”——)x 2

2.2'1 g *~——>
N N
— 1 —
ch,
[ .
(&) B4, 2.2

[k]:AmE[' —l]:(Hc)Aoé_[l -1]
” Lot 2 LA

Exact ! lef & = C‘/Mlydf/‘lm
L
S = 5 N dx wheve A=A+ (c—l)%Ao

, AE
- N L X\ NL e
O RE & O*“ ')1_),, T AE (c-1)

= —_ AOE (C—""I)
For 3= 1, N =252

AOE(C~]> | ,,‘ .
[5’] Sy [_, l] . Mow let c=2-
Conventional’ Exact:

]

() Bxact : §= 2L 403 = 0,5493 LLr

! ~

[k]:/,s.’i‘z__g_[l‘ -)] [L<J:l.443AZE

2AE A.E
[.:
OVIB c S:E—Ij—%-é- - 0.5 ﬁoLé 368’2 /aw
Two €
‘ P(LT/;Z)( L+ L)=0.5333 bl
A, E 1.5 2.5) AE
Three els.: / ) , / 2.9 70 low
P(L+/3
&= /2,,; </'333+2,ooo +:..c,(,7)
S = 65417 flé 1,39 % low
Four els
5o BUo/B) (o p oy L
A E 125 L7585 225 275
3= o0, 5449 LiL 0.5 2 low




(@ [k, +hyt k, kg ke |[w] [F]
-k, ks o [Kuyb={EN
| ks o  htk|lu| | &
Example — colamn |
F}_.k,
E’ <— Ky K, R
—ky Kk M
(b)
[ U )
k,* ketk, -k, -k, o lu
_kL kotk, + e ~Mq -k, | Us |
“ke ~ky kotkatky, kg || 4=
¢ K, “ky kil f{ua
Example — colawn 2
K <k, ki
Ul ke ks F
—le—
“—*F. o Fe

i

N

?‘T‘ \,:,Tl N_‘1



2.2-3 /4c+w¢7le Jo-(: in ']“ulr‘n 7(0 Lmif

Va/ae each time calculdte
Joads Hhal ﬁlerm(ore wiwsT be a//l//ez/
7Lo ‘er, 7Lwo L{D‘F

(2 Tkv.\ Y Va
=S - {k‘ o}

0 k,

Va
.
-2 2( 2 4‘ 1(1







2.2-5 Arply Eq 2.2-7.

() 1 -1 olf o £,
—Lt‘— -l 2 -1 Ty ¢=40
o -l 1ilaoo fs

2" e, gives T =100 c
/5187, gves £,=-/100 k/t
30{&7, gives f, = /00&/&‘

(L) I -1 o |[400 f,
% 42 o Tb=¢o
o -l I e f
UMlcnowns are 7;_) 7:3) ')CI
2" eq. gives T, =200+ Is
2 2

Suég‘)’i'}Lu'ch inﬁ 3rd&’1ud7LfDn.'

k —
tlaco- 2+ 73)=F
LT, = 400 + .zfl-(t—

Hence 7;: = 400 + %

/Sreq. 5.‘vc.s F,=“12:



|.2.3-1
(k,+ k2)v,
N KLV

i 7 !
1 I |
‘#kjvl ‘!(kz'/l

kL6
L1260
51

VL6

k+k,  k,L

[k]= 2
kL kol

(E) <kl+/l:z>V8

T )
| (2k, L+l L)y,

(2Lk+Ll, )6

o=1 }

| 4170k, +L Bk,

{ kek, -Qk+k)L
5 |tk ri )L (el k)



2.3-2

() DiS/J/lcemarﬂLg at spring ends

U_Val——bé’ U——"qz—baz
f 2

Col, 1 of “.‘1 U, :119’: 4{2:92:0

<

R

>

)

k

R0 )"
Col. 2 »f [L—f] “::0/‘91:’) ”z:QZ:D
»lcb kbe
and so on,
R—eM, F—Hym,
[ k -kb -k kb |
2 2
D’f,]: ~kb kb kb -kb
ko kb ke
| kb kbt kb kb
b . -
( ) - l'—" ul N - raszez
R {v)l k(uy-bo,-u;)
K(Uy-u-b8) {“ZF
> < Yl
L->u,+ b6, S
MZ
- e — a.)él/ (/{7_) 97_ ovne unf‘t
1t +UV—V1 _
2k bk =2k bk |
- - _| bk 5k -bk o
b4 -2k -bk 2k -bk
bk o @ -bk ¥k




213"3

() Chuzge of angle af B s

Activate Uy ohre Mnif/ then U, one uhif.

‘4= R (angle 6 is
ac'f’uallél small)

k (b8, M—§—f; ——x 6
k (24-6)
R=k(2a6)
M= b [k (5631 + a.[l? +1<(.2a9)]
ek (2 s ke

k ~ki
Di_] ) [—ke k(@%w)}



2.3 -4

With force units N and len 4
units mm e uilibrium Cansidﬁ‘a#gﬂs
Pravrde the force and momenl at e
rig ht end, \('\400;000 k.\"'OOJOOO

t200 v 200

Thus )‘(u =200, 1\’1| = 4"00/000}
ky=-200, k, = 400,000.

By Yhe S7mme7l'r(7 of k we also
have the firsT row of k

On phgsfca/ rouwo/s) we also know Yt
if we i1 not the left end but the
Fl‘ﬂhf emd btég_ lmm) T’hen

400,000 400,000

J.zoo 7200

This aives row and ecolum 3 of A/g
So a/%ge%er we know

[ 200 400,000 -200 400,000 |
k= | 400000 7 -4ppoo0 ?

~ =200 -400,000 200 -400,000
| 400,000 7 -4p0p00 7




213—'

(a) Column 2" use Fr} 2.3=1d (beam
cantilevered from node 2 with unil
rotation at nede [ )

by L ke
-5 a Knbt _ Kb
v,=0 af nede | O= 2eT T e
:I a]L nda,e { T :—kIZL /(Z’LL
.'ZEI: EL
Frovm which kip= LzI ) k2= ﬁ’-%_f
6GET

ZFR=0=kpths, ko= - T3

ZMmde .2:0 = 1{7,2 + Z(4.7,.-~ [“'ZL

- — . RETr
42 I(ILL l(zz - L

(b) Column 3 use Fy. 2.3-le (beam

cantilevered from node | with unit
d/s/;/acewzw‘f at vode 2),

3 -
L=l at mode 2 1= 35/2 ,l;?‘zL
rA
6,,=0 ol node 2 O—‘--i—?g%-f %[_'
Frov which k33= /:ZTEI;, 43" -ifo
IREL

Z@:O:/ﬁ:«,*l"ﬁ; kiz =~ 73
Zan[e 120 = /‘z‘s+ k43+ 1"33 L
GET
/(zgz'k33L-1(43:- Ll
r-\y 7~ 4. use F,~\2.3—IF (Ioeam
cantilevered frovm node | with unit
rotatim at nosde Q_)

A
a‘/‘ nat{e 2 O ="34" /(34'1_ + .l;(_‘lLL
SEL ZET
~ — lf’34LZ 1(4_4_)—
9&2_—‘ d+ ”dde Z /— 2EI + EI
EL EIL
FV‘M whiak [(34;_4__7___ ) 1(44 = -——“4L
L
- A= GEL
ZF?_O‘ Z(/4”"34” Ly = —F

ZMMoJcI:O— Z(Z++k 1(
/(7.4-‘ 1"’34—L IQ-G— = —_-'C

NI\



- +

+ o+ o+ -
-+ 4+ + - ¢

~+++’—-+J

213'&

@ = for column i

-t + + -
R S




M, M,
2.3~ ~ :
7 (g =
(a) f 2
Fr()m E7, 2.3 —6’/ wiTh 92, anc{ 922
‘H‘Ie active a’,o,f, ,

ET, 4+457 ,2-4&7 &z | _[Mo
(/-Hﬁg)L ,2-:#7 4-+457 Ba2 - M,

F e . mL
o bt %17 %27 " 2k,
2
(Io)vzz_s__:(lwﬁa)PL
1 /:ZEfz
4 JZEL Ky _ /12 [3(4%)/12]12 _ _:<;_%_;.f
¢ AGL* 3(4)E/2)® i
Y Y
i 12 £ [3(4%)/12] 172 E
P2 _
NO Trans. S/)ear aIBFOrmaf/'mf Vz’: 192 £ =V

L=%" v,=L.6S ; 375 7% from shear
L=160 v,= LISV 13.07, from shear
L= 32° v, < /,()275'\73 3.0%7 trow shear

(c) - (I+é)PL PL® [Ae[‘wzerzzjz}

2

12T,  J2EI, AGL™
- |AsL 2 ]
V2T AG [IZEIE *
., _ P
L—>o00 - Y, I2EL.

(as in elemw?tar-y loeam 'ﬂleov‘g)
L—0: PL k

V, — ——

AG ¢



2,3-8

Bul for Torsiomal sTiffness of meméel"s)
e problem would be the same as Ve

{:ollowm? /J/a/na pr‘ab/cmi

f ET \P
/ EIL ,
R = %

2
‘for w/’)ich v < GPELL 47L B.

For the given pmblem) nole Yhat 5)(:5}
at B. Stiffnesses of Yhe Fwo mem bers
add. Inc/u/m; tsrsiovial stiffuess and
lefting & = & =&, ol B, we have

- C Y ()

L 1282 , CEL Ve -P
L = =
GEE 46 _GK|| &

2 ATl oLe

CET

Second eq, glves &g = —(4-51“ +6K)ALV8
Then firsT e, gives

. pL3 [! 3 ]—I
Ve =7 T, 6K
24ET 4*75‘1:‘

-—

I section : partial vestraiut of cross-
sectimnm warpig will be presmf at Al

B, and C. Restramil will increase forsimal
stiffness as CM)OdIBz/ with ﬁm/_am(?q eq -
ualrion and Yheretore rediuce l‘/g\'



[24-1] Py

let ¢ = cos

@1
Shor’fenrn? = (D ¢os @ =c

Anm%nesN:4§c

_AE -
f';,:‘f';(z:CN,— '—1:"6

- F,. =gy = AE
F,i"ng stV LCS

So column 1 of U}V] Is

‘QLELC?' cs -c* —CSJT

Shor‘f‘eming = (’)s/'n@ =s
Nl r - 2 N = ﬁ_E_S
L

So column 2 of [k] is

1_

Ssz'/aY“[7 for coluwmns 3 and 4-
of [kl



214—2
(a) Axia/ force = = QLE S) where 5

is Ve axial deformation, Nedal frees
are

E fF‘ ) Ne )
E Ns C-‘-COS(3
YE[T)on [ €=57p
\F‘H o /

Write s column Lo ecach of Ve

Eollow m4 cases, whose axial deforma -
tioms are Y‘espec‘fiuclét_ cd,, SV, Uy,
and zepo,

U

o Vv,
O ||U=
_ Vz

AElcs s* -

[I]THS/HI}: L ~C - ?
o



2.4-3

Let k= AE/L
() L =1,2
DOF Vi W
Axtal comp..  Lia;  my; nw, for bar on x" axis

Axial fovce © kdu; kmyve  knw w

x,4, 2 force ktfu;  kdmve  Kdnwe

cm;p S..af k,/, mU; km,"V; e, wi
”0 e (! A
l= /,2) Kty kmnve k"W
Hence
p— A z
4 4,m, 4n, =4 ~ L, m
2
AE 1/'71 #, 4y n, -'{l N, —m/ n’

Ll =T -4 cgm  dm, -4 Am,

i

| -4, - myn -nF  Lin, mn

(b) , ]
y _AE|! - y m on, O O O

[k ][Z]”TL ,jl[o o O 4 m, n,

- AE {1‘ m, . ml ~"(I =¥, -4,

L |=4 -m, -h 4, m

k1= L1 (< 1177)

Gives same U;&] as in part (a).

- 2
Lim,  -m* - Ay,

$ m@gm"fbw{eg

"//an
‘mlnl
= h“l.

//”t




> &)

Matrix 1o transtorm s [L_{]z

LDl mf)
MR R

[I]T(D{][I]):l:j '0][2:’ ‘;"]:[455& _Zf']

) [w] [t ol v
L oot
4 ] / [ 2 L(IL
[IJT(D:HID:LQ L][ﬁl ka]:[kl:j 1«2'—7‘]
) [v, _ | 2L PVB ~ Ve
{vz} [1 —L]LQ}_ [N{e}
ket bee, ~(Rki )L ]

/ k - LLC, -
[I]T<[1,<,HID:[—.:ILL 'll_[kl?_ %ij‘[-&k‘wm (ke L*

N




2,51

&7, ‘ZL 43 d'z, dz—’ D|
[B]l{of},: {al ds ab] ds d3 — Dy

a, dg Qql|d, dl—-»Dz

bl bz. é_? [{7_ d?_ - D4—-
[4311{4}1: b, bs befids dg — Dz
.b-, bg’ bq dl dl - DL

Keo rdev, expand, and add.

@, a, © a,| [0 0 o o© AN ) '
a, dg O 4ds ¥ o} loq Bg 67 D,
o o0 o O 0 be bs by| ||z

a4 Y O Qs o 63 b, b,]

-

[K1]

——




2.5 "2

C

NN >0
O N

. B,C)

A C C
= C
AB B B
R BC B,.C
8 Bc 5&C]



|2.5-3

No rotatizwial connection af the hinge —

retain two Es dof. there, so {Di= Lv Esa

Ak s % ‘)9&:,
?’ri —
o ]
12/a% -¢/a* O |V
kl=EL|-of* 4k o |6
i O O o | é,,
b
< .'T— _#Jz
o |74
9210 TV
VEY/ - IR /A B
Dﬂ: EL| © o o |6s,
~ofks 0 416y

i}

EL,

—_12/43 + 12/4,3
~é/cc2‘
,_é/éz

- 5,/47-
4/4,

e/
O




2.5-4 a= AE/L b:E[/[}
Vl
e L >T Oz
A
/ ’9_'“‘
[ & O ®) OT u,
O 12b -GbLL 0|V
ki= 5
[~1 0 "(obl_ 4‘éL O 9}[
o 0 O O] 62
'Wf O3
I’”%“l ()2 O GblL
'®) a. 0
[k]= .
L ~ bl O 4Ll
L \922 i Chl 8 .QL;L—L
..
Add 5cf Fa'*’lllo o)
O a+l2b
Kl=
[~] GbL ~Gbl
ANE O

ebl | u
) v,
2L | &
4517 64y
) o |
-GblL O
3Ll 2Ll
2L 4Ll




=) .
Uz Efz 12 Ga. O | Us
P o 4a* O | 65

X
A o o 0|6,
1/
~ 625 C >ezc
B/
O o) O |ug
nlo a acls,
|\ o 2 4o,
&)

D

s/

EL,

a
A Ga o) 441 92 c

[|§] = Sum of the ééovc

(<] = EL

-

(24/a3  C/at G fa
Cp/a:z‘ 4-/a_+4-/é .Z/E

o o terth



2.5-¢

§)7n c/zdn/.:fs in [k] of Ep. 235"
¢ I columns 3 and 4 (because directions
of c{'o.f, are reuc%ed)

oI rows 2 and 4- (because dipreclions
of loads are reversed)
Thus ky, amd k., end up ,Oosi"/’it/e.

Awkward because d.of. don’t Mafafu wheu

elements are assembled.
by (e
N
o |
A
v ©
If V and @ are ?/oba,l dof. ) must

change snyns again in lett-hane! elemen?
to make ts {d} paatch {D].




lz.s—? | P

2
Bar 1-21 E7. 2.4 cTesd
dl" . E?, 23 ) ’ ¢ @ 3 S:S;n ¢
with B = @
[ c* cs o —cT -ces |y
<z
[k]=28| s, o7 s v
-C -Cs c* cs | uy
| —¢s -5t G s* | %
Bar 2-3: E7. 24+, with 8=-¢
Z z 7
FC -CsS ~-C cs | Uz
- z kA
[k]-AE Cs S cs =St |Vva
XK1= |-c* «¢s c?  -cs|u,
Z
| s -s*  -¢s s7| Va

Omit rows amd columns carrcs/omn’m +o

Fixez/ dof, u,, V,) Uz , Vs and sum ovey-[aff’fn%

Terms af vode 2 .

AL ZCZ O le— 6) ‘ UZ:O
Ll o zs*{lw] |-Pf W= PL

~T2AEs*
Member e/m(?af;an ;o e= V-z, Jin ¢ = st
.e ___P R
€~ " ZAfs (TF€TTzZAs
) . a5 ¢— O

(accord’rmg ]‘Z //‘near‘ 5'/)74//'0//‘5/)/465/’)7&#7‘ %é’&l’é{)



2.6-1

|
(a.) Lal v! 9&, i bl7_ V.L 921J =

l
l_c\ ¢z Gz G+ LGy c3J

where <, Cz) c; are cavz.s'f'an+s,

and Cs musf’ be S/na//.
(&) |
l.ul vV, W, eXl &, I Qz’![ : uz vz. W, sz, 972. 921_[ =
. i
1

where comstants co and ¢, mas? be small.



Zlé‘az.

a—— e

HLN P T 7
—  — x/a L —— » X,
f L v 2 L /

L“\ Vi o Uy 921_l:lo O m -2 O 77'_[

[_51{4}-73 {Q} because D’_ﬁ] is based on ‘7%6
ovig mal (Undeformed, Mndx?,o/dced ) yeome'ﬁ“y. , and
S0 7S a \7004 aﬁpmimaf/‘m on/7 F /eformﬂlions
and yotational alis/olacamw# are small.



2.6 -3

4&/ <

;
(@ {2h=¢|3 4 3 4 -3 4]
where ¢, is a constant

i
() {2} cofde 3o 40 0 0 o

wheve C.,_ is a small constanT
-
(c) {g}g-- ¢\ 4a O 4a ~3a O —3aJ

wheve Cy is a small constant

(d) Yes : there are no values of Vhe
c; such that the {P,}L sum To zero.

(ey {Dy=|7 2 -4 o0 o -4 gives
the displaced structure as
¢

2¢ 3 X, u
This is rigid-bo c/ allsplaceme/ﬂ:
] but [K] }ii

for the reason
sf'a'/'eaa in Problem 2.6-2.




2.6 -4

(a) We jej— row-sams (or coluwn-sums,
due to symmefrg of Tk1) from .,
[k1idY with (dy=[1 v v v,
but this fé} ’s nol rz‘yic{'/ao/g motion,

-
(b){g{}:l_c\ C; ¢z ¢€~Rey c+Rg C3J

buhere %e c, are czmsfarlfs and
c; musl be small,

)y ! (0 ] o
0 ! o

¢ L Cz2 4 OB ¢34 ! )

! o -R

2 / R

e | O] L

where ¢4 s a small constant,

The /4ﬂ_ev~ vec'for— s Y‘/yrd«bm/#
rotatiom about the node af’x:ég =0,



() We jef' row-sams (or column ~sams,
Adue 7o s‘z/mmcfrj of [}SI) from _
(K102} with {oy=]1 ¢ v 1]
but This {D} is nofr“l‘j /"c(-boa’g wmpTron.
b) : T
{93:»1_‘.1 & erlie, o g+ (Litly)e, CZJ

wheve The c;: are censtauts and ¢, small,

Directionn of mia/c,{/e} Lorce arrow 7s
wpward, as shown, 7t L, > L, -

lz.e—(a AdY=]u, v, «, VLJT

Let ¢, ¢y, ¢3 be constants, with
C3 a small rotatfion.

(@) _gv (V=

\-a

U, L Uy
{dl=]ci e ¢ cZ+Lc3JT

(di=]e & erGlsing crolese]
( v -
c) y Uy
©
0 |

{
_ ' T
{4}— LC, Co  GeosBtasin@  -¢sin B+ c.LCosF#ch_l



(a_) With Np restraints it rs possiL:)c:
o overconstrai one motron while at
‘f’i’)e Sawme Time Mndlércmsh‘dmm
anoﬂzeh Exam/n/ng Msinog begn 6/&9/445/47[5 S

AD: np=3, Adof. u,v, &;. aT each node

V .
kR 2 2
[ - + » — XU
T . Pz 7/%'7 :

Onfv_ Vi, Vo, \/3 (’,Jns—i-i"dinc‘}o(

ID° M
— X, U

e = t’p/ ‘d.o.f. U, vV, w, Qx) 9“?J 92 2t each )700/?" :

On/zﬁf 9,( (0&’ 9?/ 82) y’cs’f'r‘a_imecg afmc}) Mac;/é, ‘

(L) Always reshrain o, v, &, at” node |,
Also restram '’
() W) &, 6?’ ot n_o'o/e I, v
(2y w, &, &y at viode- 2, or
(3y w, 8, & al node 3, or
4y W at nedes | and 2, Ex at node Z, ov
(53 w ol Hoa/;sv | and 1) Ex at pode 3; or
e ) W at yiode 2, =z al ode /} (961 aT}’Iot/a 3)

Ete.

Strain enerqy in a /iﬂcfd/‘/;( 8/%57’74 :
structure due 7o ?rduzz//p/z a//p//'é’z/ Q.é‘*g 7
oads (R} 15 1DV(RY /2 agfor

o 51“"'3}6 /oaC{ F) :

{
Fl—

D g
Bu'f' SE} = D‘S]{Q}} So

U = {p} [K1§D}

g 1
' U:Wor}(:J"FngiFD



7 - /
2.7-/ 17

b 2
(o) — 1 —

From E .35,

[12/1_ é/ﬁ]{v:,_ }:{Rz} y
6/1*  4/L [\ 82 WMy @
Set Vy = VZ

I ol Vv, ELV _
ET = ~ ves &, = 22 = V.
o 4‘/[_ Ezo GEI".‘EV‘,,://_Z # 22" 2| > Vo=V,
57 (A) then gves R,= EL [ILZ v - & 3v_] BELY,

z LZ 2L L3
Beam )%em‘d- v = RZL3 _ }221_
* Rer,’ 7227 Zer,
? /\'2' \ .y N
R, o=l 3ET . _ 3v
22 2er, 3 %7 21_
_ RET 3ET
Rls —7_7—_—2'922: LBIZ. 7%
(b) ,E 7;%7 From Eg, 2.3-5,
NI
L1 2|8, (M
Set 9_},:%‘
EL |1 O (|8 ZFIEQE‘/L ; o - 5&;
Lo 2|les, -2EI,8, /z. Flves Ca ’E‘Jé D

Eq, (B) then glves Mljlfr-z- [7__521.- éﬁ]:-g—%é

These results appear in Tables of beam deflections.



2-7'-2' For klzk}_:k3=l<) P:O) L:?. 2-7"g s

Y,
3[@ l13(9 —'014'3 0/4‘g L!, o
K|-0.48 064 -064|{y, (={0) (A)
0.4% -0.64 Le4 || Vs o
X, U
< / . Impose d,=c,v,=0 log method of E. 2.7-¢
| O ) ”l Ck U, (o
klo | o {v = o R VA o
O 0 Li#| Vs -0.-48ck v, -0.2927¢
Use the latfer vector on Yhe left-hand side of Eg (A).
1.3¢ -0.4% 0.4% c [.22ck | <— Fy
k|-04% 0.4 -0.064 o =¢=0.2927c k “—Fyr
0.4% -0.64 l.04|-0.2927¢ O

(L) Return Yo Eg, 2.5-10 with k, =k, =k, =k and
T
{g}zlc O 0 o 0 —0,1927cj

Hence.

[51{e}={R]=ck|raz -02927 -I 02927 -0.2195 ojT

' N 0.2195 X
c Z,Fa____o —
S

2M,=(0.2195ck )4~ (0.2927L) 3

0:2927ck =0

- 1

c:‘k_T Z 2; ck— .

0,2927c Kk




2.3-1

[ 9 'S
2 7
3 4
5 o
[ x X
X X
X X
X x
X X
X X
S@mme'f’f‘z’c X

/2 3 4 5 ¢ 7

bpsy = & (in row 4)
lv S~

fills =3 (l‘m coluwin 9)

D NS g



2‘62

O

X X X
S X
X X
A X
X X
X X X X
A
ngm X
X
p=2%

bma/;: 4 (row &)
fills = G

I 23 4567 38 9_

DRN S Ot =

-

| 2 34567 % 9.

X X
X X
kS X
X X X
X X
X X
X X
ngm, % X
X—
P =l
ba, = 9 (row 1)
fills = R

0o N PN~



2.8-3

(candidate numberrwﬁ
bn?d/x =&

P = 12(5)+ 343+2+ = &9
F,’”s = 29

(b)

(cand idate namberin;t)

bMM:/é) (r‘aw l)
p=12R)+H4+L =6l

-
X X X
X X
X X
S

fills = G+l +]2 =29

r

X

I 2 2 45 6 7 % 9 o

S

R4S L7 %9

2

/0 2

14

le_

SO S O

e

N

P w

Ny

l&



(candidele number Pnf>
L

ma

p= S+ 4+2+|+/2 =43
fills =9

=2

/! 23 45¢ 7 %9 0
x x x X
X X
X

> >

X
X
X

X X X
X X X
> x X
X x X
A X X
x X X

Symme?‘/‘rc

l><>‘<><

12
X

I TP Nl Ny~

]

RISV NNOy N~



21%_5

-—>:D’ @ n’-—) D3
0O N 55
2 D, |— D,
VWA AN

S,or‘mg k’s amo/ noa/a/ /dda/s sbown by numbers,



p 1"
() ﬁjz 2 '
4 b
! 4o—x, u
—I/a. o -—I/a. o -(“z\ (P‘
acl© /6 o0 0 J v o
I o 1o o || u (= o |
Lo o ° Vsllvs Lol
A‘FTCV" Me ,'FI'Y"ST e//‘m;naf,‘onj
f‘f/a 0 —-//a, o) rMZ ([ P) Trouble will agpear in
ac| © I/A o o ||V, o the tird eliwiiviat;on
o o0 0 o *u3>—4 Pl (Hhe uy equation),
|6 ©° o Vé‘ Vz @ |
(b) 12 6L -2 oL v, (P
Er,| ¢L 45 -CL 2 |6, _lol
|12 ~6L 12 oL ] v, (] o
oL 215 -6L 45|\ 6, (O]
Roter the FirsT elimination,
) 6L -1z GL] er ‘ P Trouble will appear
EL, L5 0 e |_|-PL/2) in the thind
JE | o o o) o |lv, (= P elimination (Vhe
S A CA S Al

-

In both cases, trouble agpears in the firsl equation for which
restraint becevires necessary to preveutl rig rd boa//q sl oF a

/)oss,‘é/e and o of inclade

meo/mwrsm, Lf no wmechanism is
rotations as well as displacements, the offendimg egizalron
Tnvolves the lasT-numbered node, since full restraint a1 Yhis
node would suffice to prevenml rigiol boa/;l motron,



208’7

(ﬂ) Given S?Sfem /ST e/im;na?‘fm
12 -, O||d] |24 12 -6 o {|u, 24
b 12 -L|(d; (=\24 o ? -GRUs (=136
O -6 6\ Us O O -t 6||lUug Lo
279 e limipatron Back -substitution

12 -« olfux] [24| w=24/2:2

0 9 —uKus¥={36c Us = (3C461u,)/2 = (36472) /5 =/2

o o 2ilu, |24 u, = (.24+éc/3)/.2 2(r4+72) /12 =8
(b) After the firsl elimination , K, = 9. This is the stiffress seen by .

Us when node 2 Is free 7o move, so members | and 2 are in

series (for which k -‘-3), Stffress k=3 adds 1o stiffness k=6
of membec 3, After the second eliminatior, K, s= R, This7s

the stiffrness seen by node 4 when nodes 2 and 3 are freed,
So thal node 4 sees ‘all Miree memmbers in series, for which

'i-: —é+i+é and hw:e/k:i.
(¢) 157 iteratlron 2 "d/'feraf/m 3™ era Fiom 47 oration
U,= 2 u,= 3.50 u,=4.625 4, = 5,467
Uz = 3 U= 5.25 U= 6.9375 Uz=§ 203

U= 3 Up=5.25 U =6.9375 o, =%.203



2.8—%

(a) Given eqs. / Sfe/immaffm
2~ -/ i{lu o) 3 -l - U, o
kiop 1 o[ t=¢F Klo 2/3 -I/5Rkut=1F
-1 o 2|{4s) (0 0 -1/32 5/3]|{4s o
2”‘{ elim ination Back substitufion
A _r -
k 3 ’-1 "l U, O kug“gg ) a_?:—g)(—
o afz -ifsfe =B gy 2lgeiB] R
o o0 32llu) |K/2 56 F 3k
R

(B) 6i¢en ‘{&} ’er/l'minaf;d’h Z”d e /‘miﬂafim

F i foo) [
o —> 17‘/3 e F,/._? = F, 1/3
o F/3 F/3+ F/6 /2
Back subsf'fuf;om
~2 kK _ F,
ku, = 3 z- u, - 2/%
‘3[5_4__1_5__]5_5 Uz b=t 02/3
2—23 S 2 = {/13 k 1/3
ML[ 2R, F_]z-f-.i
U = 2 ] 3 3 3



2,39

Given eqs. 15T climination
@ 3 -1 -1 o [w] [o] 3 -1 -1 ollu)] (o]
- -1 - E o 8/3 - -

W R R B CEA O 2| ), /2 -4z - ﬁMszEL
-l -1 3 - us] (o O -4/2 %3 -I||u; &
o -1 ~1 z2lu) [0 o~ -1 2|l o]

2 nd e /,‘m ina f/‘aw 3 rd e//'m l'ﬁaf'/.ﬁﬂ
=2 -1 -1 o lfu) [o] 2 -1 -l olfu,) [ o
I O A T L e e

klo o 2 -3||wsf” F/2(’ 1‘0 o 2 -32||u, ﬁFz/z
0 o0 -3z 3|4} s 0 0 0 Ve|lud (364

Back subslitation

1([44_2 %‘F . I r(/fl r/rOOO )

N }_ 2| =~ 2 —
ku = 9.['5_—4'.2 =z . ﬁ"’z Y [625
3 _4_'_“ 2 3B | = 2z =77, , —
R = ag | k1378
136, 1 _ | /.500 ,
ke 5[ ] =R e
(b) Given 1R} /Stc);m. 27 o, Sn’(c;m,
fl_—_lw ,Fl 3 's F, W rF, ) ¢ | W
o E/3 F/3 F/3 /3
4 L-—)gl/ ?——"ﬁ // —> I/ &:F‘lb / ‘
F, /3 G/3¥E /6 Fi/2 /2
\ o) L O \ 5/8 / F/g+35/‘.64 \ t/zJ
Back Sabs'fi'{u"{'m
k“‘f- = F) ’Ml 1 ’ ' 1
_ AR 3R, |

kiy <4 T+ 3]=F B TR

kuz=—§,—% 4_9.”3_1:’”:' =F ug | kit
.y _
e e W




2.8-10

~0.4%  0.64 -0.648vi( ={-P/k

0.49 -0-64 1.4\ 0
Divide row | bv /136) then mult éj 0.4%
£ —-0.4% resp. add 15 vyous 2 & 3,

I -03529 0.3529 {|{w 0
0 04700 -0.4706 |{vi } ={-P/k
0 '014706 Il470& V3 O

Add rew 2 s vow 3)"'11?" divide row
A Lj 0.4706 .

) -5.3529 0.3529 ||u, 0 |
[o ! ~1 Hv, ={-2.|25P/1<
0 0 | A -P/k

Bac/cfaésf fute.

= -P/k

= -2, |25P//< Pﬂ( -3. l?bP//(

= 03529 (-3.125P/k)~0.3529 (-B/k)
= -0.75 P/k

(@ [I,Z(p 6,98 0.4%u,] |[o

3

(b)Use E5.2.5-10
Pa = [ (—o7sP) ] =0.75P

o~ CE] P
o. = kl-030(07sE)r0.48 (-2125E ) +0.36(0) - 0.4%(- %)} =-0.75P

k

x
0.75P 3\ 5 ZF& =0 v

, J4 SM,= 05P (&)-F(2) =0
0.75P | o x o
AP l[)




2.9-1

One elewmenl — nodal diod, are

(&) . .
l 2L N 2ero, so the only contribuiion fs
sfress is element stress, which
L from elementary mechanses of
{ +> N _ #
(=) wmiterials s as shown,
_Ral
A
L— L L — 2
(b) > a ", = ZL/Z _ I
" P '$£ 3 2AE/.  4AE )
L ! i €t T50 0 B T
C2—3‘-":'-}") 2_3: Eéz_%:'" %
L
%q‘L (+)
(=) | -il; Stress due to u,
44
o ‘
A
&) = Element slress
~ _ql
= Y,
e L
o +) ~ ,
(=) Sum of the two
_34.L



2.9-2

e
(2) %1 ' -2’ > %_L (Consisfenf'}?aa/a//oaJ)
= %ﬂ AE  _ 3 Z.'z-
- 2L e 4/37.‘ = Fie
- U ZQLL
gL =B =
A @ Stress due To U,
+
% L (+) . A Element slress
— w
— -%_L‘
¥
- " |
A ( Sum of the two
(b);1 U, P, L =¥£—
— — 4 7?5/_ AE
71 gL/2 31342 / L/2 _ 3Bgl
U, =U, + =
le— ) —=— L 3 AE/L T 2AE
- U L
4/{ . Z‘: :a%z}_
= £ 3772 Q,L
24
+
i
A1 w % Element stress
%}: (“') \ Sum o'F ‘f’he ‘t'wo




2.9-3 a= —é— Vertical deflection at center node
% i%a‘ v is The on/? nongero d.o.f.
1 L2 317' IREL - _ ;_a.“‘
= a L a —] SErSE I iy 24-ET
. Y
e
_ _ &N, _ga’_ 2l*
My=-M=-m = EI(- 5 )=3 = RS
2
(+) /?L 1o
A
(=) (- ?_LV/&
+ Y
ga®_ gl
(+ H =
—— /('—\ ¢ 12 %?
L N N
_ - - £
=> _ (= Element moments
L>/24 ‘
(+) £ 7 / Sum of Hhe Two

(=) -) (exact)

7,L?//2



2.9-4

4 _ /_?—
(a) Exact: v= -%é’% ) = z_i‘t
L'I_
4 O\ 2Er
4 C[-LT/JZ1 /2 .
P _alrle _ 25 gt
L -
V= %rg:?sr“r - %2 2Er = gE
M= $TL - 25T c0.4174L7 -167%,
4 E K 7"’;_7/‘2
Lr Lr_ _%__LL —— +3
v= T 27 EI $3%
M= 2T L, = LT exact
: =2
1 (PTR PYVZ:

v= cnfcr force Vend force * Vem{ mome;ﬂL

L @3)
(11'35: ¥ #251 > (% 3EL
L5 (20" ¢l%s AL
_(%. 25:)’%5 Y e)
= %—l‘f : exact
EI 1
M = }L(L>+ ?—‘(Qf) Tz
M = 2%—% - 2l _04777LLT 429
L
" L= =x
/ 17_1_ Tal/a 2
Omit Vepd oment from foregaing

4
_al¥* 5  4\_ I3 L4'___, S?-LT
Vﬂ%‘f( 3) &Tg— 0.13

M= gLiL)+ Beal = 2400 Eo

1}



2:9"5

3a
@) |vz 21* =2][F F;=P(——,_~
K 2 { L
{931} b<Te} - C’FQ[BL G]{Mz} pere _plad_a
2 1%

from which v, = EIE(— =

%2= 2EI,
(&) (v, [k 20* 3L[Pa/L) _ Pal [c/3
ezz 1{ C,Efa 3L 6| o EI, |1/2
(c) Beam ‘f'hea»’?f vV, = PQ’

ra
2 % 3e1, 25:;“ @) = EI t-2)
Deflection ralios: in arf' (&) un:‘f? [Parf' (a) emof]

L™/3er
In /Jdrf' (b), ratio = }:az(_/_-‘.‘: = 6{3.‘&)
v, ratio EI\2 @) L L
part (b)
Lo|—— —— par‘i’ (2)
Lo ; l
I
| i a
o] 0.s - lo L

(a() Beam %eory M, = Pa
Moment r*af/o par’f' (a.) from FEA

M= en[(E) EE (L -9)+(-2) 2 |- 2X(2-2)

momenl raljo = _.<2__,_)
And in Parf (b): 'fr‘avn FEA,

_5]2[< )PaL ‘}‘( )-P-'g"‘['-‘]:?a.) momenfmf;o=/‘

2ET RET
: : (cma‘\
M, rafto Par)(@;) parf("'>
075[— - - =

_— - e -

™~(®

(o) 0.5 Lo



7, =-E A3 (r,7[,‘}' e/emenf 0"7/7)

T +T,
L

In £5.2.10 -3, set u, =0 and Hy =0, Thus

a2 -1fu) _ P—eA(T, +T1)/2
L=t 1 ]lus] ~ EA(T+T) /2
PL T +7
from which uzz%, ‘(3:,'2},E+”(Lz 2
15t of Eys, 2403 Hien grves Hl:--'P

Stresses ! y b
G,=E f— + (zere) = 7 "

F=|ag

= AEX

A P L (_ A
0z E —T *Q—Cx—i—-—+ Ex 222)=0



2.10-2| 4! 2 3 3__)()“ Exact So/u?‘oni covmpile axtal force P
_ L ) / that neqaves free Vhermwal €xpansion,
L-'gr I‘—L—*—L—’k—-L—"l J Lt PLT Ax
# nod A3 Ly AT = | Z£5 ==
Thermal leads aT nodes 2 an are T , AE E Ao(/‘}‘o-é%‘)
fo) T
2 2 PLT X LT
< o< - te—— T = 0.6=
L E (1A AT AE(IRANAT  02xEAAT |FT ™ AT = E4,06:6) L"‘(’* /.T)o
3 _3 Lo Ar=f-24§2mx,a = 0,783 Zﬁ*
E(1L3ANAT  «E(L.SANAT ~p.2x EA,AT e -
. P=1.277« EA,AT (Wprcs/yt)
k is given by Eq,2.27, with A » .
~ ¢ { ! location A o =P/A
bem} /,/AD) 1.3 A, avd 1.5 A, for e |
ve olewent node | Ao 1277 L EAT
resﬁgc‘[n ve elemenTs,
L =L e o o0 0 O © el 1 114, -1.}J6] B 4T
K= E[ L 110 ol ]lo iz-lzo|| Hedez  12A,  -lock <EAT
-~ L o] c © 0o ) _I’3 /'3 0 el'l 1:3Ao -O'qgl °<EAT
© 0 0o |60 0 00 node 3 144, -0912 <xEAT
[0 0 6 o] ap e o o el 3 /5 A, 0,85 XE AT
+| 000 o [|=22=]r 243, node ¥ /LA, 0799 xXEAT
0 O /5 -IS Lj.a3as-||
Lo oS ISl L e e el GEAr
For ‘I:fze nongeyro a‘g.{, U, and Usg FE exaaf'
2.4 -1.3||u 0.2 A
AE S\l « EA, AT "2\\/Z
ol WA Y o B
- \
Solvcf Uy — X LAT 'O-/ég} 3t ——
M3 - ”0,147. o
Initial stress is ~E o« AT in each el. |
- cach element: AT
= E T +G=-//63 ExAT ar
o= £ L_'E:_Lf&+0‘=-0.Q‘Z4-Eo<AT Oo Lr 2Lr L .
2 A 0 & < ;
0= & _Zi F O =-0.%5E < AT
Nsdal average stresses :
Node 2, °’—'§$’a=-z,o7454 AT
+ O3
Node 3, Tut %5 -0.919 ExX AT




MHeat bar 2 cw/y. Tn Yhaf bar,
n=-ExT, F-= ]Ao;;): EA«xT
Eq, 2.7-8 becomes
k +0.36k, 045k, O4%k, |[u)] [ovF]
~0.48), 0.6k, 0.6tk |{vi(=9-03F
0.48k,  -0.6%4k, k, 1064k, ||Vs] (9:3F)

AE
Wl'zere l(z" _5’.;'
Selution s (u, o
V, p=4-625axT
3 o
Bar slresses: 0; =0 0'320, and




[2.1-1]

First case (5'7‘;—,«.;}71&7[/‘/‘&' loads)

F\L c\Fl oy F=

Cons:der: r,jhf /Oa/l': Jo 7ef' dotloctior of A )’d/df/Vﬁ R

£ 2
Y l B. _.(Fa_.)a Fa® - 4 Fa
C7 A AT Er % Tzer T 3er
a»l«a—ﬁ 5
| ‘ A
Second case (4n7‘:§7mme7'/*/‘r_ loads)
/// FT ' A 77977'
/quln CMS‘/a/er‘ )"1\7}77L/’74/F .
C sl«F R _ F(2a )3’_ /:0-2
Ve A 2 gger. @EL
ade asd
i SFa. > 3?/.
3 é) 260 .22[2 4— RE5CET

| CPGL/MD(L/DT zPLR
Ha/ndéoo/f {ofmu/a, 2Ez/ : 25&-5 T

12.(1—.2

/—-AT fo)o node, u=0 ana/ﬁg

\/—‘/97"170#0?)7 node, (f = 0 anz/ y =0

(7‘776 mo/? /oaa/ ferm)

/4/50‘}3:"::1/&# ou{—o‘f—/a/ane Mdf/m : a7L (54%3 70/9 /705/8)_

Sel w = & :,% =0.



AP 7m»7¢‘fr/‘c case :
Resirain at x=0: u, 9? 8,
Zero loads at x=0: ? a/)/zecf/m ﬁ“dﬁsyfl“ft shedr ﬁrce
z2-direction frdngvemz shear force

7‘01"7;{ =4

( lo) Antr Symmafr‘fc Case

Restram at x=0: v, w, &,
2evo loads al" X=0: X-aIrection force

momenT M?_
n?omenf /77

[2.10 4' With o o(e“For‘ma//m/ sTress i< ~ExXT on 7‘0/) Sar{ade
FERT o boﬁm surface . The assocmfea/ bend

v s
- 0o 3
moment 7s MZ— = = Eo(T————t/-gQCC) | Z Eo(Ti'c
@ ¥ ﬁ)M for which oo LEL L il
S z ZET =" "Er
With y("¢9 0)4294L ives : |
_/2)( _ 6)(‘;_/7711_}:__
M = EIRB L3 X 25[) L T){_— M
{:or* a//x
Ne‘JL/V frovm wodal o, s f 'f‘Tem,O‘é’/)z?lal"@ c/nwt/e is 2ero,
- so o ero stress 1s predicted, |
(b) | o
| % f %\VM for which 45[9 M, g.=-ML
! L7y & L ) AE
) = | |
: Wrﬂxv 8, the mq/;; nanzem-a’oﬁ = 2.7~ 4 gives
a2, M, L 21 3x°
M= er(-% Y 451) (-7
Net m, inc/c(a’m /')7 from ‘f“mperwf‘ara chaxn/e s
M = 37,0 _ _ _ X
e (1-25 ) o, = (1~ 2 < g re (- 3)
On the 7’}>/) 50;,~'7£a,c<=3;J |
po_Me ¢

I "tk iz BTt CL<I~ {L>



2://-4‘

D.of. restrained: lé 'ﬁ

L} l , S‘«)mme‘h‘?. an‘h‘Symm e‘)lv‘ét
(a) w=0 /s

/ S‘?mm&‘h’? WV‘%
93:0 /0,=0 X=0 amd n=0
/S lanes

Afplg /045[5 P/Q '/Lo
\,,, nedes on symm. planes.

(13‘) 9' w=0 Svmh,e"’na W.Y‘.i.
x=0 plane
99:0 w=0 Anfis:?mme'fnj W-V‘,i,
9 u},-’—() /JZKZne,
w=0 Apply loads P/2 %o
‘9,&-0 nedes on x =0,

Could o Lucther ! cut the 7mzdrm1‘f’rn
half by an x-parallel 1me : Tmpose
§7wwze+r7, (9,(:03 a/mg, Vs cul.

(C)y | w=0 / s Sl/mme'/r? w.n 1.
/ n=0 plane

gig 7 6,=0 An‘}/‘57mme7£

17 y wit x=0 plane
h .

(A)w w =0 / ﬂn‘h‘s7 m‘me'fr‘? ((/‘];‘t‘
A ’ A X =0 and n=0

Vi1 = . \W = /

@(':U J ©n '3 pranes

.



.2.//"5

D of restrained: g lél

Sy#m me'h"?_ . anfisqmmefr#

/‘}nalyzc e followmag fur
cases, w:‘”” each /oaa’ P/4' On

%uzw/f‘dzn'f' (e Mle {rrsﬂ need be ?Y‘fa‘f
ed. Deﬂecf:ons in quadrants 2,3 ,4 an
can be obtatned from def/ecf/t)f’—? '/7
qumfrawf / éy Use of ‘H’Pd symmefru

and anﬁsgmmeﬁ‘g corw/f/ons noled,

o

8. = Oowx 0p14ne W" }ov])( O

¢ x=0 lane
By=0 on %:OPW‘@ 64 =0 on %Plgme

wix) = w(-x) w(x)=-w(-x)

wly)= wi-g) wlg)= wi-y)

et

9‘3 =0 \on x =0 plane gx:_oo } on Xx=0 p/ane

W=0 1. .-pylane

u:}-—u, 4 ‘gg o}on 7'—0/0/4)12
Wiy =wex) e

W((}B:’W(' ‘}) W(%)“W(’?)




