Chapter 7

7-1. (a) P(0< Z <2)=®(2) — &(0) = 0.97725 — 0.5 = 0.47725
(b) P(—~1<Z <1)=®(1) — &(—1) = 2&(1) — 1 = 0.68268
(¢) P(Z < 1.65) = ®(1.65) = 0.95053
(d) P(Z > —1.96) = (1.96) = 0.9750
(e) P(|Z] > 1.5) =2[1 — ®(1.5)] = 0.1336
(f) P(~1.9< Z <2) = ®(2) — &(—1.9) = &(2) — [1 — B(1.9)] = 0.94853
(g) P(Z < 1.37) = 0.91465
(h) P(|Z] < 2.57) = 28(2.57) — 1 = 0.98984

(a) P(X <8)= @(?) = (-%) = 0.2525

(b) P(X >12) = —q><12g10> = —c1><§) — 0.2525

(c) P(2< X <10) = @(10 - 10) - @(%) = 0.5 — ®(—2.67) = 0.496

(a) ¢ =1.56
(b) ¢=1.96
(c) ¢ =2.57
(d) ¢c=—1.645



7-5. X ~ N(80,100).

= (2) = 0.97725

(a) P(X < 100) = ¢<M)

10

(b) P(X < 80) = @(801_080) =0.5

100 — 80 75 — 80
() P(75 < X < 100) = ® 1—0> - <1>( n ) = B(2) — B(—0.5)
0.97725 — 0.30854 = 0.66869
75 — 80
10
(e) P(|X — 80| < 19.6) = ®(1.96) — ®(—1.96) = 0.95

(d) P(X >75)=1— c1>< > =1 —®(—0.5) = (0.5) = 0.69146

680 — 600

60
550 — 600
60

7-6. (a) P(X >680)=1— @( ) =1 — ®(1.33) = 0.09176

(b) P(X < 550) = <1>< ) = §(—5/6) =1 — B(5/6) = 0.20327

200 — 485

7-7. P(X>500)=1—-®
(X > 500) (™%

> =1 — ®(0.5) = 0.30854, i.e., 30.854%

28.5 - 30

7-8. (a) P(X228.5):1—<I>< o

) —1— ®(—1.36) = ®(1.36) = 0.91308

(b) P(X <31) = @(31;130) —0.819

() (1;(()!7)53— 30 >2)=1-— {@(%) - @(—%)} = 1—[0.96485 — 0.03515] =

7-9. X ~ N(2500,5625). Then P(X < ¢) = 0.05 implies that
¢ — 2500
P(Z < 7—5> = 0.05
or
¢ — 2500
—
Thus, ¢ = 2376.63 is the lower specification limit.

= —1.645.



7-10.

Mx(t) = E() = . 127r /Z et 6—(“”2;;)2 dx
= - 027r /Z Wt ¢V /2 gy (letting y = (z — p) /o)
- \j; _Z e~ W —20ty)/2 dy
_ \j;ét_ﬂ :: 67(y2720ty+02t2702t2)/2 dy
- \j; O; oot /202 g

1 o 2
— putH(1/2)0% e~ /2 duy (letting w =y — ot)
vV 27 —00

_ptt(1/2)0%?
€ 7

since the integral term equals 1.

7-11.

Fy(y) = PlaX+b<y) = P(ng—b>

_ q)(y—b—au) _ @(y—(a/ﬂrb))
ac ac
This implies that Y ~ N(au + b, a*c?).

7-12. X ~ N(12,(0.02)2).

12.05 — 12

(a) P(X >12.05) =1— <1>( 002

) =1— ®(2.5) = 0.00621



0.02
= ¢=12-0.0256 = 11.97

12.05 — 12 11.95 — 12
P(11.95 < X <12.05) = & — %) o ==
(1195 < X < 12.05) < 0.02 ) ( 0.02 )

= $(2.5) — ®(—2.5) = 0.9876

7-13. X ~ N(p, (0.1)2).
(a) Take pp=7.0. Then

P(X >172)+ P(X <6.8)

1 72-—17 P 6.8—7
0.1 0.1

= 1-®(2) + B(-2)

= 1-0.97725 4 0.02275 = 0.0455

2-T. 8—T.
1 7 7.05 I 6.8 —7.05
0.1 0.1

— 1—®(1.5) +®(—2.5)
— 1-0.93319+0.00621 = 0.07302

272 8—T.

o 72725 _ (68725
0.1 0.1

= ®(—0.5) — B(—4.5)

= 1-®(0.5) = 0.3085




7-14.

7-15.

7-16.

7.2 —6.75 6.8 — 6.75
o = — ) —o =—"") = 1-3(0.5) = 0.3085
( 0.1 ) ( 0.1 > (0.5)

X ~ N(50,25), Y ~ N(45,6.25).
Y > X, ie.,if Y — X >0, a transaction will occur.

Let W =Y — X ~ N(—5,31.25).

0+5
P(W > 0) = P(Z > 5%) =1 — $(0.89) = 0.1867.

$9.00 = revenue / capacitor, k& = manufacturing cost for process A, 2k = manufac-

turing cost for process B. The profits are
pro_ 9—Fk if 1000 < X < 5000
47 | 9—k—3 otherwise

pro_ 9 -2k if 1000 < X < 5000
B 7] 9—2k—3 otherwise

Therefore,
E(P;) = (9—k)P(1000 < X <5000) + (6 — k)[1 — P(1000 < X < 5000)]
= (9—£%)0.9544 + (6 — k)0.0456 = 8.8632 — k
E(Pj) = (9—2k)P(1000 < X < 5000) + (6 — 2k)[1 — P(1000 < X < 5000)]
= (9-2k)(1)+ (6 —k)(0) = 9—2k

Since E(Pj;) < E(P};) when k < 0.1368, use process B; When k& > 0.1368, use
process A.

The profit P is

C if6<X<8
P = —-R; if X <6



E(P) = CP6<X<8)— (X <6) — RyP(X > 8)

ClP(8 — p) — ®(6 - M)] 12(6 — 1) — Ro[l — ©(8 — p)]
(C+ Ry)P(8— ) — (C+ Rl) (6 —p) — Ry

= —(C+Ry)PB8—p)+ (C+ R)P(6 —p) = 0,

or

Ct+Ry  96—p) 14
C+ R O(8 — 1)

Thus,

B 1 C+ R,
H= 7_2EH<C+R1)'

7-17. If Ry = Ry = R, then p =7 — 0.5/n(1) = 7, which is the midpoint of the interval
6,].

12
1 =T7- —E = 6.909.
18 u=17 n(lO)

7-19. X ~ N(70,16).
(a) We have

2 — 2 —
P(62< X <72) = c1><7 47())—@(6 70>

1

= $(0.5) — ®(—2)

= 0.69146 — 0.02275 = 0.66871.
(b) ¢ =1.960 = 7.84.
(¢) (9)(0.66871) = 6.018.



7-20. B(Y) = E(ZX) = ZE(Xi) = nu, S0

B(Z)) = = " =0
V(Y) = v(ix) = éwxl) = no’
vizy = 0D —
7-21. B(X) = E(%i)() - %iE(XZ-) - % = u

7-22. X; ~ N(1.25,0.0009) and X, ~ N(1.2,0.0016).
Y =X — Xo, E(Y) = 0.05, V(Y) = 0.0025.

Y ~ N(0.05,0.0025)

P(Y <0) = @(05.8503 = ®(—1) = 1 —d(1) = 0.15866.

7-23. X; ~ N(2,0.04), i = 1,2,3, and Y = X; + X, + X3 ~ N(6,0.12).

Then

6.3 — 6.0 5.7 6.0
. 3) = o 22 20) (200
PET<Y <63 (I)( 0.3464 ) < 0.3464 )

= $(0.866) — ®(—0.866) = 0.6156.

7-24. E(Y) = E(X1)+2E(X5) + E(X3) + E(Xy) = 44+2(4)+2+3 = 17.



With independence,

V(Y) = V(X)) +22V(Xy) + V(X3) + V(Xy) = 3+4(4) +4+2 = 25.

20—1 15—-1
PAS<Y <20) — @(05 7)-@(55 7)

= B(0.6) — B(—0.4)
= 0.72575 — 0.34458 = 0.38117.

7-25. B(X;) =0, V(X;) = 1/12.

50
Y =Y X;, E(Y) =0, V() =50/12
i=1

5—0
P(Y>5) = 1— <1>< ) = 1—®(2.45) = 0.00714.

\/50/12
7-26. E(X;) =1, V(X;) = 0.0001, i = 1,2,...,100.

100

Y = ;X

Assuming that the X;’s are independent, we use the central limit theorem to ap-
proximate the distribution of ¥ ~ N(1000,0.01). Then

102 —1
P(Y > 102) — P(Z>u) — 1 3(20) = 0.

0.1

7-27. X ~ N(11.9,0.0025) and n = 9. Thus, p = 11.9, 0?/n = 02/9 = 0.0025, so
0? =0.0225. All of this implies that X ~ N(11.9,0.0225). Then

P11.8 < X <12.2) = ®(2) — (—0.67) = 0.7258,
so that there are 27.4% defective.

If p =12, then
P(11.8 < X <12.2) = #(1.33) — #(—1.33) = 0.8164,

or 18.4% defective. This is the optimal value of the mean.



7-28. Y = Z E(X;), where X; is the travel time between pair i.
i=1

E(Y) = Xn:E(Xi) = 30

V) = X V(X))
= (6.4)2 +(0.6)* + (0.3)* + (1.2)* + (0.9)* + (0.4)* + (0.4)* = 3.18.

Thus,
32 —30
V3.18

P(Y <32) = <I>( ) = &(1.12) = 0.86864.

7-29. p=0.08, n = 200, np = 16, \/npq = 3.84.

16.5— 1
(a) P(X <16) = @(%) — $(0.13) = 0.55172,
15.5 — 16 14.5 — 16
o 22— 2) — [ 22} = 3(—0.13) — B(—0.391) = 0.1.
(b) (3.84) <3.84> (=0.13) = &(=0.391) = 0
20.5 — 16 11.5— 16
(c) @(W) _@(W> = $(1.17) — D(~1.17) = 0.758.
14.5 — 16 13.5 — 16
o =22 — o =22} = 3(—0.391) — B(—0.651) = 0.00.
(d) ( s ) ( 50 > (—0.391) — &(—0.651) = 0.09

7-30. P(0.05 < p < 0.15) = 0.95 implies that
P<O.O5 —0.10 <7< 0.15 — 0.10> _ <I>< 0.05 ) —@( —0.05 ) 095
\/0.09/n \/0.09/n 0.3/v/n 0.3/y/n

0.05
20 = 1.
= (0.3/\/ﬁ> 95

= ®(0.167\/n) = 0.9750

= 0.167y/n = 1.96

= n = 139
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7-31. Zy = \/—2n(uy) - cos(2musy), Zy = \/—2n(uy) - sin(2mwuz). Note that the sine and
cosine calculations are carried out in radians.

Obtain uniforms from Col. 2.

Uy U2 ‘ <1 <2
0.15011 0.46573 | —1.902  0.416
0.48360 0.93093 | 1.093 —0.507
0.39975 0.06907 | 1.229  0.569

These results give

21 = 100+ 2(—1.902) = 96.196
2y = 100+ 2(0.416) = 100.832
x3 = 100+ 2(1.093) = 102.186
2y = 100+ 2(—0.507) = 98.986
x5 = 100+ 2(1.229) = 102.458
zg = 100+ 2(0.569) = 101.138

7-32. Calculate Z; and Z5 as in Problem 7-31, obtaining uniforms from Col. 4.

Uy U2 ‘ 21 <2
0.02011 0.08539 | 2.402 1.429
0.97265 0.61680 | —0.175 —0.158
0.16656 0.42751 | —1.700  0.833

These results give realizations of Xj.

T 3z
10 + 1.732(2.402) = 14.161 | 42.483
10 + 1.732(1.429) = 12.475 | 37.425
10 + 1.732(—0.175) = 9.697 | 29.091
10 + 1.732(—0.158) = 9.726 | 29.179
10 + 1.732(—1.700) = 7.056 | 21.167
10 + 1.732(0.833) = 11.443 | 34.328




Meanwhile, we use Col. 5 to calculate realizations of Xs.

To —219
20(0.81647) = 16.329 | —32.658
20(0.30995) = 6.199 | —12.398
20(0.76393) = 15.279 | —30.558
20(0.07856) = 1.571 | —3.142
20(0.06121) = 1.224 | —2.448
20(0.27756) = 5.551 | —11.102

Finally, we get the six realizations of Y,

1 = 9.825

Yo = 25.027
ys = —1.467
ys = 26.039
ys = 18.719
ye = 23.226

7-33. Using the z; realizations from Problem 7-31,

(-1.092)* = 3.618
(0.416)*> = 0.173
(1.093)* = 1.195

(—0.507)* = 0.257
(1.229)* = 1.510

7-34. Let 21, 29, ..., 2, be realizations of N(0,1) r.v.’s.
Yi =y +0z,1=12 ..., n.

r=e% i=12,...,n.

11



7-35.

7-36.

7-37.

7-38.

12

Generate a pair zj, zo of N(0,1) r.v.’s.
Let 21 = puy + 0121 and o = piy + 0925, Thus, X; ~ N(u;,02), i =1,2.

Let y, = /1 /3.

Repeat this procedure for as many realizations as desired.

This is a normal distribution truncated on the right, with p.d.f.

1 (x—u)z} .
X = ——— € _—— lf—OO<ZC<T
@) = S xp[ - <
= 0 ifz>r

For our problem, r = 2600, p = 2500, and ¢ = 50. Now, after a bit of calculus,

B(X) = /Ooxf(x)dac

_ T {_M}
— /’L @(T;N) /27]' p 20_2
0 (2600 — 2500)2}
00— —2  expl|—
0.9772 V27 p{ 2(50)2
— 2497.24

E(X) =% V(X) = e!'?(e® — 1), median(X) = €°°, mode(X) = e*
W is lognormal with parameters 17.06 and 7.0692, or ¢n(W) ~ N(17.06,7.0692).

Thus, P(L < W < R) = 0.90 implies P({n(L) < (W) < {n(R)) = 0.90, or

@(zn(%nﬁ) - cb(zn(j%%) oo

Assuming that the interval [(n(L), fn(R)] is symmetric about 17.06, we obtain
/m(L) =17.06 — ¢ and ¢n(R) = 17.06 + ¢, so that

C —C
o ) = 0.90.
(2.6588) (2.6588) 090
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This means that

c
5 6538 1.645, or ¢ = 4.37

(L) = 12.69, or L = 324486.8 and
m(R) = 21.43, or R = 2027359410

7-39. Y ~ N(u,0%),Y = In(X), or X = ¢e¥. The function e? is strictly increasing in y;
thus, from Theorem 3-1,

f@) = ——exp [—

To\ 2T

(n(x) — p)?

202

]; z > 0.

7-41. X; ~ N(2000,2500), X5 ~ N(0.10,0.01), p = 0.87.
E(Xi|za) = i+ plor/o2)(z2 — p2)

— 2000 + (0.87)(50/0.1)(0.098 — 0.10)
1999.13

V(Xilzs) = oX(1—p?) = 2500(1 — 0.7569) = 607.75

1950 — 1999.13
P(X; > 1950|25 = 0.098) = P(Z > )
V607.75

= 1—®(-1.993) = 0.9769

7-42. X, ~ N(75,25), Xo ~ N(83,16), p = 0.8.

E(Xo|z1) = p2+ploz/o1)(z1 — )
— 83+ (0.8)(4/5)(80 — 75)
86.2

V(Xslzy) = o5(1—p?) = 16(1 —0.64) = 5.76

80 — 86.2

P(Xo>80|x; =80) = Pl > —0=-
(X, > 80j1 — 80) ( =

) = 0.9951
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7-43. (a) f(x1,x2) = k implies that

2 2
b 1 exp{ -1 [(m—ul) _2[)($1—ul)(xz—u2)+<$2—ﬂz> }}
2wo1094/1 — p? 2(1 - p?) 01 0102 op!

For a selected value of k, the quantity in brackets assumes a value, say c¢; thus,

T1 — M1 2_2P($1—M1)($2—M2)+ T2 — U2 2—0 — 0
01 0102 02 ’

which is a quadratic in xy — p; and x9 — uo. If we write the general second-
degree equation as

Ay% + Byiya + C’yg +Dy1+ Eyy+ F = 0,

we can determine the nature of the curve from the second-order terms. In
particular, if B> —4AC < 0, the curve is an ellipse. In any case,

2 2
—4Ac—<2p)— L _ A 1)<o,

0109 2 .2

2 2
0103 0103

the last inequality a result of the fact that p*> < 1 (for p # 0). Thus, we have
an ellipse.

(b) Let 0 = 03 = 0% and p = 0. Then the equation of the curve becomes

2 2
1 — M i Lo — U2 e =0
01 09 '

which is a circle with center (u1, p2) and radius o+/c.

7-44.

F(r) = P(R<r)

= P(\/Xf—i-X% §r>

= P(X{+ X5 <7r?)

(13 +t2)
a //2#02 [ T] dty dts,

where A = {(z1,12) : 2% + 23 < r?}.




7-45.

7-46.

15

Let x; = pcos(f) and x5 = psin(f). Then

P(R<r) = // s exp(—p/20%) df dp

= 1—exp(—r?/20?)

f(r) = (r/o®)exp(—r*/20%); r > 0.

Using the fact that Y " | X? has a x2 distribution, we obtain

rnflefrz/Q
) = sewpr(ey 720

Let Y7 = X1/X5 and Y3 = Xs, with X5 # 0. Then the Jacobian is

o= | %% | = e

So we have

] 1 vin\© 200193 | (12
_ 1 )
) = exp - T
f(r,92) Y _p2|y2| {2(1 — p?) [( o1 ) 0109 (02) H

So the marginal is

) = /:f@hwﬁwz
_ \/1_p2|:(£_£)2_’_1_p2:|17 —00 <Yy <0

TO102 g1 (o) U%

When p = 0 and 0% = 02 = 02, the distribution becomes
1 .
m(1+yP)

also known as the Cauchy distribution.

fY1(yl) =

—00 < Y1 < 00,



7-47. The CDF is
Fy(y) = P(Y <y) = P(Z*<y)
P(—y<Z<\y)
N
= 2/ — e F 2y
0

2T

Take z = \/u so that dz = (2y/u)~! du. Then

Y1
Fyly) = / Q—u(l/”*le*“” du
0 ™

and so, by Leibniz’ rule,

i y_l/Qe_y/Z, y > 0.

fly) = 5

7-48. The CDF is

Fy(y) = PY <y) = P(gX?§y>

= //.../A(Qﬂ)—n/?exp{_% 3

xf} dxydxy---dx,
1

i=

where

A= {(%,@,---,%) - 25522 Sy}-

Transform to polar coordinates:

;= yY%cos(6y)
zy = yY?sin(6;) cos(6y)
r5 = y/?sin(6;)sin(6y) cos(fs)

Tnoy = yY%sin(6;)sin(fs) - - -sin(f,_s) cos(bn_1)

T, = y1/2 sin(6y) sin(6s) - - - sin(6,,_2) sin(0,,_1)
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The Jacobian of this transformation is

Ox1 Oz . _Oz1
oy 00, 00p1
Oxy  Oxy . _Oxzp
oy 00, 90p_1
Oz Ozn  ,  Ozy

oy 00, 901

or, after a little algebra,

cos(61)

e —/ysin(61) 0
W VY cos(01) cos(62) —/y cos(01) sin(02)
W Vycos(01)sin(Bs) - - -sin(f, 1) e o \/ysin(61) sin(6s) - - - cos(0p—1)

In other words, J = (1/2)y™?~1|A, |, where A, is an n x n matrix obtained by
taking out (2,/y)"' from the first column and ,/y from the last n — 1 columns.
Expanding this determinant with respect to the last column, we have

A, = sin(f)sin(by) - - -sin(6,_2)|A,_1]
= sin" 2(6;)sin" > (6y) - - - sin(6,,_»)

This transformation gives variables whose limits are much easier. In the region
covered by A, we have 0 < #; <nmfori=1,2,...,n—2,and 0 < 0,,_1 < 27. Thus,

(gsr)

y WAV | dy df_y - - - dBy

27 T -
= —2(277-)”/2/ y(n/Q) lo—y/2 dy/o d9n1/0 Sin(9n72> denz/o Sinn72(91)d91

y*
— K/ y(”/2)’le’y/2dy = F(y")
0

Thus,

fly) = F'(y) = Ky lemv/2 ¢y >0.



To evaluate K, use K [;° f(y) dy = 1. This finally gives

fly) = my

7-49. For x > 0,

so that

1
(/)-1-v/2 >

Y

P(IX| <) = P(-2 < X <)

1
/ e 12 gt
_ V2T

o1 2
2 e U2 dt,
/0 V2T

2 712/2

e x>0
V2T ’

0, otherwise
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