CHAPTER 9, REVIEW EXERCISES, page 651

1. y=Ce™+Ce™; y' =2Ce -3C,e™; y"=4Ce™ +9C,e ™.
Substituting these values into the differential equation, we have
4Ce™ +9C,e ™ +2C, ™ —3C,e ™ —6(Ce™ +C,e ™) =0
[y"+y'=6y=0]
and the differential equation is satisfied.

2. y=2e"+3x-2.S0 y'=4e>* +3 and y" =8e”*. Therefore,
P =y =2y =8> —(4e” +3)—-2(2e* +3x—2)=—6x+1
which is equal to the right-hand side of the given differential equation. So yisa
solution of the differential equation.

3. y=Cx". S0 y'=-4Cx7"". Substituting these values into the given differential

) . ) . 4xy’ 4
equation, which can be written in the form d_y =— )Zy - = ——y, we find
dx 3x7y 3x

_iCx—m = _m = _4 Cx 73
3

3 3x
we see that y is a solution of the differential equation.

1

2+l

4. y= e I—C; y(0) =1 implies that 1= —%, or C = -1. Therefore, y =

5. y=09x+C)". So y'= —%(9x +C)*?(9) = =3(9x + C)™*”. Substituting into the
differential equation, we have
3O9x+C) ™ =3[(9x+O)"*T =-309x+C)*"

[v'=-3y"]
and it is satisfied. Therefore, y is indeed a solution. Next, using the side
condition,

we find y(0)=C™"’ =1 or C=38.
1/3

Therefore, the required solution is y = (9x+8) .
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6. We have % =X jl . Separating variables and integrating gives
I ydy = J. (x> +1)dx
Ly =Ixt+x+C
7. Y _ou implies that —Inj4 — y| =27 +C,.

G

4—y=Ce™, or y=4—Ce™, where C=¢“.

x : . : . .
8. o =-———. Separating variables and integrating, we obtain
X X

Jd_y:J‘ln_xdx
y x

Iny=1(lnx)’+C,

(1/2)(Inx)?

y=~Ce

9. We have Z—y =3x"y+y* = y*(3x” +1). Separating variables and integrating, we
x

have
[ y2dy=] 3x* +Dyax

—l:x3+x+C.

y
Using the side condition, we find 3 = C. So the solution is
1 2

K ax+l o 20 4 2x 41

10, Y a implies that —In|l— y|=1x’+C,, or 1-y=Ce

1=y
Next, y(0) =-2 implies that 1 + 2 = C. Therefore, y =1— 36_(1/3)X3_

—(1/3)x3

d . . . .
11. We have d_y = -3 x’y. Separating variables and integrating, we have
X
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jd%:j —%xzdx

In[y| = —%x3 +C

Using the condition y(0) =3, we have In 3 = C. Therefore,

1 o »
1n|)’|=——x3+1n3 or y=e WIS _ 3,502
2

. Yot
dx x"+1

[ e
y x +1

Iny=-2In(x*+1)+InC=~In(x*+1)> +InC
Iny(x*+1)* =InC, y(x*+1)*=C

C
T (D)

. Separating variables and integrating, we obtain

Y

Whenx=1and y=1, we find that 1= %, or C=4. Therefore, the required

. 4
functionis y =———.
(x*+1)

13. a. x,=0,b=1,and n=4. Therefore, 7 =0.25. So
x,=0,x, =025 x,=05,x,=0.75, x, =1
Also F(x,y)=x+y*, y(0)=0. Therefore,
Yo=Yy=0
Y, =Y, +hF(x,,7,) =0+0250)=0
Y, =y, +hF(x,5,)=0+0.25025+0) =0.0625.
Y, =¥, +hF(x,,7,) = 0.0625+0.25(0.5+0.0625%) = 0.1884766.

Y, =V, +hF (x5, 7,) = 01884766+ 0.25(0.75+ 0.884766") = 0.3848575.

Therefore, y(1) = 0.3849.

b. n=06. Therefore, 7 =0.1666667.

So x,=0, x, =1.666667, x, = 03333334, x, =0.5, x, = 0.6666667,
x5 =0.8333334, and x, =1.
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So

Vo=Yy=0

Y, =y, +hF(x,,5,)=0+01666667(0+0)=0

¥, =¥, +hF(x,,7) =1+0.1666667[0.1666667 +0° ] = 0.0277778.

Y, =¥, +hF(x,,7,) = 00277778 + 0.1666667(0.3333334 + 0.0277778%) = 0.0834619.

Y, =, +hF(x;,7,) = 00834619 + 0.1666667(0.5+ 0.0834619°)
~ 0.1679562.

V. =7, + hF(x,,7,) = 01679562 + 0.1666667(0.666667 + 0.1679562%)
~ 0.2837689.

P, = Vs +hF(x,,5;) = 02837689 + 0.1666667(0.8333334 + 0.2837689°)

~ 04360785.
Therefore, y(1) = 0.4361.

. a. Here x,=0,b=1, andn=4. So h=1/4=0.25 and
x,=0,x,=025,x, =05, x; =0.75, and x, = 1.
F(x,y)=x>+2y" and y(0)=0. So
Yo=Y,=0
Y, =Y, +hF(x,,5,)=0+025(0)=0
Proceeding in a similar manner, we obtain
¥, =0.015625, y, =0.078247, ¥, = 0.221933.
Therefore, y(1) = 0.2219.
b. Here n=6 and so 2 =1/6 ~0.166667, and
x, =0, x, =0166667, x, = 0333333, x, =05, x, =0.666667, x;=0.833333, and

X, =1L
So
Vo=Y=0
Y, =Y, +hF(x,,y,) =0+0166667(0) =0
Proceeding in a similar manner, we obtain
Y, =¥, +hF(x,,y,)=0.004630, ¥, = 0.023156, y, = 0.065001, y, = 0.140483,
and y, =0.262802.
Therefore, y(1) =0.26280.
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15. a. Here x,=0,b=1,and n=4. So h=1/4=0.25. So
x,=0,x,=025,x,=05, x;, =075, and x, = 1.
F(x,y)=1+2xy* and y(0)=0. So
Yo=Y,=0
Y, =Y, +hF(x,,y,) =0+0251+0]=0.25.
¥, =5, +hF(x,,7,)=025+0251+2(0.05)(0.25)*]= 0.507812.
¥, =5, +hF(x,,5,) = 0507813+ 0.251+2(05)(0.507813)*] ~ 0.822281.
Y, =V, +hF(x,, ;) = 0822281+ 0.25[1+2(0.75)(0.822281)* ] ~ 1.32584.

Therefore, y(1) = 1.3258.

b. n=06. Therefore, h=1/6=0.1666667.

So

x, =0, x, =1.666667, x, =0.3333334, x, =05, x, = 0.6666667, x; = 08333334,

and x, =1. So

Vo=Y,=0

Y, =Y +hF(x,,5,) =0+01666667(1+0) = 0.166667.

¥, =, +hF(x,,7) =1+0.1666667[1+2(0.166667)(0.166667)* = 0.334877.

7, =¥, +hF (x,,7,) = 0334877 + 0.1666667[1 + 2(0.333333)(0.334877)°]

~ 0.514003.
¥, = 5, + hF (x;, ;) = 0514004 + 0.1666667[1 + 2(0.50000)(0.515005)°]
~ 0.724703.
$o =5, + hF(x,, 7,) = 0.724704 +0.1666667(1 + 2(0.666667)(0.724704)’ ]
~1.008081.
Fe = P+ hF(x;, 75) =1.008081+0.1666667[1+ 2(0.833333)(1.008081)* ]
~1.457034.

Therefore, y(1) = 1.4570.

16. a. x,=0,b=1, and n = 4; therefore, 7 = 0.25.
So x,=0,x =025x,=05,x,=0.75and x, =1. Also,
F(x,y)=e"+y?, y(0) = 0. Therefore,
Vo=Yy=0
V=5, +hF(x,,7,) = 0+025(" +0) = 0.25.
Proceeding in a similar manner, we obtain
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17.

18.

¥, =0.5866314, y, = 10848458, y, =1.9083184.
Therefore, y(1) =1.9083.
b. Heren=6andso h=1/6 = 0.1666667 and
x, =0, x, =0166667, x, = 0333333, x, =05, x, = 0.666667,
x5 =0.833333, and x, =1. So
Vo=Y=0
P, =Yy +hF(x,,5,) =0+0166667(" +0%) = 0.166667.
Proceeding in a similar manner, we obtain
¥, =0.3681898, ¥, = 0.6233859, ¥, =0.9629412, y, = 0.14421064,

and y, =2.1722143.
Therefore, y(1) = 2.1722.

Here x,=0,b=1, sowith n=5, and #=1/5=0.2 Then
x,=0,x,=02,x,=04, x;, =06, x, =08, and x;=1
Also, F(x,y)=2xy and y,=y(0)=1
Therefore,
Yo=Y =1
V=Yoo HhF(x,,7,) =1+(02)(2)(0)(1) =1
Y =y, +hF(x,,y,)=1+(02)(2)(0.2)(1) = 1.08.
Vs =9, +hF(x,,y,) =108+ (0.2)(2)(0.4)(1.08) = 1.2528.
Y, =Y, +hF(x;,7,)=12528+(0.2)(2)(0.6)(1.2528) = 1.553472.

Ys =y, +hF(x,,y,)=1553472+(0.2)(2)(0.8)(1.553472) = 2.05058.
Therefore, y(1) = 2.0506.

Here x,=0,b=1,and n=5. So h=1/5=0.2 and
x,=0,x,=02,x,=04, x;, =06, x, =08, and x;=1
F(x,y)=x"+y* and y(0) = y, = 1. Therefore,

Yo=Y =1

Y, =Y, +hF(x,,7,)=1+(02)[0+1]=12

P, =5, +hF(x,,7)=1+(02)[(0.2)* +(12)"] = 1.496.

Y, =¥, +hF(x,,7,) = 1496+ 02[(0.4)" +(1.496)* ] ~ 1.975603.

P, =V, +hF (x5, 5,) = 1975603+ 0.2[(0.6)* + (1.975603)*] ~ 2.828204.
Vi =¥, +hF(x,,7,) = 2.828204 + 0.2[(0.8)° +(2.828204)"] ~ 4.555952.
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The solutions are summarized below:

X 0 0.2 0.4 0.6 0.8 1
v, I 1.2 1.496 19756 2.8282 4.5560
dS —kt —kt
19. = =—kS; Thus, 5(t)=Se ™, 5(t) =50,000¢ ",

S(2) = 32,000 = 50,000 ", e** = % =0.64.

—2klne~1n0.64, or k=0223144.
a. Therefore, S = 50,000e **'**" =50,000(0.8)".
b. S(5) = 50,00008)° = 16,384, or $16.384.

20. Separating variables and integrating, we have

dR ds
= k 5
InR=kInS+InC (where C is a constant).
=InCS".
So R=CS".

21. Separating variables and integrating, we have
J dA _ J' dr
r4+ P

l1n(rA+P) =t+C,
r

In(rd+P)=rt+C, (C,=Cyr)
rA+P=_Ce".
So A= l(Ce" — P). Using the condition 4(0) =0, we have
r

O:l(C—P), orC=P.
r

P
So 4= E(e” —1). The size of the fund after five years is

_ 50,000 (6(0.12)(5)
012
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22. 7 =k(D-S), S(0)=S,. Separating variables, we obtain

23.

ds

A _rar
D-S
Integrating, we find
—In|D-S|=kt +C,
In|D-S|=—kt - C,
D-S=_Ce™
S=D-Ce™".

Next, S(0) =S, implies S, = D—C, or C=D-S,. Therefore,

S=D-(D-S8,)e™".

According to Newton's Law of cooling,

T k(350-T)
dt

where T is the temperature of the roast. We also have the conditions
T(0) =68 and T(2) =118. Separating the variables in the differential equation and

integrating, we have
dT

350-T

=kdt

In[350-T| =kt + C,
350-T=Ce",
or T =350-Ce".
Using the condition 7(0) = 68, we have
350-C =68, or C=282.

So T =350-282¢".
Next, we use the condition 7(2) =118 to find

118 =350—282¢%

e** =0.822695035.
So k =31n0.822695035 ~ —0.097584.
Therefore, T =350—282¢ %73,
We want to find t when 7= 150. So we solve

751
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150 = 350 — 282 ¢ 00975841

e M08 = 0709219858
—0.097584¢ = 1n0.709219858 = —0.343589704,

or t =3.52096, or approximately 3.5 hours.
So the roast would have been 150° F' at approximately 7:30 P.M.

24. Separating variables and integrating, we have

j a0 :jkdt
120-0

~In120- Q| =kt + C,
In[120- Q| = -kt - C,
120-0 = Ce™ (C=e)
0=120-Ce ™.

Using the condition Q(0) = 60 gives
60=120-C, or C=60.

So 0=120-60e™".

Next, 0(10) =90 gives
90 =120—60e '
e—lOk :%

—10k =In4, or k= 0.069315.

Therefore, O(t) = 120—60e "*"> .Upon completion of the course, the student can
take O(20) =120—60e "> =105, or 105 words per minute.

2
25. N :149%. When ¢ = 2, N= 40, and
+4Y%e
200
1+49¢ 4

40+1960e*"* =200
e = 160 60816327)
1960

—400Ink =1n0.0816327
k =0.00626.
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26.

200

Therefore, N(5) = 13 290 20GN0050 ~ 183, or 183 families.

Let x denote the amount of salt in the tank at any time ¢#. Then

dx X dx 1
)= ), or K=12-—x.
g - @ or 107

Also, x(0) =0. To solve the differential equation, separate variables and integrate,
obtaining

J dx =j dt.
12-5x

-10In(12-%x)=1+C,
In(12 -4 x) =01t + C,

12—4x=Ce™"
or x=120-Ce™"".
x(0) =0 implies 0 = 120 - C, or C = 120. Therefore,
x =120(1—e*").

Letting ¢ approach infinity, we see that in the long run, the amount of salt in the
tank will be 120 Ibs.
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