T
vi=vivad NN d
T
7 1
KE:»’?’_Q{T LTLVPJ d=5d md
—

wm

Msre 7&nem//7) Nwi‘ﬂt 4{/‘3/?/466M8M7L

componenlts u, v, and w, _

U

{b\;} =NdA velocitres are,{ V}: N4
wl ~ = w

"T/;_"_'e resultan? velacﬂ;; squated is
e
W

w



12-2

(ud =[NV 1}, s &Y= [N]{4].
(r}: [»;v]{!}{Lyl"wlg{gutf:[wf(,{g v
Bu'f (—‘{‘f} are ”cﬁced"ch” éo‘l‘«j 'FOT"CES) 30
{[}: I[};{]T{E}JV as in Chapfers 3 %4



/1,3~

2
7

(@) Mo . me = f(o /V‘-z&/V/ and since e, N;

positive , m; > 0.

dnf{ K{V are ﬂ//

(Y The half-wave of a Typical mode is spanned 197 me elemen? :

é’é/ —\\~% Nodes harve on/; rotational o.s.f,

1 2

e—L —  [Er{4r® 20| 2m*|1 o|\[ex) _{oO
L3 2> 417 24 (o 1| )]es,! "0

63,5’931 ) So /srcq, becomes




/103'2.

For e Hhree respec‘/:ve mﬂ"rms)

correo‘f’ kmeﬁc E’MQV‘?I&S avre

{ 1*
KE,-zmv ) KEJ_"‘(Q_";Q_)Q_'L K%;‘ mL

Wheve w = ()AL In Terms of ma"z/ a’mf
and wass matrix W ;<E.__J ,,,,a{

(@) m= [(’) ‘?]

d = v[I l])l<E,=m% -

ol = sLL[o ‘]T)I<E3=MI:2J22 X
e |t

d=vli ], ket o

e S T ka2t

j-alo 1T, ey 20—
© = 2o les i gy, //3«6)}
'2". v[l o 10] <E=z”iv: -
Y s £ |] KE,= 2221 d
d=s[o 1 L l]jl(EfMLJZ g

6



l103‘3

A T

LX u_’l where [Nl '_ “Z— .o

[m] = j(,[wuwjmx, A=22[L+ (v-1)x]
x) x (L-x
(m]= f—~g {“ v )J[u(x i) x]dx

x(L-x) x*

L 2 1_1 Lx L 3
I(L-x),{ng Xdx =%, jX(L‘X)/x;-é—
0 0 3 0 A

Ls ,L"

L . ¢ (L ¢
L 2 L
L—x Jx = X L~ T o—
[ ( ) X (2 2 Jo ( X)Jx 12 )de 4 '

l/ 1
[m1= 4, L([I//3 '/é] ‘“(’")[://i ;ﬂ)
[m]:L._g[AH(X N 2+ (x-1) ]

~ J2 |2+ (x-1)  443(¥-)
. |3 o el
(4124, b [mHd}= "¢ 5 =1l
O o)
I: m



[1.3-4

fe v o 3
-1 Fhg

[':']fg'LQ/JTUNVJeA,Js NE l
Hiﬁ:)i_ »[,pf(l&:),/g
‘:-‘:4; <5+§’ Jg,__:_)g(' eyl = Sj

|
" 1e2 E_*_E.l _4 £+5 &
S(l-s )5 dE= 33 ;L( 5 )J{:S-a
with m:e/}L) [4 2 -

E'*f l f—:' S+f}

Mla e 2
4 2 4



. 2 2 | 2
EXﬂGf- '215)_ :-é— %52.2 = ;Z-Zm[_z_l?, = 0‘04[&7,”[2_;2'2

FEA! KEzéig}[@]{e@} -l
Nere {é}: ﬂjf/l
52
(ay HR2: 39 . ] -39L /2
[":EWF'?? - 39 {4":'172 3‘11‘2/2
i L L*

. , 2
KE= ‘}z{éf([m]{ﬁ)z 2 m}QéL (21.5)=0.127¢ m 212

Error is 231 9, (high)

LY Partiele -] A -
(LY Particle - lumpe 7 i/

[m1id} = ° {d}= Z54 °

O 0

N(3

-

[ 4

KE = é—{é}T([m]{é}):% m SZ.ZL-L( é‘) =0,1250 m,SZsz

Error is 2009, (l’“\yl’l)



11.3-0

B, FEA; ma -nL/2
I 'oT o L :Q:l_. SE__L MdL 32
e =11tz 5|5 2 % = wa |YmLs
" | mol L% upX
_m»*) L, L AL* N < ”’jﬂ?(l
KE = 2121 L\ - 4_+2o(>
x)*
, l 2_ ) mlE 2
Exacf KE . -S_ISZ—E_T“JZ
Efaafe KE“’s e :%#2«:( So &« =",L2

For a me-clemedt s.s. beam, mly He
(nega'hv'c) Y‘o"'af?awa/ masses Femairn, Hewce.
w’ 5 nega'h‘ve and Mﬂ‘ura/ f"re?weuc/'es

W are imagmery. We_(mc/a/e thet

neﬂaﬁm w24sses  are szm]ero us.



11,3-7

() : Cm.si;{er x-direction motion first
{nodal forces} = [m,“u i, t(3_l

“= [Nj{al} where |N1=|S, £, €] end

Uz

g, gz § are area Coora/mqfes (C/ra t;)
f,fx 5153
[m,.]= (ﬂ‘SlNJ LN.“A (Jf §§ g. §§ 4
3 f fi fz
Use Ez, To alz 1o
/‘nfejrd'fc)' resull is [@x]: -67—5 1 2
I ) 2
Since the 4-dir. field has The same foru,
ﬁ)e L‘TJ ]LZ OPCr:(?LfS on ‘_u Vv, q YZ “3 “?J is
(L) 2 o | o0 /) O
0 =2 0 ) o |/
[m]= etAll o 2 0o | o
~ Zz10 | 0 2 o0 [/
o/ 0 /I o 2 |




.378] For Yhe entire element  J= 2 =7

ab

:Hclv‘wjtdxds, - f’“ﬁ. LMN;:ZZ
Nz (D), W= £ (300, Ne=5(14800), Ny =2 (1-9)(1g)
- —'- . (1-3) ()" = L1(1-2¥+%z)(/—27+7’-)
NN, ,,(, -2 = g (1-6°)(1-24 )
N N3 2 (l—?z)(l—72)
NNy = = (1 -3 (1-?) :‘-4-‘\—;<l~2§'+?2)(1-7">
N,Ng = »(;-;ﬂ(;-,?z)
N, Ny = = (1+§) (1~ 7)< ; L(1tar+53)(1-4®
NT= 42(l ) (4) 4,(1+2;+52)()—,2f+/72)
Ns® = = (#0014 )7"—‘4';(! r25+32)(1+2¢ +4?)
Na;= 2 La ﬁ(lﬁz) L (1-7)(1+24 +47)
N, = '(l 2 (1) (l—2§+3’)(l+27 7)
Nate Yhat $irst powers of £ and yy witegrate o 2ero. Therefore

m,,:mzz:m%:m“j m, :m'4:m23:m34) My :,;7
3

m“:g._...LL(sz)(H»?‘L)d?J Qf—l—’é[§+§ I [q 43—1
:{%Fb—(sz%) 2+§->=Q%b~t - 4 pabt

S

(COh‘{‘m u85>






1,3-%8 l}'x,y curvature
"}"J y curvature

{Hul= wx,,;iv;,, st

Wx T W, Yi‘)‘

In-plane twist mode w-hourglass mode ¥ _-hourglass mode ' %, -hourglass mode
we0¥o=-ufymr  wem¥=%=0  w=0Y,=a¥%=0  w=0%¥=0%=-xm

For the above four mpdes, {Ru} is

¢ N Y ¢ \ ( 1 ——T—'
0
o g 7‘ 0 bena'inz
0 X % fwilt
HlH=03 0 O > ¢ x f ). (JL > L
x | |-% 0 Xy Framsverse
' Wf X¢ ] \ o, shear

\ —F
in-plane  w -hour- ¥ howr Y'?’haur'
twist r{a“ 7/{45.5 | 1ss 7 .
Reduced m?LeﬁndTMf me Causs 107" at X‘—7 =0,

so all ¥ above vechyrs are zere fhere,

Selective ;‘nTe7m7‘fm * one point for
srical jcrems (df_x-‘— =0>) foui‘ /061'»77‘5
for bending terms. The four po;‘n'f‘s
have novazero X and 4 , and so
detect the cupyature and twist
e wilh e ¥ and % houryless

w20 des; %67 cease To Iae meo/tanisms.



13-8] (concluded)

| 1

3 ) . pe. abt Sk
2 - %S |g (I : )('-27 £ >d§0/7 g—%]_'im% }"

s 857 (2520 3) = BgF - 2 242

é»

bt * 27! |
e G rotsn 2] )
E
Mz = Zg (‘2“ %)(2'%): @g%t
(4 2 1 2]
[m1= %"6,—1’5 * 7.
sYmm. 4‘J




1.3-9

d,=Td, where the dof. are
,9’»':[“/4 Ya QA]T at A
do=[us Ve 8] at vode B
The relafional (Transformation) malrix ix

/! © -L
T=|0 ] O
o O |

m ]
Mass matrix or dof. ofa is pj,,—'—[ m }
For dod. dy 11 /s 2

_m Is) -m L
e - o m le) 2
-mlL O ml

A a/mﬁavm/ Form o‘F Mg, ff‘//'f Msp,

Would/ %1‘6/4/ from ‘Z’&)d —

~8
s Na "/Orqhe as.Socmfea/ w/‘ﬂl ég i‘F
there s ﬁ"ams/afrma/ acc‘e/, (;/B
o No force assoctaled with dg /:F
there is wngu/ar acceleration O -



11.3-10

K&) Take node 5 as +jpra:/ side unode.
From Egs. 6.4-1, Vg = 0-€*X-4)

u Ng df oy = f g‘(z—s )(1-7) a/fz//z =

[‘2<’ Fes)al 3)]
Take node 3 as ‘f‘lmcd corney noa’e Fros
Eygs. 6»,4—{ 3 4_(I+§ 7+§7) —(H—f-? {7)

—-"(,“‘f-fl»z S'Z)
Ny = —L( I+§+7 +§7+ 3%+ 7)
Since oc/t/ Pawers w:// m?‘e rufe ﬁ Eer‘O /87(5
stcard Hiewm in Ni. Thus, what's /Cf’/‘ is

Z

——————

NE= (5%t 1357 +§7*+f“‘zs )
fN“{g 'L<s 572*\274)

),5-

Lf Na JEJI( 4- /:.> /:>

(b Talke node 5 as ﬁj Ict!/ side no,z/e
Frow Table 6.6-1, Ng= _2(1 gz)(
L

S:K'N}J;J)ZZ'L[Z(I‘—-F .2(5 3
Take node ! s Pl(a'/ corner nede. Frow

Table 6.4~ [, N = _-'-L(l - (- 7) Drop/::ng
oJJ Pou)cr‘s whzclv w.ll :WTejrzfc 13 tcr‘o

N, fi-‘é(f:y +§7 +§7 +f7>

OGNy S o Y o S I O
i{f‘lf\/[/{a,i[ (33+6_3F35 25) 215

- S wy=pts 4 2%
: ;Z(,f/; r_,_;_ £4§% +4}S> N Cenfer node g (‘( ”51)1(1"72>Iﬂ/f¢/7 )
side node wiy; = =45 (@fi E)—_— ieﬂt:’_ém a :[ (.l-'—*'syl (
coruer node ;= 4-3 : 415 38 S:lZ"’iz =(’t I:(—%—> 4 +.i-2—"54" H ]

—re

et‘4_ /5) 3% ¢ b

oth, Mo

)]0 (:M(ou//)

T tf_’_ .I.{f_.:l
(oY Hner VléJe M‘-[ =Zé—4-.€ 4. 225

s=etA (0. é4) m =

side node myp "-,T' Qt'q

cewler node my; =

L %tﬁ- (li_‘-:_-)" = ptA.444)
ett TR !




[i1.3-1]

(@) For 6,=8, v=(-Dv * Iy

4, which is a linear function

Next consider a simply su/:,ﬂdrfc’/ beam CV,=I/;L =0) with 6y =Gy
- -2

vz L(g-52)@n) + (-1 394,
l—-»f or X=LE% 2 <>
veL(5%-£)8;, = L(‘Z?. “E)‘%;
dv _ <x )

av 2 x 4% _ 2
i l(Em)e ZhTa, M
Betm Vheoy

y y | consider constant curvatare, d%/de* = c,
Then dv/de= c,x+c,

and V= c‘,x"’/Z-{-c‘zx * ¢y
Bounddr7 Cmd:‘fibv)sf vy =0 af X""’aj So C3=0

v=0 41 x =L, so cp==c,L/2
(dvfohe her _ clber | L
alzv/t/xz' ¢
And o Egs. (A, ‘wf‘
- l
e 2t o,
(B (N1={0-F) (%-2) X (53]

L
=1 04 LNTTLN) ds

2

BM TCJI‘OMS expdnsion and I\ﬂTejNT;M ) d’u{ W“L/? 'Y)':—PA'L)

46 5L 20 -5L
[m]= 2 5L LY s1 L
- /120l 20 SL 40 -5L
|-5L - -5L Lz_J

A2 m _ 3
z 2
.M 2L L[ . om °
(’,’."]:,To[(”o z ¢o ‘Z_( = *7—5'(40 L~ 4o L”_‘




m———————————

|11.4-1

Let N, &N, and M,D/'“/“de D. corres-
Po‘rw( fo moede .

(D +apY(ic+AK)(D +a2) =
(NN} (p+ AT +AM)(D +4D)

QTIS D+ QT’S AD + 8DTR D + QTNf b ¢
(hrgher ferms) = (NDTMD + ANDTH D) +
N(DTM 8D +8DTM D + DTAM D +hugher Terms
Bit D'K D =ADTMD from £q. H4-13,
Also DTk aR=ap’k D, DMAD = ATMD.
Thus, and drv/J/h‘)g hzyher"arg{er" Terms,
24pTKD +DTAR P = AADTM D
+X (240"MD + DTAMD)

oYy
2 ART(K - A D+ BT (AR -Nam)p
e | aADMD

n

gero

- ;
: AK~NAMD
Frna”ﬂ AN= £ ( = l'%”

pTMD




//14"2

() Exar,'f =N "2 | o satistreol éj
vesalT: -2 &-X\ A=l % A=6.
ﬁpproxnm d?Le TT mode

17
|17 /o_] {I-o} =363 - 3-"—*-1023

L7
[1.7 l.o J é ?J{I.o}': 3.84 (h)JhJ as e)sae\:fea()

prrnxhutf‘e' , Second mode '
lt2 -2.6] 202 {"1}'—-32.48

.-2 o

3243
N * a4 5597

l-,l 20] 1o) [{.l.;i}:s"m (Iow,asgxPﬂ:{“cd)

prrox. evals. niore accum‘fc ﬁmu a//r«. evecs,

-2 5|20

L
- Er| 6 ~T,. = 4FrT
%Pl: T{"ZL}) 91591: L3
T - AL
’ﬂ E,: LA{Ii:.L} PTMQ:: ’/(agzo-
< 4 ET =1
YT N6 /420 6,4[* = 14.4¢ QRIF
— _ I/
w, * 3,8l (W> Ecxac'f w, =3.516 (I:I/(:'/fl"} 2]
Better i use shape of cantrlever beam under fransvevse tip load P :

_ P23 -PLl 3v y *,{ %
31’ @T ZEr T Zp Se #se By 321

with ‘Forcgoiné K and W

)
_ EI|3 =1 - _ 3EI 2, 3(420) Ex
KP\'Z{{O}) 4),521" JA w, 94 (,ﬁLd-

EX
b, = gAL{RS%) é’f’ﬁ»“% wz#12'7gve)_4) w,,.ZS'(p?!(e >



11,4 -3

4 One el. 4 2 Tws els.
1? '2 1- X '3
=L kL L
(a) One el. AE i\ - . 2 _ 3AE
(L “ ——)(( O, w, = ml.

Two els (4z [2 -] Zru[4 | 0
oz ' e { }'go}
2 = mw )

)\,zo.lozzj wr= 2,597 (Re/ml)
(L) One el. (A Wt )z, =0, w = 28

Two e/s.(ﬁél}; -1 %w 2 0 Jz. _\o
L/2[-1 1 2 o [N&f (o
1,— = w - MmO L
2N=4NH 20, where A=l

}\ = 012?24) w,1=2.343 (ﬁE/ML)

(el 2 2h D)l 4]

&,e &/ —_ - CU’ ?m) a), —‘O w’ = '214#5

Tws els. (_A_é -l Fwlo 1 \\(a,] [e
tal-l 1] 12 |1 s)la,| o
47)\1—22>\ +]1=0 , where A\ = mew™ [

48 AE
ceemed ) wr = 24CR(AE /L)

(4) RE _ 2 gg) 2__ GBRE
< - W m - =0, w' = (3”@)mL
Evandt! w,z:&) ﬁf

2z

E.?ua'fc these w? values ; Hhus

25 () ol gmoses



1. 4-4

mlL ml .
{requencres * (HE/”’L)/l (from Prob. 1].4-3)

N _ consis, lumped ave.

7 1/
Exact w, l"%(-@;é) —L-— /,570?(/}5) b

I 1732 1414 h54q % errors

2 |oel2 1.53] 1,564 N consis, lamped ave.
/ /0.3 -10.0 -4
2 2.6 -2.5 "0-’

F 3.9k 4,00 | 4

whevte F is 7%& ’(acf-pr of rg//‘&f;m
of mym‘fm/e o 2 error In 9oing
€rom N=1 to N=2 elements

These F faclors aqree w'Th e
remea'five error estimates O(hz))
o(h*), and O(h*). |



11.4-5

= = 3L mw* z
(@) AL, Let X = Zpu mbe

The ewenyalue Plecm becones

7-4XN  -8-2A\ |+X

~%-25 16 ((-N) -g-2x |70, Trom coltich
l+A  ~8-2X\ 7-4A

SN(EN=3LA30)=0 A0 ‘w=0
N = 36)IV367-_4_(S)36 )\z.’:llz . wz:.‘gﬂé‘f-.vz—ﬁt
/0 Ny 260, w,= 774G )2E

(6)»1:(9,9[__ Let A:%@g: ,:,zf_qu

The eigen V;lz/ae ;ar‘o'o/em becomnes
7-N =38 I
-8 /6-4A -3 =0, frovn which
I -8 7-A
AN(N-I18AF72)=0 N =0 1 w, =0
N SLVTTD e 5
MZ12, w0 24399 A
(¢) iZiJra’ éoc/j tramslation
(L) Exact : w,20, w, = 3. 142/, co=c 23
Errors of (1 0% Errovs of (L): 09,
+0:3 %, +10.37,
F23.37, . -22.09,




1,4 -6

;] 2 3 D = 4s
S Exacl: w,= 1571 VEE

[d

4
/

e— L —d w = 4712 |22

) z
(a e (6 -3 _mwile ,2)(7, _Jo
_mlw® 16(1-x)y -8-2X\|_
let A= JoRE 7 Then ‘—‘6—2% 7-4XN =0
PN "52}~""2 =0 w, =577 ::

A, T 0.248596
- =2.21%807 wl[5673

(b) (,45 /e -3 - mw

B

méw [6 4)\ ~8 |
[C+ )\' 2,4& 7%(” __ 7__)\ O
‘-
AN=l[\+I2=0 ~/:z3l/'q5
A, = 277200  wp= 4421 i

el Aol

mle® I6-% -%
et N= s thea |25 5

=0

}\”23>\+48=O _1524. mf
\, = 2.32122 7
X, =20.67%% w, = 4547 (L

@ apads = } A HEENC

Cons;stent ! Ve 2)(N . (.’_."_
wy rengypSl2) (& 442 =0 U3
2_ 12/3 AE
wF= S W = h732)f2e

HR: lumped ] [4 ﬂ{l}:g ()
NP N T P o 1|{2 A
2. 12/3 AE

wl = S mL o w1732 |fZF

Ad~loc /ampea/ T
{ t 6 )!
AV 18 ~§ %[o J{z}ﬁ &
1 1-2 g



/1h4-7

Exact w, = 2.4¢74 [ELs AL]™ Lhere
is the /m/f—/enjﬂ' In each ,a.:rf of 75/5 pr-ob/em

[k]- = 2], ond (rk1- ‘[ml){"'}{‘é}
@ [m1={01, as no wuss is assoctated

with d.of. 8, aud ©,. Mo solution (w - c0).

(@) A2L) [4(20)* -3(2L)"]
[m1=%25 3 4R
20A ¢ * 2-4X 43X\ |_
Let A= I6SET ﬂ' 143X 2-4)\
7: ?22/>‘7+3 o Lo, = 2.739[51/(;/7[’]'/:
- 21/ w, = 12.55[614AL* ]

(b) Tf,”_] ro 0l. No solafion (or ew’s= ao)
(é)['r]= 125 (20A0)(21) [ o]

2(210) o |
Lfw® N
le‘f’/\-‘:f—%;-f‘hen A l:o
[ Z-N\

[}
>\ ;4?\*'3 =0 w = 732 [EI/F/‘?L"J/Z
)\ =3 —3OOO[EI/P/?L4]I/2

@ [ €AED [(JD o ] ¢gﬂL3[l o}
~ o (20)* 39 [0 |
ﬂLw 2-x [ |
L t A= _E__gc)sz then Lzl ®
N-4x+3 =0 w,=3.12.2[EI/p/4L‘]/2
N 3 w :S%B[El/pAL"]"‘
(e) pAGL) 5 CHL3 -
[m]= 120 (2 /s |-t 1
C e w® 28 1A
[_g‘fA_-\—;E—, 'H‘)veh )\ 2)\[:

‘G)\"'B‘:O, )\:é) w,= _2737[EI/€/9L4]
(Su«e as  w, of Parf' (a)“‘c‘onsf Y ma/e)



//14’8

s

Exact w, = 3.5/6 [EI/(;/IL"‘]

[k:(;-_. 2€r| & -3L] 2 V2l

47T |3L art)? ([Ls]-w f'z']){—é }‘
Lumped L[] solutron :

_oaL |l ©]
[ml'af[o o

#

Aldw” -
Lt 3= A2 phen |©A LS
fEL olse o oarr|

A=3 , w =244 [EL/pA]
(w,,_ s no‘f‘ pmw‘deo()

Asing [m] Lrom Prob. 1h3-11(b):

_pAL|40 -sL
[T]‘%é[_SL L?.]

L-40N -3L+5SAL
SLESAL (=N

IEN-56ANT3=0 e
A, =0.054363 w, = 3.612[E7 pAL]
A, 236790 w =27 714le1/pAl]"

-
=

_pAltw®
ZC'{' X- EQTO—E—I- ) 'Hten




;. 1" A
lﬁ D X D -
/fI W/?e { I 2’
2 o, / 2
2
F”’u W2 o ]

O
['?.A]" My My, O (o)

i 12 M2y
) ﬂ(ﬂ‘m’fe 7-0(1‘/‘“7‘/‘&» Ma‘f/‘m: \Y;
5 = 9:‘.
muV'H”:zaZ {.,‘}} O
MISH 1= {2V Ty 92 o
[11{5,}= {72 e
O

Premulfi/ol}‘ by 2-direction moltom, {152}:
T -
Get 12,1([M15,3) =0

D2 oo



1.4 -10

Evacti c=m*/4=24Cc74
=2 2.000( —2.577(4‘
@ p=2 === 2l ) - 2,403

1-4

2. -
op-2 e 000 24 2,383(4) < 5457
L i add ,6 A
(o>p=4 = : 4001(‘\/; = ):2'%7




///5"

(a) §,50.03  w, =2w(5)=(0

¥,=0:20 w,=2r(15)=30
Apply Eqs. 11.5-3:

_ . 6.a(3om) -0.03(/0w) _
é =2 (3om)* - (romy* ~ 0'004;536

= 2 (1om)(30m) ”'(iifji”z -(?;;(z/o Ir):-.?.s?.z

(b €= 55+ &2 = - 1294 s0022080

Neda'f'ch z{dmplnj for «w {239 fw/l2
g 1




1.6 -1

(&) work oaf [T T([K‘”:T

Knm Km} “ '<~5Kgy
Kms K:S S

[E "Kms Kss [ = nmt-. KMSK K
4 Kee ’K:s by 3.7"'"‘7"3

Same resalt as given by “tafic condensation,

(b ~T Mmm M-"’S 2 =
i { KMS 33 ] T -/ B
| Mo Mesl|~K s Kms

g Same

e M
(& —K,,s.,:s][m o6 i] .

,v.fs ~ 35S ~mS

T

M,.,,,, "M,.,s I<s$ Kms - !Sms Kss m +
K;,,g gss £s 1<$S Kms




/l.é-.Z

(a_) fmm E’"S {@m} Dm
EI: Fe I Q,}

with Rs =0, the wupper Parf.‘fz‘cm Ufe(»ls

—p"': E»::L Qm : Thcrc{or&

e [ e e

~5 ~ms

2] _ r
{ Qs } [IF]{Q"‘} ,where [IF]: [F T~F —[:l
(&)

~ms hm
-l -
We musT show that "E,,E”Em = —,l_,<ss' KL

The product of sliffuess and 'Flexilai/iltj
matrices must be, a uniT m:ﬂLr:'x.

[’s”"" Kns ..me ...Fms N T _Q
~:'5 Kes]| Ems Fus 0 I

-~

Row 2 times column | ts KLF,-,,JKSSEMZ:O

lad

Fremull: by Kss 0 KK, P == )7,
Postiutt: by B+ KK == £
() Cmsro{er as Mlmj load vectors as Hiere
are masfer J:o.{) & /ef each load l/eqﬁr’c‘an‘
sist of 2 sinj/e unil load on a master a’,o.f,

A’[Sa sef &S:Q'

[«.. k..1p, el PI’ Solve ; nofe -
I.K'"IS 55:“_9; ) 0 ] o that

Em

=]

[F1=[k1
Pm ~ E)«m Ems E m
Ol B Eslle] |EL

~ S
The lphjsfm/ meaning of [Enir"l is That
each of its columns represents The displace-
meunts of master d.of /sroducea/ bj a unil
load on one muaster d.o.f
) a.Sua”j m<<s so [E el is mauch
smaller than [Ks 1 -- cheaper to inverT.

— T




/}l b"3

-5 k], =[5 )
Kz, Knamk, [112{}] LITIEIIT1=0

[0- w*(@m)] =0 (LT [MIT]= 20

Hence w =0 the v‘,‘jid bod’j /ﬂoa/e; oK.



(a,) W:f“\ C a C«mS‘l'anf A’gll z e /b(p
Tz
and Maza - ¢ f_’:‘f- Mll Mzz "
Kaz 41* <. K. —> =’ Hherefore
the choice is proper =
() L eer] L
[T]: I2EL Lz = 2
! !
[TTTk1T]=] - & 1_5_1_:_{-(,L+(9L _ EI
~~~,'2J33L‘+4L2 L

T L | [78L-RRLY  14ml*
ml[T]=|-5 1|5 = =
[T M1 [ 1.'420{4, sL+4L‘} - /o5

ET _ z/4ml) ET
(L Y os J&t0, wi=785—5

() («(s:n the first recovery meﬁwa/@, 116-3)

. pBL=2 6L 41 !
w, =
' _r_n_[__é: ,J 156 -i3L|{-L/2
420 -13L 41%]) 1
T
w,":“—osé[- Lo 72.5EL  (no ?mPronmenf')

ml® sel o3
U.sinj the 24 recovery meﬂloql (Ee,, 1/, 6'6)}

-1
_ J2EL EI /Sbm] [6er 3ml
=[5 s ] [ e bin e

-l
v, - = LL—; U./.“A,/i’(,)] [% (é +0,232)J é
V, =~ 0.67636L for 8, =1

EZL,_,,A, . 12 6L ".6764’[—
j 6L 4L b

156 -13|]=07¢4¢L
4—.20[ c7e4L d[z:s' 41}]{ 4 }

20EL 1.37 E
.. 4 3L -¢.205 =L

Y= T lt T 9245 ml3

-

1
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VLT S S
(L8 3]s 2D -{o)

where) for convenience | dod. are ordered
so foru of 57 11.6-3 heez/nofée C/Iduqu/

Dod. & has the spaller M(‘/Ku) so il
is slave . Frow &g, //aé"3J [T1= {Io:-

w;f’t] k:l aMJ m=2)575.//,é—.4'7:1:c{t(

[0, O'SJ[', é]{'o} =0,5

[/'0' O'S-I [o 2]{0'.5} =25

(0.5 -25uw})d, =0, w*=0,200, w=0.4412
(The full 2Ly 2 system gields w, = 0.4370)

For (say) @, = |, 5 11.6-3 yeelds & =05.
Then I?ad/evh 7uoTzenT frea/ :

- [_too:][ 2]{0'5}
voralls 2]

For (say) @ =1, 57 11,6-6 grelds
= -[20- 02(:0] -1,0 =0.2(8))(10) =0.6:25

Then 12a9/e{711 qec afreuf {( relds

1 -
oo 'r_, 2 S} w 0“”6

-

w = 0.200 as be{"ol":

1-—
w, =

10, 0. folbl[" O]{o a5y  Wi=04370



11.7-1

W: H1 C ‘F)"aw;

Ey. 11,212, the

oper\awths 4)TC ¢ ?16/4/ Hle a’amp—
fh?_ hn

éT
Pre mu/f:plg L}

g:

Cé=

-T
¢

Eg. 11.7-¢,

2§w,

28, w,

~

r;23', w,

~

\ZE Ww,,
PO.S'/MHH‘:/U/? A;t @

Z23,W,, |

¢—I



72
Let D be a vector before normaliewfzon
Evaluate ¢ in (D*) M D}' = ¢
Scaled vector D, = E«t' will yreld @7{{);15‘, =/

From Frob, 11.4-22, w21 w} =6, and <= V5
Mow use Egs. 1,7-5 and U7-¢

_1Jz 1
-4 |

¢

{P 1 [1 IJ R,}__]__ 2R+ R,
P T"' I -2 R?. —v"s" R,"ZR;L
E?, 13.6" s 7 I.C/JS

2+ 2, = (2R, +Ry) /=
é2+622 = (72,—2]22)/}’2



(@) ‘
I
4 x
v D, Yo 93
Aﬁ =mZI , So for M-Mdfrix orféogond//f#,
DD

N =0.802 +0.802.(0,445) + 0.445 (=0
DI D3=-0.445 1+0.802 (1) +0.445 (-0.50 2)=0
1= ~0.802(-0.445)+ 0,445 (1) - 0.802=0'

1 -1 o _ 0143
K=kt 2 -1, KD =kioi5q},
o -1 af ~~i

0.0%3

- -1.247 _ f-1445) FT_R -

KB, u{o,m } @;L{M } 27K,
/,SSS -ZiéO"’

o if i#;
(b) Must scale ZD, and ,Zj)l accordm/q, 7o
E’/. ’lo7*"l) where M is a /ln}?L m;{fr,‘x
n '}"4’715 ))r‘ob_/em,

Cl‘LPI I él = c,’-(/,S"H):/ ; ¢, = 0737
¢ BILD, =& (1541)=) 5 €, =0.737
The rc$ca/£4/ e/‘éuym/acfor_g ale

0.737 -0.59/
D,={0:5%I D, =¢ 0.32%
0.32% 0.737
Eq.1.7-4: {o } _ _
U :Ql(l)+912z
Uz
First daf. yields 0=0787-0.59/2,
z2,= 1247
Uy = 0.32% + 0.737 (1.247) = 1247
2
: 1 3

1

- X
eYhr u=0 amd u, =1, from Eq. 116-2,

—_—

- - -4 T ! 0
Ps‘“.@’ T K.m.sgi?%:'(—iﬂo -,]{,}
| 2
Uz = e
u 2 3 .
/I1\>\
| -

X
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k=1 { k=1 2
(a-) 3’ m:1 m;l (C)CG‘W'/)IPC jrmﬁ.s‘f mﬂyhr*ﬂ/e.f) r%d%
([1 —I:l 1,[! O]){ ﬁ.} {O} less of the Times ot which 'ﬂieﬂ appear
- =
- -~ 0 0.7236 _
U o 1J/la, ~—ascroajci = 0723 (276 Z,;rrzr)

Solution of this eigen problem ﬂi"{‘{’ 1171 2 (1277 m 4,

X, = oO. 38196 L , W, = 0.6(8034 1171 +0.170% =0.3872 ) a,‘:rr:r)

N,=261303 o = /. 15034
Ei,ewec'fars , respecfiVe( un-normalized and
norm/;eec( are
{ | }__’ 50.52573 (1 fosstcs

61803 4.%5065 , -0.61%034 0.52573
_|o.82573 ~ o.ksses

Hence L€1= " cres —052573

Initial ca'vv(i{'ians) using = 7-4; are

{a, =go 2\ eyt o {o _ o.s;oes}

z,) 1o} &), =" Lo 1| losas7z

With §; = pi =0, Eg.1.7-6 bus the solutinm

2i=A,smet + Breosegl

B; =0 becaase Z; =0 af t=0.

Next, 2; = Ajeo; coseo;t , and of £ =0

2,=0.85065=A,(0.61%) }A, = 13704

2,=0.52573=A(1.6(8) [ A =-93249

2, = 13764 sin 0,61%¢

2,570,349 sin L6(% ¢t .

ij Ey, !/.7 “4'1 {Q.&:[Q] ‘gf—f} 7fclfo

o in 068t =0.2764 Sin /.m?t}
2“23 'l [ A7 $1n0.6(5F +0,170% Sin 16ITL
t=0 t=l t=2 t=3 {t=4 =5

Ul 0 L1432 ,7095 ,9684 .3972 -.2315
o N odar 1990 9552 .75%9 .2262

(b) 4, = = 0.27¢ 5in 0.613t +0.7236 sin [ 4182
Uy = =0.447 sin D.6I8T = 0.4475in L6IST

[m18)-15 ]

[K1{D}= [’Z "}{“'} = {0-27ésm 8.6IBE ~0.7230 sin l,élxt}

y, 0447 sin O.6ISE +0.447sin /6181

[MY{BI+r[K]iD}={a} ~



Ilo7"5

From Eg [1.7-G , with constant hads, 2:+w?2, =P . Hence

Z'=A'Sih wt + B oS w; t + c% > é»‘-"—A;w; Cos w‘-f—B-w‘- Sinw‘-[
At rest” and ot deformad ot £20, so A:=0, B.=- -f:—'

77“43 ZL = Z)—(’ —Ccosw, t) and 22 = P‘ cogw‘-t

From Frob. 17-4 [$]< |05257 08507| 4 w,=06/3
o 0.8507 -0.5257 w,=1618

or 121:{} {El-teTigr={oreer ]

. B, -
@) First mode " 25 = 2.227 fa] _ 0'5267} -
02 e { Vg 5507 2.227(1-cos 0.618¢)

U 1171
Euz} {1 %’qb}(l—cos 2.L /T E)
t=2  t=4  t=6 t=8 _t=/0 '

U 0.78¢  2.0%9 2159 0902 0.0%
Uy 1,222 3,379 3492 1457 og.010

P,
(6) Second modp : —, = =0,2008 {ac} - {0’8'507 }(-0.2003’)(1-005 1618 1)

0z u,)  |-0.5257
U ~0.170% } [
= ~Cos /CIBE
{uzg { 0.1056 ( )
£=2 t=4 t=¢ _t=% _¢=/0
u, —-0.34 -0.003  -0.3385  -0.0l12 -0.323
u, 0.211 0,002 0.207 0.0l 0.200

Combine with Fiest mode results Yo get final results:

t=a t=4 t=6 £=¥ t=(0
w0445  2.0%¢ L824 0.890 -0.317
.. 4%3 2.3%! 2.99 1470  0.210

b A

((on’ffn ues\)



11.7-5 (Conc/u/ed)

- i 447
(¢) FPor mode 1, [E]TPP[i :]{32}3{2'7’24}(I—50s 0.618¢)

{B?"[M“é}‘[&“?}:{?}"§0'447}6050'6/81‘ {0 Mﬂ;(/ 0s0.6/8¢)

0,724 0724

- {-0.447 }
0.:276

57, 1L7-9: e(t) =0.526 (not Small = indicates s/:ym‘{i(on?‘ error)

For mode 2 (a/one), Uﬁ]f } { o iiZ}(l Cos /é/‘i{t)
mispy = J 0.447
[~1f~z {_0'276}605 618 ¢
,MSD'J modes Iana'.?) {@?—[M]SQI—IK]%Q'f:O and e(f) =0

r |l o01})0s5257 — - 02764 0.4472
(d) [M][‘},’][Q] = [0 ] }{03507 }10’52‘57 o, 8“’07J=[0.4-+72 0,7.273]

ot _ Jo27c 4 '
{ affrzn( 0.44724 ° Frow 57 //17"//J

0l fporert v o1 |io4az2l_ (01745
[ }{AP} } {B?an ) {693’ [1 .ZH 0.27.27} - { 0.0‘78’2}
fdd to results of Pdr‘f(a-)) Yo oblain

t=2 t=4 t= t=% {=/0

“y 0.612 1914 [.9%4¢ 072% -0.69
Uy 1:3720  3.477 3.592 |,557  0./08

Using the static corveetion | [I< 1{ab) ‘{"0 4—4—7}
0.273

Inc/ud:ng tese Terms in the numeraloy of E7 (h7- 9 for made |
a‘Me (as n Mé’ ‘F/r‘s'fpar'f' of par‘f (c) aLave) 7/ves e(t) =0

(t’xcep'l' for small rauna'mf eyror
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k=l m=1 k=1 m={

Q—WW‘—WM"——O
by, “"‘U;

Litral condifions : q,=u,=0,=0, iy = |

(a) Sa.ﬂ fw} ={[o% m Eq.1l.B-4. Then
Eq. 11.8-5 gives |

Gl TR G-
PR (AR
(W1=[6 9] (yrelds origimal system)

(6 Say w.«.\={‘,’ in Eq./I.8-4. Then
Eq./1.8-5 gyves

2t cer= 0, =)
(L3t s 2 eds= ()

_|° ! (yields original sqstem bul
[W] [’ O} Z?H« 6{«0.{3/466/5 anérc/w;( )

O )= (i wrtiaed (125}
Eq. 118G becomes

. 2 -l e 2
(& + é_—l/ .Z.J[_' l]{z}? —Oj or 5( -9'59—0
o g - gemat, Bis giells wz( 2 g
(full 57sfem gives w = .618). The agproxi-

mate solubivn amounts #u use of an assumed

wa-da _1_al m ﬂe 2€7/51?7h 7”07“/‘8”7{—
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11.9-1 W—W——g s Suésfrucfw‘c 7 d
1

- zi:'_ u A Y {_J/2
['s u [-"-l- : l]uz P= —5(,)""{ ‘ [.1;]_{ ! }

Mode 1, with node 2 fixed is (2*60"’)&{,‘

[w] = [’ '/’*] (w J[\LI [w] = [0 ,,2])

Elect 1o associale m al n‘aa/e 2 with substructure 1, |

w =VZ, =1 (say)

/2 0{‘
2k, 2k - WM, w1 = ['/z 3/4.1
'l_W‘M"‘_:g—MM’—E ie sabstructure 2

From sabstruclare [ a’ouble stifress reom/er[ } o go7
VAT AR R i R A

o o V. |
w2 e[l 4]

s

Synthesized structure, vibration problem :

2 o0 o ]I f/z o [\la o
< o) ;%H 0}‘“’ [l/.’z +— //.z] {uzk :{o}
0 "o 4 o 22 T 4a) o

Multiply by 2, sabstitute M= %o"-/ Swilch signs "

2 | o 4 0 o o) .
| I 1 |-#10 3 O {o
| 0 | 2 0 0 3 a, 0
2- 4 ! 0
//‘ 3371
0 25'/4

2z
59 Sw[os'fi'ltuﬁng, /(,:(o,q.z%>z) /022 (/.;74_>L) and /“3:(2‘;31)

we c’mec[( Ma‘lL ‘f’he a/ef'erm,‘mmf' s Ina’eea/ 2ero in Gao/; case.

=0




1,10 -

_ - K

Eg. 11.10-], with £=0: “n = +<,{2z) ; where @ = S
0_(_ —-— [2>)

Want E K = L1

) . _ |
Positive root: 110 = -p% @ = 0.30I5

Negative root: 1,10 =-—— | @=13%7

Su
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Forward | sce Ey I 12-2a , Terms et comtain At b secod
and higher pswers discarded. This implies second-
order accuracy accord /77 7% MHe myam‘em‘ Moa? follays
Eq. 1112 -2,

Backward : Write Eg. 1h12-2b for Yhe next Tyme sfe/,,

’ e

. 2
D, =D, —AtD,, + &b

~n ~ N+ ~N¢}

Solve for R and discard At and higher Fernas.
D =D, + AOtD

~h+) ~ ~Nt|

Seemq’- order Accurm/e accorc/m7 7‘0 %e e dl‘jt/byéfrﬂf‘ :

o214



Hnila-2

. ‘ , | — )7‘ | X
,C,,:Q n E7. 11126 2]'?,,",{) -B ,\,nn At 7—M( + 4t 22))-_;_)

Write 57', 1, 2-54 for Ve previous Time S7l€P ¢ D SP’,_I""At é”__,_
2.

dna/ Sués . in7‘a ‘Far‘m 2y 6fu(7‘/‘on H

Solve Jhe [aller c7uafrm for At D )

LMD =R

At'l. ~ ~A~h¥ AN

R
agret
Eq. 1.12-3 with C =0 is

MD __EP/\T uﬁl lMD ——LMD

1
At¥~ =0+ F g~ =on gl R



m 1 =z Exacl" w” is
zAE.

Th—L— W=l ST

Element boun//ﬁirm E% /f.l’.l"ls

2 4 _4EA 45,4 1
Wasde = 5T 'L((:Lm T (loo? high)

Gershgorm bound : [K] [M]

k t
Orax € 770 (exac )

AR\




,’»’2‘4‘

(a) Inae gne enticel butl unconnected
tfwo-node bar elemeu'fs each uhnsup, orW

V:Lra?"nj ax;aZ and [ 80 aufofp/f:m:
;(/Fﬂt 11Ls ne:j/l ofs on e/‘ﬂler S//a

— —_—— —— —— —Xu
e S J/’ ~a
P S o P ~
-

We can connecl f‘/:e elemenTs w?ﬁau‘l‘dlqngihj
“"ffm M},

(b) If we fix one end of the model
sketched in the solufrrn of part (a),
7%& vt bmf‘aw mode is Per?‘arbﬁ/ ‘I%ene
buT the disturbance 1s nol much fel fdf?%a
sther ond , particu larly i Yhere are o
?,reaf manj 9/8144814'/3 Ajrcemw'f/mprwe_s



1.12-5

Afcr: -Z/w = oZ:O
From Eg. //.12-4, «,=-At
Frem Ey 1.12-3

Atluhf-l —U,* A_gz(’z Uy = u,,,,)

M,,“ = (2- At*)u, -

(@) At =1, d,,, = -,
n ~I O | 2 3 4 &5
i1 0 1 I o 1 -]

(L) At=V2, u,, = -u,

nl-1 o I 2 23 4 &
u, V2 ova o -vz o vz

() At =2 (cr:{“u() Upey = ~2U, U, ,

Cowl-l ol 273 4 5
U l-2 6 2 -4 ¢ -g 10
Blows up in am#mef‘c fashion.

(d) 4t =3 (>cr:f:z4/) a,,\‘,"7c{ —A,_
h l -1 o I 2 3 4- Y
d,, |—3 0 3 -2| 144 -fo0% 6972
Blows up m 5eome7Ln‘c fashim,

”-I




Note Hhat Nt = Z% :f‘—;'- 2.0

Eq, 111123: 2
7 At"D"H - </-A_i—7) n At’-bn )
or D,, = &t (At22)D,- Do,

2 2
Alss D_,=O-O4-—Ai:t- 1) = %

@y At=05 D,=0.125

Dy, = 0.250+1750D, - D,_,
tlo o5 to 15 2.0
Dl o 0.125 0.4¢9 0.945 1.430

t|25 30 35 40 45
DI1.817 14994 1923 /621 [./63
t|50 55 60 65 70
bloces 0251 0.024 0.041 0.293
(b) At=10, Doy=0.50
Dpsi = /0+D ~Doe

le 1 2 3 4 5 ¢ 7
plo 05 15 20 15 05 o os
(¢yat=2.0, D =20

. Dn*, = 4—.2D'1_Dn"

tlo 2 4 6 % /o
Dl O 2 S 2 O 2
{) At=3.0, D,=4.5
Doy =9 -7D,- D,
tle 3 ¢ g9 2 /s

Dlo 45 225 w2 -ioz 7sLs

(€) D+D =1, D=Asint t Bast +|

At t= 0,D 0 S B=—

At t= 0 D-—O S A=0 D=[-cos
0 0:> I .5 2 2.5

O 0.122 0.460 0.929 /4l |30/
3 3.5 4 4.5 -5 55

[.990 1.937 [ 654 1211 0,716 0.29]
G (.5 7 3 9 10

Ol O)k ol

0.040 0.02% 0.246 /.14 1.9 1.839



[11.12-7]

Eg. 11.2-12, wi th Prafo.fcc( r‘cPrfsnﬁLA//bn of Viscous Terms, is
M D +xMD+@KD ¢+kD:R“7

Aﬁﬂrvx/mﬂle D and D b E7s 1.02-1, Leave /3,,/
Can be cv-m/mfe/ W.‘f’h historical mfdrmaﬁan Thuas *

—2D,+ Dn—f)*‘

as -/s So if

2\?2 N(QnH 2 AL (an <n- ;\)
+@5D”,+Kb_py’

Which is, atter rearmnjemenf

! ext 4t
(At‘l _ZAt)MPnH ’...?h ‘}SE)«-*'Z—M[ZD (’ ?)911-;]

Cmpu‘l(e @Bén-L in elemmﬁby'e/emen?" fashion.
The Conﬁlbu‘/‘ron of one element 1o Vhis Ts
= T T e

@k w_%- GIB E ngo(,, L (SJB e g”_ AV = Hg g 4V

We replace KD, by RIM=3 5= > [E7(g,+ 88, )4V



II.I3~I

_._D‘I‘AtD'!"ét—D *Aéitbn""" 64)

A s AEE
D"= Dney ™ Atbnn*' 2 Dnﬁ_‘Z‘Dth'“ (8)

Saslve (B) for Qkﬂ

2
= At 2% o
D, +ALD,,, - bm,u_éé_ ()

AC{J (A 2 (C) - drvide result éj <.
P = D + ”) - (D Borer
(D) - resall r‘equc’sfco(

Terms omilled Grom Eg. (D) Jepem{o»
At-"') se erroy is O(AL‘").




]11.13".2.

—u
4 e :.’. y:._'_
k= m=i b 2
(D 4t=2
Eq. 1113-5 1 Zwu,, = U, +2u,+d)y,
€. I1L13-4b: a4, = ahﬁ—u,,—d”
Ep. 1L3~4a &, = U, -u,"2d,-d,
noou, u, 4,
o o0 | O
/ { o -l
2 o -l o
3 -1 o 1
4+ o { o
(L) At =]

Er. 113-5: (4+Da,, =4 (u,+d,) + i,

. or Upe =08 (“n*‘;n)‘f 0'2(’}'*!
Eq. IMIZALE vy =2 (im0, ) =i,
E7.”.I3’4a~' “:m = 4-(u”“—u"-4}”)—5‘('"

n Un Uy t'(:,

o} 0 ! 0

! 0.%0 0.6 -0.%

2 0%  -~028 0.9
3 0.352 -0.963 -0.352

4 -0.5592



/.14~

() zgwi% 1w, =0
or 2, + ‘-"-g’ﬁ -2, =0
From Eq. 13.13-5; 2,=CX' 2, =cX*
So (A) becsmes 2 =N
CNe WAL A extloo

Divide by CX™', )X +~)Af>\ | =
l At
N2 = :L[ = Vw o’ 4(!)(-!)]

alwags er/

Sitnce X >\ —C/a —‘1 & sice )\ & )\ are
real % a{:sfmdL ‘f'iten ovie D\‘ <1 wlf e
Her [N >1 am( method s unstable.

b
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