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16 [1 MULTIPLE INTEGRALS

16.1 Double Integrals over Rectangles

1. (a} The subrectangles are shown in the figure.

The surface is the graph of f{z.y) = zy and AA = 4,

$0 we estimate

Ve Z Z flei,y;) AA

i=15=1

= f(2,2) AA+ f(2,4) AA+ f(4,2) AA + F(4,4) AA + £(6,2) AA + f(6,4) A
= 4(4) + 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288

VY Y r(E.g)ad

FOLNAA+ f(L3)AA+ F(3, 1) AA+ f(3,3) AA+ f(5,1) AA + f(5,3) AA
1(4) +3(4) +3(4) + 9(4) +5(4) + 15(4) = 144

2. The subrectangles are shown in the figure.

Since AA = 1, we estimate

. 4 2 .
Ifn = 22")dA ~ 21 -Zl Flzl ) AA
t=1j7=

= f(-L,1)AA+ f(—1,2) AA + F(0,1) AA + f(0,2) AA
F (L) AA+ F(1,2)AA+ F(2,1) AA + f(2,2) AA

= —1(1) + 2(1) + 1(1) + 4(1) — 1(1) 4 2(1) — 7(1) — 4(1) = —4

3. (a) The subrectangles are shown in the figure. Since A4 = T’ /4, we estimate

2
_ffR sin(z + ) dA Z (xfj,y;j) AA

f
F(0 ,O)AA+f(o,%)AA+f(ﬂ 0) A
0 +

£)=1(%) #1(%) 0f5

(by [, sin(z +y)dA
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a) The subrectangles are shown in the figure.
The surface is the graph of f(z,y) = = + 2y* and AA = 2, so we estimate

2
vzjfﬂ(mmy?)dm;f_ g flat,un) AA

— FLO)AA+ F(1,2) AA+ f(2,0) AA + F(2,2) AA

= 1(2) + 9(2) + 2(2) + 10(2) = 44

2 2
)V = [[ale+ 2 dA= 3 5 f(@T,) A4

A+ f(3,1) a4+ f(3,3)A4

5. (a) Each subrectangle and its midpoint are shown in the figure. The area of each

subrectangle is A4 = 2, so we evaluate f at each midpoint and estimate

Jfg flzy)dA é Zijlf(a-,gj) AA

= f(1.5,1)AA + f(1.5,3) AA
+ f(25,1)AA + f(2.5,3) AA

=1(2) + (-8)(2) +5(2} + (-1}2) = -6

{b) The subrectangles are shown in the figure. In each subrectangle, the sample point
farthest from the origin is the upper right corner, and the area of each subrectangle

is AA = % Thus we estimate
[faflew) ddm 55 o) a4
= f15, 1) AA+ f(1.5,2) AA+ f(1.5,3) AA + f(1.5,4) AA
A2, ) AA+ F(2,2) AA+ f(2,3) AA+ f(2,4) AA
+ F(25, 1) AA+ £(2.5,2) AA+ f(2.5,3) AA+ £(2.5,4) AA
+f(3, 1) AA+ f(3,2) AA + f(3,3) AA + f(3,4) AA

0(3) +(=5)(3) + (-8)(3)
8(3) +6(3) +3(3) +0(3)

i

)+ (= 6)( ) +3(3) +
)+ (=D(3) + (-49(3) +

=1(z) + (-0(3) + (-8)(

+5() +3(3
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6. To approximate the volume, let R be the planar region corresponding to the surface

of the water in the pool, and place R on coordinate axes so that x and y correspond

to the dimensions given. Then we define f(z,y) to be the depth of the water at

{(z,¥), so the volume of water in the pool is the volume of the solid that lies above

the rectangle 12 = [0, 20] x [0, 30] and below the graph of f(x,y). We can

estimate this volume using the Midpoint Rule withm = 2andn = 3, so

A A = 100. Each subrectangle with its midpoint is shown in the figure. Then

2 3
Vo .El -Zlf(ié’gj) AA
t=15=

= AA[f(5,5) + £(5,15) + f(5,25) + £(15,5) + f(15,15) + f(15,25)]
=100(3 + 7+ 1043+ 5 + 8) = 3600

Thus, we estimate that the pool contains 3600 cubic feet of water.
Alternatively, we can approximate the volume with a Riemann sum where m = 4, n = 6 and the sample points are

taken to be, for example, the upper right corner of each subrectangle. Then A4 = 25 and

4 6

Vi 3 3. flzoy) AA

iz=lj=1

—25[3+44+T74+84+104+84+44+64+8+10+124+104+3+4
+5+6+84+7+2+24+24+3+4+4]

= 25(140) = 3500

So we estimate that the pool contains 3500 ft* of water.

. The values of f(z,y) = /52 — x? — y? get smaller as we move farther from the origin, so on any of the

subrectangles in the problem, the function will have its largest value at the lower left corner of the subrectangle

and its smallest value at the upper right corner, and any other value will lie between these two. So using these
subrectangles we have I/ < V' < L. (Note that this is true no matter how R is divided into subrectangles.)
. From the level curves we see that f(£,2) 2 11. So, using the Midpoint Rule with only one subrectangle, we get
Jfg flz,y)dA~=1- f(3,5) ~ 11. Dividing R into four squares of equal size, we get
ey dd=~¢[f(5 1)+ 0D+ A1)+ D] = 1(01+13+95+11) ~ 1L
Using sixteen squares we get the same result. So ffR flz,y)dA = 11.

. (a) With m = n = 2, we have AA = 4. Using the contour map to estimate the value of f at the center of each
subrectangle, we have

Jfg flz,y) dA~ sz(a:“yj)/_\A AA[F(L 1)+ F(1,3)+ £(3,1) + £(3,3)]

i=17=1

~ 427+ 4+ 14+ 17) = 248
aie [fn fl2,y) dA = £ (248) = 155
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10. As in Example 4, we place the origin at the southwest corner of the state. Then R = [0, 388] x [0, 276] (in miles)
is the rectangle corresponding to Colorado and we define f{z, y) to be the temperature at the location {x, y).

The average temperature is given by

foe = 75 [ 1o a4 = gz [ @

We can use the Midpoint Rule with m = n = 4 to give a reasonable estimate of the value of the double integral.

Thus, we divide R into 16 regions of equal size, as shown in the figure, with the center of each subrectangle

indicated. The area of each subrectangle is AA = 328 . 218 = §693, 5o using the contour map to estimate the

function values at each midpoint, we have

J[ fawans & 5 (@5, aa

~ AA[T2.2 4 73.6 + 72.1 + 68.2 + 67.4 + 68.5 + 66.7 + 60.3
+72.0 + 74.9 + 68.4 + 63.7 + 73.2 + 72.3 4 70.3 + 67.7]
= 6693(1111.5)

6693 -1111.5
388 - 276
approximately 69.5°F,

Therefore, fi. ~ =3 68.9, so the average temperature in Colorado on May 1, 1996, was

Alternatively, we can use the Midpoint Rule with m = n = 2 which is easier computationally but will most
likely be less accurate since we have fewer subrectangles. In this case, AA = 288 . 2T8 = 26,772 and we can use

2
the sarme grid to estimate the function values at the midpoints of the four subrectangles. Then

2 2
f/ flr,y)dA= Y, Y f(7,9,) AA %= 26,772[70.0 + 66.5 + 74.3 + 68.5|
i .

1=173=1
=26,772-279.3

26,772 . 279.3 .
and fuvc ~ W ~ BO.8°F.

. z =3 > (), so we can interpret the integral as the volume of the solid S that lies below the plane z = 3 and above

the rectangle [—2, 2] x [1,6]. S is a rectangular solid, thus [, 3dA =4-5-3 = 60.
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12. 2 =5—x > 0for 0 < z < 5, so we can interpret the integral as
the volume of the solid S that lies below the plane 2 = 5 — x and

above the rectangle [0, 5] x [0, 3]. S is a triangular cylinder whose

volume is 3{area of triangle) = 3(% +5 5) = 37.5. Thus,

{6 —x)dA =375

.z = f(z,y) =4 — 2y > 0 for 0 < y < 1. Thus the integral
represents the volume of that part of the rectanguiar solid
[0,1] % [0,1] x [0, 4] which lies below the plane z = 4 — 2y.
S0

Jfp{d=2y)dA = (1)(1)(2) + 3(1)(1)(2) =3

. Here z = /9 — 42,50 2° + y® = 9, 2z > (). Thus the integral
represents the volume of the top half of the part of the circular

cylinder 2% + y* = 9 that lies above the rectangle [0, 4] x [0,2].

. To calculate the estimates using a programmable calculator, we can use an algorithm

similar to that of Exercise 5.1.7 [ ET 5.1.7]. In Maple, we can detine the function estimate

flz,y) = et (calling it £), load the student package, and then use the 0.6065

command (0.5694
middiesum{middlesum(£f,x=0..1,m}, (.5606
y=0..1,m}; 0.5585

to get the estimate with n = m? squares of equal size. Mathematica has no special 0.5579
Riemann sum command, but we can define f and then use nested Sum comrmands to 0.5578

calculate the estimates.

estimate estimate

.9922 0.8660
0.9262 0.8625
0.8797 0.8616
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17, If we divide R into mn subrectangles, . kdA ~ Z E f{z%;, ;) AA for any choice of sample points
i=1j=

{z3;,y5). But f(z,y5;) = kalwaysand 3" Z AA =areaof R = (b— a){d — c). Thus, no matter how we
i=1g=1

n

choose the sample points, Z ¥ flzlu) AA=k Z z AA=k{b—a){d— c)andso

i=13=1 i=1lg3=1

[ kdA= lm 3 3 fzluh)AA= lm k3> 3 AA

mn—o0 'y = mn—o0 o=

= lim k(b—a)d—c)=k(b—a)(d—c)

L, N— 00

1. OnRO<z+y<2<mandsind > 0for0 < @ <. Thus f(z,y) = sin(z +y) > 0 forall (x,y) € R. Since
0 < sin(z + y) < 1, Property (9) gives [f, 0dA < ffR sin(z + y)dA < ffR 1dA, so by Exercise 17 we have

0< ffpsin(z+y)dA <1,

16.2 lterated Integrals

1f'J (22 + 32%y) de = [2° + 2%y]._ = (94 2Ty) — (04 0) = 9+ 2Ty,

27¥=4
2 ¥

f (2z + 32y} dy = [2my+3£ (8x+312-%) — (0 +0) = 8z + 24x*

y=0

5y z=3 5
2./0 m+2d$=ylnla:—+—2|] U=yln5—yln2=yln§,

4ydTA1 y—2y=4—1 }E—O—S
oz+2 0 zv2|2],, w+2\2 T rt2

300 [ +4xy)dady = [} [:c+2:!:2y]::) dy = [J(1+2y)dy = [y+y2}f =(B3+9—-(1+1)=10

T (@ ) dyde = [ [Py + 370 de = ) [(2

y=-—1

= J3 (2 + %) dr=[32° + Ba]; =

5. _['02 f(]"/z zsinydydr = f: rdx jgr/z sinydy [as in Example 5]

5] ey - emoron -2

6. 3 I3 (e + VE) dady = [ [32° +2 8] T dy= [} (2+2F) dy

= [zy+2.§yw]l -

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

SECTION16.2 ITERATED INTEGRALS ETSECTION15Z O 4713

1 f2 2z + v drdy :/

0

-3 | s’ -0+ ula

112z +y)°
27 9

=1
] dy [substitute u =2z +y = dz= %du]
=0

2+ 7
18 10 10 |,

10 10 10 10 __ 1046528 _ 261,632
47 27— (27 - 077)] = A= = 2

= T35

1 2
= / re® dzx / 1 dy [as in Example 5]
0 1 ¥

= (13 [n |y} ]f [by integrating by parts]
—(0-1[{(In2-0)=1In2

y=2 4 3
2} dx:/ (m1n2+w~) dx
y=1 1 2z

32°In2+ 21njx| -81n2+31n4—l1n2

512 +3In4"2 =2 1n2

10. flzfﬂl (x+y)~ d:cdy“fl [ (z+9y)~ l]z:; dy:f12 [y'l—(l—}-y)'l] dy

=[lny-ln(l+y)];=m2-I3-0+ln2=In}
ey = () (1) = [ e
~ (3 -(-4+1) =6

b 2y i ¥= 1
12. — e dy dp = 2 24+1 dr = 24+ 2—-Vz2+1
/0/; A ydr = [ [w\/a: +y? + ]y=0 r= [ e{ve2+2- V22 +1)dz

_ %[(:ﬁ n 2)3/2 N (:1:2 + 1)3/2}: _ %[(33/2 _ 23/2) _ (23/2 _ 1)}
=31(3v3-4v2+1)

13, ff (622 — 5y*)dA = [ [ (62%y® - 5y*) dydr = [ [22?
= J3 (32" =1 de = [Jo* ~ o =

w/2

14, [[cos(x + 2y)dA = [ [
= I [ysine +2)]7" do = § [ (sin(a + ) — sin@) do

cos(z + 2y) dy dz

= [ cos(x -+ ) + coszly = [ — cos 2w + cosm — {— cosm + cos 0)]

(-1-1~(141)=-2

15. an= [ [ = 44 lmd32d
// 2241 _]0 /_3m2+1 v “/0 2241 m/3y Y

= [Lin(z® +1)]; [54°]%, = 1(n2-In1)- }(27+27) = 9In2
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2 1 1 2 1 1
16. // ”—ﬂdAzf / 1+w2dydm:/(1+$2)dmf
rRETY o Jo 1ty 0 0

~ o+ 3oy ol = (1 5 -0 (5 -0) =3

17. foﬂs 0”/3 xsin(z + y) dy dz

==/3 #/8

/6 [—mcos(x'*"y)}z:(] dz = [7/° [zcosz — zcos(z + )] dx

~Jo
/6 /6
0 0

[by integrating by parts separately for each term}

:m[sina:—sin(a:-t—%)] [sin:c—sin(:r:+%)] dr

=21 1] - [ cosz+oos(o+ 3)]5 " = 5 - [ +0- (=14 §)]

1 1
X T
18. dAzjf dy d
//Rlﬂvy o Jo 1+wyy$

- fol In(1 + T»y)]zz; de = fol [In(1 +z) —In1]dz
= fol In(i+2)dz=[(1+z)In(1+2) - x](l) [by integrating by parts]

=(2In2-1)—(In1—-0)=2In2 -1

2 . 2 . 22 z=1
19. [[ zye® ¥ dA= j02 fol zye® ¥ drdy = 102 {%e y} o dy =% fﬁz(e“" -1 dy

“ 3 el = 3 -2 - (- 0)= 3 - )

1 2

T 1 =2

20. ]O f1 okl A [2in(z? + )" dy = 3 [y [In(4+ ) ~ In(1 + 47} dy
2y

1t dy and

To evaluate the first term, we integrate by parts with u = In(4 + ¢*) = du =

dv=dy = v =y. Then
2

2 8
/1n(4+y2)dy :yln(4+y2)m/4fy2dy:yln(4+y2)—](2—4+y2)dy

_ 2y l -1{¥N _ 2 —1{ ¥
=yln{4+y") -2 +8 2tan (g)ﬁyln(4+y)—2y+4tan (2)

Similarly, [ In{1 + y*)dy = yIn(1 + y*) — 2y + 2tan™' y. Thus,

1
4]

1 p2 1
/0 f1 g s =§f (144"} ~ (1 + )] dy

_ 1

1
5 [yln(él +9%) — 2y + 4tan " (g) —yln(l +y%) + 2y — 2tan”} y]
0

= %[(1n5+4tan71(%) —In2—2tan * 1) —O]

—1[n5—In2+4tan (3) —2(Z)] = 2 + 2tan (L) - =
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M =flr,yy=4-z -2y >0for0 <z <land0<y < 1.

So the solid is the region in the first octant which lies below the

plane z = 4 — x — 2y and above [0,1] x [0,1].

L z=2-a2 —¢* > 0for0 <z < 1land0 <y < 1. So the solid
is the region in the first octant which lies below the circular

paraboloid z = 2 — 2* — y* and above [0,1] x [0, 1].

Vo= [fp(12 - 32— 2y) t;i’A:fi‘2 f01(12—3x—2y)da:dy:ff2 [12¢ — %“’2“21‘9]23 0
=53 -y =[3y-, =%
'V:ffﬁ(4+‘”2“yz)d'4:f1 f024+$2—y2)dydﬂf=f, [4y + 2%y ~ 1 3]y Qda:
-1, (2x+lﬁ)dm—w+w] ipwigiuon
Vo= 20 03 - 3 dedy =4 [ [ (1= 1e® - 597) dedy
x=1
=4fo [Sﬂfﬁx?'ﬁgy:c] dy—4f0(12_§y)dy7 [Hy— L
V=[N [T+ eTsiny)dyde = 1 [y —® cosy] cicc—jll(ﬂfa-+<eI —0+e)dr
= f_11(7F+2€I)d$ = [ﬂm—}-?@ﬂl_l =27+ 2 — 2

. Here we need the volume of the solid lying under the surface z = £ 1/x? + y and above the square
R =10,1] x [0,1] in the zy-plane.

v folfolm\/f-!-yda:dy:f;%[($2+y)3/2]::
“3 20w = 3avioy

1

. dy=13 [, [(1+y)3/2—yg’2 dy

. Here we need the volume of the solid lying under the surface z = 1 + (& — 1)% + 4y and above the rectangle
= [0,3] x [0, 2] in the zy-plane.

V= 1+ @ -1 + 4y’ dyde = [ [y + (@ — 1%y + 47

=fo 242 1)+ Fldo=[Fo+ - 1)°][ =4

. In the first octant, z > 0 = y < 3,s0
V= fgf(;z(g -y dedy = f03 {9z — yzm}:zz dy = f03(18 — 27 dy = (18y —
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3D. (a) Here we need the volume of the solid lying under (b) The solid occupies the region between the two

the surface z = 6 — xy and above the rectangie surfaces shown.

R =1{-2,2] x [0,3] in the zy-plane,
V=17 [5 (6~ zy) dyde
T e P
=f%, (18— 2z)dz

= [18z - 2277, = T2

31. In Maple, we can calculate the integral by defining the integrand as £
and then using the command int (int (f,x=0..1) ,y=0..1};.
In Mathematica, we can use the command
Integrate (Integratelf, {x,0,1}1,{y.0,1}]. Wefind
that [, z’y’e™¥ dA = 21e — 57 ~ 0.0839. We can use plot3d
(in Maple) or P1ot 34 (in Mathematica) to graph the function.

. In Maple, we can calculate the integral by defining
fi=exp(-x"2) *cos (x"2+y"2); and g:=2-x"2-y"2; and
then [since 2 — z? — y* > e cos(z® +y) for—1 <z < 1,

—1 < y < 1] using the command

evalf (int {int (g-f,x=-1..1),y=-1..1).,5);.

In Mathematica, we can use the command
N{Integrate[Integratelf,{x,0,1}1,{y,0,1}1,5].

In each of these commands, the 5 indicates that we want only five significant digits; this speeds up the calculation
considerably. We find that [ [(2 —a? -y - (e*”2 cos(z® + y2})] dA 2 3.0271. We can use the plot3d
command (in Maple) or Flot 3d (in Mathematica) to graph both functions on the same screen.

33. Ris the rectangle [—1,1] x [0,5]. Thus, A(R) = 2-5 = 10 and

1 5 pl 5 z=1
f“‘*ZMURf(w)dA:%fof_1w2ydzdy=%fo s dy=15 s Svdy

_17r1,21% _ 5
_E[Ey}o_é
M AR)=4-1=4,50

y=1

fave = ﬁ [ f@ydA =4[l ev Vaterdyde =1 [} [2z+ )" da

y=0
4
— 43 e+ - @+ )] de = 3[R+~ Ra )]

(a4 ey o5 ¥ L) = L[4+ €)™ - — 572 1 1]~ 3327
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T — .
3. Let f(x,y) = ﬁ Then a CAS gives folfol flz.y)dydz = § and folfol f(z,y dzdy = —3.
To explain the seeming violation of Fubini’s Theorem, note that f has an infinite discontinuity at (0, 0) and thus
does not satisfy the conditions of Fubini’s Theorem. In fact, both iterated integrals involve improper integrals which
diverge at their lower limits of integration.

36. (a) Loosely speaking, Fubini’s Theorem says that the order of integration of a function of two variables does not
affect the value of the double integral, while Clairaut’s Theorem says that the order of differentiation of such a
function does not affect the value of the second-order derivative. Also, both theorems require continuity (though
Fubini’s allows a finite number of smooth curves to contain discontinuities).

(b) To find g, we first hold y constant and use the single-variable Fundamental Theorem of Calculus, Part 1:

d T Y Y
e = glx,y) = d%; / (f fls, 1) dt) ds = f f(z, t) dt. Now we use the Fundamental Theorem

. d ¥
again: 9.y = 1 f f(z,0)dt = f(z,y).

To find gyz, we first use Fubini’s Theorem to find that [ [¥ f(s,t)dtds = [? [* f(s,t) dt ds, and then use
the Fundamental Theorem twice, as above, to get gy = F{(Z.¥). 50 9oy = gy = fx, y).

16.3 Double Integrals over General Regions ET 15.3

1. fol fomz(:z:+2y) dydz = fol [$y+y2 zz:z de = fol [a:(;pz) T (22)? —0-0lde

= fﬂl(ma +z)dr = [%m‘l + -é—:c5]; = 2

2 [F [Paydedy = [} {3770 dy = [P dy(4— ") dy = § [T (dy — o) dy
Y TR

1 pe¥ 1 z=eY 1
3o 0y VEdedy = [ 387 dy = [y dy = § (3N - 20

_2{2.3/2 2 _432 32
—5(56/ 5~ +0) -3

A [ [ —y)dyde = [ [z%y - 23,2 y=2- “’dm_fu [22( —12-z) —2*2) +
= [y (=22 + 227 + 2z — 2) dz = [~32? +3m3+m2——2ml0:_

5. ITF/Q fCUbﬂ smﬂd do = 7f/2 [,resinﬁ}" Cc’sgdg_ W/2(C059)€,s.m9d9= esinn‘)]g/z

— 3111(17/2) 8 —e—1

6. fol fo V1 —vidudy =f01 [ux/luv'-’] dv— fo v/T— 0% dv= -1(1 ,02)3/2];
Z“é(O—I)ZE

1 [fpetyidA =[] [T a* dyde = [§ [3a°P 177 de =3 ) 2% da
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2z 2 2y2 y=2z
f/ g // z3+2dydm_/1 [$3+2]y:0 i

= SIn|s? +2|] = 8(In10—1In3) = $In 2

1 vz 1 2 y=vz 1
22y dydm:f Y da:z[ 29: dx
0 0 T+ 1 o T2 + 1 y=0 o T +1

1
= El,ln|:c2+1|]0=-;—(ln2v1n1)=%ln2

r= 1
10. j;]l i ¥’ dz dy = fol [mey2]x=: dy = fol yey2 dy = %eyz]o =1{e—1)
I
N 7Y e drdy = [} [ye/"] Ii dy = 7 (ye" — ey) dy = [3e¥”

1 e sdedy = f) 462 -]y = 4 v =

13. [} fo zcosydyde = [ [wsmy]y d:n—fo rsinz’dr = —Ecosmz];z 1(1 —cos1)

1 e y=v=
14 (x+y)dyde = / [:cy + ;y2]
0 Jz? 0 y=
(e

- [2 22 4 bg? -

2y—1 2
3re=2y—1
/ /2 v de dy :/1 [zy ]m:iAy dy

= iy -1 - @-yly'dy
= [2(8y* - 3y*)dy = [1° — 3]}

= 96 _ _3 43 .. 147
5 12 5+4_

R0

1 1-y2
/ / wy2 dr dy
-1Jo
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/22 /\/4\/4__;(2m ~y)dydz

2 1 y=v/4—x?
= / [2my - —yz] dz

—2 27 lye Va2
=2, [22vVE-—a2 - L{4—2%) + 22V -2% + }(4-2%)]dz
= ffz 4rVi—r2dz = —%(4—32)3/2]2_2 =0

(Or, note that 4z +/4 — 2 is an odd function, so f_22 dz+/4 —z?dxr =0.)

[fp 2zydA = [} o 2wy dydr = f) [5“92]:22; * de

= Jo @3 - z)* - (22)*] da

= [} (-3¢® — 6a® + 9z) dx

= [~

V= fol f:il (z +2y)dydz
= fgl [a:y + y2}zzzq dx = fol(2$2 - :Us)da:

= 3=

2
Ve f) J% 2z +y?) dr dy

—.2
= [y [ + 2 00 dy = [ (2" — o ") dy

19
10

V=T aydedy = 7 (3220 ay

1 [2(48y — 42y° + 9y®) dy

2
$[24” 147 + 3y = &
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22. V= [ [l(a?+3y%) dydax

Afo [m y+'y] dm_fo:r; +1- 2$3)dl‘

=[32" +z— 32 4]0

V= fu lum(lﬁx—y)dyd:n

1 27y=1l-=x
¥
= —zy— = d

V= ffz f:z z? dydzx

= f2, [y]y 2 d:c_f22(4a:2 — ') dx

— 4,83 _1.51% _ 82 32
7[3$ 7| . 5

V:fo2 ;y\/4¥y2d:cdy
T =2y
=y [iﬂ\/‘l*yz]uo dy = [ 2y /I— 2 dy
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By symmetry, the desired volume V is 8 times the volume V7 in

the first octant. Now

Thus V = ?r‘?.

From the graph, it appears that the two curves intersect at z = 0

and at x ~ 1.213. Thus the desired integral is

ffD:EdAm 01.213 ff_z2$dyd$=,01'213 [:Ey]z:ij—zz i

1.213 - 1.213
=f "Bz -2’ —aP)de=[2" - 12" - %rﬁ}u

=0.713

IEEEREATARENTNRAIN]

The desired solid is shown in the first graph. From the second graph, we estimate that y = cos.x intersects y = x at

z == (.7391. Therefore the volume of the solid is

VA j;)ﬂ.?SQlf::osxzdy dr — 00.73911-:05:: a:dy dx

o 0.7391[ ]y:cusz d _ rou.r3en

=1 (xcosx — %) da

y=x —Jo

== (0.1024

1 3] 0.7391

= [cosz +asinz — iz

3 0

Note: There is a different solid which can also be construed to satisfy the conditions stated in the exercise. This is

the solid bounded by all of the given surfaces, as well as the plane y = 0. In case you calculated the volume of this

solid and want to check your work, its volume is V =~ [ f* vdydz + 712 o xdydr =~ 0.4684.
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31. The two bounding curves y = 1 — 2% and y = 2 — 1 intersect at (£1,0} with 1 — 2® > 2* — 1on [~1,1].

Within this region, the plane z = 2z + 2y + 10 is above the plane z =2 —z — g, s0

1 pl-z?
:] / (21‘+2y+10)dyd:ﬂ—/ / (2—z—yldydz
10221 —1Jx2-1

1 pl-a? 1 pl-z?
:/ / (23:+2y+10—(2—a:—-y))dyda::f ] (3z + 3y + 8) dydx
J_1J221 —1J22-1

y:l—x2
=" {Smy + 3y + Sy] dx

y::l:2 -1

= [}, Bzl —a2?) + 2(1 -2 + 81— 2?) - 3x(a® 1) - §(=® ~ 1)’ —8(a® — )] de
= [1,(—62® — 162" + 6z + 16) dw = [~ Z2* — 1523 + 327 +16m]

— 3 16 _
=-3 _¥434+164+2-B8-3+16=5

32. The two planes intersect in the line y = 1, 2 = 3, so the region of

integration is the plane region enclosed by the parabola i = 2 and the

line y = 1. We have 2 + ¢ > 3y for 0 < y < 1, so the solid region is

bounded above by z = 2 + y and bounded below by z = 3y.

1 1 1 1 1
/ f (2+y) dyd:nff ](3y}dydm=[ /(2+y—3y)dydm:f /(2—2y)dyda:
22 ~1Ja? -1 J/x2
y=1 .
f {27;— ]yzmz d:c=.[_11(1—21‘2+sc4)d$= w§$3+éx5]i1=%

33. The two bounding curves y = #° — x and y = z* + x intersect at the origin and at z = 2, with Przr>2 -z

on (0,2). Using a CAS, we find that the volume is

_ 13,984,735.616
dyda = dy dz
[/ I S /fxs,w oy’ oy’ dyde =~

. Forlz| < land |y € 1, 22% + 4 < 8 —2? — 2%, Also, the cylinder is described by the inequalities —1 < x < 1,

—/1—x? <y <1 —x? Sothe volume is given by

1 —x2
3r
[(8 -2 —2¢*) — (22® + )] dyde = === [usinga CAS]
STy )= 0 My =
35. The two surfaces intersect in the circle 2% +y* = 1, z = 0 and the region of integration is the disk D: 2% + ¢° < 1.
1
Using a CAS, the volume is [f (1 — z® — y*)dA = f / (1-2* -y dyde = T
—1J= 2

5;
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36. The projection onto the xy-plane of the intersection of the two surfaces is the circle =2 =
2 4+y* -2 =0 = x4+ (y—1)° = 1, so the region of integration is given by -1 <z < 1,
1-v1=22 <y<1++/1—22 Inthisregion, 2y > z° + 1 s0, using a CAS, the volume is

1 1+4/1—2? -
V:f / 2y — (2* +4°) dydx = —.
oyt 2

Because the region of integration is
D={(z,y) |0y < Va,0<z <4}
={(z,y) |y’ €z <4,0<y <2}

we have

S o7 flayy)dyde = f[p, fla,y)dA = [§ [5 f(e,y)dedy.

Because the region of integration is
D={(z,y) [4z<y<40<z <1}
={{z,y) |0<x < ¥, 0<y <4}

we have

fof fadyae= [ fapaa
-/ 4 / " fow) dudy

Because the region of integration is

D={Ey|-VI-F<z< T 7 0<y<3)
={(z.9)0<y<VO—2% -3 <z <3}

we have
/f\/g_, @)dedy = [[ Jepd

3 9—3:2
= / f flz,y) dydz
-3J0

To reverse the order, we must break the region into two separate type 1

regions. Because the region of integration is

D={(z,y)|0<2<F=y,0<y <3}
={(x,9) |0y <3,0<a<v6lU{(z,y)|0<y <9 2% V6 <z <3}

we have

/Osfnmf(ﬂfay)drdy://l) Fery) dA
_‘/DJE]: f(:r:,y)olyal:c-i-/\;fog—x2 flz,y)dydz
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Because the region of integration is
y=Inx or x=e’ D={{(z,y) |0<y<Inz, 1<z <2}

={(z,y) |’ <z <2,0<y<In2}

flzfﬂmf(w,y)dydw=fo(w,y)dA
ﬁfomfe:f(w,y)dmdy

Because the region of integration is

we have

D={(z,y}|arctanz <y < Z,0<z < 1}
={(z,y)|0<z<tany,0<y < 5}

we have

/f/ fepdyde= [[ fay)aa

r/4 tany
= [ [ s dsay
i} 0

3 px/3
f e dydx
0

Yy :z/a dx = /03 (--~)e°"'2 dx

e -1

101 1 px?
f f \/$3+1d:rdy=/ / Vi + ldydz
N o Jo

1 y=z? 1
=f [ sc3+1y} dw=/ 2 23 + 1de
)] Y 4]

=2+ 1)3/2]; =2(27-1)

fossz y cos 2 dx dy= fogfoﬁ ycosx? dy dz

9 yz y=vz
/0 cos x° [?] dr = fog %s::cos:c:2 da

y=0

1 . 29_;.
sinz ]0—4sm81
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/f z° sin(y®) dy do = f[ o sin(y*) de dy
4 ==y

=/ [%— sin(y )] dy
0 z=0

fDl iyz sin(y3) dy

1
~ osls”)], =

1 pm/2
/ f cosz v/ 1+ cos? xdrdy
0 Ja

rcsin y
y=sinx or

] n/2 psinz
| x= aTCS{ny = / / cosz vV 1+cos?zdydr
0 0
-_.1-/2 .

= / cosz V1 +cos?x [y] "7 de

0

wf2

=/ cosxz /14 cos? rsinxzdz

0

[Let u = cosz, du = ~ sinz dz, dz = du/(- sinz)]
= [P uVTFEdu= -3 (142)"]
1

= 3(A-1)=3eva-)

Ay

89.D={(z,y)|0<2<]l, —x+1<y<NU{(my)|-1<z<0z+1<y <1}

U{{z,y}|0<2<], ~1<y<z—1}U{{z,y) | -1<2<0, -1 <y< —z~1},

all type L

1 p1 0 i 1 px—1 0 p—z-—1
/f z2dA=// :czdydm-{-f f zzdyd:c+// 9:2dyd:c+f [ z? dy dx
Iy 0 l—=x -1Jz4+1 [1] —1 ~14~1

11
=4 f f o dy dz [by symmetry of the regions and because f(z,y) = z* > 0]
l—x

=4f01 P dz = 4[%x4]; =1
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50. D = {(z,y) | -1<2<0, 1<y <1+’ u{(z,9) {082 <, Va<y <1447

U{(z,y) |0<z <1, ~1<y< —/z}

all type L.

142
// rydA= f/ mydyda:+/] :cydyda:+// rydydz
—1J-1
1+a: y—l+a:
~ [ Bz ae [ Bl ek [ e

0 1
:/ (z* + 12°) dm+/ 1@®+22° -2 +.’L')d:l’,‘-|—/ 1(@* —x)de
0 0

-1

:{im‘lwtl—lzcca} + 2 [:c + as %$3+%$2]1+1

0T 2 [1_1:3 - lxz}l

3 2 0
1 _
12 =0

LFor D =[0,1] x [0,1],0 < /23 + 4 < v2Zand A(D) = 1,500 < [f /23 + 3 dA < V2

 Since D = {{z,y) |[2* +y* <1l 1=€"< et < M4 and A(D) = z,

2 2
1< e A < (T

Sincem < fle,y) <M, [f,mdA< [f, flz,y)dA< [f, MdAby 8) =
m [ 1dA< [[, flz,y)dA < M [[,1dAby(7) =

mA(D) < [f, f(z,y)dA < MA(D) by (10).

o flzy)dA = fo flz, y)dxdy-{-fl fo flz,y)dzdy

= fof237 f(zy) dyda

85. [[,(z*tanz + 4> +4) dA = [[ 2’ tanzdA + [[,v*dA + f[, 4dA. Butz®tanz is an odd function of z
and D is symmetric with respect to the y-axis, so {f,, z° tanz dA = 0. Similarly, y is an odd function of y and D

is symmetric with respect to the z-axis, so ff y* dA = 0. Thus

ffp@®tanz +y° +4)dA =4 [f, dA = 4(area of D) =4'W(\/§)2=87r
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56. First,

JIp(2 -3z +4y) dA = ffp2dA_ [lp3zdA+ [f, 4ydA

The region D, shown in the figure, is symmetric with respect to the y-axis

and 3z is an odd function of z, so [, 3z dA = 0. Similarly, 4y is an odd

function of i and I} is symmetric with respect to the z-axis, so
[fp4ydA =0. Then

ffo{2=3z+4y)dA= [f,2dA=2][, dA
= 2(area of D) = 2(50)
=100

. Since /1 — z? — y? > 0, we can interpret [f, /1 — 2% - y? dA as the volume of the solid that lies below the
graph of z = /1 — 2% — y? and above the region D in the zy-plane. z = /1 — 22 — y? is equivalent to

r® + yz +22 =1,z > 0 which meets the zy-plane in the circle -+ y2 = 1, the boundary of D, Thus, the solid is

an upper hemisphere of radius 1 which has volume 3 [%W(l)g] =27

. To find the equations of the boundary curves, we require that
the z-values of the two surfaces be the same. In Maple, we

&y,
S
2R
5%k
"’:f';}@ 7

use the command solve (4-x"2-y"*2=1-x-v,Vy);

”,
0"
7

A,
7
22
55
758

.,..
N,
74
s

4 i
. . SRR,
and in Mathematica, we use I %}ﬁyfff
A A 11 L3y
Solve [4-x"2-y"2==1-x-vy, y]. We find that the 7 =

iy,
1+ 13+ 4z — 422
5 .

N
SRR

=
4_-.:.\\\\\.

OB

£}
o."g
4,
LAY
£ “""

ray,
[ 7
KA

curves have equations y =

To find the two points of intersection of these curves, we use the CAS to solve 13 + 4z — 4% = 0, finding that
€T o= 1—9‘—2@. So, using the CAS to evaluate the integral, the volume of intersection is

{1+ 14 )72 (1+\/13+4x—4x2)/2
v | / @y - -z y)ldyde = 2.

(1-vIdyz (1—\/13+4.1:—4:1:2)/2 8

16.4 Double Integrals in Polar Coordinates ET 154

. The region R is more easily described by polar coordinates: R = {(r,6) |0 <r < 2,0 <8 < 27}.
Thus [, f(z,y)dA = {77 [ f(rcos®,rsin8)rdrdf.

. The region R is more easily described by rectangular coordinates: R = {(z,y) |0 <z < 2,0 <y <2 - z}.
Thus [[, flz,y)dA = f02 02 T flz,y) dy d.

- The region R is more easily described by rectangular coordinates: R = {(z,y) | -2 <z <2,z <y < 2}.
. 2 2
Thus [, flz,y)dA = [, [T fz,y}dydz.
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. The region R is more easily described by polar coordinates: R = {(r,8)

Thus [f, f(z,y)dA = [T72 12 f(rcos, rsin ) r dr df,

. The region R is more easily described by polar coordinates: R = {(r,6) |2 <r < 5,0 <8 < 2w}
Thus [ [ f(z,y)dA = [37 [ f(rcos8,rsinf)rdrdf.

. The region R is more easily described by polar coordinates: R = {(r, AHloLrL2 V2,

Thus ff f(z,y)dA = f5“/4 flrcos#, rsin®)rdrdf.

. The integral f:” f 47  dr d0 represents the area of the region
R={(r,0) |4 <r <7, m <8 <2}, the lower half of a ring.

./:,r[ rdrdB:(/jﬂ de)([a«dr)

2 7 1 337
[g]ﬂ‘ [%TZ](L :7"‘5(49— 16) = T

. The integral fﬁ/z Acosé

r dr df represents the area of the region
R={(r6)|0<r <4cosf,0<6<m/2} Sincer =4cos@ <
PP=drcosf & ziiyi=4dz & (x-2)2+y* =4, Risthe
portion in the first quadrant of a circle of radius 2 with center (2, 0).

w/2 4cosBTde9 n/2 1,2 r=4cosf do — ﬂ'/2 SCOS 0 do
Jo 0 27 r=0

= ”/ 4(1 + cos20) dft = 4[9—{-7511129]”2 27

9. The disk 2 can be described in polar coordinates as D = {(r,8) |0 < r < 3,0 <8 < 2n}. Then

Ifp zydA = fﬂzﬂ f03 (rcos@)(rsinf) rdrdf = (f;ﬂ sin9c059d9) (f; r3 dr)
= [§sin® 6] " [1r']; =0

0. [fp(x+y)dA = f‘%/z [l (rcos@+ rsind)rdrdf = fs"/z fZr?(cos@ + sind) dr df
= (f:;rg/z(cost9+ sin §) dﬂ)( o dr) = [sinf — cosf)}i’jf [%rﬂf

= (-1-0- 1403 1) = ¥

3

" ff, cos(z® +y*)dA = N f03 cos(r?) rdr df = (Jy d6) (f03 r cos(r?) dr‘)

= [0]; [3 sin(rQ)}z =7 3(sin9 —sin0) = T sin9
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2 [, Vi —y2dA= [T, [PVE—2rdrdf = (f”m de) (jjr\/i'-“ﬁdr)

— (017, [ 3= = (5 4 ) (-0 ) =3

3. [fp e~V da =705, [Fe " rdrdg = (J70%,0) (J5 re " dr)

/2

= (170 [ e ] = m (At e = 50— e7)

W [[, ye"dA = f”/g [ (rsing)e = rdrdf = [ | "/% 12 sin§ ¢” ¢ df dr. First we integrate

fofr/2 risinfe % df: Letu = rcosf® = du = —rsin@d,

and jﬂ/ r2sinfe" %0 df = fu=0 —re*du = —rle’ —e"] = re” —r. Then

u=r

Io D"/Q r2sinf e df dr = fos (re" —r)dr=[re" —e" — %frﬂz = 4e°® — 23 where we integrated by parts

in the first term.

. R is the region shown in the figure, and can be described
by R={(r,#) |0<8<x/4,1 <r <2} Thus
[f arctan(y/z)dA = fﬂM 7 arctan(tan 8) r dr df
since y/x = tan #. Also, arctan(tan ) = ffor0 < 8 < w/4,
50 the integral becomes

fD"M fordrdB f"/49d9 ffrdrz [%92]"/4 [%rz]z =

0 1

[J/md}l— /f zdA — [/ xdA

w? +y? <4 (=1 +y7 <1
c>0y>0 y=>0

= [ 2 r2cos8drdf ~ [T77° [2°°°% v? cos 8 dr df

= [T/ 1(8cos8)dd — [/ 1(8cos* 6)db

=3 . Blcos®sind + 3 (B+EIHBCOSQ)]7T/2

-30=3(5)] - a5

17. One loop is given by the region
D={{r8)|-n/6<8<m/6,0<r <cos30},sothe area is

/6 cos 36 x/6 1 r=cos 36
/f dA = / / rdrdf = f [—rz] do
7r/6 —n/6 2 =0
n/6
/ lc05239d9:2/ 1(@) a6
s 2 o 2 2

w/6
1 1,
5[9+ 6511169:1 =
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18. D ={(r,0) | 0<6<2m O<r<4+3cosl9},so

A(D) =ffDdA f 4+3cose f [1 2]1" 4+3c056d9_ 0211-(4-}-3(!089)2(19

r=0

i 0%(16+24(:05194—9005249)(1519=%fo21T (16 -+ 24 cosf + 9 - 1ieca26} 4g

1[160 + 24sin 6 + 26 + S sin26)2" = Ly

2
19. By symmetry,

_2f1r/4 sin & rdrdf = 2fﬂ/4 1 2] r=sin 8 do

=0

JbﬂM sin6dg = fﬂM (1 — cos26) db

%[9 - = sm?t‘)]"/4

— 0+ $sin0] = § (7 — 2)

20. 2 = 4sin@ implies that & = % r‘%’,so

A= I-ﬁvr/ﬁ dsind g g9 r5'n'/6|:1 ﬂ:-imnﬁdgw 5“/6(83m 8 —2)do

= :76/6[4(1 —cos29) — 2]dd = [29 - 25m29]5ﬂ/6 = 51.3?_' 123

NV= [[ (P+y)dA= [T rdrdd = [T df [Sridr=[8]2" [irY]

229 0 =2ﬂ(%)”§'lf'
=4y <

0

22. The sphere 22 + ¢* + z? = 16 intersects the zy-plane in the circle z? + % = 16, so

v=2 ff 16 —x2 — y2dA [by symmetry]

4<z? +42<18

=2f f2 V16 —r2rdrdf = 2f d9f247'(16—7‘2)1/2dr

2[9]§“[-%(16—#)3/2]::-%(%)(0-123/2) 2(12v12) = 3237

23. By symmetry,
V=2 [f Ve 2 -y2dA=2f"] —r27"d'rd9—2f o [%raZ—rZdr

x2 +y? < a?

2%

[w%(a2 - )3/2] =2(2m) {0+ 3

24, The paraboloid z = 10 — 3% — 3y? intersects the plane z = 4 when 4 = 10 — 3z% — 3% or2® + 3* = 2. So

[ s o

a2 +y? <2

= [2"dp [Y?(6r — 3r%)dr =
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2
25. The cone z = /2 + 42 intersects the sphere @ + 42 + 2% = 1 when ° + % + (\/.7;2 + yz) =1

orz® + gy = % So

V= ff (\/1——:1:2—;;12—\/ﬂ:2+y2)dA:f02w/01/ﬂ(m—r)rdrdﬂ

2 +y2 <172

142

=[5 do Jy7 (r VT = r?) dr = [B]57 [-A(1- 72 - g#]o

:27r(-—%)(% - 1) = g—(z - ~./§)
26. The two paraboloids intersect when 3z° + 3y* =4 — 2 —y® orz° +4° = 1. So

V= // {(4_m2—y2)—3(z2+y2)]d,4=/02"/014(1—r2)rdrd9

2 +y2 <1

= ;)2" dd fol(fh" —4r*)dr = [L‘)E7r [27'2 - 1'4](1} =27

21. The given solid is the region inside the cylinder z° + y* = 4 between the surfaces z = /64 — 412 — 432

and z = —/64 — 4z — 442, So
V= // [\/64 —4a7 —ayt - (—/64 - da7 — a7 )] dA

z?+y? <4

2r p2
= f/ 2\/64—4:c2-4y2dA=4f / 16 — r2rdrdf
o Jo

a4y? <4

0

2
=4 [77do [Zrv16—r2dr=4[0]" {_%(16 _Tz)m]o
= gn(~1)(12%/% ~ 16%%) = % (64 — 24 V)

28. (a) Here the region in the xy-plane is the annular region v < z? + y? < r2 and the desired volume is twice that
above the zy-plane. Hence

2x pro
V=2 /f \/rg—-a:?—y?dA:Qf j \/r3 —rirdrdf
0 1

r2<a? Syt <rd

230 72 ST =P dr = & [_(Tg _7,2)3/2]1"2 _ (22

1

(b) A cross-sectional cut is shown in the figure.

2
Sord ={in)" +rforin?=rf—+f

3/2

Thus the volume interms of A is V = % (%hz) %ha.
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1 py/1-x2 2. 2 n/2 pl L2
/f e 1y dydmz/ / e’ rdrdf
Q 0 0 0

7r/26119 Jo re™ dr

= [9]3/2 [%er ;— (e —1)

[0 Je e rdrd = [7%, d6 [5r*dr

r/2J0

w/ a
= [91_:/2 [érs]o

1.5
= <7a

JT [2(rcos8)*(rsin8)*rdrdé = [ (sincos@)?df [ r®dr

= [ (Lsin26)°df [ r°dr
=4[50~ 3sins0]] [
(5(F) =7

f-rr/2f2c058 2d7‘d9- 1r/2 [1T3]r=2c059d9

3 r=0

= :/2 (£ cos® 6) do

[sm9 - 5 sin 9]

0 1 2 x

33. The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D) on coordinate axes with the
origin at the center of IJ and define f(z,y) to be the depth of the water at (, y), then the volume of water in the
pool is the volume of the solid that lies above D = {(z,y} | 2 +7 < 400} and below the graph of f(x,y). We
can associate north with the positive y-direction, so we are given that the depth is constant in the z-direction and the
depth increases linearly in the y-direction from £{0, —20) = 2 to f{0,20) = 7. The trace in the yz-plane is a line

segment from (0, —20, 2) to (0, 20, 7). The slope of this line is W%D) , 50 an equation of the line is
z—T7=4{y—-20) = z=Lly-+2 Since f(z,y)isindependent of z, f(a:,y) = 3y + £. Thus the volume is
given by [[,, f(x, y} dA, which is most conveniently evaluated using polar coordinates. Then

D={(r.8)0<r<20,0<8<2r}and substituting & == r cos 0, y = rsinf the integral becomes

2w p20

JE 0 (brsing+ ) rdrdg= 77 [Lr¥sing + 202772 dp = [T (122 sing + 900) df

= [ 199 cos 6 + 9006] " = 1800w

Thus the pool contains 18007 ~ 5655 ft® of water.
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34. (a) The total amount of water supplied each hour to the region within R feet of the sprinkler is

27
1]

Jid

V= [ Ferdrdd = [2Td [Fre " dr = [0] ,

o [—re™" —e77]
=l-Re B —e P10+ =2r(1 - Re F —e™®) 1
(b) The average amount of water per hour per square foot supplied to the region within f2 feet of the sprinkler is
1% 1% 2(1 —Re R — e'R)

area of region == B ft> (per hour per square foot). See the definition of the average

value of a function on page 1022 [ ET 986).

_Iz
35. / / :r:ydudm+/ / mydydw-{—f f rydydr
L2 1—::
w/4 /4 T4 =
f ] r cosﬂsmGdrdH—/ [Ecosﬂsmﬂ] de
r=1

15 [sm 91|7r/4 15

51119('059(19—? 5 =%

o

36. (a) [f,, e g4 = fo%fga re~" drd = 27r[—%e_‘"2]a = ﬂ(l — e‘“z) for each a. Then
[+ 0

. —a? . —a?
lim w(l—e “):ﬂ'smcee * —0asa — oo Hence [ [™ e —E ) g4 =

(b} ff e g A = F Y e e dr dy = (ffa e’ d.r) (ffa e v’ dy) for each a.
Then, from (a), @ = [ [, — (z* + ) dA, so

= lim [f e ad = tim (J° e de) ([ e dy) = (f"" —a d:r)(]m e dy).

a— O

To evaluate lim (ffa e d;r:) (ffa eV dy), we are using the fact that these integrals are bounded. This is

true since on [—1,1], 0 < e < 1 while on {—o0, —1),0 < e < e"andon (1,50),0 < et o omT
ence 0 < [, " da < ["Lendo + [, do o [ e ds ~2(e ) + 1)

. 2
(¢) Since (ffom e ™ d:c) (ffcm eV dy) = 7 and y can be replaced by , (ff’om e d:z:) = 7 implies that
=, e~ dz = +,/7. But e’ = Oforall z, so ffooo e dy = /.

(d) Letting ¢ = V22, [ e™" dz = [* I (afz/?) dt. so that /7 = & [ ™2 dt
or [% et dt = \/2x.

37. (a) We integrate by parts with u = 2 and dv = ve~®" dz. Then du = dz and v = Lo 5o

2
2 . t .- . _p2]t t —x2
fooomze T dr = lim fo e % dr = lim A%:ce “’} + [ %e dr
t—oo t—oo 0 0

= lim (—%te_ﬁ) s e e~ de=0+4+2 [~ e dr [by I’Hospital's Rule]

t—o0
1 oo —z? H —x2 . :
=3[ e dr  [sincee ™ is an even function]

=iVr [by Exercise 36(c)]
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(by Letu = /2. Thenu® =z = de=2udu =
Vi

t 0
[ Vee Fde = Jlim [ Vvze Fdr = lim ue ™ 2 du = 2/ wle ™ du
— Jou 0

t—oo o

=2(3VT) [bypart@)] = 3V

16.5 Applications of Double Integrals

1‘Q:.UD z,y)dA = fl fo (2xy + v* )dydm_fl [:Ey +1 3]?; 2 g
:113(4a:+§)da:_[2$ + 8 37] _16+16=%éc

'Q:ffD o(z,y)dA = [[(z+y+2* + ) dA = [ [Hrcos® + rsind +r*)rdrdd
fo *(cos 8 + sin ) + r°) dr df = [%?‘3(0059 + sin ) + %r‘l]:g a6

2

= [ [5(cos8 +sinf) + 4] df = [E(SIHG_COSQ)+4B]§W 8 C
cm=[fp playydA= [ [N eyt dyde = [ ode [1 4P dy = [32']; [39°]), =
=L [f, wplwy)ydA=3 7 [1 a®dyde =2 [J 2 de [} P dy = 3[42°]) [by

X ffp vete,)dA =4 [0 [1 eyt dyde = § [T zde [1, P dy = §[32%;

Hence, (Z,5) = (3,0}

My = [[, yplz,y)dA = [} fob cxy® dydx = cfy zdr fub yrdy = c[%wz]g [%ysl

Hence, (T,%) = (%, %) = (%a, %b)

- M= fof:/z $+y)dyda:""f0 [m'y—&-l 2]2 z/;dm:foz [3"(3_

— [ (-3 4 P o= [ (3% + 3all =6,

My = [F 250 + ay) dyde = [7 [2%y + Lay?)V0 7 d

y=m/2

M. = ]2]£/z (zy +y° )dyd:c_fo [ Ty _,_;ys}y 3w

y=x/2
Hence m =6, (Z,7) = (%’%) = (%’g)

cm= [y fy Y ededy = [y [3(4-39)° - 397 dy = [~ 55 (4= 39)° — 4
M, = [} f4 Woldrdy = [ [3(4—3y)° — 1] dy = [—5%(4—31;)4_1—123;4];:7,

M, = f) f;“?'y zydedy = [} [3y(4—3)® — $y°)dy = [ (8y — 12y° + 43°) dy = 1.

Hence m = L, (7,7) = (2.1,0.3).
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M, = [} [¥ y?dyde = [ [14°

Hence m = 3(e — 1), (Z,7) = (

8. m:fol fﬂﬁmdydm= folm{y]zzaﬁdwzfol 232 dp — 2,
= 1
M, = fol 0ﬁ$2dyd$ = folm[y}z;f dr = fol /% dr = %m”z]o =

Mo = [y [T vedyde = [ e[37))5" do = § Jj «* do = §[32°

i z,7) 5 5
Hence m = £, (7,%) (2/5,2/5) (3 %)

m=f2 [%*"3dedy = [* (3y+6 -3 dy=Z,
My-f fy+23a:d:1:d'y f [y-i—2) —y4]dy

2
=[3w+2° - &), =1

My = f? [%7%3ydady = [ (3y® + 6y ~ 3y°) dy
2
=3 - 4

Hence m = 2L,

w2

0. m = [ (" zdydz = [[* zcosede = [zsinz + cosz];

M, = Tr/zfm” 2dyo!:c—fo z cosmd:r::[zzsinm+2ﬂ:cosx#2sinx];/2:"TQ_2,and

M, = 1r/2 ;"”mydyd:v = fo 2s':cos 2rdr = %[ﬁmz + iﬂ:sin2a:+ % cosZm]glz = g—; -

Hencem—ka(?f‘“’)— W—_Sfﬂ
T WY T\ -2 )

pl,y) = ky = krsinf,m = [T fLkr?sin0drdd = 1k [T sinfdf = 1k[—cos8]] = Lk,

My = [T {1 kr®sin @ cos 6 dr df = 1k [T/ sinfcosfdf = 1k[- 003219]'"/2 = 1k,

1
8

M, = f7* [} kr®sin® drdf = 1k [7/%sin® 0.d0 = Lk[0 +sin20]7"° = Zk.

1
8

Hence (Z,7) = (3, 3%).
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Hence (:c D= (5 3)
13. Placing the vertex opposite the hypotenuse at (0,0), p(z,y) = k(z® + y*). Then
m= [} "k(z® +y*) dydz =k fj [ac® — 2 + 5 ( z)’| dz
=k[taz’ — 12" — L (a- :c}4]; = %ka*
By symmetry,
My = My = [T3 Tky(a® + ) dydz = k [’ [$(a—2)’c® + j(a— 2)*] d
a5 (@ — 3:)5}8 = lisi'm,5
plz,y) =k/\/2? +y? =k/r,

57/6 p2sin@ k 5w /8
/ —'rdrd9=k/ [(2sinf) — 1] d6
/6 1 T /6

= k{—2c0s8 — 0]777° = 2k(v/3 - )

By symmetry of D and f (z} = z, M, = 0, and
=[PR8 [2o0 krsinf dr df = 1k [27/%(4sin® 0 — sin6) df

:Ek[ 3cos6'+3cos 9}”/6 V3k

Hence (Z,7) = (0, T;’jgj))

L = [ p 0 (m,y) dA = fy 3" o* -y dyde = [} [39*]/0s de =1 [ ¢ da
He]y = wlet -1,
([ oleg)dd = [} [ oy dyde = 2 (871270 o= 2 [ a7 da
1(32® -tz + %)eh]é [integrate by parts twice}

%(82-—1).
and fo = I, + I :%(64—1)4-%(6 -1)== (e +2¢% - 3).
L= [T (L (¥ sin? 0)(kr?) rdr df = 1k [T/ sin® 040 = $k[3(20 —sin20)]7% = Zk
e 0 - aMid — 24"

L= 77 [1(r® cos® 0)(kr?) rdrdd = Lk [T/ cos?0d = Lk[1(20 +5in26)]7/* = Zk, and
Iy=IL+1,= %k
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1. L = [2, (52 3  dody = [* (39" + 607 — 39" dy = [ +2¢° - 8y°]7 | = 182,
=2 [u st dedy = 7 [w+2)° - o) dy = [ +2)" - 37]°, = 5 and

I(]—I +I _1917.

. If we find the moments of inertia about the x- and y-axes, we can determine in which direction rotation will be more

difficult. (See the explanation following Example 4.) The moment of inertia about the x-axis is given by

L= [{,y’p(z,y)dA = fu 1+Olr)dydw—f0(l+01m)[ 3]:z§d$
=8 2(1+01z)de = §[z+0.1- Lz?]) = §(2.2) = 5.87

o]

Similarly, the moment of inertia about the y-axis is given by
y—ffD:cpa"y JdA = fo *(1 4+ 0.1z) dydz = 2z2(1+0.1$)[y]z:3 dr
=2 [¥z? +0.12%) dz = 2[12® + 0.1 12%]2 = 2(2 + 0.4) ~6.13
Since I, > [, more force is required to rotate the fan blade about the y-axis.

2

. Using a CAS, we find m = ([, p(z,y)dA = [ smmmydyd:c = % Then

:m/f :cp(my)dA_—f /smw:r:ydydw—z—;[——dd
_:%/./Dyp(:c,y)d / fsmm:ry dyd.’a:—— s0 (T, _)z(

sin

S gyt dydr = 3

The moments of inertia are I, = f[, v p(x,y)dA = [ R

2

I = ff, 2%z, y)dA = [T [F"%a® ydyda:m——«{w —3),and fo = I, + [, _6_4

. Using a CAS, we find m = ff \/2? +y2dA = 1+c°59 r2drdf = i,

T=-1 [[pz/a2+y?dA=2 HCGSB 3C059d?"d9=%and
Ly +ytda= & [ ;*cm’ﬁ'r?’sinadrde:o,so %) = (%,0).
The moments of inertia are I, = fny Vit +y?dA = [ UH'“’SH risin’ fdrdf = Br
Iy = ffpe* 2zt +y2dA = [27 [17° 1l cos® G dr df = Smand Iy = I, + I, =
In= [ o v’ dody = p [ dz [}y dy = plz], [59°]; = pa(3a®) = Lpa* = I, by symmetry, and

Iy

_ 2 . . . =2 iy = __ 1 4 211/2 g
m = pa® since the lamina is homogeneous. Hence 7~ = ~ = I= [{300*)/(pa®)] " = Jraand
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2.m =[] [ pdydz = p [ sinzdz = p[— cosz]] = 2p,
L= [7 7" pydyde = 3p [7sin’ zdz = p [7(1 — cos’ z) sinz dar
= 3p[—cosf+ 3 cos® )] = 2p,
Iy = [T [ e ? dydr = p [ &’ sinzds
=p|-a’cosz + 2xsinz + 2cosx|;  [by integrating by parts twice]
= p(* - 4).

Then§ > = L _ g,soﬁz ? and T - = I

m

72 —4 — 7?4
= 50X =

iy

m 2 2

23. (a) f(=,y) is a joint density function, so we know ff ., f(x,y}dA = 1. Since f(z,y} = 0 outside the rectangle
[0,1] x [0, 2], we can say

[fze fley)dA= [2 [ f(e,y)dydz = [ [ Cz(l +y)dydz

=Cf0 [y+2y] da?AC'fo 4mdw—C[2w2];:QC

Then2C =1 = C = 3.
(b)P(Xgl,Ygl):fw f_ T,y dyd:c—fo (1l +y)dydz

= Jo sely+ 371, 2o do =y 32(§) dx
() P(X+Y <1)=P((X,Y) € D) where D is the triangular region
shown in the figure. Thus
PX+Y <)) = ff, fzy)dA=f [, " 4z(l+y)dydz
fo sxly+ 8971y 2 " dr = fy gz(3e’ ~ 22+ §) de
100 (3 4n? ) de = L2 42 3;::_21
ilo (@ 2® +3z) dr = |4 3+20

9, oo
& ~0.1042

24, (a) f(z,y) 2 0, s0 f is a joint density function if {f . f(x,y)dA = 1. Here, f(z,y) = 0 outside the square
[0,1] x [0,1], 50 [[p2 f(z y)dA = [ [ dzydyde = [ [Qxy] dsr:—fo 2zdr =z ] =1
Thus, f(x,y) is a joint density function.

(b} (1) No restriction is placed on Y, so
P(X >4) =7, [ fzy)dyde = [}, [, daydydz
1 =1 1 1
= f1/2 [23392]1::0 dr = fljz 2wdr = 5':2}1/2 =3

) fl/zfuzf T, y)dyd:r:—f1/2 1/24wydydm

. =1/2
= f1/2 [Qxyz]:zo dr = f1/2 jzde = 3
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(c} The expected value of X is given by

ffm:cf(w y)dA = .rufo z(4dzy) dy dz = f02$[ ]yzflldm
“2 et =2 4eT =

The expected value of Y is

to = [y Fley)dA = [} [§ y(dzy) dyde = [ 4z[34°]) 2 do

1
=4 fiedz=14[32"], =%

2. (a) f(x,y) 2 0,s0 f is a joint density function if [, f(z,y)dA = 1. Here, f(z,y) = 0 outside the first
quadrant, so

[ re Fl@y)dA = [57 [77 007 O3 T OB gy dz = 0.1 [ [ €757~ dy dy
=01 [ e " de [Te " dy = 0.1 im [le 0t dy Jim e gy
=01 t]lglo [_2(;0'532]0 tU{,{, [_5€v0.2y};
= 0.1 lim [-2(e7** - 1)] lim [-5(e™** —1)]
= (0.1)- (=20 —-1) - (=5)(0—1) =1
Thus f(x, 1) is a joint density function,

{b) (i) No restriction is placed on X, so

PY2>21)= [T [ flz,y)dyde = [° 0. 1e~(0-52+0-28) gy gr
e o —0.5z oo —0.2 _ . —0.5 . t 0.2
=0.1f7 e de e ydny.ltll‘ngofOe * dx }L‘?ofl e % dy

=0.1 lim [—23*0'5“’] lim [_56—0.2y]t

t— 00 0 oo 1

=0.1 tlifglo [*2(8_0'5t _ 1)] tl_ig.lo [_5(6—0.21‘. _ e#ﬂ.?)]
=(0.1) - (=2){0 1) - (~=5)(0 —e"?) =7 "? ~ 0.8187
() P(X <2,Y <4) = f°_[* flz,y)dyde = [2[}0.1e= (055020 gy iy

=01 f02 e 5% o .]‘04 e~ %2y dy =0.1 [m2e‘0-51’]3 [_56_0_2y];

= (03) (~2)(e™ — 1) - (=5)(e™** — 1)
=(e ' —1(e -1 =1+e18—e08 1 % 0.3481

(c) The expected value of X is given by

i = [z ® f(@,9)dA = [ [ a[0.0e= 5702 gy dy

=0.1 IUDQ 1:8—0.5.1: dr j‘OOO e-—(].2y dy =0.1 tlim fot $670'5$ dx thm f(]t e—O.2y dy
— o0 oo
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To evaluate the first integral, we integrate by parts with u = z and dv = e~%-°* dx (or we can use Formula 96
in the Table of Integrals):

fwe—o'sm dz = —2ze705% _ f —2¢795% g = ~20e7%5% _ 4705 = _2(x + 2)e”"5*. Thus

=01 i [0z + D 0]l [-5e70%;

0t oo 0

=0.1 tlglolo (—2) [(t 4 2)e 05 _ } 11m (-5) [e-u.zt B 1]

f—oo

—0.1(-2) (tgn;o 353% - 2) (=5)(~1)=2  [by I'Hospital's Rule]

The expected value of Y is given by

po = [faz v fla,y)dA = [7 [57 y[O.le“(O“r’*O'zy)} dy dx
oo 0.5 o 02y g _ .t 05 S rto 02
=0.1f; Tdz |7 ye ydyf(].ltl}"’rgofoe dmtgngofoye Ydy

—0.2y

To evaluate the second integral, we integrate by parts with 1 = g and dv = e ey (or again we

can use Formula 96 in the Table of Integrals) which gives
[ye "% dy = —bye "% + [5e 0% dy = —5(y + 5)e"*?¥. Then

fo =01 tlirgle [—2670'57‘]3 1!hm [—5(y + 5)8*”-2?;]3
:Oltl_l;rglo [__2(6—0»53 _ 1)] tl_i»n;lo (““5[(t‘+‘ 5)8—0.2t . 5])

=0.1{-2}(—-1)-(-5) (tllrgc 21215 — 5) =5  [by I'Hospital’s Rule]

26. (a) Each lamp has exponential density function

0 if £ <0
o0-{",

—t/1000
10008 ift>0

If X and Y are the lifetimes of the individual bulbs, then X and Y are independent, so the joint density function
is the product of the individual density functions:

fay) {10*6{(””)/1000 if 2>0,y>0
I y =

0 otherwise

The probability that both of the bulbs fail within 1000 hours is

P (X <1000,Y <1000) = [1%%° {19 ¢z o) dy da

icoe 1000
—Jo

10*5 —(&+y)/1000 d’ydﬂ:

=10~ fDlDDU --.z/lOOOdz j‘lUUO —y/1000 dy
1000 1000

=107 [~1000¢=/1000] ™ [_1000¢~/19%]
0

0

=(e7' - 1)* ~ 0.3996
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(b) Now we are asked for the probability that the combined
lifetimes of both bulbs is 1000 hours or less. Thus we want
to find P(X + Y < 1000}, or equivalently P{(X,Y) € D)
where D) is the friangular region shown in the figure,

Then

P(X+Y < 1000)=ffp z,y) dA = 11000 1000 = 108 (=+9)/1000 gy, g
y=1000—=x

— 10" 1000[ 10006—(x+y)/1000] da
y=0

~10~% 1000 (e_l B e—z/lDOD) dr

1000
= -107% [e‘la: + 10006‘”1“”0] =1— 2!~ 0.2642
0

2]. (a) The random variables X and ¥ are normally distributed with 1, = 45 My = 20,01 =05, and o7 = 0.1.

The individual density functions for X and Y, then, are fi(z) = e~ (==45)%/0.5 ang

05\/
1

fa(y) = W e~(W=20%/0.02 Gince X and Y are independent, the joint density function is the product
. T

[0 = FilE)oly) = = e 0R_L_ mmaitoss

0.5v2n 0.1

_ me—Z(m—élﬁ)ﬂ—SD(y-—ZD)?

™

PA0<X <50,20 <Y <25) = [0 2 f(x,y) dy de

__ 10 30 p25 _5(x—45)% _50(y— 20)2
= JaoJap © dy dx

Using a CAS or calculator to evaluate the integral, we get P{40 < X < 50,20 <Y < 25) = 0.500.

P(4(X —45)* + 100(Y —20)* < 2) = [f, L2 ~48)* 50y -20)* 1 4 where D is the region enclosed by

the ellipse 4(z — 45)% + 100(y — 20)? = 2. Solving for y gives y = 20 & 75 /2 — 4(x — 45)2, the upper and
lower halves of the ellipse, and these two halves meet where y = 20 [since the ellipse is centered at

(45,20)] = 4(z—-45)°=2 = x=45+ Z5- Thus

2 2 454172 p20+4/2 — 4(z—45)2
/f _1;?64(:;745) —50(y—20)2 44 _ $/ o 2z —45)7—50(y—-20) dy de.
D 45-1/2 2073%1/274(33745)2

Using a CAS or calculator to evaluate the integral, we get P(4{X ~ 45)% 4+ 100(Y — 20)? < 2) ~ 0.632.

28. Because X and Y are independent, the joint density function for Xavier's and Yolanda’s arrival times is the product
of the individual density functions:

ey fx>00<y<10

flz,y) = filz)faly) = { °

1] otherwise

Since Xavier won’t wait for Yolanda, they won’t meet unless X > Y. Additionally, Yolanda will wait up to half an
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hour but no longer, so they won’t meet unless X — Y < 30. Thus
the probability that they meet is P{(X,Y) € D) where D is the
parallelogram shown in the figure. The integral is simpler to evaluate

if we consider D as a type Il region, so

PUX,¥) € D) = [f, feu)dudy = [ e sydudy = & [10y[-e"]"20"™ dy

— — 10 -
= 50 0 y( —€ {y+30) +e y)dyA 0(1 —¢€ 30) o Y€ ydy
By integration by parts (or Formula 96 in the Table of Integrals), this is

&(1—e ) [—(y+1)e7¥], = L(1-e7)(1 - 11e7°) ~ 0.020. Thus there is only about a 2% chance they
will meet. Such is student life!

29, (a) If f(P, A) is the probability that an individual at A will be infected by an individual at P, and k dA is the
number of infected individuals in an element of area d A, then f(P, A)k dA is the number of infections that
should result from exposure of the individual at A to infected people in the element of area dA. Integration over

D gives the number of infections of the person at A due to all the infected people in D. In rectangular

coordinates {with the origin at the city’s center), the exposure of a person at A is

:/kaf(P,A)dA:kf/D%}—Dﬁrm—k/f‘o l1— \/(m—m")zg(?”_y”)z]dxdy.

(b) If A = (0,0), then

r=20cos ¢
E= kf/ [1—— $2+y]da:dy m
r
[/
2% 10 3110
=k — — \rdrdf =2nk|— — —
f / 1 'rr Tl'|:2 60] U

=2k (50 — B) = Zrk ~ 200

For A at the edge of the city, it is convenient to use 2 polar coordinate systern centered at A. Then the polar

equation for the circular boundary of the city becomes r = 20 cos 8 instead of r = 10, and the distance from A
to a point PP in the city is again r (see the figure). So

/2 20 cos @ w/2 2 3qr=20cos@
E= k/ [ (1—1)rdrd9:kf [T—m’"—] 49
2o 20 2l 2 60), g

=k /%, (200 cos? 6 - 49 cos® 0) df = 200k [/, [§ + } cos 20 — 3 (1 — sin® §) cos 6] df

—200k[19+ sm29——sm9+ —S1n 9]”2 —200}:[ +0—2+ +§+0-§+%}

=200k(% — 2) ~ 136k

Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at
the edge.
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16.6 Surface Area ET 15.6

1. Here z = f(z,y) = 2+ 3z + 4y and D is the rectangle [0, 5] x [1, 4], so by Formula 2 the area of the surface is

A(S) f VIfelz, w)]2 + [fo(z, v)]2 + 1dA = ff V32442 +1dA= \/_f/dA
= V26 A(D) = V26 (5)(3) = 15 V26

= fz,y} = 10 — 2z — 5y and D is the disk z° + y* < 9, so by Formula 2

= [, V(~2)2+ (5> + 1dA = VB0 [, dA = v/30 A(D)
=v30{r-3%) =9v30x

. z = f(z,y) = fi — 3z — 2y which intersects the zy-plane in the line 3z + 2y = 6, so D is the triangular region
given by {{z,y) |0 <2<2,0<y<3— 2z}, Thus

= o V=3 + (22 + 1dA = V14 [, dA = VIL A(D)
=v14(1-2.3)=3vV14

.z = flx 79)*1+3.’r+2y with ) <z < 2y, 0 < y < 1. Thus by Formula 2,

=[S VO + @+ 1dA = [} [ /10 162 dedy = [} \/T0+ 1647 []772 dy

1
P+22=9 = z=9-42 =0, f, = —y( s

/] V0% 4 [y(8 - y?)1 22 +1dyd:cm// _ 4 1dyda

- [ = [ o léhomsum (3))a = 1257 ()

.z = f(x,y) = 4 — 2® — y* and D is the projection of the paraboloid z = 4 — 2% — y* onto the zy-plane, that is
D={(z,y) | 2® +y° <4}.S0 fo = 20, f, = -2y =

= [fp V(=222 + (—29)2 + 1dA = ff, /4(z? +42) + 1dA = [Z" [Z /&2 Tirdrdd
= o [é(4w'2+1)3/2r = [ A (TYTT - 1) do = Z(17VTT — 1)

r=(}

cz=flz,y) =y" — 2’ with 1 <2 + y* < 4. Then
ASY=[f, I+ 4 + a2 dA = (I [P T+t rdrdd = [7do [* r T+ &2 dr
= [o]y" 51+ 4 )3/2] =3 (1717 - 55 )
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8. 2= flz,y) = 2(=z** + y*?)and D = {(z,y) |0 Sz < 1,0 <y < 1} Then fo = 2'/2, f, = y"/? and

=j/D\/(\/5)2+(\/§)2+1dA:/:f01\/mdydx

=1
—fo [ w+y+1)3/2r Odiﬂ:%fol [($+2)3/2—($+1)3/2}d1‘
y=

1
=2[2(z+2)? -t + 1)5/2]0 — AR g3

_15(35/2_27/2+1)
9. z=flr,y) =zywith0 <z’ + ¢y’ <lsofo=y. fy=2 =

AS) = [[p VAT ¥ LdA= [ [P F Trdrdd = 37 362+ 1))
= [T 4(2vV2-1)do = F(2v2 - 1)

r=I[)

10. Given the sphere z° + 3> + 2 =4, when z = |, we getz* +y* = 3s0 D = {(a:,y) | 2 4 y? < 3} and

= f(z,y) = /4 — 2® — y%. Thus
= //D \/[(—m)(ﬁl — a2 —y2) V22 4 [(—y) (4 — 22 — )" V22 £ 1dA

2 a3 2 27 3 o
= ﬁf—-+1rdrd9:/‘ f ———drdd
/(: fo 4—r? 0 Jo Vd-—r?

= J7 204 - )”2] Y= (=24 4)d0 = 20)77 = 4r
r=0

u)

zy = _y(a2 - $2 _ y2)—1/25

r=acos @
+17drdfd /\
[
ﬁdrde \_/
bl

] T=a Cos 8

12, To find the region D: z = x® + y® implies z + z® = 4z or z° — 3z = 0. Thus z = Dor z = 3 are the planes where

the surfaces intersect. But 2 + y® + 2% = 4z implies z° + y* + (2 — 2)? = 4, s0 2 = 3 intersects the upper
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hemisphere. Thus (z — 2)% = 4 — z* — y? or z = 2 + /4 — 22 — 2. Therefore D is the region inside the circle
2 +4° +(3-2)" =4, thatis, D = {(z,y) | * + ¢* < 3}.

‘“S):/ylVl+Kﬂﬂm—zz—wydﬂﬁ+u—w@—w2—yadﬂPdA

2x 2n  p+/3 21r r=+v3
/ / 1+ s rdrdf = f rdr_ g — f -TZ)W} d8
0 \/__;E r=0

= fIT(-2+4)do = 26]) =4x

. 2= f(l', y) = e-mz—yQ, f:!! = ”21:6‘1;2—!;2, fy = "‘2!}6—:2—!"2. Then

] V(—2ze==*-v")2 4 (“2ye—="-v*)2 4 1dAd = [[ +/4(z? +y2)e"2="+) L 1dA,

r24+y?<e 2 4y2 <4

Converting to polar coordinates we have

= [ [2Varte T L 1rdrdd = [T d8 [Zr/ar2e 2 4 1dr

=2 f02 r v 4r2e=2r% 4+ 1dr ~ 13.9783 using a calculator.

.z = fz,y) = cos(z® + y?), fo = ~2wsin(a® + ¢?), fy = —2ysin(z? + 7).

A(S) = ff \/41:2 sin2(:1:2 + y2?) + 4y sin2(ac2 + yg) +1dA

z2+y2<1

= Jf Ve Tyl eni(e + 0 T 1dA

224yl
Converting to polar coordinates gives
= [ (1 /artsin?(r?) + Lrdrd® = [27df [ r/Ar?sin®(r2) + 1dr
=2 fol r\/4rtsin®(r?) + 1dr ~2 41073 using a calculator.

15. (a) The midpoints of the four squares are (3, 1), (5, 3), (3,3). and (3, 3). Here f(z,y) = 2% + y°, so the
Midpoint Rule gives

8= [fp Vil )P + [fule,9)2 + 1dA = [f, /(22)> + (2y)? + 1dA

=3 (VI + 2@+ 14y 2P - ) 1
RO+ 20) 1+ RO+ RGP +1)

—%(\/g+2\/§+\/§1)z1.8279

(b) A CAS estimates the integral to be

A(S) = ff T+ (22)2 + (2y)2dA = [ f; /1 +42? + dy? dy dz ~ 1.8616. This agrees with the
Midpoint estimate only in the first decimal place.
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16.7 Triple Integrals

1 [[f,zyz® dV = fof fo TYZ dzd:cdy—fo I2 zy[32 ]zzzdmdyzfolfflgwydmdy

=y [22%]220 dy = f) Zydy = Ly,

2. There are six different possible orders of integration.

[Ifg(@z—y’)dv = fjl foz fol (w2 — y*}dzdyde = f—ll fo2 (322" — ySZ]z:; dy dx
=4 f02 (32 —9°) dyde = f—ll (32y - %y4]z 3 dw
- f_ll(m — 4)d;]: = [%352 - 4:]’,3]1_1 = -8

(1 @z =) av = 2 11, i (ox — ) dzdody = [2 7, [Sast = 3] 2 dody
=Jo JL (G =) dedy = [§ [§o® —29® 2
= 7 -2t dy = ~ Ly} = -8

fffE (zz —y®)dV = Lll fol foz (xz— y3)dydz de = f—ll fol [:cyz - %94 ;
= [1, f) @ez —4)deda = [* [22% - 4z]:z; dz
= fjl(w —4)dx = [12° ~ 4:!:]11 = —8

Jfet@z—y®Yav =[5 [1) [2(zz — y®)dydzdz = [, [, [2yz — 3v°]. 2t:l:::dz
= [ [!, 2oz — 4)dedz = [ [2%2 - 4m]2?_1 dz
= [y —8dz= —82]. = -8

[ffg ez —y®)dv = 3 [} [1 (22 —y*)dedady = [7 [} [3a22 —2y®]"7"  dedy

z=1 .
= f02 fol — 23 dzdy = f02 [_Zyaz] B dy = f02 _2y® dy = _%ytl]; B

[ffs (@z=y®) av = [} f2 ' (22— y Ndedydz = [ [ [i2°2 - 2?77 dyde

a1
_fo fo ~2° dydz—fo 3y ]5 zd _fDI—Sdzz —SzJO:Ag

3 fol IS fﬁmﬂ 6rzdydrdz = fol Iy [6$yz]zz§+z drdz = fol [ 6xz{z + 2) dz dz

= Jo [20%2 + 3227 [Z0 de = [ (22" +32%)dz = [} 5t de = 27 =

4, j;)l ];m 1y 2zyzdzdyde = fnl fzh [scyzr”]ziy dydx = fol ffm zy® dy dz

2y,
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1+x 2z
1+y T 14y

_ a2y _ 29(1"'“3)
fy_(l-&-:r:)[ (1+y2)2} e . We use a CAS

toestimate [*, f1 "1 /FFH 7+ 1dydz ~ 2.6959. In

order to graph only the part of the surface above the squate, we use

20. Let f(z,y) =

— (1 = lz|) < y <1 — || as the y-range in our plot command.
.Here z = f(x,y) =azx + by +c, fz(z,y) = a, fylz,y) = b, s0
)= [[, Va2 + b6 +1dA=Va? + 7 +1[[,dA =Va? + b + 1A(D).
. Let S be the upper hemisphere. Then z = f(z,y) = \/a? — 22 — 2, 50
— ffD \/[—w(az —z2 _ 2)—1/2]2 + [—y(a2 — 2 — y2)‘1/2]2 +1dA

2 29 t 2
f/\/ z ”" _+1dA= lim f s + 17 dr df
t—a™ Jg o a“—r

2 3
ar
lim ————drdf =27 lim [—a\/(ﬁ—rz] = 27 lim —a[ az—tz—a]
(o f JaE 12 e 0o el

= 211'(—0,)( a) = 2mwa?. Thus the surface area of the entire sphere is 4ma®.

. If we project the surface onto the zz-plane, then the surface lies “above” the disk 2% + z° < 25 in the xz-plane.

We have y = f(x, z) = 2% + 2° and, adapting Formula 2, the area of the surface is

ASY= [I V@ P+ [f.(z )P +1dA= [[ Viz?+422+1dA

2242225 2242225

Converting to polar coordinates x = r cos @, z = r sin # we have
A(S) = 7 Jy VAP F Irdrdd = [37db fyr(ar® + 1) 2dr = [0]57 [ (4r” + 172
= Z{101v/101 — 1}

. First we find the area of the face of the surface that intersects the positive y-axis. As in Exercise 23, we can project

the face onto the xz-plane, so the surface lies “above” the disk 2% + 2% < 1. Then z = f(=,2) = V1 — 22 and the

/f VIfe(@, 2)]? + [f2(,2)]2 + 1dA = // \/0+ _zzz) +1dA

z24+22<1 r2422<1

// FM ff\/_mdmdz

2+22<1

1
1
=4 e dx d2 by the symmetry of the surface
/Df = [by ymmetry ]

This integral 1s improper (when z = 1), so

1 : /T 22 : : .
hm 4/] mdﬂ?dz:tl_l’r{l_‘l/o ﬁdz:tﬂT—Ll UdZ:tEIfl_4t:4.

Since the complete surface consists of four congruent faces, the total surface area is 4(4) = 16.

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

56 L[ CHAPTER16 MULTIPLE INTEGRALS ET CHAPTER 15

16. (a) With m = n = 2 we have four squares with midpoints (3,1}, (3,2), (2,4}, and (2,2). Since

z = zy + x° + y°, the Midpoint Rule gives

Sy=[fp VIt u) + ol y)2 + 1dA = [[, /(y+22)> + (z + 2y)* + 1dA

~ D LB () 1 (971

{b) Using a CAS, we have

= ([t 22)8 + (w292 ¥ YdA = [ [/ 1+ (y +22)2 + (z + 2y)? dydz ~ 17.7165.

This is within about (.1 of the Midpoint Rule estimate.

Lz=14 2z + 3y + 4% s0

S)—/f \/1+(§)2+(?5)2dA—~/4/1 VI+d+ (31 8y dyda
D Ox Oy 1 Jo v
= [} fy 14+ 48y + 6492 dy du.

Using a CAS, we have

Jf‘ jDI \/mdyd:c:%’\/_ (11\/_+3\/_\/—) (3\/—+\/_\/_)

15, 11VE+3V70
Ve S v

OI'—

flzy)=1+z+y+2* = f.=1+2z f, = 1. Weuse a CAS to calculate the integral
ASy= [t VR R ldyde = [, 1 /(1 + 22) + 2dyde = 2 [, VA2 + 4z + 3dz and find
that A(S) = 3v/TT + 2sinh™" (242} or A(S) =3 V1T +In (10 + 3VTT).

19. f(z,y) = 1 +2°y° = fo=2ry% f, = 22%y. We use a CAS (with precision reduced to five significant digits,

to speed up the calculation) to estimate the integral

2+ f24+1d da:—/f 4x291 + 4z%y? + 1 dy dz, and find that
/[\/_ F2 4 £+ 1dy \/ v yd.

A{S) = 3.3213.
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5 fo fn fo zeydwdzdy— [0 fo [wzey} Y 122 dady = fo fﬂ ze¥/1 — z2dzdy

0

= fo [_%(1 - 22)3/2‘3%2:0‘@ = fo %ey dy = %eym = 1_13(83 -1

1 pz a2 1 pz _.21Ty 1 rz a2 1 _,21Y=
Sy o JE e dedydz = ) [, [a:ze ¥ L: dydz = f; [5 yze ¥ dydz = [ [—%ze ¥ ],;:o
1 —z2 _2‘2
=Io —%z(e - ) zzfo( )dz
11,2, 1 _-22 1 -1
— 1241 =101 “0-1)=2L
2[22 + ze ]0 ill+e )
- fff, 2xdV = 102 A 1-y? 2 2:Ec)fzt;l;1:a!y:fD2 N 4=yt [23:2]23 drdy = f02 Via-u? 2zy dx dy

0
= Pl Y dy = [P - P ydy = [29° - ] =4

. [ff 5 yzcos(2®)dV = ful IN fh yz cos(z” Y dz dy dr = fol N [%yz2 cos($5)]j:ix dy dz
LT Setyeos(a) dyds =  J) (29 cone®) V= o

=2 _fol z* cos(z®) dz = 3 [1 sin(z® )] = 2 (sinl —sin0) = S sin 1

.Here £ = {{z,5,2) | 0<z<1,0<y < /7,0<z< 14z +y}, 50

[ffz bzydV = fo fDHEJ”" by dzdyde = fo fo [ﬁm z] z=;+m+yd dr

=f fﬁ 6my(1+:t:+y)dydm=f 3zy° + 3xfy? + 2xy”Y ‘/_d:n
0 Jo 0

—fo (322 + 32° + 22° N de = [a: + 32" + 12 7/2}0~g~5§

. Here E is the region in the first octant that lies below the plane 2x 4 2y + z = 4 (and above the region in the
xy-plane bounded by the lines x = 0,y = 0, z + y = 2). So

[ffg udV = [ [ (272 My dedyde = [2 [277 y(4 - 2z — 2y) dy de
= [ (4y 22y — 2y%) dydz = [ [2y° — xy? — 3502 yzioe
= fo [2(2 - z)* —2(2-)* — (2 —12)%] d=x
= fle-a)@2-2?-2@2-2)Yde=4 [} 2-2)de
—iHe-a = —50-16) =4

dx

. Here E is the region that lies below the plane with -, y-, and z-intercepts 1, 2, and 3 respectively, that is, below the
plane 2z + 6x + 3y = 6 and above the region in the xy-plane bounded by the lines z = 0, y = 0 and 6z 4+ 3y = 6.
So

[ffg zydV = fu i 3 3x-3y/2 eydzdyds = [, [ 22w (3zy — 32°y - 3xy?) dyda
“fo [Say® — 2a2%y* - my] y=3-2e mzfol (27 — 627 + 627 — 22") dx

= {:1:2 - 22% + %m4
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fnfu y_zﬂ:zdmdzdy:fof

_2.[0[

E is the region below the parabolic cylinder z = 1 — %% and
above the square [—1, 1] x [~1, 1] in the zy-plane.
[ff, ¥ dv = fi fl fl_yz z’e¥ dzdydz
=[1 )7, 2% (1 - ) dyda
= f_lsc dx f_l(e” —y%e¥) dy
= [3°]", [V - (" - 2w+ 2)e*]”
[integrate by parts twice]

:%(2)[6—&—8 +5e7l) = %

I is the solid above the region shown in the zy-plane and below the

plane z = z, Thus,

.”fE (z+2y)dV = folf:Q fox (z +2y)dzdydz

= fo Jia @+ 2yz)dydw = [ [2%y +2y°]L 75, da

"fo (22° — z* — 2® )dz = [iz '——.I‘s—-é.’l)ﬁ][l):

The projection E on the yz-plane is the disk ¢* + 2% < 1.

Using polar coordinates y = r cos 8 and z = rsin 8, we get

[ azdV =[5 [fap s 0o wda] dA

ZQIID[ - (4¢° +432)2}dA f fo (1—rY)rdrdo

Sfoz dgfo T”TE)dT-S(QTr)[% -3 G]D_L

3

N
folf;;c.ro . zdzdydas:fofsz 2(9 y ) dy dx

y=3

=fy By -], da
—fo [9— 2:1:-{— :I:]d:c

_ 27,2, 9.4
=[9z — Lz + &g
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17. The plane 2x -+ y + z = 4 intersects the zy-plane when

2z+y+0=4 = y=4-2z,50
E={(z,5,2)|0<2<20<y<4-2¢,0<z<4 -2z —y}and
V=[5 fo F fy dedydz = [ fy T (4— 2z —y)dydz

= J2 lay 2y = 3PP

= [214(4 - 22) ~ 20(4 — 22) - L(4 — 22)?] dz

= j02 (22® — 8z + 8)dzx = [32° — 4a” +8m]§ =4

=4 V=l dv = [% % f dedyds
=42 [% dydz=4f°, (9-2°) dz

=40z — 12°)° = 4(27 -9+ 27-9) = 144

VoSz?  pEey 9:::2 3 02
19.V = dzdydr = (5—y-—1)dydz = dy — 1 d
/[_gmg zdydz ]/ 9..m2_ y - Ddyde /ua[y y]:, —

_ ffs 8vV8 P ds = 8[% VI o+ % cin~ ! (%)]:i \ [using trigonometric substitution ]

or Formula 30 in the Table of Integrals
=8[2sinH(1) - &sin~!(-1)] =36(% - (-%)) = 36n

Alternatively, use polar coordinates to evaluate the double integral:

9 x2 2w 3
f / (4—y)dydx=/ /(4—rsin9)rdrd9
92

= 0 [Zr —lr smB] 3 d0

= 0 "(18 — 9sin8) dd

2m
= 184 + 9C089] = 30n
0

20. The paraboloid © = 4% + 22 intersects the plane z = 16 in the circle y? + 22 = 16, z = 186.
Thus, E = {{z,y,2) | 4% + 2% <z < 16,4° + 2% < 16}.

Let D = {(y,z) | y* + z* < 16}. Then using polar coordinates

y =rcosf and z = rsinfl, we have
V= ffD (f 24 ;2 dm) dA = ffD(lﬁ - (yz +22)) dA
T fe (06— %) rdrdd = (77 d [ (16r — r®) dr

o7 [8r% — 1r%]5 = 27(128 — 64) = 128
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21. (a) The wedge can be described as the region
D={(z,5,2) | ¥ +7°<1,0<2<10<y <z}

= {(a:‘,y,z) |0<z<1,0<y<z,0<2< \/1—y2} h.hih;‘:"

So the integral expressing the volume of the wedge is

[y, dv = f(jfO V1= g0 dy da.

hMH
t%%mm

(b) A CAS gives o P dzdydr=12 -1
bo ko

3
(Or use Formulas 30 and 87 from the Table of Integrals.)

22. (a) Note that AV = (%)3 = 3, so the Midpoint Rule gives

I PRICH

_ -3 —2(1/4)% ~(3/4)2 —(1/4Y2—2(3/4)2 —-3(3/4)% ] .
_%[ /07 4 go-20/07=3/4% | 3,-(1/47-203/9)7 |, (/)}N()Aggﬁg
(b) A CAS estimates the integral to be [/, e "~ 4V  0.42. The estimate in part (a) is correct to one
decimal place, and is larger than the actual value of the integral.

1
In(l4+z+y+2)

23, Here f(x,y,z) = and AV = 2. 4-2 = 16, so the Midpoint Rule gives

T

- I m
f/ : flx,u 2 deZZ f mt,@*j,fk)AV

i=1 =1 k=1

I16{f(1,2,1)+f(1,2,3)+f(1,6,1)+f(1,6,3)
+ f(3,2,1) + f(3,2,3) + f(3.6,1) + f(3,6,3)]

1 1 1 1 i 1
6[ﬁ+m+i§§+m+m+fn_9+m+lnL > 00.533

20. Here f(2,y,2) =sin{ay®z*)and AV =21 1 = 1, so the Midpoint Rule gives

27 3 . 21 729
= siN 5= 256 + sin 35 + sin 53 256 + sin =22 256 3+ sin 555 T S0 e 255 +8in 2= + sin 522 & 1.675

8B E={(r,y,2) | 0£2<1,0<z<1-z5,0<y<2-2z},
the solid bounded by the three coordinate planes and the planes
z=1—x,y=2—12z
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%. E = {(z,y,2) 10<y<2,0<2<2-y,0<z<4—y*},
the solid bounded by the three coordinate planes, the plane 2 = 2 — y,

and the cylindrical surface z = 4 — y°.

If D4, D2, D3 are the projections of E on the xy-, yz-, and zz-planes, then
={{z,y) | -2<2<2,0<y <6}

Dy={(y,2) | -2<2<2,0<y<6}
Dg:{(I,Z) |ZL‘2+2254}

Therefore

E‘:{(m,y,z)|—\/4—$2§z§\/4—;1':2, —25152,0§y§6}
:{(:L',y,z)|—\/4—z2§zs\/4—22, —25252,0§y§6}

S @y, 2)av = [2, fof“4 = 5 f(my,2)dedyde = f3 [, f“jﬁfmy, ) dz dz dy

—joj f fﬂf% z)drdzdy = f fof\/—f(ccy, dz dy dz

= PP Y o S 2 dyda e = 2, [V 7 Sy, 2) dy dade

If Dy, Da, and D3 are the projections of £ on the zy-, yz-, and xz-planes, then

Di={(z,9) |0z <L 22 <y <2} = {(z,9) | 0<y <2,0< ¢ < y/2},
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2)|0<y<20<2<y}={{y,2) |0<2<2 <y <2},and

Da={{z,2)|0€2<1,0<2<2-2z2} ={(z,2) |0€2<2,0<x < (2~-2)/2}
Therefore

E={(z,42)|022< 1,20 <y<20< 2 <y — 2}
={{z,5,2) | 0<y<20< s <y/2,0< 2 <y - 2z}
={(z,,2) |0y <2,0<2<y,0<a < (y—2)/2}
={(z42)]0<2<2,:<y<20<2< (y—2)/2}
={(z,y,2) |0<2<1,0<2<2 21,2+ 22 <y < 2}

={(z,15,2)|0<2<2,0<x<(2-2)/2 2+ 2c <y < 2}

Jfg fla,y,2)dv = fy fo J87% f(z,y,2) dedydz
“fo o2 y 2 flz,y,2)dzdz dy

fo Io b W22 f(e,y, 2) de dz dy

= 21 fey,2) dedy dz

—fo 2 22’2+2m flz,y, 2)dydzdx

= fe e Hay,2) dyde dz

If D1, D2, and D; are the projections of E on the zy-, yz-, and xz-planes, then

Di={zy)|-1<z<1,0<y<1-2"} = {@y 0<y<l-yT-y<z<VT-g},

De={{y,2) |0<y<1,0<2<y}={(y,2) | 0<2<1,z2<y <1}, and

Dy={{z,2)| -1<2<1,0<2<1 -2} ={(2,2) [0<2<1,~VI-2z<2<VI—z}
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Therefore
ry,2) | -1<z2<1,0<y<1—2%0< z <y}

{(

{(z,9.2) [0Sy <L —vVT-y<z<yT-3.0<2 <y}
{(z,9.2)|0<y<L0<2<y —vI—g<z<VT-y}
{(29,2)|0<2<,2<y<1, —yI-y<a<VI-y}
{{z,y2) | -1<2<1,0<2< 1~ 2z <y <1 - 2%}
{(

£,15,2)|0<z2<1, —vVI-z<z2<V1—2,2<y< 1 -2}

Then

1 pl-a? py 1 pvT—y  py
fiptevaa=[ [ [seyasya= [ [° [ fey)ddeay
, -1Jo 0 0 J- /=g Jo
L ry v’l—y
=/ / f MCRT )da:dzdy“*/ // flr,y,z)drdydz
Jo Jo J Ty
1 pl—a? p1-2?
=f f / flz,y, = dydzdm—// / flz,y,2)dydzdz
—-1J0 z Vi—z

If Dy. D3 and D3 are the projections of E on the xy-, y2-, and xz-planes, then Dy = {(:c, y) | 9x® + 447 < 1},
D2 = {{y,z) | 4y® + z* <1}, D3 = {(x,2) | 927 + z* < 1}. Therefore

173 pa/1-922/2  py/1-9z7-4y?
.UfEf(x,y,z)def / : f ’ flz,y,2)dzdydzx

el TR
172 /149273 py/1-9a2 —ay?
];1/2 /‘\/1—43'2/3 /—\/1—912—41;2 flz,y,2)dzdz dy
172 py/1-192 /1m0y 273
/;1/2/;\/14yz/\/1v4y2_z2/3f(%&l&)dccdzdy
U pVi=22 imai =2
:] /M/z‘/“\/m/a
1/3  py/1-922  po/1-922 322
/—1/3/\/1_93,2f_\/l_gxhﬂﬂf(xayaz)dydzdw
1o V138 py/1mea? ety
[lfm/S ~V1-02% 222

fle,y, 2)dedydz

H@,y, 2) dy dz dz
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The diagrams show the projections of E on the xy-, yz-, and xz-planes. Therefore
o b by 7 fey, ) dedyde= [ 2[4V f(zy. 2)dzdedy
———ful bzfoyz flz,y,2)dx dydz
—.’0’1 yfo (z,y,2)drdz dy
= T 15 ey, 2) dydedz

:fﬂlfo(l_z) f * flz,y, 2) dy de dz

z=2y—ytor
z:lfxrzor y=1-1-z
Jc=\/1*z -

i)

The projections of E onto the ry- and a:z-planes are as in the first two diagrams and so

fol 0 I_If(ﬂ: (P )ddedGU—fu b ~F flz,y, 2) dydzdz
=Lk ;‘“” fle,g2) dedady = 1177 1177 fz,y,2) dz dy da

Now the surface 2 = 1 — z” intersects the plane y = 1 — z in a curve whose projection in the yz-plane is
z=1~(1~y)?orz =2y — y°. So we must split up the projection of E on the yz-plane into two regions as in
the third diagram. For (y, 2) in B1,0 < 2 < 1 — y and for (y, z) in Ry, 0 < = < /1 — 2, and so the given integral
is also equal to

Jo TVATE VISR ey 2) dedy dz + folfll_m fol_y flz,y,2)dedydz

= JA Y Y Ny 2 dedzdy + [1 [ [T f 2 dedzdy,

¥ z

(LL1

flz,y,2)dzdzdy = flz,y,z}dV where E = {{z,y,2) | 0< 2 <y y<z<1,0<y <1}
0. O E
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If Dy, D5, and D3 are the projections of E on the oy-, yz- and xz-planes then
D ={(zy)|0<y<Ly<z<1}={(z,y)|0<z<1,0<y <z},
Dy ={(y,2) |0y <1,0< 2Ly} ={(,2) | 0<2 <, 2 <y <1}, and

Dy={(z,2)|0<2z<,0<2<a}={{r,2) [0<2<L2<x <1}

Thus we also have
E={{z,4,2)|0€2<1,0<y<70<z<y}={(x,,2) | 05y<L0<2<yy<z <1}

={(z,4,2)10<z2z<,z<y<l,y<zc <1} ={(z,9.2) |02 <1,0<z <z, 2 <y <x}

={(z,y,2)|0<2z<,z2<z<,z<y < x}.
Then
folfylfoy flz,y,2)dzdzdy = f;fomfé’ flz,y,z)dzdydz = folfﬂyf; flz,y, 2)dzdzdy

= JA M fley, 2 dedydz = [ [T [7 fz,y, 2) dydeds

= follef; Flz,y, 2} dy dz dz

folfoxﬁfoy flz,y.2)dzdydz = [ff f(z,y.2)dV where

E={(z,1,2)|0<z<1,0<y<a%0< z <y} If D1, Dy, Ds are the projections of E on the

.ry-,yz-,anda:z-planes,thenD1={(x,y)iOS:L‘Sl,OSyS:cZ}={(z,y)|0§y51,\/§§mgl},
Dy={(y,2) [0<y<1L0<2<y} ={(y,2)|0<2<1,2<y< 1},
D3={(:n,z)|0§x3l,OSzS:EQ}:{(ﬂ?,Z)!05251’\/ES$S1}'Thuswea]SOhave
E={(z,y,2)|0<y<1,y<2<1,0<2<y}
={{z,5,2} | 0<y<L0<2z<y, Vy<z <1}
={(z,2)|0<2s<L2<y<Ly<e <1}
={(z,5,2)|0<2<1,0< 2<% 2 <y<z?}

={(z.42)0<2<1LvV2<e<Lz<y <’}

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

518 [ CHAPTER16 MULTIPLE INTEGRALS ET CHAPTER 15

Then
fo fo fo .Y,z dZdyd-T“jo j,ffo z,y,2)dzdxdy

= fOlfﬂyf\l/g f{CL‘, Y, Z) drdz dy
= follef\l/y flz,y,2)dzdydz
:fﬂlfﬂ fz f(‘I‘?y:z)dydzd.r

1‘2
= fﬂlf\l/i Iz f(xays 22) dy drdz

3B m = [[[yple,y,2)dV = [} 7 [ 2d2 dy de
= fol foﬁ 21+ z+y)dydz = fol [2y + 2zy +y2]zzt‘)ﬁ dz

:ﬁ)l (2ﬁ+2$3’2+m)dm= [4 3/2+4 5/2+%$2];:%
Mys = [[fp20(z,y,2)dV = & [¥5 [25* 93 dzdy da
- fo fO\FQ-Tlerer)dyd.;—fa {2$y+2$ y+my]y VE iz

=f0(2m3/2+2a:5/2+:c2)d$= [%I5/2+4 2y lg ]0:%

Me. = [[fpuplz,y,2)dV = [} foﬁ ST Y 2y dz dy da
:fo f 2y(l +z+y)dydr = [0 " +zy° + 2 }z:)/_da:

:J;) (r+$ + g 3/2)d$:[%$2+%$3+%£5/2]u:%

Moy = [[fgzple,y,2)dV = [ (V% 17 92 4z dy da
= fy LIPS dyda = [ [T (L z ) dydn
= [ YR 4 20+ 2y + 20y + 2 + ) dy da
= Jo 2oy + v oy’ +oty + 500 de = ) (VEH T2 b a4 0?0 da
= {%ws/z_,_ 14.5/2 4 1p? 4 1g® 42 x?/zr _ 51

0 210

Thus the mass 15 and the center of mass is (Z,7,2Z) = (

m ' m m 553' 79' 553

36. m = fillfol—y'z‘olgz 4d$dZdy=4f_11f0 _yZ (1 —z)dzdy
. z=1—g2
=4J5 =320 dy:2f_11(1—y4)dy= g

‘MW:j'_l_l_;*yil01’24:Ed$d2dy=2_[ f (1-2) dZdy—-Qf 1[__ (1- )}z 1-y? dy

—sf (1“31) Y=
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Mas = 1 [0 [ dydededy = [1, [ 4y(1 - 2)dzdy

f My(l - y®) —2y(1 —y*)*] dy = f (2y — 2y°)dy = 0 [the integrand is odd]

My, = f_ll .[Ul‘yz 01"‘4,2 dedzdy = f_ll fol_y2{4z 4z dzdy = 2]_11 (1 —y™)? - 2(1 - )% dy

1
2 [} - - -

Thus, (Z,7,%) =

cmo= i s @+ 4 2 dedydz = [ 5 |3a® +ay® 4+ 22%) ) dydz
= [ Jsy(3a® +ay® +az )dyd’z;f0 [2a’y + lay® + ayz ]y adz
= [y (3a* +a%2%) dz = [2a*z + 10223]0=§a5+%a5:a5
My, =[5 [0 (2% +x(y? +2%)] at + La®(y® + %) dy dz
= [y (30° + 3a® + 1a°2%)

= My, = Mgy by symmetry of F and p(z, v, z)

Hence (£,7,7) = ({50, 5@, a}.

cm = [ fo Y ydedyde = [ fy T [(1 - @)y — v?) dyda
=i [3a -2 -0-2P)de =11 2)’de = £
Ly = [0 Jo 7 fy T Y aydadyde = ) [ [(x - 2®)y - 2y?] dyde
1a(l =z dr =L [} (z - 3%+ 32% —a*) de

1—z—
T Y Y dedyda = ) f)

0
1=z Dl_m_y yzdzdydz = fol 01
T -2y - 2(1 - 2y + ] dyde
=10 -2 21 -a)t+ i —2)de
= 0ot (b)) = ok

Hence (Z,7,Z) —
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B/ @m=[", \/Q—f YVt +ytdzdyde

b (T,9,2) = (——Myz , Mz , —ﬂf;y) where

mm

A/ 9—a? 4/ 9z
M. :ffsf jm Ltz /1 +yPdzdyde, M., mf_ f \/5—? Y y\/z? + y? dz dydx, and

/522
f“ f j’g? Y 2 /22 +y?dedyde.

) I. _f_ f”g = f15 Yz + %) /2 + 2 dzdydm—f f‘g = f (z? +y*)*? dz dy dx

Vi-y? 122 2\#
8. (2) m = [, J\/TT D\/ Y VR + 22 dzdrdy

b) (%.7.%) where T — m—"1 Vi-y? \/112-1: e ST+ 2 + 2dzdrd
{b) (z,y,z) where = f fﬂ Tt +y° + 2fazaxay.
! Vi-y \/1—x2—y
]" fﬂ yvz?+y? + 22 dzdrdy,
—lf_ f\/l v \/1 ==yt \/mdzdmdy

© L= Y2 o‘/l‘xz“’z(m” +V) U+ +y+2)dededy

N @m=J, f izt [Pl +o+y+z)dadyde =35 + 4}
(b) (Z,7,%) ( SLP VR Y gty o+ 2) dedy da,
m“lfo Vi wfu (1+z+y+z2)dzdyds,

m'lfo Vi-a? [ z(1+m+y+z)dzdyd:c)

_ 28 307 + 128 457 + 208
T\ 9w + 44" 457 + 2207 1357 -+ 660

1 1—-z2 v i
{c) Iz:f / f (sr:z+y2)(1"I-ct:+yJrz)dzdyda::M
o Jo 0 240

2. @ym= [ f2 [V (0?4 ) dedyde = 3 = 11.2

{(b) (x,y,z) where T = m=! folf;m fo\/ 9—y? o(z? + yz)dzdydm ~ 0.375,
y 71.’013::10 y(z? +y )dldydﬁﬂ—%““Q?OQ

z=m 12 VO L ) dzdyde = 15 = 0.9375,

ey 1, = folf;'z fo“ 9_y2($2 +y*) dzdydx = 1—2’.?5& /= 59.79
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8. 1, = [[[F U kR + 22 dedydz = k [ [T (Ly® + $L%) dyda = k [ 2L% do = 2kL°,
By symmetry, I, =1, =1, = %kLS.

44. Let k be the density. Then

2 b2 2 2 b2
L;fo{:/g _{J/Q _ai/zk(y +z )dmdydz—kafc/cﬂfiﬂy + 2% dy dz

cf2 c/2 ef2
Makfi/z[ Yy +z y] dzﬁakfém( b3+bz)d2_ak'[l2b32+ bz] e/2
=ak(Lb’c+ Lbc*) = Lkabe(b® + %)
B _ 1 2 2 —_ 1 2 2
y symmetry, I, = j5kabe(a” + ¢*) and I, = 5kabe(a” + b°).

45. (a) f(z,y, z) is a joint density function, so we know [ff s f(x,y,2)dV = 1. Here we have

g flesy,2)dV = % [= % f(z,y,2 dzdydr:::f02f02f020$yzdzdyda:

2 2 2 272 292 992
—o[ate [ [Feae-c[ 2] [E]'[2]

0 4] vey o 2 a 2 2
=8C

0 o}

Then we musthave 8C =1 = = %.
M PX<LY<Lz<1)=['_[' [ f(z,yz2)dzdydz
1
= Jo Jo fo 3zyzdzdyde =1 [ xde [ ydy [} 2dz
1 1 1
AL
8l2],020,12], 2 64
() P(X +Y +Z <1) = P((X,Y,Z) € E) where E is the solid region in the first octant bounded by the
coordinate planes and the plane = + y + 2z = 1. The plane x + y + 2 = 1 meets the zy-plane in the line

x +y =1, so we have

PIX+Y+Z <) = [[[pflmuyz)dV =[5 [0 [7Y Leyzdadyde
LT e 3T v
=slto 3% l.=0 yax

mfo y(l1 -z —y) dydr

=15 o fo " [(2® - 2% + 2)y + (222 — 22)y? + 29 dy e

= L @~ 2% + @) 342 + (227 — 20) 18 4 2(2M)]Y A" da

y=0

1
:F}zfo (1:—4x2+6a:3—4m4+;1:5)d1'=LQ(:%) = g
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46, (a) f(z,y, z) is a joint density function, so we know [[f .5 f(z,y,z)dV = 1. Here we have

[ g Flay,2ydV = 2 [% [0 flz,y,2)dzdyde

= fowfomfooo Ce~ (0:8240.2040.12) g gy, e
=C [ e” "5 dg [ e 0% dy I e 0% gy
= lim fo —0-52 gy tlibnolo f(: e 0% gy 11-14120 fot e 015 gz

t—o0
=€ lim [~2e7] fim [~5e ] Jim [-10707],
= C lim [-2(e™"* —1)] lim [~5(e"** ~1)] lim [-10(e™""" —1)]
=C-(-2)(0-1)- (~-5){0 - 1)-{-10)(0 - 1) = 100C
So we must have 100C =1 = C = .
{b) We have no restriction on Z, s0
PIX<LY<1)=['_[' [ flz,y,2)dzdyda
— fOl fol . 1008—(0 Ba+0.2y+0.12) dz dydm
— 1_(1]0 fol le—0.53: dﬂ?fol e—O.Z'y dyfooo e—o.lz dz
T [—26_0'511(1] [—56_0'2?”]; :ll.lglo {flﬂe'o'lz]; [by part (a)]
—2e70)(5 - 57 02)(10) = (1 — 7% (1 — e *?) ~ 0.07132
©PX<1,Yy<nLz<yy=[1_[' f' flz,yz)dedyde
7j0 fo 1 le ¢~ (0:52+0.25+0.12) g o,
- 1t1m 01 P fl e O dy [01 e 01F dy
— T(lfd [726w0.5;r:]{1) [—5&’0 Qy] [ 10e~° 12]0

=(1-e )1 -e "1 —e ") x 0.006787

41. V(E) = L%,

fave = — ///a:yzda:dydz-— mdm/ ydy/ zdz

SR 5 R O i S
32,122,122, *222 8

= fmjﬂl i dzdydz = [, f\/—(l—ﬂf —y*)dydz

= [ e (L) rdrds = [T d8 fy(r—r')dr=2m(% - 5
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:w/2I]fF($z+yz)dV—2f fﬂf z-f-y)zdzdyd;n
2

\]/Im—:(sc2 +97) - 31 —a® -y dyde = 2 77 f7 rP(1—r*) rdrdo
2T df [y (r* = 2r% +rT)dr = L(2m)[4r* —
=2(3) =1

49. The triple integral will attain its maximum when the integrand 1 — 22 — 2y* — 322 is positive in the region E and
negative everywhere else. For if E contains some region F' where the integrand is negative, the integral could be

increased by excluding F' from E, and if F fails to contain some part G of the region where the integrand is
positive, the integral could be increased by including G in E. So we require that 2 + 2y + 322 < 1. This

describes the region bounded by the ellipsoid z° 4 2y° + 322 = 1.

DISCOVERY PROJECT Volumes of Hyperspheres

In this project we use V5, to denote the n-dimensjonal volume of an n-dimensional hypersphere.

1. The interior of the circle is the set of points {(z,y) | —r Sy <, - r? oy <o < fr2— 2 } So

substituting ¢ = 7 sin § and then using Formula 64 to evaluate the integral, we get

Ny
Vo= [/ d:cdy“/ 24/r2 —ytdy = fﬁﬁz 1 — sin? @ (r cos @ d6)

:21«2/ cos” @ dff = 2r*[% 9+4sm29]”’2 =2 (%) =mr"
—-m/2

2. The region of integration is
{(:c,y, )| —r<z<r —vVr2 -2 <y<r2 - zz,—\/r2 — 22— 2 xSt - 2? g2 } Substituting

y = Vr? — z%sin 0 and using Formula 64 to integrate cos® 8, we get

r \/’FQ—ZZ -\/'rzfzzfy r2—22
V3=/ / / dscdydz—f f 24/r2 — 22 —y?dydz
e -7 W r2—z2

,\/,.2,;:2 _\/Tz_zz_y
r /2
:/ f 2+/12 — 22 \/l—sinzé(\/ﬂfz2cosf}d6‘)dz
—rJ -/ 2

<2 e | [ o] <2(5)(5) - 45

3. Here we substitute y = +/r? — w? — 22sin{ and, later, w = 7 sin ¢. Because fjﬁz cos” # df seems to occur

frequently in these calculations, it is usefut to find a general formula for that integral. From Exercises 43 and 44 in
Section 8.1 [ET 7.1}, we have

2k —1 /2
( )Iandf sin**tladr =
0
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and from the symmetry of the sine and cosine functions, we can conclude that

/2 w/2 1.3.
/ cos?¥ rdx = 2/ sin”* xdx = 3
-r/2 1] '

/2 /2 ,
/ cos®*l pdx = 2/ sin®* !z dr =
—w/2 0 1-

r P22 pafr2ow? g2 P22
Thus Va= / / / / dr dy dz dw
—r _\/rz_w2 _\/ﬁ_wz,zz A\/rz_wz_zz_yz
” \/re—wz \/rz—w2—22
:Qf / / V2 —w? - 22 — 2 dydzdw
_r _\/Tz_w'z _\/,.2_102,22
_w2
_2/ f jﬁz(ﬂ—wtz?)cos29d9dzdw

/2
l/ / (r? —w® — 2%} dz dw] {/ cos® Bdﬂ]
-r Vr2—w? B ]

BN

4. By using the substitutions z; = \/r2 -z} —z2_, — - —x}  cosd; and then applying Formulas 1 and 2 from

Problem 3, we can write

,-z,mz

A A
Vo= Tt dwl dﬂs‘g R dﬂ?n_l da:n
—r \/7‘2712 A\/Tz—mi—mi_l—---—zs \/2—1 —:1: —-~—a:§—:1:%

w/2 w2 /2
=2 [ cos 6 dfa / cos® Oz dfa| - - - f cos™ 1 dfn_1 / cos™ 8, db,, | r"
J=m/2 —r/2 —r /2 —w/2

[22}[?5 12-3IH g g'

2[7( 2-2J [1-371' 2-2-4

2 °1.3(|2-4 1-3.5

By canceling within each set of brackets, we find that

2r 2% 2w o (2m)"/2
T 92.4.6.-.-.m

o {% (n—1)]! aln—1)/2
- n!

r™ nodd
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16.8 Triple Integrals in Cylindrical and Spherical Coordinates ET15.8

1. The region of integration is given in cylindrical coordinates by
E={(r0z]0<0<2r0<r <4,r <z <4} This represents the solid region bounded below by the cone

z = r and above by the horizontal plane z = 4.

Jo Ji™ I rdzdbdr = [ 77 [re] 2 dodr
= fo [T r(4—r)dbdr

= Yy —rBdr (77 dO
0 0

=2 = 37°]5 6]

= (32— &)(2n) = &=

2. The region of integration is given in cylindrical coordinates by
E={(r6,2)|0<8<m/2,0<r<20<z<9—r?} Thisrepresents the solid region in the first octant
enclosed by the circular cylinder » = 2, bounded above by z = 9 — %, a circular paraboloid, and bounded below by

the zy-plane.

0

: SR e v dadrds = 70 2 I ]j:"""2 dr d

229 - r?) drdo
248 2 (9r — %) dr
n/2
=[6]5" (57

=ZI(18—4)=Tn

3. The region of integration is given in spherical coordinates by
E={(p.0,8)]|0<p<3,0<8<7/2,0< ¢ < n/6}. This represents the solid region in the first octant

bounded above by the sphere p = 3 and below by the cone ¢ = 7 /6.

ST R P singdpdfdg = T singde [T do [ o*dp

[~ cose]7"® [6157 [30°];
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4. The region of integration is given in spherical coordinates by
E={(p,0,0)]|1<p<20<86<2rx/2<¢<n} This represents the solid region between the spheres
p = 1and p = 2 and below the zy-plane.

ST T, [L PP singdpdgdd = [Z7 df [T, singdd J2 p*dp

= [0]5" [~ cosd]]

5. The solid E is most conveniently described if we use cylindrical

coordinates: E == {(r,0,2) |0 <0< Z,0<r <3,0<z<2}. Then

[ g fley, 2)dV = f”ﬂjo f; f{rcos8,rsind, z)rdzdrde.

6. The solid £ is most conveniently described if we use spherical coordinates:

E={(p8¢)[1<p<2,5<8<2m0<¢< 5} Then

[Ifs flz,y2) f"ﬂf fl (psin ¢ cos §, psin $sin , pcos ¢) p? sin ¢ dp d6 d.

1. In cylindrical coordinates, F is givenby {{r,8,2) |0 <8 <2m,0<r <4,-5<z<4}. S0

Mg Va2 ryZdv = [ [ [ ViZrdadrdd = [Z7do [r2dr [f dz

= [9]3“ (3715 12])%5 = @m($)(9) = 384x

8. The paraboloid z = 1 — x* — y? intersects the xy-plane in the circle z* + y*> = > = 1 or r = 1, so in cylindrical
coordinates, E is given by {(r,t?,z) |O <P<50<r<1,0<2<1~ r? } Thus
[, @ +ay?)dv = f’r/g fol 01_r2(r3 cos? 8 + 13 cos B sin §) r dz dr df
Tf/2 -r? ‘IT/2 1 4 z=1-r2
fo ricosfdzdrdf = o ricosf 2] " T drdf

"/zjol r{1—r*)cosOdrdd = [7/% cos[1r® — 1r7]"Z ] df

= fU"/Z 2 cosddf = 31 [smﬂ]ﬂ/z = 315

9. In cylindrical coordinates E is bounded by the paraboloid z = 1 + 2, the cylinder r? = 5 or r = /5, and the

zy-plane, so E is given by {(r,8,2) [0 <8 <2r,0<r < v5,0< z <1+r?}. Thus

SIS g e dv = 2 [ [ e rdzdrds = [27 (5 r (e drde = (27 [ Fr(e T — 1)drd8

B Ve
= 02“ de Jof (re”'"2 - r) dr = 2#[-21'61+T2 -1 }

= (e’ —e —5)
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10. In cylindrical coordinates E is bounded by the planes z = 0, 2 = r cos @ + rsin + 3 and the cylinders r = 2 and
r=3,s0Eisgivenby {(r,0,z) |0<0<2m,2<r<3,0<z<rcosf+rsind+ 3} Thus

T % :f 3 Jreosetrem ity cos 0) r dz dr df
T3 (r2 cos @) 2) 7T O3 g = 27 12 (72 cos 0)(r cos @ + rsin 6 + 3) dr df
f2 (r*{cos® @ + cos @ sin @) + 37 cos ) dr df
= fozw [57*(cos® 8 + cosfsin6) + r° cos@]T=3 dg

= 0 " [(8 — 8)(cos® 6 + cos@#sind) + (27 — 8) cos 8] df
= u " (8 (11 + cos28) + cosBsinf) + 19cos§) db

:[6594— sin 20 + & 31[19+1951n9] =T57r

11. In cylindrical coordinates, E is bounded by the cylinder r = 1, the plane z = 0, and the cone z = 2. So
E={(r6z]0<8<2r0<r<1,0< z<2r}and

JIf ga®adv = [ 3 1 costordzdrdo = [, [T%oszﬂz]iii’" dr df

H 027r cos® B df

”foijfo 2r* cos Bdrdﬂ—fo [ COS 9] do = 2

1 1, o
*3{9+551n29] =5

2/2”1+c0329
0 0

5 2

12. In cylindrical coordinates E is the solid region within the cylinder r = 1 bounded above and below by the sphere

rP 422 =4, E={(r6,2)[0<0<2m0<r<1,—A-r2 <2< /A—rZ}. Thus the volume is
2 4—r2 "
e dV=f0 folfi/:,fdz‘i’"dg: 02 f012r\/4-'r2drd9
11
= I8 o 2 TR dr = 2m |34 = 1] = gm(8 -5

13. (a) The paraboloids intersect when z* 4 ¢ = 36 — 32> — 35> = 2% + 4% =9, so the region of
integration is D = {(z,y) | £ + ¥* < 9}. Then, in cylindrical coordinates,
E={(r8z2)|r"<z<36-3r",0<r<3,0<6<2r}and

= f TR e dzdrds = [2 2 (36r — 4°) dr df
1872 — ) "0 d0 = [P 81d6 = 162n
(b) For constant density K, m = KV = 1627 K from part (a). Since the region is homogeneous and symmetric,
My, = M;. =0and
May = fﬂ B oK) rdzdrdd = K 27 [ r[322]77257 dr g
= K 2713 0((36 — 3r2)? - )drde—g’ T do [7(8r® — 216r® + 1296r) dr
= £ (2m)[&r® — 28y 4 120,20 . 7K (2430) = 24307 K

_ My, My M, x
Thus (£,%,Z) = (-;y—, - ﬁ) = (0,0, 21%3207&?) = (0,0, 15).
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10 @V =[""? f“osef“ a?’mrzzrdzdrdﬂ

—m/2
_4J7r/2 acosﬂf\;‘az—rzrdzdrde
=4 [T 200 /o 12 dr df

r=a cos @
= —é . 0«/2 [((L2 - 7'2)3/2] do

r=0

4 /2
3Jo
3 Jo

It
/2 [(

a® — a2 cos? 0)3/2 - a3] dé

a? sin? 9)3/2 - a3] do

4
eS|
O"Masm ¢ —a*) df /

3 pw/2 !
:*4% [sint‘}(l—coszﬂ) —1] de
0
3
=A4%[ cosf + 1 cos®6 — 9]”2:—%(—§+ 2) =337 —4)

To plot the cylinder and the sphere on the same screen in Maple, we can use the sequence of commands

gphere:=plot3d {1, theta=0..2*Pi,phi=0..Pi, coords=spherical):
cylinder:=plot3d{[cos (theta),theta,z],
theta=0..2*Pi,z=-1..1,¢coords=cylindrical}:

with(plots): display3d({sphere,cylinder});

In Mathematica, we can use

sphere=SphericalPlot3d{l, {theta,0,2Pi}, {phi,0,Pi}]
cylinder=ParametricPlot3d[{Sin[thetal, Cos [thetal,z},
{theta,0,2Pi}, {z,-1,1}]

Show [ {sphere, cylinder}]

15. The paraboloid z = 4z® + 4y” intersects the plane z = a when a = 4z° + 4y” or 2° + y* = 1a. So, in cylindrical
coordinates, £ = {{r,6,2) |0 < r < 13/a,0 <0 < 2r,4r* < z < a}. Thus

m= 0 ‘/F/ZL Krdzdrdf = Kf21r D‘/a/g(m"—ﬁlrs)drdﬂ
= Kfoz’r [zar® - ?_4]:(\)5/2 dé = Kf fza®db = la*nK
Since the region is homogeneous and symmetric, M,. = M;. = 0 and
Moy = [ [ (8, Kradadrdd = K [2" [V*/* (La®r — 8%) dr df
=K [2"[1a?r? — 405 Y2 g9 = K 27 LaPdf = SaPnK
Hence (,%,%) = (0,0, %a).
16. Since density is proportional to the distance from the z-axis, we can say p(z,y, z) = K /22 + 32. Then

m =2 [ [ [\/T Kr?dzdrdd = 2K [7" [*r?/aZ — 72 drdf

= 2K_[ [37(2r® - a®) Va? —r? + fa*sin” (r/a)]::; dé

=2k [;" [(§0*)(3)] d0 = {a'n’K.
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. In spherical coordinates, B is represented by {(p,6,¢) |0 < p < 1,0 <8 < 27,0 < ¢ < 7 }. Thus
S @+ g +20dv = [T 27 [1(0*)p?sinddpdfde = [T singde [ d8 [, p*dp
L 2n r
= [_Cos‘ﬂo [9]0 [éps]o @2)(2m)(3) =¥

. In spherical coordinates, H is represented by {(p,8,¢)|0< p <1,0 <0 <2m,0 < ¢ < 3 }. Thus

[T @+ ) dv = [27 [T/ [ (p?sin? ¢) p?sin pdpdepdd = [3™do [T sin® dde [} p'dp

:[9]5”[ o8 b + 3 Cos qb]wm[lpﬂo_‘i

. In spherical coordinates, E is represented by {(p,8,¢) |1 < p<2,0<8 <2, 0<¢ < Z}. Thus
[ffgzdv = ﬁ/z "ﬂfl (pcos @) p* sin ¢ dp df do
:jD Co‘sqﬁ%lnqﬁdqﬁfﬂ/zd@f p*dp = [ sin qb}"/?[ }”2 (10 ]f
=(3)EP) =57
S VTR qy = iR (0 (3P 2 G b dpdpdd = [T2 TR [P p2ef sin g dpdp o

= 0"/2d9 f’rpsm(pdqt) fo plefdp = [0]0/2 [—cosqﬂg/z [(0® — 2p+2)e"’]z
[integrate by parts twice]
=Z(0+ 1)(5¢® — 2) = Z(5¢* - 2)

S g 2% dv = [T [T [ (psin g cos8)? p?sin ¢ dpde df
= [l cos?8do [Tsin®pde [ pdp
= [46+ $5in26]] [-1(2+sin®¢)cosg]] [1p°],
~ (D) + i3 = e
Sff pryzdV = f”s ﬂf;(psinqbcos@)(psinqbsin@)(pcosqb) p*sing dpdf do
= D”/Ssm ¢>cos<,‘bdq5f0 sin @ cos 6 df f2 p"dp = [Lsin ¢5] [ sinzﬁ’]z" [20°]

. Since p = 4 cos ¢ implies p* = 4p cos ¢, the equation is that of a sphere of radius 2 with center at {0,0,2). Thus

f 7r/3 D4c°5¢p251n¢dpd¢d6 j :rr/3 [;pg]p—élcosqb ¢d¢d9

p=0
= Ovr 071-13(3 CoS q‘)) sin ¢ dgdf = f [_ cos ¢]¢ =7/3 19

. TR )d9_59] = 107

24. In spherical coordinates, the sphere 2 + y* + 2% = 4 is equivalent to p = 2 and the cone z = /72 + 32 is
represented by ¢ = §. Thus, the solid is given by {{0,6,¢) |0 < p <2,0<# <2, < ¢ < I} and
Vo= [ fo ot sin gdpdfde = [T/ singde [77df [7 p* dp

w/2 2w 2 L
= [=eoso] 26177 [30°]; = () 2m)(§) = 2=
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25. By the symmetry of the region, M, = 0 and M,. = 0. Assuming constant density K,

m= [{fp KV = K [T [T [} p*singdpdpdd = K [ db [ singds [, o dp
= Km [—cos ¢} [%pﬂ =2Kn ¥ =UrK

Mae = [[[p yKdV = K [ |7 [\ (psingsin®) p* sin ¢ dpdedf
= K [ sn8dff] sin®¢ds[; p*dp
= K [~ cos8]] [~ Lsin2g]] [14];
= K(2)(5)$(256 - 81) = 4wk

My, My, M 175mK /4
Thaus the centroid is (£,%,%) = (Tryf’ ﬁ, ﬁ) = (0, %K//S_’O) (0,22,0).

26. (a) Placing the center of the base at (0,0,0), p(z.y, z) = K \/z? + y? + 22 is the density function. So
m= [ [ [ Kot singdpdddd = K (2" df [T singds [T pPdp

= K[a] [—coso|)/? [2p*]0 = K(2m)(1)(3a*) = inKa®
{b) By the symmetry of the problem M. = M., = (. Then

Mey = |, 2 "/zfo Kp*singcosgdpdedf = Kfzwdﬁ fﬁ/zsmqbcosqﬁdd) I et dp
= K077 [3sin® ] [36°]; = K(2m)(3) (30°) = 3mKe’
Hence (Z,7,%) = (0,0, 2a).
() I, = fuz "/2j0 (K p®sin ¢)(p° sin® ¢) dp dep df = I(f27r de fﬂﬂ sin® odo [T p°dp
:K[G]E [ cosqb+—cos q&] { ] —K(Q’ﬂ’)(%)(éaﬁ) :%T(Kaﬁ
27. (a) The density function is p{z, y, z) = K, a constant, and by the symmetry of the probiem M., = M,, = 0.
Then My, = "/2f0 Kp®sin ¢cos pdpde df = —wKa4 sinqﬁcosqbdqb = é?rKa“. But the mass is

K(volume of the hemisphere) = 27K a®, so the centroid is (0,0, 3a).

() Place the center of the base at (0, 0,{); the density function is p(z, ¥, z) = K. By symmetry, the moments of

inertia about any two such diameters will be equal, so we just need to find I;:
I = [ ”/2f0 (Kp®sing) p° (sin® ¢sin® 8 + cos® ¢) dpde df
_Kf "/2 (sin® ¢sin® B + sin ¢ cos” ¢) (La®) dpdf
= 1ch’ 02" sin® 8 (— cos ¢ + 3 cos® @) + (—3 cos® ¢)] ﬂ/' de
f [ sin® g + 4 }dH:%KaE’ [%(%9—%sin29)+%9]gw

=iKd® [2(n-0)+i(2r-0)] = 2 Kda'r
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28. Place the center of the base at (0, 0, 0), then the density is p(z, y, z) = Kz, K a constant. Then
m= " ﬁ/zfo (K pcos @) p* sin ¢ do dep df
=27K [7/? cos¢sing - La*do

/2

H%?TK(J. [——cos?qﬂ = %Kaf1

By the symmetry of the problem M, = M,, = 0, and
Mgy = [*7 ”/zfo K p* cos? ¢sin ¢ dp dé df

‘rr/2

51TKQ cos? ¢sin ¢ do
_2 4 /2 5
=:7mKa [— cos BJ = —STFKCL
Hence (Z,%,%Z) = (0,0, &a).
29. In spherical coordinates z = /2?2 4 y? becomes cos ¢ = sin¢g or ¢ = 5. Then

= [2 I ot singdpdddd = [ZTdO [T singde [} pPdp = 1x(2 - VE),

= 02" /4 p3 sin ¢ cos p dp dp dff = 2w [— 7 cos 2¢]w/4 (1) = £ and by symmetry My. = M., = 0.

— o 3
Hence (Z,%,2) = (0,0, —8(2— ﬁ))

. Place the center of the sphere at (0, 0,0}, let the diameter of intersection be along the z-axis, one of the planes be

the zz-plane and the other be the plane whose angle with the xz-plane is @ = Z. Then in spherical coordinates the
volume is given by V = fﬁlﬁfo o pPsingdpdedf = ”/6 df [ singds [ p*dp = F(2)(3
. In cylindrical coordinates the paraboloid is given by z = r* and the plane by z = 2r sin # and they intersect in the
circle r = 2sin . Then fffE zdV = fu Zeinb 2; inb o dzdrd = 5%: {using a CAS].
. (a} The region enclosed by the torus is {(p,8,¢) [0 <8 < 27,0 < ¢ < 7,0 < p < sing}, so its volume is
V= J7 ol o singdpde dd = 2r [ L sin ¢dg = 2r[2¢ — Lsin2 + & sindg]] = Lr®.

{b} In Maple, we can plot the torus using the
plots [sphereplot] commmand, or with the

coords=spherical option in a regular plot command.

In Mathematica, use ParametricPlot3d.
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33. The region E of integration is the region above the paraboloid z = z° + 3, or z = 72, and below the paraboloid
z=2—x—y% orz =2 —r" Also, we have —1 < & < 1 with ~v/1 — 22 < y < +/1 — z? which describes the

unit circle in the zy-plane. Thus,

f_ f f2z+myﬁy a® +y )S/ZdZdydx‘ fo )32 rdz drdf

;?thiirww=5mmw—ﬁﬂﬂmw—o@—%w=%

34, The region E of integration is the region above the paraboloid z = z? + y? = r? and below the cone
z= /a2 +y? =r. Also,wehave 0 < y < 1,0 <z < /1 —y? whichisequivalentto0 <8 < Z,0<r < 1.
Thus

S o e Jy 3 ayzdedady = T2 [ [ r? cos@sin 8 zr dz dr df

2+y
_ 1 m/2¢1 3 : 2 1 7:/2 7 .
= r®cos@sind [z ] , drdf =3 fo — 7'} cos @ sin @ dr db

2J0 0

[érﬁ - %rs}r cos@sinfdd = “/ = cos fsin 6 dff

== 0"/2 Lsin20de = —[——00329]"/2 = g%

35. The region of integration F is the top half of the sphere «% + ¢* + 2% = 9. So

12, j\/g ll D‘/gmesz\/mdzdyda:=ffsz\/m2+y2+zde

9—gz2

3 “/ZIO (p cosg) (p 51n¢) dpd¢dt) = fzﬂ dé fﬂfz cos ¢ sin ¢ d¢ f0394d.0
:W?WWM”WszMW%:%W

36. The region of integration F is the region above the cone z = /2 + y2 and below the sphere 22 + 3 + 22 = 18

in the first octant. Because E is in the first octant we have 0 < @ < %. The cone has equation ¢ = § (asin
Example 4)andso 0 < ¢ < %. Also0<p< V18 = 3v/2. So the integral becomes
2 4 3v2 /2 x
foﬂ/ Oﬂ/ 2 ptsingdpdgdd = I /2 dg 1 /% gin ¢ dop f p*dp
/2 /4 3v2
=[0]g"" [—cos]g"" [3°],

- (5)(1- ) (%) - son(22)

37. If E is the solid enclosed by the surface p =1 + sin 66 sin 5¢, it can be described in spherical coordinates as
= {(p,9,¢) |0<p <1+ §sin60sinbe,0 <6< 2r,0< ¢ <} lts volume is given by

= [ffg dV = [T I [T ER00umSDE 2400 g dpdf d = 18T [using a CAS).
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38. The given integral is equal to

RIEHOO ;”fu"foﬂ pe="" p? sin ¢ dpde ) = nglgo (f% dﬂ) (fy singdg) (fo 3e=r" dp) . Now use integration

by parts with u = p?, dv = pe_"’2 dp to get
. _ 218 .2 . _p2
R A A T

2 2
= 4x lim [—%RQS_-R —%e"R +%]

— o0

= 471'(-;-) =27

(Note that R?e"c"2 — 0 as R — oo by 'Hospital’s Rule.)
39. (a) From the diagram, z = r cot ¢y to z = va? —r2, r =0 to

r = asin ¢, (or use a* — r? = r? cot? ¢,). Thus

Vo= f2mfesindo (VR g dr do

rcotti)

_or faamqso (rva® =% — 12 cot ¢,) dr

asin ¢y
2r 2 243/2 3
= [A.(a —r ) /2 _ 3ot %]

T {_ (a® — a*sin? %)3/2 — o’ sin® ¢ cot @, + 0‘3}

2ma®[1 — (cos® ¢ + sin® @y cos ¢y )| = Zma®(1 — cos ¢y)
{b) The wedge in question is the shaded area rotated from ¢ = 61 to 8 = 0.

Letting

Vi; = volume of the region bounded by the sphere of radius p,

and the cone with angle ¢, (¢ = 6, to 2)

and letting V' be the volume of the wedge, we have

V = (Vaz — Va1) — (Vi2 — V1)

(

(B2 — 61) [p3(1 — cosdy) — p3(1 — cos ¢y} — p3(1 ~ cos gy} + p3(1 — cos )]
3
2

(02 — 0) [(P ) 1 - cosg,) - (92_91)(1_COS¢1)}
% (02 — 61) [(p ) cos ¢p; — Co8 ¢2)]

8 ppasingg prcote
Or: Show that V = / / / rdzdrdd.
91 T

Py sin ¢, ~ COt g
(¢) By the Mean Value Theorem with f(p) = p? there exists some j with p, < p < p, such that
F(03) ~ £(o1) = £ () (ps — py) 01 9} — p = 35*Ap. Similarly there exists & with ¢, < ¢ < ¢, such that

COS Py — COS Py = (— sin &a) Adp. Substituting into the result from (b) gives

AV = (5° Ap) (82 — 01)(sin @) Ag = p sind Ap Ag AS.
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40. (a) The mountain comprises a solid conical region C'. The work done in lifting a small volume of material AV with

density g(P) toa height h(P) above sea level is h(P)g{ P) AV. Summing over the whole mountain we get

W = [ffch(P)g(P)AV.
(b) Here C is a solid right circular cone with radius R = 62,000 ft, height H = 12,400 ft, and density
g(P) = 200 Ib/ft? at all points P in C. We use cylindrical coordinates:
W= f27 7 [0 5 2007 dr dzdf

=2 [ 200212 2R gy

H 2
:40%]0 1;(1—%) dz

H 2 3
—2007rR2f0 (z— —;‘T + %) dz

22 223 24 H
- a5 T

2 3H 4H2]0

goonre( 2 HTN sopeye
- 2 3 1) s

= 507(62,000)%(12,400)* ~ 3.1 x 10" fi-Ib

= 2007 R? [

APPLIED PROJECT Roller Derby

2mgh  2gh

2 1 2 1 2y,.2 2
. mgh = tmv? + 11w? = J(m+ I/7* ) s0v Im+I/r2_1+I*°

. The vertical component of the speed is vsin ¢, s0

2gy .
oI sin o /Y.

v sin a

) . . . dy 2g .
. Solving the separable differential equation, we get —= = sinadt =
g p q g N 1i I

, 29
VY= T

i1 I* [2h(1 I“
Solving for t wheny = h gives T = + a+
sin o q blIl o

. Assume that the length of each cylinder is £. Then the density of the solid cylinder i 1s

(sina)t + C. Buty = O whent = 0, so C = 0 and we have 2 /y = {sin c)t.

29
1+ I

Formuias 16.7.16 [ ET 15.7.16], its moment of inertia (using cylindrical coordmdtes) is

=l v

2 (2 +y 1dv = // j—RRdeGdz——27rf
L, 1
2’

r2f 2

and so [ = — =
mr
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For the hollow cylinder, we consider its entire mass to lie a distance r from the axis of rotation, so z° + % = r?

is a constant. We express the density in terms of mass per unit area as p = S’ and then the moment of inertia is
.

calculated as a double integral:

2
_ > 2 m _ mr _ o
IZ—//(m +y)21rr£dA 27rr£?/_/dA mr

I
sol* =2 =1
mr

. The volume of such a ball is 27(r® — @®} = 2ar(1 — 5%}, and so its density is mh.
3

Using Formula 16.8.4 [ET 15.8.4], we get
I. [+ ) —"av
& o =

r p2m pw
?T}Fg_—ba) ] fo fo (p* sin *¢)(p” sin ) dgp df dp
3 a

m _2ﬂ_[_(2+sinz(,zb)ccnsqﬁ]?r [p_‘z’y
Fmrd(l - 6°) 3 ol®

5 5

[from the Table of Integrals]

@
_m A r-a
smr3(1 — 6°) 3 5

_2mr®(1—b°) 21— 6% )mr?
B3B3 5(1 - b3)

2(1 - %)
5(1 — B8Y
Since a represents the inner radius, ¢ — 0 corresponds to a solid ball, and @ — r corresponds to a hollow ball.

Therefore [* =

15
. Forasolidball,la — 0 = bHO,soI*zlimM:—.Forahoilowbal],aﬂ?" = b1 50
b—0B{1 %) b

2. =56 2
&im 2 2 (§) = 2 fby "Hospital’s Rule]

T Bso1—3b2 5.3 3

5 2

21-B)(1+b+5"+6°+bY) 2.5 2

Nore: We could instead have calculated ™ = éf} 51— B) (1 b 1 2%) =z 3= 3

Thus the objects finish in the following order: solid ball (I* = 2), solid cylinder (I* = 1), hollow ball {I* = ),
hollow cylinder (I* = 1).
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DISCOVERY PROJECT The Intersection of Three Cylinders

1. The three cylinders in the illustration in the text can be
visualized as representing the surfaces 2% + % = 1,

22 + 22 =1, and y? + 22 = 1. Then we sketch the solid

of intersection with the coordinate axes and equations

indicated. To be more precise, we start by finding the

bounding curves of the solid (shown in the first graph

below) enclosed by the two cylinders z° 4+ z* = 1 and

y? + 22 = I: £ = +y = +£/1 — 22 are the symmetric

equations. and these can be expressed parametrically as x = s,y = +s, z = ++/1 — 52, —1 < 5 < 1. Now the
eylinder x° + 3* = 1 intersects these curves at the eight points (:I:%, :l:%, :I:%) The resulting solid has twelve

curved faces bounded by “edges’ which are arcs of circles, as shown in the third diagram. Each cylinder defines

four of the twelve faces.

d

/
[
l
\
\
N

. To find the volume, we split the solid into sixteen congruent
pieces, one of which lies in the part of the first octant with
0 <8 < 7. (Natrally, we use cylindrical coordinates!)
This piece is described by
{(r0,2) |0<r<1,0<0<Z,0<2<V1-a2},
and so, substituting © = r cos 8, the volume of the entire

solid is

V=16 [T [ [V rdadr do

=16f0"/4f01r\/1 — r2cos? 0 dr df

=16 — 82 ~ 4.6863
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3. To graph the edges of the solid, we use parametrized

curves similar to those found in Problem 1 for the

intersection of two cylinders. We must restrict the
parameter intervals so that each arc extends exactly to
the desired vertex. One possible set of parametric

equations (with all sign choices allowed) is
I=T,y=ir,z:im,fv+ <7
Ezis,y:im z =3,
c=+V1-t2,y=12 =+t -

. Let the three cylinders be #° + ¢° = a®, 2% + 2% = 1, and % + 2% = 1.
If a < 1, then the four faces defined by the cylinder z° + 3* = 1 in Problem 1 collapse into a single face, as in the
first graph. If 1 < @ < /2, then each pair of vertically opposed faces, defined by one of the other two cylinders,

collapse into a single face, as in the second graph. If a > /2, then the vertical cylinder encloses the solid of
intersection of the other two cylinders completely, so the solid of intersection coincides with the solid of intersection
of the two cylinders 22 + 22 = 1 and y* + 2% = 1, as illustrated in Problem 1.

If we were to vary b or ¢ instead of a, we would get solids with the same shape, but differently oriented.

a=095b=c=1 a=11,b=c=1

. If @ < 1, the solid looks similar to the first graph in Problem 4. As in Problem 2, we split the solid into sixteen

congruent pieces, one of which can be described as the solid above the polar region

{(r,8)10<r <a,0<8 <2} inthe zy-plane and below the surface z = /1 - 22 = /1 — 72 cos2 0. Thus,

the total volume is

/4 ra
Vzlﬁf f V1 —72cos?28rdrdf
0 0

Ifa > 1and a < v/2, we have a solid similar to the second graph in Problem 4. Its intersection with the xy-plane is

graphed below. Again we split the solid into sixteen congruent pieces, one of which is the solid above the region
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shown in the second figure and below the surface z = /1 — z2 = V1 =r2cos?@.

We split the region of integration where the outside boundary changes from the vertical line x = 1 to the circle

z? +y? = a® orr = 1. Ry is a right triangle, so cos§ = i Thus, the boundary between R, and Rz is

f = cos™? (%) in polar coerdinates, or y = +/a? — 1z in rectangular coordinates. Using rectangular coordinates

for the region R; and polar coordinates for Rz, we find the total volume of the solid to be

1 Vael-lz /4 a _
V=16 / ] \/1—w2dydw+/ f V1—r2cos?@rdrdf
o Jo c 0

oz~ 1(1/a)

If @ > v/2, the cylinder £? 4+ y* = 1 completely encloses the intersection of the other two cylinders, so the solid of

intersection of the three cylinders coincides with the intersection of % + 2% = 1 and 3 + 22 = 1 as illustrated in

Exercise 16.6.24 [ET 15.6.24]. Its volume is

1 x
Vzlﬁf / vV1—z%dydr
o Jo

16.9 Change of Variables in Multiple Integrals ET 159

Lez=ut+dv,y=23u-2u
dz/du Ox /v 1 4
The Jacobian is Oz, y) = / / = =1{-2) - 4(3) = -14.
O(u,v) | dy/ou dy/dv 3 -2

drf8u Oz/0v 2u -2v
= = 4uv — (—duv) = Buv

dy/ouw Ay/dv 2u  2v

dr Oz v u

E (w+v) (utw)? uw wy

by dy| |2 v 4T w0 (u— o (ut o) (u—v)?
u B (w=v) (w—op

=0

o — — 12 - 2 —
- Ha ) Oy /O By/OB cos3 —asinf asin” -~ cvco” B “

Nz, y) ’82/6@ 51‘/8[3‘ sin?  acos

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

SECTION 16.9  CHANGE OF VARIABLES IN MULTIPLE INTEGRALS ET SECTION 159 [ 539

dz/Ow Oz/Ov Ox/Ow v ou

= |Oy/Ou By/Ov By/Ow|=|0 w
Oz/0u Oz/0v Oz/0w w 0

w v 0 w 0 w

—u + 0 = v{uw — 0) — {0 — vw) = 2uvw
0 u wou w 0

eu—v _eu—v 0
G a(m:y! Z) — eu+‘u eu+u 0 :eu+v+w
Hu, v, w)

eu+’u+w eu+v+1u eu+‘u+w

— eu+’u+w (eu—veu+v + eu—veu-HJ) — eu+v+‘w (28211) _ 283u+v+‘w

1. The transformation maps the boundary of S to the boundary of the image R, so we first look at side S in the
uwv-plane. 5y is described by v =0 (0 <u < 3).s0 z = 2u+ 3v = 2u and y = u — v = u. Eliminating u,
wehavex =2y, 0 <z < 6. Sy istheline segmentu = 3,0 < v < 2,s0z =6+ 3vandy =3 — v. Then
v=3-y = 2=6+3B8-y)=15-3y,6 <z <12 S;isthelinesegmentv =2,0<u < 3,50
z=2u+bandy=u—2,givingu=y+2 = x=2y+10,6<zx <12 Finally, S4 is the segment v = (),
0<v<2,s0r=3wandy = —v = z=-3y, 0<z < 6. The image of set 5 is the region K shown in the

zy-plane, a parallelogram bounded by these four segments.

8. Spisthelinesegmentv =0,0 <u <1l,soz =v=0andy = u(l +v2) = u. Since 0 < u < 1, the image is the
line segment z == 0,0 <y < 1. Ssisthe segmentu = 1,0 < v < I,s0z = vand y = w(l +v?) = 1 + z>. Thus
the image is the portion of the parabolay = 1 +z® for 0 < z < 1. Szisthe segmentv = 1,0 < u < 1,502 = 1
and y = 2u. The image is the segmentz = 1,0 < y < 2. Syisdescribedbyu =0,0<v < 1,500 <z =0v<1
and y = u(1 + v*) == 0. The image is the line segment y = 0,0 < z < 1. Thus, the image of S is the region R

bounded by the parabola y = 1 + z°, the z-axis, and the lines z = 0, z = 1.

1,2)
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9. Siistheline segmentz = v, 0 < u < 1,s0y=v=uwnandz = u° = y2. Since 0 < ¢ < 1, the image is the
portion of the parabolaz = 4%, 0 <y < 1. Syisthe segmentv = 1,0 € v < 1, thus y = v = land z = v, s0
0 < z < 1. The image is the line segmenty = 1,0 <z < 1, Sy isthe segmentu = 0,0 < v < 1,50z =u? =0
andy =v = 0 <y <1 Theimage is the segment z = 0, 0 < y < 1. Thus, the image of S is the region R in

the first quadrant bounded by the parabola x = 2, the y-axis, and the line y = 1.

s

h2

10. Substituting u = E, v = 2 into u? +v? < 1 gives L +
a b a?

< 1, so the image of u? + v? < 1 is the elliptical
2 2

. T Y
region 2 + 53 <1l

Oz, y) 21 . .
1. ——= = =3and x — 3y = (2u + v) — 3(u + 2v) = —u — 5v. To find the region § in the uv-plane that

CO(ww) |1
corresponds to R we first find the corresponding boundary under the given transformation. The line through (0, 0)
and (2,1) is y = 3 which is the image of u + 2v = $(2u +v) => v = 0; the line through (2, 1) and (1, 2) is
r + y = 3 which is the image of (2u +v) + {4 +2v) =3 = w+ v = 1; the line through (0,0) and (1, 2) is
y = 2z which is the image of u + 2v = 2(2u+v) = wu=0. Thus Sistheriangle0 <v <1 - 0<u <1

in the uv-plane and
I (@ —3y)dA = [ [37" (~u—5v) 3| dvdu
= 30w+ 808 T M du= -3 [ (u—u?+2(1 - w)?) du
3l g -l = 33— ) =9

. /4 1/4
oz, y) = / / = 1,4m+8y =4-1(u+v)+8- 1(v—3u) = 3v — 5u. Ris aparallelogram bounded

CB(u,v) | -3/4 1/4| 4
by thelinesx —y= -4, 2—y=4.3z4+y=0,3r+y =8 Sincen =z~ yand v = 3z + g, R is the image of
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the rectangle enclosed by the lines ©w = —4, v = 4, v = 0, and v = 8. Thus

=8

v=0 du

[[ a4z +8y)dA = [*, [¥(3v —5u) |3] dodu =1 [, [$v? - 5uv]

=1 ff4(96 — 40u) du = 1 [96u — 201;,2]‘i4 =192

20
= = 6, 2° = 4u? and the planar ellipse 9z + 4y* < 36 is the image of the disk u* + v < 1. Thus

[fa?dA= // (4u*)(6) dudv = 02”f01(24r2c0328)rd7'dt9
u2+v2§1
—24f2ﬁcos 9d9f rsdr:24[ a:+—sln2m] [%rd]é

= 24(71')(%) =67

.B(my ‘\/5_\/_ a4

8w, v) %, z? — zy + y* = 2u® + 202 and the planar ellipse % — zy 4+ y* < 2

is the image of the disk «* + v* < 1. Thus

ffale® —zy+¢°)dA= [ (2u2+2v2)(%dudu)= fo rdrd@——"

u?+y?<1

8 v —ufv? 1 ) ]
Bgz:z; = o ) = TS wy=Tis the image of the parabola v* = u, y = 3z is the image of the

parabola v? = 3u, and the hyperbolas zy = 1, zy — 3 are the images of the lines « = 1 and u = 3 respectively.

Thus
V3u 3
f[ zydA = /[ ( )dvdu—/ u(]n\/?z—ln\/ﬂ)du
1
= fPulnv3du=4Inv3 =21n3

2ufv —u?/v?
16. Herey:E,:r: : 0 = / / =1
U ~vju® 1/u v

and R is the image of the square with vertices (1, 1), (2,1), (2, 2),
and (1, 2). So

a 00

8 ¥ b v .
17. (a) ——M = |0 b 0] =abcandsincen = LW = z the solid enclosed by the ellipsoid is the

A, v, w)
00 ¢

image of the ball u* + v + w? < 1. So

ffs dV = [fI abcdudvdw = (abc)(volume of the ball) = Smabe

w2 4p2 402 <1
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2’ yz + 2 == 1, then we can estimate
63782 t6arsz Toaser

the volume of Earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is

(b) If we approximate the surface of Earth by the ellipsoid

[ff,dV = 3m(6378)(6378)(6356) ~ 1.083 x 10" km®.

a 0 0
18 a(waysz)

A ) = |0 b 0| = abcand the solid enclosed by the ellipsoid is the image of the ball ©* + v* + w® < 1.
uw, U, W

00c
Now z?y = (a*u?®)(bv), so

fffE ziydV = I (a2bu2v)(abc) du dv dw

uZ 4024w <1
= Oz’rfoﬂfol (a®b?e)(p? sin® ¢ cos? 8)(psin ¢sin 8) p* sin ¢ dp dep db
=atPc [I7 [T [} (0° sin ¢ cos® Osin 0) dp dop df
=a*b’c 0% cos’ §sinf dé [ sin* ¢ dop fnl ptdp
=0 since fozw cos® @sinfdf = 0

19, Lettingu = 2 — 2y and v = 3z — y, we have £ = £ (2v — u) and y = { (v — 3u). Then

—-1/5 2/5
Olz, y) = /5 3 = E and R is the image of the rectangle enclosed by the lines u = 0, = 4, » = 1, and
du,v) |-3/5 1/5| 5

4 8
U:S.Thus// 21"d /[ - ldvduzlf udu/ 1dv=§[%:u2]4[
R 3Ty 5 5 Sy 1 4000

. Lettingu =z +yandv =z —y,wehavez = £ (u +v) and y = (u — v). Then

Az, y) i/2 1/2

1
(. v) = 12 ~1/2 = -3 and R is the image of the rectangle enclosed by the linesu =0, 4w = 3,v =0,

and v = 2, Thus

[z +y) e v dA= fos f02 ue"?

= 4l o)

Lettingu=y -x,v=y+ax,wehavey = {u+v),z =
2 1/2 1/2

R is the image of the trapezoidal region with vertices (—1,1), (-2, 2), (2, 2), and (1, 1). Thus

1 14 uu=v
A= —|—-= == in —
// cos d //_UCOS ‘ 2 du dv 2/1 [vmnv]u::_vdv

=1 *2vusin{1)dv = §sin1
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22, Letting u = 3z, v = 2y, we have 9z? + 4y2 =ul 4oz = %u, and y = %'U. Then g%m’ y; 5 and R is the

image of the quarter-disk D given by w? +v2<1,u>0,v>0. Thus

Jfsin(92® + 44*)dA = [f, 2sin(u® + ) dudv = f] m/2 0 6sm(r2)'rdrd8

= %[—é—cosvﬂ]; = 2(1 ~cosl)

letu=x+yandv=—z+y Thenu+v=2 = y=3(u+tv)and

1/2 —1/2 1
u—v=2r = xz%(u—v). = = =

12 1/2| 2
Now |u|=|z+y| <|z|+iy/ <1 = -1<wu<land
lv| = |-z +yl <|z|+ |yl £1= -1<wv <1 Ristheimage of
the square region with vertices (1,1}, (1, 1), (=1, =1}, and (—1,1).
So ffp e”’ydA—zf f L€t dudy = 1[e }11[?‘,]1‘1:6_871.
oz, y)
Au,v)

Netu=z+yandv =y, thenz=u—v,y= v, = 1 and R is the image under T of the triangular region
with vertices (0, 0), (1,0} and (1, 1). Thus

Jfg fla+y)da=fJ f(1) f)dvdu = [ fu)[v]'"s du= [ uf(u)du as desired.

16 Review ET15
CONCEPT CHECK

1. (a) A double Riemann sum of f is Z Z f{=};,¥5) AA, where AA is the area of each subrectangle and

i=15=1

{7, i;) is a sample point in each subrectangle. If f{z,y) > 0, this sum represents an approximation to the
volume of the solid that lies above the rectangle R and below the graph of f.

b) ffRf(m,y)dAﬁ* llm E Zf(a:,J,y,J)AA

HNizi1i=1
o) If flx,y) >0, [, f(x,y) dA represents the volume of the solid that lies above the rectangle R and below the
surface z = f{x, y). If f takes on both positive and negative values, ffR f(x,y) dA is the difference of the
volume above P but below the surface z = f(z,y) and the volume below R but above the surface z = f{x,y).

(d) We usually evaluate [ [, f(z,y)dA as an iterated integral according to Fubini’s Theorem
{see Theorem 16.2.4 [ET 15.2.4]).

(e) The Midpoint Rule for Double Integrals says that we approximate the double integral | j'R z,y) dA by the

double Riemann sum Z Z J(Z:i,7;) AA where the sample points (Z:, ;) are the centers of the
t=1j=

subrectangles.

1
) foe = —— / x,y} dA where A (R) is the area of R.
foe= 575 [ Few) (R)
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. (a) See (1) and (2) and the accompanying discussion in Section 16.3 [ET 15.3].
(b) See (3) and the accompanying discussion in Section 16.3 [ET 15.3].
(c) See (3) and the preceding discussion in Section 16.3 [ET 15.3].
(d) See (6)—(11}in Section 16.3 {ET 15.3].

. We may want to change from rectangular to polar coordinates in a double integral if the region R of
integration is more easily described in polar coordinates. To accomplish this, we use

J g fle,y)dA = fff;f(rcos@,rsin@)rdrdﬂwhereRisgivenby(] <g<r<ha<f<pi

@ m = ff, ple,y)dA

(b) Mz = [[pyp(e,y)dA My = [f, zp(z,y)dA

{¢) The center of mass is {Z, ) where ¥ = % andy = %

@ 1. = ff, v’plz,0)dA, I, = [f, 2*p(x,y) dA, I = [[, (2° +4*)p(z,y) dA
L@ Pla<X<be<Y <d)= [ [ flz,y)dyds

(c) The expected value of X is u; = [[ o, 2f(2,y) dA; the expected value of Y is py = [f 0 yf(e,y) dA.

- A(S) = [[p VS22, )2 + [fulz, y))? +1dA

I m n
. (a) fffB flz,y, 2)dV = . mlim Z Z Z f(mzjk:y:jksz;jk) AV

MG § 1 i=1k=1

{b) We usually evaluate fff 5 f(@,y, 2) dV as an iterated integral according to Fubini’s Theorem for
Triple Integrals (see Theorem 16.7.4 [ET 15.7.4]).

(c) See the paragraph following Example 16.7.1 [ET 15.7.1].

(d) See (5) and (6) and the accompanying discussion in Section 16.7 [ET 15.7].
(e) See (10) and the accompanying discussion in Section 16.7 [ET 15.7].

(f) See (11) and the preceding discussion in Section 16.7 {ET 15.7].

L {@)m = ffpr(m’yaz)dV

() Myz = [ff 5 2p(w,y,2) AV, Maz = [{]5 9p(@,4,2) 4V, May = [[f5 zpla,3,2) dV.

My Y= Mu,and? = -—Mﬂ.
m m
@ L = [ffp(0* + 2%)ple,y, 2) AV, Iy = [[[5(z* + 2D)p(z,9,2)dV, L = [[[ (" + v*)p(z,y,2) dV.

. (a) See Formula 16.8.2 [ET 15.8.2] and the accompanying discussion.

(c) The center of mass is (T, ¥, Z) where T =

{b) See Formula 16.8.4 [ET 15.8.4] and the accompanying discussion.

(c) We may want to change from rectangular to cylindrical or spherical coordinates in a triple integral if the region
E of integration is more easily described in cylindrical or spherical coordinates or if the triple integral is easier
to evaluate using cylindrical or spherical coordinates.
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@ O(a,y) |Ox/0u 9z/0v| ozoy Bz dy
T 8w, v) | By/ou By/dv

{b} See (9) and the accompanying discussion in Section 16.9 [ET 15.9].
{c) See (13) and the accompanying discussion in Section 16.9 {ET 15.9].

TRUE-FALSE QUIZ

. This is true by Fubini’s Theorem.

. False. _[DI {3 /= + y? dy dz describes the region of integration as a Type I region. To reverse the order of

integration, we must consider the region as a Type II region: fol fy] o+ ydedy.

. True. See the discussion following Example 4 on page 1029 |ET page 993].

. f_ll fol em” + v’ sinydrdy = (fol e dw) (fwll e’ sinydy) = (fu ) 0} = 0, since ev’ siny is an odd

function. Therefore the statement is true.

. True:
p V4 —x% - y2dA = the volume under the surface 22 + 3* + 2% = 4 and above the zy-plane

= 1 (the volume of the sphere z° + 3% + 2* =4) = 1. am(2)® = Bn
. This statement is true because in the given region, (z* + /7 } sin(z?y?) < (1 + 2)(1) = 3, s0
JHy (2* + /3) sin(z®y?) dedy < f;' [T 3dA = 3A(D) = 3(3) = 9.
. The volume enclosed by the cone z = /22 + y?2 and the plane z = 2 is, in cylindrical coordinates,
= [ [2[2r dzdrdf # J2T [ 12 d dr df, so the assertion s false.

. True. The moment of inertia about the z-axis of a solid E with constant density k is
L= [f[, @+ ")z, y,2)dV = [f[, (kr*)rdzdrdf = [[f, kr® dzdrde.

EXERCISES

. As shown in the contour map, we divide R into @ equally sized subsquares, each with area AA = 1. Then we
approximate [ f(z,y)dA by aRiemann sum with m = n = 3 and the sample points the upper right corners of
each square, so

ffR T, y) dA = Z Z f(whyj) AA

=AA[f(LL)+ f(1,2)+ F(L,3) + f(2, 1) + £(2,2)
+£(2,3) + f(3, 1)+ £(3,2) + £(3,3)]

Using the contour lines to estimate the function values, we have

Jr fle ) dA= 127 +4.7+8.0+ 4.7+ 6.7+ 10.0 + 6.7+ 8.6 + 11.9] ~ 64.0
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2. Asin Exercise 1, we have n = n = 3 and AA = 1. Using the contour map to estimate the value of f at the center

of each subsquare, we have

ffﬂf(x? ; g (mi,_'y_j)AA

17
A[£(0.5,0.5) + (0.5,1.5) + (0.5, 2.5} + (1.5,0.5) + F(1.5,1.5)
+ F(1.5,2.5) + (2.5,0.5) + f(2.5,1.5) + £(2.5,2.5)]
ALL2+25+50+32+45+71+52+65+9.0] =44.2

3 ff f02 {y + 2ze?)dz dy — f12 lzy + wzey]zzg dy = f12(2y +4e¥)dy = [v* + 4ey]f
=4+4e> —1—de=4e? —4e+3

4 f) L vetdedy = ) (e Thdy = fi(e¥ ~ Ty = [ef —y] i = e -2

5. fo Iy cos(x dydmufo | cos( 2)y]y N d:r:—fo zcos(z’)dz = zsm(;r:z)](l) = Zsinl

6 ) 2 3ey? dyda = [} [20°]'2 da = [} (2 ~o*)da

ze® ] - [ o VL [éms‘]:} [integrating by parts in the first term]

5
w18 _[lel_1 2,3 4
= 3¢ [93 ]0 5 9% T

1 Jr fo fo ysmmdzdyd:c—fo fo [(ysinz)z] =”1 v dyde = f jo y /1 - y?sinzdy dx

3 1} 3

=l [“% 1*'.1;12)3/2Sinzrh:oal'a:=fg1T isinzdr = —%cos:c]Tr =2

8 [ ¥ [ 6ryzdzdedy = fol I [3myzz]zfl drdy = fﬂl IS (Bxy — 32°y) dr dy
= fo 3=ty ~ d2"vih dy =i (3" - 39°) ay = [39* ~ 1], =

9. The region R is more easily described by polar coordinates: R = {{r,8) | 2 <» <4,0 <0 < w}. Thus
[fn flzy)ydA = [T [} f(rcos8, rsind)rdrde.

10. The region £ is a type II region that can be described as the region enclosed by the linesy =4 ~z,y =4 + =

¥

and the z-axis. So using rectangular coordinates, we cansay R = {(z,) |y —4 <z <4 -y, 0 <y < 4}
and [, flx,y)dA = [§ 271 [z, y}de dy.

The region whose area is given by fﬂ/z SIn26 . dr 4 is
{(r,0) |0 <8< Z,0<r <sin26}, which is the region
contained in the loop in the first quadrant of the four-leaved rose

r = 8in 26,

12. The solid is {(p,8,¢) | 1 < p < 2,0< 6 < 2,0 < ¢ < 2} which is the region in the first octant on or between

the two spheres p = 1 and p = 2.
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fof cos(y?) dydz = fo J3 cos(y Y dz dy
= Jo cos(y®)[2])225 dy = [, yeos(y®) dy

=[3 sim(yz)](lJ = 7sinl

. [fpve dd = [3 [ ye dedy = [ [™] 20 dy = [ -

1.6 _gq_1_16_7
= 5€ 3 = ze 3

2 2

. [, eydA = f3 [ wydedy = [7 y[32%)7007 dy =5 [; w((y+2) —y')dy

=y2

1 1
=3fo P+ + 4y — o) dy = 33" + 3 + 27 — 5 = 4

J],rtmaa= f/
:5/0 1+$a:2

1 1
1 y=1 l1—=x
/f T ¥ “’_]0 1+m2[y}y=mdm‘/0 T2 %

1 x

1=~ 1+w2>dﬂ:= {tan .’r——ln(1+:r, )]

=tan"'1—2In2- (tan '0—2Inl) =2 — 1n2

I pydA= fo Y v ydx dy

p=R_ 2
= fo u[=l2n Y dy = [C u(8 —v* - ) dy

= Jo (By— 2% dy = [44* - 1y*]2 =38
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2 py 2z 1
20. // ydA——-/ / yd:cdy=/ y(y——) dy
D 1 J1/y 1 ¥

=7 (" - 1)dy=[3" - v];

-(-2-(-1

/3 p3
f/ (932 +y2)3/2 dA = / f (r2)3/2r dr df
D 0 0
#®/f3 3 3
4 3|l 5
=/ dG/ ridr=[0]; [gr}
0 0 0

w3 _8lx
35 5

2. [f, wdA= [T [ rcosb)rdrdd = [ cos8dd [ 1 dr = [sin6] "/ [113] )2
=1-3(2%2 - 1) = 1(2%? - 1)

B. [ffgaydV = fo Jo Iy N mydzdydw-fo Jo zy iz ]Z T dyde = 103 Jo zy(z + y) dyde
—fo [ &Py +2y®)dyde = fo [32°y° + 3 :cy3 y=s d:c—f()a(%$4+%$4) dx
=2 [Patde=[lz 5]3=§2~=4O.5

[y zydv = fl/S 1-3z 1 Y py dy dy dx

= 01/3 01 —as wy(1—3z—y)dyda:
_ 01/3 Dl-vSm(‘Ty_ 3$2y _ Zbyz)dydl'
. Jxtytz=t 1/3 3.2.2

=I5 [:L‘y— Y xy]ylsxda:

= 01/3 [51‘(1 - 3.’].’,‘) - —fE (1 - 333) — %1:(1 - 333)3] dx

— -01/3(ém_ 3, +9m3 9$4)d:c
5}1/3=_____

—_ 1.2 _ 1 9.4 _ 9
= 127 2$+s$ 10$0

—y2 2 4/ 1
B [ff vy dV = [ [mfl v v dededy = [ nyz(l——yz—zz)dzdy
=/, fﬁ r? cos® 8)(r? sin 9)(1—7’2)rdrd6:f f 1 sin? 20(r® — ") dr df
= [Z"$ (1 —cosdd)[1r® — Lr%]720 df = 5[0 — Lsindf)" = 2 = =

0 =0 192 ~ 96

26. ffszdV:fU Vi-u® p2- Vzdedady = f) [V~ g Yzdzdy = [ 12~ y)(1 ) dy

4
F 12—y -2+t dy = 13

2 [[f yzdV = [ [V [V yzdedyde = [? fo = Ll dyde = [T 2 1r¥(sin® ) 7 dr df

:15910 sin®0df) = 38— cosf + 1 cos® 0] _f—g
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. fffHZS\/x2+y2+zde= 2 r/zjo (p® cos® ¢)p(p* sin ¢} dp dop dB
™ df f"/gcos $sin @ de fo p° dp = 2m[— cos qﬁ]ﬂﬁ (3) ==&

V= fozfld‘ (@* + 4y*) dy dew = fo2 ERTR ::: dz = [ (32 + 84) dz = 176

V= f;f:;f*‘ff*’ dzdody = [} [47% 2Py dody
= fo s[4-20)% - (v + 1% dy
= f5 3(=y* +5y° ~ 11y* + Ty) dy
—3(-+i-$+D -8

Vo= 2R e gy dedy

= [2Jd (0 - Yy) dedy

2

= [l T rdadrdf = [37 2 (3r — r*sinf)drdd = ['7[6 — % sin6) db
= 60]3" +0=12r

. Using the wedge above the plane z = 0 and below the plane z = ma and noting that we have the same volume for
m < 0as for m > 0 (so use m > 0), we have

V 2 fafsjom mT d;ﬂ dy = QIG/S lm(a gyz) dy = [a y 3 ]u/s

=m(ia® — 1a®) = Zma®
. The paraboloid and the half-cone intersect when z* + y* = /22 + y2, that is when z° + ¢* = 1 0r 0. So

:l:2+y2 27 1 r
/f / dsz:/ / / rdzdrdf
x?4y? 0 Jo Je2

z24y2<1

T o (r? ) drdd = f; = 13(21) = §
c@m= [} 27 ydedy = [} (y - ) dy = ~
(by M, = f01f01—y2 rydrdy = ful 3u(l —y%)*dy
M, = folful"yz yidedy = [ (v* -yt dy =
© L= ff; vy Sdedy = [, (v* —y*)dy =

Iy—jofl v yz dmdymfo 3y(l— 3d
Io=I+1 Igj = 12
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36. (a) m = 7w Ka® where K is constant,
My = ff 2 2co KxdA =K [/ [Fr? cosfdrdf = 1Ka® [/ cos§df = La°K, and
M, = Kf'”/2 “r’sinfdrdf = 3K [by symmetry M, = M,].

Hence the centroid is (Z,7) = (5=a, 3a).
by m = fﬂ/z “rd cos sin? Odrdf = [33111 9]"/2 (30°) = £a°
M, _f"m 15 cos® §sin® O dr df = % [9——sn46]”/2( a®}

M, = 0"/2 0 ®r5cosfsin® §drdd = [4511 G}ﬂ/z(éaﬁ)

— 1.6
—gsfra,and

24 a®. Hence (Z,7) = (= ma, 2a).

37. (a) The equation of the cone with the suggested orientation is (h — z) = ’;"\/mz + 3%, 0< 2z < h. Then

V= %ﬂ‘uzh is the volume of one frustum of a cone; by symmetry M, = M., = 0; and

h—(h/a)y/ a2 +y2 2= (h/a){a—T)
// / zdzdA = / /f rzdz drdf

2 4y2<a?

wh? 2 2 3 nh? (a* 2
= J, -2ty d = T (G- 24 ) =

Hence the centroid is (Z,7,Z) = (0,0, 1 k).

2r pa p{hfad(o—7) ek 2mh as a5 7'('&4}?,
= 3 = — 3_ 9 = | — - — | =
R A A e e I

38.1<22<4 = 1/a? <z +y* <4/a Let D = {{z,y) | 1/a® < 2* + 3% < 4/d*}.

2= f(z,y) = a /22 + y2 50 fulz, y) = az(e® +4°) /2, fy(2,9) = ay(=® +¢%) /% and

.2 2.2 .
w+1dA:/f Va2 +1dA= a2 - LA(D
D

x? + y?

2\? 1\?|  3r
=vVat+1|m{~] —n{=~ =~—=va?+1
a a a
39. Let D represent the given triangle; then I can be described as the area enclosed by the z- and y-axes and the line
y =2 — 2z, orequivalently D = {(z,y) | 0 £ 2 < 1,0 < y < 2 — 2x}. We want to find the surface area of the
part of the graph of z = x* + y that lies over I, so using Equation 16.6.3 [ET 15.6.3] we have

as)= [[ 1+ (2 (2 "’dA_// TR (0 da

- JD 6$ ay - D
= [l VeI A dyde = [[ V2 +4a? [y)V ) de = [} (2 - 22) V2 F dada
:f012\12+4$2d:c—f012$\/2+4$2dm

Using Formula 21 in the Table of Integrals with a = /2, u = 2z, and du = 2 dz. we have
(22 +4a?de = v/2+ 422 + ln(2$ + 2+ 42 ) If we substitute u = 2 + 42 in the second integral,
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thendv = 8zdrand [ 22 v2 + 4a¥de = 1 [ Vudu =1 - 2u%? = }(2 + 42°)%/%. Thus
1
= [ov2 1427 + In(20 + V21 427 ) - 12 +427)%7]
0
£

)3
=VB+n (246 ) - 162~ InvE+ L = In 248 4

3 3

:1n(«/§+\/5) + 42~ 16176

40. Using Formula 16.6.3 [ET 15.6.3] with 8z/0x = siny, 8z/8y = xcosy, we get

§=f"_ ff3 Vsin?y + 22 cos? y + ldz dy ~ 62.9714.

= _”7/52 f; (rcos 6)(r?) r dr do

:fﬂfz cos 6 d8 f§r4dr

= [sln@} 2/2 [érﬂo -92. %(243) 486

42. The region of integration is the solid hemisphere z2 + y* + 2% < 4,z > 0.

R
v vel+y?+ 22dadad
/_2 /0 -/ t—z2—y? !

= [T05 Iy Jo (psingsin0)® (/7 ) o sin g dpdgde = [7/2, sin0do [T sin® pdo 2 o dp

= [36— £sin20]"7, [~§(2+sin® @) cos o]] [10°] = (5) (3 + $)(B) = %

43. From the graph, it appears that 1 — z° = e® at z ~ —0.71 and at

z =0, with1 —z* > ¢ on (~0.71,0). So the desired integral is

—2
HpvidA= [0 [77 Vdyda

= % ij0.7'1[(1 - $2)3 - esw] dx

_1(,._ .3 .35 1.7 1 3z0
=3le-2"+ iz S

Lo" — 1e%]7 % 0.0512
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44, Let the tetrahedron be called T'. The front face of T is given by the plane x + %y + %z: =1, 0r

2=3-3x— %y, which intersects the zy-plane in the line y = 2 — 2z. So the total mass is

m= [[[,ola,y,2)dV = [} [272 (37353252 2 4 2% dedydz = L. The center of mass is

(%,%,%Z) = (m_1 [ff; zp(z.y, 2) av,m™! I fryole,y, 2)dV,m™" [[f zp(x,y,2)dV)
:( 11 % g)

. (a) f(x,y) is a joint density function, so we know that [/, f(x,y}dA = 1. Since f(z,y) = 0 outside the
rectangle [0, 3] x [0, 2], we can say

Jge f@w) dA= [ [% fo,y)dyda = [§ [ Clz +y)dydz
=C [3 [oy+ 39770 do = C [ (20 + 2)dz = C[2* + 2], = 15C
Then15C =1 = C= 4.
by P(X <2,V > 1) f o flayy dyda:—fo fl % (x,y) dyda = —fo [y + Ll,yz]y =2 dr
=35 Jo (@+§)de = [} + §a] = 3

() P(X+Y <1)= P{(X,Y) € D) where D is the triangular region
shown in the figure. Thus

P(X+Y <1)= [, fla,y)dA = [, [/ 7" L(z +y)dydz
=35 [ey+ 4970 da

15fo [z(1—x) %(l—x)z]da:

=35 fy (-t de = 3

. Each lamp has exponential density function

if t<0

flt) =

sse %0 if >0

If X, Y, and Z are the lifetimes of the individual bulbs, then X, Y, and Z are independent, so the joint density

fanction is the product of the individual density functions:

ﬂmy){ﬁ?“ﬂ“mm if 220520220

0 otherwise

The probability that all three bulbs fail within a total of 1000 hours is P{X + Y + Z <{ 1000), or equivalently

P((X,Y,Z) € E) where E is the solid region in the first octant bounded by the coordinate planes and the plane
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T + y + z = 1000. The plane x + y + z = 1000 meets the zy-plane in the line x 4+ ¢ = 1000, so we have

P(X+Y + 2 <1000) = fff, f(z,y,2)dV = [}°%0 {10007 (10007274 L o=(=t+u+2)/800 g iy dy

2=1000—xz—y

1000 1000 — 800[8—(a:+y+z)/300] dy dx

= 5007 Jo

z2=0

-1 1000 1000 —%; —-5/4 ..(;c+y)/gg[)
= 3d02 Jo (e | dy dx
y=1000—-z

_ g"a”a.% O1000 [8—5/4y+8006—(x+y)/800]

y=0

= s 01000[3—5/4(1800 — z) — 800e~%/809] 4y

1000
= 3507 { ;6‘5/4(1800 —-z)* 4+ 80026—::/300]0

— ﬁc}f {_%675/4(800)2 +8002e—5/4 + %8_5/4(1800)2 _8002]

1— 9e5/% 2 0.1315

X=Ay

f_ll fIl: fol_y flz,y,2)dzdydz = fol lezf_‘/:”/’gf(m, y,z)dzdydz

fﬂjo jO (z,y,z)dzdzdy = [ff, f(z,y,2)dV where

E={(z,y,2) |0y <20<z <y, 0<z <y} If D1, D2, and Dj are the projections of E on the zy-,
yz-,andmz-planes,thenDlz{(x,y)|0§y$2,0§z£y3}:{(m,y)|O§w$8,\3/5§y§2},
Dy ={(y,2) |0<z2<4,Va<y<2} ={(y,2)|0<y<20<z <y},

Dy ={(z,z) |0<z <8 0< 2 < 4).
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Therefore we have

fo fo fo (z,y,2) dzdrdy = fo f\f'f() flx,y,2) dedyde
= fo fffo flz,y, 2 dxdydz:fo foy foy flz,y, z)drdzdy
= foafoz fg/; flz,y.2) ddedi'?Jrfff:z/s ff/zf(sc,y,z) dydzdx

3/2
= fofo ,y,z)dyda:dz-{—f;ffg/g fgﬁf(m,y,z)dydmdz

49, Sinceu =z —yandv=zc+y,z=J(u+viandy = $(v—u).

/2 1/2 4
Thus - / / /f “ Y44 = f[ ( )dudv_ @=—1n2,
“1/2 172| z+y 2 ¥ 2 ¥

0 | = 8uvw, s0
0 2w

V=[fledV = f5 J0 7" 7" Suvwdwdodu = ) [ duv(l — u — v)? du
—fD T [4u(1 — w)?v — 8u(l —u)o® + 4uv®] dv du
= [ [2u(1 — w)* — Bu(l — w)* + u(l — )] du = [} 1u(l - uw)idu
=y 3wt - (- w)fdu = 4[-101 - w)® + 21 - )],
Nletu=y-zadv=y+zrsoz=y—u=(v-2)—uv = z=ifv—u)and
1 9z, y) dr By Oz Oy

v=v—jlv—u) =3z +u) B(w, v) T Budv  Buow —|~%(%)—%(%)|:]——%|:%.Risthe

image under this transformation of the square with vertices (u, v) = (0,0}, (=2,0), (0,2), and (-2, 2). So
2 00,2 2
— 1 u=
Jovaa= [ [ S (5) dudo =3 a3 do = 3 2 (00— 8
R 0 J-2
3 2
i -3li =0

This result could have been anticipated by symmetry, since the integrand is an odd function of 4 and R is symmetric

about the xz-axis.

. By the Extreme Value Theorem (15.7.8 [ET 14.7.8]), f has an absolute minimum value 7 and an absolute

maximum value M in 1. Then by Property 16.3.11 [ET 15.3.11], mA(D) < [[,, f (z,y)dA < MA(D).
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Dividing through by the positive number A{D), we get m < —— f flz,y)dA < M. This says that the

A(D
average value of f over I lies between m and M. But f is continuous on D and takes on the values m and M, and

so by the Intermediate Value Theorem must take on all values between m and M. Specifically, there exists a point
{xo,yo) in D such that f (z,y0) = ﬁ / f(z,y) dA or equivalently [f, f(z,y)dA = f(zo,y0) A(D).
D

. For each r such that D, lies within the domain, A(D,) = 7r?, and by the Mean Value Theorem for Double

Integrals there exists {x-, ¥-) in Dy such that f (z,,y,) = rz_/ Sz, y) dA. But hm (zryyr) = (a,h),
Fis

rea0t T2

— e — — P, — l-n
.(a)f]D(m”yQ)n/sz ]O/T(tz)n/ztdtdﬂ 2«[ ¢ dt

27 R 27
tr‘)""’] = Py (Rz"" - rz_") if 2

2—-n —n

so lim —/] flx,yydA = hm f{zr,yr) = f(a, b} by the continuity of f.

2rIn(R/7) ifn=2

(b) The integral in part (a) has a limit as 7 - 07 for all values of n such that2 —n >0 < n <2,

{c) /// {z2 +y2+22 n/2 / f / 2,0 sin ¢ dff depdp

—27rf fo p* " singdg dp
4_” (R~ —r*™) ifn#£3

dm ln(R/v) if n=3

(d) As » — 07, the above integral has a limit, providedthat3 —n >0 < n <3.
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Let R = J7_, Ri, where

BN Ro={(z,y)|z+y>i+2a+y<it3d1<z<32<y<5)

ffRﬂm +yldA = Z?:l -U'Rt [z +yjdA= Zf:ﬂ[w +yl ffRi dA, since

[« + y] = constant = i + 2 for (x, y) € R;. Therefore

Jgle +y1dA=30_ (i+2) [A(R)]
= 3A(Ry) + 4A(Rz) + 5A(R3) + 6A(Ra) + TA(Rs)

=3(3) +4(3) +3(2) +6(3) +7(3) =30

Let R={(z,y) |0 <z, y <1}. Forz,y € R, max {zz,y2} =z%ifz >y,

and max {z%,y°} = y® if z < y. Therefore we divide R into two regions:

R=RiURy;, where R; = {(z,y) |0 <2 <1,0<y <a}and

Ry ={(z,4) |0 <y < 1,0 <z < y}. Now max {z”,3°} = 2 for
(z,y) € Ry, and max {z°,y*} =y* for (z,y) € R2 =

fofo e ayan = ff emt= Y aa = ff e aa y pr, el aa

= fol 0z &= dydz + fol foy €y2 dxdy = fol $8m2 dr + fol yey2 dy

:exz] =e~1
0

3. favc — / f d.’fU = — 01 [/1 COS(t2) dt} dx

= fUI f: cos(¢?) dt da

= [} [t cos(t®)dzdt [changing the order of integration]

= fol tcos(t?)dt = %sin(tﬂ]é =3sinl
4 Letu=a-r,v=Db-r,w=c-r, wherea= (a1,a2 a3), b = {b1,ba,b3), c = (c1, ¢2, c3). Under this change

of variables, E' corresponds to the rectangularbox 0 < u < o, 0 < v < 3,0 < w < 7. So, by
Formula 16.9.13 [ET 15.9.13],

ff/ uuwdudvdw—f/ (a-r)(b r)(c- )\6(“’2’“’)) dV. But
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a2 Q3

‘M - by bs||=la-bxc =

d(z,y, 2)

C1 Cz2 Ca

/]/E(a.r}(b-r)(c'r)dV:m/:/:/:uvwdudvdw
e (5)(5)(F) - 555

o0

. . Y 1 n
5. Since |zy| < 1, except at {1, 1), the formula for the sum of a geometric series gives Tow = {zy)", so
0

n=

/:fol 1 _1%, dxdy:/ljlfoli(xy)"da:dy =;folfol(my)"dxdy:§ [./le"dm} [foly”dy]

_i 1 1 11 1 1
C&=nl o+l B 2

Lete = =Y and Y= u_ﬂ). We know the region of integration in the zy-plane, so to find its image in the
V2 vz
uv-plane we get » and v in terms of  and y, and then use the methods of Section 16.9 [ET 15.9].

U —v U+ v

T+ y - L
T4y= — 4 —— =+/Zu,s0u= , and similarly v = S isgivenbyy =0,0<z < 1,50

y—r
V2

from the equations derived above, the image of S is §1: u = ﬁx, v —%J’J, 0 <z <1,thatis, v = —u,

0<u< ﬁ Similarly, the image of Sz is §%: v = u — /2, \—}5 < u < /2, the image of Sz is S5: v = V2 — u,

% < u < /2, and the image of S4is Sy: v —u. 0 <u < —-1\/3

(x,y) Bz/Ou Bz/Bv

The Jacobian of the transformation is o = ‘ = 1. From the diagram, we

du,v) Oy/Ou dy/Ov

see that we must evaluate two integrals: one over the region {(u, v) 10 —u<v< u} and the other
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0ver{(u,v)|715§u5\/_, - V24u<v<V2-

Lol g v2/2 v ds
/Ofu ldﬁ(iyy [ f—u1_ u-fy;i”ﬁ(u—v)}

/ f Z-u dvdu
v2/2 \F+u1— (u-i—v)][ﬁ(u—v)]

ff 2dv du / /2—" 2 dv du
_u2+,v2 \/_/2 \/_+‘u2 u2 +’02

/
[
|

0

/2
Vva/2 1
arcta.n arctan

v “ V2 1 v Vi-u
arctan — du + f —_— [arctan ,_,H____] du
V2 Ny [ —u2:|_u Vije V2 —u? V2—u?l_ gy,
/; \/2— \.v‘ V272 \/2*1&2

V2 1 \/i—u ]
du

Now let u = v2sin#, so du = /2 cos 8 d and the limits change to () and £ (in the first integral) and % and 3

(in the second integral). Continuing;
dx dy /”/ 1 V2siné
=4 ———— arctan| ——— | {V2cos0df
/ofo 1 —zy [o V2 - 25in ¢ (\/2—23in29 ( )

1 \/_—\/isint?
————  arctan| ——"— | {v2cos8 d8
w6 V2 —2sin? @ (\/2—23in29)( )]

/6 : /2 — 5
:4{ V2cos® ¢ (\/ﬁsmﬂ) 4 + ﬂcosgarctan(\/i(l sm@)) dQ]
0

/2

arctan
Vv2cos 8 V2cos /6 V2cosd V2cosd

/6 /2 o
=4 l:[ arctan(tand) df + f a.rctan( 1 - sin 0) dB]
0 w/6 cos

But (following the hint)
1—sing 1--cos(Z —8) B
cosf  sin(3 - 6)

[half-angle formulas]

Continuing:

1 p1 dr dy /6 /2
/ / =4 / arctan(tan 6} df + / arctan(tan(3(Z —9))) de
o Jo l—zy 0 x

/6

=a[[770 040+ [T [3(5 - 0)) o]

62}”6 0
4 {— +
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. L 1 >
1. (a) Since |zyz| < Lexceptat (1, 1,1), the formula for the sum of a geometric series gives =232 = Z(myz)",
n=0

//f 1_$yzdmdydrf//2myz d:cdydzAZ{)/Olfldfol(myz)”da:dydz
L[ val[f o]

= 1
gn—i-l n+1 n+1

> 1 =~ 1
=Y TR Rt T
n=>0

n=1

{b) Since |—xyz| < 1, except at (1,1, 1), the formuta for the sum of a geometric series gives

1 n
1+ayz nzz{](f:cyz) $ 50

/f/ 1+Iyzd$dydz_'/]/ Z( zyz)" dr dy dz

1 o3
R

n=1

) . ) ) 1 1 1 1 .
To evaluate this sum, we first write out a few terms: s = 1 — ? + R + FEia = (0.8998. Notice that
1

ar = 3 < 0.003. By the Alternating Series Estimation Theorem from Section 12.5 [ ET 11.5], we have

|s — 86| < a7 < 0.003. This error of 0.003 will not affect the second decimal place, so we have s = 0.90.

® arctan 7Tz — arctanz * [arctan y=n oo g 1
/ L dr = / [—’y:c dx = f / 5 dydr
0 x 0 T y=1 o J1 1-+yix?

Y e 1 " arctanyr]®~°¢
:/ / — dxdy:/ lim [_.—y ] dy
1 Jo 14y 1 t—oo y =0
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9. [y Jo o f(®)dtdzdy = [[f f(t)dV, where
E={(tzy)|0<t<2,0<2<y0<y <z}
If we let 1) be the projection of E on the yt-plane then
D={(y,t){0<t <zt <y<z} Andwe see from the diagram

that E = {(t,z,y) |t <z<yt<y<z,0<¢t<z} So
fowfﬂyfuz flt)didzdy = foxf:fty fltydzdydt = [ [fm (t) dy| di
=Jo [GY* — ) f@)], 27 dt =[5 [32° —tz - 462 + ] f(0) at
=fo [32% —te+ 387 f(0)dt = [ (32° — 2tz + 7)) f(t) dt
=3 Jo w—1)* f(t)dt
10. (a) Consider a polar division of the disk, similar to that in Figure 16.4.4 [ ET 15.4.4], where

0=0y <t << <n=2m0=r1 <7z < - <7 =R, and where the polar subrectangle R;;, as

well as r7, 85, Ar and Af are the same as in that figure. Thus AA; = r] Ar A@. The mass of R;; is p AAs,

and its distance from m is 5,5 = /(r7)? + d2. According to Newton’s Law of Gravitation, the force of

altraction experienced by 7n due to this polar subrectangle is in the direction from m towards R.,; and has

Gm pAA

magnitude . The symmetry of the lamina with respect to the x- and y-axes and the position of m are

U
such that all horizontai components of the gravitational force cancel, so that the total force is simply in the

z-direction. Thus, we need only be concerned with the components of this vertical force; that is,

Gmp AA; d
%p sin «r, where @ is the angle between the origin, v and the mass m. Thus sincx = — and the
82 8
E¥ ] iJ

Gmpd AA;
3

previous result becomes . The total attractive force is just the Riemann sum

if

i GmpdAA = Gmpd N Ar A9 ™ Gmpd
> Z =Y Z w72 + [ whtchbecomes/ f iy T

i=lj=1 i=1lj=1

as m — oo and n — oo. Therefore,

R r 1 R 1 1
F= QWGmpd](; md’r uQWGmpd[—-_m]o = 27erpd(E - f__‘R2+d2)

(b) This is just the result of part (a) in the limit as & — oc. In this case R—zl'&? — 0, and we are left with
+

F= 2#Gmpd($ - 0) = 2rGmp.
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