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[1 APPENDIXES

A Numbers, Inequalities, and Ahsolute Values

15— 23] = |—18] = 18

15| - | —23| =5 — 23 = 18

. |—7| = 7 becuuse w > 0.

. |m— 2| =7 — 2 because T — 2 > 0.
.‘ﬁ—?)}=7(\/575)=5-—\/5because\/_f5<ﬂ.
.1\—2|—|—3‘:|2w3 -1 =1

LForz <2, 0 —-2<0s0jz—2=—{2—-2)=2-z

L Fore > 2.r—2>0s0jz—2/=x—2

xr+1 forr+1>0 <«
e+ 1] = _ )
—(r+1) forz+1<0 & z<
i=4

T >

T2
L2 — 1=

20 —1 for2e—-1210
Il —22 for2e—1<0 & x<;

o+ 1] = a® + 1 (since 2% 4+ 1 = 0 forall ).

. Determine when 1 — 222 < 0 = 1< 22 &

1-— 272

1 1 Yol
@< ——=orx > —=. Thus. |1 — 22°| =
ve v | | {23:2 “1 ifr< - or> L

204723 & 2> -4 & x> -—2sor€(~2,00)

Br-11<d & 3x<15 & z<bsore(—,5).

l—x<2 & —z<1 & x> -lsox€[—1,).

Ad-3r>6 & Br>2 & z<-2soxe (-0, %]

2t <hr—8 & 9<3r & J<r, 0w (3,0).

Ll =br>5-3r & Rer>d & .'L'>%.SOLL‘€(,,OO).

Ll <20 -5<T7 & 4<22<12 & 2<z<b,50x € (2,0).

1<3r+4<16 & —3<3r<12 & —1<z<4s0ze(-1,4].

<<l & -1<-z<0 < 12>2x>0s0x(0,1L
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2 -5<3-22<9 o K< 22<6 < 4>z>-3,s0x€[-3,4]
B4z <2+ 1<3r4+2Sdr<2e+1 & 20<l & z<iad2r+1<324+2 & ~1<a

Thus, x € [fl, %)

A
<

2r —3<x+d<3r 252 —3<r+4 & s<landr+4<3z-2 & 6<2r & 3<%
xc (3,7

—_—

3 7

(= 1) —2) >0 Case I (both fuctors are positive, so their product is positive)
z—1>0 < zrz>landr—2>0 < z>2s0xc(20c)
Case 2: (both factors are negative, so their product is positive)
r—1<0 & zrz<landr—2<0 & z<2s0xc€(—o0,1).

Thus, the solution set is (—oc, 1) U {2, 20). ?‘**; >

(2r 4 3) (e -1 >0 Casel: 224320 & arz—g,andmflz(} = r>lsoxg(loc)
Case2: 20 +3<0 < o<—%andz—-1<0 ¢ =z<1,s0x & (—o0, —2] Thus. the solution set is

(~o0. — 2] U[L,00).

3001

2

2t r<l & WHr—1<0 & (20-1)(x+1)<0. Casel: 20—-1>0
s+ 1 <0 < o< —I1, which is an impossible combination. Case 2: 20 — 1 <0 &

< x> —lsox € [—1,3]. Thus, the solution setis [—1, 3].

-1 1

2

Lt <20+ 8 & rf-20-8<0 & (r—4){z+2)<0. Casel: z>4andx < —2. which is
impossible. Case 2: x < 4 and z > —2. Thus, the solution set ts (—2,4).

+ Or——
-2 0 4

Ll tr+1>0 o r2+;c+]3+%>0 = (m+%)2+%>0.Butsince(m+%)2E(Jforeveryrealaf.

the original inequality will be true for all real = as well. Thus, the solution set is {—o00, 20).

L
>

.2+ 2 >1 % x4+ 1 —1 >0 Usingthe quadratic formula, we obtain
riir—1= (:r— 71; 5) (rr:— 7—1‘?@) > 0. Case I: ¢ — 4455 > (and o — # > 0, so that
€ > _1;;& Case 2: © — L;‘@ < Dand x — :——1—%—3& < 0, sothat x < —'—I—QJ Thus, the solution set is

(—oo. *17"@) U (*‘gﬁ.oo).

2

=452 0 -1+
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Mr2<d o 2-3<0 & {(z—-v3)(z+ ﬁ) < 0. Case I: = > V3 and x < —+/3, which is impossible.
Case 2: T < V3 and x > —+/3. Thus, the solution set is (—\/ﬁ, \/3)
Another method: z* <3 & |z| < V3 e i<z« V3.

- V3 0 \-’B

W25 & o520 & (xw\/g)(m-l—\/g)z(].CaseI:szfgandwsz,some[\/g,oo).
Case 2: x < /Bandz < —v/5, 502 € (=00, —/5 |. Thus, the solution set is (~oc, VB U [V5,00).
Another method: 22 > 5 & |¢/>+v6 & z> VBorz < —/5.

3.5 —a2? <0« 2w 1) <0 Since 2% > 0 for all z, the inequality is satisfied whenz — 1 <0 <«
# < 1. Thus, the solution set is (—o0, 1],

W (r+Dx—-2){z+3)=0 < z=-1,2 0r —3. Constructing a table:

Interval r z+3 | (x+1)(z—2)(z+3)

r< -3 - —
B<r< -1 — +
-l<ao<? | -
x> 2 +

Thus, (= + 1){x — 2)(x + 3) > 0 on [—3, —1] and {2, 00), and the solution set is [—3, —1] U [2, o0).

-3 -1 0 2

Bri>r o 22 2>0 & 2(2*-1)>0 & =z(z—1)}(zr+1)> 0. Constructing a table:

Interval r—1|xz+1 | z(z—1){x+1)

r< -1 — - —
—1<ax<0 +
(| -

r>1 +

Since 2* > r when the last column is positive, the solution set is (—1, 0} U (1, co).
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6. 2%+ 3r<dn? & o i3r<0 = z(r®-4043)<0 & xle- 1z -3)<0

Interval | & | 2—1]2-3 | zle—1)(z-3)

x <0 - - =
0<x<l1 +
1<x<3 —

xr >3

Thus, the solution set is {(—oc,0) U (1,3},

C—Cr

a1 3

. 1/x < 4. This is clearly true for x < 0. Sosuppose z > 0. then 1/z <4 & 1<4z & % < . Thus, the

solution setis (—o0,0) U (4, 00},

, —3 < 1/2 < 1. We solve the two inequalities separately and take the intersection of the solution sets. First,

~3 < 1/ is clearly true for 2 > 0. Sosuppose z < 0. Then -3 < 1/z & -3x>1 « < —31 sofor

this inequality, the solution set is (—oc, —4) U (0,50). Now 1/x < Lis clearly true if = < 0. So suppose @ > {).

Then 1/x <1 < 1 <z, and the solution set here is (—oo, 0) U {1, 00}, Taking the intersection of the two

solution sets gives the final solution set: (—oc, —3) U [1,00).

O =3(F~32) = F=2C+32S030<F <95 = 30<3C+32<05 = 18<20<63 =
10 < € < 35, So the interval is [10, 35].

L Since 20 £ O < 30und € = %(F - 32), we have 20 < g(F —32) <3 = BLF-32<5 =
68 < F <0 86. So the interval is [68, 86].
. (#) Let I" represent the temperature in degrees Celsius and b the height in km. T' = 20 when i = U and T decreases
by 10 °C for every km (1 °C for each 100-m rise). Thus, T' = 20 — 107 when 0 < h < 12.
(b) Frompart (), T =20 —10h = 10A=20-T = h=2-T/l0.So0<h<5 =
0<2-T/0<5 = —2<-T/10<3 = —20<-T<30 = 20>T>-30 =
—30 < T <0 20. Thus, the range of temperatures (in °C) to be expected is [—30, 20}.
. The ball will be at least 32 ft above the ground if A > 32 & 128 4+ 16¢ — 1612 > 32 <
1662 — 16t — 96 <0 & 16(t —3)(t+2) < 0.1 = 3and = —2 are endpoints of the interval we're looking
for, and constructing a table gives —2 < ¢ < 3. But t > 1), so the ball will be at least 32 ft above the ground in the
time interval [0, 3].
B. 22| =3 <« either2z =3or2x=-3 < z=3orz=-1.
B |3x+5/=1 < either3z+5=1or—1 Inthefirstcase,3z = ~4 & x= —%, and in the second case.
3z =—0 <« &= —2 Sothesolutionsare —2 and 7.%.
Lz + 3= 2¢4+ 1] & eithera+3=2r+1lorz+3=—(2z+ 1). In the first case, z = 2, and in the second

case,z+3=-2r—1 < 3z=-4 ¢ z=—3 Sothesolutionsare —3 and 2.
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2r — 1 -7 = eitherzm_lz;’,orzm—l:—3.lntheﬁrstcase,Zz—lez-&—.’i < x=—4, and
r+1 T+ z+ 1

inthe second case, 2r — 1= -3z -3 & z=-%.

. By Property 5 of absolute values, |z| <3 & —3 <z <3, 50z € (-3,3).

. By Properties 4 and 6 of absolute values. [z| >3 & z < -3orz >3, 50z € (—o00,—3]U[3,00).
z—4<l & —-l<r—-4<1 & 3<z<bsoze(3,5).

Jz—6l<01 & —01<z-6<01 & 59<z<6ls0z€(5961)

JJe+5 22 & rt+5220rz+5<-2 & r> -dorx < ~T,50z € (—oc, —T]U[—3,00).
Lz +1 >3 & r+l1>30z+1<-3 & z>20rz < —4,50x € (—o0, —4] U [2,00).
2r - 3]<04 & —04<2-3<04 & 26<20<34 & 13<e<LlTsoxe (L3 LT
Br-2 <6 & —6<iz—2<6 & -4<Bz<8 © -i<z<isorze(-§i)
L1 <|z| <4 Soeitherl <z <dorl<-—z<4 & —12>z>-4 Thus,zc[-4,-1Ul,4].
L0 <z -5 <L ClearlyO < |z —5lforz£5 Nowl|z~5l <3 & -j<r-s<z
4.5 < x < 5.5. So the solution set is (4.5, 5) U (5, 5.5).

b be b . be + ac
Lalbr —¢) > be o b.TJ——(SZ—C = bsc2£+c: ¢ +ac =1 IZ——(EGC
a a a

a—c 20-¢

La<brte<2a & a-—c<bhr<2a—-¢ & 7 <zr< 5 {since b > 0)

c—0b
Lar+b<ec & ar<ec-—-b & x> -— (sincea <)
a

ar+b
e

e+ =8 =lz-2)+{y-3)| < |z — 2| +|y— 3| < 0.01+0.04 =0.05

<b o ar+tb>bc sincee<0) < ar>be—->b & < (since a < )

ble—1)
a

. Use the Triangle Inequality: |z + 3| < &+ =

42+ 13 = [4(z +3) + 1| < |4 (z + 3} + 1| =4|z+3[+1<4(3) +1=3

Another method: |z +3| <32 = —-i<z43<3 = -2<42412<2 = -1<4r+13<3 =
a + 13 < 3

JMa<bthena+a<a+banda+b < b+b So2a < a+b<2b Dividing by 2, we geta < %(a+b) b,

.lf0<a<b.lheni>0.80a<b = l-a.<i-b = <
ab ab ab

Jab] = /(ab)? = Va2b? = Va2 Vb2 = |a| ||

%‘ |bl = '% b| = |a| (using the result of Exercise 65). Dividing the equation through by |b| gives ‘{E| = %
) )

M0 <a<bthena-a<a-banda-b<b-b [using Rule 3 of Inequalities). So a* < ab < b and

hence a® < b°.

. Following the hint, the Triangle Inequality becomes [(x —y) +y| < [z —y|+ |y & [|¢| S|z -y + ]y
o =yl = |l = Tyl
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69.

Observe that the sum, difference and product of two integers is always an integer. Let the rational numbers be
represented by r = m/n and s = p/q (where m, n, p and g are integers with n # 0, g # 0). Now
moop

. )
r+s=—+>== M, but myg + pr and ng are both integers, so mgtpn
n q ng ng

= r + s is a rational number by

. . ™ mg — pn . . . m m
definition. Similarly, r — s = — — P_Mmg-pn is a rational number. Finaliy,r-s = — - P_TP but rrpr and

noq ng no g g

. m . . _—
ng are both integers, so P . sis a rational number by definition.
i

. (a) No. Consider the case of V2 and —v/2. Both are irrational numbers, yet V2 + (,\/ﬁ) = (and 0O, being an

integer, is not irrational.

(b) No. Consider the case of V2 and /2. Both are irrational numbers, yet V2 /2 = 2 is not irrational.

Coordinate Geometry and Lines

. From the Distance Formula withzy = 1, 2 = 4, 51 = 1, y2 = 5, we find the distance from {1, 1) to (4, 5) to be

VARG -1)2 =312 =V25=35.

. The distance from (1, —3) to (5,7)is /(5 — 1)2 + [7 ~ (=3)]2 = V42 + 102 = V116 = 2/29.
6P B (<2 = (1) 452 = VT
P 3 (-6) = () 4 32 = VI3

. \/(4w2)2+(77f5)2=\/22+(—12)"':\/171§:2\/3_7
.\/(b—-u) +{a—b)? I\/(a—b)2 (a — b)*

. From (2}, the slope is 14 =—- =2

. THE =

-1 3
—3-6 _ 9
a—(-1) 5
-6 -3 9

. With ?(—3, 3) and Q(—1, —6), the slope m of the line through Pand Q ism = ————— = — .

1-(-3) 2
0—(—4) 4

.m = ——2t = =

6-(—1) 7

. Since |AC| = \ﬂfél —4+(3-2)7 = \/(—4)2 +12 = /17 and

|BC| = \/{—4 (= +[B- (1) = \/(71)2 + 42 = /17, the triangle has two sides of equal length, and

$0 18 1s0sceles.

L@ [AB] = /(11 -6) + -3 () = VT & = Vi,

ACI = /(2 6)° + [-2— (=D = /(~4) + 52 = V4L and

BC) = \J2 =11 +[-2 = (=3) = /(-9 +12 = VB2 %0
|AB|? + |AC]> = 41 + 41 = 82 = | BC|?, and so AABC is a right triangle.
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—3-(-7) 4 -2 (=)
-5 5Mdmac="55%
perpendicular to AC and AABC must be a right triangle.

(b) map = = —3. Thus map - mac = —1 and so AB is

(c) Taking lengths from part (a), the base is VA1 and the height is +/41. Thus the area is bh = \/_ VAL =4

. Using A(—2,9), B(4,6), C(1,0), and D(—5,3), we have
|AB| = /A (=2 1 (6 - 02 = /62 + (=3 = V45 = vIv5 = 315,
BOl = /(T— 42 + (0—6)% = /{=3)7 + (-6)2 = V45 = V05 = 35,
Dl = /(=5 — 12+ (3—0)2 = /(=6)2 + 32 = V45 = vB /5 = 35, and

|DA| = /-2 —{-5)]% +( = /32 62 = V45 = V95 = 3/5. So all sides are of equal length and

6 - 1 0-6 3-0 1
we have a thombus. Moreover, mag = 4_—(_92—} = _E’mBG = m =2, mcp = 1 = ~5 and

o 9-3
-2~ (-5)
. (a) Using A(~1,3), B(3 11), and C(5, 15), we have
|AB| = B - (—D] + (11 — 3)2 = V4% + 8% = VB0 = 4/5,
IBC| = /(5 —3)% + (15 — 11)2 = v22 + 42 = /20 = 2/5, and
|AC| = /6 — (=12 + (15 - 3)2 = v/67 + 122 = V180 = 6v/5. Thus, [AC!| = |AB| + |BC].

— - 12
(b) riap = “ T i) % =2and mac = Bwl_i(—:% =% = 2. Since the segments AB and AC" have the

same slope, A, B and € must be collinear.

= 2, so the sides are perpendicular. Thus, A, B, C, and D are vertices of a square.

_ 1 _
. The slope of the line segment AB is i i =3 the slope of C D is 71 1%

10— 4 SRR
50_" == —3, and the slope of DA is T i (jl) =

Hence ABC D is a parallelogram,

1
=3 the slope of BC is

—3. S0 AB is parallel to C'D and BC is parailel to DA,

3-1 1 8§-3 6—8

. The s of the four sides ¢ = = = = = 7 = — — — =
e slopes of the four sides are mag 11 5,ch 011 5, 1mon 5-10

1-6

1-0

s0 ABC D is a rectangle.

’D,BC || DA,AB1L BC,BC LCD,CD 1L DA and DA | AB, and

Mpa —

17.2=3 18y = —
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19. 0y =0 <« == 0ory=0.The graph 2 |yy=1 & y=lory=-1

consists of the coordinate axes.

. By the peint-slope form of the equation of a line, an equation of the line through (2, —3) with slope 6 is
y—(=3)=6(r—2)ory = 6x — 15

L y—4=-3z—(-1)]ory=—-3z+1

.y—?z%(;rfl)ory: %r—l—%g

y - (-3 = = e — (=) ory = ~Fo -

. . 6— . o
. The slope of the line through (2,1) and (1,6) ism = N —5, so an equation of the line is

-2
y—1=—-5(r—-2)ory=—br+1L

3-(-2
. For{~1,-2)and (4,3), m = ﬁ =1.Sy-3=lx—doy=z—-1
. By the slope-imercept form of the equation of a line, an equation of the line is y = 3z — 2.

. By the slope-intercept form of the equation of a line, an equation of the line is ¥ = éz + 4.
—3-0
-1
Another method: From Exercise 61. % + %3 —] = —3r4+y=-3 = y=3x—3

. Since the line passes through (1, 0) and (0, —3), its slope is m = = 3. so0 an equation is y = 3z — 3.

6-0
0—(-8)

Anather method: From Exercise 61, —I—S +

. For (=8, 0) and (0,6), m = =. Soanequationisy = 3z + 6.

T
¥
6

=1 = -3z+4y=24 = y=3r+6

CSincem=0y—-5=0r—-4)jory=>5
. Since m 1s undefined, we have the vertical line ©x = 4.

. Putting the line o + 2y = 6 into its slope-intercept form gives us y = —%$ + 3. so we see that this line has

slope — 1. Thus, we want the line of slope —3 that passes through the point (1, —6): y — (=6) = —3(z — 1)
1 11

y:—é'.l—?

e+ 3y +4=0 & y= —%Iﬁ %,som: 4§ and the required line is y = —%I—Q—G.

22 +5y+8=0 <« y=—2z— & Since this line has slope — £, a line perpendicular to it would have slope 3.

B

so the required Tine isy — (-2} = 2 [z - (~-1)] & y=32x+3.

.4z -8y =1 @ y=3iz— L Sincethis line has slope 3. a line perpendicular to it would have slope —2, so the

1

required lineisy — (—2) = -2(z - 1) & y=-2z+1

3
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Mr+3y=0 & y= iz 3820 Sy=0 & y=3izs0 39, y = 2 is a horizontal line with
so the slope is — and the the slope is 2 and the y-intercept slope 0 and y-intercept —2.

y-intercept is 0. is 0.

0. 20 —3y+6=0 < N3x—4y=12 & 42 4x+ oy =10 <&

y = 2z + 2, sothe slope is § y = 3z — 3, 50 the slope is £ y = —3x + 2,50 the slope is

and the y-intercept is 2. and the y-intercept is —3. —2 and the y-intercept is 2.

1

/,

e

3. {{z,y) | =<0} M. {(z,y) |y >0} 5. {ix,y) | xy <0} =
{{z,y) | = < Oandy > O}

¥
U{(z,y) |z > 0and y < 0}
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a1, {(T v) ‘ 2] < 2} _

{(z,) | -2 <z <2}

my -
86. {(x,y) | x> land y < 3}

28, {(m,y} ‘ o] < 3and [y| < 2}

¥

9. {(r.y) |0 <y < 4w <2} 50. {(x,y) |y > 2x — 1} Bl {{(z,y) |1+ <y <1-—2r}

y=4

83. Let P {0, %) be a point on the y-axis. The distance from P to (3, —5)
is \/(5 0P+ (-5-y) = \/52 + (y + 5)°. The distance from P

llm\/(lu + (1 -y \/12 + (y — 1)*. We want
\/1‘3 y—l &

these distances to be equal: \/o +{y+5)

P4y+5)=12+y-1° o

25+ (4" + 10y +25) =1+ (y° — 29+ 1) < 12y=-48

= -4, So the desired point is {0, —4).

54, Let M be the point (i"i—}’"i i&gﬂ) Then
‘ r1 + 222 Y1 + 2 1 — Loy > Y — 2
AP = (‘“ N %) + (yl - yl—Q_yz) N ( : 2 2) + (Jl 2 yz) and
do N 2 oy 2 s — N2 s 2
MPy|* = ( -n ;“"'2) + (m _ %) - (“ . "”1) i ("” "”) . Hence, |M Py| = |MPyl:
is. M s equidistant from Py and 2.
55. (1) Using the midpoint formula from Exercise 54 with (1,3) and (7, 15), we get {242, 3813} = (4,9).
S e L (1),

{b) Using the same formula, we get ( 3
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86. The midpoint M, of AB is (152, %£8) = (2,3), the midpoint Mz of BC'is
(i:“zﬁ: %) = (l—;,4), Elﬂd lhe Inidpoiﬂt ﬂfirg Of CA iS (izt—l‘1 2—:?) — (g: 1) The ]engths Of the

medians are |AMz| = \/(% -~ 1)2 + (-0 = \/(%)2 142 = /U8 o _@

|BMa| = \/(g 3)’ ; 33 =/l V199 ang

2

r—y=4 & y=2x-4 = my=2andbr-2y=10 & 2y=6x-10 < y=3xr—-5 =
my = 3. Since my # ey, the two lines are not parallel. To find the point of intersection: 2r —4 =3z -5 &
r=1 = y=—2 Thus, the point of intersection is (1, —2].

L 3r—by+19=0 & bHy=3zx+19 < + 2 = m=fandllz+6y-0=0 &

3
5
3
5

by =—10x+50 = y= fém + % = 2= —3. Since mimg = (—%) = —1, the two lines are
perpendicular. To find the point of intersection: £x + l—f = —%m + 5351 & Or457=-22x+125 <
Mr—68 & r=2 = y=2 2+ =2 =5 Thus, the point of intersection is (2,5).

. With A(1,4) and B{T7, —2). the slope of segment AB is _72:14 = —1, so its perpendicular bisector has slope 1.
The midpeint of AB is (%7 i&;&)) = {4, 1), so an equation of the perpendicular bisector is y — 1 = l{z —4)

ory=mx—3.

. (a) Side PQ has slope 2=2 = 2, soits equationis y —0 = 2 (z — 1} & y= 2z — 2 Side QR has slope

G-t — L soitsequationisy — 4= —3(z—3) < y=-—zr+ L. Side RP has slope

- 8"('7“’1] = —3,soitsequationisy ~0=-3(z-1) & y=-3z+3

(b) M\ (the midpoint of PQ) has coordinates (252, &%) = (2,2). M2 (the midpoint of QR) has coordinates

(#51, 458y = (1,5). M (the midpoint of 2P) has coordinates (5=, =12} = (0,3). RM: has slope

5o = —3 and hence equation y — 2 = -3(x—-2) & y=-jz+ 3. PMyisavertical line with

equation = 1. QA7 has slope 2=% = £ and hence equation y — 3 = iz-0) o y= ir+3. PM,

and HAf, intersect where x = land y = —% (1) + -IBi = ]—30, orat (1, %) P My and QM3 intersect where

z=1landy =1 (1)+3 =3 orat{1,4).so this is the point where all three medians intersect.

61. (a) Since the z-intercept is a, the point (a, 0) is on the line, and similarly since the y-intercept is b, (0, b) is on the

. . o b— b N
line. Hence, the slope of the line is m = 0 0 == ——, Substituting into y = mx + b gives y = —Q:R +b &
—a a o3

b
—r+y=b <
a

(b} Letting « = 6 and b = —8 gives % + _ig =1 < —8z+ 6y = —48 [multiply by —48] <«

by=8r—48 & 3Jy=4r-24 & y=%a:—8.
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62. (a) Let d = distance traveled (in miles) and t = time elapsed (in hours). (b)
Att =0,d = 0andat t = 50 minutes = 50+ o= = 2 h, d = 40.
Th have t ints: (0,0) and (2,40}, som = -0 _ g
us, we have two points: (0, =,40), =%5/6-0

and d = 48¢.

(c) The slope is 48 and represents the car’s speed in mi/h.

C Graphs of Second-Degree Equations

. An equation of the circle with center (3, —1) and radius 5 is (z ~ 3)% + (; 1)? =5% =25.

. From (1), the equation is (z + 2)% + (y + 8)* = 100.

. The equation has the form z° + y* = r?. Since (4, 7) lies on the circle, we have 42 + 72 = 2 = r* = 65. So
q )

the required equation is & + 3° = 65.
q 4

. The equation has the form {z + 1)? 4+ (y — 5)* = r2. Since (—4, —6) lies on the circle, we have
P2 = (=44 1) + (=6 — 5)* = 130. So an equation is (z + 1)® + (y — 5)* = 130.

caf by A+l 4+ 13=0 o 2P —dr+ P+ 10y=-13 &
(x2 —/1:c+/1) + (y2 + 10y +25) = -13+4+25=16 & (z ~2)* 4 (y + 5)® = 4%, Thus, we have a

circle with center (2, —5) and radius 4.

Lty by +2=0 & 2P+ (gP+6y+9) =-2+9 < 2%+ (y+3)° =7 Thus, we have acircle
with center {0, —3) and radius /7.

P24l 4e=0 = ('1:2+1;+%)+y' = (m+%)2+y2:(é)z.Thus,wehaveacirclewith
center (—3,0) and radius 3.

1627 + 167 + 82+ 32y +1=0 & 162" +42+£)+ 16+ +1) =-1+1+16 <
16(:1:-&-3) +16(y+ 1) =16 <« (a:-«-ﬁ)zwf-(y%—l)z=].Thus,wehaveacirclewithcenter(—%,—1)

and radius 1.

L2t~y =1 ol BVt + iyt ) =148 4+E &

2(?——) +2{y+ 1 ) : (z—%)2+(y+;11)2: 5. Thus. we have a circle with center {4, —) and

5 V1O
radius e

ety dar+by+e=0 & (m2+am+la2) -+—( 2+by+lb2) = —c—i—laz+lb2 &
(x+4 )2 +(y+ 3b )2 = 1 (a® + b” - 4c). For this to represent a nondegenerate circle, 3 (a® +b* — 4¢) > 0
or a® + b > 4e. If this condition is satisfied, the circle has center (——a ——b) and radius 5\/a2 + 8 —4c.
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. y = —2°. Parabola 12. 4? — x* = 1. Hyperbola

E‘Z

13. 22+ 447 =16 < T

2
+ yf = 1. Ellipse 14. z = —2y°. Parabola

2 .
T

~— + Z.. = 1. Ellipse
s P

15, 1627 — 25y% = 400 & % ! : 16. 2522 + 432 = 100 <

Hyperbola

2
I

i/4 +y* = 1. Ellipse 18. y = 2% + 2. Parabola with vertex at (0),2)

Marr +y° =1 <

¥
¥
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19. r = y° — 1. Parabola with vertex at (—1,0) 20, 9% — 25y° =225 &

Hyperbola

—
0\‘

. - mz 2 )
.97 -2"=9 o - % = 1. Hyperbola 22,207 + 52 = 10 & 5+ 22— = 1. Ellipse

¥

N

23. zy = 4. Hyperbola By=z"+2r= (P +22+1)-1=(z+ 1)%-1.

Parabola with vertex at (—1, —1)

VA

Bor—17+4{y—2"=36 <

12 _9y2 1622 +9(y? —dy+4) = 1084+ 36 = 144 <
(@ 41) +(y ()2) = 1. Ellipse centered at * (J vt ) *

@ (y-2° ‘
(1,2) Y + EET 1. Ellipse centered at {{), 2)

26, 162° 4+ 9y° — 36y = 108 &

© Brooks/Cole UK under business license to TT inc.



Intended for the sole personal use of the stipulated registered user only.

APPENDIX C  GRAPHS OF SECOND-DEGREE EQUATIONS &0 1055

7. y=2" 6+ 13=(a° - 60 +9) +4= 2827~y -4z +3=0 =

K 2 e _
(z — 3)* + 4. Parabola with vertex at (3, 4) (2 —dz+4) —y'=-3+4=1 &
(z — 2)* — y* = 1. Hyperbola centered at (2, ())

¥

A

30. 4 —2z+6y+5=0
Wby +9=22+4 <&
(y +3)° =2 (z + 2). Parabola with vertex
(=2,-3)

\
NP+ 4y —6r+5=0 & 32 42 +9y° — 16z + 54y +61=0 <
(22 -6z +9) +44* =-5+9=4 = 4{z® —dz+4)+9(y" + 6y +9) =

(x—3)?% —614+16+81 =36 &
e+ y“ = 1, Ellips tered at (3,0 ; .
7 + Y ipse centered at (3,0) (r— 2 . (y+3)2

y 9 4
(2,-3)
i

4

= }. Ellipse centered at

33. y = 3z and y = 27 intersect where 3z = z° <

0 =% — 3z = x (z — 3). that is, at (0,0) and {3, 9).
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y =4 —z% x — 2y = 2. Substitute y from the first equation into the
second: z—2(4-2%) =2 < 22'+z-10=0

& (22+5)(x—2 =0 < ©=—32or2 Sothe points of

intersection are (—3, —3) and (2,0).

35, The parabola must have an equation of the form y = a (x — 1)? — 1. Substituting = = 3 and y = 3 into the
equation gives 3 = a (3 — 1)* — 1,50 a = 1, and the equation is ¥ = (z — )7 —1=2zu*-22.
Note that using the other point (=1, 3) would have given the same value for a, and hence the same equation.

2 2
. The ellipse has an equation of the form r_2 + %? — 1. Substitutingz = land y = —393‘@ gives
4]
, 2
12 (=10v2/3 1200 . Wh
e (—bz—u =3 + rYeie L. Substituting # = —2 and y = 030 gives

. 2

—0F (5V5/3 4 125 . 1 200

( >) + ( \/_)/ ) = — = 1. From the first equation, — — 1 — 1 Putting this into the second
02 b? a? 92 a? 2

9b
200\ 125 675 y2 _ 675
952

—— 3 == = — = 20,8 b - 5. -
07 = 902 = 77 3, §O Hence
1 1 200 1 2 2

- —- = — and so & = 3. The equation of the ellipse is — + == = 1.
9(57 9 : ¢ equat Psels g T o3

37 {(:1:,y) |+t < 1} 38. {(ﬂ:,y) | 2 44y > 4}

equation gives 4 (1

|
-
Wl

38 {(z,y) v > - 1}
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D Trigonometry

O

1057

L 210° = QIO(T%) = T rad

L 300° =300 (&5) = % rad

180

. 9°:9(%):1 rad

20

. —315° = —315(:%) =

. 900° = 900 (&5

180

L 36° = 36(Z5) ==

R

. 47 rad = 4z (122

. Using Formula 3, ¢ = rf = 36 - 5 = 3w cm.

. Using Formula 3, a = r6 = 10 - 72(155) = 4m em.

. Using Formula 3.6 = a/r = 75 = 3 rad = § (&

a

La=710 = r=%=

-,

-
)

-
N
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From the diagram we see that a point on the terminal side is P(—1,1).

Therefore, taking x = =1,y = 1, v = \/§ in the definttions of the

i ic rati in 87 — L 8
trigonometric ratios, we have sin 4 T sy =

tan 3 = -1, csc & = V2, sec & = —+/2, and cot 3F

From the diagram and Figure 8, we see that a point on the terminal side is
P(—l, —\/3) Therefore, taking £ = -1,y = ~\/§, r = 2inthe

definitions of the trigonometric ratios, we have sin 3 = — 39

am _ 1 in _ dm _ 2 4m
cos 5 = —3.tan 5 7\/§,csc 3 = TS0

4 A
cot 3 7

From the diagram we see that a point on the terminal line is P (0, 1).
Therefore taking 2z = 0, y = 1, 7 = 1 in the definitions of the
trigonometric ratios, we have sin 2¥ = 1, cos & = 0, tan 5 = y/xz is
undefined since z = 0, csc 2 = 1, sec & = r/x is undefined since

I:U,andcotg.?” = 0.

From the diagram, we see that a point on the terminal line is P (—1,0).
Therefore taking z = —1, y = 0, r = 1 in the definitions of the
trigonometric ratios we have sin {—5m) = (), cos (—57) = —1,

tan (—5m) = 0, csc (—57) is undefined, sec (—5m) = —1, and cot (—5m)

ts undefined.

Using Figure 8 we see that a point on the terminal line is P (f\/ﬁ, l).

Therefore taking = = —~+/3, ¥ = 1, = 2 in the definitions of the

5w __
tansf

From the diagram, we see that a point on the terminal line is P (—1,1).

Therefore taking « = ~ 1,y = 1, r = +/2 in the definitions of the

1lx

. PO s 1lw 1
trigonometric ratios we have sin 1 ok Cos =~ =

tan 1? _ —l,csc%: = /2, sec%ﬂ = —+/2, and cot 117
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.sinf = y/r = % = y=3r=5andz=r?—y?=4(ince 0 <8 < % ). Therefore takingzx =4,y = 3,
r — 5 in the definitions of the trigonometric ratios, we have cos 6 = 2, tan§ = 3 esell = 2, seefl = 2, and
_ 4
cotf = 3

. Since < a < §, ais in the first quadrant where z and y are both positive. Therefore, tan o = y/u = —f =

y=2,x=landr= /22 +y* = \/5 Takingz =1,y = 2,7 = \/5 in the definitions of the trigonometric

. . 2> 1 V5 —
atios = = = . csca= X2 seca =+ adcota = 5.
ratios, we have sin o 5 COSQx = —=, CSC QY S NG 5

.Z <¢<m = ¢isinthe second quadrant, where x is negative and y is positive. Therefore
secp —r/r=-15= —% = r=3z= 2, andy=+vr?—z?= Vb, Takingz = =2,y = /5, and
r = 3 in the definitions of the trigonometric ratios, we have sin ¢ = % cosp = —2 tang = —% cscd = o,

_ 2
and cot @ = Nt

. Since m <z < 37" x is in the third quadrant where z and y are both negative. Therefore cosz = x/r = fé =

z=—-Lr=3andy=—vri—z?= —/8 = 72\/5. Takingz = —1,r =3,y = 72\/§in the definitions of

. : . G e 242 _ . - __3 R _ 1
the trigonometric ratios, we have sinx = =, tane = 2+/2, cscx = T SecT = d,andcotx = 35

. T < 3 < 27 means that 3 is in the third or fourth quadrant where y is negative. Also since cot 3 = z/y = 3 which
is positive, z must also be negative. Therefore cot 3 = z/y = % = x=-3,y=-1and

r = +/z2 + 42 = /10. Taking x = —3, y = —1 and r = /10 in the definitions of (he trigonometric ratios, we

have sin 3 = -—ﬁ,cos,@ = —%,tanﬁ = %,cscﬁ = —+/10. and sec 8 = —@.

. Since %” < @ < 2m, 0 is in the fourth quadrant where x is positive and y is negative. Therefore cscf = r/y = —:
= r=4y=-3andxr=+/r*—y>= V7. Taking z = \ﬁ y = —3,and 7 == 4 in the definitions of the
trigonometric ratios, we have sin 8 = —%, cosf = Jg, tanf = f%. sect = %, and cot 8 — —lé—?.

. sin35° = 110 = 2 = 10sin35° ~ 5.73576 cm

. cos40° = 5"% = r=25c0os40° = 19.15111 cm

= ¢ =8tan ¥ ~ 24.62147 cm

2
T = 2% =z 5748877 cm

COs g

(a) From the diagram we see that sin 8 = y_ E, and
Pib, a) oo

a sin(—#) = _?ﬂ = —% = —sind.

(b) Again from the diagram we see that cos § = % _b_ cos(—6).
rooc
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4. (a) Using (12a) and (12b}, we have

sinzcosy  coszsiny

_ sin(r4+y) sinxcosy+cosrsiny  coszCosy * coszcosy _ tanz +tany

tan{x +y) = cos(z+y) coszcosy—sinzsiny - coszcosy  sinzsing 1 —tanztany
COS T COS Y cCosrcosy

(b) From (10a) and (10b), we have tan{—#) = — tan 8, so (14a) implies that

tanz + tan(—y)  tanz —tany

tan(e — y) = tan(e + (-y)) = 1 —tanztan(—y) 1} tanztany

. (a} Using (12a) and (13a), we have

é [sin (x +y) + sin(z — y)] = % [sinz cosy + cosTsiny + sin z cosy — cos T sin y]
1

=5 (2sinxzcosy) = sinzcos y
{b) This time, using {12b) and (13b), we have

2 [cos (z +y) +cos (z —y)] = llcoszeosy — sinzsiny + cosz cos y + sinz siny]

=1 {2coszcosy) = coszcosy

{¢) Again using (12b) and (13b), we have

3 [cos(z —y) —cos(x + y)] = § [coszcosy + sinzsiny — cosz cosy + sinz siny|
1

=3 (2sinrsiny) = sinzsiny
. Using (13b), cos(% —z) =cosfcosx +sinfsinr =0-cosz+ 1-sinz =sinz.

. Using (i2a), we have sin(-’zL + 1) = sin % cos X + cos % sine = 1-cosax +0-sinx = cosx.

. Using (13a). we have sin{m — z) = sinwcosz — cosw sinx = 0- cosx — (—1) sinz = sin z.

. Using (6), we have sinfcot @ = sinf - C?jg = cosf.
5

. (sinz + cosx)® = sin’ z + 2sinz cosw + cos® ¥ = (sin? & + cos® ) + sin 22 [by (15a)]

= 1+sin2z |by (7]

1—cos’y _ sin® y by (7)] — iny

siny = tanysiny [by (6)]
COs Yy COS Y cos Yy

1
L BECY — COSY = @ —cosy |by (6} =

. . . 2 2
2 .2 sinfa ., sin? a —sin® acos’a  sin®a (1 - cos’a) s
L tan o — sin“ o = 5 —sinfa= 2 = 3 = tan” asin” « [by (6},
cos? co8? o cos? o
(Nl

cos® 8 1 cos? @cos? @ + sin? 8
+ —7 lby (6)] =
cos< d

. cot’ O + sec?H =

sin® @ sin® @ cos? 8
1 —sin?#) (1 —sin®#) + sin® 9 1
= ( ) (2 P ) iby (1] =
sin® # cos? @
2 -4 ]
cos” # +sin~ # 1 sin"f 5 2
= ——=—— by(Nl = Y + oy = ¢ 8 + tan” ¢ [by (6]

—sin?0 + sin* 0
sin® 6 cos? ¢

sin® @ cos? ¢
2 2
sin2t  2sintcost

1
by (15a)] = —————— =scctcsct
Iby (13a]] sintcost

. 2esc 2t —
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_ tan 6 + tand 2tan g
5%. Using (14a), we have tan 20 = tan(f + 8) = Tt Btant — 1= tanlf’

1 1 1+4+sinff+1—sind 2 2 2
. = = = by (1] = 2sec” 8
52 1 —sinf * 1+sin@ (1 —sind) (1 +sinf) 1-sin*6 cosd [by (D] 5

53. Using (15a) and (16a),
sin x sin 27 + cos cos 2r = sin ¢ (2sinz cos ) + cosz (2 cos® T — 1) =2 sin® zcosz + 2cos’ © — cosw
=2(1—cos’zr)cose + 2cos’ & — cosx [by (7)]

—2cosT —2c08° T+ 2cos” & — cosz = cosx
Or: sinxsin 2z + cosxcos 2z = cos {2z — z) [by 13(b)] =cosz

54, Working backward, we start with equations (12a) and (13a):

sin (z + y) sin (z — y) = (sinzcosy + cosxsiny) (sinzcosy — cos xsiny)
= sin” x cos” y — sin T cosy cos rsiny + cosrsinysinx cosy — cos® z sin” Y
=sin’ z (1 — sin® y) — (l — sin® m) sin® y [by ()]
=sin’z —sin® zsin®y — sin” Y+ sin” z sin” Y= sinx — sin” y
~ singp __sing  l+cosd sing (1 +‘cos¢) _ sinq‘)(-l + cos @) [by (7]
l—cos¢ L—cos¢ 14cosg 1 — cos? ¢ sin? ¢

_ l+4cosp 1 cos @
T sing  sing  sing

=cscg 4 cot ¢ [by (6)]

sine i | sin e cos y + cosx sin sin{x+y) .
L siny y y _ @Y b 00
COSEL  COSY COS T COS Y COS X COs Y

56. tanx + tany =

57. Using (12a).
sin 30 + sinf =sin {20 + 6) + sinf = sin 26 cos 6 + cos 20 sin f + sin d
=sin26cosf + (2 cos? 6 — 1) sin8 + siné [by (16a)]
= sin20cos @ + 2 cos” fsinf — sinf + sin @ = sin 26 cos § + sin 20 cos § [by (15a)]

=2sin 26 cosf

B8. We use (12b) with z = 268, y = € to get

cos 38 = cos (26 + 8) = cos 20 cos  — sin 260 sin
=(2 cos’ 6 — 1) cos b — 2sin” @ cos @ [by (16a) and (15a))
= (2 cos® 6 — 1) cos f — ‘2(1 — cos® 9) cos 8 [by (7)]

—2cos® 0 — cosf — 2cosf + 2cos’ 8 = dcos® 8 — 3cosd
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. Since sinr = = we can label the opposite side as having
length 1, the hypotenuse as having length 3, and use the

Pythagoreuan Theorem to get that the adjacent side has

length /&, Then, from the diagram, cos . = —?. Similarly

we have that siny = % Now use {12a):

sin{x + y} = sinwcosy -+ cos x siny = % i e % = % + Ll‘"g& =
. Use (12b} and the values for sin y and cos x obtained in Exercise 5% to get
cos{x+y) =coszcosy —sinxsiny =
. Using (13b) and the values for cos r and siny obtained in Exercise 59, we have

cosi{r —y) =cosxcosy +sinwsiny = Ag_g . % + é

sin(z —y) =sinzcosy — cosasiny = ;

. Using (154) and the values for sin y and cos i obtained in Exercise 59, we have

4 _

sin2y = 2sinycosy = 2- g -

. Using (16a) with cosy = % we have cos 2y = 2cos’ y — 1 = 2(%)2 —1=

L 2cosr—1=0 <« c:os::::% = m:%,%’forre[ﬂjw}.

Cdeot’r=1 & 3=1/cot’z & tan’z=3 & tanz = +v3 =

Jtanw| =1 < tanz=—lortanz =1

. Using (154). we have sin 2 = cosz < 2sinzcosz —cosz =0 & cosz(2sinz ~1) =0 <

cosr=0or2sinr—1=0 = w=% Forsinz=1 = z=Zor2L Therefore, the solutions are
an 3w

x 2%
20 60 27

. By (15a).2cosx +sin2z =0 <> 2cosr+2sinzcoszr =0 < 2cosx(l+sineg) =0 & cosz=0
wrl4sine=0 < :c:%,%”orsinr:—l = r:%W.Sothesolutionsareﬂ::%,37“.
sinx

Lsine =tanx & sinz—tanzr=0 & sinz—-——=010 < sin:r;(l—
Cos T

) =0 < sinz=0

COS T

1

1 . .
orl — =0 = r=0m2ro0rl= = cosr=1 = x =0, 2nr. Therefore the solutions are
COs T COsT

o =0, 2w,

By (16a), 2 + cos2e = 3cose & 2+2cos’z— 1 =3cosr & 2c08°z —3cosz +1=0 &
1

(2cosa — Ly{eose — 1) =0 <« cosz=lorcosze =41 = w=02rorx=7, "
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. We know that sinx = % when x = Z or & and from Figure 13(a), we see that sinx < % = 0<x<

6
2 <p<2nforz € [0,27r].

T

. 2cosr+1>0 = Zcosz>-—-1 = cos;u>—l.cosa;:-%whenz:%,%andfmmFigure13(b),

weseethatc0b$>f— when 0 <z < 2;,4; < x < 27

. tanz = —1 whenx = 2%,

= 0<z< I, ¥ <y

andtanz = 1 whenxz = 7 or 57”. From Figure 14 we see that —1 < tanx < 1

4
and T < & < 27

J[
4
ki

. We know that sinz = cosx whenx = 7, T" and from the diagram we see thatsinz > cosz when § <« <=

¥ =CosX

71. y = cos(x — % ). We start with the graph of 78. v = tan 2x. Start with the graph of y = tanx

y = cosx and shift it § units to the right. with period 7 and compress it to a period of .

¥

|
2

S

19 y=3 tan(1 — Z). We start with the graph of 80. y = | + secz. Start with the graph of y = secz

y = tan.r, shift it 5 units to the right and and raise it by one unit.
compress it to { of its original vertical size.

¥
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81. y = |sinx|. We start with the graph of y = sinz 82. y = 2+ sin{x + £ ). Stast with the graph of
and reflect the parts below the x-axis about the y = sinz, and shiftit % units to the left and 2

T-AXis. units up.

3z

i3
4

83. From the figure in the text, we see that © = bcosé, y = bsin g, and from the distance formula we have that the

distance ¢ from (z, ) to (a,0)ise = /(z —al2 + (y — 0)? =

&* = (bcost — a)® + (bsin ) = 0% cos® # — 2abcosf + a® + 0¥ sin” 6

=q” + b’ (Cos2 § + sin? 9) — 2abcosd =a® + B — 2abcosd [by ()]

84. |AB|* = |AC|* + |BC|? — 2|AC||BC|cos ZC = (820)° 4 (910)° — 2(820)(910) cos 103°
~ 1,836,217 = |AB|=1355m

85. Using the Law of Cosines, we have ¢® = 12 + 1® — 2(1)(1) vos (o — 3) = 2|1 — cos(a — 3)]. Now, using the
distance formula, ¢ = |AB|* = (cosa — cos 3)° + (sine — sin 3)*. Equating these two expressions for ¢, we
get 2[1 — cos(a — 3)] = cos? a + sin® a + cos® 3+ sin” § — 2cosacos § — 2sinasingd =
1 —cos(ar — ) =1—cosacos B —sinasing = cos(a — 3) = cosacos 3+ sinasin 3.

86. cos(r + y) = cos(z — (—y)) = cosx cos(—y) + sinxsin{—y)

=cosrcosy —sinzsiny [uvsing Equations [0a and 10b]

82. In Exercise 86 we used the subtraction formula for cosine to prove the addition formula for cosine. Using that
formulawithe = 2 — o,y = 3, we getcos [(5 —a) + 8] = cos(§ — a) cos 3 —sin(§ —a}sing =
cos [E = (o — 8)] = cos{E — ) cos B —sin(Z — «) sin /3. Now we use the identities given in the problem,
cos(Z — @) = sinfand sin(Z — 8) = cosd, to get sin(a — 8) = sinccos § — cos asin 5.

88. It 0 < # < %, we have the case depicted in the first diagram. In this case, we see that the height of the triangle is
h = asinf. If 7 < @ < x, we have the case depicted in the second diagram. In this case, the height of the triangle
is i = asin (7 — A} = asind (by the identity proved in Exercise 78). So in either case, the area of the triangle is

%bh = %ab sin @,

1

b

89. Using the formula from part (a), the area of the triangle is 2 (10)(3) sin 107° & 14.34457 cm®.
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E Sigma Notation

1.i\/i=ﬁ+\/§+ﬁ+\/1+\/5

3]
33 g% 438 .Zi3:43+53+63
i—4

8
:—1+%+g+g+g . e =2 422" 428
« o] v ket
710 10 10 10 t Y 2 412 ’ ay2
=1"4+2"+3"+--+n S =+ (n+ D)+ 4+ 2+ (n+3)

n

(C1¥ =1 14114+ (-1)"" LY fle) Az = fley) Az + fwe) Axs

+ flzs)Azs + -+ flen) Ay

10 7
12434+ 10=) VBHVAEVEHVE+VT =) Vi
=1 =3
23
i 3 .4,5 6 23
9oy Iy 2,02 2
i1 R R TR

=1
244+ 6+8+ -+ 2m =) 2
i=1

5

; 1 1. 1 1 1 1t
1424448 416432=) 2 B -+ -t — =+ ==
i:O 17479716 " 25" 36

R N SRR * W1-—z4+2° -2+ +(=1)
T3 2) = [3(4) - 2+ [3(5) — 2 + [3(6) — 2]+ [3(7) — 2] + [3(8) — 2] = 10+ 13+ 16 + 19 + 22 = 80

¢
Y i+ 2)=3-544.6-45.7+6.8=15+24+35+48 = 122

i=3

6
.233'“ =32 4343 +3°+3° 437 =9+ 27+ 81 + 243 + 729 + 2187 = 3276
7=1

(For a more general method, see Exercise 47.)
8
. Zcos km = cos0 + cosm + cos 2m + cos 37 + cosdm + cos 5w + cos O + cos 7w + cos 87
k=0
=1-1+1-141-14+1-1+4+1=1
20
2 Z(wl)":—1+171+1—1+1—1+1-—1+1—1+l—1+1—1+1—1+l—l+1:0

n=1
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100
26. Z4:4+4+4+---+4:100-4:400
=1

(100 summands)

4

_Z(2i+z ) (1+0)+ (24 1) + (4 +4) +{(8+9) + (16 + 16) = 61

=Pty od 2?2t 49" 4277 =635

n(n+ 1)

5 [by Theorem 3(c}] = n(n+ 1)

R Sn(n+1) 4n  Bn+5n  n(bnt1)
Zn—oi;z—% 5 = 5 = 5

nn+1)(2n+1)  3n(n+1)
B 6 T

= é [(2713 +3n% 4+ n) + (9712 4 Qn) + 24n] = é (2n3 +12n% + 34??,)
%n(n2 + 6n + 17)

+4dn

i 9 + 12 + 4i°) ZQ+12ZI+4Z ;2
=1

f=1
2n(n +1)(2n +1) _ 27n+ 18n + 18n + 4n® + 6n° + 2n
3 B 3

=1 {4n® + 24n® + 4Tn) = 3n (4n + 24n + 47)

=Un+6nn+1)+

.i(i+l)(i+2) i(z +3i 4 2) Zz +321+22
i=1 i=1
nin+ 1)(2n+ 1) dn(n + 1)
6 T 2
_n{n+1)
-3

+2n=@[(2n+l)+9]+2n

(n+5)+2n = [(n+1)(n+5)+6}:%(n2+6n+11)

n

=Y (& + 3% + 2i) =ii3 +3i:'i.2 +2ii
=1 i=1 iw=1 i=1

n{n + 1)}2 N 3n(n+ 1)(2n + 1} . 2n(n + 1)

6 2

n{n+1) +2n+1 +1} _nntl)
2 4

nin+ 1)(n +2)(n +3)

(n-2 +n4dn+2+4)

i: g: 22: ] n(n+1 _on
1) [n(n + )—21—%—%
Infin+ Din-Dn+2) -8 =3n[in® - {n+2) -8 = in(n’+2n° - n - 10)

sn(n+ aln+ 1)(n +2¥{n—1)-2n
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nin+1)
2
(n+13)(n—12) =0 & n=120r ~13. Butn = —13 produces a negative answer for the sum, so n = 12.

36. By Theorem 3(c) we have that >~ i = =78 & nnt+1)=156 < n"+n-16=0 <«

=1

37. By Theorem 2{a) and Example 3, Z ¢ = CZ 1 =en.
=]

i=1

T
38. Let S, be the statement that 3 =

i=1

EEy

2
) 1-9
1. & is true because 1% = (—2-—) .

k
2. Assume Sy is true. Then > it =
=1

(k+1)°

kfi'ﬂ: {ﬂ%ﬂrﬁ-(k+l)3 K+ 4k +1)] = (k+2)°

i=1

:(k+1)2[
4

_ ((k+ 1) [(1;+1)+1])"

showing that S,y is true.

Therefore, Sy, 1s true for all 7 by mathematical induction.

39 i [(i + 1 _,ﬁ} — (2 - 1% + (34 L U AP [ 1) ___nd]

={n+1) —1*=n*+40° + 6n° + 4n
On the other hand,

T T

ST+t = =D (46" + 68 4 4i 4 1) :4iz’3+6iz’2+4ii+il
i=l iwl i=1 i=1

i=1 =1

=45+ nn+1)2n+ 1)+ 2nn+1)+n |where S = Z;ﬂ

i=1

—45+2n° 3 +n+ 20 + 2n+n =48+ 2 + 50° + 4n

Thus, nt + 4n® 4 6n2 + 4n = 48 + 2% + 5n? + 4n, from which it follows that
n{n+1) ] 2

4S=n*+ 20" +n® =n*(n* +2n+1) =n’(n+1)*and § = { 5

40. The area of (7, is

‘)2= [i(i;l)r - [(i;mr :i: [G+1)° = (i - 1)*]

_%[(z’2+2z‘+1) ~(F-2i41)] =

%(4@) =i

- n(n+1)7°
Thus, the area of ABCD is > i = [__2_} _
i—1
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a. -] = (10 = (2 -+ (32 o+ - )Y =t 0=
+ (5100 o 599) — 51(]() —0 51(JU -1

(Lo 1Y
99 100/)

(d) Z((!, — (1,,;71) = ((Ll 7(’10) + ((Lz —041) + (a3 ﬁaz) + -+ (f)ln. — (J,nﬁ]) = an — Ao

i=1

S

1 —_— ———
3 0

T T T
. Summing the inequalities — |a;| < a; < |a;| foréi =1,2,... ,n, we get — E la;| < Z a; < E |a:]. Since
: — e

. n
|z] < ¢ & —c<w <e, wehave Z | < Z |ai]. Another method: Use mathematical induction.
i=1 i=1

~ lim 1' nn+1)(2n+1) i 1(1+ 1)(2+%)

TL— OO 'n,‘j 6 n—oo f)

=2 |2y 2 e [16,4 20
S22 ()] - e 2

i=1

.2 2 2
— hm {l(z n“{n+ 1) g_(ln(n—{—l)} — m [4(n+1) N 10n{n+1)

TRONT T 4 n? 2 n? n?

T2 0

2
= lim 4('1+$) +10(1+%) =4-14+10-1=14

[l

. 8L 4 81 , 9. 3
- Sl o2 22
mg [w + 3 J

3 T ) .4
.nh_l‘lioz [(l+—> ‘Z(Ier) :nlin})ozg[]+% %Jﬁ&

3
—1 n

i 2¢. 2
— lm 8l n*(n+ 1} n 81 n{n + 1){(2n + 1) 4
n 4 n3 6

&1 1\? 27 1 1
= lim [—[1+—-] +—=[|1+=}12+—
n—ac | 4 i 2 n n

el «
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47. Let S = Z ar'™' = a +ar +ar® + - + ar™ 1. Multiplying both sides by r gives us
i=1

rS8 = ar + ar® + -+« 4+ ar™ ! + ar™. Subtracting the first equation from the second, we find

a{r™ —1)
-1

r—=1)S=ar" —a=a(r" -1),505 = (since  # 1).

b

n i—1 LN 1 n
. 252_1 *32(%> = ﬂ(%f—] [using Bxercise 47 witha =3andr = 3] =6 [1— (3)"]
=1 i=1

. i(zwf) = 25)1 +i 9.9 = 2”(”_; D, 2(3"__11) —otl L9
i=1 i=1

=1

For the first sum we have used Theorem 3(c), and for the second, Exercise 47 witha = r = 2.

2

m m n m
=1 =1 =

5y [Z(i +1] =] i+ 3| |Theorem 2(0)] = [m’ + M} [Theorem 3(b) and (c)]
i J=1 1 i=1 =1

TrL

n(n +1) nm(n; + 1) N nm(?‘b2+ 1) - %(mwwz)

Complex Numbers

5—6)+(34+2)=5+3)+(-6+2i=8+(-4)i=8—4

4L -9+ ) =4 -N+ (-3 -F)i=-5+(-3)i= 53

(24 5)(4 — 1) = 2(4) + 2(—1) + (5i)(4) + (5i)(—i) = 8 — 2{ + 20§ — 57°
=8+ 18 — 5(-1) =8+ 18i +5 = 13+ 18i

(1 20)(8—3i) =8~ 3% — 16 +6(—1) =2 — 19i

L1247 =12 - Ti

L2t —i)=i—2(-l) =2+ = 2(l-9=2+i=2-1

L44i 144 3-20 3-2i+12%-8(-1) 11410 11 10,

"342 3+2 32 32 492 T 13 1313

3+20 342 1+4 3+12i+2i—|—8(—1)_—5+14i__i+1_4i
1—di 1—di 1+4i 12 4 42 17 17 17

Lo 1 1-i 1-d o 1-i 1 1
144 14d 1-d 1-(-1) 2 2 2

303 443 1249 12 9.
T4-3 4-3i 443 16-9(-1) 25 25

V20 = V250 =5i
V=312 = /3iv12i = /3 12¢% = 36 (1) = —6
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15. 12 — 5 = 12 + 15i and |12 — 15i| = /122 + (=5)% = /144 + 25 = /169 = 13

16. -1 +2v2i = —1—2v2iand |1+ 224 :\/(-1)2+(2\/§)2:\/1+ =v9=3

17. 4i=0-4i—=0+4i=4iand|-4i| = + (-4 =16 =4

18. Letz =a + bi, w = c+ di.
@ztw={(a+bi)+(c+di)=(a+c)+ (b+d)i
={a+ec)—(b+di=(a—bti)+(c—di)=Z+W

(b)Y 7w = (a + bi){c + di) = (ac — bd) + (ad + bc)i = (ac — bd) — (ad + bc)i.
On the other hand, 2 = (a — bi){e — di) = (ac — bd) — (ad + be)i = zw.
(¢) Use mathematical induction and part (b): Let S, be the statement that 2» = Z".
51 is true because 21 =% =z Assume Sy is true, that is 2% — %% Then
ZRFL = gIHk = g2k = 32k [part (b) withw = zk] =7!1%F = 7% = 2%+ which shows that Sk+1 is true.
Therefore, by mathematical induction, 2™ = Z" for every positive integer 7.
Another proof: Use part (b) with w = z, and mathematical induction.

L4z +9=0 & 42°=-9 & =-7 & =% —%:i\/gi::t%i.

at=1 o 2'-1=0 & (@P-1)E*+1)=0 & P-1=00z"+1=0 &
r=*lorz=4i

24115 2416 -2+4i .
L2l 2045=0 & r= 2+ 15: 2+ 6'= Z:—1:I:2:r,
21 2 2
)+ /(2P -421_24v4_2%2% 1 1
2.2 h T 272

44 2 * 2"

L2727 -2+ 1=0 <

. -1+ 1 -1+
. By the quadratic formula, z2° + 2z +2=0 < z= 2(1) —40)@ = 1+ 7 = ——

.z2+%z+§:0 & 422 42:241=0 <

-2+ — 44 (1) —244—12 24243

z = = = =

2(4) 8 8

CForz=—3+3r= /(=32 +3? =3v2andtanf = £ = -1 = 6= 2T (since z lies in the second

guadrant). Therefore, —3 + 3i = 3/2 2 (cos 3 +isin &),

LForz =134, r=4/12+ (_\/5)2 =2and tanf = 31@ =—v3 = #= EX (since z lies in the fourth
quadrant). Therefore, 1 — v/3¢ = 2(cos 2 + isin ).

LPorz=3+4+4:,7r=+v324+42 =5and tanf = % = @#=tan"! (%) (since z lies in the first quadrant).

Thercfore, 3 + 4i = 5[cos(tan™' ) +ésin(tan™" 3)].
. Forz = 8.7 = +/0? + 82 = 8and tan 8 = % is undefined, so # = 3 (since z lies on the positive imaginary axis}).

Therefore, 8i = 8(cos Z + isin 5 ).
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29 Forz = va+i,r= (\/5)2+12:2andtan9=% = 9:% = Z:Q(Cos%Jrisin%).

Forw=1+ 3, r—=2and tanf = 3 = b=% = w_2(cos +m1n3)

Therefore, zw = 2 - 2[cos(% + %) +isin(% + §)] = 4(cos § +isin ),

2w = 2[cos(Z — Z) +isin(% — )] = cos(—F) +isin(—F).and 1 =1+ 0i = 1(cos0 +isin0) =
1/z = Lcos(0 — Z) +4sin(0 — %)] = 3[cos(—F) + isin(—F)]. For 1/, we could also use the formula that

precedes Example 5 to obtain 1/z = 1(cos Z —isin § ).

.Forz:4\/§—4i,r=\/(4d§)2+(—4)2:\/6_4=8andta119: —4 :—% = in—éﬁ =
z = 8(cos 4T + isin LT ). For w = &, 7 = /02 + 87 = 8and tan ¢ = £ is undefined, s0 0 = § =

w = 8{cos  + 4sin I ). Therefore, zw = 8 - 8[(:05(”Tr + I} +isin(F + 2] = 64(cos 5 +isin §),

zjw = leos(HT — 2} 4 isin( LT — 2] = cos 4T + isin 4T, and

1=1+40i=1(cos0 +isin0) = 1/z=3% [COS(O—M)-FESIH(OfMTr)]:é[ (Z) +ésin{F}].
1

1w llw)

For 1/z, we could also use the formula that precedes Example 5 to obtain 1/z = %(cos =5 —isin 45

.Forz:Q\/E—Qi,r:\/(Q\/g)z 2) -4andtan9f2‘/- %

= 0=-1 = z=4[cos(-Z +zsm(—£)].Forw=—1+z’,r:\/§,

B
tané — _Ll =—-1 = §=3 \/_((‘OS +1&.1n——) Therefore,

4

zw:4\/§[cos(A§+‘%")+isin(—% ]:4\/_((:05—+zsm o,
2fw = % [cos(—% — 2F) +isin(—F — )] = j- [cos(—LF) +isin(—HF)|
=22 (cos 13X 4 isin 282, and

1/z = [(‘0%(——%) ——Hm(—%)] = %(cos%—}—isin%).

. . . 3
. Forz = 4(v/3+14) = 4/3 + di,r = y/ (4V/3) +42:\/6118andtan9:ﬁ:% = 0
z=8{cos % +isinZ). Forw = -8 —3i,r = \/(=3)? )2 =18 = 32 and

tan()::—?:zl = H:f = 1L=:3\/§(coazm+zbmm) Therefore,
2w = 8-3+/2 [COS(% -+ 577’) —i—isin(% + 57”)] = 24\./_((:0‘»17—7r + isin 117—;)
z/w = %[cos(% - T") +?,blﬂ(6 %)} = i}?[cos(f%) Jrzsm(—iz)],and

1/z = %(COSE — isin )

.Forz:l—i-i,r:\/fandtan{?:%:l = 0= = z:\/ﬁ(cm—+zsm—) So by

De Moivre’s Theorem,
.4 20 n i T 20 1/2 20 20. 7 P 200
(1 41) =[\/§(cosz+zsmz)] :(2 ) (cos———4——+zsm——4——)

= 2"%cos 5 + isinim) = 2'°[ -1 +4(0)] = —2'° = ~1024
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34 Forz =1 —v3i,r= 12+(—\/§)2:2andtan6:‘—l‘§:—\/§ = =2 =

z =2 (cos 2 +isin &). So by De Moivre’s Theorem,

(1 - \/51,)5 = [2(005— + ¢sin 5?”)]5 = 25((:08 5'35“ 4 ¢sin 5'35“)

—2%(cos § +isinT) = 32(1+ ¥¥i) =16+ 16 V3

3. Forz =23 +2i,r=/(2v3) +22=VIB=dandtanf = 2z = &= =» =7 =

z = 4(cos T - isin £). So by De Moivre’s Theorem,

5
(2v3+2i) = [4(cos § +isin F)]° = 1°(cos § +isin F) = 1024{ B+ 4i| = -512v3 4 5120
.Forz:lfi,r:\/ﬁandtanﬁz%lzfl = 9:%" = z=\/§(cos%"+isin77”) =

8
1-i)°= [\/_((OS-— + isin %)] = 24((:05& +isin 877 )
= 16(cos 14w + isin 147) = 16(1 4 0i) =

.1 =1+0i = 1{cos0 + isin0). Using Equation 3 withr == 1, n = 8, and & = 0, we have

E = 1178 [cos(0+82kﬂ) +isin(0+82kﬁ)} cosk—4— + i sin k4 where k =0.1,2,...

we = 1{cos0 4+ isin0) =1, w = l(cos— -+ ¢s8in f)

l(cos 5 +zsm2) =1, w3 = 1((:05—Tr +isin37“)

= 1(cosm +isinw) = —1, ws = 1(cos 2F + isin 31} =

= 1{cos & +isin ) = —i,wr = 1(cos ' +isin ) = %

. 32 = 32 + 0i = 32 (cos 0 + ¢sin 0). Using Equation 3 with » = 32, n = 5, and # = 0, we have

wy = 32175 [cos(@) +z’sin(0+52kﬁ)j| = 2(Cos§ﬂk;+isin§7rk),Wherek: 0,1,2,3,4.

wo = 2(co sO+zsm0)—-2 Im
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39, i =0+ =1{cos ¥ +4sinZ). Using Equation 3 withr = 1, n = 3, and § = 3, we have

; Z +32k
uny = 113 [cos(g-u

wg = (cos § +isin z)

un = ((:os '%r + isin

Jik.d
6

9=
6

wa = (cos 5T + isin

.1+i=\/§(cos—+zsm ) Usngquatlon?aWIthr#ﬂ,n::},andﬂz

T 49k I 4+2k
Wy = (\/5)1/3 [cos (%) +isin(%—7r-)} where k = 0,1, 2.

— nl/6
wy = 2 cos 75 12 + 7sin 12)

wi = 2'7%(cos & + isin 3) = 21/6(— 1 +%¢) = -271/3 L 9-1/3;

we = 2V6(¢ 1771' 17«)

+ ¢ sin 12

. Using Euler’s formula (6) with y = 3, we have e"/% = cos 5 Tising =0+1i =4

. Using Euler’s formula (6) with y = 2, we have €>™ = cos 27 + isin 27 = 1.

; . 3.
in/3 m w _+_\/_

:cos§ +is8in — =

. Using Euler’s formula (6) with y = % we have e 3 Tz.

. Using Euler’s formula (6) with y = —m, we have e "™ = cos{(—n) + isin{—7) = —

. Using Equation 7 with = 2 and y = 7, we have e***™ = ¢?¢'™ = ¢*(cosn + isinm) = *(-1+0) = —

w4t T

. Using Equation 7 withz = 7 and y = 1, we have e e" e =¢"(cos1 +isinl) = e cos 1+ (e sin 1)i.

F(z) = e™® = glathiz _ gortbet — 002 (005 by + isinbz) = e*” cosbz + i(e*  sinbz) =
F'(x) = (e° cosbz) + (e sinbr) = (ae™” cosbx — be™ sinbx) + i(ac®® sinbz + be®® cos br)
= g [e"*(cos bz + isinbx)] + b[e*™(—sinbz + icosbz)] = ac™ + b [¢*” (i* sinbz + i cos bz)]
ae"™ + bi [e®* (coshr + isinbz)] = ae™ + bie™ = (a + bi)e™" = re’”

. (a) From Exercise 47, F(z) = "% = F'(2) = (1 +1)e 79" So

(1+i)md — 1 Ff dr =
‘/e T l+i] (z)dx
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[ T gy = feIeiI dr = [e®(cosz + isinz)de = Je®coszdx +i [e*sinzdz (1).

Also,

1= (14
ze(l-’rt)m

(14)z %i6(1+z}z —

_ 1 1 ztiz 1.
—56 ‘EE 2’-’.6

= le®(cosz + isinx) — ie”(cosx + isinz)

. e oz
=1e"cosx + 3e" sinx + lie” sinx — jie” cosz

=1e%(cosz +sinx) + ¢ [1e®(sinz —cosz)] (2)
Equating the real and imaginary parts in (1) and (2), we see that [ €” coszdz = €“(cosz 4 sinz) + C and

fe®sinzdr = 3e"(sine — cosx) + C.
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