f2.171 hpdx (T-T)
FA+d(M)
L—a/x -]
£A+ hp dx <7}1’T) + QAdx - [FA + d(fA)] = ce‘;’/} dx
- & (£4) + hp (T -T)+@A-cPTA =0
Substitute = -kT,
%(Am;x) +Aa+h,=(7,'c,—T)—Ac97" =0



/2)‘-2

e
SQ‘T @ r
%
—> X
£,

fr =4 cos B * -F? sin B - {‘t"%'.-. [Co; B sin {3]{&}
-Fs = - §x SM(S + 47 Cos @ 'FS :—Sin ﬁ cos {a

s’

(A ]
e 2 2

Therefor £) AT 4
erelvore {-F?} = [/.\,\1 {{—S}



120l’3

Qmsic/er Q o(l‘slc) Vrcwec{ d/Mj 77'3 AXTS,
“ Let AB be a path that
B ,6 _ N
' s much more conductive
than Vhe remamder, Tt
A is heated | B will be
mucll hoﬁer Hun o'H'ler Par‘f‘s o'{‘ r‘-‘-C.Thu.s,

T on r=c is m‘}' S(Jmmefm‘c w.rT 9-’-’—0,

bul would become so if AB is radial.



12.1- 4
(ay Use {2} and {T33} from Egs. (2./-15
kT = k[T L1, T
Eg. 12.1-14a becomes
k( ~Tr +T,»,-+;_'- ,99+7:23)+6l ceT o

Eq. 12.1-14b becomes
"'3: k(ZT +n 2)

@m-{ a“} (T, {
L5 L

T . +Q =¢C 7.‘ :
{é} {Kzl-’:r*‘kzz‘]}ze} P (N-n.:kz.)

K Trr +ku r7;r tKn rzTo ""l To+kp L Trg
+ Ku '~7—’-9+ku r‘z.ng +4 = PCT 647%9)’ re.mu'

In 57 /2.1 14 dg =/ X’””a
KTy +‘(u_ r.T' %
&

-FB:I_I 0_{{

fs=KuT,rt K +Ts

Ko T + Koy r7;



[2.1-5 (Fot £, d6)dr

['Frr"’ (frr),,- Ji']lﬂ'

Assume

unit
‘H'IICICM&SS.

e dr

Net inward $lux from Yhe above is
_['Frr +(£ r),ra’\"]alé +f rdé - (£, + {0}9 46) dv + £, dr
or - [(frr);r + 'Fa,e]"[" dé
Net inward heal flow per unit volume is
— (rfyy ¥y tfgp)drdb + Qrords
Set equal o peTrardf and divide by rdrdé
-—fr,."“xc "'L‘Fee*‘Q:()c'l: (A)
If orthotropic, = -KyTr— K, rT
2K T~ Koo Ty
(Kiz = Kz,)
Eq. (AY becomes
KnTrr~ Rt T+ Kn ;7;,6, sk, LT

2 /6

' _ .
+Ky, rzT/é t K, rTra + Kzz;:z,-’:éa +Q = CFT
Gather Terwis

K ('Err ,. ,,.) +t2K,, :—T;ro + Ky "[/’991_@ -—(_(:7‘—: O



I.?-:Z-—ll

oF 2 2F 92 9F

Eg. 4.7-C is 3-7:—5;3—%-)(-—2?5‘7,‘-;=0 (A)
where, ‘Frm Eg. 12.2+, - .% {fa}T[K]{I ‘l &T+CPTT ()
) N T
in wh:c/-») for o plane problem, {Z‘a} ={ T:} {(c)
Rewriting (A) , with {21+ &aa//a);} )
OF/DT,
DF ¢y x| _
5t - 121 {ap/az,i " © ®

Sabs‘}:‘fu*e (B) into (D)
~-Q + CP—i-- {Q}T([ﬁ]{l‘a}) =0



I202"2

= [ g (ﬁk‘r‘z’“ kg T Top + 5 Ky T';
CGT 20T, T hT > peT T) dkdy
—[h ¢r T—iﬁ)a/s-jf,,ns

JT=0= ff(k’/:x 3Tyt kxy']:'ngy r/gx?']:? er
A,v;,xr, ~ Q8T - 2hT, 8T + 2hT4T
+peT 5T )dxdy - {h (7; $T-T8T)dS-(£,3TdS
Z"n?"cg ratioas Lj par'f’s :
([l ey =4[, STy

| +[kT, 374, dS

“k‘, 13T, de dy=-| (7., 3Ty
Flke Ty 3Tz dS
Cimilar for next 2 Terms. / s
Thus r
§IT=0 =S([ﬂ<kx7:x.+kxg7;?)/x— (k*;‘-z;+kp_’/-3>;y
~Q-2h (7} "T) + (’CT]STJX J? + S[<kx7:x+k"} ';)IB
+(ley T * b, Ty Vg =h (T4 T)~F| ST S
Vanrshmj of [--'] in double inf'a]rafgielals
Ey.(2.1-7. Vanishmg of [- - in surface

in‘i’c?ra{ gl‘e(ds Ef.ll.l—lzb. Lateral Sur-
. 2 add’ea{ 7Lo Ioo‘ﬂl.



12.2-3

Assume T = NT. ; use 57 /2-/4/0
L r -~ -
{ NT (AkT ) + QA +h (T,-T)P]Jx-:o
(o}

IMTejrafe Lﬂ Par’(‘S .

[Cwant ),x]dx-- 5 AT e (T
gut (WAIT), =-{was)’ = {j‘hi}
Also subs. T =NT, &T =N, Te S into
'Hie. f‘lfsf (Y‘?Sw(ua/) 57441‘175\4 Thus

'g N, AKN, dxT. +g NT6Adx
~ 0 ,

0

< ——
[k] Lotk e
[N hPNdXT +5NT})PTJX {Af:}gg
[b(s] {K‘I,}

([ 1+ Do 1) Te} = {ral + fra}+ {m
Sa Af is posn‘we when a’,/‘ec-/-d L

{_4_7?2 el.; thas Af,=Af ¥ -Af, = Af,

(tk]‘*[bls )§I¢}= {fa}"'{r(s r{ﬁﬁ,}



/202"’4’

T
(a) {17;;;}2 [?]{‘;}} wherc,fram Egs.
3

7:2-4 and 2.2 - (a

[B1=; [‘f“ et 7'11,2,4 X243 Ks14 2!

Xzz Xi3
[N.]:k[ ], so [k1= 4k [8TT[8]

(b) On side -3 §=0,% INI* [g o)
Use Ef 73-5 + Inijrafe 4/MJ !—3

£ 0 55 5 0]
[b]=hwo o oJ]JLB: "info o0

s z I o
IES O g3 7—][/2’2

¢ I o o /| o ©
C}h]" hlizl, o o [c :@-C’Aio ! o
- 2 o ot~ 316 0 |

ivl=1s = Afsl. By E.7.37,
Sﬂg dA = 24 37 3, =3 for L“=/J.?/3
Mence, with @ amsfd»/‘ Z anit %c/mzss

e a1 {11



I2z,.2-5&
(a) Asin Prob. 12.2-4,

[§1=2~IA 723 s ;f;z]) ‘2/)7‘7(2:73)"(3!724

_x32 XB le_

Then (k1= | [BTT8 k4 = KIETTEYf2mcad

n
=18, S, g;JH and (SdA=2 for
i . 3
t=1,2,3 froum Eg 7:3-7. Thus
g,?vrd/] = 21114— (riG+)

kla) In‘fejr«{ 'Fov* [\01 in Prob. 12.2-4
applres’, exce Q(ng bECd'wte'S ZITV‘dl_
Pﬁ P 13
eve = 3N + 5303 q/avrj side 1-3.
Bv E{. 7 3"5

(£2dl,,=(s gm,g—‘f)gs}gsdz 54l 72

Hence } ,
i 3 Y‘,-i—Y_‘;q

- Zz T T
[h]'h(—?’fltﬂ 6 o [o

rtn3 ri
| T2 %m *%_
>
! o ©
[h]-,?rr;r L,,_h[o o ©
6o O |
[e)-2m itits oA | § O
~ 2 3 o o l
() g,
frot=G|{20 27 (Sn+ 55 + 55)dA

7~ ar r
By £.7.37, [s4n=2 2 (s5d0-2-
y & ) [5'da % Ss’;s}.a//l =

A 2ntrn +G
(Cal =2mQ T Ap van + 1
c+g+2§



12.2-6

B B O
Lo il
T or U‘.” ngi
[k]= ] SLBJ LB | krdrds = zﬂ_(rrr) k[’ —'r]
-7 /r, S

N4 1ol
41+ G [" ']

[h] am/{ } are nof pﬂ'senfon ]dferal Sur'faca’s‘

For ,ass;Lle convecTion on Edﬁe r=r,

e1= [ R{LJ et0vnde=zmnn[l, <]
(o) = [ { L} pTaCon do = amhzy ]

or, ‘For ‘cmveo‘f:‘aw on Bﬁfe r-—r.”

=2oef2 9], 2o (3

l

{fgi "‘eplace "7}-, b'ét {'B in {fk} expressions

Trn T
[ﬂzj f INI'IN)pevdrdd
~win
(alje bratc expressions dp nof'Simp/lﬂ.)

| AR
- Rr-r L -r2)h
B
2 0 g i zr; _§__y';

' -3 +2n’
{ Ql—’.)f.n r) 3 7.+ 3




'Qn 2-7

I -1 ol|T |
ﬁi_(‘ - 2 —-?] T, 7= ?#7_
o =1 |1 T3 7__?

Onl? relative f‘empem.’rm‘es matter in
tis problem , so impose T3=0 (we
will add T3 Yo T, ¥ T, after
S‘ol\/n‘n$§ y, also get G2=0.,

"l Tl —.&" TI__/‘_EQ'
0 2|7 Ak o) R Ak
Re-mtroduce Tz for frel Temps.
T[T, Le)2

{TL_}'{E}’L Ak{l}

go- Ak BB )



12.,2-8

/4 e | -1 o, T
—OE" -1 1+2 -2{T2 071 %2
o) -2 24T

As in.ProH&sM g.3
T
T, | Ak |0
5:a|v¢ for T, and T, ) reintroduce T |
(T]_[%], ta |3
. tg]"?ﬁ{l}

2
\

T3-T2 ] _ 2Aol<(_L£n S
%:M"["L‘ L ]" L 2A°u)f7'.

=

<




/252-'?

-l 0 O‘ T, ‘ (?l \

ﬁk e B L o Ty J%z

Llo -t 1+ =1 |7 ) g
o 0 -

A 7 ! l..‘ TA‘) \%4'4

Impoese 5{3’0/ T, =0 T =300
(+he /a#ey adds 360’/’”</L to 7"/42 rh, S)

ﬁ&[ =T | Ak
L - ,27'3—L 300

T;,_:_,_zl o | _Jto
T 311 23061 |aoco

(a5 expecled)




/202—/0

- - DN 3

[ -l o 0 ||T, F
-1 #2 2 o |jTlal|_J%
0 -2 2+3 3Tz | |93
o o 3 3|) g
Impose Sl =0, ;= O T,= =300
(the laller adds 300(3/) k/L) te Vhe

rih.s ) -2 || T2 Ak |0
-Ii—[-z SH'/} - L |900

Ak
L

A as




12.2~1]

(a) With N:[L—:E’i _XL.]) d3 = pdx

where P= Per‘.‘me,'f'er of criss sec#aw)

L)t Loxx
gﬁTNWS:P“ R
T T 0
o -
i 1]
3 |1z | 0 | 2
L L{L=x
T - L hTeSe | !
0 O

(b) Se=0.010
hSe [ l]_ 2 |
?T[I 2] [ 2

ﬁ‘k_ | _-l - 0:4 "0:4'
-l et 04

L

AISO h-[ise = ééo ,

Combme e/emm‘/s and set Tl =0.

4.8 0.6} T\ _ 2 T, _ | 226
B 24]{1‘2}‘“"’{'}’ {Ti}"{m}

f < I
(c) o * S.=3(0.020) for
l—0,10 m =] the left elemcvf!
Ak |V L IR Half Yhis for
| T Roely ] e

hSe [2 I ]: b(a 2 I Twice %73 ﬁr
¢ |1 2 0.be7Y, 2| the stherel.

hT-3e } | l Twice His for

nlgoe — .

2 {'} 400{1} He other el.
Assewmble and set T, =0,
0,6+0.3+2(0,667) +2(113R3) /,333—07.3]

/.333-0.3 2(h733)10.3
T, | J1z200

* =<
(=} {a

4,900 1.033 | T,
1,033 2,967\ T

{7;} {203

7 1949

(d) The msole| ohd_/yz, e frow (b) (c}
has wmade T, and T closer Yo aw -
bienT aud decreased Vhe qradient
froimm 2 to 3. The actual Wa’a’z‘wfrs
50 close Yo node | Hhal Vhese coarse

msdels cannst V‘epr\es\wf?‘ i1 (4”,,/77‘;441
equatroms for fms show as much).

{200
~1 %00
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()
(b)

(c)

Eq.12.(-2" {

Unknown

{x
%

bl

I o

o |



[ -1 o o]lT —

Akl-l 2 -1 ol l_]o©
Lio -1 2 -l |o

o 0o -1 ) -
Lmpose 7-,:0/ T 500 /ef‘ k=73,

2 -IJ{Tz} { O } ‘FPM wh:cL
= T,=1667°C
-l 2| T 72(500) T,23833 %

Tn all e/emenfs
So00 -

f= -733—(00—45 -304200W“

Co-m «47’2 e’ ave, Ts X/ assocrﬁed’ 1(5

e/? T,.= 833, k=73-5=¢%

el. 2, Ta,=250, k=73~ /5 = 5%

el 3, Tave 4167, k =73-25=48
63 -63 0 0O

‘IT —

A 63 63+s8 -58 Ol l=]0
L1 o -s8 58+43 -48||1a| [O
0O 0  -43 +3 T \—

Limpose T,=0, l = 50
‘FY‘OW\ L()hlo"\
=139.3 ¢

126 —-538 0
-5% /06 4.3(50 0) 2 _302 Lc

E/CMM‘I- F(uxes are

13913‘0 W
f= -8 7230800 %
62.
= - g 3026 °13%3 =-236, 800——
0.04
- 500-302.6 - W
=48 ———r 236,500

The fluxes agree (o check).
C‘Mpafe el,ave. T’s & assoc.mlea’ Lk's.
el 1, Taye= 6965, k=¢38.3

el 2, Td,,e_;z:u 0, k=597

e’l" 4’/& 40/’3 [( 4% q . .
[ 2
4,9, ~69.8 O o U7l 1=

AF6%.3 65.5+59.7 -59.7 o KT, =40

Llo -59,7 59.7+489 -4%9||Tz
| 0 2 ~459 4wa|Ta) )

fm,oa_ge 7_, —'—0,

/23,5 -57:7 Tl - O
-59.7 108.¢||T3 4%.9(s00)
frovm whick T < /4'ObC 7:? 302.4 ‘¢

Ele ment fluyes are
1(’ = (8.8 1406.5 -0

Iy =500.

= -241 00 WL
[

0.04
302.:4-/40.5
‘F = - ’ B = - "l
z 5‘? 7 D0 = -24),600 oo
Soo-302.4
Faz 489 —5 71 = - 241600 L

The {luxes agree (« o/,ec[:),



he= T (DT #7L)
2.6 " 06

Msm?_ absolate ‘femperafmres) T,=293 K
d! T = §73°K, h ¥ Eg.(a) become
he = 2,42 (103 (8735 T2)(§73+T;) &
(70 +he) T, = 20,510 +§73h, k)
First cyele : T, =/00°C =373°K ; use (b):
(70 +22.3) T = 20,510 +§73 (22.3)

T, = 455.7 °K Use this in (b);

Secend cyc/ai
(70 +31.3)T, = 20,5/0 +%73 (31.3)

Tb: 472;1a/< Use %/"S in (c_);
thivd c;c/e.i
(70 + 32.2)T, = 20,510+ $73(32.2)
T, = 475.8°K = 262.5°C
(C(OSe enoua{,%)



12 .4-1

All 577;'450/5 bt N are arrays

Gren T- CT: =1 Ay
Pove T.CT: =0 for (%] (B)

o P=T
Pl‘emu/f«/olj Eg.I2.4-2 by T : .
& Tk, T; = 7 7—‘:-TC7'; prem. jh by Z,TT
(b) 7_;:rl<7' T: = >\; ?-TC 'T'z f"fm- ith 177 T}'
© f:-rKf;f; =N; 'T—ETC T; 'h‘ams,ﬂosc oF &)
O:(%;")\DT'{C?; (Y- (<)

But Xi#Nj, so T, C T.70  @&D
I£ we repea‘f \Qaregainj argame«'f wi/—/1 E7
124-2 in form (C‘TI\KT)?;O, 7e+ i'%fizo

To show seeond of Egs. [2.4-3 ! we hnow
$7CH =1 from (A ¥ (B). Hence

—r _ .
(ke -2 0T, =To
—r = =T o
-r‘: KT7; - >‘?.7:‘ C?;’
Heh(e, ‘f’TKré = f\X

=0 for i#;‘
=>\) For ('7-'/'



12.4-2 P is the prcdrc'fed' T

T

o

-0
(t



12.4-3

(&) When T=0, T =3/ =0500
(L) Assume solation of form 7= a(/_e“’f)
Must have a=0.5 to check ,aar'f‘ @) .
Thus T= 0,51:,-8_“: and a/.‘fﬂ eg. @0M¢5
3(1-e*) +l0Le™ = 3 | Therefore b-‘-.?/
and exact solufion s T =0.5(1-e73%)
©) (62T =0, 7=3, Aéc,.=% -z

(J) ’(k) : Eq. 124 becones

(a'-tz +é§)7;“ = (—L\%Z- C,(I—@S)'l; +3
(-(3): bt =0, (20+6@)T,, = (14+6a),+3
(- () Bt=1o, (2+¢@) T, = (-4+HR)T,+3
@) 20T, =/4T,+3 () 2T, =-47.+3
@ 237,017 +3 (0 5T% = T, +3
(£) 247, =187 +3 (Zi CThy= 3
(}) 26 T, = 20T, +3 ) 8T = 2T, +3

Collected numerical yesults :

time t Tt Ty Ty T 7?;) Ton TZ,)' 7(-;) 7&)

0 o) ) 0 0 0

0.l 0,129 .150 .130 .125 .]I5
0.2  0.2256 .255 ,227 .219 .204
0.3  0.2967 .329 .293% .2%9 .272
6.4  0.3494 .330 ,35] 342 .325
Nn.<s a 28%4 4, .39 .33) .35

/.0 0.4751 S 600 .500 375
2.0 00,4953 -1.S .4%0 .500 .469
3.0 04999 4.5 504 ,500 492
4.0 A.So0p -7S .499 .500 ,49%

S, U 0.5000 16.5 ,500 .500 ,500



12.4-4

(2) From a hend boole —Fo\rmx/a)
T:4< - —t/3) Check 67 sabstitution
2[4(1-)] re[4(se )]%8

g -%e -+./3+S,e—t/3% 9 Ves -

(b)Y At =1 Eg.12.4-8 l,gcames (9 _‘)
[12+é] Ty =8~ [9.9- (’]T
7%= 8+ 5T, or T,75(8+5T)

ton Ty Tewet
0 0 ) 1,

! [ 1143 1134
2 2 1959 1.946
3 3 2.642 2.523%
4 4 2959 %4
5 & 325, 3.245
¢ ¢ 3.469 3-459
7 7 3621 3612
% ¢ 3.729 3.722

() At =10, E4.12.4-8 becomes (‘@—15

! |
[..—2,—2+786]'T;\+|:% [2_2— é]
L eThe = 8-04T, or Tp,=5~

’4?

+ v TH Texw'f

s} 6 0 0

lo | 5.00 3.%75
20 2 375 3.995

- - 400 4,000
40 4 3.4% 4.000
50 & 4.004 4.000
b0 6 34999 4,000
70 7 4.000 4.000
0 %3 4000 4,600



,2\7'I

(a) Consider a cube one unit on a side | so V={-(.] =/
Affcr sfrazns appear in a// H"CC (oafd/ﬂ"?zc 0/'fé’c7l/Ms Va/ﬂm: ,5

V+dV = ("*'6\!)(""5;3([*52> “'éx"'é;-l-éi + higher order Terms
V= (V+dV)-V = Extéyte, = = dv/iy ¥/:;7\/
(&) with T frow &, 12.7-6,
ST 'S (ngr,w Py OByt P2 8P ﬁ'lggf?)ﬂ/
’ j Q“ nOpdS'+ J 7 pEpdS  «(The last integral is 2 Term for
Inl"eirafe by pll‘]{{ e.q. for Hhe Pox Spix Toruy, surface waves)
[, pxSendV=~f Bocdp Ve ( o g3 ds

A‘ffer a// ﬂ)ree ihre djbdl'fs ﬂe /7172
oFf the S“Iﬁ[dce m ﬂfus 7%9/1:7‘8://)’

P/xl""P;”?‘I’PaVI w}nclf is P Also, S=
S +S; . Therefore

j (oot Py o = ) 5p AV

S(B»*(%) Sp dS'+ j (a5 E)8pdS
Fer 3F=0, rh‘ILeeri{ of ﬂle hree hffclhvé

mu_sf Vm:slf ara e{ﬁ Thus
F’X""'B”*Bu %P =0 inV as m Eg. I1R.7-4
PotQln =0 OV Sy as in B7.(2.7-5
P,»*'—qi'ii =0 ¢dn S{ as noled dbove Ey, /2.8-7
) T=([pc+p;+bi (—&)]JV
ST =2 (f; 5B +P;3P’+Bégpﬂ = P A‘PIJV

Ih‘fcgm'ltc Ly faf+5 eg. The ITof 3
g Px 8 dV = - ‘(P/KXSP aIV-Ffo gP[l/S

Thes e 2” VP - PISPJV+IBnXP ds
From Eg.12.7-5, sarfm inteqraf vanishes
If d,=0. H&«ce &IT = O :mp/les

V P¥or ,_ P =0



12 |7‘2

() Matrices are /ike [Ig] and ng] A'('a
fruss el.(é}_[‘ “]_ u}ﬁ[_[l ']){?‘ ____{0}
L -1 l (’C‘L 1 2 PZ 0

T
R [ N N A
Le PR b BV N R3S gi CA

A=D or X =2; for [a#er) w = '—Lz;c‘) w=3.%’f’
> Matrices are like shress stiffness M,afr;‘x
[k,] & wuass mairix [m] o€ standard beam el.

Set p,x=0 (A [36’ 3| _whA L [15(, 54-]){p, _{o}

L pe0 3oL 3 36| c* 420|5% 15C)[/{R) 0
RS [ T N S N I

Let A e l-(r?x b-26\|

595X-4205=0 . N=0 or N=0,7059
2

For the /a#er; w= ‘).%3245)w=3,1434‘5£

o)



/2 :7"3

Fl‘f 12-7‘2) with PO and Ps™ 0. 772445) after Combinfn; Awo of
the elements whose wdfrices appear in Eys. ’2‘7‘/4)

Il -—¥ ol z 1. =2 o P2 0
A -% 14 -¥|- “ ﬁ‘l: 2 T 2 >, Y=\ 0
3L ¢/ 30 P.
o -8 /6 o0 2 lb P4 o)
FOV‘ the 'Fiv“.d moa/e) P2"FP4 , so
Allb -%|_ g-A_L> 16 2|\|p. _{o}
3L|-16 14 62(30 4 3| )lpf " o
A le(1-)\) -%-
T Az &5 Yen $-2N | _
Let A toc* 2 ¢ ~16- 4\ 14-8\ o
from which | 20\"- 4l \+F¢ =0
_ 416 —356.34 _
A, v = 0.2435%
w = 157675

L



12.7-4

n Ais un:fown and (anae(s oul.

., I -1

¢ 1/ .z % [ 1 [ ]

//////////f D777 77 ) .
~ z

l
Set PO Thus 2

(52 1] 'l)(g;} {2}

let A= Q_ZI lz 4N \
YA e N
Yields 7N -lox+1 =0, >\, 0.10319
_ 6.8057¢ _ lellc _L
b Y = = L (Z _)

: (b) Matrices ‘FV‘ow» .Eq 12.7-14.

A is m'FOY‘m and cancg/_s‘ au'f

7 -e [+ z -l
[g1=i-‘z 16 3| [el=n| 2. 16 2

| o-g 7 30(_-'24_

wltere n @e# j [C] we use —%:%‘z )
For [ﬂls Iorleem scTL =0, Thus
{

e
£ 71 3o Ps o
Ld‘ 20 le-tex 82X _
/0¢%’ |- -2)\  7-4X
Yields 15N -625+12=0, X\=0.2486,
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