3,/-1

(&) E,;. in the x direc?ll‘ayx)

I_: (o’;f%%%m{g
dy 7| [ Sy
2, olx _Zﬂ,+22xdz}dx d#

2F =07 - 0:“/,’“{? - Ty, dxda
~ Taxdxdy + (—-~>dxa/z + [—--]o/y’ﬂ/z
. {_-_ } dx d;{ + F o/x‘z/g dz 7.:‘6/;/5

%, OTxu , O, _
D% Gy Oax 4 F =0

oX 9%
(b) & ds L
% £
0:70/} j'd os @ J \-‘6
b x ,
/ / Lg-dx CDSQ:?Z?::Z \
o i S
"TK? J&L lxﬂa{x . _ dx _
Snd = A =m

Thickness immalterial; can Take as un/‘f7.
2R =0 = -0 dy -5 db ¥ Bedls

2y-v = —D}a/x—"l,;;a’#-t-@?a/s

¢ 4 elx
@x— x 2%4_ %37&7;



() N

' =-Ga, X 0,=12qx =[2a
4 s 4 ¢
3 bz_ 2: [=1,m=0, x=b

b
+ [__x @ @:-éalé
54:7; = ,Za,
on 230, F ¢ ?

éx:— 7;?:‘0) é},—‘——@'—_‘-/JZQ,Xl
(LY Check equilibrium,
x-div.  Ugy + 727,7_ =—/2ax 4-,2‘44,;1_ =0
C/-L{i}". lxyxf‘@?“O'ILO =0 ‘/'
[7&({/ Mo?L 547115‘{161 f/C/t/ ”dfpossléé

3./-3]

| ,’S'CnX 4, (7‘ a,? SQ,X%
E?“l/lé)r‘/um :

%, xt /X;,y—’éq,x 7“éq,x7 =0 —
Teg,x + Opg = —3’:«777‘+ 34,4%=0 -
Check cd»npafié;/ifj 1
&x= & (3ax’y ~va,4®)
€, = L (a,yj‘— Swa,x"?)
;, l(lw) (_35{, ;‘7'>

ex,” €y, xxﬁ Ty, x
= (‘.Co?/d,;f‘évﬂ,é.«)‘:‘ 2(112) (- éa,gl) |
v 2 |+ Not possible .

.



S.(-5

Ex=Ux = 07_4'244?( +057—
é; = V;;t = Qqg X ’L'za/z;L '
ZC+ A / 'VL Tllwn

0; = A(Gﬁ-vé‘.} ) %3/4 (éy'}'vex\)/ 7;‘7:6);/
E7u;/i[qr.‘um egs. becorm e
T+ Ty, ) = A (Ra44v) + G (24,+4,)

Ty, x+ 0 414 (ﬂ +‘2‘7/o)+/4(24/z+7"75)

Whesw are ‘fﬁese 2 egs, sa?"S{/ea{7

with G = (I- V)A/ozj »
Z2a,+Va, +"—/’-'zl(2ac+q,,> =0

%(a5+2a,o) +2q,,+vas =0

oy
Za,+ (1-v)a, + ’*2747,, =0
2a, +(1-Y)a, 1 T q. =0

3.1-4-

<6L) AV = V‘Fina(r - VOfiyfna/ .

Av = (14 e dx (1+€)dy (14 E,Qa/zJ - [ dy dz |

Av = (6* + é? + '52> dx a/? oz + h; Aer order fems
- Ay = (€K +€ T 633 O(X C/f S ‘\%l" small S‘frd/ﬁs _

AV AV

VS Az T TG e
(b) Use 3D form of Egs. 3.)-4, with =0 =g=-p:

? :‘fx éZ:éx

AV

(C) /q_S ’U—"O.\‘S— _—\/— — e,



}3./~4-

(@) AV = v‘Fina[ - Voriyina/

A= (14 ) dx (1+6,) dy (1+6,)dz | — [dx dy z]
AV = (éx + é? + 62) dx a/7 oz + h,yéer order Tems
4y = (€,< 4;63 1‘6;) 0()( t/? o = Lor small 57‘/“4/'4/15 N
AV - AV ’

—— —

VT iy dz T Ex+€ + &
(L) Use 3D form of Ess. 3.1-4, with Uk :.0;:0-;:’(0:

éx: %(1*22/) 5? =& €, =&y
Hence .AV\Z: _ —g'g‘(f—:l?/) -ana’ ﬂ?/V:, (onZ‘u)

(C) /)S ’IJ_-—”O.\S-) _%\L .___)O

S.2-1
| Lo (2;x3(3*x) h :
N = 232y - 2(6-5x+x?)
- -%x(3-x) \ .
NZ_ (“ZB(IBX = ’2]“’(3)(_)( )
N - "XgZ*X)

3T s T wlaed) |
(2) ;N«: :—'f;((o—sx FR 9% 3XT-4X 1*,2)(_1) =
Y N = é(’s +2.x) ,th}x = é‘ (“‘5—*2*

Nax = (3 -2x) +I-Cx ~Adn)
Niyx= —é—(—lh?x) =0
3.2-2

If all 4 Gi'":‘// the Séape ‘s

l4>
1
11,7(\/11/—{ |
1 .
+— x
[0} L

Clearly ¢+ 7thau3hou-j‘ (ZN; =1 if
SNd;=¢ gives 1=1 for g=g;21),
Also, wol all N; have Hhe same hm’ﬂ.



3./-5

ExTlUx T A+ 2a,X +asY
é; = v/?. = C?? "‘q,/)( "L'ZQIJ_%

Vg™ gt Vin= 8y +25X +29,4 +ay +29,X 4 4
E

ZC+ A - / -))7, ‘ T/)en
A(€x+ﬂé?) /4(631‘1/6{) 7,26 K/-

E7u;/ibrium egs. became.
Tt Tepy = A (R801Y %) +G (24,14,
C&J,x"‘ 3’?* (‘(ﬂb +-20/D) +/4(24,2"‘7}45)
When are these 2 eqs, saf‘sf/ea’7
with 6 = (1-v)A/2,
2a,+Va,+ —/—"-2—’1(2%1‘-4,,) =0
l:l(a5+.2a;o) +2q,,+vas =O

[
24 +(/ V) a, + :/—ZVQII%O

+ -
Za,a_ ¥ (I-v)qlo 1-%45 =0

or

|3 2-3
(a) ¢ =20 @, ; use Egs. 3.2°7

_ (3-%(5-x)(8-x) (1-x)(5 -x)(&-
¢ = (2)(4)(7) 2 (-2)(2)(s) = <
C1-x)(3-3)(F-%) (1- x)(3-x)(5-x)
2+
(- OE2(3) (-7)(-5)(-3)
/’ ' . . . -
_ /3,_0. _4o , 24 /5 -
= 28 /0+72_——:122/’°7
S[m)/dr‘}
g o [5G 03¢ (=116 (-1)-1-3
2 28 70 ]2 Y = 208G
D4 (=3)e04 (3D (3) ()
%="2g T t 1z T a4

A CD L _fO) (2] (-4 (04 (-2)
¢7— 29 /0 I.Q.) - z,/) =3.371




3.2-4

F/’I‘S?L 7lk/o O'F 575. 3:2’5’ #;C/&/ a, :¢l g ql:é/)(]

The second Fwo equa?’/‘ans becorre

= Lz}{qg _{?fg—@,—L@u}
2L 22\ | G- P |’

{ag} l [31_ —Lg}{@—rﬂ, -1, __{(—34’, -214,,+34,-L8,)/*
A [—4 L* éxz“qfxz }- <2¢/+L@x1 —.thfz+-L(éxZ)/L3 |

y W o O o ] '
[a]=| o I 0 0
Y/ Y/ S Y/ /)
RV V/ A, Y/CE /|
wh X =1 x x* %%,

- : z 3 2 3 3
IKI[AT = |1- 35, 28, (20, %0, 30 20 2

X
L"L L3 J L Lz
N, N, N< N,




22-

5

¢=[X]{a} = |1 x xlj{g;}

$,=10 I 2x]{a}

Evaluale given czma//"ffﬂ’u (’CT @,:‘éx[)

[0 o |fa) a= 3, , a,= 6,
=10 | O faz 3 eq. is Hen
PoL L4 ¢,-4,7L6, =L243

$= X I[AY' (4} = [V ]{d] where
> X
=g (1) ]
2 2x
L..nc_\:[‘i;_( l"—L—x“ ‘ZiJ 7
At x=0 At x=L N,
Ny Nc',x N, Nc,x {
2/l 3N,



3.2-6

Lagramé/ei 3 ps. defive paraba[a.
P/“ece_u/isc CO ‘ 7LWo 377611‘357‘ //’/’765,
Precewirse C' ' Fwo cubics,

(a) (L) )



3.3~

o sl #ffo] =2l x)e Lo ]
[ka] = SL

Let x,20, X,=L 'n Eg.3.2-4. Then [/31: l_l O]’ [B:(-;l;, Ol

l§aJTl§a1 AE dx = HELI:DO T]

o

| L 1y /L
) T - /A AEL o O _AE|L S
D:S—I‘ [’3] US»][&] = [ o ’/L]( "’/L ’/L - _L— -l I
('O) . a; 2 ai a
v=|l x x* x?| %&}’ a_&%:lo 0 2 éx}{%ﬁi:[@d Z%
4 a,
0 o o o |
L T 8] O O O
[k“-] :( L?a_( 15,41_&5[@[)( = £ O o 4L éLz
° o 0 ¢l
[Q]-‘ s Cd/C‘f/dﬂZLz/ in ?/‘aé/em 3.2-4
(1o 342 22 [o 0 o o]
_1p1! i e Y/ AV 0 o o0 ©
ki=]A Al =
) B R 1
o o - P\ |6 0 -6 oL
R/ AR/ R Y/ A /A
TLl= =7 C’/‘/‘1 4//- "(”/l'z 2/1‘ o

12/ —e/ 12/t eyt

K7 ¢/t 4/




3.3-2

(&)
Follow the meThod of Fob,.3.3-1, Tha‘l‘:s

use the "a-basis”) [l x X x3_({a}
L
(kal= L@afl%&jﬁ&dx} where |B. |=

0 -T -
o1 2x 3x*| [k1=[A] [k 1[AY]
and [A17is Cmmpbfféﬂl n Prob. 3.2-4.

[0 0 0 0 o 0 0 0

e PR R L N

0 P2 2L |19t Al a0l
DN PRI

o0 3/ Pl [36 3L = 3L

o I -2/L !/Lz AE |31 41" 3L -I*
0 0 3)* 2/L '30L |36 3L 36 3L
0 0 -1/t 2 3L -LF 3L 4%
[a1” ]

(b)) Must nol en{or;c;o, inlerelement conti-
nui‘h/ oF & o Vhese locations. Where

Two elem&nfs meef: can cma/ense_ %e
€x A0, 11 ove of Vhom befove assemb/ﬁ.



3373 Bpe 3270 %20, 6,55, x,=L
=-xXJ(L
N, = (:2 X)( X) Z(Lz‘.?z-x-f--ZX")
S
_ (- x)(é- ) 4 2
N, = L>x = LZ(LX—X)
£ _
Yy = x( x) = ’(2)( Lx)
L(-3)
18] :;/‘?(—LNI L3L+4x 4(L-2%) 4x—ZJ
:J L& |"1 B )AE &
L

‘?L—24Lx+/(, x*

Symmef‘rl‘c
L
0
[ 9/« 121x2+/—(’x3
[«]-2E
- - L4_
5'71)7/)187(/‘1‘6
7 - |
fu'l = AE _8' 1(9 ._8
b ' “g 7-

~12 L5400y -32x% 3L -lClx+l6x*

16 (L-4Lx+4x®) 4 (-L4eLx-5x)
LG+ 6 XT

z 32

-)Zl_x+.20Lx~———x _?Lx-‘&}.

-

dx

7-/03

16 (152 + 55 4(-I%r30-5 )

L

2
~dLX lgi X

J



3:4-l Bedm Mﬁ@r;{ : ['—'—?—(2c>3" ,2{.'6_3
12

3
oML 3ME
Yo =VE T T Er T T ZELE
- ML 3IML
Up =% = CEr 7 et
3F
&> /126 Obtain [B] from Ep. 3.4-/0
LA L 2,

-1/ O \/L (o) o o
fel=[8l{id}=| 6 o o -lfze O Wac|{v,(
o -l ~Vac /L 1/2¢ o || Y

L V)
‘ :%2:-22:-/\6‘" > & Vil-c\/l> =0,
R N7
With »=0, G=E& = 34T, 0y=E6,=0, "/27:5‘77"3:4:‘&
Beam %eor% fop R bollow: ,0;(\__ ?/\;1;//2 - 23;\21

3,C
b
( )Z‘R Obtain 1B ] from Ey, 3.4-10
1,A L 2,D

-1/, O \/L. O O s) S
fe3=181d3=| 6 -1 o o © ek
Ve o WL lee oo

L O
vip 3M _ b/ _!1_)_‘~~3ML
GX:T-‘QEtcz ) 69_-0 ) X?— L 4E~i~c_3
M
ML
Ty = S, == =

Beam ‘f‘heor‘:d “as in par'f (Q\)

Q)’
With o, & T, from FEA, == _son g5 £ 5 o0

d



3:4’2— 8€am M?O)"?. , I__ i_(zc)z_: -2tc’3

12 32
v oy = pL®t  p13
PTET ZEr T 2Ete
2. 2
U=ty = PL*  3PL

C = . —
2€r 4Etc*

GL)/IQ" Obtain |8 from &, 3.4-10

)}A L_ 2)D fo 1
Y/ R V/ 0 o 0 3
€1sIBMdI=] 6 o o -12c © 1f2e[%
6 <L -lf2e VL Vae o || U
L v
6:——°~ 3PL :VF‘VD:
"L T e S0 Tae %
5
oM Vo Ue L Ue, Y _ Ll
%= 2c L 2c "¢ "L T T4Etc? o)
- 3PL = -
w[‘}té 7] :0) OX - Eé'x = ;t?‘ J a 567 - O 7;(0 9_ )/ B*tc_z
] P(L -x)c _ 3p(L- x)
Beam %Eor‘dl \féP X/ bﬂﬁm’ }‘7)}) - T = ;Z'tcz
. ~ _3 P 3P
Bcam *ﬁeorj/ ”c’h{rd/ axrs : )‘3——.2—5;: = I
T L
with ox and Ty from FEA, -—&-‘--é:g —> -0 a4 >

(by 3¢
ZC[\- “ Obtain [B] frevm Eg 3.4-10

AT o
/7 2/D "I/[. O I/L O 0 0 é ub \
:B]fa’}: o -lhc 0 o O Va \g)
-1/2c -\ 0 VL Ve 0 || B
L.i‘i. 3PL & =0 -V PL
L “#eem ) 070 Yt T Zerce
_ 3PL _E -
With » =0, &% =€6. = gz 7, Uy =Ce€, =0, 7;?’_5__\(:(7' 4¢3

€Ex =

Bea \"heor? Y oas th pap‘IL ()

T L
With oy and ‘7;? fromn FEA, E;—?—: 3 TR a5 T e



3.4-3

(a) T/)e oh,;( nonzero c/«d.‘(:. are (,{3 ana’ V3, f?m Ey, .?‘4'/0)

€ x o O
e | = [Blid1=| 0 al{® For =0
¢ ~ Vi , ”
Yxou, | /oo ©

zlo o I/ I © 0
[k]=Et—a—[ a’} [ o |

~ 2
6 Ve o | 2l 0 o

| 0 o©
[k]-E£[0 © 1] . |=Et]/z o

(b) 4 TP?M7 les cach resist P with 6? stffness Et/4
4 Tr‘:‘wg/es each vesist P with ¥ ctoffness Et/2

NeT stffuess = 4’(%*%}2355 , So v:—l—>—~

IEE
at center node (»‘nde,penden'f' st a).



3.4-4

With U, and V, ‘1%5 m/? nen zero a/,o{ éx:O 62:%

1 Z]{Vl}l
A
a2 7

€1=18 (3= - [

61 btz [

60 o

o
!

B
0

For Y =0,

o

!
O

|

oY,

(i‘_
b



3 5-1

(@Y Let ¢=uw or V. :ﬁa/e/()&nds

aw/cy_ m Y, Assume.

A
4}=c'+c7_?+cz? (@

Su Bs‘h'fod—e :
¢ 0 fﬂl? ) =0
¢ =0 at y, ‘Cz.lo"'CB

¢=1 af y= lb =c (1g)+c3(4e)
Solve :

~ 1
C -"‘-Z—b') C3 25?'
Eq,(a) becomes ¢ = - :—Z'%‘L——-f';z%t—
N3

b) On 0, N,=1
® zir,, at f(,,ta(ff') mmt?. at x=0
On 9= =b, /V,,,--—(-—-)
Zero a‘f x= 1 a/;&)
A"f%"zé /\/4,—/2"‘7
(¢) Here u=N3u3+A/u4 V=AMV + Ny,

N Ny, 2><
€x= 2x3”3 ax 3x 4 T T Ue
= aNB \/
1
(25 e‘*)yﬁ[’b 0
-3 dy _ (“_ . _2x
b= 5y ey = ()t Ju T



2.6-1

Ex=dtay , €47 a, + dg x
. va = a3+ a.x 4, {—dg.?
- £ _E
O

B
Ty 5= /‘;ET (vas)

- E ¥ - a
7;7 Ta(1+) ?‘7”‘ 20112) F

- E
- 7—'51(67 V&),

_ E :
Subs, jnto crx7,7 ”l—“( |+—v)a$’
Toxt gyt 20 (. {o{s{C'E‘%“Fx:O
0517 rvrx?/ax'i-f—:?) =0 qre CECQ +/:7':,o

- l o

where €= 2+ 2(14%) T 2(i-v)
Eqs, satisfred if a,=az =0 when 5:@:0
or if particular values for & F, const.




3'@’2—

A (w] [a,~aa —azb )
v, ay - -
1 4-4sa ~d, b 57_;3é -4 pnd 3.6-5 show Vhat
u, a, +qa ~asb
fal = Va| A +dsa-db ' [N]§d3 {0 %X sy
SR E RSP A DS ATEA
a‘_ ql-aza' 4-436
\ Y¢ 1 q4~05a+ﬂelo‘

l
(L) €x:m|:(b-y,) o )o-gt 0 b-r-# 9] -(lo+7) OJ{%ZS

J 4419[0 ~(a-x) O —(a+x) _O atx O “'K_‘{‘i”
I .

# ZJL,L“(“"‘) ~(by)  =(atx)  b-y

a+x b+6¢ O-% _.(10“,_)-‘34}

X
A



3.6-3 Beam %eorl; wi”g:‘ue Ue =—(/{D/ VF:UD

(#) From Eg. S5.¢-C,
o)
Ex ( PRV b—? 15 b-{-? O e Z’D
G?_ :2;"5 res O _.(a-})() 0 at+x ¢’ —\ZI(DD>
Uxn o =latyy by atx bty ol w
Frovn beam %eor‘y , PT“’IO- Z.4~// U, = _____3/}7L |'/‘: - IML
Uomce b7 REtF D 4FEtce3
o L 3MLy c =p _ 3mllarx)  3mLE
X" 4EBtabce® ¢ 77 Y gab Bttt FaBtl®

_ _ _ 37L CEe =0
For v =0, (T’"Eé"'4—taea"- , 7y TE& =0,

g < E o . Imilatxy _377L
T 2 %7 Sabte® Joatc’

2

- 3 . N e
But L=2a andC:l:/.So @:2’—’?&3_, o}—:ol 7;4__4%242(

(in the coovdinate 5757'6”4 of Fry, 3,&--/), In s Sys)"&m,
Ox = 01%: —%/_Z)—g;g y % = ‘7‘;3 =0 accm‘dm? To beam Méor%.

I
PL* pL?
(L) From beam %eor‘y/ Frob.3.42, u, :—431—5-}1—‘2—2— T

3Py o PLE 3pL7Gato)
€x= T BabEtcs 7 T4 1 UK T 4aE2 S BabBtc*

= _ _ _ 3p* - -
For »20, G=Eea=-g etz %7 E%7
o . E_ _ PLE  3PL%(atx)
"t 2 %97 gate3 lealTcF
Bult L=2a and c=b, 5o 0;:—51%, 0‘3:0 gg:m@-%@
(tr the coordinale Sys‘f'cm of Feg. 3.6-1). In Yhis S‘ys/'emJ
o = My _ Pla-x)y _ 3P(a-%) , =0, and
tQLY /12 atb?

I
_3 P _ 3P ‘
713‘— 2 2tk - 440 accord:ng 'f‘o beawm ‘H?eory.

Hence




3.6-4

is assocrafea( wiH'z \fz4

@) K
48,34
de 24 is nof in ele-

and Uy, . Since ha
ment ey el 1 does not contribute 73 K,m‘
(b) K37/37 ‘—AL, of el /_ [g] is dia-
3onal (since » = 0)) [E]:/07Ll [ i 1.
We need a”/fj col. 1 of [%],57,3.6'6

HT-0- )T (-0 9)
l(,l,z 7’;& S { O? }{ 0 4 /07(1)0&11’?
Sy =0 X) -':,_’-(l—x)

After Mfegrafrm) l(u = 107/2.
() /(5%&,‘—1(3/5 of el 3. Need cols. 3
3 5 o.f [B], £ 3.6-6, As in(b)j

kr:l_'Hl o T /‘:? 100 dxd
', (] ) o ()
o lFaexy) (=06 Y

Atter mifegrafton, kiys =0



3.6-5

ME“H’M{ l: Euiaafc u=2at+ax
+Qzy+ ayx at vodes , sslve for a’s,
?dﬁter coeFFrcfenfs of U, Uy, , U, Hg-

u = a, Node 1
_ U,
u, = " +a, (_24})’ QL= Z-a"u Nade 2
u —
Uy = “\*az(‘lb)j Aa~ ;_b ' Node 4
- U, ~U aa,-b{,
Ug = U+ ,’ZML 2a+ =L —25"4—4(241\(,25)
from which @, < Hidath=4s
U, -u Uy - u4aé4- Uy
- u.+ 2" o LAY GPAY (~Uz U5

2a
- ERe (2
PGE)er G-
Coefficienits o the U, are Hhe M

Method 2.0 Take the pr\oduc'l" of one-
dimensroval Ny (as for a bar element)

N, = 2a-%x 2b-y N, = x 2b-4

. 20 2b 2a 2b
- X _2a-x
N3_-.2a.‘5(?=-b N4-— 2a ﬁ

Me‘H'MJ 3¢ In 575. 3'6'4) replace_

¢ kg xa and y by yb



3.6 -6

Consider the lower-left clement of the four “e,/emenfsff‘wcfuh:;

[?'v’ In the assembled structure, vy is Ve am(% nonzers
3 d.of., so we need onl Yhis one stiffuess coefficient
N2 — %, ¢ o
2a. 4 [
77 ' €y ’—‘[Q]ioﬂrz;l:,_ a+x oV, (From 57.3’-6-6’)
KB? a+lal
A, co
: E [®)
|
k- o 1o atx a+5t_\ E a+x 'ta/xa/;
E/z|laty
-a -a
Q a . z_
E¢ 2 (a+y) &t Tipat %*a"]_ Et
k /éa4I I [C“X) Tz JJ’“{?‘ "/éa*[ RN
N
_PA

For the four-element structure, v, = Y LY,



3.6-7

/qssur’ne %af beam f’/lcor‘y wou/é/ Proviz/e a/mos'f %e %07‘ fi,o
deﬂechm) and recall _Eq Se-//:

<ge(__ )-»*

& " /- 2 -

b 2/a
I+ 2 e)

(@) Expect the 27 mesh to be beller, since a/b 1s half
as /ar‘ge in Yhe 2.”'{ mesh

() Two clementse of e first mesh, with ben/z‘n;. deformation -

A8 e Smaller deshed lines re,bresenfa’eforma—
o/ \s tten due To & in elewents. Assume Vhis

i
/ \ 1s exact. Remainder covnes frovm rotation

N o elemant faces and sutfers From
y \! parasitic shear: with »=0,

A u\ Bl _ '
I \ B, [+ (0
Assume thal \(w amd €x contrib ule eqm//f/‘)%erc{:we
estimale error as Vhe auerayei

exi'-[DJr Q-%]x/?’z,

_z
3

(4 5N
For Me second meslq) ‘l;’ = f\;z'_ , So with 22 =0

Zel 'l — =039 ie ex]l9,
b "”'5_‘(";1\

S




3.7-1

¢,52: —x(a-x)qsl . (a-x)(atrx)

2a* s

_ a-X atx
44.3“ 2a ¢4_+ 2a ¢3

S
¢= Bt bt Gtts S 2N,

N, = - x(a=x)(b-y) = ><L(a+x)(lo‘7)

4a*h ’ 4a%b )
_ (a+x)(b+y) _(a-x)(bty
Ny = 42110 S N —g

_ (a®=-x?=)(b~y)

Ns 2a%b




3.7-2

(a) 45/34.

i

. |
S Ny * (4 on x=-a)
r =

1]

Psq7

£ .
$roz= 2 Ne* (¢ on x=+a)
i=l

for which /V:) Nz. ,NJ tovne from E‘7
3.2-7 with x—g,%~~b,X,=0,%~7 b

- - _ (b - L
7 = 4 (b g)}NZ:(é:?)(bﬁy) _ by

—3 _
> Ny» (4, on x=0)
=1

posl

z
u Chs S R ik

2L ~b(b) &>
_ (<b=y)p)  y(bty) )
N3 __—2:(7:# = _L.'ZTLL‘ IV) 7noa/ee/.)

x(a+ x)
+ 24t ¢2&»3

t /\—l,_% +/V3 457) + N, (/(/./ ¢z+/vz¢é+ ﬂ3¢3)
$ = glN; ¢; where
N, =L/va N, = Xb‘(a-x)(é‘7)/ 4a7b"
N, = Ne Ny = -x7(4 /-x)(b‘y)/éla’éz
Ny = VR, = xg (at )by /42"
Ne= Na Wy = =xg.(a=D(649) /4at}
Ne= N. A = _ (al—xl)y (6‘7)/2a1(°1
N = Ne Mo = x (a#x) (=77 24767
Ny = Ny Ny = (a™ x") ?(L’Héo/’za%]-
Ng = N, /Vz = -X(a-x)(Bz—?z)/'za%l
A NI (al—xl)(lat'?l)/ﬂléz




3.8~1| Similar t» FProblewm 3.4-7 /}jam use Eg. 32.¢-11 will

?=0 for Sim//i"-/fl- Best mesh s worsl, with estimaled
errov e .
|

(c) /?specf ratio =,

' _
T =0947, ex [—09¢7 =5,3%,
[+ L (%)

(b) Aspeo‘f ratio 3
—’1 I‘—Z Paﬂls (c/ae 710 Ex In 76p 2/ bo#am /ﬂ/er ~
\! f L assume This is exaor‘)

N ’
\ Lo} ! parf (Jue To beﬂo/in/ of each e/emenf)'
i W/ influenced b% /)af‘d.S/'f/'c 517&’4/-)

2, < }
—t 5|l =07 =~ 1-0.727 =

\ (
() Aspect mtio | 3 T 0.667, X 1-0.667 =337
[+ 5 (1)

A beffer /12-elemest mesh (for the given /oau/;n;r):




[3.9-1]

Rigid -body laferz translation @ ! {d}=|# © & of

T

Ivgid -body rotation %r‘oug/r small angle & abouf node /:
¢ i .
{d1=]0 o lo o]
In both cases, sfra?jéffarwam/ malliplcalion shows Yhat
D—f]{ﬁﬂ and [g]{é} are both zero.



3.9-2

Subs. into given Fic{d', 3°T W:OH—FX
oK

(JD) Frova given )C{’e(dJ Woxx = (92_9')//_
Bv bean eOhji let m, :C"?Sr’ momenT

Eaf: Wex =75 {_A) E//‘mm‘zﬂ- 7,
S LEL 6{%;:5 /V/ao[)( Acﬁueen (a) y
e 0 (b) ! ‘737['

Ef(@z—el3=/%l_ (L) h’/xx:(éz-gi>/l‘

D b= 1BIL = 0,5, 0, | w0, 5 g]
L A

1= | 1BIT1Blerdx= gof0 0 ©

o | 0 -
This [k] offers no 00 OO0
resistance to w, & w, o-l ol

Am( c/eue/aps no naa’b{ ﬁarces m fe,s/aawsé.
7o 9’ X é, . Dﬁ] has ramk |.



37-3

(a
) Evaluale w=|1,x*[{a} of nodes.

PSP R R T
w=L1,x*[AY (u}= L:;XL Z:_l{g}
€x=]-2* 28 et~ L8 i

k] szJ | & |AE dx = 4;’3_5[', }]

0

Too large éy afacf'or 3 . Souvce is defec-
five « : no X' ferm presem'f so state
& constanT €, is not Posable

B)  ralute w= 1,12} af s

{Z}E ?;‘L,E]W‘ll L"‘[.zL ﬂ{ } TATfy)
u=|x, x> [A1 Y u}= le—Lx 2x +LxJ{H,5

exzvx*t 4X*L}m:u§na«}

L* L
[k]= {L/LBJLB)AEW ;“,f[f é]

) e W] (o
L drj frans afran) Source of fr‘au/g/e rs
defective w i no constant term presenf—



3.9-4

P =5 P

Evact ans.’ Up= 2=, U=

Re
(@) i/"_E}:-z “'”_Mz _{0 {al _PL{34
ST S N R 77 I W d S U8 Y= B 7Y

Go= E|0O O{d}=0 (BExctg is

B/ for all x)

(L)_/_}E[M- ]]{“z}:{O}) {m}: ﬂ__%—?/czy}
gLl 7Nus| P lus{ A& |42/97
=g| 3L, Lffw]__1-3PL_ 3P
ot 1 Y —E—H“J "L 975 a7A

L
L at ¥=0 n s?"rucfurej at X="3

I'n €/€l/nw'ﬁ
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Wity Ve node wnumbering of f—?’c(.
2.8 la, x-dieclion nodal dof. of
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3.10-1




3.10-2

Comsrder eq. a wadrilateral elemes?, and apply Eg. 340/
s cach side. 7 4

45 T = g (ee)
(i IO

) Py BZ,: =§(w4-w3)
o = ‘{;’(“’\“ wy)

Lo
Add 5 thus ZE@_,;:O



= 3,1~k ; = |\ a4
Fs -l Z 4| 4z
\ v v
L IH]
4-
rs Ut Thickness
ke 2 slea
(a) F4 g | Coup/e—m:mwﬂz M= F4(QQ) - 20a*
- _9a 3
Fop= [,}j} Or= 3 o Flexure formula . N
R - - m=oL _ 7 (2a) iz _ 20at
- _C—:- - a - 3
(v (F, o 0] Moment: M=2aF; +ak = {"%z
F? :D:!] U‘/,z_ = ’%& < Flexure ‘Formula) for Sec%lm
F,:g O I 4a units a/z?elb : 2
m=0L _ 0‘@‘6@/2 _ 3oa*
c a. T3
Cmfrféu]“rm o{‘ ha(‘F 7%: Ser_‘fraw ix
M _ 4ou*
< 3
>R 0 2 | Shear force | B +E+R = 4‘;4'
F :[H] T ¢ = Ta A
0 /5 Beam %eorg (pamloal?c Jisfribufim«bz
L= 2

-3V _ tra
T e VT %



3.01-2

With lﬁ,{] from Eq 3.1-5, and constant 2,

( A ’
A ) x (x-a) )
* l
J = >=J IHJ!}J\(: 5.,_42(a1-x‘“)>7,d><
[ ' & Lx(ch)'
' Lo
w3 2z Y&
%-% (223/3 /3 ) r)/@
3
= i,_iza:X"&é ’ '3’;2%;_4 80-3/'3 =% 4a/3 t= F<2/3
S D e I CER B

wheré F= Zﬁ,a-



3013

L ' :
Mn 593, = 5 v ? dx where v = N.z 592! and 7L s constanT

I

'Hence. M = S (X ZX >d)(..%[_ ("5‘% ‘)':I::)=?7Lz
o



3. -4

(=) [x-22, xt a2
L* 2.3
L/2 r x"‘ 2X3+_x_i’
(rd=) INVdx=g\=_ "5 42
2 2 x5
T -
-, xt
3T o
0.40625L L ‘!
p N EFE = %Z —
{Y‘c}f % 0,05729L — /
- 0.0037251 [ 27" ’EKLL * e tiey
-0,02604]" = gL -
) 1'%

-
(é) fre] = [%/_/i] M,  where [%} is evaluated af x
% ¥

From N; in Fl‘f 3.2- 4 we sbtain

6x* )
L3
|- 4.2& + §£Z
LIz
Gx, _ 5)(
N
_2x I

T — e —

e, 6

Y,

z
L L )

%
1
R~

s J;

< 3Mc
\l K_/
3. Me/4

= <

N

T2) 4L

¢
__+._.6~\ r

3
l-2+4_ J
e o
2L g,
3

i

-l +

4 |

¥}

i~




T v4_
2] Ny ) H
N, 5
X V:]_N4.

| -

.—5‘ '7 —)I
3.]) ;4 :
2,

) x (a-X)
~-x{a-x _

P N+:

2.2-7:

ly E<,

Arply

* 2
N 2a .
(20 ; - ;X
3 X)(a-x - &
- 3 £X)
— A -
N7 - a »(__x) - Xz-a'i 3—E
h ('Mzm\ |- 1%
N3- —"Zf- \ '~I/8 l:% :7
¢ (a/2) " ) ;
2z 5 —<
\ - 2?4/:_) - /
/ 1—. 2 %‘
4 s F L 2 |
F $:ﬁN7 ! 24 é’f—(:za\‘ 4
\F N ) _a %Ea+ 5’
F V3 =2 ZM4— 4
'3
v
- F 8Fe
F =
F, +F,
Fet 5y



3.1-¢

- c _(1+v2)P
T < ‘z' where 4= T
e L
L T 2= 73
A
) L
P B g B

X 'DliV"fC?tl\aYi ﬁrcg'. c‘fa_— q_(]_-a) =2 (2“._2.)
- (l-HEzJ(Q Vi)P ‘
Va
i“fvg'——p -p
MomemT about B - %a% - %(L“a):g& = %(ZaQ—LZ)
= F ()0 7




3.11-7

EVa/un'lle Ni ,,"F 575 3(9"4’ 47‘ 08y, (X:%) 7_'—;0>:

- iN]T B | Tab/a 0 Rab/z © 3ab/2 O ab/z Vo, TP
o3 WLAR )= 7 s
4 a0 O a2 O 34@7/2 0 fab/i 0 ab/g ]3



3,11-g

667‘ A/o ]C)"M 27, 3.2-7. Lel a,::% .
X (a-x oSy - 22ty
Nz~ Vo= == No™ “2a®
__ a-=2x _ 2 = A¥2X
= -z B, = ~z By~ 2a*
a
- B,
g z S [g] [E] ie }JV’_ B F< < T. a*‘x)Aﬂ/X
3
) a
(a 2%
~4x (a+x)dx = Eﬁd}
a+2x “
—a

{ret=

- 84a%/3
2a +4713

3
4a 10a%/3

—az-}-x +2%
~4ax-4x
a3+

) : 2,3 —
/)orr {,za +44/3}_ EAxT, { ’;a%}:Eﬁxlz N

zzﬁ ({X



3.J1-4

{re}r-—g 8V {g}dV

To show 2 Yei = 0, we ask i [ I 10
=0, where LIl s a row vector filled

with [s. We je'f Z2r,=0 if [EJ{,E,?;}
=0, where {@} is a column of [§]TJ
for a/(;’ in [517‘ Now [@]:[él [Q/])
So each row of [5] (Mtd eaah G.OIUM”
a\c [@]T) s a a/erl‘mfn/e: o‘f [/:\!1 . Bat
2N = | Gor C° e/en:enfsj KY) Z/V‘;x=0,



3.11-10

I v O ({aT.x '
o ExT x|/
[Elel=5" ' 72 {“m =T H
~ N ey o, Y
oo af{o 0
(o Cezx)(bt9)
(fe} ’“[@z [%]ifo“’ tdx‘iﬁ, Ny = Zab z
/Vz',x ina{ep, of X mef' {fﬂs [inear m X,se
fnfcgrafrm wort. x with Imits -a 7o
+a W‘e/ds zero x—d:‘rccf/‘m nodal loads,

b (2 (-(a-x)
ExT, -(a+%) dvd
Al = — K .
;‘;}n (1+v)4alk (atx) xaxet
b (a—x\ ,F FA
b l-a
I F 4 2
y N / 2
{fe] - E4 e ={F 'F F v

d N‘.- 3(1t») | ! F | (as applied to
1 -l -F sTra:'I;ZWe nad’es)



3.11-11

(@) FirsT the nodal /oaa's) all 3 cases.
IRl S A
{rc}:ﬁ/yfmv where dV = Ads
One e{e:n&n'f,' S:X,LT:L){E\:%{%}

Two elements in the ﬁr,y‘l s=X, Lr= 2L
in the second | x=Lts Ly =2L

_CLL s __CLLZ
(re),= 5 {S], iy £ 2]

Three c{emwféf Ly = 3L 5 ih Me respec -
tive elemenlLsJ X=s, X= L+S) X 2L +5S.

e £ e e

(Q © One e(. ﬁ_E_a cl® cl,z
(L=L;) *

Fxact sfresses: mu/?‘f/o [rers of c/_:_/ﬂ» are’

x L 1 L 2z =
. ° ¢ = = % ¢ /!

factor 5 -3472 2813 .1250 .0313 .0i39 ©
l ! r

lefF middle righf

end end



4.2-\

15T (ase

2)14/

case

o

DB

no work
: PoS Wal‘l(/
_;Q “
i no W{)Y‘l{
'4,1—2
- D
—_—
Vi
7 \

Vi F———ﬂD

no UJO}"(

S, Same {0&1{
umfg y fMS;?LIve,
wor[< In one case
zero work in ]que

other,

Work of frictions forece :

(= WD

uw (-D)

/V'cf‘ work: of *Fr‘rch‘a}) force « -',;Z/IWDAV

Not gero, So pol Ccomservalive.



