Chapter 3

31 (a) v pyv(y)

0 06
20 0.3
80 0.1
ow 0
= Z?J py(y) =
Zy py(y) — (14)* = 564

3-2. Let Profit =P =10+ 2X

— 10 2
P(ng):P(10+2X§p)=P(X§p ):/ %dm
0

p—10
2

[E2

. —(p® — 20p + 100)
RV P

1
fr(p) = 5 (p—10);10 < p < 22
= 0;ow

33. (a) P(T<1)=1—-e*"=0221
(b) E[P] =200 —200P(T < 1) = 155.80

34. (a) =z px(z) y=2000(12 —z) py(y)

10 0.1 4000 0.1
11 0.3 2000 0.3
12 0.4 0 0.4
13 0.1 —2000 0.1
14 0.1 —4000 0.1
ow 0 ow 0
(b) E(X)=10(0.1) + 11(0.3) + 12(0.4) 4+ 13(0.1) + 14(0.1) = 11.8 days

V(X) = 10%(0.1) + 11%(0.3) + 122(0.4) + 132(0.1) + 14(0.1) — (11.8)?
= 1.16 days?



3-5.

3-6.

E(Y) = (4000)(0.1) + (2000)(0.3) 4 0(0.4) + (—2000)(0.1)
+ (—4000)(0.1) = $400

V(Y) = (4000)2(0.1) + (2000)2(0.3) + 02(0.4) + (—2000)%(0.1)
+ (—4000)%(0.1) — 400 = 4,640,000($2)

Fy(z) = P(Z < z) = P(X? < 2) = P(|X| < V/7)
=P0< X <2)= f\fZ:Ee*x dx

Let u = 22, du = 2z dz, so

Fy(2) :/ etdu=1-¢"
0

fz(z)=€e%2>0

= 0; ow

1
Zd pp(d) = o1 +2+3+4+54+6+7+8+9) =45

ZCP pp,(d) — (4.5)?

1
= [P+ 224+ 3442+ 52+ 62+ TP+ 824+ 9% — (20.25) = 8.25

10
(c)d y y  py(y)

0 4 0 0.2
1 3 1 0.2
2 2 2 0.2
3 1 3 0.2
4 0 4 0.2
5 0 ow 0
6 1

7T 2

8 3

9 4

2
EY) = 1O(1+2+3+4) = 2

2
V(Y) = 1—0(12+22+32+42)—4 =2



3-T.

R = Revenue/Gal
R=092;A<0.7
—0.98:A>07

E(R) =0.92 P(A < 0.7)+0.98 P(A > 0.7)
=0.92(0.7) + 0.98(0.3) = 93.8¢/gal.

< 1 1 1 o
8. Mx(t) = / e =50 gy = —65/9/ e~
0 0 5

%(% el for%—t>0
—2
M (t) = %(1975) o5 {1—60tﬁ+1}
-3 2
M},{@)_%C—()et) ﬁt[(1—09t> ﬂ2+< 9015)5 2+(

= 0; otherwise

1
0

) dg



(b) Fy(v) = P(XY? <v) = P(X <?)
= / e dr=—ey =1—e"
0
fv(v) =F,(v) = 20e v > 0

= 0; otherwise

fo(u) = Fjy(u) = e 0> 0

= 0; otherwise

3-10. Note that as stated Y > yo = signal read (not Y > |y]), so

/2 1 3m/2 1
Py (Y >y) = / —dzx +/ —dx
t

tan—ly 27 an~ly+m 27

Fy(y) =1-P (Y >vy)

11
:§+;tan y;y >0
1 1
fY(?J)Z; 157 ; —00 < Y < +00
Note the symmetry in (17).
3-11. Let S = Stock Level

L(X,8)=05(X-8),X > S
—025(5—X),X <8

S 2.109
E(L(X,9)) = / 0.25(S — X) - 10°dx + / 0.5(X —S)-10"°dx
106 S
dEILIX, S)] _ 10052 2= 5 =210

s 8 4 3



112 o= B@) = [ selds= [ Lag=s/3
E(G*) = 04 ggdg =38.
ot =V(G) = E(G*) — (E(G))* = 8/9.
H(G) = (3+ 0.05G)?
H(pe) = (3+0.05u6)°
H'(pe) = (O 1)(3 +0.05u¢)
H"(ue) =
Thus,

1 8
pa = H(pe)+ 5H (nq)og = H(8/3)+§(0‘005)§

and

= 0; otherwise

(b) Fy(y) = P(e* <y) = P(X < (n(y))
£u(y)

I
IS
5]

I
)

=

&
|

—_

= 9.82



3

3-14. =
Y (14 2)?
r =3y Y2 -1
de V3 s
dy 2
da) _ ﬁy—w
dy 2
dx
fr(y) = fx(z) o
3
= fx(V3y ™% - 1)§y‘3/2
= exp[—V3y V2 + 1]?3;3/2; 0<y<3
3-15. With equal probability px(1) = --- = px(6) = ¢,
/1
—_ tx
, 7
B(X) = My(0) = 1
1 / 2 35
V(X) = M) — My (o) = >

3-16. (a) Using the substitution y = bz?, we obtain

1 = / az’e " dy
0
0 b 2\/ by

a 00
_ (3/2)—1 Y q
) € Y

2b%/2 /o

a 3 a 11 av/T
wr Q) = gp Q) =

Thus,

4b3/2

7

a =



(b) Similarly,

and

These facts imply that

o = E(X) = [BXP = o - = =

26 wbh 27h
Now we have
H(r) = 1827
4 72
— 2 — @ —_— = —
2 72
H'(px) = 36px = 36.% = \/ﬁ
H'(ux) = 36
Then
. 1 " 2
py = H(MX)+§H (nx) - ox
72 1 37 —8 27
= wte e Ty

and

oy = (H'(nx))'o%

(2 \?(31—8\ _ 2592(37 —8)
— \Wrb 27 B 2b?

3-17. E(Y)=1V(Y)=1 H(Y)=VY?+36

B(X) = H(uy) + 3H" (uy)0

V(X) = [H (uy)oy
H'(y) = y(y* +36)7"2,  H"(y) =36(y” + 36)"/°

E(X) =~ (371)Y? + %(36)(37)‘3/2 = 6.16
V(X) = (37)7! = 0.027027



1 1
3-18. E(P) = / (1+3r)6r(l —r)dr = / (6r +12r% —18r%) dr = g
0 0

Since H(r) = 1+ 3r is increasing,

fp(p)=6<p%1> (1—]%1) (%) =§(5p—p2—4);1<p<4

= 0; otherwise

V(X) = M)~ [MEO = 5
320, V== '4X2 ‘1
B(V) = TE(X?) = Z[V(X) + (B(X))?
- % -[25-107% 4 2] = 3.14162

3-21. My(t) = E(e?) = E(efeX+0)
= e (el X)
= €thX (at)

3-22. (a) [) k(1 — )zt de = 1.

Let T'(p) = [, uP~'e " du define the gamma function. Integrating by parts
and applying L’Hospital’s Rule, it can be shown that I'(p + 1) = p - ['(p).

Make a variable change u = v? so that I'(3) = /7.



Working with T'(p), let u = v? so du = 2v dv and
I'(p) = 2/ (WP le P udy = 2/ v e du,
0 0
Then I'(a) - I'(b) = 4/ s20 e ds/ 2t dt
0

0
_ 4/ / 82a71t2b7167(82+t2) ds dt
0 0

Let s = pcosf, t = psinf, so the Jacobian = p
oo pm/2 )
['(a)-T'(b) = 4/ / (pcos0)*Hpsin0)** e " pdf dp
o Jo
00 ) /2
= 4/ prate=le=r dp/ (cos 0)%* ! (sin §)**~' df
0 0
Substitute p? = y in the first integral and sin? # = z in the second.
[e§) 1
L(a)'(b) = / Yottty dy/ 2711 —2) e
0 0
1
=T(a+0b) / 271 —2) e
0

T(a) - T(b) T(a+b)

so/0 xbfl(l—x)afldx:—r(aij) jk:F(a)-F(b)
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Clat+b) [ LT _ el
NOBY0 [t

_ I'(a +b) 1x(b+k)fl _ 2
r<a>~r<b>/o A-o)d
_ T(a+b) T@Ub+k)
- I(a)-T(b) T(a+b+k)

(b) B(X*) =

Since I'(1) = 1 we obtain I'(p + 1) = p! for p a positive integer.

(a+b—1)! b
Then E(X) = 0 0i6- 101 ~ ato
o (@) =11 (a—DBb+1) b+ 1)
E(X)—(a_m!(b—l)!' (a+b+1)  (a+b+1)(a+D)
so V(X) = ab

(a+b)2(at+b+1)

1 1 1 1
3-23. Mx(t) = el + =e? 4 e

2o tge T3
1 1 3
ML(4) = —et 4 —e2t 1 23t
(1) 4e+4e +86
1 1 9
M%(t) = Z€t —|— §€2t + geSt
, 7
(a) E(X) = Mx(0) = S
15 7N? 71
V(Y)= M) — [My(0))P==—-(=) =—
) = 350) - PO = £ - (§) = 5
(b) =z y v py(y)
T
0 4 0 -
)
11 1 3
)
1
2 0 4 =
2
3 ow 0

ow 0
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3-24. p3 = BE(X — pp)?
= B(X?) = 3p) - B(X?) +3u) - BE(X) — (1)°
= s — 3py sy + 2(py).

A r.v. is symmetric about a if f(x + a) = f(—x + a) and we assume X contin-
uous. Since X — a and a — X have the same p.d.f., E(X —a) = E(a — X) or
E(X)—a=a—E(X), so E(X)=a=pu). Now,

E(X — )" = E(X —a) = / Tl —a) i) de

—00

:/a (m—a)rf(x)dx—i-/ooo(x—ayf(x)dx

—0o0

0 [e'e)
=/ y’“f(y+a)dy+/ Y fy+a)dy
0

—0o0

:_/ (1—y)’“f(—y+a)dy+/Ooony(era)dy

— 00

= /Om(—y)’"f(yﬂ%) dy + /OOO Y f(y+a)dy

— _17" > T d > T d
( )/O Y fly+a) y+/0 Y fly+a)dy
= 0 for odd r.

Thus E(X — u})? = 0.



3-25. If [7°_ |z|"f(z)dx =k < oo, then [7_|z|"f(x)dx < oo, where 0 < n < r.

Proof: If |z| <1, then |z|* <1 and if |z| > 1, then |z|" < |z|".

Then
e f () de = " f(x)d " f(w)d
/ ol ) d /| o g / BT
d T d k
S/qulf(x) "’”+/|x|>1"”' f@)de < 14k < o0
242 242
3-26. Mx (t) = exp (ut + %) = Px(t) = pt + %

dx (t) /dt|imo = [t + 0°tfmo = 1
d21/)X(t) dt2|t:0 = U2|t:0 = Cl'2
drwx(t)/dtqtzo = O;’F Z 3

12

3-27. From Table XV, using the first column with scaling: u; = 0.10480, us = 0.22368,

usz = 0.24130, uy = 0.42167, us = 0.37570, ug = 0.77921, ..., ugo = 0.07056.

Fx(z)=0; <0
—05 0<z<l1
— 075 1<z<?2
— 0875 2<z<3
=1, >3

So, 11 =0,20=0,23=0, 24 =0, 25 =0, 26 =2,...,290 =0
3-28. The c.d.f. is
Fp(t) = 1 —e ¥4
Thus, we set

t = —4n(l— Fr(t)) = —4n(l —u)

From Table XV, using the second column with scaling: u; = 0.15011, uy = 0.46573,

us = 0.48360, . .., uip = 0.36257



So,

tq
123

t1o

—4/n(0.84989)
—4n(0.53427)

—4¢n(0.63143)

= 0.6506
= 2.5074

1.8391
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