CHAPTER 6

6.1 (a) Define
Z=X+Y

Note that both X and Y positive random variables hence
(use Eq. (6-45))
fz(2) = /o Ixy(z —y,y)dy = /o e~ (==v+v) gy
=ze*U(2).

(b)
Z=X-Y

Z ranges over the entire real axis for the random variables X and Y
(see Eq. (6-55))
oo pzty
/ / fxy(zy)dedy, z>0
0oJo

FZ(Z) - o'e} z-+y
/“ /O fxy<$,lj)d$dy, 2 <0

Differrentiation gives

/0 fxy(z+yy)dy, 2>0
fz(z) = o
/“&Y@+ywﬁw,z<0

—Z

[e¢] o0 1
/0 e_(2+?j+f‘1) dy — 6—2 /O e—Q’y dy — ? €~z’ 2> O

fZ(Z> = 00 oo 1
/ e~ (z+y+y) dy = 5"2/ e Wdy = 5 e*, z2<0
or 1
a5 =53¢, o<z

Fz(2) =P{Z <z}=P{XY <z}
oo rzfy
=/ / fxvy(z,y)dx dy
0oJo

or (see Eq. (6-148))
L 1 )
fZ(Z):/ —fXY(—,y)dy:/ Ze~ (W) gy
0y ) 0 Yy
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Z=X/Y
Fiz) =P{Z<z}=P{E<z}

- ./:O/Zz Ixy (z,y)dz dy
(use Eq. (6-60))

fZ(Z) = / nyY(y27 y)dy == / yey(Z+1)d,y — / fye(1+z)y
0 0 0
(4 1% =
— € T 1 (1+z)y
{y—(1+z)}0 +(T+z) /06 dy

e~ (+2)y 1
= (1~1m) L(Hz)h - (14}z)§ Ulz)

Z =min (X,Y)

Fz(z) = P{min (X,Y) <z}
=1-P{Z>2Y >z}
=1-[1-Fx(2)][1 - Fy(z)]
= Fx(2) + Fy(2) — Fx(2) Fy(2)

(see Eq. (6-81))

f2(2) = fx(2) + fr(2) — Fx(2) fr (2) = fx(2)Fy(2).
We have

so that Z
Fx(z) = /o e dr = (1—e*)U(z) = Fy(z)
fz(z) =le?+e?=2(1—e*)e?|U(z)
=2e*[1—-14¢e*U(2)
= 2¢~% U(z) ~ Exponential (2).
(f)

Z =max(X,Y)
Fz(z) =P{max(X,Y) <z} =P{X <zY <z}
= P{X <z} P{Y < z} = Fx(2) Fy(z)

fz2(2) = Fx(2) fy(2) + fx(2) Fy(2)
=e*(l—e*)+e*(1—e?)
=2 (1—-e*)U(z)
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| < Z) N((X < Y)UX > Y))}

Yi+P{¥<eX>v)
<Yz X<Y}+P{Y<XzX>Y}

P
P
o  ryz 0 prz
:/ /0 fXY($>y)d$dy+/O /0 Ixy(x,y) dy dx

fz(2) :/ZonyY(yz,y)dy+/Zoxfxy(x,xz)d:r;
:/:Oyfxy(yz,y)dy+/:Oyf}<y(y,yz)dy

o0
frmeed / y (6_(yz+y) + e—(y+yz)) dy
J 0

2
_ 2/00 ye—y(1+z)dz _ { (1 -+ 2’)2;
0

0, otherwise

0<2<1

6.2
1
ny<$,y):fx($)fy(y):E§7 O<z<a, O<y<a
(a) ¥
FZ(Z):P{?gz}:P{ngY}

i)z <1

Fz(z) = P{X <z2Y}

Y A | _
:/O/O*dad$dy—%, ZSl

(i) 2 > 1
Fz(z) =P{X <zY}

a rx/z
1.1, 4.

1
_ z _ 1

z<1

1
) 1
fz(z) =

#, z>1
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Fz(2) :P(ZSZ):P{X};YS*Z}
=P{§Z%—1}:1—P<§glzz)
}(1%5), 0<z<12
R 1-3 (132), 12<=2<1
m, 0<z<1/2
fz(2) = 1
5.7 1/2<z<1

Fylz) =P{Z<z}=P{X-Y|<z}
=P{{X -Y|<ANX2Y)}+ P{{X -Y|<2NX <Y)}
=P{(X-Y<zX>Y}+P{Y -X<2X<Y}

0o Ytz oo prtz

= /o / Ixv(z,y) da:der/O / fxy(z,y)dydx

Yy T

o0 py+z 00 pY+z

:/ / fxy(z,y) d:zidy+/ / Ixy(y, x) dxdy
0 Jy o Jy
o0 Ytz

“—"/ / {xy(z,y) + fxv(y,v)} dv dy.
0 Juy

In general
00 y+z
fz(2) :/0 %/y Ixy(z,y) + fxv(y,x) dv dy

B /:o {fxv(y+29) + fxv(y,y+2)} dy.

Here
X ~U(0,a), Y ~U(0,a)
2 2
P =1- 52 O (1)
and
e =2(1-2)  o<:<a
a a
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6.3

I

Fz(2) {Z<z}=P{X+Y <z}

P{Z
Lz —1<2<0
? _2'7 )

I

(which represents the area below the line X +Y = z.)

Fz(z) =P{Z<:z2}=P{X+Y <z}

2
=113 0<z<1

—z, —1<2z<0
fz(z) =
z, 0<z<l1
6.4
Z=X-Y
For z <0

Fp(z) =P{Z<z)

(1+2)/2 p1-— 7: (1+2)/2 rl—=z
—/ / (z,y dydr_/ / 6x dy dx

(1+2)/ (14+2)/2
:/ Gw[y}ij’g d:v:/ 6x(l —z—z+ z)dx
0 0

31(1+2)/2 6{(1+z)3 (1+z)3}

8 12

_ 2 227
3
LR
For z > 0

Fz(z) =P{Z<z}=1—-P{Z >z}

(1-2)/2 rl—y ‘ (1—2)/2 12/
= ——/ / :Eyda:dy—l——/ /

(1—2)/2 271—y (1-2)/2
:1_/0 {ﬁ%&} dy:1—3/0 [(1—y)?—(z—y)* dy

zZ-+y

—1-3(1+2) [(152)2— (1‘;1@1 13+ -2? z<0.

, %(1»——@(14—32), 0<z<1
fz(2) = 3
71+ 2)% —1<2<0
6.5 (a) See Example 6-15 for solutions
b) See Example 6-14 for solutions

(

()
U=X-Y ~ N(0,207)

since linear combinations of jointly Gaussian random variables are Gaus-

sian random variables (see Eq. (6-120) Text.). Here Var(U) = Var(X)+

Var(Y) = 202
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6.6
4 =XY

Fp(z) =P(XY <2)=1-P(XY > 2)
L[ [ ey drd
=1 - x,y) dx
oy xXy\Z,Y Y
'11 1 2 2’7,
fz(2) :14‘/7yfxy(z/?/uy)dy:1+/~ {g—g‘z’} dy
=1-2Inz +22z, 0<2z2<1
6.7 (a)
J1=X+Y

z rE—y
/ / fxv(z,y) dz dy, O<z<x<1
0/ o
Fp(2)=P(X+Y <2z2) = . .
1_/ 1/ Ixv(z,y)dedy, 1<z<2
B Z-Y

/ fxv(z—y,y)dy, 0<z<1
0

le(z): 1
/_lfxy(z—y,y)dy; l<z<2
22, 0<z<1
— 2(2-2), 1<2<2
0, otherwise
(b)
ZQ_—‘XY
1 1
Fro(2) = PXY <2) =1~ [0 [ frv(a,y) dedy
z 2y
"1 "1z
[z (2) =/~gfxy(z/y,y)dy=/zg (5 +v) dy
=2(1—2), 0<z<1
(c)

Y
Zgz':X'j

1 zax
/ / Ixv(x,y)dydx, 0<z<1
0/ o
1—/ / fxv(z,y)dedy, z>1
0o
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1
/ x fxy(x, zz)de, 0<z<l1
0

f/3<z) =
’ /;fzfXY(y/Z»y) dy, z>1

%rz, 0<z<1

- 1+z

323 s z>1

=Y - X

1 py—z
1_/ fxy(z,y)dedy 0<z<1
0

z

z-1 1
/ fxy(z,y)dedy, —1<z<0
J y—z

/ fxy(y—z9)dy, —1<2<0

11—z, 0O0<z<l1

L4z, —l<z<o — 171 <]

/fxy —z,y)dy, 0<z<1
fZ4

6.8
z/3 pz—y 9
/ / fxv(z,y)dedy = %, 0<z<?2
1—/22/3/ fxy(fl‘y)dydx-Qz——g—Q 2<z<3
Thus

z/3
/0 Ixy(z—y,y)dy 0<z<2

fz(z) = 2
f fxy(@,z—2)de 2<2<3

2z/3

%z, 0<z<2
fz(2) = 2—-%, 2<2<3

0, otherwise
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6.9 (a)

Z = z>1

X
—}7;
Fz(2) =P(X <Yz2)= /01 /:;Z fxy(z,y) dydz

fole) = [ 5 Fevla,afz) do =

W =XY
Fy(w) =P(W <w)=PXY <w)=1-P(XY >w)

1 x
=1- /ﬁ/w [xv(z,y)dydx

Hence
b b2
Jw(w) :/\/E 7 [xy(z,w/x) d:z::/ﬁ dx
=In(l/w), 0<w<1
6.10 (a)
Z=X+Y
z/2 p2—z 2
P = [ [ pevede =T, 0<z<2
0 T
fZ(z):g, 0<z<2
(b)
W=X-Y
Fw(w) = - 24+ w)(1+ ) = <1+9>2
T 27~ 2
1+%, —2<w<0
fw(w) = 0, otherwise

54



6.11 (a) The charaterristic function of X + Y is given by

bxiv(@) = dx(w) oy (W) = i Teme

= W ~ Gamma (2a, 3)

(b) (zy) D s
Ixv(@,y) = fx(@) fir(y) = om0 €77, 2>0,y>0

(T'(c)p)?
Let ¥
2=y

Using (Eq. 6-60) we get

/ J_.,.,.g&..zp ~(1+2)/8 gy
Lla=1)

= Tl (a o / y(2a=1) o=(1+2u/8 gy

(a 1) 5(204 1) 3 o
(I‘( )) 820‘ <1+Z)2a 1(1—!-2)/ w21 o= dy

(T@a) 21
<<>>m+zﬁﬁ >0

(see also Example 6-27 for the answer).

()

X Xy  z
X+Y X/Y+1 Z+1

A w w
sz(w):P(Z+1§w):P<Z§ 1-w>:FZ(1—-w>

This gives

W =

fwlw) = (1 —1w)2 fz (1 ~7f]w)

— F(QOZ ,wa-—l —w a—1
= Ty 4w

~ Beta (o, )

where we have used results from (b) above.

6.12
X ~U(0,1), Y ~U(0,1), X,Y are independent, and

U=X+Y, V=X-Y = jy<u<2

U and V have one pair of solutions given by

o utv o u—v
1 9 y Y1 = 9 .
Also the Jacobian is given by
11
J = =—2
1 -1

so that
O<l<u<?2
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6.13 o e
frr(@,y) = 2 PRS- gy 2 g

Z=5=
Y

00 2y
F(2)=P(Z<2) = PX/Y <2)= [ [7 fv(wy) dudy
This gives the density function of z to be
[eS) o0 3 N ,
fz(z) = /0 y Ixv(zy,y)dy = /o ‘Z/(}yzrev(zzyu+y2)’202 dy

=4 / P e gy Let, t = (22 + 1)/207
J 0

2z /OO —t 2z
= te tdt = +— 7, 0<z<o00.
(2" +1)"/ o (+* +1) -
- = - *
6-14 z = x+y £,(2) = £ (2) fy(z)
For z>0
z
czz e % = J Ce—c(z -y) fy(y)dy
0
z
cy cz
= f d = f
cz f e y(y) y c=e y(2)
0
(differentiation). Hence, fy(z) = ce-cz; and zero for z <0,
© z
6-15 £ (2) = | £ (X)f (z-x)dx = f (x)dx=F (z) -F (z-1)
2z - x y x X X
- z-1

because fy(z -x)=1 for z2-1<x <z and zero otherwise.
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All probability masses are on the line y=g(x).

(a) Ify= ¥y < g(x) then

F(x,y) = P{x<x, zfyl} = P{Z§y1}= Fy(yl) )

Ifys= Yy > g(x) then

F(x,y) = P{x<x,

<

If y=y

1 <g(x) then

F(x,y) = Plx<x, y<y,}
if Y=y, >g(x) then

F(x,y) = P{x<x, y<y,}

P{5 <x'-P{y> y2}

F o) = [1-F (3,)]

e— 900
: .
[
|
{
J .
¥ P-4
X
$y,} = Plx<x} = F (x)
A
b £% R N
|
! .
T ~. -
0 o
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6-17 (a) 1If z = 2x+3y then E{z} = 0 oi = 40}2(+90}2,=52
Hence, 2z is N(O;/S_Z-)

(b) If z=x/y, then from (6-63) with 0, =0_=2, r=0

1 "2
1

1
F (z2) ==+ —
z 2 n(l+zz)

|

arc tan z f (z) =

by

i

S
NJ;- - -
v

fzw(z,w) - 'I%r fxy(x,y) X =w 'y = z/w

The function fzw(z,w) is different from zero in the shaded areas

shown. Hence, with wz - 22' sz

o -ty [
z 11'(:2 M V1 - zZ/wZ
> 2. 2.,.2 2,2
- l2 J o-(z7+s )/ 2a gs = _1_ o2 /2a
ma’ o a’2r
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6-19 (a) z = :f/}_' w=y J=1/y

-]

£ (2) = l |w|fx(zw)fy(w)dw z>0
. z zz 1
_ .z 3 -~ewdw = —5—5—5 c =~ + —
=72 J v 2a%g%c? 207 257
a 8
0
202 z ' '
= for z>0 and zero otherwise
82 (22 +a?/8%)?
zz+uz/82
z 2a2z dz a2 dt
(b) Fz(z)'J 53 2,23 7 5
o B (z +a /87) B® 5 5 t
a“/8
z2
= ——————> = P{z <z} = P{x <zy}
21 al/gl z X <
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6-20 1. The density of 2x equals %- fx(-)zs). Hence, if z=2x+y, then

fz(z) . J%e-ax/Z Be-B(z 'x)dx- ;%(ész_eqz/Z)U(z)
0

2. The density of y equals fy(-y). Hence, if z=x-y, then

£,(2)=f (2) * fy(- z)

~ax ~-B(x-2) aB -az
] e e dx = -_—-.04-8 e z>0
z
= qff o
-ax ~B(x-2) . .28 Bz
J e e dx a_‘*'B e z<0
0
3. z = x/y vy J=1ly

f (z) = aB J we %%V e-dew - 2B U(z)
z 2
0 (az +8)

4, z = max().c,}:) Fz(z) = ny(z,z) = Fx(z)Fy(z)

fz(z) = fx(z)Fy(z)+fy(z)Fx(z)

= [qe-az(l - Eez)-l-Fe-Bz(l - e-az)] Uu(z)

w
.
N

= min(:f,}_') Fz(z) = Fx(z) +Fy(z) - Fx(z)Fy(z)

£,() = £ (DL-F @]+ @[1-F )] = @+8)e” By,
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L3 f T
i/a J éi/a 1/ f-j
6-21
> >
o a % o] a Y - 0
A
I £
WES z=|wlz|x-y
N=rd 4fa S ~,
—ny -
-Q 0 a w 0 o >
6-22 (a) ay2+ is(x-y)2 = (a+ B)(y-asi B)2 + a“fs xz
2 2 o2 2
SO B Jf Y B
= 2
o Bx 2 ~a8x
a2 ~(a+B)(y- ) :
_e<mx/w+B)Je a+B dy = aieea+5
by ST Br __ab J ay L _(atB)/-
x2+m2 x2+B2 1r2 (y2+02)[(x-y)2+62] x2+(0l+f3)2

Characteristic functions lead to a simpler derivation of the above

[see (6-192)]1]
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6-23 We introduce the auxiliary variable w=y. The Jacobian of the transformation z=nx/my,
w=y equals n/my. Since x=mzw/n, y=w and the RVs x and y are independent, (6-113)
yields

£, (zw) = _“tllﬁfx [ __:_:'_zw ] £, (W) ~ w(zw)m/2-Te-mew/2yn/2-1g-w]2
for z>0, w>0 and 0 othrwise. Integrating with respect to w, we obtain

f (z) ~ z™/2-1 J.ww("‘*“)/z‘l exp{- - [l + ﬂ-z] dw
0 2 n

zrn/z—l 00
~ (1+mz/n)™+07%) .[ 0 ¢

2w

7, ///// )
0> . A2

g N ///// : o

If z<w then
P{z <z, w<w} = P{E§Z} = P{(E,Z)ebl} = ny(z,z)

2OwW

XV

D

If z>w then
Pz sz, wew} = P{(x,y)eD,}

= ny(z,w)-*ny(w,z) - ny(w,w)
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6.25
X ~ Exponential(A), Y ~ Exponential())

X and Y are independent so that

Frv(@.y) = fx(@) fr(y) = w5 e @A U(2) Uy)

A
Z=X+Y
1
¢z(w) = dx(w) ¢Y(w)m
Z ~ Gamma (2, \)
This gives
2.
fz(z) = 2 PU(z)
P(Z>2)\) = / Ay / re~" dr = 3¢~% = 0.406
2x A? 2
Let,
W=Y-X
Then

P(Y =X >\) = P(W > \) = /:O Fur (w)duw

Notice that Fy (w) is given by (6-55).
For w > 0, this gives

fwl(w) = / L e~ gy = L g/ / o2 gy
0 A 2\ Jo

== glxe“w“, w >0

Hence

o 1 1
— — _ / —w/A
PY-X>XN=PW>)\) = e dw = %
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6.26 (a)
R =W-Z

=max(X,Y) — min(X,Y)
{X~K X>Y

Y-X, X<VY

Fr(r) =P{R<r}
= P{R<rX>Y}+P{R<rX <Y}
—P{X-Y<rX>YV}+P{Y -X<rX<Y)}

2
1205 o2, o< <t
2(l—r), 0<r<1
Trlr) = 0, otherwise
(b)
S =W+ 7

=max(X,Y) + min(X,Y) =X +Y

Case 1: 0<s <1
2

FH@zI%Sﬁﬂzﬁ%X+Y§s%:%,O<s<1
Case 2: 1 <s<2

(2-s)?

5 , 1<s<2

Fs(s) =P{S<s}=P{X+Y <s}=1-

s, 0<s<1
Fs(s)={ (2—9), 1<s<2

0, otherwise
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6.27 (a) X,Y are independent, identically distributed exponential ran-
dom variables.

Y
Z Y et S 0<z<1
T e z .
max(X,Y) I, X<Y N

0<z<x1
Fr(z) =P(Z<2)=P{%¥<z X>Y}

—P{Y <Xz, X>Y)= /ZO /: Fev (e, ) dy de

fz(z) = / r fxy(w,v2)dr = / 3\-:% e~ T/ gy — 0<z<l1.
0 0

(1+2)%

P(Zzl):P(X<Y):/

o ry 1 1
— e @/ Jpe dy = =
0 /o /\2(3 vy 2

min(X,2Y) , X <2V

o0 2w
Fw(w) = P(X < 2Yw, X > 2Y) = /O /2 " v (@, y) de dy
Y

This gives
fiwtw) = [ 2y frv(@uy,y)dy = [ 724 0e20mgy
- 2
v vl
Also

v 1 2

e (zty)/A - =
2 e I dx dy = 3
Note that the p.d.f. of Z as well as W has an impulse at z = 1 and
w = 1 respectively.

P(W:1)ZP(X<2Y):/O°° /O
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6.28 X,Y are independent identically distributed exponential random

variables. x
J =
X+Y
_ X X z
Pﬂ@‘J%X+Y§) Py <123)
oo plzy)/(1-2)
- P{X <71 = / / fxv(z,y)de dy

fz(

IS

>:=/?a%ivfm4wﬂ1—@ﬂﬁ@

:ZT}EQ/Oy%ﬂfwuﬂwmw»@,

- (Tilz—)Q / O j\%@y/(l—zm dy

:/ ve tdu=1 0<z<l1
0

X
x5y ~U0,1)

6.29 Let
1

fr(e) = 1P U@), frly) =5 e UG).
Z =min(X,Y)
W = max(X,Y) — min(X,Y)

Y, X>Y
Z:
X, X<Y

X-Y, X>Y
W=
Y-X, X<Y

Z = min(X,Y). See Example 6-18, Eq.(6-82) for solution. From there
(replace A by 1/ in (6-82))

fz(z) = e 2/ U(z).
Fo(w) =P(X-Y <w,X>Y)+P(Y - X <w,X <Y)

o0 py+w
o / fxv(z,y)dedy
Yy

I

o] T-+w
+/ / Ixy (@, y)dydz, w>0
0 T
This gives

Fw (w) 2/0 Ixv(y+w,y) dy'ﬁ/o fxy(z,z +w)dz




Also
Fow(z,w) =P{Z <2z, W <w}

—P{Y<zX-Y<uw,X>Y)
+P{X <2,V - X<w, X <Y}

z  prytw z  prtw
= [ [ oveydedy+ [ [ fovlay) dyda
. Y . T

Repeated use of (6-39)-(6-40) gives
faw(z,w) = fxv(z+w,2)+ fxv(z, 2z +w)

fx
— _}\2_2 e~ (2z+w)/x — ZXQ-IZZ//\%\_ e—w/)\

= fz(2) fw(w)
Thus Z and W are independent exponential random variables.

6.30 (a) Let
U=X+Y, 0<u<28.

The probability density function of U can be computed as in (6-48)-(6-
50). Using Fig. 6-11, for 0 < u < (3, we have

Folw) = [* [ fev(@,v)dyde

which gives

Jo(u) = /: fxy(z,u—z)de = o2 /u 2ot (u—2)*dx

0
1
— 2320201 /0 v (1 — ) dy

= Bla,a)a?f72u* ™ 0<u<p

where we have substituted y = ux and made use of the beta function
defied in (4-49)-(4-51). Similarly for 5 < u < 23, we get (see (6-49))

Fy(u)=1— /j_ﬁ /j_mfxy(%’y) dydz

and hence

g 8
fU(U) - / p fXY(ZU,U — $>d$ —= a2ﬂ—2a/ , xavl(u _ x)a_l dr

. [Bu
=azgtent [ 7 (g tdy, §<u <2
1-8/u
(b)
Z =min(X,Y), W =max(X,Y)

We can proceed as in Example 6-21 to complete this problem. From
(6-92) and (6-93), we get

Fxy(z,w) + Fxy(w,z) — Fxy(z,2), w>z

sz<2, w) s {

FXY<w7w)7 w <z
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which gives
Fow(zw) = fx(2)fr(w) + fx()fy(z), 0<z<w<p
20237200yl <z <w< B
Jaw(z,w) = { 0, otherwise

g 3 w
[ et~ [ (5]
0 0 0 o

&)
= 2&6"2“/ w?** dw =1
0

check:

Note: Z and W are not independent random variables, since

fz(2) =227 227 (3" - 2%), 0<z<f

and
fwr(w) = 2287w 0<w<
(c) Let
Y >
Vﬂg_ﬂmin(X,Y)_ x» Az2Y
W max(X,Y) %/(_7 X<Y
and
X, X>Y
/7 = jrovomey
W = max(X,Y) Y X<V

ForO<wv<l, O<w<f
Fyw,w) =PV <v, W <w)
=P{V<u,W<w (X>Y)UX<Y)}
=P{Y < Xv, X <w, X>Y}
+P{X <Yv,Y<w X <Y}

w LTV w YV
:/O /O fxy(fcvy)dydwr/o /0 Ixv(z,y) dz dy
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Hence

_ PFyw(v,w)

fVW(’U;’w) = 90 Ow
= S pvtwpdy+ [ o) do}
= w{ fxy(w,vw) + fxy(vw,w)}
= 202 f2e et ot O<v<l, O0<w<p
Hence

5
fvv) = / frw(v,w)dw = av®™!, 0<v<1
0

fw(w) = /01 frw (v, w)dv = 2a 372*w** ™, 0<w< B
and
fvw (v, w) = fy(v) fw(w).

Thus V and W are independent random variables.

6.31 (a) Solved in Examples 6-27 and 6-12.
(b) Solved in Example 6-27.

()

X
Z=X+Y, W =
T X+Y
T, = 2w, y=z—x =2(1—w)
1 1 1 1
J = v x :x+y:;
(x+y)?  (z+y)

fow(z,w) = am*"F{Zm)F(n) (zw)™ 1 {21 —w)}*

= ( amfnr;::ir 3) e'z/o‘) (_MII:((;Z)F(Z)) w™ (1 - w)""])

= fz(2) fw(w)

Thus Z and W are independent random variables.
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6.32 (a) . x|
T YW

Foe) =Pz <) =P <= [~ [" fevia)dedy

=[]

= 2/ | fxy (lylz, y)dy = 5-2*7/ y€"(22+1)y2/202 dy
0 o 0

1/m

= o —o0 <2<
14 22

Thus Z is a Cauchy random variable. Interestingly, the random variable
X/Y is also a Cauchy random variable (see Example 6-11).

W =|Z|
so that
Fy(w) =P(W <w)=P(|Z] <w)
=P(—w < Z <w) = Fz(w) — Fz(—w)
and hence

w > 0.

fw(w) = fz(w) + fz(—w) =

T
14+ w?’

(b)
U=X+Y ~N(0,2)

V = X? +Y? ~ Exponential (2)

(see Example 6-14). Here U,V are not independent, since

J(z,y) = b = =2z —y) = 2v2v — u?
2v 2y
and
fov(wv) = ol ol g et/
# fu(u) fv(v), —0o<u< oo, v>0.
6.33

Z=X+Y, W=X-Y

are jointly normal random variables. Hence if they are uncorrelated,
then they are also independent.

Cov(Z,W) =FE(Z - pz)(W — puw)]

= EH{(X = px) + (Y = oy ) HX = px) = (Y = py) }]

= Var(X) — Var(Y) = 0% — o¥.
The random variables Z and W are uncorrelated implies that Cov(Z, W) =
0. Hence 0% = o is the necessary and sufficient condition for the in-

dependence of X +Y and X — Y.
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6.34 (a)-(b) Let

R=vVX2+Y? 0 = tan™! (—)5%)

Form Example 6-22, R and 6 are independent random variables with
joint p.d.f. as in (6-128). (see (6-131)). In term of R and #, we have
X = Rcos,Y = Rsinfl and hence we obtain

X2 _ Y2
U= NCCERE = Rcos26
2XY
V = ————— = Rsin260

JXZiv?
This gives

cos20 —2rsin26
sin26  2r cos20

J:' = 2r = 2vVu? + v?

1 )
r=vu’+0v?, 0= itan"l <3> . 20, =7+ 20,.
U

There are two sets of solutions (r,6;) and (r,6s). Substituting into
(6-128) we get

fUV(U'a U) - \_(1]—1 {fr,@(ra 91) + f?",@(r7 92)} - % fT,G(Tv 61)
2 VU2 + 02 - (u?+v?)/20°

TR+ o? 210

— 1 e-(’u2+’02)/202 — 1 , e——u2/2cr2 . 1 6—112/20'2
om0 2mo? 2mo?

Thus U and V are independent normal random variables. Hence it

2 2
follows that U = -ff-—}-@_—Jr—mY;n and V/2 = % are independent

random variables.

(C) (XY -ov?  (XP-YP) - 2XY

VX24+Y2 T /X242
_ X*P-y? _ 2XY
VX24+Y?2 VX24 Y2
= U -V ~ N(0,20?).

Z

71



6.35 (a) Z ~ F(m,n) is given by (6-157) Let

1
YV = =
Z
Then
Fey) = gp7am 1201/9)
1 (/)™ )
y? Bm/2,n/2) =T (1 4 m/ny) ™72
(n/m)"2 ot (1 4 n )~
Bn/2,mj2y Y (1 + mu)
~ F(n,m).
(b)
_Zm
- Zm+n

Fy(w) =PW <w)= P( Zm < y)

(= ) e ()

which gives

fw(w) = w)2fz( n(1 w))

= n___ (m/n)m/z ( nw )m/2_1 <1+
m(l —w)* B(m/2,n/2) \m(l—-w) (

= 3m %771/2)10 =L — )2 0<w < 1.

Thus W has Beta distribution.

6.36
Z=X+Y >0, W=X-Y>0
. _ztw S z-w
=5 Y1 = 5
is the only solution. Moreover
1 1
J = = -2
1 -1

so that

1 1
faw(z,w) = l‘jleY(CEl,yl) =3 e~ G2 )<< 2z <

Z —w/2 |?

) = [ fovteyin = ]
= Lo e . =e 21 —e#?), 2>0

2 ( (=1/2)1, ’
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6.37

Z=X+Y >0, W=—->1

Pl =<

z _aw
1+w’ NEITL

y=azw, x(l+w)=z x1=
is the only solution. Also
1 2
_x+y (14w
a2 z

&w’@
B[t

This gives

fZW(Za TU) = I—}]—| fXY(SUh 3/1)

y2e*, 2>0, w>1

“ o
:ze*zﬁ_;%)—; fz(2) fw(w)
since o
_—_/1 fow(z,w) dw
:22@’2/dew-ze s z2>0
and

= /Oofgw(z, w)dz

—z 2 :
1+H} / ze dz—m, w > 1.

Thus Z and W are independent random variables.
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6-38 z =Xy y = cos(wt +8)
b4 J - 1
iz vl<1

w=y J = |y| F (0 =

0 lyl>1
The RVs

LR

and y are independent. Hence,

1 z
f (z,w) = -'-;l‘ fx (;)fy(w)

1
£ (z) =L J B0 N | £y (x) dx
" |w|v’1-—wz T
-1 |x] >z

6-39 z=x+s s =acosy
1 |sl<a
mo: g
= * =
fz(z) fx(z) fs(z) fs(s)
' 0 Is| >oL
a 2 2 ™
_1 J e~ (2-8)"/20 1 J —(z—acosy)Z/ZU2
f (z)= — ds = ——— e dv
z nov2n ‘a Vaz— s nov2m -

Point masses

P{x =k, ¥==n-k}=akbn_k
n
{z=n} = ] {x=k, y=n-k}
k=0 ~

n
P{z=n} = ] P{x=k, y=n-k}
- k=0 ~ -
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6-41 (a) Line masses

A

N

N

Xiyz-? %
X4y= zfdz/

7%,

acg

-x <y<z-x_+048z;
P{;_c-xn, z-x <Y< n

= - A
P, fy (z xn) z

x v

{z<z<z+4z} = E {§.xn’ z-xn<y_<_z—xn+Az}

fz(z)Az = E P, fy (2 —xn)Az

A
®) w w+iw
-—-P{x=xn, T Y% }
x5=w/ n n
-p_£ ()2
pn Yy xn xw

*xv:w»Aw ]

- , >
X

0 o

w+Aw
{wew<w+buwl=) {x=x , —<yc< Awy
~ = a n x -~ - xn

=)

W
£ (Waw =) p_ £ ()dw
w Lony X
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6.42 X, Y are independent geometric random variables. Thus

P{X =kY =m} =P{X =k} P{Y =m}

= (pg") (pg™) = p*¢"*™,  kym=0,1,2,--
(a) Let
Z=X+Y

P{Z=n} =P{X+Y=n}=> P{X=FkY=n—Fk}
=3 PAX=kY=n—k}
=3 P{X=k}P{Y =n—k}
=3 et =" PP

:(n_i_l)qun? n2051727"'
(b) Let

W=X-Y
Casel: W>0=X>Y. Thusform >0
P{W=m} =P{X~-Y=m}=) " P{X=m+kY =k}
=3 P{X=m+kY =k}
=3  P{X =m+k} P{Y =k}

_ m-+k AN 0 ok
= o 0a™) (pg") =g q

2 . m
=p2q7n(1_|_q2+q4+...>:ﬁ2—>
_ P 01,2, (1)

+q’
Case2: W<0=X<Y. Thusform<0
P{W=m} =P{X-Y=m}=3 P{X=FkY=Fkk-m}
=> P{X =kY=k-m}
=3 PX=kPY =k-m}
=3 (pd") () = pPm >

_ " _pg™
(1-¢) 1+@

m’:—17_27"' (2)

Thus combining (1) and (2) we can write

qumf
1+q

P{W =m} = m=0,+1,42, .
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6.43 We have X and Y are independent and P(X =k) = P(Y =k) =
pr. Also

PX=FkY =0
PX =kX+Y =k = }(3(X+Y:k:))
. 1
= kpkpo I (1)
Zpipk——L
=0
Also
P(X=k—1X+Y =k)
_PX=k-1Y=1) peap 1 2)
PX+Y =k Xrippe—s k+1

From (1) and (2),

Pr p
= = pp = et = Mg

Pk—1 Po

where A £ p1/po. Since 300 pr = 1, we must have A < 1, and this
gives

> ok = =1—=py=1-A

Thus
pr=po N =(1-NN, k=0,1,2,---,0<A<1

represents a geometric distribution. Thus X and Y are geometric ran-
dom variables.

6.44 The moment generating functions of X and Y are given by (see
(5-117))

Tx(2) =@z+q)", Ty(z)=(pz+q"
Also

Cx.y(2) = B[z*"Y] = Tx(2)Ty(2) = (pz + q)*" ~ Binomial (2n, p)
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6.45 (a) Let
Z =min(X,)Y), W=X-Y

P{Z =k, W =m}

=P{min(X,)Y)=kX-Y =m}
=P{(min(X,Y)=kEX-Y=mNX>YUX <Y)}

=PV =k X-Y=mX>Y}+P{X=kX—-Y=mX<Y}
—P{X=m+kY=kX>YV}+PIX=kY =k-mX <Y}

Note that k£ > 0, and m takes both positive, zero and negative values.
Hence

PIX=k+mY =kX>Y}, k>0, m>I(

P{Z =k, W =m} :{ P X=kEY=k—-mX <Y}, k>0, m<(

p**™pgk, k>0, m>0
pg"pg"™", k>0, m<0

P{Z =k, W =m} = p*¢*+Iml, k=0,1,2,---, m=0,£1,%2,---
Also
P{Z=k} =Y~ P{Z=kW=m}
= p2g? Z::_Ooqiml = p2q2k (1 + 22::1 qm)
:p%%<y+%>:pu+mfﬁ k=0,1,2,--
and

P{W=m} =3 " P{Z=kW=m}

- o0 .
— pzq[ml ZkZOQQk

__D m| Jo—
_Tiﬁy, m = 0,+1, £2,
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Note that

P{Z =k,W =m}=P{Z =k} P{W =m}
and hence Z and W are independent random variables.
(b) Let

Z =min(X,Y), W =max(X,Y)— min(X,Y)

3

Proceeding as in (a), we obtain
P{Z =k W =m}

—PY =k X-Y=mX>Y)+P(X=kY - X=m,X <Y)
—P(X=k+mY=kX>Y)+P(X =kY =k+m, X <Y)
{ qu+mqu+ququ+m/ k:07172:"'7 m = 1727"'

qu-{—mqu’ k=0,1,2,"', m =0
2p2q2k+m’ k:07172>"'7m:1727"'
- quka k:071727"'7m:0

This gives

oo

P{Z =k} = }:m:OP{Z =k, W =m}
oo m 2
- p2q2k (1 + zzm———lq ) - p2q2k (1 + ?q>
=p(l1+q)¢*, k=012

Also -
P{W=m} =% P{Z=kW=m}

p _
m, m =20

= 2 "
= S
Notice that
P{Z =k,W =m}=P{Z =k} P{W =m}

and hence Z and W are also indepedndent random variables in this
case also.
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6.46 The moment generating function of X and Y are given by (see
(5-119))

Px(z) =eMth, Ty(z) = G
Also

Txiy(2) = Dx(2)Ty(2) = ertialz-1)
so that

Z ~ P(AL + A2)

Thus )

P(X +Y = k) = e~ Qi £ Aa)7

k!

and

P(X =k|X +Y =n)

P(X=kX+Y=n) _P(X=kKPY =n—k)
P(X+Y =n) B P(X+Y =n)

_ YR e (57 (n = k)Y)

e 4 )"/l

7 \ k A n—k
— 1 2 — “e
-( (Ay+&) QM+AJ L E=0,1,2,n

~ Binomial(n, p), where p = m

See also (6-222). From there the converse is also true (proceed as in
Example 6-43).
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-7 2 7
a xd,o
! 12 2 2 2
C = A-aloz(l-r)
2
ro, 0, a5
[~ 1 T
2, 2 2
l1-r )cs1 (1-r )0102
¢tl-
T 1
2 2, 2
(L-r )0102 (1-r)o
xz X, X x2
xcixt - 2 - 4 - 0102 + —%
(1-1r") o 172 9y
6-48 {xy< 0}=(x<0,y>0}+{x>0,y<0}

P{xy<0} = Fx(O)[l-—Fy(O)] +[1-Fx(0)]¥'y(0)

T\x 21,
Fx(O)rl-G(a— Fy(0)=]-G S

X y
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6-49 If w = x-y, then E{w} = 0 03 = oi + 0; = 202

Thus, w = 1, N(0; 0v2) and [see (5-79]

Elz} = E{|w|} = /2 o//% E{z%} = E(w?} = 20

6-50 A
E{z} = I I (x-y) f(x,y)dxdy
D

0 o
= I [ (x-—y)e-x e’ dxdy = %
0y

~.

0

6-51 Since |E{x y}| < E{|x||y|}, we can assume that the RVs x and y are real

(a) D < E{[z x - y]z} = 22 E{gz} - 2z E{x y} + E{yz}

The above is a non-negative quadratic in z for any z. Hence, its

discriminant is non-positive.

(b) Using (a), we obtain
E{x’} + E{y%) + zé{gz}n{yz}

> E(x?} + E(y?)} + 2 Elx y} = E{(x+ »)?)

6-52 Ifr =1 then
xy -
Ez{(x ~-n )y -n)l=E{(x-n )Z}E{(y -n )2}
~ x” 2 y ~ X ~ y
i.e., the discriminant of the quadratic
E{[z(x - n.) - (y - n)1%)
- x - y

i8 zero. This is possible only if the quadratic is zero for some z = z .

This shows that z(x - nx) - (y - ny) = 0 in the MS sense.
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6-53 1If E(x} = E{y’} = E(x y}, then
E((x - y)%} = Ex?} + Ely"} - 2 Elx y} = 0.

Hence, x = y in the MS sense.

6-54 If x has a Cauchy density, then (Prob. 5-31)

E{ejw?"} - e-alml E{ejwlq;} - e-aklwl
Hence, [see (6-240)]
¢ () = E(e]*™} = E(E(e)H¥|q)) -

k

L L k
7 E{ed®FE)e™? -l-);-r =e J eoklul i

k=0 ’ k=0 )

6.55 If X = k, then
Y=n~k

and
Z=X-Y =2X —n,

where Z takes the values —n, —(n —2),---n — 2,n.

P{Z =2} =P{2X —n=2}P{X = 2z}

2

n
_ (n+2)/2 (n-2)/2.
(n +z/ 2) b 1

Also
E(Z)=FE)2X —n]=2np—n=n(2p—1).

Var(Z) = E[(z — p.)?] = 4E[(X — np)?] = 4Var(X) = 4npq
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6.56 (a)
¢Z(w) — E[ejwz] — E[ejw(aX+bY+c)}
= dx(aw) dy (bw)elve = efwe(@?oi+io3)w?/2
(see (5-100)).
(b) On comparing with (5-100) we obtain

7 ~ N(c,a® 0 + b* 03)

()
EZ)=c, Var(Z)=d*0; +b 03

6.57
n

P(X =k|Y =n) = (k

)p'fq’f—k, k=0,1,2,---n

EleX|Y =n] =Y e P(X = kY =n) = (e’ + 1)
k=0

use (5-117). Also
ox(w) = E[eX] = E{B[e/*X|Y = n]}

— M jw X . s —
= ano El[e?**|Y =n| P(Y = n)

o o (M .
=> P + ) ( ) Pras’

M n
=2 nmo ( > pa(p1 & + q)]" g2"~
= (papre™ + qups + @)

But
l—pipo=1—(1—q)(1—q)=qp+q

Hence
M

px(w) = (pejw + q)
where p = pyp,. Thus

X ~ Binomial(M, p1ps).
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6.58

//fxy J‘yd.rdy—/ /]mdydm—k/ (1—2x)d

k
—=1 k = 6.
6 =

1
fx(x):/ 6rdy=6x(l—x), O0<z<l.

Yy
fY(y)Z/O 6rdy=3y°, 0<y<l.

1 3 4
BX) = [ @ fx(@yde=6 (% - 1
3 1),
4 5\ |1
N [ R p(@)de=6(5 L) =2
XY = [ 4 fxle)do = (4 5>0 3
3 01 1
Var(X)_.lo—z_.é_d
1 4 3
ElY]= yfy(y)dy~3y4— =7
0
2 Loy wlb 3
BV = [y hway=3 L] =
OO 9]
3 9 3
yy=2_9_3
VarlY) =5 - 15 = 55

E[XY] z//fcnyy(x,y)dydqz

1 opl 1
:/ / xy633dydx:/ 3% (1 —2%) d
0/ = 0
1

,3 5 . 1 1 . 2
"3G%_%J0”3@—5)—5
Cov(X,Y) =E(XY)— E(X)E(Y)
_ 2 _13_1
—5 2440
6.59 (a)
¢X,Y(w1,w2> :E’[ej(le+w2Y)]

= Ele?1X] Ele/*?Y] = ¢x(w1) ¢y (w2)

— 6)\(63'«.01—1) e(juw2~02w§/2>

¢z(w) = Ele™7]
= Ble*E ) = gy y(w,w)

= N D) (w0202 /2))
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6.60 (a)

From Example 6-18,

and hence

(b)
Emax(2X,Y)]

I

Z =min(X,Y)

we have

fz(z) =2\ ez z2>0

E[Z] = Emin(X,Y)] = X

= //max(?x,y) fxy(z,y)dedy

/ / 22 fxy(z,y) dﬁﬁdy’{“// Yy fxy (@, y) dr dy
J 2z>y 2x<y

oo 2z 0o ry/2
/ / 20 N2 e~ e~ N dy dx + / / y N2 e A e N dy dy

o Jo oJo
A T2me (- ey de [ Tyeu(1 - ey dy

0 0
2)\/ <xe"\“" + 2z~ — 3:66“3)“’3) dx
0

2 / (ue™ + 2ue™ — 3ue™) du

F0+3-9)=-%

=X-Y — =1<z<l1.

6.61 (a)
z >0
Fz(z>
2 <0
Fz(z) =P(X

=P(X-Y<2)=1-P(X-Y > 2z)

(1—2)/2
—/ / f‘(y T U dx dy
y+z

(1—2)/2 -
— / < / 67;(11) dy
y+z

(1—2)/
1—3/ {1 =23 =21+ 2)y}tdy
0

=1-3(1+2)(1-2)?° 220

-Y <2

(1+2)/2 pl—z (1+2)/2
———/ / Gxdydx:/ 6z (1+ 2z —2z)dx
0 T—z 0

(14 2)®
= et

, 2 <.
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This gives

1-2)(1+32), 0<z<1
fé(z) = 2
3(L+ 2 , —-1<z<0
(b) 1—2
fx(x):/ brdy =6z(l—2z), O<az<l
0
fxy(,y)
= 0 <1-
rile) = LD 2 o<y <i-a
() W=X+Y
we have v v
Fy(w)=P(X+Y <w) = / (/ 6z dy) dr = w?,
and oo
fw(w) = / 6rdr = 3w?, 0<w<1
Jo
3
EW] =~
w) =2
9 3
EW? = -
W =2
Var(X + V) = Vap(W) = BE(W2) — (E(W)\? = 3_9_3 '
! ) v Y T = e T 1 TR0
6.62 ]
X ==
VA
where Z represents a Chi-square random variable. Thus (see (4-39))
~1/2 ~1/2
fo(2) = et = e
V20 (1/2) V21
or
1 z/? 1
_ 1 Pe e — VL S |
fx(z) d fZ( Jx) = 22 \or 232
Also it is given that
1 2
- )= ——¢¥ /2
fY [X(yl ) \/%
so that i
Fxv(@,y) = Frix(yle) fx(@) = 5—e e (/2
and hence

fry) = /Oo fxv(z,y)dx

Ql_/ 1 e~ (1+y%)/2¢ 1

=k [Teau= M -
2% T4 o du T+ 00 <y < 00.

Thus Y represents a Cauchy random variable.
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6.63 (a) For any two random variables X and Y we have
oxpy = Var(X +Y) = E[{(X = jux) + (Y = py)}’]
= Var(X) + Var(Y) + 2Cov(X,Y) = 0% + 0 + 20x0y pxy

< (ox +oy)?

since |pxy| < 1. Thus
ox+y < 0x + oy,

and hence it easily follows that

OX+Y

——— < 1
ox + 0y

(However, (b) is not so easy!)

(b) We shall prove this result in three parts by making use of Holder’s
inequality.

(i) Holder’s inequality: The function logz is concave, for 0 < o < 1,
and hence we have

loglary + (1 — a)xs] > alogzy + (1 — a) logzy

or
ey <arp+ (1—a)ry, 0<a<l. (6.63—1)
Let
1 1 a1l
Ty =lz|’, a=-, sothat l—a=1-- 22 m,y= ly]? (6.63 —2)
p P g
so that (6.63-1) becomes
p q
oy < BE L BE s, (6:63 -3

the Holder’s inequality. From (6.63-2), note that

11
S4o=1, p>1, g>1 (6.63 — 4)
poq
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(ii) Define
r=X (E{]X|"})—l/p7 y=Y (E{|Y’q})—1/q

where p and ¢ are as in (6.63-4). Substituting these into the Holder’s
inequality in (6.63-3), we get

XY|<pt X (B{XPPHY (B{Y )Y

+q Y7 (BT (BYIX YT (6.63 - 5)
Taking expected values on both sides of (6.63-5), we get
B{IXY |} < (B{|XF'D"" (B{]Y|"})"/ (6.63 - 6)

which represents the generalization of the Cauchy-Schwarz inequality.
(Note p = ¢ = 2 corresponds to Cauchy-Schwarz inequality)
(iii) To prove the desired inequality, notice that

IX+YP =|X+Y||X+Y]!
< |X|]X+ Y{p"l “+ ]YHX +Y\P—1, p>1

and taking expected values on both sides we get
E{IX +Y]P} < B{|X||IX + Y]} + E{|[YV[|IX + Y]P"'}. (6.63—7)
Applying (6.63-6) to each term on the right side of (6.63-7) we get

B{|X||X +YP~'} < (B{XPH'" (B{X + Yl(”“”q})l/q (6.63 - 8)

and
E{[Y|IX + Y[~} < (B{YPH'" (B{X + YD) (6.63—9)
Using (6.63-8) and (6.63-9) together with (p — 1)g = p in (6.63-7) we
get
B{IX +YP} < [(BXPYY + (B{YPD"7] - (B{X + Y
or forp>1
(B{X +YPHY? < (B{XPHY? + (B{Y]'H".
the desired inequality. Since p = 1 follows trivially, we get
(BUX + YD
(E{XPH"" + (BE{yh)"" ~

1/q

1, p>1.
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6.64 (a) See Example 6-41. From there

E(YIX = 33) = /j,y + pXYO_YO(_x — MX)
X

(b) Similarly
iny(XlY =y) ~ N(u, 02)

where
1= pix + pXYUX<y - MY)
gy
and
0 = ox(1— pky)-

Since ‘

E(X?|Y =y) = Var(X[Y = y) + (E[X]Y = y])’
we obtain

E(X?)Y =y) =0 +?

6.65 (a) See footnote 4, Chapter 8, Page 337. From there (or directly)

we have
Var(X|Y) £ B(X?Y) — (B{X|Y})?

Var (BE{X[Y}) = E [E{X|Y}]’ — (B[E{X|Y}))’
so that
E[Var(X|Y)] + Var (E{X|Y}) = E[E{X?|Y}]— E[E{X|Y}])2
— B(X?) — [BX)P = Var(X) (1)
" Var(X) > E[Var{X|Y}]

Also
Var(X) > Var[E{X|Y}]

(b) See (1).
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6.66
Z =aX+ (1 —-a)Y, O<a<l1
U% = Var(Z) = (12012 +(1- (L)Qag
lex:

-—%Z- =2a0? +2(1 —a)(~1)o3 =0

or
a(o? + o3) = 03

2
ag
of + 03

minimizes Var(Z).

6-67 From (6-240)

E{g(x,y)} = E{E{g(x,y) [y}} = E@(x_,y)P{x = x_}} .

From (4-74) with An = {x = xn}

£,(z) = 121 fz(z|§ = x )P{x = xn}

6-68 (a) The conditional density f(y|x) is N(rx;ov/T-r?) [see (7-42)]. Hence

E(fy(yho) = | " fI0f )y

_ 1 b ex -(y-rx)? ex :}_z_ dy = 1 -r2x?
IV ) I-w P 202(1-r2)} P {202} Y= o) P {2?(2-:%'
(b) From (6-241) it follows that

E(f,(0f, (y)) = E(f,(x)E(f (ylx)}}-j £,(x) E(f,(yIx)}f,(x)dx

- 1 oo ex -r2x2 1
2220 _[ "{ 02} P 127 ) O~ 2xtvas

s > T - = S D e > - - " - — > = > P > > = > D = - = A = AP PR Rk = SR W e e -
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6-69 We shall use (6-64) and Price's theorem (10-94):

= E{sgnxsgny}

3E{ |xy|} ;dla,cl dlyl
= E hd
ou

dx az

= P{xy >0} - P{xy <0} --zg--zarc sin —&
ppd -Z T o7 9,9,

If u= 0, then the RVs x and y are independent, hence,

= E{|x|}E{]|y|} «245

E{|xy |}
e Lm0 ~ ~ T 12

[see (5-74)]. Integrating (i) and using the above, we obtain

K 20.0
1
E{|xy |}= = J arc sin dC + = 0,0, = (cos a+a sina)
172
0
6-70 From Example 6-41
f£(y|x) : N(n, + 0,71 - %) = N(44x; ¥3)
£(x|y) : N(n + 0,71 - 1) = N34 312

6-71 The mass density in the square |x|<1, lyl<] of the xy plane equals 1/4; hence, P{r <1)=n/4
and P{r <r} = 7r2/4 for r<1. This yields

Pir<r}-nr¥4 1<l

Plrsts Sl}'{ Pi<l)-n/d 11

2

F (M)~ Pir<t,M} {f r<l

PM) 1 r>1
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6-72 z=x+ y W= X fxz(x,z) = fxy(x, z-x)
If fxy(x,y) = fx(x)fy(y), then

fxz(x,z)

fz(zlx):.—F;(—x—)—' = fy(Z-X)

6-73 The system z = Fx(x) w= Fy(ylx) has a solution only

ifz<2z<1 and 0 <w<1l. Furthermore,

22 3z
x fx(x) ay 0
W ow T= fx(x)fy(ylx)
= -a—g = fy(le)
£ _(x,y)

.S =

6-74 We introduce the events C, = {we selected the rth coin) and Ay = (heads in a specific

order}). From the assumptions it follows that

P(Cr) = P(Aklcr) = prk(l-pr)n-k

1
m
We wish to find the probability P(CJA,). The events C, form a pertition; hence,

1
PeIA) T

1
R
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6-76

6-77

We wish to show that

-
Exh = 5

From page 207: x? = ny%/z where y is N(0,1) and z is x’(n). Hence, E(y?) = 1 and
(also (4-35) and (4-39))

2m/2-1p(n/2-1)

it e = — e

1 1 b
E { T} = 277 (n/2) L. z
From this and the independence of y and z it follows thai
Ex?) =nEyE{ —} -2
~ 4 { z } " n-2

From (6-222) :

R,(x) = exp { - I: By (t)dt } = exp { K J’: B,(t)dt } = RX(t)

From (5-89 it follows with x = |g|2 and a = ez that

el]z]?§
3

€

{|z]? > €%} <

for any z. And the result follows with z = x -y .
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@ o
E{U(a-x)} = J U(a-x)f(x)dx = I f(x)dx = F, (9‘-)

- Q0 -0

E{U(b~y)} = Fy(b)

E{U(a-z_:)U(b-z) - J Jf(x,y)dxdy - ny(a.b)

-t -0
Hence

Fy(2:5) = E (a)F, (b)

From Example 6-38

hd @

E(y|lx < 0} = ﬁf¢ﬂ§iww- 1 fy

F(0)

-0 -

From (7-41) and (7-57)

j: E(ylx)f,(x)dx = IZ y jow f(x,y)dxdy = J'Z y

BFgglx) dy

dF(0,y)
dy dy
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