CHAPTER 8 REVIEW EXERCISES, page 618

1. f@0,1)=0; f(1,0)=0; f(l,l)Zﬁzé.

£(0,0) does not exist because the point (0,0) does not lie in the domain of /.

e e’ 2e
2. 1,1)= =e 1,2)= ; 2,1)= ;.
S 1+1In1 /(1:2) 1+In2 S 2D 1+In2

£(1,0) does not exist because the point (0,0) does not lie in the domain of £.

3. W(L,1,00=1+1=2; h--1,1,1)=—e—1=—(e+1);
h(l,-1,I)=—e—1=—(e+1).

4. The domain of fis the set of all ordered pairs (u,v) of real numbers such that
u>0 andu # v.

5. D={(x,y)y#-x} 6. D={(x,y)|x<1,y>0}

7. The domain of fis the set of all ordered triplets (x,y,z) of real numbers such that
z>0and x#1, y#1,and z# 1.

8. 2x+3y=z 9. z=y-—x’
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10.

12.

13.

14.

15.

16.

17.

z=x*+)° 11. z=¢€"

1 J2 J3 J4

1
f(x,p)=x"y" +3xp’ +§; fo=2xy" +3y° e f,=3x%" +6xy—%.

_ e y o, X
f(x,y)—x\/;+yx/;,fx_\/}+2\/;,fy_2\/;+\/;

f(u,V)Z\/uvz—2u; fu Z%(uvz —214)1/2(\/2—2): vi-2 '
2N uv’ —2u
£ =1 —2u) " Quv) = ———.
Nuv? =2u
_x—y . _F20)-(-p@) 3y
Jeen= y+2x ) (y+2x)* (y+2x)
f= +29)(=D-(x-y)  3x
’ (y+2x)° (y+2x)°
g(xay): zxy R
X" +y

() mw@y) Y =Xy vy -xY)  y(-x)(+x)

(x2+y2)2 (x2+y2)2 - (x2+y2)2 - (x2+y2)2

X

_ (7 )x—w(2y) _x(xF—yh) _ x(x—p)(x+y)
(x* +y%)’ (x* +y%)? (x* +y%)’

y

h(x,y) = (2xy+3y2)5;hx =10y(2xy +3y°)*%; h, = 10(x +3y)(2xy +3y7)*.
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y
18. x,y)=(xe’ +1)"%; f. =L(xe” +1) e’ S S— ;
S y)=( ) fe=5( ) 2 1)

y
—lxe’ +1) My =X
fy 2( ) 2(X€y+1)1/2
19, f(x,y)=("+y")e"
fo=2xe" "+ (PP (2x)e" Y =2x(xE + P + D)et

1= 2ye"2+y2 +(x*+)° )(2y)e"2+“"2 =2y(x> +y* + l)e)‘z*yz.

4x 16y’
20. x,)=In(1+2x>+4y*); f=—""  f=— 2
% y)=In( )i S 1422 +4y " T 122 14y
2 2*2 2 _% 2x?
X X X
21. f(x,y)=1n[1+—} == == .
yZ 1_}_;72 x2+y2 y 1+;% y(x2+y2)

22, f(x,y)=x =2X"y+y +x-2y; f. =3x"—4xy+]; fy:—2x2+2y—2;
Therefore, f =6x—4y, [ =f,=—4x, f, =2

23, f(x,y)=x"+2x*y* -y fx:4x3+4xy2;fy:4x2y—4y3;
2 2 2 2
So=12x"+4y", f =8xy=f,, [, =4x" —12)".

24, f. = 3(2x2 + 3y2 )2 (4x) = 12x(2x2 + 3y2)2;
£, =32x* +3y%)*(6y) = 18y(2x* +3y*);
fo=122x% +3y%)* +12x(2)(2x° +3y7)(4x)
=12(2x% +3y%)°[(2x* +3y*) + 8x* ] =12(2x* +3)°)
[ =12x(2)(2x% +3y°)(6y) = 144xy(2x* +3y*)(10x> +3y?)
£,y =18(2x* +3y%)* +18y(2)(2x* +3y*)(6y)
=18(2x% +3y7)[(2x* +3y*) +1237%]
=18(2x* +3y*)(2x* +15y%)

2

X (x+y*)—x y —2xy
25 .x, = ; x: = , =
DT E T G e T ey
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2
Therefore, g.. =-2y°(x+y°)" = 2

(x+y2)3 °
_ (x+ 1) (=2x) + 2xp(2)(x + y*)2y _ 2x(x> + y)[-x -y +4y°]
»y (x+y2)4 (x+y2)4
_2x(3y" —x)
I
and _ )2y - Y@ +y)2y 200+ y)ly 4y =2y
Xy (x+y2)4 (x+y2)4
_2y(x=y7) _
(x+y)' 7

g,y =" g =2xe" ", g =2ye"
g. =2¢" " 4 (2x) %" =2(1+2x%) e
gy =4 =g, g, =207 +(2p) e =2(142y0)e

h(s,t) = ln(;). Write A(s,f) =Ins —Int. Then A = l ,h = _;,
S
1 1
Therefore, h,=——,h,=h,=0,h, = x
s

f(,p,2) =Xy z+xy°z+3xy—4z; S (LL,0)=3x"yz +y Z+3y‘(110) 3;

f (1,1,0) =2x yz+2xyz+3x|(l 1,0) =3; L(LLO)=x y +xy - ‘(1 L0y
f(x,y)=2x>+y" —8x—6y+4; To find the critical points of f, we solve the

fi=4x-8=0 - i
system obtaining x =2 and y = 3. Therefore, the sole critical

f,=2y-6=0

point of fis (2,3). Next, fi. =4, 1, =0, f,, = 2. Therefore,
D=f.23)7f,23)-f, (2,3)° =8> 0.

Since f_(2,3) >0, we see that f(2,3) = —13 is a relative minimum.
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30.

31.

32.

33.

x(x,y)=x>+3xp+y° —10x—20y+12. We solve the system
f.=2x+3y-10=0 2x+3y=10

{fy = 3x+2y-20=0 {3x+2y=20

obtaining x = 8 and y = —2 so that (8,—2) is the only critical point of f. Next, we

compute foa=2,foy=3,and f,, = 2.

Therefore, D= f (8,-2)f,(8,-2)— ffv (8,-2)=(2)(2)-3*=-5<0.

Since D <0, we see that (8,—2) gives rise to a saddle point of /.

L =3x"-3y=0

f(x,y)=x"=3xy+y>. We solve the system of equations
f,=-3x+2y=0

obtaining x* — y =0, or y = x”. Then —3x + 2x* =0, and x(2x —3) =0, and x = 0,
orx=3/2 and y = 0, or y = 9/4. Therefore, the critical points are (0,0) and (3,%).
Next, fuo=6x,fy=-3,andf, =2 and D(x,y) = 12x — 9 = 3(4x — 3). Therefore,
D(0,0) =—9 s0 (0,0) is a saddle point. D(5,3) =3(6-3)=9>0, and
f.(3,9)>0 and therefore, f(2,3) =3 -4+ =_27 {5 the relative minimum
value.

f(x,y)=x+y* —4xy+17x—-10y+8. To find the critical points of £, we solve
f.=3x"-4y+17=0
f,=2y-4x-10=0
vy =2x+ 5 which, when substituted into the first equation gives

3x° = 8x—20+17=0
or 3x*—8-3=0Gx+1)(x-3)=0.
The solutions are x = —1/3 or 3. Therefore, the critical points of fare (—4,4
and (3,11). Next, we compute fi. = 6x, f;, = —4, f,,, =2 and so

D(x,p)= f.of,, = [y =12x-16.
Since D(-1,%)=-20<0, we see that (—1,%) gives a saddle point. Since
D(3,11)=20>0and f,, (3,11) = 18 > 0, we see that (3,11) affords a relative
minimum of f.

the system { . From the second equation, we have

foxy)= f(x,y)= > " To find the critical points of £, we solve the system
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f.=4xe¥ " =0
{fy — 2y62x2+y2 -0
giving (0,0) as the only critical point of /. Next,
fo =4 +4x%PT) = 41+ 4x7) e

2x2 +y2

S, =8xye
fyy =2(1+ 2y2 )ezx2+y2 .
Therefore, D= f,.(0,0)f,,(0,0)- f, ; (0,0)=(4)(2)-0=8>0, and so (0,0) gives

a relative minimum of f'since f,,(0,0) > 0. The minimum value of f'is
7(0,0)=€"=1.

34.  We solve the system
2x-2
fom =
X +y =2x-2y+4
_ 2y =2 _
¥ +y?=2x-2y+4

y

obtaining x = 1 and y = 1 and giving (1,1) as the only critical point of /. Next, we
B (x> +y* =2x-2y+4)(2)-(2x—-2)°

compute =
P o (x> +y* =2x-2y+4)
ro= (x> +y"=2x-2y+4)(0)-(2x-2)(2y-2)
¥ (x*+y*=2x-2y+4)
A=D1
(X" +y° =2x—2y+4)’
F (P -2x-2y+4)(2)-(2y-2)°
. (x* +y* =2x—-2y+4)’ '
In particular, f_(1,1)= 2% = %, fxy(l,l) =0, andfyy(l,l) =1 Therefore,

D=f (L) f, (L)~ f,(1,)=73>0, and since f(1,1) = 1 > 0, we conclude that

(1,1) gives rise to a relative minimum of f. The relative minimum of f'is
f(1,1)=1In2.

35.  We form the Lagrangian function F(x,y,A) = —-3x% - y2 +2xy + AM2x +y —4).
Next, we solve the system
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F =6x+2y+21=0

F,==2y+2x+4=0.

F,=2x+y-4=0
Multiplying the second equation by 2 and subtracting the resultant equation from
the first equation yields 6y — 10x = 0 so y = 5x/3. Substituting this value of y into
the third equation of the system gives2x+3x—-4=0. So x=1* and

consequently

y=%.S0 (,%) gives the maximum value for f'subject to the given constraint.

11211

36.  We form the Lagrangian function
Fx,y\) =2x+3)" — 6xy +4x — 9y + 10+ Ax +y — 1).
Next, we solve the system
F =4x-6y+4+4=0
F,=6y-6x-9+41=0
F,=x+y-1=0.
Subtracting the second equation from the first, we obtain 10x — 12y + 13 = 0.

Adding this equation to the equation obtained by multiplying the third equation

in the system by 12, we obtain 22x —1=0orx = 5. Therefore y =2 and so

22 °

the point (35,%1) gives the minimum value of f'subject to the given constraint.

37.  The Lagrangian function is F(x,y,A) = 2x — 3y + 1 + A(2x” + 3y” — 125). Next, we
solve the system of equations

F =2+4x=0
F,==3+61y=0
F,=2x"+3y* -125=0.

Solving the first equation for x gives x = —1/2A. The second equation gives
v = 1/2\. Substituting these values of x and y into the third equation gives

1Y 1Y
z(__j +3(_j L 125=0
2 2

Lﬁiz—lzs:o
224X

2+3-5004" =0, or EZi%.
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38.

39.

40.

41.

42.

Therefore, x =+5 and y = £5 and so the critical points of fare (—5,5) and (5,-5).
Next, we compute

f(=55)=2(-5-3(5+1=-24.

f(5,-5)=2(5)—-3(-5+1=26.
So f has a maximum value of 26 at (5,-5) and a minimum value of —24 at
(—5.9).

Form the Lagrangian function F(x,y,}) =€ >+ A(x* + »* — 1). Next, we solve
the system

F=e""+2x=0
F,=—e"7+2y=0.
F,=x"+y"-1=0

Adding the first two equations, we obtain 2A(x + y) = 0. Since A # 0, (otherwise
we have ¢" ¥ = 0 which is impossible), we find y = —x. Substituting this value of y

into the third equation of the system gives 2x* — 1 =0, orx =+ V2/2. The
corresponding values of y are + V2/2. Weseethat (—+/2/2,42/2) gives
rise to a minimum of f'with value eV’ , whereas (\/5 /2,-~2/2 ) gives rise to a

maximum of /' with value e

df =2(x*+y")"?Qx)dx +2 (x> +y*)"* (47 )dy.
At (3,2), df =9(9+16)"*dx +48(9+16)"* dy = 45dx +240dy.
S(x,y)=xe"" +xlny; (L)
df =(e"" +xe"” +Iny)dx+ (—xexy + z]a’y .
y
At (1,1), df =(1+1+0)dx +(—1+1)dy =2dx.
Af =df =(4xy’ +6y°x —2y)dx + (6x>y*> + 6yx> — 2x)dy.

With x=1, y=-1,dx=0.02, and dy =0.02, we find
Af = (-4+6+2)(0.02)+(6—6—-2)(0.02) = 0.04.

1/4 3/4
Af =df =3x"" 3y de+x*"* Yy dy =3 (lj dx + (1] dy
X y
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withx =16,y =81,dx=1 and dy = -1, we find
227

81 1/4 16 3/4 3 8
= 3(%) (= (81) (_l)_3(5j_(5)_§'

2 4 2, 5 x=4 2
L L (B3x—-2y)dxdy = L X —2xy|x=2dy = L [(24-8y)—(6—-4y)]dy

=J_21(18—4y)dy = (18y—2y2)‘: =(36-8)—(-18-2)=48

Ij ’Xzydxdy _[ xzy‘x dy J.( e22y+e2y)dy

e—z 2y é —Zy‘ _(1 -4 1 —2) (1 -2 )

(et =27 +1)=1(e? -1

= D=

2 1
y=x 2, 4

3dx:J x2(x* = x%)dx
y=x 0

IJ 2x*ydydx = j 2y?

=(1-1m2)-(H=3-1m2=13-2m2).

201, I T T L I E S
47. '[0 '[0(4x +y )dydx—'[o 4x“y+3y Lzodx—jo (4x” +3)dx
=G0+ hof = 43=2
48. —H (x+ y)dxdy = I(zx +xy)\ —f(zy Y =%y —5yhdy

=(Zy +gy y)‘ =4+%—6=?=10% cu units.

704
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49.

50.

51.

52.

53.

The area of R is

Ji Lovas=[y
Then

v =[x x)dv= (6 —ix3)\2 _4
o GX =) = 35|, =3

1 2 3 2xy2 2
AV—mJ.O J;Z(nyrl)dydx—ZJ-OT+y|x2dx

2 2
_3 _ 1.5 3.2 _3(_1.,6_ 1.4 1.3 2
_4J.0 X7 H2x = x"+2x)dx =5 (55X +3X —3Xx +X )‘0

=3(-%+8-%+4)=3.

a. R(x,y) = px + qy = —0.02x* — 0.2xy — 0.05)* + 80x + 60y.
b. The domain of R is the set of all points satisfying
0.02x + 0.1y <80
0.1x +0.05y < 60

x>0,y>0
c. R(100, 300) = —0.02(100)* — 0.2(100)(300) — 0.05(300)* + 80(100)* + 60(300)

=15,300
giving the revenue of $15,300 realized from the sale of 100 and 300 units,
respectively, of 16—speed and 10—speed electric blenders.

f(p,q)=900-9p—e"*"; g(p,q) =20,000~3000g —4p.
We compute g =-04e"" and % =—4. Since g <0 and % <0
0q op 0q op
for all p > 0 and ¢ > 0, we conclude that compact disc players and audio discs
are complementary commodities.

P(x,y) =-0.0005x> —0.003y*> — 0.002xy + 14x + 12y — 200.

AP = dP = (-0.001x — 0.002y + 14)dx + (—0.006y — 0.002x + 12)dy.
With x = 1000, y = 1700, dx = 50, and dy = -50, we have

AP =~ (—1-34+14)(50)+ (102 -2 +12)(-50) =490, or $490.

We first summarize the data:
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54.

55.

Yy x’ xy
369 1 369
390 9 1170
396 | 25 1980
420 | 49 | 2940
436 | 81 3924

25 [2011 | 165 | 10383

O 3 N W~

The normal equations are
5b+ 25m= 2011

25b+165m =10383
The solutions are b =361.2 and m =8.2. Therefore, the least-square line has
equation y =8.2x+361.2.

b. The average daily viewing time in 2002 (x = 11) wiill be
y=8.2(1)+361.2=451.4=7.52,0r 7 hr 31 min.

We want to maximize the function R(x,y)=—x"—05y" + xy + 8x + 3y + 20.
To find the critical point of R, we solve the system

R =-2x+y+8=0

R, =-y+x+3=0.

Adding the two equations, we obtain —x + 11 =0, orx =11. So y = 14.
Therefore, (11,14) is a critical point of R. Next, we compute

Ru=-2,Ry=1,R,=-1.S0 D(x,y)=R.R, —R. =2-1=1.

x Tty
In particular D(11,14) =1 > 0. Since R,(11,14) = -2 <0, we see that (11,14)
gives a relative maximum of R. The nature of the problem suggests that this in

fact an absolute maximum. So the company should spend $11,000 on advertising

and employ 14 agents in order to maximize its revenue.

Refer to the following diagram.
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56.

We want to minimize C(x,y) = 3(2x) + 2(x) + 3y = 8x + 3y subject to
xy =303,750. The Lagrangian function is
F(x,py,\) =8x+ 3y + Axy — 303,750).

Next, we solve the system

F =8+4=0

F,=3+ Ax=0

F, =xy-303,750=0
Solving the first equation for y gives y = —8/A. The second equation gives

x = —3/A. Substituting this value into the third equation gives
3 8 24 4

-= == 1=303,750 or A’ = = ,
A A 303,750 50,625
55 Therefore, x = 337.5 and y = 900 and so the required dimensions of
are 337.5 yd by 900 yd.

o

or A==
the pastur

o N

We want to maximize the function Q subject to the constraint x +y = 100. We
form the Lagrangian function f (x,y,A) = x> *y"* + A(x + y — 100). To find the
critical points of F, we solve

3 1/4
sz(yj +4=0
T4

X

F,=x+y-100=0.

Solving the first equation for A and substituting this value into the second
equation yields%(f)3 H_3)" =0, (i)y *=3(%)", or x =3y. Substituting this

value of x into the third equation, we have 4y = 100 or y =25, and x = 75.
Therefore, 75 units should be spent on labor and 25 units on capital.
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