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8 [0 TECHNIQUES OF INTEGRATION

8.1 Integration by Parts

1. Letw = Inz, dv = zdz = du=dz/e, v= 1z Thenby Equation2, fudv = uv — [vdu,
[zinzdr=1izInz - [ ia*(dz/a) = $z°nz -} [ede = 52’ lna - 3~ 2 +C

2 2
=3 lnz—1z°+C

2 Letw =0, dv =sec®9df = du= df,v=tand. Then
[6sec?fdf = Otand — [tanddf = ftan6 — In|sect| + C.

3 1lety=zx,dv =cosbxder = du=dr,v= é sin 5. Then by Equation 2,

1

. 1 . I P 1
sxsinbr — [ 3sinbrdz = jzsinbz + 5 cos b + C.

f reosSedr =

L letu=zdv=e"der = du=dzv=—e ". Then
fze™de=—xe ™+ fe "dr=—ze”" —e T+

5. letu=r.dv=¢"?dr = du=dr,v= 2¢"/2, Then
[re™/2dr =2re™/? — [2e7 2 dr = 2re™/? — 4e? + C.

6. letu =t,dv =sin2tdt = du=dt,v= —% cos 2. Then
[tsin2tdt = —Ltcos2t + L [cos2tdt = ~jtcos2t + gsin2t + C.

1

7. Letw = o2, dv = sinmzde = du=2zxdzandv = -3 cosmz. Then

. 2 _: 1.2 2

I=fz*sinmrdr = ~La’cosmr + 2 [ xcosma d (%),

Nextlet U = z,dV = coswadr = dU=dz,V = Lsinwr,so

[xcoswzde = Lxsinmz — 2 [sinrzdr = tzsinmz+ S coswz + C1. Substituting for [ x cos wz dir in (%),

2 2

weoet ] = —Lz?cosmz + 2(Lxsinmz + Lcosmr+Cy) = -1z cos T + S rsinwz + 5 cosmx + C,
m™ m w o™ ™ ks m

where C = 2C\.

 Letw =22, dv = cosmader = du=2zxdz,v= 2L sinmz.

m

Then I = /.1’:2 cosmzdr = Lz* sinmz — ;% /msin mz dz (*). Next let

U=mx4dV =sinmzder = dU =dz,V = —% CO8 MI, S0

1

™

1

[zsinmzdr = —Lzcosmz + L [cosmzdr = —;xcosmz + ;ll-gsinm:c + L.

Substituting for [ zsinmaz dz in (x), we get

1 2 . . . .
I=12%sinmz — Z(-2xcosmz + —z sinmaz +Ci) = L2? sinmx + ;25.'5(208?7131 - Zysinmz +C,

™m ™

where C' = — 2 (.

m
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58 L GHAPTERS TECHNIQUES OF INTEGRATION

9. letu=In(2r+1),dv=dz = du= 2;1:?:% ] dz,v = z. Then

2 2r+1) -1
/En(?ﬂ:+l)dz:mln(Qm-%—l)—/Zyj_lda:—.rln(Q;ch 1)#/(—2—1—;)1—(11:

=zn(2x+1) - [(1 23‘11) dr=zin(2z+1)—z+im@2x+1)+C

=122+1) In2x+1) -z +C

d
10. Letuw — sin” 'z, dv = d= du = —Eﬁ, v = z. Then

V1—z2

1

[sin™' zdzr = xsin” dx. Setting t = 1 — %, we get dt = —2zdz, 50

—[% :f/t_uz(*%dt) = %(Zt”z) +C =t +C =+/1-12%+C. Hence,
. — I

I sin 'zdr=zsin 'z ++v1—22+4C.

dt

1@ T T °n

4 4
.Letu = arctandt, dv=dt = du= (

. At 1 32
/ arctan 4t d¢ — tarctan 4t — / 17160 dt = tarctan 4t — 3 / Tr 162 dt

= tarctan4t — £ In{1 + 16t*) + C
1
letw =Inp. dv=p"dp = du= ;}dp, "= épﬁ. Then
[ Inpdp=1p®Inp— 1 [pPdp=1pPlnp— p" +C.
. Firstlety = (Inz)*, de =dz = du=2Inz- i dx, v = z. Then by Equation 2,
I=f(lnz)’dr=z(lnz)’* -2 fzlnz 2dr=z(lnz)® — 2 [Inzde NextletU =z, dV =dz =

dU =1/wdz,V =xtoget [Inadzr =zlnz— [z-(l/z)de =xlnz - [ de =zlnz —x + Cy. Thus,

I = ar;{ln;r:)z —2zlnz —2+C1) = sac(ln;r;)2 —2zlnz + 2z + C, where C = —2(C1.

CLetu=1t* dv=e'dt = du=3t"dt,v=¢e" Then = [te'dt =t — [3t°c" dt. Integrate by parts

twice more with dv = e’ dt.
=17 — (3t%" — [6te' dt) = t°e' — 3t°e’ + 6te’ — [6e dt
=¢e' — 3t%ef +6te’ — 6’ + O = (t* —3t°+ 6t - 6)e" +C
More generally, if p(¢) is a polynomial of degree n in t, then repeated integration by parts shows that

[p(t)etdt = {p(t) -+ - ")+ + (—1)”p("’(t)]€t +C.
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SECTION 8.1 INTEGRATION BY PARTS

15. First let « = sin 360, dv = ¢** d§ = du = 3cos36d0, v = 3e*°. Then
I={esin30dd = 1e¥sin36 — £ [ e* cos 30 df. Next let U = cos 36,
dV =¥ df = dU = —3sin36d6,V = 3¢ to get
J e cos 36 df = %ezg cos 38 + % f ¢ sin 36 df. Substituting in the previous formula gives

I = %e%‘ sin 30 — §829 cos 38 — g [ e 5in36df = Le*¥ sin30 — 4828 cos 36 — -I =

137 = 1% 5in 30 — 2% cos 38 + C1. Hence, I= 1;¢*’ (25in 36 — 3cos 30) + C, where C = 5 C1.

. Firstletu = e %, dvo = cos20df = du=—e %df, v=3sin26. Then
I=fecos20df = te "sin20 — [ Lsin20(—e ?df) = Je ?sin20 + § [ &7 sin 20 d0.
NextletU = e, dV = sin20df = dU = —e df, V = —; cos 20,50
fe?sin20df = —Le cos20 — [(—3) cos20(—e™? db) = —}e % cos26 - § [’ cos 20d0.
le0sin20 + 1 [(—3e % cos20) — 51| = 1e75in20 — e Pc0s20 - I =
~f5in 26 — %6“6 cos20 + 1 =
(e sin20— e P cos20 4+ C1) = 2¢75in20 — $e ’ cos 20 + C.
. Letu = y, dv = sinhydy = du = dy, v = coshy. Then
fysinhydy = ycoshy — [ coshydy = ycoshy — sinhy + C.

sinh ay

L Letuw =y, dv = coshaydy = du=dy,v= . Then

. 1 . I
fycoshaydy = ysinhay _ f/sinhaydyz ysinhay _ cos 2ay +C.
a a a a

. Letu = t,dv = sin3tdt = du=dt,v=—31cos3t Then

S tsin3tdt = [~1t cos3t]y + 3 fif cosBtdt = (4r —0) + §[sin3(]] = 3

LFirstletu =2+ Ldv=¢ "dr = du=2zxdx,v=—¢ ". By(6),
fo (2 +1)e " dr = [- (z + l)e””](l) + fol Qwe dr = -2 '+ 1+ 2f01 ze” " dr. Next let
U=z, dV =e¢e *dz = dU =dx, V = —e™*. By (6) again,
j;ll re Tdr = [—;re_z]:) + fol e Tdr = —e” '+ [—e_m]é =—el e '4+1=-2""+1So

Pl +1)ede= 2" +1+2(-27 +1) =2 +1—de” ' +2= 6" +3.

1
N Lletw=Inz. dv=a"2dz = du= Edz,v = —z~!. By (6),

1 2 2 2
/m—ndr—[~ﬂ] +/ z2d$=—§1n2+1n1+{—1] ——1m240-1+1=1-1m2
J1 T

T 1y

1
22. letu = Int, dv = Vtdt = du= dt/t,v = %tS/Z. By Formula 6,

4
[iVimedt=[3672me| ~2 [} Vidt =380~ 2 %3/2] —lon4—4(8-1)=Lln4- 2B

1
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600 L CHAPTERB TECHNIQUES CF INTEGRATION

1
23 Letu =y, dv = dTZ’; =e Wdy = du=dyv= fée"gy. Then
€

ol 1
[} _ 1, -2t 1 2y (_1
/0 e‘ﬂdy—[fgye U]0+5]U e dy—(vze +0) -
L Letw =z, dv=csclxdr = du=dz, v=—cotz. Then

rr/2

zesc? o de = [~ cot )] a1t Jw/z

w/2
/2 cotwdz =-F-0+ 5 1+ [Insina] ] [sec Exercise 5.5.75]
w/4

=ft+lnl-lngs=%54+0-m2 /* =%+ n2

dx
V1 —x2
1/2

/2 3/4 1 .
+ z di =3~ +/ t=1/? [—adt}wheret—l—wz
1

0 0 \/1—I2

= dt = —2rdr. Thus, T =2+ % [, 7/ dt = & + [\/E];/4:§+1— = N1 6-3v3).

letu=cos ‘nde=dr = du=- ,v =z Then

12
- I —1
I:] cos lrdr = {z cos a:]
1]

Letu =z, dv=5"der = du=dx, v=(5/In5). Then
1

-1 e 1 T T 1
rd 5 5] 1 5 5 5 1
5% dr = e dr =l 0 — =22
/0 5 de [ms]o w5 Inb inb [msh 5 (n5)? (o)

) cos & )
.Letu =In{sinz),dv = cosxdr = du= ———dz,v=sinz. Then
SN xr

I = [coszin(sinz)dr =sinzln(sinz) — [coszdr =sinzln(sinz) —sinz + C.
Another method: Substitute t = sinz, so dt = cosadz. Then I = [Intdt = tInt — ¢ + C (see Example 2) and
so [ =sinx(insine — 1)+ C.

1 -1
=
1+ (a2 22

V3 V3 V3
1 d:

/1 arctan(l/x}dr = [T arctan(;)} +f] -ﬂf—j—i = 3 -

V3 7V3

s
— L _(In4—1n2 _
6 4+ 5 )= 327

. Letu = arctan(1l/z), dv =dx = du=

é {ln(m2 + 1)} :/3

il

4
4TS
2 6

! In2

It —ﬂ'—l-
2 2

1
2
Lletw=Inz = dw=dzr/x. Thenz =¢e" and de = " dw, s0

[eos (Inx)ydr= [e* coswdw = 2 (sinw + cosw) + ¢  |by the method of Example 4]

=iz [sin{lnz) 4 cos(Inz)] + C

.Letu:'rz,dv:\/a%dr = du=2rdr,v=1+4+72 By (6),

vy —zf AT dr =V - 2

0

VA 36+ 3 $)+ =t -1v5
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SECTION 8.1 INTEGRATICN BY PARTS

5

1
M Letw = (Inz) do = atdz = du= 2% dz, v = % By (6),

2 ) 5 2 2 4 . 2 4
zt(tnz)?de = | = (Inz)® #2/ Z lnxdzr=2(In2) ~(}—2/ —Inzdz.
1 5 5 5 J1 9

5

Letl/ =Inx, dV———dw = dU-—da:,V—i

2 2 ZL’S 2
Then/ ——lnwdm— [—ln:ﬂ] ——dz*wan 0—[ ] =32 )n0 (32 1),
1 25 125 25 (125 125)

So [2zt(Inz)?de = 2(In2)? - 2(2In2— 3) = Z(n2)* - Fin2+ 3.

. Letu = sin(t — s),dv = e°ds = du= —cos(t — s)ds, v =e¢’. Then
I= .['ge“’sin(t—s)ds = [e® sin{t — s)}, +f e® cos(t — s)ds = e*sin0 — e”sint + I, For
L.letU = cos(t —s),dV = e*ds = dU =sin(t —s)ds, V = ¢€”. So
= [e® cos(t — )]}, foe sin(t — s)ds = €' cos0 — e’ cost — I. Thus, [=—sint+e —cost—1 =
2] = e' —cost —sint = I=1(e'—cost—sint).
. Let w = /T, s0 that z = w* and dz = 2w dw. Thus, [siny/zdz = [ 2wsinw dw. Now use parts with u = 2w,

dv = sinw dw, du = 2dw, v = — cosw to get

[2wsinwdw = —2wcosw + [ 2coswdw = —2weosw + 2sinw + C
= —2/Tcos /T + 2sinyz + C = 2(sinyz ~ Vzcos vz ) + C

. Letw = /Z, so that z = w? and dz = 2w dw. Thus, ff eVe dz = flz e 2w dw. Now use parts with u = 2w,
dv = ¥ dw, du = 2dw, v = e" to get jf e¥ 2w dw = [2we®]] — 2 f e dw = 4e? — 2e — 2(e? ~ e} = 26

. Let z = 67, so that dz = 26 df. Thus, f\/% 6% cos(6°) df = f\/% 6% cos(8°) - 1(20d0) = 5 [, xcoszdz.

Now use parts with u = x, dv = cos x dx, du = dz, v = sinx to get

Lr weoszds=([zsinz|l, — [T, sinzdr) = | [zsine + cosz]g,

(rsinm + cosm) — %(5 sin 3 + cos 2) = %(w 0—1)~ %(% .

1(—2t+2)e' +C [byExample3] =} (z% 227 +2)e" +C

e de = [ (m2)23$2$d3: = [t%etldt [wheret =2z° = dt=zdz]
1
2

In Exercises 37-40, let f(x) denote the integrand and () its antiderivative (with C' = 0.

1.2

37. Letu =, dv = cosmrdr = du=dzr v= (sinwx)/m. Then

sin7z sin T SINTLT = COSTWIL
zeosTxdr=x - - dx = + + .
:rr T T w2 L

We see from the graph that this is reasonable, since F* has extreme values
where fis 0.
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g 1
38 Lletu=Inz dv=2"dz = du:;dm,vz%wwz.Then

[a**Inwdr = 2 Ilnz — 2]‘1:”2(112'—25/21113: (%) 2?4 C
=25z~ 2% 4 C.

We see from the graph that this is reasonable, since F' has a minimum

where f changes from negative to positive.

Lletu =224+ 3, dv=e"dr = du=2dx v=2c" Then
[(2z+3)e"dz = (2z + 3)e™ — 2 [ e"dz = (2x + 3)e” — 2" + C' =
(2z + 1) e™ + C. We see from the graph that this is reasonable, since

has a minimum where f changes from negative to positive.

) e dr = kS - ze® do = 1.

2 2
Letuw = :1:2, dv =ze® dr = du=2zdr,v= 1" Then
2

I =1z’ —fme dxﬁéwgcﬁfée”” +C= ILT (z*—1)+C.

We see from the graph that this is reasonable, since F' has a minimum

where f changes from negative (o positive.

r sin 2
. (a) Take n = 2 in Example 6 to get [ sin® zdr = —J cosasinz + § f ldz = % — 51114 Lo

(b) [sin*xde = - cosasin®z + 2 [sin®zdr = -3 coszsin®z + 3r — Lsin2r + C.
42, (a) Letuw =cos™ ‘o, dv=coszdr = du—=—(n—1)cos" ?zsinzdz, v =sinzin (2):
Jcos™ xdx = cos™” Yzsinz + (n—1) fcos” *zsin’zdz
= CO8 _1$51r1r+(n— 1) f(‘oq J(l — cos? :r) dx
=cos" 'zsinz + (n 1) fcos" *zdz — (n 1) [cos” zdx

-1

Rearranging terms gives no [ cos™ z dr = cos™ 'zsinz + (n — 1) [cos™ *zdz or

1 _ . n-—1 _
/COS” rdr = —cos" P rsine + —— [ cos" ‘adr
n n

(b) Take n = 2 in part (a) to get | cos? zdx = % cosTsinx + % f ldr = % + :511142:1: + .
1.3

{c) j coswdr = 7 cos” rsinx + % fcosz:cdac = _ll cos® rsing + -gvr + %sin?w +

43, (a) From Example 6, /sin" rdr = 21 coszsin® 'z + n-1 [sin”_2 x dx. Using (6},
n

T

D . . /2 v /"
LA coszsin® 21 n—1 [T e
sin" ade = | ———M8M8MM— -+ sin zdzx
Ja n 0 noJao

_ vt 2 .
=([0-0)+ n-l / sin” " rdr =
n o Jg
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SECTIONG. INTEGRATIONEYPARTS O 6@
(b) Using n = 3 in part (a), we have j;]”/Q sin® v dx = 2 Jrfz sinzdr = [—3 cosx :

: ; T2 i B _ 4 /203 4. 2 _ 8
Usmgn=51npart(a),wehavef0 sinxdzr = 3 sin“zder=¢-% =15

7 =%

(¢) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some k > 1. Then

/2 2:4-6
in®**' zdz = . By Example 6
fo sin zdz 357 (2k+1) y Example 6,

/2 2k + 2 /2 2k +2 2-4-
. 2k4+3 s 2k41
3 = dr = .
fo s rdr % 3./0 sin T ax ki3 3.5.7

. 2:4-6 (2K)[2 (k + 1))
U357 2k D2+ 1) 1]

so the formula holds for = = k + 1. By induction, the formuta holds for all = > 1.

. Using Exercise 43(a), we see that the formula holds for n = 1, because

/2

it ads = 3 [ 1w = 4 [a] " =4

-3 T

—. By Exercise 43(a),
I > By Exercise 43(a)

/2 w/2 v 1 1-3-5..--- -1
f sin®* " pdz = / sin®* zdz = 2k + 39 @k-1)x
0 0

mi2 1
Now assume it holds for some k& > 1. Then ] sin** zdr =
0

k12  2.4- 2

135 (2k—-1)(2k+1)
T 246 (2k)(k+2) 2

so the formula holds for n = k + 1. By induction, the formula holds feralln = 1.
. Letu = (Inz)*, dv =de = du=n(lnz)" '(dz/z), v = z. By Equation 2,
J(nz)* dr = z{lnz)” - [nz(lnz)* (dr/z) = z(lnz)" - n f(lnz)""" da.

etu=z",dv=dr = du= nz™ ! de, v = e®. By Equation 2, fx"ez dr =z"e® — nf:r“"e“‘ dz.

Letu= (0¥ +d°)" dv=dr = du= n (z* —I—a2)nf1 2z dz,v = x. Then

f (332 +a2)" dz = z (z* +a2)n —2n [ 2? (2 +a2)n ' dr

= w(:cz + az)n —2n [j (:z:2 +a*)" dx — a? [ (= +a2)n—1

= 2

dz] fsince 22 = (w2 + aﬂ) —a
> @2t 1) [ (22 +a?) " de =z (2” +a®)" + 2nd” [ (2% + az)ﬂ_l dex, and

2 PARL 2
[ (£ +a¥)" dz = z (:;nial ) + 22;1 : / (z* + a2)n71 dz [provided 2n + 1 # 0].

 Letu — sec” 2z, dv =sec’zdr = du=(n—2)sec” *zsccrtanzdz, v =tanz. Then by Equation 2,
[ sec” xdr =tanz sec” 2z — (n —2) [sec” *xtan’ zdz
—tanzsec” 2z - (n—2) fsec" Pz (sec’ z — 1) da
=tanzsec” 2z — (n—2) [sec” zdx + (n —2) fsec” P zdzx
so(n—1) [sec” wde = tanzsec™ *x + (n — 2) fsec" ?zdz. fn—1# 0, then

n--2

t -2 _
sec” pdp = 2L Tyt sec™ 2z dr.
n—1 n—1

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

§04 1 CHAPTERS TECHNIQUES OF INTEGRATION

49. Take n = 3 in Exercise 45 to get
fnz)®de =z (Inz)® - 3 [(Inz)?dr = 2(Inz)® — 3z(lnz)® + 6zlnz — 62 + C  [by Exercise 13].
Or: Instead of using Exercise 13, apply Exercise 45 again withn = 2.

. Take n = 4 in Exercise 46 to get
I wlet dr = 1t — 4 et dr =zt — 4 (mS —3x% + 62— 6) e + (' |by Exercise 14]
=e"(z% — 42> +122° - 24z + 24) + C

Or: Tnstead of using Exercise 14, apply Exercise 46 with n = 3, thenn = 2, thenn = 1.

. Area = fos ze "dr. Letu =z, dv = e " ¥dr =
du = dz, v = —2.5¢""*", Then
area = [~2.52e~01%]0 4 2.5 7 ¢ 44 dy
—12.5e72 +0+2_5[_2‘5e—0.4z]g
—125¢7% — 6.25(e7% — 1) = 6.25 — 18.75¢ % or

. Thecurves y = rlnxrandy = Slnxintersect when rlnr = 8lnzx & rhnz—-5lnr=0 <
(z—B)Inz = 0;thatis, whenz = Lorz = 5. For 1 < & < 5, we have 5lnz > zlnx since Inx > 0. Thos,

area = j;’ (5lnz —zlnz)de = ff’ [(5—z)Inz|dr. Letu=Inz, dv = (5 —x)dr = du=dzx/z,
v =0T — %.’EQ. Then

area = [(Inzx) (5z — %mz)]; — 2 (52 ~

127 2]dz = (In5)(2) - 0— f;’ (5 3z)de
=®Im5 - [50-1a*] = Blu5-[(25- %

. The curves y = xsinz and y = (z — 2)? intersect at @ = 1.04748 and
b == 2.87307, so

b
area = f [zsinxz — (z — 2)2} dx

= [~acosz +sina — i(z - 2)3]2 [by Example 1]

= 2.81358 — 0.63075 = 2.18283

. The curves y = arctan 3z and y = /2 intersect at
x = +a = +£2.91379, so

i

L i
{y =x/2

area = [ |arctan3z — $z|dz = 2 f} (arctan 3z — ) dw

[3: arctan 3z — é In{1 + 9:1,‘2) — imz]g [see Example 53]

=2
~z 2(1.39768) = 2.79536. [~y — arctan 3x

V= ]UI 2nz cos(mz/2)de. Letu = z, dv = cos(rz/2)dr = du=dz,v= 2sin(rz/2).

V= 2#[%msin(%§) :] -2 7_2r /Ulsin(%) dr = Qﬂ'(% — 0) 4{~: cos(%sg)}

=4+ 20-1)=4-

1

0
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SECTIONB.1 INTEGRATION BY PARTS O 608

. Volume = [ 2na({e” —e ) de =27 [ (ze” — ze7) da
=2x [fol ze” dr — fol re d:c} [both integrals by parts]
= 2r[(ze” — €¥) — (—xe " - e_’”)]:] =2w[2/e — 0] =4n/e
: Volumeﬁf 27l - x)e *dr.letu=1~z,dv=¢"dzx = du=-dr,v=—¢e"
vV =2x[(1-xz)(- ] —2?Tf716_3:d$:27r[(l'—l)(e_z)+€mm]_l
= 2n|ze” ] = 27(0 +e) = 2me
. Volume = [ 27y - Inydy = 211'[%3;2 Iny — %yzlf [by parts with « = In ¢ and dv = y dy]
m’(2lnwr —1) (0—1)] 3 ™ o7

3 1 :7T1IITI'*—2‘+E

=27[3’2Iny - 1)]] = 2?{

3
m. . Z’21H$d£€: %I

. The average value of f(z) = z” In x on the interval [1, 3] is fae =
Letu = Inz, dv = ¢ dz = du= (1/z)dz,v = 1z° So
3
: 3 - B ;
I= [%33'3]113}]] _/1 -};xQd’L‘ = (91113 —0) — [%g; }1 —9Iln3 — (3-* %)) — 9ln3 — 2
Thus, fav:: = %IZ %(91:13_ %‘2) . 9] 3__

. The rocket will have height H = 0 % u(t) dt after 60 seconds.

60 _ 60 60
H:f [—gt—ve ln(m Tt)] dt = —g[%tz]zo ve[/ In(m — rt)dt - / lnmd,t]
0 m 0 0

60

—g(1800) + ve(In m}){(60) — v, f In{m —rt)dt

1
m—rt

60 60
] In(m — rt) dt = [tIn{m — 7£)]5° + /
0 0

Letw = In{m —rt),dv =dt = du= (—r)dt, v =¢. Then

i
m—rt

60 m
dt = 601n(m — 60r) + f (—1 + )dt
0

60
= 601n(m — 60r) + [—i — 2 n(m - rt)]
T 4]
= 601n(m — 60r) — 60 - — In(m — 60r) + —Inm
T T

So H = —1800g + 60u,. Inm — 60v. In(m — 60r) + 60v, + —?ve In{m — 60r) — ?ve In . Substituting
g = 9.8, m = 30,000, r = 160, and v, = 3000 gives us H ~ 14,844 m.
. Since v(t) > 0 for all {, the desired distance is s(t} = jot vlw)dw = fot wie™ dw.
Firstletvw = w?, dv = e Ydw = du=2wdw,v=—e"* Thens(t) = [_w2e“'”] +2 f, we™™ duw.
NextletU = w,dV = e Wdw = dU=dw,V = —e ™. Then
s{t) = —t'e + 2([—’!.0671”]; + jot e ™ dw) =—t’e ' + 2(—te"t +0+ [—_e‘w];)
2 —t 2 t

=% t42(—tet e 1) = —tfet 2™ — 27" 42

=2--¢" (tz + 2 4+ 2) meters
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62. Suppose f(0) = g(0} = Oand letu = f( ), dv = g”(a:) dr = du=f'(z )da: v=g'(x).
Then [ f(z)g"{z)dx = [f(x)g (z)]g — [y [{x)g'(z) dz = fla)g'{e) - [y [ (x)g (x) dz.
Now let U = f'(z),dV = ¢'(z )dq: = dU = f (= )d:r:andV = g{z). so0
J2 f @)y (2 da = [f{z)g(a)ly — [y £ {0)e(z) dz = f{a)gla) - [5 S (z)g(z) de.
Combining the two results, we get [ f{x)g" (¢ ,)d.r = fla)g'(a )— (a)g{a) ‘[0 f”(;n)g(:n)d:::.
For I = [laf(z )dl letu =z, dv = f”(J:)dL = du=dz,v= f(z) Then
Lo e )t — [ F (@) da = AF(4) — 1 F(1) = [F@) = F)] =4-3 1.5 = (T—2) =125 - 5=2.
We used the fact that f”' is continuous to guarantee that [ exists.
. (a) Take y{2) = z and g'(z) = 1 in Equation 1.
(o) By part (), [* f(z)dz = bf(b) ~ a fla) ~ [z f'(x)dz. Now lety = f(x), so that = = g(y) and
dy = f'(x) dz. Then I; z fi{x)dr = ff(( ) g(y) dy. The result follows.
{c) Part {b) says that the area of region ABEFC is
= b1 (b) - af(a) Jia ot dy
= (arca of rectangle OBFE) — (area of rectangle OACD) — (area of region DCF'E)

¥
graph of g

(d) We have f{x) = Inz.so f~'(x) = e*, and since g = f ', we have g(y) = e¥. By part (b),

1
[]p Inzder=c¢lne—1inl — luef’ydy’— fo edy=¢e— {ey] =e—{e—1)=1
0

In1

. Using the formula for volumes of rotation and the figure, we see that

Volume = [U wb?dy — f ma® dy - f l9())? dy = wb*d — wa*c — ]'d 7[g{w)]* dy. Lety = f(x). which
gives dy = f'(z)dz and g(y) = z, so that V = 7b*d — wa®c — 7 f x? f'(z) dz. Now integrate
by parts with uw = 2%, and dv = f(x)dr = du=2zdr,v= f( ), und
[ra? f' () do = [o f(x] [P 2z f(z)de = b f(b) — a” fla f 2z f(z) dx, but f(a) = cand f(b) =
= V =nb’d - ma c—ﬂ'{bzd—a C—f 2z f{x) d.;:] f 2rxf(x

. (2) We note that for 0 < o < 2,0 < sinz < 1, sosin® "2z < sin® ™ 2 < sin® x. So by the second
Y

Comparison Property of the Integral, 12,42 < a1 < fon.

{b) Substituting directly into the result from Exercise 44, we get

1-3-5. [2(n+ 1)—1 =
Iongz  2- 6 Re+1)} 2 2n+1)-1 2n+1

4-
Ian 1-3. (2n L T 2(n+1)  2n+2
2

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

SECTION 8.2 TRIGONOMETRIC INTEGRALS L 607

{c) We divide the result from part (a) by Izn. The inequalities are preserved since f2n is positive:
I2n

. 2n+1
% < % < = o’ . Now from part (b), the left term is equal to o I 5

Il e < 1. Now lim ntl_ m1=1so by the Squeeze Theorem, lim
2n + 2 Izn, n—oo 270+ 2 n—o0 n—oo IZn

, 50 the expression becomes

Iﬂ.’n-{-l -1

{d) We substitute the results from Exercises 43 and 44 into the result from part (c):

1= lim I2n+1

n—oo

|

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the

2 L .
width by 5 i I and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height
-

2n 41 2n 1

by e These two steps multiply the ratio of width to height by on

i T @) 1

respectively. So, by part (d), the limiting ratio is 2

8.2 Trigonometric Integrals

The symbols = and = indicate the use of the substitutions {u = sin z,du = cosx dz} and {u = cosz,du = —sinxdr},
respectivaly.
1. [sin®z cos’rdz = [sin’ z cos’ z sinzdr = (1 - cos” )cos2 rsinzdr = [(1 -~ u®)u?(—du)
= [(u® Dl du= [(u* —u*)du=1u" - 3+ C = teos®z—gcos’z+C
2. [sin®zcos® wdz = [sin®zcos® reoszdr = [sin®z (1 —sin®z) coszdz = fu® (1 —2?) du
= I (u6 - US) du = %HT - %’ug +C = %sinT:B —-ésing.’n-}-(?

3 3 4 5 .
3 waz/ sin® x cos® zdx = e /4 sin® z cos® z cosz di = f /4 in® 1 (1 — sin® z)cos x dx

V272

1

_fl V2/2 w1 - )d,u— \/_/2(u —u7)du:[éu67éus}

= (- - Gop =
4 j.Uﬁ/Q cos® rdx = J“Ovr/2(c052 ;I;)2cos$d:c:‘l'0ﬂ/2(1 _ sin? I)zcosmdmé fol (1 —u2)2du
= (-2 puf)du=fu 4 )y = (-4 0) 0=

15
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5. [cos® zsin*wdr = [costwsin*zeoszdr = [ (1 —sin’z) sintzcoszdr = [ (1 —u?)’ u'du
= -2+ utdu= [ (vt - 208+ uf)du=2u" - FuT 45U’ + C

‘*blIlr)JS*:{Slll $+Qsm r+C

(1 cos® ma)sinmrde = - ](l - u2)du fu = cosma, du = —msinma dx|
—L{u—1u?) +C = —L{(cosmz — § cos® ma) + C

= ﬁ('ossmrn— i('o'ima"+(’r

: '];/2 cos® § de

] ®1(1 4 cos20)df [half-angle identity]
=L+ Lsm2) = L[(Z4+0) - (0+0)] =12

T sin?(20)df = 777 L(1 — cos 46)d8 = [0 — %511149]:;/2 =Lz 0)-(0-0)] =2

- fy sin'(3tyde = [ [sin®(3¢) 1*d = fo [3(1 = cos 6t)) % dt = 1 Jo (1= 2cos Bt + cos® 6¢) di
=ils [1—zcos6t+ (1+ cos12¢)] dt = ifo (£ —2cosbt + 3 cos12t) dt
{lt -blIlbt+“blH12t] 4[(%75—()+0) (0—0+0)]:7§

10. [ cos®Gdf = [ (cos®6)" df = [ [2(1 (1 4 cos26)]” db = 5 Jo {1+ 3cos26 + 3cos® 26 + cos® 20) df
L0 + 2 sin 29}0 s 0o (31 +cos4f)]di + 5 7 [(1 — sin® 20) cos 26| df
= %7‘1’ 1{9 + lsin/lf)}g + 3 jo 1—u )(Edu) [ 4 = sin 28, du = 2 cos 20 dO}

:8+ﬁ+0*_

J(1 4 cos8)?df = [(1+2cos8+ cos’F)df =0+ 2sin + L [(1 + cos20) df
=0+ 2sin6 + 30+ [ sin20 +C = 30+ 2sinf + 1sin20 + C

12. Letuw =, dv = cosxdz = du=dx, v= f cos zdr = f %(1 + cos 2x)dr = %1: + isin 2, s0

[ xcos® xdr = :r(%:z + % sin2m) - f (%z-ﬁ- i sin2z) dz = %12 + $asin 2r — é:;c2 + %cosZm—i—C

=12® + lrsin2s + 3 cos2z + C

[T sin® e cos® w dr = ST sin? 2 (sin cos ) da = ]”/4 1(1 - cos 2z} (L sin 2¢) da

1 /4
8 J0

_ 1 /4y ATl 30 17/4 1 1. 4 1,504 w/4
=46 Jo (1 —cosdx)dx T Qm]u —]6[:1:—15111447—55111 2:1:]0

= 16§ - 0-3) =

/2
Jo

(1 —cos2x) sin’ 2zdz =1 0”/4 sin® 2z dr — 3 foﬂ/tl sin® 2 cos 22 di

/21

0" 2(2sinz cosz)’dr = 1 /% sin? 22 da

(4sm T Cos T) dr = I

/2,
\ .]0 P sin?z cosa dr =

=3 :/2 %(1 —cosdz)dr = % . Uﬁ/z(l —cosda)dr = %[:r — A—isinélﬂ;]i”

. [sin’ o /edsTde = [ (1 - cos® ) \eosTsinwdr = [ {1 —u?)ul/? (~du) = [ (u"’” - u1/2) dut
w2 - 2 BP0 = ((‘Ob’l’:} - % (cos;t:)”2 +

2.3 2 —
2eos’z - 2 2cosz) yeosz + C
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16, Let » = sin 6. Then du = cos df/ and
[ cos B cos®(sin8) df = [ cos® udu = {(cos? u)? cosudu = f(1 —sin’ u)? cosudu

= f(1 —2sin® u +sin® u) cosudu = I

Now let = sin«. Then dz = cosu du and
I:f(l—QmQ—l-m‘l)dm::c#%;c3+é:c5+C:sinu—%sin3u+%sin5u+0
= sin(sin 0) — £ sin®(sin §) + § sin®(sin8) + C
in® c 1—u?)(-d -1
17. [coszztml3xdz= /‘sm xdm:/‘(——i-u—):] [—+u} du
) J cosz u o
:—ln[u|+%u2+0z%cost—In|cosm1+C'
: ’ i 19 1—sin?4)”
18, [cot®sintods = | S Ointoan— [ ap— [0 ospan= (—.W—LCOSBdG
Sg sin # sin @ sin @

5111

‘ 1— 2y2 o2 4
ﬁf——( ) du:f——l Zu” du:/(l*2u+u3>du
u u ©

:1n|u|—ueriu"—I—C':ln\sint?[—Sin26+isin49+C

by (1} and the boxcd]

COST formula above it

19. /1—_51315(13:=/(secm—tanm)dm:ln|sec:c+tana:lln[secx|+C [

=1In|(secz + tanz)cosz| + C =In|l +sinz| + C
=In(l+sinz)+C sincel+sinx >0

Or:/lsinmdszl—sinmll-«-sinmdm:/‘ (l—sinzm)d:r :/ cosx di

COS T cosz 1l +sinz cosz (1 +sinx) 1+ sinx

:/%U [where w = 1 + sinz, dw = cos z dx]
=Inlw|+C=In{l+sinz| +C =In(l+sinz)+C

. [ cos® xsin2e dx = 2 fcos® zsinzdr = -2 futdu=—fut+C= —fcos'z+C

. Letu = tanz, du = sec? zdz. Then [sec’ ztanzdr = [udu=3u* +C = ltan’z + C.

Or: Let v = sec T, dv = sec z tan x d. Then sec?ztanzdr = [vdv = 102 + C = Lsec’ z + C.
2 2

. foﬂﬂ sec!(t/2)dt = 0"/4 sectz(2dr) [z=1t/2,de=1dt] = QIU”M sec® (1 + tan” z) dx

=2 [ {1+u’)du |u=tanz, du=sec’ zdr] =2fu+ i’ =2(1+1) =2
.fta{12wd:£=f(sec2:r;—l)d.r:tanzww+0

.ftan“wdm:ftanzsc(sec%:fl)dm:ftanzwsec2wd:c—ftan2xdm= %tansm—tanz+m+0

{Set w = tan x in the first integral and use Exercise 23 for the second.)

. [secCtdt = [sectt.sec’tdt = f(tan®t +1)%sec®tdt = [(u® +1)°du  [u = tant, du = sec® t df|
= [(u'+2u® + 1) du=tu’+ 2u® +u+ C = tan®t + 2 tan’ t + tant + C

/4 sect Otant §df — [T/ *(tan? 0 4 1) tan? Gsec® 0d0 = f, (u? + Dutdu  [u = tand, du = sec® Hdf|

' Jo 0

= fol (uf + o) du = [0 + %ua]l

1.1
0“7+5
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21. [J“ tan® x sect mdx = "/”

= ;'f

tan® x {tan® z + 1) sec’ z dx

u’(u? + 1) du [u = tanz, du = sec” zdz]

2 V3 81 _ 17
= [T+t du = [+ gl = B+ Tty =%
Alternate solution:
r?r/.'ﬂ
Jo

”/?tan rsec’ rsecxtanzrdr = fo/ (sec’ © — 1) sec” rsec T tan z da

tan® z sec’ zdr =
= fl u du [u = secz, du = secx tanx dr]
= ‘[1 ut - 20 + Dol du = ff(tf — 2u® +u?) du

S IR R CEL SRR RS

28. | tan®(2z) sec®(2z)dz = [ tan®(2z) sec” (2z) - sec(2x) tan(2z) dx
[(u? — Du(3du)  [u = sec(2z), du = 2sce(2z) tan(2x) dx]

:%f(uﬁ_u“)d'rt:l—lflu?fﬁus-i—(?:1—1438( (QI)f—sec (22} + C

29. [tan®xsecxdr = [tan’ zsecxtanzdr = [ (sec®z — 1) secatanrdz
= [(u* — 1) du lu = secx, du = secz tanx dz]
1 1

—§u3—u+C:§sec3wusec;n+C

3 ; /3, 5 - 3. 2
30, ™% tan® zsec® e de = [0"/ tan® xsec? rsec’ xdx = f;/ tan® z (1 + tan® ) sec’ zdz

\/_5( \fa
= Jo Jo

1+u) du [u=tanz, du=sec’zdx] = (1+2u +u)d

_ V3 os 7 9 _r1.6 , 1.8, 1.101V3 _ 2 243 __ 981
= W+ 2w ) du = [gu® + jut 4 fu I = +5+ 3 =3
Alternate solution:
‘Uﬂfa tan” rsect rde = J'ﬂwla tan® zsec® zsecz tanz do = foﬁ/B (sec2 T — 1)2 sec® rsecxtanxdr
= [12 (u® — 1)2 v’ du [u = secx, du = secz tan x dx|
= [Pt — 2+ Y utdu= [} (v - 2u" +uf) du

= [t 4 = (e ) - (b =

3. [tan®zdz = [ (sec2 T — 1)2 tanzdr = [sec*ztanzdr — 2 sec’ ztanrdzr + [tanzdz
= f sect rsecx tanzdr — 2 ] tanzsec? x dr + f tanx dx

= 2sec’z —tan’z + Infseca{ + C  [or §sec’ © —sec’ o + Insecz| + C|

2 f tan® ay dy | tan® ay (secz ay — 1) dy = ftan4 aysec? ay dy — fta.n4 ay dy
L tan®ay — [ tan® ay (sec®ay — 1) dy
L tan® ay — [ tan® aysec® ay dy + [ (sec® ay — 1) dy
£ tan® ay — = tan’ ay + + tanay —y + C

f = / tan® @sec’ § df = /ta.113 8- (tan’ 6 + 1) - sec” Hdf

= w(u® 4 D du [u = tan f, du = sec? 8 df)
T ; 8 1,4
= [’ +u*)du=tu®+ qu* + C =S tan® 0+ ;tan’ 6 + C
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3. [tan’zseczdr = [ (sec’z — 1) secadr = [sec® zdz — [secadz

= L(secztanz + In|sec x + tanx|) — In|secz + tanz| + C  [by Example 8 and (1}]

= LYsecztanz — Inlsecx + tanz|) + C
35. f’r”(otzmdm = _]://62 (esc? ¢ — 1) dr = [—cotz — w}:;; =(0-12) - (—V3-%)= V3-3%

f“fz cosT

w/4 sinx dz

36. fﬁ/z cot’ rdz = f:/f cotz (esc’z — 1) de = j:/f cot zesc zdx —

/2
= [—%cot2$71n|sinm|]:/4 =(0—-1Inl) - [-% fin%} =1 -Hn%

37. [cot® a csc? ada = [ cot? o cse® - cseacot ada = [(cse? a — 1} ese® o - escacot ada
= [(u® — Du? - (—du} [u = csea, du = — csc v cot o da]

= [(u® - du—_lu3 It C=3ac’a—-joc’o+C
38, [csclz cot® zdz = [cot®z (cot’x + 1) csc® zdz
= [uS(u? +1)- (~du)  [u=cotz,du=—csc’ zdz]
= f(—u® —uf)du= -3 -t + C=-Jcot’z - fcot’x +C

cscx{cscx — cot —cscrootz + sl
9. 7= cscxdr = ( )dm:/ dr. letu =cscx —cotx =
cscx —cotx cscx —cotx

du = (~cscxcotz +csc? z) dz. Then I = fdufu =In|u| = Inlescz — cot x| + C.
40, Letwu = cscx, dv = csc® xdz. Thendu = —csczcotedzr, v = —cotz =

fesc®zde=—cscacots — [ cscrcot’ zdr = —escxcotz — [ osex (esc® z — 1) da

— —cscxcotz + [escxdr — [escd ade

Solving for [ csc® zdz and using Exercise 39, we get

fesc?zde = —Lescxcotw + 3 [esczdr = —3 esczcotx + § Infoscz ~ cot x| + C. Thus,

w/3
fw/ﬁ cse® o da = [,l esczcot + 3 In|cscx — cot z|

/3
z )

el +%-2-\/§—%1n‘2—\/§)
—1n(2 - \/ﬁ) ~ 1.7825
41. Use Equation 2(b):

[ sin bz sin 2x dx = f L[cos(5z — 29:) — cos(5x + 2z)|dz = 3 [ (cos 3z — cos Tz) dx
2sin3z — 3;sinTe + C

42. Use Equation 2(a):
[sin3zcoszde = [ 1isin(3z + z) + sin(3z — «)]dr = 3 [ (sindz + sin2z) dx
= — 5 cosdr — 2 cos2z+ C
43. Use Equation 2(c):
[ cosT8cos 58 df = [ $[cos(76 — 56) + cos(78 + 50)] dff = 1 [(cos26 + cos 120) df
=1(3 sin 26 + 5 sin 120) + C = § 1sin20 + 45 8in120 + C
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a / COS T + sinr / cosx + sinzx

1
dx : de = - /(cscm+ secx) dx
sin:xcos.r 2

sin 27

% (ln |escx — cot x| + In|secz + tan z| ) +C [by Exercise 39 and (1)]

Y 2.: 1 .
45, /I——t%i—rl—irim:f(coszm—sinzm)dm:/cosZ:cd;c:§sm2z+C

sec? ¢

' dr cosz + 1 cosx + 1 cosx + 1
4b. de= | —F——dr= | ———dr
J cosz—1 cosa —l Cosa?—l—l J cos?2x—1 J —sin“xz

j (—coticscr—csc ;r:) dr =cscx+cotz +C

.Letw = tan{t?) = du = 2tscc?(t?) dt. Then
[tsec® (#) tan? () dt = [u* ($du) = $u® + O = L tan®(t%) + C.

L Letw =tan’ z,dv =secz tanzdr = du = Ttan®x sec® xdz, v = secz. Then
Jtan®x scexdr = [ tan” z - secz tanzdz = tan” x secx — I tan® zsee? zsecx dr
=tan’ z secx — 7 [ tan®z (tan’ z + 1) secw dz
= tan” z secx — 7[ tan® z secz dn — '(ftan6 xrsecrdr.
Thus, 8 [ tan® zsec xdz = tan” @ seca — 7 [ tan® xseca dx and

- 7T 2
{tan? I sec JZ] /4 _— = j tanr ISCC.’L‘dﬂ') = £ —
0

1
8 o 8 8

w/4 "
/ tan xsecrdn =
Jo

, Letu =cosx = du= —sinzdr. Then

fsin®zde= [ (1 - cos® r) qln:ﬂda::f(l—uQ)z(—du)

T (-1 +2u® wu4)du:—éu5+§u3—u+c

5 3
=—fcos"z+ Scos"w —cosz+C

Netice that £ is increasing when f {) > 0, so the graphs serve as a
check on our work.

. fsin*zcos’ zdr = [ {5 sin 2:1:) de = - [sin® 2zdr = & f [% (1— (:0.‘34;5)}2 dz

= &7 [ (1 = 2cosdz + cos® 4z) dz

ailz — $sindr) + 51 [{1+cos8z)dx
A G %Si"flsr) + ﬁ (w + Lsin8z) + C

3

Thg T — 128 sindr + —== sin &z +

1024

Notice that f(x) = 0 whenever F' has a horizontal tangent.

. [sin3zsinbrdz = [ 1[cos(3x — 6x) - cos(3z + 62)] dx

3 [(cos3z — cos 9z) dx
§5in3z — L sin9z 4+ C

Notice that f(x) = 0 whenever F has a horizontal tangent.
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52, [sec’ £dx = [ (tan® £ +1)sec® Zdz
= [(v*+1)2du [u=tan$, du= %seczgd:n]
:%u3+2u+0=%tm13§+2tan%+c

Notice that F' is increasing and f is positive on the intervals on which they

are defined. Also, F' has no horizontal tangent and f is never zero.

. fave = ﬁ . sin? z cos® ¢ dx = 51;; . sin® z (1 — sin” z) cos z dr

= %‘Dﬂuz (1-u’)du  [whereu = sinz]
=0
. (a) Letu = cosz. Then du = —sinzdz = [sinzcoszdz = [u(—du) = —%uz +C = —3%cos’z + Ci.
() Letuw = sinz. Thendu = cosxdr = fsina:cos:cd:v = fudu: %U2 +C = %Sin2$+02.

(© fsinzcoszdr= [ %sin2zda: = 7%005232—\—03

(d) Let u = sinz, dv = cosxzdz. Then du = coszdz, v = sinz, s0

fsinzcoszdz = sin’z — [ sinz cos z dr, by Bquation 8.1.2, s0 [ sinzcosz dr = Isin®x + Ch.
The answers differ from one another by constants. Since cos2r =1 -2 sinx = 2cos® x — 1, we find that

1
2

2, 1__1

| _ : 2 1
4(;0323:7 sin 1 zcos" &+ 5.

. For0 < x < %, wehave 0 < sinz < 1, s0 sin® 2 < sinz. Hence the area is
/2, . . . 2 .
joﬂ (sinz —sin’z) dz = IOW/Z sinz (1 — sin’ z) dx = f;/ cos? zsinzdz. Now letw = cosz =

du = —sinz dr. Then area = flo u? (—du) = fol widu = [%ue']é =1

. sinz > 0 for 0 < z < ¥, so the sign of 2sin® # — sinz  [which equals 2sinx (sinz — 3)] isthe same as that

of sinz — 4. Thus 2sin” z — sinx is positive on (%, ) and negative on (0, F ). The desired area is

J37¢ (sinw — 2sin’ @) dz + [7/7 (25l « —sinz) do

= fﬂﬁ (sinz — 1+ cos2x) dx + f7/

;i i {1 —cos2z —sinz)dr

[-cosz—z+ %Sin?w]gm + [z - %Sin2x+cosg:}:;§

St R RS B CEE Sk IR R

il 4 2 2

It seems from the graph that fozﬂ cos® z dz = 0, since the area below the

x-axis and above the graph looks about equal to the area above the axis

and below the graph. By Example 1, the integral is

[sinz — § sin® x] gﬂ = 0. Note that due to symmetry, the integral of

any odd power of sin x or cos = between limits which differ by 2nr

(n any integer) is 0.
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58. ! It seems from the graph that f02 sin 27z cos Hmx dx = (, since each bulge
above the z-axis seems to have a corresponding depression below the

z-axis. To evaluate the integral, we use a trigonometric identity:

fol sin 2 cos Sz dr = f(f [sin{27z — Brz) + sin(27x + 5nx)| da

= ;12 f02 [sin(—3mz) + sin Trz] dx

= 3|35 cos(—3mx) — 2 cos 77Tm]§

=& -1n)-La-1j=0

5. V = [T, wsin® zdr=m [T, 3(1 cost)dxzﬂ'[%z-isin?r]:m:w(g— -240) =

60. Volume — [7/* w(tan’z) dz = = [/ tan? z (sec® z — 1) dz == ST tan® zsec® v da — 71'.[:/4 tan’ zdz

= fl}"/d wldu — 71'_[:/4 (sec’z — 1) d [where u = tan z and du = sec? z dz)

:ﬂ'[%”];r/; [tanxf,z, ﬂ[étansm—tanm-lr:c]gﬂzqr[%-—1+ﬂ -

61. Volume = 7 ]tﬂ/z [(1+cosz)? —1%]de == } *(2cosz + cos®z) dz
=n[2sinz + sz + isin&r}g/z =q(24 Z) =2m + "Tz
62. Volume = {72 [12 — (1 — cosz)°] da =« [7/? (2cosz — cos® z) dz

=7 [2sinz — Lo — isinQaz}gﬂ =x[(2—-F-0) -0 =27 - "72

63. s = f(f) = J sinwe cos® widu. Lety = coswu = dy = —wsinwu du. Then

&= —i j'lcouwl, 2dJ _ fé{%ye']iosut = %(1 — COstt)-

64. (a) We want to calculate the square root of the average value of [E(t)]* = [155sin(120mt)]* = 155% sin(1207t).
First, we calculate the average value itself, by integrating [E(t)])” over one cycle (betweent = Oand t = &

&60°

since there are 60 cycles per second) and dividing by (45 — 0):

(B, = s o [155% sin® (1207t)] dt = 60 - 155% [/ 4[1 - cos(240nt)] dt

1/60

=60 1557 (4) [¢ — 5 sin(240mt)] /% = 60 155° (1) [( — 0) — (0 - 0)] = 23¢°

2

The RMS value is just the square root of this quantity, which is iﬁﬁ = 110V.

(b) 220 = /[E(t)]2. =

ave

220° = [E(L)], = Thp S50 A2 sin®(120mt) dt = 60A% f/% 1[1 — cos(2401)] dt

1/60

= 304° [t — 24% 5111(2401715)] = 304 [(% — O) — (0~ [_})} = %Az

Thus, 220> = 1A? = A =220V/2~311V.
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65. Just note that the integrand is odd [f(—z) = — f(z)].
Or: If m # n, calculate
[™_sinmzcosnzdr= [T ;[sin(m —n)x +sin(m +n)zjde

1] cos(m—n)x cos(m+n)z]” —0
T2 m-—n m+n

—T
If rn = m, then the first term in each set of brackets is zero.

86. [7_sinmzsinnzdz = [7_glcos(m — n)x — cos(m + njz|dz. If m # =,

1[si _ .
this is equal to — sin{m = njz _ sin(m + n)e

] = 0. If m = n, we get
2 m—n m+n o

ffﬁ%[l —cos(m + n)xz]dx = [%T]iﬂ — [EH} B =r—0=m.

61. [T cosmzcosncdr = [7 1lcos(m — n)z + cos{m -+ n)z]dz. If m # n,

x o + v
this is equal to % [sm(m n)e + sin{rm + n);c] = 0. If m = n, we get
— T

m—n m+n

sin(m + )

[T 11+ cos(m+n)z]dr =[]+ [ 2(m+n)w]_ =mr+0=m.

1 [" 1 /[ {& mo
68. — 2} sinmzdr = — nsinne | sinmz| dr = = si i dz.
T f( ) 71-_/ [(;a 511 ) ] ngl p /_W 1L 77LE SIN NI (T

— —

. . . a
By Exercise 66, every term is zero except the mth one, and that term is — - T = Gm.
T

8.3 Trigonometric Substitution

1. Letz = 3secH, where 0 < § < T orm < 6 < 3. Then
dz = 3secOtanfdf and

Va2 —9=1/9sec?6 -9 = /9(sec?d — 1) = V9tan? 4

= 3 |tan #| = 3 tan # for the relevant values of 8.

1 1
/ r2/r2 -9 dz = [ 9sec?f-Jtanf

Note that — sec(f + ) = sec 8, so the figure is sufficient for the case 7 < 6 < 3.

vzt -9

35ec6tan6d6=%fcos€d6=%sin6+C=% . +C
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2. Letx = 3sin#, where —Z < 0 < 7. Then dr = 3cos 8 dff and

VI —122=+v9—9sin’*0 = \,'9(1 —sin29) = v9cos20

= 3|cos ] = 3cosd for the relevant values of 6.

[ ¥V — 2% de = [3%sin®0 - 3cosf - 3cosOdf = 3° [ sin® Bcos® O db
=3 [sin® B cos? Osinfdf = 3° [ (1 — cos® B) cos® fsin 6l df
=3° [ (1 -v*)u® (—~du)  [u=cost,du= —sinfab]
=3 [ (v —u?) du =3 (Ju° — su )+C*3 (Leos®8 — $cos0) +C

e [1 (9 45’32)5/2

5 30

(9— m2)5/2 ~3(9 72:2)3/2 +Cor —1(2*+6)(9 —)¥ty 0

1
5

3. Letax = 3tan®, where —3 < 6 < 3. Then dz = 3sec? 0 d0 and

Jxt+0

v +9=1/9tan?6 + 9 = /9(tan26 + 1) = VOscc2 §

= 3 sec @ for the relevant values of 6.

3% tan® 9

i .
/\/.1“3—}— o= f 3sech
=3 [(sec?® — 1) tanfsecfdf = 3° [ (u® — 1)du  |u = sec, du = sccftanf df|

1 (2% +9)*? _VETH9
3 34 3

sec’ Gt = 3° f tan® § sec 646 = 3° / tan’ 0 tan 6 sec § df

+C

:dd(;ua—u)—kc (aqec 9—-50(:9)—#073 [

= 1{z? +9)5“ 9y/a2+9+C or L(2®-18) Va2 +9+C

4. Let x = 4sind, where —n/2 < # < m/2. Then dz = 4 cosf dff and
VIB— 22 = /16 — 16sin28 = V16 cos2 6 = 4 |cos | = dcosf. Whenz = 0,4sinf =0 = & =0, and

when = 2+/3. 4sinf = 2v/3 = sind= % = f#= % Thus, substitution gives

2v3 ..'23 /"/3 43 sin 9

/3
deosfd = 43 ] sin® 6 df
0 V16 — 1172 0

4% / (1 cos 9) sin @ df
Jo

= —43 1/2(] - uz) dy = —64[11, — %713}

= o[(h &) - (- 4)] = sa(-5) - 4

Or: Letw = 16 — 2%, 2% = 16 — u, du = =2z dz.
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B. Lett = sec, sodt = sccftanfdd, L = V2 o= 6= Trandt =2 = @ = Z. Then

e a— paneds= [ = [ cotaar
S T - t = = €os
/:/2—, 3 /tE 21 dt ~s4 sec® ftant secvian [,/4 sec? 8 /n/4

9 . /3
= :/4 %(1 + cos20) df = %[9-!— %mn?ﬂ]ﬁM

1

=4[5 +3F) -G 0] =3(5+F-1) -

6. Letx = 2tan®, sodr = 2sec?8df,z =0 = O=0,andz=2 = &= 7. Then
'02 222 ¥ dde = Oﬁ/‘l P tan® @ - 2sect - 2sec’6dd = 2° f;/4tan293ec285ec8tan6d6
= 25 {7 (sec? § — 1) scc? B secf tan 6 db
=2° flﬁ(tf —Du?du  |u=sech, du = secd tan 6 df)
=2° flﬂ(u"" —u¥)du= 2%t ~

=32(Fv2+ ) = #(v2+1)

Or: Letn = z° + 4, 2% = u — 4, du = 2xdz.

1. Letx = 5sind, so dz = Hcos G df. Then

1 1
——————dr = | ——————5cos0df
f x24/25 — 32 v ] 52sin® @ - 5cosd €08

:2—15fcsc29d€: —2—15 cotd - C

1 — g2
- 1v®H-a .
25 T

B. Letr =asecf, where} < 0 < Jorm <8< 3?“ Then
dxr = asecftanfdf and vz? — a? = atanf, so

/ Vi — azdm* atan®
T N

atsectd

asecf tan 8 df

:%/Sin29cosf)d9
a

3/2
]. .. 3 (Iz - (],2)
= 32 sin"8+C = Taaigs +
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9. Let x = 4tanf, where —3 < # < 5. Then dr = dsec® 8d6 and

VZT+16 = V16tan? 8 + 16 = \/16(tan® 6 + 1)
= +/16sec? § = 4 [sec 8}

= 4 sec & for the relevant values of 6,

dz [ dsec”6df
VzZ +16 . 4sect
\\/ﬁ + 16
:11'1 —4'**“”+

= /secgdﬂ =lIn|secd +tanf| + Cy

g + :ln%/$2+16+$| —Injdl +Ch
:ln(\/:c2 + 16+$) + ', where C = C — In4.

(Since vx2 + 16 + z > 0, we don’t need the absolute value.)

10. Let £ = +/2tan 8, where -3 <8< 5. Thendt = V2sec? 8d6 and

VIZ£2 =+2tan?8 + 2 = /2(tan?0 + 1) = v2sec?f

= /2 sech! = V/2secd for the relevant values of 6.

. 5 5
]mr;__ﬁ dt:f——4£:::99\/§sec26d9:4\/§ftan59sec9de:4\/§/(sec29—1)zsccgtaned9

=4\/§f(u2 — l)zdu lu = secf, du = sec @ tan 8 48] =4\/§f (u4—2u2+l) du
« 2

=42 1u“’f,—u‘3+u +C:4\/§

35 3 15

2 2 2 2
_4v2 Vi +2[3_(t+2) 10t+2+15J+G
15 NG

w(Fu® — 10u® + 15) + C

2 2
AV 2L [3(t + 4* +4) - 20(t° + 2) + 60) + C

= SVEE+2(3t - 82 +32)+ C

11. Let 22 = sinf, where ~Z < ¢ < Z. Thenz = 3 sin,
dz = 1 cos6df, and v1 — 42% = \/1 — (2z)° = cos¥.

JV1—4z2dz = [cosf (3 cosb)df = 3 [ (1 + cos20)df

=1(0+ 1sin20) + C = (8 +sinfcost) +C

= % {sin_l(Q:E) 4+ 2z 1~ 43:2} +

12 .]'Ulsc\/:c2+4dw=ﬁ\/ﬂ(%du) [u =1+ 4, du = 2z dz] :%-%[u:‘/ﬂ
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13. Letz = 3sech, where 0 <8 < Formr <6 < 3% Then
dr = 3secBtanfdf and /x? —~ 9 = Jtanf, so

tan? @

Ve 3“““6 SSeCGtanOdG#— o
3 gec? ¢ 3

=1 [sin?0df =5 [ $(1—cos260)df = 36 — Lsin20+C = 36— gsinfcosd +C

— e (§) g o= () - S e

14. Letu = v/5 sin @, so du = /5 cos @ df. Then
1

V5 cosfdf = —fcsc@d@
V5

du 1
./u\/54u2 _/ V5 sin® - V5 cosd

— ln|csc9 —cotf| + C [by Exercise 8.2.39]

— 12
\/_\/5—"u_+c,
U

u

5—u2

15. Letx = asind, where —3 <0 < 7. Thendz = acos 8df and

a2
sin? #acos 8 df
Py / tan® § df

(sec29—1)d9:tan9—6-+—6'

T S
- — 51I1 '*+C
0.2—.'52 a

16. Let4x = 3sect, where 0 € 8 < —0r7r<9< 2% Then
dr = Zsecﬁtanﬂdﬁandxllﬁmz—9:3tan9,so

3 3 sec ff tan 0d6

] 1‘2\/16@“2 / *sec2f3tand

4 4 . 4
_§/c059d9_§sm€+0—§

17. Letw = 2° — 7, so du = 2z dz. Then]-ﬁ:_?dw=
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18. Let ax = bsecd, so (ax)’ = ¥ sec” @ =

(a:zc)2 — 0 =b?sec?H — b2 =7 (S(ac2 86— 1) = b tan? 6. So

i{az?) —b% =btanf, dzx = g sec 8 tan 8 40, and

b v
f da 573 :/ “S:CQt:ng 2/ sec29 = %/ iOZ% do %/cscﬂcotﬂdf)
[(am}2 -bz}' b3 tan® @ ab tan® @ a sin a

1
:—?LSCB-I—C
U aa:) —b2
19. Let 2 = tan §, where —§ < ¢ < % Then dx = sec® ¢ df

and /1 + 22 = sec#, so
]
f\/1+.r /%e('ﬂ 2odo — /SCCG 1+tan 8) do
T

= f(csc @ + secftand} df
= In |cscf — cot 8] + secd + C  |by Exercise 8.2.39]

A/ 2 ,‘;‘1 2 2/ 2_1
= In l+z —i+ :—m +C_ln‘1++'+\/1+a:z+c
z

20. Let{ = 5sind, where —3 < 6 < 3. Then dt = 5cos @ dé

and /25 — #2 = Bcos 8, so

/ﬁdt—/gjl—x&osﬁdG:S/Sin()da
. o — 108

i 42
:v5c089+():—-5-2—55tw+C:ﬁ,/25,t2+()

Or: Letu = 25 — 12, so du = —2t df,

N letu=4—922 = du=—18zdz. Thenz’ = ¢4 —u)and
[2/5 a9z de = [} 2(4 — u)u'/? (—%)du:—ﬁ]ﬁfﬂ’i (41;1/2—1;3/2) du

.1 [8, 872
H

=L u5/2r _ __1__[% B 64] _ 64

o 162 5 1215

2
5

Or: Let 3z = 2sinf, where -3 < g

22, let z — tan @, where —% < 8 < % Then dx = sec? 6 df,
vVzZ+l=secfandz =0 = 8=0z=1 = §=7 50

[i Ve ¥ lde = f;/4secﬁsec29d9— ["/4&3(- 6 df

T/4
= % {secﬂ tan @ + In |sec & + tand| ] [by Example 8.2.8]
0

= %[\/5-1+1n(1+\/§) —0—ln(1+0)] = %[\/5+ln(l+\/§)]
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2.5 +4r—z*=—(z° —dz +4)+ 9= —(z —2)* + 9. Let
T —2=3sinf, -4 <0< %,sodz:ScosBdB. Then
[Vo+az—a2de=[/9—(z—2)%de=[9—9sin*63cosdb
= [ V9cos?#3cos0df = [Ycos” Ol
=2 [(1+cos20)df = 3(0+ 3sin20) + C
=326+ 3sin20 + C = 26 + §(2sinbcosf) + C

(.r 9 z-2 \/5+4$—$2+C
2
1
2

—sin~
2

= gsin”
T2

.62 —6t+13= (2 6t +9) +4=(t—3)" +2° Lett — 3 = 2tané, Jit-3p+ 2
=6 +13

1 .
3 3
1

(2 —2Wh+4x -2 +C

-2
=)
T -2

so dt = 2sec? § d6. Then

/ dt _/ 1
VE—6t+13 S 9 tang)? + 22

= [secfdf = In|secd +tanf| + C1 [by Formula 8.2.1]
V2 —-6t+13 t-—3

2 +—3 +Ch
=1n|\/t2—6t+13+t—3|+0 where O = C; —1In2

3 2sec’ 0
= | —/———d#
2sec” @ df / P

=In

1
s d
25.9:1:2+651:—8:(3:c+1)2—9,solctu:3w+1,du=3d9:.Then/ dz = 3 2%
V92 +6x—8 u —9
letw = 3sect, where0 <8 < Zorm < 8 < 3% Then du = 3sec@tanfdd and vu2 — 9 = 3tanb, so

+ Ch

1 du sec @ tan 8 d@ utViZ—9

3tan@

=3infu+ V@ 9|+ C = {mf3s+1+ 0P+ 68|+ C

2. 4r —o° = ~(2® —dz+4) +4 =4~ (z—2)", soletu =z — 2. Thenz = u + 2 and dz = du, s0
’dr (u+2°%du [ (28in8 +2)°
Viz — 22 4 — y? 2cos8
=4 [ (5in®6 + 2sin 6 + 1) df
=2 (1—cos20)df+8 [sinfdf + 4 f do
=20 —sin26 — 8cosf+ 46+ C
=660 —8cosh — 2sinfdcosf + C
=6sin" (u) —4vVA-u? - fuvd-u?+C

—ﬁsin_l(xTz) — 44z — 22 — (E;Q) Ve — 22+ C

2cos0df [Putu = 2sind)
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27. 22+ 22+ 2= (x + 1)* + 1. Letu =z + 1, du = dz. Then

dz Cf du [se0d0 [whereu = tand, du = sec® 0df,
/(m2+21-+2)2 T @21 ) sectd and 12 + 1 = sec?

= fcos?0df =% [ (14 cos20)d = 1(0+sinfeosd) + C

41
x4 2z 4+ 2

:é{tan"luﬁ— l+c—§ tan '(z + 1) + }4—()

L+u

23.574237.772:—(m2+4$+4)+9=9—($+2)2. Letwu=r+2 = du=dz Then

' [ 3cosfdf where 1 = 3sin 8, du = 3cos o,
/(5_443 2)5/2 /(9 2)5/2 ~ /] (3cosf#)3 and +/9 — u? = Jcosd

= %fscc fdf = 8—111 (tan 9+1)scc29d9: %[%tane'f?—{—tanug] +C

3 b 1 . 9 3 9 )
T p— po e L =42 7 +d | ,¢
243 ( )1/2 V9 — u? 2431 (5 — 4z~ x?) VH —dz ~ 12

29. Let u = z°, du = 2z dx. Then

frv1—xdde = [V1—u?(}du) =4 [cosb-cosfdd l

where © = siné, du = cos# df,
andmzcosﬁ ]

= f%(1+c0529)d8:19+lsin2B+C:19+1sin90059+6'

=lginTlu4 3 u\/I——uz+C —s:.m (a? ﬁ 2 1-—at+0C

30. Letw = sint, du = costdt. Then

Tl","?

_cost where 1 = tan #, du = sec? 8 d@,]

0 V14 sin® ¢ / vl+u2 / b((e and 1 + u? = secf
/4

= _]';/4 secdf = [ln |sec & + tan 9\]0 [by (1) in Section 8.2]

=In(v2+1) —In(l +0) =In{v2 +1)

3. (a) Letx = atan @, where — 3 < 6 < . Then vz? + a® = asecf and

/ dx _/ asec’ fdf _ /secf?d@*
VEE+ a2 asect ’ o

:ln(m+ I2+a2) + € where C' =y —lnlg|

soc’ 6. df [

(b Let & = asinh ¢, so that de = acoshidt and v/22 + a® = acosht. Then
acosh tdt

/\/m2+a2 /acoshf

32. (a) Letx = atand, —§ < 8 < 7. Then

2 ? tan® , ? sec” § — 1
I:[:E—l —/ggta—n?'gascczﬂdf?:/tang(iH:deQ
b (x4 a2)®? a®sec3 f secd sec

= { (sect — cost)d# = In|secd + tanf| —sinf + C

| v+ a? . @ T
=In|l—m + = | - —/—/———
a a v+ a?

=t+ C =siuh™! z + C.
a

T

) 2 P R
+C = ln(1+ ? +a ) m +
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(b Let x = asinht. Then

2 . 12
:]a—aﬁ%amshtdtzftanh%dtzf (l—sechzt) dt =t —tanht+ C
a3 cos

=sipn ! f L (C
a

fal + T2

. The average value of f(x} = +/&% — 1/z on the interval [1,7] is

7 O [ where z = sec 8, dr = secf tanf db,
1 i ! dr = / tan -secPtan @ dd
7T-1 z o Bec \/:rz—l:tanﬁ,andazsec‘l'T

Jo tan® 0d8 = Iy (sec® @ — 1) db

tanﬁfﬁ]::%(tana—a)
\/E—sec_lﬂ
9z% —4y* =36 = y=ﬂ:% -4 =

area=2 5 3o —dde =3 [} 27 - ddz
where T = 2sec,

=3[ 2tanf2secHtanfdd |dr = 2secftanfdd,

@ = 8CC

=12 [* (sec?§ — 1) sec 8d@ = 12 [* (sec® 8 — sec§) db
(&) Q

=12[3(secftan® + In|se ) — In|sect + tan @]

zfi[seCBtanﬁ— ln\scc&+tan8|]a
0

o[ (g )] = o - m(25)

4

. Area of APOQ = 1(rcos®)(rsin@} = 1r®sinfcosd. Area of region PQR = [ v/r? — 2% dz.
Letz =rcosu = dr= —rsinudufor® <wu < 7. Then we obtain

[T =2?dr = [rsinu(—rsinu)du=—r° {sin? udu = —37*(u — sinucosu) + C

=—1r2cos (z/r) + FxV/r - 22+ C

r

area of region PQR = 3 [ r?eos Hz/r) + 2 /r? — a:2]

= 1[0~ (~r%0 + rcos B rsin 6}

rcos @

i — %T ginfcosd

and thus, (area of sector POR) = (area of APOQ) + (area of region PQR} = 3
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36. Let 2z = v/2secf, where 0 < 8 < gom << 37”,30 dr = /2 sec tan 6d8. Then
/' dx _f V2 secOtanf df
w422 — 2 4dsectd+/2tand
=1 [cos®@dp =1 [ (1—sin’ ) cosfdb
= 1[siné — 3sin’ 6] + C [substitute © = sin 6]

v (o9 +C
4 T 33 -
~02

From the graph, it appears that our answer is reasonable. [Notice that f(x) is large when F increases rapidly and
small when F levels out.|

37. From the graph, it appears that the curve y = z%y/4 — 2 and the line
y = 2 — z intersect at about x = 0.81 and x = 2, with Vi —z?>2~zxon
(0.81,2). So the area bounded by the curve and the line is A ~
2 b T 2 2 212
Jo.51 [r Vd—xt— (2~ x)} de = [, v Vi —z?dr - [2$ — 3z }D.Bl'

To evaluate the integral, we put z = 2sin @, where —3 < 6 < Z. Then

0
dw = 2cos@df,c =2 = O=sin"'1=F andz =081 = 0=sin"'0.405~0.417. So

[l wtVa—atde ™2 44in® 0 (2cos0)(2cosfd) =4 [T «in?20d0 =4 [T/7 1(1 — cos46) db

0.417 0.417 0.417 2
—2[8 - Lsin4g]7"2 = 2{(5 ~ 0) - (0.417 — §(0.995)}] ~ 2.81
Thus, A~ 2.81 — [(2-2—} 2%} — (2. 0.81 — § - 0.81%)] ~ 2.10.
38. Let = = htan @, so that d = bsec” 6 df and /22 + b? = bsec 6.

L—a B2
E{P):/ Ab azdm: Ab / 1 3bse(‘.29d9
—o  dmeo{x? +62)¥ dmeo Jo, (bsecH)

A A" A o]
" dwegh /6.1 sec = dmegh j,;l cos0df = dmegh [sm@]al

A [ x T’_a_ A L—a + a
Arenb | Va2 + B2 _, dmwegh \/(Lwa)2+b2 VaZ + b2

39, Let the equation of the large circle be 22 + y? = R*. Then the equation of the small circle is z° + (y — b)* = 7,
where b = vV R2 — r? is the distance between the centers of the circles. The desired area is

A=f" [(b++vrT—2?) - VR =22 }de =2 ] (b+Vr? -~ 22 ~VR? —2%) dz
=2 [ bdr+2f Vi? —a?dx -2 [J VR? —a?dx

The first integral is just 2br = 2r /B2 — r2. To evaluate the other two integrals, note that

fvVa? —a?de = [a®cos®0df [r=asind, dzr=acosfdf] = La® [ (1 + cos26)df

=1a*(0 + 15in268) + C = 1a° (0 + sinfcosh) + C
2

2 2 fa 2 :
% arcsin(z) + L (E) ve - % +C = 92—— arcsin(g) + %‘/“2 —z2+C
a

2 \a a
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so the desired area is

A=2r VvR? —12+ [7‘2 arcsin{z/r) + £ V12 — :cz]; - [RZ arcsin(z/R) + z v/ R? — 592]0

RZ - v 4+1r8(Z) - [R2 arcsin(r/R) +r v R? — ’rz] =r/R? —r? + Zr® — R® arcsin(r/ R)

. Note that the circular cross-sections of the tank are the same everywhere, so the
percentage of the total capacity that is being used is equal to the percentage of any

cross-section that is under water. The underwater area is
, 2 2
A-?f_5\/25—y dy

2
= [25 arcsin(y/5) + ¥ v 25 — y2] ; [substitute ¥ = 5 sin 0]

—25arcsm +2\/_—+ 250 ~ 58.72 ft*

72
so the fraction of the total capacity in use is w—(%)_z Rz 5—28—5? 72 0,748 or 74.8%.

. We use cylindrical shells and assume that K > 7. 2 =t = (y - R)2 = r=2./r?—(y— R)% 50
g(y) =27 —{y - R)?and

Vo= jR+T27ry 2./ —(y— R)Zdy= [’ 4r(u+R}Vr? —u?du [whereu =y R]
=4ijrumdu+4ﬂRfirmdu wherey:rsmt?, dy:rcosBdG

in the second integral

=4w{—%(rz—u )3/2]r + 4m Rf"/2 2 cos? df = —42(0 — 0) + 4w Rr® f“/Z cos® 0 df

= 2w Rr f"/ 1+ cos20)df = 2 Rr? [9 + % sin 29} if/z = 972 Rr?
Another method: Use washers instead of shells, so V = 8z R { /72 — y® dy as in Exercise 6.2.61(a), but evaluate

the integral using y = rsin@.

8.4 Integration of Rational Functions by Partial Fractions

2x A . B
(z+3Bx+1) z+3 3x+1

(S p—— : -1 .4, 5
2l +r x(x2+2r+1) zz+1) oz

r—1 z—1 A B C
2 = =24 =
(a) 3+x2 i z+1) = +.’,1:24-:1:—}—1

z—1 z—1 A Bzx+C
b = = —
();r:3+:c z(z?+1) a:+:n2+1

3. () 2 _ 2 A +
) 22+3z-4 (z+d(x-1) z+4 =z-

$2

(z—D(z2+z+1)

1. (a)

(b) 22 + z + 1 is irreducible, so
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x® 132 + 12 13z + 12 A
Y g g4t A ——
Zimts TV Eiars Y ey z+1 T+

2z 41 A B C Dz + F Fr+G

(o) (z + 1)3(x2 4 4)? T+l + (x4 1)2 + (z+1)3 + 24+4 (2?24 4)?

4 4
D Y S R D
= 71+m4— [or use long division] —1+(m241)(m2+1)
1 A B Cx+ D

=1
+(:r:—1)(a:+l)(:c2+l) +:rsﬁl_l—$+1 241

t*4+4°+1  At+B  Ct+D  Et+F
2+ (2 +4)°  2+1 0 2+4 0 (12 4)?
z? B ! _ z? _Az+B Cz+D
(@ +a)(z2—z+3) @+l -2+3) (@241 —c+3) T or241 z22-x+3
1 1 1 B D Ez +F

®) ; 25— 2% g —1) :E3(:c-—1)(:r:2+:c+1)_ 72 IL‘*1+LE2+CC+1

] mb,dx: —/(1+—£~—>dac—$+6ln|z—ﬁ|+0
€T~ 6 .

) / dr—/(:;iﬁ Tf4)dr:/( - )dr [or use Jong division]

=1r’ —4r+16Ilnlr + 4|4+ C

.(T+wr;(9 2): is+TBQ.Multiplybothsidesby($+5)(:c—2)togeta:—9=A($42)+B($+5).
x+5)x — x  —

Substituting 2 for = gives =7 = 7B <« B = —1. Substituting -5 for z gives —14 = —7A < A = 2. Thus,

4. (a)

(b)

. (a)

z—9 2 -1
- dr — 2+ 5 —lnlr —
‘/‘(m+5)($_ﬂ2)dm /($+5+£L‘—*2) r=2Inlr+5 —Inlze-2|+C
1 _ A B
SR Ty R R

= 1l=A@¢-1)+B{t+4).

/mdt_,/(t_-lﬁ-/j+ 1/51)dt —injt+4j++tnft-1+C or éln :

1 A
22—1 (r+ 1)z —1) - :r:+1+
1 = Alz — 1)+ B(z + 1). Substituting 1 forx gives 1 =28 & B =3
Substituting —1 for z gives 1 = —24 < A = —3. Thus,

3 3
1 —1/2 172 .
[2 Iz_ld:r,:/g ($+/1+$£1)d$={_%1n{z+1|+%ln|$_1”2
:(—;ln4+%ln2)—(—%1113+%1n1):%(1n2+1n3 In4) [oréln%]

1 A B
. 3"2—T—3r+2 =~ —— Multiply both sides by (z +1)(x +2) o getz ~ 1 = Alx +2) + Blz +1).

Substituting —2 for z gives —3 = —B < B = 3. Substituting —1 for x gives —2 = A. Thus,

1 1
9 3 1
_—_— — —_— d“: —‘21 rl 2
fo . - dr ](J(z+l+.r+2) z=[-2In|r + 1|+ 3Inlz+ I]U

=(-2In2+3In3) — (-2In1+43In2) =33 -5mm2 [or ln3]]

lj T Multiply both sides by (z + 1){z — 1) to get
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ax ax a
- = | —— = =al —bl+C
13'/12—bwd$ ]m(m—b)d$ /m_bdm aln|z — b +

1 1 1 1 .
= — , soif b, then
14. i a # b, FraEth b—a(m+a $+b) soifa #

d 1
/(:c+a);(na:+b) - b,a(ln1$+a|—ln|w+b|)+cz

d 1
Ifa:b,lhﬁl’]f (:I:+$a)2 =—$+a+6‘

\ (2$++1:)32 = mi I + ( f1)2 = 9z4+3=A(z+1)+ B. Takex = —1toget B = 1, and equate
x x

coefficients of z to get A = 2. Now

Yoz +3 o2 1 [ 1 ]!
2T e dz = |2ln(z + 1) ~ ——
o @1 /0 [$+1+(x+1)2] z= 2z =7 )

=2In2—-1-(2mn1-1)=2m2+

2’ — 4o - 10 _ 3w —4 : 3z —4 A B

-z —6 e +( -3z +2) ne(m—3)(:1:+2) w—3+a:+2 e

3z - 4=A(z+2)+ B(z —3). Takingz =3andz = -2, weget5 =54 & A=land-10=-58 &
B =250

1

1.8 4 1
/dezf (m+1+;+ 2 )d.:c—[%$2+:ﬂ+ln|:ﬂ—3l+21n(ﬂs+2)
0 0

22—z -6 3 z42 o

= (1 +1+In2+2Ww3) - (0+0+mIn3+2ml2)=3+I3-Im2=]+In]
4y? — Ty — 12 A B c 9
—  J ot DT = 4yt Ty —12=A(y+2)(y—3) + By(y — 3) + Cy(y + 2).
D=8 v vz y-3 (y+2)(y—3) {(y —3)+Culy+2)
Setting y = 0 gives ~12 = —6A4,50 A = 2, Settingy=—2give318=IOB,soB:% Setting ¥ = 3 gives

3=15C,s0C = ;. Now

24yt Ty - 12 fz( 9/5 . 1/5
ZY VS gy = NI A LA )d—an +2nly+2/+imly-3
/1 eV, Satyog) W [21n]y| ly+2| ly - 311

:21112+%1n4+%ln1w21n1—%1113—%1n2

=22+ ¥m2-L{n2-2n3=LIn2-¢n3=4(3In2-1n3) = Zln

2l 422 —1 22421 A B C
. - =2 —~ . Multiply b -
- PP Y P :c+:c+1+ ultiply both sides by z{z + 1){x — 1} to get
#2422 - 1= A(x+ 1)(z— 1)+ Bz(z — 1} + Cx(z + 1). Substituting 0 for x gives -1 =-4 & A=1.
Substituting —1 for z gives —2 = 2B <« B = —1. Substituting 1 for z gives 2 = 2C <« C = 1. Thus,

1 -
—/<—— ! +——)d:r::1n|:r:|—ln|:c+1|+ln1x—1|+CAlnE—(:E—l)

P +C.
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19 ! A, B L .C
@e5lle 1) ©E5 (@+5)

o= —5gives] = —6B,s0 B = —¢. Settingx = 1 gives 1 = 36C,s0C' = = Setting x = ~2 gives

= 1=A(z+5)(z—~1)+ B{z - 1)+ C{z +5)*. Setting

r—1
1= AB)—3)+ B(-3) + C(3%) = =94 ~3B+9C = —9A+ 3 + § = 94+ }.5094 = —F and

' 1 _ -1/36  1/6 1/36 v
/($+5)2(m—1)(i$—f[x+5 (;1;+5)2+5L‘41 d

S TNR S
B 6z -5 @ 36

A= —ﬁ. Now

Injz -1+ C

x? A B C
} = + + 5
(z-3z+2)2 z-3 x+2 (x+2)
Setting = = 3 gives A = = Takez = —2toget C' = f%, and equate the coefficients of z° toget 1 = A+ B =

= 2= Az +2)° + Bl - 3)(z +2) + Clz = 3)

B = 1. Then

? _ [/ 16/25  4f5 ]
[ (m—3)(:ﬂ+2)2drj[w~3+w+2 wr2e)
4

9 16
=—Inlt—-3+=njz+2 C
% n |z |+25 nlz+ |+5($+2)+

Br? + 3z -2 S52f43:x—-2 A B C , 2
. = = — + — + ——. Multiply b 2) to get
x% + 222 z? (¢ + 2) :1:+392+:r,+2 ultiply by 2%(z +2) to ge

522 4 3z — 2= Az(z + 2) + Bz + 2) + Cz® Setz = —2to get €' = 3, and take = = 0 to get
B = —1. Equating the coefficients of z* gives 5 =A+C = A =2 So

“Bet b dr -2 21 3 1 )
/_J‘de:/ (E—:L_,z+I+2)d$=2111|f£|+;+3]nCL‘+2|+C'.

14

ad —~ - —1)2 s— 12+ CUs?(s — a2,
T +5_1+(871)2 = 1=As(s—1}*+ Bis —1)*+ Cs*(s — 1) + Ds

Set s =0, giving B =1, Thensets = 1 to get D = 1. Equate the coefficients of stoget0=A+C or
A= ~C,and finally set s = 2toget 1 = 2A+1—-44A+4 or A =2 Now

" ds 2 1 2 1 . 1 1
I/m—'/‘{3+;§m%‘m]ds21n|3\—;—2]n15—1—s_1+c.

B ¢ D
52

g g

x? A B

SrEiEie

. - . 13 2: 2 N
o + i + EFEE Multiply by (z+ 1) togetz® = A{z + 1) + Blx + 1) + C

Setting © = —1 gives ¢ = 1. Equating the coefficients of x? gives A = 1, and setting = = 0 gives B = —2.

Now/ e’ de mf 1 2 + L de = In|z+ 1] + 2 ! +C
(x+1)3 z+1 (z+1)?  (x+1)° e z+1 2(x+1)? '

T+l 24+l 7m+1,so(w+1)3:

g 3 3 1 3 1
= [ |1~ - dr =~ 3Wnjz+1] - ,
] 5 dr /{ m+1+(x+1)2 (:H—l)?l z=x—3njz+ 1 H1+2(m+1)2+c

. Thus,

T (z4+1)-1 1 z? [ 1 r”l 3 .3 1

T z+1 T+l (z4+1)2 (z+1)3
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. 10 __A | BziC
"(z-1D(x2+9) z-1 2249
10 = A(z? +9) + (Bxz 4 C)(z — 1) (+). Substituting 1 for x gives 10 = 10A <« A= 1. Substituting 0 for z

2 . Multiply both sides by (z — 1}(z” +9) to get

gives 10 =94 —C = C =9(1) — 10 = —1. The coefficients of the z*-terms in (*) must be equal, so
0=A+8B = B=-1.Thus,

/ 10 d/1+_$_1da:—/lA""_1 o
D@39 a1 T @)Y T J\zT1 229 2249

=lnjz -1 — %111(1‘2 +9) fletu = 2 +9] — %tan_l (%) [Formula 10] + C

I2—£+6_$2—ﬂ’,‘+6_é Bx+C
" +3c 0 z(@?+3) 0 z2+3

. Multiply by a:(acz + 3) to get

2? —x +6 = A(z® + 3} + (Bx + C)z. Substituting 0 for z gives 6 = 34 < A =2 The coefficients of the

x%-terms must be equal, so 1 = A+ B = B =1—2= —1. The coefficients of the z-terms must be equal, 50
—1=C. Thus,

> —z+6 2 —x—1
T 72T e = 2L Yy
/ x3 + 3x de /(m+$2+3) v
1, 1
=21n|w|—§ln(m +3) — —= tan

V3

:n3—+—a:2+2:n+1_A3:+B Ce+ D
(@2 D(z2+2) 0 2241 22420

Bl +2+1=(Ar+ B)2®+2) +{Cax+ D)(z*+1) &

Multiply both sides by (z* + 1) (z* + 2) to get

¥+ a2? + 2 + 1= (A2® + Bz + 24z +2B) + (C2* + D+ Ca+ D) &
Ptz +2c+1=(A+C)2® 4+ (B+ D)z* + (24 + C)x + (2B + D). Comparing coefficients gives us the
following system of equations:
A+C=1 (1 B+D=1 (2
2A+C =2 (3) 2B+D=1 @

Subtracting equation (1) from equation (3) gives us A = 1, so C' = 0. Subtracting equation {2} from equation )

P+’ +2r+1 z 1
ivesus B =0,s0 D =1. Thus, I = = —_ .
gives us S0 us / @+ D@~ 2) dx /(:r?+1+:c2+2) dx Forf

T

P dz,
T 1 1 1 2

L o dr=zf Zdu=-= I

P — du 2ln|u|+C an(a: +1) + C. For

letu = z° + 1sodu =2xdz andthen/

1
f—wd:ﬂ,useFormula 10 with a = /2. So[ 21 d:c:[—wu-—l—dx:——
J =42

x2 42

1 1
Thus, I = 3 In(z® + 1) + —=tan™" Loic

V2 V2

2 —2r—1 A B Cz+ D

E- 1Pty -1 (m-1p @+l
2?27 1= Alx —1)(z? + 1) + B(z® + 1) + (Cz + D){z — 1)*. Setting ¢ = 1 gives B = — L.

Equating the coefficients of z* gives A = —C. Equating the constant terms gives ~1 = —A — 1+ D,so D = A,
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and setting # =— 2 gives —1 =5A—-5—2A+ A or A= 1 Wehave

z? -2z —1 gy — 11 _m—l}dw
f($1)2(1'2+1) - z—-1 (z—-1)2 2?2+1
:1n1$—1\+—1—1——ln(:ﬂ +1) +tan 'z +C

z+4 e+1 3 1/(2$+2)dm / 3dx
_EtE e P e | —2—dz == n
29']3:2+2:c+5dw /:52+2$+5dT+f3:2—+—2a:+5 =3 ) 22 2z +5 (z+1)2+4

2 du where  + 1 = 2u,
4u? +1) and dz — 2du

= 11‘9:2+2:c+5|+3/

1 ; 3 z+1
In(z? + 2z + 5) + gtan_lu+0=Eln(m2+2:r+5)+§tan1("6; )+C

:233—2932+33+1_;1'3*2332+I+17AIL'+B Cz+ D

el 15t +4 (22412 +4) P+l 2?44

z® —2z% +x+1=(Az + B)(z? +4) + (Cz + D)(2” + 1). Equating coefficients gives A + C = 1,
B+D=-24A4+C=1,4B+D=1 = A=0,C=1,B=1D= -3 Now

@ 20 p dx z—3 1 % an
[ T b 1 4 (im:_[$2+1+.[$2+4drztan T+ 3 ln(.r +4) — 2tan” (z/2) + C.

30.

1 1 A Bx+0C

= = 1=A(z” 1) + (Bz + C)(z —1).
-1 (z—1Hx24z+1) a?——1+:£2+33+1 (" 42+ 1)+ Bzt C)e—1)

Take = 1to get A = &. Equating coefticients of z” and then comparing the constant terms, we get 0 = 3 + B,

1—-— , soB——— C‘_—g 23

1 iz -2 1 T+ 2
d _L3 3 e =1 1= == 4
f “ x +/$2+m+ld$ sinlz—1] R e

SVRRRIE Y g S3VE PO 1
3) 2+zx+1 3 (;c+1/2 ) +3/4

1
— linjz—1|— Lln(z? {2t T3
=ilnjz—1—tln(z" +z+1) Q(ﬁ)tan (\/3/2)4—}(

z%1n|$—1\—%ln(w2+x+l) —ﬁtanﬁ (ﬁ(Qm-{—l)) + K

32_f1J__d$=/1Mdm_2/'li__
o @ +4x+13 Jo 2 +4z+13 0 (r+2)2+9

_1/18@ Qfl 3du where y = 2° + 4z + 13, dy = (2z + 4) d,
2 2/3 U +9 r+2=3u,anddr = 3du

Myl = fean™l g, = S35 - £(3 5))
I

g+ g tan 1(%)

1
Pl
1
2

18 _
13
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33, Letu = z° + 3z% + 4. Thendu = 3(z° +2x)dz =

5 2 204

¢ + 2z 1 du 4 Ly 1

f md.’l)ﬁg'/;‘l —J:%[lnugg 3{111204 11124}=%1I12—204&:§1ﬂ .
2

2 z® _(:1:3+1)ﬁ1 - 1, A Br+C
N 241 - 3 +1 z+1 zx2—x+1

1= A(e® — 2+ 1) + (Bz + C){(x + 1). Equate the terms of degree 2, 1 and Qtoget0 = A+ B,
0=-A+ B+, 1=A+C. Solve the three equations to get A = é B= —%,andC = % So

. 3 1
_ __3
/9:3+1d$ f[l r+1

2r —
—-:c-——lnj:r:+1ﬁ+ /3:2_——_ T

=z—1iljz+1[+3in" -z +1) - \}gtan_l(v%(2m—1))+f{

1 1 A B C D
. = =—+4+ = —— . Multiply b -1 to get
2l p2 :1'2(33—1)(:13-{—1) $+ﬂ?2+m—1+ +1 ulply yI(I )(:II+ )oge
1=Az(z—1)(z+1)+ Bz ){z+ 1)+ Cz?(z +1) + Da*(x — 1). Setting = = 1 gives C = 1, taking

x = —1 gives D = —1. Equating the coefficients of z® gives 0 = A + C' + D = A. Finally, setting x = 0 yields

dx ~1 1/2 1/2 1, -1
B=-1. _ = _— = - dr == C.
NOW/:L“i*:CZ _/[a:er:c—l x-{—l} —|- In|Z 1 +

3. letu=z*+522+4 = du= (43:3 +10z) dr = 2(2273 + 5z) dz. s0

1 3 10
22° + 5z 1 du o L s
/ At =g [ = i[n]) = fm0-me < jig

37_/-”'5——32(133, 3’—‘23,..,,2,@_ v g withu=z+1)
(22 + 2z + 4) [(z + 1) + 3] (u? +3)

_ f u du f / /' V3sec? §do v = u? + 3 in the first integral;
(u? + 3)* {u? + '%) Ysect § w = +/3tan § in the second

-1

_ 4\/_/(:05 fdo = 1 2\/5(9+sin9c039)+0

~ (2v) 2(u? +3) 9

B ~1 2v3 [ . fz+1 V3(z+1)

T2zt 4+ 224 4) 9 [tan ( NE )+CE2+2$+4 +C

_ -1 _2\/:§tan,1 c+1\ 2z +1) e
2(z2 +2x+4) 9 V3 3(x2 + 2z + 4)

zt +1 A Ba+C Dzx+ K 2
38 - = 4-|—1:A 2+1 +{Bx+C 2+1 + (Dz + E)z.
@) = @Al @iy ( +1)" + (Bo + O)z(2” +1) + (Dz + e

Setting = = 0 gives A = 1, and equating the coefficients of x4 gives1 = A+ B,so B = 0. Now
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C De+E _ 2*+1 1 1
2241 (22417 z(=2+ 1) T oz

. - s0 we can take C' =0,
(x2 4+ 1)

(z2 + 1)
4 v
et 41 1 2 1
—_  — — - - _\de= — 4+
D = —2,and E = 0. Hence, [ m(xzﬂ)gdm , (sz}Q] e =zl + 7= +

m4+1—($4+2$2+1)] -2

Letw = x+ L Thenz = «? — 1,dz = 2udu =

" dx 2udu " du uw—1
]a:\/erl J (@ =1Lu / " L+ "

u2—1: w1
Letu = v+ 2. Thenz = u° — 2, dz = 2ude =
[ dx: _ 2udu _ 9 wdu and u _ A 4 B
e—ve+2 J ur-2-u u —u— 2 w2 —u—2 u—-2 u+l
w= A(u + 1) + B(u — 2). Substituting —1 for u gives -1 = —3B & B = % and substituting 2 for  gives
2=34 & Az%.Thus,

ve+1l-1
ve+1+1

e

2 [ 2 1 \
=% 1— =2 —2l4Infu+1
I ‘%/ {u—2+u+l}du $2Infu—-2/+Infu+1))+C

=22Injvz+2-2 +hn(vVr+2+1)]+C

Let u = /T, so v* = x and dor = 2udu. Thus,

4 4 2 4
T e = f S 2udu =2 f Y e )du (by long division]
3 uw?—4 5 4

T
1 du
_2+8f3 (u+2)(u -2} ()

1 A B
Multi _ b _ = Ay — 2) + B(u + 2). Equati
ultiply i@  uis + o (u+2){(n—2)togetl = Alu — 2) + B(u+ 2). Equating

coefficients we get A + B = 0and —2A + 2B = 1. Solving givesus B = L and A = — 50

30
1 -4 1/
(u+2)(u—-2) u+2 u-—2

and (%) is

4
3

4
—~1/4 | 1/4
2—0—8/3 (—u+2 +—-"u_2>du:2+8[iln|u+2+ﬁln|u—2|}

4 u—2[1"
:2+[2111|u72\*21n[u+2|} —2-!—2[111

3 u+2|,
=2+2(lnZ-m})=2+2n3L

1/5

=2+2In2 or 2+ Wn(3) =24 B

2. Letu = ¥x. Thenz = «® dz = 3u’du =

1 1 2 1
1 3u” du 3 1
— e dr = 20T e — 34—~ Jdu=[34% =
]0 Ty x ./0 [+ u /o (u +1 u) u=[3u 3u+31n(1+u)]0

:3(1112 —- %)
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8. Letu = VzZ+ 1. Thenz? = ® — 1, 22dz = 3u’ du =

22dx _ (u3 — 1) %’U? du
Y2 +1 -

=2+ -

M. Letu = /z. Thenz = v, dz = 2udu =

V3w 2udu V3 du 2 3 . .
/ \/_dmf —_:2/ —— =2ftan uj, g =205~ ) =3

45, If we were to substitute u = +/, then the square root would disappear but a cube root would remain. On the other
hand, the substitution u = &z would eliminate the cube root but leave a square root. We can eliminate both roots
by means of the substitution © = &/z. (Note that 6 is the least common multiple of 2 and 3.)
Letu = &2. Then z = u®, sodz = 6u° duand /= = u®, ¥z = u?. Thus,

| 7o - ff?—d;: /uﬁ(il)d"_‘i/ufldu

= 6/ (u +u+14+ L) du [by long division]

—6(lu' + 1 tutnfu—1) +C=2vZ+3Yr+6 Yz +6 |z -1 +C
8. Letu = ¥z Thene =u'? dz = 12u''du =

12uttdu uddu 7 6 1
= =12 - 5yt -] —
f\/_+\/_ /u“+u3 fu-l—l ](u R +1)du

= 30f — 1247 4 2% — 20 4 30" — 40’ + 60" — 12u+ 12Infut 1|+ C

=32 22120 p - PP 3 YE —4 Y+ 6 Ya—12 W4 12In( Wz +1) +

47 Letw —e*. Thenz =lnwu, dxr = d_u =
U

/ e** dx _/ u® (du/u) _j udu _f -1 + 2 4
e 1 3¢ +2 f w+3u+2 f (u+)(u+2) wtl Tur2] ™

=2Inju+2|~Inju+ 1|+ C =] +2)%(’ + 1) +C

48. Letw =sinz. Thendu =coszdr =

f cos T dx _[ du _/ du _/‘l 1 d
sinzx +sinz wtuw  J u(u+l) u  u+1 u

sinx
1+4sinz

u
=In u+1‘+Cln‘
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. 2z -1
89, Letu = In(z? —x + 2), dv = dz. Then du = 752 f o

2 —x T —4
2 2 . — 2 ;
fln(m —z+2)ds = zln{z 71+2)7]mdmfxln(m ——:c+2)f/(2+m2_$+2)d~c

dzx, v = =, and (by integration by parts)

Liog—1
2(w )d:r:+7

— e lnle? — o D B
=zln{z® —2+2) -2z ,/w27:13+2'

where z — § = Jgu

1 7 Ydu
—zln(mz—m+2)—2w—§ln($2x+2)+§/m
=(@-YnE?-z+2) -2+ VTtan'u + C
:(m__%)1n(a:2—z+2)—2a;+\/?tan*1MJrC

VT

80, Letw = tan "'z, dv = zdx = du=dz/(1+2"),v= 12"

1 22 . L
Then { tan™! zdzr = %3;2 tan~ !¢ — 3 / T dz. To evaluate the last integral, use long division or cbserve
x

2 (1427 -1 -
&* -1
that/1+I2d$:f—Hwa:‘/ld$f./H_—Igdmzmwtan z+Cy. So
fﬂ:tan”] rdr = —é—:r:r" tan 'z — %(1 — tanflq:—l-Cl) = %(wz tan™ 'z + tan" 'z —;c) +C.

0.05 From the graph, we see that the integral will be negative, and we guess

{)r t W2

that the area is about the same as that of a rectangle with width 2 and

height 0.3, so we estimate the integral to be — (2 - 0.3) = —~0.6. Now
1 B 1 A N B o

22-2x -3 (r-3)zx+1) =z-3 z+1

1=(A+B)z+A-3B,soA=-BandA-3B=1 & A=1

and B = —i, so the integral becomes

1 [ dx 1 {? dx 1 , 2
= V/DI_?)YZ]O I+1—3[111\£~3|—111!.L+1|]0

Tl 2

113"_3 2_1111(;_111~ .
=7 = i(Ing —In3) = —£ In3 ~ —0.55

0

1 1 A B C 2 . .
52. @22 22z _2) 7;+F+ﬁ:>1—(14+0)x +(B-24—-2B,s50 A+ C=B-24=1

N . 1 .
and —2B=1 = B= —%, A= —i, and C = i. So the general antiderivative of -
x u—

pd—2g2 ~  4) z  2) 224 ) x—2

/ dr l de 1 fdx 1 [ dzx

=-—zlnlz] - 2(-1/z)+ 3z - 2|+ C

1 xr—2 1
=-=1 —+
411 T ’+25P+

We plot this function with €' = () on the same screenas y = —
3 —

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.
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dx du
ﬂ'/mz—Qﬂz— ' T out—

54/ (2o +1)dz __1_/ (8z + 12} dx _/ 2dx
da? + 122 -7 4 ) 42 4+122-7 (2z+3)% ~ 16

du
2 —16

ilnjda® +122 -7 — §In|(u—4)/(u+4)|+C  [by Equation 6]
= tinlde® + 122 - 7| — g In[(2zx — 1)/2z + 7)| + C

i1n14m2+12w—7|—/ [put u = 2z + 3]
J u

5. (a) [ft = tan ( ) then & = tan~' t. The figure gives

1 t

Cos(g)—\/H_tQandsin(g)zm.

(b} cosz = cos(? . g—) = 2cos2(§) -1

2
1,..
YA U S T
V1+t2 1412 1+t2
sinx = f-;in(2- E) = QSiII(E) (‘Ob(m) 2t
o 2/ 2 \/1+t2\/1+t2 T 1+

(c)%:arctant = r =2arctant = d:c=1+t2

. . 2 . 2t
56. Let t = tan{x/2). Then, using Exercise 55, dx = T8 dt,sinz = e =

/ dz _f 2dt/{1 +#%) _/ 2 dt 72/ dt
3—Bsinz J 3—10¢/(1+¢2) [ 3(1+)-10t 3t2 — 10t + 3
1 1 3 ) 1 tan{x/2)
= [ il—-—|dat=1 -3 -Inj3t—1 = o |4
4/{1*,—3 3t—1] ot =3[ -3t 1) +C = 7ln ‘3tan(m/2)—1 +

57. Let t = tan(z/2). Then, using the expressions in Exercise 55, we have

1+ ¢2 14¢2

1 da:—f 1 2 dt _2/ dt _f dt
3sing — dcosz 3( Qt) 4(142>1+t2“ 3(2t) —4(1—¢2) ) 242 43t -2

*/ d_Mt —] 2—1—— —EL dt |using partial fractions]

=l Gi-ngr2)  J 521 5t+ &P '

In ‘21& 1’
t+2

2tan (x/2) ~ 1

1
+C—g tan (z/2) + 2

=%[1n|2t—1| 1n|t+2|]+0=5 ’+C

B8. Lei ¢ = tan(x/2). Then, by Exercise 35,

/wz da _fl 2dt/(1 +1%) e 2dt
Jrss L+sinz —cosz  Jy,51+2t/(1+82) — (1 —t2)/(1+¢%) Vfl/‘/g1+t2+2t—l+t2

1 1 1 1
= = lnt—lnt—b—l] =In=—1In =
./1/J§ t [ ( }1/\/'5 V3 +1
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89. Let t = tan(x/2). Then, by Exercise 55,
dz _lf dx _1/ 2dt/(1+¢%)
Isine +sin2r 2 ) sinz+sinzcosz 2 ) 28/(1+£2)+ 2(1 - £2)/(1 +12)°
2 1+ %) dt
_1 (1+¢&)dt :l/(_Llf(lH)dt
2] tA+2)+¢(1-2) 4 t 4/ \t

=:Injt|+ 142 +C = tn|tan(37)] —+—%tan2(

%I)-}*C

60. z° — 62 + 8 = (z — 3)* — 1 is positive for 5 < z < 10, so
10 dx _ T du put u = 3] —llnu—17

area,/a woap—1 J, -1 PUUTF 2 e,

l(ln3-2m2+In3)=mn3-m2=In2

— 3 _ 1yl —
ln4 21[137

: 2
rtl =14 ——>0fr2 <z < 3,50
z—1
3
2

x—1
3 .
area:/ [1+ 2 f de = [:L'+2 lnlz—l\] =(3+2In2)-(2+2Inl)=142In2
2 T -
62. (a) We use disks, so the volume is V = 7 [ 1 ) de =7 f; 3T Toevaluate the
' ‘ ’ T U0 22 4 35 42 Y0 (4 D)2z + 2)%
integral, we use partial fractions L A + B + ¢ + D =
N us i F: : ==
g P Tt Dz +2)? z+1  (2+1)? z+2  (z+2)72
l=Alz+D{z+22+Be+2)*+Clz+1)*{z + 2) + D(z + 1)*. Wesetz = —1, giving B = 1, then
set ¢ = —2, giving D = 1. Now equating coefficients of ” gives A = —(, and then equating constants gives
= A=-2 = (' = 2. Sothe expression becomes
g+2| 1 1]
z4+1| z+1 x+2],

61.

l=444+44+2(~A)+1

V—'fr/-l[z-&- Lo, 2 4 1 :|d$’ﬂ'|:21n
Jo lz+1 (x+1)? (+2)  (x+2)

=W -t -3 - (@n2-1- 1)) =r(2022 1 2) = 7(2 + In )
odx

1 ‘1
{b) In this case, we use cylindrical shells, so the volume 1s V' = 217[ & = 217] _
o T +3x42 o (x4 D(x+2)

T A B
= =

We use partial fractions to simplify the integrand: Ci@td) i1 =19
z=(A+B)xz+24+B. SoA+B=1and24A+ B=0 = A= -—1and B =2. So the volume is

L - 2 1
L ldr=2 [-1 =1+ 21In|z+2
27r/0 [$+1+$+2}dr 7|=In|z 4+ 1]+ 2 Injz + 2| .

27(—~In2+2In3+in1—2In2) = 27r(2In3 —3In2) =2rIn}

P+ S A B . _ _ = {r _ AS
'P{(T—I)P—S]—Fminm = P+S=Alr—-1)P-S]+BP={r—-1)A+B]P - AS
= (r-1NA+B=1-A=1 = A=-1 B=r. Now

—

= v dp‘”_?h(r—l;?fﬂ ww=-[

ap
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sot=—InP+— 1 In|{(r — 1)P — 5|+ C. Here 7 = 0.10 and 5 = 900, s0
o
t = —InP 4 2L 1n|—0.9P — 900| + C = —In P — ¢ In(|~1[{0.99 + 900[)
= —InP — { In(0.9P 4+ 900) + C
When ¢ = 0, P = 10,000, 500 = — In 10,000 — 1 In(9900) + C. Thus, C = In 10,000 + § In 9900 [~ 10.2326],

0 our equation becomes

10,000 1 9900
_ _ L _1 =ln—o— 4 2 ln
t=1In10,000 — In P + § In 9900 — 5 In(0.9P + 900) = In P + 9 In 0.9P + 900

10000 1, 1100 10000 1 - 11000
P 9 01IP+100 P 9 Py1000

. If we subtract and add 2z?, we get
:134+1::1:4+2a:2+1—2:c2: (:c2+1)2w2$2: ($2+1)2— (\/5:.*;)2
= [($2+1) —\/_9:] [(m2+1)+\/§m] = (mz—\/im+l)(m2+w/§:c+l)
Ar+ B Cx+ D

1
2t 1 24 224+1 z2—V2r+1
1= (Az + B)(2® — v2z +1) + (Cx + D)(z® + v2z + 1). Setting the constant terms equal gives B + D =1,

So we can decompose

then from the coefficients of 2° we get A + C = 0. Now from the coefficients of x we get

A+C+(B-D)W2=0 & [(1-D)-D]v2=0 = D=1 = B=1 andfinally, from the

2
coefficients of z* we get vV2(C ~ A} + B+ D=0 = C-A=-—2 = C=-LandA=¥2

So we rewrite the integrand, splitting the terms into forms which we know how to integrate:

1 i N gyl { 22 + 22 23—2\/5]

Pl ZrBrtl 22 —V2z+1 42|22 +Rx+1 2?2z +1

ﬂ[ 2z + V2 2z — 2

1
_ — Jf‘_
8 22+ 2z +1 mz—\/ﬁw+1] 4 (;H_

Now we integrate:

f dr _ _ ﬁln (M) + v2 [tan'l (\/§$+ 1) + tan™* (\/ﬁw— 1)] +C.

.’L‘4+1W 3 ;;[;2—\&3;-1—-1 4

65. (a) In Maple, we define f(x), and then use convert (f, parfrac, x) ; to obtain
flz) = 24,110/4879  668/323 9438/80,155 + (22,0987 + 48,935) /260,015
5r+2 2x +1 -7 2241 +5 ’
In Mathematica, we use the command Apart, and in Derive, we use Expand.
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(b)/f{.’l?)da: 2;4—;7719—0-%111|5$+2|_%-%ln|2$+1]—%f’—{%-

dx -+

1 /‘22,098(' %)+37886
+

260,015 , ( %)
5 Ir

N0 Lot 2= . 3 nf2e 1] 5 L ingpe— 7

+ 5 260 5T [22 098 - % ln(a: + x4 .J) + 37,886 -4/ 15 tcl.Il (

B2 In|5e + 2| - 332 Inj2x + 1] - S48 1n|3x — 7| + 216100(;1]95 In(a”

75772 11
+ 260015778 tALL [\/ﬁ {2z + 1)] +

Using a CAS. we get
4822In(50 +2)  334In(2z+1) 3146In(3z - 7)
4879 323 80,155
11,049 In (2% + z + 5} . 3988v19 i (V19
n —_
260,015 260.015 19

(2z + 1)]

The main difference in this answer is that the absolute value signs and the constant of integration have been

omitted. Also, the fractions have been reduced and the denominators rationalized.

66. (a) In Maple, we define f{r), and then use convert (£, parfrac, x) ; to get

o) = 5828/1815 _ 59.096/19.065 _ 2(2843z + 816)/3993 (313 — 251)/363
T (e - 2)° e — 2 202 + 1 2107

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b} As we saw in Exercise 65, computer algebra systems omit the absolute

value signs in [ (1/y) dy = In|y|. So we use the CAS to integrate the

expression in part (a) and add the necessary absolute value signs and
constant of integration to get

F) di = 5828 59,0961n|5z —2| 2843In(2z” + 1)
9075(5x — 2) 99.825 7986

1 1004 + 6
-+— 503 \/_tan_l(\/é.r)— 0 ,I+626+C

15,972 2004 222 +1

tc) From the graph, we see that f goes from negative to positive at © == —0.78. then back to negative at = ~= (.8,
and finally back to positive at z = 1. Also, lim,_..4 f(2) = 0o. So we see (by the First Derivative Test) that
[ f(z)dz has minima at £ &~ ~0.78 and 2 = 1, and a maximum at z =~ 0.80, and that | f(z) d is unbounded
as « — (.4. Note also that just to the right of z = 0.4, f has large valves, so [ f{z) dx increases rapidly. but
slows down as f drops toward 0. [ f(x) dx decreases from about 0.8 to 1, then increases slowly since f stays
small and positive.

67. There are only finitely many values of z where Q(z) = 0 (assuming that ¢ is not the zero polynomial). At all other
values of x, F(x)/Q(x) = Glz)/Q(z), so F(a) = G(z). In other words, the values of I and G agree at all
except perhaps finitely many values of z. By continuity of F' and G, the polynomials F' and G must agree at those

values of & too,
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SECTION S5 STRATEGY FORINTEGRATION [ 639
More explicitly: if @ is a value of x such that Q(a) = 0, then Q{z) # O forall z sufficiently close to a. Thus,

F{a) = lim F(z) [by continuity of F] = hfi G(x) [whenever Q(x) # 0}

T+l

=(G(a) by continuity of G|

68. Let f(x) = az? + bz + c. We calculate the partial fraction decomposition of —%; Since f(0) =1, we

f(x) ar’+bz+1 A B C D E .
- = =4 = —. N der fi
must have ¢ = 1, s0 22p 1 1) w2z + 1 - +$2 +sc+1 + (I+1)2 + RN ow in order for

the integral not to contain any logarithms (that is, in order for it to be a rational function), we must have

A=C=0s0azr>+br+1=B(z+1)*+ Dz*(z+ 1) + Ez*. Equating constant terms gives B = 1, then

equating coefficients of = gives 3B =b = b= 3. This is the quantity we are looking for, since f(0)=54.

8.5 Strategy for Integration

. . oc
1. fwda::/ Sz %P dx:f(cos:s+csc:c)d;c:sinm+1n|cscm—cotm|+C
tanx tanx tanx

2 ftan39d9—/(seczéi*l)taanB—/tangseci’gdg_fSmg do
cosf

7] i +/@ u = tané, ¥ = cos @,
TR Y |du=sec 8dd dv = —sin# df

=L +Inf| +C = 1tan® @+ In|cosf| + C

2 g -1 3 - ' B
th:f Q(u—;&-)du [u=t—3, du=di] :f (—-q-i)du: 21n|u|—-§
o {t—3) _a u 3 \u o ul w| 4

=(2ln1+6)—(2ln3+2)=4-2In3or4~1n9

4 Letu =2z Thendu=2zxdr = f = = si i+C'
3 —324 V3 —u2 V3

arctan y
5. Letu = arctany. Thendu = = ] /
2 Ly

w=1rx dv=cscrcotzdz,

6. fﬂ:csczcot:cda: [ ]z-a:csc:c“/(—cscm)dm

= —zcescx + Injesex —cotz| +C

du=dr wv=-—cscz

U= —
r

3 u=lnr, dv=r*dr,
1 / r*1nrdr dr
1 d t= =T
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x—1 r-1 A B . .
. = = = —-1=A4 1) - B(x — 5}. Setting z = —1 gives
81:2—4:1:—5 (z —5)(z+1) 9:—5+33+1 z (x4 1)+ B(x — 5} g g

: - 2
—2 = —6B,s0 B = 1. Settingz =5 gives 4 =64, 50 A = 3. Now

4 4
-1 _ 2/3 1/3 _ 2 o 1 ]4
-/0$2—4$—5d$_./0 ($5+$+1>dx—[31n1 5l+ 3z +1] .

=2Inl+4 }In5-2In5- ;Inl=-3In5

(z—2)+1 N n 1 B B
=[S [(Fhi )@ e s o

=iln(w’ +1)+tan 'u+ C = jln(z® — 4z +5) +tan "z - 2) + C

Ly 1
2 2 _ _
£_fu2+u+l {w =2°, du =2z dx] = 3

3
_ 1 g dv 1A, gy V3
2/%(v2+1) [u4+ 5 = v, du = 5 dy|
:r\r/l-‘_gtan v+ C = tan (jﬁ(mg-%%))-l-c

1. [sin® 0 cos® §df = [ cos® Osin® eanadezz-,famﬁe(lgfamza)cfgna)da

; = cosf,
— [u®*{1 —v*)du [ 4= e ]

du = —sinfdf

= f(u" —u’)du=3u® - b+ C=Lcos®d — Lcos®0+ C
Another solution:
[sin® @ cos® df = [ sin® 0 (cos® §)% cos6df = [ sin® 6 (1 — sin® 6)* cos 0 do

Cpodgq 22 u = sin @,
= [u(l - u®) du [du—cosf?dﬂ

] = [u?(1 - 2u® + ut)du
:f(u3-2u5+u7)du=%u4f% 64 1 W o= —q1n9 —sin69+s—lssi1189+c
12. Let uw = cosz. Thendu = —sinzdr =
[ sinz cos(cosz) dz = — [cosudu = —sinu + € = —sin(cosz) + C.
13. Let = = sind, where — 3 < 0 < 3. Then dz = cos 0 d¢ and

(1—z%)"? = cos 0,50

dr [ costdd 9
[ = | ey = [0

@
=tanf +(C = ——+C
V1—z2

14. Letu = Inx. Thendu =dz/z =
/\/1+lnxd$_/\/1+u /
u

rlnx

2vdv [put v =v1+uu=1"—1,du=2vdv]

1 Vvid+nz -1
= =2 1 =2v1+1 1
Qf( o )d'v L+n +C v —|—n:c+n( 1+lnm+l)+c

5. letu=1—2° = du=—2zxdr Then

1/2 a/a 1
£ 1 1 1 —1/2 1 1/2 1 1
—dr = —— ———f i du:—{Zu } = [vu =1
/o V1—x2 2 5 \/— 2 J3/4 : 3/4 [ ]3/4
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/4 . 2
sin” 6 cosf df [z =sind, dx = cos§ df]
0 cosd

J/4l(l—cos29)d9 [9——511129]

dv = sin® z dz,
v = [sin’wdz = [ 3(1 —cos2x)dr = iz — Ssinzcosz

= —wsm:ccosm—f(zat—Esmmcos:c)d:c

= —wsnwcosm:——:c + sin m+C’=3 —%:r;sin.rcos:n—{-isinga:-kc

Note: [sinzcoszdz = [sds=4s°+C [wheres =sinz, ds = cosz dx].
A slightly different method is to write [ zsin® zdz = [z - $(1 —cos2¢)dz = 5 [wdz — 1 [xcos2xdzr. Ifwe

evaluate the second integral by parts, we arrive at the equivalent answer }z* — jzsin2z — § cos 2z + C.

 Let u = €2, du = 2¢2t dt. Then

e 3(2e*) dt idu 1, 1 4 o
/1+e‘”dt /H(ez‘)z:/liuzzﬁtaﬂ utC=gtan () +C

, Letu = e*. Thenfe““""aF d:t::feemezq:i:c:fe"du:.‘3”'+C:eebr +C.

. Letu= ¥Z. Thenz=1u® = [e¥®de= [e* 3u®du. Now useparts: letw = v’ dv =e"du =

dw=2udu,v=e¢* = 3[e"u’du=3{u’e"—2 [ ue”du). Now use parts again with W = u,
dV = e dutoget [e*3u"du=e*(3u® —6u+6)+C = 36%(332/3 -2 %-}—2) +C.
. Integrate by parts three times, first with u = £°, dv = e ™" dt:
[Pe 2 di= -1t 4+ 1 (31272 dt = — 1t % — 2% ™ + ] [3te™ dt
= —e L+ 3%~ SpeH 4+ %/e**dt: —e [+ 3+ 2+ 3] +C
=—Lte (4’ +6t7 +6t+3) +C

22. Integrate by parts: u =sin z,dv =zde = du=(1/V1—2?)ds,v=1z%s0

“$ sin” "z —

\/1—3:2 2

1 2 . —1
[ccsm cdr = %:1: sin” "z —
. cos @

1 _xidr 2 dx 1 1/5in28c059d9 lwherex:sin@]

for -3 <6<5%
2
=1ssin" 2 -1 [(1—cos20)df = x°sin"!z — (8 —sinbcosd) + C
:%zzsin :z:f—[sm lz—m\/1—$2]+0—ﬁ[( z —l)sin_lz+1\/1—m2}+6‘
23. Letu =1+ Z Thenz = (v~ 1), dz = 2(u — 1) du =
i+ va) de= fPub 20u— 1) du=2 [} (u° —u®)du = [Lut® —2. 1]}

. 1024 1024
— 5
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2z
24 Letu=In(z*—1),dv=dr & du= U= Then

/ln(m2—1)da::a:ln(:c2-1)—/$22:J:_1d$=$1n(ﬂ32—1)“/[2+m2'(;+—1) de

= zln(z? — 1) ff [2

=zin(z® 1) -2z —Injz— U +Injz+1/+C

3x? — 2 Gx + 22 A B ‘ .
PP VY S - 4+ = B 2=A 2) + Bl{xz — 4). Settin
v 3+(w74)($+2) 34—+ -5 T+ (z+2)+ B( ) g

x=4gives46 = 64,50 A = L. Setting & = -2 gives 10 = —6B,s0 B = —2. Now
3% — 2 ' 23/3  5/3 . 23 .
/mdl‘:/(:}ﬁ—m—m—” d$—3$+?l[l‘:ﬂ—4‘—EIHL.E'FQI‘FC.

3z% -2 du w=a —2x 8, 3
o = = f — =1 C=Injz"-2r-8|+C
/ x? —Q:E—Sdm ] u L{u_ (3x? — 2) dw} njul + nlm ¥ |+

. Letu = In(sinz). Thendu = cotzdr = [cotzln(sinz)de = [udu= 1u® + C = Ln(sinz)]* + C.

i f sinvatdf = ] sinw %udu |u = v/at, u? = at, 2udu = adt] = % fusinudu
2

[—ucosu+sinu] + C [integration by parts] = 73 at cosvat + % sin vat + C

a

272\/5005 at + 2 sinvat+ C
5o, 5 5
] Huw 1dw=/ 3 - 7 dw=[3w~71n|w+2|]
g w+2 0 w+ 2 0
=15-7In7+7In2=15+7(In2—In7) =15+ 7ln 2

. ¥ — 42 < Oon [0,4], so
0 2
1%, |2 —az| de = [°,(2* — dx)de + [} (42— 2%)dz = Em?’ - 21:2} LT {23:2 - %ma]o

=0-{-2-8)+(8-3)-0=16
. As in Example 5,
/.\/md:czfm-mdmz H—Id:c:[ dz + rde
1-z Vi-z JV1+z JoV1—a? vi—zz ) V1-2%
=sin_]m—m+c

Another method: Substitute w = /(1 + z)/(1 — ).

V3r T woudy |u=+2r 1,2 +3=1u’+4, 4
32. d.’L’Z = 1 du

2z + 3 u? 44 w2 =2z — 1, udy = dzx w4

= u—4-%tan_1(%u) +C=+2r-1-2tan {3v22 —1)+C
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33.3-2r—xl= (" +2x+1)+d4=4-(z+1)% Let
z+ 1= 2sinf, where —5 <8 < %.Thend:n=2cos€d9and
fV3—2c—a2de = [ /41— (z+1)2de = [ V4~ 4sin’ 0 2cosfdf
=4 [cos®0df =2 f(1+ cos20)dd
=20 +sin20+C =20+ 2sinfcosf 4+ C
1 — 2% — 22
=2sin1($;1)+2.$; V3 2&‘ 2

=2sin”1($;1)+$;’1\/3—2m—m2+c

\[4 x+1)
—\/3 =i

™21 4+ dcotx - — m/2 (14 4cosw/sinz) sinz d _/”/zsinm+4cos:rdm
‘ w4 4 —cotz - w/4 (4*C05$/Si1’1$) sinx - x4 4sinx — cosT

L | u = 4sinz — cos T,
= ™ = mayaz) = o],
3/3 U uw = {4cosz +sinz) dx 3/V3
3 4 4
=Ind-In—==In =In w\/i)
V2 3/vV2 ( 3
. Because f(x) = x®sinz is the product of an even function and an odd function, it is odd. Therefore,
[l 2®sinzdr =0 [by (5.56)b)].
. sind4x cos 3z = %(sin:r: + sin 7z) by Formula 8.2.2(a), so

[sindzcos3wdz = 1 [(sinz + sin 7z} dz = 5[ cosz — tcos7z] +C = fcosz — {cosTz+ C.

5 fgﬂm cos? ftan® @df = DWM sin” § df = fﬁﬂ % ~ cos 26) dfl = [%9 -3 §sin 29] e
=(G-9-0-0=5-1
% = sec @

w/d 5 3 “'/4 242
: t 0do = 26 =
fo/ tan®0 sec® 040 = [ (tan®0)" sec” 0 - secOtan 00 = 2w — Prutdu | "0 0

= fl‘/i(uﬁ —2u* +u?)du=[Fu’ - 2u° + lua]\/—

:(Ef_§ﬁ+%ﬂ)_($_§+%):% 2_105: 105(11‘f 4)

. Letu=1-z% Thendu = —2zxdzx =

xdx 1 du vdv 2
== =— | —— [w=vuu=1du=2vd
/1m$2+ fl_mz 2]“""@ v2+v [FUl \/’Eu v KA 'Uv]

dv
= — = — — — — 2
/v+1 Injp+1|+C ln( 1 .’L'+1)+C

cdy? — 4y —3=(2y—- 1) —2% soletu=2y—1 = du=2dy. Thus,

f y _f dy _l/d_u
VAy? -4y -3 2y -1)2—-22 2/ u?2-2?

= -% In ‘u + 4/ u? — 22 | [by Formula 20 in the table in this section]

:%Ini2y—l+\/m|+0
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W. Letu =6, dv = tan®6df = (scc?@ — 1) df = du=dfandv =tanf —6. S0
[Btan?gd0 = 0(tand — 0) ~ f(tan6 - 0)df = ftand - 0> —In|sech| + 36° +C
=0tand — 16% —In|secti + C

. Integrate by parts with u = tan~la dv =22 de = du=dz/(l+z%).v= %.1: :

. 3
2 -1 1.3 -1 T dx 1.3 -1
22tan P rdr=iztan Tz~ | ——— = 3o tan "z
/ 3 / 31422 3

= ématan’lx — éﬂc? +1 ln(m2 +1)+C

. Letw = 1 + e”, so that du = €™ dz. Then
JeoVTT etde = [u?du= 2,424 0=+ e")32 4 O,
Or: Letu = /1 + €%, so that w? =1+ ¢€" and 2udu — €” dx. Then
fe*VTFerde = [u-2udu = [2utdu=2u"+C =51+ e™)3 2 1 O

CLetw = /I 7 e® Thenw? =1+ ¢*, 2udu = e dr = (u” ~ 1} dz, and dz = 2

1
.| 2 TE B 2 B
f\/l—i—a" drfl/u-urz—ldu / u2—ldu_/(2+u‘2#1)du-/(

=2u+Inju—1~-njut+l +C=2V1+¢" +1In{v/1 +e* - 1) —In{y1 +e” +1)+C
. Lett =% Thendt =3zde = I={ e da = 1 {te™* dt. Now integrate by parts with w = ¢,
dv=ctdi: I = —%te P+ 2 fe tdt = —%aﬁe_i - %eiﬁ + 0 = ﬁécﬂ's (.’E3 +1)+C.
. Letu =¢”. Thenz = lnu, dr = dufu =
/l+c“' /(1+’t£)d’lL /(u+1)du
—dy= | = = =
1—e (1 —wu (u—1)u
=Inlu| —2lnju— 1|+ C =In¢” —2Inle" 1|+ C =z — 2Inle’ —1j+C
Cwxta 1 2wdr ©dr : > k T
. d = - :l ;2 2 .- R
/a?'2+02 * 2,/w2+a2+u_/ z? + a? FIn(s” +a) +a atan (G)+C

=Invz% + a2 +tan '{z/a) + C

 letu = x°. Thendu = 2zdx =

xdr © gdu 1 w—a’ 1 z* —a’
[ 1 — at ] w? — (042)2 4a? n w4 a2 - 402 = +a? +C

Letu=+4r+1 = u'=4z+l = 2udu=4dz = dm:%udu.So

1
S du

' 1

s dr—
,/$\/4m+1 ’ /i(ug—l)u
\/4$+11t+c

d —
:2/ U :2(1)111“+1\+C [by Formula 19}

uw? -1 2 u

Vidr+1+1

== lnL
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. . dx B tudu g du
50. Asin Exercise 49, let w = +/4x + 1. Then/ AT = / [i(uz - 1)]2u 1)
1 1 A B C D
= =
u+1 + (u+1)2 tao1 * (u— 1)?

5. Now

(W -1 (w+ 1) (-1)
1=Afw+ Du-12+Bu-12+Cla—Yu+1)*+Du+1)u=1 = D
B = 1. Equating coefficients of u” gives A + C = 0, and equating coefficients of 1 gives 1 = A+B-C+D
=A—C.S0A=1andC = —;. Therefore,

=t y=-1 =

= 1=A+5;-C+; =

1/4 1/4 ‘1/4+ 1/4 ]du
)

/;c%/zlm-g- /[qul (u+1)2  u—1  (u—1)?
2 -2 2 -2
= -4+ 2u—1
f[u+1+2(u+1) —iT (uw—1} }du

2 2
:21n|u+1|_u—H—21n|u—1|wu—_—I+C

2

2
=21n(\/4m+1+1)—m—?ln‘v‘ilirl“”—W*Fc

5. Let2z = tanfd = z = %tanﬂ, de = %secQQdB, Vdz? + 1 =sec8, so

3 sec f de secf
f$\/4$2+ /—tan@sec@ /taanG /csc@dﬂ

:—1n|csc6’+cot9} +C for In |csc @ — cot 8] + C]

\/43'2 Vdri+1 a:2+ ]
4+ Jorln —

2 2

52. Let u = z2. Then du = 2z dz =

dx rdz 1 du 1 1 u
= == e = = ——|du=1%1 _ 1 iy +0
/:n(:c4+l) /a:2($4+1) E/U(uz-i-l) 2/[u u2+1] w=gnful = glnfu 4 1) +

A
~lmn(et 1) +C = din(a") ~In(et + 1)) +C = { In x4+1)+c

3
Or: Write [ = / _T AT dietu = b,
izt + 1)

{ u = 2, dv = sinh(mz) d:r:.]
d

uw=2xdr v= L cosh(mz)

53. /:132 sinh(maz)dr = —1~z2 cosh(ma) — 2 /:ccosh(m:c) dx
. m m
1, 27, . 1 . U=z dV =cosh(mx}dz,
=~z cosh(mz) — - (Emsmh(mm) - [ sinh(rnz) dx) W=de VL siah(ma)

1, 2 L2
=% cosh{maz) — v sinh{maz) + —3 cosh{maz) + C
5. [ (= + sinz)® de = [ (2* + 2zsinz + sin’ z) de = %:133 + 2(sinz — zcosz) + 3 (x —sinzcosz) + C

= %f‘ + 3z +2sinz — gsinxcosz — 2zxcosz + C
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b, Letu=\/$+1.Thenm:u2—1 =

[ d [ 2udu _/ —1+3]du

r+drdaz+r1 S ur+3+4u ) (u+l u+3
=3mhlu+3-Injut+1]+C=3n(vz+1+3) - In{Vz +1+1) +

56. Lett = /r2 — 1. Then dt = (z/v/z? — 1) dz, 1=t z=+2+1,s0

zlnx 1 2 : 2
I= | ———=dr= [ In t2+1dt:—flnt + 1} dt. Now use parts with ¢ = In{t“ + 1), dv = dt;
Lhe v s [m@ ) : (+1)

I=%tln(t2+1)—f§%dt_ In(t* + 1) f/ [1—152:1]‘:&
:%tln(ta—kl) —t+tan_1t+C:\/;r11ua:—\/332—~I+tan_1\/m+0
Another method: First integrate by parts withu = Inx, dv = (;r / Va2 -1 ) dz and then use substitution
(z =secforu=+va?—1).
.Letu= ¥ tcThenz=w’—¢c =
fedztede=[(v®c)u-3uldu=3[{v*—cv’)du=2u" -3 + C
= %(z+c)7/3 - %c($+c)4/3 +C

. Integrate by parts with u = In{l + ), dv = 2’ dz = du=dz/(1+z),v= %:53:

3
/m21n(1+m)dm%m3ln(1+m}—/3(fifz) :§w31n(1+a:)%/($2_1+1—Ii1)dm

=l n(l+r) - it + 28 - e+ in(l+2) +C

. Letu = ¢*. Then z = Inu, dr = dufu =

/ eﬂzdf :./ u{iufuu N [ (u— 1)i§<u+ 0 f [uml - 5}” B f%] e

1 u— 1 e
In| 2 1‘+c:e RSN 1‘+C’

w1 2 et +1

 Letw = &z. Then z = «®, de = 3u’du =

3udu 2udu73 2 _3q.{.2/3
/274—\/_ /u3+u7 /u2+1 3 1n(u +1)+C—§ln(x +1)+C.

.letu = 25 Then du = 5z*dr =

z" dx %du 1 1,,.-1/1 1 —1/1.5
/$10+16:/u2+16:5-1tan (ju) +C = g5tan™ (32"} + C.

.letu =z + 1. Thendu =dx =

3 -1) _
/G—:—Tjﬁdm: [ (uulﬂ) du = /(u 7—3u78+3u79—u*m)du

I U N

=2+ -+ 1)’ + 3@+ 1) - S+ 1)+ 3]+ C
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1
63. Lety:ﬁsothatdy:Zﬁdcc = dx =2+/zdy = 2ydy. Then

=2 2 d'UZBydya
i . B 2 g U v,
/\/Ee dz—fye (2yd'y)—/21‘f e dy [du=4ydy v=e l

U=4y, dV =e"dy,
_ 0.2y Y
=y'e /43"8 &y [dU:zidy Vel

= 2y7e¥ — (4yey — [ 4e¥ dy) = 2yteV — dye¥ +4e¥ + C
:2(y2—2y+2)ey+0=2($—2\/5+2)e‘/5+0

. Let u = tan z. Then

/3 /3 W3
/ In(tan ) dx :f In{tan x) sec? o dp = /' Inu Ju
T ki 1 u

/4 Sinzcosz s4  tanx
2
= (20w ® = (I v3) = L(m3y?

St e EEE Do 11 e
= 2|z + 1) - 333/2] +C
./ﬁ—LdUZ/-l+ﬁzi]du=u+/[u %}dumu—&-ﬂnluul—lnu|+-11;+C.

ud —wu? {u — Lh?

L

Thus,
3

Sl 1 [ 1 . .
[zus_uzdu ”+2ln(u1)_11’1“4‘;]2:(3+2h’12—1n3+§)*(2+21n1—1n2+§)

=1+3In2-m3-t=%+nf

.Letu:\/Z.Thenduzdt/@\/f] =
3 V3
arctan v dt = tan”'u (2du) = 2[utan”'u — §In(1+ u?)
1 Vi 1
=2[(v3tan' V3 — $In4) — (tan"'1 - §In2}]
=2[(v3-Z ~1n2) — (5§ - $In2)] = 237 — 57 —In2

. Letw = ¢®, Then z = Inu, de = dufu =

/ dx _/ du/u k/‘ du _/ 2/3 173 du
1+2%—e=* [ 1+2u—1/u J 2u2+u—-1" 2u—1 u+1

=1in2u -1 —inju+1]+C=3W|2" -1)/(€+ 1) +C

. Letu = e”. Thenx = lnu, dr = dufu =

e’ u? du u
/1+e$dm_/1+u?_/l+udu_f(

=u—Infl+ul+C=¢e"—In(l+¢€")

};/5 [Example 5 in Section 8.1]

. Use parts with « = In(z + 1), dv = dz/z’:
1

In(z+1) , 1. de lnz 1
/Tdﬂ’“;l‘l““”/—m(mﬂ)—”wl( +1)+f[:c

=—%1n(a:+1)+ln|:c|—ln(m+1)+C=—(1+i)ln(:c+1)+ln|sc%+0
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n T N x _Am—!—B+Csc+D
"ri4+4z2+3 0 (224 3)(z2+1) 22+3 0 2 +1

=
= (Az + B)(a® +1) + (Cx + D)(z® +3) = (A4z® + Bx® + Az + B) + (C2® + Dz’ + 3Cz +3D)
=(A+C)z* +(B+ D)x* + (A+3C)z+(B+3D) =

A+C=0,B+D=0A+3C=1,B+3D=0 = A=-1,C=4 B=0,D=0Thus,

1 1
T _ —55[7 —2-.’)3
/m4+4m2+3d$—f(w 37

1, {2 +1
2 1 2
=—2In(z +3) 4+ ;in(z +1})+C or Zln(m>+(}'

72 Letw = ¥t Thent = u®, dt = 6uddu =

Vidt u? - 6u’ du / u? ] " 4 9 1
= = du =26 — -1 d
Jo1+ 1+ u? 6, w1 6w wtw taer) ™

=6(1u" — 1u® + 1’ —wttan u) +C

=6(367° = 1470+ §017 /0 4 tan ™! t9) +C

B 1 A Bz + -
e 2)(@?4+4) z-2  z?+4d

1= A(z® +4) + (Ba+O)(z —2) = (A+ B)a® + (C - 2B)a + 44— 2C). So0 = A+ B=C - 2B,

1—4A - 2C. Settingz = 2gives A=2% = B=—fandC =7 So

: 1 i —3ov— 1 1/ de 1 /zm lf di
- e de= dr = = - 2= _ -
/ (w—2}(x2+4)d£ _/(.’If—2+ TR 5=2 16/ x24+4 4

T+ 4

= injr -2/ — £ n{z® + 4) — Jran™ (2/2) + C
. letuw =" Thenz = lnu, dr = du/u =

[ dx e*dr n d_u_/' du ‘lan71 +C—1]n e — 1] -
J ez —em e 1 [ wr—1w  f w21 2 |u+l T2 e*+1 T

75. [sinzsin2rsin3rdzr = [sinz - 3[cos(2x — 3z) — cos(2z + 3z)]dz = 5 [ (sinz cosz — sinz cos Sz} dzx

% [ sin 2z dx — % f% [sin(x + 5z) + sin(z — 5z)] dx

1 ias _1 i —sindyydr = — 1 L . L
—3coslz 4f(smGa: sindxz) dz = —5 cos 2T + 55 cosfix — 5 cosdx + O

76. [ (x® — bz)sin2zdx = —(2° — br)cos2z + 3 f(2z — b) cos 2z dx

w = 2% — bz, dv = sin 2z dz, du = (2z — b)dz, v = f% cos 2]

= ~1(z? — bz) cos2z + {1 (2x — b) sin 2z — [ sin 2z dx]
[ = 2z — b, dV = cos 2z dx, dU = 2dz, V = ;sin 2z]

= —1(z* - bx) cos 2z + §(2z — b) sin2x + 1cos2z + C
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77. Letu = %2 so that v? = z° and du = 22"/?dz = /zdz = 3 du. Then

NG 3 2, 2 1, 3/2
= == = - : C.
./1_‘_3:30155 1+u2du 3tam u+C 3ta.n (z77%) +

secr cos2x secz cos2x 2coszx 2cos2x
8 | ——dx= - . dr = | ——————dr
sinx +secx sinz +secx 2cosT 2sinzcosx + 2
2cos 2z 1 u = 5in 2z + 2,
= - — dr = — du
sin 2r + 2 u du = 2cos 2z dx

= In|u| 4+ C = In|sin2z + 2| + C = In(sin2z + 2) + C

79. Letu — z, dv = sin zcoszdz = du:dm,v:%sinSw.Then

. . . . 2 .
[ zsin®z coszdz = tzsin®z — [ §sinzde = txsin®z — 3 [(1 - cosz)sinzdr

1 . . 1 2 Yy = cos T,
== - (1—y")d

T ‘”3/( y')dy [dy:—sinwd:c]

izsin®z+ § —%y3+0:%:csin3:c+%cos:c—%cossa:+0

80, / sinx cosx S sinT cosx e / sinz cosx o
") sinfo+costz ) (sin?z)? 4 (cos?z)? (sin? )2 + (1 — sin® z)?
_ / 1 L, u=sin’z,
T (1-w)? \ 2 “ du = 2sinz cos z dx
1 1
f4u2—4u+2 “ /(4u2—4u+1)+1 “

Qu-12+1 3] 1% |dy=2du

=1tanly+C = ltan 2u—-1)+C = Ltan='(2sinz — 1} + C

Another solution:

/ sinz cosz dz-—"f( (sinz cosz)/cos* x i ftanxsecg’:c

. , = [ AnTX -
sin z + cost sin? x + costz)/ cost z tan* z + 1

_/‘ 1 ldu uzta.nQ:r,
T wr41\2 du = 2tan z sec® z dx

=1tan'u+C = tan (tan’z) +C
. 2 e . .
81. The function y = 2ze™ does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.

fez® + 1)ex2 dr = f?wzezgdx +fe""2d:1: = fz(?:r:emz)d:r + femzdx

_ 2
du=dr ¢ =¢g*

2
=z, dv=2ze® dz,
= ze® —fem2d$+fe$2dm [ uEo o au=ere m] =ze” +C
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8.6 Integration Using Tables and Computer Algebra Systems

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms
of the answer.

1. We could make the substitution u = +/2 x to obtain the radical v/7 — 12 and then use Formula 33 with @ = N&d

Alternatively, we will factor /2 out of the radical and use @ = %

VT~ 22:2 \f 1 7 .1z
ESAN 5 [P S C
[ \/"/ d.r LV E @€ sin > +
2

,i\/’?— 272 — /2 sin—l(\/gcr) +C

=H-20-6)V3-22+C=—(x+3)V3-22+C

, Letuw = = du=wdzx, so

[sec®(mx)da =1 [sec’ udu Z {1 sccutanu + £ Inlsecn + tanul) + C

= ﬁ sec Trtan T + 5= In[seewz + tanwz| + C

26
4 / sin 30 d = 'P—dz (2sin36 — 3cos 36) + C 12—3 2 gin 36 - 13629 cos30 + C
227 -1

T eos

2 %
zcos ‘zdr 2 2[ 1

. By Formula 99 witha = —3and b = 4,
-3 —3x
© {(—3cosdx +4sindx) + C = £ (=3 cosdx + 4sindx} + C.

/ e 3 cosdr dr = —
(—3)" + 42 25

. Let v = x/2, so de = 2 du, and we use Formula 72:

Jesc®(z/2)dx =2 [esc® udu = —cscucotu+ Infescu — cotu| + C
= —cse{z/2) cot{x/2) + In|ese{r/2) — cot{z/2)| + C

, Letu — 2xr and a = 3. Then du = 2dx and
/ i _/ 3 du _9 du ®_, \/a2+u2+c
J ot 4t 9 u_2 " wva® +u? alu ’

far? ¥ fA 2
4 LCO= 4 +9+C

To.2r G
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10. Let« = 2y and a = /3. Then du = v/2dy and
] \/ET fﬁ"—_cﬁ du ‘Ff \/——a’
“2\/'( ‘/—— +1n|u+\/&ra2{) +C
-va(- ‘/d+1n|fy+W|)+c
=—@ £V |[Vay+ y2E -3 +C

a I 1 0 2 0 0 08 1 0
n | fetaZ [-——t%—t} - ——/ te”tdt =e+2 / te tdt =e+ 2[ = (—t—1) e*t]
—1 -1 -1 -1 -1 J =1 (_1) -1

=et+2[-e"+0] =e—2

12. Let u = 3z. Then du = 3dz, so

[ 2*cos3zdx = > fq;,zcoa;'t.:,l.iu2 %(u2sinu—2fusinudu)

82

= %3:2 sin3x — 2 (sin 3z — 3z cos 3x) + C

= 2—1—( [(9-’172 — 2) sin 3z + 6.’1:6083:8] +

Thus, [ 2® cos 3z dz = 3 [(92® — 2) sin3z + 6z cosdz]] = 5 [(0+6m(-1)) - (0+0)] =5

3 u=1/z,
3. /tan (l/z / :w-/tan:*uduﬁ _ltanzu—lnLcosu|+C
du = —dz/z 2

= —1 tanz(wl-) —1In cos(l)‘ +C
2 z z

14. Letuw = /7. Then u? = z and 2udu = dz, so

o 2ui—1 uvl—uz_'_c

sin” vz de :2fusin udu = 5 sin™!u + 5

=M'*1\/—+V )+C

2 2

15. Let u = €. Then du = e dx, so_[ e"sech(e”)dz = [ sechudu ¥ tan~![sinhu| + € = tan~![sinh

16. Let w = z°, so that du = 2z dz. Then .
31 1cos(l-3)u 1 cos(l+3)u i

C 3 2 1 _z
/:csm(a: ) cos(3z”) dz = 2]smuc053udu-— 5 21-3) 2 2113
=+ cos{dz?) + C

=1Llcos2u— L cosdu+C = 1 cos(22%) —
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17. Letz:6+4y—4y2:6—(4y2—4y+1)+1:7—(2y—1)2,u=2y~l,andaz\/’?.Thenz:az—uz,
du = 2 dy, and

[y /6+4y—ay?dy = [yvzdy= [ 2{u+1)ve> —u?du
L fuva? —Fdu+} [V T du
LfveT ¥ du— ) f(—2u)Va? —uldu

2 2 2

O 9__-71’2_1/ d w=a —u,

8 @ mus SSm (a,) 8 Vwdw dw = —2udu

2 — 1 7
& 6y — 47 + g

2y 1 6+4y—4y2+g

This can be rewritten as

1
V6 + Ay — dy? (2y—1)—f(6+4y g )]

1, 1 5 - 7. {21
=2y — —y— = LAy — 4y 4 = +
(3y 12Y 8) 6+4y — 4y g Sin (ﬁ) ¢

1 7. 2y — 1
— — dy — dy? + = gin™ !
(8y 2y — 15) /6 + 4y — 4y% 4 < sin ( 7 )+C‘

18. Let u = «2. Then du = 2« dir, so by Formula 48,

/ﬂ—lf u Mum/_) —4\/_(u+\/_)+4inu+\/_”

x4 2 2 u+\/_
k%[(mg-{-\/ﬁ)z—dl\/i(mz—{—\/i)+4ln(ﬂ:2+\/§)] +C

:%afl - %$2+ln(x2+\/§)+K

Or: Letu = z2 + /2.
19. Let w = sin . Then du = cos z dx, so
/sinzw cos In(sinz) dz = /u2 Inudu = —ﬂ [(2+DInu—-1]+C=1u*Bmu—1)+C
(2+1)? 9
Lsin’ z[3In(sinz) — 1]+ C
20. Letw = ¢". Thenz = Inw, dz = du/u, so

d = dufu__ du s 1 14324
/€$(1+231‘)_/u(1+2u)_/m +2]n - +

=—¢ T 42 ln(eﬂJ + 2) +C

21. Let w = e® and a = /3. Then du = €” dx and

ll dr = _du Eilnqua
3 —e2= T et w2 2a u—a
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SECTION 8.6 INTEGRATION USING TABLES AND COMPUTER ALGESRA SYSTEMS 00 6%
22. Letu = z° and @ = 2. Then du = 2z dx and

2 1 2 1 4
'/:1:3 4m2—:1:4da:=—/ 3:21/2-2-m2—(sc2)2-2md:c=§/ uy/ 20y — u? du
0
4
s [_—-—2“ I N e N G|
0

Em g e (250)]
|

2 J— —
E—G—u—g\/4u—u2+2cos_l( )]

={0+2cos™'(~1)] — (0+2cos '1)=2-m~2-0=2r

5 LA | 3 3 3 L 3 371 1
2 2 —_— 3 = — = 21 = =
2. [sec®zdz = Jtanzsec’ x + 3§ [sec’ zdr = 3 tanzsec” z + 3(Ltanzsecx + § [ secxdz)

14
2 ltangsec® z + ftanzseca + § Injsecz + tanz| + C

24, et w = 2z. Then du = 2dz, so

[sin®2xdr =1 [sinfuduZ L(—Lsin®ucosu+ 2 [sin® udu)

B 1B 5 1.3 . 3 o
= —5sin” ucosu+ -1—2( 2 Sin uco&.u+4fsm udu)

63
= sm ucosu——sm ucosu + 1 (5u — §sin2u) + C

:ﬁlsm 2$0052:r—ﬁ51n 2z cos 2x — —sin4$+ﬁm+0

2, letu =Inzand a = 2. Then du = % and
4 +(1 2 2
/—#)—-dx:/ a2+uzdu§% a2+u2+~a2—ln(u+ a2+u2)+0
- El,(ln;c)\/4+(ln$)2+21n[ln$+ \/4+(lnm)2] +C

%. (ol 7de Z zte " +4 [zl " dx Z

—z'e " +4(-2%e™" + 3 [z’ " dx)
—(z* + 42%)e " + 12(—2%e ™" +2 [ xe T dx)
—(z? + 42° +122%)e ® + U[(—z — Ve~ + C
~(z* + 42 +122° + 24z + 24)e "+ C

So [l zte™ dz = [ (e +42® + 1207 + 24z + 24)e "]

= ={1+4+12+24+ 24)e " +24e® = 24 — 657",

27. Let v = €. Then z = Inu, dr = du/u, so

N
/\/eh—ldm:f—u——ldug\/uz—l 1/u) + C = Ve —1—cos™ (e7") + C.
u

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

i L CHAPTERS TECHNIQUES OF INTEGRATICN

28. Let w = et — 3 and assume that & # 0. Then du = o dt and
[etsin(at —3)dt = L [t/ *sinudu = 2e¥* [ e/ gin v du

1 3/a (1/(1)11 1
-—ae W —sinu—cosu | +C

1 3 1 o 1
— faglieju 2 —slnu—cosu +C
a 1+CI2

1 ag .
= me(uﬁ)/ (sinu — acosu) + C

=1 Jrlai’ e’ [sin(at —3) — acos(at — 3)) + C

x d:z: f o dz _1/‘ du
x5 -2 5 ful — 9
g%ln‘u+\/u2—2|+C':%ln S /@10 —

30. Let « = tan 6 and @ = 3. Then du = sec® 8 d6 and

fu=z° du=5z"dz]

29,

sec® @ tan® @

2
sec van 9 o / N B
V9 — tan? va? —u?

= 7%tan9\/9 —tan29—0—gsin_1 (ta;ﬂ) +C

U fI? 1{ U
45\/E§——lﬂ+ Esin7 (E) +C

31. Using cylindrical shells, we get

. 2
V=2r| z-a —mzdw*‘Zﬂ'/ \/4a:2d:1:—27r[ (207 — 4) 4—.’L‘2+186Si11_]£}
0

=2n[(0+25m—1 1) = (0+2sin10] = zw(z . 5) = 27

32. Using disks, we get

/4 _ w/4
0 4]

n/4

Volume = f7"* wtant & dz 2 n’( £ tan® z] tan® mdm) L a[ltan’e — tanz + 2]

—n(-1+8) = x(F-3)

2

1 a
33()—[ (a+bu—a+bu—2aln|a+bui) ]
1
b3

1 [b(a + bu)? +ba® — (a+ bu)?ab]
b3 {a+bu)®

ba? ~ 2ab
(a+bu)? (a+bu)

[(aib;) } e fzu)z

by Lett =a+bu = dt =bdu. Notethatu = t—ba and du — %dt.

2 PRY 42 2
/ u” du :i' (t ;a) dt:i]t 2at +a dt
J (a+bu)?2 B, t2 b3 2

1 2a  a* 1 a’
S 1—- 222 Vagp==(¢- _&
63/( ; +t2)dt b3(t 2aln [t t)+C

b = samjas ) +C
T atpu  2elnlatbu
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34.(3)% %(211,2—@)\/ 7u2+ sin™ —+C}

4
Uig 2 32 2 _ .21 _a__ﬂ___l/a
8(2u a?) ,____u2+v:3 u[ + (2u a)8]+8 e
u? (2u® — a?) s [ 2u? — a? a’

BV A [?J” 8 ]+8\/a,2——u2

2
l(az_uz)—lfﬂ [—%(Quz—a)+u (a, —u2)+i(a2—u2

2

272 2
= 1(a? - w?) 7 [2v¥a® - 2] = E%:,:;_)

(b) Letw = asinf = du = acosfdl. Then
fuzmdu:fa2sin29amacosed9 :a4fsin29cos29d9
= a* [ 1{1+ cos20)3(1 — cos 20)df = 1a* [(1 — cos® 260)d6
4f[l—— 1+ cos46)] df = 1a* (36 - §sindf) + C
— 125in20cos20) + C = 1a*[36 — 3sinfcos (1 — 2sin® 8)] + C

35. Maple, Mathematica and Derive all give [ z%v/5 — 22 dz = — {5 — )3'/2 +2zv5— 2?2 + Lsin” (ﬁm)
Using Formula 31, we get [ 225 —#2dz = Lz(227 - 5)v5 — 2% + §(5%)sin™’ (%m) + C. But
—3z(5 - 32)3/2 +2zV5 -2t = sx4/5 — a2 [6—2(5—2%)] = %m(2a:2 —5)v/5 — z2, and the sin™! terms

are the same in each expression, so the answers are equivalent.

. Mapic and Mathematica both give [ z2(1 + 2%)* dz = £2'° + 12" + 22° + %25 + 12, while Derive gives
f22(1+2%)" de =L (a® + 1)°. Using the substitution u = 1+ 2° = du = 32? dz, we get
J=2 (1 + $3)4 do= [ut(idu) = £+ C=£(1+ #*)® 4+ C. We can use the Binomial Theorem or a CAS
to expand this expression, and we get -= (1 + ) +C0=2%+12% + 2254+ 22% 4 322+ L2 4 C

. Maple and Derive both give | sin® ¢ cos® xdz = —% sin? ¢ cos® x — 2 cos x (although Derive factors the
expression), and Mathematica gives | sin®z cos® rdz = —g cos & — 4_3 cos 3z + % cos 5. We can use a CAS to
show that both of these expressions are equal to - cos® z + 1 cos® 2. Using Formula 86, we write

1

B .2 3 ' .
[sin®z cos? zdr = —}sin®e cos®z + 2 [sinz cos’ zdx = —1sin® e cos’z + £(—gcos’z) + C

=—-és1n2:c cos® ¢ — 25 cos’z+ C
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3

1sin’z 2 sinvx
38. Maple gives [ tan® z scct dr = = 2= 4+ = —

pie & f S5cos®r  15cosdx
1

Mathematica gives [ tan®z sec’ da = — 35 sec” z (—20sin + 5sin 3z + sin bz), and

]

sinx sin &

Derive gives [ tan® z sec? do = —% tanz — . All of these expressions can be “simplified”

15cosfx  Dceos®

. 2 1
sinx (cos”x —2cos” & — 3 ) . . )
to L ( ) using Maple. Using the identity 1 + tan® z = sec® x, we wrile
15 cos® o

{tan” z sec® wdx = | tan’ x (1 + tan” ) sec® wdz = J{tan®z + tan® z) sec® z di.

Now we substitute © = tanx = du = sec? 2 dx, and the integral becomes

[(u®+u') du = L+ iu® +C = 3 tan® z + %tan5 z + C. Tf we write

sin® z = sin® i {1 — cos® ) and substitute into the numerator of the tan” i term, this becomes

1sinz  1sin®z {1 - cos®z)

TO= 375

3cosdx D cos® z 5cos’

1sin®az 1 1\ sin® z c 1 sin z 2 sin®z
cos?x 5coshx 15 cos?x

which is the same as Maple’s expression.

. Maple gives [ o1 + 2zdz = (1 +22)%2 — L(1 + 22)>/2, Mathematica gives T+ 27(Z2” + 157 — 55 )
and Derive gives li (1-+ 29:)3/2(333 — 1). The first two expressions can be simplified to Derive’s result. If we use

Formula 54, we get

favT+2ede= gfm(3- 20 -2-1)(1+ 22)%? 4 C = & (6r - 2)(1+22)*° + C

= L3z - 1)1+ 20)%?
3

. Maple and Derive both give [ sin?xde = —1sin®x cosz — 2 cosz sinx + $, while Mathematica gives

= (12z — 8sin 2z -+ sin4x), which can be expanded and simplified to give the other expression. Now

. 73 ) 4 &3 . .
fsin* zdz -%51113:1;cosx+ij511121:(iw:—%51113wcosx+§-(%mf%st:c)+C

—%4 sin® r cosz — %Hilll‘ cosx + %T 4 (' since sin 2x — 2sinx cosx

. Maple gives [ tan® zdr = 4 tan*z — 3 tan® z + 1 In(1 + tan® z), Mathematica

gives [ tan® zdr = 1[—1 — 2cos(2z)] sec® z — In(cos z). and Derive gives

1
4
4

J tan® z dx = % tan” x — % tan® z — In{cos ). These expressions are equivalent, and none includes absolute
value bars or a constant of integration. Note that Mathematica’s and Derive’s expressions suggest that the integral is
undefined where cos z < 0, which is not the case.

Using Formula 75, [ tan® zdz = =25 tan” 'z — [tan® ?zdr = ; tan® = — [tan® & de. Using Formula 69,

[tan®zde = 2 tan® z + Injcosz| + C, so [ tan® xdr = 4 tan’ & — J tan® = — In |cos a} + €'

. Maple gives [ «®VaZ + tde = s2*VT+ 22 — o V1I+a? + SV +a? + 32V 1 + 2% When we use

the factor command on this expression, it becomes i%g (1+ 552) / (15.1'4 — 1227 + 8). Mathematica gives
VI +22(8% — 2%+ Lo + 12°), which again factors to give the above expression, and Derive gives the

factored form immediately. If we substitute v = vz2 +1 = 2 = (u* - 1)2, x dr = u du, then the integral
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becomes
fw®— 1)2u{udu) = [(u* - 2u® + 1)’ du = L' — 200+ u’ + C
=@+ )" L +1) - 3 ) + i +c
= (@ + 1) T15(e% +1)" - 42(” + 1) + 3] +C

= L (a® +1)* (152" — 122 +8) +C

o7 L/FE 1 In(y/2%= —1+ 2%)

In2 2In2

Mathematica is able to evaluate [ in its given form. However, if we instead write [ as [2%4/(2%)? — 1dz, both

43. Derive gives [ = [ 2"/4* — 1dz = immediately. Neither Maple nor

systems give the same answer as Derive (after minor simplification). Qur trick works because the CAS now

recognizes 2% as a promising substitution.

. None of Maple, Mathematica and Derive is able to evaluate (1 +1nx)y/1+ {zln x)}2 dzx. However, if we let
u = 2 Inz, then du = (1 + lnz)dx and the integral is simply [ /1 4 u? du, which any CAS can evaluate, The

antiderivative is } ln(:c Inz+4/1+ (z ln:ﬂ)Q) + 1zlnz\/1+ (zlnz)? + C.

. Maple gives the antiderivative

B 1T 2

We can see that at 0, this antiderivative is 0. From the graphs, it appears

2_
p(m):le—d = lin(z®+2+1)+ in(z® —x +1).

that F has a maximum at 2 = —1 and a minimum at z = 1 [since

F'(x) = f(z) changes sign at these z-values], and that F has inflection
points at ¢ &~ —1.7, x = 0, and = & 1.7 [since f(x) has extrema at these

x-values].

. Maple gives the antiderivative which, after we use the simplify command, becomes
Jze Fsinzdr = - ze”%(cosT + zcosz + zsing). Atz = 0, this antiderivative has the value — 3, s0 we use

F(r)= —41e *{cosz + xcosz + zsinz) + 1 to make F(0) = 0.

From the graphs, it appears that £ has a minimum at z ~ —3.1 and a maximum at z = 3.1 [note that flm)y=0

at = %], and that F has infiection points where f' changes sign,atx =~ 2.5,z =0,z = 1.3 and & ~ 4.1.
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47. Since f{x) = sin® x cos® z is everywhere positive, we know that its antiderivative F is increasing. Maple gives

S Y S SRR g T L L aocd o gin g4 —L cos® 1 sin g 4+ < g
[ flz)de = — 55 sin” ¢ cos” = — g5 sinw cos’ £ + 355 008" T SINT + 155 €08 T SINT + 557 COST SINT + 55T

and this expression is § at x = 0.

ki3

F has a minimum at z = 0 and a maximum at z = 7. F" has inflection points where f’ changes sign, that is, at
=07, r=mn/2 and z = 2.5.

3

. From the graph of f(z) = -326-5_%, we can see that ' has a maximum at z = 0, and minima at x =~ £1. The
X

antiderivative given by Maple is F(z) = —1 in(z® 4+ 1) + 3 In(z* — 2% + 1), and F'(0) = 0. Note that f is odd,

|

F has inflection points where f' changes sign, that is, at x = £0.5 and z = =1.4.

and its antiderivative F' is even.

—-0.4

DISCOVERY PROJECT Patterns in Integrals

1. (a} The CAS results are listed. Note that the absolute value symbols are missing, as is the familiar “ + C”.

dr =1In{z +2) — In{z + 3)

, 1
M f (2 + 9)(z £ 3)

.. 1 ~ In{z+1) In(z+5)
(“)f(m+1)(m+5) de=="g -y

1 _In(z-35) In(z+2)
{iii) f TF 525 dz = 5 -

. 1 1
® [ GraEte= i3

(b} If a # b, it appears that In{x + a) is divided by b — e and In{x + b) is divided by @ — b, so we guess that

1 _In(zx4+a)  In(z+b)
f(m+a)(m+b)d'”* b_a T a-b ¢

If @ = b, as in part (a)(iv), it appears that

i 1
j(:cha)2 dm__a:+a,+c
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(c) The CAS venfies our guesses. Now

1 A B

Ciad@tb) sta zsb (z+8)+ Bz +a)

Setting z = —b gives B = 1/(a — b} and setting = = —a gives A = 1/(b—a). So

1/(b—-a) 1/{a-—-b) _Inlz+al  Injz+b
/[ r+a + z+b }dm— b—a N a—b +o

IS S
/ (z+ a)(z +b)

and our guess for a # b is correct.
1 _ .
If @ = b, then ! = = (zx+a) 2.Lzett1ngu:$+a = du = dz, we have
(x+a)(z+b) (zx+a)

j(m +a)y tdr = fu_2 du = _1 +C= 1t + C, and our guess for @ = b is also correct.
u T+ a

2. (3) (i) [sinz cos2rdr = °02593 _ 60s63;c

cosdr cosllx
o 3 dr — _
(i) [ sin3z cos Tz dx 3 50
cosllz cosbx

(i) fsin8z cos3wdz = T o

{b) Looking at the sums and differences of @ and b in part (a), we guess that
cos((a — b)x)  cos((a +b)z)
2(b— a) 2(a+b)

/sinam cosbr dz = +C

Note that cos({a — b)z) = cos((b — a)x).
(c) The CAS verifies our guess. To integrate directly, we can use Formula 2(a) from Section B.2.
[ sinaz cosbrdz = [ {1 [sin(az — br) + sin(ax + bx)}} dz = L [Tsin((a - b)x) + sin((a + b)z)] dz

_ 1 [cos((a —b}r) B cos((a + d)z) O = cos((a — b)) 3 cos{{a + b)z)

2 b-—a a+b 2(b—a) 2(a +b) +C

Our formula is valid for a £ b.
3@ () [Inzdz=zlnz—z

(i) [zinzdr = %;1:2 Inz — img

(i) [z Inzdz = $2°Inz — }z°

(iv) fz*lnade = tztlng — %6;1:4

) 2" lnxdr = tz*Inz — Eo°

(b} We guess that [ z" Inzdz = 1 2" inx — —1—2:13"*1.
n+1 (n+1)

d
(¢)Letu=Inz, dv=2"dz = du=2 = L "
xT n+1

Then fﬁﬂnlnmd:n:#w"“lnm— : /mnd:c
n+1 n+1,

1 n+1 1 1 n+1
- e — .
n+1m i n+1 n+1$

E]

which verifies our guess. Wemusthaven +1#0 & n# -1

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.
60 L[] CHAPTERS TECHNIQUES OF INTEGRATION
4 @) () [ze"dz=¢"(z—1)
(i) [2°e" dz =€ (¢* — 22+ 2)
(iii) [2*e® dr = €” (2 — 3¢ 4 6z — 6)
(iv) [ zle™ do = €® (:L‘4 — 4z% +122% — 24z + 24)
(v) [ 2%e” dr = e (2® — 5z* + 202° — 602° + 1202 — 120)
(b} Notice from part {a) that we can write

[ate"dr=e(z* ~4u® +4-32° —4.3 2z +4-3-2-1)

fafe*dr = e (z° —52* +5 42° ~5-4-32° +5.4.3.22-5-4-3.2 1]
So we guess that
[ 2% dy =™ (2° —62° +6-5r* —6-5-42° +6-5-4.32° —6-5-4-3 20 +6-5-4-3-2-1)

= ¢®(2® — 62" + 30z — 1202° + 360z> — 720z + 720)
The CAS verifies our guess.

(¢) From the results in part (a), as well as our prediction in part (b), we speculate that

Jaedr=¢"[z" - ne" 't nfn—-1)z"F —n(n - 1)(n— 2" 4+ L nlrFal
z ¢ nfin! i
=e ;(—l) T

{We have reversed the order of the polynomial’s terms.)
i nl
{d) Let S, be the statement that [ z"e® dx = e” Z(—l)”"z%xl.
i=0
S is true by part (a)(i). Suppose Sy is true for some k, and consider Sk1. Integrating by parts with u = A

dv=¢"dr = du={k+1)az"dr,v=¢", weget

[a* et dr=2""e" — (k+1) fz*e " dn

k
zm.k:+lea: _ (k’+ 1 Emz 1)]«: z i:|

i=0

—(k+1) Z{l E,l

ZhH Z(_l)k—i+1 (k+ 1)k!r1]

; il
i=0

k+1

:ezz( kD= ik +1)

— T
¢l
i=0

This verifies S,, for n = k + 1. Thus, by mathematical induction, .S,, is true for all n, where n is a positive
integer.
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8.7 Approximate Integration

L@Ar=(b—-a)/n=(4-0)/2=2

Lo= }_2: f@ioy) Az = fzo) -2+ f(x1) -2 =2[f(0) + f(2)] = 2(0.5 +2.5) =6

i=1

Ry = i:lf(:ci) Az = f(z1) -2+ flz2) - 2=2{Ff(2) + f(4)} = 2(2.5+ 3.5) =12

M, = i f(Tz)AI: = f(ﬁl) 24+ f(T2)-2=2 [f(].) + f(3)} =~ 2(1.6 + 3.2) = 9.6

I is an underestimate, since the area under the small rectangles is
less than the area under the curve, and R2 is an overestimate, since
the area under the large rectangles is greater than the area under the
curve. It appears that M3 is an overestimate, though it is fairly close
to 1. See the solution to Exercise 45 for a proof of the fact that if f is

concave down on [a, b], then the Midpoint Rule is an overestimate of
12 f(x) da.
(©) Tz = (3 Az)[f(za) + 2f(21) + fz2)] = 2[£(0) + 2f(2) + f(4)] = 0.5+ 2(2.5) +3.5=9.

This approximation is an underestimate, since the graph is concave down. Thus, T3 = 9 < I. See the solution to
Exercise 45 for a general proof of this conclusion.

(d) For any n, we willhave L, < T, < I < Ma < Rp.

The diagram shows that Ly > Ty > _f02 f(z)dz > Ry, and it appears
that My is a bit less than f02 f(z) dx. In fact, for any function that is
concave upward, it can be shown that

L, > Ty > [ f{z)dz > Mn > Ra.

(a) Since 0.9540 > 0.8675 > 0.8632 > (.7811, it follows that
L,, = 0.9540, T,, = 0.8675, M,, = 0.8632, and R, = 0.7811.

{(b) Since M, < f; flx)dz < Ty, we have
0.8632 < [ f(z)dz < 0.8675.

The graph shows that f is concave down on [0, 1]. So Ty is an
underestimate and M, is an overestimate, We can conclude that

0.895759 < [, cos(z?) dz < 0.908907.
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4, 0.5 (a) Since f is increasing on [0, 1], L2 will underestimate I (since the

area of the darkest rectangle is less than the area under the curve},
and Ry will averestimate I. Since f is concave upward on [0, 1}, Ma
will underestimate I and 73 will overestimate I (the area under the

straight line segments is greater than the area under the curve).
o e 1 (b) For any 7, we will have L, < M, < I < T, < Rn.
(©) Ly = 3. f(zic1) Az = L[F{0.0) + f(0.2) + f(04) + £(0.6) + f(0.8)] = 0.1187
i=1

- glf(_m) Az = L[£(0.2) + £(0.4) + £(0.6) + £(0-8) + f(1)] = 0.2146

My = );1 F@:) Az = 1[7(0.1) + F(0.3) + £(0.5) + £(0.7) + £(0.9)] = 0.1622
Ty = (1 Az)[f(0) + 2£(0.2) + 2/(0.4) + 2£(0.6) + 2/(0.8) + £(1)] = 0.1666

From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case, since
I ~0.16371405.)

5 f(x) = x’sinx, Ax = b-a

(a) My = % [f 15) + f(_g) f( ' (_56—)] 5.932957

(b) Ss = g% [f(0) +47(F) + )+4f(%’) 27 (%) +4f () +2f(F) + 4/ (F) + f(=)]
~ 5.869247

Actual: [ 2sinzdr 2 [—z* cos T]g +2 [ zcoszdr 2 [-7%(—1) = 0] 4 2[cosz + zsinz[]
=72+ 2[(~-1+0) - (1+0)] =7 — 4 ~ 5869604
Errors: Ey = actual - Mg = [ 2® sinz dz — Mg = —0.063353
Es = actual — S5 = [ «° sinx dz — Sg & 0.000357

Y+ F(3%5) + f(33)] = 0.525100
(5

) +2f(5) +

Actual: jul e VT dr = f(;l e"2u du = -z v = z, 2udu = dz)

) + F(1)] = 0.533979

2 ou—1)e*]y " =2[-2e7" = (—1e%)] =2 —4e”t a2 0.528482
Errors; Exr = actual — Mg = ) e V¥ dz — Ms ~ 0.003382
Es = actual — S5 = f, eV dz — S5 = —0.005497
1 f(z) = V41+LL'2./_\:1::2«:~9
@ Ts = 15 [f(0) + 2f( )+ 2f(%) + F(2)] ~ 2.413790
(b) Ms = i[f(é) + (3 +-- 15)] ~ 2.411453

() Ss = 5 [F0)+ 4 () + FOY+4F(3) +2F(3) +4f(2) + £(2)] = 2412232
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)] = 0.040850
(1)] ~ 0.041478

@ Tro = 7omg [f(1) + 2F(1.1) + 2£(1.2) + - -~ + 2f(1.8) + 2f(1.9) + f(2)] ~ 0.146879
(b) Mo = & [£(1.05) + £(1.15) + --- + £(1.85) + f(1.95)] = 0.147391
() Sio = o5 [f(1) + 4F(1.1) + 2f(1.2) + 4(1.3) + 2f(1.4) + 4f(1.5) + 2f(1.6) + 4(1.7)
+2f(1.8) + 4f(1.9) + f(2)]
~ 0.147219

1 3-0 1

1+t2 + ¢4’
(a) Te = 55 [F(0) +2f (&) + 27(1) + 2f(3) +2f(2) +2f (&) + f(3)] ~0.895122
(b) Me =%[ NG+ 53+ (D) +S(F) + ()] = 0895478
)

(©) 86 = 55 [F(0) + 4 () + 2F (1) + 4£(2) + 27(2) +4F(3) + F(3)] ~ 0.898014
1
2

. flz) = \/T A:c_

(@) Ts = 355 [F(0) + 2/ ) +2f(1) 4+ -+ 2f(3) + 2f () + F(4)] = 6.042985

(b) My = %[f(l)+f(%)+ -+ ( 2) -+ F(R)] ~ 6.084778

(© Ss = 555 [F(0) +4f(2) +27(0) + 4£(2) + 2(2) +4F(5) + 2f(3) + 4F () + F(4)] ~ 6.061678
1

2—
1/z _
flzy=¢e'% Az = 1

(a) Ta = 755 [F(1) + 2£(1.25) + 2F(1.5) + 2f (1.75) + f(2)] ~ 2.031803
(b) Mg = 1{f(1.125) + f{1.375) + f(1.625) + f(1.875)] ~ 2.014207
(©) Sa = 755 [F(1) +4F(1.25) + 2f(1.5} + 4f(1.75) + f(2)] =~ 2.020651

.f(;r;)z\/:Esimx,Am*4 0.1

8 2
@ Ts = 555 {FO) +2[F(3) + £+ F(3) + FQR)+ F(3) + F(®) + f(§)] + F(4)} ~ 1.732865
by Ms = 3[£(3) + F(3) +F(R) +F(3) + -+ F(2) + F(3)) » 1787427

(©) Ss = 5 [F(0) +4F(3) +2f(1) + 4£(3) + 2£(2) + 4F(§) +2f(3) +4f (%) + f(4)] = 1772142
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15.

20.

Sy =z

cos & A ‘_u_
x r= 8

@ Ts = 55 [F(1) +2F(2) +2f(2) + - + 2 (4) + 2f(3) + f(5)] = —0.495333

(b) Ms = 3 [f(3) +F(5) +f(3) + f(%)+f(”)+f(“)+f(”)+f )] = 0543321

() 58=§1—[ (1) +4f(2) +2£2) +4F(3) +2FB) +4F (%) + 2f(4) +45(§) + £(5)]
—0.526123

6—4
fley=In{z® +2), Az = o

(@ Tio = 255 [f(4) + 2f(4.2) + 2f(4.4) + - -- + 2f(5.6) + 2 (5.8) + f(B)] ~ 9.649753
{b) Mo = £ [f{4.1) -+ f{4.3) +--- + f(5.7) + f(5.9)] = 9.650912
(©) Sio = gh5[f(4) + 4F(4.2) + 2f(4.4) + 4f(4.6) + 2/ (4.8) + 4f(5)
+ 2£(5.2) + 4f(5.4) + 2£(5.6) + 4£(5.8) + f(6)]
~ 9.650526
1
1 + y
(2) + £(3)] ~ 1.064275
(b) Mg = % ( ) '] ~ 1.067416
(©) So = 3% (2) + £(3)] =~ 1.074915

4 -2 1
A= et =g

(a) Tro = =5 {f(2) + 2[f(2.2) + f(2.4) + f(2.6) +--- + f(3.8)] + f{4)} = 14.704592

(b) Mo = £ [f(2.1) + f(2.3) + f(2.5) + f(2.7) + -+~ + f(3.7) + £(3.9)] ~ 14.662669

(©) S10 = 5[ f(2) +4f(2.2) + 2f(2.4) + 4£(2.6) + -+ - + 2f(3.6) + 4f(3.8) + f(4}] = 14.676696
_2-0 1

2.3
e
x

. flz) :efmz,/_\m- ==

10 5
(@) Tho = g5 {f(0) + 2[£(0.2) + F(0.4) + -+ + F(L8)] + f(2)} ~ 0.881839
Mg = L{f(0.1) + f(0.3) + F0.5) + -+ f(1.7) + £(1.9)] = 0.882202

(b flx) = e flx) = 9z, Flz) = (42% - Q)E—EZ, f"z) = 4z(3 — 22%)e™"
f(x)=0 & z=0o0rz= i\/g So to find the maximum value of | f(x)| on [0, 2], we need only

consider its valuesatz =0, x = 2, and z = \/7 [F7(0}) =2, |f"(2)] =~ 0.2564 and f”([)' = 0.8925.
Thus, taking K = 2, @ = 0, b= 2, and n = 10 in Theorem 3, we get | Er| < 2-2%/{12-10?} = & = 0.013,
and |Ear| < |Er|/ 2 < 0.006.

3 3
E(le;i}_ <107 o 2(32;?)
Sn®>10° & n>3656.1... < n> 366. Take n = 366 for T),. For Ej;, again take K = 2 in
Theorem 3toget [Ep| <1077 & $n®>10° & n>2582 = n > 259 Taken = 259 for M,.

@ Ts = g3 {fO +2[f(5) +7(5) +--+ J(5)] + F(1)} ~0.902333
My = 57 {56) + F(36) + f(35) + -+ (33)] = 0.905620

(c) Take K = 2 [as in part (b)] in Theorem 3. |Ey| < <107° &
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(b) f(z) = cos(z?), f'(z) = —2zsin(z?), f"(x) = —2sin(z?) - 42* cos(«?). For 0 < = < 1, sin and cos are
positive, so | f”(z)] = 2sin(z?) +4z” cos(z®) <2-1+4 11 =6since sin(x?) < 1 and cos(z?) < 1 for
allz, andz? < 1for0 <z < 1. Soforn =8 wetake K =6,a =0, and & = 1 in Theorem 3, to get
|Er} < 6-13/(12-8%) = k5 = 0.0078125 and | Epr| < 535 = 0.00390625. [A better estimate is obtained
by noting from a graph of " that |f"(z)| <4 for0 <z < 1]

(¢) Using K = 6 as in part (b), we have |Bp| < 6-13/(12n%) = 1/ (2n%) < 107% = 2p?>10° =
n > 4/1-10% orn > 224. To guarantee that | Enr| < 0.00001, we need 6 - 13/(24n%) <107° =

4n? >10° = n>/1-1050rn > 159,

21. (a) Tho = 155 {F(0) +2[£(0.1) + f(0.2) + - + F(0.9)] + f(1)} ~ 1.71971349
Sio = 5 [F(0) + 4£0.1) + 2£(0.2) + 4£(0.3) + - +4£(0.9) + f(1)] ~ 1.71828278

Since I = fol e*dr = [¢%], = e ~ 1 ~ 1.71828183, By = I — Tip ~ —0.00143166 and
ES =] - 810 ~ —0.00000095.
(b) f(z)=¢* = f'(z)=¢" <efor0<z <1 Taking K =e,a=0,b=1,andn = 10 in Theorem 3, we
get | Br| < e(1)*/(12-10%) = 0.002265 > 0.00143166 [actual | E7| from (a}]. fW(x)=e" < efor
0 < z < 1. Using Theorem 4, we have | Es| < (1)°/(180 - 10%) ~ 0.0000015 > (.00000095 [actual |Es|
from (a)]. We see that the actual errors are about two-thirds the size of the error estimates.
K{b—a) e(1%)
12n

3
3 < 0.00001 = n*>

< 12(0.00001)

(c) From part (b), we take K = e to get |Er| <

Kb-a)?

n > 150.5. Take n = 151 for T,,. Now |Fpr| < Q
24n?

K(b—-a)°
180n

{since n has to be even for Simpson’s Rule).

< 0.00001 = n > 106.4. Take n = 107 for

e(1%
<0.00001 = n'> —# = n > 623 Take n = 8 for S,

1,,. Finally, < 2
M,,. Finally, |Es| < 180(0.00001}

22. From Example 7(b), we take K = 76e to get |Eg| < 766(1)5/(1807%4) < 0.00001 =
n* > 76e/[180(0.00001)] = n > 18.4. Take n = 20 (since n. must be even).

23. (a) Using a CAS, we differentiate f(z) = €°*** twice, and find that 12

f"(x) = e (sin® x — cos z}. From the graph, we see that the 0 ( /\/\ J .

interval |0, 2x]. Since f/(0) = —e, wecanuse K =eor K = 2.8,

maximum value of | f”(z)| occurs at the endpoints of the V

-3
(b) A CAS gives Mg = 7.954926518. (In Maple, use student [middlesum].)

e(2m — 0)3

ot g~ 0-280045995. With

(c) Using Theorem 3 for the Midpoint Rule, with K = e, we get |Ep| <
2.8(2m — 0)°
24102

{(dy A CAS gives I = 7.954926521.

K = 2.8 we get |[Eum| < = 0.289391916.

(e) The actual error is only about 3 x 10~%, much less than the estimate in part (c).
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(f) We use the CAS to differentiate twice more, and then graph

f ) = e % (sin'x - 6sin®z cosz + 3 — Tsin® z + cosz).

From the graph, we see that the maximum value of | F® ()| occurs

at the endpoints of the interval [0, 2i]. Since F@(0) = 4e, we can use
K =4eor K = 10.9.

(£) A CAS gives Sy9 & 7.953789422, (In Maple, use student [simpson].)

de(27 — 0)°

180 10% = 0.059153618. With K = 10.9, we get

(h) Using Theorem 4 with K = 4de, we get |Es| <
10.9(2% — 0)°
180 - 104
(i) The actual error is about 7.954926521 — 7.953789422 == 0.00114. This is quite a bit smaller than the estimate

in part (h), though the difference is not nearly as great as it was in the case of the Midpoint Rule.

1Eg| < ~ 0.059299814.

, de(2m)® 4e(27)°
(j) To ensure that | E5| < 0.0001, we use Theorem 4. |Eg| < 1;5] .724 <0.0001 = TETJ% < nt

nt > 5015362 < n > 49.3. So we must take n > 50 to ensure that |7 — Sn| < 0.0001. (K = 10.9 leads

to the same value of 7n.)

. (a) Using the CAS, we differentiate f{z) = +/4 — x? twice,
9zt 3z

and find that f"(x) = — - .
() 4(4 - .'1:3)3/2 (4 — .1",3)1/2

From the graph, we see that | f”(x)| < 2.2 on [—1,1].

(by A CAS gives Mg = 3.995804152. (In Maple, use student [middlesum].)

2.2[1 - (-1

o3 105 = 000733,

{¢) Using Theorem 3 for the Midpoint Rule, with K = 2.2, we get |Ea| <

(d) A CAS gives I = 3.995487677.
(e) The actual error is about —0.0003165, much less than the estimate in part (c).

() We use the CAS to differentiate twice more, and then graph
9 z*{a® — 2242 - 1280}
16 (4 — ﬂ73)7/ 2

FP) =

From the graph, we see that If(’”(:c)‘ < 18.1on[-1,1}.

(g) A CAS gives 519 = 3.995449790. (In Maple, use student [simpson].)
18101 — (—1)I°
180 - 104
(i} The actual error is about 3.995487677 — 3.995449790 =~ 0.0000379. This is quite a bit smaller than the

estimate in part (h).

(h) Using Theorem 4 with K = 18.1, we get |Eg| < = 0.000322.
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5
18.1(2)° _ o
180 . 0.0001 —
nt > 32,178 =>n > 13.4. So we must take n > 14 to ensure that [/ — Sy | < 0.0001.

18.1

2 5
(j) To ensure that | Es| < 0.0001,we use Theorem 4: |Eg| < T&’OL <0.0001 = =

g (%)3] = 0.140625
3)*+1°] = 0.390625
(3)" +1°] = 0.265625,
)’ +(3)°] =0.2421875,

4 = 3 —0.140625 = 0.109375, Er = § — 0.390625 = —0.140625,
— 0265625 = —0.015625, Ear = § — 0.2421875 = 0.0078125

(

~ 0.191406
= 0.316406
(g)] + f(1)} = 0.253906
(1_3.)] = 0.248047
0.316406 ~ —0.066406,
— 0.248047 =~ 0.001953.

ol-3

u"—’
—_—

“*“-ﬂ

+-o+f (1—2
191406 ~ 0.058594, B
253906 = ~0.003906, Exr

&

2
22 - + 3

o]
Q

[ [ Lo T S

.e-l»—-

o Lae = 7 [£(0) + F(3%) +f(;%) -+ f(2)] ~ 0.219727
Rie = 35 [F(35) + F(&) + (—2) (1)) ~ 0282227
Tie = 3 {0} +2[f(55) + f(lﬁ) e+ f(58)] + S(1)} & 0250077
Mio = 15 [f(35) + £(33) + -+ f(53)] =~ 0.249512
Ey, ~ 1 - 0.219727 ~ 0.030273, Er & § — 0.282227 ~ —0.032227,
Er ~ 1 —0.250977 ~ —0.000977, B = § ~ 0.249512 ~ 0.000488.

1
4

1_
!
L
4

Ln R, Ta M, n EL Er Er Eum
0.140625 | 0.390625 | 0.265625 | 0.242188 4| 0.109375 | —0.140625 | —0.015625 | 0.007813
0.191406 | 6.316406 | 0.253906 | 0.248047 81 0.058594 | —0.066406 | —0.003%06 | 0.001953
16 | 0.219727 | 0.282227 | 0.250977 | 0.249512 0.030273 | —0.032227 | —0.000977 | 0.000488

Observations:
1. Ey, and Ep are always opposite in sign, as are E7 and Es.

2. As nis doubled, F;, and Eg are decreased by about a factor of 2, and Er and E»s are decreased by a factor of
about 4.

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.
4, All the approximations become more accurate as the value of n increases.

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations.
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~ (.380056. f(x) = €

Li— L cm} A 4.924346

Ri=4e? + ¢+ e/ + e?| ~ 8118874

Ty = 745 [e +2e1/2 L 9el 1 26372 1 ¢ } =2 6.521610
M, — S em] & 6.322086.
By, =~ 6.
Er a6
Ar=(2-

-2

380056 — 4.924346 ~ 1.464710, Ex ~ 6.389056 — 8.118874 = —1.720818,

389066 — 6.521610 ~ - 0.132554, Exr ~ 6.389056 — 6.322986 = 0.0660706.
0/s =1

Lo=14[e"+e/* + e”? + 816l v eV M7 4 7V e 5.623666

Rs = i[e”4+el/2+83/4 el et 43 T +82] 2 7.220930

Ts = 15 [eﬂ + 20/ 4+ 262 + 267 4 26! 4 274 + 26%7 + 26T e‘*] ~= 6.422298

Ms = 4[ /8 4 (B/B L oB/8 | TR L 9/8 | 11/8 | (1378 +615/8] = 6.379448

Ep ~ 6.3839056 — 5.623666 = 0.765390, Er =~ 6.389056 — 7.220930 =~ —0.831874,
E7 = 6.380056 — 6.422298 ~ —0.033242, Es = 6.389056 — 6.372448 ~ 0.016608.

+ £{25)] ~ 5.998057
+ f(2)] =~ 6.796689
+ f(2)) ~ 6.397373
F(54)] ~ 6.384899
EL =~ 6.389006 998007 390999, Er = 6.389056 — 6.796689 ~ —0.407633,
Er =~ 6.389056 — 6.397373 &~ —0.008317, Ear = 6.389056 — 6.384899 ~ 0.004158.

Er Egr Er Epm
1.464710 | —1.729818 | —0.132554 | 0.066071
0.765390 | —0.831874 | —0.033242 | 0.016608
0.390999 | -0.407633 | —0.008317 | 0.004158

Observations:
l. Ep and Egr are always oppuosite in sign, as are I'p and Eay.

2. As nis doubled, Fr, and E'g are decreased by a factor of about 2, and E'r and Fps are decreased by a factor of
about 4.

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.
4. All the approximations become more accurate as the value of n increases.

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations.

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.
SECTIONS.7 APPROXIMATE INTEGRATION O 669

21 [} Jzde = [2 3/2} = 2(8-1)= 4 ~ 4666667

n =6 Ax—(4—1)/6=~
Lz[\/'+2\/_+2\/‘+2\/_+2\/_+2\/_+\/'}~4661488
= 1[v1.25 + V175 + v2.25 + V275 + V3.25 + V375 | =~ 4.669245
—1~[f+4f_+2f+4\/_+2f+4r+\/_]”“4666663

Er = 4.661488 =~ 0.005178, En =~ 3 — 4.669245 ~ —0.002578,

1a
3
Eg = X — 4666563 ~ 0.000104.

Ar={(4-1)/12=3

Tiz = 755 (F(1) + 2[£(1.25) + F(1.5) +--- + f(3.5) -+ f(3.75)] + F(4)) ~ 4.665367
Mz = L[f(1.125) + f(1.375) + f(1.625) + - + f(3.875)] ~ 4.667316

812 = 13[f( +4 £(1.25) +2 f(1.5) + 4 f(L.75) + - - - + 4 f(3.75) + f(4)] = 4.666659
Er =~ 1 — 4665367 ~ 0.001300, Eun = 3 — 4.667316 ~ —0.000649,

Es =~ X — 4666659 = 0.000007.

Note: These errors were computed more precisely and then rounded to six places. That is, they were not computed
by comparing the rounded values of T, My, and Sy, with the rounded value of the actual integral.

o) Th M, Sn Er Epn Es
6 | 4.661488 | 4.669245 | 4.666563 0.005178 | —0.002578 | 0.000104
12 | 4.665367 | 4.667316 | 4.666659 0.001300 | —0.000649 | 0.000007

Observations:
1. Et and Eys are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and
seems to decrease by a factor of about 16 as n is doubled.

I = [? zetdr = [pe” — e"]2 | =€ +2/e ~ 8.124815. f(z) = xe”.

n==6 Azx=[2-(-1)]/6=1
To = 345 {f(~1) + 2[f(~0.5) + f(0) + - + f(L5)] + f(2)} = 8.583514
= 1[f(—0.75) + f(—0.25) 4 -- - + f(1.75)] = 7.896632
Se = 555 [f(—1) + 4£(—0.5) + 2£(0) + 4£(0.5) + 2f (1) + 4£(1.5) + f(2)] ~ 8.136885
Er ~ I — 8583514 =~ —(.458699, Ear =~ I — 7.896632 = 0.228183,
Es = I — 8.136885 ~ —0.012070.

s Az =[2-(-1)]/12=3
Tz = 25 {f(=1) + 2[f(-0.75) + F(—0.5) + - - + f{1.75)] + f(2)} ~ 8.240073
Mz = (-2 + F(=2) + -+ F(2) + £(3)] ~ 8.067259
Siz = $5[f(—1) + 4f(=0.75) + 2f(=0.5) + - + 2f(L5) + 4F(1.75) + £(2)] ~ 8125593
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Fr = I — 8.240073 = —0.115258, Eas =~ I — 8.067259 = 0.057556,
Es ~ I — 8125593 = —0.000778

e T M, Sn Er Enm Eg
6 | 8.583514 | 7.896632 | B.136885 —0.458699 | 0.228183 | —0.012070
12 | 8.240073 | 8.067259 | 8.1255693 —0.115258 | 0.057556 | —0.000778

Observations:
|. E7 and E are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and
seems Lo decrease by a factor of about 16 as n is doubled.

2. Ax=(4-0)/4=1
(@ Ts = 3[(0) + 2f(1) + 2F(2) + 2F(3) + f(4)] = 5[0+ 2(3) + 2(5) + 2(3) + 1] = 11.5
(b) My = 1-[f(0.5) + f(1.5) + f(25)+ f(3.5)] = 1 +45+45+2=12
() Sa = L[F(0) +4f(1) + 2£(2) + 4f(3) + f()] = F0+ 4(3) + 2(5) + 4(3) + 1] = 116
30, if x = distance from left end of pool and w = w(z) = width at z, then Simpson’s Rule with n = 8 and Az = 2
gives Area = folﬁ wdz = %[0 +4(6.2) + 2(7.2) + 4(6.8) + 2(5.6) + 4(5.0) + 2(4.8) + 4(4.8) + 0] ~ 84 m?.
31. (a) We are given the function values at the endpoints of 8 intervals of length 0.4, so we’ll use the Midpoint Rule
withn = 8/2 = 4and Az = (3.2 — 0)/4 = 0.8.
132 f(z) do = My = 0.8[£(0.4) + £(1.2) + F(2.0) + f(2.8)]
= (.8[6.5 + 6.4+ 7.6 + 8.8]
= 0.8(29.3) = 23.44

b —4< f2)<1 = |f'{z)]<4,s0use K =4,a=0,b=32 andn = 4in Theorem 3. So

— 3 7
1B32-0° 18 o

Eul < =
Bl < 24(4)2 375

32. We use Simpson’s Rule with n = 10 and Az = 3:

distance = [ v(t) dt & Sw = 75 [f(0) + 4£(0.5) + 2f(1) + - + 4f{4.5) + f(5)]
= 1[0 + 4(4.67) + 2(7.34) + 4(8.86) + 2(9.73) + 4(10.22)
+2(10.51) + 4(10.67) + 2(10.76) + 4(10.81) + 10.81]
2(268.41) = 44.735 m

33. By the Net Change Theorem, the increase in velocity is equal to fo t) dt. We use Simpson’s Rule with n = 6 and

= (6 — 0)/6 = 1 to estimate this integral:

[ (0) + 4a(1) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)]

~ L0 + 4(0.5) + 2(4.1) + 4(9.8) + 2(12.9) + 4(9.5) + 0 = §(113.2) = 37.73 ft/s

1
3
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34. By the Net Change Theorem, the total amount of water that leaked out during the first six hours is equal to

fo t) dt. We use Simpson’s Rule with n = 6 and At = &2 =1 to estimate this integral:
)+ 4r(1) + 2r(2) + 4r(3) + 2r(4) + 4r(5} + r(6)]

(0
[4+4(3) +2(2.4) + 4(1.9) + 2(1.4) + 4(1.1) + 1]
(36.6) = 12.2 liters

for(t)dt = S =

1
3
%l
3
1
3

The function values were obtained from a high-resolution graph.
35. By the Net Change Theorem, the energy used is equal to f06 P(t) dt. We use Simpson’s Rule with n = 12 and
At = (6 — 0)/12 = £ to estimate this integral:
f(? P(t)dt = &2 = 133[}3(0) + 4P(0.5) + 2P(1) + 4P(1.5) + 2P(2) + 4P(2.5)
+ 2P(3) + 4P(3.5) + 2P(4) + 4P(4.5) + 2P(5) + 4P(5.5) + P(6)]
— 1[1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604)
+ 4(1611) + 2(1621) + 4(1666) -+ 2(1745) + 4(1886) + 2052]
= 1(61,064) = 10,177.3 megawatt-hours.

36. By the Net Change Theorem, the total amount of data transmitted is equal to ff D(t) dt x 3600 [since D(¢) is
measured in megabits per second and ¢ is in hours]. We use Simpson’s Rule with n = 8 and At = (8—0)/8=1to
estimate this integral:

[8D(t)dt = S5 = 1[D(0) + 4D(1) + 2D(2) + 4D(3) + 2D(4) + 4D(5) + 2D(6) + 4D(7) + D(8)]
~ 3[0.35 + 4(0.32) +l2(0.41) + 4(0.50) + 2(0.51) + 4(0.56) + 2(0.56) + 4(0.83) + 0.88]
= 1(13.03) = 4.343

Now multiply by 3600 to obtain 15,636 megabits.

37. Let y = f(z) denote the curve. Using cylindrical shells, V = f 2rzf(z)de = 27rf zf(z)dz = 2=l

Now use Simpson’s Rule to approximate I:
1228 =% [2f(2)+4 3f(3)+2-4f(4)+4-5f(5)+2-6f(6)
+4-TF(T)+2-8f(8) +4-9£(9) +10£(10)]
~ L[2(0) + 12(1.5) + 8(1.9) +20(2.2) + 12(3.0) + 28(3.8) + 16(4.0) +36(3.1) + 10(0)]
= 3(395.2)
Thus, V = 2 - £(395.2) & 827.7 or 828 cubic units.

18
B Work = | f(x)dz ~ So = 18 0 2 170) + 4£(3) + 2£(6) + 47(9) + 2(12) + 47(15) + F(18)

0
=1-19.8+4(9.1) + 2{8.5) + 4(8.0) + 2(7.7) + 4(7.5) + 7.4] = 148 joules
39, Volume = = [ (/1 + 23 )2 de == [ (1 +x3)2/3 dr. V = m- Sy where f(z) = (1 +a:3)2/3 and
Az = (2 - 0)/10 = £. Therefore,
Vame S =me [f(0) +4£(0.2) + 2£(0.4) + 4£(0.6) + 2f(0.8) + 4f(1)

+2F(1.2) + 4F(1.4) + 2£(1.6) + 4F(1.8) + f(2)] ~ 12.325078
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40. Using Simpson’s Rule with n = 10, Az = 2 =1,0p = 91—% radians, g = 9.8 m/s?, k? = sin®(16,}, and

Jlx) = 1/ 1 — k2sin® z, we get

L [m7* d /L
T=4 —/ L NN =
9 Jo 1-k?sin?zx g

o[ (R OV +47(3) + 2(35) 4+ 45(55) + £(5)] ~ 207665

10

2 4
_ NZsinTk e b where k = _ﬁ_de;.ma, N = 10,000, d = 10~%, and A = 632.8 x 107°. So
2 . 4 —4y - —6 —6
(10*) " sin” & 7 (10%)(107*)sin 8 107% — (-107%) g
Rl - Nown=10and Af = ————— 7 =2 x 1077,
= , where k 6328 % 107 ow Tl {an 0

s0 Mig = 2 x 107 7[I{(=0.0000009) + 1{—0.0000007) + - - - + 1{0.0000009)] ~ 59.4,

. flx) = cos(m: )Ar_ggla—uzg =

Tio = 3{f(0) +2[£(2) + f(4) + - + F(18)] + F(20)}
=1[cos 0 + 2(cos 27 + cosdm + - - + cos 187) + cos 207]

1(8) =

=142l +1+1414+141+14+1+1)+1=20

The actual value is ‘[020 cos(nz) dz = <[sin ’ﬂ':}.’:]go = 1 (sin 20w — sin 0) = 0. The discrepancy is due to the fact

that the function is sampled only at points of the form 2n, where its value is f(2n) = cos(2nm) = 1.
. Consider the function f whose graph is shown, The area jﬂ2 flx)dx

is close to 2. The Traperoidal Rule gives

=32 [fO)y+2f(D)+f@))=41+2-1+1] =2

The Midpoint Rule gives

M = 50 [£(0.5) + F(15)] = 1[0 +0] =0,

so the Trapezmdal Rule is more accurate.
. Consider the function f(z) =

[UZ fx) dx is exactly 1. So is the right endpoint approximation:

=f(1)Ar+ f(2)Axz=0-1+1-1=1. But Simpson’s Rule
approximates f with the parabota y = (z — 1)%, shown dashed, and

So= 2L [0 +4F Q)+ F@] = 5 (1 44-04+1] = 3.

. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and
Midpoint approximations on the subintervals [z;_1,:], ¢ = 1,2,... ,n, we can focus our attention on one such
interval. The condition f”{x) < 0fora < x < b means that the graph of f is concave down as in Figure 5. In that
figure, T3, is the area of the trapezoid AQRD, f: f{z) dx is the area of the region AQPRD, and M, is the area of
the trapezoid ABC'D, so Ty, < f; f{x)dx < M. In general, the condition f” < 0 implies that the graph of f on
(a, b] lies above the chord joining the points (e, f(a}) and (b, f(b)). Thus, fab f(z)dz > Ty. Since My, is the area
under a tangent to the graph, and since f < 0 implies that the tangent lies above the graph, we also have

My > ] f(z)dz. Thus, T, <f fle) de < M.
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86. Let f be a polynomial of degree < 3; say f(z) = Az® + Bx? + Cx + D. It will suffice to show that Simpson’s
estimate is exact when there are two subintervals (n = 2), because for a larger even number of subintervals the sum
of exact estimates is exact. As in the derivation of Simpson’s Rule, we can assume that xp = —h, 21 = 0, and

@2 = h. Then Simpson’s approximation is
JE fla) de s JRIF(=h) + 4f(0) + £ (h)]

— 1p[(—AR® + BR® — Ch+ D) +4D + (Ah® + BN* + Ch + D)]
= 1p[2Bh® +6D] = $Bh° +2Dh

The exact value of the integral is

ffh(A:nS + Bz® + Cx + D)dz =2 th(Ba:2 + D)dz [by Theorem 5.5.6(a) and (b)]
=2{1B3® + Dz, = 2BA® + 2Dh
Thus, Simpson’s Rule is exact.

. To = 3 Az [f(zo) + 2f(21) + -+ + 2f(€n-1) + f(zn)] and
M, = Az (@) + f(@2) + -+~ + f(@a-1) + F(Zn)], where Te = 3(zi1 + @:). Now

Ton = 5 (2Az) [f(20) + 2f(T1) + 2f (x1) + 2f(T2) + 2f (w2) + - -
+2f(Fn-1) + 2f (Tn-1) + 2f (Tn) + f(2n)]
1(Tn 4 Ma) = 3T + 5 Mn
=1 Az [f(zo) + 2f(21) + -+ 2f(@n-1) + f(zn)]
+ YAz [2f(F1) + 2/ (F2) + - + 2f (Tn—1) + 2/ (Tn)]

=Ton

i n—1 "
x f(mU)JrQZf(z:i)—i—f(wn)} and Mn—A:er(a:i—%),so
i=1 i=1

n—1 n
(Tp + 2Mn) = 3‘—3—‘52 [f(mo) +2 _Z Fli) + flz) + 42 f(wx — %f)

where Ax = b .Let bz = b_—a. Then Ax = 26z, so
n 2n

5z n—1 n
1 2 _ ‘ .
T+ EM = [f(xo) +2 g fl@) + flan) + 42 flai - &c)]
= %5${f(.’£0) + 4_f(:121 - 61!) + 2f($1) + 4f(££2 - (S.T)
+2f(2) + -+ 2f(n-1) + Af (@n — b2) + f(2a)]
Since o, z1 — 6z, 1, T2 — 82, %2,... ,Tn—1, Fn — 6T, n are the subinterval endpoints for 52, and since

b—a . . . . .
dx = gna is the width of the subintervals for 82, the last expression for %Tn + %Mn is the usual expression for

San.. Therefore, %Tn + %M’n = Son.
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8.8 Improper Integrals

1. (a) Since [~ x*e~"" dz has an infinite interval of integration, it is an improper integral of Type L.
(b) Since y = sec z has an infinite discontinuity at z == %, foﬁﬁ sec dx is a Type Il improper integral.

&£

- dx is a Type 1l improper
(= = 2)(z —3) yp prop

2
has an infinite discontinuity at x = 2, /

(¢) Since y =— o Z2 —br+6

integral.

0
(d) Since [ —zlJr—r dz has an infinite interval of integration, it is an improper integral of Type L
S T 5

. (a) Since y = 1/(2z — 1) is defined and continuous on [1, 2], the integral is proper.

"1

has an infinite discontinuity at x = é, /

(b) Since yy = T

dz is a Type Il improper integral.

1
2r -1

(c) Since / 1s1—: Y dr has an infinite interval of integration, it is an improper integral of Type L

2
o T

(d) Since ¥ = In{z — 1) has an infinite discontinuity at z = 1, flz In(x — 1)dx is a Type Il improper integral.

3. The area under the graph of y = I/x3 =z > betweenx = land z = ¢ is
A = [fade =[x %] = -4t = (-3) =5 - 1/(2t*) . Sothe areafor 1 < < 101s
A(10) = 0.5 — 0.005 = 0.495, the area for 1 < z < 100is A(100) = 0.5 — 0.00005 = 0.49995, and the area for
1< x < 1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for x > 1 is
Jim A(t) = Jim [3 -1/(26%)] = 3.

. (a)

(b) The area under the graph of f fromz =1tox =tis

t
F(t) = [} f(z)de = f{ 2~ 2o = [ =] 10
=-10(¢"" = 1) = 10{1 - t7*1) 100
10*
t 10%
t i
G(t)= f] g(z)dz = f1 z Mde = [%:EUIIL 1010

_ 10(i“'1 _ 1) 1020

and the area under the graph of g is

(¢) The total area under the graph of f is lim F(t) = lim 10(1-¢ 1) =10.

The total area under the graph of g does not exist, since lim G(t) = Jlim 10(t" — 1) = oo

t—oo
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oo 1 t 1
= — dr =1 —————dz. N
5.1 fl Ger e E= M ey Y

1 1 1
_ . == | =3 1, du=3d
/ Ger 1) dx 3 / - u o fu x + 1 z]

1 i
_lieo=--_—1 g
2w tC= 3@ "

1 t 1 1 1 1
= i ———— | =1 - 4+ —| =04 — = —. Convergent
sof = lim, [ Bz + 1)]1 Jm, [ 3@ 12 2T B

0 0
1 . 1 T 1 0 : 1 1 . [
/_ 2$_5dw——tl}£n t 2m_5da:—il}x_n [51n|2ww5|]t4tlim (15— LIn|2t 5] =

Divergent

t—+—00

, Jim [-2v3+2+/2—t] =co. Divergent

© gz t gz 1 -1 1" 1 -1 1
' 2 dr=1 —t  _dr=lim - |—— lim =
/0 wErap alL‘Eo/D TR tl-}argo2|:ﬂ:2+2] 2 ¢t t2+2+2)
1

=2(0+ 3) = 5. Convergent

-1
/ 1 lim ! dw = lm [—2\/2—1{}}41 [u=2_w,du:_dw]
oo V2—W t——oo f, 2w t

t
e dy = Jim fie ¥ dy = Jim [—Qe'y/2] = lim (—~2e""? +2¢72) = 0+ 2e7% = 2¢7%,

4 t—o0

Convergent

.f:oloe_ztdt lim f ! _tht lim [_%e..zt];lz lim [—1624}-%6_21] = 0. Divergent

T——0C0 r——00 T—— 00 2

* xdrx _/U xzdr Jrf"" zdzr and
"ol o1+ fy 1427

0
/ zdr g [3In{1+ xz)]? = lim [0—2In(1+*)] = —oco. Divergent

oo 1+zx2 t——oo t——0o

-I—f ( )dv—11+12—f_ (2 v)d’u+f0( v4)d'u,but
I = , lim [2v— 3’05} , = hm (-2t + 14%) = —oc. Since I, is divergent, 1 is divergent, and there is no need
——00 oo

to evaluate J2.  Divergent
oo —x2 0 g L
T zeT  de = [T e * dz+ [T ze™ da.

_z2 . _.2]0 .
[oze = de= lim (-1)[e] = Jim (-3)(
i

I ce~® dr = lim (-1) {6_12] = lim (~3) (e‘t2 - 1) =-1

t—oo 0 t—o0

Z
Therefore, [*_ze ™ dr = —3 4 3 =0. Convergent

oo 2 —x3 _ 0 2 —z? oo 2 -z
L rfe T dr =[O afe™ dx+ [T ze™ dx,and

3 . _ .3 0 . —13 N
2 x%e ™ dz= lim [—%e e ]a =—§+%( lim et ) = oo. Divergent

t—r— 00 t——oo

. [ sin@df = lim [, sinfdf = lim [—cos ﬂ]t = lim (— cost + 1). This limit does not exist, so the integral
27 t— 00 2w t—oo t-— 00

is divergent. Divergent
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16. [ cos® ado = Jim J5 3(1 + cos20) da = Jim. Fa+ %sin?a]:] = lim [1t 4 3 sin2t] = oo since

|4sin2¢| < 1 forall ¢, but 3¢ — oo ast — oo, Divergent

tl(?ﬂ?"*‘g) i - 9 t 1 1 2
mfl md$=§tgn§o ln(e? + 22)]; = 3 lim [Inft +2t) — In3]

= oo. Divergent

dz , t 1 1 . z+ 1Y\
——— = lim _— dz = lim |In
224 324+2 tooofy |2+1 242 too z+2/],
lim |ln LRt In Ly = Inl1+1In2=1In2 Convergent

‘ 1 - 1 _ K by ntegration b
3 ds = lim/ se " ds = lim i:_se S: e 58] [)’1 g ¥
@ o

t—oo t—oo 5 25 parts with u = s

— 2—158’51 + 2—15) =0—-0+ -21—5 [by I’'Hospital’s Rule]

=. Convergent

6 .18
lim re”dr = lim {37‘67./3 — 961"/3] {
t

t— -0 f, t——o0o

by integration by
parts with u = r

= lim (18¢% — 9¢? — 3te'’® + 9'/*) = 9¢* — 0+ 0 [by I'Hospital’s Rule]

t— —oc

= 9¢.  Convergent

2
Q%t)— = o0o. Divergent

oc , 2qt
. / e dr = lim [%} (by substitution with u = Inz, du = dzr/x) = 15]im
1 1 e

g t—o0

.ffcme_lz‘dz;:f_o e dr + [7 e di, I Ooe’”dxztlirgl [e*]y = lim (1—¢') =1 and

t——o0

fo e dr = hm

0 ') $2 oo 33‘2
. [ f = :rﬁ e dx + ‘/0 a0 dr = 2]0 R dx [since the integrand is even].
= _ % du u = 3w N %(3 dv) _1 dv
= xdr - 94 72 du = 3dv - 9+9v2 9 1+
1 1 3
=3 tan~tv+C = 3 tan“l(%) +C = ltan‘l(;%) + O,

9

o0 2 it 2

50 Qf Ld? =2 lim I
g 9+u8 t—oo fo O+ 28

} Jim (1 -¢™") = 1. Therefore, {* e *ldr =1+ 1=2. Convergent

a:dT

Now
9 9+ xb

=2 lim ~1~ tan™
9

t—oo

24. Integrate by parts with w = Inx, dv = dz/z® = du=dz/z,v= ~1/(22%).

f‘”ln_a:dx_ hm/ —-wdw— im 4—1—1nm t
1 a 25172

Int ¢ 1/t 1
1 — = = lim — =0 t
since im = Lm % tll]zlo BYE 0. Convergen
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25. Integrate by parts with w = Inz, dv = dz/z* = du=dz/z,v=—1/z.

o0 1rla: lnr
1 i—»oo

=—0—0+0+1:1

Int 1/t
since lim — 2 lim 1yt = 0. Convergent
t—oo | t—oo 1

t

dx dx
@ arctan dr = lim T arctan dzx. Lety = arctan z, dv = Y Thendy = ———

(1+x2)2 t—oo fo (14 x22)? (1+z2)% 1+z%
1/ 2zdz —1/2

VTl s 1t

d
3 an

rarctan dr — _l arctanx " l dx x = tan @,
(1 + x2)2 T2 142 9 (1+g;2)2 de = sec? 6 do
1 arctan x + 1 sec? 0 do
2 14 2? 2 | (sec? #)?
larctanz 1 2
—3T oo +§/cos 8 do
larctanz 0 sinf cosé
T3 142 T *4— ¢
1larctanz 1 T

oo L C
211 27 +4arctan;r:+41+ 5 +

It follows that
/°° T arctanz ) [ larctanz 1 1 =z
0

dr = lim

W L + —arctanx + —

T2 1422 4 AT+a2),

( 1 arctant

lim | —-2reant
e \T2 12

t—o0

Convergent.

27. There is an infinite discontinuity at the left endpoint of [0, 3].

— = hmf \/,. = lim [2\/_] :ﬂr&(zﬁuzﬁ) = 2+/3. Convergent

t—0+ t—0t

28. There is an infinite discontinuity at the left endpoint of [0, 3].

/3 dz lim [3 dz lim —2)° I + li = . Divergent
= —_— 1 —_— = — e .
o T \/J:,- t—0Tt Jy -T3/2 t—0+ ‘\/E t t—-nvD+ \/_ g

29. There is an infinite discontinuity at the right endpoint of [—1, 0].
f tdx
m
-1

 dr
30. —_— = i
fl Yr—9 t—lgl

Convergent

’ —/0@+f dmbt/Odm i 2 im i——l* =oo. Divergent
B P SR _, 3|, T eas | T3E T2y T TVOEE

. ¢ - m
= lm = lim [sin 'z] = lim sin Yt = 3 Convergent

t
d:z:
t—»lfg VI-22 =l 0 -
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33. There is an infinite discontinuity at & = 1. f:a( 1o dr = j (z — 1) dr+ j —1)7 Y% dz. Here

r

fy@ =1 dz = tim fiz =1 dw= lim 5z - 1)4/5]6:3{1_ [3(5—1)4/54§] ~ % and

t—1

Bp— 1)V = tlir1n+_ _f;w(m — 1y Yo dr = zliIP+ |:%(.T - 1)4/5]( = hm [% 16 — 2(t — 1)4/5] = 20.

1 t =1

Thus, % (x —1)""*dz = -3 2. Convergent

34, f(y) = 1/(dy — 1) has an infinite discontinuity at y = ;.

1 1
1 1 . 1
dy= Hm dy= lim Lin|dy — 1
]1/4 -1 t—’(1/4)+f¢ 1y —1 v t—(1/4)F (3t ldy =11,

= lim [fln3-3im{dt-1)| =
t—»(1/4)+L4 4 ( )]

| Yo :
50 dy diverges, and hence, [ dy diverges. Divergent
/; 2y —1 Jo dy-—1

3. [Tsccxdr = [T secxdr + [z SCCT d. j'U"/Q sccxdr = 11]}1 [y seca da
: s t—mw /2

i
= lim {ln\sec:r;#—tan $|] = lim In|sect + tant| = co. Divergent
0

t—w /2 t—mw/27

- dz s dz * dz o
35'/0 $2+1r“ﬁ—fn (m+3)(w—2)/o (w2)(m+3)+L (z —2)(z +3) ‘

i

2 - tT -
/ ( —d'l‘ = lim f [ 1/ - 1/5 ]daz {partial fractions] = lim [l In|Z 2 ]
J0 0

r—2)(x+3) -2 r—2 z+3 t—2— [ 5 z+3i,

1 t—-2
= tlir;l_ : [ln = 3‘ —In ﬂ = —oco. Divergent

1 e G L 1 er
31. There is an infinite discontinuity at x = 0. / dxr = / dx + / dz.
. Ja

e —1 et —1 et —1

0 i t fd N
/ _,_(' dr = lim / : de = lim [ln e — 1|] = lim [ln e — 1| —In |e"1 - l|] =—
Jo1€ 1

e’ —1 t—n- J_; e —1 t—0— 1 t=0-
xr

1 X 1
€ . . . (& R .
%0 / 1 dz is divergent. The integral / —— dx also diverges since
. Jo €

Cr —
€

1 x 1 T 1
/ le dr = lim / € dz= lim [ln le® — 1|] = lim [lnle — 1| —Inle’ - 1‘] = 0.
Jo ef—1 1 t o0t

i—~0t f, e — t—0+

Divergent
2 s
du: + / e—3 dx and
32 20— 3

2z
38.
fo 27’—3 /
xr—3 1 2:c— 1 3 3
== == - 2 _
/21‘_,3 2] 2./[1 5 _d]d:c iz~ 3|2z - 3|+ C,s0
-3 ) T i .
~der= lim ; [2;[: —3In|2x - 3!} =oc. Divergent
te3/2- 0
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2

39. 7 =f021z21n2(1!z:E’r(r)l+ [ Inzdz L lim [32(31112—1)]

t—0t t

~13GBInt- 1)) =Sw2-§ -1 lim [*3Wmt-1)] = §In2-§ - 5L

t—0t

3lnt-1n " 3/ — lim (_t3) = (0, Thus, L = 0 and

— lim [¢ —1)] = lim 22— 24
NOWL—tEIEa_[t (3Int —1)] Jim —= Jim, — = i

Convergent

40. Integrate by parts with u = Inx, dv = de\/z = du=dz/z,v =27
YInz Inz U dz , 1
= li = -2 — ) =1 —2+vtlnt —4
RvAa f“’gaWJMﬂ ‘[ﬁﬂtﬁﬂ Vilnt —4[vz];)
= lim (—2ﬂlnt—4+4\/£) =

t—0+

Int g .. 1/t .
= = — e = ] —2+/t) = 0. Convergent
since iy ilat = lim, 7575 =l =7 = (2 0) :

42,

i
Area = [ e/ ?dz = -2 lim [ “1/2] ,

t—oo

= -2 lim e %/? + 2e = 2e

t—oo

o vt
Area:./[; $2+9d1:=t1_1’n°10/0 g:2+9d$

= lim [41n(z* +9)];

= %tgrgo [In{t? +9) —In9] =

Infinite area
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_ pm/f2 2 _ . "t 2
a5. 20 _ Area = [["sec’ zdr = Pgr}lz)_ J, sec” xdx

= lim [tanz] = lim (tant- 0)
t—{rw/2)— t—(mw/2)~

oG

Infinite area

6 1 ¢ 1
Area ];2 — i) H1Ir;+/t == x
= lim_[2vz+2]) = lm (2+2-2VE+2)
t——2"

t—s—2%

=2/2-0=22

fi 9(z) dw
0.447453
5 | 0.577101
10 | 0.621306
100 | 0.668479
1000 | 0.672957
10,000 | 0.673407

It appears that the integral is convergent.

sin®

(b) —1<sinz <1l = 0<sinz<1 = 0< 3
x

1 . > 1 .
< —. Since — dz is convergent
- x? T2
1
sin® x

[.u)
{Equation 2 with p = 2 > 1), f 5— dx is convergent by the Comparison Theorem.
1 X

Since [ f(z)dx is finite and the area under

g(x) is less than the area under f(z) on any
interval [1,t], f, g(x) da must be finite; that is,

the integral is convergent.

- 1
I g(w)de AVEETY

It appears that the integral is divergent.

3.830327
6.801200
23.328769
69.0233061
208.124560
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®)Forz > 2,Vz>Vz—1 = % < \/_1_ . Since f % dx is divergent (Equation 2 with
p= % 1y, ] \/. da: is divergent by the Comparison Theorem.

Since [, f(z) dx is infinite and the area under

g(x) is greater than the area under f(x) on any
interval [2,], [~ g{z) dx must be infinite; that

is, the integral is divergent.

2

—0.5

COS2 r

j; % dz is convergent by Equation 2 withp =2 > 1, s0 /1 1422 de

cos’ T 1 1

49. Forx > 1, +$27m'2'<§.

is convergent by the Comparison Theorem.

24eF _ 2 . e 1 />1., . . .
50. Forz > 1, > = [sincee™™ >0] > e 2 dx is divergent by Equation 2 withp = 1 < 1, so
T x 1

/ 2te dx is divergent by the Comparison Theorem.
1 x

1 1
51. Forz > 1,z + € > ¥ >0 = —= =

2z
s =e¢ “"on [1,c0).

* -2 1 2 o2 1 2] _1 *
f e dr = lim {_56 m] = lim [_56 + 3¢ } = g€ .Therefore.f e~ “" dx is convergent,
1

t—oo t—oo

1 1

o
. de .
and by the Comparison Theorem, / ™ is also convergent.
1 X €

1 =1 . . .
52. Forz > 1,0 < - S S—— f de is convergent by Equation 2 withp =2 > 1, s0
1

VI+z8 26 oz x?

dz is convergent by the Comparison Theorem.

T
/; V14
n/2 iy

1 1 . , ™2 dr . d )
, — > =on ((), %] since 0 < sinz < 1. / — = lim 2 - lim [ln.r]
rsine T x 0 T to0t J, T t—ot t

m/2 - n/2 dr
Butlnt — —ocast — 0%, so / — is divergent, and by the Comparison Theorem, f — is also
0 xr fi] rsmx

divergent.

8. For0<z<le <1 = ﬁg%
1
d,.r = lim f ~—dz = lim 2\/_ = lim {2 — 2t} = 2is convergent. Thereforc,/ ¢

t—0+ t—0+ t—0+

is convergent by the Comparison Theorem.

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

68 ) CHAPTERS TECHNIQLES OF INTEGRATION

= dz 1 dzx =0 dx . 1 dr . /t dzr
. %« | — — + lim — Now
55'/0 NS /0 \/5(1+m)+f1 o A ), Easo TR ), VZl+o)

dzx 2udu
/\/E(I-FCU):/M(I-I—UZ) = @,z =’ dz = 2udu]

=2/ du —9tan ‘u+ C =2tan ‘vz +C,

1+l
>~ dr i _ 1 ) 1 t
o [ ey~ dm (2R 4 i R ]

- tElgl+ [2(%) _Qta‘nil‘/f] +:li¥.lo Ptanﬁl‘/g - 2(%)] =3 0""2(%) -z =7

= lim + lim

56 /°° dx _/3 dz +]°° dzx /3 dr ft dz__
) 2 xm 2 $\/:I:2——4 3 mx/a:T—Ni t—2t Jy :r\/m t—oo fq .f:\/a_:m

dx 2sect tan 8 df

/Em:/ 2secf 2tand

=10+ C=1sec ' (32) +C.s0

[z = 2sech where 0 < 8 < m/20r7m < 6 < 3n/2]

i

= tim_ [3sec™ (Ja)]2 4 Jim [$sec ! (42)]]

/c'o dz
Jo xova? -4 t2t

~ st (§) 0+ 3(5) - b (3) = 1

! d ! dx 1 .
5. Ifp—=1, then/ = lim — = lim [Inz], = oc. Divergent.
a t—0t J;, X t—0+t
1

1 .
If p # 1, then f d lim dz {note that the integral is not improper if p < 0)
o & t—0t ¢ g

ALk 1 1
. — lim —— |1 -
t}ir{% ["er 1} t_lg]+ 1—p tp—1

t

1
Ifp>1,thenp—13>0,s0 o1 ool t — 07, and the integral diverges.

1 + ldﬂfi 1 . 1—p
If;o<1,thenp~l<0,s0ﬁp_1 —~0ast - 0" and ; EAITle_lgh(l_t }

Thus, the integral converges if and only if p < 1, and in that case its value is

o0 d oo g
68. Letw = Inx. Thendu =de/z = —mp = / @ By Example 4, this converges to ! if
. z{lnz) . uP 1

p > 1 and diverges otherwise.

59. First suppose p = —1. Then

1 1 1
1 1 .
/ Plnrdr= | —=dr= lim / L2 dr = lim [%(lnm)ﬂl = -1 lim (Int)* = —o0,
o o T =0t f, T =0t { t0F
so the integral diverges. Now suppose p 7 —1. Then integration by parts gives

p+l pt+1
/a:”ln:nd:c: x dz = = ng— ————
p+ - (p+1)2

T p+1
' prl 9t 1
/ Flnzdr= lim {m— lnm—i——z] = 5 —( ) i {tpﬂ (lnt—ﬁ}w—u =0
0 t—0t | P+ 1 (p+12], (p+1) p+1 P+l

+C. Ifp< —1,thenp+1<0,s0
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ifp>—1,thenp+1>0and

! —1 1 Int—1/(p+1) n -1 1 ) . 1/t
r — . 3 = —_ lm —
fo e Inxde GF 1) (p+ 1)}5& D) P+1)2 \pt1)imor —(p+ 1)t @+
-1 1

-1
= + lim t#+ =
(p+1)2  (p+1)% im0t (p+1)2

Thus, the integral converges to — 7 ifp> -1 and diverges otherwise.

.
(p+1)

oo t
60. (2) n = O / g dy = lim | e ®dz = lim [~e 7]
0

t—00 0 t—oo

lim [~e *+1j=04+1=1
t—o0

oo t
n=1 / z"e “dr = lim ze "dz. To evaluate [;ce”da:, we'll use integration by parts
t—oo
0 0 :
withu =z,dv=¢"%dz = du=dz,v=—e "

SO/JZE_md.’E =-—ze " — / —e fdr=—ze " —e 4+ C=(-z—1)e " +Cand

t—oo

t

. _ . ey

lim /0 re “dm:tlirgo [(—z —~ 1)e™"],
. T 4 —t . H P A
= lim [(~t —1)e™* + 1] = lim [~te™" —e +1]
=0-0+1 [usel'Hospital’s Rule] =1

oo t
f "¢ %*dz = lim | z°e “dz. To evaluate / z*e “dz, we could use integration by parts
0

t—o0 )

again or Formula 97. Thus,
4 t
lim r?e ®dz = lim [—z%e g i ze Tdx
t—o0 0 t— o0
=0+0+2(1) [use|’Hospital’s Rule and the result forn = 1] =2
o t t
n=3: f e *dr = lim e "dz 2 lim [—35367&}; + 3 lim e %dx
0 t— o0 o t—oo t—oo G

=04+0+3(2) [use'Hospital’s Rule and the result forn = 2] =6

{b) Forn = 1, 2, and 3, we have / 2" e *de =1, 2, and 6. The values for the integral are equal to the factorials
0
for n, so we guess / e “dr = nl.
0

oo o0 t
(c) Suppose that / e "dx = k! for some positive integer k. Then f " e dr = lim { z"T'e *dx.
0 0 t—oo fg

—z

To evaluate / " ™% dz, we use parts with . = £} dv = ¢ ®dz = du= (k+ Dzdz.v = —¢

So /a:k“e"xd:c = g™ / —(k+ Dafe de = —z* e " 4+ (k4 1)/1"“8_”‘(& and

¢ t
lim f 2" le ™ de = lim [—x“’le_ﬂ; +(k+1) km [ zFe "dz
t—oo fg t—oo t—oo fg

= lim [—#*"e™ 4+ 0} + (k+ Dkl =0+ 0+ (k+ I = (k+ 1)

t—o0
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so the formula holds for k + 1. By induction, the formula holds for all pesitive integers. {Since 0! = 1, the
formula holds for n = 0, too.)
ay I = ffooomda: = [ij rdr + fox 2 dz, and

fncc Tde = tlim ‘[) zdr = hm [21 }U tgn;o [%tz — 0] = o0, s0 I is divergent.

“t L2710 142 122 g en i t = o0 i t T
(b [ wdr = [§2°]_ = 3t7— 5t =050 th_fglof_txd:c = 0. Therefore, ffoomd:c#tll?rgo.f_t:cdx.

. Letk = A—f so thatv = 4 K32 f vBe_F“’E dv. Let T denote the integral and use parts to integrate 1.
2RT VT 0

1 -
Let v = v2. df = “Uc-"""“2 dv = da=2vdv, 3= —-2—;:9 v,

ki 1 .. ; 1 2]’
pim [ ggete ] [Tee = e dm g,
1
0 —{(0—
2k 2k‘2(0

Thus?——ik-"”z-i-— 2 _2\/§VRTM 8RT
TR 2R Y2 am/ 2RO VM M

) 2 t 3
. Volume = / ﬁ(i) dr = 7 im / dz i 1} =7 lim (1—1> =7 < 00.
A T too f| t—oc

¢ IRRL: _ 1
. Work = f GMimn dr = lim / Gﬁfm dr = lim G]L'Im[-—l = GMm lim (—l + l) = GMm’
R 'r t— 00 r t—oo T B t—o0 t R R

where M = mass of Earth = 5.98 x 10** kg, m = mass of satellite = 10° kg,
R = radius of Earth = 6.37 x 10° m, and G = gravitational constant = 6.67 x 107" Nom?/kg.

) 6.67 x 1071 .5.98 x 10%*. 103
Therefore, Work = = — " ~ 6.26 x 101 1.

. Work = / Fdr = lim / GmM dr = hm GmM(— — l) = M The initial kinetic energy
! R R

. t—oc 72 t R

. il [2G M
provides the work, so %mvé = Q_ﬂ;{i = pp = %

——— z(r) dr and .I‘( ) = l(R -7 =
8 2 .
o) = lin MR- i "rt - 2R + RPr
(9)= o t \/r - 52 T—t—luﬁ ¢ V2 = s? ’

s 3 " 2
d d .
[ TS _ap | S+ R
¢ Vr?—s? ¢ Vrt—s? .

= lim (I, —2RL + R’Is) = L

t—st

= lim
t—st t

Forly: Letw = vri—s¢ = u? = r? — &% r? = u? + §2, 2r dr = 2udu, so, omitting limits and constant of

integration,

2, .,
jlszdu:f(u +s)du—wu + 5 u—%u(u2+332)

e

;:%\JTQ—SQ(TZASQ—FSsz) %\/Tz_sz(TQ—FQSZ)
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For I: Using Formula 44, Iz = \/ myCNELE lnir + vz —§2 .
For I3: Letw =r? - 8% = du=2rdr Th3ﬂ13=— d—u=l'2\/a= 2 — 52,
3 ‘ 2/ Vu  ?

Thus,

2 R
L= lim [%\/rﬁ-—s?(rng?.sz)—QR(g r2—32+%ln‘r+\/1‘2—szl)+R2\/T2—s2]
4

t—at

2
VRE— % (R? +25°) — QR(}; R s+ S n|R+ VR - 5 1) +RVR 32]

2
V2 -8 (17 +267) - 2R(% 2 52 + % 1n‘t+ V2 — st ‘) + R - 32]
[4 VR =5 (B +25%) - Rs" |R+ VR =52 || - [-Re’In}sl]
=1y/R2 — 2 (R* +25°) — Rs’ ln(&——fz_ﬁi)

67. (a) We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn

out after close to 700 hours, and a few overachievers to burn on and on.
¥ (b} 7(t) = F’(t) is the rate at which the fraction F'(t) of
T burnt-out bulbs increases as t increases. This could be

y=F . .
interpreted as a fractional burnout rate.

(c) [ r(t)dt = lim F(x} = 1, since all of the bulbs will

» eventuaily bum out.
t
{in hours)

3

68. 1 :/ te*t dt = lim [ > (kt—1)e ] [Formula 96, or parts]
0 S ]

() (B)]

Since k < 0 the first two terms approach 0 (you can verify that the first term does so with I'Hospital’s Rule), so the
limit is equal to 1/k%. Thus, M = —kI = —k{1/k*) = —=1/k = —1/(-0.000121) =~ 8264.5 years.

Sl | t _ _ _ _
69. I = dz = lim —1—d:1::1im [tan 1:ls]tzlim(ta.n Tt —tan 1a):ﬁ—ta.nla.
. X241 toaoo fo @2+ 1 oo & fmco 2

I<0001 = Z- tan~'a < 0.001 = tan"'e>Z-0001 = a> tan(f — 0.001) = 1000.

N, f(z) =% and A = 43¢ = 1.

[F(0) +4£(0.5) +2f(1) + --- 4+ 2f(3) + 4f(3.5) + f(4)]

f; flz)dz 2.
%( .31717808) ~= 0.8862

2
Nowz >4 = —z.z<-1-4 = % <e ¥ = f4 xd$<foo 617 d.

[ et de = lim [~2e=*)! = —1(0—¢7'6) = 1/(4¢™®) ~ 0.0000000281 < 0.0000001, as desired.
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(o] o0 1 X 1
N. (a) F(s) = f fltye "tdt = f e ' dt = lim [Ae i £ — + ;) This converges to —
0 0

ok

1 .
only if s > 0. Therefore F(s) = 3 with domain {s | s > 0}.

n 1 . kL3

(b) F(s f ftye " dt = / e dt = lim et dt = lim [—et(l >]
T— OO 0 TL— O 1 — 8§ 0

i e(1—5)n 1
——n.l—:nclao( 1—-s l—s)
. . 1 . .

This converges only if 1 — s <0 = 5 > 1, in which case F'(s) = o1 with domain {s | s > 1}.

() F(s) = [ f(t)e™**dt = lim [ te™*" dt. Use integration by parts: letu = ¢,dv =e™*'dt =

1

— st T _ 1 1 1
du:dt,'u:—es . Then F'(s) = lim {——Ee_"t—ﬂge_“] = lim ( LI +0+ ;) ==

n—roc s 3 o n-so0 | ge5T 3263" 52

1
only if s > 0. Therefore, F'(s) = =z and the domain of Fis {s | 5 > 0}.

120 < f{t) < Me™ = 0< f(t)e ™ < Me®e * fort > 0. Now use the Comparison Theorem:

e a —38 . n a—3 1 a-3 " 1 nia—s
f Me™e™* di = lim M/ e gt = M- lim [—e“ )] = M- lim [e ( )—1]
0 n—oc 0 n—oc | — § 0 n—oo d — 8

This is convergent only whena — s <0 = ¢ > a. Therefore, by the Comparison Theorem,
F(s) = [;7 f(t) e dt is also convergent for s > a.

1. G(s) = [° f'(t)e™ ™" di. Integrate by parts withu = e ™", dv = f'(t)dt = du= —se ' v = f(t):
G(s) = lim [f(t)e ™]] +5 [§ f(t)e™" dt = lim f(n)e *" — f(0) + sFY(s)

n— 00

But0 < f{t) < Me* = 0< f(t)e " < Me*e " and Jim Me*®™®) = (for s > a. So by the Squeeze

Theorem, lim ft)e ™ =0fors >a = G(s)=0— f(0)+ sF(s) = sF(s) — f(0) fors > a.
14. Assume without loss of generality that a < b. Then
[ fayde+ [ f(z)dz = lim [*f(x}de+ lim f*f(z)de
Jim [# f(z)dz + lim { I f@yde+ [ f dz]
,Jim ft z)dz + [? f(z)dz + Jim fb (z)dz
Jim [fta (w)dz + [° f( dm] + 7 fx) dx
hm ft z)dz + [ f(z)dx

—f_bmf(w)dwrf;"’f(w)d
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75. We use integration by parts: let u = z, dv = e " dr = du=dr,v= —%e_“’g. So
2 —x? : —z?]*¢ oo g2
[ ze dw:tll‘nc}o[—%:ce ]U+%f0 e dx

= lim [—t/(%tz)] +1 e —=f gy = i[7e = 4z

t—oo
{'The limit is 0 by I'Hospital’s Rule.)
. f0°° e~ di is the area under the curve y — e~ for 0 <z <oocand0 <y <1 Solvingy = e~ for x, we get
y=e® = lny=-z = -ly=2" = z=+/~Iny. Since zis positive, choose = = v—Iny,
and the area is represented by fol /— Iny dy. Therefore, each integral represents the same area, so the integrals are

equal.

. For the first part of the integral, let z = 2tanf = dz =2 sec” 6.df.

/‘ 1 dm_f2sec29
vz +4 ] 2secd

df = /secﬂdﬁ = ln|secf + tan é|. From the

2.4 4
figure, tan & = —E and sec = —$2—+— So

1:["( S C)dm:lim Vz—*

2 +4 xT+2 t—a0

t

—Clnl|z + QI}

2 0

M 2
= lim |In ———”24” —Cla(t+2) - (In1 -cmz)]

t— oo
L

= lim
t—o0

(5o
:ln(l' ltJ”/p—)ﬂ 91

e (e 2)°

t+ VT +451_m1+t/\/t2+4h 2

Now L = 11 =l

oo (f42)°  teee C(E4+2)¢71 C lim (t+ 2)¢-1

IfC < 1, L = oo and I diverges. If C = 1, L = 2 and I convergestoln2 + In2° =In2. If C > 1, L = Gand J
diverges to —oo.

_ e T C 1 1 2 1 t
.I—/O ($2+1 -39;.{_1)di¢]£{.10[§1“($ +1)—§Cln(3m+l)]0

= lim [ln(t2 + 1) —In(3t + 1)0/3]

t-roo

tz 1 1/2 5
e (A ED N e YL
t— o0 (3t+1) / 00 (3t+1) 7/3

For C < 0, the integrat diverges. For C' > 0, we have

VEFT w t/VE+1 1, 1

l —_— T e — l = — —_
TSGR DR T e o @ )Co T C A G O

ForC/3<1 & C<3,L:ooandldiverges.ForCz&L:%and]:lné.ForC>3,L=OandI

diverges to —00.
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588 U CHAPTERS8 TECHNIQUES OF INTEGRATION

B Review
CONCEPT CHECK

. See Formula 8.1.1 or 8.1.2. We try to choose = f(z) to be a function that becomes simpler when differentiated
(or at least not more complicated) as long as dv = ¢' (2} dz can be readily integrated to give v.

. See the Strategy for Evaluating [ sin™ x cos™ x dx on page 520.

. If v/a? — 22 oceurs, try « = asind; if va? + 22 occurs, try £ = atan g, and if Va2 — a? occurs, iry £ = asect.
See the Table of Trigonometric Substitutions on page 526.

. See Equation 2 and Expressions 7,9, and 11 in Section 8.4,

. See the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule, as well as their associated error bounds, all in
Section 8.7. We would expect the best estimate to be given by Simpson’s Rule.

. See Definitions 1(a), (b), and (c) in Section 8.8.
. See Definitions 3(b), (a), and (c) in Section 8.8.

. See the Comparison Theorem after Example 8 in Section 8.8.

TRUE-FALSE QUIZ

Since the numerator has a higher degree than the denominator,

1‘(:):2+4) A B
=L oy — + :
T —4 r+2 x-—2
Infact, A=~1,B=C=1.

Itcanbeputinthef0m£+£+ © .
x x2 x-4

Bzx+C

A
The f is — + —/——.
eom1s$+ 2214

This is an improper integral, since the denominator vanishes at z = 1.
4 1 4
T z z
——dz = ——dr + dz and
g x?—1 o 22-1 22 -1

z2 -1 t—1-

1 t '
f T dz= lim [ L —de~ lim [$Inje’ —1]| = lim 3n[¢* —1] =0
0 0 Q £—17

:I:2 — 1 t—1—,

So the integral diverges.
. True by Theorem 8.8.2 with p = V2> 1.
. False. See Exercise 61 in Section 8.8.

. False. For example, with n = 1 the Trapezoidal Rule is much more

accurate than the Midpoint Rule for the function in the diagram.

. (a) True. See the end of Section 8.5.

{b) False.  Examples include the functions f(x) = e, g{x) = sin(z?), and h(z) =
x
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If f is continuous on [0, o<), then fo f{x) dz is finite. Since fl z) dx is finite, so is
I flz)dz —fo z)dz + [ f(z)dz.
If f(x) = 1/z, then f is continuous and decreasing on {1, co0) with lim f (z) = 0,but [~ f(z)dzx

is divergent.

[ (@) + g(a)] de = im [ (f(z) + o(a)]da = lim (J (@) da + [} o) d)

in the sum exist

= tlim f; flz)dx + lim f: g(z)dx [s.ince both “mits}

= f:o f d.’ﬂ + foo d.’ﬂ
Since the two integrals are finite, so is their sum.
Take f(x) = 1 forall z and g(x) = ~1 forall z. Then [° f(z)dz = co [divergent] and
[ glz)dz = —oo [divergent], but [* [f(z) + g(x)]dz =0 [convergent].

I5° f(ax} da could converge or d:verge For example, if g(x) = 1, then [~ f(x) dx diverges if
f(x) = 1 and converges if f(x) =

EXERCISES

Tz i LU 101 10)]°
fu m+10d$_/0 (1_$+10) m_[m_ n(z + )]o
=5-10In15+10In10=5+10In12 =5+ 10In 3

5 u=y, dv=e""%dy, 5
—~0.6y ' _ 5,,-0.6y]53 5 ,—0.6y
. e dy = —2ye —/ —ze dy
./0 Y |:du—dy v:—%e_u'ﬁy [ 3 ]o o ( 3 )

B3 _ 2[00} = e _ B(e=? 1)

=3 9 o= T3¢ )

_ _25,-3_ 25,-3 25 _ 25 _ 100,-3
=3¢ ¢ t9 =% 9 ¢

=2 cosf w2
. ——df = in ¢ =In2-Inl=
/D T snd dd [ln(l + sin )}0 n nl=In2

/4 dt u=2t+1, ]Q%du
S (20412 |du=2dt s @

. Let u = secz. Then du = secztanz dx, so

[ tan” x sec® xdx = ftan® rsec’ rsecztanzde = [ (v — 1)3u2 du= [ (u®—3u®+3u" - u®) du

1,9 3.7 ,3.5 1.8 S RO VR S 3.5, 1.3
=3u su' +Fu U +C =jgsec’ z— 3sec’ x+ §sec & — 3sec z+C

1 1
Ty -dy—127 (y-6)(y+2) y-6 y+2
B—f—andlettmgy—S = A=

= 1=A(y+2)+ B(y—6). Lettingy = -2 =

1 1/8 / 1
e ay= [ L T Y dy = 2 +C
]y2_4y_12dy +y+2)dy lnly—6/— sInfy+2[ +
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9 O CHAPTERS TECHNIQUES OF INTEGRATION

1. Letu = Int, du = dt/t. Then/w& :]sinuduz —cosu+ C = —cos(lnt) + C.

8. Letz =tan®, -5 < # < 7. Then

sec” § d@ sec @ dé _/cosBdB_f@ [put u = sin 6]
/$2xfl+a:2 jta.nzﬂseCG tan?f sntg J w2 PUUT

2
_ o Loio= YT ¢
U sin 6 T

4 u=Inz, dv=ax%?dz, 4 4
9./ 23 Inx dx |: :%[ 5/21119:] —gf =% dy
1 1

du =dz/x y:‘_;-;ES/? 1

4
= 3(32In4 - In1) - 2[277]
2(641n2) - (32 1)

128 124 64 124
=232 (or &Ing- X

10. Let uw = arctan z, du = dz/(1 + z%). Then
! Varctanz /4 21 30174 2 21
Yy - —— /2 £ _ — 2. 1.8/2
fo dz /0 Vudu 3[u ]0 3[43/2 0] 33"

I+ 2

11. Let x = sec 8. Then

2 2 m/3 w/3 /3
/ ol ldz:/ tanesecﬂtanf?dﬁ:/ tan29d6=/ (sec? 6 — 1) d6
1 0 0 0

T secd

= [tanf — §]7/% = V31

1 s R
12 j;l % dz = ( by Theorem 5.5.6(b), since f(x} = ff; is an odd function.

1 T 1 2
o P A Ca ) L R R

2
l4.fs;j22da:=/(m—2+$i_|_2)da:—%m2—2m+6ln|m+2|+0

15. [ sin® 6 cos® 8d0 = fsin29(cos2 9)2c059d9 = [sin*@ (1- sin? 9)20059d6
= [u? (1 -u®)” du [u=sind,du=cosfdf] = [u?(1—-2u*+u')du
:f(u2—2u4+u )du— 1y3 5u + 1ﬂaf"—|~(3'— 3 sin G——sm 9+751n 8+C

sect (tan® @ + 1)? sec? 8 u = tané,
'5'/t 7540 = T do O,
an tan du = sec” 0 df

2 2 4 2
z/w—utﬂ-du:/ﬂ%iduzf(u2+2+$)du

u3

1 1
=—3—+2u—;+C=gtan39+2tan9—cot9+0
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17. Integrate by parts with u = x, dv = secztanzdr = du =dz, v =secz:

14
[zsecz tanzdr = zseck — fseczdr = zsecz — In[secz +tanz| + C.

2?48 -3 2*+8-3 A C 2 3
. = =—+ — 8r—-3=A 3)+ B 3+ Cx”.
18 ST 213 . +$+3 = z*+8r-3—Az{x+3)+ B(z+3)+Cx

Taking z = 0, we get —3 = 3B, s0 B = —1. Taking & = —3, we get —18 = 9C, so C = —2. Taking

z=1wegetb =4A+4B+C =4A-4—-2,504A = 12and A = 3. Now

2 +8z -3 2 1
- I Y e = — }de =31 - —21 31+C
/ P i $+3) & 3nt$|+$ nlzr+3+

19/ r+1 d:c—/ x+1 d:c—/ z+1 s u=3z+1,
“fo9xz+6z+5 f (9x2+6zx+1)+4 0 f (3z+1)2+4 du = 3dz
=/ [slu—1)]+1 [(Tﬁl )+3
u? +4 u? 44

- /__?_du_
9 u2+4 2422
# In

(92 + 6z + 5) + 3 tan ' [1(

dt dt
20. 2 = 3 C It
sint +cos2t J sin®t+ (cos?t —sin?¢)

2.

e ot | s

_/‘ZSeCBtané‘dG [ z—2=2sech,

dr = 2sec@tan @ df

2tan f J =/sech6=1n|sec0—|—tan6|+C1

-2 Jr2_4
:lnm2 + Ez x+C1=Inl:c—2+\/sc2—4m|+C,whcrcC=G1vln‘2

22 letw==x+ 1. Then

xd (w—1)° —3u® +3u—1
/(a:+1)10 dl':f 210 dsc:/ w10 du

=f(u"—3u"®+3u"%— w Y du=—2ub+3

—1 3 3 1
=8+ Tzl S@rip @iy T
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2 0O CHAPTERS TECHNIQUES OF INTEGRATION
B. Letu = cot 4z. Thendu = —dcsc® drxdz =
[esctazdz = [ (cot® 4z + 1) esc? drdr = [ (v +1)(—§ du)
=1l +u)+C= ~(cot® dz + 3cotdx) + C
2. Letu — cosz, dv = e*dr = du= —sinzdz,v=e" (x)I = [e"coszdr =€ cosz + [e"sinzdz.
To integrate [ e”sinxdr. let U =sinz. dV = e"dx = dU = coszdz, V = e”. Then

fe“sinxdr = e“sinz — [ e”coszdr = ¢”sinz — 1. By substitution in (%), ] = e cosx + €“sinz — [ =

2] = e“(cosz +sinz) = I=3e°(cosz+sinz)+C.

3:::3-x2+6:c—44Aa:+B Crx+D
(@2 +1)(x2+2) =z2+1 r2 +2

328 — 22 + 6z — 4 = (Az + B){a® +2) + (Cz + D)(z* + 1). Equating the coefficients gives A+ C =3,
B4+D=_-124+C=6,and2B+D=-4 = A=3C=0,8=-3,and D = 2. Now

32% — 2% +6x — 4 r—1 dz
f (2 + 1}z +2) dm_g/x2+1d“2/x2+2

= % 111(:132 +- 1) —3tan 'z ++v2tan"t (%.E) +C

d
L Letu =€ Thenz = Inu, de = f,so

/ dz :/d“‘/uzf[l_ ! }du:lnu—ln(u+l)+C:lne$ln(1+em)+C

1+ ez 1+u w  w+1

=z—In(l+e")+C

_2
5

5. 17/2 _ 2
cos x]u =

. 772 cos® xsin 2z dr = fo"/2 cos® x (2sinz cosz) dr = foﬂm 2cos’ psinzdr = | 2

+0Q

. Letu = /. Thena = u’. dr = 3u’du =
{’/E—ldm_, u_13udu—3 u+2u+2+u_1 du

=’ +3u® +6u+6Ilnju- 1+ C=z+32" +6{z+ 6|z 1] +C

. The product of an odd function and an even function is an odd function, so f(z) = #° sec z is an odd function.

By Theorem 5.5.6(b), f_ll P secxdr =0,

. Letu =e *,du— —e” “dz. Then
e “dr

. e\/%:/ 1—(e—m)2:f\/1:§%_

—sin 'u+C = —sin (e *) +C.
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31. Let u = +/e% — L. Then u? = e — 1 and 2u du = € dz. Also, e” + 8 = u® + 9. Thus,

mio 3, . 3,2 3
/ = “—Q“d”::zf du—Qf (1— ) )du
e'~"+8 g w49 o uE+9 o u

3

:2[u— %tan_l(%)}o = 2[(3 - 3tan '1) - 0] =2(3_3.E

/4 :r:sma: w=x, dv=tanzsec?zdz,
32. 5, ztanzsec’ z dr ) 5
a cos 0 du=dz wv=jtan“zx

T m/4 1 /4 2
5 tal’l .“E] - 5]0

1 /4
R
Q[ana: 0

3

3. Letz =2sinf = (14— 332)3/2 = (2¢os8)’, dx = 2cos 8 d0, so

2
/ﬁﬁdx fgsmagQ(:osBdG
_ cos

:/tan29d9=/(se029—1) do
2)+C

— _ - % .- 1fE
=tanf -8+ C i sin (2

34, Integrate by parts twice, first with w = (arcsinz)?, dv = da

I= /(arcsin z)? dz = z(arcsinz)® — [252 arcsin ( ldw )

2

& 1
NowletU = arcsinz, dV = ——=dr = dlJ = ——====dz,V = —/1 - 22 So
V1 x? Vv1—x?

I = z{arcsinz)® — 2 {arcsinw (— V1— 532) + fda:] = z(arcsinz)® + 21 — z2 arcsinz — 22 + C

= [ o2u Y% 4gu

N [ CTEEVRL rodu
\CREEE Ve+vE) J VE/THvE |de- i Vi

=4 /u+C=4/14+z+C

tanB cos 8 gind cosf —-sinf
36 cos cos s
/1 : 9 f——-—-——coae Y] dﬂ_/———c P edﬂm-lnicos(3+51n€|+0

cas cos &

37. [(cosz + sinz)?cos2xdr = [ (cos®z + 2sinz cosz + sin® z) cos 2z da

= [ (1 +sin2z)cos2zrdr = fcos2zdx + § [sindzdzr = § sin2r — g cosdx + C

Or: f(cosz +sinz)? cos2zxdz = [(cosz + sinz)® (cos’ z — sin® z) dz

)
= f(cosz +sinz)®(cosz — sinz)dz = §(cosz +sinz)* + Oy
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18. Letw = (tan™"' w)z, dv=zdr = du=2(tan”'x}/{1+ &®) dz,v = %xg. Then
I-= [a:(tan_l:c)2 dz = 1z*(tan™" 1)2 - / Mdm
. 1+x2

Now let w = tan tz, dw = 1/(1 + ;c2) dx, and z2 = tan®w. So
«*{tan "’ $)2 — [wtan®* wdw = 1z*(tan™! ;1:)2 ~ fwsec® wdw + [wdw
z2 (tzm'1 a:)2 - (x tan~!z — ln\/m_Qq—_l) + 3 (tan‘1 w)2 [parts with u = w, dv = sec® w dw]
(z* +1) {tan™! m)2 —ztan ‘z+InvVzE+1+C

or 4 («® + 1) (tan™" r)’ —ztanlz+ fIn(a? + 1) + C

I

W= N~ i

2
- xe . a2 _ dx
39. wWe’'ll integrate I = / (1—+»-2$—)2 dz by parts with u = ze“® and dv = —(1 T2 Then

1
du:(m-2ezw+egmo1)d$andv:~l

2’ 1+2$.so

1/2 :
Thus, —_—
usfo (1+2x)?

P'-"—"'—“‘— / sin @
40. / tan ¢ cos f (sin 6)~'/?(cos 8y~ 2ap
/4 /4

sin 29 n/a 28D 2sinflcosd 9

/3 . —-1/2 /3
=/ 1(3““9) (cose)”de:f %(tang)*”?sec?ado

=4 2\ cost /4

{ tan @ ]W/J \/_ \/_ \/_—1

o 1 ¢ 1 t
1. ————— dz = lim ——dz = lim/ lop + 1) 3 2de
/1 2z 1) mofl Gr e =t [ 524 D)
= lim [——I—_T = 2 Jim [_L_ _ 1] - #1(0__
B 42z +1)? |, 4 t—oo (2t+1)2 9 4 9

t2+1_(1t2—1)+2_1+ 2 Now 2 _ A B
2-1" #-1 (t+1)(E-1) (t+1D)E-1) t+1 t-1

2=A(t—-1)+ B(t+1). Lettingt=1 = B=1andlettingt=—-1 = A=-150

1241 b 1 1 b
dt = i 1+ 4+~ )dt=1li [t—l £+ 1] +1 t—1]
/Otz_l bitfl—/,J(+t+l+t—1)dt Jlim njt+ 1| +In| 10

a2,

t-1 ]bz lim Kb+ln le —(0+0)] = —o0o. Divergent

t
= lim |t+h
b—»l“li i1 o b—1T b+1
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©=lnz, due
8. _/zlnx {‘{E :szln\u|+0=1nllnm\+0,so

&

o0 t '
/ dv_ _ lim [ de__ lim [lnlln :ci] = lim [In(Int) — In(In 2)] = oo, so the integral is divergent.
, xlnx tow fy xlnr  toee 2 tooo

8. Letu = /g — 2. Theny = u* + 2 and dy = 2u du, 50

2
[ [ (g
u

6
= lim
t—2+ 3

= 1i 16 — 24
Jlim [ 4+8- 3~

45/ ln:ﬂ ztir(?-# %_de tkm [2 \/Eln:n—tl\/i]:

= lim {(2-2In4-4-2) —{(2vtlnt -4v1)] = (4Ind—8)— (0 0)=4In4 -8

t—0+

(*) Letu:lnm,dv:-l—dm = du:ida:,v=2\/z_:.Then

NE:

Inz
dr =2z Inx — ——2\/_111.’1,‘-—4\/_+C
e e

2/t = lim (—4\/1_5) =

i ——
t—0+ ——t 3/ o+

(++) lim (2v%Int} = lim —— =
t—0+ t—ot
46. Note that f{z) = 1/(2 — 3x) has an infinite discontinuity at z = % Now

2/3 1 1 1 i
/ __dr= lim dr=lim [_g In|2 - 3z|
o 23z t—(2/3)" Jo 2— 3 t—(2/3)" 0

3 lim {ln|2—3t]—1n2]:oo

e (2/3)
2 —3x
3 dz 8 dx 2 dr 3 dz
P L | R — R e ——
o 2—x-2 Jy (z+1)(z—-2) Jy +D(z-2) Jy (z+1){z-2)
3

3 3
dx . —1/3 1/3 . 1. |z-2
Lmz_m—Z t_]g]+/t [$+1+$—2] o tllg[3n$+1 L

1 t—Q}_

2/3 1 1 1
Since / dx diverges, so does / dz.
0 2 - 31‘ Q

3l t+1

S0 3—dm—diveres
o @z -2 Bes.
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1 ) 1
S VR VoA :f 173 | o=43) g +/ ~1/3 | 2=4/3Y 4z, But
_ (m +zx ) T B (:f: T ) b , (:r z )
1

t

1 (m—l/S 4 I—4/3) dr = lim f} (;1:*1/3 + 97_4/3) dr = lim [3372/3 - 393*1/3}

t—0+ t—0+

= 1im+ [% -3- %tz/a + 3t71/3] = co. Divergent
t—0

19, Letu = 2z + 1. Then

© dzx _/ N /°° du
o dr? 4z 45 B o ur+4

00 -1 t -1
t
50. tan @ dr = lim an % dx. Integrate by parts:
2 2 g
L T t—roo 1 T

tan 'z ~tan"'x 1 dz —tan"lz / 1 T
= - = - - dr
f x? do T +[$1+m2 x + xr z?+1

—tan"lx 2 —tan"'z 1 z?
—w—+ln{:c|—%ln(sr: +1)+C= . +§lnm2+1+0

+-In

dr = lim - 2P

t—oo

T [ tan" 'z 1 z? ]tV

B 1 -
=0+3ml+5+3n2=%+3In2
51. We first make the substitution ¢ = = + 1, s0 In(z* + 2z + 2) = In[(z + 1)* + 1] = In(¢? + 1). Then we use
parts with 1z = ln(t2 + 1), dv = di:

t(2t) dt 2 2 dt
/ln(t2+l)dt:tln(t2+1)—/ o =tn(t +1)—2ft,“r1

=tln(t2+1)—2/(1—tzi_l)dt—tln(t2+1)—2t+2arctant+C'

={zx+1) ln($2-|-2:c+2) — 2z + 2arctan{z+ 1) + K, where K =C — 2

[Alternatively, we could have integrated by parts immediately with 4

u = In{z? + 2z + 2).] Notice from the graph that f = 0 where F” has a

horizontal tangent. Also, F is always increasing, and f > 0. )‘<_j/
_4 V +
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52.Letu=x2+1.Then:r,2=uw1and:cda::%du,so 4

_ 1 1/2 —1/2)
= 2[(u u du

1/2

—(a:2+1) +C

V(2 +1)=3]+C

5§3. From the graph, it seems as though f02 ™ cos? z sin® x dz is equal to 0.

To evaluate the integral, we write the integral as

2 )
I:foﬂcoszm(lfcofm) sinzdrand letu = cosz =

0
du = —sinz dr. Thus,I:fllu?‘(l—uz)(—du)=O. {

54. (a) To evaluate [ z°e™ 2 dx by hand, we would integrate by parts repeatedly, always taking dv = e ™2 and starting

with u = z°. Each time we would reduce the degree of the z-factor by 1.

(b) To evaluate the integral using tables, we would use Formula 97 (d)

{which is proved using integration by parts) until the exponent of 1 ]
-12 - 5

x was reduced to 1, and then we would use Formula 96,
(©) [zPe * dx
= —L1e % (42" + 10z* + 202° + 30z% + 30z + 15) + C

B5. u=¢" = du=e"dzx, 50

86 [cscOtdt = —Lcott s i+ 2 [escPtdt

Z _leottesc®t+ 2[-Lesct cott + Linjesct —cott|] + C

= —2cott csc®t — S esct cott + 2 lnfesct — cotif + C
57.[ $2+az+ldw:/‘/z2+m+}l+%dm=/\!(w+%)2+%dw

_/1}u2+(3§)2du [u=z+ 3, du=dzl
%u,!u2+g+§ln(u+,/u2+§)+c

2 1
m: \/:r:2+z+1+%1n(:c+%+\/m2+$+1)+C
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B8. Let w = sinx. Then du = cos x dx, so

57 with
cotzdr du a,:l_,_il)tzz N \/1+2u—1‘ N
V1 +2sinz B uy/1 -+ 2u v1i+2u+1 v1+2ginx +1
1 1

,,I _u2+ — J—
Vva? —u2 ﬂ—uQ/GP a

a? — u2

=In

\/1+2sina:—1‘+c

u2 12

—(a2—u2)+1—1]:

(b) Letw = asin@ = du=acosfdf,a®—u?=a*(1 —sin®f) = a”cos’ 6.

2 __ g2 a2
]\/a2u a(‘oqﬂ /l—ﬁﬁdazf(csc29_l)d82—COtg—H-{-C
(7

a?sin?@ 6‘ sin? 4

—1/2

. Work backward, and use integration by parts with U = »~ """ and dV = {a + bu) du =

dalU = :_(”_nﬂ and V = %\/a+bu, to get
(73

Va i ~1) [Vatbu
fUdV uv - deU—2 ‘”1 2{”{)1/ I du

./u" Lva+bu

2\/a+bu+ (n—~1) a—+bu
bun—1 b u™ a + bu

_2\/a+bu+2(n_1)/ du +2a(n—1)f
- burtt u 1o+ bu b u™ a + bu

2a{n — 1) du _A2\/a+bu_(2n_3) du
b u™ va + bu bun—1 w1 +/a+ bu

du _ _—Va+tbu  b2n-3) / du
wrvat+ by ofn—Du! 2an—1)f yr-1ya Tt bu

Rearranging the equation gives

.Fornz(),fowm“d:c:tlim [a:""'l/(n—}—l)} =00, Forn <0, [{°z"dz = [} z"dz + [ z" dz. Both

integrals are improper. By (8.8.2), the second integral diverges if —1 < n < 0. By Exercise 8.8.57, the first integral

diverges if n < —1. Thus, [-° z™ dr is divergent for all values of n.

99 with :

oo t oz
. k=1 .. € .
I = e coszrdr = lim [ e™coszdr = lim | ——(ucosz +sinx)
o t—oo fq t—oo | @2 +1

)

at 1 1
= lim [a2€+1(acost+smt) -5 -{-l(u)] == zli.n;c[ *{acost +sint) —a).

For a > 0, the limit does not exist due to oscillation. For a < 0, tlim ie**(acost + sint)| = 0 by the Squeeze

1
Theorem, because |e*(acost + sint)| < e*(la] +1),50 1 = =
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8. f(z) = VTR Ar= 0= 0=
(@) Tio = 75 {f(0) + 2 [f(0.1) + £(0.2) + -+ + F(0.9)] + f(1)} =~ 1.090608
(b) Mio = 5 [£(55) + f(35) + F(F) + -+ f(55)] = 1.088840

(©) S10 = 55 [F(0) + 4F(0.1} + 2f(0.2) + - - + 4£(0.9) + f(1)] =~ 1.089429

f is concave upward, so the Trapezoidal Rule gives us an overestimate, the Midpoint Rule gives an underestimate,
and we canrot tell whether Simpson’s Rule gives us an overestimate or an underestimate.
T _
= +Vsinz, Az = 2 0
@ Tio = 575 {f(0) + 2 [f( ( =]+ f(
(b)ﬁ410:2_7:)[f(40)+f( z?
(©) S0 = 305 [F(0) + 4f(35) £

1)) ~ 1.185197
)] & 1.201932
)] & 1.193089

f is concave downward, so the Trapezoidal Rule gives us an underestimate, the Midpoint Rule gives an

overestimate, and we cannot tell whether Simpson’s Rule gives us an overestimate or an underestimate.

flz) = (1+ 14)1/2, fley=3(1+ 334)_1/2(41‘3) =22°{1+ 14)_1/2, (@) = (22° + 62°) (1 + 34)_3/2.

A graph of £ on [0, 1] shows that it has its maximum at = = 1, so | f”(z){ < f”(1) = vBon [0, 1]. By taking

Kb—a)® /8

12r2 1200

— /8, we find that the error in Exercise 63(a) is bounded by /s 0.0024, and in (b} by about

%(0.0024) = 0.0012.
Note: Another way to estimate K is to let z = 1 in the factor 228 + 622 (maximizing the numerator) and let x = 0
in the factor (1 + 3:4) —3/2 {minimizing the denominator). Doing so gives us X = 8 and errors of 0.006 and 0.003.

—a)? M3
Kb-a) 500001 « SE=0F o 1

Using K = 8 for the Trapezoidal Rule, we have |E7| < o S 27 = 100,000

30
n? > 2’300 < 7 > 258.2, so we should take n = 259.

K(b 3 800,
(—2) < 0.00001 < nZ> 0,000 & n > 182.6, so we should

For the Midpoint Rule, <
or the Midpoint Rule, {Exr| < 2an 94

take n = 183.

4 e® _
& dn e G = 2 D/6
1 E 3

[F(L) + 4F(1.5) + 2£(2) + 4F(2.5) + 2£(3) + 4£(3.5) + f(4)] ~ 17.739438
CAt= (2 -0)/10= 5
Distance traveled = [, vdt ~ Sio

= ﬁ [40 4 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) -+ 4(57) + 2(57) + 4(55) + 56]

T55(1544) == 8.57 mi
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38. We use Simpson’s Rule withn = 6 and At = #=8 = 4:

Increase in bee population = f02 “r(t)dt = Se
= 3[r(0) + 4r(4) + 2r(8) + 4r(12) + 2r(16) 4 4r(20) + r(24)]
= 4]0+ 4(300) + 2(3000) + 4(11,000) + 2(4000) + 4(400) + 0]

= 4(60,800) ~ 81,067 bees
B9. (a) f(z) = sin(sinz). A CAS gives 4

F@(z) = sin(sinz) [cos* 7 + 7cos’ z — 3

+ cos(sinx) [6 cos” zsinx + sin a:}

From the graph, we see that Wf(‘”(sc)t < 3.8forz € [0, 7).

(b) We use Simpson’s Rule with f{z) = sin(sinz) and Ar = {5:

IT fl@) de ~ 25 [F0) + 47 (F) + 2 (%) +--- +4F (35) + f(m)] ~ 1.786721

From part (a), we know that | f4) (sc)‘ < 3.8 on [0, 7], so we use Theorem 8.7.4 with K = 3.8, and estimate the

3.8(r — 0)°

TRog - 0-000646.

error as | Es| <

(c) If we want the error to be less than 0.00001, we must have |Es| < %ﬁ; < 0.00001, so

nt > ﬁ% =~ 646,041.6 = n > 28.35. Since n must be even for Simpson’s Rule, we must have

n > 30 to ensure the desired accuracy.

20. With an z-axis in the normal position, at z = 7 we have C' = 2rr =45 = 7(7) = i—g. Using Simpson’s Rule

withn = 4 and Az = 7, we have

V= [P alr(@)] do~ Sy= 5[0+ dm(£2)" +2m(52)" + 4 (52)° +0] = 3(Z£2) ~ 4051 om’

933 z?

1 (s o]
n. po < g for z in {1, 00). /1 % dx is convergent by (8.8.2) with p = 2 > 1. Therefore,

3

52 dz is convergent by the Comparison Theorem.

72. The line y = 3 intersects the hyperbola y? — 22 = 1 at two points on its upper branch, namely (-2 v'2,3) and
(22, 3). The desired area is

A= 22 (3- V@ T 1)dz=2 [0 (3-vaT+1)ds
B9l3e - 1o VaTF1 - Sln(z + Ve +1)]27°
= [61:—3;\/;1:2—H—1n(a:+\/x2_+_1)]3‘/§:12\/'—2\/'2'-3—1n(2\/§+3)
=6v2—-1n(3+2v2)

Another method: A =2 | 13 /12 — 1dy and use Formula 39.
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13. Forz in [0, %], 0< cos®z < cosx. Forr in [%,Tr], cosx <0< cos® z. Thus,
area = fﬂ”m (cosac — cos? JC) dx + f:ﬂ (0052 T — Cos m) dx
= [sinm — %a: - %sian]g/z + [%m + %sin?ﬂ: — sina:]:/2

n

4

Thus, the required area is

1 1 1
74. The curves y = 2i\/5aredeﬁnedf0rm20. For3:>0,27\/5 > S

fl( ! ! da:w]l( ! —L)2udu [putu = vz
\a=vE 21/ T \a—u 2y ptt =
! U U ! 2 2
= — — = ————-.———_.,1
/O(UAQ u+2)du Qfg(l u +u+2)du

1
:2[2111 “*2‘ —2u] = 4In3 -4
= 0

75. Using the formula for disks, the volume is

V= foﬂﬂ w[f@) de=mn 01r/2 (cos® :r:) dr = *.rrf"/2 [3(1 + cos 2::3)] dx

:Ef”/z(lJrcos 2z +2cos2x)de = § [;r/z [1+%(1+Cos4:n)+2cos2a:]dw

=23z + 1(Lsindz) + 2(§sin2x)]; /2 (3 +1-0+40) -0 = &
76. Using the formula for cylindrical shells, the volume is

V= j”ﬂZ?rxf(:n)da:=27rf0”/2:ccosza:dsc
=2r [7%2[3(1 + cos2z)] dz = 2(3) = 22 + zcos2z) dr

= r([%xﬂgm + |=(3 sin2a:)]g/2 — ;/2 %s1n2xda:) [parts with u = z, dv = cos 2z dx)

1

71. By the Fundamental Theorem of Calculus,

Ji° Fla)de = im [ f'(@)de = Jim [f(t) - f(0)] = Jim f(&) - £(0)

- . 1 t _ 39 .. 1 _ t
78. (a) (tan Ia:)ave lim — [ tan 'zdz = lim {; [« tan by — +1n(1 +$2)]0}

t—oo § — 0 + o0
In(1 + ¢
[% (ttan"t - $In(1+ fz))} = lim ltan1 t— In(1 +¢%) 2_: )
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(b) f(z) > Oand [ f(z)dx is divergent = Jim I} f(z)dz = 0.

i
d
fuwe = Jim JS@ s @ by FTCH = lim f(z), if this imit exists

JRE t—a t— o0

{c) Suppose [ f(x)dx converges; that is, tlirn f: f{z)dr = L < oo. Then

t—a t—wool —a

t t
faw:tlin;o[ L ]f(m)da:}—lim 1 tllglo/ fx)dz=0-L=0

t—oo 00

. .1t . 1 e\ cost 1Y\ .~ 1-—cost _
(d) (smz)aveztlinc}o;fo sinzdz = tli.lﬁg (;[— COS.T]D) = lim (_T + t) —tl_l‘m ; =0
9 Letu=1/z = z=1/u = dz=—(1/u’)du
/°° Inz d,;r:*'/o In{l/u) ( du _]0 ~Inu (—du)
o 14x2 7 f o1+ 1/u? w2 ) Jout+1l

oG o0
Therefore, f Inz dr = — / Inz dx = 0.
o 1+z2 o 14+a2

. If the distance between P and the point charge is d, then the potential V" at P is

V—W__/dFdr_fd T e im -1 [ ] o g, (L1 1)
A N 4mepr? | t—oodmeg | T, dmegt—oxo\ d  t T dweod

o
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By symmetry, the problem can be reduced to finding the line = ¢ such that the shaded area is one-third of the area
of the quarter-circle. The equation of the circle is y = v/49 — 22, so we require that [ VA9 —2¥dr = 1 ix(7)?
o 3z VAS — 72 + 42 sin_l(a:/T)]; = 3r [by Formula30] <« %cx/E——_cz + 2 sin~}e/7) = L.
This equation would be difficult to solve exactly, so we plot the left-hand side as a function of ¢, and find that the
equation holds for ¢ & 1.85. So the cuts should be made at distances of about 1.85 inches from the center of the

pizza.

1 _ dx _ z° 1 1 Iy o
'/327—:1:[””/3:(3:5—1)_/:cﬁ(xs—l)d$_6[u(ul)du [u=2", du = 6z’ dx]

:l/ L N Limju-1/-mu)+C=r|*=Li+c
u 6 6

6 u—1 U

1. |28 -1
=611'1 26 ‘+C

1—xz8

-7
Alternate method: f _ dx =/ a dz [u=1-2"8% du==6z""dz]

z' -z
1 {du _
=g/¥ i +C=1m[i-z°+C
Other methods: Substitute w = z° or 3 = sec.

. The given integral represents the difference of the shaded areas, which appears

to be 0. It can be calculated by integrating with respect to either x or y, so we

find z in terms of y for each curve: y = ¥/t —z7 = z= {/1—y%and
y=vi-z} = z=Yl-y' so
W(YT=9 - Y13 ) dy = [y (V1=° = YT a7 ) do. But this

equation is of the form z = —z. So YT -2 — Y123 )dr=0. 0
0

4. (a) The tangent to the curve y = f(x) at x = o has the equation y — f(zo) = f'(zo){z — o). The y-intercept

of this tangent line is f(z0) — f'(xo)zo. Thus, L is the distance from the point (0, f(zo) — f'(xo)zo) to

the point ( zo, f(zo)); thatis, L? = x3 + [_f’(zg)]2 rd, s0 [f'(mo)]2 = L -

ford < xg < L.
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L2 — 12 /( Lz_wz)
=— B Y= B — dz.
x

Let z = Lsin6. Then dx = L cos 6 df and
[ =Lcosf§Lcosfdf _ sin?@ — 1
4 _f Lsin® N [ sin @
=L [(sin @ — csc ) df
= —Lcosf — Lin|csc® —cot 8| + C

2 _ 2
=4\/ff;z_mz_mn(f? _\M)m.

x xr

dd

Whenz = L,y =0,and 0 = -0 — LIn(1 — 0) + C, so C' = 0. Therefore,
_JVIZE — 22
y:—ﬂ/Lz—mi”—Lln(L—-—x—m)

5. Recall that cos A cos B = 1[cos(A + B) + cos{A — B)]. So

f(z) = [ costeos(x — t)dt = § f [cos(t +x —t) + cos(t — =z + £)] dt

= L [T {cosz + cos(2t - z)| dt = § [tcosx + }sin(2t — 2)]
= Zcosz + § sin(2r —x) - 1sin(—z) = Fcosz + 3 sin(—z) — § sin(—x)
n

=3 CosXx

The minimum of cos x on this domain is —1, so the minimum value of f(x) is f(#)} = —%.
. 11 i8 a positive integer, so
f(nz)*dz = z(Inz)" — fz-n(lnz)* " (dz/z) [byparts] =z(Inz)" —n [{Inz)" " dz
Thus,
[ (nz)" de = tEI;I+ f:(ln )t dr = tl_i’xgh- [z{lnz)"]; — ntE%l+ _ftl(ln )" dzx

_ . (Int)™
B tEl’[& 1/t

1 1
- n/ (Inz)" 'dz = —n / (inz)* ' dx
0 Jo

by repeated application of I'Hospital’s Rule. We want to prove that fol {Inz)" dz = (—1)"n! for every positive

integer n. Forn = 1, we have

finx)dz = (-1) fy(Inz)’dz = — [ dz = -1 [or fy Inzde = lim [zlnz—2z]; =

0 o
Assuming that the formula holds for 7, we find that
fnz)"de = —(n+1) f; (Inz)" dz = —(n + 1)(—=1)n! = (=1)** (n + 1)!
This is the formula for n + 1. Thus, the formula holds for all positive integers » by induction.
. In accordance with the hint, we let [, = fnl (1-2%) * du, and we find an expression for I, in terms of I, We

integrate [, by parts withu = (1 — $2)k+1 = du=(k+1)(1- a:z)k(fQ:c), dv=dr = wv=uz and

then split the remaining integral into identifiable quantities:
1 .
Iy = 2(1 - a:z)k"'l‘o + 2k +1) fﬂl z?(1 - mz)i' dr = {2k +2) ful (1- :cz)k[l —{1-2%)|dz

= (2k + 2){1k — Txs1)
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S0 Lpe1[l + (2k+2) = 2k + 2Tk = Irgr = 2221 Now to complete the proof, we use induction:
_2%(0n)?
L
oo 2k+2,  2%+2 2e(k)2]  2(k+ 2D _ 2(k+ 1) 2(k + 1D2M(K)?
T ok 137 T 2+ 3 [ (264 1)

I U CR S V) () S Sl (L VL1
T2k +3)2k+2)(2k+1) [{k+1)+11

, 50 the formula holds for 7 = 0. Now suppose it holds for n = k. Then

T k+3)k+1) 2k+2  (2k+3)(2k + 1)

So by induction, the formula holds for all integers n > (.

8. (a) Since —1 < sin < 1, we have

y = f(x)sinnx

—f{z) < f(z)sinnz < f(z), and the graph of
y = f(z) sinnz oscillates between f(z) and — ().

(The diagram shows the case f({z) = e* and n = 10.) As

n — oo, the graph oscillates more and more frequently; see
the graphs in part (b).

(b) From the graphs of the integrand, it seems

that lim [ f(z) sinnz dz =0, since as n
n—o

increases, the integrand oscillates more and

more rapidly, and thus (since f” is

continuous) it makes sense that the areas
above the x-axis and below it during each

oscillation approach equality.

(c) We integrate by parts withu = f(z) = du= f'(x)dr,dv=sinnzdr = wv= _ ZO°RT.

! : _ [ f=) cosnm]l !
/O_f(m) sinne dr = B 0+/0

= 3 (i cosnay'(z) dz — [f(z) cosnal})

—% [fﬂl cosnz f'(z)dz + f(0) — f(1) cosn]

Taking absolute values of the first and last terms in this equality, and using the facts that | + 8| < |a| + 18]

101 f(x)de < fnl |f(z)| dz, | £(0) = f(0) [f is positive], |f'(z)] < M for 0 < = < 1,and [cosnz| < 1,

|fo f(a) sinnzde| < & [ fy Mda|+ [FO] +1FW] = £ M+ 7O+ 1701

which approaches 0 as n — oco. The result follows by the Squeeze Theorem.
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9.0 <a<b Now

ittt r pttl _ gtt!
) (

[[bz:+a(1—:c] da:—f (b du [put u = bz + a(l — z)] :[(t+1)(b—

. +DE-a)

pi+l t+1 prtl _ gttt

1/t
2 )] .Thenlny = 2111[1) [1 In ——-—a—ﬂ}. This limit is of the form 0/0,

Now let y = lim [W t (t+1)(b—a)

so we can apply I’Hospital’s Rule to get

Iny = Hm

t—0

bt nb —o'tlineg i ] _ blnb—alna blnb alna
- b—a b—-a b-a

Bl _ gt Tt —1= - —lne=

bb 1/(b~a)
Therefore, y = e ! (—) .
aa

From the graph, it appears that the area under the graph of

f(z) = sin(e”) on the interval [¢,¢ + 1) is greatest when

t =~ —0.2. To find the exact value, we write the integral as

T flayde = W f(z) dz — f f(x)dw, and use FTCI

to find dI/dt = f{t + 1) — f(t) = sin(e'*?) —sin{e') =0
when sin{e’*') = sin(e*).
Now we have sinz = siny whenever x — y = 2kw and also whenever x and y are the same distance from
{k + 1), k any integer, since sin z is symmetric about the line # = (k + § }«. The first possibility is the more
obvious one, but if we calculate e! ! — et = 2km, we get t = In(2kx /(e — 1)), which is about 1.3 for k = 1 (the
least possible value of k). From the graph, this looks unlikely to give the maximum we are loaking for. So instead
wesete!t — (k+ Dr=(k+i)r—€ & T+ =02k+1)r & e+1)=(2k+1)r &
t=In{(2k+1)r/(e+1)).Nowk =0 = ¢=In(n/(e+ 1)) = —0.16853, which does give the maximum

value, as we have seen from the graph of f.
An equation of the circle with center (0, ¢) and radius 1 is

x4+ (y — ¢)? = 12, so an equation of the lower semicircle is

y = ¢ — v/1 — z2. At the points of tangency, the slopes of the line

and semicircle must be equal. For z > 0, we must have

=g > L _9 o r=2V1-22 =
y Vv1—x?

P =41-2% = 52°=4 = =% = z=%/5

and soy = 2(2+v/6) = 2+/5. The slope of the perpendicular line segment is —%, so an equation of the line
5 5 pe g 2

segmentisy — 25 = ~1(z— 2V5) & y=-3z+iVE+:V6 © y=—1z++5,s0c=+5and
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an equation of the lower semicircle is y = VB — /1 — 2. Thus, the shaded area is

(2/5)V5 _
2/ 5[(\/54\/:.:5)44(&522 ﬁw—gmﬂésin—lxﬁmg}
0 . 0

22; 7 () -3 o
-t (@)

dv dv dv ub
-_—— - — —_— f) — = p— — _ e —_— é
12 () M e ub = ~Mg = (My—0bf) i ub— (M —btlg = & o bt g

v(t) = —uln(Mo — bt) — gt + C. Now 0 = (0} = ~uIn Mo + C, s0 C = uln Mo. Thus

My

— — — — gt = — gt.
v(t) = uln Mg — uln(Mq — bt) — gt UInMu—bt g
b

Note: The reason for the term “burnout velocity” is that Mo kilograms of fuel is used in M3 /b seconds, so
v( Mz /b) is the rocket’s velocity when the fuel is used up.

(c) Height at burnout time = y(%) Now dy _ v(t) = uln Mo — gt — uln(My — bt), so

{b) Burnout velocity = v(%

b dt

U

2
y(t) = (uln Mo}t — % % (Mo — bt) In{Mp — bt) + ut + C. Since 0 = y(0) = %Mo In M + C, we get

2
C = ~%Mg In Mo and y(t) = u(1 + In M)t — % + % (Mo — bt) In(Mo — bt) — %MU In My. Therefore,
the height at burnout is

M. M My \?
y(Tﬂ’) = u(l+InMo) =* *%(Tz) + 5 My In My - 5 Moln Mo

2 2
=20 - Zanin My + %Ml n M, — 2 (%) YA M 3(%)

b b 2\ b b b My 2\ b
[In the calculation of y{ Mz /b), repeated use was made of the relation My = M, + Ma. In particular,
t=My/b = Mg bt=27M.

(d) The formula for y(t) in part (c) holds while there is still fuel. Once the fuel is used up, gravity is the only force

. d
acting on the rocket. —Mig = Mla:;i = dv =—g = v(t)=—gt+c1,wherec; = v(%

(M M,
= v(t)—’u(b) g(t b) =
(M (M g, MY _ (M
y(t)—v(b)(t b) 2(15 b)—l—ca,whcrecz—y 2 , SO
Mo Ma M2\ ¢ Ma\? M
f— —_— —_— _—_— _ = ——_— >—
v =o(5) () () 50 ) e
gt2 u

M.
To summarize: For0 <t < T2, y(t) = u(l + ln Mp)t — 573 (Mo — bt) In(Mo — bt) — %Mg In Mo

2
[from part (c)], and for ¢ > A/-’b_z y(t) = y(%) + v(%) ( ) — %(t - —ﬂ%) [from above].

Y (ﬂ_;f?,) and v (—A—;I—Z) are given in parts (c) and (b), respectively.
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. 1 —1
3. We int by parts with 4 = ——————, dv = sint dt, so du = and
e integrate by parts with u T v = sin (l+x+t)[]n(1+a:+t)]2

v = — cost. The integral becomes

IA]DO sint¢dt . [ —cost :lb_/b cost dt

)y WmI+z4t) s—e\|[In(+z+t)], Jo Q+z+)nl+z+1)?
i —cosb . 1 n * - costdt 1

= lim =
b ln(l+o+8)  ml+z)  Jo Q+z+t)n(l+z+t)]* nl+z)

+J

o —costdt . . o
where J = 5. Now —1 < —cost < 1 for all ¢; in fact, the inequality is strict
o (I+z+t)n(t+zx+t)

* dt di

except at isolated points, So — /

o (1+z+dn(l+z+1)° <J</o (14 z+t)ln(l+z+1)°

1 1

S — I
ln(l+a:)<J & 0<l«

D) In(l + o)’

4. (a) Tw(x) = cos(n arccos x). The domain of arccos is [—1, 1], and the domain of cos is R, so the domain of T (x}
is [ 1,1]. As for the range, To{z) = cos0 = 1, so the range of Tp{z) is {1}. But since the range of narccos =
is at least [0, 1] for n > 0, and since cos y takes on all values in [-1, 1] for y € [0, 7], the range of Th(z} is

i—1,1] forn > 0.
(b) Using the usual trigonometric identities, T2(x) = cos(2arccos z) = 2 [cos(arccos )’ —1=22*-1,and
Ts(x) = cos(3 arccos ) = cos(arccosz + 2 arccos x)
= cos(arccos ) cos(2 arccosz) — sin(arccos ) sin(2 arccos )
=z (2.1'2 ~ 1) — sin(arccos ) [2sin(arccos x) cos(arccos z)]
= 2¢* — z — 2[sin’(arccos 7)) 2 = 22° — x — 21 - cos*(arccos z)]
=2z 2c(l-2°) =42° - 3z
(c} Let y = arccosz. Then
T1(x) = cos[(n + 1)y] = cos{y + ny) = cosycosny ~ sinysinny
= 2cosycosny — (cosycosny + sinysinny) = 22T, (x) — cos(ny — y)
=2aTn(x) — Tn-1(2)

(d) Here we use induction. Tp(x} = 1, a polynomial of degree 0. Now assume that Ti(x) is a polynomial of degree
k. Then Tit1(z) = 22Tk (z) — Tx—1(z). By assumption, the leading term of T} is axz®, say, so the leading
term of T,y is 2xarz® = 2arz®t!, and 50 Tiy 1 has degree k + 1.

() Ta(x) = 2xTs(x) — Ta(z) = 2z(4a® — 32) — (22® — 1) = 82" — 82> + 1,

Ts(x) = 22Ty (z) — Ta(z) = 22(8z* — 8a® + 1) — (4® — 3z) = 162° — 202° + b5z,
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Ts(z) = 22Ts(x) — Tu(z) = 20(162° — 202° + 5z) — (8z* — 827 + 1) = 322° — 48z* + 182% ~ 1,
Tr(z) = 22Ts(z) — Ts(z) = 22(322° — 482* + 182 — 1) — (162° — 202° + 52)
= 642" — 1122° + 56z° — Tz
(f) The zeros of Ty, (z) = cos(n arccos ) occur where narccos z = kx + 3 for some integer &, since then

cos(n arccos x) = cos(km + Z) = 0. Note that there will be restrictions on k, since 0 < arccosx < w. We

knm + %

m
P T+3

continue: narccosz = kT + 5 & arccosr = . This only has solutions for 0 < <7

& 0<kr+ % <nr « 0<k<n [This makes sense, because then T, (x) has n zeros, and itis a

polynomial of degree n.] So, taking cosines of both sides of the last equation, we find that the zeros of T, (z)

T+ = )
occur at £ = ¢os t3 , k an integer with 0 < k < n. To find the values of © at which T5, () has local
n

. -n nsin{n arccos ) .
extrema, we set 0 = T (z) = — sin(n arccos r} = < sin(narccosz) =0
V1 —z?

V1-z?

&  narccosx = km, k some integer < arccosx = km /n. This has solutions for ¢ < k& < n, but we

disallow the cases k = 0 and k = n, since these give z = 1 and z = —1 respectively. So the local extrema of
T, (z) occur at = cos(kx /n), k an integer with 0 < k < n. [Again, this seems reasonable, since a
polynomial of degree n has at most (n — 1) extrema.] By the First Derivative Test, the cases where k is even
give maxima of T, (z), since then n arccos [cos(kw/n)| = kn is an even multiple of m, so sin (n arccos x) goes

from negative to positive at = cos(kn/n). Similarly, the cases where k is odd represent minima of Th(x).

(h)

(i) From the graphs, it seems that the zeros of T}, and T 41 alternate; that is, between two adjacent zeros of Ty,
there is a zero of Ty, 1, and vice versa. The same is true of the z-coordinates of the exirema of T and Thy1:
between the z-coordinates of any two adjacent extrema of one, there is the z-coordinate of an extremum of the

other.

{j) When n is odd, the function T, (z} is odd, since all of its terms have odd degree, and so f_ll To(z)dz = 0.

When n is even, T, () is even, and it appears that the integral is negative, but decreases in absolute value as n

gets larger.

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

MO O CHAPTER® PROBLEMSPLUS
(k) f_ll To(z)dz = f_ll cos{n arccos ) dz. We substitute u = arccosz = I =cosu =

dr = ~sinudy, 2 =~1 = wuw=mandz=1 = u=0. Sotheintegral becomes

m
] cos(nu) sinu du
0

= [ ifsin(u - nu) +sin(u + nu) du

_1 [cos[(l ~nu]  cos[(1+ ﬂ)u]]'f
2 n—1 n+1

1 -1 -1 o

= -] - if n is even 2 ip s

2i\n—-1 n+1 1 —— if n is even
n? -1

R

(1) From the graph, we see that as ¢ increases through an integer, the graph of f gains a local extremum, which

starts at ¢ = —1 and moves rightward, compressing the graph of f as c continues to increase.

© Brooks/Cole UK under business license to TT inc.




	Stewart3.pdf
	Calculus 5e
	“Classic Version”
	Click on the appropriate chapter
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	Chapter 7
	Chapter 8
	Chapter 9
	Chapter 10
	Chapter 11
	Chapter 12
	Chapter 13
	Chapter 14
	Chapter 15
	Chapter 16
	Chapter 17
	Chapter 18
	Appendices





	Text1: Go Back


