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Chapter 1

Problems

Il.

10.

Chapter I

(a) By the generalized basic principle of counting there are
26-26-10-10-10- 10 - 10 = 67,600,000
(b) 26-25-10-9-8-7 6=19,656,000
6*=1296
An assignment is a sequence iy, ..., iz where J; is the job to which person j is assigned. Since
only one person can be assigned to a job, it follows that the sequence is a permutation of the

numbers 1, ..., 20 and so there are 20! different possible assignments.

There are 4! possible arrangements. By assigning instruments to Jay, Jack, John and Jim, in
that order, we see by the generalized basic principle that there are 2 - 1 - 2 - | = 4 possibilities.

There were 8 - 2 - 9 = 144 possible codes. There were 1 - 2 - 9 = 18 that started with a 4.

Each kitten can be identified by a code number i, j, k, | where each of i, j, k, 1 is any of the
numbers from 1 to 7. The number 7 represents which wife is carrying the kitten, j then
represents which of that wife's 7 sacks contain the kitten; & represents which of the 7 cats in
sack j of wife i is the mother of the kitten; and / represents the number of the kitten of cat k in
sack j of wife i. By the generalized principle there are thus 7- 7. 7 - 7= 2401 kittens

(a) 6! =720
(b) 2-31-31=72
(c) 413! = 144
@6-3-2:2.1-1=72
(a) 5!=120

7
(®) - = 1260

!

© — = 34,650

41412

7
(@) 57 = 1260

!
a2t 27,720
6!4!

(2) 8! = 40,320
(b) 2-7! = 10,080
(c) 5!4!=2880
(d) 412* = 384



11.

12.

13.

14.

15.

16,

17.

18.

19.

(a) 6!
(b) 31213
(c) 314!

(a) 30°
(b) 30-29-28.27-26

20
2
52
\3
10312 . . .
There are s s possible choices of the 5 men and 5§ women. They can then be paired up

in 5! ways, since if we arbitrarily order the men then the {irst man can be paired with any of

the 5 women, the next with any of the remaining 4, and so on. Hence, there are 5!(150 J(ISZ ]

possible results.

(@) @ 4 m N (;j = 42 possibilities.

{b) There are 6 - 7 choices of a math and a science book, 6 - 4 choices of a math and an
economics book, and 7 » 4 choices of a science and an economics book. Hence, there are
94 possible choices.

The first gift can go to any of the 10 children, the second to any of the remaining 9 children,
and so on. Hence, thereare 10:-9-8.-- 5.4 = 604,800 possibilities.

)
o e (3 () e

There are [2](;) that do not contain either of the 2 men, and there are [g)ﬁ)(;) that

contain exactly 1 of them.

6} 6 2Y(6)(6) _ . .
{b) There are (3}(3J+ [J(:J(:J— 1000 possible committees.

Chapter |



20.

21.

22,

23.

25.

27.

28.

29

30.

Chapter 1

(c) There are (;J(g] + (;JGJ +(;J(;] = 910 possible committees. There are (;](;] in

which neither feuding party serves; (;](g] in which the feuding women serves; and

(;](;J in which the feuding man serves.

G

!
L. 35. Each path is a linear arrangement of 4 r’s and 3 u’s (r for right and u for up). For

34!
instance the arrangement r, 7, u, u, r, r, u specifies the path whose first 2 steps are to the right,
next 2 steps are up, next 2 are to the right, and final step is up.
41 . . 3 . .
There are ETY paths from A to the circled point; and 3 paths from the circled point to B,

Thus, by the basic principle, there are 18 different paths from A to B that go through the
circled piont.

312}

52
13,13,13,13

12 ) 12!
3,4,5) 31415

Assuming teachers are distinct.
(a) 4°

8 8l
(®) (2, 22 2) ~ o 2520.

(a) (10)1/31412!

n7n
® {2}@
2 - 9! —2°8! since 2 - 9! is the number in which the French and English are next to each other

and 2°8! the number in which the French and English are next to each other and the U.S. and
Russian are next to each other.



3L {a) number of nonnegative integer solutions of x; + x; + x3 + x4 =8,

Hence, answer is (I;J =165

(b) here it is the number of positive solutions—hence answer is G) =35

32. (2) number of nonnegative solutions of x, + ... +x;, =8

answer = 13
5

(b) (number of solutions of x, + ... + xs = 5) x (number of solutions of x; + ... + x5 =3) =

103/ 8
S5NAS

33. (a) X +x;+x3+x4=20,x. 22,x222,x323,x424
Letyi=xi =1, y:=x-L,yi=x3 =2, y,=x,-3

Nttty =13,y>0

Hence, there are [132) =220 possible strategies.

\
(b) there are (125 investmentsonlyin [, 2, 3
J

3\

there are (1; investments only in 1, 2, 4
/

there are [12 investmentsonly in 1, 3, 4
y,

13
there are ( 5

15 14 13 12 va sgagw
+ + _
( 2 ) ( 2 ) 2( 2 J+( 3 J 552 possibilities

) investments only in 2, 3, 4

Chapter 1



Theoretical Exercises

10.

Chapter |

Zﬂnm
nn=1)-+-(n—r+D=nf{n-r}

Each arrangement is determined by the choice of the r positions where the black balls are
situated.

ny .. .
There are (J different 0 — 1 vectors whose sum is J, since any such vector can be

characterized by a selection of / of the n indices whose values are then set equal to 1. Hence
n _—

there are Z j#( J vectors that meet the criterion.
J

(n—l)+(n—lJ= (n-ht . (m-D)
r r—1 riin=1=r) (n=r)(r-1

n! [n—r rjl (n)
_m _{rzr,ri_
riin-n)!L n n r

n+m \ n . . .
There are ( , ) gropus of size r. As there are (:](r,f J groups of size r that consist of i

men and r — § women, we see that

(7)-300)
(7)-200)- 20

Parts (a), (b), (c), and (d) are immediate. For part (¢), we have the following:

k("]= kin! nt
k) (=K (n=k)Mk—1)!

) nY_ (n-k+hm n!
(m k+l)(k—l] (n=k+DIk =D}~ (n—k)Nk~1)!

(n—l] _ n(n=-1)! n!
n = =
k-1 (n=kYk-1)!  (n=k)k-1)!



11.

12.

13.

14,

The number of subsets of size k that have i as their highest numbered member is equal to

(;_ IJ , the number of ways of choosing k — 1 of the numbers 1, ...,/ — 1. Summing over i

yields the number of subsets of size £.

Number of possible selections of a committee of size & and a chairperson is k(") and so

k

Zk( ) represents the desired number. On the other hand, the chairperson can be anyone of
k=1

the n persons and then each of the other n — 1 can either be on or off the committee. Hence,
n2"" ' also represents the desired quantity.

o

(ii) #n2"~" since there are » possible choices for the combined chairperson and secretary and
then each of the other n — | can either be on or off the committee.
(iii)yn(n - 1)2"°2

(c) From a set of n we want to choose a committee, its chairperson its secretary and its
treasurer (possibly the same). The result follows since

(a) there are n2" "' selections in which the chair, secretary and treasurer are the same
person.

(b) there are 3n(n — 1)2"~? selection in which the chair, secretary and treasurer jobs are
held by 2 people.

(c) there are n(n — 1)(n — 2)2"~* selections in which the chair, secretary and treasurer are
all different.

(d) there are (:Jkl selections in which the committee is of size %.

(1-1y= '_0(:’)( By
o (0)-GLG2)
ormmis S)-(809-(

o 3 e (31
- (Y-

Chapter I



15,

16.

17.

18.

Chapter |

(a) The number of vectors that have x; = is equal to the number of vectors x; <x; € ... S x4
satisfying 1 € x; 5. That is, the number of vectors is equal to H,-,(f), and the result follows.

(b)
Hy(1)=H(1)=1
HA2)=H\(1)+ H(2)=3
Hy3)=H((1)+ H(2) + Hi(3)=6
Hy(4) = H(1) + Hi(2) + H\(3) + Hi(4)= 10
Hy(5) = H\(1)+ H(2)+ H\(3) + H\(4) + H\(5) =15
Hy(5) = Hy(1) + Hy(2) + H(3) + Hx(4) + Hy(5) = 35

(a) 1<2<3,1<3<2,2<1<3,2<3<],3<1<2,3<2<]1,
1=2<3,1=3<2,2=3<],1<2=3,2<1=3,3<1=2,1=2=3

(b) The number of outcomes in which 7 players tie for last place is equal to (T) , the number

of ways to choose these i players, multiplied by the number of outcomes of the remaining
n — i players, which is clearly equal to N(n — i).

(c) i(’;)mn - = Z(n'_'_ JN(n i)

inl fm]
- H N(i
Z(}] ¢)

where the final equality followed by letting j=n - i.

() NG)=1+3M1)+3M2)=1+3+9=13
N(4) = 1 +4NM(1) + 6M(2) + 4N(3) = 75

A choice of r elements from a set of n elements is equivalent to breaking these elements into
two subsets, one of size r (equal to the elements selected) and the other of size n — r (equal to
the elements not selected).

Suppose that r labelled subsets of respective sizes ny, n3, ..., n, are to be made up from

=]
possibilities when person n is put in subset i, the result follows,

r n-1
elements 1, 2, ..., n where n = Zn; . As (n,,...,n; - l,...n,) represents the number of



19.

20.

21.

22.

By induction:
(xl +tat ... +xr)n

= Z( }x,“ (%, +..+x,)"™" by the Binomial theorem
I

i, =0

—Z( ’r Z Z (’z’ v’]x] ad

=0
ij +...+I’ =n-i,

DHID) (,,)" S

fyod,

iy +i2+...+r'r =-n
where the second equality follows from the induction hypothesis and the last from the
n—i n
1dent1ty()( ‘)=(. )
h ’2! o fyeinsdy
The number of integer solutions of

nt..tx,=nx;z2m

is the same as the number of nonnegative solutions of

Bt tye=n— Y m,y20.
1

Proposition 6.2 gives the result | " Zm, +r-l .
r-1

-
There are ( k

x’s must be positive and sum to n.

) choices of the £ of the x's to equal 0. Given this choice the other r — k of the

- n—1 n-1 .
By Proposition 6.1, there are (r k- J = (n . k) such solutions.

Henee the result follows.

(n :: 1_ 1) by Proposition 6.2.

Chapter 1



23. There are (" +; B 1) nonnegative integer solutions of

ixi =J

=1

Hence, there are Zj,u(j +; - IJ such vectors.

Chapter 1



Chapter 2

Problems

10

(@) S=A{(rr),(r,8)(r, b), (g, 7). (8 8). (8. 5), (5, 1), b, ), (b, b)}
() S={(r. 8), (. B), (g, ), (&, b), (B, 1), (b, &)}

S={(nx1, .. Xpa),n 21, x;26,i=1,...,n— 1}, with the interpretation that the outcome is
(n, x1, ..., x,—1) if the first 6 appears on roll n, and x; appears onroll, £,i=1, ..., n — 1. The

@
=]

event (UT,, E,)" is the event that 6 never appears.

EF={(1,2),(1,4),(1,6),(2,1),4,1),(6,D}.
E U F occurs if the sum is odd or if at least one of the dice landson 1. FG = ((1, 4), (4, 1)}.
EF° is the event that neither of the dice lands on 1 and the sum is odd. EFG = FG.

A = {1,0001,0000001, ...} B={01,00001, 00000001, ...}
(4 v B) = {00000 ..., 001, 000001, ...}

(a) 2°=32

(b

wW={((1,1,1,1,1,(,1,1,1,0,(,1,1,0 1),(,1,0,1,1),(,1,1,0,0),(1,1,0,1,0)
(1,1,0,0,1),(1,1,0,0,0), (1,0, 1, 1, 1), (0,1, 1, 1, 1), (1,0, 1, 1, 0), (0, 1, 1, 1,0),(0,0, 1, 1, 1)
0,0,1,1,0),(1,0, 1,0, )}

(c) 8
(d) AW={(1,1,1,0,0),(1, 1,0, 0, 0)}

(@) 5= {(1,2),(0,8), (1, (0, (1,5, 0,5)}
(b 4={(1,5),(0,5)}

(c) B=((0, ), (0, ), (0, 5)}

(@ {(1,5),(0,5),(1,8), (1, )}

(a) 6]5

(b) 6::—3"
(c) 4

(a) .8

(b .3

(c) 0

Choose a customer at random. Let A denote the event that this customer carries an American
Express card and V the event that he or she carries a VISA card.

P(A U V)= P(d) + P(V) - P(AV) = .24 + 61 - .11 = 74,

Therefore, 74 percent of the establishment’s customers carry at least one of the two types of
credit cards that it accepts.

Chapter 2



10.

11

12.

13.

Let R and N denote the events, respectively, that the student wears a ring and wears a
necklace,

(3) PRUN)=1- 6=.4

(b) .4=P(RUN)=P(R)+ P(N)— P(RN)=.2+.3 - P(RN)
Thus, P(RN) = .1

Let A be the event that a randomly chosen person is a cigarette smoker and let B be the event
that she or he is a cigar smoker.

(a) 1 —P(AUB)=1-(07+.28 - .05)=.7. Hence, 70 percent smoke neither.

(b) P(A°B) = P(B) - P(4B) = .07 —~ .05 =.02. Hence, 2 percent smoke cigars but not
cigarettes.

(a) PSUFUG)=(28+26+16—12—4— 6+ 2)/100 = 1/2
The desired probability is 1 — 1/2 = 1/2,

(b) Use the Venn diagram below to obtain the answer 32/100,

G

(c) since 50 students are not taking any of the courses, the probability that neither one is

2 2

. . 0 -
taking a course is (SOJ / [1 OJ =49/198 and so the probability that at least one is taking a

course is 149/198.

| I (@ 20,000
() 12,000

@ () 11,000
19000 (d 68,000
w (€ 10,000

Chapter 2 11



14.

15.

16.

17.

18.

19,

20.

12

P(M) + P(W) + P(G) - P(MW) — P(MG) - P(WG) + PIMWG) = 312+ 470 + 525 — .086 -
042 - 147 + .025 = 1.057

o {3
SRR
o f]
o {4/

5
65:43)
_\3 (e)

(&) —

IT%

64-63-.-58

(d

2.4-16
52.51

4/36 +4/36 +1/36 + 1/36=5/18

Let A be the event that you are dealt blackjack and let B be the event that the dealer is dealt
blackjack. Then,

P(4 U B) = P(4) + P(B) — P(4B)
_ 4416 4:4:16:3:15

52-51 52-51-50-49
=.0983

where the preceding used that P(4) = P(B) =2 x 542. l56

is dealt blackjack is .9017.

[ Hence, the probability that neither

Chapter 2



21,

22,

23,

25.

27.

28.

(a) pr=4/20, p, = 8/20, p, = 5/20, p, = 2/20, ps = 1/20
(b) Thereareatotalof4-1+8-2+5-3+2.4+ 1 5=48children. Hence,
g1 =4/48, q, = 16/48, g, = 15/48, q, = 8/48, g5 = 5/48

The ordering will be unchanged if for some &, 0 < & < n, the first £ coin tosses land heads and
the last » — k land tails. Hence, the desired probability is (n + 1/2”

The answer is 5/12, which can be seen as follows:
| = P{first higher} + P{second higher} + p{same}
= 2P{second higher} + p{same}
= 2P{second higher} + 1/6
Another way of solving is to list all the outcomes for which the second is higher. There is 1
outcome when the second die lands on two, 2 when it lands on three, 3 when it lands on four,

4 when it lands on five, and 5 when it lands on six. Hence, the probability is
(1 +2+3+4+5)/36=5/12.

(266 & 2
P(E,)—[R] e ;P(E,,)—g

Imagine that all 10 balls are withdrawn

3-947:6-3-7147-6-5-4-3-547.6.5-4.3.2.3.3!

o (LS

If sampling is with replacement

Pd) =

P{same} =

5 +6° +8°
P{same} = ——(1—9)%—
P{different} = P(RBG) + P{BRG) + P(RGB) + ... + P(GBR)
_6:5:6-8
(19)°

Chapter 2 13



n(n—1)+m(m-1)
(n+m)n+m-1)

(b) Putting all terms over the common denominator (n + m)*(n + m — 1) shows that we must
prove that

n+m-1)+mn+m- D2nln—1)(n+m)+mim-1)Yn+m)

which is immediate upon multiplying through and simplifying.

\
7 83!
303,
(a) W=I“8
41
\4/\4)
f7\(8\
IA3
\Z/\°/ —

() fs‘(g ~ /18 = 1/6
CHC
HHENE
Ih4 4,73

=1/2

(c) 29

4} 4
3.2.1 2

P lete} = —— ==

({complete} 333°9

P{samt=:}=i=l

27 9

gh+g-1)! ¢
b+g) b+g

Bk
Bl
(550

Chapter 2



6. () (; / (522J % 0045,
() 13(‘2') / (52) = 1/17 ~ 0588
3. () ( /(15) /12 ~ 0833
( Iﬂ/( )+1112=112
38. 1/2=(3)/(;] orn(n—1)=12orn=4,

19, 5-4-3=E
5-5-5 25
40. P{l}=i=i
4 64
4 4 «_ 84
P{2}= 4+| |(+4]|/4"=—
@ (3o (0)4)/ -2
_(4Y3\4! /. 36
P”}"(J(l) !/4 " 64
]
p{4}=i=_6_
4" 64
54
41. l—?
2 - (2)
36
43, _2_("_“2(_"_'32=_ in a line
n! n
-2
2n(n 2)'= ifinacircle,n 22
n! n-1
44, {a) If A is first, then 4 can be in any one of 3 places and B’s place is determined, and the

others can be arranged in any of 3! ways. As a similar result is true, when B is first, we
see that the probability in this case is 2 - 3 - 31/51 = 3/10

(b) 2-2-3Y51=1/5
(c) 2-31/51=1/10

Chapter 2



45,

46.

47.

48.

49,

50.

51.

52.

53.

16

(n—-1*"

1/n if discard, : if do not discard
n

If n in the room,

12-11-  -(13-n)
12:12- 12

P{all different} =

When n = 5 this falls below 1/2. (Its value when n =5 is .3819)

Y0 o
Lol
el

[;J(n ~1)""/N"

20-18:16-14-12:10-8-6
20-19-18-17-16-15-14-13

10Y9)8! ¢
(J@zﬁz

20-19-18-17-16-15-14-13

(a)

(b)

Let A, be the event that couple i sit next to each other, Then

4 g g2°70 2760 2P.51 2%.41
PlomA) =4 -6+ %

and the desired probability is 1 minus the preceding.

Chapter 2



54,  P(SWHWUDUC)=P(S)+ P(H)+ P(D)+ P(C) - P(SH) — ... — P(SHDC)
39 26 13
4(13) 6(13) 4(13)
= - +
52 52 52
(13) [13) (13)
39 26
4[13]'6{13}“4
52
13
55. (a) PSUHUDUC)=P(S)+ ... - P(SHDC)
2 2Y 2\ 48 2\ (46) (2Y(44
A3 GELS) G G
(52 52 YTy T (52
13 13 13 13
450)_ 48 N 46\ (44
_ 9 7 5
- 52
13
13(43J (13)(44) (13)(40)
9 2L 301
() PAU2U .. UI3)= AR >
13 13 13

56. Player B. If Player A chooses spinner (a) then B can choose spinner (c¢). If A chooses (b)
then B chooses (a). If A chooses (c) then B chooses (b). In each case B wins probability 5/9.

Chapter 2 17



Theoretical Exercises

=l

5. F;= E,jr\_lEj
6. (a) EFG*

(b) EF°G

(c) EOFUG

d) EFUEGUFG
(e) EFG
(H EFG
(8) EFGCUEFGUEFGUEFG
(h) (EFG)
() EFGCUEFGUEFG
@ s
7. (a) E
(b) EF
() EGUF
B. The number of partitions that has n + 1 and a fixed set of i of the elements 1,2, ...,nasa

subset is T,,_;. Hence, (where T =1). Hence, as there are [T] such subsets.

e §f Sl i

=0 =0
11.  12>P(Eu F)=P(E)+ P(F)- P(EF)

12.  P(EF°U E°F) = P(EFY) + P(E'F)
= P(E) - P(EF) + P(F) - P(EF)

13. E=EFUEF

18 Chapter 2



15.

19.

21.

)

PE ...E)2PE, .. E,_ )+ PE,) -1 byBonferonni's Ineq.

a-l
2 Y P(E;) - (n—2)+ P(E,) ~ 1 by induction hypothesis
1

n m
[r—lIk—rJ(n—H-I)

n+m
[k—lJ('Hm_kH)

Let yy, ¥s, ..., Vs denote the successive runs of losses and xy, ..., x4 the successive runs of wins.
There will be 2k runs if the outcome is either of the form y,, xy, ..., ¥ Xi Or x )y, ... X4, V4 Where
all x;, y; are positive, withx; + ... + xy=n, y; + ... + ¥, =m. By Proposition 6.1 there are

n—1Ym-1
2( o II k-1 ) number of outcomes and so

_ASfn=1Yym-1 m+n
P{Zkruns}—Z[k_lIk_l)/[ " )

There will be 2k + | runs if the outcome is either of the form xy, y1, ..., X, Yio Xke1 OF Yy, X1, ..o,
¥, Xi Yi+ | where all are positive and Zx,- =n, Z ¥; =m. By Proposition 6.1 there are

n—-1Ym-1 n-1ym-1
( K )[k—l) outcomes of the first type and [k—lI P )of the second.

Chapter 2 19



Chapter 3

Problems

1.

20

P{6 | different} = P{6, different}/P{different}
_ P{lst = 6,2nd # 6} + P{lst # 6,2nd = 6}

5/6
_2V65/6 _,
56

could also have been solved by using reduced sample space—for given that outcomes differ it
is the same as asking for the probability that 6 is chosen when 2 of the numbers 1,2, 3,4, 5,6
are randomly chosen.

P{6 | sum of 7} = P{(6,1)}/1/6 = 1/6
P{6 | sum of 8} = P{(6, 2)}/5/36 = 1/5
P{6 | sum of 9} = P{(6,3)}/4/36 = 1/4
P{6 | sum of 10} = P{(6, 4)}/3/36 = 1/3
P{6 | sum of 11} = P{(6, 5)}/2/36 = 1/2
P{6 | sumof 12} =1.

P{E has3, N — S has 8}
P{N - S has 8}

L)),
(L) e

P{at least one 6 | sum of 12} = 1. Otherwise twice the probability given in Problem 2.

P{Ehas3 | N—Shas 8} =

15141312

In both cases the one black ball is equally likely to be in either of the 4 positions. Hence the
answer is 1/2.

Plgand1b | at least one b} = %% =2/3

Chapter 3




9.

10.

11.

12.

13.

14.

Chapter 3

i2

Pla=w | 2w} = BA=W2W}
P{2w)
_PlA=w,B=w,C#w}+P{d=w,B=w,C=w)}
P{2w}
123 111
__ 334 334 _7
123 111 221711
234 334 334
11/50

Let E be the event that a randomly chosen pregnant women has an ectopic pregnancy and S
the event that the chosen person is a smoker. Then the problem states that

P(E|S)=2P(E| 5D, P(S)=.32

Hence,

P(S|E) = P(SE)/P(E)
P(E|S)P(S)
P(E|S)P(S)+ P(E]S*)P(S°)
2P(S)
2P(5) + P(5°)
=32/66 ~ .4548

With § being survival and C being C section of a randomly chosen delivery, we have that

98 = P(S) = P(S| ©).15 + (S} C?) .85
= 96(.15) + P(S| C?) .85

Hence
P(S| C) ~ .9835.

P(D) = 36, P(C) = .30, P(C| D) = .22

(a) P(DC) = P(D) P(C| D)= 0792
(b) P(D|C)=P(DCYP(C) = 0792.3 = 264

P(voted|Ind)P(Ind)
D P(voted|type) P(type)
_ 35(.46)
" 35(46) +.62(.3) + .58(24)

(a) P(Ind|voted) =

331

21



IS.

16.

17.

18.

22

62(.30) - 38
35(46) +.62(3)+.58(.24)

(b) P{Lib|voted} =

58(.24)
35(.46) +.62(.3) +.58(24)

(c) P{Con]voted} = ~ 286

(d) P{voted} = .35(.46) + .62(.3) + .58(.24) = .4862
That is, 48.62 percent of the voters voted.

Choose a random member of the class. Let 4 be the event that this person attends the party

and let # be the event that this person is a woman.

P(AW)POW)

(@) P(W|4)= P(AW)P(W) + P(AM)P(M)

_A48(38) N
48(.38) +.37(.62)

Therefore, 44.3 percent of the attendees were women.
(b) P(A)=.48(.38) +.37(.62)= 4118
Therefore, 41.18 percent of the class attended.

P(FC)
P(C)

=.02/.05 = .40

@@ P(Flo)=

(b) P(C|F)= P(FC)/P(F) = 02/.52 = 1/26 ~ .038

(a) P{husband under 25} = (212 + 36)/500 = .496

(b) P{wife over | husband over} = P{both over}/P{husband over}

= (54/500)/(252/500)
=3/14= 214

(c) P{wife over | husband under} = 36/248 = .145
(a) (.9)(.8)(.7)=.504

(b) Let F; denote the event that she failed the ith exam.
_PFR) _(9)

P(F.
F 1-.504  .496

P;C F'ZCF'JC )C)

where M = W*

=.3629

Chapter 3




19.

20.

21.

22.

24.

25.

26.

e (A3 o QL

retesa-(L2(2)  relssrn
I I IR Al

P(w|w transferred} P{w tr.} + Pw|R w.}P(R tr.} = 21,12 4%
33 33 9
21
P tr.}P{witr.} 43
P{w transferred | w} = {w1w P }=£ = 1/2.
P{w} 4
9
(a) P{g—glat leastone g } = %—::—:— =1/3.

(b) Since we have no information about the ball in the umn, the answer is 1/2.

Let M be the event that the person is male, and let C be the event that he or she is color blind.
Also, let p denote the proportion of the population that is male.

vl 0y P(C|]M)P(M) _ (05)p
P(CIM)P(M) + P(C’M‘)P(M‘) (.05)p +(.0025)(1 - p)

Method (b) is correct as it will enable one to estimate the average number of workers per car.
Method (a) gives too much weight to cars carrying a lot of workers. For instance, suppose
there are 10 cars, 9 transporting a single worker and the other carrying 9 workers. Then 9 of
the 18 workers were in a car carrying 9 workers and so if you randomly choose a worker then
with probability 1/2 the worker would have been in a car carrying 9 workers and with
probability 1/2 the worker would have been in a car carrying 1 worker.

Let A denote the event that the next card is the ace of spades and let B be the event that it is
the two of clubs.

(a) P{A} = P{next card is an ace} P{4 | next card is an ace}
31 3

324 128
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27.

28.

29.

30.

31

24

(b) Let C be the event that the two of clubs appeared among the first 20 cards.

P(B)=PB|C)P(C) + PB| CYP(C)
19 1 29 29
=0—+—2 =2
48 3248 1536

Let A be the event that none of the final 3 balls were ever used and let B; denote the event that
i of the first 3 balls chosen had previously been used. Then,

P(4) = P(A| B))P(By) + P(4| B\)P(B) + P(4| B,)P(B,) + P(4 | B3)P(By)
02
=3 JUN3-
',Z; 15 15
3 3

=.083

Let B and W be the events that the marble is black and white, respectively, and let B be the
event that box 7 is chosen. Then,

P(B) = P(B|B))P(B)) + P(B| B)P(By) = (1/2)(1/2) = (2/3)(1/2) = /12
POV|B)P(B) _ (1/2)(1/2)
P(W) 5/12

=3/5

PB, | W)=

Let ¥ be the event that the letter is a vowel. Then

P(V|E)P(E) ~ (1/2)(2/5) _
P(V|EYP(E)+ P(V|A)P(4) ~ (1/2)(2/5)+(2/5)(3/5)

PE|V) =

P(C|G)P(G)

= 54/62
P(C|G)P(G) + P(C|G°)P(G)

PGlo)=

P{A4 = superior | 4 fair, B poor}
__ P{Afair, B poor]d superior| 4 superior}

P{A fair, B poor}
10151
_ 30302 3

TG 05T g
30302 30302
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P{women |C}P{C}

32 P{Cl woman} =
P{women |4} P{4} + P{women |B}P{B} + P{women |C} P{C}

100

- -l

25 U225 225

11

33, (a) Pifair|hy=-—22_-1
1,13
22 2
11
. - _L_l
(b) P{fa1r|hh} =5
42 2
(c) 1
31
i 152 36 36
34. P{tails | w} = 152 _ _36
{ ! 31, 51 36+75 111
152 122
35.  Placc.|noacc.} = P{noacc,, ace.
P{noacc.}
3 7
= (A).6)+—(:2)(8
_ 10( )(.6) 10( ) )=j§
3 7 185
—(6)+—(.8
TSR
36. (a) l£_9_
121314
(b) 355
12-13-14
5.6-7
©
5-6-7
d 3 ———
SR THERY)
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37, P{ace} = P{ace | interchanged selected} %

+P{ace | interchanged not selected} z—g
1 32 129

=]l—+—=—
27 5127 51.27°

(.02)(.5) _10
(.02)(.5) + (.03)(3)+ (.05)(2) 29

38.  P{A|failure} =

1
| heads} = 30 4 4
39. P{2 headed | heads} = =—.
1 11 13 T4+243 9
() 32 34

Ptheads|5"}P{5"}
> Pth|i"}PG")

51

- _loio _1
10 ii 11
£410 10

41.  P{5th|heads} =

42. Let M and F denote, respectively, the events that the policyholder is male and that the
policyholder is female. Conditioning on which is the case gives the following.

P 4) = S
_ P(44|M)a+ P(44|F)(1-a)
P(4|M)a+ P(4|F)1-a)
_ pia+pi(l-a)
pma+p(l-a)

Hence, we need to show that

pia+pill-a) > (paa+ p(l - @)y’

or equivalently, that

p,f,(a—az)+p}[l—a -(1-a)’] >2a(1 - A)ppn

26 Chapter 3



43,

44,

45,

Factoring out a1 — &) gives the equivalent condition

Pn+p; > 20,
or

(pm _pf)2 >0

which follows because p,, # p;. Intuitively, the inequality follows because given the

information that the policyholder had a claim in year 1 makes it more likely that it was a type
policyholder having a larger claim probability. That is, the policyholder is more likely to me

male if p,, > py(or more likely to be female if the inequality is reversed) than without this

information, thus raising the probability of a claim in the following year.

P{all white} = 1

i+Si 543 5432 54321
6{15 1514 151413 15141312 1514131211

P{3]all white} = 6151413
P{all white}

(a) Pf{silver in other | silver found}

_ P{Sinother, S found}
P{S found} )

To compute these probabilities, condition on the cabinet selected.

1/2
P{S found|4} 1/2 + P{S found|B} 1/2
1 _2
1+1/2 3~

P{positivelcancer}P{cancer}

P{cancer | positive} =
P{posjcancer}P{cancer} + P{posjno cancer}P{no)

_ (.95)(.004)
(.95)(.004) + (.05)(.996)

Chapter 3
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46.

47.

48.

28

Choose a person at random

P{they have accident} = P{acc. | good}P{g} + P{acc. | ave.}P{ave.}
+ P{acc. | bad P(b)}
=(.05)(.2) + (.15)(.5) + (.30)(.3) = .175

P{4 is good| no accident} = 95(2)
.825
P{A is average | no accident) = (_8_;?

Let R be the event that she receives a job offer.

(a) P(R)=P(R | strong)P(strong) + P(R | moderate)P(moderate) + P(R | weak)P(weak)

= (8)(7) + (A)(2) + (1) 1) = .65

(b) P(strong | R)= P (Rl strong)P(strong)

P(R)
_ (B _56
65 65

Similarly,
P(moderate |R) = i , P(weak | R)= L
65 65

(c)  P(strong|RY)= P(R°|strong)P(strong)

P(R°)
_((7 _14
a5 35
Similarly,
12 9
P(moderate {R)= —, P k = =
(mo erate | 9 35 (weak | R9) T

Let M, T, W, Th, F be the events that the mail is received on that day. Also, let 4 be the event

that she is accepted and R that she is rejected.

(a) P(M) = P(M| A)P(A) + P(M| RIP(R) = (.15)(.6) + (.05)(4) = .11
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49.

51,

52.

_ _P@)
(b) P(T| M) = UG
_ P(T|A)P(A) + P(T|R)P(R)
1~ P(M)
_ (2)(6)+(.1)(4) 16
.89 89

P(M T W*|A)P(A)

@ PUlMTW) = — e

_ (1=.15-.20-25)6) _ 12
(A).6) +(.75)(4) 27

P(TH A)P(4)
P(Th)
(15(6) 3
T (15)6) + (15)(4) S

(d) P(4]Th) =

P(no mail 4)P(A)
P(no mail)
(15(6) 9
T CI5)6) + (A)(4) 25

(e) P(A|no mail)=

Let # and F be the events that component 1 works and that the system functions.

P(WIF)=P(WF)___ PW) 12
P(F) 1-P(F5) 1-(1/2y""

4 _ 10 _ 10

PBoy.Fy=Too7  PB9= 13 P = Tovx

10-10
6+x

so independence = 4 = =4x=360rx=9.

A direct check now shows that 9 sophomore girls (which the above shows is necessary) is
also sufficient for independence of sex and class.

Pinew} = 3 Pinew| type i}p, =3 (1-p,)\""'p,

Chapter 3
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53.

54.

55.

56.

30

(a) 2p(1 - p)
3)
() (2)17 (1-p)

(c) P{up on first | up |1 after 3}
= P{up first, up 1 after 3}/[3p*(1 - p)]
=p2p(1 - pY[3p°(1 - p)] = 2/3.

(a) All we know when the procedure ends is that the two most flips were either H, T, or T, H.
Thus,

P(heads)=P(H, T|H, Tor T, H)
___ PHT) _ __ p(-p)
P(H,T)+P(T,H) p(l-p)+(1-p)p

I
2

(b) No, with this new procedure the result will be heads (tails) whenever the first flip is tails
(heads). Hence, it will be heads with probability 1 - p.

(@) 1/16

(b) 1/16

(¢) The only way in which the pattem H, H, H, H can occur first is for the first 4 flips to all
be heads, for once a tail appears it follows that a tail will precede the first run of 4 heads
(and so T, H, H, H will appear first). Hence, the probability that T, H, H, H occurs first is
15/16.

From the information of the problem we can conclude that both of Smith’s parents have one
blue and one brown eyed gene. Note that at birth, Smith was equally likely to receive either a
blue gene or a brown gene from each parent. Let X denote the number of blue genes that
Smith received.

(a) P{Smith blue gene} =P{X=1 |x< 1} = i% =2/3

(b) Condition on whether Smith has a blue-eyed gene.
P{child blue} = P{blue | blue gene}(2/3) + P{blue | no blue}(1/3)
=(1/2)(213)=1/3

(c) First compute
P{child brown|Smith blue}2/3

P{Smith blue | child brown} = 373

=1/2

Now condition on whether Smith has a blue gene given that first child has brown eyes.
P{second child brown} = P {brown | Smith blue} 1/2 + P{brown | Smith no blue} 1/2
=1/4+1/2=3/4
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58.

59.

Because the non-albino child has an albino sibling we know that both its parents are carriers.
Hence, the probability that the non-albino child is not a carrier is

P(A,AlA,aora,AorA,A)=

L | —

Where the first gene member in each gene pair is from the mother and the second from the
father. Hence, with probability 2/3 the non-albino child is a carrier.

(a) Condition on whether the non-albino child is a carrier. With C denoting this event, and
O, the event that the i® offspring is albino, we have:

P(0y) = P(O,| OP(C) + P(O, | COP(CY)
= (1/4)(2/3) + 0(1/3) = 1/6

P(O;0,)
P(O))
P (01002|C)P (C)+ P(O/ O,
5/6
_ G/A(1/4)(2/3)+0(1/3) _ 3
- 5/6 T 20

(®) P(O,

o) =

C*)P(C*)

P{both hit}

() Pf{both hit|at least one hit} = :
Pfat least one hit}

=pip/(l — q.1q2)

(b) P{Barb hit | at least one hit} =p/(1 — q.1q2)
0:=1 - p;, and we have assumed that the outcomes of the shots are independent.

Consider the final round of the duel. Letg,=1 - p,

(a) P{4 not hit} = P{4 not hit | at least one is hit}
= P{4 not hit, B hit}/P{at least one is hit}

= qp /(1 — q.q5)

(b) P{both hit} = P{both hit | at least one is hit}
= P{both hit}/P{at least one hit}

= pps/(l — q.q98)
(©) (995" (1 - quqs)

(d) P{nrounds|A unhit} = P{n rounds, 4 unhit}/P{4 unhit}

- (quB)"—lpAqB
qsP4 /(1 - q.495)

=(q.98)" ' (1 - qugq5)
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60.

61.

62.

63.

32

(e) P(nrounds | both hit} = P {n rounds both hit}/P{both hit}

_ (9495 > PaPs
PP+ /(1—q495)

=(q490)" (1 — 9.q5)

Note that (c), (d), and (¢) all have the same answer.
If use (a) will win with probability p. If use strategy (b) then

P{win} = P{win | both correct}p® + P{win | exactly | correct}2p(1 — p)
+ P{win | neither correct}(1 — p)’
=p'+p(1-p)+0=p

Thus, both strategies give the same probability of winning.
(a) P{correct I agree} = P{correct, agree}/P {agree}

=p’/[p" +(1 - p)]
=36/52=9/13 whenp=.6

®) 1/2
(@) {1 (1 = PyP)(1 — PyP3)}Ps = (P\P; + P3Py — P,PyPyP4)Ps
(b) Let E, = {1 and 4 close}, E; = {1, 3, 5 all close}

Ey={2, 5 close}, E; = {2, 3, 4 close}. The desired probability is

P(E, U E3 U E3 L Ey) = P(E)) + P(E;) + P(E;) + P(Ey) — P(E\E;) — P(E\E3) — P(E\Ey)

— P(EyE;) — P(E,E,) + P(E;E,) + P(E\E,E3) + P(E E,E,)

+ P(E\E3Ey) + P(E,E5E,) — P(E\E,ELE,)

= P\Py+ P\P3Ps + PyPs + PPyPy ~ P\PyPiPs — P\PoPuPs —
— P\PyP1Ps — PyP3PyPs — 2P \PyPyPyPs + 3P\ PoP3PuPs.

(@) PiPy(1 = P3)(1 = Ps)+ Pi(1 = Py)P3(1 — Py) + Pi(1 — Py(1 - Py)P,
+ PyPy(1 = P )(1 = Py) + (1 = P)P(1 = Py)Py+ (1 = P))(1 — Py)P3Py

P\P,PsPy

+ P\PyPy(1 — Py) + P\Py(1 = P3)Py+ Py(1 — P)PsPy+ (1 — P))P,P3Py + PyPoP3P,.

© Z( ]p (-
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64. Let C; denote the event that relay i is closed, and let F be the event that current flows from

Ato B.
P(C,C,F)
P(C\C = 172 -
(GG | F) )
___ P(FIGG)P(CG)
Ds(D\Py + P3Py — PP, D3 Py)
- Psb D,
Ps{p\Py + P3Py — P\P2P3Ds)

6. 1 @ L3131_9 2 @ LLL1L_1
24242 128 22222 32
13131 9 111111

b ————— _—— Dy - —F——_—_ = ——
() 24242 128 ®) 22222 32
18 1
© 13 © T
110 15
d) — d) —=
(@ 128 @ 16

66.  (a) P{carrier|3 without}
_usu2
1/81/2+11/2

(b) 1/18

67.  P{Braves win} = P{B|B wins 3 of 3} 1/8 + P{B| B wins 2 of 3} 3/8
+ P{B|B wins 1 of 3} 3/8 + P{B| B wins 0 of 3} 1/8
1 3j11 3] 3 31 38
s—t | =+ f+> o=
8 8142 4] 8 42 64
where P{B | B wins i of 3} is obtained by conditioning on the outcome of the other series.
For instance

P{(B|Bwin2of3} =P{B|Dor Gwin3 of 3, Bwin2of 3} 1/4
=P{B|D or Gwin2of 3, Bwin2 of3) 3/4

113

24 4
By symmetry P{D win} = P{G win} and as the probabilities must sum to 1 we have.

. i3
P{D win)} = P{G win} = —.
{ } = P{G win} aa
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68.

69.

70.

71.

34

Let f'denote for and a against a certain place of legislature. The situations in which a given
steering committees vote is decisive are as follows:

given member  other members of S.C.  other council members

for both for 3 or 4 against
for one for, one against at least 2 for
against one for, one against at least 2 for
against both for 3 of 4 against

P{decisive} = p’dp(1 - p)’ + p’p(1 - p)6p*(1 - pY’ + 4p*(1 - p) + p*)
+(1 - p2p(1 - p)(6p°(1 - p)* +4p°(1 - p) + p*)
+ (1 - pyp*4p(1 - py.

(a) 1/16, (b) 1732, (c) 10/32, (d) 1/4, (e) 31/32.

Let P, be the probability that 4 wins when A rolls first, and let Pp be the probability that B
wins when B rolls first. Using that the sum of the dice is 9 with probability 1/9, we obtain
upon conditioning on whether A rolls a 9 that

1 8
PA= §+§(1_PB)
Similarly,
5 31
Py=—+—(1-P
Calys 36( )

Solving these equations gives that P, = 9/19 (and that Py = 45/76.)

(a) The probability that a family has 2 sons is 1/4; the probability that a family has exactly 1
son is 1/2. Therefore, on average, every four families will have one family with 2 sons
and two families with 1 son. Therefore, three out of every four sons will be eldest sons.

Another argument is to choose a child at random. Letting E be the event that the
child is an eldest son, letting S be the event that it is a son, and letting A be the event that
the child’s family has at least one son,

P(E|S) = mﬁf;)

= 2P(E)
= 2[P(E|A)% + P(E

RSV W
24 4

At)ﬂ

Chapter 3




(b) Using the preceding notation

P(ES)
PE| 5 =222
(E1S) P(S)
= 2P(E)
= 2[P(E|A)—7— + P(E A“)l
8 8
= 2[1—7-] =7/12
38
72. Condition on outcome of initial trial

P(E before F) = P(E b F| EYP(E) + P(Eb F| F)P(F)
+ P(E b F| neither E or F)1 — P(E) — P(F)]
= P(E}+ P(Eb F)(1 - P(E) - P(F)].

Hence,
P(EbF)= _& .
P(E)+ P(F)
73. (a) Because there will be 4 games if each player wins one of the first two games and then one

of them wins the next two, P(4 games) = 2p(1 - p)ip* + (1 - p)*].
(b) Let A be the event that 4 wins. Conditioning on the outcome of the first two games gives

P(4=P(4]a, a)p* + P(4| a, b)p(1 - p) + P(4| b, aX1 - p)p + P(4| b, b)(1 - p)?
=p" + P(A)2p(1 - p)

where the notation a, b means, for instance, that 4 wins the first and B wins the second
game. The final equation used that P(4 la, b)=P(4 | b, a) = P(A4). Solving, gives

2

____ P
PO 2p(1-p)

74. Each roll that is either a 7 or an even number will be a 7 with probability

o= P(7) _ 1/6 ~ 14
P(7)+ P(even) 1/6+1/2

Hence, from Example 4i we see that the desired probability is
?

Zm(1/4)'(3/4)"' =1 —(3/4)" - 7(3/4)°(1/4)

i=2
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75. (a) P(4)=(172), ifi<n
=172, ifi=n

Do)+
® 2" -1 P

(¢) Condition on whether they initially play each other. This gives

n_ 2
p L 22 lJPL-l
27-1 2"-1\2

2
where [%J is the probability they both win given they do not play each other.
(d) There will be 2" — 1 losers, and thus that number of games.

(e) Since the 2 players in game i are equally likely to be any of the (; ) pairs it follows that

-1/[?
)

(f) Since the events B; are mutually exclusive

P(U B) = ZP(B,) =(2" - 1)/ [;) =(1/2)""
1-(9/11)"
1-(9/11)*

P2
77. a) P(A) =P +(1-P Nl -P?P(D|or PA)= ———
()P() 1 ( |I( Z)P( )]Or ( ) P]2+P22__P12P22
(c) similar to (a) with P* replacing P?.

(b) and (d) Let PE,.(I_’H) denote the probability that 4 wins when A4 needs i more and B needs j
more and A(B) is to flip. Then

Py=P\Ppy;+ (I—R)F.y
B, = BR, +(1-R)F;.

These equations can be recursively solved starting with

POI = 1,P|'0=O.
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78.

79.

80.

8t.

82.

83.

(a) Condition on the coin flip

P{throw n is red} = lﬂ+-1-E =1
26 26 2
1(311[1)’
P{rrr} 2\3 2\3 3
P = = ==
(b) {rlrr} P{rr} i 21 1 1)2 5
—_] = +_ —_
213 2.3
P{rr| A} P(A 3 )2
© Pldlmy = PP . — =4/5
GO
3)\2 3/2
(b) P(Awins)= =+ 5 764, ,8765434 876543
12 1211109 1211109876 121110987
: 84 87654 87654324
PBwins) = — —+ ————— o
1211 12111098 12111098765
. ._ 874 B8B76544 87 654321
P(Cwing)= —— —+—-—-———— ————— =
121110 121110987 12111098765

Part (a) remains the same. The possibilities for part (b) become more numerous.

Using the hint

— N iy M "n_ —(n fpan n
P{4 c B} g(z /2 )(i)/ zol(')z /4" = (3/4)
where the final equality uses

i(?)zfln—l =(2+ l)n

i=0

(b) P(AB = @)= P(4 — B°)=(3/4)", by part (a), since B® is also equally likely to be any of the

subsets.

P(i®all heads) = - /K"

D kY
j=0

No—they are conditionally independent given the coin selected.
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(a) P(J; votes guilty |/, and J; vote guilty}

= P{J,, Jo, J5 all vote guilty}/P{J, and J; vote guilty}

7 3 3 3
(I’ +=(2

) 10( ) 10( ) _ 97
T ,2, 3,2 1427
(D +=(2
10( ) 10( )

(b) P(J; guilty | one of Jy, J; votes guilty}

7 3
1o EDADD+ S 2)22)() s

26

7 3
S2ATHI)+ 522X 8)

(c) P{J; guilty| J,, /2 vote innocent)

7 2, 3 2
_ E(J)(J) +10(-2)(-8) 3
102~

7 3
—(3)?+-2-(.8)?
10( ) 10( )

E; are conditionally independent given the guilt or innocence of the defendant.

Let N, denote the event that none of the trials result in outcome i, i = 1, 2. Then

P(N] (W) N:) = P(N]) + P(Nz) —P(N|N1)
=(1-p)"+(1-p)"~(1-py~p)’

Hence, the probability that both outcomes occur at least once is
1-(1-p))"=(1~p2)" +(po)"
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Theoretical Exercises

P(4B) , _P(4B)

1. P(4B|4) = =P(4B|A U B)
P(A) P(AuB)
2. IfAcB
plBy=2 pulpy=0, PBlH=1, P@Bl4H=TELD)
P(B) P(A%)
3, Let F be the event that a first born is chosen. Also, let S; be the event that the family chosen

in method a is of size i.

In
im

Py(F)= X P(FIS)P(S) =3,

m

Pb(F) = Z ,-in,

Thus, we must show that
Din Y mlizm’
i i
or, equivalently,

Z:’n‘.an/j = Zn,an
] j ] '

J

or,

sz’_n,.n, SN

i»j in)

Considering the coefficients of the term n;n;, shows that it is sufficient to establish that

or equivalently
P+ 2 2if

which follows since (i — j)* 2 0.
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10.

11.

12.

13.

40

Let N, denote the event that the ball is not found in a search of box 7, and let B; denote the
event that it is in box /.

P(N|B))P(B)

P8I N) = 5P
i 1

~ P(N|B)P(B)+ P(N,

= J ifj#i
(-e)R +1-F

= ifj=
A—a)P+1-p 7

None are true.

P[C;JE,) =1- P(rl\EJ = 1—ﬁ[1 - P(E)]
i

(a) They will all be white if the last ball withdrawn from the urn (when all balls are
withdrawn) is white. As it is equally likely to by any of the n + m balls the result follows.

(b) P(RBG)= —E—— P(RBG | G last) = —£ b
r+b+g r+b+gr+b

bg L b g
(r+b)r+b+g) r+b+gr+g’

Hence, the answer is

P(A) = P(B) = P(C) = 1/2, P(4B) = P(AC) = P(BC) = 1/4. But, P(4BC) = 1/4.

P(4;) = 1/365. Fori=j# k, P(A4;,4;x) = 365/(365)° = 1/(365). Also, fori#j#k=r,
P(d;;4x,) = 1/(365)’.

l—(1=py'=1/2,0nn3 -—282)
log(1- p)

i-1 @

a,H(l —a,;) is the probability that the first head appears on the i flip and H(l -a,;) is the
f=1 i=1

probability that all flips land on tails.

Condition on the initial flip. If it lands on heads then A4 will win with probability P,
whereas if it lands tails then B will win with probability P, , (and so A will win with
probability 1 — P, ,).

Let N go to infinity in Example 4.
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14. P{r successes before m failures}
= P{r" success occurs before trial m + r}

-y (f:ll)p’(l—p)"" :

n=r

15. If the first trial is a success, then the remaining n» — 1 must result in an odd number of
successes, whereas if it is a failure, then the remaining 7 — 1 must result in an even number of
SuUCCEesses.

16. Condition on when the first tail occurs.

17. Pni= Pf—l.m +(1- p)Rw—l,!—I

18.  am=apt(-a)l-p)
P,,=a,.p+(l-a,,)p'

19, (b) P, = P{Areceives first 2 votes} = nin-1) = n-1
(n+Dn  n+l

P, » = P{Areceives first 2 and at least 1 of the next 2}
__n n-1 - 2.1 | _nm-2
n+2n+l n(n-1)] n+2

n—m

(c) Pum= , Rz m.

n+m

(d} P,n.=P{4 always ahead)

= P{A4 always | 4 receives last vote)
n+m

+ P{4 always | B receives last vote}
n+m

n m
= Pﬂ—|ﬂ+ Rf.m—l
n+m n+m

(e) The conjecture of (c) is true whenn+m=1(n=1,m=0).
Assume it when n + m = k. Now suppose that n + m =k + 1, By (d) and the induction
hypothesis we have that

n n-1-m m n—m+l n-m
Pn,m': + =

n+mn—-l+m n+mn+m-t n+m

which completes the proof.
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20 Py,=Pup+(1-P.)1-p
=(2p-1)P,, +(1-p)

=Q2p - l)[—;— + %(Zp - 1)"“'] + 1 —p by the induction hypothesis

2p-1 1
= +=Q2p-1)" +1-
5 2(.JD ) p

2p-1)".

(SR
+
YR

21. Py, =1/2. Assume that P,;, = 1/2 when &k 2 a + b and now suppose a+ b =k + 1. Now

1
P, = P{last is white { first hite} ———
5 {las 1sw1el s aarewne}(a_”)J
a

+ P{last is white | first b are black} L

5

+ P{last is white | neither first a are white nor first b are black}

- 11 _at 1 albl  albt 1
(a+b)! (a+b)! 2

a+b b+a _(a+b)!+§
a b
where the induction hypothesis was used to obtain the final conditional probability above.

22, The probability that a given contestant does not beat all the members of some given subset of
k other contestants is, by independence, 1 — (1/2)". Therefore P(B)), the probability that none
of the other n — k contestants beats all the members of a given subset of k contestants, is
[1 - (172)"1"*. Hence, Boole's inequality we have that

P(UB)< (:J[l ~(1/2)

Hence, if (Z][l —(1/2)*1"* < 1 then there is a positive probability that none of the (ZJ

events B; occur, which means that there is a positive probability that for every set of k
contestants there is a contestant who beats each member of this set.
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23,  PE|F) =PERIPEF)

PE|FGPG|F) =

PE|FGYPG | F) =

P(EFG) P(FG) _ P(EFG)
P(FG) P(F)  P(F)

P(EFG®)
P(F)

The result now follows since

25. E, E, ..

P(EF) = P(EFG) + P(EFG)

., E, are conditionally independent given F if for all subsets i,,

PE, .., |F)=TTPE ).

J=1

26. Not true. Let F=E,.

27. P{next m heads | first heads}
= P{first n + m are heads}/P(first n heads}

1 1
n+m n n+l
= Ip dp/fp dp = :
5 b n+m+l

Chapter 3
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Chapter 4

Problems

m(?) _3 PX=-2} = @_
=) H

P{x=1}=

2. p(D=1/36 p(5)=2/36 p9)=1/36  p(15)=2/36 p(24)=2/36
p()=236  p(6)=4/36 p(10)=2/36 p(16)=1/36 p(25)=1/36
p(3)=2/36  p(7)=0 p(11)=0 2(18)=2/36  p(30) =2/36
p4)=336 p(8)=2136  p(12)=4/36 p(20)=236 p(36)=1/36

55 5 545 5
PX=1}=102, PX=2} = S5= o PX=3} = Zos= o,
pr=g = 5432l _ L

10-9.8.7-6 252

n-2ii=0,1,..,n

PX=3}=1/8, P{X=1}=3/8, P{X=—1} =3/8, P{X=-3} = 1/8

(a) p(6) =1~ (5/6)* = 11/36, p(5) =2 1/6 4/6 + (1/6)* = 9/36
p(4)=21/6 3/6 + (1/6)* =7/36, p(3) =2 1/6 2/6 +(1/6)* = 5/36
p(2)=21/6 1/6 +(1/6)* =3/36, p(1) = 1/36

(d) p(5) = 1/36, p(4) = 2/36, p(3) = 3/36, p(2) = 4/36, p(1) = 5/36
p(0)=6/36, p(-) = p(),j > 0

Chapter 4




1.  (a) P{divisible by 3} = % P{divisible by 105) = ——

1000
142
P{divisible by 7} = ——
{divisi y 7} 1000
. 66
P{divisibleby 15} = ——
tdivisible by 15} = 1550

In limiting cases, probabilities converge to 1/3, 1/7, 1/15, 1/10

(b) P{u(N) =0} = P{Nis not divisible by p?,i 21}
= [ [ P¢N is not divisible by p}}

=T1a-1p})=6/7

13. p(0) = P{no sale on first and no sale on second}
=(7)(4)=.28
p(500) = P{1 sale and it is for standard}
= Pf1 sale}/2
=[P{sale, no sale} + P{no sale, sale}]/2
=[(.3)(.4) + (7)(.6))/2= .27

p(1000)= P{2 standard sales} + P{1 sale for deluxe}
= (.3)(.6)(1/4) + P{1 sale}/2
=.045+ .27 =315

p(1500)= P{2 sales, one deluxe and one standard}
=(3)N.6)(1/2)= .09

p(2000)= P{2 sales, both deluxe} = (.3)(.6)(1/4) = .045
14, P{X=0}=P{l losesto 2} =1/2

P{X=1}=Pfof 1, 2,3: 3 haslargest, then 1, then 2}
= (1/3)1/2) = 1/6

P{X=2}=Pf{of 1, 2,3, 4: 4 has largest and 1 has next largest}
= (1/4)(1/3) = 1/12

P{X=3}=P{of1,2,3,4,5: 5 has largest then 1}
= (1/5)(1/4) = 1/20

P{X =4} = P{l has largest} = 1/5

Chapter 4
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15.

16.

20.

21.

22,

46

P{X=1)=11/66

L2-5Y 1
Ptx=12}= Z(Tj)(suj]

j=2

12- 7\ 12~k 11
PixX=3)=
{ ) %;( 66 )(54+}'](42+j+k)

P{X=4}=1- iP{X =1

=1

12—¢
PlY,=i}= ="~
{ri=i} 6

. 12-7Y 12-i
== 3 66})(54+;)

Jni

L 12-,Y12-k% I
P{ty =1} ZZ( 66 )(54+j][42+k+f]

kaj jai
ki

All sums go from 1 to 11, except for prohibited values.

(a) P{x> 0} = P{win first bet} + P{lose, win, win}
= 18/38 + (20/38)(18/38)’ ~ .5918

(b) No, because if the gambler wins then he or she wins $1.
However, a loss would either be $1 or $3.

(c) E[X]= 1[18/38 + (20/38)(18/38)?] — [(20/38)2(20/38)(18/38)] - 3(20/38)" ~ —.108

(a) E[X] since whereas the bus driver selected is equally likely to be from any of the 4 buses,
the student selected is more likely to have come from a bus carrying a large number of
students.

(b) P{X =i} =i/148,i= 40, 33,25, 50

E[X] = [(40)* + (33)* + (25)* + (50)*)/148 = 39.28
E[Y] = (40 + 33 + 25 + 50)/4 =37

Let N denote the number of games played.

(a) EN)=2[p" + (1= p)’] +3(2p(1 - p)1 =2 + 2p(1 - p)

The final equality could also have been obtained by using that N =2 + ]| where I'is 0 if
two games are played and 1 if three are played. Differentiation yields that

—d-E[N]=2-4p
dp

and so the minimum occurs when 2 -4p=0orp=1/2.

Chapter 4




23.

24,

25.

27.

28.

(b) EIN]=3[p’ + (1 - p)* + 4[3p°(1 - p)p + 3p(1 - pY(1 - p)]
+5[6p*(1 - p)*=6p* - 12p° + 3p* + 3p+3

Differentiation yields

-d—E[N] =24p’ - 36p* + 6p + 3
dp

Its value at p = 1/2 is easily seen to be 0. ;

(a) Use all your money to buy 500 ounces of the commodity and then sell after one week.
The expected amount of money you will get is

E[money] = %500 + %2000 = 1250

(b) Do not immediately buy but use your money to buy after one week. Then

EJounces of commodity] = %1000 + -;—250 =625

3 7 3 11
~(I-p)===p-3/4, —Zp+(-p)2=——-p+2
(@ p—( p)4 2P ® 4P+( P TPt

%p—3/4=—-l;1p+2:>p=11/18,maximumvalue=23.72

(c) 9- %(1 -q) @ - %q +2(1—g), minimax value = 23/72
attained when g = 11/18

1 11
—(1+2+..+10)=—
(a) 10( ) 3

(b) after 2 questions, there are 3 remaining possibilities with probability 3/5 and 2 with
probability 2/5. Hence.

2 3 1 .2} 17

EfNumber]= =()+=[{2+-+2=|=—

[Number] 5( ) 5[ 3 3]

The above assumes that when 3 remain, you choose 1 of the 3 and ask if that is the one.
A 1
C—-Ap=—22C=A4 p+—
P~ 10 (p 10]

4

3. =3/5
20
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29.

30.

3l

32.

35.

36.

48

If check 1, then (if desired) 2: Expected Cost = Cy + (1 - p)C; + pR, + (1 — p)Ry;
if check 2, then 1: Expected Cost = C; + pCy + pR, + (1 — p)R; s0 1, 2, best if

Ci+(1 =p)C S Gy +pCor G < l—é’—c2
-p

E[X] = iz"(uz)" =

(a) probably not

(b) yes, if you could play an arbitrarily large number of games

E[score] =p*[1 — (1 = PY’ + (1 - p*X1 - p)

d

—=2(1 - p)p* - 2p(1 - p*)

dp
=0=>p=p*

If T'is the number of tests needed for a group of 10 people, then
E[T]=(9)°+11[1 - (.9)'] = 11 - 10(.9)"

If X is the amount that you win, then
P{X=110}=4/9=1-P{X=-1}
E[X}=(1.1)4/9 — 5/9 = —.6/9 ~ =067
Var(X) = (1.1)%4/9) + 5/9 — (.6/9) = 1.089

Using the representation

N=2+1

where [ is 0 if the first two games are won by the same team and 1 otherwise, we have that

Var(N) = Var(J) = E[I’ - E*[]]

Now, E[P=E[l} =P{I=1}=2p{l —p} and so
Var(N)=2p(1 - p)[1 - 2p(1 - p)] =8p’ — 4p* ~6p* + 2p

Differentiation yields
diVar(N) =24p® - 16p* — 12p +2
P

and it is easy to verify that this is equal to 0 when p = 1/2.
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37.

38.

39.

40.

41.

42,

43.

44,

45.

E[X*]) = [(40)* + (33)’ + (25)* + (50)’)/148 ~ 1625.4
Var(X = E[X*] - (E[X])* ~ 82.2
E[Y*] == [(40)* + (33)> + (25)* + (50)*)/4 = 1453.5, Varr(Y) = 84.5

(a) E[(2 +X)'] = Var(2 + X) + (E[2 + X])’ = Var(X) + 9 = 14

(b) Var(4 + 3X) =9 Var(X) =45

4 4 _
(2)(112) =3/8

(i)(m)"(zm)' +(1/3)* =11/243

i(lf’)(uz)'“
i=7
GJpa-er+(Jpa-pep (3)pra-pep

< 6p' 1507 +12p-320
< 6(pp—1/2)(p-1720

<Sp2l/2

5 3 2 5 4
(3)(-2) (-8) +( 4)(-2) (8)+(2)

aZ(:.’ )p.’(l -p) +(1- a)i[;’)pé (1-p)""

i=k i=k

with 3: P{pass} = 51[@)(.8)2(,2) + (-8)3] + %[@](_4)2(,6) + (.4)3]
=.533

s (5Y, o) ausei . 255 ;
with 5: P{pass} = SZ(J(_S)'(,Z)S—: +§Z(;‘ )(.4)'(.6)5"

i=3 i=3

=.3038
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47,

48,

49,

50.

51.

52.

53.

50

9 8
(@)and (b): (i) Z(?)p‘(l—p)“, (i) Z[?)p"(l—p)“,
=5 =5

(i) i[:)p'(l - p)"™ where p=.7in (a) and p = .3 in (b).

i=4

The probability that a package will be returned is p = 1 — (.99)'° — 10(.99)°(.01). Hence, if
someone buys 3 packages then the probability they will return exactly 1 is 3p(1 — p)*.

This depends upon whether or not each chip is independently defective with probability .1.

(a) P{H, T, T| 6 heads} =PH,T,Tand 6 headsf/P{6 heads}
= P{H, T, T} P{6 heads | H, T, T}/P{6 heads}

= 27 5.2 10 6 4
Pq (SJpq/(GJpq

=1/10

(b) P{T, H, 716 heads} =P(T,H, Tand 6 hcadsf/P{é heads}
= P{T, H, T} P{6 heads | T, H, T}/P{6 heads}

_ 2 (7)) 5 9 10} 6 4
oo e ()

=1/10

(a) e b) 1-e?-2e2=1-12¢"
Since each letter has a small probability of being a typo, the number of errors should
approximately have a Poisson distribution.

(@) 1-e*-35¢=1-45¢"°
(b) 4.5¢7°

Since each flight has a small probability of crashing it seems reasonable to suppose that
the number of crashes is approximately Poisson distributed.

(a) The probability that an arbitrary couple were both born on April 30 is, assuming
independence and an equal chance of having being born on any given date, (1/365)%,
Hence, the number of such couples is approximately Poisson with mean 80,000/(365)*
.6. Therefore, the probability that at least one pair were both born on this date is
approximately 1 —¢™*,

R

(b) The probability that an arbitrary couple were born on the same day of the year is 1/365.
Hence, the number of such couples is approximately Poisson with mean 80,000/365 ~
219.18. Hence, the probability of at least one such pairis 1 — e 2" ~ [.
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54.

55.

56.

57.

59.

60.

61.

62.

63.

(a) e*? (b) 1-e27-22e2=1-32¢7

1 5 1 4

The number of people in a random collection of size n that have the same birthday as yourself
is approximately Poisson distributed with mean n/365. Hence, the probability that at least
one person has the same birthday as you is approximately 1 — ™%, Now, e™ = 1/2 when
x = log(2). Thus, 1 — e™** > 1/2 when n/365 2 log(2). That is, there must be at least 365

log(2) people.

2
(a) 1 —e‘3—3e'3—e'33—= l—lze'3
2
17 .,
Px>3 1=7¢

() PLX23|Xx21}= D - s

(2) |—e™

® e

() 1-e'?= le-nz

2
P{2|beneficial}3/4
P{beneficial |2} = . {2|beneficial} -
P{2| beneficial}3/4 + P{2| not beneficial}l/4
Y
- 24
-3 l _3_ + e's g 1
24 24

O .

If A, is the event that couple number i are seated next to each other, then these events are,
when n is large, roughly independent. As P(4;=2/(2n - 1) it follows that, for n large, the
number of wives that sit next to their husbands is approximately Poisson with mean

2n/(2n - 1) = 1. Hence, the desired probability is €' = .368 which is not particularly close to
the exact solution of .2656 provided in Example 5n of Chapter 2, thus indicating that n = 10
is not large enough for the approximation to be a good one.

(@) €7

2 3
(b) 1 _ e-—2.5 o 2.58—2.5 — (2'25) e-2.5 _ (255') e—2.5
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64.

65.

66.

67.

68.

69.

52

7
(@@ 1- ) e*4'/it=p

i=0
® 1-(1-p"?-12p(1 -p)"

() 1-p)"'p

(@ 1-e"?

|—e/? _le-m
®) PiX=2lx>1)= 1-e-"22
) 1-e?

(d) 1 —exp {-500 - )/1000}

5
o)

26Y 12
(b) (a'g)

38

P{wins in i games} = (igl)(-6)4(-4)i_4

Let N be the number of games played. Then

P{N=4} =2(112)" = 118, P{N=5)= 2(‘1‘)(1/2)(1/2)4 - 1/4

P{N=6} = 2(2)(1/2)2(1/2)‘ =5/16, P{N=1}=5/16
E[N] = 4/8 + 5/4 + 30/16 + 35.16 = 93/16 = 5.8125
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N|+N2""k N +Ny-k NI+N2—k
71. ( X, J(1/2) (1/2)+( N,
2N -k 2Nk
72. 2( N J(1/2)
2N-k-1 IN-k-1
2( N1 J(I/Z) 1/2)
94
74, (@) PX=0} = >0
- @ 100
10
(o) (10 (33
10 9 A 8 A2
PX>2}=1-
(b) P{ } 100
10
76.  P{rejected| 1 defective} = 3/10
P{rejected |4 defective} =1 - (g] / (1:? J =5/6
53
: : = 610 =
P{4 defective |re_]ected} 53 . 3T 75/138
610 1010
77. P({rejected} =1 — (.9)*
Chapter 4
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Theoretical Exercises

1.

54

Let E; = {no type i in first n selections}

N
P{T>n) = P(HE,J

=D (=B =2 (-B-P)Y+Y. > > (-p, —-p)
i f<J

i< j<k

ek DYV R
P{T=n)=P{T>n—-1) - P{T>n}

1 - limF(a—-h)
h—0

Not true. Suppose P{X=b}=¢>0and b,=5b+ 1/n. Then blimbP(X <b} =P{X<b} =

P{X<b).

When a> 0

PlaX+ f<x}= P{xs x;ﬂ}=F(x_ﬂ)

a

When a< 0

PlaX+ f<x}= P{Xz x;ﬂ}=1- lim F(i-‘-ﬁq).

A0t a

o o

ip{zv 2i) =Y D P(N=k)
=l i=1 k=l

=Y > PIN=K)}

k=] =)

= ikP{N:k} = E[N].

kal

ii P{N >i} = ii iP{N = k)

i=0 =0 k={+]
ey k-
=Y P(N= k}zli
k=l i=0

=iP{N =k}(k-1k/2

k=1

= (ik’P{N =k} - ikP{N = k}] /2

k=1 k=]
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8. E[c1=ep+c'(1 -p)

Hence, 1 = E[¢"] if
cp+c’(1-p)=1
or, equivalently
pc—c+1-p=0
or

(pc~1+p)e-1)=0

Thus, ¢ = (1 - p)/p.

9. E[Y|=EXo-ol= —l-E[X] —o=yo-yo=0
c
Var(Y) = (1/0)* Var(X) = &/ = 1.
=] n!

10 ELAX+D]= 2. L (n-ihl

pa-p

2 (n—t)‘(t+1)'p(1_p)"-‘

i=0

- — 2[7:11 - py

(n+Dpiz
ntl : s
"Gl 1 P
i (n:1>p[l'(n+l] a-r )M]
T 1) [1-1-p)™'1
11. For any given arrangement of & successes and n - £ failures:

P{arrangement | total of & successes}

_ Pfarrangement) _ p*(l-p)"* 1
Pik successes} (n - “(n
{ } (,Jp"(l—p) * (k)
12. Condition on the number of functioning components and then use the results of Example 4c

of Chapter 1:

. o)

i +1 . A . .
where (;tlj =0ifn-i>i+ 1. We are using the results of Exercise 11.
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13.

14.

17.

18.

56

Easiest to first take log and then determine the p that maximizes log P{X = k}.

n

log P{X=k} = log[k

) +klogp+ (n—k)log (1-p)

9 ogpx=ky=X_nk
op p l-p

=0 = p = k/n maximizes

S ap
(@ 1-) op"=1-——
,.Z.l: 1-p

(b) Condition on the number of children: For k>0

P{k boys} = > P{k|n children}ap"

n=]

- i[l':)a/z)"@"

n=k
P{Oboys} =1 - f?i+2@"(1/2)"
_p n=l

(a) If X'is binomial (n, p) then, from exercise 15,
P{Xiseven} ={1+ (1 -2p)")/2

=[1+(1-2Mn)")/2 when A=np
— (1 +&/2 as n approaches infinity

(b) P{Xiseven) = 24 1M _ 2 4 2y

log P{IX=k}=-A+klog A —log (k")

d k
—logP{X =k}=-1+—
57 °8 { } )

=0=>A4=k
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19.

20.

21.

22

ElX" =Y i"e A1l

i=0

* .

= i"e il
i=1
a0

>l A i -1)!

DG M !
=0

7

=AY G+t

=0

= AE[(X +1)""]

i=1

Hence [X°] = AE(X + 1))
= zli(i+1)2e"/1'/i!

i=0

= A[Zﬂe-u‘ 2y et A iy et A /n}
i=0 i=0 =0

= A[E[X*}+2E[X]+1)

= J(Var(X) = E’[X] + 2E[X} + 1)
=HA+ A +20+ D= A2 +34+ D)

Let § denote the number of heads that occur when all n coins are tossed, and note that S has a
distribution that is approximately that of a Poisson random variable with mean A. Then,
because X is distributed as the conditional distribution of S given that § > 0,

- pres _PS=1 A
Pix=1)=P(s=1|5>0} P50 "o
(i) 11365
(ii) 1/365

(iii)1  The events, though independent in pairs, are not independent.

(i) Say that trial i is a success if the i pair selected have the same number. When n is large
trials 1, ..., k are roughly independent.

(ii) Since, P {trial i is a success} = 1/(2n — 1) it follows that, when n is large, M, is
approximately Poisson distributed with mean &/(2n — 1). Hence,

P{M; =0} ~exp[-k/(2n - 1)]

(iii) and (iv) P{T> an} = P{M, = 0} ~ exp[-an/(2n - 1)] - Pl
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23.  P(m counted) ZP(mln events)e™* A" /n!

i(;)p” (1-p)" ™" In!

= oo G S A= DT i

m! (n—m)!

fa=m

Intuitively, the Poisson A random variable arises as the approximate number of successes in n
(large) independent trials each having a small success probability a (and 4 na). Now if each
successful trial is counted with probability p, than the number counted is Binomial with

parameters n (large) and ap (small) which is approximately Poisson with parameter apn = Ap.

P{X =n+k}
P{X >n}
_ p(l _p)nﬂ—l

(1-p)
=p(1 -p)**

25. P{X=n+k|lX>n =

If the first » trials are fall failures, then it is as if we are beginning anew at that time.

26. The events {X> n} and {Y¥ < r} are both equivalent to the event that there are fewer than r
successes in the first » trials; hence, they are the same event,

() sty
PIX=k+1) _ \k+1ln—k-1

P{X =k} Np) N-Np
k n—k

- (Np—k)(n—k)
k+1)N-Np-n+k+1)

27.
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n
n (i1
- (N)_,;](nﬂ—l)
n
—_H'(NH)
N in+1
")
n(N +1)
n+l

29. Let Y denote the largest of the remaining m chips. By exercise 28

P{Y=j)= (’f;—_ll)/(m;n),mSan+m

Now, X=n+m - Y and so

PX=i)=P(Y=m+n-i}= (’"*”"i‘lj/(’";"),is;z

m-—1

k-1 gat—1i
30. P{X=k}= Il_ k> 1
{ ’ n =0y

n
4 k(k) B n2"!

32. E[X)]= Z

S 2|

2( )

4 k 2"—2'1 n+l

E[Xz]_ z - 1 "( 1 )
k=0 2 2

n2*" % —p(n+1)2"2
2" -1

Var(X) = E[X*] - {E[X]))’ =

n22l‘l—2
22n

~

=
4

Chapter 4
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33.

60

n+l

=" mry= Y- L

i=l 1 n
2 2
n n+1l n
v ~—— - PN
=5 ( 2 J 12
12 1

(a) P{X> i} = AT T =T
23 i+1 i+l
= lim(1 -1/ + 1)) =1
© EiX]= 3 iPX =i}

= Di(PLX >i-1}- P(X > i)
i
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Chapter 5

Problems

—

1
(a) cj(l-xz)dx =1>c=3/4

X

3 3 Y2
b) Fx)= = |[(1-xDdx==|x-=-+=},-1<x<1
(b) F(x) 4J< %) 4(1 ; 3} x
2. Ixe“’zd.’x =-2xe"'? ~4¢'? . Hence,

cj'xe"“dx =1=>c=1/4
Q

P{X>5) =

1‘” —1/2 -5/2 ~572
Zsj‘ dx = [10 +4e7%'7

=1_4€—512
4

3. No. f5/2)<0
4. (2 l—gdx J' 1/2.
20
10
(b) F(y)= j—dx-l-— y>10. Fy)=0 fory < 10.
y

6-1
© Z[ I )(l) since F(15) =i_g" Assuming independence of the events that the

i=3
devices exceed 15 hours.

5. Must choose ¢ so that

1
= j5(1-x)‘dx=(1—c)’

soc=1-(0DN",
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6. (a) E[X]= % Ixze"’zdx =2 j yiedx =20(3) =4

0 0
(b) By symmetry of f{x) about x=0, E[X] =0

o

(c) E[X]= de —

E)

1
7. I(a+bx2)dx=lora+-§=l
0

1
Ix(a+bx2)dx=§ or E+£""—=3/5. Hence,
5 2 4

0

y b=

a=

W
M]O\

8. E[X] = Ixze"dx =T (3) =2

[

9. If s units are stocked and the demand is X, then the profit, P(s), is given by
PE)=bX-(s—-X)¢ ifX<s
=sb ifX>s
Hence

E[P(s)] = jo’(bx ~(s - x)0)f (x)dx + f’ sbf (x)dx
= (b+90) L:xf(x)dx st j‘o F(x)dx + sb{l - L f(x)dx]
=sb+ (b+?0) J’o’(x — 5}/ (x)dx

Differentiation yields

%E[P(s)] =b+(b+ e)%{ | o’xf(x)dx ~s jo f(x)dx]
=b+ (b+ E)[sf(s) —sf(s)— j'o f(s)dle

=b- (b+€)I:f(x)dx
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10.

11.

13.

14.

15.

Equating to zero shows that the maximal expected profit is obtained when s is chosen so that

b
F(s) = ——
©)=37

where F(s) = J: f(x)dx is the cumulative distribution of demand.

(a) P{goesto A} =P{5<X<150r20<X<300r35<X<45o0r50<X<60}.
= 2/3 since X'is uniform (0, 60).

(b) same answer as in (a).

X is uniform on (0, L).

Pmin( X ,ﬂjdm
L-X" X

=1 Plmin| % ,L'—X]>1/4
I-x X

=1-P X >1/4,L"X>1/4
L-X X

=1-P{X>L/5 X<4L/5}
= 1—P{§<X<4L/5}

-1-2-2,
5

W

PIX>25 _S/30 _. .
P{X >15) 15/30

P{X>10}) = %,P{X> 25| X>15) =

where X is uniform (0, 30).

E[X"]= lJ.Jr"abc L

; n+l
PX"<x} =P{X<x") =x"

)., _

1
E[X"]= x—l-x J'x”"dx -
n ; n+l

1
n

=]

(a) ®(.8333)=.7977
(b) 2(1) - 1 = .6827
(c) 1-d(3333) = .3695
(d) ®(1.6667) = 9522
(e) 1 —d(1)=.1587
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16.  P{X>50} = P{X——49- > %} =1-D2.5)=1-.9938

Hence, (P{X < 50})'° = (.9938)'°

17.  E[Points] = 106(1/10) + 5(2/10) + 3(2/10) = 2.6

18. 2= P{X =3 > 22} = P{Z > 4/0} where Z is a standard normal. But from the normal
o o

table P{Z < .84) ~ .80 and so
Bd~d/corom4.76
That is, the variance is approximately (4.76)° = 22.66.

19. Letting Z = (X — 12)/2 then Z is a standard normal. Now, .10 = P{Z> (¢ — 12)/2}. But from
Table 5.1, P{Z < 1.28} = .90 and so

(c—12)/2=1.28 or c=14.56

20. Let X denote the number in favor. Then X is binomial with mean 65 and standard deviation
J65(.35) ~4.77. Also let Z be a standard normal random variable.

(a) P{X250} = P{X249.5} = P{X - 65}/4.77 > ~15.5/4.77
~ P(Z>-3.25} ~.9994

(b) P{59.5 <X <70.5) ~ P(=5.5/4.77 < Z < 5.5/4.77}
=2P{Z<1.15) =1 .75

(c) P{X <745} ~ P{Z<9.5/4.77} ~ 977

22, (a) P{.9000 - .005 <.X'<.9000 +.005}
_p[ 005 .005}
003 003
=P{-1.67<Z<1.67}
= 2((1.67) - 1 =.9050.

Hence 9.5 percent will be defective (that is each will be defective with probability
1 —.9050 = .0950).

- P{_ 005 . .005}=2¢(ﬁ] 1= .99 when
o o ¢

(D(-%] =.995 = 005 =2.575= 0 =.0019.

g (=)
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23.

24,

25.

27,

P

149.5 _ 1000 200.5——Hm

(a) P{149.5 < X<200.5} = P{———n8 <7< *@
1{1000-1---5- ,/1000_—
\ 66 66

200.5 —166.7J B q{149.s —166.7)
/5000736 +/5000/36

~ ©(2.87) + (1.46) — 1 = 9258,

=

149.5 -800(1/5)

800 14
55

(b) P{X<149.5} = P{Z <

=P{Z <-.93}
=1-d(.93)=.1762.

With C denoting the life of a chip, and ¢ the standard normal distribution function we have

P{C<18x 10°}=¢( T
X

= ¥1.33)
= 9082

1.8x106—1.4x106J

Thus, if N is the number of the chips whose life is less than 1.8 x 10° then N is a binomial
random variable with parameters (100, .9082). Hence,

19.5-90.82

I T NS |  _y-24.7) > 1
90.82(.0918)J A-24.7)

P{N>195)~ 1 - ;z{

Let X denote the number of unacceptable items among the next 150 produced. Since Xis a
binomial random variable with mean 150(.05) = 7.5 and variance 150(.05)(.95) = 7.125, we
obtain that, for a standard normal random variable Z.

P{X<10} =P{X<105)
P{X—7.SS10.5—7.5
V7.125 7 J7.125

= P{Z <1,1239)
= 8695

The exact result can be obtained by using the text diskette, and (to four decimal places) is
equal to .8678.

PX>5,799.5) = PlZ > 223
2,500

= P{Z > 15.99} = negligible.
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28.

29.

30.

66

Let X equal the number of lefthanders. Assuming that X is approximately distributed as a
binomial random variable with parameters n = 200, p = .12, then, with Z being a standard
normal random variable,

X -200(12) _ 19.5-200(12)
J200(.12)(.88)  /200(.12)(.88)

~ P{Z > -.9792)
~ 8363

PX>19.5}) = P{

Let s be the initial price of the stock. Then, if X is the number of the 1000 time periods in
which the stock increases, then its price at the end is

s d'F = sd'm(i]x
d
Hence, in order for the price to be at least 1.3s, we would need that

A
d'm[%) >1.3

or

N log(1.3) —10001log(d)
log(u/d)

X = 469.2

That is, the stock would have to rise in at least 470 time periods. Because X is binomial with

parameters 1000, .52, we have

X -1000(.52) _ 469.5-1000(.52)
J1000(.52)(.48) ~ ,/1000(.52)(.48)

~ P{Z>-3.196}
=~ 9993

PLX>469.5) = P{

P{SI black}a
P{5| black}a+P{5| white}(1 - a)
1 e-(s-4)’/s

227

1 -(5-4)7/8

1
e a+(l-a)——
2J2r )3J27r

P{in black} =

(74

_fe_gy?
e(SG)IIB

a 18
2
ffe-us + (l—a)e—us

2 3

a is the value that makes preceding equal 1/2
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32.

33.

34,

3s5.

36.

37.

A a 2
o et

d

( )=E—1=0:>a=A/2
da A

(b) Eﬂx - a|] = ](a —x)Ae M dx + wj(x —a)Ae P dx
0 a
—Aa -Aa

= a(l-e ™)+ ae™ +e—l———1,{+ae"" +eT—ae""

Differentiation yields that the minimum is attained at 4 where
e =1/2 or @ =log 274
(c) Minimizing a = median of F

(a) e
(b) e

~1
e

(a) P{X>20)=¢"

P{X>30} /4

= =1/3
P{X>10} 3/4

() P{X>30lXx>10=

40

(a) expl:- _[l(!)dt] =e
(b) e-1.2l
2
(@) 1-F(2)= exp‘:— It’dt:] =™
(b) exp[-(.4)"/4] — exp[—(1.4)*/4]
2
(c) exp[— It’dt:| =g

(@ P{lx| >12)=P{X >1/2) + P{X<-112) = 112

(b) P{|X| £aq}=P{-a<X<a}=a,0<a<]. Therefore,
Siy(@)=1,0<a<lI

That is, |X| is uniform on (0, 1).
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38.  For both roots to be real the discriminant (4Y)? — 44(Y + 2) must be > 0. That is, we need that

Y’ > Y+2. Now in the interval 0 < Y < 5.

P2Y+2< Y22 and so
P{22Y+2} =P{Y=>2}=3/5.

39.  Fyy)=P{log X<y}
= P{X <&} = F{e)

S =fe)e = e

40. Fy(y)=P{* <y}
= Fx(log y)

Sy) = fx(IOgy)l = -1—, l<y<e
y y

68
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Theoretical Exercises

1. The integration by parts formula Iudv = uv— [vdu withdy= —2bxe ™ , U =—x/2b yields
that
—bx? o
2 -bx? —Xxe R
e di=—-—-c|+— e dx
5[ 2b | J- 2b s

V2 1 Jr

2 (2b)3/2 —4b3I2

1 % 4p%'?
where the above uses that —— |e™ /2dy = 1/2. Hence, a =
V2r 5[ 7 Jr

@ w =y
2. J'P{Y <-y}dy = J' £, (x)dx dy
° 00_‘:‘ )]
= [ [y dx == [xf,() ax
-0 0 -0
Similarly,

[P > )y = [y (o)

Subtracting these equalities gives the result,

4,  ElaX+b]= j(ax +b)f(x)dx = a jxf(x)dx +b j f(x)dx
= aE[X] + b

5. E[X= ]‘P{X" > f}dt

It

J'P{X" > x"}nx"dx by t=x", dt = ' dx
0

C]'P{X > xjnx"dx

6. Let X be uniform on (0, 1) and define E, to be the event that X is unequal to a. Since NE, is

the empty set, it must have probability 0.
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10.

1.

12.

13.

70

SDXaX + b) = \[Var(aX +b) = Jaio? = |alo
Since 0 < X < ¢, it follows that X* < ¢X. Hence,

Var(X) = E[X"] ~(E[X])’
< E[eX - (E[X]))
= cE[X] - (ELX])’

= E[X])(c - E[X])
=c[a(] - a)] where a= E[X)/c
<c/4

where the last inequality first uses the hypothesis that P{0 < X < ¢} =1 to calculate that 0 < &
< 1 and then uses calculus to show that maéixguma'(l -a)=1/4,
o

The final step of parts (a) and (b) use that —Z is also a standard normal random variable.
(a) P{Z>x}) =P{-Z<-x} =P{Z <-x}

) P{|Z| >x} =P{Z>x} + P{Z<~x} = P{Z>x} + P{~Z>x)
=2P{Z> x}

) P{1zl<x}=1-P{|Z] >x} =1-2P{Z>x} by (b)
=1-2(1-P{Z<x})

Withe=1/ (J 271:0') we have
f(x) = ce_("_“)z 1201
)= —ce =2 (x )/ o2

fv—d ] Cr fr_? 2
f"(X)= 00'_48 (x=p)' 120 (x—,u)z—ca 2e {x—u)' /20
Therefore,

fu+o)=f(u-o)=ca e —co?e =0

E[X*] = IP{X > x}2x¥ 'dx = 2 |xe ¥dx = %E[X] =2/
¢ 0

b+a
2

(®) u

(a)

(c) l—e""'=1/2orm=—ll— log 2

(a) all valuesin (a, b)

(b) u
(c) 0
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14,  P{cX<x}=P{X<xlc}=1-e*"

{(:)= lVa __ 1 0<i<a
F() (a-tfa a-t

15. A =

16. If X has distribution function F and density £, then fora >0
Fadt) = P{aX <t} = F(t/a)

and

fu=Lrara)
a

Thus,

—f(l/a)

Aoy (t )—IT(J_; =;lx(t/a).

18, E[X]= [x*ie¥ax = 2t Iﬂe"*(ﬂx)"dx
0 0
= A C(k+1) = kI/A*

19. EX9= — |x*Ae™™(Ax)dx
ELXY r( )4 (Ax)
}."‘ =
Ze- /h: r+k-1dx
T TO ¥ (Ax)
1*
= —1_(—)F(t +k)
Therefore,
E[X]=1A4,

ELX]==T@+ M@ =+ DA
and thus

Var(X) = (¢ + WA - A =X
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20.

21

22,

23.

24.

25.

26,

72

r(1/2) = je‘*x-‘”dx

1]

= J:’Z-Ie"’z"zdy by x=y*2, dx=ydy=2x dy
1]

_ 2J;I(2ﬂ)—llze—y1/2dy
0

= 2/7P{Z > 0} where Z is a standard normal

Vx

I

jxe'*(zx)'-'dx/,%e"'(,ts)"'
xzs

J.e—l(x—.l)(xls)l-ldx
x25

J.e‘l"’(l +y/5)'dy by lettingy=x—5
y20

1/A(s)

I

I

As the above, equal to the inverse of the hazard rate function, is clearly decreasing in s when ¢
2 1 and increasing when ¢ < 1 the result follows.

A(s) = c(s —v)*', 5> v which is clearly increasing when £ 2 1 and decreasing otherwise,

Fla)=1-¢"'
Suppose X'is Weibull with parameters v, , . Then

p{[’fa"’]ﬁ gx}=p{3fa;" Sx”ﬂ}

=P{X<v+ax"P}
=1 -exp{-x}.

We use Equation (6.3).
_ - _T(a+l) T@+b)_a
EX1=B(a* 1, bYB(4, b) Fa+b+1) T(@ a+b

I(a+2) T(@+b)  (a+1a

E[X*]=B(a+2, b)/B(a, b) =

Ta+b+2) @ (a+b+1)a+b)
Thus,

(a+Da a’ ab

@+b+0)(a+b) (a+b)} (a+b+)(a+b)

Var(X) =

(X-a)(b-a)
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28. P{F(X<x}=P{X<F'(x)}
= F(F'(x))

=X

29, Fyx) =PlaX+ b <x}

= P{ng—-é} whena>0

a

= F{(x — b)/a) whena> 0.

x) = %fx((x -b)a) ifa>0.

When a< 0, Fy{x) =P{X > X=b

) = —1fx[""’)-
a

a

30.  Fyx)=P{e*<x)
=P{X < log x}
Fy(log x)

JHx) = flog x)/x

i - a2
= e (log x—u)* 1 20
x2xo

Chapter 5
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Chapter 6

Problems
8.7
2, 0,0)= —"_ = 1439,
@ p(0,0)= =
©,1)=p(1,0)= 2 =10/39
P EETRY
. 5.4
L= 24 —539
ALD= 30
8.7-6
0,0,0)= =28/143
®) P0.0.0= o
©,0,1)=p(0,1,0) =p(1, 0, 0) = —>-1">_ ~70/429
e A ENPRY
0,1,1)=p(1,0,1)=p(1,1,0) = 8:5-4_ _ 4om29
U A R R T WD W
5.4.3
L1 1)= — 5/143
A A TRERT

3. (a) p(0,0) = (10/13)(9/12) = 15/26
20, 1) = p(1, 0) = (10/13)(3/12) = 5126
p(1, 1) = (3/13)(2/12) = 1/26

(b) p(0, 0, 0) = (10/13)(9/12)(8/11) = 60/143
20,0, 1)=p(0, 1,0)=p(1, 0, 0) = (10/13)(9/12)(3/11) = 45/286
pli, j, ) = (3/13)(2/12)(10/11) = 5/143 ifi+j+k=2
p(1, 1, 1) = (3/13)(2/12)(1/11) = 1/286

4, (a) p(0, 0) = (8/13)%, p(0, 1) = p(1, 0) = (5/13)(8/13), p(1, 1) = (5/13)

(b) p(0,0,0)=(8/13)°
pU,J, By =813)}5/13)ifi+j+ k=1
pli,j, )= (8/13)(5/13) ifi+j+ k=2

5. p(0,0) = (12/13)’(11/12)
(0, 1)=p(1, 0)=(1213)’[1 — (11/12)"]
p(1, 1) =(2/13)[(1/13) + (12.13)(1/13)] + (11/13)(2/13)(1/13)
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y
8. fl)=c [OF -
=y
=3 per, 0<y<
=—cye’, y<ow

3,

a]'fy(J’)dy =1 = ¢=1/8 and so f{y) = ye
0

,O<y<co

Sidx) = s J(y ~xV)edy

1
4

6 X 6
9, (b) flx) = = J(xz + %)dy = -7-(2xz +X)

0

i 15
(c) P{X>1} = —j' % +—dydx) -

(d) P{Y>1/2 |X< 1/2} = P{Y> 1/2, X< 1/2}/P{X < 1/2}

T;f(x + —dxdy)

= L2

1/2
I(sz + x)dx
0
10. (@) flx)=e" , fly)=e”,0<x<ow,0<y<cw
PX<Y} =112

() P(X<a}=1-¢"

. ———(.45)°(.15)(.40
1 2 (ASPCIS) A0
5 5 s
—5 il c
12, ei+5e’ + 2'e +3|e
Chapter 6

e"’l(1+|x|) upon using — J'yze-y =y + 2y +2¢7

75



14

15,

16.

17.

18.

76

Let X and Y denoted respectively the locations of the ambulance and the accident of the

moment the accident occurs.
P{lY-X| <a)=P{Y<X<Y+a) +P{X<Y<X+a)

Lmin(y+a,L)

(a) 1= j _[ £ (x, y)dydx = j J'c dydx = cA(R)

(x,p)eR
where A(R) is the area of the region R.

(b) f(x-}’) = 1/4s -1 Sxy< 1
=)
where flv)=1/2,-1<v<1.

(©) PIX*+Y*<1)= % | favax = (area of circley/4 = wa.
[

(8) A= UAI"
(b) yes
(©) P(A)= D P(4) =n(1/2)""

% since each of the 3 points is equally likely to be the middle one.

P{Y-X>L3) = j J'izdydx
y-x:-LIJL
—<y<lL
0<x< =
4 Li6e L L/ L
=}7[ _[ _[dydx+ dyde
0 L/2 Li6x+L/3
2 2 2
12 24 72
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19.  P{triangle} =1 -PX>Y-X+L-Y) ~P{Y-X>X+L-Y} +P{L-Y>X+Y-X)

= 1 -P{Y-X>L)2)

4 112 L

= [ fayax =12,
0 x+L/2

=1-
20. (a) yes: f(x)=xe”, fy)=¢”,0<x<w0,0<y<ow

() no: )= [£(x.y)dy =201-2),0<x<1

¥y
)= [fyx=2y,0<y<1
0
21, (a) We must show that Jm Jm Sf(x,y)dxdy = 1. Now,

717 roxyydxay = [ [ 245y duay
= 12y iy
i
= [12(r-2)" + y)dy
=12(1/2-23+1/4)=1
® B = [
1 1-x
= J’oxj'o 24xy dydx
= jo'lzx’a —x)dx =2/5
() 2/5

22, (a) No, since the joint density does not factor.

M) S0 = I:(x+y)dy =x+1/2, 0<x<l,

1 pl-x
(© Px+Y<iy= [ [~ (x+y)dydr

= I;[x(l _x)+(1-x)/2]dx =173

Chapter 6
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23, (a) yes
f0) = 12x(1 - %) Iolydy=6x(1—x), 0<x<l

) =12y le(l—x)dx =2y,0<y<]

(b) E[X] = j’o' 6x*(1 - x)dx = 1/2
1
(c) E[Y]= I°2y2dy =2/3
() Var(X)= Iol6x’(l—x)dr—1/4 = 1/20

() Var()= L'zy’dy-4/9 = 1/18

2.  P{N=n}= pi"(1-py)
' (b) P{X=} =p/(1 - po)
(c) PIN=n,X=j}= p;"'p,

-1
25. e_.’_ by the Poisson approximation to the binomial.
[ &

26. (8) Fypcla,b,cy=abc 0<a,b,c<1

(b) The roots will be real if B2 > 44C. Now

1x/a

P{AC<x) = J’ jdadc_ j jdcda+ I j'dcda

csx/a x 0
0sasl
0<c<i)

=x—-xlogx.

Hence, F ;{x)=x—x log x and so
Jacx)=-logx,0<x<1

16714
- P{BY4 24C) = - J’ | J’logxdxdb

0 0

J[— — —log(®* /4)}:

logZ 5
6 36

where the above uses the identity

logx x°

Ixz logxdx = 5

78
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27,  (2) P{X+Y¥<a}= ” Vdydy =a-1+e*,a<1
00
la-x

II dydx =1-ee—-1),a>1
00

(b) P(Y>Xla} = | °°j’e‘ydyazx = a(l - e

Ox/a
way
28. P <a)= [[re 1 e dudy
[ ]

o]' ~Ayay )11e"”' dy
0

A __ka
hvha aktl,

A
P{X/X, <1} v

29.  P{PR<w) j’ jsx(l—x)zydydx

1 1 wix?

12x(1 - x) ydydy + f[ [12200 - x)ydyas

]
e '—-\;\I

= 3w—2w"? = 6w(l + (log w)/2 — Yw)
=4w”? —3w(1 +logw), 0 <w<1

30. (a)e?
(b) 1-e2-2e=1-3¢"
The number of typographical errors on each page should approximately be Poisson
distributed and the sum of independent Poisson random variables is also a Poisson
random variable.

3. (a) 1-e?? =22 2,202
4 5
() 1- ) e*(44) /i1, © 1= e*(66) /i
i=0 =0

The reasoning is the same as in Problem 26.
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32.

33

34,

80

(a) If W =X, + X is the sales over the next two weeks, then W is normal with mean 4,400

and standard deviation \/ 2(230)* =325.27. Hence, with Z being a standard normal, we
have

P{W > 5000} = P{z > 20004400
325.27

=P{Z>1.8446} = .0326

(b) P{X> 2000} = P{Z > (2000 ~ 2200)/230}
=P{Z>-87) = P{Z< .87} = .8078

Hence, the probability that weekly sales exceeds 2000 in at least 2 of the next 3 weeks
P’ + 3p*(1 - p) where p = 8078,

We have assumed that the weekly sales are independent.

Let X denote Jill’s score and let Y be Jack’s score. Also, let Z denote a standard normal
random variable.

(a) P{Y>X}=P{Y-X>0}
~ P{Y-X> 5}

_ P{Y—X—(l60—170) >.5—(l60—170)}

V(200 +(15)? J0Y +(15)°
~P{Z> 42) = 3372

(b) P{X+Y> 350} = P{X+Y>350.5}

_pl X+¥-330 205
J20Y +(15? (2002 + (157
~ P{Z> 82} ~ 2061

Let X and Y denote, respectively, the number of males and females in the sample that never
eat breakfast. Since

E[X] = 50.4, Var(X) = 37.6992, E[Y]=47.2, Var(¥) = 36.0608

it follows from the normal approximation to the binomial that is approximately distributed as
a normal random variable with mean 50.4 and variance 37.6992, and that Y is approximately
distributed as a normal random variable with mean 47.2 and variance 36.0608. Let Zbea
standard normal random variable.

(8) P{X+Y2110) = P{X+Y2109.5)
_ P{X+Y—97.6 . 109.5—97.6}

V7376 V7376
~ P{Z> 1.3856} ~.0829
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3s.

36.

37.

38.

39.

40,

(b) P{Y2X}=P{¥Y-X2-5)
_ L JY-X-(32) _-5-(32)
P{ J73.76 = J73.76 }
~ P{Z 2> 3144} ~ .3766

(a) P{X,=1]X%=1}=4/12=1-P{X,=0|X=1)

(b) PEX = 1|X=0}=5/12=1-P{X,=0|X,=0)

(@) PLX,=1]1X3=1}=5/13=1-P{X,=0|X;=1)

(b) same as in (a)

(@) P{Y,=1|Y,=1}=2/12=1-P{},=0{ 1, =1}

(b) P{Y,=1|¥,=0}=312=1-P(t,=0|¥,=0}

@) P{Y,=1]¥=1} =p(1, Y[l - (12/13y°) = | = P{¥, =0 ¥, = 1}

(b) P{Y,=1 Iy, = 0} =p(1, 0)/(12/13y = 1 - P(¥, = oly, =0}
where p(1, 1) and p(1, 0) are given in the solution to Problem 5.

(a) P{X=}, Y=i}=%'!_',j=1,...,j.,i=1,...,j
J

5 5
(b) P{X=j|Y=i}=% 21/5k=£ Sk, 52521
I k=i JI k=

(c) No.
P(Y =i, X =i} _ 1
P{X =i}  36P{X =i}

2
36P{X = i}

Forj=i P{Y=ilXx=i}=
Forj<i: P{Y=jlXx=i}=

Hence

206-) 1
36P{X =i} 36P(X =i}

i
1=Y P{Y=jlX=i}=

j=t

2i-1

and so, P{X=i}= and

P{Y=jlx=i}={2~i

2i -1

Chapter 6 81




42,

]

43.

45,

82

=_% - 2 -5yt
(@) frirx|y) e O+ 1 xe ™, 0<x
xe XD -
(b)frlx()’lx)- m =xe,0<y
walx
P{XY<a} = I xe " D dydx
00
= I(l—e"')e"‘dx =1-¢"
]
Sfida)=¢",0<a
2 2y X
Syl ) = 2%

[ &2 -yheds

E;‘(xz_yz)a —x<y<x

3
Fawlo = 5 [ 2=y

= ;—J(xzy—y3/3+2x3/3), —x<y<x
X

_ P{N = n[l}g(/?.)
P{N =n}

= Cie* " ae N al)*™
= Cze_(ml)"/l”’-l

fitln)

where C, and C; do not depend on 4. But from the preceding we can conclude that the
conditional density is the gamma density with parameters &+ 1 and n + 5. The conditional
expected number of accidents that the insured will have next year is just the expectation of

this distribution, and is thus equal to (n + s)(a+ 1).
P{Xi> X + X6} + P{XG > Xy + X6} + PIG > X, X))
=3P{X; > X; + X3}
=3 f fasdc
X >a>x (takea=0,b=1)

OSX',-SI
i=123
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2 2
51 (7 —x -x w -x
46. fx(:) (x)= —2‘!7![6.‘18 dx} xe l:jxe dx]

X

=30(x + 1) Pxe[1 - e (x + 1)

3
47. (——L — 2"]

L
3/4 5' 3/4
v 271 _ )2
48, | ;[fxm(x)dx—z!z!mx (1-x)2dx

49.  (a) P{minX;<a})=1-P{minX;>a}=1-[[PX,>a}=t-&"*

(b) P{max X;<sa} = HP{X', <a}=(1-e)

2
a1 ("
50. fx(l)'xﬂ) (x,y) - E!‘2X[“J22dz] Zyv I<y
= 48xy(y” ~ x°).

l-ga+x

Py —-Xnysay= [ [48x()" - x*)dydx
o o0
11

+ [ [48xp(y? - x*)dyax

1-a ¢
S fo(n®)=L=2r1 0srs1,0<6<2r
! i 4 2T

Hence, R and #are independent with @being uniformly distributed on (0, 27) and R having
density fe(r) =2r,0<r<1.

52. frdrn@=r, 0<rsin@<1, 0<rcos <1, 0<@<m2, 0<r<2
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1 112 1
33. J=2" cosu2 o smu‘/_—cos2u+sin2u=l
\/Esinu fz_zcosu

f;ll(u! Z) - ZLe-z . Butxz +y2 =2z s0
T

fX)‘(x, y) = Le'(xi"‘)’:)/z
' 2z

y x
54, (a) Ifu=xy,v=xy, thenJ= 1 -x = -2% and
y
y ¥

= Vu/v,x=Jvu . Hence,

(b) furlu, v) = ifx.y(\[‘;n/m)= 1 su21, LI v<u
2v 2vu u

Slu) =

1

1
=—logu,u>l.
u
Forv>1

=——=,v>1

= di
= [
Forv<1

Slv) = j—du—% 0<v<l.

172

v+1 v+
1 1 x 1) -1 —(v+1)?
- =gt |=zk+y)=—=
’Uy -x/y* (yz y] ¥ u
Sy (u, V)-- 1)2,0<uv<1+v,0<u<1+v
84 Chapter 6
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57. Yi=xtx,m=e". J =

x;=logyy, x =y, —log y,

fr, " (Y 2) = Ae" log y2 2p=A(x1-108 ¥1)

2

= L/1.2e"1"' 1<y 2logy,
Y2

vV+w—u V-w+u w—v+u
58. u=x+y, v=x+z, w=yt+tzz= , X = Y=

2 y YT T

~

I
[on T
=
— e O

It

|

[ %]

Au, v, w) = %exp{—l(u+v+w)},u+v> w, utw>y v+twtuyu

2
59. P =inj=1,...k+1}=P{¥,=i,j k}P(Y,,+.-t'H|YJ=1),j=1,...,k}
! |
k(" ") +1- ZY ieal¥) =ijj =Lk}
i=l
k+1
ki(n = k)/nt, i€ D i =n+1
J=1

0, otherwise
Thus, the joint mass function is symmetric, which proves the result.
60. The joint mass function is

P{Xi=x,i=1,..,n}= 1/(2),x,- e {0,1},i=1,...,n, Zx_. =k

i=1
As this is symmetric in x,, ..., x, the result follows.

Chapter 6




Theoretical Exercises

.  P{X<a, Y<b)=Pla,<X<ay b;<Y<bs}
+P{XSa|, b] <¥g bz}

+P{a|<XSaz, YSb[}
+P{X<a, Y<b,).

The above following as the left hand event is the union of the 4 mutually exclusive right hand
events. Also,
P{XSG], Ysz} =P{XSG|, b| < Ysz }
+P{X<a, Y<b)}
and similarly,
P{XSaz, YSb|} =P{a| <X <a;, < YSbl }
+P{XSG|, Y< b|}
Hence, from the above
F(az, by) =Pla, <X <ay b <Y< b} + Fa, by) - F{a1, b))
+ F(ay, b) - F(as, b) + F(a,, by).

Let X; denote the number of type i events, i=1, ..., n.

L]
Z 5 events}
1

P{Xl=rh "'r‘X:l=rll}= P{Xl =r1,...,X,' ‘—"?;'

=[Te™ @, )/

i=l
Throw a needle on a table, ruled with equidistant parallel lines a distance D apart, a large

number of times. Let L, L <D, denote the length of the needle. Now estimate 7 by E

where f'is the fraction of times the needle intersects one of the lines.
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5. (a) Fora>0

FAa)=P{X<al}

waly

= [ [ fr sy

00

3

= |Fy(ay) fy(y)dy

(=

f4a) = [fx(@)fy )y
0

(b) F{a)=P{XY<a}

waly

= [ [£x @/ ()dxdy
o0

= [Fetal ) o)y
0

N 1
fhay= [fy (/) 1)y
0
If X is exponential with rate A and Y is exponential with rate u then (a) and (b) reduce to

A
(a) FAa)= _[ﬂe""”yﬂe""dy
[4]

(b) FAa) = J’,ze"‘”fl e dy
y
1]

6. Interpret X; as the number of trials needed after the (i — 1)* success until the i success
occurs, i = 1, ..., n, when each trial is independent and results in a success with probability p.

Then each X; is an identically distributed geometric random variable and ZX ; , representing
i=i

the number of trials needed to amass n successes, is a negative binomial random variable.

7. (a) P{cX < a} =P{X<alc} and differentiation yields

Juda) = -l-fx(a/c) = ie"t “c(Lale)'I(t).
c c
Hence, cX is gamma with parameters (1, A/c).
(b) A chi-squared random variable with 2n degrees of freedom can be regarded as being the

sum of »n independent chi-square random variables each with 2 degrees of freedom
(which by Example is equivalent to an exponential random variable with parameter 1).

Hence by Proposition X7, is a gamma random variable with parameters (#, 1/2) and the
result now follows from part (a).
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10.

11

13.

14.

88

@) PWSty=1-P{W>1}=1-PX>1,Y>1} = 1= [1 - F{D] [1 - F1)]
(®) St} =[O — FAD] + fl0) [1 - FX(O)]
Dividing by [1 - F(][1 - F{$)] now yields
Aw() =LA — FXO] + fL)[1 — FAD] = A1) + AA0)

Pmin(X,, ..., %) > 1} = P{Xy > 1, ..., X, > 1)
=eH . e ="

thus showing that the minimum is exponential with rate nA.

If we let X; denote the time between the i" and (i + 1)* failure, i =0, ..., n — 2, then it follows
n-2

from Exercise 9 that the X; are independent exponentials with rate 24. Hence, ZX ; the
i=0

amount of time the light can operate is gamma distributed with parameters (n — 1, 2.1),

_ 111
I= X, <Xy > Xy < X4 > Xs JGx) o fxs)dx,...dxs
_ o
U <Uy >Uy <Uy>Us duy ... dus bY“;—F(x;), i=1,..,5
0<u;<l
= [[JJu,du,...du;
= [[Ja-u})/2 dus...
= [Juy — 12 131/ 2dis,du
1
= fu?-u*1312du = 2115
0
No. Let X;= {(1) if E‘iali isa success -y

P{x,yey X,y | X = x)
P{X)seris Xy}
= cxz.r, (1 _x)n+m-z.\"

Sx(x)

leX, ’“"Xn-wn(x 'xl""lxn-nn) =

n+m
and so given ZX ; = n the conditional density is still beta with parametersn+ 1, m + 1,
1

PX=ilX+Y=n)=PX=i,Y=n—i}/P{X+Y=n}

_p(-p)p-py " 1
(nl—l)pz(l —p)"? n-1
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12. Assume that the joint density factors as shown, and let

C= [ god, i=1,...,n

Since the n-fold integral of the joint density function is equal to 1, we obtain that
1=J]c
i=]

Integrating the joint density over all x; except x; gives that

I3, = g, € = 8,21 C,
i j

If follows from the preceding that

ﬂxh "'!xﬂ) = l—ﬂlij (-xj)

which shows that the random variables are independent.

5. Pt=kla+y=m = PE =KX +Y=m)

PX+Y=m)
_PX=kY=m-k}
PX+Y =m)

(Z)p"(l - p)""’(m'l k)p”'"‘(l -py
(3,',’)1)"‘(1 -p)
@ty
()

k n-m-k
16. P{X,=k|X2=m}=(";m)[ P N Py )
PtPy )\t D

since given X; = m each of the other outcomes will be outcome 1, independently, with

probability P{1| not 2} = — £ _
Pt D

Chapter 6

89



PLX, = max(X,, X, X,)} _ 113

17. PX\> XX > X} = —2/3
(a) PiX 2' 1 3} PIX, > X,) 0
]
(b) P{X, > X | X< X} = PiXy> X, > X5} 130 14
P{X, < Xy} 1/2
!
() P{X, > X:| 2> X5} = P{X, > X, > Xy} =1/3.=1/3
P{X, > X,} 1/2
@) P> X, | X < xpy = P = mintH, Xy, &30} _ 173, g

P(X, < X} 172

18. P{U>s|U>a} =P{U>s}/P{U>a}

=b_,a(s<1
1-a

P{U<s|U<a} =P{U<s)/P{U<a)
=s/a,0<s<a

Hence, U | U > a is uniform on (a, 1), whereas U | U < a is uniform over (0, a).

P{N = n|W = w} f, (W) /
P{N =n} s

= Ce'”—’f-f B (pw)™
n

= Gy

19.  fuldwlm =

where C and C, do not depend on w. Hence, given N=n, W is gamma with parameters
(n+1, B+1).

CRA I
20. fWIX,.f-l----J'(“'{x"""x") = fxf(x:“:znf) w)

= Cﬁ we e ()™

= Ke-»{p*z‘::x;}wnﬂ-l
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21, Let Xj; denote the element in row #, column .

P{Xjy is s saddle point}

= P{ min X, > X, X =minX,
{h....‘.m w7 TEX gy = TN '*}

= PL'nka,, > n;lf',ny}P{J"y = mka,,

where the last equality follows as the events that every element in the i row is greater than
all elements in the j column excluding Xy is clearly independent of the event that Xj; is the
smallest element in row i, Now each size ordering of the n + m — 1 elements under
consideration is equally likely and so the probability that the m smallest are the ones in row i

is l/(" + ::: B l) . Hence .

—1\! _1M
P{X, is a saddlepoint} = 1 1 _ (m-Di(n-1)

(n+,r:—l)m (n+m-1)!

and so

P{there is a saddlepoint} = P(.-U-{X yisa saddlcpoint})
of

= z P{X, isa saddlepoint}
ij
(n+m-1)!

JS(x,y)
22, = =(Cflx,
(a) fulrxly) 0 fx, ¥)

where ¢ does not depend on x. Writing

(x_ ,,,J’ 200 - )0 - 1)

o, 0,0,

2
1 o
= 7 (x—[yx "'P(.V—ﬂy)_x:” +K
o, O'y

where K does not depend on x, yields that given ¥ =y, X is normal with mean

st ply — Ju,)ﬁ and variance a2(1- p?).
o
y
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23.

24,

25.

26.

92

(b) That Y is normal with mean p, and variance of follows from (a) since

)=

f(xy)
fx|y(xl}')

The result for X can be proven in a similar fashion.

(c) Follows since the joint density factors when p= 0.

Let Y=max (X, ..., X;) , Z=min(X,, ..., X})

P{Y<x}=P{X;<x,i=1,..,n}= ILIP{X,. <x}=F"(x)
1

P{Z>x}=P{X;>x,i=1,...,n} = llIP{X,- >x}=[1-Fx)].
1

(a) Letd=D/L. Then the desired probability is

1-(n-1d1-{n-2)d 1-2d 1-d )

n!
0

() 0

n

F, (0= Z(

i=f

[ [dedy,,.dnds
xj+d x, y+d X, 3+dx, ;+d
=[1-(n-1)d]"

"o - Foy

S, ()= i[;'}ﬁ"'(x)f(x)n PP

T =G

fX(nH)(x) =

[

=Y\ F Y- - FET £ ()
!

e F) ) - T

< (n-)Gi—1)!

n!

2n+1)!
nin!

ni
,,_Zm(n—k)!(k—l)!

F N -F@)I™* byk=i+1

FP (@) f (- Fr/

x"(1-x)"
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27. In order for X, = x;, Xp=1x;, § <j, we must have
(i) i-1 ofthe X’s less than x;
(ii) 1 of the X"s equal to x;
(iii)j — i — | of the X’s between x; and x;
(iv) 1 of the X's equal to x;
(v) n—j of the X’s greater than x;
Hence,
j;u)-xm (x"’xf)
n! .
= F! F(x,)-F(x)Y™" x [1 - F()™
DRGSO S GG = FG)Y S () x [1 - Fes)
29, Let X, ..., X, be n independent uniform random variables over (0, a). We will show by
induction on # that
(__a l ift <a
PlXp—Xun>01=3\ a
ift>a
0
It is immediate when n =1 so assume for » — 1. In the n case, consider
P{Xyy — Xp-1) > tIIY(n) =5}
Now given X, =5, X3y, ..., X(»-1) are distributed as the order statistics of a set of n ~ 1
uniform (0, 5) random variables. Hence, by the induction hypothesis
(S—_—t a ift<s
P{Xpy = Xay> t| X =53 = {75 .
ift>s
0
and thus, forf <a,
a B n-1 -1 o\
P{Xy — Xy-n>t= ‘(s t) ns" ds =(a t)
s a a
n-1 -1
which completes the induction. (The above used that [ X, )(s) = n(—s—) ! = ).
" a/ a 4"
30. (@) P{X> X} =P{Xislargestofn+ 1} =1/(n+1)
(b) P{X>X,,} =P{Xisnotsmallestof n+ 1} =1-1/(n+1)=n/(n+1)
(¢) This is the probability that X is either the (i + 1)* or (i + 2)™ or ... /™ smallest of the n + |
random variables, which is clearly equal to (f — 1)/(n + 1).
Chapter 6 93



33,

94

The Jacobian of the transformation is

Hence, |J |'l = y? /|x| . Therefore, as the solution of the equations ¥ = x, v=x/yisx=u,y =
ulv, we see that

u 71 . v
St = B 1wy = L gt v
v v 2z
Hence,
1 -
Frw= - J:,l"le W2y
= T f |u|e"'2”“2du , where & =V¥/(1 +V9)
ﬂv 0

1 —u? /el
= — fue" 29" du
v

chrz e’dy
av

1
r(1+v?)
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Chapter 7

Problems

L. Let X' =1 if the coin toss lands heads, and let it equal 0 otherwise. Also, let Y denote the
value that shows up on the die. Then, with p(i, j) = P{X=1i, Y=}

[ 65 -
Efreturm] = 3°2/p(1 )+ Y2 p(0.))
i=1 J=l

- émz +10.5) =52.5/12

2. (@) 6-6-9=324

(b) X=(6-5)(6-W)9-R)

(c) E[X]=6(6X6)P{S=0, W=0,R =3} +6(3)(9)P{S=0, W=3, R=0)
+3(6)9)P{S=3, W=0,R=0} + 6(SYNP{S=0, W=1,R=2}
+56)NP{S=1, W=0,R=2} +6(A)B)P{S=0, W=2,R =1}
+4(6)8)P{S=2, W=0,R=1} +5(4)9)P{S=1, W=2,R =0}
+4(5)9)P{S=2, W=1,R=0} + 5(5)®)P{S=1, W=1,R=1)

1 9 6 9 6 6
= m[m%)wz{s}mﬁ( 2J+384(2J9+360( 2)6+ 200(6)(6)(9)]

3
~ 198.8

11
3. Elx-1"1= j ﬂx-— y|"dydx. Now
00

llx—ylﬂdy = x(x—y)"dy+ l (y—x)"dy
0 0 x
= ]-u”du + l_fur"a'u
1] 0

=[x+ (1= x)"" N a+1)

Hence,

1
BIX-YT = — fia! -0

_ 2
(a+)(a+2)

Chapter 7
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m

E[|X-Y]]1= inzp'—ﬂ. Now,

m i=1 J=1

m i m
Sli-=26-n+ 2 0U-i
j=l J=1 Jmi+]

=[i-1D)+(m-dD(m-i+1))2

Hence, using the identity Z j% =m(m+ 1)(2m + 1)/6, we obtain that
J=1

El|X -¥|) = [_}hl_z_m(m+1()5(2m+l)_m(n;+l)]= (m+;);m—1)

The joint density of the point (X, ¥) at which the accident occurs is

Six,y) = %, -3/2<x,y<3/2
=) Ay)
where
fa)=1/3,-3/2<a<3/2.

Hence we may conclude that X and Y are independent and uniformly distributed on
(-3/2, 3/2) Therefore,

Ellx] +]rl1=2

E[IZO:X,:l = iE[X,.] = 10(7/2) = 35.

=1 =1

N N
E[number of occupied tables] = E[z X, ,-] = ZE[X :]

=1 i=l

Now,

E[X;] = P{i" arrival is not friends with any of first i — 1}
=(1-p)”

and so

N
E[number of occupied tables] = Z(l -p)
i=l
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10.

Let X; equal 1 if both choose item i and let it be 0 otherwise; let ¥; equal 1 if neither A nor B
chooses item i and let it be 0 otherwise. Also, let #;equal | if exactly one of 4 and B choose
item { and let it be 0 otherwise. Let

10 10 10
X=3X,Y=YY, W=YW

i=1 =] i=t

(a) E[X] = IZO:E[X,.] = 10(3/10) = 9
i=)

(b) E[Y]) = iE[Y,] = 10(7/10)’ = 4.9
i=1

(c) Since X+ Y+ W= 10, we obtain from parts (a) and (b) that
E[Wl1=10-9-49=42

Of course, we could have obtained E[ ] from

E[W] = iE[W,] = 10(2)(3/10)(7/10) = 4.2

=]

Let X; equal 1 if urn j is empty and 0 otherwise. Then
E[X;) = P{balliis notinum}j,i 2/} = 1’1(1 ~1/9)

b=y
Hence,

(a) E[number of empty urns] = Z (a-1/5)
J=1i=]

(b) P{none are empty} = P{ball; is in urn j, for all j}

vy

iel
Let X, equal 1 if trial i is a success and 0 otherwise,

(a) .6. This occurs when P{X, =X, =X;} = 1. Itis the largest possible since
1.8 = ZP{X_, =1} =3P{X, =1}. Hence, P{X;=1} = .6 and so

P{X=3}=PXi=X;=X=1} <P{Xi=1}= 6.

(b) 0. Letting
1if U <.6 lif U< .4 1if U <.3
1= . 1] X2 = . ’ X'J = .
0 otherwise 0 otherwise 0 otherwise

Hence, it is not possible for all X to equal 1.
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1.

12.

13.

14,

98

Let X; equal 1 if a changeover occurs on the i flip and 0 otherwise. Then

E[X]=Pli-1isH,iis T} +P{i~1is T, is H}
=2(1-p)p, i22.

E[number of changeovers] = E [Z X,.]= ZE[X 1 =2(n—1)(1-p)
i=1

(a) Let X;equal 1 if the person in position i is a man who has a woman next to him, and let it
equal 0 otherwise. Then

%2 " ? ifi=1,2n
Ex)=4{""

I[IL_IX_D] otherwise

2 @n-1D@2n-2)

Therefore,

E[Z X,] = {ZE[X,]

i=l fai

=_1_[ 2n +(2n-2) In J

2\ 2n -1 4n-2
_ 3n’—n
4 -2

(b) In the case of a round table there are no end positions and so the same argument as in part
(a) gives the result

o1 =D(=2) |_ 34
2n-1)2n-2)| 4n-2
where the right side equality assumes that n > 1.

Let X; be the indicator for the event that person i is given a card whose number matches his
age. Because only one of the cards matches the age of the person i

1000 1000
E[ZX,J =Y EX] =1
=1

iwl

The number of stages is a negative binomial random variable with parameters m and 1 — p.
Hence, its expected value is m/(1 — p).
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15. Let X;;, i #jequal | if { and j form a matched pair, and let it be 0 otherwise.

Then
E[X,;} = P{i, j is a matched pair} =

n(n-1)
Hence, the expected number of matched pairs is

1 1
E[ZXLJ.:l =Y Elx,,]= (;)m ==

i< i<}
1
1 12 e—x /2
[ y;[y Var 4 var
17. Let I; equal 1 if guess  is correct and 0 otherwise.

(a) Since any guess will be correct with probability 1/n it follows that

E[N] = iE[I,] =n/n=1

=]

(b) The best strategy in this case is to always guess a card which has not yet appeared. For
this strategy, the i™ guess will be correct with probability 1/( — i + 1) and so

E[N] = il/(n-in)

i=]

(c) Suppose you will guess in the order 1, 2, ..., n. That is, you will continually guess card 1
until it appears, and then card 2 until it appears, and so on. Let J; denote the indicator
variable for the event that you will eventually be correct when guessing card i; and note
that this event will occur if among cards 1 thru /, card 1 is first, card 2 is second, ..., and
card / is the last among these i cards. Since all i! orderings among these cards are equally
likely it follows that

E[Ji}=1/i' and thus E[N]= E[;V_“J,} =§n_:1/i!

i=l i=l

1 matchoncard

52
18. E[number of matches] = E[ E 1,:|, I = {0
- .--

= 52% =4 since E[J]] = 1/13
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19. (a) E[time of first type 1 catch] — 1 1 —1 using the formula for the mean of a geometric

P
random variable.
(b) Let
= 1 atype jis caught beforea typel
/ 0 otherwise.
Then

E[ZX,J =Y E[X)]

j#l Jel

= ZP{type J before typel}
J=l
=2 PP +R),

Jjnut

where the last equality follows upon conditioning on the first time either a type 1 or type j
is caught to give.

P
P{type j before type 1} =P{i|jor 1} = 7 /

i+ A
20, Similar to (b) of 19, Let
_ {1 ball j removed before ball 1
X} =
0 ---
E[ZX,] =Y E[X;]= ) Pfpall j beforeball 1}
I ey Jul
=D PUlior1)
L
=Y WHIWO+W())
Jul
3 97
21, (1) 365(100)(L) (393)
3 A365) 365
100 Chapter 7



22,

23,

24,

25.

1 if day j is someones birthday
(b) Let X; = {0 /

365 365 364 \'®
E[ZX,] = ZE[XJ] =365 1_[EJ

6 6 6 6
From Example 3g, 1 + —+—+—-+-+6
rom Example 3g stat3ts

E[)s:mix}imhiﬁm
1

1 1 1

23 g3 W
1120 120 110

Number the small pills, and let X; equal 1 if small pill j is still in the bottle after the last large
pill has been chosen and let it be 0 otherwise, i=1,...,n. Also,let ¥, i=1, ..., mequal 1 if
the i™ small pill created is still in the bottle after the last large pill has been chosen and its
smaller half returned.

Note that X'= iX,+iY,-. Now,

=1 I=1

E[X;] = P{small pill i is chosen after all m large pills}
=1/(m+1)

E[Y;] = P{i" created small pill is chosen after m — i existing large pills}
=1/ (m-i+1)

Thus,
(@) E(X]=n/m+ 1)+ il/(m —i+1)
i=]

(b) Y=n+2m - Xand thus

E[Y]=n+2m - E[X]

P(N2n) P{X, 2 X2 ... 2 X)) = %
E[N) = ZP{NZn}=Z£;=e

nw} nal 10
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26.

27.

28.

102

1
(a) E[max] IP{max > t}dt
[}

1
j'(l ~ P{max < 1)}dt
(i}

n

1
J‘(l-:”/d::
; n+i

t
(b) E{min] = Ip{min > ()4t
0

: |
= [a-orar=—
; 1

n+

Let X denote the number of items in a randomly chosen box. Then, with X; equal to 1 if item
i is in the randomly chosen box

101 101 101
E[X] = E[ZX,.jl =Y E[X,]= o 10
i=1

I=1

Hence, X can exceed 10, showing that at least one of the boxes must contain more than 10
items,

We must show that for any ordering of the 47 components there is a block of 12 consecutive
components that contain at least 3 failures. So consider any ordering, and randomly choose a
component in such a manner that each of the 47 components is equally likely to be chosen.
Now, consider that component along with the next 11 when moving in a clockwise manner
and let X denote the number of failures in that group of 12. To determine E[X], arbitrarily
number the 8 failed components and let, fori=1, ..., 8,

X = 1, if failed componentiis among the group of 12 components
710, otherwise

Then,
8
X=>X,
I=}
and so

8
E[X]= Y E[X)]

=1
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29,

30.

31.

Because X; will equal 1 if the randomly selected component is either failed component
number i or any of its 11 neighboring components in the counterclockwise direction, it

follows that E[X;] = 12/47. Hence,

E[X] = 8(12/47) = 96/47

Because E[X] > 2 it follows that there is at least one possible set of 12 consecutive

components that contain at least 3 failures.

Let X;; be the number of coupons one needs to collect to obtain a type i. Then

E[X,]=8, i=12
E{X]=8/3, i=34
E[min(X,,X,)] =4
Elmin(X,, X )]=2, i=12, j=34
E[min(X,,X,)]=4/3
E[min(X,,X,,X,)]=8/5, j=34
E{min(X;, X, X,)]=8/7, i=1.2
E[min(X,, X,, X,,X,] =1

() Elmax X} =2-8+2-8/3~(4+4-2+4/3)+(2-8/5+2 - §7)~ 1= —

(b) E[max(X), X;)]=8+8-4=12
(c) E[max(X;, X;)]=8/3+8/3-4/3=4
(d) Let ¥, = max(X,, X3), ¥> = max(X;, X3). Then
E[max(Y,, Y2)] = E[1] + E[Y;] - E[min(Y), 1>)]
giving that

. 437 123
E{min(Y,, 1))]=12+4- —=—
{min(¥, ¥2)] 35 = 35

E[(X- V)] = Var(X - Y) = Var(X) + Var(-Y) = 2¢*

10
Var(ZX,] =10 Var(X,). Now
i=l
Var(X,)= E[X}]-(7/2)
=[1+4+9+16+25+36)/6—49/4
=35/12

10
and so Var[ZX,] = 350/12.
i=]

Chapter 7
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32. Use the notation in Problem 9,

X=X,
J=1
where X is 1 if box j is empty and 0 otherwise. Now, with

ElX]=P{X=1} = f[(l-m), we have that
=]
Var(X) = EPG1 - E[X))).

Also, forj<k
k-1 n
Exx) = [Ja-va]Ja-2/i
=k

i=f
Hence, forj <k,

k-1 [ ” n
Covixy, X = [ Ja-vn] Ja-2/p-TTa-va[ Ja-1i)
i=f i=k I=] i=k

Var(X) = iE[X,.](l - E[X;]) + 2Cov(X ;, X})

J=t
33.  (a) E[X*+4X+4]=E[X"] +4E[X] + 4= Var(X) + E[X] + 4E[X] + 4= 14
() Var(4 + 3X) = Var(3.X) = 9Var(X) = 45

1 if couple j are seated next to each other

4. Letd= {0 otherwise

10
(a) E[ZXJ-] = 10% = %; P{X;=1}= -1% since there are 2 people seated next to wife J
1

and so the probability that one of them is her husband is % .

(b) Fori=j, E[XX]=PX;=1,X=1)
=P{X;=1}P(X=1[X=1)

since given X; = |1 we can regard couple / as a single entity.

1918

i0 2
var| Y X, =101(1—3J+10.9 ii-(}_)
= 190 19 1918 \19
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35. (a) Let X, denote the number of nonspades preceding the first ace and X; the number of
nonspades between the first 2 aces. It is easy to see that

P{/Yl=ir X2=j}=P{/Yl =j’ X2=i}

and so X and X; have the same distribution, Now E[X;] = % by the results of Example
Jjandso E[2+ X + X3] = IOT6

(b) Same method as used in (a) yields the answer 5(:13—3 + 1) = %942 )

(c) Starting from the end of the deck the expected position of the first (from the end) heart is,

from Exampie 3j, f—j Hence, to obtain all 13 hearts we would expect to turn over

52 - 33 +1= E(53).
14 14
} _ |1 rollilandsonl _ |1 rollilandson 2
36. Let X;= {0 otherwise h {0 otherwise

Cov(X, ¥) = E[X; Y]] - E[X]E[Y]

- i=j(sinceX,Yj=0Wheﬂi=j

_ 1 36
Lolg s
Cov) X, ¥; =2 % Cov(X,Y))
i / =—i_"j
36

37. Let W, i= 1,2, denote the /* outcome.

Cov(X, )=Cov(W, + W, , W, - W)
= COV(Wl, Wl) - COV(WZ» WZ)
= Var(W,) - Var(W,) =0

38 EXV]= [[y2edydx
00
- Ixze-“dx=lj-yze'ydy=r(3)=-l~
: 83 g 4
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% *2e7 _
EX]= [xf,(x)ds, fi(x) = [F—dy =2¢7™
0 1]
1
2
« °°2e—2.x
BN = o)y, () = [F—dx
1] 0
o -2x
- ”yze dxdy
0y x
© X —2x
= ff» 26 dydx
00 x
i 1 re 1
- 2xdx____ Zd = =
!xe 4Iye ==
1 11 1
C ‘Y, = =
M i

39,  Cov(Y,, Y,) = Var(¥,) = 3¢
Cov(Y,, Yyer) = Cov(X, + Kooy + Xpiay Xar1 + X2 + Xia3)
= Cov(Xpi1 + Xpizy Xyt + Xoiz) = Var(Xoy + Xoiz) = 26°
COV(Y,,, Ynﬂ) = COV(XHZ» Xn+2) = 02
Cov(Y,, Yu))=0whenj 23

4. fly)=e” J'l e *'Vdx = ¢’ . In addition, the conditional distribution of X given that Y=y is
y

exponential with mean y. Hence,
E[¥] =1, E[(X]= E[EX| 1)) = E[¥] = |

Since, E[XY] = E[E[XY| Y]] = E[YE[X| ¥]] = E[Y?] =2 (since Y is exponential with mean 1, it
follows that E[¥*] = 2). Hence, Cov(X, ¥)=2—-1=1.

41, The number of carp is a hypergeometric random variable.
60
E{X]=— =6
] 10
20(80) 3 7 336
\Y =— "~ —=" fromE le 5c.
D= 55 Tol0 " g9 Tom ExampleSc
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1 pairiconsists of 2 manand a woman

42. Let X; =
2 (@) Let X, {0 otherwise

E[Xf1=P{X;=1}=£

E[XX] = P{X;=1,X%=1} =PX,=1}P{X;=1]x,= 1)
_109
IRTIVAMS

10 2
Var [ )X, =109(1-9J+10-9 93—(1—QJ = 900215
- 190 19 1917 \19 (19)? 17

1 pairiconsists of a married couple
0 otherwise

(b)x.-={

1 11
E[X]|= — ,EXX]=P{X;=1})P{X;=1]|X=1})= ——, i #]
X = =5, EXX] = PUXi= BPLX, | x, b= o 1%

10 2
Var| ) X, 1015 1 10.9 ii-(lj = ISOZE
, 1919 1917 \19 (19217

43, E[IR)=n(n+m+ 1)/2

n+m
:2

J 2
Var(R) = nm i [(n+m+l
n+m-1|n+m 2

The above follows from Example 3d since when F = G, all orderings are equally likely and
the problem reduces to randomly sampling n of the n + m values 1, 2, ..., n + m.
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nm
+
n+m n+m

44, From Example 81 . Using the representation of Example 21 the variance can be

computed by using
0 . j=I
E[LI]1=4 n m n-1
n+mn+m-1n+m-2 , n-15j<l
0 , j=1
E[l5)= mn(m—1)(n—1)

@+m{(n+m-Dn+m-2)n+m-3) , n-lsj<l

Cov(X, + X5, X, + X3) I
45. (a) =5
\fVar(X, +X,)yVar(X, + X;) 2

® 0

12
46.  E[LL)= E[LL,| bank rolls{]P{bank rollsi}

i=2

= )" (Pf{roltis greater than i})? P{bank rolls}
i

= E[Ilz]
2 (EL])
= E[L] E{)

47, (a) It is binomial with parameters n — 1 and p.

(b) Let x;; equal 1 if there is an edge between vertices i and /, and let it be 0 otherwise. Then,
D= Z 4wiX; 4, and so, fori#j

Cov(Dy, Dy) = Cov (2 Xy Z X r.fJ

Y] rej

=22 ConX,1. X, )

keirej
=Cov(X, ;, X))
= Var(X, ))
=p(1-p)
where the third equality uses the fact that except when k =jand r=1, X; , and X; ; are

independent and thus have covariance equal to 0. Hence, from part (a) and the preceding
we obtain that for i =,

D, lzi = 17(1 _'17) = 1
e o s
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48.  (a) E[X]=6

(b) ELx|Y=11=1+6=7

1

2 3 4
(c) 1—+2£l+3(i] l+4{i (-1— +(i (5+6)
5 55 5)5 5/\5 5
SN
5 5
2 6
8. Exly=q={> 373 =2
3-l=3, i=3
5 5
10 , i=4
~xX1y oy
50. f:‘,ly(xly)= = € e /y =le_x’y 0<x<00

Ie"”’e"'/ydx
0

Hence, given Y=y, X is exponential with mean y, and so

E[X?|Y=y]=2)

e’/
1o fuxly) = 5———=
J.e"’/ydx

[

Y
E[X*| Y=y} = jx’ldx =y'/4
y

0

52. The average weight, call it E[ ], of a randomly chosen person is equal to average weight of
all the members of the population. Conditioning on the subgroup of that person gives

E[W] = ZE {W| member of subgroupilp; = Zw, P
i=l imt

53. Let X denote the number of days until the prisoner is free, and let 7 denote the initial door
chosen. Then

E[X]=E[X|1=1](.5)+ E[X|1=2](.3) + E[X] 1= 3](.2)
= (2 + EJAD(.5) + (4 + E[X](.3) + .2

Therefore,

E[X] =12
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54. Let R; denote the return from the policy that stops the first time a value at least as large as i
appears. Also, let X be the first sum, and let p;= P{X'= i}. Conditioning on X yields

12
E[Rs)= ) E[R{ X = i}p,
=2
12

=E[Rs)(p2+ps+pa) + D ip; —Tps

=5

= 363 E[R;] + 5(4/36) + 6(5/36) + 8(5/36) + 9(4/36) + 10(3/36) + 11(2/36) + 12(1/36)

= 3—(:3E[R5 ]+ 190/36
Hence, E[Rs] = 19/3 = 6.33. In the same fashion, we obtain that

E[Rq] = %E[RGH%G [30 440 + 36+ 30 + 22 + 12]

implying that
E[Rq] = 170/26 =~ 6.54

Also,
15 sl
E[R;g) = 36 E(R]+ % (140)

or,
E[Rs] = 140/21 = 6.67

In addition,
20 1
E[Ry]= —E +—(100
[Ro] 2% [(R;] 36( )

or
E[Rs] = 100/16 = 6.25
And

24 \

E[Ri] = 3_6‘E[Rm] + E(M)

or
E[R[o] =64/12=533

The maximum expected return is E[Rg].
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55.

56.

57.

58.

59.

Let N denote the number of ducks. Given N=n, let [, ..., I, be such that
= 1 if duckiis hit
' |0 otherwise

E[Number hit | ¥ =n] = E{Z":]f]

n 6 10
= ZE[I,]= n{l-—(l—i—) }, since given
n

i=l
N = n, each hunter will independently hit duck / with probability .6/n.

® 10
E[Number hit] = Z n(l - —6) e 6" /n!

n=0 h

1 elevatorstops at floor
0 otherwise

E[§1,|X - kjl - gE[I,IX — k)= A{l -(—A-’Ni)k]
I e

= N_Ne—IOIN =N(1 _e—lofN)

L6t1;= {

E[i X,.J = E[N]E[X] = 12.5
=t

Let X denote the number of flips required. Condition on the outcome of the first flip to

obtain,

E[X] = ELX| heads]p + E[x | tails)(1 - p)
=[1+1/(1-p)lp +[1 + l/p)(1 - p)
=1+p/(1-p)+(1-p)p

Let X be the number of flips required and use the hint.

E[X]= ZSIE[XlT =ip"'(1-p)+ E[XIT =0]p’

=]

a
=) (i+E[X)p™'(1- p)+3p’

i=1

3 3
=Y ip™ (1~ p)+ ELX))_p™'(1- p)+3p°

Now solve for E[X].

Chapter 7
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60.

61.

112

n+l

(a) E[total prize shared] = P{someone wins} =1 — (1 — p)

(b) Let X; be the prize to player i. By part (a)

r+l
EI:ZX,} =1-(1-py™"
i=1
But, by symmetry all E[X]] are equal and so

EX]=[1-(1-p)""Mn+1D)

(c) E[X]=p E[1/(1 + B)] where B, which is binomial with parameters »n and p, represents the
number of other winners.

(a) Since the sum of their number of correct predictions is n (one for each coin) it follows
that one of them will have more than n/2 correct predictions. Now if N is the number of
correct predictions of a specified member of the syndicate, then the probability mass
function of the number of correct predictions of the member of the syndicate having more
than n/2 correct predictions is

Pficorrect} =P{N=i} + PN=n-i} i>n/2
=2P{N =i}
=P{N=i|N>n/2}
(b) X is binomial with parameters m, 1/2.

(c) Since all of the X + | players (including one from the syndicate) that have more than n/2
correct predictions have the same expected return we see that

(X + 1) - Payoff to syndicate =m + 2
implying that
E[Payoff to syndicate] = (m + 2) E[(X + 1))

(8) This follows from part (b} above and (c) of Problem 56.
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62, The result is true when 7 =0, so assume that
P{N(x) 2n} =x"/(n - 1)!

Now,

i

P{N(x)2n+ 1} jP{N(x) > n+1|U, = y}dy

IP{N(x —y) 2 njdy
= ]P{N(u) > n}du

0
X

= Iu"" /(n—1)! du by the induction hypothesis
1]

=x"/n!

which completes the proof,

(b) E[N(x)] = iP{N(x) >p= iP{N(x) >n+l} = ix" /nt=¢"

63. (a) Number the red balls and the blue balls and let .X; equal 1 if the i red ball is selected and
let it by 0 otherwise. Similarly, let ¥, equal 1 if the 7" blue ball is selected and let it be 0

otherwise.

COv[ZX,.,ZYjJ =) Cov(X,Y))
i j o

Now,
E[X]=E[Y]=12/30

E1X;Y;} = P{red ball i and blue ball j are selected} = (i"g) / (::(2))

Thus,

Cov(X, V) = 80[(123) / (f’g) - (12/30)2] — _96/145
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65.

66.

67.

114

(b) E[XY|J_£'} ‘—'.XE[YIX] = X(12 - X)8/20
where the above follows since given X, there are 12-X additional balls to be selected from
among 8 blue and 12 non-blue balls, Now, since X is a hypergeometric random variable
it follows that
E[X] = 12(10/30) = 4 and E[X?] = 12(18)(1/3)(2/3)/29 + 4* = 512/29

As E[Y] = 8(12/30) = 16/5, we obtain

E[XY] = %(48 —512/29) =1352/29,

and
Cov(X, ¥) =352/29 — 4(16/5) = -96/145

(2) E[X]=E[X|type 1]p + ELX | type 2](1 - p) =pas, + (1 - p)pss

(b) Let I be the type.
EX|N =y, Varx|n = o?
Var(X) = E[a}]+ Var(y,)
= pai +(1-p)oj + ppi +(1- ) —[py +(1- p)py T

Let X be the number of storms, and let G(B) be the events that it is a good (bad) year. Then
E[X] = E[X| GIP(G) + ELX| BIP(B) = 3(.4) + 5(.6) = 4.2

If Y is Poisson with mean A, then E[Y?] = A+ A% Therefore,
E[X?] = E[X*| GIP(G) + E[X*| B]P(B) = 12(.4) + 30(.6) = 22.8

Consequently,

Var(X) =22.8 - (4.2)=5.16

E[X"] = %{E[X2|Y =11+ E[X*|Y = 2]+ E[X*|Y = 3]}

{9+ E[(5+ X)* ]+ E[(7T+ X)*]}

i

Wil W= |-

{83+ 24E[ X+ 2E[X*]}

{443+ 2E[X*]} since E[X] =15

Hence,

Var(X) =443 - (152 =218.
Let F, denote the fortune after n gambles.
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E[F,] = E[E[F4| Fi]] = E2Q2p - D)F,ip + Foy — 2p — 1)F]
=1+ Q2p - D)E[Fn1]
=[1+2p - 1))E[Fy-s)

=[1+(@2p - IYT'E[F]

68. (a) .6e72+ 4de>

L2 3
2 -3
4 52 L aP
6ele 2l 4 e
! !
© p@loy= 289 _ A 3
P{0} 6e? + 4¢3
F
69. (a) [ee"dx=-
2
0
Toex rd) 1
b e e dx = 4 3d -
@ 5‘ 3 96;,‘ Y= 96 16
o 3
e _’3'e"dx
2 2
0 = = —
© v 3* 8l
Ie e *dx

1
0. @ [pdp=1/2
o
1
(b) _[pzdp=1/3
]

1 1
0 0

_ (M=)t _
(i)—u—(nq.])! 1/(n+1)
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72,

73.

75.

116

(a) P{N21} = IP{N 2i|p}dp = [(1- p)'dp =1/i
0 0

1
ii+1)

(b) P{N=i} =P{N2i} —P{N2i+1}=

(c) E[N}= iP{N 2i}= il/i =

i=1 f=l
(a) E[R]=E[E[R|S)1=E[S]=

®) Var(R|S)=1,E[R|S]=S$
Var(R) =1+ Var(§) =1 + &

(©) S = [fs(Wyslr|s)ds

= C."e—(:—p)’na’ ~(r—=)’/2ds

=K exp{ ( ,ul-:-_;o‘ J/Z( ]} ds exp {—(ar* + br)}

Hence, R is normal.

(d) E[RS] = E[E[RS| S]] = E[SE[R|8]] = E[$?] = £ + &
Cov(R,S) =i +F— =0
X is Poisson with mean A = 2 and Y is Binomial with parameters 10, 3/4. Hence
(a) P{X+Y=2} =P{X=0)P{Y=2}+ P{X=1}P{Y=1} + P{X=2}P{Y=0}
‘2[10)(3/4) (1/4)* +2e'2( )(3/4)(1/4)9 +2e7(1/4)"°
(b) P{XY=0} = P{X=0} + P{Y=0) — P{X=Y=0)
=e 7+ (1/4)"° - e(1/4)"°

(c) E[XY] = E[X]E[Y]=2-10- % =15
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71.

78.

b\’+.rY]

The joint moment generating function, Efe can be obtained either by using

Bfe*™} = | e f(x,y)dy ds

or by noting that Y is exponential with rate 1 and, given Y, X is normal with mean Y and
variance 1. Hence, using this we obtain

E[e™7| Y] = & E[E¥| Y] = &' 2
and so
E[e""] = & ' E[e"*]
=" (1—s-0)!, s+1<1

Setting first s and then ¢ equal to 0 gives

E[eX]=¢"?(1-0)", 1< 1
E[¢"]=(1-95)",s<1

Conditioning on the amount of the initial check gives
E[Return] = E[Return | 4)/2 + E[Return | B]/2
= {AF(4) + B[1 — F(A)]}/2 + {BF(B) + A[| - F(B)]}/2
= {A+ B+ [B - A|[F(B) — F(A)]}/2
>(A+ B)/2
where the inequality follows since [B — 4] and [F(B) — F(A) both have the same sign.

(b) If x < A then the strategy will accept the first value seen: if x > B then it will reject the
first one seen; and if x lies between 4 and B then it will always yield return B. Hence,

B if A<x<B
E[Return of x-strategy] = (4+B)/2  otherwise

(c) This follows from (b) since there is a positive probability that X will lie between 4 and B.

Chapter 7 117




Theoretical Exercises
1. Let g = E[X]. Then for any a

E((X-a)=E[(X-p+p -a)']
= E[(X - p)'] + (u— @)’ + 2E[(x - ) - a)]
= E[(X— "] + (u~ a)" + 2(u — Q)E[(X - )]
=E[(X-p)’ + (u-a)’

2. EllX-al= [@-x0f@dr+ [(x-a)f(x)ds

X<d x>a

= aF(a) - J’xf(x)dx+ jxf(x)dx-a[l-F(a)]

x<a x>a

Differentiating the above yields
derivative = 2af{a) + 2F(a) — afla) — afla) - 1
Setting equal to 0 yields that 2F(a) = I which establishes the result.

3 Elg(X, ] = J'P{g(x,}’) > a)da

g(x.»)

- I J‘ J’ S (5, y)dydeda= || j'daf(x y)dydx

s(x y)>a

= [ [g(x.y)dydx
2
s =g g - 0+ T
2
= g(u) + g (X - ) + gy KA ")
Now take expectations of both sides.
5. If we let X; equal 1 if 4; occurs and 0 otherwise then

n

X=X,

k=1

EX) = Y ELX) =3 P4)
k=l k=1
But

E[X] = ZP{sz} ZP(Ck

k=1
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6. X= a]‘X (t)dt and taking expectations gives
0
E[X]= ']‘E[X(l)] dt = ‘]‘P{X > t}dt
0 0
7. (a) Use Exercise 6 to obtain that
E[X]) = ﬂ]P{X > t}dt 2 cj‘P{Y > t}dt = E[Y}
0 0

(b) It is easy to verify that
X 2.7 and Y 2, X
Now use part (a).
8. Suppose X 2, Yand fis increasing. Then
P{fiX)>a} = P{X>f\(a)}
2 P(Y>f"(a)} sincex>,Y
=P{iN)>a}

Therefore, AX) 2,, (¥) and so, from Exercise 7,
E[fl0] 2 E[AN)}.

On the other hand, if E[f(X)] 2 E[{Y)] for all increasing functions f, then by letting f'be the
increasing function

1 ifx>¢
fx)= 0 otherwise

then
P{X> 1} =E[fiX)] 2 E[(N]=P{Y>1)
and so X >, V.

9, Let

J

_ J1 if arunof size k beginsat the j* flip
0 otherwise

Then

n—k+1
Number of runs of size k= ZIJ

J=l
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n—k+1
E[Number of runs of size &k = E{ ZIJ}

j=l

n—k
=P(y=1)+ Y P(L;=D)+P(, ,,, =)
=2

=p*(1-p)+(n-k-1p"(1 -p)* +p*(1 - p)
0. 1= E[Z":X, / ix,] = ZE[X,/ iX,J = nE[X,/ ZX}
1 1 1 1 1

Hence,
El:iX,/zn:X,} =k/n
1 1

11. Let
_ {1 outcome j never occurs

i 0 otherwise

Then X = Zr:lj and E[X] = ](1~P;)"
1

i=l

12, Let
_ J1 successon trial j
7710 otherwise
E [Zl J} = ZPJ independence not needed
1 1
Var [Z 1 JJ = Z p;(1-p;) independence needed
1 1

13. L

_ J1 recordat j
0 otherwise

4
B

et
E[ZII} = z”:E[Ij] = ip{xj is largestof .X,..., X} = il/j
1

1 1 |

g

1 1
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1 iissuccess

15. H= Zp, by letting Number = ZX, where X; ={0 o

i=l i=1

Var(Number) = zn: p(1-p)

i=t
maximization of variance occur when p; = w/n
minimization of variance whenp; = 1,i=1, ..., [g], ppyn = 22— (4]

To prove the maximization result, suppose that 2 of the p; are unequal—say p; # p;. Consider
Pt Py

a new p-vector with all other py, k #, j, as before and with p; = p, = . Then in the

variance formula, we must show

Pt P; pitp
2( ’2 ’J(l— > ’] >p{1-p)+p{1-p)

or equivalently,

pl+pi-2pp; =(p;—p;) 20.
The maximization is similar.
16. Suppose that each element is, independently, equally likely to be colored red or blue. If we

let X; equal 1 if all the elements of 4; are similarly colored, and let it be 0 otherwise, then

Z:ﬂX . is the number of subsets whose elements all have the same color. Because

E[EI:X] =Y E[x)= lz;:z(l/z)"f*

=1

it follows that for at least one coloring the number of monocolored subsets is less than or
equalto 3" (1/2)4"

17.  Var(AX, +(1- A).X,) = 22 + (1-1)?o?
o;
o} +o?

As Var(AX; + (1 = X)) = E[(A.XI +(1-A)X, - y)z] we want this value to be small.

%( y=2402 -2(1- Aol =0 4 =
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18. (a. Binomial with parameters m and P, + P;.
(b) Using (a) we have that Var(N; + N;) = m(P; + P;)(1 — P, — P)) and thus
m(P;+ P))(1 = Pi= P)) = mP(1 - P)) + mP{1 - P)) + 2 Cov(N,, N)
Simplifying the above shows that
Cov(N;, N)) = -mP,P;.
19. Cov(X+ Y, X-Y)=Cov(X, X) + Cov(X, -Y) + Cov(Y, X) + Cov(Y, -Y)
= Var(X) — Cov(X, ¥) + Cov(Y, X) — Var(})
= Var(X) — Var(Y)=0.

20.  (a) Cov(X, ¥|2)
= E[xY - E[x| 21Y - xE[¥| 21 + E[X| ZJE[Y | 2] [2)
= E[XY|Z] - E[X|Z) E[¥|Z] - ELX| ZIE[Y| 2] + E[X| Z}E[Y | 2)
= E{xy| 7] - Elx| 2)E( Y| 7]

where the next to last equality uses the fact that given Z, E{X | Z] and EfY | Z] can be
treated as constants.

(b) From (a)
E[Cov(X, Y| 2)) = E[xY) - E[E[x| Z)E[Y | Z]]
On the other hand,
Cov(E[X| 2], E[Y| 2] = E[E[X| Z)E[Y | Z]] - E[XIE[Y]
and so

E[Cov(X, Y| 2)] + Cov(E[X | Z], E[Y] Z}) = E[XY] - E[X}E[Y]
= Cov(X, 1)

(c) Noting that Cov(X, X | Zy=Var(X | Z) we obtain upon setting ¥ = Z that

Var(X) = E[Var(X| 2)] + Var(E[X]| 2))

21. (a) Using the fact that fintegrates to 1 we see that
l » »
en, i) = jx'-'(l-x)""dx = (i = 1)!(n - §)!/n!. From this we see that
0
E[Xpl = c(n+ 1, i+ V)c(n, i) = i/(n + 1)

iGi+1)

2 = . N —
E[Xy]l =cln+2,i+2)c(n, i) —————(n D]
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22.

26.

27.

28.

29.

30.

and thus

i(n+1-i)

Vet = D e 2)

(b) The maximum of i(n + 1 — ) is obtained when i=(rn + 1)/2 and the minimum when i is
either 1 or n.

Cov(X, Y) = b Var(X), Var(Y) = b* Var(X)

px, 1) =) _ 2

Jp*var(x) |
Follows since, given X, g(X) is a constant and so
E[g(X)Y| X] = g(0)EY| X]

E[XY) = E[E[XY] X]]
= E[XE[Y | X]]

Hence, if E[Y |X] = E[Y], then E[XY] = E[X]E[Y]. The example in Section 3 of random
variables uncorrelated but not independent provides a counterexample to the converse.

The result follows from the identity

E[XY] = E[E[XY| X]] = ELXE[¥| X]] which is obtained by noting that, given X, X may be
treated as a constant.
x=EXi+.. + X5+ +X=1x] =E[XI'ZX, = x]+...+ E[X,, >x = x]

= nE[X,lZX_, = x]

Hence, E[X; |.X, + ... + X, = x] =x/n

P;
1-p,
outcome # will independently result in j with probability pi/(1 — p;). Hence,

E[NN; | N1 = NE[N; | N]=N{n-N) since each of the # — N, trials no resulting in

lf;,- ("E[Nl]—E[NIZ] )= %" n'p,~n'p} —np[(l—p,-)]

=n(n - Dp:p;

E[NN]] =

and

Cov(N;, N)) = n(n = D)p,p; — n’pip; = —np;p;
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31. By induction: true when ¢ =0, so assume for { — 1. Let N(¢) denote the number after stage ¢.

E[N(®) | N(¢ - 1)]= Mt - 1) — E[number selected]
=Nt -1)-N(it-1)—

b+w+r

E[N(D !N(t— D]=Ni-1) b+w

s (222

b+w+r

32 EXNX|Y=y]=ElX | Y=ylEX | Y=yl =)
Therefore, E[X.X; | ¥Y] = 2. As E[X;| ¥] =Y, this gives that
E[X.X;]) = E[ELGX | Y] = EifY?], ELX]) = E[E[X| Y]] = E[Y)
Consequently,
Cov(Xy, X;) = E[X,Xy] — E[XJE[X;] = Var(Y)
3. (@) EITIT ]=T+1+(1-p)E[T]
(b) Taking expectations of both sides of (a) gives
E[T,)= E[T1] + 1 + (1 - p)E[T}]
or

ET)= L+ lEr )
P P

(c¢) Using the result of part (b) gives

ary=L+ler
P P

= -l_ + _1.(_1_+lE[];__2])
P pP\P P

= 1p +(U/p)’ +(1/pYE[T-2]
= Up +(U/p)* + (Up)’ + (Up) E[ T3]
= > (/p) +(U/ pY E[T;]

=1

= i(l/p)" since E[T,] =0.
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35, (a) LetY=:) ';;‘; :;ise. Then
E[X]=E[X|Y=1]P{Y=1)} + E[X| Y= 0)P{¥=0}
= E[X| X <a] P{X<a) + E[X| X2 a] P{X 2 a}

(b) E[X] = ElX| X< a] P{X<a) + E[X| X2 a) P{X 2 a)
2 EX|X2a]l P{X2a)
2aP{X2a)

where the first inequality follows since P{X 2 0} = 1 implies that E[.X | x < al>0.

36. Condition on the first ball selected to obtain

a b
Mypy=—M, ., +——M,, ,a,6>0
b P ¥ Mo

a

M:,o=a, Moy =b, M.y =M,
y My =—, My,=3/2

37.  Let.X, denote the number of white balls after the n™ drawing

X X 1
Bl | 2] = X a +nb H l)(l " a +'b) ) (1 —m)X" H

Taking expectations now yields (a).
To prove (b), use (a) and the boundary condition M, = a

(¢) P{(n+ 1)stis white} = E[P{(n + 1)st is white | X,}]

-
a+b a+b

40. For (2) and (c), see theoretical Exercise 18 of Chapter 6. For (c)

E[XY] = E[E[XY| X]] = ELXE[Y | X]]

= E[X(/uy +ng(X_lu.l):|

X

— Yy 2 Y 2 2
#'ﬂy p #l. p bl' )

x
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and so

POyO; _

¥y O'X

Corr(X, )=

4.  (a) No

(b) Yes, since fy(x | 7= 1) =f(x) = f(—x) =f(x | 7= 0)
© S)= 2 [+ 0 = 1)

(d) ELXY] = ETE[XY | X]] = ELXE[Y | X]1 =0
(e) No, since X and Y are not jointly normal.
42. If E[Y | X] is linear in X, then it is the best linear predictor of ¥ with respect to X.

43,  Must show that E[Y?] = E[XY]. Now

E[XY] = E[XE[X| Z]]
= E[E[XE[X|Z] | Z]]
= E[E*[x| Z]] = E[Y"]

44, Write X, = xi’Z, where Z; is the number of offspring of the ith individual of the (n — 1)st
generation. Hence,
ELX;) = EIELX, | X, 11 = Elp2X,-1) = pEX,1]
S0,
E{X,] = pE[X, 1] = (PE[X, ) .. = fLE[Xo] =/
(c) Use the above representation to obtain
ELX, | Xoi] = pors, Var(X, 1 X)) = X,y

Hence, using the conditional Variance Formula,

Var(X,) = 4 Var(X,.)) + oy
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46.

47.

48.

49.

(d) == P({dies out}
= ZP{dies out|X,- = j}p;
b

= ZH P; » since each of the j members of the first generation can be thought of as

J
starting their own (independent) branching process.

It is easy to see that the ™ derivative of Z:(i2 /2) 1 j! will, when evaluated at 7 = 0, equal 0
J=0
whenever n is odd (because all of its terms will be constants multiplied by some power of ?).

at"

When n = 2j the n™ derivative will equal {t"}/(j12’) plus constants multiplied by powers

of 1. When evaluated at 0, this gives that
E[ZY] - 212

Write X= oZ + u where Z is a standard normal random variable. Then, using the binomial
theorem,

au= 37 etz

i=0

Now make use of theoretical exercise 46.
#H0) = E[e"] = E[""*Y) = &"E["] = " g(ta)

Let Y =1log(X). Since Y is normal with mean x4 and variance o’ it follows that its moment
generating function is

M()) = E["] = #7012
Hence, since X = ', we have that

E[X]=M(1)= e
and

E[X?) = M(2) = &7

Therefore,

Var(X) - el,u+2cy2 _e2[.f+t.r2 = el,u+a’ (ea’ _1)

Chapter 7 127




50.

S1.

52.

53.

54.

128

w(f) =log A1)
w'(O=¢WO/K)

()" (1) - (1))
¢ (0)

v")=

W (O m0= ELX?]~ (ELX])* = Var(X).

Gamma (n, 2)

Let ¢(s, {) = E[¢*"™]

az _ +Y -
g&ﬂs,t) 0™ E[XYe"*"] 2-0= E[XY]
) 2 _
5¢(S,1) 0™ E[X], 5¢(s,i) 0™ EfY]

Follows from the formula for the joint moment generating function.

By symmetry, E[Z*] = E[Z] = 0 and so Cov(Z,Z”) = 0.
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Chapter 8

Problems
1. P{0<X<40} =1-P{|x-20] >20} >1-20/400 = 19/20
2. (a) P{X=85) < E[X]/85=15/17

(b) P{65 <X <85)=1-P{|x-75|>10) 2 1-25/100

() P{

3. Let Z be a standard normal random variable. Then,

g

20
4. (a) P{ZX,. > 15} <20/15

S X, /n-75

i=1

>5 SE soneedn=10
25n

iX,/n—?S

i=1

>5} zP{|Z| > \/;}S.lwhenn=3

(b) P{io:X, > 15} =P{iX, > IS.S}

15.5-20
~ PCZ > e
(o5

=P{Z>-1.006}

~ .8428
50

5. Letting X; denote the " roundoff error it follows that E[ZX ,] =0,

i=l

50
Var(ZX ,-} = 50 Var(X,) = 50/12, where the last equality uses that .5 + X is uniform (0, 1)
i=l

and so Var(X) = Var(.5 + X) = 1/12. Hence,

P{|ZX,.| >3 } ~ P{IMO, 1)| > 3(12/50)"2} by the central limit theorem
=2P{N(0, 1) > 1.47 = 1416

6. If X; is the outcome of the i/ roll then E[X;] =7/2 Var(X;) = 35/12 and so

79 79
P{Z.: X s 300} = P{ZI:X,. < 300.5}

300.5-79(7/2)

~ P{N(O)) s —— 2"~
{ @b (79%35/12)"2

} = P{N(0,]) <1.58} = .9429
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100 —_
7. P{>" X, > 525 = P{N(0,]) 5 222500 = P{N(0,]) > .5} =.3085
(100 x 25)

i=1
where the above uses that an exponential with mean 5 has variance 25,

8. If we let X; denote the life of bulb / and let R; be the time to replace bulb i then the desired
100 9%

probability is P{Z X;+Y R < 550}. Since ) X,+ ) R, hasmean 100 x 5+ 99 x .25 =

=] i=f
524.75 and variance 2500 + 99/48 = 2502 it follows that the desired probability is
approximately equal to P{N(0, 1) < [550 — 524.75]/(2502)"} = P{M(0, 1) < .505} = .693
It should be noted that the above used that

Var(R) = Var(% Unif| [O,l]) = 1/48

9. Use the fact that a gamma (n, 1) random variable is the sum of n independent exponentials
with rate 1 and thus has mean and variance equal to n, to obtain:

P{'X—n
n

>.01} = P{|x - nf//n > 01/n)

~ PN (o] > 01Vn}
= 2P{N(0,1) > 01yn

Now P{N(0, 1) > 2.58} =.005 and so n = (258)".

10. If W, is the total weight of n cars and A is the amount of weight that the bridge can withstand
then W, — 4 is normal with mean 3n — 400 and variance .09n + 1600. Hence, the probability
of structural damage is

P{W,— 420} ~ P|Z > (400~ 3n)/ 41097 + 1600

Since P{Z > 1.28} = .1 the probability of damage will exceed .1 when n is such that

400 —3n < 1.28 V.09n + 1600

The above will be satisfied whenevern > 117.

12. Let L, denote the life of component i.

100
E[ZL,] = 1000+$50(101) = 1505
i=l

100

100 100 i 2 ) 1 "
Var[ZL,J=Z(10+—l-6) =(100) +(100)(101)+TO_021

il i=1 i=l

Now apply the central limit theorem to approximate.
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X-74
14/

13. () P{A_’>80}=P{ >15/7} ~ PPZ > 2.14} ~ 0162

- Y-74
(b) P{¥Y >80}-P{ 73

> 24/7} ~ P{Z> 343} ~ .0003

(c) Using that SD(¥Y - X) = /196/64 +196/25 ~ 3.30 we have

P{Y - X >22} = P{Y - X}/3.30 > 2.2/3.30}
~ P{Z> 67} ~.2514

(d) same asin (c)

14. Suppose n components are in stock, The probability they will last for at least 2000 hours is

I 2000-100n
=P X 22000y = P<Z > —mnc——
P {z,: ‘ } { 304n }
where Z is a standard normal random variable. Since

95 = P{Z 2 —1.64} it follows that p > .95 if

2000 —100n
304/n

or, equivalently,

<-1.64

(2000 — 100n)/ v/n <—49.2

and this will be the case if n > 23.
10,000
15. P{ ZX ;> 2,700,000} ~ P{Z 2 (2,700,000 — 2,400,000)/(800 - 100)} = P{Z>3.75} ~0
i=1

18. Let ¥, denote the additional number of fish that need to be caught to obtain a new type when

. e . o 4-i
there are at present i distinct types. Then Y; is geometric with parameter 7

3
Y] = E[ZY,]=1+§+§+4=§

=0 3

3
Var[Y] =Var(2}’,) =g+2+]2 =.!?

=0
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20.

21.

22,

132

Hence,

plv-2, 2 [0} 1
3 3 9 10

25-v1300 | _ 25+41300

and so we can takeg= ——————, b
3 3
Also,
P{Y—E>a«}s—130—z=l whena=—lm.
3 130+9a° 10 3
Hence P{Y>%} <.l

g(x) =x""" is convex. Hence, by Jensen’s Inequality

E[Y"" " > E[Y])™ "V Now set ¥=X"" and so
E[Xn] > (E[Xn-l])n/(n—l) or (E[XN])[/H > (E[Xn—l])ll(n—l)

No
(a) 20/26 ~.769

(b) 20/(20 + 36) = 5/14 =~ .357

(d) p~P{Z>(25.5-20)/V20 } ~ P{Z>1.23} ~.1093

(e) p=.112184
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Theoretical Exercises

1. This follows immediately from Chebyshev’s inequality.

2
2. P{D)a:}:P{lX—,ul)aﬂ}g_g_z=%
a‘u®  a'r

@ 7’%—=JI

" - i~
(b)Jrr,v(l——m np/(1-p)

(c) answer= 1

1/2
d) —=+3
@ vi/12 ¥
(e) answer=1

(d) answer = |y|/o

4, For £> 0, let & > ( be such that lg(x) —glc) | <& whenever |x-¢] <4 Also, let B be such
that | g(x) | < B. Then,

Eig@ = [ eWaro+[ | e(dF, ()
<(e+g@)Ptlz,—cl <& +BP{|Z,-c| > 5
In addition, the same equality yields that
Elg(Z)) 2 (g(c) - &P{| Z, - c| <&} - BP{|Z, - c| > §)
Upon letting n — o« , we obtain that

lim sup E[g(Z,)] <g(c) + &
lim inf E[g(Z,)] 2g(c)— ¢

The result now follows since ¢ is arbitrary.

5. Use the notation of the hint. The weak law of large numbers yields that

lim P{(X, +...+ X,)/ n—c|>£} =0
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Since X, + ... + X, is binomial with parameters n, x, we have

E[ f(—-——X' ot X )] Y, (k/n)(;:)l"(l—x)""‘
n k=1

The result now follows from Exercise 4.

6.  E[X]= zk:iP{X=i}+ ii PLX =1}

iwml i=k+1
2 zk:i PlX =k}
= X =k
> —k—z—P{X =k}
2
7. Take logs and apply the central [imit theorem
8. It is the distribution of the sum of ¢ independent exponentials each having rate A.
9. 172
10.  Use thefChemoff bound: ¢'M(f) = ¢ " will obtain its minimal value when  is chosen
to satisfy

A’ =i, and this value of ¢ is negative provided i < A.
Hence, the Chemnoff bound gives
P{X<i} e i)

1. €"M(1) = (pe' + g)"e¢™" and differentiation shows that the value of ¢ that minimizes it is such
that

iq
(n—i)p

npe' = i(pe' + g)ore' =

Using this value of ¢, the Chernoff bound gives that

P{X2i} < (n'i + q)"(n —i) p' Kig)'
—1

_ (ng)'(n-iyp'
i'q'(n—i)

12. 1= E[e®™] 2 e®¥ by Jensen’s inequality.

Hence, 6E[X] < 0 and thus 8> 0.
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Chapter 9

Problems and Theoretical Exercises
1. (a) P(2 arrivals in (0, 5) |2 arrivals in (0, 1)}

=P{2in (0, 5), 0 in (5, 1)}/e*2%/2)
= [e*(A) 12} "W *AY2) = 5 = 1/9 when s = 1/3

(b) 1 — P{both in last 40 minutes) = 1 —(2/3)*=5/9

2 e—l\‘/GO
3. e—31/60 + (s/20)8-31/60
8. The equations for the limiting probabilities are:

[1. = 711+ A4l + .21,
I, = 21 + 310 + 41,
[l =11 + .3[1, + 41,
l_lr + l_l.r + l-lg =1

and the solution is: [1, =30/59, [], = 16/59, T1, = 13/59. Hence, Buffy is cheerful 3000/59
percent of the time.

9. The Markov chain requires 4 states:
0 = RR = Rain today and rain yesterday
1 =RD = Dry today, rain yesterday
2 = DR = Rain today, dry yesterday
3 = DD = Dry today and dry yesterday

with transition probability matrix

S n © 2o
= N =T
o © o
w S g ©
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10.

11.

136

The equations for the limiting probabilities are:

[To =81+ 4I1;
[T, = .2[1, + .6IT;
Il = 3IT, + .2IT,
[Tl =711, + .8I1s

[+ +IL+I=1
which gives
[To=4/15,1T, =1, = 2/15, [T, = 7/15.
Since it rains today when the state is either 0 or 2 the probability is 2/5.

Let the state be the number of pairs of shoes at the door he leaves from in the moming.
Suppose the present state is i, where i > 0. Now after his return it is equally likely that one
door will have i and the other 5 — i pairs as it is that one will have i — 1 ant the other 6 — i.
Hence, since he is equally likely to choose either door when he leaves tomorrow it follows
that

Pi,f‘_‘Pi.S-i:P.‘.l—l =rie-i= 1/4

provided all the states i, 5 — i, i — 1, 6 — i are distinct. If they are not then the probabilities are
added. From this it is easy to see that the transition matrix Py, i,/ =0, 1, ..., 5 is as follows:

/2 0 0 0 0 1/2
1/4 1/4 0 0 /4 1/4
0 /4 14 174 14 0
E=6% o0 w212 0 o
0 1/4 1/4 1/4 1/4 0

1/4 1/4 0 0 1/4 1/4

Since this chain is doubly stochastic (the column sums as well as the row sums all equal to
one) it follows that [T, = 1/6,i =0, ..., 5, and thus he runs barefooted one-sixth of the time.

(b) 172
{c) Intuitively, they should be independent.

(d) From (b) and (c) the (limiting) number of molecules in um 1 should have a binomial
distribution with parameters (M, 1/2).
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Chapter 10

I. (a) After stage k the algorithm has generated a random permutation of 1, 2, ..., . It then
puts element &£ + | in position k + 1; randomly chooses one of the positions 1, ..., k+ 1
and interchanges the element in that position with element X + 1.

(b) The first equality in the hint follows since the permutation given will be the permutation
after insertion of element k if the previous permutation is iy, ..., i1, i, i}, ..., {2 and the
random choice of one of the k positions of this permutation results in the choice of
position J.

2. Integrating the density function yields that that distribution function is

2x
e/2 x>0
F(x)= ’
@) l-e /2, x>0
which yields that the inverse function is given by

log(2u)/2 ifu<l12
| —
FrO)= a2l -ul)/2 ifu>1/2

Hence, we can simulate X from F by simulating a random number U and setting X = F ' (U).

3. The distribution function is given by

X /4-x+1, 2<x<3,
x-x2/12=2, 3<x<6

F(x)=
Hence, for u < 1/4, F~'(u) is the solution of

A —x+1=u
that falls in the region 2 < x < 3. Similarly, for u > 1/4, F~'(u) is the solution of

x—-x12-2=u

that falls in the region 3 < x £6. We can now generate X from F by generating a random
number U and setting X = F (V).

4, Generate a random number U and then set X = F'(U). If U < 1/2 then X = 6U — 3, whereas if
U > 1/2 then X is obtained by solving the quadratic 1/2 + X%/32 = U in the region 0 S X < 4.
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The inverse equation F~'(U) = X is equivalent to

or
1- e"ﬂp =U

X = {-log(1 - WY/a}"?

Since 1 — U has the same distribution as U we can generate from F by generating a random
number U and setting X' = {-log(U)/a}"’.

If A(1) = ct” then the distribution function is given by
1 — F(f) = exp{-kt"'}, t 20 where k=c/(n+1)

Hence, using the inverse transform method we can generate a random number U and then set
X such that

exp{-kX"'}=1-U
or
X = {-log(1 — Uyk}"V
Again U can be used for 1 — U.
(a) The inverse transform method shows that U"" works.
(b) P{MaxU;<v} =P{U, <x, ..., U,<x}
=[1P{U;<x} by independence

(c) Simulate n random numbers and use the maximum value obtained.

(a) If X; has distribution F;, i = 1, ..., n, then, assuming independence, F is the distribution of
MaxX,. Hence, we can simulate from F by simulating X, i = 1, ..., n and setting
X=MaxkX,.

(b) Use the method of (a) replacing Max by Min throughout.

(a) Simulate X; from F,, i =1, 2. Now generate a random number U and set X equal to X] if
U<pandequal to X, if U>p.

(b) Note that
1 2
Fx)= ~F(x) + = Fy(x)
3 3
where

Fix)=1-e™ x>0, F(x)=x, 0<x<1
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Hence, using (a) let U;, U,, U; be random numbers and set

_ —logU,)/3if Uy <1/3

=y, ifU, >1/3

where the above uses that —log(U,)/3 is exponential with rate 3.

10.  Withg(x)=e™

2 —x1/2 2
Qg e LR &
Ze’tz /2

Ian-)l—lzexlj {—(x - /1)2 /2}

Hence, ¢ = 2¢* /2 /[A(27)"'?] and simple calculus shows that this is minimized when A = 1.

11. Calculus yields that the maximum value of f{x)/g(x) = 60x*(1 — x)’ is attained when x = 3/5
and is thus equal to 1296/625. Hence, generate random numbers U, and U; and set X = U, if

U, <3125U7(1-U,)* /108 . Ifnot, repeat.

12, Generate random numbers U, ..., U,, and approximate the integral by [k(U)) + ... + k(U,))/n.

1
This works by the law of large numbers since E[k(1)] = _‘.k(x)dx.
0

16 E[gXIfx] = flg()/ f())f ()dx = [glx)ax
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