CHAPTER 5
5-1 n=2n4+4 =14 0,2 = 4o, ? = 16

5-2  {y <y} ={-4x + 3 <y} {x < (y-3)/4). Hence

o {2} n (2] w0 (2]

Since F,(x) = (1-e#)U(x), this yields

Fy(y) = e0-9)/2y [y2—3] ) = 5 092y [y2—3]
24‘ i/
Fooxs Fy (v)
X 2 (x)
— ﬁ fy ()
. 30 :
o] 1 X 0 1 3 Y

5-3 From Example 5-3 with F, = G(x/c):

G(y/c+1) y=20

f’m'{ Glyle-1) y<0

f y(y) =0 0.68 5(y) + S \/zl_r_ [e-(y+c)2/z¢2U(y) + e-(v-c)z/zczU(_y)]
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5-4 If y= f.z and F,(x) = (x+2c)/4c for |x|<2c, then (see Example 5-2) Fy(y) = +/y /2¢c and
fy(y) = 1/4/y for 0 < y < 2c.
N\
1 1. a1 ;
i Fx(X) Fy (‘J) -‘?«j(‘j’)
/ y= K

4 + > Kl
~9c O 9 ¢ 0 2c Y 0 e Y

5-5 From Example 5-4 with F (x) = G(x/b): For |x|<b F,(y) = G(y/b) and

1
£,(y) = 0.168(y+b) + m_;e-vz/%” + 0.165(y-b)

5-6  The equation y = -£nx has a single solution x = ¢ for y > 0 and no solutions for y < 0.

Furthermore, g'(x) = -1/x = -¢¥Y. Hence

£ (e™Y
60 = 27 ugy) = evuy)
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5-7 Clearly, z < z iff the number n(0,z) of the points in the interval (0,z) is at least one.

Hence,

F(2) = P(z < 2} = P(n(0,2) > 0} = 1 - P(n(0,2) = 0)

The probability p that a particular point is in the integral (0,z) equals z/100. With n =

200, k = 0, and p = z/100, (3-21) yields P(n(0,z) = 0} = (1-p)?%°. Hence,

(@ F@=1- [, _%o]mo

(b) From (4-107) it follows thata Fy(z) ~ 1 - ¢"2* for z << 100.

- - " " o 7 G oo "] - 0t G e G o W

5.8
Y=vX = Ty =12
dy 1 1
e~ 2/ %
Thus

Fr(w) =—g—fx(@) = 2fx(?)
d
Y e 207y 0

%e—yz / A et o
0, otherwise

which represents Rayleigh density function (with A = 20?).

5-9 For both cases, fy(y) = 0 for y<0.
(a) If y>0 and |x| = y, then X =Y, X,=-Y. Hence

fy(y) =[f (y) +£ (-y)]U(y)
(b) If y>0 and e-xU(x) =y, then x=-2ny.
Furthermore, P{y =0} = P{x<0} = Fx(O). Hence

£,) = F(0)8(3) + 2 £ (-£ay)U(y)
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5-10 (a) If y>0 and (x-1)U(x-1) =y, then {zfy}={1~c_<_y+l}.
If y<0, then {y<y} = {§}
P00 =E L+ = (1-e20 D uy)

£, = (- e 2ys(y) +2e72 0 Dy

(b) If y>0 and y=x2, then {y<y} = {—/)7::55_/;}

F () =F, (/) - F (-y) = -2

X
1 _-27y,
f (y)=-—=e U(y)
y A Y
= dy .1 _
5-11 If y=arctanx, then == 5

l14+x

2
+
£,y = (1 +xD)E (tany) =222 .1

=<y<=
1\'(1+x2) " 2
5-12 (a) If y=*=x3 then x=9'; for any y
£ (y) = —2_ fx(}?) -1
y vy 12113'y2

for |y]| <81T3and zero otherwise

N
(b) 1If ysxa and y >0, then xl=?; xl--/):

Wiy 8'm"y5

- 1 v -V =L
O = = [fx</§)+fx( 6)]

for O0<y«< Il;'ﬂ’qand zero otherwise

(¢) If y=2sin (3x+40°) and |y| <2 then x=x, as shown.

[ AN W
dx 6/I -y2/4
In the interval (- 27, 27m) there are 12 x.'s. Hence
1 2
f () s ) f(x) =12 =)
¥ 3v/¢&--yz i * 1 12'tn‘lt-y2 m’lo-yz

for |y| <2 and zero otherwise.
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5-13

|
gk A
\ |
]
1
F 5 (9) " .
! 3 )
Y )
l — / -
L} .
'y A N
° 2 A -~
¥ 4 -1 0 x 1
As in (5-43) Fy[g(x)] = F_(x)
1+x_ ., _ =2 - - _1 1 ~x
3 l-e y = g(x) 7 W =5
for |x| < 1. For x < -1, g(x) = 0; for x > 1, g(x) = =,
5-14 (a) g(x) = 2F (x) + 4 g'(x) = 2f_(x)
If 4 <y <6 then y = 2Fx(x) + 4 has a unique solution Xy and
A
f(y),,__f_’_‘_(f_l_)=l L.‘fg(‘i)
y 2fx(x1) 2 5
(b) Similarly g(x) = 2Fx(x) + 8
0 ¢ 6y
5-15 (a) The RV x takes the values k = 0,1,...,10 and
10 1
Px=k=pk'(k);ﬁ- 0 <k <10
Fx(x) is a staircase function with discontinuities at the points
x = k and jumps equal to Py -
(b) The RY y= (x - 3) takes the values y = kz for k = 0,1,...,7 and
probabilities P{y = K2 } = 9y ¢
k = 0 1 2 3 4 5 6 7
G = | P3| Py, | Pyt | BytPg | P, | Py | Py | Py
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.16

X ~ Beta(a, ) gives
1

— a—1 A1
fx(z) B(a,,@)m 1-2z)7, O0<z<l.
d
Y=1-X = m=1-y, |-€-l%|=1
1 81 a—1
1 BEa ¥ -9, 0<y<l
= Fr(y) = 5 fx(1-9) = Bif,e
e 0, otherwise.
This gives
Y ~ Beta(S, ).
5.17
X ~x*(n) =
_ 1 n/2—1 —x/2
@)= ™ ¢ V@)
y=vz = z=y
dy _ 1
dr 2y
Thus -
Fr®) = 20fx(P) = comae—ar € VP U()

221 D(n/2)
and it represents the chi-distribution.

5.18
X ~U(0,1)
Y =—2logX = 1z;=¢Y?
dy 2 u/2
dr  z= 2
fr(y) = —dj@— fx(z1) = Lev2U(y)
dz
~ Exponential(2) = x?(2)
5.19

Ix(z) = de ™™ u(z)
Y=XY8 = g,=9°

Ay, _ 1 a1 1
I3 = gt T~ gY
1
fr(v) = —g— fx(@) = ABY*~ e U ()
| %

and it represents Weibull distribution
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5-20

For !y] < a the equation y = a sinwt has infinitely many solutions Ty

in each interval of length ZIA: there are two such solutions. Furthermore,

y' ()2 wal-y?
= -l— 5 -4 l - 2—" D e
Ti w sin a Ti+2 Ti w wrhe 0

Hence,
(-]

1

T,) =%
W /gty

If y > 0 then
F(ylx20) = F (Flx20 +F(-/4|x20 =F(5x20

P{0 < x < vy} Fx(¢§) - F (O

F O5]x 2 0) = S5 SO T TICE®

£ (¥y)
f(ylx30)=§-F(/y—lx_>_0)= X
7 vy 2/711-F, (0)]

(a) ny =an +b ci = E{{a x+b- (a n, + b)}z}

2
02 = E{a(x - n )2} = azc2
y v X p 3

g

® y=%

0,2
E{ly} =0 “=-Lai
< 2
x o
X

If x has a Rayleigh density, then [see (5-76)]
E{x’} = 202 E{x"} = 8

Ify=b + cgz, then

‘Ely} = b + 20%¢ Ely’) = b? +h<’be + gatc?
~ ~

a§ = Ely?} - £y} = 4a’c?
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5-24 y = g2 E(x’) = o> = &

E{y} = 12 E(yz} = 9 X 48 = 432
If y > 0 then 3x2 =y for x = j-_v’y73 y' = 6x

1 -y/24
vy X

E{x'} = 30, = 48

c§ = 432 - 144 = 288

5.25

X~ B(n,p) = P(X=k)= ()ﬁ@“ﬁ k=0,1,2,---n

a)
E(X) =Y kP(X=k=Y"_k WRL’—T%—)T g
—1)! -1 n—
= L= B
=np(p+q)" ! =np.
b)
BIX(X -] = k=) gl
= n(n — 1)p? Zk TE g) (2)' k) pr2 gnF
=n(n—1)p* (p+ 9"
= n(n — 1)p?
c)

BIX(X = 1)(X =2)] =3 Kk = 1)k~ 2) gy e

=n(n—1)(n—-2)p*Y (n—3)!

k3 n—k

=3 (k=3 (n— k)P
=n(n—1)(n—2)p* (p+q)"°
=n(n—1)(n-2)p®

E(X*) = E(X(X — 1))+ E(X) = n*p* + npq
E(X?) =E(X(X -1)(X —2))+3E(X?) - 2E(X)
= n(n —1)(n — 2) p* + 3(n’p* + npq) — 2np
= n’p® + 3n’p’q + npq(q — p).
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5.26

k

X~PQ) = mxzkyqﬁ%, k=012,

a)
E(X)=), Var(X)=o0%=A

From Chebyshev’s inequality (5-88)

o? 1
P(X — 1l =1-—=
(J X = pf < A) > 32 3

But
X —pl< A= X=-Al<A = 0<X<2X

which gives
P(O<X<2)\)>1—1—)\—1
AN

5-27 Follows from (4-74)

o «

E{x} = [ xf (x)dx = j x ) f(xiAi)P(Ai)dx
X R

because Elx|a,} = J xf(xIAi)dx

§-28 From (5~89) with a = Mo

plx> /My <n/fm=h
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5-29 From (5-86) with g(x) = x3 g'(x) = 6x:

2

E(x*} = n° + 6n § = 1120

3 3
5-30 (a) If y= X3$ then x = v’);' g' (x) = 3x2 - 3Jy2
3
But fx(x) = 0.5 for 10 < x < 12, i.e., for 10” <y < 12

and (5-16)yields

fy(y) e 107 <y < 123

0.5
3
e

and zero otherwise.

() 1. 12
E{x°} = 0.5 J xdx = 1342
10
2. With g(x) = x3 E{x} = 11 ci = 1/3, (5-86) yields

1
E(x%) = 113 + 6 x 11 x — = 1342

5-31 With g(x)=1/x, g"(x)=2/x3, n=100, and az3,‘(5—55) yields

1 19 2
E {-{} = S5 * 5 X ag = 0.010009

-t - " - > T - . " > U P N W -~

- - >
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(a)

(b)

3|x-a| {. 1 x<a

%a 1 X > a
Q%ﬁél =E 3|§aal =1P{x <a}-1P{x> a}
=2 F(a) -1
a a
I(a) = I(m) + J I'(a)da = I(m) + j[z F(a) - 1]lda
m m
a
= E{|x -~ m|} - 2 J x f(x)dx
m
because
a -
IF(a)da = a F(a) ~m F(m)-)[xf(x)dx
m ~m
a
Fm) = 3 Jf(x)dx = F(a) - F(m)
m

I(a) = E{|x - a|} is minimum if

I'(a) = 2F(a) -1 =0 i.e. if F(a) = % a=m

® 0
CE{|x|} = fo(x)dx - Ixf(x)dx
0

- OO

© 0
n = E{x} = jxf(x)dx + fo(x)dx
0

—-a0

-] -]

2,.2
xf(x)dx = Jx e-(x-") /20 dx
0

2 o7

E{|§|+n} j
0

36

If I(a) = E{|x-a|} then



5-34

5-35

° 2,942 " g2t o -n’/2c
f(x-i-n)e-(x-n) /20" 45 w —2 jy ey /20 dy = — e
5 ov2r VZr

2
1

Q
N
21

a 2,,2
1 Ie-(x-n) 120° 4, ol

02110

Multiplying the last line by n and subtracting from the fourth line, we
obtain

2,,.2
E”’z‘!"'ﬂ}-"}—_—-e"n /20 +G(3_)
2

The proof is givenin sec 14-3: [see (14-100)].

(a) Follows from (5-89) (b) e > e* 1ff x> A for s > 0 and

x < A for s < 0.

5.36 See proof for Lyapunov inequality (Ch.5, Eq.(5-92).)
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5-37 (a) If ¢(uw) = e then [see (5-102)1]

@ o0

£(x) = 2_];; I e-u!tul eijdwz-'.{wswe'u‘“dm . -
-0 ':) m(a +x

(b) If f(x) = % e-a|x| , then [see (5~94)]
d(w) = % J e-a|x|e_ijdx = g J e ** coswxdx =
-00 0

2
a
a2+w2

5.38 a) On comparing Eq.(4-34) with Eq.(5-106), Example 5-29, we get
X~Ga,p) = o¢xw)=01~-j0w)™
x (W) = —a(l — jfw)" ) (—jh)

so that 1
B(X) = = ¢x(0) = ab.
Similarly .
¢x (W) = jabla+1) (1 - jBw)*? (jB)
and hence 1
E(X?) = 7 $x(0) = af® (a +1).
Thus
Var(X) = E(X?) - (E(X))* = of".
b)

X~xin) = «

I
SIE
w
I
bO

in Gamma(a, ). This gives

dx(w) = (1 —j2w)"?

E(X) =n
Var(X) =2n.
c)
X ~ B(n,p).

From Prob 5-25 (a)-(b)
EX) =mnp
Var(X) = FE(X(X —1))+ E(X) = npq.

ox(@) =3 & PX =k)
=Y o(k) ) gt = (pe + g
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d)
X ~ N Binomial (r,p).

From (4-64)
ox(w) =D ™ P(X =k)
=3 (TR ey
=1 Yy (W) (ae™)F
=p" (1 —qe™)™".

5-39 [‘(z) - P qkzk -2 q=1-p
k=0 1= qz
I"(z)——ﬂ-—z r'(l)._l’_‘l_z_.P.snx
(1-q2z) (1-q) 1
2 pq’ 2¢2
r'(z) = -—-15115 r"(1l) = “%F =m, -m
(1-q2) P
2 - - 2 = 2 ﬁ-’. - - i
[o} mz ml 2 ml ml 2
P P
5-40

rz) = o I (X * = pt1-e) ™
k=0

(binomial expansion with negative exponent)

n

1 - __.-n_B.L t = B =
r'‘(z) (1—qz)n+l r'(u) ° n,
n 2 2
I"(z) = n(n+1)n+2 gz (1) = n(n+;.29 =m, -
(1-q2) p

2 " -
oL ") +m m
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5.41 We have

k-1

P(X=k)= (T—l)pqu—r’ k=rr+1,---

Let k = n + v so that

PX=n+r) = (n:i—l—l)pfqng n=012--

= %%gﬂp" (1-p)
1= D=2

B (1) (o 272) - o R
=27 (I, (127 8) b (-2)

where A = r(1 — p). Thus

?};%P(in—}-r)z% {}_1{& H (1+n;k)}lim (1—2\—)

k=1 P00 T

n

A"
- e A~ P(N).
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g"
5.47 E{e°%} = %7 E{es("‘-n)} = " E; ] 2 a7 (x-n) f
n=0

5-43 1f ¢>(wl) = 0, then [see also (9-176]

@

Jw.x
[ (1-e 1 YE(x)dx = 0, hence, f(x) Z Paé(x - ?ir-r-l- )

-0 n=00

5-44 (a) Ifn=0,t‘nenmn=un A, =n=20

1
o(s) = Z—’%“ w(s)--z

n=0 % n=2 1

Maa M3 3 M4 4 ‘2 2 23 3 Ao
1+ —2-:— *t3r s +4—.,-s+ = exp{57 S +3—!-s +Z—:-s+

Expanding the exponential and equating powers of s, we obtain

1 2

4 2
=artar Gn

L]
>
s»Hl =
RO '

(b) I1f y is N(O;o;) then

. Y2 2 2
‘l’y(s)=-—2—s ,» hence, An-o for n<3
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5-45 Ply = 0} = P{x < 1} = P,t Py

Ply=k} =P{x=k+1} =p, .,

v K -1
ry(z) =p,*p Zl Pyp 2 =P+ 2 [Fx(z) pO]

k
n = X k p = Z rp_- Z p =n -1l+0p
A N R T - °

n Jugx|2 n n J(wgws)x
5-46 0<Eff ] a e 1 =e{ 7 zaia;e 3
1=1 1=1 j=1
Il
= a,a, d(w, - w,)
i=1 j=1 +J 3

5-47 From the assumptions it follows that

g'(-x) = -g'(x) g'(x) >0 f(x-n) = f(n-x)
Hence, if I(a) = E{g(x-a)}, then

1(a) = - J g' (x-a)f(x)dx I'(n) =0

-=00

I"(a) = J g"(x-a)f(x)dx 20 all a

-0

Hence, I(a) is minimum for a = n.
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1 e-x2/2v

2nv

2 2
m_a_f_ - -1 +X /v e—x /2v

v 2v v
22¢ _ -1+ x/. e-x2/2v
/z;axz v /v
Hence gi _ l_éfi .
(see also (6-198) - (6-199)) | OV 2 5,2

(a) Integrating by parts, using (1) and assuming that g(k)(x)f(x) + 0
as |x| + =, k=0, 1, 2, we obtain

] o -]

2 2
" = d—-g. = -a—i = -—ai
E{g"(x)} J 3 fdx J g—5dx=2|¢g 5= dx
— dx 9xX

-00

-]

d d
=2d—ngfdx=2d—\’-E{g(§)]

(b) The moments un(u) = E{xn} of x depend on the variance v of x and (1)
yields

W) = ™ - 7 En@-1x""?) = nel) Ma-2 ()

Furthermore, un(O) = 0 because, if v = 0, then x = 0.

Hence v

u () = 2oL I g (B)d8
0
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5-49 The function

I'(ejw) - E{ejxu}- )) Py L
k=0

is periodic with period 27 and Fourier series coefficients P = E{x = k} .

5.50 The event {X = 1} is given by the disjoint union “T'H U HT".
Similarly, the event “X = k" is given by the union of the disjoint events
(k “T”s followed by “H” or k “H”s followed by “T™)

“Ir---TTH"U“HH---HHT", k=1,2,---

Thus
P(X=Fk) =P(“IT---TH'"U“HH---HT")
=P(TT---TH)+ P(HH---HT) = ¢*p +pq, k=1,2, -

Also

E(X) =" kP(X =k)
= 2okt 30 kb= pg {307 ke 30T k)
o d ON k. O N k| a (_4q a9 (_p
—pq{aqzk:ﬂ + dp j=1P } _pq{(?q <1—q) + dp (1 —p)}

—pgd L LU P g
~m{ﬁ+f}—q+p
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5.51 (a) When samples are drawn with replacement, probability of each
item being defective is given by

M
p= < 1 (constant)

and

N-M
g=1—-p= i <1

represents the constant probability that the chosen item is not defective.
In that case (with replacement), there are (Z’) possible ways of arranging
k defective items among n chosen items, and each such arrangement
has probability p*q™*. This gives

P(X =k) = (Z)pkq""k, k=0,1,2,---n
which represents the Binomial distribution.

(b) If the samples are drawn without replacement, there are (A,:I ) possi-
ble ways of choosing k defective item from a total of M defective items,
and (1:’1 :];f ) possible ways of choosing n—k “good” items from (N — M)
“good” items independently. This gives

ey

to be the total number of ways of selecting k defective items and n—k
“good” items from a subsample of M and N — M items respectively
(favorable ways). But there are a total of (2’ ) ways of selecting n items
among N items. This gives

M\ (N-M
P(X =k)= _________(k)((NYS-’»)
since0<k<Mandn—k<N-Mn—-k>0,ie. 0<k< MEk<
nk>n+M—N.
(c) From (b)
M! (N — M)! nl(N —n)!
K M-k (n—k)(N—-M-n+k)! N!

P(X =k) =

k

= (1) G0 20 = (F)ra-mrt k=0nam

since N — 0o, M — oo such that M/N — p, and n < N. Thus
P(X = k) — Binomial(n,p = M/N)
under the above conditions.

45

(P\MM -1 (M—k+1) (N-M)(N—-M—-1)---(N=M—-n+k+1) (I
NN-1) - (N—k+1) N-RWN—-k—-1)- (N—-n+1)
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5.52 (a) Refer to discussions in problem 5.51 (a) if sampleing is done
with replacement, then
n

n-+m

p:

represents the probability of selecting a white marble on any trial. The
event “X = k” is given by “r — 1 white mables among the first k — 1
trials” followed by “a white marble at the k** trial”. But from problem
5.51 (a), the event r — 1 white mables among the first £ — 1 trials has
a binomial distribution whose probability is given by (T 1) p g,
Thus

k—1 =1\, 4. |
.HX:k%=( 1}fﬁk% (W_pr , k=rr4l,-

which represents the Negative-binomial distribution

(b) If sampling is done with replacement, then the favarable ways of
choosing the white balls are given by:

(1) (:fj) ways of selecting r — 1 white balls among the first k& — 1
trials/balls.

(ii) One ways of selecting (the r**) white ball at the & trial

(iii) (m;':;k) ways of selecting the remaining n — r white balls among
the remaining m 4 n — k balls.

This gives (k i) 1- q;";k) to be the total number of favorable ways
of selecting the white balls. Since there are n+m balls there are a total

of (”“””) ways of selecting n white balls. This gives

X =) = (k - 1) ()

(c) From (b)

(k-1 (m+n-—k)! nlm!
P(X‘k)‘( )(n——'r)‘(m k+ ) (mt )l

- - ! k)! N
(mgﬁn) (m:{n{—l) o (m+n7~——*7:}t~l) ((m+TZ£nj";;871—k+r)!,

)

103 k) (=) Grta=t) - (k)
)
)

¢, k=rr+l,, g=1-p

~NB(r,p=n/(n+m)).
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