, we denote by ¢ a ratio-
nal or an imaginary quadratic integer with |q| > 1, and K an imaginary
quadratic number field including ¢q. Note that K must be of the form
K = Q(q) if ¢ is an imaginary quadratic integer. For a positive ra-
tional integer s and a polynomial P(z) € K|[z] of degree s such that
P(0) # 0,P(g™™) # 0 for all integers n > 0, we define an entire function

0 -s(3)
) = q n
o= _,;)P(l)P(q‘l)-“P(Q‘("“”)Z ' 40

Concerning the values of ¢(z; q), as a special case of a result of Bézivin 3],
we know that if ¢(a;q) € K for nonzero o € K, then o = ay¢" with
some integer n, where a; is the leading coefficient of P(z). He used in
the proof a rationality criterion for power series. Recently, the present
authors 1] showed that n in Bézivin’s result must be positive. Hence
we know that, for nonzero a € K,

d(a;q) € K = a € {asq" | n € N}. (1.2)

In case of P(z) = as2® + ag, it was also proved in [1] that ¢(a;¢) € K
for nonzero a € K if and only if a = ay;q*" with some n € N.

In this paper we are interested in the particular case s = 2, P(z) =
(z — q)? of (1.1), that is,

o0
Zn

w50 =L ipa—pra-gor Y

We note that the function J(z;q) := ¢(—2%/4;q) satisfies

HON

where the right-hand side is the Bessel function Jyp(z). In this sense
J(z;q) is a g-analogue of Jy(z). The main purpose of this paper is to
determine the pairs (¢, @) with a € K for which ¢(a;q) belong to K.
In this direction we have the following result (see Theorems 2 and 3 of
[2]): @(c;q) does not belong to K for all nonzero a € K except possibly
when ¢ is equal to

—3,+14+2V~1,£2 4+ V=T7,24 £ V-7,
(£1 + vV=7)/2,(£3 £ V=7)/2,bv/-D,

o0
hmJ(l—qzq =Z
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where b is a nonzero rational integer and D is a square free positive
integer satisfying

D=3 (mod4), 1+bD=2(3j€N). (1.4)
We now state our main result which completes the above result.

Theorem. Let q be a rational or an imaginary quadratic integer with
lg] > 1, and K an imaginary quadratic number field including q. Let
#(z;q) be the function (1.3). Then, for nonzero o € K, ¢(a;q) does not
belong to K except when

(g,0) = (=3,~27), (-1£V-T)/2,(1 £3V-T)/2),

where the order of each + sign is taken into account.
Moreover, o is a zero of ¢(z;q) in each of these exceptional cases.

For the proof, we recall in the next section a method developed in [1]
and [2]. In particular, we introduce a linear recurrence ¢, = ¢,(q) (n €
N) having the property that ¢(q";q) € K if and only if c,(q) = 0.
Then the proof of the theorem will be carried out in the third section by
determining the cases for which ¢,(¢) = 0. In the appendix we remark
that one of our previous results (see Theorem 1 of [2]) can be made
effective.

The authors would like to thank the referee for valuable comments on
refinements of an earlier version of the present paper.

2. A LINEAR RECURRENCE c,

Let ¢(z; g) be the function (1.1). Then, for nonzero o € K, we define
a function

q—s(n-zH)zsn

@) =fze) =3 =

n=0

which is holomorphic at the origin and meromorphic on the whole com-
plex plane. Since ¢(a;q) = f(q), we may study f(g) arithmetically
instead of @¢(a;q). An advantage in treating f(2) is the fact that it
satisfies the functional equation

P(2)f(gz) = az®f(2) + P(z), (2.1)
which is simpler than the functional equation of ¢(z) = ¢(z;q) such as

{P(qA) — zA°%}¢(2) = P(q),
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where A is a ¢~ !-difference operator acting as (A¢)(z) = (g~ '2). In
fact, as a consequence of the result of Duverney [4], we know that f(q)
does not belong to K when f(z) is not a polynomial (see also [1]). Since
the functional equation (2.1) has the unique solution in K[[2]], a poly-
nomial solution of (2.1) must be in K[z]. Let £ (P) be the set consisting
of all elements @ € K for which the functional equation (2.1) has a
polynomial solution. Then we see that, for a € K,

#(a;q) € K <= a € £4(P). (2.2)

Note that f(z) =1 is the unique solution of (2.1) with & = 0, and that
no constant functions satisfy (2.1) with nonzero a.

In view of (1.2), a € &(P)\{0} implies that a = a,q" with some
positive integer n. Indeed, we can see that if (2.1) has a polynomial
solution of degree n € N, then a must be of the form a = a,q™. Hence,
by (2.2), our main task is to determine the pairs (¢,n) for which the
functional equation (2.1) with s = 2, P(z) = (z — ¢)?, and a = ¢" has
a polynomial solution of degree n € N. To this end we quote a result
from Section 2 of [2] with a brief explanation.

Let f(z) be the unique solution in K{[z]] of (2.1) with s = 2, P(z) =
(2 —¢q)%, and a = ¢" (n € N). It is easily seen that f(z) is a polynomial
of degree n if and only if f(z)/P(z) is a polynomial of degree n — 2. By
setting

n—2
f(2)/P(z) =) _ b7’
1=0

with unknown coefficients b;, we have a system of n — 1 linear equations
of the form

A,b=c,
where
e
-2¢ ¢
_n-2 _ 2
A,=| 1719 29 ¢ ,
1-¢* -2 ¢
1-¢ —2¢
bo 1
by 0
b = ' s CcC =
bn_2 0
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Let B, be an n x n matrix which is A,, with ¢ as the last column. Since
A, has the rank n — 1, this system of linear equations has a solution if
and only if B, has the same rank n — 1, so that detB,, = 0. We can
show for det B, (n € N) the recursion formula

det Bny2 = 2gdet Bny1 — ¢%(1 — ¢") det By,

with the convention det By = 0,det By = 1. For simplicity let us in-
troduce a sequence ¢, = cy(q) to be ¢, = ¢~"~DdetB,, for which
c = 1,02 = 2, and

tnt2 = 2¢pt1 — (L —¢")en  (n €N). (2.3)

Then we can summarize the argument above as follows: The functional
equation (2.1) with s = 2, P(z) = (z — q)?, and @ = ¢" (n € N) has a
polynomial solution f(z) if and only if c,(q¢) = 0. We wish to show in
the next section that c,(g) = 0 if and only if

(2,n) = (=8,3), ((-1£V~T7)/2,4), (24)

which correspond to the cases given in the theorem.

3. PROOF OF THE THEOREM

Let cn = cu(g) (n € N) be the sequence defined in the previous
section. The following is the key lemma for our purpose.

Lemma 1. Let § be a positive number. If the inequalities

lent1l > Sleals (™ = Dlen| > (2 + 8)lensl, (3.1)
and
(lal = 2+ 0)07)lg" 2 2(3+6+67) (32)
hold for some n = m, then (3.1) is valid for alln > m.

P T0.0f. We show the assertion by induction on n. Suppose that the
desired inequalities hold for n with n > m. By the recursion formula
(2.3) and the second inequality of (3.1), we obtain

lent2| 2 (lg]™ = 1)|en| = 2lcnta]
> (24 6)|cat1| — 2|cn4]
= (5!0,1+1l,

which is the first inequality of (3.1) with n + 1 instead of n.
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We next show the second inequality of (3.1) with n + 1 instead of n.
By the recursion formula (2.3) and the first inequality of (3.1), we obtain

lensal < 2leasa] + (g™ + Dleal
< 2|lent1] + (lg™ + 1)5_1|Cn+1|
= @+ 671 (gI" + 1)) [cnsa -

Noting that (2 + 6)(2 + 6 1(|q|" + 1)) is equal to
la"* =1~ {(lg = 2+ 8)6~lgl" — 28+ + 671},

and that the inequality (3.2) for n = m implies the same inequality for
all n > m, we get the desired inequality. This completes the proof. [

In view of the fact mentioned in the introduction, we may consider the
sequences ¢, = ¢y(q) (n € N) only for g given just before the statement
of the Theorem. In the next lemma we consider the sequence c,(q) for
these ¢ excluding byv/—D.

Lemma 2. Let g be one of the numbers
-3, x1+£2vV-1,£2+ V-7, 24 £ V-7, (£1 £ V-7)/2,(£3 £ V-T7)/2.

Then, for the sequence c, = cp(q) (n € N), ¢, = 0 if and only if (2.4)
holds.
Moreover, for the ezceptional cases (2.4), ¢(q%q) =0 if ¢ = -3, and

#(g*;q) =0 if g = (=1 £ /=T7)/2, where ¢(2;q) is the function (1.3).
Proof. Since
C3 = 3+q’ Cq = 2(q2+q_|_2)7 (33)

we see that ¢, = 0 in the cases (2.4). By using computer, we have the
following table which ensures the validity of (3.1) and (3.2) with these
values:

é 3 2 2

g | =3 | £1+2v/=1 | 2+ /=7 | +4+ /=7 | (1 2V/=7)/2 | (3£ V/-7)/2
2 7 3

m| 5 5 3 3 15 7

It follows from Lemma 1 that, in each of the sequences, c,(q) # 0 for all
n > m. By using computer again, we can see the non-vanishing of the
remaining terms except for the cases (2.4).

As we noted in the previous section, if the functional equation (2.1)
has a polynomial solution f(z;c), it is divisible by P(z). Hence we
have ¢(¢%q) = f(a;¢%) = 0 if ¢ = ~3, and ¢(q*;q) = f(g;9*) = 0 if
g = (=1 £ +/=7)/2. The lemma is proved. O
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We next consider the case where ¢ = by/—D without (1.4).

Lemma 3. Let b be a nonzero integer, and D a positive integer such
that 2D > 5. Then, for ¢ = by/=D, the sequence ¢, = ca(q) (n € N)
does not vanish for all n.

Proof. By (3.3), c3 and ¢4 are nonzero for the present q. Let us set
A :=b2D. To prove c, # 0 for all n > 5, we show (3.1) and (3.2) with
§ = 3,n = 4. Indeed, by straightforward calculations, we obtain

les|? — 9ca|? = A% + A3 — 2842 + TTA — 119
and
(lgl* —1)2lcal? — 25]c5|* = 4A° —124° —17A4* — A3 —228A% 1 7634 — 609.

Since these values are positive whenever A > 5, (3.1) with § = 3,n =4
holds. Moreover,

(Ig] — 5/3)|g|* = (VA ~ 5/3)A% > 14

holds whenever A > 5. Hence (3.2) with § = 3,n = 4 also holds. Hence
the desired assertion follows from Lemma 1. This completes the proof.
O

By this lemma there remains the consideration of the case where g =
bv/—D with (1.4) and b2D < 5, that is the case ¢ = £+v/—3. In this case,
by using computer, we can show that (3.1) and (3.2) with § = 4,n = 8
are valid. Hence, by Lemma 1, ¢, = ¢,(£v/~3) # 0 for all n > 8. We
see also that ¢, # 0 for all n < 8 by using computer again. Thus we
have shown the desired assertion, and this completes the proof of the
theorem.

Appendix

Here we consider an arbitrary algebraic number field K, and we denote
by Ok the ring of integers in K. Let d, h, and R be the degree over Q, the
class number, and the regulator of K, respectively. Let s be a positive
integer, ¢ a nonzero element of K, and P(z) a polynomial in K|[z] of the
form

8
P(z) = Eaizi, asag # 0.
=0
Then, as in Section 2, we define a set &4(P) to be the set consisting

of all @ € K for which the functional equation (2.1) has a polynomial
solution. In this appendix we remark that the following result concerning
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the set £(P) holds. Hereafter, for any o € K, we denote by H(«a) the
ordinary height of a, that is, the maximum of the absolute values of the
coefficients for the minimal polynomial of o over Z.

Theorem A. Let s be a positive integer with s > 2, and q a nonzero
element of K with ¢ € Ok or ¢! € Ok. Let a;(z) € Oklz), i =
0,1,...,s, be such that

7= as_1(1)as_1(=1)(a?_;(=1) = 2as(=1)as_a(—1)) # 0.

Let S = {wy,...,w} be the set of finite places of K for which |y|w, < 1,
and B an upper bound of the prime numbers py,...,ps with |pily, < 1.
Let P(z) = P(z;q) be a polynomial as above, where a; = ai(q) (i =
0,1,..,5). Then there exists a positive constant C, which is effectively
computable from quantities depending only on d, h, R,t, and B, such that
if £,(P) # {0}, then H(q) < C.

Note that we already proved the assertion of this theorem with a non-
cffective constant C' (see Theorem 1 of [2]). In that proof we applied a
generalized version of Roth’s theorem (see Chapter 7, Corollary 1.2 of
Lang [5]), which is not effective. However, as we see below, it is natural
in our situation to apply a result on S-unit equations, which is effective.

Proof of Theorem A. We first consider the case where g € Og. It follows
from the Proposition of [2] that if £(P) # {0}, then 1 & g are S-units.
Since

1-g+1+4g)=2,

(1—gq,14¢q) is a solution of the S-unit equation z; +xz2 = 2. Hence, by a
result on S-unit equations in two variables (see Corollary 1.3 of Shorey
and Tijdeman [6]), H(1 &+ q) is bounded from above by an effectively
computable constant depending only on the quantities given in the the-
orem. Since the minimal polynomial of ¢ over Z is Q(x + 1) if that of
1+ qis Q(z), H(q) is also bounded from above by a similar constant.
For the case where g~! € Ok, by the Proposition of [2] again, we
can apply the same argument replacing ¢ by ¢~!. Hence, by noting that
H(q™') = H(q), the desired assertion holds in this case. This completes
the proof. O
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1. INTRODUCTION

Lately, great progress have been made towards the determination of
all the normal CM-fields with class number one. Due to the work of
various authors, all the normal CM-fields of degrees less than 32 with
class number one are known. In contrast, up to now the determination
of all the non-normal CM-fields with class number one and of a given
- degree has only been solved for quartic fields (see [LO]). The present
piece of work is an abridged version of half the work to be completed
in [Bou] (the PhD thesis of the first author under the supervision of
the second auhtor): the determination of all the non-normal sextic CM-
fields with class number one, regardless whether their maximal totally
real subfield is a real cyclic cubic field (the situation dealt with in the
Present paper) or a non-normal totally real cubic field.

Let K range over the non-normal sextic CM-fields whose maximal
totally real subfields are cyclic cubic fields. In the present paper we
will prove that the relative class number of K goes to infinity with the
absolute value of its discriminant (see Theorem 4), we will characterize

27
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these K’s of odd class numbers (see Theorem 8) and we will finally
determine all these K'’s of class number one (see Theorem 10).
Throughout this paper K = F(v/—4) denotes a non-normal sextic
CM-field whose maximal totally real subfield F is a cyclic cubic field,
where § is a totally positive algebraic element of F. Let §; = 6, d, and
03 denote the conjugates of § in F and let N = F (\/—51, V=02, /—03)
denote the normal closure of K. Then, N is a CM-field with maximal
totally real subfield Nt = F (v/816,v3183) and k = Q(v/—d) is an
imaginary quadratic subfield of N, where d = §10203 = Ny ,q(9).

2. EXPLICIT LOWER BOUNDS ON
RELATIVE CLASS NUMBERS OF SOME
NON-NORMAL SEXTIC CM-FIELDS ]

Let hy = hx/hr and @n € {1,2} denote the relative class number
and Hasse unit index of K, respectively. We have

- _ @k [dk Ress=1(¢k)
" = 43\ dp Ress=1(¢r) o

where dg and Ress=1((g) denote the absolute value of the discriminant
and the residue at s = 1 of the Dedekind zeta function (g of the number
field E. The aim of this section is to obtain an explicit lower bound on
hx (see Theorem 4).

2.1. FACTORIZATIONS OF DEDEKIND
ZETA FUNCTIONS

Proposition 1. Let F be a real cyclic cubic field, K be a non-normal
CM-sexztic field with maximal totally real subfield F and N be the normal
closure of K. Then, N is a CM-field of degree 24 with Galois group
Gal(N/Q) isomorphic to the direct product Aqy x Co, Nt is a normal
subfield of N of degree 12 and Galois group Gal(N*/Q) isomorphic to
A4 and the imaginary cyclic sextic field A = Fk is the mazimal abelian
subfield of N. Finally, we have the following factorization of Dedekind
zeta functions :

N/t = (Ca/CR)(Ck/CR)® (2)

Proof. Let us only prove (2). Set Ko = A = Fk and K; = F(v/-§),
1 < ¢ < 3. Since the Galois group of the abelian extension N/F is the
elementary 2-group Cz x Cs x Cy, using abelian L—functions we easily
obtain (N/{n+ = [[i=0(Ck,/¢F)- Finally, as the three Ky’s with 1 < ¢ <
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3 are isomorphic to K, we have (i = (k for 1 < i < 3, and we obtain
the desired result. o

2.2. ON THE NUMBER OF REAL ZEROS OF
DEDEKIND ZETA FUNCTIONS

For the reader’s convenience we repeat the statement and proof of
[LLO, Lemma 15]:

Lemma 2. If the absolute value dyy of the discriminant of a number
M satisfies dm > exp(2(vVm + 1 — 1)), then its Dedekind zeta func-
tion (m has at most m real zeros in the range sy = 1 — (2(Vm +1 —
1)2/logdm) < s < 1. In particular, {m has at most two real zeros in the
range 1 — (1/logdm) < s < 1.

Proof. Assume (M has at least m + 1 real zeros in the range [sp, 1[.
According to the proof of [Sta, Lemma 3] for any s > 1 we have

m+1 1 1 1
f(s)=s—sm_s—1 S( Z s—p)_s—l
p€]0,1], Cm(p)=0

1
<3 log dm + h(s)

where

h(s) = (:1?- - %logw) + %%(3/2) +ro (%(s) - log2)

where n > 1 is the degree of M and where p ranges over all the real
zeros in |0, 1[ of (M. Setting

\/m+1—sm_1 1-sm _1+2(\/m+1~1)

tp= e = 1 = = <2
m vm+1-1 vm+1-1 log dm
we obtain
vVm+1-1 (Vm+1-1)>

f(tm) =

1 1

= = —logd —logd h(tm),
tm — 1 1= sm 5108 dm < 5 logdu + h(tm)
and since h(t;,) < h(2) < 0 we have a contradiction.

Indeed, let v = 0.577--- denote Euler’s constant. Since h'(s) > 0 for
8> 0 (use (I'/T)(s) = S i>olk + 5)72), we do have h(tm) < h(2) =
1-n(y+logm)/2+r1(1—Tlog2) < (1 —n(y+logm—1+log2)/2 < 0.
°
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2.3. BOUNDS ON RESIDUES

Lemma 3.

1. Let K be a sextic CM-field. Then, % <1-(1l/alogdk) < B<1
and (k(B) < 0 imply

1—
Resg=1((k) > EKmﬁ- where eg :=1-— (67rel/6a/d;(/6). (3)
2. If F is real cyclic cubic field of conductor fr then

(log fr + 0.05)?, (4)

N

Ress=1(CF) <

and % < B <1 and (p(B) =0 imply

1

_8'3 log? dp. (5)

Res;—1(¢F) < 1

Proof. To prove (3), use [Lou2, Proposition A]. To prove (4), use [Loul].
For the proof of (5) (which stems from the use of [Lou4, bound (31)] and
the ideas of [Lou5]) see [Lou6]. @

Notice that the residue at its simple pole s = 1 of any Dedekind zeta
function (k is positive (use the analytic class number formula, or notice
that from its definition we get (k(s) > 1 for s > 1). Therefore, we have

lim,_,; k(s) = —oo and (k(1 — (1/alogdk)) < 0 if (k does not have
s<1

any real zero in the range 1 — (1/alogdk) < s < 1.

2.4. EXPLICIT LOWER BOUNDS ON
RELATIVE CLASS NUMBERS

Theorem 4. Let K be a non-normal sextic CM-field with mazimal to-
tally real subfield a real cyclic cubic field F of conductor fg. Let N

denote the normal closure of K. Set ex :=1— (6%61/24/d¥6). We have

hg > 6
K = K el/8x3(log fr + 0.05)2 log dn (©)

and dn < d%(z. Therefore, hy goes to infinity with dk and there are only
finitely many non-normal CM sexztic fields K (whose mazimal totally real
subfields are cyclic cubic fields) of a given relative class number.

Proof. There are two cases to consider.
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First, assume that (r has a real zero 8 in [1 — (1/logdn),1[. Then,
B > 1- (1/4logdk) (since [N : K] = 4, we have dny > di). Since
(x(B) = 0 <0, we obtain

1-4

Ress=1(Ck) > K—1/g (7)

(use Lemma 3 with a = 4). Using (1), (5), (7) and Qk > 1, we get

124/dk /dr > 24+/dk /dr

el/873logddp ~ K ei/sms (log? fr)(log dn)

hg 2 €k

(8)

(since [N : F} = 8, we have dN > dd = fFl\G).

Second assume that (¢ does not have any real zero in [1 - (1/logdn), 1[.
Since according to (2) any real zero 3 in [1 — (1/log dn), 1[ of (k would
be a triple zero of (N, which would contradict Lemma 2, we conclude
that (x does not have any real zero in [1 — (1/logdn),1[, and B :=
1—(1/logdn)) = 1 — (1/4logdk)) satisfies {(r(8) < 0. Therefore,

_Ress=1(CK) 2 €K_61/T10—gd_N 9)
(use Lemma 3 with a = 4). Using (1), (4), (9) and Qk > 1, we get (6).
Since the lower bound (8) is always better than the lower bound (6), the
worst lower bound (6) always holds.

Now, let § € F be any totally positive element such that K = F(v/=4).
Let §; = 4, d2 and 83 denote the three conjugates of § in F and set K; =
F(\/—_J,) Let N denote the normal closure of K. Since N = K1 K2K3
and since the three K;’s are pairwise isomorphic then dn divides dj?

(see [Sta, Lemma 7]), and dn < d}2. Finally, since fp = dll?/ ?< di(“ and

since \/dk /dp > d;</4, we do have hyy — o0 asdgx — 00 ®

3. CHARACTERIZATION OF THE
ODDNESS OF THE CLASS NUMBER

Lemma 5. Let K be a non-normal sextic CM-field whose mazimal to-
tally real subfiel F is a cyclic cubic field. The class number hk of K is
odd if and only if the narrow class number ki of F is odd and ezactly
one prime ideal @ of F is ramified in the quadratic extension K/F.

Proof. Assume that hyk is odd. If the quadratic extension K/F were
unramified at all the finite places of F then 2 would divide h{. Since
the narrow class number of a real cyclic cubic field is either equal to its
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wide class number or equal to four times its wide class number, we would
have hfi = 4 (mod 8) and the narrow Hilbert 2-class field of F would
be a normal number field of degree 12 containing K, hence containing
the normal closure N of K which is of degree 24 (see Proposition 1). A
contradiction. Hence, N/F is ramified at at least one finite place, which
implies H+ N K = F where H+ denotes the narrow Hilbert class field
of F. Consequently, the extens1on KH; /K is an unramified extension
of degree h of K. Hence hf divides hK, and the oddness of the class
number of K implies that hg is odd, which implies h = hp.

Conversely, assume that h is odd. Since K is a totally imaginary
number field which is a quadratlc extension of the totally real number
field F of odd narrow class number, then, the 2-rank of the ideal class
group of K is equal to t—1, where ¢ denotes the number of prime ideals of
F which are ramified in the quadratic extension K/F (see [CH, Lemma
13.7]). Hence hk is odd if and only if exactly one prime ideal Q of F is
ramified in the quadratic extension K/F. o

Lemma 6. Let K be a non-normal sextic CM-field whose mazimal to-
tally real subfield F is a cyclic cubic field. Assume that the class number
hk of K is odd, stick to the notation introduced in Lemma 5 and let
q > 2 denote the rational prime such that QNZ = qZ. Then, (i) the
Hasse unit Qx of K is equal to one, (ii) K = F(\/—ag) for any totally
positive algebraic element ag € F such that ohF = (ag), (iii) there ez-
ists e > 1 odd such that the finite part of the conductor of the quadratic
extension K/F is given by Fg/p = Q°, and (iv) ¢ splits completely in
F.

Proof. Let Ur and Ug & denote the groups of units and totally positive
units of the ring of algebralc integers of F, respectively. Since h is odd
we have Uf = UZ. We also set h = h;, which is odd (Lemma 5)

1. If we had @k = 2 then there would exist some € € Ug * such that
K = F(y/=¢). Since U = UZ, we would have K = F(\/ 1) and
K would be a cyclic sextic field. A contradiction. Hence, Qg = 1.

2. Let a be any totally positive algebraic integer of F such that K =
F(v/—a). Since Q is the only prime ideal of F which is ramified in
the quadratic extension K/F, there exists some integral ideal Z of
F such that (o) = 729!, with I € {0, 1}, which implies o = eaZal,
for a totally positive generator az of Z" and some € € U{;‘\' Since
Ug = U2, we have ¢ = n? for some n € Up and K = F(v/=a) =

F(V—ah) = F(1/—ak). If we had | = 0 then K = F(v/—1) would
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be a cyclic sextic field. A contradiction. Therefore, | = 1 and

K = F(y/=ag).

3. Since Q is the only prime ideal of F ramified in the quadratic
extension K/F, there exists e > 1 such that Fix,r = Q°. Since
K/F is quadratic, for any totally positive algebraic integer o € F
such that K = F(y/—a) there exists some integral ideal Z of F such
that (4a) = I>Fk r (see [LYK]). In particular, there exists some

integral ideal Z of F such that (dag) = (2)2Q" = I?Fkp =
720Q° and e is odd.

4. If (g¢) = Q were inert in F, we would have K = F(y/—¢") =
F(v=9). If (¢) = Q° were ramified in F, we would have K =

F(y—ag) = F(;/—a}) = F(/—¢3") = F(\/=q). In both cases,

K would be abelian. A contradiction. Hence, g splits in F. o

3.1. THE SIMPLEST NON-NORMAL SEXTIC
CM-FIELDS

Throughout this section, we assume that hg? is odd. We let Ap de-
note the ring of algebraic integers of F and for any non-zero o € F we
let v(a) = £1 denote the sign of Ng/q(). Let us first set some no-
tation. Let ¢ > 2 be any rational prime which splits completely in a
real cyclic cubic field F of odd narrow class number h;, let Q be any
one of the three prime ideals of F above g and let ag be any totally

positive generator of the principal (in the narrow sense) ideal OhF. We
set Kr ¢ := F(,/—ag) and notice that Kg g is a non-normal CM-sextic
field with maximal totally real subfield the cyclic cubic field F. Clearly,
Q is ramified in the quadratic extension K/F. However, this quadratic
extension could also be ramified at primes ideals of F above the rational
prime 2. We thus define a simplest non-normal sextic CM-field as
being a Kr g such that Q is the only prime ideal of F ramified in the
quadratic extension Kr g/F. Now, we would like to know when is Kr ¢
a simplest non-normal sextic field. According to class field theory, there
is a bijective correspondence between the simplest non-normal sextic
CM-fields of conductor Q¢ (e odd) and the primitive quadratic charac-
ters xo on the multiplicative groups (Ap/Q¢)* which satisfy xo(e) = v(e)
for all e € Up (which amounts to asking that Z — x(Z) = v(az)xo(az)
be a primitive quadratic character on the unit ray class group of L for the
modulus Q¢, where a7 is any totally positive generator of Ih;). Notice
that x must be odd for it must satisfy x(—1) = v(-1) = (-1)3 = -

Since we have a canonical isomorphism from Z/¢®Z onto Ap/Q¢, there
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exists an odd primitive quadratic character on the multiplicative group
(Ar/Q°)*, e odd, if and only if there exists an odd primitive quadratic
character on the multiplicative group (Z/¢°Z)*, e odd, hence if and only
if [ =2and e = 3] or[g=3(mod4) and e = 1], in which cases
there exists only one such odd primitive quadratic character modulo Q¢
which we denote by xg. The values of xg are very easy to compute: for
a € Ay there exists ay € Z such that o = a4 (mod Q%) and we have
xeo(a) = xq(as) where x4 denote the odd quadratic character associated
with the imaginary quadratic field Q(,/=¢). In particular, we obtain:

Proposition 7. K = F(\/=ag) is a simplest non-normal sextic CM-
field if and only if ¢ # 1 (mod 4) and the odd primitive quadratic char-
acter xg satisfies xg(€) = Np;q(€) for the three units € of any system
of fundamental units of the unit group Ur of F. In that case the finite
part of the conductor of the quadratic extension Kr o/F is given by

TKro/F = Q= {93 if g=2

3.2. THE CHARACTERIZATION

Now, we are in a position to give the main result of this third section:

Theorem 8. A number field K is a non-normal sextic CM-field of odd
class number and of mazimal totally real subfield a cyclic cubic field ¥
if and only if the narrow class number ki of F is odd and K = Kr o=
F(y/~ag) is a simplest non-normal sextic CM-field associated with F
and a prime ideal Q of F above a positive prime ¢ # 1 (mod 4) which
splits completely in F and such that the odd primitive quadratic character
xg satisfies xg(e) = Ng/q(e) for the three units € of any system of
fundamental units of the unit group Ug of F.

4. THE DETERMINATION

Since the K, g’s are isomorphic when Q ranges over the three prime
ideals of F above a split prime q and since we do not want to distinguish
isomorphic number fields, we let Kr, denote any one of these Kg,o.
We will set § := Ng,q(Fk,r). Hence, §=qifg>2and §=2%ifqg=2.

Theorem 9. Let K = K 4 be any simplest non-normal sextic CM-field.
Then, Qx =1, dx = §d} = Gf§, dn = §%d} = @di = §*2f2°, and (6)
yields :
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Jor "

el/8m3(log fr + 0.05)2 log(q'2 f1°)

hyg 2 ek

(where ex := 1 — (6#61/24/d11</6) > €ep:=1- (67r€1/24/31/6f1.2~/3))- In

particular, if hk = 1 then fr < 9-10° and for a given fr < 9-10°
we can use (10) to compute a bound on the ¢’s for which hyy = 1. For
ezample hx = 1 and fp = 7 imply § < 5- 107, hx = 1 and fp > 1700
imply § < 10°%, hg = 1 and fr > 7200 imply ¢ < 10* and hx = 1 and
fr > 30000 imply ¢ < 103.

Proof. Noticing that the right hand side of (10) increases with § > 3, we
do obtain that fr > 9-10° implies hiz > 1. ®

Assume that hyg rq = L Then hf = 1, fr = 1 (mod 6) is prime or

fF=9 fF<9- 10%, and we can compute Bp such that (10) yields
hie, > 1 for ¢ > Br (and we get rid of all the ¢ < Bf for which either
9q

g = 1 (mod 4) or g does not split in F (see Theorem 8)). Now, the
key point is to use powerful necessary conditions for the class number of
Kp 4 to be equal to one, the ones given in [LO, Theorem 6] and in [Oka,
Theorem 2]. Using these powerful necessary conditions, we get rid of
most of the previous pairs (g, fr) and end up with a very short list of less
than two hundred pairs (g, fr) such that any simplest non-normal sextic
number fields with class number one must be associated with one of these
less than two hundred pairs. Moreover, by getting rid of the pairs (g, fr)
for which the modular characters xg do not satisfy xg(¢) = Ng/q(¢) for
the three units € of any system of fundamental units of the unit group
Uy, we end up with less than forty number fields Kp 4 for which we have
to compute their (relative) class numbers. Now, for a given F of narrow
class number one and a given K4, we use the method developed in
(Lou3] for computing hke . To this end, we pick up one ideal Q above
g and notice that we may assume that the primitive quadratic character
X on the ray class group of conductor Q associated with the quadratic
extension Ky ,/F is given by (@) — x(a) = v(a)xg(a) where u(q)
denotes the sign of the norm of a and where xg has been defined in
subsection 3.1. According to our computation, we obtained:

Theorem 10. There are 19 non-isomorphic non-normal sextic CM-
fields K (whose mazimal totally real subfields are cyclic cubic fields F)
which have class number one: the 19 simplest non-normal sextic CM-
fields Kp 4 given in the following Table :
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Table
fr g4 Pr(X) dx  px = dy
7 167 X3 -18X?+101X —167 7%-167 8.587---
7 239 X3-19X?24+118X-239 74.239 9.115---
7 251 X3-22X?24+145X —-251 74.251  9.190---
7 379 X3-26X2+181X-379 74.379 9.844.-.-.
7 491 X3 -26X%4+209X —491  74-491 10.278---
7 547 X3 —27X2%2 222X —547  74.547 10.464---
7 1051 X3 —34X%2+341X —1051 74.1051 10.668---
9 71 X3-30X%2+117X-171 94.71  8.804---
9 199 X3-39X%24+318X -199 9¢.199 10.454--.-.
9 379 X3-30X24237X—-379 94.379 11.639..-
9 523 X3-57X24+507X —523 94.523 12.281-..7
9 739 X3-33X2+315X—739 94-739 13.009---
13 47 X3 —-15X2 462X — 47 13%-47 10.502---
13 79 X3 -14X%2+61X-179 1379 11.452...
19 31 X3—-11X2+34X -31 194.31 12.620---
19 83 X3-18X2+89X —83 194 .83 14.871---
31 2 X3-12X%24+17X -2 314.23 13.955...
37 11 X3-10X?2+21X -11 374.11 16.558---
61 3 X3 —-15X24+14X -3 614-3 18.609- -

In this Table, fr is the conductor of F and F is also defined as being the
splitting field of an unitary cubic polynomial Pp(X) = X3 —aX2+bX —c
with integral coefficients and constant term ¢ = q which is the minimal
polynomial of an algebraic element ay € F of norm q such that Kfrq =
F(\/=ag). Therefore, Ky 4 is generated by one of the complex roots of
the sextic polynomial PKF,,,(X) =—-Pp(—X?) = X6+ aX* + bX2 +c.
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Abstract  We discuss the solubility of the ternary equations z2+y>+2* = n for an
integer k with 3 < k < 5 and large integers n, where two of the variables
are primes, and the remaining one is an almost prime. We are also
concerned with related quaternary problems. As usual, an integer with
at most r prime factors is called a P.-number. We shall show, amongst
other things, that for almost all odd n, the equation 22 +p3+p3 = n has
a solution with primes pi1, p2 and a Pis-number z, and that for every
sufficiently large even n, the equation x + p? + p3 + p = n has a solution
with primes p; and a P;-number z.

1991 Mathematics Subject Classification: 11P32, 11P55, 11N36, 11P05.

1. INTRODUCTION

The discovery of the circle method by Hardy and Littlewood in the
1920ies has greatly advanced our understanding of additive problems in
number theory. Not only has the method developed into an indispens-
able tool in diophantine analysis and continues to be the only widely
applicable machinery to show that a diophantine equation has many so-
lutions, but also it has its value for heuristical arguments in this area.

1Written while both authors attended a conference at RIMS Kyoto in December 1999. We
express our gratitude to the organizer for this opportunity to collaborate.
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This was already realized by its inventors in a paper of 1925 (Hardy and
Littlewood [14]) which contains many conjectures still in a prominent
chapter of the problem book. For example, one is lead to expect that

the additive equation
S
D oafi=n (1.1)
1=1

with fixed integers k; > 2, is soluble in natural numbers z; for all suffi-
ciently large n, provided only that

1
i=1

and that the allied congruences

S
fo" =n (mod gq)

i=1

have solutions for all moduli ¢. In this generalization of Waring’s prob-
lem, particular attention has been paid to the case where only three
summands are present in (1.1). Leaving aside the classical territory of
sums of three squares there remain the equations

24y +2k=n (k > 3), (1.3)
?+y3+2k=n (3<k<5). (1.4)

For none of these equations, it has been possible to confirm the result
suggested by a formal application of the Hardy-Littlewood method. It
is known, however, that for almost all*> natural numbers n satisfying
the congruence conditions, the equations (1.3) and (1.4) have solutions.
Rather than recalling the extensive literature on this problem, we content
ourselves with mentioning that Vaughan [28] and Hooley [16] indepen-
dently added the missing case k = 5 of (1.4) to the otherwise complete
list provided by Davenport and Heilbronn [6, 7] and Roth [24]. It came
to a surprise when Jagy and Kaplansky [21] exhibited infinitely many
n not of the form z? + y? + 29, for which nonetheless the congruence
conditions are satisfied.

In this paper, we are mainly concerned with companion problems in
additive prime number theory. The ultimate goal would be to solve

2We use almost all in the sense usually adopted in analytic number theory: a statement is

true for almost all n if the number of n < N for which the statement is false, is o(N) as
N — oo.
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(1.3) and (1.4) with all variables restricted to prime numbers. With
existing technology, we can, at best, hope to establish this for almost
all n satisfying necessary congruence conditions. A result of this type is
indeed available for the equations (1.3). Although the authors are not
aware of any explicit reference except for the case k = 2 (see Schwarz
[26]), a standard application of the circle method yields that for any
k > 2 and any fixed A > 0, all but O(N/(log N)A) natural numbers
n ; N satisfying the relevant congruence conditions® are of the form
n=p?+ p3+ p’g, where p; denotes a prime variable.

If only one square appears in the representation, the picture is less
complete. Halberstam [10, 11] showed that almost all n can be written
as

pi+p+2°=mn, (1.5)

and also as
22 +y +pt=n. (1.6)

Hooley [16] gave a new proof of the latter result, and also found a similar
result where the biquadrate in (1.6) is replaced by a fifth power <.)f a
prime. In his thesis, the first author [1] was able to handle the equations

?+pi+ps=n (3<k<H) (1.7)

for almost all n. The replacement of the remaining variable in (1.5) or
(1.7) by a prime has resisted all attacks so far. It is possible, however, to
replace such a variable by an almost prime. Our results are as follows,
where an integer with at most r prime factors, counted according to
multiplicity, is called a P.-number, as usual.

Theorem 1. For almost all odd n the equation z% + p} + p3 =n has a
solution with a Pis-number x and primes pi,ps.

Theorem 2. Let N; be the set of all odd natural numbers that are not
congruent to 2 modulo 3. ' ‘

(i) For almost all n € Ny, the equation % + p3 + p} = n has solutions
with a Pg-number x and primes p1, p2. A
(ii) For almost all n € Ny, the equation p? + y® + p4 = n has solutions
with a Py-number y and primes py,pa.

3The condition on n here is that the congruences z2 + y2 + z*¥ = n (mod ¢) have solutions
with (zyz,q) = 1 for all moduli g¢. On denocting by gx the product of all primes p > 3 such
that (p — 1)|k and p = 3 (mod 4), this condition is equivalent to (i) n = 1 or 3 (mod 6) when
k is odd, (ii) n = 3 (mod 24), n # 0 (mod 5) and (n — 1,qx) = 1 when lc' is even but 41 k,
(iii) n = 3 (mod 24), n #Z 0, 2 (mod 5) and (n — 1,qx) = 1 when 4'|k. It is easy to see that
almost all n violating this congruence condition cannot be written in the proposed manner.
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Theorem 3. Let Ny be the set of all odd natural numbers that are not
congruent to 5 modulo 7.

(i) For almost all n € Ny, the equation z?2 +pd + pg = n has solutions
with a Ps-number z and primes p1, ps.

(ii) For almost all n € Ny, the equation p? + y° + p3 = n has solutions
with a P3-number y and primes p1,ps.

It will be clear from the proofs below that in Theorems 1-3 we ac-
tually obtain a somewhat stronger conclusion concerning the size of the
exceptional set; for any given A > 1 the number of n < N satisfying the
congruence condition and are not representable in one of specific shapes,
is O(N(log N)=4).

A closely related problem is the determination of the smallest s such
that the equation

) .
>zt =n (18)
k=1

has solutions for all large natural numbers n. This has attracted many
writers since it was first treated by Roth [25] with s = 50. The current
record s = 14 is due to Ford [8]. Early work on the problem was based
on diminishing ranges techniques, and has immediate applications to
solutions of (1.8) in primes. This is explicitly mentioned in Thanigasalam
[27] where it is shown that when s = 23 there are prime solutions for all
large odd n. An improvement of this result may well be within reach,
and we intend to return to this topic elsewhere.

When one seeks for solutions in primes, one may also add a linear
term in (1.8), and still faces a non-trivial problem. In this direction,
Prachar [23] showed that

m+pi+pi+pi+pi=n

is soluble in primes p; for all large odd n. Although we are unable to
sharpen this result by removing a term from the equation, conclusions
of this type are possible with some variables as almost primes. For
example, it follows easily from the proof of Theorem 2 (ii) that for all
large even n the equation

m+pi+P+pi=n

has solutions in primes p; and a Pj-number y. We may also obtain
conclusions which are sharper than those stemming directly from the
above results.

Theorem 4. (i) For all sufficiently large even n, the equation

P1+$2+pg+p§=n

AR
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has solutions in primes p; and a P3-number x.
(ii) For all sufficiently large even n, the equation

pr+z’+pi+p3=n
has solutions in primes p; and a Py-number z.

Further we have a result when the linear term is allowed to be an
almost prime.

Theorem 5. For each integer k with 3 < k < 5, and for all sufficiently
large even n, the equation

s+pl+py+pi=n
has solutions in primes p; and a Py-number x.

All results in this paper are based on a common principle. One first
solves the diophantine equation at hand with the prospective almost
prime variable an ordinary integer. Then the linear sieve is applied to
the set of solutions. The sieve input is supplied by various applications
of the circle method. This idea was first used by Heath-Brawn [15], and
for problems of Waring’s type, by the first author [3].

A simplicistic application of this circle of ideas suffices to prove Theo-
rem 5. For the other theorems we proceed by adding in refined machinery
from sieve theory such as the bilinear structure of the error term due to
Iwaniec [19], and the switching principle of Iwaniec [18] and Chen [5].
The latter was already used in problems cognate to those in this paper
by the second author [22]. Another novel feature occurs in the proof of
Theorem 2 (ii) where the factoriability of the sieving weights is used to
perform an efficient differencing in a cubic exponential sum. We refer
the reader to §6 and Lemma 4.5 below for details; it is hoped that such
ideas prove profitable elsewhere.

2. NOTATION AND PRELIMINARY
RESULTS

We use the following notation throughout. We write e(a) = exp(2mia),
and denote the divisor function and Euler’s totient function by 7(g) and
©(q), respectively. The symbol z ~ X is utilized as a shorthand for
X <z <5X,and N < M is a shorthand for M <« N <« M. The
letter p, with or without subscript, always stands for prime numbers.
We also adopt the familiar convention concerning the letter ¢: whenever
€ appears in a statement, we assert that the statement holds for each
€ > 0, and implicit constants may depend on €.
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We suppose that N is a sufficiently large parameter, and for a natural
number k, we put

1 1
Xy = gNi
We define
frlesd) = > e(zka), ow(@Q) =Y e(pfa),
T~ X p~Q
z=0 (mod d)
q q
_ 9 k * — E k
Sk(q’a) - ;e(qr )7 Sk(q?a) ; e(qr )7
5X (TQ) ' k
= [ ek .0) = / e(t"8)
w(®) = [ et i @)= [ G0
and write

ge(a) = gr(a; Xk),  w(B) = v(B; X).

By a well-known theorem of van der Corput, there exists a constant
A such that the following inequalities are valid for all X > 2 and for all
integers k with 1 < k < 5;

> r(lek - o)) < X (log X)4,
z,y~X
z#y
Z 7(|z¥ + 2k — 2k — 25)) 0 < X4 (log X)A
z']rvX (l<]<4)
zhrakfak ok

(2.1)

We fix such a number A > 500, and put
L=(logN)>*®,  9(g,a) = {a €[0,1]; |a—a/q| < L/N}.

Then denote by 9 the union of all M(g,a) with 0 < a < ¢ < L and
(g,a) = 1, and write m = [0,1) \ M. It is straightforward, for the most
part, to handle the various integrals over the major arcs 9t that we
encounter later. In order to dispose of such routines simultaneously, we
prepare the scene with an exotic lemma.

Lemma 2.1. Let s be either 1 or 2, and let k and ki (0<j<s) be
natural numbers less than 6. Suppose that w(B) is a functzon satisfying

w(B) = Cuk(B) + O(Xi,(log N)~2) with a constant C, and that the
function h(a) has the property

h(a) = ¢(q) 'Sk, (g, @)w(a — a/q) + O(Xk, L7%),
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for a € M(g,a) C M. Suppose also that \/ Xy, < Q; < Xy, for 1 <j <
s, and write

Adlg,n) =g p(g)'7° Z Sk(q, ad") H‘Sk g,a) e(—an/q), (2.2)

(a,q)1 1
Sa(n, L) = Y Aalg,n), (2.3)
q<L
o) = [ " By (8) T [k, (8 @) e(~nB)ds, (2.4)
N
L/N ’ s ﬁ)dﬁ (2 5)
J(n) = / OO ]Izllvkj (8;Q;) e(~nB)d, |

and put Q = [[;, Q. Then for N <n < (6/5)N and1<d< X LS,
one has

| fites i) TTow, (@5@)) e(~na)da

] 1
= EGd(n, L)J(n) + 0(3{—%—’262), (2.6)
J(n) = (Clog Xi + O(log L))I(n), (2.7)
and
I(n) = Xp X, QN1 (log N)~27%. (2.8)

Proof. When a =a/q+ (3, (¢,a) =1, q < L and || < L/N, it is known

that

Sk(Q7a'dk)
qd

Sy
gk (e; Q5) = ’C:Og) )vk,w Q) + o(QJ)

filo;d) = uk(6) + O(L),

(2.9)

for 1 < j < s. These are in fact immediate from Theorem 4.1 of Vaughan
[30] and a minor modification of Lemma 7.15 of Hua [17]. Thus straight-
forward computation leads to (2.6).

It is also known, by a combination of a trivial estimate together with
a partial integration, that

we(B) < Xk(L+NIB) ™!, vko(B) < Xio(log N) T} (1+N]B) 7" (2.10)
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By these bounds and the trivial bounds vx;(8;Q;) < Q;(log N)~! for
1 < j < s, we swiftly obtain the upper bound for I(n) contained in
(2.8). To show the lower bound for I(n), we appeal to Fourier’s inversion
formula, and observe that

N K\l 4t
- 528 o S0 T
j=0 7=0 !

j=0
where the region of integration is given by the inequalities X ko St <

5Xkoy Q5 <t; <5Q; (1< j < 5) and n— (5Xe)* < T3_ot) <n— XE.
Noticing that all of these inequalities are satisfied when (N/5)1/k0 < ¢5 <
L.01(N/5) /%0, Q; < t; <1.01Q; (1 <j < s)and N <n < (6/5)N, we
obtain the required lower bound for I(n).

It remains to confirm (2.7). By the assumption on w(8), together

with (2.10) and the trivial bounds for Uk, (B; Qj), we see

L/N s
Jn) = C [  w(B(8) ] Jur;(8;Q5) e(~nB)dp
~L/N i1

L/N
+0(X1-01,Qog 3 [ o0 NIg)1ag).

Then we use the relation
5%k Jog X\, + O(1
ug(8) = / g Xe + O(1)
X logt
and appeal to (2.10) once again. We consequently obtain
J(n) = CI(n)log Xi + O(X X4, QN ' log L(log N)~%7%),

which yields (2.7), in view of (2.8), and the proof of the lemma, is com-
pleted.

e(t*B)dt = vk(B) log Xy + O(Xi(log N)™1),

When we appeal to the switching principle in our sieve procedure, we
require some information on the generating functions associated with
almost primes. We write

0(z) =[] », (2.11)
p<z

and denote by () the number of prime factors of z, counted according
to multiplicity. Then define

gr(@; X, 1, 2) = Z e(:zka) = Z e((p1 ...pr)ka). (2.12)
TOSI € &
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Also, let Ci(u) = 1 or 0 according as u > 1 or u < 1, and then define
Cr(u) inductively for 7 > 2 by

max{u,r} Cr_1(€ — 1)
Cr(u) = /T —?Tdﬁ-
Lemma 2.2. Let B and § be fized positive numbers, k be a natural
number, and X be sufficiently large number. Suppose that z > X%, and
that « = af/q+ B, (g,a) =1, ¢ < (log X)B and |8] < (log X)BX k.
Then for r > 2, one has

g(e X, 1, 2) = 0(g)"LS1(, @)wn (B; X, 7, 2) + O(X (log X)™°F), (2.13)
where the function wi(0; X, r, z) satisfies

log X
log z

wk(B; X,1,2) = Cr (1o Juk(B5 X) + O(X(log X)) (2.19)

Here the implicit constants may depend only on k, B and d.

Proof. We begin with the expression on the rightmost side of (2.12),
and write b = p;...p,_ for concision. The innermost sum over p,
becomes, by the corresponding analogue to the latter formula in (2.9)
([17], Lemma 7.15),

X[ c(ukbk _ _
wlq)~ 'Sty r/,bk)/ (l(—r@-du + O(Xxb~(log X)~38)
max{ X/b,pr 1} nu
X (t*6) 5B
=p(q) 'St(q,a i—~—dt+O(Xkb_1(logX) )s
p( l) K ) miax{ X,bp, |}h10g(t/b)
since (¢,h) = 1. Thus, on putting

1 logt
na) = D g

25 < Spr-i

bpr—1<t (215)
5X k
’ e(t*p)
. X — . dt,
’“l.':(ﬂu X,I,Z) /;( C(t,’l",Z) 10gt
we obtain the formula (2.13).
We shall next establish the formula
logt -1
(- = = ] , 2.16
c(t;r, 2) Cr(logz) + O((log 2) ™) (2.16)

for r > 2. Proving this is an exercise in elementary prime number theory,
and we indicate only an outline here. It is enough to consider the case
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2" < t, because c(t;r, z) = Cr(logt/logz) = 0 otherwise. When r = 2,
the formula (2.16) follows from Mertens’ formula. Then for » > 3, one
may prove (2.16) by induction on r, based on Mertens’ formula and the
recursive formula

logt
c(tyr,z) = ———c(t/p1;r — 1,p1).
( ) Zl D1 10g(t/p1) (/pl Pl)
z<p1<tl/r

From (2.16) and the definition of wi(8; X, r, 2) in (2.15), we can im-
mediately deduce (2.14), completing the proof of the lemma.

3. SINGULAR SERIES

In this section we handle the partial singular series G4(n, L) defined
in (2.3), keeping the conventions in Lemma 2.1 in mind. Namely, s is
either 1 or 2, and the natural numbers k and k; (0 < j < s) are less than
6. In addition we introduce the following notation which are related to
(2.2) and (2.3);

q s
A(g,n) = p(g)™° Z St (,a) [[S%, (. ) e(—an/q), 3.1)
j=0

ZAd (p",n),  Blp,n) =) _ A(p"n). (3.2)

h>0 h>0

The series defining By(p,n) and B(p,n) are finite sums in practice, be-
cause of the following lemma.

Lemma 3.1. Let 0(p, k) be the number such that pP®*) is the highest
power of p dividing k, and let

0(p,k) +2, whenp=2 and k is even,

v(p, k) = { O(p,k)+1, whenp>2 ork is odd. (3.3)

Then one has S;(p",a) = 0 when p{a and h > ~y(p, k).
Proof. See Lemma 8.3 of Hua [17].

Next we assort basic properties of Ag(q,n) et al.
Lemma 3.2. Under the above convention, one has the following.
(i) Aa(g,n) and A(q,n) are multplicative functions with respect to q.

(ii) Ba(p,n) and B(p,n) are always non-negative rational numbers.
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(iii) Ag(p,n) = A(p,n) =0, whenp>7 and h > 2, or when p <5 and
h > 5.

Proof. The first two assertions are proved via standard arguments (refer
to the proofs of Lemmata 2.10-2.12 of Vaughan [30] and Lemmata 8.1
and 8.6 of Hua [17]). The part (iii) is immediate from Lemma 3.1, since
ki<6(0<3j<s).

Lemma 3.3. Assume that

o2in {7(p, k;)} < k.

Then one has By(p,n) = B, q)(p,n). One also has

BI(P, n) - %Bp(pa n) = (1 - %)B(p’ TL)

Proof. The assumption and Lemma 3.1 imply that A4(p", n) = A(p",n) =
0 for A > k, thus

k

k
n)=Y_ Adp"n), B(pn)=) A@p"n).  (34)

h=0 h=0

For h < k, we may observe that Si(p", ad*) = Sk(p", a(p,d)*), which
gives Ag(ph,n) = Ap,d) (p",n). So the former assertion of the lemma
follows from (3.4).
Next we have
1
Ai(p",m) - ;Ap(p’l,n)
ot

=p (") Y (Sk(p"a) - —Sk (", ap") HSk](p a) ( n).

@p=1

But, when 1 < h < k, we see

1
Sk(p", a) = Sp(p" @) + " = 5i (", a) + ‘;Sk(ph, ap"),

whence ) . 1
h _ = h - = h
Arlohm) = S Ap(otm) = (1~ 2) A", m).

Obviously the last formula holds for h = 0 as well. Hence the latter
assertion of the lemma follows from (3.4).
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Now we commence our treatment of the singular series appearing in
our ternary problems, where we set s = 1.

Lemma 3.4. Let A4(q,n) be defined by (2.2) with s = 1, and with
natural numbers k, ko and ky less than 6. Then for any prime p with
ptd, one has

|Aa(p, n)| < 4kkokip™ (p,n)"/2.
When p|d one has

| Aa(p, )| < ((ko, k1) = D)p~2(p,n) /2 + O(p™1/?).

Proof. For a natural number [, let A; be the set of all the non-principal
Dirichlet characters x modulo p such that x! is principal. Note that

card(A)) < (L,p—-1)-1<1-1. (3.5)
For a character x modulo p and an integer m, we write

p-1

T(x,m) = Zx('r)e(rm/p).
r=1

As for the Gauss sum 7(x, 1), we know that |7(x,1)| = p!/2, when x is
non-principal. It is also easy to observe that when x is non-principal, we
have 7(x,m) = Xx(m)7(x,1). When x is principal, on the other hand,
we see that 7(x,m) = p—1 or —1 depending on whether p|m or not. In
particular, we have

I7(x,m)| < p"/2(p, m)"/2, (3.6)

for any character x modulo p and any integer m.
By Lemma 4.3 of Vaughan [30], we know that

Sl(p7 a) = Z T(Yv 1)X(a)’ (37)

XEA

whenever p { a, and obviously S}(p,a) = Si(p,a) — 1. So when p{d, we
have Si(p, dk) = Sk(p,a) and

A4(p,n)
p—1 1
- 5 ZI(XXA}T(’X 1)x<a))I=I(w ;krw], Do) 1) e(~2n)
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1 — —
= (% )T (Bo, 7@y, DT (xbotbr, —n)
(T 0 e
'¢10€.Ak0
TPIEAkl
—Z > r(®@ D@5 D7, —n) + Y T® D —n)).
= wagﬁf xeAx

By appealing to (3.5) and (3.6), a straightforward estimation yields

- )72 L
At < p(lzzzi(pl’)z) TI(k — Dp*? +1)
i=0

< 4kkokip~!(p,n)Y/2.

When p|d, we have Si(p,ad*) = p, and the proof proceeds similarly.
By using (3.5), (3.6) and (3.7), we have

Aq(p,n) = (5_1—1)2 wz; (%o, 1)7 (%1, D7 (shot1, —n) + O(p~1/2).
0€ Ak
1/11€Ak1

Thus when p|d but p } n, we have Ag4(p,n) = O(p~1/2) by (3.6). When
p|n, we know 7(tot1,—n) = 0 unless ¢y is principal, in which case
we have T(¥oi1,—n) = p — 1 and ¢; = ¥, and then notice that g €
A(ko k1), Decause both of z,[;g" and 1/)3‘ are principal. Therefore when p|d
and p|n, we have

1 -
|Aa(p,n)| < o1 > plp-1)+0@
p YoE€A(kg k1)
< ((kov kl) - 1) + O(p_l/z))
by (3.5), and the proof of the lemma is complete.
Lemma 3.5. Let Ay(q,n), G4(n,L) and By(p,n) be defined by (2.2),

(2.3) and (3.2), respectively, with s = 1, and with natural numbers k, ko
and ky less than 6. Moreover put Y = exp(v/log N) and write

Pa(n,Y) = [[ Balp,n)- (38)
p<Y
Then one has

Z Z :%Qle(naL) — Py(n,Y)| < NL73,

n~N d<N
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Proof. We define Q to be the set of all natural numbers g such that
every prime divisor of ¢ does not exceed Y, so that we may write

Pa(n,Y) = Ga(n, L) = > Adlg,n (3.9)

in view of Lemma 3.2 (i). We begin by considering the contribution of
integers g greater than N1/% to the latter sum. Put = 10(log N)~/2.
Then, for ¢ > N'/%, we see 1 < (¢/N'/5)" = q"Y =2, and

S g, <Y Y lAda.m) = Y [ (S p™i4at,m)).

g>N1/5 q€Q p<Y h=0
q€Q

Since p" < Y7 = €', it follows from Lemmata 3.4 and 3.2 (iii) that

),

which means that there is an absolute constant C' > 0 such that

Y lA@n)l <y [Ta+c/m [Je I]C

g>N1/5 p<Y pld  pln
qeQ

N

Y p™Aa(p" n) =1+ 0(p7 (p,d) % (p,m)
h=0

Therefore a simple calculation reveals that

ST Aden)

n~N d<N g>N1/5
qeQ .
<v0gv)°( Y [I€) (X 221 )
n~N p|n d<N pld
< NY~L, (3.10)

Next we consider the sum

=% Zé B> Ad(q,n)f. (3.11)

n~N d<N L<g<NV/5
q€Q

Now write Ty(g,a) = ¢~ ¢(q)2Sk(q, ad")S}c"0 (¢,2)S%, (g, a) for short. By
(3.7) and (3.6) we have

Sk(p,ad®) < p/*(p,d)"/?, S} (p,a) < p'?, (3.12)
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whence Ty(p,a) < p~3/2(p,d)/? for all primes p with p { a. From the
latter result we may plainly deduce the bound

Tu(q,a) < ¢*~/%(q,d)"/?, (3.13)

for all natural numbers g with (g,a) = 1, in view of Lemma 2.10 of [30],
Lemma 8.1 of [17], as well as our Lemma 3.2 (iii). In the meantime we
observe that

Z‘ > Ad(‘]an)l2

n~NL<g<N1/5
q€Q
1
= Y > Ta(g1,01)Talg, a2) Y ( F q—)n)
L<q1, g2<NY/5 1<a;<q; (§=1,2) n~N 2 !

q1, @2€Q (a1,g1)=(az2,q2)=1

Unless ¢; = g2 and a1 = ag, we have ||az/qe—a1/q1]| > 1/(q1q) > N~2/3,
where ||B|| = minpez |8 — m/|, so the last expression is

<N Y Y meob+N (Y Y mea)

L<ash¥/e o1 SNV =1
<N Y ¢ (g, d) + NE¥,
q>L

by using (3.13). Consequently we obtain the estimate
LNy 2y @:9) | N% « NI log NlogL,
d
g>L d<N
which yields

SrP T den]«(vZ T

n~N d<N L<q<N1/5
qeQ

1
)2 .®% <« NL73.

The lemma follows from (3.9), (3.10) and the last estimate.

Lemma 3.6. Let B(p,n) be defined by (3.2) withs =1, k=2, kg =3
and 3 < k1 <5.

(i) When ky =5 and n is odd, one has B(p,n) > p~2 for all primes
.



54  ANALYTIC NUMBER THEORY

(i) When k1 =4, n is odd and n # 2 (mod 3), one has B(p,n) > p~2
for all primes p.

(iii) When k1 =3, n is odd and n # 5 (mod 7), one has B(p,n) > p~?2
for all primes p.

Proof. Since min{v(p,2),v(p,3)} = 1 for every p, Lemma 3.1 yields that

B(p,n) =1+ A(p,n)

p
= (=)™ ) S1(p, 0S5 (7, 0)S%, (p, @)e(~ o)
a=1

=% f)l)gM(p, n),

where M (p,n) denotes the number of solutions of the congruence z? +
3+ 3:3 =n (mod p) with 1 < z; < p (1 < j < 3). Thus in order to
show B(p,n) > p~2, it suffices to confirm that either |A(p,n)| < 1 or
M(p,n) > 0.

It is fairly easy to check directly that M(p,n) > 0 in the following
cases; (i) p = 2 and n is odd, (ii) p = 3 and k; = 3 or 5, (iii) p = 3,
k1 =4 and n # 2 (mod 3).

Next we note that for each | coprlme to p, the number of the integers
m with 1 < m < p such that I¥ = m* (mod p) is exactly (p— 1, k). Thus
it follows that

p-1 4
> ISk (p,a)? = > ISk(p,a)* — (p - 1)?
a=1 a=1
=plp-1)(p-1,k) - (p—1)2 = (v(p,k)p+ 1)(p — 1),

where we put v(p,k) = (p — 1,k) — 1. When p{ a, meanwhile, we know
that |Sa2(p, a)| = \/p by (3.7), whence |S5(p,a)| < \/p+ 1. Consequently
we have

4] < L2 “(Dss(p, 12) (Ziskl po |2)

= (VB +1)(p—1)2(v(p,3)p + )2 (v(p, k)p + 1)1, (3.14)

When p = 3 (mod 4), moreover, we know that Sa(p, a) is pure imaginary
unless pla, which gives the sharper bound |S3(p,a)] < v/p+1. For
such primes, therefore, we may substitute v/p + 1 for the factor vP+1
appearing in (3.14).
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Since ky < 5, we derive from (3.14) that

|A(p,n)] < (VP+ 1P —1)"2(2p+ 1)z (4p+1)7 < 1,
for p > 17. If p # 1 (mod 3), then we deduce from (3.14) that

|A(p,n)| < (VP +1)(p~1)"2(4p+1)3 < 1,

for p > 5. Thus it remains to consider only the primes p = 7 and 13.
When p = 13, it follows from (3.14) that |A(13,n)| < 1 for k; = 3 and
5. When p = 13 and k; = 4, we can check that M(13,n) > 0 for each n
with 0 < n <12 by finding a solution of the relevant congruence.
When p = 7, replacing the factor \/p+1 by v/p + 1 in (3.14) according
to the remark following (3.14), we have

|A(7,n)] < V8-672.-V15/((6,k1) —1)- T+ 1< 1,

for ky = 4 and 5. When p = 7 and k; = 3, we can check by hand again
that M(7,n) > 0 unless n =5 (mod 7).
Collecting all the conclusions, we obtain the lemma.

We next turn to the singular series which occur in our quaternary
problems. In such circumstances, we set s = 2.

Lemma 3.7. Let Ay(q,a) and G4(n, L) be defined by (2.2) and (2.3) with
s = 2 and natural numbers k and k; (0 < j < 2) which are less than
6, and suppose that min{k,ko} = 1. Then the infinite series S4(n) =
> a1 Ad(g,n) converges absolutely, and one has

Ga(n) =Y Adlg,n) = [[ Balp,n), (3.15)
g=1 P

as well as

> @ |Ga(n, L) — G4(n)| <« L73.
d<N

Proof. Suppose first that kp = 1. Since S}(p,a) = —1 when p { a, we
derive from (3.12) that

|Aa(p,m)| <P~ p-p2(p,d)2(p7)" < P2 (p,d)?%.
Thus, by Lemma 3.2 (i) and (iii), we have

|A4(g, n)| < ¢°73/%(g,d), (3.16)
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for all natural numbers q.

When k = 1, alternatively, it is obvious that S)(q,ad) < (¢,d) when-
ever (¢,a) = 1. So the estimate (3.16) is valid again by (3.12) and
Lemma 3.2.

Hence we have (3.16) in all cases. Then the absolute convergence of
S4(n) is obvious, and the latter equality sign in (3.15) is assured by
Lemma 3.2 (i). Moreover, a simple estimation gives

Z T—S—Q |64(n, L) — 64(n)| < qu_% Z %d)(q,d) < L7113,

d<N >L d<N

Lemma 3.8. Let B(p,n) be defined by (3.1) and (3.2) withs = 2, k = 1,
ko = 2, k1 = 3 and any ky. Then one has B(p,n) > p~2 for all even n
and primes p.

Proof. 1t is readily confirmed that the congruence z; + z3 + z3 +x§2 =n

(mod p) has a solution with 1 < z; < p (1 < j < 4) for every even n
and every prime p. The desired conclusion follows from this, as in the
proof of Lemma 3.6.

4. ESTIMATION OF INTEGRALS

In this section we provide various estimates for integrals required later,
mainly for integrals over the minor arcs m defined in §2. We begin with
a technical lemma, which generalizes an idea occurring in the proof of
Lemma 6 of Briidern [3].

Lemma 4.1. Let X and D be real numbers > 2 satisfying log D <«
log X, k be a fized natural number, t be a fired non-negative real number,
and let 7 = r(d) and b = b(d) be integers with r > 0 and (r,b) = 1 for
each natural number d < D. Also suppose that q and a are coprime
integers satisfying |ga — a} < Xk2 gnd 1 < q < X*/2_ Then one has

X k 7(¢)"" X log X 1
— d +€D.
2O (@) rtant) " o G

Proof. Let D be the set of all the natural numbers d < D such that
r < X*?2/(3D%) and [|rd*a - b < 1/(3X*/2).
When d < D but d € D, we have

T(r)'(r + (X/d)*|rd* e — b|)—1/k < (r+ (X/d¥|rd*a — bl)(e—l)/k
< (VX/D)*!,
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whence

-

X X k k lie
> 7r) (r+( ) Ird*a — bl) < Xz*D. (4.1)
d<D
dgD
When d € D, we have
lgb — rd*a| < grd*a — b + rd*|ge — af
< Xk/2 . (3xk/2)—1 + Xk/2(3Dk)—-1 . Dk 'X-k/z <1
which means rd¥a = gb. Since (g,a) = (r,b) = L, it follows that r =
q/(q,d*), and therefore

Z—;ST( )t (r+( ) Ird¥a — bl)

deD

?rlv-'

dk l/k

XT ,
~ (g +X’°|qgl )1/k Z . (4.2)

Moreover we have easily

> d7Y(g,d*) R < Y d7N(g,d) < T(g)log X.
d<D d<D

The lemma follows from (4.1), (4.2) and the last inequality.

We proceed to the main objective of this section, and particularly
recall the notation fx(c;d), gr(c), L, 9 and m defined in §2. In addition
to these, we introduce some extra notation which is used throughout this
section.

We define the intervals

N(g,a;Q) = {e € [0,1]; lga —a| < Q/N},

denote by 9(Q) the union of all 9M(q,a; Q) with 0 < a < ¢ £ Q and
(g,a) = 1, and write n(Q) = [0,1] \ M(Q), for a positive number Q.
Note that the intervals (g, a; Q) composing M(Q) are pairwise disjoint
provided that @ < Xs.

For the interest of saving space, we also introduce the notation

hi(a) = hi(os (az)) = Y, aze(z*a),

z~X k
where (a;) is an arbitrary sequence satisfying

0<a, K1,
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for all z ~ Xj. In our later application, we shall regard hy () as gi () or
some generating functions associated with certain almost primes, which
are represented by sums of the functions gi(c; X,r,2) introduced in
(2.12).

Lemma 4.2. For given sequences (A,) and (u,) satisfying
Pl <1, | £1, (4.3)
define
(@)= B@D, 0 () = 3 h Y mhlaw). (44

u<D?/3  y<D/3

Let k=4 or5, and D = X§ with 0 < 6 < (6 — k)/(2k). Then one has
[ Fx(@)ha(@gn(@)da < NEE og N)4,
m

and
[ 1n1@Fa(@g(@)a(@)lde < NEEog M)A

Proof. The latter estimate follows from the former, since we see, by
Schwarz’s inequality and orthogonality,

1 3 i
/ |91 F293gk|da < ( / |91|2da> < / |F2939k|2d0>
m 0 m

1 \
<<N§(/ | Fag39k| da) .
m

So it suffices to prove the former inequality.

We begin with estimating F5(c). For each pair of u and v, we can
find coprime integers r and b satisfying |ru?v?a — b| < uv/X; and 1 <
7 < Xo/(uv), by Dirichlet’s theorem (Lemma 2.1 of Vaughan [30]). Then
using Theorem 4.1, (4.13), Theorem 4.2 and Lemma 2.8 of Vaughan [30],
we have the bound

Xa(uv)~!

folosuw) < (o) () raotar - bl)1/2

+ (Xg(uv)‘l)%+€.

We next take integers s, ¢, ¢ and a such that

|sula —c| < u/Xa, s< Xo/u, (s,c)=1,
Iqa - al < 1/X27 q< X2, (Q) a) =1
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Then by (4.3) and repeated application of Lemma 4.1, we have

Fy(a)
-1 N

« ¥ X2 (uv) - + x}* D}

u<D?/3 y<D1/3 (7‘ + (Xg/(uv))zlru2v2a - b])
< ( Xou~l7(s)log X + (&) %+€D1/3> N X2%+ED%

u<D2/3 (s + (X2/u)?|sula — cl)l/2 U

2 2 1
X27(g)*(log N) +er+ED§. (45)

(g + Nlga — a|)1/2
We now define, for o e N(g, a; X2) C N(X2),
Ga(@) = Xa7(g)*(log N)*(g + Nlga — a|)7'/2,
and Ga(a) = 0 for o € n(X3), so that we may express the estimate (4.5)
as

1
3te

Fy(a) < Go(a) + X2 D3, (4.6)

for a € [0,1].
We next set

1
1= [ |FahoguPd, 1= [ Fabdgtida, = [ [Gasgude.
m 0 m
The inequality (4.6) yields

1
< Xz DL + / G2 Feh3gilde,

m

but the last integral is < I/ 2121 /2 by Schwarz’s inequaity. Thus we have

1
1< X2 Din + 1. (4.7)

To estimate I, we first note that the first inequality in (2.1) swiftly
implies the bound

1
/0 |hi|*da < XP(log N)A, (4.8)

for each integer [ with 1 <[ < 5, by considering the underlying diophan-
tine equation. Secondly we estimate the number, say S, of the solutions
of the equation z? + y¥ + y& = 22 + y§ + y§ subject to 21,22 ~ X2 and
y;j ~ X (1 £ j < 4), not only for the immediate use. Estimating the
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number of such solutions separately according as z; # x5 or z; = xo,
we have

S< 3wl + vk - vk - ) +X2/ [felas 1)[*da
yy~X (1<j<4)
'U1+y2?éy3+yq

< (X# + X2X37) (log N)A, (4.9)

by (4.8) and our convention (2.1). Thirdly we note that

Fya) = Z,bxe(w2a), where by = Z Aubby,  (4.10)
x~X2 uv|x
uSDZ/I!) vSD1/3

by (4.4), and that b, < X§ for £ ~ X, by (4.3) and the well-known
estimate for the divisor function. Consequently, by orthogonality, we
have

1
/ |F2gilda < X58 < N3tE+e,
0

for K = 4 and 5. Finally it follows at once from (4.8) and the last
inequality that

1 1
L < (/ |h3|4da> (/| gg|da>2<<N%+%+€. (4.11)

We turn to I. For later use, we note that the following deliberation
on Iy is valid for 3 < k < 5. Our treatment of integrals involving Ga(a)
or its kin is motivated by the proof of Lemma 2 of Briidern [2]. Putting
L' = (log N)!24, we denote by 91; the union of all N(q, a; X3) with
N[ < ¢< X5,1<a<gqand (a,q) = 1, and by 9N, the union of all
MN(q,a; X2) with 0 < a < ¢ < N/3L" and (a q) = 1. We remark that
m(Xg) =7 UN,.

By the above definitions we have

/ |Gagel*da
m

T X2/@aN) (g, (a/q + B)[4
< X$(log N)B (" Z / '9’21 in ﬂ?' dB. (4.12)
N1/3L’<q<X

We define 1 to be the number of solutions of the equation z¥ + ac’2° -

z’§ — x{,f = | in primes z; subject to z; ~ X (1 < j < 4), so that
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lgk (@)t = 3, ¥ie(le). As we know that 9o < X721, we see

q
Sloela/a+ B =q > welB) <g Y, di+aeXpt.
a=1 1=0 (mod q) 1=0 l(;éngd q)

We substitute this into (4.12). Then, after modest operation we easily
arrive at the estimation

/ |Gag|*da
R

8 (a8
< X3N~!(log N) (Zzp, > f—(g)—+x,§+fz%>.(4.13)

I£0 N[ <q<Xo g<X2
qll

Since we are assuming that A is so large that (2.1) holds, we have

Yow Y, (@Bt < (N wur(1)°

l#0 NY3L'<g<X, 1#0
qll

< XIN~Y3(log N)~ 114,

Thus, recalling that k is at most 5, we deduce from (4.13) that
/ |Gagi|ida < X3 XEN"43(log N)B-114,
M

By this and (4.8), we have

1 % 2
/ |G2hggk\2da <K (/ |h3|4da> (/ IngkYida)
n 0 P13

< N3*#(log )54, (4.14)

Next define ; by means of the formula |h3( W2 = 3, ¥e(la), and
write 4} for the number of solutions of z3 —y3 = subJect to z,y ~ X3.
It follows from our convention on hs(c) that 9] < ¢]. Then, proceeding
as above, we have

Az |G2hs|°de < X3 (log N) N1/3L’ Z/ 1+Nﬂ ﬁ

< (log N) (Z¢ Sor@t+ug D T(q)4>-

I#0 |l q<NV/3[L



62  ANALYTIC NUMBER THEORY

The sums appearing in the last expression can be estimated by (2.1) and
a well-known result on the divisor function. Thus we may conclude that

/ lG2h3I2da < N2/3(10g N)12A+20,
Ny

Moreover, when a € M(q, a; X2) but a € M, we must have
Ga(a) < Xa(log N)*(q + Nlgo — a|)* V% « XoL71/3, (4.15)
Therefore, using the trivial bound h3 < X3 also, we obtain
1
/ IGghgl%dOt <K (XQL‘%X:;)g / |G2h3|2da Y N%(logN)—M.
m Ng

(b7
(4.16)
On the other hand, it is known within the classical theory of the circle
method that

1 1
/0 |gk(a)|34da <</0 | Fe(a; 1)|34da < X,::‘l”k, (4.17)

for k < 5 (see Vaughan [30], Ch. 2). Thus we have

L

16
17 1
IG2h39k|2da<<( / |G2h3|%da> ( / lgk|34da>”
mNIN, mNIN, 0 :

< N3+E(log N)~64, (4.18)
and it follows from this and (4.14) that
I, < N3+E(log N)~34. (4.19)
By (4.7), (4.11) and (4.19), we obtain
I < Notwtafte 4 N3+{(1og N)~34,
which implies the conclusion of the lemma immediately.

Lemma 4.3. Let Fy(a) = Fao(a; D, (Ay), (0)) be as in Lemma 4.2, and
let D = X§ with 0 < 6 < 5/12. Then one has

/ |Fa()hs()ga(e; X5'%) % da < N'S (log N)~104.
m
Proof. Write g3 = g3(a;X§’/ %) for short, and set

1 3
J= / \FohagalPda, Ji = / |Ff W22 da,
m 0
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Ja =/ o6 |G2hags|da.
mNN(X3"")

Since we have Ga(a) < X213/18+€ whenever a € n(X35/6), we deduce

from (4.6) that

pE] 1 1 3
J< (XBY + X2 DEa g + / |G2 F2 h232|da.
mNN(X5/8)
The last integral is < J21/ 473/4 by Hélder’s inequality, whence

1
ite

2te 1
J< (X + X3 D3)J+ Jo. (4.20)

As for J;, we appeal to the inequalities

/O |Polfda < X2+, /0 s Pda < X3*°, /O h23|da < X5,

(4.21)
The first one is plainly obtained in view of (4.10) and (4.8), the second
one comes from Hua'’s inequality (Lemma 2.5 of Vaughan [30]), and the
last one is due to Theorem of Vaughan [29]. Thus we have

1 s i/ 0 l .
s ([ 1mtaa)” ([ ataa)” ([ iasiaa)” < B
0 0 0
(4.22)

To estimate Jo, we may first follow the proof of (4.16) to confirm that
/ |Gagsl?da < X373 (log N)A+S (4.23)
N(x35'°)

holds, and then, by this together with (4.15) and (4.17), we infer the
bound

=

1
1

L

1
([
0

Now it follows from (4.20), (4.22) and the last inequality that

<y

5.1 _
5 < ((suplGalx) [ lGanlda)
aEm n(x3’%)

& N5 (log N)~154,

J <« NH+eote +N%(logN)‘15A,

which gives the lemma.
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Lemma 4.4. For a given sequence ()\g) satisfying |Aq| < 1, define

Fy(a) = F3(e; D,(Aa)) = ) Aafs(osd),

d<D

and let D = X8 with 0 < 6 < 1/3. Then one has
/ |ho(e) F3()gs(a; X5/®)[Pda < N (log N) 104,
m
Proof. Define

Gs(e) = X37(q)(log N)(g + Nlga — a])~1/3,

for a € M(g,a; X2) C MN(X3), and G3(a) = 0 for @ € n(X3). Then
Lemma 6 of Briidern [3] gives the bound

Fy(a) < Gs(a) + X/ pl/4, (4.24)

for a € [0,1]. (It is apparent from the proof that the factor ¢° appearing
in Lemma 6 of [3] may be replaced by 7(g).)

We write g3 = gg(a;Xg/G) again, and put

1
- / \hoFygalPde, Ky = /0 IR Fy2)da
m

K, =/ |h2G393|2da
mNN(x3/4)

Since G3(a) < X3/4+E for a € n(X3/4) we have
K< X§/4+5D1/4K1 +K1/2K21/2,
by virtue of (4.24), whence
K < X" DVAK, + K,. (4.25)

We may express F3(@) as ), x, bre(z3a) with b, < X§, and there-
fore, by orthogonality and the last inequality in (4.21), we see

/ |F233|do < X5 -X§/3+E &« N&/%+e,
0

By this and (4.8), we have

1
K < ( / |h2|4da> ( / P25 |da> < N¥+e, (4.26)
0
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Next we note that Gs(a) < Ga(a)?/3 for all a € [0,1]. So we see

/ o |G3ds|*da <</ |G8/3 3lda
mNN(X3"7) mnm(X

5
< (supGa)3(X5)? [ﬂ (X3/4)IG2§3| da < N'% (log N)~1%04,
3

in view of (4.15) and (4.23). Thus, using (4.8) again, we obtain

1 3 1
K2<<< / |h2|4da) ( -y da) < N% (log N)~194.
0 m(x3/%)
(4.27)

The lemma follows from (4.25), (4.26) and (4.27), via a modicum of
computation.

Lemma 4.5. For a given sequence (A\g) satisfying |Ag| < 1, define

Fy(a) = Fs(s D, (M) = Y D _ Mafs(aspd),

p~X21 d<D

and let D = (X¥/™)® with 0 < < 1/3. Then one has
/ l92(c) Py (0)ga() Pda < N¥ (log N) 104,

For each p ~ Xy, take co-prime integers r = r(p) and b = b(p) such
that |rp’a — b| < (X3/p)™3/? and 1 < r < (X3/p)*/2. Then applying
Lemma 6 of Briidern [3] again, we have

X3p~'7(r)(log N)

3/4+e pl/4
(r ¥ (Xa/p)*lrpPe — b)I3 (Xa/p)*/**<DV".

> Aafs(a;pd) <

d<D
Accordingly Lemma 4.1 yields
Fi(a) < Gs(a) + X34 (X D)4, (4.28)
where G3(a) is the function on [0, 1] defined by
Gs(a) = Xs7(q)*(log N)*(g + Niga — a|)™/°

for a € MN(q, a; X2) C N(X>), and G3(a) = 0 for a € n(X2).
We now put

~ 1 -~ -~
Up = / \Bylfda, U, = / \Bylfda, Up = / \Gs[Pder.
m 0 m
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By (4.28), we have
Uy < (63 X}{*DV4P0; + [ 1G4 FSlda
m

< N1/21+e pi/2gy +U3/4U21/4,

whence
Up < NW/2+epl/i2g, 4y, (4.29)

As regards U, considering the number of solutions of the underlying
diophantine equation with a well-known estimate for the divisor func-

tion, we may observe that Lemma 6 of Briidern and Watt [4] swiftly
implies the bound

Uy < X3P X537 « N2/21e

Also, we have the straightforward estimate

X7 14 l 14
Uz < (sup |Gs(a / () (log 1\? dB < X3L7H4,
acm q<X2 (g+ NgB)7/

Therefore we derive from (4.29) that
Up < Nait70% L X3[-1 « N3 (log N)~1004,

Making use of (4.8), (4.9) and the last result on Uy, we conclude that

- 1 i/l i,
/|92F394( da K </0 Iggl"da) (/0 |g§g§|da> Ug
m
< N%(log N)~104

as required.

Lemma 4.6. For a given sequence (\g) satisfying [Adl <1, define

F() FlaD /\d Z)\dflad
d<D

and let D = X! with 0 < 6 < 17/30. Then for each integer k with
3< k<5, one has

[ 1B @ha(egs(@an(eida < NE+ 1og )4,

We remark that when k < 4, the restriction on 8 in this lemma can
be relaxed to 0 < 8 < 2/3, as the following proof shows.
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Proof. We know fi(a;d) < min{N/d, |lad||~'}, where ||3| denotes the
distance from 8 to the nearest integer. So Lemma 2.2 of Vaughan [30]
gives
Fi(e) < Y_ min{N/d, |lad|| "'} < (N/q+ D + q)log(gN), (4.30)
d<D

whenever |ga — a| < ¢7! and (g,a) = 1. "

We can find coprime integers ¢ and a satisfying |go —a| < N~1/2 and
q < N'/? by Dirichlet’s theorem. If |[ga — a| < g/N, then we obtain the
bound

Fi(a) < (N(g+ Nlga —a|)™! + D+ VN) log N, (4.31)

from (4.30). In the opposite case |ga—a| > q/N we take coprime integers
r and b such that |ra — b] < |ga — a}/2 and r < 2/|ga — a|, according to
Dirichlet’s theorem again. Since b/r cannot be identical with a/q now,
we see

1< |gb—ra| < glra—b|+r|lga—a| £ 1/2 +r|qa — al,

which implies that r > (2|ga—al|)~! > N/2. Thus it follows from (4.30)
that

Fi(a) < (N/r+ D +r)logN < (VN + D + |ga — a|™*) log N.

Hence the estimate (4.31) holds whenever |go — a| < N™1/2 ¢ < N1/2
and (g,a) = 1.

Recycling the function Ga(a) defined in the proof of Lemma 4.2, we
may express (4.31) as Fi(a) € Ga2(@)? + (D + X2)log N. Now put

1 3
V= / \Fihogagelde, V7= / P2 hogagelda, Vi = / 1G2hagagelda,
m

1/4

and observe that V < (D + X2)Y/4+¢V; + V34V, /%, whence

V < (D + X))V, + Vs (4.32)

By an application of Holder’s inequality, we see

1 s, n s/ 1l ) i i
N (/ |F1|2da) (/ |h2|4da) (/; lgs| da> (/ |h5 gklda) .
0 0

The first integral appearing on the right hand side is obviously O(N1*€)
by orthogonality, and we refer to (4.8) and (4.9) for the other integrals.
Consequently we obtain

Vi « N3+t¢(Nt + Nstar).
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On the other hand, making use of (4.8), (4.19) and the simple estimate

X371(q)%(log N)®
Gal'da < ) / 2 dB < N(log N)%%4,
/ . 4<X2 (g+qNB)? g (log N)

we observe that

1 i/ 11 i i
Vi< [attan) ' [Iataa)” ([ iGamantaa)
& N§+k (log N)~4
Hence it follows from (4.32) that
V < Ns+E+iote | Naita+iore 4 N8+ (10g N) 4,
This establishes the lemma.

We close this section by showing an easy lemma, which allows us

to ignore the integers divisible by a square of a larger prime, in our
application of weighted sieves.

Lemma 4.7. Let 6 be an arbitrary fized positive number, and k be an
integer with 3 < k < 5. Then one has

> ¥ / F2(039%)g5(@)gr (@) ~na)da: < NE+E-35,
n~N p>x$
and
1

> / fi(e;p%)g2(a)g3(@)gr(@)e(—na)da < NE+E—39,
p>Xx$ 0

Proof. Since 37,y e(—na) < min{N,||al|"!}, the expression on the
left hand side of the first inequality is dominated by

X9 X3X,

> / min{N, |la|| ™'} de < X170 X3 X}
p (logN

p>X3

Also it is indeed an easy exercise to establish the estimates

1
/ ' > filesp )} da < N'7**¢ and / 92939 |2 < N5+E+e,
p>X} 0

Therefore the latter conclusion of the lemma follows via Schwarz’s in-
equality.
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5. WEIGHTED SIEVES

Having finished the preparation concerning the Hardy-Littlewood cir-
cle method, we may proceed to application of sieve theory, and in this
section we appeal to weighted linear sieves. The uninitiated reader may
consult Briidern [3], §2, for a general outline of the interaction of sieves
and the circle method in problems of the kind considered in this paper.

The simplest of our proofs is that of Theorem 5.

The proof of Theorem 5. Let n be an even integer satisfying N < n <
(6/5)N with a sufficiently large number N, kg be an integer with 3 <
ko < 5, and let R4(n) be the number of representations of n in the form

n =z + p} + p} + pf?, (5.1)
with integers = and primes p; satisfying z = 0 (mod d) and
z~ Xy, m~Xe, pa~Xs p3~ Xg (5.2)

For any measurable set B C [0, 1], we write

Ra(n; B) = [B £1(0 d)g2 ()95 (@) gy ()e(~na)de,

so that
R4(n) = Rq(n;[0,1]) = Ra(n; M) + Ry(n;m). (5.3)

We can estimate Ry(n;90) by applying Lemma 2.1 in a trivial way.
Namely this time we set

s=2 k=1, ko=2, k=3, 3<ky<5, (5.4)

and h(a) = go(a), w(B) = v2(B), @1 = X3 and Q2 = X,. M'orgove‘r we
adopt the notation introduced in Lemma 2.1 with these specializations.
Then Lemma 2.1 implies that

Ry(n; M) = d~'Ga(n, L)J(n) + O(Ns+¥ /(dL)), (5.5)

and

0‘

J(n) < N&¥%: (log N)~° (5.6)

Also we recall the definitions (3.1), (3.2) and (3 15) with the current
arrangement (5.4). Lemmata 3.2 (ii), 3.3 and 3.8 assure that B (p, n3)/2>
p~3 — p~4 for all primes p, while the estimate By(p,n) = 1+ O(p* /%)
follows from (3.16). Thus we see that

Gi1(n) <1, (5.7)
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and we may define the multiplicative function wy(d) by

wn(d) = 64(n)/61(n) = [ [(By(p,n)/Bi(p,n)). (5.8)

pld
Then by (5.3) and (5.5) we have
Ry(n) = w—"éiilCSI(n)J(n) + Ey(n), (5.9)

where
1
Eqg(n) = < (8a(n, L) — 6a(n)) J(n) + Ra(m;m) + O(N3*7 /(dL)).
We know wy,(d) is nonnegative, and Lemmata 3.3 and 3.8 yield that

0< Bl(p; n) - Bp(p, n)/P = Bl(p7 n)(l - wn(P)/p),

whence
0 <wn(p) <p, (5.10)

for all primes p. In the meantime we deduce from (3.16) that

wn(p) = By(p,n)/Bi(p,n) = 14 O(p°~1/2). (5.11)

Hence our situation belongs to the linear sieve problems.

Next we put D = Xls/g. Then, for any sequence (\g) with [\g| < 1,
Lemma 4.6 ensures that

> MRa(mim) = | Fi()ga(a)gs(@)ge, (@)e(~na)da
d<D m

< Ng+é(log N)4,
since 5/9 < 17/30. Therefore we have

> AiEa(n) < N6 % (log N)~4 < &,(n)J(n)(log N)2%  (5.12)
d<D

here we have used Lemma 3.7, (5.6) and (5.7) to confirm (5.12). Further,
for any fixed 6 > 0, it follows from Lemma 4.7, (5.6) and (5.7) that

3 Ra(n)= 3 Re(n[0,1)) < N¥t8 5 « &,(n)J(n)N-5/4.

p>X$ p>X$
(5.13)
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Now Theorem 5 is a direct consequence of a weighted linear sieve.
Here we refer to Richert’s linear sieve (Theorem 9.3 of Halberstam and
Richert [12]). Although the estimate (5.13) is weaker than the constraint
(923) of Halberstam and Richert [12], but it is clear from the proof of
Theorem 9.3 of [12] that (5.13) is an adequate and sufficient substitute.
All other requirements of the latter theorem are satisfied (with r = 2
and a = 5/9) in view of (5.9)-(5.12). In particular, we note that

5 (3 _ log(18/5)

2 —1072 1.
log 3 0 )>

9
Then, as regards the number R(n) of representations of n in the form
(5.1) with Py-numbers z and primes p; satisfying (5.2), Theorem 9.3 of
[12] gives the lower bound R(n) 3> &;1(n)J(n)(log N)~!. This completes
the proof of Theorem 5.

We next turn to Theorem 1 and Theorem 2 (i). At this stage we
benefit from the bilinear error term in Iwaniec’s linear sieve. Without
it, we can prove Theorems 1 and 2 (i) only with Pjg and P;, respec-
tively, at present. Thus we require Iwaniec’s bilinear error terms within
a weighted sieve. This has been made available by Halberstam and
Richert [13]. Rather than stating here their result in its general form,
we just mention its effect on our particular problem within the proof be-
low. Indeed the inequality (5.27) below is derived from Theorems A and
B of Halberstam and Richert [13] (see also the comment on (8.4) in [13],
following Theorem B), by taking U =T =2/3, V =1/4 and E = 1/9,
for example. Here we should make a minor change in the error term in
Theorem A of [13], where the bilinear error term is expressed by using
the supremum over all the sequences (\,) and (u,) satisfying |A,| < 1
and |u,| < 1, instead of the form appearing in (5.27). This change is
negligible in the argument of Halberstam and Richert {13], and as the
following proof shows, it is convenient for our aim to keep the error term
in the original form given by Iwaniec [19].

In order to establish (5.27) below, we may alternatively combine
Richert’s weighted sieve with Iwaniec’s linear sieve, while Halberstam
and Richert [13] appealed to Greaves’ weighted sieve. Although Greaves’
weights give stronger conclusions, Richert’s weights are simpler, and
much easier to combine with Iwaniec’s sieve. It is actually a straight-
forward task to utilize Iwaniec’s sieve within the proof of Theorem 9.3
of Halberstam and Richert [12], and such a topic is discussed in §6.2 of
the unpublished lecture note [20] of Iwaniec. The latter device is still
adequate to our purpose, proving (5.27). We may leave the details of
the verification of (5.27) to the reader.



72 ANALYTIC NUMBER THEORY

Before launching the proofs of Theorems 1 and 2 (i), we record a
simple fact as a lemma.

Lemma 5.1. Let v(n) be the number of distinct prime divisors of n,
and A be any constant exceeding 3. Then one has v(n) < 2Aloglog N
for all but O(N(log N)~4) natural numbers n < N.

Proof. In view of the well-known estimate

> 7(n) < NlogN,
n<N

the number of n < N such that 7(n) > (log N)A+! is O(N(log N)~4).
Since 7(n) > 2¥("), the lemma follows.

The proofs of Theorems 1 and 2 (i). Let k; = 4 or 5, and let Ri(n) be
the number of representations of n in the form

n=z?+p} + pk1, (5.14)
with integers z = 0 (mod d) and primes p;, po satisfying
T~ Xy, p1~Xs pr~ Xp,. (5.15)

For any measurable set B C [0,1], we write
Ru(mi®) = | folaidiga(e)gn (e(~na)de,

so that R4(n) = Ra(n;[0,1]) = Ry(n; M) + Ry(n;m).
This time we set

s=1, k=2, ky=3 and k;=4orb5,

and, under these specializations, we recall the definitions of Ga4(n, L),
J(n), Y, Pg(n,Y) et al from the statements of Lemmata 2.1 and 3.5,

together with the definitions (3.1) and (3.2). Then Lemma 2.1 implies
that

Ra(n; M) = d~'S4(n, L)J(n) + O(N* 78 /(dL)), (5.16)
and that
J(n) < NYki=1/8(10g N )2, (5.17)

for every integer n with N < n < (6/5)N.
To facilitate our subsequent description, we denote by N(5) the set of
all the odd integers in the interval [N, (6/5)N], and put N(4) = N; N
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[N, (6/5)N] where Nj is the set defined in the statement of Theorem
2. Also we say simply “for almost all n” instead of “for all n € N(k;)
with at most O(N(log N)~*4) possible exceptions”, within the current
section. Since min{y(p,3),v(p, k1)} =1 for all primes p, it follows from
Lemmata 3.2 (ii), 3.3, 3.5 (i) and (ii) that

Bi(p,n) > (2p°)7}, (5.18)

for all n € N(k;) and primes p. We can therefore define the multiplicative
function wy,(d) by

wn(d) = Pa(n,Y)/P1(n,Y) = [ (Bo(p,n)/Bi(p,n)),
p<Y
pld
for n € N(k;), so that, by (5.16), we may write

wn(d)

Ri(n) = Pi(n,Y)J(n) + E4(n), (5.19)

where
Ea(n) = d"}(Su(n, L) — Pa(n, Y))J(n) + Ra(n;m) + O(N* 78 /(dL)).

By the definition, we see that wy(p) = Bp(p,n)/Bi(p,n) or 1, accord-
ing top <Y or p>Y, and also that w,(p') = wy(p) for all I > 1. Then
we may confirm that

0<wa(p) <p and wn(p) =wa(p)=1+0( %),  (5.20)

for all primes p and integers [ > 1. In fact, we can show the former by
Lemmata 3.3 and 3.6 (i) and (ii), following the verification of (5.10). As
regards the latter, it suffices to note that, in the current situation, we
always have

By(p,n) = 1+ Ag(p,n) and Ag(p,n) < p~ /2 (5.21)

by Lemmata 3.1 and 3.4, respectively. .
We next discuss a lower bound for P;(n,Y). By using (5.18), and by
combining the former formula in (5.21) with Lemma 3.4, we have

Pin,Y) 2 [[ @' J] -1200"Y) [ @—120p7"3),
p<105 108<p<Y pin
p>10°
(5.22)
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for n € N(k;). If we denote by p, the v(n)-th prime exceeding 10° where
v(n) is defined in Lemma, 5.1, then we have

II @-1200772) > J] (1-120p7Y2) > exp(~5005%2), (5.23)
pin 105<p<pn
p>10°
as well as p, < v(n)%2. Now Lemma 5.1 implies that, for almost all n,
we have 13,1;/2 < (loglog N)3/* and, by (5.22) and (5.23),

Pi(n,Y) > (log V) '*(log N)~¢ >> (log N)~1, (5.24)

Further, as an immediate consequence of Lemma 4.7, (5.17) and
(5.24), we note that for any fixed § > 0, the chain of inequalities

3" Ry(n) < NH 78730 < py(n, ) (n) N8 (5.25)

p>X$

holds for almost all n.

Now let R(n,r) be the number of representations of n in the form
(5.14) subject to P,-numbers z and primes py, p, satisfying (5.15). Then,
based on the above conclusions (5.19), (5.20) and (5.25), we can apply
a weighted linear sieve, for almost all n, to obtain a lower bound for
R(n,r). Indeed, as we announced in the account prior to Lemma 5. 1,
we conclude from Halberstam and Richert [13] (or Iwaniec [20], §6. 2)
that for every integer r satisfying

3log X, 1
2 logD 6’
there exists a positive absolute constant 7 such that

R(n,r) 2 qPi(n,Y)J(n)(1og D)1 = 3~ 3" D" AunstopBun(n),

h<H y<p2/3 y<DV/3

(5.26)

(5.27)
for almost all n, where the sequences (), ;) and (tv,n) are independent

of n, and satisfy [A,x| < 1 and |py 4| < 1, and where 1 < H < log N.
We put

6-kl _ 3]€1
P T AAC Al o

getting r(5) = 15 and r(4) = 6. Note that (5.26) is satisfied with
7 = r(k1). We denote by £(n) the error term in (5.27), namely,

E(n) = Z Z Z Au v, By (n).

h<H y<D2/3 y<D1/3

D= Xg(kl), B(k'l) -
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We shall estimate £(n) on average over n. To this end, we first estimate
the expression

T= Z Zl Z Z Au,hﬂu,hRuv(nam) ’
h<Hn~N y<D2/3 y<D1/3

By Bessel’s inequality and Lemma 4.2, recalling the notation (4.4), we
have

T < S [ IPaes D, O, Grunss(@das (@)
h<H
< N3*%i (log N)1-34,
Then we deduce from Lemma 3.5, (5.17) and the definition of Ey(n),
with an application of Cauchy’s inequality, that

5,1 3
S Em)| < N¥RHL™E + (NHY)E < N# 75 (log N)! 34, (5.28)
n~N

lu\

This implies that for almost all n we have
I£(n)] < N¥ % (log N)'™ 54 < Pi(n, Y)J(n)(log N)**~34,  (5.29)

by (5.17) and (5.24). In view of (5.27) and (5.29) with the colnstramt
(5.26), we conclude that R(n,r(k1)) > Pi(n,Y)J(n)(log D)™" for al-
most all n, from which Theorems 1 and 2 (i) follow immediately.

6. SWITCHING PRINCIPLE

The remaining theorems are proved by the switching principle in sieve

theory.
Throughout this section we denote Euler’s constant by +. We begin

with introducing the basic functions ¢o(u) and ¢1(u) concerning the
linear sieve. These functions are defined by

do(u) =0,  ¢1(u) =2¢"/u,
for 0 < u < 2, and then by the difference-differential equations
(upo(w)) = dr(u—1),  (ud1(u)) = do(u— 1),

for u > 2. It is known that 0 < ¢o(u) < 1 < ¢1(u) for u > 0, and that

2¢e7
do(u) = —log(u—l) for2<u<4, ¢u)= - for0<u<3.

(6.1)
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Then we refer to Iwaniec’s linear sieve in the following form (see Iwaniec
(19], or [20], for a proof).

Lemma 6.1. Let Q, U, V, X be real numbers > 1, and suppose that
D = UV is sufficiently large Let w(d) be a multiplicative function such

that 0 < w(p) < p and w(p') < 1 for all primes p and integers | > 1,
and suppose that

[T (1-22)7 < 282 (14 o(lmloBlos DYy - g

w<p<z p ~ logw log w

whenever z > w > 2. Further, let r(z) be a non-negative arithmetical
 function, z be a real number with 2 < z < D'/?, TI(2) be as in (2.11),
and write

Eg= Y r(x) —%?X, I]@— p) 5= 08D

2~Q pis log 2
=0 (mod d)

Then there exist sequences (A J)) and (;Lv h) for 5 = 0, 1, satisfying
Mm|<1“;|<lsmhmm

> (@) > XW(2)(¢ols) + O((loglog D) /%)) — £©,
(@)1
as well as
> (@) < XW(2)(#1(s) + O((loglog D)~/*0)) + £,
(@ )=1

where

EW = Z Z Z /\(J J)Eu'u,

h<log D u<U v<V

for 5 =0, 1. In addition, these sequences ()\(J)) and (u )) depend at
most on U and V.

The following proof of Theorem 2 (ii) can serve as a model of our
strategy when using the switching principle.

The proof of Theorem 2 (ii). Let Ry(n) be the number of representations
of n in the form

n=pi + (poz)* + pt, (6.3)
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subject to primes p1, p2, p3 and integers z satisfying
pr~ X2, pa~Xo, T~ Xs3/p2, p3~ Xy, (6.4)

and z = 0 (mod d). For any measurable set B C [0, 1], we write

= 3 [ sx(e)fs(aspadias(ale(-na)de,

p2~Xa1

so that Rg(n) = Ry4(n;[0,1]) = Ra(n; M) + R4(n;m). We now apply
Lemma 2.1 with

8§ = 1, k= 3, ko = 2, kl = 4, (65)

and h(a) = ga(a), w(B) = va(B), C = 1. We accordingly specify the
relevant notation S4(n, L), J(n), I(n), Y, Py(n,Y) et al, introduced
in Lemmata 2.1 and 3.5. Note here that &p,4(n,L) = S4(n, L) for
p2 > Xo1 > L, in view of the definitions (2.2) and (2.3). Then Lemma
2.1 implies that

Ram) = 3 ((pad) ' Sa(n, L)J(n) + OV *(padL) ™)),
p2~Xa1
and
J(n) = (log X3 + O(log L))I(n), I(n) < N'Y%(log N)™3,  (6.6)

for every integer n with N <n < (6/5)N

Confirming swiftly the prerequisite of Lemma 3.3 in the current case,
we note that P;(n,Y) > 0 whenever n € Ny, by Lemmata 3.2 (ii), 3.3
and 3.6 (ii), where Nj is the set introduced in the statement of Theorem
2. Thus we may define

wa(d) = Pa(n,Y)/Pi(n,Y) = [] (Bp(p,n)/Br(p,n),
p<sY
pld

for n € Ny, and then, we may write

Ra(m) = 22D 1, (n, V)T m) + B,

pa~Xay P2 (6.7)
= %(&a(n, L) = Pa(n,¥)) + Raln;m) + O(NY/1*(dL)™).
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Note that Mertens’ formula gives the estimate
o= (logN)™L. (6.8)

Hereafter, until the end of the proof of Theorem 2 (ii), we say simply
“for almost all n”, meaning “for all but O(N(log N)~4) values of n €
N; N[N, (6/5)N]”. Following the verification about (5.24), we derive
from Lemmata 3.3, 3.4 and 3.6 (ii) that

Pi(n,Y) > (log N)™%, (6.9)

for almost all n.

We confirm that 0 < wp(p) < p and wy(p') < 1 for all primes p,
integers | > 1 and n € Nj, by using Lemmata 3.2 (ii), 3.3, 3.4, 3.6 (ii)
and the definition of wy,(d), following the allied argument in the proof
of Theorem 2 (i) in the preceding section. Next we have to discuss the
property of wy(d) corresponding to (6.2).

When 10° < p < Y, we derive from Lemma 3.4 that

wn(p) = Bp(p,n) 1 +p_1/2(Pw n)1/2 + O(P—l/z)
P = By (p,n) 1 —-96p~1(p,n)l/2
1/2
<14 ’?/)2 +0(p1/?), (6.10)
p

while we have wy(p) = 1 for p > Y. On putting wo = loglog N, when
z > w > wy we have

1/2 1
Y el o L5 e

w<p<z log w w<p<z p
pin
1 logp  logpn
< > < ,
log w o P log w

recalling p, introduced in connection with (5.23). Appealing to Lemma
5.1 and Mertens’ formula, we consequently see that for almost all n,

Z wn(p)/p < loglog z — loglog w + O(log log log N/ log w),

w<p<z

whence

_ log =
[T @ -wn@)/p)™ < 222 (1 + Ollogloglog N/ log w)),
wlp<z
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when z > w > wy. To consider the case where 2 < w < wyg, we note
that 1 — wn(p)/p > 1 for p < 10° and n € Nj, by Lemmata 3.3, 3.4 and
3.6 (ii). Then we have by (6.10)

I @-w/e) < [T a+p™) [T @+~
w<p<z wp<z w<p<Lz
log 2 - log z (log loglog N)?
< logw(Ingn) < log w log w '

when 2 < w < wy, for almost all n, by virtue of Lemma 5.1. Hence, for
almost all n, we conclude that
logz

[T a-wnp)fp) < o

w<p<z

—2% (1 + O((logloglog N)?/log w)), (6.11)

whenever z > w > 2.
Now we put

=(x¥7Y 0=0333, z= (xS,

and let R(n) be the number of solutions of (6.3) subject to primes p;
(1 < j < 3) and integer z satisfying (6.4) and

(z,II(z)) = 1. (6.12)
By the above argument, we know that we can apply the linear sieve,

Lemma 6.1, to obtain a lower bound for R(n), for almost all n. Indeed,
taking U = D and V = 3/2 in the latter lemma, and writing

=[] - w:(0)/p),

p<z

W (n, z)

we have the bound
R(n) > (¢0(76) + O((loglog N)1/3%)) Py (n,Y)J (n)W (n, 2) — s((,énl)é)
for almost all n, where

&)= Y, > AanEa

h<log D d<D

with a certain sequence (Agp) satisfying |Agp| < 1. In much the same
way as the deliberation on (5.28), we deduce from Lemmata 3.5 and 4.5
that "

Y l&(n)| < N7z (log N)™4

n~N
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whence
|Eo(n)] < NY2(log N)™24 < oPi(n, Y)J(n)W(n, z)(log N)™4, (6.14)
for almost all n, by (6.6), (6.8), (6.9) and (6.11).

We next write
=[] Bn), (6.15)

where B(p,n) is defined by (3.2) with (3.1), under the current special-
ization (6.5). Then Lemma 3.3 gives the formula

(1 = wa(p)/p)Bi(p,n) = (1 - 1/p)B(p,n),
for p < Y. Recalling that w,(p) =1 for p > Y, we see that

Pi(n,Y)W(n,z) =P(n,Y) [J(1-p7")
p<z

log z
by Mertens’ formula. In view of (6.9), (6.11) and (6.16), we remark that
P(n,Y) > (log N)~*

holds for almost all n. Also it follows from (6.1), (6.6), (6.8), (6.13),
(6.14) and (6.16) that for almost all n,

=P(n,Y)— (1+0((log2)™h), (6.16)

R(n) > 379 (10g(76 — 1) + O((log log N)~ /%)) gP(n, Y) I (n)
> 20P(n,Y)I(n). (6.17)

We denote by R(n) the number of solutions of (6.3) subject to primes
p; (1 £ j < 3) and integer z satisfying (6.4), (6.12) and Q(z) > 4, where
Q(z) is defined in §2, prior to (2.12). We aim to show that R(n)—R(n) >
0 for almost all n. The latter conclusion implies that for almost all n,
the equation (6.3) has a solution in primes p; (1 < j < 3) and an integer
z satisfying (6.4), (6.12) and Q(z) < 3, whence Theorem 2 (ii) follows.
To this end we need an upper bound for R(n) valid for almost all n, and
such a bound is obtained by the switching principle.

Now let R(n) be the number of representations of n in the form

n=y? + (paz)’ + 3, (6.18)
subject to primes p9, ps and integers z, y satisfying

y~Xg, p2~Xo, -~ X3/p2, (z,1I(2)) =1, Qz) >4, p3~ Xy,
(6.19)
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and y = 0 (mod d). Note that (z) < 7 when z satisfies the conditions
in (6.19). Recalling the notation (2.12), we write

Rj(n;B) Z Z/ fa(e; d)gs(pac; Xa/p2, 7, 2)ga(a)e(—na)da,

p2~X2 r=4

and then observe that R);(n) = R)(n;[0,1]) = Ry(n; M) + R(n;m).
When a = a/q+ B, ¢ < L and || < L/N, we note that S}(g,ap3) =
S3(g, a) for po > Xo1 > L, and deduce from Lemma 2.2 that

¢(q) ™" 53(g, a)w3(p3B; X3/p2, T, 2)
+O(Xap; ' L70), (6.20)
for 4 <r < 7. When p ~ Xo;, we also note that

93(P3c; X3/p2, 1, 2) =

Cr (B — (1) + O((1og ) ),

and that, by change of variable,

1 (% e(t*B)
3 5. - -
v3(py8; X3/p2) = p2 /x3 lOg(t/pg)dt

Thus by Lemma 2.2 we have

ST Cy(T)us(6) + O(Xapz (1o N)2).  (6.21)
P2

_ pl?(gvs(ﬂ)m(xg(log N)2).

w3(p3B; X3/pa, 7y 2) =

Then in order to estimate Rj(n;9M), we apply Lemma 2.1 for each

p2 ~ Xo1, with taking

7 7
h’(a) = D2 293(pga7 X3/p21ra Z)’ 'U.)(,B) =p2 Z w3(pg:37 XB/PQ, T Z)s
r=4

r=4
and
77
=52 G
r=4
But we require some notation here. We set
s=1, k=2, ko=3, k1 =4, (6.22)

and recall the definitions (2.2)-(2.5), (3.1), (3.2) and (3.8), but we basi-
cally attach primes, for distinction, to the respective symbols. Namely
we define

Ay(g,n) = g p(q)” Z Sa(g, ad®)S3(g, @) S5 (9, a)e(—an/q),

(a,q)=1
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Sy(n,L) =) Ay(g,n), Bjlp,n) = ZA (p",n),

g<L
Piy(n,Y) HBd p,n
p<Y

where Y = exp(y/log N), and
J'(n) = J'(n,p2)

L/N 7
= [ wa®)(pe Y w3 Xo/pm,7,2))(8) el-nB)a.
r=4

-L/N

As regards I(n), A(q,n), B(p,n) and P(n,Y), we note that the settings
(6.5) and (6.22) cause no difference in their definitions (2.4), (3.1), (3.2)
and (6.15). Indeed we define

q
Alg,n) = 0(g)™*> _S3(q,a)S3(g,a)S; (g, a)e(—an/q),
a=1
(a,9)=1

B(p,n) =) _A(p",n),
h=0

V=TI Bom, 1) = [ w@ra@u@e-nsds

p<Y -

and, in particular, it should be stressed that I(n) and P(n,Y’) are exactly

the same as those appearing in (6.6), (6.15) and (6.17). We then derive
from Lemma 2.1 that

Rimm) = Y L (G4 1)) + O/ aL))), (623

p2~X21

and that for each ps ~ Xo;,
7 T
4 — ! ¢ = -— ' 3 ‘ ° )
J'(n) = J(n,p) (6 TE=4 Cr(7)log X2 + O(log L))I(n). (6.24)

We now remark that Py(n,Y’) is identical with the function Py(n,Y)
that appeared in the proof of Theorem 2 (i), with k) = 4, in §5. Accord-
ing to the deliberation there, we remember that

Pi(n,Y) > (log N)~81, (6.25)
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for almost all n, and we can define w),(d) = Py(n,Y)/Pi(n,Y) for n €
N;. Then we may write by (6.23)

Ry(n) = 2D (0, v)" () + (),

where
J'(ny= > p;'J'(n)

p2~X21
and

Ey(n) = (&}, L) ~ Paln, Y))J"(n) + Ryfn,m) + O(NV2(dL)™).

Recalling o defined at (6.7), we derive from (6.24) that

J"(n) = ( Zc,. logX2+O(logL))I(n), (6.26)

Put '
D'=X{, 6 =0249, 2 =D
and let R'(n) be the number of representations of n in the form (6.18)

subject to primes po, p3 and integers z, y satisfying (6.19) and (y,II(z")) =
1. The last condition is satisfied when y is a prime with y ~ X7, we

'see that R(n) < R'(n). Since we know that the property (5.20) holds

with w/, in place of wy, we can apply Iwaniec’s linear sieve in the form
of Lemma 6.1, to obtain the upper bound

R'(n) < (61(3) + O((loglog N) /%)) P} (n, Y)J" (n)W'(n, ) + 5(1(71)7,)
6.2

where

Wl(n’z,) = H )/p &i(n) = Z Z Z /\uhﬂvh v(n),

p<z’ h<log D! u<U v<V

with U = (D')¥/3, V = (D')!/3, and certain sequences (A1) and (pi,n)
satisfying |Ay n| < 1 and |u, 4| < 1. Note that

W'(n,2') > (log2') ™, (6.28)

for n € Ny, by the result corresponding to (5.20).

Via the same way as the verification of (5.29), we deduce from Lem-
mata 3.5 and 4.2, together with (6.6), (6.8), (6.25), (6.26) and (6.28),
that

[€1(n)| < Pi(n)J"(n)W'(n, 2')(log N)~2,
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for almost all n. Further, Lemma 3.3 gives the formula

(1 = wn(p)/p)Bi(p,n) = (1 - 1/p) B(p,n),

for p <Y, and we know w/ (p) =1 for p > Y, thus

Pi(n,Y)W'(n,2') = P(n,Y) [[(1-p7")
p<z’
.

_ e n-1
= P(n, ) (1 +O((log ) ).
Hence it follows from (6.27), (6.26) and (6.1) that

7
R(n) < (% 3" Co(7) + O((loglog N) %)) P(m, Y)I(n), (6.29)
r=4

for almost all n. Here we can confirm the numerical estimates
C4(7) < 0.1734, C5(7) < 0.00821, Ce(7) < 3.4 x 10_5, (6.30)

and C7(7) = 0, as is recorded in (12) of Kawada [22]. (To confirm these
bounds, we can appeal to Theorem 1 of Grupp and Richert [9]. We
remark that the function I.(u) in [9] and our C;(u) satisfy the relation
Cr(u) = ulp(u).)

Finally, by (6.29) and (6.30), we obtain the estimate

R(n) < R'(n) < 1.80P(n,Y)I(n),

for almost all n. We conclude that R(n) — R(n) > 0 for almost all n,

by (6.17) and the last inequality, and the proof of Theorem 2 (ii) is now
completed.

We proceed to the proofs of Theorems 3 and 4, following the methods
introduced thus far. These proofs are somewhat simpler than that of
Theorem 2 (ii) above. Concerning Theorem 3, moreover, the limits of
“level of distribution” D assured by Lemmata 4.3 and 4.4 are not worse
than those appearing in Lemmata 4.5 and 4.2, and the latter constraints
were still adequate for getting a “P3” as we saw in the above proof of
Theorem 2 (ii), whence the conclusions in Theorem 3 are essentially
obvious to the experienced reader. For these reasons, we shall be brief
in the following proofs.

The proof of Theorem 3. Within this proof, we use the terminology “for
almost alln”, for short, to mean that “for all but O(N (log N)~4) values
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of n € NoN[N, (6/5)N]”, where Ny is the set introduced in the statement
of Theorem 3.

When X and Y are sets of integers, we denote by R(n,X,)) the
number of representations of n in the form n = 22 + y3 + p3 subject
tor € X, y €Y and primes p ~ X{:’/G. We denote by X(d) and Y(d),
respectively, the set of the multiples of d in the intervals (X2,5X3) and
(X3,5X3), and by Ap and Yo, respectively, the sets of primes in the
intervals (X2,5X2) and (X3,5X3). We further put

.= X;ﬁ, o = X31/7,

and define the sets

X1 = {z ~ Xy; (x,1(2)) = 1},
Xy ={z € X ; Q(z) > 4},

Xz =Xy \ Ay,

yl = {y ~ X3 ) (y:H(zl)) = 1}7
Yo ={yeN; Qy) >4},

V3 =Y1\Va.

Trivially, all the numbers in X3 and Y3 are P3-numbers.
By orthogonality, we have the formulae

Rn, %(@),%0) = | " folas d)gs(a)gs (o X/®)e(~mar)da,
0
Ly 5/6

R(n, %, ¥(d)) = / (32 92605 X2,7,2)) fal s d)gs (03 X3 e(~ma)dex.
0 “r=4

The contributions from the major arcs 9 to these integrals are immedi-
ately estimated by Lemma 2.1, with the aid of Lemma 2.2 in the la:tter
case. As in the proof of Theorem 2 (ii), then we can apply Iwaniec’s
linear sieve, Lemma 6.1, to obtain a lower estimate for R(n, X}, o) and
an upper estimate for R(n, X3,))), both valid for almost all n.

Now let I(n) and P(n,Y) be defined by (2.4), (3.1), (3.2) and (6.15),
with s =1, k = 2 and ko = k; = 3, and put

D=X8 6=0416, D' =X§, 6 =0.333.
By Lemmata 3.1, 3.3, 3.4, 3.6 and 5.1, we may show that
P(n,Y) > (log N)™%,

for almost all n, and Lemma 2.1 asserts that I(n) =< N/°(log N)~3 for
N <n<(6/5)N.
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When we apply Lemma 6.1 to R(n, X, )s), we are concerned with a
remainder term corresponding to £() in Lemma 6.1, with U = D?/3 and
V = D'/3. We can regard this remainder term as neghglble for almost
all n by Lemmata 3.5 and 4.3. Using Lemma 3.3 in addition, we can
establish the lower bound

R(n’xl,yO)
(¢o(]°g D)+ O((1oglog N)™V/%9)) - P(n, Y)——— (log X3)I(n)
= (% log(76 — 1) + O((log log N)*l/so))P(n, Y)I(n), (6.31)

for almost all n. On the other hand, we apply Lemma 6.1 to R(n, Xs, Y1),
with taking U = D' and V = 3/2, and dispose of the error term corre-
sponding to £1) in Lemma 6.1 by Lemmata 3.5 and 4.4. In this way we
arrive at the upper bound

R, 20, 91) < (01 (225 ) + O(og log M)™/%)) - P,
(ZCT IOng) (n)

( 9/20 ) + O((log log N) /%) ) P(n, Y)I(n), (6.32)

r=4

which is valid for almost all n.
Since Yo C Y1, we see R(n, X2,)o) < R(n, Xs,)1), and

R(n7X3)y0) 2 R(npxlyyO) - R(n’X2ayl) > 0)

for almost all n, by (6.31), (6.32) and (6.30) with modest numerical
computation. This proves Theorem 3 (i).
Similarly we can show that

R(n,Xo,y1)>( log(79'—1)+0((loglogN) 1/50))7>(n,Y)1(n),

9/
R(n, X1, ) < ( Zc (7) + O((log log N)~ 1/50)) (n,Y)I(n),
for almost all n, and then that

R(n) XO) y3) 2 R(n) XO: yl) - R(n1 XlayQ) > 07
for almost all n, by (6.30). This establishes Theorem 3 (ii).
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The proof of Theorem 4. Let ko = 4 or 5, and put

6 — k2

_1—3’ = 1/3
T 0 z= D",

D=Xx3%, (k) =

and
r(4) =3, r(5) = 4.

We denote by R(n) the number of representations of n in the form
n=p1 +2® + p} + pf?,
subject to primes p;, po, ps and integers z satisfying
pr~X1, z~X p2~Xs ps~Xi, and (z,0(2)) =1.

Also we denote by R(n) the number of representations counted by R(n)
with the additional constraint Q(x) > r(k2). We aim to prove Theorem 4
by showing that R(n)— R(n) > 0 for every even integer n € [N, (6/5)N].

We first fix some notation. Let I(n) and B(p,n) be defined by (2.4),
(3.1) and (3.2) with s =2, k=1, kg =2,k =3 and ky =4 or 5, and

put
= HB(p, n).
p

It is easily confirmed that B(p,n) = 1+ O(p~%/2), which assures the
absolute convergence of the last infinite product, as well as the lower
bound G(n) > 1 for even n, in combination with Lemma 3.8. Mean-
while, Lemma 2.1 gives the estimate I(n) < N5/6+1/k2(log N)=4 valid
for N <n < (6/5)N

Proceeding along with the lines in the proof of Theorem 5 in §5 (see,
in particular, the argument from (5.5) through to (5.11)), with trivial
adjustment of notation, we see that Lemma 6.1 can be applied to R(n)
for every even n € [N, (6/ 5)N]. In the latter application we take U =
D?/3 and V = D'/3, and then Lemmata 3.7 and 4.2 show that the error
term £© in Lemma 6.1 is negligible in this instance. Using Lemma 3.3
also, we can conclude that, for all even n € [N, (6/5)N],

R(n) > (60(3) + O((oglog N)™1/*%))6(n); (log Xz)(n)
= ((2log2)/8(ks) + O((loglog N)"Y/5°))\&(n)I(n).  (6.33)

Next we put

DI — Xf' 0/ = ?_ Z, — (DI)1/3
3 97 )
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and denote by R'(n) the number of representations of n in the form
n=y+a’+p}+ 8,
subject to primes py ~ X3, p3 ~ X, and integers z and y satisfying
z~Xe, (2,1I(2))=1, Qz)>r(ks), y~X1, (y,1(2))=1.

Obviously we see R(n) < R'(n). Again we can apply Lemma 6.1 to
obtain an upper bound for R'(n), this time taking U = D’ and V =
3/2, and then it is negligible the contribution of the remainder term
corresponding to £ in Lemma 6.1. To see this, we just follow the
argument from (5.5) through to (5.12), replacing g2(a) with

92((1; X2a T, Z).
r(k2)<r<3/0(k2)

Hence, by using mainly Lemmata 2.1, 2.2, 3.3, 3.7, 4.6 and 6.1, we can
establish the upper bound

R(n) < R'(n)
< (#1(5) + O(log og N) /)8 (n); =
= (2K (k2)/6' + O((loglog N)~Y/0))&(n)I(n), (6.34)

valid for all even n € [N, (6/5)N], where

K(k)= ) Ci3/0(ka)).

r(k2)<r<3/6(k2)

(k2) log X1)I(n)

To examine K(k3), the following observation is useful. For a fixed
real number u exceeding 1 and a large real number X, let 7(X,u) be the
number of integers z with £ ~ X and (z,II(X'/*)) = 1. Then we have

4X

m(X,u) = Z 91(0; X,m, X'/*) = (ZC )+ O((log X)~ ))l—og—X’

1<r<u r>1

by Lemma 2.2 (with the latter formula in (2.9) for r = 1). On the other
hand, to estimate (X, u) is the simplest linear sieve problem, and it is
easy to prove that

_ que " X
m(X,u) < (p1(w) +o(1) - 4X [ (1-p7") = ($1(w) + o(1))

p<X1/“
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as X — o0o. Moreover, Grupp and Richert [9] showed that ¢;(u) <
1+43-10710 for u > 10 (see [9], p-212). Consequently we must have

ZC’T(u) <ue 1 (u) < ue (141079, (6.35)

r>1

for u > 10.

Note now that Ci(u) = 1 and Cy(u) = log(u — 1) for u > 2, by the
definition. In the case k; = 4, we have C3(3/0(4)) > 2, so we see by
(6.35) that

K(4) <) Cr(3/6(4)) — 1 —log(3/6(4) — 1) — 2 < 1.37,

r>1

whence 2K (4)/6' < 5. Since (2log2)/6(4) > 5.5, we conclude by (6.33)
and (6.34) that R(n) — R(n) > R(n) — R'(n) > 0 for every even n €
[N, (6/5)N], which establishes Theorem 4 (i).

In the case ky = 5, we have C3(3/6(5)) > 4.9 and C4(3/6(5)) > 4,
thus we see by (6.35)

K(5) <) Cr(3/6(5)) — 1 —log(3/6(5) — 1) — 4.9 — 4 < 3.75,

r>1

whence 2K (5)/6' < 13.5. Since (2log2)/6(5) > 14, we conclude by
(6.33) and (6.34) that R(n) — R(n) > 0 again for every even n €
[N, (6/5)N], which completes the proof of Theorem 4 (ii).
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Abstract In this paper, we announce the result that for any odd n > 1,
(n-1)/2 1
Z 7= —2¢2(n) + ngZ(n) (mod n?),
i=1
(i,n)=1
where g-(n) = (r*"™ — 1)/n, (r,n) = 1 is Euler’s quotient of n with
base r, which is a generalization of E. Lehmer’s congruence. As appli-
cations, we mention some generalizations of Morley’s congruence and

Jacobstahl’s Theorem to modulo arbitary positive integers. The details
of the proof will partly appear in Acta Arithmetica.

2000 Mathematics Subject Classification: 11A25, 11B65, 11B68.

1. INTRODUCTION
In 1938 E. Lehmer [5] established the following congruence:

(p—1)/2

> % = —22(p) + pg5(p) (mod p?) (1)
i=1

for any odd prime p, which is an improvement of Eisenstein’s famous
congruence (1850):

1, 1 1
qg(p)E——(1+—+—+...+

2 273 —) (mod p),

i)~
-
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where
op-1_
q@(p) = ———

is Fermat’s quotient, using (1) and other similar congruences, he ob-
tained various criteria for the first case of Fermat’s Last Theorem (Cf.
[8]). The proof of (1) followed the method of Glaisher [2], which depends
on Bernoulli polynomials of fractional arguments. In this paper, we fol-
low the same way to generalize (1) to modulo arbitary positive integers,
however, we need establish special congruences concerning the quotients
of Euler. The main theorem we obtain is the following,

Theorem 1. Ifn > 1 is odd, then

(n-1)/2
Y =20+ ngd(n) (mod ),
=1
where
gr(n) = ﬂjl;l, (ryn)=1

is Euler’s quotient of n with base r.
Corollary 1. If n is odd, then

"y ) (modn?)  for 3{n
Y =) -ngdn)/2 { (mod n2/3) for 3|n.

Similarly as Theorem 1, we can generalize other congruences by Lehmer
to modulo arbitary positive integers. Among those, the most interesting
one might be the following,

Theorem 2. If n is odd, then

(n-1)/2
Z M1 = _245(n)(1 £ nwy) + 2ngZ(n) (mod n?),

i=1
(i,n)=1

where

is generalized Wilson’s quotient or Gaussian quotient, the negative signs
are to be chosen only when n is not a prime power.
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Corollary 2. If n is odd, then

-1)/2
D2 n)

>, L2 =s2qm)wn +5(n) (mod n),

i=1
(i,;n)=1
where the negative sign is to be chosen only when n is not a prime power.

In 1895, Morley [7] showed that

1% p-1 =471 (modp? 2
(0= () =2 (mod ) 2

for any prime p > 5, this is one of the most beautiful congruences con-
cerning binomial coefficients. However, his ingenious proof, which is
based on an explicit of De Moivre’s Theorem, cannot be modified to
investigate other binomial coefficients, we use Theorem 1 to present a
generalization of (2), i.e.,

Theorem 3. If n is odd, then
(_l)g(_zn_) H d—1 \*/9 = 44(n) (mod n?) for 3{n
pl (d-1)/2 (mod n3/3) for 3|n,
n
(3)

where p(n) is Mobius’ function, and ¢(n) is Euler’s function. In partic-
ular, if n > 5 is prime, (3) becomes (2).

Corollary 3. If p > 5 is prime, then

(-1)% ( (pf’l_’l)l /2) / ( (pf:l_"l)l /2) = 490 (mod p¥),

p—-1i pl‘-l — P - mo 3
=17 <(pz_1)/2)=4 | (modp?)

and

foranyl > 1.

Corollary 4. For each | > 1, there are ezactly two primes up to 4 X 10'2
such that

l

p-1 )":I:l (mod p?

= p )a
((P’ —-1)/2

the positive sign is to be chosen when p = 1093 and the negative sign is

to be chosen when p = 3511.
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Corollary 5. If p,q > 5 are distinct odd primes, then

(rm0s2) =47 (6 se) (0ys) ot

Moreover, we have the following,

Theorem 4. Let n > 1 be an integer, then

ud u(n/d)
1(3)

din

(mod n?) if 3tn, n#2¢
(mod n3/3) if 3|n

(mod n3/2) if n=2% a>2
(mod n3/4) if n=2

1

(4)

for any integers u > v > 0. In particular, if p > 5 is prime, then (4)

becomes
() ()= e

this is Jacobstahl’s Theorem.

Corollary 6. If p,q > 5 are distinct primes, then

() (D)= (C)(m) marer

for any integers u > v > 0.

Corollary 7. If p > 5 is prime, then
20t -1 2p"1 1\ _ 3l
(2 (B2 = tmoar

2pl—1 _ 3
(p’—l) =1 (modp°)

and

foranyl > 1.
Corollary 8. If p,q > 5 are distinct primes, then

(pq—l)_(p~1)(q—1> (mod 7°¢")
In 1862, Wolstenholme showed that

(25__ 11) =1 (mod ") (5)
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for any prime p > 5. This is a consequence of Jacobstahl’s Theorem,
and therefore a consequence of Theorem 4. The exponent 3 in (5) can
be increased only if p|B,_3, here B,_3 is the p — 3th Bernoulli number.
Jones (Cf. [3]) has asked for years that whether the converse for (5) is
true. As direct consequences of Corollary 7 and Corollary 8, we present
two equivalences for Jones’ problem, i.e.,

Theorem 5. If the congruence

(2" - 1) =1 (modn?) (6)

n—1

has a solution of prime power p* (I > 1), then p must satisfy

(2;:11) =1 (mod p°).

The converse is also true. Meanwhile, if the congruence (6) has a solu-
tion of product of distinct odd primes p and q, then

(2qq:11> =1 (mod p?), (2::__11) =1 (mod ¢%).

The converse is also true.

In particular, if [ = 2, the first part of Theorem 5 was obtained by R.
J. McIntosh [6] in 1995.
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Abstract Let N be a sufficiently large even integer and S(N) denote the number
of solutions of the equation

N=P+P2,

where p denotes a prime and P, denotes an almost-prime with at most
two prime factors. In this paper we obtain
.82 N)N
S(N) » LBBECUIN
log® N

where

ew=T1(-5om) J1 5=

p>2 PIN,p>2

2000 Mathematics Subject Classification: 11N05, 11N36.

1. INTRODUCTION

In 1966 Chen J ingrun[ll made a considerable progress in the research
of the binary Goldbach conjecture, hel? proved the remarkable Chen’s
Theorem: let N be a sufficiently large even integer and S(/N) denote the
number of solutions of the equation

N=p+P2>

where p is a prime and P, is an almost-prime with at most two prime
factors, then
. N)N
S(N) > LE7TCNN
log* N

Project supported by The National Natural Science Fundation of China (grant no.19531010,
19801021)
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where

con-11(o-54) 1353

p>2 pIN,p>2

The oringinal proof of Chen’s was simplified by Pan Chengdong, Ding
Xiaqi, Wang Yuan[3], Halberstam-Richert[4], Halberstamls], Rosslfl. In
[4] Halberstam and Richert announced that they obtained the constant
0.689 and a detail proof was given in [5]. In page 338 of [4] it says:
"It would be interesting to know whether the more elaborate weighting
procedure could be adapted to the numerical improvements and could be
important”. In 1978 Chen Jingrun(”) introduced a new sieve procedure
to show

S(N) > 0.81C2(N)N-
log* N
In this paper we shall prove
Theorem.
.82 N)N
S(N) > 0.8 852( ) '
log“ N

The constant 0.8285 is rather near to the limit obtained by the method
employed in this paper.

2. SOME LEMMAS

__ Let A denote a finite set of integers, P denote an infinite set of primes,
P denote the set of primes that do not belong to P. Let z > 2, put

Pz)= [ »» Pl ={plpeP (q=1}

p<z,pEP

SA,z)=SAP,2)= Y 1,
a€A,(a,P(z))=1
Aq = {ala € A,a = 0(modd)}.

Lemma 18!, If

w(d)

A) Ml = 2K bre pd A0, @P)=1;
w(p) log 2o 1
A —_ = >
2) E » 10glogz1 +O<logz1)’ 22> 21 2 2,

z1<p<z2
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where w(d) is a multiplicative function, 0 < w(p) < p, X is independent
of d. Then

S(A,P,2) > XV(2) {f(s) +0 ( 1 )} _ Rp,

log% D

S(A,P,z) < XV(z){F(s)+O( ! >}+RD,

logéD
where
log D
S=log ; Ro= > Ird,
08 2 d<D,d|P(z)

© (lo;z>>’

o-II(-) ()

where v denotes the Euler’s constant, f(s) and F(s) are determined by
the following differential-difference equations

2e7
F(s)=—, f(s)=0, 0<s<2,
{@Fww=f@-n, (sf(s)Y =F(s—1),  s22

Lemma 20!,
v
F(s)=2—e—, 0<s<3;
s
¥ s—1 —
S 2 t
v _
f(s)zw_l_), 2< s< 4

S

24 s—1 dt t—ll _ 1
f(3)=2_e_(log(3._1)+/ __/ O_g(_u_._)_du) , 4<s<6.
S 3 t 2 u

Lemma 3. For any given constant A > 0, there ezists a constant
B = B(A) > 0 such that

T

Z g9(z,a)H(y;a,d,l)| €

a<E(x),(a,d)=1

max max
(l,d)=1 y<z

log4 z’
d<D g
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where

1
H(y;a’d’l)z E 1__d E 17
ap<y !l )apSy
ap=!( mod d)

< E(z) < z'7°, 0<a<l,

(ST

g9(z,a) < dr(a), D =z3 log 8 z.

Remark 1. Let r;(y) be a positive function depending on z and
satisfying r1(y) < z® for y < z. Then under the conditions in Lemma
3, we have

T
max max Z 9(z,a)H(ar1(y);a,d,1)| €« —
a<D D=LV | by ad)=1 log™ «

Remark 2. Let r2(a) be a positive function depending on z and y
such that ary(a) < z for a < E(z),y < z. Then under the conditions
in Lemma 3, we have

T
E max max E 9(z,a)H(arz(a);a,d,l)| <« —
dsD(l,d):l y<z o< E(@) (ad)=1 log” x

Lemma 4910, Let

z>1, zzzi, Q(z)=Hp.

p<z
Then for u > ug > 1, we have
x T
1 =w(u) + 0 (——) ,
rgx log z log? 2

(n,Q(2))=1

where w(u) is determined by the following differential-difference equation

1<u<?2,

{ w(u) = :t;)
(vw(u)) = w(u - 1), u> 2.

Moreover, we have
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3. WEIGHTED SIEVE METHOD

Let N be a sufficiently large even integer and put

A={aja=N-p,p< N}, (3.1)
P={pl (p,N)=1}. (32)

Lemma 57, Let0<a < B < % and o+ 30 > 1. Then

1 1 -
sz Y (1- el - gee - p + 304(a)) +O(V'~2)
acA
(a,NP(Ne))=1
1
ZS(A,NQ)—E Z S(ApaNa)
Ne<p<NA,(p,N)=1
1
D) Z S(Ampzap2)
Ne<p1<NP<pr< (L)
(P1p2,N)=1
- Z S(Apipz» P2)
NﬁSP1<p2<(;N;)%
(PlPZyN)=1
1 _
+3 2. S(Appi P(p1),p2) + OV,
Ne<p1<pa<p3<NP
(p1p2p3,N)=1
where
pl(a’) = Z 13
pla,(p,N)=1
Ne<p<NB

1, a = p1pap3, N® < p1 < NP < py < ps3,(a,N) =1
pala) = { 0, otherwise.
1, a =p1p2p3, NP < p1 <pa <p3,(a,N) =1
pa(a) = { 0, otherwise.
2ula) { 1, a = p1papan, N® < p1 < p2 < p3 < NP, (a, Np; ' P(p2)) = 1;
4(a) =

0, otherwise.
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Proof. Since the second inequlity can be deduced from the first one
easily, so it suffice to prove the first inequality. Let

vz(a) = Z 1’ )\(a) - { 1, v2(a) S 27

Pl 0, w(a)>2.
Then
S(N)> > Xa)

a€A
(a,P(N))=1

P>

p2(a)M\(a) + O(N'=%),

On the other hand,
S (1= 2m00) - 2o2(a) - pa(a) + Lpa(a)
2 2 2
acA
(a,P(N@))=1

- Y 2 (1 ~ 501(0) ~ 2 pa(a) — pafa) + %ma)) +O(N'-2),
acA,(a,N)=1

(a,P(N2))=1
For

wa) =1, (a, P(N%)) =1, (a,N) =1
we have

1) va(a) < 2. Then py(a) = 0.
MNa) =121~ 3p(a) - 5o2(a) - pafa) + 5 oa(a);
2) vp(a) = 3. If py(a) = 0, then p3(a) = 1, pa(a) = pa(a) = 0,
\@) =02 1= 31(0) ~ 32(0) ~ poa) + 2pa(a);

If p1(a) = 1, then p3(a) = ps(a) = 0, and p2(a) = 1, hence
1 1 1
Ma)=0=1- 5/’1(0) - 5/’2(“) — p3(a) + §P4(a)§
If p1(a) = 2, then py(a) = p3(a) = pa(a) = 0, and

1

Ma)=0=1- %m(a) — 5p2(a) = pa(a) + %m(a)?
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If p1(a) = 3, then pa(a) = p3(a) =0, pa(a) =1, and
—0=1-2p1(a) - 3p2(0) — pa(a) + 3pa(0);
AMa)=0= 5P1 P2 5 ;
3) va(a) > 4. Then pi(a) > 2. If p1(a) = 2, then py(a) = p3(a) =

= pa(a) =0,

Ma)=0=1-2pi(a) ~ 5p2le) - pa(a) + 3oa(a);

If p1(a) > 3, then pa(a) = p3(a) =0, pa(a) =1,
N&) =02 1- 21(a) ~ 5p2(a) ~ p3(a) + 5p4(a).

Combining the above arguments we complete the proof of Lemma 5.

Lemma 6.

L

25(N) > 25(A, N) - Y $(Ap, NT2)

1
NT2 <p<N 3377 ,(p,N)=1

Z S(Ampz ,P2)

1
2

N |

N =

1 1
N2 <pi <N 3037 <pp< ()
(p1p2,N)=1

- >
N <pr<p<(2)}
(p1p2,N)=1
Z S(Ap,p)
NT2 <p< NBBIZ (p,N)=1
> S(Ap, NT2)
N1z <p<NT383 (p,N)=1
3 S(Apips N7)

1
N'T2 <p1 <pp<NEBTI
(p1p2,N)=1

> S (Apspa NT2)

1 1 _
N T2 <p, <N B3 <py<N3py?
(p1p2,N)=1

S(Amm ,P2)

N = DN =

N =

+

N =
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1
3 Z S(Apipzr P2)
N’f‘i'T:TSPKNf’TéE3 SP2<(;,NT)%
(p1p2,N)=1
- Z S(-Aplpzvp2)
Nr&w5m<pz<(f—l)%
(p1p2,N)=1
1
) E S(Apipspspa; P(p1),pa)
N%?Sp1<p4<p2<P3<NBT§T3
(P1p2p3ps,N)=1
1
3 Z S(Apipzpsps; P(P1), Pa)

NT: <p1 <p4<pz<NHT§H Szr>3<N%*p§1
(p1p2paps,N)=1

+O(NT)
1 1 1 1 1 1
—22——2-21—522—23—524—§E5+525+§27
1 1 1 u
- -2-28 — X9 — 5210 - 5211 +O(N).

Proof. By Buchstab’s identity

S(A z)=S(An) - D SAnp),  2<z <2,
z1<p<=z2
we have
_1 1 1
S(A, N¥H%) = S(A,NT) - o 3 S(Ap, p)

NTz <p< N33 (p,N)=1
> S(Ap, NT2)

N2 Sp<NE3TI, (p,N)=1

Z S('APlevN%)

1
NT2 <pi<pp<NF3T3
(p1p2,N)=1

DO =

N

+

Z S(Apip2ps» P1); (3.3)

1
N12 Sp1<pz<ps<NE§13
(p1p2p3,N)=1

N =

: On Chen’s theorem

3 S(Ap, N5573)
NEETI <p<N 333 (p,N)=1

< 2

NBT@TZ §p<N% J(p,N)=1

- 2

S(Ap, N12)

S(Aplpza pl)

N <py<NE3TI <py<N#
(p1p2,N)=1
+ 3 S(Ap, N12)

1
N <p<N7T383 (p,N)=1

< >

1
NBTSIT.{ <p<N 73383 (p,N)=1

1 _
NTz gp1<NBTéTZ <p2<N3py!
(p1p2,N)=1

- X

1
N B3T3 <p< N 3383 (p,N)=1

1 1 1 -
NTZ <pi <N B3T3 <pp<N3Ipy!
(p1p2,N)=1

+ 2

N T2 <py<pa< N3 <ps<N3p;!
(p1p2p3,N)=1

S(Ay, N12)

S('APIPZ’ pl)

S(A,, N12)

S(Apipas NT2)

S(-Ampzpa D1 )’

Z S(Apipaps; P(p1),P2)

NTz <p1<p2<p3<N 3017
(P1172P3,N)=1

1
NTZ 5171<1>2<p3<1‘“’37‘a‘m
(p1p2p3,N)=1

N2 <p) <pp<N 33 <ps<N3p;?
(p1p2p3,N)=1

S(Aplpzps ,P1)

S(Aplpzpa ) Pl)

107

(3.4)
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_>. Z (S(Aplpzpa;P(pl)ap2) - S(-Aplpzpa’pl))

1 1
NT2<p1<p2<p3<NBET3
(P1p2p3,N)=1

+ Z (S(Ampzps;P(pl)»p2) - S(Aplpzpmpl))

1 1
NT2 <p,<ps< NI <py<N3p;!
(p1p2p3,N)=1

> - 2

1 1
N1Z <p1<ps<p2<p3<NBET3
(p1p2p3pa,N)=1

1 1 1
N1Z<p1<ps<p2a<NEBIB <p3<NIp;!
(P1p2p3pa,N)=1

S(Aplpzpa;P(pl),p4)

S(-Ampzpa? P(p1),pa)- (3.5)

By Lemma 5 with (a,83) = (%,3.—(}4—7-) and (a,8) = (ﬁ,ﬁ) and
(3.3)—(3.5), we complete the proof of Lemma 6.

4. PROOF OF THE THEOREM

In this section, sets A and P are defined by (3.1) and (3.2) respectively.
Let

X=LiN~ N (@N)=1,

log N’
LiN
ra =mn(N;d,N) - o)’
d
)= ) 0.

1) Evaluation of ¥, %}, &4, &5, Tg, T7.
1
Let D = R—N;W with B = B(5) > 0, by Lemma 3 we get

og
LiN
Rp=)_ |n(N;d,N) - —[
<D o(d)
< max m (y;d,1) Liy
- i<D VSN (L)=1 T o(d)
N
<K , 4.
lOgsN ( 1)
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and

- (p—2)
- oIV z% (p’gﬂ I()p - 1)22
I (e
=211 (1- (p—11>2)pw,p>2§:1
— 20(N). (4.2)

By Lemma 1, Lemma 2, (4.1), (4.2) and some routine arguments we
get that

C(N)N 4 log(s — 1) 5 )
1 d
Y >8(1+0(1)) o N <log5+/2 S ogs_{_1 s

C(N)N
> 13.4735 . 43
> og? N (4.3)

For N1 <p< Na*.éTu by Lemma 1 and (4.2) we get that

S(Ap, P, N2) < 24(1 + o(1))C(N)e™

N logp>
Fl6-12 +Rp(p), (44
<o (- 2k )+ Rol), ()

where
Rp(p) = Z Irap|-
d<2 dP(NT2)

By Lemma 3 we have

LiN
Y mp- Y Y |-
NTz <p<N 3327 NTz <p<N 3017 d<%,d]P(N’llZ)
(p.N)=1 (p,N)=1
Liy
< ;d,l
B (ﬁ?‘flznsaﬁ (v;d,0) p(d)
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< N
log® N’

(4.5)

By (4.4), (4.5), the prime number theorem and summation by parts we
get that

N
log? N

1 logp
X -F{6-12
2 , P ( log N )
NTz <p< NTar
(p,N)=1
o N

=24(1 + 0o(1))C(N)e™"

log? N
N3
1 logu
X F6-12
/N-Eg ulogu (6 lo gN) du

C(N)N (l 10 L /4 log(.i— 1) log 5(5 — s)ds)
2

1 £24(1 4+ 0(1))C(N)e™

<8(1+o1)7 ogZN \ %1047 s+1
C(N)
< 20.4456 .
< o N (4.6)
Similarly,
~ C(N)N 10 24065 15g(s — 1)
24 <8(1+0(1 log—— (1 _—
+ <81+ (Og6.813( +/2 s ds)
+ /4 log(s — 1) log > ds)
2.4065 s s+1
C(N)N
< 3.6569
< o N (4.7)
C(N)N 10 “log(s—1), 5(5—s)
Y5 < 8(1+o0(1 1
s <81+ o) (Og1.383+/2 N ds)
C(N)N
< 18.21899 :
10g2 ~ (4.8)
log(5 — 12(¢1 + ¢3))
D6 > 8(1+ 0 /8813/8813
6 ( lOg N t t1ta(1 — 2(t; + tz)) dirdiz,
370 log(5 ~ 12(t; + t2))
7 > 8(1 + o1 / / g 1+t
728 ) 2N tita(1 — 2(t1 + £2)) dirdty,
C(N)N
6 + T7 > 2.6942 .
6 7= lOg2 N (49)
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2) Evaluation of X9, X1;.
We have

Y= Z Z

1
N2 <p; <pa<p<ps<NFET3 aefiplpzpamla
(p1p2p3ps,N)=1 (a,py " NP(pa))=1

= 3 3 14+ O(N1z)

p=N—p1p2p3psn

N -1 =
1SN S S ihapena (WP NP(pa))=1

1+ O(Niz)

1 1
N12Z <p1<ps<p2<p3<N BB
(p1p2p3ps,N)=1

=¥, + O(N ), (4.10)

where

o = 2 2 2 L

1 1 =N—
Nﬁ§(p1<p4<]1\)lz)_<_llvm 1<n <m_p%_4 . p< (Iz:llpzlpm)psN
P1P2p4, 4V )= (n,pllNP(p4)) 1P2<p3 mm( —"1’11’21’4)
(4.11)

Now we consider the set

-

¢ =npipopa, N2 < py < pg < py < N33, (p1pops, N) = 1,

N
1<n< ———,(n,p;'NP(py)) = 1}.
pm%m ( ! ))

By the definition of the set £, it is easy to see that for every e €
&,p1,p2, p4 are determined by e uniquely. Let pp = r(e), then we have

N2 <r((:)<Nﬂ11_3, er(e) < N.

Let

N
L= {l ‘l =N —eps, e € E,7r(e) < p3 < min (Nﬁ,_e_) }
We have

N5<(:<N:“'l', c€ €,
€] /<N:;:', Z l<<Nl_2

leﬁ,lSNZ

Yo does not, exceeding the number of primes in £, hence

¥, < S(L,z) + O(N12), z< Ni. (4.12)
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By Lemma 1 we get

1 C(N)|L]
S(L,Dz2) < 8(1+ o(1)) log N + R + Ry,
where
D=Nilog BN (B = B(5) > 0),

o= > |2 2. !

d<D,(d,N)=1 . .
<D,(d,N) (e?(f)il 7‘(2)<p3<mm(N878T3',%)
ep3=N(d)

1
o

r(e)<p3<min(N8781T3 ,%)

Ro= Y ;%a_)z 3 1.

<D,(d,N)=1 - 3
d<D,(d,N) (ei%ilr(e)<p3<mm(N878T3,§)

Let
gla)= > 1,
e=a,e€&
then
Ry=)_ > ga) > 1
d<D Ni<a<N% r(e)<p3<min(N8781T3,%)
(a.d)=1 aps=N(d)
1
0 2 :
r(e)<ps3 <min(N8'.'81‘R! ,%)
1
Ry = @ > 1.
d<D N%<a<N’H’ r(e)<p3<min(NBT§B,%)
(a,d)2N T2

It is easy to show that
gla) < 1.

(4.13)
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Now
1 N
o< ) ¢(d) D
dsD Nicacntt
(a,d)>N T2
1 N
<2 @ 2
d<D dm>NTz N
(a,d)=m
< NlogN Y Y :
& @) m
d<D mld,mZN’l]’b’
1 1
& Nlog N
& IZ mip(m) Z o(d)
NTZ<m<D <
& Niz log® N,
Ri <R3+ R4+ Rs,
where

Rs= Y Y. e Y 1"% >

_ - p(d) ,
dSD,(d,N)—l N%<a<N } p3<N8.3113 p3<N .
(a,d)=1 aps=N(d)

1
Ri= ), 2. d@f X - Dl

d<D,(d,N)=1 NEB ool ap3<N ap3<N
’ (a,d)=1 ap3=N(d)

1
Rs= Y 2. s@| X -

d<D(dN)=1 N} e nih pa<r(a) pa<r(a)
(a,d)=1 ap3BN(d)

By Lemma 3, Remark 1, Remark 2 we get

log* N’

113

(4.16)
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Now by Lemma 4 we have

=2 2. !

1
e€f r(e)<p3<min (Nm ,%)

= 2. 2.

1 1 N
NTZ<p1<ps<pa<pa<NE¥IT 1SnS oo

(p1p2p3ps,N)=1 (n,p7 ' NP(pa))=1

1 1
< 17803 (HO <logN)>

N 11

< L O(NE

. 2 , P1p2p3pslogps (V1)

NT12 <p1<ps<p2<p3<N BB
N

= T7s03log v - o)

1 1
s dt; (833 1 (1 1 1
— = — =) log ——dt». 4.1
X /L t )y t (tl tQ) 8 gaiag e 41D

12

1+ O(N1)

By (4.10)-(4.17) we get

8 C(N)N
< v 2
0 S 77531 +o(1) log? N

1
Sudy [@E1 (1 1 1
| ~(2-h dty, (418
X/L 4 /t1 & (tl tg) %% gaa it (418)

12

By a similar method we get

8 C(N)N
Eu < T7gpg( +o() log? N
1 1
X / mmdy (mE 111 log (8813 (£ —t,) ) dts.
.} 1 Jy to \{1 o 3
(4.19)
By (4.18) and (4.19) we obtain
8 C(N)N
Zo+En s g 7803(1 + (1)) 2N
x/mit—l/ml LD g (L —1) dty
% tl t t2 tl t2 3t2
< 0.1768S N (4.20)

log? N~

-
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3) Evaluation of ¥y, ¥3, Xg, Xg.
We have

Ty = > > o1

1 1 a€A,a=p1p2p3
NT2<p1 <N3097 <p2< (%) : P2<ps3,(p3,N)=1

(p1p2,N)=1

-z SR

1 =N-
P=IN—p1p2p3
NllZSP1<N3-&Z7SP2<(p) I,2<],3<PII\;2 (p3,N)=1
(Ple.N)Il

=S (4.21)

Consider the sets

g={e

L={l|l=N-epec&,ep<N,(p,N)=1}.

N\ 2
e=p1p2,N%Sp1<N3-547Sp2<(p—) ,(p1P2,N)=1},
1

We have

1
2
EEDY (g) < N3,

NT%SP1<N37&"
N3 <e< N3, eck.

The numlger of elements in the set £ which are less than N 3 does not
exceed N3, S does not exceed the number of primes in £. Therefore

S < S(L,P,z) + O(N3), 2 < N&. (4.22)

Now we apply Lemma 1 to estimate the upper bound of S(L, P, z). For
the set L,

ec&
d
wd = 3 d 07 d,N _17
@=r5  HDEO @)
1
N2 1
= , B = B(5) >0, = D3
log? N 5)> ‘ ’
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Then by Lemma 1 we get that 1

<vost ¥ L
S(c,P,z)ss(1+o(1>>0(N>ia§ﬁ+Rl+R2, (4.23) \ N2 <ms<D <

< N1z log? N. (4.24)

where
By Lemma 3 we get that

N N
Ri= > > 21 (€> : R < SN (4.25)

d<D,(d,N)=1| ee& ep<N
(e,d)=1 \ep=N(d)

o= 2 90(1) ) L(ﬁ)

d<D,(d,N)= ecé,(e,d)>1

By the prime number theorem and integeration by parts we have

(1+o0(1 ZLI( )

ecf
InviewofN%ge<N§ fore € &, let % — (1+o(1)N Z 1 _
‘ . - , Pip2log 5o
2. L N <o <n s < ()
e=a,e€& 3—3717 %
NT
then we have 5 =(1+4+0o(1))N dt /( ) e
Nt tlogt /yste ulogulog ¥
047
N log (2047 - 2947)
N = (1 1 . .
Rl = Z Z g(a‘) Z 1- —Ll ( ) ) I ( + O( ))lOgN 2.047 S ds (4 26)
d<D,(d,N)=1 |, 1 2 <N
N3 <a<N? apeN(d) By (4.21)—(4.26) we get that
- 1 (N | C(N)N 1
Ry= Y 2@ > gla)Li (;) : ) %y < 8(1 + o(1)) ]( ])V 3 —
d<D,(d,N)=1 N <acn? 0g 3 p1ps log S5
(a d)>Nl’12 , NT%<p1<N3‘(}ZY<p2<(N

, . 11 log (2.047 — 3947
= : < 8(1 + o(1)) SUDN ( o )dt

. N | log? N Jq.047 t
Ry <), 2@ > | < 5.15770(]\;)1\’. (4.27)
dsb N3<ac<n3 ; log
. (a,d)2N N ! By similar methods, we have
<Y — > o=
) a CIN S
d<D X3 < 8(1+0(1))
mld,mZNlli (Zfi?lzm logN Z % p1p21 og —— P1P2
Z 1 1 { NI <py <pa< (L)
< Nlog N — 2.047
C(N)N log(t—1
d<D a )m|d,m2NT1’2 m <8(1+o(1 )) ( ) —g(———ldt

g2 N t
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C(N)N
< 0.0043 : 4.28)
- log? N (
C(N)N 1
< —_ ___—___
28 > 8(1 + 0(1)) lOgN Z 1 P1P2 ].Og 5152

N3 <p; <N T353 <p2<(

co (75 log (2.383 - iiﬁ*"’)dt

< 8(1+o(1) 57—

log> N J2.383 t
<s. 14290(N) (4.29)
log? N’
C(MN -
. —
29 < 8(1 + 0(1)) lOgN Z % P1p2 ]'Og p1p2
Nz‘:tss <p1<P2<(—)
C(N)N [2383 10g(t — 1)
e
< 0.23290(N)N- (430
log

4) Proof of the Theorem.
By (4.3),(4.6)—(4.9), (4.20), (4.27)—(4.30) we get

20.44 5.1577
25(N) > (2 x 13.4735 ~ O; 56 _ 25 —0.0043
3.6569  18.21899 + 2.6942 _ 5.1429
2 2 2 2
0.1768\ C(N)N
—0.2329 —
02329 2 ) log? N
1.657C(N)N
> —a
log® N
0.8285C(N)N
S(N) > ————7——
(V) log? N

The Theorem is proved.
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Abstract The k-th power moment of L(1,x) over the odd characters modulo p
(a prime number) twisted by the argument of the Gaussian sum is esti-
mated.

2000 Mathematics Subject Classification: 11M20.

Let p be a prime number and k be a natural number. For a Dirichlet
character x modulo p we denote by L(s, x) the Dirichlet L-function for
x as usual. The power moment of L(1,x) over odd characters were
investigated after the results of Ankeny and Chowla [1], Walum [2] on
mean square, and now we have general asymptotic formula by Zhang

[5], (6]:
> 10 =G+ 0 (e (el ))

o1 loglogp

Y L(t,x)*=Dip+0 (exp (—kl"ﬂ’—)) ,

(eDem1 loglog p

where C}, and Dy, are certain positive constants depending only on k. We
note that Zhang’s results are actually given for any composite modulus
and the constants Cy and Dy are given explicitly.

In this paper we report a curious “vanishing” phenomenon on the
similar power moment twisted by the arguments of the Gaussian sum.
Let G(x) denotes the Gaussian sum i.e.

and

p—1
G(x) = Y_ x(a)ep(a),
a=1

121
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2mi &
where ep(z) = e”" 7. Define

(x)

0":7'

Note that the absolute value of 8, is 1. Then our result is the following:

Theorem.

Y. (0L(1,x)* = O(vplogt p). (1)

x(-1)=-1

The author expresses his sincere gratitude to Professor Kohji Mat-
sumoto for valuable information and discussions on Zhang's works, and
to the referee for several important comments for correction and im-
provement of the manuscript.

Hereafter we use the following conventions:

Zy={1,...,p}
Zy={1,...,p—1}.

Lemma 1.

k
S (Ol x)* = nkitpiE ((p—l)s—(p(”; 2) ) (2

x(=1)=-1

where

S = Z ay---ag.

(a1, ax)E(Z5)*
a1--ax=1 (mod p)

Proof. The class number formula says if x(—1) = —1 (see e.g. [3] p.37,
Theorem 4.9)

L1, = “5n0),
where h(x) = $-°_ x(a)a. Then we have
> L= Y (riihe)
x(-1)=-1 x(-1)=-1
k
—'n'zp%( Z h,(X)k (p(i_)))
X (mod p)
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Here we have used the facts h(x) = 0 for even non-principal x and

h(x) = 2 (” D for principal x. The first term of the last expression is
calculated as

p-1 p-1
PICEID VD M e R

(mod p) X (mod p) a1=1 ax=1
= Z al...ak Z X(al...ak)
(a1,...,ak)E(Z;¥) x (mod p)
= (p - l)S)
which shows the conclusion. O
Lemma 2.
S= > K(ni,...,m)®(ng) - B(n), (3)
(nl,...,nk)EZ;,“
where
K(nla-"ank) =p—k Z ep(_alnl - ”'_aknk)
(al,...,ak)EZ;k
a1--ax=1 (mod p)
and
p—1
®(n) = Zaep(—an).
a=1
Proof. Let I(ai,...,ar) denote the characteristic function of the set

defined by a; ---ax =1 (mod p). Then by Fourier analysis on Z},‘ (con-
siderd as an additive group) we have

Iay,...,a) = Z K(ny,...,ng)ep(aing + - + agng).
(nl)"')nk)ezs

Hence

S = Z al---akI(al,...,ak)

(al,...,ak)EZ,’;

= Z K(ny,...,ng)

(n1,....ni)€ 2%

p—1 p—1
x Z e a’l .. akep(—-alnl —_— e o — aknk)
a1=1 ap=1
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= Z K(ny,...,ng)®(n1) - - - @(ng).

(nl,...,nk)EZ;k

|
For (ni,...,nk) € Zz'f we denote by r = r(ny,...,ng) the number of
zeros among the numbers ny,...,ng.
Lemma 3.
-1 (=D)*TpF r2>1
K Nly... N ) = - 4
( k) {O(p"ﬂz'"l) =0, (4)
Proof. First we assume r > 1. Without loss of generality we may assume
(n1,...,ng) = (n1,...,Mk-r,0,...,0), and all of ny,...,nk_, are not
zero. Then we have
1
K(ny,...,ng) = o Z ep(—a1ny — -+ — @g_rNk—y)

(al,...,ak_r)GZ;k_r

X E 1
(@k—r41+-0k)EZYT
ak—ri1-0k=(01ak_y) !

= pH(p— 1) (= DF

The latter half is a direct consequence of the Deligne estimate of the
hyper-Kloosterman sums (see [4]). a

(mod p)

Proof of Theorem. From Lemma 2 and Lemma 3 we have

k
S=Y" Y K(my...,m)®(n1) - Bl

v=07r(ny,...,nx)=v

=2 (O)r 0t - 1oy (Zw)
v=1

+ > K(n,...,np)®(ng) - ).

(n1,...nk)EZL*

k—v

Since ®(0 )—Mandz _1®(n) =

0) we observe the first term to be

(p—1k?
2k

ﬂ%ﬁ (note that 21 &(n

(* - 1).
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While the second term can be estimated to O(p%k‘% log” p) since

p—1
> 12(n)| = O(p’ log p).
n=1
Thus Theorem follows immediately from Lemma 1. O
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Abstract  An estimate on the Montgomery’s conjecture on the pair correlation of
the zeros of the Riemann zeta function is given. An extension is given
also to the zeros of Dirichlet L-functions .
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1. INTRODUCTION

We shall give a remark concerning the Montgomery’s conjecture on
the pair correlation of the zeros of the Riemann zeta function {(s).

We start by recalling Montgomery’s conjecture [10]. We shall state it
in the following form, where vy and ~' run over the imaginary parts of
the zeros of ((s).

Montgomery’s pair correlation conjecture.
For all T > Ty and for any o > 0,

Y= %logT- {/Oa (1 - (Si’;:t)z) dt+o(1)}.

0<v,Y £T
0<y—-+'<
~ log b

In this article, we shall prove that the above conjecture is correct as
far as the asymptotic behavior as @ — oo is concerned. We [4] have
already proved this under the Riemann Hypothesis. Here we shall give
a proof without assuming any unproved hypothesis.
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An importnat point of the above conjecture is, as noticed by Dyson,
that the density function
0N 2
1 (sm7r )
i

is exactly the density function of the pair correlation of the eigenvalues
of Gaussian Unitary Ensembles. This observation has stimulated many
researches since then. One of the latest works along this line can be seen
in the works of Katz-Sarnak [9] and Connes [1].

We start by recalling the Riemann-von Mangoldt formula for the num-
ber N(T) of the zeros B+ iy of {(s) in0 <~y <T and 0 £ B < 1, the
zeros on v = T being counted one half only. Let

1
S(T) = —argC( +14T) for T #1,
where the argument is obtained by the continuous variation along the

straight lines joining 2, 2 + 4T, and % + 1T, starting with the value zero.
When T = «, we put

S(T) = %(S(T +0) + S(T - 0)).

Then the well known Riemann-von Mangoldt formula (cf. p.212 of Titch-
marsh [12]) states that

N(T) = %19(1") +1+S(T),

where ¥(T') is the continuous function defined by

1 T 1
p—a < —_ — —_—
I(T) \s(logI‘(4 + 3 ) 2Tlog7r
with
9(0) =0
and has the following expansion
T T T = 1 7
T = — —-
D) =gloegr — 5~ 5+ 287 " 50000

and we have
S(T) <« logT,

['(s) being the I'-function.
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Now using the Riemann-von Mangoldt formula, we see that for any
a >0 and for all T > T,

DIEED YD M

A LT 0<y<T 2ra
o<:-<:';—L;:‘og" ! i —_27:<7 <7
2ra
=—Iog—/ dt— Y S(y-—F)+0(T).
0<v<T log 57

Thus it is clear that the following is equivalent to Montgomery’s pair
correlation conjecture.

Conjecture. For all T > Ty and for any o > 0, we have

2ra T T @ rsinmt2
Z S('y—lgT) 27r10g_2_7r_{/0 ( — ) dt+o(1)}.

O<y<T

The above argument has been noticed in pp. 242-243 of Fujii [5] with
slightly more details. Thus it may be realized that to study the sum

> S(r- 2ml)

0<7<T log 57

is very important. Under the assumption of the Riemann Hypothesis, we
have shown in Fujii [4] that for all T > Ty and for any positive a < TA
with some positive constant A, we have

2
> Sty- "O; ) < TlogT.
0<y<T log o

The first purpose of the present article is to eliminate the Riemann
Hypothesis from the above result and prove the following result.

Theorem 1. Suppose that T > Ty and 0 < |a| K T. Then we have

Z S(y—a) < TlogT.
0<y<LT,y—a>0

Thus we have the following consequence without assuming any un-
proved hypothesis.
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Corollary 1. For all T > Tp and for any a > 0, we have

>, 1= 0g2 {/ dt + O(1 }

0<y,y'<T

0<7—‘7’Sé‘1?_'
us

The second purpose of the present article is to consider a more gen-
eral situation. Let x and ¢ be primitive Dirichlet characters with the
conductor d > 1 and k > 1, respectively. Let L(s,x) and L(s, %) be the
corresponding Dirichlet L-functions. Let y(x) (and 4 (1) ) run over the
imaginary parts of the zeros of L(s,x) ( and L(s, ), respectively). One
general problem is to study the following quantity.

2, &

o<y (x). ¥ (VST
o<y (x)=v (¥)< ”

L

where T' > T and a is any positive number. To state our conjecture and
the results on this, we have to start by stating the following Riemann-
von Mangoldt formula for N (T, x), the number of the zeros of L(s, x) in
0<R(s)<land 0<(s) =t <T, possible zeros witht =0ort =T
counting one half only. Then it is well-known (cf. p.283 of Selberg [11])
that for all T > 0, we have

L, 97 x(=1)

N(T,X) = 5-Tlog 57— = X2= + S(T,x) - $(0,x) + O(

1
7+1)
where S(T, x) is defined as in p.283 of Selberg [11].

Now if x = 1, then the asymptotic behavior of the above sum must
be similar to the one conjectured in Montgomery’s conjecture. On the
other hand, if x # v, then it may be natural to suppose that there may
be no strong tendency to separate y(x) and v (1). Thus we may have
the following.

Conjecture. Let x and ¢ be primitive Dirichlet characters with the
conductor d > 1 and k > 1, respectively. Then for all T > Ty and for
any a > 0, we have

v 1=;—1;—rlogT-{/o (1 8(x, %) (Sm"t) )dt+o(1)},

0<v(x).Y ()T

0<7(x)—7’(¢)$;i’-‘-§:
v
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where we put

)Y f x=¢

This has been already stated in p.250 of Fujii [5].
If we use the Riemann-von Mangoldt formula for N(T,x) as stated
above, we see that our conjecture is equivalent to the following.

Conjecture. Let x and v be primitive Dirichlet characters with the
conductor d > 1 and k > 1, respectively. Then for all T > Ty and for
any a > 0, we have

2ra
)

3> (560, 9) - S(r(x) — —¥)

0<Y(x)<T

T T @ rsinmt 2
=ﬂlog%-5(x,¢)~{-/.§ ( — ) dt+o(1)}.

log 5

In the present article, we shall prove the following result which is a
generalization of Theorem I.

Theorem II. Let x and ¢ be primitive Dirichlet characters with the
conductor d > 1 and k > 1, respectively. Suppose that T > Ty and
0 <l|a| «T. Then we have

S(v(x) —a,9) < TlogT.
0<y(x)<T,v(x)—a>0

This implies, in particular, the following.

Corollary II. Let x and ¢ be primitive Dirichlet characters with the
conductor d > 1 and k > 1, respectively. Then for all T > Ty and for
any o > 0, we have

T (s}
3 1_5;10g:r.{/0 1dt+O(1)}.

0<y(x),Y (¥)ST
0<y(x) -7 (¥)<
! "
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We understand that our results do not reach to the point where either

the factor ]
( sin 7rt) 2
it

o(x, )

or the factor

plays an essential role.

Finally, we notice that Theorem I is announced in Fujii [7]. Here we
shall give the details of the proof of Theorem II in the next section. We
shall not trace the dependence on d or k , for simplicity.

2. PROOF OF THEOREM II

We shall use the following explicit formula for S(T', x) due to Selberg
(cf. p.330-334 of Selberg [11]).

Lemma. For2< X <t2,t> 2, we have
1 x(p)
S(t7X) = -3 _m +O(A(taXaX)))
™ p<X3 p2

where we put

At X, x)= Y Ap) = Ax(m), )

p<X? vPplogp - pt

Ax(P*)x(p?)

Aq(t, X = A AN

2( ’ ’X) Z plogp.p?lt 4
p<X%

1
A3(t7X1 X) = (ox,t - 5) logdt?

1

1 1 o0
Ag(t, X, x) = (Ux,t—E)X(U""—i)/ X279

Ax(p)log(X
Z x(p) ;fiitp)x(p)

Nof=

p<X3
A(taXs X) = lAl(taX$ X)' + IA2(taX7X)I + A3(t,X) X) + A4(tv Xa X)v

A(n) for 1<n<X
(log £°)2 — 2(log X*)2 ,
Ax(n) = { An) 2(iog X)? for X<n<X
(log %2
A(n) L for X?2<n< X3

2(log X )2

do,
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and 9

1 1
Txt = 5 + 2151(?5( (18(x) - §|a m),
o(x) running here through all zeros B(x) + iv(x) of L(s,x) for which

3180041
_ <
[t —v(x)| < Tog X

We shall divide our proof into two cases.

We suppose first that a > 0.
We put X = T® with a sufficiently small positive b and T} = VX +a.
We may suppose that

T1=\/Y+GST.

In this case, we have first

> S(v(x) — &, %)

0<Y(X)<T, v(x)—a>0

= Y Sa-aw)+ Y, SO -a)

a<y(x)<Th Ti<y(x)<T
=851 + Sy, say.

Using the estimate S(y(x) — a, %) < log T, we get, simply,
Si<logT Y 1< (T1-a)log?T <« VXlog?T < TlogT.
a<v(x)<T
For S3, we can use the above lemma and get

1 ¥(p)
32=;9{ 2 §3';§ﬁ%5:5}

T <y(x)<T p< X3

+ Y 0(A(K) - a X, ¥))

Ti<y(x)<T
=83+ S4, say.

Using the Riemann-von Mangoldt formula, we get first

1 1 T itmay oy 1, dt
Sy =— > 7—53{/ P Y(p)- log 5 dt

p<X3 T
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4= Z {/ —it-a)y(p) dS (2, x)} +O( Z %)

p<X3 p<X3
=S5 + Sg + S7, say.

By the integration by parts, we get

3

X2
S5 K logT —5— <« T.
5 p;;aflgp * log? X

By the integration by parts, we get also

Se Zl > \/_3{[ P (p)S(t, )7, }
1D<X3
_1! Z {'z\l/o_gp i P~ 9(p)S(t, x) dt}
" p<x? '
=Sg — Sy, say.

Since S(T, x) <« log T, we get immediately,
3

Ss < logT Xe

T.
log X <

To treat Sy, we apply the above lemma again. Since VX < Tj, we

have
L yo[e [ oGl % )

p<X3
—il )
> %{ togp [ pie-ay )0 (A X, x)) de
p<X3 T
=510+ S11, say.
We get, easily,
1 1
S10kT Z ng Z —oglqe—<<TlogX<<TlogT.
p<X3 p p<X3,q<X3,p;éq \/I)_Q| R q I

By Cauchy’s inequality, we get

r b/ or }
Sl1<<( /T jrz “\’ﬁp z(t—aw(p)]"’dt) ( / IA(t,X,X)lzdt) .

<X3 T\

—
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Since
/T
T

we get

s

p<X3 \/1_7 p<X3

4 T
Si <«VTlog X - (Z/ 1A(t, X, x)I? dt)
-1/

1

=VTlog X - (S12 + S13 + S14 + S15)%,  say.

Using Fujii [2] (as in pp.246-251 of Selberg [11]), we get

Si2 + S13+ S1a + S15 K T,

S« Tlog T,

So L TlogT
and
Se¢ < T'logT.
Since
3
Xz
T
S7 K log X L1,
we get
S3 L TlogT.

We shall next estimate Sjy.

'4<<Z Z Aj(v(x) —a, X, 9)

J=1Ti<y(x)<T

3
<Y VTlgT | Y |8;(v(x)
i=1

Ti<y(x)<T

+ Y A0 - X ).

Ti<v(x)<T

- G,Xﬂ/’)P

135

1 1 . 2 1 2
=Y BEeayp) et < 3 O—i-g(Tﬂ?) < Tlog’ X,
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For j = 1,2, we use the following inequality

> 180 x) — 0, X, )

Ti<y(x)<T
T
<<logT/ 1A;(t —a, X, )| dt
Th

+ logT max 1A;(t — a, X, )]

+|/ (14, t—aXz/))|) (t,x) dtl
=U;(1) + U;(2) + U;(3), say.
We see easily that

A 2
X plog p

T 1 X3
< Z _+log3X<<T’

U-(1 AX(pz)
W« 3 ST ) <,

and
U1(2), U2(2) < T.

To treat U;(3) for j = 1,2, we use the above lemma again. Then we
have

T
I— 1
U:(3 Ai(t-a, X, Ai(t —a, , 2ot
]()<</Tl it —a,X,9) Aj(t —a, X, 9) g;s \/;r x(r)dt
T
+ Aj(t—a, X, ) Dj(t —a, X =ity (r)d
- J( a ’!P) ]( —-a, 1/; ;3\/— )t

T i/ . i
N "4 N 4
+(/T 1A;(t a,x,wndt) (/T 1At - a, X, )] dt>
T
\// | A X, x) |2 dt
T

=\U;(4)] + |U;(5)| + UX(6)UA (7)y/T(8), say.

e
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Ui(4) =

/Tl 3 (A(p) — Ax(p)) logp - %(p)

p<X3 vPlogp- pit=2)

. Z (A( ) —Ax(q ))"/J(Q) z(t a) Z \/_ r)dt

g<X3 valogq r<X3

(A(p) — Ax(p)) log p(Aq) — Ax(q))
< 2 vPqlogp - |log Z|

pg<X3,r<X3
< T.

Similarly, we get
U;(4), U;(5) < T.

As above, we get

U®) < T(II;):;F()? <T
Next, we have
U1(6)
T Alp) — A Ag) — A 2
_ / (Alp) x(p))¢(p)(( )(13) x(9))¥(a) (v at
g X<p,g<X? \/p_qpq
T a(n) -t
< —n dt
/Tl l)(2< <X¢ vr I
« 3 Lo,
X2<n< X®
<«Tiog'x( Y 1)
X2<p<X6p
L Tlog* X
where

(A(p) — Ax(p))¥(p)(Aq) — Ax(q))¥(q)
(pg)ie

pg=n,X<p,g<X3

< log? X Z 1.
pg=n,X <p,g<X3

In the same manner, we get

U1(7T) < T.
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Similarly, we get
Uz(6) < T'log* X

and
Up(T) < T.
Thus we get
% % )VU(8) <« TlogT.
Consequently,

U;(3) <« TlogT.
Hence, we get
> A0 - a X, 9)? < TlogT
T <v(x)<T

and

Y 1A(v(x) —a, X, ¥)]? « TlogT.
T <y(x)<T

Extending the argument in pp. 69-71 of Fujii [6], we get

logT\2
> 18000 ~ o, X, ) <« Tlog T ;’: )

Ti<v(x)<T log X

Finally, extending again the argument in pp. 69-71 of Fujii (6], we
get first

Z A4(7(X) —-a, Xa¢)

Ti<y(x)<T

1
1 2
<<< > (Uw,(v(x)—a)-5)2X2(°¢.(7<x)—a>‘%)>

Ti<y(x)<T

(e [Pxie |y )

Ti<y(x)ST p<X3

1

TlogT 1 _ 2

< lOg2X <10gX 1 X27° 'M(’Y(X))ng) 3
T1<y(x)<T

—~
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where we put
—_ g (P) -n
Et) =) “ -
p<X3
with
Ax (p) log(Xp)¥(p)
pia
Hence we are reduced to the estimate of the sum

> B

Ti<y(x)<T

9(p) = < log X - logp.

Now as before, we have first

T
S EGK)E <logT / ()2 dt
Ty <y(X)<T T

T
+ X3logT - log? X +/
T

The first term in the right hand side is

<<logTZ g ) (T +p)
p<X3

1 2
<TlogT -log?X Y 224 X%log? X -1ogT
p<X3
< TlogT -log X.

The last integral is

/ z g(p logp it Z 9 Z 11 rity(r)dt
1

p<X3 q<X3 r<x3 T2

g(p logp - 9(q) 1
/ Z At 2 N it ( qtt Z = ti(T')dt
T p<X3 g<X? 9 r<X3 r?

T:‘ : 4 2
+</Tl|u(t)|4dt> ( B |dt> \//TIIA(tXXIdt

—|Wi| + |Wa| + (Wa)7 - (Wa)i/Ws.
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We see easily that

W<<Zg(plogpz / qr “
Vsl

p<X3 g<Xx3 q <X3T2
g(p) logp - 9(q)
< (par) | og |
p<X3,q<X3r<X3 (pgr)z|log pl
< T.

W53 has the same upper bound.

g(p)logp - g(q) log q ¢|2
W <</:r1 ‘ 2 (pq)° (pa) ™| ¢t

P, q<X 3
]b
<>y (T+ n),
n<X6
where

b(n)= Y g(p)logp-g(q)logq

n=pq
pg<X3

<log? X z log?p - log? q.
pra<x?

Now since we have

(> n=pg_ log?p - log® q)

Z I lOg4X Z pg< X3

n
n<X6 n<Xs

1 4. 4
<log! X Z og”p-log®q

p,g<X3 pa

log®* p\ 2
<log! X - ( 3 )
p<X3 p
< log'? X,

we get
Wy < Tlog'? X.

Similarly, we get
W3 <« T'log® X.

—~
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Since
Wy < T,

we get
T !
/ (Z))'S(t, x) dt < Tlog Tlog" X.
T

Consequently, we get

3 Ay - a, X, )

Ti<v(x)<T

TlogT
1/———— X2"°TlogT -log* X d
< log? X (logX 1 : 8 8 0)
< ([EBT (1 1og T log? )
log? X

< TlogT.
Hence, we get
Sy L TlogT

and

> S(y(x) - a,9) < TlogT.

a<y(x)<T

We suppose next that /
a=-a <0.

We put T} = max(vX — a',O). We may suppose that Ty < T. We

suppose first that

0<ad <VX.

In this case, we have first

Y S -a)= Y Skrx)+a)

0<y(x)<T 0<y(x)<T

= > S()+a)+ Y. St +a)

0<v(x)<Th Ti<y(X)<T

We can modify the proof given above and get our conclusion as stated

in Theorem II.
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When )
a > \/)_(,

then 71 = 0 and we can follow the same argument as above and get our
conclusion as stated in Theorem II.

Thus in any case, we have the same conclusion as stated in Theorem
II.
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Abstract In this paper, we show that the discrepancy of some special sequence

(f(n)))_, satisfies Dn(f(n)) < N™7FI72% | where ¢ is any positive
number and twice differentiable function f(z) satisfies that (f'(z) —
o) f"(z) < 0 for z > 1 and f'(z) = & + O(|f"(z)|*/?) for an irrational
number a of finite type n. We show further that if a is an irrational
number of constant type, then the discrepancy of the sequence (f (n)),’.:’zl
satisfies D (f(n)) < N™%3log N. We extend the results much more by
van der Corput’s inequality.

1991 Mathematics Subject Classification: Primary 11K38; Secondary 11K086.

1. INTRODUCTION AND RESULTS

For a real number z, let {z} denote the fractional part of z. A se-
quence (z,), n = 1,2,..., of real numbers is said to be uniformly dis-
tributed modulo 1 if

N
1
. - = b _
Mim nz=1 X{a,b)(Zn) a

143
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for every pair a, b of real numbers with 0 < a < b < 1, where X(q,5) ()
is the characteristic function of [a,b) + Z, that is, X[ ) (z) = 1 for a <
{z} < b and xjq)(x) = O otherwise. It is known that the sequence (z)
is uniformly distributed modulo 1 if and only if limy_. Dn(z,) = 0,
where

1 &
Dy (zn) Osililggl N ;X[a.b)(xn) (b—a)
is the discrepancy of the sequence (z,) (see [2, p.88]).

Let o be an irrational number. Let 9 be a non-decreasing positive
function that is defined at least for all positive integers. We shall say
that a is of type < 9 if hl|hal]| > 1/1(h) holds for each positive integer
“h, where ||z|| = min{{z},1— {z}} for z € R. If ¢ is a constant function,
then a of type < % is called of constant type (see [2, p.121, Definition
3.3]). Let n be a positive real number. The irrational number « is said
to be of finite type 7 if n is infimum of all real numbers 7 for which there
exists a positive constant ¢ = ¢(7, ) such that a is of type < 1, where
¥(q) = cq"! (see [2, p.121, Definition 3.4 and Lemma 3.1]).

By Dirichlet’s theorem, if « is of finite type 7, then > 1 holds, and
if a is of constant type, then « is of finite type n = 1.

In [4], Tichy and Turnwald investigated the distribution behaviour
modulo 1 of the sequence (an+ 3logn), where a and 3 are real numbers
with 8 # 0. They showed that for any £ > 0

Dn(an+ Blogn) Kape Nt (1.1)

provided that « is the irrational number of finite type  and 8 # 0.
In [3], Ohkubo improved the estimate (1.1) as follows: for any € > 0

Dy(an + Blogn) <ae N™wte (1.2)

holds whenever « is the irrational number of finite type n and 3 # 0.
The following theorem includes as a special case the above result (1.2).

Theorem 1. Let f(x) be a twice differentiable function defined for = >
1. Suppose that there exists an irrational number a of finite type n such
that for x > 1 either

fl@)>a, f'(x)<0 or fl(x)<a, f'()>0
and f'(z) = a + O(|f"(x)|"?). Then for anye >0

Dn(f(n)) < N-wi72 e,
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Remark 1. The following statement was shown by van der Corput : If
f(z), x > 1, is differentiable for sufficiently large x and lim,; . f'(z) =
« (irrational), then the sequence (f(n)) is uniformly distributed mod
1 (see [2, p.28, Theorem 3.3 and p.31, Exercise 3.5]). If the function
f(x) in Theorem 1 also satisfies the condition limy_, f"(z) = 0, then
limy oo f/(z) = . Therefore, Theorem 1 gives a quantitative aspect of
van der Corput’s result.

For the irrational number «a of constant type, we obtain the following:

Theorem 2. Let a be an irrational of constant type and let f(z) be as
in Theorem 1. Then

Dn(f(n)) < N~?/310g N.

Example 1. f(z) = az+ Bloglogz and f(z) = az + Blogz satisfy the
conditions of Theorem 1 and 2.

Furthermore, we extend Theorem 1 by van der Corput’s inequality
(Lemma 5).

Theorem 3. Let q be a non-negative integer and let Q = 29. Suppose
that f is ¢ + 2 times continuously differentiable on [1,00). Suppose also
that there exists an irrational number o of finite type n such that for
z > 1 either

(@) > a, f9 N 2) <0 or  f9(z) <@, f9*D(z)>0
and f@t1(z) = a4+ O(|f9*2(z)|/2). Then for anye > 0

Dn(f(n)) < N~ ZQT+2(7I—1)Q—1;+1/2+5‘

Example 2. Let g be a non-negative integer, let f(x) = aozdt! + a9+
“o+ aqr + frilogx, where a; ER (1 =0,...,9), 0 < B € R and ag is
the irrational number of finite type . Then f(z) satisfies the conditions
of Theorem 3:

F9D(z) = (g+ 1) ag + Bez™! for some ¢ > 0,
F9 () > (g+1)!ag forz >1,

f(q+2)(:c) =—Bcx %<0 forz>1,

F9(@) = (g + Do + O (I @)2).

Theorem 4. Let o be an irrational number of constant type and let q,
Q, and f(x) be as in Theorem 3. Then

1
Dn(f(n)) < N™3@%=173 log N.
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2. SOME LEMMAS
First, Erdos-Turan’s inequality is stated (see (2, p.114]).

Lemma 1 (Erdds-Turdan’s inequality). For any finite sequence (z,,)
of real numbers and any positive integer m, it follows

Subsequently, two known results are stated (see [5, p.74, Lemma 4.7]
for the first one and (6, p.226, Lemma 10.5] for the second one).

Lemma 2 (van der Corput). Let a and b be real numbers with a <
b. Let f(z) be a real-valued function with a continuous and steadily
decreasing f'(x) in (a,b), and let f'(b) = a, f'(a) = 8. Then

b .
Z e?mifin) = Z / A== g 4+ O (log (B — o + 2))
/3

a<n<b a—n<v<f+n
where 1 is any positive constant less than 1.

Lemma 3 (Salem). Let a and b be real numbers with a < b. Let r(z)
be a positive decreasing and differentiable function. Suppose that f(zx)
is a real-valued function such that f(z) € C?[a,b], f"(z) is of constant
sign and r'(z)/ f"(z) is monotone for a < z < b. Then

r'(z)

()|

b
/ r(z)e™ @ dy

a

r(z)
< T \=
< (Fgm) + 2
We need the following inequality.

Lemma 4. Let q be a non-negative integer, and let Q = 29. If a be an
irrational number of type < 9, then for any positive integer m

m
Z RV pg|~1/@
h=1
m

< p(2m)/Omt @ go(m) + 3 4p(2h) /AR D go(h),
h=1

where go(m) =logm if =0, and go(m) =1 if ¢ > 1.

Proof. 'The proof is almost as in the proof of [2, p.123, Lemma 3.3].
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By Abel’s summation formula, we have

m
Z R/ R || paf V@
h=1

h=1

where s, = ng:l “jall‘l/Q. For 0 < p < ¢ < h, we obtain

1
axpal > > .
loe £ pell = st E D) = 2haien)
It follows that
1
— > ———  f 0< < h. 2.2
llaall - lpel| > g for 0<p<qs (22)

From (2.2), it follows that in each of the intervals

j j+1 .
[2h¢(2h)’ 2hw<2h)) 3 =0y

there exists at most one number of the form ||jaf, 1 < j < h, with no
such number lying in the first interval. Therefore, we have

h h 1/Q
sn=3 lhal R <Y (@_¢J_(2h_)) < (2hp(2h)) /2 gy (h),
j=1 j=1

where g1(h) = logh if ¢ = 0, and g1(h) = h1~Y/@ if ¢ > 1. Using this
with (2.1), we have

m
Zhl/(ﬁQ)—luha“—l/Q
h=1

m
< Z h3/(2Q)—2,¢)(2h)1/le(h) + m3/(2Q)—1¢(2m)1/le(m).
h=1

This completes the proof. a

We quote the following lemma from [1, p.14, Lemma 2.7].
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Lemma 5 (van der Corput’s inequality). Let q be a positive integer,
and let Q =29. f0 < H<b—a,H,=H, H_, = H'" (i=gq, q-
1, ...,2) then
’ (b-a)? (b—a)?!
2mif(n) —a —a
Z e“" <5 + H Z [Sq(R)I,

a<n<b o He 1<hg<H,
where f(z) € CYa,b], h = (h1,...,hq), Sq(h) = Znel(h) e2mife(mih)

fomih) =[5 fo gilan fn+ b t)dty - dtg, t = (b1, ta, ..., 1),
h -t is the inner product, and I(h) = (a, b—hy —hg — -+ — hg].

3. PROOF OF THEOREMS

Proof of Theorem 1. Let h be a positive integer. Applying Lemma 2, we
get

N
Z e21rih f(n)
n=1

where A = hf'(N) and B = hf'(1). We set g(z) = h(f(z) — azx). Using
integration by parts, we have

N . N .
/ e21rz(hf(a:)—uz)dx — / e21rz((ha—u)x+g(x))dz
1 1

< ¥

N
/ e2mihf@)=vz) gl 4 log(B — A+ 2),
A-1/2<v<B+1/2

1

= /N e27ri(ha—u)m627rig(z)dm
1

eQm'(ha—u)z
- 2ni(ha — v)

N ) N
2mig(z) | _ !(z)e2mi(ha—v)z+g(z))
e } y— /1 g (z)e dz.

Hence,

N .
/ e27rz(hf(m)—ux)dx
1

< ! + !
lha —v|  |ha—v|

We suppose that

N
/1 gl(x)ei’ﬂi((ha—u)tc-f-g(x))dx

f'(z) > a and f’(z) < 0 for z > 1.
From Lemma 3 and the hypothesis, it follows that

N
/ J (z)e2riltha—n)ate@) 4| « B2 max fliz) -« 1< B2,
1 1<z<N \ [f"(z)['/2
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Hence we have

N
Z e21rih f(n)

n=1

1
< h'/? Z lh—_-‘—l + log(B— A+ 2) (3.1)
A-1/2<v<B+1/2 ¢ TV

R(f'(1)—a)+1/2
< h/? 1 + / 1z
lhall * Jjha T

+log(h(f(1) = f'(N)) +2)
< hl/? (”hl—a“ +log (R(f'(1) — @) + 2)) .

Since « is of type 7, for any § > 0, a is of type < t with ¥(q) = cg?~119/2
for some ¢ > 0. Then, Lemma 4 with ¢ = 0 implies
=~ 1
S T]—l/2+6_ 9
2 W] <™ 42

Applying Lemma 1, by (3.1) and (3.2), we obtain

1 1 (& 1 = log(h(f'(1) — a) + 2)
D Bl
Nf() € —+ % (’; W7 hal +h§ 7

< % + —]1\7 ( n=1/2+ +m1/2logm)
1 1
o S n=1/244

< - + N™ , (3.3)

for any § > 0.

Choosing m = [N 'l+11/2] , we have

Dn(f(n)) < N_n+11/2 +N—n+11/2+77+61/2 & N‘n—+lm+€_

In the case f'(z) < a, f”(z) > 0 for z > 1, the proof runs along the
same lines as above. O

Proof of Theorem 2. The proof runs the same lines as in the proof of
Theorem 1. Since a is of constant type, by Lemma 4 with ¢ = 0 and
P(x) = ¢, we have

m

1 1/2
E s K< m/“logm.
1/2
el 12|

Then from the first inequality of (3.3)

1 1
Dn(f(n)) < o + —ﬁmlﬂ logm
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for any positive integer m.
Choosing m = [N 2/ 3] we have

Dn(f(n)) < N~*/3logN,
which completes the proof. 0

Proof of Theorem 3. The case ¢ = 0 coincides with Theorem 1, and so,
we may suppose ¢ > 1. Let 1 < H < N. Set Hy = H, H;_ 1—H1/2

(i=gq, g—1, ..., 2). Applying Lemma 5, for any positive integer k we
have
Y it o N9, N9
e n
>e < ?‘Fm > > 1Sg(k, ), (34)
n=1 1<hi<H;  1<hq<H,

where h = (hy,...,hq), Se(ksh) =2 ciin) e?mikfa(nih)
I(R) = (0, N —hy—hy—--=—hg] and fo(z;h) = [y -+ [ st/ (z +
ho-t)dty---dty = hy--hg [ - J§ f@(z + h - t)dty - dtg with t =
(t1, t2, ..., tq).

Suppose that f(*2)(z) < 0 for x > 1. Since fol ‘e fol fat(z + h-
t)dty ---dtq <0, % fo(z; h) is steadily decreasing as z increases.
Hence, by Lemma 2,

N—hy—-—hq
Se(kshy = ) Pmikh(nih) (3.5)

n=1
<« ¥

S
/ 2rilkfo@h)—v) 4ol 4 log(B — A +2),
A-1/2<v<B+1/2

where A = khy ---hg fo -+ Jo fOD(N —hy =+ = hg+ h-1)dt; - dtg,

B =khi---hq fol : "fol fOtDA + k- t)dt; - - - dt,.
Using integration by parts, we have

N—hy—-- .
/ 2mikfq(zih)—v2) g (3.6)
1

N—hy—-—hq .
_ / eZm(khl~--hqa—u)ze27rzg(x)dx
1

1
< |kh1~~-hqa—u|+

1 N—hl_"’hq
|khy - hga — v / g (z)e2millkhr hea=—0)z+9(x)) |
T hga =
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where we set g(z) = khy - -- hq(f()]L -‘-fol fO(z+ h-t)dty - dt, — az).
If f@t(z) > o for z > 1, then [} --- [J f9*)(z + h-t)dt; - -- dt, >
o (z > 1). It follows from Lemma 3 that

N—hy——hg ,
/ g/(x)emm((khl‘A-hqa—u)x+g(:c))dx
1
& (khy -+ hg)? x

fol"'fol O (2 + k- t)dty - dty — o
1
‘fol"’fol FaD(z + h-t)dty - dt,|

1<z<N—hy—-—hq +1

By the hypothesis @t (z) = o + O(|f9*+2)(z)|'/?) and Hélder’s in-

equality
1 1
/ / f(q“)(ac+h-t)dt1~~~dtq—
0 0
1
2)

1
=o<
0

Therefore, we have

1
fD (@ + h-t)dt - dt,
0

N—hj—-—h
/ ' gl(‘r)e21”'((khl"'hqa—u)$+g(x))dx << (khl “e hq)%. (3_7)
1
By combining (3.6) and (3.7), we get
N-hy—-~hg _ khy---h )2
2m(qu(z;h)—um)d ( 1 (l)
e < . .
/; v <|kh1---hqa—vi (3.8)

Applying (3.8) to the right-hand side of (3.5), we have

(khy--~hg)?
Kkt - R — 7]

Sy(k;h) < > +1log(B— A+2)

A-1/2<v<B+1/2

Y 1 khy-+hge(R)+3 1
e | — el
PR\ khy - hga] /ukhl-.-hqau "

+log(B - A+2)

1 1 1
& (khy - hg)? [ 1
(khy q)2<||k:h1---hqa||+log(khl hac(h) 2))

+ log(B — A+ 2),
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where we set c(h) = fol . '-fol f@tD(1 + h - t)dt,---dt, — a. Since
fa+1)(z) is non-increasing for z > 1, we have 0 < c(h) < fl@t1)(1) — a.
By the same reason, we have

log(B — A +2) < log(khy - - he(f9tV(1) — @) + 2).
Therefore,

Sq(k; h) < (khy -+ hg)? X
1 (e+1)(1) —
(”khl T heal] +log(khy -+ he(f97V(1) — @) + 2)) . (3.9)

Applying (3.9) to the right-hand side of (3.4), we have

N Q

Z 2mikf(n)

n=1
NQ JVQ_1 1
ST rtmTE 2 v 2 Bkt

91<hi<H;  1<hg<H,

(m + log(khy - - - hq(f(q+1)(1) —a)+ 2)>

Q Q-113 )3 Q-1k3
<N Nk Y (hi--hg)z  NYTTkz
”khlhqa” Hl"'Hq

H H;---H
Ve ahi<Hy, 1<k <H,

Z Z (hy--- q)ilog(khl---hq(f(‘1+1)(1)——a)+2).

1<hi<H, 1<h4<H,

Thus, for any positive integer m, we obtain

m 1-L, L 1
<<Z% N + N kal Z Z (h1---hg)?2 n

1 1
k=1 H? (Hy "'HQ)Q 1<h)<H, 1<hq<H, “khl ‘“hqa”Q

(log (khl...hq(f(q+1>(1) —a) +2))%). (3.10)
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Since a is of finite type 7, for any € > 0 there exists a positive constant

¢ = c(e, a) such that k||ka| > P for all positive integers k. Thus,

for all positive integers hi, ..., hq

1
Kllk(ha -~ hqa)l| = kll(kha - ho)al| 2 c(hy - - hg)mtefn—1+e

holds for all positive integers k, and so, hy - - - hga is of type < ¢ with
Y(z) = c(hy - - - hg)" e x"" 1+, Hence, by Lemma 4, we get

Ty _1
> k37 khy - hoa "7

k=1
+e  2p—1+2¢
<<(h1---hq)HQ—m 2Q
Therefore
N'"a mooy h .. ﬁ
=Y Kz .. (h - hg)?9
(Hy---Hg)@ ko 1<hi<H1  1<he<H, kb1 - hea||@

1
Z h .. hqu X

a
T
(Hy--Hy)® 1<hi<m 1<hq<Hq

6™ -1
Zk Yikhy - heal "R

Nl’a L 1 nte nte  2p—142¢
M s b
(Hi - Hg)Q 1<hi<H)  1<hy<H,
_ 1  2n-1+2¢ 2(n+e)=1y/q_ 1
=N'"gm e g TR 0-9), (3.11)

where we used Hy --- H, = H2(1-1/Q) ip the last step.
On the other hand, since

1

Zk?Q (log(khy - - hy +2))@ < (log(mhy - - - hy +2))9m?,

we have

Sk S ST (e hg) R (log(khy - hy +2))%
k=1

1<h1<H, 1<hy<H,4
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< Mm@ (H,y - Hy)'* 1@ (log(mH, - - Hy +2))3. (3.12)
Combining (3.10), (3.11), and (3.12), we obtain

Z Z 2mihf(n

k=1 n=1
& et e+ 2=ty 1)
HQ
N'"omze o s
(H H)L(Hl"'Hq) 2Q (log(mHy --- Hy +2))°
1+ Hy Q
_%mzn—21Q+2: H(2+2(qg)_1)(1_%)
H@e

Ol~

+N'"am e H2- D02 (log (mH? + 2))3.
Since log(mH? + 2) < (mH?)¢/2 and n > 1, we get

Z Z 2wik f(n)

k=1" |n=1
< N(logm)H™@ + N'"em
NG g20-5)1-55)+§
< N(logm)H_Q + NV o 25 gy ¥4 5)0-4)
= L(H), say.

2n—-142 2(n+e)—-1
T EH(2+M 5) )(1-3)

If
2n—-1+2¢

N>N-ap™m e, (3.13)
then the solution H(= Hj) of the equation
NH™% = N-a5, 2502 g+ 87 +5)0-3)
satisfies 1 < Hy < N with Hy = N*Qm~v9, where
1
2Q2+2(n-1+¢)Q — (2n—1+2¢)’
2n—1+ 2
42+ 4(n—1+¢e)Q —2(2n — 1+ 2¢)’

u =

Hence we have
N

Z e2mikf (n)

n=1

"1
D%

k=1

1
< L(Hp) < NH, 2 logm = N1"*m? log m.
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Applying Lemma 1, we conclude that

Z eka f(n)

n=1

(('n))<<l NZ <—+N “m? log m.

k=1

By choosing m = [N%] with w = 1/(2Q* + 2(n - 1)Q — n + 1/2), m
satisfies the condition (3.13) for sufficiently large N, and so we have

Dn(f(n)) « N7¥*,

for any ¢ > 0. O

Proof of Theorem 4. Putting n = 1 and € = 0 in the proof of Theorem
3, we obtain

Dn(f(n ))<<l+N —lm —2logm

2
Choosing m = [N 4Q2-1 ], we get the conclusion. ]
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Abstract  We construct explicitly (n,n—1)-Padé approximation to the logarithmic
derivative of Gauss hypergeometric function for arbitrary parameters by
the simple combinatorial method used by Maier and Chudnovsky.
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1. INTRODUCTION AND RESULT

For any a € C and for any integer n € Ny ( = {0} UN ) we use the
notation (a), = a(a+1)--- (a+n—1), known as Pochhammer’s symbol.
(We adopt, of course, the rule (a)g = 1.) The Gauss hypergeometric
function is defined by the power series

F(z) = F(a,b,c;2) =Z%’%z",
n=0 n e

where a,b,c are complex parameters satisfying ¢ € —Np. As is well-
known, it satisfies the following linear differential equation of the second
order:

z(1=2)F"+ (c—(a+b+1)z) F' — abF = 0.
157
C Lo and K Mateumnoto (eds ). Analvtic Number Theorv. 157-172.
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If a or b is in —Np, then F(z) becomes a polynomial; otherwise F(z) has
radius of convergence 1.

Let m,n € N. (m,n)-Padé approximation for a given formal power
series f(z) € C[[z]] means the functional relation

Pn(2) f(2) = Qn(2) = O(z™")

with polynomials Py (2) and Qn(z), not all zero, of degrees less than
or equal to m and n respectively. The existence of such polynomials
follows easily from the theory of linear algebra, by comparing the num-
ber of coefficients of Pp(2) and Q,(z) with the number of conditions
imposed on them. To find the explicit construction of Pp,(z) and Qn(z),
when m/n is comparatively close to 1, is very important in the study
of arithmetical properties of the values of f(z) at specific points z near
to the origin. However this must be a difficult problem. For example,
such explicit (m,n)-Padé approximations for F(1/2,1/2,1;z) and for
the polylogarithms of order greater than 1 are not known.

The purpose of the present paper is to give the explicit (n,n—1)-Padé
approximation to the ratio

Fla+1,b+1,c+1;2)
- F(a,b,c;2)

H(a,b,c;2) =

for any a,b, c € C satisfying ¢ € —Ny, which is equal to the logarithmic
derivative of F(a,b,c;z) multiplied by c/ab if ab # 0. It was the sec-
ond author who first gave the explicit (n,n — 1)-Padé approximation to
H(a,b,c;z) in the case a + b = ¢ = 1 using the theory of monodromy.
Especially he treated the case a = b= 1/2 and ¢ = 1 in order to study
arithmetical properties of the value H(1/2,1/2,1;1/q) for ¢ € Z\{0},
since it is related to the ratio E(k)/K (k) where ¢k? = 1 and E(k), K (k)
are the first and the second kind elliptic integrals respectively [4, 5]. If
ab # 0, then our function H(a,b,c;z) satisfies the following non-linear
differential equation of the first order:

z(1 —z)H’+Ecl—)z(1—z)H2+ (c=(a+b+1)2)H—c=0.

Remark. Gauss found the following continued fraction expansion:

Fla,b+1,c+1;2)
F(a,b,c;2)
1|  aiz| aoz| a3z]

TR T i T

Gl(a,b,c;2) =
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where the coefficients a; are determined by a,b,c and j explicitly. The
numerator and the denominator of the convergents in this continued frac-
tion expansion give the explicit ([(n + 1)/2], [n/2])-Padé approximation
to G(a,b,c;z). (See [2] for the details.) This expansion was generalized
by Yu.V. Nesterenko [7] to generalized hypergeometric functions. The
irrationality measures of the values G(a, b, c; z) were discussed in [3] for
small enough x € Q.

Our theorem can now be stated as follows:

Theorem. Let a,b,c be any complez parameters satisfying ¢ ¢ —Np.

We put
(a+n)(b+n>
) 1
Ain = c+2n—-1\ '’
)
<a+j—e)<b+j—e>
o J Jj
Bie (c—i—j——e)
J

forany0<4,j <n, n€N ande € {0,1}. Then the polynomials

n

Po(z) = Z Z (—1)i Ain B;j1 Ze,

=0 \i+j=¢
n—1 )
Qn-1(2) =D | Y (1) Ain Bjo | *
£=0 i+j=[

satisfy the functional relation
P.(2)F(a+1,b+1,c+1;2) = Qu_1(2)F(a,b,c;2) = Cp 2*"Rp(2) (1.1)
with
R.(z)=F(a+n+1,b+n+1,c+2n+1;2)

()
B

and

n:
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Therefore (1.1) gives the explicit (n, n—1)-Padé approximation to H(a, b, c; 2)

since P,(0) = Qn—1(0) = 1. The existence of such a relation, without
explicit expressions of P, Qn-1 and Cy,, was first shown by Riemann
(See [4, 5]). We will show this theorem by a marvelous application of
the following simple combinatorial fact:

n

3 (-1) (’:) S(i) =0

1=0

for all polynomial S(z) € C|z] of degree less than n. More direct ap-
plications of this method have been made by W. Maier [6] and G.V.
-Chudnovsky [1] in order to obtain Padé-type approximations.

If ab = 0, then clearly Bpy = 1 and B;; = 0 for all j € N. Thus
the case a = 0 in the theorem (replacing b,c by b — 1,c — 1 respec-
tively) implies the following corollary, giving the explicit (n,n —1)-Padé
approximation to the Gauss hypergeometric function

z".
= c+n-—1
n

Corollary. Letb,c be any complex parameters satisfying c € —Ng. Then
the non-trivial polynomials

P =y (}) -————(b )

z,
prd ¢ <c+2n—2)
14

Q=Y (_1)i<n> (b+7;_1) <b+;-1) »

c+2n—-2\[(c+j—1
G J
satisfy the functional relation

P,:(z)F(l,b,c;z) - Q:l—l(z)
=Crz"F(n+1,b+n,c+2n;2)

0<i+j<n

(1.2)

Padé approzimation to the logarithmic derivative . .. 161

b+n—1\[c+n—-2\[c—b+n-—-1
* n n n
C, = 5 .
2n\"fc+2n—-2\(c+2n—-1
n 2n 2n
Note that C; has a finite limit as ¢ — 1; so (1.2) is valid also for ¢ = 1.

The first author is indebted to the Département de Mathématiques
de I’U.S.T.L. for their kind hospitality in September, 1998.

2. PRELIMINARIES

It may be convenient to introduce Pochhammer’s symbol with nega-
tive suffix

with

1
T GE-pE-p+rl)-(=z-1)

for any z ¢ N and p € N. We first show the following simple useful
lemma concerning generalized Pochhammer’s symbol:

(z)-p

Lemma 1. Let z € C and p,q € Z. Suppose that z+p € N if ¢ < 0,
t€Nifp+q<0, and that x ¢ —Np if p > 0. Then we have

(z+p)g = Eprg

(z)p
Proof. First consider the case ¢ > 0; (z+p)q = (z+p)(x+p+1)--- (z+
p+q-—1). If p >0, then clearly

z(z+1)---(x+p+qg—1) _ (Z)p+q
z(z+1)--(z+p-1) (z)p

Conversely, if p < 0, then

(x+p)g=

(x‘f‘p)“‘(l'—l)Xa:"-(a:+p+q—1)= (a(:iz;:q

(z+p)g= forp+q >0,
(+p)-(=1) _ @prq
@+p+q)-(z-1) (2
Next consider the case ¢ < 0; (z+p)q = ((z+p+a)(z+p+g+1)---(z+
p— 1))_1. If p < 0, then obviously

(c+p)@+p+))-(@=1)  _ (@
(z+p+q)c+p+qg+1)---(z—-1) (z)p

forp+g<0.

(T +p)g=
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Conversely, if p > 0, then
- (x+ptg—1) _ (Tpig

(x+p)g= 1 — (@)p+q
@+p+q)-(z-Dxz---(z+p-1) (z)p
forp+¢ <0,
as required. '

We put B} = Bjo and B; = Bj,; for brevity. It is not difficult to see
that B; and B} are the coefficients of 27 in the series F(a,b,c;z) and
F(a+1,b+1,c+ 1;z) respectively. We also notice that the polynomial
Qn-1(2) can be replaced by

n
YA D (-1 4B | 2
=0 \i+j=¢

For we have

a+n\[(b+n\fa+j\/b+]
i;ﬂ(-l)iAi,nB; =i;n(—1)"< ()cg%_) 1() (JC >]g ! )
S
=0,

since S(z) = (c+n+1—-=xz)---(c+2n—1-1z) is a polynomial in z of
degree n — 1.

Let oy, be the coefficient of z¢ in the Taylor expansion of P, (2)F(a+
1,b+1,c+ 1;2) at 2 = 0; namely,

Un= Y (-1)'AinB;B;.
i+j+k=¢
i+j<n

For arbitrarily fixed i € [0, min(¢, n)], the variable k varies in the range

E) ¢ — i) satisfying k = £ — i ~ j > £ — n. Hence, exchanging j and k, we
ave

min(¢,n) i

Z (—1)iAi,n Z B; Bl—i—j- (2.1)

1=0 j=max(0,{—n)
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Similarly let By, be the coefficient of z¢ in the Taylor expansion of
Qn-1(z)F(a, b, c; z);

Ben= Y. (=1)'AinB;Bs.
itj+k=¢
i+j<n
For arbitrarily fixed ¢ € [0, min(¢,n) ], the variable j varies in the range
[0,n — 1] satisfying j =€ — i — k < £ —i; hence

min(¢,n) min(¢,n)—1i
ﬂf,n = Z - z n Z B Be—'—] (2.2)
=0

Put ven = apgn — Ben for £ € No. We then must show that .,
vanishes for all £ € [0,2n). However this is trivial for ¢ € [0,n], since
max(0,£ — n) = 0 and min(¢,n) = £ in (2.1) and (2.2). Thus it remains
to show that ., = 0 for £ € (n,2n), which will be treated in the next
section.

3.  VANISHMENT OF +~,, FOR ¢ € (n,2n)

For a while we assume that a,b € —Ng and that ¢ € N. Let m € N be
fixed and put £ = m + n. It then follows from (2.1) and (2.2) that

n m+n—i n—i
TYm+nn = Z(~1)iAi,n Z B; Bm+n-—i-—j - Z B; Bm+n—i-j
1=0 j=m 7=0
The quantity in the above brace can be transformed into
m+n—i m+n—i m+n—i m+n—i m—1
Z Z ; j= ;+1 j=nz—:z'+l ]22:

m-1 m-1
i'=0  j=0

by substituting 7 = m+n—1— j in the first sum of the right-hand side;
therefore
m-—1

Ym4nn = Z zAz,n (B B';;1+n —i—j B_; Bm+n—i—j)'
1=0 j=0

We can write this in the following manner:

Vi = (a+Ln(b+1)s Z(_l)i (7:) (A;i- _ Ai_)’ (3.1)

!
(c+ 1)2p-1n! P
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where

-1
. . c+1);
Af =il(n =) A ( 2n— ZBJ i

"(a+ (b +
e+ 1) "= (3.2)
- . . C 2n 1 *
A7 =iln =) ATy RCFE) ZOB] mbniej.
J=

(We used here the assumption that a,b ¢ —Ny.)
We first deal with the quantity A} when m < n. Since
(a+n—i+1)i(b+n—i+1)i
Ai,n = N - )
(c+2n —14);i!

it follows that

ZB (0 +a)m—j(0 +b)m_j(0 +c+m— j)n_mij- L
v (0)m—;

where ¢ = n—i+1. This expression shows that A} is a rational function
in o ; so we write A *(o) instead of A}, which can be written in the form
(partial fraction expansion)

m—1 d+
Afo) = > —k—+ 5%0)
pardd +k

where d;f are constants and S*(o) is a polynomial in o of degree less than
n. In fact each dJr is the residue of A*(s) at the simple pole 0 = —k.

Since (0)m-; = 0'(0 +1)--- (0 +m—j —1) contains the factor o + k if
andonly if 0 < j <m—k—1, we get

df = lim, (o +£) Ao)

_ (1 "‘i’c:“ 5, (8= Fms(b = B)m_s(c+ M~ § = )
k! = I (m—j—k-1)! )
Then it follows from Lemma 1 that
()n—k-1

c+m—9—k),_ P =
( J )n m+j—-1 (C)m—j—k

and

(a)m—] k
(@ = K)m-s = @k
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hence we have

m—k—1
> (m—j—k)BjBmj (33)
=0

(C)n—k-1
(@)—k (b)—k k!

Similarly the second quantity in (3.2) can be written as

dF = (-1)F

m-—1
A(0) = (G+1)Bjn
j=0
o (0 +a)m—j-1(0 + O)m—j-1(c+c+m—37 = Dn-m4j
(@) m—j
so we can put
m—1 d-
—_ _ k —
A(a)_;00+k+s (0)

where d; are constants and S7(0) is a polynomial in o of degree less
than n — 1. Then we have

oA
& = lim (o +K) A7)

(_1)k m—k—1 .
< > (G+1)Bjn
j=0
(@ —k)m—j-1(b— K)m-j-1(ctm—j—k— Dn—m+j .
8 m—j—k—1) ’
hence, from Lemma 1,
m—k-—1
dp = (-1)* (-1 > (G +1)Bjt1 Bn—j—k-1- (3.4)

@0k k!

Substituting 5/ = m — k — 1 — j, it is easily seen that d,': = d for all
k € [0,m) from (3.3) and (3.4). Therefore

A¥o) — A (o) = S*(o) — S7(0)

is a polynomial in ¢, hence in 4, of degree less than n. This implies that
Ymtnn = 0 for all m € (0,n) from (3.1), as required.

4. CALCULATION OF THE REMAINDER
TERM

On the remainder term of our approximation, as is mentioned in Sec-
tion 1, Riemann determined its form; so it suffices to calculate the value
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of Cn = 7Yonn explicitly. However we will show the theorem directly by
calculating g, for all £ > 2n.

We first consider A*(c) for m > n. Put m = n+ M, M € Ny for
brevity. Then it can be seen that

+M-1
nZ B, (0c+a n+M—j(0'+b)n+M—J Q;L(a),
( )n+M—J
where
1 for0<3< M
Qf(0) ={ (o+c+n=Du ==
(c+c+n+M-—j)i—ma forM<j<n+ M.

Owing to the assumption that ¢ ¢ N, all poles of A*(c) are simple; so,
we can write

rt st

n+M-1 M
+ = +
Ao) ch:o k+e§%a+c+n—1+€+T(a)’ (41)

where r,j,s; are constants and T%(o) is a polynomial in o of degree
less than n. Since (0)n4+m—; contains the factor o + k if and only if
0<j<n+M-—k-1, we have

= limk(a + k) At(o)

o——

(—l)k n+M-k-1 (a

_ . —k)n+M—j(b“k)n+M -7 O+
Y ]go i M—j k-1 LR

It then follows from Lemma 1 that

Q;_(—k) = (C+n+M—j—k)j_M_1 = M_

(n+M—j—k
and
(a)n+M—'—k
_k = ik .
(a )n+M j (a)—k
hence we obtain
+ k (C)n_k_l TI+M_’€—1 .
VLR X @M oiR B By (42)
_ -kl =

which formally coincides with (3.3) when m = n + M.
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The factor o + ¢ +n — 1 + £ appears in the denominator of Q;'(a) if
and only if 0 < j < M — ¢, therefore we get
sf= lim (0+c+n—1+£)A%0)
o——c—n+1-¢

eMZeB 1+a—c-—n—é)n+M_j(1+b—c—n—€)n+M_j

T=c—n—Onir_y (M—3 -0\

Using Lemma 1 and the identity (1 — z)(z)—x = (—1)* for any z ¢ N
and k € Ny,

(1+a—c)m—je

(1 +a-— C)—e—n

= (1) (e - a)esn(l +a - Dpa—jer

(1+a—c—n—-€)n+M_j=

Thus
M-

s; = (=1)" - a()SZ(: g— i Detn ; Bj Dym—j-t, (4.3)

where Dy, is the coefficient of z* in the series F(1+a—c,1+b—¢,1—c; 2).
We next consider

n+M-1

- : (04 a)nsm—j-1(0 + D) M—j-1 -
A (o) = +1)B; 07 (o),
@)= 3 G+ DB s )
where
1
fi <j<M
Q50)={ (otctn-Dug or0=j<M,

(ctc+n+M—-j—-1);_m for M <j<n+M.

Then A™(0) is a rational function in o and we can write

n+M-1 - M-1

- Tk Sy -
_ T 4.4
Alo) g 0+k+§a+c+n—1+€+ (), (4.4)

where 7, s, are constants and T (o) is a polynomial in o of degree
less than n — 1. Since (0)n4+Mm—; contains the factor ¢ + k if and only if
0<j<n+M-k-1, weget
. = lim (0 + k) A (o)

o——

(—l)k ! ( k)n+M—] l(b k)n+M—J 1 _( k)

k! ,z::o U+ DB —— =~k - 1)
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It then follows from Lemma 1 that
Q5(—K) = (ctmt M —j—k—1);_p = Dkl
(C)n+M—j—k—1
hence we obtain
(C) o1 n+M-—-k-1
ry = (=1 e i +1) Bis1 BraM—i b 45
e =D (a)—k (b)_k k! J;O (7 +1) Bjy1 Boym—j—k-1, (4.5)

which formally coincides with (3.4) when m = n + M. Substituting
i’ =n+M—j—k—1,itis easily seen that r{ = r, forallk € [0,n+ M)
from (4.2) and (4.5).

Similarly we calculate s, . The factor o + c+n — 1+ £ appears in the
denominator of ;(c) if and only if 0 < j < M — £ — 1; hence

s, = lim e (0+c+n—1+£)A’(0)

g——c—n+

Z (3 +1)Bjn
j=0

(1 a—c—n—Lpepm—j-1(l+b—c—n—nym—j1
l-c—n—=Opypm—j (M —j5—1£-1)!

It then follows from Lemma 1 that

__ (=1)rab (c—a)ern(c = Besn N~ o e
T i (€)esn £! JZ_:O Bj Dy—j-g-1,  (46)

where D}, is the coefficient of z* in the series F(14+a~c,14+b—c,2~c; z).
By noticing that c +c+n—~1+€=c+ 2n—i+ ¢ and that

En (T 1 b ctn—l4e
—-1) e — c+n— _1\n
2 )(i)c+2n—i+e /0 * (z-1)"dz

=(-1)"n _(Qeen_
= b !(C)e+2n+1

(this is true for ¢ > —n; hence for ¢ ¢ —Nj by analytic continuation), it
follows from (3.1), (4.1), (4.3), (4.4) and (4.6) that

M-

Taniat = (-1 D H (Z s

(c+1)2n—1 e+2n+1 o (©)erant1

Z (C €+n _) .
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in particular we have

(a4 Db+ 1)n(c—a)n (C—b)n
(¢ + 1)2n-1(C)2n+1

Cp= Y2n,n =

as required. Moreover
— + -
Yen+Mn = '72n,n(q)n’M - Qn,M)

with

(c—a+n) b+’n)g
BjDp
M = Z (C+2n+1)g€' Z M-j-t

= Z B;j Dy Ey,
j¥k+e=M

where E; is the coefficient of 2% in the series F(c—a+n,c—b+n,c+
2n + 1; 2), and with

o Mzzl (c—a+mn)lc—b+n) lelB*
M = 1—c L (ct+2n+ 1)L : M—j—t1
__% Y. B;DiE.

c(l-c) jHk+e=M—1

We thus obtain

Mz) =F(a, bc;2) Fl+a—¢,1+b—c¢,1-c;2)
ab

c(1-c)

Now, using the well-known formula:

F(a,ﬁ,'y;z) = (1 - z)’y_u—ﬁF(’Y - a17_ﬂv7;z)a

zF(a+1,b+1,c+ L;z2) Fl+a—-c¢l+b—c2—c;z2).

it is easily seen that

Rn(z) = ¢(2) Fla+n+1,b+n+1,c+2n+152)
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where

¢(z) = F(a, b,c;2) F(—a,—-b,1 —c; z2)
ab

_mz(l—z)F(a+l,b+l,c-i-l;z)F(l—a,1~b,2—c;z),

Put f(z) = F(a,b,c;2) and g(z) = F(—a,-b,1 — c;z) for brevity.

Then it follows that

2(1—-2)

$(2) = f(2)g() = =——["(2)d'(2),

from which we get

—9 _
ab zfg' _ z(1 . z) (f/lgl +f’g").

We now use the differential equation satisfied by the Gauss hypergeo-
metric function, stated in Section 1, that is,

o' =fg+fd

z(1-2)f"=((a+b+1)z~c)f +abf

and
z(1-2)¢"=(1-a—-bz—1+ c)g + abg

in order to show that ¢'(z) = 0; hence ¢(z) = 1 by ¢(0) = 1. Therefore
R,(z) isequal to Fla+n+1,b+n+1,c+ 2n + 1;2), as required.
Finally the assumption that a,b ¢ —Ng and ¢ € N can be easily
removed by limit operation, since each A, B and C, are continuous
at a,b € —Np and at ¢ € N. This completes the proof of the theorem.

5. REMARKS AND OPEN PROBREMS

It is easily seen from (1.1) that H(a,b,c;z) is a rational function if
and only if C;, = 0 for some n € N. Therefore the explicit expression of
Cr implies that H(a,b,c;z) is a rational function if and only if either
a€ —-N,be -N,c—a€ -Ngorc—be —Ny.

Using the same method employed in Section 3, we can calculate the
leading coefficient of the polynomial P,(z); namely,

> (~1)'AinB;
i+ji=n

_ (@)n41(0)n ; (c+n c(e+2n—i—1
- +21 m“D 1)(>C (a+72—i§€b+1?—i) )
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— (_l)n (G«)n.H(C - b)n — (b)n+1(c — a)n .
B (a = b)(c)2n

Similarly the leading coefficient of Qn-1(2) is

> (-1 AinB]

i+j=n—1
(@+Dalb+ a2, ifn—1)(ctn=—i)(c+2n—i—1)
- (¢)an (n — 1)! izzo( 1)( 1 ) (a+n—-19)(b+n—1)
— l)n—l (a4 Dnlc—b)n —(b+ Dp(c— a)n.
== (a—b)(c+ 1)an-1

Finally we propose the following interesting problems:

Problem 1. Find a continued fraction expansion of H(a,b, c;z) analo-
gous to Gauss’ continued fraction expansion to G(a,b,c;z2).

Problem 2. Extend our theorem to the generalized hypergeometric
function

a1,02," ", 0p \ _ = (a1)n(ag)n - (@p)n i
F(bl,bZ»”' ,bq ,Z> Z (bl)n(bZ)n"'(bq)n n!,

n=0

where p < ¢+ 1 and a; € C,b; € —No.

The simple combinatorial method employed in this paper will be cer-
tainly applied to construct Padé approximation of the second kind for
the generalized hypergeometric function and its derivatives. Such ap-
proximations may have an interesting application to the irrationality
problem of the ratio

Ln(1/q)
Lm(1/q)

for ¢ € Z\{0}, where n # m € N and L,(2) = Y pey zF/k™ is the
polylogarithm of order n. v

References

[1] G. V. Chudnovsky, Padé approzimations to the generalized hyper-
geometric functions. I, J. Math. Pure et Appl., 58 (1979), 445-476.

[2] N. I. Fel'dman and Yu. V. Nesterenko, Transcendental Num-
bers, Number Theory IV, Encyclopaedia of Mathematical Sciences,
Vol. 44, Springer.



172 ANALYTIC NUMBER THEORY ‘g

[3] M. Huttner, Probléme de Riemann et irrationalité d’un quotient de
deuz fonctions hypergéométriques de Gauss, C. R. Acad. Sc. Paris
Série I, 302 (1986), 603-606.

[4] M. Huttner, Monodromie et approzimation diophantienne d’une
constante li€e auz fonctions elliptiques, C. R. Acad. Sc. Paris Série

I, 304 (1987), 315-318. THE EVALUATION OF THE SUM
(6] M. Huttner and T. Matala-aho, Approzimations diophantiennes OVER ARITHMETIC PROGRESSIONS
d’une constante liée auzx fonctions elliptiques, Pub. IRMA, Lille, FOR THE COEFFICIENTS OF

Vol. 38, XII, 1996, p.19.

[6] W. Maier, Potenzreihen irrationalen grenzwertes, J. Reine Angew.
Math., 156 (1927), 93-148.

THE RANKIN-SELBERG SERIES II

[7] Yu. V. Nesterenko, Hermite-Padé approzimations of generalized Yumiko ICHIHARA
hypergeometric functions, Russian Acad. Sci. Sb. Math., 83 (1995), Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya, 464-8602,
No.1, 189-219. Japan

m96046i@math.nagoya-u.ac.jp

Keywords: Rankin-Selberg series

Abstract We study Y. n<z Cn, Where cqs are the coefficients of the Rankin-

n=a(p”)
Selberg series, p is an odd prime, r is a natural number, and a is also
a natural number satisfying (a,p) = 1. For any natural number d,

we know the asymptotic formula for )" . cax(n), where x is a primi-
tive Dirichlet character mod d. This is obtained by using the Voronoi-
formula of the Riesz-mean 3", . caX(n)(z ~ n)?. In particular, in case
d = p”, the fourth power of the Gauss sum appears in that Voronoi-
formula. We consider the sum over all characters mod p”, then the
fourth power of the Gauss sum produces the hyper-Kloosterman sum.
Hence, applying the results of Deligne and Weinstein, we can estimate

the error term in the asymptotic formula for }© n<z cn.
n=a(p")

1991 Mathematics Subject Classification: 11F30.

1. INTRODUCTION

Let a, d be integers, (a,d) = 1, d > 1. The author (3] studied the

sum Y. n<z Cn, in the case d = p (p is an odd prime), where cps are
n=a(d)

the coefficients of the Rankin-Selberg series and n = a(d) means n = a

mod d. In [3], the author showed the following results. If z? < p?, then
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we have
1 _
> ) chx() * 50 Y x(a)Ljgg(0,x)
n<x n<z p xmodp
n=a(p) X#Xx0
+0 (x3/5p3/5 n $—5p3/2+4e) (1.1)
and

2
> eaxoln) = dpg ka1 - ap™)(1 - T2 ) (1~ p7 e

n<zx

+0 (x3/5p4/5) (1.2)

by using Deligne’s estimate of the hyper-Kloosterman sum, where xg is
the principal character mod p. Some notations used in (1.1) and (1.2)
are defined below. And if p® > 22, we have

Z o & :c3/5p3/5.

n<lz
n=a(p)

In this paper, we generalize the result of [3] to the case d = p" by
using Weinstein’s estimate and an induction argument. First of all, we
introduce the Rankin-Selberg series.

Let f(z) and g(z) be normalized Hecke eigen cusp forms of weight k
and [ respectively for SLy(Z), and denote the Fourier expansion of them
as

and

§ : 21rmz

where ap, b, € R. The Rankin-Selberg series is defined by

oo
anbax(n
Lyog(s,%) = L(2s,x) Y. —mimdln). (13)

n=1
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in ®(s) > 1. Here L(s,x) is the Dirichlet L-function with a Dirichlet
character x. This Rankin-Selberg series has the Euler product

Lf®y(37 X)

= H(l — opBpx(p)p~* K HD/241) =1 _ apB,x(p)p~* ~(k+D)/2+1)-1
)

X (1 _ apﬁpx(p)p_s_(k+l)/2+l)—l(1 _ mx(p)p—s—(kﬂ)/zﬂ)—l,
where ap and (3, are complex numbers satisfying the following conditions;
ap+Tp=ap, |op| =phk /2
and

Bp + ﬁp =bp, [Bpl = P(l—l)/z-

Here bar means the complex conjugate. We find that

cnX

Lf@g S X

and

¢, = ni=(kHD)/2 Z G m2br T2 € R

m2|n

from (1.1). Deligne’s estimate of a, and b, gives the estimate ¢, < n®.
We find )", .. |cn] < 2 easily by using the Cauchy-Schwarz inequality
and the argument which is in the proof of Lemma 4 in Ivié¢-Matsumoto-
Tanigawa [4].

On the sum of ¢, over arithmetic progressions, we obtain the follow-
ing theorem. Throughout this paper, € is an arbitrarily small positive
constant.

Theorem. Let p be an odd prime, r > 1 a natural number and a an
integer with (a,p) = 1. If p3" > 22, then we have

Z Cp = 0(1‘3/5])37/5).

n<lz
n=a(p”)
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If p°" < 22, then we have

> = G- ey~ 3 e

+¢—(1zﬂ 3 x(@™)Lge(0,X)

xmodp”
X#X0
+ O($3/5p3r/5 + x—€p3T/2+45),

where ¢ is the Euler function, xq is the principal character mod p, ka
is the residue of Lyg(s) at s =1 and

_J1 f=g
5”"_{0 f#g

In particular, the error term can be estimated as O(z%/5p/%) in the case
T > 3. Here it is noted that L;gy(0,x) =0, if k = [ and x is not trivial.

The constant « is given by

12(4m)k—1
= k+1) // k- 2|f:c+zy|dmdy,

where the integral runs over a fundamental domain for SLy(Z) in the
upper half plane. This constant is given by Rankin [7].

The author would like to express her gratitude to Professor Shigeki
Egami for his comment.

2. THE PROOF OF THEOREM

We prepare several facts for the proof of Theorem. First, recall the
following functional equation of Lsg4(s,x), which was got by Li [6]. Let

o\ % k—1 k+1
<I)f®g(s,x) = (F) F(S+ T)F( +—2— - 1)Lf®g(8 X) (2 1

then we have

q’f@g(S’X) = Cxq’f®g(1 - 5,%),

where C, is a constant depending on x with |Cy| = 1. When x is a
non-real primitive character mod p” (p is a prime), Li [6] shows C) =
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W (x)*/p* where W(x) is the Gauss sum. There is no real primitive
character mod p” when p is an odd prime and r > 2. These facts yield
the following lemma which is analogous to Lemma 2 of the author’s
article [3]. Deligne’s estimate of the hyper-Kloosterman sum is the key
of the proof of Lemma 2 in [3]. In order to prove the following lemma
we need Weinstein’s result [8] for the hyper-Kloosterman sum.

Lemma. Let p be an odd prime, r > 1 a natural number and b a
constant with (b,p) = 1. Then we have

'~ = Y, —T/2
3 Cx(b) < ¢(0")p
xmodp”

/ Y
where Y means the sum over the primitive characters.

Proof of Lemma. The proof is complete in [3] when r = 1. We prove
this Lemma when r > 2. First, we consider the case 7 > 3. Let b~! be
the integer satlsfylng bb~l=1 mod .

Z CXX(b 2r Z W

xmodp” xmodp™
1 o L2miy;)/
“ 2, O e
xmodp” j=ly;=1
1 e
~ o 2 X )TT X e
p xmodp”™ j=1ly;=1
1 _ () /o
= Z x(b 1)H Zx(yj)e%(yﬂ/p
P xmodp™—1 J=1ly;=1

— ¢v(pr)z e2mi(y1+y2+ys+ya)/p"
[b]

¢(;D' N ZZ 21 +y2+y3+ya) /p"
pr fmpr =146

) T i +y2-+ys-+bya)/p"
(1]

¢( i 1 e2mi(y1+y2+y +(mp™=1+b")y4) /0"

- p2r Z Z[l] ' ’

m=0

where Z[b] means the sum for v, ¥2, y3 and y4 running over 1 < y; <p”

(1 < i < 4) satisfying ]-[;1___1 yi = b mod p" and (yi,p) = 1. And ¥’ is an
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integer satisfying b = b’ mod p"~!. By using Weinstein’s estimate [8] we
find

/
Y Cyx(b) < ¢(p")p "
xmodp™
Secondly, we consider the case r = 2. We divide
!
Y Cxb)= D Cyx(b)~ > Cyx(b)
xmodp? xmodp? xmodp

and the first term can be treated as above. There is a little difference
in the treatment of the second term, but it is estimated by Lemma 2 of
[3]. Hence we obtain

Y Cx(d) < ¢@D)p
xmodp?

in this case. 1

The above lemma is the key for getting the following estimate.

Proposition. Let p be an odd prime, v > 1 a natural number and a an
integer coprime to p. If p3" > 22, then we have

Z Cn=0($3/5p3r/5)'

n<z
n=a(p")

If p%" < 22, then we have

S > Cn=¢1,. > "x(a™") L g (0, %)

n<lzx p n<zx
n‘='a.(p’) nEa(pr_ l)

+ O(x3/5p3r/o +z p3r/2+45)

where ¢ is the Euler function and 3. means the sum over primitive
characters. Here if k =1 and x is not trivial, then Lgq(0,x) = 0.

The basic structure of the proof of Proposition is same as the argument
which is used in the proof of Proposition 1 of the author [3]. (This
method is used in Golubeva-Fomenko [1] and the author [3], and the
idea goes back to the works of Landau [5] and Walfisz [9].) Therefore
we just give a sketch of the proof of Proposition in this paper.
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Proof of Proposition. We use Lemma and Hafner’s results [2] on Voronoi
formulas. We apply his results to D,(z) = I'(p + 1)™* > n<z Cax(n)(z —
n)P, where x is a primitive character mod d. Then we have

n2C m*xn
Dy(z) = Qplz) + 24(167;;3”’22))1” fp(16 z ) (2.2)

n=1

I'(s)Lyge(s: x)z***
Qpl2) = 2m/C I‘(s—ip+1)

and

fp(z) =

1 / F1-s)I(s+ (k—1)/2)T(s+ (k+1)/2 = 1)zl te—s
2mi Je,, T2+ p—s)I(=s+ (k= 1)/2+ )T (—s + (k +1)/2)

Here, the integral paths C' and C,} conform to Hafner’s notation. Let
R be a real number satisfying R > (k + 1)/2 — 1. The path C is the
rectangle with vertices b+ iR and 1 —b=+1R and has positive orientation.
The path C,  is the oriented polygonal path with vertices a—ic0, a—iR,
b—iR, b+iR, a+iR and a+ioco. In our case,a =0and b > (k+1)/2—1
(see Hafner [2]). From the definition, we see that &£ D,(z) = D,_1(z)
and there are the analogous relations for Q,(z) and f,(z). Hafner [2]
showed the asymptotic expansion of f,(z) for z > 1. (Actually Hafner
stated that it holds for x > 0, but this is a slip.)

We start explaining the sketch of the proof of Proposition. The
Voronoi formula (2.2) with p = 2 implies

%ch(x—n)2 Z lx(a_ln)= Z ’QQ(@X(“ !

n<z xmodp’ xmodp”

7T4(ETL !
+Z ot 10n3 (16})4? ) Y eax(na).  (23)

xmodp™

The left-hand side of (2.3) is equal to

” r—1
¢(§) > %(w—n)2—¢(p2) 2. eale=n) (24)

n<x n<z
n=a (p") n=a (p™1)

Let 7 be a real number satisfying z° < 7 < z, and we define the operator
A; as

Ar(h(z)) = h(z + 27) — 2h(z + 7) + h(z), (2.5)
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where h(z) is a function. We consider the operation of A; to (2.3) and
(2.4). Then we get the following result.

AT(¢(§T) 12 cn(z —n) > / / n;u cpdwdv
n=e (p")
o(p )/ / ( cn + Z cn)dwdv
n<z z<n<w

n=a (p") n=a (p")
> e+ 0((p")). (2.6)
n<z
n=a (p”)

In the same way, we have

r—1
A, (¢(p2 ) Z C«n(il' _ n)2) — T2¢(pr—1) Z Cn

n<x n<x
n=a (p"-1) n=a (p7~!)
+0(¢(" 1)) (2.7)

From the definition of Q,(z), we get

Al S Q@xa )= Y X

xmod p” xmod p”

NLee(0,x).  (2.8)

If £ =1 and x is a non-trivial character, from the functional equation
(2.1) and the Euler product of Lygg(s,x) we find that Lsge(0,x) = 0.
We estimate the remaining part

(Z @m)0n3 f2 (IGW mn) > CxX na > (2.9)

xmod p*

by using Lemma. And we have to study A, ( f2(161r zn/p*")) which is a
part of (2.9). The relation £ 4 f(z) = fy—1(x) implies

o (s (5) ) (2 [ )

Using the mean value theorem, we find that there is a £ in [z,z + 27]

satisfying
(f2 (16; xn)) _. (iw) 2 (1671' {n) | 2.10)

I
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We estimate the sum over n > z37~4p" in (2.9) by using Hafner’s
estimate of f(z). Then this part is estimated as O(71/2z3/2p3/24(p")).
The estimate of the sum over p#"/167* < n < z37~4p%" is obtained by
using (2.10) and Hafner’s estimate of fy(x). In fact, we can estimate it
as O(m1/2z3/2p3 /2 (p")). The reason of the restriction p*"/167¢ < n is
that Hafner’s estimate of f,(z) can not use in < 1. The estimate of the
remaining part sum over p*"/167? > n can be got by using (2.10) and
moving the integral path of fy appropriately, similarly to the argument in
[3]. We are able to estimate this part of (2.9) as O(r2z~¢p37/2+4eg(pT)).

Collecting the above results, we obtain

n<z n<lz p xmodp”
n=a (p") n=a (p™ 1)

+ 0 (7- + :L‘3/2p3r/27'_3/2 + p3r/2+4ex—e> )

We put 7 = 2%/%p%7/5, then we complete the proof of the latter half of
Proposition. The first half is proved easily by using 3~ <, lea] < 2.

The claim of Proposition, (1.1) and (1.2) give the proof of Theorem
by using induction.
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Abstract  We study the pure periodicity of S-expansions where 3 is a Pisot number
satisfing the following two conditions: the S-expansion of 1 is equal to
kikz...kq—11, k; > 0, and the minimal polynomial of 3 is given by
z% — kizy_1 — --- — ka_1z — 1. From the substitution associated with
the Pisot number 3, a domain with a fractal boundary, called atomic
surface, is constructed. The essential point of the proof is to define a
natural extension of the (-transformation on a d-dimensional product
space which consists of the unit interval and the atomic surface.

1991 Mathematics Subject Classification: 34C35; Secondary 58F22.

0. INTRODUCTION

Let 3 be a real number and let T be the S-transformation on the unit
interval [0,1) : Tg : « — Sz (mod 1). Then any real number z € [0,1) is
represented by dg(x) = (d;)i>1 where d; = [,HTé—l(z)J. Here denote by
ly] the integer part of a number y. This representation of real numbers
with a base 3 is called the 3-expansion, which was introduced by Rényi
[9]. Parry [7] characterized the set {dg(z)|z € [0,1)}.

A real number z € [0,1) is said to have an eventually periodic (-
expansion if dg(z) is of the form uv™, where v* will be denoted the
sequence vvv. ... In particular, when dg(z) is of the form v*°, x is said
to have a purely periodic 3-expansion.

For x = 1, we can also define the -expansion of 1 in the same way:
dg(1) =didy..., di = LﬁTé’l(l)_\. However the region of the definition

183
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of Ty is the right open interval [0,1) which doesn’t contain the element
1 unless we write Tg(1) in this paper.

Bertrand [3] and K. Schmidt [11] studied eventually periodic -
expansions. A Pisot number is an algebraic integer (> 1) whose con-
jugates other than itself have modulus less than one. Let Q(8) be the
smallest extension field of rational numbers Q containing (.

Theorem 0.1 (Bertrand, K. Schmidt). Let § be a Pisot number and
let x be a real number of [0,1). Then z has an eventually B-ezxpansion if

and only if x € Q(B).

In [1], Akiyama investigated sufficient condition of pure periodicity
where [ belongs to a certain class of Pisot numbers. Authors [6] charac-
terized numbers having purely periodic S-expansions where (3 is a Pisot
number satisfying the polynomial Irr(8) = z3 — k2% — kez — 1,0 <
ke < ki # 0. In [10], one of the authors gives necessary and sufficient
condition of pure periodicity where (3 is a Pisot number whose minimal
polynomial is given by

Irr(B) = 2% — kyz?™ ! — kyz?™2 — . — kg2 — 1,
ki€Z, andky >kyg> - > kg1 >1.

And the main tool of the proof is a domain X with a fractal boundary.
Many properties of this domain X from [2] are quoted in [10]. In this pa-
per, instead of using these propertics we define the domain X in another
way, called atomic surface, using a graph associated with a substitution.
Moreover, let 3 helong to a larger class of Pisot numbers. Hereafter, 3
is a Pisot number whose minimal polynomial is

Irr(B) = z" = kyz"™ ' = kg2 — o —kgiz -1, k20 (1)
and which the B-expansion of 1 is
dﬂ(l)——-k‘lkg...kd_ll. (2)

From (2) we canscc ky =[] > 1and 0 < k; < kj forany 2 <i<d—-1.
Then we have the following result:

Theorem 0.2 (Main Theorem). Let = be a real number in Q(8) N
[0,1). Then z has a purely periodic (3-expansion if and only if = is
reduced.

We define “reduced” in section 3. For our goal we introduce a d-
dimensionggl domain Y from the domain X and define a natural extension
of Tz on Y. The main line of the proof is almost same as the way in

[10]. In this paper, we would like to make a point of constructing the
domain X.
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1. ATOMIC SURFACES

Let A be an alphabet of d letters {1,2,...,d}. The free monoid on A,
that is to say, the set of finite words on A, is denoted by A* = (72, A™.
A substitution o is a map from A to A*, such that, o(i) is a non-empty
word for any i. The substitution o extends in a natural way to an
endomorphism on A* by the rule o(UV) = o(U)o(V) for U,V € A*.

For any i € A we note o(i) = W = Wl(l)Wg(z) e Wl(:), Wy(f) € A
We also write o(i) = w = P,(f)W,(li)S,(f) where P,SI) = Wl(i) e WT(L'._)l is
the prefix of the length n — 1 of the letter W,(f) (this is an empty word
for n = 1) and S = W,E’ll . VVI(:) is the suffix of the length {; — n of

the letter W,(f) (this is an empty word for n = ;).

There is a natural homomorphism (abelianization) f : A* — Z4 given
by f(i) = e; for any i € A where {e1,...,e4} is the canonical basis of
R¢. For any finite word W € A*, f(W) = *(z1,...,24). Here ! indicates
the transpose. We know that each z; means the number of occurrences
of the letter ¢ in W. Then there exists a unique linear transformation

O satisfying the following commutative diagram:
A* 2, A*
fl Vf
7z — 74
0o

It is easily checked that the matrix % is given by %o = (f(0(1)),..., f(o(d))).

Hence each (Oa)ij, which means the (4, 7)th entry of the matrix %o, rep-

resents the number of occurrences of the letter ¢ in o(j).
Let o be the substitution

0(1)=1.k..12, a(2)=1.k..13, ey a(d—1)=1k...1d, a(d)=1. (3)
1 2 d—1

Then the matrix % is

ki ky .o kgop 1
1 0 0 0
og=| 0 1 0 0
0 0 ... 1 0

We see that the characteristic polynomial of %o is Irr(8). The eigenvec-
tor corresponding to the eigenvalue § of %c and the eigenvector corre-
sponding to 3 of the transpose of % are denoted by ! (ay,...,a4) and
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©(y1,---,74). Since the matrix %¢ is primitive, the Perron-Frobenius

theory shows both eigenvectors are positive. A nonnegative matrix A is
primitive if AN > 0 for some N > 1. We put a; = 7; = 1. The elements
a; and ~y; are given by

a) = 1, ()-'2:)6_1» a3=ﬂ—2a ey adzﬁ—(d—l)a

n=1 mw=T1), w»=T51), ..., w=T§'Q)=

S

Let P be the contractive invariant plane of %, that is,
P= {X € R? I <X,t(’)/1,...,’)’d)) = O})

where ( , ) indicates the standard inner product. Let 7 : RY — P be the
projection along the eigenvector *(ay, ..., aq).
Let us define the graph G with vertex set V(G) = {1,2,...,d} and

edge set £(G). There is one edge ( )Yc from the vertex ¢ to the vertex

j if W,gj ) — . Otherwise, there is no edge. This graph was introduced
by Sh. Ito and Ei in [5].
Let X be the edge shift, that is,

Xe = {f = (&n)neN € 5(G’)N | T(&n) = I(€ny1) for allm € N} .

Here each edge e € £(G) starts at a vertex denoted by I(e) € V(G) and
terminates at a vertex T'(e) € V(G).

On the plane P we can define the sets X; (1 < i < d) and X using
the edge shift X¢ as follows:

wm{-Srome () [1(1) -sma( ) oo}

neN

x={- el | (1), oxef = U

The set X is called the atomic surface associated with the substitution
0. (See Figure 1 in case k; = kg = 1.)
We see that X is bounded since the set

)] (2) <)

is a finite set and % is a contractive map on the plane P. Moreover,

1 (o]
( 1 ) € X¢ and I( } ) = 1 show that the origin point O is in X;.
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Figure I The atomic surface (k1 = k2 = 1).

Proposition 1.1. The sets X; (1 < i < d) are closed.

Proof. We take a sequence {z;}{2, satisfing z; € X; and z; — = (I — o0)
for some z. For each [, we can put

) .
7 = - Zoan—lﬂ, (f (Plgi?l()l))>) for some < i:z%ll)) )neN € Xg.
n=1

Since the edge set £(G) is finite, there exists ( K, ) € &£(G) such that

«f .
( J1 ) = ( 10) ) for infinitely many {. Thus we take the subsequence

ki ki (1)
3 : .71 jl(lm) o .
{z1,, }m=1 satisfying K, = ki(lm) ) Similarly, we choose for all
m
) ,
n i’,‘ € &(G) and the subsequence {z;,}52, such that ( i? ) =
n n

( i:((llz)) ) If we put
=3t (7 (PE)) € %

then z;, — 2’ (s — o0). Therefore z; — 2’ (I — 00). Hence we see
z =z’ € X;. This implies that the sets X; are closed. O

Moreover, the set X has the following property:

U&X+2="

zeL
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where L is the lattice given by £ = {Z‘fﬁ niw(er —e;) | ni € Z}. See

the details in [4]. From the Baire-Hausdorff theory, we see that the set
X has at least one inner point. Then |[X| is positive, where we note |K|
the measure of a set K. In [4], it is implied that X is the closure of the
interior of X.

Proposition 1.2. For any 1 < i < d, the following set equations hold:
d .
wixi=J) U (X,- — 01y f(p,gﬂ)) . (4)
Proof. The definitions of X; imply that

OU_lX,'

e [1(2) - () oo}

substituting ( ‘; ) for ( .’Jci ) and ( ]Jc"_i ) for ( i" ) for alln > 2,
n— n

(o () - S (1 (22)
wwun(8) s (1) )

We can get the set equations above. a

Applying % to the equation (4), from the form of the substitution o
in the equation (3), we have

k1—1 ka-1-1
Xl = U (OO'X1 - 7211re1) U---u U (OO'Xd—l - id—l'ﬂ'el) UOUXd,
11=0 19.1=0

X2 = OUXl - klﬂ'el,

Xq="0X4_1 — kq_1mey,
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S
Il
Tatt
2

1
I

kg1

(OO'X1 - i17re1) U---uU U (OO'Xd_.l —_ id_17re1) UOO'Xd.

ig-1=0
(5)

In order to know X; are disjoint each other up to a set of measure 0, we
would prepare lemmas. The next result can be found in [2], originally
in [8].

Lemma 1.3. Let M be a primitive matriz with a mazimal eigenvalue
X. Suppose that v is a positive vector such that Mv > Av. Then the
inequality is an equality and v is the eigenvector with respect to \.

kol
-

.

—_
Ii
(=]

Lemma 1.4. The vector of volumes * (| X;]), ;<4 Satisfies the following
inequality: -
| X1 1 X1
ol i | 2B
| Xl | Xal
Proof. From the form of X; in the equation (4), we see
d
0_-1 0
%o X: <Y (%), 1X5]-
=1
Since the determinant of %o ! restricted to P is 3, we know that |°o—1X,-|
= (|X;|. Hence we arrive at the conclusion.

Two lemmas above imply the following result.

Corollary 1.5. The sets X; (1 < i < d) are disjoint up to a set of
measure 0. Therefore the atomic surface has the partition (5).

Proof. Lemmas 1.3 and 1.4 show that the vector of volumes * (|Xi|);<i<a
is the eigenvector corresponding to 3 of %v. Since the inequality become
the equality in Lemma 1.4, for each i and j with W(J) = i the sets

(Xj —0g=1g f( A )) are disjoint up to a set of measure 0.

In the case k; > 1, we take i = k = 1 and it is implied that f(P,EJ)) =0
for all j. So that X; are disjoint up to a set of measure 0. Applying
0o, we know the atomic surface has the partition (5) whose elements are
dlSJOlnt each other up to a set of measure 0.

In case k; = 0 for some i, for all j there exists N such that o™V (j) = 1v;
for some v; € A*. Then t;he disjointness is proved in the same way. [J
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2. NATURAL EXTENSIONS

Sections 2 and 3 base on the paper [10]. Therefore we would like to
give an outline of the way to our main theorem. For the details, see [10].
Let

g=pW0 g2 . pr)

be the real Galois conjugates and
AU, flrtD), it plras), . plritre), gt

be the complex Galois conjugates of 3, where ry + 2ry = n and 7 is the
complex conjugate of a complex number v. The corresponding conju-
gates of z € Q(f) are also denoted by

=W . g g+l ZrtD) | grtre) Sl
Let X; C R? (1 < i < d) be the domains
X, = {trwa+x|0<t<~ and x € X;}

and let X = U?=15(\,-./I:Iere w = 1/(a1m + - + agvqs) (€ Q(B)) and
a ="%ai,...,aq4). Let T be the transformation on X given by

Tp (t-wa +x) = (Bt — |Bt)) - wa + %ox — | Bt |mey.

Then we have the following result. Therefore f’; is the natural extension
of the transformation T.

Proposition 2.1. ’.I/’E is surjective and injective except the boundary on
X.

We put

o) o™ el _galtt) ol g
o ol el _gabtd | palnem) el
a((il) afir‘) §Ra£{"+1) —S‘a;(irlﬂ) %af{.ﬁ”) -S‘QSTI'HZ)

where R indicates the real part and S indicates the imaginary part. Let
us define the domains Y and Y; (1 < i < d) as follows:

Y:=Q 1X) and ¥, := Q (X))
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Because of the change of bases, we can write 17, as domains in R x R4-!,
And naturally, we can define the transformation Sg on Y as follows:

g;::Q’loj‘;oQ.

Then EB is also the natural extension of Ts. Here we put

R= (ﬁ(z)) S @ (5(n))

RATHY  _ggr1+l) RE(ri+r2)  _gritra)
®< B+l R+ ) @< gprtre)  REritr) )

and

v=" (w@), W) 2RI oG k) | 2§Rw('1+”),28‘w(”+’2)) ,
where A @ B is a matrix of a form:

A O

0 B )
Then we have the following result.

Proposition 2.2. The transformation S’E on Y is given by

Sp(tw, x) = ((Bt — | Bt))w, Rx — | Bt]v)

and surjective.

3. MAIN THEOREM

In this section, we would like to introduce the definition of “reduced”
and give a survey of the proof of our main theorem. You can see the
complete proof in [10].

Let Y (C R x R4-1) be the product space: Y := [0,w) x R4~1. Let

S’g be the transformation on ¥ defined by
Sp (wz, x) == (w(Bz — | Bz)), Rx — |Bz]v), =z € [0,1).

Then the restriction of ’.S'; onY (CY)is EE
Define a map p: Q(8) — R x R%! by

p(z) = (:z,t (a:(2), ez 2R (A g () ,28?:5(””2),29‘:1:(”“2))> .

Definition 3.1. A real number z € Q(8)N[0, 1) is reduced if p(wz) € Y.
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We easily get the next result from the definitions of .SA';, p, and Tp.

Lemma 3.1. Let z € Q(F) N [0,1). Then

S (p(wz)) = p(w - Tp(x)).
Lemma 3.2. Let x € Q(3) N [0,1) be reduced. Then
1. Tp(x) is reduced,

2. there exists x* such that z* is reduced and Tg(z*) = x.

Proof. Since z € Q(B) N [0,1) is reduced, p(wz) € Y.

1. From Lemma 3.1, Sz(p(wx)) = p(w-Tp(z)) € Y. Hence Ta(z) is
reduced. . R

2. From Proposition 2.2, Sg is surjective on Y. Thus there exist
(wz*,x) € Y such that S‘\ﬂ(wz*,x) = p(wz). Hence Tp(z*) = z. And
we can show that (wz*,x) = p(wz*). Then p(wz*) € Y implies z* is
reduced. a

By the lemmas above, we can get sufficient condition of pure period-
icity of B-expansions.

Proposition 3.3. Let z € Q(8)N[0,1) be reduced. Then x has a purely
periodic B-expansion.

Proof. Lemma 3.2 2 shows that there exist =7 (i > 0) such that z} are

reduced and Tp(z}) = x}_;, where we set z§ = z. As Y is bounded,
we can see the set {27}, is a finite set. Hence there exist j and k
(7 > k) such that z = z} ;. Hence Tg(x) = z. Therefore = has a
purely periodic 3-expansion. O

Proposition 3.4. Let z € Q(8) N [0,1). Then there exists Ny > 0 such
that Tév x are reduced for any N > Nj.

: ~k
Proof. Simple computations show that Sg (p(wz)) exponentially comes

near Y as k — co. Since there exist the finite number of p (w - Tg(x))
~N ~
in a certain bounded domain, Sg = (p(wz)) = p (w . Tévl (x)) €Y for

sufficiently large Ni. Then Tév '(z) is reduced. From Lemma 3.2 1, we
see that TﬁN (z) are reduced for any N > N;. O

Finally, we can get our Main Theorem.
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Theorem 3.5. Let z € [0,1). Then
1. z € Q(B) if and only if z has an eventually periodic (3-expansion,

2. x € Q(B) is reduced if and only if ¢ has a purely periodic 3-
eTPansion.

Proof. 1. Assume that z € Q(8). By Proposition 3.4, there exists
N > 0 such that Tj (z) is reduced. Proposition 3.3 says that T (z)
has a purely periodic 3-expansion. Hence z has an eventually periodic
(B-expansion. The opposite side is trivial.

2. Necessity is obtained by Proposition 3.3. Conversely, assume that z
has a purely periodic §-expansion. From 1, we know = € Q(3). Accord-
ing to Proposition 3.4, there exists N > 0 such that Té\’ (x) is reduced.
The pure periodicity of = implies that there exists 7 > 0 such that
Tévﬂ(x) = z. Lemma 3.2 I says that z is reduced.
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short interval of two kinds is introduced.
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I. THE DISTRIBUTION OF PRIME NUMBERS

In analytic number theory, one of important topics is the distribution
of prime numbers. We often study the function

=) 1

p<z

In 1859, Riemann connected 7m(x) with the zeros of complex function
¢(s). He put forward his famous hypothesis that all non-trivial zeros of
¢(s) lie on the straight line Re(s) = % Along the direction pointed out
by Riemann, Hadamard and Vallée Poussin proved the famous prime
number theorem in 1896. It states that if x — oo, then

m(z) ~

By this theorem, it is easy to prove the Bertrand Conjecture that in
every interval (z,2z), there is a prime.
Assuming the Riemann Hypothesis (RH), we get

/ —+O leog:z) (1)
logt

T
logz’

Then we can prove that in the short 1nterva1 (z,z + g2t €), there is a

prime. In fact, there are approximately % prlmes.
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If RH is not assumed, then we have to consider the weaker problem
that there is a prime in the short interval (z,z + y), where y > z3te,
Some famous mathematicians such as Montgomery, Huxley, Iwaniec,
Heath-Brown made great contribution to this topic. The best result is
due to Baker and Harman. They [3] proved that there is a prime in the
short interval (z,z + z%33%).

We also study the topic of probabilistic type. In 1943, assuming RH,
Selberg [21] showed that, for almost all z, the short interval (z,z +
f(z)log?z) contains a prime providing f(z) — oo as £ — oco. Here
‘almost all’ means that for 1 < x < X, the measure of the exceptional set
of z is o(X). At the same time, Selberg [21] also proved an unconditional
result. He showed that, for almost all z, (z, x+x%+s) contains a prime.

In 1990’s, it was active on this topic. Jia, Li and Watt obtained some
results. The last result is that for almost all z, (z,z + zwte ) contains a
prime. One could see [16].

There is a difficult conjecture that there is a prime between two con-
tinuous squares. It can be expressed as that there is a prime in the short
interval (z,z + ac%) But one can not prove it even on RH. Therefore we
have to find the other way to study the existence of prime in the short
intervals (z,z + m%) and (z,z + :r,%*e).

II. THE LARGEST PRIME FACTOR OF INTEGERS IN
THE SHORT INTERVAL (z,z + z7)

Firstly we decompose all integers in the interval (z,z + x%) Among
all prime factors, there is the largest one which is denoted as P(z). We

have an identity
H n= H ), ()

x<n§r+x’b p<P(z)

where

Let

Taking logarithm in both sides of the equation (2), we have
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arzlogx— ZA +O(:c2)
= Z A(d + > N(p)logp (3)
d<D D<p$m°
+ Y N(p)logp+O0(z3),
2 <p<P(x)

where A(d) is the Mangoldt function.

If
ZAd)N Z Np)logp<(1—e)a:210gm
d<D D<p<z"
is proved, then
P(z) > z°.
In the first sum
> A(d)N(
d<D

we employ the Fourier expansion

e(hz 1
() = - Z 2(7rzh) +O( (1 ’F“fﬂ_"))

0<|h|<H

to get the trigonometric sum

> Saae()

0<|h|<H d

where ((z)) = {z} — 1 and e(z) = 2™,
Using Vaughan’s identity, we get two kinds of trigonometric sum. One

i Z Z a(m) Z b(n) ( )

O<|h|<H m

where a(m) is the complex number satisfying a(m) = O(1), so does b(n).

The other is
> Sam Xe(n).

O<|h|<H m

The first sum is called the sum of type II and the second one is called
the sum of type I. The original idea in Vaughan’s identity came from
Vinogradov. Vaughan made it clear and easy to use.
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In the second sum
> N(p)logp,
D<p<Llx>
we apply the sieve method. The error term in the sieve method can be
transformed into the sum of type I or II.
One of the main tools which we use to estimate trigonometric sum is
Weyl’s inequality

5ot
n=1

where @ < N. Weyl’s inequality is a generalization of Cauchy’s inequal-
ity.
The other is the reverse formula

4N @ q N —_
< 5 (1= 5)Re Y aln)a(n +q),
9=0 =

n=1

> e(f(n))=e(§) 3 Mg)_;_@_)

a<n<b a<v<p f(ny)
+0((E+1)(og(2+ 1) +10g(2+ 1))
. 1
+O(mm(\/_ o n)) +O(m1n(\/§, m)),

where |f"(z)| ~ &, |f"(z)| ~ 7, f'(nv) = v, |, B] is the image of
[a, b] under the transformation y = f’(z) and ||z|| denotes the nearest
distance from z to integers. One can refer to [15].

The reverse formula is based on Poisson’s summation. A suitable
combination of Weyl’s inequality and reverse formula yields good es-
timate for trigonometric sum. On the new estimate for trigonometric
sum, Theorem of Fouvry and Iwaniec [8] plays an important role, whxch
transforms the trigonometric sum into suitable integral.

Ramachandra [20] proved that P(z) > z¥, where ¢ = 2. Graham [9]
got ¢ = 0.662. He used the sieve method and the Fourier expansion.
As the development of the estimate for trigonometric sum and the sieve
method, some new exponents have appeared. There are exponents of
Jia {14} (¢ = 0.69), Baker [1] (¢ = 0.70), Jia [15] (¢ = 0.728), Baker
and Harman (2] (¢ = 0.732), Liu and Wu [19] (¢ = 0.738).

If we can get ¢ = 1, then we can prove that there is a prime in
the short interval (z,z + x%) But the present results are far from the
optimal one. The main reason is that on this topic, we can not use
Perron’s formula and the mean value estimate for Dirichlet polynomials.
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III. THE LARGEST PRIME FACTOR OF INTEGERS
IN THE SHORT INTERVAL (z,z + z2%°)

Similarly as in the topic II, we define Q(x) as the largest prime factor

of integers in the short interval (z,z + mé*’s). It is obvious that Q(z) >
P(z).

The first result on this topic is due to Jutila. He [18] proved that
Q(z) > x%~¢, where ¥ = 2. Bolog [4] improved it to ¢ = 0.772. Balog,
Harman and Pintz [5] obtained ¥ = 0.82. They also used the basic frame
in the topic II. But now they could use the Perron’s formula

1 b+iT (,n) s :1:1+E
Z“(")ziﬁ/b_”zns d+(T)
n<z n=1

to transform sums into integrals. Then they applied some mean value
formulas to deal with these integrals.

Let 1
o = 227 - 2],

We have a formula similar to (3). In the first sum

> A@MN(d)

d<D

Vaughan’s identity, Perron’s formula, mean value formulas

T 2
/ ‘Z a(lm).t\ dt < (M +T)log® T (4)
1 T mztt
and
T
/1 |c(% +it)|*dt < Tlog®T (5)
are used.

In the second sum

> Ni(p)logp,

D<p<Lz>

the sieve method is applied. The error term in the sieve method can be
dealt with by the estimate of Deshouillers and Iwaniec [6]

T
/ IC(% +it)|4] > —“—l(-:%|2dt<<T1+f. (6)
' n<T? n
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This estimate which is based on the theory of modular forms is better
than the classical one (5).
In 1996, Heath-Brown made a great progress on this topic. He [12]

got ¥ = % Heath-Brown had an innovation on the basic frame. He

considered the sum of the form
= > 1
m<pp1mpsS$+2%+‘
where p~ P, p; ~ P, --. | py ~ P&,

If one can prove ) > 0, then there is a prime factor p ~ P. Hence,
the largest prime factor Q(z) > P. In the previous papers, the sum

> 1
x<pl§z+x%+‘
is considered, where p < 2% and [ is an integer. In Heath-Brown’s device,
the prime factors pj, - <+ , ps; are more flexible than I.

. Heath-Brown introduced some new ideas on the sieve method. His
ideas can be traced back to Linnik’s identity. Let

H(s)=H(1—i).

p<z P’
We have

log(((s)TI(s) = 5% % _ym ()
=1 p2>z

n=1 n
On the other hand,

log(¢(s)I1(s)) =

(?omparing the equations (7) and (8), we can get some identities on the
sieve method.

. Now I give a quite rough explanation on the application of the above
identity. For the sum
*
>, (9)

P1,p2,P3
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where x means some conditions on p;, p2 and p3, one considers the sum

3 TA(Mm)A(g)A(ns)

n,nz,n3

and uses the relationship

An) = 3" u(d)log =
d|n

to get the expression

*
> 11(d1)p1(da)p(ds3) log [y log Iz log 3.
dy,d2,ds, ly,l2,103

Then in the different ranges of d and [, one can apply different mean
value formulas.

In the joint work of Heath-Brown and Jia 13} in 1998, we got ¥ =
%. In this paper, we used Heath-Brown’s innovation but applied the
traditional sieve method. Harman’s method was employed (see [10]).
The major feature of Harman’s method is that one can get an asymptotic

formula for the sum
3 S a7),
p

where 7 is a small positive constant, while usually one can only take
7 = ¢. Harman’s method works in some topics since there is the estimate
for the sum of type II. By Harman’s method, in the sum (9), we only
decompose one of p;, pz, p3 and keep the others unchanged. In this
way, one can use the mean value estimate

/IT |c(% + it)|2| Zz M—rdt <L THe. (10)

1 .
n§+lt
n<T7

The estimate (10) is due to Deshouillers and Iwaniec (7], which de-
pends on their work for the application of the theory of modular forms.
It is difficult to apply formula (10) in Heath-Brown’s original work [12].

Moreover, we used computer to deal with the complicated relationship
among the sieve functions. By the help of computer, we can get good
estimate for Buchstab’s function w(u) which is defined as

w(u) = 3, 1<u<?,
(vw(u)) =w(u-1), 2<u.
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We have
0.5607 < w(u) < 0.5644, u > 3,
0.5612 < w(u) < 0.5617, u > 4.

One could refer to [16]. Before we only had Jingrun Chen’s result that

w(u) < 0.5673 for u > 2.
Recently Jia and M.-C. Liu [17] got a new exponent 9 = g—g—. In this
paper, we employed Harman’s new idea on the sieve method (see [11]).

In some sums of the form
Z S('Apa p))
p

Harman applied the sieve method to the variable p, which is similar to
Jingrun Chen’s dual principle. In the sum p; + py, Chen applied the
sieve method to p;, then to ps. We used the work of Deshouillers and
Iwaniec (7] again in more delicate way and made complicated calculation
in the sieve method. Then we got the new exponent ¥ = %.
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Abstract In this paper we shall consider the general divisor problem which arises
by raising the generating zeta-fuction Z(s) to the k-th power, where the
zeta-functions in question are the most general E. Landau’s type ones
that satisfy the functional equations with multiple gamma factors.

Instead of simply applying Landau’s colossal theorem to Z*(s), we
start from the functional equation satisfied by Z(s) and raise it to the
k-th power. This, together with the strong mean value theorem of
H. L. Montgomery and R. Vaughan, and K. Ramachandra’s reasonings,
enables us to improve earlier results of Landau and K. Chandrasekharan
and R. Narasimhan in some range of intervening parameters.

2000 Mathematics Subject Classification: 11N37, 11M41.

1. INTRODUCTION

In order to treat a general divisor problem for quadratic forms (first
investigated by the second author [12]) in a more general setting, we
shall work with well-known E. Landau’s framework of Dirichlet series
satisfying the functional equation with multiple gamma factors where
the number of gamma, factors may not necessarily be the same on both
sides [6], [13].

The main feature is that we raise the generating Dirichlet series Z(s)
to the k-th power while both Landau [6] and Chandrasekharan and
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Narasimhan [2] simply apply their theory of functional equation to Z*(s)
and that we incorporate the mean value theorem in the estimation of the
resulting integral, providing herewith some improvements over the re-
sults of Landau [6] and Chandrasekharan and Narasimhan [1] in certain
ranges of intervening parameters. The main ingredient underlying the
second feature is similar to K. Chandrasekharan and R. Narasimhan'’s
approach; but in [2] they appeal to their famous approximate functional
equation whereas in this paper we use a substitute for it (Lemma 3.3),
following the idea of K. Ramachandra [8]-[11], we avoid the use of it
thus giving a more direct approach to the general divisor problem.

To state main results, we shall fix the setting in which we work and
some notation.

1. Let {an} and {b,} be two sequences of complex numbers satisfying

an = O(n®*t®), b, = O(n**%) (1.1)
for every € > 0, where @ > 0 is a fixed real number.

2. Form the Dirichlet series (s = o + it)

Z(s) = i = and Z(s) = i il (1.2)
n=1 n=1

which are absolutely convergent for ¢ > a + 1 by Condition 1.

3. We suppose that Z(s) can be continued to a meromorphic function
in any finite strip o1 < ¢ < 09 such that o2 > @+ 1 with only real
poles, and satisfies the convexity condition there:

Z(s) = O(e"*) (1.3)
for some constant y = y(0;,02) > 0.
4. For 0 < 0 suppose Z(s) satisfies the functional equation
AZ(s)A(s) = A2A3°Z(a + 1 — s)A(~s), (1.4)
where A;, A, A3 are positive numbers and

m
A(s) = H [(a; + Bis) and

=1
A(s) = H T(v; + 6;s)

Jj=1

B 3 At
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are gamma, factors and where the real parameters o, 5;, 1 < i < p,
vj, 65, 1 £ j < v are subject to the conditions

B;i>0,1<i<p >0, 1<j<u,

u v
H .
8= =2 aay) (16)
i=1 j=1
5. Let
v 7 v
n= v et (1.7)
7j=1 i=1
and suppose that 7 satisfies
1
nZlandn>a+§. (1.8)
Also put
m =max{2n—1, 2n+1— H, 2a + 1}. (1.9)

6. For any fixed integer k£ > 2, we define ax(n) by

Zk(s) = f: “’;(f), (1.10)
n=1
so that by (1.2)
a(n)= Y anyan, - On,. (1.11)

NN NE=n
Now we are in a position to state the main results of the paper.
Theorem 1. We write

> ak(n) = My(z) + Ex(x), (1.12)

n<x

where My (z) is the sum of residues of the function %Zk(s) at all positive

Zk(s) . .
real poles of == in the strip 0 < o < a+ 1.

Then for every € > 0, we have

2a+1
Ew(z) =0 (x"‘“‘z"mﬁ)«\_wm“) ,

where A\ is as in (3.3).
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Theorem 2. In addition to the conditions in Theorem 1 suppose also
that for sg = oo + it (with fixed oy satisfying 1/2 < 0o < a + 1),
|Z(s0)| < [t]*,

that for some fized integer j > 2 we have for every e > 0
2T A |
/ |Z(s0)Pdt « TU2)+e
T

where 19 = no(j, ) is a positive constant depending on j and «, and
that jAg < mg. Then we have

2a+1
Ep(z) =0 (xaH_ﬂ(’“—”*oﬂofH) .

Acknowledgment. It gives us a great pleasure to thank Professor
Yoshio Tanigawa for scrutinizing our paper thoroughly which resulted
in this improved version. The authors would also like to thank the referee
whose comments helped us to improve the presentation of the paper.

2. NOTATION AND PRELIMINARIES

We use complex variables s = o + it, w = u + iv. € always denotes
a small positive constant and €1, €3, ... denote small positive constants
which may depend on €. ¢, ¢g,... denote positive absolute constants.

The Stirling formula [15] states that in any fixed strip 0; < o < 03 as
|t|] — oo we have

[T(o +it)| = Var|t|" 2¢ 5 (1 +0 <|71l)> .

If we write (1.4) as

2(s) = x(s)Z(a+1-s), (1)
then by Stirling’s formula above,
Ix(s)] < (Ards) =7t~ (2.2)

where the symbol f < g means that f > g and f < g (< being
Vinogradov’s symbolism).
We make use of the standard truncated Perron formula, which states
that for 0 < T < z,
1 co+iT" s
> ak(n) = 5 Zk(s)—s—ds +0 (z°T7Y) + 0(z%), (2.3)

n<z co—iT

- s
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where we let
c0=c0(e)=a+1+s. (24)

This follows from the approximate formula for the discontinuous in-
tegral (see Davenport [3]):

Let
1 z>1
Jz)y=¢ 0 0<z<1
% z =1

Then for £ > 0 and ¢ > 0, we have

c+iT .8
L, / Tas—J (s)
271 c—iT $

< min z 2z
=m T|logz|’ '

3. SOME LEMMAS AND A MEAN VALUE
THEOREM

Lemma 3.1. Let ¢g = co(e) = a+ 1+ ¢ as in (2.4). Then we have

(nteH)(cg—0)
Z(o+1it) < |t| cote (3.1)

uniformly in —e < o < ¢g. In particular, we have

A (% + z't) < |t (3.2)
where
A\ = Zotn (3.3)
! 2(a+1)

We also have r(ea—o)
Z(s) < |t| -1 (3.4)
uniformly in % <o <.

Proof. Since
Z(CQ - 'it) < 1,

it follows from (2.1) and (2.2) that
Z(—e +it) < |t|TH. (3.5)

In view of (1.3), the Phragmén-Lindeldf principle (see e.g. [15]) applies
to infer that the exponent of t is a linear function p(o) connecting the
points (—¢,n + ¢H) and (cg,0), or
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+eH o
uo) = L2 (00—0)=77(1—a+1) 1 0(e),

ie. (3.1). O
Lemma 3.2 (Hilbert’s inequality & la Montgomery et Vaughan

[7]). If {hy} is an infinite sequence of complex numbers such that 3 oo, n|hn|?

is convergent, then

2

T+H1 o0 ) o0
/ S han~#| dt =3 [hal? (Hy + O(n)),
T n=1 n=1

where c; < Hy <T.

Lemma 3.3 (Substitute for an approximate functional equa-
tion). For T < t < 2T and a positive parameter Y > 1 we have the
approxrimation

zZ <—;— +it>

n=1
1 1 ; Lyittw—-a~1 w
to= | weee X{gtittw)| D ban? Y¥T(w)dw
™ 1u<(log TY? 3%
1 .
+5— /u_ 1 g X (% +it+w) 3 banititte=a=l | yUT(w)dw
e —T2
lul<(10g T)2 Y<n

+0 (Ya+%+5Tn+2eHe—Cg(logT)2) .

Proof. By the Mellin transform we have, after truncation using Stirling’s
formula,

a -n _1 _ 2
S := l:te Y =I+O<Yc° 2¢~c3(l0gT) ),
n=1 n2 :
where ) )
I= 37 | wmco-t Z (5 + it + w) Y*T'(w)dw.
lvl<(log T)?
Now, we move the line of integration of I to u = —%—26, encountering

the pole of the integrand at w = 0 with residue Z (% + it), and estimate
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the horizontal integrals by Stirling’s formula and (3.1) to get

S=2 (% + it) +I'+0 (Yco-%e—cs(logT)z)

(3.6)
+0 (Yco—%Tn+eHe—C4(logT)2) ,
where ) )
I = 3mi [ ue-12 Z (5 +it + w) YT (w)dw.

lv|<(log T)?

To transform I’ we substitute the functional equation (2.1) for Z( % +
it + w) thereby dividing the sum

- 1 o .
VA <C¥ +1-— 5~ it — ’w) = Zlbnn%'mﬂ'w—o‘_l
ne

into two parts I{ (n <Y)and Iy (n>Y): I' =11 + I.

In I] we move the line of integration back to u = —& committing an
error of order O(T¢s¢¢s(108T)%),
Thus
/ 1 1. ltittw—a-1| vw
h=co—[ \o.c X 3 +it+w Z bpn? Y'T(w)dw
[v|<(log T)? n<y
+0 (T°7e—cs<l°gT>2) . (3.7)
I’ being the sum of I] and I}, we substitute (3.7) into (3.6) to conclude
1 2
the assertion. a

Theorem 3. For T > Ty, where Ty denotes a large positive constant,
we have for every e > 0

2T 1 2
/ VA (— + it) dt < Tm+e,
T 2
In particular, we have
T /1 2 dt
/1 Z (5 + it> T < Tm-ite, (3.8)

Proof. Choosing Y = T in Lemma 3.3, we see that it suffices to compute
the mean square of the first three terms S, I{ and Ij, say (I] is not
quite the same, but the namings are to be suggestive of their origins in
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Lemma 3.3), the error term being negligible. In doing so, we shall make
good use of Hilbert’s inequality, Lemma 3.2.
By the Cauchy-Schwarz inequality, we infer that

2

1
1 < [ooyan [x (5 +40) 7T 1l )
Ju|<(log T)?
2
x u=—1-2¢ ann%+it+'w—a—l Idwl )
[v|<(log T)2 I T<n

so that by (2.2)

2T
/ |I5|%dt
T

log? T 2T o 2
< T21]+4€H+€2T—1 / / z bnn—a—1—2e+wnzt dt | dv.
—log?T T T<n
By Lemma 3.2, the inner integral fT2T is
& Z |bnl2n—2a—2—4E(T+ O(n))
T<n
< Z n-1-2% & T2
T<n
by (1.1).
Thus, substituting this, we conclude that
2T
/ |I5|2dt < T2~ 1+es, (3.9)
T )

To estimate the mean square of I] and S, we apply Lemma 3.2.
Direct use of the estimate (2.2) and then of that lemma yields

2

2T 2T
/ |IHQ < T27)—H+E4Y—26‘/ Z bnn%+it—e+iv—a—1 dt

< T2n-H+esp Z |bn]2n—2a~1-—2e (3.10)

n<T
< T2n+l—H+56

as above.
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Similarly, we have

2T o 1an|2 2n
/ 52t =3 122l e-% (74 o(my).
T n
n=1
Dividing the sum on the right into two parts n < T and n > T and
2n

substituting the approximation e™7 = 1+ O(%’l) in the former and
e~ F = 0((Z)?+2) in the latter, we conclude that

n

/T Y \spdt =T ¥ @ (1+0(3)) +o@r*=+er-2)
n<T

lan|? 9 (3.11)
=0 |T) | +0(T>H)
n<T n
=0 (T2a+1+a7) .
Since
2T 1 9 2T 9
1z (5 vie) Bai= [ (5P i+ i)
the assertion follows from (3.9)-(3.11). O

Lemma 3.4. For the quantities 11 and A1 defined by (1.9) and (3.3),
respectively, we have

221 < m + 2¢;1.
Proof. We distinguish two cases
i) 1<np<a+1l
(ii) a+1< 7.
In Case (i), we get

20 +1
a+1

2\ =7 + 21 <20+ 142 <My + 26

by (1.9), and in Case (ii), we get
1
2\1 =17 2—a—+1 +261<2n—-14+2¢; <m + 2

again by (1.9). d
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4. PROOF OF THEOREM 1 AND 2

Proof of Theorem 1. We move the line of integration in the integral
appearing in (2.3) to 0 = % By the theorem of residues we obtain

zak(n () + Iip + I,
n<lzr (4.1)

+0 (z°T1) + 0 (z%),

where M} (z) is the main term which is the sum of residues of the function

x?sZk( ) at all possible poles of ( ) in the interval 1 <o<a+l,and
Iy, (resp. I,) denotes the horizontal (resp. vertical) mtegrals

1 coxiT
ILip=— Zk(s)=ds
2m Jigar s (4.2)

= 0 (%771 + 0 (AT 1)
1 Ly k dt
ik

T
_ 2 ko T 1 1 1
Iv——Zm' s i Z%(s) SdS—O(m?)+O<x2/1 Z(2+zt)

In the integral in the error term for I, we factor the integrand |Z|*
into |Z|¥~2 and | Z|? to which we apply (3.2) and (3.8) respectively. Then
we get

by (3.4), while

I,=0 (z%ﬂk-?)*ﬁm-“f) . (4.3)

Since the contribution from possible poles in the interval 0 < o < %

to the main term is O(x%), we may duly write My(z) instead of M;(z).
Hence from (4.1)—(4.3) and the above remark we conclude that

Z ak(n) — My(z) =0 (z°T ') + O (x%T“l“l)
n<z (4.4)
+0 (x%T(k:—2)/\1+T)1—1+E) )

Now, by Lemma 3.4, the last error term dominates the middle one
(apart from an e-factor). Therefore we have

Zak(n ) ( oz+1+5T )
n<z (4.5)
+0 (x%T(k—2)A1+n1—1+e) )
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Choosing
a+21
T = g &=2%1Fm | (4.6)
we get
_ a+zl

Z ak(n) = Mk(x) + 0 <$a+l (k—2)A, +m +€> , (47)

n<z
whence we conclude the assertion of Theorem 1. O

Proof of Theorem 2 is similar to that of Theorem 1. For simplicity, we
assume og = 1/2. Indeed, instead of (4.3) we have

I, = O (ghrtk-otm-lteo). (4.3)o
Hence instead of (4.4) we have

Z ak(n) — Mi(z) =0 (z°T"!) + O (x%Tk’\"_l)
n<zx (44)0
+0 (x%T(k—j)/\o+770—l+eo) )

Now, instead of (4.4), the assumed inequality j\¢g < 79 implies that the
last error term dominates the second one, whence it follows that

Z ak Mk .’L‘) =0 ( a+1+ET—1)
n<z (45)0
+0 (x%T(k—J')/\0+ﬂo—l+eo) )

Choosing
T = T, (46)o
we get
> ak(n) = My(z) + O ( ﬁéﬁ—no*e) , (4.7)0
n<z
thereby completing the proof. a

5. SOME APPLICATIONS

5.1. Let @ = Q(y1,...,y) be a positive definite quadratic form in
l-variables (I > 2 an integer). Let Zg(s) be the associated zeta-function,

- l
Zq(s) = > Q- w)™, >3,
(ylv---:yl)#(ov"ro)
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summation being extended over all integer {-tuples not all zero. Zg(s)
can be continued meromorphically over the whole plane with its unique
simple pole at s = % and satisfies the functional equation of type (1.4):

& oo (£) i)l

where d is the discriminant of Q and @ denotes the reciprocal of Q [14].
Hence we may take in Theorem 1,

Since a, = b, = O(n%_HE), we may take a = % —1,sothat g =1 - 1.
Also we have A\ = % - % + €.
Hence Theorem 1 gives

N~

Z ar(n) = Re[s ZQ(S)%‘ +0 (z
$=32

n<zx

k
—5+e
i),

which recovers the theorem of the second author [12].

Remark. For | = 2, Kober [5] has proved a mean value theorem slightly
better than Theorem 3.

5.2. In the special case where

Q(y1,y2) = ¥2 + ay3,

where a is a positive constant, it is known from [16] that
Zg §+zt < t3(logt)

and that a, = b, = O(n®). Hence we can take A\g = %-}-E, a=0,7n=1,
H = 2. Also we use Theorem 3, so that we take § = 2. Then 7y = 1,
and Theorem 2 implies that

Zak(n) = Mi(z) + O (zl_f(—"s*f—l;-*-e) .

n<z

5.3. If Z(s) = ((s), then we have the most famous functional equation

73T (%) ((s) =7~ 2T (1 = 3) ¢(1—s),
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so that we may take n = 1/2, H = 1, and also a@ = 0. We remark here
that this value n does not satisfy the assumption (1.8). So we cannot
use Theorem 1. However we use Theorem 5.5 [15] to take Ay = % +e.
Instead of Theorem 3, we apply the 4-th power moment (j = 4) with
n0==1.

In this way we can recover Theorem 12.3 of Titchmarsh [15], i.e.

k —
< -

Rl )

where ay is defined as the least exponent such that

Y di(n) = Mi(z) + O (z°¥¢)

n<z

(k=4,5,...),

with di(n) denoting the k-fold divisor function due to Piltz (ax(n) =
di(n)). For k > 12, we can take j = 12, Ag = 1/6, no = 2 (from a result
of D.R. Heath-Brown). The condition jA\g < 7 is satisfied and hence

we get oy < %‘—3 for k > 12 which improves the earlier result slightly for
k> 12.

6. COMPARISON WITH THE RESULTS OF
LANDAU AND OF CHANDRASEKHARAN
AND NARASIMHAN

6.1. If we apply Landau’s theorem [6], we get

Y a(n) - My(z) = 0 (xa“-%%%l) : 6.1)

n<lx
Hence, comparing this with Theorem 1, we are to show that
(4n+1)2a+1) >4n(a+1) (6.2)

in some cases. Recall Definition (1.9) of 7; and consider three cases.
(i) m=2n-1,ie. H>2andn > a+1. In this case (6.2) is of the
form

6a + 5 > 47,

which is true in view of (1.8).
(ii)m=2a+1,ie.a>n—landa>n— % In this case we further
suppose that

(6.3)
in which case necessarily H > % Then (6.2) becomes

(4n+1)m > 4m(a+1), or 4n+1 > 4o + 4,
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ie. (6.3).
(iii) m =2n+1- H, i.e. H < min{2,2(n — a)}. In this case we must
have 7 > a + 3. Then solving (6.2) in H gives —E’—;%? < H.

Thus we have proved

Proposition 6.1. If one of the following conditions are satisfied, then
our estimate supersedes Landau’s bound (6.1):

(i)H>2andn2>2a+1

4n —
(ii) ma.x{n~1,n—§}§a< 774 3 andeg

oo AN+ 2+ 3 . 3
- - - < 2,2(n — dn> 5.
(iii) et < H <min{2,2(n — )} andn > a + 3
6.2. Chandrasekharan and Narasimhan (1], [2] con31dered the pair of
Dirichlet series p(s) = > o2, $& and ¢(s) = ;'o 13 that satisfy the
functional equation with equal multiple gamma factor A(s):
A(s)p(s) = A(6 — s)Y(8 - 3), (1.4
with § > 0, where
N
= [[ T(ows + B,). (1.5)

v=1

For comparison of the theory of Landau-Walfisz [17] and Bochner-Chandra

-sekharan-Narasimhan, cf. [4].

Their theorem (Theorem 4.1 [1]) states that if the functional equation
(1.4) is satisfied as in [1], in particular, @, > 0, 1 < v < N, A =
ZVN=1 a, > 1 (see (1.6)' below), and the only singularities of the function
 are poles, then

Ag(m) - Qo(z) =0 (-’E%_ZIZ”A"W) +0 (xq‘z—l,&—nz (log x)r—l)'

+ 0 Z lan|

<A<z’

(6.4)

for 7, > 0 at our choice, where 2/ = z + O(xl“'“'ﬁ), ¢ = maximum
of the real parts of the singularities of ¢, r = maximum order of a pole
with the real part v, u =3 — % — ﬁ with G satisfying

[o o]
b
Z—n
n

n=
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If in addition, a, > 0, then we can dispense with the last error term:
A%(z) — Qo(z) = O (x%—ﬁ”’*"z“) +0 (29737 (log x)r—l) . (6.5)

There being essentially no difference between the sequences {n} and
{An} and {pn}, we may compare Chandrasekharan and Narasimhan’s
result above with ours.

In our setting we must have

and SH
n=— = 0A, etc. 1.7y

Since to our situation, A is transformed into kA, our applications are
mostly for a, > 0, and g (> o+ 1 = J) can be as big as 4, (6.5) reads

A1)l = 0 s 40 40 (s g ).
We are to choose 73 so that the two error terms be more or less equal:

') 1
(3 — 7%a)

=1 M okAu

By (1.2) and the condition on u, we must have u > % - ﬁ, so that

UAu+1> %(1+kH(a+l))‘

It is enough to choose u so as to satisfy
2kAu+1>1+kH(a+1).

Thus we choose

™= +2kH(c§k-+I-{ i) (6.6)
We are to prove that
el L _ T —mm
kH 1+kH(a+1)
2a0+1

>t - (et ) e e N+ omat 1)’
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or

1
$+ wEbrn (k- 2n2a+1) +2m(a+1)
1+ kH(c+ 1) a+1

Hence it suffices to prove

2 (k-2)n2a+1) + 2n(a+1)
1+ kH(a+1) a+1

<20+ 1.

<2a+1. (6.7)

As in 6.1, we distinguish two cases and solve (6.7) in H. Then we can
immediately prove the following

Proposition 6.2. If either of the following conditions are satisfied, then
our estimate supersedes Chandrasekharan and Narasimhan’s bound (6.5):

(i) H > max{2, oy (g {(k = 2)n(2e + 1) + 2(2n — 1) (e + 1)} — 1)}
andn > a+1,

(i) @ 27 -1 and H > 15y (327 {(k = 2)n(2a + 1) + 2(2n — 1)(a +
1)} -1).

We note that Case (iil) in Proposition 1 cannot occur in Proposition 2
in view of (1.6)'.
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(s > 1) are evaluated.
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1. INTRODUCTION

Let 0 be irrational and ¢ real. Throughout this paper we shall assume
that qf — ¢ is never integral for any integer q. Define the inhomogeneous
approzimation constant for the pair 6, ¢

M(9,¢) = liminfq|flq0 - ¢,

where || - | denotes the distance from the nearest integer. If we use the
auxiliary functions

Mi(0,9) = lggi{gqllq0 —¢| and M_(6,¢) = lim inf qllqf + ¢l

then M(6, ¢) = min(M.(8, ¢), M_(6,8)). Several authors have treated
M(8,¢) or M (8, ¢) by using their own algorithms (See [2], [3], [4], [5]
e.g.), but it has been difficult to find the exact values of M(8, ¢) for the
concrete pair of 6 and ¢.

In [6] the author establishes the relationship between M (6, ¢) and the
algorithm of Nishioka, Shiokawa and Tamura [8]. By using this result.
223
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we can evaluate the exact value of M(6, ¢) for any pair of # and ¢ at least
when 6 is a quadratic irrational and ¢ € Q(#). Furthermore, in [7] the
author demonstrates that the exact value of M(6, ¢) can be calculated
even if § is a Hurwitzian number, namely its continued fraction expansion
has a quasi-periodic form.

In this paper we establish the relation between M (6, ¢) and the Bor-
weins’ algorithm, yielding some new results about the typical Hurwitzian
numbers # = e and 8 = e!/* (s > 2).

As usual, 8 = [ag; a1, az,...] denotes the simple continued fraction of
0, where

9=a0+00, a0=L6J,
1/9n_1 =a, + 60, a, = [l/On_IJ (n= 1,2,...).

The n-th convergent p,/qn, = [ag;ai,...,a,] of 8 is then given by the
recurrence relations

Il

Pn = GpPpn-1 + Pn-2 ('I’L~——0,1,...), P-2
Gn = GnQn—1+qn-2 (n=0,1 --), q-2

Borwein and Borwein [1] use the algorithm as follows:

¢=d0+')’01 d0=L¢J7
')’n—l/en—l = dy + Yn, dn = I_'Yn—l/an——lj (n =12,... )

07 P-1= 17
=1 q-1 = 0.

bt I

Then, ¢ is represented by

¢ =do+di10p + dobpby + --- +di6p0y---0;_1 + Y0007 - - - 0;_1
=do+d1Dy—dyDy + -+ + (=1)" d;Di_1 + (1) 1y Dy

=do+ Y (-1)"'diD;_1,

where D; = ¢;0—p; = (—1)‘9001 ... 0; ('l > 0) PutC, = Z?zl(—l)i—ldiqi_l.
Then ||Crb — || = 1 = {Cnb — ¢} = [|(=1)"mDn-1]| = 1| Dn-1.

We can assume that 0 < ¢ < 1/2 without loss of generality. Then ¢
can be represented as ¢ = Y 0 (—1)""1d;D;_;. 1 — ¢ is also expanded
by the Borweins’ algorithm as

1—¢=dy+7 = dy=1-9¢] =0,
Yn—1/0n-1 = dy + 11, dy = [Yo1/0n-1] (n=1,2,...).

Then 1-¢ = 3, (~1)""'d;D;_,. Hence, if we put C, = 37, (—1)""'d!g;—1,
then |[CL0 + @[] = vnan N
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Theorem 1. For any irrational 6 and real ¢ so that g6 — ¢ is never
integral for any integer q, we have

M(6,8) =lim inf min(|Calal D1, IC4 74| D1,
(ICal + gn-1)(1 = )| Da-1l, (IChl + gn-1)(1 = %) Ds)

Remark. As seen in the proof of Theorem 1, the last two values are
considered only if Cop—1 > 0 (so, C%,_; > 0 by Lemmas below); Ca, < 0
(so, Cs,, < 0).

By applying Theorem 1 we can calculate M(6,¢) for any concrete
pair (6, ¢). In special we establish the following two theorems.

Theorem 2. For any integer | > 2, we have

1 1
M(e,‘l‘) =2—l§

Remark. It is known that this equation holds for | = 2,3 and [ = 4
(16, (7D

Theorem 3. For any integers | > 2 and s > 2 with s = 0 (mod 1), we
have

1
/s 2y — =
M(e ’l) 55 -

2. LEMMAS

Lemma 1.
(1) Ifap =dn > 0, then dpy1 = 0.
(2) If dr > 0, then

1< Cyp < gn, if n is odd;
—qn+1<Cp L0, ifn is even.

Proof. 1t is easy to prove.
Lemma 2. If C, + C! = (=1)""1q,, then Cyy1 + C! el = = (=1)""1g,.
If Cy +Cl—( )n I(Qn—Qn 1) OTCn+C/"( 1)"qn-1, then

C +C — (“1)nQn+1a 'if Yn+1 + ’Y,’,+1 = 9n+1‘,
i n+l (_l)n(qn+l - Qn), if Yn+1 + 'Y;H.l = 0n+1 +1.

Proof. When n =1, we have (d; +d}) + (11 +7}) = a1 + 01 because

Yo ) _ 1
B and a1+81—-00.

'é(—))

di+m = di+m=
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Notice that dj, d} and a; are integers, v;, 7] and ; are non-integral
real numbers. Thus, if 61 > v, then d) + d}| = a; and v + ] = 6,
yielding Cy + C] = (d1 +dj)go = q1. If 6; < 1, thend; +d} = a; — 1
and v1 + 7, = 61 + 1, yielding C; + C] = q1 — qo.

Assume that C, 4+ C}, = (-1)""!g, and v, + v}, = 6,. Since 0 <
Yns Ve, < On, we have

A
dni1 = [7—"J =0 and d,, = [Z—"J =0.

On n

Hence, Cny1+Cr iy = (=1)" " gn + (=1)*(dnt1 + dipy 1 )gn = (1) ¢,
and Yni1+Voy1 = M/0n + 10 /00 = 1.

Assume that C;, + C;, = (=1)""Y(gn — gn-1) and v, +4, = 6, + 1. In
this case dny1 = |Vn/0n) > 1 and d}, | = |7,,/6n] > 1 because v, > 6,
and ~,, > 6,. Then

!

Y .
dny1+dp ) = i_7n+1+0_n_7;1+1 = (ant+1+ 1)+ (0nt1—Yn+1 —Vns1)-
n

Hence, if Yo41 + Yp41 = Ony1, then dpiy + d)y,; = apyy + 1 and

Cns1 + C;;.H = (—l)n_l(Qn —qn-1) + ("‘l)n(dn—H + d;H—l)Qn
= (=1)""Ygn — gn-1) + (=1)*(@n41 + 1)gn
= (~1ns1
If ypy1 + ’Y;H-l = 0n+1 + 1, then dnt1 + d;,+1 = ap+1 and
Cn+1 + C:H-l = (_l)n—l((In - Qn—l) + (_1)nan+IQn
= (=1)"(gn+1 = gn) -
Assume that Cp, + C;, = (—1)"gn—1 and v, + 7, = 1. Then

v Y
dny1+dy 1 = Es = Ynt1 + i — Y1 = @nt1 + Ong1 — Yni1 — Yt1)-

Hence, if yp41 + 7541 = On+1, then dnyg + dpy1 = Gn41 and Cpyg +

Crt1 = (=1)"n41- I Y1 + Ypy1 = Ong1 + 1, then dnyy + dpyy =
ant1—1and Cpy1 + Cp = (—1)™(gnt1 — qn)-

3. PROOF OF THEOREM 1

First of all, any integer K can be uniquely expressed as

n
K= (-1)"zg.,
i=1
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where z; (1 < i < n) is an integer with 0 < z; < a; and z, # 0. If
0<K<a;,putn=1and z =K.

If K > ay, then choose the odd number n(> 3) satisfying g,_o +
1 < K < gn Put K, =K and z, = [(Kp — gn—2)/qn-1], so that
1<z < an. fgno—gn-3+1< Ky~ 2pgn-1 < gn_2, then put
zn-1 =0 and K,,_o = K, — 2pqn-1 (80, z,—2 = an—2). Otherwise, put
Kn_1=2pqn-1 — K.

If K < 0, then choose the even number n(> 2) satisfying —¢q, + 1 <
K < —gn—2. Put K, = —K and z, = [(Kn — gn—2+ 1)/gn-1], so that
1<zp<an Ifn#2and gn-2—qn-3 < Kn — Zngn-1 < gn-2 — 1, then
zn—1 = 0 and Kp_2 = Ky — 2pGn-1 (S0, 2pn—2 = an—2). Otherwise, put
Kn-1 = znqn-1— Kn.

By repeating these steps we can determine 2y, zp—1, ..., 22. Finally,
put z; = K.

For general i < n we have 0 < z; < q; and

—qi-1+tqi-2+1< K; < g if i is odd;
—gi-1+¢-2< K;<¢;,—1 ifiiseven.

Next, we can obtain

{K8} = i(—l)i‘lz,-Di_l :
i=1
Notice that if z;_1 = a;—; then z; =0 (2 <i < n). Put
Ti=(((zabn-1+ 20-1)0n—2+ 20-2) -+ )0i+ 2z (1<i<n-1).
Since z, # 0 is followed by z,-1 # an-1,

+ (an_1 — 1) < Qp-1-

Th1= 2p0n_1+ 2n—1 < n
n-1 nUn—1 nl_an+9n

If 2,2 # an—9, then

an-1

— e 42y 2< 2p 2+ 1< an_2.
Qn-1+ 0n_1 n-2 no2 "

Th2=Th 102+ 2,2 <

If 2,2 =an_9, then by 2,1 =0 and z,_3 # an—3

Tho= (znen_1+zn_1)0n_2+2n_2 < On_2+an—2 < an-2+6n_2

an + 6,
and T3 = Tp—20n_3 + 20-3 < (@n-2 + 0n-2)0n-3 + (@n_3 — 1) = an-3-
Hence, by induction, if z; # a; then T; < a;. If 2; = a; then T} < a; + 6;



228 ANALYTIC NUMBER THEORY

and T;_; < a;—;. Therefore, T;6;—1 < (a; + 6;)0;—; = 1. Especially, we
have

0< D (=1)"'4Diy =Tyl < 1.
i=1

We shall assume that |[K0 — ¢|| = £({K0} — ¢). If |[KO - ¢| =
1 - ({K0} — ¢) > @, then |K||K6 — ¢|| > |K|p — 00 (K| — co). If
|K6—¢|| = 1-(¢—{KO8}) > 1—¢, then |K|| KO- ¢| > |K|(1-¢) — oo
(K| — 00).

Suppose that K # Cp or d; = 2z (1 < i < s—1) and ds # zs
(1 <s<n). Ifdg > 25, then

n )
K6 — gl = |> (-1)"'z:Dioy = Y (=1)""1diD;
1=1 i=1
n 1)
= .(—l)s_l(zs "ds)Ds—l + Z (—1)2_ ziDi_1 — Z (—1)1_1diDi_1
1=s+1 1=s+1

= |(_1)s_1(zs —ds + 'Y; - 'Ys)Ds—ll
= (ds — 25 + s — 75)| Ds—1]
= (ds — 25 = 75)|Ds-1| + [|Cs0 — ¢]| > [|Cs6 — 4],

where v = T5410, = Ts — 25(< 1). Since

gn2+1< K <q, n : odd; and 1<Cs<gs s : odd;
~gn+1< K< —gnp 7n:even —qs+1<Cs<0 s:even

if s < n—2, we have [K| > |Cy|, yielding |K||| K0 — ¢|| > |Cs|||Cs6 — ¢||-

When s = n—1, K = Cpn_1+(=1)""2(2p_1—dn-1)qn—2+(=1)" "1 2,qn_1.

If K >0 (so,nisodd), by dp—1 > z,—1 > 0 we have —g,_1+1 < Cp_; <
0, and Cr_y + 07’1—1 = —Qn-1 0T —Qn_1+qn-2. f K > gn-1 — 1, then
K > |Cp-1|, yielding K||K6 — ¢|| > |[Cr-1][|Cr-16 — ¢]|. Assume that
K < q,_1—1. Then z, = 1. Hence,

K =gqn-1—|Cp1]| + (dn-1 = 2n-1)gn-2 > qn-1 — |Crn—1] + gn-2
and
||K9—¢|I = (dn—l—zn—1+7n—1_0n—l)an—2| 2 (1+7n—1_0n—1)|Dn—2|-
If yn—1 4+ 7,1 = 0n-1 and |Cp_1| + |C_,| = gn—1, then

K||K6 — 6|l = (ICh—1| + gn-2)(1 = v, _1)| Dn—2|
= (ICh-1l + gn-2)I(ICh1] + an—2)0 — ¢ -
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If yo_1 + '7;1_1 =0,_1+1and |Cn—1| + IC',Iz—1| = Qn-1 — qn-2, then
K| K6 — |l > (ICp_1] + 2¢n-2)(2 = Yp_1)| Dn—2|
> (ICh-1] + @n-2)1(1 = 7—1)| Dn—2l -

If K <0 (so, niseven), 1 < Cp_1 < gn-1and Ch_1+C}_; = gn—1
Of gn_1 — gn—2. If |K| > gn—1, then |K| > C,_1, so

IK|I1K10 + ¢ll = (K)| K0 — 8] > Cn-1||Cr-16 — 4]
Assume that |K| < ¢n—1 — 1. Then z, = 1. Hence,
|K| = gn-1 = Cn-1+ (dn-1 = 2n-1)qn-2 2 gn—-1 — Cn-1 + gn-2
and
|K0—o| = (dn-1—2n-1+Vn-1—0n-1)|Dn—2| > (1+vn-1—0n-1)|Dn—2|.
Therefore,
(—K)|K6 — || = |K|[||K|8 + 8|l > (Cp_y + gn-2)(1 = Ya_1)| Dn-2| .

When s = n, K = Cp_1+(=1)""12ngn1 = Cu+(=1)""(2n—dn)gn-1
and |K0 — ¢|| = (dn — 2n + V)| Dn-1]- When K > 0 (so, n is odd), by
dp > 2, > 0 we have 1 < C, < qp, and Cp, + CJ, = gn Or gp — gn—1. If
Cp-1 >0 or 2, > 2, then

K||K8 — ¢|| — CallCnb - ¢||

= (Cn—l + ann-l)(dn —2zp+ 'Yn)IDn—1| - (Cn—-l + ann—l)’Yn!Dn—ll

= (Cn—l + (Zn - ’Yn)Qn—l) (dn - Zn)an——ll >0.

If C,_qy < 0and z, =1, then |Cp—1]+|C),_1| = @n-1 OF gn—1 —gn—2. By
'Yn—l/on—l >dp > 2p+ 12> 2 we have y,_1 — 01 > 0,1 > 0. Hence,
Yn-1+ V5—1 = On—1 is impossible. Thus, y,-1 + Y_1 = 0p-1+1 and
|Cn-1| +|C}_1] = gn-1 — gn-2. Therefore,

K”KB - ¢” = (Qn—l - |Cn—1|)(dn -1+ 'Yn)an—ll
= (ol + 400 (== 1) 1D
n—1

= (ICL—ll + gn_2)(1 - ’Y;l—l)IDn—2| .
When K < 0 (so, n is even), we have —¢g, +1 < Cp < 0, and
|Cn| + |C%| = gn oF gn — gn—1. If Cn1 <0 or 2, > 2, then
|K|[| K0 — ¢l — |Crll|Cnb — ¢l
= (2ngn-1 — Cn-1)(dn — 2n + Ya)|Dn-1| = (dngn-1 — Cn-1)"n|Dn-1]
= ((zn — Yn)qn-1 — Cn-1) (dn — Zp)|Dn-1]| > 0.
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If Cho1 > 0 and 2, = 1, then Cp1 + C,_; = gn—1 OF gn—1 — gn—2.
By applying the same argument as the case where K > 0 (n is odd),
Cph—1 < 0 and z, = 1 above, we have

IKIIK6 - ¢ll = (Cpoy + an-2)(1 = 75_1)|Dn—2|
= (Cr1 + -2l (Croy + gn—2)0 — ¢l

If z5 > dg, then

|K6 — ¢l = (25 — ds +v5 — ¥s)| Ds-1]
> (1= 7)|Ds-1] = I(Cs + gs-1)0 — 4] -
If s <n-—3, |K|>|Cs|+ ¢s—1 yields the result. Let n be odd. If n be
even, the proof is similar. When s = n—2, we can assume that d,,_5 > 0,
so Cp—2 > 0. Otherwise, there is a positive integer s(< n — 2) such that
ds >0and C; =C541=--- = Cp-g9. Then,
K= ZnQn—1 — 2n-1qn-2 + (zn—2 - dn—?)Qn—3 + Cn—Z
> qn-1—(an-1—1)gn—2 + qn-3+ Cn_2
=qn-2+2qn-3+Ch2>Ch_2+¢qn-3.
When s = n—1, we can assume that d,_; > 0, so C,,_; < 0. Otherwise,
this case is reduced to the case s < n — 2. Then,
K = zygn-1 — (Zn—l - dn—l)Qn—2 —Cr1
2 qn-1—(@n-1—1)gn—2+ |Cn_1| > |Cr_1| + gn—2.
When s = n, we can assume that d, > 0, so C, > 0. Otherwise, this

case is reduced to the case s < n— 1. Then, K = (z, — dn)gn_1 + Cp >
Cn+ dn-1.-

4. SOME APPLICATIONS

We shall denote the representation of ¢ (0 < ¢ < 1) through the
expansion of § by the Borweins’ algorithm by ¢ =4(dy,ds,...,dp,...)
with omission of dg = 0. The overline means the periodic or quasi-
periodic representation. For example,

¢ = 0<d11 )d'n dn+11 m)
= 0(dla~~-7dmdn+la---:dm»dn+1a---)d'm:”-) ’

0= di,....dn, i@ ImD)
= gdiy- o dn, F1(1), o Fn(1)s s, 1K), (K, .. )
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The first example, Theorem 2, shows the case where 6 is one of the
typical Hurwitzian numbers, 6 = e.

Proof of Theorem 2. First of all, we shall look at the cases when | = 5
and [ = 6.
When § = e = [2;1,27,1]2,, ¢ = 1/5 is represented as

é = 0,4 —4,1,0,8i — 7,1,0,4 — 3,0,0,4i — 3,1,0, 167 — 8,0,
0,16i —6,1,0,12 — 4,1,0,167 — 3,0,0,16i — 1,1,0,47,0) .

o - —3 oo — 1
= {0, BB =2 1 0, TB =2 0, L2 0,0,

5 ) 5
a30i-19 — 3 4a3zpi-13 + 2 3azpi-10 — 2
— 1,0, 5‘1301 16,0, 0, : , 1,0, : ,
[o <]
dazpi—7 +1 4azp;i-4 + 3
1,01 5 7070v 5 1 0 50,301;_1,0
i=1
and forn=1,2,...
14+6030n— 3+030n—28 __ —14+36030n-27
Y30m-20 = ——==2,  Y3on-28 = —Zg"—, Y30n-27 = —-;0-5"—,
2—030n— __ 2+42630n—25 _ —142030n_24
Y30n—26 = —=2,  Y30n-25 = ;—5—"—, Y30n-24 = — g 2t
1—030n— 30n—22 —
Y3on-23 = —g=2,  Y3on-22 = h ;5 ) Y30n-21 = %
1+630n— +030n—19 30n—18
Y30n-20 = ——222,  Y30n-19 = P Y30n—18 = —g‘»
4 . d030n-16
Y30n—17 = % Y30n-16 = —4%—, Y30n-15 = ? 0
+4630n— 2+4630n-13 +2030n-12
Y30n-14 = ——5"+,  Y30n-13 = ———05"  Mn-1z = S =12,
3+630n— 3+3030n-10 +3030n—9
Yon-11 = ——g=,  Y30n-10 =4;—5"—, Y3on—9 = —3 =,
440 on-7 _ 4
Y30n-8 = ——x>—, Y30n-7 = ——345; : Ya0n-6 = 5,
444630 -5 _ 144630n-4 __ b3on-3
Y30n—-5 = 5 ™ 3 Y30n—-4 — 5 . y Y30n-3 = g )
_1 _ 930n-1 _1
Y30n—-2 = 5 Y0n-1= ~5 Y30n = § -
Notice that
63n—2 = [0;2n,1,1,...] = 0,
1
O3n—1 =[0;1,1,2n+2,...] — 1
03, =[0;1,2n +2,1,1,...] > 1 (n— 00).
Notice also that
1 1 1
@3n|Dsn| = — =~ (n— o)
asn+1 + 03n41 + @n-1/q3n  1+0+1 2
as well as
1
@3n+1/D3nl = 1, @an-1lDan-1l — 3, @3nlDan—al — 3,

@3n—-2|Dan-2| =0,  gsn-1|D3sn—2| — i (n — 00).
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Since

n
1 4agzo;
Caon-1= ) <ga30i—IQ30i—2 + q30i-4 — M%Oi—s

i=1 9
dazoi-7 + 1 3a3z0i—10 — 2
+ T 5 930i-8 + q30i-10 — - 5 g30i—11
o dazp;—13 + 2 . 4
q30i-13 + —T‘%Oi—m - '5‘0301'—16(1301'—17
a3pi-19 — 3 azpi—g2 — 1
— q30i~-19 + : 5 g30i-20 — &;2—(1301'—23
2a30;—25 — 3
— q30i-25 + *l—sﬁq\wi—zs + 930i-28
a3p;—28 — 2 )
—"TQBOi—?Q
1l 1
= g i_l(QBOi—l - Q30i—31) = EQBOn—l,

one can have

1
Cson—1|D30n—2|v30n_1 = S'Q30n—1|D30n—2|%830n—1
L1, 11 1
51535 (P
and
(C30n-1 + 930n-2)| D3on—2/(1 = y30n-1)

1
— 1
= (5430n—1|D30n—2l + Q30n—2|D30n—2l)) (1 - 593071—1)

-—»(-51--1+0) <1—%)=% (n — o).

For simplicity we put

En = 202|Cp|(|Cr — ¢|| = 22|C, Dy_1|ym
and

En = 2%(|Cn| + gn-1)|Dn—1|(1 ~ 7s).
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In a similar manner one can find

Z30n — 1, Z3on—2 — 1, Eson—3 = 1, E30,-3 — 24,
Z30n-4 — 24, E30,_4 — 16, E30n-5 — 16, E3p,_5 — 9,
Z30n—6 — 16, Z3on—7 — 16, Z3on—7 — 24, Z3on-8 — 8,
Z30n-9 — 8, E30n—9 — 9 E3on-10 = 27, Z3on-10 — 3,

Z30n-11 — 3, Z30n—12 — 3, E30n-12 — 12, Z30n-13 — 32,

Zion—13 — 8, Z3on-14 — 16, E30,_14 — 9, E30n-15 — 16,

Z30n—16 — 16, E3gn_16 — 24, E3on-17 — 16, Ezon-18 — 16,
Son-18 — 9 Z30n-19 — 9, Z3on-190 — 1, Ezon-20 — 1,

S3on_20 — 24, Eson-21 = 1, Ezon—22 = 1, Ejgp_22 — 9,

Z30n-23 — 3, Z30n-24 — 3, E30n_24 — 32, Ezon-25 — 12,

Zion_25 — 8, E30n-26 — 8, Z3on—27 — 8, E3on_o7 — 27,

Za0n—28 — 7, Sion—28 — 3, S30n-20 — 1, EJpp_o9 — 24 (n — 00).

1 — ¢ =4/5 is represented as

% = #1,0,0,0,12 — 10, 1,0, 16i — 11,0,0,167 — 9,1,0,4i — 2,0,0,47 —

1,0,8—3,1,0,4i —1,0,0,4 — 1,1,0,164,0,0, 167 + 2, 1) =

3azpi—25 — 2 4azpi-22 + 1 4a30;—19 + 3
= 170a0’0’ ,1’07 7070: ,1a
5 5 b}
a30i—16 a30i-13 — 2 2a30i-10 — 3 azpi-7 — 1
01 5 50107 5 ’170) 5 1110’ 5 b}
asoi—4 — 3 4az0i-1 dasgir2 +2 \7
O’O’ )1)0) 10’()) ’1
|4 |
9 v i=1
and v] = (—1+46,)/5, v, = (2 - 0,)/5 and for n = 1,2,. ..
! _ 142030m—27 ' _ 340301 -26 ! __ 3+43030n-25
Y3on-27 = T 5 O Yaom-26 = — 5 > Yon-25= "5
! _ 143030n—24 ' _ A030n—23 / _ 4030n-22
Y30n-24 = —§ Yiom - 23 = 5 ) Yion-22 = 5
/ _ 1 / _ A4 40300 -20 ’ _ 1440830n-19
Yion-21 = 5 Yion 20 = T 5 2 Tdom—-19 = 5
' _ f}.'{()n---lK ; 1 ' _ 0O30n-16
Yson—18 = — 5 Yiom 17 7 F Yson—16 = ~ 5
’ _ 1 ’ _ l’lﬁ(lun._u_ / _ 3+030n-13
Yaom-15 = 7 Yo 147 BT Yson-13 = 5 )
1] _ V30300 12 ! 2 Oxos 11 ' _ 242030n-10
Tson-12 = “I T” o Ton N - “;”rﬁ”v Yon-10 “0 —
’ V20500, o ' T ! _ O3on-7
Tsom 9= TR Yaon 8 = T 5 Yson-71= T §
' ot ' _ 40300 -5 ! . 4+d30n—4
Yson 6 7 s Ysom 5= T Yson-4 = 5 )
/ _ 4030 1 ! _1 / _ A030n-1
Y3om- 3= 775 Yson-2 = %o Yson—-1 = 5 )
' 1 ' _ /f+40:mni| ’ _ 2+4)030n+2
Y30 T 5y Yson+1 = 5 ) Ysont2 — — 8§ -

b

b

bl
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Since

n
4azpiyo + 2 4
Contz = 1+ Z (430i+2 - —15—%0141 t £030i-1930i—2
im1

azoi—4 — 3 asp;i—7 — 1
+ q30i-4 — _lT_qBOi—.S - 1—5—(]301—8 + q30i-10

_ 2a30i-10 — 3 as0i-13 — 2

5 q30i—-11 — 930i—-13 + —5——%01'—14

1 4a3pi—19 + 3
~ 5430i-16930i-17 — ¢30i-19 + ﬂslg—%m—'zo

4a30;-22 + 1 3a30i—25 — 2
T 930i-23 ~ €30i-25 — 5 130i-2

1 n
=1+ 5 E(q30i+2 + 2930i+1 — g30i-28 — 2¢30i-29)

i=1

1 1
= g(Q30n+2 + 2930n+1) = 5(2Q30n+3 - q30n+2)

one can have

! !
C30n+31D30n+2|Y30n+3

1 + 2030043

1
=z (2g30n+3|D3on+2] — g30n+2/D3on+2]) 3

1 1 1y 3 3
*5(2'5‘5)'?% (= o)

and

) 1 1\2 12
(C30n+3+g30n+2)| D3on+2l(1 = ¥30n43) — (16 + 5) £ =g (n — ).

For simplicity we put

U, = 2%|C|Chb + || = 20%|CL Dy |,
and

Uy, = 2%(|Ch| + gn-1)|Dn1](1 = 7).
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In a similar manner one can find

Uson+2 — 32, Yipnio — 8, Ysont1 — 16, Yo, — 9,
\113()” — 16, \Ilgon_l — 16, \I];On—l g 24, \I/gon_z — 16,

Uagn_3 — 16, U35, 3 — 9, ¥s0n_4 — 9, ¥3p,_4 — 1,
Uson-5 — 1, P3o,_5 — 24, Y30n—6 — 1, Ya0n-7 — 1,
\I’§0n—7 ad 9, \I’3on_g — 3, ‘I’30n_9 g 3, Q;On-—g g 32,
U3on-10 — 12, Y30, 10 — 8, ¥30n-11 — 8, ¥30n-12 — 8,
Yion-12 = 27, Y3on-13 — 7, Uion-13 — 3, ¥Y3on-14 — 1,
Uhon_14 — 24, ¥son—15 = 1, ¥aon-16 = 1, Y3016 — 9,
Uson-17 — 1, Y3on—18 = 1, ¥3pn—15 — 24, VY30n-19 — 24,
Ulon_19 — 16, ¥30n-20 — 16, ¥3g, 90 — 9, Y30n-21 — 16,
U3on—22 — 16, ¥3g, 90 — 24, V30n—23 — 8, ¥3on—24 — 8,
Yion-24 = 7, Y3on-25 — 27, Uion-25 — 3, ¥3on—26 — 3 (n — 00).

Therefore, we have M(e, 1/5) = 1/50.

¢ = 1/6 is represented as

L «0,2 —2,1,0,2i —2,0,0,10¢ — 5,1,0,10: - 3,0,

5=
0,10: — 1,1,0,2i,0),_,
o 51 -
_ 9<0, a18i—16 — 2 1 o, 18i-13 0.0 5a18i—10 1

6 ) b ) 6 1 ) ) 6 ) b
o0
5a18;—7 + 2 5a18i—4 +4 a18i-1
0’ 6 ’ 0’ 0? 6 ’ 1’ 07 6 b
i=1
and forn=1,2,...
1+018n— _ 3+018n-16 _ —2+43618n-15
M8n-17 = —=,  Visn-16 = ——g— >  Vi8n-15 = ;—276—"——,
1-2018n-14 __ 2+018n-13 _ 3+2018n-12
Yign-14 = —==1,  Yign-13 = ——g 0,  M8n-12= —— g5
_ 5+36018n-11 __ 3+5618n-10 __ 243618n-9
Yign-11 = —'06—, Y18n—-10 = 0_‘6—’ Yi8n-9 = — @
542 — _ 5018n-7 5
8n-g = =2, Yign-7 = —156;’—, T18n—6 = &>
5+4+5018n-5 _ 14+5618n-4 _ bisn-3
Vign-5 = —gm=8 qign-4 = g, Yign-3 = T g

6
1 O18n—-1 — 1
Y8n-2 = §» M8n-1= —¢§ Yign = § -
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Since
Cign = i (alsé_lfhm'—z + q18i-4 — 5al&%Jr%ql&‘—S
i=1
+ Eml&g—7+2Q1si—8 + q18i-10 — galsi-loﬂh&'—u
+a181—6£q18i—14 + g18i-16 — ﬂﬁi—é_ﬁ—_%wi_”)
= Elj'zn;(fhsi—l - q18i-19) = %‘118n—1’
i=
one can have
Cisn—1|D18n—2|718n-1 = éqlen—llDlsn—2|918%l
1 1 1
- 6.1.E=5 (n — o00)

and
1 11 11
_ _ _ol(1— - - —_ = — — .
(Ci8n—1+ q18n-2)| D1gn—2|(1 — Yign-1) — (6+0> 2= 7 (n — o)
In a similar manner one can find that

Eisn = 1, E1gn-2 — 1, E1gn-3 — 1, Eig,_3 — 35,
51811—4 b 35, E’{Sn—4 i 25, Elgn_5 — 25, EISn—5 i d 11,
E18n-6 — 25, E1gn-7 — 25, Zlg,_7 — 35, Eign-8 — 5,
E18n-9 — 5, Zlgn_9 — 7, Eign—10 — 55, Elgn_10 — 5,

E18n-11 — 5, Elgn_11 = 7 Ei8n-12 = 5, E1sn-13 — 5,
Elsn-13 = 7, Z18n—14 = 5, Zisn—-15 — 5, Eign_15 — 55,

— —_% — ~
E18n-16 — 7, Sign-16 — 9, Z18n—17 — 1, Elgp_17 = 35 (n — 00).
1— ¢ =5/6 is represented as

5
5= «1,0,0,0,10i — 6,0,0,21 — 1,1,0,27 — 1,0,

0,2¢ —1,1,0,10,0,0,10¢ + 2, 1),

- "<1’ 0,0,0, 5a18i—613 20,0, 10 1,0, U8 20,

aigi—4 —4 Sa18i—1 Saigir2 +2 .\
6 1,0, 6 ,0,0, 6 ,1

0,

i=1
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and 7} = (~1+56:)/6, 7 = (3 - 62)/6, forn=1,2,...
1 2

’ _ 243618n-15 / . 5+2018n-14 / _ —245618n-13
Men-15= "6  + N8n-14= 6 1+ MNsn-13= — 5§
/ __ 3—2618n-12 / _ 143618n-11 ' _ 3+618n—-10
Msn-12= "6 = MNsn-11= "6 > MNsn-10= "6
/ __ —2+43618n-9 / . 1-261gn-8 ' _ bign-7
M8n—9= 6 o Vi8n-8= 6 Yi8n-7 = ——3 )
/ _1 ’ _ 1+6i8n-s ’ _ 5+bign-4
Y18n-6 = 6 Yi8n-5 = 6 Y18n-4 = 6
’ __ 5618n-3 ’ _5 / _ 5018n-1
M8n-3~= — 6 Yign-2 = 6 M8n-1~ — g s
/ _5 / __ 9+5018n+1 / _ 345018042
T18n = & Tn+1 = 75 Yi8n+2 = T -
Since .
daigi+2 + 2 5
/ i+2
Clgniz =1+ Z <q181+2 - —-6—(]181'+1 + 60181——1(1181'—2
i=1
a18i—4 — 4 a18i-7 — 2
+ q18i-4 — Tfhsi—s + —6—(118i—8

5 Saigi—13 + 4
+q18i-10 — ga18i—10(I18i—11 + Tfh&'—m

1 n
=1+ 6 Z(3q18i+3 — 2q18i+2 — 3q18i—15 + 2q18i—16)

i=1
1
= 6(3QI8n+3 = 2q18n+2)

one can have
! /
Clsn+3|D18n+2|’718n+3

! 2+ 30
- 5(3q18"+3|D 18n+2 ~ 2‘11871+2|Dlsn+1)|_——6&lﬂ
1 1 1\2+3-1 5
6 (3'—2._2'5)7—:{.5 (n — 00)
and
1 / 1 1\ 1 7
(Clsn+s T q18n+2)| Disn+2l(1—Vigns3) — 272)6" 72 (n — o).

In a similar manner one can find that
Uign+2 = 55, Yignio — 5, WYigny1 — 25, ¥ig,  — 11,

Wign — 25, Wign-1 — 25, ¥ig,_; — 35, Yign—2 — 25,
Wign-3 — 25, Vg5 — 11, Yign_g — 11, ¥ig, 4 — 1,
Vign-5 = 1, ¥ig,_5 — 35, Yign6 — 1, Yign_7 — 1,
Ulgn_7 — 11, Y18, 8 — 5, W1g9 — 5, ¥ig, o — 55,
Vign-10 = 7, ¥ign-10 — 9 Yisn—11 — 5, ¥ign_11 — 55,
Wign-12 = 5, Yign—13 = 5, ¥ign_13 — 55, Y1gn-14 — 5, (n — 0).
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Therefore, we have M(e, 1/6) = 1/72.
For general I, when [ is even, we have 3,1 = 83,1/l — 1/(2)
(n — 00), Csin-1 = g3in—1/! and dgin—1 = agin—1/1. Thus,

M(e,1/1) = Jim C3in-1|D3in—2|¥3in-1

1 1 1 1
= lim —q3in-1|Dain-2/V3in-1= 71" & = .
n—oo |

l 21 212
When [ is odd, we have ygin—1 = s1n—1/1 — 1/(21) (n — o0), Coin_1 =
gein-1/1 and dsin_1 = agin—1/1. Thus,

M(e, 1/1) = 7}1{20 Céin—1|Dsin—2|Y6in—1

.1 1 1 1
= lim —goin—1|Doin—2|r6in-1 = 7l O

Next example, Theorem 3, where 6 = e'/% with some integer s > 2,
looks like similar but is much more complicated. Continued fraction
expansion of el/* (s > 2) is given by

Vs=[1; Gk—1)s—1, 1, 1]2,.
In other words,
a3n+1 = (2n+1)s — 1, a3n = Qgpy2 =1 (n=0,1,2,...)
and forn=1,2,... -

1
O3p—2=10;1,1,(2n + 1)s - 1,1,... =35
O3,-1=1[0;1,(2n +1)s—-1,1,1,...] = 1,

03, =[0;(2n+1)s—1,1,1,(2n +3)s—1,...] - 0.
Notice that

limy, 00 Q3n—llD3n—2l = % N limy, 00 q3n—21D3n—-2| )
limp oo q3nlD3n—1| =1, limp o0 q3n— 1|D3n 1'

limy, o0 (I3n+1|D3n| =1,

)

OMI»—NI’—‘

lim,, o0 Q3n|D3n| =

It is, however, not difficult to see the specific case, where | > 2 and
s 2 2 with s =0 (mod ).
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Proof of Theorem 3. When s = 0 (mod ) (I > 2), ¢ = 1/l is represented

as
) — —-1)4i—-1
¢=%= 0<4Z 33—1)1307(Z—¥s-—1’1)0>

o0

l

[ o]
e — 1+ “1ago — 1
- 9<a61 5 1 : 171a07 (l )als 2 ’150>

i=1

and fori=1,2,--- — 00

V6i—6 = !l Yoi-5 = T+ %061'—5 — 2, ica = 1_7'1'061'-—4 — L,
Yoi-3 = T Vei-2 = %'*' l—Tgﬁi—Q - %, Yoi-1 = 7061 1= %
Since
Cen = Cen—-1
< 5—1+1 - 1)agi—2 — 1
- Z (a&—Sl_q‘ﬁ—ﬁ ~ 96i-5 ~ t=D l61 2~ gei-3 + gei—2
i=1
1 1
=7 Z(Q&'—l — Q6i—7) = fqen_h
we have
1 1 11 1
CGn'YGnlDGn—ll = 7QGn—-1|D6n—-1|'76n - T . 5 : 'l' = éﬁ ('n — oo) .
In a similar manner one finds that
1 (+1)(-1)
Con-17en—11Don—2| = 573, |Cén—2|Y6n—2|Don-3| = 55—
l+1)(1-1)
(0671,—1 + an_.g)(l - 76n—1)|D6n—2| — _(___._273__,
(-1
(|C6n-2| + (I6n—3)(1 - '76n—2)|D6n-.3| — 57
1-1)° (1—1)2
|Cén—3lY6n—3|Den—a| — ( 212) » |Con—alr6n-4lDen—s| = —57
20-1
(|C6n~4l + gen—s5)(1 — Yen—4)|Den—s| — T
20 -1
CGn—S')’Gn—S‘DGn—G' — o2

1
(C6n—5 + (JGn—S)(l - ’76n—-5)‘D6n—6| — ﬁ (TL — OO) .
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Next, 1 — ¢ = 1 — 1/l is represented as

-1 (- 1)(4i—3) 4i—1 *
l—¢=-—"—= s—1,1,0, s—1,1,0

l l .
1=
o0
l—1agi_5—1 o —
:0<( )agi—s 1,0, %6i=2 l+1’1,0>
l l _
1=
and fori=1,2,--- — oo
Vi—6 Ll_z_’ Yoios =T + l% 6i-5 — l—%tli, Voi—a = 106i-4 = T,
')’éi—3 =D 'Y(,ii—2 = ';ll + %061—2 - 5 7(/31'—1 = ‘:[1‘961'—1 N I—Tl
Since
Cf’Sn = Cén—l
- (! —1)agi—5 — 1 agi-2 — L +1
= ] 6i-6 — d6i-5 — — 7 96i-3 + d6i~2
i=1
-1 -1
= l Z q61’ 1= q61 = TQ6H—13
i=1
we have
! 1 l - 1 7
CénYen|Den—1| = TQGn—llDﬁn—ll'st
-1 1 1-1 (-1)2
In a similar manner one finds that
(1-1)? 21— 1
Cén—1Y6n-11Den—2| — ——2?2—, |Cén—2V6n—2|Don—3| — 5
20 -1
(C(/Sn—l + QGn—2)(1 - 'Yén—l)IDGn—ZI — -—21—2,
1
(ICsn—2| + g6n—3)(1 — ¥6n_2)| Den—3| — 22
1 1
|C(Iin—3|7én—31D6n—4| - 2—l2', |Cén-4l7én—4|D6n—5| — ﬁ’
I+1D){1-1
(ICsn—al + Gsn—5)(1 = Vo—a)| Dons| — (_%_)
I+1){1-1
Cén—5Y6n—5/Dén—6] — (——2)1(2——)-,
[ —1)2
(Cén—s5 + don—6)(1 = Yon—s)| Don—6] — ( 2l2) (n — o0).
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Therefore, M(e'/%,1/1) = 1/(21?) if s = 0 (mod 1) (I > 2). a

The other cases can be achieved in similar ways but the situations are
more complicated.
Conjecture 1. For any integer s(> 1) and (> 2)
1
212

When [ is even with { < 50, it has been checked that M(e!/5,1/1) =
1/(21%). When [ is odd with ! < 50, the following table is obtained.

1
M(el/s, l) —

or 0.

l {s (mod 1) : M(e/*,1/1) = 0}

3 2

5 3

7 1,3,4,5

9 5
11 1,3,5,6,8
13 1,3,4,5,6,7,9,11
15 3
17 45,6,89,11
19 5,6,8,9,10,11,12,18
21 5.8,11,17
23 2,5,6,10,11,15,16,19,21
25 3,818
27 5,14
29 5,16,19,25,27
31 1,2,3,6,9,16,19,20,27,28
33 5,8,14,17,23
35 3,8,18,33
37 2,6,8,9,10,12,13,14,16,17,18,19,21,22,25,27,34
39 5,11,14,17,20,29,32,35
41 1,2,3,5,8,21,22,23,2528,30,31,32,38,40
43 4,7,8,11,15,17,18,20,22,23,26,30,31,35,38,41,42
45 23
47 3,10,12,15,19,24,38,39,41,42,45
49 | 3,4,8,10,11,15,17,18,24,25.29.31,32,36,38,39,43,45,47
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ASYMPTOTIC EXPANSIONS OF

DOUBLE GAMMA-FUNCTIONS AND
RELATED REMARKS

Kohji MATSUMOTO

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya 464-8602,
Japan

Keywords: double gamma-function, double zeta-function, asymptotic expansion,
real quadratic field

Abstract  Let I'2(8, (w1, w2)) be the double gamma-function. We prove asymp-
totic expansions of log I'2(8, (1, w)) with respect to w, both when |w| —
+o00 and when |w| — 0. Our proof is based on the results on Barnes’
double zeta-functions given in the author’s former article [12]. We also
prove asymptotic expansions of log I'2(2e, — 1, (en — 1,£4)), log p2(en —
1,ex) and logp2(en,e2 — €,), where €, is the fundamental unit of
K = Q(v4n? + 8n + 3). Combining those results with Fujii’s formula
[6] [7], we obtain an expansion formula for ¢'(1;v1), where ¢(s;v1) is
Hecke's zeta-function associated with K.

1991 Mathematics Subject Classification: 11M41, 11M99, 11R42, 33B99.

1. INTRODUCTION

This is a continuation of the author’s article [12]. We first recall
Theorem 1 and its corollaries in [12].

Let 8 > 0, and w is a non-zero complex number with |argw| < .
The Barnes double zeta-function is defined by

[> <IN o]

Co(v; B, (1,w)) = ZZ(ﬁ%—m%—nw)"". (1.1)

m=0n=0

This series is convergent absolutely for ®v > 2, and can be continued
meromorphically to the whole v-plane, holomorphic except for the poles
atv=1and v=2.

Let ¢{(v), {(v, B) be the Riemann zeta and the Hurwitz zeta-function,
respectively, C the complex number field, 6y a fixed number satisfying
243

C. Jia and K. Matsumoto (eds.), Analytic Number Theory, 243-268.
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0 < 6y < 7, and put

oo={w€C||w|21’ |argw|§90}

and
Wo={weC|lw <1, w#0,|argw| < 6p}.
Define
(v) _ { vlv=1)---(v—n+1)/n! if n is a positive integer,
n) |1 ifn=0.

Theorem 1 in [12] asserts that for any positive integer N we have

C(’U - 1) ,wl—'v

v—1

= v -v—k -Ru—N
+Z( )C(—k,ﬁ)C(Hk)w + O(|w] ) (1.2)
k=0 k

CZ(v;ﬁ3 (1,’111)) = C(’Ua ﬂ) +

in the region Rv > —N 4+ 1 and w € Wy, and also
-1
C(’U ’;B) w—l

v—1

N-1
+ Ve + k, B)C(—k)w* + O(jw|™) (1.3)
> ()¢ -

C2(’U§ﬁa (lyw)) = C(U)B) +

in the region ®v > —N + 1 and w € Wpy. The implied constants in (1.2)
and (1.3) depend only on N, v, and 6.

There are two corollaries of these results stated in [12]. Corollary
1 gives the asymptotic expansions of Eisenstein series, which we omit
here. The detailed proof of Corollary 1 are described in [12]. On the
other hand, Corollary 2 in [12] is only stated without proof. Here we
state it as the following Theorem 1.

Let I'2(8, (1, w)) be the double gamma-function defined by

g (2 L)

PR ) = 3(0;8, (1,w)), (1.4)

where 'prime’ denotes the differentiation with respect to v and
~10g pa(1,) = lim {¢3(0:6, (1)) + log ). (15)

Let ¥(v) = (I'/T")(v) and ~ the Euler constant. Then we have
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Theorem 1. For any positive integer N > 2, we have

log T2(8, (1,w)) = — 5 Blog w + log I(8) + 3 Flog 2n
(C( ﬁ) C(=1))w ogw — (¢(~1,8) = ¢(=1))yw™?

,B) = ((=k))¢(R)w ™™

+O(|w|' ) (1.6)

for w € Wy, where the implied constant depends only on N, and 6.
Also we have

lOgFQ(/B) (1,’(1)))
=logT(Bw™ ! +1) + %logf‘(ﬂ +1) —log B+ Bw logw

+{c< 1) +¢'(-1) = G1(-1,8) = ¢1(-1,8)}w™!
1—7+1/)(ﬂ+1))w

N-1 (—l)k
- == (C(k) = Gu(k, )¢ (=k)w* + O(Jwl™) (1.7)
k=2

for w € Wy, where (1(v,8) = ((v,B8) — 7Y and the implied constant
depends only on N and 6.

Note that when w > 0, the formula (1.6) was already obtained in [10]
by a different method.

We will show the proof of Theorem 1 in Section 2, and will give
additional remarks in Section 3. In Section 4 we will prove Theorem 2,
which will give a uniform error estimate with respect to 3. In Section
5 we will give our second main result in the present paper, that is an
asymptotic expansion formula for ¢’(1; v ), where {(s; v1) is Hecke’s zeta-
function associated with the real quadratic field Q(v4n? + 8n + 3). This
can be proved by combining Fujii’s result [6] [7] with certain expansions
of double gamma-functions (Theorem 3), and the proof of the latter will
be described in Sections 6 to 8. Throughout this paper, the empty sum
is to be considered as zero.

2. PROOF OF THEOREM 1

Double gamma-functions were first introduced and studied by Barnes
(3] [4] and others about one hundred years ago. In 1970s, Shintani [13]
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[14] discovered the importance of double gamma-functions in connec-
tion with Kronecker limit formulas for real quadratic fields. Now the
usefulness of double gamma-functions in number theory is a well-known
fact. For instance, see Vignéras [17], Arakawa [1] [2], Fujii [6] [7]. There-
fore it is desirable to study the asymptotic behaviour of double gamma-
functions. Various asymptotic formulas of double gamma-functions are
obtained by Billingham and King [5]. Also, when w > 0, the formula
(1.6) was already proved in the author’s article [10], by using a certain
contour integral. It should be noted that in [10], it is claimed that the
error term on the right-hand side of (1.6) is uniform in £ (or « in the
notation of [10]), but this is not true. See [11], and also Section 4 of the
present paper.

Here we prove Theorem 1 by using the results given in [12]. The
special case u = 0, @ = § of the formula (3.8) of [12] implies

C(U—l) —-v
v—1 w!

N-1 —v
> (7)) et=rmcto-+ ket

+ Ry (v; B, w) (2.1)

C?(v;ﬂ’ (l’w)) = C(v7ﬁ) +

for any positive integer N, where

1 / [(v+ 2)I'(-2)
v; B, w ——— (v + 2, p){(—2)wdz, (2.2
B ( )= 211 J(en) ['(v) (2:2)
cy = —Rv — N + € with an arbitrarily small positive ¢, and the path of

the above integral is the vertical line Rz = cy. In Section 5 of [12] it is
shown that (2.1) holds for Rv > —N + 1+ ¢, w € Wy The result (1.2)
is an immediate consequence of the above facts.

From (2.1) we have

C(v _ 1)w1—v + C’(’U - l)wl—v

Cé('U;ﬁ) (1,'(1))) = C/(vaﬁ) -

(v—1)2 v—1
N-1
Do+ Y A i)
k=0
+ Ry (v; B, w), (2:3)
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A(v; B,w) = { <_k”) o+ k) + (_k”) ¢(v+k)

(3 )ew+w logw | ¢(~k, B~~~

where

Noting the facts

¢0)==3, ¢(-D=-15 ¢(0)=—1logom,
oM =50 (0,0 =1gT()~1log2n, (24
and
(—U>’ { if k=0
k)|, (=1 ifk>1
we find
A0(0; B, w ( ) (log 27 — log w),
lim Ay (v; 8,w) = ¢(~1, B)w™" (logw ~ ),
A(0;6,0) = k) Sk BGR™ (k22)
and so

(2(0; 8, (1, w))
- —%wlogw + <1—12 - c'(—1)) w+ % (% - ﬁ) log w
+logT(8) + (%ﬂ - 2) log 27
+¢(=1,B)w™" logw — ((—1,8)yw ™!
¥ Z( (kB (kw™ + Ry (036,0) (25)

for w € Wy, and N > 2. (The above calculations are actually the same
as in pp.395-396 of [10].)
Put 2 = —v— N +¢e+ iy in (2.2), and differentiate with respect to v.
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We obtain
Ry (v; B, w)
N 517? [(—N +e+)((=N + e + iy, Bw v VHetw
% {P/(’U‘f‘JIY(,;)E - ’Ly)c(v A N—e— zy)
') |
~T(w+N-—¢— y)r( 7 ) (w+N - —iy)
r N —¢c— ’ |
(v+ F(v)e zy)( (v Nt —iy)
r N—¢—3
Plv+ F(v)e zy)g(v + N —¢—1y) 10gw} dy.
Noting

'w) 1 1y 1 e
o = 7 (P D - 1) = e+ D D)

(as v — 0), we have

1 (™ '
Ry(0;8,w) = %/ [(=N +e+iy)C(—N + e + iy, luw= Nt

- 00

X T'(N — e —iy)¢{(N — € —iy)dy. (2.6)
Hence, using Stirling’s formula and Lemma 2 of [12] we can show that
Riy(0;8,w) = O(lw|~"**), (2.7)

and this estimate is uniform in 8 if 0 < g < L.
Consider (2.5) with N + 1 instead of N, and compare it with the
original (2.5). Then we find

_1\N
Ry(0:8,0) = (N, )N + Ry (038, )
_1\N
= N BNy + 0wl N4y,
hence
Ry (03, w) = O(huf ™), (2.9

which is again uniform in 3 if 0 < 8 < 1. Noting this uniformity and
the fact

logT'(8) = log T'(B + 1) — log B,

Asymptotic expansions of double gamma-functions and related remarks 249

from (2.5) we obtain

1 1 1
—logp2(l,w) = — Ewlogw + <1—2- - C’(——l)) w + 1 log w

- %log 21 4+ ((=Dw ™ logw — ¢(—1)yw™?
= (-1

R + Ol ™) (29)

+
k=2

for w € Weo. The first assertion (1.6) of Theorem 1 follows from (2.5),
(2.8) and (2.9).
Next we prove (1.7). Our starting point is the special case u = 0,
a = fof (6.7) of [12], that is
Ca(v; B, (1,w))

= (0, 0) + u(v, Bfw)w™ + —

1€1('U - 1aﬂ)w_1
+ Z ( ) v+ k, B)¢(—k)w* + S1,.n(v; B,w), (2.10)

where

SI,N(U;ﬂ,w)
L/ T(v + 2)I(—2)
C2m (N—¢) I'(v)

In Section 6 of [12] it is shown that (2.10) holds for Rv > 1 — N +¢,
w € Wy. From (2.10) it follows that

Ca(v; B, (1, w))
= ('(v, ﬂ) + (1(v, B/w)

)2C1( -1 lg)w-l +

G v + 2z, B)¢(—2)wdz. (2.11)

™ =G (v, B/wyw™ logw
L1, 0

('u

N-1
+ Bi(v

k=0

(—k)ywk + S y(v; 8,w), (2.12)

where

Buwif) = () atw+ks)+ (7)o + k0
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It is clear that By(0;3) = ¢1(0,3) and

1k
B0 ) = =

aks) k22
Also, since
ti (G(v+1,8) - 1) = =u9) - 57,
we see that
lim By (v36) = $(6) + 8"
Hence from (2.12) (with (2.4)) we get

1
%logw—*— §log1’(,8+ 1) —log 8

—-%10g27r +logll (g + 1) + Bwlogw

Cé(O;ﬁa (Lw)) =

~{G(-L0) + G (-1 B — (B + Dw
-1

(=1)*
k

2

+

Gk, B)S(—R)w* + 5] n(0; B,w)  (2.13)

Eod

=2

for N > 2.
The estimate

1.3 (05 8,w) = O(jw|™) (2.14)

can be shown similarly to (2.8); this time, instead of Lemma 2 of [12],
we use the fact that {i(v,3) and ({(v,) are uniformly bounded with
respect to 8 in the domain of absolute convergence. Hence (2.14) is
uniform for any 8 > 0. From (2.13), (2.14) and this uniformity, we
obtain

— log pa(1, w)

1 3 1
=1 — Zlog2m — {¢(~-1 -1,
5 logw — 7 log 27 {1+ (-1)}w + 5

(=k)w® + O(|w]|N) (2.15)

for N > 2, w € Wy. From (2.13), (2.14) and (2.15), the assertion (1.7)
follows.

(

Asymptotic expansions of double gamma-functions and related remarks 251

3. ADDITIONAL REMARKS ON
THEOREM 1

In this supplementary section we give two additional remarks.
First we mention an alternative proof of (1.6). Shintani [15] proved

La(6, (1,w)) = <2w>ﬂ/2 exp { (‘*—‘jf -8 tog+ & = o)

nw — 2
ﬂ+ {ﬂ%f +(1—,8)log(nw)} (3.1)

(see also Katayama-Ohtsuki [9], p.179). Shintani assumed that w >
0, but (3.1) holds for any complex w with |argw| < = by analytic
continuation. We recall Stirling’s formula of the form

logT'(w + a) = <w+a— l) logw —w+ = ! log27r

+ Z m le+2( )

—M-1/2
e oy Ol ™M), (32

given in p.278, Section 13.6 of Whittaker-Watson (18], where B;,  ,(a)
is the derivative of the (m + 2)th Bernoulli polynomial and M is any
positive integer. Noting

B:n+2 (a)
(m+ 1)(m + 2)

¢((-m,a) = — (3.3)

(p-267, Section 13.14 of [18]), we obtain

had nw ~ 32
log (H %—% exp {% +(1-7) log(nw)})
kot -~ 32 _1ym-1
=3y B cem B — o
m=1
+0 ((n|w|)—M—1/2)} . 5.4

From (3.3) and the fact B3(a) = a3 — (3/2)a® + (1/2)a it follows that

((-1,0)= 3 (e~ a”) - . (3.5)
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Hence the coefficient of the term of order w™! on the right-hand side of
(3.4) vanishes, and so the right-hand side of (3.4) is equal to

M (_l)m—l —-m -M-1/2
-3 E (em, ) cl=m)cmpw™ + 0 (jul M)
m=2

Substituting this into the right-hand side of (3.1), and noting (3.5), we
arrive at the formula (1.6).
Next we discuss a connection with the Dedekind eta-function

— 7rzw/12 H(l 27rmw (3.6)

In the rest of this section we assume 7/2 < 8y < 7, and define
W) ={weC|nm—0) <argw < p}.

For w € W(0y) we have log(—w) = —7i + logw. Hence from (2.9) and
the facts ((—1) = —1/12 and {(—k) = O for even k it follows that

log p2(1, w) + log pa(1, —w)

_ 1 1l +1m+31 27r+17r -1
= 12mw 5 ogw 1 5 og 13 iw
+ O(|w|™™) (3.7)

for w € Woo N W(6p) and N > 2. Similarly, from (2.15) we get
log p2(1, w) + log pa(1, —w)
—logw + %m’ + g log 27 + O(Jw|™) (3.8)
for w € Wo N W(6y) and N > 2. The reason why the terms of order

wt* (2 < k < N —1) vanish in (3.7) and (3.8) can be explained by the
modularity of n(w), by using the formula

1
pa(1,w)pa(1, ~w) = (202w Y2 (1) exp (m‘ ( Tt W)) (3.9)
due to Shintani [15]. In fact, in view of (3.9), we see that (3.7) is a direct
consequence of the definition (3.6) of n(w). Also (3.8) follows easily from
(3.9) and the modular relation of n(w).

4. THE UNIFORMITY OF THE ERROR
TERMS

A difference between (1.6) and (1.7) is that the error estimate in (1.7)
is uniform in B, while that in (1.6) is not. From the proof it can be seen
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that the implied constant in (1.6) does not depend on 8 if 0 < B < 1.
For general (3, it is possible to separate the parts depending on 8 from
the error term on the right-hand side of (1.6). An application can be
found in {11].

We write 3 = A+ ﬂ, where A is a non-negative integer and 0 < 3 < 1.
Then we have

Theorem 2. For any positive integer N and Rv > —N + 1, we have

o A-1
RN(”?ﬁ,w)=—Z( )(’U+k2ﬂ+]k —-v—k

k=N =0
+ O(jw| =~ N) (4.1)
if w € Woo and |w| > 3 — 1, where the implied constant depends only on
v, N and 6.

In the case w > 0, this result has been proved in [11], but the proof
presented below is simpler.

o,

Corollary. Let N > 2, w € Wy, and |w| > —1. Then the error term
on the right-hand side of (1.6) can be replaced by
A-1

Z (k) DB+ )fw™ + O(|w|™),

k=N j=0

and the implied constant depends only on N and 8.

Now we prove the theorem. Since

A-1
(wtz,8)=(v+z0)-) (B+5)"7
i=0
from (2.2) we have
’U ﬂ, Z i /c _v_l__z—_)(B'f‘j)—v_zC(—z)wzdz
+RN(’U'ﬁ) )
= - Z Tn(5) + Rn(v; B, w), (4.2)

say. Let L be a large positive integer (L > N), and shift the path of
integration of Ty (j) to Rz = cr. Counting the residues of the poles
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z=—-v—k (N <k <L-1), we obtain

L-1 —v _
tnG) = Y- (3 )6t + BB+ 9k + 70

k
k=N

Using Stirling’s formula we can see that Tp(j) — 0 as L — +o0 if
|lw| > B+ j. The resulting infinite series expression of — ZJ/‘:ol Tn(j)
coincides with the explicit term on the right-hand side of (4.1). The
remainder term Ry(v;3,w) can be estimated by (5.4) of [12]. Since
0< ﬂ~ < 1, the estimate is uniform in 8. Hence the proof of Theorem 2
is complete.

5. AN ASYMPTOTIC EXPANSION OF THE
DERIVATIVE OF HECKE’S
ZETA-FUNCTION AT s =1

Let D be a square-free positive integer, D = 2 or 3 (mod 4). Hecke
[8] introduced and studied the zeta-function (following the notation of
Hecke)

() = 3 ER) (5.1)

associated with the real quadratic field Q(v/D), where (i) runs over all
non-zero principal integral ideals of Q(v/D), N(u) is the norm of (x), u'
is the conjugate of u, and sgn(uu') is the sign of uy’. Hecke's motivation
is to study the Dirichlet series

Z\/ﬁ(s) = Z W,
n=1

where {z} is the fractional part of . The coeflicients Gl(\/ﬁ)‘and
G32(v/D) in the Laurent expansion

Z /5(s) = G1(VD)s™ + Go(VD) + G3(VD)s + - --

are important in the study of the distribution of {nv/D} —1/2, a famous
classical problem in number theory. Hecke’s paper (8] implicitly includes
the evaluation of G;(v/D) and Gz(\/ﬁ) in terms of {(1;v1) and ¢’'(1;v;).
In particular,

¢(1;v1)vD

m2logep

"(1; D 1 1
G2(VD) = (v + log 27) — % - E\/B+ 5 (5:2)
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if N(ep) = 1, where €p is the fundamental unit of Q(v/D).

Fujii [6] proved different expressions for G1(vD) and Go(v/D). Com-
bining them with Hecke’s results, Fujii obtained new expressions for
¢(1;v1) and ¢’'(1;v1). An interesting feature of Fujii's results is that
double gamma-functions appear in his expressions. This is similar to
Shintani’s theorem [14]. Shintani [14] proved a formula which expresses
the value Lr(1, x) of a certain Hecke L-function (associated with a real
quadratic field F') in terms of double gamma-functions. Combining Shin-
tani’s result with our expansion formula for double gamma-functions, we
have shown an expansion for Lr(1,x) in [11]. In a similar way, in this
paper we prove an expansion formula for ¢’(1;v;).

Fujii [6] proved his results for any Q(v/D), D is square-free, positive,
= 2 or 3 (mod 4). However, his general statement is very complicated.
Therefore in this paper we content ourselves with considering a typical
example, given as Example 2 in Fujii [7].

To state Fujii’s results, we introduce more general form of double zeta
and double gamma-functions. Let o, w;, wy be positive numbers, and
define

Gvia, (wi,w)) = D Y (o + mwy + nwg) ™", (5.3)
m=0n=0
— log pa(w1, wp) = lim {(3(0; , (w1, wy)) + log e}, (5.4)
and
log Dl (wi,w2)) _ ¢L(0; a, (w1, w2)). (5.5)

p2(wr, wy)

Let n be a non-negative integer such that 4n? + 8n + 3 is square-free.
We consider the case D = 4n? + 8n + 3. Then €, = VD + 2n + 2 is the
fundamental unit of Q(v/D). Example 2 of Fujii [7] asserts that

e n+1
Lv) = e 5.6
v = B v en s (56)
and
¢'(1;v1)
_ 272 {_ log —L2(6%: (Ens €7 — n))pa(en — 1,€n)
VanZ +8n + 3 p2(€n €2 — €n)l2(2en — 1, (en — 1,€n))
an +1
+ n+ (v + log 27 — log(en — e;l))

12
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: VInZ 1 8n+3
_logen( in +8n+3+8n+5 .

24 2n+1 (5.7)

Let «, 3 be positive numbers with a < 3, and define
[e o] (e e]
Ca((u, v); (a, B)) =ZZa+m (B+m+n)~". (5.8)
m=0n=0

In [12] we have shown that (2((u,v); (e, 8)) can be continued meromor-
phically to the whole C2-space. In Section 7 we will show the facts that
¢2((0,v); (e, B)) is holomorphic at v = 0, while (o((—k,v+k); (a, 8)) has
a pole of order 1 at v = 0 for any positive integer k. Denote the Laurent
expansion at v = 0 by

C((=k, v+k)'(a B8))
= Ca(k; (o, ﬁ) + Co(k; (, 8)) + Cu(k; (o, B))v + - - (5.9)
for k > 1. We shall prove

Theorem 3. Let D =4n%2+8n+3, e, = VD +2n+2, and § = &, =
en — 1. Then, for any positive integer N > 2, we have

P2( m (€n752 - En)),o?(an - 1,5n)
pz(en, en)l"g(?sn —1,(en — L,&p))

=——£log£——£log(1+£) (%—C'( ))£+ log ¢

log

1 _ 1 _ 1
'—EGIMﬁ—If]k%U+O+(u7+GK(L%O&“

N-1 _1\k
+ (=1) {((—k)c(k) — Co(k; (1,2))
k=2 k
_% <1+%+---+E—_1—_—1——10g§>}6_k
+0 (6 10ge). (5:10)

From this theorem and (5.7), we obtain the asymptotic expansion of
¢'(1;v1) with respect to £ = &, (or with respect to &,) when n — +o00.
Moreover, combining with (5.2) and (5.6), we can deduce the asmptotic
expansion of G2(VD) = Go(V4n? + 8n + 3). It should be noted that,
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by expanding the factor log(1 + &) on the right-hand side of (5.10), we
can write down the asymptotic expansion with respect to £ in the most
strict sense. This is an advantage of the above theorem; the formula
for Lr(1,x) proved in [11] is not the asymptotic expansion in the strict
sense.

The rest of this paper is devoted to the proof of Theorem 3. It is de-
sirable to extend our consideration to the case of Fujii’s general formula
(Fujii [6], Theorem 6 and Corollary 2). It is also an interesting problem
to evaluate the quantities (5((0,0); (1,2)) and Cyp(k;(1,2)) appearing on
the right-hand side of (5.10).

6. THE BEHAVIOUR OF T'y(€2, (en, €2 — €4))
AND p2(€na en)

Let 8 = a/w; and w = wa/wy. From (5.3) we have

C2(v; o, (wr, w2)) ZZﬂ+m+nw —v

m=0n=0
= wy "(2(v; B, (1,w)) (6.1)

for ®v > 2. This formula gives the analytic continuation of the function
¢2(v; @, (w1, we)) to the whole complex v-plane, and yields

Cé(o’ Q, (wla ’lUQ)) = _C2(01 67 (1) ’U))) IOg wy + Cé(oiﬁ) (17 w)) (62)
From (5.4) and (6.2), we have

— log pa(w1, ws)

= {1 _€2(0;0a(17w))}10g wy —108102(1,71)), (63)
where the existence of the limit
G050, (1,w)) = lim G203, (1,))
can be seen from the expression

<2(0;ﬁ, (Lw))

2 By(0)Ba—y(1—B) ,_
:—Bl(ﬂ)-i-; d 31(22_8(1,2)1 ) -1

L (1) el (g 1)
ﬁw+2<2 ﬁ>+2(ﬂ ﬁ+6>w . (64)
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which is the special case m = 0 of Theorem 5 in [10]. From (6.4) it
follows that

1 1,

1
M 1 = — —_ B
¢2(0;0, (1, w)) 12'w+ 1 + Tl (6.5)
1 1 1
.1 = —w— =+ —w"!

Now we consider the case (wy,ws) = (sn,s% — €n). Our aim in this
section is to prove the following

Proposition 1. We have
1 3 1 _ 1
log p2(en, € — €n) = (ﬁﬁ R 1) log(1 +€) + 75 log¢

_(_1___<,( ))E—llog§+3log27r+ £110g£——7£‘

(K)§™* +0(") (6.7)
for any N > 2, and

1
logT'a(en, (en, €n — €n)) = — log(1+¢) — S log& +log2m.  (6.8)

Proof. Putting (w1, ws) = (en,€2 — &), the formula (6.3) gives

log pa(en, €5 = €n) = {¢2(0;0, (1,€)) — 1} log(1 + &) + log p2(1,€) (6.9)

because w = (2 — €,)/en = €n — 1 = £. Substituting (2.9) and (6.5)
into the right-hand side of (6.9), we obtain (6.7).
Next, for Rv > 2, we have

m=0n=0
=1+ > > (1+m+(1+n))™
m=0n=0
(1+4¢) {22(1+m+2§) v Z(1+m)"“}
m=0 ¢=0 m=0
= (14+&)7"{¢(v; 1,(L,8)) — ¢(v)}- (6.10)
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This formula is valid for any v by analytic continuation. Hence from
this formula we obtain

—en) = —{Cz(o;l( )+ }log(1+e)
£ Q01 (L,E) +

which with (6.9) and (1.4) yields

C3(0;€2, (en, €2

1
3 log 2, (6.11)

logT2(e2, (€n, €2 — €4))
- {a0:0.0.6) —42(0;1 (1L,6) - 5 plog1-+)
+logT'a(1, (1,€)) + log27r (6.12)

From (3.1) we find that

ra(1.1.8) = (F )1/2. (6.13)

Substituting (6.5), (6.6) and (6.13) into the right-hand side of (6.12), we
obtain (6.8). This completes the proof of Proposition 1.

7. AN AUXILIARY INTEGRAL

In this section we prove several properties of the integral

1 [(v + 2)I'(-2)
Jom T

2mi T(v) G((v + 2, —2); (@, B))€*dz (7.1)

I(vi(a, B)) =
which are necessary in the next section. Here Rv > 2, 1 - Rv < c < -1,
and 0 < a < .

Let € be an arbitrarily small positive number. From (9.2) of [12] we
have

C2((U + 2, —Z); (aaﬁ))

1 J-1 2
=135 -La+ ,go (j)C(v+j,a)C(—j,ﬂ— a)
+ So0,s((v + 2, —2); (. ), (7.2)

where J is any positive integer and Sg j((v+z, —2); (a, B)) is holomorphic
in the region ®v > 1—J + ¢ and Rz < J —¢. Since J is arbitrary, (7.2)
implies that z = —1 is the only pole of {2((v+2, —z); (o, B)) as a function
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in z. This pole is irrelevant when we shift the path of integration on the
right-hand side of (7.1) to Rz = ¢y = —Rv— N +¢, where N is a positive
integer > 2. It is not difficult to see that (2((v + 2,—2);(a,B)) is of
polynomial order with respect to 3z (for example, by using (7.2)), hence
this shifting is possible. Counting the residues of the poles z = —v — k
(0 <k <N -1), we obtain

N-1

i) = 3 (3) (ko -+ Ry (o B
=0

In(v; (@, 8)), (7.3)

+ =

where

In(v; (a,B)) = %/( )F(U_*-F?—q)}l;(_z)ﬁ((v+ z,—2); (o, 8))E%dz

_ e TEMw=2)
= 5™ [ Tl = (e (1

2mi
Next, from (9.9) of {12] we have

C?((u’ ’U); (a> :3))
rl-u)l(u+v-1)

= (o) ((u+v—-1,8-0a)
J-1 v .
+]ZO ( j )C(u—y,a)C(vH,ﬁ—a)
+ Rous((u,v); (e B)), 75)

where

1 L'(Z(v - 2')
Ros((wv);(@p) = 5 [ A=)
21 J(~Jte) ['(v)
X ((u+2,a)l(v-2,8—-a)d. (7.6)
The formula (7.5) is valid in the region
{(u,v) eC? | Ru< J+1—¢,Rv > -J+1+¢},

and in this region Ry j((u,v);(a,3)) are holomorphic. In particular,

e
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choosing J = 2 and (u,v) = (z,v — z), we have

Gal(sy0 = 2 (e ) = (o = 1,8~ o)

+((z,0)C(v—2,8—a) = (v-2){(z - La)((v-2+1,0 - a)
+Ro2((2,v — 2); (0, ) (7.7)

for Rz < 3—ecand R(v—2) > -1+¢e. If Rz = —N + ¢, then the
right-hand side of (7.7) can be singular only if v =2,1,0,—-1,-2,... or
v = z+ 1. Hence the integrand of the right-hand side of (7.4) is not
singular on the path Rz = —N +¢ if Rv > 1 — N + ¢, which implies that
the integral (7.4) can be continued meromorphically to Rv > 1 — N +¢.
Moreover, the (possible) pole of {2((z,v — 2);(e,3)) at v = 0 cancels
with the zero coming from the factor I'(v) !, hence (7.4) is holomorphic
at v=0.
Let k be a non-negative integer. Putting z = —k in (7.7), we have

(kv + B (@,0) = P15 - a)

+((—k,a)C(v+k,B—a)— (v+k){(-k—-1,a){(v+k+1,0—a)
+Ro2((=k,v + k); (a, 8)) (7.8)

for Rv > —k — 1 + &. From (7.8) it is easy to see that (2((0,v); (e, 5))
is holomorphic at v = 0, while {3((—k, v + k); (, §)) has a pole of order
1 at v =0 for £k > 1. We may write the Laurent expansion at v =0 as
(5.9) for k£ > 1. Then

()= s (o

is holomorphic at v = 0, and its Taylor expansion is

—1)* _1\k
- S met + S cos e
+C_1(k; (a, B)) (1 + % + 'k%T - 1og§) }g*kv 4+ (7.9)

for k > 1; recall that the empty sum is to be considered as zero. Now
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by (7.3), I(v; (o, B)) can be continued to the region Rv > 1 — N +¢, and

I'(0; (a ﬂ)) = Cé((O 0); (a, 8)) — ¢2((0,0); (o, B)) log &
+ Z { (@, 8))

#Caathi(a ) (14 34+ hg - 1ogg>}§—k
+IN(0; (o, B)). (7.10)

We claim that the limit values of (3((0,0);(«,8)), ¢2((0,0); (e, B)),
Co(k; (@, 8)), C_1(k; (e, 8)) and Iy (0;(c, ), when a — +0, all ex-
ist. We denote them by (5((0,0);(0,4)), ¢2((0,0); (0, 8)), Co(k; (0, B)),
C-1(k;(0,8)) and I}(0;(0,3)), respectively.

To prove this claim, first recall that if ®v < 0, then ((v, ) is con-
tinuous with respect to @ when o — +0. This fact can be seen from
(2.17.3) of Titchmarsh [16]. Hence the existence of ¢5((0,0);(0,3)) and
¢2((0,0); (0, 8)) follows easily from the case k = 0 of (7.8). Similarly we
can show the existence of Iy (0;0,8) by using (7.4) and (7.7), and at the
same time we find

In(0; (a, B)) = O(6~N*e) (7.11)
and
In(0;(0,8)) = O(¢~N*e). (7.12)

Next consider the case k > 1 of (7.8). The Laurent expansion at v = 0
of the first term on the right-hand side of (7.8) is

= —k((~1,8 — a)v™! = P(k; (a, B)) + O([v]),

where
P(k; (e, B)) = k{<’<—1,ﬂ — )+ ((~1,8 - a)

—C(—l,ﬁ—a)(1+%+%+---+k—_l_i>}. (7.13)

The other terms on the right-hand side of (7.8) are holomorphic at v = 0
if k> 2. If k = 1, one more pole is coming from the second term on the
right-hand side of (7.8), whose Laurent expansion is

=((=La)v™! = ¢(~1,a)9(8 — &) + O([v]).
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Collecting the above facts, we obtain

~((-1,8~ - if k=1,
Catiitap) = { TPy e BES aas

and

Co(k; (o, 8)) = =P(k; (a, B)) + Q(k; (o, B))
—k¢(=k = 1,a)¢(k + 1,8 — a) + Ro2((—

where P(k;(a,3)) is defined by (7.13) and

1, - k=1,
o) ={ (oG- sy o

k,k); (o, 8)), (7.15)

From the above expressions it is now clear that the values Cy(k; (0, 8))
and C_;(k;(0,0)) exist for any k > 1. We complete the proof of our
claim, and therefore from (7.10) we obtain

N-1 ——1)"
+ 2 p {Co(k, (0,08))
+CL1(50,6) (14 5+ g - ose )}
+ In(0; (0, 8)). (7.17)

8. THE BEHAVIOUR OF TI'y(2e, — 1, (en — 1,€5))
AND p;(en — 1,e,); COMPLETION OF THE
PROOF OF THEOREM 3

Let Rv > 2 and 0 < a < 1. We have

ZZ (a+m&+n(l+E)™"

m=0n=0

= (1+§)‘”i (%g—-l-n)—v

n=0

(¢ +mn)™" Z Z ( (TZ:T:Z){) (8.1)

m=1n=0

CQ('U a, -1 €'n
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Using the Mellin-Barnes integral formula ((2.2) of [12]) we get

I'(v) (1 + m—(";:’;)f)_
1 _ i [(mtn)E)?
=5 (C)P(U+Z)F( z)( o ) dz, (82)

where —Rv < ¢ < 0. We may assume 1 — Rv < ¢ < —1. Then, summing
up the both sides of (8.2) with respect to m and n, we obtain

"ZZ( (s e

m=1n=0

1 I‘(v+z v .
_27ri/() ZZO‘_*'” (m+n)**dz

1 I'(v+ z)I‘(— )

T2l T T C((v + 2, —2); (a,1))€%dz.

Therefore, combining with (8.1), we have

v, (6n = 1,6n)) = (1+€)- c( )+I(v;(a,1>) (8.3)

"14€

for ®v > 2, and by analytic continuation for ®v > 1 — N + ¢. Hence

Cé(oa «, (611 - 1a€n))

o o
_c( +§)log(1+§)+c ( 1+§)+I( (o,1).  (8.4)
Applying (2.4) to the right-hand side, we have

(2(0;, (en — 1,€5)) + log @
1 o a 1
=—{=-———]log(l log’' {14+ —— ] - =

+ log(1+ &) + I'(0; (o, 1)).

Taking the limit @ — 0, and using (7.12) and (7.17) with 8 = 1, we
obtain

o~
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Proposition 2. We have

log po(en — 1,6n) = — = log(l +&)+ - log27r
—Cé((o 0)'( 1)) + C2((0,0),(0,1))10g§

—Z { (0,1))

+C_1(k; (0,1)) (1 O _1Og£)}£—k

2 k—1
+0o(e~N*e). (8.5)

Remark. The estimate of the error term in (8.5) can be strengthened
to O(6~Nlog¢). (Consider (8.5) with N + 1 instead of N, and compare
it with the original (8.5).)

Our next aim is to prove the following
Proposition 3. We have

logy(2e, — 1,(en — 1,€p)) = % log(
(0,1)

+32((0,0);(1,2)) — ¢2((0,0); (0,
—{¢2((0,0);(1,2)) — ¢2((0,0);(0, 1))} log §

N-1 (_ )k
{Co(k; (1,2)) — Colk; (0,1))}¢*

k=1
N-1 _1)k
+ {C_1(k; (1,2)) — C-1(k; (0, 1))}
k=1
x <1+%+~~-+—k1—1—logé>§’k
+0(67V logé). (®.6)

Proof. For ®v > 2, we have

Co(v;2en — 1, (en — 1,€5))

[e e XN o]

Z (26 +14+méE+n(1+&)7"

> (n+ 1+ (m+n+2)¢)77,

On=

Il Il
MM |
8 I

3
I
[=)
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which is, again using the Mellin-Barnes integral formula,
! D+ 2)[(—2) o= — o [((M+n+2)E\°
T 2mify T 22 (n+1) ( n+1 ) dz

_1 C(v+ 2)[(-2)
2mi (¢) F(’U)

That is,

G(v + 2, —2);(1,2))€%dz.

C?('U;Qen -1, (En - lasn)) = I(’U; (172))’ (87)

and this identity is valid for Rv > 1 — N + ¢ by analytic continuation.
Hence

(2(0;2e, — 1, (€ — 1,€,)) = I'(0; (1,2)). (8.8)

Therefore using (7.10), (7.11) (with @ = 1, 8 = 2) and (8.5) we obtain
the assertion of Proposition 3. The error estimate O~ log &) can be
shown similarly to the remark just after the statement of Proposition 2.

Now we can easily complete the proof of Theorem 3, by combining
Propositions 1, 2 and 3. Since

G(0,v);(1,2) = Y Y 2+ m+n)" = G(v;2,(1,1))

m=0n=0

(valid at first for Rv > 2 but also valid for any v by analytic continua-
tion), by using (6.4) we find
5
0,0);(1,2)) = —.
G(0,0)3(1,2)) = 15
Also, (7.14) implies that C_1(1;(1,2)) = 0 and C_;(k; (1,2)) = k/12 for
k > 2. Noting these facts, we can deduce the assertion of Theorem 3
straightforwardly.

It should be remarked finally that if we only want to prove Theorem

3, we can shorten the way; in fact, since the left-hand side of (5.10) is
equal to

C2(05€2, (en, €2 — €4)) — C5(0; 260 — 1, (en — 1,€2)),

the formulas (6.11), (6.6), (2.5), (2.8), (8.8), (7.10), (7.11) are sufficient
to deduce the conclusion of Theorem 3. However the formulas of Propo-
sitions 1, 2 and 3 themselves are of interest, therefore we have chosen
the above longer but more informative route.
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A NOTE ON A CERTAIN AVERAGE OF
L(} + it,x)
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Tokyo, 108-8636, Japan

leo@eco.meijigakuin.ac.jp

Keywords: Character sum, g-estimate of L(% +1it,x)

Abstract We consider an average of the character sum S(x;0,N) = Ele x(n)
(Proposition), and making use of this result, we obtain some average-
type results on the g-estimate of L(% +1it, x).

1991 Mathematics Subject Classification: 11140, 11M06.

1. INTRODUCTION

Let p be an odd prime, g be a positive integer, x be a Dirichlet char-
acter mod gq. We define the sums

M+N
SeMN) = Y x(n),
n=M+1
[o o]
n
L) =Y X7,
n=1 n

and we are interested in g-estimate of L(% + it, x), i.e. we want to find
a good upper bound for |L(% +it, x)| as a function in ¢, and we are not
concerned with its ¢-aspect.

In the long history of the study of |S(x; M, N)| and |L(} +it, x)|, the
first important estimate is Pélya-Vinogradov inequality ([13] [14], 1918),
which states

S(x; M,N) < \/qlogg

and, by making use of partial summation, this gives, for any € > 0,
1
L(z +it,x) < gite.
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In 1962, Burgess ([1]) proved the famous estimate; for any natural
number 7 and any positive ¢,

S(x; M,N) < N1=1qit+e,

and from this estimate, we have
1
L(=
(2

For a large N, it is well-known that Pélya-Vinogradov inequality is
almost best poss1ble (cf. [12]), but in many cases we expect a much
better estimate on |S(x; M, N)] as well as |L(3 + it, x)|. Actually, it is
conjectured in (2] that, for the case ¢ = p,

+it, X) < qi6te. (1)

S(x; M, N) < N7pf,
and from this we can derive

1
L(=
(2

which can be compared with the Lindel6f conjecture for L-functions:

+1t, x) < p°,

1
L(§

In the context, Burgess [3] [4] recently considered some average values
of |S(x; M, N)|. He introduced the set of characters

+it, x) < t5.

£(p*) = {x; Dirichlet character mod p?, x** = Xo}

where xo denotes the principal character mod p%, and proved

Theorem A. (Burgess [3]) For almost all x € £(p3), we have, for any
>0,

S(x; M,N) < VNpi+e. )
Theorem B. (Burgess [4])

1
= > ISO6M,N)| < Nipi,  if N <p3,
X€E(P3).x#x0

MIW
—
w
~

K Nipste,  if N> pt, (4)
<p*,  ifp<N<pt,  (5)
< N3pE*e,  if N > ps. (6)
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From (2) we have, for almost all character of (p?),
/J(% + 1l x) K q%“
and Theorem B (3)4(4) imply that

DS

P ;
XCEW ) x/ xo

l,( + i, x)| € (1' : (7

In the literature on the subject; many people succeeded in construct-
ing an infinite sequence of x mod ¢, for which

1
L= +1it,x) < qite

2

holds ([6] [7] [8]). So, it seems that the exponent § has a big interest
in this topics. (Very recently, “the exponent T provul for any recal,
nonprincipal character of modulus ¢, see [15].)

Independently from Burgess’ works, the present author considered in
[11] the set

E(p?) = {x; Dirichlet character mod p?, x” = xo},
here o denotes the principal character mod p?, and he proved

Theorem C.

1
p— Y. S(:M,N) < pf logp,
P e xtxo

uniformly in M and N.

In the paper [11], we proved a weaker estimate

1 u
7 > S(;M,N) < pit logp.
p x€E(P?),x#x0

T'his result is based on Heath-Brown'’s estimate on Heilbronn’s exponen-
tml sum, and by virtue of his new estimate [9], we can improve p12 into
ps.

In this paper, first we shall prove
Theorem 1.

1 5 19
— Z L( +it,x) < p6(logp)s.

xEE(P?),x#X0
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This is the average of L(2 + it, x), not the average of |L(3 + it, X)|,

but, since plﬁ = q32 < qe this indicates that, for many characters, the
exponent of ¢ in the right hand side of (1) mlght be much smaller than
1

Our second result is

Theorem 2. Let r be a natural number, ¢ = p" and A be an arbitrary
subset of the set {x;Dirichlet character mod p”, x # xo0}. We put |A| =
p®, with s € R. Then we have

i A, > LG + it 0] < i~ logs) ¥

First, when we apply this result to the case r = 3 and s = 2, then

1 1 . 1 19
= > LG +itx)| < go(logp) s,
XEA,xFX0

and this shows that the estimate (7) holds not only for £(p®) but also
for any set of characters mod p® of p? elements.

Secondly, we take s as a very near number to r, for example s = r—2,
and let r tend to infinity, then Theorem 2 says, asymptotically, the mean
value of |L(% +it, x)| on an arbitrary set A with |A| = p"~? is bounded
by q% x (log-part).

Recently, Katsurada-Matsumoto [10] discussed the mean square of
Dirichlet L-function, and from their result we can derive

1 1
L(g +it, X) < (pt)? (log pt)° + pi (log pt)©2

with some positive constants Cy, Cy. This inequality gives g-estimate
and t-estimate at the same time, so-called hybrid estimate, and they
said that, limiting to the g-estimate aspect, the theoretical limit of their

method seems to be p%. So, the exponent % might be the next threshold.

2. PROOFS

Lemma 1.
2
o Y x| <@+ Y el
x mod ¢ N<n<N+H N<n<N+H

holds uniformly for natural numbers N,H > 0, a, € C and ¢ > 2.

e e

[ aoumamts - SRC R
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For the proof, see, for example (5], Lemma 2.

Lemma 2. Let 7(n) be the divisor function. We have the following
inequality, for any natural number K:

Y () < X(log X)** 1.

n<X

For natural number r > 2, we define the set

D(p") = {x; Dirichlet character mod p"}.

Proposition. Let A be an arbitrary subset of D(p"), and we put |A| =
p®, with s € R and | be a positive integer > 2. When N=! < p" < N,
then we have

I%IZ 1S(x; 0, V)|

X€A
221 r—s Q2-2_,
< mm{Np 2 (log NY) 20, VNpZ=D (log p) 2D }

Proof. We take a natural number m. Then Holder’s inequality gives

{ﬁZW(X;O,N)l}? <{14 2m1}2m_1{215(x;0,N)ml2}
X€A

x€A

=g 2| 3 et

X€EA n<N™

where

an = Z 1.

nyn,m=n,1<n; <N

Lemma 1 implies
(LY Is00ml} < 20 i) Y fal
] X 4] P2 o
XEA n<N

and Lemma 2 gives an estimate

3" Janl? < N™(log N™)*" 1,
n<N™
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Consequently, we have

s L 22moy
o 318060, N)| < p A NN 4 573 (log N7 77
2 Koy
We take m =1 and m = [ — 1, then we get the desired inequality.

qg=p

I Our Proposition

Pélya-Vinogradov

_________________________________________________ -~ Burgess’
Bound
Trivial Bounc 5/6,2/3)
2 ' S
..................... 'In the proof of
(7/12,11/24) . Theorem 1, we
............... ‘use this route.
Conjecture
\

\{ Our Proposition ]

| N

2 1 N

N, =

~jot

1
2

Figure I When, for N = p’, an estimate “character sum” < p*N* logb)" holds,

then we plot (0, + 0/3).

—_

As a direct consequence of Proposition, we have, for example,

Corollary 1. For all except for at most p* — 1 of characters of D(p®),
we have

<1ogp)—%‘, (1)
<N < p2. (2)

S(x;0,N) < Np~3(logp)s, i p<N <p
15
T

< Nipi(logp)+,

c:n|m ml«l

if ps(logp)”

N =p?

e
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In fact, we arrange all x € D(p?) according to the size of |S(x;0, N)|,
and take the set A = A(N) as the set of p? characters for these charac-
ters |S(x; 0, N)| take the biggest p? values. Then Proposition gives our
assertion.

Proof of Theorem 1. We take

Ny=p?, Np=p(logp) 4.
We divide the sum into three parts,
1 1

X€E(P?),x#X0

LY (B ey

x€E(P?),x#x0 m=1 n=N1+1 n=Nz+1

and, according to the size of n, we estimate these three sums by
trivial estimate — Proposition — Theorem C
(see Fig). The trivial estimate Ix(n)| <1 gives

ZZ Xl+zt <<p%

x n=172

As for the second sum Zn 2 N, +1> applying partial summation and Propo-
sition with [ = 2, we have

n=N;

=

X n=N;+1

15 19
4 8

_5_
= p1s(logp)

T + — < /Ny pi(logp)
n

and finally applylng partial summation and Theorem C, we can prove

Sler
“]w

x(n z 1
Z z 2+t<<P810gp =P (logp)

X n=Np+1T
this proves Theorem 1.

Proof of Theorem 2. We take

T 2r+s 11

r 2rts ~11
Ni=pi, Np=p * (logp")" 4,
and divide the sum ]%I 2 xEAxExo |L(3+it, x)| into three parts as above.
Now we estimate these three sums by
trivial estimate — Proposition — Pdlya-Vinogradov inequality,

then we get the desired result.
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Abstract  An arithmetic sequence a(n) = {a +nz : z € Z} (0 < a < n)
with weight A € C is denoted by (),a,n). For two finite systems
A = {(\s,as,ns)}52;  and B = {(ut, b, me)}io; of such triples, if
2nulzmay A8 = Do, jz—b, Ut for all z € Z then we say that A and B are
covering equivalent. In this paper we characterize covering equivalence
in various ways, our characterizations involve the I'-function, the Hur-
witz (-function, trigonometric functions, the greatest integer function
and Egyptian fractions.

2000 Mathematics Subject Classification: Primary 11B25; Secondary 11B75, 11D68,
11M35, 33B10, 33B15, 33C05, 39B52.

1. INTRODUCTION AND PRELIMINARIES

By Z* we mean the set of positive integers. For a € Z and n € Z*
we let a + nZ represent the arithmetic sequence

{--,a-2n,a-n,a, a+n, a+2n, -}

and write a(n) for a + nZ if a € R(n) = {0,1,--- ,n — 1}. For a finite
system

A = {as(ns)}r_, (ns € Z% and a5 € R(n,) for s=1,--- ,k) (1.1)

of such arithmetic sequences, we define the covering function wa : Z —
N={0,1,2,---} as follows:

wa(z) = {1 < s< k:z € as(ns)} (1.2)

The research is supported by the Teaching and Research Award Fund for Outstanding Young
Teachers in Higher Education Institutions of MOE, and the National Natural Science Foun-
dation of P. R. China.
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Let m be a positive integer. If wa(xz) > m for all x € Z, then we call
(1.1) an m-cover (of Z); when wa(x) = m for any = € Z, we say that
A forms an ezact m-cover (of Z). The notion of cover (i.e. 1-cover)
was introduced by P. Erdés ([Er]) in the early 1930’s, a simple nontriv-
ial cover of Z is {0(2),0(3),1(4),5(6),7(12)}. Covers of Z have many
nice properties and interesting applications, for problems and results we
recommend the reader to see R. K. Guy [G], and S. Porubsky and J.
Schonheim [PS].

Let M be an additive abelian group. In 1989 the author [Sul] consid-
ered triples of the form (),a,n) where A € M, n € Z* and a € R(n),
we can view (),a,n) as the arithmetic sequence a(n) with weight (or
multiplier) A. Let S(M) denote the set of all finite systems of such
triples. For

A= {(As,a5,n6) }o—1 € S(M) (1.3)

we associate it with the following periodic arithmetical map wy : Z —

M: .
wa(z) = Z As forzeZ, (1.4)
s=1

zea:(n.s)

which is called the covering map of A. (wy refers to the zero map
into M.} Clearly wy is periodic modulo the least common multiple
[n1, <+, ng] of all the moduli ny,--- ,ng. For A,B € S(M), if wg = wg
then we say that A is covering equivalent to B and write A ~ B for this.
Observe that (1.3) and B = {{u¢, by, ms)}i; € S(M) are equivalent if
and only if

C= {<)‘17 a, nl)) R (Akvak)nk% <_u'1’ bl)ml)a ) (_/Jla bla ml)} ~ .
(1.5)
We identify (1.1) with the system {(1,as,ns)}*_;. Thus, (1.1) forms
an exact m-cover if and only if A ~ {(m,0,1)}. :
Let M be an additive abelian group, and f a map of two complex
variables into M such that {( ny) : 7 € R(n)} C Dom(f) for all
(z,y) € Dom(f) and n € Z*. If

n—1

Zf<w:;r’ny> = f(z,y) for any (z,y) € Dom(f) and n € z*,
r=0

(1.6)

then we call f a uniform map into M. Note that f(z,y) = f(ﬂﬂ_41-07 1y)

and {r(n) ::& ~ {0(1)} for any n € Z*t.
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In 1989 the author [Sul] showed the following

Theorem 1.1. Let M be a left R-module where R is a ring with identity.
Whenever two systems A = {(Xs,as,ns)}_; and B = {{p¢, bs, me) }i_;
in S(R) are equivalent, for any uniform map f into M we have

k T+a d z+b
Sonf (B2 ) = Yo wf (S may) for alta,3) € Dom(),
s=1 s t=1

(1.7)

A simple proof of this remarkable theorem was given in Section 2 of
[Su8].

Let f be a uniform map into the complex field C with Dom(f) =
Dx D' and f(zg,yo) # O for some (zg,yo) € DxD'. If f(z,y) = g(z)h(y)
for all z € D and y € D', then for each n € Z* we have

n—1
>0 (220 htae) = g(an)htoo) 0.

r=0

thus 6(n) = h(yo)/h(nyo) # 0 and

n—1
f(n)h(ny) = Any) Zg (:co L r) = h(y) for every y € D',

9(wo) %= n
therefore
h(yo)  h(myo) +
0(mn) = . =6(m)f(n) for any m,n € Z

() = Rimge) Rn(myg)) — 0O or ey
and

n—1 T+7

g ( - ) =0(n)g(x) forallneZ* and z € D. (1.8)
r=0

Such functions g with D = Dom(g) = [0,1) or QN [0,1) were studied
by H. Walum [W] in 1991 (where Q denotes the rational field), and
investigated earlier by H. Bass [B], D. S. Kubert [K], S. Lang [La] and
J. Milnor [M] in the case (n) = n!~% where s € C.

In this paper by R and R* we mean the field of real numbers and the
set of positive reals. For a field F we use F™* to denote the multiplicative
group of nonzero elements of F. When z € R, [z] and {z} denote the
integral part and the fractional part of x respectively, if n € Z* then we
write {2}, to mean n{z/n}. For convenience, we also set

q(0)=0 and gq(z) = —l— for z € C*. (1.9)
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2, SOME EXAMPLES OF UNIFORM MAPS

For a uniform map f, the map f~(z,y) = f(1—z,y) is also a uniform
map.

Ezample 2.1. Two simple uniform maps into the additive group Z are
the functions I, I} : C x C — Z given below:

1 ifreZ, 1 ifzeZt,

0 otherwise; 0 otherwise.

Another example is the function [ ] : R x R — Z defined by
[1(z,y) = [=], (2.2)

the identity S.""3[2] = [z] (for n € Z*) is well known and due to
r=0l n
Hermite.

Now we turn to uniform maps into the multiplicative group C*.

Ezample 2.2. (i) Define v : C x Rt — C* as follows:

I‘(a:) v /2y ifz¢g —-N={0,— -}
V(z,9) = Car ,y */2ry otherwise.

When n € Z* and y € Rt, if z € C\ —N, then by applying Gauss’
multiplication formula

(2.3)

n—1
H F(z + z) = (27r)nT~ln%_"zI‘(nz)
n
r=0
with z = x/n, we obtain that

'ﬁ (F (x : r) (ny);:;/n) ) \/_3% |

r=0

on the other hand, for m = kn + [ with k € N and [ € R(n), we have

_.+_ .
lim H I+T (ny) = lim L(z)y*/v2my

LT VI e e VB
r;él

— lim F(w‘*'m‘l‘l)ngnO(x"'j)—lyx_l/z _ (_,i!my_m 2Ty
z——m F(z+m +1) I-[k 0(:::+l + )~ l(ny) 1 (_kl!)k (ny)“k\/ﬁn—y_
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Thus «v is a uniform map into C*.
(ii) As T'(2)I(1 — 2) = «/sinmz for z &€ Z, ~(z,y)7 (z,¥)
(=1)!+@¥) /S(z,y) for € C and y > 0, where

2sinwz ifzeZ
S(z,y) = ’ .
(@) {(—1)7@—1 if z € Z. 24)

It follows that the function S : C x C* — C* is a uniform map into C*.
(iii) For a, 3,7 € C with Re(y) > Re(a + ) and v # 0,-1,-2,-- -,
we use F(a, 3,7, z) to denote the hypergeometric series given by

_avalet)(etn-1FB+1Y---(B+n-1) ,
F(a,f,7,2) =14+) Ay(y 1) (y+n—1) z

n=1
which converges absolutely for |z| < 1. Let u,v,w € C and D, 44, consist
of all those (x,y) € C x C* such that z + 7, z+w— r+ %+ ¢ -Nand
Re(z + £==*) > 0. When (z,y) € Du,v,w, by a formula in [Ba] we have

. (u v w ) _ L)z —u/y —v/y) _ v(z1,9)7(22,9)

vy PO T T - we e =) Y e y)

£0

where ; = x+%, To=1x+ ﬂ"—;j‘;”, I3 = x+% and z4 = z+ w;v; for
any n € Z* clearly (2%, ny) € Dy for all r € R(n) (since &L + ==
£+2/U+Ty 4nd

w

"y

n
n-1 n-—1
u v ow a:+r
Tr(s 22, HF<_ K
r—0 ny ny ny n e ny ny

-1
=n (L, ny)y (P2, ny) _ =z, y) _ 7 (E
0 V(B ny)y (B ny) (23, ) 7(24, y) y

3

@IC

So the function Fy, 44 : Dyyw — C* given by

Fuow(z,y)=F (E 22+, 1) (2.5)
¥v'y'y

is a uniform map into C*.

Remark 2.1. Since the function S is a uniform map into C*, we have

n—1
Z log (2sin7rx +r
r=0

) = log(2sinnz) for n € Z* and z € (0,1).
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In 1966 H. Bass [B] showed that every linear relation over Q among the
numbers log(Zsin 7z) with z € QN (0,1), is a consequence of the last
identity, together with the fact that log(2sin (1 — z)) = log(2sin nz).
(See also V. Ennola [E].)

Ezample 2.3. (i) Define G, H : C x Rt — C by

G(z,y) = <logy+ Z (———q m+x))> (2.6)
and

H(z,y) = <logy+Z( +qx—m))> (2.7)

We assert that G is a uniform map into C and hence sois H = G~.
Let n € Z* and y > 0. By Example 2.2(i),

ﬁ (F (x : T) (ny)%u(%my)*%) = I‘(:c)y’(27ry)‘% forz € C\ -N.

r=0

Taking the logarithmic derivatives of both sides we get that

n—1 ’ ,
%;(M (ny)> G )+logy forz #0,-1,-2,--- .

L((z+7)/n) [(z)
Thus
niy ( i) + log(m) + )

I(z)
—§<F(-—)+logy+’y) forx € C\ —-N

where « is the Euler constant. By a known formula (see, e.g., [Ba]), if
z € C\ —N then

= 1 1
G(x,y)—logy=r§: <m+1 —m+x>
—Z z—1 =I"(x)+7'
(m+1)(m+z) TI(z)
So, for any z € C\ —N we have

nic (x:r,ny) = G(z,y).

r=0
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When z = —a — bn with @ € R(n) and b € N,
n—1
> 6 (") - Gle)
r=0 n
z+a = [zt
=G( - ,ny>-G(w,y)+zh_rgZG( - ,ny)

ZgZ r=0

r#a
= G(~b,ny) — G(z,y) + lim (G(z,y) ¢ ( * “,ny))
o n
1 & 1
= im (5 2 Gm o) —alm 420 + 100 ~alw +2)
2¢Z Y ;é —0 )
m#£—-

A (ar22) -0m)
3(i6+222)-w0)

1
- um (L. - )=
?—%(y x—z+ny (z+a)/n+b>

(Note that for any v € N we have

I i ! LYl S 2ot
ety m-u m-v) wov (m—u)(m—v)

m=0 m=v+1
m#v
For, if |[u — v| < 1/2 then
1 | u—v < 1/2
m—-—u m-v| |(m—u)(m-2v)| (m-—v-—1/2)?
for m = v+ 1,v+2,--, thus the series ) >_ . ( —1—u - ml_v) (with

|lu — v| < 1/2) converges umformly)
(ii) The Hurwitz zeta function ((s,v) is defined by the series

ad 1

((s,0) =) mtop

m=0

for s,v € C with Re(s) > 1 and Re(v) > 0 (or v & —N), by Lemma 1 of
[M] it extends to a function which is defined and holomorphic in both
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variables for all complex s # 1 and for all v in the simply connected
region C \ (—00,0]. In addition, we set {(1,v) = —G(v,1). For v €
C\ —N, if Re(s) > 1 then

U S RN S
((s,v+1)—C(s,v)—E(m_}_erl)s mz::o(m+v)s_ vS’

we also have

(Lv+1) - i(m m+u)+§(mi—1—m:—v)

m=1 =0
__L
v
If Re(s) > 1 then
i((sv)—iM——( 1,v) forallveC\-N
—-¢(s, ._m:0 » = —s((s+1,v) forallveC\-N.

Whenever s € C\ {0,1},

%C(s,v) =—s((s+1,v) forallveC\ (~o00,0]

by analytic continuation. As {(0,v) = é v, dv( (0,v) = —1. For those
v € C\ —N, we have

d d o[ 1 1 — 1
%C(l’”)z‘%;)(mﬂ _m+v> == Gigop = @)

m=0

For s € C we define (; : (C\ (—00,0]) x Rt — C by

_ Jy¢(s,2) ifs#1, |
Cs(x,y) - {y—-l(c(l,x) — logy) ifs=1. (28)

Let z € C\(—00,0] and y € R*. Then (i(z,y) = —G(z,y). If Re(s) > 1
and n € Z*, then

- -8 z+r nol
Tgon C( > ZZ x+7‘+kn =((s, ).

0

ﬂ

By part (i) and analytic continuation, for any s € C the function (s is a
uniform map into C.
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Remark 2.2. (a) In [M] Milnor observed that there is no constant ¢ such
that

1 /T ((z+71)/n) I'(x)
;E (W+C> _m—{—c forn € Z* and z € (0,1).

(b) By [Bal, if z,y > 0 then

d¢s(,y)

y -y *logy-((s,x)
S

s=0 s=0

=y ; (s,2)

s=0

1 1
=logl(z) — 3 log(2m) + (a: - 5) logy = log v(z,y).

(c) For s € C\ —N Milnor [M] proved in 1983 that the complex vector
space of all those continuous functions g : (0,1) — C which satisfy (1.8)
with D = (0,1) and 6(n) = n® is spanned by linearly independent
functions ((s, ) and {(s, 1 — z) where z ranges over (0,1).

Ezample 2.4. (i) Let ¢ be a function into C with Dom(y)) C C. Let
Dy, denote the set of those (z,y) € C x C such that (z + k)y € Dom(y)
for all k € Z and )"y —; (mod n) ¥((z + k)y) converges for any a € Z and
n € Z*. If (z,y) € Dy and n € Z*, then (EX, ny) € Dy, for all 7 € R(n)
since (2 + k)ny = (z + (r + kn))y, furthermore

S 5w (5 k)m) S Y e

=0 k=—00 r=0|=r (mod n)

= Z P((z +Dy)

i

l=—00
Thus the function ¥ : Dy — C given by
- +00
P(z,y) = Y dlay+ky) (2.9)

k=—o0

is a uniform map into C. This fact was first mentioned by the author in
[Sul].
(ii) Let m € N. We define cot,, : C x C* — C by
y_,,hm cot(™ (rz) ifrgZ,
cotm(z,y) = (-1)F ()" E8etl ifreZ & 2tm,  (210)
0 ifzeZ & 2|m,
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where cot(™(z) = €522 for z € C \ 7Z, and B, is the nth Bernoulli
number. Fix x € C and y € C*. As

+00
meot Ty = 2 =—+2vZ:U2 2 forve C\ Z,
if x € Z then

™ (1 —~ d™ [

7™+ cot™ (rz) = — (—) +) — ( )
dvm \v/ |,_, kX___; dvm \v?2 k%) |,_.

+00 +00
am < 1 ) 1
= —_— = (—l)mm|
k;m dvm \v+k)|,_, ;00 (x + k)m+1

and so

m!
t = — _—
(¢0) m(-'L'a y) (ﬂ'y)m+1 kz (.’L' i k)m+1 .
=-00
If x € Z and 2 | m, then coty,(z,y) vanishes and

Z (x+km+l_ Z lm+l= :

k;é x 1;60
If x € Z and 2t m, then

mt1_ (2m)™H! m! m12¢(m + 1)
cot ) =(-1)"2 =
m(CL' y) ( ) (m + 1)| m+1 (Wy)m+1 (ﬂ'y)m+1
oom R m X 1
(Wy)m+l = [m+1 (,n-y)m+1 k;oo (z+k)m+l
I#0 k#—zx

So we always have

. ml! 1 m!
c0tm(@,9) = v > T = et D 9lay+ky)™
k’I‘;‘:—OO k=—00
-

By part (i) this implies that cot,, is a uniform map into C.
Let z € C and y > 0. Clearly

meoto(z,y) = H(z,y) — H (z,y) = (1(z,y) — (T (z,9). (2.11)
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Also,
1 o2 :
oz Csct T ifzxdZ,
cot 2.12
oti(z,y) = {3; if z € Z; (2.12)

Zeosgz i g o 7,

cota(z,y) = {yss“‘ e = 2cotg(z,y) coti(z,y);  (2.13)

0 ifx €Z,
and
2(142cos® ) . +00
cotg(z,y) =4 o ogl, 8 7D L (21
e ifzez, (my) W @+ k)
k#—x

Remark 2. 3 In 1970 S. Chowla [C] proved that if P is an odd prime,
then the 251 real numbers cot 27r5 (r =12, ) are linearly in-
dependent over Q, this was extended by T. Okada [O] in 1980. By
Lemma 7 of Milnor [M], there is a unique function g : R — R periodic
mod 1 for which g(z) = cot™)(nz) = (—=1)™ cotp(z,1) for z € R\ Z
and (1.8) holds with 8(n) = n™*! and D = R, we remark that g(z) =
(=1)™ cotm(z, 1) for all z € R because coty, is a uniform map into C.
With the help of Dirichlet L-functions, Milnor [M] also showed that ev-
ery Q-linear relation among the values g(z) with z € Q, follows from
(1.8) with (n) = n™*! and D = Q, and the facts g(z + 1) = g(z) and
g(—z) = (=1)™*g(z) for z € Q. So, each Q-linear relation among the
values cotp,(z,n) = n—,,}:l g(z) with z € Q and n € Z*, is a consequence
of the fact that cot,, is a uniform map into C, together with the trivial
equalities coty,(z + 1,n) = coty(z,n) and cot, = (—1)™"! cotp.

3. CHARACTERIZATIONS OF COVERING
EQUIVALENCE

In order to characterize covering equivalence, we need

Lemma 3.1. Let f be a complez-valued function so that for anyn € Z7,
f(z,n) is defined and continuous at x € (—o00,1) \ Z, and

n—1
Zf (m:r’n> = f(z,1) forallz <1 withx g Z.

r=0
Suppose that

lim f(z,1) =00 for each m € N.
r—-m
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Let A= {(/\s,as,ns)}le be such a system in S(C) that

k
Z/\sf (x:as,ns> =0 forallz<1withzgZ.
s=1 s

Then A ~ 0.

Proof. Since w4 is periodic mod [ny, - - - , ng), it suffices to show w4 (m) =
0 for any m € N. As limgz_,_p, f(z,1) = 0o there exists a § € (0,1) such
that f(z,1) #0forallz € (—m — 6,—m +§) with z # —m. If n € Z*

then
lim (f(:z:,l) - f(—-gJ + {m}",n))
T—-m n
_ T+ _ m+r
- am, ()= 8 ()
T#{m}n r#{m}"
and hence
f(%,yomf(x,l) as T — —m.
So
lim f(%‘lvns) _ 1 ifnslm_as’
z—-m  f(z,1) 0 otherwise.
Therefore

_ ixs A vatiis)
S=1 T——m f(x7 1)
k

L 1 :r+as _
_xEIme(z,l)sz:: Sf< n >_O'

S

Let’s now characterize the covering equivalence of two systems of
arithmetic sequences.

Theorem 3.1. Let ngs,m; € Z%, a5 € R(n;) and b, € R(m;) for s =
1,+--,k andt=1,:-- ,l. Then the following statements are equivalent:

A= {as(ns)}f=1 ~ B = {by(mq)}o1; (3.1)
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Y ()T e

IC{1,- ,k}
Zael %=C (3 2)
. b :
_ Z (_1)|J|e2mZt€J o for all ¢ > 0;
JC{1,-- 1}
Liey mL,:c
[;Z]
. as —z (=1)'ns
2 H sin H ——ns
g—s SES,
S z (33)

Pl
! ) (=1)me
=2 Hs1n7r H ™y forze C
teT,
T,
where S, = {1<s<k: z€as(ns)} andT, = {1 <t <1 z € by(my)};

[Tics<k T (%—f) ns™ *
s€U,

[l< T (g,‘n—f) mt
eV,

- Msew, hz_,] l)ln,]n[usl 2

2 2 [Z]-3

Meev, (=1 m, ™

where U, = {1<s<k: z2€as+nsN}and V, = {1 <t<l: z€
by + mN};

HF(u v w+a8 ) HF( v w;z—tbt 1)

Ng S

IOI'-'

(3.4)

= (2m) forzeC

for u,v,w € C with Re(w) > Re(u + v) and w,w —u,w —v g —N.
(3.5)
Proof. (3.1) & (3.2). Let N = [ny,- -+ ,ng,my, <+ ,my]. Set

l

— ﬁ (1 _ o N/ns g2mia, /n,) and g(z H ( _ G N/me e21rib¢/mg) _

t=1

Clearly any zero of f(z) or g(z) is an Nth root of unity. For each a € Z,
e2™a/N s a zero of f(z) with multiplicity wa(—a), and a zero of g(z)
with multiplicity wg(—a). By Viéte’s theorem, we have the identity
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f(2) = g(2) if and only if wg = wp. Note that f(z) = g(2) if and only if

Z (_1)IIIZZ.EI N/ns 2mi§ e as/ns
IC{1, k}
— Z (=)W zXees N/me g2miYpe y be/me
JC{1,- 1}

By comparing the coefficients of powers of z, we find that ws = wpg if
and only if

Z (1) e2mi%seras/ns — Z (=1)M1e2mi Teey be/me
IC{1,-k} JC{1,,k}
>ser N/ns=a Yteg N/mi=a

for all a =0,1,2,---. This proves the equivalence of (3.1) and (3.2).

(3.1) = (3.3),(3.4). We can view the multiplicative group C* as a
Z-module with the scalar product (m,z) — 2™. By Theorem 1.1, for
any z € C we have

k as — 2 ! by — z
(o) T ()

k as — 2 ! by — 2
H’Y(s ns)=H7(t ,m:)-
s=1 t=1 me

Apparently |S,| = |T}| and |U,| = |V,|. If n € Z*, a € R(n) and
z € a(n), then —2-% = 224 = [Z] Therefore (3.3) and (3.4) follow.

(3.3)=(3.1), and (3.4)=>(3.1). For n € Z* and z € (—00,1) \ Z, we
put

and

fi(z,n) =log|2sinnz|, fa(z,n)=log |F(x)|+(x - %) log n—% log(2n).

Let j € {1,2}. Then limy,_p, fj(z,1) = co for all m € N. Let n € Z*.
Then f;(z,n) is continuous for z € (—00,1)\Z. When z < 1 and z ¢ Z,

n—1 zH7 n—1 T+7
Zfl( n ,n)=log H(Zsmw

=0 T:O

> ‘ log 2sinnz| = fi(z,1)
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and
n—1 n—1 z4r 1
T+ TH+Tr\n o "2
> (5) =TT (r (53) 5 )
r=0 n r=0 n 2
'z
= log —(—) = fo(z,1)
2T
If

k ! -1

b
I1 (25inﬂ£+as> 11 (2Sin7r$+ t) =1
=1 Mg my

for z € (—00,1) \ Z, or

k ztag

1
H(P(x+as) ng™ 2).
s=1 s v2r t=1

for z € (—o0,1) \ Z, then for j =1 or 2 we have

k T+a ! z+b
s t . .
s;fj( - ,m)—éfj( o ,mt)—O for allz < 1 withz ¢ Z,

therefore {(1,a1,n1),---,(1,ak,ng), (—1,b1,m1),--- ,(=1,b;,m)} ~ 0
by Lemma 3.1. So, each of (3.3) and (3.4) implies (3.1).

(3.1) = (3.5). Let u, v, w be complex numbers with Re(w) > Re(u+v)
and w,w — u,w —v € —N. By Example 2.2(iii), Fy, y 4 is a uniform map
into the multiplicative group C*. Note that (0,1) € Dy, 4 4. Since A ~ B,
applying Theorem 1.1 we get that

HFuv,w <~—, ) HFuvw (-I-)t—,mt>,

N
=
/N

8
S|+
S"
N—
3
@ 3
3
[N
N—
Il
-

ie.,

!
HF< v w+as,1>=HF<i,i,w+bt,1>.
ns' ng' Mg my my My

(3.5) = (3.1). Let z € R\ Z. By a known formula in [Ba), if n € Z*
and a € R(n) then

1 1 1 1
1 11 r(z2\p(z2_2—2_2I—2
F 53—T T—3 5-}-0,1 n n n n
) ) 3 - 1 1 1 _1
n n n p(z‘ﬁ_i'_x)p(zﬂ_x_z)
n n n n
2 (142a
r (2n
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So, by (3.5) we have

Lo (i) r2 ()
s=Hl (o) o (2zre) ) g P(ztd)T (=zk)’

l.e.,

Mor () Mo (08) m(52)
[I, v (=) TI, (r2 (42 /r (=)
Note that ['(1 +2) = 2I'(2) = 2(2 — 1) --- (2 =n)['(z — n) for n € N and
2 & Z. Let m € N. Then
-3))

[T 1¢sgk (F (1 + I‘rt_sm> /H[m/ns] (

ns|m—as

I e, (0 () /L (52 -5)
Mg )
g, T (%)

Letting z — —m we obtain from () and (x) that

-1
r+m r+m ‘
H ( + ) / ( > — ¢ for some c € C*.
1<s<k 1<t<l M

nslm—as melm—b;

Thus (z + m)¥8(M-walm) tends to a nonzero number as z — —m. This
shows that wa(m) = wg(m). We are done.

Remark 3.1. (a) When (3.1) holds with n; < --- < ng_y < ng and m; <

-+ € my, by taking ¢ = 1/n in (3.2) we obtain that 1/ng = ,c;1/my
for some J C {1,---,1} and hence ny < m;. From this we can deduce
that if A = {as(ns)}5_; and B = {b;(m¢)}}_, are equivalent systems
withn; <---<ngand m; <--- <mythen A= B (i.e. k=1, ng=mg,
and a; = bs for s = 1, , k), this uniqueness result was discovered by S.
K. Stein [S] in a weaker form and presented by Znam [Z2] in the current
form. When B = {b;(m¢)}\_, is the system of m copies of 0(1), the right
hand side of the formula in (3.2) turns out to be

Z (_1)|J| _ (—1)"(":) if ¢ = n for some n:()’]_,... ,m,
m} - 0

JC{1,- otherwise.

=X teq 1=¢

T
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Thus (1.1) forms an exact m-cover of Z if and only if

Z (_1)|1|621r12,51 %‘: — (_l)n (:’:) for n = 1, S ,m

Eselizn

and

Z (_1)”]62‘”2551 =0

IC{1, ,k}
2361‘711—,=2361 %
for any J C {1,--~,k} with Z ¢ Z.

seJ

For connections between covers of Z and Egyptian fractions, the reader
may see [Su3], [Su4], [Sub], [Su6], [SuT].

(b) By the proof of ‘(3.3)=(3.1)’ and ‘(3.4)=(3.1)", (3.1) is valid if
the formula in (3.3) or (3.4) holds for any z € C\ Z. Thus (3.1) has the
following two equivalent forms by analytic continuation.

k l 2
k-l Hsinvr H 1n7r
s=1 t=1

for all z € C; (1)

k + 1
e
Ng

a4 by 1
=(2ﬂ)%HF<z+bt>mtm‘ * forzeC\-N. ()

t=1 my

That (1) implies (3.1) was first obtained by Stein [S] in the case B =
{0(1)}; the converse in general case was noticed by the author in 1989
as a consequence of theorems in [Sul], when B = {b;(m;)}\_; is simply
{0(1)} it was found repeatedly by J. Beebee [Bel] in 1991. That (3.1)
implies (1) is essentially Corollary 3 of Sun [Sul] which extends the Gauss
multiplication formula, the converse was mentioned in [Sul] as a conjec-
ture. By the above, (1.1) is an exact m-cover of Z (i.e. A~ {(m,0,1)})
if and only if

ﬁ(F (”as)nfx_:‘ %> (2n) 7 ()™ for all z € C\ -N. (3.6)

n
s=1 s
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Consequently, if (1.1) is an exact 1-cover of Z with a; = 0, then
z .1 ztas 1
R | (1“ (5g2e) ne™ 2) (2m) T T()/T ()
ag 1 = k—1 PAYY
2 Hs_.Q ( (%‘L) ns;: 2) (ZW) im0 r _())Z_I'm
ny

n1

for z #£0,-1,-2,.--, ie.,

forall ze C\ —-N (3.7)

(by Theorem 3.1 we directly have H 2-'-)na’/"’_l/2 (2m)k-1)/2p, n 1/2).

In 1994 Beebee [Be3] showed that the relatlve formula (3.7) holds for any
exact 1-cover (1.1) of Z, as we have seen this was actually rooted in [Sul]
published in 1989. The new contribution of [Be3] is that if (3.7) holds
then (1.1) must be an exact 1-cover of Z, however we have a simpler
equivalent form (1) of (3.1).

Now we give

Theorem 3.2. For every s = 1,--- ,k we let \; € C, ng € Z* and
as € R(ns). Then the following statements are equivalent:

A= {<)‘s»as,ns>}’sc=1 ~ 0 (3.8)
k42 NG
Z (As”) = -9 Z i 7 fort=1,2 (3.9)
=1 s ek M)

ged(ni,nj)lai—a;

where /\(1) = Re); and )\9) =ImAg foranys=1,--- ,k;

2’“: ([x+mas}—m;1)=0 foralzezZ — (3.10)

s=1
where m is an integer prime to the moduli ny, - ,ng;
k
Z/\SCOtm (z+as’ns> =0 forallzeC (3.11)
Ng
s=1

where m is a nonnegative integer and cotgm) is as in Ezample 2.4(ii);

thcs (Z:“t,nt) =0 forallz€C\ (~00,0] (3.12)

t=1

where s is a complex number not in —N and (s is as in Ezample 2.3(ii).
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Proof. (3.8) & (3.9). Fort =1,2 and N = [ny,--- ,ng] we can easily
check that

N-1 2 k()2 A8 @)
v (T w) =2 o
2 A = Z +2 Z L7
N = s=1 ' ik Mol
nslr—as ai(ni)Na;(n;)#0

So (3.8) and (3.9) are equivalent.

(3.8) « (3.10). Let B = {()s, bs, ns) }¥_; where b, is the least nonneg-
ative residue of mas; mod ng. As m is prime to N = [ny,--- ,ng], any
integer z can be written in the form mu+ Nv (with u,v € Z) and hence
wp(z) = wB(mu) wA(u) Thus B~ 0 ifA 0. Clearly f(z,y) = z—3
and g(z,y) = —[l(z,y) = {z} — 5 over R x R are uniform maps
into R. If A ~ (D and z € R, then

(25
g )-S5 )

If (3.10) holds, then so does (3.8), because for any = € Z we have

wal) = D A= Zk?\s ([Lnﬂ] B [T“_Tm—_lb

-5 (a2

a2

=1 Ng

= 0.

(3.8) < (3.11). Since coty, is a uniform map into C, (3.8) implies
(3.11) by Theorem 1.1. By Example 2.4(ii),

1
cotp(z,1) = +1 Z W for z€ C\ Z.

k=-—00

Obviously cotm(z,1) — 0o as z tends to an integer. If n € Z*, then
cotm(2,n) = coty(2z,1)/n™*! is continuous for z € C\Z. In the light of
Lemma 3.1, (3.11) implies (3.8).
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(3.8) & (3.12). By Example 2.3(ii), (s is a uniform map into C. So
(3.12) is implied by (3.8).
As s #0,-1,-2,---, by Example 2.3(ii) we have

2 (5,0) = =sG(s + 1,0), SC(5+ 1,) = (=5~ (s +2,0),

in the region C\ (—00,0]. Let m = [2 — Re(s)] if Re(s) <1, and m = 0
if Re(s) > 1. Put § = s+ m. Then Re(5) > 1 and

m

d_mC(s v) = H (—=s—3)-¢(5,v) forveC\ (—o0,0].

0<j<m
If n € Z* and a € R(n), then

7 (FE2n) = Cmsts 1)+ (6 06 (220m)

for z € C\ (—o0,0].

Apparently (5(z,1) = {(5,2) — oo as z tends to an integer in —N.
Let’s assume (3.12). Then

k k
[zt a _ (=)™ o dan z+a
t:E 1 AeCs ( T 7nt) = s(s+1)---(3—1) dzm t§=1: s ( n ,nt)

t

=0

for z € C\ (—00,0], and hence by analytic continuation

k zZ+a
Z)\tcg( m t,nt)zo for all 2z #0,-1,-2,---
t=1 t

Applying Lemma 3.1 we then get (3.8).
So far we have completed the proof of Theorem 3.2.

Remark 3.2. In the case m = 1, that (3.8) implies (3.10) was first
realized by the author [Sul] in 1989 and later refound by Porubsky [P4]
in 1994. If (3.8) holds, then the formula in (3 10) in the case m =1
and z = [ny, -+ ,ng] yields the equality Zs 2 2 = 0. In 1989 the
author [Sul] obtained Theorem 1.1 and noted that f(z,y) = —cot Tz
over (C\ Z) x C* is a uniform map into C, thus for any exact 1 -cover
(1.1) we have

k

k
1 1
E — cot ('nz + aS) = cotmz and E — csc? (Wz_-i-a_s> = csc2(7rz)
Mg n ng Mg

s=1 s s=1

for all z € C\ Z, this was also given by Beebee [Bel] in 1991.
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Corollary 3.1. Let (1.1) be a finite system of arithmetic sequences, and
m a positive integer. Then
(i) (1.1) forms an ezact m-cover of Z if and only if

Z 1 =m and Z [n,-,lnj] = m(m2— 1)7 (3.13)

1<i<i<k
(ninj)lai—a;

also (1.1) forms an ezact m-cover of Z if and only if

k
k—m)(n—-1
Zi =m and Z {a+na3} :am+£——-)(—) for a € R(N)
s=1 Ts s=1 s 2
(3.14)
where n is any fized integer prime to N = [ny,--- ,ng].
(ii) Suppose that (1.1) is an m-cover of Z. Then
T+ ag
Zn s, >ml(s,z) fors>1 and x>0,
and for any n € Z* we have
Y oot (W_—_x * “S)
nen Ng
1<s<k S
Fasgnd (3.16)
mcot(2* =1 (rx) if x € R\ Z,
SN (= —4yn B (m — Y ok —%—) ifz €Z.
1Lq|1+as

Proof. Let A= {{1,a1,m1),--,(1,ak, 1), (—m, 0, 1) }.
1) Clearly A = {as( ns)} k_, forms an exact m-cover if and only if

~ 0. If A~ 0, then Zlel/ns — m = 0 by Remark 3.2. (That
Z’;zl 1/ns = m for any exact m-cover (1.1) is actually a well-known

result, it can be found in [P2].) '
By the equivalence of (3.8) and (3.9), A ~ 0 if and only if

i —m)? 1 -m

s Lyl T) =_2( > ot > ) (L)
s=1 8 ik TR gk
(ni7nj)lai—aj (nsvl)IaS_O

Under the condition Zle 1/ns = m, (A) reduces to the latter equality
in (3.13). So, A ~ 0 if and only if (3.13) holds.
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By Theorem 3.2, A ~ @ if and only if for all z € Z we have
k
Z([z—i—nas] n—l) ([as-i—n-o n—1
- -m - =0
po Ng 2 1 2 ’

i[z-i—nasJ =mx+(k—m)n;1,

s=1 Ns

i.e.

Any integer x can be written in the form a + gN where a € R(n) and
q € Z, thus the last equality holds for all z € Z if and only if (3.14) is
valid. This ends the proof of part (i).

ii) As wy(z) > m f for all z € Z, wa(z) > 0 for any z € Z. Obviously
A~ {{wa(r),r, N}, Whens>1andx>0 by Theorem 3.2

k
Zlgs (x:;tat,nt>_m<s <ZI+0 > ZWA (SC;\;T N)’
t=

therefore
k
1 T+a R T)
_C < 3 ) — mqGis, = A T+r
— nf ‘ ¢(s,2) ; N S\& v )20
since ((s, ) = 3°520(j + Z°)7* > 0.
By Example 2.4(ii),
(2n—-1) ¥ 1
coton—1(z, N) = ~—= -
n1(@ V) = j;oo Gram >0 fralzer
itz

As in the last paragraph, now we have

T+ as
Zcotgn 1 ns | —mcoty,—1(z,1) >0 for any z € R.

Clearly this is equivalent to (3.16). We are done.

Remark 3.3. (3.16) in the case n = 1 gives the following inequality:

1 o/ z+as m csc?(nz) ifzeR\Z,
Z 2 e\ 2141 Iy .
1sck s s 3(m =3 1<s<k —z) if z e Z.
I+l;s¢\nsZ nsl:r+a,

(3.17)
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Let A = {()\s,as,n5)}%_; € S(C) and z € C. For
y € (—2r/ max{ny,--- ,nk},0)

we have
k
y z+as
_ pYz y
e Zw_A (e¥) ;Asl— ()
.2ta k
=i)\s nyesy_n;l:Z—)\iiBn( )(ny)
s=1 NsY ensy —1 s=1 sY n=0 n! ’

where By(z) is the Bernoulli polynomial of degree n. So, A ~ @ if and
only if

k
3 Al lBy (”“S) —0 foralln=0,1,2, - . (3.18)
s=1

Ng

For the system B = {(1,a1,m1), - ,{l,ak, k), (—m,0,1)}, this was
proved by A. S. Fraenkel [Fl], [F2] in the case m = 1 and z = 0, by Bee-
bee [Be2] in the case m = 1, and by Porubsky [P2] in the case m € Z*
and z = 0. See also Porubsky [Pl], [P3] and Znam [Z1] for the case
z = 0 with the weights 1 in B replaced by real weights. In 1994 Porubsky
[P4] essentially established the above general result. However, before the
works of Beebee [Be2] and Porubsky [P4], in 1989 the author [Sul] proved
Theorem 1.1 and observed that the function by(z,y) = y" ! Bn(z) is a
uniform map into C for each n € N. In 1988 D. H. Lehmer [Le] showed
that By, (z) is the only monic polynomial of degree n such that

Zd” 1B, (x+7‘> = Bp(z) forallde Z*.

For any n € N clearly

n k
Z)\ 1B, <z+a3> _ (7)312)\3”[5_1(21“%)”4
0 s=1

=

Thus A ~ @ if and only if

n

-1 n-l _
Z(JB;;An a»t=0 forn=0,1,2- (3.19)

=0

In 1991 E. Y. Deeba and D. M. Rodriguez [DR| found this for the trivial
system {(1,0,d),(1,1,d),--- ,(1,d—1,d),(-1,0,1)} whered € Z*, later
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Beebee [Be2] obtained the result for system B with m = 1, and Porubsky
[P5] observed the generalization to A € S(R).

For the covering equivalence between systems in S(R), Porubsky [P5]
provided some characterizations involving Euler polynomials and recur-
sions for Euler numbers.

In [Su2] the author announced several results closely related to this
paper, proofs of them are presented in a recent paper [Su9)].
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CERTAIN WORDS, TILINGS, THEIR NON-
PERIODICITY, AND SUBSTITUTIONS OF
HIGH DIMENSION

Jun-ichi TAMURA
3-8-7-807 Azamino Aoba-ku Yokohama 225-0011 Japan

Keywords: automaton; higher dimensional substitution, word, and tiling; non-
periodicity; p-adic number

Abstract  We consider certain partition of a lattice into ¢ (1 < ¢ £ 00) parts, and
its characteristic word W (A;c) on the lattice, which are determined
uniquely by ¢ and a given square matrix A of size s x s with integer en-
tries belonging to a class (Bdd). We give a definition of substitutions for
s-dimensional words in a general situation, and then, define special ones,
and automata of dimension s together with their conjugates. We show
that the word W (A;c) can be described by iterations of a substitution
for A belonging to a subclass of (Bdd). The hermitian canonical forms of
integer matrices play an important role in some cases for finding substi-
tutions. We give a theorem which discloses a p-adic link with hermitian
canonical forms. We give two definitions for periodicity: ¥-periodicity,
and Y-periodicity, both for words and for tilings of dimension s. The
non-Y-periodicity strongly requires non-periodicity, so that it excludes
some non-periodic words in the usual sense. We also consider certain
Voronoi tessellations coming from a word W (A; c). We show that some
of the words W(A;¢), and the tessellations are non-X-periodic.

1991 Mathematics Subject Classification: 111385, 11F85.

0. INTRODUCTION

In this paper, we intend to give proofs for Theorems 1-5 reported
without giving proofs in [3]. For completeness, we repeat all the defini-
tions and remarks given there, and correct some errors®.

*The author would like to express his deep gratitude to World Scientific Co. Pte. Ltd., who
returned the copyright of [3] to him.
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For any integers ¢ > 1, d > 1, there exists a unique partition

U #ry =N\ {0} (1)

0<j<e

o
of the set of positive integers into ¢ parts, where U indicates a disjoint
union, mI' := {mn; n € T'}, N is the set of non-negative integers. Then
the word W = wywaows - -+ over

K.:=1{0,1,2,...,c—1}

defined by wy, := j (n € d’T") becomes a non-periodic word, which is the
fixed point of a substitution o over K, given by o(i) := 09"1(i +1) (0 £
i <c—1),0(c—1):= 0% cf. [2]. We can consider an s-dimensional
version of (1), that is

| 4T=2°\{0}, s21, ¢>1, (2)
0<j<e

where Z is the set of integers, ' is a subset of Z*, A is an s X s matrix
with integer entries, A’T is a set {A’z; ¢ € '}, 0 :=1(0,...,0) € Z°,
and the “T” indicates the transpose. We also consider (2) with ¢ = oo,
which becomes a partition of the lattice into infinite parts. We define a
word W for a partition (2):

W = W(A;c) = (wz)zezs € KZ', wg :=j if € AT (wo := ),

where :
K.:= K. U{oo} for 1 < ¢S 00 (Koo :=N).

The word W (A;c) will be referred to as the characteristic word of a
partition (2).

We remark that a set I satisfying (2) can be considered as one of the
discrete versions of a self-similar set for regular matrix A. For any given
1 < ¢ £ o0, the partition (2) with s =1 exists and uniquely determined
by numbers ¢, a if and only if A = (a), a € Z\ {0,%1}. Note that, in
the case of s = 1, we get (1) (resp., (2)) from (2) (resp., (1)) by setting
', =T'NN (resp., ' = 'y U (-T4)). Hence, we get nothing new for
s = 1. But, the situation for s > 1 turns out to be quite changed from
that for s = 1. For instance, if s > 1, for some matrices A having an
n-th root ¢ # 1 as their eigenvalues, partitions (2) do exist, but are not
uniquely determined; while a partition (2) is uniquely determined even
for some singular matrices A. In such a singular case, we can consider
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also partitions (2) with Z* in place of Z*® \ {0}. So, there appear some
new phenomena that do never occur in the case of s = 1. Among them,
Theorem 6 related to p-adic numbers may be of interest.

The main objective of this paper is to investigate words and tilings
of higher dimension, and their non-periodicity together with its new
definitions. We give a definition of substitutions for words of dimension
s in a general situation, and then, define special ones together with
their conjugates, and automata of dimension s. We describe the word
W (A;c) (1 < ¢ < 00) by a substitution of dimension s for A belonging
to a class of matrices. We give new definitions for non-periodicity for
words, and tilings of dimension s. One of them requires non-periodicity
in a very strong sense. We shall see that some of the words W (A4;c) are
non-periodic in the strong sense.

We deote by M(s;Z) the set of matrices of size s X s with integer
entries; by M,(s;Z) (resp., GL(s;Z)) the set of matrices A € M(s;Z)
with det A # 0 (resp., det A = £1). We say that a matrix A € M(s;Z)
satisfies a condition (P(c)) (resp., (Py(c))) if a partition of the form (2)
exists (resp., if a partition exists and it is uniquely determined); we mean
by A € (P) that A satisfies a condition (P).

We consider (2) for regular (resp., singular) matrices A in Sections 1, 3
(resp., Section 4). We shall give some necessary and sufficient conditions
for (Py(c)) in Theorem 1, and in Theorem 2, we give a necessary, and a
sufficient condition for (Py,(c)) in terms of characteristic polynomials. In
Section 2, we define s-dimensional substitutions, and automata together
with their conjugates, and give a class of matrices A such that the word
W (A;c) can be described by a limit of iterations of a substitution of
dimension s, c¢f. Theorem 3. We give some examples of Theorem 3 in
Section 3, where we consider only regular matrices. In Section 3, the so
called hermitian canonical forms of integer matrices play an important
role. Examples of partitions (2) with singular matrices A will be given
in Section 4. In Section 5, we give two definitions for non-periodicity.
One of them strongly requires non-periodicity. We also consider certain
Voronoi tessellations ccming from a word W(A;c). We show that some
of the words W(A4; ¢), and the tessellations are non-periodic in our strong
sense, cf. Theorems 4-5. in Section 6, we give some problems and con-
jectures together with Theorem 6, which shows a beautiful connection
between hermitian canonical forms and p-adic numbers. We shall give,
in a forthcoming paper, the proof of Theorem 6 together with a theorem
on a higher dimensional continued fraction in the p-adic sense.
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Remark 1. Let us suppose A € (P(c)). Then, setting A := U~T for a
unimodular matrix U € GL(s;Z), we have by (2)

U v7'4UA =2\ {0}, 1 <c < .

0<j<e

Hence, A € (P(c)) (resp., A € (P,(c))) implies U~ AU € (P(c)) (resp.,
U~'AU € (P,(c))), and vice versa. This fact can be applied also for a
singular matrix A.

1. THE CONDITION P,(c)

In this section, we suppose A € M,(s;Z), s 2 1; we denote by L the
set Z°\ {o}.

Lemma 1. Let there exist a partition (2) for a matric A € M,(s;Z)
withl <c<oo, ' DS. Then

r> | JAms.

0Sm

Proof. The assumption of the lemma implies A’T' > A7S for all 0 £ j <
c. Suppose that an element & € A°S belongs to a set AT with 0 < j < c.
Then 0 < c—j < ¢, so that A& € A77(A°S) = A°JS C A°IT, which
contradicts A7z € A~J(AT) = I'. Hence, we get

I' O A°S,

so that A7~ D AI7¢(A°S) = AJS for all ¢ £ j < 2c. Suppose that
an element © € A%*S belongs to a set AT with 0 < j < ¢. Then
c < 2 —j < 2sothat AVx € A77(A%S) = A%*7IS C A*IT (0 <
¢ — j < c¢), which contradicts A~7x € A~7(A'T) = I". Hence we get

[ > A%*S.

Repeating the argument, we get the lemma. |

Lemma 2. Let there exist a partition (2) for a matriz A € M,(s;Z)
with 1 < ¢ < 0o, & € I" such that A"z € L; for all n € N. Then
> {Ax; m e Z}.

Proof. We put x, := A"z (n € Z). Lemma 1 implies ' D {x¢; m € N},
so that

AT D {Temij; meN} forall0 < j < c. (3)
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Suppose T_ ¢y, € AT (m 2 0) for an integer 0 < j < c. Then
T_em—j=ATz_ e € A7I(AT) =T.
Hence, by Lemma 1, we get
Te—j = Te(mil)—em—j EL With 0 < c—j <,

which contradicts (3). Therefore, we obtain x_c, € T for all m 2 0,
which together with Lemma 1 implies Lemma 2. [

We consider two conditions (Bdd), (Emp) on A:
(Bdd) Theset {j € N; A7z € Z°} is bounded for any = € Ly,
(Emp) n0§n<oo Aan = ¢.

Theorem 1. The condition (Bdd) holds if and only if one of the con-
ditions (Emp), (Pu(2)), (Pu(3)), ..., (Py(c0)) holds.

Corollary 1. The conditions (Py(2)), (Py(3)), ..., (Pu(c0)) are equiv-
alent.

Proof of Theorem 1. Following a diagram

(Emp) <2 (Bdd) £ (Py(c)) (1 < ¢ £ o0),
not (Bdd) &2 not (Py(00)), not (Bdd) 22 not (Pu(c)) (1 < ¢ < o),

we prove the theorem according to the number (i-iv):

(i) We denote by X for X C Lg the complement of X in L,. Since
A"z € Z° implies A~z € Z° (Yn < m), we have

AT € Z° (IneN)= A "z ¢ Z° (Ym > n). (4)
Hence, noting

(Emp) < U (Aan)C =Ls<=Ls C U (Aan)C
0Sn<oo 0<n<oo
<=Vz € L, 3n € N such that = € (A"L,)°
<=Vx € L; In € N such that = ¢ A"Z°
<Vx € L; In € N such that A™"x ¢ Z°,

we get the equivalence (Emp)<=>(Bdd).
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(ii) We suppose (Bdd). Then, we can define a map ind 4 by

ind 4 : Z° - NU {00},
ind 4(z) := min{n € N; A"z ¢ Z°} (x € L,),
ind 4(0) := 0.

Note that (4) implies
A"z € Z° (n < ind a(x)), A"z € Z° (n > ind a(x)).
We put

Sn =Sn(A) := {x € L,; ind a(x) 2 n},
Tn =Ty(A) :== S, \ Sn41= {:B € Ls; ind a(z) = n}, n 2 0.

The condition (Bdd) implies

U Tn=1L. (5)
0Sn<oo
Since
zEATy = z=Aly, yeTy
= AVr=y€Z) & AT e = A"y ¢ 7°
<z Ty,
we get _
ATo=T; (0= j < o). (6)
Setting

r= U T (c < 00), I'=Tp (¢ = 00),
0<j<o0

we have a partition (2). We show the uniqueness of the partition. It is
clear that (2) implies ' D Tp. First, we assume (2) with ¢ = co. Then
I’ O T implies AT D A™Ty =T, for all n 2 0. In view of (5), we must
have

AT =T,

for all n 2 0, since (2) is also a disjoint union. Secondly, we assume (2)
with ¢ < co. From Lemma 1 together with (6), it follows

r> U 4= {J Tom

0Em<oo 0<m<oo
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so that ' '
AT D U Acm+'7T0 = U Tcm+j-
0<m<oo 0Sm<oo

Therefore, we get by (2), (5)

AT= | Tems; 05<0),

0<m<oo

which says the uniqueness.

(iii) We assume that (Bdd) does not hold, ¢.e., there exists an element
o € L, such that A™"xg € Z° for all n 2 1. We put

Ty, == Azy(€ Ly), n € Z,

and consider two cases:

(a) The sequence {x,}nez is periodic, i.e., Ty = x) for some
keZ\{0}.

(b) The sequence {&,}nez is not periodic, i.e., Ty # xx for all
k € Z\ {0}.

We suppose (a). We may assume that the number k is chosen to be
the smallest positive number satisfying x; = xo. Then xy € A’T (j = 0)
implies 2o € A*HIT, so we can not have a partition (2) with ¢ = co. We
suppose (b) and that there exists a partition (2) for ¢ = oo together with
xq € A'T for an integer j 2 0. Then z_; € T, so that

Tp_j = An_j:c() = An(A_j:BQ) = A":z:_j € A"l

for all n 2 0. Now, consider an element of z_;_;, which can be supposed
to be an element of A™T for an integer m 2 0. Then

T_j= A_j:L'o = A(A—jnlct:o) = A:l:_j_l € A(A™I") = Am_HF» m+1 >0,

which contradicts z..; € I' = AT.

(iv) We assume that (Bdd) does not hold, and that there exists a
partition (2) for 1 < ¢ < co. We consider two cases (a), (b) as in the
proof (iii). First, we suppose (b). Then, setting

I® = (D\ X) U {@ijsem; m € Z}, X := {&m; m € L},

we obtain by (2)

U 40 =1L, (7)

0<j<e
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for all i € Z, which says that we can not have the uniqueness of the
partition (2). Secondly, we suppose (a). If z; € AT (i 2 0) for an
integer 0 £ j = j(i) < ¢, then x;_; € I'. Hence, by Lemma 2 we get
Tirem = AN (Tem+ioj) € AT, m € Z. Hence, x;, and x; belong to the
same set APT (0 £ h < ¢) if and only if i = j (mod c). In view of (a),
we have x; = xg, so that k must be a multiple of c. Hence, we obtain
partitions (7) with T® given above for all 0 £ i < c. Therefore, noting
r'® £ 0 for integers i, j satisfying 0 £ i < j < ¢, ¢ > 1, we can not
have the uniqueness of the partition (2). [

By the proof of Theorem 1, we get the following

Corollary 2. Let (2) have a unique solution I'(C Ls). Then the matriz
A satisfies (Bdd), and

AT = | Temsj(4) (0£j<c) forc< oo,
0Sm<oo
AT =T;(A) (0 £ j) for ¢ = oo.
holds.

In some cases, for a given matrix A, it is not so easy to conclude
whether A satisfies the condition (Bdd). We aim at giving a class (K)
of matrices such that we can make sure of the implication A € (K) =
A € (Bdd).

Lemma 3. Let A; € M (s;;Z) (1 £ ¢ £ t) be matrices satisfying the
condition (Bdd), and T' a matriz

A * A 0

T = . , or .
O a4 * A
Let A € M.(s;Z) (s =81+ + s;) be a matriz given by A = UTU™!
with a matriz U € GL(s;Z). Then A also satisfies (Bdd).

Proof. We may assume s > 1. It suffices to show the lemma for ¢t = 2.
Changing the basis of Z° as a Z-module if necessary, we may assume
that T is an “upper triangular” matrix. Then, we can write

1 (P Q\ 1,1, (P! —P QR
U AU—<O R),U AU =", i :

By induction, one can show

-1 4—n _
U-'A U_(O n

P —(P™QR'+P™IQRZ+.. -+ P—lQR—n))
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We get the equivalence:
A ¢ (Bdd) & U'AU ¢ (Bdd)
& Ixez”, yezZ? with” (Tz,Ty) #0 &
UA™U T (Ta,Ty) € Z° for Vn e N.
& P "¢ — (P"QR™'+ P"HIQR2 4 ...
+PIQR ™y ez &
R™™y € Z* for ¥n € N.
Hence, noting that
y # 0= R¢ (Bdd),
y=0=x ¢ o= P ¢ (Bdd),

we obtain

A ¢ (Bdd) = P ¢ (Bdd), or R ¢ (Bdd),

which implies the lemma. [ |

We denote by ® 4(z) the characteristic polynomial of a square matrix
A, by Q the set of rational numbers.

Lemma 4. Let A € M,(s;Z!) be a matriz such that |det A| > 1, and
® 4(x) 1s irreducible over Z[z]. Then A satisfies (Bdd).

Proof. Since ® 4(x) is irreducible, so is F(z) := ®4-1(z). We may sup-
pose that @ = a1,...,a; (t > 1) are simple roots of F(z), which are the
conjugates of a root o # 0. We put A™ = (agl))lgi,jgt. By Cayley-

Hamilton’s theorem, {ag-l)}nzl,g,,,, becomes a linear recurrence sequence
with F(z) as its characteristic polynomial foreach 1 £ iS¢, 157 S,

so that ) ®
n
a;;" = E: )‘ij ks
1SkSt

holds for all n € Z, where /\g-c) are numbers independent of n, be-
longing to the splitting field K := Q(ai,...,a) of F(z). Then, for
(B=T($1,...,.’Et) (S Zt\{O},

o A Mg — (k) ,n
T =AT"x = Z Ay o T
1skst 10,5t

k
={ 2 | 22 Ak |z
1555t \1SkSt 1<t
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k
={ 2 | 2 A |k
1SkSt \1558t 1<t

=AT(al,...,a}),
holds where A := (3_;<;<; )\gf)scj)lgi,kgt. Hence, we get

det (T, Tnt1,-- -y Tntt—1) = (det A)V (NK/@ (a))n , (8)

where V :=[]<;;<;(0 — @;) # 0, and Ng/q(@) is the norm of a over
Q. S
Now, we suppose that x,, € Z¢ for all n 2 0. Then

det (Tn, Tnt1,- -, Tntt—1) €Z (9)
follows. By the assumption of the lemma, we have
Ngjg(a) =det A™' =d~!, d:=det 4, |d| > 1.
Hence, from (8), (9), it follows det A = 0, so that
det(xn, Tnt1,- -y Tnte—1) =0

holds for all n. The matrix A~}(€ GL(t;Q)) gives rize to a linear trans-
formation over Q on the linear space Q*. Since xg = x # o,

dimQ<$0, Ty ) g 1

follows, where (xg,x1,...) denotes the linear subspace of Q! generated
by elements xg,z1,... € Q. Since det(xo,x1,..., ;1) = 0, there
exists an integer 1 £ i <t — 1 such that

x; = coTo + 11 + - + ci—1xi—1 (co,€1,.-.,Ci-1 € Q).

Multiplying the both sides of the equality obtained above by A~!, we
get

Tit1 =co®1 +C1T2 + -+ ¢ T
=co1+ 12 + - + a1 + ci—1(coTo + 11 + -+ + G 1Ti-1)
/ /
= Lo+ C1T1 + -+ + Ch_ 1 Ti-1

where cp, ¢}, -+ ,c,_; € Q. Repeating the argument, we see that

Ty € (wo’wh"' awi—l>

Certain words, tilings, their non-periodicity, and substitutions of ... 313
for all n 2 0. Therefore, we obtain
1 £ u:=dimg(zo,x1,...) Si <t

We may suppose y; = &i;,...,Y, = &;, form a basis of the space
(xo,x1,...). Extending the basis to a basis of Qf, we may assume that

Yis- o Yus 21, - Zt—u (1 Su<t)

is a basis of Q*. Since (xo, 1, ...) is an invariant space, considering the
linear transformation A~! with respect to the basis yq, ..., Yy, 21, ..., Zt—u,
we can find S € GL(t;Q) such that

S7la-1s = (g g) , P € GL(w;Q), R€ GL(t —u;Q),

which contradicts the irreducibility of F(z). [ |

Lemmas 3-4 imply the assertion (ii) in the following theorem.

Theorem 2. (i) Let A € M,(s;Z°) be a matriz satisfying the condition
(Bdd). Then A has no algebraic units as its eigenvalues.

(ii) Let A= UTU! € M,(s;Z) (U € GL(s;Z)) be a matriz having
no units as its eigenvalues with T given by

A k Aq 0

T: '-' , or .', )
O .4 * A,
Ai GMT(S,';ZS) (81 + 85 = S)

such that all the characteristic polynomials ® 4,(x) are irreducible over
Z|z)]. Then A satisfies the condition (Bdd).

Proof of (i). Let A € (Bdd). Suppose that A has an algebraic unit €
as an eigenvalue. Then we can choose a factor g(z) = z% + gy—12%~' +
-+ 4+ 91T + go € Z[z] of @ 4(z) such that

®a(z) = g(x)h(z), go = %1, h(z) € Zlz], GCD(g(z), h(z)) = 1.

Notice that degh(z) 2 0. Let p4(z) be the minimal polynomial of A,
and e;(z) (1 £ < s, ej+1(x) is divisible by e;(z) (1 £ i £ n—1)) be the
elementary divisors of the matrix zE — A. Then ®4(z) = e;(z) - - - es(z),
and p4(z) = es(x), so that any irreducible factor of ®4(z) is a factor
of pa(z). Hence, h(z) is not divisible by w4(z). Therefore h(A) # O,
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so that there exists a lattice point @ € h(A)Z® such that = # o. Since,
g(A)x = o, we get

Atz = — g()—l(glAn+la; 4ot g APl Amtig) € 78
(n=-1,-2,..., go = %1),

which contradicts A € (Bdd). [ |

In what follows, A(A) denotes the set of eigenvalues of a square matrix
A.

Remark 2. A € M, (s;Z) with 1 £ s £ 3 satisfies (Bdd) if A(A) contains
no algebraic units.

Sketch of the proof. If s = 1, it is trivial. We may assume that @4
is reducible. If s = 2, or = 3, then by the reducibility of ®4, we may
assume a € A(A)NZ, |a] > 1. For s = 2, we can take an eigenvector
x = (z1,z2) € Z? satisfying GCD(z1,z3) = 1. Then we can choose
y € Z? such that U := (z y) € GL(2;Z). Then U~AU = T turns out
to be of the form as in Theorem 2 with s; = sy = 1, so that A € (Bdd).
For s = 3, we can choose an eigenvector ¢ = (z1,z9,23) € Z* with
GCD(z1,x2,73) = 1. Applying a modified Jacobi-Perron algorithm, we
can find y, z € Z® such that U := (z y 2) € GL(3;Z). The first column
of U= AU is T(a,0,0). Using Lemma 3 together with the result for s = 2
that we have obtained, we get A € (Bdd). [ ]

2. SUBSTITUTIONS OF HIGH DIMENSION,
AND AUTOMATA

We shall give a definition of substitutions of high dimension in a gen-
eral situation, and then define substitutions of a special form. -

An element W of a set KX (K # ¢) for a subset X of a lattice
L := P(Z®) (P € GL(s;R)) will be referred to as a word over K on
the set X, and we write X := Dom (W). The matrix P will be fixed,
and we shall mainly consider the case where P = E. It is convenient,
and natural to think that the set K¢ consists of one element for the
empty set ¢. We denote by A the element of K, which is referred to as
the empty word. If K = {a} and X = {z} (a € K, = € L), the set KX
also consists of one word, which will be referred to as an atomic word,
and denoted by (a, ). We say that W is a finite (resp., infinite) word
if Dom (W) is a finite (resp., infinite) set. We say two words Wy, W,
over K are collative if they agree on Dom (W;) N Dom (W,) as maps.
If W1 and W, are collative words over K, then we can define a word
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W1 V W, over K on Dom (W7) UDom (W3) by
(W1 vV Wy)(z) := Wi(zx) (& € Dom (W1)), := Wy(z) (z € Dom (W>)).

We call W1V W, the join of W} and W,. 1t is clear that WV A = AVW =
W holds for any W, and the join operation V satisfies the associative,
the commutative, and the idempotent laws. Note that W; v W5 is not
always defined, so that Uy K% does not form a monoid with respect
to the join operation if the cardinality of K is bigger than 1. If any
two of finite, or infinitely many words W, (v € I) are collative, then
we can define the join V,¢;W,. Notice that the cardinality of the index
set I can be continuous. Notice also that W; and W3 can be non-
collative even if W;, Wy are collative and so are Wy, W3. For any
W = (wg)zex € KX, W = Vgex (wg, ) holds. We mean by a subword
of W € KX a restriction V of W as a map, and we write V-W. We
denote by Sub (W) the set of all subwords of W. Sub (W) becomes a
monoid having A as its unit with respect to the operation V. We say
Z(c UxcrKX) is generative set (of words) if W, € E (v € I) are
mutually collative then V,efW, € Z, and if V,g;W, € E then W, € E
(¢ € I). For instance, Sub (W) (W € KX), and

Gen (K, X):= |J Swb(W)= |J K (X L)
WeKkX YcX

are generative set. For a word W = (wg)zex € KXandteL W1t
denotes the word (wg,t)zex € K t+X  the translation of W by t. If
there exists t € L such that W; T t = Wy for two words Wi, W, €
Gen (K, L), we write W) = W, which gives an equivalence relation
on Gen (K,L). Let Z be a generative set consisting of some words in
Gen (K,L). We say that a map o : £ — E is a substitution (over K on
X := Uwez Dom (W)) if it satisfies the following two conditions:

(i) additivity: If W, € E (v € I) are mutually collative, then so are

o(W,) (t € I), and
o (\/ WL> =\ o(W)

el el
holds.

(ii) context uniformity: For any a € K, we can find a finite word
F = F(a) € Gen (K, L) independent of x satisfying that there exists an
element t = t(a,z) € Dom (o({a,x))) such that

o((a,@) 1 ~t = F
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holds for all & provided that (a,x) € =.

We remark that K can be an infinite set. Notice that a substitution
o : E — E is determined only by the values o({a,x)) for all {a,z) €
Z. Notice also that for any generative Z, the identity map on = is a
substitution; so that any word W can be a fixed point of some trivial
substitutions on Sub (W).

Our main objective in this section is to describe the characteristic
words W(A4;c) (1 < ¢ £ o0) of some of the partitions given by (2) as a
limit starting from a word (a, x), i.e.,

(a,z)=0((a, 2))~0*((a, x))=... ~0"((a, @) ..,
limo™({(a,z)) = W(A4;c),

where o™ is the n-fold iteration of 0. Note that if W(A4;c) has such
a description as a limit starting from (a, ), then it becomes the fixed
point of o with (a,x) as its subword, since W(4;c) = V,>00™({a, z))
holds. We shall construct a substitution o describing W(A4;c¢) for some
of A € (Bdd) in this sense, cf. Theorem 3. Here, in general, we mean by

lime™(W) =Z (€ Gen (K, L))
that o™(W) € Sub (Z) for all n 2 0, and

lim inf Dom (o"(W)) := lim_ U { [ Dom (e™(W))
n20 \nSm

Our definition of a word “substitution” differs from the usual one in
the case of dimension s = 1, but the new definition can describe any
fixed point of a usual substitution. We give two typical examples: Let
W = abaababaab. .. be the Fibonacci word, and consider it as an element
of {a,b}N. If we define a substitution o by

0:Z—E, E:=Sub(W)
o({a,z)) := (a,y) V (b,y + 1), o({b,x)) := (a,y) (z 2 0),
y == p " (p(z)0),

then lim 0™ ({a,0)) = W holds, where p(z) is the Fibonacci representa-
tion of an integer z 2 0. (p(0) := A, p(z) is obtained by the greedy
algorithm using the Fibonacci numbers 1,2,3,5, ... instead of using 2"
(n 2 0) in the base-2 expansion, so that p(z) becomes a word over {0, 1}
in the usual sense of words such that w := p(z) has not 11 (resp., 0) as
its subword (resp., prefix). If w is such a word, then p~!(0%w) is defined

= Dom (Z).

ey x:g
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to be a number p~!(w) (i = 0)). In this case, all the finite subwords
Sub (W) of W form a monoid, and o becomes a monoid morphism on
Sub ,(W). In general, o may not be so explicit as the Fibonacci case, but
it is clear that, for arbitrary one of the fixed points of a substitution oy
(in the usual sense), we can define, according to o, a substitution (in our
sense) that describes the fixed point. But, in general, we have difficulty
in describing plural fixed points by a substitution in our sense accord-
ing to a given substitution in the usual sense. (Consider, for instance,
a substitution oo in the usual sense over {a,b} defined by oo(a) = ab,
oo(b) = baa together with its two fixed points W = abbaabaaabab.. .,
V = baaabababbaa ..., which are considered to be words on N. Then,
the substitution 0 : = — Z (W,V € E) in our sense according to o
should satisfy o((a,3)) = (a,8) v (b,9) and o({(a,3)) = (a,7) V (b,8) at
a time by W(3) = V(3) = a, which is impossible.) For substitutions of
constant length (in the usual sense), the situation turns out to be very
simple. We can take E = Gen ({a, b}, N), and describe plural fixed points
by one substitution in our sense. For instance, let W, = abbabaab. ..,
Wy = baababba ... be the fixed points of the usual Thue-Morse substi-
tution a — ab, b — ba, and consider them as elements of {a,b}N. If we
define a substitution o over {a,b} on N by

Q

12— E, E=Gen ({a,b},N),
o({a,z)) := (a,2z) V (b, 2z + 1),
o((b,z)) == (b,2z) V (a,2z + 1) (z 2 0),

then W,,W, € =, and they become the fixed points of o, which are
obtained by taking limit of the iteration ¢™ : W, = limo™(({a,0)), W} =
lim o™ ((b,0)).

For a substitution o describing W(A;co) that we shall give later, the
word W(A;c) (1 < ¢ < 00) can be described by a substitution over K,
obtained by taking the reduction by modulo c as we shall see. Notice that
o is not uniquely determined by W(A;c) (A € (Bdd), 1 < ¢ £ 00), since
o™ (m > 1) works as well as 0. We remark that, in some cases, we can
give substitutions o, 7 such that oP # 79 for any integers p,q > 0, and
lim 6™ ({00, 0)) = lim7™({00,0)) = W(A;c). For instance, consider the
word W(A;00) € K% with A = [1,—1//1,1], see the notation in Section
3. Then, we can define a substitution o : £ — E, E := Gen (NU{o0},Z?)
by

Dom (0({a,0))) :={~1,0,1}* 3 y = T(y1, 32),
o((a,0))(0) :==a, o({a,0))(¥) =1, y1y2 # 0,
o({a,0))(y) :=0, otherwise;
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Dom (¢({a,x))) :=2x + {0,e1} x {0,e2}, z 122 # 0,
Dom (c({a,x))) :=2x + {0,¢1} x {-1,0,1}, z; # 0,22 =0,
Dom (o({a,z))) :=2x + {-1,0,1} x {0,e2}, 21 =0, 72 #0

for ¢ = T(z1,z9) € Z2\ {0}, and for Dom (¢({a,z))) > ¥y = 2z + z,
z="(z,2)

o((a,2))(y) :=a+2 2 =0, o((a,z))(y) =1, z122 # O,
o({a,z))(y) :=0, otherwise,

where a € NU{o0} (c0+a := 0), and ¢; := sgn (z;) (i = 1,2) (sgn (z) :=
1,0,—1 accoring to z > 0, z = 0, z < 0). Then, as we shall see,
W := lim o™ ({00, 0)), cf. (ii), Section 3. In this case, Dom (¢({a,z))) N
Dom (o((b,y))) = ¢ holds for all z # y(€ Z?), a,b € NU {00}, so
that we can extend o to Gen (NU {00}, Z®) from the values o((a w))(y)
given above. We can define another substitution 7 : & — Z, 2 :=
Sub (W (A;0)) for the same A as above by setting

Dom (7({a,x))) :==Az + ({o} U D), D := {7(0,1),7(0,-1)},
T({a,z))(Ax+y) :=a+1lify=0, :=0ify € D ((a,z) € Z),

we can extend 7 to Sub (W(A4;00)), and check that 7"({o0,0)) tends
to W(A;00). Notice that Dom (7({a,z))) N Dom (7((b,y))) # ¢ for
some  # y € Z?, but in such a case, 7({a,z))(z) = 7((b,¥))(2) = 0
holds for z € Dom (7((a,z))) N Dom (7({b,y))), so that 7({a,z)) and
7((b,y)) (a,b € NU{oo}) are collative. Such a construction of 7 is valid
for A € (Bdd) if and only if we can find a finite subset D of the set
To(A)(= {x € Z%; ind 4(x) = 0}) such that

Jm Y A™({o}uD) =
0E€msn

holds. But, in general, we can not find such a set D for some A €
(Bdd) having a number ¢ satisfying |¢| < 1 as its eigenvalue, so that
lim 7™ ({00, 0)) can not be a word on Z°. For instance, such a phe-
nomenon takes place for A = [2,2//2,3] € (Bdd). In fact, for A =
[2,2//2,3], we have difficulty in finding any substitution like subsitu-

tions o, T given above, cf. Remark 8, Section 6. Note that if we take a
trivial substitution v, for instance, defined by

v : Sub (W(4;c)) — Sub (W(4;¢)), 4A=1[2,2//2,3],
Dom (v((a,z))) := ¢ + {0} U D, (a, :z:) € Sub (W(A4;¢)),
v((e, z))(z) := a, v({a,z))(x +y) =0, y € D,
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where D is any finite subset of Tp(A), then W(A;c) is a fixed point of
v, but v™({c0, 0)) does not tend to a word on Z2.

In what follows, we mainly consider words on a set X C N° and
we shall define substitutions o, on N° of special type together with its
conjugates T o, (T € {1,—1}°) on N°. We shall see later that for a given
matrix U € GL(s;Z) and a substitution o, on N®, we extend o, by using
the conjugates of o, to a substitution . = &.(U) on Z?, which takes
each (a, ) to a word on lattice points in “s-dimensional parallelepiped”.

Recall the definition of the sets K., and K. (c € NU{oo}). We denote
by G the subset of N® given by

G =G(b) = G(by,...,bs) := Kp; x Kp, X --+ x Kp,
for b =T(by,...,bs) € N°. Note that G(0) = ¢. For a non-empty set K,

we define
K*® = | J k6O,
bens

Note that K*(¥) has the empty word X as its element, and it is not a
monoid with respect to the join operation except for the cases where
s = 1, or the cardinality of K is one. The set K *1) differs from K*,
which denotes the set of all finite words over K in the usual sense. In
other words, K* is a free monoid generated by K with A as its unit with
respect to the concatenation as its binary operation. For u € K*, u~!
denotes the inverse element of u in the free group generated by K, so
that uu~! = v~ lu = A. For S C K*, we denote by aS (resp., Sa) the set
{as; s € S} (resp., {sa; s € S}), and by Si - -Sp the set consisting of
the words uy -+ u, (u; € S; C K*, 1 £i<n). We put S :=5;1---5,
when S; = S (1 £ ¢ £ n). Note that in some context, S™ denotes the
usual cartesian product as it did before. In the case where we have to
distinguish them, we denote by S(") the cartesian product. Note also
that K*() should not be read as (K*)©). We put

K¥) .= g8y KN
For an integer b > 1, we denote the base-b expansion of z € N as a word
over Ky by pp(z) = p(z;b) € Ky \(0K}). Note that pb(O) A. The base-

b expansion pp(x) of x = T(zy,...,zs) € N* withb=T(by,...,bs) € N®
b; >1 (1 <1< s)is a finite word over G(b) defined by

Or_|p(x1;b1)|p(:c1; b1)
pp(E) = ( € G(b)"\ (oG(b)")
0,._|p(n:,;ba)|p(:1:3; bs)
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where r = r(z) := max{|p(zi;b;)}; 1 £ 7 £ s}, |u| denotes the length
of a finite word u, and 0 = 7(0,...,0) € G(b). Note that pp(0) = A =
T(A,...,)). The map

pp : N° — G(b)* \ (oG (b)")

is a bijection. The inverse pgl of the map pp, can be extended to G(b)*
by
Pl (0"w) 1= pl(w), n 20, wE GO\ (0G(B)").

For z € N, we define ¢p(z) € G(b) U {A} by
| tp(x) == ug € G(b) (¢p(0) := )
w1<th up determined by pp(x) = uju;_1---up (x # o, u; € G(b), 0 £
Z =Sfli).pose a map
o: K — KG(b), o(a) = (am(a))mea(b), oz(a) € K (a € K)

is given. Then we can define a substitution

0. : Gen (K,N°) — Gen (K, N?)
by

au((a, ) = o(a) 1 p, ' (pp(x)0) (a € K, T € N°).

_In. fact, for any W = (wg)zen € Gen (K,N°%), W can be written as a
join Varerr (g, @), 50 that 0. (W) = Vaen({,2)) = Vacn(o(uze) 1
Py (ps(x)0)), since o(wy) 1 pgl(pb(m)o) (z € H) are mutually collative.

In particular, for W € K*#), the resulting word o«(W) can be written
by the following:

o«(W) e KGlpy (b(c)o)) (resp., 0. (W) € KN,
if We K9, ¢ceN® (resp., W € KV)
with 0,(W) = (z,) defined by

2 1= 0o (@) (ypg'mb(ac)(ab(x))-l))
for z € G(pgl(pb(c)o)) (resp. € N%).
Note that G(pgl(pb(c)o)) = G(bic1,...,bscs) fore =T(cy, - ,¢s) € N3,

0+(A) = A. The substitution o, will be referred to as a substitution
over K of dimension s of size G(b).
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In what follows, we mean by a word “substitution” such a substitution
o4 determined by amapo : K — K G(®) ynless otherwise mentioned. Let
o+ be a substitution over K of size G(b) with b = T'(by,...,bs), b; > 1
(1 £ ¢ £ s) satisfying (o(a))(0) = oo(a) = a for an element a € K.
Then,

a%((a,0))=07*((a, 0)),

and o7 ({a,0)) is a word on G(b},--- ,b7), so that the limit of ¢} ((a, 0))
always exists, which is an infinite word on the set N®, and it becomes
the fixed point of o, with (a,0) as its subword.

We define an automaton M of dimension s:

M= (@, K,G(b),(),

which is a finite automaton with its initial state @, the set of states

K > @, the set of input symbols G(b) # ¢, and a transition function
¢ : K x G(b) — K. In some cases, we consider a map 7 from the set K
to a non-empty finite set F', which will be referred to as a projection. If
we distinguish an element h € F, we can specify a set H := 7~ }(h) C K
as a final states of M. The map ¢ can be extended to the set K x G(b)*
as well as in the usual case s = 1 by

C(a’>i) = C( '.C(C(a’il)viQ) Tt )i‘n))
1= il’iQ . 'in (’LJ € G(b),n > 0),
¢(a,\):=a, a€K.

If K is a finite set, then M becomes a finite automaton. An infinite
word W € KN can be generated by M:

W= (w:r)7 Wg = C(@ ’pb(m))'

For a given substitution o, over K 3 @ of size G(b), b = T(by,...,bs),
b; >1 (1 i< s) determined by

o(a) = (0i(a))iccp), oila) € K (a € K)

satisfying 0,(@ ) = @, we can define an automaton M = (@, K, G(b), ()
corresponding to o by setting

¢(a,2) = oi(a). (10)

Then the word V generated by M coincides with the fixed point W =
limo™((@,0)) of o.. Conversely, for a given automaton M = (@, K,
G(b),¢) with ((@,0) = @, G(b) =T(by,...,bs), bi > 1 (1 S i S s), if
we define a map o by (10), then the substitution o, determined by o
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has a fixed point W = limo?((@, 0)), and W coincides with the word
V generated by M.

We use the following notation: Let z, y, b € Z*%, z = T(xq,... , Ts),
y = T(yr,...,ys), b= T(by,...,b), b; > 1 (1£4i<s),and T =
T(ry,...,715) € {1,—1}*. An equivalence relation = on Z° can be given
by

z=y (mod G(b)) &L z; =y, (mod b;) holds forall 1 £i < s;

Tz :=T(nz,.. L TsZs) € Z%; T ®g(p) « is defined to be an element
y € G(b) satisfying 7®x = y (mod G(b)), which is uniquely determined
byz, b, 7, 7®S :={r®z; = eS8}, T Q) S = {T ®gp) x; € S}

for § C Z*. For a given substitution o, over K of size G(b) determined
by a map

0: K = K, 0(y) = (00(4))ecp) » 92(v) € K (y € K),

we mean by the T-conjugate of o, the substitution 7o, defined by

T,. Gb) T —
K-> K =
o - ) U(y) (O-T@G(b).‘l:(y)> a:GG(b) ¢
Note that the map T ®g) * on € G(b) is a bijection. For an au-
tomaton M = (@, K, G(b), (), we denote by TM = (@, K, G(b),7¢)
its T-conjugate, which is an automaton with a transition function T¢
defined by

TC(a’i) = C(aa T ®G’(b) Z) (a €K, i€ G(b))

For a word W = (wg)zezs € KZ°, 7 € {1,-1}*, and a unimodular
matrix U € GL(s;Z), a word

(We)zev(Ton)

over K on the set U(r ® N°) can be identified with a word
(Vz)zeNs, Vg = Wy (Tex)

over K on the set N®, which will be denoted by "YW, and referred to
as the (7, U)-sector of W. Noting that the column vectors of U form a
basis of Z° as a Z-module, we say that a word W € K2° is a fixed point
(;_f ;}1 substitution o, (on N) with respect to a basis U, if the (7,U)-sector

"W is a fixed point of To, for all T € {1, —1}s.

We remark that if a word W over K on Z° is a fixed point of a
substitution o, (on N°®) with respect to a basis U , then using the con-
Jugates of 0., we can construct a substitution Gx (on Z%) such that
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lim63}({(a,0)) = W for an element a € K. Such a substitution &, can
be given by the following way: Let o, be a substitution determined by a
map o : K — K6®). We put Sgn(z) := {r € {-1,1}%; r®=z € N*} for
z € Z°, 2= Gen (K, Z°), UW) := (wz)zeu(x) for W = (wg)zex € E.
Then we can define an additive map &, which takes each (a, z) to a word
on the lattice points in certain parallelepiped of dimension s, defined by

Dom (6.({(a, x})) := U U(T ® (G(b) + p, ' (pb(x)0)))
T€Sgn(x)
5e((a, 2))(U(T @ y + py (pp(z)0)))
:=To(y) (r € Sgn(z), y € G(b)),

which can be extended to a substitution & : Gen (K, Z®) — Gen (K, Z%).
Note that 2 € NresU(T®G(b)) (S C Sgn(x)) implies T1o(2) = T20(z2)
for all 71,75 € S, so that &, is well-defined.

We say a word W € K%’ is automatic with respect a basis U if there
exists an automaton M = (@, K, G(b),() and a projection 7 : K — F
such that 'YW coincides with 7(TV) := (7(Tvz))zens for the word
TV = (Tvg)zene generated by T M for all T € {1,—1}°. We say a word
W is finitely automatic if it is automatic with a finite set K.

We denote by [z] the greatest integer not exceeding a real number z.
We define [i], € K, for i € ZU {00}, ¢ € Koo, ¢ # 0 by

[t]e :=i — cfi/c] (i # 00, ¢ # 0),
[()oo :=1, [00]c := 00.
Note that if ¢ # 00, ¢ # 00, then 0 £ [i], < ¢ and [i]c = ¢ (mod c).
Now, we suppose A € (Py(c)), and consider W(A;c) = (w(A4;¢)z)zezs
€ K%’ the characteristic word of the partition (2) for 2 < ¢ £ co. By
Corollary 2, we have

Lemma 5.
w(4;c)z = [ind a(x)]. (x € Z°)

holds for ail A € (P,(c)) N M,(s;Z), 1 < ¢ £ 0.

We denote by D = D(d) with d = T(dy,--- ,ds) € Q° the diagonal
matrix with d; as its (i,i)-component for 1 £ i £ s. We define an
equivalence relation ~ on M (s; Q) by

A~ B (A,Be M(s;Q)) <= 3V € GL(s;Z?%) such that VA = B.

Theorem 3. Let A € M,(s) be a matriz such that there ezists an integer
k > 0, and a unimodular matriz U € GL(s;Z°) satisfying A~*"~IU ~
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ATJUD" foralln 20,0 £ j < k with D == D(d), d := T(d} !, --- ,d71),
di €Z, |di| > 1 forall1 £ i <s. Then A € (Py(c)), and the word
W(A;c) becomes a fized point, with respect to the basis U, of a substi-
tution G, determined by a map 0 = (0 = (U™ AU e K, of size
G = G(|dil, - ,|ds), so that W(A;c) = lim 67 ({00, 0)) holds. The map
o is defined by the following:

0 K= RS, 6O(h) = (o1(0) € RE,
(case ¢ = 00)

o5(00) 1= 00, aFV(h) :=h+k, (0 < h < o),
(o0)

o, (h):=7 (1€, 0Sj<k, 0Sh<oo),

(case 1 < ¢ < o)

o ([h)e) == [0 (h)). (i € G, 0S h £ 0),
where
Ij:={z e G\{o}; indy-1gp(z) =3} (0= <k).

N.B.: The map o given above is determined by U~1 AU , k and c¢. We
remark that Jo<;x Ij = G \ {0} forms a disjoint union, and I; # ¢ for

all 0 £ j < k, as we shall see in the proof. Notice that az(w)(h) does not
depend on k if i € G'\ {0}, and that [h]. = [hy]. (1 < ¢ < 00) implies
[A1 + k]c = [ha + K], so that o{®) (1 < ¢ £ o0) given in Theorem 3 is
well-defined, which is extended to a substitution strictly over K, of size

G.

Proof. The assumption of the lemma implies U"1A~*U ~ D, so that
AF € (Bdd). Hence, we get 4 € (Bdd), which together with Theorem 1
implies A € (Py(c)) for all 1 < ¢ £ 0o. We put B := U~'AU. It suffices
to show that W(B;c) becomes a fixed point of a substitution o«(B;c)
over K, of size G with respect to the basis given by the unit matrix
E = E;. From A™"=3U ~ A=IU D" it follows

B™*=i =V, B=ID™ (V,, € GL(s; Z)), (11)
in particular, B~% = V{ D, so that for = € Z°

=0 (modG) <= Dz €2’ <= B %z €Z° < indp(zx) 2 k.
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Since
z € G\ {0} = Dz ¢ Z° < ind g(x) <k,
we get .
G\{o}= | 1 (12)
0<j<k

where I; is the subset of G \ {0} given in Theorem 3. We shall soon see
that I; # ¢ for all 0 £ j < k. We put b := T(|d|,...,|ds|). Noting that
D(m ®b) € Z°, i.e., B *(m @ b) € Z° for any m € Z°, we get

z€lj,andz=y (modG), ycZ’
B iz e’ B lx g7 and
x =1y +mQb>b for an element m € Z°
B/ (y+m®b)€Z and B Y (y+ m®b) ¢ Z°
«=B iy eZ® and B ly ¢ Z¢
for any 0 < j < k. Hence we get for y € Z° \ {o}
indg(y)=j<>z€lj=1;B), andx =y (modG)
for any 0 £ j < k. Therefore, we obtain
T; = Tj(B) = Ij(B) + (Zdyer + -+ + Zdses), 0 < j <k, (13)

where e; denotes the i-th fundamental vector, and Zdie; + - - - + Zdse;
is the Z-submodule of Z* generated by {d;e;; 1 £ ¢ £ s}. In view of
Corollary 2, we have T; # ¢, which implies I; # ¢. We write u > v for
u,v € G* if v is a suffix of u. By (13), weget for 0 < j <k

zeTjNN° <= pp(x) = i€ ; CG,
and by (11)
€ € Tinvj NN° <> py(x) > 10" € [;0" C G*
for all 0 £ j < k, n 2 0. Therefore, if we consider an automaton
M = (00, Koo, G, )
with ¢ : Ko x G — K, defined by

C(h,o)=h+k, C(hi)=jifiel; (0Sj<k 0<h<oo),
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then for & € N3,

ind p(x) = j <= ((o0, pp(z)) = j (0 £ j £ 0)
holds. We get by (12)

T®(G\{o)= |J ro1,

0<j<k
and by (13)

zeEGNTAN' <=TRz e (r®T;) NN
<:>T®.’B€(T®Ij+Zd1€1+'-~+stes)ﬂNs
4=>T®G:I:€T®Glj,

since § C 7®N® implies 7®.S C N°. Therefore, we obtain for z € TQNS
ind p(z) = j <= T((00, py(x)) = ;.

Hence, by Lemma 5, we see that T M generates the (7, F)-sector

T EW(B;o0) of W(B;oo) for all 7 € {1,~1}. Therefore, if we define
a map o(®) = 5(Bjo) by o in (10) with ¢ given by (14), then we can
construct a substitution a£°°) on N* strictly over Ko, of size G deter-

mined by ¢(®). The word W (B;00) becomes the fixed point of a,(,°°)
with respect to the basis E. We can define a map 0% = g(Bic) by

a9 (lale) =: [0 (a)),, z € G.

Then, we can define a substitution ¢{® (1 < ¢ < 00) on N° determined
by o(©), which becomes a substitution strictly over K,. Then, by Lemma
5, we see that W(B;c) (1 < ¢ < o) becomes the fixed point of the sub-

stitution a,(,c) of size G with respect the basis E. As we have mentioned,

we can construct a subtitution ' on Z°, and W = lim &ﬁc)n((oo,o))
(1<cs ). [ |

Remark 3. ind g(x) = ind z(-x), “TUW(4;¢) = TUW (4;c¢), and
“To =To always hold for all A € (Pu(c)), 7 € {1,-1}%, U € GL(s;Z).
Ifd =T21,... ,271), and k = 2, then To = ¢ holds for all 7 €
{1,—1}* by the proof of Theorem 3, so that all the (7,U)-sectors of

W(A;c) are identical; while in general, such a symmetry can not be
found, cf. (vii), Section 3.

In what follows, we write by o, instead of writing o, (or &,), the
substitution on N* (or on Z*) over K of size G determined by a map
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o : K — K€ as in the usual case of dimension one. So, for a given map
o : K — K€, we say the substitution o (on N°), or the substitution ¢
(on Z°) of size G with respect to a basis U, etc.

We denote by D = D(k) = D(k;d1,--- ,ds) = D(k;dy,--- ,ds; s) the
class of matrices A satisfying the assumption stated in Theorem 3; and
we say A is of the class D with respect to a basis U. By C = C(k) =
C(k;d) = C(k;d; s), we denote the class of matrices defined by

C:= {A € M,(s;Z); 3k € N\ {0} such that A* ~ dE,}, d>1.
We can easily see the following

Remark 4. If A € C, then A € D with respect to any basis. If A €
C(k;d;s), then (det A)A~! € C(k;d*"!;s). Theorem 3 gives an algori'thm
of a construction of o as far as A € D, since I; can be determined
effectively, and so can be the o.

We denote by A; @ --- @ A; the direct sum of A,..., A; for square
matrices, and by o1 @ - - - @ o the substitution of size G(d;) x - - - x G(dy)
over K C N|J{oo} defined by

(01 ®0g)1(Ty,,. Tz, (a) = min{oj, (a); 1 S i St}
for given substitutions o; of size G(d;) over K. Then we get the following

Corollary 3. Let A; € D(ki;dgi), ... ,dg?) with respect to a basis U; for
all1Sist,andlet A=A ®--- DA, s=s1+---+5;. Then
h h
A€ 'D(m;d(ll)hl,...,dg)hl,...,dgt) t,...,d_(gi) ':s)
-1 . .
with respect to a basis Uy & --- @ Uy, and o0 AUO) in Theorem 3 can
be given by

oIV (g) = [(oUT it g .. g gUT Al (g)),,

which is of size G = GM) x ... x Ghe), “’h?’f_ hi = ~T/ki’ m =
LCM{k; 1S i<t}), z € G, and GH) .= G(d™,...,dP") 1 <4 <
9.

3. EXAMPLES (NON-SINGULAR CASE)

We use the notation

@11, a1s// - - //as1,. .. ass] (s 2 2)
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for a matrix A = (aij)1<; j<s € M(5;Q) in some cases. If +1 & A(A) C
Q, and some of the eigenvectors of A form a basis U of Z® as a Z-
module, then it is clear that A € D; and by Corollary 3, it is easy to
find a substitution having W (A;c) as its fixed point with respect to the
basis U. While, in some cases, we can construct a substitution for A

with +1 & A(A) C Q such that any eigenvectors can not form a Z-basis.
For instance,

(i) A= (2-4//-2,0 (A4) = {-2,4}). =, = T(1,1), =5 =
T(2,-1) are eigenvectors, so that any pair of eigenvectors in Z2 can
not be a Z-basis, while, for U = [1,1//0,1], A™U ~ D(4",27")
(n 2 0) can be shown by induction. Hence, W (A;c) becomes the

fixed point, with respect to the basis U, of a substitution ¢ of size
4 x 2 defined by

0 00O 0 000
a(oo):oo 00 0 a(a)=b 00 0 (aEKc,bz[a+1]c).

The right-hand sides given above denote 2-dimensional words of
size 4 X 2; for instance, o,(a) = b, and o(a) = 0 for all T # o,
a € K,.

For some A, A € C (or A € D) can be seen by its shape. See the

examples (ii-v) below. Note that, in general, A(A) C Q does not hold,
cf. (ii, v, vi) given below.

(i) A=[1,-1//1,1]. A(A) = {1+-1}. 4 € C(2;2;2). (It is
clear that A* is a scalar matrix, so that 4 € C (4).) For the set T’
satisfying (2), the sets ', AT, AT, ... are of high symmetry similar
to each other. W(A;c) becomes the fixed point, with respect to
the basis E, of a substitution o given by

0 1 01

o(o0) = o 0 o(a) = b 0 (a€ K¢, b=[a+2]).

(i) ¢Bs + T € C(laf;]all®s) for a € Z, [o| > 1, T = (tii)1<i <o
tij = 0 (i 2 j) satisfying (la| — 1)(Ja| = 2)+- < (la| = m + 1) T}, =
(mod ™! -m!) for all 1 < m < s. In particular, [a,b//0,a] € C.

(iv) (ai‘s[i+k],,j)1§i,j§s € C(silar---asl;s) (a; €Z, lay---a4| > 1, k €
Z, GCD(k,s) = 1), where d;,j is Kronecker’s delta.

(v) We put

T 1 1

A(a,b) = (E‘_’l ‘;) U= € M.(s;Z), |a| > 1.

SEe
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Then, A(a,ac) € C(s;]al;s) for c € 7571, In fact

A—S'n,—j ~ |a|—n (Ial—OIE] EO ) , 0 < J<s,n 20,
$=7

which can be shown by induction. The word W (A4; c)'becomes the
fixed point, with respect the basis E, of the substitution o defined

by the following:

og(t) :=0 for z1,7-- , 25 # 0, |
og(t) i=[jlc for ;1 =z = --- =z =0, 241 # 0 with 1 Lj<s,
oo(t) :=[t + 8] (t # 00), 0o(00) 1= 00

where G := G(|al,...,|a]) C N°, & = T(:cl,...,xsq)‘ € G, te K.
Let B be the adjugate matrix of A(a,b) with b:="(a—1,...,a—
1) € Z*~1. Then cB € D(l;ac,...,ac,¢ s) with respect to the
basis U for c € Z, |c| > 1.

As we have already seen in Lemma 5 that the word W(A4;c) w.ith
¢ < oo can be obtained from W(A;00) = (ind A(w))EE.Zs by tal‘qm.g
residues with mod c. For the computation of the values 1.nd Alx), it is
convenient, in some cases, to consider the Hermitian can01.11.a1 form H,.L =
H(d"A™") for d*A™" with d = det A. Here, the Hermitian canqmcal
form H = H(A) for a matrix A € M,(s;Z) is defined to be a matrix H,
that is uniquely determined by

A~H =(hij)1Si,j§s’ h11 > 0, 0 § hij < hjj (1 § ) <j é S),
hy=0(1<j<i<s),
which can be obtained by elementary transformations by multiplying A
by unimodular matrices from the left. We put

Co(A,U) :=d "H(d"U™'A™"U)
(A € M,(s;Z), d:=det A, U € GL(s;Z)) .
Then Cr(A,U) ~ A™"U (n € Z), so that
A "Uzx € Z° < Cn(A,U)x € Z°,

by which we can get the value ind y-1 au(x). In some cases, for A¢C,
we can conclude that A € D by considering Cr(A4, E). For instance,

(vi) A = [0,4,-2//2,2,-2// —1,-2,2]. A(4) = {-2,3% V7}. By

induction, we can show

Can(A, E) =27%"1,2" —1,0//0,2%,0//0,0, 2",
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Cont1(4, E) =272"[1,2" - 1,0//0,2",0//0,0,2"+1].
Hence, setting U = [1,1,0//0,1,0//0,0,1], we obtain
Can(4,U) = 272" D(1,2",2"), Cans1(4,U) = 272 D(1, 27, 27+1),
which implies A € D(2;4,2,2;3)
In the following examples, C;, indicates the matrix C,,(4; E). We put

Gn  Gni1 Qn42
Hn({am}mez) = | @ni1 ani2 angs | € M(3;2).
Apn+2 Qn43 Qntq

(vii) A, = H4T1({am}mez) € C(3;3;3) holds for all n € Z, where
{am}mez is a linear recurrence sequence having 2° — 22 — 1 as
its characteristic polynomial determined by ag = a; = 1, a; =0.
In fact, using Ant1 = ULdn = AUr = AUR! (Ur = U4,
UL =TUR), we get

At =URT AT ~ AL, ATV~ AGY ~ €y, AG? ~ Co:
—9 —1 A—277— — 27—

Aty =UR' AU ~ AU, GoUpt ~ Gy

A2 =URAT2UL ~ A72UL, CoUp ~ Cy,

where

U =[0,0,1//1,0,0//0,1,1] € GL(3;Z%),
C1 =37'[1,2,2//0,3,0//0,0,3),
C2 =37'(1,0,1//0,1,2//0,0, 3]

which implies A;! ~ Cy, A7%2 ~ C, for all n € Z. By the similar
manner, we get A2 ~ 3C} for all n € Z, so that A3 ~ 3C1 A, =
3C1AgUR, which together with 3C; Ap = [3, 3, 6//3,0,3//0,3,6] ~
3E, so that A, € C(3;3;3). Hence, using A;l ~ (] and A’—2 ~
Ca, we get o = o(UT AUI0) oyer K.: "

z=0 z=1 z=2
( 2 0 01 1 00 0 20
og@y= 1010 002 100 (b=[a+t3)
o b 00 010 0 01 t 3k
y/z 0 1 2

The right-hand side given above denotes a 3-dimensional word of
size 3 x 3 X 3; for instance, go(a) = b, and oz(a) =2foralla € K,
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if Te = (z,9,2) = (2,1,1), (1,2,2). We remark that To # 0
holds for 7 = (-1,1,1), (1,-1,1), (1,1,-1) for ¢ 2 3.

It is remarkable that Example (vii) gives infinitely many matrices
A(n) with nontrivial one parameter n such that W(A(n);c) is indepen-
dent of n. We can make some variants of such an example. For instance,
the adjugate matrix By, of Hon({bm }mez) belongs to C(3;4;3) if {bm }mez
is a linear recurrence sequence having 23 — z2 — £ —1 as its characteristic
polynomial with by = by =0, b3 = 1.

4. EXAMPLES (SINGULAR CASE)

In this section, we suppose A € M(s;Z), det A = 0. We consider
partitions (2) with s > 1 together with their variants

U 4r=2° s>1,¢>1. (15)

0Sj<e

If ¢ = 00, or s = 1 then there does not exist a partition (2), nor (15)
for any singular matrix A. Thus, we assume ¢ < oo in this section. We
denote by T4 the endomorphism on Z° induced by A € M(s;Z) as a
Z-module. Then, we easily get the following

Remark 5. If there exists a partition (2), then
kerT4 C A°"'TU {0}, (Z*\Im T4) CT
holds; if there exists a partition (15), then
0€ AT, kerTq C A ?TUATIT, (Z°\Im T4) CT
holds. In particular, ker T4 C Im T4 follows.

(i) Let A = (dij-1)1<ij<s (8 2 2). Then there exists a partition (2) if
and only if ¢ is a divisor of s. If s = ct for an integer t, such a partition
is uniquely determined:

AT = |J Barj, 0S5 <c (16)
osi<t
holds, where Z; := Z57i"1 x (Z\ {0}) x {0}', 05 i <s.

Proof. One can make sure that if we define I' by (16) with j = 0,
then (16) holds for all 1 < j < ¢, and the sets AIT form a partition
(2). Suppose that there exists a partition (2) for a set I' C Z° \ {o}.
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ils = O implies ¢ £ s, since, otherwise, A°"IT" 3 o follows. Since
Ec-1 D Z°\Im Ty, we get ' D =y by Remark 5, so that

AT>E forall0<i<ec (17)

holds. If ¢ = s, then (16) follows. So, we may suppose ¢ < s. Let us
assume that an element & € Z; does not belong to I'. Then = € AT for
an integer 0 < i < ¢, so that there exists a y € I'such that Aly = z € =
Hence1 setting y = T(yla Tt ’ys)a we get Ys_c+i 7& 0, Ys—ctitl = =+ =
Ys =0, so that y € Z._;. Hence, y € Z._; C AT with some 0 < i < ¢
follows from (17), which contradicts y € I". Therefore, in the case ¢ < s
w?_rlnust Eave I' > Z.. Now, suppose s — ¢ =i with 0 < i < c. Ther;
AT D Eeyi1 = Eg-1 = (Z\{0}) x {0}*~ follows from I' D =,, so that
AJ‘ > 0, consequently we can not have (2). Thus, we get s —c =i > ¢
i.e., s 2 2¢c. If s = 2¢ holds, then we get (16). Suppose s > 2c. Then—we;
can §how I’ > E3, and then a contradiction by setting i = s — 2¢ v,vit.h
0 < ¢ < cin the same way as above. Thus, we get s = 3c, or s > 3c. If

; = 3¢, then (16) follows. Repeating the argument, we can arrive at (i).

(ii) Let A = (aidij-1)1<i j<s With integers a;, |a;] > 1 for all 1 £4 <
s—1 (s 2 2). Then there exists a partition (15) if and only if ¢ = 2, and
such a partition is uniquely determined:

T=(z""x@\{))u| |J (@ 'xZ\az)x 279 |,
1<i<s
AT = a1Z x --- x as_1Z x {0}.

Proof. x :=T(1,0,...,0) ¢ Im Ty, so that = € I follows from Remark
5, and so, Az = A2z = A3z = ... = o, which implies ¢ £ 2. Suppose
that (15) holds with ¢ = 2. Since any element of X := (Zs“l_x (Z\{0}))u
(U1§i<s(Z’“1 X (Z\ a;iZ) x Z°7*)) can not be an element of Im T4, we
get I' O X by Remark 5. Hence, we obtain ’

AFDAXzY::a1Z><~-xas_lzx{o}.

Note that s 2 2 implies AX 3 0. Noting XUY = Z%is a disjoint union
weget'=X and A =Y. i
We can prove the following (iii) by almost the same fashion as (i1).

. <(iii) Let A = (aiéi,j_l)lgi,jés with integers a; satisfying a; # 0 (1 <
iSt)la>1,a;=0(¢+1<j<s—1), 523, 1St<s5~-2. Then
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there exists a partition (15) if and only if ¢ = 2, and such a partition is
uniquely determined:

I=(ZxZ "\ {o))u| | @' x(@\aZ)xZ7 x {0y |,
1<i<t,
lasl#1

AT = a1Z % -~ % as_1Z x {0}*"*.

5. NON-Z-PERIODICITY OF WORDS AND
TESSELLATIONS

We give some new definitions of non-periodicity for words and sets of
dimension s as follows in a general situation.

In this section, s = 1 denotes a fixed integer. We denote by R®, the
Euclidean space with the norm || * || induced by the usual inner product
(x,%). For a set S C R®, we denote by S (resp., S°) the closure (resp.,
the interior) of S with respect to the usual topology. We mean by a
cone J a closed convex set satisfying the following conditions:

(i) J°# ¢,
(ii) If z € J, then rx € J for all 7 € Ry,

where R, is the set of non-negative numbers. We denote by ¥ the
set of all cones in R®. Note that R®, RS, a half-space in R® are cones
€ U, and that any cone J € ¥, J C Rf x {0}*7* C R® (¢t < s) can
not be an element of ¥,. Any cone J becomes a monoid with o as
its unit with respect to the addition, so that J D « + S holds for any
zeJ ScJ Wesayaset SC R®is spreading if for any bounded
set B C RS, there exists an element * € R® such that ¢ + B C S.
For instance, |J,>; B(log(1+ n); T(n2,n3,...,n%")) is a spreading set,
where B(r,a) denotes the open ball {z € R%; |la — || < r}; and so
isaset x+ J for all z € R%, J € ¥,. In what follows, Is denotes
the set of all spreading sets in RS, We denote by L the fixed lattice
L = L(P) := P(2°) (P € GL(s;R)) as in Section 2. We say a subset S
of R is spreading with respect to L if for any bounded set BcCL,
there exists an element € R® such that x + B C S. X(L) denotes
the set of all spreading set with respect to L. For instance, X N Lis
spreading with respect to L for any X € Xs.

First, we give definitions for non-periodicity for words W = (wg) €
KX (K # ¢) on aset X C L. Note that K can be an infinite set. We
denote by W/|s its restriction to S:

Wls := (Wz)zesnx,
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which is a word on SN X. For words W = (wz)zex, V = (Vz)zey, we
write W = V if they coincide as maps; and write W = V if there exists
t € L such that W = V 1 t as in Section 2. We say a word W € KX
(X C L) is non-V-periodic if

Wlp+s =Wlgrs (g€ L, p+JNLCX, JE¥,) = p=gq.
We say that a word W € KX (X € L) is non-X-periodic if
W]yEW|t+y (tGL, YCX, YGE(L))ﬁ t=o.

Note that, in general, W|s = W|r with § € X implies T' C X for
W e KX (X c L). We say a word is U-periodic (resp., Z-periodic)
if it is not non-W-periodic (resp., not non-E-periodic). Note that, by
the definition, any word on X C L is X-periodic (resp., ¥-periodic)
if X & X(L) (resp., if X D p+ J N L does not hold for all p € L,
J € V). We remark that both definitions of non-periodicity given
above are considerably strong. In fact, the non-¥-periodicity excludes
some trivially “non-periodic” words on J € ¥, for all s 2 2; for s = 1,
the definition requires the non-periodicity for both directions for words
on Z, while the definition is equivalent to the usual one for words on N.
In general, the non-X-periodicity implies the non-¥- periodicity. Note
that some non-¥-periodic words are X-periodic. For instance, any non-¥
-periodic word over K # ¢ on N of the form

Ul'Ual’LlQ'Uaz o Un’l)an N ( lim ap = 00; Up,V € K* \ {A})
n—oo

is ¥-periodic. In particular, any word coming from a normal number is

non-¥-periodic, but it is E-periodic. On the other hand, for instance,

the Thue-Morse word and the Fibonacci word are non-Y-periodic, cf.
Remarks 6-7.

Remark 6. A word W over K # ¢ on N is non-X-periodic if there exists
an integer m > 1 such that W is m-th power free (i.e., W has no
subwords of the form ™, u € K*\ {\}). In general, any non-periodic
(in the usual sense) fixed point of a primitive substitution is m-th power
free for all sufficiently large m (cf. [1]), so that it is non-E-periodic.

Remark 7. All the Sturmian words (i.e., the words having the complexity

p(n) = n+1) on N are non-E-periodic. In particular, the Fibonacci word
is non-X-periodic.

We can show that the words W(A;c) are non-X-periodic for some
A € (Bdd), ¢ > 1. For instance, the non-X-periodicity of the word
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W([1,-1//1,1];¢) for even c follows from Theorem 5 below, cf. the
example (ii), Section 3.

Secondly, we give definitions for non-periodicity for tilings. A set
0 C RS is called a tile if  is an arcwise connected closed set such that
9° = 6. We say that a set § C R® is a tessera if 6 is a compact tile.
We say that © = {0,; p € M} is a tiling (resp., a tessellation) of
J (J € ¥y) if all the sets 6, (u € M) are tiles (resp., tesserae) such
that Uuemf, = J and 65, N 6] = ¢ (u # v) hold. We say that a set
© = {0, p € M} (6, C R%) is E-distributed on a set X C R® if
X\ (Upemby) € Es. A set © = {0,; p € M} will be referred to as a
mosaic on X € X; if 6, C X are relatively closed sets with respect to
X such that 0, N6 = ¢ (u # v), and © is E-distributed on X € ¥;.
Any tiling of J is a mosaic on J. Let © = {6,; p € M} be a mosaic on
X. We denote by ©|g the S-restriction:

Ols:={0.NnS; pe M} (SCR?).

Note that for any mosaic ©, its restriction ©|y is always a mosaic for a
spreading set Y C X. For two sets © = {8,; p € M}, ® = {p,; v € N}
(Bu, v C R®), we write

O|s = Pli+s (t € R®, S CR?)
if there exists a z € R® such that
{(z+(0,Nn8); pe My={p,N(t+S); vEN}
We say that a mosaic {6,; © € M} on X is non-V¥-periodic if

{el" ke M}|P+J = {91“ ue M}Iq+]
(p,geR’, p+JC X, JE T

=>{9u; [TAS M}|p+J = {9“; IS M}|q+J~
We say that a mosaic {#,; u € M} on X is non-X-periodic if

{04 pe MYy ={0u; pe M}y (€R’, Y CX, Y€ ¥s)
={0,; 1€ M}y = {6u; p € M}esy.
Note that any mosaic {#,; p € M} such that one of the sets 6, is a
spreading set is X-periodic, which can be easily seen.

Finally, we give a definition of non-periodicity for a discrete set S =
{z,; p € M} C RS. We say that S is a mosaic on X if so is the set
{{z,}; u € M}; and that S is non-¥-periodic (resp., non-E-periodic) if
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so is the mosaic {{z,}; u € M}. For instance, A(Z®) is a ¥-periodic
mosaic for any A € GL(s;R); ZUaZ is a non-V¥-periodic mosaic for any
a € R\ Q; while (ZU aZ) x Z is a ¥Y-periodic mosaic.

For a discrete set X C R?®, the Voronoi cell T(X,x) with respect to
x € X is defined by

T(X,) = {y €R%; |le - yl| £ [ly - 2|| for all z € X\ {x}}.

For A € (P,(c)), we denote by I'(A, c) the set determined by (2). Since
any Voronoi cell T is a finite intersection of closed half-spaces, T is a
closed convex set, so that it is arcwise connected. Hence, T(A'T'(4,c), z)
is a tile for any A € (Py(c)), 0 < j <, and € AT(A,c), so that the
sets

QA ¢;5) == {T(AT(A,c),z); € AT(A,¢)} (0L j<c)

become tilings of R®. Note that (A4, c; j) is not always a tessellation. In
fact, some of the cells T(A’T'(4, ¢), z) are unbounded, cf. the examples
(i-iii) for the singular case in Section 4. We can show the following

Theorem 4. Let A € (Bdd), 0 £ j < ¢, 1 < ¢ £ . Then the
set (A, c;7) is always a tessellation consisting of tesserae which are
polyhedra of dimension s. For 1 < ¢ < oo, all the tessellations Q(A, c; 7)
(0 £ j < ¢) are non-E-periodic if and only if so is the word W(A;c).
The word W (A;00) is non-X-periodic; while, Q(A,00;5) (7 = 0) are
W-periodic.

Proof. We show that §)(A,c; j) is always a tessellation for A € (Bdd).
We suppose A € (Bdd), so that det A # 0. Then, A7(Z®) becomes a free
Z-module of rank s. In fact, the elements

b .= Ale; € A1(Z°) (1Si < s)
form a basis of A7(Z*) as a Z-module, i.e.,
A(2%) =26 + - + 2B, (18)

where e; is the i-th fundamental vector. The vectors bg.i) are linearly

independent over R, so that R®\ A4%(Z?) is not a spreading set. Hence,
A’(Z?) is a mosaic. In view of Corollary 2, we have T;(A) = A'T(4, 00),
which is not empty by Theorem 1. Since

x€Tj(A) = Az € Z°, A7 o ¢ 7° — x € AV(Z°)\ ATT(Z5),
we get

Tj(A) = A'T(A,00) = AN (Z)\ AT (Z%) # ¢, 0S j<o0.  (19)

7 g

. 7

] f
5
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Suppose 1 < ¢ < co. Choose any xg € AT(A,c) (0 £ j < c). We
shall show that YT(AIT'(4,c),xo) is a compact set. By Corollary 2, we
have xg € A’T(A,c) = Uo<meoo Tem+j(A), so that o € Temy;(A4), i.e.,
ind 4(xo) = ecm + j for some m = m(xp) 2 0, and 0 £ j < ¢. On the
other hand, from the definition of ind 4 it follows

ind 4(z + y) = ind 4(z) for all ¢,y € Z° with ind 4(x) < ind 4(y).
Hence, noting that ind 4(x) > em + j for any € A HI+1(Z3), we get
o+ ZOoy sy + o+ TG ) C Temai(A) C AT(A Q). (20)

Thus, setting

F = {xo + {&by,...,£bs}} U {wo} with b :=bl) .., (1Si<s),
we obtain ‘
F C A'T(A,¢),
so that

T(F, o) D T(A'T(A4,c), zo).

In addition, T(AT(A,c), o) is a closed set by the definition of Voronoi
cells. Hence, it suffices to show that the set Y(F,xp) is bounded for
the proof of the compactness of T(A'T'(4,c),zo). For simplicity, we
consider T (—zo + F, 0) that is congruent to T(F, xo). By the definition
of a Voronoi cell, we have

(2o + F,0) = () (f + H-(£),

feF.

where F, := {#27'b;,...,2271bs}, and H_(b) denotes a closed half
space
H_(b):= {x € R% (b,z) £0}, beR*\ {0}

Since b; (1 £ i £ s) are linearly independent over R, by the orthonormal-
ization of Schmidt, we can take an orthonormal basis of R® as a vector
space over R such that we can write

b,-:T(b,-l,...,b,-i,O,...,O) (bii £ 0, 12iZs)

with respect to the basis. Then, for any € = T(ey, -+ ,&5) € {1,-1}°,
there exists a unique element v(e) = T(v1(g),- -+ ,vs(€)) € R® satisfying
the equations:

2e1bn1v1(€) = b2y,
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2e1bg1v1(€) + 2e2b20va(€) = b21 + b22,

251bslvl(€) + 2621)32’02(5) +---+ 2Esbss'us( ) = b21 + bs2 +-o bgs,
namely
lv(e)ll = llv(e) —erball = [lv(e) — e2ba|| = - - = [|v(e) ~ &5bs].

Thus, Y(~x + F,0) becomes a parallelepiped of dimension s with 2%
vertices v(e) (e € {1,—-1}%), so that

Y(~x + F,0) C B(max{|lv(e)|; € € {1,-1}5},0).

Thus, we have shown that the set (4, c;j) is always a tessellation for
1 < ¢ < oo. Note that, since A7(T'(4,c)(C Z°) is a discrete set, each
set T(AY(T'(4,c),zo) has non-empty interior, so that it becomes an s
dimensional body. Hence, the tessellation (A4, c; j) consists of polyhedra
of dimension s. Now, we suppose ¢ = co. Choose any g € AT(A, o)
for a given number 0 £ j < co. Then, by (19), we get (20) with cm = 0,
¢ = oo. Hence, we can show that Y(AT'(4, 00),xg) is compact as we
have shown in the case 1 < ¢ < oo, which completes the proof of the
first statement of the theorem.
We prove the second statement. Suppose ¢ < co. We put

Wj(A;¢) = (Xair(ae(®)) ez, 057 <0), (21)

which is a word over {0,1} on the set Z°®, where xg is the characteristic
map with respect to a set S. If Q(A ¢;7) is -periodic, then so is the set
AIT. Applying A7 to the set AT, we see that the set T is - -periodic.
Hence, we get the Z-periodicity of AJ I for all 0 £ j < ¢, which implies
the X-periodicity of W;(A;c) for all 0 £ j < c¢. Then, we can conclude
that W(A;c) is E-periodic. Conversely, the Z-periodicity of W (A4;c)
implies that of W;(4;c) for each 0 £ j < ¢, so that all the sets A’T'(4;c)
are ¥-periodic, and so are the tessellations (4, c; ), 0 £ j < c.

We prove the third assertion. First, we prove the latter half. In view
of (18), we see that AJ(ZS) is a W-periodic set for all 0 £ j < 0o. Hence,
(19) together with A7(Z%) > A7*+1(Z*) implies that for any 0 < j < oo,
the set A'T'(A, 00) is a W-periodic set as a mosaic with perlods coming
from (18) with j + 1 in place of j, so that the tesselation (A, co; j) is
VU-periodic for any j 2 0. Secondly, we prove the first half. We choose
an element g, € A™(Z°)\ {o} among elements having the smallest norm
in the set A"(Z*) \ {0} for each n. Then we can show that

Jim {lgn]| = oo. (22)
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Suppose the contrary. Then we can choose a bounded subsequence
{9p(n)}n=0,12,.. (limp(n) = co) of the sequence {gn}n=01,,...- Then we
can choose a subsequence {g4(n)}n=0,12,.. (limg(n) = 0o) of
{9p(n)}n=0,1,2,... such that it converges to an element g € A™(Z°) \ {o}.
Then A9™)(Z%) 3 gq(n) = g # 0 holds for all sufficiently large n. Hence,

we get A=9Mg € Z°% g # o for infinitely many n, which contradicts
A € (Bdd). Thus, we get (22). Hence, we see that any choice &, y, €
AT (A, 00) = Tn(A) = AMZ°) \ A (Z%) C AM2Z),

wn#yn, n=07172>"'

implies
Zn = yaull 2 llgnll- (23)

Now, suppose that W = W(A;00) is X-periodic, i.e, W|x = Wli+x,
X € £(Z%), t # o. Then we have

Wa(A4;00)|x = Wn(4;00)|t4x, X € B(Z%), t# o, (24)

where Wy, (A;00) is the word defined by (21). Recalling that A™I'(4, oo)
is a U-periodic set as a mosaic with periods coming from (18) with
j=n+1, we can find ,,yn € A"T'(4,00)NX (T # Yn),n=0,1,2,...
for any spreading set X € X(Z*). Therefore, we get ||| 2 ||gn|l by (23),
(24). Taking n — oo, we have a contradiction by (22). u

We remark that some tilings Q(A,c;j) for singular matrices A are
U-periodic, cf. the examples (i-iii), Section 4.

Now, we are intending to show that some of the words W(A4;¢c) and
tessellations Q(A, ¢; j) are non-X-periodic for 1 < ¢ < 00, A € (Bdd).

Lemma 6. Let W be a word on Z°, and U € GL(s;Z). Then W is non-
U -periodic (resp., non-L-periodic) if and only if so are the (T,U)-sectors
for all 7 € {1,-1}".

Proof. By our definitions, any (7,U)-sector of W is non-W¥-periodic
(resp., non-3-periodic) if so is W.

We assume that all the (7, U)-sector of W are non-¥-periodic (resp.,
non-X-periodic). It suffices to show that W|x is non-¥-periodic (resp.,
non-Y-periodic) for any X = p + J with p € Z® and J € ¥, (resp.,
X € I;). Suppose the contrary. Then W|x is ¥-periodic (resp., X-
periodic) for some X = p + J with p € Z® and J € ¥, (resp., X € ).
Then JNU(T ® N%) € ¥, NZS (resp., X NU (T ® N%) € £(Z%)) holds at
least one element 7 € {1,—1}*. Hence, (7, U)-sector of W is ¥-periodic
(resp., E-periodic), which contradicts our assumption. [
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Apart from the partitions (2), we may consider substitutions of di-
mension s having fixed points which are non-X-periodic.

Theorem 5. Let o be a substitution over K = {@Q } U Fy U Fy of size
G(b) with FyNFx = ¢, b=T(by,--,bs), b; >1 (1 Li<s), s> 1,
o(a) = (vg(a))zec satisfying

U6(@) = @;
vo(a) € Fy for all a € Fy, vo(b) € Fy for all b € Fy;
vg(a) € Fy for all a € K,.
and z € Gy := {T(21, - ,x5) € G(b) \ {0}; z1---z5 = 0},
vz(a) € Fx foralla € K,
and x € Gy := {T(z1,- - ,Ts) € G(b); 1 -+ x5 # 0}.

Then the fized point W € KZ° (W(0) = @) of o is non-Z-periodic.

N.B.: We mean by z; -+ - x5 = 0 not a word but the product of numbers
zi,...,Ts equals zero.

Proof. Let o have the property stated in Theorem 5. Since, for any
7€ {l,-1}*, and = € G(b) \ {0},

T ®g(b) T € Go (resp. T Q) T € Gx) <= x € Gy (resp. x € Gy),

all the conjugates of To have the same property. We consider the au-
tomata T M = (@, K, G(b), T () with ¢ corresponding to To. Then, all
the conjugates 7 M can be described as in Fig.1 given below. We mean
the transition function 7 ¢ by the arrows labeled by G, Gy, or o there.
For instance, for a € Fy, 7((a,%) € Fy if i € G, and T((a,1) € Fx if
t € Gy, ori=o.

We consider a word W% € KN generated by the automaton M with
a projection 7 : K — {a, 3} defined by

m(a):=aifa=@Q, ora € Fy; n(a) := B ifa € Fy,
namely,
W% = (wf)zen € (o B}, wl = n(T¢(@, py(a))), @ € N°.

Note that W% does not depend on T, so that all the (1, E)-sectors
(TEYW = W/|rgns of the fixed point W € KZ" of o are identical to W%
if we identify the symbols in K according to the projection 7. It is clear
that if W% is non-X-periodic, then Wns is non-3-periodic (in general,
the converse is not valid). By Lemma 6, it suffices to show that W% is
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. . . — . . .
Go
Figure 1:

non-Y-periodic. In view of Fig. 1, recalling s > 1, we get the following
facts (i), (ii):

Let x € N®, pp(x) = umum—1---up € G(b)* with u; = T(ug-l), e ,u§s)
€ G(b). Then

(i) w® = « if there exists a k (1 £ k < s) such that ugk) # 0,
ug) . -u;f) = 0 for an integer h = h(k) with 0 £ h £ m satisfying
ul® =0 forall j (0 <h).

(ii) w® = B if and only if there exists an h (0 £ h < m) such that
uﬁf) #0for all i (1 £ < s) satisfing u; = o for all j (0 £ j < h).

Now suppose that W% is ©-periodic, i.e.,
Wix = Wlptx, (25)

holds for a set X € £(Z®), X C N%, and a fixed vector p € N*\ {o}. For
any integer h = 2, we can take ¢ = g(h) € N° such that

Z:=q+ G2, 200 c X,

)



342  ANALYTIC NUMBER THEORY

Hence, we can choose an = x(h) € Z such that

po(T) = tntn_1-- 1o € G(b)*, t; =T(",.. 1)) € G(b),

£ 20,69 £0, ti=oforall 0<i < h, (26)
w+y€Xf0rally€H}(lk) foreach 1 £k < s,

where

k
HY =(T(y,...,ys) €2% =0, — b +1<y Sbh—1
for all 1 £4 < s with @ # k}.

Since

Pb(T + Y) > VaVa_1 -+ Vo = 007 (07 := \)
0Sj<h, v; € Go

holds for an integer j = j(y) for any given y € H ,(lk) \ {0}, we get by
(i,ii)

wZ’+y =qo for all y € U H,(lk) \ {0},
1SkSs (27)

wZ’ =p.

We put

wall (z) == (w?, )

Tty k).

veUi<kgs H’(z

Noting = + UlgkgsH,(lk) C N*, we see by (27) that wall (z) is a subword

of W% consisting of symbols identical to a except for an occurrence of
a symbol [ centered at x as far as x satisfies (26). Consider any z € N*
satisfying

z+ U H,(lk) C N° with pp(2) = Uptp-1---up € G(b)* (h 2 2).
1SkSs

u; ="y, uf) € G(b) (025 S n=n(2)).

We put
jO = jo(Z) = min{o é J é TL(Z), u] # O}'

We have two cases:
()u #0foralll1<i<s.

(b) ug-zl) # 0, ug?) =0forsome 154 <s,1Z4 s
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Now, we assume 0 < jo S h—2 (h 2 2). Suppose the case (a). Then,
taking y = (yl,...,ys) with y; =0, y; = b “lforall2<i<s, we
have by the definition of jg

po(y + 2z) > ujoojo’ Ujo # o,

(i) : ..
and by (a), u;; # 0 for all 1 <1 < s. Hence, we get by (ii)

z+y IB’yEH()

so that

wall (2) # wall (x)
for satlsfylng (26). Suppose the case (b). Then taking y; = 0 for all 4
with u ) £0,y = b%° for all i with u( Y = 0, we get by (i)

Pb(y + Z) - ’Ujoojo, Vj, € Gy.

Hence, we obtain
z+y — ,6, y € H(‘lZ)

so that
wall (x) # wall (2)

for x satisfying (26). Therefore, 0 < jo(z) £ h — 2 implies wall () #

wall (2) for x satisying (26). Hence, wall (x) = wall (2) with = # 2z for
x satisying (26) implies

|z — 2| 2 min{6}"!; 124 < s}
On the other hand, (25) implies
wall () = wall (p+ x), p # o,

so that we get
p|| 2 min b=l 1 <0 <),
” ” %

Since we can take h arbitrarily large, we have a contradiction, and there-
fore, we have completed the proof. n

Applying Theorems 4-5 for the word W (A;c) with A = [1,-1//1,1],
c=2m, 1 < m < oo, we get non-X-periodic tessellations (A4, c; 5)
(0 £ j < c¢). We can show that the tessellations (A4, 2; ) consist of
three kinds of incongruent tesserae: a quadrangular, a pentagon, and a
hexagon. In this case, each tessera of (A, 2;0) is similar to a tessera of
Q(A,2;1), cf. Fig. 2 below. Note that, in general, such similarity does
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not hold. Using Corollary 3, and Theorems 5-6, we can give a non-X-
periodic word W(A & - - - & A;2m) of dimension 2s, and non-Z-periodic
tessellations Q(A® - P A,2m;j) (0 £ j < 2m < o0) of Euclidean space
R%* for A=[1,-1//1,1].

:
.

TR

!

The dots are elements of AT in the first section; the midpoints of the edges of length
2 and all the vertices are elements of ['U {o}.

Figure 2: (Tessellation Q(4,2;1) for A =[1,-1//1,1])

6. PROBLEMS AND A THEOREM

We say a substitution of dimension s of size G over K, is admissible
if there exists a matrix A € M(s;Z) such that the substitution comes
from a partition (2). Can we give a criterion by which we can determine
whether a given substitution is admissible, or not ?

We have already seen that a partition (2) exists and uniquely deter-
mined for A belonging to the class (Bdd), and have given its subclass D
such that for any A € D, the characteristic word W(A4;c) corresponding
to (2) can be described in terms of nontrivial substitutions. By the proof
of Theorem 3, we can effectively determine the substitution for any given
A belonging to D(k). Probably, we can not extend Theorem 3 to a class
strictly including the class D. While, we have not a good algorithm to
determine whether a given matrix A belongs to D. Can we find an ef-
fective criterion for that? For instance, it is easy to see [2,3//2,2], and
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[2,2//3,2] € C(2), so that they belong to D(2); but we have difficulty
for [2,2//2,3], cf. Remark 6 below. It seems very likely that there exist
some matrices A € (Bdd) for which W(4;c¢) (1 < ¢ < 00) can not be
finitely automatic. We conjecture that W (A;c) with A = [4,-1//0,2],
1 < ¢ < oo can not be a fixed point with respect to any base b, and basis
U € GL(2;Z). We can show, for A= [4,-1//0,2]

H((det A)"A™™) = [2",2"1(2" - 1)//0,4"] (n 2 0).

Related to such problems, we can prove the following:

Remark 8. Let A = [2,2//2,3]. Then A € (Bdd). Let C, be the
hermitian canonical form H((det A)"A~"). Then

A~ 2C, = 271,8//0,27] (2 1),
th Stnsr (n21), lim ¢, =oo.
If we put ug := 0, and for n 2 1,
Up = 1if tppy > tn; up :=0if thyy =tn,

then the word untn_1 - - ~Up becomes the base-2 expansion of tp41; to be
accurate, .
tnt1 = Po (UntUp—1-- “Ug) (n 2 1)‘

The sequence {t,}n=0,12,. can be given by the following algorithm:
(i) t1 = 0.
(ii) Find the continued fraction of 27" 1(2t, - 3) (n21):
27"=1(2t, — 3) = [ag;a1," ,azm(n)] (ap € Z, a; € N\ {0}).
(iii) Find the value [ag; a1, ,@mmn)-1] = p/q, where ¢ = g(n) > 0,
p = p(n) are coprime integers.

(iv) Find the residue tp11 by tnt1 = 2(tn — 1)g(n) (mod 2nthy 0 £
ther < on+l,

A few symbols of the begining of the word u := uouy --- are
012031021201202120101202120%12051501201%010210140120°1°010 - - - ,
which is almost the same as

V=

01303102120120212010%1202120%120°1501201%010%101%0120%1%0%10 - - - ,
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where the word v comes from one of the eigenvalues of A in the p-adic
sense. To be precise, if ®4(a) = 0, |al; < 1, a € Z; (Hensel’s lemma
says that such an a uniquely exists), then the 2-adic expansion of the a
is given by v = vov1v2 -+~ (vn € {0,1}), d.e., @ = 3", 5o vn2™, where | * lp
denotes the p-adic valuation. (In what follows, we mean by | *| = | *|oo
the ordinal absolute value as before.) Comparing u with v, we might
say that they should be the same except for one missing symbol 1 in u
(in fact, this is valid as we shall see).

Related to such a phenomenon, we can show the following

Theorem 6. Let f(z) := 2° —¢s_12°} — - —ciz — ¢y € Z(z] be a
polynomial satisfying s > 1, |co] > 1, GCD(cy,c1) = 1 with the decom-
position |co| = [T <p<, P®*, where py are distinct primes. Let C be the
companion matriz of f(z):

To ¢
C = (Es—-l c ,c=T(c1,...,cs_1),

where Es_y is the (s — 1) X (s — 1) unit matriz. Then there exists a

unique 100t ap, € Lp, of f(x) satisfying |ap,|p, <1 for each pi, and the
following statements are valid:

(i) The hermitian canonical form of (det C - C~1)" is of the shape
L " ) ¢ a(s2), 20 =T(@, . 26D, 0< 20 <
o dnEs—l bl b n — xn ] )xn )y = xn <

foralln 21,155 < s—1, where d := |cp|.
(ii) |ad, — 2 |p, S P holds foralln21,1<j<s—1,1<k <t

Using Theorem 6, we can give an explicit formula of a continued frac-
tion of dimension s—1 whose p-adic value converges to T(83, 2, - -~ , B
with 8 = g(k) = calapk for all 1 £ k £ t. The proof of this fact and
Theorem 6 will appear in a forthcoming paper.

If we use Theorem 6, we can show that the sequence t, in Remark 8
converges, in Zg, to the root vy of g := 222 — z — 2 satisfying [7]2 < 1, so
that 2y 4+ 2 = . Hence, the last phrase in Remark 8 is valid. Since g
is irreducible over Q, so that # ¢ Q. Hence we see that the word u is a
non-periodic word in the usual sense. We give the following

Conjecture 1: Let f(z) € Z[z], and C € M(s;Z) be as in Theorem
6. Suppose that f(z) is irreducible over Z[z]. Then W(C;c) (2 £ ¢ <
o) is not finitely automatic with respect to any basis U € GL(s;Z)
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of the lattice Z*%, and to any base b € (N\ {0,1})° of an automton
(@, K,G(b), ().

Can we show that W(A4;¢) (1 < ¢ < o0) is not automatic with re-
spect to any basis U € GL(s;Z), and to any base b for A mentioned in
Remark 8 7 If so, what will happen when we extend the conception of
automaticity 7 For example, we may consider a representation p of num-
bers 7 given by a sum of terms of a linear recurrence sequence instead of
the base-b expansion pp(i). We may consider p(x) (x € N°) coming from
s linear recurrence sequences. In such a case, the set {p(x); € N°}
is retricted to a subset of G(b)*; for instance, if we take the Fibonacci
representation p with dimension s = 2, then p(x) € R, where

R:={z € ({0,1}")?; & =z, x0, z; = T(x15,22) € {0,1}?,
055N, 2o # 0, Tin - xip € {0,1}*11{0,1}*, i = 1,2}.

We may define an automatic class of words as a class of words W gen-
erated by an automaton M = (@, K, G(b), () together with a represen-
tation p and a projection 7 : K — F:

W = (wz)zezs, wres = 7(T¢(Q@,p(x))) (z €N°).

Can we find a matrix A ¢ D such that W(A;c) becomes automatic in
this sense 7

We say A, B € M,(s;Z) have the same behavior if H((det A)"A™") =
H((det B)"B~") holds for all n 2 0. If the behaviors of A, B € (Bdd) are
the same, then W(A;c) = W(B;c) follows. We remark that, in general,
any two matrices among A, UA, AU, U ~1AU, and TA do not have
the same behavior for U € GL(s;Z). On the other hand, for instance,
the behaviors for [2,1//2,2], [2,3//2,2], (2,2//3,2], and [4,—7//~6,10]
coincide. Recall the example (vii) in Section 3; the matrices A, (resp.,
B,) have the same behavior for all n € Z. Can we find an effective
criterion by which we can see whether two given matrices have the same
behavior ?

Concerning the non-Z-periodicity, it is remarkable that p(n) = n + 1
is the minimum complexity for the non-X-periodic words on Z, and on
N, cf. Remark 7. Here, in general, for a word of W on a subset of Z°,
p(ny,...,ns) = p(ni,...,ns; W) counts the number of the subwords of
size ny X --+ X ng of W. Can we find the minimum complexity for the
non-X-periodic words on Z?, or on N*® ? Note that the existence of the
minimum complexity is not clear.

Conjecture 2: The word W (A;c) corresponding to the partition (2) is
non-X-periodic for any A € (Bdd), 1 < ¢ < oo.
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Note that the conjecture implies that all the tessellations Q(A, ¢;4)
(0 £ i < c) of R® are non-E-periodic for any A € (Bdd), and finite
¢ > 1, cf. Theorem 4.

It will be interesting to consider the partitions of the form

| AT =2°\{z e Z%ind s(x) =0}, s23
0<j<c

instead of (2) for non-singular matrices A ¢ (Bdd).
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Abstract It is known that in the moduli space A: of elliptic curves, there exist
precisely 9 Q-rational points corresponding to the isomorphism class of
elliptic curves with complex multiplication by the ring of integers of an
imaginary quadratic field. We consider the same determination problem
in the case of dimension two. In the moduli space of principally polarized
abelian surfaces, this problem was solved in [3]. In this paper, we shall
determine all Q-rational points corresponding to the isomorphism class
of abelian surfaces whose endomorphism ring is isomorphic to the ring
of integers of a quartic CM-field in the non-principal case.
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1. INTRODUCTION

Let E be an elliptic curve defined over the complex number field C
whose endomorphism ring is isomorphic to the ring of integers of an
imaginary quadratic field K. It is well known that

the j-invariant of E is contained in the rational number field Q (1.1)

if and only if the class number of K is one,

and that
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there are 9 imaginary quadratic fields Q(vVd), d < 0, having  (1.2)
class number equal to one:

-d=1,2,3,7,11,19,43,67,163.
Let A; be the moduli space of elliptic curves. This is represented by
Ay = SLa(Z)\ 9,

where $; = {r € C | Im(7) > 0}. From the above facts, we can see
that in A; there exist precisely 9 Q-rational points corresponding to the
isomorphism class of elliptic curves with complex multiplication by the
ring of integers of an imaginary quadratic field.

Now we consider the same questions in the case of dimension two.
Let (A,C) be a polarized abelian surface over C. We can regard it
analytically as a pair (C?/A, E) of a complex torus and a non-degenerate
Riemann form. By choosing a suitable basis (uy,...,us) of the lattice
A, the matrix (E(ui,u;))i j=1,..4 can be reduced to the form

0 D
-D 0)°
here D = (% 0
where D = | dy ) dy | da. Moreover we can assume that d; = 1,

. 10 dy .
ie. D = 0 d) d = i, since two polarized abelian surfaces are

isomorphic. In the following, we call such a surface (A4,C) a d-polarized
abelian surface for the sake of convenience. For d € Z>;, put

o s 3 wia= (39 Yoy %)

Denote the Siegel upper half space of degree 2 by
92 = {1 € My(C) | *r = 7, Im(7) > 0}
and define a subgroup I'(d) of GL4(Z) by
I'(d) = {G € GL4(Z) | G- T(d) - 'G = T(d)}
for any d. For G € I'(d), we put

»(G) := W(d)~1GW(d).

e R

Determination of all Q-rational CM-points in Az(d) 351

Then we can regard the moduli space of d-polarized abelian surfaces as
Az (d) = (I'(d))\H2-

So we consider how many Q-rational points A(d) includes for each
d. In the case of d = 1, I'(1) = Spy(Z), so Az(1) means the moduli
space of principally polarized abelian surfaces. In this case, we have
already obtained an answer (cf. [3]), namely it was proved that in A3(1)
there exist precisely 19 Q-rational points whose endomorphism ring is
isomorphic to the ring of integers of a quartic CM-field.

In this paper we determine all Q-rational points corresponding to
the isomorphism class of abelian surfaces whose endomorphism ring is
isomorphic to the ring of integers of a quartic CM-field in A2(d) for any
d.

Acknowledgments

The author expresses sincere thanks to Professor Naoki Murabayashi
for valuable talks with him.

2. PRELIMINARIES ON THE THEORY OF
COMPLEX MULTIPLICATION

Let K be a quartic CM-field and F' the maximal real subfield of K.
We consider a structure P = (A,C, ) formed by an abelian variety A of
dimension two defined over C, a polarization C of A, and an injection
9 of K into End°(A) := End(A) ®z Q such that §~'(End(4)) = ok,
where 0k is the ring of integers of K.

We always assume the following condition:

9(K) is stable under the Rosati involution of End®(A) (2.1)
determined by C.

Let ¢ : K — Endg(Lie(A)) be the representation on the Lie algebra
of A with respect to 8. Then there exist two injections o1, 07 of K into C
such that ¢ is equivalent to the direct sum gy ®cy. We put & = {o1,02}.
Then ® must satisfy the following condition:

{o1,09} U{poai,pooa} coincides with the set of all injections (2.2)
of K into C,

where p denotes the complex conjugation in C. This pair (K, ®) is called
the CM-type of P. We define an isomorphism @ of R-linear spaces by

$: K®qR — C?, a®a+ (aa’,aa’).
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o1
aO a?,z). Then there exist a

fractional ideal a of K and an analytic isomorphism

For each o € ok, we set Sp(a) =

A C%/®(a) = A

such that the following diagram commutes for any a € 0k:
C?/%(a) %, A

Se(a) l~ e (2.3)

C?/®(a) 5 A

Take a basic polar divisor in C and consider its Riemann form E(z,y)
on C? with respect to A. Then there is an element n of K such that

E(2(z), ®(y)) = Trg/q(nzy’)

for any (z,y) € K x K. The element 7 must satisfy the following condi-
tions:

7’ =-n, Im(n%)>0(i=12); (2.4)

Trg/q(naa’) = Z. (2.5)

Then the structure P is said to be of type (K, ®;n,a). Conversely for any
®, a, 7 satisfying the conditions (2.2), (2.4) and (2.5), we can construct
(4,C,0) of type (K, ®;n, a).
Let X be a basic polar divisor in the class of C. We can consider the
isogeny
¢x: A — Pic®’(A), v [X, — X]
from A onto its Picard variety, where X, is the translation of X by v.
Then there exists an ideal § of F' which is uniquely determined by the
property
ker(¢x) = {y € A| 0(f) y = 0}. (2.6)
The ideal f satisfies
fok = noaa’, (2.7)
where 0 is the different of K/Q.

For any subfield L of K, one can prove that there exists a subfield
Mjy, of C which has the property:
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for any automorphism o of C, o is the identity map on M  (2.8)
if and only if there exists an isomorphism ¢ of A to A7 such
that ¢(C) =C? and tof(a) = 6°(a) o for all a € L.

M is called the field of moduli of (A,C,6|r). The field of moduli of
(A,C), which is equal to Mq, can not be understood only by the theory
of complex multiplication. But we have the following result proved by
Murabayashi (cf. Theorem 4.12 in [2]):

Theorem 2.1. Let K be a quartic CM-field and (A,C) a polarized abeli-
an surfaces such that o C End(A), where Ok denotes the ring of inte-
gers of K. Then ok = End(A) and the field of moduli of (A,C) coincides
with Q if and only if the following three conditions hold:

(a) K has an ezpression of the form

K= Q(\/_QI"'Qteo\/Z—’) (t>0),

where €¢ is a fundamental unit of F = Q(,/p) such that eo > 0 and
D, q1,--.,q are distinct prime numbers which satisfy one of the following
conditions:

(a;) p=5 (mod 8). Moreover if t > 1, then
_ Py _ _ )
g =1 (mod4) and (q_) =-1 (i=1,...,t);
i
(a2) p=5 (mod 8), t > 1, q; =2. Moreover if t > 2, then
- Py _ - )
gg=1 (mod4) and (;)—-—1 (1=2,...,t);
1
(az) p = 2. Moreover if t > 1, then
=5 (mod8) (i=1,...,1).
(b) hy = 2', where hy denotes the relative class number of K.
(c) f=f" for any 7 € Gal(F/Q).

Remark 2.2. In the statement of Theorem 4.12 in (2], we assume the
condition (2.1). But we can ignore this assumption (see Remark 1.2 in

3D)-
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3. FIELDS WHICH SATISFY NECESSARY
CONDITIONS

We have the following theorem which has been proved by Louboutin
in [1]:

Theorem 3.1. Let K be an imaginary cyclic number field of 2-power
degree 2n = 2™ > 4 with conductor fx and discriminant dg. Then we

have n
he > _ K Vi
K= e(2n-1) \n(log fx +0.05) ) °
where .
2mnen 2 2nm
ex =1-— i or —exp|l—7].
digin 3 ( dKﬂ)

By using this result, we can determine quartic CM-fields satisfying
the conditions (a) and (b) in Theorem 2.1 (cf. [3]):

Theorem 3.2. There are ezactly 13 quartic CM-fields satisfying the
conditions (a) and (b) in Theorem 2.1. Namely, the ones with class
number h given as follows:

h=1 Q(y-@+vd)) h=2 Q(y/-5(2+v2) )

Q(y/-(5+2v5) ) Q(y/-(+v5))

Q( —(13+2\/i§)) Q( —13(5+2\/5))
(@) alTer)
Q(y/-(7+6v37) ) Q(y/-(13+3v13) )
Q( —(53+2\/§)) Q(\/—5(13+2\/ﬁ))

Q( —(61+6¢ﬁ))

Remark 3.3. Note that the above fields are cyclic extensions over Q
and have an expression of the form

K=Q(,/—neo\/ﬁ) n=q1 -q)

which is given by the condition (a) in Theorem 2.1:
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4. RESULTS

Proposition 4.1. Let K be a quartic CM-field. Assume that (A,C)
s a polarized abelian surface such that End(A) = ok and its field of
moduli coincides with Q. Then (A,C) has either principally polarization
or p-polarization, where p is the prime number which appears in the
ezpression of K as in Theorem 2.1 (a).

—
w
“+
[\"]
S

1 ) ) 13 3+2 13 5

Proof. Let (A,C) be an abelian surface satisfying the assumption and
f the ideal of F' determined by (2.6). From the condition (¢) of Theo-
rem 2.1, we can write

f=@)(vP)°® reqQ, 6=0,1, (4.1)

since F' has class number 1. Then one can ignore the gap of r, since it
causes an isomorphism (cf. [4], § 14.2). So the polarization C is deter-
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mined only by the value of §. By the calculation of the Riemann form,
it is a principally polarization if § = 0, but otherwise a p-polarization.
This completes the proof. [ |

Theorem 4.2. Let As(d) be the moduli space of d-polarized abelian sur-
faces and

19 ifd=1,
7 ifd=5,
5 ifd=13,
Md=33 ya=2
1  ifd=29,37,53,61,
(0 otherwise.

Then in Az(d) there exist exactly n(d) Q-rational points corresponding
to the abelian surface whose endomorphism ring is isomorphic to the
ring of integers of a quartic CM-field.

Proof. Let K be a quartic cyclic CM-field and A an abelian surface
with End(A) = og. We fix an injection ¢: K — C, a generator o
of Gal(K/Q) and an isomorphism 6: K — End°(A4). Let p: K —
Endc(Lie(A)) be the representation corresponding to 6. Then ¢ is equiv-
alent to 1o o' @ 1007 for some 4,5 (0 < i < j < 3). Since the condition

(2.2) holds, we have (i,7) = (0,1),(0,3),(1,2) or (2,3). Changing 6 by
0 f(¢,5) = (0,1),
o .= oo if (i,7) = (0,3),
TV 000 it (i,5) = (1,2),
oa? if (i,7) = (2,3),

we may assume that ¢ is equivalent to t ®too. Put & = {1,100}

Then A is isomorphic to Cc?/ <I>( ) for some a € Ik. It holds that.for any
a,b € Ig, C?/®(a) and C?/®(b) are isomorphic if and only if a and b
are in the same ideal class. Therefore we obtain 19 abelian surfaces from
the fields in Theorem 3.2. For each of these abelian surfaces, a principal
polarization has been constructed in [3]. By the similar calculation, we
can construct a p-polarization by giving 7 in §2 concretely. In our case,
it holds that Nr/q(€0) = —1. So any totally positive unit of F is of the
form 2" = € - (¢2)?. Hence any two d-polarizations are equivalent for
each d = 1,p (see § 14 in [4]). From Proposition 4.1, this completes the
proof. [ |

Remark 4.3. We can determine the points in §)2 corresponding to these
Q-rational points.

¥
B
'S
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Abstract  We survey results on families of cubic Thue equations. We also state
new results on the family of cubic Thue inequalities |z° +azy®+by®| < k,
where a, k are positive integers and b is an integer: We give upper bounds
for the solutions of these inequalities when a is larger than a certain
value depending on b, and as an example, for the case b = 1,2, a > 1,
and k = a + b+ 1, we solve these inequalities completely. Our method
is based on Padé approximations.

1991 Mathematics Subject Classification: 11D.

1. INTRODUCTION

The study of cubic Thue equations has a long history. We survey
some of the results on families of cubic Thue equations. We also explain
the Padé approximation method. There are also many results on various
kinds of single cubic Thue equation, and also on the number of solutions,
however we will not mention these subjects except a few results. We also
state new results.

In 1909, A. Thue [Thu2] proved that if F(z,y) is a homogeneous
irreducible polynomial with integer coefficients, of degree at least 3, and
k is an integer, then the Diophantine equation

F(z,y) =k (1)

has only a finite number of integer solutions. After this important work,
equations of this type are called Thue equations. His method also yields
an estimate for the number of solutions. However, his result is ineffective
and does not provide an algorithm for finding all solutions.

For a Thue equation, we call the solutions which can be found easily
the trivial solutions. This is a vague terminology, but will be well un-
359
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derstood in each situation. The problem is usually to show that a given
Thue equation has no other solution than the trivial solutions. For a
family of Thue equations, it is usually expected that, if some suitable
parameters are large, then there would be no non-trivial solution.

To actually solve a Thue equation or to give an effective upper bound
for the solutions, there are mainly four methods: 1. Algebraic method;
2. Baker’s method; 3. Padé approximation method; and 4. Bombieri’s
method. In the following we discuss results obtained by these methods.
(Some of the results are stated in the form of Theorem, and some are
not. But no meaning is laid on this distinction.)

Let 8 be a real number. If there exist positive constants ¢ and \ such
that for any integers p,q (¢ > 0), we have

p_P

A (2)

cqg’

l 1

then we call the number A an irrationality measure for §. If c is effective,
then we say that 6 has an effective irrationality measure. For equation
(1), if we can obtain for every real root of F(z,1) an effective irrational-
ity measure smaller than the degree of F, then we can obtain, by an
elementary estimation, an upper bound for the solutions of (1).

Let us consider the family of cubic Thue inequalities

|2 + azy® + by®| < k (3)

where a,b, and k are integers. This is a general form of cubic Thue
equation or inequality in the sense that the solutions of any given cubic
Thue equation are contained in the set of solutions of an inequality as
(3) with suitable a,b and k. In Section 7 we state new results on (3):
We give an upper bound for the solutions of (3) when a is positive and
larger than a certain value depending on b, and as an example, for the
case b = 1,2, a > 1, and £k = a + b+ 1, we solve these inequalities
completely. Our method is based on Padé approximations. We give a
sketch of the proof in Section 8.

The author expresses his gratitude to Professors Yann Bugeaud and
Attila Pethé for valuable comments and information.

2. BAKER’S METHOD

In 1968, A. Baker [Ba2] succeeded to give an effective upper bound
for the solutions of any Thue equation. The method is based on his
result on estimate of lower bound for linear forms in the logarithms of
algebraic numbers. See [Ba3, Chapter 4] for this method. The upper
bounds obtained by Baker’s method are usually very large. However,

e
5
&
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since the result of Baker appeared, estimate of lower bounds for linear
forms in the logarithms of algebraic numbers has been largely improved.
See for example M. Waldschmidt [Wal] for the case of n logarithms,
and M. Laurent, M. Mignotte, and Y. Nesterenko [LMN] for the case
of two logarithms. The result in [LMN] provides us, in some cases,
a fairly good estimate close to an estimate obtained by the Padé ap-
proximation method. Using these improvements and other computation
techniques, we can nowadays actually solve a single Thue equation by
aid of computer if the coeflicients are concretely given, and if they are
small. For example Y. Bilu and G. Hanrot [BH] provide a method using
computation techniques and number theoretical datas for finding actu-
ally all solutions of such Thue equations or Thue inequalities. In fact
this method is implemented by them in the software called KANT [Dal]
and also in the system called PARI. These softwares return us all solu-
tions of a Thue equation if we just input to the computer the values of
the coefficients of the equation.

In 1990, E. Thomas [Thol] investigated for the first time a family of
Thue equations by using Baker’s method. Since then, various families
of Thue equations or inequalities of degree 3 or 4 or even of higher
degree have been solved. See also C. Heuberger, A. Peth6, and R. F.
Tichy [HPT] for a survey on families of Thue equations. Heuberger
[H] is also a nice survey on families of Thue equations, and describes
recent development of Baker’s method for solving them. As for cubic
Thue equations or inequalities, the following have been solved partly or
completely.

(i) |2° = (a = D)2y — (a + 2)zy® — y°| < k.

Thomas [Thol] proved that this family with k£ = 1 has only the trivial
solutions (0, 0), (£1,0), (0,£1) and £(1,—1) ifa > 1.365x 107. Mignotte
[M1] in 1993 solved the remaining cases with k = 1.

For general k, Mignotte, Peths, and F. Lemmermeyer [MPL] in 1996
gave an upper bound for the solutions in the case a > 1650, and solved
completely this family for ¥ = 2a + 1. In 1999, G. Lettl, Pethd, and
P. Voutier [LPV], using the Padé approximation method, gave an upper
bound for the solutions in the casc a > 31, and k > 1. This upper bound
is much better than the former onc.

(i) 2% — ax?y — (a + Vay? —y* = 1.

Mignotte and N. Tzanakis [M'1] proved that this family has only 5
trivial solutions if @ > 3.67 - 10*2. Recently, Mignotte [M2] solved this
family completely.
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(iii) z(z — aby)(z — a®y) £ 43 = 1.

Thomas [Tho2] proved that if 0 < b < c and @ > (2 - 105(b +
2c))485/(c¢=b) | then the equation has only the trivial solutions. For the
case b = 1, ¢ > 143, a > 2, he completely solved the equation. He
conjectures that, if d > 3 and p;(t), - - ,pg_1(t) are polynomials with
integer coeflicients satisfying degp; < --- < degpy_1, then the family
z(z — p1(a)y) - - - (x — pg_1(a)y) £ y® = 1 has only the trivial solutions if
a is sufficiently large. He calls this a split family.

These were all treated by Baker’s method, except the work of [LPV]
on (i). To apply this method, it is necessary to determine a fundamental
unit system of the associated algebraic number field or of the associated
order. Therefore, to be able to treat a family of Thue equations by this
method, it is strongly required that the associated algebraic number field
or the associated order has a fundamental unit system whose form does
not vary much depending on the values of parameters, or at least that
we are able to obtain a good estimate for a fundamental unit system. If
the right-hand side k of a Thue equation is not 1 as in family (i), then
it is also necessary to determine a system of representatives of algebraic
integers whose norm is equal to k. Therefore, when Baker’s method is
used, usually the case with k = +1 is treated.

3. PADE APPROXIMATION METHOD

The idea of Padé approximation method is originally due to Thue
[Thul], [Thu4]. This method can be applied only to certain types of
equations. Moreover, when we apply this method to a family of Thue
equations, it fails usually for the case where the values of the parameters
of the family are small, and we must treat the remaining equations by
Baker’s method. However, if this method is applicable, then it usually
provides a better estimate than Baker’s method. Therefore, it often
happens that the number of remaining equations is finite and small, and
in such a case we can solve completely the family. An example is men-
tioned above concerning equation (i). Moreover, to apply this method,
it is not necessary to know the structure of the associated number field,
and we can easily treat Thue inequalities at the same time.

(iv) laz? - byd| < k, d > 3.

In 1918 Thue {Thu4] succeeded to give an upper bound for the solu-
tions of this inequality using one good solution under the assumption
that it exists. When one can find easily a good solution, then his result
gives actually an upper bound for the other solutions. As an example
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he gave an upper bound for the solutions of
(e +1)z® —ay’| =1 (4)

when a > 37.

To our knowledge, this is the first time that an upper bound for the
solutions of a family of Diophantine equations was obtained. His idea
is really original. He constructed, already in his earlier work [Thul],
polynomials P,(z) and Qn(z) of degree at most n for any positive
integer n such that zP,(z%) — Qu(z?%) = (z — 1)4~27R, (z). Actu-
ally, these polynomials P, and @, are some hypergeometric polynomi-
als, namely P,(z) = F(-1/d — n,—n,—1/d + 1;1/z)z" and Qn(z) =
F(-1/d—n,—n,—1/d+1;z), even though he does not mention this fact
and this is observed by C. L. Siegel [S1]. Taking a good solution (zo, yo),
Thue puts z = {‘/&ﬁxo /Yo, and obtains the result. He works only with
polynomials, but this is essentially equivalent to Padé approximations.
See Section 6 for further explanation.

Using the Padé approximation method, Siegel [S1] in 1929 showed that
the number of solutions of any cubic Thue equation as (1) with positive
discriminant is at most 18 if the discriminant is larger than a certain
value depending on k. To construct Padé approximations he as well
as Thue uses hypergeometric polynomials, so this Padé approximation
method is also called the hypergeometric method. In a student paper
from 1949, A. E. Ge’'man showed that 18 can be replaced by 10. For
a proof of this, see B. N. Delone and D. K. Faddeev [DF, Chapter 5].
J.-H. Evertse [E2] proved that the number of solutions of any cubic
Thue equation with positive discriminant (not assuming it is large) and
with £ = 1 is at most 12, and M. A. Bennett [Bel] proved that this
number is at most 10. Recently (in 2000) R. Okazaki announced at
a conference held at Debrecen, Hungary that the number of solutions
of any cubic Thue equation with sufficiently large positive discriminant
and with £k = 1 is at most 7. On the other hand, based on extensive
computer search, Pethd [P] formulated a conjecture on the number of
solutions of cubic Thue equations with positive discriminant and with
k = 1, by classifying cases. For the general case, he conjectures that
the number of solutions is at most 5. His conjecture is refined by F.
Lippok [Li]. For the equation |az? — by¢| = k, Evertse [E1] gave an
upper bound for the number of solutions, by the Padé approximation
method and congruence consideration. The paper [Bel] includes also
many references on Thue equations.

Siegel [S2] refined the above work of Thue on (iv), and proved that if
|ab is larger than a certain value depending on d and k, then inequality
(iv) has at most one positive coprime solution. This is a nice result since
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it asserts that, if we find one solution, then there is no more solution.
Siegel gave interesting examples: 1. For d = 7,11,13, the equation
33z% —32y¢ = 1 has only the solution (1,1). 2. The equation (a+1)z3 —
ay® = 1 has only the solution (1,1) if @ > 562. Some special cases of
Siegel’s results are contained in earlier results of Delaunay, T. Nagell,
and V. Tartakovskij obtained by the algebraic method. See (viii) and
(ix) below.

Refining the Thue-Siegel method, Baker [Bal] proved that ¥/2 has
irrationality measure A\ = 2.955 with ¢ = 10%, and obtained an upper
bound for the solutions of (iv) in the case a = 1,b = 2, and d = 3, and
completely solved (iv) in the case a = 1,b=2,d =3, and k = 1.

Baker and C. L. Stewart [BaS] treated (iv) in the case b = 1,a > 2 and
d = 3 by Baker’s method, and proved that the solutions are bounded by
(c1k)°?, where ¢; = (50108 l°g€)2, c2 = 102 log ¢, and € is the fundamental
unit > 1 of the field Q(¥a).

An irrationality measure for the number #/a/b is obtained by Bombie-
ri’s method. See Section 4.

After an extensive work done by Bennett and B. M. M. de Weger
[BedW], recently Bennett [Be2] proved, by using both the Padé ap-
proximation method and Baker’s method, that for d > 3 the equation

az® — by = 1 has at most one positive solution. This can be considered

to be a final result about family (iv) with k£ = 1.
There are some other families of Thue equations of degree > 3 which
were treated by the Padé approximation method.

(v) |z — azdy — 62%y? + azy® + y4| < k.

Chen Jianhua and P. M. Voutier [CheV] solved this family with £ =1
for a > 128. They use an important lemma of Thue [Thu3] which
provides a possibility to apply the Padé approximation method to some
special type of Thue equations of degree > 3. For general k, Lettl,
Pethd, and Voutier [LPV] gave an upper bound for the solutions in the
case a > 58, and proved that, in the case k = 6a + 7 and a > 58, the
only solutions with |z| < y are (0,1), (%1, 1), (1, 2). Historically, before
[CheV], by using Baker’s method Lettl and Pethd [LP] had already solved
completely the corresponding family of Thue equations (not inequalities)
for k =1 and 4.

(vi) |28 —2azPy—(5a+15)zty? —2023y° +5azy* + (2a+6)zyS+15| < k.
Lettl, Peths, and Voutier [LPV] gave an upper bound for the solutions
in the case a > 89, and solved the inequality completely in the case k =
120a+323 and a > 89. Families (i), (v) and (vi) are called simple families
since the solutions of the corresponding algebraic equation F(z,1) =
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0 are permuted transitively by a fractional linear transformation with
rational coefficients (see [LPV] for the definition).

(vii) |24 — a2x2y? - by?| < k.

For b = —1, the author [Wak1] gave an upper bound for the solutions
in the case a > 8, and solved the inequality when k = a? — 2 and
a > 8. When b > 1 and a is greater than a certain value depending on b,
an upper bound for the solutions was obtained by [Wak2], and the case
b=1,2, a>1, and k = a®+b—1 was completely solved. The method is
based on Padé approximations. In the Padé approximation method, one
usually constructs, for a real solution 6 of the corresponding algebraic
equation, linear forms in 1,6. In these two works however, linear forms
in 1,0,6% were used, and it seems that linear forms of this kind were
used for the first time to solve Thue equations.

4. BOMBIERI'S METHOD

The proof of the finiteness theorem of Thue on equation (1) is based
on the idea that if there is a rational number which is sufficiently close
to a given real number §, then other rational numbers can not be too
close to 8. In fact, Thue first assumes existence of a rational number
Po/qo having sufficiently large denominator and exceptionally close to
6. Then, taking ancther p/q close to 6, and using the box principle, he
constructs an auxiliary polynomial P(z,y) which vanishes at (6,8) to
a high order. And he proves that P vanishes at (po/qo,p/q) only to a
low order. To prove this, he needs the assumption that qg is sufficiently
large. However, this assumption for po/qo is too strong, and no pair
(6, po/qo) having the required property is known at present, and by this
reason no effective result has been found using this method.

E. Bombieri [Bol] however succeeded, by using Dyson’s lemma, to
remove the requirement that g should be large. This lemma asserts
in fact that P vanishes at (pg/qo,p/q) only to a low order, by using
information on the degree of P and the vanishing degree at (6, 0) only.
Hence it is free from the size of qg, and it allows to use an approximation
Po/qo to 6 even if its denominator is small. Thus, Bombieri could find
examples of good pairs (6,pg/qo), and obtained effective irrationality
measures for certain algebraic numbers.

Ezample [Bol]. Let d > 40, and let 6 be the positive root of zl—azd—141,
where a > A(d) and A(d) is effectively computable. Then, 6 has effective
irrationality measure A = 39.2574.
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Refining the above method, Bombieri and J. Mueller [BoM] obtained
the following.
Theorem ([BoM]). Let d > 3, and let a and b be coprime positive
1 —-b
integers, and put p = oil(l)c—;—b—l. Let § € Q(/a/b) be of degree d. If

p < 1—2/d, then for any € > 0, 8 has effective irrationality measure

2 dlogd\
A=
1—M+6( Tog b ) +e

Pursuing this direction, Bombieri [Bo2] in 1993 succeeded to create
a new method for obtaining an effective irrationality measure for any
algebraic number. This method applies to all algebraic numbers, hence
it is a very general theorem as well as Baker’s theorem. The method is
completely different from that of Baker.

Bombieri, A. J. van der Poorten, and J. D. Vaaler [BvPV] applied
Bombieri’s method to algebraic numbers of degree three over an algebraic
number field, and under a certain assumption, obtained an irrationality
measure with respect to the ground field. For simplicity, we state their
result for cubic numbers over the rational number field.

Theorem ([BvPV]). Leta (# 0) and b be integers (positive or negative),
and f(z) = z® + ax + b be irreducible. Let 6 be the real root of f whose
absolute value is the smallest among the three roots of f. Assume that
la] > €'%% and |a| > b2. Then, 8 has effective irrationality measure

_ 2log |af? + 14
log(lal*/6%) * (log(laf3/b2))1/3"

Ezample. For |a| = [€!1°%0] + 1 and |b] = 1 we have A\ = 2.971.

Remark. If a > 0, then f has only one real root, and its absolute value
is smaller than that of the complex roots of f.

5. ALGEBRAIC METHOD

After Thue proved his theorem on the finiteness of the number of
solutions, the maximal number of solutions for some special families of
Thue equations of low degrees was determined by the algebraic method.
"This method uses intensively properties of the units of the associated
number field or of the associated order. Therefore, only the cases where
the units group has rank 1 have been treated. However, this method

On families of cubic Thue equations 367

gives very precise results on the maximal number of solutions, and it
also gives an alternative proof of Thue’s finiteness theorem for these
special cases. Nagell [N4], and Delone and Faddeev [DF] are good books
on this subject. Families (viii) and (ix) are special cases of (iv).

(viii) az® + by® = k.

Case b =1 and k = 1. Delaunay and Nagell independently proved
that this equation has at most one solution with zy # 0. For the proof,
see [Del], [N1] and [N2].

Case k = 1 or 3. Nagell [N1] [N2] proved that this equation has at
most one solution with zy # 0 except the equation 2z + y® = 3 which
has two such solutions (1,1) and (4, —5).

(ix) 2t —ay? = 1.

Tartakovskij [Ta] proved that if @ # 15 then this equation has at most
one positive solution. Actually, one can see by using KANT that the
same holds for a = 15 also.

(x) F(z,y) = 1 where F is a homogeneous cubic polynomial with
negative discriminant.

The assumption that the discriminant is negative implies that F'(z,1)
has only one real zero and the associated unit group has rank 1. Delau-
nay [De2] and Nagell [N3] independently proved that, if the discriminant
is not equal to —23, —31, —44, then this equation has at most 3 solutions.

(xi) 23 +azy? +y3 =1, a>2.

The only solutions of this equation are (1,0),(0,1) and (1, —a). This
is a corollary of the above general result of Delaunay and Nagell on
equation (x) since the discriminant —4a3 — 27 is negative by the as-
sumption and the equation has already three solutions. The case a =1
corresponds to one of the exceptional cases.

6. PRINCIPLE OF THE PADE
APPROXIMATION METHOD

We explain here how we apply Padé approximations to solve Thue
equations. For this purpose, let us consider equation (4), namely the
example treated by Thue and Siegel. The principle is as follows. In order
to solve this equation, we need to obtain properties concerning rational
approximations to the algebraic number a = {/(a+1)/a with d = 3.
Let us note that this number is written as & = /1 + 1/a. In order to
obtain properties of this number, we first consider the binomial function
1 + z, and obtain some property concerning Padé approximations to
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this function. Then, putting z = 1/a and using the property of this
function, we obtain properties of the number a.

In order to explain what Padé approximations are, we state the fol-
lowing proposition.

Proposition. Let f(x) be a Taylor series at the origin with rational
coefficients. Then, for every positive integer n, there exist polynomials

Pp(z) and Qn(z) (Qn # 0) with rational coefficients and of degree at
most n such that

Po(z) — Qn(z)f(z) = cuz™ ™ ...

holds, namely, such that the Taylor ezpansion of the left-hand side begins
with the term of degree at least 2n + 1.

We call the rational functions P, (z)/Qy(z) or the pairs (P, (z), Qn(z))
Padé approzimations to f(z).

Proof. The necessary condition for P, and Q, is written as a system of
linear equations in their coefficients. Comparing the number of equations
and the number of unknowns, we find a non-trivial solution.

By this proposition we see that Padé approximations to a given func-
tion exist always. For application to Diophantine equations, this exis-
tence theorem is not sufficient, and it is very important to know prop-
erties of the polynomials P,(z) and Qn(z). Namely, it is necessary to
know the size of the denominators of their coefficients, and upper bounds
for values of these polynomials and the right-hand side. Therefore, it is
important to be able to construct Padé approximations concretely.

Ezample (Thue-Siegel). Padé approximations to the binomial function
V1 + z are given by

F(-1/d—n,—n,-2n;—2z) — F(1/d — n,-n, —2n; —z) V1 + z

— Cnx2n—+~l 4.

b

where F' denotes the hypergeometric function of Gauss (in this case they
are hypergeometric polynomials).

We put z = 1/a into this formula, and we multiply the relation by
the common denominators of the coefficients of these hypergeometric
polynomials and also by a®. Then we obtain

d 1 1\t
Pn=tnifl+-=cp (5) +,

Dn, qn € Z.

b A

Frlked

;
’,'X
3
b
b i3
&
i
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Suppose a is sufficiently large. Then we can verify that if n tends to
the infinity, then the right-hand side tends to zero. From this we obtain
a sequence of rational numbers p,/qn, which approach to the number
a = ¢/1+ 1/a. Since we know well about hypergeometric functions, we
can obtain necessary information about py, qn, and the right-hand side
of the above relation. Then, comparing a rational number p/q close to
the number a with the sequence p,/qn, we obtain a result on rational
approximations to a. (Actually we should construct two sequences ap-
proaching to @.) This final process is based on the following lemma. Its
idea is due to Thue.

Lemma. Let 8 be a non-zero real number. Suppose there are positive
numbers p, P,l,L with L > 1, and further there are, for each integer
n > 1, two linear forms

Pin + Qing = lin (2 =1, 2)

with integer coefficients pin and gin satisfying the following conditions:
(i) the two linear forms are linearly independent;
(ii) |gin| < pP™ ; and
(i) [l < L/L".
Then 8 has irrationality measure

log P

/\:1+logL

with ¢ = 2pP(max{2l, 1})Cos P)/(log L)

Proof. See for example [R, Lemma 2.1].

If we can obtain some information about the behavior of the principal
convergents to the algebraic number @ = {/1+ 1/a, it would be ex-
tremely nice. But, since a is an algebraic number of degree greater than
2, we do not know any information at all about its principal convergents.
Even though the sequence p, /g, obtained by Padé approximations con-
verges to « not so strongly as the principal convergents, we any way
know some information about its behavior, and this provides us with
information about rational approximations to a by the above lemma.
This is the principle of the Padé approximation method.

Remark. As explained in Section 4, in the proof of the finiteness theorem
of Thue, the denominator of an exceptional approximation po/qo is re-
quired to be large. Contrary to this, in the Padé approximation method,
it is not required for a good solution (or equivalently for an exceptional
approximation) to have large size.
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In the above lemma, the smaller the constant P is, the better result
is obtained. G. V. Chudnovsky [Chu] estimated more precisely the com-
mon denominators of the coefficients of the hypergeometric polynomials
than Siegel [S2] and Baker [Bal] did. Thus he improved for example
Baker’s result on irrationality measure for +/2, and obtained the value
A = 2.42971. He also gave irrationality measures for general cubic num-
bers under a certain assumption [Chu, Main Theorem]|. As an example,
he obtained the following (see [Chu, p.378]).

Theorem ([Chu]). Let a be an integer (positive or negative) with a =
—3 (mod 9), and let 8 be the real zero of f(z) = 3 + ax + 1 whose
absolute value is the smallest among the three zeros of f. Then, for any
€ > 0, 0 has effective irrationality measure

og (14 VET+ D)’ /D1 )

A= + €,
log (61 + VG +Di) /IDaly)
where
_ 43 _ 2 2 3 __ _V3rn/6
D, = 570 1, G = 77 ® + 39 +1, y=e /\/§

Taking € small, we have A < 3. When |a| is large, we have asymptotically

4.5log3 —2log?2 — \/§7r/2
3log|a| +0.5log3 — v/37/6

7. THUE INEQUALITIES GIVEN BY (3)

Hereafter, we suppose a > 0. We give new results on the family of
cubic Thue inequalities given by (3). Our method is based on Padé
approximations. We give an outline of the proof in Section 8. The full
proof will appear elsewhere.

As mentioned above, there are preceding results concerning this fam-
ily: Equation (xi) was solved by algebraic method; irrationality mea-
sures for the associated algebraic numbers were given by Bombieri’s
method; Chudnovsky gave irrationality measures for the case b = 1
and a = —3(mod 9). (In the last two cases, the results hold for a < 0
also.)

Put f(z) = 23+ az+b. From the assumption that a > 0, the algebraic
equation f(z) = 0 has only one real solution and the other two solutions
are complex. Let us denote by € this real solution. Further we put
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R = 4a3 +27b%. Note that R is equal to the discriminant of f multiplied
by —1. Our results are as follows.

2/3
Theorem 1. Suppose a > 2%/334|p|*/3 (1 + 390|b|3) . Then for any

integers p,q (g > 0), we have

p 1
6—=|> ,
‘ g~ 1.73-108a%btgMab)
where Y
v 1
Mab) =1+ log(4v R + 12v/6b])

log((1 - 27b2/R)VR/(2762))

Further, A(a,b) is a decreasing function of a and tends to 2 when a tends
to oo.

Remark. The above assumption on the size of a is imposed in order
to obtain the inequality A(a,b) < 3 which is the essential requirement
for application. For example, we obtain A(a,b) < 3 for b = 1 and
a > 129, and for b = 2 and a > 817. This shows that for small b we have
A(a, b) < 3 for relatively small a. Compare with the assumption in the
theorem of Bombieri, van der Poorten, and Vaaler mentioned in Section
4. Moreover, in their result, A behaves asymptotically for large a

14

Ma,b) ~ 2+
(.5 V3(loga)l/3

while ours behaves

4log |b] + 21og 108

Aa,b) ~ 2+ 3Toga

b

and behaves better. However we should note that their result holds for
cubic algebraic numbers over any algebraic number field. Compare also
with the behavior of A\ in Chudnovsky’s theorem.

As an easy consequence of Theorem 1, we obtain the following.
Theorem 2. Under the same assumption as in Theorem 1, we have,
for any solution (z,y) of the Thue inequality (3),

1
ly| < (1.73 - 10%a3btk) 3@H
with the same A(a,b) as in Theorem 1.

Since we have obtained an upper bound for the solutions of (3), we
may consider that (3) is solved in a sense under the assumption. In order
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to find all solutions of (3) completely, we need to specify the value k.
Let b > 0. Taking into account that for (z,y) = (1,1) the left-hand side
of (3) is equal to a + b+ 1, let us put £k =a+ b+ 1, and let us consider
the Thue inequalities

|2 + azy? + by <a+ b+ 1. (5)

Theorem 3. Let b > 0 and a > 3000b*. Then the only solutions of (5)
with y > 0 and ged(z,y) =1 are

(0,0), (£1,0), (0,1), (-1,1), (1,1), (-b/d,a/d), where d = gcd(a,b).
Let us call these solutions the trivial solutions of (5) with y > 0.
For b = 1,2 we can solve (5) completely.

Theorem 4. Letb=1 orb=2, andlet a > 1. Then the only solutions
of (5) with y > 0 and ged(z,y) = 1 are the trivial solutions except the
casesb=1,1<a <3 andb=2, 1<a<T7 Further, we can list up
all solutions for the exceptional cases.

8. SKETCH OF THE PROOF

Proof of Theorem 1. We use the Padé approximation method expiained

in Section 6. As explained above, in order to solve equation (4) or the
more general equation (iv), it was necessary to obtain a result on ra-
tional approximations to the associated algebraic number. Since those
equations have diagonal form, namely they contain only the terms z¢
and y¢, the associated algebraic number is a root of a rational num-
ber. Therefore the binomial function /1 + z was used. However, in our
case, equation (3) has not diagonal form. But this inconvenience can
be overcome by transforming the equation into an equation of diagonal
form as follows. The transformation itself is an easy consequence of the
syzygy theorem for cubic forms in invariant theory, namely the relation
4H3 = DF? — 72 among a cubic form F, its discriminant D, and its
covariants H and J of degree 2 and 3 respectively.

Lemma 1. The polynomial f can be written as

B tar+b= %(a(ac+ B +a(x + B)%),

where /i
3v3b - 3b V3R
=1 :t ) ﬂ’ﬁ =—F .
vR 2a 6a

Proof. We can verify the formula by a simple calculation starting from
the right-hand side.
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In order to obtain the form of the formula, we just set a = s + tvR
and 8 = u + vV R with unknowns s, ¢, u, v, and put them into the right-
hand side, and we compare the coefficients. Then we obtain the formula.

This fact was used also in Siegel [S1] to determine the number of
solutions of cubic Thue equations, and also it was used in Chudnovsky
[Chu]. This made possible to obtain results on general cubic numbers
of wide class by considering only the binomial function ¥/1 + z and its
Padé approximations.

We use this formula in a different way from theirs. Since @ is a real
zero of f(x), we have
_0+5 (6)

0+p
The key point of our method is to consider the number on the left-hand
side, and to apply to this number Padé approximations to the function
Y/(1—z)/(1 + z). To construct Padé approximations, we use Rickert’s
integrals [R].

«
«

Lemma 2. Forn>1, i =1,2 and small z, let

‘)7r\/_/ z2 _ 1 n+1 dz’

where 7; (i = 1,2) is a small simple closed counter-clockwise curve en-
closing the point 1 (resp. —1). Then these integrals are written as

Iln(x) =Pn(z) V31+-'L', I2n(w) =—Pn(—117)31——x,

where P, (z) is a polynomial of degree at most n with rational coefficients.
Further we have

Lin(z) =

l—1z
Pa(a) = Pal=2){[ 1o = cna®™*! 4 -+
Now we put z = 3v/3b/ VR into these Padé approximations. Then
using (6) we rewrite the left-hand side in terms of 4,3 and 3, and we
multiply by 8 + 8. Then we observe that the left-hand side does not
contain any square root. Thus we obtain linear forms

Pnt+qnf =1y

with rational coefficients. .
Since the Padé approximations are given by integrals, we can obtain
necessary information about the linear forms by residue calculus and by
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Abstract  In this paper we shall exhibit the close mutual interaction between zeta-
regularization theory and number theory by establishing two examples;
the first gives the unified Kronecker limit formula, the main feature be-
ing that stated in terms of zeta-regularization, the second limit formula
is informative enough to entail the first limit formula, and the second
example gives a generalization of a series involving the Hurwitz zeta-
function, which may have applications in zeta-regularization theory.
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1. INTRODUCTION

In this paper we shall give two theorems, Theorems 1 and 2, which
have their genesis in zeta-regularization. One (Theorem 1) is the second
limit formula [16] of Kronecker in which effective use is made of the zeta-
regularization technique, and the other (Theorem 2) is a generalization
of a formula of Erdélyi [6] (in the setting of Hj. Mellin [13]) which gives
a generalized zeta regularized sequence (Elizalde et al [4]).

First, we shall give the definition of the zeta-regularization.

Definition. Let {\;}x=12, . be a sequence of complex numbers such
that

oo
Z I/\kl_a < 00
k=1

for some positive a.
Define Z(s) by Z(s) = > poy A~ ° for s such that Re s = ¢ > o and
call it the zeta-function associated to the sequence {\t}.
379
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We suppose that Z(s) can be continued analytically to a region con-
taining the origin.

Then we define the regularized product, denoted by H Ak, of {A\¢}
¥4
k

as

H A = e FPZ/0),
z
k

where FP f(so) indicates the constant term in the Laurent expansion of
f(s) at s = sp. If this definition is meaningful, the sequence {\;} is
called zeta-regularizable.

Similarly, if Z(s) can be continued analytically to a region containing
s = —1, the zeta-regularized sum is defined by

ZZ Ak = log { HZ exp()\k)} =FP Z(-1).
k k

Giving a meaning in this way to the otherwise divergent series or

products by interpreting them as special values of suitable zeta-functions

(or derivatives thereof) is called Zeta-regularization.

Remark 1. i) As {A;} we consider mostly the discrete spectrum of a
differential operator.

ii) Formal differentiation gives

~Z'(s Z Ao~ log Mg = Z log A2k |

or
[T =

so that this gives a motivation for interpreting the formal infinite product
12, A as e FP 2O,

iii) The merit of the zeta-regularization method lies in the fact that
by only formal calculation one can get the expressions wanted, save for
the main term, which is given as a residual function (the sum of the
residues), for more details, see Bochner [3]. To calculate the residual

function one has to appeal to classical methods. Cf. Remark 2 and
Remark 3, below.

We shall now state the background of our results more precisely. Re-
garding Kronecker’s limit formulas, J. R. Quine et al [15] were the first
who used the zeta regularized products to derive Kronecker’s first limit
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formula in the form

IT. im+nzf = @nn()1, )

mmnezZ

where the prime “” indicates that the pair (m,n) = (0, 0) should be ex-
cluded from the product, n(z) denotes the Dedekind eta-function defined
by

e H e?™m2) - Im z > 0. (2)

On the other hand, Quine et al [15], Formula (53), states Kronecker’s
second limit formula in the form

Tz

[Lo+w =i Een (-5 -miv) nws, @

where v runs through all elements m + n7 of the lattice with basis 1, 7
(—m < argy < ) and 91 (w, z) is one of Jacobi’s theta-function given by

[ ¢]

Y1(w, 2) = Z exp (m’(n + -;—)2:: + 2mi(n + %)(w - %))

n=—oo

= 261%271(2) sin Tw ﬁ (1 — 62”("2"’“’)) (1 - ez"i(""'_“’)) . (4)
n=1

Quine et al [15] proved (3) using a generalization of Voros’ theorem
[19] on the ratio of the zeta-regularized product and the Weierstrass
product to the case of zeta regularizable sequences (Theorem 2 [15]).

It is rather surprising that they reached (3) without knowing the first
form of Kronecker’s second limit formula (from the references they gave
they do not seem to know Siegel’s most famous book [16] on Kronecker
limit formulas) as (3) does not immediately lead to it (the conjugate
decomposition property does not necessarily hold for complex sequences

Siegel’s book [16] had so much impact on the development of Kro-
necker’s limit formulas and their applications in algebraic number the-
ory that the general understanding before Berndt’s paper [1] was that
the first and the second limit formulas of Kronecker should be treated
separately, and may not be unified into one (see e.g. Lang [11] and oth-
ers). Berndt [1] was the first who unified these two limit formulas into
one, but this paper does not seem to be well-known for its importance
probably because it was published under a rather general title “Identities
involving the coefficients of a class of Dirichlet series”.
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It is also possible to unify the investigation of Chowla and Selberg with
Siegel to deduce a unified version of Kronecker’s limit formula (Kumagai
[10]), but this is superseded by Berndt’s theorem in the sense that in
Berndt’s one is to take only w = 0 while in Kumagai’s paper, the residual
function has not been extracted out.

To restore the importance of Berndt’s paper and clarify the situa-
tion surrounding Kronecker’s limit formulas we shall prove the unified
Kronecker limit formula. The main feature is that, stated in terms of
zeta-regularized product, the second limit formula is informative enough
to entail the first limit formula:

9 (w, z) |2

H |m+nz+w|2 — e—?‘lruzy
z n(z)

mnez

Indeed, noting that
91(w, 2) = 217° (2)w + O(jwl’)  |w| — 0,

we can take the limit in (5) as w — 0, and

H In + mz|? —hm

m, neZ

H In + mz + wl|?
mnEZ

= 4n’n(2)[".

lwl2

To state Theorem 1 we fix the following notation.

Let Q(&,n) = a€? + 2bén + cn? be a positive definite quadratic form
with a > 0, and discriminant d = ac — > > 0 which we decompose as

b+ Vdi

a

Q) =Vdy e +n} z=a+iy=

For 0 < u,v < 1 we define the Epstein (-Lerch) zeta-function associated
with Q(u,v) by

2m (mu+nv)

Cols;u,v) : Z Oy o>1. (6)
Also define the classical Epstein zeta-function by

Ca(s) = Co(ssu,v) = ZQ(mn o> 1. (7)

We can now state the unified Kronecker limit formula.
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Theorem 1. i) {g(s;u,v) has the expansion at s =1,

Calsiuv) = = (s—1), (8)
where -
c_1 = —ﬁs(u,v), 9)
and

27
= —1q g(u,v + logm — lo \/E)+27ru2
co \/R{ (u,v) (7 g g\ Vdy y
91(v — uz, 2)
(v —uz)n(z)
where £(u,v) is defined by

e(u,v) = { 1, (u,v)=(0,0)

0, otherwise.

—log

- (1 —&(u,v))log|v — uzl} , (10)

ii) Under the convention
(1 — e(u,v))log |[v — uz| =0 for (u,v) = (0,0),

we can rewrite (8) as Kronecker’s first limit formula stated in Siegel [16).

lim (m@)—?ff) 2y rog2-tog Vst f, o

o0

where v is Euler constant and ((s) = {(s,1) =
Riemann zeta-function.

el M —5 denotes the

We now turn to the second example, which is discussed in Elizalde et
al [4] under the title “Zeta-regularization generalized”. Our main object
of study is the function

0 _
e (n+a)*r

F(S,T, a) = Fa(S,T, (l) = ms‘,

n=0

(11)

where the series, extended over n # —a, is absolutely convergent for
ac >1and 72> 0.

Theorem 2. For 0 < a <1, a > 0 and |7]| < 27, we have the expansion

)
F(s,7) = F(s,T,a) = Z
n=0

a(s—n)#1

(="

((a(s —n),a)™ + P(s,7), (12)
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where ((s,v) = Y o2 o(n + v)~° denotes the Hurwitz zeta-function and
P(s,T) the generalized residual function (see e.g. Bochner [3])

P(s,7) = P(s,7,a) = —1—/|+ i [(2)¢(a(s + 2),a)7"*dz, (13)

2mi

and where r is a small positive number so as to enclose the pole of the
integrand as follows:

[¢], t#0
min —(7+l 1-—- +1 +1¢Z t=0
r< o y ag o y g 1 > , 1=
1, §s——€LZ.
o

In particular, if s — é ¢ Z,

P(s,7) = él‘ (l - s) 5 a.

«a

The series on the right-hand side of (12) is absolutely convergent for
any T or || < 2m according as0 < a <1 ora=1.

In the case a = 1, (12) corresponds to Formula (8) in Erdélyi [6, p.29]:
|logz] < 2m, s#1,2,3,...,v#0,-1,-2,...

e _ra-
Z (n+v)s 2V

n=0

)(logl/zs ! ZCS-T‘ logz)

Theorem 2 is a companion formula to Theorem 1 of Katsurada (8]
which gives an asymptotic expansion for the function

G(s,T,a) Z ¢(a(n —s), )(_nL')n

n>Res+1

(Katsurada considered the special case of & = 1, a = 1: G,(r) =
G(VaT) = En>Reu+1 C(n - V)%)

We are as yet unable to obtain a counterpart result for G.
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2. PROPERTIES OF
ZETA-REGULARIZATION

We quote some basic properties of the zeta-regularized products which
we use in the proof of Theorem 1 (see e.g. Quine, et al [15], Song [17]).

We call the least integer h such that the series for Z(h + 1) converges
absolutely the convergence index.

I. Partition Property. Let {/\501)} and {/\592)} be zeta-regularizable se-
quences and let {\;} = {x\}cl)} U {/\E)} (disjoint union). Then

= I T
k

k

I1. Splitting Property. If {\¢} is zeta-regularizable and ]_—‘[a,C is con-
k

vergent absolutely, then
HZ apAg = Hak Hz Ak.
k k k

II1. Conjugate Decomposition Property. If { A} is a real zeta-regular-
izable sequence with convergence index h < 2, then

L -2 = TLe—» [Low-%.
k k

k
IV. Iteration Property. Suppose A = {\n,} is a double-indexed zeta-

regularizable sequence, i.e. HZ Amn is meaningful. Then for {An} =

mmn

{ l I Amn} H A, is meaningful, and we have
z z
n m

H Amn = H Am= H H Amn
m,nz m‘z mz nz

(for details, cf. Song [17], p.31).

We shall now give two examples. The first example interpreting the
otherwise divergent series as special values of the Riemann zeta-function,
is originally due to Euler [7] and is an example of various regular methods
of summation or a consequence of the functional equation, while the
second example enabling us to interpret the otherwise divergent products
as the zeta-regularized products is due to Lerch [12, p.13].
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Example 1. {(—-n),n=0,1,2,..
details about Ramanujan’s ideas)

. (see Berndt [2, pp.133-136] for more

1°4204+30+40 ... = —
T4t pgl 4 ==
12422432 4+424+...=0,

B+ 4383 4+483 4. = ——
Example 2. exp(—('(-n)), exp(—('(-n,a))
a € C - [—o0,0], (14)

)

-1

H n" = Ae” 1z,
z
n=1

where A = 1.282427130. .. is the Glaisher-Kinkelin constant defined by

11223% ... 2
A= lim ————————~———677
n—o0 nn+ +]2

3. PROOF OF THEOREMS
Proof of Theorem 1. Let Q* be the reciprocal of Q given by

= e ¢(-D+15.

Q*(é’n) = éQ(’?» _E)

If we define the Epstein-Hurwitz zeta-function ¢q by

1
dq(s;u,v) = Z Omtunto) oc>1, (15)

mnez

then (g satisfies the functional equation

din T (s)Cq(s;u,v) = (A=) 47~ U=9D(1 - 8)go-(1 — s3u,0)  (16)

(see e.g. Epstein [5] or Berndt [1]).
In particular, ¢g-(0;u,v) = —¢(u,v) follows from this.
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We use the functional equation (16) to expand (g around s = 1 as
follows:

-1/2
Colssu,v) = ﬂ-—:-—l—e(u v)
+7d” 2¢Q.(O u,v) + 2nd” 2(—:(u v){y + logm)
+O(s —1). (17)

Thus we are led, after Stark (see e.g. [18]), to compute ¢ (s;u,v)
at s = 0 (rather than at s = 1) which we do by the zeta-regularized
product

o~ %or (Oiuv) _ (Vdy)s®?) le In 4+ mz + w|?, (18)

mmneZ

where w = v — uz.
We compute H = H |n + mz + w|®. By Property IV,
m, nGZ

H H H In + mz + w|?.
mGZ nEZ

For w # 0, by Properties I and III, the inner product can be expressed
as

oo} o0
2 _
Hz|n+mz+w| = Hz(n+mz+w Hz (n4+mz + )
nez n=0 n=0
o0 oo}
X Hz(n—}—l—mz—w) Hz(n+1—mz—w).
n=0 n=0
o0
V2
By Lerch’s formula H (n+a)= _7r_7 we may express each product
0 IN()
n=

in terms of the gamma function. Since these in pairs are of the form

V2r  Ver Vor  om

Tzt o) TA—me—a) ™ T(mz+o)TA-mz-w)

we can rewrite them, using the reflection property of the gamma func-
tion, in sines to get

H In + mz 4+ w|? = |2sinw(mz + w)|>.
nEZz
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On the right-hand of this formula we express the sine |2sin 7(mz+w)|?
by exponentials

--7r'i(lz+w)‘2 |1 _ e27ri(w+lz) 2 or le-—m'(lz—w)l2 '1 _ e—27ri(w—lz) 2

e

accordingas m=lorm = —Il,l € N.
We multiply these over [, —{, and 0, using Properties I and II, we have

e 2 2
H — |2$in le2 H Ie—m(lz+w)| le—m(lz—w)|
z
=1

ad ami(wiiz) |2 omitw—12)|2
XH|1_emw+z |1_e—m(w—z)
=1

The infinite product part can be rewritten as

e 9 (w,z) |?
[2sinmw|? | n(z2)

and the zeta-product part as

2_1
e-27ry(u —g)’

whence we conclude (5):

’01(10, Z) 2

H= H |m+nz+w|2 _ e—27ru2y
z n(z)

m,n€z

Hence by (5), the product in (18) becomes

191(’(1), Z) 2

!
H Im +nz + w|? = =2V
z wn(z)

m,nez

or

191(w,z)

~¢g-(0;u,v) = log \/Ey e(u,v) g—2muy
’ e wn(z)

2
}. sy

Substituting (18)' in (17) proves the assertion. ||

Remark 2. Deduction of (18)' in this formal way is the advantage of
the zeta-regularization method (cf. the ingenious proof of Siegel [16]).

Two examples of zeta-regularization 389

Proof of Theorem 2. Suppose first that 0 < 7 < 27. Then by the Mellin
inversion for fixed s = o + it,

F(s,7) = 5 | TG)(ets + 2 e,

where the integral is the Bromwich integral extended over a vertical line
(¢): z=c+1y, —00o <y < oo, with ¢> 0.

We shift the line of integration to (¢) with ¢ = —N — k, where
0 <k <1and N is a large positive integer satisfying

1
N>o- E, N> Itl, (19)

which we may, because for the Hurwitz zeta-function we have the well-
known estimate

1
3—U

I¢(u + v, 0)| K ‘% for u <0, (20)
and for the gamma function we have
ID(w + iv)| ~ V2r|v|*~2e~ 5 (21)

valid in any strip u; < u < ug, a consequence of Stirling’s formula
1
log(2) = (z - 5) logz — z + log V2m + O(z™1) (22)

for |arg z| < 7, |2z| — o0.
Hence by the residue theorem, we find that

F(s,7)= ), ResT(z)((a(s +2),0)77°
0<k<—c =
a(s—k)#1

+ P(s,7) + Rn(s,T)
say, where P(s,7) is defined by (13) and

R(s,7) = Rn(s,70) = — /( TE(als +2) a7 (2

211

Hence

F(s,7) = ZI (—kl')k C(afs — k),a)7* + P(s,7) + Rn(s,7). (24)
0<k<N
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We wish to determine the radius of absolute convergence of the series
on the right-hand side of (12) whose partial sum appears on the right-
hand side of (24). For this purpose we estimate the coefficients.

If z =2z + iy, |arg 2| < 7, and |2| — oo, then by (22) we have

ID(2)| ~ V2r|z[*2e VorB2=2, (25)

Using (25) and the functional equation

2T(1 — 5) sm27rma+ =)
27rls Z

¢(s,a) =

for o < 0,
=1

we infer that

I¢(a(s — 2),a)| < 2(2m)e=D) =1 It
x |D(a(z - 0) + 1 —ia(t — y)))|{(a(k — o) +1)
< (2m) o)=Lty
x (a(z — o) + 1)a(x—a)+§ e—a(z—0)-1
< e—am(logzw)e—az(am)aﬁ%—aae%lt—yl (26)
for x — oo.

Thus we conclude that by the Cauchy-Hadamard Theorem, (25) and
(26), the series on the right-hand side of (12) is absolutely convergent
for |7| < o0 or |7| < 27 according as 0 < @ < 1 or @ = 1, whence we
conclude that (12) gives the Taylor expansion for F(s,7)— P(s,7) in the
respective range of 7 if limy_ Rn(s,7) = 0.

It remains to prove that

lim Ry(s,7)=0 (27)

N—o0

forany 7if0 < a<1andfor |7| < 27 if a = 1.

With o
A= rove
let '
T = c(a) ——(N + k). (28)
Then N = [¢(a)T] and
T > |t (29)

in view of (19). Divide the integration path of Ry(s,7) into three parts:
v =1Imz € (—o0,-T), [-T,T), [T,) and denote the corresponding

i

B
H
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integral by I¢=), 1) and I (+), respectively, where

, 0
1) = i / [(-N
710 — ____/

27r

1 o0

— Kk —iv)C(a(s — N — k —iv),a) TN T+ dy,

iw)(a(s = N — 5 — iv), a)r N+ gy

.

F(_N ~— K+ w)(a(s — N — £ +iv), a)TN’L"_i”dv,

%) =

or ), TN =+ )(a(s—N—r+iv) a)rN ey,
\ T

(30)
To estimate I(¥) we apply (20) and (21) and then the Cauchy-Schwarz
inequality to get

I(_) < (i) %+a(N+n—-a) TN'H‘
2

]
X/ e—%vU—N—n—%(ltl+v)%+a(N+rc—o)d,U
T

(—_C_y—) %+a(N+n—a) 7-N+'€
27

<
1
o0 " 2
% (/ e—;vv—2N—2n—ldv>
T
o !
x (/ e_iv(ltl +_,U)1+2a(N+n—a)d,U>
T
< (21) yta(N+r-0) TN+ne—§TT—N—n—%(lt| +T)%+a(N+n—a)_
™

Hence by (29)

I(“) < (;_)ac(a)T Tc(a)Te—%TT—(I—-a)c(a)TT—aa’ (31)
I
and similarly,
I « (5‘2‘_)“("‘” e(@)T g= 3T p-(1-a)c(e)T a0 (32)
Y

For the estimation of I(®) we apply (25) and (26),
I(O) & e—c1(a)TT—(l—a)c(a)T—aael’—z‘l|t|Tc(a)T’ (33)

where

c1(a) = c(a){alog2r — aloga + (1 — a)(logc(a) — 1)}.
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Thus, from (31), (32) and (33), it follows that
RN(S,T) < e—cg(a)TT—(l—a)c(a)TT—aaTc(a)T
< e—c’2(a)NN-(l—a)(N+n)N—aoTN-i-n, (34)

with co2(a) = c1(a), ch(a) = a(log2r —loga + 1) — 1.
Hence, as long as 0 < o < 1, we have

Rn(s,7) <« N~(1=aN _, g (35)
as N — oo and for a = 1, ¢j(1) = log2m > 0, we have
Ry(s,7) < e~(og2m—lognN _, g (35)'

as N — oo.
By (35) and (35)" we conclude (27). This completes the proof. |

Remark 3. We transform formally F(s,7) by the method of zeta-reg-
ularization to obtain

. e—(nt+a)® O X 1
(S, 7') 2:: (n + a)as T;);Q k! n + a)a(s—k)
= (=7)F
Z o ¢(a(s —k),a) + (a correction term)

k=0

with s — 1 #0,1,2,...
In fact P(s,7) is the correction term to be calculated by another
method.
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OF DEDEKIND SUMS AND HURWITZ
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Abstract The main purpose of this paper is using the mean value theorem of the
Dirichlet L-functions and the estimates for character sums to study the
mean value distribution of Dedekind sums with a weight of Hurwitz
zeta-function, and give an interesting asymptotic formula.
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1. INTRODUCTION

For a positive integer k and an arbitrary integer h, the Dedekind sum
S(h, k) is defined by

k

s =3 ((2)) (%)),

a=1

where

(z) =4 %~ [z] — 1 if z is not an integer;
- 0 if z is an integer.

Various properties of S(h, k) were investigated by many authors. For
example, Carlitz [3], Mordell [5] and Rademacher [6] obtained an im-
portant reciprocity formula for S(h,k). Conrey et al. [4] studied the
mean value distribution of S(h, k), and gave an interesting asymptotic
formula. The main purpose of this paper is to study the asymptotic

This work is supported by the P.N.S.F. and N.S.F. of P. R. China.
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properties of the hybrid mean value
Z (3 )8 (@) (1)

where {(s, @) is Hurwitz zeta-function, Z denotes the summation over

a
all integers a coprime to q.

Regarding (1), it seems that it has not yet been studied, at least I
have not seen expressions like (1) before. The problem is interesting
because it can help us to find some new relationship between Dedekind
sums and Hurwitz zeta-functions. In this paper, we shall give a sharper
asymptotic formula for (1). The constants implied by the O-symbols
and the symbols < used in this paper do not depend on any parameter,
unless otherwise indicated. By using the estimates for character sums
and the mean value Theorems of Dirichlet L-functions, we shall prove
the following main conclusion:

Theorem. Let q be an integer with ¢ > 3, x be any Dirichlet character

modulo q. Then for any fized positive integer m and n, we have the
asymptotic formula

Zx == Sm(a q)

_ q”‘+2 ne1 (m+n+2)loggq
- (12)'"L(m+ )+O( T exp( loglog g ’

where L(s, x) is Dirichlet L-function and exp(y) = e¥.

From this Theorem we may immediately deduce the following two
Corollaries:

Corollary 1. Let q be an integer with ¢ > 3. Then for any fized positive
integer m and n, we have the asymptotic formula

+2

ZC (1 aSm 9= 2)m<(m+g)n<1‘ m1+§)+

plg p

10 (qm+"—;lexp<(m+"+2)logQ)> ,

loglogq
/
where Z denotes the summation over all a such that (g,a) = 1, H

a plg

denotes the product over all prime divisors of q, and ¢(s) is the Riemann
zeta-function.
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Corollary 2. Let p be an odd prime, A = A(p) denotes the set of all
quadratic residues modulo p in the interval [1,p—1]. Then the asymptotic
formula

]pm+% *qm+2—~1
n m
z;C 2)8™(a,p) = 2(12)m<( )1+H i
ac
Bl (m+n+2)logp>
+O(p 2 eXP( loglog p

*
holds uniformly for any fixed positive integers m and n, where H de-

notes the product over all prime q such that (%) =-1.

2. SOME LEMMAS

To complete the proof of the theorem, we need the following Lemmas
1, 2 and 3.

Lemma 1. Let g be an integer with q > 3, (a,q) = 1. Then we have

1 d? 2
Q)=ﬂf—zq%m > x(@) L@, 0P,

x mod d
x(-1)=-1

where ¢(d) is the Euler function, x denotes a Dirichlet character mod-
ulo d with x(—1) = —1, and L(s,x) denotes the Dirichlet L-function
corresponding to x.

Proof. (See reference [9]).

Lemma 2. Let q be any integer with ¢ > 3, x denotes an odd Dirichlet
character modulo d with d|q, x1 be any Dirichlet character modulo q.
Then for any fized positive integer m, we have the asymptotic formula

Y Lim— 5 xa)lE(L, )P

2
x mod d
x(-1)=-1
72 1 1 q 2logd ))
= ﬁ¢(d)L(m+§,X1)H (1_1?) +O(\/aexp (loglogd '

pld

Proof. For the sake of simplicity we only prove that Lemma 2 holds
for m = 1. Similarly we can deduce other cases. For any character
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Xq modulo g, let Ay, x,) = Z Xq(a), and xf,’ denote the principal
d<a<y

character modulo q. Then for any character x4(# xf,’) modulo ¢ and

Re s > 0, applying Abel’s identity we have

Xq < Ay, xq)
Lisixg) = ) /d st W
1<n<d

= 5(s,xq) + R(s,xq)-

So that

1
> Ligxa)lLx)P
x mod d
x(-1)=-1
XX1#X§

= Z {S(%,xx1)+R(%,XX1)}X

X mod d
x(-1)=-1
XX1#X9

x {8(1,x) + R(1,x)} - {S(1,X) + R(1,X)} - (2)

Note that for (Imn,d) = 1, from the orthogonality relation for char-
acter sums modulo d we have the identity

%(), if iIn=m mod d
2 xWx(x(m)=4 -3é(d), ifin=-m modd;  (3)
x mod d 0, otherwise.

x(-1)=-1

Now we use (3) to estimate each term on the right side of (2). First
we have

Y SGona)SE 08 T)

x mod d
x( 1)——1
Y Yy al e e e X
1<l<d 1<m<d 1<n<d ‘[m” 2 1<i<d 1<m<d 1<n<d ‘/mn
In=m( mod d) In=—m( mod d)

-y ¥y aul

1<l<d 1<m<d 1<n<d
In=m
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d f\fl
¢()ZZZ Xl()

1<i<d 1<m<d 1<n<d

In=m( mod d)
in>d

¢(d) ! P Vi)
Rl DD DD Dl e
1<i<d 1<m<d 1<n<d

In=d-m

o(d r Vix
Sy 3 vl
1<l<d 1<m<d 1<n<d

In=—m( mod d)
In>d

=X+ X9 — X35 — X4 (4)

!

Here and in what follows each Z indicates that the summation index
runs through all integers coprime to d in the respective range. Note that
the asymptotic estimates

> Vaxai(n)

d
_ ¢(d) ' nlt
X1=75 ; t2

holds, and hence
_n 3 1 ¢>(d))
X1 = 58(d)L(5,x1) ! (1 - —2> +0 (_\/8 . (5)

Next we have

o=y 3y 5l

1<u<d 1<i<d 1<m<d 1<n<d
In=ud+m

( ) 2 2 (ud+m)m)

1<u<d 1<m<d
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(% r.2m)

1fu<d 1<m<d

Hence
¢(d) | )
Xo 0( og?d} .
/a (6)
Also,
_ ¢(d) 3 Z Vi)
2 1<l<d1<n<d l” ”‘[ 2 1<12<dl§<d _ln
1<in<$g 2<in<d
1 +o %@ > vdr(d - u)
1<l<d1<n<d d u
1<u<d/2
d) 2logd
- log2d ) + 0 [ & g
( g ) ( va P (loglogd))’

where 7(d) is the divisor f logd
isor function and the estimate 7(d) < exp (Elgog_d)

has been applied. Hence

xi=0 (Ve () @

Similarly,

d) Z Z le(l)

2<u<d 1<m<d

( ZE )-

X4=0 (% log? d> : (8)

Combining (4) - (8) we obtain

Y SGooa)S S T)

x mod d
x(-1)=-1
XX1#X9

Hence
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> S 0n)SE, 80,7 + 0 (Va log? d)

oy
-Gl () o (e (25))

We next estimate the terms involving R(s, x4)’s on the right-hand

side of (2). For this we first note that xxi is a character modulo ¢, and
hence we may assume d < y < ¢ in the following. Then from (3) and

the properties of characters we have

> S(1L,x)S(1L,%)A®Y, xx1)

x mod d
x(=1)=-1
XX1#Xx3

/ ! ! l —
DD D RO
1<n<d 1<m<d d<I<y x mod d

x(-1)=-1

XX1#X3

Ly oy oy al
1<i<q1<n<d 1<m<d mn

S DD D

1<Il<q 1<n<d 1<m<d
In=m( mod d)

< ¢ Z Z ————+¢ log2d

1<n<d 1<m<d

qcb( ) log? d + ¢(q) log? d < qlog?d. (10)

Similarly, for d < y; < ¢ (j = 1,2,3) we can also get the estimates

> S, x)AW, xx1)Ay2,X)

x mod d
x(=1)=-1
XX1#X9
! / ! X1\a —
)P BED MEUSD PRPTEL O
1<n<dd<a<y; d<bLy2 x mod d
x(-1)=-1
xxwéxg

1

<<¢(dZZZX" DD D -
1<n<d 1<a<q1<b<d

1<n<d 1<a<q 1<b<d
an=b( mod d)

3
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<od) Y Y 2+ s iosd

1<a<q 1<n<d
(a,q)=1

< ¢(q)¢(d)logd < gdlogd,

and the estimates

> Ay xxa)Aly2, X)Ays, X)

x mod d
x(-1)=-
XX17#X9
’ ’ ’
Do > xal@ > x(@b)x(e)
d<a<y; d<b<yz d<c<ys x mod d
x(=1)=-1
xxlaéxf,’
<o) 3 Y Y@+ Y Y Y1
1<a<q1<b<d 1<c<d 1<a<q 1<b<d 1<c<d
ab=c(mod d) (a,9)=1 (b,d)=1 (c,d)=1

<o) D DY 1+¢()d(d) < ¢(q)d*(d) < gd?.

1<a<q 1<b<d
(a,9)=1 (b,d)=1

Hence from (10) we get

_ 1
2. SLXSLX)R(Gx00)
x mod d
x(-1)=-1
XX1#X9

= [ | X s008004w00) |4

x mod d
x(-1)=-1
Xx1#x9

00 2
_ qlog”d '\ _ q . 9

Similarly from (11) we deduce that

1
> S0RG0nR1D) =0 (Loga).
x mod d
x(=1)=-1
XX1#X9
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and from (12) we obtain

1
Y RGaowR00RID=0(L). a9
(11) x mod d
x(—-1)=-1
XX1#X§
Using the same method of proving (13) we also have
1 —
Y. SGxxa)SLX)RLY)
x mod d
x(-1)=-1
XX17XJ
oo 1 / X .
- [ X AT e | a
d Y |1 <G2d1<n<ddcmey ™2 5 hod d
x(-1)=-1
XXl?éXg
(12)
¢(d
Wy v v L
1<i<d 1<n<d 1<m<d ™2
In=m( mod d)
1 Xq lmn
o (5 > T, % )
1<l<d1<n<d1<m<d ™
=0 —‘pfid) > L +0(——¢( )| d>
1<i<d 1<n<d nlz Vd
¢(d) )
=0|—=logd]|. (16)
(«a 8
> S(G0a)RLXOR(LX) =0 (V) (17)
(13) x mod d
x(=1)=-1
XX1#X9
Now combining (2), (9), (13), (14), (15), (16) and (17) we obtain
(14)

> LG xalL P

x mod d
x(=1)=-1
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1 1 , Note that the estimates
= Y LzxalL,)P +0 (q¥ log?d)

x mod d 3 log q
e LOP s o), o) S <atew (L)
XX17X3 y %ﬂ p % o(d loglog q
2 3 1 q 2logd x(-=1)=-1

= — hd 1- — 2 -l I
12¢(d)L(2’X1)H< p2> +O(\/c_iexp (loglogd)>

pld and the identity

This proves Lemma 2. d2 (1 - ._> =q>.
Lemma 3. Let ¢ and m be positive integers with ¢ > 3, x be any

Dirichlet character modulo q. Then we have Applying (18) and Lemma 2 repeatedly we have

NE

X(@)(G $)S™(@,a)

=1
1
qmt2 1 (m+2)logq
-4 7 - mexp [ LLT 21080 )
(12)m <m + 2’X) +0 (q exp ( logloggq

Proof. For any complex number s = ¢ + it with s # 1, from [1] we know

that 7
0= = > x(@)(s,
a=1

Applying this identity and Lemma 1 we may immediately get

o

= L Z ¢(dy) - ¢<dm e

dilg dm-1lg

DV S S

x1 mod d; Xm-1 mod dm 1dmlg
x1(=1)=-1 Xm—1{—1)=—

1
x| > LiGxxaxm) LA xm)” | %

2
m d dm
Zx ((s, = S’"(a q) Xm mod do
2
x |L(1,x1)1* -+ L1, Xm 1)l
= om.m Z Z X
T e e ’”)

7r27712: qu( ml )X

dilg dm-1lq

2
X § : E |L(1’X1)|2"'IL(1>X"1—1)| X
x1 mod dy Xm-1 mod dm—1
x1(-1)=-1 Xm-1(-1)=-1

2 3lo
.3 3 g9 ]
X [Eq L(5,xa Xm-1) + O (qz exp <loglogq>>

1
L(m+ 5, +0O (qmem<

« T Y (Zx (@x(@): ()<s§)>x

X1 mod d; Xm mod dm 1
xi(-1)=-1  xm(-1)=-1

X |L(1,x1)f -+ IL(l xm)l2

=7r2mz Z ()

dilg  dm Iq

x> Z L(s,xx1" " Xm)X

x1 mod d; Xm mod dpy
x1(-1)=-1  xm(-1)=-1

X JL(L,x1)? -+ |L(1, xm) (18)

1
m+ 5

_ g
- m

(m + 2)log q)
loglog q '

This proves Lemma 3.
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3. PROOF OF THE THEOREM

In this section, we shall prove the Theorem by mathematical induc-
tion. First from Lemma 3 we know that the Theorem is true for n = 1.
Then we assume that the Theorem is true for n = k > 1. That is,

m+§
3o x(@¢HG, 25 a,0) = L (m + gx) +

P q (12)
+0 (qm‘"&;—1 exp (m+E+2)logg . (19)
log log q

Now we prove that the Theorem is true for n = k + 1. From the
orthogonality relation for character sums modulo ¢ and the inductive
assumption (19) we have

q
1 a
Zx(a)Ck“(?E)S (a,q)

- . ( x@xa(ct(, §>SM<a,q>) (é XD (5, 5))
. %m o (gx(@xl(a)ck(i, —)sm<a,q>> L(3%)
o e (R

+o (qm+k%1 exp (<m +lkg qulogqm
7%%h%f@3“06’)

o5, L (=352

Using the method of proving Lemma 2 we can easily get the asymptotic
formula

> L (m+ ;XM) L (%5(—1) =¢(q)L (m + k—;—lx> +0 <q%)

X1 mod q
(21)
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and the estimate

1
L( 7X1)
X1 mod ¢

Combining (20), (21) and (22) we obtain

< ¢(q)V/logg. (22)

q m4 kX1

Z €k+1 )Sm( q) = q(T2)Ti—L (m + k—;;—l,x) +

+O qm+§exp (m+k+3)logq ]
log log q

This completes the proof of the Theorem.

Proof of the Corollaries. Taking x = xf,’ ( the principal character
mod ¢ ) in the Theorem and noting the identity

1
L6 =0 [T (1- ).
plg
we may immediately get the assertion of Corollary 1.
Next we prove Corollary 2. Let p be an odd prime, (_‘f) denotes the
p
Legendre symbol. Then note that the identity
1222 a 1a
S sman =33 (1+(2)) G sman)
acA a=1 p p
holds. From Theorem and Corollary 1 we may deduce Corollary 2.
Note. It is clear that using the method of proving the Theorem we can

also get the following more general conclusion:
For any % <o <1, we have

. g - 3 qm-i-na' ___i_
> ¢ D00 = <<m+na>g(l S ) +
oo (M)
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