CHAPTER 13

13-1 é(t -%) =a§(t)+L§_(t-T)
s(t-7)- [as(®) +bs(t -] Ls(t), s(c-1)

R(T/2) = a R(0) +b R(T)
R(T/2) 12

“R(0) +R(T) !

a=b
R(T/2) = a R(T) +b R(0)
P=E{[s(t-7)- s(t-3) ls(t-3)

r%(1/2) I

R(0) +R(T) !

= R(0) - aR(T/2) -bR(T/2) = R(0) -

13-2 T
J s(t)dt - [a (@ +bs(MI ] 5(0), s(D
0
T T
J R(t)dt = aR(0) +bR(T) J R(T - t)dt = aR(T) +bR(0)
0 0

The above two integrals are equal. Hence,

T
of R(B)dt
a=Db =y +R(D)
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13-3

13-4

é'(t) = ax(t)+bx(t-1)

' (t) - [ax(t)+bx(t-1)] x(t), x(t-1)
Rs'x(o) = 3 Rxx(o) +b Rxx(r) Rs'x(o) = RS,S(O) =0
Rs,x(t) = a Rxx(‘r) +b Rxx(o) Rxx(r) = Rss(r) + RW(T)

For small T

J -~ —~ 2 "
Rs,x(t) =Ry (1) = R! (1) = TR;'S(O) R_(1) =R _(0) + 1 Rxx(O)IZ

Hence,

a = -b+0(1d) TR (0) = a 7 RY (0)/2+Q(x?)

It suffices to show that, for any m,

ot -n-vr

E([x(r) - | solot-nm x(aD)]x(aD)} = 0

===

The left side equals

sin(ot - nmw

T R(nT - mT)

R(t -mT) - )

nﬂ— -]

From the sampling theorem (10-140) it follows that this is zero because

the Fourier transform

e 375 ()

of R(t -mT) is zero for |w| >0,
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13

1
o

Since

E(x(t+1)[s(t)) = ag(t) & = R(/R(0)
it follows from the assumption that

s(t+}) - a g(t)_Lg(t -1T)

Hence

RO+T) = {:—(‘%)l R(1) (1)

The only continuous function satisfying the above is an exponential.
This is easily shown if we assume that R(A) is differentiable for A >O0.
Differentiating(i) with respect to A and setting A= 0+, we obtain

R' (1) + oR(7) = 0 a =-Rr'(0N)/R(0) 150

This yields R(t) = Ie ' for t >0.

13-6 Given:

E{zn}ﬂo §n8zl+.oc+zn=§n_l+zn

Furthermore the RVs y, are independent. Hence, Yo is independent of

X o1recer %o This ;ields

E{§n|§n_1’ oo ’51} - E{fn—l +‘¥n|§n—l’ oece ,51}

= E{x

RLLNPTTILE LI At AR NS
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13-7 (a) 1If E{§n|gh_1,...,§1} = fn-l' then

=X - Sl X geeenx;

From this it follows that the RVs Yo = %n ~¥,-1 are orthogonal and

..xn-zn*-fn-l=Zn+zn-l+."+zl (1)

Conversely, if (i) is true and the RVs y, are orthogonal, then

5T % T zn--l--?---cn-l""’gl
2 2
(®)  Elx } = E{[(x;x, J+x 17}

2 2 2
=BG mx, P H B V2B )

-1
for any n.

13-8 The Fourier transform Ss(w) of the function

sinzar

2
T

Rs(r) = A

is a triangle as shown

-2a 0 2 W -2o 0 2o,
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And since Sv(w) = N, (13-16) yields

S (w) . _Aar(l - |w|/2a)
5, (w) + 8 (w) Aar(1l - {w|/2a) +N

Hl(w) =

We show next that

Hz(w) = ijl(w)
Proof
€(t) = s(t)  §'(t) | x(§) all t,E. Hemce R_ (1) = 0.
This yields [see (9-131)]

Ro1y (D) = R! (1) = 0, hence s'(t)-5'(t) | x(&)

_._.._)—‘ jm r__:.; > Hl(m) PRCBRI VSS— { jw ——

t) s(t) s(t)

o

tn
~
2
~r

In other words, the estimate of s'(t) equals the derivative of the estimate
§(t) of s(t). This follows from Prob. 13-9 with T(w) = jw.

13-9 We wish to show that the estimator of

y(t) = J p(t —a)g(a)da p(t)+ T(w)

equals

g(t) = J p(t-—a)é(a)da

where s(t) is the estimator of s(t).

Proof. Clearly
E{[s(t) -s(t)]x(8)} = 0 all t,¢
Hence

E{[y(t) - 3() 1x(D)}

o

= J p(t-u)E{[g(a) -§(a)]§(5)}da = 0

= = - - — " "> = o - " = - " = - - T e e = . v = - - -



13-10 [See (13-46) and beyond]

(@) S(s) = 71— = 1

s +1 (sz+v’fs+1) (sz-v’fs-o-l)

1 -
() L(s) = s  At) = % et singeu(e) o =B =t
(s+a)“+8 Y2

(e) hi(t) - %— EQA e-at sinB(t +A)U(t)

H,(s) = % ot (s_+u>sirznek +28cosBA
(s+a)" +8

-al
bo = (cosBXi + &sinPJ)

H, (s)

i
H(s) = ie - b0+bls
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13-11 (a) The given equation is the Wiener-Hopf equation (13-40) for the
prediction problem with A= fn2., We can, therefore, use the method
described after (13-46):
2
3 22 49 - 25s

S(s)- + =
1-82  9-82 (1-s2)(9-s?)

L(s) = (1-!'7:;?§+s) L(t) = (et +4e35yu(e)
hy(e) = (e~ IB2 "t 4 mHn2 =38

1/2 4/8 2+s 2+s
Hi(s) = T35 *34s " T390+ B =33355
(b) s
H(s) = &) N(s) =2 D(S) 1 (s)L(~s) = Y(s)

= D(s) D(s)

Since Y(s) is analytic for Res ¢ 0, all roots of D(s) must be
cancelled by the zeros of L(s), hence, D(s) = 7+5s, Similarly
the poles s =-1 and s=-3 of L(s) must be cancelled by the
zeros of the term N(s) -2°D(s). With N(s) =As +B, this yields

N(-1) - 27 1p(-1) =-a+B-2"1(7-5) = 0 A=1
N(=3) =273D(=3) =-3A+B-2"3(7-15) = 0 B = 2
2+s
B(s) = 735¢

(c) The Laplace transform of the function R(7) in (a) equals
_49-25s%
9 - 1032 + 34

Hence (convolution theroem), the inverse transform y(t) of Y(s) equals
o

y(t) = J h(a)R(t =a)da -R(t + £n2)
0
From the analyticity of Y(s) for E.e s< 0 it follows that y(t) =0 for
t >0, Therefore, (b) gives a direct method for solving the Wiener-Hopf
equation (13-40).



13-12 (a) The given equation is identical with equation (13-22) for the
prediction problem with r=1, We can, therefore, use the method
in (13-31)-(13-33):

3 8 70-25w 1

$(z) = 575, T 103w = G -2w) (10 = 3w) wv=z+y

a=v/30+ /5 =7.75

-1
(2-2z2 )(3-z )
b =+30 - /523,25
2[0] =221,3 HEz) = 1 - 2L0) | 041270 - 0,167 57
¢ Lz~ 0.4227]
®) H(z) = N(z) N(z) - zD(z) L(2)L( _1) - Y
2} = D(z) B(z) 2)L(z z
Since Y(z) is analytic for Iz' <1, all roots of D(z) must be cancelled

by the zeros of L(z), hence, D(z) = 1-0.42 z-l. Similarly, the poles

z=1/2 and z=1/3 of L(z) must be cancelled by the zeros of the term
N(z) -2zD(z). With N(z) = A+Bz-1, this yields

1, 1 1. ] _
NG) - 5 D(3)= A+2B - 0.08 = 0 A=7.42
NE) - L1pd)=a+3840.09=0 B =-0.17

3 - 303

0.42 0,172 ¢
B(z) =y _g.42070

The z transform of the sequence Rm in (a) equals

70 = 25w
6w2 - 35w + 50

1

W= z+z-

Hence, the inverse transform Y of Y(z) equals

n
y, =1 R-x ~ R
n o l.lk n-k n+l
From the analyticity of Y(z) for |z|<1 it follows that yn=0 for n>0.
Therefore, (b) gives a direct method for solving (13-22).



13-13_ A predictor is a stable function H(z) vanishing at co. Since H(z) — 0 1 as z — oo, we
conclude that Ex(z) = 1-H(z) — 1 and Epn(z)H,(z) — | as z — oo. From this and (13-25)

it follows that the difference 1 - Epn(z)H,(2) is a predictor and the MS error equals

m .
L I | En(ei) | 2 S(w)dw = P
27 J oo

because |A,(ei¥)] = 1.

13-14 As we know, if

§[n] = alf[n-ll + eee + amf[n-m] + E[n]

where ¢[n] is white noise, then the one-step predictor of s[n] equals

a

§1[n] =a, i[n-l] +oee +am§ [n~m]
We wish to show that the sum
gz[n] = algl[n-ll + azg[n- 2] 4 oo +am§[n -m]
is its two-step predictor. It suffices to show that

sln] - 5,[n] | gln-k] k>2
Proof

gln] - g,[n] = al(§1[n-l] -§1[n-1}) + gln]
This completes the proof because

g (n-1] - g,[n-11 | s(u-kl, k> 2 and gln] [sln-k] k21.
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13-15 The Nth order MS estimation error PN equals [see (13-66)]

This tends to the MS estimation error in (13-34). Hence,

5
A

Mn tn P = 51- J tn S(w)dw = 2im fn Ns'l

No*w o p N~ N

To complete the proofs, we use (14-129)

N A
zm% zn-—“A—"'l-umzn A"A”
N4+ n=1 n N+ N

and the result follows because

N s b
L T s
N nzl (n 8 -t d) N N

and the last term tends to zero as N+,

- - . " - = - - - - - = = - =" - - - = " A - - - - " - - -
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13-16

B, = R[0] = 15 R[1] = 10 R[2] = 5 R[3] = O
We use Levinson's algorithm [see (13-67)]

Foky = RUI K- Py = (- = 2

P,K, = R[2] - R[l]ai - ’% K, = -%

P,K, = RI3] - R(2]a - Rl1]a, Ry= -3

2.2 e KT R
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W w

= 0,8

13-17 Py = R[0] = 5 1(1 = 0,4 K, = 0.6 K
1
R[1] = P K, = 2 a) = 0.4 P = 4.2
1
R[2] = R[1]la; + P/K, = 3,32
2 2
al = 0,16 a,2 = 0,6 P2 = 2,688
R[3] = R[2]a> + R[1]a2 + P.K. =3. 88/
1 2 273 *
3 2 2 3 2 2
a; al - K3az = - 0,32 a2 a, - K3a1 = 0,472
al = 0.8 P, = 0.968
3 . 3 L ]
—
3[«]
—0.32 0.472
13-18
S (s) = 2“ 2+N=N(s +§)
-s +4) s +4A

and (13-104) yjelds

H(s) = <32 h (t) = (c-21)e " Cu(e)
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13-19 (8) ;M[n‘.'m] -L g[n-’k] k ’-m""l.ooogo.o-‘,N
;N[nl = s[n] - alg[n-ll -coe - aug[n-N]

(b) ‘ém[n-ﬂl]_l_g[n"'k] k --m+1’coo'o,o..’N

-

!N[n] = s(n] - tlgln+1] -eee -aN§[n+Nl

©  Egugln-i-ul L slutk] km=N-mtl,eees=Nyeeesl

;’;n[“] = s[n] - algln—ll - -aug[n-N]

13-20
2
_ 2 o dw +2.2 - s+0,66
Ss(w) - Sx(m) R Lx(s) Y5 5502
w +0.04 w +0.04

(a) From (13-16)

H(w) = ——g——

Sw +2.2
(b) From (13-104)
0.46
H (s) = 1= /51() = 55766
(¢) Using (13-48)

2

L) =iy ) = T
, -0.4
hy(t) = /2 e 0-2(E* Dy ey Hy(s) = "%%6'.‘2‘
H(s) = e O Se+2) = e 250
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(d) [see (13-99) and beyond]

1 - 5+0.2 = /20
Ssx(s) .- — Px(s) — s . (s) 20

0.04 - s> /5(s+0.66)  Six

0.66-5s
s+0,.2

R, (0 = /0 {%(T) 4--9=§9] hy (1) = 0.86/20 e 0-2(t+2)y 0y
X X

s+0,2
0.86 20 0% 172 4
B, (8) = ——305.2 B (8) = 530,66

T o o e e o o e " = - = " . - " - - =~ - - —— - — -

13-21 As in Example 13-2 with N, = 1,8, N =5, a = 0,8

0
%) - (1-0.8 ilg)(l-O.Bz) fa®) - 1-of§73;1
oo - MRELUAID o - By

@ H(z) = 2 hin] = 2 x2~ /0l

40(1-0.52 z 1) (1-0.5z2)

(b) From (13-114) with £ _[0] = V8

3/8

H (z) = h [a] = 3x0.5 Ula]
x 1-0.5 z 1 x 8 :

(¢) From (13-33) with £[0] = v1.8

210 -1
H(z) =1- i;%;% = 0.8 z
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[ .
3 T 78 A0 31 7.8 Ame+1]

(d) The power spectrum of the estimate go[n] of g[n] obtained in (b)

equals

9/8
(1-0.8 z 1) (1-0.8 z)

535(2) = S, (H_()H (27 =

Hence, LA (z) = v9/8
¢ 1-0.8 21

Therefore, the pure predictor of sO[n] equals [see (13-33)]

A -
B (z) = 1 --%%g% -0.8 z 1}

And (13-117) yields

0.327%

1 o, N ..
H (z) = H (2)H,(z) =
x L 1-0.5 2~
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13-22 l !
R [m] = 5x0.8 B — 1.8

(1~0.8 z~1)(1-0.8 z)

Hence, as in (13-135) with Vn = 1.8, Nn = 5, And (13-143) yields

Fy = 0.66F _ +V G . Fy = VgNy = 9
5 Gn = 0,64 Fn-l -i-6.5Gn_1 GO = VO+N0 = 6.8

Solving, we obtain

F_ = 12(1.6)" - 3(0.4)" c_ = 6.4(1.6)% + 0.4(0.4)"
F
n 12
Pomg — 3~ 1.875
n N+

This agrees with Prob. 13-21c because the MS error of the Wiener filter
equals

P=R(0) -] RIklh [kl =5-] 5x0,8"x3x0.5" = 1.875
k=0 k=0

T e e e e = 4 o o = o = %0 = = 0 e o = P e - W = e = - = - -~ - - - > - = - - - - - - - - -
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13-23 Rs(r) =5 e'o'2|T| R (1) = -132 8§(1)

2 10
S (w) = A(t) = 0,2 v(t) = 2 N(t) = =
s tas2-0-0.22 3
From (13-159)
F'(t) = 0.2 F(t) +26(t) G'(t) = 0.3 F(t) + 0.2G(t)

Case 1. If s(0) = 0, then P(0) = F(0) = 0, G(0) = 1

Solving, we obtain

p(e) _ 1.25 28 - 1,25 ¢70-%F

P(t) = -
G(t)  §.625 e2*8t 40,375 08t

Case 2, If g(t) is statiomary, then F(0) = P(0) = RS(O) =5

oost -0.8(’.
e

- F(t) _ 35 + 3 e
e-0-8t

G(t)

13-24 The sequences GN[n] and HN[n] are the responses of the filters

A N v A
Eg(z) =1- Y aNzk En(z) = 2 NEn(1/2)
k=1

respectively, with input R[m] (see Fig. 13-11a). Hence,

N
GyIm] = R[m] - ¥ R[m-kJa,N
k=1
N
dnm] = Gu{N-m} = RIm-N] - ¥. R{m-N+k]a,N
k=1

From this and the Yule-Walker equation (13-65) it follows that
A \'4
gn[m] = qN[N-m]} =0 for | <m <N -1
\"4
GnI0] = ANIN] = Py

This completes the proof.



