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S,/
Lr
- l ~ % .
HP - f (j/)E U, — CXM)JX -Pu,
0
HAssume U= aX +42X7') Fhen ‘Zx: a,tda, X

~ L

AE U = & +44,42X +442X2
3
e = (a'lLT Flaaly s ’QZL >— C(a,,__ +4 )

3
- P(a, L7—+4z/.73‘)

71,
g“?' =0=AE (a Lr+a,ly ) - C_[‘I ~Pl,
o1l cL
51 = AE(4, Lr**azlr) 47-&,
] Qa, _c__l:.j_-_[_ ._E.
S A
F)|%) \ed, Pl
J ZAE T AE
4,2 L P 2 p
=L -L ¢ Zebr Y
{ :—Ez T ! 3ﬂE+f9'= _\72re T re
Ly |~Ls R _?LT = _clr
) 5 4A5 T hE J 4AE
~ P 7CL7 C.LT 2
b= — X + -

T AE 38 X~ Zae” same @5 Ep. &.1-10



S.-2

L
I W EL T pren 1ldx=0, ¥ =ax (L-x)
o Iﬂfcjmfc Lj pzr‘fs fu/,(g H W

jLWxI E L Ve |olx —J Wy dx+ EI[W' vm]L_ 0

o]
But W = 047Lx0:m/a7‘x[_ []—-0

L
qu[EI Vx,]v’*"j W‘f""'ff ,xfxx] =0
Bu'f‘ ws nonessential Loun/arg anaa’if/m

ends are simply supperted 5 v Oa'fend:
Vg = ~2a and Mx = —.Z So

Also
jL’IEI(‘Qa—)D/X XX(L x)}a/x =0 and

d L%
.= ng k(L) gk 5 confer T =ak
{4')? fon’Lﬁ, Let 6= "5 then

]
a 4EIL§X(L X)j 5'7’-"0/)( becomes

q= o I 6(1- ——)sméq/bf 0. ozz:zsf-L
0

LT
YA
,f;— = 0.00806 l——

At Ccu‘fer) =
Exact V =V, sm ”Lx where V,_= cen'f&r v,

EIVor = 7— EIE;’V sm——
4
el 0.01627 I——
V-l

Ap/)rox. center a/ef/ccfum s 20159 low.

= fosm 2L ”X

PN

*j:‘ - = L’.g_[:-.. Z—

°T SX(L xelx '4f L4 3 ’j?.
* WAs

At ce;fhor, 7=all -;&—‘é[ ,00104.2)’——

+
EKAC-I‘ s -—f—é— =0, 0/302;
SE84EI
t/qppro)(. cenfer de{/ec‘frm ’s ,20,0 2 /aw.

Mz=Ely, : at Cen;ler
iIM, = Erj’___
e mtEr L")
= 0,1013 Z’aL
.
ApproX. m = EI(-24) 20-0645?,L
(3(9 A /ow}
L'l
At Crn%ev; exact M, = ?%;—
R
Approy.. M =EI (-24) =
(33% low)



5.2-1

/9’7‘ X=é3'r, {r‘om co//aca/fm B

Z(\':(:*CL;)LT clr Ly Pl 4—:[5

ey, — et e N trne.

£ 2AE/ 3 GAE 9 T 3RAE 2748

AT x=%’—) evact solution (Eq. 5.1-4):
_ Pl Ci'fzé_r _ < _4_3%__ PL, 4.33cly

SRE  2AE 3  GRE 27 T Zpz 27AE

Thaf o??ﬁb( aﬂL )%e col/oca?lfzm /d?nf/dz‘s /707" /‘r»p/ any
ervov; The r*eSIa{/{d/ 0/9/0&/7/: o o/er/‘m Trves of g
Mﬁ/ﬂ‘ny e residuaal vanish al a cer?‘a}n ,0&7&17" a/dfj-
no mqp/ Hldf— Me JG/O\M'I/W*ZL Van‘aé/e is e&d&f a?‘
that pa/‘n&



5,2-2 d“ =tz £ —0 inV Assume A =4x '}'“a.X1

% “ge 4 AT Re :a,-}—lazlr—;é%
C -
Collocation  Foinl doesn ! matter , a,= ~5pz from R=0

d‘-sl_i:r_-_P_:OIV :;?,E—{--AE_E {POVM RB:O

AE pE 0T A
2z
u= PX . EE(LTX - [exacf]
. Ly
Subdowmain L (242+ ,5%) Ax =0 ;Va:z: _.2_C—HE— Same ngsuﬁls as above.

Least Squares (& = ir)

Z=jLT(2a1+ ,2%:) dy + 5 {a,f—lall.,— __Z)I_’E_]”—
0

2
I= (.Zal ) Lr +'Z"[al+2‘72 lr - /95]

-
L +——- 2Ly =0

2L - = + 3 2L (Za + 2 [ ] T
da, (a Zﬂz T HE> D 21 ﬂE)

2P
2 - ==
Z—a,*‘}ﬂz AELr Same resalts as above.

-4P delr

Leasf Squares Collocation (a‘[' xX= -31 and x=Lr for R ,al x=L for
. Mso sel = I/Lr )

B [% i}{a'}-{iﬁ }
IFrez?", a2 P/AEL,

0o | ~c/RE
0 o i/Lr]l0 =2 {2‘}:[0 0 //Lﬂ{» /AE %
2 2 2 ||t LE 2 2 A\ P/REL
_‘/L:: 2/[-7:{ } { P/’Q'EL” % Same results as above
|2/, 12 [ 4o /AE + 2B/PEL

[ continued, next page |



5,2-2 (r:mfinﬂad’) Ealerkin
Ly

_ _dW: o/M W, =x
1= o a/x dx ‘ﬁ‘E)d ‘AF/ where
L L
(0l 2e s 5o -2
o

0= jL [ERREIN ﬁéldx £ L"

0 AE
- <z CLr PL;—
0= qul LT 2, 02/95 /QE
:-—L:a, - 4-L1—d -I—CLT Pl—

3 ﬁ'b
| Ly | _ CLr/Z/?E + B/Ae Y, bely
(L,- 4—1_,73’ ;X&az} - {CL?/.?/‘}& F PLT/AE Same resulfs as re

S
\




2-3

Exaet values: At X’-O,gj u= /01472
At x=0.7, u=0.832S

Residua( me’%ols

G=3-2x+a(x=x), @7 -2 +a(2x-),
Uy =2 ) R = 4ax (42+%)x +2a
(&) R=0 af X= = ?./e/a(s a=¢
‘ and 4)( ~6x +3
At x‘-O.S) &' = /00 ~13.0 9, error
/H‘x-—O? "07& -89 error

(L\j Rdy = 4“’ (24'!'4)4-.2& =0 ?:e
=3 am( H=3x-5x+3

AT Xx=0.5, & =1,25" +%8 9 errop
A’T— X =Or7) &V

=097 *¢.59, errop

(© 4 (! l 12}

2\ o1y , O _

QSR JX—O) Slzézdx-{)
o (3]

S 1[4“)‘1“ (4at8)x *'-Za](li x'= 4x +2)dx =0
[} Wel;(s a= .7;79 , 0 = 2_-70 T 374-'
At X=0.5,
At x =07,
(d) = [“"--4;5

_ 200a%
I= gl

aL =N uislde 4=

a "% < "7
§)~“/g 28, .2
M x=05,d=1100" =439, ertror
M x= 0.7 u = 0‘3’4—4— +/.4%9 error

(e\,é;LL:X—X J(X “xX)Rdx =0
grelds a=L0, & = Zx'=Fx+3

A’f X';OJS) ;:/«léé?; +//52 error

At x=0.7, U =0.9000 +%.02 crror



5.2—4—[

Exact values | At x=0,5, u= [.47/5
T =0. =2.5 ¢
/?6575(«4( meﬂro/si A x =0 7/ u=2 53’64-
d=dx+ ‘?,_Xz) Uy = 4+ 22, X
R = &,y + 24~ Jox= (1+2X)a + 2% (1+X)a,~ l6X

(a

>R. L5 0.625 a, 4
R,{=|2.0 1.500 az}— g :{63]{3}-%}
Ry) 125 2.c25 12

Aoply Ey, S:2-13c" 125 105 |)ai| _|52
i = [/o.s ‘Lss)g]{az}-{%}

al 11420-2 ~ 3
= = 1,4202% +3.26/6X
{ai {3,2@10} ) A= ER0LK+32

z
Atx=0.5,d = 15255 ; +3.7 2 etror
At x=07 @ =25723 + +06.2% error
Y _, a2 v oo,
(QE—X ,522=X )'scf’SxIde=Sx7’/de=0

Th ? 2

us

L2\ o(Z N\, _le |

(z+ %) (5 a5 =0 } aimes
| -

(3+3)a(5+Ba4=0 | a,=2.557

At x=0.5, & =/.5714; +6.8 7, error
A X=0.7 u =2.5429;, —1.772 crror



Rg=0 ?;clds a, =bt 7=

For?;OZ C"LT=/)§=%-$_—) szji’%
(‘7 72 LT e L 1— CLT
) (24 rex)dx = =2a,5 tZ =z L‘O/ 4H="g
= 7 IJS q, = + _C___r.
RB 0 v e Ix bx14_ L x
Frb o #c=lp=ld=7 3T E T
4!22 o =2 {a,}_ -c).r/l
R; 6 2|la, -cly
l ;RS L,/LT n b/I’T Lz
— L L+<E
_— { AP QE R
2 Qz 3C —zb g az - ".‘E—-—T
= ~2c 22
LT /b LT T 4‘
~ _ X XX o~ 1 x

(d) Betaynes Sl?‘nple Co[/OCd’lfB)q

e
’/Lr 21 4, b/[-r ¢ af*fﬁ
Fr b=0 z{cwr-/ 7-%5-%,q,=t-%
Summary of foreqomq reselts:

ik (a)j b) ey ) (exacf)

«@Lly/2 L1875 L0939 1875 1250 ,2292

u@ Lr 25006 L1250 2500 .[¢67 .3333
- DA 50060 2500 .5006 ,3333 ,5000
u,@Llr/z ,25060 .1250 .2500 .1¢C7 3750
U@ Lr 0 0 ) 0 0

(€) Consider n res eals R;. Let ¢y = Con+
ctarte Bapmof 57 /5,3-7 becomes
== 0 2 {2l
~ . 1 [\ !

Rs < 2K O(E
Form of E AS:3-%c, & its Solufﬁmj are

[ " 2x* {a/} _ { b }

2 2 = ) 5

sl ‘OZECL gl This resal? is m/e em/e;ﬂ[ of
{“:}- { [4#»*4-« —,Ze(zHT} {b——Zc} & due o the for“hu?l‘aus absence

a) 4pa*lRAT  <° Se; of o from interior residuals.




¢, U dx
/ Axial e7ui/fl-:rfumf
AVX éé—-}A(U}-{—O})x({X) /40}0:‘“2“: }AE%XX-CIM =0
>t oly n =
Assume U = [/\/f {o“; = :‘ ‘z_)i { 17} over one c/cme}/)f

of length L
L
R=0 :g '.T:JJT(AE &/xx'—qa) OIX
o

Substitule for & and l‘n'lcjra?lc. on parﬂzs
L L.
S| LML AT ey ¢ [ NI e (3
0 o

Juinea)

AE | =) vl 1/3 '/ {Ul _ (—_AE&N)o
T B 2E ”J- (AEG),



5,3-2

% Wx +d{“$x)
/X 'F .
T. & Y. dx v Sum verticelforces:

~Twy + T+ d (0] - Bwdy =0
Tt((l"/x) BWA{X TWxx "SW O

(L w = LV ond ZS LNV (T, -8Bk
In'/‘egrdfe /ag /3"' ts |

U
P 1T - N BR) e ) [ W]
,x d‘f’x 0 =0

, MF F 2 F; enter

"F T Wx 4.,. ” hf eu:{ 'He lizs‘f' ch‘m

A’[So su.és?l:fufe w= I‘N‘Hi.‘ % v ,K"}.N/x]‘{iz

Z(j I8, ST N mgwew n}m g

{___—/

[k Ll




5.3-3'

“ S l”_l (I W, ‘(—’Lw)o[.x ?»O‘
sto} W= [[\‘/_Hg_(} ) Ih‘fcjrafe éﬁ /aaﬂls

L ‘
“j UV,,JTTG JXFS IN J@Lwclx v{l ]TuﬂL“O
Last Term asseciated with Framsverse 'sa ”arf‘
(orces whafc deod. are c{gmr;{ea( for simp /

5upparfec( ends:. Sabs. —[ijw Iy, j
jmm eidte [ 1l e i} 20

| \ [u} [m]‘ |
v Nere lNJ l {—l and U\/ } 1 _IJ'

A Il [
L - 2
(l’>%/ % - .3 E /‘}SSem ble two Cém:mf.s

£
e | o) —] 7%}/7::‘/)/0”55 dof. w, 2w

.sz 4?——w =0

L-x%
L

Scf W, = w snwf
‘Wz_ "w W thwt (’2’7:' 7‘—4@‘—6‘)9@?0
| T
e

w' =3

(5.2-4]

Le-H' hdiw( slz{e o'f E<7 5.3- /X aHer
1n1"64]m]ln'w by pdrfr of Yhe term Yhatf (em?'l/ns
Fv,x,< , contaims The additinaal Terms

XLNJFVJX*JINJBV/)«

Subtitede = INITAY and Gz [N, )5d]
T/?e aa’a/ﬂl/awa/ fﬂ‘m.f LCCMe

+§LL,,<J FIN,, [dx 14 + gm B zNJJxm

~ —

~— /
—
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5.3-5 |
We want Fo show Yt the [pad feh«;
‘ L
are {@v-&:([NIXJTmB "LA./ITV3> .

(wI'H‘T assamblj o'F c,/tmhﬁLs imp }/'ea().
Use z:u‘ék shape ﬁxndlfms and m:er*ll'/;mifs

9, 'f‘o'L', 0 0 0. | .
o S, jo 0.

0 MRL Yo MBO I V'B[:{' 0 VBO
l 0 o] ~ \b

Covisider zw()'acéuf elewments /{"1 444&\//4_

2 =2y,

Voo Mzo Mgy VoL gy 22 Me Ve,
Consider eq. dSS&mla/j @

mc ve r*'f? ca( \Corfes wh ere

CIEMBM{} —| amn { . N 18) @
Mee'f. The/;'ﬂshep/ 7 -V 1O
line coymec‘fs forces 8L lo -

havmj.'ﬂze Sdsn e 3/0La/ +V
diod, number. These add, &
o+ 376(0( the net force :

(V:?Lo);’ B (VBL>}" _, af the shared vode.

oo O

_ L-x , _
. = =7 A,+»,Z.v L - Use % 53 23
[‘-Q/,x_\-rl.ﬁ,//xk: 'l’é.[_’l -‘I]} so inqu)‘:t/ is
L .

PRI Ce VR VAL S

-V )\ F : Ny

k[ -n] L AL\ k(AA) {! —z}
T\ YTz T2




5,3~7

Consider ac{jm‘euf els. /‘—I aw«a(;,
e GD b b /D e

—nd ¥

Piteo], Bt g, [y
Connect elements ot pode b. Riyﬁf-/lam(

[y

——

side of FZ 5,3-23 becones

vode a--)A:, rG-0 A ?l‘(‘-l
noa[e 1) = -ﬁ;—??ra(j-,) + {Aj?r%‘: }A ;

"ode e - - = - - = A(j 7'7 —514} ﬁr?'

because of rutevclemont covtinaity. The
oYer Fwo enfries are aomplete” if there

are Mo adl:‘fnm&( elewents



5.5+

Write 43



S.5-2

Re sia/aa/ citufn'n 7s

[V B By Bt EF) V=0 1)

V?.-v
Infcﬂra{e éﬂ far't‘ (Sec Eq 5 S‘b w:'Hf
L = }( k _/) A"‘ P/h =

gurvzﬁd% JLV (N * By +f=tz~;) dS

J(/l//x PJX+ I?P/ ~;szz)dV
Hence, with PK.-N/X Pe et , Eaq. (A)

becomes

S(Q//x N + Ny N ~;2/,Y)2\)JV£¢

J} 1}
L NT -
NN YdVp=0



l5.5 -3

Af /)Ig 'in'fed. bfj Par+3. First Use
Eq, 5,47 on LirsT ferm of -

ngr(’%— (ré, r),r +?l.'7_¢;39 * qégg *+ T;) V=0
Thus

SL\./"(—::_ (r‘ér),,.\)alV: - X’QI’T;GZ:"W*J‘MT%,‘-Z‘{S
In?‘eﬂra‘fm of second ferm Lj pdrfs pro-

duces no Suréwe. inf“e ral because wm=0
fFor a normal o Hhe boun/arg.

(N4 boodV == (N0 1, dV. Finally
j NG = 0 4.V | NG ndS
With the given boundary condition | we have
(008 0o e w8 AV
(Wadv + [wFeds

N, ete. Thas
FNLN)kdV b=

AV + jﬁ/ﬁrg dS

]

‘5uL)s'/‘i"ulLe (?):l’:.\,

g(/\/" N +LNT
r

)r.‘iée_

S

~y U Y ~J)O

2 &

where C = (Q/

Note: dV=rdrda for a [-radion
-)C?"’c""



505"4

/Wu/‘fip’j Lj wet?/ﬂ‘fhﬂ functron Nr
N (B e 15055 wC)ikdy =0 (0
Inf‘cjmf‘e 'Icrsf fwo 7Lérm5 63 ,Udﬁt—'\’

H~ ,K,dey-"”..,xv’ o{ka/;. faf g 1dS

(178 dty =[5 B ol [ "
Bouna’amj terms : ‘/‘Ii—‘lum v O

Subs. w /le W efc. /n?‘o wh«ﬂ"y‘emd/}t_f
of &g (A).

_ .
f{(‘ﬁl/x /l/;x /l//; N:; "”'4.0/ Q/;xf' 3./!/2\/?)& ‘{;( fe =

Heh'_ )%e wcﬁrcieuf
lnafrix o)c nadal d.d-f
‘(ée is not s\qmmd‘rrc.



5.5-5

Compahims to 57 S,5-11 are
T

(7% iy == (0, 5 iy + [0 ms
“@T:a),olxa(7=~”N,x byt | LS
“Nraéq"/x‘{ﬁ‘ S[Nrg a/x:?/aq_r NTO'maI.S'
In view of surface Fraetiom Egs. 5.5-9,

E75 S:5-10 now read

NT o NI o
WP 5 \d
5 7 Mty

[l o e

T JT
~ —v/a /.Yn(
Or, usmgq conventionad hofz'an
H[B] {U'}Jxl; H N] {F}dm[}
j[m*{ws (A)

Bit {F1=1£](1€}-{ed)+ (e
and {€1=[B]1d}
so (Y= [E10BY4]}- [ENE}+ 1T} (B)

Egs, (A) and (8) yield the stamdard egs.

0 12



5.5-0

Consider unit ‘I’/rrckness) ’s Usweal.
There are aw/j radial displacewents , so we

need aw/j & = Na[ V=2mrdr.
XN FJ—(rU;:)- +pw r)JV' (a)
Apply Eq. 5.4-7 with 2=,

Sa» [FJF(FV"\JJV- [ I&"JV‘FEM"&'}@[S

Last Term Vm:s}les) as —0@ f‘.r‘X/Y‘-—G
(A) becomes ~ [{Y‘}

Jn[g/f TL—NT]{%}ZvraPr-J Touh (em)dr
AN B e e




5,5-7

Mu/fipl‘lj e7qi//b rium €4qs.
on wetg bt functron yr and /n?‘cjrafe.

(LU, + Frap - B) V=0 (A)
(W (3 )ar-o (O
qucjr*d]llms Ioﬂ par+5 (9‘7. Eg. -5,4-7)5
S HCIGANIAS jacl 3';-JV+(/XTE;_[JS

SNTﬁ‘zz AV = _}N:: %}JV"' [’yr%'e”‘jg

(N5, v == (WL dV + (NTEnds

Now 1@*’”%’;:&,’ [ 4 1%;*"?";;:@2’) So

the Two Ns:‘iuaf eqs. (AB .2 (B) become
T ~

T { T

C\vj)r Q -FUT AN -
T T

Q N)z QT I

T .7
JIESE L
Using convamtronal nstation, this eq, /s
| [aTtz14V - (wTealss ©
rt 1512 [E1E]- [E11B1IL} (O
wmﬂﬁ%{ﬂﬂmwum%wﬁ

dV =

[c-r Ny 0
~ é
f€y={ = |Q A {"H
¥ TN 2
l ra ,,.\!)% Nﬂ'

Egs. (¢) &2 (D) yic// the standard result:
(terre10e1av 3= [N TiE3ds



5.6~

AIOID/? 57. S.6-9 Inc/ua//‘ﬂ} /i six doof. St He two-el. mo/&/_,

~L/3e -l/2 -Lfie 2 o o]fo ]
-1/2 o -1/a o [0 o ||y,
aAl-L/ee Y2 -Lfse 2 o o Jot g
VZ3 0 /2 o o0 o)y
o . 0 O o 0 o o
B O 0 0 o O O]\ Uy |
- - \ ,
o 0 0 o o o || o; )
o o0 ) 0 0 0 ||y
0O 0 -LBE -2 -Lfee Yzl @l -, i{oad ?
0 0 -lja o -l/a o || u, erms
o 0 -L/bE -2 -LBe /72| &
0 0 Y2 0o /2 olluf U

Comb)na. Discard rows & Colums 2 and 5 7o impose
boundary conditions Y, 20 and 0, = 0. Include [0ad Terms
Fu=cl/z and By =clfz (as 1n Eg 5:6-8). Thas

_ ) : \
-L/3e -L/be /2 O ||e [ o
al-t/ee -aL/3e o Vzllo i _¢ O
1/2 o o o |]u, el/a
o /2 o ollu) lk
Solutron is a, W CL/Q 1
o, { _jel A T
Us | 5cL7/3/?EJ «—— exacl is SAE



£.672] Governing eqs. are Yy~ E/\ﬂf = and M,,—¢ = ©

Assume, for element frelds, V=MV, and M=NM,
L -~ ~
F1f5fe7, . [ f;{r(lzxy - M‘} d’X =0. Infe.’?rd?l'c /s’f 7ér‘m )0‘7 Pdrfs :

Er
0

L L L
T ~ T T ~
SOQJ v/xxol = [',\vl VJY] - g Nox Vi dx Hence /d e becomes
o

L L L
T T T
J NN e~ | T o M= A
O o
\——-—'\F——j \ g ot Z- Cance /s u/om assent -
}jlz. "jll ‘ b,y o€ e/enoem‘s
L
Secmno/ eq. : fo /,\!TO\A,,*—?,\) 0/)( =0. Infc'ymfe /”i 7‘&r~m by}oaﬂlsf
L . _ L L o~
{ N M dx = [,‘«{T /x._\ B f N M, dx Mence 2”4’8,' becorres
0 o 79
L L - L
- N:N) a’xme :J Nr?' ax —[/'er/\c
o T o~ 0
~ N / — L Cancels upon asfembly ofe/s.
H r
~ iz ~4
P{A\L "’oyeﬁ?er’. [t‘n ‘;";L:HMQ}_ O } In whz‘cln) if
Hiz @ Ye ",Y:; [_lezl'l:_:i_‘ % 5

w eEl Lf3ET VL WYL

!
| 2
hownee ~1-/3'>E£ L/é-EI l/L - I/L {M‘ } O

L*/3ET ;
L S 22 L/-?EI -1k {Mz}-{ O Zﬁwer Terms
P ! 7’ - —’/L O v, N *P‘?,L/l " Mz ay)d
Z 4
y

\ _ L P 13 v, are emo'l',
Gives M,_*PL*%: , VS ——=



5.6-3

(- - ge)as

_ T_ T
In an element Te=lge h O _gtr/'y
) - Nu Chice
= N4 Ux= N 4Ye
= Vi b ~TNyT
It ﬂge_ NN Ue 22T NN, _k,c-rNr_Z_>An/x
?—E - g/'yrn./onlx %e. - ( NTQ/%A{X ~©
ag.ﬁ N —~ 7 N — J
[k O'v.] [,Zfﬂ']
oIl
Y ,T;NA’dXIe," NT dx
du, ~ | A ~F
—— / —
k ue- | {x,1
v





