15,1~ 3

(GL) Lﬂf where k=cen-
5"’4»4‘[‘ (a" Imur tn 2). Hemce

kt3 riz
M= gtraa[a- kg_*/z. = = |
My 2 -+l .t 6Mx
= t3//.7. /?IL 2——2/0)'( M tz

LY I'f ",;,2 /mraéa/,c T/a k(—— —2)

wh ere k msfm

Q, = Sj:jgdz = k(‘f 5-__)% LE

_ 60
k=8 /4% 7, _3;-%

At ?:-——O) 9

—

7% tﬁ" 'bt
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/5, 1-2

As shown in Prob. 15,11 |
M, 2 M, 2

M, 2 M,z ,
0, = 6, = T, = X o =
sz i“;‘?lz ey R sy
Substilufe Yhese stresses i1nto the o,
exyressson given in Yhe problem

S‘hﬂLemeﬁf dVM{ (anze/ 7‘f1e lowmmmon

ftu:‘;ar Wz/; . Th”s

M, = —}Z'(MX+M7) + %(M,—-M?) cos 20 * Mx7 sin 6



/5,1-3

a -—'1, —_—
o |16 o My d fon tilyy dy
Q Q0o d ¢ 7
t o t “mntt R
X Qy fo,xe X 4‘/’?,} /77x3,x t

ds with X-camp,
Sum = forces .| (momMs w P)

"07:17('0,( J; *(QJQXJ,(A{X)J? a (&J’ *&7J7J;)/x
tadxdy SO ; gields Qo Ty T3 =0
Sum MM%’ILJ aba;?‘ /fnc )’;df(éz.,
0=~ M, dx~ My dy + (My+My,, dy)dx+ (M, +
o3 0 o A sy, T
/Veg/ecf' hig/wr'am/er Term 7.4,?[
%,7 fMK;,x = 0;-
Si‘m:/ar/v) MW{S 4éauf/n¢g x:a/k/zf,‘c/;{
(b) P ¥ Py =
b Q"/K: X,xx+”7x /K infe Glg,x =
Q"' :MYﬂ? f—/}?x:lxg‘g f Ay, '}’Q:l/if? 0
Hence M 20y g ¥ My gyt 3 =0
() My = ‘D(W;x‘ﬁfywzxét)
My = =D <W177 P W)

ly = =D (3w,

D (o + Dy + “pggpd T =0
or V4w = f'/D



/15,1- 4

free

Z S
ss ss| & :
free J_

X

Bendmng 12 a C?/Dwt/l‘f(a,/ serface
ﬂ”)/j bess 50'“:!, W'"'/% llﬂ/“lcaf‘Ml/y dis—
tribuTeod load §(1) per unil lengfh.
v = Sebt D _ 23 - 2 6% (1-»)
384D 12(1-»7) 6. 4E 23
Bendm Mdmen)[? at C&ﬂfer are



/5'/“‘5

The given fempszure freld ;s 7=-2T,%

t
so initial strains are é'xo:é;o:azT-’-—o?*Bf‘
Y
do = 25
do |
- €, dX 2T,
| But also 4= —%5— =~ - 2 dx
L - 2xTy
Px Hence Ky=0™ ™ ¢
227,

S/‘m.‘/ar[7 . K_ov = - =

|
2 A\ G 2T,
: d MR VA P {l}
~ 0

e dx —]



15, 1-6

Frovn Egs. 15.1-4, with {¥ot={2}

mX { v o o Wxx
M’f =-D d | 0 “477
mx7 O 0 (]..-y)/z ZWA

7

@) Wy =2c, wy, =2c¢, W, 0 s>
M=M= _-2(/+7’)DC1
MX? :70 $ x[_?‘i
B S~
= - .= = <€—
(b) Wy = Zcy “47 2C7-, uﬁ:; 0 % £
My = QD.CI('—y> Pheg =0 [ %
M1=—2DC7—('_V) —>



/5’ 1’7

Error Prolbor‘flcmp( 7‘o ; So erfor
’L

uSalllj fess “hw ,0‘7 (t{efltcf‘(ms) ye7)
bending fo a Cg/c dricl surfece w éryesf

slréss . , Transverse sfress is 0z =0 m

boe aimn f’ﬁeorj buTL =20, in ,a/dfe ﬁeoly
Mast ask fow muclr error rs allowed If

unable a'ecz‘z{e could use 3D elements

(e¥pehswc) w}’hc‘l shau/;{ Le bc*ween ée‘tm

Md ,Odfe %4/‘/585
meoref/(w( s"fud;es o'ﬁcer Corfch\Lm fzc
for based sn width~To~thickness ratro of beam;

see W.C. ‘/oun;, Roark’s Formulas for
Stress and Strain.




/5.1-8

\S C:COS‘F S\ n
s=sin R Qe e |
BncC M
O "&~Q,ct 8,670 @) T6,s
& g | ®aq,
Gy ’5‘3
® % = Qu+Qc+Q,s =0 (b)
Q. c T

Together, () and (6) are {&x}:{c ~sR&n}

’ 6?7 s  c|Q,
oy Gy = | T Tf o’
[6]1=]5 “Slkt|S OS2 rig}=1114q}
~ s C 0 GS -S c
[g] - Lt ¢ -S|lcq, sG. - Lt 6, +526; csf@,,-é;é .
S ¢ |-G, cGs ¢s(G,-Gs) 56,6,
(Assumes Yhat k is direction-independent.)

- If 6',,:65) reduces To [g]_- ktG [é ?]



llS, -9|

(&) Relate Tension T 7o load 2

¥m ;L,,T
[Dllﬂﬂj “
‘*_ L. 91_ W= L,_‘ (LX—X?j

mmm'fs abou‘f' y*l‘,néf end :
Tw, - ( Q_)l—‘-vO "z——' (a)

Or, },,.—::Te where B, is o/w//xi
at x=[) . Thus 3{,,,—-7-4»%. ;*_"i

z@nﬁﬁ change = 8 L B
_ wity - L 16w, 124
8 go (T) L) L4 4(( 7,_4)(,1)44,{

Sw,> L% Jw"
8 L; é = ZLC ) Strain= € =

T=AFBe=bt E5= 8w°

: SuL,A;'l”u{'c: 'FFM (CL) 'f‘a e//‘mmzzﬁg, T
Hence il‘g _ BELEW”
Swe ;3L 3
_ 64EbEw, - 4,4519#(%)
f 7

™o

3L+ 3L#

(b) Center deflection, bending alone , 7s

Sa. 14 . 3%4 EIW
o 84 bl
S¥4EL 6" 54 °

- 3245(5{:‘%2)( ) 64Eb1* )
futfs™ 5L+ t/ F \¢
w,
qutgs = [é 40(?)+2) 3( t) ]
We _ . :
For ‘E‘—O.b)
Ebtf

Fo¥ i T+ 320+ .2.&7]

raugh (7 eyua/



15.2~]

() Should hare ltnear n X iF it
is o depw{a-n onl 5 nodel values at
nodes 3 and 4. /;u‘/, frovia &, /5.2-4,

wy = 10,00,0,%,20,0,%% 2y, 357 32 3xy*[{2}

(w‘?‘)f" =[0,0,1,0,%,2b,6,x2 2bx,35, x> 38 [{]}

This edje _s/o/e is a cubic jo x — needs 4
doof to defme. Hence i mast 0/8,0\’/“&( oo
some hnodal d.of. sther Han w, 4{-;14/55
3 X 4. It would be a'ﬂ/g for-‘ﬁ{izus (or com-
staut curvature case) if fhe “wther” d.of, are
such that W,y matches belween adjaceat els.

W,
W

(b) On y = b) w = Lcué}'c in x _]gq:‘
Re7uiy‘cs 4 d.osAf To A/e_fhﬂe)' '”Ieg ‘”‘C (Pft‘!-
5“*”46"1) w, , W) Wxz ) Wia - gse
Same d.of. used aafjacmf el ﬁ;/eﬁwg
w of same ec{ie, I(/encr/ Same w § Com-
palible. And, if w same, so 1s wy .

) Then w weuld be 7«41‘7(/2 o1 all edyes.
Five dof, needed b defme 7«41"7(/'_6;. /jt’fc
are more han am/‘/aé_/c’ as ﬂaa/d/ ﬂ/:éif. 471-
evids of eactt edge. Experf that w and

both shopes wi Il incompa tible.



/5(2'-2

() Let w,, = Eafje‘norw/ slope.
FirsT amy,j&m:nf ot oo f ¢

W, Wx , Wy, W, %x7; “’/77. af” /)2/3

W at 4/ 5/ 6
Ffth a/ejrec Terms ! xix‘7,x37z)x?77ix7j 75
On x=0O, wis St p/egrec m Y. /?efa/ref
¢ dof. b define andd G are avatldble
(w, Hy , anduy af nodes | B 3). And,on
X'—O, w, is 4‘;74 degrcc Dqﬂ. .[?ey.m'/es Y
J,a.{- t a/e\chie anol 5 are available (W/x
aM—cl W/x‘, a'/ ma'es ] 8/ 3} W, ;at'f'nc;&/ﬁ 495
G-mlp.uf;/gf[ifj exlvecfea’,

Second ar#cmyemmf of daf.?

w, w, , w/7 at all noa’e’s) 4/50 W, ;af
On x=0, G diod. needed T avarlalble hS
detme w (w & w,, af 1, 3,6). Alss, Sdaf-
needed % available h defme W, . (w,x %
Wy o | & 3, wy al 6). Compat. Cxpeo?‘co[ :
(b) Do.f. W, W, W a.7z corner noole,s) w
and Wn a'f' S/‘c{e naa{es,
On x=0, G dof. veeded Z availalle b
Jefhw. w (W a.+lques IJ 3}?/7 anal w’; 47L .
nides | £ 3). 5 diod. necded 4o defmé 1,
bat m/ﬂ 4 available on x=0 (WJ,L 1
1,3.€.9). /:rm’oa%;lﬂi/ffj cxpe,c?[eo( for w

AN w/} bul y)of ﬁor W;x'



/5!2."3

From standard culoic beam funclions | wriflen /.70, ¢ ratber than X,

/9"L~)r.l{d} Wz
2 2z 2
g éﬁ‘— é@- | - 4 :g_g_ _é_z. - 6 :_2_2 } /,Z
Wy = 7t t 7%
? L Loy 21 Laa 23 Z—z{_ ST Z—Z% w3
- Lz ] =l-_3_ - _‘_J we ) V3
Mg T WeTWsT T, T4 20, 41\ (4)
| W3

Qaao(wn‘rc variatiom o‘f‘ ‘{)}: can use s‘/mpe ?unc)‘fojns fronas Seec. Gl

b= 1058wy, + (-Fhwys v (275 Dn

Subs f"i'ufe frovn (A)

3
RS -52) (W) + (—f§+‘{‘__‘.+ S) T ' _Hw73
iealgit,1g? A3
(7— g 5)“’ Lo, 05__{
3 2 2\(u - Vo
b= (13w + 1 I-;2§+3§.'2>u572 L |
+-}—+(—1 +.z§+332>w73 5 T e

Shear Consﬂ‘m‘n'[‘.’ w«'” en{orre %722'1”2 and M§73—‘-V{‘,,



/512'4’

() Not changed : all concentrated cedter load cases  smce
the Cormuala would creatle nodal moment ldads
on'lo] frovn distributed lood . Also, e N=/ case
of ‘dictribuled load ov a clemped plate , since w
a?L Me ,17/47‘6 center is the on 9 ds.¥. not restrained

(b) Chanjeo( very Iite t sther uniform -loadl o/dm/wa/vm/’“,
cases , smce nodal momenl loadls whose vectsrs are
para el Yo mesh boundarres are discarded at
boundtry nm’es when w{;z -1z wﬁ‘ ro‘/‘aﬁws alre
fu/)/lﬁessea/, Other nodal wiomenl™ loads are /Jrvbdé/7
small, as Contributions From connected elements

may nedr{y cncel.

(c) Noticeably ehan oo ! wniformly lrade, Sinply =S /or]lda/ |
cases , E@e —h;{jwﬁ‘ movien fyvea)‘ﬂrs )wf// a/dy e;zrfai‘
boundt(l‘y }Maltfs and dSIOC/‘d?LQ/w,‘}% q/m.{{” Vhal

remam ac f:‘vc .



/5:2'_

/]r‘ea coor‘a/zhafes . T7PTC¢/ Side ;‘;‘:
s, €, %,
2
[
2 . X
Rlong side i REICLON y
U‘b’l? seae ‘ﬂl l‘; ZL‘} M’;SL /5?
L

-—

which guves, al m:‘p(sw/e) W;,,m,‘ ‘g"(“{sz' ”,‘>

=, e~ Xy
But W = W,7 os B ~w,y sin3 =W, %‘ZL - W _Z,_;—
Hence Wl"'mAn - [(?1 7#)( ;7‘ )7¢>+ (x =X >(kI/Xj /YL\)]

Use w’s a1 veyrtices dna/ midsides to mferpo/dfe 7/{4/)’*47‘/54//;
over Yhe plate :

w = g"WL FIL,w v w, v 4 <§/ S Wiz may 2 S Mg T §3§,w3,,,,“)
= ? w,+§,_w2+‘5‘ ws A
b 22 [CEHIP ,79 F (o x )y )
%[(%—gﬂ(w,z'm ) (x7x5) (" %3]
551 [y, 037 ) # %) (s~ 500)

cart va%er +eV;W‘S dnﬁ{ revise 'Fof‘m Tf Q/QSI.Y‘L’M



/Sl:—'—(’

Frow Egs, ]5.2-5 and /5,2-/2 we Sce Mial strains {3
W.” covTain an/7 /ineay- fcrms. T/lercfdn: 7Ler‘m5 n ﬂa

S‘fﬁqyzeSS ma?lrix in?teymn/ will be no /777/7\91‘ Yhan
7uaa//~a,flr,a,f4/ either 3-point formula )n Table 7.4/
will in?"e7r~afe Lk] exdaf/?,



/512"7

(d) Incompafié/e C/emelﬂls - nofc 7%47‘ Cen?lc’r a/et[/é’&ﬁ‘m
TS overesffmafea/ even for com-enfmft/ Cen?‘er /04;/J

‘L_Uhl\Cl" wou/d ;{dr 174/)/76’)7 wf /» (m—m}safié/e c/c'/m'nfs R

(Ia) Unform /o«/ J s,‘mp/7 su/:/orfg/) M,

Halve h, cut error by factorz— @ 27= 4, m=2

Unirform /04‘{) Clﬂm/)%{, W, -

Malve h, cul error 67 Fac?lor:”«lé J 2= 3, m=lt

() W, halve h, cat error by factor ::2;- QA= m=2
M, . noon " I 1" '—52_1" ;. lm:_4/ m =2
Mx;'o; TR It o n n" ~0.3" 2""__._ _,‘_ m =17

2 431



52 §eSg =22

f T
s g 4 A M,D
} b g P
T =
£ | % s ( =
A > B c
g(p

RP view o'F F/dhe 21’ =0 7

(The sketeh is simplified | the element
need not be rectan wlar, ¥ need nol
be lz-par‘a//e/; 9’7 need nst- be §-,oara//e/,

W, =W, = W, w,=-u, = (8/2)¥eq
woE W, =W U, = ~Ug= (t/2 g
w, =Wy = W, Ug = ~Uy= (t/2)¥x.
W, = Wy =W, Ug = ~U3 = (t/2)Yxo

(Prmules for Vz simi lar.

Covesider 97, nw/cs [ and 2: with Wl:M/z)
LU-0)-) (15w, + L 0D -0 -5y =
L))"
AHJ w:'ﬂl d, and U, as 0{87(Pn¢a/ dLOV-‘—’)
=L (15)0-) (14 E) e
r 4 (1 -f)(1-7)(/—2£%)(+ %\,Ux,,)f,
R N G GOI



.
k= S By Do BydA = (By+B:)Dm (B, B

firsT 2 rows 2ero
D By ows 52 G zero, so B, (DnB,)=0
Du B rows 1,2,3 zero, so B[ (DyB)=0
So Eq. (A reduces t ch./5,3—é;



]/5.3—3'

Nodal omesits would appear if (ateral

displacement were created by e dal
r‘o‘fa‘atzm bul this 1s wot He ase for
C demenfs ' w d@pen/s ohly 2%
nooal w;

Let A=4ab Maliee

f:( :ﬁd&{k{ {Orfe 'ZL)

4 3 F:f/]/4 (secF73.3v”‘3)
/7 2
* Fr= A/é’e cerners N |
¢ -? F = f/}/? M//S//fs} (sce Fmb/rm ,
. A/? center 6.9-1)
Py - P 3 = —714//2 corners (See 7d. .
. f/} / 3 midsides 3 ql -3)
¢ O ¢ Sdme as preced’mj (cwferﬁ noa’e

has no w c{of)



/15.3-4

Evaluate Yhe number &£ "free” d.od, remainmg affer baun/xzf condifions
have been 1mpased | then subtract (no. of els )% (no. of shear constra irits

/Jer e'emen‘f), ,
Consider elewments in the Fol/owrn/ order : 4node, §-node, T-node, helerss;s,

(a) 1 e/./qmw/mn'f’
P o ¢
|-2=~] 5-9=-3 g-8 =0 7-8=-]
no dot, lett no d.of, left no d.od, leff no d.od. left
(b) —y—e . —
7 4 s ’ o 4 o ¢ O ¢
i ¢ 4 | ’ 4 P O ¢ O ¢

Dof: 3+2(2)+1=8  5(3)+6(2) 9 (3) +6 (2) 5(3)+10(2)
+]=2% =40 ¥ =36
8-4(D=0  2X-4@)=-4 40-4(8)=%  36A4(N=4
no do.f. left ne d.of. left S dof. left 4 dod. left

(©)

4 -node el
2(3)+6(2)+] =40 free dod.
40-16(2) =B d.of left
g'ﬂodé 6/-'
33 (3)4‘ (4(2)+| = 12% Sree diod.
128 16(2)=0  (vo d.of left)
?-node el.
128 +H16(3) =170 free dod.
176 -16(8)=4%  d.of. left
Heterosis
128+ 16(2D= 160 free dof.
160 -16(%) = 32 d.of. left




/5: 3-5
9.1
6, —>> K/S ghdar‘sfralns
f | tncorrect excepl
Y4 as Follows*

Bsth LIS and ¥, corvectly evaluated (as
zero) when there is rvij Loa/j Mafl‘ah

(w=a, +a;x tqlp  bendmg ha c?/imfh‘—
ca( Sur‘fﬂx,a, or ms‘{M wls_?L) as en
M’s do nt vary wi)% X oY?‘j_; Also correpf
i ¢ nodal rotatisns are zero and nsdal

w-s create a'stale of pure Transverse
shear strain, uniforn, over The element,



11.3-C

' \+

o Zo
|4\""‘OO
-t o0

(b) With ‘V,ﬁ‘f’ =0, Transverse shear
strains are produced by w alme.

- — W/S j PR 2%
W= 5 (68 2%) =T (344 )
b'gx =0 a.?L VZ:IJG . In Sl‘rn;/al’ ‘F;Sll)m

we camn Shaw ‘th" ‘(72-——0 a‘ll ?2‘.{;—%
(¢) S'uH;oHLs rnlj at midsides o only at-
corners ; the [alfer 1s more /;'}(3/7 fora mesh,
/4"_3 loads Hat Tond o benod salid lines
in sketch rh‘l[b The shape shown,



/53-7

Tewo fT‘d/ﬂSl/erse shear s‘f‘r‘ams (6‘7.

3:13 and \‘axs are sef 1o eero at
Ca.clll of 4 Gauss /Jaz\ofs. Tﬁus u/e Can
e{rmma‘fe L*4 =g RS such as /a‘lLerzv(
degecf'rm and normal rotatrm at .sfc/e

nodes., Thrs /6&1"&5) eq. a[onj a 7—/)4r4//e!

as Shown
4 "/?has , W and ed’Je‘
LX—» norma[ nﬂ‘afm are linearin
but GCéje"{‘d/ﬂ eu )"o]ltﬁ\bn is

——$—>> 7aadr¢frc m g, So a mczm&n'/'mf
Imearin g can be nepresm?‘eq’_



_ X /-~
w= Tt v A
I I 1 ¥
Yoo el =l 1)
_ EBL yT _.EI‘P.T~I_ id lP,T_&:ll—I
- THAEE SN I AR M

(Exp»m/ []ﬂ,] T 4x4 57 4///}7;1 2eyos
Cor/‘esloom(mf o w, and w, d.of)

W,
! L-x 1 _xJ '
‘fzﬁwzx“":[‘Z'T‘ L L\ w
*

r_—{d}

EVa’ad'fe Xi"x at X=I:'£ fsz' ane*/aihf ihfejrﬂl‘/‘a‘nj' Hlé’n

-1/l
C8Ac ¢ aT) 2N - E -L L L L
R S A I €]
"\/2,
—'/z_ Vi -l V:z_-

r /2 a4 -z L4 ($d =’L{4T[ks] d
{d1 A L -2 ;2_ -1/2 A -aieibelld]
/2 Lie -z L/




/5, 4-2 4 ,‘\Mz Beam f'hfor‘? Zero ‘/‘i/a a/&r/:fﬁlia}f), So
. 57 mi* RL: .
@) e ) —s] 2= - == zp . = —2

2EL  RET 2L
(l.; - /VI /— RL /’7::.[-
2" gr  2EI LET

R

From last dof. in Eq. 154 - 4!

ET L/4
L ) Y, =M,
y — ¥ = 2
/2E[+4—6A3L S //64527[_ 2
Reduces o YWE ¥ =M, 4EL
121+ E} [.ar7e éﬂs, (7‘/;

4 2 . - F(L/2 3 E2_L3
(b) L__ ;!% Bean ‘)%for?' W, = 2_3&—)-: 12EL
L —g |

From ”:xf-fo ~last al,o.‘f. in E7./5. 4-4
|
| .

{ W =R |

<I;LEI+ GhAs E L
Spall 68 W, =5

&A

T



/5.4——3’ X=

L
= £ .
The anlg nonzero dwod. is W, , So (IV =0 %rmj/vm?' with T = %j"/f)
\fax:w?x_l‘b —';TU §Z>W ——'("2{) —_"W

T/)er*e is on /7 one S‘/‘,-F{ness cae'f-(/cmnf 64((55 pam?” /aCa,?lzms a‘f ahn
OY‘c{er 2 ru /5 are a'/_ ‘§ = + ]/V—, and W€z7/17‘.r are cac/) unﬂ%(
I

45 %’G/% V| - 16 6As
k = GA, g( ) [( E ]' 3L
The C‘a)’lsfsffnf load a‘lL ﬂaa/e 2 is %%é, Sa
/06 As w. = {g—l_. , w, g

3L > X T 86 A<
/_4-
We want To include f‘/lc exacl bena/mf olef [ecTi s 3?28—4?[‘
2 ,
I N

“YZ‘L_‘ = ﬁ 1’—7—‘————- hence

ECA* 3Q4ET GA¥ " BA 4%ET



/S,é-ll

Assume thal afl of the lng?’c is in (on‘facf;

solve as usual. Where Yhe solution shws
an upward deflection (with downward /ﬂdt/))
e/im)nafa Yhe {aunddf/‘m Yhere in Hhe
next solualion. /?epeaf unts! Conve rgence.,
It mdy be necessary To re-introddce
foundation 1n seome places where ;T uus
Pret/?o u:]7 r‘emovea'/ when a /\eana/ysis
chows renewed covitacd.






