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1 OO FUNCTIONS AND MODELS

1.1 Four Ways to Represent a Function

In exercises requiring estimations or approximations, your answers may vary slightly from the answers given here.

1. (a) The point (—1, —2) is on the graph of f,so f(—1) = —2.
(b) When z = 2, y is about 2.8, so f(2) ~ 2.8.
(c) f(z) = 2is equivalenttoy = 2. Wheny = 2, wehavez = —3and z = 1.
(d) Reasonable estimates for ¢ wheny = O are z = —25and z = 0.3.

(e) The domain of f consists of all z-values on the graph of f. For this function, the domain is —3 < z < 3, or
[—3,3]. The range of f consists of all y-values on the graph of f. For this function, the range is —2 < y < 3,
or [-2,3].

(f) As z increases from —1 to 3, y increases from —2to 3. Thus, f is increasing on the interval [—1,3]

. (a) The point (—4, —2) is on the graph of f, so f(—4) = —2. The point (3, 4) is on the graph of g,509(3) =4.

(b) We are looking for the values of x for which the y-values are equal. The y-values for f and g are equal at the
points (—2, 1) and (2, 2), so the desired values of z are —2 and 2.

(¢) f(z) = —1lisequivalenttoy = —1. Wheny = —1,wehavez = -3 and z = 4.
(d) As z increases from O to 4, y decreases from 3 to —1. Thus, f is decreasing on the interval [0, 4].

(e) The domain of f consists of all z-values on the graph of f. For this function, the domain is —4 < z < 4, or
[~4, 4]. The range of f consists of all y-values on the graph of f. For this function, the range is -2 <y <3,
or [-2,3].

(f) The domain of g is [—4, 3] and the range is [0.5, 4].

. From Figure | in the text, the lowest point occurs at about (¢,a) = (12, —85). The highest point occurs at about
(17,115). Thus, the range of the vertical ground acceleration is —85 < & < 115. In Figure 11, the range of the
north-south acceleration is approximately —325 < a < 485. In Figure 12, the range of the cast-west acceleration is
approximately —210 < a < 200. '

. Example I: A car is driven at 60 mi/h for 2 hours. The distance d
traveled by the car is a function of the time ¢. The domain of the
function is {¢ | 0 < ¢ < 2}, where ¢ is measured in hours. The range

of the function is {d | 0 < d < 120}, where d is measured in miles.

2 timein
hours
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2 [ CHAPTER1 FUNCTIONS AND MODELS

Example 2: At a certain university, the number of students N on
Number

campus at any time on a particular day is a function of the time ¢ after ;. 4.0

midnight. The domain of the function is {¢ | 0 < ¢ < 24}, where t is
measured in hours. The range of the functionis {¥ |0 < N < k},

where N is an integer and k is the largest number of students on 0 6
\ (midnight)
campus at once.

Example 3: A certain employee is paid $8.00 per hour and works a
maximum of 30 hours per week. The number of hours worked is
rounded down to the nearest quarter of an hour, This employee’s

gross weekly pay P is a function of the number of hours worked h.
L ]

The domain of the function is [0, 30] and the range of the function is

{0,2.00,4.00,. .. , 238.00, 240.00}.

—— + —+
0.25 050 0.75 29502975 30 hours

. No, the curve is not the graph of a tunction because a vertical line intersects the curve more than once. Hence, the
curve fails the Vertical Line Test.

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [-2, 2] and the
range is [—1, 2]

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3, 2] and the
range is [—3, -2) U [—1, 3].

. Nu, the curve is not the graph of a function since for & = 0, £1, and £2, there are infinitely many points on the
curve.

. The person’s weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. The person’s
weight dropped to about 120 pounds for the next 5 years, then increased rapidly to about 170 pounds. The next 30
years saw a gradual increase to 190 pounds. Possible reasons for the drop in weight at 30 years of age: diet,
exercise, health problems,

. The salesman travels away from home from 8 to 9 A.M. and is then stationary until 10:00. The salesman travels
farther away from 10 until noon. There is no change in his distance from home until 1:00, at which time the distance
from home decreases until 3:00. Then the distance starts increasing again, reaching the maximum distance away
trom home at 5:00. There is no change from 5 untit 6, and then the distance decreases rapidly until 7:00 P.M., at
which time the salesman reaches home.,

. The water will cool down almost to freezing as the ice melts. Then,
when the ice has melted, the water will slowly warm up to room
temperature.
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SECTION 1.1 FOUR WAYS TO REPRESENT AFUNCTION L 3

12. The summer solstice (the longest day of the year) is around June 21,

and the winter solstice (the shortest day) is around December 22. Hours of
daylight

June 21 Dec. 22 ¢

13. Of course, this graph depends strongly on the geographical

location!

midnight

14. The temperature of the pie would increase rapidly, level off to
oven temperature, decrease rapidly, and then level off to room
temperature.

15. Height
of grass

Wed. Wed Wed ch Wed'

vertical
velocity
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11. (a) N {b) From the graph, we estimate the number of

cell-phone subscribers in Malaysia to be about 540
in 1994 and 1450 in 1996.

N

20001

1991 1993 1995 1997 1

'
1
M

1991 1993 1995 1997 ¢

(b) From the graph in part (a), we estimate the
temperature at 11:00 A.M. to be about 84.5°C.

VS S U R U VA
0 2 4 6 8 1012 14 ¢
midnight noon

19. f
f

(r) =3z% —z +2

{ () —242=12-2+2=12

(~ (=22 —(=2)+2=1242+2=16.

{a) I a4

fl— a): 3(—a)* - (—a)+2 =32+ a+2
flat)=3(a+1)*~(a+1)+2=3(a’+2a+1)~a-1+2=3a®+6a+3—a+ 1 =3a%+5a+4.
2f(a) =2- fla) = 2(3a® —a +2) = 6a% -~ 2a + 4.
f(2a) = 3(2a)® — (2a) + 2 =3(40?) =20 +2=12a* - 2a + 2.
f@®) =3(a*)? — (@) +2=3{a?) —a® + 2 =30 —a® + 2.

[f(a)]? = [3a —a+2]2 = (3" —a+2)(3a® —~a+2)
=9a" — 3a® + 6a® — 30 + a® ~ 2a + 6a° — 2a + 4 = 9a* — 6a® + 13a® — da + 4.
fla+h)=3a+h)?-(a+h)+2=3(a*+2ah +h*) —a—h+2=3a"+6ah + 30> —a~h+2.

20. A spherical balloon with radius » + 1 has volume V(r + 1) = 2n(r + 1)* = 22 (r® + 3r® + 3r + 1). We wish to
find the amount of air needed to inflate the balloon from a radius of 7 to 7 + 1. Hence, we need to find the difference
Vir+1) = V(r)=4x(r’® +3r* + 3r +1) — dxr® = 37 (3r° + 3r + 1).

2. f(z) =z — 2% s0
fC+h)=24h—-(24+hP =2+h-(4+4h+Rh*)=24+h—4—4h— A% = — (K2 4 3R +2),
flz+hy=a+h—(z+h) =z+h— (22 +2ch+h*) =z +h — 2% —2ch — k%, and

flz+h)—flx) a+h—z?~20h h* —a+a2® h—2eh—h® h(1—2z—h)
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T 24+ h 24+ h z+h
_ 2 g = s »
o C P ACRLL Al Sy iyl S zrht1 "
fle+h) - fz) _shin—ah _ @+h)etl)—ale+ht]) 1

h h hlz+h+1)(z+1) T {z+h+D(z+1)

d

fa+h) =

. f(z) = x/(3z — 1)} is defined for all z except when 0 =3r -1 & z= 3. s0 the domain is
{zeRz# 3} =(-00,5) V(5 )

. f(x) = (5z +4) /(z® + 3z + 2) is defined for all z except when 0 = 2+3c42 & 0={x+2)(z+1)
& z=—2or—1,sothedomainis {z € R |z # —2,—1} = (—00, —2) U (-2, —1) U (~1, 00}.

. flt) = V't + ¥/t is defined when ¢ > 0. These values of ¢ give real number results for +/t, whereas any value of ¢

gives a real number result for ¥/t. The domain is {0, co).

g(u) = Vi + & —uisdefined whenu > 0and4 —u >0 & u < 4. Thus, the domain is
0<u<4=[0,4]

. h(z) = 1/ /2% — 5z is defined when z? — 52 >0 &  z(z —5) > 0. Note that x? — 5z # 0 since that
would result in division by zero. The expression z(z — 5) is positive if z < 0 or & > 5. (See Appendix A for
methods for sotving inequalities.) Thus, the domain is (—o0,0) U (5, oo).

. h(m):x/tl_—F.Nowyz\/tl_—:EE = P=d-2 & +y’=450
the graph is the top half of a circle of radius 2 with center at the origin. The domain
is {z|4-22>0}={z|422"} = {z|2 2 ||} = [-2,2]. From the graph,
the range is 0 < y < 2, or [0, 2].

. f{z} = 5 is defined for all real numbers, so the domain is R, or (—oc, 0o).

The graph of f is a horizontal line with y-intercept 5.

. F(z) = 1(z + 3) is defined for all real numbers, so the domain is R, or

(—00, oc). The graph of F is a line with z-intercept —3 and y-intercept %

. f(t} = t* — 6t is defined for all real numbers, so the domain is R, or
(—00, 00). The graph of f is a parabola opening upward since the
coefficient of ¢2 is positive. To find the ¢-intercepts, let ¢ == 0 and
solve fort. 0 =t> —6t =t(t ~6) = t=0andt=6.The
t-coordinate of the vertex is halfway between the t-intercepts, that is,

att = 3. Since f(3) = 3% — 6.3 = -9, the vertex is (3, - 9).
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— 2 f—
R.H(t) = 42 _tt = +2t)—(2t t), so for t # 2, H(t) = 2 + t. The domain is
{t | t # 2}. So the graph of H is the same as the graph of the function

f(t) = £+ 2 (aline) except for the hole at (2, 4).

. g{x) = v/x — 5 is defined when & — 5 > 0 or £ > 5, so the domain is [5, 00).
Sincey =+ -5 = y'=zr-5 = z=y°+5, weseethatgisthe
top half of a parabola.

2 +1 if 22412>0
—(2z+1) if2r+1<1
2x +1 if z>—3

{—23:—1 if z<—3

.F(m)=12x+u={

The domain is R, or (—oo, co).

T if >0
. Glx) = M Since |x] = ~, wehave
z —r ifz<0

24T o 4;“’

T

2% <o 2%’ if 2<0

if >0 {4 if x>0

if <0
T

Note that G is not defined for z = 0. The domain is {(—oo, 0) U (0, oc).

) z| 5 T if x>0 n
5 ) = —.dINCe |xr| = , We have
o x? =] -z ifz<0

= ifz>0 1 oeso
X xT

9(@) =9 _ =
=2 ife<o | Lirz<o
T —T

Note that ¢ is not defined for z = 0. The domain is (—o0, 0) U (0, c0).
fz) T if <0 3. f(z) 2e+3 ifz< -1
. Ir) = . )=

z+1 ifz>0 33—z ifz>-1

Domain is R, or (—oo, 0o). Domain is R, or (~00, 00).

V
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SECTION1.1 FOUR WAYS TO REPRESENTAFUNCTION 11 7

5 if z< -1 -1 if 2 < -1
x -+ it r< —
39.f(a:)={ 2 . Je+2 i -l<ax<l

x itz >-1 .
T—2z ifz>1

Note that for & = —1, both  + 2 and z? are .
Domain is R.

equal to 1. Domain is R,

Y279 andan equation of
X2 — T1

- . —6-1 7
the line connecting those two points is ¥ — y1 = m{z — z1). The slope of this line segment is m =-§%

. Recall that the slope m of a line between the two points (21, y1) and (z2,y2) s m =

an equation is y — 1 = ~ Z(z + 2). The function is f(z) = ~Ir-3,-2<2<4

. The slope of this line segment is %—:E% = g, o an equationisy + 2 = %(:c + 3). The function is

f(:r):ga:—-lé,—3gcl:§6.
.Weneedtosolvethegivenequatioﬁfory. z+@y-1)°=0 & (y—1¥=-2z & y-l=xy/-x &

y = 1+ +/—x. The expression with the positive radical represents the top half of the parabola, and the one with the
negative radical represents the bottom half. Hence, we want f(z) = 1 — /—. Note that the domainis x < 0.

L(z-1)2 4+ =1 & y==/1-(z— 1) ==2v2z — o2 The top half is given by the function
fx)=v2r-22,0<zr <2

. For —1 < 2 < 2, the graph is the line with slope 1 and y-intercept 1, that is, the line y = z + 1. For2 <z < 4, the
graph is the line with slope —% and z-intercept 4 [which corresponds to the point (4, 0)], so

r+1 if ~1<x<2

—%:r:+6 if2<xz<4

y—0=-3{x —4) = —3z + 6. So the function is f(z) = {

. For z < 0, the graph is the line y = 2. For 0 < = < 1. the graph is the line with slope —2 and y-intercept 2, that is,
the line y = —2x + 2. For z > 1, the graph is the line with slope 1 and z-intercept 1, that is, the line
2 if <0
y=1{(x —1)==x — 1. Sothe functionis f(z} = { 2z +2 If 0<xr<1.
-1 itl<cz

. Let the length and width of the rectangle be L and W. Then the perimeter is 2L + 2W = 20 and the area is

A = LW . Solving the first equation for W in terms of L gives W = 20 —2 2L _ 10 — L. Thus,

A(L) = L{10 — L) = 10L — L?. Since lengths arc positive, the domain of A is 0 < L < 10. If we further restrict
L to be larger than W, then 5 < L < 10 would be the domain.

. Let the length and width of the rectangle be L and W. Then the area is LW = 16, so that W = 16/L. The
perimeter is P = 2L + 2W, so P(L) = 2L + 2(16/L) = 2L + 32/L, and the domain of P is L > 0, since
lengths must be positive quantities. If we further restrict L to be larger than W, then L > 4 would be the domain.
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49. Let the length of a side of the equilateral triangle be z. Then by the Pythagorean Theorem, the height y of the

triangle satisfies 42 + (%z)Q =z’ sothaty’ = 2° - 127 = 322 andy = 3?3: Using the formula for the area A

of a triangle, A = 7 (base)(height), we obtain A(x) = 1(x) (%—Em) = %5352, with domain = > 0.

50. Let the volume of the cube be V and the length of an edge be L. Then V = L% so L = +/V, and the surface area is
2
S(V)y=+6 (\3/17) — 6V2/3, with domain V > 0.

B1. Let each side of the base of the box have length z, and let the height of the box be h. Since the volume is 2, we
know that 2 = hz?, so that b = 2/z%, and the surface area is § = x° + 4xh, Thus,
S(z) = 2 + 42(2/2%) = «* + (8/x), with domain & > 0.

2

52. The area of the window is A = zh + %‘JT(%I) ‘=zh+ %, where h is the height of the rectangular portion of the
window. The perimeteris P =2h + z + 372 =30 & 2h=30~z2~ 37z & h=21(60-2z—7z)
Thus,

60 — 2z — 2

# + % =16z — 3z — 22 4+ 22 = 15z — 42® — Z2% = 152 — £ (Z12)

Since the lengths « and h must be positive quantities, we have z > Oand h > 0. For h > 0, we have 2h > 0 &

Alz) ==z

60
30—-1:—%m:>0 S 60>2r4+mr 97<—.Hence,thedornainofAisO<a:<ﬂ—.
24+ 7w 2+

53. The height of the box is x and the length and width are . = 20 — 22, W = 12 — 22. Then V = LW and so
V(z) = (20 — 2z)(12 — 2z) (z) = 4(10 — 2)(6 — z)(x) = 42{60 — 16z + 2%} = 42° — 642” + 240z,
The sides L, W, and = must be positive. Thus, L >0 < 20-22>0 & z<10;W >0 <
12-22>0 & z < 6, and x > (. Combining these restrictions gives us the domain 0 < z < 6.

5. ($2.00 if 0.0 <x <10

220 if LO0<z<1.1
240 if Ll1<z<12
260 if1.2<z<13
2.80 if 1.3<z<14
{ 300 ifld4<z<15 —
320 if 1.5<z<16
340 if 16<z<17
360 if 1.7<z <18
380 if L8 <a <19
400 if 1.9 <z < 2.0

O
o8
Ol
(% d
O
[+ ]
O
o
[o
o

85. (a)  R(%) (b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400.
On $26,000, tax is assessed on $16,000, and

157
10%($10,000) + 15%($6000) = $1000 + $900 = $1900.

107

10,000 20000  /(indollars)
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(¢) As in part (b), there is $1000 tax assessed on $20,000 of T (in dollars) 4
income, so the graph of 7" is a line segment from {10,000, 0)
to {20,000, 1000). The tax on $30,000 is $2500, so the graph
of T for z > 20,000 is the ray with initial point 10007
(20,000, 1000} that passes through (30,000, 2500).

25001

0] 10,000 20,000 30000 I (in dollars)

. One example is the amount paid for cable or telephone system repair in the home, usually measured to the nearest
gquarter hour. Another example is the amount paid by a student in tuition fees, if the fees vary according to the
number of credits for which the student has registered.

. f is an odd function because its graph is symmetric about the origin. g is an even function because its graph is
symmetric with respect to the y-axis.

. f is not an even function since it is not symmetric with respect to the y-axis. f is not an odd function since it is not
symmetric about the origin. Hence, f is neither even nor odd. g is an even function because its graph is symmetric
with respect to the y-axis.

. (a) Because an even function is symmetric with respect to the y-axis, and the point (5, 3) is on the graph of this
even function, the point (—5, 3) must also be on its graph.

(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd

function, the point (—5, —3) must also be on its graph.

. (a) If f is even, we get the rest of the graph by (b) If f is odd, we get the rest of the graph by

reflecting about the y-axis. rotating 180° about the origin.
¥ ¥

- -1
- (-93)2 :L.Z
=07 = f(2)
So f is an even function.
¥

 flz) =2+ x50 f(-x) = (—z)? + (—z) = 2 — z. Since this is neither f(z) nor - f(z), the function f is
neither even nor odd.
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64 f(x) = z* — 4a*. 65. f(z) = 2° — .
f(=2) = (~a2)* - 4(~2)? f=2) = (=)’ (-2} = —2® +
=z* — 42 = f(x) =~ (28 —z) = - f(z)
So f is even. So f is odd.

66. f(x) = 3z% + 222 + 1,50 f(~z) = 3(—x)® + 2(—x)® + 1 = —3z® + 2¢% + 1. Since this is neither f(z)
nor — f(x}, the function f is neither even nor odd.

1.2 Mathematical Models: A Catalog of Essential Functions

1. (a) f(x) = =z is a root function with n. = 5.
{b) g(x) = +/1 — 22 is an algebraic function because it is a root of a polynomial,

(¢) h{z) = =® + z* is a polynomial of degree 9.

2

1 . . . . .
(d) r(x) = a:3 i is a rational function because it is a ratio of polynomials.
T X

{e) s(z) = tan 2z is a trigonometric function.

(f) t(x) = log,, « is a logarithmic function.

. (a} y = (= — 6)}/{x + 6) is a rational function because it is a ratio of polynomials.

b y=z+z’ / vz — 1 is an algebraic fonction because it involves polynomials and roots of polynomials.
{c) y = 10" is an exponential function (notice that z is the exponent).

(d) y = 2 is a power function (notice that z is the base).

(e) y = 2t* + ¢* — 7 is a polynomial of degree 6.

(f) y = cos @ + sin @ is a trigonometric function.

. We notice from the figure that g and h are even functions (symmetric with respect to the y-axis) and that f is an odd
function (symmetric with respect to the origin). So (b) [y = 35] must be f. Since g is flatter than h near the origin,
we must have (c) [y = z°] matched with g and (a) [y = z*] matched with .

. (a) The graph of ¥ = 3z is a line {choice G).

(b} i = 3% is an exponential function (choice f).
(¢) y = 2 is an odd polynomial function or power function (choice F).

(d) y = ¢z = z'/* is a root function (choice g).

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

SECTION12 MATHEMATICALMODELS O 11

. b=3h=0
5. (a) An equation for the family of linear

functions with slope 2 1s
y = f(x)} = 2z -+ b, where b is the
y-intercept.

(b) f(2) = 1 means that the point (2, 1) is on the graph of f. We
can use the point-slope form of a line to obtain an equation

for the family of linear functions through the point (2,1).

y — 1 = m (z — 2), which is equivalent to

y = mz + (1 — 2m) in slope-intercept form.

/

y—l=mx—2)

(c) To belong to both families, an equation must have slope m = 2, so the equation in part (b),
y = mz + (1 — 2m), becomes y = 2z — 3. It is the only function that belongs to both families.

6. All members of the family of linear functions f(z) =1+ m(z + 3)
have graphs that are lines passing through the point (—3,1).

7. All members of the family of linear functions f(x) = ¢ — x have

graphs that are lines with slope —1. The y-intercept is c.

(b) The slope of —4 means that for each increase of 1 dollar fora .
rental space, the number of spaces rented decreases by 4. The
y-intercept of 200 is the number of spaces that would be
occupied if there were no charge for each space. The
z-intercept of 50 is the smallest rental fee that results in no

spaces rented,

10 20 30 40 50 60 *
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9. (a) Fi (b) The slope of % means that F' increases % degrees for each
100212 increase of 1 °C. (Equivalently, F increases by 9 when C
Fe % C+ 1 increases by 5 and F' decreases by 9 when C decreases by 5.)
The F-intercept of 32 is the Fahrenheit temperature

corresponding to a Celsius temperature of 0.

10. (a) Let d = distance traveled (in miles) and ¢ = time
elapsed (in hours). At{ = (1, d = Q and at
t = 50 minutes = 50 - 5= = 2 h, d = 40. Thus we
have two points: (0,0) and (3, 40}, so

4 —
m= 50 00=48ands0d=48t.

6
{¢) The slope is 48 and represents the car’s speed in mi/h.

T,-T, _ 80-70 _10 1
N;—Ni 173-113 60 6
linear equationis T — 80 = ¢(N —173) & T-80=3N-12 & T=1N+3F [3 =5116].

Soa

11. (a) Using /V in place of z and T in place of y, we find the slope to be

(b} The slope of % means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of
cricket chirps per minute. Said differently, each increase of 6 cricket chirps per minute corresponds to an
increase of 1 °F.

{c) When N = 150, the temperature is given approximately by T = 2 (150) + % = 76.16 °F =~ 76 °F.

12. (a) Let  denote the number of chairs produced in one day and y the y
associated cost. Using the points (100, 2200) and (300, 4800) we get s000]
the slope 15002200 — 2830 — 13 So y — 2200 = 13(z — 100) & 4000}
y = 13z + 900. 3000

{b) The slope of the line in part (a) is 13 and it represents the cost {in

10001

dollars) of producing each additional chair.

0

{c} The y-intercept is 900 and it represents the fixed daily costs of operating
the factory.

change in pressure ~ 4.34
10 feet change in depth ~ 10
(d, P} = (0, 15), we have the slope-intercept form of the line, P = 0.434d + 15.

13. (a) We are given = 0.434. Using P for pressure and d for depth with the point

(b) When P =100,then 100 = 0.434d + 15 & 0434d=85 < d= 5:%%3 /= 195.85 feet. Thus, the

pressure is 100 Ib/in” at a depth of approximately 196 feet.
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14. (a) Using d in place of £ and C in place of y, we find the 5

slope to be 10001

Cs — 4 460 —-380 80 1

ds —d; 800 —480 320 4

So a linear equation is C — 460 = 3 (d — 800) < :/

C—460=1d-200 & C=jd+ 260
e —
(b) Letting d = 1500 we get C = & (1500) + 260 = 635. 00 10004
The cost of driving 1500 miles is $635. The slope of the line represents the
cost per mile, $0.25.

(d) The y-intercept represents the fixed cost, $260.

(e) A linear function gives a suitable mode! in this situation because you have fixed monthly costs such as insurance
and car payments, as well as costs that increase as you drive, such as gasoline, oil, and tires, and the cost of these
for each additional mile driven is a constant.

15. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form
f(z) = acos(br) + c seems appropriate.

(b) The data appear to be decreasing in a linear fashion. A model of the form f(x) = ma + b seems appropriate.

16. (a) The data appear to be increasing exponentially. A model of the form f(z) = @ - b” or f(z) = a - b™ + ¢ seems
appropniate.

(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the form
f(z) = a/x seems appropriate.

Some values are given to many decimal places. These are the results given by several computer algebra systems—rounding is left to thi
reader. '

7. @ {b) Using the points (4000, 14.1) and (60,000, 8.2), we obtain
82-14.1
Cqgqo 8214l -
Y 60,000 — 4000 (:r 000} or, equivalently,

y == —0.000105357z + 14.521429.

0 * N . ‘ * 61,000

A linear model does seem appropriate.
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(c) Using a computing device, we obtain the least squares regression line y = —0.0000997855x + 13.950764.
The following commands and screens illustrate how to find the least squares regression line on a TI-83 Plus.
Enter the data into list one (L1) and list two (L2). Press {STAT m to enter the editor.

Lz L

10.5
L1 ={40808. 6608.8... Lz =

Find the regession line and store it in Y. Press [2nd] [QUIT] STAT][»] (4] VARS| ] (1] (1] [ENTER].

LinRed{ax+b) Y18 |LinReg Plotz Plot3

H-ax+b
-9_978546E -5

b—13 958764088

Note from the last figure that the regression line has been stored in Y and that Plot] has been turned on (Plot] is
highlighted). You can turn on Plotl from the Y= menu by placing the cursor on Plot] and pressing |[ENTER| or
by pressing [2nd]|[STAT PLOT|[1][ENTERI.

Plotz Flok3
wq e ﬁ“ﬂrr
2 FTok2. u+*+* e e
? Wlistily

PSR | n 1
3:Plot3. U+‘f‘ Ylistilz

b=i1 L2 @ Mark: B «
diPlotsOff

Now press [ZOOMI{8] to produce a graph of the data and the regression line. Note that choice 9 of the ZOOM
menu automatically selects a window that displays all of the data.

{d) When & = 25,000, y = 11.456; or about 11.5 per 100 population.
(e) When = = 80,000, y = 5.968; or about a 6% chance.

(f) When z = 200,000, y is negative, so the model does not apply.
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18. (a) ) .
( 230 (chirps/min) 270 {chirps/min)

45 L e 105 (°F)
0 (

Using a computing device, we obtain the least squares

regression line y = 4.856x — 220.96.

{c) When z = 100° F, y = 264.7 = 265 chirps/min.

9. Hm (b)

1896 2000 (year
l0 (year)

A linear model does seem appropriate. Using a computing device, we obtain the least squares
regression line y = 0.089119747x — 158.2403249, where

 is the year and y is the height in feet.

(c) When = = 2000, the model gives y ~ 20.00 ft. Note that the actual winning height for the 2000 Olympics is
less than the winning height for 1996—so much for that prediction.

(d) When z = 2100, y ~ 28.91 ft. This would be an increase of 9.49 ft from 1996 to 2100. Even though there was
an increase of 8.59 ft from 1900 to 1996, it is unlikely that a similar increase will occur over the next 100 years.

610 Cost (in $)

. By looking at the scatter plot of the data, we rule out

the linear and logarithmic models.

(Reduction %)
Scatter plot

We try various models:
Quadratic: y = 0.496z2 — 62.2803x + 1970.639

Cubic: y = 0.0201243201z> — 3.880372962% + 247.6754468z — 5163.935198

Quartic: y = 0.0002951049z* — 0.0654560095x° + 5.275256412° — 180.2266511z + 2203.210956
Exponential:  y = 2.41422994 (1.054516914)"

Power: y = 0.0000228549713 616078251
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610 Cost {in $) 610 Cost (in §) 610 Cost (in 8)

100 45 100 45 i 100

. (Reduction %) 0 (Reduction %) 0 . (Reduction %)
Quadratic model Cubic model Quartic model

610 Cost(in$) 610_Cost {in $) After examining the graphs of these

models, we see that the cubic and
quartic models are clearly the best.

100 45 100

) (Reduction %) 0 (Reduction %)
Exponential model Power model

6300 (millions) Using a computing device, we obtain the cubic

function y = ax® + bx® + cx + d with

a = 0.0012937, b = —-7.06142, c = 12,823,
and d = —7,743,770. When x = 1925,

y = 1914 (million).

18900 2010 (year)

2. (2) T = 1.0003960484" 499661718

(b) The power model in part (a) is approximately T = d'*®. Squaring both sides gives us 72 = d?, so the model
matches Kepler’s Third Law, T2 = kd®,

1.3 New Functions from Old Functions

1. (a) If the graph of f is shifted 3 units upward, its equation becomes y = f(z) + 3.
(b) If the graph of f is shifted 3 units downward, its equation becomes y = f({x) — 3.
(c) If the graph of f is shifted 3 units to the right, its equation becomes y = f(z — 3).
(d) If the graph of f is shifted 3 units to the left, its equation becomes y = f(z + 3).
(e) If the graph of f is reflected about the z-axis, its equation becomes y = — f{z).
(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—zx).
(g) If the graph of f is stretched vertically by a factor of 3, its equation becomes y = 3 f(x).
(h) If the graph of f is shrunk vertically by a factor of 3, its equation becomes y = % =)

. (a) To obtain the graph of y = 5f(x) from the graph of y = f{x), stretch the graph vertically by a factor of 5.
{b) To obtain the graph of ¥y = f(z — 5} from the graph of y = f(z), shift the graph 5 units to the right.
{c) To obtain the graph of y = — f(x) from the graph of y = f(z), reflect the graph about the z-axis.
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(d) To obtain the graph of y = —5F(z) from the graph of y = f{(z), stretch the graph vertically by a factor of 5 and
refiect it about the x-axis.

(e) To obtain the graph of y = f(5z) from the graphof y = f (z), shrink the graph horizontally by a factor of 5.

(f) To obtain the graph of y = 5f{x} - 3 from the graph of y = f(x), stretch the graph vertically by a factor of 5
and shift it 3 units downward.

. (a) (graph 3) The graph of f is shifted 4 units to the right and has equation y = flz—4).
(b) (graph 1) The graph of f is shifted 3 units upward and has equation y = flz)+3
(c} (graph 4) The graph of f is shrunk vertically by a factor of 3 and has equation y = % f{z).

(d) (graph 5) The graph of f is shifted 4 units to the left and refiected about the x-axis. Its equation is
y=—f(z +4).

{e) (graph 2) The graph of f is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is
y = 2f(x +6).

. (a) To graph y = f{z + 4) we shift the graph (b To graph y = f{x) + 4 we shift the graph of f,
of f, 4 units to the left. 4 units upward.

N\

0

M

] x

The point (2, 1) on the graph of f The point (2, 1) on the graph of f corresponds to

corresponds to the point the point (2,1 +4) = (2, 5).
(2-4,1)=(-2,1).

(c) To graph y = 2f(x) we stretch the graph of {d) To graph y = —% {z) + 3, we shrink the graph of
f vertically by a factor of 2. f vertically by a factor of 2, then reflect the
resulting graph about the x-axis, then shift the
y resulting graph 3 units upward.

y .

LY

The point (2,1) on Fhe graph of f The point (2, 1) on the graph of f corresponds to
corresponds to the point (2,2-1) = (2,2). the point (2, —% - 1+ 3) = (2,2.5).
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5. () To graph y = f{2x) we shrink the graph of f

horizontally by a factor of 2.

The point (4, —1) on the graph of f corresponds

(b) To graph y = f(3z) we stretch the graph of f

horizontally by a factor of 2.

to the point (2 - 4, —1) = (8, —1).
The point (4, —1) on the graph of f corresponds

to the point (3 - 4, 1) = (2, ~1).
(d) To graph y = — f{—=) we reflect the graph of f

(¢) To graph y = f(—x) we reflect the graph of f
about the y-axis, then about the z-axis,

about the y-axis.

The point (4, —1) on the graph of f corresponds
to the point (=1 - 4, —1) = (—4, —1). The point (4, —1} on the graph of f corresponds
to the point (—1-4, -1- -1} = (—4,1).

B. The graph of ¥ = f(x) = v/3x — 2 has been shifted 2 units to the right and stretched vertically by a factor of 2.
Thus, a function describing the graph is
y=2{(z-2) =23z -2 — (& - 27
=230 —6— (z2 —dz +4) = 2y/—22 + Tz — 10

1. The graph of y = f(z) = v/3x — z2 has been shifted 4 units to the left, reflected about the z-axis, and shifted

downward 1 unit. Thus, a function describing the graph is

y= -1 flz+4) -1
DV i Vo
reflect shift  shift

about 4 units 1 unit
T-axis left  down

This function can be written as

y=—flz+4)-1=-3z+4) - (z+4)2~-1=—/Bc+12— (27 + 8z + 16) — 1

=-vV—2?-br—4d-1
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8. (a) The graph of y = 2sin x can be obtained from the graph of (b) The graph of y = 1 + /x can be
y = sinx by stretching it vertically by a factor of 2. obtained from the graph of y = / by
¥4 shifting it upward 1 unit.
2 +

9. y = —x®: Start with the graph of y = z® and reflect about the z-axis. Note: Reflecting about the y-axis gives the

same result since substituting —z for x gives us i = (—z) = —z°.

¥

0 y=1-2z°= —z2 4 1: Start with the graph of y = x?, reflect about the z-axis, and then shift 1 unit upward.

¥ ¥

N

11. y = (z + 1)*: Start with the graph of y = z* and shift 1 unit to the left.

¥ ¥
/1
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122 y=2°—4z+3= (2> —4r+4) — 1 = (z — 2)> — 1: Start with the graph of y = =, shift 2 units to the right,

and then shift 1 unit downward.

Al S

y==x y=x=2y y=(r—27—1

13. y = 1 + 2cosx: Start with the graph of y = cos z, stretch vertically by a factor of 2, and then shift 1 unit upward.
¥ ¥

\/L‘\ﬂ/' \/2\7/ \/\W/_
S N * \/va S N\

¥ =C08 X y=2cosx y=2cosx + 1

14, y = 4 sin 3z: Start with the graph of v = sin x, compress horizontaily by a factor of 3, and then stretch vertically
by a factor of 4.

y=sinx Y y=4sin 3x i

N
7

15. v = sin(z/2): Start with the graph of = sin  and stretch horizontally by a factor of 2.

¥ ¥
y =sin(x/2)

0 X

16. y = 1/(z — 4): Start with the graph of y = 1/ and shift 4 units to the right.
M x=4
=1
Y
0
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17. y = VT + 3: Start with the graph of y = /z and shift 3 units to the left.
o=k Hoy=aes

18. y = (z + 2)* + 3: Start with the graphof y = z*, shift 2 units to the left, and then shift 3 units upward.

)\

y=x y=(x+2)" y=(+2)'+3

y

¥ Y19

-2

19 y=1(z?+8z) = 3+ 8z +16) -8 = ez + 4)? — 8: Start with the graph of y = z*, compress vertically by
a factor of 2, shift 4 units to the left, and then shift 8 units downward.
vt y y

0
1-8

y=+ y=%x y =43 +47 y=Sx+a7-8

20. y = 1+ ¥ — 1: Start with the graph of y = &, shift 1 unit to the right, and then shift 1 unit upward.
b ¥ ¥

T e | T |

0 X 0//1 x
! y=1+¥x-1

21. y = 2/(z + 1): Start with the graph of y = 1/z, shift 1 unit to the left, and then stretch vertically by a factor of 2.
y

¥4 \ \\
==

Y==—713

1
x+1 x=-—1i
%
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2 y= i tan(z — Z): Start with the graph of y = tan , shift § units to the right, and then compress vertically by a
factor of 4.
S N

¥4

=T y=
4

23. y = |sinz|: Start with the graph of y = sinx and reflect all the parts of the graph below the x-axis about the z-axis.

¥
/\/\M%

) pl x

28 y=|¢® - 22| =|2? — 20+ 1 - 1| = {(z — 1)* — 1|: Start with the graph of y = z?, shift 1 unit righ, shift

1 unit downward, and reflect the portion of the graph below the x-axis about the z-axis.

i x 1 x

y=x—1E- y=lix—1¥~1|

25. This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21)
is 14 — 12 = 2. So the function is L(¢) = 12 + 2sin[ 2L (¢ — 80)]. March 31 is the 90th day of the year, so the
model gives L{90) = 12.34 h. The daylight time (5:51 A.M. to 6:18 P.M.) is 12 hours and 27 minutes, or 12.45 h.

The model value differs from the actual value by 1242=1234 ~ 0,009, less than 1%.

26. Using a sine function to model the brightness of Delta Cephei as a function of time, we take its period to be
5.4 days, its amplitude to be 0.35 (on the scale of magnitude), and its average magnitude to be 4.0. If we take t = 0
at a time of average brightness, then the magnitude (brightness) as a function of time ¢ in days can be modeled by
the formula M (t) = 4.0 + 0.35 sin(%t).

21, (a) To obtain y = f(||), the portion of the graph of y = f(x) to the right of the y-axis is reflected about the
y-axis.
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(b) y = sin |z| , ©y= |z

N A

\/Ol N =

. The most important features of the given graph are the z-intercepts and the
maximum and minimum points. The graph of y = 1 /f(x) has vertical asymptotes

at the z-values where there are x-intercepts on the graph of y = f(z). The

maximum of 1 on the graph of y = f(&) corresponds to a minimum of 1/1 = 1 on
y = 1/f(x). Similarly, the minimum on the graph of y = f(z} corresponds to a

maximum on the graph of 3 = 1 / f(x). As the values of y get large (positively or
negatively) on the graph of y = f(x), the values of y get close to zero on the graph

ofy =1/f(z).

. Assuming that successive horizontal and vertical gridlines are a unit apart, we can make a table of approximate

values as follows.

Connecting the points (¢, f(z) + g(z)) with a smooth curve gives an approximation to the graph of f + g. Extra

points can be plotted between those listed above if necessary.

. First note that the domain of f + g is the intersection of the domains of f and g; that is, f + g is only defined where
both f and g are defined. Taking the horizontal and vertical units of length to be the distances between successive

vertical and horizontal gridlines, we can make a table of approximate values as follows:

Y
x
flz) : - 427272 /'\

fz)+glz)

Extra values of z (like the value 2.5 in the table above) can be added as needed.
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n f(a:) =z + 222, g(x) =32 — 1. D =Rforboth fandg.

+g)(x) = (z*+2eH) + (32 1) =2 +522 - 1, D=R
( D)= +22%) - 32 - ) =2*-2*+1, D=R
(fo)(z) = (=® + 22%)(8a® — 1) = 32° + 62 —2® - 227, D =R

(g)(a:)z ﬂ;mj—_gml, D= {wlm#i%}since&ﬁ—l#&

—m D=[-1,00); glz)=+vT—2z D=(-00,1].
(f+g) =Vi+z+V1-x D=(—oo 1]N[~1,00) = [-1,1].
(f =vitz-V1-=, [~1,1].

(f )() \/1+:r:-\/1—a:=\/1—m2, D =[-1,1].

(j-) (z) = i + . D= [—1,1). We must exclude z = 1 since it would make g undefined.
g -

L
i
L

. f(z) = 22 — ; g(z) = 3z + 2. D = R for both f and g, and hence for their composites.
(fog)z) = flg(x)) = f(3z +2) = 2(3z + 2)* — (32 +2) = 2(%2* + 122 +4) — 3z — 2 = 182% 4 21z + 6.
(go fi(z) = g(f(x)) = g{2x” —z) = 3(22” —z) + 2 = 62° — 3z + 2.
(fofXa) = f(f(x)) = f(222 —2) = 2(22% —2)° — (22% —z) = 2(4z* —42® +2?) —22° + = = 8z* —8z% + 2.
(gegilz) =glg(x)) =g(3z+2) =3(3x+2)+2=92+6+2=92 +8.

 flzy=1-2%D=R;g(x)=1/x,D = {z |z #0}.

(fog)(x) = flg(e)) = f(i/z) = 1= (1/z)* =1~ 1/a*, D = {z |z #0}.

(go fi@)=g(f(z)) =g(1-2°) =1/(1-2°), D={z|1-2* #0} = {z |z # 1}.

(fofim) = f{f(x)) = f1 -2 ) =1 -(1-2°) [=2°-32°+32°, D=R

(gog)x) = g(g(x)) = g(1/z) =1/(1/z) =z, D = {z | = # 0} because 0 is not in the domain of g.
. flz) =sinzg, D=R; g{z)=1—x D=[0,00).

(fog)la) = flglz)) = f(1 — V) =sin(l - V/z), D = [0, 00).

(go fY{z) = g(f(z)) = g(sinz) = 1 — v/sinz. For v/sinz to be defined, we must have
sinz >0 & zec 0,7 U[2r 37 U[-2r, —x] U [47,brj U [—4x, =37 U ..., s0

D = {z| = € [2nm, = + 2nn], where n is an integer}.
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(f o FX{z) = f(f(z)) = f(sinx) =sin(sinz), D =R.

(909)(@) = 9lgla)) = 91 ~ &) = 1~ VT- V&,
D={z>0]1-y520}={20|1> 3} = {z20]VE<1}=[0,1]

. flz)=1-3z, D=R; g(x)=5"+3z+2 D=R
(fog)z) = flg(x)) = f(52% + 3z +2) = 1 - 3(52° + 3z +2)
=1-15z2 -9z —6=—152* -9z -5 D=R
(gof)(:c):g(f(sc))=g(1—3.’1:)=5(1—3$)2+3(1—3:c)+2=5(1—6£+9x2)+3-9x+2
=5—30r +452° ~ 9z + 5 = 452" - 39z + 10, D=R
(fofMz)=f(f@a))=f1-32)=1-31-32)=1-3+9z=0%-2, D=R
(9o g)(z) = g (g(x)) = g(52% + 3z + 2) = 5(5a* + 3z +2)° + 3(52” + 3z +2) +2
= 5(25z* + 302° + 2927 + 12z + 4) + 152° + 9z + 6+ 2
== 1253% + 15023 + 145z% + 60z + 20 + 152° + 9z + 8
= 125z* + 150z° + 160z° + 69z + 28, D =R.

z+1

et D={z|z# -2}

f@)=z+5, D={z]z 40} g()=

m+2+5ﬂ_m+2+m+l

T+ 2 :c+2_

(fog)(m)f-f(g(z)):f(“’+1)=w+1 1 z+1 z+2

4D+ )+ +@+2) @+ + (4w td) 20’ +6+5
{z+2)(z+1) (z+2)(x+1) (z+ 2)(z+1)
Since g(z) is not defined for z = ~2 and f(g(z)) is not defined for z = —2 and z = —1, the domain of (f o g){x)
isD={x]r#-2-1}L

2+ 14z
_2itr+l P tz+l

z

)+2ﬁx2+1+2m 4+ 2r+1 (z+1)2
T

Since f(z) is not defined for = 0 and g(f(z)) is not defined for = —1, the domain of (g © f)(z) is

D={z|z#-1,0}.

1
(g0 1)) =a(ia) =9(a+ 1) - Ezj A

€x

et oz
- r  Z24l r  x2+1

Gon@ = s =i{s+3) = (o+3)+ 5T

e(@)(® +1} +1(2® +1) +2(z) z*+2*+a*+1+2°
z(x? + 1) B z(x? +1)

4 2
_x 437 +1 _
= @i D={ziz#0}

_ z+1l+a+2 243

zH 42 ailieid) T z+1+20+4 3x+5

2
S L

(gog}z) =glg{z)) = g(:c +2

Since g(x) is not defined for x = —2 and g(g(z)) is not defined for z = ~2, the domain of (g o g) (z) is
D={z|z+#~2-%}
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x)=+2c+3, D={z|z>-3}; g(z)=2*+1, D=R
(fog)( =f(z®+1)=+/2(x2+1)+3=+v222+5, D=R
(g0 fiz) =g (\/23:-}-3)W(\/2m+3)2+1—-(2m+3) 1= 2z +4, D—{x|x>——
(fof)z)=F(V2z2+3) =+/2(V2r +3) +3= V222 +3 D={zlz>-
(gog)(z)=g@®+ 1) =(? +1)2 +1=(z"+22 + 1)+ 1=2"+22°+2, D=R
(fogoh)(z) = flg(h(x))} = flg(z - 1)) = {2z - 1))
=2z -1 +1=2zr-1
. (fogoh)(z) = flg(h(=))) = flg(l — ) = f((1 - 2)*)
=201 -x)¥-1=2x" -4z +1
. (fogoh)(z) = fla(hx))} = flg(z +3)) = f((+3)* +2)
= f(? + 62+ 11) = /(22 + 6z + 11) — 1 = /2?2 + 6z + 10

L (fogoh)(z) = flg(h(x))) = F(g(vVa+3)) = f(cos vz +3) = COS\/;JF—H

. Let g(z) = 2 + 1 and f{x) = ='%. Then (f 0 g)(z) = f(g(x)) = (z® + 1)! = F(=).
. Let g(x) = /z and f(z) = sinz. Then (f o ¢)(z) = f(g(z)) = sin(\/z) = F(z).

12

2+ 4
. Let g(z) =z + 3 and f(z) = 1/x. Then (f o g}{z) = f{g(z)) = 1/(z + 3) = G(z}.
. Let g{t) = cost and f(t) = +/1. Then (f o g)(t) = f(g(t)) = vicost = u(t).

= uft).

= G(z).

. Let g(x) = 2” and f(x) = ——. Then (£ 0 g)() = f(9()) =

. Let g(t) = tant and f(t) = %—l—t Then (f o g)(t} = f(g(t)) = - i&::nt

. Let h{z) = 22, g(z) = 3%, and f(z) =1 — . Then (fo go h)(z) =1 — 3% = H(z).
. Let h{(z) = /z, g(x) =z — 1,and f(z) = &z. Then (fogo h)(z) = ¢/ —1=H(zx
. Let A(z) = /Z, g(z) = secx, and f(z) = z*. Then (f o g o h){x) = (sec vz )" = sec? (v ) = H(z).
. (2) f(g(l)) = f(6) =5 (b) g(f(1)) = g(3) =2
© f(f(1) = f(3) = 4 (d) g{g(1)) = g(6) =3
() (go £)(3) = g(f(3)) = g(4) = 1 (£) (f o g)(6) = f(g(6)) = F(3) =
. {(a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, f(g(2)) = f(5) = 4, because the point (5, 4) is
on the graph of f.
(b) g(f(0)) = g(0) =3
(©) (fog)(0) = f(g(0)) = f(3) =

(d) (g o £)(6) = g(f(6)) = g(6). This value is not defined, because there is no point on the graph of g that has
x-coordinate 6.

(&) (gog)(—2) = g(g(~2)) = g(1) =4
() (fo FY4)=f(f(4)}=f(2) = -2
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56. To find a particular value of f(g(x)), say for ¢ = 0, we note from the graph that g(0) ~ 2.8 and f(2.8) = —0.5.
Thus, f(g (0)) = f(2.8) = —0.5. The other values listed in the table were obtained in a similar fashion.

gle} | flal=)) g(x) | flg(=))
~0.2 | -4 2.8 | —0.5
12| -33 22 | -1.7
22 | —1.7 1.2 | —3.3
28 | —0.5 -02 | -4
3 | -02 -19 | -22
-41| 19

7. (a) Using the relationship distance = rate - time with the radius r as the distance, we have r{t) = 60t.

) A=nr? = (Aor)(t) = A(r(t)) = =(60£)* = 3600mt®. This formula gives us the extent of the rippled
area (in cm?) at any time ¢,

88 (a) d=rt = d(t) =350t

(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse with length s:
d* +1% = s* Thus, s{d) = Vd? + L.

(© (s 0 d)(t) = s(d(t)) = s(350t) = \/(3500) + 1

59. (a) b

Vi) 0 if £t<0 v -
) = soV(t)=1 .
( 120 ift>0 ®) t)

Starting with the formula in part (b), we replace 120 with 240 to reflect the
different voltage. Also, because we are starting 5 units to the right of ¢ = 0, we
replace ¢ with ¢ - 5. Thus, the formula is V' (t) = 240H (¢ - 5).

2t it0<t<60

0 ift<O 0 if t<7
80. (2) R(t) = tH(t) (b) V(t) = { © V()= {

4(t—7) if T<i<32

0 ift<0
=1, w0 so V(t) = 2tH(t), t < 60. soV{t) = 4(t — T)H(t ~T),t < 32.
1 =

v
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. (2) By examining the variable terms in g and h, we deduce that we must square g to get the terms 4x* and 4z in h.
If welet f(z) = 2 + c.then (fog)(z) = f(g(z)) = 2z + 1) = 2z 4+ 1)* +c=4z* + 4z + (1 + o).
Since h(z) = 422 4+ 4z + 7, wemusthave 1 + ¢ == 7. Soc = 6 and f(z) = z° + 6.

(b) We need a function g so that f{g(z)) = 3{(g(z)) + 5 = h(z). But
h(z) = 32% + 32+ 2 =3(z® + 2) + 2 = 3(z” + = — 1) + 5, s0 we see that g(z) =z 4z -1

. We need a function g so that g(f(z)) = g(z + 4) = h(z) = 4o — 1 = 4{x + 4) — 17. So we see that the function
g must be g{x) = 4z — 17.

. We need to examine h(—x).

h(~z) = (f o g)(—x) = fg{—2)) = f(g(z)) [because giseven] = h(z)
Because i{—x) = h{x), h is an even function.

. h{—x) = f(g{—x)) = f(—g(z)). At this point, we can’t sitnplify the expression, so we might try to find a
counterexample to show that A is not an odd function. Let g{x) = x, an odd function, and f(z) = x? 4 z. Then
h(z) = z* + x, which is neither even nor odd.

Now suppose f is an odd function. Then f{—g(z)} = — f(g(x)) = —h(x). Hence, h(—z) = —h(z), and so
h is odd if both f and ¢ are odd.
Now suppose f is an even function. Then f{—g{z)} = f(g(x}) = h{x). Hence, h(—z) = h(z), and so h is

even if g is odd and f is even.

1.4 Graphing Calculators and Computers

1 flz) =z +2
{(a) [—2,2] by [-2,2] [0, 4] by [0, 4] {c) [—4,4] by [-4, 4]

4

(d) [8, 8] by [—4,40] (€)  [—40,40] by [—80,800]

40 800

The most appropriate graph is

produced in viewing rectangle (d).
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2 fz) =2 +Tz+6

(a) (5,5 by [—5,5] (b) [0, 10] by [-20, 100]
5 100

7
v

-20

©  [—15,8] by [~20,100] @  [~10,3] by [~100,20]
100 20

S,

T——

The most appropriate graph is produced in viewing rectangle (c).

3. f(x) =10+ 25z —2°

(a) (—4,4] by [—4, 4] (b) [—10,10] by [-10, 10]
10

{ | |

=10

-4

(¢)  [-20,20] by [—100, 100] (d)  [~100,100] by [-200,200]
200

S b
{ t |

The most appropriate graph is produced in viewing rectangle (¢) because the maximum and minimum points are

fairly easy to see and estimate.
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4, f(x) = vBx - 22

(a) [—4,4] by [~4,4] [~5, 5] by [0,100]
100

(c) [—10, 10] by {—10,40] [=2,10] by [~2, 6]
40 ]

The most appropriate graph is produced in viewing rectangle (d).

. Since the graph of f(x) =5 + 20z — 2% isa 6. An appropriate viewing rectangle for

parabola opening downward, an appropriate fz) = 23 + 30x? + 200z should include the
viewing rectangle should include the maximum high and low points.

point.

iV
[

. f(z) = 0.012* — 2% + 5. Graphing f in a standard viewing

rectangle, [—10, 10] by [—10, 10], shows us what appears to be a

parabola. But since this is a cubic polynomial, we know that a

larger viewing rectangle will reveal a minimum point as well as

the maximum point. After some trial and error, we choose the

viewing rectangle [—50, 150] by [—2000, 2000].
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.

8 flz)=x(z+6)(z—-9)

9, f(z) = V8l — z* is defined when 10. f(z) = +/0.1z + 20 is defined when

8l—2'>0 o z'<81 < |z/<3 50 0.1xr+20>0 <« x> —200, sothe domain
the domain of f is [~3, 3]. Also of f is [-200, c0).
0 < /81 —z% < /81 = 3, 50 the range is [0, 3].

. The graph of f(z) = z* + (100/z) has a 12. The graph of f(z) = z/(z* + 100} is
vertical asymptote of x = (. As you zoom symmetric with respect to the origin,

out, the graph of f looks more and more like o1

that of y = z°. {
~50

13. f{x) = cos (100x) 14, f(z) = 3sin{120x)
1.5 4
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15. f(z) = sin(xz/40) 16. f(z) = tan(25x)

. A
_M [

N
/|

1.5

17. y = 3(:05(&:2)

I/

4
0

18. y = = + 0.02 sin(50x)

N

19. We must solve the given equation for y to obtain equations

4

05

for the upper and tower halves of the ellipse.
1 —4z°

A+ =1 & BP=1-42" & = 5

1—4z?

S
y 2

20 7 -922=1 & =149 & y==+v1+0?
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21. From the graph of f(x) = x* - 92% — 4, we see that there is

one solution of the equation f{x) = 0 and it is slightly larger
than 9. By zooming in or using a root ar zero feature, we
obtain z =~ 9.05.

, We see that the graphs of f(z) = z° and g{z) = 4z — 1 10

intersect three times. The z-coordinates of these points / ]
(which are the solutions of the equation) are approximately —

—2.11,0.25, and 1.86. Alternatively, we could find these

values by finding the zeros of h(z) = £* — 4z + 1.

-12

r
1
1

. We see that the graphs of f(x) = z° and g(z) = sinx

intersect twice. One solution is z = 0. The other solution of
f = g is the z-coordinate of the point of intersection in the

N

first quadrant. Using an intersect feature or zooming in, we

find this value to be approximately 0.88. Alternatively, we

]
Y

could find that value by finding the positive zero of

-1
h(z) = z* — sinz.

Note: After producing the graph on a TI-83 Plus, we can find the approximate value 0.88 by using the following
keystrokes: 2nd| EALCI @ |ENTER| [ENTER|1 |ENTERJ. The “1” is just a guess for 0.88,

The z-coordinates of the three points of
j intersection are  ~ —3.29, —2.36 and 1.20.

{b) Using trial and error, we find that m = 0.3365. Note that m could also be negative.

25. g(x) = /10 is larger than f(z) = 10z° 2. f(x) = x* — 100z is larger than g(z) = z*

whenever z > 100. whenever = > 101.

300,000 2,000,000

S
L\

— 1,000,000
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217. 0.13 We see from the graphs of ¥ = [sinz — x| and y = 0.1 that there are two

I\ sofutions to the equation |sinxz — x| = 0.1: £ = —0.85 and z =~ 0.85.

The condition [sinz — | < 0.1 holds for any z lying between these two

values.

P(z) = 32° — 52° + 2,

Q(z) = 3z°. These graphs are

significantly different only in the

region close to the origin. The larger a

viewing rectangle one chooses, the

more similar the two graphs look.

29. (a) The root functions y = /T, (b) The root functions y = x, {¢) The root functions y = /=,
y= Yzandy = {z y= Yrandy= ¥ y= ¥z, y=Yrzandy = ¥z

3

For any n, the nth root of 0 is 0 and the nth root of 1 is 1; that is, all nth root functions pass through the
points {0,0) and {1, 1).
For odd n, the domain of the nth root function is R, while for even n, itis {z € R | z > 0}.

Graphs of even root functions look similar to that of 1/, while those of odd root functions resemble that
of ¥z.

As 7 increases, the graph of {/z becomes steeper near 0 and flatter for z > 1.

30. (a) The functions y = 1/x and (b) The functions y = 1/x* (c) The functions y = 1/x,y = 1/,
y = 1/2° y=1/z>andy = 1/2*
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The graphs of all functions of the form y = 1/z" pass through the point {1,1).

If 72 is even, the graph of the function is entirely above the z-axis. The graphs of 1/z™ for n even are similar
to one another.

If n is odd, the function is positive for positive = and negative for negative z. The graphs of 1/z" for n odd
are similar to one another.

As n increases, the graphs of 1/2z™ approach 0 faster as © — oo.

31. f(z) = «* + cx® + z. If ¢ < 0, there are three humps: two minimum

points and a maximum point. These humps get flatter as ¢ increases,
until at ¢ = 0 two of the humps disappear and there is only one

minimum point. This single hump then moves to the right and

approaches the origin as c increases.

32. f(z) = V1 + cz?. If e < 0, the function is only defined on
[-1/v=c,1/v/=c],and its graph is the top half of an ellipse. If
¢ = 0, the graph is the line y = 1. If ¢ > 0, the graph is the top half

of a hyperbola. As ¢ approaches 0, these curves become flatter and

approach the line y = 1.

3. y = x™27 % As n increases, the

maximum of the function moves further
from the origin, and gets larger. Note,

however, that regardless of n, the

function approaches 0 as z — 0.

M. y= & The “bullet” becomes broader as ¢ increases.

Ve —x?

35 y? = cr® 42

If ¢ < 0, the loop is to the right of the origin, and if ¢ is positive, it is
to the left. In both cases, the closer ¢ is to 0, the larger the loop is.

(In the limiting case, ¢ = 0, the loop is “infinite”, that is, it doesn’t

close.) Also, the larger || is, the steeper the slope is on the loopless

side of the ongin.
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36. (a) y = sin{y/x) (b) y = sin{z?)
This function is not periedic; it oscillates This function osciliates more frequently as |z| increases.

less frequently as x increases. Note also that this function is even, whereas sin z is odd.

1.5 1.5

A
[AVAAVA

-15 =15

37. The graphing window is 95 pixels wide and we want to start with x = 0 and end with z = 2. Since there are 94

270
94

=0+ %ﬁ -n,wheren =0, 1,2, ...,93, 94. For y = sin 2z, the actual points piotted by the calculator are

“gaps” between pixels, the distance between pixels is . Thus, the z-values that the calculator actually plots are

(& n,sin(2-Z . n)} forn=0,1,...,94. For y = sin 96z, the points plotted are (7 - n,sin(96 - 3% - n})
forn=0,1,...,94. But
sin{96- 27 -n) =sin(94- 2 n+2- 2 .n) =sin(2rn+2- 21 - n)
=sin(2- 45 -n)  [by periodicity of sine], n=0,1,...,94
So the y-values, and hence the points, plotted for y = sin 96z are identical to those plotted for v = sin 2z.
Note: Try graphing y = sin 94z. Can you see why all the y-values are zero?

38. As in Exercise 37, we know that the points being plotted for y = sin 45z are (£ - n,sin(45 - 27 - n)} forn = 0,
1,...,94. But

sin(45- 4 -n) = sin(47 % n 2. & -n) =sin(nr —2- 3 n)

= sin(nm) cos(2- £ - n) — cos(nw)sin(2 - 25 -n) [Subtraction formula for the sine]

=0-cos(2- 2 .n) — (£1)sin(2- 2 -n) = +sin(2- 2 -n), n=0,1,...,94

So the y-values, and hence the points, plotted for y = sin 45z lie on either y = sin 2z or y = — sin 2z.

1 Review

CONCEPT CHECK

1. {a) A function f is a rule that assigns to each element z in a set A exactly one element, called f(z), in a set B. The
set A is called the domain of the function. The range of f is the set of all possible values of f(x) as x varies
throughout the domain.

(b) If £ is a function with domain A, then its graph is the set of ordered pairs {{z, f(z)) | z € A}.
(c) Use the Vertical Line Test on page 17.

. The four ways to represent a function are: verbally, numerically, visually, and algebraically. An example of each is
given below.
Verbally: An assignment of students to chairs in a classroom (2 description in words)
Numerically; A tax table that assigns an amount of tax to an income (a table of values)
Visually: A graphical history of the Dow Jones average (a graph)
Algebraically: A relationship between distance, rate, and time: d = t (an explicit formula)
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3. (a) An even function f satisfies f(—z) = f(z) for every number x in its domain, It is symmetric with respect to
the y-axis.
{b} An odd function g satisfies g(—x) = —g(z) for every number z in its domain. It is symmetric with respect to
the origin.
4. A function f is called increasing on an interval I if f(x;) < f(x2) wheneverx; < zz in 1.
5. A mathematical model is a mathematical description (often by means of a function or an equation) of a real-world
phenomenon.
6. (a) Linear function: f(z) =2z + 1, f(z) =ax +b .
(by Power function: f{z) = z2, fl@)y==z" gm:xl\
(c) Exponential function: f(z) = 2%, f(x) = a”
(d) Quadratic function: f(z) =z +z +1,

f(z) = az® + bz +c
(e) Polynomial of degree 5: f(x) = x4 2

z _ Plz)
Pt flzy= where

Q(z)

(f) Rational function: f{x) =

P(z) and QJ(x) are polynomials

"
&8
=1
e

. (a)

y
p3
2

. (a) The domain of f + g is the intersection of the domain of f and the domain of g; thatis, AN B.
{b) The domain of fg is also AN B.
(c) The domain of f/g must exclude values of = that make g equal to 0; that is, {z € AN B | g(x) # 0}.
. Given two functions f and g, the composite function f o g is defined by (f o g) (x) = f(g (z)). The domain of
f o g is the set of all T in the domain of g such that g() is in the domain of f.
. (a) If the graph of f is shifted 2 units upward, its equation becomes y = f(x} + 2.
(b) If the graph of f is shifted 2 units downward, its equation becomes y = f(z) — 2.
(¢) If the graph of £ is shifted 2 units to the right, its equation becomes y = f(z — 2).
(d) If the graph of f is shifted 2 units to the left, its equation becomes y = f (z +2).
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(e) If the graph of f is reflected about the z-axis, its equation becomes y = — f(z).
(f) If the graph of f is reflected about the y-axis, its equation becomes y = f{—~=).
(g} If the graph of f is stretched vertically by a factor of 2, its equation becomes ¥ = 2f(z).

(h) If the graph of f is shrunk vertically by a factor of 2, its equation becomes y = % F(z).

(i) If the graph of f is stretched horizontally by a factor of 2, its equation becomes y = f (%):r;.

(j) 1f the graph of f is shrunk horizontally by a factor of 2, its equation becomes y = f(2z).

TRUE-FALSE QUIZ
1. False. Let f(z) = 2% s = —1,andt = 1. Then f(s +¢) = (-1 + 1) = 02 = 0, but
F&) + () = (-1 + 12 =2£0= f(s + ).
2. False. Let f(x) =z Then f(—2) =4 = f(2), but ~2 # 2.
3. False. Let f(x) = z°. Then f(3x) = (3z)* = 92% and 3f(x) = 32°. So f(3z) # 3f(z).
4. True. Ifx; < xo and f is a decreasing function, then the y-values get smaller as we move from left to right.
Thus, f(z1) > f{x2).
5. True. See the Vertical Line Test.
6. False. Let f(z) = z* and g(z) = 2z. Then (f 0 g)(z) = f{g(x)) = f(2z) = (22)® = 42* and
(9o flz)=g(f(x)) = g(z®) = 22" S0 fog # go [,
EXERCISES

1. (a) Whenx = 2,y = 2.7. Thus, f(2) = 2.7.
(b) f(z) =3 = xr=~23,56
{c) The domain of f is —6 < = < 6, or [--6, 6].
(d) The range of f is —4 < y < 4. 0r [—4,4].
(e) f is increasing on [—4,4), thatis, on —4 < z < 4,
(f) f is odd since its graph is symmetric about the origin,
2. (a) This curve is not the graph of a function of z since it fails the Vertical Line Test.
(b} This curve is the graph of a function of z since it passes the Vertical Line Test. The domain is [—3, 3] and the
range is {—2, 3].
3. (a) d . yield
150
100

0 fertilizer

There will be some yield with no fertilizer, increasing

(b) From the graph, we see that the distance yields with increasing fertilizer use, a leveling-off of

traveled after 4.5 seconds is slightly less yields at some point, and disaster with too much

than 150 feet. fertilizer use.
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5, f(z) = v4— 322 Domain: 4 — 32 >0 = 3:°<4 = <] = |x|§%.Range:yzﬂand
y<+vVi = 0<y<2

1

wh Domain: £ +1# 0 = z # —1. Range: all reals except O (y = 0 is the horizontal asymptote
x

- g(z) =
for g

.y =1+ sinz. Domain: R. Range: —1 <sinz <1 = 0<1+sinz<2 = 0<y<2

. y = tan 2z. Domain: 2z # £ +mn = 1z # § + §n. Range: the tangent function takes on all real values, so
the range is R.

. (a) To obtain the graph of ¥ = f(x) + 8, we shift the graph of ¥ = f(z) up 8 units.
(b) To obtain the graph of y¥ = f(z + 8), we shift the graph of y = f{x) left 8 units.

(¢) To obtain the graph of y = 1 + 2f(z), we stretch the graph of y = f(z) vertically by a factor of 2, and then
shift the resulting graph 1 unit vpward.

(d) To obtain the graph of y = f(x — 2) — 2, we shift the graph of y = f(x) right 2 units (for the *—2" inside the
parentheses), and then shift the resulting graph 2 units downward.

() To obtain the graph of y = — f(z), we reflect the graph of y = f(x} about the z-axis.
(f) To obtain the graph of y = 3 — f{x), we reflect the graph of y = f(x) about the z-axis, and then shift the
resulting graph 3 units upward.
. {a) To obtain the graph of y = f(x — 8), we {b) To obtain the graph of y = — f(xz), we reflect the
shift the graph of y = f(x) right 8 units. graph of y = f{x) about the x-axis.

{c) To obtain the graph of y = 2 — f{x), we {d} To obtain the graph of y = %f(:r) — 1, we shrink
reflect the graph of y = f(x) about the the graph of y = f(x) by a factor of 2. and then

x-axis, and then shift the resulting graph 2 shift the resulting graph 1 unit downward.

units upward.
¥

+
+

\;: |

oN | *

s

11. y = - sin 22: Start with the graph of y = sin x, compress horizontally by a factor of 2, and reflect about the z-axis.

¥ ¥ y
y=sinx y=sin2x = —sin2x
N AN PN AN A A /J A
v \_/]0 ~ * N \/ \ﬁo A N/« \V RV OF./ N Nx
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8 [ CHAPTERT FUNCTIONS AND MODELS

12. y = (x — 2)?: Start with the graph of y = x* and shift 2 units to the right.
v ,
:1\

0 2

y=x y= -2y
Boy=1+% m - Start with the graph of y = 2*, compress vertically by a factor of 2, and shift | unit upward.

YA
=) =1 g 1.3 Y
y=ux y=3x y=3x+1

1

14, y = 2 — \/: Start with the graph of y = /r, reflect about the z-axis, and shift 2 units upward.

} 2 ;
X

1
15 f(z) = pansE Start with the graph of

f(z) = 1/x and shift 2 units to the left.

=

On (—oc, 0}, graph y = 1 +  (the line with slope 1 and

1 1+x ifa<O
. flx) =
f=) 1+z? ifz>0

y-intercept 1) with open endpoint (0, 1).

On [0, 20). graph ¢ = 1 + z? (the rightmost half of the parabola

y = z” shifted 1 unit upward) with closed endpoint (0, 1).
17. (a) The terms of f are a mixture of odd and even powers of z, so f is neither even nor odd.
(5 The terms of f are all odd powers of ., so f is odd.
(¢) f(—x) = cos((—2)*} = cos(z?®) = f(x),so f is even.
(d) f{—x) = 1+sin{—z) =1 —sinz. Now f(—z) # f(x) and f(—z) £ —f(x), so f is neither even nor odd.
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CHAPTER1 REVIEW U 4

0 o
For the line segment from (—2, 2) to (—1, 0), the slope is 112" —2, and an equationisy — 0= —2(z + 1)

or, equivalently, y = —2z — 2. The circle has equation 72 + y° = 1; the top half has equation y = v'1 — z?
—2r—2 if 2<x< -1

vi-z2 if -1<z<1

(we have solved for positive 4.) Thus, f(z) = {

. f(z) = vz, D =1{0,00); g(z) = sinz, D =R.
(f

22,

23

o g)(z) = flg(x)) = f(sinz) = Vsinx. For vsinz to be defined, we must have sinz 20 & =z ¢ [0, 7],
(27, 8x), [~2m, —x], [47, 5], [-4m, =3x],...,s0 D = {x | = € [2nm, 7 + 2n7|, where n is an integer}.

(go fi(z) = g(f(z)) = g(/7} = sin+/z. x must be greater than or equal to 0 for /T to be defined, so
D =0, ).
(fo @) = (@) = f(Va) = VVa = ¥z. D =[0,00).

(g0 g)(x) = g(g(z)) = g(sinz) = sin(sinz). D =R.
1

. Let h(z) = = + v/, g(z) = vz, and f(z) = 1/z. Then (f o g o h)(zx) = ﬁ = F(z).

T+

. The graphs of f(z) = sin™ x, where n is a positive integer, all have domain R. For odd n, the range is [~1, 1] and

for even n, the range is [0, 1]. For odd n, the functions are odd and symmetric with respect to the origin. For even n,
the functions are even and symmetric with respect to the y-axis. As n becomes large, the graphs become less

rounded and more “spiky.”

flxy=sin"x

(a) Let 2 denote the number of toaster ovens produced in one
week and y the associated cost, Using the points 12,0001
{1000, 9000) and (1500, 12,000), we get an equation of a 9000+ Y= 6x+ 3000

12,000 — 9000
1500 — 1000

y = 6(z — 1000) + 9000 = y = 6z + 3000.

line: y — 9000 = (z —1000) = 60001

30001

500 1000 1500 2000 X
(toaster ovens)

(b) The slope of 6 means that each additional toaster oven produced adds $6 to the weekly production cost.
(c) The y-intercept of 3000 represents the overhead cost—the cost incurred without producing anything.

80 Many models appear to be plausible. Your choice depends on whether

you think medical advances will keep increasing life expectancy, or if
there is bound to be a natural leveling-off of life expectancy. A linear
model, y = 0.2493x — 423.4818 gives us an estimate of 77.6 years
for the year 2010.
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[0 PRINCIPLES OF PROBLEM SOLVING

By using the area formula for a triangle, 3 (base) (height), in two ways,

4 .
we see that 1 (4) (y) = 3 (k) (a).50a = Fy Since 42 + y% = A2,

VT
y=\/h2w16,anda:%—§.

2
Refer to Example 1, where we obtained h = % The 100 came from 4 times the area of the triangle.

P? — 4(6h)

— p? _
2P = 2Ph=P" -2¢h =

In this case, the area of the triangle is 3(h){12) = 6h. Thus, h =

p?
2Ph+24h=P° = h(2ZP+24)=P° = h 5P
r+5 if z> -5
—x—-5 if z <=5

2r—-1 if x>
L 22— 1) =
1-2r if x <

Wl Bl

and jz + 5] = {

Therefore, we consider the three cases ¢ < —5, -5 <z < 1, andz > 1.

Ifx < —5,wemusthavel — 2z — (—z — 5) =3 <& x = 3, which is false, since we are considering z < —3.
f-5<z<j wemusthavel -2z —(z+5) =3 & r=-1.

Ifz > 4, wemusthave2z — 1 - (2 +5) =3 & z=09.

So the two solutions of the equation are & = —% andx =9,

r—1 ifxz>1 z—3 ifz>3
L |x — 1] = ) and |z — 3| = )
11—z ifz<l 3—z if x<3

Therefore, we consider the threecasesz < 1,1 <z < 3,and x > 3.
Ifex< lL,wemusthavel —2 — (3—xz)>5 <« 02>7, whichis false.

Ifl1<z<3wemusthavex—-1-(3-2)>25 <« 1:2%,whichisfalsebecausew<3.
Ifz> 3, wemusthavex —1—-{(zx—3}>5 <& 2 >5, whichis false.

All three cases lead to falsehoods, so the inequality has no solution.
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4 O CHAPTER1 PRINGIPLES OF PROBLEM SOLVING
5 f(z)=|z® —4|x| +3|. If z > 0, then f(z) = |z* — 4z + 3| = |(z — 1)(z - 3).

Case(i): 1f0 <z <1, then f(z) = z* — 4z + 3.
Case (ii):  If1 < a<3then f(z) = —(2* —dx +3) = —z* + 42 - 3.
Case (iif): x> 3,then f(z) = 2° — 4z + 3.

This enables us to sketch the graph for x > 0. Then we use the fact that f is an
even function to reflect this part of the graph about the y-axis to obtain the
entire graph. Or, we could consider also the cases x < -3, -3 < z < -1,

and -1 <z < 0.

£ —4 if |z > 2
—z? - 4—zx* if |z| <2
Sofor0 < |z| < L,g{x) =1 —2* — (4 —z*) = -3, for
1< )z| < 2,9(x) =x*—1—(4— %) =2z% — 5, and for

] > 2.g(e) =22 =1 — (2® —4) = 3.

. Remember that |a| = a if @ > 0 and that |a| = —a if @ < 0. Thus,

0 ifz<O 0

2r ifzxz >0 2y
x+ |x| = and  y+ly| =

We will consider the equation = + |z| = y + |y| in four cases.

MHzxz>20,y20 z>20,y<0 BGz<Oy>20 BHzr<bhy<i
2z =2y 2r=20 0=2y 0=0

Case 1 gives us the line ¥ = x with nonnegative z and y.
Case 2 gives us the portion of the y-axis with y negative,

Case 3 gives us the portion of the z-axis with x negative.

Case 4 gives us the entire third quadrant.

Lot -4t 2P 4+t =0 o 2PET - - - =0 &
(@* — )@ -~ ) =0 & (g+y)lr-y)lz+2D@-2)=0

So the graph of the equation consists of the graphs of the four lines

y=-—ry=x,¢r=-2,andx = 2.
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9. |x| + |y| < 1. The boundary of the region has equation |x| + jy| = 1.
In quadrants L, I1, I1I, and IV, this becomes the lines x + ¢y = 1,

—x+y=1~-r—y=1andz — y = 1 respectively.

10z~ y| + x| - |yl <2

Case (i): x>y>0 r—yt+trz—y<2 r—y<1
0 < 2 (true)
2 <2

—2r <2

0 < 2 (true)

Case (i) y>xz>0 y—rc+r—y<2
Case (iii): = >0andy <0 r—y+r+y<2
Case(iv)y z<0Oandy >0 y—r—zr—y <2
Case (v): y<x<0 r—y—zr+y<2

rtt ot

Case (vi): x<y<0 y—rt—r+y <2 y—x <1

Note: Instead of considering cases (iv), (v}, and (vi), we could have noted that
the region is unchanged if = and y are replaced by —x and —y, so the region is

symmetric about the origin. Therefore, we need only draw cases (i}, (i), and

{iii), and rotate through 180° about the origin.

. Let d be the distance traveled on each half of the trip. Let £1 and £ be the times taken for the first and second halves .
of the trip.
For the first half of the trip we have t; = d/30 and for the second half we have t; = d/60. Thus, the average speed

for the entire trip is total distance _ 2d = 2d - @ = —@L—i— = }39_@ = 40, The average speed for
P total time ¢, +t2  d d 60 2d+d 34 ~ ge Sp
30t 50

the entire trip is 40 mi/h.

. Let f = sin, g = x, and h = z. Then the left-hand side of the equation is
fo(g+h)=sin{x+ z} = sin 2z = 2sinx cos z; and the right-hand side is
fog+ feh=sinr 4+ sinz = 2sinx. The two sides are not equal, so the given statement is false.

. Let S, be the statement that 7 — 1 is divisible by 6.

e Sy is true because 71 — 1 = 6 is divisible by 6.

Assume S is true, that is, 7% — 1 is divisible by 6. In other words, 7% — 1 = 6m for some positive integer m.
Then 7"t - 1=7%.7 - 1= (6m+1)-7~ 1 =42m + 6 = 6(7m + 1), which is divisible by 6, 50 Sk+1

is true.

Therefore, by mathematical induction, 7™ — 1 is divisible by 6 for every positive integer n.
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14. Let S, be the statement that 1 + 3 + 5+ --- 4+ (2n — 1) = n?.
® S is true because [2(1) — 1] =1 =12

e Assume Sy is true, thatis, 1 + 3 + 5+ -+ + (2k — 1) = k*. Then

14345+ +2k—1+[2k+1)—1=1434+5+-+{2k - 1)+ (2k + 1)
=k +(2k+1) = (k+ 1)

which shows that S is true.

e Therefore, by mathematical induction, 1 + 3 + 5+ - -+ + (2n — 1) = n* for every positive integer n.
15, fo(x) = 2% and foy1(2) = fo(fulz)) forn=0,1,2,....

fi(@) = fo(fola}) = fo(2?) = (2*)* = 2*, folx) = fo(fi(e)) = fo(2")

fs(2) = fo (fo@)) = fo(a®)

_ 2-x _2-x
S 2(2-z)-1 3-2z°

3—2x _3-2z
T 23-2r-(2-2) 4-32

4-3z _d4-3z
3—2r " 2(4-3xr)-(3-2z) BH5—-4dz'"
4—3r

n+1-nzr

Thus, we conjecture that the general formula is fn(z) = TR S SRS L
— N T

To prove this, we use the Principle of Mathematical Induction. We have already verified that f., is true for

n = 1. Assume that the formula is true for n = k; that is, fi{x) = Z +k2+ 1(; fml) — Then

2

Foaa (@) = (foo fdla) = folfu(e)) = fu(

k+1-—kr _ 1
k+2-{k+1)x k41— kx

k+2—(k+1)x
B k+2—(k+ 1)z k+2-(k+ Dz
C2k+2-(k+Da)|-(k+1—ks) k+3-(k+2)a

This shows that the formula for f, is true for n = k + 1. Therefore, by mathematical induction, the formula is
true for all positive integers n.
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Mt R i

AN
fs\fz\fl fo

From the graph, we can make several observations:
o The values at z = o keep increasing as k increases.
e The vertical asymptote gets closer to x = 1 as k increases.
o The horizontal asymptote gets closer to y = 1 as k increases.
The z-intercept for fi is the value of the vertical asymptote for f5.

The y-intercept for fi is the value of the horizontal asymptote for fr.1.
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