4-1.

4-2.

4-3.

Chapter 4

(a) @ 0 1 2 3 4 5
px(@) 27/50 11/50 6/50 3/50 2/50 1/50
y 0 1 p 3 4
py(y) 20/50 15/50 10/50 4/50 1/50
b) v 0 12 3 4
pyoly) 11727 8/27 4/27 3/27 1/27
() = o 1 2 3 4 5
pxp(z) 11720 4/20 2/20 1/20 1/20 1/20
(a) 1 2 3 4 5 6 7 8 9
py(y) 44/100 26/100 12/100 /100 4/100 2/100 2/100 1/100 1/100
x 1 2 3 4 5 6
px(@) 26/100 217100 17/100 15/100 117100 10/100
(b) Y 1 2 3 4 5 6 7 8 9
r=1 pynly) | 10/26 6/26 3/26 2/26 1/26 1/26 1/26 1/26 126
r=2 pyply) | 8/21 5/21 3/21 2/21 1/21 1/21 1/21 0 0
=3 pys(y) | 817 5/17 2/17 117 1/17 0 0 0 0
r=4 pyuly)| 7/15 4/15 2/15 115 1/15 0 0 0 0
r=5 pyply) | 6/11 3/11 111 111 0 0 0 0 0
r=6 pyely)| 5/10 3/10 1/10 110 0 0 0 0 0
10 (100 g,
—_— =1 =1
(a)/o /0 1000dx1dx2 =k
10 1
(b) fx, (1) /0 1000 dxy 100° 0 <z <100
=0; otherwise
100 1 100 1
fx () /0 1000 “" T 1000, T 100 ==
=0; otherwise



(C) FX1,X2<$17$2) =0;21 <0,29 <0
=021 <0,20>0
=021 >0, <0

561 2
—dtdt 10 < < 100,0 < < 10
/ / 1000 72" = 1000 S 2
10
dtQ dtl T
= U0 <y < 100,29 > 10
/ / 1000 100 " 2
100
dt, dt
- 1 B2 2 >100,0 < 25 < 10
1000 10’

=1;z; > 100,29 > 10.

4 2 1
k//(6—$1—$2)d$1d1'2:1:>k:—
2 Jo 8

(b) P(X1<1,X2<3):/ / §(6—$1—$2)d$1d1’2:

8
4—x9o 9
()P(X1+X2<4 // —Il—l'g)dl’ldl’g g

(d) fxl(ffl):é/ (6 — 21 —2) dwy = ;(6—2$1),0§£B1 <2

2

3/2 1
0

(€) fx,(z1) see (d)
fxo(@2) = 2%(6—1’1—1‘2) dry, = 1(10—2x2);2§x2 <4

2/3 1/2
) / // /16wxyzdzdydxdw—9
1 1 1 p1/2 1 p1/4 1
<) = 1 -
2,Z_4> /0/0 /0/0 6wzyz dz dy dr dw o1

1 f1opl
c)///16w:cyzdzdydx:2w;0§w§1

o Jo Jo

= 0; otherwise

S
A
OOII\D

45. (a) P(

IN

(b) P (X

Note: x, y, z and w are independent



4-6. From Problem 4-4

fX(x):é(6—2:c) 0<z<2

fr(y) = %(10 —2y)2<y<4
Fx(y) = foi((z’)y) 618f;yy, <r<22<y<4
Frio(a) = foj((é’)y) 66__332;y;2 <y<4,0<zr<2

33
4-7. E(Y|X = 3)
| Zy pyi3(y =17

48 (a) 51 52 53 54 55
px,(z1) | 028 028 022 009 0.13

T2 o1 52 23 24 55
px,(z2) | 0.18 0.15 0.35 0.12 0.20

(b) To 51 52 53 54 55 otherwise
6 7 5 5) 5}
Prm(®2) | 55 55 38 28 2
5 5 10 2 6
P - = = = _—
%2(72) | 55 55 35 28 13
5 1 10 1 5
Prs(®2) | 55 55 55 25 2 U
1 1 5 1 1
Pom(@) | 5 5 5 5 5 !
1 1 5 3 3
Pom(®) |3 3 3 13 13 °

E(Xalzy =51) = Y @3- pxyjs1(22) = 52.857
E(X2|x1 = 52) == Z i) 'pX2‘52(.T2) = 52.964

E(X2|CC1 = 53) = Z i) ‘pX2‘53(£E2) = 53.0



55
E(Xalwy =54) = ) 73 pxyjsa(r2) = 53.0

xo=51
55

E(Xs|zy =55) = Z T3+ Pxyjss(@2) = 53.461

ro=51
1
4-9.  fx,(x1) = / 623ws das = 3a3z3|h o =327;0 <2y <1
0

1
fxo(z2) = / 6222, dw| = Qx?xgﬁlzo =209;0< 25 < 1
0

6 2
fX1|a:2(-171) _ fX1,X2(x17$U2> _ T1T2 _ 3$%,0 <z <1

fX2 ($2) 29
_ fxx (w1, )

fXQIm(@) B Ix, (71)

=2w9;0 <19 <1

1
3
BOGI) = [ oLl de = 5
0
! 2
E(Xoly) = / 2 fe (02) s =
0
4-10. (a) fx,(x1) = 21 x>0
Ixo(22) = 2$2€_m5; T9 >0
(D) Fryma(a1) = Faxa(@nm) o a5

[x,(22)

Ixolar (T2) = 2120792 19 > 0

Since fx, |z, (1) = fx,(21) and fx,z, (¥2) = fx,(22), X; and X, are indepen-

dent

(C) E(X1|'T2) = E(X1> = /[; $1(2‘T167x%) d;[‘l = /0' 21‘%67‘%% dflfl

Let u =z, du = dx1, dv = 23016_*””%, v = —e‘fc%, and integrate by parts, so

E(Xl) = —xlefxﬂgo +/ eix% d&?l =0 -+ %
0

Similarly, F(Xs) = 7/4.



411, z=ay, t=a = a =1, y:§

Jx /ot Ox/0z 1

dy/ot Oy/0z

so p(z,t) = g(t)h(z/1)[1/]
Thus £(2) = 7 g(t)h(z/t)|1/t| dt
4-12. a =818, t =81 so 32:%, s1 =1t

1

Jacobian is n

And pla,t) = 2)()(E) -} = 4

L a 1
4 = —dt = = In(t
(a) /zz/4 4t 4 n( ) a/4
a . a
— —Zfn-—: 4
4&14,0 <a<

4-13. f(z,y) = g(x) - h(y)

X
Z:? U=Y y=u x=uz

z u
10

Jz/0u 0x/0z
dy/ou 0y/0z

p(z,u) = g(uz) - h(u)|ul
0(2) :/ g(uz)h(u)|u| du

(e o]

= U

4-14. f(v,i) =3e 3 - e
r=— u=1%t Uv=Tu 1=1U
7

The Jacobian is u, thus

plru) = (e7)(3675) (u) = Bue ™0 > 0




4-15.

4-16.

4-17.

Y=X+Xo+ X5+ X,
E(Y)=80,V(Y)=4(9) =36
If X; and X5 are independent, then
Pxy X (T1, T2) = px, (21)px, (x2)  for all x4, zs.
Thus,

PX1,Xo (21, 22) _ bx (21)px, (22)
Px; (331) px, (1)

PXoley (T2) = = px,(x2) for all x1, xs.

Similarly,
pX1|:L‘2 (:Cl) = le (.’,E]_)
Now prove the converse. Assume that

Pxole: (T2) = Dx,(22) and  px e, (21) = px, (z1) for all zy, xs.

Then
Px1, X2 (71, T2) = Dxylar (72)Px, (T1) = Px, (22)px, (z1)  for all 2y, 5.

V(XQ) = 32 . V(Xl), E(XlXQ) — E(X1<A + BXl))
= AE(Xl) + BE(X%)
So
[E(X1X2) — B(X1)E(X2)]?
V(X1) - V(Xy)
[AE(X)) + BE(X?) — E(X))(A+ B- E(X)))]?
V(X,) - B2V (X;)
_BE(XY) - BEGW)P _ BV(X)
BQV(Xl)Q BQV(Xl)Q

2:

P

=1

p=—-1lif B<0and p=1if B> 0.



4-18. Mx,(t) = E(e*?) = E(e!A+BX1)) = p(eAt . BtX1)
= et B(ePX1) = eAt . My, (Bt)

E(Xy) = 2/01931(1 — ) dey = %

E(X) :2/013;;% =

E(X?) =2/01x§(1—:c1)dx1 _ 9 [%?_%31]: _é
E(X?) :2/013;2@2_%

V() = B(X]) — (B(X)) = o

V(X2) = B(X3) — (B(Xy))* = 1i8

Loz 1 227%2
E(X1X2) = / / 2117, dl’l dl’Q = 2/ To |:?1:| de
0 Jo 0 0

1
1
3
= d —




4-20. E(U)=A+ BE(X)), E(V) C + DE(X,)
V(U)=B*-V(X1),V(V) = D*V(Xy)
E(UV) = E[(A+ BX,)(C + DXQ)]
— AC + AD - E(X,) + BC - E(X,) + BD - BE(X,X,)

E(UV) — E(U) - E(V)
V(U)-V(V)

_ AC+ AD - E(X,) + BC - E(X,) + BD - E(X,X,) — [(A + BE(X,))(C + DE(X))]

puyv =

VB2V (X1) DV (Xy)
BD[E(X,X,) — E(X1)E(Xy)] ~ BD
IBD|/V(X1)V (Xa) ~ |BD| ¥

4-21. X and Y are not independent. Note

() Pay(5,4)=0#px(5)-pv(4) = =

g
(b)  E(X)=09 E(Y) = 1.02
E(X?) =238 E(Y?) =214
V(X) =157 V(Y) = 1.0996
E(XY)=0.74
_BXY) - BX)E(Y) _0.74— (0.9)(102) _
p= VOOV(Y)  J(157)(1.0996)
4-22. (a) A sale will take place if Y > X

//f:pyd:vdy
EY|lY >z) = //yfxydxdy///fxydxdy

<y

V1—22 2

=—V0i-23-1<z<+l1

™




2
fXY(l’ay) ; _ _ T
(b) fxiy(z) @) <§> 1_y2—2\/1_7 V91— <z <41
2
lex( ) fxy(z,y) 0<y< V1 — 22

1—y2 1 2
© Bl = [ T o= -
—/1=? 2¢/1 — 32 2\/1—y2 | 2|

poo = [ - (2 AN
) = = z
0 VAR Y V1— 22 2|,

4-24. X and Y continuous

EX|)Y =y) = /OO x fxiy( )dm-/_(:x%é’)y)dx

/ fx dx_/_zgng(a:)d:vZE(X)

Change X and Y, reversing roles to show E(Y|X) = E(Y) if X and Y are inde-
pendent.

4-25. E(X|y) = /_: z fxy(x) de = /_OO fo]’tYiz’)y)dx

E[E<X|Y>]=/ E(X]y) - fr(y dy—/ / [f” }fy(y)dy

/ [/ fxy(z,y)d }d:c—/ zfx(z)dr = B(X).

Reverse roles of X and Y to show E(E(Y|X)) = E(Y).
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4-26. w=s+d,lety=s—d

w+Yy w—1Y
-7 g=_<
2 7 2
s=10 — w+y =20 d=10 - w—y =20
s =40 - w+y =80 d=30—w—y =060

As illustrated

d y
30 30
20 20p
10 10
1 1 K L w
10 20 30 40 10
-10F
20+
ds  Os
e a| |12 12 1
TheJacoblanJ—‘@ @‘—‘1/2 —1/2| T 72
ow Oy
1 1 1 w+y w—Yy
: — - —- = 10< <40, 10 < < 30
whwrlwy) =55 95 5 ’

w=20 —20
fW(w):/ dy = L2290 < w < 40
2

o 1200 600
w—20 1 20
:/ ——dy = —;40 < w < 50
o 12007 T 600

80—w 70 — w
= dy = ;H0 <w < 70
/60 1200 = “600 0 Y

w—

= 0; ow

4-27. (a) fy(y)—/o(x+y)dx—y+%;0<y<1

Ixpy(x) = ey (@, y) = x+31/;0<x< 1,0<y<1

fY(y) y_|__




1 3 2 1
T+y 1 x Ty
E(X|Y:y):/m- ( 1) dr = 1[3_1_7]
0 (y+§) ?J+§ 0
243y
= ;0 <y < 1.
3112y Y

1 y2 1 1
/(5U+?/)dy: TY + = =r+-;0<zr<1
0 2 =0 2

G

S—

~

>

—~

&
I

E(X) = /0 (02 + (z/2)] dx = [(2®/3) + (22 /4)]} =

12
(c) E(Y)= /[y + (y/2)]dy Z[(?J3/3)+(y2/4)]325
428, / / N 1111; xl—:—yy dedy =1= k :g
(0O +x+y)dy  (9/2) [T dy
) = [ S Tt ), e
(9/2)x [>* dy (9/2) ™ ydy
+<1+x>4/ <1+y>4+<1+x>4/0 T +y)"
3(3+2x)
4(1—1—3:) r>0
429, (a) k/ooo/ooo(l—l—x—l—y)_"dxdy:l, k/ooo [(1 +(fn+f)1)n+l]jdy:1
koo dy k - o
son_l/ T =S g — L k= (= D=2

z ry
(b) Fxy(z,y) :P(ng,YSy):k:/ / (1+s+t) "dtds
o Jo

{ (1+s+y) " (14 s5)7*2 r
(—n+2)(-n+1) (-n+2)(-n+1)]

=1-(14+2)"=(1+y) " +(Q+z+y)> ™z>0,y>0

11
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4-30. From Eq. 4-58

pl—p) _ (05)(05) _
"ZTE T T ose00s)

4-31. (a) g(z,y) = (2ze=*")(2ye¥") so X and Y are independent

(b) X and Y are not independent. For given X, Y may only assume values greater
than that value of X.

(c) See Prob. 4-29 with k = (4 —1)(4 —2) =6 and n = 4.
Ifx(@)=2(1+2)32>0
fr(y) =2(1+y) %y >0

fxy(x,y) # fx(z) - fy(y) so the variables are not independent.

4-32. The probability is 2/3 since P(X >Y > Z)=P(X <Y < Z) = é

1 1 12 1/2 1
4-33. (a) P{0<X<-0<Y <= :/ / ldxdy = -
2 2 A 4

z 1

(b) P(X>Y):/01/O 1dyda::/01xd:c:§.

x (request)

x=y+(1/4)

L L L 1 y (receipt)

4-35. (a) FZ(z):P(ZSZ)ZP(a+bX§Z):P<X§Z;a)

Z—a

N——
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The range space for Z is determined from the range space of X and the
definition of the transformation.



