CHAPTER 11
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10/3 - (z+1/2)

11-1 nS5=2(z+1/2) _
Sx(z) 10 - 3(z +1/2)

2
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3

2, 35 4[nl J32-1
R[m] = 3+ 553 Mz) = 521
11-2 S (s) = s“+6d - sz+lcs+8 32—45+8
x 82105249 st44s+3 sP-ts+3
L(s) .= i%—tﬁ—t—a-
s +4s+3
11-3 First proof
© 2 v 2
sln) = ] 2[nliln-k] E{x“[n]} = ] 2°[k]
k=0 - k=0
Second proof o
S(z) = L(z)L(1/2) R[m] =l[m] *![-m] = ) 2fklefk -m]
k=0

R(0] = § %[k
k=0
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11-4 (a) This is a special case of (11-22) and (11-23).

(b) From (a) it follows that
R" (t) + 3 R 1) + 2R _ (1) = qé(r
yx( ) yx( ) yx( ) = qé(7)
Since R:o:(T) = (0 for T < 0, the above shows that
R (t)=0fort<0 R (0)=0
) < 1% 0
Furthermore,

S x(s) -—
¥y s +3s+2
hence (initial value theorem)
R ) =2im s 5 () =0 R (01 = 2im s® s _(s) = q
yx 6 —yow yx S —» a0 yx

Similarly,

[1] ] - = - =
Ryy('r) + 3 Ryy(T) + 2 Ryy(r) ny(r) Ryx( 1) =0 fort>0

q _ 9s/12+4q/4 +-gs/12 +q/4
(52+3s+2)(sz-35+2) sz+3s+2 sz-3s+2

Syy(s) =

S+ (s) = 95/12+9/4
¥y s +3s+2

+  + 2 4+
R (0°) =R _(0) = 21 s = 3
yy(®) = Ry (0 m s S () = 75

§ +x

g + 94 -
R;y(O) = zslr:: [s Syy(s) - 12] =0

) ) .1 - 1+4qD(2)
11-5 S.(2) = 8.(2) +85,(2) = 5y + 1 = 1y

1f Rs[m] = Z-lm‘ and §,(z) = 5, then (see Example 9-31)

5-i47 %57
2

1.5
S (z) = : S (z)
s 2.5-(z1+2) x 1-2.5z2 142
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11-6 The process

L D
yln] = = kzl x(aT +kT)

is the output of a system with input x[n] and system function

n
) 2
k=1

H(z) = -:'I

Furthermore, s = y(0] and
2 n 2
nZIH(eij)l = Z ejkle
. k=1

eij - ej (n+l)wT
JuT

l-~-e
Hence [see (9-51)]

2
E{§2} = R [0] - 12 J S (w) sin " nwT/2
y = x sin'WwT/2

11-7 el -t, |

Since R(tl,cz) = e » (12-58) yields

t

1 e(t.-t.) e(t,-t.)
J e 172 ¢(t2)dt2 + J e 172
-a ty

Differentiating twice and using (1) we obtain (omitting details)

2

dw

¢(t2)dc2 =

A" (L) + (2c = Acd)e(t) = 0

Hence,

2

= 8in nwT/2
sinzmT/Z

A¢(t1)

$(t) = Bcos wt and ¢(t) = B'cosu't

To determine w, we insert into (i). This yields

2c wsinaw- € €asaw -ac
+ e (e
2 2 2 2
c +uw c +uw

ct
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This yields

2c

c2+w2
n

w sinaw - ccosaw =0 A=
n n n n

The constants Bn are determined from (normalization)

l= J 82 coszw t dt B
n n
-3

Similarly for Pt'! sin wt'lt.

11-8 As in (9-60)
T/2
E{|§T(w)|2} = J R(tl-tz)e de.dt
-T/2

T
= J (T - |t IRCT) e 39T 4y
=T

Differentiating with respect to T and using the fact that if
t
$(t) = I f(x;t)dx
then -t
.t
M = . - - —‘f—
at f(t;t) f(-t,t) + J 5t (x,t)dx
-t

we obtain

T
= J R(T)e —3uT 4 E{—- | X (w)l }
o7

BE{|§T(m)'2}
aT

The above approaches S(w) as T + =.

-~ - - - - - T = M Am = = = m S R o G A e W e R M WS W WS W 4R e e S em R s e . s
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a

11-9 E{X(w)} = J 5 cos 3te-jmtdt - 5 sin a(w-3) + 5sina(w+3)
s w =3 w+3

Var, X(w) = 2 qa=4a,

11-10  E{X(wX(W)} = | ] 0§6[n-k] e~ (nu-kv)T

n=-w kmaocon

- E 02 e-jn(u-v)'r
n

Ns-00

T o e o o P = o = e o e o T 4 o o o 2 o ok w0 o o 2 B = - " - - - - == - - - — - -

11-11 Shifting the origin, we set

1 T/2 . 1 T/2 .
= f x(t)e-Inwotdt B(a) = — I R(r-a)e-inoTdr
T Jorp2~ T )12

1o

(a) We shall show that if

X(t) = T coeinot then E(x(t)-x(t)/%) = 0 for |t < T/2 @)

n=-00

. 1 T/2 . .
Proof E{cox ()} = — I x E{x(t)x (a))e7I"otdt = B, ()
~ne )2~ =

The functions B, (a) are the coefficients of the Fourier expansion of R(r-a):

R(r-a) = Y. B, (a)ei™wor i1 < T/2 (ii)

n=-00

Hence

E(i(t)f.(t)} = Z E{Enf*(t)}jnwot = Z ﬂn(t)ej“"'ot

n=-00 n=-00
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From (ii) it follows with 7 = @ = t that the last sum equals R(0). Similarly, E{;('(t)x(t)) =
R(0) and (i) results.

1
T

. 1 ¢T/2 . T/2 .
(b) E{chCm } = == f E{c,x " (t))e)™otdt = f Bn(t)einwotdt
~ - -T/2 ~ 2

T 1

(c) If T is sufficiently large, then

T/2 . '
Ty (a) = J- . R(r-a)e inWoTdr ~ S(nw,)e "o

mf™ 2
T m#n

B { e, :} S(nw ) f—"rrllzzej(m_n)ﬁ,oada .{ S(hw )T m=-n

Thus, for large T, the coefficients c,, of an arbitrary WSS process are nearly orthogonal.

- ————— - —— - - - - Y A - - - - - - " - R = - = = e e -

* 1 o oo .
11-12 E(x(t)x"(t) = 73 { I I E (X (WX ‘(v))eiut1-vt2)dudy
x(ty)x ) B XWX
- E { IZ [ : QuS(u-Velttdudy = 7 [ " Qe

This depends only on 7 = ty-ts:

R, (1) = ;12—.[‘:0 Q(u)ejufdu S(w) = g(*i)
11-13 Equations (11-79) can be written in the following form:
E(é (u)_f_\ (v)) = Q(u)s(u-v) = E(B (“)E v)) E(A (“)P ) =0

for u 0,.v > 0. We shall show that if the above is true and E{Aw)} = E{__B(w)} = 0, then

the process

oo

x(t) = 7'; J ) [é (w)coswt - g(w)sinwt] dw

is WSS.

Proof Clearly, E{x(t)} = 0 and
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E(x(t+r)x(t))

- —lz-rof “E(A (wcosu(tsr) - B (wsinu(tn)) [A (vicosvt - B(v)sinve] dudv
™JolJo ~ ~ i

= _l_ J‘oo J.°°Q(u)6(u-v) [cosu(t+r) cosvt + sinu(t+7) sinv(t) dudv ] dvdu
T JoJo

I poo . .
= t+7)cosu t+ t+r)sinut] d
,T—T‘ ] Q(u) [cosu(t+7)cosu t+ sinu(t+r)sinut] du

00
Q(u)cosurdu
()}

ﬂNl_

From this and (9-136) it follows that x(t) is WSS with Six(w) = Q(w)/.

o T o o o o o o o o o e =0 e e 0 0 20 80 o o o 0 e e e e e e e o = = - = - = ——— - - o = - - - ——

1114 EG@ =0 EXe@) = [ i

The above integral is the transform of the product f(t)pr(t), hence (frequency

convolution theorem), it equals F(w)+sinTw/mw.
T . 2
Var X q(w) = E { l _[ v(t)e wtdt | }
bé o~

The integral is the transform of the nonstationary white noise v(t)pp(t). The

autocorrelation of this process equals q(t,)s(t;-t;) where q(t) = qpq(t). Hence, [see

(11-69)]

T
Var X g(w) = Q(0) = f qdt = 2qT
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